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INTERNATIONAL ELECTROTECHNICAL COMMISSION

BACKGROUND OF TERMS AND DEFINITIONS
OF CASCADED TWO-PORTS

FOREWORD

The International Electrotechnical Commission (IEC) is a worldwide organization for standardization comprising
all national electrotechnical committees (IEC National Committees). The object of IEC is to promote
international co-operation on all questions concerning standardization in the electrical and electronic fields. To
this end and in addition to other activities, IEC publishes International Standards, Technical Specifications,
Technical Reports, Publicly Available Specifications (PAS) and Guides (hereafter referred to as “IEC
Publication(s)”). Their preparation is entrusted to technical committees; any IEC National Committee interested
in the subject dealt with may participate in this preparatory work. International, governmental and non-
governmental organizations liaising with the IEC also participate in this preparation. IEC collaborates closely
with the International Organization for Standardization (ISO) in accordance with conditions determined by
agreement between the two organizations.

The formal decisions or agreements of IEC on technical matters express, as nearly as possible, an international
consensus of opinion on the relevant subjects since each technical committee has representation from all
interested IEC National Committees.

IEC Publications have the form of recommendations for international use and are accepted by IEC National
Committees in that sense. While all reasonable efforts are made to ensure that the technical content of IEC
Publications is accurate, IEC cannot be held responsible for the way in which they are used or for any
misinterpretation by any end user.

In order to promote international uniformity, IEC National Committees undertake to apply IEC Publications
transparently to the maximum extent possible in their national and regional publications. Any divergence
between any IEC Publication and the corresponding national or regional publication shall be clearly indicated in
the latter.

IEC provides no marking procedure to indicate its approval and cannot be rendered responsible for any
equipment declared to be in conformity with an IEC Publication.

All users should ensure that they have the latest edition of this publication.

No liability shall attach to IEC or its directors, employees, servants or agents including individual experts and
members of its technical committees and IEC National Committees for any personal injury, property damage or
other damage of any nature whatsoever, whether direct or indirect, or for costs (including legal fees) and
expenses arising out of the publication, use of, or reliance upon, this IEC Publication or any other IEC
Publications.

Attention is drawn to the Normative references cited in this publication. Use of the referenced publications is
indispensable for the correct application of this publication.

Attention is drawn to the possibility that some of the elements of this IEC Publication may be the subject of
patent rights. IEC shall not be held responsible for identifying any or all such patent rights.

The main task of IEC technical committees is to prepare International Standards. However, a
technical committee may propose the publication of a technical report when it has collected
data of a different kind from that which is normally published as an International Standard, for
example "state of the art".

IEC 62152, which is a technical report, has been prepared by IEC technical committee 46:
Cables, wires, waveguides, r.f. connectors, r.f. and microwave passive components and
accessories.

The text of this technical report is based on the following documents:

Enquiry draft Report on voting
46/129/DTR 46/133/RVC

Full information on the voting for the approval of this technical report can be found in the
report on voting indicated in the above table.

This publication has been drafted in accordance with the ISO/IEC Directives, Part 2.
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The committee has decided that the contents of this publication will remain unchanged until
the maintenance result date indicated on the IEC web site under "http://webstore.iec.ch" in
the data related to the specific publication. At this date, the publication will be

* reconfirmed;

* withdrawn;

» replaced by a revised edition, or
*+ amended.

A bilingual edition of this document may be issued at a later date.
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BACKGROUND OF TERMS AND DEFINITIONS
OF CASCADED TWO-PORTS

1 General

It is important and practical that components of a transmission chain can be separated and
tested separately. This means well-defined interfaces and measuring techniques including
agreed terms and definitions. It is advantageous to operate, by the square root of a reference
impedance (normally application impedance of the system), with normalized voltage waves
corresponding to the square root of power waves.

This technical report has two main goals. It lays the foundation for agreement on the
fundamental terms and definitions to be used world wide in describing the transmission
properties of a two-port or quadripole end and builds a bridge between the classical
quadripole theory and the scattering matrix presentation which is based on incident and
reflecting square root of power waves at the input and output of a two-port. Finally, it is shown
that the two concepts are bound together through simple equations and are fundamentally
identical.

The quadripole theory was originally developed for voice- and carrier-frequency technologies
and transmission, and later for microwaves, but both can be used through the whole
frequency range.

2 Operational, image and insertion transfer functions and complex
attenuations or losses

a) Operational transfer function
Tg is defined as the square root of the power wave into the load (equal to reference
impedance R,) of a two-port /P, compared with an unreflected square root of power
wave ,/F from the generator with a source impedance equal to the reference impedance
R,.

R "N N— [P,
Eo T@ U{ Zo1 Zo2 JU2 HRz
[Poz «—~rnN
R4
| S

|

A [Po IEC 1181/04

% y(

@
o
&

Figure 1 — Defining the transfer functions of a two-port
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r AP _UNR o R (1)
RN R

which is equal to the forward transfer scattering parameter S,,.

The operational transfer function becomes

b) the image transfer function T when the reference impedance becomes equal to the input
and output characteristic impedances Zy, and Zy, of the two-port; and

c) the insertion transfer function 7'g when Ry = R, = R.

Correspondingly, the complex attenuations or losses are as follows.

Complex operational attenuation

[, = Ag +Bs = In— = 20 log|T;| in[dB]-j-arg(7;) in[rad]
Te (2)

Complex image attenuation
. 1 . : :
['=A4A+)B= ln? =-20 log‘T‘ in [dB]—]-arg(T) n [rad] (3)
Complex insertion attenuation or loss

B| ri=ry=r

= A, +]B, = ln% =-201log|T;| in [dB]- j-arg(7;) in[rad] (4)
B

3 Terms and definitions
For the purposes of this document, the following terms and definitions apply.

3.1

operational attenuation

quotient of the unreflected square root of the power wave fed into the reference impedance of
the input of the two-port and the square root of the power wave consumed by the load of the
two-port expressed in dB and radians

NOTE By defining a new quantity operational insertion loss in the same way as the operational attenuation, at
least when the reference impedances on both sides of the two-port are the same, the problem of insertion loss and
operational attenuation is solved.

3.2

operational insertion loss

quotient of the unreflected square root of the power wave fed into the reference impedance of
the input of the two-port and the square root of the power wave consumed by the load of the
two-port expressed in dB and radians
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1

Figure 2 — Constant value 44 and A4, curves on a complex plane z = x + jy

3.3

operational attenuation and insertion loss

quotient of the unreflected square root of the power wave fed into the reference impedance of
the input of the two-port and the square root of the power wave consumed by the load of the
two-port expressed in dB and radians

NOTE In the IEV, insertion loss is understood as the loss produced by inserting a two-port into a separated point
of the transmission chain. Because of varying terminating impedances of the two-port, this leads to insertion loss
or operational attenuation deviation, that is, depending on where, in the chain, the two-port is inserted.

It is obvious that the insertion of a two-port with a certain operational attenuation or operational insertion loss
causes different attenuation increases (or decreases) in separate circuit points of different impedances.

This is called the Insertion Loss Deviation (ILD).

ILD has proved to be a very important subject of discussion in the standardization of a data channel.
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Annex A
(normative)
Concepts of normalized voltage waves, square root of power waves
and operational attenuation and losses

A.1  General

It is important and practical that components of a transmission chain can be separated and
tested separately. This means well-defined interfaces and measuring techniques including
agreed terms and definitions. It is advantageous to operate, by the square root of a reference
impedance (normally application impedance of the system), with normalized voltage waves
corresponding to the square root of power waves.

In this way, for instance, the scattering parameters are defined. For example, S, is the
forward operational transfer function and S, is the operational reflection coefficient.

Two of the reasons for using the square root of the impedance normalized voltage waves or
the square root of the power waves are

a) that the network analyser is measuring voltages; and

jargz

b) because the natural logarithm, In, of a complex quantity z =x+ jy =|z|-e is directly I,

and In|z| nepers can be expressed in decibels 20-10g10|z| and the imaginary part still
remains arg(z) in radians, as, for example,

[y =4, +jBy =-20log,, |, |+ jarg(z)
(see equation (A.1)).

A.2 Complex operational attenuation or operational propagation coefficient /3

The complex operational attenuation (complex operational loss) introduced by a two-port
component, cascade of components, link, cable assembly etc. into a system is defined by
using the scattering parameter S, as

[y =4y + By =In(1/S,) =—Inl|S,,| - j-arg(S,,) (A.1a)
[y = Ay + jBy =-201log,, |S,, |- j-arg(S,,) (A.1b)
where
in (A.1a) ~In|S,| = 4, [Np]
in (A.1b) ~201og,, |, | = 45 [dB]

in (A.1a) and (A.1b)  —arg(S,,) = B, [rad]

where
Ag is the operational attenuation = 20 log4(1/IS54 ) (dB)
By is the operational attenuation phase constant = —arg(S,4) (rad)
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NOTE 1 Ag is equal to the ratio of the unreflected complex power (voltage x current) sent into a two-port, to the
complex power consumed by the load of the two-port, in decibels. The load is normally a resistance equal to the
application impedance of the system Z,. When the generator and load impedances are the same operational
attenuation becomes insertion loss.

NOTE 2 From the theory of complex functions:
Inz= ln‘z‘ +j-argz

where
z=x+jy= |Z| - elues

and, by using the square root of power waves, we can write, for the natural logarithms of the ratio of two square

root of complex power waves:
P P P
\/_1 zln—\/—1 +j-arg —\/_1 =I'=A4+jB

RN N W

where 4 is in nepers and B in radians.

In

When 4 is expressed in decibels, B will not be affected; it remains in radians.

A.3 Impedance
a) The nominal characteristic impedance Zg) (of a two-port) is the resistive part of the mean
characteristic impedance Z. specified with tolerance at a given frequency.

b) Zy is the nominal impedance of the system terminals between which the two-port is
operating.

C) Zgis the (nominal) reference impedance used in measurements. Normally Zg = Z.

A.4 Operational reflection coefficient

The operational reflection coefficient of the two-port is equal to the scattering parameter Sy,
of a two-port. It equals the reflection coefficient ». at the input when the two-port is terminated
with its reference impedances Z, normally equal to the nominal impedances of the system
terminals.

_ Zin _ZR

—Zin "R (A.2)
Z, +7Z

Si="r

A.5 Return loss

a) Complex operational return loss RLg

RLy= lné = —In(r, ) = —Inry | [Np] - j -arg(r,) [rad] (A3)

=—20-log,, |ry| [dB] - -arg(r;) [rad]

b) Structural return loss SRL

The return loss where the mismatch effects at the input and output of two-port have been
eliminated (compare with the continuous wave (CW) burst measurement method).

NOTE It is important to define the structural return loss, although it is not measured direct from the cable
assemblies, because it shows that there are differences between different kinds of return losses.
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c) Reflection loss of a junction (see Figure 2 )

. =—InJ(1-5?%) ——ln‘\/(l S%) ‘[Np] j-arg(y/(1-S%) )[rad]
of T, =-In\(1-5%) =-20-log, ,/(1—52)‘ [dB] - j-arg(/(1-5?)) [rad]

T, ==In\(-5%) =-10-log,|(1-5)| [dB]—j%arg(l—Sz) [rad]

d) Mismatch loss of a junction (not recommended)

. =—Iny/(1- |S :—ln,/(1—|S| ‘ Np —jrarg(y/(1—- |S )[rad]

or

I, =-Iny(1-|S[) =-20-log,
I, =-In/1-|S]") =-10-log,

In c) and d) S is the complex reflection coefficient of the junction

Ja-|sP —j-arg(y(1-|S[") ) [rad]

-

[dB] - %arg(l - |S|2) [rad]

> J— >
|
zZ, Z
S:r:—22 Z
Z,+ 7,

A.6 General coupling transfer function

This is distinguished between the near-end and far-end coupling transfer functions 7,, and 7.

2nf

\j PZn,f _ an _ \/Z U2n,f
\/H 0 \/Z UO ZZn,f

n,f =

(A.4a)

(A.4b)

(A.4c)

(A.5a)

(A.5b)

(A.5¢)

(A.6)

(A.7)
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z  Po Pt
E on (1 7
Zo ) Zo
< ~ >
Pon Pos

IEC 1183/04

Key
Py is the unreflected power sent into the near end of the system (1).

System (1) is disturbing system (2).

Figure A.1 — Coupling between two systems
Coupling transfer function is a general term valid through the whole frequency range.

It may be expressed in decibels and radians

JE

and the (complex) operational transfer, coupling screening, unbalance, attenuation, etc. are

T, [dB & rad] = 20 log,,

[dB] +j-arg(T,,) [rad] (A.8)

Iy = A, + By =-20logqo|T| —j arg(T) (A.9)

where
A, is the (operational ) attenuation (dB);

B, is the (operational ) attenuation phase constant (rad).

X
A.7 Benefits of the concept of operational quantities

Measurements are always taken between well-defined resistive terminations.

This means that the impedances at a reference plane between the cascaded units of the
system are specified.

Individual units can be specified and tested separately and made by different manufacturers.

This makes open systems, networks and cabling possible.
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Annex B
(normative)
Two-port transmission technique — Terms

A

b) Image transfer attenuation or lossA = 20 log ‘_
T

a) Image transfer function 7 _ Viour _ Vour

Zc4 and Zq, are the image or characteristic impedances of the input or output of the two-port,
equal to the input and output impedances when the opposite port is terminated with its image
impedance.

JPx =V and JP,. =V, are the input and output square root of complex powers.

When defining the image, there are reflections at the input and output; in other words, the
input and output are terminated with their image impedance.

c) Complex image attenuation I =20log ;[dB]-i—jarg;[I‘ad]Z A+ jB
d) Image attenuation A=20 log l‘[dB]
T
e) Image phase shift B=argi[rad]
T

f) Image phase propagation time or delay

~
o
Il

g) Image group propagation time or delay r =

h) Image phase velocity Vo=

oo'\‘l’—‘ -c‘\‘l’_‘ g‘|% S|UU

i) Image group velocity v, =
i) Complex operational attenuation Iy=4,+]B;
. . V.
k) Operational attenuation A, =20 log| —- Vinzo
Vo™

I) Operational phase shift B, = arg[Vf‘ V_zoj
Vo
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Annex C
(normative)
Two-port theory and fundamental concepts in
transmission engineering!

C.1 General

This annex has two main goals. It lays the foundation for the fundamental terms and
definitions to be used world wide in describing the transmission properties of a two-port or
quadripole and builds a bridge between the classical quadripole theory and the scattering
matrix presentation, which is based on the incident and reflecting square root of power waves
at the input and output of a two-port. Finally, it is shown that the two concepts are bound
together by simple equations which are fundamentally identical.

The two-port theory was originally developed for voice and carrier technologies, transmission
and later for microwaves, but it can be used for the whole frequency range and for various
applications.

In the following Clauses, we will use the term two-port exclusively.

C.2 Transfer equations for a passive two-port

For a passive impedance-symmetrical two-port (see Clause C.4 and Figure C.1), the following
equations are valid.

U =U+U, (C.1)
u. U
I, =1 -1 =—L—-— (C.2)
ZO ZO
U,=Ue" +U.e" (C.3)
I,=Ie" —1Ie" (C.4)
14 I
o—r—— r ——>»—o0
U1l VA Zo lUZ
o— ———o

IEC 1184/04

Figure C.1 — A quadripole or two-port

1 L.HALME: CHAPTER L4, part of English version of the L. Halme’s book (Halme, L.K.: Johtotransmissio ja
sdhkémagneettinen suojaus, (Transmission on lines and electromagnetic screening, in Finnish), Parts A and B,
Otakustantamo 2nd Eddition Helsinki 1989, 605 pages), corrected by J. Walling (2000-09-27).
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Where Z; is the image impedance of the two-port, 7/= A + |B is the complex image attenuation
or the image transfer constant. It equals the complex image attenuation of a two-port
terminated in its image impedance (see Clause C.7). U, and /; represent the incident voltage
and current waves fed to the input of the two-port, while U, and /, represent the voltage and
current waves reflected back to the input from the output of the two-port. By solving equations
(C.1) and (C.2) for U, U,, I, and /. and by substituting these into equations (C.3) and (C.4), we
obtain the actual voltage and current at the output terminals:

U,=U,coshl"-Z,I,sinh I’ (C.5)
U, .
I, =1 coshl’'——sinh I" (C.6)
0

By solving equations (C.5) and (C.6) for U, and I; we obtain

U =U,coshl"+Z,],sinh I’ (C.7)

U, .
I,=1,coshI"+—*sinh I (C.8)

0

From which we can deduce that equations (C.7) and (C.8) for input terminals can be obtained
from the equations (C.5) and (C.6) for output terminals by interchanging the voltages, by
interchanging the currents and by replacing 7" with -7

From equations (C.5), (C.6), (C.7) and (C.8), we can also solve the currents expressed by
means of the voltages, as well as the voltages expressed by means of the currents:

U U 1
I, =—-cothl" ——%*— (C.9)
Z, Z, sinh I
1 =ﬂ;—&cothf (C.10)
Z,sinh " Z,
U =2, cothl'-Z1 ! (C.11)
: ot % sinh I” '
U,=27,1 #—Z I,cothI” (C.12)
2 “lsinh U7 ' '
C.3 Chain matrix
Equations (C.7) and (C.8) can be presented in matrix form
ul lcoshF Zysinh I U,
J | |=sinhI" coshl" || (C.13)
1 ZO 2
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Here, the multiplier matrix is called the chain matrix and is generally expressed as:

U, A B|U,
= (C.14)
A C D| I,
Where the constants A, B, C and D forming the chain matrix are called the transfer
parameters. They are bound to each other by the relation

AD - BC =1 (C.15a)

The transfer parameters can be calculated by alternately considering the output of the two-
pole either as short-circuited or open-circuited, whereby

. el
U, 1,=0 1 Uy=0
(C.15b)
. b
U, 1,=0 ]2 Uy=0

The chain matrix is well suited for the examination of cascaded two-ports.

An impedance-unsymmetrical two-port (see Clause C.3) can be treated as a symmetrical one
by cascading it (as shown by Figure C.2) with an ideal transformer with a turns ratio of

N 1 Z
K=—l=—= 20 (C.16)
N, n Zy,
I I
o——| r >0
U1l Zo Zo le
o—— o
a)
I I I' 1n Iz
O—r— A > o] O »> » o]
Us l Zo1 Zo1 l Uz Zo1 l U2
oO— O O O
b)

IEC 1185/04

Figure C.2 — An impedance-unsymmetrical two-port (a) with its equivalent circuit (b)

We are here concerned with the cascading (or chaining) of two-ports, whereby the
calculations can be appropriately carried out by means of chain matrices.

Let us suppose two two-port with the chain matrices 4, and 4, being interconnected as shown
by Figure C.3.
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Ih I I
O——— > —»—>oO
Us l [A1] iU’z [A] l U2
o— EEmm—)

IEC 1186/04

Figure C.3 — Two chained two-ports

The matrix equations, with the direction arrows as indicated in Figure C.3, are

el e

The combining of equations (C.17) yields

m=[A1][A2]ﬁ’j=[f1]fjj c.18)

where []=[4,]4,]

The matrix 4 is hence obtained as a product between the chain matrices of the two-ports to
be chained.

The turns ratio of the transformer in Figure C.2 can be rewritten as

! Z,

Uz 12 Zoz

n

and the transfer equation of the transformer is obtained in the matrix form

ﬁ 0
U, Z U U
{f}= " {2}=MJ{2} (€.19)
I 0 @ 1, I,
ZOI

In accordance with equation (C.13), the chain matrix 4, of a symmetrical two-port is equal to

coshl” Zysinh [l
[Al] - Lsinhf cosh /I’

01

(C.20)
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The matrix 4 thus becomes

V4 V4 Z, .
coshl”  Z, sinh " Z_O] 0 Z—‘” coshl”  Z, Z_OZ sinh I” Co1
(A-[4][4]-| 1 o |V V2, | e2n)
L4 Z_sinh I’  coshl’ Z,, 1 \/701 \/702
01 0 ,— — [=Lsinh I" —=cosh I”
ZOI ZO] ZOZ ZO]

The transfer equations of an impedance-unsymmetrical two-port can be written in the matrix
form as follows

Z Z, .
—Ycoshl” Z, . .|[=%sinh I
{Ul} _| Ve Zon {Uﬂ (C.22)
(Zy . Z '
1 |4 sinh I” =2 cosh I”
ZOl ZOZ ZOI

This matrix equation can also be solved for U, and I,.

Ej [4]" {U‘} (C.23)

Il
/&coshf —Zy4 /&sinhf
Uy | Zy Zo, Ui C2
I 1 /Z Z I (C.24)
2 —— |[=%sinh I =0 cosh I” !
ZO1 ZOZ ZOZ

From the matrix equations (C.22) and (C.24), we can obtain the following transfer equations
for an impedance-unsymmetrical two-port:

zZ Z :

U, = /i U,cosh "+ Z,, |=2I,sinh I’ (C.25)
ZOZ ZOI
Z zZ :

I, = /ilz coshF+L /JU2 sinh I (C.26)
ZOI ZO] ZOZ
ZOZ ZOZ :

U,=.|=—U,coshl'-Z, |—=—1 sinh [’ (C.27)
ZOI ZOI

Z
=%y, sinh I’ (C.28)

02

I,

Z 1
I,=|="1 coshl'——
ZOZ ZO]

N

The end results obtained can also be obtained direct from the transfer equations of an
impedance-symmetrical two-port on the basis of Figure C.2.
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By solving equations (C.25), (C.26), (C.27) and (C.28,) currents can be expressed by means
of voltages or vice-versa, resulting in the following expressions:

U U, |Z 1
I, =—Lcoth"——% |=% — (C.29)
Zy Zy\\Z,, sinh I’
U /Z 1 U
I, =— o _ ——2cothI” (C.30)
Zu\'Z,, sinhI" Z,
Zy 1
U =Zyl,cothl'=Z, |=21,— (C.31)
Zy, ~sinhl
U,=7 @1 ! ~Z,,1,cothI” (C.32)
2 01 Zo1 1 sinhF 0242 .

NOTE A short reminder on matrices:

M,=K*M,
M, =K"'*M,

When M, = K *M,, where My, M, and K are matrices,

then My = K1 *M, where K-1is the inverse matrix of K.

When
A B
K:
C D
the inverse is
L[4 B]T" 1.[D -B
K= =
C D A |-C 4
where the determinantis A=AD-BC.

C.4 The symmetries and impedances of a two-port

Let us examine the two two-ports illustrated in Figures C.4 and C.5.

I4 I I I
U1l Zn Zy VA 78 le U1l Zn Zo1 Z02 73 le
Zy —» «— 7
Zy —» «— D
IEC 1187/04 IEC 1188/04
Figure C.4 — An impedance-symmetrical Figure C.5 — An impedance-unsymmetrical

two-port with Z; = Z, , when Z, = Zg two-port for which Z, = Z, when Z, = Zg
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The two-port in accordance with Figure C.4 is referred to as impedance-symmetrical or port-
symmetrical, while the two-port of Figure C.5 is called an impedance-unsymmetrical or port-
unsymmetrical.

If the complex composite loss (see Clause C.7) in the direction A->B is equal to that in the
direction B->A for any values of generator and terminating impedance, then the two-port is
referred to as transfer-symmetrical or reciprocal. Two-ports that consist of passive
components (except gyrators) are always reciprocal. A two-port with none of its properties
depending on the direction of transmission is both reciprocal and impedance-symmetrical.
Such a two-port is referred to as longitudinally symmetrical. The input terminals of a two-port
are earth-symmetrical, if the admittances measured at each input terminal relative to earth are
equal. In this case we speak of transversal symmetry of the two-port [3]2.

In addition to the complex image attenuation I" = A + jB, there is another characteristic
quantity for a two-port, that is, the image impedance. The image impedances Zy, and Z,, of a
two-port in accordance with Figure C.5 can be determined by means of short-circuit and open-
circuit measurements:

Zo1 = \/ZlkZIt Zo2 = \/ZZkZZt

where the subscripts k and t refer to the short-circuit and open-circuit conditions, respectively.

Let us recall the equations (C.7) and (C.8) valid for a longitudinally symmetrical two-port:

U, =U,coshI'+Zyl,sinh I’

C.33

I, =1, coshF+%sinhF ( )
0

Taking into account that U, = Zg/, (see Figure C.6), we obtain with equations (C.33) the input
impedance of the two-port:

:ﬂ:Z Zy+Zytanh I’

Z
Y Y Zy+Zgtanh I

(C.34)

14 I
o—>—— r
U1l Z ZB le
oO—
T —» IEC 1189/04

Figure C.6 — A two-port terminated with an impedance Zp

Hence, the input impedance Z, depends on the properties of the two-port as well as on the
terminating load impedance Zg. It can be shown that when the attenuation 4 is high, Z, is only
slightly affected by Zg. From equation (C.34), we see that Z, » Z;, when tanh |I"| =1, i.e. when
A >2 Np. The input impedance is then solely determined by the properties of the two-port. A
two-port is called electrically short, when 4 << 2 Np and B << =n/2, and correspondingly
electrically long, when 4 > 2 Np and B > n/2.

2 Numbers in square brackets refer to the reference documents at the end of this Annex.
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When the output is short-circuited (Zg = 0), we have
Zy =Zytanh I” (C.35)

If Zg =0, but4 > 0 and B = n/2, then Z;,, &> «. This applies, for example, to a lossless short-
circuited line with length A/4. When the output is open (Zg = «), we have

1
Z,. =7 C.36
it O tanh I” ( )

Further, when 4 - 0 and B - =n/2, then Z;; - 0. Additionally we have /"= jB. Replacing B by
n/2, the equation (C.34) can then be written in the following form:

zZ, == (C.37)

Using the conversion (C.37), the impedance Zg can be transformed into an impedance Z;.
This is only feasible at the exact frequency for which the length of the lossless line is /4,
corresponding to a so-called quarter-wavelength transformer. Equations (C.35) and (C.36)
reveal that also the Z; and 7 of a longitudinally symmetrical two-port can be determined from
the short-circuit and open-circuit impedances.

C.5 Impedance matching

If the image impedances of the two-ports to be cascaded differ from each other, reflections
will be generated at the interconnection points, and those reflections then affect the uniformity
of transmission. In telecommunication engineering, to avoid reflections in transmission, it is
important that the impedances of the consecutive sections included in a transmission path are
carefully matched to each other, i.e. the characteristic impedances of the devices to be
cascaded shall very closely equal each other. A non-distorted transmission will only be
possible under such conditions. However, it should be noted that one single major mismatch
can be allowed within each repeater section; for example, provided that all other mismatches
are small enough, because at least two mismatches are required for the generation of a
propagating, signal-distorting forward-echo.

By substituting the quantities U, = I, Z, which correspond to a proper matching (Zg = Z; ) into
equations (C.33), we obtain

U =U,e" =1,Z,¢" (C.38)

I,=1,e" (C.39)
from which it follows that the input impedance is

U 1,Z,¢"

=7 C.40
I, Ie' ‘ (€49)

1

Hence the input impedance is under these conditions independent of 7.
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Correct matching enables the greatest possible complex power to be transmitted from a
generator to the load. (In the literature, the term complex power often refers to the quantity
UI', while the quantity UI is called the apparent power. In transmission engineering, it is
logical to use the term complex power to denote the product of voltage and current phasors.)

Hence,
P=UI (C.41)
Zg .
— 29 = Rg *jXq
— —
(@O e e s

IEC 1190/04 IEC 1191/04
Zy=27, Zg=Zp*ong=Rpwitth=Xp=0
Figure C.7 — Reflection less Figure C.8 — Power matching for
matching maximizing the effective power.

The complex power obtained with the load Zg is

E*Z,
= (C.42)
(Z,+Z,)
which reaches a maximum when Zp = Z, which yields
E2
Pox=— (C.43)
max 4Zg

With Z, = Ry* ng and ZP =Ry + jXp the greatest possible effective power is absorbed by the
load when Ry = R, and J(Xg + X p) = 0. The condition is met whe[\ both imaginary parts are
zeros, or when the impedances are complex conjugates, i.e. Zy=Z . This kind of matching is
called power matching. It is commonly used when matching transmitters to antennas, but,
being normally valid at a single frequency only (the tuning frequency), it has found no
applications in broad-band transmission techniques. Even a two-port (its output or input,
respectively) can be considered as a power source or a load.

The input or output impedance of a two-port can be built out in such a way as to be resistive
while being independent of frequency, under the condition that it is represented by a series
combination of R and L, or R and C. For example, if an impedance R + 1/joC is connected in
parallel with an impedance R + joL by choosing C = L/R? | a frequency-independent resistive
impedance R will be obtained.
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C.6 Level concepts

The term level is used to indicate a relative or an absolute value. If the power, voltage or
current along a transmission system is concerned, one speaks of power, voltage or current
levels.

When comparing the power, voltage or current at a measuring point with the respective
quantity at the feeding point of the transmission system, we are concerned with a relative
level, whereas, when the comparison is made to a standardized reference value, an absolute
level will be obtained.

Levels are commonly expressed in decibels (dB), more seldom in nepers (Np). The use of
nepers is actually restricted to some theoretical calculations. The units are related by

1 dB =0,05/lge =0,1151 Np or 1 Np = 20 Ig e = 8,686 dB

If P, and ¥, denote the power and the voltage at the measuring point, while P, and 7, are the
corresponding values at the feeding point (input) of the system, the relative power level is

PX PX

1
N=101 dB| =—1 N C.44
gPA[]ZnPA[p] (C.44)
and the relative voltage level is
N, =201lg Vs [dB]=1n Vs [Np] (C.45)
VA A

The relative level at the input of the system is always zero.

If P, and V| are the standardized reference values, the absolute power level is given by

P 1. P
* [dB]=—~1In">[N .
P[ ]2HP[p] (C.46)

1 1

N =10lg

while the absolute voltage level is

% %
N =201g 2% [dB]= In =[N c.4
v gV[ ] nV[p] (C.47)

1 1

In telecommunication engineering, the reference for absolute power levels is 1 mW and the
reference for absolute voltage levels is 0,775 V, which corresponds to 1 mW in a 600 Q load.
Nowadays, voltage levels are seldom used in telecommunication engineering, to avoid
confusion. There is a tendency towards an exclusive use of power levels.

In conjunction with broadcast relaying, community antennas and closed-link television
systems, instead, voltage levels based on a reference of 1 uV have been adopted.
A reference impedance of 75 Q is implied; however, in the last two systems so that one is
here actually concerned with power levels.
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To discriminate between the above absolute levels with references 1 mW and 1 uV, respect-
ively, the designations dBm (dB(mW)) and dB(uV) have been adopted. In transmission
engineering, it proved advantageous to use a nominal level, reached when a power 1 mW is
fed to the input or prevails at a fictive reference point in the system. Relative to this 1 mW
point, the nominal level of the system is always 0 dB(mW) and is denoted 0 dBmO. In other
words, the nominal level along the entire system can be thought to be 0 dBmO (see Figure
C.9). Hence designation =50 dBm0, for example, means a level which lies 50 dB below the
nominal level of the system.

o | | >
Absolute | | |

level
dBm Nominal
0-r level
\I\ 0dBm O
-30 T A
50 dB
-50dBm 0
80 X
Noise /" IEC 1192/04

Figure C.9 — Absolute and nominal level in a system

In speech transmission, it is often appropriate to weight a disturbing noise signal in
accordance with the sensitivity curve of the ear. Such a psophometrically weighted noise
level, being, for example, 50 dB below the nominal level, is designated as —50 dBOp. The
matter can also be expressed so that we have here a psophometrically weighted noise power
reduced to the 0 dB(mW) point (1 mW point) and having a level 50 dB below 1 mW.

When it is necessary to emphasise that a level is a relative level or, respectively, a voltage
level, designations dBr and dBu are employed.

C.7 Attenuation and gain concepts

The complex image attenuation or image transfer constant 7" of a two-port is defined as a
logarithmic ratio between the power P, = U/, fed to the input terminals and the power
P, = U,I, obtained at the output, when the two-port is terminated in an impedance which is
equal to the output image impedance of the two-port (see Figure C.10).

Pi—

I I Py —»
O—>—— I
U{ Zo1 Zo2 Uzl Zo2
O—

IEC 1193/04

Figure C.10 — Definition of the complex image attenuation 7" of a two-port
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Ao Py _1 P
I_—A+jB—10|g—P2 [dB]= 5 In ) INp]
_ Uil _ 1 Uiy
=101g Uaks [dB]= o In T [Np] (C.48)

Ui | Zo2 Ui [Zo2
=201g--1 |£92 [4B]=In-—1 [£02 [N
gUz Zy1 48] Us \ Zo1 INe]

(C.49)
/1 Zo1 I1 201
=20lg—_,|— |dB|[=In—_|—— |Np
Io N Zo2 48] 2\ Zo2 INe)
Hence we have
P P
A=10 1g) 2| [aB]= L 1n] 21| [Np] (C.50)
P2 2 2
1 P 1
B=—arg—=—(/P-/P C.51
5 ng 2( 1 %) ( )

A is the image attenuation and B is the image phase constant. If the two-port is impedance-
symmetrical (Zy4 = Z;,), the equations are more simple and we obtain the expression

=20 1g%[d8]=1nﬂ[Np]
; 2 ; 2 (C.52)
=201g-"[dB]=1n-* [Np]
12 12

During actual operation, a two-port often lies between terminating devices with impedances
differing from the image impedances of the two-port. It is then appropriate to speak of
operational attenuation. The complex operational attenuation or complex operational transfer
constant 7" is defined as a logarithmic ratio between the power P1' = F2/47, fed by the
generator to a load equal to its internal impedance Z,, and the power P, = U,l, = U22/Zp
obtained to the load Z, at the output of the two-port (see Figure C.11).

Zg I L P2

E Ui l Zp1 Zy2 Uzl %

Z P

ORIk

IEC 1194/04

Figure C.11 — Definition of the complex operational attenuation of a two-port
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Iy = A, +jB, —101g—[dB]—lln£[Np]

(C.53)
=20 lg—\/i [dB] ln—\/i[ p]

Pl !
A, =101g|—|[d ]:1 In|—-| [Np] (C.54)
2 2 2
1 P 1
B, =—arg—=—(/P - /P, C.55
BT ng 2( 1 %) ( )

. 2U2 Zg . .
The expression z Z_ is called the operational transfer constant Hg.
p

Ag is the operational attenuation and BB the operational phase constant. If the impedances of
the generator and the load are equal ( p), then the equations are simplified and we
obtain for the operational transfer constanfq

E E
Iy =20lg— [dB]= In—— [Np] (C.56)

2 2

The complex operational gain —7" is the opposite number of the complex operational
attenuation:

—I',=—A,—jB, —101g—[dB] 101g—[dB]

2

=201g \/7 [dB] = n 2

-Ag is the operational gain and —Bj is the operational gain phase angle.

(C.57)

Residual attenuation: The amplifiers (repeaters) connected in a transmission line cancel a
part of the attenuation caused by the lines. The remaining part is called the residual
attenuation. The residual attenuation is equal to the difference of the total attenuation of all
lines and components in the transmission path, 4, and the sum of the gain of all amplifiers S,
in the transmission line:

A=A -S, [dB] (C.58)
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4 | A3 | Ag

An An

Py DL. LD Py

| | IEC 1195/04

Figure C.12 — Definition of residual attenuation
The residual attenuation of the 2/4-wire line shown by Figure C.12 is equal to

A= (g + Ay + Ay + Ay + Ag + 24,) — (S4 + Sp)

where
A1 5 are the attenuations of different line sections;
Ay is the attenuation of the hybrid networks;

Sy and S, are the gain of the respective repeater.

The reference equivalent is a measure for the speech-transmitting capabilities of a telephone
connection. It is defined as the attenuation that must be added to the attenuation of a
reference system so that the loudness of the speech through the damped reference system is
equal to that through the actual system under examination. If the system under test is less
sensitive than the reference system, the reference equivalent is considered to be positive.

As an international reference system, the NOSFER system (residing in the laboratories of
CCITT) is employed. When measuring the sending reference equivalent (see Figure C.13), a
person alternately speaks to the microphone of the system under test and to the microphone
of NOSFER. There is a VU meter in the transmitting circuit of NOSFER that enables the
speaker to exercise constant loudness. A listener adjusts the attenuator (4g) in NOSFER in
such a manner that equal loudness is experienced through both systems.

NOSFER AR

@ > I A< 15 dB NOSFER
L H =5

System under test IEC 1196/04

Figure C.13 — Measurement of the sending reference equivalent

When measuring the receiving reference equivalent (see Figure C.14) the speaker speaks
into the NOSFER microphone, while the listener alternately listens through both systems,
equalizing the loudness by means of an attenuator in similar fashion as the measurement of
the sending reference equivalent.
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The standard deviation of the test results in the case of a trained testing team is usually of the
order (1,5 to 2,5) dB, while the 95 % margin lies within the range (£0,5 to £4) dB.

AR NOSFER

NOSFER @ 4;>15dB E > El
o— > I R |

Vv = AR — Ay E i @_@ E

0<44,<10dB
System under test

IEC 1197/04

Figure C.14 — Measurement of the receiving reference equivalent

Attempts have been made to replace the subjective method of measurement by an objective
one. One such method is at the moment under consideration in CCITT. However, the results
obtained by objective methods have yet to coincide with adequate precision with those
obtained by using the subjective method.

C.8 Concepts related to return loss and matching

Let us examine the circuit seen in Figure C.15, where U, denotes the incident voltage wave
that reaches a reflection point, while U, is the voltage wave reflected back from the point of
reflection.

/ Reflection point

'
Q
'
'

i

Ui
—
Ur

Z4

cQ e

IEC 1198/04

Figure C.15 — Definition of the complex return loss

The reflection coefficient p is the ratio between the reflected and incident waves:

p=Yi Lzl (C.59)
U, Z,+7

The complex return loss 7, is correspondingly defined as

I, =4, +]jB, — 201g [dB]:lnl [Np]
p p

7 7 - (C.60), (C.61)
=201g22 7210 [4B]=nZ2 "4 [Np]

27 4 2 1
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Z,+7Z Z,+7Z
=20lg| =21 ||dB|=1n|=2—L|[N C.62
A =201g| 227 [dB]=In| 72770 [Ne] (C62)
Z,+7Z Z,+7
B =arg 22— "L = /22 l[pad] (C.63)
Zz _Zl Zz _Zl
A, is the return loss and B, is the reflection phase constant.
The expression (C.62) for return loss can be rewritten in the form
+1
A =201g| 2" | [dB] (C.64)
zy —1

where zy = Z,/Z, is the normalized impedance. If the reflection coefficient is constant, then
also the term |zy + 1|/|zy — 1] is constant. In accordance with Figure C.16, the numerator and
the denominator can be considered as sections of lines, which indicate the distances of the
end point P of the vector zy from the points (-1,0) and (1,0), respectively. All other points, for
which the ratio between the distances from the points (-1,0) and (1,0) equals the above
constant, are found by drawing through P a so-called Apollonius’ circle. It is formed by the
points, for which the ratio of the distances from two fixed points is constant. The Apollonius’
circle can be constructed by separating equal sections with length [z — 1| on both sides of
point (1,0) along a line, which is parallel to |zy + 1| and passes the point (1,0). When two lines
are drawn through the point P and the external ends of the above sections, two intersection
points are obtained on the real axis. The distance between these intersection points
determines the diameter of the Apollonius’ circle.

Jx

IEC 1199/04

Figure C.16 — Apollonius’ circle
(formed by the points for which the ratio of distances
from the points (-1,0) and (1,0) is constant)

The points on the periphery of the circle in Figure C.16 represent a constant value of return
loss. Inside the circle, the return loss is greater and, outside the circle, smaller than on the
periphery. Because the circle is symmetrical in relation to the real axis, only one-half of the
circle is usually drawn. By drawing several Apollonius’ circles, each of them corresponding to
a different value of return loss, a chart in accordance with Figure C.17 will be obtained. Any
normalized impedance, zy, drawn on the chart then directly gives the corresponding return
loss in dB. In the example shown, 4. = 12 dB.
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40 dB

30 dB

0,5 1,0 26 dB 1,5 2,0
| | | |

Nz

Y~

15dB

0.5 10 dB

v IEC 1200/04

A, =201g |zy +1|/|zy —1| where zy = r + jx is the normalized impedance
Figure C.17 — Return loss

When substituting Z, = 0 (short-circuit) or Z, = o (open-circuit) to equation (C.62), 4, will
vanish. When Z, = Z, (proper matching), there will be no reflections and, consequently,
A, = 0.

The complex reflection loss 7 is

Z2*21 (4g]-in-221%1 [Np]

2./2,2, 22z, " (C.65)

g =As+jBs=201Ig

1=p 1=p (C.66)

Z, +7Z Z, +7Z
A =201g| =2—L||dB|=1 21 C.67
: gzﬁ[]nzzzzl[] (©.67)
B, =arg ERL 22+Zl[ d] (C.68)

Ay is the reflection loss and By is the reflection loss phase angle. The quantity 7 indicates
how much the complex power transferred through the reflection point to the actual load Z, has
been attenuated in comparison with the unreflected complex power transmitted through the
reflection point, if the load were equal to Z; (no reflection). Hence, equation (C.67) indicates
that, with proper matching, i.e. Z, = Z; and 4, = 0, there exists also a number of other
impedance pairs for which the reflection loss is zero. This is shown in Figures C.18 and C.19,
which is a combination of circles with constant return loss and curves for constant values of
Ag, all in a complex plane.
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The right-hand side of the complex plane can be transformed into a circle with unit radius and
with centre at point (1,0), whereby we obtain a so-called Smith’s chart for transmission lines.
There, the Apollonius’ circles of constant return loss are transformed into concentric circles
with central point (1,0), whereby the variation of impedance along the line, caused by the
mismatch between the line and the load, can be directly read by following a circle that passes
the point P for normalized load impedance. One clock-wise turn corresponds to a half-
wavelength toward the generator (see, for example, the references [1] or [2]). If the line is
lossy, the reflection attenuation does not remain constant when proceeding toward the
generator, and the variation of impedance along the line then forms a converging spiral in the
Smith chart.
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2,0 2,5 3,0 R

0,5dB 1,0dB 1,5dB

10 dB

N

. | J
|

As
5,0 dB
0,5dB 1,0dB 1,5dB /

/ / /
[ LSS

Reflection loss 4, = 20log Zy +1 [dB] Returnloss 4. =20log Zy 1 [dB]
ZN :Z—2 (= normalized impedance) = r + jx
1

Figure C.19 — Curves for constant values of 45 or 4, ;, the complex plane
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Wavelengths toward generator

Z3 7 .
—= = =r+jx
7, N J

Z4

E 20=174 Z

IEC 1203/04

Figure C.20 — Smith chart for transmission lines

The voltage-standing-wave ratio VSWR is the ratio between maximum and minimum values of
the line voltages:

VSWR :&:M (C.69)
Umin 1_ ‘ p ’

where the reflection coefficient p = .
Zy,+7Z, zy+l1

From equation (C.69) we can calculate the absolute value of the reflection coefficient

_VSWR-1_VSWR-1
VSWR +1 2

| P

(C.70)

when VSWR ~ 1 or p << 1.
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C.9 Scattering parameter

C.91 Scattering parameter of a one-port

We can characterize a port, as shown in Figure C.21, by incident (i) and reflected (r) voltage,
current and square-root of power waves.

1
o—r— o———
VW
U
Vr v
O—<— o—
a) b)

IEC 1204/04

Figure C.21 — One-port

U=U, +U, (C.71)
U U
I=1 -] =—_-=t (C.72)
RO RO
U, :%(U+ROI) (C.73)
1
U, = E(U —R,I) (C.74)

U and [ are respectively the voltage and current at the terminals of the one-port and R can be
regarded as the image impedance of the one-port. Compare with the characteristic impedance
of the homogenous transmission line in Figure C.22. For practical applications, it is
advantageous to choose for the characteristic impedance nominal values, for example, 50 Q,
75 Q, 100 Q, 120 Q, 150 Q.

This impedance is also used as reference impedance for measurements. This impedance
does not necessarily correspond to the image impedance of the one-port, because V; is
defined as the unreflected square root of the power entering into the one-port and the square
root of the fictive power, which is calculated or measured by matching the generator with this
impedance.

Recalling that the square-root of power is

JP = \/_—T JRJI =V (C.75)

JP = V—\/_O 2\/_ +JR, 1) (C.76)
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v, 1. U
JB =V, = Ro_z(\/R—o JR, D) (C.77)

Z4 I(

IEC 1205/04

Figure C.22 - Homogenous transmission line

The relation between the incident and the reflected wave can be expressed by means of the
scattering parameter S:

V. =SV (C.78)

r 1

The parameter S is here identical to the reflection coefficient p, which equally represents the
ratio of the reflected voltage to the incident voltage at the reflection plane (see Clause C.8).
From the definition for V; and V,, it follows that

%—\/R_OI:S (%+\/R_OI) (c.79)
0 0

the solution of which gives

(C.80)

where Z = U I is the input impedance of the one-port.

If Z =Ry, the voltage of the reflected wave is ¥, = 0. The inverse value of S, when expressed
in dB or Np and radians, is called the complex return loss 7, (compare with equation C.61):

I'.=201g ‘%‘ [dB] +jargé [rad]
or (C.81)

=In

%‘ [Np] + J'arg% [rad]

Vi at a one-port, which is fed from a generator with an internal impedance Zg equal to the
image impedance of the one-port Z, is:

Vo—_—_ (C.82)
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By definition

Vi =1(L+\/R_01) (C.83a)
0

2 R
Figure C.23 yields

U=E-IZ, (C.83b)

and

(C.83c)

When U and I are substituted into equation (C.83), expression (C.82) is obtained:

EZg )+ ROE _ RO_Zg E

—| (- )
2/R, Z,+Z  Z,+Z| 2R, Z,+Z 2]z,

V. = (C.83d)

Z,=R,

Z4

IEC 1206/04

Figure C.23 — One-port fed from a generator with source impedance Zg

The reflected wave vanishes, if Z = R, On the other hand, there are no reflections between
the generator and the load, if their impedance is equal, i.e. if Zyg = Z. This condition is
equivalent to a properly matched generator and the load impedance.

The maximum effective power is transmitted to the load, when Z4 = z (see Clause C.5),
whereas the maximum complex power is reached when Zg = Z. In accordance with equations
(C.76) and (C.82), the maximum complex power is

Y

¢ (C.84a)

From the expressions (C.74) and (C.75) we obtain

U=V, +V){R, and I=V,-V,)/ R, (C.84b and C.84c)
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This yields the expression for the complex power absorbed by the one-port, which is
represented by the load:

P=UI=V’-V> (C.85)

Substitution of equation (C.79) and (C.80) yields

2

7-7

P=V (1-8)=V"|1- : (C.86a)
Z+Zg

If the impedance Zg of the generator, that feeds the one-port, is taken as reference
impedance then the maximum complex power at the load is

P =2 (C.86b)

We obtain then the ratio between the complex power absorbed in the one-port and the actual
complex power if the one-port is represented by the reference impedance Z:

2
P ((Z+Z2),) 1
?:[ 227 J T-s? (€87
g

Compare to equations (C.65) and (C.66). Expressed in logarithmic units, this is called the
complex reflection loss

I' =201g Lt [dB] +j arg R [rad]
s 2JZ z, 2022,
= - 10lg|l - 57| [dB]—j%arg(l—Sz) [rad] (C.88)

:—%ln ‘1—52‘ [Np]—j%arg(l—Sz) [rad]

C.9.2 Scattering parameters and scattering matrix of a two-port

A two-port, shown in Figure C.24, can be treated as two individual one-ports, face to face.

For both one-ports, the incident and reflected waves are characterized by
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. + v
V=5 J_ VR 1)
Vrl :_(—1_\/R01[1)
2 N

LU (C.90)
_ 2 /
Viz—_( + Rozlz)
2 R,
U
- : _\/Rozlz)
R 2
Zn L b ZB
o—>— ——<—o0
E, Uil Zi —» Two-port <« 722 U, E»
o © o o
Viq v W Ty
Vi1 €W W Vi IEC 1207/04

Figure C.24 — Two-port

Where Ry4 and R, is the reference impedance at input and output, respectively, V4, and V4
are represented by the square roots of incident (unreflected) and reflected complex powers
(see note) at port 1, and V;, and V,, are those at port 2.

NOTE Complex power is the product = U] . Apparent power is the product U] *, which is used in electrical power
technique, where the angle between the voltage and current is of interest. /* is the complex conjugate of the
current [ .

The scattering parameters S, of a two-port are defined as follows:

Vn = S11Vr1 + Sleiz

(C.91)
2 = S21Vi1 + S22Vi2

or in a matrix form

KEEE co
Vr2 S21 S22 I/i2
where the matrix

S, S
[S]{ 1 12} (C.93)
S21 S22

is called the scattering matrix [4]. It has the elements:
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V Z -7
! Vil Vi =0 Zl +ZA Poi
Vi 2U, |Z,
S = = 1 T i
Viz Vi =0 E2 ZA
V 2U, |Z
S21 =2 =—2 |“A= Hpyy,
Vil V=0 El ZB
V Z -7
S 12 ) B _
AT AT A

TR 62152 © IEC:2004(E)

(C.94a)

with

1

The above refers to the quantities under operational conditions,

B

(C.94b)

i.e. to the complex

operational reflection coefficient pg and to the operational transfer function Hg (see equation
(C.53). They are directly derived from the condition that V;, and V;, are zero, a condition
which is satisfied, in accordance with equation C.90) as soon as the terminal impedances Z,
and Zg are equal to the reference impedance Ry, and R,, respectively. Hence,

S14 0r pgq4 is the complex operational reflection coefficient at the input;

Soo OF pgos is the complex operational reflection coefficient at the output;

So4 Or Hpo4q is the operational transfer function in the forward direction;

S4o Or Hg4, is the operational transfer function in the backward direction.

The scattering matrix can thus be written in the form

[s]{

Prii
Hpy,,

il

Via=0

HB12j|
Prn

(C.95a)

(C.95b)

The connection between the scattering parameters and the above-mentioned working
quantities can be derived as follows: the condition V,, = 0 and its impact on the reflection
factor at the input of the two-port is considered first.

Viz4—'\/\/\/\

Two-port
Vr2 MV

$2

Figure C.25 — Termination Zg

ZB

IEC 1208/04

by virtue of the stray parameters of the two-port
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Let us consider the influence of the termination Zz on the parameters 7;, and V,, of the two-
port. The scattering parameter of the termination is

_ ZB _Roz

= (C.95c¢)
Zy+Ry,

2

where R, is the reference impedance at the output of the two-port. The connection between
Vip and V,, is obtained by the relation

Vo =5V, (C.95d)

If the reference impedance is chosen to be equal to the impedance Zy of the termination, then
S, =0 and V;, = 0. Similarly, it can be shown that V;; = 0, when Rgy = Z,.

Hence, we can conclude that, if the terminal impedances Z, and Zg are selected to be equal
as reference impedances, the parameters V;, and V;, are equivalent to zero.

The input and output impedances of the two-port are

Z, :ﬂ Z, :ﬂ (C.96)
[1 12
When Rgq = Z,, we have
1| v |
5 Zl —\JZA 1, ;s
A _
S” = | = U = = ZI+ZA = P11 (CQ?a)
|z, 1 roA
B /—ZA ati
Similarly, when Ry, = Zg, we have
Z, -7
n == Py (C.97Db)
Z,+7Z,
By definition, then,
V
S, =-= (C.97¢)

il Via=0

As derived above, we have Vi, = 0 for Ry, = Zg. If an e.m.f. E; with an internal impedance
equal to the reference impedance Ry, is connected to the input terminals, then equation
(C.82) yields

V, = (C.98)
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with

V=0

1 U,

— +.Z.1 (C.99a)
2(\/2_3 VZs1,)

It follows that

Yy _ ~JZ, 1, (C.99b)

A

By substituting this into the expression

1. U
ng(\/ZiB—\/Z_Blz) (C.99c¢)

we obtain
U
V,=—"2 (C.100)
\IZB
and
2U, [Z
S, =—2 =~ =H,, (C.101)
El ZB

Correspondingly we have:

2U, |z
S, =—"= =2 =H,, (C.102)
E2 ZA

We note that S5, and S;, are voltage ratios corrected to the terminal impedances and they
describe under operating conditions the transfer function of the two-port. Therefore, we have
the name composite transfer function. The complex composite loss of the two-port in the
forward and the backward direction, respectively, is

E |Z .
Iy =201g Edf =-201g|S,, | [dB]-jargs,, [rad]

(C.103)

1

E /Z )
Iy, =201g ﬁ i =-201g|S, | [dB]_J arg S, [rad]

In the passive transfer-balanced case i.e. if the two-port is reciprocal, S, is equal to S4,.

The usefulness of the scattering matrix in determining the transmission properties of the two-
port is based on the direct measurements of composite reflection and composite loss
coefficients at the input and output of the two-port, when it is terminated with a reference
impedance.
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It follows from the above that, in the matched case, ¥, and ¥, are square roots of the complex
power at the input and output at the two-port, when the reference impedance is chosen to be
Zp . E,’is the internal electromotive-force at port 1 of the two-port. 7, and ¥, are obtained by
changing the sub-index 1 — 2 and impedance Z, — Zg.

y__ B _U~+z,,
Yooz, 2z,

(C.104)
y o B _U-2Z]

In the literature [5], parameters 7; and V, are defined utilizing the so-called available power.
The results are identical to those previously mentioned, but only when the reference
impedances are purely resistive.

In this case, we have

Z -7,
= (C.105a)
Z,+Z,
2U, JReZ,ReZ
Sy = 2]2 ZA K (C.105b)
1 B

These expressions are identical to (C.97) and (C.101) only when Z, and Zg are resistive. In
line transmission, it is generally not wise to use the so-called available power matching,
because there will always remain reflections (see Clause C.5). It is worthwhile to mention the
available power matching, which is deployed in lump loaded line, but, also in this case,
consideration is given to reflectionless matching at the ends of the line. Another example of
available power matching is required for matching a transmitter to an antenna.

C.10 Examples

C.10.1 Example 1

Consider an ideal transformer with a turns ratio »n:1 (Figure C.26). Then,

U, =nU,

1 (C.106)
I =—1,

n

Zn 14 n:1 I ZB
[e; > < O
E4 Uy Uz E>
O O O e,

IEC 1209/04

Figure C.26 — Ideal transformer
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Let us choose terminal impedances as reference impedance.

Then
- nZy-Z,
Yonzo+ 27,
ZA
o 7,07,
22_Z - 2
71;+ZB ZA+}’Z ZB
n

¢ 2, |Za _ 2En’°Z, N
B \z, (Z,+nZ,)nE\Z,

2nZ N

CZ, +n*Z,\ Z,

s 22U [Zs 22y |2
" E\z, z,+n*z,\Z,

Therefore, the scattering matrix of the ideal transformer is

ON

where

n'Zy-Z,
wZ,+Z7Z,

_ 2z, |Zy

Z, +n'Z,\Z,

_ 2z, |Z,

Z, +n'Z,\ Z,
poZa niZB
Z,+n"Zy

TR 62152 © IEC:2004(E)

(C.107a)

(C.107b)

(C.108a)

(C.108b)

(C.108c)

(C.108d)

(C.108e)
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Hence, both ports are reflectionless, and attenuation is = 0 dB, i.e. the transfer function is
equal to one.

C.10.2 Example 2

Let us determine the scattering matrix of a passive, reciprocal two-port terminated by Z, and
Zg The image impedances of the two-port are Zy, and Z,, , the complex image attenuation is
I"and input impedances are Z; and Z,, .

ZA A b ZB
o—r—| <«
r
Eq Ui 21— | Zp Zop |22 |U2 Ep
O O O O

IEC 1210/04

Figure C.27 — Determination of a scattering matrix of a passive reciprocal two-port

From expression (C.94) we obtain Sy, and S5,

Z,-Z,
1n = 5 5
Z+Z, (C.109a)
Zz _ZB
2 :m
2 B (C.109b)
We find the voltage U, to be
U ZOlEl Zoz T 2ZB
2 A%
ZA +Zm Zm ZB "’Zoz
ZOlEl Zoz e—r ZB _Zoz Zo1 e—r ZA _Zo1 Zoz e—r 2ZB
ZA +Zm 201 ZB +Zoz Zoz ZA "‘Zm V Zm ZB +Zoz
ZOlEl Zoz efr ZB _Zoz 201 efr ZA _Zm Zoz efr
ZA +Z<)1 Zm ZB +Zoz Zoz ZA +201 Zm
ZB _Zoz Zm efr ZA _Zo1 Zoz efr 2ZB
ZB +Zoz Zoz ZA +Zm 201 ZB +Zm (C.110a)
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1
ZatZn Lyt 2o (C.110c)
By substituting this into expression (C.94), we get
s, =22 |Za _ N2, Zy NZyZy e’ ! (C.111)
B E,\NZy Z,+Z, Zy+Z, 1— Ly—Zy Zy—Z, o 2r
Z,+Z, Zy+Z,
Correspondingly Sy5.
_W, (2, _NZZe 222w s 1 Ca12a)
. E \NZ, Zy+Z, Z,+Z, 1— Zy—Zy, Z, -2, ey

Zy+Z, Z,+Z,

By substituting expressions (C.109), (C.111) and (C.112) into the matrix (C.93), we get

S S
[S]{ ! 12} (C.112b)
SZI S22

we obtain the scattering matrix of the two-port shown in Figure C.27.
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