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Foreword 

This publication, Multiaxial Fatigue, contains papers presented at the sym
posium on Biaxial/Multiaxial Fatigue which was held in San Francisco, Cali
fornia, 15-17 December 1982. The symposium was sponsored by ASTM Com
mittees E-9 on Fatigue and E-24 on Fracture Testing in cooperation with the 
American Society of Mechanical Engineers, the American Society for Metals, 
and the Society of Automotive Engineers. K. J. Miller, University of Sheffield, 
J. R. Ellis, Oak Ridge National Laboratory, and M. W. Brown, University of 
Sheffield, presided as symposium chairmen. K. J. Miller and M. W. Brown are 
editors of this publication. 
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Introduction 

Multiaxial fatigue is a subject of concern to both engineers and research 
scientists. In the eventuality of failure, fatigue lifetime is determined in the 
majority of cases by the applied multiaxial stress-strain state, whether generated 
by multiple loading or the component geometry itself. Thus multiaxial stresses 
should be taken into consideration by the designer, and it is important to note 
that material data generated in laboratories under constrained situations (for 
example, uniaxial loading or Mode I crack growth specimens) cannot be used 
in practice without recourse to some multiaxial criterion. The introduction of 
stresses on two or three axes in fatigue experiments, therefore, can provide 
valuable insight concerning both the micromechanisms of fatigue crack formation 
and growth and also the uses and limitation of multiaxial correlation factors. 

The multiaxial behavior of metals has been studied throughout the twentieth 
century, and the engineers concern with the fatigue limit in the design of safe 
structures has led to a number of useful criteria which were developed prior to 
1960, based on, for example, the pioneering work of Gough and Sines. Two 
more recent developments associated with the finite life of structures are fracture 
mechanics and life prediction techniques for high-strain fatigue, both of which 
have required the development of additional criteria. In these cases a knowledge 
of the extent of plastic deformation is important since inelastic strains are used 
not only in low cycle fatigue analyses but also in advanced elastic-plastic fracture 
mechanics. However, a number of problems remain to be solved, since fatigue 
cracks are invariably associated with notches or surface defects, and frequently 
experience aggressive environments. 

This volume presents a number of papers which were read at the International 
Symposium on Biaxial/Multiaxial Fatigue, sponsored by the American Society 
for Testing and Materials in collaboration with the American Society of Me
chanical Engineers, the American Society for Metals and the Society of Auto
motive Engineers. The need for a conference was recognized in 1979 after 
preliminary discussions in Sheffield between the editors and European friends, 
but, because much new work in multiaxial fatigue had been funded by the Nuclear 
Regulatory Commission in Washington, it was thought proper to approach ASTM 
to see if they would sponsor the event in the USA. First contacts were made at 
the Bal Harbour meeting in Florida in 1980 via such people as Jane Wheeler 
and Don Mowbray. The three day meeting, held in San Francisco in December 
1982, led to many stimulating discussions among the delegates from several 

Copyright 1985 by AS FM International www.astm.org 

 



2 MULTIAXIAL FATIGUE 

countries, many of whom are actively involved in different aspects of the mul-
tiaxial problem. It was apparent that a variety of approaches are now being 
developed, and this book summarizes the current state of the art in each area of 
concern. 

The 38 papers have been divided into eight groups, of which the first two 
present the various tools available to the materials scientist, that is, laboratory 
testing followed by the characterization of cyclic deformation response and the 
stress analysis of cracks. The importance of fatigue crack development, in terms 
of both the propagation rate and the plane and direction of growth, is highlighted 
by papers on mixed mode cracking and short cracks in metals. The group of 
papers on composite materials illustrates other mechanisms of damage accu
mulation. Life prediction techniques have been broadly based on crack devel
opment concepts, and new methods are compared with the older criteria and 
current design codes, showing that the new methods have much potential. Two 
areas requiring more attention are nonproportional stressing and elevated tem
perature aspects such as creep fatigue. Apart from these topics many other 
problems remain, but this volume shows that significant progress has been achieved 
towards predicting finite fatigue life behavior, and it should provide a useful aid 
in interpreting failures and understanding the mechanics of fatigue. 

The success of the symposium and the production of this book would not have 
been possible without the hard work and support of the ASTM staff. We would 
also like to thank our able cochairman, J. R. Ellis, and the invaluable assistance 
of B. N. Leis in editorial matters subsequent to the symposium. Both have given 
much time and generous advice. The detailed work of the reviewers has greatly 
strengthened many papers presented here, and we appreciate the assistance of 
session chairman, the international group of experts who supported the sym
posium, ASTM committees E-9, and E-24 who sponsored the conference, and 
the staff of the Mechanical Engineering Department of the University of Shef
field. 

K. J. Miller 
M. W. Brown 
Department of Mechanical Engineering, Uni

versity of Sheffield, Sheffield, U.K. sympos
ium chairmen and editors. 
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Henry O. Fuchs^ 

On the Definition of Planes of Maximum 
Shear Strain 

REFERENCE: Fuchs, H. O., "On the Definition of Planes of Maximum Shear Strain," 
Multiaxial Fatigue. ASTM STP 853, K. J. Miller and M. W. Brown, Eds., American 
Society for Testing and Materials, Philadelphia, 1985, pp. 5-8. 

ABSTRACT: The concept of planes of strain is contrary to accepted definitions. "Planes 
of maximum shear strain" are defined as planes normal to the lines of maximum shear 
strain. They are the same as planes of maximum shear stress. The latter designation is 
unambiguous, simple, and in accord with accepted definitions. It is proposed that the 
designation "planes of maximum shear stress" be used unless it can be shown that planes 
of maximum shear strain are different from the former and more important as fatigue 
variables. 

KEY WORDS: planes, shear strains, multiaxial fatigue, definitions 

Several papers in this symposium refer to planes of maximum shear strain. 
This concept deserves careful examination. 

Strictly speaking strains are not related to planes but to directions, while 
stresses are related to the planes on which the forces are acting. Stresses are 
defined as forces per unit area, for example, newtons per square metre (N/m^). 
For a given state of stress the direction of the area determines the stress and its 
components. Stresses can not be seen nor measured directly. 

Strains are defined as relative changes in length of line segments (normal 
strains) or as changes in angle between two initially perpendicular lines (shear 
strains). They can be measured by strain gages, or seen by the change in shape 
and size of small circles or squares marked on surfaces. 

Figure 1 shows strains on the surface of a twisted circular bar. This surface 
is free of stress, but the amount of shear strain visible or measureable on it is 
greater than on any other plane in the bar. However, this is not the plane of 
maximum shear strain to which the papers in this symposium refer. 

The maximum shearing stresses in the bar of Fig. 1 occur on transverse and 
on axial planes through a point on the surface. These are also the "planes of 
maximum shear strain" to which many authors in this volume refer. To define 
them in terms of strain we might say that they are two planes, each perpendicular 

' Professor, Mechanical Engineering Department, Stanford University, Stanford, CA 94305. 
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MULTIAXIAL FATIGUE 

(a) Deformation of a square. 
{b) Deformation of another square. 
(c) Deformation of a circle. 

FIG. 1—View of shear strains on a twisted shaft. (Solid lines show final position, dashed lines 
show original position.) 

to one of the initial directions of the lines which between them show the maximum 
shear strain. They will be called P-planes in this note. 

Note that sigma and epsilon are clearly positive or negative. Gamma is an 
absolute value because the previously right angle between two lines becomes 
acute in two quadrants but obtuse in the two other quadrants when the strain 
gamma is applied. An arbitrary sign convention can of course be defined when 
desired, but its definition must be explicit as it is not implied in the physical 
events. Similarly an arbitrary sign convention is used to define the algebraic 
value of tau. 

The use of strains rather than stresses as fatigue criteria has obvious advantages 
when the deformations are largely plastic, as in low-cycle fatigue; this need not 
prevent identification of critical planes by reference to stresses, and identification 
of crack growth direction by reference to stress direction. Combined stress-strain 
criteria can be useful. 

The writer urges careful definition of the concepts used in discussion of 

a b 
(a) According to Tresca 
(fo) According to von Mises 

FIG. 2—Yield criteria in shear stress space. 
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multiaxial fatigue. He suggests that planes of stress and directions of maximum 
shear stress are much easier to define than planes and directions of maximum 
shear strain. He proposes that planes and directions of shear stress be used rather 
than "planes of maximum shear strain" at least until there is evidence that P-
planes can be different from and more critical than planes of maximum shear 
stress. 

In all cases which the writer was able to imagine the P-planes are also planes 
of maximum shear stress. To call them planes of maximum shear stress would 
have two advantages: It would avoid ambiguity and it would permit easy con
sideration of the direction of shear stress which is important for the direction of 
growth of cracks. The direction of shear strain on the P-planes would need a 
special new definition. 

In connection with the directions of shear strains it is interesting to recall the 
now obsolete definition which von Mises used when he proposed the yield 
criterion known by his name.^ He used a shear stress space in which the principal 
shear stresses are the coordinates. In such a space the Tresca yield criterion is 
a cube, the von Mises criterion is a sphere, as in Fig. 2. A similar method might 
be required to define directions of shear strain. 

In some theories of multiaxial fatigue Mohr's circles of strain are used. They 
are similar to Mohr's circles of stress, but the meaning of directions in them is 
quite different: In the stress circle a radius at angle X from a principal stress 
direction defines a plane at angle (X/2) from the plane of principal stress. In 

0° -

a 
(a) For strains. 
(b) For stresses. 

FIG. 3—Mohr's circles. 

^von Mises, R., Nachrichten der Gesellschaft der Wissenschaften, Gottingen, Mathematisch-
Physikalische Klasse, 1913, p. 582. 
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the strain circle one must consider diameters, not radii. A diameter at angle Y 
from a direction of principal normal strain defines two lines in the plane of two 
principal normal strains, one at angle (K/2) from the reference direction, the other 
at (y/2 + 90°). The shear strain between those two lines is proportional to the 
vertical distance between the end points of that diameter, as shown in Fig. 3. 

 



Multiaxial Fatigue Testing 

 



Michael S. Found,' Upul S. Fernando.' and Keith J. Miller^ 

Requirements of a New Multiaxial 
Fatigue Testing Facility 

REFERENCE: Found, M. S., Fernando, U. S., and Miller, K. J., "Requirements of 
a New Multiaxial Fatigue Testing Facility," Multiaxial Fatigue, ASTM STP 853, K. J. 
Miller and M. W. Brown, Eds., American Society for Testing and Materials, Philadelphia, 
1985, pp. 11-23. 

Abstract: A new multiaxial fatigue testing facility is described. It can strain a thin-walled 
tubular specimen in three independently controlled loading modes by the use of torsion, 
axial load, and internal and external pressure. Any stress state having a principal stress 
ratio between equibiaxial (\ = +1) and torsion (X = - 1) with any orientation of the 
maximum principal stress and the specimen axis can be chosen, with a maximum principal 
stress of 700 MN/m^ The significance of specimen geometry is examined in relation to 
multiaxial fatigue testing and the design of a suitable specimen is discussed. Test data for 
a ICr-Mo-V steel are presented to show the variation in multiaxial fatigue results for similar 
stress states obtained using different test systems and specimen geometries. The possibility 
of undertaking wider investigation of the effects of anisotrophy and cumulative damage is 
discussed. 

KEY WORDS: biaxial stresses, triaxial stresses, fatigue strength, high pressure, specimen 
geometry, crack propagation, orientation, anisotropy, accumulative damage 

Fatigue failures are still perhaps the commonest mode of failure among en
gineering components and structures despite the generation of a wealth of test 
data on the subject over many decades of research. However most of these data 
have been obtained from laboratory experiments involving uniaxial loading con
ditions which are seldom present in practical engineering situations. For example, 
components and structures found in power and chemical plants, such as pressure 
vessels and piping systems, aircraft structures, turbine blades, and drive shafts 
are subjected to multiaxial stress conditions during cyclic loading. Many com
ponents are exposed to varying degrees of multiaxial strain especially at notches 
or geometric discontinuities. In order to apply these limited fatigue data to more 
complex stress conditions attempts have been made to correlate multiaxial fatigue 
loading to an equivalent uniaxial fatigue loading condition as suggested in some 
design codes [1,2]. 

It is now generally recognized that fatigue is concerned with the initiation and 

'Lecturer, research assistant, and professor, respectively, Department of Mechanical Engineering, 
University of Sheffield, Sheffield, U.K. 
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12 MULTIAXIAL FATIGUE 

growth of a crack to a critical size. Multiaxial fatigue is concerned with the 
effect of biaxial and triaxial stresses or strains on the orientation and growth rate 
of cracks on the lifetime of a component. For example, under torsional loading 
cracks propagate along the surface, while in the reversed bending of flat plates 
crack growth is through the thickness, and therefore normally more dangerous. 
In both these cases the equivalent stress or strain may be similar, but the number 
of cycles to cause failure will be quite different. Brown and Miller [3] have 
shown that under multiaxial loading conditions fatigue endurance is governed 
by the maximum shear strain and the tensile strain normal to the plane of 
maximum shear. Furthermore, the orientation of the surface to this plane is 
important since this defines either Type A or Type B cracks, which may propagate 
in both Stage I and Stage II phases of crack growth. The principal strain values 
do not fully describe the fracture process under multiaxial fatigue since it is 
possible for similar strain conditions to give different fatigue lives. A similar 
approach has been used by Lohr and Ellison [4] to analyze cracks growing away 
from the surface under in-phase loading conditions. They have shown that fatigue 
crack growth rate is controlled by the maximum shear strain on planes driving 
the crack through the thickness and that the direct strain acting normal to the 
plane of maximum shear exerts a secondary modifying influence. 

Analysis of the results of available published data indicates that there is a 
need for a multiaxial fatigue testing facility that will (a) permit the coverage of 
all 3-D stress-strain states from pure torsion through the uniaxial state and plane 
strain to the equibiaxial strain state, and (b) apply these 3-D stress-strain states 
at any desired angle to the specimen axis. This paper briefly reviews existing 
multiaxial fatigue systems and outlines the design requirements for a new testing 
facility presently being installed in the Department of Mechanical Engineering 
at the University of Sheffield. 

Multiaxial Fatigue Systems 

With the development of servohydraulic testing machines and associated closed-
loop control systems it is now possible to perform fatigue tests under complex 
stress-strain conditions by various means. It is intended here to mention briefly 
some of these loading methods, a more comprehensive description being given 
by Refs 5-7. The test methods may be divided into two distinct categories; one 
in which a single load system is used with specimens of variable geometry to 
obtain different biaxial stress states and the other in which the biaxial stresses 
are obtained by applying two or more loads to a specimen of fixed geometry. 
Examples of the first category are cantilever bending, anticlastic bending, and 
bulge tests of flat plate specimens, pressurized tubes, and rotating disks. The 
second category includes tension-torsion, tension-pressure, and tension-torsion-
pressure of tubular specimens, uniaxial tests plus hydrostatic pressure and cru
ciform specimen loading [5-7]. 

The first grouping, with the exception of the rotating disk experiment, requires 
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relatively simple test facilities together with suitable loading fixtures. Features 
of these methods are the ease of control of test parameters and of the measurement 
of load and deflection. However the major disadvantage is the problem of inter
pretation of the results. In addition to difficulties in determining the stress-strain 
distribution and the effect of stress gradients in each specimen geometry the use 
of a different geometry itself may influence the fatigue life due to variations in 
crack initiation and propagation behavior. Therefore, these test methods are only 
suitable for evaluating similar stress-strain conditions. 

For the second grouping more expensive servohydraulic test systems are usu
ally necessary since accurate control and load and strain measurements are re
quired. With the exception of the tension-torsion test and the cruciform specimen, 
all these methods involve direct fluid pressure on the specimen which creates 
additional problems. Fatigue endurance will be reduced due to the hydrowedge 
effect, and there may be also an environmental influence on crack initiation and 
propagation due to the fluid. However these effects may be minimized by the 
use of a suitable protective sleeve. For the complex geometry of the cruciform 
specimen, stress and strain measurement is difficult, and it is usually necessary 
to determine the stress-strain distribution in the test section by elastic-plastic 
finite element analysis. 

In order to compare the influence of both stress-strain state and the orientation 
of the principal strains on fatigue behavior it is necessary to perform all tests 
over the complete range of biaxial stress states under similar conditions. This 
highlights the need for a single test facility which will permit any stress-strain 
state with respect to any principal stress orientation to be obtained on the same 
specimen geometry [8]. A number of important requirements have been identified 
[9] for an ideal multiaxial fatigue testing facility, and these are summarized 
next. 

1. Coverage of the complete range of biaxial/multiaxial stress states using a 
single specimen geometry. 

2. Control of the orientation of the principal stresses independent of the biaxial 
stress states and provision of a complete range of biaxial stress states with respect 
to any principal orientation. 

3. Uniform stress-strain distribution over the gage length with minimum strain 
concentration at the end of the gage section. 

4. Stable specimen response for all stress states with a means of accurately 
determining stresses and strains in the gage area. 

5. Continuous controlling, monitoring, and recording of stresses and strains 
in each principal direction. 

6. Flexibility in defining and controlling the fatigue load cycle with provision 
for the following functions: 

(a) Choice of control mode; load, strain, or displacement. 
(b) Independent control over each principal load to permit in-phase or out-

of-phase loading. 
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(c) Independent adjustments for mean value and amplitude of stress and 
strain in each principal direction. 

(d) Selection of cycle waveform and frequency. 
(e) Block programming facilities. 

7. Elevated temperature facility. 
8. Observation of the specimen during test. 

Two possible methods of obtaining most of these requirements were consid
ered; namely, a modified cruciform specimen and a tubular specimen subjected 
to torsion, axial load, and internal/external pressure. Using an hexagonal shaped 
specimen with six loading arms it is possible to apply three independent axial 
loads to obtain the desired stress state. With this specimen it is difficult to 
perform an accurate stress-strain analysis, and control of the loads in the indi
vidual arms is complex due to the constraints of the other arms. However such 
a test method permits observation of the specimen during testing and is suitable 
for elevated temperature work. 

The thin-walled tubular specimen is a simpler geometry enabling accurate 
stress-strain analysis even in the plastic range. The torsion and axial loads can 
be applied without mutual interaction, and the axial stress component due to 
pressurization can be monitored and easily corrected. However it is not possible 
to observe the specimen during testing, precise measurement of strain in the 
gage length can be difficult, and the maximum temperature is limited by the 
properties of the pressurizing medium. Fatigue of thin-walled tubes is highly 
influenced by their machining history, especially grinding. However, it is thought 
that by careful polishing of the gage length and honing of the bore this problem 
could be minimized. Consideration of these facts indicated that a thin-walled 
tubular specimen would best meet our requirements. 

Multiaxial Fatigue Machine 

The new multiaxial fatigue testing machine is capable of straining a thin-
walled tubular specimen in three independently controlled loading modes, namely, 
torsion, axial load, and internal and external pressure. By applying axial load 
and internal/external pressure any biaxial stress-strain state with fixed principal 
directions can be produced. The orientation of the principal stresses is rotated 
by superimposing a torsional load; hence, cracks may be generated on any 
required plane. The loading systems are continuously and independently con
trolled so that fully reversed predetermined biaxial stresses may be applied in 
any direction on the specimen. The use of pulsating external pressure as well 
as internal pressure permits a greater combination of mean and alternating hoop 
stress to be explored, and the effect of mean stress on fatigue can be controlled. 
Therefore, any stress state having a principal stress ratio k between equibiaxial 
(X = 4-1) and pure shear (X = — 1) with any orientation a of the maximum 
principal stress to the specimen axis can be chosen (Fig. 1), with a maximum 
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FIG. 1—Contours of various stress states that can be induced in a single specimen by the fatigue 
machine. 

principal stress value of up to 700 MN/in^. For a limited range of stress states 
it is possible to achieve a maximum principal stress of up to 1000 MN/m^. 

The rig comprises of a loading frame, pressure vessel, hydraulic power pack, 
and electronic controls. The loading frame is a Schenck four column tension-
torsion fatigue testing machine which provides axial and torsional loads of up 
to ±400 kN and ±1 kNm, respectively. The specimen is held between two 
identical chucks using two specimen holders. The upper chuck is connected to 
the upper crosshead of the load frame via the upper sealing rod and the tension-
torsion load cell. The lower chuck is attached via the lower sealing rod to the 
tension-torsion actuator which is fixed to the base of the loading frame as shown 
in Fig. 2a. The specimen and attached components are enclosed in a pressure 
vessel (Fig. 2b) which is fixed to the lower crosshead and has the freedom to 
move vertically along the specimen axis permitting specimen assembly to take 
place on the machine. The pressure vessel end closures can be readily discon
nected, thus allowing the vessel to move down without affecting the dynamic 
seals on the upper and lower sealing rods, and hence avoiding any possible 
damage that could cause oil leakage. 

The loading frame and load carrying components are much stiffer than the 
specimen. Therefore, the alignment of the upper sealing rod (that is, the load 
cell) to the lower sealing rod (that is, the actuator) is maintained even when the 
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specimen is not in the machine. The alignment of the specimen to the loading 
axis is achieved by locating it on an internal mandrel which is permanently 
attached to the upper sealing rod. The mandrel when engaged in the lower sealing 
rod acts as an additional safeguard to avoid introduction of misalignment of the 
specimen during assembly or testing. The specimen holder consists of two parts. 
The specimen is held in one part using a large nut which also transmits the axial 
load. The second part, which is locked to the first part using a Morrison grip 
[70] and transmits pure torque to the specimen without introducing any significant 
bending loads to the gage area. 

The hydraulic circuit diagram for the test rig is shown in Fig. 3. Two inten-
sifiers are employed to supply internal and external pressure to the system. The 
external pressure and internal/external pressure difference are controlled inde
pendently from zero to 1700 bar by two servovalves located on the low pressure 
side of the intensifiers. Thus, the hoop stress or pressure difference across the 
specimen can be accurately controlled by a given command signal. Internal 
pressure is supplied to the specimen through the upper sealing rod and mandrel 
and sealed at the bore of the specimen. The oil for the external pressure is fed 
directly to the pressure vessel. Hence, there is no making or breaking of high 
pressure pipes during assembly of the specimen. An automatic make up system 
is used so that any oil leakage can be replaced by injecting new oil into the 
system via a second pair of intensifiers while cycling continues. Preliminary 
tests carried out to check the efficiency of the dynamic seals on the sealing rods 
indicated a very small leakage so that make up requirements should be relatively 
low. These pressure systems are connected to the low pressure supply which 
provide the bulk amount of oil at tho start of a test. A single hydraulic power 
pack capable of delivering oil at 80 L/min supplies the low pressure oil to the 
intensifiers and to the tension-torsion hydraulic circuits. 

The control system incorporates load, strain, and position control modes. Each 
mode may be controlled independently for any waveform selected on the signal 
generator with different mean level, phase, hold time, and cycle time. The axial 
load on the specimen may comprise of two components, one due to the load 
applied via the actuator and the other due to the end load exerted by the external 
pressure. In order to be able to control the load on the specimen under these 
conditions a special feedback loop is incorporated so that the pressure load is 
interfaced with the axial load. 

Load measurements are obtained from the tension-torsion load cell and internal 
and external pressures are measured using ultrahigh pressure transducers. Strain 
measurements are made on the gage length using two tranducers per mode, one 
measuring the displacement relative to the other fixed one, to counter any possible 
pressure effects. Chart recorders and x-y plotters are used to record load and 
strain ranges as well as hysteresis loops. 

A set of safety trips able to detect overloads, failure of the oil supply or cooling 
water supply, and controlled emergency shut down circuit permit the machine 
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FIG. Z—Schematic diagram of hydraulic circuits. 

to run unattended for long-term tests. Safety screens are placed round the rig, 
in case of high pressure leakages, and are interlocked with the machine controls. 

Specimen Geometry 

Some of the requirements for specimen selection have been discussed earlier 
when a thin-walled tubular specimen was chosen for the test system. One of the 
major advantages of using a tubular specimen for high-strain multiaxial fatigue 
studies is that it enables a fairly uniform stress-strain distribution to be obtained 
which can be determined accurately even in the plastic range [77]. Furthermore, 
due to its simple geometry it is possible to manufacture the specimen to close 
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FIG. 4a—Multiaxial fatigue specimen. 

tolerances at a reasonable cost. Final selection of the specimen dimensions are 
a compromise between the conflicting requirements of crack formation, stress 
distribution, and stability. 

The fatigue specimen designed for the test rig is shown in Fig. 4a. It has a 
20 mm parallel gage section, a 22.3 mm outer diameter, and a 18 mm bore. 
The ends of the gage length contain a 25 mm radius which gives the best possible 
stress-strain distribution over the gage area. 

Of the loading modes available axial load produces the most variable stress-
strain distribution. The axial strain distribution in the gage section due to axial 
tension obtained by elastic-plastic finite element analysis is shown in Fig. 4b. 

0.5 

Inner Surface 
C = l.l 

max stress 
yield stress 

C= 1.03 to Yield 

FIG. 4b—Axial strain profiles due to axial tension. 
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The analysis was performed for different specimen dimensions, and the results 
indicate that the influence of specimen shoulders, even with large fillet radii to 
reduce the stress concentration, produces significant strain variations over the 
gage length. An increase in load produces more plastic strain at the center of 
the gage area, and, at high strains, fatigue cracks are expected to initiate at the 
bore in the region of maximum strain. At low strain levels the stress concentration 
at the fillets is more effective, and cracks are likely to initiate at both fillets and 
the center of the gage area. Propagation of the cracks at the fillets will be localized 
and be inhibited by the high-strain gradient at these regions, and fatigue failure 
is more likely to occur at the center of the gage area. When subjected to torsion 
or pressure the strain distribution is not significantly modified with increasing 
load. For torsional loading cracks are expected to initiate at the outer surface 
while under pressure cracks should initiate at the bore. 

The ratio of internal to external diameters of the gage area is important, since 
an increase in the ratio leads to a thicker wall section which in turn increases 
the resistance to buckling under compression. Furthermore, the thicker walls 
minimizes errors caused by possible eccentricity of the specimen and allows 
more material for propagation of Stage II Type B cracks. It is reported [12] that 
during high-strain torsional cyclic loading tubular specimens accumulate plastic 
strain in the axial direction. This effect is more pronounced in thin-walled spec
imens and thus favors the use of a thicker tube for the specimens. The major 
disadvantage of using a thicker tube is that it requires very high pressures to 
obtain substantial hoop strains which causes practical difficulties in designing 
the rig and increases the hazards of testing. For the specimen just described the 
diameter ratio is about 0.8 for which thickness effects on fatigue life are not too 
significant and the specimen is sufficiently stiff to obtain fatigue lives of the 
order of 500 cycles without causing instability in compression. 

Discussion 

In recent years many multiaxial fatigue tests have been conducted on a variety 
of materials using different test systems and specimen geometries, and often the 
results are difficult to interpret and compare. However, some results obtained 
for ICr-Mo-V steel have been well documented and have been recently analyzed 
by Brown [13]. He compared the results obtained from tension-torsion [14], 
tension-pressure [15], and plate bending [16] tests at room temperature per
formed on the same material. Brown replotted the results at two lives on the 
F-plane as shown in Fig. 5. The tension-torsion data correspond to Type A cracks 
and the tension-pressure and plate bending results to Type B cracks with the 
uniaxial test separating the two types. Figure 5 shows that the Type B cracks 
(dashed line) are more damaging than the Type A cracks (solid line) leading to 
lower fatigue strengths. The plate bending (dotted line) appears to extend the 
Type B fatigue life probably because the cracks propagating into the specimen 
meet a reducing stress gradient compared with a more uniform stress in the 
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FIG. 5—Comparison of results for different test systems for ICr-Mo-V steel plotted on the 
T-plane [13]. 

tension-torsion test {solid line). The uniaxial test data also highlight differences 
between tension-pressure and tension-torsion tests. The former, which may be 
influenced by an oil environment, employed a thin-walled tube while the latter 
used a thick-walled tube and gave a higher strength. 

From the foregoing it can be readily seen that trying to understand multiaxial 
fatigue behavior under similar stress states using different test systems and spec
imen geometries is fraught with difficulties. With the multiaxial fatigue testing 
facility previously described it will be possible to examine the response of a 
single specimen geometry to a given stress state in several different ways. For 
example, examination of the vertical line drawn through the stress ratio X = 0 
in Fig. 1 indicates that many combinations of 3 and 7 will give the desired stress 
ratio; for example, 3 = 0"/ = 0, P = 1 7 = ± 1 , and 7 = 0 3 = ±t». For 
stress ratios - 1 < X. < 0 cracks will propagate along the surface (Type A) of 
the specimen and for stress ratios 0 s X, s +1 away from the surface (Type 
B). The fatigue machine thus permits the possibility of initiating a crack on one 
plane and propagating it along another plane. Therefore, it is possible to study 
the hydrowedge effect due to oil pressure on the growth of short cracks by 
separating out the initiation and propagation stages in the tension-torsion regime. 
For example, this can be examined at stress ratio X = - 1 by applying pure 
torsion (P = 0 7 = ± M ) , pressure and axial load (P = - I 7 = 0), and other 
value for 7 with p = - 1 . For different values of X different pressures are 
required. 

Most if not all engineering materials are nonisotropic in their behavior. An-
isotropy may be introduced during manufacture by rolling, forging, or extrusion 
or during cyclic deformation which produces a specifically orientated metallo-
graphic texture. Thus the fracture resistance for a particular loading mode may 
be increased by texturing a material in a preferred direction. A crack may still 
propagate on the same plane and in the same direction but at a different rate if 
the orientation of the specimen relative to the texture is changed or if the cyclic 
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deformation response changes. The fatigue machine will enable tests to be per
formed on anisotropic materials for any selected stress state aligned with any 
given direction in the material. In order to separate out deformation and fracture 
response from the influence of specimen geometry and loading mode further 
tests can be performed on specimens taken from a block of material at other 
orientations followed by testing at the identical stress state and material orien
tation previously selected. 

Engineering components that do not contain inherent defects and operate at 
stress levels near to the fatigue limit, spend most of their life in the initiation 
and short growth regimes. Therefore, the understanding of the accumulation of 
damage in the initiation phase is of great importance. The well known Palgrem-

Miner rule I ^ r : = 1 I for the summation of damage assumes that damage 

accumulates in a linear manner independent of the sequence of loading and is 
based on the results of uniaxial tests. With the fatigue machine it will be possible 
to perform cumulative damage fatigue tests in order to explore damage summation 
under multiaxial stress-strain conditions which will be more applicable for use 
in design codes. It will be also possible to undertake cumulative damage studies 
for situations in which defects can be orientated in any desired plane relative to 
the 3-D stress field. 

Conclusions 

The design and preliminary development of a new multiaxial fatigue testing 
facility has been described for studying low-cycle high-strain fatigue. It is capable 
of straining a thin-walled tubular specimen in three independently controlled 
loading modes. It will permit the coverage of all 3-D stress-strain states from 
pure torsion through the uniaxial state and plane strain to the equibiaxial strain 
state and apply the 3-D stress-strain state at any desired angle to the specimen 
axis. The design of a suitable specimen geometry has been outlined. 
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ABSTRACT: This paper describes the design of a two-channel test system that can generate 
combinations of torque and bending on a round notched specimen. The test frame consists 
of a specially designed set of hardware for the size and shape of the SAE Fatigue Design 
and Evaluation Committee's round specimen. The two RAM computer-controlled hydraulic 
closed loop system provides independent control for each RAM. Load cells and stroke 
transducers are mounted in-line to provide signals for control and data processing. In 
addition to a description of the hardware, this paper defines the software that is used to 
control the system and perform data analysis on five channels of data. The data consist 
of the two channels of load and three channels of strain from a rectangular rosette. An 
ultrasonic surface wave technique is used to detect a crack of defined size and automatically 
halt the test. 

KEY WORDS: biaxial fatigue, test system, notched shaft, computer controlled, ultrasonic, 
bending, torsion, rosette strain gage 

The test system described in this paper is the result of an effort in support of 
the Society of Automotive Engineers Fatigue Design and Evaluation Committee. 
This committee set out to extend its fatigue life activities by initiating a biaxial 
fatigue test program. Because the participants represent the ground vehicle in
dustry, a notched shaft under combined bending and torsional loading was chosen 
as a typical component. To satisfy the needs of this program, a test system that 
could perform the following tasks was developed: 

1. The system should be capable of providing any combination of in-phase 
and out-of-phase bending and torsional loads. Preliminary calculations deter
mined that the system should be capable of 7000 Nm of bending and torsion for 
the selected specimen and material. Specimen dimensions are given in Fig. 1. 
The selected material was normalized 1045 steel (430 MPa yield strength, 620 
MPa ultimate strength, and 55% reduction in area). 

'Senior research engineer and manager of Metals Research, respectively. The Technical Center, 
Deere and Company, Moline, IL 61265 
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FIG. 1—SAE notched shaft specimen. 

2. The system should be capable of duplicating variable amplitude measured 
field loads or "simulated" field loads. 

3. The system should record sufficient data during the test cycle for analysis 
of fatigue life prediction theories. These were resolved to be life to crack initiation 
(which is defined in a later section), life to final fracture, the applied loads, and 
the surface strain tensor at the expected crack initiation site. 

4. A load controlled test system would appropriately simulate the loading of 
this specimen. 

The simple loading scheme illustrated by Fig. 2 was considered appropriate 
for these requirements. Two linear actuators controlled by a single computer is 
an effective method of generating any combination of bending and torque with 
known phase relationships. 

Mechanical Hardware 

The load frame configuration was designed to meet the following criteria: 

1. Sufficient fatigue strength for the specimen size and material. 
2. Accommodate two hydraulic actuators (44 KN maximum load and 150 

mm stroke) with in-line load cells. 
3. Convenient access to the specimen by the operator. 

The final load frame design was a welded steel frame outlined in Fig. 3. The 
bending and torsional moment arms are 155 and 203 mm, respectively. 

The specimen gripping system is shown in Fig. 4. The large end of the 
specimen is simply clamped between two machined steel blocks. The small end 
is gripped by a heat-treated wedge collet. In preliminary tests, no collet slippage 
occurred until approximately 3000 Nm of torque was applied. Subsequent to the 
development of this collet, a commercially available version with greater gripping 
capacity was found. The attachment at the load cell was by monoball studs. 
Likewise, the lower end of the ram was attached to the base plate by monoball 
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FIG. 2—Two-axis loading scheme. 

SPECIMEN -

FIG. 3—Bending-torsion load frame. 
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FIG. 4—Specimen gripping system. 

fixtures to allow for movement in two directions. A photograph of the specimen 
mounted in the load frame is shown in Fig. 5. 

Instrumentation 

The instrumentation system is comprised mainly of standard equipment avail
able to most of the test participants. Figure 6 shows a block diagram of the 
instrumentation system components which are outlined below. 

Servohydraulic Control 

Each hydraulic actuator is load controlled by separate servohydraulic test 
consoles. These units condition the command and transducer signals and provide 
closed-loop control of the servovalves so that the desired forces are applied to 
the hydraulic actuators. 

Computer and Interfaces 

A 16 bit minicomputer with 28 k words of random access memory and dual 
floppy disk drives communicates with hydraulic equipment through a hardware 
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FIG, 5—Specimen mounted in load frame. 

interface. This interface is equipped with two 12 bit D/A converters and eight 
12 bit A/D converters. Peripherals include a graphics display terminal, a digital 
plotter, and a hardcopy unit. 

Crack Detection 

In order to detect small cracks with minimum operator intervention, an ultra
sonic surface wave transducer was used. This transducer transmits an ultrasonic 
sound wave along the surface of the specimen and receives reflected waves from 
certain reference points as well as crack interfaces. The path of the surface wave 
is illustrated in the upper portion of Fig. 7. The bottom half shows a representative 
output from the oscillograph of the ultrasonic instrument. Three blips corre
sponding to reflected waves from Points A, B, and C are seen. At Point A, the 
transmitted wave from the transducer strikes the specimen. Point C is a discon-
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FIG. 6—Block diagram of instrumentation system. 

tinuity at the top of the specimen radius. An initiated crack would cause an 
intermediate blip at Point B. The ultrasonic instrument is capable of turning on 
an alarm if the height of this blip exceeds a presettable limit. 

The procedure for calibrating the ultrasonic instrumentation is given as follows: 

1. Adjust the gain and attenuation of the ultrasonic unit so that the alarm 
circuit is activated by a machined 0.7 mm notch on a special calibration specimen. 
This depth was chosen as the approximate size of crack in the small, round, 
smooth polished specimens which are used to obtain material properties. 

\ 
\SURFACE WAVE 

FIG. 7—Path of ultrasonic surface wave. 
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2. Transfer the transducer from the calibration specimen to the test specimen. 
3. The fatigue computer program checks the voltage of the alarm circuit which 

is normally zero volts. When activated, the output is a zero-to-four volt square 
wave. 

4. Upon detection of this alarm signal, the program will print the number of 
current test cycles and stop the test for visual inspection. 

Software 

The following discussion is limited to the software for conducting constant 
amplitude fatigue tests under combined bending and torsion and for analyzing 
the rosette strain gage data resulting from these tests. Care was taken to develop 
a simple scheme for inputing test parameters and an effective disk filing system 
so that data may be completely analyzed after the test is over. 

Software for running the test must be able to do the following; 

1. Output proper command signals to the servoamplifiers. 
2. Record loads and strains at various times during the tests and store on disk. 
3. Monitor certain variables as conditions for test shutdown. 

The scheme chosen for inputing bending and torsion control parameters is 
described next. End levels are input for five points in a test cycle for both bending 
and torque. The signal to be output through the D/A converters to the individual 
servoamplifiers is calculated from these end levels. Output waveforms may be 
configured as either ramps or haversines, and the number of individual steps 
making up these waveforms (up to lOO/cycle) is input by the test operator. 

76 mm TYP. 

RECTANGULAR 
ROSETTE 

(BLH FAER 03B-12-56) 

FIG. 8—Rosette strain gage orientation. 
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During the first part of the fatigue test, a rosette strain gage (Fig. 8) is 
monitored, and the following scheme for data acquisition is used: 

1. The first 100 peaks and valleys of normal and shear strains are detected 
and stored to help characterize early material hardening or softening or both. 

2. A two-cycle burst of load and strain data is collected and stored on a disk 
at specified cycle counts (1, 501, 1001, 5001, 10 001, etc.). The number of 
simultaneous data scans/cycle (up to 100) is set by the test operator at startup. 

After the strains have stabilized (or the gage failed), the strain gage is removed 
and the ultrasonic crack detector is installed. The program now monitors the 
alarm circuitry of the ultrasonic instrument and performs a test shutdown when 
a crack is detected. At this point, the crack detector is removed, and the test is 
run to specimen fracture. The stroke transducers are continously monitored for 
large changes in specimen compliance, thus alerting the test operator to the 
eventuality of fracture. Whenever a test shutdown occurs (either manually or by 
failure criteria), the number of accumulated cycles is output and automatically 
copied. 

Another computer program was written to fully analyze the load and strain 
data previously stored on a disk by the test program. Most of the program options 
are involved with characterizing the strain tensor at the root of the specimen 
notch. 

Test Procedure 

The following shows the typical sequence of events needed to run constant 
amplitude biaxial fatigue tests with this system. 

1. Gage specimen. 
2. Install specimen in load frame. 
3. Run single cycle test. 
4. Run fatigue test to strain stability. 
5. Remove gage and install crack detector. 
6. Run test to crack initiation. 
7. Remove crack detector. 
8. Take replica and restart test. 
9. Run test to final fracture. 

10. Analyze strain data. 

Discussion 

The described system meets the defined objectives for performing constant 
amplitude load controlled fatigue tests in combined bending and torsion. The 
simple, two actuator scheme for applying loads, although theoretically incapable 
of pure torque, provides an economical means for generating combined bending 
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and torsion. Practically speaking, the deflections observed in testing to date are 
small enough so that any unwanted bending during torsion loading is insignif
icant. 

The only disappointment of the system as configured is its relatively slow 
speed (maximum of 3 Hz). It is felt that a lowering of computer overhead and 
a general tightening of the mechanical system will help overcome this short
coming. 
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ABSTRACT: Plastics are now increasingly used as engineering materials; consequently, 
there is a need to establish the propensity of the material to fail under fatigue loading. 
However, in general terms, conventional methods for establishing the fatigue life of a 
plastic component cannot be used, and alternative ways have to be found. Multiaxial and 
"in service" load simulation is suggested as a method of tackling this problem. The 
possibilities of this alternative technique are outlined, and, because of the peculiar and 
stringent demands on the design of the loading apparatus, this is discussed in detail. The 
evolution of this apparatus has led to the development of techniques that have solved many 
of the difficulties found in the application of a multiaxial load and, in addition, offer 
marked improvements in the field of testing plastics in general. 

KEY WORDS: plastics, viscoelastic behavior, fatigue data, fatigue loading, triaxial fatigue 
apparatus, torsion, tension, compression, internal pressurization, environmental fluid, ser-
vocontrol, instrumentation 

Fatigue and corrosion have been the two most intractable problems confronting 
engineers, since fatigue and corrosion are insipient in nature and invariably 
proceed from faults in the product that are inherent or inadvertent. Both are 
usually difficult to observe or quantify before the damage is irreparable. There 
is clearly a need to obtain more information about the fatigue behavior of plastics. 
The most common method hitherto has been to subject a perfect specimen (or 
an otherwise perfect specimen with controlled damage) to very precise loading 
conditions, and from the resulting data the mean behavior of the material is 
established. While the data from metals show considerable scatter, the results 
are consistent enough to allow design computation. The position with respect to 
plastics is far less defined. All the limiting factors found in the testing of metals 
are present, but, in the fatigue testing of plastics, there are in addition a gamut 
of more serious problems, of which the most serious follow: 

1. Internal heating with high frequency/strain loading due to the viscoelastic 
behavior of the material and its low thermal conductivity. Associated with this 
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characteristic is the relatively small temperature band over which the material 
properties can be exploited usefully in engineering components. This band is 
usually only modestly above or below room temperature. 

2. Large variations in the formulations of commercial plastics occur within 
the basic specification. This is an important factor because of the disproportionate 
effects of small concentrations of low molecular weight constituents. 

3. Plastics can be very sensitive to strain rate (method of loading). 
4. They exhibit remarkable creep recovery, a factor that may be exploited in 

an actual component, but masked in a fatigue test. 
5. The residual stresses resulting from basic production and machining proc

esses can be greater than the applied stress and are difficult, if not impossible, 
to relieve without serious loss of specimen/component geometry or material 
(structural) change [1]. 

It is against this background that fatigue studies on engineering type plastics 
must be undertaken. Clearly, the generation of a data bank for the designer is 
not possible because of these restrictions, and consequently a whole order of 
certainty is removed. The design then becomes intuitive based on creep, tensile, 
and similar data. The design process may be supplemented by the adoption of 
one of the following three strategies: 

1. Full scale testing of a component under actual working or test rig conditions. 
2. Overdesigning the component and overdesigning the remedy of any sub

sequent faults that might appear in service, although this strategy can result in 
an actual worsening of the problem. 

3. Simulation of the fatigue load by modeling the worst stress conditions and 
applying this loading pattern to the gage length of a specimen. 

This third option has the limitation that it serves to highlight an inappropriate 
choice of design or material by premature failure rather than validifying actual 
component life. There are other systems of evaluating plastics which employ 
the same philosophy (especially minimum "standards specifications"); however, 
this third approach is the only one of the three methods that does not commit 
the manufacture to heavy financial involvement and does give a rapid indication 
of the suitability of any design. It is the establishment of this technique and 
other desirable features that are incidental that has stimulated the work reported 
here, but such are the demands of the technique that it has resulted in a machine 
concept that has had to meet practically all the requirements of conventional 
machines in one piece of apparatus. 

Test Requirements 

Most engineering components are subject to complex stresses that are fluc
tuating, not necessarily cyclicly or uniformly. Often these stresses are super
imposed on a mean stress. Provided that the maximum stress is below the yield 
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point, then creep processes are not of major importance when testing metals 
under these conditions, but in plastics creep processes occur at low loads which 
can result in stress whitening and even failure eventually. In the loading cycle 
of an actual component the creep processes may not proceed because there is 
time for creep recovery, but creep may prevent a sustained test program. In 
practice the component is designed so that any loads that are sustained (for 
example those that are supportive, "bolt-up" or assembly type) are kept so low 
that the creep is insignificant over the lifetime of the component. Other types 
of in-built stresses are those due to molding, glueing or machining. In general 
the machining process is the most harmful together with some adhesives, since 
the removal of material not only leaves stresses in the surface, but there is 
residual damage that is particularly prone to crack initiation. In the surface of a 
good quality molding on the other hand there are compressive stresses in an 
otherwise continuous surface layer. However, moldings can have their own short 
comings, such as severe shrinkage, material orientation, or modification. 

It is clear from what has been already stated that in any specimen based fatigue 
simulation test, the match of test materials to that of the component is going to 
be extremely difficult, especially when compared with, say, rotating bend test 
in metals. A detailed consideration of these problems is outside the scope of this 
paper [2]. 

There is one aspect of a fatigue simulation approach, however, that can be 
closely approximated; that is the "worst" loading pattern within the component. 
There are a number of ways of estimating/quantifying these stresses such as 
strain gaging, photoelastic methods, extensometry, and coating techniques. Strain 
gaging is the best method by far since it gives a direct reading. 

The question that arises is if there are so many imponderables, is the method 
worth pursuing? The answer lies in the lack of alternatives that are currently 
available. 

There are many unknowns undoubtedly, but, significantly, the preparation of 
specimens can be as rigorous as that adopted for any other test. The loading 
pattern can be also made extremely representative, and provided there is no 
degradation of properties, there is the possibility of enhancement to shorten the 
test program. 

Thus the requirement is a machine that will induce in the gage length of a 
specimen a loading pattern equivalent to the stress/strain seen in the component. 
Therefore, this implies the need for a biaxial and possibly a triaxial stress. As 
a minimum requirement the machine must be capable of subjecting a specimen 
to compression, tension, and torsion. If an internal pressure can be supplied to 
a hollow specimen this will give a triaxial component. Internal pressurization is 
the classical way that workers have induced a triaxial state. However, this gives 
a strict ratio of stresses depending on the geometry of the specimen. This de
pendency can be modified as will be shown in the section on internal pressur
ization. The working arrangement should allow derivatives of normal testing 
machines such as three-point bending. The load regime may be either stress or 
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strain dependent, static or dynamic, in phase or out of phase with all modes 
independently applicable. Ideally this should be done on a specimen geometry 
that is common with nondamaging gaging and minimum chucking interference. 
The test should enable an environmental control facility. This paper describes 
the basic design philosophy of a family of machines developed to undertake this 
work within the specification just outlined. 

Design Considerations 

The normal tension testing machine such as the Instron, Schenk, and Avery 
can provide the push-pull requirement, but has not got the frame stiffness or 
head development for torsion. Neither do such machines have an axially supplied 
pressure source; they have to be contrived to extend the test beyond the tensile 
mode. If a machine is to provide a variable triaxial loading system, then the 
design requirement is for two surfaces that can move towards and away from 
each other (tensile) and which can rotate relative to each other both clockwise 
and anticlockwise (torsion), together with a supply of high-pressure fluid that is 
acceptable environmentally (internal pressure). 

Internal pressure is not the only way of applying triaxial stress, but is by far 
the simplest that has so far been developed. The machine described can be 
considered "totally stiff" with respect to the specimen, that is, any untoward 
deflection and displacement of these surfaces resulting from the applied load are 
trivial compared with that of the specimen. Again this is comparable with con
ventional tension test machines. Justification for this totally stiff approach is given 
by Lawrence [3]. 

It is an established principle that axiality can be only maintained if the working 
section is contained within a ladder framed structure [4]. This means that the 
moving parts must be housed in a system of bearings that are not only spaced 
widely but are also over designed by conventional loading criteria in order to 
maintain stiffness and minimal run out. In this respect the main bearing assembly 
has to carry out a similar function to the headstock of a good quality lathe but 
able to withstand a greater axial load (tensile/compressive). Torsion has to be 
possible in both directions and the changeover free from backlash, that is, be 
virtually undetectable at the specimen. The torsional load has to be resisted 
without distortion of the frame (racking). In practice this means that the ladder 
frame required for the axial load has to be braced externally against the torsional 
load, if it is to be consistent with the totally stiff concept. 

If the design principle of flexibility between and within modes is to be main
tained, then the internal pressure system must be continuously controllable, with 
the pressurizing fluid isolated from the primary pressure source (since hydraulic 
oil is incompatible with most plastics when under stress). The safety precautions 
in this mode are particularly important and have a marked effect on the design. 
There are also more elaborate loading procedures for this mode that can affect 
the chucking techniques for the other two modes. 

Operationally the loading systems must be independent and under individual 
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control within themselves, but at the same time these systems must be capable 
of control centrally. If this objective is to be realized, then the individual modes 
must be capable of maintaining their program irrespective of the demands on 
the other modes. 

Implicit in this is that any demands must be kept within the design response 
capability of the various modes. If the test is to be controlled in the strain mode, 
it is only possible if the feedback is derived from the specimen itself. This strain 
feedback requirement necessitates a very sophisticated gaging system. Such a 
gaging system can be difficult to achieve when testing plastics because of the 
high strains and low hardness of the surface. 

Ideally the machine should be able to take the most appropriate gaging available 
which may be supportive or suspended extensometry including that which is 
commercially available or that designed specifically. There should also be suf
ficient space around the specimen for an environmental control facility. 

Present Facility 

These basic design requirements have been incorporated in a family of ma
chines developed to carry out tests on a variety of materials, sizes, and loads. 
The machine is the most recent, and it is used to illustrate how these design 
principles are achieved in practice. It is a laboratory machine developed to test 
plastic specimens in the range most commonly used for tension tests on this 
class of materials (see Fig. 1.) The basic loading capacity is plus and minus 30 
kN axial force (tensile), clock and anticlockwise, 1.4 kNm (torsion), and two 
ranges of internal pressure 0 to 25 MN/m^ and 0 to 125 MN/m^. Each stress 
mode can be operated from static to dynamic, with a typical loading pattern of 
2% strain at 2 Hz (sinusoidal) which would be held within ±1%. This example 
of load and frequency is given since it is an appropriate choice for many plastics, 
but the machine is not limited to this set of conditions, provided there are no 
step change in the loading pattern, that is, they are basically sine wave or saw 
tooth in profile, although not necessarily cyclic, and all systems are within ± 1 % . 
However, the intended range of frequency does affect the response and the 
machine performs best when the controllers are adjusted to a particular set of 
test conditions. Much of the literature concerned with the dynamic testing of 
plastics refers to "square wave" applications, because it simplifies some of the 
associated mathematical modeling. 

However, a square wave input is not feasible, but this constraint has not 
deterred workers from attempting such a test and the subsequent analysis. If a 
square wave mode of operation is considered essential the control system used 
in this machine can be adjusted to a damping ratio of approximately 0.6. This 
results in an overshoot of between 2 to 8% with a return to steady state within 
three quarters of a cycle of the natural frequency of the particular test setup, for 
example, one twentieth of the loading cycle given as an example earlier (2 Hz). 
"Critically damped" for the same loading conditions (2 Hz) results in a "time 
constant" of approximately 0.05 s. Square wave inputs are clearly the most 
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extreme with respect to error in the control of the machine plus specimen, but 
equally important is the behavior of plastics under these conditions. The behavior 
of the material is very complex with only small changes in test conditions such 
as frequency, dwell times, temperature, off-set loads, etc., making whole order 
differences in performance. The inevitable error in the control system further 
adds to the overall complexity and extreme care must be exercised if the data 
derived are to be used in simplified mathematical models. 

Test Equipment 

Basic Structure 

The requirements outlined previously are very demanding and require machine 
concepts that are comparatively unusual. Only those parts that are unique to the 
method will be described, and the rest of the engineering is assumed to be at 
least as good as that seen on conventional machines. Multiaxial machines are 
affected exceptionally by interaction between modes, and, therefore, stresses 
caused by misalignment of the machine must be avoided. The design is influenced 
by the machining and assembly requirements. Figure 2 shows an exploded view 
of the machine and the use of bracketed lower case letters in the text refers to 
this figure. 

The main frame (a) was constructed as a box with sides made from 150 by 
75 mm channel closed with 12.5-mm-thick plate. The bearing (torsion) head (b) 
and end plate (c) were made from solid plate. 

The tensile/compression axis was designed to be along the centerline of this 
rectangular frame for stability but would have been weak inherently in torsion. 
A subframe (d) was constructed using as ribs 100 by 50 mm box section and 
75 mm equal angle section as longitudinal stiffeners (e). This behaved in a 
skeletal way like a large piece of pipe halved along its diameter. Laying along 
the diaametral edge of the quasi half pipe were welded two steel plates (/) that 
were wide enough to bolt to the side members of the frame and to act as a 
platform for the bearing mounts. These two plates were subsequently ground 
flat after the frame was stress relieved as were the sides of the frame. The 
machining of the subframe was facilitated by using the longitudinal stiffeners 
(/) as the machining base. These stiffeners coupled with a central plate provided 
the base for the central pivot mounting (g). The structure was therefore like a 
ribbed boat with angle sections either side of the keel. This elaborate framework 
and machining were necessary to ensure that the machine could be aligned 
accurately and provide a solid base for the linear bearing carrying the crossheads 
(h), a datum for the main bearing (b) and a datum for frame mounted exten-
sometry. The frame is massively overdesigned by conventional standards. The 
justification for this approach is given elsewhere [3], but, as a consequence 
when maximum loads were applied, there was no discemable deflection (as 
indicated by appropriately placed dial gages). The moving section was con
strained by linear bearings that were matched to the tracks that were bolted to 
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the frame. The ranout was found to be better than 0.02 mm over the entire 
stroke. 

The main bearing (b) consisted of two angular contact ball bearings preloaded 
beyond the design load of 30 kN. This headstock bearing permitted rotation but 
was effectively rigid in every other respect. The mainshaft through the bearing 
was hollow to allow access to the end of the specimen. The shaft extended 
beyond the main bearing and was made to accept a large toothed wheel which 
was the final wheel in a toothed belt drive system for the torque mode. 

The tensile/compressive modes are applied via the thrust-blocks and stabilizer 
crossheads. These are held on line by linear bearings (recirculatory ball). The 
bearing tracks (i) are mounted on the ground surface of the subframe with an 
intermediate packing plate which was selectively ground on assembly. 

The linear bearing tracks are kept as wide apart as is possible to lessen the 
effects of the torsional load on the bearings and consequently to reduce the axial 
frictional restraint. The stabilizer (J) is an addition to conventional test machines. 
It performs a number of functions; principally it constrains the specimen on the 
centerline of the machine, but also allows the stress transducer to operate free 
from bending stress and the use of supportive gaging (horizontal operation). 

One of the innovations of this machine is the facility to operate at positions 
between vertical and horizontal (see Fig. 1). The main frame is pivoted about 
the visual center of the frame so that the operator is able to work and observe 
at a comfortable height. Some attention was paid at the design stage to arrange 
the pivot (k) to be at the approximate center of gravity with the final balance 
made with counterweights (/). This final balancing allows one person to set the 
operation position. A static mounting frame (m) was constructed to give overhang 
stability, swing clearance, and a mounting for the pressurization mode. The spars 
and struts of the frame were crossbraced. A platform (n) was welded to the back 
of the frame to carry the coupling housing for the pressurization cylinders and 
the associated valves, reservoirs, and pipework, etc. as well as the hydraulic oil 
supply manifold. 

Axial Loading System 

A double-rodded, flange mounted, 75-mm-diameter servohydraulic cylinder 
was used to apply the tensile/compressive load. This cylinder was attached to 
the thrustblock (o) via a floating coupling. The choice of the double-rodded 
cylinders ip) was to ensure that the response, load, and other characteristics of 
the tension and compression were the same. The stroke was plus and minus 150 
mm. The cylinders were specially adapted to take a servovalve, and the seals 
were all low friction. 

Internal Pressurization System 

The internal pressurization system is the most complex both in terms of phys
ical arrangement and control. The system (q) is shown more fully in Fig. 3 as 
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a schematic of the three-phase system where the pressurizing fluid is kept remote 
from the fluid in contact with the wall of the specimen. 

There are several reasons for adopting this method, but the principal reason 
is the need to control the fluid in contact with the specimen under test. The 
majority of common plastics would be affected adversely by hydraulic fluid at 
high pressure, but this quality of oil is essential for the effective running of 
hydraulic servovalves, and consequently a two phase system is the least require
ment. The simplest method is to separate the primary source altogether by using 
two pistons. This technique has the further advantage of scaling both up and 
down by interchanging the roles of the pistons. Two other disadvantages of using 
hydraulic oil in the system directly are that it has to be kept clinically clean and 
it can be injurous to health, and so it is best kept as a conservative unit. The 
intermediate fluid considerably simplifies the actual pressurization because the 
fluid that is required at the specimen may not be compatible with the slave 
cylinder. The diaphragm separates the two fluids, and a choice of rubber can 
be usually found. For a number of reasons natural rubber is found to be best for 
this application [5]. The choice of intermediate fluid is restricted by the foregoing 
considerations to a natural oil such as a nut oil, silicone oil, and air. Silicone 
oil is the obvious choice as it does not oxidize readily, has a low and consistent 
viscosity, is not a health hazard, and does not affect most other materials. This 
latter claim is disputed by some workers which means that the three phase system 
is essential if the findings are to be accepted universally, the control of envi
ronment is important since something as apparently innocuous as water can 
greatly modify the performance of some plastics. The natural rubber does not 
limit the pressurization in any way. Pressures of 500 MN/m^ have been applied 
using this technique, provided there is sufficient elasticity in the diaphram. 
Because of the diaphram's sealing effect, the specimen can be taken to complete 
rupture even though the specimen has failed functionally by seepage [6]. To 
avoid air entrapment the specimen assembly procedures are designed to be carried 
out on a bench so that the specimen can be loaded vertically and the air purged 
by gravity. The whole chucking system can be sealed prior to loading. The 
pressurizing fluid system is charged by first pulling a vacuum. This technique 
can be used on two-phase systems quite successfully with the residual air only 
a fraction of a millilitre. 

The problem of finding a mathematical model for internal pressurization tests 
that is simple has led, in many cases, to a very liberal interpretation of the term 
"thin cylinders." The attraction of this method is that a closed cylinder has a 
simple 2:1 ratio of stress under these conditions. The difficulty with the method 
when applied to plastic specimens is that for manufacturing and safety reasons 
the walls are made comparatively "thick." The machines in this series are 
designed to remove this end effect to zero by taking this load on a floating piston 
(r) which is arrested by a spigot attached to a gantry (s) mounted on the main 
frame. This technique allows the applied axial stress to take any value of tension 
or compression without having to first compensate for the induced axial load. 
This method also allows total control of the hoop stress. 
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Torsional Loading System 

The torsional load is applied through a toothed belt system {t). This method 
of transmission was chosen to avoid the backlash that is found in geared and 
chain transmissions. Various pulley configurations are used to optimize the load 
and strain range. For simplicity of control a hydraulic rotary actuator is used, 
but this limits the strain range at the specimen to plus and minus 90° of rotation. 
This is usually more than sufficient, but, for elastomers, a secondary attachment 
has been developed using a large stepper motor which gives "limitless" strain 
potential. However, to get the torque requirement this system has to have its 
own computer control which adds to the cost as well as complicating the control 
function. 

Specimen Geometry 

Such is the diversity of possible test regimes that it is impossible to specify 
a unique specimen shape. The specimen used in the various programs to date 
range from very carefully machined polymethylmethacrylate to commercial pipe 
simply sawn and trimmed to length with no other preparation. Because each 
program has involved pressurization (hoop strain) at some stage, all the specimens 
have been tubular, but hollow specimens are not essential. 

Control 

There are two systems of servocontrol on the machine. Proportional control 
is used for loading and some simple tests. The combined and dynamic system 
have psuedoderivative feedback control (PDF) [7]. The PDF technique in outline 
has proportional and derivative control in the inner loop with integral control in 
an outer loop. The model is based on the assumption that the outer loop control 
is achieved by a simple change of force. However flow control valves are 
complex, but have an overall integrating effect; consequently, in this application, 
the outer loop controller is used to supplement only. With this type of controller 
it was found possible to accommodate the differing response of the various 
modes. The "tuning" of the control is done electronically and not via the valve. 
The PDF system was used because of the differing dynamic response of the 
various modes, and it enables the system to be tuned with each other electron
ically. If for operational reasons there is an inherent phase lag in a particular 
mode but the frequencies must be matched, then the output from the lagging 
mode can be used to drive the second, provided that the phaselag in the second 
system is insignificantly small, which can be arranged usually. The control valves 
are obtained commercially (MOOG series 76). These valves are controlled by 
analogue-current dependent-signals. These signals are derived from control units 
that are driven by a loading signal from say a signal generator. All the modes 
can be operated with a steady load (dc level) with a superimposed dynamic load. 
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The interactions between creep and dynamic fatigue are considerable especially 
in the more ductile polymers, and, since the machine can work at extremely 
low-cycle rates as well as static loads, crack propagation studies are possible. 
However, crack propagation tests are usually carried out against a particular 
program requirement which is specifically instrumented for such observation. 
No such experiments have been done to date except fatigue tests with static 
offset in another mode or supplementing the fatigue load. End data (complete 
severance of the material) has been used since for many polymers, and the 
penultimate cycle is indistinguishable from the cycles preceding it. As the tests 
run day and night it is difficult to arrange constant surveillance of such a fracture. 

Just as the machine was designed for a comprehensive range of test and 
materials, so also were the chucks. They are based on the hydrostatic principle 
described by Lawrence [3] and shown schematically in Fig. 3. 

Again the diversity of loading and specimen geometry requires the gaging to 
be matched to the types of tests. As an example of the range possible, in the 
four tests requiring an indication of hoop strain, the methods used were wide-
gap air gaging, travelling microscope, strain gages adhered to the surface and 
overall volumetric change. The wide gap air gaging and strain gages were avail
able for the control of the rig. The stresses at the grips and the internal pressure 
were measured by built-in load cells, but it must be stressed that polymers do 
not respond in the comparatively simple way observed in metals, and in a dynamic 
test the stress-strain patterns within the specimen are equally dynamic and almost 
certainly out of phase with the applied load. Consequently there is considerable 
difficulty in determining a stress-strain distribution by simple observation of 
overall stress or strain or surface displacement. Therefore the gaging has to be 
of the type that best suits those parameters important to any particular test, this 
is not unlike the choices an experimenter has to make when using a conventional 
machine such as an Instron. 

Test Procedures 

There can be no specific description of the test procedures since there is such 
a wide range of options. It is primarily the limitations of the material under 
dynamic load that determine the envelope of test possibilities. The bounds of 
the individual modes have been ouflined, but the additional constraints are: 

1. The ability to present data in a continuous form if other than function 
generated. 

2. The response demanded from any part of the data in (i) must not exceed 
the capability of the control system. 

3. The extensometry must be capable of working under the complex strain 
configuration. 

4. The energy/rate input must not cause the material to degredate or to mask 
favorable characteristics, such as creep recovery. 
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5. It should be possible for the test to proceed without specimen geometry 
change and undue influence from the gripping system. 

Data from typical tests, specialized extensometry, and other pertinent factors 
to meet the above requirements are given elsewhere [3]. However, it should not 
be inferred from this that these matters are unimportant. On the contrary, the 
tests are only good as are the systems gaging, controlling, and monitoring the 
experiment. 

Conclusions and Future Work 

A machine has been developed that can apply a multiaxial load to the gage 
length of a specimen in a way that is representative of the stress patterns observed 
in an actual component undergoing complex loading. Procedures to accelerate 
quality evaluation are currently under development. These tests include the ef
fects of various environmental fluids and at differing temperatures. 
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ABSTRACT: An anisotropic plasticity approach is used to determine the plastic strains 
developed in two mechanical ratchetting processes, (a) thin-walled tubes subjected to cyclic 
plastic shear strain and a sustained axial stress, and (b) thin-walled tubes subjected to 
cyclic plastic tension and compression with a sustained steady hoop stress. The anisotropic 
plastic potential includes linear terms which enables Bauschinger effects to be incorporated 
in the general approach. The coefficients, representing the state of anisotropy, are expressed 
in terms of the uniaxial and shear yield stresses of the material and can be easily determined 
from simple tests. 

Results are presented showing the cyclic properties developed, together with the results 
of uniaxial tests showing the development of anisotropic material properties due to axial 
and hoop strain accumulation. 

Using the anisotropic material data, yield surfaces are developed and used to predict 
the axial and hoop strain within a cycle of plastic strain for the mechanical ratchetting 
processes. The justification for using equi-plastic strain surfaces is discussed, and the 
results are compared with those obtained using current or instantaneous yield surfaces. 

The results presented indicate that the latter approach is more appropriate, but more 
material data are required in order to test its validity for other loading systems. 

The problems associated with developing realistic yield surfaces for the period imme
diately after cyclic stress reversal is discussed together with the influence of micro residual 
stresses. 

KEY WORDS: anisotropic, plasticity, plastic potential, cyclic properties, Bauschinger 
effects, yield surfaces, loading surfaces, residual stresses 

Nomenclature 

a, . . . 0,2 Material constants 
(Trr Radial stress 
aee Hoop stress 
a,. Axial stress 

Zi, Z2 Tensile and compressive yield stresses in the axial direction 
/?), /?2 Tensile and compressive yield stresses in the radial direction 
Gi, 62 Tensile and compressive yield stresses in the hoop direction 
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Shear yield stresses corresponding to the Z, /?, and 6 directions 

d- Maximum axial stress during a cycle 
CTj, e- Axial stress and axial strain, respectively 
CTj, Ce Hoop stress and hoop strain, respectively 

T, 7 Shear stress and shear strain, respectively 
d€., dce Increments of axial and hoop strain, respectively 

^7 Increment of shear strain 

u = r- {(a, - CTe)^ + (o"9 - ^rf + (o-. - o-,)̂  

+ 6 (7 ê̂  + 7er̂  + 7rz^)}" '̂- von Mises equivalent stress 

dip = V2J3 {(def - dt/f + (d€/ - deff + {de," - de/)- + 6 [{de,/)-
+ (de^/Y + {df-r/fW^'- von Mises equivalent plastic strain 

The analysis of multiaxial cyclic plasticity problems has received considerable 
attention in recent years. A particular problem where the prediction of plastic 
strains is of importance is that of structural ratchetting or cyclic strain accu
mulation. Plastic strain accumulation in the direction of a steady load can be 
induced by multiaxial cyclic loading, and this can often result in failure by gross 
deformation before fatigue failure occurs. The analytical approaches adopted 
have been developed from plasticity theories used for more simple loading sys
tems, but the general requirements necessary to fully describe the plastic behavior 
of a material undergoing cyclic plastic deformation remain the same, namely 
(a) a yield criterion which specifies the states of stress at which plastic flow 
begins, {b) a flow rule which relates the plastic strain increment with the stress 
and stress increment, and (c) a hardening rule which describes the changes in 
the yield criterion with plastic flow. 

If the growth and development of the yield surface within a cycle of plastic 
strain can be established, then the nature and magnitude of the plastic strains 
can be determined, assuming that the yield surface also represents the plastic 
potential and the equivalent plastic strain increment is normal to the yield surface. 
The yield surfaces relevant to multiaxial cyclic plasticity problems can be only 
realistically developed by fitting yield surface models to experimental data, and 
notable contributions to this approach have been made by Yoshida et al [7] and 
Shiratori et al [2] who subjected thin-walled tubes to combinations of cyclic 
plastic torsion with steady axial loads and cyclic push-pull with steady internal 
pressure. Similar experiments were carried out by Bright and Harvey [3] and 
Harvey et al [4] for a range of larger cyclic plastic strains, and by Moreton and 
Moffat [5] for a range of small plastic strains which resulted in shakedown. 
Other attempts to model material behavior for cyclic loading have been made 
by Mroz [6] and Dafalias and Popov [7]. Mroz introduced the concept of a 
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collection of yield surfaces and a range of work-hardening moduli, and Dafalias 
and Popov used a bounding surface to define their work hardening law. 

One of the major problems in developing an appropriate yield surface model 
in cyclic loading is the presence of Bauschinger effects and attempts to use the 
simple kinematic hardening models developed by Prager [8], modified by Ziegler 
[9] and Shield and Ziegler [70], have not been successful, since they tend to 
predict a limit to the strain accumulation and this is not observed experimentally. 
The anisotropic plastic potential, defined by equi-plastic strains, used by Shiratori 
et al [2] models the yield surface extremely well for the materials and strain 
ranges investigated. However, a large amount of material data is required to 
define the potential surfaces which are shown to expand towards a limiting 
isotropic yield surface at the end of a half cycle of plastic strain. An approach 
using the anisotropic yield criterion developed by Hill [11], but modified by 
including linear stress terms to allow for Bauschinger effects, has been developed 
by Jeans [12] and Harvey et al [13], and forms the basis of the present paper. 
It is felt that this approach offers advantages over the other methods because the 
material properties which control the shape of the yield surface are easily iden
tifiable and may be readily obtained from simple tests. 

Anisotropic Yield Criterion 

The criterion which describes the yielding of many materials is that of von 
Mises, and the simplest yield criterion for materials which develop anisotropic 
properties would be one which reduced to the von Mises isotropic form when 
the anisotropy was negligibly small. This anisotropy may develop due to cyclic 
or monotonic loading, and in order to allow for Bauschinger effects as well as 
anisotropy then linear stress terms must be included in the yield criterion. Fol
lowing the approach of Hill [11], this can be expressed in polar co-ordinates as 

a, {(Trr - o-ee)̂  -I- aj (ffrr " (^zzY + ^3 (̂ ee - o-zz)" + ^4 Te.-̂  + fls T̂ ê  
+ Uf, TJ + aj {(Trr - (Tee) + Og (^rr " ^rz) + «9 (̂ ee - CTzz) (1) 

-I- a,o Te, -I- a„ Trt, + a,2 T,, = 1 

The coefficients of this equation can be easily related to the uniaxial yield stresses 
[12] and are 

_̂ ^, r_̂  \ L ] 
LZ, Z2 /?i /?2 61 62J 

^^ = AA \ !_] 
L9I 62 R\ /?2 ^1 ^2 J 

^̂  ^. r_j ! Li 
L/?i R-i 01 82 Zi Z2J 
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where Z,, Z2, /?i, /?2, O,, 63 represent the uniaxial tensile and compressive yield 
stress in the axial, radial, and hoop directions, respectively, and Si, S2, T,, Tj, 
Vi, y2 represent the shear yield stresses in the three corresponding shear direc
tions. 

From the relations for the coefficients of the linear terms of the direct stress 
components, it can be seen that 

^1 + ^2 e, + e, z, + z. 
9| 07 Z,Z. 

(3) 

For the particular case of thin-walled tubes subjected to a cyclic shear stress 
T and an axial stress a-, Eq 1 reduces to 

- a , 2 (Z, + Z2)(T, T̂  (7, + Tj)^ 

Z,Z, z,z. T,Ty T,T. 
= 1 (4) 

If Eq 4 represents the plastic potential then the axial plastic strains will be 
given by 

de- = 
- 2(T- + (z, + Zj) r , r , 

X 
- 2 T 4- (7-, + 7-2) Z1Z2 

dy (5) 

For the case of tubes subjected to cyclic push-pull with steady internal pressure 
we have, assuming i?, /?, = 62 6, 

(T9 (T, , CTe (6, + 82) , CT, (Z, + Z2) 

+ + Z,Z2 Dj O2 Zj Z2 Z | Z2 01 02 

and the hoop plastic strains are given by 

- 2 a « (Z, Z2) + a, (0, 82) + (0, + e,) (Z, Z2) 

= 1 (6) 

de„ 
- 2 C T , (0, 02) + (Te (6, 02) + (Z, + Zj) (0, 82) 

de. (7) 
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All the foregoing equations reduce to those given by Hill [11] when Baus-
chinger effects are not considered and further reduce to the von Mises criterion 
when the degree of anisotropy becomes negligibly small. 

Experimental Program 

In order to effectively test the proposed anisotropic plasticity model, tests 
should be carried out using thin-walled tubes. Two different ratchetting mech
anisms can be identified. 

(a) Cyclic plastic torsion of thin-walled tubes subjected to sustained axial 
loads—For this loading system the direction of principal stress and strain change 
throughout a cycle of shear strain. The cumulative axial strains will be controlled 
essentially by the material properties in the axial direction and also by any changes 
in these properties due to the cumulative strains and any interaction caused by 
the cyclic shear strains. 

(b) Cyclic tension-compression of thin-walled tubes subjected to a sustained 
internal pressure—For this loading system the directions of the principal stresses 
and strains remain fixed, and, since the slip directions associated with the follow 
up stresses are the same as the cyclic stresses, then considerable interaction 
between the material properties in the axial and hoop directions might be ex
pected. 

The experimental equipment and procedures have been described fully else
where [4]. Two test materials were used, both of which rapidly cycled to a 
steady-state condition. For the cyclic torsion tests a low-carbon steel EN 32B 
(C1115) was used and for the cyclic tension-compression tests a similar low-
carbon steel EN 32M (C1114) was used. The composition of these materials was 

C Si S P Mn 

EN32B 0.10 to 0.18 0.05 to 0.35 0.6 to 1.0 0.070 0.05 max 
EN 32M 0.10 to 0.18 0.05 to 0.35 0.9 to 1.2 0.10 to 0.15 0.05 max 

All tests were carried out in the annealed condition; therefore, the materials 
exhibited initial cyclic hardening characteristics. 

The tubes were subjected to a range of cyclic strains between ±0.01 and 
±0.03. For the cyclic torsion tests several axial stresses were used between 0 
and 272 MN/m^, and, for the cyclic tension-compression tests, hoop stresses 
up to 62.6 Mn/m^ were applied. The results presented in this paper concentrate 
on the cyclic strain range of ±0.03. 

Results 

Cyclic Torsion/Axial Tension 

The material parameters which exert a controlling influence on the shape and 
movement of the yield surface are the uniaxial material properties Z, and Z2 and 
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the cyclic material properties given by the T-J relationship. For the material 
tested, a steady-state cyclic r-y relationship was quickly established, and this is 
shown in Fig. 1, expressed in equivalent stress-strain terms and compared with 
the uniaxial stress-strain curves obtained after cycling to the steady-state con
dition. It can be seen that the tensile yield stress is always greater than the 
compressive yield stress, indicating a degree of anisotropy is being developed 
due to the axial strain accumulation. Also, the axial stresses are greater than the 
equivalent cyclic stresses. This would suggest that for this material and cyclic 
strain range the concept of a limiting yield surface based on isotropic hardening, 
used by Shiratori et al [2], does not hold. 

In order to examine whether this relationship between axial and shear properties 
was more general, further data were obtained [14] for other materials, shear 
cycled without end loads, and this is shown in Fig. 2 for two 300 series austenitic 
stainless steels. It can be seen that, although the axial stress-strain relationships 
have not been extended very far into the plastic range, they always lie well above 
the cyclic stress-strain curve. For reasons of clarity, only part of the cyclic stress-
strain hysteresis curve is shown. 

It has been also shown [5] that the presence of a moderate steady axial stress 
does not greatly influence the cyclic r-y relationship when the cyclic strains are 
large (>2%). Therefore, Curve 3 of Fig. 1 represents the cyclic material data 
for the range of axial stresses considered. 

The type of material data shown in Fig. 1 can be used, together with Eq 5, 
to predict the axial plastic strain increment for thin-walled tubes subjected to 
shear-strain controlled cyclic torsion with static axial stress. Following the method 
used by Shiratori et al [2] and Yoshida et al [/], the strains in the previous half 
cycle are considered to be a prestrain. The starting point for defining the material 
properties is at the beginning of the next half cycle of shear strain. In the 
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FIG. 1—Cyclic shear stress strain curve and tension and compression properties after shear 
strain cycling, low-carbon steel. 
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anisotropic model, tlie material properties needed to construct the yield surfaces 
are Zx•,Z^,^x, and Tj. For the zero axial load condition this process is straight
forward since all the required parameters can be obtained from Fig. 1. The values 
of Zi and Z2 for any particular equivalent strain can be defined, together with 
Ti and T^. The equivalent strain yield surfaces can be then fitted to points Z,, 
Z2, T\, and T^ by varying o-, between Zi and Z^ and calculating the corresponding 
values from Eq 4. This enables the full yield surfaces to be drawn, as shown in 
Fig. 3. The material properties, together with Eq 5 define the curvature of the 
yield surface at the loading point. 

For other loading conditions, a different set of material properties would be 
required. For example, with a static axial stress of 94.5 MN/m^, the material 
properties are evaluated as shown in Fig. 4. Values of Z, and Zj can be obtained 
directly for a range of equivalent strains. The appropriate values of T, and Tj 
then have to be calculated using the data available, that is, X, and X2. 

By algebraic manipulation of Eq 4 it can be shown that 

X, + X2 - r^ 

and 

p (X, + X2) + v>HxrT^^^p~r4Px7x^ 

where 

P = 
T2 (r , + r2)T , CT/ , (z, + Z2) 

^^T^ 7 , 1 2 z,z + 
I '^J za^ 

r , and 72 = shear yield stresses, and 
X, and X2 = shear yield stresses at a static axial load of 94.5 MN/m^ 
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FIG. 2—Comparison of cyclic shear and tension and compression properties after shear strain 
cycling, stainless steels. 
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FIG. 3—Cyclic shear strain curve and tension and compression properties after shear strain 
cycling with a static axial load, low-carhon steel. 

This calculation simplifies the implementation of the model, specified in Eq 4 
to enable it to be fitted to the four points on the axial stress and shear stress 
axes. 

The yield surfaces developed using these data are shown in Fig. 3, and a 
comparison of the theoretical and experimental axial strains is shown in Fig. 5. 
Also shown in Fig. 5 are the experimental and theoretical strains for an axial 

Equiplaslic Strain Yieid Surfaces 
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MN/m' 
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FIG. 4—Development of equi-plastic strain yield surfaces within a half cycle of cyclic shear with 

static axial stress. 
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FIG. 5—Comparison of predicted and experimental strains within a half cycle for large and small 
axial stresses. 

Stress of 227 MN/m^. Generally, the predictions are quite good for the larger 
axial stresses, but overestimate the axial strains for small axial stresses. 

Cyclic Push-Pull-Internal Pressure 

For the material tested, a steady-state cyclic condition was reached after four 
or five cycles with the peak tensile stress always greater than the peak com
pressive stress when an internal pressure was applied. The changes in the peak 
cyclic stresses are shown in Fig. 6 for cyclic axial strains of ±0.01 and ±0.03 
with a steady hoop stress of 62.6 MN/m^. The differences in the peak tension 
and compression values are seen to decrease with increases in the cyclic strain 
range. The steady-state values with no internal pressure are up to 5% lower than 
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FIG. 6—Variation of peak cyclic stresses in push-pull. Hoop stress 62.6 MNIm^. 
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when hoop stresses are present, and the cyclic properties are relatively insensitive 
to small changes in the hoop stress. Reducing the hoop stress from 62.6 to 21 
MN/m^ makes negligible difference in the cyclic behavior for cyclic strains of 
±0.03, and there is only 5% difference at cyclic strains of ±0.01. 

The material properties which control the yield surface are the axial properties 
Zi and Z2, and the circumferential properties 9| and 62. The properties in these 
directions might be expected to be more closely related than in the cyclic torsion-
tension case because the principal stresses remain fixed in direction, and the slip 
planes associated with the hoop and axial strains are essentially the same. Material 
data in the form of cyclic (T,-e, curves are readily available, but data relating to 
the properties in the hoop direction are more limited. The results of internal 
pressure tests after push-pull cycling are shown in Fig. 7 together with the cyclic 
data. There is clearly a difference in the hoop stress-strain relationship obtained 
at the end of the tension and compression cycles. The internal pressure tests 
were not extended very far into the plastic range, and the hoop stress-strain 
relations have been linearly extrapolated in Fig. 7 for the plastic strains above 
0.01. The test equipment was not suitable for determining the hoop compression 
characteristics, but it would be reasonable to assume from the nature of the 
deformation that at the end of the tension stroke the hoop compression stress-
strain curve lies above that obtained at the end of the compression stroke. 

Discussion 

The anisotropic yield model provides a simple method of constructing yield 
surfaces but will obviously only produce sensible results when appropriate ma
terial data is used. For the cyclic torsion-tension system the predictions appear 
to be satisfactory for the larger axial stresses, but overestimate the axial strain 
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FIG. 7—Comparison of cyclic push-pull and hoop stress-strain data. 
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for the lower axial stresses. The experimental results show that considerable 
anisotropy is developed by the cyclic process, and there would appear to be no 
justification for assuming that a bounding yield surface could be constructed on 
the basis of isotropic hardening. There would also appear to be no physical 
reason why the yield surfaces should be constructed on the basis of equi-plastic 
strains for the cyclic plasticity problems, apart from the fact that many previous 
investigations have used this approach to consider the effects of prestrain and it 
has been used extensively for other noncyclic yield surface investigations. To use 
equi-plastic strain for cyclic loading means we are often equating cyclic strains 
with noncyclic strains, and, as was shown in Fig. 1, they do not always result 
in the same equivalent stress levels which would be predicted by an isotropic 
bounding surface. For any element of material undergoing plastic deformation 
there must exist an instantaneous yield surface which will be modified as plastic 
straining proceeds. If the plastic strain increment is normal to this yield surface 
then the plastic strains can be determined by defining a series of instantaneous 
yield surfaces. Although the physical justification for this is obvious, there are 
clearly many problems associated with defining in mathematical terms a yield 
surface which may be severely distorted and with comers or regions of apparent 
large curvature at the loading point. 

Philips and Lee [15] have shown that yield surfaces, defined by extremely 
small plastic strains, are enclosed by loading surfaces. The yield surface is 
generally tangential to the loading surface at the loading point with the strain 
increment vectors normal to both surfaces. The problem may be simplified if 
we consider that all that is required to predict the plastic strains is a knowledge 
of the curvature of the yield surface at the loading point. 

Other points on the yield surface may help to define the curvature at the 
loading point and are necessary in order to predict the plastic strain response to 
any changes in the load path. However, it is obvious that the instantaneous 
curvature at this loading point may be described by other means, for example, 
equi-plastic strain surfaces, but this may be fortuitous and could lead to problems 
if applied generally. There is no reason to presuppose that for cyclic problems 
an increment of strain in one direction should automatically lead to any change 
of material properties in other directions. The absence of cross effects have been 
frequently reported, and it is likely that for cyclic problems material properties 
in particular directions attain certain values which remain constant throughout a 
strain cycle. This would be a distinct possibility if the plastic strains in a particular 
direction remain uniaxial and plastic unloading does not occur. This approach 
can be examined by considering the cyclic torsion-tension problem together with 
the material data from Fig. 1. 

The effect of the cumulative axial strains will be to induce some anisotropy. 
When plastic flow is established within a cycle of shear strain, that is, the effects 
of residual stresses become negligible, the anisotropy is reflected in the values 
of the tension and compression yield stresses. The tensile yield stress is seen to 
be greater than the compressive yield stress for the range of strains measured. 
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FIG. 8—Proposed current yield surfaces: cyclic shear with axial stress. 

The instantaneous shear stresses in the forward and reverse directions would 
necessarily vary at some stages throughout the cycle, with the reverse value 
decreasing rapidly as the forward shear stress increases. These conditions would 
result in a yield surface of fixed width along the a-axis and of varying depth 
along the x-axis, moving upward and downwards with the loading point as shown 
in Fig. 8. 

The axial strain predictions using this approach are as good as when using 
equi-plastic strains. The method can be used to predict the axial shortening 
observed for the smaller axial loads, but requires more precise interpretation of 
the material data. It can be also seen that if there are differences in the tension 
and compression properties due to strain accumulation or heat treatment etc., 
then length changes will occur when a shear strain is applied, even in the absence 
of an axial stress. 
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FIG. 9—Proposed current yield surfaces: push-pull with internal pressure, tension stroke. 
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For cyclic push-pull with steady internal pressure, the cumulative hoop strain 
should result in gradual increase in the hoop tensile yield stress (0,), which 
should be numerically greater than the hoop compressive yield stress (Sj). How
ever, this needs to be confirmed experimentally, and much more material data 
are required before the anisotropic approach can be used more generally. Due 
to Poisson's effects, the hoop strains will be cyclic with a super-imposed tensile 
hoop stress, and there will be some interaction between the properties developed 
in the hoop and axial directions. An increase in the axial compressive yield stress 
(Z2) should result in a reduction in the hoop compressive yield stress (62) and 
an increase in the hoop tensile yield stress (9i). 

Using the material data shown in Fig. 7, a series of yield surfaces have been 
constructed based on instantaneous or current values of the yield stresses, some 
of which have had to be estimated, and these are shown in Fig. 9. Predictions 
of the hoop strains using these surfaces are shown in Figs. 10 and 11, and it 
can be seen that there is reasonably good agreement with the experimentally 
observed strains. The centers of the yield surfaces are also shown, and the final 
yield surface at the end of the tension stroke also defines the first surface at the 
start of the compression stroke. Using the same material data, the predicted 
strains based on equi-plastic strain yield surfaces are also shown in Fig. 9, and 
it can be seen that they compare less favorably than when using current yield 
surfaces, particularly during the tension stroke. 

Conclusions 

The anisotropic approach can be used to construct yield surfaces for cyclic 
plasticity problems using the minimum of material data. However, much more 
material data are required in order to test its general use for multi-axial cyclic 
plasticity problems. The anisotropic yield criterion cannot be used to fully de
scribe severely distorted yield surfaces observed [16] in the early stages of 
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PIG. lOStrain predictions using equi-plastic strain and current (or instantaneous) yield surfaces 
for cyclic push-pull, compression stroke. 
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FIG. 11 —Strain predictions using equi-plastic strain and current (or instantaneous) yield surfaces 
for cyclic push-pull, tension stroke. 

inelastic deformation in torsion tension after a prestrain but will adequately 
describe the shape and position of the elliptical yield surface developed for other 
stress systems. A major problem arises in attempting to develop a generalized 
plasticity approach for cyclic problems when the cyclic strains are of elastic 
order. The inelastic deformation immediately after stress reversal is controlled 
to a large extent by microresidual stresses, and it could be argued that the use 
of anisotropic von Mises type surfaces only become applicable when these stresses 
have become negligible and plastic flow is established. 

The results presented would indicate that the use of current or instantaneous 
material properties might be more appropriate for construcitng yield surfaces 
rather than using equi-plastic strain surfaces. 
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ABSTRACT: The transient hardening behavior of metals subjected to nonproportional 
cyclic loading, including the corresponding cyclically stable state, is dependent on plastic 
strain range in addition to the "degree" of nonproportional ity. Experiments were performed 
on thin-walled tubular specimens of stainless steel 304 in combined tension-compression 
and torsion to investigate sequence effects, memory of prior loading, and rate changes of 
cyclic hardening under complex, nonproportional, strain-controlled cyclic loading. The 
material was observed to remember cyclic hardening achieved under the most severe 
nonproportional loading case. Effective stress states achieved by cycling at increasingly 
severe nonproportionality of loading increased correspondingly and tended to "wash out" 
the effects of less severe nonproportional paths. For several complex nonproportional paths, 
the actual intermediate cyclically stable (or near stable) effective stress states were correlated 
accurately using a path-dependent integral. Only uniaxial and 90° out-of-phase sinusoidal 
test results are required by this integral representation. 

KEY WORDS: multiaxial, biaxial, nonproportional, cyclic hardening, cyclic plasticity, 
cyclic stress-strain curve 
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D„,D, Specimen outside and inside diameters 
E Young's modulus 
F Rotation factor 
G Shear modulus 

g^h Step functions 
k,k,k*,k<x) Cyclic strength coefficients 

L(0) Hardening distribution for loading for which Q ^ Q„ always 
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Material constants 
Cyclic strain hardening exponents 
Axial load 
Measure of instantaneous deviation from proportionality 
Threshold value of Q 
Torque 
Step function 
A phase angle 
Maximum engineering shear strain 
Engineering shear strain and shear strain amplitude 
Maximum range of plastic shear strain for all planes in a cycle 
Maximum range of plastic shear strain in incremental step test 
(history) 
Range of shear strain on /"' set of maximum shear strain planes in 
a cycle 
Maximum range of shear stress for all planes in a cycle 
Axial strain and strain amplitude 
Total strain tensor 
Axial plastic strain amplitude 
Largest and smallest principal strains 
Largest and smallest principal values of the strain rate tensor 
Effective strain rate 
Angles from reference axis 
Poisson's ratio 
Axial stress 
Axial stress amplitude 
Largest and smallest principal stresses 
Shear stress 
Maximum shear stress 
History-dependent measures of nonproportional hardening state 
Frequency 

The cyclic hardening and softening response of metals has been the subject 
of a number of experimental studies [7-5]. Information from these tests has been 
largely used to evaluate proposed cyclic plasticity models [6-9] or to determine 
a cyclic stress-strain curve used to predict steady-state deformation response 
[10-12]. 

Most previous investigations have centered on uniaxial cyclic hardening or 
softening. These studies have resulted in a considerable body of knowledge and 
established analytical techniques [13,14] for predicting local cyclic stress-strain 
response at notches and other "stress-raisers." Often these methods base stress-
strain response on cyclic stress-strain curves determined from uniaxial tests. At 
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first glance, it might appear that a multiaxial generalization of these analytical 
techniques based on an effective stress-strain approach would be sufficient to 
correlate cyclic hardening or softening behavior. This is not the case, however, 
for nonproportional loading where the principal axes of strain rotate during cyclic 
plastic flow. In this case, the cyclic stress-strain curve based on effective stress 
and strain is not unique but depends on the degree of nonproportionality of 
loading. A number of cases of practical design interest fall into this category. 

Rotation of the maximum plastic shear strain planes leads to additional cyclic 
hardening. For a given octahedral shear strain amplitude, for example, the oc
tahedral shear stress amplitude may increase significantly during completely 
reversed, nonproportional cyclic plastic straining. Furthermore, this increase in 
effective stress amplitude is observed to exceed the stable cyclic stress-strain 
response for uniaxial or proportional loading. Proportional loading may be de
fined by 

e,j = i]e,-f (1) 

where 

e,/ = a constant, nonzero strain tensor, 
T} = a scalar proportionality factor, and 
i^j = total strain rate tensor. 

For nonproportional loading, the equality in Eq 1 does not hold. This paper will 
be concerned with the case where the principal axes of total and plastic strain 
rotate as in strain-controlled, nonproportional, axial-torsional tests on thin-walled 
tubular specimens. 

Several previous experimental investigations have been conducted to study 
transient deformation behavior of metals subjected to nonproportional loading. 
Some studies have concentrated on the shape changes of yield surfaces during 
loading and unloading [4,15-17]. Others have considered the cyclic increase or 
decrease of stress component amplitudes to characterize cyclic hardening or 
softening [5,18]. In all of these studies, the effect of nonproportional loading 
was to cyclically harden the material above the cyclically stable state obtained 
for proportional loading at the same effective strain amplitude. This phenomenon 
was observed for materials which cyclically soften or harden during uniaxial 
loading. 

In the present study, correlations for cyclic hardening of metals subjected to 
complex nonproportional loading are investigated. 

Correlating Parameters 

Kanazawa, Miller, and Brown [18] showed for 1% Cr-Mo-V steel that the 
additional hardening for sinusoidal axial-torsional strain paths could indeed be 
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correlated using the maximum shear stress-strain (Tresca) theory. Consider axial-
torsional straining of thin-walled tubular specimens defined by 

e,, = e = f-a sin oit 
€22 = 633 = - J l - € | | ( 2 ) 

2ei2 = •y = ya sin (wr - p) 
623 = 6,3 = 0 

where 

0) = frequency, 
\i, = Poisson's ratio, and 
P = phase angle. 

Here, the subscripts 1, 2, 3 on the strain tensor denote the axial, circumferential, 
and radial directions of the tubular test specimen. 

Brown and Miller defined a "universal" stable cyclic stress-strain curve as 

W = ^(7,nax/2)"(l + IF) (3) 

where 

Tmax = (CTI - 0 -3 ) /2 , a n d 7 „ , , = 6 , - 6 3 

The maximum and minimum principal stresses and strains are denoted by CT,, 
61, and (T3, 63, respectively. The material constant / reflects the sensitivity of 
the cyclic hardening response to nonproportional loading. The strength coeffi
cient, k, and strain hardening exponent, n, are determined by linear regression 
of in-phase test data. Constant / is chosen to fit out-of-phase results. 

The rotation factor, F, is defined as 

_ shear strain range at 45° to maximum shear plane 
maximum shear strain range 

The rotation factor may take on any value between 0 and 1. If p = 0° or 
P = 180°, then F = 0. For the experimentally observed maximum hardening 
case of yj^a = (1 + |x) and p = 90°, F = 1. When p = 0 or 180°, the 
maximum shear strain planes are fixed with respect to the material. When p = 90° 
and7o/6„ = (1 4- jx,), the maximum shear strain planes rotate at a constant rate, 
and every plane is a maximum shear strain plane at some point during the loading 
cycle. This leads to maximum dislocation interaction which maximizes impe
diment of cyclic plastic flow. 

Other values of p lead to values of F which accurately correlate sinusoidal 
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loading according to Eq 3. Therefore, F is a variable indicative of the potential 
stable state. For the restricted case of sinusoidal loading the rotation factor is 
easy to calculate and the potential state described by Eq 3 is eventually reached 
by continued cycling. 

The cyclic stress-strain curve in Eq 3, based on effective stress and strain, is 
a useful analytical tool for predicting deformation response during cyclic non-
proportional loading [19,20]. The isotropic hardening parameters and plastic 
moduli in cyclic plasticity models can be based on such stress-strain curves [79]. 

The Brown and Miller correlation is useful for two reasons: it requires only 
knowledge of the applied strains, and it fits experimental data for sinusoidal 
axial-torsional paths satisfactorily. The quantity F, which varies between 0 and 
1, need not be defined by Eq 4. Another possibility for a metallurgical definition 
is the size and shape of the dislocation cell structures obtained from tests of 
varying degrees of nonproportionality [21]. 

For arbitrary nonproportional loading, calculation of F in Eq 4 is somewhat 
inefficient for implementation in constitutive models for deformation since the 
shear strain ranges on all material planes in a history must be known. Hence, 
the following development is motivated by a desire for a parameter, analogous 
to F, which depends only on the strain rate history through a minimum number 
of path-dependent integrals. For any loading path, including nonproportional 
cases where the principal axes of strain rotate, the following path-dependent, 
incremental approach is introduced. Define two quantities 

d 
7n,ax(e) = T (ei - £3) (5) 

at 

7max(£) = (e), - (6)3 (6) 

where e,, €3 = largest and smallest principal strains, respectively, (c),, 
(6)3 = largest and smallest principal values of the strain rate tensor, and € is 
the total strain tensor. For e,-;e,y > 0, the quantity 

Q 
7max(e) 

7max(€) 
(7) 

provides an instantaneous measure of the deviation of the strain increment from 
proportionality. For the strain state in a thin-walled tubular specimen defined in 
Eq2 

Q = |(e„e„(l + |x)2 + 4e,2e,2)/[(e?,(l + t^f 

+ 4e?,)(ef,(l + lif + 4ef2)]"^| (8) 

If the loading is proportional as defined in Eq 1, then Q = I. For (i = 90° 
and yj^a = (1 + JJL) in Eq 2, g = 0. For all other nonproportional loading, 
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0 < e < 1. In fact, obtaining these values of 2 for 3 = 0° and 3 = 90° with 
iJ^a = (1 + (A) was the motivation for the definition in Eq 7. Physically, an 
increase of 2 is representative of a decrease in rotation of maximum shear planes, 
and a corresponding decrease in dislocation interaction. The actual stable state 
achieved during axial-torsional cycling is a path-dependent function of Q. Define 
<t)| for a given cyclic loading path in direct analogy to F as 

where Q„ is a threshold constant, and ere = e,̂ Cy; u(x) = 1 if x > , u(x) = 0 
otherwise. The function g is defined by g(x) = 1 if x = 0; g{x) = x if x 5^0. 
The cj), function may be interpreted as a weighted or "average" value of the 
degree of nonproportionality over the loading cycle. The u(Q„ — Q) function 
of Eq 9 is introduced to omit contributions from loading which are radial in 
strain space. Thus, Eq 9 allows contributions only from those portions of axial-
torsional loading paths for which the maximum shear strain planes rotate con
tinuously. This is consistent with the mechanisms responsible for additional 
nonproportional hardening, since changes in direction of the applied shear stress 
within each grain can be associated with increased slip and dislocation interaction. 
A suitable value o{Q„ might range from 0.85 to 0.95; (f), is relatively insensitive 
to the actual value used, particularly if the loading is moderately or severely 
nonproportional in each cycle. Note that (f), is nonzero only if 2 < 2« at some 
point in the loading cycle. 

Sinusoidal, out-of-phase, axial-torsional loading is an example of continuous 
rotation of the maximum shear strain planes. For sinusoidal paths in axial-
torsional strain space defined by Eq 2, it is informative to compare (|)| in Eq 9 
with F of Eq 4. Values of F and (j>i computed for a variety of loading cases 
appear in Table 1 for Q„ = 0.9. Note that for (3 = 0° and 3 = 90° with 7,,/ 

TABLE 1—Stable values of<^, and F for various phase angles and strain ratios. 

M-

0.5 
0.3 
0.5 
0.3 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 

To/e,! 

1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.0 
2.0 
4.0 
4.0 
4.0 

X 

0 
1.5 

(3, deg 

60 
60 
30 
30 
0 

90 
90 
90 
45 
90 

135 

45 

F 

0.577 
0.566 
0,268 
0.265 
0.000 
1.000 
0.667 
0.750 
0.247 
0.375 
0.247 
0.000 
0.000 
0.414 

*, 

0.664 
0.654 
0.322 
0.319 
0.000 
1.000 
0.746 
0.819 
0.297 
0.451 
0.297 
0.000 
0.000 
0.494 
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e„ = (1 + (JL), (ti and F are both exactly 0 and 1, respectively. For intermediate 
phase angles and 7„/e„ ratios, (j), is slightly greater than F. The tj), approach 
tends to correlate data for phase angles between 0 and 90° reported in Ref 18 
as good or better than the rotation factor, F, in Eq 4. For phase angles between 
0 and 90°, 4), oscillates due to the variation of Q and settles down to a stable 
value within 10 cycles. These stable values after 10 cycles are those reported in 
Table 1. Note that <|)| is insensitive to changes in Poisson's ratio. The i>^ function 
is plotted in Fig. 1 for several sinusoidal cyclic loading paths for Q„ = 0.9. 

Since Q in Eq 7 may be determined at each time instant, calculation of cj), 
for any arbitrary cyclic path requires only that the integrals in Eq 9 be computed. 
Computation of (J), is, in general, more efficient than that of F, which requires 
knowledge of shear strain ranges on all material planes. Hence, (J), is of an 
appropriate form for use in an isotropic hardening rule [22]. 

It is possible to conceive of paths in e-7 space where g = 1 yet the loading 
is nonproportional. A path consisting of a discrete number of sets of maximum 
shear strain planes is shown in Fig. 7. For this type of path, (|)i = 0 since 
Q > Qo always. It is necessary to define a function (t)2, analogous to ((>, and F, 
which correlates the hardening state. Define each direction of the (' sets of 
maximum shear strain planes by an angle measured from a reference axis fixed 
in the specimen wall, 6,, such that 0 < 6, < tr/Z. Then consider a distribution, 
L(0), of the range of shear strain on each of these maximum shear strain planes 
that is representative of dislocation interaction effects due to switching between 
discrete sets of maximum shear strain planes (cross effects) 

L(e) = max ] X 
a l l , (.,,= - 1 

(A'Vmax),-
6 - e, + mr/2 

r/4 

1 -
6 - 6,- + n-n/2 

TT/4 
(10) 

f^^^^'W 

• W A - S ^ 

W<Vvvw^ 

• y A = ll<A'. /3=90° ' 

y^Vl .5 . |U '0 .5 .g=60° 

^y„/e,=1.5.;j . '0.5. g=45° 

• ^ y„/«„=40,^=Q5,/3=90"' 

" ^ y„/€„=40,^=a5, ,8=45° 

/ l I I I U 
4 6 8 10 

Number of Cycles 

FIG. 1—Variation of ^, with number of cycles for sinusoidal, axial-torsional loading. 
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where 

(A-Yn,ax)i is the range of shear strain on the i* set of maximum shear strain 
planes during a loading cycle, 

m = material constant, and 
h{x) = 1 if X s 0; h(x) = 0 otherwise. 

The angle 9 is measured from the same reference axis as 6,. 
Then, <^2 is defined as 

4 , = ""^^^^^> (11) 
^ ' max(L(9)) 

for 0 s 6 < Till. 
For cyclic loading paths for which Q < Q„ ai some points in each cycle the 

definition of <t) = <|)i in Eq 9 is appropriate. If 2 — Co ^t all points in the loading 
cycle, then we can define <j) = <t>2- The parameter (J), based on these definitions, 
is analogous to the rotation factor F. For any given strain cycle, only one of 
these definitions for ^ can hold. 

As an example, consider a cycle consisting of axial straining followed by 
torsional straining as shown in Fig. 2a. Assuming the maximum shear strain 
amplitude on each set of maximum shear planes is equal, the resulting hardening 
distribution, L(6), for a variety of m and (A values is shown in Fig. 2b. In this 
case 2 = 1 always, and the reference axis is the axial tube direction. The 
parameter (|) = (|)2 is reported in Fig. 2b for several m and |x values. Note that 
<|) is insensitive to changes in Poisson's ratio. 

The material constant m can be found from the test of Fig. 2 by fitting the 
observed increase in the strength coefficient in an expression such as Eq 3. Such 
an expression, of course, does not attempt to correlate the anisotropic deformation 
of yield or loading surfaces [75-77], but must be viewed as relevant to the 
isotropic portion of a combined isotropic-kinematic cyclic plasticity theory [9,23,24]. 

Hence, a <j)-parameter has been introduced, motivated by the experiments of 
Kanazawa, Miller, and Brown [18], with superior computational efficiency and 
similar correlation capability for nonproportional cyclic hardening to the rotation 
factor F. It is useful to investigate whether or not ^ can correlate the stable 
cyclic hardening states for histories other than sinusoidal loading, and for histories 
consisting of successive blocks of nonproportional cycles. Such histories are 
reported in the next section. 

Experimental Results 

The material chosen for this cyclic deformation study was stainless steel 304 
because of its appreciable hardening and Masing-type behavior. This material 
undergoes a plastic strain range dependent transformation from metastable aus-
tenite to martensite during cycling [25] which renders a Ramberg-Osgood cor-
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FIG. 2—Hardening distribution for two discrete sets of maximum shear planes: (a) strain path 
with numbered loading sequence, (b) resulting hardening distributions for various m and (JL values. 

relation with single-valued strength coefficient and strain hardening exponent 
inaccurate over a wide range of maximum plastic strain amplitudes. To determine 
the cyclic stress strain curve under proportional (()) = 0) loading, four uniaxial 
strain-controlled incremental step tests [72] at maximum strain amplitudes rang
ing from 0.003 to 0.01 and e = 0.002 s~' were run to determine the stable 
effective cyclic strength coefficient and strain hardening exponent in the expres
sion 

AT„,, = ki^y^Jllf (12) 

where AT„ax and Ay^ are the maximum ranges of shear stress and plastic shear 
strain, respectively, for all planes in the material in each cycle. For uniaxial 
tests, Ax̂ ax = a„ and Ay^,/ = 3e / , where o-̂  and ef are the axial stress and 
plastic strain amplitudes, respectively. All uniaxial specimens were heat treated 
at 1100°C for 40 min in a vacuum and furnace cooled to achieve the relatively 
isotropic grain structure shown in Fig. 3 with an ASTM grain size number of 
4. Fortuitously, changes in n were found to be negligible in comparison to 
changes in ^ as a function of maximum range of plastic shear strain in the 
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Imm 
FIG. 3—Grain structure of heat-treated stainless steel 304. 

incremental step test, A7„„'', and the dependence on (A7„ax''''2) was approxi
mated with enough accuracy by 

where 

k = (585 + 473 (A7,nax'"/2) + 572 727 (A7„,//2)^) MPa (13) 

h = 0.145 

This representation of k was selected by performing a best fit of fc in Eq 12 with 
h = 0.145 to the hysteresis loop response from incremental step tests at several 
A'Vmax'' levels. Due to the amplitude dependent transformation of austenite to 
martensite, the maximum plastic strain range in a history must be known. Then, 
k and n in Eq 13 can be considered as constant for subsequent cycling such that 
A-v '• s A-v '' 

In this investigation, the stress-strain response after 40 to 50 cycles was 
considered cyclically stable since the cyclic stress amplitudes increased only by 
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a few percent for 50 additional cycles. This definition of cyclic stability is also 
useful for correlation of hardening for the three histories to be reported in this 
study, since each loading block is of the order of 20 to 50 cycles. 

Tension-torsion tests were performed on tubular specimens with the same 
material and heat treatment (same grain size). The wall-thickness to outside 
diameter ratio of 0.11 was found necessary from experience to prevent buckling 
for cyclic loading at significant plastic strain levels. From finite element analysis 
and strain gage work, the variation in axial strain along the gage length was less 
than 3%, There were approximately 25 grains across the wall thickness. A 
diagram of the specimen appears in Fig. 4. 

Collets were used to grip the specimen on its round ends. An internal exten-
someter was placed inside the specimen with a gage length of 25.4 mm. A linear 
variable differential transformer (LVDT) was used to measure axial displacement 
between contact points at the gage length, while a rotary variable differential 
transformer (RVDT) measured the relative angle of twist. The LVDT and RVDT 
were decoupled by a bellows on the output shaft. See Ref 26 for further details 
of extensometry. 

The biaxial tests were performed on a computer controlled, closed-loop, ser-
vohydraulic test machine. A computer program was written so that any com
bination of line segments in strain space could be joined end-to-end to define a 
loading cycle. A block was defined as an arbitrary number of identical cycles. 
Furthermore, the program allows the user to define any number of blocks, each 
containing a different cycle loading path. The effective strain rate (e = (e^ -1-
7^/3)"^ assuming |JL = 0.5) was kept approximately constant along each seg
ment. 

Axial stress, a, and shear stress, T, were calculated from the axial load, P, 
and torque, T, as 

a = 4P/(-iT(D„2 - D,2)) 

T = l2T/(Tr(Dj - Dh) 

(14) 

(15) 
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FIG. 4—Tubular biaxial specimen. Dimensions in millimetres. 
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with the assumption that the stresses are uniform across the wall thickness. O^ 
and Di are the gage section outside and inside diameters, respectively. This 
assumption obviously involves some error, but the deformation theory of plas
ticity cannot be used to estimate the stress distribution for nonproportional load
ing. Brown and Miller [11,18] showed that the error in maximum shear stress 

T̂ ax = [T̂  + ((r/2)T' (16) 

is small for proportional loading and assumed small for nonproportional loading, 
particularly if there is significant cyclic plasticity present. 

The shear strain was obtained by dividing the angle of twist by the gage length 
and multiplying by the mean radius. 

Strain Histories and Predictions 

Nonproportional, strain-controlled axial-torsional tests were conducted to in
vestigate the path dependence of cyclic hardening, memory of prior hardening, 
load sequence effects, and correlation potential of the 4) approach with regard 
to the actual stable effective stress state achieved during cycling. For nonpro
portional loading, the stable cyclic stress-strain curve is given as 

AT, , , = lc*{A-/^J/2r* (17) 

where 

k* = k + <|)(̂ 9o - k), 
n* = « + ct)(n9o — n), and 

9̂0 and n^ = the strength coefficient and strain hardening exponent, 
respectively. 

This provides a fit to the stable cyclic stress-strain curve obtained from sinusoidal 
tests with p = 90° and yje„ = 1.5 at three A-y„ax''/2 values [18,22] from 
0.0045 to 0.015. Assuming |x = 0.5, <\> = 1 for these tests. Three tests were 
conducted in which the strain amplitudes were successively increased or de
creased after reaching stability at each previous level. It was found that the 
maximum stable range of shear stress in a cycle and the corresponding maximum 
range of plastic shear strain for Ay^^/ s Ay^^/ were described with sufficient 
accuracy by 

A T _ = 1304(A7™//2)«'« (18) 

Thus, 9̂0 = 1304 MPa and h^ ~ 0.145. The value h = n^ = 0.145 was 
chosen for convenience since only slight variations in « and n^ about 0.145 
were observed for (3 = 0 and 90° tests at several A"y„a/ ranges. In contrast, k* 
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experienced significant variation, justifying the current approximation. For 
A'Yn,a//2 ranging from 0.0045 to 0.015, ^o was reasonably constant. 

To facilitate computation of plastic strain ranges necessary for Eqs 13 and 17, 
load-displacement data were acquired for the first ten cycles of each block. Then 
the increments of plastic strain were computed using suitable numerical analysis. 
The maximum plastic shear strain ranges and planes for nonproportional loading 
were also computed for each block of loading. 

Results of three separate strain-controlled tension-torsion tests are reported in 
this investigation. The initial values of Young's modulus and the shear modulus 
were determined as £ = 188 GPa and G = 11 GPa, respectively. 

Specimen SS09: History 1—To investigate the sequence effects, path de
pendence of the stable cyclic state, and material response to a sudden increase 
in the degree of nonproportionality, the specimen was subjected to 10 cycles of 
a proportional, 10 level incremental step test with maximum strain amplitudes 
of e„ = 0.007, 7„ = 0.0105 and a strain rate I = 0.001 s^'. The strain am
plitudes were increased and decreased within each cycle. Then three successive 
blocks of sinusoidal loading shown in Fig. 5 were applied with phase angles of 
P = 0° (16 cycles), 30° (25 cycles), and 60° (25 cycles), respectively. For all 
three blocks, e„ = 0.005 and 7„ = 0.0075. 

The stress-space response for the 16* cycle of block 1 and the first ten cycles 
of blocks 2 and 3 is shown in Fig. 6. Notice that the maximum effective stress 
in a cycle, the maximum value of (a^ + 4T^)"^, increases in each block even 
though calculations based on the data reveal that A^̂ ax'̂  actually decreases for 
each successive block. Hence, this increase in effective stress must be associated 
with increased resistance to cyclic plastic flow via dislocation interaction, etc. 
Interestingly, as shown in Ref 22, the rate of increase of the effective stress in 
each block due to an increase in the degree of nonproportionality of loading is 
the same as the cyclic rate of increase of stress amplitude due to a sudden increase 
in strain amplitude in a uniaxial test for stainless steel 304. This indicates that 
the same physical processes govern hardening during proportional and nonpro
portional loading for this material but to different degrees. 

After applying these three loading blocks, the specimen was cycled propor
tionally with e„ = 0.005, 7„ = 0.0075, and 3 = 0°. Subsequently, virtually 
no decrease of the maximum effective stress was observed. This result suggests 
that the "state" of resistance to plastic flow achieved by prior cyclic hardening 
is nonfading or slowly fading for this particular material at room temperature 
where annealing mechanisms are not activated. However, generalizations cannot 
be made regarding memory loss of prior nonproportional hardening states; the 
microstructural mechanisms responsible for increased or decreased resistance to 
plastic flow must be considered. 

Another auxiliary experiment considered the sequence effects of loading. A 
different specimen was subjected from its virgin state to the strain path of block 
three in Fig. 5. The stress-space response after 25 cycles was virtually the same 
as that of block three of Specimen SS09 at 25 cycles. One can infer that the 
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highest degree of nonproportionality of loading in a block of cycles, in analogy 
to the maximum plastic strain range in uniaxial tests, "washes out" the effects 
of loadings involving less dislocation interaction. This observation lends some 
credibility to the application of correlative functions such as <!) to complex loading 
sequences with the constraint that the material remembers the maximum degree 
of nonproportionality of loading in addition to maximum plastic strain range. In 
other words, although the final cyclically stable effective stress-strain state differs 
significantly from the uniaxial cyclic stress-strain curve, correlations such as Eq 
17 should be successful if independently applied to each block in a sequence of 
successively increasing degrees of nonproportionality. For arbitrary loading, 
however, fading memory of the effects of high nonproportionality due to an 
increase in dislocation mobility, changes in cyclic dislocation cell structure, etc., 
precludes the possibility that AT^^,; is a potential function of <j). Yet, the potential 
for empirical correlation using such functions is not diminished, particularly if 
the path dependence is defined by a set of suitable constitutive equations [22]. 

Specimen SS04: History 2—To investigate hardening due to a number of 
discrete sets of maximum shear planes, a specimen was subjected from its initial 
state to 50 cycles of the strain history shown in Fig. 7. For this history, e = 0.002 
s"'. The endpoints are numbered to denote loading sequence in the overall cycle. 
There are six discrete sets of maximum shear strain planes in the plane of the 
specimen. The locus of tips of each path lie on an ellipse of constant octahedral 
shear strain of 0.0086 with the assumption that jx = 0.5. This path represents 
the exceptional case of tension-torsion loading where the maximum shear strain 
planes do not rotate continuously with time. Note that Q = 1 for each linear 
path segment. The loading is definitely nonproportional, though, and consid
erable cyclic hardening is observed as seen in Fig. 8, which illustrates the 
transient hardening in stress space for only the first 10 cycles. The maximum 
effective stress in each cycle after 40 cycles is significantly higher (—50%) than 
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FIG. 7—Strain path for history 2 applied for SO cycles. 
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FIG. 8—History 2 stress-space response; first 10 cycles. 

the stable stress amplitude for uniaxial loading at the same A-y^a/, again reflecting 
the effects of nonproportionality. 

Specimen SSOl: History 3—To investigate sequence effects of more general 
types of loading than sinusoidal, a virgin specimen was subjected from its initial 
state to the strain history shown in Fig. 9; I = 0.003 s'\ The first block 
consisted of proportional loading for 25 cycles at e„ = 0.0041 and 7„ = 0.006. 
The second block consisted of another radial path in strain space at the same e 
and 7 amplitudes for 25 cycles, which led to nonproportional loading with 
additional cyclic hardening (cross effects). Finally, each cycle in the third block 
consisted of the paths from the first two blocks joined sequentially at the end-
points. The third block consisted of 25 cycles. The endpoints of each path are 
numbered in Fig. 9 to denote the sequence in each cycle. The stress-space 
response for each block is shown in Fig. 10 for the 24* cycle of the first two 
blocks, and the first 10 cycles of the third block. 

Note that even though the maximum range of total shear strain is the same 
for each block, block three involves a considerably higher cyclically hardened 
effective stress state. Apparently the effect of continuous rotation of maximum 
shear planes along the portions of the path where e ~ constant is to substantially 
increase resistance to plastic flow. 

Again, from Fig. 10, an approach to a complex, cyclically stable stress state 
is observed. In this case, however, the loading sequence has resulted in a non-
symmetric stress-space response. 

Since the maximum degree of nonproportionality (highest ^) for a loading 
block appears to erase the effects of prior loading of a lesser degree of nonpro
portionality at approximately the same plastic strain range, one might expect ({> 
values calculated for each block independently to correlate cyclic hardening if 
indeed cf) is a valid parameter. Such correlations will be discussed in the next 
section. 
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Correlations of ' 'Stable'' States 

The comparison of the effective stress computed from Eq 17 with the maximum 
effective stress in a cycle requires justification from previous research in cyclic 
plasticity. Comparison of predicted and experimental results is not a trivial 
matter, since predicting the path in stress-space requires a flow rule and a 
kinematic-isotropic hardening rule. However, the work of Shiratori et al [17] 
indicates that yield surfaces defined by large offset strains (>0.8% or so) from 
the last unloading point experience isotropic hardening almost exclusively. This 
limit behavior has been observed in a number of experimental studies and is 
often included in constitutive relations for cyclic plasticity. 

In the three histories of the current study, limit behavior [5] was also observed 
at the maximum effective stress levels with the isotropic limit surface apparently 
somewhere between a Tresca and von Mises form. Since all histories were of a 
reversed and symmetric nature in stress and strain space, the maximum actual 
values of 

in each cycle are expected to correlate fairly accurately with 

*^max,predicted '^ V^"ymax ' ^) 

where A^^aj;'' is the maximum range of plastic shear strain on all material planes 
in a cycle. 

Of course, some error is introduced in this correlation since the limit surface 
is not necessarily of a Tresca form. These errors, though, are small considering 
the extent of nonproportional hardening exhibited by this material. 

In Table 2, the comparisons of the maximum effective stress observed in a 
cycle, ffmax.aciuaij with pTcdictcd results, o-naxp̂ jcKd, are given for the last sampled 
cycle in each block of each history. Two points are noteworthy. Relatively good 
agreement is obtained for the effective stress state for each history at the end of 
each loading block. This agreement is quite good in view of the tremendous 
degree of cyclic hardening experienced for this material under nonproportional 
loading with p = 90°,"ya/e„ = (1 + n). The error between predicted and actual 
results is at most 7%, and typically less than 4%. It should be noted that the 
number of cycles used to define cyclic stability in determining fe* and n* should 
be adequate to correlate the intermediate saturated state attained in each block, 
since each block contains 16 to 50 cycles. For history 2 and block 3 of history 
3, CTmax.actuai was computcd as the average of the maxima of (a^ + 4T^)"^ in the 
last sampled data cycle, even though the variation in maxima was 5% or less. 

It should be noted that the k*i^y^/l2f* values in Table 2 for blocks 2 and 
3 of histories 1 and 3 can truly be considered as predicted values, not just 
matchings, since the forms of k* and n* in Eq 17 are assumed functions of <f) 
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FIG. 11—Hardening distribution for loading of history 2; (j, = 0.5, m = /, and ii>2 = 0.546. 

and k, k^, h, and h^, which are obtained entirely from uniaxial and 90° out-of-
phase tests. 

In Fig. 11 the hardening distribution from Eq 10 for history 2 is shown. For 
this distribution, |x = 0.5 was assumed. From a test consisting of alternating 
blocks of pure axial loading and pure torsional loading, m = 1 was selected to 
fit the hardening response based on Eq 17. Again, since this history is different 
from history 2, the k*(Ly^Jll)''* value in Table 2 for history 2 is a predicted 
value, and not a matching. In all analyses, Q^ = 0.9 was assumed. 

It should be noted that the A-ŷ ax'' value used to compute the appropriate 
constant value of /t in Eq 13 for each history corresponded to the maximum 
range of plastic shear strain in the first block. 

Conclusions 

For room temperature, nonproportional, cyclic loading of annealed stainless 
steel 304 specimens, the following observations are pertinent. 

1. An increase in the nonproportionality of cyclic loading is analogous to an 
increase in plastic strain range with regard to cyclic hardening behavior. 

2. The memory of prior hardening is washed out by more severe nonpropor
tional loading. 

3. The stable state reached during cyclic loading appears to be a function of 
the most severe nonproportional loading block in a history consisting of a number 
of blocks of varying degrees of nonproportionality. 

4. For a given heat treatment (initial state), the cyclically stable effective 
stress state achieved during nonproportional cycling is not unique, but a function 
of the loading path. 

5. Path-dependent correlations have the potential to predict cyclically stable 
states to within bounds of acceptable engineering accuracy for the axial-torsional 
loading of this paper. Nonproportional loading under different strain states such 
as axial-torsional with internal-external pressure should be investigated to de
termine the more general validity of correlations and concepts. 
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6. The sensitivity of the material's transient response to nonproportional load
ing depends on structure, number of activated slip systems, initial heat treatment, 
etc. Consequently, no sweeping generalization can be made for all materials 
regarding significance of nonproportional hardening to designers. Regardless, 
this phenomenon is real and deserves consideration when selecting materials for 
applications involving nonproportional loading. 
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Crack Separation Energy Rates for 
Inclined Cracks in a Biaxial Stress Field 
of an Elastic-Plastic Material 
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Inclined Craclts in a Biaxial Stress Field of an Elastic-Plastic Material," Muhiaxial 
Fatigue. ASTM STP 853, K. J. Miller and M. W. Brown, Eds., American Society for 
Testing and Materials, Philadelphia, 1985, pp. 88-107. 

ABSTRACT; Elastic-plastic finite element analyses are described for plates containing 
inclined cracks and subjected to biaxial loads given by X equal to (Tg/ap where a , is the 
main principal tensile stress and (TQ is the second in-plane principal stress. Three loading 
modes, \ equal to —0.5, — 1, and 0.5 are considered and are compared also with previous 
results for the uniaxial mode X = 0 and the equibiaxial mode X = 1. Qualitative and 
quantitative information is presented on crack-tip opening displacements, on plastic strains 
and on maximum stresses near the crack tip. The analyses include calculations of J contour 
integrals and of crack separation energy rates G^ for coplanar crack extension. Estimates 
of C for nonplanar crack growth applicable to cases where the plastic flow is small are 
also made and used in conjunction with a fracture criterion based on maximum G^. The 
implications of these analyses for fatigue crack growth, in terms of plastic zone sizes, 
shapes, and orientation, are discussed with regard to (a) modes of cracking, (i>) stress 
biaxiality, and (c) crack inclinations, and are then related to experimental results under 
mixed mode (I and II) loading conditions in stainless steel. 

KEY WORDS: biaxiality, crack growth step, crack-tip opening displacement, crack-tip 
plasticity, crack-tip plastic zone, crack-tip stresses and strains, crack separation energy 
rate, elastic-plastic fracture mechanics, finite element method, Griffith's energy release 
rate, inclined crack, J-contour integral, mixed mode loading, nonplanar crack growth 

Nomenclature 

a Half crack length 
E Modulus of elasticity 
G Griffith's energy release rate 

G„ Griffith's energy release rate at incipient yielding when G = X = 0 
CHoi) Crack separation energy rate in direction given by branch angle a 
Gi,G|[ Mode I and Mode II components of G for coplanar crack extension 

Gi'̂ ,G[['̂  Mode I and Mode II components of G^ for coplanar crack extension 
H Linear hardening tangent modulus 

'Senior research fellow and professor, respectively, Department of Mechanical Engineering, Uni
versity of Sheffield, Sheffield, U.K. 
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J Rice's path independent integral 
Ki,Kii Mode I and Mode II components of Irwin's stress-intensity factor 

Ki^ Value of K^ at incipient yielding when 6 = \ = 0 
Kij Quadrature coefficients 
K* Nondimensional stress-intensity factor 

/ Length of branch in crack extension 
r^ Crack-tip plastic zone size 
TL Lateral stress coefficient (= (Tfl(T„) 

u,v Displacements in x and y directions, respectively 
x,y Co-ordinates 

a Branch angle giving direction of crack extension 
a^, Value of a making G\a) a maximum 

6 Crack inclination angle 
8 Distance separating upper and lower nodes adjacent to crack tip node 

8i,8„ Mode I and Mode II components of 8 
Aa Crack growth step 

e Strain 
e^v Average equivalent strain in element containing the crack-tip node 

X Biaxiality parameter (= OQIOP) 

V Poisson's ratio 
p Constant of proportionality 
a Stress 

CTi^ M a x i m u m value of main principal stress 
Up Applied main tensile principal stress on crack 
(TQ Second in-plane applied principal stress on crack 
ajv Applied normal stress on crack 
a^ Applied laterial stress on crack 
o-r ( = o-i - o•̂ ,) 
(To Value of Op at incipient yielding when 6 = X = 0 

(jpo 0.95 of value of Op at incipient yielding 
aj, Yield stress in uniaxial tension 
T Applied shear stress on crack 

The very complex nature of cracks in real structures has made it necessary to 
use much simplified models for the study of dominant factors affecting fracture 
behavior. As the data accumulate and more powerful methods of analysis become 
available, so also is attention focussed on new aspects of interest in the continuing 
quest for information of greater general applicability. In the past two decades 
the inclined crack shown in Fig. \a has served as a useful configuration for the 
study of asymmetrical mixed mode loading of cracks. The literature on inclined 
and branched cracks is extensive, for example, Ref [1-26] to mention but a 
few. Nearly all the studies have been in the context of linear elastic fracture 
mechanics (LEFM). Perhaps the most notable exception is the small-scale yield-
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FIG. 1—An inclined crack (a) in a biaxial stress field and (b) a center-cracked plate loaded by 
an equivalent stress system. 

ing analysis by Shih on materials obeying power law hardening [27], based on 
the Hutchinson-Rice-Rosengren (HRR) dominant singularity solutions [28-30]. 
Also, in the majority of cases, inclined cracks in a uniaxial tensile stress field 
were examined. Inclined cracks under biaxial tensile modes of loading were 
studied by Ueda et al [31 ] in the context of LEFM but recently elastic-plastic 
analyses have been also carried out [32]. 

A crack under pure Mode I loading extends in its own plane, that is, the crack 
extension is coplanar, but a special feature of mixed mode loading is the effect 
of the antisymmetric shear load which causes nonplanar crack extension. A 
number of different fracture criteria have been proposed to predict both the 
direction of crack extension and the fracture load in a linear elastic material, 
details of which can be found in the cited literature. Briefly, the main criteria 
are: (a) the maximum tangential stress criterion [2,5-7], {b) the criterion of 
local symmetry [15,16], (c) the minimum strain energy criterion [10,11], and 
(d) the maximum energy release rate criterion [3,4,9]. A criterion based on the 
maximum normal strain has been proposed [33], and another uses the crack-tip 
opening displacement (CTOD) to predict the direction of the onset of crack 
extension [32]. 
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In a previous paper [/] inclined cracks in an elastic-plastic material under 
uniaxial tension were examined in the context of elastic-plastic fracture me
chanics (EPFM), and the results of finite element analyses were reported. How
ever since biaxiality of the applied load influences crack-tip plasticity parameter 
[34-42] further analyses on a center-cracked plate (CCP) have been carried out 
to investigate the response to biaxial modes of loading, including lateral compres
sions, and these studies are now described. 

Problem 

The medium considered is a two-dimensional elastic-plastic material in plane 
strain with the following properties: modulus of elasticity E = 207 GN/m^; 
Poisson's ratio v = 0.3; yield stress o-̂  = 310 MN/m^, and linear strain hard
ening takes place with a tangent modulus H = 4830 MN/m^. The material obeys 
von Mises' yield criterion. A biaxial state of stress, with at least one tensile 
component is considered. Figure la shows the main principal tensile stress acting 
vertically and the second, in-plane, principal stress UQ, which can be negative, 
acting in a horizontal direction. The crack of length 2a is inclined at an angle 
e measured counterclockwise from the plane normal to a^. A crack extension 
angle a measured counterclockwise from the plane of the crack is also shown. 
For convenience the analyses are carried out on the CCP in Fig. lb using a co
ordinate system with axes x, y parallel and normal to the plane of the initial 
crack, respectively. The corresponding applied stresses are CT/V and CT^^ normal 
and parallel to the plane of the crack, respectively, but, in addition, there is a 
shear stress T with positive sign as indicated in the figure. The stresses in the 
two configurations are related as follows 

CTN = '̂ Ccp + o'e) + '/2(o-p - (TQ) cos 29 (la) 

C/. = %((fp + CTg) - '/2(o-p - (TQ) COS 26 (lb) 

T = V2(o-p - (TQ) sin 26 (Ic) 

The loads on the crack can be expressed in the form of applied Mode I and 
Mode II stress-intensity factors ^i and ^n where 

Ki = (Tn K* Va; K^ = T K* V^ ; (/sT,,, = 0) (2) 

Here K* = VTT for the infinite medium of Fig. la and K* = 1.785 for the 
CCP in Fig. lb. Since â , does not of course appear in Eq 2, A", and ^ i , on their 
own provide an adequate characterization of the crack tip field only when 
the lateral stress CT^ is irrelevant to fracture phenomena. For a linear elastic 
material the path independent J-integral calculated on a contour surrounding the 
right hand side crack tip in Fig. lb is related to the stress-intensity factors by 

J = (Ki' + K,,^)IE' (3) 
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where 

E' = El{\ - v^) 

Griffith's energy release rate G(a) (which is equal to the crack separation energy 
rate G\a) [43,44] when the material is elastic) depends on the direction of the 
crack extension given by the angle a. When the extension is coplanar (a = 0) 
and the material is elastic we have 

y = G(0) = G^(0) (4) 

The energy rates G(a) and G^(a) can be expressed as the sum of the Mode I 
and Mode II components 

G(a) = Gi(a) + G„(a); and GHa) = G,\a) + G/(a) (5) 

Estimates of G^(a) for nonplanar crack extension may be obtained from values 
of G 1̂ (0) and Giî (O) calculated by finite-element analyses on cracks of different 
orientations undergoing coplanar extension. Use was made of the quadrature 
coefficients K,j{a), i, j = 1, 2 [15,16.19.45]. Thus 

[ C , » ] " 2 = ^„(a) [G,'̂ (0)]"2 + ^|,(a) IG„^(0)]"2 (6a) 

[G„V)]" - = K2,(a) [G,HO)V"- + K.Ja) [G,,^(0)]"^ (6b) 

Equations 6a and b are not exact when the material is elastic-plastic but they 
provide a working approximation for moderate crack-tip plasticity as occurs in 
fatigue. Note that values of G^ obtained directly from finite-element analyses 
involving nonplanar crack extensions may be compared with values obtained by 
using equations 6 but these will be reported subsequently.- A maximum G^ 
fracture criterion is applicable both to linear elastic and elastic-plastic materials. 

Analyses 

The plate in Fig. lb is symmetric, but the load on the plate is not symmetric 
since it includes the shear stress T. However, by taking advantage of the fact 
that the configuration in Fig. la, including the loading, is unchanged when it 
is viewed upside down, it was possible to confine the analyses to the right half 
of the CCP in Fig. lb. The finite-element idealization is shown in Fig. 2a, and 
the region of interest near the crack tip is shown to a larger scale in Fig. 2b. 
Thus, the displacements of Nodes 1 to 8 are equal in magnitude but opposite in 
direction to those of Nodes 16 to 9, respectively. Three loading cases with 
different biaxial ratios X (= UQI(JP) were analyzed with X. taking the values 
— 0.5, — 1, and 0.5. For X = —0.5 and X = 0.5 five crack inclinations were 
examined, namely, 6 = 0°, 11.25°, 22.5°, 33.75°, and 45°. For X = - 1 the 
inclinations were 6 = 0°, 11°, 22.5°, and 33.75°; the case corresponding to a 

-See Ref 50. 
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FIG. 2a—Finite element idealization of one half of the plate. 

crack inclination angle 6 equal to 45° coincides with the pure shear loading mode 
already analyzed [1]. Comparisons will be made with this latter case and also 
for the uniaxial loading mode and the equibiaxial loading mode [36] noting that 
when \ = 1 only pure Mode I loading occurs irrespective of the orientation of 
the crack. 

In each case the analyses started with an elastic solution which adjusted 
automatically the loads to values dp = (Tp„ and (TQ = X.O-/.0 equal to 95% of the 
load required to cause incipient yielding at the crack tip. This was followed by 
the iterative incremental-load elastic-plastic analyses using loading steps of 0.08 
a Pa and 0.08 \ap„. At the end of each loading step information was obtained 
on the development of the crack-tip plastic zones, the distribution of plastic 
strains within the zones, the nodal displacements, the Mode I and Mode II crack-
tip opening displacements and the stress at the centers of the elements. The 
J-integral was calculated around the contour shown in Fig. 2a. The two com
ponents Gi^ and Gn^ of the crack separation energy rates C^ were evaluated by 
the consecutive uncoupling in six release steps of the pairs of tied nodes numbered 
56 and 57 at the crack tip and then numbers 72 and 73 and finally 88 and 89 
in the crack plane beyond the crack front. Crack extension in growth steps of 
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FIG. 2b—The node and element numbers in the region of the crack tip of the opening crack. 

size Aa = 0.254 mm were made at constant load at one of the values of dp 
given by o-po, 1.56 CTP„, 2.12 (Tp,„ and 3.24 ap„ with corresponding values of 
a-Q equal to k<Tp. 

Results 

Figures 3, 4, and 5 show the crack-tip plastic zones for values of X equal to 
- 0 . 5 , - 1 , and 0.5, respectively, for the different crack inclination angles 
indicated on the figures. The deformations are shown with an exaggerated factor 
of 50, and the numbers in the elements indicate the average equivalent strains 
in the elements, namely, i„, x 10*. The figures show the plastic zones before 
crack extension with the exception of Figs. 3/, 4e, and 5/which show the crack-
tip plastic zones after two coplanar crack growth steps. The value of a^ at 
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incipient yielding when X. and 6 are both nil was found to be CT„ = 75.22 MN/ 
m .̂ At this value of the load Ki = Kio = (T„ K*Va, and Griffith's energy 
release rate takes the value G„ = 0.2315 N/mm, also equal to the contour 
integral 7„. 

In the remaining Figs 6 to 11 the abscissae represent the normalized load, 
((Tp/(T„)^. The crack-tip opening displacements (CTOD) are given here by the 
vertical and horizontal distances, S, and 8n, separating the nodes adjacent to the 
crack tip on the lower and upper crack surfaces, respectively. Initially these two 
nodes coincide and are at a distance Aa from the crack-tip node. 

Figures 6a and 7a give the CTOD before crack extension for different values 
of 6, corresponding to the cases \ = —0.5 and \ = — 1, respectively, while 
Figs. 6b and lb give the CTOD values after two crack growth steps. Figures 8 
to II refer to the same crack incUnation angle 9 = 22.5°, but the curves on 
each figure correspond to different values of the load mode parameter \. Figure 
8 gives the CTOD before crack extension (solid lines) and after two crack growth 
steps (broken lines). Figure 9 gives the maximum stress CTU,, Fig. 10 gives the 
maximum normalized crack separation energy rate G\au)IG„, and, finally 
Fig. 11 gives JIG{0). More detailed information in tabular form is contained 
in Ref 46. 

Discussion 

The limitations of Ki and Kn have been referred to concerning their inability 
to characterize by themselves the fracture events at crack tips. In LEFM this 
also occurs when the branch length/crack length ratio (1/a) is not infinitesimal; 
see Fig. la—or generally when a finite process zone is considered in which 
fracture processes occur [5-7,77,75]. An improved characterization is obtained 
by taking into account the first nonsingular term of Williams' eigenfunction 
expansion [47] for the stresses near the tip of a crack. This term takes the form 
of a lateral stress CTJ- = (a^ - CT^) for the CCP in Fig. \b. In elastic-plastic 
materials the effect of dj on fracture behavior is much more dramatic since the 
crack-tip plastic zone size and other associated crack-tip plasticity parameters 
are strongly influenced by load biaxiality [34-36]. In order to reduce to a 
minimum the influences of the mesh sizes and of the values of the yield stress 
used in the analyses, the results can be given greater generality by normalizing 
CTr with respect to o-̂ , that is, using T/. = crr/<Tg. From the relation between 
CTo, CTy and the mesh size Aa, namely, o-o(a/Aa)"^ = pa,,, based on the as
sumption that at incipient yielding the normal stress at the center of the leading 
element ahead of the crack tip is of the order of the yield stress, we have 

T^ = (cTi - (T„) (a/Aa)"VpcT, (7) 

where p takes the value of 0.82. The load on the inclined crack can be then 
characterized by three parameters, namely, CT;^/a„(= Ki/KiJ, T/O-„(= Ki^/ 
Kio) and T^. Note that T^ varies with the load and also that the final state of 
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(a) 6 = 0 ° 
a-p= 181.5 MN/m' 

(b) 6 = 11.25° ap = 20l,2 MN/m^ 

FIG. 3—Plastic zones for different crack inclinations for the \ = -0.5 loading mode; (a to e) 
before and (f) after, the release of crack-tip nodes. 

the crack-tip plasticity depends on the loading path. This is easily seen if one 
considers the trivial example of the CCP containing a crack at zero inclination 
and loaded in the equibiaxial mode X. = 1. This will cause a crack-tip plastic 
zone of modest size r̂  when the final applied loads Up and OQ (= dp) are 
attained. On the other hand the same final load can be arrived at by first loading 
in the shear mode X = — 1 with 0-0= — o-p followed by the application of a 
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(c) e = 22.5° 
Oi,= 182.3 MN/m^ 

e =33.75 
ap= 172.1 MN/m2 

(e) 6 = 45° 
CTp= 173.9 MN/m^ 

( f ) e = 2 2 . 5 
CTp= 182.3 MN/m2 

FIG. 3—Continued. 

lateral stress from o-g = — cr? to CTQ = CT^, at the same time keeping the normal 
stress Up constant. This second loading path will result in a very much larger 
value of Vp than in the previous case, the large plastic zone being incurred during 
the shear mode part of the loading. 

The various loading patterns of the CCP corresponding to the different loading 
modes \ and crack inclination angle 9 are given in Table 1. Generally the 
(algebraic) values of 7la^ and CTr/(T,v increase (or do not decrease) with increasing 
values of 9. An increase in T/â f tends to increase the values of r^ and 8. However, 
an increase in (TJI(T^ has the opposite effect of decreasing r^, ê v and 8. This 
was already known in the uniaxial mode. An example in mixed-mode loading 
is obtained by comparing the two cases (a) \ = - 1 , 9 = 11°, CTA, = 144.6 
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(a) e = 0° 

ap= 135.5 MN/nn^ (b) e = 11° 
CTp = 156 MN/m^ 

FIG. 4—Plastic zones for different crack inclinations for the X = — 1 loading mode; (a to d) 
before and (e) after, the release of the crack-tip nodes. 
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(d) e = 33.75° 
ap = 146.3 MN/m2 

(e) e = 22.5 
o-p= 162.2 MN/m2 

FIG. 4—Continued. 
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(a) e =0 
ap= 2477 MN/m^ (b) e = 11.25 

ap= 233.1 M N / m ^ 

e = 2 2 . 5 
ap=229.7MN/m2 

(d) e = 33.75 
Up = 234. MN/m2 

/ 1 ~liZ 

V 

H^; 
-SA^r^ 1 
~ g 21 •' 

JJ "' 
v i i ' ' 

3.."l P 

'^^ 

J 
/ 

y 
(e) e = 4 5 ° (f) e = 22 .5 

ap= 284 .4 MN/m^ ap= 229.7 MN/m^ 

FIG. 5—Plastic zones for different crack inclinations for the \ = 0.5 loading mode; (a to e) 
before and (f) after, the release of crack-tip nodes. 
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(°PAO)' 

(V^o)̂  
FIG. 6—The effect of applying loading mode \ = —0.5 on the crack-tip opening displacement 

for different crack inclinations (a) before and (b) after, crack extension. 

MN/m^T = 58.5 MN/m^ (TT- = - 289.2 MN/m^ and (Z?)\ = 0, 9 = 22.5°, 
ON = 144.9 MN/m^ T = 60.0 MN/m^ CTT- = - 120.0 MN/m^ since /sT, and 
1̂1 are approximately the same in both cases but err differs appreciably. Following 

static loading, the average values of ê v in crack-tip elements 35 and 36 are 36.0 
and 22.3 for cases a and b, respectively, while the values of 8/Aa are 18.8 and 
13.6. On the other hand respective values of o-,« are 339.1 MN/m^ and 432.2 
MN/m^ while those for G\aM)/G„ are 2.348 and 2.796. The resulting state of 
crack-tip plasticity is, therefore, the outcome of conflicting influences which 
can sometime cancel one another as shown in Fig. 7a which corresponds to a 
state of pure shear at an inclination of 45° to Vp. At the inclination 0 = 22.5°, 
Fig. 8 shows that for the stationary crack 8/Aa increases as X. decreases while 
the opposite is true of 8/Aa after two crack-tip node releases. The latter is 
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FIG. 7—TAe e^fcf of applying loading mode X = -1 on the crack-tip opening displacement 

for different crack inclinations (a) before and (b) a/*er, cract extension. 

consistent with an increase in C^ with X.. Figures 9 and 10 show that di^ and 
G^ (a„)/ G„ increase with \ , which in turn is related to the hydrostatic component 
of the applied stress. The direction of maximum C^iaM), making an angle 
(e + a„) with the normal to the principal applied stress (Tp, seems to vary from 
approximately 0° for \ = 0.5 to -35° for X. = - 1 . Figure 11 shows that at 
low values of the applied load J is approximately equal to G(0). However, J is 
related to the crack-tip plastic zone size rp and as rp increases 7/G(0) also 
increases. 
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e .zz-s" 
—I 1 1 1 r 
- BEFORE CRACK EXTENSION 
- AFTER CRACK EXTENSION 

(V°o) = 
10 

FIG. 8—Comparisons of the effects of different applied loading modes on the crack-tip opening 
displacement for an inclination angle 9 = 22.5° before ( ) and after ( ) crack extension. 

Implications to Fatigue Crack Propagation 

The responses to different loading patterns on an inclined crack in a biaxial 
stress field present a very complex picture, but it is hoped that this type of 
analysis may help throw some light on those aspects capable of affecting the 
rate, mode, and direction of fatigue crack propagation (FCP). For instance, if 
the extent and intensity of crack-tip plasticity as reflected by the CTOD or other 

(V°b)= 
FIG. 9—Largest principal stress at the center of crack-tip elements against applied load for 

different biaxial loading modes for an inclination angle 9 = 22.5°. 
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e = 22.5° 

(<^PAO)^ 

FIG. 10—Estimates of maximum crack separation energy rales for nonplanar crack extension 
against applied load when the inclination angle 6 is equal to 22.5°. for different biaxial loading 
modes. 

plasticity parameters are dominant, then it would appear that increasing negative 
values of X or CT7- would tend to enhance FCP in spite of their inherently stabilizing 
effect on monotonic crack propagation. One might be tempted to try to correlate 
such quantities as threshold values, crack growth rates, and directions of crack 
growth with some measure of intensity of crack-tip plasticity such as the severe 
strain zone size [48]. For negative values of ar the values of b/Aa are usually 
largest at nil (or possibly small) values of the inclination angle 6. This would 
suggest that if the cyclically growing crack tends to adjust to a direction giving 
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TABLE 1—Value O/CTP/CTN, T/CTN and (JT/<T^ for variously inclined cracks under 
different loading modes. 
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maximum CTOD it will eventually assume a path normal to Up, that is, Mode 
I growth. This is not incompatible with experimental evidence [49]. 

Conclusions 

1. In order to characterize the effects of a biaxial load on the tip of a crack 
a description of the laterally applied stress a,- must be included in addition to 
the applied loads /T, and K^. Increasingly negative values of Uj tend to increase 
the crack-tip plastic zone size and the CTOD, but they have an opposite effect 
on the maximum crack-tip stress and on the crack separation energy rate. 

2. If the rate of FCP increases with the extent of crack-tip plasticity char
acterized by the CTOD then with increasingly negative values of Uj and \ , the 
FCP rate will increase although the applied load at the onset of unstable mon-
otonic crack propagation may also increase. 

3. If the crack path tends to adjust itself so that the CTOD is a maximum, 
this maximum value usually corresponds to zero or small values of the crack 
inclination angle 9, that is, to Mode I crack propagation. This agrees with 
experimental observation. 
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Fatigue Crack Initiation and Growth in a 
High-Strength Ductile Steel Subject to 
In-Plane Biaxial Loading 

REFERENCE: Smith, E. W. and Pascoe, K. J., "Fatigue Crack Initiation and Growth 
in a High-Strength Ductile Steel Subject to In-Plane Biaxial Loading," Multiaxial 
Fatigue, ASTM STP 853, K. J. Miller and M. W. Brown, Eds., American Society for 
Testing and Materials, Philadelphia, 1985, pp. 111-134. 

ABSTRACT: Flat cruciform-shaped specimens of HYIOO steel were tested in fatigue 
under biaxial stress states. For Mode I crack growth, a tensile component of stress parallel 
to the crack decreased crack growth rate; a compressive component had the opposite effect. 
These changes in growth rate are explained in terms of the material's differing cyclic 
stress-strain response under shear and equibiaxial loading. 

Studies of Mode II growth were found difficult to perform, due to a critical balance 
between Mode II and Mode I growth. Mode II crack growth rates were much greater than 
for the equivalent Mode I crack. The growth rate increased with increasing ^Ka but did 
not follow the Paris relationship due to the occurrence of incipient or undeveloped bifur
cation which prevented continued and undisturbed Mode II growth. 

KEY WORDS: fatigue crack initiation, fatigue crack growth, biaxial loading, cyclic stress/ 
strain behavior. Mode I crack growth. Mode II crack growth 

Nomenclature 

1,2 Axes of applied loading 
a Half length of center crack 
C Material constant in Paris equation 

Ki,Kii Modes I and II stress intensity factors 
Ki^,Kii^ Modes I and II critical stress intensity factors 

AK Range of stress-intensity factor 
A/Tii Range of Mode II stress intensity factor 

n Material constant in Paris equation 
N Number of cycles 
P Cyclic load 

P,,P2 Loads in orthogonal directions 
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Fatigue crack initiation arises from the accumulation of slip bands into slip 
zones: these slip bands will occur on the planes of maximum shear. So, in the 
idealized case of uniaxial loading of an isotropic bar or structure of simple 
geometry the direction of slip bands, and hence crack initiation will be 45° to 
the free surface. As crack growth continues, the growth direction does not remain 
at 45° but turns normal to the loading direction. These two distinct regimes of 
crack propagation are called Stage I and Stage II, respectively. 

Parsons and Pascoe [/] showed that the direction of crack initiation was 
dependent on the applied stress state. Biaxial fatigue tests were carried out for 
five different ratios, ^, of principal strain range, that is, Aej/Ae,. For low-cycle 
fatigue, where the whole fatigued region may be plastic and Poisson's ratio can 
be considered as 0.5, the biaxial state of ^ = 0.5 corresponds to uniaxial tension. 
Cracks were found to initiate along planes of maximum shear. These initial or 
Stage 1 cracks were seen to appear at the surface in directions as given in Table 
1. 

This extensive work considered only crack initiation and Stage I growth. 
Because the specimens were essentially plain, there was no unique site for crack 
initiation. Many microcracks were found to initiate, referred to as primary cracks, 
which then joined up to form secondary cracks. The newly formed secondary 

TABLE 1—Angle of crack on surface as function of strain state. 

Applied Strain State, Crack Angles from 
C = Principal Axis 

- 1 (shear) 45 and 135° 
- 0 . 5 55 and 125° 

0 (plane strain) 90° 
+ 0.5 (uniaxial tension) between 45 and 135° 
+ 1 (equibiaxial) any angle 
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cracks behaved in a similar manner to the primary cracks, and the two can be 
grouped together as Stage I. No attempt was made to study Stage II growth, 
either in form or in a quantitative measure of propagation rates. 

In the terminology of linear elastic fracture mechanics cracks may deform and 
grow in three ways, namely. Mode I: opening, Mode II: in-plane shear, and 
Mode III: anti-plane shear. Consequently, Stage I growth and Mode II growth 
often are considered as synonymous; as are Stage II and Mode I growth. 

The ease with which Stage II/Mode I growth can be isolated from the two 
earlier stages of initiation and Stage I, and the general validity of the Paris 
equation, daldN = C(AA)", where a is crack half-length of a center-cracked 
plate, Â  is the number of cycles of applied load, AK is the range of stress-
intensity factor (SIF), C and n are constants, has led to a preponderance of data 
on uniaxial Mode I fatigue crack propagation. However, there is not a lot of 
data available on crack propagation under stress biaxiality. A review of the 
behavior of fatigue cracks subject to applied biaxial stress is presented by the 
authors elsewhere [2]. The experimental evidence that can be gained from the 
few published papers is not conclusive; indeed, comparing experimental data 
from different sources can lead to contradictions. 

The purpose of this work is to show that the cyclic stress/strain response of 
a material is dependent on stress biaxiality so that the extent of cyclic softening, 
hardening, or ratchetting under different stress states can influence crack growth 
rates and behavior. The starting point was the five biaxial strain ratios used by 
Parsons, and the primary crack directions which he found from initiation studies. 
Natural crack growth directions for the most critical initiation states were found 
and then attention devoted to those particular cases. 

Experimental Equipment and Method 

The biaxial fatigue testing rig developed by Parsons and Pascoe [3] was used 
for all the fatigue initiation and crack propagation tests. This testing rig consists 
of two pairs of 20 kN tension/compression hydraulic loading rams which are 
set on orthogonal axes. Rat cruciform-shaped specimens were used with a thinned-
down center section (thickness 1.25 mm). For crack initiation studies, dished 
centers of 100 and 50 mm radius of curvature were used because a plain center 
was liable to buckle under compressive loading. On the other hand, for the 
propagation studies, a flat center section was essential. Testing was then restricted 
to a positive stress ratio, R (= minimum stress level/maximum stress level). A 
value of /? = 0.1 was taken as the norm for the present studies. More details 
of the specimen geometry, strain measurement, and testing philosophy are given 
inRef4. 

Fatigue crack initiation and propagation have been carried out on one mate
rial—a high yield-strength weldable steel, HYIOO. Specimen blanks, supplied 
in a quenched and tempered condition, measured 200 by 200 by 6.35 mm .̂ The 
composition and tensile stress-strain properties of the material are given in Ref 
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4. There was no significant difference in properties between the longitudinal and 
transverse directions. Nevertheless, specimens were always loaded so that the 
rolling direction was aligned with the major principal load. 

Studies of fatigue crack initiation were made by controlling the cyclic strains. 
Crack initiation was observed by optical microscope. Wherever possible, spec
imens for fatigue crack growth were machined from specimens that had been 
used for fatigue crack initiation. When cracked initiation specimens were not 
available or a prescribed crack direction was required, specimens with a prenotch 
cut by electric discharge machining were used. For notched specimens used at 
high load levels and negative biaxial ratios, cracks grew from the comers of the 
notch along planes of maximum shear. The result was two cracks growing from 
each end of the notch. This was overcome by prefatiguing under equibiaxial 
load. Crack propagation tests were made by controlling the cyclic loads. Crack 
growth was monitored using two travelling microscopes, one on each side of 
the specimen, the position of the crack tip being measured in both x- and y-
directions. Measurement was tedious and required holding the cyclic load sta
tionary; but no other simple automated method could be used to monitor direction 
as well as length. 

Presentation of Results 

The test results to be presented can be split into three distinct regimes: 

1. Cyclic stress-strain behavior and fatigue crack initiation under cyclic biaxial 
straining. 

2. Mode I fatigue crack growth, where growth is normal to the major principal 
stress direction. 

3. Mode II and combined-mode fatigue crack growth, the crack growth di
rection may differ from that of an initial flaw or crack. 

Fatigue Crack Initiation and Cyclic Behavior 

From Parsons' work [5] on fatigue crack initiation using QT35 and AISI 304 
steels, the biaxial strain ratios of ^ = -fland^ = — 1 would appear to represent 
the most severe and least severe conditions, respectively. Only these two biaxial 
strain ratios with constant strain ranges were tested for HYIOO steel. For each 
case the principal cyclic strains were controlled using strain extensometers with 
a nominal gage length of 6.35 mm. 

Plots of total strain range, Ae,, versus cycles to primary cracking are presented 
in Fig. 1. As in previous tests, equibiaxial cyclic strain proved more damaging 
than shear cyclic strain. 

The cyclic load-strain histories for the two loading conditions are plotted in 
Figs. 2 through 4. Under equibiaxial straining, cyclic softening is seen; this was 
first evident in the compressive half cycle. Shear straining also shows cyclic 
softening, but more discernible is the pronounced cyclic ratchetting, giving a 

 



SMITH AND PASCOE ON IN-PLANE BIAXIAL LOADING 115 

5X10' ' 

10-' 

5 X 10'* 

10-' 

: 

_ o - S - ' l 
- ^ - E--1 

^ o , ^ ^ 

—^ o 

• . . . . . . 1 . . . 

102 103 10' 

FIG. 1—Major surface strain range versus cycles to primary cracking. 

marked shift of mean load into tension. Indeed, this shift, when approaching 
the limits of endurance, is such that the maximum cyclic load exceeds the 
monotonic shear failure load despite cyclic softening. 

Fatigue Crack Growth Normal to the Major Principal Stress Direction 

The ratio of load range biaxiality, k, is defined as AFj/AP, where AP, and 
APj- respectively, are the variations from the mean values P,„ and Pzm of the 
orthogonally applied loads Pj and Pj- Tests under constant load ranges were 
made for three ratios of X., namely, + 1, v, and — 1 as defined in Fig. 5a. P^„ 
and Pim were kept approximately constant at 13.5 kN for all these tests. 

FIG. 2—Cyclic load versus strain hysteresis loops under applied shear strain. Constant strain 
range. 
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FIG. 3—Cyclic load versus strain hysteresis loops under applied equibiaxial strain. Constant 
strain range. 

For X = + 1, a load range from 3 to 30 kN (R = 0.1) gave a useful life of 
100 000 cycles. Crack growth followed the same direction as the initiation crack 
or notch. When the same load range was used for X = — 1, large "shear ears" 
emanating from the crack tip caused two cracks to grow from each notch tip 
along the shear zones (see Fig. 6). The result was mixed Mode I/Mode II growth 
with Mode II predominant. Crack growth was so rapid that the test had to be 
abandoned after little more than 400 cycles. This large increase in shear zone 
size for X = — 1 confirms the theoretical work of Miller and Kfouri [6]. To 
restrict the size of the yield zone to realistic proportions (and yet keep test times 
to less than one week) all further tests were set up using the same strain range 
and same mean strain across the working section. Tests were then load controlled 
in the usual way. For X = — 1, the minimum and maximum loads were + 11 
and +20 kN, respectively, for a strain range from 0.015 to 0.15%, that is, R 
equaled 0.55 and not 0.1 as originally planned. This is at a variance from X = - 1 
as defined by other workers. In fact, for a true X = - 1 stress state then /? = - 1 ; 

-100 L 

FIG. 4 -Load range variation with cycles; strain control under shear (̂  -/). 

 



SMITH AND PASCOE ON IN-PLANE BIAXIAL LOADING 117 

X - ^ -M 
P, p2 Applied principal loads 
e i E2 Principal strains measured 

across specimen centre 

0.15 

0.015 

a) Mode I Growth - Normal Crock 

Al? 

0.45° 

0.1 6T- , 

Pl P2 
5 2 o ^ i : ^ > \ 

s: 11 -

i 0.1 

b) Mixed Mode Growth-Angled Crack 

FIG. 5—Test parameters for crack propagation studies. 

but this is difficult to achieve in a flat-centered cruciform specimen because of 
the risk of buckling. 

Results for normal fatigue crack growth (Mode I) are shown in Fig. 7. Barsom 
[7] presented fatigue crack growth rates for a full range of materials under 
uniaxial loading: his upper and lower boundaries for high yield-strength steels 
(which include HY80 and HY130) are superimposed on Fig. 7. 

Mode II and Mixed-Mode Fatigue Crack Growth 

All Mode II and mixed-mode tests were made with one experimental setup. 
This is depicted in Fig. 5b and is the combination of crack angle, a = 45° to 
the principal load axes, stress biaxiality, X. = — 1, and stress level ratio, R = 0.55. 
It is exactly the same test situation as for Mode I growth and X. = — 1, except 
that the crack now lies along the plane of maximum shear. Ideally, fully reversed 
loading, /? = - 1, should be used for Mode II growth, but, to prevent buckling 
due to the compressive load component, it was found best, in practice, to set R 
positive. However, positive R leads to further problems if Mode II growth alone 
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perpendicular to one principal stress. 

is required; transition to mixed mode or even Mode I growth will occur. A 
number of tests with stress biaxiality set at X = - 1 showed that transition and 
interaction between Mode I, Mode II and mixed mode growth was very critically 
balanced. Figure 8 shows, for A. = - 1 loading, the crack patterns for a number 
of tests; except for (a) and (c), the test parameters were as in Fig. 5b. 

Configuration (a) shows the situation arising when a true shear (̂  = - 1 ) 
initiated fatigue crack is propagated. Crack initiation was made in a plain dished-
center specimen subject to high-strain fatigue (Ae = 2.2%). After 760 cycles 
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the specimen was removed from the rig and machined to give a flat center. The 
test was continued with an elastic shear stress range of 155 MN/m^ {R = O). 
During the initiation phase two or three sufficiently large cracks had grown, but 
one of these dominated as soon as the propagation phase was established. This 
one crack grew in Mode II, but the effect of the other small initiated cracks was 
to cause crack bifurcation leading to a complicated crack path and mixed mode 
growth, though still dominantly Mode II. This behavior did not lend itself to 
quantitative measurement of crack growth. It did show that Mode II propagation 
is not a particularly stable mode of growth. 

Configuration (b) shows the situation arising when Mode II propagation is 
attempted directly from a machined notch. Two pairs of cracks are initiated; one 
pair from each rounded end of the notch. Each crack propagates in mixed mode, 
but predominantly Mode I. Pairs of cracks, rather than single ones, form due to 
the alternating shear load. They lie at - 6 0 to -66° to the crack. Ironically, the 
first attempts to propagate a Mode I crack from a 90° notch subject to shear 
(X = - 1 ) resulted in Mode II growth; and the first attempt to propagate a Mode 
II crack from a 45° notch resulted in predominantly Mode I. 

 



120 MULTIAXIAL FATIGUE 

w SPe»cH«-2 
AT-ISSMH/Ki' 

V 
UODOcycMs 

m SPEOMEN S-3 

41.t3SMH/m' 

01 • 90' J 

naooocycm 

W SPECIMEN 1-4 
4T.135MN/m2 

\ 

W»00cy<*» \ 

(bl 

2 2 i a a c M H 

(d) 

Se 200 cyclM 

m 

— - _ 

131 too cycles 

S K O C H Z - I 

AT>220MH/ill' 

V 

SPECIMEM 1-1 

AT.170MN/M2 

\, 

SPECIMEN 1-3 

i T . U 5 M H / m ' 

1 

^ 

FIG. 8—Crack growth paths for \ = - / (shear) loading showing evidence of Mode I, Mode 
II, and Mixed Mode growth AT = shear stress range in absence of crack. 

By using equibiaxial loading (X = +1) it was possible to propagate single 
sliarp cracks aligned with the starter notch. Once the influence of the starter 
notch was overcome, the loading could be changed to X = - 1. This procedure 
was used with configurations (c) to (/). 

Configuration (c) shows, for X = - 1 loading, that Mode 1 crack growth can 
change to Mode II, even once a sharp Mode I crack has propagated under 
X = - 1 loading. Configurations (d) to (f) show crack growth paths for three 
X = — 1 tests made under identical conditions. The starter notch is set at 45° 
and initial growth is Mode II. The Mode II cracks of configurations (d) and (e) 
show transition to Mode I at around AA'u = 6 MN m~^'^ where AA",, is the 
range of Mode II SIR In constrast, the Mode II cracks of configuration (/) show 
transition to Mode I at a much lower stress intensity. 

Macrographs (approximately x 3) of configurations (e) and (/) are shown in 
Fig. 9 where the Mode II, mixed mode and Mode I cracks are annotated. Mode 
II cracks are easily recognized by their greater width due to troughs of the shear 
zone pushing ahead of the propagating crack. Mode I cracks are sharply defined 
and run normal to the principal load axes. Because there is no major principal 
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FIG. 9—Modes of crack growth for cracks with bifurcation under \ = — I (shear) loading. 

direction, two Mode I cracks will always occur at the transition from Mode II 
to Mode I—this is termed crack "bifurcation". 

Crack propagation data for configurations (c) to (e) prior to any bifurcation 
are shown in Fig. 10, from which a comparison of Mode I and Mode H growth 
rates can be made. In configuration (/), the Westward Crack B changes from 
Mode I to Mode II by a slow transition in path direction. Mixed mode growth 
occurs during this transition. Figure 11 compares crack growth rates for the 
transition and final bifurcation. 

Discussion of Results 

The previous section presented the experimental results in three divisions; the 
same divisions will be used now. Though the findings of each division show 
distinct conclusions, these conclusions must not be treated in isolation. In par
ticular, consideration of the material's cyclic stress/strain properties is necessary 
to understand the effects of stress biaxiality on crack propagation. 
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FIG. 10—Crack propagation plotted as stress intensity range versus crack growth rate to compare 
Mode / and Mode II growth (crack configuration shown in Fig. 8c, d, and e). 

Fatigue Crack Initiation and Cyclic Behavior 

Cyclic softening is apparent for both the strain conditions of ^ = +1 and 
^ = — 1. For equibiaxial strain the softening is most evident in the compressive 
half cycle, but both states of strain show similar extents of softening. 

The pronounced cyclic ratchetting or axial strain accumulation evident under 
reversed shear strain was not witnessed in the two steels (QT35 and AISI 304) 
tested by Parsons and Pascoe [5]. Evidence of axial strain accumulation due to 
torsional loading is documented by Swift [8] and by Bright and Harvey [9]. 
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FIG. 11—Crack propagation plotted as crack length versus crack growth rate to compare Mode 
I, Mixed-Mode, and Mode II growth (crack configuration shown in Fig. Sf). 

Mainly, static torsional strains were used, but a number of different materials 
were tested to very high shear strains. Axial elongation was witnessed for the 
work-hardening materials; only lead showed axial compression. It was deduced 
that axial elongation was brough about by continued slip of suitably orientated 
grains off set by work hardening of other less suitably oriented grains. Materials 
with large numbers of possible slip planes, for example, body-centered cubic 
structures, would be least prone to preferred slip and anisotropic hardening and 
so show least elongation. This was indeed the case for mild steel and plain carbon 
steels showed elongations of less than 0.03, whereas the face-centered curbic 
structures of stainless steel, aluminum, and copper-based alloys showed elon
gations of up to 0.11. Swift did not carry out true fatigue cycling, but he did 
show that reversal of the torsional strains could lead to further axial elongation. 

The HYIOO steel has a martensitic/bainitic structure, with hardness of 275 to 
285 VHN as tested. Taking into account the resistance of martensite to slip, the 
initial anisotropic structure will slip only in suitably positioned and oriented 
bainitic regions. This will lead to a progressively more anisotropic structure as 
some bainite regions are allowed to slip and others are resisted by the rigid 
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martensite. Axial elongation will then be more marked in martensitic-bainitic 
steels than with plain carbon steels as work-hardening is not a prerequisite. 
However, the rate of axial strain accumulation does not build up, but in fact 
falls off with cycling until a steady state is reached. 

Fatigue Crack Growth and the Normal Crack 

Figure 7 shows that a compressive cyclic transverse stress causes a significant 
increase in crack growth rate. The plane-strain state line falls inside the upper 
and lower boundary lines for high yield-strength steels set by Barsom [7], but 
the X = — 1 line is shifted well to the left of the upper boundary line and the 
X = + 1 line is shifted just outside the lower boundary line. 

A cyclic transverse stress should affect Mode I crack growth by altering: 
{a) shear distribution about the crack tip, and 
(b) size of the plastic zone. 
Further variables are seen to change uniaxial crack growth rates, which become 

dependent variables when changing applied stress biaxiality; these are: 
(c) crack opening displacement and crack closure, 
{d) mean stress/strain level, and 
(e) cyclic stress/strain behavior. 
The size of the cyclic plastic zone differs considerably between X = — 1 and 

X = -t-1 loadings. The approximate extent of the plastic zone can be seen simply 
by using slightly oblique lighting during microscopic observation of the crack 
tip. Comparing Figs. 6 and 12« highlights the extent of the difference between 
the two cases. After 110 cycles of X = — 1 loading, that is even before crack 
propagation of a notch of half length 0.8 mm, the width of the cyclic plastic 
zone track is of the order of 1.4 mm. In comparison, after 63 000 cycles of 
X = + 1 loading and a semicrack length of 1.4 mm, the width of the cyclic 
plastic zone track is less than 0.1 mm. The cyclic (or reversed) plastic zones, 
that is, those still apparent after stress removal, will be smaller than the monotonic 
plastic zone at the crack tip during loading. 

The crack propagation process in ductile materials is one of slip. Neumann 
[10], in testing single crystals of copper, showed that slip occurred along suc
cessive planes which were in the near vicinity of the crack vertex. As the vertex 
moved along under coarse slip, so would the active slip planes. Obviously in a 
complicated polycrystal structure this mechanism will not exist in such a simple 
and reproducible manner. However, in a polycrystalline anisotropic material the 
size of the plastic zone will reflect the extent of slip occurring at the crack tip 
since: 

1. More slip planes will be activated in larger plastic zones. 
2. The extent of slip on each plane will be greater if the "ears" of the plastic 

zone are long. 

Thus, large plastic zones at the crack tip, that is, the case for X = — 1, would 
be expected to increase crack growth rate. 
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FIG. 12—Macrographs of the crack tip area for equihiaxial loading. Specimen 5—1. \ = + I, 
ACT = 384 MNIm-. 

The plastic zone induced at the crack tip for \ = + 1 is relatively small and 
the microphotographs of Fig. \2b and c show that the plastic zone plays a part 
in the formation of the crack path. Not only is surface rumpling evident above 
and below the crack behind the crack tip, but evidence of forking of the crack 
can be seen at a number of points. Indeed, the actual crack tip on both micrographs 
appears forked with severe surface distortions ahead of the visible crack. Coarse 
slip from the crack tip could cause this premature forking, and the slip induced 
per cycle will not be enough to turn the crack along either of the forks. Miller 
and Kfouri [6] showed for equibiaxial loading of a non-work-hardening material 
that the plastic zone is squat with an inclination of 100° to the crack axis 
(compared to 65° for uniaxial loading and 50° for shear). Though the plastic 
zone protrudes ahead of the crack tip, it presents a blunt profile. Alternative 
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reasoning for the forked and rather chaotic appearance of the crack tip region is 
the formation of dislocation cells which have no dominant direction. Slip and 
microgrowth at the crack tip can then take any direction dictated by the micro-
structure within the plastic zone. Because the plastic zone is small, square, and 
squat there is no overall incentive for the crack direction to deviate. The result 
is that the overall crack direction under equibiaxial loading (X = +1) is ex
tremely straight, though it can, on a small scale, show a zig-zag growth (see 
Fig. 12a). 

The large shear ears which appeared under high levels of stress for X = - 1 
loading caused crack growth along tracks splayed out between 40 and 60° to 
the notch axis (Fig. 6). As cycling progressed, these tracks or ears did not grow 
in angular extent but extended in length to form well-defined channels. Crack 
growth and further extension of the shear tracks occurred on diametrically op
posite zones so that a single Mode 11 crack developed. As the Mode II crack 
from either end of the normal notch extended so the influence of the notch 
became less and the tracks tended to move to a 45° plane, the maximum shear 
stress direction as dictated by the applied loading. More will be said about the 
transition from Mode I to Mode II and vice versa later. 

There is considerable experimental evidence to show that a change in mean 
stress, that is, a change in /?, can alter crack growth rates (for example, [Jl]). 
In biaxial stressing, unless fully reversed loading {R = - 1 ) is used, altering 
the load range ratio, X, will alter the mean strain experienced by the cracked 
area. Tanaka et al [12] considered nine stress states. The normal cyclic stress 
range and mean were the same for each state: the transverse stress range and 
mean were changed to give different values of X. The transverse stress was cyclic 
in only four cases, and a change in mean stress was the only difference between 
two of these. In only one case were two tests directly comparable without 
interference from mean stress changes (X = 0 and X = 4-1). Undoubtedly 
Tanaka's results are influenced as much by the mean stress effects (change in 
R) as by stress biaxiality (change in X). Four of their test situations show no 
change at all in cyclic stress biaxiality from the standard uniaxial case, but give 
wide variations in crack growth rates. 

In setting up the three test parameters of X = +\, v, and — 1 some thought 
has been given to the question of true cyclic stress biaxiality and the consequence 
of mean stress-strain changes. The ideal would have been to use a zero mean 
stress level for both normal and transverse stresses. In the early days of testing 
cruciform specimens, great difficulty was experienced with specimen center 
buckling when a flat center of small area was used in initiation studies. A 40 
mm diameter flat center with a long crack would be prone to buckling under 
small (20 kN) compressive loads unless lateral movement was constrained by 
mechanical guides. A further consequence of fully reversed cyclic loading is the 
effect of the compressive half cycle on crack growth. When a crack is closed 
(faces under compressive load) it it accepted that no contribution is made to 
crack growth though as will be discussed later the conclusion may be inadequate 
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for the purpose of testing for stress biaxiality. It was planned to use a mean 
stress ratio ofR = 0.1, but, in setting up tests, it became evident that this would 
lead to complications. If one chooses R = O.l then negative X can induce 
compressive strains normal to the crack even though the normal applied stress 
is still tensile. For example, in Fig. 13 the case for \ = — 1 is compared with 
X = +1 where both the normal and transverse maximum to minimum stress 
ratios are set for /? = 0.1. For this setting of X = - 1, the compressive strains 
will induce compressive stress at the crack tip and hence crack closure when the 
normal applied stress is still tensile. The stress intensity range will be reduced 
accordingly. For the case of Fig. 13 and using elastic calculations, AK will be 
reduced to 28%. Thus, in order to compare like with like and measure cyclic 
stress biaxiality changes uninfluenced by mean stress changes, tests were best 
set up over a constant strain range. 

The concept of crack closure during crack propagation under tensile normal 
loading is not restricted to biaxial loaded cracks. Elber [73] showed that under 
uniaxial loading the cyclic plastic zone behind the crack tip can induce com
pressive residual stress, and hence crack closure before the applied normal stress 
drops to zero. He related the magnitude of crack closure to the plastic zone size 
and the stress ratio R. Can the cyclic plastic stress-strain behavior of a material 
affect the extent and continuance of crack closure? Elber in his experiments 
showed that crack closure tended to remain constant as cycling progressed, unless 
overloads were introduced. Small plastic zones allow minimal reversed plasticity 
at the crack so that residual tensile strains will be produced (Fig. 14a). On the 
other hand, if the applied stress cycle is fully reversed (R = - 1 ) , then the 
plastic strain in the shear zone at the crack tip will be able to undergo full 
reversal, that is, no residual strains will be induced and the crack growth will 
not be affected (Fig. I4b). When the plastic zone is large (\ = - 1 for instance) 
plasticity may show some reversibility even under nonreversed tensile loading 
(/? + ve), then the magnitude of the induced compressive stress will be reduced 
accordingly (Fig. 14c). 

21.5 kN load range 
contributing to crack 
opening when X = -1 

0.1 0.2 0.3 

Specimen centre strain {*/•)—* 

Effective c/s area of 
specimen = 0-704 «10'' m^ 

FIG. 13—Plots of load versus strain on principal stress axes fork = +land\ = —1 loading. 
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If reversed plasticity is free to occur then transient cyclic stress-strain behavior 
can complicate the foregoing. Cyclic softening, as witnessed in HYIOO, will 
tend to prohibit high residual strain levels (Fig. I4d). Cyclic strain ratchetting, 
as measured under reversed shear loading, will tend to promote crack opening 
due to the accumulation of tensile residual strains (Fig. 14^). Crack growth will 
then be accelerated. It is expected that ratchetting will not need fully reversed 
plasticity to have a marked effect. In fact, the extent of ratchetting should be 
exaggerated by nonreversed loading so long as some reversed plasticity is present. 

Mode II and Mixed-Mode Fatigue Crack Growth 

Even without measuring the direction of crack face displacements it is possible 
to identify the mode of crack growth from the crack profile. Predominantly Mode 
II cracks show deep shear tracks either side and ahead of the crack; under a low 
power microscope the crack appears as a wide track with no distinct crack tip. 
Though the crack front is wide and ill defined, an undisturbed Mode II crack 
will be straight with a gradually widening track as Ân increases. On the other 
hand, predominantly Mode 1 cracks are well defined but may show slight di-

FIG. 14—Graphs of cyclic load, P, versus displacement,^, in the vicinity of the crack tip showing 
effect upon fatigue crack-opening displacement (COD). 
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rectional instabilities. In a shear stress field (X = - 1) a Mode I orientated crack 
can bifurcate to give Mode II growth, and vice versa a Mode II orientated crack 
can bifurcate to give Mode I growth. The initial shear ears or tracks at the tip 
of a Mode I notch are orientated between 40 and 60° (see Fig. 6). This correlates 
well with the shear zone angle of 50° predicted by Miller and Kfouri [6]. But 
as the tracks deepen and cracks are initiated, the tracks tend to a mean angle 
approaching 45° or the maximum shear plane: the track is seen to span from 36 
to 54° after 414 cycles. The longer pair of diametrically opposite tracks will 
gradually form into a Mode II crack. In contrast. Mode I cracks growing from 
a Mode II notch are well defined from their start. Cracks are seen to originate 
at angles of between —61 and —66° to a 45° notch. This is shown in the 
bifurcating crack after 122 500 cycles of Fig. 15. 

As these cracks propagate, they gradually rotate to align normal to the applied 
principal stress directions. This compares agreeably with lida and Kobayashi 

•'S COO cycle!. 

(»50) 

120 too cycles 

122 500 cycles 

FIG. 15—Mode II growth with mixed mode forking and final bifurcation into two predominantly 
Mode I cracks. 
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[]4] who found that inchned cracks subject to uniaxial loading grew in a direction 
which tended to reduce the Mode II stress intensity to zero, that is, to a direction 
normal to the principal stress direction. 

The original crack growth angles of — 61 and — 66° do not tally with available 
theory. Predicting the crack growth angle using maximum tensile hoop stress 
gives - 74° [75], minimum strain energy density gives - 82° [16]. The "round
ness" of the crack tip may be thought to have some bearing on this variance, 
but similar behavior is witnessed for a sharp crack initiated using biaxial loading. 

The crack growth mode is not wholly dependent on the applied stress state. 
Figure 9 shows the crack paths resulting from two identical tests; Mode I, Mode 
II, and mixed mode growth can be recognized. The crack growth behavior is 
not identical: Mode 1/Mode II growth seems to be dependent on microstructure 
as well as applied stress state. Specimen 1-4 has shown almost undisturbed 
Mode II growth up to 64 000 cycles, when the Westward crack has bifurcated 
into two Mode I cracks. The Westward crack of Specimen 1-3 shows bifurcation 
after 28 000 cycles, the Eastward crack after 39 000 cycles. The Westward cracks 
have quickly rotated to grow normal to the applied principal stress directions. 
However, the Eastward cracks have not shown the same rotation: crack B has 
gradually turned to align with the maximum shear plane, thus continuing in 
Mode II. This Mode II crack has grown at the expense of the other bifurcated 
arm (crack A), which, though aligned normal to an applied principal stress 
direction, has arrested. At 120 000 cycles, the Eastward Mode II crack has again 
bifurcated, this time propagating as two Mode I cracks C and D. 

The crack bifurcation process appears to be very unstable. Figure 9 shows up 
four points of distinct bifurcation, but there are other points where bifurcation 
has interrupted straightforward Mode II growth, and these are discernible even 
at X 4 magnification. 

Figure 15 shows steps in the growth of the long Eastward Mode II crack of 
Specimen 1-3: designated Eastward crack B in Fig. 9. As AA'n increases so the 
yield track increases in size. At 115 000 cycles, slight bifurcation at the crack 
tip has induced mixed-mode growth, but the crack angle at the fork is not enough 
to cause predominant Mode I growth. One arm of the fork still favors Mode II 
growth and after a small amount of mixed-mode growth the crack continues in 
Mode II (120 100 cycles). After further growth the yield track increases in size: 
the crack tip is effectively becoming more blunt. The yield track now behaves 
like a blunt notch and crack growth favors Mode I bifurcation. 

The balance between Mode II continuation or Mode I transition appears crit
ical. Bifurcation of Mode II cracks occurs over a range of stress intensity. Otsuka 
et al [77] found that Mode II to Mode I transition was controlled by K„ (9), the 
opening mode SIF. Tests on HYIOO do not support this supposition. Figure 8 
illustrates that crack growth configurations for X = — 1 loading are not repeat-
able: possibly microstructure has a major influence. HYIOO steel has a high 
sulfide inclusion count and inclusion interaction with crack path profile has been 
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reported [18]. In particular, Specimen 1-4, illustrated in Fig. 9, draws evidence 
of at least seven points of incipient bifurcation (marked as a to g). 

Bifurcation causes a distinct change in crack mode, which is accompanied by 
an equally distinct change in crack growth rate. A single specimen may show 
Mode I, Mode II, and mixed-mode growth, but the direct comparison of crack 
growth rates for each mode is not easily assessed. A single Mode II crack can 
usually bifurcate into two Mode I cracks. The calculation of stress intensity after 
bifurcation is not easy. Further, two cracks are growing concurrently in place 
of one, though it may be argued in the case of shear loading that when bifurcated 
Mode I cracks are running normal to the applied principal stress directions one 
crack will be experiencing opening, while the other is closing or closed, and 
vice versa during the other half cycle. 

Crack growth rates are difficult to compare after bifurcation, but Fig. 10 
presents plots oi da/dN versus AK to allow Mode I/Mode II comparison prior 
to bifurcation. The Mode II curves lie to the left of the Mode I line. This tallies 
with the results of Otsuka et al [79] but not with Roberts and Kibler [20]. Plotted 
on log/log scales, the Mode II results do not show straight line plots over the 
whole range of crack length. Either the Paris relationship does not hold for Mode 
II growth or alternatively the three proportional regions seen for Mode I growth 
are not so distinct in Mode II. The combination of crack length and stress range 
may put the plot near the upper limits of A^, but this is unlikely as Ku^ is likely 
to be greater than ,̂<.. Here ^nc and Ki^ are respectively the Mode II and Mode 
I critical SIFs. 

The most likely explanation for the invalidity of the relationship 

da 
dN 

can be explained by incipient bifurcation. The bifurcation process destroys con
tinuity of crack growth, partly because a new mode of growth must be initiated 
and partly because crack growth direction is changed. Crack formation at bi
furcation, therefore, will tend to be a slower process than is straightforward 
growth. All the Mode II cracks considered in Fig. 10 show evidence of incipient 
or arrested bifurcation. Consider the two cracks of Specimen 1-4 (see Fig. 9). 
The Westward crack is least prone to incipient bifurcation: only one distinct 
point is apparent. On the other hand, the Eastward crack has six points of likely 
bifurcation which have not propagated into Mode I. This is reflected in the two 
da/dN versus a lines for the respective cracks. The Westward crack line is the 
straighter; the Eastward crack line shows a gradient at short crack lengths which 
only approaches that of the smoother running Eastward crack at much longer 
crack lengths. 

The mixed mode. Mode II, Mode I crack running Eastward in Specimen 1-
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3 (see Fig. 9) is represented in a plot of daldN versus semicrack length in Fig. 
11. Just as three distinct regions of crack growth are recognizable in the micro
graph, so three divisions can be seen in the rate plots. Changing from Mode I 
to mixed-mode shows an increase in the Paris law exponent, but as Mode II 
growth predominates there is only minimal increase in daldN with increase in 
crack length. Again, incipient bifurcation is the probable cause of breakdown 
in the Paris relationship. After bifurcation the Mode I growth rate falls to a point 
which is a continuation of the early Mode I Paris line. Prolonged or stable mixed-
mode growth was never witnessed. The stable conditions of crack growth were 
Mode I and Mode II and undoubtedly even under shear loading the former 
appeared to be the more stable of the two. Because of the instability of mixed-
mode growth it is surprising to see the daldN versus a plot obeying an exponential 
relationship. As the crack propagated so the angle changed, in this case rotating 
to the plane of maximum shear: AA", would be decreasing while AJST,, would be 
increasing. 

Conclusions 

Knowledge of the elastic stress state at the tip of a propagating crack goes 
only a little way towards understanding the problem of biaxial stress effects on 
fatigue crack propagation. In a real material, it is apparent that crack-tip plasticity 
must play a vital role, and a material's cyclic stress/strain behavior is of first 
importance. Tests on HYIOO steel show that when a material exhibits high 
strength and ductility the effects of applied stress biaxiality can be marked. 

Considering firstly fatigue crack initiation the following is concluded: 

1. Shear loading tends to be the most damaging in-plane cyclic stress state. 
2. Cyclic stress-strain behavior can differ with stress state; in particular, lon

gitudinal tensile strain accumulation or ratchetting is found to be a dominant 
characteristic of H Y100 steel under reversed cylic shear straining. Microstructural 
anisotropy due to the steel's martensitic/bainitic structure is believed to account 
for this phenomenon. 

Looking next at normal fatigue crack growth, but not isolating the foregoing 
findings: 

3. Cyclic loads transverse to a normal or Mode I crack can affect crack growth 
rate, but usually not the crack path. Out-of-phase biaxial stress, producing cyclic 
shear (X = - 1) is found to increase crack growth rate; conversely, equibiaxial 
stress (\ — -I-1) is found to decrease the growth rate. 

4. Changes in crack growth rate under different cyclic stress conditions are 
a consequence of changes in crack tip plasticity. In particular, changes in crack-
tip shear-stress distribution, plastic zone size, cyclic stress-strain behavior and 
opening displacement and closure occur with changes in applied stress biaxiality. 
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Finally, Mode II and mixed-mode growth studies show the following conclusions: 

5. Cyclic shear stress (X. = - 1) can cause Mode I, Mode II, or mixed-mode 
crack growth. Mode I and Mode II are stable forms of growth, on the other 
hand mixed-mode growth will change quickly, by crack rotation, to either Mode 
I or Mode II. 

6. The occurrence of Mode I or Mode II growth is dictated by crack angle, 
but the occurrence of any one mode is believed to be dependent on both stress 
state and microstructure. 

7. Mode I growth can change to Mode II growth by cracks turning and 
following the path of the Mode I crack shear ears. 

8. Mode II growth changes to Mode I growth by crack bifurcation. Two Mode 
I cracks will usually propagate, each in a direction normal to the applied principal 
stress directions. The balance between Mode II to Mode I transition appears to 
be very critical. Bifurcation can lead straight into Mode I growth, alternatively 
incipient or arrested bifurcation can cause continued, but disturbed. Mode II 
growth. 

9. Mode II growth is characterized by a yield track either side and ahead of 
the propagating crack. 

10. A crack propagating in Mode II can be considered more dangerous than 
the equivalent Mode I crack. Prior to bifurcation 

\da'] [cfal 
Mode 1 

for a given range of stress intensity factor. If, in a structure, conditions favor 
Mode II crack growth, then available Mode I crack growth data must be con
sidered inadequate. 
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ABSTRACT: Fatigue crack growth rates have been measured in different biaxial stress 
fields for a variety of stress ranges at two temperatures. It is shown that a negative T-
stress accelerates the crack propagation, the increase in growth rate being greater for high 
stresses. Different methods of determining plastic zone size are compared, and a crack 
growth correlation with crack-tip plasticity is proposed for remote loads not greater than 
the yield stress. 
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V Poisson's ratio 
(T Stress 

Subscripts 

f,o Final and initial values 
p Plastic 
u Ultimate tensile strength 

x,y,z Cartesian coordinates 
ys Yield stress 
/ Value for A = 1 

Since the introduction of linear elastic fracture mechanics (LEFM) many stud
ies of fatigue crack propagation have invariably demonstrated that the rate of 
growth of cracks is controlled by the crack-tip stress intensity factor. Although 
there may be differences between materials in their sensitivity to mean stress, 
which is characterized by the ratio R = K^iJK^^, the use of fracture mechanics 
equations has led to a wide acceptance of the LEPTVI approach in all situations 
involving nominally elastic loading, for example, the power law relationship 
due to Paris 

da/dN = C{AK)" (1) 

relating crack growth rate to range of stress intensity factor. 
The Paris law has been developed from empirical considerations, together 

with the knowledge that the stress intensity factors describe adequately the stress 
conditions at the tip of a crack. However, the experimental results supporting 
this approach have been obtained almost exclusively from uniaxial loading sit
uations, and to ensure that true LEFM conditions exist, stresses have been well 
below yield stress. An important prediction of the Paris equation is that only the 
stresses which contribute to the crack tip singularity can affect fatigue crack 
growth. This has been upheld in later biaxial studies, but only where long cracks 
and low stress levels have been used to ensure that the LEFM conditions are 
strictly maintained. 

However, when stresses are increased, particularly for the short crack growth 
regime, marked deviations from LEFM predictions have been found. A number 
of studies of Mode I fatigue crack propagation have been conducted in recent 
years for biaxial stress conditions, and these have been reviewed elsewhere [1,2], 

Unfortunately the results are in conflict, a fact which does not appear to be 
related solely to the different properties of the various materials studied. A 
compressive stress parallel to the plane of the crack has been shown to increase, 
to decrease, and to leave unaffected the rate of growth of cracks in carbon steels 
[3]. Reasons for such discrepancies are difficult to ascertain when comparing 
results from different laboratories; nevertheless, the foregoing effect of stress 
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range on the magnitude of the biaxial influence is apparent. The importance of 
plasticity is also underlined by low-cycle fatigue studies, which show a far greater 
dependence of strength on multiaxial strain state compared to crack propagation 
tests. 

An investigation of biaxial Mode I fatigue crack growth, therefore, has been 
conducted over a wide range of cyclic loads to examine the dependence on stress 
range, at both room and elevated temperature. The results emphasize the im
portance of plasticity to fatigue crack growth, showing a distinct correlation 
between crack-tip plastic zone size and propagation rate. 

Biaxial Test System 

A servohydraulic biaxial test facility has been developed for fatigue and creep 
crack growth studies. Tensile or compressive loads may be applied to each pair 
of arms of a cruciform specimen (Fig. 1), developing a biaxial stress field in 
the working section. The loads are controlled such that equal forces are produced 
on opposing arms. Crack propagation may be observed in the uniform thickness 
portion of the plate, with growth initiated at a central slot formed by spark 
erosion. A five zone heater enables elevated temperature testing, giving a uniform 
temperature distribution over the specimen and avoiding thermally induced stresses 
[41 

The specimen depicted in Fig. 1 is complex and expensive to produce, but it 
is designed to ensure that a constant, controlled biaxial stress field can be main
tained over a wide range of crack lengths. The array of slots machined along 
each edge of the working area serves two purposes. First, they allow a uniform 
distribution of applied stress along the edge, as each "finger" experiences the 
same extension (or compression) under tensile (or compressive) load. Second, 
they eliminate cross sensitivity between the two axes, because, as the load is 

FIG. 1—Cruciform specimen geometry. 
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applied along one axis deforming the gage area, the individual fingers on the 
other loading axis are able to flex freely, thereby allowing the gage section to 
deform without restraint along the edges. Since the edge constraint is small, a 
uniform distribution of strain is readily obtained over the working section of 
uncracked specimens from the separate loads applied to each axis, irrespective 
of their sense. The elastic strain distribution was observed in a photoelastic 
study, verifying both the uniformity of strain and the bending behavior of the 
fingers. This was subsequently checked by a finite-element analysis, revealing 
a stress variation of 2% over the central 70% of the working section for equibiaxial 
loading, and 5% deviation at the base of the fillet radius. 

The applied stress was determined from applied load for each axis, divided 
by the cross-section area of the working region (421 mm^), assuming that a 
negligible proportion of the load was required to bend the fingers of the second 
axis. This procedure was verified by the finite-element analysis, indicating better 
than 1 % accuracy for the stress on the central axis of the specimen. 

Strains were measured with a biaxial extensometer enabling one strain con
trolled test to be conducted. All other tests were under load control with a 
sinusoidal waveform. Mode I crack extension was monitored using a d-c potential 
drop technique, although the room-temperature tests were checked using a trav
eling microscope. Crack growth rates were determined by a least squares fit of 
a parabola to groups of five crack length readings, differentiated to give the 
extension per cycle according to ASTM Test Method for Constant-Load-Am
plitude Fatigue Crack Growth Rates Above 10'" m/Cycle (E 647-83). 

Specimen Material and Test Conditions 

All tests were conducted on AISI 316 austenitic stainless steel, taken from 
two different heats. The composition and tensile properties are given in Table 
1. Both heats were solution annealed, although Material A showed a higher yield 
stress probably due to a number of small size grains remaining in the plate. The 

TABLE 1 —Chemical Composition and Mechanical Properties. 

Material 

A 
B 

C 

0.06 
0.049 

Mn 

1.88 
1.36 

P 

0.023 
0.023 

S 

0.020 
0.018 

Si 

0.62 
0.54 

Cr 

17.30 
17.26 

Ni 

13,40 
11.20 

Mo 

2.34 
2.15 

Material 

A 

B 

Temperature, 
°C 

20 
550 
20 

550 

0.2% Proof Stress, 
MPa 

395 
268 
243 
133 

Tensile 
Strength, 

MPa 

611 
489 
597 
474 

Elongation, 
% 
55 
39 
68 
44 

Reduction 
in area, 

% 
71 
54 
71 
55 
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tensile tests at 550°C for both materials showed marked serrated flow at a strain 
rate of IQ-'^s-'. 

Three stress states were examined, equibiaxial (A = + 1), uniaxial (A = 0) 
and pure shear (A = - 1 ) , where A = a;t/o-̂  is a measure of biaxiality, CT3, 
being normal to the crack plane. Loading was proportional, the value of A being 
held constant throughout the load controlled cycle. Stresses were chosen to cover 
the full range from threshold (corresponding to the 2 mm initial crack) up to the 
yield stress. Cyclic hardening was observed at the start of the tests above the 
yield point. An R ratio of - 1 was chosen to avoid ratchetting, except at the 
lowest stress level where zero to tension cycling was employed to reduce crack 
closure effects in measuring threshold. Frequencies were 1 Hz at high-stress 
levels and 20 Hz for threshold tests. 

Results 

The crack growth results are presented in Figs. 2 to 6 in terms of crack growth 
rate plotted against AK, where 

AK = ACT \/(TTa sec (-aa/W*)) (2) 

Here Aa is the stress range normal to the crack, including the compressive 
portion. The term W* (=101.9 mm) is the equivalent width of the specimen 
(nominally 100 mm) which allows for the stiffening of the edges, see Appendix. 
Equation 2 is used only as a convenient parameter in plotting the results at the 
highest stresses, even though LEFM is strictly not applicable, since it provides 
a suitable correction factor for the effects of finite plate width. As each figure 
corresponds to a fixed stress range ACT normal to the crack plane, the results 
show relative crack growth rates for different biaxialities corresponding to each 
crack length a, given by Eq 2. 

Figure 2 shows crack growth from threshold, defined here as a growth rate 
of 0.1 nm/cycle. Although there is a small variation in the threshold values, 
this is probably within experimental error, disguising any influence of stress 
state on the threshold. These thresholds are for growth from an initial crack of 
root radius 0.08 mm, giving higher values than might be expected from a sharper 
crack [5]. A slightly higher crack growth rate is observed in shear loading, the 
results obeying the Paris law with m = 2. 

Figure 3 presents similar data to Fig. 2, but for /? = — 1 and with stress range 
increased by a factor of 3. The shear cracks clearly propagate more rapidly than 
in the equibiaxial case. The anomalous uniaxial points for low AK correspond 
to nonsymmetrical growth early in the test where only one fatigue crack was 
growing from the notch. Below 10 nm/cycle the shear and equibiaxial tests give 
m = 2, rising to 3.5 above 10 nm/cycle. 

Figure 4 shows the effect of doubling the stress range, giving a very clear 
effect of biaxial stress state on fatigue crack growth. Here the Paris law exponent 
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FIG. t~—Fatigue crack growth close to threshold (R = O)for Material A at 2(fC. 

is approximately 2.8, increasing sharply when AA" exceeds 100 MPa Vm. Also 
included in this figure is a shear test conducted under strain control, giving very 
much lower propagation rates. The strain range Ae of 0.25% was chosen to give 
the same initial stress range as the load controlled tests. The shear tests are of 
note because both at this stress level and in the elevated temperature tests two 
pairs of cracks were produced. The first pair formed at the initial slot in the 
expected manner, following the Mode I direction closely along the horizontal 
plane. However, a pair of vertical cracks also nucleated at the initial notch, 
growing at a similar rate to the horizontal cracks since they experienced a similar 
stress field with A = - 1. 

Figures 5 and 6 show elevated temperature results, both at 550°C, but for the 
two different materials. The clear biaxial effect of faster growth when A is 
negative is again observed. However, the slope of the power law equation, m, 
has reduced to about 1, increasing sharply to wi = 6 at about 33 MPaVm for 
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FIG, 3—Biaxial fatigue crack growth for ACT = 193 MPa for Material A at 20°C. 

Material B, 48 MPaVm for Material A. This change in slope corresponds with 
a transition to slant mode growth, introducing a Mode III component at the crack 
tip. Similar changes in slope have been observed particularly in Type 316 stainless 
steel [6,7], related to the influence of thermal aging. The low value for m of 
unity reflects the steadily increasing resistance of the material to fatigue crack 
growth as cyclic aging proceeds at this temperature, strengthening the micro-
structure ahead of the crack tip [8,9]. As Mode I growth becomes difficult. 
Mode III is favored, and the cracks turns to a slant mode, leading rapidly to 
failure. 

Crack-Tip Plasticity and Crack Growth Rate 

At low stresses with very small-scale yielding, crack-tip plasticity is very 
limited, and plastic zone size is governed by the stress intensity factor, irre
spective of biaxiality. But at higher stresses, above the very small-scale yield 
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regime, larger plastic zone sizes are found for shear loading compared to uniaxial 
[70,77]. For small-scale yielding, the plastic zone size may be estimated from 
the elastic stress distribution, but it is important to include the second term in 
the series expansion of CT^„ the stress parallel to the plane of crack, as follows 

^» = 7 7 ^ = cos :: 1 + sm - sm — ) + 0(r"2) 
VZirr 2 \ I Z 

K fl / fi IB^ 
a„ = f-^ cos - 1 - sin - sin — ) + (A - I)o- + 0(r"^) 

vl-nr 2 \ 2 2 

K, ( . % e 36 ,̂ ^^ ,„^ 
T„ = ; sm - cos - cos —- + 0(r"^) 
" V 2 ^ \ 2 2 2 ' 

(3) 
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where K, = oVmi and a is the stress normal to the crack of length a. The term 
(A - l)o- is frequently called the T-stress, and it is clearly determined in biaxial 
stress tests by the load applied parallel to the crack. Since the stress (ACT) is 
parallel to the crack, it contributes nothing to the crack tip singularity, defined 
by the initial terms in Eq 3; therefore, K, takes the usual form of aVtra , for a 
wide center cracked panel. 

By using the von Mises yield criterion with the stresses in Eq 3, and neglecting 
terms of order r"^ and above, a quadratic equation for plastic zone radius r,, in 
terms of 6 is derived for the plane stress case. For plane strain an additional 
stress 

v(0-.« + CTvv) (4) 
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is required for the yield criterion. The quadratic may be solved for r^, choosing 
9 to give the maximum value for plastic zone size. For plane stress 0 is always 
close to 71° for the /T-values covered by the tests, but for plane strain 6 reduces 
from a maximum value of 87 to 71 ° as A" is increased. Values for reversed plastic 
zone sizes are given in Table 2, showing that as A decreases, plasticity is more 
widespread. To obtain the reversed plastic zone size, observed in cyclic loading, 
AK was used in Eq 3 for K, and twice the monotonic yield stress was used in 
the yield criterion, following the suggestion of Rice [72], assuming that a ki
nematic hardening rule is applicable. In view of the high degree of cyclic hard
ening found in austenitic stainless steels, the monotonic yield stress may appear 
to be too low for cyclic conditions, giving an overestimate of plastic zone size. 
However, the error will offset to some extent by the use of the elastic stress 
distribution to define Kp, which always gives a lower bound value because equi
librium will not be strictly satisfied with an elastic-plastic stress-strain law. 
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The increase in plastic zone size with biaxiahty A, defined as (rp/rp,) where 
Tpi corresponds to equibiaxial loading (A = 1), is compared with the increase 
in crack growth rate in Table 2, showing a fair correlation at the lower stress 
levels. However, as the applied stresses become close to the yield stress, the 
plastic zone size becomes infinite, corresponding to general yield, and the cor
relation breaks down. The plane-strain results are plotted in Fig. 7 showing this 
trend, and also showing the difference between the two materials tested. The 
normalization of r^ and daldN with the equibiaxial values has a distinct advantage 
in that crack closure has no effect on the curves in Fig. 7, if closure stress is a 
function of the applied stress CT. 

Another estimate for plastic zone size can be made from the Dugdale Bilby 
Cottrell Swinden (DBCS) model [13,14]. Dugdale divided the stresses applied 
to a crack into two components, sketched in Fig. 8. For a crack of length 2a, 
a notional crack 2c was defined to include two strip yield plastic zones. For the 
elastic loading of Fig. 8a, Westergaard [75] has provided an elastic solution for 
a crack in an infinite plate under equibiaxial stress, giving 

K = (TVTTC (5) 

It is a feature of the Westergaard solution that along the faces of the crack, (j^, 
CTyj, and T;ty are all zero. For the open crack in Fig. %b the stress intensity factor 
for the stress CT„ alone is 

K = 2CT„VC7TT COS'' ( - j (6) 

Dugdale equated (T„ to the yield stress, â s and superposing these two solutions, 
he made K equal to zero to ensure that yield stress was not exceeded outside 
the plastic zone, by elimination of the singularity. This gave a plastic zone size 

r̂  = c - a = a I sec I — ) - 1) (7) 

The Dugdale solution may be extended to biaxial loading of a Mode I crack 
by adding the T-stress in Fig. %b, as shown. Clearly the T-stress does not affect 
the crack-tip singularity, so Eq 6 remains unchanged. However, along the crack 
face cr„ = r and a ĵ, = CT„ where the cohesive stresses are applied. It is no 
longer possible to equate a„ to a^s, but rather using the von Mises yield criterion 
for plane-stress conditions 

V{(a„ - 21^ + CT/ + 7-2} = V 2 (T, 

whence 

(T„ = - (T ± V(4a,,2 - 37-2)) (9) 
2 
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If a > 0, we take the positive sign in Eq 9, and for a < 0, we take the negative 
sign, since u„ and a have the same sign. Replacing a ,̂ by CT„ in Eq 7, the plastic 
zone size is given by 

sec , - 1 (10) 
(A - 1) + V(4a„2/a2 - 3(A - 1)^)/ 

where T = (A — 1)CT. Clearly the plastic zone size depends not only on (CT/ 
o-ys) as in Eq 7, but also on (A - 1). Values of r^ for the modified DBCS model 
are also given in Table 2, replacing CT by ACT and CTJ^ by la,.^ as previously 
shown. Note that Eq 10, which is very much easier to solve than the preceding 
numerical solution for plane-strain plastic zone size, gives similar results for (r^/ 
r^i). The values of (rp/a) are higher, however, because the DBCS solution is 
an elastic plastic solution that does satisfy equilibrium conditions. 

When attempting to correlate fatigue crack growth rate with plastic zone size, 
it is inevitable that plastic zone size will become infinite as the applied loads 
approach yield conditions. However finite crack growth rates are still obtained, 
as can be observed in low-cycle fatigue tests. This problem was overcome by 
Tomkins [76], who replaced CT^^ in Eq 7 by the tensile strength, CT„, assuming 
that CT„ was a better estimate of the cyclic flow stress near the crack. 

Since the Tomkins crack growth equation has found wide applicability, the 
same approach has been tried here for comparative purposes. The results are 
plotted in Fig. 7, showing that the predicted crack growth rates fall into line 
with the experimental ones, even when general yield occurred for material B in 
the shear test. Therefore, within the limits of scatter ± ( x 1.5) crack growth 
rate may be related to the equibiaxial value daldN^ by 

daldN ^ sec {T7/[V((4CT„/Ag)̂  - 3(A ^Vf) + (A - 1)]} - 1 

daldN, ~ sec ('rTACT/4CT„) - 1 

This is at best only an empirical formula since replacing CT^S by o-„ in Eq 10 
contravenes the condition of elastic deformation outside the strip yield zone in 
the preceding derivation. Its usefulness lies in {a) the ability of the Tomkins' 
crack growth equation to predict low-cycle fatigue behavior and (b) the corre
lation of multiaxial fatigue test data. 

Discussion 

The results have shown that the application of a negative T-stress increases 
fatigue crack propagation rates, but, for ACT < < 2CT„, this increase will be neg
ligible. This is in broad agreement with the effect of stress range discussed in 
the introduction, and it also implies that in some studies where the crack growth 
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showed no dependence on biaxiality the stresses may have been low. However, 
there are still a few reports of reduced growth rates in shear loading which are 
incompatible with Eq 11. The strain controlled test result was included in Fig. 
4 to show that very different results can arise. This highlights the importance 
of specimen design [4], which must ensure not only that the calculated stress 
field is correct, but also that it will be maintained (a) as the crack extends, and 
(b) as plasticity becomes apparent. Elastic stress calculations can be only used 
for small-scale yielding situations. As plasticity spreads, residual stress fields 
may be set up in the working area of the specimen if it is contrained by rigid 
loading arms or grips operating at a lower stress. It is therefore suggested that 
the results showing a beneficial effect of a negative T-stress may be due to 
geometry effects, associated with the particular specimen design and stress meas
urement technique. 

The improved correlation of results with Eq 11 compared to true plastic zone 
size suggests that plastic zone size itself is not the important parameter, but 
rather the intensification of strain around the tip of an advancing fatigue crack. 
Strain hardening will clearly play an important role inside the plastic zone, 
particularly above general yield, and so the concept of a severe-strain zone [17] 
rather than a plastic zone was proposed, related to the plastic stress singularity 
rather than yield conditions far from the crack tip. In replacing o-ŷ  by tensile 
strength CT„ in Eq 11, some kind of instability zone is apparently being defined, 
since tensile strength is related to instability of plastic deformation. This zone, 
within which plastic deformation is not constrained by strain hardening, appears 
to be more closely related to severe-strain zone size than plastic zone size. 

Taking the crack growth equation developed in Ref 17 and assuming that Eq 
10 with ays = o-„ represents severe strain zone size, we find 

da/dN = 18 ((rJEf a X -
A - 1 + Vl6(a„/Aa)2 - 3(A - 1)̂  

(12) 

using only the first two terms for the secant series expansion. Equation 12 may 
be integrated between initial and final crack lengths, a„ and Uf, to determine 
crack propagation life, Np. Thus for elastic loading 

2 7™,] [D' + 2D(1 - A) + 4(1 - A « = 5 (1 + u) (1 - Ay 
E 

and 

(Ju\ .. .. a, "'M Jim'" [if I <"' 
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X = 0 for Case B, 1 for Case A. This is a relationship that defines F-plane 
contours, described elsewhere in this publication [8], because for Case B [18], 

Imax 

2vA)/(l + v) A > 0 

and for Case A 

2e„ 

rmax 

(1 + A) (1 - v)/((l - A) (1 + v)) A < 0 

(14) 

(15) 

The F-plane is a graph with axes Viymax and e,„ the shear and normal strains on 
the plane experiencing maximum shear deformation, on which contours of con
stant endurance may be plotted. 

Since a slope m of 2 was found in Fig. 2, stainless steel can be represented 
by Eq 12, which predicts C = 4.4 x 10"" in the Paris equation, compared to 
2.2 X 10"" in Fig. 2. The F-plane for Np of 10* cycles is plotted in Fig. 9, 
showing the familiar shape observed in multiaxial fatigue tests [79]. 

Equation 13 also provides a useful prediction for Case B behavior, which is 
difficult to obtain experimentally. However, the equation should not be used for 
shear strain Viy^.^ in excess of yield, as the DBCS formula breaks down with 
general strain hardening far from the crack tip. Secondly, N^ does not include 
initiation cycles, which will be a significant proportion of life at these low-strain 
amplitudes, making Eq 13 conservative in estimating total endurance. No account 
has been taken of crack shape factors or growth direction. Thumbnail cracks 
develop in smooth specimen multiaxial tests, which imply a dimensionless ge
ometry correction factor for Eq 12. 

A similar dependence of crack growth rate on the T-stress through plastic zone 
size has been observed by Gao et al [20], for small-scale yield conditions and 

A r - I . o 

J ' m a x , ("/J 

FIG. 9—V-plane for 316 stainless steel at Np = Iff'. 
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mixed-mode loading. Thus endurance predictions on these hnes may be extended 
to shear mode or Stage I cracking situations. 

Conclusions 

1. Biaxial fatigue crack propagation tests have shown that Mode 1 cracks are 
accelerated by a negative T-stress in 316 stainless steel, the magnitude of this 
effect depending on the stress amplitudes. 

2. In biaxial fatigue, there is a correlation between reversed plastic zone size 
and crack growth rate. 

3. A crack growth equation is proposed, based on the crack tip severe-strain 
zone size, from which high-cycle fatigue life predictions can be made. 
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APPENDIX 
Estimation of Stress Intensity Factors 

It was shown previously that in the absence of a crack, the stress in the gage section 
is substantially uniform across the width, and that a negligible proportion of the load in 
the j;-direction is transmitted by bending of the "fingers" on the y-axis (less than 2%). 
Since there is virtually no cross sensitivity of stress between the x- and y-axes of this 
particular specimen geometry, the specimen is equivalent to a center-cracked panel, and 
the K calibration for a Mode I crack of length 2a is given in ASTM Method E 647 as 

K = aVlira sec (-na/W)] (16) 

for a specimen of width W, where W = 100 mm. 
The geometry factor should be adjusted to account for (a) the fillet radius at the edge 

of the specimen and {b) the finite height of the specimen. Since the correction is small 
in both cases, this may be achieved conveniently by altering the value of W to W*, giving 
Eq2. 

The fillet radius at the edge of the specimen stiffens the edge, and solutions have been 
provided by Isida [21]. The stiffening is equivalent to putting W = (421/4) mm in Eq 
16, for alW ^ 0.7, that is, increasing the specimen width in proportion to the cross-
section area. 

The finite height of center cracked panels has been studied by Isida [22], for conditions 
of (a) uniform stress along the top edge and (b) uniform displacement without transverse 
shear restraint. This specimen exhibits boundary conditions lying between (a) and (t>), 
(a) being applicable for compliant fingers and (b) being applicable for axially stiff fingers. 
The /̂ -calibration for the cruciform specimen was determined by a weighted average of 
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Isida's solutions (a) and (b) with respect to the compHance of the centra! section and the 
compliance of the fingers. 

Finally the two solutions were combined to give an overall A'-calibration, which was 
characterized adequately by Eq 2 with W* = 101.9 mm. In view of the assumptions 
made in the derivation, the accuracy should be better than 3% for a/W « 0.7. 
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ABSTRACT: Fatigue crack growth rates have been measured for aluminium alloys, using 
compact type (CT) specimens, and the results compared with published data from the same 
materials, obtained from center-cracked tension (CCT) specimens. There is a general trend 
for CCT specimens to exhibit higher crack growth rates, even at identical stress intensity 
factor ranges. This result is explained in terms of the difference in the nonsingular com
ponent of stress, parallel to the crack faces, which influences both the plastic zone size, 
and, in the case of very thin specimens, the buckling behavior. 

KEY WORDS: stress biaxiality, fatigue, crack growth rate, plastic zone, buckling 

There is considerable evidence in the literature to demonstrate that the non-
singular component of stress, parallel to the line of a crack, has an influence on 
the fatigue crack growth rate, even though it does not influence the stress intensity 
factor. This has been observed in aluminium alloys [7], steels [2], and polymers 
[3]. In the selection of standard fatigue crack growth test specimens, this non-
singular component is not normally considered, but it may in fact vary signifi
cantly between one specimen geometry and another [4]. This stress component 
influences the crack growth in two ways: 

1. The plastic zone size is influenced by the biaxial (or, strictly, triaxial) 
stress state, and this may be demonstrated to affect the fatigue crack growth 
rate. 

2. Thin specimens may buckle, due to the presence of local compressive 
stresses, and this may introduce a Mode III (out-of-plane shear) component to 
the stress intensity factor. 
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There is an additional effect, in that the crack path stability may be influenced 
by the biaxial stress state [5]. This does not affect the growth rate, provided 
that standard procedures are followed in assessing the validity of results from 
assymmetrically cracked specimens. It may, however, influence specimen de
sign, if steps are to be taken to avoid invalid results. Figure 1 shows the compact 
type (CT) specimen idealized as three beams. Neglecting the local stress con
centration effect of the crack tip and using engineers bending theory as a first 
approximation, the bending moments in the figure are given by 

Ml = Py, X a and M2 = P,, 
W + a 

(1) 

The values of CT„ and CT„ may be estimated [5]. Under an applied tensile load, 
both (T„ and a„, are always tensile 

and 

a„ = 6P„ a/BH^ 

^•- B(W - af 

(2) 

(3) 

FIG. I—CT specimen. 
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FIG. 2—Inherent biaxiality factor for CT specimens [6]. 

More exact analyses show that the (T„ component decrease to zero at the very 
tip of the crack, but this simple approximation is still expected to provide a 
useful insight into the local stress distribution. Leevers [7] has used a compu
tational technique to obtain more reliable values for the "inherent biaxiality 
ratio," ko> defined by 

K = ^xxl^yy when P„ = 0, /*„ > 0 (4) 

that is, the ratio of nominal stress parallel to, and normal to the crack, when no 
load is applied other than that normal to the crack faces. Leevers' results are 
shown in Fig. 2, for ASTM Test Method for Constant-Load-Amplitude Fatigue 
Crack Growth Rate Above 10"* m/Cycle (E 647-83) compact type specimen, 
with 2H/W = 1.2. The value of X„ increases with crack length, a/W, but 
decreases with increasing specimen depth, IHIW. 

For the center crack tension (CCT) specimen, the stress along the crack is 
compressive, under external tensile loading, and similar in magnitude to the 
remote tensile stress, that is, X.,, = - 1 [8]. Once again, Leevers' results are 
shown (Fig. 3). 

If an external load, P„ , is applied, parallel to the crack direction, the applied 
biaxiality ratio, \app> is defined simply as 

X ^ p I p 
'^app ' XX' ' yy 

(5) 

The actual biaxiality ratio, k, is then obtained by simple superposition 

^ — ^app + "-o (6) 
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FIG. 3—Inherent biaxiality factor for CCT specimens [6]. 

Testing 

Fatigue crack growth tests have been carried out on CT specimens of alu-
n\inium alloys 2024-T3 (as clad sheet, to British Standard L109) and 7010-
T7X51 (as rolled plate, to U.K. Ministry of Defence standard DTD5120, using 
an Alcan-Booth proprietary heat treatment [6]) of various thicknesses (9 to 11 
mm), in particular, tests on 6-mm-thick specimens of the 7010 alloy were carried 
out on conventional CT specimens [10] in a Dowty, 60 kN capacity, servohy-
draulic fatigue test machine, at a frequency of 10 Hz. The thin, 0.9-mm 2024 
specimens were made with the ratio IHIW = 1.9, in order to reduce X„ and 
thereby avoid any crack path instability problems, to which thin specimens may 
be more prone {5,12]. These specimens were tested between steel face plates, 
lubricated with molybdenum grease (Fig. 4.). The test frequency was, in this 
case, 1 Hz. 
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FIG. 4—Anti-buckling plates for CT Bl 120 specimens. 

The test results are shown in Figs. 5 and 6, where they are compared with 
pubhshed data on CCT specimens of 6.35-mm (0.25-in.) thick DTD 5120, and 
various thin sheet clad 2024-T3 specimens, respectively [6,13]. Both show that 
growth rates obtained from CT specimens are around one half of those obtained 
for CCT specimens, for da/dN ^ 10"'' mm/cycle. This difference is less than 
the scatter for either specimen, but there is a systematic shift in the data. 

Discussion 

It has been shown both analytically [74] and numerically [75,76] that the size 
of the plastic zone decreases with increasing biaxiality factor, X., at constant 

 



158 MULTIAXIAL FATIGUE 

itP -I L 

DTD. 5120 

J I I I L_J L 
10 20 30 

AK (KtN/m**) 
100 

FIG. 5~Comparison of CT and CCT lest results for DTD 5120. 

stress intensity factor, K. At the same time, Rice [17] and others have related 
fatigue crack growth rate to crack-tip opening displacement, which is related, 
in turn, to plastic zone size. Qualitatively, this provides an explanation for the 
effect of X on daldN. There is, however, one apparent anomaly in this approach: 
when comparing specimens of different thickness, a change from plane-stress 
to plane-strain conditions results in a reduction in plastic zone size, but if any 
change in daldN is noted, it is an increase, especially in the high growth rate 
{daldN > 10^'' mm/cycle) regime. As this, too, is a problem relating to mul-
tiaxial stress-strain fields—specifically, the effect of constraint in the through 
thickness direction. It is clear that neither the stress intensity range, nor the 
plastic zone size, are unambiguous correlating parameters for fatigue crack growth. 

In the region of interest, fatigue crack growth in high-strength aluminium 
alloys occurs by a combination of two processes: alternate blunting and resharp-
ening of the crack tip, and microvoid coalescence [77]. This first process results 
in a crack growth rate which is closely related to the cyclic COD, which may 
be calculated as 
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— oc e = 2 
dN }„ 

A'Yp X dr (7) 

where A^^ is the plastic shear strain range at a distance, r, from the crack tip. 
The integration is carried out along the maximum shear plane, and Ar^, the 
cyclic plastic zone size, is defined as the value of r such that when r ^ Ar^, 
A7p = 0. Notice that elastic components of strain do not contribute to permanent 
crack extension. Under uniaxial linear-elastic fracture mechanics (LEFM) con
ditions this is equivalent to Rice's analysis [17] for COD, which reduces to 

— « Arp =c AA"̂  
dN 

(7a) 

The second process, ductile tearing, depends on the total strain applied to 
material very close to the crack tip. Voids form at inclusions or other micro-
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Structural features, and the ligament between the crack front and the void fails 
by tensile instability ("necking") when the total strain is high enough [10]. The 
mean spacing of void nucleation sites in commercial aluminium alloys is of the 
order of 10 |xm, so that this mechanism depends on crack-tip strains rather than 
strains over the entire plastic zone. 

Considering the case of a biaxially loaded specimen, under plane stress con
ditions, from von Mises' criterion, yielding will occur when 

(8) 

where a „ and CT,,V are components of the applied stress, and a,,, is the yield stress 
in uniaxial tension. This may be rearranged to show that yielding occurs when 

£s = (i _ ẑ  ̂  N T " ' (9) 

This function shows the value of CT„/O-„ at which yielding occurs increases 
with CT„/a,,v for all negative, or small positive ratios (Fig. 7). The implication 
is that the amount of strain which can be accommodated elastically in the y-
direction increases as the ratio o-^/aw increases. If the stress intensity factor is 
specified for a cracked specimen, it is assumed that the distribution of total 
strains is correspondingly fixed, so that an increase in elastic strain implies a 
decrease in plastic strain. In the biaxially loaded, plane stress case, a „ is uniform 
due to the applied load, P„, but CT^J varies with Pyy.r'^'^ according to the usual 
LEFM conditions. Thus the magnitude of O-„/CTVV increases with r. Close to the 
tip of the crack, the normal strain is very high, and the component parallel to 
the crack may not be significant. Further away from the crack tip, the local 
biaxiality ratio does have a significant effect, resulting in the well-known var
iation of A/-p with X. This affects the crack growth rate by blunting, via equation 
[7], but has little effect on the tearing process. Correspondingly, crack growth 
rate is expected, and observed to increase with increasing plastic zone size. 

Turning to the effect of specimen thickness, the situation is quite different. 
Under plane-strain conditions, a component of stress, cr,,, must exist in the 
"through-the-thickness" direction, to prevent transverse deformation, and this 
stress must increase as the normal stress increases. Consequently, the (T,, (and 
a„) components of stress must be highest close to the crack tip. Changing to 
plane stress, crack growth by the blunting process is expected to increase with 
increasing plastic zone size, but relief of the high degree of triaxial constraint 
at the crack tip allows, for example, shear lip formation, resulting in an increase 
in "toughness" and a decrease in crack growth rate due to tearing. Under some 
circumstances it has been shown []0] that substitution of appropriate monotonic 
fracture toughness data into a fatigue crack growth equation is sufficient to 
account for the effect of thickness. 
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Buckling Behavior 

When thin sheet specimens are tested, nominally in tension, local compressive 
stresses do occur and may give rise to buckling instability problems. Figure 8 
shows CCT and CT specimens. In order to obtain reproducible test results, 
buckling must be prevented by clamping "face plates" or "anti-buckling" bars 
over those areas of the specimen. Although this presents no real problems for 
CT specimens (Fig. 4 and Ref 12), it is impossible to obtain effective clamping 
on CCT specimens and yet allow direct observation of the crack [18]. The 
problem is particularly severe with wide specimens, long cracks, and high loads. 
The CCT data in Fig. 6. was obtained with anti-buckling bars spaced so that 
the immediate vicinity of the crack tip was unsupported. This could lead to an 
unwanted Km component, especially at the higher values of AK, so that the 
difference between CT and CCT results is exaggerated. 

Comparison of CT and CCT Results 

By simple superposition (Eq 6) one would expect a CCT specimen with 
k„ = -I and X.app = +1 to exhibit the same crack growth rate for a given 
value of AK, as a CT specimen containing a crack of length aiW — 0.2 
(Xo — Xjpp = 0). 

Elastic-plastic finite-element analyses tend to support this view. Kfouri [79] 
has studied the case where a/W = 0.5. From Fig. 2 this gives \ = 0.55. Under 
these conditions, the plastic zone size for the CT specimen was found by Kfouri 
to be some 15% smaller than that for a CCT specimen with Xapp = + 1-

Hopper and Miller [7] showed daldN decreasing by a factor of about 1.4 
when Xapp is increased from 0 to -I-1 at high crack growth rates in CCT specimens 
of a 2618-T651 alloy. Anstee and Morrow [2] used stiffened panels of thin 
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FIG. 8—Buckling behavior of unsupported CCT and CT specimens. 

sheets of the same alloy and found that the crack propagation life increased 1.5 
times when X̂pp increased from 0 to 4-0.5, or 2.2 times when X̂pp increased 
from 0 to + 1 . If the difference in results is due to the difference in buckling 
behavior, one might expect the 6-mm 7010 specimens in the present study to 
show crack growth rates in CCT specimens around 50% higher than in CT 
specimens, but in the 0.9 mm 2024 specimens perhaps 100% higher. These 
estimates are in close agreement with the data of Figs. 5 and 6. 

Conclusions 

Fatigue crack growth rates obtained from specimens of various geometries 
may differ if the nonsingular component of stress, parallel to the crack direction 
differs. The changes in inherent stress biaxiality factor may be compared with 
changes in applied load biaxiality in tests on one particular type of specimen. 
Consideration of such tests implies that tests on CCT specimens of aluminium 
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alloys will give growth rates some 50% higher than tests on CT specimens. The 
difference may be greater where buckling of thin specimens is not fully con
strained. 

The effect of stress biaxiality on fatigue crack growth rate is explained in 
terms of the distribution of plastic strain near to the crack tip, and the micro-
mechanisms of crack growth. Neither the stress-intensity factor, nor the plastic-
zone size, provide unambiguous one-parameter descriptions of this strain field. 
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ABSTRACT: A comprehensive fracture mechanics study has been carried out on the 
fatigue crack growth under various biaxial stress conditions. Fatigue tests have been 
conducted on a high-cycle biaxial fatigue test facility and a cruciform flat specimen of a 
weldable structural steel with a center crack parallel to one load axis or a slant crack. 

The effects of biaxial stresses have been investigated on the fatigue crack growth prop
erties \K\-daldN, the threshold conditions AATm, and the crack closure behavior. 

If a crack is large and stress level is low, no effect of biaxial stress appears. However 
significant effects of biaxial stress appear where a crack is small and stress level is high. 

The mixed mode cracks were realized by a series of fatigue tests started from a slant 
crack in a cruciform specimen, where a longer bent crack or a branched crack appeared. 
It is found that such a nonstraight crack follows along the direction where AA",, = 0 and 
the AKi-da/dN relations coincide with those for a straight crack under single K, mode. 

KEY WORDS: biaxial loading, fatigue crack propagation, fracture mechanics, structural 
steel, mixed modes, stress intensity, stress ratio, branched cracks 

Most structural components suffer biaxial/multiaxial cyclic loadings, and most 
fatigue cracks in them propagate in biaxial stress or mixed mode conditions. 
There are now many arguments for and against the AA'-dependency of the fatigue 
crack growth under biaxial stresses [1-12] and also in mixed mode state [13-
16]. That is, the effects of biaxial stress or nonsingular stress on fatigue crack 
propagation have been investigated theoretically [17-21] and experimentally [/-
12] by many researchers and various conclusions have been reached on the AK-
dependency of the fatigue crack growth under biaxial stresses. Few data [13-
16] have been obtained on the fatigue crack growth properties under mixed mode 
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conditions where a crack follows a nonstraight path. It is an important problem 
in fracture mechanics whether the fatigue crack growth behavior in such a com
plex stress field can be predicted directly from uniaxial fatigue data for a pure 
K\ mode in a simple specimen or not. 

In the present study, a comprehensive fracture mechanics study has been 
carried out on fatigue crack growth under various in-plane biaxial stress con
ditions, using a high-cycle biaxial fatigue test facility and a cruciform flat spec
imen of weldable structural steel with a center crack parallel to one load axis or 
a slant crack. The crack at every stage was analyzed by an analytical method 
and a finite element method, taking geometry of the specimen and nonlinear 
crack path into consideration. 

The effects of stress biaxiality have been investigated on the fatigue crack 
growth properties both at lower and higher stress levels and also the threshold 
conditions A^„h- Moreover the fatigue growth behavior for a slant crack was 
investigated under biaxial stress conditions. The applicability and limitations of 
linear fracture mechanics to such fatigue crack growth are discussed. 

Specimens and Experimental Procedure 

Two kinds of a cruciform flat specimen were used for biaxial fatigue tests as 
shown in Fig. 1. A large specimen in Fig. la is used for the fatigue tests at 
lower stress levels and also for mixed mode fatigue crack growth tests, and a 
small one in Fig. \b is for the fatigue tests at higher stress levels. The material 
used is a weldable structural steel sheet with the thickness of 4.5 mm. There is 
a little difference in the mechanical properties of weldable structural steels (Wel-
ten 60) used for the two kinds of specimens. The mechanical properties and 
chemical composition of the materials are shown in Table 1. 

Fatigue tests have been performed on the new high-cycle biaxial fatigue testing 
machine specially developed for the present study. This machine has four electric-
hydraulic servoactuators and load cells, arranged perpendicular to each other on 
a horizontal plane in a rigid circular frame and can control with high accuracy 
the mean and amplitude of load for both axes as well as the phase difference ^ 
between the loads of both axes at high frequency. The load capacity is ±98 kN. 
The details of the machine and the testing procedures were reported in other 
papers [70,22], 

Analysis of the Cruciform Specimen 

In advance of experiments, it is important to evaluate the stress intensity and 
the stress distribution in cruciform specimens because of the complication of the 
specimen shape. Since the specimens are flat, it can be dealt with as a two-
dimensional elastic problem. The stress intensity factors for a center crack in a 
cruciform specimen were analyzed exactly by a modified mapping collocation 
method, which used special complex stress functions [70,25]. The solutions 
obtained were checked by finite-element method (FEM) analysis. Figure 2 shows 
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Thickeness 

(a) large cruciform specimen 
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<b) small cruciform sDeclmen (g | , dimensions in imi) 

FIG. 1—Configurations of two cruciform biaxial specimens. 

TABLE 1 —Mechanical properties and chemical composition of the materials. 

Chemical Composition, % 

C Si 

0.10 0.39 
0.09 0.16 

Mn 

1.36 
1.01 

P S 

0.021 0.007 
0.014 0.005 

Cr 

0.01 
0.01 

Specimen 

Fig. \a 
Fig. \b 

Mechanical Properties 

Yield Strength, 
MN/m= 

480 
539 

Tensile Strength, Elongation 
MN/m' % 

620 
646 

28 
20 

Specimen 

Fig. la 
Fig. \h 
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FIG. 2—Nomenclature for analysis. 

the model of this analysis. Here, CT,O and cr^ are nominal stresses applied to the 
gripped parts of specimen. In the case of a crack parallel to x-axis ((3 = IT/2), 

^1 can be calculated as follows 

Ki = F„8,<,VTTa + F^a^VTia (1) 

where F^, and F ,̂ are the correction factors of ^i, which is induced by tension 
stress o-yo in y-direction and (T^ in ;c-direction, respectively. 

From the analytic results, the values of F,j, and Fî  can be polynomially ap
proximated as follows 

, ^ 11.19061 , f 0. 
''̂  | l .4890j [ - 0 . 

0076\ , ... 
0077) ^^'^^ 

0.20511 
^^0:2713r«^^>^ - { 0 : ^ 8 4 } («̂ >̂̂  (2) 

„ 1-0.25891 ^ r0.0253l , ... 
^ ' ' = 1 - 0 . 3 2 2 7 j + l0.0062|^"^^^ 

r0.0459l , ,,,2 ^ 
-|o.0114J(«^^^ + 

[0.06651 , 
I0.O547J ^'^ IL? (3) 

(0.1 r̂  alL ^ 1.0, within 0.1%), (upper row for Fig. la and lower row for 
Fig. \b). 

It is noteworthy that F ĵ in these specimens represents a relatively large negative 
value. This means that the tension stress â ô parallel to a crack causes a decrease 
in ^rvalue. 

In the biaxial fatigue tests of these specimens controlling the applied stresses 
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CTvo and a^, the values of stress intensity range AA', and the stress ratio R,, can 
be defined as follows in the cases of phase difference c[) = 0 and -IT. 

Kt — - ^ ' 

(4) 

(5) 

(upper sign for c() = 0, lower sign for cf) = TT) 

where Uy^ or o-,„ is mean or amplitude of applied stress â o in y-direction and 
(T^„ or â o is in x-direction. 

The value of R/, is different in general from the stress ratio of applied loads 
^v = o'vrain/o'vmax and f^x = f™in/o"̂ max- PoT actual fatigue tests, the changes in 
A^, and R^ must be taken into consideration. 

If a crack is slant with respect to the x-axis, as shown in Fig. 2, a K, and A",, 
mixed mode state appears. The stress intensity for a slant crack in the specimen 
of Fig. la was also analyzed by the analytical method mentioned before [23]. 
The values of K^ can be calculated by Eq 1, and A",, is as follows 

(6) ^ri = Fny o" _voVira + Fi^.a^Vria 

ispeclmen Flg.Kol H/W=7V165 
fVW=5(V165 

F,v I</W=25^65 

-0-5 

30 60 
(^-0) degree] 

c Ki c - Kii 

FIG. 3—Stress intensity factors for a slant crack in a cruciform specimen under tension stress 
in y-direction. 
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FIG. 4—Stress distribution along x-axis in a cruciform specimen without a crack. (Fatigue tests 
are carried out where a/L < 1.0). 

The values of F,,, and F^y obtained are shown in Fig. 3 as functions of crack 
length a/L and crack angle (7r/2 — 3). Since the specimen is symmetric about 
the origin, Fi,(P) = FH,(IT/2 - p)andFmO) = -F | , , (TT/2 - P). In the case 
of the equibiaxial stress state (o-,,o = CT^O> <I> = 0), the value of ^,i for a crack 
with any angle p becomes zero and the crack grows straight under pure K^ mode. 
Using the specimen with a slant crack, any desired Ku and Ki combinations can 
be induced by various biaxial loadings. 

The stress distribution in the cruciform specimen without a crack was examined 
by FEM. Figure 4 shows the stress distribution along x axis in the specimen of 
Fig. lb. 

From these results, the stress CT^ in the y-direction and a^ in x-direction at the 
center of the specimen (Fig. lb) without a crack can be represented by 

CTi = ao-vo + P CTvol a = 1.49 I 
P = -0.321 (7) 

These stress components CT^^ and CT,- correspond to the uniform biaxial stresses 
in the y- and x-direction for a crack in a infinite plate. Therefore the nonsingular 
term T in a stress field near a crack tip and biaxial stress ratio C can be defined 
approximately as follows 

T = (Tr - (TL = -(I - C)(TL 

C = 
o-z. 

(8) 

(9) 
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T=TxOJo+TyOyo 

Tapp=-(0L-Of) 

=(o(-^)((So-(^) 
l.SKCSo-C^) 

Q2 0.A 0.6 0.8 1.0 
a/L 

-2.1 
FIG. 5—Nonsingular term T, and T, in a cruciform specimen. 

These equations are effective only for a small crack. The exact values of T in 
a cruciform specimen were calculated by FEM according to Larsson and Carlson 
[24]. Figure 5 shows the values of T, and Ty analyzed. The values of T^ are 
almost constant for any crack length, and the values of T,, decrease only by 10%. 
In the fatigue tests, the required o-,o and CT^ corresponding to any desirable (1^, 
and a J combination are calculated by solving Eq 7. 

Experimental Results and Discussions 

Fatigue Crack Growth Properties for Wide AK, Range and 
Threshold Conditions 

To obtain the fatigue crack growth properties for wide AATj range under various 
biaxial loading conditions, both constant load and decreasing load biaxial fatigue 
tests were carried out for a large crack parallel to one load axis in the specimen 
of Fig. la. In the present tests, the applied stresses dyo and CT^ were controlled, 
and the stress ratio Ry = â omin/ô jomax was kept constant for a series of biaxial 
fatigue tests. Four kinds of biaxial loading conditions were selected; uniaxial 
stress (CT^ = 0), static lateral stress (o-̂ „ = Uy„, <T^„ = 0), equibiaxial stress 
(CTJO = CTjfl, (|) = 0) and out-of-phase equibiaxial stress (ns^^ = o-y„, â „ = a,„, 
c|) = -IT). In decreasing load tests, the loads of both axes are gradually decreased 
by 3%, keeping the stress ratio Ry and /?, constant, after crack growth is observed 
by a surface replica method. 
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Figure 6a and b represent the fatigue crack growth rates daldN for various 
biaxial loadings against exact AA^pvalues calculated by Eqs 2 through 4 in the 
cases of/?,. = 0.1 and 0.3, 0.5, respectively. Figure 6 shows that there are some 
difference in the ^Ki-da/dN relations for various biaxial loadings, and this 
tendency is remarkable at low AKi range. The reason for this tendency can be 
explained as follows. In present fatigue tests, Ry was kept constant, the real 
stress ratio R,, = Ki^iJKi^^ defined in Eq 5 is different from /?, in the cases of 
static lateral stress and out-of-phase biaxial stress conditions. In these cases the 
/fj-value is smaller than Ry, and therefore the fatigue crack growth rates apparently 
decrease. It is well known that the fatigue crack growth properties in high-
strength steels are insensitive to stress ratio in the middle AA"] range and become 
very sensitive at lower AKi ranges. It is known that the effect of stress ratio can 
be well explained by crack closure concept [25]. 

The crack closure was measured by a strain gage method in the tests at 
Ry = 0.3 and 0.5. Figure 7 shows the effective stress intensity range AKicfcdal 
dN relations, which fall within a narrow scatterband above daldN of 5 X 10"^ 
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mm/cycle. This means that no effects of biaxial stresses on the crack closure 
phenomenon appear in the present tests, and the effects of /?< mentioned pre
viously can be well explained by effective stress intensity range. 

Figure 8 represents the threshold conditions AA'nh obtained for various biaxial 
loading conditions as a function of stress ratio R^ exactly calculated by Eq 5. 
Here the AA'î , was defined as the AAr,-value where the daldN was below 5 x 10~** 
mm/cycle. The values of AATi,,, obtained follow single AA'„h-/?it relation in a 
manner similar to that of uniaxial fatigue data [26,27] and agree with the uniaxial 
data obtained by a center cracked plate specimen (CCP) of same material. 

From these results, it is found that the AKrda/dN relations including AA'i,t, 
for various biaxial loading conditions can be characterized by exact values of 
AKI and R^ or uniformly by AA'̂ ff. Biaxial stresses or the nonsingular term do 
not affect the fatigue crack growth properties and also crack closure behavior 
within the present study. The reason for these results is that the present exper
imental condition adequately satisfy small-scale yielding conditions at a crack 
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tip where one parameter of stress intensity prescribes tlie stress field near a crack 
tip. 

Effect of Biaxial Stresses 

To examine the effects of stress biaxiality on the fatigue crack growth, another 
series of biaxial fatigue tests were carried out at higher stress level and for a 
smaller crack than in previous work. In the present tests, a smaller specimen as 
shown in Fig. lb was used for nearly the same material and the stress ranges 
A(Ti and ACT̂  defined in Eq 7 and the stress ratio Rj, were kept constant throughout 
a series of biaxial tests. Four kinds of typical biaxial stress conditions were 
selected; uniaxial (No. 1), equibiaxial (No. 2), shear stress (No. 3), and out-of-
phase equibiaxial (No. 4) stress conditions. A buckling protector was used in 
the tension-compression biaxial fatigue tests (shear stress. No. 3). 

Figures 9 and 10 show the ^Ki-daldN relations obtained for various biaxial 
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Stresses at two stress levels in the cases of/f̂  = 0.1 and 0.3, respectively. The 
data in Fig. 9 at lower stress level reveal negligible effect of stress biaxiality 
and fall within a narrow scatterband. But the data in Fig. 9 at a higher stress 
level have some differences in AKj-da/dN relations and show a significant effect 
of biaxial stresses. This tendency becomes remarkable at /{^ = 0.3 as shown in 
Fig. 10. From these data, it is found that the difference in the AA'pJa/o'iV relations 
is remarkable at low A^, range where a crack is small. Compared with each 
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FIG. 9—The AKrda/dN relations for various biaxial stress conditions at R,, = 0.1. 
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data set for various biaxial stress conditions, it is found that the data for the 
shear stress condition (No. 3) deviate from the other data on the decreasing side 
of crack growth rate. Tanaka et al [12] reported the same tendency in the biaxial 
fatigue tests of mild steel at /? = 0. However Miller [8] and others have reported 
results contradictory to the present results. It seems to depend on the material 
whether the data for the shear stress condition deviate on the decreasing side or 
the increasing side. In our tests of stainless steel, results different from the 
present study in weldable steel have been obtained and the daldN for shear stress 
becomes higher than that for uniaxial data [28]. 

It is important that the effect of biaxial stresses does appear only at higher 
stress levels and at higher stress ratio, and the effects are remarkable at low A/ ,̂ 
range where a crack is small. Focusing on these points, the experimental con
ditions for the present biaxial fatigue tests are rearranged in Fig. 11, including 
those for our tests not reported here [10,28], and also for recent papers on cyclic 
biaxial fatigue of cruciform specimen by Miller [7,8], Tanaka [11,12], and 
Liu [9]. 

In Fig. 11, the vertical axis is one half of the crack length measured, and the 
horizontal axis is stress level (JinaJ'^ys' where â s is a yield strength of material 
and CT^max is maximum applied stress in y-direction at a center of specimen. 

This figure shows that the effect of biaxial stress appears only in the tests for 
a relatively small crack and at higher stress level, and its limitation line seems 
to exist at (Ti^^^JOy, = 0.4 to 0.5. This fact can be considered as follows. It is 
known that the yielding condition and the plastic zone at crack tip under biaxial 
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stresses are quite different from those under uniaxial stress. Some tlieoretical 
analyses [17-21] show that the plastic zone under equibiaxial tension stresses 
is small and that under tension-compression biaxial stress or shear stress it 
becomes large. Therefore large scale yielding at a crack tip can occur under 
some biaxial stresses at a lower stress level than under uniaxial stress, where 
not only the stress intensity but also nonsingular term T seem to prescribe the 
stress field near a crack tip, and the effect of biaxial stress should appear. 

In many previous works on biaxial fatigue, stress intensity and biaxial stress 
ratios were described explicitly, however such experimental conditions as a crack 
length and stress level were usually not taken into consideration. Therefore some 
confusion seems to occur as to the AK dependency of fatigue crack growth under 
biaxial stresses. The limitations of linear fracture mechanics must be investigated 
by further researches of both systematic biaxial fatigue tests and theoretical 
studies on the effect of nonsingular term. 

Mixed Mode Fatigue Crack Growth 

A series of fatigue tests were carried out on fatigue crack growth behavior 
using a cruciform specimen (Fig. la) with a slant crack. The experimental 
conditions are listed in Table 2. A slant crack with various angle (3 propagated 
without deviation under equibiaxial stresses until the total crack length 2a reached 
to about 20 mm. Then the applied stress conditions were changed to uniaxial or 
out-of-phase equibiaxial stress conditions. The values of AA", and A^,, at this 
stage were calculated by Eqs 1 and 6 and shown in Table 2. Mixed mode fatigue 
cracks under various combinations of AAT, and AKu have been realized in the 
present tests, where a large bent or branched crack was observed. 

Figure 12 shows the initial fracture angles at the tip of a slant crack against 
the ratio AKu/AK^ or AKi/AKn and also theoretical curves after various criteria 

TABLE 2—Experimental conditions for mixed mode fatigue cracks. 

Specimen No. 

Material 

Slant angle, p° 
Initial crack length, 2a, (mm) 
Mean and amplitude of stress 

in ^i-direction, MN/m^ 
Mean and amplitude of stress 

in .i-direction, MN/m^ 
Stress ratio of applied load, 

R = CTmi,/tfmx 
cr„/cr„ 
CM/CVO 

Phase difference, radius 
AA'i at initial stage, MN/m' -
A/i|i at initial stage, MN/m'̂ ^ 
AKJAK, at initial stage 

Cv™ 

f,<i 

C.m 

" • » « 

R, 
«, 

0 

1 

31.5 
20.02 
43.54 
35.60 

0 
0 
0.1 
— 
0 
0 
0 
1.89 
8.18 
4.33 

2 

43.5 
19.67 
43.54 
35.60 

0 
0 
0.1 
— 
0 
0 
0 
5.59 
9.05 
1.62 

3 4 

Welten 60 

61.0 
19.96 
43.54 
35.60 
0 
0 
0.1 
— 
0 
0 
0 

10.89 
7.71 
0.72 

75.3 
20.31 
43.54 
35.60 
0 
0 
0.1 
— 
0 
0 
0 

14.08 
4.32 
0.31 

5 

45.0 
20.35 
43.54 
35.60 
43.54 

0.0 
0.1 
1.0 
1 
0 
0 
6.08 
9.25 
1.52 

6 

43.5 
20.20 
43.54 
35.60 
43.54 
35.60 
0.1 
0.1 
1 
1 
ir 

0.84 
18.38 
21.88 
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FIG. 12—Initial fracture angle versus the ratio of stress intensity ranges AK„ and AK,. ((iem«, 

. . . circumferential stress maximum criterion by Erdogan and Sih [29], S„,„, . . . strain energy 
minimum criterion by Sih [30], Sj . . . distortion strain energy minimum criterion by Jayatilaka 
[31], energy momentum tensor criterion by Tirosh [32]). 
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for brittle fracture under mixed mode conditions [29-32], in which the A", and 
Ki, are replaced by A^, and AA",,, respectively. Experimental results seem to 
agree with maximum cucumferential stress (7^^^^ criterion by Erdogan and Sih 
[29]. However compared with the fracture angles of No. 2 and No. 5 for the 
same AKu/AKi value, a little difference is observed. This is because the stress 
ratio R;, is different. 

Figure 13 shows the fatigue growth rate daJdN for a crack projected onto 
the j:-axis versus the apparent stress intensity range AK^^^ for a straight crack 
with the crack length of 2a,. This figure shows that these AK^^^^-daJdN relations 
for various nonstraight cracks fall within relatively narrrow scatterband except 
the data just after a crack starts to grow, and they almost agree with the data 
for a straight crack under single A"] mode. Figure 14 shows schematically two 
typical crack paths observed in No. 2 and No. 6 specimens. In the case of No. 
2, a slant crack with an angle of nearly 45° changed direction gradually at initial 
stage to grow perpendicularly to the loading direction as shown in Fig. 14a. In 
the case of No. 6, a particular crack path was observed under out-of-phase 
equibiaxial stress conditions, where AX, = 0 and reversed Mode II loading was 
applied. A symmetric branched crack with a half branched angle of about 70° 
was observed as shown in Fig. 14&. 
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To investigate the AA'-dependency of fatigue growth behavior for such a 
nonstraight crack, Ki and KH for a bent and a branched crack shown in Fig. 14 
were analyzed at every stage of crack growth by FEM [33] and an analytical 
method [34,35]. The details of these analyses are omitted in this paper and only 
numerical results are shown in Fig. 15. Figure 15 shows the variations of A/Tj 
and AKii normalized by AaVira^ with the crack length projected to x-axis (a^). 
The normalized stress intensity F, (bent) for a bent crack (No. 2) gradually 
approaches to that for a straight crack under same stress conditions. But Fi 
(branch) for a branched crack (No. 6) has higher value than that for a straight 
crack. This is because this stress intensity is analyzed on the assumption that 
crack edges of branched cracks are stress free. However, it is found that one of 
branches is closed for a large portion of load cycling as shown in Fig. I5a. Fig. 
15a shows the variation of K, for branched crack with time. Taking this crack 
closure effect, the normalized stress intensity for a branched crack becomes Ff 
(branch) or Ff (branch) as shown in Fig. 15b. Ff (branch) is the normalized 
stress intensity range, assuming that Fj-values for branched crack are approxi
mated by those for bent crack when one of the branches is closed. 

Ff (branch) is the normalized stress intensity range correspond to the portion 
of positive ^pvariation, assuming that the negative region of AT,-variation does 
not contribute to fatigue crack growth. The Ff (branch) gradually approaches 
to that for a straight crack in the same manner as Fi (bent). These results of F, 
(bent) and Ff (branch) well explain the fatigue crack growth properties shown 
in Fig. 13 where the fatigue crack growth rates for a bent or branched crack 
were uniformly characterized by ^K^pp. 

y y 

initiat crack 

">1 X 

(a) bent crock (NO.2 ,0io=0) 

(b) branched crock (NO.6 , (%°(^.^=7C) 

FIG. 14—Schematic fracture patterns for Nos. 2 and 6 specimens. 
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Ki-variation of branched cracl((tip A) 
Ki-variation of txanched crack(tip B) 
Kr variation of bent craci* 
actual KI-variation 

FIG. 15a—Variation of K,for branched crack with time. 

In Fig. 15^, it is found tiiat Mode II stress intensity A/Tu for a bent craclc (F,, 
(bent)) or a branched craclf (Fif (branch)) is negligibly small. This means that 
such a nonstraight crack grows along the direction where A.̂ ,! = 0, which was 
proposed by us in another paper [34]. Therefore the A.Ki-da/dN relations for 
such a crack follow the same properties as those for a straight crack under pure 
K, mode, if the exact Krvaluc for a nonstraight crack is evaluated. It is so 
difficult to evaluate the stress intensity for such a crack at every stage that various 
conclusions have been drawn on fatigue crack growth under mixed mode con
ditions. In practical application, the fact is also important that the AKi^^j,-daJ 
dN relations approximately coincide with AKi-da/dN relations for a straight 
crack under Mode I condition. 

Thus it is found that the A/T-dependency of the fatigue crack growth is effective 
even under biaxial loadings and in mixed mode state, if the small-scale yielding 
condition is satisfied and stress intensity is exactly evaluated. 

Conclusions 

A series of fatigue tests and analyses has been conducted on the fatigue crack 
growth in a weldable structural steel under various cyclic biaxial stress conditions 
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both in the cases that a crack parallel to one load axis grows straight and that a 
slant crack follows along a nonstraight crack path. The main results obtained in 
the present study are as follows. 

1. Stress intensity factors for a straight crack and also a bent or branched 
crack and nonsingular terms in cruciform specimen have been analyzed by both 
analytical and finite element methods. 

2. The i^Ki-daldN relations for a wide A^i range including the threshold 
AX̂nh under various biaxial loading conditions can be characterized by exact 
values of A^i and stress ratio Rt or uniformly by effective stress intensity range 
AK'ieff. No effect of stress biaxiality has appeared in the AKj-daldN relations or 
the crack closure behavior, if a crack is adequately large and the stress level is 
low. However significant effect of stress biaxiality has appeared in the case 
where a crack is relatively small and stress level is relatively high. 

3. The experimental conditions for the present biaxial fatigue tests and some 
papers reported are rearranged, focused on crack length and stress level. The 
critical region where the effect of biaxial stresses appear is clarified. 

4. The mixed mode fatigue cracks were realized by a series of fatigue tests 

 



182 MULTIAXIAL FATIGUE 

Started from a slant crack in a cruciform specimen where a bent crack or a 
branched crack is observed. 

5. It is found that such a nonstraight crack path follows along the direction 
where AA",, = 0 and the ^.K^-daldN relations coincide with those for a straight 
crack under single Ki mode. 
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ABSTRACT: Although the majority of fatigue crack propagation studies have been con
cerned with pure Mode I loading situations, in practice many cracks in components may 
initially extend by fatigue under a combination of all three crack growth modes, and this 
initial period may predominate during the fatigue lifetime. In this paper, the threshold and 
growth behavior of cracks under various combinations of Mode I and Mode 11 crack tip 
displacements are studied, showing the effect of the T-stress in the biaxial specimen. Four 
materials (AISI 316 stainless steel, DTD 5120 aluminium alloy, Ti-6A1-4V, and ICr-Mo-
V steel) have been tested. Two different experimental procedures, four-point bending and 
biaxial loading of a.plate, are employed. 

An expression is derived for fatigue crack growth under combined mode load conditions 
relating growth to crack-tip reversed plastic deformation, which depends on the Mode I 
and Mode 11 crack-tip stress-intensity factors and also the T-stress. A secondary but 
important factor is the fracture ductility of the material around the crack tip, which itself 
is a function of biaxial stress state. 
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plastic deformation, ductility, stress intensity, stress ratio 

Nomenclature 

a 
a„ 
B 
E 
k 
K 
k 
N 

Crack length 
Initial crack length 
Specimen thickness 
Young's Modulus 
Material constant 
Stress intensity factor 
Branch crack tip stress intensity factor 
Number of cycles 
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Linear elastic fracture mechanics (LEFM) has been used successfully for 
analyzing fatigue crack growth leading to many improvements in fatigue design 
procedures. First, by relating propagation rate to crack-tip stress-strain fields, 
the Paris law can be used for estimating the fatigue life of cracked structures. 
Second, as an alternative design route for infinite life components containing 
crack like flaws, a tolerable defect approach based on the fatigue threshold has 
been developed. While many papers have been published dealing with the pure 
Mode I case, only a few investigations have been concerned with fatigue crack 
growth under mixed-mode loading conditions and in particular mixed-mode 
fatigue threshold behavior [7-5]. In real engineering situations, however, since 
there are a variety of structures, flaw geometries, and complex applied loads, 
the majority of fatigue cracks may extend under a combination of all three crack 
growth modes. Unfortunately, if pure Mode I results and existing LEFM criteria 
are used directly in the fatigue design of a component subject to complex applied 
loads, the design will not be safe in some circumstances. For instance, the crack 
may grow sufficiently to cause failure even below the estimated thresholds. In 
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addition the real crack growth rate may be larger than that estimated, so that 
early failure may occur. 

In this paper, the threshold and growth of cracks under various combinations 
of Mode 1 and Mode II crack-tip displacements are studied from both theoretical 
and experimental viewpoints. By considering both the plasticity and the local 
fracture ductility of material around the crack tip, a new expression of fatigue 
crack growth under mixed mode loading is derived, which gives a satisfactory 
prediction for the mixed mode threshold curve. 

Experimental Method 

Two experimental procedures have been used to study mixed mode behavior, 
(a) four-point bend tests on rectangular specimens with skew symmetric appli
cation of the loads together with cracks displaced from the axis of symmetry, and 
(b) inclined cracks in cruciform shaped specimens subject to biaxial cyclic stresses. 

Details of the two methods for conducting biaxial fatigue crack propagation 
experiments are given in Refs 5 and 6, respectively. 

Four materials have been tested, namely, AISI 316 stainless steel, DTD 5120 
aluminium alloy, Ti-6A-4V, and ICr-Mo-V steel. Their mechanical properties 
are listed in Table 1. 

All tests were conducted in laboratory air at room temperature on servohy-
draulic fatigue machines, operating under load control in the frequency range 
15 to 80 Hz (sine wave). Load ratios R = a^i„/a^^^ of 0.2 and 0.5 were em
ployed. A load increasing technique was used to determine threshold values with 
crack extension being monitored visually with a x 40 travelling microscope, and 
simultaneously with a d-c potential drop system. Crack growth increments of 
0.02 mm could be discerned readily by these methods. 

Two types of starter crack were used. In "slit" specimens, a slot was formed 
by spark erosion, giving an initial crack of finite width, 0.16 mm. In some tests 
a fatigue crack was grown from this slot under pure Mode I conditions prior to 
mixed mode loading, using a load reducing technique down to threshold, to 
minimize residual stress effects [5]. In both cases, plane-strain conditions existed 
at the crack tip, since the monotonic plastic zone size was less than one fortieth 
of the specimen thickness. 

Crack Propagation Close to Threshold 

Although the mechanical properties of the four materials tested varied con
siderably, and, in the case of stainless steel, the specimen geometry and the 
loading system employed were quite different, good agreement between the 
experimental results has been obtained. Tests have been conducted to evaluate 
the fatigue thresholds for (a) coplanar, mixed mode growth, and (b) the formation 
of a pure Mode I branch crack. These two thresholds may be characterized by 
lower and upper bound curves, respectively, as shown in Fig. 1, drawn to show 
the general trend of the data presently available. 
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(i) Initiation of coplanar growth A (bending) • (cruciform), (ii) Mode I brancti craclc formation in 
precracked specimen D (bending) • (cruciform), (iii) Initiation of craclc growth from a slit O 
(bending) # (cruciform). 
(a) stainless steel. 
(h) DTD 5120 aluminium alloy. 
(c) Ti-6A1-4V. 
(d) ICr-Mo-V steel. 

FIG. 1—Mixed mode threshold conditions. 

Below the lower bound no crack growth was detected. Between the curves 
coplanar growth occurred, although subsequently crack arrest and oxide debris 
blocking of the crack tip were observed. A Mode I branch appeared when the 
apparent values of AÂ , and AÂu (that is, with no allowance for closure) cor
responded to the upper bound curve. However, this line appears to be dependent 
strongly on crack-tip closure, crack surface contact, rubbing, and oxide blocking 
[5]. In some situations the influence of these effects becomes less important, 
that is, when the load ratio R is high or the crack surface is quite smooth, so 
that the upper bound curve approaches the lower bound (Fig. 2). In the case of 
slit specimens, since both closure and crack surface rubbing effects are mini
mized, the upper and lower bound curves apparently coincide. This unique curve 
is then dependent intrinsically on the crack-tip stress-strain field and the fatigue 
resistance of the material. 
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FIG. 1—Continued. 

Theoretical Analysis of Mixed Mode Thresholds 

The Mode I branch crack always initiated on the plane normal to the maximum 
stress CTe, within the original crack tip stress field, once the applied load exceeded 
a critical value. However, the value of threshold was governed not only by the 
Mode I displacement, but also by the Mode II component. 

In the present paper we define the threshold as a crack growth rate of 2.5 x 
10"^ mm/cycle, that is, an average of approximately one atomic spacing per 
cycle over the crack front. In order to predict the mixed mode threshold curve, 
it is necessary to understand how crack growth rate changes with the AA'i,/AA', 
ratio. 

First, fatigue crack growth is a function of crack-tip reversed plastic defor
mation. It may be shown from dimensional analysis that, if there is no size effect 
which may arise from specimen geometry or microstructural features, the crack 
growth rate is governed by the crack-tip reversed plastic zone size [7]. However, 
close to threshold the crack grows discontinuously in each individual grain, but 
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FIG. 2—The upper bound dependence of mixed mode crack growth on the load ratio R, for 
stainless steel. (Data for R = 0.65 from Tanaka [1] on aluminium). 

for the purpose of assessing the average growth rate across many differently 
orientated grains, it is still possible to employ a continuum mechanics approach 
to determine relative plastic zone sizes. 

Second, the ductility ahead of the crack tip is an important parameter [8,9]. 
Crack growth rate is believed to be inversely proportional to the true fracture 
ductility (-y/), which itself is a linear function of stress state [10,11]. In case of 
fatigue crack growth, we have chosen the ratio of normal stress to shear stress 
on the plane of maximum shear deformation emanating from the crack tip, that 
is, o-9(6*)/Tre(0*) [12,13], to characterize the crack-tip stress state; this is the 
plane that provides the greatest contribution to fatigue damage. Thus, the crack 
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growth rate at threshold (2.5 x 10" '̂ mm/cycle) under combined mode loading 
conditions can be represented by the equation (see Ref 5) 

where 

dN yj (\a) 

If = 7n + (7fu - 7f,) 
|TH,(e*)| 

and 

A^,2 cos2 - (1 -

+ MAKn sin 6 

+ LK^^ 

2vf + 3 sin̂  -
2_ 

3cos9 - (1 - 2vf 

3 + s i n ^ -m - 2v 

ilb) 

{\c) 

9cos-

where AT is a constant that depends on the cyclic deformation behavior of the 
material alone. The term rp(e*) is the maximum extent of crack-tip reversed 
plastic zone, 6* being chosen to give the maximum value for r^ in Eq \c. For 
ideal plasticity, o-ys will be twice the cyclic yield stress, being the effective yield 
stress following a stress reversal. Parameters 7f„ and 7f, are the true fracture 
ductilities measured as maximum shear strain from monotonic tensile and tor
sional tests, respectively. In the case of combined Mode I and Mode II loading, 
according to LEFM close to the crack tip, for - TT < 8 s IT 

ae(e) = 
K^ 
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If AA!',!,,, 7fu and 7f, can be measured, then the mixed mode threshold corre
sponding to any AA'n/AA:, ratio can be estimated [5] by solving Eqs I and 2. 
The theoretical curve calculated shows agreement with experimental results, as 
shown in Fig. 3. Aluminum alloy has a very low resistivity, so some measured 
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FIG. 3—A comparison of theoretical predictions with experimental results. 
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points are high because of the difficulty of detecting crack growth from the 
specimen surface. For design purposes, this approach gives a safer prediction 
than other theories previously used, for example, the minimum strain energy 
density and maximum normal stress criteria [2,5]. For the maximum normal 
stress, the value of G in Eg 2a is determined from daf,/dQ = 0, which gives, 
for a critical value of (VZirr • cre)> a predicted threshold for mixed mode loading 
as plotted in Fig. 3. 

Compared to the plane-strain conditions used here, the theoretical curve for 
the case of plane stress may be higher, since the increase of crack-tip plastic 
zone with AK^/AKi is not so great. As shown in Table 2, if A/Ti, = AAT,, in 
the plane-strain case /},ii(9*) is 3.7 times larger than rp,(e*), while in the plane-
stress case the difference between ^̂ 11(6*) and r̂ iCe*) is 2.25. As an example, 
for AISI 316 stainless steel, in plane-strain AA'tu, = 0.65 AATm (Fig. la) so that 
one would expect AÂ î n = 0.89 AAr,hi for plane stress. 

Inclined Crack Growth Under Biaxial Loading 

The rate of crack growth was studied for the stainless steel over a range of 
stress conditions in biaxially loaded plates with a central inclined crack, as 
illustrated in Fig. 4 and listed in Table 3. It was always observed that the branch 
crack appeared in the direction corresponding to the maximum normal stress, 
CTe> in the crack-tip stress field. However, as it grew the direction changed because 
the crack followed the path of maximum A^i (and A^u -^ 0), eventually be
coming a pure Mode I crack normal to the maximum principal stress range axis 
of the applied stress field. 

In order to calculate the stress-intensity factors (SIF) of the branch crack, an 
appropriate method has been developed. First of all, the observed propagating 
path is divided into several linear segments (Fig. 5a). The calculation procedure 
is as follows: 

1. Estimate the inclined crack SIF AKio and AA'no (Fig. 5^, crack C-0) from 

AAT, = Aa (sin- a -I- A cos- a) Vmi (3a) 

A^i, = ACT (1 - A) sin a cos a VTTO (3b) 

2. Calculate the kinked crack (C-0-1) tip SIF A.^„ and A^ni, by using Chat-
terjee's method [14] (Fig. 5c) for a short branch crack. 

3. Derive an equivalent crack fleff, ((' = 1) with the SIF AKy, A^n, and normal 
stress ACT„, (Fig. 5d), 

 



GAO ET AL ON GROWTH OF FATIGUE CRACKS 195 

TABLE 2—A comparison of plane-stress and plane-strain cases for v = 1/3. 

Conditions 9* T™.(e*) cT,(e*)/T^(e*) r,(9*) 

Pure Mode I plane stress 70.5° 0 . 6 4 5 — F ^ 1.415 1.333 - — 4 

K ( AK^ 
plane strain 87.88° 0 . 5 - ^ 1.037 0.8066 - — -

VlTtr \2-rro-,,-

Pure Mode II plane stress 0° /-— 0 3 1 - : 

plane strain 0 , 0 31 
V2-irr \2iio-„^ 

Aac = ACT (sin^ a, + A cos^ a,) (4fe) 

where a, is the measured crack angle. The term Oeff is decided by AÂ j, alone 
since A/̂ n, was always a small quantity. 

4. Calculate kinked crack (0,-1-2) tip SIF A ^ K and A^„2 (Fig. 5d). 
5. Repeat Steps 2 to 4 for ( = 2, 3, . . . n. 
6. Multiply AA'i, and A^ni by the width correction factor Vsec {-nxllW) 

where x is the distance of the crack tip from the centerline of the specimen. 
7. Calculate rp,(6*) corresponding to each crack increment using Eq Ic. 

The stress-intensity factors obtained from this approximate method were com
pared with those from two separate finite element calculations, one based on the 
energy release rate (C^) estimation and the other performing a least squares 
analysis using the Williams terms of the displacement distribution in the neigh
borhood of the crack tip. These showed that agreement was within 10% error. 

The relationship between crack growth rate daldN and rp(e*), as illustrated 
in Fig. 6, shows that for the same value of rp(%*) different crack speeds are 
obtained under various biaxial stresses, and the differences become greater as 
the crack extends. This phenomenon may be interpreted in terms of the T-stress 
effect, as shown next. 

r-stress Effect 

According to LEFM, at low levels of stress the stress field close to a crack 
tip can be described with sufficient accuracy in terms of the stress-intensity 
factors. However, at moderate levels of stress, the T-stress becomes significant 
in the crack-tip field and should not be omitted arbitrarily [75]. The T-stress 
[76], the final term in Eq 5b, is the next most significant term in the series 
expansion for a^ after the singular terms, where a^ is the stress parallel to the 
crack. If terms of order r"^ and greater are omitted, crack-tip stresses are given 
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FIG. 4—Biaxially loaded plate with a central inclined crack. 
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FIG. 5—A diagrammatic sketch of the approximate K-calculation method. 
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Although the T-stress has no influence on the SIF, since it is a nonsingular 
stress parallel to the crack plane (Eq 5b), it does affect the crack-tip plasticity 
[77]. For equibiaxial loading the T-stress contribution is zero (A = 1), but as 
A decreases to — 1 for pure shear, the plastic zone size increases above that 
predicted by Eq Ic. Since larger plastic zones give higher growth rates, a spread 
of data is observed in Fig. 6, with the shear loading giving the highest growth 
rates. However, no such dependence on T-stress was shown for the threshold 
values, as listed in Table 4. In Table 4, tests 1 to 4 give the Mode II threshold 
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FIG. 6—Relationship between crack growth rate and crack-tip reversed plastic zone size calculated 
from SIF alone. 

for this material, but the Mode I threshold values are derived from a different 
batch of Type 316 stainless steel [6]. For either mode, threshold is constant 
within experimental error. 

The increased effect of T-stress in the crack propagation tests is due to the 
higher stress levels employed (Table 3). In this case a new equation should be 
derived in place of Eq Ic, which will include additional terms for the T-stress. 
This is readily obtained from Eq 5 by using the von Mises yield criterion for 
plane-strain conditions 

(O-̂  + (TyY (1 - V + V )̂ - 3o-̂ CT„ + 3 T „ ^ = CT„ (6) 

and may be solved numerically to obtain r/iQ*), for any given value of T-stress. 
The resultant plastic zone size, r^'id*) is plotted in Fig. 7, showing that much 
of the divergence in results in Fig. 6 is actually due to the T-stress. 

Equation la suggests that one should obtain a single straight line in Fig. 7, 
passing through the origin, if r/ is the true plastic zone size. This equation was 
previously suggested for Mode I plane-stress cracking [7], based on a model 
proposed by Pook and Frost [75], and it may be rewritten for plane-strain 
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FIG. 7—Relationship between crack growth rate and the true plastic zone size. 

conditions using rp{Q*) as defined in Table 2, 

da 

0.8066 [ £ J " 
) (7) 

This equation is plotted in Fig. 7 with a Young's modulus of 200 GPa and 
(Tys taken as twice the monotonic yield stress. Clearly the experimental points 
approximate to a straight line equation of this form, indicating that the true 
plastic zone size is a useful parameter for relating mixed mode crack propagation 
data to the results of standard Mode I tests. 

Fracture ductility does not appear in Eq 7 because it only applies to Mode I 
crack extension. Close to the crack tip the T-stress is insignificant in determining 
the biaxial state on the shear plane, so that the dependence of crack growth rate 
on biaxiality is governed by plastic zone size alone. 

Conclusions 

1. Two types of fatigue threshold are found for mixed mode loading, (a) for 
coplanar, mixed mode growth, and {b) for the formation of a Mode I branch 
crack. 
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2. Cracks follow a path that gives the maximum Mode I component once a 
Mode I branch has formed. 

3. J-stress has no obvious effect on threshold, but, at higher stresses, a 
negative T-stress gives faster crack propagation rates in fatigue. 

4. The rate of crack growth is proportional to the true plastic zone size, 
modified by a fracture ductility term when coplanar mixed mode growth takes 
place. 
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ABSTRACT: An investigation has been made into the propagation of fatigue cracks in 
Mode III (anti-plane shear) in circumferentially notched cylindrical specimens subjected to 
cyclic torsion with and without small superimposed static tension loading. Studies were 
performed in a range of low-alloy steels of yield strengths varying from 310 to 1625 MN/ 
m^ with the objective of characterizing both constant amplitude and variable amplitude 
Mode III crack growth behavior. Rates of fatigue crack propagation in Mode III were 
found to be characterized uniquely by the Mode III cyclic crack tip displacement (ACTDm) 
or the plastic strain intensity range (AFm) for elastic/plastic and fiilly plastic conditions, 
only if allowance was made for friction, rubbing, and interlocking between sliding crack 
surfaces (crack surface interference) through superposition of small axial loads. Such Mode 
III crack advance is envisaged in terms of Mode II shear coalescence of microcracks 
initiated at inclusions in the immediate vicinity of, and parallel to, the main crack front, 
consistent with micromechanical modelling studies incorporating either instantaneous crack 
tip displacement or damage accumulation arguments. The application of such models to 
the prediction of Mode III fatigue crack propagation behavior under both constant amplitude 
and simple variable amplitude loading spectra is briefly reviewed. 

KEY WORDS: fatigue (materials), cracking (fracturing), crack propagation. Mode III, 
torsional loading, alloy steels, crack tip displacement, plastic strain intensity, damage 
accumulation, elastic/plastic fracture mechanics, mean tension 
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c Total crack length (including notch) 
Cm Material constant in Mode III crack growth relationship (Eq 8) 

CTD, Crack tip displacement in Mode ; = I, II, III 
ACTD, Range of crack tip displacement in Mode / = I, II, III 

d Exponent in Coffin-Manson law (Eq 9) 
{deldN)i Fatigue crack growth increment per cycle in Mode / = 1, II, III 

Ci Exponent relating displacement increment across an inclusion to its 
aspect ratio (Eq 7) 

F„ Constant relating Mode II growth rate to ACTDn (Eq 6) 
G Shear modulus 
Ki Stress intensity factor in Mode / = I, II, III 

AA", Range of stress-intensity factor in Mode / = I, II, III 
k von Mises shear yield strength 
L Distance grown by inclusion cracks before coalescence 
/, Length of inclusion crack 

AM Applied torque range 
M L Limit torque 

Â  Number of cycles 
Nil Number of cycles to linkup inclusion cracks 

Nil,, Number of cycles to grow Mode II crack across crack step b 
R Load ratio, ratio of mmimum to maximum load (or torque) 
r Radial coordinate measured from specimen axis (Fig. 3) 

r^ Uncracked ligament radius of specimen (Figs. 2 and 3) 
To External radius of specimen 
tp Radius from specimen axis to boundary of plastic zone (Fig. 3) 
r,. Cyclic plastic zone size 
Q Strain concentration, defined as exp(Q) 

UTS Tensile strength 
V, Volume fraction of inclusions 
w Width of inclusion crack 
Y Tensile yield strength (monotonic) 

F( Tensile yield strength (cyclic) 
r,,! Plastic strain intensity (Eq 2) 

Ar,ii Plastic strain intensity range 
7 Shear strain 
7/ Monotonic fracture strain 

A7 Shear strain range 
AcJ) Crack mouth rotation 

T Nominal shear stress 
p Characteristic microstructural dimension 

Compared to the large volume of information on the growth of fatigue cracks 
under Mode I (tensile opening) conditions (for a recent review, see Ref 1), 
experimental studies on fatigue crack propagation in Mode III (anti-plane shear) 
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are comparatively rare in the literature. Early analytical work by McClintock 
and co-workers [2-6] on the problem of longitudinal cracks in torsionally loaded 
samples under fully plastic and elastic-plastic conditions led to the development 
of damage accumulation models for Mode III crack advance, where the crack 
was considered to grow at a rate consistent with the damage, or fraction of life 
expended, remaining at unity at some microstmctural distance p (related to the 
mean inclusion spacing) ahead of the crack tip [5]. Later studies generalized 
these models to predict Mode III growth rates as a function of plastic zone size, 
utilizing failure criteria based either on accumulated strain or Coffin-Manson 
damage at the critical microstmctural distance p [6]. 

More recently the question of Mode III fatigue crack growth has been re
examined in the context of fracture mechanics where experimental crack prop
agation behavior has been principally examined as the radially inward concentric 
cracking of circumferentially notched cylindrical bars loaded in cyclic torsion 
[7~16]. Based on studies on several low-alloy steels [8,9] and a 6061-T6 alu
minum alloy [10] it appeared that the rate of Mode III crack extension (dc/ 
dN)iii could be power-law related to the stress intensity range A/T,,,. However, 
the uniqueness and generality of such correlations may be questioned in terms 
of (a) the problem of rubbing and interlocking between sliding fracture surfaces 
in anti-plane shear (termed crack surface interference) [11-13] and (b) the 
validity of a linear elastic (that is, AATm) characterization for Mode III cracking, 
which is a fracture mode promoted by extensive plasticity [8,12]. 

In the present paper, the role of superimposed axial loads in influencing Mode 
III fatigue crack growth in cyclic torsion is examined in the light of experimental 
crack growth data on 4340, 4140, A469, and A470 low-alloy steels, ranging in 
yield strength from 310 to 1625 MN/m^. Particular attention is paid to the 
characterization of Mode III crack growth rates in terms of fracture mechanics 
concepts and the associated role of crack surface interference with respect to the 
fracture morphologies involved. The experimental crack growth behavior is de
scribed in terms of recent micromechanical models for Mode III crack advance 
which incorporate either instantaneous crack tip displacements or damage accu
mulation arguments. Crack extension in Mode III is considered to occur via the 
Mode II coalescence of microcracks initiated at inclusions in the immediate 
vicinity of, and parallel to, the main Mode III crack front. The success of these 
models in predicting rates of Mode III crack advance under constant amplitude 
and simple variable amplitude loading spectra is briefly discussed. 

Experimental Measurement of Mode III Crack Growth Rates 

Figure 1 indicates the state of stress and the corresponding modes of failure 
of a cylindrical bar loaded in cyclic torsion. In the long-life/low-stress regime 
(typically for applied shear stresses T less than 70% of yield k) helical failures 
occur in Mode I at ±45° to the axis of the shaft along surfaces of maximum 
tensile stress (akin in the monotonic sense to the torsional fracture of chalk). In 
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FIG. 1—(a) State of stress and modes of failure for a torsionally loaded unnotched solid cylindrical 
bar, showing (b) Mode I tensile cracking af T/k = 0.5, (c) Mode HI + II longitudinal shear 
cracking at ilk = /, and (d) Mode III + II radial shear cracking at T/k ~ 0.9. 

the short-life/high-stress regime (typically j/k a 0.85), failures occur along 
transverse or longitudinal shear surfaces which are Mode II on the surface and 
Mode III in the interior (akin to the torsional fracture of plasticene) [8]. Ac
cordingly, to promote crack growth in Mode III and facilitate the process of 
crack monitoring, most recent studies [7-9,11-17] have been performed with 
circumferentially notched cylindrical specimens where the radially inward con
centric growth is Mode III in torsion and Mode I in tension. 

In'the present study, such specimens of AISI 4340, AISI4140, ASTM A469, 
and ASTM A470 steels (of composition and mechanical properties listed in Tables 
1 and 2, respectively) were cycled on a computer-controlled Instron tension-
torsion servohydraulic testing machine at zero mean torque (load ratio R = — 1) 
with a frequency of 1 Hz (sine wave).' Specimen dimensions are shown in Fig. 
2. Although simple in geometry, the circumferentially notched specimen is ex
tremely prone to misalignment problems which induce undesired bending mo
ments and hence cause asymmetrical crack growth. Since the typical alignment 

'Additional data for Figs. 5 and 6 were obtained with a Baldwin rotating mass testing machine 
operating under constant torsional amplitude at 30 Hz [ /J ]. 
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406.40 

63.50-

FIG. 2—Circumferentially notched solid cylindrical torsion specimen for Mode III fatigue crack 
propagation tests, showing torsional Wood's metal pot for alignment. Dimensions in millimetres. 

accuracy in standard testing machines (that is, to within —0.02-0.05 mm) is 
insufficient to prevent such problems, test specimens in the current study were 
loaded through specially designed torsional Wood's metal grips. A schematic 
diagram of the grips and actual test geometry is shown in Fig. 2, and, with such 
an arrangement, symmetrical radial cracking was consistently obtained. 

Radial crack extension was continuously monitored using d-c electrical po
tential methods [77]. Once again problems can arise with this test geometry in 
torsion due to electrical shorting between sliding fracture surfaces in the wake 
of the crack tip. This problem, however, was minimized in the current work by 
superposition of the applied axial load to the cyclic torques. For tests under pure 
cyclic torsion, a small axial load was applied periodically, while the test was 
stopped, to permit electrical potential crack length measurements. Full details 
of these procedures are described in Ref 17. 
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To provide a wide range of loading conditions to assess the validity of various 
crack growth parameters, tests were performed under a variety of conditions, 
namely, at a constant torque range (AM), at variable torque range where AM 
was changed periodically, at a constant ratio of torque range to net section limit 
torque, based on the cyclic yield strength {AMIM,}, and at constant range of 
crack mouth rotation (Acj)), monitored using a twist meter of 25.4 mm gage 
length. Crack growth rates were computed by applying finite difference proce
dures to data for crack length, c at various numbers of cycles. A'. 

After testing, specimens were broken open at — 196°C and examined optically 
and in the scanning electron microscope. 

Fracture Mechanics Characterization of Mode III Crack Growth Rates 

For small-scale yielding. Mode III crack growth rates were characterized in 
terms of the stress-intensity range (AK„i) and the cyclic crack tip displacements 
(ACTD[|[). The respective solutions for the circumferentially notched cylindrical 
geometry were obtained from Refs [18,19], and are listed elsewhere [8,12,14]. 
Where required, the Mode I solutions for the stress intensity and crack tip 
displacement (CTD) were also taken from these sources [18,19]. However, since 
crack extension in anti-plane shear is promoted in general by extensive plasticity, 
characterization in terms of elastic-plastic fracture mechanics is necessary. This 
was achieved by considering analytical solutions [20] for the plastic strain dis
tribution, 7, in the plane of the crack of a circumferentially cracked solid cylin
der, with net section radius r,^, of an elastic perfectly plastic material, with 
shear modulus G and shear yield stress k, yielding to a radius from the axis r^ 
(Fig. 3) 

G 
(1) 

Note all radii are defined from the axis. Although the plastic strain 7 is infinite 
at the crack tip (r = r ,̂), the parameter 7(/-^ - r) is clearly finite and defines 
the intensity of plastic strain in the crack plane, in the limit as r^ - r -> 0 

r,„ = 7(r . - r) = - ;^^, r . (2) 

at r -^ r̂ v 

Tin is the so-called plastic strain intensity [7,12] and, as defined in Eq 2, can 
be used for the circumferentially notched test geometry as the governing param
eter for Mode III crack extension in the presence of extensive plasticity (0 < M/ 
ML S 1) [12,14]. Computation of Tm for this specimen involves determining 
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FIG. 3—Nomenclature for plastic zone and respective radii in cylindrically notched test specimen. 

analytical expressions for rplr,^. Limiting cases for MIM^ —» 0 (elastic) and Ml 
Ml-* \ (fully plastic) are given in Ref 20, and interpolated solutions for the 
range of M/M^ between these limits have been recently derived [12,21]. 

Crack extension also was characterized in terms of the cyclic crack-tip dis
placement. By considering the functional form of the plastic zone size (r,.) in 
Mode III [3], and integrating to determine the CTDm, it may be shown [14] 
that the plastic strain intensity r,n is related to the CTDm via the simple expression 
for small scale yielding 

CTD,„ = 2r,„ (3) 

Equation 3 tends to overestimate CTDm for large-scale yielding but is generally 
correct within a factor of no more than 2. 

Experimental Mode III Crack Growth Data 

Initial results for radial Mode III crack growth (deldN)^ behavior in 4340 
steel (650°C temper), representing tests at constant torque amplitude (increasing 
{deldN)ni with increasing crack length), are compared in Fig. 4 with equivalent 
behavior in Mode I. Mode III and Mode I growth rates in this figure are plotted 
as a function of their respective crack-tip displacements (derived from small-
scale yielding solutions [79]). Similar to the well documented Mode I results, 
propagation rates in Mode III appear to be related to the cyclic crack tip dis
placement (and hence the stress-intensity range), although the crack increment 
per cycle is a much smaller fraction of the ACTD. 

However, when subsequent tests were performed at different torque levels, 
specifically with decreasing and then increasing {dcldN)ni with increasing crack 
length, a marked hysteresis effect was observed in the dependence of {deldN\i] 
on A/Cm (or ACTDm), as shown for 4340 steel (200°C temper) in Fig. 5. This 
was particularly evident for tests at a constant A/Tm where growth rates were 
observed to steadily decay with increasing crack length (Fig. 6), implying no 
unique dependence of {dcldN\ii on A^m- The effect was even more pronounced 
in the lower strength 4140 steel where tests in pure cyclic torsion (that is, with 
zero axial load) at constant and variable torque range, at constant AM I Mi, and 

 



212 MULTIAXIAL FATIGUE 

1 ' ' 1 " " ' • ' 

CM 

-̂̂  

\ 

\ 

_ l 
U l 
U l 
1 -
</5 

O 

r̂ 

m 

< 

^' 

. \ UJ 

\ o \ • \ o 

\ '• ' A ^ 
\ '--''A -\ •..».• \ _l 

\ -V 
\ •• \ 
\ * i \ 

\ V'A 
\ 'v \ 

k \ •• \ 
* \ • • \ 

V \ **̂ ' '̂  \« \ . •• 
\ •* \ • 

\ * \ 
\ * \ 
\ * \ \ ^ \ \ 4 \ 

\ * \ \ * \ 
\ > # •* \ 

JC < \ 
• \ * \ 

" \ ''- \ 
\ * \ ^ \ *\ \ 

o \ *% \ 
o \ % > 

_ i \ 

> \ 
u \ 

1 l i n i . . 1 1 1 

1 " 

\ 

,' 

4 \ 
4 \ 
4 

4 
4 

* 
« 

<> 
4 

Q Q 
(-• H " 

O O 

<) < 
— CM 

b b 
ri II 

•D T3 

^ -^ 
O C> 

•D TP 

:.• 
• •_ 

\ ' *'>• 
\ **" 
\ *• 

L* \ 
\ 4 \ 

\ * \ 
\ * \ \ *'• \ 

\ 
\ 

d 

<J 
•a 

I 

g 

z 
TO \ 
o 
• a 

ro 

».•••< . 
\ * ' " < 4 

\ 

-
CJ 

<1 

UJ o < 

2£ 

to o 

I-

o 

OS 

(sp^D/ujiu) Np/Dp ' 3 i v y NOIlVOVdOdd XOVMO 3n9IIVd 

i-
O 

i 
n 
u-

I 
P 
? 
i j 

1 
o 

•i'. 
t 3 

.s-

 



RITCHIE ET AL ON TORSIONAL AND AXIAL LOADING 213 

9 10-
"FACTORY R O O F " ^ 5 ; : ^ ' ^ J m r n 

.9--'° 
c *l.5mm 

I I 1 1 _ 

10 , „ 100 
ALTERNATING STRESS INTENSITY iKm(MBOiffi) 

FIG. 5—Mode III fatigue crack propagation data at R 
a function of the stress-intensity range (AK,„). 

- / in 4340 steel (lOff'C temper) as 

at constant A<j) yielded no apparent correlation between {dc/dN)ni and AKm 
over the range ~ 10"* to 10"' mm/cycle (Fig. 7a). 

At first glance this nonuniqueness in the Mode III data appeared to be asso
ciated with the invalidity of the linear elastic fracture mechanics characterization 
(that is, in terms of A^ni). since cyclic plastic zone sizes (r^) at higher growth 
rates were comparable with specimen dimensions. However, when the data were 
reassessed in terms of the plastic strain intensity range AFni (Eq 2) using elastic-

s, 10"' 

10 — 

10 — 

g 10 

-

-

— 

AISI 4 3 4 0 STEEL 

MACROSCOPICALLY 
FLAT 

CONSTANT AK 

TRANSITION ZONE. 

1 

HI = 5 0 MPo /m 

5 
"FACTORY ROOF'^'^ V 

1 1 

I 2 
CRACK L E N G T H clmm) 

FIG. 6—Mode III fatigue crack growth behavior atR = — 1 in 4340 steel (65ff'C temper) as a 
function of crack length cfor tests at a constant AK,„ of 50 MPdVm. 
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FIG. 7—Mode HI fatigue crack growth rates (dc/dN),,, at K = -1 in annealed 4140 steel 
(Y = 310 MNIm-)for various test procedures of constant and variable AM levels, constant AM/ 
ML and constant A4> conditions, showing (a) behavior as a function of AK/ufor tests under pure 
cyclic torsion (K, ~ 0) and (b) behavior as a function of the plastic strain intensity range W„ifor 
tests under cyclic torsion with a small superimposed axial load (Ki = 6 to II MPaVm, CTD, = 0.3 
to 0.9 \Lm). Key to data points similar in each figure. Arrows indicate increasing or decreasing 
growth rate tests. 

plastic fracture mechanics, again no unique correlation was found although the 
amount of scatter in Fig. la was reduced somewhat. 

The solution to this problem was realized by examining pure cyclic torsion 
experiments in 4140 steel [12], where specimens cycled at constant AM/M^ 
levels were found to be able to withstand torque levels (computed on the unbroken 
cross section) in excess of three times the limit torque without total failure. 
Clearly in pure Mode III tests, the sliding crack surfaces remain in contact to 
such an extent that the broken ligament of the specimen is still able to carry 
torque. The effect is somewhat analogous to crack closure during Mode I fatigue 
crack growth [22-24] in that the effective torque actually experienced at the 
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FIG. 8—Mode III fatigue crack growth rates (dc/dN),„ a» R = — I as a function of plastic strain 
intensity range AFm in A469 and A470 rotor steels (Y = 621 and 764 MNIm^, respectively) under 
cyclic torsion with a small superimposed axial load (K, = 6-H MPaVm. CTD, = 0.14 to 0.47 
|xm). Arrows indicate increasing or decreasing growth rate tests. Prediction from damage accu
mulation model (Eq II). 

crack tip is significantly less than the nominally applied value, although unlike 
Mode I closure, it acts over the entire loading cycle. Mechanisms for such sliding 
crack surface interference, which is promoted by longer crack depths and rough 
fracture surfaces, are discussed in detail next in terms of the morphology of 
Mode 111 failures. 

Accordingly, to minimize such interference, small static axial loads were 
superimposed onto the cyclic torsional loads to separate the sliding crack surfaces. 
Specifically, the same series of tests on 4140 steel shown in Fig. la were repeated 
with a small axial load superimposed, corresponding to a static ^ , of 6 to 11 
MPaVm (that is, a CTDi = 0.3 to 0.9 |xm, which is small compared to the 
ACTD„, of 2 to 200 |xm). The results, shown in Fig. 7fo in terms of {dcldN)^ 
as a function of AFm, now show a reasonable correlation of growth rates for a 
wide range of test conditions, with scatter reduced to within a decade in {del 
dNU-

Similar results were obtained in A469 and A470 rotor steels where growth 
rate data for pure cyclic torsion (that is, zero axial load) were again unrepro-
ducible. However, with the superposition of an axial load corresponding to ̂ i = 6 
to 11 MPaVm (CTD| = 0.14 to 0.47 n,m) for tests under both increasing and 
decreasing {dcldN)xn conditions, a unique relationship between Mode 111 prop
agation rates and AFm was found with minimal scatter over a wide range of 
growth rates from ~ 10~* to 10"' mm/cycle (Fig. 8). 

Fractography of Mode III Crack Growth 

Mechanisms for the occurrence of sliding crack surface interference, which 
so markedly affects Mode 111 behavior, can be appreciated by examining the 
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fractography of Mode III failures. Scanning electron microscopy of such radial 
fractures in 4340, 4140, A469, and A470 steels revealed several distinct mor
phologies. At higher growth rates and short crack lengths, surfaces in all materials 
were microscopically flat (pure Mode III) and "smeared-out," with evidence 
of severe rubbing, abrasion, and fretting oxide formation (Fig. 9a). Specimens 
were observed to become hot to the touch during testing with wear-like debris 
emerging from the crack opening. Although this fracture mode was observed at 
all growth rates in the A469 and A470 rotor steels, at lower growth rates and 
larger crack lengths in the 4140 and 4340 steels a marked transition occurred to 
a rough failure mode consisting of ridges and valleys (termed "factory-roof" 
fracture [25]). In 4340, this nominally Mode III failure, which is commonly 

FIG. 9—Fractography of torsional fatigue failures showing (a) macroscopically-flat mode (pure 
radial Mode III) in 4140 steel at AM = 734 N m (ACTD„, = 100-200 (JLW), (b) factory-roof 
fracture (radial Mode III with 45° Mode I branch cracks) in 4340 steel, (c) enlargement of (h) at 
b£TD,ii = 12 fxm, and (d) factory-roof fracture (radial Mode 11/ with longitudinal Mode III branch 
cracks) in 4140 steel at AM = 409 N m (ACTD,,, == 6 to 120 ii.m). 
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observed in torsion [8,9,11,12,25-27], had local mixed-mode character con
sisting of a radial shear surface with marked 45° Mode I branch cracks (Fig. 
9b,c). In the lower strength 4140, similar factory-roof fractures wer̂ . seen with 
branch cracks now perpendicular to the radial Mode III surface indicating ad
ditional longitudinal shear cracks (Fig. 9d). The transition in fracture mode as 
a function of crack length is illustrated for 4340 in Figs. 5 and 6. Interestingly, 
the factory-roof mode, although favored at lower torque levels, does not revert 
to the macroscopically flat mode in tests where torque levels were raised again 
to previous levels. 

Under the sliding contact imposed by pure cyclic torsional loading such fracture 
morphologies clearly give rise to marked crack surface interaction effects. This 
is evident from signs of heating, abrasion, and fretting oxidation on Mode III 
surfaces (Fig. 9) and from the fact that electrical potential measurements of crack 
length in pure torsion (A", = 0) suffer from severe shorting problems [17]. 
Probable mechanisms for such interference involving rubbing, abrasion, debris 
formation, and interlocking of asperities are illustrated schematically in Fig. 10, 
and clearly all enable the broken portion of the specimen to carry part of the 
applied torque. As might be expected. Mode III fracture surfaces for tests con
ducted with a superimposed axial load showed significantly less abrasion [8] 
and little evidence of fretting oxide formation [72]. 

Micromechanical Modelling of Mode III Crack Growth 

From the preceding discussion, it is apparent that Mode III fatigue crack 
growth rates can be characterized by AFni or ACTD,n for large-scale yielding. 

FIG. 10—Schematic illustration of mechanisms of sliding crack surjc.^. interference for Mode 
[tl fatigue cracks under pure cyclic torsion showing (a) interlocking, (b) friction and abrasion and 
(c) fretting debris formation. 
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only if small axial loads are superimposed on the cyclic torsion to minimize 
rubbing and interlocking between sliding crack surfaces. Based on such exper
imental data (Figs. 7 and 8), Mode III crack growth relationships for 4140 and 
the two rotor steels are given by 

4140 steel 

dc\ 
— = (0.01 - 0.10)ACTD,„ = (0.01 - 0.10)2Ar,„ (4a) 
dNL„ 

A469 and A470 

dc 
— I = (0.1 - 0.2 mm'"^)ACTDn,'' 
dN/tn 

= (0.1 - 0.2OTOT'"=)(2Ar,„)'5 (4b) 

indicating a dependence of growth rates on ACTD,ir to the 1 to 1.5 power. 
Such dependencies of Mode III growth rates on the cyclic crack-tip displace

ments can be predicted through simple micromechanical modelling of the anti-
plane shear crack extension process [8,14]. 

Based on the experimental observations of Tipnis and Cook [28], Ritchie et 
al [8] proposed a mechanistic model for radial Mode III crack growth on the 
premise that crack advance in anti-plane shear occurs through the coalescence, 
by Mode II shear parallel to the crack front, of voids initiated at inclusions just 
ahead of the crack tip (Fig, 11). The mechanism is consistent with their obser
vations [8] that microscopic sections through Mode III cracks reveal occasional 
forks from the main crack (as depicted in Fig. 11a), and with fractographic 
evidence of somewhat elongated voids formed in the immediate vicinity of the 
main crack front'' (Fig. 12). 

By neglecting damage beyond the first inclusion, expressions for the Mode 
III growth rate (daldN)\n can be derived by determining the number of reversals 
A'li for such voids to elongate and link up by reversing Mode II shear. Assuming 
the voids to be elliptical with length /, and width w, at link up where they have 
grown to a length /, = L, the original Mode III crack can be considered to have 
advanced an average distance w, as shown in Fig. 11, such that 

dc\ w 

Evaluation of Eq 5 involves determining the number of cycles N^ for the Mode 
II coalescence of voids parallel to the Mode III crack front, which can be achieved 

'Such fractographic details are largely obscured in the wake of the crack front by rubbing and 
abrasion between sliding fracture surfaces. 
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b) View into crack c) Section XX 

FIG. 11—Schematic illustration of model for fatigue crack propagation in anti-plane shear 
showing orthographic views of Mode III crack extension occurring by microscopic Mode II shear 
growth, parallel to the crack front, of voids initiated at inclusions just ahead of the main crack 
front. 

by estimating the local Mode II growth rates of the voids either in terms of their 
instantaneous crack tip shear displacements [8] or in terms of Coffin-Manson 
damage accumulation [14]. A brief summary of the two formulations follows. 
Full derivations are given in Refs 8 and 14. 

The crack-tip displacement model [8] assumes the local Mode II growth rates 
of the voids to be related to their crack-tip shear displacements via expressions 
of the form 

dN 
dc_ 

dN -Z,\ = h r J =^.iACTD„ (6) 

where F,, is an experimentally determined constant for Mode II crack advance 
(above the near-threshold region). By noting that the volume fraction of inclu
sions along a given line, Vf, is given hyw/L and by assuming that no appreciable 
damage is accumulated beyond the first inclusion, solutions for A',, can be de
termined which on substitution into Eq 5 yields an expression for the Mode III 
growth rate of the form 

d£ 

dN 
Fnil + e , ) v / + ̂ .ACTD,„ (7) 
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Mode III crack front 

* 4 i t 

FIG. 12—Micrographs of torsional fatigue fracture surface in A469 rotor steel at AF,,, = 0,0075 
mm (ACTD,„ '= 15 jxm). showing elongated voids formed parallel to the crack from. Nose the highly 
localized damage in the immediate vicinity of the crack tip. revealed by breaking the specimen open 
in liquid nitrogen. 

 



RITCHIE ET AL ON TORSIONAL AND AXIAL LOADING 221 

where e, is an exponent which relates the displacement increment across an 
inclusion crack to its aspect ratio (w//,). The model can be extended [7] to 
include high applied torques through the strain-intensity concept by invoking Eq 
3 such that the Mode III growth rate is predicted to be proportional to the first 
power of the reversed strain intensity of cyclic crack-tip displacement 

dc\ 
— = C„,(2Ar,„) = C,„ ACTD,,, (8) 
dN/„, 

where the constant Cm is a function of Vp F^, and e,. 
The damage accumulation model [74], on the other hand, computes the local 

Mode II coalescence rates in terms of accumulated damage in elements (of length 
b) along the crack front. If each element is subjected to an average strain A^C/,), 
then the number of cycles for the Mode II crack to propagate across each element 
Niii, can be estimated by the Coffin-Manson relationship 

where cf and A are the Coffin-Manson constants, and the strain range is normalized 
with respect to the monotonic fracture strain 7,. Thus the local Mode II growth 
rate can be expressed as 

dlA _ idc\ _ _b b__ 

A7(/,) 

(10) 

Using the Walsh and Mackenzie solution [20] for the distribution of shear strain 
in a torsionally loaded circumferentially notched cylindrical bar, and integrating 
Eq 10 up to the point of coalescence when /, = L (Fig. 11), yields an expression 
for Nn, which on substitution into Eq 5 gives a second expression for the Mode 
III growth rate 

dc\ Qd lb /2Ar„ 
V<̂ iV/„i 1 - exp(-erf) A ' \ wy, 

or in terms of crack-tip displacements 

'dc\ Qd lb /ACTD, 

(l lf l) 

d 

\dNJm 1 ~ exp(-(2rf) A ' \ w^f 

where exp(2) is the strain concentration at the tip of the inclusion crack 

(life) 
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Thus, based on a mechanism of Mode III cyclic crack extension involving 
Mode II shear coalescence of voids in the immediate vicinity of the crack front, 
the dependence of the Mode HI crack growth rate (dc/dN)^ on ACTD,,, or AFin 
is seen to be linear for the instantaneous crack-tip shear displacement model (Eq 
7) and a function of the Coffin-Manson exponent d for the Mode II crack tip 
strain accumulation model (Eq 11). Such dependencies are consistent with ex
perimental data for 4140 steel (Fig. 7b) and the two rotor steels (Fig. 8) where 
the superposition of small axial loads has removed problems associated with 
crack surface interference. 4140 steel shows a linear dependence of {dcldN)n\ 
on ACTDni or AFn, (compare Eq 4a), whereas in A469 rotor steel, recent 
torsional low-cycle fatigue tests [29] show the Coffin-Manson exponent to be 
approximately 1.5 (with A(7y )̂'̂  = 1.72) indicating a dependence of (dc/dN)iu 
on ACTDin or AFni to the 1.5 power (compare Eq 4b). Whereas materials in 
general are likely to show experimentally either type of behavior, this result is 
strikingly analogous to the well-known analytical models for Mode I fatigue 
crack growth. Here models for Mode I crack extension based on instantaneous 
crack-tip opening displacements yield a growth rate dependence on AA",̂  (that 
is, proportional to the first power of ACTD,) [for example, 6,30], whereas 
Mode I damage accumulation models yield a dependence on AA','"'* (that is, 
proportional to ACTD/ -'̂ ^̂ ) [for example, 6,31]. 

Despite these similarities in the dependence of Mode I and Mode III behavior 
in terms of their dependence on ACTD, the growth rates per cycle in absolute 
terms are very different in that Mode III cracks advance at a much smaller 
proportion of the crack tip displacements per cycle (compare Fig. 4). As with 
Mode I behavior, though, a priori prediction of the absolute magnitude of such 
growth rates from idealized models is extremely difficult in view of the many 
other factors involved in the fatigue process (for example, near-threshold effects, 
crack closure, environmental effects on Mode I behavior) [/]. However, by 
assigning reasonable values for the constants in Eqs 7 and 11 one can obtain 
close agreement with the experimental data. For example, taking Vf = 0.001, 
b = 2 |xm, w = 1 ĴLm, and Q = 1 for A469 rotor steel, where the Coffin-
Manson relationship has been determined as A(yj)'' = 1.72 [29], Eq 11 reduces 
to 

dc\ 
— ==0.4(/w/«-"2)(Ar,„)" (12) 
dN/ ,„ 

which with reference to Fig. 8 and Eq 4b provides excellent agreement between 
theory and experiment. However, with regard to the utilization of such crack 
growth relationships for in-service defect-tolerant life-time predictions we would 
advise at this time the use of the physical form of the fundamental models (Eqs 
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7 and 11) with the constants determined by curve-fitting to relevant experimental 
data.^ 

Mode III Crack Growth under Variable Amplitude Loading 

Recent studies [32] on A469 rotor steel have also focussed on the behavior 
of radial Mode III fatigue cracks under simple variable amplitude loading spectra 
(with small superimposed axial loads to minimize crack surface interference). 
Specifically, transient crack growth behavior was monitored following single 
(positive) and fully reversed single overloads and for high-low block loading 
sequences and results compared to equivalent tests for Mode I fatigue cracks. 
It was found that the transient growth rate response following such loading 
histories was almost exactly the opposite for Mode III as opposed to Mode I 
cracks. Whereas Mode I cracks showed a pronounced transient retardation fol
lowing single overloads (in excess of 50% of the baseline stress intensity). Mode 
III cracks showed a corresponding acceleration (Fig. 13). The effect of single 
fully reversed overloads on Mode III crack rates was greater (that is, larger 
acceleration) than for single positive overloads, whereas the generally observed 
behavior for Mode I cracks is that fully reversed overloads (with the positive 
portion first) significantly lessen the retarding influence of single positive over
loads [33]. Furthermore, high-low block loading sequences resulted in transient 
Mode III crack growth rates which were greater than the steady-state velocity 
corresponding to the lower (current) load level, whereas Mode I cracks showed 
a transient growth rate which was lower. 

Such contrasting types of behavior may be understood by considering the 
various crack-tip mechanisms at play during Mode I and Mode III crack advance. 
Although single positive overloads can cause increased crack-tip damage for 
Mode I cracks, a post-overload retardation (or arrest) generally is observed due 
to more significant crack-tip blunting, branching, and crack closure processes 
which reduce the effective stress-intensity range at the crack tip [for example, 
34,35]. Similar arguments have been used to rationalize the analogous effects 
for fully reversed overloads and block loading sequences [35]. The overloaded 
Mode III crack, however, is not subjected to such blunting and experiences no 
premature closure other than the rubbing and abrasion between sliding crack 
surfaces. The phenomenon is thus somewhat less complex in Mode III, and the 
influence of variable amplitude loading sequences observed for Mode III cracks 
can be thus analyzed in terms of the damage (in the form of an instantaneous 
crack-tip displacement or Coffin-Manson damage accumulation) within the re
versed plastic zones for each individual load reversal in the loading history [7]. 

'Current practice in defect-tolerant design procedures for Mode I fatigue is often simply to derive 
the entire crack growth relationship by empirical curve fits to experimental data such that extrapolation 
outside the range of the original data becomes highly questionable. 
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FIG. 13—Experimental growth rate data in A469 rotor steel showing the differing transient 
response of (a) Mode III and (b) Mode 1 fatigue cracks to single positive overloads. Note the post-
overload acceleration of Mode III cracks compared to the retardation of Mode I cracks. 

Based on the assumption of Mode III crack extension involving Mode II 
coalescence of voids parallel to the crack front (Fig. 11) and the damage ac
cumulation model for computing the rate of coalescence described previously, 
such analyses have been performed for single positive and fully reversed over
loads by estimating the damage increment for each torque reversal (Â „ = Vz) 
and integrating over the entire loading history [J2]. Using a parametric model 
where the damage was considered over distances comparable with an inclusion 
spacing ahead of the crack tip [52], agreement with the transient post-overload 
behavior in A469 rotor steel was found to be extremely close (Fig. 14). 
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Conclusions 

Based on a study of radial Mode III fatigue crack propagation rates, spanning 
— 10'* to 10"' mm/cycle, derived from cyclic torsion tests using circumfer-
entially notched cylindrical specimens on a series of low-alloy steels, the fol
lowing conclusions can be made: 

1. Mode III crack growth rates were found to be related to the cyclic crack-
tip displacement (ACTD,,,) or the plastic strain intensity range (AFm) provided 
friction, abrasion, and interlocking between sliding fracture surfaces was min
imized by the application of a small superimposed tensile mean load. 

2. No unique correlation was found between Mode III growth rates and 
ACTDin or Ar„i for tests under pure cyclic torsion (that is. A", = 0), where crack 
surface interference limited the effective torque range at the crack tip. 

3. Based on a comparison at equivalent crack-tip displacements. Mode HI 
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cracks were observed to propagate at significantly slower rates than Mode I 
cracks with the crack advance per cycle being a much smaller proportion of the 
cyclic crack-tip displacement. 

4. In the rotor steels and in 4340 and 4140 at higher growth rates, torsional 
fatigue fracture surfaces were macroscopically flat and smeared out. At lower 
growth rates and larger crack lengths in 4140 and 4340 steels, transitional fracture 
modes were observed in the form of factory-roof failures containing 45° (Mode 
I) branch cracks in 4340 and longitudinal (Mode III) branch cracks in 4140. 

5. Crack extension in anti-plane shear was considered to occur via the coa
lescence, by Mode II shear parallel to the crack front, of voids initiated at 
inclusions in the immediate vicinity of the Mode III crack tip. 

6. Micromechanical models for Mode III crack extension were presented 
based on this mechanism where the coalescence of voids was estimated either 
in terms of the instantaneous crack tip displacements (ACTD,,) or Coffm-Manson 
damage accumulation. Mode III growth rates were predicted to be dependent 
upon the first power of ACTDm (or AFn,) from the former model, consistent 
with experimental behavior in 4140 steel, and to be dependent upon ACTDi,,'' 
(or Ar,i,'^) from the damage model, consistent with behavior in the rotor steels. 

7. The transient response of Mode III cracks to single positive and fully 
reversed overloads and high-low block loading sequences was found to be mark
edly different to that observed for Mode I cracks. For example, whereas Mode 
I cracks showed a post-overload retardation in growth rates, Mode III cracks 
showed a corresponding acceleration. Such effects were attributed primarily to 
the absence of crack closure in Mode III and were rationalized in terms of 
damage accumulation arguments. 
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ABSTRACT: The study is devoted to the prediction of crack path direction in polymodal 
fatigue. First experimental and theoretical results published in the literature are reviewed. 
It is shown that proportional and nonproportional loading conditions should be distin
guished. Then, the experimental results obtained in cyclic Mode III and biaxial nonpro
portional Modes I + II loading are presented. These tests were carried out on two alloy 
steels and an aluminum alloy. The biaxial tests were performed on cruciform type spec
imens. 

In Mode III loading, it is shown that, at low applied torque, the crack surface adopts 
a "factory-roof" appearance with facets characteristic of local Mode I extension. It is 
suggested that the flat surfaces corresponding to apparent macroscopic Mode III extension 
observed in this study as in other ones might be an artefact. In Modes I -I- II loading, it 
is shown that the two investigated materials exhibit very different crack bifurcation angles. 
The results are discussed in terms of possible extended forms of the maximum tangential 
stress criterion, At^ ,* , k|„„* and (dafdN)„„.. It is shown that, as a general rule, the 
latter criterion gives results in better agreement with the experiments. The difficulties 
associated with crack closure effect are also shortly discussed. 

KEY WORDS: fatigue crack propagation, polymodal fatigue. Modes I and II loading 

A large number of studies dealing with fatigue crack propagation behavior 
have been devoted to Mode I loading. For this type of loading, many examples 
have shown that linear elastic fracture mechanics can be successfully applied to 
practical engineering problems. Unfortunately, many service failures occur from 
cracks which were subjected to polymodal loadings, usually Modes I + II or 
Modes I + in. For instance, turbine shafts are usually submitted both to bending 
and torsion stresses. In these conditions a crack initiated in a transverse plane 
experiences a combination of Modes I + II + III displacements. Despite the 
practical importance of polymodal fatigue, there exists only a limited number 
of investigations devoted to this problem. Two aspects must be distinguished 
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(a) crack path determination and (b) crack growth rate behavior. Although these 
two aspects are related, the present study is devoted essentially to the first one. 

As a general rule a crack loaded under mixed mode branches, that is, grows 
in a direction different from the initial crack plane. The determination of the 
stress intensity factors corresponding to a branched crack has received the at
tention of many authors. Exact, analytical solutions are available for two di
mensional Modes I -I- II infinitesimaly small cracks [/]. For finite extension 
the stress intensity factors can be calculated numerically using Chatterjee's results 
[2]. An approximate analytical solution can be obtained by assuming the con
tinuity of the tangential stress for Mode I and that of the shear stress for Mode 
II in noncolinear propagation. However this method becomes increasingly in
accurate as the bifurcation angle increases [3]. Most often. Modes I + III crack 
propagation is more complex. Usually Modes I + III tests are carried out on 
notched round bars loaded both in tension and torsion. This configuration is 
three dimensional, but, because of its axisymmetry, it may be treated as a 
bidimensional problem. However, if crack branching occurs as shown later the 
problem is strictly three dimensional, and, in particular, two angles are necessary 
to define the branched cracks. In these conditions, the stress intensity factors 
can be calculated by approximate solutions [4]. 

As far as the loading conditions are concerned, two different cases must be 
distinguished corresponding respectively to proportional and nonproportional 
loading. 

Loadings 

Proportional Loading 

The cracked structure is subjected to one load or to several proportional loads 
giving rise to mixed mode fatigue. The ratios of stress intensity factors Ki/K^, 
Ki/Kiii, and Ku/Km are kept constant during the cycle. The stresses at the crack 
tip are given by 

[KJ,/m + /^,i/;/'(e) + KnJ./'\Q)] = ^M= gij (6) (I) 

where r and 6 are polar coordinates. This configuration is very similar to pure 
Mode I loading. Most studies on poly modal fatigue deal with this type of loading 
[5-8]. As a general rule these studies showed that a crack initially under Modes 
I -I- II loading bifurcates in a direction where the stress intensity factor on the 
branched crack ki* is maximum.^ This corresponds to the situation encountered 
also under monotonic loading. Here it must be kept in mind that several criteria 
have been proposed to account for these observations: (a) the maximum tangential 

'In order to be consistent with the notations of other authors, the stress intensity on a branched 
crack are denoted by an asterisk and written with minor character. 
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Stress criterion proposed by Erdogan and Sih [9], modified by Ewing and Wil
liams [70] to account for the effect of nonsingular terms; (b) the maximum strain 
energy density criterion [11]; and (c) the maximum energy release rate criterion 
[12]. Usually the bifurcation angles predicted from these criteria are very close. 

In fewer cases, it was observed that a fatigue crack could grow in a direction 
strongly different from the ones predicted by these criteria. Hua et al [13] have 
shown recently that in AISI 316 stainless steel cracks loaded in Modes I + II 
could grow over a short distance in the same plane as the initial precrack instead 
of branching. These observations were made in the near-threshold regime. Other 
observations of coplanar crack extension in mixed mode fatigue have been also 
made by Tanaka [6] in Modes I + II, Hurd and Irving [14] and Ritchie et al 
[15] in Modes I + III loading. In particular the two latter groups of investigators 
have carried out tests on notched round bars loaded in cyclic torsion (Mode III) 
and steady tension (Mode I). They observed two different crack surface mor
phologies depending on loading conditions. First, at high torques and short crack 
length, the fracture surfaces appeared flat and smeared with severe abrasion. 
The plane of the fracture surface was perpendicular to the axis of the torsion 
bar. It was claimed that this morphology was associated to macroscopic Mode 
III crack extension. Second, at smaller applied torques and at longer crack 
lengths, fracture surfaces with a "factory-roof" appearance were observed, hav
ing local Mode I character. From this short review of the literature, it appears 
that, even for simple proportional loading, the factors influencing the fatigue 
crack path behavior, especially the stability of macroscopic Modes I + II or 
Mode III crack extension are not yet fully understood. 

Nonproportional Loading 

The problem of cracks subjected to several nonproportional loads leading to 
polymodal fatigue is different in many respects. In particular the criteria presented 
previously cannot be easily applied to predict the crack growth direction. To 
illustrate the situation, consider a crack in a plane structure subjected to two in 
phase loads at the same frequency 

/>, (t) = P I cos t -t- pio (2) 

and 

Pi it) = Pi cos t + P20 (3) 

The stress intensity factors ki* and /:„* on a branched crack with angle 6 can 
be expressed as 

ki* = F(a,w) [P,(0/,(e) + P2 (0/2 (8)] (4) 

 



HOURLIER ET AL ON CRACK PATH BEHAVIOR 231 

and 

k,,* = F{a,w)[Pm g,(e) + P2 it) gj(e)] (5) 

where the geometry is characterized by F(a, w), a and w being lengths associated 
to the crack length and the specimen dimension, respectively. 

The direction 6 where ^i* is maximum when 6 is varying is a root of the 
equation 

PMf'm + P2{t)f\{%) = 0 (6) 

As a general rule, this direction is time dependent contrary to the situation 
corresponding to proportional loading (for example, see Fig. la) . One possible 
solution for the direction corresponding to the maximum of fc,* when both 9 and 
t are varying is given by the solution of the equation 

(± Px + ;',o)/',(e) + (±P2 + P2o)S'2m = 0 (7) 

The latter direction is usually different from the direction where A^i* is maxi
mum, which corresponds to a root of the equation 

P,/',(e) + Pif'ii^) = 0 (8) 

This is the case when the loads P, and P2 are not proportional, that is, when 
P , / P , 0 5^ P2/P20-

It appears therefore necessary to define new criteria or to extend the previous 
ones when dealing with polymodal fatigue. Considering the maximum tangential 
stress criterion, it can be assumed that the crack propagates either in the direction 
corresponding to Aki^^^* or in the direction associated with îmax*- Both exten
sions raise a number of difficulties. In particular the Afeĵ ax* criterion does not 
take into account the effect of mean stress which is known to influence the fatigue 
crack behavior. The fcimax* criterion which is an extension of a criterion for 
monotonic loading is expected to be applicable only at very high crack growth 
rates approaching final rupture. 

In order to solve partly these difficulties, we have proposed recently another 
extension of the maximum tangential stress criterion [16]. The modified criterion 
states essentially that the fatigue cracks propagate in a direction in which the 
crack growth rate is maximum. The crack growth rate is calculated from pure 
Mode I results, assuming that kn* and km* have no effect on crack path behavior. 
To illustrate the latter approach let us consider a crack submitted to Modes I -f II 
loading which bifurcates in a direction 6. Assuming that the stress intensity factor 
k,* on the branched crack can be evaluated, the crack growth rate is calculated 
as da/dNiO) = f[ki^,^i%), A^i*(e)] using conventional daldN = f(Ki^^, A*:,) 
curves established under pure Mode I loading (Fig. lb). The predicted bifurcation 
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(a) Derivation of At,* (G) and /? (0) for any value of the branching angle for three different 
values of the phase angle t. 

(b) Determination of da/dN corresponding to Ak,* (6) and R (6). 
The locus of the couples (A^,* (6), R (9)) exhibits a maximum in terms of fatigue crack growth 

rate: the angle 9 at this point is the branching angle. 

FIG. 1—Presentation of the da/dN„, criterion. 

angle, 6, corresponds to that one giving the maximum calculated crack growth 
rate. It can easily be shown that: 

1. If the applied loads are proportional, the {daldN)^.^^ criterion predicts the 
same crack bifurcation angle as the maximum tangential stress approach. 

2. If the material does not exhibit any influence of/? ratio = K^^JKi^^^ in 
pure Mode I the proposed criterion is the same as the A^,* criterion. 

3. If, at the other extreme, the crack growth rate is only dependent on max
imum stress, which is very unusual except at very high crack growth rates, the 
{daldN)^^„ approach is the same as îmax* criterion. 
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To test the applicability of these approaches there are few experimental results. 
It is worth mentioning the study by Truchon and Amestoy [17] who observed 
in a structural steel that the crack path direction in Modes I + II was reasonably 
well predicted by î̂ ax* criterion. Otsuka et al [18] carried out cyclic Mode 
I + steady Mode II tests in mild steel and aluminum alloys. They indicated that 
in some cases the crack propagated in a direction coplanar with the precrack 
while in other cases the crack bifurcated. Finally, two of the authors [19] have 
also conducted cyclic Mode I + steady Mode II or Mode III tests on two steels, 
an aluminum alloy and two titanium alloys. In these tests it was observed that 
the crack path direction was strongly dependent on the material, suggesting that 
both the effect of mean stress and maximum stress should be taken into account 
in the derivation of a criterion for crack path behavior under polymodal fatigue. 

The present study was instigated to clarify a number of aspects in this field. 
First tests were carried out under cylic Mode III loading in order to contribute 
to the understanding of crack path behavior associated with this type of loading. 
Second, cyclic Modes I + II experiments were conducted on cruciform type 
specimens subjected to nonproportional loading. The aim of this part of the study 
was a comparison between the three possible extensions of the maximum tan
gential stress criterion, that is, <:,„„*< ^̂ imax* and (da/dN)^^^ criteria. 

Material and Experimental Procedures 

Materials 

Fatigue tests in cyclic Mode III were carried out on 26NCDV14 steel (AFNOR 
Standard). Modes I + II tests materials were 35NCD16 steel and AU4G alu
minum alloy. The specimens for Modes I -f- II tests were cut from 300-mm-
diameter bar. They were sectioned in a transverse plane in order to reduce as 
much as possible the effect of anisotropy. 

The chemical compositions and the tensile properties of the materials are given 
in Tables 1 and 2, respectively. 35NCD16 steel was used in the annealed con
dition. The aluminum alloy exhibits a "duplex" structure formed by coarse 
grains with a mean size of 40 jj-m surrounded by smaller grain of 8 (xm, as 
illustrated in Fig. 2. It was noticed that the metallurgical structure was isotropic 
in a plane transverse to the axis of the bar. 

Mode III Fatigue Tests 

Mode III fatigue crack propagation tests were conducted on circumferentially 
notched, torsionally loaded specimens (Fig. 3a). The crack length was monitored 

Materials 

26NCDV14 
35NCD16 

TABLE 1—Composition in 

C 

0.23 
0.36 

Mn 

0.29 
0.34 

Ni 

3.4 
3.5 

weight percent of steels. 

Cr 

1.7 
1.6 

Mo 

0.42 
0.28 

P 

0.009 
0.008 

S 

0.01 
0.003 
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TABLE 2—Ambient temperature tensile properties. 

Materials 

26NCDV14 
35NCD16 
2024T651 

Yield Stress, 
MPa 

789 
570 
280 

Ultimate 
Tensile 

Strength, 
MPa 

875 
840 
410 

Elongation, 

18 
22 
7 

using d-c potential drop technique. The experiments were performed on a uniaxial 
servohydraulic tensile machine, by using a special apparatus, with zero minimum 
torque. The stress intensity factors K^ were calculated with Bueckner's cali
brations [20]. After testing, the specimens were broken in liquid nitrogen and 
the fracture surfaces were examined by optical and scanning electron microscopy. 
The nominal shear stresses were limited to 300 MPa to prevent extensive plas
ticity. Thus, with ATiiimin = 0, the range of A/Tn, investigated was limited to 50 
MPa Vm. For this value, the monotononic plastic zone size can be evaluated 
as 

277 \ T,,^ 
= 1.9 mm (10) 

Cyclic Modes I + II Tests 

In order to characterize Mode I fatigue crack propagation behavior, tests were 
conducted on ASTM compact tension (C-T) type specimens (H' = 56 mm, 
5 = 6 mm) for different values of R ratio = îmin/̂ imax between 0.1 and 0.7. 
The influence of anisotropy in the aluminum alloy was investigated using spec
imens loaded in the RT and TR directions, where R and T denote the radial and 
the tangential direction, respectively. 

The geometry used for cyclic Modes I -I- 11 tests was a biaxially stressed 
cruciform type specimen (Fig. 3b). Full details of experimental procedure are 
given elsewhere [7]. Strain gages were employed to determine stresses in the 
center of the uncracked specimen. The transfert matrix which determines stresses 
as a function of applied loads was the same for both alloys. In these tests the 
crack was first extended from the notch in Mode 1 by equibiaxial loading until 
crack length reaches 21 mm. During the precracking phase, the applied loads 
were set in such a way A A", should not exceed the anticipated A^,* of the 
branched crack. Then nonproportional biaxial loading was applied which leads 
to cyclic Modes 1 -t- 11 displacement. Five steels and two aluminum alloy spec
imens were tested. The testing program is given in Table 3. The loading con
ditions were adjusted in order to reach after the onset of crack bifurcation ap
proximately the same A A", as at the end of precracking. The range of crack 
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f 
FIG. 2—Mwrostmcmre of the aluminum alloy AU4G-
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60 

Si 
9 
Si 

FIG. 3(a)—Mode III test specimen. 

growth rates investigated correspond to 10^^-10^' m/cycle for steel and 10"'-
10~* m/cycle for aluminum alloy. It is worth emphasizing that the loading 
conditions for aluminum alloys specimens are homothetic of those employed in 
Tests 1 and 5 on steel. 

Nonproportional loading usually gave rise to crack bifurcation. The crack 
paths were observed with an optical microscope at a magnification often. Crack 
deviation angles were measured (face up and down, crack forward and back
ward). The maximum difference between the four angles was less than 6°. 

Results and Discussion 

Mode III Loading 

Two types of fracture surface morphologies were observed, as shown in Fig. 
4a and b. Figure 4a illustrates the situation encountered at low applied torque. 
This morphology, which has a factory-roof appearance, has many aspects similar 
to those already observed under cyclic Mode I -I- steady Mode III loading [19]. 
It is characterized by the existence of two types of facets, as shown at higher 
magnification in Fig. 5. Facets A contain features characteristic of fatigue fracture 
(Fig. 5a), while Facets B were formed by ductile rupture (Fig. 5^). Transverse 
sections observed by optical microscopy showed that Facets A make an angle 
of about 45° with the notch plane. The orientation and the fracture aspect of 
Facets A clearly indicate that they correspond to local Mode I fatigue extension. 

The second morphology shown in Fig. 4b was observed at higher applied 
loads and longer crack lengths. In this figure a flat and smeared surface with 
severe abrasion is observed from the notch before the appearance of the "factory 
roof" morphology. The flat surface could be interpreted as resulting from either 
macroscopic Mode III crack extension or as the consequence of the rubbing 
effect of a previously existing factory-roof morphology. The second hypothesis 
is supported by the fact that in our observations and in those reported by other 
investigators [14,15] the extent of the apparent Mode III propagation was pro
moted by high applied torques. 

The existence of ductile rupture features suggests that under Mode III loading 
the crack front morphology is very complex. Relatively long Facets A are de-
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TABLE 3—Modes I + II loading conditions. 

Test Number Loading Conditions, MPa 
Observed Angles, 
Mean Value, deg 

C l 

<T, 

<T, 

0-, 

(T| 

CT, 

O'l 

0-7 

CTj 

a. 

(Tl 

f t 

CT| 

0-2 

= 
= 
= 
= 
= 
= 
= 
= 
= 
= 

= 
= 
= 
= 

35NCD16 
183.3 + 
63.3 + 

167.2 + 
60.8 + 

156.7 + 
124.3 + 
176.5 + 
61.3 + 
79.4 + 

184.9 + 

36.8 sin(t) 
63.5 sin(t) 
33.9 sin(t) 
55.9 sin(t) 
34.8 sin(t) 

104.5 sin(t) 
46.6 sin(t) 
55.8sin(t) 
73.0sin(t) 
38.1 sin(t) 

AU4G 
86.7 + 
30.0 + 
40.0 + 
93.2 + 

17.4sin{t) 
30,0 sin(t) 
36.8 sin(t) 
I9.2sin(t) 

- 2 7 

0 

- 4 2 

- 1 0 

31 

0 

2 

1mm 

FIG. 4(a)—Steel 26NCDVI4. Mode III fracture surface at low torque amplitude. 
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FIG. 4(b)—Steel 26NCDV14, Mode III, fracture surface at high torque amplitude. 

veloping radially in Mode I, leaving in between them uncracked ligaments, as 
already observed in a previous study [76]. These uncracked parts can be subjected 
to very high stresses giving rise to ductile rupture far behind Facets A crack 
front. It is suggested that the rupture of the material behind the crack tip might 
be responsible for the apparent Mode III crack extension. Therefore, in the 
absence of other investigations, it is felt that, under Mode III loading, the fatigue 
crack path corresponds systematically to local Mode I extension. 

Modes I + II Loading 

Mode I Fatigue Crack Growth Rate Measurements—The results of pure Mode 
I experiments conducted to characterize the two investigated materials are given 
in Fig. 6a and b. In the range of crack growth rates examined, it is noticed that 
the fatigue behavior of 35NCD16 is only slightly dependent on /?-ratio. In 
particular there is no influence of mean stress between R = 0.3 and R = 0.7. 
This slight influence was found to be associated with a crack closure phenom
enon, as proven by crack closure measurements [21]. On the other hand, in the 
aluminum alloy it is observed that the crack growth rates are significantly de
pendent on mean stress. In this type of material and in the range of crack 
propagation rates investigated which corresponds to the upper part of the Paris 
law, it is likely that the R effect is mainly related to static fracture modes which 
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FIG. 5—Steel 26NCDVI4—Factory-roof fracture surface, (a) Facets A and (b) Facets B. 

are superimposed on fatigue fracture mechanism. It is also worth noting that the 
fatigue crack growth behavior of the aluminum alloy is isotropic. 

Polymodal Experiments—The results of nonproportional loading giving the 
bifurcation angle defined in Fig. ?>b are reported in Table 3. In order to make 
a comparison between observed angles and those predicted by the three criteria, 
fcimux*, A/c[̂ ax* and {daIdN)^.^^, the stress intensity factors on branched cracks 
were calculated using Chatterjee formulation [2]. The deviation angles derived 
from (daldN)^.^^ criterion were numerically calculated using da/dN-AKi data 
reported in Fig. 6. The loading conditions indicated in Table 3 were chosen in 
order to derive large differences between the angles predicted from the various 
criteria. The comparisons are made in Fig. 7 for 35NCD16 steel and in Table 
4 for the aluminum alloy. Before discussing these comparisons and although the 
object of the present study was not the investigation of fatigue crack growth 
rates under nonproportional loading, here it is worth mentioning that the crack 
propagation rates measured after crack bifurcation were very similar to those 
corresponding to pure Mode I loading. This is illustrated in Fig. 8 which is 
related to the aluminum alloy. In this alloy the biaxial loads were chosen in 
order to avoid crack bifurcation (see Table 4). 

In 35NCD16 steel, it is noticed that, as expected, AA:,„,j,x* and i|n,ax* criteria 
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FIG. 6(a)—Basic fatigue crack growth kinetics of steel 35NCD16, as a function ofR-ratio. 
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FIG. 6{b)—Basic fatigue crack growth kinetics of aluminum alloy AU4G, as a function o/R-
ratio. 
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FIG. 8—Aluminum alloy AU4G. Fatigue crack growth kinetics of branched cracks, in condition 
where R = 0.4. 
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TABLE 4—Comparison of predicted angles and observed ones in aluminum alloy {in degrees). 

Test 
Number Experiment daldN^ At,„ 

=0° 
=0° 

-25° 
+ 30° 

+ 25° 
-20° 

lead to widely different angles. For this material it appears that Â imâ * criterion 
gives the best prediction. The {daldN)^^ criterion predicts right angles for three 
tests corresponding to high values of the <:imin*/̂ imax* ratio. For the two other 
tests with lower/?-values, the observed angles are larger than those derived from 
(da/dN)^^ criterion. For these two specific tests the predictions from Afcî ^̂ * 
criterion are different from those derived from (da/dN)^^ approach because the 
effect of mean stress observed in pure Mode I (Fig. 6a) was taken into account. 
On the other hand, for /?-ratio larger than 0.3, Mode I crack growth rates were 
found to be independent on mean stress. Therefore, in these conditions, as already 
discussed in the introduction, the two criteria give identical predicted angles. 

In the aluminum alloy, Table 4 shows that the angles derived from the three 
investigated criteria are very different. It is noticed that only {daldN)^^^ criterion 
can account for the experimental results. It is worth noting that the homothetic 
loading conditions adopted for Test 5 on steel and Test 2 on aluminum alloy 
lead to widely different bifurcation angles as illustrated in Fig. 9. Test 5 on steel 

FIG. 9—Comparison between the branching angles observed in steel 35NCD16 andAU4G alloy, 
for similar loading conditions as defined in Table 3. 
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FIG. 10(a)—Comparison between crack deviations angles which are predicted by k/„„„* criterion 
and the observed ones. 

gives rise to a crack angle of 32 to 34°, while in the homothetic one carried out 
on aluminum alloy no deviation is observed. The two other homothetic exper
iments (Test 1 on steel and aluminum alloy) lead to a difference of the same 
order. These experiments clearly indicate that a purely mechanical criterion based 
either on ^k^^^^* or k^^^* cannot account for the experimental results. In the 
derivation of a criterion for predicting crack path behavior under polymodal 
fatigue, it is necessary to incorporate also the fatigue response characteristic of 
the material, which is partly made in the {da/dN)„y^^ approach. 

The comparison between the three investigated criteria can be extended to 
other results obtained by two of the authors [19,22]. These results were obtained 
in cyclic Mode I + steady Mode II or Mode III loading, as already mentioned 
in the introduction. For this particular loading condition it is clear that Aki„,^^* 
criterion always predicts no crack bifurcation. This does not correspond to the 
situation observed in most materials investigated; except in a mild steel (E36 
steel) which showed no mean stress effect on Mode I crack growth rate in the 
range of da/clN examined. Figure lOa indicates that the ki^^^* criterion cannot 
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Calculated deviation angle (°) 
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FIG. \0(b)—Comparison between observed crack deviations angles and those predicted by da/ 
dN„„„ criterion. For those loading conditions, Ak,„,„* criterion always predict no crack deviation, 
that is zero angles. 

also account for the experimental results, while Fig. \Qb shows that the {da/ 
dN)^.^^ approach is in better agreement with the experiments. However in a 
number of cases the differences between the predicted and the observed angles 
are still large. It is believed that these discrepancies are largely associated with 
the crack closure phenomenon. The crack closure effect was reflected in the fact 
that the crack growth rates calculated from the straightforward application of the 
(daldN) criterion were usually different from the observed ones [79]. Therefore, 
it can be concluded that an improvement of the approaches to predicting crack 
path behavior under polymodal fatigue requires a better knowledge of the crack 
closure phenomenon, which is far from being achieved when one considers that 
even under conventional Mode I loading, in spite of the large number of studies 
initiated by Elber's concept [25], we are still very far from the goal. 

Conclusions 

1. When a cracked structure is subjected to several nonproportional loads 
leading to polymodal fatigue, the criteria usually employed for predicting crack 
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path direction under monotonic loading are no longer valid. They may be ex
tended in various ways. In this study three possible extensions were examined, 
assuming that the crack propagates either in the direction where t,* or AJt,* are 
maximum, or in the direction corresponding to the maximum crack growth rate 
({daldN)^i,^ criterion). 

2. In the range of fatigue crack growth rates corresponding to Paris law, crack 
extension occurs essentially by local Mode I. This situation is observed either 
in biaxial Modes 1 + II loading or even in cyclic Mode III. 

3. Based on the investigation of cyclic Modes I + II crack growth in 35NCD16 
steel, in AU4G alloy, and previous studies in cyclic Mode I + steady Mode II 
or Mode III, the following conclusions can be drawn. 

(a) Tests with homothetic loading conditions applied to two different materials 
giving rise to different crack path, it appears that a criterion based uniquely on 
the analysis of nominal values of stress intensity factors is unable to predict 
correctly the crack path behavior for a wide range of materials. 

(b) In materials such as mild steel or structural steels exhibiting a small 
influence of i?-ratio on Mode I crack growth rate, crack path in poly modal fatigue 
is reasonably well predicted by A [̂m„* criterion. The predictions obtained from 
the application of (da/dN)^^ criterion are also reasonable. On the other hand, 
îmax* criterion cannot account for the experimental results. 

(c) In materials such as high-strength aluminum alloys for which Mode I crack 
growth rates are largely influenced by mean stress, the crack path direction is 
governed not only by the amplitude of stress-intensity factor A^,* but also by 
its maximum value. In these conditions, the application of (da/dN)^^ criterion 
leads to better results. 
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DISCUSSION 

K. N. Akhurst,' R. C. Lindley,' and K. J. Nix* (written discussion)—Rotors in 
modern turbogenerators are monitored routinely for changes in vibration char
acteristics in order to give early warning of cracking. If these measurements 
suggest the presence of a crack, then the rate of crack propagation is of paramount 
importance in order to avoid the substantial secondary damage which might 
result from complete failure of the rotor shaft. The rate of crack growth can be 
assessed in different ways. For example, a fracture mechanics based analysis 
may be used which requires a knowledge of the A'-solutions for the cracked 
shaft, together with experimentally derived fatigue crack growth laws. In the 
event of a cracked shaft being removed from service, the failure investigation 
invariably includes a "beach mark" analysis. Pronounced beach marks are pro
duced on a fracture surface by significant changes in the apphed mechancial 
loading such as startup/shutdown. The rate of crack development can then be 
found by comparing the beach mark spacings and the turbogenerator operational 
records. The beach mark analyses can be used to check the accuracy of the 
fracture mechanics based analysis. Earlier appraisals used a fracture mechanics 
analysis in which only the Mode I cyclic stress intensity factor A^, (from rotor 
self-weight bending) was considered. However, parts of the turbogenerator train 
experience significant torsional loading. More recently, the Ecole des Mines 
data of Hourlier and Pineau has been employed. These workers noted that the 
application of a steady Mode 111 torsion to a crack growing under a cyclic AA", 
could significantly retard crack growth. By using the data of Hourlier and Pineau,-
greatly improved correlation was found between the beach-mark and fracture 
mechanics analyses during a recent failure investigation. 

F. Hourlier, H. d'Hondt, M. Truchon, and A. Pineau [authors' closure)— 
Two of the present authors (F. Hourlier and A. Pineau) are pleased to learn that 
their results obtained on specimens tested in the laboratory have been useful for 
the analysis of an in-service failure of a component. They would like to thank 
K. N. Akhurst, R. C. Lindley, and K. J. Nix for their comments on one part 
of their work, which was originally devoted to the effect of a permanent torque 
giving rise either to steady Mode III or steady Mode II on Mode I fatigue crack 
growth rate behavior.' '•'' This is the situation frequently observed for thumbnail 
cracks initiated in rotors, as indicated by K. N. Akhurst, R. C, Lindley, and 
K. J. Nix. In the present paper an extension of the criterion proposed earlier for 
the determination of crack path under polymodial fatigue is presented. 

'Central Electricity Research Laboratories, L^atherhead, Surrey, U.K. 
'Hourlier, F. and Pineau, A., Memoires Scientifiques de Revue de Metallurgie, 1979, pp. 175-

185. 
'Hourlier, F., McLean, D., and Pineau, A., Metals Technology, 1978, pp. 154-158. 
•"Hourlier, F. and Pineau, A., Fatigue of Engineering Materials and Structures, Vol. 5, 1982, 

pp. 287-302. 
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ABSTRACT: Some features of fatigue crack growth under pure Mode III and mixed 
Modes 1 and III loading were examined, including two cases where the Mode III displace
ments are not proportional to the Mode I displacements. Information obtained under 
nominally elastic conditions for various commercial alloys was reanalyzed and discussed 
in the light of theoretical considerations to see whether consistent patterns of behavior 
could be identified. Despite some inconsistencies and anomalies it was found that a rea
sonably consistent pattern of behavior was beginning to emerge. In particular a tentative 
upper bound for the rate of fatigue crack growth was identified, but it does not apply to 
slant crack growth in thin sheets. 

KEY WORDS: fatigue crack growth, metals, complex loading and fracture mechanics 

Nomenclature 

a Crack length or depth 
C Constant in Eq 1 
K Stress intensity factor; subscripts 1, II, and III denote mode 

KA Apparent value of Ki for inclined crack 
/fmax Maximum value of Ki in fatigue cycle 

k K for small-scale feature (Figs. 5, 6, and 12) 
^i* Value of k^ for pure or predominantly Mode I facet 
m Exponent in Eq 1 
N Number of cycles 
R Stress ratio: ratio of minimum to maximum stress in fatigue cycle 
Y Correction factor in Eq 9 
a Initial crack path angle (Fig. 1) 
P Crack inclination (Fig. 1); exponent in Eq 4 
7 Exponent in Eq 4 

'Senior principal scientific officer. National Engineering Laboratory, East Kilbride, Glasgow, 
Scotland. 

249 

Copyright' 1985 by ASTM International www.astm.org 

 



250 MULTIAXIAL FATIGUE 

V Poisson's ratio 
Inclination of small-scale feature (Figs. 5 and 12) 
Value of 4> corresponding to ki* 

For situations where the crack-tip stress field can be characterized by a linear 
elastic fracture mechanics analysis based on stress-intensity factors it is a matter 
of observation that in isotropic materials Stage II [/] fatigue cracks, viewed 
macroscopically, tend to grow in Mode I [2]. At and above the onset of general 
yielding stress-intensity factors are not strictly valid, and crack growth often 
takes place on planes of maximum shear stress. 

Conventional specimens used to determine fatigue-crack-growth data for anal
ysis using stress-intensity factors are therefore designed so that only Mode I 
crack surface displacements are present and the crack grows in a self-similar 
manner. However, when Mode III displacements are present then a preferred 
plane for crack growth only intersects the initial crack front at one point, and 
behavior becomes complex [3-5]. 

Some features of fatigue crack growth under pure Mode III, and mixed Modes 
I and III loading are examined, including two cases where the Mode III dis
placements are not proportional to the Mode I displacements. Information ob
tained under nominally elastic conditions for various commercial alloys is rean
alyzed and discussed in the light of theoretical considerations to see whether 
consistent patterns of behavior can be identified. 

FIG. 1—Inclined crack. 
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Irregular surfaces, such as fracture surfaces, cannot be adequately characterized 
unless the scale at which measurements are to be made is first specified in some 
way [6]. A scale of 1 mm has been suggested [7], but, in the analysis of fatigue-
crack-growth data obtained under Mode I loading, it is not usually necessary to 
be so specific. However in the case of pure Mode III or mixed Modes I and III 
loading more care is needed. In this paper the following conventions are used. 
The modes of crack surface displacement, and associated stress-intensity factors, 
refer to a macroscopic scale of 1 mm unless otherwise noted. Characterization 
of modes of crack surface displacement at the slightly smaller scale of 0.1 mm 
is also used; associated stress-intensity factors, expressed in terms of macroscopic 
stress-intensity factors (see Appendix), are distinguished by the use of lower 
case k. Upper case K is otherwise used for stress-intensity factor. In both cases 
subscripts I, II, III are used to denote mode, and the prefix A to denote range 
in fatigue cycle. However, at zero mean load \Kui denotes the alternating Mode 
III stress-intensity factor. 

Some Fractographic Aspects 

At macroscopic scales, where irregularities of less than the order of, say, 
I mm are ignored, behavior depends on whether or not the crack front forms a 
closed curve. In a thick plate with a crack inclined at an angle (3 (Fig. 1) so that 
Modes I and III are present, the crack front rotates as a crack grows (Figs. 1 
and 2) until the crack is perpendicular to the applied stress, and therefore growing 
in Mode I. At the start of crack growth the crack trace on the plate surface makes 
an angle a with the initial direction, suggesting the possible presence [3,4] of 

FIG. 2—Fracture surfaces of 25-mm-thick mild steel bend specimens, p = 0. 15, and 45°. 

 



252 MULTIAXIAL FATIGUE 

FIG. 3—Edge notch plate specimen with spark eroded slit. 

FIG. 4—Fracture Mirfm .'.'..'.'. J.Mneier mild steel pure Made III loi Moii .,piiimeii. R ^ - I. 
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MODE I FACETS 

IRREGULAR CLIFFS MACROSCOPIC 
CRACK PLANE 

FIG. 5—Schematic section through twist crack perpendicular to crack-growth direction. 

Mode II as well as Modes I and III. For the mild steel specimens shown in Fig. 
2 average values of a are 22 and 61° for (3 equal to 15 and 45°, respectively. 
(These specimens are being tested as part of a program [8] to determine the 
mixed mode threshold behavior of mild steel.) A similar effect has been observed 
[9] for crack growth from the "single-roof" and "double-roof" slits shown in 
Fig. 3. 

Examination at the slightly smaller scale of 0.1 mm usually reveals long narrow 
facets of Mode I crack growth aligned in the overall crack-growth direction 
(Figs. 2 and 4). Observed facet widths vary from about 0.1 mm [10] to about 
2'/2 mm [77]. Under mixed Modes I and III displacements the initially separate 
Mode I facets become connected by irregular cliffs of predominantly Mode III 
as crack growth proceeds. When fully developed this has been called a "twist" 
crack [5]; a schematic section is shown in Fig. 5. Crack configurations related 
to twist cracks have been obtained [9] for cracks in 7075-T6 aluminum alloy 
growing from the spark machined "single-block" and "double-block" initial 
slits shown in Fig. 3. The cliffs separating the blocks gradually disappeared as 
a crack grew, the cracks eventually becoming normal Mode 1. 

Pure Mode III is most readily obtained experimentally using circumferentially 
notched cylindrical specimens loaded in torsion, and the use of such specimens 
is virtually universal. The crack front is a closed curve, and this means that the 
crack front cannot rotate and remain continuous. In a macroscopic sense the 
crack remains confined [10-13] to its initial plane (Fig. 4). Some tests using a 
special plate specimen [14] were later shown [75] not to be reasonably pure 
Mode III. Side grooves confined the crack to its initial plane; in effect the crack 
front was "almost" a closed curve. 

For pure Mode III a twist fracture surface is sometimes observed; at zero mean 
load this consists of intersecting Mode I facets on complementary planes at ±45° 

MODE I FACETS ON COMPUMENTARY PLANES 

/ 
MACROSCOPIC MODE I I I 
CRACK PLANE 

FIG. 6—Schematic section through Mode III crack perpendicular to crack-growth direction. 
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to the macroscopic crack plane (Figs. 4 and 6). "True" Mode III crack growth 
in which the fracture surfaces have a rubbed, featureless appearance is otherwise 
observed. It is not clear whether Mode I facets do not form, or they form and 
are subsequently destroyed by rubbing; the former is assumed in Refs 10,12, 
and 13. The type of fracture surface depends on the material, level of AA",,,, and 
value of the stress ratio R, which is the ratio of minimum to maximum load in 
the fatigue cycle. At zero mean load (/? = —I) Mode I facets were always 
observed [8] on mild steel with a 0.2% proof stress of 450 MN/m^. For AISI 
4340 steel [10], 0.2% proof stress 956 MN/m^ R = - 1 , no Mode I facets 
were observed over a wide range of A/Tn,, but Mode I facets were very common 
on a lower strength AISI 4140 steel; more recent work [13] on the AISI 4340 
steel showed that Mode I facets were observed on deep cracks but not shallow 
cracks. It was found [12] for BS 970 605H32 steel heat treated to 0.2% proof 
stresses of 891, 1294, and 1556 MN/m^ that Mode I facets were more commonly 
observed as the strength level increased, ^K^ was decreased, and R was changed 
from - 1 to 0.08. 

The slant (P = 45°) crack growth often observed in thin sheets [2,16,17] is 
mixed Modes I and III at both scales; Mode I facets are not observed. It is an 
exception to the general observation that fatigue cracks tend to grow in Mode 
I. In the analysis of fatigue-crack-growth rate data it is conventionally treated 
as if it were Mode I. 

Analysis of Fatigue-Crack-Growth Rate Data 

Conventional Mode I fatigue-crack-growth rate data are usually analyzed in 
terms of AAT,. For many metals data can be represented by [2] 

da 
— = CiAKr (1) dN 

where 

a = a crack length, 
A' = number of cycles, and 

C and m = material constants; m is usually around 3. 

In mean stress sensitive materials crack-growth rates also depend onR. A similar 
relationship holds for pure Mode III, but at equal values of A^,„ and AA", crack-
growth rates in Mode III are generally slower. For twist cracks analysis in terms 
of A/:i*, the value of AA", for a Mode I facet (see Appendix) permits direct 
comparison with Mode I data. If it be assumed that true Mode III crack-growth 
results when Mode I facets are destroyed by rubbing then the same comparison 
is possible. For pure Mode III k^* = A";,! (Eq 7). 

Some pure Mode III data are summarized in Table 1 which shows values of 
Aki* normalized by AA"; for the same crack-growth rates. Subjective judgments 
are involved in the reanalysis of published data, and the third significant figure 
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is not really justified; it is included to avoid excessive rounding errors. Also 
shown is the predicted Mode I facet angle, 4)*, (Fig. 5) calculated from Eq 8. 
Values of AA:,*/A ,̂ for the results in Refs 10,12, and 13 were obtained from 
graphical data. Data from Ref 13 for crack lengths of less than 1 mm were 
discarded on the grounds that the crack was still within the influence of the crack 
starter notch. The result for mild steel [S] was based on the fatigue-crack-growth 
threshold. Values of AA:i*/AA', cover a wide range from one upwards, with a 
broad correlation between high values and the appearance of Mode I facets. Data 
for tests [13] carried out at constant AATi,, on the AISI 4340 steel, replotted in 
Fig. 7, show that the crack-growth rate decreases with increasing crack depth, 
with concomitant increase in A/:|*/AA'|. A transition from true Mode III crack 
growth to a twist fracture takes place when the crack-growth rate drops below 
5.10"^ mm/cycle. It has been suggested [72] that there is a threshold for true 
Mode III crack growth which is substantially higher than that [8,11] for Mode 
I facet growth. The results in Fig. 7 suggest that some of the high values of 
A î*/AAr[ are the result of the interlocking of Mode I facets on complementary 
planes (at /f = - 1) and of friction between opposite crack surfaces in true Mode 
III crack growth. In both cases the value of y in Eq 9 would be reduced. Both 
effects are difficult to quantify [10,12]; an attempt is made in Ref 13 using an 
extrapolation technique. Another problem is that Mode I facets are sometimes 
too large for Eqs 5 to 9 to be valid (for example Fig. 4). Also, crack-tip plastic 
zones are relatively large in the presence of Mode III [18]; this makes the use 
of stress-intensity factors doubtful at higher values of AK^ [10,12]. 

Table I also shows results for tests [9] on 7075-T6 aluminum alloy specimens 

A1S1 1340 STEEL >< O ' T R U E ' M O D E m CROWTH 
CONSTANT aiCju I X TWIST CRACK 

R" -1 I • TRANSITION ZONE 

_ 1 _ - i _ 
2 1 ( S S 

CRACK DEPTH PROM NOTCH ROOT - mm 

FIG. 7—Relationship between Ak,*/z!iK, and crack depth. 
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with the single-roof, double-roof, single-block, and double-block slits shown in 
Fig. 3. For the roof specimens values of K^ and K^ were first calculated from 
K^ (the apparent value of Ki calculated as if the slits were straight) using the 
approximate equations [78] 

/f, = K^ cos^p (2) 

Km = K^ sin P cos (J (3) 

A^i* and (()* were then calculated from Eqs 7 and 8 with Poisson's ratio, v, 
taken as one third. Growth rate comparisons were made for crack growth near 
the initial slits. For the block specimens Mi* was taken as the value of AATi 
calculated ignoring the intervening cliffs and is therefore analogous to A/c,* for 
a twist crack. Comparison was again for crack growth near the initial slits. 
Similar values of Afc,*/AA ,̂ were obtained in each case. 

Two Examples of Nonproportional Loadings 

In a nonproportional loading, the ratio Ky/Km varies during a fatigue cycle, 
and there is no facet angle (Fig. 5) for which a facet is pure Mode I throughout 
the fatigue cycle. 

Some tests have been carried out [19-21] using circumferentially notched 
cylindrical specimens cyclically loaded in tension (R = 0.1) with superimposed 
steady-state torsion to give Mode I fatigue plus steady-state Mode III. The 
materials tested were mild steel, wliich is not mean stress sensitive, and 26 
NCDV rotor steel (3.5 Ni-Cr-Mo-V) and TA5E titanium alloy (5 Al-2.5 Sn) 
which are both mean stress sensitive. Mode I fatigue-crack-growth data for these 
two latter materials were fitted to a modified form of Eq 1 

dN ~ ^ ( ^ ^ • > ' ^ ^ - ) ~ (\-RV ^^^ 

where 

^max = maximum value of K^ in the fatigue cycle, and 
P and "Y = material constants. 

For the rotor steel p = 2.55 and y = 0.55 (5.10-" < daldN < 2.10-" mm/ 
cycle) and for the titanium alloy p = 3.05 and7 = 1.75(10-" < daldN < 5.10"' 
mm/cycle). As a crack front was a closed curve crack growth, at a macroscopic 
scale, remained in the initial plane. 

For the mild steel crack growth at a smaller scale was also in the initial plane, 
but twist cracks were produced in the other two materials. (The tips of the cliffs 
joining the facets lagged several millimetres behind the tips of individual facets.) 
It was found that the value of <|) was about that (4>*) for which the combination 
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of Ak{ and the maximum value of ki, calculated from Eq 5 (see Appendix) 
corresponded to the fastest expected fatigue-crack-growth rate as calculated from 
Eq 4. For the mild steel p = 3.04 and 7 = 0 which indeed predicts that crack 
growth should remain in the initial plane. 

Figure 8 shows the relationship between relative crack-growth rate (the value 
at ()) = 0" is taken as one) and <(> for the titanium alloy. The results are fairly 
sensitive to Poisson's ratio, and as with some other critical crack directions 
[3,4,22], <()* is not shaiply defined. Also shown is the effective R, calculated 
from 4^( and the maximum value of ^,. A similar criterion has been suggested 
[4] for fatigue-crack-growth threshold behavior. 

In all three materials the superimposition of steady-state Mode III reduced 
fatigue-crack-growth rates [21]. Crack-growth data for the rotor steel and the 
titanium alloy are summarized in Figs. 9 and 10, which are based on graphical 
data given in Refs J9 and 20, respectively. The crack-growth ratio was calculated 
first and then converted to Ak,*/AK, using Eq 4, where Ak,* is now the value 
of Ad', corresponding to the redefined (f)*. In calculations the stress ratios were 
taken into account, Poisson's ratio was taken as one third, and data which fell 
outside the validity range of Eq 4 were discarded. There is a broad correlation 
in each case between Aki*/AKi, which can reach high values, and <j)*. 

The same sort of criterion would be expected to hold for the converse case 
of a Mode III cyclic loading plus steady-state Mode 1. Figure 11 shows the 
predicted effect of/:,/A^„, on Ak,*/AKm and <()* at /? = ~ I. As the material 
was assumed to be nonmean stress sensitive this simply involved finding the 
value of ^ for which Aki has its maximum. In calculations it was assumed that 
a facet closes at ki = 0. Discontinuities appear as AT, becomes large enough for 

v-^ TASe TITANIUM ALLOY 

10 » 30 40 50 

* OEOdSES 

n o . 8—Relationship between 4', relative fatigue-cmck-growih rate and effective value ofR. 
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FIG. 9—Relationship between AK,, R, <(>* and normalized Ak,*. 

a facet to be open throughout the fatigue cycle. The results imply that super
imposed steady-state Mode I has relatively little effect on <j)* and is roughly 
equivalent to a superimposed mean Km of the same numerical value. Limited 
experimental data [10] for the AISI 4340 steel mentioned earlier show that, for 
this type of loading, the tendency to facet formation increased as AT] was in-
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creased, and there was some evidence of the expected increase in crack-growth 
rates. 

Discussion 

When this work was started, attention was confined to nominally elastic sit
uations, in the hope that analysis using linear elastic fracture mechanics would 
reveal reasonably consistent behavior from which useful generalizations could 
be extracted. In particular it was hoped to relate results for twist cracks (Fig. 5) 
to those for block slits (Fig. 3). It was felt that experimental values of Y in Eq 
9, derived from values of the ratio A^[*/AA'i at constant crack-growth rate, 
ought to follow a consistent pattern. In practice values of A^|*/AA'[ and hence 
Y show wide variations (Table 1 and Figs. 7, 9, and 10); Fig. 7 indicates that 
Y must be a complex function of crack depth and stress-intensity factor. Variations 
remain wide even if data for true Mode III growth, which perhaps should not 
be analyzed by this method, are excluded. From the data presented it is only 
possible to note that A^i*/AA'i has a lower bound value of about one; Y has a 
corresponding upper bound value also of about one. The situation is somewhat 
analogous to that for the fatigue-crack-growth threshold under mixed mode load
ing where it is only possible [8] to define a lower bound value for the threshold. 
For pure Mode III it is usual [10,12,13] to ascribe low crack-growth rates (with 
concomitant low values of Y) to the effects of friction between opposing crack 
surfaces, to facet interlocking, or to both, but quantitative analysis does not 
seem possible. 

The tendency for fatigue cracks to grow in Mode I is an observation [2] which 
does not appear capable of proof in any strict sense of the word [23]. It is 
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confirmed here for proportional loadings at both a macroscopic (1 mm) scale 
and a smaller (0.1 mm) scale. At the macroscopic scale the tendency appears 
to be suppressed if the crack front is a closed curve. For nonproportional loadings 
there may be no direction which is pure Mode I throughout the fatigue cycle. 
For tests where a twist crack forms, the facet angle ^* (Fig. 5) tends to be that 
for which the expected crack-growth rate is a maximum. 

Under pure Mode III loading, Mode I facets are not always observed. There 
are two possible explanations for true Mode III crack growth where Mode I 
facets are not observed at the smaller scale. First, Mode I facets may be formed 
and then destroyed by rubbing. This may account for the data shown in Fig. 7. 
Second, it may be by a similar mechanism to that for Stage 1 fatigue crack 
growth [1] which takes place on planes of maximum shear stress under conditions 
of localized general yielding. The evidence for this view is as follows. Mode 
III fatigue crack growth by a mechanism analogous to that for Mode I (Stage 
II) fatigue crack growth does not appear to be possible [2]. Under Mode III 
crack-tip plastic zones are relatively large; true Mode III crack growth is only 
observed at high values of A/̂ m, which would provide the necessary yielded 
region with a plane of maximum shear stress in the appropriate direction. Crack 
growth is commonly observed [2] on planes of maximum shear stress at around 
and above general yield, especially under torsion [70]. At the risk of circularity 
it could be argued that the occurrence of true Mode III crack growth shows that 
yielding is too extensive for stress-intensity factors to be used in the analysis of 
fatigue-crack-growth rate data. 

Under mixed Modes I and III predominantly Mode I facets are observed for 
both proportional and nonproportional loadings. Slant crack growth in thin sheets 
is the major exception. The reasons for the occurrence of slant crack growth are 
not clear [2,16,17], but it is associated with through thickness yielding on 45° 
planes. It could be therefore regarded as fatigue crack growth on a plane of 
maximum shear stress under conditions of localized general yielding. On the 
other hand, crack growth by a mechanism analogous to that for Mode I crack 
growth does appear to be possible [2]. 

General Conclusion 

Some features of fatigue crack growth under pure Mode III and mixed Modes 
I and III loading were examined, including two cases where the Mode III dis
placements are not proportional to the Mode I displacements. Information ob
tained under nominally elastic conditions for various commercial alloys was 
reanalyzed and discussed in the light of theoretical considerations to see whether 
consistent patterns of behavior could be identified. Despite some inconsistencies 
and anomalies it was found that a reasonably consistent pattern of behavior was 
beginning to emerge. In particular a tentative upper bound for the rate of fatigue 
crack growth was identified, but it does not apply to slant crack growth in thin 
sheets. 
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APPENDIX 
stress-Intensity Factors for Twist Cradss 

For an inclined branch crack element (Fig. 12) Modes I and III stress-intensity factors 
Ki and Kj„ are given approximately [3-5] by 

kt = /fiCcos-ct) + 2v sin-<t)) + Km sin 2^ (5) 

km = - '/2«:,(1 - 2v)sin 2<1) + Km cos 2(t (6) 

where 

Ki and Km — initial (main) crack stress-intensity factors and 
V = Poisson's ratio. 

The maximum value of <:,, <:,* is given [3,4] by 

t* ^,(1 + 2v) + {Krjl - 2vy- + 4^,,,^}"^ 

This maximum occurs when km is zero and the corresponding value of 4), <\>* is given 
by 

tan 2<t>* = 2Kml{K,(l - 2v)} (8) 

If AT, and AT,,, are taken as macroscopic stress-intensity factors on a scale of, say, 1 mm 
then the equations also provide a first approximation for the facets on a twist fracture 
surface (Fig. 5). This presumes that the surface irregularity due to the facets is small 
enough to be considered as within the crack tip stress field. No account is taken of the 
effect of the intervening cliffs; the effect on fc, can be accounted for by writing Eq 5 in 
the form 

kt = y{A',(cos-(t) + 2v sin̂ cj)) -I- /f,,, sin 2*} (9) 

where y is a correction factor for the effect of the cliffs and other irregularities. Using 
an argument based on possible facet shapes, Y has been deduced to be 0.74 for the initial 
stages of twist crack growth where the individual facets are not yet connected by cliffs 
[3,4]. Experimental values could be derived from the data given in Table 1 and Figs. 7, 
9, and 10 by noting that Y = I/(A/t,*/AA:,). 
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ABSTRACT: Constant amplitude torsional fatigue tests have been performed on smooth 
specimens of quenched and tempered steel at two strength levels. Both unidirectional and 
fully reversed tests have been performed. It was found that there was no detectable effect 
of mean strain upon fatigue life of either strength level material, both at short and at long 
lives. Observations on microcrack behavior during the tests has demonstrated that initial 
crack growth always occurs on a shear plane, even if subsequent propagation is on a tensile 
Mode I plane at 45°. 

As in the uniaxial situation, short lives are dominated by microcrack growth. However, 
in torsion crack growth dominates over an extended range of life, and, in addition, surface 
crack lengths are longer than uniaxial at similar fractions of life. It is concluded that 
whereas crack initiation on shear planes is relatively easy in torsion, the Stage 1/Stage II 
transition, which occurs in tension at crack lengths of one or two grains, is extremely 
difficult in torsion. 

KEY WORDS: torsional fatigue, mean strain, microcrack growth, overstrain 

The local strain-life approach has been widely applied in recent years in the 
automotive industry for the prediction of the fatigue durability of components 
[/]. The approach has been validated [2], and the application is essentially 
routine, within fairly well-defined limits of applicability [3]. One of the limi
tations of the technique is that the loading at the critical location should be 
approximately uniaxial. This is unfortunate in that automotive components are 
frequently subjected to more complex, multiaxial loadings. Torsion can be con
sidered a special case of these. Typical examples would be halfshafts, torsion 
bars in suspension systems, and drive-shafts. Therefore, it would be of consid
erable benefit if the strain-life approach could be extended first to torsional 
loadings and then to more complex cases. The underlying aim of this work is, 
therefore, the development of a life prediction methodology in torsion similar 
to the local strain-life approach. 

'Metallurgist and Head of Materials Studies, respectively, GKN Technology Ltd., Wolverhampton, 
U.K. 
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Considerable work has been done to date on torsional and multiaxial loadings. 
In spite of this there is as yet no consensus on the appropriate fatigue criterion 
to be employed, although the cyclic shear strain range and the stress normal to 
the crack path have been identified as important parameters [4]. Regarding the 
case of pure torsional loadings, a number of further advances have been made. 
The presence of a strain-gradient has been identified as a factor which complicates 
the derivation of stresses, and hence fatigue testing has involved the use of thin-
walled tubes [J]. This is somewhat unrealistic in that the majority of engineering 
components are solid, and bar specimens are more appropriate. In the case of 
the latter, the use of the construction due to Nadai has been proposed as a 
possible means of generating the true surface stress [6,7]. 

The significance of the various possible definitions of failure in these tests 
has been evaluated by other workers and assessed in the light of definitions used 
in the uniaxial case \5,7]. It has been shown that, in the short life regime, plastic 
shear-strain range is related to life by a powerlaw expression [6,8]. Various 
possible correlations of torsional and uniaxial data have been investigated and 
reviewed [5,9]. Correlations based on octahedral shear stress have enjoyed some 
success (at long lives), although good correlations have not been consistently 
achieved [10]. Similarly, octahedral shear strain has been used to correlate data 
in the short-life regime, again with some, but not consistent success [8,11]. 
Miller and Chandler [7] have highlighted the importance of failure definition 
and geometry on these correlations. At present, work is continuing in order to 
generate more sophisticated descriptions of fatigue performance [9]. 

The work done to date has highlighted some important differences in behavior 
compared with trends observed in uniaxial fatigue. Thus, mean shear stress has 
been found to have little effect on life at long lives, in contrast with the effects 
observed in the uniaxial case [12]. A similar insensitivity to mean shear strain 
has also been noted in the short-life regime [13]. Mean strain effects are of 
obvious importance to a life prediction methodology. Thus, one object of this 
work is to investigate mean shear-strain effects. In addition to this, the influence 
of a number of cycles of high strain at the start of the test, that is, an overstrain 
test, was also evaluated. Considerable overstrain effects are observed in uniaxial 
testing [14], and it is important to determine whether this effect is carried over 
into torsion. 

Different modes of crack extension have been observed during torsional fatigue 
testing. Propagation has been observed along the longitudinal shear planes [6], 
along the circumferential shear planes [7] and normal to the 45° tensile stress 
planes, which results in a helical fracture [10]. Hence, it was also decided to 
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investigate the propagation modes in some detail, in order to assess the effect 
of the propagation mode on the proportion of life spent in initiation and sub
sequent growth. This could then be compared with existing uniaxial data. In 
addition, such observations may throw some light on the observed mean strain 
effects. 

Experimental 

The material employed for this investigation was BS 970 605H32 (EN 16) 
steel. This quenched and tempered low-alloy steel is typical of those commonly 
used in torsionally loaded components. The chemical composition is given in 
Table 1. The steel was austenitized at 850°C, followed by oil quenching. Two 
tempering temperatures were then employed, 300 and 600°C, which produced 
the tensile properties given in Table 2. A tempered martensitic microstructure 
was obtained in each case. 

Specimens were machined out of rolled bar in the longitudinal direction; hence, 
the elongated manganese sulfide inclusions present in the material were parallel 
to the longitudinal axis of the specimen. Uniform gage fatigue specimens (gage 
length 12 mm, diameter 7 mm) were employed for the uniaxial testing, failure 
being identified with separation of the specimen. Solid, cylindrical specimens 
were employed during the torsional fatigue testing. The specimens had a parallel 
sided gage section of 20 mm diameter. Final machining was carried out after 
heat treatment in order to eliminate any decarburization, and the specimen surface 
was longitudinally polished to 600 grit after final machining. 

Torsional fatigue testing was performed on a 2000 Nm capacity servohydraulic 
tension-torsion machine operating in shear strain control. Axial load was held 
at zero during the tests. Torque response was monitored throughout the test, and 
specimen failure was identified with the catastrophic drop off in torque response, 
which was defined here as the number of cycles at which the torque amplitude 
dropped by 25% of the initial value. The cyclic stress-strain curve was generated 
by constructing a plot of apparent surface stress (at halflife, where stable con
ditions were reached), against shear strain. The true surface shear stress against 
shear-strain curve was then generated using the construction due to Nadai or 
Upton [6,7,15]. 

Tests were conducted in which the shear strain was fully reversed, and also 
in which shear strain was unidirectional (that is, zero to some maximum value). 
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In addition, a small number of overstrain tests were conducted on the material 
tempered at 600°C. In these tests, ten cycles (fully reversed) at a shear strain 
amplitude of 0.0172 were first applied (such a strain amplitude would cause 
failure in —1500 cycles). The specimen was then unloaded to zero strain and 
stress and then cycled to failure under a second, lower fully reversed strain 
amplitude. 

In each test, the cracks were monitored visually during testing, and the mode 
of crack extension thus identified. In addition, a small number of replica tests 
were conducted in order to better assess the initiation and growth behavior. 

The replica tests were conducted on tubes of the tempered 600°C material. 
The internal diameter was 25 mm and the wall thickness 3.81 mm. Specimen 
strain was monitored using an internal extensometer mounted in the bore of the 
tube. The external surface was hence free for easy replication of the specimen. 
Cellulose acetate replicas were taken at regular cycle intervals; these varied with 
applied strain amplitude but were approximately 5% of specimen life, giving 
about 20 replicas per test. The replicas were examined under transmitted light 
and the length of the microcracks measured using a calibrated graticule. Further 
work was performed by sectioning the specimens after a test and measuring 
lengths and depths of the cracks thus revealed. In this way the relation between 
surface length and crack depth could be established. 

Results 

/. Material Tempered at 600°C 

l.J Torsion Fatigue Data—The fully reversed torsional fatigue test results 
for the material tempered at 600°C are given in Figs. 1 and 2. The method of 
curve fitting the shear-strain amplitude versus reversals to failure plot is essen
tially the same as that used to fit uniaxial data [7,2]. Thus, the shear strain 
amplitude Ay/l has been divided into elastic /^yjl and plastic Ayp/2 com
ponents and linear log-log relations have been assumed to exist for A7^/2 and 

10' 10 

Reversals 

10" 10 10 

to failure (2Nf) 

10 

FIG. 1—Shear strain amplitude against reversals to failure for the material tempered at 600°C. 
(• Total strain, o plastic strain, and D elastic strain). 
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Total shear strain. 

FIG. 2—Cyclic shear stress-shear strain curve for the material tempered at 600°C. 

Ayp/2 with fatigue life in reversals {2Nf). The following equation can then be 
used to fit the data 

A7 _ A7, A7̂  
2 2 2 

£ _ IL (2^^)* + 7 / (2yV̂ )'- (1) 

Here, n is the shear modulus and T/, b, 7 / , and c are the torsional equivalents 
of the coefficients and exponents used to fit uniaxial data. Thus, T/ and b are 
the torsional equivalents of the fatigue strength coefficient and exponent and y/ 
and c are the equivalents of the fatigue ductility coefficient and exponent. 

The cyclic stress-strain curve has been characterized by the following relation 

AT 
= K 

, (A7.)" 
(2) 

Again, K' and n' are the torsional equivalents of the cyclic strength coefficient 
and the cyclic strain hardening exponent. 

Numerical values of the material constants in Eqs 1 and 2 are given in 
Table 3. 

The existence of a large amount of strain-life data (appropriate to uniaxial 
loadings) in materials data banks represents an incentive for the assessment of 
how well the torsional data may be correlated with the uniaxial. The torsional 
data in Eqs 1 and 2 has therefore been compared directly with uniaxial strain-
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life data for this material. To this end, the strain-life and cyclic stress-strain 
curves were compared on the basis of actahedral shear stress and strain, defined 
here as 

TocT = r {(cr, - 0-2)' (aj - u,y + (a, - a,)^}' 

where CTJ, aj , and CT3 are the principal stresses and 

7ocT = 3 { (e i - ^lY + (€2 - €3)- + ( c j e,)T 

(3) 

(4) 

where e,, 62̂  and €3 are the principal strains. 
For each data set, the total strain was divided into elastic and plastic com

ponents for the purposes of correlation. Octahedral shear stress was used to 
correlate the elastic components since this has been used with some (but not 
total) success to correlate results at long lives [70]. Similarly, octahedral shear 
strain was used to correlate the plastic components, since this approach has again 
yielded some success in the short-life regime [5,8,11]. The approach employed 
here is, therefore, in accord with previous work. The correlation obtained is 
shown in Fig. 3, while the cyclic stress-strain curve correlation is shown in Fig. 
4. As shown in Fig. 3, a correlation within a factor of two on life has been 
obtained at short and intermediate lives, but there is a considerable discrepancy 
at long lives, where there is a discrepancy of approximately 30% on the fatigue 
limit, with corresponding large differences in life at a given octahedral shear 
strain amplitude. The cyclic stress-strain curves are correlated within approxi
mately 10% on stress. 

1.2 Mean Strain and Overstrain Tests—The mean strain and overstrain test 
results are presented in Fig. 5. The results are plotted, together with the results 
of the fully reversed baseline data, in terms of the shear strain amplitude against 
life. It can be seen from this figure that there is little or no effect of mean shear 
strain on the fatigue life of this material. 

10" 

10-' 
10̂  itf 

• Uniaxial 
o Torsional 

10' Irf 10' 10̂  10* 

R e v e r s a l s to fa i lu re . l 2 N f | 

FIG. 3—Correlation of uniaxial and torsional fatigue data in terms of octahedral shear strain. 
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FIG. 4—Cyclic stress-strain curves from uniaxial and torsional loadings expressed in terms of 
octahedral shear stress and strain. The solid line represents the elastic modulus. 

It should be noted that, at long lives, a mean shear stress was present throughout 
the test together with the itiean shear strain. However, at larger strain amplitudes, 
due to the cyclic plasticity, the stress quickly became approximately fully re
versed, so there was little mean stress present. 

Regarding the overstrain tests, as shown in Fig. 5, there was little effect on 
the subsequent life of ten cycles of relatively high strain imposed at the start of 
the test. 

1.3 Macroscopic Failure Modes—Failure at shear strain amplitudes of 0.005 
and greater was found to be due to the propagation of shear cracks along the 
longitudinal shear planes. Crack extension, therefore, occurred by Mode II along 
the specimen surface and by Mode III into the specimen. This was the case for 

10 Î—I I I null 

1 0 • 
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• Overstrain. 
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FIG. 5—Fully reversed (R = — / ) , mean strain (R = 0), and overstrain fatigue test results for 
the material tempered at 600°C. 
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FIG. 6—Small amounts of growth on 45° tensile stress planes, together with growth on longitudinal 
shear planes. Material tempered at 600°C (at iiy/l < 0.005). The longitudinal axis is marked (L). 

FKi ~ transverse .section through a failed specimen, showing multiple cracks around the 
circumference. 
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both the fully reversed and the mean stress tests. Typically, multiple cracks were 
observed at the end of the test (that is, at failure defined by —25% drop in torque 
response). The occurrence of longitudinal shear cracks rather than transverse 
shear cracks would be expected to be favored by the longitudinal polishing 
direction employed and the presence of elongated manganese sulfide aligned in 
the longitudinal direction. 

At strain amplitudes less than 0.005, some small amounts of growth were 
observed to occur on the 45° tensile-stress planes, together with growth on the 
longitudinal shear planes. Subsequent propagation then occurred exclusively by 
longitudinal shear (Fig. 6). 

1.4 Replica and Sectioning Work—Sectioning the failed specimens showed 
that failure definition employed here (25% drop in torque response) corresponded 
to the growth of at least one, and usually several cracks into the specimen. The 
cracks were of a depth approaching the specimen radius, and their length was 
of the order of the gage length (Fig. 7). 

Replica examination revealed that cracks of 100 jji,m in length were present 
at strain amplitudes of 0.006 within 7% of total life, and cracks of 1 mm in 
length were present at about 50% life. Hence for these strain amplitudes, pro
ducing lives in excess of 10̂  cycles, 50% of the life is spent growing cracks in 
excess of 1 mm length. 

At lives of 10' cycles, fractional life to produce 100 |j-m cracks could still be 
as low as 15%, while 30 to 40% of the life was occupied growing cracks in 
excess of 1 mm. These results are illustrated in Fig. 8. 

The initiation site was always a group of longitudinal inclusions (Fig. 9). A 
frequent feature of early crack growth was that initiation occurred simultaneously 
at a number of locations. Initiated cracks that were in the same longitudinal shear 
plane coalesced and grew on as a larger crack (Fig. 10). Transverse cracks, 
although they were observed, were never prominent, and dominant cracks were 
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FIG. 8—Plot of shear strain amplitude against reversals to (a) a crack of 0.1 mm surface length, 
(b) / mm surface length, and (c) failure. 
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always longitudinal. There was occasional evidence that cracks produced mi-
crofacets at 45° to the specimen axis (Fig. 10), but the general direction was 
always in the shear mode. 

Sectioning experiments revealed that for cracks about 100 [im in surface 
length, the depth (c) to half surface length (a) ratio was about 0.15, indicating 
that at lengths less than this, either the crack had initiated from an inclusion of 
this aspect ratio, or that initial growth was more rapid on the surface than inwards. 
By the time crack lengths of 1 mm were achieved, the c/a ratio was near 0.4 
to 0.45. 

2. Material Tempered at 300°C 

2.1 Fatigue Data—The fully reversed torsional fatigue test data are shown 
in Figs. 11 and 12. The same curve fitting routine previously discussed has 

1mm 
I — ^ 

FIG. 10—Two longitudinal shear cracks on the point of coalescence. Note the microfacets at 45° 
to the longitudinal axis, which is marked (L). 
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10 10 10̂  10' ID' 1 0 ' 1 0 ' ID' 10* 
Reversals to failure (2Nf) 

FIG. 11—Shear strain amplitude against reversals to failure for the material tempered at JOff'C. 
(• Total strain, O plastic strain, and D elastic .strain). 

been employed, and the values of the material constants obtained are given in 
Table 3. 

The mean strain test results are presented in Fig. 13. Again, little effect of 
mean shear strain was observed, despite the occurrence of a variety of macro
scopic failure modes. As in the case of the material tempered at 600°C, tests 
with a large strain amplitude reached a state of approximately fully reversed 
stress early in life. Those at lower amplitudes maintained a mean stress throughout 
the test. 

2.2 Macroscopic Failure Modes—Failure was now observed to occur by the 
propagation of shear cracks along the longitudinal shear planes at shear strain 
amplitudes of 0.007 and higher. Faceted failures (that is, those containing some 
propagation on both the 45° tensile stress planes and on the longitudinal shear 
planes (as already described in Section 1.3) were found to occur down to shear 
stain amplitudes of 0.006. Below this, the macroscopic failure mode was by 
propagation solely along the 45° tensile stress planes, giving the classical helical 
fracture. The mode of propagation is now exclusively Mode I in fracture me
chanics terminology. 
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-Cyclic shear stress versus .shear strain curve for the material tempered at 300°C. 
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FIG. 13—Fully reversed (R = -1) and mean strain (R = 0) fatigue test results for the material 
tempered at 300°C. 

The micromechanism of crack initiation in a specimen exhibiting the latter 
failure mode was investigated by scanning electron microscopy. On the spiral 
fracture surface, at the initiation site, was found a small (100 |xm surface length) 
region of shear crack growth (Fig. 14). That this occurred along the longitudinal 
shear plane can be seen from the orientation of this shear crack with respect to 
the spiral Mode I cracking (Fig. 15). Initiation and initial microcrack growth. 

FIG. 14—Initiation site showing a small region of shear {marked S) on the longitudinal shear 
plane and subsequent Mode 1 propagation. 
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FIG. 15—Orientation of initiation site {marked S) with respect to the subsequent crack propagation 
along 45° tensile-stress planes. The longitudinal axis is marked (L). 

therefore, appear to have occurred on a shear plane, even though subsequent 
micro- and macrocrack growth was by Mode I, under the action of the tensile 
stress on the 45° planes. 

Discussion 

Torsional Fatigue 

A comparison of the fatigue performance in torsion of the two strength levels 
is shown in Fig. 16. The effect of strength level on life was different in the 
high- and low-cycle regimes, a cross over in the shear strain versus life curves 
occurring at —10'* reversals. The higher strength material was greatly superior 
at long lives. Such crossovers are of course observed in uniaxial fatigue, where 
they are thought to reflect the inverse variation of strength and ductility [16]. It 
is interesting that the crossover occurs at somewhat longer lives (10" x 10' 
reversals) that in tension-compression [77]. 

The replica observations showed that most of the lifetime was spent in crack 
propagation at lives up to at least —10' cycles. Crack propagation has been 
found to be equally dominant in uniaxial fatigue [18], albeit up to somewhat 
shorter lives. However, the manner of growth in torsion is considerably different. 
For example, uniaxially, initiation and initial growth up to a few grains, occur 
by a shear process, termed Stage I by Forsyth [19]. A transition then occurs 
and growth proceeds perpendicular to the normal stresses (Stage II by Mode I 
in fracture mechanics terminology). Torsional crack growth also occurs initially 
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FIG. 16—Comparison of strain-life data for 300°C and 600°C materials. 

by shear (Stage I growth). However, in the majority of specimens tested this 
process continues throughout the test, and the transition to Stage II never occurs. 
In fracture mechanics terms, the growth is by Mode II along the specimen surface 
and by Mode III into the specimen. That no transition to Stage II has occurred 
reflects the absence of a stress normal to the shear plane and geometric difficulties 
associated with growth from the shear plane into the 45° plane in Stage II [20]. 

It can be also noted that in the region N^ < 10' cycles, surface crack lengths 
in torsion are longer than in tension at corresponding values of fractional life. 
This is illustrated in Fig. 17 where crack lengths are plotted as a function of Nl 
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FIG. 17—Comparison of surface crack length against fractional life for torsion and for uniaxial 
tension {data from Dowling [18]/or lives between 10^ and 10* cycles). 
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Nf for the present work and for tension from Dowling [18]. This can imply 
either that surface crack growth rates are faster in torsion than in tension or that 
initiation occurs earlier in life. At present it is not clear which of these two 
explanations is correct. 

The correlation based on octahedral shear strain between uniaxial and torsional 
smooth specimen data for the material tempered at 6(X)°C is within a factor of 
two on life in the short and intermediate life regime. It is surprising that this 
correlation is achieved in this crack growth dominated regime given the large 
differences, for example, in macroscopic growth rates measured in Modes I and 
III [2/]. There is, however, a considerable discrepancy in the correlation at long 
lives. It is, therefore, only possible to obtain initial, approximate estimates of 
torsional fatigue behavior from uniaxial materials data banks. Since these cor
relations have not in general found to be consistently successful [5], and it is 
possible that metallurgical factors may have different influences in the two cases 
[10], precise evaluation of a components performance under torsional fatigue 
requires the appropriate data. 

Effect of Mean Strain and Overstrain 

The absence of a significant effect of mean shear strain on the torsional fatigue 
life confirms the previous experimental evidence [12,]3]. The absence of an 
effect may be rationalized in terms of the mechanisms of failure which occur. 
At short and intermediate lives (for both materials), initiation and growth occur 
along the longitudinal shear planes, with the majority of the life being spent in 
growth. Growth thus occurs by Mode HI into the center of the specimen, and 
this is the Mode that causes failure. A number of reasons can be advanced as 
to why this Mode should be independent of mean shear strain. Shear Mode III 
growth rates have been found to be relatively insensitive to stress ratio effects 
[21], which is thought to be due to the absence of the closure effects invariably 
present in Mode I growth. Furthermore, the nature of the stress state in torsion 
(with no direct stress perpendicular to the relevant shear plane) prevents any 
mean strain effect due to normal stress acting across the shear plane. 

At long lives, in both materials, the situation is slightly more complicated if 
viewed in terms of the macromechanisms of growth, which contain 45° facets 
in the material tempered at 600°C and which occurs solely in the Mode I 45° 
planes in the material tempered at 300°C. However, fractographic evidence shows 
that initiation does in fact occur on a plane of maximum shear (longitudinal shear 
plane) even if the subsequent propagation is completely by Mode I. 

In this long-life regime the majority of life is spent in firstly initiating a shear 
microcrack and secondly growing it over a few grains. For tension-compression 
cycling the process will be aided by the normal stress operating on all shear 
cracks, which will increase with increasing mean stress and will aid the de-
cohesion process. In torsion, this normal component is entirely absent, and 
creation and early growth of shear cracks cannot be aided in this way. Increased 
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mean torque for constant torque amplitude will only produce increased shear 
stresses. This will not be as helpful in crack creation as it is the range of shear 
stress which is important. 

The lack of a mean strain effect in torsion means that a somewhat different 
life prediction methodology is appropriate to cases of pure torsional loadings. 
Now, it is solely the strain amplitude that is significant, at least over the R-
ratios considered here. This is in contrast to the uniaxial case where the parameter 
(fmax^a^)"^ is oftcu uscd [22] to account for mean stress effects. (Here a^^^ 
is the maximum stress, e„ the strain amplitude, and E is Young's modulus). 
Further work is required to assess whether this conclusion may be extended to 
more positive strain ratios. 

The negligible effect of overstrain in the tests conducted here is again of 
significance regarding the assessment of fatigue performance. The behavior is 
in contrast with that observed for uniaxial loadings where a marked effect of 
overstrain is generally observed, and it has been postulated [14] that overstrains 
reduce fatigue life by accelerating the crack-initiation process. The reason for 
the different behavior require further investigation but may be related to the 
changed proportions of initiation cycles and microcrack growth cycles which 
make up total life. 

Conclusions 

1. Torsional fatigue tests have been performed on smooth specimens of quenched 
and tempered steel at two strength levels. 

2. It is found that there is little effect of mean strain or of overstrain on 
torsional fatigue lives at either strength level. 

3. Observations of failure modes have revealed that initial crack growth is 
always on a shear plane, even though subsequent macroscopic growth continues 
in shear or changes to a tensile mode crack. 

4. Replication of the specimen surface during testing shows that surface crack 
lengths are longer for a given fraction of life than for uniaxial tension, and that 
the balance between initiation and propagation cycles comprising total life is 
shifted towards propagation. 

5. Crack initiation is found to be very easy in torsion, but subsequent crack 
growth is generally constrained to remain on shear planes and the Stage I/Stage 
II transition always occurs late in life and is often suppressed completely. 
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ABSTRACT: This study is devoted to the determination of a criterion for predicting crack 
initiation under low-cycle multiaxial fatigue. Here crack initiation. N,, is defined as the 
number of cycles needed by the final microcrack to reach one grain size. The tests which 
were carried out at room temperature on Type 316L stainless steel and Inconel 718 alloy 
included (a) reversed tension-compression (b) reversed tension-compression with a su
perimposed steady torque, (c) pulsated tension-compression with a stress ratio R„ such that 
- 0 . 5 < i?„ < 0 and (d) reversed torsion. Scanning electron microscope (SEM) obser
vations were used to determine the number of cycles corresponding to crack initiation and 
the orientation of the microcracks. 

From these observations a criterion combining the plastic shear strain range for the crack 
initiation plane, Ay^,, and the maximum of the shear stress on this plane, T, is proposed. 
It is shown that the predictive capability of this criterion is satisfactory for various ex
perimental results featuring both Types A and B crack initiation. Using the proposed 
criterion and the experimental relation between N, and the number of cycles at failure, N,, 
in conjunction with a double linear damage rule, it is shown that this approach accounts 
for previously published experimental results involving two level loadings. 

KEY WORDS: fatigue crack initiation, fatigue crack propagation, multiaxial loading, 
cyclic stress-strain behavior, microcrack orientation 

Nomenclature 
Ni Number of cycles to crack initiation 
Np Number of cycles spent in crack propagation 

Ni,Nf* Number of cycles to failure 
ACp Plastic tensile strain range 
A^p Plastic shear strain range 

61,62,63 Maximum principal strains 
a„ Normal tensile stress 

T Shear stress 
AT Shear stress range 
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R7 ymiJlrndx shear strain ratio 
I 

R. 
RE €mj„/e„aj tensile strain ratio 

cr,f^ Maximum load/initial cross section area 
e (1 — 1„)/1„ where 1 is the gage length 

e^ Ln (1 + e) 
a*' o-/ (I + e) 

a,p,yV,„^i,^2.^3 coefficients 
X Slope ofthe constant initiation life curves in the A7p - T plane 
[x Manson-Coffin type law exponent 
V Strain hardening exponent 

Most components and structures are subjected to complex loading conditions, 
that may eventually lead to fatigue crack initiation and crack propagation. For 
a long time, studies dealing with fatigue damage have been predominantly con
cerned with uniaxial, mainly tensile, situations, and most of the multiaxial fatigue 
studies have been carried out in the regime corresponding to the fatigue limit. 
In the last past two decades the regime associated with low-cycle fatigue (LCF) 
has received increased attention (for a review, seeRefy) . Nevertheless, important 
difficulties are still encountered when predicitng fatigue life due to complex 
loading. 

We have already exposed elsewhere [2,3] why it seems necessary to distinguish 
crack initiation and crack propagation when modeling LCF life. The socalled 
Stage I and Stage II phases have been defined from simple reversed tensile 
fatigue observations. For such a simple loading configuration, both stages have 
been found to depend on very different mechanisms [4-8]. When dealing with 
complex loading configurations, the Stage I and Stage II concepts may have to 
be reconsidered. Moreover the very early stage of fatigue cracking, that is crack 
initiation, and the subsequent crack propagation, may have to be studied sepa
rately. The present paper is devoted to the assessment of a LCF criterion for 
crack initiation. Crack initiation is defined here as the number of cycles. A',, 
required by the principal crack, that is, the crack that will bring the specimen 
to rupture, to reach the size of one grain. 

Several authors have already proposed LCF criteria for application to complex 
loading. In particular, the approach followed by Miller and Brown [9-72] is 
related in some respects to the physical aspects of crack initiation and propa
gation. For these authors, the critical parameters governing fatigue life are the 
maximum shear strain range (A^^^x) and the tensile strain e„ normal to the plane 
experiencing A7„ax. The principal strains are labelled €1, 62. ^3 (^i > £2 > ^3). 
In tests such as pure torsion, the strains Ci and €3 are parallel to the surface 
plane, and thus the maximum shear strain is also parallel to the surface (Type 
A). But for tests with positive biaxial stresses, the strain €3 is normal to the free 
surface, and the maximum shear strain is oriented in-depth from the surface of 
the material (Type B). Type B loading configurations are found to bring shorter 
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fatigue lives than Type A. Therefore, a specific criterion was developed for both 
of these situations by Lohr and Ellison [13] who, adopting the same approach, 
proposed a modification. Considering that fatigue life is controlled by in-depth 
growing cracks, they replaced e^ by the strain normal to the specimen surface 
and suggested the use of a single criterion for both Types A and B loading 
configurations. 

LCF tests corresponding to a fatigue life range between 10̂  and 10' cycles 
were carried out at room temperature on one heat of 316L austenitic stainless 
steel by the authors of the present paper [3]. These tests included (a) reversed 
tension-compression, {b) reversed tension-compression with a superimposed steady 
torque, (c) pulsated tension-compression, with a stress ratio (R„) such that 
— 0.5 < R<j < 0 and (rf> pulsated tension-compression with a superimposed steady 
internal pressure. Scanning electron microscope (SEM) observations were used 
to determine the number of cycles corresponding to Stage I crack initiation as 
here defined and the orientation of shear microcracks. For that program and 
material, it was observed that in-depth growing Type B microcracks were the 
most damaging for every loading configuration mentioned. A simple crack ini
tiation criterion was proposed 

iV,- = iV, ( A 7 / r • (a„Y (1) 

where 

^ 7 / = range of plastic shear strain on Type B planes, 
CT/ = maximum normal stress acting on these planes, and 

N„, a, and (3 = parameters determined from the Manson-Coffin law and the 
reversed cyclic stress-strain curve. 

Some exploratory reversed torsion tests carried out on the same material 
suggested that crack initiation could be fully controlled in some cases by the 
Type A shear strain component. Moreover, preliminary complex fatigue tests 
on a nickel-base superalloy, Inconel 718, reinforced this conviction and strongly 
suggested that the extension of the criterion given by Eq 1 to other materials or 
loading configurations than those described in Ref 3 was questionable. The 
present paper reports further critical experiments and observations carried out 
on both 316L stainless steel and Inconel 718 in order to get a better understanding 
of the LCF failure mechanisms. Equation 1 is then modified and its applicability 
extended to a wider range of test conditions. 

Materials and Experimental Procedure 

The materials used for this study are a low-carbon Type 316L stainless steel 
and Inconel 718 alloy. The chemical compositions of these materials are given 
in Table 1. The stainless steel has been solution treated at 1070°C for 1 h and 
then water quenched. This heat treatment provides grain sizes from 10 to 100 
[hxn, with an average size of 30 |xm. Manganese sulfide inclusions are also 
observed, lying parallel to the longitudinal direction. Inconel 718 alloy was given 
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the standard heat treatment, that is, 955°C/1 h - air cooling + 720°C/8 
h + 620°C/8 h + air cooling. In this material the resulting grain size of 30 
|xm was rather homogeneous. The tensile properties of both materials at room 
temperature are given in Table 2. 

All the experiments were carried out at room temperature, and loads and 
strains were continuously recorded. We performed the following tests: On both 
materials: strain controlled reversed torsion (R^ = - 1). On Inconel 718 only: 

1. Strain controlled reversed tension-compression (/?j = - 1 ) . 
2. Strain controlled reversed tension-compression with a superimposed steady 

torque. 
3. Stress controlled pulsated tension-compression (/?„ = Oand/?„ = -0 .5 ) . 

Two types of specimens were employed: 

1. Cylindrical solid specimens were used in tests (1, 2, 3). They have an 8 
mm diameter and a 12.5 mm gage length. 

2. Tubular specimens with a 19.5 mm outer diameter, 1.5 mm thickness, and 
a 12 mm gage length were used for reversed torsion tests. 

Type 316L stainless steel specimens were electrochemically polished. Inconel 
718 specimens were carefully mechanically polished (3-jJLm diamond paste). 
Both internal and external surfaces of tubular specimens were polished. 

The shear strain definition we used throughout this study is the engineering 
shear strain, that is 

•7B = e, - e, (2) 

It was observed previously [3] that the fatigue lives of tensile tubular specimens 
were shorter by a factor of two than the fatigue lives of solid specimens tested 
under similar conditions. This difference was believed to be related to a size 
effect. In torsion tubular specimens. Miller and Chandler []4] have also shown 
that the fatigue life was dependent on specimen geometry. In the present study 
because of the determined specimen size effect, the number of cycles to failure 
given in mechanical test result tables (Nf*) corresponds to the experimental value 

Material 

Type316L 
stainless steel 

Inconel 718 

TABLE 2 -

0.2% 

-Room 

Yield Stress, 
MPa 

283 
1165 

temperature tensile properties. 

Ultimate Tensile 
Stress, MPa 

590 
1375 

Elongation, 
% 

51.6 
20.5 

Reduction 
of Area, 

% 

89 
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of Nf for solid specimens and to twice this experimental value for tubular spec
imens. In all cases, NfandNf are included in the tables. In the tests incorporating 
a tensile load, N,- was defined as corresponding to a drop of the maximum load 
by 25%. This definition will not be adopted for torsion tests. In this case, Nf 
was defined as corresponding to the number of cycles when an external crack 
of about 10 mm was observed on to the specimen surface. 

Results and Observations 

Mechanical Tests 

Type 316L Stainless Steel—The results of the reversed torsion tests carried 
out on this material are given in Table 3. A comparison of the cyclic behavior 
of this material for reversed tension and reversed torsion is shown in Fig. 1 for 
both fatigue lives and cyclic strain hardening. This comparison is based on the 
Tresca equivalence for stress and strain. For simple tension, the plastic strains 
are 

g/ = g/ = _ e / / 2 

The engineering plastic shear strain range is, therefore 

A y = (3/2) Ae/ (3) 

The shear stress T can be easily deduced from the tensile stress <J-

T = a,/2 (4) 

Transcribing the reversed tensile fatigue test results of Ref 3 by using these 
parameters, a close correspondence of the strain hardening curves is observed. 
However, torsion fatigue lives are longer than for the tension tests by a factor 
at least equal to five. Furthermore, the fatigue life curves are not parallel. 

Inconel 718: Strain Controlled Reversed Tension-Compression Tests. Super
position of a Steady Torque—The results of these tests are given in Table 4. A 
nonproportional complex loading configuration was achieved by superimposing 
a steady torque to the solid specimens, such that the elastic shear stress induced 

TABLE 3—Type 3I6L stainless steel. Strain controlled reversed torsional fatigue experiments: 
stabilized stress-strain behavior and fatigue lives. 

Test 

6 
3 
4 
2 
5 

Specimen, 
electropolished 

tubular 
tubular 
tubular 
tubular 
tubular 

^lr' '̂ » 

2.8 
2.42 
2 
1.65 
1.3 

AT/2, MPa 

240 
225 
199 
183 
165 

T", MPa 

240 
225 
199 
183 
165 

N, 

2 850 
4 400 
9 600 

17 200 
48 000 

N,* 

5 700 
8 800 

19 200 
34 400 
96 000 
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FIG. 1—Type 3I6L stainless steel. Comparison of tensile and torsional LCF behavior (a) cyclic 
stress-strain response; and (b) fatigue life. 

at the specimen free surface was equal to 408 MPa (525 MPa for one test). As 
described for Type 316L stainless steel in Ref 3, a strong torsional ratchetting 
effect was observed when applying the torque. Table 4 shows that the application 
of a steady torque leads to a significant reduction in fatigue life. 

Inconel 718: Stress Controlled Pulsated Fatigue Tests—The results of these 
experiments are given in Table 5. During these tests, the accumulation of tensile 
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Strain due to the positive mean stress (whicii was recorded on 316L stainless 
steel [3]) is not observed for Inconel 718. The plastic strain amplitudes are very 
small when compared with the elastic strains, especially with R„ = 0. 

Inconel 718: Strain Controlled Reversed Torsion Tests—The results of these 
experiments are given in Table 6. A comparison of the tensile and torsional 
behavior of Inconel 718 has been carried out by using the Tresca equivalence. 
We can see in Fig. 2 that the cyclic strain hardening curves are still very close, 
whereas there is a factor of four between the torsion and tension fatigue lives. 

Observations 

Striation Spacing Measurements—From direct SEM observation of the fatigue 
fracture surfaces, striation spacings have been measured on Inconel 718 LCF 
specimens. The results we obtained on four specimens tested under the reversed 
tensile condition are plotted as a function of the crack depth in Fig. 3. Let us 
note the typical broken shape of these curves, where the striation spacings are 
first constant before suddenly exponentially raising. Similar observations were 
made on Type 316L stainless steel [2,15]. On Inconel 718, striation spacings 
were also measured from one specimen tested with a superimposed torque and 
one specimen tested under pulsated tensile condition, both specimens providing 
the same curve shape as described previously. 

We tried to carry out striation observations from specimens tested under re
versed torsion, but, on both Type 316L stainless steel and Inconel 718, the 
fracture surfaces were heavily smeared. 

Microcrack Orientation: Inconel 718 Under Reversed Tensile Loading. Influ
ence of a Permanent Torque—SEM observations of the external surface of 
Inconel 718 specimens tested under reversed tensile LCF and with a permanent 
torque show a strong influence of a steady load on the statistical orientation of 
fatigue microcracks (Fig. 4). These types of histograms were determined using 
SEM X320 maps covering areas of about 1 mm". When superimposing a torque, 
the crack distribution is shifted towards one of the 45° directions. A simple 
elastic stress analysis can help explain this phenomenon. The normal stress to 
planes enduring a maximum in-depth shear strain, that is, case B planes, is not 
modified by the torque. On the contrary, case A planes, which are the planes 

TABLE 6—inconel 718. Strain controlled reversed torsional fatigue experiments: .stabilized 
.stress-strain behavior and fatigue lives. 

Test 

T5 
T2 
Tl 
T3 
T4 
T7 

Specimen, 
mechanically polished 

tubular 
tubular 
tubular 
tubular 
tubular 
tubular 

A7,„ % 

2.6 
1.8 
1.5 
1.0 
0.75 
0.5 

AT/2 , MPa 

601 
555 
533 
518 
480 
438 

T", MPa 

601 
555 
533 
518 
480 
438 

N, 

1 070 
2000 
2 700 
5 500 
6 600 

13 000 

Nf* 

2 140 
4 000 
5 400 

11 000 
13 200 
26 000 
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FIG. 2—Inconel 718 alloy. Comparison of tensile and torsional behavior (a) cyclic stress-strain 
response, and (b) fatigue life. 

enduring a surface shear strain, are either overloaded or compressed by the 
torque. The observed distribution movement towards the direction "opened" by 
the torque was thus predictable. 

An observation of the sharp edge between a cross section and the specimen 
surface (Fig. 5) confirmed that crack nucleation occurs most often on maximum 
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shear strain planes. Under simple reversed tensile fatigue. Type B cracks are 
found to be deeper and propagating faster than Type A cracks: Case B cracks 
are felt to control fracture in this case. On the contrary, when superposing a 
torque. Type A cracks are predominant and seem to be the most harmful. It 
should be noticed that under this loading configuration, cracks in Inconel 718 
were observed to propagate macroscopically in planes inclined at 45° of the 
tensile axis, that is on case A planes. Nevertheless, case B cracks were still 
observed, eventually propagating in classical Stage II. 

Microcracks Orientation: 316L Stainless Steel and Inconel 718 Under Re
versed Torsional LCF—From SEM maps (Fig. 6a) and from cross-section ob
servations, it has been deduced that in both materials microcracking occurs on 
Type A pure shear planes. Histograms (Fig. 6^) show that for Inconel 718 both 
Type A directions are equally damaged, whereas in Type 316L stainless steel 
crack initiation is preferentially observed in the longitudinal direction. This is 
certainly connected with the orientation of the inclusions in this material. For 
both materials, cracks are observed to propagate several millimetres along the 
initiation planes, which are pure shear planes. 
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FIG. 5—Inconel 718. Types A and B microcracks observed on the specimen surface and on a 
section parallel to the specimen axis. Reversed tensile fatigue with a steady torque. 

Discussion 

Experimental Analysis of the Number of Cycles to Crack Initiation 

Type 316L Stainless 5ree/—Several investigators [7,16,17] have shown that 
for Type 316 stainless steel and within the crack propagation rate range usually 
encountered in LCF (that is, 0.1 to 10 [im per cycle) a one to one relationship 
between striations and fatigue cycles can be assumed. Recent observations [18] 
have been also carried out on high temperature LCF specimens of Type 316L 
stainless steel. For different strain amplitudes and fatigue life fractions, the 
authors have measured on every fatigue specimen the depth of numerous small 

 



JACQUELIN ET AL ON CRACK INITIATION 299 

cracks. A good prediction of these experimental statistical crack depth distri
butions has been achieved by using a simple model taking into account the crack 
propagation rates as measured from striation spacings. 

A correct estimate of the number of cycles spent propagating the cracks can 
thus be obtained by plotting striation spacing versus crack depth and by inte
grating along the fitting curve between the initial value of crack length, a^, 
corresponding to the end of Stage I and a^^corresponding to the final crack length. 
In this integration, a„ was taken as 20 |xm and Uf as 2 000 |xm. 

Inconel 718—Clavel and Pineau [21] have shown that in the case of Inconel 
718 and within the 0.1 to 10 (xm per cycle crack propagation rate range, it can 
be assumed that the correspondence between striations and fatigue cycles is the 
same as for Type 316L stainless steel. The value of Â, was estimated for six 
Inconel 718 LCF specimens, tested mostly under reversed tensile conditions, 
but including one test with a superimposed permanent torque and another one 
under pulsated tensile condition. Plotting these results along with the stainless 
steel data in Fig. 7, it is observed that the fraction of fatigue life spent initiating 
cracks can be fitted by a single curve for all materials and testing conditions 
reported here. In the present work and for both stainless steel and Inconel 718, 
the value of iV, was determined using this correlation. Reversed torsion tests are 
of course excepted. 

Assessment of a LCF Initiation Criterion 

Crack Initiation Orientation—From the observations carried out on Inconel 
718 (reported in the present paper) and on Type 316L stainless steel (reported 
in Ref 3) the following summary can be written. In all cases and for both 
materials, microcracks can be observed in every high shear strain amplitude 
orientation. Some of these microcracks exhibit a stronger trend to propagation. 

In the case of 316L stainless steel, for all tensile LCF configurations, crack 
initiation takes place on Type B, in-depth growing shear planes, with a subsequent 
classical Stage II propagation. For both materials under reversed torsion, mi-
crocracking takes place on Type A pure shear planes, and microcracks macro-
scopically propagate in their own plane. 

For Inconel 718 under reversed tensile LCF, Type B microcracks followed by 
classical Stage II propagation are still controlling the rupture, whereas the su-
perimposition of a steady torque may lead to a different fracture mode. In this 
case Type A microcracks may be predominant and propagate in the crack ini
tiation plane. It is felt here that classical Stage II propagation, observed for 
example on Fig. 5, is slowed down by crack closure effects due to ratchetting 
torsion. Crack propagation becomes faster in Type A planes, and thus Type A 
microcracks are controlling the fracture process. Let us note that Type A prop
agation is most probably governed by crack opening modes, as shown by the 
sharp striations we observed and the propagation rates we measured from them. 
This propagation mechanism is thus very different from the one observed for 
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FIG. 7—Total fatigue life, Nf, as a function of the number of cycles for crack initiation, N,. 

reversed torsional LCF. In spite of its orientation, it can be hardly labelled Stage 
I, but it is certainly not Stage II. 

From all these remarks, it is concluded that the orientation of the initiation 
plane of the final crack is strongly connected with the orientation of the plane 
of fastest propagation. When this propagation is classical Stage II, Type B 
microcracking controls failure. In some cases the fastest propagation can be 
oriented otherwise, leading to the control of failure by Type A cracks. 

Number of Cycles for Crack Initiation—It is clear that it is necessary to use 
at least two parameters to describe fatigue crack initiation, as already proposed 
by other investigators [1,2,3,12,13], We mentioned that Types A and B micro-
cracks were simultaneously present when the applied loads on their planes were 
not too different. This observation suggests that the number of cycles for initiation 
does not strongly depend on the shear strain orientation. This remark is clearly 
conflicting with the classical concept of Type B shear being more damaging than 
Type A. Furthermore, it means that the kind of criterion we formerly proposed 
for Type B initiation (Eq 1) should be also efficient for Type A, if using the 
correct mechanical parameters. 
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Applying Eq 1 to the Inconel 718 results, the effect of the normal stress on 
Type A planes (CT/) for tensile fatigue with a superimposed torque would predict 
an important decrease in fatigue life. Furthermore, for reversed torsion tests, 
a / is always equal to zero. For these two reasons, we replaced CT„ by the 
maximum of the shear stress, T, applicable to the crack initiation plane. The 
parameter T is just as complementary as a„ of the first parameter, A'Vp, but seems 
to have a wider applicability. 

An attempt at correlating the experimental results was thus carried out using 
the following relationship 

N, = N„ A7 / Tf* (6) 

where 

A"/̂  = plastic shear strain range applying on the crack initiation plane and 
T = maximum of the shear stress that is applied on the same plane. 

The term N^ is a parameter fitted from reversed tensile LCF results, a and p 
are calculated for every material by using the following procedure. The exper
imental results are plotted in the (Â ŷ  versus T) plane for both materials (Fig. 
8). In this diagram, iso-initiation life curves appear to be parallel straight lines, 
that is 

T = fc, (A7,)^ (7) 

ki is an empirical function of yV, only. Considering the reversed tensile fatigue 
tests, a Manson-Coffin type relationship for initiation life can be written as 

iV,- = k2 (A^)" (8) 

The cyclic stress-strain curve can be fitted by the equation 

T = k, {Ay,r (9) 

The following equations are easily derived 

from Eqs 6 and 7 

- ( a / p ) = \ (10) 

from Eqs 6, 8, and 9 

a -I- 3v = }i, (11) 

Solving this system, a and 3 are determined. The numerical values of X., |x, v, 
a, P, and A',, for both Type 316L stainless steel and Inconel 718 are given in 
Table 7. 
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TABLE 7—Parameters of the crack initiation criterion. 

Material 

Type 316L 
stainless steel 

Inconel 718 
316L steel [23} 

\ 

- 0 . 7 

-0.125 
-0 .74 

M-

-2 .1 

-1 .55 
-2 .36 

V 

0.38 

0.095 
0.25 

a 

- 1 . 4 

-0 .88 
-1.75 

P 

- 1 . 9 

- 7 
-2 .36 

9 

7.2 
7.5 

N„ 

X 

X 
X 

10' 

10 '̂ 
10* 

Application of the Criterion to Experimental Results 

Application to Type 316L Stainless Steel and Inconel 718 Results, Excepting 
Reversed Torsion Tests—The application of the criterion proposed previously to 
every result, for which an experimental estimate of Af, could be obtained (that 
is all experiments excepting reversed torsion tests) has shown a rather satisfactory 
predictive capability of the criterion for both 316L stainless steel and Inconel 
718 (Fig. 9). 

Application to 316L Stainless Steel and Inconel 718 Reversed Torsion Tests— 
The number of cycles at crack initiation predicted by the criterion (A ,̂J was 
calculated from reversed torsional LCF data for both materials. The value of N^^ 
is plotted as a function of iV/in Fig. 10 where the experimental A?i — A^^correlation 
obtained from tensile fatigue results (Fig. 7) is also shown by a dashed curve. 
This diagram indicates that for a given initiation life, the criterion proposed in 
this study predicts a much slower crack propagation under reversed torsional 
loading than under tensile LCF. 

With respect to this issue, interrupted reversed torsion experiments were car
ried out on both materials. Tests were interrupted at fatigue lives corresponding 
to crack initiation as calculated from the criterion, and the resulting fatigue 
damage was then studied by SEM. Extrusions and evidence of transgranular 
decohesion was observed on the surface of the Type 316L stainless steel specimen 
and Type A microcracks were revealed in Inconel 718 (Fig. 11). This observed 
damage corresponds to crack initiation as defined previously. Furthermore these 
few experiments are reinforced by the observations of other workers. Socie et 
al [22] reported fatigue life fractions for initiation of 100 \xm defects in Inconel 
718 under reversed torsion similar to those predicted by the proposed criterion. 
The same trend was observed by Hurd and Irwing [23] on a quenched and 
tempered steel. All these results suggest that the (A7p,T) criterion can apply to 
reversed torsional LCF. 

Application to LCF Experiments Carried Out at Two Levels—Following the 
procedure reported in this study, we analyzed an important batch of experimental 
results from the literature [24]. About 60 tests carried out on a Type 316L 
stainless steel, including pulsated LCF and LCF after large prestrain (up to 30%), 
were readily correlated. The correlating parameters are given in Table 7. Some 
LCF tests carried out on the same material at two successive stress amplitude 
levels are also reported in Refs 24,25 (Table 8). A prediction of the number of 
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FIG. 10—Reversed lorsion. Experimental fatigue life, N,, as a function of the calculated number 
of cycles for crack initiation, Nî . 

cycles spent at the second level before final fracture {N2) was attempted by using 
the (A'Yp, T) crack initiation criterion and the A?, versus Nf curve of Fig. 7. The 
detail of the procedure is given in Table 9. The terms AT,, and N^ are the number 
of cycles for initiation as predicted from the (A^^, T) criterion for both test 
levels, which are considered as distinct, and Np, and Npj are the number of cycles 
for propagation deduced from //,, and Â,2 by using the Af, versus A',̂  correlation. 
The calculated number of cycles at the second fatigue level (N2c) is derived from 
the number of cycles spent at the first level (AT,) as follows 

for N, < A/,,* 

for Â , > Nn* 

N2C = ^,-2* (1 - N,/Nn*) + Np2* 

N2C = Np2* [1 - (A ,̂ - N,-,*)/Af„*] 

(12) 

(13) 

Equation 12 is obtained by applying the Miner linear cumulative damage rule 
to initiation lives. In Eq 13 the propagation lives are calculated by the same 
simple rule. In Table 9, it is noticed that in all cases but one Eq 12 applies. A 
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good correlation of the experimental results (Fig. 12) was achieved by using this 
procedure. The double linear damage approach was first introduced by Manson 
[29], but here it is worth emphasizing that it is applied to specific fatigue life 
stages as assessed from direct observations. 

Summary and Conclusion 

Low-cycle fatigue crack propagation is mostly controlled by macroscopic 
mechanical parameters, while crack initiation is strongly sensitive to physical 
aspects such as microstructural details and environment. Therefore, the two 
stages have to be studied separately. From experiments on Type 316L stainless 
steel and Inconel 718 alloy involving: (a) reversed tension-compression, (b) 
reversed tension-compression with superimposition of a steady torque, (c) pul
sated tension-compression, and (d) reversed torsion, the following conclusions 
can be made. 

1. The number of cycles needed by the final crack to reach an initiation size 
of one grain was determined for tests (a, b, c) just mentioned. These results 
plus others from the literature yield a simple relationship for crack initiation in 
austenitic stainless steels tested at temperatures ranging from 20 to 700°C and 
for Inconel 718 at room temperature. 

2. Depending on the material and on the loading configuration, cracks con
trolling the fatigue fracture were observed to initiate as either Types A or B. In 
all cases, microcracking occurs for every plane orientation corresponding to high 
shear strain amplitudes. The orientation of the initiation plane of the principal 

FIG. 12—Correlation of cumulative damage experiments. 
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crack is always strongly connected with the orientation of the plane of fastest 
propagation, which is not necessarily classical Stage II. 

3. Combining the plastic shear strain range on the crack initiation plane, A7p, 
and the maximum of the shear stress on this plane, T, a modified LCF crack 
initiation criterion is proposed 

where N,„ a, 3 are parameters fitted from the Manson-Coffin type law and the 
reversed cyclic stress-strain curve. 

4. The predictive capability of this criterion was found satisfactory for various 
experimental results, featuring both Types A and B crack initiation (for example, 
reversed torsion and reversed tension). Types A and B shear seem thus to have 
the same effect on crack initiation. Differences in fatigue lives arise only from 
variations in propagation rates, connected with the propagation orientation or 
mode. 

5. Using the A', versus A'/ correlation and the (A7,,,T) criterion, a simple method 
is applied for evaluating cumulative fatigue damage. Experimental data from the 
literature are successfully correlated. 
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ABSTRACT: This paper examines the extent to which local state stress contributes to 
observed short crack growth rate behavior. Local crack-tip stress state effects are explored 
in terms of data developed at notch roots in notched plates of various thicknesses. Ex
perimental data and fractography coupled with the results of stress intensity solutions show 
that a part of the so-called short crack effect may be rationalized by three-dimensional 
considerations. 

KEY WORDS: notches, local stress state, crack initiation, microcrack growth, mechanics, 
plasticity, metallurgy, fractography, short crack effect 

Nomenclature 

K, Theoretical elastic stress concentration factor 
<!> Diaineter 
t Thickness 

a,,a2,(T) Principal stresses, at a notch root 
61,62,63 Principal strains, at a notch root 

S^j Maximum far field (gross section) stress 
S„„ Minimum far field (gross section) stress 

R Stress ratio, S„„/Sn, 
a Crack length, from notch root on transverse net section 
w Width, across transverse net section 

F(alw) Function of geometry and crack length 
K,K^ Stress intensity factor, corresponding to maximum stress 

<jy Yield stress 
rp Plastic zone size 

A^eff Effective stress intensity factor range, range of K for which the crack 
is open 
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N Cycles 
daldN Crack growth rate per cycle 

It is well known that the fatigue resistance of metals depends on the state of 
stress at the fatigue critical location. Data in the literature indicate that octahedral 
measures as well as differences between maximum principal stresses or strains 
have been invoked to relate fatigue in various states of stress and strain (for 
example [i]). Once a macrocrack develops, the literature suggests that a max
imum principal stress criterion including crack length is appropriate. For ex
ample, Liu et al [2] show that for cracking under mixed modes the crack rotates 
from its initial orientation onto a plane perpendicular to the maximum principal 
stress as the crack extends. Yet another study shows that the degree of crack 
closure depends on the inplane nonsingular stress [ i ] . Given these observations, 
criteria which control multiaxial fatigue would depend at least on the length of 
the crack. In turn, the initiation and early growth of cracks at notch roots will 
depend on the local stress state—that is, on the thickness to notch root diameter 
ratio [4]. 

The purpose of this paper is to explore the growth of cracks from notch roots 
under various levels of local biaxiality. Results developed from tests of notched 
plates made of 2024-T351 aluminum, AISI 1080 steel, and SAE 4340 steel are 
presented and discussed. Crack growth behavior and fractography are presented 
to illustrate the effects of stress state in terms of linear elastic fracture mechanics 
(LEFM) analysis. The results are discussed in light of limitations of fracture 
mechanics and interpreted in regard to observed discrepancies in the LEFM 
analysis of growth rate behavior from notch roots—one aspect of the so-called 
short crack effect. 

Experimental Aspects 

Materials 

Tests have been conducted on a range of notched plate geometries made from 
materials which exhibit cyclic hardening (2024-T351 aluminum), cyclic softening 
(4340 steel at Rc45), and softening at low strains and hardening at high strains 
(1080 steel at R,19). 

Typical microstructures in the longitudinal-longitudinal transverse (L-LT) plane 
for these materials are shown in Fig. 1. The scale of the microstructures indicates 
the aluminum has the coarsest grain size (ASTM 3.5). The grain size of the 
1080 steel (ASTM 6) is somewhat refined from that of the aluminum, while that 
for the 4340 steel is very much refined as compared to both the aluminum and 
the 1080 steel (ASTM 12.5). The aluminum is a precipitation-hardened material, 
the 4340 steel is a martensitic structure, and the 1080 steel is fully pearlitic. 

Study of the microstructures indicates that the grains of the aluminum are 
pancaked due to the heavy rolling of the sheet. Those of the 1080 steel are 
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(a) 2024-T351 aluminum. 
(b) AISI 1080 steel. 
(c) SAE 4340 steel. 

FIG. 1—Typical microstructure for materials studied. 
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(c) 
FIG. I—Continued. 

slightly elongated also due to rolling, while those for the 4340 tend to be equiaxed. 
The aluminum alloy is rather dirty, containing clusters of sometimes large in-
termetallics. Both steels contain elongated inclusions identified by energy dis
persive X-ray analysis as being the manganese sulfide (MnS) variety. 

The aluminum alloy 0.2% offset yield strength is 358 MPa with an ultimate 
strength of 482 MPa. Corresponding data for the 1080 steel are 359 and 820 
MPa, while results for the 4340 steel indicated a yield of 1378 MPa and an 
ultimate of 1426 MPa. The endurance limit stress amplitude for the aluminum 
alloy is ±172 MPa, while that for the 1080 steel is ±224 MPa, and that for 
4340 steel is ±603 MPa, based on R = S„JS,^ = -1 cycling. Estimates of 
the threshold stress intensity based on K increasing near threshold growth rate 
data fromi? = - 1 cycling are/i:^ = 5, 16, and 10 MPa Vm, for the aluminum 
alloy, the 1080 steel, and the 4340 steel, respectively. 

Specimens 

Centrally notched flat plate specimens employed in this investigation embraced 
thickness, t, to notch root diameter, <J), ratios of 0.2 to 2.0 for the 4340 steel, 
0.18 to greater than 2.0 for the aluminum alloy, and 0.40 for the 1080 steel. 
The net section notch acuity is K, = 2.50 for the circularly notched 4340 steel 
and the 1080 steel specimens. For the 2024 T351 aluminum alloy, net section 
^,-values include: 2.56 and, 2.68 for circularly notched plates, and 4.60 and 
6.40 for elliptically notched plate specimens. 

Three-dimensional analysis (for example, see [4]) indicates that, for plates 
with circular holes, values of t/^ equal to 0.2 or less approach the limiting 
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condition of plane stress (a^ = CT3 = 0) at the notch root. Values of f/4) in 
excess of 1.5 are therein indicated as approaching the limiting condition of plane 
strain (63 = 0) at the notch root. On this basis, the lower f/<j) values for the 
4340 steel and the aluminum alloy represent plane-stress conditions, whereas 
the data for ?/<() s 1.5 reflect plane-strain conditions. Results for the 1080 steel 
at r/(|j = 0.40 and results for similar //({>-values (0.3 s tl<^ < 1.0) for the 
aluminum alloy and the 4340 steel represent a transition condition beyond plane 
stress, but well removed from a plane-strain condition. Data generated for the 
elliptically notched aluminum plates with K, = 6.40 represent a plane-strain 
condition. 

In the case of the 2024 T351 aluminum alloy, data available include: cycles 
to form a 125-(Am-long crack, crack growth measurements for cracks on the 
order of 125 |xm long up to the critical size, and strain measurements throughout 
the plate. Crack size measurements have been made visually, at up to x40 
magnification, as well as through the use of a photographic technique at x40 
magnification. The same type of data are available for the 1080 steel. However, 
for this material the crack growth data all have been obtained using a photographic 
technique at x40 magnification. Data for the 4340 steel include cycles to form 
a 125-fji-m-long crack and crack growth data from cracks of that size up to the 
critical crack size. Additional details for the aluminum alloy may be found in 
Refs 5 and 6, while that for the 1080 steel may be found in Ref 7. 

Results 

Metallographic and fractographic results are presented in Figs. 2 through 9. 
Figures 2 and 3 present data for the aluminum alloy developed under conditions 
ranging from plane stress to plane strain. Figure 4 characterizes macroscopic 
deformation patterns anticipated under the limiting conditions of plane stress and 
plane strain. Figure 5 presents fractographic features that develop with plane 
stress conditions in 4340 steel, while Fig. 6 contrasts the metallographic aspects 
of cracking in the aluminum alloy and the 4340 steel. Figure 7 presents typical 
evidence of multiple initiation and branching that occurs in comer cracking 
associated with conditions approaching plane stress, while Fig. 8 in contrast to 
Fig. 7 shows similar results for midthickness cracking for the 1080 steel. Figure 
9 further characterizes features of plane-stress comer cracking. 

Crack growth data corresponding to the metallographic and fractographic re
sults are shown in Figs. 10 through 12. Crack growth data are presented on 
length versus cycles coordinates, and as analyzed on growth rate—K^ coor
dinates. Growth rate is calculated as the slope between two points and reported 
as a function of the maximum stress intensity factor, K^^, corresponding to the 
average crack length for a given growth rate. K^ is defined in the usual fashion 

K,,,,- = F(alw)S,„,V^ (I) 
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where 

S,^ ~ maximum gross section stress in the cycle, 
a - surface crack length measured from the notch root, 

F{a/w) = a function of the geometry and crack length, and 
w = width of the specimen across the crack plane. 

Equation 1 is a general description of the crack driving force provided that F{a/ 
w) is known for the crack and specimen/notch geometry. Specific forms of 
F{a/w) are discussed later. 

Discussion 

Metallographic and Fractographic Aspects 

The firactographs in Figs. 2 and 3 and 5 through 9 present typical views of 
the crack morphology for the aluminum alloy and the two steels for conditions 
approaching plane stress ranging up to plane strain. For the plane-stress case, 
initiation is traced to the comer region while for plane strain initiation typically 
occurs at (multiple) midthickness sites. Thus, plane-strain cracking in the comer 
region involves the breakthrough of a long-fronted but shallow crack. Observed 
trends in the initiation locations follow the behavior predicted based on results 
of detailed three-dimensional stress analysis in conjunction with an octahedral 
form of multiaxial equivalence criterion [4], 

Figures 2 and 3, parts (a) and (b), show that, for the aluminum alloy and 
near plane stress conditions, the early crack growth from the comer is on planes 
other than normal to the free surfaces. At the origin of initiation where the notch 
field affects the local stress state, cracking involves a mixture of stepped cracking 
planes and directions and appears to be Mode II and somewhat crystallographic. 
On the other extreme, Figs. 2c, 3c, and 3d which present typical results for the 
initiation site and the comer region for cases approaching plane strain, early 
growth is on a plane normal to the free surface throughout the cracking process, 
with evidence of striation-like features very near the initiation site. 

Differences in morphology in Figs. 2 and 3 may be argued to develop because 
the surface breaking crack length is comparable to the scale of microstracture. 
However, these different morphologies develop for comparable physically small 
cracks in the same microstmcture. Evidently microstmctural size is not the only 
factor as the only difference is the local stress state. 

At the macromechanics scale, a through thickness macroshear mode of de
formation is operative under plane stress while planar macroshear bands develop 
in plane strain as indicated schematically in Fig. 4. At the microlevel, the 45° 
slip evident for plane stress in Fig. Aa is manifest in the Mode II/III components 
of comer cracking, because the double free surface of the comer results in easier 
slip on planes with components of slip normal to the free surfaces. The plane-
strain midthickness initiation is observed to produce a Mode I crack whose growth 
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(a) Approaching plane stress; t/<^ = 0.25, t = 2.5 mm, K,S„ = 300 MPa. 
(b) Intermediate state; l/<i> = 1.06, t = 2.5 mm, K,S„„ = 385 MPa. 
(c) Approaching plane strain; ?/<f) = 2.38, t = 2.5 mm, K,S„ = 401 MPa. 

FIG. 2—Typical character of the fatigue at the notch comer as a function of degree of local 
biaxiality: 2024 aluminum, R = —I. 
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(c) 
FIG. 2—Continued. 

is planar, and nonnal to the single free surface. This behavior is similar to that 
evident in Fig. 4b, with little evidence of Mode II crystallographic cracking. 
Furthermore, for midthickness initiation, the double-free surface effect of the 
comer appears to be suppressed by the plane-strain controlled portion of the 
crack, as the crack breaks the comer. That is, while the crack may be small as 
seen on the plate's surface it is actually a long crack in that its depth at mid-
thickness or length on the opposite surface or both are substantial. 

Schijve's work [8] implies that the more stepped crystallographic faces of the 
plane-stress crack would depress growth rates (perhaps due to ill-defined crack 
fronts, mixed growth directions, and microcrack closure) as compared to the 
more planar situation that develops for plane strain. But, the easier slip and 
larger plastic zone developed in the near notch root plane stress field would 
enhance growth rates as compared to plane strain. Thus, counteracting mechanics 
forces are in action in the transition from plane stress to plane strain depicted 
in Figs. 2 and 3 as the crack grows from the notch-induced local stress state. 

The effect of local stress state depends on the material's deformation behavior 
because the plastic zone size, r^, depends on the yield stress, a, as r̂  a a^r^. 
For a given ^-level, strong materials would exhibit a smaller zone of plane-
stress behavior at the crack tip for the same f/<l) ratio. As evident in Fig. 5, 
which presents results corresponding to Fig. 2 for the case of plane stress for 
the 4340 steel, this trend does indeed develop. For the data considered, r^ for 
the aluminum alloy is about 15 times that for the 4340 steel. Likewise, for a 
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(a) Notch comer after comer initiation: f/<}> = 0.18, / = 2.25 mm, K,S„„ = 444 MPa. 
(h) Notch comer after comer initiation: f/(j) = 0,18, i = 2.25 mm, K,S,„, = 444 MPa. 
(c) Midthickness origin of initiation: f/tb = 1-06, t - 2.5 mm, K,S,„ = 385 MPa. 
(d) Comer crack after initiation at midthickness and on opposite face: //<t> = 1.06, / = 2.5 mm, 
A:,S„, = 385 MPa. 

FIG. 3—Tvpical fractographic features at crack origins and notch corners: 2024 aluminum. 
R = - / . 
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FIG. 3—Continued. 
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(a) Plane stress with shear through the thickness and out of the crack plane. 
ib) Plane strain with shear across the plate and parallel to the crack plane. 

FIG. 4—Deformation patterns in plane stress and plane strain. 

comparable crack size, a, the ratio of r^la is about 15 times greater in the 
aluminum alloy than in the steel. The absolute r,, == 150 jxm and Vpla — 1 for 
the aluminum alloy, whereas for the 4340 steel r̂  = 10 nm and 
r^l a^ 0.07. For the data examined, r̂  is on the order of the grain size for both 
materials. Consequently, in both materials the microstructural features of the 
reversed plasticity crack advance process are considered to be similar. Micro-
structural size, therefore, is not directly a factor in the data being compared. 
But because the scale of the microstructure is inherently tied to the yield stress, 
which influences r ,̂ microstructural scale remains an indirect consideration. 
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(a) Overview of cracked ligament showing corner thumbnail. 
(b) Details of notch comer crack region. 

FIG. S~Fractographic features of notch corner crack initiation typical of SAE 4340 steel-
R = -1. t/<|) = 0.2, t = 0.75 mm, K,S„ = 969 MPa. 
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In the case of Figs. 2 and 5, the 4340 results satisfy the confined flow 
requirement for LEFM, but that for the aluminum alloy does not. More impor
tantly, microstructural size controls the volume (number of grains) needed to 
develop the continuum behavior implicit in fracture mechanics calculations, and 
often assumed to develop when comparing fractographic results and crack growth 
data. 

The number of grains required to develop such continuum behavior (homo
geneous grain-to-grain compatibility) is reasonably set at 5 to 10, based on 
matching constitutive behavior [9]. On the basis of 5 grains, continuum behavior 
would develop in the aluminum alloy at a crack length (depth) of about 470 
|jLm. In contrast, continuum behavior develops in the 4340 steel for cracks about 
20 |JLm long (deep). Comparison of early crack growth behavior in the aluminum 
alloy and the 4340 steel as is done in comparing Figs. 2 and 3 with Fig. 5 thus 
amounts to comparison of noncontinuum and continuum behavior. Control over 
continuum versus noncontinuum behavior traces directly to grain-to-grain com
patibility, and differences in the absolute crack length to develop a continuum 
compatibility condition. Differences in fracture morphology evident in Fig. 5 as 
compared to Figs. 2 and 3 and as well in metallographic sections in Fig. 6, 
therefore, can be traced directly to differences in the mechanics (compatibility) 
controlling the cracking process. While microstructural differences have been 
shown to alter the growth of small cracks (for example, [10,]]]), such cases 
involved differences in constraint of crystallographic slip as a function of grain 
size. Also involved in such data are radical differences in the scale of crack tip 
plasticity (r^ a yield stress"^ for the same K). Therefore, the results in the 
literature are not conclusive as to the significance of the scale of the microstruc-
ture. Further experiments which alter the scale of the structure while holding 
the strength constant (not too easy) would help clarify this controversial point. 

Differences in material deformation response further complicate interpreting 
differences in the cracking process at a given /T-level for notched plates because 
K is not normalized to the yield stress of the material. Significant differences in 
the size of the notch field thus can develop at comparable A'-levels in different 
materials. For the aluminum alloy, the bulk of the cracking occurs in the inelastic 
field of the notch. But for the 4340 steel, virtually none of the cracking develops 
in the inelastic field (because this field is very small, s 10 jim). Given this 
situation, K can hardly be expected to provide a unique measure of the crack 
driving force for the aluminum alloy in the same way it does for the 4340 (or 
the 1080) steel. Likewise, as noted earlier, continuum fracture mechanics can 
hardly be expected to characterize the growth of the aluminum alloy at crack 
lengths much less than about 500 |jLm. Equal values of A" therefore do not infer 
comparable conditions for cracking in some cases. It is for this reason that 
measures of the crack driving force should include normalized stress level, as 
suggested elsewhere [12]. 

Figure 6, which is a polished section 10 to 15 ixm below the surface, indicates 
only a limited interaction of cracks with the microstructure. It also indicates the 
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FIG. 6—Typical metallographic aspects of the cracking of 2024 aluminum and SAE 4340 steel: 
R = - / ; K,S„ = 320 and 960 MPa, respectively. 

presence of a dominant crack and thus suggests that a single crack initiates and 
grows. In the case of the 4340 steel, the microstructural features are very refined 
so that, in the absence of inclusion stringers, limited interaction is expected. 
More importantly, significant interaction between the microstructure and the 
fatigue process is most probable for cracks whose size is on the order of the 
microstructure. In the case of the 4340 steel, this suggests interactions would 
not be evident at crack lengths (depths) greater than 20 \x.m, but are most likely 
at lengths on the order of the grain size—or about 4 |xm. Cracks of this size 
are below the observation threshold of most laboratories and as such go unde
tected even if they occur. The absence of obvious interaction in the steel thus 
is not surprising. For the case of the aluminum, observations of crack interaction 
with the microstructure at initiation and during microcrack growth are expected 
given the larger grain size and presence of intermetallics. However, demonstrat
ing such interaction is not easy without doing serial sections. The absence of 
interaction, therefore, should not be taken to infer that interaction does not occur. 

Regarding the formation of a dominant crack, metallographic studies indicate 
the presence of multiple comer crack initiation at a notch root in the near plane-
stress aluminum specimens tested at intermediate and high stress, as shown for 
example in Fig. 7. Data for f/<t> > 0.25 did not exhibit such behavior. Frac-
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FIG. 7—Multiple corner cracking and branching typical of 2024 aluminum approaching plane 
stress: R = - / , K,S„,, = 300 MPa, t/<|) = OJS (t = 2.25 mm) and 0.25 (t = 2.5 mm). 

tography of the 1080 steel (?/<j) = 0.40) indicated both comer and midthickness 
cracking, with a trend toward multiple midthickness cracking resulting in early 
plane fronted cracks. Typical of this behavior are the results presented in Fig. 
8. Observations of cracking in the 4340 steel failed to indicate multiple cracking, 
regardless of the value of f/(j), over the range of stresses explored. But, the 
small grain size of the 4340 steel virtually precludes casual observation of mul
tiple cracking, and makes it difficult to observe such even at high magnifications. 
Thus the absence of multiple cracks in the 4340 steel does not preclude their 
occurrence. 

Photographic tracking suggests that crack initiation in the aluminum alloy is 
associated with a burst of growth. When multiple initiation is observed, the first 
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to initiate cracks are contained within a grain. The initial burst appears to be 
either blunted by extensive plasticity at the crack tip or constrained by grain 
boundaries which retard crystallographic Mode I/Mode II growth. In cases checked, 
fractographic and metallographic examination indicates cracking bursts at ini
tiation tend to be feature free, reminiscent of crystallographic cracking. Suc
cessive cracking bursts occur along the comer in the vicinity of the transverse 
net section, typically with a length greater than the preceding cracks. Finally, 
one of the bursts attains a length which either is not blunted because the extensive 
cracking has increased the local compliance or the crack has sufficient driving 
force to pass through the containing effect of the grain boundary or both. In any 
event, the behavior is consistent with the observation of Seika et al [13] that a 
minimum size region (volume) of slip must develop before propagation could 
continue. 

Sequential metallographic examination indicates that comer cracks remain 
open so long as they are crystallographic, as shown for example in Fig. 9. In 
such cases the effective value of AK is larger than for their closed pure Mode 
I counterparts, suggesting higher initial growth rates would develop. Given the 
fact that AA'eff is decreasing with increased crack length, this decreasing AK^ff 
coupled with the constraint of Mode II by grain boundaries serves to explain the 
dormancy of the first to initiate cracks in this study. It may be also invoked to 
explain the phenomenon of nonpropagating cracks [14], although this requires 
further study before it can be demonstrated conclusively. 

Multiple initiation also has implications related to the mechanics controlling 
initiation and microcrack growth. First, if an inelastic notch field develops, the 
behavior within that enclave is largely displacement controlled and not adequately 
characterized by K [75,76]. Second, the value of A" calculated in the presence 
of multiple unconnected cracks overestimates the driving force if a single crack 
is assumed to exist. But, in cases where cracks linkup as shown for example in 
Fig. 3b, the joining of cracks (particularly if they are midthickness cracks) may 
serve to elevate the driving force by developing a single "plane fronted" crack. 
Even in the presence of these complications, K remains the popular measure of 
the crack driving force. 

Crack Growth Behavior 

Figure 10 (supported by data presented elsewhere [5]) presents crack growth 
as a function of cycles for the aluminum alloy for fully reversed as well as zero 
tension cycling for a range of stress levels. Figure 10a presents results for low 
stress for a high notch acuity which leads to very limited notch plasticity with 
a plane-strain initiation. The growth trend evident is typical of the usual "long 
crack" Mode I growth in the compact tension (CT) or center-cracked panels 
(CCP) studied extensively in the literature. Figures lOb and c present results for 
two other combinations of f/<{) and stress level for the aluminum alloy. 

Figure lOb characterizes the case of high-stress with plane-stress comer crack 
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(a) 

^1^^:. €{ 

^ f ^ : ' 

(b) 
(a) For comer initiation, K,S„ = 830 MPa. 
(b) For midthickness initiation, KiS^ = 723 MPa. 

FIG. 8—Typical fractographic features of corner and midthickness cracking in AISI1080 steel: 
R = - i , t/(|> = 0.4. t = 5 mm. 
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FIG. 9—Plane-stress initiation indicates Mode II/Mode I cracldng which changes to Mode I as 
the crack grows: note that the shear portion of the crack is not closed: R = —/, XI^ = 0.18, 
t = 2.25 mm, K,S„, = 440 MPa. 

initiation. The initial cracking occurs in the inelastic field of the notch for which 
early growth is combined Mode II/Mode I cracking, followed by a transition to 
Mode I growth. Instead of the gradually increasing a-N trend evident in Fig. 
10a, Fig. IQb shows an initially steeper slope after which the usual a-N trend 
develops. Back extrapolation of the a-N trend to zero length in Fig. lOfc indicates 
that a finite crack developed at about 1500 cycles, whereas separation occurs at 
about 2200 cycles. In contrast, such back extrapolation in Fig. 10a could be 
traced to near zero cycles for zero crack length, with separation occurring near 
225 000 cycles. 

Results for the case of an intermediate stress level under zero tension cycling 
with plane-stress comer crack initiation are presented in Fig. 10c. In contrast 
to parts (a) and {b) of Fig. 10, which present averaged trends for all four notch 
roots, this figure presents trends for each initiated surface crack. The first to 
initiate crack, denoted A, indicates a steeper initial slope, particularly if the 
growth trend is back extrapolated to the life at which the detection threshold 
crack size could not be observed.^ Thereafter, two steps are apparent in the a-
N trend for the first to initiate crack as this crack grows through the thickness. 
Asymmetric extension of this through thickness crack further concentrates strain 

'The threshold for reUable optical detection for these data ( x 40 magnification) is on the order 
of 10 to 20 \\.m. 
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FIG. 10—Crack length versus cycles behavior for 2024 aluminum. 
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at the second notch root, prompting initiation of a second comer crack. Observe 
that when the second to initiate comer crack, denoted D, breaks through the 
surface after growing through the thickness, denoted as crack C, it appears to 
grow very rapidly. However, this apparently high growth rate correlates with 
so-called long crack behavior when analyzed in terms of LEFM. If this trend is 
averaged with that for crack A, the initially high growth rate and the steps evident 
in the a-N trend for crack A would smooth somewhat. This averaging tends to 
smooth discontinuities, but it is unlikely that averaging accounts for continuous 
growth rate trends, such as evident for example in Fig. 10a. 

The process of crack initiation and microcrack growth for plane-stress corner 
cracking may be complicated by crack interaction through the formation of 
multiple comer cracks [5]. Data in Ref 5 indicate early initiation and dormancy 
of cracks which form on opposite faces of the notch root, whereafter new cracks 
initiate and grow to failure. Reference 5 also reports data which show early 
growth at rates in excess of subsequent behavior that cannot be simply correlated 
by LEFM. Additional results for this material detailed in Ref 5 clearly illustrate 
(1) interaction between cracks located on the same face of one notch root, (2) 
steps in crack growth, and (3) the initially rapid growth as cracks break the 
comer after traversing the thickness of the specimen. Similar trends are evident 
in earlier reported data for similar plane-stress initiation and microcrack growth 
in this material [17], but the implications went unexplored. 

Crack growth versus cycles behavior for the 1080 steel are shown in Fig. 11a 
and b. Results for the 1080 steel show many of the trends evident in the results 
for the aluminum alloy. In other ways, data for the 1080 steel differ from that 
for the aluminum alloy because comer cracking is not the dominant site of 
initiation for t/^ = 0.40. Instead, initiation is expected to occur more or less 
equally across the thickness of the notch root [4], a tendency supported by 
fractography (compare Fig. 8). Also the 1080 steel contained large inclusions 
which often clustered in stringers along the rolling direction. The 1080 steel also 
contained a pearlitic phase which if suitably oriented could initiate early (mul
tiple) cracks or result in high initial growth rates or cause step increases in growth 
rate even for long cracks or all three. 

Figure 11a presents a-N results for multiple midthickness and near comer 
initiations leading to an essentially plane-fronted crack for the 1080 steel when 
tested at a low stress level. This trend is similar to that for long cracks developed 
in compact tension geometries and for the plane-strain initiated cracks in the 
aluminum alloy (Fig. 10a). However, the curves tend to be somewhat stepped 
particularly at longer crack lengths. The steps in one curve tend to parallel those 
for the second crack, perhaps because rapid advances at one tip increase the stress 
intensity at the second tip [7S] thereby increasing the growth rate. Fractography 
indicates macroscopic bands of mixed planar (interlamellar delamination-cleav-
age)/striation formation growth mechanism at crack lengths corresponding to 
these steps. While it is not clear what triggers these steps, this material contains 
large clusters of brittle inclusions and a lamellar (pearlitic) stracture which pe
riodically may be oriented favorably along a major segment of the crack front 
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FIG. 11—Crack length versus cycles behavior for SAE 1080 steel. 

and develop a very sharp tip activating cleavage or interlamellar cracking or 
both. Thus, even for longer cracks, this material can be expected to exhibit 
discontinuous growth related to the microstructure. 

Figure 11 b presents typical crack growth behavior for comer cracks that 
developed under conditions comparable to that for the results shown in Fig. 11a. 
Observe that the growth rate, from the threshold for detection and for several 
readings beyond, shows a trend to decreasing rates as the crack extends. In this 
respect. Fig. life shows trends associated with so-called short cracks. As with 
Fig. 11a, significant rate steps are apparent, as are periods of hesitation. Ex
amination of the fractography for short cracks presented in Fig. 8 suggests these 
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steps may be associated with microstructural features such as favorably oriented 
lamellar fields and inclusions, in addition to the influence of the doubly free 
surface at the comer. However, because the conditions (geometry, loading) which 
produced these data also produced the "long" crack trend of Fig. I la, one 
could conclude that the double-free surface of comer cracks enhances the affect 
of the microstracture. Indeed, the only difference between the "long" and 
"short" cracks of Fig. 1 la and b is the location of the initiation that produces 
either "plane-fronted" or "comer crack" growth. The tl<^ = 0.40 condition 
resides between the limits for plane stress and plane strain. The balance between 
mechanics parameters that control the location of initiation is tipped to either 
comer or comer/multiple midthickness or multiple midthickness initiation by 
microstracture. Thus, microstracture may be argued to control whether the be
havior of Fig. 11a or lib develops. Data developed at high stresses indicated 
the significant influence of the double-free surface through the formation of 
multiple comer initiations similar to that observed and discussed for the alu
minum alloy. In the case of the 1080 steel, the initial high growth rates are no 
doubt influenced by brittle-like delamination in favorably oriented lamellar re
gions, an inference supported by fractography (compare Fig. 8). 

Results generated for the 4340 steel tested at an intermediate stress level for 
both fully reversed and zero tension cycling also show the significant influence 
of comer crack free surface effects. The trend for surface comer crack initiation 
was similar to that illustrated for a surface crack initiation for the aluminum 
alloy and the 1080 steel. Initially high growth rates were observed for comer 
cracks as large as about 150 jim long. This length is substantially greater than 
any of the microstractural features of this material. Again, as with the aluminum 
alloy, plane-stress and plane-strain initiated microcracks develop in the same 
microstracture, yet show radically different behavior related to the longer surface 
breaking midthickness initiated cracks and the shorter comer initiated cracks. 

The crack length versus cycles data presented indicate that comer crack ini
tiation is common for plane-stress conditions and that midthickness cracking is 
anticipated under plane-strain conditions. Midthickness initiation tends to be 
associated with near plane-fronted cracks, particularly in multiple initiation cases, 
and so justifies the use of a surface crack measurement in conjunction with a 
one-dimensional characterization of the crack. Comer cracking, however, often 
leads to a two-dimensional crack for which one-dimensional analysis may be 
questionable. 

Study of /T-solutions for comer cracks at circular notches [18-22] indicates 
that values of K do not differ significantly for small normalized surface crack 
lengths, a/<j). For example, for a/<)) less than about 0.6, F{a/w) in Eq 1 is 
essentially independent of crack length for surface-to-thickness crack aspect 
ratios, a/c, of 1 [20], a value which is typical of short comer cracks. However, 
as the crack approaches break through, K increases toward the through crack 
limit. For a/c > I, K is observed to depend strongly on o/(|> [20]. Analyses 
[18] also show that asymmetric growth does not influence K much for cracks 
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whose length is small compared to the notch radius. Experimental results [5.17] 
indicate that the driving force for physically small comer cracks is reasonably 
described by only one dimension (surface length). In one experimental study, 
symmetric corner cracking occurred with some intermittent midthickness crack
ing [5], and comer cracks quickly changed to near plane-fronted cracks. Analysis 
based on Ref 20 indicated less than 10% average influence on K due to the two-
dimensional effect during the transition period. 

Fractography in the present study is consistent with trends anticipated based 
on existing if-solutions. Comer cracks quickly changed to near plane-fronted 
geometries, whereas midthickness cracks were nearly plane fronted by the time 
they broke the surface of the plate. Based on the analysis reported in Ref 20, 
errors in K averaged over the transition period are less than 10%. This means 
that simpler forms of F{alw) can be used to analyze the data for this study. It 
does not mean that such simpler forms of F{alw) which do not embody crack 
aspect ratio can be used in general. 

Crack growth rate data for the aluminum alloy, the 1080 steel, and the 4340 
steel are reported as a function of K^ in an extended version of this paper 
available as a Battelle report [24]. Suffice it here to discuss results for the 1080 
steel which reflects the influence of local stress state on early crack growth for 
comer (plane-stress) and midthickness (plane-strain) initiation. 

Figure 12 presents results for the case of fully reversed cycling at a high stress 
level for the intermediate stress state ?/c() = 0.40. Both comer and midthickness 
cracking occurred. The figure shows an initial decrease in rate, followed by an 
increase to a plateau, and then a decrease to the long crack (plane-strain) trend. 
This trend is consistently observed for tests at high stress in this material and is 
similar to other results developed at high stresses [6]. Clearly such decreases 
and increases in the growth rate for this material could be argued as to random 
microstructural effects on cracking. However, the pattern is repeated for a given 
specimen as well as across the range of specimens tested and as such is not a 
random microstructural effect. 

The initial growth behavior for comer cracks shown in Fig. 12 combines the 
effect of the double-free surface at the comers, with the effects of increased 
closure as the crack extends (compare Fig. 9) and an ill-defined discontinuous 
crack front. The balance between these effects may be controlled by grain bound
aries in that the initial period of declining rates occurs for crack lengths on the 
order of the average grain size. Beyond the initial grain boundary, local closure 
coupled with a decreasing stress gradient and an increasing contribution to 
the stress intensity control the crack driving force. 

For Fig. 12, all of the anomalous growth takes place within the inelastic field 
of the notch. Analysis reported elsewhere accounts for the coupled effect of 
closure and local displacement control that develops because of the inelastic 
action of the notch [16]. That analysis indicates that the driving force for the 
crack increases to a plateau then decreases and eventually matches the long crack 
behavior at the inelastic-elastic boundary of the notch field. This trend matches 
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the trend of Fig. 12 suggesting that growth is controlled by closure and the 
inelastic action at the root beyond the first (few) grains. Microstructure is not a 
factor of consequence except for the effects of grain boundaries on short cracks 
because the plane-strain midthickness data lie in the scatterband noted here as 
"long crack" trend. 

Summary and Conclusions 

This paper has examined the nucleation and microcrack growth behavior of 
notched aluminum and steel specimens, to establish the effect of local stress 
state and assess to what extent local stress state leads to a short crack effect. 
For plane strain, midthickness initiation dominated cracking behavior. Comer 
breaking cracks growing from (multiple) midthickness initiation when tracked 
on the surface developed a smooth increasing trend on a-N coordinates for the 
aluminum alloy and the 4340 steel. Likewise, comer breaking physically small 
cracks developed from midthickness plane-strain initiation at low stresses in the 
aluminum alloy and at intermediate stresses for the 4340 steel showed daldN-
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K^ trends comparable to that for the macrocrack results. However, cracking in 
the 1080 steel showed growth steps that may be associated with combined 
cleavage/interlamellar delamination and striation mechanisms, as compared to 
the lower growth rate reference long crack condition involving a striation forming 
mechanism. Macrocracks beyond the inelastic notch field showed a correlation 
in terms of linear elastic fracture mechanics for the materials and geometries 
studied. Comer crack initiation under plane-stress conditions consistently showed 
higher initial growth rates which could not be explained by the weak dependence 
of the stress intensity factor on crack aspect ratio for very short cracks. Occa
sionally, plane-strain initiated midthickness cracks showed initially high growth 
rates when these long nearly planar-fronted cracks broke through the remaining 
comer ligament. 

The a-N results and fractography presented suggest that linear elastic frac
ture mechanics analyses do not adequately portray the driving force for cracking 
when plane-stress initiation and crystallographic Mode II/Mode I growth occurs. 
This is not the fault of LEFM. Rather this situation arises because (1) the 
continuum assumed in fracture mechanics analysis does not exist for cracks less 
than a few grains long or (2) the LEFM requirement of confined crack tip 
plasticity is violated, or (3) inelastic action in the notch field not handled by 
LEFM develops or all three. However to overcome these problems requires 
nonlinear analysis to make deterministic estimates of the crack driving force. 
Such detailed analyses still ignores the probabilistic aspects of grain orientation 
that would influence microcrack growth when noncontinuum behavior controls 
the tracking process. 

The results of this study lead to a number of significant conclusions, including: 

1. Local stress state has a significant influence on the crack initiation and 
microcrack growth behavior at notches, apparently because of its effect on the 
mode of growth. 

2. Observations of nonconsolidated growth rate behavior of microcracks at 
notches (and in unnotched specimens), often referred to as a short crack effect, 
can be explained in part in terms of differences in the stress states controlling 
physically long and short cracks. 

3. Microstructural effects appear to be confined to one grain diameter and 
associated with the constraint of the grain boundary to slip. 
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ABSTRACT: The reduction in fatigue strength due to fretting has been measured for 
various combinations of materials used for components in turbo generators. With the range 
of pad contact pressures and pad spans employed, fretting fatigue strength reduction factors 
of up to 3.5 were found for 3.5Ni-Cr-Mo-V ferritic steel, 2.5 for 18Mn-4Cr, and ISMn-
l8Cr austenitic steels and II for 2014A aluminum alloy. Metallography and strain gage 
methods (to monitor frictional forces) revealed that small cracks could develop by fretting 
early in fatigue life, and a fracture mechanics approach is developed to describe crack 
growth. 

KEY WORDS: fretting fatigue, turbo-generator materials, fatigue strength reduction, 
frictional forces, fracture mechanics, growth of short cracks 

Fretting is the oscillatory sliding motion between two contacting surfaces and 
can occur as fretting wear or fretting fatigue. Fretting is promoted by high-
frequency, low-amplitude vibratory motion and commonly occurs in clamped 
joints and "shrunk-on" components. 

In the present study, the various important fretting variables which may ad
versely affect fatigue performance were established by generating S-N curves, 
with and without fretting, for various combinations of contacting materials. 
Metallographic and strain-gage techniques were used to follow crack develop
ment. 

Experimental Procedure 

Fatigue specimens of the type shown in Fig. la were machined from material 
released from (a) a 3.5Ni-Cr-Mo-V steel generator rotor, (b) an 18Mn-4Cr 
austenitic end ring steel, and (c) an 18Mn-18Cr austenitic end ring steel. Flats 

'Research officers. Technology Planning and Research Division, Central iilectricity Generating 
Board, Central Electricity Research Laboratories, Materials Branch, Leatherhead, Surrey, U.K. 
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99.5 

48 mm 1 1 mm PITCH 

FIG. la—Fatigue specimen. 

had been machined on opposite sides of the specimen gage length. These flats 
were polished down to 600 grade silicon carbide (SiC) and degreased. Flat plate 
specimens of a similar gage section pattern to that shown in Fig. la were 
machined from 2014A aluminum alloy. All specimens were machined such that 
their axial orientations were coincident with the rotor axis. 

Bridge type contact pads (Fig. lb) having a span of 24.1 mm and narrow, 
rectangular feet were machined from either ICr-Mo steel or 3.5Ni-Cr-Mo-V 
steel. The pad contact feet were also polished down to 600 grade SiC and 
degreased. The chemical compositions and mechanical properties of the various 
fatigue specimen and contact pad materials are given in Tables 1 and 2. 

Two distinct test methods were used to achieve the controlled fretting between 
two contacting surfaces. In the present research program, earlier experiments 
involved the traditional route of clamping contact pads against the flats of a 

DIMENSIONS IN mm 

12.7 

BRIDGE SPAN 
COUNTERSUNK FOR LOADING BALL 

1.27 

\ ! 

i t"̂—̂  
t » 

0.51 

1 
\ 

25.4 

FIG. lb—Bridge type contact pad. 
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TABLE 2—Mechanical properties at room temperature of the various materials. 

Material 

3.5Ni-Cr-MoV 
ICr-Mo 
18Mn-4Cr 
18Mn-18Cr 
2014A 
(Longitudinal 

orientation) 

0.2% Proof 

600 
841 

1000 
1000 

458 

Tensile Strength, 
MPa 

733 
999 

1180 
1050 

504 

Elongation, 
% 

25 
21 
29 
29 

9.8 

Reduction 
in 

Area, % 

70 
59 
42 
68 

Hardness, 
VPN 

222 
340 
429 
359 

155 

fatigue specimen using a load calibrated steel proving ring (Fig. 2). More re
cently, a second more sophisticated method has been used which allows for 
improved control of the "slip" displacement during the complete test duration 
and allows easy test interruption for periodic inspection of accumulated fretting 
damage, by using a biaxial test rig with two pairs of actuators on horizontal and 
vertical axes. The clamping load was transmitted via steel ball bearings to give 
the desired contact pressure. With the proving ring assembly, fatigue tests were 
carried out in an Amsler Vibrophore machine typically resonating at about 150 
Hz. The servohydraulic biaxial test rig was usually cycled at 90 Hz. 

FIG. 2—Fretting fatigue assembly. 
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The frictional forces produced at the fretting feet were measured by strain-
gaging the undersides of the bridge contact pads and monitoring the correspond
ing sinusoidal signal on an oscilloscope after suitable amplification. A permanent 
record could be obtained by feeding the signal through a transient recorder into 
a pen recorder. Initial calibration was by a split specimen technique as described 
by Edwards and Cooke [/]. 

All the tests were carried out in air at about 20°C and 40 to 60% relative 
humidity. 

Results and Discussion 

3.5Ni-Cr-Mo-V Steel 

Baseline S-N fatigue data were accumulated from tests on polished unfretted 
specimens of similar pattern to those in Fig. \a but without machined flats. 
Various mean stress values were used including 0 and 300 MPa. Fretting results 
using ICr-Mo contact pads at contact pressures of 30 and 300 MPa are compared 
with baseline data at zero mean stress in Fig. 3. Fretting reduces the fatigue 
strength from 300 MPa to approximately 140 MPa, a fatigue strength reduction 
factor of about 2. At a mean stress of 300 MPa, the fatigue strength is reduced 
by fretting from 215 MPa to about 60 MPa, a fatigue strength reduction factor 
of about 3.6 (Table 3). At short endurances of 10̂  to 10* cycles, Fig. 2 indicates 
that the higher pad contact pressure of 300 MPa gives a lower fatigue strength 
compared to the low contact pressure of 30 MPa. However, there is little dif-

UNFRETTED 

30 MPa NOMINAL CONTACT PRESSURE 

o 300 MPa NOMINAL CONTACT PRESSURE 

PAD SPAN 24.1 mm 

ICrMoPADS 

CYCLES TO FAILURE 

FIG. 3—Fatigue S-N curves with and without fretting for 3.5Ni-Cr-Mo-V rotor steel (zero mean 
stress). {Arrows represent tests running out at endurance indicated). 
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ference in fatigue strengths at 10*̂  cycles between the two contact pressures for 
zero mean stress (Fig. 3). Similar features were found for the higher mean stress 
of 300 MPa. Since turbo generators accumulate more than 10'° self weight 
bending cycles during a typical lifetime of 20 years, the long endurance behavior 
is more relevant to practice. 

The nominal range of slip S at the end of each centrally clamped pad is given 
by S = ax/E where ± a is the alternating stress, x the mean span of the bridge 
fretting pad, and E is Young's modulus. Table 4 indicates that at 10* cycles 
endurance, the nominal slip ranges for a contact pressure of 30 MPa were 16.1 
IJim (at zero mean stress) and 6.8 \xm (at 300 MPa mean stress). True slip ranges 
obtained by correcting for pad deflection are also given in Table 4. Previous 
workers [2] have demonstrated that slip in the range 9 to 15 jAm commonly 
produces the maximum reduction in fatigue strength for a wide range of mean 
stresses. Future work will explore the effect of pad span and hence slip range 
on fretting fatigue strength reduction factor. 

Austenitic Steels 

The end ring steels presently of interest are of the austenitic type 18Mn-4Cr 
and ISMn-lBCr. Unlike the well-established 18Mn-4Cr alloy, the 18Mn-18Cr 
has been recently developed as a new generation end ring material. The properties 
of 18Mn-18Cr including tensile strength, fracture toughness, environmental cracking 
susceptibility, etc., are currently being evaluated. Here, a direct comparison is 
being made between the fretting fatigue properties of l8Mn-4Cr and 18Mn-18Cr 
steel specimens. The chemical compositions and mechanical properties of the 
two steels are given in Tables 1 and 2. Fatigue specimens were fretted against 
contact pads of 3.5Ni-Cr-Mo-V steel at a contact pressure of about 20 MPa. 

TABLE 4—Relative slip ranges at each pad foot and at the fatigue limit for the various 
fretting combinations. 

Fatigue 
Specimen 

3.5Ni-Cr-Mo-V 
3.5Ni-Cr-Mo-V 
3.5Ni-Cr-Mo-V 
3.5Ni-Cr-Mo-V 
18Mn-4Cr 
18Mn-4Cr 
l8Mn-18Cr 
18Mn-18Cr 
2014A Al 
2014A Al 

Contact 
Pad 

ICr-Mo 
ICr-Mo 
ICr-Mo 
ICr-Mo 
3.5Ni-Cr-Mo-V 
3.5Ni-Cr-Mo-V 
3.5Ni-Cr-Mo-V 
3.5Ni-Cr-Mo-V 
3.5Ni-Cr-Mo-V 
3.5Ni-Cr-Mo-V 

Contact 
Pressure, 

MPa 

30 
30 

300 
300 
20.7 
20.7 
20.7 
20.7 
30.8 
30.8 

Fatigue 
Mean Stress, 

MPa 

0 
300 

0 
300 

0 
300 

0 
300 
75 

125 

Nominal 
Slip 

Range, 
|xm/ft 

16.1 
6.8 

16.1 
6.8 

11.6 
5.8 

19.2 
8.1 
5.0 
4.1 

True" 
Slip 

Range, 
(xm/ft 

15.0 
6.2 

11.7 
4.0 

10.0 
4.5 

17.4 
6.7 
2.0 
1.5 

"Range corrected for pad deflection and load redistribution from specimen to pad 
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Fretting fatigue results are compared with baseline (nonfretting) data at zero 
mean stress in Fig. 4 (for 18Mn-4Cr) and Fig. 5 (for 18Mn-18Cr). Table 3 gives 
fatigue strength reduction factors at 10̂  cycles endurance. It can be seen that at 
zero mean stress, fretting against 3.5Ni-Cr-Mo-V steel has only a modest effect 
on the fatigue strength of 18Mn-18Cr, although the fretting wear produces large 
amounts of debris. In some cases failures at stresses close to the fatigue limit 
occurred at points remote from the fretting feet, demonstrating the relatively 
small effect of fretting in these particular circumstances. However, at high mean 
stresses more appropriate to end ring applications, fatigue strength reduction 
factors Kff of 2.6 for 18/18 and 2.5 for 18/4 were observed and from the 
viewpoint of fretting fatigue, 18/18 compares favorably with 18/4 steel. 

Aluminium Alloy 2014A 

The aluminum alloy 2014A is based on Al-4Cu, the chemical composition 
and mechanical properties being given in Tables 1 and 2. The present study 
involved fretting 3.5Ni-Cr-Mo-V steel contact pads against machined surfaces 
of 2014A aluminum. It can be seen that the fatigue strength reduction factor due 
to fretting is - 1 0 (Fig. 6). 

Metallography of Fretting Damage 

The fretting damage on the fatigue specimen surface under the contact bridge 
feet varied between the different contacting materials and the different applied 
load conditions. 

20.7 MPa NOMINAL CONTACT PRESSURE 

PAD SPAN = 24.1 mm 

3.5 NiCrMoV PADS 

CYCLES OF FAILURE 

FIG. 4—Fatigue S-N curves with and without fretting for I8Mn-4Cr end ring steel {zero mean 
stress). 
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500r 

300 

100 

20.7 MPa NOMINAL CONTACT PRESSURE 

PAD SPAN 24.1 mm 

3.5 NiCiMoV PADS 

•UNFRETTED 

FRETTED 

' ' • 1 1 1 ' l I 1 I J m i l I I I ni l 

10' 10' 108 105 lo6 

CYCLES TO FAILURE 

FIG. 5—Fatigue S-N curves with and without fretting for I8Mn-18Cr end ring steel (zero mean 
stress). 

3.5Ni-Cr-Mo-V Steel 

At low contact pressure (30 MPa), slip and fretting damage occurs over all 
of the contact area, Fig. 7, showing a typical wear scar and associated fretting 
cracks. By contrast at the high-contact pressure of 300 MPa, slip and associated 
fretting damage were confined to the edges of the contact strip. The surface 
damaged regions had an overlay of brown debris, identified by X-ray diffraction 

UNFRETTED 

I 30.8 MPa NOMINAL 
CONTACT PRESSURE 

PAD SPAN 24.1 mm 
3.5 NiCrMoV PADS 

FIG 

160 

140 

120 

100 

80 

EO 

40 

20 

1 0 ' 10 ' 10° 10' 10° 

CYCLES TO FAILURE 

6—Fretting fatigue S-N curve for 20I4A aluminum alloy {75 MPa mean stress). 
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FIG. 7—Wear scar and associated fretting fatigue crack in 3.5-Ni-Cr-Mo-V rotor steel (ICr-Mo 
pad and contact pressure 30 MPa. Applied mean stress 0 MPa). x 10. 

analysis as a and 7 Fe203 and particulate iron. After nickel plating the fatigue 
specimen surface, metallographic examination of a longitudinal section taken 
through a fretting scar revealed the presence of typical fretting fatigue cracks 
(Fig. 8). Measured in the direction of propagation, these shallow angle fretting 
cracks were up to 250 \x.m long. Tracing back to the crack origin on the fracture 
surface revealed the small shallow angle crack initiation feature characteristic 
of fretting fatigue (Fig. 9). The crack had initiated at a shallow angle to the 
fracture surface before turning (at depths typically 100 to 250 \Lm) and propa
gating transverse to the applied stress. In order to follow the development of the 
fretting cracks, some tests were periodically interrupted in order to take acetate 
film replicas of the fretted regions. Many specimens were broken open at the 
end of fatigue testing to reveal the fracture surfaces. For 3.5Ni-Cr-Mo-V steel, 
it was found that small fatigue cracks up to 250 |xm deep were present at an 
early stage (up to 20%) of fatigue life. Small, nonpropagating cracks were 
sometimes found in fretted specimens running out at 10** cycles, when tested 
just below the fretting fatigue limit as found by other investigations [3]. 
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FIG. 9—Fretting fatigue crack initiation site in 3.5Ni-Cr-Mo-V steel. (ICr-Mo pad and 300 MP a 
contact pressure. Applied mean stress 0 MPa). x 20. 

A failed fretting fatigue specimen was broken open in liquid nitrogen to reveal 
cracks on each side of the specimen (Fig. 10). Note that the left hand side crack 
shows multiple crack initiation while the right hand side crack in the photomi
crograph has developed with a semi-circular shape. 

18Mn-18Cr and 18Mn-4Cr Austenitic Stainless Steels 

A contact pressure of 20.7 MPa was used throughout the tests on the two 
austenitic steels. For 18Mn-18Cr at zero mean stress and a slip range of about 
17 |xm, a great deal of wear was apparent, large amounts of black-brown debris 
being produced. Much of the wear was incurred by the contact pad since the 
austenitic steels were much the harder in the fretting combination (compare, 
VPN 18Mn-18Cr 359; 18Mn-4Cr 429; and 3.5Ni-Cr-Mo-V 222). The wear scar 
on the fatigue specimen surface was very smooth with little evidence of micro-
cracking. Under these high-wear conditions either cracks do not form or alter
natively embryo cracks are worn away before they can develop, resulting in only 
a modest fatigue strength reduction factor due to fretting for the 18Mn-18Cr 
steel (Table 3). At a fatigue mean stress of 310 MPa and an estimated slip range 
of about 5 to 8 jxm corresponding to the fatigue limit, much less fretting wear 
occurred. The fretting scars were patchy rather than being well-developed with 
evidence of adhesion between specimen and pad, and a small amount of delam-
ination at the specimen surface. 

2014A Aluminium Alloy 

Despite the large fatigue strength reduction factor (Table 3), little fretting wear 
resulted from the small-slip ranges. However, there was much evidence of mi-
crocracking and muhiple crack initiation (Fig. 11). Figure 12 shows a stage in 
the formation of a pit in 2014A aluminium by the linking of two orthogonal 
cracks. 
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FIG. 10—Fretting fatigue fracture surface 3.5Ni-Cr-Mo-V showing: (a) multiple crack initiation 
(left hand side) and (b) semi-circular crack development (right hand side). ICr-Mo pad at 300 MPa 
contact pressure. Applied mean stress 0 MPa. 

Frictional Force Measurements 

Strain gages bonded to both contact pad and fatigue specimens were used to 
fulfill the following objectives (a) to detect the initiation of the fretting fatigue 
crack, (b) to monitor subsequent development of the crack, and (c) to measure 
the frictional forces between pad and specimen for use in a fracture mechanics 
treatment of crack growth. 

Clearly the strain in the specimen below the fretting pad will decrease when 
a crack initiates underneath the outer point of contact of the pad foot. Such an 
effect is illustrated in Fig. 13 for the aluminum alloy where frictional force 
begins to decrease early in the test, consistent with crack initiation at an early 
stage in fatigue life. By contrast, Fig. 14 shows the changes in frictional force 
during a long endurance test on the aluminum alloy where an initial rise is 
observed as the fretting scar develops. This is followed by a narrow plateau. 
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FIG. 11—Multiple crack initiation due to fretting in 20I4A aluminum (3.5Ni-Cr-Mo-V steel pad 
at 30.8 MPa contact pressure. Applied mean stress 125 MPd). x 500. 
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FIG. 12—Linking of two orthogonal fretting cracks in 20I4A aluminum. (3.5Ni-Cr-Mo-V steel 
pad at 30.8 MPa contact pressure. Applied mean stress 125 MPa). X500. 
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FIG. 13—Crack initiation detection by monitoring of fretting frictional force changes with en
durance in 2014A aluminum. 
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FIG. 14—Frictional force variation with endurance in 20J4A when crack initiation occurs at 
long endurance. 
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and then eventually a fall in frictional force corresponding to the delayed crack 
initiation event. 

It is relatively easy to follow the crack development in the aluminum alloy 
which exhibits large fatigue strength reductions due to fretting associated with 
small slip ranges and little wear. Behavior is much more complex under con
ditions of macroslip or high rates of fretting wear or both. Figure 15 shows the 
behavior of the 18Mn-18Cr austenitic alloy tested at zero mean stress where the 
large slip range corresponds to high rates of wear of the 3.5Ni-Cr-Mo-V contact 
pads. The large amounts of debris generated have a profound effect as shown 
by comparison of the test machine load cell output and the pad strain gage 
outputs, the latter being markedly distorted (Fig. 15). More directly. Fig. 15 
shows the change in frictional force as the test progresses, and the sudden large 
drops in output are possibly associated with surface delamination effects. Similar 
features have been recently observed by Gaul and Duquette [4] for a tempered 
martensite steel. Heilmann and Rigney [5] also observed abrupt changes in 
frictional forces in tests on cupronickel. 

Present work is attempting to correlate the frictional force versus time (or 
cycles) relationship with crack growth. 

••^!*M> p = 1 

PART OF MAXIMUM STRAIN OUTPUT FOR 0 MEAN STRESS TEST, 

225 MPa ALT. STRESS 

u- COEFFICIENT OF FRICTION 

LOAD CELL OUTPUT 

PAD STRAIN OUTPUT AT 
A 

PAD STRAIN OUTPUT AT 

CORRESPONDING CYCLIC STRAIN OUTPUT 

FIG. 15—Frictional force variation associated with high rates of wear in l8Mn-18Cr austenitic 
stainless steel. 
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Conditions for Crack Propagation 

Since the present and earlier studies [6,7] have demonstrated that small cracks 
are commonly initiated at an early stage in fretting fatigue life, it is worthwhile 
to explore the possibility of using fracture mechanics concepts as a possible 
route to describe the growth of such cracks. In addition to accelerating crack 
initiation significantly, it is recognized that fretting can also affect crack growth 
[6,7]. In particular, small cracks which are nonpropagating without fretting might 
be able to grow through the near-surface region due to an elevation of crack-tip 
stress-intensity factor provided by the contact pads. Short crack growth behavior 
and, in particular, the validity of application of linear elastic fracture mechanics 
is currently receiving much attention. Here, the extent of crack tip plasticity will 
be clearly of paramount importance. An inspection of fatigue crack growth data 
in the literature relating to short cracks suggests that for medium strength steels 
tested near threshold (small stresses at long endurances), linear elastic fracture 
mechanics (LEFM) can be used down to crack sizes of about 100 fjim [for 
nonfretting conditions]. 

The basis for such a conclusion has recently been the subject of a detailed 
study by Lindley, Mclntyre, and Trant [8]. With fretting, behavior will be even 
more complex. The stress-intensity factor at the tip of a crack growing beneath 
a fretting pad will stem not only from the body stresses but also from components 
arising from the tangential and vertical forces due to the fretting pads. The 

F, (N) 

n SPECIMEN MATERIAL 18/18 PAD Vi NCMV 

• " 18/4 " 
CONTACT FORCE = 500 N. 

X SPECIMEN MATERIAL = 2014AAIALL0Y 
PAD = 3K NCMV CONTACT FORCE = 1000 N 

• SPECIMEN MATERIAL = 3% NCMV 
PAD = 1 CrMo CONTACT FORCE = 10 kN 

FIG. 16—Frictional force as a function of specimen strain measured in a series of tests using 
constant amplitude loading with pad span of 24.1 mm. 
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FIG. 17—Frictional forces {measured in a series of tests using constant amplitude loading) as 
a function of semirange alternating stress. 

composite applied stress-intensity factor can be evaluated by several distinct 
methods, namely, (a) finite element stress analysis which might be necessary 
for the complex assemblies found in practice and (b) by using opening (and 
shear mode in more sophisticated analyses) stress-intensity factors arising from 
tangential and normal forces at the fretting position which have been computed 
by Rooke and Jones [9]. This latter method requires the measurement of frictional 
forces by strain-gaging the underside of the pad clamped to the fatigue specimen, 
a procedure [1,10] which is described in detail elsewhere. 

Frictional forces measured for constant amplitude loading with a pad span of 
24.1 mm and with the contact forces indicated are shown for the materials of 
interest as a function of semirange strain (Fig. 16) and semirange alternating 
stress (Fig. 17). Similar measurements can be made for other fretting pad span, 
contact pressure, and fatigue loading conditions. Following the method of Ed
wards and Cooke [77], the alternating stress intensity factor A^̂ pp is given by 
the components due to alternating body stresses o-„ and frictional force F, (and 
A is the specimen cross-sectional area) 

A^„ Y a ,Vira + F,K^ ~ Y- Vva (1) 
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The mean stress-intensity factor K„ due to mean stress a,„ and normal force F„ 
is given by 

K„ Y a„ VTTO + F„ K„, (2) 

where a is the crack length and 7 is a surface and crack shape correction factor. 
The stress-intensity factor components due to frictional (F,) and normal (F„) 
loads (per unit load) are K,p and K^, respectively. K,p and K„j, depend on the 
distribution of stresses beneath the fretting pad foot. The measured frictional 
forces (Figs. 16 and 17) are required in order to scale K,p and K^ as indicated 
in Eqs 1 and 2. In principle, it is then possible to use this fracture mechanics 
approach in which the applied AX̂ pp is compared with the experimentally meas
ured threshold ^.K„ at the appropriate value of stress ratio R. When AA'̂ pp < A.K„ 
the crack will arrest, whereas if AA'̂ pp > AK„ growth will be sustained. In 
particular, the near-threshold stress-intensity factor of a small crack will be 
increased by the fretting, possibly enabling propagation when the crack would 
remain dormant in a nonfretting situation. Such a situation is illustrated in Fig. 
18 for the case of the aluminum alloy at a stress close to the fatigue limit. The 
details of the fracture mechanics calculations are presented elsewhere. Nix, 
Lindley, and King [12]. Here a uniform distribution of normal pressure and 
frictional shear stress is assumed beneath the pad foot. Note that the stress ratio 
(R) varies greatly under fretting conditions and hence so does AA',,. The rela
tionship employed in this case between AK„ and R was: AK„ - 2.9 - 2.2 R 

MPam 

1.0 

MATERIAL: ALALLOY 2014A, APPLIED STRESS = 75 tZOMPa 
CONTACT PRESSURE = 31 MPa. DEFECT SHAPE : EXTENDED 

- 0.4 STRESS 
RATIO 

"•3 (R) 

^ ' ' A K ^ p p NO FRETTING \ 

AKoNO FRETTING 

CRITICAL DEFECT SIZE 
NO FRETTING 

0.1 0.2 03 0.4 O.S 0.e 
CRACK LENGTH (a), nrni 

0.7 0.8 0.9 

FIG. 18—Applied stress intensity factor AK^p and threshold AK„ as a function of crack depth 
for conditions when and without fretting. 
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(in MPa m"^). The present fracture mechanics model requires development in 
view of the simplications which are currently made. For example, although Mode 
II stress-intensity factors are clearly present under fretting conditions and can 
be readily calculated using the analytical data of Rooke and Jones [9], very 
limited Mode II near-threshold fatigue crack growth data are available for the 
materials of interest. Multiple crack initiation and deformation due to pad contact 
are further complications. Nevertheless, the application of fracture mechanics 
concepts might provide a means of placing the treatment of fretting fatigue on 
a more quantitative basis than is presently available. 

Conclusions 

1. Fretting fatigue experiments have been carried out on various combinations 
of materials used in turbo generators. Fatigue S-N curves, generated with or 
without fretting, gave fatigue strength reduction factors of up to about 3.5 for 
ferritic 3.5Ni-Cr-Mo-V steel, 2.5 for austenitic 18Mn-4Crand 18Mn-18Cr steels, 
and 11 for 2014A aluminum alloy. 

2. Monitoring of fretting damage by both metallography and strain gaging 
(measurement of the change in frictional forces between specimen and pad with 
endurance) demonstrated that small cracks were produced by fretting at an early 
stage in fatigue life. 

3. A fracture mechanics approach is developed to predict the growth or arrest 
of fretting cracks. Here the frictional force measurements are used to compute 
an applied stress-intensity factor (composed of both body stress and frictional 
pad stress components) which is then compared with the experimentally measured 
fatigue threshold parameter AA'̂  at the appropriate value of stress ratio R. Pre
liminary analysis suggests that this method provides a means of assessing fretting 
fatigue on a more quantitative basis than is presently available. 
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Wire Under Combined Tensile and Sliear Loading Conditions," Multiaxial Fatigue. 
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ABSTRACT: Combined tension and torsion fatigue tests were performed on low- and 
high-carbon steel wires in the annealed (namely, patented) and drawn condition. It is shown 
how, with increasing shear to tensile stress ratio, a maximum tensile stress criterion dictates 
the orientation of the Mode I fatigue cracks in the annealed specimens. This is also the 
case in drawn wires when the tensile loading component predominates. However, when 
shear loading predominates and in heavily drawn material where structural and crystal-
lographic anisotropy are well pronounced, easy paths for crack propagation parallel to the 
wire axis are created and correspondingly Mode II cracks occur. 

KEY WORDS: multiaxial fatigue, carbon steel wire, anisotropy, texture, pearlite, ferrite 

Nomenclature 

a,T Applied normal stress and shear stress 
K Ratio T/CT 

o-i,T| Maximum principal normal stress and shear stress 
ai,f| Mean value of principal stresses for a given number of cycles to 

failure 
Ssi,St| Standard deviations 

Nf,Nf,Sfi^ Number of cycles to failure, its mean value and standard deviation 

a^ Angle of the pearlite lamellae in drawn wire 
ac,a„ Calculated and measured angles of the crack plane (Fig. 4) 

o'v(a'o.2) Yield stress in uniaxial tension test 
T-,=0,004 Yield stress in torsion test 

Tv Shear flow stress 
rp Plastic zone size 
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K Stress-intensity factor 
Kx*,Kn* Normalized stress-intensity factors 

Pi,PI, Constants in plastic zone size calculation 
8 Plastic zone size ratio 

e or €„<; Wire drawing strain 

For many years, it has been a challenge to materials scientists to correlate 
multiaxial fatigue data with the more conveniently obtained uniaxial data. Ini
tially, combined tension and torsion (or bending and torsion) loads were applied 
on solid, smooth specimens, since it was the opinion at that time that the fatigue 
limit was mainly controlled by crack initiation. Thus, it was obvious that em
pirical models which correlate uniaxial and multiaxial fatigue data at least should 
contain shear stress as a parameter. Gross plastic yielding criteria, such as the 
maximum shear stress criterion of Tresca or the strain energy criterion of von 
Mises, contain shear stresses, so it was logical that early relations were directly 
derived from these yielding criteria, that is, Gough [/] and Guest [2]. Eventually, 
attention turned to the low-cycle fatigue {Nf =s lO"* cycles) regime in which crack 
growth predominated. These tests were mostly performed under plane stress 
conditions (hollow cylinders or plates), on ductile materials or at high temper
atures or both. Hence, it is not surprizing that new relations were expressed in 
strain terms; the maximum shear strain (most efficient if not parallel to the 
surface), and the tensile strain normal to the plane of maximum shear are found 
to be controlling parameters (for example. Brown and Miller [i] and Lohr and 
Ellison [4]). 

Most of the previous studies were carried out on isotropic materials. The aim 
of our work was to make a preliminary study of the influence of anisotropy on 
fatigue properties under combined loading conditions, and to investigate which 
of the models just mentioned would apply to anisotropic materials. 

Cold drawn wires were studied. In this material, two kinds of anisotropy have 
to be distinguished: on the one hand, structural anisotropy is linked with elongated 
grains or cells or with aligned pearlite. Figure 1 shows how initially random 
oriented pearlite lamellae (at zero deformation e = 0) gradually align parallel 
with the wire axis (a,, -^ 0°) as the deformation increases (e -* 4). On the other 
hand, crystallographic anisotropy is linked with a preferred orientation induced 
by cold working. The pole figure in Fig. 2 shows a {110} texture after cold 
drawing (e ~ 2.6) of a pearlitic steel wire (0.85% carbon). 

Experimental 

In order to study the effect of anisotropy on fatigue behavior under combined 
loading four different materials were tested: low-carbon (0.06%) annealed (LCA), 
and 78% cold-drawn (LCD) steel wire, and high-carbon (0.83%) steel wire in 
patented (HCP) and 75% cold-drawn (HCD) conditions. The annealed and pat-
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FIG. 1—The effect of wire drawing deformation (e) on pearlite alignment (a^ Is the angle between 
the lamellae and the wire axis). 

•<5io> 

{110} 
FIG. 2—A pole figure for a high-carbon {0.85% carbon), cold-drawn (e >= 2.6) steel wire. 
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TABLE 1—Mechanical properties. 

Property 

<T„,. MPa 
(T,„ MPa 

T,„„,„. MPa 
T,„ MPa 

LCA, 
low-carbon. 

annealed 

251 
354 
211 
416 

LCD, 
low-carbon, 

drawn 

715 
743 
540 
598 

HCP, 
high-carbon. 

patented 

812 
1309 
690 
841 

HCD, 
high-carbon, 

drawn 

1347 
1708 
900 

1055 

ented steel wires have only a weak texture, and the pearlite is randomly oriented. 
Hence, this material can be considered isotropic. The cold-drawn wires are 
anisotropic. The structural anisotropy is formed by elongated cells and grains in 
the low carbon steel wire and by an axially oriented lamellar structure in the 
nearly eutectoidic (pearlitic) steel wire. In both materials, the ferrite shows 
additionally a {110} fiber texture. The mechanical properties of these materials 
are listed in Table 1. From the final drawing diameter of 8 mm, the materials 
were machined down to 6 mm diameter at the gage length. The detailed di
mensions of the fatigue specimens are given in Fig. 3. Fatigue tests were carried 
out on a Schenck servohydraulic fatigue testing machine which has the capability 
to perform combined tension-compression (±160 kN, ±50 mm) and torsion 
(±200 Nm, ±140°). All of the solid cylindrical specimens were subjected to a 
sinusoidal pulsating tension or torsion loading with a minimum value of zero or 
both. Each test is specified by the parameter K, the ratio of the applied shear 
stress to the applied tensile stress (which are in phase). Seven values of K were 
chosen, ranging from K = 0 (pure tensile) to 0.25, 0.50, 1, 2, 5, and ^ (pure 
torsion). 

At each K-value, appropriate CT- and T-values were chosen so that two distinct 
numbers of cycles to failure Nj could be obtained (Table 2). This was done by 
a trial and error method; hence, a relative standard deviation on Nf of 20% could 
not be avoided. Furthermore, because the LCA steel wires showed too much 

mi J Tcvs 
\06 

Jl-, 
A A' 

ns 

FIG. 3—Fatigue specimen geometry: dimensions in millimetres. 
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TABLE 2—Fatigue properties. 

Property 

LCA, 
low-carbon, 

annealed 

LCD, 
low-carbon, 

drawn 

HCP, 
high-carbon, 

patented 

HCD, 
high-carbon, 

drawn 

S„/N„ % 
CT,, MPa 
Ss,, MPa 
S»,/(T,, % 

T,, MPa 
S,,, MPa 
S,,, % 

139 600 
28 000 

18.6 
584 
75 

12.8 

430 
60 

14.0 

383 300 
70 500 

18.4 

555 
72 

13.0 

373 
56 

14.9 

39 000 
8 000 
20.5 

831 
24 
2.8 

568 
175 

30.8 

94 000 
21 500 

23.0 

768 
24 
3.1 

545 
132 

24.2 

59 800 
10 700 
17.8 

985 
49 
5.0 

707 
198 

28.0 

11 750 
14 200 
12.1 

902 
46 
5.0 
640 
176 

27.5 

cyclic plasticity, crack initiation was enhanced by a small notch (produced by 
spark erosion); the depth of this notch varied considerably (0.5 ± 0.2 mm). The 
Af/-data were not reliable, and so they are not included in Table 2. 

Results 

Orientation of Fatigue Cracks 

The angle between the fatigue crack growth plane and the plane perpendicular 
to the wire axis has been measured on stereo light micrographs (at a magnification 
between X 10 and X40). These measured crack orientations are represented 
schematically in Fig. 4. 

0 . 0 6 % C 

0 . 8 % C 
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LC. 

HC 
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-
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K»o.5 

/ 

FIG. 4—Fatigue crack orientation at different torsion-to-tension ratios. 
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Isotropic Steel Wires—In annealed low-carbon and patented high-carbon steel 
wires, which are both isotropic, the fatigue crack growth plane gradually turns 
over from a 0°-orientation (that is, perpendicular to the wire axis) at pure tension 
loading to a 45°-orientation at pure torsion loading. In Fig. 5, two such cracks 
in LCA steel wires are shown, one at almost pure tension (K = 0.25), the other 
at almost pure torsion (K = 5). Note the small needle-like notches, from which 
the fatigue cracks started at low applied loads; cyclic macroplasticity could be 
avoided in these low yield stress wires. At almost pure torsion (K = 5) the final 
fracture is clearly a torsional fracture (in the transverse, maximum torsion stress 
plane); whereas, in the harder, HCP wires we find at K = 5 a typical spiral 
fracture, which follows the plane of maximum tensile stress; Fig. 6d. 

Figure 6 shows clearly the gradually changing crack orientation for the HCP 
steel wire. 

Anisotropic Steel Wires—For low K-values (0 and 0.25) similar crack orien
tations can be found in anisotropic, drawn steel wires (Fig. 4). However when 
torsion becomes more important (that is, K increases), a shear type crack appears 
parallel to the wire axis. In the low-carbon drawn steel wires, no tensile type 
cracks can be found for K > 0.5, and one or more cracks parallel to the wire 
axis cause delamination and final fracture (Fig. 7). In the high-carbon drawn 
steel wires, however, the tensile type cracks always remain present, but they 

• K 

-.1 

FIG. S—Side view of fatigue cracks (between arrows) in LCA steel wires at K = 0 25 (A) and 
K = 5 (S) (X6) . 
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FIG. 1—Longitudinalfatigue crack {between arrows) in LCD steel wire at K = 0.5 (X6). 

become smaller and smaller, compared with the shear type cracks which develop 
subsequently as soon as K > 0.5 (Fig. 8). In Fig. 8a, the crack surface A has 
been removed from his counterpart B during the final, longitudinal fracture. It 
is important to point up that the shear type cracks always are parallel to the wire 
axis. 

Fatigue Life Controlling Parameters 

For monotonic, combined tension, and torsion loading, the stress state at which 
yielding occurs is usually represented in a CT versus T graph. In a similar way, 
the data points in Fig. 9 show the combined stress states which lead to the same 
number of cycles to failure Nf, for the HCP and HCD, and for the LCD steel 
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wires. As we had to notch the LCA specimens, the number of cycles to failure 
Nf is influenced by the variable depth of the notches. Hence, Nf becomes un
reliable, and no CT versus T graph at constant Nf can be presented. 

Discussion 

Isotropic Steel Wires 

There are two sets of evidence available in the current tests to state that fatigue 
crack growth in isotropic steel wires is controlled by the principal normal stress 
CTi. First, if the principal normal stress a, should be the controlling parameter, 
then for a certain number of cycles to failure CT, should be constant, independent 
of the applied stresses CT and T or of the K-value. 

In order to study the validity of this statement, for each Â^ a line of constant 
CT| has been plotted in the CT versus T graphs (Fig. 9). These lines have the 
following equations 

(T, = ^ + - Va^ + 4T^ (1) 

For the reasons mentioned previously, this could not be done for the LCA wires. 
For the HCP specimens (Fig. 9a) we see an excellent agreement between the 
calculated CT, curve and the CT versus T data points. Moreover, for all the stress 
states or K-values the principal normal stress varies by only 3%, even if the 
relative standard deviation on Nf is about 20%. However, the maximum shear 
stress T, changes by 100% (from 400 to 800 MPa), and the standard deviation 
is considerably higher (Table 2). 

Second, we can compare the fatigue crack orientation «„ (the measured angle 
between the fatigue crack plane and the plane perpendicular to the wire axis) 
with the calculated angle of the plane of maximum normal stress a„ according 
to the formula 

a, = - t a n - ' — (2) 
2 CT 

Figure 10 shows that there is an excellent agreement between the measured and 
the calculated angles, for both isotropic wires. As we want to describe fatigue 
crack growth, we have to translate the statement that the principal normal stress 
(T| is the controlling parameter (in isotropic steel wires) into fracture mechanics 
terms. If we calculate, for the cracks emerging at the wire surface, K[ and ^n^ 
according to the formula mentioned by Smith and Pascoe [5], we find that 
Kii = 0 and that A", is not affected by the stress ratio K. Hence, for all torsion-
tension combinations fatigue cracks are pure Mode I cracks in isotropic materials. 
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— — • N( = 9 4 0 0 0 

<• Nf = 3 9 0 0 0 

500 1000 
cr(MPa) 

— •N,= 117S00 

+N,= 59500 

500 1000 

a (MPa) 

(C) — • N( = 383 300 

— + N, = 1 39 600 

FIG. 9—Constant fatigue life data points and constant a,-lines at different K-values for (a) HCP 
steel wire, (b) HCD steel wire, and (c) LCD steel wire. 
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71 
373 

FIG. 10—Comparison of the calculated {a J and measured (a„) angle between the normal to 
the fatigue crack plane and the wire axis, for (a) LCA steel wire, and (b) HCP steel wire. 

Anisotropic Steel Wires 

In low- as well as in high-carbon drawn steel wires longitudinal cracks appear 
as soon as the applied shear stress becomes equal to or larger than half of the 
applied tensile stress, K ̂  0.5. As these longitudinal cracks could not be found 
in isotropic steel wires, it can be expected that anisotropy plays a major role in 
this phenomenon. Moreover, it seems to be doubtful that the principal normal 
stress CT| will remain the controlling parameter. 

High Carbon, Drawn Steel Wires—The photographs in Fig. 8 clearly show 
that, even for pure torsion, small inclined cracks are present, together with the 
long longitudinal ones. Again, the orientation of these small inclined (Mode I) 
cracks, coincides with the plane of maximum normal stress a,. So, it is not 
unexpected that, for a given number of cycles to failure Nf, CT, is almost constant 
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(relative standard deviation of 5%, Table 2) and that the experimental data points 
in the O-,T graph (Fig. 9b) coincide quite well with the calculated constant CT, 
lines. Nevertheless, a small deviation to higher a^r-values can be observed in 
the intermediate range (0.5 < K < 5). 

Low Carbon. Drawn Steel Wires—As for high-carbon, drawn steel wires, 
longitudinal cracks appear as soon as K ^ 0.5, but no inclined (Mode I) cracks 
are present (Fig. 7). Hence, CT| no longer controls fatigue life: the experimental 
data in Fig. 9c deviate from the constant a,-curves and the CT, standard deviation 
goes up to 13%. 

Explanation of the Presence of Longitudinal Cracks 

Both low- and high-carbon anisotropic steel wires show longitudinal cracks 
as soon as K ^ 0.5. If we calculate for these cracks the stress-intensity factors, 
we find that 

A:, = 0 

Ku 
1 - V l + 4K-

1 -f- V l + 4K-

(3) 
2 K 

V l + 4K-

Normalized ^-values are listed in Table 3 as a function of K. This means that 
these longitudinal cracks, although they do not coincide with the plane of max
imum shear stress, are pure Mode II cracks (at least where these cracks emerge 
at the wire surface). 

To answer the question why, in anisotropic steel wires at a certain K-value, 
inclined Mode I cracks are replaced by longitudinal Mode II cracks, and why 
this does not happen in isotropic steel wires, we have to compare the magnitude 
of the driving forces for crack growth. In their review. Smith and Pascoe [5] 
listed five theories to explain crack growth direction. All but one fail to clarify 
the Mode I-Mode 11 changeover observed in anisotropic materials, as they do 

TABLE 3—Normalized stress intensity factors and plastic zone size ratios. 

Stress 

T 
K = — 

0 
0.25 
0.50 

1 
2 
5 
00 

State 

\ = ^ 

0 
-0 .06 
-0 .17 
-0 .38 
-0.61 
-0.82 
- 1 

Inclined 

K,* = 7 = 

Lon gitudinal 

K„* 
a{\Tta 

0 
0.23 
0.42 
0.61 
0.78 
0.91 
1 

(^) ^̂ ° 
0 

0.20 
0.64 
1.39 
2.26 
3.10 
3.72 

fe) 
1 ^ = 2 
Tv.ll 

0 
0.80 
2.58 
5.55 
9,07 

12.4 
14.9 

ANISO 

= 3 

0 
1.80 
5.80 

12.5 
20.4 
27.8 
33.5 
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not take into account material properties (only linear elastic fracture mechanics 
(LEFM) parameters are introduced). A fifth one implicitly accounts for material 
properties (that is, crack growth rate data), but could not be used as these data 
are not yet available for the materials treated in this study. Another theory to 
explain crack growth direction has been presented recently by Gao Hua, Brown, 
and Miller [6]. It states that crack growth rate is controlled by the ratio of the 
maximum plastic zone size over the true fracture ductility. The same group 
described in an earlier publication [7] a similar but simpler model, presenting 
the "severe strain zone size" as a unique crack growth rate controlling parameter. 
For local yielding conditions, this zone can be replaced by the maximum plastic 
zone size. According to Gao Hua et al [6], plastic zones for both Mode I and 
Mode II cracks can be calculated using the formula 

'•p = 3 — (4) 

where 

P = 0.128 for Mode I, inclined cracks, and 
(3 = 0.477 for Mode II, longitudinal cracks. 

These maximum dimensions can be found, respectively, at 88 and 0° relative to 
the crack plane. 

To explain the changeover from Mode I to Mode II, one can calculate 
the Tp ,,/rp I ratio as a function of the applied torsion-to-tension stress ratio K 
(Table 3). 

For isotropic steel wires, CT, is independent of the orientation relative to the 
wire axis; hence, the plastic zone ratio reduces to 

3 
where 

(5) 

Figure 11 and Table 3 show that this ratio changes in a sigmoidal way from 0 
for pure tension to 3.72 for pure torsion. For anisotropic steel wires, however, 
o-y (or more exactly the shear flow stress T,,) is orientation dependent. Hence, 
for Mode I cracks we introduce T,.j (in a direction almost perpendicular to the 
Mode I crack plane), and T,,,I (in the Mode II crack plane, and thus parallel to 
the wire axis), which results in the formula 

' p . i 

&teli!| (6) 
PI V T,,„ 
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15 

n 
to 

10 

FIG. 11 —Plastic zone size ratio 8 as a function of the torsion-to-tension stress ratio Kfor isotropic 
and anisotropic materials. 

The anisotropy of the shear flow stress and hence the T̂  ,/T,, ,[ ratio in drawn 
steel wires is a product of two factors: on the one hand, a {110} fiber texture is 
formed in the ferrite during wire drawing (Fig. 2). Using a theoretical model 
elaborated in our department [8], one can calculate that the shear flow stress 
ratio equals 1.25 at a wire drawing strain e = 1.2 [9]. On the other hand, a 
structural anisotropy is developing in the low-carbon (narrow, elongated cells 
in the ferrite) as well as in the high-carbon (oriented cementite lamellae in the 
pearlite) steel wires. Hence, free slip length for dislocations is highly influenced 
by the aforementioned geometry of the microstructure. Calculations, analogous 
to those published by Gil Sevillano et al [JO] show that the shear flow stress 
ratio in drawn pearlite, due to structural anisotropy, lies between 1.5 (for K = 0.5) 
and 3 (for K = x, pure torsion). For drawn ferrite, containing longitudinal cells, 
which are not as narrow as ferrite lamellae in pearlite, the microstructural an
isotropy will be less important. Nevertheless a careful examination of the ratio 
of the yield stresses in tension ((THJ) and torsion (T^=O 004) '" Table 1 shows that 
the anisotropy in drawn ferrite is only 15% lower than in drawn pearlite. These 
preliminary calculations show that crystallographic (texture) and structural ani
sotropy will lead to a shear flow stress ratio 

2 < I l i < 3 
Tv.Il 

Introducing this ratio into formula [6], Table 3 and Fig. 11 clearly show that 
the plastic zone size ratio increases very rapidly. From our observations we know 
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that the changeover of Mode 1 to Mode II happens at K = 0.5; the plastic zone 
ratio has then a mean value of 4.2, which is clearly higher than ever could be 
reached in isotropic wires. Hence, we conclude that once the ratio of the plastic 
zones of the Mode II over the Mode I crack reaches a critical value of about 4, 
Mode II cracks appear. Because in isotropic steel wires this value can never be 
reached (maximum is 3.72), no Mode II cracks can develop. 

It is quite logical that the Mode II crack plastic zone has to be much larger 
(x4) than a Mode I crack plastic zone. One has to take into account not only 
rubbing effects between the crack surfaces, but also the absence of stresses 
perpendicular to the Mode II cracks, which influences the true fracture ductility, 
as pointed up recently by Gao Hua et al [6]. 

Conclusions 

Under all loading conditions, in isotropic steel wires, fatigue cracks have been 
shown to be Mode I cracks perpendicular to the principal normal stress a,. In 
anisotropic steel wires, however, longitudinal Mode II cracks appear as soon as 
the torsion to tension stress ratio equals 0.5. This changeover has been explained 
using the plastic zone size ratio 8 of the two crack modes: in anisotropic materials, 
8 quite easily attains high values (>4), whereas in isotropic materials the max
imum value is 3.72 at pure torsion. From calculations using this model for 
different anisotropics, it could be predicted at which stress state Mode II crack 
will appear. 
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ABSTRACT: A number of multiaxial fatigue systems employed for the testing of fiber 
reinforced plastics (FRP) composites are discussed, and how they may be used to evaluate 
failure theories. The effects of anisotropy and end fittings are examined for different 
specimen geometries. A conservative failure criterion is suggested for predicting the biaxial 
static and fatigue strength of FRP based on limited test data. 

KEY WORDS: biaxial stresses, triaxial stresses, fatigue strength, failure theory, specimen 
geometry, fiber orientation, anisotropy 

Nomenclature 

(T;,,â ,CTj Normal stresses and in-plane shear stress 
aj ,(T2,(T6 Stresses in the principal material directions and the in-plane shear 

stress 
F, ,F2,F(, Strengths in the principal material directions and the in-plane shear 

strength 
Fit,Fit Tensile strengths in the principal material directions 
f",e,F2c Compressive strength in the principal material directions 

Fx2 Interaction component of strength tensor 
9 Orientation of the stress axes to the principal material axes 

X. = a;,/CT3, Biaxial stress ratio 

While fiber reinforced plastics (FRP) materials have been used for engineering 
structures and components for over 40 years it is only during the past decade 
that they have received wider attention and recognition, mainly due to the need 
to save weight and conserve energy. Glass reinforced plastics (GRP) are the 
largest group of FRP composites and are found extensively in the automotive 
and railway industries, building and construction industries, chemical and marine 
industries, and in domestic appliances, sports, and leisure equipment. Carbon 
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fiber, mixed carbon, and glass fiber and aramid fiber (for example, Kevlar) 
composites are employed in more specialist applications where higher perform
ance is required and higher cost is tolerated such as in aerospace components, 
helicopter rotor blades, and automotive drive shafts and springs. FRP components 
and structures are produced by a variety of manufacturing techniques, and it 
must be recognized that the design and manufacturing process have a significant 
effect on the final properties of a composite. With the continuing growth of the 
FRP industry in terms of both output and applications it is of increasing impor
tance that safe-life design procedures are evolved for these materials so that their 
full potential is realized. 

Safe-life design in FRP requires the development of analytical or empirical 
rules to cover a range of materials of varying degrees of anisotropy subjected 
to various loading and environmental conditions. The majority of engineering 
structures and components are subjected to long-term loading under variable 
complex stresses; however, most fatigue testing of FRP has involved the uniaxial 
loading of laboratory specimens in the direction of material orthotropy [/]. A 
significant reduction in strength or fatigue life results if either the applied stresses 
or the material axes change in orientation. The failure of FRP composites is 
known to be progressive and that damage in the form of debonding, resin crack
ing, delamination, or fiber fracture may occur before rupture. Furthermore it 
has been shown that damage under fatigue loading is more severe than for static 
loading for both uniaxial [2J and biaxial [3,4] stress conditions. Therefore, it 
is necessary for the designer to establish what amount of damage, if any, may 
be tolerated for a particular application. Visible damage is not normally tolerated 
by designers, and there is a tendency to over-design in order to avoid it. 

An important phase of the design procedure is the selection of a suitable failure 
criterion which will enable the designer to predict failure under various service 
loading conditions. Many theories have been proposed for predicting the static 
strength [5-18] of FRP under complex stress conditions, and some of these have 
been applied to fatigue loading conditions [4,15,17,19-22]. In order to take 
account of possible different types of failure of the fiber, matrix, and interface 
a few micromechanical theories have been proposed [23,24]. These are generally 
more applicable to unidirectional and filament wound composites and more 
suitable for predicting first-ply failure. Failure theories for FRP are necessarily 
more complicated than yield theories developed for isotropic materials because 
the material strengths change with the direction and mode of loading and because 
of the various possible failure modes and damage states. 

Failure theories are mathematical functions of the stresses and strengths which 
supposedly represent failures under all stress conditions. Many of the failure 
theories applied to FRP are extensions of those developed for isotropic metals 
which were extended to describe the failure of homogeneous, orthotropic ma
terials, and have since been modified to account for quasi-homogeneous, an
isotropic materials. Two theories based on strength tensors have been postulated 
to account for general anisotropy exhibited by FRP [13,14]. The theories gen-
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erally fall into two distinct groups [4,21], one in which only direct substitution 
of the uniaxial strengths and in-plane shear strength is required and the other 
which in addition requires an interaction coefficient to be evaluated under com
plex stress conditions. The theories based on strength tensors permit the strength 
components to be transferred to the stress axes, all the other theories require the 
stresses to be transformed to the principal material axes before the failure theory 
can be applied. 

A few theories have been particularly proposed in order to predict fatigue 
failure under complex stress conditions. Griffith and Baldwin [75] attempted to 
predict complex stress failures under static and fatigue loading by treating in
cipient yielding, fracture, and fatigue as separate failure conditions for a general 
state of stress. However, their theory requires the use of compliances and, 
therefore, assumes that the material is linearly elastic to failure. Hashin and 
Rotem [24] have suggested a failure criterion allowing for failure of fiber and 
matrix which for fatigue loading conditions is expressed in terms of three 
fatigue curves obtained from fiber, transverse, and shear loading. While the 
theory is essentially for first laminar failure, it is suggested that it can be extended 
to give plane stress fatigue of laminates. Both of these theories were supported 
by off-axis fatigue tests under uniaxial loading conditions. Francis et al [22] 
applied the Hill criterion [7] to fatigue failure which enabled the fatigue curve 
for thin-walled tubes subjected to combined stress states to be predicted from 
fatigue data for the uniaxial loading modes. The results of biaxial fatigue tests 
on cruciform specimens were used by Smith and Pascoe [77] to support a theory 
to account for different observed failure modes. However, it does not allow for 
differences in tensile and compressive strength and requires elastic constants as 
well as a uniaxial strength and in-plane shear strength to evaluate the theory. 

Owen and Found [4] and Owen et al [19-21] using various failure theories 
have shown that it is possible to predict damage and rupture of thin-walled GRP 
cylinders subjected to biaxial static and fatigue loading conditions. From the 
results of several hundred tests on glass mat, fabric, and woven roving fabric 
cylinders it is still not possible to select a failure theory which will predict various 
stages of failure for all materials and stress conditions [20]. 

This paper reviews the various multiaxial fatigue systems employed for the 
testing of FRP and examines the effects of anisotropy on the choice of specimen 
geometry and associated test fittings. Existing multiaxial static and fatigue test 
data for FRP are presented, and a new failure criterion is suggested for predicting 
the biaxial static and fatigue strength of FRP. 

Multiaxial Test Systems 

With the development of servohydraulic testing machines and associated closed 
loop control systems it is now possible to perform fatigue tests under complex 
stress-strain conditions by various means. It is intended here to mention some 
of the loading systems employed in the fatigue testing of FRP and also to mention 
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briefly other systems that have been mainly used for static testing to date. There 
are two principal methods of studying the complex stress behavior of FRP in 
order to evaluate failure theories under static and fatigue loading conditions, one 
utilizing flat specimens and the other using cylindrical specimens both with 
various means of applying the loads. Clearly flat specimens using hand layup 
or compression molding techniques are easier and cheaper to manufacture than 
cylinders. The latter are best made by filament winding to a mandrel. The more 
common forms of reinforcement may be also made into cylinders by wrapping 
on to a mandrel, but this is likely to result in some form of overlap or discontinuity 
in the reinforcement. 

The simplest and most widely used method for evaluating failure theories is 
the off-axis test (Fig. la). Here the applied stress, which may be tensile or 
compressive, is the principal stress a,, and the stresses with respect to the fiber 
axes depend on the fiber orientation. Most of the failure theories have been 
supported by data obtained from static off-axis tests to rupture [8,10,11,14]. 
Several workers [15,25,27,28] have reported off-axis fatigue tests but only Owen 
and Found [28] and Griffith and Baldwin [75] have used them to evaluate failure 
theories. Although this method is often used it has two serious limitations. For 
most off-axis orientations the applied stress induces bending and shear in the 
stress field when conventional clamping methods are used. For tensile loading 
it is suggested [29] that the problem can be overcome by using rotating grips 
and by the use of specimen with adequate length/width ratio. Clearly for compression 
testing the effects on end constraint are more severe since these specimens are 
relatively shorter in order to prevent buckling. Secondly, the use of the off-axis 
test only permits a very limited exploration of the failure surface as discussed 
later. 

Bert et al [30] and Smith and Pascoe [17] used flat cruciform specimens (Fig. 
lb) as a means of simultaneously applying two principal stresses CT, and a,. 
With this method it is relatively easy to produce specimens with different fiber 
orientations relative to the principal stress axes. Bert et al conducted static biaxial 
tension tests using a cable and pulley system reacted by a rigid frame to load 
the specimen. For biaxial static and fatigue tests Smith and Pascoe used a 
servohydraulic rig with the applied loads varied by actuators thus permitting the 
full range of biaxial ratio (X) to be covered. In addition it was possible to vary 
the mean stress and stress amplitude on both loading axes for fatigue tests. With 
this specimen, stress and strain measurements are difficult, and sometimes it is 
not possible to prevent failures from initiating at the comer fillets. Other means 
of applying biaxial stresses to flat specimens include combined axial and shear 
loading (Fig. \c) using a hydraulic jack and shear links as described by Thor 
[31] and a diametrically loaded disk with asymmetric cutouts (Fig. \d) as used 
by Arcan et al [32] for static purposes. With both these methods there are 
difficulties in obtaining a uniform stress in the gage area. 

A variety of methods have been used for applying biaxial stresses to cylinders 
such as (a) internal pressure and axial load, (b) external pressure and axial load, 
(c) torsion and axial load, and (d) combinations of all three by means of torsion, 
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(a) Uniaxial specimen 
(b) Cruciform specimen 
(c) Plate specimen 
(d) Disk specimen 

FIG. I—Flat specimens. 

pressure, and axial load as shown in Fig. 2. With the exception of method (c) 
all these involve direct fluid pressure on the specimen. Fatigue endurance will 
be reduced due to the hydro wedge effect, and there may be also an environmental 
influence on crack initiation and propagation due to the fluid. However these 
effects may be minimized by the use of a suitable protective sleeve. For fatigue 
loading triaxial stress systems (CT̂  T̂  0) are rarely considered, and, in the majority 
of cases, the pressure contribution to the stress field is insignificant unless the 
pressure is high enough to cause fatigue damage or failure. Clearly the cylinder 
is the most versatile specimen since it is possible to apply any desired biaxial 
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FIG. 2—Cylindrical specimen. 

State of stress with or without proportional loading. The generalized state of 
plane stress can be achieved by independent application of axial loads, internal 
or external pressure, and torque, and such a fatigue testing facility for metals 
has been described by Found et al [33]. 

Much of the early biaxial stress fatigue data for FRP was obtained using thin-
walled cylinders subjected to internal pressure [34] with values of X = 0.5 or 
0 depending on whether the cylinder ends were free or restrained, and on thick-
walled cylinders subjected to external pressure [35] with similar stress ratios. 
Owen and Found [4] and Owen et al [19-2J] tested various GRP thin-walled 
cylinders subjected to internal pressure and differing combinations of axial load 
to cover the range X = 1 to — 1 in a rig designed by the author [3]. The principal 
stresses are varied by use of a set of nine interchangeable rams of different 
diameters. Under fatigue loading conditions the ram friction is low enough to 
permit rotation of the pistons to accommodate the torsional displacements which 
occur in cylinders with off-axis fiber orientations. Damage and rupture tests were 
performed under static and fatigue loading, the latter using pulsating pressure. 
Francis et al [22] have described a biaxial testing facility using a biaxial actuator 
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to apply axial load, internal pressure, or torsion or all three. The biaxial actuator 
is closed-loop, servocontrolled and can be driven in one of three modes for either 
or both axial or torsional loading. They performed fatigue tests on graphite epoxy 
thin-walled tubes containing a circular hole penetrating one wall midway along 
the tube length. 

Protasov and Kopnov [56] have conducted static tests on GRP cylinders using 
different combinations of internal and external pressure, tensile, or compressive 
axial load and torsion. The oil is supplied from a single pump and the ratio 
(T;t:ay:aj is varied by using interchangeable cylinders of different diameters. Wu 
[37] has described similar static tests on graphite epoxy tubes using separate 
closed-loop rigs to apply internal pressure-axial load and tension-torsion. 

It is well known that there may be significant heating effects in FRP under 
fatigue loading conditions. The heating effect depends on a number of factors 
including frequency, stress level, and specimen thickness. For biaxial fatigue 
tests Owen et al [19-21] and Smith and Pascoe [38] used frequencies less than 
2 Hz while Francis et al [22] used frequencies up to 5 Hz. 

Failure Surfaces 

Many of the strength theories for anisotropic materials based on the distortional 
energy theory are particular cases of strength tensor theories [13,14] which are 
of the form 

F, cr, + Fij a, CT; = 1 (1) 

and for plane stress conditions reduces to 

F | CT, -I- F2 CT2 -I- Fii o-f + F22 o-i -t- 2 F,2 CT, CT2 + Fe o-i = 1 (2) 

For plane-stress conditions the failure theories can be represented as failure 
surfaces by plotting the stresses CT,, CT2, and CT6 in Cartesian space as shown in 
Figs. 3 and 4. It is assumed that the origin of the stress space should lie within 
the failure surface and that the surface should be closed for all combinations of 
stress. In order to ensure that the surface is closed, Tsai and Wu [14] introduced 
a stability criterion of the form 

F,, F, - F,j > 0 (3) 

which for plane-stress conditions reduces to 

F,2 = V F „ F22 (4) 

While much of the experimental data used to support the failure theories was 
obtained from static off-axis tests to rupture it has since been shown [28,37,39,40] 
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Oi-Oi 
FIG. 3—Partial failure surface. 

that off-axis tests do not discriminate between failure tlieories because only a 
small part of the failure surface is examined. For off-axis tension testing it is 
only possible to explore the curve DGA in Fig. 3 and a comparable curve in the 
compressive quadrant. Furthermore small differences in the observed strengths 
make considerable differences to the shape of the failure surface. The predicted 
surfaces are often unaccepted because they are either open ended or they appear 
to intersect [28]. 

Clearly the use of thin-walled cylinders with various means of producing 
biaxial stresses as shown in Fig. 2 offers the most comprehensive way of ex
ploring the complete failure surface. For example, for internal pressure and axial 
load (as = 0 and 6 = 0°) the boundary AFDEC (Fig. 3) can be defined. For 
external pressure and axial load the boundary is given by AD'C (Fig. 4) and for 
torsion by BE (Fig. 3). With combinations of axial load, pressure, and torsion, 
the complete surface can be explored. For tubular specimens Wu \37] has rec
ommended optimum principal stress ratios for evaluating the interaction coef
ficient f"|2. 

FIG. 4—Failure surface. 
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Specimen Geometry 

In order to carry out meaningful tests of FRP it is necessary that the specimen 
be designed to produce a reasonably uniform stress field in the gage section. 
The effects of anisotropy must be fully understood, since they can give rise to 
nonuniform stress fields, stress gradients, end effects, and size effects in both 
flat and cylindrical specimens. Furthermore Puppo and Evensen [41] have in
dicated that the same stress field is not developed in these two specimens even 
though the loading and laminate configuration are identical. They likened a 
cylinder to an infinite laminate such that the interlaminar shear stress would be 
zero everywhere, while for a flat specimen the interlaminar shear stresses reach 
a finite maximum value at the edges. Axial fatigue tests [42] on glass/epoxy 
and boron/epoxy specimens with three different geometries each with fiber 
orientations of ±45° showed differences of more than 4 to 1 on fatigue strength. 

Pagano and Halpin [43] have presented an analytical solution and Rizzo [44] 
a finite-element solution to determine the effects of rigid clamping on off-axis 
flat specimens with and without end rotation. By reinforcing the ends with a 
compliant material Richards et al [45] have shown that the analysis can be used 
to design suitable specimens. For long specimens (l/w > 10) good accuracy 
can be obtained, regardless of end conditions and method of calculation. Schnei
der [39] has suggested that the variation in off-axis tensile strength may be due 
to ineffective loading of fibers which are discontinuous within the gage length, 
and Endo et al [27] have observed apparent size effects under similar fatigue 
loading conditions. 

To eliminate bending and twisting effects induced by in-plane loading of 
cruciform specimens development tests were carried out by Bert et al [30] and 
Smith and Pascoe [38]. In order to obtain a uniform biaxial stress field Bert 
used a reduced center section with a circular profile for A. = 1 and an elliptical 
profile foxK = 0.5 and 2. Both groups of workers used metal tabs as a means 
of transferring the load from the machine to the specimen. 

For cylindrical specimens there are a number of requirements which must be 
met in order to have confidence in the test results. The cylinder may be treated 
as being thin-walled provided the stresses are reasonably uniform in the gage 
section. The length must be sufficient to overcome end effects and yet prevent 
buckling under compressive loads. The specimen must be stable under internal 
pressure or torsion. For cylinders it is usually necessary to reinforce the ends of 
the specimen in order to attach grips and prevent end failures. Lockett [46] has 
examined the effects of anisotropy and inhomogeneity on GRP pipe and suggested 
that wall thickness effects are more significant than material anisotropy. In-
homogeneities due to fabrication and joining techniques can induce bending 
strains as large as the primary strains due to pressure. 

A number of workers [36,47,48] have analyzed the design requirements of 
anisotropic cylinders and have suggested limiting diameter/thickness ratios and 
relationships between gage length and transition length in order to achieve an 
almost uniform stress in the gage section. Indeed Pagano et al [49] have shown 
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by elastic analysis that a uniform state of stress cannot exist in a helical wound 
tube unless the shear coupling compliance 5' ,6 is zero. In order to try to minimize 
the many problems, special end fittings have been employed and complex spec
imen geometries have been evolved. Miller [50] used contoured end plugs for 
cylinders under external pressure in order to prevent high interlaminar shear 
stresses at the ends and reduce bending stresses in the cylinder. This probably 
offers the cheapest and most practical solution, since it applies to all configu
rations although different contours may be required for different loading con
ditions. Daniel et al [57] conducted finite element analyses to study the load 
transfer at the ends of cylinders with tabs. To minimize the effects of tab con
straints, compensating pressures were applied to the tabs. They concluded that 
it was possible to conduct valid biaxial tests with properly designed tubular 
specimens and load transfer system. This is a rather complex and expensive 
method and needs modifying for each different material configuration. Duggan 
and Bailie [52] have suggested the use of a constant compliance specimen as a 
means of achieving uniform biaxial stress distributions in laminated cylinders. 
In their specimen the laminate plies are reduced to zero thickness the further 
into the tab they go, while corresponding increase in thickness of the tab material 
is made. This is probably the most effective solution, since it is possible to 
provide a stiffness smoothing in the critical transition region and also offers a 
more compliant tabbing material for embedding in rigid machine grips. 

Failure Modes 

Since failure theories are mathematical functions of stresses and strengths 
which do not account for mechanisms or modes of failure, it is necessary to 
consider the progression of damage in order to understand possible anomalies 
in the failure surface. Progressive failure may not be confined to one mode and 
is affected by the properties of the fiber, resin and interface, and the structure 
of the reinforcement. For static tensile loading it usually takes the following 
form. Debonding occurs within fibers normal to the applied load, resin cracking 
progresses from transverse fiber groups into resin rich areas, the cracks cross 
aligned fibers permitting the aligned fibers to debond, leading to fiber fracture 
and rupture [3]. Compressive loading of woven fabrics produces damage at ply 
crossovers leading to delamination or local buckling of unsupported surface 
fibers. Compressive failure may occur on a single or multiple shear-type plane 
[3]. Damage under fatigue loading conditions is more intense than for static 
loading [2]. 

For cylindrical specimens subjected to complex stress different damage modes 
may exist which interact with each other to produce a complex final fracture. It 
is also possible for damage to be initiated in say the tensile mode and final 
fracture to be in the compressive mode. The failure of GRP cylinders has been 
shown [3] to be stress ratio dependent and is governed by the mode of the axial 
stress, a tensile stress is more damaging than a compressive stress of the same 
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magnitude. Failure is governed by the severity of resin cracking and is most 
severe when the biaxial stresses are both tensile. 

Discussion 

In the published literature there are several references relating to the biaxial 
static failures of FRP and relatively few references on biaxial fatigue tests. For 
the purposes of this paper it is only intended to examine the results where both 
static and fatigue data are available for the same material. While this is rather 
restrictive it readily permits comparison of failure theories under both static and 
fatigue loading conditions and for design purposes there are advantages in being 
able to apply the same theory for both conditions. 

The data examined include cylinders made with glass mat, fabric, and woven 
roving fabric [4,19-21], and cruciform specimens made with woven roving 
fabric [17,53]. Various polyester resin systems have been used, and some of 
the materials exhibit different tensile and compressive strengths. For the fabric 
and woven roving fabric specimens, all results are for tests in which the material 
and stress axes are coincident. The biaxial static data are presented in Fig. 5 
and the stresses in the principal material axes have been normalized to the 
appropriate uniaxial strengths. Similarly in Fig. 6 the fatigue stresses at 10* 
cycles have been normalized to the uniaxial fatigue data at 10*, with the exception 
of the cruciform tests for which data are given for 10' cycles [17]. In Figs. 5 
and 6 the failure stresses are for catastrophic failure. At the present time there 
is only very limited data for damage under biaxial stress conditions [4,19,20]. 
In some cases the data in Fig. 5 represent single tests, in others they are an 
average of a few tests. The fatigue results in Fig. 6 represent the fatigue strengths 
picked off from the best fit line of the fatigue curves at 10* cycles (or at 10' 
cycles [17]). 

It is not practicable here to compare the results for each material with each 
of the failure theories. However the significance of the results is that much of 
it falls within the boundary of the maximum stress theory. In the tension/tension 
quadrant a circular arc has been drawn and a straight line drawn in the tension/ 
compression quadrant. For the static test data shown in Fig. 5 only one point 
in each quadrant lies within these boundaries. Therefore, the boundaries would 
represent for design purposes a conservative estimate of failure for a number of 
materials. 

The data shown in Fig. 6 for fatigue loading show similar trends to the static 
case except, as is usual for fatigue loading, there is much more scatter. Fur
thermore, there are two points in the tension/tension quadrant well within the 
circular arc boundary, and a single point is well within the boundary of the 
tension/compression quadrant. The offending points in the tension/tension quad
rant are those for a glass mat [4,19] and showed excessive resin cracking. Some 
of this may have been caused by joints necessary in the manufacture of cylinders, 
which has little effect under static loading but has a significant effect under 
fatigue loading [19]. The single offending result in the lower quadrant is probably 
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FIG. 5—Normalized biaxial static results. 

caused by variations in the failure mode and may have shown some signs of 
buckling [21]. 

Allowing for the preceding factors it is suggested that the boundaries provide 
a reasonably conservative estimate of failure for design purposes for most ma
terials, for both biaxial static and fatigue loading conditions. The boundaries can 
be expressed in the following mathematical form for the tension/tension quadrant 

f^ ̂  fe)' =' (5) 

(which is the Norris interaction theory [9]) 
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FIG. 6—Normalized biaxial fatigue results. 

and for the tension/compression quadrant 

Fu 
El 
F2C 

(6) 

(which is the maximum shear stress theory) 

Clearly further work is needed to investigate this apparently simple failure 
theory and it should be extended to cover various damage states. 
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Conclusions 

This paper has attempted to review the multiaxial fatigue testing of fiber 
reinforced plastics and has discussed various test methods and specimen geom
etries used for such tests. A limited amount of test data have been examined 
for biaxial stress tests under static and fatigue loading conditions. It is suggested 
that a conservative estimate for design purposes is that failure in the tension/ 
tension quadrant is given by a circular arc and by a straight line in the tension/ 
compression quadrant such that failure is governed respectively by 

and 

Fu F2,. 

Further work is necessary in order to confirm these proposals, and it should 
be extended to cover various damage states. 
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ABSTRACT: Fatigue crack growth tests were carried out on chopped strand mat polyester 
resin under biaxial tensile stress. Center-notch specimens were used to measure the effects 
of the load biaxiality factor, B, defined as the ratio of the load acting normally to the 
crack line and that acting parallel to it. A compliance calibration technique was used to 
measure the crack growth so as to overcome difficulties with visual measurement when 
using conventional stress-intensity factors in order to present the fatigue results on a fracture 
mechanics basis. An adaptation of the compliance technique was also used to extend the 
applicability of the stress-intensity factor concept to planar composite materials by pro
posing a K-equation that takes into account the effects of reinforcement geometry and 
biaxial stress. This allows a safe life crack growth criterion to be used more effectively 
to assess damage tolerance, taking account of a number of detrimental intrinsic effects 
due to the nature of the composite reinforcement. The Paris power relationship was found 
to be applicable to the results, the analysis of which shows that nonsingular stresses do 
affect the behavior of a crack subjected to plane stress cyclic loading. Biaxial stresses were 
found to produce a shift in the fatigue crack propagation rates, notably a decrease in the 
Paris exponent with increase in the load biaxiality factor, B. Analysis of the fatigue behavior 
indicates the failure mechanisms are influenced by the reinforcement geometry of the 
composite material, together with the Poisson's ratio of the material under biaxial stress. 
It would seem that the fatigue behavior is governed by the fiber-resin interface at low 
stress levels, while at higher stresses the Poisson's ratio of the composite determines the 
biaxial influence. 

KEY WORDS: fatigue crack growth, polyester resin, biaxiality factor, biaxial fatigue, 
corrosion fatigue, fatigue damage zone, moire fringe technique 

The influence of stress biaxiality on crack growth and toughness has received 
considerable interest especially where certain isotropic materials have shown a 
significant biaxiality effect [1]. However, no explanation is available as yet 
within the framework of linear elastic fracture mechanics which is normally 
applicable to these materials. Since the linear elastic theory indicates that stresses 
applied parallel to the crack do not produce a stress singularity, it has generally 
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been assumed that the fatigue and fracture properties of a material are independent 
of biaxial stresses. 

Real materials such as composites do not exhibit linear elastic behavior near 
a crack tip so that fracture mechanics investigations have met with mixed results 
mainly because most current approaches simply mimic the applications of linear 
elastic fracture mechanics to conventional engineering materials. This suggests 
that there are still many unanswered questions concerning the fundamental mech
anisms which control fatigue and fracture in fiber reinforced plastics. The use 
of glass fiber-reinforced resins in the manufacture of pipes, storage tanks, and 
pressure vessels for the chemical process industries, which are generally under 
a state of biaxial stress, has highlighted their capability for strength and corrosion 
resistance. There is concern that the performance of such materials may suffer 
from the biaxiality effects of stress especially under dynamic loading conditions 
in the presence of inherent cracks. The present work is part of a program to 
study biaxiality effects on fatigue crack propagation in a fiber-reinforced plastic 
subjected to corrosive environments. 

The experimental study indicates for the material and the specimens considered 
that biaxial stresses do affect the behavior of a crack to a certain extent. The 
fatigue model examined in this paper to determine whether the biaxial effects 
observed experimentally could be explained analytically was that of conventional 
fracture mechanics, so that a relationship was sought between the crack growth 
rate, daldN, and the stress-intensity factor range, A AT. 

Stress Analysis 

Linear elastic analysis indicates that stresses applied parallel to a crack do not 
contribute to the stress-intensity factor, and so it has been assumed that there is 
no difference between the fracture properties of biaxially and uniaxially stressed 
plates. However, analysis of the problem of a plane infinite elastic body with a 
centrally located crack subjected to a uniform biaxial load along the remote outer 
boundaries, indicates that loads applied parallel to the crack influence the value 
of the critical tensile load applied perpendicularly to it. The Poisson's ratio of 
the material determines the characteristics of this influence [2]. Sih [3] has 
considered the Griffith energy criterion for an elliptical crack in an elastic plate 
under biaxial loading, for which a sharp crack indicated the critical fracture stress 
to be independent of the stress applied parallel to the crack line. An alternative 
approach would be to consider fracture as a function of crack opening displace
ment [4], which can be related directly to the stress-intensity factor and the 
strain energy release rate. The physical model utilized in this study was that 
illustrated in Fig. I. A straight crack of length la in a square plate of width W 
is subjected to stresses ŵ  and a^ = Bcfy on the boundaries parallel to and normal 
to the crack line, respectively, where B is the stress biaxiality factor. The effect 
of biaxial stresses on the crack opening displacement could be examined by 
assuming that a crack opens under CT^ and then is constrained by cr̂  which 
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FIG. 1—Centrally-notched plate under biaxial stress. 

produces only a higher order effect on the resulting crack opening displacement. 
Thus, elastic analysis indicates that biaxial stresses would produce at best only 
a second-order effect on the fracture properties of ideally elastic materials. 

An exact analysis of the crack-tip stress, strain, and displacement fields is not 
available due to the complexity of the elastic-plastic problem. Many studies 
report measurements of critical stress-intensity factors for composite materials 
[5,6]. It is significant to note that, in general, reasonable agreement exists 
between different measurements for similar materials, in spite of the numerous 
reinforcement geometries, the different stress intensity factor-calibration func
tions, and the various test specimens employed. Stress distributions in the crack 
tip vicinity for anisotropic bodies have been calculated [7] and would seem to 
form the basis of a natural extension of the theory to composite materials. 
Unfortunately it is impossible here to distinguish a single invariant material 
parameter having the same significance as the stress intensity factor in the fracture 
of isotropic materials. Wu [8] has investigated the conditions under which linear 
elastic fracture mechanics (LEFM) may be applied to composites. He found that 
the approach was valid provided that: {a) the orientation of the crack is fixed 
with respect to the principal axes of symmetry; {b) the crack growth coincides 
with one of the principal axes of symmetry; (c) the stress intensity factors defined 
for the anisotropic case are consistent with those of the isotropic case in terms 
of stress distribution and crack displacement modes. While these conditions may 
appear quite restrictive, the fact is that in many practical cases the loading 
direction of crack growth coincides with one of the principal elastic axes, and 
hence LEFM may be applied. 

The significance and limitations of the stress intensity factor A" as a crack-tip 
stress field characterizing parameter in the present context are best explained by 
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reference to the Williams stress field solution for a semi-infinite crack [9]. This 
yield stresses as 

= S («" '•'""'"/" (6) + b„ /-<"'̂ -'> g„ (9)) (1) 

where 

r, 6 = a coordinate system based on crack tip and line of prolongation, 
a„ = coefficients determining the symmetrical part of the stress field, and 
b„ = those fixing the anti-symmetrical part. 

At r = 0 only a, and Oj contribute to the stress field; a, is directly related to 
^1 and 02 to a^ = BUy, but the former dominates due to the r "̂  singularity. 
As r increases air"^ falls to a value comparable to that of Ui, while a^ and 
subsequent terms increase. A radius can be specified bounding an inner region, 
the form of whose stress field is independent of the particular boundary condi
tions, and so it is fully characterised by K and independent of stress biaxiality. 

In real materials this solution is modified by plastic flow during loading, which 
blunts the crack and smooths out the stress singularity. If the size of the crack-
tip plastic zone, r̂  is small compared to the characteristic dimensions of the 
specimens, the applicability of LEFM is normally justified on the basis that r̂  
will lie well within the inner region. Although such a plastic zone develops near 
the crack tip in the resin matrix of composite materials, the dominant phenomenon 
in a cracked loaded composite is the development of a damage zone, also some
times termed a debonding zone. The creation of a damage zone has been reported 
for chopped strand mat composites [10], and is commonly considered analogous 
to a plastic zone in homogenous materials. The plastic flow patterns within the 
damage zone must be controlling the separation mechanisms within the inner 
region and allow primary features such as the biaxiality parameter B of the outer 
stress field to penetrate the plastic zone, thus modifying the mechanics of crack 
extension and undermining the characterizing power of K. Since the true fatigue 
crack extension is a direct result of elastic-plastic crack tip deformation, this 
seems to be the best method for studying the effects of stress biaxiality on 
composite materials. 

The conditions near the crack tip are quite complicated especially in a com
posite material, and the mechanics which control fatigue are not yet well under
stood. Investigations on a more theoretical basis have tried to use simplified 
plasticity models so as to provide some useful information on the dependence 
of various crack-tip quantities on stress biaxiality. Applying von Mises criterion 
to the inner region stress field solution it can be shown that if the stress normal 
to the crack line is held constant the estimated plastic zone size increases as the 
stress parallel to the crackline is increased. Irwin's estimate [11] of the plastic 
zone dimension, r,, used to account for crack-tip plasticity in the calculation of 
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stress intensity factor K is 

r, = K^ll-^al (2) 

where a,^ is the yield stress of the material. If it is assumed that the applied 
biaxial stresses o-̂ , and CT, simply modify the uniaxial yield strength of the 
material, then o•̂ ,, may be assumed to be a function of the external stress system. 
However, these analyses do not adequately explain the effect of biaxial stresses 
on plane stress fracture as the models are extreme simplifications of the com
plicated state which exists at the crack tip. 

It has been shown [12] that cracks grown in polymers under biaxial stress, 
whose transverse component a^ exceeds the normal component CT,., do so in an 
5-shaped curve centered on the original straight crack. Stress intensity factors 
for such a crack are estimated by superposition of related known solutions. On 
the assumption that crack extension takes place with opening displacements only 
at the crack tip the dependence of the crack path on the stress biaxiality can be 
explained. Cotterell [13] developed a theoretical analysis to explain cases in 
which the fracture path deviated from its expected direction. In his work he 
defined two classes of fracture: Class I, fractures which return to their original 
direction after any small deviation—path stable; Clase II, fractures which never 
return to their original direction after deviations—path unstable. For a biaxially 
loaded plate with a rectilinear crack (Fig. 1), the coefficient â  of William's 
expansion [14] becomes ( 6 — 1 ) CT,.. Therefore according to Cotterell's crite
rion, it follows that at B < 1 the rectilinear crack propagation should be path-
stable and at B > 1 path unstable. 

Analysis of Fatigue Crack Growth Data 

Fracture mechanics concepts have been used successfully in describing the 
behavior of cracks in composite materials [15] where the stress intensity factor, 
K, was employed to model the crack propagation data obtained from the fatigue 
tests. In the present work Irwin's tangent formula [15] was used in a fourth 
order polynomial form 

Y = 1.772 - 0.057X 4- 1.405X2 - 1.317X-' + 3.087X'' (3) 

for the solution 

AA: = A CT y a"- (4) 

where 

CT = gross stress, 
Y = finite width (CN) correction factor, and 
X = normalized crack length 2a/W. 
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The fatigue cycle is usually described by AK, which is equated to iK„^^ - K^^^ 
where K^^ and /Tmin are values of the opening mode stress intensity factor ^ i , 
calculated from the maximum and minimum stress, respectively, during the 
fatigue cycle for a stress ratio of R = K^JK^^. It has been conventional to 
express fatigue crack growth results as a log (daldN) versus log {t^K) curve 
using the Paris relationship [16] 

daldN = C {AKT (5) 

where 

N = number of cycles, 
a = crack length, 
C = material constant, and 
m = exponent. 

Experimental Method 

The cruciform specimens for biaxial fatigue testing were molded individually 
using the ' 'hand layup'' technique, the laminates being impregnated with an E 
glass fiber chopped strand mat reinforcement. To minimize edge-wicking effects 
the external surfaces of the laminate were molded integrally with a C-glass 
reinforcement gel coat. The matrix was Atlac 382-05A bis-phenol resin supplied 
by Imperial Chemical Industries (ICI) and catalyzed with 4 g of benzoyl peroxide 
(lucidol CH50) and 0.3 mL of dimethylanaline accelerator per 100 mL of resin. 
After lamination had been completed the molded specimens were left to cure 
for 24 h at room temperature and then post-cured for a further 3 h at 80°C. The 
cruciform specimen blanks were then machined to the dimensions presented in 
Fig. 2, which shows a modified center notched biaxial specimen of 3.4 mm 
nominal thickness. This design is the fourth of a series of such specimens initiated 
by a previous photoelastic investigation [77], the biaxial specimen was designed 
to minimize interaction between two orthogonally applied loads; this was kept 
to below 3% over a load biaxiality range of 0 < B < 2. 

Fatigue tests were carried out on a specially built biaxial fatigue rig [18], a 
horizontal testing machine of an electrohydraulic type cycling from zero to a 
maximum load amplitude of 30 kN at a cyclic frequency range of 0.1 to 1 Hz 
(Fig. 3). The biaxial fatigue rig is based on a single double-acting actuator 
dividing a single uniaxial force into two orthogonal components of known and 
controllable magnitude. The arrangement of linkages and levers provide direct 
tension stresses for a range of load biaxiality ratios from B = 0 to 4. To study 
the effects of stress biaxiality, fatigue tests were carried out at a constant load 
range and biaxiality factor B until they fractured in dilute sulfuric acid of 5% 
concentration at room temperature. To obtain fatigue data at high biaxiality ratios 
and high fatigue loads, the use of an acidic environment was necessary due to 
the physical limitations of the test facility and the inherent high toughness and 
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FIG. 2—Biaxial fatigue specimen geometry with side profile of environment chamber. 

low yield strength of the fiber reinforced composite. The experimental program 
consisted of fatigue crack growth tests for nominal biaxial ratios of B = 0, 0.5, 
1, 1.5, and 2. The stress ratio, R, equivalent to K„JK„^^ equaled O.I, and the 
cyclic frequency at 0.5 Hz were kept constant throughout the tests. The envi
ronmental chamber was made of rubber O-ring material and Melinex sheet sealed 
together with silicone rubber adhesive to both sides of the specimen, as shown 
in Fig. 2. The 5% diluted sulfuric acid was introduced into the chamber using 
an industrial plastic hypodermic syringe via an aperture in the top section of the 
environmental chamber. As the composite material showed crack path instability 
(that is. Class 11 fracture as defined in Ref 13) for load biaxiality ratios of 1.5 
and 2, a different approach was taken in determining their respective crack growth 
rates. For the first series of tests, fatigue loading was continued at a constant 
load range and biaxiality factor^ (for B = 0, 0.5, and 1) until fracture. This 
ensured that steady-state fatigue crack growth rates were recorded free from 
transient effects. From these tests it became clear that the effects of variations 
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FIG. 3—Test system used with biaxial fatigue specimen. 

in B were small and could be masked by composite material inconsistencies 
between specimens. It was necessary to develop a technique to test for corre
sponding uniaxial and biaxial crack growth rates on identical material and under 
identical control conditions. The revised test routine evaluated a growth rate 
under uniaxial stress over a total crack length increment of about 5 mm and then 
changed the biaxiality ratio to 1.5 or 2, holding the normal load range constant. 
Testing was then resumed until the crack had grown a further 5 mm or until the 
crack path deviation prevented valid testing at which point the procedure was 
repeated to set up the next uniaxial test. This procedure was developed further 
by varying one of the two parameters—normal load range or stress biaxiality 
factor at each subsequent step. 

The measurement of crack length, 2a, under fatigue loading is difficult in 
glass reinforced plastics because of the large amount of irreversible damage 
which occurs around the crack tip. Two techniques, namely, the compliance 
method [79] and the moire fringe technique [20] were used to determine the 
effective crack length, 2a. The compliance technique determined the effective 
crack length in relation to the biaxial center-notch specimen compliance. Araldite 
knife edges were attached to the specimen surface with Araldite rapid adhesive 
as stress raisers may be formed using a bolt-on knife edge in the biaxial mode. 
The highest biaxiality factor that could be used with this method was B = 1, 
as above this value the crack path stability is affected, thus invalidating the 
compliance technique. The biaxial specimen was positioned in the test system 
and the clip gage with associated instrumentation connected and balanced as 
shown diagrammatically in Fig. 3. The experimental determination of compliance 
was made by extending a slot in the specimen with a fine fret saw by a small 
increment and for each crack length of 2a measuring the displacement per unit 
of applied load. Calibration curves for biaxiality ratios B = 0, 0.5, and 1 are 
shown in Fig. 4, where the compliance (j) is defined as the quotient of the product 
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FIG. 4—Compliance calibration curves for B = 0, I, and 2. 

of crack opening displacement and specimen thickness divided by a correspond
ing load increment. During fatigue testing graphs of load range versus crack 
opening displacement were plotted on the X/ Y plotter, analysis of which leads 
to the determination of crack length 2a. The graphs also give information about 
the development of the damage zone and a comparison of the amount of irre
versible damage that occurs around the crack tip with respect to stress biaxiality, 
and modification of the damage zone with respect to environment. 

For the moire fringe technique orthogonal gratings of 500 lines/in. were used, 
that is, a pitch of approximately 0.05 mm. The gratings were supplied by Gra
ticules Ltd. in the form of a film deposited on an acetate base. The grating was 
cut to an appropriate size and stripped of its protective backing, coated with 
strain gage cement and attached to the specimen. A second grating of the same 
pitch was superimposed on the fixed grating producing an interference pattern 
due to the misalignment of the gratings. Assuming that the specimen and ref
erence gratings are coincident before deformation, the moire fringes represent 
the loci of points of constant displacement. If there are no dislocations such as 
cracks, present, the moire fringes are smooth continuous curves, the displacement 
field being a single-valued function. During a fatigue test the development of a 
crack disrupts the fringe patterns causing local kinks because displacement is 
not single-valued at the crack opening tip. By adjusting the rotational mismatch 
between the specimen and reference gratings crack visibility was increased be
cause a greater number of fringes could be exhibited. Also the crack length 
measurements could be made directly by using an optical microscope or in the 
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case of unstable crack paths by taking photographs of them. To help in the 
measurement of the crack in the stable path mode, a measuring grid graduated 
in millimetres was fixed 5 mm below the crackline and along it to one face of 
the specimen. The location of the crack tips using moire fringes on this grid 
(Letraset Letratone Type T159) was judged to be accurate to ±0.1 mm, or better, 
if corrected by grid calibration. 

Once the crack length measurement, 2a, was made, the half crack length, a, 
could be calculated and plotted as a function of the number of cycles Â . The test 
points were plotted on a large scale and smooth curves were drawn through 
them, some subjective judgment was necessary in deciding on the best fit. Values 
of crack growth data, daldN and the corresponding values of stress-intensity 
factor range, A A", were derived from the a versus Â  graphs by drawing tangents 
to the curve at various points from which the shape was found. Then by deter
mining the corresponding value of LK from the /T-calibration (Eq 4) using the 
value of a at the point of shape measurement. Summation of the errors from the 
various sources involved for the determination of daldN and ^K would not 
exceed ±3%. 

Results and Discussion 

The log daldN versus log LK graphs (see Eq 5) for all the fatigue crack 
growth rate data were plotted for comparison. It was noted that in the investigated 
region all the results showed a small decrease in the exponent m and corre
sponding increase in coefficient C with increasing biaxiality ratio B, Table 1. 
The fatigue crack propagation data are plotted in Fig. 5 for a range of constant 
fatigue loads for 0 ^ fi ^ 1, and for a number of different fatigue load values 
using a simple specimen for 0 ^ B =s 2. The testing procedures employed showed 
only a little scatter due to transient effects compared with the inherent scatter 
due to the material inconsistencies. These results clearly indicate the influence 
of the stress biaxiality. 

The specimen geometry, the material of the composites, and the loading 
conditions used in this study leave some doubts as to whether the A'-factor remains 
truly independent of the transverse stress. It should be remembered that the Paris 

TABLE 1—Paris law parameters m and C for a chopped strand mat composite in 5% H2SO4. 

Cyclic Stress Ranges," Biaxiality, Exponent, Coefficient, 
ACT (MPa) B m C (mm/c) MPa m" 

(12.0), (10.4), (8.6) 
(12.7), (9.6) 
(11.3), (9.2), (6.5) 
(7.1 to 11.4)" 
(7.4 to 10.8)' 

0 
0.5 
1 
1.5 
2 

6.07 
5.76 
5.53 
5.39 
5.27 

2.27 X 1 0 ' 
3.38 X 10 ' 
4.91 X 10 ' 
5.69 X 10-' 
6.48 X 10 •• 

"Individual specimens shown in brackets. 
'Numerous intermediate constant load levels. 
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law, Eq 5, does not predict the crack propagation rate approaching the region 
of fast fracture, (Regime III), or the instability of the crack growth [21]. As
suming the validity of the current fracture/mechanics theory, a correct crack 
growth law should show the crack growth rate close to infinity as A'̂ ax approaches 
the critical stress intensity for fracture. This definition leaves considerable latitude 
in the choice of AT,, since for plane stress AT, is not a property of the material, 
but strongly geometry dependent, as well as being a function of biaxial loading. 

It is not the purpose of this study to redefine the stress-intensity factor used 
in Eq 5 but merely to point up an inherent limitation of this approach as discussed 
earlier [22]. In that report computations of the A'-calibration curves were made 
using the compliance technique [23]. The results obtained indicated that the 
stress intensity factors were not only influenced by the reinforcement geometry 
of the composite material, but also significantly affected by the biaxiality factor. 
The calculated finite width correction factors Kg for a given crack length showed 
a tendency to decrease in magnitude with increasing biaxiality. Though the 
methods for calculating Yg were fraught with difficulty, qualitative information 
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FIG. 5—Comparison of fatigue crack growth rates for five biaxialitv factors. Chopped strand 
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was obtained on the biaxiality effects which still showed the characteristic de
crease in exponent m with increase in biaxiality B. The difference between this 
crack growth model and the one just cited (Eq 5), may explain the shift of the 
fatigue data to the left of the log {daldN) versus log (AÂ ) curves due to the 
stress biaxiality. This shift corresponds to an effective increase of the Paris 
coefficient C with increasing biaxiality factor B. The results obtained in this 
analysis suggest a detrimental effect of biaxial fatigue on structures as well as 
higher crack growth rates for corresponding values of AA". The main difficulty 
in providing a positive explanation of stress biaxiality effects is the varied char
acterizations of the stress-intensity parameters at the crack tip. 

Accepting that there is a direct biaxiality effect on AÂ , it can be shown that 
the crack closure may provide a suitable explanation. Fatigue crack growth rates 
are therefore assumed to be a function of AÂ jf, which is equal to Â âx ~ K^-
Also A/̂ eff directly modifies the stress ratio R equation. During the unloading 
part of a cycle, at the minimum load level represented by K^ the crack faces 
will close at the tip, thus eliminating the stress singularity. Closure at nonzero 
load occurs due to the plastic deformation at the crack tip incurred under cyclic 
loading. Introducing the stress biaxiality factor may increase the closure level 
and thus reduce AÂ eir [26]. Preliminary observations (Fig. 6) of the crack closure 
effect in the fiber reinforced plastic using the moire fringe technique showed 

FIG. 6—Crack measurement using moire technique. 
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small reductions in AK^^ and therefore correspondingly small increases in the 
coefficient C. Further refinement of the moire technique is required before 
accurate measurements of crack closure levels can be made. 

The development of the damage zone (Fig. 7) in the notched biaxial fatigue 
specimens have been examined microscopically, and the appearance of the dam
age has been described previously [21,22], In reality plastic deformations at the 
crack tip of any composite material are not one-dimensional but at least two-
dimensional. It may be that the constraint produced by the biaxial stress com
ponent in some way changes the available energy within the damage zone for 
the mechanisms of crack extension. Initial damage is caused by the debonding 
mechanism where fibers lying normal to the loading axis {B = 0) are revealed 
as closely spaced black lines by transmitted light. Not until large biaxiality ratios 
are used (B ^ I), do strands lying parallel as well as normal to the principal 
loading axes show signs of debonding; the damage is progressive until it reaches 
fibers angled at 45° to the principal loading direction. This debonding process 
is able to spread along the fibers in both directions from the crack tip thus 
producing secondary cracks. These secondary cracks deviate from the main crack 
path broadening the crack front; and the broadening effect is further increased 
with the increasing biaxiality ratio. There is also a large amount of fiber pullout 

FIG. 7—Damage zone development in 5% HSOi under fatigue. 

 



except when the crack is bathed in dilute sulfuric acid, as discussed earlier [21]. 

In this way the glass fibers are directly attacked by the corrosive environment, 

thus reducing the crack blunting mechanism and causing an increase in crack 

growth rate compared to that in air.

Debonding can, for B >  1, lead to a large-scale deviation of the crack tip, 

and cracking may then proceed on some other plane, remote from the original 

plane, with a resultant increase in the complexity of the fracture surface. This 

process may have important implications for path stability. It has been predicted 

in the previous study [25] that if the transverse stress is increased, there is an 

increasing tendency for the crack trajectory to deviate from this line, a marked 

path instability occurring above the equibiaxial condition (B = 1). Figure 8 

shows that tests carried out at biaxiality ratios less than 1. 5 give good crack path 

stability, with fatigue tests above B =  1 showing a tendency to deviate into S- 

shaped cracks. For biaxiality ratios 5 = 0 and 0.5, the effective crack length 

measured by the compliance technique was greater than the damage zone length 

(Fig. 6); for B =  1 both lengths were about the same; for B =  1.5 and 2 the 

equivalent crack lengths were much smaller than the damage zone length. This 

suggested that the point of crack path instability has a value of stress biaxiality 

slightly greater than one.

The stress intensity factor will continue to be a powerful engineering tool for 

predicting the behavior of a crack. However, a more fundamental understanding 

of the fracture process in composite materials is needed before a general crack 

growth model for plane stress fracture can be developed. The application of 

fracture mechanics to glass reinforced plastics is in its infancy compared with
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FIG. 8— Fracture trajectories for a chopped strand mat composite in 5% H2SO4, under biaxial 
stress.
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metals. It is normally assumed [8] that in composite materials with cracks parallel 
to the principal specimen axis, stress intensity factors for isotropic materials can 
be used. This may be true for composite materials where the damage zone is 
small. The damage zone is not strictly comparable with the plastic zone in metals, 
but it does not follow that the existence of a damage zone invalidates a LEFM 
approach. Observations at the crack opening displacement tip using moire fringes 
has shown little evidence of a substantial plastic zone. Also, within the range 
of the crack growth rates tested, a good agreement was achieved using a con
ventional crack growth model, and the range of cyclic loads was small compared 
to the ultimate strength of the composite material, 10 to 25% of the ultimate 
tensile strength. Problems with fast fracture were not considered as it is this 
rapid acceleration of crack growth leading to instability which defines the failure 
life as observed in composites [22], rather than gradual crack growth causing a 
steady increase of the AK range, finally reaching the critical crack-tip stress 
intensity factor K,. The authors are studying many of the aforementioned prob
lems and feel that most of them could be solved and that an effective model of 
crack-propagation rate in composite materials under biaxial stress could be de
veloped. 

Conclusions 

Fatigue crack growth rates were measured as a function of the stress-intensity 
factor range AK for a random oriented glass fiber-reinforced polyester resin 
composite at various stress biaxiality ratios. The present study demonstrated a 
satisfactory application of fracture mechanics concepts in characterising biaxial 
fatigue crack propagation in composite materials with the use of compliance and 
moire fringe techniques. Several proposals are made for modifying the Paris law 
crack propagation model to take into account stress biaxiality, composite rein
forcement, environmental effects, specimen geometry, specimen thickness, elas
tic-plastic effects, and loading conditions. 

The conclusions to be drawn from this investigation may be summarized as 
follows: 

1. Analysis of the crack growth data shows that nonsingular stresses do affect 
the fatigue behavior of a crack subjected to plane stress loading, with the Poisson 
ratio of the material indirectly causing the characteristic of this influence. 

2. Biaxial stresses appear to produce a shift in the fatigue crack propagation 
rates, notably a decrease in the exponent m when calculated using conventional 
finite width geometry factors. 

3. Using the linear elastic fracture mechanics concepts presently available 
does not explain the fatigue behavior of a chopped strand mat composite in a 
specimen loaded under biaxial stress. The present study has shown evidence that 
conventional fracture mechanics techniques underestimate the value of crack 
growth rates in cracked specimens subjected to biaxial stresses. The compliance 
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and moire and fringe methods sliow promise in developing proposals for overall 
design usage especially when they can provide A'-values interpreted as being a 
function of stress biaxiality loading and the nature and geometry of the glass 
fiber-reinforcement. 

4. The path stability problem for fatigue propagation of a rectilinear crack in 
a biaxially stressed plate has been investigated. The observations show that cracks 
have a strong tendency to follow along the principal axis of the specimen normal 
to the applied load, for biaxiality ratios up to one even if the initial notch is 
slightly misoriented. For stress biaxiality greater than one, there is a tendency 
for the crack trajectory to curve away from the original direction towards a line 
parallel to the direction of maximum load. 
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ABSTRACT: This paper presents the results of several series of tests performed primarily 
to determine the effect of biaxial loads on the mechanical properties of specimens made 
from four graphite/epoxy laminates. Static strength, fatigue life, and residual strength tests 
were performed on a cruciform type of specimen containing a center hole. The parameters 
varied in these tests were the applied load biaxiality, hole diameter, and laminate layup. 

The test results showed that the hole diameter had a limited influence on the static 
strength, when the strength was based on the net section area. The applied load biaxiality 
appeared to have a significant influence on both the fracture path and the magnitude of 
the failure load. For the quasi-isotropic [0, ±45,90],„ laminates, the static strength increased 
by a factor of 1.44 as the biaxiality was increased from zero to unity and the fracture path 
rotated from 90° to the principal loading axis to approximately 45° to it. Although fewer 
tests were performed on the anisotropic [02,±45]„, laminates, the biaxial influence appeared 
to be insignificant. For some fatigue tests, increasing the biaxiality decreased the fatigue 
life, while for others the fatigue life was increased. This behavior appears to be governed 
by material anisotropy, in which certain directions (that is, perpendicular to each layer) 
exhibit increased sensitivity to fatigue damage. The decreasing lifetimes appeared to be 
associated with the rotation of the primary failure plane to coincide with one of the relatively 
weaker directions. 

KEY WORDS: biaxial loads, composite materials, static strength, fatigue life, residual 
strength, fatigue damage 

The widespread utilization of composite materials in aerospace structures, 
which are typically subjected to biaxial loadings, has led to the initiation of 
several theoretical and experimental research programs. The occurrence of holes 
and the importance of free edge effects in composite laminates have provided 
incentives for studying composites with holes and, to a lesser extent, cracks. 
The theoretical studies have emphasized linear anisotropic elasticity or the finite-
element method, while the experimental studies have involved static and fatigue 
testing of cruciform shaped specimens containing circular holes and cracks. 
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Although the formalism of linear elasticity for anisotropic materials has existed 
for many years, applications to composite materials have become practical only 
through use of the finite-element method. However, the complexities associated 
with multilayered composites have rendered such finite-element studies imprac
tical until very recently [1,2]. As part of the study into biaxial loading effects 
on composites with holes at The George Washington University, Lee [3,4] 
performed an extensive finite-analysis of multiply graphite/epoxy composites 
subjected to varying biaxial loads. Experimental studies into the effect of biaxial 
applied loads on graphite/epoxy laminates with holes were also performed as 
part of this study [5]. An additional testing program on the biaxial effects of 
graphite/epoxy laminates with holes has been performed by Daniel {6,7]- The 
purpose of this paper is to present the results of a number of static and fatigue 
tests on graphite/epoxy specimens containing center holes, in these tests the 
center hole diameter, biaxiality ratio, and composite layup were varied, and 
conclusions were drawn as to the significance of these parameters on the breaking 
strength, fatigue life, and residual strength. 

Experimental Procedure 

The biaxial loading system used for these tests is comprised of a special, 
lightweight test frame having a 222 kN capacity on the horizontal axis, and a 
444 kN capacity on the vertical axis. Both static and dynamic loads could be 
applied to either axis by servohydraulic actuators. The control system has the 
capability of controlling both axes without interaction between the two channels. 
Since only two hydraulic actuators were used, the center of the specimen would 
not remain stationary but would move in response to each actuator. In order to 
prevent this motion from introducing side loads onto the specimen the horizontal 
axis was suspended in its working position by elastic ropes. The deformation 
and pendulum action permitted by the ropes allowed slight movement in both 
the vertical and horizontal directions. Although the motion of the frame under 
rapid cycling transmits dynamic inertial loads to the specimen, their magnitudes 
were calculated for the expected worst-case conditions and were found to be 
small enough to be neglected. 

The biaxial test specimen geometry used in this program is shown in Fig. I. 
This design is a modification of similar specimen configurations used elsewhere 
[6-9]. Since the basic cruciform shape was necessary for flat plate biaxial testing, 
some variations in specimen configuration were examined photoelastically for 
the purpose of optimizing the size of the uniform biaxial stress field. Most of 
the photoelastic results were not photographed since the final specimen config
uration and photoelastic results were very similar to those published in Ref 8. 

A typical specimen is shown in Fig. 2, where it is seen that a reinforcing 
aluminum sheet was bonded to each side of the specimen in the area around the 
loading tabs. The direction of the 0° fibers was marked by the manufacturer on 
all specimens, as shown in Fig. 2, and the other laminate directions are measured 
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ALL DIMENSIONS 
IN mm 

FIG. I—Biaxial specimen profile. 

from this axis. For example, the designation [0,±45,90], refers to an 8-ply 
laminate in which the angular orientations of the first 4 plies are indicated and 
the subscript s means that the remaining 4 plies are the mirror image, resulting 
in a symmetric laminate. The 0° direction was always treated as the principal 
loading axis and oriented vertically in the test system. A total of 30 specimens, 
all made of Thomel 300/Narmco 5208 graphite/epoxy lamina, were prepared 
and tested under this program. All of the laminates were comprised of either 8-
or 16-plies of Thomel 300 with the fiber content ranging from 62.6 to 66.1%. 
The characteristics and test conditions for these specimens are shown in Table 
1. The biaxiality ratio, k, defined as the ratio of the horizontal force to the 
vertical force, was limited to the range 0 s ^ < 1.0 for two reasons: (a) the 
quasi-isotropic [0,±45,90]„s configuration (ns indicating s for 8-ply and 2s for 
I6-ply) is symmetric with respect to the horizontal and vertical axes, so that the 
reciprocal biaxiality ratios, 1.0 < ^ s oo are also included in these tests, and 
(b) tests on the [02,±45]„i configuration was limited to ratios of 0 s A: < 0.5, 
because of its reduced strength in the 90° orientation. 

The specimen design shown in Fig. 2 created one type of difficulty that had 
considerable influence on some of the test parameters. The problem was caused 
by the tendency of some specimens to fail by tearing off one or more of the 
loading tabs, resulting in the lack of failure through the central test section. 
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FIG. 2—Photograph of typical specimen prior to testing, for test series 1 and 2. 

These tests could not provide valid results, so certain modifications were intro
duced into the specimen design to reduce the tendency for tab failures. The 
problem was particularly bothersome in the [02,±45]„ specimens because the 
tabs in the 90° or horizontal orientation would fail under quite low biaxiality 
ratios. In order to reduce the strength of the center section, most of the later 
tests employed nominal hole diameters of 50.8 mm. This modification was still 
inadequate for several tests, so further modifications were introduced. The most 
successful approach employed was to machine away the reinforcing aluminum 
beyond where the individual tabs were separated. The problem of tab tearoff 
was also greater for the fatigue tests than for the static tests. 

The 30 tests were divided into five groups of static and fatigue tests, and the 
test characteristics unique to each series are discussed next. 

Test Series (J) 

This test series was comprised of four static strength tests on the quasi-isotropic 
laminates involving variations in thickness (8- and 16-ply laminates with average 
thicknesses of 1.09 and 2.22 mm, respectively), hole diameter (D = 12.75 and 
50.98 mm), and biaxiality ratio (k = 0 and 1.0). The loads were applied as in-
phase ramp functions with ramp rates of either 297 or 741 N/s. The ramp 
functions were interrupted periodically to record data manually from digital 
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TABLE 1-

Test 
Series 

1 

2 

3 

4 

5 

—Characteristics and test conditions 

Specimen 
Number Lamina 

5-1 [0,±45,90], 
5-2 [0, ±45,90], 
9-4 [0,±45,90]2, 
9-5 [0,±45,90]2, 

9-2 [0,±45,90]2, 
9-3 [0,±45,90]2, 
5-3 [0,±45,90], 
5-4 [0,±45,90], 
5-5 [0,±45,90], 

11-1 [02,±45]2, 
11-2 [02,±45]2, 

11-3 [02,±45L, 
11-4 [02,±45]2, 
11-5 [02,±45]2, 
7-1 [02,±45], 
7-3 [02,±45], 
7-4 [02,±45], 
7-5 [02,±45], 

23-1 [0,±45,90], 
23-2 [0,±45,90], 
23-3 [0, ±45,90], 
23-4 [0,±45,90], 
23-5 [0,±45,90]. 
23-6 [0,±45,90], 

24-1 [02,±45], 
24-2 [02,±45], 
24-3 [02,±45], 
24-4 [02, ±45], 
24-5 [02,±45], 
24-6 [02,±45], 

of T30015208 graphite 

Thick- Biax-
ness, iality 
mm Ratio 

1.11 0 
1.09 0 
2.29 1.0 
2.15 1.0 

2.25 1.0 
2.26 1.0 
1.08 0 
1.10 0.50 
1.10 1.0 
2.20 0 
2.20 0.50 

2.19 0 
2.21 0.50 
2.23 0.25 
1.11 0.25 
1.09 0.25 
1.09 0.25 
1.14 0.25 

1.10 0 
1.10 0 
1.10 0 
1.10 0.50 
1.09 0.50 
1.08 1.0 

1.09 0.25 
1.07 0.25 
1.09 0.25 
1.09 0.25 
1.07 0.10 
1.08 0 

lepoxy biaxial 

Hole 
Size 

D, mm 

12.75 
50.98 
50.98 
12.75 

25.53 
25.53 
25.53 
25.53 
25.53 
25.55 
25.55 

25.48 
25.53 
25.53 
25.55 
50.80 
25.53 
50.93 

25.47 
25.45 
50.80 
50.80 
50.80 
50.80 

50.80 
50.80 
50.80 
50.80 
50.80 
50.80 

specimens. 

Type 
of 

Test" 

3 
2 
2 
3 
2 
2 
2 

1 
2 
2 
2 
3 
2 

4 
3 
3 
2 
2 
2 

"NOTES— 
1 = Static strength test at low load rate. 
2 = Fatigue life test. 
3 = Residual strength test after 10' fatigue cycles. 
4 = Static strength test at high load rate. 

multimeters. Five channels of data were recorded, including load and stroke on 
each axis and the hole opening displacement in the primary (largest load) di
rection. Load-displacement curves in the primary direction were also recorded 
using an x-y recorder. All specimens failed through the center hole, although it 
was not certain whether the final fractures initiated at the center hole or the 
specimen boundary. 

Test Series (2) 

Upon satisfactory completion of the first four tests, seven additional static 
tests were performed on both the quasi-isotropic and the [02,±45]2s configura-

 



418 MULTIAXIAL FATIGUE 

tions. The first two tests were performed to examine the influence of fabrication 
damage, which existed in a number of the specimens, around the central hole. 
The most extensively damaged specimen was 9-2 and the extent of the damage 
is indicated in Fig. 3a. Identical test conditions were applied to Specimens 9-2 
and 9-3 (which had negligible damage around the hole), with the test results 
indicating that the initial damage did not influence the strength. Although the 
breaking strength was slightly lower for Specimen 9-2, the final fracture did not 
appear to be influenced by the initial damage, as seen in Fig. 3^. As a result 
of these tests, the existing initial damage was not taken into consideration in the 
subsequent testing. 

Specimens 5-3, 5-4, and 5-5 represented a subseries in which only the biaxial 
load ratio was varied. The material was quasi-isotropic and biaxial ratios of 0, 
0.5, and 1.0 were selected. The tests were performed using in-phase ramp 
functions on each axis, and all failures traversed through the center holes. 

Specimens 11-1 and 11 -2 also represented a biaxial static strength series for 
the [02,±45]2., configuration. Biaxial ratios of k = 0 and 0.5 were employed 
for these tests and the failures traversed through the center holes. 

Test Series (3) 

This test series was comprised of seven fatigue tests on the [02,±45]2s and 
[02,±45]s configurations. All fatigue tests were conducted at a frequency of 10 
Hz and a load ratio, R = u^Ja^^^ = 0.1. The purpose of these tests was to 
determine whether damage accumulation due to cyclic loading at low biaxiality 
ratios would have any significant influence on the strength in the 0° fiber ori
entation. However, during the fatigue life or residual strength determinations, 
two of the first three specimens (11-4 and 11 -5) failed along the tabs away from 
the center holes. Hence, the next four tests (Specimens 7-1, 7-3, 7-4, and 7-5) 
were employed primarily for determining a modified specimen design capable 
of eliminating tab failure. In the design chosen from these tests, the specimens 
had a nominal hole diameter of 50.8 mm, and the depth of the 20 slots between 
individual loading tabs was increased to the edge of the reinforcing aluminum 
plate. This reduced the net section of the specimen through the center hole and 
prevented initial cracking of the aluminum plate which apparently contributed 
to tab failures. A photograph of Specimen 7-5 modified in this fashion is shown 
in Fig. 4. 

Test Series (4) 

This test series was comprised of one static and five fatigue tests on specimens 
having the quasi-isotropic [0,±45,90]j configuration. The first test was a static 
test for the purpose of comparing the strength with prior tests of the same 
configuration. The test conditions for this specimen, 23-1, were identical to 
Specimen 5-3, and the ultimate loads were in quite good agreement with each 
other. For the remaining specimens the nominal center hole diameter was in-
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FIG. 3—Close-up photograph of specimen 9-2 showing, (a) prior damage, and (b) final fracture 
condition. 
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FIG. 4—Photograph of fractured Specimen 7-5 showing effect of deeper slots on the fracture 
behavior. 

creased to 50.8 mm to increase the probability of center failures. The next three 
tests (23-3, 23-4, 23-6) represent the influence of biaxial loads (k = 0, 0.5, 
and 1.0) on the fatigue life and all three provided valid data. Specimens 23-2 
and 23-5 did not fail through the center holes, and the results for Specimen 23-
2 were not reported because of a premature fatigue failure induced by a laboratory 
power failure. 

Test Series (5) 

This test series was comprised of one static strength test and five fatigue tests 
on specimens having the [0,±45,0]s configuration. By the time that this test 
series was performed a DEC PDP 11-03 computer had been added to the system 
for the purpose of rapid data collection. Therefore, it was decided that the static 
test would be performed at the same loading rate as the fatigue tests, 10 Hz, 
rather than at the low rates previously employed. This procedure was followed 
to eliminate any loading rate effects on the ultimate strength, since the fatigue 
loads were preselected as a percentage of the ultimate strength. Also, because 
of the prior problems encountered with tab failure, two modifications of these 
specimens were made: (a) the nominal hole diameter was increased from 25.4 
to 50.8 mm, and ib) the aluminum reinforcing plate was machined away to 
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FIG. 5—Photograph of fractured Specimen 24-6 showing effect of machining away part of the 
aluminum reinforcing plate on the fracture behavior. 

approximately 6.35 mm beyond the slot tips without disturbing the composite 
material. These modifications were successful, since all six specimens failed 
through the center hole. A photograph of one of the modified specimens is shown 
in Fig. 5. Specimens 24-2 and 24-3 were loaded in fatigue at 82 and 90%, 
respectively, of the net section strength determined from Specimen 24-1. Both 
of these specimens sustained 10* cycles and provided high residual strengths. 
The biaxial ratio was 0.25 for all three tests. 

The final three tests constituted a series of three fatigue life tests in which the 
biaxial ratio had the values, fe = 0, 0.1, and 0.25. All three specimens were 
loaded to at least 90% of the static strength obtained from Specimen 24-1, and 
all failed in less than 10̂  cycles. Thus, the results were not as conclusive as 
they would have been if there had been a greater spread of fatigue lives. Never
theless the tests appear to be valid and do provide some measure of the influence 
of biaxial loads on the fatigue life. 

Results and Discussion 

The results of the various types of tests and specimen parameter variations 
have been collected together in tabular form as shown in Tables 2 to 5. These 
tables illustrate the results of similar tests on each laminate and how the me-
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TABLE 2—Effect of center hole diameter on the static strength of[0,±45.90]i laminates. 

Specimen 
Number 

5-1 
5-3 

23-1 
5-2 

Biaxiality 
Ratio 

0 
0 
0 
0 

Hole 
Diameter, 

mm 

12.75 
25.53 
25.45 
50.98 

Breaking 
Load, 

kN 

64.5 
55.2 
56.9 
55.6 

Static 
Strength, 

MPa 

366 
349 
356 
429 

chanical property examined was influenced by various material and test param
eters. The parameters examined were hole diameter, biaxial load factor, thick
ness, and type of specimen modification. The mechanical properties examined 
were the static or ultimate strength, the fatigue life, and the residual strength. 
The details of each property variation will be discussed on the basis of the data 
in the accompanying tables. 

Static Strength Variations 

Although it was not a primary part of this study, an initial series of static tests 
was performed in which the hole diameter was varied from 12.75 to 50.98 mm 
to examine the influence of hole diameter on the static strength. These tests were 
performed on the quasi-isotropic configurations in both the 8- and 16-pIy thick
nesses. Thus, these tests were expected to provide indications of both hole 
diameter and specimen thickness influence on the static strength of these ma
terials. 

All static and residual strength calculations, as well as the applied stress level 
determinations, are based on the applied force divided by the net section area. 
The net section width is taken to be the distance between the tips of the stress 
equalization slots minus the diameter of the center hole. The theoretical stress 
concentration factor, K,, was not used for either the center holes or the load 
equalizing holes, because of several reasons. The /i',-values represent the stress 
elevation only at the edge of the hole, with the effect diminishing with increasing 
distances from the hole. The full AT,-values are normally never used because of 
other irregularities in brittle materials or plastic deformation in ductile materials. 
The A',-values are also influenced by load biaxiality. The difficulty in properly 

TABLE 3—Effect of center hole diameter on the static strength of[0,±45,90]i^ laminates. 

Specimen 
Number 

9-5 
9-2 
9-3 
9-4 

Biaxiality 
Ratio 

1.0 
1.0 
1.0 
1.0 

Hole 
Diameter, 

mm 

12.75 
25.53 
25.53 
50.98 

Breaking 
Load, 

IcN 

161 
133 
144 
128 

Static 
Strength, 

MPa 

473 
405 
439 
472 
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TABLE 4—Effect of applied load biaxiality on the static strength of {0, ±45,90]^ and 
[02,±45]„, laminates. 

Specimen 
Number 

5-3 
23-1 

5-4 
5-5 

11-1 
11-2 

24-1 

Biaxiality 
Ratio 

0 
0 
0.5 
1.0 

0 
0.5 

0.25 

Hole 
Diameter, 

mm 

[0,±45,90], LAMINATE 
25.53 
25.45 
25.53 
25.53 

[02,±45]2, LAMINATE 
25.55 
25.55 

[02,±45], LAMINATE 
50.80 

Breaking 
Load, 

kN 

55.2 
56.9 
64.9 
81.0 

161 
162 

48.8 

Static 
Strength, 

MPa 

349 
356 
405 
507 

505 
505 

372'' 

"Static strength test at high load rate. 

quantifying the effects discussed previously and the similarity in geometry of 
all specimens appears to justify neglecting stress concentration effects in deter
mining the net section stresses. 

The influence of hole diameter variation on the static strength of the [0,±45,90]s 
laminates is shown in Table 2. The biaxial load ratio, k, was equal to zero for 
all of these tests. It is seen that the static strength decreased slightly as D increased 

TABLE 5—Effect of cyclic load biaxiality on the fatigue life and residual strength of 
composite laminates. 

Specimen 
Number 

11-3 
11-5° 
11-4" 

23-3 
23-4 
23-5-
23-6 

24-6 
24-5 
24-4 
24-3 
24-2 

Biaxiality 
Ratio 

0 
0.25 
0.50 

0 
0.5 
0.5 
1.0 

0 
0.10 
0.25 
0.25 
0.25 

Cyclic 
Stress 
L^vel, 
MPa 

[0,±45]2, LAMINATE 
377 
370 
378 

[0,±45,90], LAMINATE 
338 
339 
341 
343 

[02,±45], LAMINATE 
335 
338 
356 
332 
305 

Fatigue 
Life, kc 

1000 
442 

23 

29 
447 

1000 
42 

0.15 
0.50 
0.44 

1000 
1000 

Residual 
Strength, 

MPa 

514 

416 

451 
392 

"Specimen did not fail through center hole. 
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from 12.75 to 25.50 mm and then increased as D was increased to 50.98 mm. 
However, the entire variation was less than 20%, so the effect does not appear 
to be of extreme importance. It is also noted that the two identical tests, 5-3 and 
23-1, which were conducted from different specimen lots and several months 
apart, provided results that were nearly identical. 

Daniel [6] has performed tests on similar biaxial specimens with a range of 
center hole sizes and reported a decrease of approximately 20% in strength as 
the hole diameter-to-specimen width ratio, D/W, increased from 0.03 to 0.12. 
However, the ratios employed in the present tests ranged from 0.075 to 0.30 so 
there is not much overlap for comparison. For the range in which there is 
substantial overlap, Daniel's results (0.06 < D/W < 0.12) show a decrease of 
approximately 15%, while the present results (0.075 < DIW < 0.15) show a 
decrease of approximately 4%. 

A similar series of tests was performed on the 16-ply quasi-isotropic laminate, 
[0,±45,90]2s, and the results are seen in Table 3. The biaxial load ratio, k was 
equal to 1.0 for all of these tests. The same pattern seen in Table 2 also exists 
in Table 3. The static strength decreased slightly as DIW increased from 0.075 
to 0.15 and then increased, so that the breaking strengths for D = 12.75 and 
50.98 mm were approximately equal. 

Since the primary objective of this research program was the determination 
of biaxial load effects, attention is drawn to Table 4. These tests show a significant 
influence of applied load biaxiality on the ultimate strength of the [0,±A5,9Q], 
laminates. For these laminates. Table 4 shows that the strength increased by a 
factor of 1.44 as ^ increased from 0 to 1,0. These results coincided with a change 
in fracture path from perpendicular to the primary load axis to approximately 
45° to this axis. 

These test results can be correlated with the finite-element analysis by Lee 
[3,4], in which he found that stresses perpendicular to the fiber cause localized 
matrix failure while longitudinal (a^) stresses cause fiber fractures resulting in 
progressive failures. As expected, the layer in which the maximum a/, occurred 
depends on the biaxiality ratio, k. When ^ = 0, the maximum value of CT^ 
occurred in the 0° fibers (with a stress concentration factor (scf) = 8.0) and 
failure was predicted at 90° to the load axis. For k = 0.5, the fracture direction 
was still predicted at 90° but at a higher applied load because the stress con
centration factor was reduced to 6.5. When k was increased to 1.0, the maximum 
value of CTi occurred at eight places, 0, 180, ±45, ±90, and ±135°, since there 
are two laminae perpendicular to each of these directions. The scf for each of 
these positions was 5.2, so the fracture load would be slightly higher than for 
k = 0.5. Using a general set of strength parameters for [0,±45,90]j graphite/ 
epoxy, Lee [3,4] predicted fracture stresses of 156, 189, and 193 MPa for 
k = 0, 0.5, and 1.0, respectively. Thus the biaxial ultimate strength was ap
proximately 1.24 times the uniaxial ultimate strength in comparison to a factor 
of 1.44 for the experimental results. 

Additional comparisons can be also made with test data provided by Daniel 
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[6] from a very similar series of biaxial tests on [0,±45,90]s laminates. Daniel 
reported the strength reduction as a function of hole radius for uniaxial and equal 
biaxial loadings. For comparable D/W ratios, that is, 0.12 and 0.15, the biaxial 
ultimate strength was 1.42 times the uniaxial strength. For lower DIW ratios 
the strength increase varied from 1.23 to 1.31. Daniel's results were based on 
an average of two tests for each configuration. 

Two tests which provided an indication of the biaxial effect for the [02,±45]2j 
laminates are also included in Table 4. The k variation was limited to the range 
0 to 0.5 because of the weakness of this laminate in the 90° orientation. Although 
the biaxial load had no effect on the breaking strength in these two tests, additional 
tests would be necessary before any conclusions could be drawn from these data. 
However, Daniel [7] has also tested similar laminates, [02,±45]j, and obtained 
an average strength reduction factor of approximately 0.78 as the biaxiality 
increased from 0 to 0.5. 

Fatigue Tests 

A number of fatigue tests have been performed to ascertain the possible extent 
of cyclic load biaxiality on the fatigue life and residual strength. For these tests 
the specimens were subjected to in-phase cyclic loads at a frequency of 10 Hz 
until they failed, or until 10* cycles were sustained. Any specimens lasting for 
10* cycles were then tested for their residual strength. The results of both the 
fatigue life and residual strength tests are seen in Table 5. In general the objective 
was to apply cyclic loads at levels of 70 to 80% of the static ultimate strength. 
However, the results given in Table 5 indicate a considerable amount of scatter 
in the fatigue results. 

The results of the test series on the [02,±45]2s laminates indicate a very strong 
and detrimental influence of load biaxiality on the fatigue life. However, as 
noted in the table, Specimens 11-5 and 11-4 did not fail through the center hole 
but failed due to the breaking of the loading tabs. Thus, it seems likely that the 
biaxial effect would not have been nearly as great if the premature tab failures 
had not occurred. 

The results of a series of fatigue tests on the [0,±45,90]j laminates, in which 
only the biaxial load ratio was varied, are also presented in Table 5. These tests 
showed that both the uniaxial and equal biaxial tests resulted in relatively short 
fatigue lives. However, the test with k = 0.5 resulted in a cyclic life approxi
mately ten times the fe = 0 and fc = 1.0 results. Because of this behavior an 
additional test, 23-5, was performed with k = 0.5, which displayed even greater 
resistance to fatigue failure. The appearance of the broken specimens suggested 
that these results may represent a valid biaxial effect. The fe = 0 and A: = 1.0 
specimens both failed in a rather brittle fashion along planes parallel to one of 
the layers (the 90 and 45° directions). However, the specimens with k = 0.5 
failed at an angle between the 90 and 45° directions only after a very extensive 
amount of damage had been accumulated. It was thus concluded that, when the 
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preferred failure plane coincided with a ply orientation, the failure could occur 
with relative ease. However, when failure along another plane would be antic
ipated, a considerable amount of damage accumulation is necessary, thus re
sulting in a longer fatigue life. These tentative conclusions are also in need of 
further verification. 

The results of the last series of fatigue tests on the [02,±45]j laminates are 
also shown in Table 5. As discussed previously, all of these specimens were 
modified as shown in Fig. 5. This modification was successful in eliminating 
the problem of tab failure, but the variations in the results were still too great 
to justify drawing definite conclusions about the existence of trends in these 
results. 

It is seen from Table 5 that a possible trend of increasing fatigue lives with 
increasing biaxiality in the range 0 :S ^ s 0.25 may exist. However, the dif
ferences between tests 24-2 and 24-3 on one hand and 24-4, 24-5, and 24-6 on 
the other are immense, being more than three orders of magnitude in the fatigue 
life without taking into consideration the considerable residual strength. One 
conclusion which may be drawn from these tests is that the fatigue life probably 
does increase with increasing biaxiality in the range tested. The fractured spec
imens displayed the same trend as the 23 series, in which the amount of damage 
accumulated by the specimens was much greater when the failure could not occur 
along one of the fiber directions. Thus, it is possible that the fatigue life would 
begin to decrease as the biaxial load ratio increased beyond 0.25. 

Conclusions 

An experimental research program has been conducted to examine the influ
ence of biaxial applied loads on the mechanical properties of composite materials. 
Five series of biaxial fracture and fatigue tests, comprised of 30 specimens, have 
been performed. Whenever the conditions were appropriate, these results have 
been compared with an associated finite-element analysis, and with other data 
reported elsewhere. 

1. The applied load biaxiality had a significant influence on the static strength 
of the [0,±45,90]„j laminates with the fracture load increasing with increasing 
biaxiality. Both the direction and magnitude of this trend were in agreement with 
previous finite-element results and experimental data. 

2. The applied load biaxiality did not appear to have any appreciable influence 
on the breaking strengths of the [02,±45]„3 laminates, since two tests for ^ = 0 
and 0.5 gave identical breaking strengths. Additional tests are needed to confirm 
this behavior. 

3. The size of the center hole did not appear to have a significant influence 
on the net failure stress. However, the number of tests performed was not 
adequate for a definite conclusion. 

4. The biaxial applied stress ratio appeared to have a strong influence on the 
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fatigue life, although the trends were not always consistent. This inconsistency 
in behavior may have been due to an inadequate number of specimens tested, 
since the fatigue life data exhibited greater scatter than the static strength. How
ever, the trends in the data may have been caused by the manner in which the 
biaxial load altered the orientation of the fracture path with respect to the fiber 
orientations. 
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ABSTRACT: A method of designing for high-cycle biaxial fatigue using surface strain 
records is proposed. The irregular strain records are first idealized to cycles of constant 
amplitude to enable a first estimate of long-life capability to be made from allowable 
surface strain envelopes. These are developed from a criterion of failure under biaxial 
fatigue based on material bending and twisting fatigue properties. Methods of determining 
likely crack growth directions are also proposed. Important parameters to be considered 
in refining the initial approximate analysis are discussed. 

KEY WORDS: fatigue (materials), stresses, strains, damage, predictions, service, crack 
initiation, crack propagation 

Nomenclature 

b Fatigue strength in bending 
t Fatigue strength in twisting 
/ Mathematical function 
e Strain amplitude 

61,62,63 Principal strains (ci > 62 ̂  63) 
e„ Mean strain 
i-ae Equivalent strain amplitude 
ej-s Strain at tensile strength 
e^ Strain at uniaxial reversed fatigue strength 
(T Normal stress amplitude 

o-|,o-2,a3 Principal stresses (CT, 5= 0-2 ̂  Cs) 
CT^ Uniaxial reversed fatigue strength 
CTT Normal stress amplitude on plane of maximum range of shear stress 
T Shear stress amplitude 

Ta Shear stress amplitude on plane of maximum range of shear stress 
X. cr2/o'i (^ + ve), = o-a/o-j (X. - ve) 
V Poisson's ratio 
Q tib 

'Senior lecturer. Department of Mechanical Engineering, The City University, London, U.K. 

431 

Copyright'^^ 1985 by ASTM International www.astm.org 

 



432 MULTIAXIAL FATIGUE 

The designer often does not know with any degree of confidence the state of 
multiaxial stress or strain which will exist in a complex shaped component 
subjected to irregular loading. Service testing of the component, suitably fitted 
with electrical resistance strain gages in the regions of greatest strain, will provide 
surface strain records. An analysis of these surface strain records can be made 
to obtain a record of the principal surface strains which will be also irregular 
and nonstationary in direction. 

If the design requirement is for long life, that is, essentially the prevention 
of fatigue crack initiation, it is necessary to determine from the surface strain 
records whether a fatigue problem is likely to exist. It is convenient to have a 
fairly simple method of answering this broad question, using available uniaxial 
fatigue data for the material, especially if a more extensive fatigue analysis may 
be thought necessary. 

This paper proposes a method of idealizing the strain records to equivalent 
alternating principal strains which can be then examined following Brown and 
Miller [1] to determine which mode of crack growth is the more likely, cracks 
growing inwards being more severe than cracks growing along the surface. A 
multiaxial stress/strain criterion of fatigue failure, already found to give good 
correlation with multiaxial constant amplitude strain test data is developed to 
obtain allowable surface strain envelopes for high-cycle fatigue, in terms of the 
bending and twisting fatigue strengths of materials, properties which are readily 
available in the literature [2-5]. 

Idealization of Surface Strains 

The surface strain records obtained from the service testing of a component 
suitably fitted with electrical resistance strain gages in the regions of greatest 
strain can be analyzed using plane-strain analysis methods to give the principal 
surface strain records at positions of interest on the surface of the component as 
shown in Fig. 1. The directions of the principal strains will generally vary with 
time. It will be conservative to assume that these principal strains always do 
occur in the same directions so that one particular set of planes will be critical. 

IDEALIZED CONSTANT 
AMPLITUDE STRAIN RANGE 

V lime 

FIG. 1—Principal surface strains. 
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whereas in fact a number of possible critical planes will be subjected to less 
severe conditions in the same period. 

For an initial estimate of whether the component is satisfactory for long life 
these principal strains are idealized, by inspection of the irregular principal strain 
records, to constant amplitude fluctuating variations in phase as shown in Fig. 
1. Again it is conservative in the first instance to consider strain amplitudes 
based largely on an outer envelope of the irregular strains. 

These fluctuating strains can be adjusted to equivalent alternating strain am
plitudes by using the Booth [6] mean stress equation which would give 

(1) 

This equation deals with both tensile and compressive mean strains in a more 
satisfactory manner than the more commonly used Goodman line or Gerber par
abola. 

Crack Growth Cases 

Brown and Miller [1] have shown that there are two possible cases of crack 
growth under biaxial fatigue conditions. Case A arises for negative values of 
X. = CTz/o-, (actually CTS/O-I), where the cracks propagate along the surface and 
the surface strains are C] and e, as shown in Fig. 2. Case B arises for positive 
values of X. = (Tz/ai where the cracks propagate inwards and the surface strains 
are e, and 62 as shown in Fig. 2. Case B is more severe than Case A. 

PRINCIPAL STRAINS Planes of maximum shaar 
strain and direction of 
stage I crack growth 

Plane and direction 
of stage I cracic 
growth 

^SURFACE PLANE 
CASE A : *-o3/ai (-VE) 

SURFACE STRAINS : e ,̂ (3 . 

^SURFACE PLANE 
CASE B: x.a2/°1 ("̂ VE) 

SURFACE STRAINS:c^,C2. 
FIG, 2—Planes of maximum shear and crack growth direction [ 1 ] 
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Brown and Miller suggest that 

e, - e, 
= / e, + e. 

(2) 

but do not attempt to quantify the function. 
The designer does not as yet know whether his measured surface strains are 

€i and 62 (potential Case B) or Cj and 63 (potential Case A). 
Using the three-dimensional elastic stress-strain relationships 

ei = - [cT, 
E 

V(CT2 + a,)] etc (3) 

with V = 0.3, the three principal strains can be found as functions of a./C for 
a range of positive and negative values of X as shown in Fig. 3. 

If the surface strains are both positive then we have Case B. If one surface 
strain is positive and the other negative then we could have Case A or Case B. 
If the ratio of the lesser/greater surface strain is greater than ( —v), positively, 
then we have Case B; if the ratio is less than ( —v), negatively, then we have 
Case A. 

^ '—-̂  

- 1 - ^ — < a ^ 

^r~~-

Ai 

15 

0-5 

l _ _ 

0 

y^•S 

-10 

- IS 

^~~"^~-̂  

(ei-E3)/2y/ 

Ai 

/ 0-5 10 
/ A-02/01 
ta:H-v) 

^ 3 " ~ ^ - ^ 

• 

CASE A-« 

SURFACE STRAINS:c^,C3 

CRACK GROWS: ALONG 

-CASE B 

E1.£2 

INTO, SURFACE 

FIG. 3—Principal strains as functions ofa,/E. 
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Criterion of Failure 

Many criteria of fatigue failure under multiaxial stress-strain conditions have 
been proposed. Such theories are reviewed in [7-10] and many are listed in Ref 
1. As already shown in Eq 2 Brown and Miller [/] proposed a generalized theory 
based on maximum shear strains and normal direct strain. This paper was im
portant in that physical cracking processes were considered, and the conclusion 
was reached that behavior was divided into two distinct cases, A and B, already 
described, so that classical failure criteria were inappropriate. 

Findley [11] concluded that life was primarily influenced by the maximum 
shear stress but modified by the complementary normal direct stress, such that 

T„ = constant - /(CT,) (4) 

Other researchers [10,12,13] have proposed similar relationships. The Brown 
and Miller [1] theory is similar but in strain terms. 

The relationship 

T„ = f - [(f - 0.5(T^)/(0.5a,)' 5] CT," (5) 

from Ref 10, where the constants in Eq 4 have been expressed in terms of the 
torsion fatigue strength t, and the uniaxial fatigue strength or̂  has been found 
to give good correlation with high-cycle biaxial fatigue test data [10,14]. 

Where a^ = b and tib = Q with v = 0.3, Eq 5 can be expressed in terms 
of the surface strains e, and €2 for X = cr2''(Ti (positive) and (T^ = 0, that is, 
Case B, as 

- + 0.3 - = 1.82 Q - {2.1Q - 1.05} - + 0.3 - (6) 

and in terms of the surface strains ti and 63 for \ = O-S/CT, (negative) and CT2 = 0, 
that is, Case A, as 

^' ~ ^' = 1.32 - (6.282 - 3.14) I "'^; '̂  I (7) Hf] 
For \ = positive, T^ = or̂  = o-,/2 in Eq 5. Also it can be shown that 

CT, = £(ei — e3)/(l + v) and as (ci - 63) is constant for X. positive as shown 
in Fig. 3, then the allowable strains are independent of Q, the ratio t/b. Allowable 
values of the surface strains e, and e.2 can be found from Eq 6 or more simply 
from 

" "e, (8) 
1 - vK 
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^ v o " 
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\ 
tfl 

i^^-^)|2 ^^ 

~~-=0-5 0 
£ ^ - ~ - ^ 

^^^5 

- " ^ 

-10 

^ "~"~y^ 

y 

/ 0-5 10 
/ A-02/01 

^ 3 ^ ^ -

v.0'3 

. 

CASE A 

k-VE 

SURFACE STRAINS:e,,C3 

CASE B 

A*VE 

£1*2 

FIG. 4—Allowable principal strains for Q = 0.58 over - I > \ < 1. 

where at X = + 1 , €2 = e, and ej/e^ = (1 — v) and at X = 0, €2 = — vei 
and ei/e^ = 1 with a linear variation between these values of X. 

Solving Eqs 6 and 7 for (2 = 0,58, an average value for wrought steels [4] 
and also the value predicted by the shear-strain energy theory of failure, over 
— 1 > X < 1, gives strain values as shown in Fig. 4. 

Solving the equations over a range of 2-values gives allowable surface strains 
as indicated in Fig, 5, The allowable values of maximum shear strain amplitude 
as a function of the tensile strain amplitude normal to the plane of maximum 
shear, both rationalized against the uniaxial reversed fatigue strength are shown 
in Fig, 6, 

Discussion 

Repeated stress test data [10,15] obtained from tests on thin-wall tubes sub
jected to repeated (zero to maximum) longitudinal load and repeated internal oil 
pressure, have been idealized as suggested earlier and show good agreement 
with the design envelopes as shown in Fig. 7. McDiarmid [10] conducted tests 
on 2L65 aluminum alloy cylinders of 22.2 mm internal diameter and 0.51 mm 
wall thickness over a range of transverse stress to longitudinal stress ratios of 
0, 0.5, 1.0, 2.0, 7.9, - 2 , 0 , - 1 , 0 , - 0 , 5 , and - 0 , Ros and Eichinger [75] 
tested two steels (Rohrstahl and Stahlguss), two weld metals (Arcos Stabilend 
and Arcos Ductilend), and two aluminum alloys (Reinealuminum and Avional 
D) over a range of transverse stress to longitudinal stress ratios of 0, 0.5, 1, 2, 
0 , - 1 , and —0. These tests were all conducted in air at room temperature with 
the stresses in phase. Figure 7 shows that the test data for the cases where X is 
positive fall close to the Case B predicted straight line. The several cases of 
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t2/CA 

(ktVE) 0-4 

(x-VE) 

FIG. 5—Allowable principal surface strains. 

positive ratio of transverse to longitudinal stress tested fall into two categories 
where either the longitudinal or transverse stress predominates, allowing for 
material anisotropy. Most of the Case A test data give reasonably good agreement 
with the predictions for the various tib ratios except for \ = -=», that is, the 
repeated compression only case. It has been stated [70,75] that these test data 
are approximate due to practical difficulties experienced in the compression only 

0« 
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t/b 

/rO-SB 
/VVO-B 

' / / ^ l -O 
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FIG. 6—Allowable principal surface strains on T[(e., - i.i)l2 versus (e, + i,)/2] plane [1]. 
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FIG. 7—Test data correlation. 

case. The longitudinal or transverse value of e^, whichever is appropriate, has 
to be used to allow for the material anisotropy found in these tests. It is important 
in designing for biaxial fatigue that due allowance is made for material anisotropy 
as the transverse fatigue strengths of some steels and aluminum alloys can be 
up to 30% lower than their longitudinal fatigue strengths [4,5]. Combined bend
ing and twisting data [10] have already been found to be in excellent agreement 
with Eq 7. This type of analysis could be also used for shorter lives as long as 
the bulk strain conditions are predominantly elastic, using the appropriate uniaxial 
endurance strain. 

If this initial coarse analysis indicates that a potential fatigue problem does 
exist then a more "accurate" analysis could be attempted using a cycle counting 
method such as the rainflow method [16] and a cumulative damage law derived 
from the linear damage rule of Miner [17]. Such methods are discussed in Ref 
18. A closer assessment of the broad initial assumptions can be also made giving 
due regard to parameters such as amplitude ratio, mean strain, out-of-phase 
effects, frequency effects, rotating principal axes, crack growth directions, ma
terial anisotropy, sequence effects in cumulative damage, and the effects of low-
and high-strain cycles. 
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Conclusions 

1. Allowable surface strain envelopes have been found for high-cycle biaxial 
fatigue. 

2. A method of dealing with irregular loading has been proposed, suitable 
for preliminary design/development calculations. 

3. A method of determining the direction of possible crack growth based on 
the ratio of the surface strains has been proposed. 
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ABSTRACT: This paper presents the results of a study to develop a methodology for 
predicting torsional fatigue damage to a turbine-generator rotor subjected to transient 
electrical disturbances. This methodology used torsional properties obtained from constant 
amplitude tests on 25.4-mm-diameter specimens. The predictions were verified with con
stant amplitude and variable amplitude tests of specimens up to 127 mm in diameter. 

The constant amplitude tests gave the following results; 
1. Fatigue reduction factors for notched specimens were readily estimated from Neuber's 

rule. 
2. Size effect could be approximated by lowering the strain-life curve by a function of 

the diameter ratio. 
3. Uniaxial and torsional fatigue properties and cyclic stress-strain properties correlated 

on octahedral shear stress and strain using a deformation theory of plasticity. 
Variable amplitude loading tests indicated that range pair cycle counting technique and 

linear damage rule predicted fatigue lives within a factor of two of actual test results. In 
addition, the predicted lives were generally conservative. 

KEY WORDS: fatigue (materials), torsional fatigue, low cycle fatigue, high cycle fatigue, 
damage accumulation, notch fatigue 

Engineering studies in tiie late 1970s revealed that a wide variety of electrical 
disturbances can produce transient oscillations in turbine-generator shafts. In 
many cases, the stresses produced by these oscillations were large enough to 
produce cumulative fatigue damage. To assess the damage produced, torsional 
fatigue methodologies were developed using torsional properties which were 
estimated from uniaxial fatigue properties due to a lack of a torsional fatigue 
data base. 
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For this reason, the Large Steam Turbine-Generator Division of the General 
Electric Company conducted an extensive torsional fatigue program on steels 
commonly used for large turbine-generator shafts. Since 1979, this study has 
been sponsored by the Electric Power Research Institute (EPRI). 

A complete description of the experiments and analyses for this extensive 
program is contained in the EPRI Project RP 1531-1 final report [7]. Included 
also is a complete data base of fatigue properties of the 17 different heats of 
material tested. This paper presents a synopsis of the program. Test procedures 
and results of these tests are given for three materials studied. A methodology 
for predicting torsional fatigue damage in large turbine-generator shafts with 
variable amplitude loads is described in component form. Each of the method
ology components was evaluated singly and in combinations with tests on small 
and large specimens. 

Materials, Specimens, and Test Procedures 

Materials 

The materials in this program were vacuum treated steels that were repre
sentative of rotor materials used by present-day large steam turbine-generator 
manufacturers. The following three alloy steels were tested: 

1. Ni-Cr-Mo-V—a low pressure rotor material within the scope of ASTM 
Specification A 470 [2]. 

2. Ni-Mo-V—a generator field material within the scope of ASTM Specifi
cation A 469 [2]. 

3. Cr-Mo-V—a high pressure rotor material within the scope of ASTM Spec
ification A 471 [2]. 

Material blanks for the small specimens were removed axially from low stress 
regions of the turbine-generator shafts and the large test specimens. The chemical 
composition of the various heats of material are given in Table 1. Table 2 presents 
tension data for the different heats. The austenitizing and tempering temperatures 
of the final heat treatment for each of the heats are given in Table 3. No additional 
heat treatment was given to the small specimen blanks. 

TABLE \—Chemistry. 

Rotor 
Serial 

122H240VA1 
121E086VA2 
122C311VA1 

C 

0.31 
0.23 
0.20 

Mn 

0.72 
0.29 
0.29 

P 

0.014 
0.005 
0.009 

S 

0.013 
0.010 
0.011 

Si 

0.24 
0.04 
0.22 

Ni 

0.23 
3.39 
3.60 

Cr 

0.99 
1.70 
0.07 

Mo 

1.28 
0.39 
0.23 

V 

0.26 
0.12 
0.10 
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Rotor 
Serial 

122H240VA1 
121E086VA2 
122C311VA1 

Axial 
or 

Transverse 

A 
A 
A 

TABLE 2—Tension data. 

Tensile 
Strength, 
MPa (ksi) 

831 (120.5) 
724 (105) 
632 (91.6) 

0.02% Yield 
Strength, 
MPa (ksi) 

662 (96) 
596 (86.5) 
507 (73.5) 

Elongation, 
% 

19.1 
25 
27 

Reduction 
in Area, 

% 

62.1 
77 
69 

Specimens 

The torsional specimens used to obtain the "baseline" data were 25.4-mni-
solid and thin-walled circular cylinders. Geometry effects were investigated with 
25.4-mm-minimumdiameterspecimens with fillets (A", = 1.44, 1.55, and 1.63) 
and a circular groove {K, = 1.75). The large specimens were 127 mm in di
ameter, and the notched geometries were again fillets and grooves with elastic 
stress concentration factors of 1.5 and 2.0, respectively. Detailed sketches of 
the specimens are presented in the EPRI Final Report for RP 1531-1 [/]. 

Test Procedures 

All tests were performed in servocontrolled electrohydraulic test machines. 
The torsional tests with linearly elastic stresses and strains on the outer surface 
of the smooth gage section were run in torque control. The nominal alternating 
shear stress, T ,̂ was calculated from the alternating torque, r„, with the equation 

T„ = ITJTXR^ (1) 

where /?o is the radius of the specimen. The shear strain, 7„, corresponding to 
this stress was calculated to be 

la = -TalG (2) 

where G is the shear modulus determined from static tests. The tests were 
terminated when preset stroke limits were reached. When the test was terminated, 
there were always visible cracks. 

For tests in which plastic strains were significant, the control parameter was 

Rotor 
Serial 

122H240VA1 
121E086VA2 
I22C311VA1 

TABLE 3--Final heat treatment 

Austenitizing 
Temperature, 

°C 

968 
838 
816 

temperatures. 

Tempering 
Temperature, 

°C 

671 
649 
638 
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strain on the outer surface of the specimen nominal section. Descriptions of the 
extensometers used to measure strains are given in Ref / . Torque was monitored 
and continuously recorded during testing, and the record of torque was used to 
define failure. The smooth specimen tests were terminated when the torque range 
dropped off significantly from a stabilized torque range. The notched specimen 
tests were terminated when a preset stroke limit was reached. Some of the large 
smooth specimen low cycle fatigue tests were run with torque as the control 
parameter and strain recorded as the uncontrolled parameter. 

Two definitions of failure were used for the torsional fatigue tests of solid 
specimens in this program. The first definition, called failure, attempted to 
determine the cycle in which the torsional load carrying capacity of the structure 
became radically changed. The second definition, defined as engineering crack 
initiation or cracking, attempted to determine the cycle in which cracks were 
first observed. The following sections demonstrate how failure and crack initi
ation were determined. 

The torque ranges for strain controlled tests were plotted on semilogarithmic 
paper with an expanded torque range scale, as shown in Fig. 1. For these strain 
softening materials, the torque range was found to decrease linearly with the 
logarithm of accumulated cycles. After a certain number of cycles, there was a 

tr 

J I I I m i l J I I M I I I I I I I I M i l . I I I I I I I I 

ACCUMULATED CYCLES 

FIG. 1—Definition of failure and crack initiation. 
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change in the slope of the line, that is, the torque range dropped off more quickly 
with increasing cycles. It appeared possible to describe the increased slope by 
a second straight line. The intersection of these two straight lines was chosen 
as a convenient means for defining failure. At this point, the load carrying 
capacity changed radically due to the presence of a large crack. 

An engineering size crack was defined as a crack that was (1) visible, (2) 
essentially a surface crack, and (3) able to be propagated to failure as defined 
previously. The initiation of an engineering crack was estimated by noting the 
earliest detectable deviation from the logarithmic softening of smooth baseline 
specimens, as shown in Fig. 1. This definition, like the previous definition of 
failure, attempted to identify a very slight compliance change and correlate this 
change with a small surface crack. A better correlation requires fracture me
chanics analysis and fatigue crack growth rate data that are not available to date. 
However, it should be noted that no cracks were visible in any smooth specimen 
prior to the cycle in which initiation or cracking was defined. For notched 
specimens, cracking was defined with an observed crack. 

Analysis of Baseline Material Properties 

The torsional fatigue methodology presented later in this report requires base
line cyclic stress-strain and fatigue life properties as input. In this section, pro
cedures for obtaining them are described. 

Cyclic Stress-Strain Properties 

1. Uniaxial Cyclic Stress-Strain Curves—The materials in this program were 
cyclic softening materials. During the softening process, the rate of change of 
the stress level decreases from an initial rapid rate to a rate in which the level 
may be considered almost stable [3-6] at one half the specimen fatigue life. 
For this assumed stable material, the relationship between stress and strain is 
called the cyclic stress-strain curve [7-9] and is generally represented by the 
following equation 

M e» = 5^ + I ̂  I (3) 

where 

£„ = Ae/2 = strain amplitude, 
CT„ = Aa/2 = stress amplitude, 
E = elastic modulus, 
H = cyclic strength coefficient, and 
s = cyclic strain hardening exponent. 

The constants H and s are determined from regression analysis. The numerical 
values for all the material constants are given in Table 4. Figure 2 represents 
the cyclic stress-strain curve for the nickel-chromium-molybdenum-vanadium 
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TABLE 4—Material stress-strain and strain life constants. 

Uniaxial 
Material 
Constants 

Torsional 
Material 
Constants 

Octahedral 
Shear 
Predicted 
Torsional 
Material 
Constants 

E 

H 

S 
A 
a 
B 

P 
G 

H' 

S' 
A' 
a' 
B' 

P' 
G 

H' 

S' 
A' 
a' 
B' 

P' 

(MPa) 
(psi) 
(MPa) 
(psi) 

(MPa) 
(psi) 
(MPa) 
(psi) 

(MPa) 
(psi) 
(MPa) 
(psi) 

Ni-Cr-Mo-V 

200 0(X) 
29.0 X 10» 

689.5 
100 000 
0.061 
0.0034 
-0.043 

1.14 
-0 .69 
80 670 

11.7 X 10" 
426 

61 750 
0.087 

0.0055 
-0.054 

1.69 
-0 .62 
77 240 

11.2 X 10" 
385 

55 833 
0.061 
0.0051 
-0.043 

1.97 
-0 .69 

Materials 

Ni-Mo-V 

201 000 
29.2 X 10' 

726.7 
105 400 
0.075 
0.0037 
-0.055 

1.34 
-0.71 
82 760 

12.0 X 10' 
387 

56 180 
0.074 

0.0048 
-0.043 

1.24 
-0 .59 
77 931 

11.3 X 10' 
403 

58 396 
0.075 
0.0055 
-0.055 

2.32 
-0.71 

Cr-Mo-V 

204 000 
29.6 X 10' 

748.8 
108 600 
0.060 
0.004 

-0.051 
2.6 

-0 .79 
82 760 

12.0 X 10' 
451 

65 430 
0.082 

0.0059 
-0.052 

1.69 
-0 .64 
79 310 

11.5 X 10' 
418 

60 667 
0.060 
0.0059 
-0.051 

4.50 
-0 .79 

(Ni-Cr-Mo-V) material tested. Shown also are the test data. These results were 
typical of all the materials tested. 

2. Uniform Shear Cyclic Stress-Strain Relationship—With suitable test data, 
cyclic stress-strain curves can be found for stress states other than uniaxial. 
Halford and Morrow [10] found by testing thin-walled tubes in torsion that the 
cyclic stress-strain curves may be expressed as 

where 

Jaytae^tap 

G 
H' 

^° G \H' 

I ae ^^ lap 

lis' 

(4) 

(5) 

shear stress amplitude, 
total, elastic, and plastic shear amplitudes, respectively, 
elastic modulus in shear, 
cyclic shear strength coefficient, and 
cyclic shear strain hardening exponent. 
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FIG. 2—Uniaxial cyclic stress-strain results for Ni-Cr-Mo-V. 

Although the test is not a great deal more difficult than the uniaxial test, the 
number of thin-walled torsion tests performed to date is minuscule compared to 
the number of uniaxial tests. It is thus advantageous to be able to predict these 
stress strain properties from uniaxial results. For monotonic loading, the rela
tionship between octahedral shear stress and octahedral shear strain has been 
found to be independent of the state of stress [11,12]. This relationship also 
appeared to be reasonable for cyclic loading provided the stress state is such that 
Hencky's deformation theory of plasticity is valid [13-16]. In terms of principal 
stress amplitude components, the octahedral shear stress amplitude, T„J, is de
fined by 

T,, = 1/3 ((CT„, - (j„,)- + (a„2 - a,,Y + ((T„., - a„,)2)"2 (6) 

Likewise, octahedral shear strain, 7„j, is related to principal strain amplitude 
components by 

lag = 2 / 3 ((e„i ^alf + (e.2 - e„3)2 + (e„3 - e<,i)')' (7) 
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The octahedral shear representation of stress and strain in uniaxial and torsional 
fatigue tests are equated to yield the following relationship between the constants 

s' = s 

H' = //(l/3)<^ + »'̂  (8) 

G = EI2{\ + v) 

In addition to an octahedral shear correlation, a Tresca criteria [75] was 
examined. In terms of principal stresses and strains, the maximums of shear 
stress and strain are given by 

Tmax = ((^al " ^ai)l'^ (9) 

"/max = e„, - €,,3 (10) 

The resulting relationships between the constants are 

H' = HI2i2l3Y' (11) 

G = E/2{1 + v) 

3. Torsional Cycle Stress-Strain Relationship—The basic assumption in tor
sion of a circular section is that the strain distribution is proportional to the radius 
at any point in the section. If this assumption is applied to cyclic loading, the 
results are that relationships developed for stress and strain on the outer surface 
[18] can be applied to stress and strain ranges or amplitudes. In terms of the 
angle of twist amplitude per unit length, e„, the shear strain amplitude on the 
outer fiber, y„a, [18,19] is given by 

yoa = RoQa (12) 

where R„ is the outside radius. The basic relationship between torque amplitude, 
To, and the shear stress amplitude, T„, is given by Eq 13 for a solid cylinder 

fRo 
r , = 277/-^, dr (13) 

Jo 

This integral equation was solved for T for monotonic loading by Nadai [20]. 
Extending Nadai's solution to cyclic loading, the surface shear stress amplitude 
can be expressed similarly as a function of the torque amplitude and angle of 
twist amplitude per unit length as follows 
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This analysis was extended to tubular geometries by Brown [27 ] and resulted 
in the following approximate expression 

iT„ 1 
/"TT l^/vo — A/" + 

47?o 

R^^ - Rt Ro' ~ R,\ 
(15) 

This approximation is exact for elastic and fully plastic stress distributions 
and for solid cylinders. It also tends toward the exact solution for a thin-walled 
tube. The slope, dT^/dQ^, is best calculated from a curve fit of discrete (T„,QJ 
data. Normally, these data are taken versus the stable (half-life) values and can 
be reasonably fitted with the equation 

^a 
T 

JG 

T. 

- - ^ 0 

(16) 

where KQ and IIQ were constants determined from regression analysis and / is 
the polar section modulus. In this case 

T 

JG 
1 ILV "° 

(17) 

1400 

1200 -

1000 

0.00 0.01 0.02 0.03 

SHEAR STRAIN AMPLITUDE 

FIG. 3—Torque strain results for Ni-Cr-Mo-V. 
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The cyclic stress-strain equation in torsion is expected to take the same form 
as Eq 4 and is given by 

, ' oa . 
">" J oap ^ ' 

' oa 
(18) 

where 

-ioa = shear strain amplitude on the outer surface, 
Toa = shear stress amplitude on the outer surface, 
G = shear modulus, 

H' = strength coefficient, and 
s' = strain hardening exponent. 

Table 4 presents the torsional cyclic shear strength coefficient / / ' and the 
shear strain hardening exponent s' for the material studied. To compare the 
results of this procedure with test data, the elastic and plastic shear strain am
plitudes on the surface and the determined constants were substituted in the 
following equation given by Dowling [17] 

( 
1/ 

7-„ = 2T7/?'T„, 

Is' + 1 r^w] s' -V1 \-^UPX 
3. ' + 1 VloaA Is' + 2 L7»»J i ' + 3 

[' ̂  fe)]' 
(19) 

As shown in Fig. 3, excellent agreement was attained. 
Also noted in this study was the near agreement of the strain hardening 

exponent, s, in both the uniaxial expression and the torsional expression for the 
cyclic stress-strain curve. This agreement suggested a correlation between the 
two equations. One such examined correlation was octahedral shear theory in 
which the relationships between the constants are given in Eq 8. Figure 3 also 
presents the predicted torque-strain curves for Ni-Cr-Mo-V based on octahedral 
shear theory. This curve demonstrates that torsional cyclic stress-strain data can 
be approximated reasonably well from uniaxial data. The results of the other 
materials tested were equally as good. In addition to octahedral shear correlation, 
a Tresca correlation as suggested by Brown and Miller \22\ was examined. The 
correlation was reasonable but not as good as octahedral shear. 

Fatigue Properties 

Low cycle fatigue properties are normally presented as strain life diagrams, 
which are curves of strain amplitude versus reversals to failure that are fitted to 
experimental data. In this section, typical uniaxial and torsional fatigue properties 
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FIG. 4—Uniaxial strain-life results for Ni-Cr-Mo-V. 

107 10 ' 

of the program materials are presented. A procedure for estimating torsional 
fatigue properties from uniaxial tests is also presented. 

1. Uniaxial Fatigue Properties—The uniaxial strain life diagram for the Ni-
Cr-Mo-V material is given in Fig. 4. The smooth curve is a best fit of the data 
by eye and is bounded from below by the endurance limit. Another common 
way to fit the data is with a universal slopes [4-6] equation of the form 

A{2NfT B(2Nff (20) 

where the constants A, a, B, and 3 (Table 4) are determined from regression 
analysis of the elastic and the plastic components of strain. Because the materials 
exhibit an endurance limit, the universal slopes-type equation resulted in con
servative life predictions in the high cycle regime as shown in Fig. 4. 

2. Torsional Fatigue Properties—Typical torsional strain life diagrams are 
presented in Fig. 5 as plots of shear strain amplitude versus reversals to failure. 
The solid curve again is a best fit of the data set by eye. A fit of the data with 
a universal slopes-type equation of the form 

7„ = A'dNfT' + B'ilNfr (21) 
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FIG. 5—Torsional strain-life results for Ni-Cr-Mo-V. 

was examined, and the result is shown also in Fig. 5. This curve demonstrates 
again that the high cycle portion of the curve is conservatively predicted because 
of the apparent endurance limit behavior. It was again noted that the exponents 
for the uniaxial and torsional case were similar. Since octahedral shear theory 
correlated the cyclic stress-strain results reasonably well, it was examined for 
application to the strain life results. The following relationships between the 
constants in Eq 20 and 21 for an octahedral shear correlation were determined 
by equating octahedral shear strains for the torsional and uniaxial tests. 

A' = — ( 1 +v)A, 
(22) 

B' = V'^B, P' = P 

Curves of predicted results are also given in Fig. 5. These curves all predicted 
the results conservatively. 

Correlations other than octahedral shear were also examined. In the low cycle 
region, where the greatest portion of life is spent on the propagation of cracks, 
one would expect a correlation based on quantities that control fatigue crack 
growth. Miller et al [23-26] proposed such a criteria which is a function of the 
maximum shear strain and the tensile strain normal to the plane of maximum 
shear. Although this failure theory is general and applicable also to other biaxial 
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fatigue tests, the theory is not inconsistent with an octahedral shear strain criteria 
for torsion. 

Methodology 

General Description of the Fatigue Methodology 

The methodology to predict the torsional fatigue life of large turbine-generator 
shafts incorporated the local strain approach. This concept makes it possible to 
calculate fatigue damage at regions of stress concentrations using the results of 
a notch stress analysis and smooth bar fatigue data. Figure 6 presents an overall 
flowchart for the methodology. The step-by-step procedure for its use was as 
follows: 

1. The stresses and strains at the shaft nominal section were determined from 
the input torques. 

2. The geometry under consideration was modeled, and the theoretical stress 
concentration was determined. 

3. Material properties, given by the strain life diagram and the cyclic stress-
strain diagram, were developed from fatigue tests for the specific materials under 
consideration. The cyclic stress-strain properties developed for the 25.4-mm 
specimen were used directly. However, the fatigue curves were modified for 
size effect using the equation 

7» l /7 .2 = (£>l/£>2)" (23) 
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FIG. 6—Schematic of cumulative fatigue procedure. 
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where the subscript 1 and 2 refer to the rotor diameter and the reference diameter 
of the smooth baseline fatigue data, respectively. This relationship was obtained 
from regression analysis of high cycle torsional and bending fatigue tests on 
specimens ranging from 7.62 mm (0.3 in.) to 228.6 mm (9.0 in.) in diameter 
[27-29]. Although this relationship was obtained from high cycle fatigue data, 
it was shown to be applicable over all regimes of the strain life diagram. In 
Fig. 7, the smooth fatigue curve for the 25.4-mm-diameter specimens was ad
justed to predict the 127-mm-diameter curve. The superimposed data were the 
first observed cracks in the 127-mm-diameter specimen tests. 

4. The stress-strain behavior at the specified stress concentrated location was 
evaluated from stress analysis of the geometry under consideration. Since detailed 
finite element analysis of all notched geometries would not be feasible, an 
approximate method for estimating the stresses and strains in a notch was used. 
This method was Neuber's rule [30] 

^1 '^a'y a ' "^oay o (24) 

where T^ and 7„ are, respectively, the maximum shear stress and shear strain 
amplitudes in the notch, T„„ and y^^ are the shear stress and shear strain ampli
tudes, respectively, on the outer surface of the nominal section, and K, is the 
theoretical stress concentration factor. Elastic-plastic finite element analyses were 
performed on a fillet and a groove geometry. The results of the analyses were 
compared to results which used Neuber's rule in terms of von Mises effective 
stress and strain. Excellent agreement was found. 

5. Since fatigue damage is assessed on a closed hysteretic loop basis, the 
notch strain history was analyzed with a cycle counting technique which identifies 
closed hysteretic loops. In reviewing cycle counting techniques, Dowling [31,32] 
concluded that only the range pair and rain flow methods gave satisfactory cycle 

10* 105 
CYCLES TO CRACKING 

HG. 7—Size effect. 
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counts. All other techniques such as peak counting, mean crossing peak, and 
level crossing neglect sequence and, therefore, underestimate the fatigue damage. 
The range pair method was used in this methodology. 

6. The fatigue damage done during each closed hysteretic loop was determined 
from constant amplitude strain life diagrams. For each cycle of strain amplitude, 
731, the fatigue life expended was (INf^y where 2A?/, represents the number 
of reversals to failure for the material tested at a constant strain amplitude 7„i. 

7. The fatigue damage for each reversal must be summed to obtain the cu
mulative damage. Linear damage techniques were used for damage summation 
in the form of Palmgren-Miner [33] rule given by 

^{n/N\ = 1 (25) 

where 

n = number of applied cycles at a specified deformation level, and 
N = number of cycles to produce a failure at the same deformation level. 

Results 

The correlation between theory and experimental results for each step of the 
cumulative fatigue damage assessment procedure was individually and collec
tively evaluated through appropriate tests. Exponential decay, high-low, and 
low-high sequence tests on smooth specimens were used to evaluate linear cu
mulative damage rules. The range pair cycle counting technique in combination 
with the linear damage rule was evaluated with tests on smooth specimens with 
complex simulated line fault loadings. Neuber's rule to correlate notched spec
imen fatigue data with smooth specimen data was evaluated with constant am
plitude tests in both small and large diameter specimens. Finally, the overall 
methodology was evaluated with complex load history tests on notched speci-
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FIG. 8—Distribution of damage summation ratios. 
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mens. The following sections present the results of the methodology evaluation 
tests. 

Damage Accumulation 

The applicability of linear cumulative damage theory to torsional fatigue prob
lems was evaluated with several different load histories. The simplest load history 
was a high-low sequence in which the specimen was subject to large constant 
amplitude deformation for 25 to 50% of its estimated fatigue life and then tested 
at a lower constant amplitude until failure. This procedure was then reversed, 
that is, the testing started out with low constant amplitude deformation and was 
followed by large constant amplitude deformation. The order in which cyclic 
loads are applied to a fatigue specimen normally affects its fatigue life. It has 
been shown in uniaxial fatigue that the high-low sequence is more damaging 
than the low-high sequence. The results shown in Fig. 8, in general, confirm 
that this sequence effect also holds for torsional fatigue. Linear damage rules 
were also evaluated with loading histories in the form of a decaying exponential 
function. The results of these tests are presented in Fig. 9 for the Ni-Cr-Mo-V 
material. Very good correlation between prediction and test results was obtained 
for this waveform. 

Cycle Counting 

To evaluate the cycle counting procedure, six smooth specimens of each 
material were subject to a complex strain history shown in Fig. 10. This complex 
history contained 394 reversals and was considered representative of the multi-
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FIG. 9—Exponential history smooth bar fatigue tests on Ni-Cr-Mo-V. 
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FIG. 10—Simulated line-fault history. 

model response observed in turbine-generator shafts during torsional disturb
ances. A comparison of the experimental and analytical resuhs showed that, in 
general, the calculated results were within a factor of two of the measured results. 
The results also indicated the following: 

1. The analytical predictions improved with decreasing blocks to failure. 
2. The calculated results generally overestimated the fatigue capability. 
3. The data were fairly consistent and not scattered. 
4. All the alloys exhibited the same trends on plots of initial strain amplitude 

versus cycles to failure, as shown in Fig. 11 for Ni-Cr-Mo-V. 

Stress Analysis 

The use of Neuber's rule to characterize the deformation and fatigue response 
of notches was evaluated with constant amplitude tests on both small and large 
diameter specimens. Two groove and three fillet small specimen geometries 
and one groove and one fillet large specimen geometry were tested. Analytical 
predictions were made from Eq 24 with the appropriate cyclic stress-strain curve. 
Typical results of the small specimen analyses and tests are shown in Fig. 12. 
In general, the calculated lives were conservative compared to the measured 
lives. In particular, analytical predictions became more conservative with in
creasing cycles to cracking, as shown in Fig. 13. One reason for this conservatism 
could be the use of K, in place of a fatigue reduction factor. A}, in Eq 24. 

The results of Neuber's rule verification tests on large specimens are shown 
in Fig. 14. The predicted results correlated very well for the groove geometry 
tests and for all but one test for the fillet geometry. This specimen which failed 
in 200 cycles appeared to exhibit gross plasticity in the notch which may have 
accounted for the nonconservative results. 
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FIG. 11—Complex history smooth bar fatigue tests on Ni-Cr-Mo-V. 

Methodology Evaluation 

The overall methodology was evaluated with a series of tests on both large 
and small specimens containing stress concentrations. The methodology was 
evaluated first with the series of tests on small notched specimens. Exponential 
decay and complex waveform tests were run on grooved specimens. The results 
are shown in Fig. 15 of the complex waveform test. The results indicate that 
the methodology conservatively predicted the life. The final evaluation of the 
methodology was made with large fillet specimens. The results for the fillet 
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10' 10' 
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FIG. 13—Measured versus calculated lives for the various constant amplitude fatigue tests on 
specimens with stress concentration factors. 

specimen tests are shown in Fig. 16 as a function of torque amplitude of first 
reversal versus blocks to cracking. The test results agree excellently with the 
calculated results. Also, except for the high torque test, the predicted results are 
conservative. 

Discussion and Conclusions 

The objective of this work was to generate a data base and to develop a 
methodology that will predict the torsional fatigue damage in turbine-generator 
shafts subjected to a variety of torsional transients. The methodology developed 
was made as simple as possible. It was reasoned that, given a formidable body 
of torsional fatigue data, more than one methodology with satisfactory predictive 
capability could be developed. Thus, primary emphasis was placed on generation 
of sufficient data for the development and verification of such methodologies. 
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FIG. 14—Verification tests—constant amplitude fatigue tests on large Ni-Cr-Mo-V specimens. 

The test program was set up to permit evaluation of various parameters on 
torsional fatigue strength. In general, the influences were understood in terms 
of smooth 25.4-mm-diameter cylindrical specimen data. The influence of ge
ometry, other stresses, loading sequence, and specimen size on torsional fatigue 
strength was investigated. In the evaluation of the range of test geometries, it 
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FIG. 16—Verification test—complex history fatigue on large Ni-Cr-Mo-V specimen with shoulder 
filler, k, = 1.50. 

quickly became apparent that grooves and fillets in small diameter regions of 
turbine-generator rotors would generally result in stress concentration factors of 
less than two. It was surmised that this narrow range of stress concentrations 
factors would also result in a fairly narrow range of elasto-plastic strain con
centration. This supposition was supported by test results and finite element 
analysis. 

The Neuber notch simulation was also tried, and it was decided that this simple 
approach was sufficiently accurate within the scope of other uncertainties. Size 
effect, reduced fatigue strength of large over small specimens at the same number 
of cycles to failure, was observed in specimens with grooves and fillets as well 
as in smooth specimens. It was accounted for by reducing the strain by the ratio 
of specimen diameters raised to a power. Damage accumulation methods pre
viously developed for axial fatigue were applied successfully to torsional fatigue. 
Basically, the concept used the average specimen strain-life representation, the 
stress at specimen half-life, linear damage accumulation, and the range-pair cycle 
counting method. The torsional testing in combination with other steady and 
alternating stresses was, in general, exploratory in nature. Mean torsional loading 
showed no effect on torsional fatigue life up to the point where combined mean 
and alternating loading exceeded the gross section yield stress and resulted in 
rachetting. The mean torsional loading was limited to 103.4 MPa (15 ksi). The 
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onset of ratchetting was noted, but ratchetting was not studied per se due to 
rotational limitations of the test machine. 

The need to explore effects of axial stresses on torsional fatigue strength was 
recognized. Axial stresses at or near turbine-generator journals could be caused 
by centrifugal, thermal, and gravity bending effects. While centrifugal and ther
mal stresses could be treated with fatigue diagrams as mean stresses with respect 
to torsional transients, the gravity bending stress is an alternating stress and poses 
a more complex problem. Indeed, some of the tests under combined torsion and 
axial fatigue indicated a significant effect of axial components. However, detailed 
analysis of these last effects was outside of the scope of this project. 

The foregoing discussion has described the scope and limitations of infor
mation developed under this program. The limitations of the developed meth
odology are similar. It is believed that the predictive method is accurate if the 
damaging cyclic strain amplitudes are in the low cycle region of the strain-life 
curve (500 to 100 000 cycles to failure). Cycles with strain magnitudes larger 
than that can result in local heating, elastic hinge instability, ratchetting, or shaft 
bending. The damage from cycles in the high cycle fatigue region may be 
significant; however, this damage will be highly dependent on surface finish and 
will be difficult to assess because the life curves have a very shallow slope in 
this region. 
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ABSTRACT: Biaxial fatigue tests were conducted on Inconel 718 specimens at room 
temperature. Thin-walled tubular specimens were subjected to tension, torsion, and com
bined tension and torsion loading in strain control. Two strain ratio's, R, = 0 and R, = — 1.0, 
were investigated. Effective strain amplitudes of 1.0 and 0.5% were employed and resulted 
in fatigue lives ranging from 1(F to 10* cycles. Fatigue lives were determined in terms of 
life to 0.1 and 1.0-mm cracks as well as specimen failure. Fatigue lives were correlated 
in terms of the Lohr and Ellison parameter for plastic strain which is based on the plane 
of maximum shear strain that causes the crack to grow into the thickness of the specimen 
and the normal strain to that plane. Good correlation was also obtained for the Kandel, 
Brown, and Miller parameter which is based on maximum shear strain and the normal 
strain to the maximum shear plane. Mean stress effects for the R, = 0 tests were observed. 
These data could be correlated with the R, = — 1 data by introducing a mean stress term 
in the parameters which were then combined with the Coffm-Manson equation for esti
mating fatigue lives. Data on 24 tests correlated within a factor of 1.5 on life when fatigue 
lives were determined on the basis of 1-mm cracks. 

KEY WORDS: biaxial fatigue, mean stress effects, cyclic deformation 
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Cp Axial plastic strain amplitude 
e„ Strain amplitude normal to -y-plane 

e„* Strain amplitude normal to 7*-plane 
e„p Plastic amplitude strain normal to 7-plane 

e„p* Plastic amplitude strain normal to 7*-plane 
y Shear strain amplitude 

7^n^ Max imum shear strain 
7* Shear strain amplitude on critical plane for growth into specimen 

surface 
7 Shear strain amplitude on maximum shear plane 

7p Plastic shear strain amplitude on 7-plane 
7p* Plastic shear strain amplitude on 7*-plane 

X Biaxial strain ratio 7 /6 
CT Axial stress 

(Ji,(Ti,(T} Principal stresses 
(Tg Axial mean stress 

cr'f Fatigue strength coefficient 
CT„o* Mean stress normal to 7*-plane 

Tg Torsional mean stress 
&„,, Mean stress normal to 7-plane 

Several strain based multiaxial fatigue theories have been proposed, each one 
with its advantages and limitations. A number of review papers exist [1-3]. 
Early work involved correlations based on maximum principal strain range, 
max imum shear strain range, and maximum octahedral shear strain range. More 
recent approaches are based on the critical plane for crack initiation and growth. 
Major advantages of the critical plane approaches are reasonable reliability, 
physical interpretation of the theory, ability to predict the plane on which cracks 
occur , and the construction of constant life plots which may prove to be of 
convenience to designers. 

Brown and Miller [2] proposed that the maximum shear strain -y^.^ = (e, — e,)/ 
2 governed plastic deformation and hence crack initiation. Once the crack had 
initiated on the max imum shear plane, they reasoned that it would be assisted 
in propagation by the normal strain on maximum shear planes, e„ = (e, + e,)/ 
2. For a given fatigue life, they postulated that 

7n,ax = / ( £ „ ) (1) 

Two specific cases of loading were identified for biaxial loading. In case A , 
e,, and £3 are parallel to the surface and cracks propagate in a shallow manner 
along the surface normal to e,. In Case B , e , is normal to the free surface and 
cracks propagate away from the surface. 

Lohr and Ellison [4] propose similar parameters: 7* , the shear strain driving 
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the crack through the thickness; and e„*, the normal strain to that plane. This 
differs from the previous approach in the exact definition of the shear strain 
parameter. They proposed the following relationship 

y* + k e„* = constant (2) 

and suggest a value of ^ = 0.4 which showed good correlation with test data 
for three steels. An advantage of this formulation is that material properties could 
be obtained from simple uniaxial tests. 

In an extension of the original theory [2] Kandil, Brown, and Miller [5] 
present a more general equation for the equivalent strain range of the form 
A7 + SAe„ which, for the present study could be reduced to the simple equation 

7 + e„ = constant (3) 

They propose a value of 1.0 for 5 when Eq 3 is written in terms of shear amplitude 
rather than strain ranges. For loading situations involving only tension and tor
sion, both theories can be written directly in terms of the applied axial and 
torsional strains. In terms of plastic strains, Eq 2 can be expressed as 

%* + ^^«.* = ^ [(1-5 ^,y + y/V" + —^ ep (4) 

and Eq 3 expressed as 

7, + 5e„, = [(1.5e,)^ + 7/]"^ + ^ e, (5) 

Both theories should fit the data equally well if the constants k or S are fit to 
each data set. The equations can be combined with the Coffin-Manson equation 
relating axial plastic strain amplitude to fatigue life to evaluate the constant term. 
For the Lohr and Ellison theory, this results in the following relationship 

7 / + 0.4 e„p* = 1.6eV(2iV,)< (6) 

and the results for the Kandil, Brown, and Miller parameter, are given by 

7, + e„, = 1.75eV(2iV,)' (7) 

Mean stress or mean strain effects have not yet been considered in the critical 
plane approaches. From a physical viewpoint, it seems appropriate to modify 
the normal strain term to account for mean stress effects. Tensile mean stresses 
normal to the crack surface should hold the crack open and assist in Mode II 
growth. 
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Correlation of multiaxial fatigue data from different laboratories is not good. 
This is usually attributed to differences in specimen design, testing system, and 
definition of failure. The latter is particularly important and often overlooked. 
In an axial test, the specimen separates into two pieces at final fracture. Separation 
is not observed in a torsion test of a thin-walled tubular specimen. Failure is 
often defined as the point where the specimen no longer supports the torsional 
loads. At this point very large cracks equal to the gage length are observed. It 
seems reasonable that fatigue data should be reported in terms of some specific 
crack size rather than final failure. In this investigation, both mean stress effects 
and the definition of failure are considered. 

Material Description 

Specimens were cut from a forged ring of Inconel 718 purchased to Aerospace 
Material Specification, AMS 5663. The ring (800 mm outside diameter, 650 
mm inside diameter) was sectioned into 75 x 75 x 225 mm blocks with the long 
dimension parallel to the axis of the ring. The microstructure is shown in Fig. 
1. A mixture of grain sizes was observed ranging from small clusters where the 
typical diameter was 0.01 mm to areas with grains as large as 0.2 mm. There 
are at least 10 grains through the specimen thickness for the largest grains. 
Tensile properties are given in Table 1. 

0.2 mm 

FIG. 1—Microstructure of Inconel 718. 
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TABLE 1—Mechanical properties. 

MoNOTONic PROPERTIES 

Modulus 
Yield stress 0.2 percent 
Fracture stress 
Fracture strain 
Percent reduction in area 
Strength coefficient 
Strain hardening exponent 

209 GPa 
1160 MPa 
1850 MPa 
0.33 
28 
1910 MPa 
0.08 

CYCLIC PROPERTIES 

Fatigue strength coefficient 
Fatigue strength exponent 
Fatigue ductility coefficient 
Fatigue ductility exponent 
Cyclic strength coefficient 
Cyclic strain hardening exponent 

1640 MPa 
-0 .06 
2.67 
-0 .82 
1530 MPa 
0.07 

The specimens were heat treated at 600°C for 12 h after rough machining to 
prevent distortion during the final machining operations. 

Experimental Procedure 

Uniaxial Tests 

A limited number of tests was performed using standard 6.3-mm-diameter 
low-cycle fatigue specimens [ASTM Recommended Practice for Constant Ap-
plitude Low-Cycle Fatigue Testing (E 60680)] with a 25 mm gage length. These 
specimens were cut from both the axial and tangential directions of the forging 
and were used to check for anisotropy in the material. All tests were conducted 
in strain control employing an MTS computer controlled test system. Hysteresis 
loop data were stored on disks for analysis and plotting. The tests were period
ically interrupted so that an acetyl cellulose film replica of the surface topography 
could be made and the size of small cracks determined. Details of the replicating 
procedure are described later. At a prescribed number of cycles, the computer 
halted the test when the hysteresis loop reached zero stress or load. 

The testing system was switched from strain to load control so that the ex-
tensometer could be removed for replicating the surface. After reinstalling the 
extensometer, the computer rezeroed it to the previous strain level before chang
ing to strain control. Hysteresis loops taken before and after this procedure were 
identical, indicating that rest periods did not influence the test. 

Biaxial Tests 

Biaxial tests were conducted using the tubular specimen shown in Fig. 2. 
Elastic-plastic finite element analysis showed that the axial strain gradient along 

 



468 MULTIAXIAL FATIGUE 
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FIG. 2—Specimen dimensions, in millimetres. 

the gage length was less than 2%, The torsional strain gradient along the surface 
was nearly zero, and the torsional gradient between the inner and outer surfaces 
was 15%. Standard machine collets are used to grip the ends of the specimens. 
An internal extensometer, shown in Fig. 3, was designed so that the outside 
surface of the specimen could be easily replicated with acetyl cellulose film to 
monitor crack formation and growth. Axial displacements were measured and 
controlled with a linear variable differential transducer (LVDT) located on the 
centerline of the specimen and rotations with a rotary variable differential trans
ducer (RVDT). Coupling between the two measurements was less than 1%. Tests 
were conducted on an MTS Model 809 tension-torsion machine that was modified 
to increase the torsional stiffness. An MTS Model 463 processor/interface was 
used for computer control and data reduction of the tests. 

"% 

FIG. 3—Specimen and extensometer assembly. 
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Replicating Technique 

Specimens were polished to eliminate scratches that might be interpreted as 
small cracks. Final polishing was done with 0.5-[xm alumina. Standard me-
tallographic acetyl cellulose film was used to record the surface of the specimens 
during fatigue. Acetone was applied to the surface with a syringe and the film 
placed around the gage length of the specimen. Considerable improvement in 
the quality of the replica can be obtained by using high grade methyl acetate 
rather than distilled acetone. After removing the replica from the specimen, it 
was placed between glass slides. Several techniques were attempted to observe 
the details of the replicas including scanning electron microscopy (SEM) ob
servation incorporated with evaporation or sputtering of conductive films. The 
easiest and most reliable method for observation of the replicas is using an optical 
microscope and illuminating through the replica. 

Results 

Axial Tests 

Results of uniaxial tests, employing solid smooth specimens, are shown in 
Fig. 4. Additional test data are included in determining the constants in Table 
1 but not shown here for clarity so that the 1 mm and failure lives can be 
distinguished. Cracks 0.1 mm long form in 10 to 20% of the total fatigue life 
of the specimen. Cracks 1 mm long are formed at 80 to 90% of the life. These 
cracks are small compared to the dimensions of the specimen. 

A comparison of fatigue lives of specimens taken from both axial and tangential 
directions is shown in Fig. 5. Data for 0.1 and 1-mm cracks were available and 
show the same trends but are omitted here for clarity. Also included are data 
from axial tests on the tubular specimen. Correlation between the three sets of 
test data is good, indicating that anisotropic effects are small. Also, no difference 

HG. 4-

10' 10' 10° 

Cycles to Failure,Nf 

-Uniaxial test results from solid specimens. 
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FIG. 5—Fatigue test results from solid and tubular specimens taken from the axial and tangential 
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in total fatigue lives was observed for the solid and tubular specimen, because 
the fatigue life from a 1-mm crack to specimen separation is small. 

The strain life equation 

Ae/2 = (T'j/E(2Nf)'' • {2N,Y (8) 

was fitted to the axial fatigue data from 11 tests. Constants are listed in Table 
1 and were obtained by fitting the elastic and plastic strains separately. These 
tests as well as those of Dowling [6] suggest that the plastic strain-life term can 
be modified for crack lengths other than failure. The fatigue ductility exponent 
remains constant, and the plastic strain-life line is shifted to the left. A simple 
way to incorporate this behavior is to reduce the fatigue ductility coefficient. 
For example, 0.1 and 1.0-mm cracks can be estimated from Eq 8 using the 
following modifications: e'/ for a 0.1-mm crack equals 0.15 e'y at failure and e'/ 
for a 1.0-mm crack equals 0.9 e'^at failure. These modifications were made and 
shown as the solid lines in Fig. 4. 

Biaxial Tests R̂  = — 7 

Two nominal effective strain amplitudes were selected for these tests, 1 and 
0.5%. At 1%, the elastic and plastic strains are nearly equal. The strains are 
initially elastic at a strain amplitude of 0.5%. Three biaxial loading conditions 
were employed: axial loading, X = 0; torsional loading, X = 3=; and combined 
tension and torsion with a biaxial strain ratio of X = 3"^. Cyclic softening was 
observed for all loading conditions for both strain amplitudes. Torsional stresses 
on the outside surface were estimated by extrapolating the average torsional 
stress-strain hysteresis loop to the strain level on the surface. 

Fatigue test results are summarized in Table 2. Total strains are reported in 
terms of the axial and average torsional strains which were controlled. Plastic 
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TABLE 2—Fatigue test results for R, = — /. 

Specimen 

B33 
B 14-
B 06 
B 12 

B 35 
B 11 
B04 
B 26 

B 07 
B 13 
B 03 
B 08 

Nominal Strain 
Amplitudes 

e 

0.010 
0.010 
0.005 
0.005 

0.007 
0.007 
0.0035 
0.0035 

0 
0 
0 
0 

7 

0 
0 
0 
0 

0.012 
0.012 
0.0063 
0.0063 

0.017 
0.017 
0.0085 
0.0085 

Maximum Plastic 
Strain Amplitude 

^P 

AXIAL 
0.00478 
0.00483 
0.00050 
0.00050 

•Y, 

0 
0 
0 
0 

COMBINED 
0.00342 
0.00362 
0.00038 
0.00045 

TORSION 
0 
0 
0 
0 

0.00756 
0.00770 
0.00140 
0.00140 

0.01109 
0.01106 
0.00232 
0.00233 

No,, 

100 
200 

2000 
2000 

200 
300 

3000 
2000 

200 
100 

2000 

Fatigue Life 

/v,.„ 

1 000 
1 050 

13 500 
11 000 

1 000 
1 200 
7000 
8 000 

890 
800 

7000 

N, 

1 225 
1 330 

14 174 
13 364 

1 374 
1 581 

12 125 
12 899 

1 625 
1 674 

10 600 
12 942 

Strains are computed on the outside surface of the specimen. Failure was defined 
as 0.1 and 1-mm surface cracks as well as specimen separation or the inability 
to sustain the torsional loads. Tests were interrupted at 5 to 10% of the expected 
fatigue life to make a replica of the surface. The lives in Table 2 represent the 
replicating interval closest to the crack size of interest. Cracks always initiated 
on the outside surface of the specimen. Hundreds of cracks formed on the 
specimen surface during these tests. The lives reported are for the crack that 
eventually led to final failure. During the early stages of life, cracks longer than 
the crack that leads to final fracture are often observed. Reporting fatigue lives 
to greater precision than that shown in Table 2 would be misleading. 

Crack directions for these tests are shown in Figs. 6 and 7 for effective strain 
amplitudes of 1 and 0.5%, respectively. Cracks form on the surface on planes 
of maximum shear strain in all cases. 

Biaxial Tests R̂  = 0. 

A second series was conducted at the same strain amplitudes but with a strain 
ratio of 0 rather than - 1. In addition to transient cyclic softening, mean stress 
relaxation was also observed in all of the tests. At an effective strain amplitude 
of 1%, the initial mean stress is only 5% of the stress amplitude and relaxes to 
zero during /?j = 0 loading. The initial mean stress is 30% of the stress amplitude 
for the lower effective strain amplitude during R^ = 0 loading. It relaxes to 
20% of the stress amplitude at the half-life of the specimen. 

Mean stresses are reported at the half-life of each test. Fatigue test results are 
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Ae /2 • 1.0% TENSION COMBINED TENSION-TORStON TORSiOti 

N - 1,000 

n,^ 1,225 
N = 1,100 

N , ' 1,374 
N « t,IO0 

N,» 1,625 

FIG. 6—Crack directions for Af. 12 = 1.0% and R = - / . 

A i / 2 = 0 . 5 % TENSION COMBINED TENSION-TORSION TORSION 
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0 .5 ram 

Axis 
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N • 13,500 

N,« 14, l?4 

N • 3,S00 

N,= 12,121 
N r 10,000 

N , - 12,942 

FIG. 7—Crack directions for Ael2 = 0.5% and K, = - / . 
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shown in Table 3 for these test conditions. Crack directions are shown in Figs. 
8 and 9. Again, cracks always initiate and grow along planes of maximum shear. 
The planes are identical with those shown in Figs. 6 and 7. 

Discussion 

Data for crack directions suggest that correlations based on maximum shear 
strain are appropriate [2]. In this work, cracks always formed on planes of 
maximum shear strain on the surface of the specimens. Crack growth along 
planes of maximum principal strain was never observed in the combined tension 
and torsion loading or in the torsion tests. It was only observed very late in the 
fatigue life of the axial tests. 

Figure 10a shows the R^ = -I failure data normalized in terms of plastic 
shear strain amplitude on the outside surface of the specimen. The solid line 
represents the estimate using the uniaxial data from Table 1 converted into plastic 
shear strain. Most investigators have reported similar trends, namely, torsion 
data lying above the tension data, for example, Ref 7. Final failure during 
torsion tests occurs only when the cracks have grown through the wall thickness. 
Shallow surface cracks are found on the surface early in the life of the specimen. 

Correlations based on the Lohr and Ellison parameter are shown in Fig. lOfo 
where the solid line is the estimate from Eq 6. They argue that the strains that 
cause cracks to grow into the specimen are more important than the strains that 
cause cracks to grow along the surface. This parameter is computed from Mohr's 
circle of strain for C] and ^2 for the combined tension and torsion loadings 
considered here. Maximum shear strain is computed from Mohr's circle of strain 
for e, and e^. Several specimens were sectioned to look for cracks oriented 45° 
to the specimen surface (7*-plane) to provide supporting evidence for this theory. 

TABLE 3—Fatigue test results for R, = 0. 

Specimen 

B 5 
B 9 
B 36 
B 15 

B 98 
B 10 
B 34 
B 17 

B99 
B 16 
B 32 
B 25 

Nominal Strain 
Amplitudes 

£ 

0.01 
0.01 
0.005 
0.005 

0.007 
0.007 
0.0035 
0.0035 

0 
0 
0 
0 

7 

0 
0 
0 
0 

0.012 
0.012 
0.0063 
0.0063 

0.017 
0.017 
0.0085 
0.0085 

Maximum Plastic 
Strain Amplitude 

£, y, a 

0.00463 
0.00483 
0.00051 
0.00044 

0.00337 
0.00320 
0.00041 
0.00050 

0 
0 
0 
0 

AXIAL 
0 
0 
0 
0 

COMBINED 
0.00763 
0,00738 
0.00114 
0,00141 

TORSION 
0.01088 
0.01116 
0.00242 
0.00248 

Mean Stress 

,, MPa 

19 
22 

215 
215 

46 
12 

177 
134 

14 
14 
76 
81 

a,, MPa 

0 
0 
0 
0 

- 7 2 
- 4 
- 8 

- 6 6 

- 1 4 
- 1 4 
- 7 6 
- 8 1 

Fatigue Life 

N„j 

240 
100 

2400 
1500 

225 
200 

2200 
2000 

50 
200 
500 

1000 

W,,„ 

800 
800 

7000 
6000 

1050 
1000 
4800 
7500 

1000 
800 

4500 
6500 

N, 

936 
959 

7 029 
8 000 

1 333 
1 502 
5 963 
9 500 

1 687 
1 738 
9 526 

10 772 
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FIG. %~Crack directions for \(. 12 = 1.0% and R, = 0. 
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FIG, 9~Crack directions for Ae/2 = 0.5% a/rrf R, = 0. 
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FIG. 10—Correlation of test data for R, = - / (a) maximum plastic shear strain amplitude: (b) 
Lohr and Ellison parameter; (c) Kandil, Brown, and Miller parameter. 

Cracks along the 7*-plane were found in tension and combined tension and 
torsion but not in torsion loading. In torsion, cracks initiate and grow on max
imum shear strain planes. Correlations based on the maximum shear strain pa
rameter proposed by Kandil, Brown, and Miller are shown in Fig. 10c. The 
solid line is the estimate from Eq 7. Although better correlation is observed for 
the Lohr and Ellison parameter even though cracks were not found on the -y*-
planes, both approaches could be made to fit the data equally well by adjusting 
the constants fe ( = 0.4) and 5 (unity) used in formulating Eqs 2 and 3, respec
tively. 

Better correlation can be obtained if the life to the formation of a 1-mm crack 
is used rather than final failure. The growth of cracks from 1 mm to specimen 
failure is quite different in the tension and torsion tests. Beer [8] has shown that 
the cracking mode (for example, Mode II) and crack shape are nearly the same 
for all of the tests until the crack reaches a length of 1 mm. 

Correlations based on final fracture may be acceptable for engineering esti-
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mates where a factor of 2 in life is considered good. They are not, however, 
adequate for tests to discriminate between fatigue theories. The comparison 
should be made on an equal basis and that basis should be similar cracking 
modes and size. These cracks grow to final failure in different modes and should 
be treated with a separate analysis for each mode. 

The data presented in Fig. 11 are for the plastic shear strain versus cycles to 
the formation of a 1-mm crack. Both the Lohr and Ellison and the Kandil, 
Brown, and Miller parameters provide good estimates of the life to form a I-
mm crack as shown in Fig. 11. Correlation is better than the total fatigue life 
estimates in Fig. 10. 

Mean stress or strain effects are observed when comparing the lives reported 
in Tables 2 and 3 for final failure and 1-mm crack lives. The effect is not 
observed for the formation of a 0.1-mm crack. At the higher strain amplitude. 

O Tension 
O Combined 
^ Torsion 

10' 10 

Life fo I mm Croch (Cycles) 

-J-
d 

10' 10* 

Life to I mm Crack (Cycles) 

<>̂  

a Tension 
o Combined 
A Torsion 

10' 10 
Life to I mm Crock (Cycles) 

FIG. 11—Correlation of teal data based on 1-mm crack size (a) maximum plastic shear strain 
amplitude; (b) Lohr and Ellison parameter: (c) Kandil. Brown, aitd Miller parameter. 
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the mean stress in both tension and torsion relaxes to zero, and no effect on life 
is observed for any of the life criteria. From these data, one can conclude that 
mean stress rather than mean strain is the controlling variable. Mean stresses 
for the lower strain amplitude do not completely relax, and an effect on fatigue 
life is observed. 

One possible method for including mean stress effects would be to modify 
Eqs 2 and 3 to include a mean stress term. Plastic shear strain amplitude is the 
dominant parameter in determining the fatigue life. Normal strain across the 
shear plane has a smaller effect. Mean stresses across the shear plane should 
have also effects similar to the normal strain. Findley [9] proposed that the 
normal stress on the critical shear plane would have a linear influence on the 
allowable alternating shear stress. A similar modification for the Lohr and Ellison 
parameter can be expressed as 

+ 0.4 e„,* + CT„„*/£ = 1.6 ^',{2 N,y (9) 

where o-„„* represents the mean stress across the 7*-plane and is determined 
from Mohr's circle of stress for CT, and GTZ similar to the calculation of e„*. The 
modification for the Kandil, Brown, and Miller parameter can be expressed as 

% + e„p + ^JE = 1.75eV(2N,)' (10) 

This equation is consistent with the observations of the crack directions. That 
is, crack directions do not change when mean stresses are present. Mean stress 
only influences fatigue life. Correlations based on the two parameters are shown 
in Fig. 12 for life to a 1-mm crack. Agreement for both parameters is good for 
the limited amount of data available. 
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12—Correlation of test data including mean stress effects (a) Lohr and Ellison parameter; 
Kandil, Brown, and Miller parameter. 
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Mohr's circle of strain shows that a mean stress can exist on the 7*-plane but 
not the 7-plane during torsion testing. The low amplitude torsion tests show a 
small influence of torsional mean stress. Much work still needs to be done in 
the area of multiaxial mean stress effects. 

Summary 

1. The Lohr and Ellison parameter provided the best correlation of the data 
for total fatigue lives and can be combined with uniaxial material properties to 
estimate lives in biaxial loading. 

2. Improvement in multiaxial fatigue correlations can be obtained by defining 
life as a 1-mm crack rather than specimen failure because of the differences in 
macroscopic crack growth lives in tension and torsion. 

3. Both Lohr and Ellison and Kandil, Brown, and Miller parameters provide 
good correlation for the life to the formation of a 1-mm crack. 

4. Mean stresses effects observed in /f̂  = 0 testing were accommodated by 
modifying the shear strain parameters to include the mean stress acting normal 
to the shear plane. 
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DISCUSSION 

W. N. Findley^ (written discussion)—The authors' experiments were confined 
to low-cycle fatigue. In common with other investigators of low-cycle fatigue 
they appear to assume that low-cycle fatigue is a different phenomena from high-
cycle fatigue and thus draw no comparisons and cite no references to similar 
work on high-cycle fatigue. Thus, I would like to take this opportunity to point 
up some of the relevant features of prior work on high-cycle fatigue under 
multiaxial loading and mean stressing. 

Early work on fatigue under combined bending and torsion included the ex
tensive results reported by Gough and Pollard in 1935^. More recent works by 
the writer and others were reported.'"' These report fatigue tests well into the 
yield region and failures after as little as 2 x 10̂  cycles. Footnotes 3 and 4 
contain a review and extensive bibliography. 

Fatigue Fractures 

It was gratifying to note that the authors found the initiation of fatigue cracks 
to occur on or near principal shear planes. This was also observed in footnote 
4 and reviewed in footnote 8. The following paragraphs are quoted from footnote 
4, which is not readily available. 

Fractures of fatigue specimens representing various loading conditions are 
illustrated in (Figure 14 of footnote 4.) The entire group of fractured specimens 
was assembled in an orderly sequence according to stress amplitude, mean 
stress, and state of stress for examination. It was observed that there were from 
one to three long cracks lengthwise of the specimen in the torsion specimens 
having highest stress amplitudes. Some of these cracks were as deep as the 
center of the specimen. The final fractures, however, occurred as transverse 
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cracks. As the stress amplitude decreased the extent of the longitudinal cracking 
decreased and at the lower stress amplitudes the final fractures changed to a 
spiral or stairstep pattern. 

Examination of torsion specimens having mean stresses greater than zero 
showed that the transition from a final fracture of the transverse type to the 
spiral type occurred at higher stresses (from 17 000 to 25 000 psi) and smaller 
numbers of cycles (from 23 x 10' to 77 x 10̂ ) as the mean stress increased 
from 0 to 45 000 psi. 

After cracks had formed in the fatigue tests, a black powder exuded from 
the cracks (especially in torsion). The fractured specimens also showed that 
fractured surfaces on which shear stresses had acted were blackened, except in 
some of the torsion specimens in which the transverse planes had been consid
erably gouged as a result of the large relative movements during the final stages 
of the test. 

In the tests having a state of stress such that T = 1.207 the two highest-
stressed specimens had long longitudinal cracks which were at angles of 3°, 8° 
and 1 r to the axes of the specimens. These angles are in approximate agreement 
with the angle (11.3°) of the plane of maximum shearing stress. At lower stresses 
the general fracture is of the spiral type. 

The specimens fractured in bending showed that all fractures were essentially 
transverse with small areas of black markings. The extent of the black markings 
decreased with decrease in alternating stress and with increase in mean stress. 
At the highest amplitudes of stress, cracks appeared to form at several points. 
At zero mean stress and high amplitude, cracks formed on both top and bottom 
surfaces. 

Microscopic examination of the fractures indicated that blackened areas were 
surfaces which would have been subjected to shear stress. It was also observed 
that the point of initiation of the fatigue cracks contained surfaces of fracture 
which were shear planes either at an angle to the axis and to the surface of the 
specimen or at an angle to the axis and perpendicular to the surface of the 
specimen. 

The fractures under other combinations of bending and twisting were helical 
or diagonal fractures with some black markings as in the bending fatigue spec
imens. The angle of the helix or diagonal plane was roughly that of the plane 
of maximum principal stress, except that this angle decreased (tended to become 
a transverse plane) as the mean stress was increased in the tests for a state of 
stress such that T = 0.5a." 

Effect of Normal Stress Acting on the Critical Shear Plane 

A theory of the effect of the normal stress acting on a critical shear plane (not 
necessarily the principal shear plane) was described by Stulen and Cummings"* 
and by Findley, Coleman, and Hanley' in which the effect of the normal stress 
is to decrease fatigue strength when tensil and increase it when compressive. 
The degree of effect of the normal stress depended on the material through a 

'"Stalen, F. B. and Cummings, H. N. in Proceedings, American Society for Testing and Materials, 
Philadelphia. Vol. 54, 1954, p. 822. 
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parameter k. An extension of this theory to include mean stresses under com
binations of stresses by Findley' showed the following relation for the orientation 
9 of the critical shear plane on which cracks initiated 

where T /̂CT^ = TMI^M = a,M, and A refer to maximum and alternating stresses, 
k is the degree of influence of the normal stress, / is the critical shear stress 
when the normal stress is zero, and 9 is the angle of the critical plane with 
respect to the principal stress direction. 

Equation 1 shows that the critical shear plane for zero mean stress is a few 
degrees from the principal shear plane for small k and a few degrees from the 
principal plane for large k {k is small for ductile metals). It was noted that when 
the maximum stress was zero (entire cycle in compression) 9 was 45° for all 
values of k. Equation 1 was reported to be in reasonable agreement with most 
available observations. 

D. F. Socie, L. A. Waill, and D. F. Dittmer (authors' closure)—The authors 
would like to thank Prof. Findley for his valuable contribution. Equation 1 
indicates that the cracking direction will be affected by mean tensile and shear 
stresses. Additional testing with this material" for a wide variety of mean stresses 
has shown that the cracking direction is only dependent on cyclic shear strain. 

"Socie, D. F. and Shield, T. W., "Mean Stress Effects in Biaxial Fatigue at Inconel 718," yourna/ 
of Engineering and Materials Technology, Vol. 106, 1984, pp. 227-232. 
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ABSTRACT: A method of performing torsional low cycle fatigue tests on thin-walled 
tubular specimens is described. Shear strains are measured and controlled using an internally 
mounted rotary variable differential transducer (RVDT). Test results for a 1045 hot-rolled 
and normalized steel are discussed. 

As in the case of uniaxial fatigue analysis, power law relationships are assumed in the 
elastic strain-Kfe, plastic strain-life, and stress-plastic strain functions. From this analysis, 
the fatigue strength and ductility exponents and coefficients in torsion are determined, as 
well as the cyclic strain hardening exponent and strength coefficient in torsion. These 
properties are compared to those obtained in uniaxial fatigue tests of the same steel. The 
question of whether the cyclic strain hardening, fatigue strength, and fatigue ductility 
exponents are stress state dependent is specifically addressed. This is one of the fundamental 
issues that must be resolved if uniaxial fatigue properties are to be used to analytically 
predict multiaxial fatigue behavior. 

KEY WORDS: fatigue (materials), fatigue tests, low cycle fatigue, shear stress, shear 
strain, torsion tests, shear properties 

The local stress-strain approach for estimating fatigue lives is currently used 
by the ground vehicle industry on a worldwide basis. While this approach is 
well documented [1,2] for the uniaxial fatigue of wrought metals, there is no 
general agreement on how to deal with multiaxial fatigue. Given the effort and 
resources previously devoted to determining axial baseline fatigue properties, it 
would be advantageous if one could apply or extrapolate or both the axial 
properties to other loading modes. Most proposed multiaxial fatigue life predic
tion schemes attempt to do so. A fundamental issue to be resolved in such an 
approach is whether or not the exponents of the strain-life relationships are stress 
state independent. 

While many investigators have performed shear strain controlled fatigue tests, 
there is little experimental data published containing both axial and torsional 

'Formerly, engineer, Deere & Company Technical Center, Moline, IL 61265; presently, TRW, 
Inc., Cleveland, OH 44117. 

^Professor, Theoretical and Applied Mechanics, University of Illinois, Urbana, IL 61801. 
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fatigue data, allowing one to specifically address the question of stress state 
dependency of the fatigue life exponents. Dowling [3] recently concluded that 
torsional cyclic stress-strain and strain-life response can be adequately predicted 
from axial properties for a Ni-Cr-Mo-V steel. Earlier work by Yokobori [4] 
shows conflicting results with a mild steel. Engineers who must predict multiaxial 
fatigue lives are often forced to make an assumption one way or the other. 

In this paper, results of shear strain controlled torsional fatigue tests of a 
common industrial shaft steel are presented. Torsional fatigue properties are 
obtained in a manner analogous to the reduction of axial fatigue data, allowing 
comparisons of axial fatigue properties with those obtained in a nonaxial loading 
mode. These comparisons are offered as an extension of the localized stress-
strain approach and are directed towards current industrial applications. 

Experimental Program 

Material 

All of the material used in this investigation was obtained from the stock of 
1045 hot-rolled and normalized steel used in the Society of Automotive Engineers 
(SAE) biaxial fatigue research program. Inland Steel provided eight tons of 
63.5-mm-diameter bar stock from the same heat for use in the SAE biaxial 
program, and LaSalle Steel performed the normalizing treatment. Availability 
aside, this material was chosen to complement the SAE biaxial research effort. 

Chemical composition of the steel is shown in Table 1. Brinell hardness 
measurements from all specimens fell within the range of 192 to 201. The micro-
structure consisted of fine grained pearlite and ferrite, but also contained thin 
inclusions along the rolling direction up to 0.1 mm in length. Figure 1 shows 
the microstructure. 

Tables 2 and 3 list the axial monotonic and fatigue properties, respectively, 
from 6-mm-diameter specimens. Axial strain-life curves are shown graphically 
in Fig. 2. Failure in the axial tests was defined as an 80% drop in load. The 
associated cyclic stress-strain curve superimposed on the monotonic, shown in 
Fig. 3a, shows cyclic softening at low strain amplitudes and cyclic hardening 
at high strain amplitudes. 

TABLE 1—Chemical composition of 1045 steel. Chemical analysis, percent by 
fromRef9. 

C 

0.44 

Mn 

0.70 

P 

0.019 

S 

0.046 

Si 

0.23 

Ni 

0.03 

Cr 

0.05 

Mo 

nil 

weight. 

Cu 

0.03 

obtained 

Al 

0.05 

Nb Pb Ti 

0.0002 0.002 0.008 0.005 0.002 

 



484 MULTIAXIAL FATIGUE 

SPECIMEN AXIS 

•V-

, • O . lnmn 

FIG. ]—Microstructureofthe 1045 HR and normalized steel used. {Picture courtesy of D. Brodd, 
Deere & Company Technical Center, Moline, IL.) 

Test and Specimen Design 

There were two basic requirements considered in establishing the torsional 
fatigue test method: 

1. Control of the total shear strain range within the gage length of deformation. 
2. Capability of measuring total shear strain, shear stress amplitude, shear 

modulus, and cycles to failure. 

Inside 
Diameter 

M022 
MI04 

Average 

TABLE 2— 

BHN 

157 
148 

153 

-Axial monotonic 

MPa 

384 
379 

382 

properties 

MPa 

992 
911 

985 

of 1045 steel. Obtained from Ref9. 

^1 

0.71 
0.71 
0.71 

Reduction 
in Area, % 

51 
51 

51 

E, 
MPa 

203 350 
201 400 

202 375 
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TABLE 3—Axial fatigue data and properties. Raw data obtained from Ref9. 

E = 202 375 MPa 
K' = 1258 MPa 
n' = 0.208 

b = 
948 MPa 
-0.092 
0.260 
-0.445 

Total 
Strain 

Amplitude 

Stress 
Amplitude, 

MPa 

Plastic 
Strain 

Amplitude 
Reversals 
to Failure 

0.0200 
0.0150 
0.0100 
0.0100 
0.0080 
0.0080 
0.0060 
0.0060 
0.0050 
0.0040 
0.0040 
0.0030 
0.0025 
0.0020 
0.0020 
0.0015 

524 
499 
452 
465 
445 
440 
400 
420 
372 
351 
353 
315 
298 
270 
269 
241 

0.01741 
0.01253 
0.00777 
0.00770 
0.00581 
0.00583 
0.00402 
0.00393 
0.00316 
0.00227 
0.00226 
0.00144 
0.00103 
0.00067 
0.00067 
0.00031 

514 
770 

3 054 
2 922 
6 088 
4 093 
13 344 
13 650 
25 826 
35 970 
40 398 
73 860 
234 268 
523 222 
762 902 

4901 750 
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FIG. 2—Axial total strain versus reversals to failure. 
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It was the second consideration that dictated specimen geometry. A direct 
stress calculation from acquired load data can be made for a thin-walled tubular 
specimen, assuming that the stress is constant across the thickness and that the 
thickness of the wall is constant. Hence, a specimen with a thin-walled gage 
length was used. The ratio of wall thickness to the outer and inner diameter was 
0.1 and 0.125, respectively. Note that the 4 mm wall thickness is of a dimension 
comparable to the axial specimens, which were 6 mm in diameter. Figure 4 
shows the geometry and dimensions of the test specimen. 

Each specimen had a honed surface on the interior and a ground outer surface. 
Thus, the surfaces were not as finely polished as would be a smooth, round axial 
fatigue specimen. However, the grinding marks were circumferential on the 
specimen and were subsequently found to be perpendicular to the direction of 
crack growth. 

The basic test system was that designed by Galliart and Downing [5] for use 
in the SAE biaxial fatigue program. It included two independent linear actuators 
with two 45-kN load cells. The specimen was clamped into the test frame with 
a wedge-type fixture and into the load arm with a collet. Most of the hardware 
was adapted from MTS materials test systems, including a computer interface 
to a PDF 11/04 allowing computer control of the two rams. In the SAE biaxial 
program, this test setup is used for load controlled combined bending/torsion 
tests. Hence, some hardware and software modifications were necessary to per
form strain controlled tests in torsion. 

To reduce the possibility of undesired bending, the load cell on actuator number 
two was slaved to the inverted signal from actuator number one directly through 
the internal hardware. Hence, at any point in time, each ram theoretically im
parted loads of equal amplitude but opposite sign on the specimen to achieve 
pure torsional loading. In actuality, there was a slight time lag between the 
measuring of the load signal of ram number one and execution of the inverted 
signal by ram number two. Any continued resultant difference in load amplitudes 
between the rams would produce a cyclic bending stress. Typically, the bending 
stress computed from the two measured loads was less than 2% of the shear 
stress range and considered negligible. 

« 120 mm-

r 
63.5 mm L 

-360 mm-
-107 mm— -100 mm-

A -
-25 mm R.-

45 mm 

J. 

40 mm -«—•—*)- 32 mm 

SECTION A-A 

FIG. 4—Torsional fatigue specimen. 
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A method was needed for measuring the shear strain over the gage length 
which could be also used as the feedback signal in the closed-loop control. The 
"shear strain extensometer" devised [6] consisted of a Schaevitz R30D rotary 
variable differential transducer (RVDT) set into two sleeves, one holding the 
body of the RVDT and the other attached to the shaft. Each sleeve consisted of 
two pieces separated by an 0-ring. By tightening the two pieces together, each 
O-ring could be expanded against the inside diameter of the specimen, thus 
internally mounting the RVDT between the two 0-rings, within the gage length 
of the specimen. 

The RVDT produced a voltage output as a function of the angular position 
of the shaft. In this test procedure the RVDT output indicated the relative angular 
displacement between the 0-rings. Since the angle of twist is directly proportional 
to the shear strain, control of the angle of twist constituted control of the shear 
strain over that same gage length. 

Each specimen was strain gaged with a three-legged rosette, placed approx
imately in the middle of the gage length. Prior to the fatigue tests each specimen 
underwent several single cycle tests at 7„ — 0.001 to compare the RVDT and 
the rosette readings. Any initial disparity was due to the gage length input 
parameter used with the relative angle of twist to calculate the shear strain 
measured by the RVDT. In a sense, this method experimentally "calibrated" 
the RVDT with the rosette. 

There were predetermined intervals during the fatigue tests at which data 
acquisition was performed and written to disk so that the stress-strain response 
could be regenerated at a later time. These intervals were at 1, 17, 33, 65, 129, 
256 . . . etc., cycles, although immediate mode data acquisition could be per
formed on demand at any time. Intermittently, during most fatigue tests, cellulose 
film replicas were made that were later examined under an ordinary light mi
croscope for studying surface cracking. In all tests the life to failure, as deter
mined by a drop in the load required to enforce the given strain amplitude, was 
recorded. 

Three specimens were tested at each of the following shear strain amplitudes: 
7„ = ±0.0250, ±0.0150, ±0.0080, ±0.0050, and ±0.0040. One specimen 
was tested at 7^ = ±0.0060 before the strain amplitudes for testing were firmly 
established and the remaining specimen was tested at 7„ = ±0.003 to represent 
long life behavior. 

Data Reduction 

The elastic strain-life, plastic strain-life, and cyclic stress-strain equations can 
be expressed in terms of torsional fatigue parameters as follows 
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^ = 7'/(2^/)'» (2) 

T„ = K'„ (7',)"'" (3) 

where 

A7f = elastic shear strain range, 
A7p = plastic shear strain range, 

T„ = true torsional stress amplitude, 
T'/ = torsional fatigue strength coefficient, 
7'/ = torsional fatigue ductility coefficient, 

K'„ = cyclic torsional strength coefficient, 
b„ = torsional fatigue strength exponent, 
Co = torsional fatigue ductility exponent, and 

n'„ = cyclic torsional strain hardening exponent. 

Assuming that in pure torsion, the total shear strain is the summation of the 
elastic and plastic shear strain, one arrives at the following relationships between 
total shear strain and life 

^ = ^^2yV^)''» + 7V(2^/)'" (4) 

and cyclic shear stress and shear strain 

A7 T„ / T, 

2 G \K'' ^^^ 

Results 

There were two distinctly different modes of failure observed in all tests: a 
shearing mode where longitudinal cracks parallel with the specimen axis formed, 
followed by a mode where the faces of the longitudinal cracks opened and closed. 
Either mode in itself could be described in terms of initiation and propagation, 
with the propagation of longitudinal cracks in shear preceding the initiation of 
opening and closing across the faces of the same cracks. Hence, defining the 
fatigue life to crack initiation cannot be done without qualifying the mode of 
cracking. 

For the purpose of comparing fatigue properties between axial and shear strain 
controlled conditions, like modes of failure must be considered. Therefore, for 
this discussion, failure in the torsional tests is defined as that point where a crack 
exists that is opening and closing. This appeared to coincide with the occurrence 
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of a through thickness (4 mm) crack, causing a drop in the load ampHtude 
required to maintain strain levels. Although the actual percentage of load drop 
at the point considered failure varied slightly for each specimen, it was typically 
between 10 and 20%. Any error introduced by this variance is slight since the 
drop in load is rapid after its onset. 

Table 4 lists the results of all torsional fatigue tests. In all cases the stress 
amplitude was measured at the half-life where it was assumed that the stress-
strain response was stable. Where possible, the shear modulus, G, was calculated 
with the data acquired in the first ramp to yield. The average shear modulus for 
the 17 tests was 79 100 MPa. Elastic strain was calculated by dividing the shear 
modulus into the shear stress amplitude, and then subtracted from the total shear 
strain to obtain the plastic shear strain. The fatigue properties were obtained by 
linear regression of Eqs 1 to 3. Figure 5 shows the results graphically. The cyclic 
stress-strain curve in torsion is superimposed on the monotonic curve in Fig. 
3b. Mixed mode cyclic softening and hardening behavior is observed in torsion 
as it is in axial conditions. 

Table 5 shows a comparison of the fatigue properties in the axial and torsional 
cases. Included in this table are the transition fatigue lives, where the elastic 
and the plastic strains are equal. 

TABLE 4—Torsional fatigue data and properties. 

Shear 
Strain 

0.0250 
0.0251 
0.0250 
0.0150 
0.0150 
0.0150 
0.0150 
0.0082 
0.0082 
0.0082 
0.0060 
0.0050 
0,0050 
0.0050 
0.0041 
0.0040 
0.0039 
0.0030 

T'/ 

y) 
K'„ 

G 

Shear 
Stress, 
MPa 

272 
270 
259 
232 
237 
232 
235 
198 
200 
194 
186 
161 
165 
168 
160 
159 
154 
148 

= 505 MPa 
= 0.413 
= 615 MPa 
= 79100 MPa 

Shear 
Modulus, 
MPa 

80 200 
78 200 
80 100 
78 400 
78 200 
78 100 
78 400 
81 200 
80 400 
79 100 
78 400 
78 000 
78 000 
78 300 
81 200 
78 000 
78 200 
80 700 

b„ 
<-'„ 

n'o 

Plastic 
Shear 
Strain 

.0216 

.0216 

.0218 

.0120 

.0120 

.0120 

.0120 

.0058 

.0057 

.0057 

.0036 

.0029 

.0029 

.0029 

.0021 

.0020 

.0019 

.0013 

= -0.097 
= -0.445 
= 0.219 

Reversals 
to Load 
Drop Off 

940 
990 

1 082 
2 538 
2 758 
2 934 

11 010 
14 264 
16 716 
22 146 
60 746 
70 036 
72 234 
83 678 
145 928 
190 536 

1092 006 

Speci
men 
No. 

20 
18 
16 
1 
6 
13 
2" 
12 
3 
4 
5 
11 
14 
15 
T 
10 
9 
8 

"Test aborted due to hydraulics failure. 
Test interrupted due to lack of agreement between RVDT and rosette. Specimen and RVDT reset. 
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FIG. 5—Total shear strain versus reversals to failure. 

E 06 

The reporting of torsional fatigue tests results would not be complete without 
describing the surface cracking phenomena that occur long before any load drop 
can be detected. Small (0.25 mm) longitudinal cracks were detected on the 
surface throughout the gage length early in each test. As the early cracks grew 
to approximately 1 mm in length, many other smaller cracks continued to appear. 
However, the majority of these cracks remained small while relatively few 
continued to grow to the 2 and 3 mm lengths. Near the end of a test, many of 
the cracks joined, greatly increasing the apparent crack propagation rate. Finally, 
a crack would propagate through the wall thickness. 

TABLE 5—Summary of fatigue properties. 

Fatigue 
Property 

c, as regressed 

c = b/ti' 

K' otK\, 
MPa, as regressed 

a', or ^'f (MPa) 

£'/ or -yV 
IN, 

Axial 

-0.092 

0.208 

-0.445 

-0.442 

1258 

948 

0.260 

87 382 

Stress State 

Torsional, 
17 test points 

-0.097 

0.219 

-0.445 

-0.443 

615 

505 

0.413 

159 790 
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(a)N = 0. 
(b) N = 259, Af, = 5505. 
(c) N = 4633, ;v, = 5505. 

FIG. 6—Replicas of specimen #12. 7, = ±0A 
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Figure 6 shows the progression of surface cracking at one specific location 
for a specimen tested at 7„ = ±0.008. These pictures were taken from the 
replicas made during the test. The horizontal streaks are grinding marks, while 
the primarily vertical lines are the longitudinal fissures. Note that the alignment 
of the cracks is along a plane of maximum shear stress, which also coincides 
with the rolling direction of the material. Any tensile stress normal to this plane 
is negligible. Note also the similarity in alignment of the surface cracks seen in 
Fig. 6b to that of the inclusions present in the microstructure seen in Fig. 1. 

One would expect that the presence of cracks would cause a drop in load. 
Actually the shear stress amplitude increased as the surface cracking became 
more extensive. In the particular example shown in Fig. 6, the material cyclically 
softened between N = 1 and N = 259, with the shear-stress range decreasing 
from approximately 415 to 383 MPa. Coincident with the detection of cracks at 
N = 259, the shear-stress range began to increase until it reached 401 MPa at 
N = 5195. Failure of this specimen was recorded at A? = 5505 (2Af = 11 010) 
due to a detected drop in load. Note that the life to detection of a significant 
surface crack in shear was only 5% of the total failure life. This pattern of surface 
cracking was exhibited by all the specimens, although the degree of surface 
cracking and when it was detected relative to total life may be dependent on the 
shear strain amplitude. It appeared that as the shear strain amplitude increased, 
the surface cracks were detected earlier in life, with the small cracks joining to 
form a predominant crack. Also, the surface cracks were often long compared 
to the wall thickness. A surface crack on specimen number 14 (tested at 
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7a = ±0.005) was directly observed through a microscope growing from 5 to 
23 mm in total length before any load drop occurred. 

Discussion 

The shear strain controlled data presented here show a good fit to the power 
law fatigue relationships as written in terms of a torsional stress state. This result 
alone enhances the prospect of extrapolating the axial strain-based fatigue meth
odology into multiaxial situations. Even more promising is the quantitative com
parison of the three fatigue exponents between torsional and axial stress states. 

Within the context of normal scatter of fatigue data, the exponents in the 
torsional and axial states are essentially equal. It is important to realize that 
including or excluding any one data point will somewhat change the numerical 
values of b, c, and n'. However, the change should be slight if enough good 
data covering an adequate life range for analysis are used. 

While consistency within any one analysis is important, it appears that b, c, 
and n' would not be affected if failure was defined differently in terms of crack 
dimensions. Dowling [7] showed constant exponents when measuring life to 
various crack lengths in the axial fatigue of a pressure vessel steel. Similar results 
are also obtained with Inconel 718 when the torsional data for various failure 
definitions reported by Socie et al [8] are fitted to Eqs 1 to 3. However, the 
coefficients of the power law relationships certainly depend on the final crack 
size. In this investigation, the torsional specimen wall thickness and the axial 
specimen radius are of roughly the same dimensions. Hence, one might try to 
predict torsional fatigue response using fatigue shear ductility and shear strength 
coefficients derived from the axial properties and an equivalent stress criterion. 
Using the Tresca (T'^ = a-'^/l and y'^ = 1 . 5 e'y) or the von Mises 
(r'f = (y'f/v3 and 7'/ = V3 e'/) criterion, the predicted shear strength and 
ductility coefficients would envelope the values determined from the actual torsional 
fatigue data. The cyclic shear stress-shear strain curve and the total shear strain-
life curve obtained from these criteria are shown graphically in Figs. 7a and b, 
along with the torsional fatigue raw data points. 

The presence of longitudinal surface cracks with no corresponding load drop 
suggests that more attention must be given to establishing and defining failure 
criteria for multiaxial fatigue than for uniaxial. For the higher shear strain am
plitudes tested here, surface cracks existed for nearly the entire life of the spec
imen. Yet, a crack propagation approach seems impractical to apply at the early 
stages due to the vast number of cracks apparently growing at different rates. 
One is reminded that the nucl6ation and growth of very small cracks consumes 
most of the life of axial specimens as well. This similitude is essential in the 
comparison of axial and torsional response within the confines of the local stress-
strain approach. 
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FIG. 7—Torsional fatigue response as predicted from axial properties using von Mises and Tresca 
criteria. 
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Conclusions 

The experimental results presented here support the following conclusions: 

1. Shear strain controlled fatigue data may be reduced with the same power 
law relationships as in the axial case. 

2. The steel tested exhibits cyclically mixed mode behavior in torsional fa
tigue, that is, it cyclically softens at low strain amplitudes and cyclically hardens 
at high strain amplitudes. 

3. The fatigue strength exponent, b, cyclic strain hardening exponent, n', 
and the fatigue ductility exponent, c, are independent of the stress states tested 
for like modes of failure for 1045 HR and normalized steel. 

4. The inclusions in this steel probably act as initiation sites for the longitudinal 
shear cracks. 

5. Relatively large surface cracks in shear exist during a significant portion 
of the full load carrying lifetime. 
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ABSTRACT: Three-dimensional stress-strain fields are routinely determined for complex 
components using elastic and elastic-plastic finite element models. Although the local 
stress-strain response can be easily determined, the proper approach to strain based mul
tiaxial fatigue analysis is not clear. Several multiaxial fatigue theories have been suggested, 
but there exists a lack of consensus on which model is most appropriate. To clarify the 
situation, experiments have been performed on two different multiaxial specimen geo
metries. Results are compared with theoretical predictions. 

Thin-walled tube specimens have been tested using combined in-phase tension-torsion 
loading. This specimen geometry has a simple uniform stress-strain state. Tests were also 
performed using a solid notched shaft specimen subjected to inphase torsion-bending loads. 
Stress-strain gradients exist in the notch root. Local multiaxial stress-strain fields were 
determined using an elastic-plastic finite element model. 

Five current multiaxial strain based fatigue theories have been developed to correlate 
the experimental results. Fatigue life estimates were based upon uniaxial strain controlled 
fatigue data. 

Correlations for the thin-walled tube test series were within a factor of 3 in fatigue life. 
For the notched shaft specimen with the more complex stress-strain state, life estimates 
were in error by a factor of 10 in fatigue life. This suggests that the effects of geometry 
are as important as the selection of the fatigue theory. Much additional work needs to be 
done to understand the effect of notches in multiaxial fatigue before these methods can be 
routinely implemented by designers. 
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7max''̂ 7max>tn Maximum shear strain, maximum shear strain range, and normal 
strain, respectively 

•Y*,A7*,e„* Lohr-EUison shear strain, shear strain range, and normal strain, 
respectively 

a-'f Fatigue strength coefficient 
b Fatigue strength exponent 

e'y Fatigue ductility coefficient 
c Fatigue ductility exponent 

Nf Cycles to failure 
E Young's modulus 
V Poisson's ratio 
k Constant 

Strain-based fatigue analysis is routinely employed to assess the fatigue re
sistance of components in the ground vehicle industry [/]. Unfortunately, these 
methods are restricted to uniaxial loading situations such as simple notches in 
plate-like structures. Many components are subjected to multiaxial stresses and 
strains. Examples include axles, frames, shafts, and springs. Analytical stress 
analysis techniques are available in which elastic and elastic-plastic models are 
routinely employed to determine three-dimensional stress and strain states in 
complex components. Analytic procedures for multiaxial fatigue analysis have 
been slow to develop due to the complexity of the subject and the difficulty in 
obtaining experimental data. As a result, no consensus exists as to the most 
appropriate multiaxial fatigue theory. Designers have relied on extensions of 
static yield criteria such as maximum principal strain, maximum shear strain, 
and octahedral shear strain for making judgments about the fatigue resistance of 
their components. 

Five strain based multiaxial fatigue theories have been investigated. A rela
tionship between the applicable strain parameter and the number of cycles to 
failure has been developed for each theory. Results of two series of biaxial 
fatigue tests are analyzed using these relationships. Thin-walled tube specimens 
have been tested under strain controlled completely reversed combined tension-
torsion loading. 

The Society of Automotive Engineers (SAE) Fatigue Design and Evaluation 
Committee established a testing program to provide experimental data for as
sessing the reliability of existing multiaxial fatigue design procedures and to 
stimulate research and development of improved analytical methods [2]. A sim
ple notched shaft that would simulate an engineering component was selected 
as the test specimen. Experiments have been performed by applying combinations 
of cyclic torsion and bending loads to the shaft. Local multiaxial stress-strain 
states in the notch were calculated using a three-dimensional elastic-plastic finite 
element model. 

If fatigue life is a function only of the local strain, similar correlations of test 
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results should be obtained by applying the same strain-based theories to both 
types of specimens. 

Fatigue Theories 

A number of good reviews on multiaxial fatigue exist [3-5] and will not be 
repeated here. Three commonly used approaches based on extensions of static 
yield criteria and two new theories based on critical damage planes were selected 
for this investigation. Extensions of static criteria are the maximum principal 
strain, the effective strain, and the maximum shear strain. The critical plane 
approaches have been proposed by Lohr and Ellison [6] and by Kandil, Brown, 
and Miller [7]. A shared characteristic of all five approaches is that the required 
material properties can be determined from standard uniaxial fatigue test data. 

Uniaxial fatigue data are commonly reported in terms of strain-life curves. 
The relationship between fatigue life and applied strain amplitude is given by 

In the uniaxial test, the maximum principal strain amplitude is equal to the 
axial strain amplitude. Life estimates based on the range of maximum principal 
strain are obtained using Eq 2. 

^ ^.^ilNf)" + €'f(2Nfr (2) 

Effective strain also may be used to correlate the fatigue data. Effective strains 
normalized to the axial case are given by 

e = ^ t^^' ~ ^^)' + (̂ 2 ~ ^'^' + ^^' ~ ^3)' ]" ' (3) 

This equation is often employed even though it is derived for Poisson's ratio 
of 0.5. The amplitude of effective strain can be computed by substituting the 
amplitudes of principal strains into Eq 3. The effective strain amplitude is equal 
to the axial strain amplitude during uniaxial testing. 

^ ^^^2Nf)>' + e'filNfY (4) 

Equation 4 then may be used to estimate fatigue lives based on effective 
strains. 

Correlations based on maximum shear strain can be obtained by converting 
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uniaxial data into shear strains 

^ = ( l + v ) y (5) 

For combined loading, maximum shear strain is computed using e, and e, from 
Mohr's circle 

^ = A(e, - e,), e, & €2 > 63 (6) 

Substituting the appropriate Poisson's ratio for elastic and plastic components 
of strain leads to the life relationship given in Eq 7 

^ = 1.30Y^(2A'^)'' + \ .50 e'filN^y (7) 

Lohr and Ellison [6] have proposed a theory based on the maximum shear 
strain 7* which occurs on planes intersecting the free surface at 45° for tension-
torsion loading of thin-walled tubes. The normal strain to this plane e„* has a 
modifying influence. They argue that the strains that cause cracks to grow into 
the specimen are more important than the strains that cause cracks to grow along 
the surface. This parameter is computed from Mohr's circle of strain for e, and 

A7* 
- y - = A(e, - ê ) 

(8) 
* A(^i + ^2) 

2 

Substituting the appropriate Poisson's ratio for elastic and plastic strains gives 

~ + 0.4 e„* = 1.44^''(27V,)'' + 1.60 e'filNfY (9) 
2 E 

The coefficient of e„* in Eq 9 was found to be nearly constant for several materials 
by Lohr and Ellison and is used here. 

Kandil, Brown, and Miller [7] proposed a critical plane theory based on the 
maximum shear strain range A7max modified by the normal strain to the plane 
of maximum shear, e„. Maximum shear strain is given by Eq 6 and the normal 
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strain is 

e„ = 
A(e, - €3) 

(10) 

Again substituting appropriate values of Poisson's ratio results in 

~ ^ + ke„ = 1.65 ^) (2NfY + 1.75 ^'filNfY (11) 
2 E 

The constant k has been taken as unity. 
Equations 2, 4, 7, 9, and 11 can be used with material properties determined 

from uniaxial fatigue tests to estimate fatigue endurance for more complex states 
of strain. 

Test Program 

Material 

Hot-rolled 1045 steel (63.5-mm-diameter bars) in the normalized condition 
was used for all tests in this investigation. The unetched microstructure is shown 
in Fig. 1. Note the sulfide inclusions in the direction of rolling which are 
approximately 0.1 mm long. Mechanical properties are given in Table 1. Fatigue 
specimens 45 mm long with a 2.5-mm-diameter gage section were cut from both 
axial and tangential directions of the bar. Tangential specimens were cut halfway 

Axial mm 
Tongentigl 

[<-»^ 0.1 mm 

FIG. 1—Unetched microstructure showing sulfide inclusions. 
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TABLE 1—Mechanical properties of 1045 steel. 

MoNoTONic PROPERTIES 

Yield stress (0.2%) 
Fracture stress 
Fracture strain 

Percent reduction in area 
Strain hardening exponent 

Strength coefficient 
Modulus of elasticity 

380 
620 
0.71 
50 

0.23 
1185 
205 

MPa 
MPa 

MPa 
GPa 

CYCLIC PROPERTIES 

Fatigue ductility coefficient 
Fatigue ductility exponent 
Fatigue strength coefficient 
Fatigue strength exponent 

0.20 
-0.43 

980 
-0.11 

MPa 

between the center and outside surface of the bar. Smooth specimen completely 
reversed tension-compression fatigue test results are shown in Fig. 2 for both 
axial and tangential directions. Specimens cut from the tangential direction have 
a lower fatigue life by a factor of 2 to 3. This anisotropy in fatigue life is due 
to the sulfide inclusions. In the tangential tests, the inclusions are normal to the 
applied stress and aid in crack initiation. Inclusions are parallel to the applied 
stress in the axial tests and do not act to raise local stresses. This material exhibits 
cyclic softening below 0.5% axial strain and hardening at larger strains. 

Thin-Walled Tube Tests 

The thin-walled tube specimen design used in this investigation is shown in 
Fig. 3. Results of finite element analysis show that the axial strain gradient along 
the gage length was less than 2%. The torsional strain gradient along the surface 
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FIG. 2—Strain-life comparison of axial and tangential smooth specimen tests. 
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FIG. 3—Thin-walled tube tension-torsion specimen. Dimensions in millimetres. 

was nearly zero, and the torsional gradient between the inner and outer surfaces 
was 15%. Standard machine collets are used to grip the ends of the specimen. 
Axial displacements were measured and controlled with a linear variable dif
ferential transformer (LVDT) located on the centerline of the specimen and 
rotations with a rotary variable differential transformer (RVDT). Coupling be
tween the two measurements was less than 1%. Tests were conducted on an 
MTS Model 809 tension-torsion machine that was modified to increase the 
torsional stiffness. An MTS Model 463 processor-interface was used for com
puter control, data acquisition, and data reduction of the tests. Failure was defined 
as 10% load drop in all of the tests. Results are summarized in Table 2. Axial 
strains are controlled to the values reported in Table 2. In torsion there is a small 
strain gradient between the inside and outside surfaces of the specimen. The 
controlled torsional strain values reported are the average of midthickness values. 
These values have been extrapolated to the outside surface for the values used 
in the fatigue life predictions discussed in a later section. 

Notched Shaft Specimen Tests 

The notched shaft specimen is shown in Fig. 4. Combined torsion and bending 
loads were applied with two linear servohydraulic actuators operated in load 
control. Any combination of bending and torsion loads are possible by adjusting 
the amplitude and phase of each actuator. Crack initiation was detected with an 
ultrasonic transducer, and the initiation life was defined as a crack of approxi
mately 1 mm surface length for the SAE test program [8]. Test results are 
summarized in Table 3 for tests conducted at the University of Illinois at Urbana-
Champaign. Bending moments at the notch root radius are reported. 

Finite-Element Analysis 

An elastic-plastic finite-element model [9] was employed in this study to 
determine the notch root stresses and strains for the shaft specimen. Twenty 
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TABLE 2—Thin-wall lube specimen test results. 

Axial 
Strain 

Sliear 
Strain 

Axial 
Stress 

Shear 
Stress 

Life", 
cycles 

0.0015 
0.0021 
0.0022 
0.0043 
0.0050 
0.0055 
0.010 
0.0014 
0.0021 
0.0041 
0.0096 
0.0013 
0.0019 
0.0037 
0.0087 
0.0010 
0.0014 
0.0026 
0.0065 
0.0000 
0.0000 
0.0000 
0.0000 

0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0007 
0.0011 
0.0021 
0.0048 
0.0013 
0.0019 
0.0037 
0.0087 
0.0020 
0.0029 
0.0061 
0.0131 
0,0026 
0.0038 
0.0072 
0.0173 

234.4 
266.1 
273.1 
344.7 
355.1 
375.8 
450.7 
224.6 
266.0 
338.0 
427.7 
212.8 
238.0 
305.0 
381.4 
147.5 
179.8 
234.4 
288.0 
0.0 
0.0 
0.0 
0.0 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

43.8 
52.7 
54.8 
79.2 
80.3 
87.9 
107.0 
131.9 
111.0 
126.5 
153.2 
195.6 
146.9 
168.2 
197.0 
251.8 

* 
142 541 
78 271 
7 839 
4 959 
4 600 
1 137 

611 780 
115 462 
11 777 
1 258 

595 613 
123 544 
11 611 
1 616 

545 840 
98 779 
20 031 
1 758 

1010 210 
102 083 
8 710 
890 

94 525 

1 107 

91 000 

393 633 
103 000 
10 377 
1 229 

101 000 
16 887 

57 369 

889 

93 052 

"Multiple results indicate test replication. 
''Runout. 
'Test stopped after a visible crack (1 to 3 mm) was detected. Values reported for life are estimated 

to 10% load drop. 

noded solid elements with a biquadratic interpolation function for displacement 
were employed. The mesh is shown in Fig. 5 and contains 729 nodes and 128 
elements. 

The cyclic stress-strain curve obtained from uniaxial tests was used for the 
plasticity analysis to obtain an estimate of the stabilized stresses and strains. A 
comparison of the finite-element strains (solid line) and experimental data (open 
symbols) from strain gages measured by several laboratories for the bending 
load case is shown in Fig. 6. Stabilized strain gage measurements have been 
examined in detail in Ref 8. Good correlation is obtained between strain gage 

007 

FIG. 4—SAE notched shaft specimen. Dimensions in millimetres. 
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TABLE 3—Notched shaft fatigue test results. 

Bending 
moment, 
nm 

1400 
1475 
1708 
1730 
2600 
2800 
1250 
1550 
2325 
915 
1135 
1720 
990 
1220 
1850 
725 
1355 
625 
780 
1150 
460 
570 
840 
0 
0 
0 

Torsion 
Moment, 
nm 

0 
0 
0 
0 
0 
0 

880 
1090 
1350 
880 
1090 
1350 
1390 
1710 
2550 
1390 
2550 
1760 
2180 
2700 
1760 
2180 
2700 
2000 
2400 
3000 

b 

230 000 
163 770 
60 000 
3 000 
2 571 

60 000 
97 500 
3 000 

b 

b 

17 065 
933 000 
72 000 
2 200 

b 

5 500 
b 

70 000 
3 000 

b 

76 100 
9 000 

1584 000 
75 700 
7 000 

Life", 
N, cycles 

430 000 

30 000 
8 111 

80 000 

b 

21 450 

99 560 
10 000 

750 000 

4 057 

463 976 

130 000 
14 000 7930 

"Multiple results indicate test replications, 
'Runout. 

FIG. 5—Finite element mesh for notched shaft specimen. 
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FIG. 6—Comparison of computed and measured notch root strains for bending loads only. 

TABLE 4—Notched shaft strain analysis from finite-element model. 

Moments 

Bending 

1400 
1730 
2600 
990 
1220 
1850 
725 
894 
1355 
1250 
1550 
2325 
915 
1135 
1703 
625 
770 
1150 
458 
568 
842 
0 
0 
0 

Torsion 

0 
0 
0 

1390 
1710 
2550 
1390 
1720 
2550 
880 
1090 
1350 
880 
1090 
1350 
1760 
2180 
2700 
1760 
2180 
2700 
2000 
2400 
3000 

(•„ 

218 
295 
758 
154 
206 
847 
113 
148 
457 
195 
265 
679 
143 
181 
391 
97 
132 
409 
71 
96 
156 
0 
0 
0 

t.v 

611 
867 
2802 
432 
643 
2548 
316 
442 
1404 
546 
790 
2327 
400 
509 
1333 
273 
414 
1216 
200 
300 
487 
0 
0 
0 

Strains 

Er-

-1675 
-2165 
-4877 
-1184 
-1561 
-4358 
-867 

-1116 
-2604 
-1495 
-1953 
-4228 
-1096 
-1369 
-2613 
-747 
-995 
-2224 
-547 
-729 

-1130 
0 
0 
0 

7,„ 

0 
0 
0 

-249 
-335 
-1040 
-249 
-320 
-838 
-157 
-205 
-368 
-158 
-192 
-319 
-315 
-437 
-928 
-315 
-434 
-583 
-360 
-492 
-809 

7A-

0 
0 
0 

1917 
2532 
7343 
1917 
2479 
6115 
1214 
1584 
2927 
1214 
1516 
2441 
2428 
3279 
6553 
2428 
3256 
4380 
2759 
3668 
6031 

Ir. 

571 
151 
1749 
403 
544 
1574 
295 
384 
948 
510 
685 
1516 
373 
465 
942 
254 
347 
829 
186 
252 
397 
0 
0 
0 
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results and finite-element results. The actual component exhibited more stiffness 
than the model since the stabilized cyclic stress-strain curve was used and the 
material cyclically softens at small strain amplitudes. Measured strains for all 
load cases were within 10% of the computed values. Strains for all of the load 
cases in this investigation are listed in Table 4. The local Cartesion coordinate 
system used in Table 4 to define strain components is a right-handed xyz system 
with the xz plane corresponding to the specimen surface. The z-axis is the primary 
bending axis. Computed stresses normal to the surface are less than 20% of the 
maximum normal stress component. These surface stresses result from load 
tolerances during the iteration process of the finite-element method. 

Results and Discussion 

Estimated fatigue lives versus experimental lives based on crack initiation for 
the thin-walled tube specimens are shown in Figs. 7 through 11 for the five 
theories considered. Perfect correlation would lie along the 45° line. Correlations 
based on plastic strains were essentially the same as those based on total strains 
and are not reported here. Predictions were made during the early stages of the 
test program to avoid fitting test results. 

Correlation for all five methods is within a factor of three in life except for 
the torsion data. Scatter of the data is about the line of perfect correlation for 
the principal strain, effective strain, and the Lohr and Ellison theories. Both 
theories based on maximum shear strain parameters result in conservative pre
dictions. Torsion test data should not correlate because of the anisotropy shown 
in Fig. 2. Only the Lohr and Ellison parameter shows this. When material 
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FIG. 7—Actual versus predicted lives: maximum principal strain theory. 
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FIG. 8—Actual versus predicted lives: effective strain theory. 

properties determined from specimens taken in the tangential direction are em
ployed for torsional predictions, the torsion data fall in the same scatterband as 
the other data for the Lohr and Ellison parameter. 

Estimates for the notched shaft fatigue crack initiation lives are shown in Figs. 
12 through 16. Again, predictions were made prior to obtaining most of the 
actual test results. Correlations for the notched member are not as good as those 
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FIG. 9—Actual versus predicted lives: maximum shear strain theory. 
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FIG. 10—Actual versus predicted lives: Lohr and Ellison theory. 

for the thin-walled tube. All prediction methods result in scatter of a factor of 
ten or more. Bending results are in general about the line of perfect correlation. 
Torsion results are at the extremes of the scatter. The slope of the torsion data 
differs from the 45° slope of perfect correlation. Strain gage results for the notched 
specimen show that the finite element results are within 10% of the measured 
strains. At the longer lives, this would result in an error in fatigue life predictions 

Torsion 

Predicted Cycles 

FIG. II—Actual versus predicted lives: Kandil, Brown, and Miller theory. 
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FIG. 12—Actual versus predicted lives: maximum principal strain theory. 

of a factor of 2. Scatter is noticeably less at shorter lives. These small errors in 
computed strains cannot explain the significant lack of correlation of the notched 
shaft test results. This anomaly is apparently related to the effect of the notch 
on the local stress-strain field and actual damage mechanisms. 

From the comparison of tests on smooth and notched specimens, it is clear 
that the choice of a biaxial fatigue theory is considerably less important than 
understanding biaxial notch effects. When notches are present under biaxial 
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loading, the local strain approach must be refined or re-examined to conform 
with actual test results. In this regard, the methods based upon the maximum 
shear strain led to the least scatter for notched specimen results. 

Conclusions 

1. For combined tension and torsion loading, the maximum principal strain, 
octahedral shear strain, maximum shear strain, Lohr and Ellison and Kandil, 
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Brown, and Miller approaches yield essentially equivalent correlations of thin-
wall tube specimen fatigue life. 

2. For the notched shaft specimens, the aforementioned approaches offer 
considerably less correlation based on computed notch root strains. Bending tests 
results are scattered about the line representing perfect correlation. Correlation 
of torsion results differed from the line of perfect correlation with predictions 
being nonconservative at short lives and becoming more conservative in the long-
life region. 

3. Emphasis should be placed on understanding the influence of notches in 
biaxial fatigue. 
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ABSTRACT: As part of a cooperative research program on biaxial fatigue of the Society 
of Automotive Engineers (SAE), this paper reports progress to date in the evaluation of 
methods for predicting fatigue life of a round-bar specimen (1045 steel) with a shoulder 
fillet, subjected to fully reversed bending, torsion and combined bending and torsion, in-
phase and 90° out of phase. 

First, test data from the literature on muhiaxial fatigue behavior of notched specimens 
are reviewed. Factors influencing that behavior (for example, notch stress state and type 
of notch geometry) are discussed, as are approaches for correlating the data. 

Next, a number of different methods for predicting life to "crack initiation" (millimetre 
sized cracks) are compared with test data for the SAE specimen. The methods are; (a) 
elastically calculated notch maximum shear and octahedral shear stress criteria based on 
nominal stresses and fatigue notch factors, (b) maximum shear and octahedral shear strain 
criteria, (c) a cyclic plastic work approach, and (d) a criterion based on amplitudes of 
maximum shear strain and of normal strain on the plane of maximum shear. Methods (b) 
through (d) utilize measured notch strains. Advantages and shortcomings of the methods 
are discussed. 

Measured notch bending and torsional shear strains are compared to values estimated 
by simplified elastic-plastic analyses which investigate both use of Neuber's rule and the 
assumption of total strain invariance (that is, notch strain concentration factor equal to an 
elastic stress concentration factor.) 

KEY WORDS: multiaxial fatigue, notches, life prediction, combined bending-torsion 
fatigue, fatigue notch factor, out-of-phase loadings, notch strain analysis, strain gradient, 
crack initiation, nonpropagating cracks 

The past two decades have witnessed significant advances in development of 
methods for predicting fatigue life of notched components under uniaxial loading. 
Most methods assume that maximum principal stress or strain governs behavior. 
Many notched components experience multiaxial fatigue (in some cases even 
when the loading is uniaxial), and there is a strong need to develop improved 
methods for predicting their life. The SAE Fatigue Design and Evaluation Com
mittee has recently established a cooperative industry-university research pro-
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gram to generate fatigue test data for a round-bar specimen with a shoulder fillet 
subjected to various combinations of bending and torsion and to develop better 
life prediction techniques for this commonly encountered notch geometry and 
type of multiaxial loading. 

This paper has two purposes. First, previous studies of multiaxial fatigue in 
notched specimens will be reviewed and discussed. Second, various methods 
for predicting life to crack initiation (millimetre sized cracks) for the SAE spec
imen will be compared with test data currently available in the research program. 
Relative advantages and shortcomings of the methods will be discussed. 

Review of Multiaxial Fatigue of Notched Specimens 

Several comprehensive reviews of multiaxial fatigue, based on smooth spec
imen behavior, are available [1-3]. In this section, multiaxial fatigue in notched 
specimens will be considered, a topic where current knowledge is very limited. 

Notched Specimens Under Uniaxial Loading 

To predict life to crack initiation (millimetre sized cracks) of notched specimens 
and structural components experiencing uniaxial loading, the following ap
proaches are often used. When elastic analysis is conducted, maximum principal 
stress at a notch, or a lower "effective" value based on a fatigue notch factor, 
Kf, is used to enter a smooth specimen S-N curve to assess damage per cycle. 
When Neuber analysis is performed, maximum principal notch strain estimated 
with Kf in Neuber's rule [4] is used with smooth specimen e-N data to predict 
damage. Both approaches utilize input data generated in a uniaxial stress state. 
Neither approach explicitly takes into account the possible influence of multiaxial 
stresses present in many notches. Neither do they account for the influences of 
notch strain gradient, notch sensitivity, etc., except through AT/factors, but those 
influences are not primary subjects of this paper. 

For mild notches in thin plates, the stress state is uniaxial on the notch surface, 
but biaxial below the surface, as illustrated in Fig. la . In thicker plates, a 
transverse component of stress develops due to constraint on straining in the 
thickness direction. Fig. lb. For circumferentially notched round bars, the stress 
state is biaxial at the notch root and triaxial in depth, as shown in Fig. Ic. The 
influence of multiaxial stress state at a notch can be twofold. First, the same 
geometrical factors which produce notch biaxial or triaxial stresses also influence 
the value of maximum principal strain. Second, for a given maximum principal 
strain, a multiaxial stress state may cause fatigue behavior to differ from that 
determined in uniaxial stressing. 

In notch geometries with constraint on plastic flow, maximum principal strain 
is overestimated by Neuber's rule using the elastic stress concentration factor, 
K,. Notch strain generally falls between Neuber estimates and those based on 
the assumption that strain concentration factor, K^, remains equal to K, with 
plastic straining [5-7]. 

Walker [8] proposed that equally good predictions of fatigue life of uniaxially 
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FIG. 1—Schematic of elastically calculated stresses in several types of notched specimens under 
uniaxial loading. 

loaded notched specimens could be obtained by using Neuber analysis with Kj 
and a uniaxial cyclic stress-strain curve or by using Neuber analysis with K, and 
a cyclic stress-strain curve modified to account for notch multiaxial stress state. 
The modified curve reflects an effectively higher modulus of elasticity and greater 
resistance to plastic flow resulting from hydrostatic tension. Walker's approach 
gives estimates of maximum principal strain similar to those based on K^ = K, 
for levels of plastic straining typically encountered in intermediate to long-life 
fatigue (that is, lives beyond about 10̂  cycles). Wundt [9] reviews other methods 
for estimating cyclic notch strain under "plane-stress" and "plane-strain" con
ditions. 

Leis and Topper [10] have suggested that the discrepancy between K, and Kf 
when notch straining is elastic and only "crack initiation" is considered may 
result from the influence of notch stress biaxiality. In particular, they proposed 
a theoretical fatigue notch factor given by 

^ , (1 ay (1) 

where 

a = Aaz/Acfi, and 
Aa, ,ACT2 = ranges of maximum principal and transverse stress, respectively. 

The Kf factor is equal to the von Mises equivalent stress range divided by the 
range of maximum principal stress. This approach produced good estimates of 
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long-life fatigue strength for thick plates with central holes and circumferentially 
notched round bars. It could not and was not intended to account for the influence 
of nonpropagating cracks on the difference between K, and A}for sharp notches. 

In his review of low-cycle fatigue, Wundt [9] discusses Krempl's tests [77] 
of uniaxially loaded, circumferentially notched round bars of 2.25Cr-lMo steel 
with a ^ , of 3.3. Measured transverse strains were less than one tenth of axial 
strains, indicating the presence of biaxial tension at the notch root. For lives 
between 10̂  and 10" cycles, and for the same values of maximum principal strain 
range, the notched specimens cracked earlier than smooth ones, with the dif
ference in behavior diminishing at lives approaching 10" cycles. Little improve
ment in correlation of behavior was achieved through use of either Tresca or 
von Mises equivalent strain criteria. In smooth specimens, biaxial tension has 
been observed in many cases to reduce low-cycle fatigue strength relative to 
uniaxial strength [12]. In Krempl's tests, it is difficult to know if the presence 
of biaxial tension at the notch root was responsible for the earlier cracking because 
of discrepancies in failure definition between the smooth and notched specimens. 
In the smooth specimens, a drop-off in load was taken as failure, while in the 
notched ones, it was appearance of cracks with surface lengths of 0.1 to 0.4 
mm, a somewhat earlier definition of failure. 

To summarize, many notched specimens and structural components subjected 
to uniaxial loading represent cases of multiaxial fatigue. The hydrostatic stress 
state developed at notch geometries with constraint on straining from surrounding 
material may influence fatigue behavior, but it is difficult to evaluate the possible 
significance of this influence based on the limited data currently available for 
notched specimens. Maximum principal notch strain is also strongly affected by 
the notch geometry and constraint. 

High Strain Torsional Fatigue of Notched Specimens 

Takahara and co-workers [13] tested circular bar specimens with several dif
ferent types of notches in fully reversed, angle-of-twist controlled torsion. Notch 
shearing strain was computed assuming that the ratio of notch strain to nominal 
strain determined by elastic analysis would be preserved when plastic straining 
occurred at the notch. This is analogous to the assumption ofK^ = K, for uniaxial 
loading. To check the assumption, smooth specimen cyclic shear stress-strain 
data were used to predict the torque versus angle-of-twist relation for the notched 
specimens; agreement with measurements was good, providing indirect evidence 
that the assumption was reasonable. Figure 2 shows the correlation between 
smooth and notched specimen fatigue data, for an alloy similar to aluminum 
2024-T4 and for a number of different circumferential notch severities. In this 
figure, the shear strain amplitude for the notched specimens is the value computed 
at the notch root. Figure 3 shows a similar comparison for longitudinally grooved 
specimens made of pure copper. In both cases, excellent correlations of life to 
crack initiation were obtained. (The exact definition of initiation was not reported 
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FIG. 2—Correlation by maximum shear strain amplitude of torsional fatigue life of smooth and 
circumferentially notched specimens [13]. 

in Ref 13 but did correspond to a crack of surface length of less than 0.2 mm, 
at least for the data in Fig. 3). 

Combined Bending and Torsion (In-Phase) 

Gough [14] reported the results of an extensive test program in which four 
different types of notched specimens were subjected to in-phase combined bend
ing and torsion at fatigue limit stress levels. The first series of tests utilized 
circumferentially V-notched specimens made of seven different steels. Tests were 
fully reversed. Specimens with K, factors in bending ranging between 7.2 and 
18 and with K, factors in torsion between 3.8 and 7 were investigated. The 
corresponding Kf factors in bending varied between 1.6 and 2.4 and in torsion 
between 1.2 and 1.8. Gough found that an ellipse arc provided good correlation 
of test results. The arc is given by 

tl bV 
2 - - I = 1 (2) 
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FIG. 3—Correlation by maximum shear strain amplitude of torsional fatigue life of smooth and 
longitudinally notched specimens [13]. 
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where 

T = torsional shear stress amplitude, 
a = bending stress amplitude, 
b„ = fatigue limit of notched specimens in bending, and 
t„ = fatigue limit of notched specimens in torsion. 

In order to apply this criterion requires, of course, that tests be conducted to 
determine f„ and b„. Gough did not ascribe any physical interpretation to the 
ellipse arc. Guest [15] noted that it was equivalent to a criterion based on 
amplitude of maximum shear stress modified by a fraction of normal stress 
amplitude, which, for combined bending and torsion, becomes 

, . i [v^;rT^ . (^ - ,) (3) 

Figure 4 compares test data for a V-notched specimen made of 0.4% carbon 
normalized steel with correlations given by three different approaches. (The data 
are typical of trends for the other V-notched specimens and the other steels.) 
The first approach is the von Mises criterion with notch stress amplitudes taken 
as nominal stress amplitudes in bending and torsion multiplied by respective K, 
factors, that is 

" ~ K ^ t , bend -Jbend) + 3 (K, ,0̂ 5 5,ors) J ( 4 ) 

where 

b = smooth specimen fatigue limit in bending, 
K,, bend,̂ /. ton = elastic stress concentration factors in bending and torsion, and 

Sbend.'S'tors = nominal stress amplitudes in bending and torsion. 

The second approach is the von Mises criterion with experimentally determined 
Kf instead of K„ and the third is the Guest criterion (Eq 3). The von Mises 
criterion was investigated because it gives fairly good correlations of long-life, 
in-phase biaxial fatigue strength for smooth specimens [76] and may do so for 
certain types of notched specimens. It is also commonly employed in design of 
shafts and axles [17]. The use of K, factors in the criterion was investigated 
because Kf factors cannot be known in advance of testing unless one is willing 
to place confidence in empirical relations between K, and Kf. The Guest criterion 
was investigated because similar strain-based criteria [1,18] have shown promise 
in correlating multiaxial fatigue data, at least for low-cycle fatigue of smooth 
specimens. 

As shown in Fig. 4, the von Mises criterion using K, is unduly conservative 
for the sharply V-notched specimen. The same criterion with Kf is slightly 
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FIG. 4—Comparison of predicted combined bending-torsion fatigue limit with test data \\A]for 
a circumferentially notched round-bar specimen. 

nonconservative. The Guest criterion produces an excellent correlation. One 
reason for the failure of the von Mises criterion with K, for this notch geometry 
is the extremely low ratio of KflK,, likely owing to the occurrence of nonpro-
pagating cracks, a phenomenon not checked in Gough's tests. There may be 
other reasons as well, such as a basic inadequacy of the criterion. 

Gough also reported results of tests of specimens with (1) a shoulder fillet, 
(2) six splines, and (3) a radial hole. All specimens were made from a nickel-
chromium-molybdenum-vanadium (Ni-Cr-Mo-V) steel treated to have a mono-
tonic yield strength of 850 MPa and ultimate tensile strength of 895 MPa. Fully 
reversed tests were supplemented by tests with mean bending and mean torsion. 

The shouldered specimens had a K, in bending of 2.1 and K, in torsion of 
1.6, with corresponding Kf factors (for fully reversed cycling) of 1.66 and 1.36, 
respectively. As shown in Fig./5, the von Mises criterion with K, provides a 
conservative estimate of the combined bending-torsion fatigue limit strength. 
The same criterion with A'̂ ând the Guest criterion both give excellent correlations 
of strength. For this notch geometry and for the stress combinations used, cracks 
propagated readily to fracture on transverse planes. 

The splined specimens had virtually no stress concentration in bending but a 
K, in torsion of 2.1. At higher ratios of applied bending to torsional stress 
amplitude, ah, specimens failed by transverse cracking which originated at the 
crest of splines, and fatigue strength approached that of smooth specimens, due 
to lack of bending stress concentration. With increasing torsion, a transition in 
cracking behavior occurred at an undetermined ratio of a/r. Cracks started at 
inner comers of splines and propagated in shear along the longitudinal direction 
for some distance before changing to grow transversely to fracture. The von 
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FIG. 5—Comparison of predicted combined bending-torsion fatigue limit with test data [14] for 
a round-bar specimen with a shoulder fdlel. 

Mises criterion with K, or K^ provides a somewhat conservative correlation of 
fatigue strength, as shown in Fig. 6. The Guest criterion provides a better 
correlation, but neither criterion is able to account for the change in cracking 
behavior. These test results suggest that the particular type of notch and its 
influence on cracking behavior, in turn, may have a significant influence on 
multiaxial fatigue strength, and that criteria such as those considered here will 
not be sufficient to account for those influences. 
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Specimens with a radial hole had a K, in bending of 2.6 and K, in torsion of 
2.0. In this case, K, in torsion is taken as the ratio of the maximum shear stress 
at the edge of the hole to the nominal torsional shear stress. (An alternative 
definition would be the ratio of the maximum principal stress at the hole edge 
to the nominal shear stress.) The corresponding fully reversed Kf factors were 
2.26 in bending and 1.96 in torsion. Gough observed that maximum principal 
stress appeared to govern both the location of crack formation on hole boundaries 
and the planes on which cracks propagated to fracture. As shown in Fig. 7, the 
von Mises criterion with either K, or A/and the Guest criterion provide reasonably 
good correlations of the fatigue limit. 

Frost and co-authors [19] also discuss the combined bending fatigue behavior 
of specimens with a radial hole, noting that a maximum principal stress range 
fatigue criterion is mathematically equivalent to the ellipse arc when (t„lb„) is 
0.75. In Gough's tests of specimens with a hole, that ratio was approximately 
0.7. They also cite test results by Thurston and Field [20} of specimens with 
radial holes, made of seven different wrought steels. Again, an ellipse arc pro
vided a good correlation of fatigue strength, with an average it„/b„) of 0.8 for 
the steels tested. 

Stulen and Cummins [21] also evaluated Gough's data for the four different 
notch types using the proposed criterion 

K O'sa = t)„ (5) 

where 

X^ = {b„/t„) - 1, and 
CTio,a-3^ = largest and smallest nominal principal stress amplitudes, 

respectively. 

They found that this criterion gave excellent correlations of the data. Algebraic 
manipulation of Eq 5 shows that it reduces to the Guest criterion (Eq 3). 

The previous summary and discussion of Gough's test results pertained to 
fully reversed loading. Tests with mean bending or mean torsion for all three 
notch types (shoulder fillet, hole, and splines) revealed very little if any effect. 
However, neither did mean stress tests of smooth specimens of the same metal. 
In general, a minimal mean stress influence in smooth specimens does not 
necessarily imply a similarly small influence in notched ones. For example, 
mean torsion does not significantly affect the torsional or bending fatigue limits 
of smooth specimens, based on available data [16]. In torsional fatigue tests of 
round bars with radial holes, Kakuno and Kawada [22] found that at lower K, 
values, there was no appreciable influence of mean torsion on the alternating 
torsional fatigue limit, but, that at higher values, there was a definite reduction 
in the fatigue limit. 

A more complete discussion of the influence of static torsion on the torsional 
fatigue behavior of a shaft with a radial hole is given by Sines [23]. He points 
out that the location around the hole most critical for crack initiation will depend 
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FIG. 7—Comparison of predicted combined bending-torsion fatigue limit with test data [14]/or 
a round-bar specimen with a radial hole. 

on the magnitude of the static torsion, particularly if it produces residual stresses, 
in which case a detailed analysis of notch stress/strain behavior would be needed 
to predict life. 

Combined Bending and Torsion {in-phase and out-of-phase) 

Grubisic and Simburger [24,25] conducted constant amplitude, cantilevered 
bending-torsion tests of a round-bar specimen with a shoulder fillet, made of a 
0.44% carbon steel treated to have a monotonic yield strength of 810 MPa and 
ultimate tensile strength of 850 MPa. The specimen had a test section diameter 
of 25 mm, shoulder radius of 5 mm, and fixed end diameter of 39 mm, with a 
K, in bending of 1.49 and K, in torsion of 1.24. (Its geometry is similar to that 
of the specimen being used in the SAE research program.) Tests were conducted 
under deflection control and results presented in terms of elastically calculated 
notch stresses. In addition to fully reversed testing, the influence of mean bending 
and of mean torsion was investigated, as well as the effect of different phase 
angles between applied bending and torsion. Tests were performed at one fixed 
ratio of torsion to bending stress amplitude, T/CT = 0.575. Failure was taken as 
life to appearance of millimetre size cracks, detected ultrasonically. 

Test results revealed that out-of-phase loading was more damaging than in-
phase loading, for lives between 10* and 10* cycles. The damage increased as 
phase angle was increased from 0 to 90°. The ability of an equivalent stress 
parameter, SEQA, based on the ASME Code procedure [26] for evaluation of 
multiaxial fatigue, to correlate the results is shown in Fig. 8. This parameter, 
derived in Ref 27, is given for fully reversed loading by 

SEQA ^^hj'^'W 3 9 
1 + -K^ cos2<^ + ~ K* 

2 16 
(6) 
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where 

a = elastically-calculated notch bending stress amplitude, 
K = 2T/CT, 

T = elastically-calculated notch torsional stress amplitude, and 
(() = phase angle between bending and torsion. 

The SEQA parameter reduces to the von Mises criterion for in-phase loading. 
For these data, it is conservative for pure torsion and in-phase bending and 
torsion, using notched bending as a reference, but nonconservative for the out-
of-phase loadings. 

Grubisic and Simburger also performed combined bending and torsion tests 
with zero-to-maximum bending or zero-to-maximum torsion. Imposition of mean 
bending reduced life, as might be expected. Mean torsion also reduced life, by 
approximately a factor of five compared to fully reversed cycling for both in-
phase and 90° out-of-phase cases. Thus, while Gough found a minimal influence 
of mean torsion on the combined bending-torsion fatigue limit of shouldered 
specimens, these tests showed a significant effect. 

Other Factors Influencing Notched Bending-Torsion Fatigue 

Tests by Nisitani and Kawano [28-30] provide some insight into the role of 
notch geometry on long-life fatigue under bending and torsion. All of their 
specimens were made from an annealed 0.39% carbon steel with a monotonic 
yield strength of 323 MPa and ultimate tensile strength of 570 MPa, and all 
tests were conducted at fatigue limit stress levels. Figure 9 shows the relation 
between K,, Kf and notch radius for shouldered specimens tested separately in 
torsion and in rotating bending. For relatively mild shoulders (that is, K, in 
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FIG. 9—Comparison of fatigue notch factors in bending and in torsion with respective stress 
concentration factors for round-bar specimens with a shoulder fillet, based on data from Refs 28,30. 

bending of 1.7 and K, in torsion of 1.5), the corresponding Kf/K, ratios are 0.88 
and 0.8, respectively. Use of criteria such as von Mises based on K, provided 
relatively good and somewhat conservative correlations of Cough's and Grubisic 
and Simburger's in-phase data for this type of notch geometry. Only at higher 
K, values is there a large discrepancy between Kf and K,, owing to the occurrence 
of nonpropagating cracks. 

For specimens with a radial hole, the relation between Kf, K, and hole radius 
for bending and for torsion is given in Fig. 10. {K, is based on gross area.) For 
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FIG. 10—Comparison of fatigue notch factors in bending and in torsion with respective stress 
concentration factors for round-bar specimens with a radial hole, based on data from Ref 29. 
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larger radii, the KflK, ratios in bending and torsion are approximately 0.75 and 
0.9, respectively. Again, criteria such as von Mises do reasonably well in cor
relating fatigue limit strength in this case, where cracks are able to propagate 
readily to fracture. However, for smaller hole radii, K, remains about the same, 
but the stress gradient at the hole steepens, resulting in nonpropagating cracks. 

Figure 11 shows the relation between K,, Kf, and root radius for circumfer-
entially notched specimens. For relatively mild notches (for example, K, in 
bending of 2 and in torsion of 1.5), the KflK, ratios in bending and torsion are 
0.9 and 0.85, respectively, but even then, nonpropagating cracks are present in 
torsion. In sharper notches, there is an increasing discrepancy between Kf and 
K„ due primarily to the occurrence of nonpropagating cracks. The discrepancy 
is more pronounced for torsion. In rotating bending, cracks propagate through 
the minimum section, and thus whether or not cracks are arrested is determined 
by the stress distribution in that section. In torsion, cracks were observed to 
grow in a zigzag manner into the larger diameter portion of the specimen, but 
were arrested after encountering sufficient resistance provided by the notch 
flanks. For this type of notch, crack propagation behavior and thus specimen 
fatigue strength is influenced not only by the stress distribution in the minimum 
section, but also by the constraint on growth presented by material surrounding 
the notch root. These test results also suggest that the large differences between 
Kf and K, in Gough's combined bending and torsion tests of very sharp, circum-
ferentially notched specimens were very likely the result of nonpropagating 
cracks. 

Approaches for predicting the influence of nonpropagating cracks on the fa
tigue strength of notched specimens under uniaxial loading have been given by 
Smith and Miller [31} and Dowling [32]. Comparable approaches for multiaxial 
loadings await development. 

0.2 0.4 0.6 0.8 
NOTCH ROOT RADIUS (mm) 

FIG. 11—Comparison of fatigue notch factors in bending and in torsion with respective stress 
concentration factors for circumferentially notched round-bar specimens, based on data from Ref 
30. 
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Bunyan [33] conducted fully reversed torsion tests of shouldered shafts at 
fatigue limit stress levels. Shafts with diameters (minimum section) ranging from 
76 to 248 mm and with different ratios of shoulder radius to diameter, (r/D), 
were used. Failure was taken as the appearance of cracking. No "size effect" 
was observed in tests of smooth shafts of varying diameter, but notched ones 
of the largest diameter had as much as a 35% lower torsional fatigue limit than 
the smallest diameter ones. The size effect was most pronounced at smaller (r/ 
D). Also, the Kf/K, ratio increased with shaft size, approaching 0.7 for the 
largest size tested. Bunyan also observed that for (r/D) greater than 0.1, one 
or two cracks formed and propagated to fracture in a few hundred cycles, while 
for smaller (r/D), numerous criss-crossed, nonpropagating cracks occurred. 
These tests results suggest, of course, that use of multiaxial fatigue data from 
small smooth specimens to predict long-life fatigue strength of larger notched 
components may be nonconservative. 

Discussion 

As shown in the previous review, the bulk of existing multiaxial fatigue data 
for notched specimens have been generated under long life, combined bending 
and torsion. Smooth specimens or mildly notched ones tested under uniaxial 
loading at long life spend most of that life in the formation of millimetre sized 
cracks [34]. If one assumes the same to be true in multiaxial fatigue and that 
the mechanisms which cause cracks to form are associated primarily with cyclic 
shear stresses, it is not surprising that criteria such as von Mises with K, provide 
reasonably good and conservative estimates of long life, fully reversed combined 
bending and torsion fatigue strength, at least for in-phase loadings and for those 
bluntly notched specimens in which remaining crack growth life is relatively 
small. Better correlations of fatigue strength are achieved with use of Kf in the 
von Mises criterion or with use of t„ and b„ in the Guest criterion. In both cases 
though, testing is necessary to determine Kf or t„ and b„, thus diminishing the 
usefulness of the methods in design evaluations. 

The limited out-of-phase combined bending and torsion data for a shouldered 
specimen suggest that the von Mises criterion may be nonconservative for such 
loadings. A similar observation has been made for low-cycle, out-of-phase axial-
torsional fatigue of smooth specimens [18]. 

In sharper notches, cracks start quickly, even at lower stress levels, and fatigue 
strength is governed by subsequent crack growth behavior. In many instances, 
crack propagation is slowed or arrested by a steep notch stress gradient or by 
resistance offered by material surrounding a notch root or both (for example, 
circumferentially notched round bars). In such cases, conventional criteria such 
as von Mises will be unduly conservative. 

Obviously, the multiaxial fatigue behavior of notched specimens is compli
cated, influenced by numerous factors such as those noted in the review. For 
use in design evaluations, life prediction methods must be developed which 
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represent a compromise between an ability to account for the complications and 
ease of use and reasonable requirements for experimental input data. 

Fatigue Life Predictions for the SAE Specimen 

In this section, the ability of a number of different methods for predicting life 
to crack initiation in the SAE specimen will be assessed based on test data 
currently available in the research program. (The definition of crack initiation 
will be discussed shortly.) Each method is either currently used in multiaxial 
fatigue life evaluations or is considered to hold promise as an improved approach. 

The specimen is shown in Fig. 12. According to elastic finite element analysis 
[35], it has a K, in bending of 1.42 and a K, in torsion of 1.23. According to 
Peterson [36], it has a K, in bending between 1.57 and 1.63, depending on 
assumptions used in modeling the specimen geometry, and a K, in torsion between 
1.29 and 1.32. Based on strain gage readings taken on the specimen, the K, 
values in bending and torsion are 1.57 and 1.25, respectively; these values were 
used in all subsequent life predictions. 

Specimens were made from normalized 1045 steel with monotonic and cyclic 
yield strengths of 379 and 344 MPa, respectively, and an ultimate tensile strength 
of 622 MPa. All specimens were taken from the same heat and had processing 
and surface finishes as identical as possible. 

To date, all specimens have been tested in load control, under fully reversed 
torsion or bending or various combinations of bending and torsion (in-phase and 
90° out-of-phase). Strains at the shoulder fillet have been monitored by rosettes. 
Initial and cyclically stable values of axial and shear strain amplitudes have been 
recorded, along with applied bending moment and torque amplitudes, cycles to 
"crack initiation," and cycles to fracture. In certain tests, circumferential strains 
have also been reported. A complete listing of test data is given in Ref 37. A 
more detailed description of the SAE test program and facilities is given in Refs 
37 md38. 

The definition and detection of crack initiation in the test program is the source 
of some possible uncertainty in interpreting test results and in evaluating life 
prediction methods. The SAE FD&E Committee has selected an "observable 
crack'' as a definition. Some participants in the test program (for example, Deere 

L2S/? couer GRIP 
FIG. 12—SAE Fatigue Design & Evaluation Committee hending-torsion fatigue specimen ge

ometry. 
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& Co.) detect crack initiation with an ultrasonic surface acoustic wave transducer 
calibrated against a sawcut of 0.7 mm depth normal to the specimen longitudinal 
axis. Other participants, without such instrumentation available, detect cracking 
visually, in some cases with the aid of a low power microscope. Test experience 
has shown that cracks with surface lengths of several millimetres can be detected 
visually. The Deere & Co. tests have indicated that when cracking is detected 
ultrasonically, often no cracks can be seen on the surface. However, after ad
ditional cycling, always less than a few percent of total life, surface cracking 
of several millimetres length is visible. Thus the discrepancy in detection and 
definition of crack initiation from laboratory to laboratory should be relatively 
small compared to other experimental uncertainties and to inherent scatter in 
fatigue lives. An additional concern about the definition of initiation is that for 
certain combinations of torsion and bending, multiple cracking occurs, or cracks 
form and grow on planes different than the plane used in calibrating acoustic 
detectors or both. This will also cause some discrepancies in. the definition of 
initiation from one test condition to another, but it is difficult to assess the 
possible significance of such discrepancies based on available test data. 

The multiaxial life prediction methods to be considered here utilize as input 
uniaxial strain amplitude versus fatigue life data generated with smooth speci
mens of 6 mm diameter, in which failure is taken as a 50% drop-off in load 
amplitude. The following relation was used to fit the available data 

e„ = 0.00481 (2A'^)-o'«2 + 0.182 (2A'/)-"«' (7) 

where 

e„ = strain amplitude, and 
2Nf = reversals to failure. 

Twelve samples of the uniaxial specimens were examined by the authors. It was 
observed that a 50% drop-off in load generally corresponded to the propagation 
of a fatigue crack through roughly half of the cross-sectional area. This fatigued 
area is somewhat larger than the area at initiation in the SAE specimen when 
initiation is taken as a crack with surface length of several millimetres. This is 
an inherent difficulty in the use of conventional uniaxial e-A' data to predict 
behavior in specimens and components with other geometries and sizes. An 
additional difficulty is that the type of cracking in uniaxial tension may differ 
substantially from that in other states of strain, such as pure torsion. Although 
these problems exist with the use of uniaxial e-Â  data as an input to prediction 
of multiaxial fatigue life, such data will likely remain the basis for fatigue design 
evaluations in the near term. 

Nominal Stress Life Predictions Methods 

These methods reduce a multiaxial stress state to an equivalent uniaxial stress. 
The elastic portion of the uniaxial e-Â  curve is multiplied by the modulus of 
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elasticity to produce an S-N curve, which is used to predict the SAE specimen 
crack initiation life for a given equivalent uniaxial stress amplitude. 

The application of the following stress-based methods requires assumptions 
concerning the effect of stress concentration on fatigue behavior. Two limiting 
assumptions were made. First, the nominal bending and torsional stress ampli
tudes were multiplied by fatigue notch factors equal to respective stress con
centration factors. This is a conservative approach which might be used in design 
evaluations. Second, the stress concentration effect on fatigue was considered 
negligible and notch stresses calculated with Kf = \. 

With the preceding assumptions, the first multiaxial fatigue criterion to be 
investigated used the amplitude of maximum shearing stress, SALT, as an equiv
alent stress amplitude. This criterion was developed by Langer [39] and is utilized 
in the ASME Boiler and Pressure Vessel Code, Section 111 [40]. For fully reversed 
bending and torsion with a phase angle, 4), between bending and torsion, the 
closed form expression for SALT is 

SALT = ~[l + K^ + [I + 2K^ cos (2^) + A"']"^]"^ (8) 

V2 

where 

a = notch bending stress amplitude, 
r = notch torsional shearing stress amplitude, 

Kfi, = fatigue notch factor in bending, ^ 
Kf, = fatigue notch factor in torsion, and 

K = 2T/a. 

A detailed description and derivation of SALT is given in Ref 27. 
A comparison of test data with life estimates based on this method using 

Kf = K, is shown in Fig. 13. In this and later figures, the ratios of B to J denote 
ratios of von Mises equivalent stresses in bending and in torsion. The extreme 
conservatism of life estimates indicates that the fatigue notch factors are greatly 
overestimated. The method also predicts that out-of-phase loading will be less 
damaging than in-phase loading of the same magnitude. 

Another multiaxial stress-based criterion is the SEQA equivalent stress am
plitude considered previously (Eq 6). It is much like SALT except that a stress 
parameter similar to octahedral shearing stress is considered instead of maximum 
shearing stress. Comparison of test data with life estimates based on SEQA is 
presented in Fig. 14. SEQA, and SALT yield the same predictions for pure 
bending, as expected. While being less so than SALT when torsional loading is 
present, SEQA still underestimates observed life (that is, is too conservative). 
This again indicates that use of Kf = K, overestimates the notch influence. 
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FIG. 13—Comparison of life predictions based on the SALT equivalent stress approach with SAE 
test data, taking fatigue notch factors equal to stress concentration factors. 
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FIG. 14—Comparison of life predictions based on the SEQA equivalent stress approach with 
SAE test data, taking fatigue notch factors equal to stress concentration factors. 
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Using SALT with bending and torsional notch stresses calculated with Kf = 1 
gives the life estimates shown in Fig. 15. The estimates are generally better than 
those in Fig. 13, but the lives of most specimens are still underestimated (that 
is, conservative predictions). A comparison of test data with SEQA predictions 
is shown in Fig. 16, with Kf = \. SEQA gives reasonably good life estimates, 
less conservative than SALT, as anticipated. It tends to underestimate the damage 
done by out-of-phase loading. All of these stress-based approaches are too con
servative for long life (that is, lives greater than 10' cycles). 

Figure 17 compares life of SAE specimens under pure bending and pure torsion 
with smooth specimen uniaxial and torsional S-N data [41\, respectively. Stress 
amplitudes are nominal and computed elastically. In bending, Kf is generally 
less than 1.1 at long life, then becomes less than unity at shorter lives, indicating 
notch strengthening in fatigue, a phenomenon often observed when data are 
plotted in terms of elastic, nominal stress. In torsion, Kf\% consistently somewhat 
less than unity. Thus, it is not surprising that the SALT or SEQA approaches 
with Kf = 1 give better life estimates than with A} = K,. However, the behavior 
of ^/ in these tests could not be predicted in advance of testing, thereby making 
the assumption of any Kf values a questionable proposition in design analysis. 

Conventional Strain Based Life Prediction Methods 

These methods calculate an equivalent uniaxial strain amplitude from a mul-
tiaxial strain history. This amplitude is then used with the uniaxial e-jV curve to 
predict life to crack initiation. Application of these methods is considerably more 

SALT KF=LO 
1 0 ' 
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10"̂  

10' L 
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FIG. 15—Comparison of life predictions based on the SALT equivalent stress approach with SAE 
test data, assuming no notch effect. 

 



TIPTON AND NELSON ON FATIGUE LIFE PREDICTIONS 

SEQA KF=1.0 

533 

N observed (cycs.) 

FIG. 16—Comparison of life predictions based on the SEQA equivalent stress approach with 
SAE test data, assuming no notch effect. 

involved than the stress-based methods because even when notch strain data are 
available, estimates or assumptions must be made about variations in Poisson's 
ratio with strain level. Also, notch constraint on circumferential strain produces 
values which are a fraction of notch bending strain less than those for full Poisson 
contraction, with the fraction also varying with strain level. Without measure
ment, it is difficult to estimate the fractions, except by detailed elastic-plastic 
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FIG. 17—Comparison of SAE specimen fatigue strength with smooth specimen strength. 
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finite element analysis. The following life prediction methods will utilize mea
sured notch bending and torsional strain amplitudes. 

The first method assumes that notch maximum shearing strain amplitude (Tresca 
criterion) will correlate life with the maximum shearing strain amplitude in 
uniaxial specimens. In the following analysis, it will be assumed that circum
ferential strain at the notch equals Poisson's ratio times the stabilized notch 
bending strain. The maximum shearing strain amplitude will be computed with 
Poisson's ratio taken as 0.29 and 0.5 to see the influence on life predictions. 
Based on the strain analysis given in Ref 18, 

7max = (e«^(l + vf + 7,,^)"^ for in-phase loading (9fl) 

greater of \ • [• out-of-phase {9b) 
for 90° 
out-of-p 
loading 

where 

7„ = stabilized notch torsional shear strain amplitude, and 
Ct, = stabilized notch bending strain amplitude, 
7n. = stabilized notch torsional shear strain amplitude, and 

V = Poisson's ratio. 

The equivalent strain amplitude is found from 

e . = 7max/( l + V) ( 1 0 ) 

This amplitude is used with the uniaxial e-A' relation (Eq 7) to predict life to 
crack initiation. As shown in Fig. 18, predictions tend to be nonconservative at 
lives less than 10' cycles for pure bending or higher ratios of applied bending 
to torsion. At longer lives, predictions are conservative, particularly for pure, 
torsion or higher ratios of applied torsion to bending. This method is also non-
conservative for 90° out-of-phase loadings, except where torsion is dominant. 
For pure bending or higher ratios of applied bending to torsion, predictions are 
unaffected or relatively insensitive, respectively, to assumed Poisson's ratio, as 
anticipated. On the other hand, for pure torsion and higher ratios of applied 
torsion to bending, predictions may differ by as much as a factor of two in life. 

It should be noted again that the strain analysis leading to Eq 9 does not 
account for the fact that notch circumferential strain is some fraction of bending 
strain less than indicated by Poisson contraction. The influence of circumferential 
strain on 7n,ax will be discussed later. 

A second multiaxial fatigue evaluation method is based on octahedral shearing 
strain amplitude (von Mises criterion). Several assumptions were made concerning 
Poisson's ratio and circumferential strain to investigate the sensitivity of the 
equivalent strain amplitude to each. (Circumferential strains have not been re-
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TRESCA EQUIVALENT STRAIN 
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O denotes u=O.S, otherwise v= 0.29 

FIG. 18—Comparison of life predictions based on the Tresca equivalent strain criterion with 
SAE test data. 

ported for all tests.) For in-phase loading, this amplitude, which is used to enter 
the uniaxial e-iV curve to predict life, is given by 

1 

V2(l + v) 
[(e, - €2)2 + (€2 - e , ) ' + (€3 eO'V" 

where 

rvy 

e = von Mises equivalent strain amplitude, 
V = Poisson's ratio, 
e, = '/2 (e„ + e,,) + V2 [(e„ - e,,)^ + yJV'\ 
62 = '/2 (e„ + e„) - '/2 [(e„ - e,,,)̂  + 7 . / ] ' " , 

V 
63 = - -; (61 + 62), 

1 — V 
e„ = stabilized notch bending strain amplitude, 
Cvv = stabilized notch circumferential strain amplitude, 

= stabilized notch torsional shear strain amplitude, and 
= principal strain amplitudes. 

(11) 

Taking v = 0.29 or 0.5, life predictions are compared with test data in Fig. 19 
assuming 6̂ ,, = 0 and in Fig. 20 assuming ê .̂  = — ve„. There is generally 
little difference between predictions in the figures for a given value of v. The 
most notable difference involves pure bending. Assumption of 6,,,, = — ve„ 
causes bending predictions to be unaffected by v. It also reduces sensitivity to 
V for those tests with higher ratios of applied bending to torsion. 
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[N-PHASE VON MISES STRAIN; EYY=0 

lO' 10= 10" 
N observed (Cycs.) 

Q denotes u = 0^5, otherwise f = 0.29 
FIG. 19—Comparison of life predictions based on the von Mises equivalent strain criterion with 

in-phase SAE lest data, taking circumferential notch strain to be zero. 

Predictions were also made using a variable Poisson's ratio, i>, found iteratively 
by the procedure proposed by Gonyea [42\. The results are shown in Fig. 21. 
Use of i> causes the von Mises equivalent strain amplitude to be virtually in
dependent of assumptions concerning €„. All of the predictions in Fig. 21 fall 
between the limiting cases shown in Figs. 19 and 20, as expected. Predictions 
using the von Mises criterion for in-phase loading are comparable to those for 
the Tresca criterion, perhaps slightly better. They also tend to be conservative 
for longer lives, but somewhat nonconservative at shorter lives, again for pure 
bending or higher ratios of applied bending to torsion. 

To apply a von Mises type of equivalent strain approach to the 90° out-of-
phase tests, the procedure of the ASME Boiler and Pressure Vessel Elevated 
Temperature Code Case [26] was investigated. The approach was used with 
V = 0.29 and 0.5 as well as with measured values of e,,,,, which happened to 
be available for the out-of-phase tests. It was not possible to compute a variable 
Poisson's ratio for the nonproportional straining resulting from out-of-phase 
loading. As shown in Fig. 22, predictions are nonconservative. 

Brown and Miller Strain Ellipse 

This approach postulates that improved multiaxial fatigue life predictions can 
be made if one considers not only the amplitude of maximum shear strain, 7n,ax, 
but also the amplitude of normal strain, e„ acting on the plane of -i^^^. Brown 
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IN-PHASE VON MISES STRAIN; EYY^-uEXX 
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Q denotes u-O.S^ otherwise i/=0.29 

FIG. 20—Comparison of life predictions based on the von Mises equivalent strain criterion with 
in-phase SAE test data, taking circumferential notch strain as Poisson's ratio times notch bending 
strain. 

IN-PHASE VON MISES STRAIN; u = V 

N observed (cycS.) 

FIG. 21—Comparison of life predictions based on the von Mises equivalent strain criterion with 
in-phase SAE test data, using a variable Poisson's ratio. 

 



538 MULTIAXIAL FATIGUE 

OUT-OF-PHASE ASME APPROACH; MEASURED EYY 

10^ 10° 
N observed (cycs.) 

O denotes i/=0.5, otherwise i/=0.a9 

FIG. 22—Comparison of life predictions based on the ASME multiaxial fatigue approach [26] 
with 9(f out-of-phase SAE lest data. 

and Miller [43] plotted contours of constant life on a graph of 7„ 
called the F-plane for brevity. They fitted curves of the form 

versus e„ 

" ' I' = (12) 

to points on the F-plane determined from strain controlled, in-phase, combined 
tension and torsion fatigue tests. The constants g, h, and 7 were found to vary 
with life. However, it was suggested that a safe and simple design criterion 
could be established by taking j = 2 such that 

= 1 (13) 

This relation is similar to Gough's ellipse quadrant. 
To investigate this approach for the SAE specimen, the constant ^ in Eq 13 

was fitted to smooth specimen torsional strain-life data for 1045 steel [41]. The 
constant h was determined from uniaxial strain-life data (Eq 7) by computing 
the maximum shear strain and corresponding normal strain amplitudes in the smooth 
specimens. These computations utilized a variable Poisson's ratio as a function 
of uniaxial strain amplitude. 

In the SAE specimen, 7^,^ and e„ at the notch were calculated assuming 
V = 0.29 and 0.5 to assess the sensitivity of the approach to Poisson's ratio. 

 



TIPTON AND NELSON ON FATIGUE LIFE PREDICTIONS 5 3 9 

Based on the strain analysis of Ref 18, for in-phase straining 

7™ax = Ve„2 (i + v)= + rJ (14a) 

e„ = Y V[2 (1 + v) cos2 »|i - 2vf + [X sin ly\ff {\Ab) 

where X = y^^lf-xx and i}j is determined from 

\1) = - tan ' ' (14c) 
4 ' " L(l + vf - \2 

For 90° out-of-phase straining 

, . „ = the greater of {^-^^^^^_^ H S J 

When Eq 15a governs 

When Eq \5b does 

e« = e„ (15c) 

e, „ = ^ V( l - vf + k' (15d) 
2 

Predictions based on this method are compared with test data in Fig. 23. For 
in-phase tests, predictions are comparable to those based on the von Mises 
criterion. However, for 90° out-of-phase tests, predictions are much better, tend
ing to be somewhat conservative. Also, the predictions are relatively insensitive 
to assumed Poisson's ratio, and thus only one set of symbols is shown in Fig. 
23. 

Plastic Work Approach 

This method uses uniaxial cyclic stress-strain data to compute the hysteresis 
loops resulting from axial and torsional straining for in-phase or out-of-phase 
loadings. The plastic work per cycle, W ,̂ is taken as 

W,= I a „ • dij + T^ • dy„P (16) 
J cycle 

and is assumed to be related to fatigue life, Â , by Wp = AN", where constants 
A and a are fitted from uniaxial strain-life data. Details of the method are given 
by Garud [44]. 
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FIG. 23—Comparison of life predictions based on the Brown and Miller strain ellipse approach 
with SAE test data. 

From the smooth specimen fatigue data for 1045 steel, the plastic work versus 
life relation was computed to be 

W„ (MJ/m') = 465 yV" (17) 

Plastic work at the notch in the SAE specimen was calculated from measured 
e„ and 7,, and used with Eq 17 to predict life to crack initiation. The current 
version of the plastic work computer program assumes €„ = — ve„ and thus 
the influence of suppressed e„ was not investigated in this study. 

Plastic work life predictions are compared with test data in Fig. 24. For the 
in-phase loadings, predictions are comparable to those of the strain ellipse and 
von Mises equivalent strain approaches. Predictions are also reasonably good 
for the out-of-phase loadings, but somewhat less conservative than those of the 
strain ellipse approach. 

Notch Strain Analysis 

The previous strain-based life prediction methods utilized notch strains mea
sured by rosettes. For use in design analysis before a prototype is available, notch 
strains must be estimated. One approach is to perform elastic-plastic finite ele
ment analysis, which could become costly and time consuming, particularly for 
complicated notch multiaxial strain histories. Another approach is to see if notch 
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PLASTIC WORK METHOD 
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FIG. 24—Comparison of life predictions based on the plastic work approach with SAE lest data. 

Strains can be estimated with a simplified elastic-plastic analysis from nominal 
strains, which are generally elastic and relatively easy to calculate from applied 
loadings and component geometry. The following analysis will attempt to es
timate bending moment versus stabilized notch bending strain and torque versus 
notch shearing strain for the SAE specimen. Bending and torsional strains are 
computed separately, and no attempt is made to account for their possible in
teraction in combined loading cases. 

Bending Strain Estimates 

In order to develop a relation between bending moment and notch bending 
strain, the following items are needed: (1) a relation between nominal strain, 
e„om> and notch strain, e„o,ch, (2) a K, factor, (3) an estimate of the strain gradient 
in the specimen, (4) a stabilized uniaxial cyclic stress-strain curve, and (5) an 
equilibrium relation between bending moment and stress. 

Two relations between e,„.,„ and e ^oKh were investigated. The first is a "linear 
rule," which assumes 

^notch '^l. bend ^ni (18) 

even when plastic straining occurs at a notch. The second is Neuber's rule: 

(CO")nolch ~ ^t. bend- (^^)rv (19) 
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As noted previously, the elastic finite element analysis by Tucker [35] indicated 
a K, be„d = 1.42, while Peterson [36] and strain gage measurements indicated 
a K, bend — 1-57. Both values were used to observe the sensitivity of notch strain 
estimates to them. 

Two strain gradients were also assumed. One assumption, proposed by Galliart 
[45], is shown in Fig, 25a. The other is a bilinear approximation of the gradient 
predicted by the elastic finite element analysis, shown in Fig. 25b. 

The relation between bending moment and notch bending strain was developed 
with the following procedure. When Neuber's rule was used, first a value of 
e„on, was selected, then S^^^ determined from 

^nnm 
-'nom 

E K' 

\ln' 

(20) 

n̂om fnotch 

Ca) 
, ^nom '" FOR r i 0 . 8 R 

C(r) = j —9. 

(b) 

0.8R 

C 0.83e r 

e(r) 'i 

e(r) 

S i - FOR r£0.8R 

( , ( 5 W c h - * ( ° - " % o m ' ) f - ^ ( W c h - °-83^on,) ™ ^ - " - 8 " 

0 . 8 3 Y Y y ^ :. 
'nom /nom /notch 

(c) 
Tl r ) 

Y(r) 

f °-8^^noni *" FOR r < 0 . a 

'=^notch - " ( " - " r n ™ ) ) ^ 

FIG. 25—5;rai« gradient assumptions for the SAE specimen. 
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where 

K' = cyclic strain hardening coefficient, and 
n' = cyclic strain hardening exponent. 

(The second term in Eq 20 was used because certain tests of the SAE specimen 
had elastic-plastic nominal straining.) Next, Eq 19 and the following relation 
were solved simultaneously to determine e„otch 

( \ l /n' 

When the linear rule is used, Eq 18 gives e„otch directly. 
For the assumed strain gradients, e(r), the corresponding stress gradients, 

(j{r), were then computed from 

With (rir) available, a numerical integration of the following integral was per
formed 

= 4 r (T{r) r VR^ - r^ dr 
Jo 

Af = 4 (T(r) r \R^ - t^ dr (23) 

where 

M = applied bending moment, 
r = radial distance from the neutral axis, and 
R = outer radius (20 mm). 

This procedure was repeated for different values of e„om to establish a relation 
between e„o,ch and M. Inherent in this analysis is the assumption that the material 
is cyclically stabilized at all radii. For material at the interior of the specimen, 
the lower strains may require a larger number of cycles for stabilization than 
surface strains. In this case, the notch strains for a given applied moment would 
tend to be somewhat overestimated. 

Moment versus notch strain estimated with the linear rule and Neuber's rule 
are compared with test data in Figs. 26 and 27, respectively, for the different 
assumptions of strain gradient and K, tend- There is considerable scatter in the 
data, but pure bending strains are estimated conservatively (except for one point) 
by the linear rule using Galliart's proposed strain gradient and K, ^^ = 1.57 
or the finite element gradient and its corresponding K, ^^ = 1.42. However, 
estimates are rather sensitive to assumed gradient for a fixed K, bend- This is 
unfortunate since assumption of a gradient is the largest uncertainty in the anal
ysis. Estimates based on Neuber's rule are even more conservative for pure 
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BENDING STRAINS; LINEAR ANALYSIS 
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FIG. 26—Comparison of estimated notch bending strains in the SAE specimen with measured 
values, based on the linear rule. 

bending, as expected. For combined in-phase loadings, bending strains tend to 
be comparable to or somewhat less than strains generated by pure bending. A 
notable exception is those loadings with a higher ratio of applied torsion to 
bending, the Z-points in Figs. 26 and 27, where considerably larger notch bending 
strains are developed. However, in those tests, torsional shear strains were three 
to five times larger than the bending strains, and thus life predictions should not 
be seriously affected by underestimation of bending strains. Bending strains due 
to out-of-phase, combined loadings are smaller than those for in-phase loadings 
and are estimated conservatively by the pure bending analysis. 

Torsional Strain Estimate 

The procedure to generate an applied torque versus notch shear strain relation 
is similar to that used for bending. Since the stress concentration factors deter
mined by elastic finite element analysis and from Peterson are about the same, 
a single value of K,fg^^ = 1.25 was used in shear stress-strain versions of the 
linear and Neuber's rule. The torsional shear strain gradient was taken as a 
bilinear approximation to the finite element result and is shown in Fig. 25c. The 
stabilized cyclic shear stress-strain relation from Ref 41 was used in conjunction 
with the torque-stress relation 

(24) 7" = 2T7 r̂  T(r) dr 
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BENDING STRAINS; NEUBER 
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FIG. 27—Comparison of estimated notch bending strains in the SAE specimen with measured 
values, based on Neuber's rule. 

where 

T = applied torque, and 
T(r) = shear stress gradient. 

Estimates based on the linear and Neuber rules are compared with test data in 
Fig. 28. The relatively low value of /̂ ,,,„„ causes estimates to be close to each 
other. Agreement between estimates and data is better than in the bending case. 
Out-of-phase strains are comparable to in-phase ones, tending to be somewhat 
smaller for a given applied torque. 

Discussion 

In the SAE tests conducted thus far, 90° out-of-phase loading was found to 
be less damaging and to produce smaller stabilized notch strains than in-phase 
loading for the same applied bending moment and torque and for lives between 
10* and 2 X 10' cycles. Tests by Grubisic and Simburger cited previously showed 
out-of-phase loading to be considerably more damaging than in-phase loading 
for similar lives and for a specimen with a geometry much like that of the SAE 
specimen and made of a similar steel but treated to have higher monotonic 
strength. It is not known whether this difference in behavior is a result of 
differences in material or to the fact that SAE tests have been conducted under 
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TORSIONAL STRAINS vs. APPLIED TORQUE 

E 

2 
2000 

0 0.0025 0.005 0.0075 0.01 0.0125 
Notch Torsional Strain 

FIG. 28—Comparison of estimated notch torsional shear strains in the SAE specimen with 
measured values, based on both linear and Neuher's rules. 

load control, while those of Grubisic and Simburger were performed under 
deflection control. It would be interesting to see if the multiaxial fatigue criteria 
considered in this paper, or others which may be developed, could predict the 
difference. 

Measured values of circumferential notch strains, e„, in the SAE specimen 
varied widely from close to - ve ,̂ to as small as - 0.07 e„. There is no apparent 
trend to the variation. The suppression of €,., indicates that a transverse component 
of stress was present, the possible significance of which will be discussed shortly. 

The nominal stress-based life prediction methods were investigated because 
they require only elastic calculation of stresses and a minimum of data as an 
input. The SEQA method, which reduces to the von Mises criterion for in-phase 
bending and torsion, provided reasonably good estimates of finite life with 
Kf = 1, but was unduly conservative with Kf = A",. The method tended towards 
nonconservatism for certain out-of-phase loadings and would have been more 
so had the out-of-phase tests been more damaging than the in-phase tests. A 
serious drawback to use of the stress-based methods is that Kf behavior cannot 
be predicted with confidence in advance of testing. The relative lack of fatigue 
notch effect in the SAE tests could not have been anticipated. 

The conventional Tresca and von Mises strain-based approaches are more 
complicated than the stress-based approaches because notch strains must be 
determined, either by measurement or by analytical estimates. For in-phase 
loadings, predictions were reasonably good for finite lives, but sensitive to 
assumed Poisson's ratio, a disadvantage. Use of a variable Poisson's ratio in the 
von Mises approach for in-phase loading eliminated this sensitivity as well as 
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sensitivity to assumed circumferential strain. However, a variable Poisson's ratio 
method could not be applied to out-of-phase loadings. Use of the strain-based 
approaches tended to be nonconservative for the 90° out-of-phase loadings, as 
was the case for the similar stress-based SALT and SEQA methods. 

By consideration of the influence of both the amplitudes of maximum shear 
strain and normal strain on the plane of maximum shear, the Brown and Miller 
strain ellipse approach provided finite life predictions comparable to those of 
the Tresca and von Mises criteria for in-phase loadings, but had the notable 
advantage of being both conservative and reasonably accurate for the out-of-
phase loadings. It was also relatively insensitive to assumed Poisson's ratio. The 
approach did require additional input data (that is, smooth specimen torsional 
-y-Â  data). A similar stress-based approach (Guest criterion) also provided ex
cellent correlations of in-phase, combined bending-torsion fatigue limits for 
several different notch types. It was necessary, though, to have data available 
on notched fatigue strength in bending and in torsion to apply the criterion. 

The plastic work approach provided reasonably good predictions for in-phase 
loadings, being slightly more conservative for pure torsion or loadings with a 
higher ratio of torsion to bending. It also provided reasonably good predictions 
for the out-of-phase loadings. The approach has the advantage of requiring only 
uniaxial fatigue and cyclic stress-strain input data. A drawback to the approach 
for use in long life fatigue evaluations is that plastic strains are generally so 
small that slight variations in their computation can lead to large differences in 
predicted life. 

Both the Tresca and Brown and Miller approaches were used assuming 
e„, = - ue„, in which case planes of maximum shear intersect the surface at 
90°. For certain combinations of torsional to bending strain, suppression of e„ 
(approaching a plane-strain condition) could cause the plane of maximum shear 
to shift to one intersecting the surface at 45°. Lohr and Ellison [46] have proposed 
a multiaxial fatigue criterion based on shear and normal strains on such 45° 
planes, applying it to evaluation of low-cycle, in-phase straining tests. It would 
be interesting to see if such an approach could be extended to out-of-phase 
straining. 

At shorter lives {N < 10' cycles), all life prediction methods tended to over
estimate life for pure bending and for higher ratios of bending to torsion. This 
could be due to the damaging effect of tensile hydrostatic stress produced by 
the transverse component of stress at the notch in the SAE specimen. This effect 
should be more influential at shorter lives and is, of course, not reflected in the 
uniaxial e-N data used as input to the methods. It could be also due to discrep
ancies in crack initiation definition between the SAE specimen (crack with 0.7 
mm depth and 2 to 3 mm surface length) and uniaxial smooth specimens (50% 
load drop-off). One approach to investigate the possible significance of this 
discrepancy would be to estimate the life spent in growing a 0.7 mm deep surface 
flaw in the uniaxial specimens to the larger size corresponding to a 50% load 
drop-off. To do so would require a means of estimating crack propagation under 
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elastic-plastic straining, for example a dalclN-M method. This will be attempted 
in future work. Such an analysis would not be able to resolve discrepancies 
between growth behavior of small cracks in the uniaxial specimens and in torsion 
tests of the SAE specimen or those with higher ratios of torsion to bending. 

All prediction methods underestimated the fatigue strength of specimens tested 
at long life (Â  > 10̂  cycles), particularly those tested in pure torsion or with 
higher ratios of torsion to bending. When plotted in terms of nominal torsional 
stress, the notched specimens exhibited a higher strength than thin-walled smooth 
ones. This discrepancy may be due to differences in crack initiation detection 
and definition or to the influence of notch shear strain gradient, and will be 
investigated in future work. 

Conclusions 

The following conclusions apply to fully reversed, monofrequency, combined 
bending and torsion and are based on both the literature review and evaluation 
of SAE tests to date. 

1. The ability of nominal stress-based versions of the Tresca and von Mises 
criteria to predict finite life is highly dependent on knowledge of fatigue notch 
factor, thus reducing their usefulness in design evaluations. 

2. Strain-based versions of the Tresca and von Mises criteria provided rea
sonably good estimates of finite life for the SAE specimen under in-phase load
ings. They tended towards nonconservatism for out-of-phase loadings. 

3. The Brown and Miller strain ellipse and the plastic work approaches pro
vided the best life estimates for the SAE tests for both in- and out-of-phase 
loadings. A stress-based approach similar to the strain ellipse approach (Guest 
criterion) was successful in correlating combined bending-torsion fatigue limits 
for several different types of notches. 

4. All of the methods gave somewhat more conservative predictions for pure 
torsion or loadings with higher ratios of torsion to bending. Plastic work pre
dictions might be improved if a weighting factor were applied to the damage 
attributed to torsional straining. 

5. All prediction methods were too conservative at long life and somewhat 
nonconservative at lower cycles, particularly for bending or loadings with larger 
ratios of bending to torsion. 

6. Using a simplified elastic-plastic analysis, notch strain in bending was 
estimated conservatively taking K^ — K,. However, estimates were quite sen
sitive to assumed strain gradient. Also, the simplified analysis could not con
servatively estimate bending strains for in-phase tests with a high ratio of torsion 
to bending, but the nonconservatism in the strain estimate should not seriously 
affect life predictions since damage would be dominated by torsional straining. 

7. Torsional notch shearing strain was predicted reasonably well by K^ = K,,^ 
or by Neuber's rule. For the same torque, shear strains under various combined 
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loadings were close to those for pure torsion, unlike the situation for bending 
strains. 

8. For sharp notches, long-life multiaxial fatigue strength is governed by crack 
growth or arrest behavior, and none of the life prediction methods considered 
here is capable of accounting for that behavior. They are more suitable for 
application to blunt notches. 

9. In general, multiaxial fatigue behavior of notched specimens will depend 
not only on stress concentration and stress gradient, as in "uniaxial fatigue," 
but also on the specific type of notch geometry and its influence on cracking 
behavior. 

Acknowledgment 

The authors are grateful for the support of the Solid Mechanics and Industrial 
Programs of the National Science Foundation and for the cooperation, advice, 
and contribution of materials, specimen fabrication, and testing by other partic
ipants in the SAE FD&E research project. 

References 

[/] Brown, M. W. and Miller, K. J. in Proceedings, Institution of Mechanical Engineers, Vol. 
187, 1973, pp. 754-755. 

[2] Garud, Y. S., Journal of Testing and Evaluation. Vol. 9, No. 3, 1981, pp. 165-178. 
[3] Jordan, E. H., Chapter 7.6 in Pressure Vessels and Piping: Design Technology, A Decade of 

Progress, American Society of Mechanical Engineers, 1982, pp. 507-520. 
[4] Topper, T. H., Wetzel, R. M., and Morrow, J., Journal of Materials, Vol. 4, No. 1, March 

1969, pp. 200-209. 
[5] Kotani, S., Koibuchi, K., and Kasai, K., Proceedings, 2nd International Conference on Me

chanical Behavior of Materials, Boston, 1976, p. 606. 
[6] Kuhnapfel, K.-F. and Troost, A., Konstruktion, Vol. 31, 1979, 11.5, pp. S183-190. 
[7] Wilson, W. K., Journal of Pressure Vessel Technology, Transactions, American Society of 

Mechanical Engineers, Nov. 1974, pp. 293-298. 
[«] Walker, E. K., Journal of Testing and Evaluation, Vol. 5, No. 2, March 1977, pp. 106-113. 
[9] Wundt, B. M., Effect of Notches on Low-Cycle Fatigue, ASTM STP 490, American Society 

for Testing and Materials, Philadelphia, 1972. 
[10] Leis, B. N., and Topper, T. H., Journal of Engineering Materials and Technology, Trans

actions, American Society of Mechanical Engineers, July 1977, pp. 215-221. 
[//] Krempl, E., "The Influence of Stress-Strain Concentration and Mean Stress on the Low-Cycle 

Fatigue Behavior of Three Structural Steels at Room Temperature," General Electric Co. 
Report GEAP-5726, San Jose, CA, Sept. 1968. 

[12] Krempl, E., The Influence of State of Stress on Low-Cycle Fatigue of Structural Materials, 
ASTM STP 549, American Society for Testing and Materials, Philadelphia, 1974. 

[13] Takahara, M., Kaneshiro, H., and Endo, T., Memoirs of the Kyushu Institute of Technology, 
No. 2, March 1972, pp. 55-98. 

[14] Gough, H. J. in Proceedings, Institution of Mechanical Engineers, Vol. 160, 1949, 
pp. 417-440. 

[15] Guest, J. J., Proceedings, Institute of Automotive Engineers, Vol. 35, No. 3, 1940, p. 33. 
[16] Sines, G., "Failure of Materials under Combined Repeated Stresses with Superimposed 

Static Stresses," NACA Technical Note 3495, National Advisory Committee for Aeronau
tics, Nov. 1955. 

[17] Burr, A. H., Mechanical Analysis and Design, Elsevier North Holland, Inc., New York, 
1982, Chapter 6. 

 



550 MULTIAXIAL FATIGUE 

[18 

[19 

[20 

[21 

[22 

[23 

[24 

[25 

[26. 

[27 

[28 

[29 

[30 

[31 

[32 
[33 

[34 

[35 

[36 
[37 

[38 
[39 

[40 

[41 
[42 

[43 

[44 

[45 
[46 

Kanazawa, K., Miller, K. J., and Brown, M. W., Journal of Engineering Materials and 
Technology, Transactions, American Society of Mechanical Engineers, Vol. 99, No. 3, 1977, 
pp. 222-228. 
Frost, N. E., Marsh, K. J., and Pook, L. P., Metal Fatigue, Oxford University Press, Lon
don, 1974, pp. 184-187. 
Thurston, R. C. A. and Field, J. E., DSIR Properties and Mechanics of Materials Commit
tee Report PM No. 53, NPL Engineering Division Report No. 447/50, 1950. 
Stulen, F. B. and Cummins, H. N. in Proceedings, American Society for Testing and Mate
rials, Philadelphia, Vol. 54, 1954, pp. 822-835. 
Kakuno, H. and Kawada, Y., Fatigue of Engineering Materials and Structures, Vol. 2, 1979, 
pp. 229-236. 
Sines, G., Transactions, American Society of Mechanical Engineers, Vol. 26, No. 170, 
pp. 1340-1347. 
Grubisic, V. and Simbiirger, A., Fatigue Testing and Design, Vol. 2, Proceedings, SEE 
International Conference 5, London, April 1976, pp. 27.1-27.8. 
Simbiirger, A., "Festigkeitsverhalten zaher Werkstoffe bei einer mehrachsigen, phasenver-
schobenen Schwingbeanspruchung mit Korperfesten und veranderlichen Hauptspannungs-
richtungen," Bericht Nr. BR-121, Laboratorium fur Betriebsfestigkeit, Darmstadt, Ger
many, 1975. 
ASME Boiler and Pressure Vessel Code, Section i n . Code Case N-47-12, American So
ciety of Mechanical Engineers, New York, 1980. 
Tipton, S. M., "Fatigue Life Predictions for a Notched Shaft in Combined Bending and 
Torsion," Interim Report No. 1, Mechanical Engineering Department, Stanford University, 
Stanford, CA, Dec. 1982. 
Nisitani, H. and Kawano, K. in The Eleventh Japan Congress on Materials Research-Metal
lic Materials, March 1968, pp. 49-51. 
Nisitani, H. and Kawano, K., Bulletin, Japan Society of Mechanical Engineering, Vol. 15, 
No. 82, pp. 433-438. 
Kawano, K. and Nisitani, H. in The Thirteenth Japan Congress on Materials Research-
Metallic Materials, March 1970, pp. 73-76. 
Smith, R. A. and Miller, K. J., International Journal of Mechanical Sciences. Vol. 20, 1978, 
pp. 201-206. 
Dowling, N. V.., Fatigue of Engineering Materials and Structures, Vol.2, 1979,pp. 129-138. 
Bunyan, T. W., in Large Fatigue Testing Machines and their Results," ASTM STP 216, 
American Society for Testing and Materials, Philadelphia, 1957, pp. 59-80. 
Nelson, D. V. and Socie, D. F. in Design of Fatigue and Fracture Resistant Structures, ASTM 
STP 761, American Society for Testing and Materials, Philadelphia, 1982, pp. 110-132. 
pp. 110-132. 
Tucker, L. E., "Stress Analysis of SAE Notched Shaft Component," Report EIR-11 Sept. 
80-5201-DOl, Industrial Equipment Division, Deere & Co., Dubuque, Iowa, Sept. 1980. 
Peterson, R. E., Stress Concentration Factors, Wiley, New York, 1974. 
Tucker, L. E. and Galliart, D. R., "A Fatigue Test Program for a Notched Round Compo
nent," paper presented at ASTM Symposium on Biaxial/Multiaxial Fatigue, Dec. 1982. 
Galliart, D. R. and Downing, S. D., this publication, pp. 24-32. 
Langer, B. F. in Pressure Vessel Engineering Technology, Elsevier, Amsterdam-London-
New York, 1971, pp. 59-100. 
ASME Boiler and Pressure Vessel Code, Sec. Ill, Div. 1, Subsection NA, American Society 
of Mechanical Engineers, New York, 1974. 
Leese, G. E. and Morrow, J. D., this publication, pp. 482-496. 
Gonyea, D. C. in Fatigue at Elevated Temperatures, ASTM STP 520, American Society for 
Testing and Materials, Philadelphia, 1973, pp. 678-687. 
Brown, M. W. and Miller, K. J., Fatigue of Engineering Materials and Structures, Vol. 1, 
1979, pp. 217-229. 
Garud, Y. S., Journal of Engineering Materials and Technology, Transactions, American So
ciety of Mechanical Engineers, Vol. 103, April 1981, pp. 118-125. 
Private communication, D. R. Galliart to D. V. Nelson, Dec. 1981. 
Lohr, R. D. and Ellison, E. G., Fatigue of Engineering Materials and Structures, Vol. 3, 
1980, pp. 1-17. 

 



Nonproportional Loading Effects 

 



Soon-Bok Lee^ 

A Criterion for Fully Reversed Out-of-
Phase Torsion and Bending 

REFERENCE: Lee, S.-B., "A Criterion for Fully Reversed Out-of-Phase Torsion 
and Bending," Multiaxial Fatigue, ASTM STP 853, K. J. Miller and M. W. Brown, 
Eds., American Society for Testing and Materials, Philadelphia, 1985, pp. 553-568. 

ABSTRACT: This paper presents a new design criterion for fully reversed out-of-phase 
torsion and bending fatigue. This criterion, similar in spirit to that proposed by Kanazawa, 
Miller, and Brown, is derived as an extension of Cough's ellipse quadrant. 

Theories and tests under "in-phase" torsion and bending fatigue are briefly reviewed. 
A few commonly used fatigue theories for "out-of-phase" muUiaxial loadings are critically 
evaluated. Tests were performed with cantilever type SM45C structural steel specimens 
under fully reversed out-of-phase combined torsion and bending loadings in the intermediate 
cycle regime. Available fatigue data under high-cycle out-of-phase torsion and bending 
are plotted on constant life diagrams calculated according to the new criterion. 

For multiaxial out-of-phase loadings, generated by fully reversed combined torsion and 
bending, both the present test results and data in the literature are in good agreement with 
the new fatigue criterion. The criterion predicts fatigue life under fully reversed bending 
with out-of-phase or in-phase torsion at intermediate to high cycles. 

KEY WORDS: multiaxial fatigue, nonproportional, out-of-phase loadings, fatigue life 
prediction, equivalent stress, fatigue tests, bending, torsion 

Structures and machine parts are generally subject to repeated multiaxial load
ings. Such loadings are often complex, that is, the corresponding principal 
stresses are nonproportional or principal directions change during a cycle of such 
loadings. Fatigue life prediction of engineering components under complex mul
tiaxial loadings is essential to their reliable design and failure prevention. Such 
prediction is often based on simple laboratory data generated under cyclic uniaxial 
loading and an appropriate multiaxial fatigue theory or criterion. The latter is 
essentially a method for reducing the multiaxial loading to an "equivalent" 
uniaxial loading. 

Many attempts have been made to extend the classical multiaxial "yield 
criteria" to multiaxial fatigue problems. Such attempts are limited primarily to 
simple (proportional, in-phase) multiaxial loading. 

Recent evaluation of multiaxial fatigue theories [7] showed that different 
investigators report different conclusions on complex (nonproportional, out-of-
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phase) multiaxial loadings. Among the many cases of complex multiaxial load
ings, the case of out-of-phase torsion and bending is commonly encountered in 
engineering practice, such as crankshafts in automotive industry. A new practical 
fatigue design criterion for out-of-phase torsion and bending is developed herein 
and compared with other plausible criteria. Reviews follow of previous criteria 
for in-phase and out-of-phase torsion and bending. 

Review of In-Phase Torsion and Bending 

Early investigations [2-4] on multiaxial fatigue have been done under com
bined torsion and bending. Extensive experimental work was performed by 
Gough, Pollard, and Clenshaw [5] who proposed the empirical ellipse quadrant 
equation for ductile materials and the empirical ellipse arc equation for brittle 
materials. Gough's criterion, though empirical in nature, correlates excellently 

• data of in-phase torsion and bending and accounts for anisotropic effects as well. 
Other investigations [6,7] also found agreement with the ellipse quadrant equa
tion. Marin [8] proposed an expression which was equivalent to Cough's ellipse 
quadrant equation. 

Sines [9] suggests that the permissible alternation of octahedral shear stress 
is a linear function of the sum of orthogonal normal static stresses. Sines' 
criterion, when applied to fully reversed in-phase torsion and bending, coincides 
with the von Mises criterion and with Cough's ellipse quadrant when t/b = 0.577. 
Here, t/b is the ratio of torsional fatigue limit to bending fatigue limit. Sines' 
criterion provides reasonably good correlations for the fatigue life of smooth 
specimens under high cycle, proportional, constant amplitude loadings. This 
criterion does not allow for out-of-phase torsion and bending loading, which is 
common in crankshafts, nor for effects of anisotropy. 

Findley [10-14] has performed many investigations under combined torsion 
and bending. He modified theories of failure with tib to yield the empirical 
ellipse quadrant proposed by Gough [5]. He suggested that the maximum shear 
stress theory modified for material anisotropy and the normal stress acting on 
the plane of maximum shear stress, correlates satisfactorily with test data. 
Findley's [12] criterion does not allow for out-of-phase torsion and bending. 

McDiarmid [15,16] reviewed in-phase multiaxial fatigue and proposed a gen
eral criterion of fatigue failure based on the critical range of shear stress modified 
for the effects of the normal stress acting on the plane of maximum shear stress 
and of anisotropy. McDiarmid's criterion does not apply to out-of-phase torsion 
and bending. 

Recently, Kakuno and Kawada [17] proposed a rather complicated formula 
by modifying Sines' [9] criterion for combined static and repeated torsion and 
bending and showed that the formula agreed more closely with Cough's [5] 
experimental results than Sines' criterion. However, Kakuno et al's formula is 
not applicable for out-of-phase torsion and bending loading. 

Reviews by Brown and Miller [18], Krempl [19], and Toor [20] are worth 
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mentioning. These reviews also deal exclusively with fixed principal axes and 
proportional loading. 

Review of Out-of-Phase Torsion and Bending 

The early experiments on out-of-phase torsion and bending were performed 
by Manson [21,22]. However, no conclusions could be drawn because of the 
limited number of tests performed. Nishihara and Kawamoto [23] performed 
high-cycle out-of-phase torsion and bending tests on hard steel, mild steel, cast 
iron, and duralumin. They concluded that fatigue limit increases as the applied 
phase difference increases. Little [24] developed a graphical technique to analyze 
fatigue stresses from complex loadings. Later, Little [25] analyzed Nishihara 
and Kawamoto's [23] data on out-of-phase torsion and bending with respect to 
"true shear stress amplitude" and showed that fatigue limit actually decreases 
as the phase difference increases, which is opposite to Nishihara et al's claim. 

Grubisic and Simbiirger [26] have proposed an "effective straining" (root 
mean square expression) which involves examining "all" planes in a body for 
the most unfavorable combination of mean and alternating shear stress on each. 
It could be difficult to apply in practical situations. Simburger [27] showed that 
out-of-phase stresses could be more damaging than in-phase stresses of the same 
magnitude. 

Miller et al [28] proposed a "modified octahedral shear stress" theory for 
out-of-phase loadings. Dietmann and Issler [29] conducted out-of-phase tests 
and correlated data in terms of bearable octahedral stresses, that is, alternating 
shear stress and mean normal stress acting on the octahedral plane of maximum 
range of shear stress. Taira et al [30,31] investigated the low-cycle, torsion and 
axial tests at elevated temperature. They developed a modified' 'equivalent strain-
range" based on the von Mises criterion. Zamrik et al [32] conducted low-cycle, 
out-of-phase fully reversed tests on 7075-T6 aluminum alloy and proposed use 
of maximum total strain to correlate their results. The total strain expression was 
defined as 

€7 = Ve7 + l ? + e 7 (1) 

where Ci, ej, and e^ are principal strains. To maximize the function e^, a computer 
program may be needed even for out-of-phase torsion and bending only. The 
total strain expression reduces to von Mises criterion when Poisson's ratio is 
0.5. 

Recently, Kanazawa, Miller, and Brown [33] have made a significant con
tribution to the field of out-of-phase multiaxial fatigue. They conducted tests 
under out-of-phase cyclic axial and torsional straining on a 1% Cr-Mo-V steel 
and showed that out-of-phase loading was more damaging than in-phase loading 
in the low-cycle regime. They also found that both the Tresca and von Mises 
type criteria are not conservative for out-of-phase multiaxial loadings. Finally, 
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they proposed that the shear strain range and normal strain amplitude on the 
maximum shear plane should govern out-of-phase multiaxial fatigue but offered 
no functional relationship. 

For out-of-phase multiaxial loading, most of the proposed fatigue theories are 
extensions of the Tresca or von Mises criteria. Langer [34] proposed a fatigue 
evaluation procedure seeking the highest range of shear stress in a multiaxial 
load history, which has been adopted in 1974 ASME Boiler and Pressure Vessel 
Code.^ For fully reversed out-of-phase torsion and bending, the equivalent stress, 
SALT, based on that procedure can be obtained as 

SALT = -7= [1 + K^ + V l + 2K^ cos2(l) + K"]"^ (2) 
V2 

where 

B = applied bending stress amplitude, 
K = 2T/B, 
T = applied torsional stress amplitude, and 
4) = phase angle between bending and torsion. 

A modification of Langer's method, an extension of von Mises criterion, has 
been incorporated in ASME Code Case.^ The equivalent stress, SEQA, based 
on the modification for out-of-phase torsion and bending can be expressed as 
following form 

B 
SEQA = - ^ 

V2 
\ + -K^ + \\\ + -K^ cos2<|) + —K* 

4 V 2 ^ 1 6 
(3) 

The expressions in Eqs 2 and 3 were derived in Ref I for critical evaluation of 
plausible multiaxial fatigue theories and presented in Ref 35. 

Inconsistencies with experimental results and difficulties in implementation 
of most complex multiaxial fatigue criteria have prompted efforts to develop a 
new criterion for out-of-phase multiaxial loadings. 

Development of a New Criterion 

For a general complex multiaxial stress field with constant amplitude cyclic 
loading a fatigue criterion or equivalent stress, S, can be determined by the 
following functional relations 

S = /(a,;,, CT,y, w,j, 4),-̂ ), i,i = 1,2,3 (4) 

-ASME Boiler and Pressure Vessel Code, Section III, Division I, Subsection NA, Appendix XIV, 
American Society of Mechanical Engineers, New York, NY, 1974. 

'"Cases of the ASME Boiler and Pressure Vessel Code," Code Case N-47-12, American Society 
of Mechanical Engineers, New York, NY, 1978. 
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where 

/ = function of variables in parenthesis, 
cr,̂  = 6 components of cychc stress amplitude, 
a,y = 6 components of mean stress, 
Wjj = 6 frequencies, and 
^ij = 5 phase differences between cyclic stresses. 

twenty-three variables govern the fatigue life under complex multiaxial condi
tions. No theory has been developed for this case. 

When all cyclic stresses are at the same frequency and in-phase, Eq 4 can be 
reduced to following functional expression 

S = f(Uij,&ij), i,j = 1,2,3 (5) 

Comprehensive reviews [18,19] show that most multiaxial fatigue research is 
in this category. Sines' criterion [9] provides one such example. 

When stresses are out-of-phase but of the same frequency, the fatigue criterion 
can be given in following functional form 

5 = f(&,j, &y, <^ij), i,j = 1,2,3 (6) 

Seventeen variables still remain for this complex multiaxial fatigue problem. 
Many attempts [24-34] have been made to propose multiaxial fatigue criteria but 
none generally accepted. Some attempts lead to contradictory conclusions, which 
is no surprise considering the complexity of out-of-phase loadings. 

Fully reversed out-of-phase torsion and bending loading is an example of a 
complex multiaxial fatigue loading whose principal directions move through cy
cling. For this loading, 17 variables in Eq 6 can be reduced to 3 variables without 
losing the characteristics of complex multiaxial fatigue as follows 

S = /(CT, T, Ct)) (7) 

The applied stresses are of the form 

CT = 6 sin (at (8) 

T = r sin(wr + <})) (9) 

where 

B and T = applied bending and torsional stress amplitudes, respectively, and 
(j) = phase difference between cyclic bending and torsion. 
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For a special case of Eq 7, that is, in-phase bending and torsion, Gough et 
al [5] proposed tlie following ellipse quadrant equation for ductile materials 

(BIb'f + (TIt'f = 1 (10) 

where b' and t' are fatigue limits in bending and torsion, respectively. In general, 
a fatigue design criterion or formula should: (a) have a clearly defined region 
of vahdity; (i)) be easily applied; (c) permit prediction; and (d) be checked by 
tests on many engineering materials. Gough's ellipse formula meets all the 
requirements, and correlates excellently data of in-phase torsion and bending on 
many engineering steels for high cycles. A sound basis for the new out-of-phase 
criterion is provided by Gough's ellipse quadrant, which is well supported by 
other investigations \6-9,12,15,l6\. 

Gough's ellipse quadrant Eiq 10 can be generalized to out-of-phase torsion 
and bending loadings by adapting the power as follows 

(BIbT 4- {TItY = M" (11) 

where 

b = bending fatigue strength for a given life A', 
f = torsional fatigue strength for the same life iV, 
u = dimensionless unit variable, and 
a = a variable power which depends on phase difference and material. 

An equivalent stress, SLEE, can be postulated as 

SLEE = bxu (12) 

Upon substitution of u in Eq 11 into Eq 12, one can obtain the following 
expression 

SLEE = b [{BIbT + (r/f)"]"" (13) 

Equation 13 can be written as 

SLEE = B[\ + {bKlltT ]"" (14) 

where K = 2TIB. The power a is expressed for ductile materials as 

a = 2 (1 -I- p sin<|)) (15) 

where 

P = a material constant and 
cf) = phase angle between applied torsion and bending. 

The power a permits allowance for phase angle. 
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The equivalent stress, SLEE, in Eq 14 along with Eq 15 is one of the detailed 
functional expressions of Eq 7. SLEE consists of three material parameters; b, 
t, and p. Here, p can be determined by drawing the best fit constant life curve 
according to SLEE on data of any out-of-phase fully reversed torsion and bending. 
When <j) = 0, SLEE reduces to Gough's ellipse quadrant. The equivalent stresses, 
SALT and SEQA in Eqs 2 and 3 are other detailed functional expressions of Eq 
7. When <|) = 0, SALT reduces to the Tresca criterion and SEQA reduces to 
the von Mises criterion. 

Test Program 

Fatigue tests were performed with SM45C structural steel at room temperature 
and in the intermediate-cycle regime. This material, which is equivalent to SAE 
1045, is a commonly used steel for crankshafts which are subject to out-of-phase 
torsion and bending. The chemical composition and mechanical properties of 
the material tested are given in Table 1. 

Fatigue tests were conducted under alternating torsion and bending separately. 
The bending specimen and torsion specimen are made according to ASTM STP 
566 [36], tested with a Schenck deflection controlled torsion/bending fatigue 
machine at around 20 Hz. Multiaxial fatigue tests under various combinations 
of torsion and bending were carried out on a round cantilever type specimen 
with a deflection-controlled multiaxial fatigue test machine. Detailed description 
of this multiaxial fatigue test machine may be found elsewhere [1,37]. The 
geometries of specimens tested are shown in Fig. 1. The test section of the 
cantilevered torsion-bending specimen is the reduced diameter portion of the 
bar. Stress concentration factors of this test section are less than 1.02 in torsion 
and bending. 

Fatigue life was defined as the number of cycles to 10% load decrease due 
to cracking of the specimen. 

Test Results 

Results of fatigue tests of SM45C structural steel under alternating torsion 
and under alternating bending are plotted as S-N curves in Fig. 2. Open circles 
and open squares in Fig. 2 indicate data obtained with the torsion-bending 

TABLE 1-

Element 

Weight Percent 

-Chemical composition and mechanical properties of SM45C steel tested. 

C Si Mn P S Ni Cr 

0.48 0.29 0.68 0.021 0.043 0.14 0.18 

Cu 

0.13 

Yield strength 418 MN / m' 
Ultimate tensile strength 731 MN/m^ 
Area reduction 45% 
Elongation 22% 
Young' s modulus 208.6 GN / m̂  
Shear modulus 80.5 GN/m^ 
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FIG. 1—Test specimens (dimensions in millimetres). 

specimen. The values of tib for any given life A' can be obtained from Fig. 2. 
Results of multiaxial fatigue tests under combined torsion and bending are listed 
in Table 2. The equivalent stresses, SLEE, calculated according to the new 
criterion for in-phase and out-of-phase torsion and bending are compared with 
bending data and illustrated in Fig. 3. The constant (3 for SLEE was found 
empirically to be 0.15 for SM45C structural steel. Multiaxial data under both 
in-phase and out-of-phase loadings are very well correlated by the new criterion. 
Figure 4 shows the multiaxial test data plotted on the constant life curves of 
SALT, SEQA, and SLEE for 90° out-of-phase torsion and bending. The new 
criterion correlates data more closely than conventional von Mises or Tresca type 
criteria. 

One of the requirements for a good fatigue criterion is the life prediction 

400 

- 300 

S 200 

BENDING STRESS 

TORSIONAL 
SHEAR STRESS-

• • I ' 

«f K^ Kf * 

NUMBER OF CYCLES, N 

FIG. 2—S-N curves of SM45C steel under torsion and under bending. 
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TABLE 2—Results of multiaxial fatigue tests under fully reversed combined torsion and bending 
with SM45C structural steel. 

B' 

390 
349 
325 
372 
309 
265 
392 
417 
346 

fb 

151 
148 
153 
93 
134 
225 
118 
78 
173 

<!>' 

0° 
0° 
0° 
0° 
0° 
90° 
90° 
90° 
90° 

N' 

8.5 X 
2.4 X 
3.2 X 
3.8 X 
1.0 X 
1.2 X 
1.27 X 
1.3 X 
1.6 X 

10' 
10" 
10" 
10" 
10' 
10" 
10" 
10" 
10" 

B' 

245 
245 
304 
304 
314 
286 
167 
265 

'T-b 

216 
211 
186 
152 
127 
143 
211 
132 

<f>' 

90° 
90° 
90° 
90° 
90° 
90° 
90° 
90° 

N-' 

2.0 X 10" 
2.5 X 10" 
2.6 X 10" 
5.7 X 10" 
1.0 X 10' 
1.2 X 10' 
2.9 X 10' 
3.5 X 10' 

"Applied bending stress amplitude, MN/m''. 
'Applied torsional stress amplitude, MN/m^ 
'Phase difference between B and T, degree. 
•'Number of cycles to failure. 

capability. Figure 5 illustrates the life prediction capability of the various criteria 
under 90° out-of-phase torsion and bending and several A"-values. Predicted lives 
by the new criterion (SLEE) are very close to actual lives of SM45C steel tested 
under 90° out-of-phase torsion and bending. 

Both the Tresca (SALT) and von Mises type (SEQA) criteria seriously un
derestimate or overestimate the fatigue danger of SM45C steel under 90° out-
of-phase torsion and bending, which depends on the K{= IT IB) value. Both 
criteria are not conservative, that is, underestimate the fatigue danger, when K 
is around 1 or smaller. On the contrary, they considerably overestimate the 
fatigue danger when K > 2, where torsion dominates. Figure 5 clearly indicates 
that the predictions by SALT and SEQA depend on K. 

^ 500-

UJ 
oc 
XT, 

400 

3 300 

A IN-PHASE BENDING t TORSION 

o OUT-OF-PHASE BENDING t TORSION 

O BENDING ONLY 

I I 11 i l , 
10^ io" io' io'^ ^ 

NUMBER OF CYCLES. N 

FIG. 3—Equivalent stress (SLEE)-N curve of SM45C under multiaxial loadings. 
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FIG. 4—Modified test data of SM45C steel for 10^ cycles on the constant life curves of SALT, 
SEQA, and SLEE for 9(f out-of-phase torsion and bending. 

Discussion 

Dietmann and Lempp [38] pointed up that the effect of phase difference upon 
fatigue strength depends on the material. None of the conventional criteria up 
to now correspond to out-of-phase experimental data of different materials. Out-
of-phase data for different materials [23,39,40] have been successfully correlated 
by the new criterion with proper empirical constants p. Table 3 lists the constants 
P for various materials. The value of p can be loosely considered as the degree 
of sensitiveness to phase difference. The constant p must be determined from 
tests. However, it is not necessary to make experiments for various phase angles 
to get p, but sufficient to make tests only for ((> = 90° and preferably at A" = 1. 

A high-strength steel, 42Cr-Mo-4V, tested by Lempp [39] showed that out-

5 ,rf 

W 10^ 

ACTUAL LIFE ( cycles) 

FIG. 5—Comparison of predicted lives by SALT, SEQA, and SLEE, and actual lives of SM45C 
under out-of-phase loadings. 
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TABLE 3—Mechanical properties and constant p for various materials tested under out-of-phase 
torsion and bending. 

Materials 

SM45C 
St35 
42Cr-Mo-N 
42Cr-Mo-4V 
34Cr-4V 
Mild steel 
Hard steel 
Duralumin 
Cast iron 

Ultimate Tensile 

"Ultimate tensile 
'Endurance limit 
'Number of 

Strength" 

731 
399 
724 

1025 
795 
374 
680 
429 
190 

strength, MN/ 

Endurance* 

m^ 
in bending, MN/w 

cycles tested. 
''Reference number. 
' a = 1.5(1 + P sin(t)) for this case 

295 
176 
254 
398 
411 
235 
314 
156 
96 

\ 

t/b. 

0.7 
0.63 
0.62 
0.67 
0.63 
0.583 
0.625 
0.642 
0.949 

N' 

10' 
5x10* 
2x10 ' 
2x10* 
2x10* 

10' 
10' 
10' 
10' 

P for SLEE 

0.15 
1.25 
0.9 

-0 .22 
0.0 
0,3 
0.15 
0.0 
0.8' 

Data 

present 
Umpp [S9Y 
Lempp [39] 
Lempp [39] 
Zenner[40] 

Nishihara [23] 
Nishihara [23] 
Nishihara [23] 
Nishihara [23] 

of-phase loading is more detrimental than in-phase loading of the same magnitude 
in the high-cycle regime, which is contrary to the predictions of most conventional 
criteria. Figure 6 illustrates that the new criterion successfully predicted the 
fatigue behavior of 42Cr-Mo-4V. Here, the value of p is -0 .22. In the low-
cycle regime, ICr-Mo-V steel [33] is also shown to be more damaged by out-
of-phase loading. 

Figure 7 shows the fatigue data at 2 X lO* cycles of 34Cr-4V steel by Zenner 
[40] plotted on the constant life curves according to the new criterion. Phase 
difference between torsion and bending does not affect the fatigue strength of 
the 34Cr-4V as shown in Fig. 7. Duralumin by Nishihara et al [23] was also 
insensitive to phase difference. Here, the value of p is zero for both materials. 

Figure 8 shows the curves of SLEE for in-phase and 90° out-of-phase torsion 

Vb 

.6 

.4 

2 

HZ^Vf 
Q 0' 

— 0 9(r 
n = -022 

" LEMPP «CrMoW 

1 1 

V^ 

1 

\ 

N\ 
A .6 to 

?\G.6—Constant life curves of SLEE with p = -0.22 anddataof42Cr-Mo-4V['i9]at2 x 70* 
cycles. 
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FIG. 1—Constant life cutres ofSLEE with ^ = 0 and data of34Cr-4V [40] at 2 X Iff" cycles. 

and bending, and fatigue data at 10' cycles of the mild steel by Nishihara et al 
[23]. Nishihara's steels indicate that "in-phase" loading is more harmful than 
"out-of-phase." Here, the value of p for mild steel is 0.3. 

The new criterion with t/b = 0.6 and p = 0.3 can predict fatigue life of 
Nishihara's steels [23] under combined torsion and bending at various phase 
angles, which is illustrated in Fig. 9. In Fig. 9, constant life curves of conven
tional criterion (SALT) and new criterion (SLEE) are shown for comparison at 
phase angles of 0, 30, 60, and 90° against Nishihara's steels. The new criterion 
correlates data at various phase angles more closely than the conventional Tresca 
type criterion. For in-phase and 30° out-of-phase, SALT is conservative. At 60° 
out-of-phase SALT is also conservative for ^ > 1, and close to SLEE for A' < 1. 
At 90° out-of-phase and ^ > 1.4, SALT is also conservative. However, at 90° 
out-of-phase and A" < 1.4, SALT is no longer conservative, but SALT under
estimates the fatigue danger. The underestimation is most pronounced at ̂  = 1. 
The same tendency of underestimation by conventional criteria (both SALT and 
SEQA) was shown in Fig. 5. 

A one parameter concept, such as maximum shear range or octahedral shear 

Vb 
.4 -

^ ^ ^ B ^ t : : : : : ^ 
N : itf "^ 

- — • 0-

n=o.3 
' NISHIHAfiA MILD STEEL 

,4 .6 
Vb 

1.0 

FIG. 8—Constant life curves of SLEE with P = 0.3 and data of mild steel [23] at lO' cycles. 
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FIG. 9—Comparison of SALT and SLEE (with p = 0.3 and t/b = 0.6) at 0, 30. 60, and 9(r 
out-of-phase torsion and bending and data of Nishihara's steels at 10^ cycles [23]. 

range, is not sufficient to predict fatigue danger of out-of-phase multiaxial load
ings. 

The value of t/b, an ingredient of the new criterion, is readily available for 
many structural materials in Refs 5,12, and 16. The values of t/b for a given 
material can be obtained with simple fatigue tests as illustrated in Fig. 1. 

The region of validity of the new criterion is the constant amplitude, fully 
reversed multiaxial fatigue, generated by out-of-phase torsion and bending. Em
phases are placed on the fatigue strength of ductile materials under intermediate 
to high-cycle, nonproportional loadings with equal fundamental frequencies in 

1.0 
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FIG. 10—Constant life curves of SLEE with a = 1.5(1 + 0.8 sin<^) and data of cast iron [23]. 
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all axes, at room temperature. The present investigation excluded some important 
problems such as high-temperature behavior and cumulative damage in out-of-
phase multiaxial fatigue. 

For cast iron which contains voids and microcracks, the power a in SLEE 
needs some modification. Nishihara's [23] cast iron data can be correlated by 
SLEE using a = 1.5 (1 + p sin<t)), which is shown in Fig. 10 with 3 = 0,8. 
However, it may need more cast iron fatigue data to justify the modified a 
expression. 

Conclusions 

Conunonly used Tresca and von Mises criteria may seriously underestimate 
or overestimate the fatigue damage under out-of-phase loadings. In 90° out-of-
phase torsion and bending loadings, they overestimate the fatigue damage when 
the applied torsional stress is dominant but underestimate it when the applied 
bending stress amplitude is larger than torsional stress amplitude. 

The new criterion presents a short description which condenses data into a 
two-parameter-expression with material related constants of t/b and p. For 
complex multiaxial loadings, generated by fully reversed out-of-phase torsion 
and bending, both the present medium life test results and long life data in the 
literature are in good agreement with the new fatigue criterion. 

The new criterion can be used for a preliminary fatigue design formula for 
unnotched machine parts or shafts which are subject to out-of-phase torsion and 
bending of same frequencies. 
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e Axial strain 
e„ Normal strain on maximum shear plane 

X A 7 / A e 
V Poisson 's ratio 
CT Normal stress 
T Shear stress 

<f) Phase angle 
\ii Shear plane angle 
(I) 2-n-/(torsional strain cycle period) 

w' 2Tr/(axial strain cycle period) 

Subscripts 

ap Applied 
max Maximum shear 

np Peak value of e„ 
p Plastic component 
t Total strain 

1,2,3 Principal values 

Many common engineering components experience cyclic loading that results 
in states of stress more complex than the simple uniaxial state which exists in 
standard fatigue tests. Three recent reviews [1-3] describe much of the work 
which has been done with a view to predicting fatigue lives for components 
suffering complex stress states utilizing fatigue data derived from simpler uniaxial 
stress state tests. The majority of published work deals with proportional loading 
only [1-3]. This paper describes an experimental study of the low-cycle fatigue 
behavior of hollow tubes subjected to combined tension-torsion loading where 
the strains are applied in a severely nonproportional manner. Severe nonpro-
portional loading was employed because it offered a good method by which to 
highlight and examine certain effects that might be expected to occur under 
generalized service conditions. It is of practical importance when, for example, 
shock loads are superimposed on steadily loaded structures, or when intermittent 
cycles of one loading mode (for example, bending) are added to the strain 
generated by another (for example, torsion). 

Experiments involving nonproportional loading can be traced back at least as 
far as 1921 [4]. In these early tests it was shown that life predictions were 
nonconservative when applied to such loading conditions. The tendency to obtain 
nonconservative life predictions under nonproportional loading has been rein
forced by a number of more recent investigations [5,6], giving nonproportional 
loading studies an engineering significance. 

Experimental results from nonproportional loading are very limited [4-8] and 
they are reviewed elsewhere [1-3,6]. Therefore, only selected relevant aspects 
of prior work will be discussed here. 
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The first problem encountered in nonproportional loading fatigue is that of 
selecting representative stress or strain amplitudes to use in correlating results. 
The choice of a representative stress or strain is made difficult by the fact that 
stresses not only change magnitude but also that the principal axes may rotate. 
For a particular type of loading, fatigue failure can occur with constant magnitude 
(that is, zero amplitude) maximum shear stress if the principal axes are made to 
rotate [6]. An additional factor in low-cycle fatigue is that the principal stress 
and strain axes are not always coincident. A number of different approaches to 
the problem of choosing representative stress or strain values for nonproportional 
loading have been developed, which may be divided into two categories. The 
first category considers stress, strain, or energy variation without regard to how 
these quantities are distributed with respect to specific planes and crack growth 
directions, while the second category considers the variation of some quantity 
on a critical plane related to crack growth. 

Taira et al [9], Zamrik and Frishmuth [8], and Garud [70] have proposed 
methods in the first category. Taira et al integrated the octahedral shear strains 
throughout a cycle, in order to avoid the problem of changing stress direction. 
Zamrik and Frishmuth [8] found e, the maximum value of "total strain" without 
regard for direction was useful in correlating data. The definition used for total 
strain is the following 

e, = \ V + ^ 7 + ^ (1) 

where e,, €2, and €3 are principal strains. 
Garud [10] has used the plastic work per cycle independent of material planes 

as a measure of damage. For the special case of tension-torsion, his general 
expression of plastic work reduces to 

W^ = § [arfe^ + Tdy,] (2) 

In order to improve the correlation of experimental data, a modified version of 
plastic work was also used by Garud, which for the special case of tension-
torsion reduces to 

W^* = § [adep + 0.5x^7,] (3) 

The weighting factor of 0.5 in Eq 3 was determined empirically. 
The second category of methods used to characterize nonproportional loading 

considers conditions on a critical plane. Dietmann et al [7], also Hull and Miller 
[7/] , and Miller et al [72] have employed an approach that considers shear and 
normal stresses, both alternating and mean, on the plane experiencing the largest 
octahedral shear stress. Kanazawa et al [6] have developed a similar approach 
by considering the maximum shear plane, looking at the physical processes of 
deformation and fatigue crack growth in order to choose the most suitable pa
rameters. They also found that two independent parameters are required to char-
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FIG. 1—Specimen geometry (all dimensions in millimetres). 

acterize multiaxial failure, being (a) the range of maximum shear strain, which 
governs the reversed plastic flow of the material that causes crack propagation, 
and (b) the largest positive normal strain on the maximum shear plane, which 
influences the fatigue ductility coefficient [13]. Since only low-cycle fatigue 
conditions with fully reversed loading were analyzed, the resulting method con
sidered the amplitude of shear strain and the amplitude of normal strain acting 
on the plane of maximum shear strain. This method is also applicable to high-
cycle fatigue. 

All of the methods in each category have shown some success for at least 
some data sets. 

Experimental Program 

The test machine, extensometer, specimen design, and material were identical 
to those used previously [6,14]. Briefly, the tests were carried out on tubular 
specimens of a ICr-Mo-V steel at room temperature. The specimen geometry 
is shown in Fig. 1, and the material composition and monotonic properties are 
given in Tables 1 and 2. The heat treatment was designed to give a midbainite 
structure, and the production of the steel was carefully controlled to give isotropic 
properties [15]. 

The strains in the specimen gage length were monitored continuously with 
the extensometer shown in Fig. 2, the strain signals being derived from the axial 
and torsional transducers. The applied loads were governed by two independent 
closed-loop servocontrol systems operating on the two strain signals. A more 
detailed description of the fatigue machine may be found elsewhere [14]. 

Four different types of strain cycle were used (see Fig. 3). All waveforms of 

c 

0.24 

Si 

0.29 

Mn 

0.64 

TABLE 1—Chemical composition. %. 

Ni Cr Mo V 

0.21 1.02 0.57 0.29 

S 

0.010 

p 

0.016 
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TABLE 2—Monotonic properties. 

0.5% proof stress, MPa 
Tensile strength, MPa 
True shear fracture stress, MPa 
Reduction in area, % 
True shear strain at fracture, % 

Tension Torsion 

698 
800 
524 
64 
153 

378 

532 

160 

the axial and torsional strain cycles were sinusoidal. For cycles of Type I both 
torsional and axial sine waves have the same period (286 s), while for cycles 
of Types II a, b, and c, the duration of the axial cycle is one tenth that of the 
torsional cycle. For Type I cycles the phase of the applied shear strain relative 
to the axial strain is represented by a phase angle 4>. For Type II cycles the 
relative phase is less ambiguously represented by the parameter h shown in Fig. 
3. This parameter is the nondimensional torsional strain value which occurs at 
the axial strain peak. All three variations of the Type II cycle indicated in Fig. 
3 were used, with A7 = 3%, while Ae was 1.4% in Cycles I and Ila and 0.7% 
in Cycles lib and lie. Failure was defined as the first measurable drop in the 
torque amplitude after saturation and prior to rupture. 

The test data are summarized in Table 3. A notable feature of the program 
was that the specimens tested were from the same batch used earlier by Kanazawa 
et al [6]. The data in this investigation were found to be comparable to that of 
Kanazawa et al, and therefore the in-phase and out-of-phase Type I data of Ref 
6 provided an invaluable baseline for the present investigation. 

Specimen 

Torsional 
Transducer 

Wire 
Drive 

VIEW ON A A 

FIG. 2—Biaxial strain extensometer. 
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Axial Strain 
Torsional Strain 
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< 
on 

a 
UJ 

a. 
O 

1 

i 

A 
L' \ 

LA 

\! 

1 

^1 

TIME 

FIG. 3—Definition of cyclic types, phase angle <]) and phase measure h {for 4> = 9ff', h = 0). 

Strain Analysis 

It is necessary to calculate from the imposed strains the range of the maximum 
shear strain and the maximum positive value of the normal strain across the 
plane of maximum shear. For Type I cycles a closed form expression for these 
quantities was found previously [6], but, for the Type Ila cycles, no closed 
form expression has been found. When thin-walled tubes are subjected to axial 
and torsional straining the applied strains are given by the strain tensor 

0 

1/27, 0 

0 

The basic procedure was to solve for the principal strains and principal directions 
at a given time. The numerical procedure used was available as a commercial 
subroutine developed for finding eigenvalues and eigenvectors based on House
holder reduction. From the principal strains at a given time the maximum shear 
strain may be easily determined. These quantities were solved repeatedly to 
develop a time history of the maximum shear strain. From this time history, the 
largest and smallest maximum shear strains were determined. It was found for 
the particular cases considered that the largest positive and the largest negative 
maximum shear strain always occurred on the same plane. With the maximum 
shear strain amplitude and orientation of the maximum shear plane known, the 
time history of the normal strain across that plane was easily generated using 
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00 'O — 
r̂  Q Q c^ 
ON O O O 
^ c-i c-i cs 

O t ^ O O c o f * ^ oooooor^ 

d d o o d d d d> <o ̂  d> 

'-'^^ccr<^\ooorrAoor~~o*n'^ 

\ 0 »sO ^ ^ O """ ' " ' ~ ~~ " " "~ I o ^ tn u~i *ri v-i 

•^ m oo "O v-j 
, rJ cs fn CO m •3- ^ 
ON p O O 00 O O p 

\or - c^r-o^ OON ^OON 
<>>rnor^oor- C-*OOOQOOO 
c*~t'^Tt-foror-)Oc<^^or^NqsO 
^ _ ; ^ ^ » ; ^ o - ^ d d d d 

§ -̂ t -* O o <n 

rN cs o vi !-• c<^ t ^ in »n *o 
d d d d d d 

+ I I + + 

O a Q a O 3̂ 

8 8 8 8 8 
0 0 0 0 0 

 



576 MULTIAXIAL FATIGUE 

the time history of the strain tensor, the unit vector normal to the maximum 
shear plane, and appropriate inner products. 

In carrying out this procedure, 720 time steps were used for each complete 
cycle analyzed. The results of the computer analysis are shown for Poisson's 
ratio equal to 0.4 in Figs. 4 and 5. This value of Poisson's ratio is the approximate 
effective value at peak strain for these tests. 

Experimental Results 

The experiments were planned to investigate three questions. First, in two 
tests where the maximum shear strain amplitude and the amplitude of e„ are held 
constant, will a different straining path give different fatigue lives? Second, will 
the phase of the applied maximum shear strain relative to the normal strain acting 
normal across the plane of maximum shear (e„) affect the fatigue life? Third, 
will the constant reintroduction of mean strain and associated mean stress affect 
fatigue life? The importance of the answers to these questions and the results 
will be used collectively to discuss the merits of various life prediction methods. 

The tests conducted and the resulting fatigue lives are given in Table 3. It is 

2.0 

0.8 

h-O 

Poisson's ratio = 0.4 

2.0 8.0 4.0 6.0 
X • AY/AE 

FIG. 4—Variation of normal strain range. Ae„, for constant maximum shear strain range. 
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worth noting that the stresses given were calculated by treating the specimen as 
a thin-walled tube. The plastic strain and plastic work ranges were determined 
from the hysteresis loops at approximately midlife, and the corrected fatigue 
lives were determined by scaling the actual fatigue lives to the life expected for 
'̂ 7max = 3%, Ae„ = 0.7% using graphs from the Type I tests of Kanazawa et 
al [6], since it was difficult to obtain the desired test parameters precisely. 

Ejfect of Strain Path 

Figure 6 shows fatigue life as a function of the normal strain acting across 
the plane of maximum shear for tests run with a maximum shear strain range 
of 3%. The open symbols show the results for Type 1 strain cycles, while the 
solid symbols show the results for Type II cycles. Most of the Type I data are 
from tests of the work of Kanazawa et al [6] who used the same batch of 
specimens. The data from Type II cycles fall consistently above the Type I data 
indicating an effect of straining path on fatigue life when the straining path is 
changed from Type I to Type II. 

O 10" 

< 

Poissons ratio = 0 .4 

h = 0.707 

h = 0 . 8 6 6 

ri = I.O 

_1_ 
2.0 8 . 0 4.0 6.0 

FIG. 5—Orientation of the maximum shear plane as a function ofk and h. 
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FIG. 6—Fatigue life as a function of normal strain amplitude, e„p, for A7,„ = 3%. 

Effect of the Relative Phase of '^„ax (^nd e„ 

It has been suggested that the normal strain across the maximum shear plane 
affects ductility and influences the damaging process on the maximum shear 
strain plane [7J] . It is important to know whether the relative phase of these 
two strain components affects fatigue endurance for general nonproportional 
cycles if crack growth models are to be based on these two components. 

Tests were run to show the effect of the relative phase of y^^ and e„ independent 
of other factors. To do this it is desirable to keep the following quantities constant. 

A7n,ax = maximum range of shear strain, 
Ae„ = range of normal strain across the plane of maximum shear, 
A-y = range of applied torsional strain, and 
Ae = range of applied axial strain. 

Noting that X equals A^/Ae, Type II tests were run with the value of X. fixed 
at 2.14. As indicated by Fig. 4, if the phase/z is restricted to - 0 . 7 < h < + 0 . 7 
then all these quantities can be held constant because Ae„ has a unique value of 
1.4%, irrespective ofh. In addition, the orientation of the maximum shear plane 
i|/ will be constant at 0° (see Fig. 5). The tests were run with the values of the 
applied torsional strain range and the applied axial strain range as close as possible 
to 3% and 1.4%, respectively. In Fig. 7 the corrected fatigue life versus the 
phase h is plotted, and it is apparent that phase has no significant effect on 
fatigue life. 
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FIG. 7—Fatigue life as a function of phase, h, for Type lid, cycles, with A-y,^ = 3%. 

Effect of Mean Normal Strain 

Two Type lib tests (tests 61 and 62) were run with a shear strain range of 
3%,h = 0.0, andAe„ = 0.7% with only the tensile half cycles of normal strain 
applied. These two tests resulted in lives that were not significantly different 
from tests which included both tensile and compressive going half cycles (see 
Fig. 6), suggesting that the compressive going half cycle was nondamaging. A 
test with only compressive going half cycles was attempted, but, unfortunately, 
it resulted in a cyclic-buckling failure of the specimen. It is worth noting that 
the eUmination of the compressive going half cycle cut the overall axial strain 
range in half without affecting life. 

Two additional tests were run at 3% torsional strain range with two, rather 
than one, tensile going axial strain cycles per torsion cycle (Type lie). As can 
be seen in Fig. 6 these tests resulted in lives essentially the same as tests involving 
only a single tensile half cycle. 

Discussion 

It is important to consider how the fatigue lives obtained for both Types I and 
II loading may be predicted by a single theory. Octahedral shear stress theory 
is normally only applied to cases of elastic deformation and will not be further 
discussed. 

Fatigue Damage in Terms of Strain Amplitude 

The traditional and generally accepted approach to fatigue life prediction is 
formulated in terms of strain ranges, whether elastic, plastic, or total. A typical 
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example is Eq I where the greatest value of "total" strain, e,, is used as an 
effective strain amplitude to find the endurance. For all Type I and II tests and 
the torsion test run in this program, the value of e, is ( V J X 0.75)%, which 
predicts the same life for all of these tests. However, the lives ranged from 1483 
cycles for test 55, which was pure torsion, to 206 cycles for test 66, a Type I 
test. 

The ASME Boiler and Pressure Vessel Code Case N47 recommends design 
for nonproportional cyclic loading using the greatest range of octahedral shear 
strain. Similarly, this calculation predicts identical lifetimes for both the Type 
I tests conducted and all the Type II tests, if -0 .83 s A < +0.83. Reference 
to uniaxial baseline data [6], as recommended by the code, gives an estimated 
endurance of 489 cycles, which is an unsafe prediction in all cases tested except 
pure torsion. 

The approach of Kanazawa et al [6] was also based on peak strain values and 
is unable to correlate the Type II data in Fig. 6. It does however give a satisfactory 
representation of all Type I results and is conservative. 

Thus, it is apparent that fatigue assessment techniques based on strain am
plitudes cannot accommodate severely nonproportional loading paths because 
strain path influences endurance (Section on Effect of Strain Path). Therefore, 
the accumulation of damage, that is, crack extension, should be assessed through
out the cycle. The mechanism of low-cycle fatigue failure by crack propagation 
suggests that a gradual buildup of damage during a cycle is physically more 
realistic than a sudden, discontinuous crack extension on reaching the peak strain 
condition. This conclusion may be deduced from Fig. 6 also, since the Type II 
results can be correlated with the main curve by plotting a reduced value of 
normal strain by a factor of about 0.3 to 0.5 corresponding to the observed 
proportion of the loading half cycle in which axial strain affects the torsional 
stress in the hysteresis loop. This factor in some sense reflects the fraction of 
the torsional cycle over which the axial cycle enhances the damage due to 
shearing. 

Fatigue Damage in Terms of Integrated Strains 

Taira et al [9] devised an integral damage theory, integrating over one cycle 
the octahedral shear strain raised to the power 1/a, where a is the Coffin-
Manson exponent. Although quantitative prediction is not good, the test types 
are separated out in the correct manner. Their theory predicts, using a = 0.5, 
that the respective lives for torsion, Type Ila and Type I (4i = 90°) tests are 
1483, 1300, and 540 cycles, while the current experiments gave 1483, 393, and 
206 cycles. 

The plastic work approach of Garud [10] is also an integral theory using both 
stress and strain, being based on hysteresis loop area. The results are plotted in 
Fig. 8 in terms of plastic strain energy density (Eq 2), together with data from 
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FIG. 8—Fatigue life as a function of plastic strain energy density, Wp. 

Refs 6 and 16. This figure shows considerable scatter of the points, but the use 
of the modified strain energy formula (Eq 3) gives a closer correlation in Fig. 
9. It is perhaps worth noting that although the same data sets were analyzed and 
plotted by Garud [10], Figs. 8 and 9 differ in some details from Garud's figures 
because here actual hysteresis loop areas were measured to determine Wp, rather 
than estimating energy from cyclic hardening and flow rules. In particular, for 
out-of-phase loading, lower energies were observed than those estimated by 
Garud. In general, actual areas gave improved correlation for Wp* at low lives, 
but the data diverge in the longer endurance region. 

Thus, integral theories yield a much closer representation of experimental 
results than strain-amplitude based theories, and they also predict correctly the 
observation that there will be no significant effect of the relative phase, h, on 
endurance (see Section on Effect of the Relative Phase of y^n^ and e„). 

Maximum Shear Strain Theory 

Kanazawa's analysis was formulated in terms of strain amplitude since the 
integral and amplitude based equations are equivalent for continuous fully re-
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versed sinusoidal loading. A mathematical expression has been proposed by 
Kandil et al [17] which may be written in terms of total strains as 

A7 = A7^, (1 + SVV' (4) 

where the strain state parameter t, is 2e„/y^^^ and S andy are empirical constants. 
In Fig. 6 the influence of the parameter ^ on life can be seen, the curve being 
adequately represented by Eq 4. Fitting the equation to three points (torsional, 
uniaxial, and, for maximum e^, )v = 1.5, <^ = 90°) givesy = 0.55, S = 0.675. 

In the analysis of Type II tests the critical plane is assumed to be the plane 
experiencing the largest degree of plasticity in the nominal uncracked specimen, 
that is, maximum shear strain range. It is further observed that the maximum 
positive value of normal strain acting on the plane of maximum shear influences 
fatigue life [13]. There is some analytical support for the idea that the microscopic 
normal strain e„ affects the normal strain on the local crack tip shear planes and 
then influences ductility [18]. In any case the analysis of the test data is based 
on the notion that e„ enhances fatigue damage during that part of the shear strain 
cycle during which the value of e„ is positive. The notion of damage enhancement 
leads to an effective value of e„ in integral form. A simple form consistent with 
the experimental results obtained is the following 

I I—-sinoi'tj dt + O.dt 

(5) 
= £«» y (w/2w') 

where to' is the effective frequency for the axial strain. Since integration is made 
only for half a cycle, Types lla, b, and c will have identical e„-values, which 
is in agreement with the experimental facts (see Section on Effect of Mean 
Normal Strain). By redefining i in terms of the root mean square value, Eq 5 
gives 

C = Va)7a74e„,/A7„J (6) 

so that Eq 4 may be used for both types of cycle with the same constants, S and 
j . The results are presented in Fig. 10, to show a similar predictive capability 
to the Wp* correlation. 

This analysis of these results leads to three important conclusions. 

(a) Stage I cracks will develop in the maximum shear plane for which e„ is 
greatest. This was observed to be the case for all tests, cracks being normal to 
the tensile axis, »|; = 0. 

(b) In low-cycle fatigue with reversed plasticity there is no effect of mean 
strain (see Section on Effect of Mean Normal Strain). Mean strain should be 
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FIG. 9—Fatigue life as a function of modified plastic strain energy density, Wp*. 

excluded from the integral e„, as mean stresses will shakedown to zero. There
fore, there should be no effect of moderate mean strain on life except under 
elastic high-cycle fatigue conditions. Equation 5 should be used for low-cycle 
fatigue only, and substantial mean components of the full e„ cycle should not 
be assessed by this technique [12]. 

(c) "Oie normal strain on the maximum shear plane in the unloading half cycle 
where e„ is negative has no effect on endurance. This is an important conclusion, 
because where there are normal strains throughout the cycle, the half cycle of 
shear strain should be selected to give the greater damage, or value of e„, in Eq 
5 since this will be naturally selected by the material as giving more rapid crack 
propagation. 

t 1.5 X ON LIFE 

KEY ON FIG. 9 

l O ' 

FIG. 10—Fatigue life correlation by the equivalent shear strain range, A-y. 
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Comparison of Predictive Procedures, 

Equally good predictions of endurance are provided by the W^* and A7 pa
rameters. Although the former has less scatter at low life, it differentiates between 
the similar results of Type Ila, b, and c tests. It is therefore valuable to compare 
some of the shortcomings of each approach. For the plastic strain energy density, 
Wp*, these are: 

(a) The need for a good constitutive equation for making predictions under 
multiaxial loading limits the application of the theory in the near term. This is 
chiefly because suitable constitutive equations and associated constants are not 
available to most designers and for most materials. 

(b) The basic form of the theory could be generalized to any type of loading; 
however, the method of generalizing the modified plastic work version of the 
theory has not been presented or proven. 

(c) No method for handling mean stress has been proposed for the theory. 
(d) It predicts no effect of hydrostatic pressure on endurance, contrary to 

experiment [79]. 
(e) For lives in excess of 2000 cycles, the results appear to diverge, making 

life assessment difficult when plastic strain energies are small. 

For the A7 formula, outstanding difficulties are: 

(a) Equation 4 is not a precise representation of fractiu-e behavior, since for 
in-phase results alone, j = 2.5 [76]. Data scatter is therefore inevitable, and 
extrapolation may be dangerous. 

(b) Out-of-phase predictions cannot be determined from in-phase results alone. 
(c) Three biaxial conditions must be tested to find the constants _/ and S. 
id) For very rapid axial strain cycles of Type II, the theory predicts that life 

will tend to the torsional value. This may not prove to be true in practice. 
(e) No method of handling mean stress has been developed. 

Conclusions 

1. The reduction of the duration of the axial cycle compared to the period of 
the torsion cycle increased fatigue life by about a factor of 2. This result shows 
that fatigue is not only a function of strain amplitude but also of straining path. 
Therefore, effective strain formulae for nonproportional loading should consider 
the integration of the strain path throughout a cycle. 

2. The relative phase of maximum shear strain and normal strain across the 
plane of maximum shear (e„) did not affect fatigue life in any tests. 

3. The elimination of the compressive part of the axial cycle did not affect 
fatigue life, indicating that the compressive half of a fatigue cycle is nondam-
aging. 
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4. Life estimates based on amplitude of strain are unsatisfactory for nonpro-
portional straining. 

5. The modified strain energy density and the effective shear strain theory 
developed in the paper are equally good at life prediction in the low-cycle fatigue 
regime. 
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Fatigue Behavior of Cyclically Softening 
and Hardening Steels Under Multiaxlal 
Elastic-Plastic Deformation 

REFERENCE: Sonsino, C. M. and Grubisic, V., "Fatigue Behavior of Cyclically 
Softening and Hardening Steels Under Multiaxlal Elastic-Plastic Deformation," Mul
tiaxlal Fatigue, ASTM STP 853, K. J. Miller and M. W. Brown, Eds., American Society 
for Testing and Materials, Philadelphia, 1985, pp. 586-605. 

ABSTRACT: To investigate the fatigue behavior of cyclically softening and hardening 
steels under multiaxlal elastic-plastic strains, axial strain, and shear strain controlled fatigue 
tests under constant amplitude loading were carried out. S-N curves under axial strain and 
torsional pure shear as well as under combined axial strain and shear, in and out of phase, 
were obtained for the cyclically softening high-strength steel 30Cr-Ni-Mo 8 (similar to 
AISI Type 4340) and the cyclically hardening stainless steel X lOCr-Ni-Ti 18 9 (AISI 
Type 321) in the region of low-cycle fatigue. 

For both steels, used for vessels, pipings, shafts, etc., the fatigue life to crack initiation 
(crack depth a < 1 mm) is reduced by an out-of-phase (8 = 90°) loading of the specimens 
in comparison to in-phase loading. 

The decrease of fatigue life under out-of-phase strains is caused by the changing direction 
of principal strains resulting in an interaction of the deformations in all directions on the 
surface. This interaction is taken into account by the arithmetic mean value of shear 
amplitudes acting in all interference planes of the surface. The equivalent strain is then 
calculated according to the octahedral shear strain hypothesis. Using this equivalent strain 
and the S-N curve for uniaxial strain, the fatigue life under combined strain is predicted. 
For the multiaxlal strain evaluation it is important to know if the local strains and shears 
are deformation or load controlled. 

KEY WORDS: low-cycle fatigue, cyclic softening, cyclic hardening, stress-strain/shear-
curves, axial strain, torsional shear strain, combined strain, in phase, out of phase, mul
tiaxlal strain state, equivalent strain, fatigue life prediction, computer program 

Nomenclature 

Stresses 

(Ta,^a Stress (tensile, shear) amplitude 
â t, Equivalent stress 
K Stress coefficient 

'Research engineer and head of department, respectively, Stress Analysis and Strength Evaluation 
Department, Fraunhofer-Institut fiir Betriebsfestigkeit (LBF), Darmstadt, Federal Republic of Ger
many. 
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Strains 

6^,7^ Strain (normal, shear) at fracture 
e;,,^y,e„y^ Strains (normal, shear) 

ei,e2,e3 Principal strains 
^xa,ioi^^xa,d>^xa,pi Total , clastlc and plastic strain amplitudes 

7^a,iot.7rya,d.7jyo,pi Total , clastic and plastic shear strain ampli tudes 
e(c|)),7(<l)),e(<t))„,7(c|))a Strain and shear in an interference plane ^, ampli

tudes 
7a,rffective.7a,arithmetic Effectlvc and arithmetic mean values of 7((())„ 

Ceq a Equivalent strain ampli tude 

Other Symbols 

N^,Nf Fatigue life to crack initiation, total life 
T,t,S,s Constants of the strain-life relationship 

R^.Ry Strain (normal, shear) ratio, for example, e^J^max 
F^Mxy Axial load, torsional moment 

K, Stress concentration factor 
f J Probability of survival 
/ Frequency 
(0 Angular frequency 2 \ / 

S,Sy Phase angle between ê , and 7^, 
<}) Angle of an interference plane, fracture plane 
t Time 

m Number of tests 

The low-cycle fatigue design of vessels, piping, and shafts has to consider 
local elastic-plastic strains which are due to complex loading or structural dis
continuities, often multiaxial. For a strain-based fatigue evaluation, a multiaxial 
strain-state is generally converted into an "equivalent" uniaxial strain state using 
a suitable failure hypothesis. The most commonly used hypotheses [1,2] in the 
design of multiaxially strained structural parts manufactured with ductile ma
terials do not take into account cyclic hardening or softening. Moreover, the 
influence of changing principal strain directions induced for example by an out-
of-phase straining under a multiaxial strain state is not properly considered. For 
example, the distortion energy hypothesis of von Mises, used in several design 
codes [5], or the shear stress hypothesis of Tresca produce a lower equivalent 
strain for out-of-phase straining than for in-phase straining, indicating an increase 
of fatigue life to crack initiation in comparison to the in-phase straining. Several 
experimental results obtained in the fatigue life region between 2 x 10" and 
5 X 10' cycles to crack initiation [4,5] contradict this prediction. The lack of 
reliability of these hypotheses for complex loading conditions led to several 
investigations in the low-cycle fatigue region [6-11], surveyed in Refs 12-14, 
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proposing different parameters such as maximum principal strain, octahedral 
shear strain, maximum shear strain acting on the surface or on a plane 45° to 
the surface, etc. to derive an equivalent strain. 

This paper refers to a study on the mechanics of cyclic softening and hardening 
materials under multiaxial straining and on the influence of changing principal 
strain directions on the fatigue life to crack initiation in which an important 
phenomenon governing the multiaxial fatigue behavior was observed. This phe
nomenon results from an interaction of deformation in different directions on 
the surface; a phenomenon which is not covered by the parameters previously 
mentioned. For this investigation in- and out-of-phase tests were carried out in 
combined axial and torsional straining in the low-cycle fatigue region (Â ^ < 5 x 10* 
cycles to crack initiation). This loading mode often occurs in service of structural 
parts. 

Multiaxial Strain Evaluation in Practical Cases 

For the conversion of a multiaxial strain state to an equivalent uniaxial strain 
state, the distortion energy hypothesis of von Mises is often recommended, which 
is also equivalent to the octahedral shear stress hypothesis. In the case of a 
triaxial strain state with normal strains £,> e^ r̂ and shear strains y„, y,., 7,.-
the distortion energy hypothesis gives [3] 

1 
V2 (1 + )x) 

(e, - 6,)^ + (e, - e,)^ + (e, - e^f 

3 
+ - (7,,' + iJ + yJ) 

(1) 

where 6eq is the "equivalent" strain. This hypothesis is proposed for ductile 
materials, and predicts that the ratio between shear strain and axial strain am
plitudes in torsional and axial fatigue tests at equal life will be 

7 „ / e , = 2(1 + fjL)/V^ (2) 

If the shear strain components are zero the strains e ,̂ e,, and ê  are equal to 
the principal strains e,, €2, and 63. 

For the frequently occurring case of an in-phase strain state adjacent to a free 
surface with constant principal strain directions and known principal strains e, 
and 62, then with 63 = -|i.(e, + e2)''(l ~ (J'-)' the equivalent strain is [15] 

^c.a 
•^1 1 _ , , 2 1 - t.̂  

(1 - ĴL -^ jji^) 1 

- - (1 - 4^. + ix.^) 
1/2 

(3) 
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The Poisson's ratio jx has to be obtained in the elastic-plastic range from the 
cyclic stress strain curve using the elastic Poisson's ratio fi.^,, Young's modulus 
E, and the secant modulus E, [16] 

Ĵl = 0.5 - (0.5 - M-e,) V (4) 
E 

The equivalent stress amplitude cr^^ is determined by relating the equivalent 
strain amplitude to the uniaxial cyclic stress strain curve derived from hysteresis 
loops a.tNcl2 cycles. 

Low-cycle fatigue tests on planar and cylindrical specimens having high strain 
concentration and triaxial strain states with constant principal strain directions 
indicated that the fatigue life to crack initiation Nc can be predicted with fatigue 
data from unnotched specimens [75] by means of the equivalent strain amplitude 
according to the Eq 3. 

As reported in Ref 14 several suggestions have been made to account for 
changing principal strain directions in deriving an equivalent strain. Because of 
the complexity of multiaxial fatigue, a general solution to this problem cannot 
be given. But here a simplified suggestion for ductile material is described that 
takes into account the mentioned interaction of deformations on different surface 
planes due to a change of principal strain directions. The original suggestion [4] 
led to imaginary solutions. 

According to the von Mises yield criterion, failure of ductile materials is 
induced mainly by the effective shear strain. In most cases the fatigue failure 
starts on the surface, with a triaxial strain state having at least one constant 
direction of principal strain. The effective shear strain amplitude can be calculated 
from the following relation [4] 

= [M 7eff = - X [7(c|>)]' X d (|> (5) 

where 7(4)) is the shear strain amplitude on an interference plane cj) on the surface 
(refer to Fig. 6). According to the effective stress hypothesis [4] the equivalent 
strain is then 

X 7eff (6 ) 
" 4(1 + t̂) 

For an in-phase strain state the effective shear strain amplitude is 

-l[' Teff = ^\^x + e / + e / - e, X e, - e, X e, 

3 T" 
- e, X e, + - (y^^ + -yj + 7,/) 
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For a uniaxial strain state with e, = ê  = - |x x ê^ and Ixy ~ IXT = 7̂ .- = 0 
the equivalent strain reduces to Ceq = ê - Equation 6 is derived from Eq 7 for 
uniaxial strain state. Further details of this procedure will be discussed after 
presenting the test results. In this paper the fatigue life evaluation considers only 
the life to crack initiation and not crack propagation life. Concepts for multiaxial 
fatigue assuming cracks from the beginning of the fatigue life {13} are not 
discussed. 

Materials, Specimen Test Performance, and Program 

The investigations were carried out with the cyclically softening quenched 
and tempered steel 30Cr-Ni-Mo 8 (similar to AISI Type 4340) and the cyclically 
hardening quenched austenitic steel X lOCr-Ni-Ti 18 9 (similar to AISI Type 
321), both used for vessels, piping, shafts, etc. The material properties are given 
in Tables 1 and 2. 

Figure 1 shows the test specimen and its fixture. The axial load was applied 
by a 100 kN actuator and the torsional moment by a 25 kN servohydraulic 

TABLE 1—Material properties of the steel 30Cr-Ni-Mo 8, quenched and tempered 
(similar to AISI Type 4340). 

Chemical Composition 

C = 0.26 to 0.33% 
Si = 0.15 to 0.40% 

Mn = 0.30 to 0.60% 

P s 0.035% 
S s 0.035% 

Cr s 1.80 to 2.20% 

Mo = 
Ni = 

= 0.30 to 0.50% 
= 1.80 to 2.20% 

Monotonic Properties 

True tensile strength 
Tensile strength 
Tensile yield stress 
Stress coefficient 
Strain hardening exponent 
Elongation 
Area reduction 
Young's modulus 
Poisson's constant 
Shear strength 
Shear yield stress 
Shear stress coefficient 
Shear hardening exponent 
Shear modulus 

o'/ 

s„ 
5v ™„,„ic 

Ar,.™„o,„„,c 
« T , m « ™ k 

e 
RA 
E 
fJ-el 

T„ 

^ V .nionolonk" 

/ ^ , , n o „ „ . o „ , C 

"Tnionoionic 

G 

[MPa] 
[MPa] 
[MPa] 
[MPa] 

[GPa] 

[MPa] 
[MPa] 
[MPa] 

[GPa] 

2405 
1030 
835 

1313 
0.075 

0.16 
0.66 
212 

0.28 
715 
580 
879 

0.064 
82 

Cyclic Properties 

Yield stress 
Stress coefficient 
Strain hardening exponent 
Shear yield stress 
Shear stress coefficient 
Shear hardening exponent 

s 
^ u , cyclic 

'^f . .cydic 

Ty,cycl ic 

A^T.L-ycIic 

'^T.cyclic 

[MPa] 
[MPa] 

[MPa] 
[MPa] 

710 
1013 

0.055 
496 
567 

0.020 
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actuator described in Ref 4. The axial strain and shear strain control for a gage 
length of 25 mm was performed using an extensometer, calibrated by strain 
gages on the test specimen. The reason for the axial and shear strain control is 
that the local strains in critical areas of most structural components are also 
deformation controlled because of inhomogenous deformation distributions, mul-
tiaxial strain states, and resulting constraints [15]. 

After the basic constant amplitude fatigue tests under pure axial strain and 
pure torsional shear strain, fatigue tests were conducted under combined in- and 
out-of-phase strain control. For all tests the frequency was 1 Hz, and the strains 
were completely reversed: R^ = R^ = — 1. 

For an adequate determination of the S-N curves the fatigue tests were carried 
out at four strain levels in the range 5 x 10̂  to 2 x 10'cycles to crack initiation. 
Each level was covered by at least three tests. The fatigue life to crack initiation 
Nc was defined as the fatigue life for which a crack depth of a ^ 1 mm with an 
area of about 1 mm^ was reached. At this crack depth, fixed as a practical failure 
criterion, the continuously registered axial load range and the torsional moment 
range, respectively, began to decrease significantly. During each test the load-
deformation curves were plotted periodically. 

TABLE 2—Material properties of the austenitical stainless steel X lOCr-Ni-Ti 18 9, quenched 
{AISl Type 321). 

Chemical Composition 

C s 0.10% Cr = 17.0 to 19.0% Ni = 9.0 to U.5% Ti a 0.50% 

Monotonic Properties 

True tensile strength 
Tensile strength 
Tensile yield stress 
Stress coefficient 
Strain hardening exponent 
Elongation 
Area reduction 
Young's modulus 
Poisson's constant 
Shear strength 
Shear yield stress 
Shear stress coefficient 
Shear hardening exponent 
Shear modulus 

'Jf' 
S„ 
^ v.monDionjc 

** o.monotonic 

" o m o n o t o n i c 

e 
RA 
E 
fJ'd 

Tm 

Tv.monolonic 

" T,monotonic 

" t monotonic 

G 

[MPa] 
[MPa] 
[MPa] 
[MPa] 

[GPa] 

[MPa] 
[MPa] 
[MPa] 

[GPa] 

1320 
605 
198 
455 

0.126 
0.59 
0.74 
200 

0.28 
426 
150 
260 

0.084 
79.1 

Cyclic Properties 

Yield stress 
Stress coefficient 
Strain hardening exponent 
Shear yield stress 
Shear stress coefficient 
Shear hardening exponent 

C 
'-' V,cyclic 

**• (T,cyclic 

"<T, cyclic 

Tv.cycl ic 

^ T , cyclic 

' • T, cyclic 

[MPa] 
[MPa] 

[MPa] 
[MPa] 

280 
1014 

0.199 
196 
713 

0.196 
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1 Fy (axial loading) 

M26xl,5 

_ . _ . , , . , b. Specimen in Tesf Fixture wifh Exfensometer 
a. Test Specimen (dtmensions in mm) ^^^ ^ ^ j ^ , ^^^^^ ^^^ ^^^^^ ^^^^.^ (.̂ ^^^ ,̂ 

FIG. 1—Test specimen and fixture. 

Experimental Results 

Monotonic and Cyclic Material Properties for Pure Axial Strain and Pure 
Shear Strain 

The conventional monotonic properties as well as cyclic properties are given 
in Tables 1 and 2. The stress coefficients K and strain-hardening exponents 
n [17] are derived from monotonic stress-strain curves and cyclic stress-strain 
curves obtained in deformation controlled tests for the stabilized state at A',/2 
(Fig. 2). With these constants the relations between stresses and strains are given 
by 

and 

CT,, = ^ X (e,,„,)" 

e»..„, = ^ + 0.002 X '^' 
S. 

(8) 

(9) 

For pure shear the stresses, strains, and Young's modulus are substituted by 
the shear stress, shear, and shear modulus. The low-cycle fatigue behavior (Figs. 
3 and 4) is described by the strain-life relation [17] 

+ e xa ,pl 

with 

e..,ei = S X N,-' and e,„.p, = T x N,. 

(10) 

(11) 
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— • 

CM 

~̂  ^ 
y 
^ 
"-1 

\ 
\ 
\ 

~ ~ ^ ^ ^ 

••~,.^ 

1 

3 

0 ' 

CO 

i-̂  
z 

0 

X 

\ 
\ 
\ 
\ 

t_t 
c 
0 
0 
c 

i 

1 

£ \ ? 

\ \ ~ ~ ~ ~ ~ - ^ 

- " " - ^ ^ ^ 

I 
o 

[DdW] ° c spn4!)diiiD SS3J4S 

 



594 MULTIAXIAL FATIGUE 

Q. Strain ConfroKed S-N Curve (Axial) 

10"' 1/tV2lO° 

b. Shear Controlled S-N Curve (Torsion) 

10̂  10'* io^ 
Number of cycles Nc 

10"' 1/4 V2 10° 10* 10̂  
Number of cycles Nc 

Re=R.Y=-1 , f = 1Hz, Ps=50% , m = number of tests 
FIG. 3—Deformation controlled S-N curves, failure criterion: initial crack a £ I mm. 

The constants S,s,T, and t are derivable from Figs. 3 and 4 for the appropriate 
elastic and plastic portions of the total strain amplitude. These portions are valid 
for the as-stabilized material state at N^./2. For pure shear the axial strains are 
substituted by shear strains. 

The materials investigated show a very different cyclic strength behavior. 
While the high-strength steel 30Cr-Ni-Mo 8 shows a cyclic softening (Fig. 2) 

^^^^^ = 0.85 and ^ >',cyclic 
= 0.86 (12) 

' v.monotoiiic 
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Q. Strain Controlled S-N Curve (Axial) 

10' 1/i.V2lO« 
Number of cycles Nc 

b. Shear Controlled S-N Curve (Torsion) 

10' Vk V2 10' "3 lo'' 10' m 
Number of cycles Nc 

Re=RY =-1 . f=1Hz , Pj =50% m= number of tests 

FIG. 4—Deformation controlled S-N curves, failure criterion: initial crack a s / mm. 

the more ductile austenitic steel X lOCr-Ni-Mo 8 cyclically hardens 

Z -̂̂ ''̂ '" = 1.41 and -2i£i^^ = 1.31 (13) 

Even in the biaxial strain state under pure shear nearly the same amount of 
cyclic softening and hardening as under axial straining is observed. A mean 
strain sensitivity for tests under strain ratios i?̂  = /?, = 0 could not be found 
in the low-cycle region. 
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Due to its greater ductility the austenitic steel supports higiier axial strain 
amplitudes in the range below 2 x 10* cycles and higher shear strain amplitudes 
below 2 X 10' cycles compared to the high-strength steel. But beyond these 
life times the high-strength steel is superior in axial loading because of the greater 
elastic deformation resulting from its higher strength. 

Figure 5 shows the dependence of the ratios 7„7e, and T„/CT„, derived from 

Q. RaMo "Yxya/^xa and Fatigue Life 

Hypothesis of distorfion energy 
Y x y / g x = 2 I U n y / ? 

10' 2 5 10= 
Number of cycles Nc 

b. Rafio TQ/CJQ and Fatigue Life 
Hypofhesis of: maximum 

normal stress 

10̂  

R E = R Y = - 1 f = 1 H z , P s = 5 0 % 

10' 2 5 105 
Number of cycles Nc 

FIG. 5—Ratios y„Je.„ and T,/<T, derived from fatigue tests under axial strain and shear strain. 
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the tests under pure shear and axial strain, on the number of cycles to crack 
initiation. They are also compared with hypothetical ratios. 

While the ratio "y^/e^ for the austenitic steel increases, it decreases for the 
high-strength steel. The higher ratio for the X lOCr-Ni-Ti 18 9 may result from 
the greater number of active slip planes due to the austenitic structure. But the 
theoretical ratios are lower than the experimentally determined ones, indicating 
that the distortion energy hypothesis overestimates the influence of the torsion 
induced strains. 

The ratio T„/(Ja> obtained for the as-stabilized state (NJl), is from 0.9 to 
1.0 for the stainless steel and 0.8 to 0.6 for the 30Cr-Ni-Mo 8. According to 
[4,5,78] the ratio 0.9 to 1.0 indicates brittle material behavior and the appli
cability of the maximum normal stress hypothesis. At a ratio of 0.8 to 0.6 the 
material behaves semiductile to ductile when the damage mechanism is influ
enced both by normal and shear stresses. In this case the distortion energy or 
shear stress hypotheses should be applied as well as a modification of these 
hypotheses for semiductile behavior. 

The high ductility of the X lOCr-Ni-Ti 18 9 contradicts the conclusions drawn 
from the theoretical ratio T„/a„ as the fracture mode shows. Fig. 6b. Under pure 
shear the macroscopic fracture plane is perpendicular to the specimen axis for 
ductile materials, as the failure is caused by shear; for brittle materials the 
macroscopic fracture plane lies under 45°, while under pure axial loading the 
fracture plane has the same position as shown in Fig. 6a. 

The higher T^/a„ ratio for the austenitic steel may result, as mentioned pre
viously for y^y/e^, from its structure, indicating that the conventional hypotheses 
do not consider features due to the microstructure (number of slip planes, mi-
crostructural transformations). 

Although the cyclic behavior and the experimental ratios differ for both ma
terials tested, the same macroscopic fracture appearance is obtained indicating 
same damage mechanisms. The fracture planes in Fig. 6c and d are planes where 
the maximum shear strains under the combined loading acted. The determination 
of the fracture plane will be discussed next. 

Tests Under Combined Axial and Torsional Shear Strains 

The tests with the unnotched specimens (Fig. la) were carried out under total 
strain control, where 

e.(0 = €.. X sin (Of (14) 

e,(0 = e,(f) = - | j i X e,(f) (15) 

Iryit) = y^a X sin(w« - 8) (16) 

7.z(0 = 7>.z(0 = 0 (17) 
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Q.Axial strain b. Shear Strain 

exa=0.40[%] ,Re=-1 

Nc = 5100, Nf = 5695 

Fracture plane : ̂  =0° 

Yxya=0.50t%],RY=-1 

Nc= 17420, Nf=21 120 

Fracture plane •f> = 0° 

c Combined Axial and Shear Strain 

Material 

txa= 0.36[%] ,Yxya = 0,54[%] 

Ptiase angle : 5=0° 
Nc=3625 Nf=4625 
Facture plane : P̂ =70° 

30 Cr Ni Mo 8 tempered 
FIG. 6—Fracture under pure and combined axial strain and shear strain. 

5 = 90° 
Nc=1330 Nf = 1634 
cp=0° 
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The strain state is triaxial and the stress state biaxial. For the combined tests 
the shear amplitude was chosen to be 

1„a = ^.a X 2(1 + ^)lV2, (18) 

According to the distortion energy hypothesis it is then assumed that the 
equivalent strain 

= [- 4(1 + |x)̂  
X yJ (19) 

since the applied strain state consists of equal deformation in the axial and 
torsional straining modes. The Poisson's constant is determined according to Eq 
4. The out-of-phase tests were carried out mainly with the phase angle 8 = 90° 
between e/O and 7.„(0> because in several publications this angle is considered 
as one of the most severe test conditions in comparison to the in-phase situation 
[4,5,14]. In some tests the phase angles 8 = 45° and 135° were also applied 
(see definition of 8 on Fig. 9). 

Figure 7 shows the test results for the steels 30Cr-Ni-Mo 8 and X lOCr-Ni-
Ti 18 9 comparing them also with the results obtained for the fatigue tests under 
axial strain and torsion. For axial strain the applied longitudinal strain e„ is 
identical to the equivalent strain amplitude. For the case of torsional shear, it is 
transformed into an equivalent strain by Eq 19. For the same number of cycles 
to crack initiation the equivalent strain derived for torsional shear is higher than 
the axial strain because the distortion energy hypothesis overestimates the dam
aging influence of the torsion induced shear. The overestimation for the austenitic 
steel is more pronounced. An evaluation of pure elastic shear stresses according 
to the distortion energy hypothesis and the comparison of pure elastic normal 
stresses with the data obtained in [4] for finite fatigue life leads to the same 
overestimation of the torsion induced shear stresses. 

A phase angle of 8 = 90° between axial strain and shear strain decreases the 
fatigue life for both materials by a factor of two. The reason for this reduction 
can be recognized from Fig. 8. 

Under the same applied deformation the load amplitudes increase so that the 
stress response in the out-of-phase situation is higher than for the in-phase 
condition. This implies material hardening due to a higher interference of dis
locations, which requires higher loading resulting in earlier crack initiation. A 
higher interference of dislocations may be explained by the changing principal 
strain directions 

1 -v (t) 
ct,(0 = - arc tan . / ^^ ^. (20) 

2 e^(0 - e,(0 
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Q. S-N Curves for 30CrNi Mo e.fempered 

0,7 

^ 0 , 5 
o 
X 
uj 0.4 

0.15: 

•~ Data for combined 
axial sfrain and 
shear strain 
presented by the 
applied strain ex a 

Superposed shear: 

ixyQ- ^ 

'To' 2 5 # 2 5 10= 

b. S-N Curves for X lOCrNiTi 189,quenched 

5 10̂  2 

Number of cycles Nc 

R E 

FIG. 7 -
mm. 

R^ -1 f = 1Hz, Ps [%] 

-S-N curves for combined axial and shear strain, failure criterion: initial crack a s 7 

According to Eq (20), out-of-phase straining will be likely to activate dislo
cations in more slip planes than in-phase straining. This phenomenon is dem
onstrated in Ref 19 by transmission electron microscopy. 

A slight cyclic softening under combined straining was only observed at the 
highest deformation level for the 30Cr-Ni-Mo 8. For all other levels, also for 
the X lOCr-Ni-Ti 18 9, the plotted hysteresis loops showed a neutral behavior 
during the fatigue life to crack initiation. 
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Test conditions : E X Q = 0 . 3 6 [ % ] , YxyQ=0,54l%] 

6=0° and 90°, R£=RY=-1 , f = 1Hz 

Q. Tests with 30 CrNi Mo 8, tempered 

0.5 0,5 
Axial stroin Ex l%l 

6 1°) 

0° 

90° 

Nc 

3625 

1330 

Nf 

1.625 

1634 

b. Tests with XIOCrNiTi 18.9, quenched 

FIG. 8—Stabilized hysteresis at ^J2 for combined axial and shear strain. 

A phase angle of 45° shows a slight reduction of fatigue life compared with 
the angle of 0° for both materials. The phase angle of 135°, applied only to the 
30Cr-Ni-Mo 8 material, decreases the fatigue life, similar to the angle of 90° 
(Fig. 7). 

Despite the cyclic softening of the 30Cr-Ni-Mo 8 steel and the cyclic hardening 
of X lOCr-Ni-Ti 18 9 under axial strain or torsion strain, the materials tested 
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behave in a neutral manner under combined deformations. This behavior indicates 
that material and damage accumulation laws obtained under pure axial loading 
are not valid for multiaxial loading. 

Calculation of the Equivalent Strain 

Because of the decisive effect of shear strains on crack initiation several fatigue 
hypotheses are shear strain-based [12-14] and use parameters such as octahedral 
shear strain, maximum shear-strain acting on the surface or on a plane 45° to 
the surface, etc. Due to the phenomenon recognized in Fig. 8, the calculation 
procedure suggested in this paper assumes that the damage for the investigated 
triaxial strain and biaxial stress state is caused only by the interaction of shear 
strains 

7((1), t) = [e,(r) - £,(?)] X sin 2(() + •Y.„(0 X cos 2^ (21) 

acting on different interference planes ^ on the surface (see definition of cj) on 
Fig. 6). This interaction is taken into account in the following way 

(fl) for each interference plane the shear amplitudes '^{^)a are calculated, and 
{b) then the arithmetic mean value is determined 

TT Jo 
7<,.anth = - 7(4>)« X d^ (22) 

TT Jo 

The equivalent strain amplitude is calculated according to the effective strain 
hypothesis [4] 

X 7</,arilh (23) 
4(1 + fJL) 

With this equivalent strain amplitude the fatigue life can be derived from an 
S-N curve obtained under axial strain. 

This calculation procedure does not consider mean strain effects because their 
influence may be neglected in the range of low-cycle fatigue if they are not 
greater than the amplitudes being applied. It also does not consider features such 
as cyclic hardening or softening, which were not observed under multiaxial 
loading. The arithmetic mean value in the out-of-phase case is higher than for 
the in-phase case. This results in a higher equivalent strain and a fatigue life 
reduction in comparison to the in-phase condition. The fracture occurs in the 
plane in which the maximum shear strain amplitude 7(<|>)„ acts. The fracture 
planes on Fig. 6c and d were verified by this calculation procedure. As the 
effective mean shear values according to Eq 5 do not differ for the phase angles 
investigated, they are not taken into account. 
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Figure 9 shows the influence of the phase angle on the ratio between the 
applied strain amplitudes giving N^ = 10* under combined and uniaxial defor
mation states. The comparison between experimental and calculated fatigue lives 
to crack initiation is presented in Fig. 10. The approach in the low-cycle fatigue 
region is satisfactory. The best results are obtained in the region around 10* 
cycles to crack initiation. 

Summary and Conclusions 

The deformation controlled tests carried out with the 30Cr-Ni-Mo 8 steel and 
the X lOCr-Ni-Ti 18 9 stainless steel, together with a suggested calculation 
procedure cover practical cases in which local strains due to axial loading or 
bending and local shears due to torsional loading may occur. 

The results obtained under combined multiaxial strain states show that the 
material cyclic softening or hardening behavior is not the same as under axial 
deformation. The observed increase of the stresses by an out-of-phase loading 
may explain the observed fatigue life reduction in comparison to the in-phase 
situation. This phenomenon is predicted by the arithmetic mean value of the 
shear amplitudes acting on different interference planes. But as the reasons for 
this phenomenon are not yet understood, further investigations should be done. 

The fatigue life reduction at a phase angle of 90° between axial and torsion 
induced strains in the low-cycle fatigue region has been also observed in other 
investigations [14]. Load controlled tests under combined axial and torsional 
loading of unnotched cylindrical specimens give for the phase angle of 90° an 
increase of the fatigue life [4], probably because the uncontrolled deformations 
are higher in the in-phase conditions. This comparison between deformation and 

Re = RY=-1 

f = lHz 

211*Hl 
- j f ^ . Pj = 50% 

Phase angle 6 1*1 

FIG. 9—Influence of phase angle on the ratio of strain amplitudes. 
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load controlled tests shows that for practical applications it must be decided 
whether the local strains and shears are deformation controlled or not. For such 
an evaluation further criteria must be developed. 
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Fatigue Under Out-of-Phase Biaxial 
Stresses of Different Frequencies 
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ABSTRACT: An analysis of fatigue under out-of-phase biaxial stresses of different fre
quencies shows that the stress conditions on the critical shear plane are of a nonconstant 
amplitude nature. A general expression for the allowable principal stresses to give long 
life fatigue is derived in terms of the uniaxial fatigue strength and the principal stress 
amplitude ratio, the expression being independent of both phase angle and frequency ratio. 
A test system to subject thin-wall cylinders to these stress conditions is described, and the 
results of tests under a range of out-of-phase angles and frequency ratios are given and 
discussed in relation to the derived theory. It is suggested that the maximum shear stress 
criterion of failure can be adapted for use in designing for such complex stress conditions. 

KEY WORDS: fatigue (materials), stresses, strains, damage, predictions, service, crack 
initiation, crack propagation 

Nomenclature 

a Frequency ratio = frequency of (TJ^/frequency of u^^ 
X Principal stress amplitude ratio = o-2a/a,„ 
4) Out of phase angle, CT2 leading CT, (related to a2 where 1 cycle 

of (T2 is 360°) 
o-|,a2,a3 Principal stresses (CT, > a2 > 0-3) 

CT,„,o-2a.o'3a Principal stress amplitudes 
CT4 Uniaxial reversed fatigue strength 
ij„ Normal stress amplitude on the plane of maximum range of 

shear stress 
o'ni2.o'„23,CT„3i Normal stress amplitudes on the 12,23,31 planes of maximum 

range of shear stress 
T Shear stress amplitude 

Ti2rT23>T3i Shear stress amplitudes on the 12,23,31 planes of maximum 
range of shear stress 

12,23,31 Planes of maximum range of shear stress associated with the 
1,2,3 principal stress directions. 
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The majority of components in service suffer a two- or three-dimensional 
stress state and a nonconstant amplitude stress-time history. This general state 
of stress is difficult to analyze, and most components have to be designed using 
uniaxial constant amplitude fatigue data only. Fortunately the most severe stress 
conditions in service components often occur at a free surface, and, hence, a 
biaxial stress analysis can be of considerable interest and practical value. 

Various theories for multiaxial fatigue have been proposed recently [1-3] 
which correlate well with the available experimental data. These theories suggest 
that for unnotched specimens the important parameters in fatigue are the max
imum shear strain and the strain normal to the plane of maximum shear. The 
Brown and Miller [7] theory showed that the orientation and direction of growth 
of fatigue cracks could be deduced from a knowledge of the three-dimensional 
strain field and that it was necessary to differentiate between cracks which 
propagated along the surface plane and those that propagated away from the 
surface plane. The theory proposed by McDiarmid [2] does not deal specifically 
with crack growth but offers design relationships in terms of the bulk applied 
stresses to prevent crack initiation. 

Both of these theories have been extended for the case of out-of-phase biaxial 
stresses [4-6] where it is shown that the out-of-phase stresses produce shorter 
fatigue lives than equal in-phase stresses. 

The present paper extends the investigation of fatigue behavior under biaxial 
stress to the case where the stresses are not only out-of-phase but also at different 
frequencies. A pressure test cell device designed for use with a standard ser-
vohydraulic fatigue test machine and able to test thin-walled tubular test spec
imens under such conditions is described as are tests on steel specimens subjected 
to a range of conditions of biaxial stress ratio, out-of-phase angles and frequency 
of cycling ratio. An analysis of fatigue under such conditions leads to the proposal 
of a relationship for the prevention of fatigue crack initiation. 

Experimental Program 

A series of fatigue tests were carried out on thin-wall tubular specimens 
subjected simultaneously to constant amplitude alternating longitudinal load and 
alternating differential pressure across the wall thickness. These tests covered 
the range of principal stress amplitude ratio, out-of-phase angle, and frequency 
ratio shown in Table 1. Note that in the testing CTi = o'longitudmai and 0-2 = o-t̂ nsverse-
The frequency of (TJC was the greater and equalled 30 Hz in the tests conducted. 

Material and Specimens 

The material used in this investigation was EN24T steel, being the most easily 
obtained material similar in properties to the EN25 used in extensive fatigue 
tests of thick-walled cylinders under pressure [7]. The material was supplied in 
3-m-lengths of 40-mm-diameter bar. The percentage chemical composition was 
0.35 to 0.45 carbon, 0.10 to 0.55 silicon, 0.45 to 0.70 manganese, 1.3 to 1.8 
nickel, 0.90 to 1.40 chromium, 0.20 to 0.35 molybdenum, and 0.05 sulfur and 
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TABLE 1—Test conditions. For all tests, a, is longitudinal and o-j is transverse. 

Case \ = (r,„/iT|„ ^ = Phase Angle 
Frequency of o-j,, 

Frequency of CT|„ 

0 
180° 

0 
90° 
0 

180° 

phosphorus; and the mechanical properties were: tensile strength 850 MN/m^, 
yield stress 680 MN/m^ and elongation 18%. 

The specimen dimensions are shown in Fig. 1. The outside diameter of the 
test section was produced with a fine turned finish, and a special reamer was 
used to produce a good quality finish in the bore. The longitudinal surface 
roughness from four specimens selected at random was 0.20 to 0.40 |xm cen-
terline average (CLA) along the outside diameter and 0.60 and 0.90 fjim CLA 
along the inside diameter. The wall thickness of 0.635 mm used was a com
promise between buckling instability problems and pressure required to produce 
fatigue failure. 

Test Equipment 

The thin-wall tubular test specimen was mounted in a pressure test cell device 
shown in Fig. 2, the complete unit being assembled in a standard -1-250 kN 
Schenck fatigue test machine, fitted with an additional high pressure pump 
capable of applying a differential pressure of ±35 MN/m^ across the specimen 
wall. The bore and annular areas of the specimen subject to pressure were 
arranged to be equal so that a constant longitudinal stress due to pressure acted 
on the thin-wall test section of the specimen which could be offset by actuator 
load to obtain alternating differential pressure. 

M30X2 THREAD 

FIG. 1—The test specimen. 
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FIG. 2—The pressure test cell. 

The actuator and pressure cell had independent control units and phase, and 
frequency ratio could be adjusted using the machine output signals in conjunction 
with a variable phase function generator and a bandpass filter specially adapted 
to enable frequency ratios of up to 10 to be obtained, along with a two channel 
oscilloscope for monitoring purposes. 

Specimen failure was detected by the limits on pressure differential tripping 
out due to leakage through a crack in the specimen wall. Very fine initial cracks, 
about 3 mm long and difficult to see with the naked eye, were detected by this 
system. An additional check for maintenance of static differential pressure was 
carried out before specimens were removed from the test cell. 

Test Results 

The results of the fatigue tests are shown in Fig. 3. The material is seen to 
be anisotropic, the transverse fatigue strength being about 65% of the longitudinal 
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fatigue strength. This is about the limit of the difference found over 40 different 
steels [8] and a greater effect than the 80% found in the case of EN25 in Ref 
7. The test results are discussed later in conjunction with the analysis of the 
effects of phase difference and frequency of cycling difference in biaxial fatigue. 

Analysis of Out-of-Phase Biaxial Stresses at Different Frequencies 

To study the effect of phase angle and difference in frequency in fatigue, 
assume a system in which the principal stress amplitudes CT,,, = o-2u > CTJ,, = 0, 
and that for the principal stresses Uj leads a, by an angle of cf) and that the 
frequency of cycling of â  is a times the frequency of cycling of CTI, as shown 
in Fig. 4 for \ = 1, a = 2, and <|) = 60°. Note that (j) is related to CT,, where 
one cycle of CTJ is equivalent to 360°. It is required to find the variations of the 
maximum shear stresses j ^ , TJJ, and T3, and their associated normal stresses 
o'„i2. o-„23, and a„3i for a range of values of amplitude ratio X, phase angle (^, 
and frequency ratio a. 

Using the foregoing notation 

Ui —a-, c r , — CT3 o'3 — a ] 
''•12 = :; '^ T23 = - ^ ^ - , T31 = - (1) 

and 

CT] + CT2 0-2 + f.T cr.? + cTi 
(2) 

For the case of \ = 1, a = 2, and <()|2 typically 60° as shown in Fig. 4, the 
variation of shear stress 7,2 and its associated normal stress a„i2 are as shown 

*i2--60 
O'la '0-2^^^33=0 

FIG. 4—Equal amplitude out of phase biaxial stress variation with time at different frequencies. 
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in Fig. 5. It should be noted that T,2 and CT„,2 are drawn to a scale twice that of 
(Ti„ and o-2a for clarity. The variation of T|2 and CT„,2 for \ = 1, a = 3, <))|2 = 60°, 
and \ = 1, a = 5, (\>i2 = 60° is shown elsewhere [9]. It is clear that although 
the principal stresses are of constant amplitude the difference in their frequencies 
is causing T,2 and a„,2 to have varying amplitude and there is thus a cumulative 
damage problem. It is also clear that T^ and a„i2 are out of phase. 

Due to the double complexity of T^ and a„,2 not only both being of varying 
amplitude but also out of phase it is proposed that the various biaxial stress cases 
of different amplitude ratio, phase, and frequency are compared in the first 
instance on a maximum shear stress amplitude (Tresca) criterion of failure and 
the effect of the normal stress variation on the maximum shear stress plane is 
ignored, although it is known to be a parameter of secondary importance in 
biaxial equal frequency fatigue [1,2]. 

For the X. = 1, a = 2, ^^ = 60° case considered in Figs. 4 and 5 the other 
two maximum shear stresses T23 and T3, have amplitudes one half of CT2„ and CTI^, 

respectively, and frequencies equal to those of (TJ and CT,, respectively. These 
shear stress amplitudes are less than that of TI2 and are thus considered to be 
less damaging. It is assumed that the greatest shear stress amplitude will cause 
the damage leading to fatigue failure. 

The variations of T,2 and CT„|2 over a range of X. from 0 to 1 in steps of 0.2, 
a from 0.5 to 5 in steps of 0.5, and c(),2 from 0 to 180° are shown for two cycles 
of CTi inRef 70. 

Using the rainflow [//] method of cycle counting in the analysis of the T,2 

°i ?1 
» ,:=6Cf 

/ \ \ TIME / 

FIG. 5—Stress variation on the maximum shear plane with time for a frequency ratio of 2. 
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Stress histories for the various X, a, cf) cases gives the resulting shear stress 
cycles as in Ref 9 and as shown in Fig. 6 for the most damaging cycles only. 
A few examples are given in Table 2 for the case of X = 1 to show that for 
each cycle of cr, we obtain a number of T^ cycles of different amplitude dependent 
on the value of the frequency ratio. In general cycles of T12 of amplitude less 
than 0.5 ai„ are taken to be nondamaging. For integer values of a only the 
largest amplitude Ta cycle is damaging. For a = 1.5 and 2.5 the two largest 
amplitude half cycles of T12 obtained are damaging. 

Damage Calculations 

Assuming for ease of initial computation that the log T - log A' fatigue curve 
for a typical material can be represented by a straight line between a shear stress 
amplitude value of 1.5 CT^ at 10̂  cycles and a fatigue limit value of 0.5 a^ at 
10̂  cycles then the general equation of the log T — log /V line is 

log T = m log iV + C (3) 

Substitution of the assumed shear stress values at 10̂  and 10̂  cycles to find 
the values of m and C gives 

log A' = -8.382 log T + 8.382 log (1.5 CT^) + 3 (4) 

K. 
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4 

— — " ^ 1-5 
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FIG. 6—Shear stress as a function of maximum principal stress for varying phase difference and 
frequency ratio. 
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TABLE 2—Shear stress amplitudes resulting from rainflow analysis for one cycle ofui, 
Ti2 = /(ci.)- In all cases, X = / . 

a , <t)° 

1 

1.5 ('/2 cycles) 

2 

2.5 (1/2 cycles) 

3 

4 

5 

0 

0 

0.95 
0.60 
0.10 

0.88 
0.18 

0.98 
0.81 
0.28 
0.28 
0.22 

1.00 
0.28 
0.28 

0.96 
0.36 
0.36 
0.32 

0.91 
0.35 
0.35 
0.45 
0.45 

15 

0.11 

0.94 
0.60 
0.11 

0.88 
0.18 

0,97 
0.81 
0.30 
0.26 
0.23 

1,00 
0.27 
0.27 

0.96 
0.37 
0.36 
0,32 

0,92 
0.35 
0.35 
0.44 
0.44 

30 

0.25 

0.92 
0.59 
0.14 

0.87 
0.19 

0.97 
0,81 
0.32 
0.25 
0.23 

0.99 
0.28 
0,28 

0,96 
0.38 
0.35 
0.32 

0.94 
0.35 
0.35 
0.43 
0.43 

45 

0.38 

0.90 
0.58 
0.17 

0.86 
0.20 

0.96 
0.80 
0.34 
0.24 
0,24 

0.98 
0.28 
0.28 

0.95 
0.39 
0.35 
0.32 

0.95 
0.35 
0,35 
0.43 
0.43 

60 

0.50 

0.92 
0.59 
0.14 

0.84 
0.23 

0.97 
0.81 
0.32 
0.23 
0.25 

0.97 
0.28 
0.28 

0.94 
0.40 
0.34 
0.32 

0.96 
0.35 
0.35 
0.42 
0.42 

75 

0.61 

0.94 
0,60 
0,11 

0,81 
0,25 

0.97 
0.81 
0.30 
0.23 
0.26 

0.95 
0.29 
0.29 

0.94 
0.41 
0.33 
0.32 

0.97 
0.36 
0.36 
0.42 
0.42 

90 

0.71 

0.95 
0.60 
0.11 

0.78 
0.28 

0.98 
0.81 
0.28 
0.22 
0.28 

0.94 
0.30 
0.30 

0.93 
0.42 
0.33 
0.33 

0,97 
0,36 
0,36 
0,42 
0.42 

105 

0.79 

0.94 
0.60 
0.11 

0.81 
0.25 

0.97 
0.81 
0.26 
0.23 
0.30 

0.92 
0.31 
0.31 

0.94 
0.41 
0.32 
0.33 

0.97 
0.36 
0.36 
0.41 
0.41 

120 

0.86 

0.92 
0.59 
0.14 

0.84 
0.23 

0.97 
0.81 
0.25 
0.23 
0.32 

0.89 
0.32 
0.32 

0.94 
0.40 
0.32 
0.34 

0.99 
0.36 
0.36 
0.40 
0.40 

135 

0.92 

0.90 
0.58 
0.17 

0.86 
0.20 

0.96 
0.80 
0.24 
0.24 
0.34 

0.86 
0.32 
0.32 

0,95 
0,39 
0,32 
0,35 

0,99 
0,36 
0.36 
0.39 
0.39 

150 

0.97 

0.92 
0:59 
0.14 

0.87 
0.19 

0.97 
0.81 
0.23 
0.25 
0.32 

0.83 
0.34 
0.34 

0.96 
0.38 
0.32 
0.35 

1.00 
0.37 
0.37 
0.39 
0.39 

165 

0.99 

0.94 
0.60 
0.11 

0.88 
0.18 

0.97 
0.81 
0,23 
0.26 
0.30 

0.79 
0.36 
0.36 

0.96 
0.37 
0.32 
0.36 

1.00 
0.38 
0.38 
0.38 
0.38 

180 

1.00 

0.95 
0.60 
0.11 

0.88 
0.18 

0.98 
0.81 
0.22 
0.28 
0.28 

0.76 
0.38 
0.38 

0.96 
0.36 
0.32 
0.36 

1.00 
0.38 
0.38 
0.38 
0.38 

Using Eq 4 to find the A'-values corresponding to the T12 = /(cr,a)-values 
from Table 2 and Ref 9, Â  being found as a function of (TÎ  and CT^, and using 
the Miner [12] damage sum 

we can find the allowable value of criJa-^ for any particular \ , a, (j) condition 
as indicated next. 

To find the maximum allowable value of o-|„ under which fatigue cracks will 
not initiate in less than 10̂  cycles for equal amplitude biaxial stresses, (a) at a 
frequency ratio a = 2 and ^ = 90° out of phase and (b) at a frequency ratio 
a = 2.5 and <t) = 0° in phase. 

(a) For \ = 1, a = 2, <|) = 90° the T,2-values from Table 2 are 0.78o-,„ and 
0.28(T,„. For T,2 = 0.78o-,„inEq4giveslogAr = 5.380 - 8.382 log(cr,„/cT4). 
Thus when Â  = 10̂  cycles, o-i„/o-̂  = 0.640. 

{b) For each cycle of a,, when the frequency ratios are 1.5 and 2.5, Table 2 
shows that we obtain 3 and 5 half cycles, respectively, of T12 of different am
plitudes. When a = 2.5 the two largest half cycles of T,2 are damaging. When 
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PHASE DIFFERENCE , <b° 
FIG. 7—Allowable biaxial stresses at the same frequency for varying phase difference and 

amplitude ratio. 

\ = 1, a = 2.5, (j) = 0° the T|2-values (half cycles) from Table 2 are (0.98, 
0.81, 0.28, 0.28, 0.22)CT,„. Substituting for TJJ = 0.98ai„ and0.81a,„ in Eq 4 
and using Eq 5 gives A'-values of 6.01 x 10* and 29.64 x 10', respectively, 
and hence o-|„/cr^ = 0.542. 

Derivation of a General Expression for an Allowable Value of CTI„ 

Converting the damaging values of ^nl^xa to cr|„ (allowable)/CT^ values as 
indicated above enables ai„ (allowable)/a^ versus 4)i2 for X = 0.2 to 1.0 to be 
shown as in Fig. 7 for a = I. 

From similar plots for a = 0.5 to 5.0, o-|„ (allowable) can be plotted versus 
a for X = 0.2 to 1.0 as shown in Fig. 8 for any value of 4). 

Limiting values of CT|„/a/, are indicated and were found using the maximum 
shear stress criterion of failure assuming the reversed shear fatigue strength as 
ujl. 

In general, the maximum shear stress occurs when the biaxial stresses are 
maximum positive and maximum negative, respectively, at the same time. Thus 
using the maximum shear stress criterion of failure in fatigue 

180 

( - 0 " 2 j 
' 12(allowablc) 

therefore 

cr. = cr,„ + CT,, 
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FREQUENCY RATIO , «« 
—Allowable biaxial stresses at varying amplitude ratio and frequency for any phase 

Hence 

therefore 

= 1 + X 
o-,, 

flalallowable) "" ^AK^ + ^ ) 

as shown in Fig. 9. 

Discussion 

Figure 7 predicts that, in general, fatigue strength is reduced in the presence 
of biaxial stresses which are out of phase. In the case of equal amplitude biaxial 
stresses at the same frequency the predicted fatigue strength is halved when the 
out of phase angle is 180° (the reversed torsion case), but the reduction in fatigue 
strength is less severe for 60° < (j) < 180°, and there is no reduction for 
0° < <j) < 60° as shown. 

A limited amount of test data [13-16] is available for long life fatigue under 
biaxial out-of-phase stress conditions. These tests were conducted using tubes 
subjected to either pulsating internal pressure and axial load [13-15] and are 
thus subject to the effect of mean stresses, or to combined axial load and torsion 
[75,76] where the principal stress axes rotate according to the relative values of 
the applied loads. In general these data support the maximum shear stress criterion 
of failure which indicates a decrease of fatigue strength with out of phase angles 
greater than 60°. An increase of fatigue strength when the stresses are 60° out 
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FIG. 9—Allowable biaxial stresses for any phase difference and frequency ratio. 

of phase has been also found, which could be due to interference of different 
cracking systems as suggested by Miller [4]. 

Nishihara [17] showed that fatigue limits for ductile materials are apparently 
higher for combined bending and torsion with phase difference than for the 
conventional in-phase cyclic stressing case. This is true when the out-of-phase 
fatigue data are stated in terms of the maximum in-phase shear stress amplitudes. 
However, Little [18] showed that this apparent increase in fatigue strength is 
very misleading, as when the fatigue limit data are expressed in terms of the 
true shear stress amplitudes it becomes clear that the fatigue limit actually de
creases as the phase difference increases. The decrease is of the order of 25% 
for a shear stress amplitude to bending stress amplitude ratio of 0.5 and a phase 
difference of 90°. This is a special case as every plane in the surface material 
is a plane of maximum range of shear stress. This case is further discussed in 
Ref6. 

The analysis indicates that the maximum principal stress CTI„ is always the 
dominant parameter regardless of the frequency of cycling of aja > even for X = 1 
and high values of a as only one damaging cycle of T|2 occurs per cycle of aj^. 
For a > 3 the reduction in fatigue strength due to biaxial stress is constant for 
any value of principal stress ratio X and effectively independent of out-of-phase 
angle ((> and frequency ratio a. For a < 1 low values of a2a having their max
imum positive value occurring at the same instant as the maximum negative 
value of a,„ or vice versa can cause a reduction in fatigue strength as the resulting 
damaging amplitude of TJJ will be greater than the amplitudes of T23 and T31 
although at the lower frequency. No record can be found in the literature of any 
test work where biaxial fatigue stresses are at different frequencies as well as 
out of phase. 
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TABLE 3—Predicted and experimental fatigue limit (Iff' cycles) strengths. 

Case 

1 
2 
3 
4 
5 
6 
7 
8 

Tl2, 

/(cr,.) 

0.5 
0.5 

0 
LO 
0.88 
0.8 
LO 
0.85 

T23, 

/(CT,„) 

0 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 

T31, 

/((T,J 

0.5 
0 

0.5 
0.5 
0.5 
0.5 
0.5 
0.5 

(Ti»/cr^, 

predicted 

1 

0.5 
0.57 
0.63 
0.5 
0.59 

CTi./T^, 

experimental 

1 
0.65 
0.65 
0.56 
0.62 
0.63 
0.58 
0.62 

In discussing the present test results and their relation to the analysis of out-
of-phase biaxial stresses at different frequencies given in this paper it is ac
knowledged that, due to the expensive nature of the test specimens used, only 
a minimal number of fatigue tests were carried out at each of the eight test 
conditions considered. Thus any conclusions drawn can only be of a tentative 
nature indicating whether or not the analysis provides a reasonable basis for a 
more extensive test program. 

Failure cracks were longitudinal in all cases except Case 1 (longitudinal stress 
only) where cracks were transverse. In Cases 4 to 8 evidence can be seen of the 
crack originating at 45° to the longitudinal axis in the T,, maximum shear stress 
plane and then propagating in the longitudinal direction normal to the hoop stress 
direction, the material being anisotropic and less resistant to fatigue stress in the 
transverse compared to the longitudinal direction. 

The specimen tested under Case 8 conditions at a stress of 315 MN/m^ was 
found to have failed from a crack originating at a small material defect just 
below the surface, and thus the fatigue life is likely to be lower than would be 
normally expected. Under Case 5 conditions the specimen first tested under a 
stress of 277 MN/m^ showed evidence of coaxing to a higher strength finally 
failing at a stress of 339 MN/m^ 

Table 3 shows the damaging shear stress amplitudes (underlined) occurring 
in each of the cases tested, considered as functions of the maximum applied 
principal stress. This table also shows the predicted and experimental fatigue 
limits as functions of the uniaxial longitudinal fatigue strength. The predicted 
value is based on the maximum shear stress criterion of failure, and the exper
imental stress values are taken from Fig. 3 at 10* cycles. No predicted values 
of CTia/cr^ are given for Cases 2 and 3 as these are affected by the anisotropic 
nature of the material used, where the T23 critical shear stress planes in these 
cases is weaker than the T12 or T31 critical shear stress planes in the other cases. 
Reasonable agreement is found between the predicted and experimental values 
of the ratio (J\J^\A- These results are illustrated in Fig. 10 which shows that 
the greatest difference between predicted and experimental value is 15%. 
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FIG. 10—Comparison of experimental and predicted allowable maximum principal stress am
plitudes. 

In Case 6 the ratio T23/T12 = 0.5/0.8 = 0.63 which is approximately equal 
to the ratio of the transverse to the longitudinal fatigue strength of 0.65 and thus 
either the 12 or 23 shear stress could be critical, the latter would explain why 
the S-N curves for Cases 2 , 3 , and 6 are of similar form as shown in Fig. 3^. 

Conclusions 

1. Constant amplitude out-of-phase biaxial fatigue stresses of different fre
quencies produce nonconstant amplitude maximum shear stress variations. 

2. For these conditions the normal stress acting on the maximum shear stress 
plane is also of nonconstant amplitude. 

3. The maximum shear stress criterion of failure using damaging shear stress 
amplitude appears to be a reasonable basis for the analysis of fatigue under out-
of-phase biaxial stresses of different frequencies, based on available test data. 

4. For high-frequency ratios the reduction in fatigue strength due to biaxial 
stress is predicted to be constant for any principal stress amplitude ratio and 
effectively independent of out-of-phase angle and frequency ratio. 

5. For low-frequency ratios low values of secondary principal stress amplitude 
are predicted to cause a reduction in fatigue strength. 

6. Using the proposed criterion the allowable biaxial stresses for long life at 
any out-of-phase angle and any frequency ratio can be found from CTI^ (allow
able) = a^/CI -(- X). 
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Effect of Changing Principal Stress 
Axes on Low-Cycle Fatigue Life in 
Various Strain Wave Shapes at 
Elevated Temperature 

REFERENCE: Ohnami, M., Sakane, M., and Hamada, N., "Effect of Changing Prin
cipal Stress Axes on Low-Cycle Fatigue Life in Various Strain Wave Shapes at Elevated 
Temperature," Multiaxial Fatigue. ASTM STP 853. K. J. Miller and M. W. Brown, 
Eds., American Society for Testing and Materials, Philadelphia, 1985, pp. 622-634. 

ABSTRACT: A study on the effect of changing the principal stress axes on low-cycle 
fatigue lives was carried out in four strain waveforms at 923 K in air using SUS 304 
austenitic stainless steel. No effect of alternation of axes on fatigue lives was observed at 
that temperature. But comparison of this result with a former result at 823 K, in which 
the alternation of axes is detrimental to fatigue lives, shows that the effect of the alternation 
of axes is connected closely to the fracture mode, that is, transgranular at 823 K and 
intergranular at 923 K. When the specimen fractured transgranularly the alternation of 
axes decreases the fatigue life, but, when the specimen fractured intergranularly, no effect 
is noted. This phenomenon is not affected by the strain waveform. Detailed discussion on 
the fatigue life is made from crack initiation and propagation considerations. 

KEY WORDS; low-cycle fatigue, elevated temperature, biaxial stress, nonproportional 
loading, prediction of low-cycle fatigue life 

Since all structural materials in elevated temperature applications suffer biax-
ial/multiaxial stress, it is important that life prediction methods be constructed 
that are applicable to multiaxial stress conditions. Krempl [/] extensively sur
veyed multiaxial low-cycle fatigue work in 1974, and pointed up some related 
problems. A number of papers have been published, for example [2-7/], relating 
to multiaxial fatigue both in low-cycle and high cycle regimes at ambient tem
perature, but only a few deal with elevated temperature problems [3,9,12-19]. 
These papers can be classified into three categories. 

The first category [2.3,11-16,18,19] is connected with parameters which can 
arrange the low-cycle fatigue data under complex stresses. The equivalent 
strain range of the von Mises' type is a typical parameter [3], but other 
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parameters have been proposed [2,11,]6]; however, no general agreement has 
been reached on the use of any specific parameters. Papers [4-6,8-10,14,15,17-
19] which treat the effect of biaxiality of stress on crack behavior are those of 
the second category. Some papers [5,6,13-15,17.18] report that the stress par
allel to the crack affects the crack propagation rate, but reference [70] shows 
no effect. The last category covers the effect of nonproportional loading [7]. 
Out-of-phase loading is employed usually as a means of nonproportional loading. 
Shorter fatigue lives were reported [7] compared with those under proportional 
loading. But a careful discussion is necessary for the results of out-of-phase 
tests. Usually the mean stress in out-of-phase tests is higher than that in in-phase 
tests. Therefore, it is necessary that the pure effect of nonproportional loading 
must be separated from that of mean stress. 

In a previous paper [19], biaxial low-cycle fatigue tests were carried out on 
SUS 304 austenitic stainless steel at 823 K in air using five strain waveforms 
with and without the alternation of principal stress axes. We discovered that the 
alternation of principal stress axes reduces fatigue lives of the material, resulting 
from the acceleration of crack propagation rate by the alternation. Transgranular 
fracture was found in all the tests with and without the change of the stress axes. 

This paper examines the effect of the change of principal stress axes on fatigue 
lives at 923 K in air using four strain waveforms. The reason why the experiments 
were made at the higher temperature is that an intergranular fracture was expected 
at that temperature, and a different fracture mode may have a different effect 
on the alternation of principal stress axes. Also the cyclic work-hardening be
havior is studied in relation to the deformation behavior of microstructure due 
to the alternation. 

Test Specimen and Procedure 

Test Specimen and Apparatus 

A hollow cylindrical specimen of solution annealed SUS 304 austenitic stain
less steel with grain size of ASTM No. 3 was used. The specimen has a 1-mm-
diameter hole at the midlength to permit easy confirmation of crack initiation. 
The shape and dimensions of the specimen are illustrated in Fig. 1. The values 
of stress and strain used in this paper are all nominal values. 

DIMENSION (mm) 

FIG. 1—The test specimen: dimensions in millimetres. 
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The test apparatus used in the study is an original design of an electrohydraulic 
servocontrolled testing machine which can apply an axial load in combination 
with a torsional load in various waveforms and shapes. A rotary actuator is 
attached on top of the apparatus, and an axial actuator is attached under the 
lower plate. Axial load and torque applied to the specimen are measured sepa
rately by load cells. Relative axial displacement and rotation along the gage 
length of 20 mm are measured by two linear variable differential transducers 
(LVDTs). A microcomputer was used as a digital function generator. 

The specimen was heated by a sheath heater from inside, and a subheater was 
used to obtain uniform temperature distribution along the gage length. Tests 
were performed at 923 K in air and controlled by total strain. A camera with 
an automatic switch was used to monitor fatigue cracks which initiate from the 
circular hole. Crack length / is defined as / = (/, + 1^)12, where /, and 12 are 
the top and second largest crack length (see Fig. 1). Number of cycles to crack 
initiation, N^, is defined as the cycle at which / reaches a length of 100 ijim, 
which corresponds with the grain size. Number of cycles to failure, Nf, is also 
defined as the cycle at which the tensile stress amplitude decreases to three 
quarters of the maximum value. 

Test Program 

Four strain waveforms were employed as shown in Table 1. The solid lines 
denote axial loading and the dotted lines torsional loading. In three waveforms 
out of the four, a further test program was employed in which push-pull and 
reversed torsional load were applied alternately. In this case, a push-pull cycle 
followed by a torsional cycle was counted as two separate cycles. A push-pull 
cycle was interchanged to a torsional cycle at null strain. This test program 
permits the principal stress axes to change while keeping the equivalent total 
strain range of the von Mises' type constant during the test. The net angular 
change of the principal stress axes is ir/4 radian per cycle. Total strain ranges 
and strain rates are also listed in Table 1. 

Experimental Results and Discussion 

Effect of Changing the Principal Stress Axes on Low-Cycle Fatigue Lives in 
Various Strain Wave Shapes 

The authors previously have carried out low-cycle fatigue tests with the change 
of principal stress axes at 823 K in air, and these results have been published 
[18,19]. In this study, experiments at 923 K in air are performed, but we discuss 
the results at both temperatures, in order to assist a global understanding of the 
phenomenon. 

Before proceeding with the current work the main points of the previous results 
are now stated briefly. 

Figure 2a shows the experimental results at 823 K in air under five strain 
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TABLE 1 —Waveforms and symbols. 

T«923 K 

WAVE FORfl LOADING TOE KEY TOTAL STRAIN STRAIN RATE 

RANGE, mm/im i - „ , , c „ „ „ 

K s " ' Ks 

T-823 K 

TOTAL STRAIN STRAIN RATE 

RANGE, im/im, g e a t ' E e g c ' 

- 1 ^ . - 1 KS"' Ks" 

T,f 

F\M-

NOT 

ALTERNATED 

ALTERNATED ® 

O-Ol 2.000 2.000 

0 .007 1.1(00 l.noo 

0 .005 1,000 1.000 

0.003 0.600 0.600 

0.02 1.000 1.000 

0.01 2.000 2.000 

0 .005 1,000 1.000 

NOT 

ALTRENATED 

ALTERNATED ffl 

0.01 0.020 2.000 

0 .007 0.011 1.1000 O.OI 

0 .005 0.010 1.000 

0.200 2.000 

" ^ ' NOT 

ALTERNATED 

o 
2.000 0.200 

FM' NOT 

ALTERNATED 

ALTERNATED ® 

0.01 2,000 2.000 

0 .007 1.1(00 1.1(00 

0 .005 1.000 1.000 

0 .005 

2.000 2.000 

I . 0 0 0 I . 0 0 0 

I 2"^tV^ NOT 
ALTERNATED 

0.31 0.020 0.020 

0.007 0.011 0.011 

0.200 0.200 

0.100 0.100 

NOTE) SOLID LINES DENOTE PUSH-PULL LOADING AND DOTTED LINES TORSIONAL LOADING. 

A: TENSION GOING TIME, 7c; COMPRESSION GOING TIME 

Z,: TIME FOR A CYCLE IN THE FAST-FAST STRAIN WAVE SHAPE 

waveforms, that is, fast-fast, fast-slow, slow-fast, slow-slow, and trapezoid, 
with and without the alternation of principal stress axes. An equivalent total 
strain range of the von Mises' types, ACeq, was used as the unit of the ordinate. 
No significant difference in fatigue lives is observed between push-pull and 
reversed torsion in the same strain waveforms. A noticeable characteristic in the 
figure is the reduction in fatigue lives by the change of principal stress axes in 
all the strain waveforms tested. And the observation of the fracture surface by 
both a scanning electron microscope (SEM) and optical microscope revealed that 
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FIG. 2—Relationship between equivalent total strain range of the von Mises' type and number 
of cycles to failure for SUS 304 austenilic stainless steel at (a) 823 K in air and (b) 923 K in air. 

the fracture mode was transgranular in all the strain waveforms. Especially in 
the strain waveform of fast-fast, clear striation marks were observed. 

Figure lb is similar to Fig. la, but the test temperature is higher at 923 K. 
No effect of the alternation of principal stress axes can be observed on the fatigue 
lives. Comparing this result to that at 823 K, it is seen that the effect of the 
change of principal stress axes depends on temperature level. 

Ejfect of Changing Principal Stress Axes on Cyclic Work-Hardening Behavior 

Figure 3a shows the von Mises' equivalent stress versus strain curves by 
means of the incremental method in the push-pull test and the alternation test 
of push-pull and reversed torsion at 923 K. Similar curves at 823 K are given 
in Fig 3b. Monotonic tensile and torsional curves on the von Mises' basis are 
also superimposed on the cyclic curves. Values of strain hardening coefficient, 
k, and exponent, n, when approximating stress strain relation as CT = KE" are 
526 MPa and 0.25 for monotonic loading, 1572 MPa and 0.38 for cyclic push-
pull test, and 7290 MPa and 0.59 for alternated test at 923 K, while they are 

T»823K 

0005 

FIG. 3—The von Mises' equivalent stress versus strain curves of SUS 304 austenitic stainless 
steel in push-pull and alternation incremental tests at (a) 923 K and (b) 823 K in air. Monotonic 
tensile and torsional curves are also superimposed on the cyclic curves. 
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752 MPa and 0.27 for monotonic loading, 3180 MPa and 0.48 for cyclic loading, 
and 7746 MPa and 0.59 for alternated test at 823 K. 

It is well known that SUS 304 austenitic stainless steel is a typical cyclic 
hardening material, and the same is observed in the present study. About 35% 
increase in the stress amplitude is found in cyclic push-pull test compared with 
monotonic tests. Further cyclic hardening is discovered in the alternated test. 
About 40% increase in stress amplitude is caused by changing principal stress 
axes at both temperatures. In this regard, Kanazawa et al [20] also found the 
increase in the stress amplitude by rotating the principal stress axes for 1% 
chromium-molybdenum-vanadium (Cr-Mo-V) steel in out-of-phase tests under 
somewhat different test condition to the present study. 

This larger cyclic work-hardening of SUS 304 austenitic stainless steel due 
to the alternation of principal stress axes at 823 and 923 K may be related to 
the increase in the number of activated slip systems in grains. In the tests without 
the alternation, only two conjugate macroscopic slip systems are expected to 
operate because of the two directions of the maximum shear stress. On the other 
hand, in the tests with the alternation, four slip systems would operate because 
the direction of the maximum shear stress changes by •n/4 radians in each cycle. 
So, complex interactions of slip systems is expected in the tests with the alter
nation, which results in a greater degree of work hardening. 

Further evidence was provided by means of the SEM and the optical micro
scope. Figures 4a and b show examples of intergranular fracture surfaces ob
served by SEM in the slow-fast test with and without the change of principal 
stress axes. On the other hand, a transgranular fracture mode was found at 823 
K in all the strain waveforms [79]. Figures 5 a and b show an example of optical 
micrographs along the macrocrack in the slow-fast test with and without the 
change of principal stress axes at 923 K. The fracture mode in Fig. 5 corresponds 
to that in Fig. 4, but Fig. 5a shows a much greater intensity of deformation in 

(a) 
FIG. 4—Fracture surface observed by SEM in a slow-fast test (a) with and (b) without the 

alterruition of principal stress axes at 923 K in air. 
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(a) b) 50 pm 
FIG. 5—Fracture and deformation characteristics observed by optical microscopy in a slow-fast 

test (a) with and (b) without the alternation of principal stress axes at 923 K in air. 

the grain than that in Fig. 5b. This is evidence to support the observed increase 
in cyclic work hardening of the material as shown in Fig. 3a. From this fact, 
it can be considered that the greater intensity of the deformation in the test with 
the change of principal stress axes is witness to the increase in cyclic work 
hardening, but this does not affect the fatigue lives because of intergranular 
fracture at 923 K. Regarding deformation in the test at 823 K, Fig. 6 shows an 
example of fracture surfaces in (a) alternated and {b) not alternated tension-
hold tests. A much greater intensity of deformation is also observed in Fig. 6a 
as compared to Fig. 6fo. Therefore, we can conclude that, in the case of trans-
granular fracture at 823 K, the alternation of principal stress axes affects the 
fatigue lives, but, in the case of intergranular fracture at 923 K, it does not; this 
phenomenon is not affected by the strain waveforms. 

There is one exception. In the test of the nonaltemated fast-fast strain waveform 
at 923 K, clear striation marks were observed on the fracture surface, and this 
specimen fractured transgranularly. But we could not obtain clear fracture sur
faces for the same strain waveform with a change of principal stress axes because 
of the damage to the surfaces by rubbing of the surfaces during the alternation 
of principal stress axes. Hence, a definite conclusion could not be obtained. 

(tt) fb) 50ym 

FIG. 6—Fracture and deformation characteristics by optical microscopy in a tension-hold test 
(a) with and (b) without the alternation of principal stress axes at 823 K in air. 
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icr'i SUS 304 T-923 K IN AIR 
I 

FAST-raST 

"10 I02 10^ 
NUMBER OF CYCLES TO CRACK INITIATKM 

Nc 

FIG. 7—Relationship between equivalent total strain range of the von Mises' type and number 
of cycles to crack initiation at 923 K in air. 

At the end of this section, deviation of the principal stress axes from the 
principal strain axes is mentioned briefly. In proportional loading tests, the 
direction of principal stress axes usually agrees with that of principal strain axes 
[7,79], but in nonproportional loading tests, this is not always guaranteed [79]. 
Sometimes disagreement was observed in the present tests where the direction 
of the principal stress axes almost coincides with that of the principal strain axes 
programmed in the push-pull cycle, but in the torsional cycle it does not. 

Effect of Alternating Principal Stress Axes on Fatigue Crack 
Propagation Behavior 

Figure 7 shows the relationship between equivalent strain range of the von 
Mises' type, Ace,, and number of cycles to crack initiation, N,., at 923 K in air. 
It is seen from the figure that the alternation of principal stress axes is not 
influential in N,. and it does not reduce Nf at 923 K, but it does at 823 K [79]. 

Figures 8a and b represent, respectively, the relation between crack propa
gation rate, dlldN, and crack length, /, at 923 and 823 K, in air. From Fig. 
8a, no significant effect at 923 K of the alternation of principal stress axes is 
found on dlldN when the data are compared with the same strain waveforms. 
On the other hand. Fig. 8fe, which is related to the transgranular fracture mode, 
shows that the crack propagation rate in the alternated tests is higher than in the 
not alternated tests in the same strain waveforms. Therefore, the reduction in 
fatigue lives by the alternation of principal stress axes at 823 K is because of 
earlier crack initiation and enhancement of the crack propagation rate. At 923 
K, both N^ and dlldN are little affected by the alternation of the stress axes, 
and this results in no effect on Nf. 

Life Prediction 

In this section, the applicability of three life prediction methods, that is, 
Ostergren's method [27], ftequency separation method [22], and Tomkins' method 
[25] is checked by applying these methods to the experimental data. 
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FIG. 8—Relationship between crack propagation rate, dl/dN, and crack length, 1, at (a) 923 K 
and (b) 823 K in air. 

Ostergren [21] modified the frequency modified fatigue life equation [24] by 
adding a tensile stress amplitude and obtained the following equation 

Aê CT, v ' ^ » ' ' " y V / = C (1) 

where 

Acp = inelastic strain range, 
(T, = tensile stress amplitude in a hysteresis loop at A' = Nfll, and 
V = frequency. 

In this equation, v is defined as I/T^ for the case of the fast-fast test and is also 
defined as v = 1/(TC + T,) for the cases of the slow-fast, fast-slow and slow-
slow tests. Here T„ is the time for a cycle in the fast-fast test while T, and T̂ . are 
the tension and the compression going times (see Table 1). In addition, for the 
tension-hold tests, v is defined as 1/(T„ + t^, where t^ is the tension hold time. 
The exponents p and k' in Eq 1 are determined from Aê  — Â̂^ curves in the 
push-pull test at specific frequencies. 

Concerning the frequency modified fatigue life equation, Coffin [22] proposed 
the following frequency separation method for the prediction of fatigue lives 
under unsymmetric waveforms 

A€„ 
2 / \ 2 , 

'*'•"' vV/ = C (2) 
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where 

Vf = frequency in compression, 
V, = frequency in tension, and 
v„ = frequency in the fast-fast test. 

The exponents ^, and n' are determined also from Aa versus Aê  curves in the 
push-pull slow-fast test at specific frequencies. The exponents k\ and p cor
respond to those in Eq 1. 

Tomkins [23] proposed the following life prediction method based on crack 
propagation considerations 

AaV 
A€, ( — I Nf= C (3) 

where ACT denotes stress range in a hysteresis loop at N = Nfl2 and CT„ is the 
tensile strength of the material. 

Figure 9 shows the experimental data compared with the three prediction 
methods. Parts a, b, and c are the results at 923 K, and d, e, and/are those 
at 823 K in air. Ostergren's parameter is comparatively good for the arrangement 
of the experimental data at 923 K in which no reduction in fatigue lives occurred 
by the alternation. All the data fall into the scatterband of a factor of two. But 
nearly a half of the experimental data drops out of the band of a factor of two 
in the other prediction methods. Their prediction methods predict the fatigue 
lives unconservatively. So, frequency separation and Tomkins' method cannot 
cover the variety of fatigue lives with different strain wave shapes. 

On the other hand, all three prediction methods are adequate for the data at 
823 K, without the alternation of principal stress axes, but inadequate for the 
data with the ahemation. The data in the tests with the alternation of the stress 
axes fall well outside of the scatterband. Therefore, it is concluded that an 
additional safety factor margin is needed for predicting the low-cycle fatigue life 
in the case of alternated principal stress axes with transgranular fracture. 

Now we comment briefly on the notch effect in the low-cycle fatigue under 
creep-fatigue conditions. A crack starter hole on the specimen in this study 
causes stress and strain concentration around the notch hole. Inelastic strain and 
stress concentration factors are necessary in order to convert low-cycle fatigue 
data of the notched specimen to that of the unnotched specimen. From finite 
element method (FEM) analyses of the notched specimen used in this paper, 
values of strain concentration factors in monotonic tension and torsion are 4.0 
and 4.5, respectively, while those of stress concentration factors in monotonic 
tension and torsion are 1.6 and 1.8, respectively, at 923 K. Since the strain and 
stress concentration factors take almost the same value in both loading modes, 
the data in Fig. 9 for the notched specimen should be able to be converted to 
data for an unnotched specimen if the strain and stress ranges are multiplied by 
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FIG. 9—Comparison between predicted and actual fatigue lives. 
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the inelastic strain and stress concentration factors. It is a formal conversion of 
the data of notched specimens to that of unnotched specimens. Note that because 
Tomkins' model was deduced from a crack propagation model careful treatment 
should be made by splitting the failure life into crack initiation and propagation 
period when converting rigorously the notched data to the unnotched data. 

Conclusions 

1. The changing of principal stress axes reduces the low-cycle fatigue life of 
SUS 304 austenitic stainless steel at 823 K in air, but not at 923 K for the four 
strain wave shapes tested. Observations of the fracture surfaces by SEM and 
optical microscopy reveal that specimens fractured transgranularly at 823 K but 
intergranularly at 923 K. Therefore, the alternation of principal stress axes is 
detrimental to fatigue in the case of transgranular fracture. 

2. Greater cyclic work hardening of the material is observed in the tests with 
the alternation of the principal stress axes at 823 and 923 K in comparison with 
not alternated tests. About 40% increase in stress amplitude is observed by 
changing principal stress axes at the two temperatures in air. From the obser
vations by SEM and optical microscopy, a much greater intensity of deformation 
in grains occurs in the tests with the change of principal stress axes, which 
contributes to the increase in cyclic work hardening at the two temperatures. 

3. The changing of principal stress axes causes earlier initiation of a fatigue 
crack and enhances the crack propagation rate at 823 K in air, while it has no 
effect on initiation and propagation at 923 K. 

4. Three prediction methods for low-cycle fatigue lives are applied to the 
experimental data. No single method is adequate for predicting the low-cycle 
fatigue life. The best method is that proposed by Ostergren which can arrange 
the data within a factor of two at 923 K in air, but not at 823 K in air. It predicts 
the low-cycle fatigue life in the alternated tests unconservatively. Therefore, an 
additional safety factor margin is needed for predicting low-cycle fatigue life 
under changing stress axes with transgranular fracture. 
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ABSTRACT: Low-cycle strain-controlled hold-time fatigue tests were performed on I Cr-
IMo-'AV rotor steel at 538°C under uniaxial and plane-strain biaxial states of stress. Plain 
strain was produced by use of a blunt notched compact tension specimen. An inelastic 
finite-element analysis was used to relate strain at the base of the notch to the notch opening 
displacement. The results showed reasonable correlation by use of von Mises effective 
elastic and plastic strain components, with the latter modified by a function of the triaxiality 
factor. Published results for Cr-Mo-V steel at room temperature and elevated temperature 
for various biaxial stress conditions were examined in terms of the triaxiality factor-effective 
strain approach. Good correlation was obtained between predicted and measured life. 
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Eait Alternat ing strain 
e Effective strain, [(e, - ejY + fe, - e.Y + (e, - e,yfyV2 

(1 + ix) 
e„ Mean strain 
\ A7/Ae 
ĴL Poisson's ratio 
V Frequency 
CT Stress 
a Effective stress 
c() Principal strain ratio, Acj/Ae, 

Subscripts 

e Elastic component 
/ Failure 
o Uniaxial stress condition 
p Plastic component 
r Relaxed value 
t Total 

x.ya Components in coordinate directions 
1,2,3 Principal components 

As a result of thermal and mechanical loads, the state of stress at many locations 
in a turbine rotor is multiaxial. Even under uniaxial loading, the presence of a 
notch may induce a biaxial stress field as a result of geometric constraints. Life 
prediction under cyclic loading must include the effect of the state of stress, 
since, in many cases, the use of uniaxial fatigue data may not be conservative. 

In general, multiaxial fatigue is treated by modifying the uniaxial criterion, 
for example a strain-life equation, in a manner which accounts for the stress 
state. There is, however, no consensus among various investigators on a single 
criterion, even for the simplest case of proportional loading at room temperature. 
Garud [/] in a recent review of room-temperature multiaxial fatigue summarizes 
24 criteria which have been proposed by various investigators and cites over 75 
references on this subject. Other reviews of multiaxial fatigue can be found in 
Refs 2 and 3. 

A number of investigators have examined the elevated temperature uniaxial 
behavior of chromium-molybdenum-vanadium (Cr-Mo-V) steels under straight 
cycling and with various hold times [4-10]. Lohr and Ellison [77] and Liddle 
and Miller [72] performed biaxial fatigue tests under straight cycling at room 
temperature, while Brown and Miller [75] examined multiaxial fatigue effects 
at elevated temperatures. There are essentially no results on creep-fatigue inter
action for these steels under multiaxial stress conditions available in the literature. 
This is primarily due to the difficulties associated with performing such tests. 

In an earlier paper [14] the influence of a biaxial stress state on low-cycle 
fatigue of ICr-IMo-'AV steel at 538°C was examined using blunt notched com-
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pact tension (CT) specimens. Crack initiation results were correlated with un
iaxial fatigue data using the Davis-Connelly triaxiality factor. All of these tests 
were conducted under straight cycling conditions at 1 cpm. An extension of this 
work to include the effect of a 1 h hold time is presented in this paper. A brief 
review of the proposed criterion is given, and additional assessment of its pre
dictive capability is made by analyzing published multiaxial fatigue data for Cr-
Mo-V steels. 

Review of Proposed Method 

The role of the state of stress and strain rate of a material at elevated temperature 
has been discussed by Manjoine [75-77]. For relatively ductile materials, the 
following empirical relationship between ductility and state of stress has been 
proposed 

2(1 - TF) ( 1 ) 

where ej and €/„ are the effective strain limits for multiaxial and uniaxial stress, 
respectively, TF is the Davis-Connelly triaxiality factor [78] 

U, + (TT + (J-t 

TF = — r (2) 

and CT is the von Mises effective stress. The measured reduction in ductility for 
a number of materials and multiaxial stress states has shown good correlation 
with this expression [76,79]. 

In low-cycle fatigue under multiaxial stress conditions, we assume a strain-
life equation in terms of effective plastic and elastic strain components, with the 
plastic term modified by Eq 1 

Ae, = 2" - '•''' C Nf'' + G Nf (3) 

where the constants are derived from uniaxial fatigue data. The motivation for 
extending Eq 1 to fatigue is based on the relationship of plastic strain to ductility 
[20]. 

Mowbray [27] has suggested a similar criterion for biaxial fatigue based on 
principal strain ranges. It can be shown that his relation has the form of Eq 3 
with the plastic strain modified by a different function of the TF 

3 - OT TF 
Ae, = — CNf" 

3 - OT 

where m is an empirically derived material constant. 
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Experimental Work 

Specimens and Test Procedure 

Low-cycle uniaxial and biaxial fatigue tests were made on ICr-lMo-'AV rotor 
steel at 538°C. Test specimens were taken from a section of a turbine rotor 
forging. The tensile properties and heat treatment of the material are given in 
Table 1. 

The biaxial stress state was produced using a CT specimen containing a 1.19 
mm notch root radius, shown in Fig. 1. Dowling and Wilson [22] have shown 
that for a thickness to notch root radius ratio greater than 5, plane-strain conditions 
are achieved at the notch tip. Under these conditions, the notch tip strain and 
stress are 

e,: e,: e, = - |X/ (1 - |UL) : 1 : 0 

a,: a,.: o- = 0 : 1 : [x 

for the coordinate system shown in Fig. 1. Since no equipment for directly 
measuring notch root strain was available, the notch opening displacement (NOD) 
was controlled during the fatigue tests. 

All fatigue tests were run at a frequency of 1 cpm with a hold time of 60 min 
at maximum strain. The majority of tests were performed at Aj = 1.0 (A^ = ê ,,/ 
e„) although a few were run under completely reversed strain cycling at Â  = =o. 
Complete details of the test procedure and results of the straight cycling tests at 
1 cpm were presented in Ref 14. Additional results for the hold time tests are 
given in this paper. 

Notch Strain-Displacement Calibration of the CT Specimen 

An elastic-plastic plane-strain finite-element analysis was made to determine 
the local stress-strain response at the notch tip [14]. Cyclic stress-strain curves 
at half life, as determined from the uniaxial fatigue tests, were used as effective 
(von Mises) stress-strain curves in the analysis. The influence of stress relaxation 

TABLE 1—Tensile properties and heat treatment of ICr-lMo-'AV test specimen material. 

24°C 538°C 

Modulus of elasticity, GPa 
0.2% yield strength, MPa 
Ultimate tensile strength, MPa 
% elongation (in 5.08 cm) 
% reduction in area 
Heat treatment 

Austenitize at 954''C 
Air cool 
Temper at 662°C 

200.0 
643.7 
802.1 

17.0 
45.8 

172.4 
499.9 
545.4 

18.4 
68.3 

 



MARLOFF ET AL ON BIAXIAL LOW-CYCLE FATIGUE 641 

KB = 25.4H 

FIG. 1—Blunt notched compact tension specimen. Dimensions in millimetres. 

due to the hold time was included by using the relaxed stress range at the end 
of the 60 min hold period. The difference between this curve and that for straight 
cycling is illustrated in Fig. 2 which also shows the 5 segment piecewise linear 
representation of the curves used in the analyses. Note that this represents a 
monotonic loading analysis based on stable cyclic behavior. Reasonable predic
tions of cyclic strains have been made [22,23] by using the stable cyclic stress-
strain curve in a monotonic elastic-plastic finite element analysis. 

Neglecting time dependent effects, the analysis predicts a unique relation 
between NOD and notch strain amplitudes. Therefore under these conditions, 
control of NOD during cyclic tests should be equivalent to strain control. With 
a hold time at maximum NOD, however, creep may occur at the notch tip 

4 8 12 16 20 
Strain Amplitude, t x 10' 

FIG. 2—Piecewise linear representation of the cyclic stress-strain curves for ICr-IMo-'AV steel 
at 538°C. 
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resulting in a variation in strain and possibly TF. Note that some account of this 
is taken when the isochronous stress-strain curve is used in the analysis. To 
further examine these effects, a creep analysis was made using the 1 cpm curve 
(top curve, Fig. 2) together with a second stage creep law for this material. It 
was found that during a 1 h hold at maximum NOD and for an initial strain 
amplitude of 0.02, the strain change was less than 5% while the TF varied less 
than 2%. 

Results 

Uniaxial Tests 

The frequency-modified life method [24] was used to correlate all of the 
uniaxial test results for this material. A least-squares multiple regression analysis 
of the strain range and life data for the two frequencies (in the hold time tests 
the frequency is assumed to be the inverse of the total cycle time, or 0.0167 
cpm) gave the following equations for the elastic and plastic components 

Ae,„ = 0.0081 Nf-

Ae,„ = 1.81 ^f-' 

(4a) 

(4fo) 

where v is the frequency in cycles per minute. Figure 3 shows the total strain 
range versus life data and the corresponding fit of the sum of Eqs 4a and 4b. 

Crack initiation in low-cycle fatigue was discussed in some detail in Ref 14, 
where several empirical equations were reviewed. It was shown that under straight 
cycling conditions, the number of cycles to the first deviation from the stabilized 

Ae=0.0081N, -0.083,,0.0 

+ 1 . 8 1 N , - ^ " / " 

o v = lcpm 1 . 
D Tension Hold, V = 0.0167 cpm J e 

* « ^E = " 

Ref. 4, AE = •» 
• v = lcpm 
• IHr. Hold, u =0.0167 cpm 

ia5 
Cycles to Fracture, N, 

FIG. 3—Total strain range versus cycles to fracture for uniaxial tests of l-Cr-lMo-'AV steel at 
538°C showing effect of test frequency or hold time. 
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Stress versus cycle curve (here, stabilized may imply either a zero or a constant 
slope), NQ, agrees reasonably well with the expression for crack initiation sug
gested by Manson and Hirschberg [25] 

Ni = Nf ~ 4N/-^ (5) 

Here A?, is the number of cycles to produce an "engineering size" crack of 0.15 
to 0.25 mm in notched specimens. 

A relatively large data base of Cr-Mo-V fatigue data from several investigators 
was subsequently examined for crack initiation based on N,, as defined previ
ously. Figure 4 shows a plot of Â o versus Njior the data and a comparison with 
two empirical expressions, Eq 5 and 

No = Nf 1.22 Nf°'" (6) 

which was obtained from a log-log plot of (1 - NQ/N/) versus Nf. We assume 
that Eq 6 can predict initiation of "engineering size" cracks in the CT specimens 
and that such a point corresponds to the first change in the stabilized compliance, 
AV/AP. Without suggesting a definite crack size we will simply define crack 
initiation as the early stages of damage. As will be shown, an estimate of this 
crack size can be made from the test results. 

10 

10* 

s 
Bv? 
x" 

y? 

10 

-

_ 

„ 

_ 

-

-

-I - -1 - i - i 7 •• -1 • r i - i T -1 - • 1 • r r 1 ' i i i i> 
/-/ -

o • • ^ Leven, Ref. 4 / 

D Marloff & Johnson. Ref. U y 
• Current Work y'^ 
0 Jaske et al. Rel. 26 j f 

y" 
yV 

/jS -
x / 

• ^ 

/^^ «oo a25-1.0cpm I 
/j^ • • 1 Hr. Tension or 

/i¥ Compression Hold 

/ J ^ 4 aOlTcpn 

/ J^ * 0.051 cpm 

/fr^\'''r<' -
/ X/^—N„=N,-1.22N,''-" 

^ / • 
( ' i / i / i ; 1 i i i i 1 i i i i 1 i i > 

10 10^ l o ' 10* l o ' 
N,, Cycles 

FIG. 4—Comparison of crack initiation ofCr-Mo-V steel at SSK'C based on No determined from 
uniaxial specimens with two empirical predictions. 
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CT Specimen Test Results 

The results of the CT specimen low-cycle fatigue tests with hold times are 
given in Table 2. The effective strain ranges were obtained from the finite element 
analysis. The load range, AP^ is at the end of the hold period and represents 
the stabilized value. Tests were terminated at A'̂  which was well beyond NQ, 
and the specimens were pulled apart for observation. Except for Test D3 which 
was deliberately terminated early, most specimens showed evidence of multiple 
crack initiation. 

The largest measured crack depth is given in Table 2. For Tests C9 and Dl, 
the compliance change was essentially continuous so that a definite change in 
slope was not discernible. However, cracks were observed in both of these tests. 
In Test D3, the test was stopped at Nj = 25 cycles to inspect for cracks. None 
could be observed under light microscopy in this specimen. 

Correlation of Results 

For plane-strain conditions, the TF is a function of Poisson's ratio, and for 
plastic conditions, TF = 1.73. Evaluating Eq 3 using the constants from Eqs 
4fl and Ab with v = 0.0167 cpm, we obtain the proposed strain-life relationship 
for plane strain 

Ae, = 0.615 W / " " + 0.00583 N/-0.083 (7) 

This equation cannot apply to fracture of the CT specimen because of strain 
gradients and differing crack growth rates between uniaxial and CT specimens. 
However, using Eq 6 with Eq 7, we obtain the crack initiation curve shown as 
the dashed line in Fig. 5. 

The measured values of Â o and Nj at test termination are shown in Fig. 5. 
For Tests C8, CIO, and D2, NQ shows good agreement with the prediction. 
Comparison of Tests C9 and D2 for the same strain range shows qualitative 
agreement in crack size at Nf, although No for the former was not discernable. 

TABLE 2—Summary of displacement controlled CT specimen fatigue tests for Cr-Mo-V steel at 
5S8°C. [v = I cph (I h hold time)]. 

Test 
No. 

C8 
C9 
CIO 
DI 
D2 
D3 

AV," 
mm 

0.434 
0.330 
0.472 
0.325 
0.330 
0.335 

Ae 

0.0226 
0.0152 
0.0262 
0.0148 
0.0152 
0.0156 

AP,, 
kN 

44.2 
35.1 
48.8 
33.6 
34.8 
33.7 

Cycles 

No 

75 
b 

35 
h 

180 
h 

Nr 

149 
320 
138 
415 
350 
25 

Maximum Crack 
Depth, 

mm 

0.20 
0.27 
0.33 
0.58 
0.41 
none 

"0 to maximum displacement. 
*No measurable compliance change. 
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FIG. 5—Comparison of measured and predicted strain-life behavior for Cr-Mo-V steel at 538°C 
under plane-strain conditions (TF = 1,73). Data from CT specimens. 

Also shown in Fig. 5 are the results of the straight cycling tests, Ref 14, and a 
comparison with the prediction denoted by the solid curve. 

Figure 6 shows a plot of the largest crack size measured at termination versus 
number of cycles to termination, Nr- The latter is normalized with respect to A', 
given by Eqs 6 and 7 or the dashed curve in Fig. 5. The open points are the 

1.0 

0.2 _i_i_L 

A E , 

0.005 to 0.006 
0.008 to 0.011 
0.015 to 0.024 

0.03 

Icpm 

• 
• 

» 
» 

IHr.Hold 

0 

0.02 0.1 1.0 4.0 
fAaxImum crad< Depth, mm 

FIG. 6—Relationship between maximum crack depth and cyclic life for blunt notched CT specimens 
ofCr-Mo-V steel at SJS'C. 
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results of the hold time tests from Table 2. In addition, the results from the 1 
cpm tests []4] are included as solid points. Strain ranges are also indicated. With 
one exception, the data correlate reasonably well assuming a linear relationship 
on this plot. An extrapolation to Nj/Ni = 1.0 suggests a crack size on the order 
of 0.05 mm at our definition of initiation. 

Analysis of Other Multiaxial Fatigue Results for Cr-Mo-V Steels 

To further assess the predictive capability of the method, some published 
biaxial fatigue data on Cr-Mo-V steels were analyzed. Unfortunately, such data, 
particularly at elevated temperatures, are rather limited. Also it is necessary that 
the elastic and plastic strain components are separable in the results. Only three 
such references were identified; the work of Brown and Miller [13] at 565°C 
and investigations by Liddle and Miller [12] and Lohr and Ellison [77], both 
at room temperature. The materials used in these investigations were similar to 
the present material in chemistry and tensile properties. 

Brown and Miller's tests [75] were made both at 20 and 565°C using combined 
axial-torsion loading conditions. The tests were conducted at fixed ratios of shear 
to axial strain ranges. Such stress states produce TFs between 0 and 1. 

In the analysis of their results, it was assumed that the von Mises yield criterion 
together with the Prandtl-Reuss flow rule in total deformation form could char
acterize the plastic behavior. Because no test points were included in their paper, 
all analyses were made using data calculated from empirical stress and strain-
life relations. Figure 7 shows a correlation of the elevated temperature test results 
in terms of measured vs. predicted life at 50, 100, 300, 1000, and 2000 cycles. 
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FIG, 7—Comparison of measured and predicted life for Cr-Mo-V steel under various biaxial 
stress conditions based on TF. 
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The predicted life was based on total strain, Eq 3 using the appropriate uniaxial 
constants. Also shown in Fig. 7 are the present results and those from Ref 14. 
It can be seen that the method results in life predictions within a factor of two. 

In the work of Liddle and Miller [12], strain controlled axial-torsion tests at 
20°C were made using the same test procedure as in Ref 13. No test points are 
given, so that, again, the effective plastic strain ranges, stress ratios, and TF 
were calculated. Predicted versus measured life for these data is shown in Fig. 
8 for five arbitrarily selected strain levels. The prediction is based only on the 
plastic strain component in Eq 3. The scatterband is less than ±1.5 on life 
prediction. 

Lohr and Ellison [77] performed room-temperature biaxial stress fatigue tests 
on tubular specimens subjected to combined axial loading and internal pressure 
at fixed ratios of (j) = Ae2/A6i. In addition to the uniaxial case, these ratios 
included equibiaxial (TF = 2), plane strain (TF = 1.73), and pure shear (TF = 0) 
stress states. From the test points given in Fig. 6 of their paper, and using Nf 
as the dependent variable [ASTM Practice for Statistical Analysis of Linear or 
Linearized Stress-Life (S-N) and Strain-Life (e-AO Fatigue Data (E 739-80)], 
regression analysis of the uniaxial strain-life data gave 

Ae^ = 2.50 Nf""' 

Ae, = 0.0188 Aff-o I*" 

Based on total strain, Eq 3 gives the predictions shown in Fig. 8. The worst 
correlation was for <|) = 1 where the TF method predicted, on the average, only 
about 65% of life. Comparing the prediction for plastic strain only, we have 
Aê  = 1.25 Nf versus the empirical equation Ae = 2.32 Nf"^, (Ae^ = 
2Aep, for (|) = 1) reported by the authors. It is interesting to note that only for 
the case of <|) = 1 does the von Mises or effective strain approach give a better 
life prediction for these data. Unfortunately, the elastic strain component was 
dominant in these data for all of the biaxiality ratios; thus, it does not provide 
a good test of the plastic-strain correlation. Room temperature results from Brown 
and Miller [13] are also shown in Fig. 8. 

Note that it has been assumed at the outset that the exponents on life in the 
strain-life equations are independent of stress state. While the methods of data 
presentation differed among the various investigators, it was observed that the 
exponents showed only minor variations with biaxiality ratio for the elastic and 
plastic-strain components. 

Discussion 

In the earlier CT specimen test series reported in Ref 14, it was observed that 
identification of crack initiation from compliance changes became more difficult 
as the strain range decreased. Some evidence of this was seen in the present 
tests also. At the lowest strain range, NQ could be identified in only one of three 
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FIG. 8—Comparison of measured and predicted life of Cr-Mo-V steel under various biaxial stress 
conditions based on TF. Room-temperature lest data from various investigators. 

tests. In general, it was found that Ng was more difficult to determine in these 
hold time tests than in continuous cycling tests. It is possible that the stability 
of the compliance versus cycles curve is influenced by the hold period. During 
additional testing of CT specimens having a larger root radius, no compliance 
change occurred at crack initiation for all strain ranges. Thus, for these tests, a 
sacrificial method was used whereby duplicate tests were made, terminating at 
various number of cycles to measure crack size. Such a procedure is probably 
the best way to accurately identify crack initiation. 

In spite of this difficulty, reasonable correlation was achieved in several tests 
using the TF approach. This also gives confidence in the use of isochronous 
cyclic stress strain curve to treat hold time effects. At the same time, however, 
it is recognized that considerable additional testing is necessary where strain 
gradients are absent and strains are directly measurable. 

In the analysis of the published data where the strain components necessary 
for application of the method were not given, using total deformation plasticity 
theory may not be entirely accurate. Also, in most cases, actual test data points 
were not given so that analyses were based on best-fit empirical equations. Both 
of these factors make the absolute accuracy of correlations somewhat question
able. However, the trends in the results indicate that the TF approach is promising 
for life prediction involving proportional loading. The published results together 
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with the present data encompass the full biaxial range of TF from 0 to 2. Further 
development of the TF method and further testing will be necessary in order to 
include nonproportional loading. 

As indicated in Ref 14, for greater generality the value 2 in Eq 3 can be 
changed, if a different relative torsional ductility is more appropriate for a given 
material. An alternate form was proposed by Manson and Halford. Their mul-
tiaxiality factor approach is equivalent to substitution of 2 - TF (where TF < 1) 
or TF"' (where TF > 1) for the term 2" " ™. 

Conclusions 

1. Use of the TF with the frequency-modified life characterization, shows 
some promise in treating hold time effects in fatigue. 

2. Because of the difficulty in identifying compliance changes for low strain 
ranges and hold times, crack initiation in the CT specimens might better be 
determined by running sacrificial tests, measuring crack size at various numbers 
of cycles. 

3. Analysis of published biaxial fatigue data on Cr-Mo-V steel both at room 
temperature and 565°C gave additional confidence in the predictive capability 
of the TF based approach. These data covered a range of biaxial stress states 
from pure torsion to equibiaxial. 
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ABSTRACT: A high-strain, biaxial (tension/torsion) fatigue study has been conducted 
on Type 316 stainless steel at 550°C. The tests were under strain control, some with dwell 
periods up to 10 min at the positive strain peaks. The deformation and fracture behavior 
under these conditions revealed a strengthening effect due to the fast carbide precipitation 
which extended life in some cases. Also it is shown that the form of the multiaxial fatigue 
failure criterion, modes, and directions of cracking were functions of hold time. The 
multiaxial cyclic stress-strain curve is best described in terms of shear stress and strain 
components on the maximum shear plane for a given hold time. 
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Subscripts 
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e 
X 
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A 
B 
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n 
P 
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Strain rate 
A7/Ae 
Poisson's ratio 
Frequency 
Stress 
Shear stress 
Biaxiality factor 
Crack inclination angle 
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Compression 
Elastic 
Effective 
Equivalent 
Hold period 
Maximum 
Normal strain on maximum shear planes 
Plastic 
Torsional 
Tension 
Co-ordinates 
Principal values (Ci ^ Cj s £3) 

One of the design methods in Code Case N47 of the ASME Boiler and Pressure 
Vessel Code deals with multiaxial fatigue in conjunction with creep-fatigue 
interaction. Experimental studies however have revealed that the accuracy of 
these design rules is uncertain. Wood et al [/], for example, have presented 
some experimental data for Type 316 stainless steel at 625°C to assess uniaxial 
creep-fatigue interaction (CFI), showing that the damage rule is very conservative 
in many instances. It has been also shown that the equivalent strain criterion 
employed is unsatisfactory for correlating low-cycle fatigue data [2,3]. 

Undoubtedly both designers and materials scientists should be provided with 
a good mechanistic foundation when considering future developments of such 
design rules. Consequently, a number of different approaches and extensive 
experimental studies have been pursued in considering materials deformation 
behavior and endurance at elevated temperatures [4-15]. Recently these have 
been enhanced by two major factors: (1) advances in structural design methods 
which permit analyses of inelastic behavior under complex loading conditions, 
and (2) advances in testing and measuring methods. 

Naturally, to deal with a complex problem like CFI, researchers have con
centrated on the simpler problem of uniaxial loading. However, for real com-
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ponents, the uniaxial mode is only a special case. Results from an experimental 
program of biaxial fatigue tests are presented in this paper concerning the de
formation and fracture behavior of Type 316 austenitic stainless steel at 550°C. 

Brief Review 

Detailed reviews of low-cycle biaxial fatigue [2,3] and multiaxial CFl [4] 
have been published previously. A variety of techniques have been developed 
to treat multiaxial CFI [5-70], most of which were originally developed to 
correlate data for uniaxial stress. A limited number of experimental studies have 
been performed in torsion [11,12] and multiaxial CFI [13-15]. 

The ASME Boiler and Pressure Vessel Code incorporates a linear damage 
summation rule for any sequence of fatigue and creep loading. For computing 
the design number of cycles Â^ under in- or out-of-phase loading as required by 
the damage equation, an equivalent total strain range is given by 

V2 r 
Ace, = - r I (Ae, - Ae,y + (Ae, - AeJ^ + (Ae, 

3 

•eq 

Ae,)2+ - (A7,v' + A7,,2 + Ay J) (1) 

Manson and Halford [5] presented a special technique for applying the strain-
range partitioning (SRP) method to multiaxial CFI. They suggested the use of 
the Mises-Hencky equivalent stress and plastic strain, defined in terms of prin
cipal values as 

V2 
3 

eeqp = -r- [(e,p - e2,)2 + (ej, - 63̂ )̂  + (6,^ - ^^^f]"^ (3) 

to draw an "equivalent" hysteresis loop to be partitioned in the conventional 
way. The partitioned strain ranges are then multiplied by a multiaxiality factor 
chosen to fit observed biaxial fatigue behavior. 

Coffin [7] also suggested the use of Eq 3 to characterize an equivalent strain 
parameter to be used in the frequency separation approach. The endurance is 
related to equivalent plastic strain range by 

where C, p, k, T) are numerical coefficients dependent on material and testing 
conditions, and v, and v̂ . are the frequencies during tension and compression, 
respectively. 
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None of these approaches have been verified by a complete set of experimental 
biaxial data. However Zamrik [13] tested Type 304 stainless steel at 649°C under 
uniaxial, torsional, and biaxial CFI conditions. He applied SRP, but the torsional 
endurance data were distinctly separated from the uniaxial and the biaxial results, 
although he did not use Manson's multiaxiality factor. It has been shown that 
Eq 1 is not suitable for describing fatigue behavior [8,12,16,17] especially in 
the low endurance regime, which largely accounts for the divergence in Zamrik's 
data. 

Majumdar and Maiya [8,18] have developed a promising mechanistic model 
for predicting fatigue crack growth rate in the presence of cavities 

1 da \T\ I , c 
- X — = - ^ - H l + z l n -
a dt \C\\ c x 'T: = - ! 7 ; M i + 2 i n - | le.l'" I^PI' (5) 

where 

a = crack length, 
c„ and c — initial and current cavity sizes, 

|e^| = modulus of the current plastic strain, and 
T, C, m, k, and z = material parameters. 

For multiaxial CFI, Majumdar postulated that the fatigue life for continuous 
cycling is given by 

m + 1 

where 

Ateff = effective plastic strain range given by Eq 3, 
A„ = function of the ratio (Ae„ /̂Aeeff), and 

Ae„p = plastic normal strain range on the maximum shear strain plane. 

This expression leads to an equivalent strain to replace ê  in Eq 5. 
In a recent paper [17] the authors derived an equivalent shear strain parameter 

(7) for correlating in-phase multiaxial fatigue endurance behavior. 

1 
- 7 , 1 + 5 X e,° (7) 

where 

and 

k. = ^ ^ ^ (8) 

e, + €3 
(9) 
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The parameters a and S are material, temperature, and strain rate dependent, 
and must be determined experimentally. One of the main features of Eq 7 is its 
flexibility in describing the variation between different materials and testing 
conditions. It is worth noting that many of the classical deformation and fatigue 
criteria could be written in the form of Eq 7 with suitable values of a and S in 
each case. Collected data under biaxial fatigue show that the parameter a does 
not have a unique value, although it generally lies between 0.5 and 3. Lower 
values give safer design predictions. Appendix 1 shows how the parameters a 
and 5 may be determined, for the combined tension/torsion case. 

The effect of dynamic strain ageing has received some attention especially 
for the high-cycle fatigue regime. Hirose et al [79] tested low-carbon steel at 
room and elevated temperatures. They found that dynamic strain ageing had a 
significant effect on retarding fatigue crack growth, and the fatigue limit showed 
a maximum value at about 375°C due to the rapid strain ageing at this temperature. 
Coffin [7] said that dynamic strain ageing may produce opposite effects to a 
normal material because of the reversed sensitivity to strain rate associated with 
this phenomenon—the flow stress increases with decreasing the strain rate. 

Material and Testing Details 

The material used was Type 316 austenitic stainless steel, solution annealed 
at 1050°C for 30 min in vacuum followed by air cooling. The chemical com
position was 0.06C, 0.49Si, 1.75Mn, 17.68Cr, 12.30Ni, 2.34Mo, 0.021S, 0.035P, 
17 ppm B, and 0.040N. The average grain diameter (taking twin boundaries 
into account) was 32 |xm. 

The elastic constants were determined from the first quarter cycle of each test 
and generally agreed favorably with those obtained from monotonic tensile tests 
(Table 1). 

The test specimens were in tubular form having 25 mm gage length with 22 
and 16 mm outside and inside diameters, respectively. The bores were honed 
while the outside surfaces were polished such that cracks should not initiate in 
polishing marks. Axial and torsional strain were measured over the gage length 
with a biaxial extensometer. In the uniaxial tests on these specimens, crack 
growth was observed from the bore. However the same density of cracking was 

TABLE 1—Tensile properties and elastic constanis for 316 stainless steel (strain rate = W ' S '). 

Temperature, 

Room 
temperature 
550 

0.2% Proof 
Stress, MPa 

298 
136 

Tensile Properties 

Ultimate 
Tensile 

Strength, 
MPa 

593 
465 

Elongation, % 

61 
46 

Reduction in 
Area, % 

77 
65 

Elastic Constants 

£, GPa G, GPa [i. 

189 
154 57.9 0.334 
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found on the outer, polished surface, indicating that for low-cycle fatigue the 
honed surface did not reduce endurance. 

Strain controlled fatigue tests were performed with a triangular waveform and 
a rate of maximum shear strain of 10^' s ' . Hold periods of 2 and 10 min were 
included at peak tensile strain, during which the relaxation of both torque and 
axial stress was recorded. Three biaxial strain states were tested, uniaxial (X = 0), 
torsional (X = x), and biaxial (X. = 2), where the biaxiality ratio X is A7/Ae; 
A7 and Ae being torsional and axial total strain ranges, respectively. 

A four zone heater was used to give a uniform temperature over the gage 
section within ±5°C. All tests were conducted at SSO^C. A full description of 
the testing rig is given in Ref [20]. 

Results 

Cyclic Stress-Strain Behavior 

The deformation behavior of 316 stainless steel at 400 and 550°C has been 
discussed in Ref [17]. At both temperatures the multiaxial cyclic stress-strain 
curve is adequately represented in terms of maximum shear stress and strain for 
continuous cycling. 

Although the material showed changes in endurance with the insertion of a 
hold period in the fatigue cycle, the general trend of the deformation response 
was unaffected. For all loading cases, the material hardened rapidly to a peak 
value followed by slight softening to a stable cyclic condition. At high strain 
ranges and longer hold times the material softened slightly from the peak until 
failure. 

Figure 1 shows the cyclic stress-strain curves for 0, 2, and 10 min hold times 
in terms of maximum shear stress amplitude, T,„ = (CT, — CTT)/!, and one half 
of the maximum plastic shear strain amplitude, 'Ayp,,, = (e,p — €3,,)/2, plotted 
on logarithmic scales. A full stress analysis is presented elsewhere [4,21]. Values 
of stresses and strains were determined at midlife, and the plastic strain com
ponents were computed at the peak stresses of the hysteresis loops, that is, they 
do not include creep components due to load relaxation. Tresca's criterion cor
relates quite successfully the cyclic behavior of the material in all cases (Fig. 
1). The insertion of hold times seems to have no effect on the applicability of 
the criterion. 

Within strain limits the cyclic stress-strain curve can be fitted to the equation 

T„ = /:'(0.5 7,,,,)"' (10) 

where 

k' = cyclic strength coefficient and 
n' = cyclic strain hardening exponent. 

Values of the constants of Eq 10 are given in Table 2, with the limits of appli
cability. The deviation from linearity at high strain levels, and also for low 
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FIG. 1—Stabilized cyclic stress-strain curves for AISI Type 316 stainless steel at 550°C. 

Strain levels in the case of zero hold time, reflects changes in the material 
hardening characteristics. 

Brown and Miller [27] found a value of «' equal to 0.24 for 316 stainless 
steel at 400°C. The same value has been quoted by Coffin [22] for 650°C. Table 
2 shows similar values irrespective of the hold time. This indicates that the cyclic 
hardening exponent for this material is constant within the temperature range 
400 to 650°C. 

Comparing the curves of Fig. 1, one can hardly distinguish between them. 
At low strain levels (V2yp„ < 0.3%), the 2-min curve shows slightly higher 
stresses than zero hold which may be due to carbide precipitation during the 

f,, min 

0 
2 

10 

TABLE 2-—Cyclic 

k', MPa 

824 
853 
822 

stress strain relationship 

n' 

0.240 
0.250 
0.250 

constants (Eq 10) 

Range of Application 
of A7,„, (%) 

0.8 to 4 
0.4 to 4 
0.8 to 4 

 



658 MULTIAXIAL FATIGUE 

long duration of the 2-min tests. The 10-min curve shows the same shape as the 
2-min curve but is slightly lower due to recovery during the hold periods. 

Wood and Wynn [23] found that at low strain levels, near the fatigue limit, 
the material hardens continuously up to failure. Their result emphasizes the 
dependency of the cyclic hardening characteristics of this material on stress or 
strain level. It is therefore not advisable to extend the lines defined in Table 2 
to strain levels below the limits given. 

Endurance 

Since cyclic hardening occupies a small proportion of the total fatigue life, 
the stress and strain values at midlife may be used to characterize the average 
plastic strain amplitude during the test. 

Figure 2 presents the lives obtained for three hold periods, 0 ,2 , and 10 min, 
plotted against maximum plastic shear strain amplitude, '/27p,„. This is a viable 
basis for direct comparison of the three biaxial stress states, since plastic de
formation is governed by the Tresca criterion in Eq 10. 

Most results clearly conform to the Coffin-Manson law 

'/27p„ X Nf = constant (11) 

in which (3 does not vary markedly with biaxiality. However, there are deviations 
from this power law relationship particularly at the highest strain levels achieved 
in the torsion tests. Since the exponent 3 depends primarily on the cyclic strain 
hardening exponent, n', the flattening of the stress strain curve for Viy^n > 1% 
causes an increase in p, giving the steeper slope to the torsion data in Fig. 2 
above the critical strain level. Deviations also occur for A',̂  > 4000 cycles to 
give longer endurance, as was also observed at 400°C [17]. 

The effect of hold time on endurance may be seen in Figs. 2b and c. These 
data are summarized in Fig. 3, where each line corresponds to a fixed plastic 
shear strain amplitude. These strains were chosen to give lives of 300, 1000, 
and 3000 cycles at zero hold time, using Fig. 2a. The corresponding endurances 
at 2 and 10 min holds were derived from the fitted lines in Figs. 2b and c. 
Clearly, there is some scatter in the experimental data, reflecting the repeatability 
of fatigue test results. The standard deviation of the differences in endurance 
between the test results and fitted lines in Fig. 2 is shown in Fig. 3, to indicate 
the repeatability of the data. 

In the uniaxial test. Fig. 3 shows that life is generally reduced by introducing 
a hold period, but for torsion this trend is reversed to give slightly higher 
endurance with 2 min hold time. The biaxial results fall between these two 
extremes. Thus the relative strengths, torsional to uniaxial, vary with hold time 
as listed in Table 3. The increase in endurance for torsion with 2 min hold period 
is comparable with the scatter in data at long life, but rising to a 40% enhancement 
for the test at the highest strain range. All the torsion tests gave increased lives 
compared to continuous cycling, suggesting that the indicated trend is genuine. 
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FIG. 3—Effect of cycle time (TJ on the number of cycles to failure (N,). Values of'/jy,,,,,. plastic 
shear strain amplitude, are shown for each line. 

The average increase measured over four tests was 23%, compared to 10% for 
the standard deviation of torsional tests, giving a 97% confidence level that a 2 
min hold time does enhance LCF endurance, when the results are analyzed using 
Student's t distribution. No significant change can be attributed to the 10 min 
hold period until more data are available. 

Correlation of the Endurance Behavior 

The endurance data at zero hold time is presented in Fig. 4. The figure shows 
three constant life contours (the solid lines) of 500, 1000, and 3000 cycles to 
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FIG. 4—Constant life contours on the V-plane. 
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TABLE 3—Constants of Eqs 7 and 12 for 316 stainless steel at two temperatures. 

Temperature, 
°C 

550 

400° 

ti,, 
min 

0 
2 

10 

0 

R" 

2.2 
3.0 
3.2 

2.8 

a 

0.9 
1.75 
1.70 

2.0 

S 

2.76 
39.37 
40.28 

60.48 

P 

0.53 
0.54 
0.56 

0.46 

C 

0.270 
0.305 
0.332 

0.244 

8'-

0.072 
0.063 
0.040 

0.054 

"Data from Ref 17. 
'Torsional/uniaxial strength ratio S = '/av^^/'/z-y^., (calculated at/V, = 1000). 
•8 = standard error of estimate for log,o W, in Eq 12, with 100 < W, < 4000. 

failure, represented in terms of Viy^^ against Cp,,, that is, the F-plane [76]. 
Unlike the elliptical contours found at 400°C [77], those drawn have a concave 
shape. This change in the shape was accompanied by changes of the observed 
crack growth modes. 

On Fig. 4 a constant life contour for 1000 cycles to failure with t^ = 2 min 
is drawn, which also shows a change in shape due to reduction in the uniaxial 
strength. The 10-min hold time, which is not shown in the graph, gives a parallel 
result to the 2 min one but at a slightly lower strength. These changes in constant 
life contours reflect on the parameters a and S in Table 3. Clearly there is an 
influence of scatter on the accuracy of these values, but the overall effect of 
changing shape in Fig. 4 is established from the lines in Fig. 2, each fitted to 
several data points. 

Figure 5 shows the endurance behavior of zero hold time tests correlated by 
the proposed equivalent plastic shear strain parameter (•yp). Because yp is directly 
proportional to 7p„, then any distortion or nonlinearity in Fig. 2a will be reflected 
on Fig. 5. Nevertheless, the figure shows fair correlation for the available data. 

0.1 

Key 
X Uniaxial 
& Biaxial ( X = 2 ) 
o Torsional 

B (Buckled ) 

FIG. 5—Equivalent plastic shear strain correlation for fatigue endurance at SSCfC under different 
biaxial states at zero hold time. 
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and the endurance behavior of this material for 100 < Nf< 4000 can be rep
resented by the equation 

1/27, X ^ ,P C (12) 

The tests with hold time showed better correlation than those of Fig. 5 in 
terms of data scatter. Table 3 summarizes the different constants for all cases 
and gives the standard error of estimate, 8, to indicate the accuracy of correlation. 

Since the present data gives a value of a = 0.9 for the zero hold time tests, 
this means that if a is given a fixed value of 2, as suggested by Konter et al 
[24], the prediction will be unconservative for the biaxial case if S is derived 
from uniaxial and torsional data. 

Modes of Crack Growth 

Extensive examinations were made on the fractured specimens to study the 
effect of hold time on the different stages of crack growth. A tool maker's 
microscope was used for measuring the inclination angle of the cracks on the 
specimen surface with respect to the specimen axis. Figure 6 shows an example 
for a biaxial test with 2 min hold time. For biaxial ratio X = 2, the expected 
inclination for Stage I (shear mode) cracks is 18 or 108° compared to 63° for 
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FIG. 6—Distribution of fatigue crack inclinations on specimen surface. 
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Stage II (opening mode). These values are shown in the figure, and cracks within 
a scatterband of ±5° are classified as Stage I or Stage II, respectively. All the 
results are summarized in Fig. 7. In all cases the proportion of Stage II cracks 
decreased as hold time increased up to 1 h because the distribution of crack 
angles became more diffuse. The Stage I to Stage II ratio increased suddenly 
from a value of 12% at zero hold time to 44% at 2 min and then gradually 
decreased with increasing hold time. Only one test was run with a 60 min hold 
period. 

The predominance of the opening mode, particularly at zero hold time, was 
confirmed for all three biaxial states, for early crack growth. 

For torsion, the scanning electron microscope revealed small cracks orientated 
at ±45° with respect to the specimen axis, covering the entire surface of the 
specimen. These crossed cracks were in many cases found as strings along the 
specimen axis [25], forming shear mode macrocracks prior to failure. 

Increasing hold time from 2 to 10 min showed a decrease in life in most cases. 
The uniaxial tests at this hold time showed a high proportion of intergranular 
cracking [25]. The biaxial case showed fewer intergranular cracks, whereas 
growth was transgranular for the torsional loading. Both types of crack are 
represented in Fig. 6, the more diffuse nature of the distribution of angles \\i 
being reflected by the onset of intergranular growth with increasing hold period. 

Discussion 

Cyclic Stress-Strain Behavior 

Since both axial and torsional load responses showed significant serration, 
particularly at high-strain levels, it is of value to discuss Coffin's formulation 
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FIG. 7—Effect of hold time on the proportion of Stage I/Stage II fatigue cracks. 
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of Eq 10. He suggested [22] that the strain rate dependency of Eq 10 could be 
represented at a specific temperature by 

k' = k" 7 / (13) 

He reported a positive value for the constant q of 0.05, for 304 stainless steel 
at 650 and 816°C. However at 430°C its value reduced to -0.035 which he 
related to dynamic strain ageing. This negative strain rate sensitivity was also 
observed by Kanazawa and Yoshida [26] for 316 stainless steel at 450°C and 
by Abdel Raouf et al [27-28] for 304 stainless steel at 470°C and for annealed 
iron carbon alloy. Since dynamic strain ageing is both temperature and strain 
rate dependent, one would expect that this negative exponent q should be ap
plicable only within a specific range of strain rates, beyond which it would revert 
to a positive value. In other words, at temperatures where dynamic strain ageing 
is expected the exponent q itself should become strain rate dependent. 

A strengthening effect can be produced by cyclic ageing associated with the 
formation of carbides in addition to cyclic hardening due to the multiplication of 
dislocations. Transmission electron microscope studies showed that well devel
oped dislocation cells formed under cyclic strain [25], and for all tests that lasted 
more than 15 to 20-h carbide precipitation was detected along the dislocation 
walls as well as the grain boundaries. So the strengthening effect observed by 
Coffin in austenitic stainless steel could be associated with the formation of a 
dispersion of carbides nucleated on dislocations, giving rise to the negative 
exponent ^. Once the process is complete, the value of q should become positive 
again. The process of fast carbide precipitation in fatigue is called here "cyclic 
ageing" to differentiate it from "dynamic strain ageing." 

In conclusion it seems that the insertion of hold time periods in strain cycles 
has two effects on 316 stainless steel at 550°C. First, the hold time introduces 
creep recovery, giving a reduction in cyclic stress. Secondly, a beneficial cyclic 
ageing process can increase the stresses. These two effects oppose each other 
for the relatively short hold times in Fig. 1, although the stress should be reduced 
when the period is longer than 10 min. 

Endurance 

In high-strain fatigue tests, the life is dominated by the crack propagation 
phase, as has been demonstrated for these tests from fractographic analysis [25]. 

An increase in life with the introduction of hold periods is not allowed for in 
current approaches to CFl, However, if creep damage is small, as indicated by 
the lack of intergranular damage in torsion, then any strengthening effect caused 
by cyclic strain ageing should become apparent. If this was due to the multi
plication of dislocations alone, the effect of strengthening on endurance should 
be apparent for all hold periods, irrespective of biaxiality. But if it was due to 
carbide precipitation, strengthening would only be found in long-term tests, in 
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which the carbides will have had time to form, that is, in excess of 20 h for the 
present material, temperature combination. 

An additional test was performed in torsion to observe the effect of cyclic 
ageing. After the first quarter cycle, the specimen was held at constant strain 
and temperature for 28 h, followed by continuous cycling to failure. During the 
dwell period, carbides were expected to nucleate on dislocation sites generated 
in the initial loading. The presence of a dispersion of carbides was confirmed 
after the test by transmission electron microscopy. In subsequent cycling a life 
of 2110 cycles was obtained, compared to 1467 cycles in the test on solution 
annealed material. The 44% increase in endurance suggests that the effects of 
hold time on torsional tests in Fig. 3 are realistic, in spite of scatter in the data. 

Clearly the precipitation is a continuous process, starting as soon as the dis
location cells have formed and continuing well beyond the notional 20 h limit. 
Nevertheless one may construct a 20 h line on Fig. 3, since this line represents 
the onset of carbide precipitation of measurable size. All tests falling within a 
limited band either side of this line were under the effect of three competing 
processes operating at the same time for a significant proportion of the lifetime. 
These processes, assuming there are no environmental effects, are: 

(a) fatigue damage—crack growth due to cyclic strain, 
(b) creep damage—crack acceleration due to cavitation, and 
(c) cyclic ageing—crack retardation due to precipitation. 

In Fig. 3, the 20 h line corresponds approximately to the increase in torsional 
fatigue endurance, particularly if at longer lives the time required to form dis
location cells is added to the 20 h period. But in push-pull, creep damage becomes 
dominant over ageing, giving the reduced endurance observed. Finally for the 
biaxial tests with \ = 2, the two processes (b) and (c) tend to cancel each 
other, although it is apparent that ageing is completed more rapidly at lower 
endurances where plastic strains are greater. 

Creep Fatigue Interaction Rules 

There are two implications from the foregoing discussion for the creep-fatigue 
rules, listed in the brief review, for materials that exhibit cyclic ageing. 

1. Cyclic ageing strengthens the material against fatigue crack propagation. 
This is indicated not only by the enhanced lives but also by the changes in modes 
of crack growth to adopt the path of least resistance (Fig. 7). Short-term fatigue 
test results should not be used to provide baseline data for damage summations, 
since after ageing one is essentially dealing with a new material that has different 
fatigue properties. 

2. Creep damage, which may be related to the proportion of intergranular 
cracking, accrues more rapidly in tensile tests than in torsion. Although creep 
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deformation may be described by equivalent stress and strain formulae (Eqs 2 
and 3), the formation of intergranular cracks is dependent on the hydrostatic 
stress as well as the equivalent strain. A two parameter approach is required in 
creep damage assessment under biaxial stress, and so the lines in Fig. 3, when 
extrapolated to longer hold times, may not be parallel. For those materials in 
which hydrostatic stress plays a dominant role, damage assessments will be over 
conservative in the torsion case using current procedures. 

Conclusions 

1. Under biaxial loading with hold times up to 10 min, the cyclic stress strain 
curve follows a Tresca criterion in Type 316 austenitic stainless steel at 550°C. 

2. Creep-fatigue interaction rules should not use short-term baseline data 
where cyclic ageing has not taken place, if extrapolation to long lives is desired. 

3. Fatigue crack growth, creep damage, and cyclic ageing are three contrib
uting processes in creep-fatigue interactions for this material, and this interaction 
is influenced by multiaxial strain state. 
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APPENDIX 
Determination of the Parameters a and S of Eq 7 for the Tension-Torsion Case 

Under in-phase loading of combined tension-torsion, the major and minor principal 
strains are given by 

= - (1 - M,)€ + - V y + (1 + fJL)V (14) 
2 ' ^ ' 2 

and 

€, = - (1 - JJ,)€ -(- - V7^ + (1 + ll)V (15) 

where € and 7 are axial and torsional semi strain ranges, respectively, and (JL is the 
effective Poisson's ratio which lies between the elastic value and 0.5 for constant volume 
plastic deformation. 

The equivalent shear strain criterion (Eq 7) can be rewritten in the form 

(16) 
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where, from Eq 14 and 15, for \ = ylt. 

2^' 

Substituting Eq 17 into Eq 16 gives 

1 1 

i V \ ^ + (1 + JJL> 
(17) 

p = p J l + 5 X ())]"« (18) 

where the biaxiality factor 

Lv\^ + (I + iLf\ 

To compute the constants a and S of Eq 7 it is easier to use the plastic strains (\i. = 0.5), 
avoiding the problems of determining JJL [3]. 

For any three different biaxial cases, typically uniaxial, biaxial, and torsion, one 
determines the maximum plastic shear strain components which give the same life. Then 

5 = [ ( ^ - l l X T- (20) 

5 = r ( ^ y - 1 ] X ; i (21) 

where subscripts A, B, and T refer to axial, biaxial, and torsional cases, respectively, 
since in torsion <^ is zero. 

Dividing Eq 20 by Eq 21 leads to 

IpmA/ 

= 1 (22) 

which may be solved for a. The value of S can be obtained from Eq 20 or Eq 21. 
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ABSTRACT: A metallographic examination of elevated temperature multiaxial fatigue 
specimens of 316 stainless steel was conducted to identify the type of damage and other 
microstructural changes that occurred during testing. The work hardening which takes 
place at the beginning of the test is associated with the development of either a cell or a 
maze dislocation structure. Two main factors contribute to the flow stress, that is, dislo
cation and carbide precipitation hardening. Dislocation hardening prevails, but precipitation 
hardening, which increases with testing time, becomes significant for long hold-time and 
low-strain range tests. Fatigue cracks are predominantly transgranular. However, inter-
granular cracks have been observed in hold-time specimens and are related to grain-
boundary sliding and grain-boundary precipitation. The fatigue fracture is a three stage 
process, the initial stage (Stage I) is crystallographic, extending for one to three grains. 
The intermediate stage (Stage II) is dominated by striations, with the exception of some 
featureless facets in biaxial specimens. The final stage (Stage III) is a dimple type fracture 
(tension fracture), beginning at shorter crack lengths in the hold-time and high-strain range 
specimens. Striation spacing calculations give approximate life estimates in low-cycle 
fatigue. 
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mechanisms, fatigue striations, strain hardening, dispersion hardening, materials, material 
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Many components and structures in today's engineering plant require materials 
to withstand elevated temperatures and complex load cycles for relatively long 
periods of time. To increase the efficiency and safety of such plant, much research 
needs to be undertaken to study the creep and fatigue properties of these materials 
[1-4]. One of the materials most suitable for high-temperature applications is 
316 stainless steel, since it is known to have good mechanical and corrosion 
properties. 
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In some cases, laboratory simulation of the complex thermomechanical con
ditions of service requires that multiaxial fatigue experiments need to be designed 
that permit a creep component to be introduced into the fatigue cycle. The 
interpretation of the results of such experiments in terms of the fracture behavior 
is however extremely difficult because the deformation response of the material 
in the crack-tip region is different to that observed in simple uniaxial tests. In 
some instances, this is a consequence of some complex metallurgical changes 
brought about by the multiaxial cyclic loading at temperature. 

The understanding of these changes is important if the behavior of the material 
in service is to be predicted. With this objective in mind a metallographic study 
of specimens tested under various biaxial conditions was initiated with the spe
cific intention of identifying the type of damage and other microstructural changes 
that occurred during testing. 

Experimental Details 

The material used was AISI 316 austenitic stainless steel in a solution annealed 
condition. The chemical composition in weight percentage was 0.06C, 0.49Si, 
1.75Mn, 17.68Cr, 12.30Ni, 2.34Mo, 0.02IS, and 0.035P. The grain structure 
was equiaxed with a mean linear intercept of 19 |jLm (ASTM grain size of 8). 

The fatigue tests were performed at 550°C, on tubular specimens of 25 mm 
parallel gage length with 22 and 16 mm outside and inside diameter, respectively. 
The tests were conducted under strain controlled conditions with a triangular 
waveform for axial, torsion and in-phase combination of both these loading 
modes. For the latter tests the biaxiality was defined by X = A^/Ae = 2, where 
A7 = torsional strain range and Ae = axial strain range. 

Constant strain hold periods of 2, 10, and 60 min were introduced to the 
fatigue cycle of some of the specimens at maximum axial or torsional strain. 
Full details of the fatigue tests are given elsewhere [5]. 

Specimens for optical and electron microscopy examination were sectioned 
from the gage length and prepared in the usual way. Optical microscopy spec
imens were examined to study the location, path, size, and density of cracks and 
cavities. Transmission electron microscopy (TEM) studies revealed the dislo
cation and precipitation structures developed during cycling, from which an 
estimation of cyclic hardening behavior can be derived. 

The examination of the fatigue fracture surfaces by scanning electron mi
croscopy (SEM) disclosed the type of fracture mechanism that predominated at 
each stage of crack growth. It also showed the contribution of creep damage 
(cavities, grain-boundary cracks) to the fracture process. 

Secondary Craclcs and Cavities 

The examination of secondary cracks gives insight into the crack nucleation 
sites and crack propagation paths. Zero hold-time specimens showed mainly 
transgranular cracks, while specimens with hold time showed some degree of 
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intergranular cracking. This is more evident in the axially loaded specimens 
where a large proportion of the initial microcracks are of an intergranular type. 
Fig. 1. This figure shows some intergranular damage ahead of the cracks, sited 
mainly at triple points. This is a type of creep damage associated with grain-
boundary sliding [6]. When grain-boundary sliding occurs the grain should yield 
to accommodate the strain. As dislocation and precipitation hardening increase 
the resistance of the grain to yielding, cracking may occur in those places where 
concentration of stress is highest, that is, at triple points. 

The number and depth of cracks on a polished cross section was recorded and 
population figures constructed, Fig. 2. This figure shows the size distribution 
of cracks observed along the external circumference of the tubular cross section 
in the torsion and biaxial specimens and along an equivalent length (69.1 mm) 
of a longitudinal section which includes equal lengths of both the internal and 
external surface in the push-pull specimens. Each box represents the number of 
cracks in a given 40 jjum, that is, 0 to 40 |xm, 40 to 80 p-m, etc. 

For the same maximum plastic shear strain amplitude (for example, 
'/27max = 0.5%), the push-pull mode (S33) gave the largest number of secondary 
cracks, a result which is compatible with a shorter life. On comparing torsion 
with the biaxial case the opposite effect is observed, the torsion specimens with 
a higher number of secondary cracks (S20) gave a longer life than the biaxial 
counterpart (SI). An examination of the geometry of these short cracks may 
help to explain this discrepancy since in the torsion case each initiation site 
provides two short cracks at 90° to each other, while the biaxial case shows 
mainly one. Fig. 3. Therefore, on a polished cross section the number of short 
cracks in torsion will be approximately twice the number observed in the biaxial 
case. 

Increasing the strain range increases the number of secondary cracks in every 
multiaxial case. For Viy,,^ of the order of 0.1 % (S34), the number of secondary 
cracks is very low, and failure always occurs by the propagation of a single 
crack, while at higher plastic strain amplitudes failure occurs by the combined 
effort of more than one crack. Figure 2 also shows that specimens sustaining 
hold times have a greater population of shorter cracks, that is, length of less 
than three grain diameters. This seems to indicate that the change from Stage I 
to Stage II is more difficult when a rest period is introduced in the cycle, possibly 
due to the relaxation of the crack tip stresses. 

The direction of microcracks related to the axis of the specimen can be obtained 
by observing the surface of the specimens with the scanning electron 
microscope (Fig. 3). The microcracks are formed mainly at 45, 90, and 50 to 
70° to the specimen axis for torsion, push-pull, and biaxial specimens, respec
tively. These are the directions of the principal stress axes, indicating that crack 
initiation is caused by the maximum tensile stress. For push-pull and biaxial 
specimens the microcracks propagate to form macrocracks or the main crack 
along the same direction. For torsion specimens, on the other hand, the micro
cracks which initially propagated normal to the principal stress directions even-
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(a) On a polished and etched cross section (specimen 29A) 
(b) On a fatigue fracture surface (specimen 25A). 
Crack propagation is from left to right. 

FIG. 1—Intergranular damage in hold-time specimens. 
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FIG. 2—Secondary cracks; a size distribution diagram. 

 



674 MULTIAXIAL FATIGUE 

'*5**̂  ̂ "'tî l̂ te 
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(a) Torsion (specimen 1 IT). 
(b) Axial (specimen 29A). 
(c) Biaxial (specimen 48B). 

FIG. 3—Specimen surface microcmcks. 
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tually link to form macrocracks oriented parallel or perpendicular to the specimen 
axis. 

Hold time and strain range are shown to have no effect on the volume fraction 
and size distribution of cavities in torsion specimens, which suggests that the 
creep component during hold time is not acting in a manner which would increase 
the average volume fraction of cavities under torsional loading. Axial specimens, 
on the other hand, showed an increase in the number of grain boundary wedge 
cracks in relation to hold time and strain range. 

Factors Affecting the Strength of the Fracture Process Zone 

In high-strain fatigue the crack tip is enclosed in a fracture process zone which 
sustains large cyclic plastic deformation. Because the strength of this region 
enters into most analyses of crack growth, it is therefore most important to 
examine the factors which control the flow stress. Furthermore, in multiaxial 
fatigue the choice of a parameter which would best characterize the stress and 
strain in each cycle becomes increasingly important, and consequently, flow 
stress calculations based on electron microscopy data could help in selecting this 
choice. 

In an earlier paper [7] two torsion specimens (11 and 12 in Table 1) were 
studied by electron microscopy to ascertain the microstructural changes which 
occur during a test, for example, the development of a cellular dislocation 
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No. 

IIT 
I5T 
12T 
20T 
14T 

33A 
29A 
6A 
28A 
34A 
25A 

48B 
SOB 
IB 
53B 
54B 
38B 

TABLE \—Dislocation 

Specimen 

Ae or A7, % 

5.89 
5.94 
2.96 
2.96 
3.04 

2.052 
1.937 
0.978 
0.978 
0.712 
0.733 

1.950 
1.962 
1.235 
1.230 
1.234 
0.594 

p, mm 

4.8 
3.5 
3.0 
2.8 
2.6 

3.6 
3.1 

1.95 
1.70 
1.80 
1.84 

2.85 
2.87 
2.78 
2.3 

2.23 
1.18 

X 

X 

X 

X 

X 

X 

X 
X 

X 

X 
X 

X 

X 

X 

X 

X 

X 

10" 
10" 
10* 
10* 
10* 

10" 
10" 
10" 
10" 
10" 
10" 

10" 
10" 
10" 
10" 
10" 
10" 

densities and 

PI, mm 
Eq 1 

1.6 
1.05 

1.0 
9.5 
8.0 

1.1 
9.5 
4.8 
4.7 
3.9 
4.0 

1.02 
1.01 
9.1 

7.82 
7.24 
3.95 

X 

X 

X 

X 

X 

X 

X 
X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

10' 
10' 
10' 
10" 
10" 

10' 
10" 
10" 
10" 
10" 
10" 

10' 
10' 
10" 
10" 
10" 
10" 

calculated flow 

Tf, N/mm", 
Tresca 

287 
236 
231 
225 
206 

231 
224 
160 
158 
144 
145 

233 
232 
220 
204 
196 
145 

stresses. 

T„„„ N/mm-

266 
262 
234 
232 
215 

229 
219 
158 
167 
146 
154 

268 
265 
239 
227 
210 
186 

Hold 
Time, 
min 

0 
10 
0 
0 

10 

0 
10 
0 

10 
0 
2 

0 
10 
0 

10 
60 

2 

NOTE— 
A = axial. 
T = torsion. 
B = biaxial. 
p = average dislocation density. 
A€ = axial strain range (push-pull and biaxial specimens). 
A-y = shear strain range (torsion specimens). 

Structure and the precipitation of carbides. Flow stress calculations were based 
on a model leading to the expression 

1/2 
'AlJL^P/"- (1) 

where 

•Tf = dislocation hardening, 
|x = shear inodulus = 5.83 x 10"* N/mm-, 
b = Burgers vector = 2.5 X 10"^ mm, and 
p̂  = wall dislocation density (Table 1). 

In the present work 15 additional specimens were studied, including axial and 
biaxial specimens as well as torsion specimens with and without hold time. The 
experimental details of specimen preparation and dislocation density determi
nations were given in the earlier paper [7]. 

Figure 4 shows the most common type of dislocation structures observed which 
are equivalent to the structures developed in persistent slip bands in single crystals 
[8,9] when the prevailing mode of deformation is multiple slip. 
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•vj5^» 

(a) Maze structure (specimen 20T). 
(b) Cell structure (specimen 15T). 

FIG. 4—Typical dislocation structures. 
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(a) At grain boundaries (specimen 29A). 
(b) At dislocation cell walls (specimen 38B). 
(c) Dark field electron micrograph (specimen 53B). 

FIG. 5—Carbide precipitation. 
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FIG. 5—Continued. 

Table 1 gives the calculated dislocation hardening obtained from Eq 1. For 
comparison the flow stress measured in the fatigue tests and then calculated 
using the Tresca criterion is also included. Two points stand out from this 
comparison, (a) that dislocation hardening is sufficiently close to the actual flow 
stress as to be singled out as the predominant hardening mechanism, (fo) as 
postulated previously from two torsion tests, the applicability of the Tresca 
criterion for correlation of cyclic stress-strain data in 316 stainless steel at elevated 
temperature is confirmed, since a sufficient number of specimens covering three 
different multiaxial states has been tested. 

Austenitic 316 stainless steel is known to precipitate carbides when heated at 
elevated temperatures, during either creep or fatigue experiments [10-12], or 
during heat treatment [75-75]. The precipitation of carbides in this investigation 
follows the same form for all three multiaxial cases studied, that is, coarse 
intergranular 0.05 to 0.1-|xm-diameter carbides and a transgranular fine carbide 
of 0.01 to 0.02 |xm diameter at dislocation cell walls, Fig. 5. 

The degree of precipitation hardening was calculated using the same method 
as before [7], given by [76] 

T = ICiiif/r X fc X 7) ' (2) 
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where 

C = a constant of about 0.3, 
7 = shear strain, 
/ = volume fraction of particles, and 
r = particle radius. 

Table 2 shows some estimated stress values which are lower than those cal
culated for the dislocation hardening, suggesting that the latter predominates. 

The reason why dislocation hardening alone seems to control the flow stress, 
with very little contribution from the precipitates, can be explained by looking 
at the type and location of the transgranular precipitation. By precipitating at 
the cell walls, the carbides are in direct competition with the dislocation sub
structure; therefore, any nascent dislocation loop would be affected only by the 
particles when the dimension of the carbide dispersion is of the same order as 
the dislocation links. 

Fracture Mechanisms 

The study of the fracture surfaces reveals the type of fracture mechanism 
operating at different stages of the specimen's life. Torsion specimens had frac
ture surface features totally obliterated by the rubbing of the two surfaces of the 
cracks. This present study, therefore, concentrates on the other two stress states, 
namely, push-pull and biaxial. Both conditions show the three main stages of 
crack propagation, that is. Stages I, II, and III. 

Stage I growth is believed to be fairly fast and short in terms of length. It 
extends over approximately 100 |xm (1 to 3 grain diameters) and is crystallo-
graphic in nature, changing direction as it propagates from grain to grain. It is 
mainly transgranular in specimens without hold time, but specimens with hold 
time showed some proportion of intergranular initiation. Figure 6a shows the 
Stage 1 crack initiation for a push-pull specimen and also the beginning of Stage 
II cracking. 

Stage II propagation is characterized by the striation marks. Figs. 6b and c. 
The extent of this second stage and the crack propagation rate can be assessed 
by striation counting. Figure 7 shows some results of these measurements, with 

TABLE 2—Carbide precipitation: size, volume, fraction, and strengthening. 

Specimen 

54B 
53B 
28A 
6A 
38B 

r. 
mm 

1.0 X 10-
1.0 X 10-
1.0 X 10-
0.5 X 10-
1.0 X 10-

/ 

' 0.035 
0.020 

' 0.030 
0.010 
0.023 

fir. 
mm ' 

3500 
2000 
3000 
2000 
2300 

7 

0.01568 
0.01566 
0.00734 
0.00734 
0.007428 

T, 

N/mm^ 

129 
98 
82 
67 
72 
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striation spacing (crack growth rate) plotted against distance from the origin 
(crack length). The minimum striation spacing measured was limited by the 
characteristic of the SEM which was of the order of 1 t^m. The extent of Stage 
II is, therefore, from the end of Stage I to the end of linearity of the curves of 
Fig. 7. 

The linear part of the curve could be described by an expression of the form 

da 
' = irr = C(a)" (3) dN 

where 

s = striation spacing, jim; 
a = crack length, (j-m; 
N = number of cycles; and 

C and n = constants. 

The measurements of striation spacing were made at well defined locations 
where the fatigue crack was already in a well established Stage II region; there
fore, Eq 3 represents a law governing the latter stages of crack growth, that is, 
daldN > 1 |xm/cycle. 

Although Eq 3 adequately describes mathematically the crack growth rate for 
the present experiments, crack growth data are more commonly presented in the 
empirical form [17] 

da 
dN 

= Ba (Ae„)« (4) 

where 

Ae^ = plastic strain range, and 
B and a = constants. 

This is observed both for torsional [18,19] and uniaxial [20] loading. 
In a theory developed to assess quantitatively the mechanism of fatigue crack 

propagation in metals Tomkins [17] proposed that 

dN 8 \2TJ " ^' 

which is of the same form as Eq 4 

where 
3 = cyclic stress-strain exponent, 
k = stress-strain coefficient, and 
T = tensile stress within the plastic zone. 
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(a) Stage I and II of crack propagation (specimen 33A). 
{b) Stage II cracis propagation for axial specimens (specimen 34A). 
(f) Stage II crack propagation for biaxial specimens (specimen 38B). 
Crack propagation is from left to right. 

FIG. 6—SEM fractographs of rhe fatigue fracture surfaces. 
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FIG. 6—Continued. 

Zero hold-time data, presented in Fig. 7, can be replotted in the form of Eq 
4, Fig. 8. This figure includes data of Wareing [20] for 316 stainless steel at 
625°C, 20/25 stainless steel at 750°C, and the theoretical curve derived from 
Eq 5 in which T = 465 MPa [the ultimate tensile strength (UTS) of 316 stainless 
steel at 550°C], p = 0.24, and k = 2600 MPa, all these data from Ref 5. 

Figure 8 shows that for a given Ae^ and crack length 316 stainless steel tested 
at 550°C has a lower crack growth rate than at 625°C partly because of the lower 
flow stress at the higher temperature. 

Figure 8 also shows that for the range of crack growth rates experienced in 
the present work, Eq 5 gives a reasonably good approximation to the experimental 
results when the value of UTS is adopted for T. The slight difference in the 
slope may result from the choice of |J-value. In the present case the value of 
P = 0.24 corresponds to bulk cyclic behavior of 316 stainless steel at 550°C. 
This may be different to the strain hardening exponent of the material within 
the plastic zone ahead of the crack tip, due to a different dislocation substructure 
developed in this region. 

The end of Stage II fracture and the start of Stage III (end of linearity in Fig. 
6) is a function of strain range and hold time. Specimens with hold time reach 
Stage III earlier. It seems that creep damage, in the form of voids and grain-
boundary cracks is significant only in the highly strained regions ahead of the 
propagating crack. Raj [21] has shown that cavities are preferentially formed at 
particles in the grain boundaries by a combination of energetic and diffusional 
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considerations. Min and Raj [22] studied the effect of cavities in low-cycle 
fatigue. They showed that for cavities to grow and coalesce with their neighbors 
a large scale displacement normal to the plane of the grain boundary is needed. 
Such displacements can be accommodated in the strain field of a crack tip. Voids 
and intergranular facets were also seen in the Stage II crack growth regime, but, 
in the present case, they do not seem to accelerate the crack propagation rate 
(see Fig. lb). The density and size of these voids increases as the crack ap
proaches the end of Stage II, the crack accelerating dramatically on reaching 
this point, the final fracture appearing to be of the overload type (ductile fracture). 

Estimation of Endurance 

Since low-cycle fatigue lifetime is dominated by crack growth, the endurance 
may be estimated from Eq 3 by making certain suppositions. The first assumption 
to consider is the extent of Stage I. Figure 2, for example, shows that most of 
the secondary crack lengths are within the range of 0 to 80 (xm, while Fig. 6a 
shows that for specimen 33A, Stage I, extends for approximately 100 (xm. A 
figure of 80 (xm seems, therefore, a reasonable average value to use in the 
calculations which follow. Next is the assumption of a law describing Stage I 
crack growth, and here two separate criteria will be examined. In the first one. 
Stage I is considered to follow the same law of crack growth as Stage II [77]. 
Consequently, the integration of Eq 3 between the limits of zero and a„ equal 
to 80 |xm gives the period of Stage I propagation, and between a„ and Of gives 
Stage II propagation 

a" - "' 
(1 - n) 

and 

(1 - n) 

= C N^ (6a) 

' = C N„ (6fo) 

Table 3 gives the results of these calculations, showing reasonable agreement 
for the uniaxial tests. 

Recent work seems to indicate that initiation is negligible in high-plastic strain 
fatigue [18]. Even in high-cycle fatigue at stresses near the fatigue limit, cracks 
are seen to initiate readily and grow at a relative high rate until they meet a 
barrier like a grain boundary or a phase boundary [79]. The present data also 
suggest that Stage I must be relatively fast in view of the abundance of micro-
cracks observed within the range 0 to 80 jjtm. The second criterion is based, 
therefore, on the assumption that the Stage I growth period can be neglected for 
life time calculations; thus, the endurance is given by N^. This appears to give 
a lower bound to the experimental fatigue lives, as one might expect. (Note that 
a further possibility is to equate a„ with a grain size [79], 32 jjim, if the grain 
boundary is the first barrier to fatigue crack growth.) 
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TABLE 3—Calculated and experimental cycles to failure. 

Specimen 

33 
29 

6 
28 
34 
25 

1 
53 
54 
38 

C 

0.0345 
0.0445 
0.008 
0.012 
0.0055 
0.0055 

0.03 
0.03 
0.03 
0.004 

n 

0.82 
0.76 
0.86 
0.83 
0.82 
0.82 

0.70 
0.70 
0.70 
0.90 

a„, 
\i,m 

80 
80 
80 
80 
80 
80 

80 
80 
80 
80 

Of. 

fjim 

400 
150 
680 
500 

1250 
1250 

1250 
630 
550 

1400 

A'U: 

calculated 

119 
44 

576 
377 

1423 
1423 

530 
354 
324 

1284 

N„ 
calculated 

354 
268 

1649 
1033 
2223 
2223 

414 
414 
414 

3875 

A', = N„ + /V„ 
calculated 

473 
312 

2225 
1410 
3646 
3646 

944 
768 
738 

5159 

N. experimental 

313 
232 

2155 
1328 
3460 
3665 

546 
328 
362 

2880 

The propagation lives in a real situation should lie between the two options 
discussed above, which represent an upper and a lower bound. The diversity in 
the two approaches underlies the difficulty in trying to predict life time with 
only long crack propagation data which, in view of these calculations, is insuf
ficient. 

For biaxial specimens the agreement is close to A',,, the calculated values N, 
being about double the actual number of cycles. Examination of the fracture 
surfaces, see Figs. 6b and c, shows that while for axially loaded specimens 
striations cover the whole of Stage II fracture surface, with only the occasional 
occurrence of some intergranular facets (particularly in the hold-time specimens), 
for the biaxial specimens some large featureless areas are common and they 
intermingle with the striation zones. These large featureless areas might corre
spond to faster crack growth, possibly by a shear crack mode of growth rather 
than the opening mode that produces striations. This would increase the overall 
crack growth rate relative to the opening mode propagation rate, and, conse
quently, the specimen life would be less. 

Summary 

Two main hardening mechanisms operate during testing, {a) dislocation hard
ening and {b) precipitation hardening. Although dislocation hardening prevails 
at all testing conditions, precipitation hardening becomes significant at low strain 
ranges and long lifetime. 

Precipitation along grain boundaries reduces the possibility of grain-boundary 
sliding but introduces centers of stress concentration conducive to grain-boundary 
cracking. 

Fracture surfaces show characteristic features of the three stages of crack 
propagation. Crystallographic Stage I is transgranular in the no hold-time spec
imens. 

Stage II is dominated by striation fracture, with the exception of some fea-
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tureless facets in biaxial specimens. Stage III is predominantly a ductile feature, 
beginning at shorter crack lengths in the hold-time and the high-strain range 
specimens. 

Striation spacing calculations give approximate life estimates. The push-pull 
specimens show that crack growth is consistent with previous models. 
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ABSTRACT: The objective of the study is to quantify the growth rate of damage which 
occur when materials are subjected to variable nonproportional loading at elevated tem
peratures. Fast and slow nonproportional cyclic tests are performed on circular tubes and 
observations made on the deformation history, life, and nature of damage accumulation. 
The results are then related to a general theory of creep-fatigue damage description which 
has recently been formulated. 

KEY WORDS: creep rupture, fatigue, creep-fatigue damahe, aluminum, copper, 304 
stainless steel, multiaxial loading, nonproportional loading 

It is well known that when metals operating at elevated temperatures are 
subjected to cyclic loading, failure is dependent on both the fatigue and creep 
rupture properties of the metal. In fact, it has been demonstrated in a series of 
fundamental experiments by Chaboche, Lemaitre, and Plumtree [7,2] that creep-
fatigue damage growth can be represented by a single scalar parameter of damage 
and that the growth equation has the form 

AD = AD/ 4- AD, (I) 

where 

iSkDf = fatigue and 
AD, = creep damage increments. 

The studies have shown that the expressions for AD, and AD, may be obtained 
independently by performing fatigue and creep rupture tests, according to stan-
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dard procedures. It is then established in the studies reported, that Eq 1 can 
predict with success the life of specimens subjected to complex loading cycles 
which introduce creep/fatigue coupling. Unfortunately, the tests performed to 
date have been limited to uniaxial states of stress, and the purpose of this paper 
is to attempt to extend the knowledge of uniaxial stress states to nonproportional 
multiaxial stress histories. Without prejudging the outcome of the study it would 
appear reasonable, at least initially, to take guidance from the results of the 
uniaxial studies and to assume that the total damage increment may be separated 
into the creep and fatigue damage increments according to Eq 1. This adds great 
simplification (which may finally prove to be unjustified), but the remaining 
problem is still difficult enough since the knowledge of multiaxial creep rupture 
and multiaxial fatigue is still at an early formative stage. Other papers in this 
symposium are concerned with the growth of fatigue damage, and this paper is 
to concentrate more fully on the effects of nonproportional multiaxial loading 
on creep rupture behavior, although nonproportional fatigue loading will also be 
considered in less detail. It is the hope that the knowledge gained from this study 
of the effect of nonproportional loading on creep rupture and fatigue properties 
separately will provide the essential ingredients for an understanding of coupled 
creep/fatigue damage growth. 

Creep Ruptures for Constant Multiaxial Stress States 

When metals are subjected to constant stress at temperatures above 0-3T„, 
where T„ is the absolute melting temperature of the base metal, they undergo 
time-dependent deformation, and rupture takes place in a finite lifetime. Rupture 
commences with nucleation and growth of grain boundary defects [3], and failure 
occurs when adjacent defects have grown to a size for final linkage of the defects 
to occur. The effect of the growth of defects is to cause a progressive weakening 
of the material resulting in an increase in the strain-rate over a significant fraction 
of the lifetime, usually referred to as tertiary creep. 

The nucleation and growth of defects have been shown to be dependent upon 
the state of the applied multiaxial stress field [4]. Two extreme types of multiaxial 
creep rupture behavior exist for metals; these are the maximum principal tensile 
stress criterion, CT, = constant, and the effective stress criterion 

o" = {[((̂ 1 - (^if + (f̂ 2 - (̂ 3)̂  + (0-3 - tr,)^]/2}"2 = constant 

where a,, 0-2, and 0-3 are principal stresses with CT, > CT2 > CT3. Copper satisfies 
the former criterion and aluminum alloys the latter. The two criteria are shown 
schematically in Fig. 1 (without the inequality restrictions) as isochronous rupture 
loci in plane stress space; the stress spaces have been normalized in terms of 
the uniaxial stress ao. Some metals (for example, steels) satisfy mixed criteria 
[4]. The dependence of the rupture lifetime upon the stress state may be seen 
by comparing the difference in stress level required to maintain a constant lifetime 
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FIG. 1—Plane stress isochronous rupture Ibci for copper and aluminum alloys. 

in changing from uniaxial to pure shear or torsion stress; a reduction in the 
normalized stress (cr|/ao) to almost one half of the value for uniaxial stress is 
required for the effective stress criterion. Leckie and Hayhurst [5] have shown 
that the multiaxial stress rupture criterion must be taken into account in the 
estimation of the lifetimes of engineering components which are subjected to 
multiaxial states of stress. Failure to do so may result in severely nonconservative 
design. 

Based on the results of extensive tension-torsion testing carried out by Johnson 
et al [6], Leckie and Hayhurst [5] suggested the following constitutive equations 
for strain and damage rates 

1 d<!)" 1) (o-w/o-o) 

eo (n + 1) d{u,jl(To) 

1 

(1 - D)" 
(2a) 

{2b) 

In these equations eo, DQ, n, and v are material constants which are readily 
obtained from uniaxial data. (l)((Tt//ao) = CT/CTO and A((T,/cro) are homogeneous 
of degree one in (a,j/(Jo). The form of A is determined by the shape of the 
isochronous rupture surface. For copper A = (TJUQ and for aluminum A = 
CT/CTQ. In common with the studies of Chaboche, Lemaitre, and Plumtree [7,2], 
it was found that a scalar damage quantity sufficed to describe damage and strain 
growth observed by Johnson et al [6], under conditions of constant multiaxial 
stress. However, this scalar description is unlikely to suffice for nonproportional 
loading especially for materials for which A = tJi/o-Q. For this class of materials 
the growth of damage is a consequence of the nucleation and growth of voids 
by diffusion of vacancies along grain boundaries. It has been proposed by Hull 
and Rimmer [7] that the principal agency responsible for void growth is the 
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tensile stress acting along the normal to the grain boundary facet. It then seems 
reasonable to follow the procedure adopted by Hayhurst and Storakers [8] and 
to assign a damage value to every plane within the material and furthermore to 
assume that this damage is a functional of the normal tensile stress history for 
the plane. The damage value which is taken to influence the strain-rate process, 
described by Eq 2, corresponds to the plane which has been subjected to the 
most damaging history of tensile stress. When proportional loading occurs, a 
single plane is subjected to the most severe history of damage; but, when non-
proportional loading takes place, the loading history will have to be taken into 
account and the growth of damage on all possible planes determined in order to 
identify the most severely damaged plane. 

The purpose of the present study is to study the results of nonproportional 
loading and to determine how the constitutive equations should be modified in 
order to accommodate the nonproportional loading effects. 

Creep Rupture Experiments for Nonproportional Loading 

Copper and an aluminum alloy have been selected as materials for study, 
since they obey the criteria of maximum principal tensile stress and effective 
stress, respectively. In a nonproportional loading experiment on an aluminum 
specimen in which CT remains constant but Ci changes direction, one would 
expect the same lifetime as in a steady-load test, with the same value of a, since 
the effective stress is a scalar quantity. But in the same test on a copper specimen 
one would expect an increase in the lifetime above that measured in a steady-
load test provided that during the rupture process there is no interaction between 
the planes of damage corresponding to the maximum principal stress directions. 
If Eq 2a for deformation rate is appropriate then the creep strain rates before 
and after the load change should be the same, since the damage term in Eq 2a 
appears as a scalar. This may not prove to be justified for nonscalar damage, 
but the assumption is the simplest possible and must be verified. 

The validity of these suppositions may be checked by carrying out experiments 
on thin tubes subjected to combined tension and torsion (pure shear) (Fig. 2). 
The following experiments were selected: 

(a) steady load; and 
{b) multiple reversals of the torsion load, the time elapse between reversal 

being short compared with the lifetime. 

In the reverse torsion loading tests the magnitudes of both 6- and o, were 
maintained constant, but the direction of the maximum principal tension stress 
was changed. The changes in load are defined in Fig. 2, where the loci of 
constant values of a and CT, have been plotted in the (a^e.o'zz) plane. Initial 
loading took place along the line OA, the point A having been selected so that 
the magnitudes of y,^ and €̂ ^ were equal, or a = 45°. This condition was selected 
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FIG. 2—Schematic representation of loading conditions. 

to reduce the effect of the rotation of material elements within the stress field. 
For this loading condition the plane of maximum principal stress makes an angle 
of 16.9° to the z-direction. In a test during which CT,. remains constant but <y^ 
is reversed in direction, the plane of maximum principal stress makes an angle 
of -16.9° to the z-direction. 

For the case of a tube subjected to tension and torsion, the effective stress is 
given by a = (a J + 3CT,ê )"̂  and the maximum principal tension stress by 
o-| = {CT„/2} + {(<j,J2f + (T.^y^. Equation 2 for the strain rates may be 
written as 

E , ^ 3 m < " - ' % 1 
eo 2 ICTOJ CTO (1 - DY 

(3) 

where the stress deviators are given by Sy = Oy — '/sSyCrt̂ . Noting that 
7,9 = 2e,e, it may be shown from Eq 3 that the condition "ŷ e/ê j = 1 is satisfied 
when CTj^ = So-̂ e- This requirement was satisfied in all the tests carried out. 

Experimental Results for Aluminum 

The responses of a typical steady-load tension torsion test is shown in Fig. 
3a while that of a constant tension multireverse torsion test is shown in Fig. 3b. 
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FIG. 3a—Steady tension-torsion tests on aluminum alloy tubes. 

The Stress levels selected for the two tests are the same, the cycle time in the 
multiple-reverse test is 48 h, and the temperature is 250°C. The failure time in 
the constant stress test is 270 h while that of the multiple-reverse test is 207 h. 
The shear and axial strains in the constant stress tests are almost identical. If 
the magnitudes of the shear creep strains recorded in the multiple-reverse test 
are added together, it is found that they coincide closely with the observed axial 
creep strain (Fig. 3a). Hence, the conclusion drawn from these tests is that the 
constitutive Eq 2 are appropriate for aluminum even when subjected to nonpro-
portional loading, and that a scalar description of damage is satisfactory. 

Experimental Results for Copper 

Tests similar to those described in the previous section were also carried out 
on copper at 250°C. The results are shown in Fig. 4a and b. The failure time 
for constant stress tests is 230 h, while that for the multi-reverse torsion is 480 

IDO ^-150 

Time (h) 

FIG. ib—Multiple reverse torsion, steady tension load test on an aluminum alloy tube. 
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FIG. 4fl—Steady-load tension-torsion test on a copper tube. 

h which is almost twice that of the constant stress test. The axial and torsional 
strains are almost equal in the constant stress test. The most unusual feature of 
Fig. 4a is that it indicates little tertiary creep. This is a point of some concern 
since a uniaxial test with the same effective stress would show a pronounced 
tertiary region. The same features were observed by Hayhurst and Storakers [8] 
in tests carried out on Andrade shear disks. The deformation and rupture behavior 
of the disks was shown to be influenced strongly by the finite rotation strains. 
The absence of pronounced tertiary creep in the test results reported here, which 
one would expect to occupy almost one half of the lifetime, may be due to the 
small but finite rotation strains. The strains recorded in the multireverse loading 
tests are shown in Fig. Ab. If the magnitudes of the creep shear strains are again 
added, it is found that this total accumulation of creep shear strain closely equals 
the total axial creep strains, a result which confirms the validity of Eq 3. In the 
two tests described, the lifetimes may be predicted with good accuracy from the 
steady-load uniaxial data and the integrated form of Eq 3, when A((T,̂ /CTO) = 
ai/CTg. In the reversed torsion steady tension tests the direction of the principal 
tension stress rotates through an angle of 33.7°. The lifetimes of the reverse load 
tests are twice those of the steady-load tests, and the inference is that the damage 
which grows on the two principal planes does not interact. This has been con
firmed by metallographic studies which are now described. 

£5| 
^ 1 

96h 'P 

(722=42.5 MPa (ezz ) 

fJo>g=142 MPa (Y^g ) 

•^a^^-142 MPa i\g—^ 

FIG. 4b—-Multiple reverse torsion, steady-load tension test on a copper tube. 
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Figure 5 shows a midthickness micrograph of a copper tube taken from a 
region of the specimen gage length which was subjected to the multireverse 
load test. The grain boundary defects are uniformly distributed over the region 
of homogeneous stress and are found on planes perpendicular to the maximum 
principal tension stress CTJ . The two damaged planes correspond to the maximum 
principal stress planes. Since the load cycle time is short compared with the 
lifetime the damage on both planes appears equally intense. It appears to be an 
important characteristic of this material that the damaged planes act independently 
of one another, and the results for both deformation and damage suggest that 
Eq 3 may be satisfactorily applied to each of the planes of maximum principal 
stress when loaded. 

Creep Rupture Constitutive Equations and Their Implications 

For aluminum, experiments indicate that damage is indeed a scalar quantity 
and that the following constitutive equations give a good representation of the 
material behavior when subjected to nonproportional loading 

^ _ 1 d<^"' ^ "(g,,/ao) 1_ 

Co (n + 1) a(cT,//(To) (1 - £>)" 
(4a) 

D 1 
- = ^'{uula.) {Ab) 
D {\ - Df 

where <t)(o-i.,/o-o) = a/ao. 

This material is referred to as a scalar damage material. 
For copper the experiments indicate that the material behaves as if the loading 

acting on each plane of maximum principal stress acts independently. For loading 
giving maximum principal stress on the (-plane the constitutive equation is 

e, _ 1 a<i)"" " "(a«/ao) 1 
(5a) eo (n + 1) fl(a,.,/ao) (1 - D,)" 

where a, = the maximum principal stress. 

The effect of loading on each maximum plane must be integrated separately. 
This type of material is referred to as a planar damage material. Conservative 
results will be obtained, however, if it is assumed that damage is scalar rather 
than planar, and Eq 5 are integrated with the suffix i dropped. This will have 
the effect of adding the damage which occurs on the separate planes of maximum 
principal stress. Provided the number of these planes is small, this procedure 
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FIG. 5—Midthickness micrograph of a copper tube tested to failure under multiple reverse torsion 

steady tension loading. (Magnification X 65). 

should not result in a conservatism any greater than the scatter normally expe
rienced in high-temperature testing. 

Nonproportional Low-Cycle Fatigue Experiments 

Low-cycle fatigue nonproportional loading experiments have been carried out 
on Type 304 stainless steel thin-walled tubular specimens. The extensometry 
permitted axial and shear strains to be independently applied in closed-loop 
computer control. Details on specimen design and extensometry may be found 
elsewhere [9,10]. 

Baseline data from completely reversed uniaxial fatigue tests performed in 
our laboratory on specimens of diameter equal to the thickness of the tubular 
specimens and from the same batch is correlated by the usual strain-life equation 

Ae/2 = u'flEilNj)'' + i'filNjjY (6) 
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where 

b = 
c = 

^ ' f = 
^'f = 

E = 

-0 .13 , 
-0 .82 , 
1.10 GPa, 
1.0, and 
187.0 GPa. 

Equation 6 can be stated on the basis of effective strain amplitude 

Ae/2 = (T'f/E{2Nf)'' + ^\,(2N,Y (7) 

where 

Ae/2 = (e,^ + 7 / /3 )"^ 
e„ = axial strain amplitude, and 
7„ = shear strain amplitude. 

Two pure torsion tests were run to verify the applicability of Eq 7 in the life 
range of interest. Failure in these tests was defined as the presence of a 1 mm 
surface crack length. Hence, the failure definitions for uniaxial and torsion tests 
were essentially equivalent based on surface crack length and are oriented toward 
initiation of cracks. Many previous investigations [11,12] which produce lack 
of correlation between uniaxial and torsion tests based on effective strain suffer 
from lack of a consistent reported failure criterion. A definition of failure based 
on specimen separation or global compliance change can lead to rather large 
discrepancies, since crack growth behavior in torsion tests is completely different 
from that of uniaxial tests [70]. The two torsion tests in this study resulted in 
lives less than 20% different from those calculated from Eq 7 where Ae/2 = 

7«/V3-
A nonproportional loading test with axial strain amplitude 6„ and shear strain 

amplitude "y„ was subsequently performed. The repeated loading block consisted 
of the following sequence: 

Cycles 1 to 40: e„ = 0.0075, •v̂  = 0 
Cycles 41 to 80: e, = 0, 7„ = 0.01125 

This sequence of loading was repeated until failure occurred. Again failure 
was defined as a 1 mm surface crack length. During the history, replicas were 
taken of the surface so that crack initiation and growth could be monitored and 
measured. 

At failure, which occurred when a 1 mm surface cracklength was measured 
in the specimen longitudinal axis direction, 440 cycle of torsional loading and 
460 cycles of axial loading had been applied. For a pure axial test, e„ = 0.0075 
would produce a life of 325 cycles according to Eq 7. For a pure shear test, 
7„ = 0.01125 would fail at 415 cycles according to Eq 7. A summary of results 
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is given in the following table. 

Axial Torsional 

Proportional (from Eq 7) 325 415 
Nonproportional (actual data) 460 440 

These results within the scatter normally associated with fatigue testing indicate 
that the two forms of loading produces damage planes with negligible interaction 
and that the life for each loading component (axial or shear) can be determined 
from Eq 7. The total life in this case can be obtained by summing the lives of 
each loading component computed from Eq 7 without regard for any type of 
interaction. 

The study of the damage measured from the replicas also indicates that the 
growth of damage occurs on two distinctly separate planes. When torsion is 
applied, growth of damage (small cracks) occurs on the set of maximum shear 
planes stimulated by torsion loading, and no damage growth is observed on the 
maximum shear planes stimulated by prior axial loading. The reverse occurs 
during the application of axial loading. 

Conclusions 

The effects of nonproportional loading have been studied in relation to failure 
by creep rupture and low-cycle fatigue. Copper in creep rupture and Type 304 
stainless steel in low-cycle fatigue demonstrate strong directional properties. The 
strength is so great that no interaction is observed between the various damage 
planes, and good estimates of life can be obtained by simply adding the lives 
of each of the loading directions determined separately. 

In the creep rupture of aluminum, no strong damage direction is evident, and 
the damage appears to grow at a peak independent of the loading direction. 

However, in both extremes of behavior, the appropriate extension of life 
predictions obtained from uniaxial loading is a simple matter, so that the com
plexities introduced by nonproportional loading may be readily predicted. The 
experimental results also provide a strong hint that the technique developed by 
Chaboche, Lemaitre, and Plumtree [1,2] for creep/fatigue problems may be 
readily extended in like manner to nonproportional loading. It is now planned 
to perform nonproportional creep-fatigue experiments to check the validity of 
this assertion. 
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ABSTRACT: In high-temperature components, secondary stresses are often applied by 
surface thermal fluctuations that may be sufficient to cause crack initiation and propagation 
and they may be also accompanied by primary loads. Since the code endurance design 
lines are based on isothermal uniaxial fatigue data in air, a series of tests have been 
conducted to study the crack initiation and growth behavior of Type 316 stainless steel 
under conditions of thermal fatigue in air from a bulk temperature of 650°C. 

In general the observed crack initiation correlated with isothermal fatigue data relevant 
to temperatures towards the lower end of the surface thermal cycle temperature range 
indicating that the tensile plastic strain was the most important component of the initiation 
process. For tests without a primary load the crack growth rates in the inner fully elastic 
regions of the specimens correlated with calculated stress-intensity factors but again relevant 
to isothermal data for lower temperatures than the specimen bulk temperature. The crack 
growth rates observed in the plastic surface regions gave a good correlation with total 
strain range. A test having a surface strain range of half the isothermal fatigue endurance 
limit showed that limited crack propagation was possible in defected material at such low 
strain ranges. The addition of primary end loads gave little effect on the crack initiation 
behavior but did increase the crack growth rates to give an offset in the correlation with 
total strain range, which increased with increasing primary load. 

KEY WORDS: thermal fatigue, secondary thermal stresses, primary loads, strain range, 
stress profile, stress intensity factors, crack initiation, crack growth 

Component designs for high-temperature applications in nuclear power re
actors are based on the methodology laid down in the Boiler and Pressure Vessel 
Code Case N47. The code bases its endurance design curves for fatigue and 
creep on the relevant properties obtained in uniaxial tests. The structural com
ponents of liquid metal cooled fast reactors are generally designed to have low 

'Springfields Nuclear Power Development Laboratories. United Kingdom Atomic Energy Au
thority, Preston. U.K. 
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Steady-State primary stresses principally due to self weight. The major stress 
systems of concern arise in the form of biaxial cyclic secondary stresses from 
thermal variations in the coolant and are of broadly two types. The first are long 
range variations that are the consequence of reactor shut downs or trips in which 
the power is reduced very rapidly leading to similar rapid changes of the tem
perature of the liquid metal coolant emerging from the core. These, in turn, lead 
to a drop of the surface temperature of the structural components of up to 150 
or 200°C. Such large changes in surface temperature will be referred to as 
"thermal shocks." Coupled with the thermal shock situation may be additional 
follow-up stresses caused by differential contraction or expansion of the whole 
structure. Short-range thermal variations occur at many points throughout the 
primary coolant system under steady-state operating conditions due to the mixing 
of coolant streams of different temperature. Such short-range temperature var
iations are seen as a randomized spectrum at a single point on a component, but 
the peak variations may be considered for convenience as having thermal am
plitudes (AT) in the range 30 to 100°C occurring at a frequency of up to 1 Hz. 

The effects of environment are accounted for in the code so that mild envi
ronmental effects are allowed for in the design margins. Again, in this respect, 
the data used for the design curves are those obtained from isothermal cycling 
tests in air. The work being undertaken at the Springfields Nuclear Power De
velopment Laboratories consists of applying thermal down shocks using an aer
osol water spray in order to achieve a comparison of crack initiation and growth 
behavior under conditions of biaxial thermal shock for comparison with the 
existing uniaxial isothermal air data. Previous work [/] had shown a good 
comparison with the isothermal data for bulk temperatures of up to 500°C. The 
present work has concentrated on a bulk temperature of 650°C. In addition crack 
growth behavior has been studied below the thermal amplitude required for 
initiation in smooth surfaces and the effect of superimposed end loads of up to 
VA X 0.2% proof stress on the crack initiation and growth occurring in a thermal 
shock situation has been examined. 

Experimental 

The test specimens had a gage length of 105 mm with a rectangular section 
of 10 X 32 mm. Each end had two short lengths of 50 mm diameter for con
nection to the copper bus-bars of the heating source and also for holding in the 
water cooled and electrically insulated collet type grips of a servohydraulic 
machine. The bulk heating was obtained by a-c internal resistance using a thy-
ristor controlled source of up to 2000 A at 3 V. The bulk temperature was 
controlled from a Chromel-Alumel thermocouple at the specimen center via a 
closed-loop controller which compared the thermocouple output with a set ref
erence and gave a suitable feedback command voltage into the proportional 
thyristor controller of the transformer. The bulk temperature was maintained 
constant at 650°C for all the tests reported. 
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FIG. I—Thermal shock specimen. 

A zone 8 x 60 mm on each of the 10 mm wide faces, Fig. 1, was quenched 
for preset times using precision aerosol sprays supphed by a gravity fed de-
mineralized water supply. Control of the thermal amplitude (AT") at the specimen 
surface was achieved by a balance of quench time, water head height, air pres
sure, and the nozzle distance from the specimen. It was found that sharper thermal 
profiles within the specimen were obtained when the resistance bulk heating was 
switched off during the quench, and hence a relay circuit was designed to control 
quench time and reheat time in sequence for all the tests. 

The estimates of the stress and strain profiles generated in the specimens by 
the surface quenching were derived from the determination of the thermal profiles 
existing from quenched face to centerline and thus a high confidence had to be 
placed on the dynamic temperature measurement. As shown in Fig. 1, a series 
of 0.6-mm-diameter holes were drilled 5 mm deep parallel to the quenched faces 
and along the centerline between them at intervals from each quenched face. 
The thermocouple technique made use of the electromotive force (emf) generated 
between Chromel and the particular batch of Type 316 stainless steel. The couple 
was made by inserting a 0.1-mm-diameter Chromel wire in a ceramic insulation 
tube and welding the Chromel wire to the base of the drilled hole by capacitive 
discharge, thus giving confidence in the positioning of the hot junctions. The 
thermocouple outputs were recorded on an instrument of suitable high response 
and gave the isochronus temperature profiles from the quenched face to the 
specimen centerline for stages throughout each quench and reheating cycle. A 
typical set of such profiles are shown in Fig. 2. The remaining item was the 
estimate of the temperature cycle at the quenched face. If the thermal fluctuations 
at a surface are known, then the corresponding amplitudes at distances behind 
the surface can be readily calculated from considerations of wave form, fre-
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FIG. 2—Thermal profiles at stages through the quench (.effective AT = /5(fC). 

quency, and diffusivity [2]. Thus, a small computer code was written which 
used a finite difference method given by Crank [3] to solve the thermal diffusivity 
equation of the form 

dt (1) 

where 

T — temperature, 
t = time, 
X — distance from the surface, and 
a = thermal diffusivity. 

The code was used by inserting estimates of the changes in surface temperature 
with time until the predicted temperature changes at a point 1.0 mm deep matched 
those actually recorded during a quench. Subsequently, these estimates were 
found to give good correspondence to measurements of the surface temperature 
taken with a focusing infrared pyrometer employing a narrow-cut wavelength 
of 2.15 fjim which coincides with a window in the spectra of infrared absorption 
by water vapor. 

The quench conditions were monitored continuously throughout each test. For 
initial tests this was done using buried 316/Chromel thermocouples with their 
hot junctions 1 mm from each quenched face. Assuming an error of ±0.05 mm 

 



704 MULTIAXIAL FATIGUE 

in the siting of the hot junction of these couples, it would result in an error of 
the top temperature of less than 2°C and of the temperature range of about ±3°C 
for an actual 200°C amplitude cycle. A comparison was made of couples at 1 
mm from the quenched face where one couple was 5 mm deep and the other on 
the surface of the 32 mm wide face. For a top temperature of 630°C and a 
thermal amplitude of 190°C at the buried center plane position, the surface couple 
gave a top temperature of 605°C and a thermal amplitude of 165°C. Early tests 
had shown that the hole for the buried couple caused early crack initiation due 
to the high constraint and thermal isolation of the thin remaining ligament at the 
quenched face. Thus for all the tests noted here the control was accomplished 
with a surface couple using the empirical relationship mentioned previously for 
conversion. The control of quench amplitude by varying air pressure could be 
made quite precise, and the reproducibility of quench amplitude was better 
than 5%. 

Crack growth behavior was determined from two transverse starter notches 
spark machined 0.18 mm wide x 0.5 mm deep across the center of each quenched 
face. The crack length measurements were made by an a-c potential drop method 
by comparing the potential of the large specimen heating current at electrodes 
placed near the starter notches in reference to the potential existing at the center-
line. 

For the application of primary axial stresses, a thermal fatigue assembly was 
placed within a conventional servohydraulic frame. Calibration tests had shown 
that the specimen temperatures and the shock quench intensities were reasonably 
constant in an axial direction over a distance of 20 mm either side of the lon
gitudinal center. Strain was measured with a dual beam extensometer so that the 
measured gage length of 30 mm was equispaced about the longitudinal centerline. 

The material tested was taken from a single cast of Type 316 stainless steel 
that had been categorized for physical, mechanical, creep, and fatigue properties 
in the solution-treated condition in the laboratories of the U.K. Atomic Energy 
Authority (UKAEA) Northern Group, Table 1. One further feature was that some 
of the specimens contained a small zone of weld metal in each of the quenched 
faces. One face was of a polish finish while the other had been machined to a 
1.6 |xm centerline average (CLA) surface finish. The steel was in the solution-
treated condition except for the weld and heat-affected zones. 

Stress-Strain Analysis 

Correlation of the results with uniaxial data requires reliable estimates of the 
effective surface strain range and the range of stress profiles existing from the 
specimen surface to the centerline at stages throughout the thermal cycle. The 
latter were used in turn to estimate the crack tip stress intensity factors at stages 
through the cycle for increasing values of current crack length. Stress-strain 
analysis was performed by using a modified version of a computer code based 
on the model outlined in a previous paper [1]. 
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TABLE 1—Material property and composition. 

CHEMICAL COMPOSITION OF MATERIAL TESTED, WEIGHT % 

Carbon 0.060 
Silicon 0.49 
Manganese 1.75 
Nickel 12.30 
Chromium 17.7 
Molybdenum 2.34 
Sulphur 0.021 
Phosphorous 0.035 
Boron 0.0019 
Nitrogen 0.040 

MECHANICAL PROPERTIES OF MATERIAL TESTED 

25°C 400°C 625°C 

Young's modulus x 10̂  MPa 198 
0.2% proof strength, MPa 230 
Ultimate tensile strength, MPa 570 
Elongation 60% 

168 
139 
460 

41% 
CYCLIC HARDENING OF MATERIAL TESTED 

Strain range 0.25% 
Stress range 1st cycle MPa 231 
Stress range continuous 

cycling MPa 273 

0.5% 
256 

442 

149 
118 
390 
46% 

1% 
287 

618 

An important feature of the model arises from the symmetrical quenching 
applied to the specimen which effectively inhibits the introduction of a bending 
moment. Thus the stresses, that is, elastic strains existing between the surface 
and the centerline W/2 of the specimen must sum up to the value of stress (CT) 
relevant to the end load applied, this being zero in the case of no end load, 
namely 

rwii 
(J dx = (T,„ (2) r 

Jo 
This boundary condition is satisfied at each stage of the quench in the computer 
code. 

The model commences with the thermal profiles measured from quenched 
face to specimen centerline (16 mm), taking the temperature at 1 mm intervals 
for about ten stages through the cyclic sequence. The temperatures are converted 
into elastic strain using a constant value for thermal expansion coefficient rep
resenting a suitable mean of the instantaneous values for the temperature ranges 
considered (for example, 2 x 10~^ for Type 316 at 500°C). The differences 
between successive values of strain at a single point were then taken as the 
changes in incremental strain as the specimen progressed from one stage to the 
next in the thermal cycle. For the first cycle, the program which treats the 
material as elastic-perfectly plastic, assigns a value for yield strain appropriate 
to the monotonic yield stress relevant to the total strain occurring from point to 
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point in the specimen. The strain profile for the first stage of the quench is 
enumerated and balanced about a„ or zero, as noted. The appropriate strain 
increments are added to that profile, the stresses (elastic strains) balanced for 
the next stage, and so on for successive stages until the cycle is complete. The 
program continues to iterate successive cycles until a stable set of profiles is 
attained. This was found to occur in relatively few operations with stability 
reached in 10 cycles. The result is set of stress (equivalent elastic strain) profiles 
at stages through the quench as shown in Fig. 3. In addition the printout lists 
the total elastic plus plastic strain at each time interval, thus enabling the total 
cyclic strain range at each point to be deduced. 

The model is naturally sensitive to the concepts and values taken for yield 
stress. For these particular tests the durations were small in relation to the total 
isothermal fatigue lives at the strain ranges employed, especially since the strain 
ranges experienced within the specimen rapidly reduced away from the surface 
of the specimen. The proportion of life required for significant cyclic hardening 
has been demonstrated by Jaske and Frey [4] and at low-strain ranges can be 
well in excess of 10' cycles. The reasoning led to the adoption of the monotonic 
stress-strain relationship. The relationship was deduced from uniaxial data ob
tained on the same cast of steel at 620°C. The uniaxial data was converted to 
equibiaxial conditions using the von Mises yield criterion and for this purpose 
the elastic and plastic Poisson's ratios were taken to be 0.29 and 0.5, respectively. 
The result gave the relation 

Y = 1.645 X WUe-r) ,0,146 (3) 

where 

Y - elastic component of strain and 
e,̂  = total strain. 

1 

FIG. 3-
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distributions at intervals through the thermal cycle {effective AT = I5<fC). 
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This elastic component of strain at a particular value of total strain was taken 
to be the yield strain in the elastic-perfectly plastic model used in the analysis. 

The stress profiles obtained were used to calculate the stress intensity factors 
at the crack tip for increasing values of current crack length as follows 

K = [ G {a,x) (T (x) dx 
Jo 

(4) 

where 

K = stress intensity factor, 
a = current crack length, and 

G{a,x) — Green's function for a crack of length a. 

Green's function for a double edged cracked plate of finite width w is as follows 
[6] 

{ {x\ , ira 
1 + / ( - ] coŝ  — 

TTO 1 
t a n - — X 

2H' \ I \ 2 
cos -— COS -— I 

(5) 

where f{xld) is a function given in graphical form by Tada [5]. The function 
was approximated by the following polynomial 

/ ( - j = 0.29797 - 5.48197 x 10"' ( -

0.51369 I - ) - 0.21659 ( -

(6) 

A typical set of stress intensity factor curves are shown in Fig. 4. The picture 
is one of the stress intensity peak moving into the specimen and decaying as the 
quench wave moves into the sample. 

Results 

The details of the test conditions are given in Table 2. The first four tests 
covered a wide range of effective surface thermal cycling amplitudes (AT's). 
Placing them in perspective, the effective A7"s of 150 and 106°C are equivalent 
to points lying on either side of the uniaxial fatigue data curve for Type 316 
steel at 625°C at a life of about 10 000 cycles. It is worth noting that such data 
are from tests on smooth specimens of about 6 mm diameter taken to failure. 
The small 60°C AT of test 4 was selected to explore the possibility of crack 
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FIG. 4—Stress-intensirv factor distributions at intervals through the thermal cycle (effective 
AT = 150X). 

initiation from the '/2-mm-deep starter notclies and the subsequent crack growth 
under the conditions of a sharp thermal stress gradient. In this case the surface 
strain range was equivalent to about half the fatigue limit for the steel. The other 
two tests explored the effect of the end loads (primary stresses) of 47.5 and 90 
MN/m^ on the behavior of the material when also given thermal cycles of an 
effective surface AT of 150°C. The end loads are equivalent to about 0.4 and 
0.75 X 0.2% proof stress for the steel. 

Crack Initiation 

Longitudinal and transverse sections of the specimens were examined by 
optical microscopy after test to determine the extent and depth of thermal fatigue 
crack initiation. In all cases the cracks appeared to be transgranular even for 
cracks only a few microns long, and all the cracks were filled with oxide. Some 
evidence of oxide crack blunting was noted but that appeared rare. The following 
is a summary of the major observations. 

Specimen 
No. 

1 
2 
3 
4 
5 
6 
7 

TABLE 2-

Total Effective 
Surface Strain 

Range AE^, X 10"' 

5.18 
5.18 
3.00 
2.06 
1.20 
3.00 
3.00 

-Specimen test conditions. 

Effective Surface 
Temperature 

Range AT, °C 

270 
270 
150 
106 
60 

150 
150 

No. of 
Cycles, 
X 10' 

10 
50 
56 
90 

200 
100 
38 

End Load 
MN/m^ 

0 
0 
0 
0 
0 

47.5 
90 
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Sample 1—270°C, 10 000 Cycles 

This sample showed very few small cracks of up to 20 [im long occurring 
within the weld metal and at the vicinity of stress raisers such as thermocouple 
holes near the quenched surface. 

Sample 2—270°C, 50 000 Cycles 

There was considerable initiation on both polished and machined faces in both 
parent metal and weld metal. The majority of cracks had grown up to 0.5 mm 
long, but a few cracks with a spacing of 2 to 3 mm had propagated to a depth 
of 2 mm. 

Sample 3—150°C, 56 000 Cycles 

There was a small amount of cracking on both faces of this specimen. The 
majority were quite short at about 10 (Jim, but, as in the previous sample, a few 
had grown preferentially to 50 p,m long. The initiation sites were all remote 
from the grain boundaries even in the weld metal. 

Sample 4~106°C, 90 000 Cycles 

Only one crack initiation point was found in the parent metal. It was on the 
machined face and was 70% of the depth of the disturbed surface layer with a 
length of 9 (xm. A few cracks of up to 27 ixm long were present in the weld 
metal of both smooth and machined faces, illustrating the poorer properties of 
that material. 

Sample 5—60°C, 200 000 Cycles 

As expected there were no signs of initiation in either parent or weld metal 
of the sample. 

Sample 6—l50°C, 47.5 MNIm^ End Load 

This sample received 100 000 cycles, but the cracking was very similar to 
the sample without an end load. The most significant area showing greater growth 
was the weld zone which contained some cracks that had penetrated completely 
across the 2.5 mm deep weld zone. 

Sample 7—15ff'C, 90 MNIm^ End Load, 38 000 Cycles 

Again the extent of crack initiation was no greater than in the sample tested 
without end load. The main effect of the end load was greater crack penetration 
during the shorter test to give crack depths of up to 200 jjim. 

The results have been converted by von Mises criterion [7] to equivalent 
uniaxial surface strain range and plotted as S-N data in Fig. 5. Wareing [6] has 
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FIG. 5—-Crack initiation results for parent metal [Type 316 stainless steel) compared to uniaxial 
fatigue data. 

reconstituted his isothermal uniaxial data obtained on 6.35 mm diameter, Type 
316 specimens as fatigue life curves for a specimen diameter of 0.1 mm for 
failure by considering measured crack growth rates using the following relation 

Nf = N, + Np (7) 

^;,(0-l) ln(0.1/a„) 

A'p(6.35) In (6.35/a„) 
(8) 

where 

Nj and A', = number of cycles for initiation and failure, 
/Vp = number of cycles for crack propagation to the relevant depth, 

and 
a„ = initiation crack size, taken as 10 [im. 

The calculated 0.1 mm diameter failure curves are indicated in Fig. 5. The 
thermal fatigue points all indicate longer lives than given by the failure curves 
for 625 and 400°C, although the specimen tested with an end load of 90 MN/ 
m- lay close to the 400°C data line presumably due to the faster growth of the 
few cracks initiated. 

Crack Growth Results 

The crack growth results and the analysis data are given in Table 3. Figure 6 
shows the effects of varying the surface thermal amplitude and adding primary 
stress to a constant thermal amplitude on the resulting crack growth obtained 
from the starter notches. Increasing the surface amplitude (effective ACT-) sig
nificantly increased the crack growth rates in the early stages of the tests, but, 
in all cases, the growth rates had sharply reduced by the time the cracks were 
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4 to 5 mm deep. In contrast, the effect of adding a primary stress (end load) at 
a constant thermal amplitude was seen as an increase in the initial crack growth 
rates, but, in addition, the high growth rates were maintained to much greater 
depths away from the thermally cycled surface. However, it is worth noting that 
even under a high end load equivalent to 0.7 x 0.2% proof stress (PS) the 
growth rate was decreasing as the crack length increased to 10 mm, even though 
the greater crack lengths implied greater overall section stress. The effect of the 
latter was apparent in the extensometer measurements of overall strain. The 47.5 
MN/m^ end load (0.4 x 0.2% PS) gave a nett specimen extension of only 
0.5% in 10' cycles, whereas the 90 MN/m^ end load gave a 3% extension in 
38 000 cycles (400 h). The end of the test gave indications of a rapidly increasing 
creep or ratchetting deformation. 

As noted the analysis provided estimates of the stress intensity factor at the 
crack tip. Figure 7 shows a plot of the crack growth rate against the stress 
intensity factors. The results from the previous thermal fatigue work [7] are also 
indicated. They were obtained from more intense thermal shocks having only 
short range surface plasticity and gave a good K^^,^ versus da/dN relationship 
for crack lengths of 2 to 8 mm. It can be seen that the correlation is poor until 
the crack lengths of the present tests approached 4 mm long but then the cor
relation converges on the previous data. The specimens tested with an end load 
did not conform to this correlation at all, presumably due to the extended plasticity 
across the specimens. 

The specimen given an effective thermal shock range of 60°C did produce 
limited crack growth in a test duration of 200 000 cycles. At the end of the test, 
cracks had propagated 0.5 mm from the 0.5 mm deep starter notch. The a-c 
potential crack growth measurements were not sufficiently sensitive to measure 
such low growth rates on very short cracks, but it did indicate that growth may 
have commenced at about half of the test life. Assuming that is the case, an 
estimate of the probable growth rate is indicated on the stress intensity plot of 
Fig. 7, and it falls in line with the previous data plot. 

Under conditions of high strain in isothermal strain cycling, Wareing et al [7] 
found that crack growth followed the relationship 

da 
= Ba (9) 

and 

where 

dN 

Tt^ i (J Y Ae„ 
B = —I — I X ~ f" (10) 

8 \2Y') 1 + 2p ^ ' 

CT = maximum tensile stress in the cycle, 
Y' = flow stress, and 
P = work hardening exponent. 
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FIG. 6—Crack length versus duration for cracks grown from starter notches. 

lO-

PREVIOUS DATA M l 

0 = 2 TO 6 mm 

CURRENT TESTS Q = l . T 0 5mili 

270"C 

150"C 

' ' ' ' 90 MN/m^ 

150 C 47 5 M N / » ' 

60 C AT ESTIMATE s • 
0 = 1 mm 

-SCATTER BAND 
FOR ISOTHERMAL 
CRACK GROWTH 
AT I.OO°C 

J 
10 150 

STRESS INTENSITY, K 

FIG. 7—Correlation of crack growth rate with stress intensity factor. 
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The crack growth resuhs for the subsurface regions which were indicated to be 
undergoing reversed plasticity in the analysis results are plotted against strain 
range in Fig. 8. The results for the tests without end load show a good correlation 
with total strain range, but there is little data at low strain ranges for comparison. 
The isothermal 625° line shown is for a different batch of material. The data for 
the end load samples also show some correlation with total strain range but with 
the effect that increasing end loads raised the growth rates for given strain ranges 
with all the data lines tending to converge at high strain ranges. 

Discussion and Conclusions 

The validity of any conclusions in a program of thermal fatigue must rest on 
the accuracy with which the temperature and thermal cycles actually occurring 

ISOTHERMAL 
DATA(625°C) 

•Ol-D 
• - l a 

5 lo-* 

r s -

» ZERO END LOAD 
« 150° AT 47 5 MN/m^ END LOAD 
+ 150° iT 90MN/m2 END LOAD 

+ / /• 
150°C 90 MN/m2/ .' / ' 

/ /* 

150°G uihmit,^/ I 
« / 

y 

/ ZERO END LOAD 

10"* 10'3 10'^ 
TOTAL STRAIN RANGE, Lf-y 

FIG. 8—Correlation of normalized crack growth rate with total strain for the subsurface regions 
in fully reversed plasticity. 
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within the specimen can be estimated. The fact that in this air/water system, 
oxidation, etc., will cause emissivity and heat transfer coefficient to change 
during each test, renders any approach using heat transfer coefficient of extremely 
doubtful validity. This led to the concept of direct measurement, and the ther
mocouple system finally used was evolved over a period of initial trials. Those 
demonstrated that even with high response conventional thermocouples the lack 
of certainty of the actual position of the hot junction gave unacceptable possible 
errors in measurement. The use of a 0.1-mm Chromel wire welded to the Type 
316 steel specimen removed that doubt. Type 316 steel wire was used for the 
return leg of couple and tests showed that the emf generated between the Type 
316 wire and the specimen, even when the wire was placed at the cold end of 
the specimen, was insignificant at less than 0.02 mV. The system proved capable 
of good reproducibility of the quench amplitude, this being most important for 
the crack initiation work since variations in thermal amplitude would give exactly 
similar variations in the total strain range at the surface. However these variations 
in strain range for the elastic/plastically cycling surface would confer only small 
variations in stress range, so the effect on the crack growth/stress intensity 
correlations would be very small. 

The analysis carried out refers to the conditions that occurred at the axial 
center plane, that is, that joining the centerlines of the two 10-mm-wide quenched 
faces. The thickness of 10 mm was a compromise dictated on one hand by the 
available heating current limiting the specimen thickness and the opposite desire 
to have a sufficiently thick specimen to afford some biaxiality of stressing con
ditions near its centerline. The relaxation from these conditions was evidenced 
by the fact that the crack initiation seen in the specimens was aligned normal to 
the longitudinal axis. Only 8-mm of the 10-mm-wide face was quenched, and 
this was reflected in the smaller thermal amplitude measured on the wide face 
of the specimen near the edge of the quenched face. This reduction in thermal 
strain range was a surface effect and only of the order of 13%. Although a more 
exhaustive finite element analysis is planned, it is felt that the approximate 
analysis outlined in this paper serves usefully to describe the processes occurring 
during the particular thermal fatigue downshock cycle used in these tests. The 
approach uses similar concepts to those of Skelton [8] for tests on hollow 
cylindrical specimens. 

The thermal fatigue processes in the down shock tests do not result in the 
much more complicated straining cycle noted for disk shaped specimens by 
Mowbray and McConnelec [9] where there was considerable time for stress 
relaxation processes to occur particularly in the tensile portion of the cycle where 
the specimens were at temperatures above the creep range. In the work described 
here the tensile strain component occurred over a short period of time at tem
peratures below the creep range (that is, <500°C). Some creep relaxation could 
occur during the compressive straining, but the dwell times in the creep range 
for the elastic-plastic surface zones were only of the order of 20 s. These dwell 
times are too short for significant effect on the material cyclic hardening response 
of Type 316 material [W]. In addition compressive dwells in Type 316 steel 
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do not give the often severe reductions in fatigue life as given by tensile 
dwells []]]. 

The results have shown a reasonably good correlation with the available iso
thermal fatigue data with a tendency for both initiation and growth under the 
thermal fatigue process to be equivalent to the isothermal data relevant to a lower 
temperature than the bulk temperature of the tests. The pertinent question is 
whether this correlation is a valid feature of the thermal fatigue process itself or 
can be explained by the assumptions and simplifications used for the stress and 
strain analysis. In the course of the work analyses were carried out to compare 
the effects of using either full cyclic yield or monotonic yield criteria. Although 
the use of cyclic yield raised the resultant stress profiles and hence stress intensity 
factor profiles across the specimens, it did not affect the estimations of total 
strain range at the surface. However, the crack initiation correlation could have 
been influenced by the stress relaxation given at the surface by the presence of 
the crack growing from the starter notches. The extent of this relaxation in the 
thermal fatigue case will be covered in the finite element work just mentioned. 
However, care was taken to draw conclusions for crack initiation behavior from 
observations several millimetre away from the starter notches. 

Because of the geometry of the test and the moderate rates of quench, a surface 
thermal cycle of 220°C was needed to give a surface strain range equivalent to 
an instantaneous AT of 150°C. If we consider the progression of strain from the 
start of a quench during cycling, a large proportion will be taken up as elastic 
strain in progressing from compressive yield to tensile yield so that the damaging 
plastic tensile strain occurs at the lower temperatures, that is, below 500°C in 
this test. The important question here is which component of reversed strain is 
the more significant in the initiation process, compressive, or tensile. The results 
of these tests suggest that the tensile one is the most important. Work is underway 
on tests using mechanical straining with temperatures ramped in phase and out 
of phase with the mechanical loads, and the results are confirming that in such 
tests the fatigue life obtained is equivalent to the isothermal fatigue life at 
the temperature at which the tensile strain occurred in the thermomechanical 
tests [10]. 

The tests without an end load gave crack growth rates in material below the 
plastically cycling surface layers that cortelated with the relevant stress intensity 
factors and which were in agreement with the correlation seen in previous work. 
That relationship lay within the scatterband for daldN versus K for isothermal 
crack growth at 400°C [72]. This again suggests that the isothermal data for the 
lower temperatures is the most relevant to the thermal shock situation (since the 
maximum crack tip opening occurs at the bottom of the cycle). The results for 
the tests with end load lay within or close to the scatterband. Similarly, the crack 
growth rate occurring in the cyclically plastic surface zones gave a correlation 
against total strain range, although the relationship varied with increasing end 
load. It is felt likely that the use of an elastic-plastic fracture mechanics parameter 
such as crack-tip opening displacement may be more successful and is being 
explored. 
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FIG. 9—Stress profiles for a ISifC A effective quench showing the effect trf axial loads of 0, 
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The stress analysis was used to provide balanced stress profiles about the value 
of end load applied, and Fig. 9 shows the pairs of on and off profiles for 0, 
47.5, and 90 MN/m^ corresponding to the peak quench and reheated steady 
state. The effect of the end loads was to increase the R ratios for the cyclic stress 
range occurring within the specimen, and the increase in R ratio may account 
for the higher observed growth rates. Finally, to summarize, it is concluded the 
thermal fatigue properties of Type 316 stainless steel can be correlated to iso
thermal strain cycling data as used in the design codes but that using data relevant 
to the mean temperature of the surface thermal cycles may still be conservative. 
Crack initiation was not markedly affected by the 1.6-(jLm CLA machined surface 
finish as against a smooth surface and initiation was not increased by the presence 
of primary end loads up to 90 MN/m^. A fracture mechanics approach will yield 
a reasonable estimate of the crack growth rates to be expected in a thermal 
cycling situation with the rates correlating to strain range in the plastic surface 
zones and to stress intensity factor within the body of the component. However, 
the correlations of crack growth rate with strain range for the plastic surface 
zones showed an increasing divergence towards higher growth rates as increasing 
primary loads were applied. 
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Summary 

This book contains 39 contributions related to the problem of three-dimen
sional cyclic straining of engineering materials. They show that simple uniaxial 
laboratory test data either are inapplicable to given practical situations or are, 
at least, difficult to utilize. Since many practical fatigue problems are concerned 
with various loading combinations, such as the bending and twisting of shafts 
or the biaxial tension of plates and shells, or expressed another way, fatigue 
cracks growing by a mixture of fracture modes, it is required that failure induced 
by multiaxial cyclic stresses should be better appreciated by all engineering 
disciplines. It follows that existing design codes of practice should be modified 
in the light of our new understanding of complex loading systems. 

In the following pages it will be seen that traditional and new methods of 
analysis have been invoked, but it is clear that irrespective of the discipline 
adopted it is necessary to link the classical deformation approach to fatigue 
failure, using Basquin/Coffin-Manson type rules, with fracture mechanics anal
yses that are concerned with crack shapes, sites, and speeds. Considerable ad
vances in our understanding of fatigue failure will only occur when a thorough 
knowledge of the imposed three-dimensional stress-strain state is associated with 
given crack orientations and modes of growth. It follows that specimens for use 
in multiaxial fatigue studies should be carefully designed in order that the com
plete stress-strain state can be derived. In some cases excellent experimental 
work has been devalued because insufficient information has been provided 
concerning either crack formation and propagation or the strain state which 
produces the fatal crack. 

The papers that follow have been divided into eight distinct sections, the 
contents of which are now summarized. 
1. Multiaxial Fatigue Testing 

The first paper highlights both the advances and the limitations of multiaxial 
testing techniques. Currently testing machines cover only a limited range of 
biaxial stress conditions using relatively simple test systems. Indeed all the 
experimental data provided in this volume have been generated on such facilities. 
The complex machine described in this introductory paper can achieve any strain 
state and hence check all multiaxial fatigue theories, although it will be difficult 
to adapt the machine to high temperature or environmental studies. 

The next contribution contrasts with the preceding sophisticated machine by 
describing an effective yet a simple and cheap machine capable of generating 
quickly valuable data, and although over only a narrow range it is one of im
portance to engineering designers. It is apparent from the contents of this book 
that both types of machine are required and that they complement one another. 
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The paper by Lawrence, who has previously designed a number of systems, 
describes a multiaxial test facility suitable for polymers, and incorporates a 
number of novel features in the design. It also highlights the problems peculiar 
to studies of nonmetals susceptible to strain rate effects. There are however other 
facilities for testing polymer based composites, and readers are directed to section 
5 of this volume. 
2. Deformation Behavior and the Stress Analysis of Cracks 

Section two illustrates the complexities of analyzing multiaxial situations. The 
first paper by Harvey et al reviews the use of plastic deformation theories for 
cyclic loading and emphasizes the need for kinematic hardening representation. 
Although cyclically induced anisotropy is discussed, more extensive testing is 
required to reveal its importance. 

McDowell and Socie employ a more complicated loading path with the in
tention of achieving a simpler representative formula for cyclic hardening be
havior. They clearly show that, just as monotonic stress-strain curves are in
appropriate in fatigue, uniaxial cyclic stress-strain behavior is insufficient to 
describe the response of material to multiaxial loading. 

The final paper examines a fracture mechanics approach and shows the need 
to include elastic-plastic deformation effects at crack tips for both Modes I and 
II extension. Small scale yielding calculations elsewhere in this volume show 
qualitatively similar results to the finite element analysis employed by Kfouri 
and Miller, revealing a greater extent of crack-tip plasticity for shear and Mode 
II conditons. Neither approach is able as yet to demonstrate quantitative agree
ment with experimental results; nevertheless, this is a promising line of research. 
3. Propagation of Long Fatigue Cracks 

The next papers are divided into two sections concerned with long cracks 
and short cracks, respectively. Traditionally long crack have been studied by 
standard linear elastic fracture mechanics (LEFM) type tests, but recent work 
has shown that short cracks, not covered by LEFM analyses, develop rapidly 
during the initiation phase of life, thus permitting the endurance of materials to 
be solely related to crack growth behavior. 

The first three papers in section three predominantly concentrate on Mode I 
cracks, but Smith and Pascoe show that in steels cracks can either initiate and 
grow in shear (Stage I-Mode II) or change to grow in the opening mode (Stage 
II-Mode 1) under different stress states. The remaining papers in this section 
examine mixed mode growth, that is. Mode I cracks together with Modes II and 
III components. The paper by Brown and Miller shows the importance of crack-
tip plasticity in controlling crack speed and that crack growth rates are always 
faster than LEFM predictions suggest. Their rudimentary approach to predicting 
propagation rates requires further verification. Rhodes and Radon show that even 
in standard ASTM specimen geometries the crack growth rate is affected by 
biaxial stress effects. The work of Kitagawa et al confirms that LEFM is only 
applicable below one third of yield stress and that at higher stress levels there 
is a need to account for biaxial effects. They also confirm the observation in the 
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following paper by Gao Hua et al that long cracks under mixed mode loading 
branch to follow the direction where AKn is zero. In contrast Gao Hua also 
observed stable mixed mode growth at stress levels close to threshold in four 
materials and Smith and Pascoe show that stable Mode II growth is possible for 
long cracks and high strain amplitudes. This shows that at least one area of 
conflict yet to be resolved is why shear mode cracks should change to Mode I. 

Mode III crack growth studies were attempted by Ritchie et al, Hourlier et 
al, and Pook. All researchers found it difficult to maintain Mode III growth for 
long cracks except at the highest stress levels where presumably large crack-tip 
plastic zones permitted Mode III extension. The characteristic factory roof frac
ture surface morphology, frequently observed in torsional loading situations, 
indicates a preference for Mode I cracking. However, the choice of crack path 
appears to be mean stress and material dependent, and Hourlier et al suggest 
that cracks will always seek the mode that can generate the greatest propagation 
rate. Ritchie et al offer an ingenious although contentious model, but observe, 
in common with many papers in this section, that plastic strain intensity correlates 
crack growth rates. 
4. Formation and Growth of Short Cracks 

Section four contains five papers which examine short crack behavior. The 
paper by Hurd and Irving shows the correspondence between initiation and the 
growth of small cracks generated by the torsion loading of smooth specimens. 
This work is extended in the succeeding paper which reports on other loading 
states. Jacquelin et al conclude that mean stress and strain state affect the ori
entation, shape and growth rate of cracks but that microstructure plays an im
portant role in the crack initiation process. These useful studies need to be 
extended to more general multiaxial stress-strain states. 

Leis et al examine the local multiaxial stress field adjacent to notches in 
specimens subjected to uniaxial loads and show that the growth rate of short 
cracks may be rationalized by three dimensional considerations. This approach 
should be contrasted with the work of Tipton and Nelson reported later. 

Another distinctive way of initiating short cracks is by surface frictional stresses 
generated in fretting experiments. Lindley and Nix show that small cracks can 
be readily produced early in life. However, in such situations these cracks can 
be arrested at the threshold value in a similar manner to those observed in the 
Mode II crack growth tests of Gao Hua et al and also under thermal shock 
conditions as discussed in the final paper of this volume. 

An elegant procedure is introduced by Verpoest et al for testing wires under 
tension and shear which permits a study of the effects of material anisotropy on 
fracture. Most importantly cracking directions are identified, although not pre
cisely classified, and the propensity towards longitudinal cracks due to grain 
shape and other directional properties induced in drawn wires is observed. 
5. Damage Accumulation in Composite Materials 

The first paper on composite materials presents a review of multiaxial effects 
in fiber reinforced materials and is followed by two more specific studies. It is 
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obvious that a multiplicity of failure mechanisms can be identified, and these 
dominate the form of the biaxial fracture criteria. Jones et al show that the highly 
directional nature of woven fiber laminates is sufficient to minimize the effect 
of stress concentration factors at round notches in biaxially stressed plates. This 
may be contrasted with the behavior of chopped strand mats studied by Radon 
and Wachnicki, which is more amenable to adaption of continuum mechanics 
methods. 

Safe life criteria have been derived in some of the cases studied. The form 
of these failure criteria is invariably based on static tests, but much further detailed 
work is needed to understand specific cyclic failure mechanisms which could 
lead to fatigue-based criteria being applicable to lower stress levels and longer 
endurances. 

Specific problems arise in the testing of composite materials, and examples 
may be seen in the work presented in this section. Various gripping systems may 
be employed for specimens, with suitable reinforcement to assure a satisfactory 
transference of stress. However it appears that test procedures still require to be 
developed in order to generate controlled biaxial stress fields without adversely 
affecting the mode of failure when examining certain material orientations. 
6. Life Prediction Techniques for Plain and Notched Components 

Section six brings together six papers concerned with deriving, evaluating or 
implementing design criteria for the complex stress situations faced by designers. 
The paper by McDairmid is one of the few papers in this volume concerned 
with designing against high-cycle fatigue, and it shows the influence of material 
properties on the fatigue limit behavior, emphasizing the need to conduct tests 
under at least two different biaxial stress states in order to characterize satisfac
torily the behavior of any given isotropic material. 

The paper by Williams et al presents a modem industrial designer's view of 
the classical approach to the complex problems of cumulative damage in notched 
shafts. It is apparent that traditional methods are conservative for crack initiation 
in torsional loading situations, but the methods have not yet been extended to 
other stress states which may be more dangerous (for example, see Marloff et 
al on the use of triaxiality factors). 

A thorough study of mean stress effects is presented by Socie et al, who show 
that these should be incorporated in any failure criterion because uniaxial behavior 
is not representative of all biaxial stress states. Their paper shows a useful 
extension of mean stress conditions to the low-cycle fatigue regime, which should 
be contrasted with established uniaxial loading procedures for evaluating mean 
stress contributions. 

The remaining three papers introduce an extensive series of experiments cur
rently in progress on behalf of the Society of Automotive Engineers, using one 
type of material, heat treatment, and specimen shape. Leese and Morrow in
vestigated the basic cyclic material properties in tension and torsion, showing 
that the cyclic stress-strain behavior and the slopes of Coffin-Manson and Basquin 
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plots are independent of the stress state. However these parameters do not take 
into account the effect of the high degree of material anisotropy which controls 
both crack growth direction and fatigue endurance, as witnessed by the work of 
Fash et al in the following paper, and also Verpoest et al discussed previously. 

Fash et al extend the previous work to correlate the behavior of plain and 
notched specimens under combined axial and torsional stress. They demonstrate 
not only the difficulty of using a number of failure criteria in the presence of 
fillet radii but also the need to extend multiaxial fatigue studies to notched 
components. This section is concluded with an extensive review of notched 
specimen behavior by Tipton and Nelson which is used as a basis for evaluation 
of the Society of Automotive Engineers generated data. They show that the strain 
ellipse and the plastic work approaches provide the best life estimates. These 
two methods are further compared in the next section. 
7. Nonproportional Loading Effects 

The penultimate section is reserved for studies of nonproportional loading and 
starts with a brief review by Lee on out-of-phase torsion and bending. He presents 
some critical tests to demonstrate the inappropriateness of Tresca and von Mises 
criteria and develops a simple rule for predicting long-life fatigue strength. Jordan 
et al look at complex wave forms to assess critically different design procedures 
and the dependence of damage accumulation on loading path. They too find that 
a shear strain based criterion and the hysteresis energy approach are both able 
to include path dependency although no approach is as yet entirely satisfactory. 
Conversely, Sonsino and Grubisic extending the classical deformation approach 
to fracture produce some convincing predictions for both cyclic softening and 
hardening materials. However, in common with several other papers in this 
volume, they have difficulty in accommodating torsional fatigue data. 

A second paper by McDiarmid, determines the cyclic variation of critical 
biaxial stress parameters induced in a specimen that is loaded by two modes, 
each at different frequencies, thereby creating a variable phase pattern. The 
longest fatigue life reduction occurs when the difference in frequencies is small. 
He shows that simple design rules can be derived even for these apparently 
complex problems. This is the only study in this section which does not involve 
rotating principal stress axes, and therefore the fundamental question arises as 
to whether conclusions drawn concerning the damaging nature of nonproportional 
loading in the other four papers can be applied to out-of-phase stressing with 
fixed principal axes. The group of papers presented here imply that the fixed 
axis situation produces less severe fatigue life reductions. 

Ohnami et al describe a detailed study involving different strain wave forms 
and compare concurrent with sequential loading modes to produce out-of-phase 
effects. The occurrence of transgranular fracture at 823 K and intergranular 
fracture at 923 K complicate the fracture analysis. No single method can predict 
the behavior of the material under both conditions although in each case greater 
cyclic work hardening was observed for nonproportional loading. 
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8. Elevated Temperature Studies 
The final group of papers continues the theme introduced by Ohnami et al, 

and is introduced by the work of Marloff et al on cracking at notches caused by 
stresses in the first quadrant. This is an important area, also addressed by McDiarmid 
in section six because in this quadrant fatigue life is reduced due to the stress 
triaxiality factors which forms the basis of Marloff's approach. This is an in
teresting concept taken from ductile fracture studies, but it also requires further 
work to evaluate a wider range of biaxial stress states under cyclic conditions. 

The following two papers study the mechanical and metallurgical factors, 
respectively, governing elevated temperature behavior. It is shown that the two 
parameters governing failure can be combined into a single equivalent shear 
strain to give a Manson-Coffin type law. However in these tests fatigue micro-
mechanisms predominated, and it is recommended that more tests be done that 
include longer hold times to derive fatigue-creep design rules. 

Failure by cyclic creep processes is addressed by Hayhurst et al. They show 
that in some materials damage is highly directional whether it is caused by creep 
or fatigue; in other materials this may not be so. Longer lives are observed under 
nonproportional loading in the former category. This indicates that current creep 
fatigue rules need to be reassessed. 

The final paper addresses the practical problem of fatigue crack initiation and 
crack growth due to rapid thermal transients which induce a varying biaxial stress 
field together with steep temperature gradients. Crack initiation is treated in the 
traditional manner while crack propagation results indicate that cracks can grow 
faster than LEFM would predict. The interaction of thermal with mechanical 
stresses accentuates the biaxial nature of the system and requires a more detailed 
treatment in this increasingly important class of problems. 

Conclusion 
From the above brief comments on individual contributions it is concluded 

that a wide range of topics has been drawn together under the common heading 
of multiaxial fatigue. It has been demonstrated that the two traditionally distinct 
disciplines of fatigue, that is the one followed by Committee E-9 in crack 
initiation and the other of Committee E-24 in crack propagation, in fact examine 
complementary facets of the single phenomenon of fatigue failure. While studies 
of deformation behavior play a vital role in our understanding of fatigue, it is 
clear that the examination of failure modes has given deep insights into the 
mechanics of fracture, and it is important that our appreciation of the role of 
different modes of fracture should now be exploited and incorporated in life 
prediction methodologies. 

This volume has concentrated primarily on low-cycle fatigue in combined 
tension-torsion tests. Undoubtedly this is of great value, but it is clear that long 
life predictions must be considered by incorporating the effects of thresholds 
and fatigue limits. Furthermore the need to account for behavior in the neglected 
first quadrant of stress space, for example, the equibiaxial test, is vitally im-
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portant. Future work in these fields will inevitably impinge on design procedures, 
but some of the more complex stress situations, including out-of-phase effects, 
notches, stress gradients, mean stress, hold periods, etc. will provide other 
desirable and widely divergent testing modes which, if judiciously selected, can 
test the veracity of any life prediction technique. 

K. J. Miller 
M. W. Brown 
Department of Mechanical Engineering, Uni

versity of Sheffield, Sheffield, U.K.; sym
posium chairmen and editors. 
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