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Foreword 

The symposium on Methods for Assessing the Structural Reliability of Brit
tle Materials was held on 13 Dec. 1982 in San Francisco. Calif. The event was 
sponsored by ASTM Committee E-24 on Fracture Testing. Stephen W. 
Freiman. National Bureau of Standards, and C. Michael Hudson, NASA 
Langley Research Center, presided as chairmen of the symposium and also 
ser\'ed as editors of this publication. 
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STP844-EB/Oct. 1984 

Introduction 

How can we ensure that ceramic components designed for gas turbine en
gines, human prostheses, optical communication lines, and many other varied 
applications will survive the in-service stresses imposed on them? This sympo
sium on Methods for Assessing the Structural Reliability of Brittle Materials 
was organized under the auspices of two subcommittees of ASTM Committee 
E-24 on Fracture Testing—Subcommittee E24.06 on Fracture Mechanics Ap
plications and Subcommittee E24.07 on Fracture Toughness of Brittle Non-
metallic Materials—for the purpose of providing a forum for discussion of cur
rent and proposed procedures for using fracture mechanics data in the design 
of structures made from essentially brittle materials. 

One of the major concerns in the development of new ceramic components is 
a lack of knowledge regarding the nature of the flaws that can ultimately lead 
to failure. Many of the papers in this volume address this question, as well as 
the question of the extent to which data obtained on large cracks in fracture 
mechanics specimens can be used to predict the behavior of "real" flaws. The 
use of crack growth rate data in lifetime prediction and proof-test schemes is 
also emphasized. 

The field of structural reliability prediction is a fast-moving one. Even as 
this book goes to print, the methods of data acquisition and analysis are being 
further refined. Nevertheless, the editors feel that this volume provides a very 
useful compilation of papers describing the current state of the science in this 
field. 

Stephen W. Freiman 
National Bureau of Standards, Washington, 

D.C. 20234; symposium chairman and 
editor. 

C. Michael Hudson 
NASA Langley Research Center, Hampton, 

Va. 23665; symposium chairman and editor. 
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David B. Marshall^ 

Failure from Contact-Induced 
Surface Flaws 

REFERENCE: Marshall, D. B., "FaUure from Contact-Induced Surface Flaws," Meth
ods for Assessing the Structural Reliability of Brittle Materials, ASTM STP 844, S. W. 
Freiman and C. M. Hudson, Eds., American Society for Testing and Materials, Philadel
phia, 1984, pp. 3-21. 

ABSTRACT: The scattering of acoustic waves by surface cracks is used in ceramics as 
both a method of nondestructive evaluation and a means of investigating the mechanics 
of failure from surface damage. Initially, experiments combining acoustic scattering, in 
situ optical observations, and fracture surface observations of controlled indentation 
flaws provide essential insight into the scattering process and the mechanics of failure. 
With more complex flaw configurations, such as machining damage, acoustic scattering 
measurements provide a unique method for examining the micromechanics of failure and 
thereby establishing a basis for strength prediction. The results indicate important differ
ences between indentation flaws and ideal stress-free flaws, both in their response to ap
plied loading and in their acoustic scattering characteristics. The differences are due to 
the influence of residual stresses associated with indentation flaws. Machining-induced 
cracks behave similarly to indentation cracks. A basis for failure prediction from acoustic 
scattering measurements can be established for indentation cracks and machining cracks 
but not for ideal stress-free flaws. 

KEY WORDS: failure, strength, machining, scratching, indentation, residual stress, 
nondestructive testing, acoustic scattering, fractography, structural reliability, brittle 
materials 

Valuable insight into the mechanism of failure from surface flaws in brittle 
materials has been provided by studies of idealized model flaw systems pro
duced by indentation (for example, Vickers or Knoop). These studies have 
demonstrated that residual stresses are generated by any mechanical contact 
damage involving irreversible deformation. The residual stresses dominate the 
cracking associated with the contact during both crack formation and subse
quent loading of the cracks to failure. Consequently, the strength of a dam-

'Research engineer. Structural Ceramics Group, Rockwell International Science Center, 
Thousand Oaks, Calif. 91360. 
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4 STRUCTURAL RELIABILITY OF BRITTLE MATERIALS 

aged surface is not related exclusively to the size of the largest crack produced 
by the damage, as in the conventional view of failure; rather the strength is dic
tated by the residual stresses, which are determined by the contact parameters 
(load, geometry) and the elastic/plastic response of the material during the 
contact event. Detailed fracture mechanics analyses for indentation cracking 
have been developed and verified experimentally by direct observations of flaw 
response [1-5]. 

Application of the residual stress concepts derived for isolated indentation 
flaws to more complex configurations such as machining damage has been 
demonstrated by observing the scattering of surface acoustic waves from the 
cracks associated with the damage. In addition to providing a method for iden
tifying the existence of residual stresses and their dominant role in the failure 
process, the acoustic scattering experiments establish the basis for a method of 
nondestructive strength prediction. 

The main purposes of this paper are to review the current understanding of 
the mechanisms of failure from contact-induced surface flaws, with particular 
emphasis on the damage generated by multipoint surface grinding, and to as
sess the feasibility of nondestructive evaluation using the scattering of acoustic 
waves. In addition, some new measurements of surface residual stresses 
associated with machining damage will be presented. 

Isolated Cracks 

Mechanics of Failure 

The importance of residual stresses in the contact-induced cracking of brit
tle surfaces is readily demonstrated by observing crack evolution during the 
controlled loading and unloading of well-defined indenters on optically trans
parent materials. For sharp indenters such as the Vickers or Knoop, the final 
crack configurations (Fig. 1) are achieved as the indenter is removed from the 
surface [1,3], thus establishing that the driving force for crack formation is 
provided by a residual stress field. Moreover, since the residual field persists 
after the contact event, it must supplement any applied loading in driving the 
cracks to failure. The existence of a postindentation crack-opening force has 
also been demonstrated by observations of subcritical extension of indentation 
cracks after indenter removal in materials that are susceptible to environmen
tally assisted slow crack growth [5,6]. 

Determination of the stress intensity factor, K^, due to the residual field is 
central to any fracture mechanics analysis involving indentation cracks. The 
residual field results from the elastic/plastic nature of the deformation be
neath the indenter and may be evaluated in terms of an outward-acting pres
sure at the boundary of the plastic zone [1,3], For approximately axisymmetric 
indenters, such as the Vickers pyramid, the plastic zone occupies an almost 
hemispherical volume centered beneath the indentation (Fig. 1, bottom). If 
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MARSHALL ON FAILURE FROM CONTACT-INDUCED SURFACE FLAWS 5 

, J ^ 
210 Mm 

Lateral / 
Crock , 

Radial . 
Crack / 

FIG. 1—(Top) Wickers indentation in zinc sulfide (ZnS). (Bottom) Schematic cross section of 
the indentation, showing the deformation zone and fractures. 
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STRUCTURAL RELIABILITY OF BRITTLE MATERIALS 

the crack dimension (c) is sufficiently large compared with the plastic zone 
radius (b) the pressure may be treated as a point force located at the crack cen
ter. Under this condition, a straightforward solution for the stress intensity 
factor for the radial crack has been derived [1,3] 

Kr = ^3/2 (1) 

where P is the indeiiter load and Xr ~ %{E/Hy^, with E and H the elastic 
modulus and hardness of the material and § a dimensionless constant depen
dent only on indenter geometry. The crack dimension, CQ, after indentation is 
obtained by equating K^ to the material toughness, Kc, in Eq 1 

co = 
XrL 
K, 

2/3 
(2) 

The validity of Eq 2 has been tested with Vickers indentation in a wide range of 
ceramic materials [S\? 

The mechanics of failure from radial cracks under the combined influences 
of the residual stress and a normal applied tension, CT^, has been analyzed in 
detail [2,4,7]. The crack response is described by an applied-stress/equilib
rium-crack-size function 

K^ 
_ (irUc) 1/2 1 - (3) 

(where Q is a crack geometry parameter), which is obtained by superimposing 
the stress intensity factors due to the residual and applied fields {K^ from Eq 1 
and/Ta = CT„(irnc)'''2) and setting/iir -'r Ka = Kc for equilibrium crack exten
sion. The failure condition is defined by the maximum in the (7„(c) function 

Cm = 

"m — 

( ^Xr" \ ^2/3 

27 Ki ' 
_ 256 xMQ?'^ _ 

3K, 

1/3 
/ J - 1 / 3 

4(7rfic„)i^2 

(4) 

(5a) 

(5b) 

This analysis requires that the crack dimensions be large compared with the scale of any mi-
crostructure. For example, in large-grained polycrystalline ceramics the fracture resistance be
comes dependent on crack length and orientation, resulting in severe disruption of the ideal 
crack pattern of Fig. 1 [5]. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 18:11:39 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



MARSHALL ON FAILURE FROM CONTACT-INDUCCD SURFACE FLAWS 7 

and failure is preceded by stable equilibrium crack growth from CQ to c^. This 
behavior contrasts with the response of ideal, stress-free cracks, where crack 
instability is achieved at a critical applied stress level without precursor exten
sion (xr = 0, c = Co in Eq 3). 

The indentation fracture analysis has also been extended to the linear defor
mation fracture configuration [8,9]. The analysis predicts a similar crack re
sponse under applied load, although the region of stable precursor crack 
growth is more extensive (C^/CQ = 4) than for axisymmetric penetration 
(c^/co = 2.5). The linear-damage analysis applies strictly to cracks generated 
by the penetration of a wedge indenter. However, the observations by Rice and 
Mecholsky [10], of semielliptical (rather than linear) cracks beneath scratches 
and machining grooves (see also the section on Machining Damage) suggest 
that loading during machining may resemble more closely axisymmetric in
dentation. Such geometrical deviations from linear geometry would be ex
pected to reduce the ratio C^/CQ. 

Observations of Crack Response 

Optical Observations—In situ measurements of surface traces of indenta
tion cracks during failure testing (Fig. 2a) have confirmed the existence of sta
ble precursor crack extension according to Eq 3 in a wide variety of ceramic ma
terials (glass [2], silicon [//], glass ceramics [12], and silicon nitride [4,13]). 
Extensive measurements have been obtained in silicon nitride at various con
tact loads and indenter geometries [4,13]. The data were presented on a univer
sal plot (Fig. 2b) by expressing Eq 3 in terms of normalized variables 5 = ffa/a„, 
and C = c/c„,, so that the parameters describing indenter geometry and con
tact load do not appear explicitly 

-(l)^""X-(i)0 
The crack growth curves for two very different indenter geometries (Vickers 
and Knoop) are coincident, and both are close to the predicted curve,-' thus il
lustrating that Eq 3 applies to a wide range of contact configurations. 

Acoustic Scattering Observations—The occurrence of stable crack exten
sion prior to failure from contact-induced flaws provides a convenient indica
tion of the existence of residual crack-opening stresses. For indentation cracks, 
optical observation of radial surface traces, during load application, has con
firmed the expected crack response. However, optical observation of cracks in 
more general damage configurations such as machining is not always possible. 

^The increase of crack length with applied stress becomes rapid as a approaches (j„. Confir
mation that all of the data in Fig. 2b represent stable equilibrium cracks was obtained by di
rectly observing the cracks while the applied stress was held constant at each measurement 
point. 
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8 STRUCTURAL RELIABILITY OF BRITTLE MATERIALS 

- t • 

• \ * - . . . 

<!"*••• ' i . 

I . . . •« • 1 • • • • ' • 

to 
.a 

I 

'^•O'f^. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 18:11:39 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.
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FIG. 2b—Surface trace measurements of stable crack extension during breaking test: Si^N^ 
bars were indented with Vickers or Knoop indenters and broken in bending (after Ref 4). 

In these cases techniques of crack detection based on the scattering of acoustic 
waves [14] provide a means of monitoring crack response and thereby deter
mining the influence of residual stresses. 

An acoustic scattering technique designed specifically for the detection of sur
face cracks [15] is illustrated in Fig. 3; transducer 1 excites surface (Rayleigh) 
waves incident nearly normal to the crack surface, and transducer 2 detects 
the backscattered waves. The relative amplitude of the backscattered signal 
is related, by means of scattering analysis, to the crack dimensions, whereas 
the time delay between the generation and the receiving of the signal defines 
the crack position. 

The acoustic scattering from surface cracks is related uniquely to the crack 
area, provided the crack surfaces are separated. However, the scattering is 
sensitive to the existence of crack closure effects. This sensitivity is demon
strated by comparing the acoustic scattering from an indentation crack and 
an initially stress-free crack'' of similar dimensions (Fig. 4a). Optical observa
tions confirmed that the stress-free crack did not extend prior to failure. 
However, the reflected acoustic signal (expressed in Fig. 4a in terms of a 
calculated crack radius, assuming an open, surface half-penny crack [16]) 
shows a reversible increase with applied load. This increase was interpreted in 

"•The stress-free crack was obtained by removing the plastic zone (and therefore the residual 
stress) of an indentation crack by mechanical polishing. Similar acoustic scattering results have 
also been obtained from cracks which had the residual stress eliminated by annealing 1/5). 
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10 STRUCTURAL RELIABILITY OF BRITTLE MATERIALS 

FIG. 3—The acoustic scattering and mechanical loading configurations used for monitoring 
crack growth during failure testing: Ag = amplitude of wave excited by transducer 1; A, = am
plitude of scattered wave received by transducer 2: F = applied bending force (after Ref \1). 

terms of a reversible opening and closing of the crack surfaces under the ap
plied loading [75]. At zero applied stress, complete crack closure is prevented 
by contacts at asperities over the crack surface. The areas between the con
tacts scatter as small open cracks of area^l, but, since the scattered amplitude 
from each open area is approximately proportional to Af^ the total scattered 
amplitude is considerably smaller than that of a fully open crack. Applied ten
sion relieves the contacts continuously until, at the failure point, the crack 
faces are fully separated and the true crack radius is measured (compare the 
optical crack length measurement. Fig. Aa). 

Acoustic scattering from indentation cracks (which are subject to residual 
crack opening) does not show the reversible opening and closing effects (Fig. 
4Z>). However, an irreversible increase in acoustic signal with applied tension, 
corresponding to genuine stable crack extension, is detected. Despite some 
complication in modeling the crack geometry for acoustic scattering analysis,̂  
a true measure of the crack dimension is obtained at all stages during the fail
ure test. Comparison of acoustic measurements, optical measurements, and 
fracture mechanics predictions (Eq 3) are shown in Fig. 4c. The irreversibility 
of the acoustic scattering response with applied loading provides a definitive 
indication of the presence of residual crack opening stresses. 

The responses of two linear isolated damage configurations (row of indenta
tions, scratch) have also been investigated [17\. An irreversible increase in 
scattered intensity was observed in both cases, thus indicating the existence of 
stable precursor crack extension due to residual stresses. 

*The crack does not penetrate the plastic zone; therefore, the crack exhibits the geometry of a 
semiannulus with inner radius dictated by the plastic zone radius. Calculations based on a sub
surface elliptical crack have provided a good approximation [tS\. 
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FIG. 4a—Variation of acoustic scattering, from indentation cracks in polished surfaces of 
Si^jN^, during tensile loading: stress-free crack. Note the reversible increase in acoustic scatter
ing /expressed as crack length calculated for an open half-penny surface crack) with applied ten
sion. 

Fracture Surface Observations—In some materials the regions of stable 
and unstable crack extension can be distinguished in optical observations of 
the fracture surface. The distinction arises from changes in fracture morphol
ogy [17\ (for example, transgranular to intergranular) or from small perturba
tions in the plane of propagation [1]. The fracture surface of a Knoop indenta
tion crack in Si3N4 is shown in Fig. 5. The reflectivity (brightness) is high in 
the regions of crack formation and postfailure extension but low in the inter
mediate region of stable crack growth during loading. 

The fracture surface for a row of Knoop indentation cracks in Si3N4 is 
shown in Fig. 6. Under the influence of the applied tension, some of the 
cracks coalesced and extended stably to an elongated semielliptical surface 
crack configuration at failure. Similar crack configurations were observed on 
fracture surfaces resulting from scratch-induced failures [17\. The identifica
tion of stable precursor crack grovrth is consistent with the acoustic scattering 
results. 
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FIG. 4A—Knoop indentation crack (50-N load). Note the irreversible increase in acoustic 
scattering. 
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FIG. 4c—Knoop indentation crack (50-N load): comparison of acoustic measurements, in-
situ optical measurements, and fracture mechanics prediction of the variation of crack length 
with applied tension (after Ref \1). 
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2C m 
h—2Co -Hj 

FIG. 5—Fracture surfaces in SijN^ (width of field 830 fim): (Top) Knoop indentation (50-N 
load) in a polished surface (specimen from Fig. 4h). (Bottom) Knoop indentation (50-N load) in 
a machined surface (after Ref \1). 

Machining Damage 

Observations of Crack Response 

With the acoustic scattering setup of Fig. 3, separate reflected signals were 
obtained from the cracks associated with the major grooves on machined sur
faces of Si3N4 [17\. The variation of acoustic scattering from the strength-
controlling crack during a failure test is shown in Fig. 7. The irreversible in
crease in scattered intensity indicates that a residual crack-opening stress 
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14 STRUCTURAL RELIABILITY OF BRITTLE MATERIALS 

Surface 
damage layer 

Initial 
machining 

cracks -
' Crack front at instability 

FIG. 6—(Top) Fracture surface resulting from a row of indentations (50-N load) on a polished 
surface of SijN4. The width of the field is 2.8 mm. (Bottom) Schematic representation of crack 
configurations generated by linear damage processes (row of indentations, scratching, or ma
chining) and the crack front at failure (after Ref M). 

caused stable crack growth during loading. This conclusion was supported by 
fracture surface observations, which showed crack configurations very similar 
to those in Fig. 6 (due to a row of indentations) with a clearly identifiable row 
of cracks beneath the grinding groove and a region of stable crack growth. 
Thus, the response of the strength-controlling cracks in a machined surface 
appears to follow closely the response of cracks in isolated linear damage con
figurations. However, the strength of a machined surface is also influenced by 
the overlap of residual stress fields due to neighboring machining grooves. 

Influence of Multiple Grinding Grooves 

An isolated grinding groove (or indentation) is surrounded by a plastic 
zone, which accommodates the volume of the groove (Fig. 1, bottom). The 
residual stress, which can be evaluated in terms of an outward-acting pressure 
at the boundary of the plastic zone [2], creates compression adjacent to, and 
within, the zone and tension on median planes beneath the zone. The cumula
tive effect of many neighboring damage sites of similar depths, and with a 
high degree of overlap in their residual fields, would be the development of a 
uniform thin layer of residual compression (to the depth of the plastic zones) 
and an underlying residual tension of relatively low magnitude. However, the 
strength-controlling damage in a machined surface is expected to extend to a 
greater depth than the average damage in neighboring regions. Thus, the up
per portion of the outward-acting pressure from the strength-controlling 
groove might be negated by a surrounding layer of residual compression from 
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FIG. 7—Variation of acoustic scattering with applied tension for the strength-controlling flaw 
in a machined surface of SijN^ (after Ref \1). 

neighboring grooves, but the opening force associated with the lower portion 
persists [17\. 

The existence of a compressive surface layer in a machined surface was first 
demonstrated by Cook et al [18], by measuring the strengths of glass ceramic 
flexure bars with indentation cracks introduced into polished and machined 
surfaces. At identical indentation loads the machined surfaces exhibited 
higher strengths than the polished surfaces. Similar experiments have been 
done with scratches and rows of indentations in polished and machined sur
faces of Si3N4 [17\. In all cases the strength of the machined surface was 
higher than that of the polished surface subjected to the equivalent strength-
controlling contact damage. The strength increase was consistently higher for 
transversely machined bars than for longitudinally machined bars, indicating 
that the compression is higher in the direction normal to the machining 
grooves. The strength increase is also sensitive to the size of the strength-
controlling flaw in relation to the depth of the machining damage, the largest 
increase (310 to 530 MPa) being observed for the smallest strength-controlling 
flaws. 

Although a residual compression capable of increasing the strength of a 
given contact damage by up to 70% has been identified in machined surfaces, 
it must be emphasized that it is the localized residual tension that exerts a 
dominating influence on the strength-controlling flaw. This is illustrated in 
Fig. 5, where the fracture surfaces from Si3N4 flexure bars with Knoop inden-
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16 STRUCTURAL RELIABILITY OF BRITTLE MATERIALS 

tations in polished (Fig. 5, top) and machined (Fig. 5, bottom) surfaces are 
compared. In both cases stable crack growth preceded failure (also confirmed 
by in-situ acoustic scattering measurements) [17], indicating that a residual 
opening stress existed. However, both the initial crack length, CQ, and the ex
tent of stable crack growth, c„^ (measured along the surface), are smaller for 
the machined specimen than for the polished specimen. These observations 
are consistent with the higher strength measured in the machined specimen 
(290 MPa compared to 240 MPa). 

Measurement of Residual Compression 

A quantitative measure of the residual compressive surface layer can be ob
tained from the degree of elastic bending caused by the layer in a thin plate. 
The measurement is obtained by first preparing a flat polished surface on one 
side of a thick plate, and then bonding the polished surface to a rigid support 
base and reducing the thickness of the plate by machining from the opposite 
surface. When the plate is removed from the support base, the compression in 
the machined surface causes the plate to bend so that the polished surface be
comes concave (Fig. 8, top). Measurement of the radius of curvature, p, by 
optical interference methods allows the product of the average compression, 
(j/{, and the thickness, t, of the layer to be evaluated from the relation [19] 

ORt = -r-Z T (7) 
6p(l — V) 

where d is the thickness of the plate {d » t), E is the elastic modulus, and v 
the Poisson's ratio. 

An optical interference micrograph of a thin plate of Si3N4 prepared in this 
manner is shown in Fig. 8 (bottom). The elliptical shape of the interference 
rings indicates that the compression is not equi-biaxial; the compression is 
maximum (that is, radius of curvature, p, is minimum) normal to the machin
ing direction, in agreement with the imphcation of the strength measurements 
discussed in the previous section. From Fig. 8 (bottom) we obtain p = 2.2 m 
parallel to the machining direction and p — 1.4 m normal to the machining 
direction.^ Then, with d = 0.340 mm, E = 300 GPa and v = 0.25, Eq 7 yields 
ojft — 3.5 X 10^ Pa-m parallel to the machining direction and ant — 5.5 X 
10-' Pa • m normal to the machining direction.^ 

^Similar optical interference measurements prior to the machining step indicated that any de
viation of the polished surface from perfect flatness was negligible ( < 1 jim). 

^Equation 7 applies to uniform, equi-biaxial compression. However, the corresponding ex
pression for uniaxial compression in a beam differs from Eq 7 by only a factor of 1 — v). There
fore, the error in the present calculations due to the application of Eq 7 to unequal biaxial com
pressions is expected to be small. 
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FIG. 8—(Top) Thin plate ofSijN^ (thickness is 0.1 mm) with the upper surface polished (ini
tially Jlat) and the lower surface subsequently machined. (Bottom) Optical interference photo
graph of the polished surface of a plate similar to that above (thickness is 0.34 mm). The ma
chining direction on the lower surface is horizontal. The wavelength of illumination is 546 nm: 
the width of field. 10.7 mm. 

Evaluation of an requires a measurement of the thickness of the compres
sive layer. This could be obtained directly by measuring the change of p with 
removal of the machining damage by polishing, etching, or ion milling. How
ever, in the absence of such measurements, a preliminary estimate of t is ob
tained here from measurements of plastic zone depths in controlled indenta
tion experiments. For Knoop indentation in Si3N4 the plastic zone depth was 
found to be approximately equal to the width of the residual contact impres
sion [20]. In other experiments [17], & scratch produced by dragging a Knoop 
indenter across a Si3N4 surface, under a normal load of 5 N, left a track of 
«10 ixm. width and degraded the strength by about the same amount as the 
machining damage. Therefore, if we assume that the ratio of plastic zone 
depth to contact width is about the same for sliding and stationary Knoop in
dentation, the depths of the plastic zones associated with the 5 N Knoop 
scratch and the strength-controlling machining groove are both «10 /xm. 
Taking this as an upper bound estimate for t, the average compressive stresses 
become a^ > 350 MPa parallel to the machining grooves and «TR > 550 MPa 
normal to the machining grooves. Notwithstanding the uncertainty in the 
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18 STRUCTURAL RELIABILITY OF BRITTLE MATERIALS 

estimated value of t, these stresses are considerably lower than the compres
sion that exists at the elastic/plastic boundary of an isolated indentation 
(~ H/6 = 3000 MPa for Si3N4—see the Appendix). This result suggests that 
the compression may have been significantly relieved by material removal 
during machining. 

Residual surface compression of similar magnitude and extent has been de
tected in machined surfaces of polycrystalline aluminum oxide (AI2O3) by 
Lange et al [21]. The stress was evaluated from X-ray measurements of the 
change in lattice parameter due to the compressive strain, and the depth of 
the compressive layer was estimated by taking X-ray measurements after re
moving various amounts of the machining damage by polishing. By using 
chromium-radiation with characteristic penetration depth of - 8 ^m, an 
average compression CT/} = 170 MPa over a depth ~ 10 ̂ m was found. 

Discussion 

Implications for Nondestructive Evaluation 

The acoustic wave scattering technique was developed primarily as a 
method of nondestructive evaluation. The results discussed in the previous 
sections provide essential information for defining the fundamental validity 
and limitations of the technique. 

Two steps are involved in the prediction of strength from ultrasonic mea
surements of surface cracks. First, the size of the largest crack, CQ, is eval
uated from analysis of the acoustic scattering measurements (in the absence 
of applied loading); then CQ is related to strength using fracture mechanics. 
For stress-free cracks, the apparent crack length measured acoustically in the 
absence of applied loading is not related in a straightforward way to the true 
crack length (Fig. 4a).* A valid measure of the true crack length (which dic
tates the strength) is obtained only at the point of failure, where the crack sur
faces are fully separated by the applied loading. Therefore ultrasonic 
measurements of stress-free cracks do not appear to provide a sound basis for 
strength prediction. (It is noted, however, that, in the case of Si3N4, a conser
vative strength prediction was obtained by treating a stress-free crack as an in
dentation crack in both the scattering and the fracture mechanics analyses 
[15].) For indentations, scratches, and machining damage, on the other 
hand, the cracks are held fully open by the residual stress' in the absence of 
applied loading. Therefore, provided scattering analysis can be performed for 
the pertinent crack geometry [15,17,22], the acoustic measurements provide a 

^Analysis of the crack separation process has been performed by Budiansky (1982), but the re
lation between the true and apparent crack lengths is sensitive to many material parameters 
(fracture surface topography, grain size, thermal expansion anisotropy, elastic modulus) and the 
crack size. 

'As indicated by the absence of significant leversibility in the increase of acoustic scattering 
with applied loading. 
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true indication of the crack length and, thus, a fundamentally sound basis for 
strength prediction. 

The fracture mechanics relations required for strength prediction from 
ultrasonic measurements of indentation cracks in polished surfaces are given 
in Eqs 4 and 5b (the initial crack length, CQ, is related to the crack length c„ at 
the failure point by Eq 4, and c^ is related to the strength by Eq 5b). Strength 
prediction for machining damage and scratches requires analagous relations. 
However, the deformation/fracture geometry of Fig. 6 (bottom) is not amena
ble to straightforward analysis. Consequently, a semiempirical approach has 
been employed to derive the requisite relations [17\. Measurements of crack di
mensions from fracture surfaces in Si3N4 indicated that the extent of prefailure 
crack extension was approximately constant for machining damage, scratches, 
and rows of indentations at various strength levels. 

^ ^ « 5 (8) 
Co 

where c„ = {cfd)^^^ (Fig- 6) is the characteristic crack dimension at the failure 
point. Moreover, the strengths ff„ for the same set of specimens were related to 
c.by'» 

CTci,^2 = 3_9MPa.mi/2 (9) 

The application of Eqs 8 and 9 to predict strengths of Si3N4 from acoustic 
measurements, obtained both with the experimental setup described in this 
paper and with another setup that was designed to permit scanning of the en
tire specimen surface, is described elsewhere [15,17,22]. 

Implications for Damage Resistance 

The competing influences of the strength-degrading dominant flaw and the 
compressive surface damage layer in a machined surface present a possibility 
to optimize the machining procedure for a given application. Generally, the 
strength of a machined surface would be expected to decrease with increasing 
severity of machining (large abrasive particles, high machining forces), but the 
depth of the compressive layer would be expected to increase. The compressive 
layer provides resistance to in-service strength degradation from mechanical 
contact events. Therefore, for structural applications in mechanically hostile 
environments, optimum performance could be provided by the most severe 
machining procedure (giving maximum resistance to in-service mechanical 

'"it is noted that the similarity between Eqs 8 and 9 and the corresponding relations for in
dentation cracks (Eqs 4 and 56) might be expected on the basis that the replacement ofK^ in Eq 
1 with any function of the form K^ = x,^/e"(n > 0) yields a set of equations of the same form as 
Eqs 2 to 5 but with numerical factors dependent upon n. 
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20 STRUCTURAL RELIABILITY OF BRITTLE MATERIALS 

damage) that maintains the strength of the machining damage above some 
minimum requirement. 

APPENDIX 

The Residual Pressure at the Elastic/Plastic Boundary in Viclcers Indentation 

A measure of the residual pressure, p , acting at the elastic/plastic boundary of an 
isolated Vickers indentation (Fig. 1) can be obtained from measurements of the extent 
of craclcing caused by the residual stress field. In the analysis described in the section on 
Isolated Cracks, the expression that led to Eq 1 was [1,4] 

IP, 

where P, is the residual wedging force, due to the pressurep, located at the crack center. 
With Pr — vb^p II, Kr — K^, and the hardness relation H = Pile?- (where P is the in-
denter load and a the half diagonal of the indentation), Eq 10 can be written 

= -)^l/2l 

Then, with the following previously published data for Si3N4, bla » 1.2 [2J], K^ — ^ 
MPam'^2 [5] pi^iil ^ 55 MPam'^^ ^nd H = 18 GPa'', the residual pressure 
becomes p = Ul(i = 3(X)0 MPa. This pressure agrees well with the value calculated 
from a model based on an internally pressurized spherical cavity [2J] 

(12) 
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ABSTRACT: A simple and economical procedure for accurate determinations of tough
ness and lifetime parameters is described. Indentation flaws are introduced into strength 
test pieces, which are then taken to failure under specified stressing and environmental 
conditions. By controlling the size of the critical flaw, by means of the contact load, mate
rial characteristics can be represented universally on "master maps" without the need for 
statistical considerations. 

This paper surveys both the theoretical background and the experimental methodology 
associated with the proposed scheme. The theory is developed for "point" flaws for dy
namic and static fatigue, explicitly incorporating load into the analysis. A vital element of 
the fracture mechanics is the role played by residual contact stresses in driving the cracks 
to failure. Experimental data on a range of Vickers-indented glasses and ceramics are 
included to illustrate the power of the method as a means of graphic materials evaluation. 
It is demonstrated that basic fracture mechanics parameters can be measured directly 
from the slopes, intercepts, and plateaus on the master maps and that these parameters 
are consistent, within experimental error, with macroscopic crack growth laws. 

KEY WORDS: fatigue, indentation flaw, lifetime prediction, master maps, materials 
evaluation, strength, toughness, universal curves, structural reliability, brittle materials 

The increasing use of glasses and ceratnics as structural materials has 
prompted the development of new and accurate techniques for evaluating in
trinsic fracture parameters. Chief among these parameters are the fracture 
toughness, K^, and the crack velocity exponent, n, which respectively charac
terize the equilibrium and kinetic crack growth responses. In the context of 
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brittle design it is essential to achieve an adequate level of precision in such 
parameter evaluations. This is particularly so in consideration of component 
integrity under sustained stresses and chemical environments, where appar
ently minor uncertainties can translate into order-of-magnitude discrepancies 
in lifetime predictions. 

A standard method of determining basic fracture parameters for design is 
to measure the strengths of representative test specimens in flexure. However, 
for specimens with typically as-received or as-prepared surfaces these 
strengths depend not only on intrinsic material properties but on flaw distri
butions as well. Under such conditions it is not possible to investigate these 
two elements of the problem in any truly independent way. Evaluation of ma
terial parameters becomes a mere exercise in statistical data manipulation, 
with little or no physical insight into the nature of the critical flaws responsi
ble for failure [1-2]. This probabilistic approach makes it difficult to assess 
the relative merits of different materials from the standpoint of intrinsic prop
erties alone. 

A controlled-flaw technique that effectively eliminates the statistical com
ponent from strength testing has been developed in a recent series of articles 
[3-12]. A single dominant flaw of predetermined size and geometry is intro
duced into the prospective tensile surface of each specimen using a standard 
diamond indenter. The specimens are then stressed to failure in the usual 
way. With the indentation and flexure testing conditions held fixed, any vari
ation in the strength behavior can be taken as a direct reflection of the intrin
sic material response. The only need for statistical treatments, then, resides 
in the trivial accountability of random scatter in the data. Quite apart from 
the ensuing improvements in data reproducibility, the indentation procedure 
confers several advantages in strength analysis: (1) greater specimen economy 
is achieved; (2) the location of the critical flaw is predetermined, thereby al
lowing for closer observation of the fracture mechanics to failure; (3) indenta
tions provide a reasonable simulation of the damage processes responsible for 
a great many brittle failures [13-15]. One apparent complication which at
tends the technique is the existence of a strong residual contact field about the 
elastic/plastic deformation zone, necessitating the incorporation of addi
tional terms in the governing stress intensity factor. However, closed-form 
solutions of the fracture mechanics formulations are now available for both 
equilibrium [4] and kinetic [16] conditions of failure; analytical determina
tions of toughness and fatigue parameters from the strength data may accord
ingly be made in as straightforward a manner as for Griffith flaws without the 
residual stress term. 

The capacity to control the scale of the critical flaw through the indentation 
load is a potent tool in the investigation of material fracture properties. The 
load actually replaces initial crack size as a variable in the fracture equations, 
thereby eliminating the need for onerous measurements of crack dimensions 
(although some observations of crack growth are useful for confirming the 
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validity of the theory) [15]. Size effects in the micromechanics may then be 
studied systematically: important changes in the nature of low-load contact 
flaws have been thus revealed on reducing the crack size to the scale of the 
deformation zone [17] or the microstructure.'' Systematic variations in the 
load dependence of indentation-strength characteristics can also be used to 
evaluate preexisting stress states in brittle materials, such as tempered glass 
[18]. Again, some materials may produce ill-defined indentation patterns 
outside certain ranges of flaw size or be restricted in specimen dimensions, in 
which case the geometrical requirements of standard strength-testing proce
dures may make it impossible to operate at a single contact load. The theoret
ical analysis allows one to compensate for any such changes in the working 
contact conditions, effectively reducing all data to an "equivalent" load. 

This paper illustrates a procedure for representing the intrinsic strength 
properties of brittle materials on an indentation master map. A suitable nor
malization scheme incorporating indentation load into the plotting coordi
nates allows for the reduction of all inert and fatigue strength data onto 
universal curves for the various test materials. In this sense, the scheme is 
reminiscent of that developed earlier by Mould and Southwick [79], except 
that their use of relatively ill-defined abrasion flaws necessitated a totally em
pirical approach in the data reduction. On our master map, the position of a 
given curve may be taken as a graphic indicator of the intrinsic toughness and 
fatigue susceptibility. Quantitative determinations may accordingly be made 
of Kc and n without recourse to statistically based theories of strength. 

Background Theory 

Stress Intensity Factor for Indentation Cracks 

The starting point in the analysis is the stress intensity factor for an inden
tation crack of characteristic dimension c produced at peak contact load P 
and subjected to subsequent applied tensile stress a^. For "point" flaws pro
duced in axially loaded indenters, the general form of this stress intensity fac
tor is [4] 

where x and ^ are dimensionless parameters. The second term in Eq 1 is the 
familiar contribution from the applied field; rp depends only on crack geome
try, here assumed to be essentially pennylike [20]. The first term is the contri
bution from the residual contact field; for materials which deform irreversibly 
by a constant volume process 

^R. F. Cook, University of New South Wales, unpublished work, 1983. 
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x=iy (2) 

approximately [21], where £ is Young's modulus, H is hardness, and ^ is a 
numerical constant. 

In the event of any preexistent stress acting on the crack, a third term 
would have to be included in Eq 1 [4,9]. Except to note that this potential 
complication should be heeded when preparing the surfaces of test speci
mens, we shall consider it no further in our mathematical derivations. 

Equilibrium Solutions: Inert Strengths 

Equilibrium conditions of crack growth are closely realized experimentally 
by testing in an inert environment. In terms of fracture mechanics notation, 
the criterion for equilibrium is that K = K^.U dK/dc < 0 the equilibrium is 
stable; if dK/dc > 0 it is unstable. Now it is evident from Eq 1 that K for 
given values of P and a^ passes through a minimum in its functional depen
dence on c; thus at subcritical configurations Ar(min) < K^, there is a stable 
and an unstable equilibrium, to the left and to the right of the minimum, 
respectively [16]. In an inert strength test, a^ is increased steadily until these 
two equilibria merge at dK/dc — 0, which defines the critical variables 

c. - [—) (3b) 

at which crack growth proceeds without limit. We may note that any relaxa
tion of the residual stress field, as reflected in a reduction in x (or, more spe
cifically, in ^ in Eq 2), will cause a„ to expand and c„ thence to contract. 

It can be shown that the ideal indentation crack is in a state of equilibrium 
immediately after completion of the contact cycle [21]. The size of this crack 
is found by setting Oa = 0, K = K^. in Eq 1 

From Eq 3b we have CQ — 0.40c^. On subsequently applying the tensile stress 
the crack extends stably from CQ to c„, whence spontaneous failure ensues at 
CTa = a„ [4]. In reality, deviations from this ideal behavior are observed; re
laxation effects can cause c„ to contract, as already mentioned, and subcriti
cal, moisture-assisted crack extension within the residual contact field can 
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cause CQ to expand, to CQ, say. Nevertheless, unless the condition CQ < c„ is 
violated, some precursor crack growth will still precede failure, in which case 
a„ remains a measure of the inert strength. 

Equation 3 may then be conveniently rearranged to eliminate all terms in 
crack size, and then combined with Eq 2 to yield 

f)"v 4/3 

(5) 

This expression conveniently relates the test variables on the left side to the 
material properties, primarily the toughness, on the right side. We emphasize 
once more that this formulation is contingent on the absence of all spurious 
prepresent stresses. 

Kinetic Solutions: Dynamic Fatigue 

When cracks are exposed to moisture or other interactive environmental 
species, extension can occur in the subcritical region, K < K^. The major 
characteristic of this kind of extension is its rate dependence, which, in turn, 
is highly sensitive to the crack driving force. The basic equation of kinetic 
fracture accordingly takes the form of a crack velocity, v(K). In the interest of 
obtaining closed-form solutions to the ensuing fracture mechanics relations, 
we choose the empirical power law function [22] 

V = vo ( - ^ ) " (6) 

where VQ and n are material/environment parameters. Materials with lower 
values of n are said to be more susceptible to kinetic crack growth effects. 

The most practical loading arrangement for the systematic study of rate 
effects in strength properties is that of dynamic fatigue, in which the time 
differential of stress is held fixed up to the point of failure, that is, â  = 
Oa/t — constant. We may thus combine Eqs 1 and 6 to obtain a differential 
equation for this stressing configuration 

dc XP _j_ '/'CTaC'̂ 2 f 

K. 
(7) 

This equation has to be solved at given values of P and b^ for the time to take 
the crack from its initial configuration, K = K{CQ), to its final configuration, 
K = /if,., at which point the stress level defines the dynamic fatigue strength, 
Oa = Of [16]. 

oy=(X'aJ>^(«' + ') (8) 
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where 

X' =(27r«')'^2f£Lf£L (9b) 

The solution in Eq 8 is identical in form to that for Griffith flaws (x = 0) 
[22]. However, the slopes and intercepts from a linear plot of log cy against log 
da are very different in the two instances. In the present case (x ^ 0) n ' and 
X' may be regarded as apparent fatigue parameters, in the sense that trans
formation equations are required to convert these to true crack velocity expo
nent and coefficient terms. Thus, Eq 9a may be inverted to obtain n directly 
from n', and Eq 9b similarly (in conjunction with measured values of a„ and 
c„) to obtain VQ from X'. It is again seen that initial crack size does not enter 
the results, as long as the condition CQ < c^ remains operative [9]. 

Implicit in the derivation of Eq 8 is the usual assumption that the prospec
tive test surfaces are free of spurious stresses. The introduction of such 
stresses leads to nonlinearities in the dynamic fatigue plotting scheme, 
thereby destroying the basis for the above analysis [9,10]. 

It is convenient at this point to incorporate the indentation load as a working 
test variable into the dynamic fatigue relations. Whereas n ' in Eq 9a is inde
pendent of all test variables, X' in Eq 9b can be expressed as an explicit func
tion of P through the quantities a^ and c„ in Eq 3. In this way, we may write 

where \f is a modified intercept term, totally independent of P, given by 

/2K \"' fK \(«'-2)/3 

Kp 
vo 

Equation 10 tells us that fatigue data obtained on one material but using dif
ferent indentation loads will fall on different straight lines, mutually trans
lated but without change of slope. Now by inserting Eq 10 into Eq 8 we may 
appropriately modify the dynamic fatigue relation, thus 

oy/"/3 = (X>ff,P)i/(«' + " (12) 

so that by plotting log {ojP^'-^) against log {<JaP) all data should fall onto a 
universal fatigue curve. This plot would, of course, cut off at a limiting level 
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on the ordinate corresponding to the inert strength plateau defined in Eq 5. 
The procedure for evaluating crack velocity parameters from the slopes and 
intercepts of such representations is the same as before, but with Eq 10 serv
ing as an intermediary to Eq 9. 

Kinetic Solutions: Static Fatigue 

Of more practical interest from a design standpoint is the issue of compo
nent lifetime under fixed stress rather than stress rate. Ideally, it would seem 
desirable to formulate a universal static fatigue relation in direct analogy to 
Eq 12 retaining, as far as possible, the same adjustable parameters. Lifetime 
predictions could then be made from dynamic fatigue data alone, without 
having to resort to delayed failure experiments. This formulation may be 
achieved in two steps. First, eliminate stressing rate in favor of time to failure, 
CTo — Ofltj. This step introduces the lifetime concept without yet altering the 
status of Eq 12 as a dynamic fatigue relation. Then, convert to equivalent 
static fatigue variables by replacing oy with CT^, that is, the level of the invari
ant applied stress, and ity with (n' + l)iy [76]. The resulting static fatigue 
relation is 

V ^ 
P /̂S („' + l)(„^pl/3)«' 

(13) 

We reiterate here, at the risk of laboring the point, that the variables P, CT^ , 
and tj in Eq 13 relate to prospective static fatigue conditions, whereas the 
parametersn' and \'p are adjustables, as defined by Eqs 9 and 10, to be deter
mined from dynamic fatigue data. 

Experimental 

Materials Selection and Preparation 

The materials in this study were chosen in accordance with two major crite
ria: first, they should cover a range of toughness and crack velocity character
istics, as determined by independent fracture techniques; second, they should 
be of some technical importance. Table 1 [11,23-27] lists these materials and 
their pertinent properties. 

All the specimens were prepared in the usual manner for strength testing. 
However, particular attention was paid to surface preparation, bearing in 
mind our repeated assertion that preexisting stress states can greatly influ
ence the interpretation of strength data. The glass specimens were therefore 
annealed [18] and the ceramics surface polished to a mirror finish with dia
mond paste [10] to ensure removal of any such stresses. 
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TABLE 1—Materials used in this study. 

Material 

Soda lime glass" 
Borosilicate glass* 
Fused silica"̂  
Synroc'' 
PZT" 
Alumina-'̂  
Silicon carbide* 
Glass ceramic* 

E, 
GPa 

70 
89 
72 

190 
88 

400 
435 
108 

Independent Parameters 

H, 
GPa 

6.6 
6.5 
7.6 

10.3 
3.1 

16 
24 
8.4 

K„ 
MPa-m'''2 

0.74* 
0.77* 
0.81* 
1.9 
0.87 
4.4 
4.1* 
2.5* 

n 

16-19* 
31-37* 
38* 

46* 
118* 
63,* 84* 

Indentation Parameters 

K„ 
MPam'^2 

0.97 
1.2 
1.2 
1.8 
1.0 
3.8 
3.7 
2.2 

n 

18 
36 
44 
35 
43 
59 

222 
117 

log VQ, 

ms"' 

-1.6 
1.6 
2.2 
0.2 

-0 .5 
1.7 
8.4 
5.0 

•Determinations by other workers (see References, below). 
"Schott-Ruhrglas GMBH 111,23] (S. M. Wiederhorn, National Bureau of Standards, unpub

lished work, 1983). 
*Schott-Ruhrglas GMBH [11,23]. 
"^Schott-Ruhrglas GMBH [23,24]. 
''Synroc B, Australian Atomic Energy Research Establishment [24]. 
'Lead zircon titanate, Plessey, Australia. 
^F99, Friedrichsfeld GMBH [25] (A. C. Gonzalez and S. W. Freiman, National Bureau of 

Standards, unpublished work, 1982). 
«NC203, Norton Co. [7.26]. 
*Pyroceram C9606, Corning Glass Co. [7,10.27] (B. G. Koepke, Honeywell, unpublished 

work, 1980). 

Indentation and Strength Testing Procedure 

All the specimens were routinely indented centrally along their length using 
a Vickers diamond pyramid indenter to produce dominant flaws for the sub
sequent failure tests. The Vickers geometry was chosen both for its proven 
capacity to produce well-defined radial crack patterns and for its general 
availability in hardness testing facilities. The glasses were indented at several 
loads, ranging from 0.05 to 100 N, whereas the ceramics were each indented 
at single loads of 10, 20, or 100 N. In all cases the radial cracks extended well 
beyond the central hardness impression, but never to a length in excess of 
one-tenth the specimen thickness. 

The indented specimens were then broken in four-point flexure {ASTM 
Flexure Testing of Glass [C 158-72 (1978)]} in a universal testing machine at 
constant crosshead speed. Care was taken to center the indentation on the 
tension side, with one set of radial cracks aligned normal to the long axis. The 
breaking loads were recorded using conventional strain gage and piezoelec
tric load cells [10], and the corresponding rupture stresses thence evaluated 
from simple beam theory. Inert strengths, a„, were measured in dry nitrogen 
or argon or silicone oil environments, with the crosshead running at its maxi
mum speed. Dynamic fatigue strengths, oy, were measured in distilled water 
over the allowable range of crosshead speeds. At least six specimens were bro-
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ken in each strength evaluation, from which means and standard deviations 
were computed. 

Measurement of Critical Crack Dimensions 

For the purpose of confirming the necessary condition that the initial crack 
size Co should never exceed the instability value c„ for equilibrium failure, 
and for verifying certain aspects of the fatigue solutions presented earlier, an 
optical examination of representative critical indentations is recommended. 
The technique used here was to place three indentations instead of one on a 
given test surface and then take the specimen to failure under inert conditions 
[10], On the understanding that all three indentations must have had nearly 
identical growth histories, the procedure leaves two "dummies" in the broken 
test piece from which to measure the required crack dimensions. The Vickers 
geometry proves particularly useful in this technique, for while the set of ra
dial cracks perpendicular to the tensile direction provides a measure of c„,, 
the set parallel to this same direction remains free of external stress and hence 
provides a measure of CQ. 

In all the materials studied in this work, some precursor crack growth was 
indeed found to occur prior to failure. 

Results 

Inert Strengths and Toughness 

In this section we begin by examining the dependence of inert strength on 
indentation load for the three glasses studied. With this dependence estab
lished, we then investigate how the inert strength data may be reduced to a 
composite toughness parameter for all of the test materials. 

Figure 1 accordingly shows a„ as a function of P for the glasses. The 
straight lines are best fits of slope — Vi in logarithmic coordinates, as in Eq 5. 
This same dependence has been confirmed elsewhere for several other brittle 
materials [7,28,29]? 

Values of the composite parameter a„P^^^ are thus evaluated for each of 
the glasses and ceramics and are plotted as a function of {H/Ey^K^ (from 
Table 1) in Fig. 2. The straight line is a fit of logarithmic slope V3 in accor
dance with Eq 5, using a calibration value (3/4t/')(l/4^)'^-' = 2.02 from an 
earlier, more comprehensive study [7]. The trends in Fig. 2 appear to be in 
reasonable accord with prediction, although some deviations are evident, 
particularly for the fused silica and borosilicate glasses. Estimates of the "in
dentation toughness" obtained directly from a„P^'^ by inverting Eq 5 are in
cluded in Table 1 for comparison with the independently determined values. 
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FIG. 1—Inert strength as function of indentation load for the silicate glasses. (Data courtesy 
T. P. Dabbs.) 
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FIG. 2—Inert strength parameters, o^P"' ' , as a function of the toughness parameter, 
(E/H)'^*Kc, for the glasses and ceramics. 

Dynamic Fatigue and Crack Velocity Parameters 

We consider now the dynamic fatigue responses, again beginning with the 
glasses to examine the functional influence of contact load, and outline the 
procedure for determining the exponent and coefficient in the crack velocity 
function. 
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FIG. 3—Dynamic fatigue responses of glasses indented at different loads. The hatched bands 
indicate inert strength levels. (Data courtesy T. P. Dabbs.) 

Figure 3 shows these responses for the glass compositions in water. The 
straight lines drawn through individual sets of data at fixed P are best fits to 
Eq 8, regressed for each glass on all the data consistent with the intercept 
relation Eq 10. Thus we obtain families of lines of constant slope, with sys
tematic displacements to lower strength levels with increasing load. Analo
gous plots are shown in Fig. 4 for the five ceramics in the same water environ
ment, but now for a single load in each case. The inert strength limits are 
included in all plots as a reference baseline for assessing the degrees of fa
tigue. 
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From the regressed slopes and intercepts we obtain values of the apparent 
fatigue parameters n' and X' in Eq 8. Inversion of Eq 9 (together with the 
inert strength data) then allows us to evaluate the true crack velocity parame
ters, n and VQ. These evaluations are summarized in Table 1; comparisons 
may be made in this tabulation with independent measurements of the crack 
velocity exponent. 

Master Maps 

We have set the base for determining universal fracture curves for the ma
terials studied, and thence to construct master maps. We do this for dynamic 
and static fatigue conditions in turn. 

The presentation of the dynamic fatigue results on a single master map 
requires conversion of all data to appropriate load-adjusted variables OfP^'^ 
and baP in Eq 12. Figure 5, an appropriate composite of all data thus con
verted from Figs. 3 and 4 (but with the error bars omitted for clarity), is such 
a map. Each material is now conveniently represented by a universal curve, 
independent of the contact loads used to obtain the data. The curves plotted 
in this diagram represent numerical solutions of the basic fatigue differential 
equation (Eq 7), obtained for the ranges oiP and bg covered experimentally 
for each material, using the inert and kinetic parameters already determined 
along with the measured initial crack sizes [10]. The fact that the curves re
generated in this way are effectively coincident with the data is, of course, no 
real surprise, since the regression analyses used in the parameter evaluations 
were performed in accordance with the solutions of the differential equation 
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FIG. 4—Dynamic fatigue responses of ceramics indented at single loads. The hatched bands 
indicate inert strength levels. 
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in the first place. An exercise of this kind nevertheless serves two useful pur
poses: (1) to confirm that the solutions referred to, which are of closed form, 
are indeed reasonably reliable; (2) to show how closely the curves remain lin
ear in the fatigue region and then plateau out at the inert strength levels 
a„P^^' (Fig. 2). 

The equivalent construction for static fatigue is obtained from the constant 
stressing rate results using the rationale described earlier in the derivation of 
Eq 13. Thus we generate the plots shown in Fig. 6 directly from the best-fit 
values of n' and X' (or more strictly, in Eq 10, Xp) determined by the data 
regressions shown in Figs. 3 and 4. Cutoff levels on the abscissa again corres
pond to inert strength limits. Because the construction in Fig. 6 is not ob
tained this time from regenerated solutions of the basic differential equation, 
we are unable to plot the curved transition between the fatigue and inert re
gions; however, the abruptness of the corresponding crossover points in Fig. 5 
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FIG. 5—Dynamic fatigue master map. Error bars are omitted from the data points for clarity. 
See Table I for a key to the materials. 

suggests that we may reasonably ignore any such curvature in the lifetime 
maps. 

Discussion 

Quantitative Evaluation of Fracture Parameters 

The scheme presented here for reducing fatigue data to universal curves for 
any specified material/environment system, and thence for constructing mas
ter maps to facilitate comparisons between these curves, provides an attrac
tive route to simple, accurate, and economical evaluation of fracture parame
ters for design. In the following subsections we shall discuss how these 
constructions may be used as a quantitative tool for parameter determina
tions in different regions of the curves. 

Inert Strength Levels—The position of the inert strength cutoff level, 
a„P^^^, may be taken as an indicator of material toughness, K^. Intrinsically 
tougher materials will therefore exhibit cutoffs further toward the top of a 
dynamic fatigue map (Fig. 5) and toward the right of a static fatigue map 
(Fig. 6). 

It should be emphasized that the correspondence implied here is not exact. 
To clarify this point we may invert Eq 5 to obtain an explicit expression for 
toughness 

K = 
/256^3| \ i /V£ 
\ 27 H 

1/8 
(„^pl/3)3/4 (14) 
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FIG. 6—Static fatigue master map. generated from Fig. 5. See Table Ifor a key to the materials. 

Thus, Kc depends on the elastic/plastic term E/H as well as on <J„P^'^. On 
the other hand, since E/H varies only between 10 and 25 over the range of 
materials listed in Table 1, the use of an invariant, representative mean value 
{{E/H)^'^) = 1.50 in Eq 5 would lead to errors of no more than 10%. An
other potential source of discrepancy lies in the implicit assumption that geo
metrical similarity is preserved in the indentation pattern from material to 
material, as reflected in the constancy of the parameters ^ and yp. We have 
already pointed out that relaxation effects in the residual contact field can 
lead to reductions in the ̂  term. Systematically low values of ^ will also be 
manifest in materials that deform by other than a constant-volume process or 
exhibit plastic pileup at the impression edges [21], Fused silica and borosili-
cate glass, which tend to deform by densification [30], fall into this category, 
thereby explaining the tendency for the data points representing these two 
materials to lie above the general trend in Fig. 2. Finally, it has been taken as 
given that the radial crack patterns are always well defined, and in the materi
als used here this has generally been found to be so. In materials in which the 
microstructure is comparable in scale with the indentation event, however, 
the symmetry of the crack pattern can become severely disrupted [8,31], with 
consequent variations in both ^ and ^. 

It may be argued that the "effective" toughness reckoned from the cutoff 
position on a master map, while perhaps not an accurate measure of its mac-
roscopically determined counterpart, may nevertheless characterize more 
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closely the response of "natural" flaws. This is certainly likely to be so where 
the strength-controlling flaw in a component is created by a surface contact 
event, as in sharp-particle impact or in a machining operation. In this sense 
the master map approach might well be expected to serve more appropriately 
as a source of design parameters than the more conventional methods involv
ing large-scale fracture specimens. 

Fatigue Curve Slopes—We have noted from Eqs 12 and 13 that the slope of 
a universal fatigue curve is a measure of the intrinsic susceptibility to slow 
crack growth. Thus materials with lower values of the crack velocity exponent 
n, and hence of « ' (Eq 9a), will have greater slopes on dynamic fatigue master 
maps and, conversely, lower (negative) slopes on static fatigue maps. 

As with the toughness, certain caution needs to be exercised when using 
master map data to determine n values. This is because in applying the in
verted form of Eq 9a 

it is implicit that certain necessary conditions are met. The most important of 
these is the proviso CQ < c„, which we have considered at some length in this 
work. It is interesting to note that if this proviso is satisfied even the anoma
lous glasses, which deform by nonvolume-conserving processes, may be ana
lyzed in terms of Eq 15; the fatigue properties are not sensitive to the origin of 
the residual contact field, as long as this field is of sufficient intensity to gen
erate some precursor crack growth [7/]. If such a precursor stage were not to 
be evident in the failure mechanics the value of the apparent term n' would 
tend closer to the true n [5,9,12,13]. A second condition that needs to be met 
is that the flaws should indeed be produced in axial loading; other indenta
tion loading systems, such as linear translation, give rise to flaws which are 
governed by a transformation equation with coefficients significantly differ
ent from those in Eq 15 [12,16]. 

It is seen in Table 1 that the exponents obtained from this study agree well 
with the independent determinations for the glasses, but not for the ceramics. 
The relatively good agreement in the case of the glasses is attributable in part 
to the model behavior of this class of materials: transparency, isotropy, ab
sence of microstructural complication, and ease in specimen preparation are 
factors that contribute to this behavior. Also, the n values of the glasses are 
comparatively low, so fatigue effects show up more strongly. This last point, 
coupled with a growing realization that conventional testing techniques used 
to obtain macroscopic velocity data are themselves subject to uncertainty 
(particularly the double torsion specimen [32]), could account for the discrep
ancies evident in the data for the ceramics. 

Fatigue Curve Intercepts—The intercept terms in the master map repre
sentations do not have such a simple interpretation in terms of basic fracture 
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parameters. This is clear from Eq 11; X̂  is a function of several quantities. 
Given the fatigue slope and inert strength evaluations, described in the two 
previous subsections, along with a direct measurement of the critical flaw 
size, c„, \p effectively determines the crack velocity coefficient VQ. Because of 
the compounding of errors (particularly from the n' exponent), determina
tions of this kind are subject to gross uncertainty. Accordingly, there seems to 
be little value in trying to retain VQ as a design parameter, particularly since 
the X' terms, which can usually be determined to within 15% from dynamic 
fatigue data, may be used directly in lifetime formulas. In studies of the basic 
physics and chemistry of crack growth, of course, VQ remains a useful coeffi
cient for scientific analysis. 

Practical Implications of Master Maps 

The major appeal of the master map construction advocated here lies in the 
provision of a graphic indicator of the intrinsic toughness and fatigue proper
ties of brittle materials. Each material is represented by a universal curve, the 
relative position of which determines the merit of that material for structural 
applications. The marked superiority of such materials as silicon carbide and 
alumina become vividly apparent in the maps of Figs. 5 and 6. Useful distinc
tions may also be made between materials that cross over within the data 
range, for example, soda lime glass and lead zircon titanate. On the basis of 
straight inert strength testing we might reckon the first of these as the 
stronger material, whereas for applications involving sustained stresses the 
second would tend to the larger lifetimes. Such crossovers would not be so 
obvious from the raw fracture mechanics parameters. It will be appreciated 
that this kind of intercomparison is made on the basis of equivalent flaw sizes: 
in this respect the indentation method, by virtue of its control over the flaw 
severity through the contact load, is unique in its capacity for reducing 
strength data to a common denominator. 

In arguing the merits of this approach we do not mean to imply that only 
the intrinsic fracture properties play an important role in the determination 
of component strengths and lifetimes; the effective sizes of the naturally oc
curring flaws which ultimately cause failure must also be known. Our proce
dure, by introducing flaws greater in severity than any of these natural flaws, 
automatically excludes information concerning the latter from the data. 
What our scheme effectively allows us to do is to determine the intrinsic pa
rameters in a truly independent manner. All necessary extrinsic flaw parame
ters should be obtainable from straightforward inert strength tests (run at a 
single stressing rate), in the form of the usual statistical distribution func
tions. Lifetime predictions for as-prepared components could then be made 
without ever having to accumulate vast quantities of fatigue data [2]. In 
adopting this strategy one needs to keep in mind the strong influence that any 
persisting residual stress concentrations associated with the original initiation 
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processes (in our case the elastic/plastic deformation) might exert on the sub
sequent flaw evolution. In the absence of information as to this aspect of flaw 
characterization, steps should be taken to design conservatively, on the basis 
of worst-case configurations wherever possible. This last point will be dealt 
with in greater detail elsewhere in this volume [28]. 

It has been indicated at several points that the existence of any spurious 
stresses incurred during the mechanical, chemical, or thermal history of a 
material would necessitate a third contribution to the starting stress intensity 
factor in Eq 1, with consequent deviations from the currently determined 
toughness and fatigue relations. The fact that such deviations were not ob
served in the materials studied here may be taken as evidence that this poten
tial complication has been avoided successfully. Again, it may be well to em
phasize that it is not always simple to confirm the elimination of spurious 
stresses from surfaces whose strengths are controlled by natural flaws, partic
ularly in materials with typically wide flaw distributions; nor, of course, may 
we wish to eliminate them, bearing in mind that these stresses are most often 
compressive. 

Finally, a comment may be made concerning the convenience of indenta
tion load as a variable for investigating fundamental flaw size effects. By sys
tematically reducing the load we can produce corresponding smaller flaws, 
thereby providing a link between macroscopic and microscopic crack behav
ior. Any change in the nature of the indentation flaw will then become evident 
as deviations from universal plots, much as just described in relation to the 
spurious stress influence. In this way it has been possible to demonstrate that 
indentation flaws in glasses undergo an abrupt transition in properties below 
a threshold load (corresponding to a flaw size = 1 ̂ m): above this threshold 
the macroscopically determined laws of crack growth remain perfectly valid, 
regardless of scale, provided the residual contact term is duly accounted for 
[7/]; below the threshold the universal curves no longer apply, and failure 
becomes dominated by initiation micromechanics [17,33]. The indentation 
technique should prove similarly useful for studying size effects in ceramics, 
particularly for polycrystalline materials with relatively coarse microstruc-
tures. 

Conclusions 

1. The indentation-flaw technique provides an attractive route to the eval
uation of intrinsic fracture parameters. Coupled with independent determi
nations of natural flaw distributions, the approach offers the prospect of ac
curate lifetime predictions with optimum specimen economy. 

2. Control over the nature, shape, and, above all, size (by means of the 
contact load) of the indentation flaw allows for the derivation of a universal 
fracture formulation. Each material is represented by a single curve, which 
incorporates the toughness and fatigue properties. Composite plots of these 
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curves produce master maps, affording a simple graphic format for materials 
comparisons. 

3. The inert strength cutoff on such a master map is a measure of effective 
material toughness. For "well-behaved" materials this effective toughness is 
consistent with macroscopically measured K^ values. For cases in which in
consistency is observed, the toughness reckoned from indentation data may 
provide a more reliable indication of the response of the typical natural flaw. 

4. The slope of the fatigue curve on a master map is a measure of the sus
ceptibility of a material to subcritical crack growth. The crack velocity expo
nent determined from this slope is an apparent value, n', which is converted 
to the true value, n, by a simple transformation equation. 

5. Deviations from universality on a master map indicate an extraneous 
influence in the fracture mechanics, for example, spurious stress states, mi-
crostructure/crack interactions, and threshold size effects. 
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ABSTRACT: A systematic study has been made of the fatigue properties of an as-fired 
polycrystalline alumina containing either "natural" (sawing damage) or indentation-
induced (Vickers) strength-controlling flaws. All fatigue strengths were measured in 
four-point bending in water. The study is presented in three steps: first, comparative 
Weibull analyses are made of inert strength data for the two flaw types, both to demon
strate the reduction in scatter that attends the indentation method and to characterize 
the flaw distributions for the as-sawn surfaces; next, fatigue data are taken on indented 
surfaces to determine relatively accurate fracture parameters for the alumina and to con
firm that constant stressing rate tests can be used as a base for predicting the response in 
static loading; finally, the results from the two previous, independent steps are combined 
to generate lifetime responses for the surfaces with natural flaws, and fatigue data taken 
on such surfaces are used to evaluate these predictions. It is emphasized that residual 
stresses around the critical flaws (associated either with the preceding contact events 
responsible for creating the flaws or with extraneous processing, preparation, or service 
conditions) can play a crucial role in the fracture mechanics. Notwithstanding this com
plication, the present approach offers a new design philosophy, with the potential for 
predicting responses relating to flaws generated after, as well as before, any laboratory 
screening tests. 

KEY WORDS: alumina, fatigue, indentation flaw, lifetime prediction, residual stresses, 
strength testing, structural reliability, brittle materials 

In the preceding paper [/] a case was made for using indentation flaws to in
vestigate the fracture properties of candidate materials for structural applica
tions. The indentation method allows for complete control over the forces used 
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to generate the critical flaws, provides knowledge of the local stress state of 
these flaws prior to strength testing, and reduces the scatter in the ensuing 
failure stresses. Most important, it divides the general strength problem into 
its two constituent parts, facilitating truly independent determinations of in
trinsic material parameters and extrinsic flaw distribution characteristics. 
This opens the way to a new approach to design, whereby much of the empiri
cism and statistical data handling associated with conventional strength test
ing might be avoided. 

In this study we demonstrate the approach on a commercial alumina. 
Alumina was chosen because of its widespread use as a structural ceramic, its 
availability in large quantities, its relatively simple microstructure, and, above 
all, its well-documented susceptibility to slow crack growth. This last point is a 
key one, for it highlights the variability that can bedevil fracture mechanics 
measurements in ceramics; evaluations of the crack velocity exponent«, using 
both macroscopic crack specimens [2-76]^ and fatigue strength tests [6-8],^ lie 
anywhere between 30 and 90. Part of this variability is no doubt attributable to 
differences in the source materials. However, the increasing recognition that 
most techniques in current use for monitoring crack grovrth are subject to sys
tematic error [9], coupled with the strong influence that any residual stress 
fields around the critical flaws have on the slopes of fatigue curves [/], can also 
account for significant discrepancies. The recent comparative study by Pletka 
and Wiederhom of double torsion and strength tests on common-source 
aluminas and other ceramics suggests that such discrepancies could easily ex
ceed a factor of three [6]. There would appear to be a need for greater aware
ness of the oversimplistic assumptions that are implicit in our present descrip
tions of crack growth laws, at both the macroscopic and microscopic levels. 

The central aim of the present work is to characterize the strength properties 
of alumina specimens containing "controlled" flaws in order to optimize the 
amount of testing that must be carried out on similar specimens with 
"natural" flaws. More specifically, it is intended that crack growth parame
ters for the alumina should be obtained from dynamic fatigue results on in
dented surfaces, and flaw distribution parameters from independent inert 
strength tests on as-prepared surfaces, enabling the two vital elements of the 
lifetime prediction problem to be treated separately. Predictions made using 
this approach will be tested against representative fatigue data from the latter, 
natural surfaces. 

Experimental Procedure 

Preparation of Specimens with Different Flaw Types 

The aluminum oxide used in this study was a roll-compacted, sintered sub
strate material with 4% additive component (AD%, Coors Porcelain, Colo

ns. J. Koepke, Honeywell, unpublished work, 1980. 
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rado), having an average grain size « 10 /tm. It was obtained as plates 1.3 mm 
thick in its as-fu«d state and was diamond-sawn into strips 30 mm long and 
5 mm wide. Inspection of these strips in the optical microscope revealed chip
ping damage at the edges. One group of specimens was immediately selected 
out, at random, and set aside for testing in the as-received state. 

The remainmg specimens were used for controUed-flaw testing. Each mem
ber of this group was indented at a face center with a Vickers diamond pyra
mid, care being taken to orient the impression diagonals parallel to the speci
men edges. For this purpose, a standard load ot P — 5 N was chosen; this 
represented a compromise between the requirements that the radial cracks ex
tending from the impression comers should be sufficiently large in comparison 
with the scale of the impression itself, and yet sufficiently small in comparison 
with the specimen thickness [10]. All indentations were made in air and were 
allowed to sit «1 h prior to strength testing. Optical and scanning electron mi
croscopical examination of representative examples on surfaces prepolished 
through 3-/im diamond paste showed that the crack patterns thus produced 
were not generally of the ideal radial geometry, because of microstructural 
complications [7/], as is evident in the photomicrograph of Fig. 1. The mden-

FIG. 1—Scanning electron micrograph of a Vickers indentation flaw in alumina. Note the ir
regular nature of the radial cracking about the hardness impression. Indentation load P = 5 N; 
width of field ISO iim. 
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tations were nevertheless sufficiently well formed to allow hardness determina
tions and, to a lesser extent, crack size measurements to be made. 

Strength Testing 

The alumina bars prepared as previously described were loaded to failure in 
four-point flexure, outer span 27 mm and inner span 9 mm, with the surfaces 
containing the indentation flaws on the tension side. Inert strengths were mea
sured in nitrogen gas or silicone oil, fatigue strengths in water. The inert 
strength and dynamic fatigue tests were run using a crosshead loading 
machine, the former at the fastest available rate. Breaking loads were mea
sured by strain-gage and piezoelectric cells [10]. For the static fatigue tests the 
load was applied pneumatically,-' with a nominal rise time of 8 s and a maxi
mum fluctuation of 1% at hold. Simple beam theory was used to evaluate the 
stresses from the recorded loads. 

All the broken test pieces were examined by optical microscopy to confirm 
the sources of failure. As expected, those specimens with controlled flaws 
broke from the indentation sites and those without from the as-sawn edges. 

Efforts were also made to run double torsion tests on the alumina, to obtain 
crack velocity parameters as a check on the strength analysis. However, it was 
not possible to produce well-behaved cracks in this configuration, presumably 
because of instabilities in the propagation [6]. Double-cantilever beam speci
mens were also unsatisfactory, because of the difficulty in locating the crack 
tips. 

Results 

Inert Strength Tests 

Inert strength tests were run to determine flaw statistical parameters, to 
check for spurious preexisting stresses in the specimen surfaces, and to obtain 
appropriate toughness parameters for later fatigue analysis. 

The fu^ runs were made on specimens from each of the two groups, that is, 
as-sawn and indented. The data from these runs, shown in Fig. 2, were ana
lyzed in accordance with the usual two-parameter WeibuU probability function 

F = 1 - exp 
OQ 

(1) 

where a„ is the inert strength and m and OQ are adjustable parameters. It is 
seen that the spread in results is indeed smaller for the surfaces with indenta
tion flaws (m = 12.9) than for those with natural flaws (m = 9.8). Never-

^A. C. Gonzalez and S. W. Freiman, National Bureau of Standards, unpublished work, 1983. 
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FIG. 2—Weibull plot of inert strengths on alumina surfaces with natural (sawing damage) and 
controlled (5 N Vickers indentation) flaws. 

theless, this spread in the former case is by no means insignificant, consistent 
with the inherent variability in the crack pattern of Fig. 1. 

The next runs were made on indented specimens as a function of the contact 
load, P. Figure 3 shows the results. The data points represent strengths at 
50 ± 32% Weibull failure probability (equivalent to standard deviation limits 
for a normal distribution) for at least ten specimens per load, and the straight 
line is a best fit of slope -Vs, in logarithmic coordinates, from which we obtain 
o„P^'-^ = 590 ± 47 MPa N'̂ -' (mean and standard deviation). The constancy 
of this quantity over the load range covered is an indication of the absence of 
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FIG. 3—Inert strength of alumina as a function of Vickers indentation load. 
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prepresent stresses in the as-fired surfaces [1,12]. It is noted that the as-sawn 
strength level in Fig. 3 corresponds to an effective indentation load of 3.3 ± 
1.4 N. 

Some additional tests were made on prepolished surfaces containing 5-N 
"dummy" indentations [1,10]. In these tests, on ten specimens, failure oc
curred from one of three near-identical contact sites located along the 
specimen within the inner span, leaving two dummies intact for the determina
tion of the important crack dimensions. Thus, measurements of the set of 
radial cracks parallel to the tensile direction gave the initial crack dimension of 
Co = 28 + 4 /xm, while those of the perpendicular set gave the critical dimen
sion of c„ = 33 ± 5 ;Lcm. The crucial proviso for validity of the fracture 
mechanics formulation in Ref /, that is, CQ < c^ is therefore satisfied. 

With the underlying basis of the equilibrium fracture description thereby 
established, we may insert the value of a /̂"^-' obtained previously, together 
with H = 15.5 ±1 .0 GPa measured directly from the hardness impressions 
and E = 303 GPa specified by the manufacturer, into the expression for 
toughness [1,13] 

Kc = v[-) (a„P'̂ 3)3/4 (2) 

where r] = 0.59. This gives K^ = 3.2 + 0.2 MPa m'̂ ,̂ which may be compared 
with the value 3.31 ± 0.07 obtained by other workers [14] on similar material 
using a chevron-notched rod technique. 

Dynamic and Static Fatigue of Specimens with Controlled Flaws 

Dynamic and static fatigue data were collected on the alumina specimens 
with standard 5 N indentation flaws, with the purpose of testing the theoreti
cally predicted interrelationships between the two stressing modes. 

Figure 4 shows the dynamic fatigue results. The data points are 50 ± 32% 
WeibuU evaluations of the strengths, oy, for at least ten specimens at each of 
the prescribed stressing rates, a„. It is immediately evident that the fatigue 
strengths are substantially less than the inert strength level, even at the fastest 
stressing rates. The straight line is a best fit to all individual test results, in ac
cordance with the prediction [1,15-16] 

ay=(X'<7„)i^("' + " (3) 

Bearing in mind the precursor growth stage apparent in the equilibrium fail
ure mechanics referred to in the previous subsection (that is, CQ < c^), it is im
portant to emphasize that the slope and intercept terms, «' and X', relate to 
apparent crack velocity parameters. Appropriate transformation equations 
for converting these to corresponding true parameters obtain from the 
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FIG. 4—Dynamic fatigue of alumina in water, for specimens with controlled flaws. 

modified stress intensity factors for point flaws with residual contact terms 
incorporated [/, 16] 

3« 1 

4 2 
(4a) 

X' = 
O-im') 

VO 
(4b) 

where n and VQ are exponent and coefficient, respectively, in the usual power-
law crack velocity relation (Eq 6 in Ref 1). Thus, from the data analysis we 
obtain n' — 54.9 ± 4.9, which converts, in Eq 4a, ton = 72.5 ± 6.5; also, log 
X' = 133 ± 12 (in the units used in Fig. 4), which, in conjunction with the in
ert strength data from the preceding subsection, yields log VQ = 4.0 ± 0.5 (ve
locity in metres per second). 

The corresponding results for the static fatigue tests are shown in Fig. 5. In 
this case the data are plotted as median values of the times to failure, tj, over 
ten tests at each of the prescribed holding stresses, ff^, to accommodate null 
tests in which the specimens either broke during the loading ramp or survived 
the two-week cutoff. The straight lines are predictions using the static 
analogue of Eq 3 [1,16], that is 

tf = 
X' 

(n' + l)a"^ 
(5) 

where the terms n' and X' have the same values as previously. As discussed in 
Ref 1, the procedure is equivalent to inverting the dynamic fatigue curve in ac-
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FIG. 5—Static fatigue of alumina in water, for specimens with controlled flaws. 

cordance with the relation tf = a/da, identifying cry with a^, and translating 
the intercept through n ' + 1 in logarithmic space. In the spirit of this descrip
tion we have generated 17 and 83% failure probability limits directly from the 
corresponding Weibull band for the inert strengths in Fig. 5. The level of 
agreement between data and predictions in this figure may be taken as a 
measure of the confidence with which we might use the fatigue equations to 
analyze the response of less well defined flaws. 

Lifetimes of Specimens with Natural Flaws 

In this part of the study a priori predictions were made of the lifetime char
acteristics for surfaces with the natural (sawing damage) flaws, using the re
sults of the preceding subsections. Fatigue data were then taken on such sur
faces as a check against these predictions. 

In adopting this course, we find ourselves confronted immediately by an ap
parent obstacle, namely, our lack of foreknowledge of the flaw characteristics. 
If we could assume that the natural flaws were to behave in essentially the same 
way as the Vickers-induced radial cracks, the procedure would be straightfor
ward enough. Then, one could make use of the "effective" load evaluated at 
the intersection point of the indentation line, a^P^'^ = constant, with the inert 
strength level in Fig. 3 to characterize the flaw severity. The appropriate life
time relation would follow directly from Eq 5, using the same slope parameter, 
« ' , as determined for the indentation flaws but with a load-adjusted intercept 
parameter [1] 

X ' = 
K 

, ( « ' - 2 ) / 3 (6) 
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where \p is a modified, load-independent term, also to be evaluated from the 
indentation fatigue data. This prediction is plotted as the solid line in Fig. 6. 
As in Fig. 5, failure probability limits may be generated directly from the plot
ted 50 ± 32% Weibull band for the inert strengths, but these are omitted from 
the present plot for the sake of clarity. 

Unfortunately, the assumption that the strength properties of real materials 
may be described in terms of ideal point contact flaws does not always hold to 
good approximation [/]. If the past history of the controlling flaws is such that 
residual driving forces do indeed persist to stabilize the initial crack grovi1:h, 
but the flaw has essentially linear rather than point geometry, the mechanics 
will reflect the same kind of stress augmentation, but with even greater inten
sity [17]. Or, if for some reason the residual influence is diminished to an insig
nificant level, the mechanics will tend closer to those for Griffith flaws (that is, 
zero residual stress) [18,19]. In either case, the procedure for generating a 
lifetime prediction remains much the same as before, in that Eq 5 may be re
tained as the basic starting formula but with the slope term « ' in Eq 4a and the 
intercept term X' in Eq 4b replaced by appropriate analogues [16]. Expres
sions for these replacement terms are given in the Appendix; suffice it to say 
here that evaluations may still be made from the independently obtained dy
namic fatigue data on the indented control specimens and inert strength data 
on the actual specimens with natural flaws. The predictions for these alterna
tive, extreme flaw types are plotted as the broken lines in Fig. 6. 

> 10 ' 

Strength, Of/MPa 

200 400 SOO 

150 200 300 

Applied Stress, O^/MPa 

500 

FIG. 6—Lifetime diagram for alumina in water, for surfaces with natural flaws. The lines are 
predictions based on indentation-calibrated fracture mechanics formulas: R refers to flaws with 
residual stress, G to conventional Griffith flaws; P and L denote flaws with point and line ge
ometry, respectively. The points are confirmatory static and dynamic fatigue data. 
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These various predictions for the natural surfaces may be compared with the 
data points from the confirmatory fatigue tests. Initially, it was intended that 
all such data should be obtained directly from tests at constant applied stress, 
but the problems with loading-ramp failures and runouts referred to in con
nection with Fig. 5, magnified in the case of natural surfaces by the wider 
spread in flaw severity (that is, lower Weibull modulus), imposed severe 
limitations on specimen and time economy. Therefore, supplementary data 
were collected in the constant stressing rate mode, using the inversion and 
translation operation which interrelates Eqs 3 and 5 to evaluate equivalent life
times. A difficulty here, of course, is that this conversion operation is con
tingent on the quantity n ' + 1, which we cannot specify « prion. In our case, 
we have obtained a working evaluation by regressing on the pooled dynamic 
fatigue results, in accordance with Eq 3. Accordingly, the data points in Fig. 6 
represent median values for 20 to 40 tests at each static holding stress or 50 ± 
32% probability bounds for 10 to 15 tests at each predetermined dynamic 
stress rate. 

Discussion 

We have presented results of a strength study on alumina surfaces with both 
controlled and natural flaws in the context of lifetime design. Currently, it is 
widely accepted that the most reliable route to this end is via the exclusive and 
extensive testing of specimens with the same preparation as that of the struc
tural component, regarding Eqs 3 and 5 as empirical relations to be used in 
conjunction with statistically determined flaw distributions [20]. We have 
argued for an alternative philosophy, in which inert strength tests on as-pre
pared surfaces are retained to determine the flaw distributions, but inde
pendent tests are run on indented surfaces to evaluate toughness and crack 
velocity parameters. The most apparent advantage of this approach is a sub
stantial reduction in the uncertainty in the intrinsic, material component of 
the strength formulation, so that many fewer specimens should need to be 
broken to attain a specified tolerance in predicted lifetimes. 

The one major obstacle we face in adopting this alternative course is the 
general inability to predetermine the true nature of the strength-controlling 
flaw in any prospective structural component. We have seen in Fig. 6 that the 
presence of residual stresses about the flaw center and the geometrical aspect 
of this flaw configuration can be decisive factors in lifetime response. In the 
present tests on as-sawn specimens the results would appear to indicate a 
relatively minor role for these factors. This is not altogether unreasonable, for, 
although diamond-sawing is a contact-related process, the basic removal 
mechanism is one of "lateral-crack" chipping [21], and such chipping modes 
can greatly relieve the residual contact fields [18]. In principle, the extent of 
such relief mechanisms may be quantified by comparing strength values 
before and after a full anneal treatment of the natural surfaces, as has been 
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done in glass [18,19,22]. With many ceramics, however, annealing is imprac
tical, in which case the prudent designer would presume that residual stress 
components remain fully active. Indeed, in certain cases, such as with ma
chined surfaces, it might well be advisable to adopt the ultraconservative path 
and work on the assumption that the flaws also have essentially linear geom
etry. There is clearly the prospect of overdesign with this approach, which may 
be unacceptable in applications where the limits of material performance are 
an absolute necessity. Any decision to design on a less conservative basis, on 
the other hand, should be backed up with confirmatory fatigue data, such as in 
Fig. 6. Then, of course, we shall have had to revert, at least in part, to precisely 
the kind of testing we have sought to supplant in the first place. 

With due acknowledgment of the complication just discussed, we may now 
reinforce our case for the controlled-flaw procedure advocated in this work by 
emphasizing some of the unique advantages which attend the broad field of in
dentation fracture mechanics [23-25]. Most important, the approach offers, 
with its physical insight into the underlying micromechanics of flaw develop
ment, the prospect of accommodating changes in the flaw characteristics 
subsequent to the laboratory screening tests within the design specifications. 
Such changes can be particularly dangerous if they are associated with the 
spontaneous initiation of new flaws, due, for example, to interactions with a 
hostile mechanical [24,26,27] or chemical [28] service environment. Under 
these conditions any amount of laboratory testing on as-prepared surfaces 
would be totally useless if the new flaws were to be dominant. However, pro
vided that the potential service environment is specifiable, indentation frac
ture mechanics provides us with the facility for estimating an equivalent inden
tation load for any such flaw; in a particle erosion field, for instance, the load is 
readily calculable in terms of the incident particle energy and quasi-static 
component hardness [27]. The problem is thereby reduced to the level of the 
prepresent natural flaw, whence Eq 6 may be invoked, as before, to obtain a 
lifetime prediction from Eq 5. 

Another distinctive advantage of the indentation flaw method is that one 
can check routinely for spurious stresses in the as-prepared surfaces. The 
presence of such stresses becomes manifest as a breakdown in the fracture 
mechanics formalism used earlier in this work, most conveniently in the inert 
strength response as a departure from the load independence of the quantity 
a„P^'^ [1]. (Indeed, quantitative information on surface compression stresses 
has been determined in this manner for tempered glasses [29,30]). Insofar as 
the lifetime predictions in Fig. 6 are concerned, the effect of a superposed 
spurious stress may be regarded in terms of an appropriate displacement of all 
plotted points, in absolute terms, along the horizontal axis, thereby introduc
ing a greater or lesser degree of curvature in the logarithmic representation 
[15]. This curvature may pass unnoticed in tests on natural surfaces, depen
ding on the scatter in data and range in failure times covered, yet lead to 
significant discrepancies in long-term extrapolations. 
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APPENDIX 
In interpreting the fatigue results for specimens with natural flaws it was indicated 

that Eqs 3 and 5 may be retained as the basis for analysis, provided that the quantities 
n' in Eq 4a and X' in Eq 4b for point flaws with residual stresses are suitably replaced to 
match the specific flaw characteristics. Reference is made to the paper by Fuller et al 
[16] for details. 

One of the distinctions we shall be required to make in effecting these conversions is 
that between geometrical factors for the point and line configurations. The relationship 
between inert strength, a^, and critical crack size, c„, for the standard point indenta
tions 

3A-e 

provides us with the means for doing this; here '̂ ^ is a dimensionless factor to be eval
uated from the experimental data. An equivalent evaluation for line flaws may then be 
made purely on theoretical grounds, using an appropriate "modification" relation 131] 

* f = Y * p (8) 

Consider now the case of linear flaws with fully persistent residual stresses. The 
replacement quantities in the fatigue equations are 

n " = — + 1 (9a) 

X" = -̂^ 2!_5L (9b) 
vo 

where it is understood that a^ and c^ now pertain to measurements on the natural sur
faces. Since crack sizes are not readily measured for failures from natural flaws, it is 
convenient to eliminate c„ from Eq 9b using the line-flaw analogue of Eq 7 

(10) 
2^fC, 1/2 

Thus, given the calibrated values of *f and K^ from the standard indentation tests, we 
are left with the natural inert strength as the controlling variable in Eq 9b. Equation 9 
may then be coupled with its indentation-flaw counterpart, Eq 3 in the text, to eliminate 
n and VQ, thus completing the conversion operation. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 18:11:39 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



GONZALEZ ET AL ON FATIGUE PROPERTIES OF ALUMINA 55 

For flaws with zero residual stress, conventional theory applies. The replacement 
quantities are 

no = n (11a) 

X o -
2 

in-2) 
- ^ — ^ (lib) 

"0 

where ag is the inert strength conjugate to the initial flaw size CQ. In this case the ap
parent and true crack velocity exponents are identical. The crack size may be eliminated 
through the familiar inert strength relation 

Jk "0 = ':r^I72 (12) 

where ^ identifies with the geometrical factor for point or line flaws, as appropriate. 
Thereafter, the procedure is the same as that outlined in the previous sample. 
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ABSTRACT: Fracture strengths of an alumina ceramic, surface-finished to obtain an iso
tropic flaw population, were evaluated in inert and water environments in three qualified 
tests—four-point and three-point bend tests and a biaxial flexure test featuring uniform-
pressure loading of disk specimens. The resulting strengths were examined in terms of a 
statistical fracture theory that employed fracture criteria derived from fracture mechanics 
theory and supported by reported experimental results on the fracture from angled surface 
cracks from indentation. The four-point and three-point bend tests gave fracture 
strengths, in both inert and water environments, that were consistent with the size effect 
predicted by the statistical fracture theory. The stress state effect on strength, as indicated 
by the resuhs of the biaxial test, was predicted by the theory only for the tests in water. The 
inert biaxial strengths were significantly greater than the statistical theory predictions, ir
respective of the fracture criteria employed. The differences in the biaxial strengths 
predicted from the theory, on the bases of a normal stress (Mode I) and a combined mode 
fracture criteria, were small because of the relatively small values of the strength scatter in 
each test. The observed trend in the biaxial fracture strengths in relation to the uniaxial 
strengths with the change in the test environment suggested more severe strength degrada
tion from slow-crack growth in the biaxial stress state than that in the uniaxial stress state. 
Implications of this result with respect to long-term reliability of brittle structural com
ponents are discussed. 

KEY WORDS: brittle materials, structural reliability, fracture strengths, fracture cri
teria, size effect, mixed-mode fracture, stress state effect, strength distributions, subcriti-
cal crack growth, residual stresses, statistical analysis, crack branching 

Nomenclature 

ffr Radial stress in the disk specimen at a radial position, r 
a, Tangential stress in the disk specimen at radial position, r 
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a„ Maximum stress at the disk center 
r) Disk specimen support radius 
r-i Disk specimen radius 

a, )3 Nondimensional parameters describing the stress gradients in the 
disk specimens 

p Applied pressure in the biaxial disk test 
V Poisson's ratio 

E Young's modulus 
V Subcritical crack growth rate 

K\ Applied stress intensity factor 
/f ic Critical stress intensity factor 

Vo, n Parameters in the empirical subcritical crack growth equation 
F Cumulative fracture probability 
n A solid angle within which crack normals should lie for fracture to 

occur 
iV((T£.) A function representing number of surface cracks per unit area that 

will cause fracture when remote tension normal to the crack plane is 

k, m Flaw size distribution parameters 
oj^ Tensile stress normal to a crack 

7 Shear stress parallel to a crack 
fff Maximum tensile stress in the four-point bend specimen 
a, Maximum tensile stress in the three-point bend specimen 
L Support span length 
a Loading span length for four-point bend specimens 
h Bend specimen thickness 
t Bend specimen width 
r Gamma function 
/ Ranking number of a specimen 

S Sample size 
V A fracture mechanics parameter that incorporates crack shape, stress 

gradient, and free surface effects on stress intensity 
(Tj Tangential stress at the crack branching point 
Oi Crack length at branching 

Ofi,A}, Empirical parameters in the crack branching relation 

Fracture strengths of brittle materials are usually evaluated only in simple 
uniaxial tests, such as three-point or four-point bend tests, whereas in struc
tural applications the materials are subjected to complex multiaxial stress 
states. The relationship between conventional bend strengths and the fracture 
stresses of a component in general service loading thus becomes critical to en
suring the reliability of components, because it directly determines either the 
allowable design stress for an acceptable probability of failure or the stress 
level in proof testing for a selected component rejection rate. The strength re-
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lations must suitably account for the effects of flaw populations (size effect) as 
well as the effects of interactions of the principal stresses in general loading 
(stress state effect). 

A number of studies on ceramics have examined the relationships between 
strengths in different stress states. Duckworth and Rosenfield [1] reviewed the 
results reported up until 1978. It was found that the results on ceramics in 
general did not provide a consistent picture of the stress state effects on 
strength. A number of studies reported a weakening effect of both tension-
tension and tension-compression stress states, and others indicated an opposite 
effect. Some of the anomaly in the data appears to be due to the effects of an
isotropic distributions of surface flaws. This resulted in different flaw popula
tions being sampled in the different stress state tests. The studies of Babel and 
Sines [2] also suggested that the nature of the strength-controlling flaws in 
ceramics, for example, volume flaws like pores versus cracklike surface flaws, 
was influential in determining the effects of stress states on strength. 

The increasing application of ceramics as structural components has re
newed studies of stress state effects on ceramic strength. Giovan and Sines [3] 
compared the fracture strengths of an alumina ceramic tested in four-point 
bend and a ring-on-ring test. For specimens with a lapped-surface finish and 
for a group of longitudinally ground specimens, the mean biaxial strength was 
less than the mean four-point bend strength in accord with a statistical frac
ture theory due to Batdorf [4]. The classic Weibull theory [5] overestimated 
the weakening effect in the biaxial tension test. But for a second group of 
ground specimens, Giovan and Sines [3] found the uniaxial strength to be less 
than the biaxial strengths, particularly for the transverse-ground specimens. 

The present authors examined the uniaxial and biaxial fracture strengths of 
a glass ceramic under controlled conditions of surface finish, environment, 
and stressing rate [6]. The glass ceramic exhibited unusually high uniformity 
of fracture stresses and a resultant lack of size-dependence of strength in uni
axial bend tests. The fracture strength of the glass ceramic in a biaxial flexure 
test was significantly greater than the uniaxial strengths when all the tests were 
done in an inert environment (dry nitrogen gas). This behavior was termed 
biaxial strengthening. In a water environment and under conditions of low 
stressing rates the fracture strengths in the uniaxial and the biaxial tests were 
nearly equal. Thus, this study showed that the strength degradation due to 
subcritical crack growth in the glass ceramic was more pronounced in a biaxial 
stress state. The more recent experimental results of Pletka and Wiederhorn 
[7] confirm this finding; they observed a greater stressing rate dependence of 
alumina ceramic strengths in a biaxial flexure test than in a uniaxial flexure 
test. Petrovic and Stout recently compared the fracture strengths of an alumina 
ceramic in combined tension-torsion tests with the strengths obtained in uni
axial tension [8]. The tension-torsion strengths were greater than the uniaxial 
strengths. This result was qualitatively consistent with the predictions of the 
statistical fracture theories, but the magnitude of the increase in strength in 
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the combined tension-torsion test was greater than that predicted by the classic 
WeibuU theory [9]. 

The present paper is based on the continuing research at Battelie's Colum
bus Laboratories on the stress state effects on strengths of ceramics. A new 
biaxial flexure test featuring axisymmetric pressure loading of disks and a sta
tistical analysis of preliminary fracture strength data obtained on a commer
cial alumina ceramic were discussed in a recent paper by the present authors 
[10]. Weibull's statistical theory of strength [5] adequately accounted for the 
specimen size effect by accurately predicting three-point bend strengths from 
parameters derived from four-point bend strength data. Neither the WeibuU 
theory nor a modification of it [11], however, was completely satisfactory in 
predicting biaxial strengths. Specifically, biaxial strengths predicted from the 
uniaxial strength parameters were significantly less than the measured 
strengths. This result was qualitatively similar to our earlier finding in the 
glass ceramic [6]. Additional fracture strength data for the alumina ceramic 
obtained in both inert and water environments are presented and discussed in 
this paper. Specimen size and stress state effects on the fracture strength are 
examined in terms of a generalized statistical fracture theory [4] incorporating 
two different fracture criteria. Implications of the experimental and analytical 
results with respect to the current methods of assessing structural reliability of 
brittle materials for long-term applications in slow-crack-growth environ
ments are discussed. 

Experimental Proceduies 

Strength Tests 

Two uniaxial strength tests, four-point and three-point bend tests, and a 
biaxial strength test, a disk flexure test featuring uniform pressure loading, 
were employed in this study for purposes of evaluating the effects of size and 
stress state, respectively, on strength. Each test was specially designed to min
imize spurious stresses and was qualified by experimentally calibrating and 
verifying stress analyses used to calculate strengths. The special care taken in 
the qualification of the strength tests was necessary to eliminate sources of 
strength variations other than those arising from the variability of strength-
controlling flaws. 

Both the pressure-on-disk and the uniaxial bend tests were conducted in a 
universal testing machine (Model TT-D, Instron Corporation, Canton, 
Mass.). The test environment and the stressing rates were selected so that 
slow-crack-growth effects on strength were either minimized (dry nitrogen 
gas, 250 MPa/s) or promoted (water, 2.5 MPa/s). 

Pressure-on-Disk Test—A self-contained hydraulic test cell, used for uni
form pressure loading of disk specimens, is shown in the schematic of Fig. 1. 
The details of the design, test qualification and procedures, and the advan
tages of this test over conventional bend tests were discussed in our earlier 
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paper [10], Only those test details needed for calculation of fracture stresses 
and application of fracture statistics are presented here. The disk specimen, 
supported along a concentric line support near its periphery, is subjected to 
axisymmetric bending by the lateral hydraulic pressure. The radial, â , and 
tangential, a,, stresses are maximum and equal at the disk center and de
crease along a radius according to the following relations obtained from sim
ple plate theory [10,12] 

1 (1) 

1 
< 

(2) 

where ff„ is the maximum balanced stress at the disk center 

.2 r / ' . \ 2 
,.= ^ [ 2 a - . , + (i+M(^ m..n^J.{^ 

4(1 - v) 

and/7 is the uniform applied pressure, rj the support radius, t the disk speci
men thickness, r2 the disk specimen radius, and v the Poisson's ratio for the 
specimen material; a and j8 are two nondimensional parameters that define 
the stress gradients along a radius 

a = 
3p{3 + v)ri 

8aJ^ 

and 

3p(l + 3»)r? 

(4) 

(5) 

Experimental stress analysis by strain measurements has confirmed the valid
ity of the plate theory solutions for disks of nominal dimensions t = 2.5 mm, 
rj = 16 mm, and a support radius, rj = 15 mm [70]. The agreement was 
within 3% at all locations; this maximum discrepancy, which occurred at the 
disk center, was due to the limitations of the simple plate theory because it 
neglects the contributions of shear stresses to the deflection of the plate [12]. 

The maximum bending stress in alumina disk specimens was also calibrated 
by strain-gage measurements and by numerical analyses, employing an axi
symmetric finite element model [13]. The experimental results, along with the 
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F I G . 1—Hydraulic test cell designed for uniform pressure loading of disk specimens. (For de
tails see Ref \.) 

plate theory and finite element solutions obtained, are compared in Fig. 2. 
The strain measurements agreed with the finite element solutions to within 
1 %, and they were about 3 % greater than the plate theory solution. The strain-
gage calibration was used to calculate the fracture stresses, a„, for the alumina 
disks from fracture pressures, p. The values of the elastic modulus, E = 316.3 
GPa, and the Poisson's ratio, c = 0.22, for the alumina used in this calibra
tion were measured separately in direct compression experiments. 

Four-Point Bend Test—The test fixtures used in the four-point bend tests 
have been described by Hoagland, Marschall, and Duckworth [14]. The de
sign of these fixtures was based on an analysis that evaluated and minimized 
errors from specific sources in bend testing of brittle materials. These included 
errors from unequal moments, twisting, wedging, and friction. Figure 2 also 
compares the strains measured on an alumina bend specimen of nominal di
mensions 2.5 by 5 by 38 mm subjected to four-point bending with a support 
span of 32 mm and a loading span of 19 mm, with the prediction of the con
ventional bending formula. The agreement is within 2%. As in the case of the 
disk specimens, strain-gage calibration was used to convert fracture loads to 
fracture stresses for all the four-point bend specimens of alumina. 

Three-Point Bend Test—The four-point bend test fixtures were also used 
for three-point bend tests with a slight modification of the loading fixtures. It 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 18:11:39 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



SHETTY ET AL ON SIZE AND STRESS STATE EFFECTS 63 

Priuur* (MPa) 
2 3 

75 100 
Load(Nawtons) 

FIG. 2—Comparison of bending strains from strain-gage measurements and strains predicted 
from theories for pressure-on-disk and four-point bend specimens of alumina. 

was not possible to calibrate directly the bending stresses in three-point load
ing because of the stress gradients. The test fixtures used, however, were of a 
design that minimized all errors except that due to wedging at the center load
ing line. The error from wedging stresses is a function of the thickness-to-
support-span ratio. For the test geometry employed, the magnitude of this er
ror is 0.7 or 1.5%, depending on the specific details of the wedging problem 
[14,15]. No attempt was made to incorporate this correction to the bending 
stress, and the three-point bend strength values reported in this paper are 
based on the conventional bending formula. 

Test Material and Surface Finish 

Test Material—The alumina ceramic (Alsimag 614, Technical Ceramic 
Products Div., 3M Co., Chattanooga, Tenn.) used in the present study is 
identical to and from the same lot as those used in two earlier studies [10,16], 
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The ceramic has a nominal 96% alumina (AI2O3) composition, with an aver
age grain size of 5 fim. The fracture toughness of the ceramic, Ki^, as deter
mined by the double torsion test, was 3.84 ± 0.05 MPa m'̂ ^ [16]. Subcritical 
crack growth in the ceramic in water follows the empirical power law relation 

V=Vo[§^] (6) 

where V is the crack growth rate and Ki is the applied stress intensity factor. 
Values measured for the empirical crack growth parameters, VQ and n, were 
3.5 m/s and 42, respectively [16]. 

Surface Finish—The surface finish on the disk and bend specimens placed 
in tension required special attention for several reasons. First, the ceramic 
failed from surface flaws in all three of the tests in the two testing environ
ments. Thus, a reproducible and consistent surface finish was required so 
that the same flaw size distribution determined the strengths in the different 
specimen and test geometries. Second, the selected flaw size distribution 
should be isotropic; that is, the strength-controlling flaws should not be 
oriented in preferred directions. The latter requirement derives from the fact 
that in statistical fracture theories one makes the assumption that all flaw 
orientations with respect to the principal stress directions are equally likely. A 
diamond wheel grinding finish was desirable to obtain this consistent and re
producible finish. But conventional grit sizes used in grinding, for example, 
240 and 320 grit, produced unacceptable levels of anisotropy in strengths. 
This anisotropy in strengths was assessed by comparing the fracture strengths 
of four-point bend bars ground parallel to the long axis (longitudinal) with the 
strengths of test bars ground perpendicular to the long axis (transverse). For a 
320-grit surface finish the anisotropy was 8%—that is, the mean longitudinal 
strength was 8% greater than the mean transverse strength. For a 600-grit 
finish, however, the strength anisotropy decreased substantially to 3%, and, 
further, the coefficients of variation of strength for the two orientations were 
very similar—approximately 5%. These results were taken to indicate nearly 
random and isotropic flaw size distributions resulting from the 600-grit grind
ing surface finish. This interpretation was supported by the fracture patterns 
exhibited by the disk specimens. A typical pattern in an alumina specimen is 
shown in Fig. 3. The fracture origins were located randomly near the disk 
center, and the initial fracture paths forming a "jog" were randomly oriented 
toward the grinding direction indicated by the top arrow in the figure. 

All specimen surfaces placed in tension were finished with the 600-grit dia
mond wheel by removing the final 127 ̂ m of the surface with a 1.27-mm cross-
feed and a 5-^m downfeed per pass. Comers on the bend bars were rounded 
and polished with l-ju,m diamond paste. Fracture origins in the bend bars 
were also located at random points on the tension surface. 
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FIG. 3—Fracture pattern in a pressure-on-disk test specimen of alumina. The arrow at the top 
indicates the direction of grinding during surf ace finishing. 

Statistical Analysis 

In the analysis of the preliminary biaxial strength data obtained on alumina 
ceramic, Weibull's statistical theory of strength was applied to examine both 
size and stress state effects on strength [W], As indicated earlier, Weibull's 
theoty was adequate to account for the size effect, but it underestimated the 
biaxial strength. The reason for this discrepancy between the Weibull theory 
predictions and the measured strength values is not altogether clear. Weibull's 
theory for multiaxial stress states has generally been criticized on two ac
counts [17\: (1) the basis of extension of fracture statistics in the Weibull 
theory from the well-known uniaxial case to general multiaxial stress states is 
somewhat arbitrary; and (2) Weibull's theory implicitly assumes a normal 
stress fracture criterion. But experiments with controlled surface flaws in cer
amics indicate that the normal stress fracture criterion is inadequate to treat 
fracture from cracks oriented at arbitrary angles to the principal stresses [18-
20]. Batdorf and Heinisch [4], Evans [21], and Jayatilaka and Trustrum [22] 
have recently developed statistical fracture theories that overcome these limi
tations and incorporate in their theoretical framework fracture criteria de
rived from experiments or fracture mechanics theory. We employed Batdorf's 
analysis because it leads to closed-form solutions in the case of the pressure-
on-disk test and also reduces to the commonly used Weibull theory when the 
normal stress fracture criterion is invoked [23]. 
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Formulation of Fracture Statistics 

According to Batdorf's theory [4] the probability of fracture, F, of a brittle 
solid, subjected to a general state of stress and failing from a distribution of 
surface cracks, is given by 

F= I — exp 
" QdNiaJ 

da^dA 
A Jo Airda^ 

(7) 

where a^ is a critical stress, defined as the remote tensile stress that will cause 
fracture when applied normal to the crack plane; Nia^) is a function repre
senting the number of surface cracks per unit area that will cause fracture 
when tension normal to the crack plane is < a ;̂ fi is a solid angle in the princi
pal stress space enclosing the normals to crack planes so that an effective 
stress, ffg, which is a function of the principal stresses and crack orientation, 
exceeds a^. In essence, N{a^) is equivalent to a crack size distribution function 
and is a characteristic of the material surface condition. On the other hand, Q 
is a function of both the applied stress state and the specific fracture criterion 
employed. In the special case of equitriaxial stress state (hydrostatic tension), 
fl = ATT, and then Nia^.) also defines the fracture stress distribution [4]. 

For analytical simplicity we assumed in this study that crack size distribu
tion characterizing the surface flaws from grinding is of the form 

ma,) = k{a,r (8) 

where k and m are location and shape parameters, respectively, in analogy 
with the Weibull parameters. It will be shown later in the section on experi
mental results that this simple form of the flaw size distribution function is 
adequate to describe fracture strength distributions of alumina ceramic in the 
majority of cases. 

Fracture Criteria for Brittle Materials 

Griffith's fracture criterion, based on an energy-balance argument, is the 
most recognized and accepted fracture criterion for brittle materials when the 
plane of the dominant crack is normal to the applied tensile stress [24,25], 
But, for an arbitrary crack orientation toward the applied stresses, which is 
the more likely situation in structural components, both remote tensile stress 
normal to the crack plane and the in-plane shear stress parallel to the crack 
plane influence the fracture condition. Several fracture criteria based on frac
ture mechanics theory have been advanced to treat this mixed-mode crack ex
tension problem, and they have been reviewed by Swedlow [26] and Duck
worth and Rosenfield [1], In general, all the different fracture criteria that 
predict noncoplanar crack extension are very similar in their predictions [26], 
and the following empirical equation is a good fit to all of them [27] 
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- ^ + | ( ^ ) = 1 (9) 

where T is the remote shear parallel to the crack plane. An alternate fracture 
criterion that has often been used to treat mixed-mode fracture in ceramics 
[4,21] is a strain-energy-release rate criterion that assumes coplanar crack ex
tension [28] 

4+4-1 (10) 

Comparison of the data available on ceramics [18-20] with these mixed-mode 
fracture criteria indicates that one cannot make a clear discrimination be
tween the two shear-sensitive fracture criteria. We employed the coplanar 
strain-energy-release rate criterion (Eq 10), because it was simpler than the 
noncoplanar criterion (Eq 9). For purposes of comparison, we also present 
fracture statistics formulations that employ the normal stress fracture criter
ion, (Ĵ  = Oc, to gain insight into the relative influence of fracture criteria on 
predicted fracture probabilities. 

Fracture Statistics 

Equations for cumulative fracture probabilities for specimens used in the 
three strength tests were formulated by first defining fi for the selected frac
ture criterion and the stress state in the test specimens and then applying Eq 7 
along with the crack size distribution function, N(ac) (Eq 8). As shown by 
Batdorf and Crose [29], closed-form expressions can be derived for Q for ana
lytically simple fracture criteria in uniaxial and balanced biaxial tension stress 
states. 

Normal Stress Fracture Criterion—For the normal stress fracture criterion 
and the uniaxial stress state present in the four-point and the three-point bend 
specimens, it has been shown that [29] 

Q = 4ir l - ( -
a 

a, N 1 / 2 

(11) 

With the introduction of the variation of a with position, substitution of Eqs 
11 and 8 in Eq 7, and integration, the following final expressions for the prob
ability of fracture for the four-point and three-point bend specimens are 
produced: 

Four-point bend 

kaf { bL (ma/L +\){m + \) + tL jma/L + 1) 
(2w + 1) [ (m + 1)2 

(12) 

F = 1 - exp 
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Three-point bend 

F = 1 — exp 
kaT bL{m + l) + Lt 

{2m + 1) C (m + 1)2 
(13) 

where oy and a, are the maximum tensile stresses in the four-point and the 
three-point bend specimens, and b, t, L, and a are specimen thickness, 
width, support span,, and loading span (in four-point bend tests), respectively. 

For a balanced biaxial stress state, the normal stress fracture criterion leads 
to 

n = 4x 1 - 1 ^ 
a 

1/2 
(14) 

In the pressure-on-disk test, the stress state is precisely balanced biaxial only 
at the disk center; it deviates from this stress state with increasing radial posi
tion because the radial stress decreases slightly more rapidly (a ~ 1) than 
does the tangential stress ()3 ~ 0.52). We can, however, obtain lower and 
upper-bound failure probabilities for the disk specimens by assuming bal
anced biaxial stresses equal to the radial stress (Eq 1) and tangential stress 
(Eq 2), respectively. Following this procedure, substitution of Eqs 8 and 14 in 
Eq 7 and integration leads to the following relation for the lower-bound failure 
probability for a disk specimen subjected to a center maximum stress, a„: 

Pressure-on-disk 

F— I — exp 
ka", \rirmT{m)irr] 

(2m + 1) i(m + \)T{m + l/2)a 
(15) 

The upper-bound failure probability for the disk specimen is given by an iden
tical equation in which the stress-gradient factor j3 replaces a. 

Coplanar Strain-Energy-Release Rate Criterion 

For the uniaxial stress state and coplanar strain-energy-release rate crite
rion (Eq 10), Q is derived by a method analogous to that used for the normal 
stress criterion [4\ 

fi = 4ir 1 - (16) 

and the fracture probabilities for the three-point and four-point bend speci
mens are given by the following relations: 
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Four-point bend 

F = 1 — exp 
kaf (bL{ma/L + \){m + \) + tL<,ma/L + \) 

(w + 1) I (w + 1)2 

Three-point bend 

F = 1 — exp 
kaT 

(m + 1) 

bUm + \)+Lt 

(m + 1)2 

(17) 

(18) 

Comparison of Eqs IT^and 18 with Eqs 12 and 13 reveals that for the same 
flaw distribution (same k and m), the coplanar strain-energy-release rate cri
terion predicts a higher fracture probability, F, for the same nominal applied 
stresses in the bend specimens than does the normal stress failure criterion. 
This is to be expected since the normal stress criterion does not account for the 
influence of the remote shear stress on fracture. A second interesting observa
tion is that the ratio of the fracture stresses, oy and a,, at the same failure 
probability is independent of the failure criterion; that is, the size effect in 
uniaxial stressing is not dependent on the fracture criterion in the present for
mulation. Thus, Batdorf's generalized statistical theory [4] predicts the same 
size effect on strength as does the classic WeibuU theory [5]. 

For a balanced biaxial stress state the strain-energy-release rate criterion 
obtains 

Q = 47r l - ( ^ 
1/2 

(19) 

Following the procedure used in the case of the normal stress fracture criterion, 
one can obtain the following relation for a lower-bound failure probabil
ity for a disk specimen subjected to a center maximum stress, a„: 

Pressure-on-disk 

F = 1 — exp 
ka" 'fKmT{m/2)icr\ 

{m + 1) (.2(m + l)r[(w + l)/2]a 
(20) 

and, as before, upper-bound failure probability is given by an identical equa
tion with /3 replacing a. 

As in the case of uniaxial bend tests, Eq 20 based on the strain-energy-
release rate criterion predicts a higher failure probability than does the nor
mal stress failure criterion (Eq 15). A more significant result, however, is that 
the stress state effect on strength, which is given by the ratio of fracture stresses 
in biaxial and uniaxial tests, ^a^/of) or (a„/ff,) (at the same fracture probabil-
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ity), does depend on the selected fracture criterion. This result provided the 
motivation for examining the strength data in terms of the generalized statis
tical fracture theory rather than the classic Weibull theory. A critical analysis 
of the strength data obtained in the three tests, in terms of the fracture proba
bility equations derived in this section, is presented in the following section. 

Experimental Results 

In the following subsections, the fracture strength data obtained in the dif
ferent tests and the environmental and testing conditions are discussed with 
reference to Weibull plots, that is, plots of fti fti[l/(l — F)] versus fti a, where 
F, the fracture probability, was defined by the relation [30] 

^ ^ ^ (2.) 

where i is a ranking number of a specimen in a sample size S in increasing 
order of fracture stress, a. Figures 4 and 5 give these plots. 

In the case of the uniaxial bend tests, the samples were made up of equal 
numbers of longitudinal (filled symbols) and transverse (open symbols) 
ground specimens. This was done as an additional attempt to learn whether 
flaw-orientation anisotropy might exist in directionally ground specimens. 
The relative positions of the filled and the unfilled symbols in each strength 
distribution indicate the strength isotropy. 

In each comparison of experimentally obtained and statistically predicted 
strengths, the four-point bend strengths, oy, were used to establish reference 
strength distribution parameters, m and OQ, where OQ, a scale parameter, is re
lated to the flaw size distribution parameters, k and m, by either OQ = [(2m + 
jy^]i/m (maximum normal stress fracture theory—Eq 12) or ffo — [(w + 1)/ 
ky^"' (strain-energy-release rate theory—Eq 17), depending on the specific 
fracture criterion employed. Values of m and CTQ were obtained from the four-
point bend strength data and Eqs 12 or 17 by least-square linear regression. 
The linear-regression method rather than the maximum-likelihood method 
was used to evaluate m and ao. first, because the linear-regression method is 
simpler, and second, because for the sample sizes involved the two methods 
give nearly identical parameters, especially when fracture probability is de
fined by Eq 21[J0]. 

The values of m and CTQ derived from the linear-regression fit to the four-
point bend data (the heavy full line in Figs. 4 and 5) were used to predict the 
three-point and biaxial strengths using the fracture probability formulations 
derived in the previous section. The agreements obtained between the statisti
cal theory predictions (full lines) and the experimentally measured fracture 
strengths (dotted lines) for the three-point and biaxial specimens indicated 
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FIG. 4—Weibull plots of fracture stresses for sintered alumina under slow-crack-growth-
inhibiting conditions. 

the validity of the statistical fracture theories in predicting size and stress state 
effects on strengths of the alumina ceramic, respectively. 

Fracture Strengths in an Inert Environment 

Figure 4 summarizes the fracture strength data for the alumina ceramic 
tested in a dry nitrogen gas environment at a stressing rate of 250 MPa/s, con
ditions that inhibited slow crack growth. The linearity of the plots supported 
application of the two-parameter distribution function (Eq 8). The slopes of 
the plots, which give the shape parameter m, were nearly equal {m ~ 23) for 
the three tests. The longitudinally and transversely ground specimens exhibited 
nearly identical fracture stresses and stress distributions. These two observa
tions indicated that a single flaw population was sampled in all three of the 
tests. 

A shape parameter, m = 23.8, and a scale parameter, a^ = 247 MPa, ob
tained from the four-point bend data were used to predict the three-point 
bend strengths (from Eqs 13 or 18) and the biaxial strengths from Eqs 15 and 
20. As seen in the figure, excellent agreement was obtained between the mea
sured and the predicted three-point bend strengths, thus showing that the 
generalized statistical fracture theory is completely adequate to account for 
size effects on the strength of alumina ceramic. A similar conclusion was 
reached in our earlier analysis with the Weibull theory [10]. It is again empha-
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FIG. 5—Weibull plots of fracture stresses of alumina in water. 

sized here that both the nonnal stress fracture criterion and the strain-energy-
release rate fracture criterion predict the same size effect in the present analy
sis, since the intrinsic differences arising from the two criteria are normalized 
in the definition of the scale parameter, OQ. 

The intriguing result in Fig. 4 is the relatively large measured biaxial strength 
of the alumina ceramic. The indicated theoretical predictions are those based 
on the strain-energy-release rate criterion, upper and lower-bound fracture 
probabilities (Eq 20), and upper-bound fracture probability predicted by the 
normal stress fracture criterion (Eq 15). The predicted median biaxial 
strengths are in the range of 335 to 350 MPa, and the observed median is 400 
MPa. This 15 to 20% difference between theory and experiment must be con
sidered significant in view of the small (~2%) uncertainties associated with 
fracture stress measurements; statistical fracture theories in their present 
form, therefore, are inadequate. They fail to predict this observed biaxial 
strengthening. Figure 4 shows that the normal stress fracture criterion pre
dicts lower values of biaxial strength than the strain-energy-release rate cri
terion, but the relative difference between the predictions of the two criteria is 
small. This latter difference is a function of the parameter, m, and it becomes 
large and significant as m decreases. Thus, the selection of the appropriate 
fracture criterion is of greater importance when dealing with materials with 
lower m values. 

The discrepancy noted here for the alumina ceramic between the measured 
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biaxial strengths and the strengths calculated from the statistical theories is 
similar to our finding in the earlier study on glass ceramic [6], That study also 
indicated that tests in water did not show a similar discrepancy. This earlier 
observation provided a motivation to examine whether there was a similar cor
relation between biaxial strengthening and the extent of slow crack growth in 
alumina ceramic. 

Fracture Strengths in Water 

WeibuU plots of fracture stresses for alumina specimens tested in water at 
low stressing rates (a ~ 2.5 MPa/s) are shown in Fig. 5. Several significant re
sults can be seen in this figure. As was the case in dry nitrogen gas tests, the 
measured three-point bend strengths are in accord with the statistical predic
tions based on parameters from four-point bend strengths, m = 21.7 and CTQ ~ 
178 MPa, but the agreement is not as close as for the dry nitrogen gas tests 
(Fig. 4). A more important result in Fig. 5, however, is the biaxial strengths in 
relation to the statistical theory predictions. Unlike the results of the dry nitro
gen gas tests, the biaxial strengths obtained in water are reasonably close to 
the theoretical predictions, although the biaxial strength distribution is quite 
nonlinear and tends to exhibit a lower-bound strength. In the high fracture 
stress regimen, the measured biaxial strengths are approximately in the middle 
of the two limiting bounds of fracture probability predicted by Eqs 15 and 20. 

Thus, it appears that the subcritical crack growth associated with the water 
tests affects flaw morphology in such a way that both specimen size and stress 
state effects can be predicted with reasonable accuracy using available statis
tical fracture theories. In contrast, statistical theories grossly underestimate 
the biaxial strengths in inert environments, and there is a transition from an 
apparent biaxial strengthening to an expected biaxial weakening with the ex
tent of slow crack growth, that is, with the size of the critical crack. Plausible 
mechanisms that might explain the biaxial strengthening will be considered in 
the discussion section. 

The observed transition from biaxial strengthening (Fig. 4) to biaxial weak
ening (Fig. 5) indicates that the alumina ceramic is more susceptible to loss of 
strength through slow crack growth in a biaxial stress field. These differences 
in the relative susceptibilities to slow crack growth and strength degradation 
in the two stress states can be put in perspective by applying the well-known 
fracture mechanics relation for fracture strengths in dynamic fatigue condi
tions [31,32] 

2(n + DaKi 
{n-2)VoY^ 

i/(« +1) 
^(«-2)/(„ + .) (22) 

where a is the fracture strength obtained in a test employing a constant stress
ing rate, a; Ci is the inert strength; and y is a fracture mechanics parameter in 
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FIG. 6—Relationship of fracture stress to crack length at branching for sintered alumina disks. 

the stress intensity factor relation that combines the influences of crack shape, 
free surface, and stress gradient effects on the stress intensity factor. For small 
semicircular surface cracks, Y ~ 1.24 [33]. Equation 22 was used iteratively 
to derive the effective slow-crack-growth exponents, n, for correctly predict
ing strengths in water from the inert strengths in nitrogen gas. Values for the 
parameters VQ = 3.5 m/s and Â ic = 3.84 MPa m'̂ ^, were obtained in double 
torsion tests [16] for use in these calculations. 

As expected, the biaxial strength data gave a low value of « = 33, while the 
corresponding values for the four-point and three-point bend strengths were 
50 and 48, respectively. It is interesting to note that the uniaxial n values are 
greater than that measured in a double torsion test (n = 42), whereas the bi
axial value is significantly lower. This result has a significant bearing on relia
bility assessments of brittle structural components for long-term applications; 
it implies that the current practice of using n values established in uniaxial 
bend tests or fracture mechanics tests may not be conservative for components 
subjected to general multiaxial loading. 
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The biaxial strength distribution in the water tests (Fig. 5) was unique in 
that it exhibited three stages. At the high fracture stresses the strength distri
bution was similar to the uniaxial strength distributions. There was a transi
tion at about the median strength level, and below this there was a high slope. 
This high-slope, low-fracture-stress regime suggested the possible existence 
of a lower-bound strength. Such a lower bound is usually found in specimens 
after they are proof tested [34]. An apparent lower-bound strength would also 
be expected if the specimen surfaces have a compressive residual stress. Green 
and Lange [35] have measured compressive residual stresses on ground sur
faces of polycrystalline alumina by X-ray line broadening analysis. The pres
ence of similar compressive residual stresses in our specimens was suggested 
by indirect evidence. The fracture morphology of the disk specimens (see Fig. 3) 
changed systematically with the fracture stress level. In particular, the length 
of the crack from the origin to the point of branching, a/,, increased with de
creasing fracture stress at the branching point, a^, as shown in Fig. 6. The ex
perimentally observed relation was of the form 

Oh^OR+Ahar''^ (23) 

where Aj, and CT^ are empirical constants. Although the functional form of the 
crack branching relation (Eq 23) is similar to those obtained in many other 
crack branching studies [36], the large intercept on the fracture stress axis is 
not commonly observed. Such a fracture stress intercept can be expected if the 
test specimen is under compressive residual stress. The crack driving force (or 
branching stress intensity factor) would then be expected to be proportional to 
the net tensile stress, (CTJ — OR). If the uniaxial strength testing were extended 
to provide data which define a low-stress, low-probability regime, by testing 
more or larger specimens, the transition shown by the biaxial data could be 
expected in the uniaxial plots, if it is the result of a residual surface stress. 

Discussion 

The objective of this study was to evaluate fracture strengths of an alumina 
ceramic in three qualified tests and then critically examine the relative strengths 
in terms of statistical fracture theory. A number of significant results emerged 
from this study. The specimen size effect on strength, as derived from the 
four-point and three-point bend tests, is in good agreement with theoretical 
predictions in the case of both inert strengths and strengths affected by slow 
crack growth. Statistical fracture theory, however, accounted for the stress 
state effect on strength only in the case of tests in water. Inert biaxial strengths 
were significantly greater than predicted by statistical theory, irrespective of 
the fracture criterion employed. 

One explanation for the experimental observation of biaxial strengthening 
in tension-tension stress states was suggested by Babel and Sines [2]. These in-
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vestigators developed a generalized Griffith theory to treat fracture from bulk 
defects such as pores by modeling them as two-dimensional elliptical stress 
concentrators. For small aspect ratios of the ellipse (representing bulk defects 
such as pores), the maximum stress concentration at the defect is smaller 
under biaxial tension than under uniaxial tension. A critical maximum stress 
fracture criterion, therefore, predicts higher fracture stress under biaxial ten
sion than under uniaxial tension. In the other extreme of large aspect ratio of 
the ellipse (representing crack like flaws), the maximum stress concentration 
is unaffected by the applied stress state. Thus, the theory of Babel and Sines 
[2] suggests that ceramics that fail from bulk defects such as pores tend to ex
hibit biaxial strengthening, while dense ceramics that fail from crack like 
flaws would exhibit biaxial weakening that is normally expected from statisti
cal considerations. A fracture mechanics analog of the Babel-Sines theory 
was developed by the present authors by modeling the flaws as spherical pores 
with annular cracks [37], Remote fracture stresses were calculated for differ
ent stress states by employing a critical stress intensity fracture criterion. The 
results of this refined theory differed from the Babel-Sines theory in two re
spects. The fracture stresses for the pore-crack complex were sensitive to the 
applied stress state only when the annular cracks were comparable to or smaller 
than the pores. Second, the magnitude of the biaxial strengthening predicted 
was smaller than that of the Babel-Sines theory. 

Fracture surfaces of selected alumina specimens tested in this study were 
examined to see if the previous explanation might be applicable. Figure 7a 
and b shows the fracture surface in the vicinity of the fracture origin in a biaxial 
disk specimen of alumina tested in dry nitrogen gas. The fracture surface does 
show pores comparable in size to the grains. It is difficult to assess their in
fluence on fractures, however, because of the general difficulty in determining 
critical flaw sizes by fractography. The basic concept of the previous theories, 
however, is still appealing because it is consistent with the observed transition 
from biaxial strengthening for small flaws to the biaxial weakening observed 
and expected for large cracklike flaws. 

The second significant result obtained in this study is the enhanced degra
dation of strength (that is, the lower effective slow-crack-grovrth exponent, n) 
observed in the biaxial tests. Pletka and Wiederhom [7] have also reported a 
similar trend in an alumina ceramic. Although some qualitative ideas based 
on crack-microstructure interactions have been put forth for this apparent en
hancement of slow crack growth in biaxial tension stress fields [38], the phe
nomenon is still largely unexplained and warrants further work. But it is im
portant to emphasize here that the biaxial strength data available to date 
strongly suggest a reduced resistance to crack growth in ceramics in biaxial 
stress fields. This implies that slow-crack-growth exponents derived from 
fracture mechanics or uniaxial strength tests alone cannot be relied upon to 
obtain conservative life predictions for components under general loading. 
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FIG. 7—(Top) Fracture surface of a biaxial disk specimen. (Bottom) Fracture surface in the 
vicinity of the origin. 
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Conclusions 

1. Fracture strengths of the alumina ceramic evaluated in both inert and 
water environments in three-point and four-point bend tests closely followed 
the size effect predictions of statistical fracture theory. 

2. Biaxial fracture strengths of the alumina were in the predicted range for 
tests in water, but in the inert environment the measured strengths were sig
nificantly greater than the theoretical predictions, irrespective of the fracture 
criteria employed in the theory. 

3. The observed transition of the relative strength values from an apparent 
biaxial strengthening to a biaxial weakening implied enhanced strength de
gradation by means of slow crack growth in biaxial tension. 

4. Evidence was obtained of the presence of a residual compressive stress 
on the ground surfaces of the specimens, which could explain an observed in
dication in WeibuU plots of a lower-bound strength. 
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ABSTRACT; The dynamic and static fatigue behavior of a machinable glass ceramic was 
investigated to assess its susceptibility to stress corrosion-induced delayed failure. Frac
ture mechanics techniques were used to analyze the results so that lifetime predictions for 
components of this material could be made. The resistance to subcritical crack growth of 
this material was concluded to be only moderate and was found to be dependent on the 
size of its microstructure. 
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Toward the end of this decade, the National Aeronautics and Space Admin
istration (NASA) plans to launch an energetic gamma ray experiment tele
scope (EGRET) as part of the Gamma Ray Observatory. Included in the de
sign of this scientific instrument is a machinable glass ceramic material for 
structural support beams comprising a spark chamber stack. These beams are 
designed for a minimum ten-year lifetime under applied load. Many ceramic 
materials are subject to delayed failure at stresses below ultimate strengths 
through stress corrosion induced subcritical crack growth [1,2]. Therefore, 
the susceptibility of this glass ceramic to delayed failure was investigated using 
dynamic fatigue testing and static fatigue time to failure measurements. These 
techniques yielded independent estimates of the crack growth parameters 
from which design diagrams were constructed relating time to failure to ap
plied stress as a function of failure probability. Furthermore, the parameters 
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were used to determine a stress level for a proof test to establish a maximum 
initial flaw size which would preclude failure for the anticipated load/time 
conditions. 

Theory 

ModeUng the failure of a subcritically loaded structure as the extension of 
inherent flaws of subcritical size, the crack growth rate, V, may be described 
as [2-4] 

V^AK'^ (1) 

where K is the stress intensity, and A and N are material/environment con
stants. If the stress intensity in this equation is rewritten in terms of applied 
stress, a, and flaw size, a [2-4] as 

K = aYa^^^ (2) 

where Y" is a geometric flaw shape factor, the time to failure, ty, under constant 
applied stress, CT^, can be expressed as [2-4] 

tf = Bat^aX'' (3) 

where 

2 
^ ~ AY^K^-HN-2) "̂̂ ^ 

and a,- and Ki^. are the inert strength and critical stress intensity factor, respec
tively. By expressing the inert strength in terms of its measured failure prob
ability distribution, Eq 3 can be written in the form 

In tf = In B + 
N-2 

rrii 
[InIn ( TZTp) + '"'•'" "̂O'l ~^^^<^A (5) 

where F is the failure probability and m, and In % are the WeibuU modulus 
and scaling parameter, respectively, of the inert strength distribution. Hence, 
a lifetime prediction or design diagram [2,3,5-7] can be established for the 
material being considered for any applied stress and failure probability if the 
inert strength distribution and crack growth parameters, N and B, are known. 

Alternatively, the fatigue data can be used to design a proof test which es
tablishes a maximum initial flaw size in the ceramic component if the applied 
proof load is rapidly removed after it reaches the desired level. Assuming a 
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maximum initial flaw size after proof testing, a relationship between mini
mum time to failure and proof stress, ap, can be expressed as [2] 

f/min)=Ba^-2^^A' (5) 

For structures that are subject to varying levels of applied stress over time, 
the amount of crack extension occurring during the time at each stress level 
can be calculated by 

(2-M/2 I Y N-2 \ "' 1 
LaM/2j 

where a, and Of are the initial and final flaw sizes and tg is the duration of the 
applied stress ff^ for each region. Using this relation, it is possible to calculate 
the necessary proof stress to ensure a maximum initial flaw size so that failure 
does not occur in less than the minimum desired lifetime. 

Experimental 

Materials 

The specimens evaluated in this investigation were fabricated from a single 
pour of Coming 9658 machinable glass ceramic. The microstructure of this 
material consists of a glass matrix with uniformly distributed, randomly ori
ented mica crystals (platelets) which were homogeneously nucleated in a fluo
rine-containing parent glass. The bulk mechanical properties and chemical 
composition of this glass ceramic have been reported [8]. Three groups of spec
imens were prepared: dynamic fatigue (DF), 125 specimens; static fatigue I 
(SF-I), 120 specimens; and static fatigue II (SF-II), 80 specimens. Specimens 
were cut with a diamond-impregnated wafering blade to the nominal dimen
sions of 6.35 by 0.95 by 0.32 cm. The DF and SF-II specimens were broken in 
the as-cut condition while the SF-I specimens were ground parallel with a 
180-grit resin-bonded diamond spindle prior to testing. The exposure to mois
ture of all the specimens was normalized through the following process: 24-h, 
500°C heat treatment in flowing dry nitrogen; 24-h immersion in distilled 
water; and storage for a minimum of one week at 50% relative humidity and 
24°C prior to testing. 

The fracture surfaces and microstructure of the specimens were observed 
using optical and scanning electron microscopy. A thin film (-300 A) of 
aluminum evaporated onto the specimen surfaces enabled a qualitative visual 
characterization of the relative size of the mica platelets in the material. Using 
this technique, material containing platelets larger than 40 to 50 ixm could be 
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identified. Posttest examinations revealed that approximately half of the SF-I 
specimens failed in regions of large microstructure. These specimens will be 
referred to as the subgroup SF-IA. Similar microstructural variations were not 
observed in the other specimen groups. 

Inert Strength Measurements 

The strength of the glass ceramic specimens measured in the absence of sub-
critical crack growth (Region III of the typical K-V diagram [9]) was experi
mentally determined using instrumented impact testing in a dry nitrogen at
mosphere (<3% relative humidity, 24°C). A pendulum-type tensile impact 
tester (Custom Scientific Instruments, Inc., Arlington, N.J.), modified for 
three-point bending (span = 5.08 cm), was used to apply an average stress rate 
of (2.08 ± 0.68) X 10̂  MPa/s. Strength measurements conducted at even 
greater stress rates and on wet specimens resulted in values statistically equiva
lent to measurements made at 2.08 X 10̂  MPa/s [10]. Therefore, the crack 
velocities induced at this stress rate are high enough to preclude stress corro
sion and hence inert strengths were indeed measured. Strength data were 
fitted to a two-parameter WeibuU distribution [11-13] with the failure prob
ability calculated as 

^ « - 0.5 

where n is the rank of each failure stress and N is the total number of specimens 
evaluated. 

Dynamic Fatigue Testing 

Dynamic fatigue testing [10] was conducted in three-point bending (span = 
5.08 cm) on a Universal Testing machine (Instron Corporation, Canton, 
Mass.). Four groups of 25 specimens were tested at stress rates of 0.35, 3.5, 
35.0, and 170 MPa/s in ambient air at 60 to 70% relative humidity and 24°C. 
The median failure strengths, dy, were used in the following relation, derived 
from Eqs 1 and 2 for a constant stress rate, a 

, . Ind , lnB(N+l) + {N-2)lnai 

to obtain estimates for the crack growth parameters N and B. The median in
ert strength, CT„ from impact testing was used to evaluate B. 
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Static Fatigue Testing 

The static fatigue dead-weight-loaded four-point bend fixture shown in Fig. 
I has an inner span of 1.7 cm and an outer span of 5.08 cm. Three groups of 30 
SF-I specimens were loaded to 79.3, 82.7, and 86.2 MPa, and the median time 
to failure was taken as the average time between the 15th and 16th failures. 
Similarly, the median times to failure were measured for three groups of 20 SF-
II specimens loaded to 72.4, 75.8, and 79.3 MPa. All the tests were conducted 
in air at 23°C and 40 to 60% relative humidity. Using the median times to fail
ure, the crack growth parameters were estimated from the slope and intercept 
established by Eq 5. 

Results and Discussion 

The inert strength values of the DF, SF-I, and SF-II specimens obtained 
from the instrumented impact test were fit to a two-parameter Weibull distri
bution and are shown in Fig. 2 plotted as a function of failure probability. The 
apparent deviation from linearity exhibited by these curves may be indicative 
of two partially concurrent flaw populations [12,13]. The variety of types of 
failure-initiating defects (edge, surface, or volume flaw) does not account for 
this behavior, since observations of fracture surfaces indicated that most fail
ures originated on the surface, at or very near an edge. However, the observed 

LEAD WEIGHTS 

WEIGHT PAN 

B ^MICRO-SWITCH T— 

<yo 
=0=/= SPECIMEN 

FIG. 1—Static fatigue four-point bend fixture; inner span = 1.7 cm; outer span — 5.08 cm. 
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FIG. 2—Inert strength distributions for dynamic and static fatigue specimens: Corning 9658 
machinable glass ceramic. Instrumented impact test: average stress rate = 2.08 X 10^ MPa/s. 

variance in the microstructure platelet size may influence the failure distribu
tions. Although all of the specimens contained failure-initiating edge flaws, 
only some contained strength-limiting flaws associated with the larger micro-
structure. Evidence of this is provided by the failure distribution for the SF-I 
specimens (22 out of 30 were larger microstructure specimens), which exhibits 
the greatest deviation from linearity. Previous work completed on this material 
revealed a strong correlation between the microstructure size and modulus of 
rupture. Therefore, the nonlinearity of these distributions may be attributed 
to the nonuniformity of the specimen microstructure. Since the correlation 
coefficient (R^) from linear least-squares analyses of In a versus In In 1/1 — F 
for each distribution exceeded 0.85, the two-parameter WeibuU distribution 
was used. The values of the WeibuU modulus m and scaling parameter In ag for 
each distribution, estimated from the regression slope and intercept, are sum
marized in Table 1, together with the median inert strengths, ff,. 

The details of the dynamic fatigue stress rate testing have been reported 
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TABLE 1—Results of inert strength measurements—Coming 9658 machinable glass 
ceramic three-point bend impact test." 

Specimens 

OF 
SF-I 
SF-IA 
SF-II 

N (number 
of specimens) 

25 
30 
22 
20 

ff, (MPa) 

134.1 + 2.7 
158.8 ± 3.5 
148.8 ± 2.3 
153.8 + 3.6 

m 

11.9 + 2.4 
9.9 + 1.8 

16.8 ± 3.6 
11.4 ± 2.6 

In ao(°o •" Ps) 

18.74 
18.92 
18.84 
18.88 

R 2 

0.93 
0.86 
0.92 
0.90 

"Stress rate = 2.08 X 10^ MPa/s ( ± 1 standard deviation). 

[10], and only the results will be summarized here. The parameters governing 
crack growth were estimated to be ./V = 29.4 + 4.0 and B = 5.41 X lO'^Pa^-s. 
This value for N is greater than N values reported for many silicate glasses 
(A'̂  = 15 to 19) [2,4,5] and may be attributed to an increased fracture surface 
energy caused by deflections resulting from unfavorably oriented mica plate
lets in the glass ceramic microstructure [8,14]. These results indicate that this 
glass ceramic material is only moderately resistant to stress corrosion-induced 
subcritical crack growth compared with pyroceram glass ceramics with N 
values reported from 55 to 116 [15]. Hence, delayed failure must be considered 
if the material is to be used in load-bearing structures. Therefore, design dia
grams were constructed from the experimentally determined parameters using 
Eq5. 

In Fig. 3 is a design diagram, based on the dynamic fatigue data, in which 
the probability of failure ranges from 0.1 to 90.0%. This information was used 
to establish a maximum allowable design stress for a ten-year (In ?y(s) = 19.6) 
lifetime. Experimental uncertainty in the parameters in Eq 5(N,B, mj, GQ) was 
used to account for the uncertainty in the maximum design stress using a sta
tistical analysis [16-18]. WeibuU edge flaw scaling laws [11,13] (previously 
established to be applicable [10]) were used to reduce the allowable stress esti
mated from the design diagram for the smaller test specimens to that accept
able for the actual, larger structures. Finally, a maximum allowable design 
stress, at 90% confidence, of 16.1 MPa was estimated for a ten-year lifetime at 
0.001 probability of failure. This represents approximately 15% of the modu
lus of rupture value reported for the material by the manufacturer (measured 
in four-point flexure) and illustrates the effect of delayed-failure mechanisms. 

To provide another estimate of the crack growth parameters while more 
closely modeling the service conditions of the actual structures, static fatigue 
of this glass ceramic was investigated. The median times to failure under ap
plied load are shown in the In ty versus In a^i plot in Fig. 4 for the two groups of 
static fatigue specimens (SF-I and SF-II). Also included in this figure are the 
results from the Subgroup SF-IA large microstructure specimens. The applied 
stresses have been converted to equivalent three-point bend stresses [12]. The 
SF-II specimens were stressed at lower levels than the SF-I specimens because 
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FIG. 3—Design diagram for 0.001, 0.01, 0.1, 0.5, and 0.9 probabilities of failure based on 
dynamic fatigue data: fi - 29.4. B = 5.4 X lO'" Pa^-s. 

the SF-II specimens exhibited weaker inert strengths. A one-tailed t-test for 
equality of means of the median stress values revealed that the median 
strengths are significantly different at greater than 95% confidence in all 
cases. This difference in inert strengths is attributed to the different initial flaw 
sizes which resulted from the two methods of specimen fabrication. Visual, 
scanning electron microscopy, and dye penetrant inspection confirmed that 
grinding resulted in a finer surface finish, especially with respect to edge 
roughness. The reduced initial flaw sizes of the ground (SF-I) specimens would 
be reflected by an increase in the time to failure at a given applied stress in rela
tion to the time to failure of the saw-cut (SF-II) specimens. Therefore, the rela
tive shift between the SF-I and SF-II curves in Fig. 4 is not unexpected. 

The regression lines of In ty versus In 04 shown in Fig. 4 all have correlation 
coefficients greater than 0.83. This indicates that the assumed crack growth 
model (Eq 1) adequately describes the delayed failure mechanisms active in 
this glass ceramic. The crack growth parameters, N and B, were estimated 
from the results of the regression analysis and median inert strengths using 
Eq 5. These values are compiled for each static fatigue specimen group 
together with the dynamic fatigue results in Table 2. The static fatigue crack 
growth parameters indicate greater resistance to subcritical crack growth than 
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FIG. 4—Static fatigue median time to failure measurements. 

predicted from dynamic fatigue testing. Although the data obtained are not 
sufficient to explain the observed differences in N and B values, the longer 
times to failure may indicate the existence of a threshold stress or fatigue limit 
for this material. However, this would conflict with evidence indicating that er
roneously high N values are obtained in dynamic fatigue for materials exhibit
ing fatigue limits [19]. Therefore, an investigation similar to one reported for a 
borosilicate glass [20] is currently underway to determine if a fatigue limit for 
this glass ceramic exists. 

The values for ./V estimated from the static fatigue data (N = 50 for large mi-
crostructure specimens, SF-IA; N — 120 for SF-I and SF-II) suggest that the 
resistance to crack growth exhibited by this material is dependent on the size of 
the microstructure. It is difficult to isolate this effect because the variance in 
microstructure was observed only after testing. As previously noted, the flex
ure strength of this glass ceramic increases with decreasing microstructure 
size, and this trend is attributed to increased numbers of deflections of the 
propagating crack by the mica platelets as the mica platelet size decreases [8]. 
Similarly, the resistance to crack growth may be reduced by a decrease in the 
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TABLE 2—Crack growth parameters estimated from fatigue testing 
for Coming 9658 machinable glass ceramic (+1 standard deviation). 

Specimens 

DF 
SF-I 
SF-IA 
SF-II 

Total 
Number of 
Specimens 

100 
90 
45 
60 

;v 
29.4 + 3.7 

117.8 + 1325 
50.0 + 25.8 

121.4 ± 374 

In 5 
{B In Pa^-s) 

24.8 ± 1.7 
-13 .6 + 675 

18.8 ± 12.4 
-24.6 ± 210 

number of crack deflections in tiie large microstructure material. Since all of 
the SF-I specimens were machined together, it is assumed that they contain 
similar flaw populations. Therefore, the SF-IA large microstructure speci
mens with N = 50 have a smaller flaw-size-to-microstructure-size ratio than 
the SF-I specimens with N = 118. Thus, the apparent values estimated iorN 
may be a function of the ratio of the flaw size to microstructure size. Such a de
pendency was established [21] for several glass ceramics fracture toughness 
values, which increased as the flaw-size-to-microstructure-size ratio increased. 

Design diagrams based on N and B values derived from static fatigue testing 
of large microstructure specimens, SF-IA, are shown in Fig. 5 for probabilities 
of failure ranging from 0.1 to 90%. As predicted by the values for the crack 
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FIG. 5—Design diagram for 0.001, 0.01, 0.1. 0.5, and 0.9 probabilities of failure based on 
static fatigue data (SF-IA): N = 50.0, B = / .5 X 10^ Pa^-s. 
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growth parameters, the times to failure for a given applied stress is seen to in
crease with respect to the dynamic fatigue design diagram (Fig. 3). A statisti
cal analysis [16-18] of the experimental uncertainty in the estimates of Â  and B 
enabled confidence intervals to be assigned to the static fatigue design dia
gram. The 90% confidence interval is shown in Fig. 6 for the 0.50 failure prob
ability level where N = 50.0 ± 25.8 and InB = 18.80 ± 12.35 Pa -̂s (SF-IA 
data). Uncertainty in the times to failure greatly increases as the applied stress 
considered deviates from the applied stresses used in the static fatigue tests 
(that is, In (74 = 18.3 — 18.4). The calculated uncertainty is inversely depen
dent on the range of applied stresses experimentally investigated, which was 
narrow for these static fatigue tests. Therefore, the usefulness of the design 
diagram lifetime predictions was limited by the extent of uncertainty, as illus
trated by the confidence interval shown. The 0.50 failure probability level is 
being discussed for two reasons: this was the level at which the data were 
taken, and the error associated with extrapolation to lower failure probabili
ties was unmanageable. However, the crack growth parameters based on the 
SF-IA data proved to be the most conservative (predicted the greatest amount 
of crack growth) for establishing a proof stress for the glass ceramic beams. 
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FIG. 6—An 0.5 failure probability design diagram with 90% confidence interval based on me
dian time to failure static fatigue data fSF-lA): N = 50.0, B = / .5 X 10^ Pa^-s. 
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FIG. 7—Anticipated stress/time conditions for the glass ceramic structures. 

The proof-stress analysis is based on the stress/time conditions anticipated 
for the ceramic structure. The three stress regions depicted in Fig. 7 represent 
the five years before launch, launch, and the desired five-year service life. A 
final flaw size can be estimated from the stress in Region 3, ayij^^, and Eq 2 with 
Kic experimentally determined, using double torsion testing, to be 2.27 ± 
0.18 MPa-m'̂ .̂ Substituting this final flaw size for Region 3, UfRj, into Eq 7 
with N = 50.0,5 = 1.46 X 10*, t^ = t^j, and ô  = 04^3. the initial flaw size 
for Region 3, ajg^, can be estimated. Setting the final flaw size in Region 2, 
fl/K2> equal to a;u3, Eq 7 can again be used to calculate the initial flaw size for 
Region 2, 0^2 (with CT^ = 0^2 and tg = tm)- Similarly, the maximum initial 
flaw size for Region 1, a^j, can be estimated (Eq 7), and a corresponding 
stress, Op, can be established from Eq 2. Uncertainty in this flaw size was ac
counted for by a strength degradation model that enabled application of error 
propagation laws [22]. Each beam that survives loading to this proof stress in a 
dry nitrogen atmosphere (with rapid release upon reaching op) will contain 
flaws no larger than ami. This flaw size, under the given loading conditions, 
will not propagate to failure within the desired lifetime of the glass ceramic 
structure. 

Sammaiy and Conclusions 

The susceptibility of a machinable glass ceramic to stress corrosion-induced 
delayed failure was investigated using dynamic and static fatigue testing. In-
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stmmented impact testing was used to measure inert strengths. Design dia
grams for this material, relating lifetime as a function of applied stress and 
failure probability, were constructed from the results of fatigue and impact 
testing. The crack growth parameters estimated from static fatigue testing 
were observed to be dependent on the size of the microstructure of the mate
rial. Proof-stress levels were established to preclude failure during the antici
pated lifetime stress conditions for the ceramic structures. It was concluded 
that the most conservative estimates for the crack growth parameters were 
N = 50.0 ± 25.8 and In B (B in Pa -̂s) = 18.8 ± 12.4. The wide variance in 
these values results from the narrow range of applied stresses investigated. 
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ABSTRACT; The effect of subcritical crack growth on proof testing is examined. Crack 
velocity curves obtained by fracture mechanics techniques are used to predict theoretical 
strength distributions for the specimens that survive proof testing. These theoretical distri
butions are then compared with experimental distributions obtained on soda lime silica 
glass slides. The comparison reveals a strong sensitivity of the proof test results to the exact 
position and shape of the crack growth curve. Minor changes in the crack growth curve 
result in major shifts in position and shape of the strength distribution curves after proof 
testing. The importance of crack geometry and specimen configuration to crack growth 
behavior, and hence to the strength distribution, is emphasized. 

KEY WORDS: crack growth, cracks, fracture mechanics, glass, proof testing, strength, 
Weibull statistics, structural reliability, brittle materials 

In order to improve the reliability of ceramic materials in structural appli
cations, proof testing is often used as a method of controlling the strength dis
tribution. Weak components are broken by the proof stress, leaving a popu
lation of components with a minimum value of the strength, which in the 
absence of subcritical crack growth, is equal to the stress used during the proof 
test. Thus, proof testing truncates the strength distribution and guarantees 
that all components will be at least as strong as the minimum value. Because 
of its simplicity, proof testing has been used successfully as a basis of design in 
many structural applications [1-10]. 

Potential problems in the application of proof testing occur when subcritical 
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crack growth accompanies proof testing. An example of this is seen in a recent 
study of soda lime silica glass tested in air or water [//]. It was shown that, 
under certain test conditions, the proof test did not truncate the strength dis
tribution. Furthermore, the test results did not fully agree with the theory that 
was used to explain them [12], The study suggested the need for additional re
search on the effect of multiregion crack growth on proof testing. It is because 
of this need that the present study was conducted. The study is similar to one 
recently completed by Ritter et al [13], and the results complement those ob
tained by those authors. 

Experimental Procedure 

Heptane was chosen as a test medium for this study because of its low affin
ity for water. At normal temperatures and pressures heptane contains only 
~ 50 ppm water, which corresponds to a partial pressure of water equal to 
30% relative humidity. The net effect of the low concentration of water is to 
suppress Region II crack growth behavior to a velocity of ~ 10~^ m/s but to 
leave the curve for Region I crack growth virtually unchanged. The range of the 
crack growth curve in Region II, 0.5 MPa-m'^^ to 0.7 MPa-m'^^, is greater 
than that obtained in most other environments, and therefore is expected to 
enhance the effect of multiregion crack growth on proof testing. 

The proof test specimens were unannealed microscope slides with dimen
sions of 75 by 25 by 1 mm. The test conditions and the number of specimens 
used in each test are given in Table 1. All the specimens were loaded to the 
proof load in four-point bending at a rate of 33 MPa/s. As the equipment was 
automated to reduce the load as soon as the proof test load was reached, the 
hold time at the proof test load was less than 0.1s and is assumed to be zero in 
the present study. Based on crack growth data reported in Ref 14, and prelim
inary strength measurements in heptane, the unloading rates were selected to 
yield the maximum range of predicted effects of proof testing on the strength 
distribution curve after proof testing. Following the proof test, the specimens 
were loaded to failure at a loading rate of 33 MPa/s without changing their 
position in the test fixture. Thus, the stress distribution within the test speci
men was the same when strength was measured as it was during the proof test. 

Crack velocity data were obtained using two fracture mechanics configura
tions. Applied-moment, double-cantilever beam specimens (75 by 25 by 1 mm) 
were used to collect crack velocity data over the velocity range lO"'" to 10~^ m/s; 
crack velocities were measured by direct observation of the crack tip as a func
tion of time [15]. Single-edge, notched tensile specimens (130 by 25 by 2 mm) 
[16] were used to collect data over the velocity range 10" ' to 100 m/s. In the 
velocity range 10~' to 10^' m/s, velocities were measured by monitoring the 
crack tip visually. Higher velocity measurements were made by the use of an 
acoustic pulse technique described in detail elsewhere [17]. A sonic pulse was 
used to mark the fracture surface so that the position of the crack front was es-
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TABLE 1—Test conditions for soda lime silica glass proof tested in heptane." 

Loading Rate, Unloading Rate, Proof Load, Proof Test 
MPa/s MPa/s MPa Number Tested Survivors 

33 
33 
33 
33 

strength tests 
165 

3.3 
0.33 

103 
100.5 
90.5 

628 
673 
630 
497 

417 
179 
143 

"All strength measurements were made by four-point bending using an inner span of 
19 mm and an outer span of 64 mm. 

tablished as a function of time. Velocities were then determined after comple
tion of the experiment by microscopic examination of the crack surface. 

To compare the crack velocity data with the strength data, a computer code 
was designed to calculate the breaking stress of the specimens after the proof 
test. The computer code is a modified version of the one discussed in Ref 12. 
Input data for the code are (1) WeibuU parameters, SQ and m, obtained in the 
test environment (heptane); (2) a v-Ki plot expressed as a piecewise power-law 
fit to the v-Ki data; (3) the fracture mechanics parameters, Ki^, Ki^^, and Y 
(Y is defined by the equation AT] = YaVa where a is the characteristic crack 
size, a the applied stress, and Ki the stress intensity factor);^ and (4) the proof 
test parameters (stressing rate during loading and unloading, proof stress, 
and hold time, which is assumed to be zero in the present experiment). 

The computer code first calculates the initial distribution of strength from 
the initial distribution obtained in heptane and the input data enumerated 
previously.'' This procedure provides a common basis for comparing crack 
growth data and proof test data and was used by Ritter et al [13] in their 
study. After the initial distribution has been determined, the computer code 
determines the effect of the proof test cycle on this distribution by first 
calculating the degree of strength degradation (that is, the amount of crack 
growth) during the proof test cycle, and then calculating the breaking stress in 
heptane of the specimens that survived the proof test cycle. The results of this 
analysis can then be compared directly with experimental strength distribu
tion data obtained in heptane. The main output of the computer code is a 
graphical representation in which WeibuU probability coordinates are used to 
display the strength distribution after proof testing. On command, the com
puter code was capable of plotting the initial strength distribution in heptane, 
the calculated initial distribution, and the distribution after proof testing. 

•'The value of Ki^ used in the present study was 0.75 MPam"^. The reason for selecting this 
value is discussed in the Appendix. 

''The initial values of m and SQ determined in this study are listed in Table 3 of the Appendix. 
This calculation is needed because subcritical crack growth occurs during the strength tests. The 
initial distribution, calculated from the computer code, is an idealized distribution that would 
be determined if strength measurements could be made without the occurrence of subcritical 
crack growth. 
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The value of K (1.5) used in the present paper is representative of the maxi
mum stress intensity factor at a semielliptical surface crack with a minor to 
major axis ratio of - 0 .6 [18]. This ratio was observed in the present study for 
indentation cracks in glass surfaces (see Fig. 7). We assume that Y remains 
constant as the surface crack increases in size. This assumption permits us to 
use a one-dimensional model to determine the strength distribution after proof 
testing. For real cracks, the shape of the crack, and consequently the value of Y, 
probably changes during crack growth. Although this aspect of crack growth 
is important, the simpler treatment adopted here should permit us to identify 
the principal factors that influence strength degradation during proof testing. 

Results 

Crack Growth Data 

The results of the crack velocity measurements are given in Fig. la. Approx
imately 1(X) data points were collected by each of the two techniques. Data for 
the single-edge, notched (SEN) specimens were spread evenly over the velocity 
range 10"'' to 10^ m/s; the double-cantilever beam (DCB) data were spread 
evenly over the velocity range 10"'" to 10"-' m/s.^ Thus, the data from the 
SEN specimens are concentrated in a higher range of crack velocities than the 
data from the DCB specimens. Only five data points were obtained on SEN 
specimens at velocities of < 10~^ m/s. 

Because the two sets of velocity data overlap over much of the data range, 
differences between the data are shown more clearly by fitting each set of data 
piecewise with straight lines (Fig. Ib).^ When this is done, the crack growth 
data obtained by the SEN technique appear to lie at slightly higher values of 
Ki than those obtained by the double-cantilever beam technique. A small lat
eral translation of the two sets of data by approximately 0.05 MPa-m'''^ brings 
them into close coincidence and, for practical purposes, makes the two sets of 
data indistinguishable over most of the data range. 

The difference between the two sets of data in Region II possibly results 
from the difference in thickness of the specimens used in the two techniques. 
The greater thickness of the SEN specimens increases the diffusion path for 
water from the bulk to the crack tip environment and suppresses the Region II 
data to lower crack velocities. This type of data has been reported earlier by 
Richter[77]. 

At velocities that exceed ~ lO""* m/s, the slope of the v-Â i curve is observed 
to decrease, almost as if there were a second Region II behavior. At Ki —0.93 

^The abbreviations SEN and DCB are changed to SE(T) and DB(Mx) in the ASTM Standard 
Terminology Relating to Fracture Testing (E 616-82). A discussion of the terminology can be 
found in the 1983 Annual Book of ASTM Standards. 

''A summary of the piecewise linear fit to the crack growth data is given in Table 4 of the 
Appendix. 
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FIG. 1—Crack velocity data for soda lime silica glass in heptane, (a) Crack velocity data col
lected by the applied-moment, double-cantilever techniques and the single-edge, notch tech
nique, (b) Piecewise. straight-line fit of the crack growth data shown in (a). The curve marked SEN 
represents the single-edge, notch data: the curve marked DCB represents the double-cantilever data. 
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MPa-m'^2 the crack velocity is observed to increase precipitously by about one 
to two orders of magnitude. This sudden increase in velocity has been attrib
uted to cavitation of the fluid near the crack tip [19], whereas the decrease in 
slope of the v-^, curve at velocities that exceed ~ 10"'' m/s is probably due to 
viscous drag of the fluid on the fracture surfaces [20]. 

Strength Data 

The initial strength distribution obtained by breaking 628 microscopic slides 
in heptane is shown in Fig. 2. Expressed as a two-parameter Weibull distribu
tion, the parameters for the regression line are SQ= 112 MPa for the intercept, 
and w = 7 for the slope. Despite the large number of specimens tested, the 
curve still exhibits experimental scatter about the regression line. The applica
bility of the strength distribution to the specimens subjected to the proof test 
can be checked qualitatively by comparing the number of specimens broken 
during the loading portion of the proof test cycle with those predicted from 
Fig. 2. This procedure is permissible since the loading rate was the same for 
all four-point bend tests in this study. As can be seen from Table 2, the mea
sured and predicted number of failures differ by 1 % for the medium and slow 
unloading rates. The difference of 7% (34 versus 41% failures) for the rapid 
unloading rate can be accounted for by a 4% error in either the proof test level, 
OTSQ for the proof-tested specimens. In view of this small difference in strength, 
we feel justified in using the Weibull parameters determined from Fig. 2 to 
describe the underlying strength distributions. 

Results of the proof test study (Fig. 3) indicate the occurrence of a large 
number of failures below the proof stress for all three unloading rates. For the 
medium unloading rate, approximately 42% of the specimens failed below 
the proof stress when they were reloaded to failure. For the rapid and slow un-

60 100 140 180 

Strength, MPa 

FIG. 2—Initial strength distribution of 628 microscope slides broken in four-point bending, in 
heptane: Sg = 112; m = 7. 
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TABLE2—Test of Weibull distribution fSg = 112 MPa. m = 7). 

Unloading Rate, 
MPa/s 

165 
3.3 
0.33 

Proof Load, 
MPa 

103.0 
100.5 
90.5 

Fraction Broken During Loading 

Measured Predicted 

0.34 
0.38 
0.21 

0.41 
0.37 
0.20 

loading rates, 16% of the survivors failed below the proof stress upon reload
ing to failure. This decrease in strength is consistent with theoretical expecta
tions, since subcritical crack growth is expected to weaken all the specimens 
that survive the proof test. The specimens that are weakened most by the proof 
test are those with strengths that lie closest to the proof test stress prior to test
ing. The weakest specimen after testing had strengths of 74, 61, and 50% of 
the proof stress for the rapid, medium, and slow unloading rates, respectively. 
This finding agrees with that reported by Ritter et al [13], who noted that the 
strength degradation of specimens just passing the proof test is greater as the 
unloading rate is decreased. 

The strength distribution curves shown in Fig. 3 give little indication that 
the proof test truncated the distribution curves. Only the fastest unloading 
rate gave evidence of truncation. However, for this curve, a large number of 
specimens broke at strengths that were less than the proof stress. Strength dis
tribution curves for the medium and slow unloading rates differ only slightly 
from the initial strength distribution. Because of the large number of speci
mens tested, however, we believe that the small changes in shape and position 
of strength distribution curves shown in Fig. 3 are statistically significant. As 
will be shown, these changes in shape and position can be explained by the 
occurrence of subcritical crack growth during the proof test. 

Comparison of Crack Velocity Data with Proof Test Data 

Strength Distribution Curves 

A comparison of the strength distribution curves with the curves calculated 
from the v-Ki data is given in Fig. 4. The straight lines in this figure represent 
the initial distribution of specimen strengths obtained in heptane. The data 
points were selected from Fig. 3 to indicate the location of the data; not all of 
the data points are given. The curves in Fig. 4 are the theoretical estimates of 
the strength distribution after proof testing, determined from the crack 
velocity data in Fig. lb. 

For the rapid unloading rate, the two theoretical curves predict sharply trun
cated strength distributions. Considering this prediction, few strengths should 
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FIG. 3—Strength distribution after proof testing in heptane: (a) rapid (165 MPa/s) unloading 
rate: (b) medium (3.3 MPa/s) unloading rate: (c) slow (0.33 MPa/s) unloading rate. 

have been measured with values of less than ~ 100 MPa. However, in contrast 
to this expectation, the experimental curve was not sharply truncated; ap
proximately 16% of the specimens broke at stresses less than 100 MPa. Al
though the experimental data fall along the theoretical curves at strength lev
els greater than 100 MPa, there is a low-strength "tail" in the data that is not 
explained by either theoretical curve. This "tail" was also observed by Ritter 
et al [13] in their recent study of soda lime silica glass proof tested in heptane. 
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FIG. 4—Strength distribution curves after proof testing in heptane, calculated from v-K; data 
shown in Fig. 1: (a) rapid (165 MPa/sl unloading rate: (b) medium (3.3 MPa/s) unloading rate: 
(c) slow (0.33 MPa/sl unloading rate. 

The strength distribution for the rapid unloading rate (Fig. 4) differs con
siderably from the distribution obtained in an earlier study in which the proof 
testing was conducted in dry nitrogen gas [11]. In the earlier study, the experi
mental data closely approximated the theoretical curve. The difference in re
sults between studies is probably not attributable to water in the environment. 
In both studies the unloading rate was sufficiently fast that the strength degra-
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dation during the proof test should have been controlled by the "water-free" 
portions of the crack growth curves. It is possible that the difference in results 
is due to physical rather than chemical aspects of the two environments. Vis
cosity, for example, is much greater for liquids than for gases; therefore viscous 
drag by the liquid on the crack surfaces could retard the motion of the crack 
and permit some specimens to survive that would otherwise have failed during 
the proof test. Clearly, additional studies are needed to confirm this possibility 
and, more generally, to explore differences in the effect of liquids and gases on 
the strength of materials. From a practical point of view, however, the results 
from the present study in heptane and the earlier one in nitrogen gas suggest 
that proof testing in liquids may not be a wise procedure, because the strength 
distribution curve may not be sharply truncated when the test is performed in 
a liquid. 

In the case of the medium and slow unloading rates (Fig. 4) the theoretical 
curves depart significantly from the experimental data; the departure is much 
greater than would be expected from the scatter of the experimental data. 
Furthermore, the two theoretical curves in these figures show a surprisingly 
large divergence considering the small difference between the crack velocity 
curves in Fig. 1. These differences between the experimental data and the the
oretical curve, on the one hand, and the two theoretical curves, on the other, 
suggest that the strength distribution curves after proof testing are extremely 
sensitive to the exact location of the curves that describe crack motion. As can 
be seen by comparing Fig. 1 with the medium and slow unloading rate curves 
of Fig. 4, small changes in the position of the v-Ki curve result in very large 
differences in the predicted position of the strength distribution curve after 
proof testing. This extreme sensitivity of the strength distribution to the crack 
velocity also explains the differences between the experimental and theoretical 
strength distribution curves in Fig. 4. 

Maximum Crack Velocity During Proof Testing 

The sensitivity of the strength distribution curves to the exact shape and po
sition of the crack velocity curves can be understood in terms of the maximum 
velocity achieved by the critical flaw in the course of the proof test. During a 
proof test, strength loss occurs at all levels of applied stress (above the fatigue 
limit) as a consequence of subcritical crack growth. The strength loss is most 
severe where the crack velocity is highest. Thus, the high-velocity regimen OT the 
v-Ki diagram is most important for determining the distribution of strengths 
after proof testing. In fact, because most crack growth occurs at the maximum 
crack velocity, strength degradation should be related to the maximum veloc
ity achieved in the course of the proof test: the higher the velocity the greater 
the amount of strength degradation. 

To examine the relationship between the maximum crack velocity during 
proof testing and the strength distribution curve, the maximum crack velocity 
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was calculated for each of the points used to plot the theoretical curves shown 
in Fig. 4. The maximum velocity was determined and then printed next to 
each point on the theoretical curve to indicate the maximum velocity during 
the proof test. An example of the type of data generated is shown in Fig. 5 for 
the slow unloading rate. (Results for the fast and medium unloading rates are 
similar to Fig. 5 and are not discussed here.) As can be seen from Fig. 5, the 
range of maximum velocities was relatively narrow for both sets of curves, cov
ering approximately two orders of magnitude (10~* to 10~* m/s) for the SEN 
specimens and one order of magnitude (10~^ to 10~* m/s) for the DCB speci
mens. Regardless of the unloading rate, or the v-Kj data, the narrow velocity 
range was common to each of the strength distribution curves obtained in the 
present study. Thus, only a small portion of the v-Kj plot is effective in estab
lishing the position and shape of the strength degradation curve after proof 
testing. This point is illustrated in Fig. 6, which shows the range of crack veloc
ities that was effective in establishing the strength degradation curves shown in 
Fig. 5. Moving the v-ZsTj plot by a small amount dramatically changes the por
tion of the v-Ki curve that determines the strength distribution after proof 
testing. For example, in Fig. 5 the shape of the DCB curve is determined pri
marily by Region I crack growth behavior. Lowering the Region II portion of 
the v-Ki curve slightly, as has been done for the SEN specimen, permits a large 
fraction of the specimens to achieve velocities that are characteristic of Re
gion II crack growth behavior. Because the slope of the strength distribution 
curve depends on the slope of the crack growth curve [12], this change in crack 
growth behavior dramatically alters the shape of the strength distribution 
curve after proof testing. 

The general shape and appearance of the strength distribution curves in 

Slow Unloading Rate 

60 80 100 120 140 160 

Strangth, MPa 

FIG. 5—Maximum velocities (in metres per second) achieved during proof testing printed next 
to calculated strength distribution curves. The maximum crack velocities and the calculated 
strength distribution curves were obtained from the v-K/ data shown in Fig. 1: slow (0,33 MPa/s) 
unloading rate. 
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FIG. 6—Range of crack velocities that determine the strength distribution curves for the slow 
(0.33 MPa/s) unloading rate. 

Fig. 5 are a direct consequence of the fact that these curves were calculated 
from the crack velocity data in Fig. 1. Both the crack growth and strength 
curves are multiregioned. Because of the importance of the maximum velocity 
as a determinant for strength, each segment of the strength distribution curve 
is related to a segment of the crack growth curve. However, the two curves are 
inverted in relation to one another—the high-velocity region of the crack 
growth curve maps onto the low-probability region of the strength distribution 
curve, and vice versa. Furthermore, the slopes of corresponding segments of 
the two curves are also related: the slope, m, of the strength distribution curve 
is given by « — 2, where n is the slope of the crack velocity curve [12\. This 
one-to-one relationship between the two curves plays an important role in de
termining the sensitivity of the strength distribution curve to the crack velocity 
curve, especially when only a narrow range of crack velocity data is relevant to 
the strength distribution curve, as is the case in the present study. 

Correlation Between Theory and Experiment 

In view of the foregoing discussion, the lack of correlation between the ex
perimental and theoretical strength distributions can be understood in terms 
of the high sensitivity of the strength distribution curve to the exact shape and 
position of the crack growth curve. Any physical or chemical process that dis
turbs the position of this v-Kx curve, or prevents an accurate determination of 
the curve, can affect the position and shape of the strength distribution curve 
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and thus result in a lack of agreement between the theoretical and experimen
tal strength distribution curves. Some of the causes of poor agreement between 
the theoretical and experimental distribution curves will now be discussed. As 
will be seen, the causes are of two types: experimental errors that prevent an 
accurate determination of the "true" v-K^ curve, and physical or chemical ef
fects that alter the behavior of small surface cracks in such a way that their re
sponse to applied stress is significantly different from that obtained on large 
macroscopic cracks. Of the two causes, the latter are more fundamental to 
our understanding of crack growth and strength degradation. However, in 
practice both can be equally important for the determination of accurate 
strength distribution curves. 

Experimental Uncertainty 

The experimental uncertainty associated with the crack growth data is illus
trated in Fig. 1 by the small difference in position of the two v-Ki curves and 
the random scatter of the data of each curve. The difference between the two 
curves (Fig. la) represents a systematic uncertainty in measurement that has 
its origin in the technique used to make the measurement. This type of error 
can be reduced only by more thorough theoretical and experimental investiga
tions of the two crack velocity techniques to trace the origin of the measure
ment difference. The random error in Fig. 1 is given by the scatter of data 
about their mean value for any given value ofKi or v. As can be seen from this 
figure, the scatter in Ky ranges from ~ 3 to 10% of Ki, whereas the error in v 
ranges from ~ 0.2 to ~ 1 order of magnitude in crack velocity, depending on 
the values of v and Ki and the technique used to determine the v-Ki plot. These 
errors are typical of those that have been reported previously in the literature 
for crack velocity studies on glass. 

With regard to the present experiment, the experimental scatter of the data 
in Fig. 1 is sufficient to preclude a determination of the true v-Ki curve with 
sufficient accuracy to predict the position and shape of the strength distribu
tion curve after testing. As a consequence of this finding, it is suggested that 
more accurate measurement techniques are needed to determine crack growth 
behavior. Without more accurate methods of measurement, one should be 
wary of using crack growth data to predict proof testing results. However, 
even with better measurement techniques there may be more basic reasons 
that strength distribution curves cannot be determined accurately from crack 
growth data. These reasons relate to the equivalence of crack growth data from 
large and small cracks. 

Large versus Small Cracks 

Although it is usual to assume that the growth of microscopic size cracks in 
ceramic materials is described by crack growth data obtained by macroscopic. 
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fracture mechanics techniques, there are good physical reasons why this as
sumption may not be valid. In other words, small cracks that control the 
strength of glass may not behave in the same way as large cracks used in frac
ture mechanics studies. Three factors that may contribute to the difference in 
crack growth behavior are (1) residual stresses due to plastic deformation at 
the origin of the surface cracks, (2) blunting of small cracks due to stress cor
rosion, and (3) differences in the v-Ki curve resulting from geometric differ
ences between large and small cracks. 

Residual Stresses 

The effect of residual stresses on the strength of glass was first discussed by 
Marshall and Lawn [21,22]. The effect results from the fact that surface cracks 
in glass are usually formed by mechanical damage during the grinding and 
polishing of glass or by mechanical contact with hard substances after the glass 
has been produced. Residual stress fields always form at points of mechanical 
contact as a consequence of microplastic deformation at contact asperities. 
Unless the residual stresses are relieved by annealing, they contribute to the 
stress field that forces cracks to grow during a proof test. Therefore, these 
stresses should be taken into account to determine the strength distribution 
after proof testing. As the crack grows, the effect of residual stresses gradually 
becomes less important; the effect is least for the weakest specimens that sur
vive the proof test. Hence, the effect of residual stresses on the strength distri
bution is expected to be most pronounced for the high-probability portion of 
the stress distribution. In this paper it is assumed that residual stresses played 
a small role in the strength degradation process. This assumption is supported 
by the fact that the proof test results in Fig. 3 are very similar to those obtained 
by Ritter et al on annealed specimens [13]. However, to fully understand the 
role of residual stresses on proof testing, additional studies are clearly needed. 

Crack Blunting 

By applying transition rate theory to ceramic materials, Charles and Hillig 
[23] suggested the existence of a static fatigue limit caused by crack-tip blunt
ing in materials such as glass. At stresses above the fatigue limit, surface flaws 
sharpen and grow, whereas at stresses below the fatigue limit, crack-tip blunt
ing and crack arrest occur. The Charles-Hillig theory is consistent with all 
known experimental data on the strength of glass. Recently, Michalske, using 
fracture mechanics techniques, has demonstrated a fatigue limit in soda lime 
silica glass at a value ofKi ~ 0.25 MPa • m'̂ ^ [24]. The fatigue limit was iden
tified by a hysteresis in the crack velocity curve and by microstructural fea
tures that were left on the face of a crack that was repropagated after having 
been blunted by stress corrosion. Resharpening of cracks in soda lime silica 
glass occurs almost instantaneously when the stress intensity factor exceeds 
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0.425 MPa • m'̂ .̂ If the stress intensity for resharpening falls within the range 
of Kx that is effective in determining the strength distribution after proof test
ing, then crack blunting can have a significant effect on the shape of the 
strength distribution curve after proof testing. Our studies on this point are 
quite limited; however, they do show that crack blunting is more important 
for those proof tests that were conducted using slow unloading rates than fast 
ones. In addition, our studies show that the strongest specimens are not af
fected at all by the proof test, whereas the weakest ones suffer the same degree 
of strength degradation as would occur if there were no static fatigue limit. 
Additional studies to clarify the role of crack blunting on proof testing should 
include the establishment of resharpening kinetics and the incorporation of 
these kinetics into the strength treatment. 

Crack Geometry 

Effects of environment on both strength and crack growth rate have been 
studied by a number of investigators. Studies on soda lime silica glass indicate 
relatively good agreement between strength measurements and crack growth 
measurements, when measurements are conducted either in water, where Re
gion I crack growth is dominant, or in an inert environment such as dry nitro
gen, where Region III crack grovrth is dominant. For both techniques the stress 
corrosion susceptibility, n, was found to be similar regardless of the technique 
used to make the measurement.^ Therefore, it is unlikely that the behavior of 
large cracks differs significantly from that of small ones when only Region I or 
Region III crack growth is involved in degrading the strength [25]. The same 
conclusion, however, may not be valid when Region II crack growth occurs. 

Crack growth in Region II has been studied by a number of investigators. 
Wiederhom [26] and Schonert et al [27] were the first to attribute Region II 
crack growth to an environment-limited transport of water to the crack tip. 
Schonert et al demonstrated that the crack front changed its shape as the crack 
moved from Region I to Region II, and again when it moved from Region II to 
Region III. When studies are conducted with through cracks in flat specimens 
(edge-notched or double-cantilever beam specimens), the portion of the crack 
front in the center of the specimen always leads the portion of the crack front 
that intersects the specimen surface in Region I or III. In Region II, however, 
the reverse is true: the portion of the crack front near the surface always leads 
that in the center. 

Quackenbush and Frechette [28] and Richter [29] confirmed the findings 
of SchOnert et al and attributed crack growth in Region II to a combined effect 
of Region I and Region III crack growth behavior. Since water is freely avail
able at the specimen surface, crack motion is enhanced by water, whereas 

^When residual stresses affect the crack growth behavior, a correction must be made for the 
effect of these stresses on the stress corrosion susceptibility, n. However, even in this case, the 
value of n for crack growth can be related to that obtained from fatigue data [22,23]. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 18:11:39 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



110 STRUCTURAL RELIABILITY OF BRITTLE MATERIALS 

away from the specimen surface the crack tip is starved for water because of 
the longer diffusion path, and crack motion is retarded. In specimens with 
through cracks, the cracks move as a unit in Region II, the center portion of 
the crack being pulled along by portions near the surface. As the applied stress 
intensity factor in Region II is increased, the crack velocity is observed to in
crease, but not as rapidly as in Regions I or III. Furthermore, as A'j is increased, 
more of the crack perimeter behaves as if it were depleted of water, and finally 
when the outer portion of the crack is completely depleted of water, it, too, 
enters Region III and the crack perimeter regains its normal shape. Thus, Re
gion II represents a transition in crack growth behavior between Regions I 
and III; depending on the availability of water at the crack tip, different por
tions of the crack front behave somewhat independently as the crack moves.* 

The effects just described also occur for surface cracks that are responsible 
for the failure of strength specimens. The effect is shown in Fig. 7, which illus
trates successive positions of a surface crack that was propagated to failure in 
normal heptane. The crack was formed by the use of a diamond pyramidal in-
denter; the velocity was measured by the use of a sonic pulse generator. The 
crack position is indicated by ripple marks on the fracture surface, each set of 
marks indicating successive positions of the crack as it grows larger. In Fig. la 
the ripple marks closest to the indentation (halfway between the two arrows) 
represent Region I crack growth, whereas those furthest from the indentation 
represent Region III crack growth. The arrows mark the transition between 
Region II and Region III crack growth. As can be seen from Fig. lb, the shape 
of the crack in Region II differs from the normal semielliptical shape that is 
characteristic of Region I or Region III crack motion. As in the case of the 
through cracks discussed previously, the change in shape can be attributed 
primarily to water depletion at portions of the crack that are distant from the 
surface. Because of water depletion, these portions of the crack move slower 
than those near the surface where the water is plentiful. Thus, the shape of the 
surface crack is modified by the water content of the environment near the 
crack perimeter. Because of the difference in geometry between small surface 
cracks and the large cracks that are typical of fracture mechanics specimens, 
physical constraints on the crack front are different for the two types of cracks.^ 
Therefore, crack growth in Region II will probably not be the same for the two 
types of cracks even though crack growth in Region II represents a transition 
in behavior between Regions I and III for both crack types. The differences 
between the theoretical and experimental strength distribution curves in Fig. 4 
may be the result of these geometric considerations. Substantiation of this 
belief, however, will require the solution of three-dimensional elasticity/diffu-

*In an earlier paper, Vamer and Frechette [30] suggest that crack arrest occurs periodically in 
the central portion of the crack in Region II (for studies conducted in nitrogen gas). A later 
study by Richter [29] (conducted in air) and by Quackenbush and Frechette [28] (conducted in 
decane) gave no indication of crack arrest in Region II. The results of the present study on in
dentation cracking also give no indication of crack arrest in Region II. 

*For example, Ki for an elliptical crack can vary by as much as 50% along the crack perimeter. 
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FIG. 7—Successive positions of a surface crack that was propagated to failure in heptane: (a) the 
arrows mark the transition between Region II and Region III crack growth: (b) higher magnifica
tion of (a) showing the shape of the crack fronts in Region II. 
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sion boundary value problems to determine exactly how crack growth occurs 
for surface cracks. This task is beyond the scope of the present paper. 

Summary 

This paper presents a critical analysis of the applicability of crack growth 
data to proof testing as a means of improving the reliability of structural ce
ramic materials. In particular, the paper deals with the question of predicting 
strength distribution curves from crack growth data obtained by standard frac
ture mechanics techniques. To deal with this question, both strength data and 
crack growth data were obtained on soda lime silica glass specimens that were 
tested in liquid heptane. Crack growth data were obtained by the applied-
moment, double-cantilever beam (DCB) technique and by the single-edge, 
notch tension (SEN) technique. Although there were systematic differences 
between the two sets of crack velocity data, a partial overlap of the data was 
observed over most of the data range. Considering that two different test tech
niques were used to collect the data, the two sets of crack growth data were 
considered to be consistent with the degree of scatter that has been reported 
for crack growth data. 

Proof test experiments were conducted on soda lime silica glass microscope 
slides that were subjected to four-point bending. Strength distribution curves 
after proof testing were obtained using three different unloading rates during 
the proof test cycle. Truncation of the strength data was obtained only for spec
imens subjected to a rapid (165 MPa/s) rate of unloading. Specimens that 
were subjected to either slow (0.33 MPa/s) or medium (3.3 MPa/s) rates of 
unloading gave curves that hardly differed from the initial strength distribu
tion curve. Furthermore, the three strength distribution curves obtained from 
the proof tested population of glass slides could not be predicted from the crack 
growth data obtained in the present experiment. 

In the course of our discussion and analysis, we concluded that the position 
and shape of the strength distribution curve after proof testing was highly sen
sitive to the exact position and shape of the crack growth data. We were able 
to show that slight shifts in the position or shape of the v-K] plot resulted in 
substantial changes in the position and shape of the predicted strength distri
bution curve. As a consequence, any physical or chemical process that dis
turbs or changes the position of the crack growth curve or prevents an ac
curate determination of the crack growth curve will cause the strength 
distribution curve determined from crack growth data to differ considerably 
from the one determined experimentally. Specific causes of the differences are 
(1) the experimental uncertainty inherent in obtaining v-Ki data and (2) 
physical and chemical effects that alter the behavior of small surface cracks so 
that their response to applied stress differs significantly from the response of 
large macroscopic cracks typical of fracture mechanics specimens. 

From a practical point of view our strength data suggest that proof testing 
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in an "inert" liquid may not be a wise procedure because only a modest degree 
of truncation is observed (only at high unloading rates) and because after 
proof testing many specimens have strengths that lie below the proof test level. 
Based on these observations and results from an earlier study, which included 
proof test studies in dry nitrogen gas, we suggest that proof testing be con
ducted in dry, gaseous environments and that rapid rates of unloading be used 
to ensure structural reliability. When this procedure is followed, satisfactory 
truncation of the strength distribution can be achieved. 
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APPENDIX 

The Selection of Kj^ 

In developing the computer code used in the present study, we found it necessary to 
establish a criterion for failure. A standard, albeit somewhat idealized, failure criterion 
is to assume that failure occurs when the applied stress, a, is equal to the strength, S [31]. 
In fracture mechanics terms, this criterion is equivalent to assuming K\ = Kj^ and 
d(Ki/da) > 0 for the most critical crack. 

In more practical terms, however, failure by crack growth is determined by a crac'iv 
velocity criterion: failure occurs when the crack is moving so rapidly that the specimen 
cannot be unloaded fast enough to avoid failure. The critical velocity for failure de
pends on the rate of unloading: as the unloading rate is increased, the critical velocity 
also is increased. This failure criterion is exactly applicable to proof testing, since the 
number of specimens that pass the proof test is determined by the rate of unloading. 

When the v-Ky curve is steep, as it is for soda lime silica glass in nitrogen gas, the two 
criteria are almost identical. The value of/fj,, is insensitive to the crack velocity, and the 
value selected (within Region III) for Ki^ does not affect the truncation that results 
from proof testing. However, when the v-Ki curve is complicated by physical effects, 
such as viscous drag or cavitation, as it is for soda lime silica glass tested in heptane, 
then one must be concerned with the equivalence of the two failure criteria. In particu
lar, it must be determined whether/Tij. evaluated by conventional methods can be used 
to establish a criterion for crack stability for a proof test. 

In the present study we used a value ofKi^ = 0.75 MPa^ as obtained on DCB spec
imens that were loaded to failure in dry nitrogen gas [32]. To test the validity of this con
ventional value ofKic, the v-Ki curve for the SEN specimen (Fig. \b) was used to deter
mine a strength distribution curve for three values of A'jc: 0.75, 0.90, and l.lOMPa- m'̂ .̂ 
For each of the proof test cycles used in the present study, the strength distribution 
after proof testing and the number of specimens that broke during the proof test were 
found to be independent of the value of Ki^ used in the program. The reason for this ap
parent insensitivity of the strength distribution curve toKy^ is the fact that the distribu
tion curve is determined by a relatively narrow range of velocities on the v-Ki plot. As 
long as Kic lies at a value that is above this range of velocities, the strength curve will not 
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TABLE 3—Input data: Weibull parameters. 

Condition 5Q m 

Experimental 112 7 
Inert: calculated from v-K; data 

SEN 123.1 6.55 
DCB 130.1 6.28 

TABLE 4—CracA: growth data." 

Condition 

SEN* 

DCB 

Region 

1 
2 
3 
4 
5 
6 
7 
8 
9 

1 
2 
3 

Slope, n 

16.59 
5.07 

245.66 
56.00 
13.02 
6.97 

382.50 
16.03 
6.60 

17.10 
4.09 

125.83 

in A 

-233.13 
-81.90 

-3315.52 
-762.88 
-180.91 
-98.23 

-5255.06 
-218.66 
-88.35 

-237.95 
-67.85 

-1700.19 

"Slopes and intercepts for v-K^ curves; values are based on 
pascals as the units for stress. 

ATfc =0.75Mpa-m'^2 
K,,^, = 0.2MPa-m'^^ 
Y =1 .5 
*Tfie number of significant figures given in these parame

ters is included for purposes of calculation only and does not 
indicate accuracy of the various parameters. 

be sensitive to its value. The main effect of changing Ki^ is to shift the position of the ini
tial strength distribution.'" Increasing the value of A î̂  increases the value of SQ and de
creases the value of m for the initial distribution (Table 3). Thus, K\^. plays the role of a 
scaling factor in a proof test. In view of this conclusion, the fracture mechanics value of 
/^ic (that is, 0.75 MPa • m'''^) was used for the present study (Table 4). 
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DISCUSSION 

G. Quinn^ (written discussion)—You have demonstrated that lifetime pre
dictions are extremely sensitive to the exact position of the K-V curve. Slight 
shifts in crack velocity data can translate into huge changes in lifetime predic
tions. Do you think analysis methods based on crack velocity measurements 
will ever become widely applicable for life prediction purposes? 

S. M. Wiederhom, S. W. Freiman, E. R. Fuller, Jr., and H. Richter (au
thors' closure)—For structural ceramic components, lifetime prediction at 
room temperature is based on the concept of crack growth from preexisting 
flaws. However, since data for the prediction of lifetimes of components can 
be obtained either from strength or from crack growth measurements, it is un
clear at the present time which type of measurement will eventually be used as 
the basis for lifetime prediction. Problems that arise when crack growth data 
are used for lifetime prediction occur both in the accuracy with which data can 
be obtained and in the modeling of the motion of small flaws that control 
strength, crack motion being affected by such factors as crack-tip blunting, 
residual stresses, crack geometry, and microstructure. Until all of these ef
fects are fully understood and correctly modeled, caution must be exercised 
when using crack growth data to predict the lifetime of ceramic components. 
We are gradually learning to deal with these problems, and perhaps when 
they are fully understood, crack growth data will be used as a reliable means 
of predicting lifetime. 

'U.S. Army-AMMRC, Watertown, Mass. 02172. 
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ABSTRACT: Stress rupture and crack velocity data must be used to predict the lifetime 
of structures. However, to use stress rupture data, the large amount of scatter characteris
tic of brittle materials must be treated, and to use crack velocity data the initial defect size 
must be known. Since the time-dependent failure of many brittle materials involves prop
agation of a crack from an initial defect to a critical size at which stress rupture occurs, 
crack velocity and stress rupture data can be combined to predict the initial defect size. 
This technique has been developed and used to provide (1) statistical interpretations of 
stress rupture data as a size distribution of critical defects and (2) probability of failure 
predictions of structures, including the size effect. An expression for the stress rupture 
curve which includes the initial defect size is produced by integrating an expression for the 
crack velocity curve that includes the threshold stress intensity factor. The scatter is 
treated along lines of constant initial stress intensity factor, so that the scatter is indepen
dent of rupture life. This approach is applied to literature data for soda lime glass in 
water. An initial defect size is inferred for 261 data points, and the Weibull distribution is 
used to display the data in terms of the inverse square root of the initial defect size. The 
defect size distribution for soda lime glass is predicted, and an example of the failure 
prediction of a structure is included where the size effect is considered. 

KEY WORDS; fracture mechanics, defect sizes, stress rupture, crack growth rate, scat
ter, size effect, Weibull distribution, stress intensity factor, soda lime glass, structural 
reliability, brittle materials 

Techniques must be developed to assess the structural reliability of brittle 
materials. A number of investigators have explored various aspects of statisti
cal design with brittle materials [1-8]. Also, the stress rupture behavior 
(time-to-failure for constant stress loading) of brittle materials, particularly 
glass, has been widely studied [9-13]. The stress rupture failure mechanism 

'Manager—CAD technology. General Electric Company, Plastics Business Group, Pittsfield, 
Mass. 01201. 
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of many brittle materials involves the propagation of a crack from an initial 
defect to a critical size where failure is defined. An analysis of this process 
involves three types of material data—crack grovrth rates, stress rupture, and 
initial defect size. Any two of these three types of data can be used to predict 
the third. 

In the analysis presented in this paper, a relationship is fitted to crack 
growth rate data. For an initial defect size, the relationship is integrated to 
produce a stress rupture curve. An initial defect size is thus inferred for a 
stress rupture data point that falls on the curve. Therefore, a distribution of 
critical initial defect sizes can be predicted from a set of stress rupture data. It 
is presumed that the variation or scatter in stress rupture data is dependent 
only on the variation of the initial defect size and not on material variability or 
other sources. A similar approach has been applied to cyclic crack growth and 
fatigue data [14]. The objectives of this paper are to describe the approach 
and demonstrate its application to soda lime glass by determining both the 
size distribution of critical initial defects and the size effect of the average 
defect size. By relating stress rupture life to critical defect sizes in test speci
mens, critical defect size distributions in components can be predicted, and 
allowable material defect sizes can be based on required component life. 

Crack Growth Analysis 

The crack velocity, da/dt, is controlled by the stress intensity factor, K, 
which is a measure of the magnitude of the stress field at the crack tip and is 
computed from the applied stress, a, and the crack length, a, 

K = Ya^ (1) 

where y is a geometric factor that accounts for the geometry of crack and 
structure. The crack growth rate can be expressed as a power law 

dt \ K,h I 

where B, n, and Kih are constants. The threshold stress intensity factor, K,i,, 
is added as the third constant to account for the curvature of a typical crack 
growth rate curve. For many materials, da/dt becomes very small at small 
values of K, indicating an apparent threshold stress intensity factor 

K,, - y a V ^ (3) 

where an, is the threshold crack length for an applied stress, a. For a > a,/, 
cracks will propagate, and for a < a,/, cracks will not propagate. 
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The crack growth rate expression (Eq 2) can be used to predict the time to 
failure, tj, assuming the following: 

1. The failure process consists entirely of the propagation of a crack from 
an initial size to a critical size. 

2. The shape of the crack remains constant during propagation of the 
crack, and its size is always small in relation to the distance to any free surface. 

3. The crack driving force is characterized by the elastic stress intensity 
factor. 

4. The applied stress is constant during crack propagation. 

The crack growth rate expression can be integrated by substituting Eqs 1 and 
3 into Eq 2 and separating the variables 

"/ da BY"a" f'' 

a- (Va — Va,;,) A,/, Jo 

The initial crack length, a,, is defined in terms of the initial stress intensity 
factor 

K, = Yasfa'i (5) 

and the final crack length, Of, is defined by the critical value of K 

K, = Ya-J^j (6) 

The assumed shape of the crack is a semicircular surface flaw of length a 
where Y = 1.12(2/7r)(\^). Integrating Eq 4 yields the time to failure 

_ 2K% 
If — / BY" a" 

'—- 1- -Ja.h th . 

1 — n 

^ - Vfl,A 

2 — « 1 — « 
(7) 

The stress rupture curve is thus a function of the three constants from the 
crack growth rate expression, B,n, K,f,, the fracture toughness, K^, the crack 
geometry, Y, and the initial crack length, a,. Of these parameters, the initial 
crack length is probably the most difficult to determine and has the most 
sensitive effect on the stress rupture life. Another form of Eq 7 that is useful in 
understanding the parameters that control stress rupture life is 
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IK'lu 
^ BY^a^ 

i - A.j 
(2 - n) '" (1 - «) 

(2 - n) '" (1 - n) 
(8) 

In this expression it can be seen how the initial stress intensity factor, A",, 
affects the rupture life. The time to failure is a function of several constants 
but only two variables, a and AT,. In the following section the process of infer
ring a size distribution of critical defects by using Eq 7 and the implications of 
Eq 8 on scatter in stress rupture data will be discussed. 

Analysis of Stress Rapture Data 

The scatter in stress rupture data is assumed to arise only from a variation 
in initial defect size and not from material variability or other sources. A 
stress rupture curve can be produced by using Eq 7 or 8 and by assuming a set 
of material properties, B, n, K,/,, K^, a crack geometry, Y, and an initial 
crack size, a,. Two such curves could be produced for two values of a, to rep
resent scatter in stress rupture data from two specimens of the same size but 
with different initial defect sizes, or they could represent average stress rup
ture curves for specimens with two different sizes where the larger specimens 
would have, on the average, a larger initial defect size and a shorter time to 
failure. Treating the scatter or size effect (specimen to specimen or specimen 
to structure) as variability in rupture life at constant stress results in increas
ing variability with increasing rupture life. At long lifetimes, the scatter be
comes enormous and life prediction is complicated by tests that have been 
terminated without failure. A more satisfactory method treats scatter and size 
effects as variability in rupture strength at constant life. This results in only a 
small increase in the scatter or specimen size effect of the rupture strength 
with increasing life. Nevertheless, treatment of scatter either at constant life 
or at constant stress results in variability or scatter which varies with lifetime. 
The following describes a treatment of rupture data in which the variability is 
constant throughout the stress rupture curve. 

Equation 8 can be expressed as 

tj<j^=MKi)=f2{a^i) (9) 

so that lines of constant/(T, have a slope of —0.5 on plots of log a versus log tf. 
A constant value of A", can result from a small crack and a large stress or a 
large crack and a small stress (Eq 9). In either case, the initial response to the 
crack driving force, K, is the same since the starting point K;, on the crack 
growth rate curve is the same. The lifetimes are different because tyo^ is con
stant (Eq 9). The rupture curves for different a, values are identical in shape 
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but offset along lines which have a slope of —0.5. The distribution of critical 
flaw sizes in a material can be pictured as a family of such curves. The relative 
positions of the curves are identical along all lines with a slope of —0.5; there
fore, the scatter or size effect is independent of stress and life when analyzed 
along such lines. Thus, scatter and size effects should be treated along lines of 
constant initial stress intensity factor, K;. 

To infer a distribution of critical initial defect sizes from stress rupture data 
and crack growth rate data, each stress rupture data point, a, tf, must be 
associated with a stress rupture curve. Data for soda lime glass tested in water 
were used as an example. Crack growth rate data [11] were used to establish 
the constants in the crack growth rate expression (Eq 2), where B ~ 3.2 X 
10-6 m/s (1.3 X 10-4 in./s),« = 6, and AT,* = 0.22 MPaVm (0.20 ksi Vini). 
The crack growth rate data for soda lime glass in water are shown in Fig. 1, 
along with the expression for the crack growth rate curve. The trend of the data 
indicates that a threshold may exist. The stress rupture data [8] for soda lime 
glass in water are shown in Fig. 2. The tests were performed at five different 
stress levels by loading abraded glass slides in four-point bending. A total of 
261 tests were performed, but 55 tests were terminated without specimen fail
ure (runouts). The median tj is indicated in Fig. 2. The curve in Fig. 2 will be 
described in the next section. Now each stress rupture data point can be associ
ated with a stress rupture curve by iteratively computing a, until the stress 
rupture curve passes through the data point. The a, value is then an estimate of 
the initial size of the defect which led to the failure of that specimen. 
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FIG. 1—Crack growth rate data [11] for soda lime glass in water. 
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Distribution of Defect Sizes 

After the initial sizes of the strength-controlling defects have been com
puted for a data set, a mathematical representation must be used to statisti
cally treat the size distribution. The two-parameter Weibull distribution 
function [15] has been chosen 

P = 1 - exp — ) dA (10) 

where P is the cumulative probability of failure, m is the Weibull modulus, 
and (Jo is a normalizing constant. The integration of (a/ao)"" is carried out 
over all elements of surface, dA, if the defects leading to stress rupture failure 
are located only on the surface. Otherwise, the integration is carried out over 
the volume. The Weibull modulus is a measure of the scatter or variability in 
defect sizes where a small value of m indicates a large degree of variability. 
Accordingly, the Weibull modulus describes the variability or scatter in rup
ture strength and the sensitivity of the rupture strength to specimen size. 
Equation 10 can be expressed as 

P= 1 exp -kA' ''"'''' 
<̂o 

(11) 
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FIG. 2—Stress rupture data [8] for soda lime glass in water. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 18:11:39 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



TRANTINA ON FRACTURE MECHANICS ANALYSIS OF DEFECT SIZES 123 

where 0^^^ is the maximum a on the surface and A: is a dimensionless constant 
defined as 

r^ ( <y Y dA 
J V ffn,ax / ^ 

Tensile specimens with uniform stress throughout result in A = 1. All other 
stress states result in 0 < A < 1. The product of k times A in Eq 11 is often 
described as the "effective area" and is the area of the specimen which is 
effectively being stressed at a^ax • 

Since scatter and size effects should be treated at constant Kj (and there
fore constant a\fa^), CT in Eq 11 can be replaced by l/Vo^. A graphical method 
of displaying the distribution as a straight-line relationship involves a rear
rangement of Eq 11 to 

to in = m iu —T=- + constant (13) 
1 - P Vo^ 

If one plots in(r\\/{\ — P) versus (n l/Vo^, the data points should fall along 
a straight line with a slope equal to the Weibull modulus, m. The probability 
of failure, P, for each specimen can be estimated as (n — 0.5)/N, where n is 
the ordering number (weakest to strongest or largest to smallest crack length) 
and N is the total number of specimens. 

An example of size distributions of critical surface defects in soda lime 
glass is shown in Fig. 3. The cumulative probability of failure is displayed 
versus 1/Va7- These five curves correspond to the five levels of stress used in 
the stress rupture tests described in the previous section. The curves are plot
ted separately because there are runouts at each stress level except the high
est. Since the runouts at each stress level represent the strongest specimens 
(smallest defect size), they occupy the highest rank but cannot be plotted be
cause they did not fail, and thus an a, cannot be estimated. This is illustrated 
in Fig. 3 as an increasing lack of data at the upper part of the curves as the 
stress level decreases and there are more runouts. The Weibull distribution 
provides a reasonable fit of the size distribution of critical defects. 

A summary of the defect size analysis of soda lime glass is given in Table 1. 
The important feature to note is the comparison of the defect size distribu
tions for the five stress levels (Fig. 3). These defect distributions should be 
independent of the stress level. Two measures of the defect distributions are 
the slope (Weibull modulus) and the median defect size. The results in Table 
1 indicate that the Weibull modulus, m — 9, and the median defect size, a, = 
23 urn (0.0009 in.), are nearly constant. The curve in Fig. 2 is drawn by using 
this defect size. Further consistency in the average defect size is obtained by 
considering the inert strength and K^, both measured in liquid nitrogen. The 
inert strength is 132 MPa (19.1 ksi) [8], and Kj^ is 0.82 MPaVm (0.75 
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FIG. 3—Continued. 

ksiViiT) [16]. Using Eq 1 and these values, a defect size of 25 nm (0.001 in.) 
was calculated. 

Size Effect 

The size effect in brittle material occurs because the size of the critical de
fect, on the average, increases with increasing area or volume or with more 
uniform stress distributions (larger k). This size effect also can occur between 
specimens and components. From Eq 11 one can show that at constant prob
ability of failure 

02 
(14) 

Thus, for Ki = constant 

/a,-2 

kiAi 
(15) 

The specimen size effect is now given in terms of the square root of the aver
age initial defect size. 
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TABLE 1—Summary of stress rupture test results for soda lime glass in water. 

Applied 
Stress, 

MPa (ksi) 

58.6 K8.5) 
55.2 1(8.0) 
48.3 (7.0) 
42.4 1 (6.15) 
40.0 , (5.8) 

No. of 
Specimens 

Tested 

47 
47 
47 
47 
73 

No. of 
Runouts 

0 
2 
6 

14 
33 

Median 
Time to 
Failure, 

s 

60 
261 

1 002 
10 131 

260 832 

Median 
Defect Size, 

(im (in.) 

21 (0.81 X 10~3) 
19 (0.76) 
23 (0.89) 
25 (0.98) 
24 (0.94) 

Weibull 
Modulus 

9.7 
9.3 
9.1 
8.8 
9.8 

A pressurized, soda lime glass cylinder is used as an example of the failure 
prediction of a structure where the size effect is included. Equation 15 is used 
to translate the defect size distribution for the glass slides tested in four-point 
bending to pressurized glass cylinders. The outer span for the four-point bend 
tests was 5.08 cm (2.0 in.), and the inner span and the specimen width was 
2.54 cm (1.0 in.). Since the specimens were abraded, only surface flaws, and 
thus surface area, are considered. Also, only the tensile surface is used be
cause flaws do not tend to propagate in compressive stress fields. The area 
between the inner loading points (6.45 cm^ — 1.0 in.^) is uniformly stressed 
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FIG. 4—Defect size distributions for abraded glass slides and cylinders. 
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{ki = 1). The area between the inner and outer loading points (6.45 cm^ — 
1.0 in.2) has a stress that varies linearly from 0 to the maximum stress. For 
a linearly varying stress distribution Eq 12 is used to show that k^ — 1/ 
(m + 1). Since m = 9 for abraded soda lime glass, k^ = 0.1. These two 
effective areas, A:j A j , are summed and used in Eq 15 along with kiAj for the 
pressurized cylinder, where k2 = I since the stress is nearly uniform in a thin-
walled cylinder. The cylinder is 7.62 cm (3.0 in.) long and 2.54 cm (1.0 in.) in 
diameter. Since the average defect size for the glass slides, a,i, is about 23 /tm 
(0.0009 in.), Eq 15 can be used to calculate a value of 42 /xm (0.0017in.) for 
a,2 for the cylinders. The distribution function (Eq 13) is then used to calcu
late the cumulative probability of failure versus defect size (Fig. 4). Now, for 
any probability of failure a stress rupture curve can be calculated for any envi
ronment if a crack growth rate curve exists for that environment. For exam
ple, for P — 1% (the weakest of 100 cylinders), the defect size is 107 fim 
(0.0042 in.). This defect size is characteristic of the abraded soda lime glass 
cylinders and is independent of environment. By using the constants for the 
crack growth rate curve for soda lime glass in water (Fig. 1), the average stress 
rupture curve for the cylinders (Eq 8) and the stress rupture curve for the 
weakest of 100 cylinders (tested in water) can be predicted (Fig. 5). 

Conclusions 

For an initial critical defect size, a,, a stress rupture curve can be produced 
by integrating the analytical expression for a crack growth rate curve. For two 
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FIG. 5—Stress rupture curves for soda lime glass slides and cylinders in water. 
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different values of a,, two stress rupture curves can be generated to represent 
scatter in rupture data from two specimens of the same size or average rup
ture curves for specimens with two different sizes. This scatter or size effect 
should be treated along lines of constant initial stress intensity factor. These 
lines have a slope of —0.5 on the log stress-log tj curve. Along these lines the 
scatter or size effect in stress or life is independent of rupture life. An initial 
defect size can be inferred for a data point that falls on the rupture curve. 
Then, a size distribution of critical defects can be predicted for a set of rup
ture data. The Weibull distribution can be used to display the data in terms of 
1/Va7- The size effect can be treated where the square root of the average size 
of the distribution of critical defects increases with effective area. Thus, criti
cal defect size distributions in structures can be characterized so that allow
able material defect sizes can be based on required component life. 
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ABSTRACT: Existing and newly obtained optical glass fiber fatigue data over a wide tem
perature and liumidity range were analyzed using the stress corrosion model of crack 
growth. Values obtained for the order of the reaction (humidity exponent), activation en
ergy, and stress constant were compared with those obtained directly from crack growth 
studies. It was found that the data from different sources did not correlate well with each 
other and that none of the sets of data agreed with the stress corrosion model. It is believed 
that the polymer coatings on the fibers may play a complex role in determining the avail
ability of moisture at the glass surface or that different fatigue mechanisms operate at dif
ferent stress levels. Considering the uncertainty and ambiguity associated with modeling 
optical glass fiber fatigue data, an empirical approach to lifetime predictions is recom
mended in which a function that "best fits" the data obtained under service temperatures 
and humidities is used for prediction. It must be pointed out, however, that extrapolating 
outside the data range may result in inaccuracies in the predictions. 

KEY WORDS: optical glass fibers, glass fibers, optical wave guides, fatigue, temperature 
effects, humidity effects, structural reliability, brittle materials 

Mechanical reliability is a primary concern in the commercial use of optical 
glass fibers. These fibers are manufactured under carefully controlled pro
cesses that result in very high, short-term short length strengths (over 7000 
MPa). Unfortunately, these fibers exhibit strength degradation that leads to 
delayed failure (commonly known as static fatigue) when put under moderate 
stress in a moist environment. For practical design purposes it is important to 
characterize this delayed failure process so that service lifetimes can be pre
dicted from relatively short-term laboratory test data. 
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versity of Massachusetts, Amherst, Mass. 

131 

Copyright® 1984 by AS TM International www.astm.org 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 18:11:39 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



132 STRUCTURAL RELIABILITY OF BRITTLE MATERIALS 

Fracture mechanics [1-3] offers a framework within which lifetime predic
tions can be made. Unfortunately, long-term failure predictions are quite sen
sitive to the assumed crack growth model, and it is almost impossible to distin
guish between fits of diverse expressions for crack growth over the normal data 
range for a given environment [4,5]. Thus, to model lifetime predictions suc
cessfully, a theory must also be able to account for the temperature and humid
ity dependence of the data. The purpose of this paper is to analyze existing and 
newly obtained fatigue strength data obtained over a wide range of tempera
ture and relative humidity using the stress corrosion model of crack growth that 
has been applied successfully to other glasses [6-8], 

Theoiy 

It is generally believed that delayed failure is caused by the stress-enhanced 
growth of a preexisting flaw to dimensions critical for catastrophic failure. The 
theory that has demonstrated the best capability for modeling stress corrosion 
crack growth in glass systems is that due originally to Hillig and Charles [9] 
and later put into fracture mechanics terms by Wiederhom [6]. These re
searchers assumed that crack velocity is governed by the rate of chemical reac
tion at the crack tip and, thus, that the crack velocity, v, is related to the stress 
intensity factor, Ki, by 

= aj^exp(——— )exp(—"7 1 (1) ^«^^p(^)''p("i^) 

where XQ is the partial pressure of water,/ is the order of the chemical reaction, 
E* is an empirical measurement of the zero stress activation energy of the cor
rosion reaction, R is the gas constant, and a and b are constants. 

Given a specific stress, temperature, and humidity history, Eq 1 can be inte
grated in principle to yield the lifetime of a particular glass fiber. For data anal
ysis the two most important stress conditions are the constant applied stress 
(static fatigue) and the constant stressing rate (dynamic fatigue). Under con
stant stress, CTfl, Eq 1 gives [4] 

2A:,. / 1 . 1 \ / a, 

''= :n^l^+•;;?; "^l-"t' «' 

where/I = axi exp {~E*/RT); n = bK^^/RT; 5', is the inert strength, that is, 
the strength determined in an environment in which no subcritical crack growth 
occurs; and y is a flaw shape factor. 

Unfortunately, Eq 1 cannot be integrated in a closed form for constant stress
ing rate, a, and a numerical solution must be obtained from [4] 
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d Y - = — j - l Qxp(nKi)dt (3) 

where cy is the fracture strength. 
The fatigue constants, A and «, can be determined as a function of tempera

ture and humidity by regression analysis of constant stress or stressing rate 
data obtained at various temperatures and humidities using Eqs 2 and 3, re
spectively. Computer search techniques to perform the required nonlinear re
gressions of Eqs 2 and 3 have been previously published [4]. By analyzing the 
resulting temperature and partial pressure dependence of ̂  and n, one can de
termine the stress-free activation energy £"*, the order of the reaction/, and the 
Constantsa and6. 

Experimental Data 

There are two sets of optical glass fiber fatigue data in the literature that 
were taken at varying temperatures and humidities. Figure 1 shows a typical 
plot from the constant stress rate (dynamic fatigue) data of Sakaguchi and 
Kimura [10], who varied both the temperature (20, 40, and 60°C) and the hu
midity (30, 40, 60, and 90% relative humidity). Figure 2 shows the plot of con
stant stress (static fatigue) data obtained by Chandan and Kalish [//] in water 
at various temperatures (40 to 90°C). It is apparent that Chandan and Kalish's 
data are substantially different from the data of Sakaguchi and Kimura, since 
they show that the fatigue mechanism at low stresses is different from that at 
high stresses. 

200 
10 50 100 

LOADING RATE L (mm/min) 

500 1000 

FIG. 1—Example of constant stressing rate data of Sakaguchi and Kimura [lOJ. 
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FIG. 2—Constant stress data of Chandan and Kalish [1]. 

To augment the two preceding sets of optical glass fiber data, additional con
stant stress data were obtained by the authors of this paper at varying tempera
tures (25, 42, and 65°C) and humidities (9 to 93% relative humidity). Figure 3 
shows the results of these tests; the optical fiber in this study was a borosilicate 
clad, germainium-silicate core optical fiber made by ITT Electro-Optical Div., 
with a primary polymer coating of Sylgard 184 (Dow Coming Corp., Midland, 
Mich. 48690) and a secondary coating of Hytrel (E. I. du Pont de Nemours, 
Inc., Wilmington, Del. 19898). The tests were performed in an environmental 
chamber using dead-weight loading, and about 20 samples of 20-cm gage 
length were tested per condition. 

The inert strength of the fiber used in this study was determined in dry nitro
gen gas at 23°C, and the median value was 5946 MPa. Chandan and Kalish 
ill] determined their inert strength in dry carbon dioxide (CO2) at —40°C and 
obtained a median value of 5820 MPa. Sakaguchi and Kimura [70] did not 
determine an inert strength for theu- fiber; therefore, the strength (13 390 
MPa) obtained by Proctor et al [12] for fused silica fibers tested in liquid nitro
gen was used in the analysis of their data. Duncan et al [13] also obtained a 
similar value (13 GPa) for the short-length liquid nitrogen strength of silica 
glass optical fibers. The exact values of "inert" strengths may be debatable. 
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FIG. 3—Constant stress data obtained in this study. 

but since inert strength does not play a primary role in the analysis of tempera
ture and humidity dependence of fatigue parameters, these values were con
sidered to be adequate for the present purposes. 

The glass compositions in these three studies were not the same, which could 
result in different fatigue susceptibilities. The purpose of this study, however, 
was to compare the results to predictions by stress corrosion theories and not to 
each other. Appropriate fatigue models must be developed before the fatigue 
differences among various compositions may be meaningfully discussed. 
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Results and Discussion 

The data of Sakaguchi and Kimura [10] and Chandan and Kalish [//] as 
well as the data obtained by the present authors were analyzed to obtain values 
for A and n at each of the available temperature and humidity conditions. 
Taking logarithms of the definition of A 

In A = In a + flnxo — 
E* 

RT 
(4) 

the order of the stress corrosion reaction, that is, the partial pressure expo
nent, can be determined as the slope of In A versus In XQ at constant tempera
ture. As an example, Fig. 4 shows a plot based on the data of Sakaguchi and 
Kimura. It is evident that the slopes vary significantly with temperature (—0.8 
to 0.5), indicating a possible change in the stress corrosion reaction. A value of 
E* can be calculated from the slope of an Arrhenius plot of In A versus l/T at 
constant partial pressure; however, as can be seen from Fig. 4, the slope oiA 
versus T depends on partial pressure for this set of data. Figure 5 is derived 
from the data in Fig. 4, and it is evident that different slopes are obtained for 
different partial pressures, effectively yielding a different value for the ac-
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FIG. 4—Dependence of fatigue parameter A on partial pressure of water, based on data of 
Sakaguchi and Kimura |10]. 
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FIG. 5—Dependence of fatigue parameter A on temperature, based on data of Sakaguchi and 
Kimura [10]. 

tivation energy at each humidity level. Similarly, the constant n was found to 
depend not only on temperature, as expected from its definition, but also on 
partial pressure (see Fig. 6). 

Since the value of b is determined from the slopes of the curves in Fig. 6, 
values of b varied from 0.43 to 0.57 m^''^/mol. (One may note that the common 
intersection of the three regression lines on Fig. 6 is coincidental and, hence, 
bears no significance for the results.) Kalish and Tariyal [14] also found that 
the exponent, «, for fused silica optical fibers depended on humidity, contrary 
to stress corrosion theory. Although the supposedly environmentally indepen
dent constants,/, E*, and b, showed a dependence on temperature and hu
midity with all of the data sets, values for these constants were calculated, and 
Table 1 shows the results of these calculations with the range of values ob
tained for each constant. From this table one can see not only the ambiguity of 
the constants that were obtained but also the inconsistencies between the dif
ferent sets of data. It should be noted that Chandan and Kalish's data were 
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FIG. 6—Dependence of fatigue parameter n on temperature, based on data of Sakaguchi and 
Kimura [10]. 

separated into low- and high-stress regions for purposes of analysis. Also, 
since all their tests were done in water, there was no variability due to different 
humidity levels in determining the constants. 

The stress corrosion constants in Table 1 can be compared with those ob
tained by Wiederhom and Boltz [7], who measured crack growth for glasses in 
water over a temperature range of 2 to 90°C and as a function of relative hu
midity at 23°C. They found that for fused silica E* = 139 kJ/mol and b = 
0.216 m^''2/mol, and for borosilicate glass E* = 129 kJ/mol and b = 
0.200 m^'^/mol. In addition, they found tha t /was approximately 1, corres
ponding to the order expected for a silicon-oxygen bond breaking reaction, for 
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TABLE 1—Summary of the stress corrosion constants based on fatigue data 
of optical glass fibers. 

E*, kJ/mol b, m^'^/mol / Reference Composition 

109 to 231 

55 to 92 
29 

378 

0.318 to 0.488 

0.435 to 0.572 
-0.101 

1.05 

- 0 . 5 to 0.9 

- 0 . 8 to 0.5 

this study 

10 
11 
11 

borosilicate clad 
germanium-silicate core 

fused silica 
(high stresses) j f^^^^yj^^ 
(low stresses) J 

all humidity levels except at very low partial pressures. It is evident that agree
ment between the data for optical glass fibers and simple glass systems is not 
good. 

Because of the poor correlation between the experimental constants and the 
stress corrosion model and the variability of these constants on temperature 
and humidity, calculations were made to minimize these environmental effects 
by analyzing the data with/ = 1 and averaging the n values over humidity at 
each temperature. Table 2 summarizes these calculations, and, as before, the 
agreement between these crack propagation constants and those obtained di
rectly from crack velocity measurements [7\ is not good; furthermore, some of 
the values obtained for these constants are physically unacceptable (negative 
activation energy). 

In summary, the excessive range of activation energies and the nonunity, 
even negative values, for the partial pressure exponent seem to indicate that 
the simple stress corrosion model is not adequate for representing fatigue data 
of optical glass fibers. The general lack of correlation between the fatigue data 
and the model is exhibited by the dependence on temperature and humidity of 
the supposedly environmentally independent constants,/, £"*, and Z>. Unfortu
nately, analysis with alternative crack velocity models [15-17\ indicates that 
the problems encountered with the stress corrosion model as represented by 
Eq 1 recur in a similar fashion with the other models as well, that is, constants 
are not environmentally independent. It is possible that the polymer coating 
plays an active role in determining the accessibility of water at the crack tip, 
hence requiring a more complex expression for the effects of humidity or tem
perature, or both. It is also possible, as suggested by the data of Chandan and 
Kalish [//], that different mechanisms might be operable at high and low 

TABLE 2—Summary of the stress corrosion constants based on 
fixing f equal to 1 and averaging n values over 

humidity at each temperature. 

E*, kJ/mol b, m^'^/mol / Reference 

-0.291 0.124 1 this study 
55 0.200 1 10 
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Stresses. Furthermore, the assumption of preexisting flaws should be reex
amined, considering that the strength-controlling flaw in optical glass fibers 
can be of atomic dimensions; hence, the concept of flaw initiation may be more 
appropriate. To resolve this current uncertainty associated with the applic
ability of the present models to fatigue data of optical glass fibers, more exten
sive fatigue data, as a function of temperature and humidity with a simple 
glass system, are needed to uncouple the possible role that the coating plays in 
the fatigue process. Until a better understanding of the fatigue of optical glass 
fibers is obtained, an empirical approach to design is the most prudent, in 
which data are obtained under temperature and humidity conditions repre
sentative of service, and predictions and extrapolations from these data are 
made with extreme caution using a function "best fit" to the data (power law, 
exponential, and so on). Kalish and Tariyal [14] demonstrated the utility of 
such an empirical approach by predicting static fatigue results from dynamic 
fatigue data obtained at the same temperature and humidity. It must be 
pointed out, however, that extrapolating outside the data range may result in 
substantial inaccuracies in predictions. 
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DISCUSSION 

G. D. Quinn' (written discussion)—There are many instances documented 
in the literature in which crack velocity experiments have failed to correlate 
with static fatigue experiments. Would you care to comment on this? 

/. E. Ritter, Jr., K. Jakus. and R. C. Babinski (authors' closure)—Glass is 
one of the more exemplary materials to use in modeling fracture mechanics 
theory. At a given temperature and humidity, static fatigue can be predicted by 
fracture mechanics from dynamic fatigue data. The difficulty with optical glass 
fibers is that the effects of temperature and humidity on fatigue are not well un
derstood. The reasons for the lack of correlation between static and dynamic 
fatigue data for some other materials are likely to be quite different from the 
reason optical glass fibers are not readily modeled by simple stress-corrosion 
reactions. 

'U.S. Army-AMMRC, Watertown, Mass. 02172. 
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ABSTRACT! The rate-dependent characteristics of subthreshold indentation flaws in 
glass are surveyed. In the first part, the kinetics of radial crack initiation within the inden
tation field are described. It is shown that an incubation time must be exceeded in the 
contact process for a critical crack nucleus to develop. This incubation time decreases as 
the contact load and the water content in the environment increase. Even if incubation is 
not achieved during the contact, delayed pop-in may occur after the contact due to the 
action of residual stresses. Scanning electron microscopic evidence shows that the radial 
cracks initiate from precursor shear faults within the deformation zone. In the second 
part of the presentation, the fatigue properties of specimens with indentation flaws on 
either side of the threshold are discussed. The subthreshold flaws differ significantly from 
their postthreshold counterparts in these properties: the applied stresses at failure are 
higher, the susceptibility to water is stronger, and the scatter in individual data points is 
wider. These features are discussed in relation to the preceding crack-initiation kinetics. 
Finally, the implications of the results concerning design criteria for optical fibers are 
considered. 

KEY WORDS: brittle materials, crack initiation, fatigue, glass, indentation flaw, optical 
fibers, radial crack, shear fault, strength, structural reliability 

In an earlier paper in this volume [1] a strong argument was presented for 
the use of indentation flaws in the investigation of intrinsic fracture parame-
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ters and flaw characteristics. One major advantage cited was the facility to 
control the scale of the flaw, by means of the contact load, in order to check 
for size effects in macroscopically determined crack growth laws. Such size 
effects would be apparent as deviations from the proposed "universal" plot
ting schemes. In view of the growing concern that microscopic flaws might 
differ in some significant respects from true cracks [2,3], particularly in the 
region of ultrahigh strengths (that is, approaching the theoretical limit), there 
would appear to be a need for systematic studies of flaw response at a funda
mental level. 

Accordingly, we survey here the results of some recent Vickers indentation 
studies on glass [4-6]. The original driving force for this work came from a 
pilot study on optical fibers [ 7] in which it was found that the strengths of spec
imens with indentations abruptly increased as the contact load diminished 
below some threshold. This threshold corresponded to a critical flaw configu
ration for crack initiation; the "pop-in" of radial cracks from the impression 
corners appeared to require the development of a sufficiently large precursor 
deformation zone [8,9]. Nevertheless, even though the subthreshold indenta
tions were free of visible cracks, they still provided preferred sites for failure. It 
was therefore clear that the mechanics, if not the mechanisms, of failure were 
different at the subthreshold level. Thus, insofar as indentation flaws could be 
expected to simulate the broad features of certain natural flaw types in glass 
fibers, the conclusion could be drawn that extrapolations from macroscopic to 
microscopic domains, as is implicit in most (statistically based) strength analy
ses, may well be unjustified. Reported observations that the apparent crack 
velocity exponent evaluated from optical fiber fatigue data is distinctly lower 
(by about a factor of two [10-12]) than the corresponding parameter obtained 
from large-scale fracture specimens reinforce this conviction. 

Our presentation will be made in two major parts. First, we shall summa
rize the results of some recent observations made on the kinetics of radial 
crack initiation in soda lime glass. It will be seen, from scanning electron 
micrographs of the indentations, that shear faults within the deformation 
zone act as the initiation precursors for the radial cracks. The threshold for 
pop-in is found to be highly sensitive to the contact period and to the presence 
of water. Fatigue data on the specimens indented at different loads, embrac
ing the threshold, will then be presented. These data are interpreted in terms 
of initiation kinetics. The relevance of the interpretations to the mechanical 
behavior of optical fibers will remain an underlying motivation for the study. 

Initiation Kinetics of Indentation Craclis 

Microscopy of Flaws 

In this section we discuss what we know about the nature of indentation 
flaws near the threshold load, as revealed by direct microscopical observa-
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tions. The broader features of the typical deformation/fracture pattern, 
shown schematically in Fig. 1 for the Vickers indentation geometry, are readily 
discerned by conventional optical techniques; the scale of the flaw at radial 
crack pop-in is generally on the order 10 /tm for glass. It is this amenability to 
optical observation that has led to the relatively advanced state of our under
standing of flaw response in the postthreshold region [/]. 

To understand the response in the subthreshold region, however, it be
comes necessary to focus attention on events within rather than without the 
deformation zone. For this purpose one must go to higher resolution tech
niques, such as scanning electron microscopy. Figures 2 and 3 are appropri
ate photomicrographs of indentations in soda lime glass. In the first of these 
figures we see two simple top views of the same, postthreshold indentation 
before and after etching in dilute hydrofluoric acid. The etching reveals the 
detailed structure of the hardness impression more clearly, although one 
must be careful here in drawing conclusions about the immediate postinden-
tation configuration; it is apparent from a comparison of Fig. 2a and b that 
the acid treatment has caused additional pop-in events to occur at the inden
tation corners, under the action of the residual stress field [13]. In Fig. 3 we 
see both top and side views (obtained by positioning the Vickers pyramid 
across a preexisting hairline crack and then running this crack through the 
specimen [6]) of a subthreshold indentation. Again, there is evidence of con
siderable fine structure in the deformation zone, particularly in the subsur
face section. 

The features of greatest interest in the scanning electron micrographs are 
the well-defined "fault" traces on the free surface areas which define the irre
versible deformation zone. These faults appear from their geometry to be 
shear activated, much the same as classic dislocation slip processes in crystal
line materials, although they operate at stress levels close to the theoretical 
limit of cohesive strength. One may conceive of the faulting configurations in 
terms of an intermittent "punching" mode, whereby catastrophic slip takes 
place at periodic intervals along shear stress trajectories to accommodate the 
intense strains exerted by the penetrating indenter [6]. For further geometri-

Subthreshold Postthreshold 

FIG. 1—Schematic of Vickers indentation geometry. Cracks pop in spontaneously at the 
threshold to the well-developed radial configuration. 
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FIG. 2—Scanning electron micrographs of Vickers indentation in soda lime glass. Top views: 
(a) unetched and (b) etched. The indentation load is 4 N; width of field is 40 urn. Radial cracks 
initiate from the shear fault structure in the hardness zone. 
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cal details of the fault patterns, reference is made to the important papers by 
Hagan and Swain [14,15] on the subject. 

The pertinent conclusions that we derive from the study of the micro-
graphic evidence are as follows [6]: 

1. The freshly created fault walls tend to recontact due to strongly com
pressive normal stresses within the contact zone, and thence to heal at the 
interface [6]. This healing is, nevertheless, incomplete since the faults remain 
susceptible to preferential etching. 

2. Faults generated in different quadrants of the contact area can intersect 
to produce high stress intensifications (notwithstanding a certain ability for 
the faults to interpenetrate [15]), thus providing favorable sites for crack nu-
cleation and growth. 

3. The tendency for fault production to be intermittent (possibly because 
of the availability of suitable defect centers for the initial generation) leads to 
a certain variation in the geometrical disposition of the pattern from indenta
tion to indentation (and even from quadrant to quadrant), thus giving rise to 
an element of scatter in the distribution of crack nuclei. 

Kinetics of Crack Pop-In 

It was indicated in the preceding subsection that optical techniques, al
though of insufficient resolution to observe the finer details of the precursor 
initiation processes, are usually adequate for observing the actual pop-in 
event itself. Here we describe the results of such observations made in situ 
through a microscope objective located immediately below the indentation 
site [6], In our setup, a sinusoidal load-time pulse is applied to the Vickers 
indenter, and the time for radial pop-in, t^, after the start of contact is re
corded in relation to the indentation period, T. The functional interdepen
dence of these two time variables then characterizes the kinetic response of 
the indentation flaws. 

Typical results are shown in Fig. 4 for soda lime glass tested in air at a 
prescribed maximum load, P. It is immediately clear that the threshold con
dition is rate sensitive. At long contact periods pop-in occurs during the in
dentation cycle, specifically at a reproducible point 0.3 P on the unload half 
cycle. At short contact periods, however, pop-in occurs after the contact, gen
erally with extensive delays, tc » T, and with large scatter. These results 
show that the driving force for initiation is greatest while the indenter is under 
load but is nevertheless far from insignificant in the residual field. One may 
interpret the transition from short-contact to long-contact behavior in terms 
of an incubation time for development of a critical nucleus from the shear 
fault configuration. This incubation time is found to diminish as the peak 
contact load or the water content of the environment increases [6], consistent 
with the general fatigue experience. 

Observations of this type lead us to the following picture of initiation kinet-
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FIG. 3—Scanning electron micrograph of Vickers indentations in soda lime glass. Simultane
ous top and side view. The indentation load is 1 N; width of field is 25 /im. Shear faults are 
evident below the hardness impression. 
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FIG. 4—Time to fracture as a function of the contact period for soda lime glass in air. The 
open symbols denote median values at each prescribed contact period. The results indicate an 
incubation time for development of a critical crack nucleus. 
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ics, based on the two-step process of precursor shear faulting and subsequent 
tensile crack pop-in [6]: 

1. Newly formed shear faults become exposed to moisture in the environ
ment, which penetrates into the interfaces and reduces the (already incom
plete) cohesion. The penetration and decohesion mechanisms are both rate 
dependent, and therefore have the potential for controlling the kinetics. As 
this stage progresses, the stress intensifications at mutual fault intersection 
points increase, thereby building up the driving forces on the crack nuclei 
centers. It can be shown that the shear stress component responsible for acti
vating the fault mechanisms reaches its maximum at the peak of indenter 
penetration but remains in force, albeit at reduced intensity, after completion 
of the cycle, consistent with the observations in Fig. 4. 

2. The crack nuclei form close to the specimen surface, and are therefore 
similarly exposed to environmental moisture. Thus, unless the stress condi
tions are such that the nuclei propagate spontaneously to the fully developed 
radial configuration, the system will be subject to slow crack growth. The 
normal stresses on such nuclei remain compressive through most of the in
dentation cycle, becoming tensile only at the 0.3 P unload point. If the incu
bation time has been exceeded by the time this point is reached the critical 
nucleus, released of its constraint, becomes free to propagate immediately; if 
not, the incubation process continues in the weakened, residual stress field, 
in which case the pop-in kinetics become subject to the variability in nuclea-
tion centers alluded to earlier. 

According to this description, either of these two steps could control the 
rate at which the critical stress intensification develops at the initiation cen
ter. Further work is needed to establish the relative importance of the shear 
fault and tensile crack concepts in the initiation kinetics. 

Fatigue of Glass with Postthreshold and Subthreshold Indentation Flaws 

We now examine the results of dynamic fatigue studies of soda lime glass 
containing postthreshold [4] and subthreshold [5] flaws. These studies were 
carried out using annealed rod specimens of 4 to 5-mm diameter, the surfaces 
of which had been preetched to remove large handling flaws and had been 
coated with protective lacquer over ail but a central region =3 mm wide. 
Vickers indentations were placed in these uncoated test areas at prescribed 
peak loads, and were examined after 30 min to determine whether radial 
cracks had or had not popped in. The specimens were then stressed at con
stant rates in four-point flexure in water, with the indentation oriented for 
maximum tension, and their fatigue strengths duly recorded. In each case the 
broken specimens were checked to confirm that the failures had indeed origi
nated from the indentation site; those that had not were omitted from the 
data accumulation. 
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Figure 5 shows the results for both postthreshold and subthreshold flaws, 
plotted in accordance with the master map scheme advocated in Ref 1. We 
recall from this earlier source that, for indentations with well-developed 
cracks, the dynamic fatigue response for any given material may be repre
sented by the expression 

OfP^'^ = (X;a,i')>^<"'+i) (1) 

where P is the indentation load, a a is the stressing rate, Of is the strength, and 
n' and \p are adjustable parameters. Both n' and \p are load independent, 
so plotting in the coordinates of Fig. 5 should reduce all the data to a univer
sal curve, regardless of the scale of the flaws. It is clear that there is a break
down in this universality as one traverses the threshold into the low-load 
region: 

1. The strengths are substantially higher, by a factor of three to four, con
sistent with the earlier study on fibers [7]. 

2. The scatter in data is wider, in correlation with the element of variability 
observed in the initiation kinetics (Fig. 4). 

3. The susceptibility to fatigue is stronger; compare the apparent crack 
velocity exponents « ' = 9.0 ± 0.8 for subthreshold and n' = 14.0 ± 0.3 for 
postthreshold. 
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FIG. 5—Reduced dynamic fatigue plot for soda lime glass rods containing Vickers indentation 
flaws tested in water. The shaded bands indicate inert strength levels: the error bars are standard 
deviations; load range for postthreshold data is 0.05 to 10 N (see Ref 1) and for subthreshold 
data, 0.15 to 0.25 N. 
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Equation 1 is derived on the basis of specific assumptions concerning the 
flaw configuration, notably that the critical crack extension occurs in the far 
field of the initiation zone [/]. Therefore, it should not be altogether surpris
ing that the subthreshold data plot onto a different curve in Fig. 5. The char
acteristics of the data in the two regions are, nevertheless, sufficiently diverse 
to suggest that we are dealing with two entirely different failure mechanisms, 
corresponding to a transition from propagation- to initiation-controlled insta
bilities. In this context it may be noted that the inert strength level for post-
threshold flaws lies below the fatigue strength for subthreshold flaws over a 
large portion of the stressing rate range; thus, when radial cracks do initiate 
during a fatigue test, failure must occur spontaneously from the precursor 
shear fault configuration. 

It is useful to replot the data in Fig. 5 in a way which brings out the scale 
effect more clearly. This is done in Fig. 6. To obtain this plot we have made 
use of the lifetime analogue of Eq 1 [ i ] ; that is, substituting a^ = Ojltj and 
identifying cy with the constant applied stress a^, rearranged thus 

tfoi = X^/P(«'-2V3 (2) 

as an explicit function of load. Each point in Fig. 6 accordingly represents a 
composite evaluation of tj<f^ from all data at a given P, taking the two re
gions separately but using n' from the postthreshold curve fit in Fig. 5 as an 
appropriate fatigue exponent. The rationale for this choice of a common ex
ponent is that, as mentioned before, the derivation of Eqs 1 and 2 is based 
strictly on the assumption that failure occurs from well-developed cracks. 
Thus, flaws which violate this assumption would be expected to show system
atic departures from the baseline data curve, and this is indeed observed to be 
the case in Fig. 6. The solid line in this figure is equivalent to the prediction 
we would make using macroscopic crack laws (with due account of residual 
stress terms [/]); it is seen that such a prediction, extrapolated into the sub
threshold domain, underestimates the lifetime at a fixed level of applied 
stress by several orders of magnitude. 

It is useful to view the threshold phenomenon in Fig. 6 in terms of flaw size 
rather than indentation load. We have, accordingly, included a scale of the 
hardness impression a on the abscissa, using the hardness relation H = 
P/2a^ = 5.5 GPa for Vickers indentations on glass as the basis for conver
sion. In the present case the threshold occurs in the range a = 1 to 10 fim, 
although it must be remembered that this range can scale up or down, de
pending on the kinetic history of the flaw. The overlap between the subthresh
old and postthreshold data is attributable to the variability in the shear fault 
configurations discussed earlier. Thus, it is conceivable that a particular flaw 
could be substantially smaller in its characteristic dimension than many of its 
possible competitors in a given specimen, and yet still control the strength 
properties by virtue of some uniquely favorable crack initiation conditions. Of 
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FIG. 6—Fatigue data from Fig. 5, reptotted to show load (or equivalent flaw size) dependence. 
The error bars are standard deviations. 

course, the potential always remains in such instances for delayed pop-in 
from some of these larger flaw centers, with consequent degradation in the 
overall lifetime response. 

Implications Concerning Optical Fibers 

We conclude this discourse by examining the implications of the results on 
the fatigue properties of ultrastrong silica fibers. The data presented here 
were obtained on rod rather than fiber specimens, and on soda lime rather 
than high silica glass. Although we have taken precautions to eliminate pre
existing handling flaws on our rod specimens, we can never be certain that the 
pristine surfaces of freshly drawn fibers would have responded in exactly the 
same way, and it is now well known that soda lime and high silica glasses 
differ significantly in their indentation behavior \16], the latter being re
garded as anomalous in this respect. Nevertheless, it may be recalled that our 
very first observations of threshold effects in the strength behavior were on 
actual optical fibers [7], so we may feel justified in making certain predic
tions, if only of a qualitative nature. 

One point that comes out clearly in the present work is the need to identify 
the flaw region which characterizes the operating stress range for a given com
ponent. Thus, if we wished to use the type of glass represented by the data in 
Figs. 5 and 6 as a structural material at ultrahigh strengths, it would hardly 
be efficient to design on the basis of extrapolations from the macroscopic 
crack region. (On the other hand, such extrapolations, in this case at least. 
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would suffice in applications calling for extreme conservatism in lifetime pre
dictions.) These comments would appear to reinforce the conviction held by 
many that, as far as practically possible, design evaluations should be made 
using data taken on surfaces which have the same finish as those to be placed 
in service and which embrace the required lifetime. This is particularly so 
when adopting empirical approaches to flaw characterization, especially 
those based on statistical distribution functions, where the underlying pro
cesses responsible for creating the flaws in the first place are disregarded. 

The point just made about designing within the time range of the fatigue 
data bears further elaboration here, for, as we have seen, flaws can continue 
to evolve long after their inception. Accordingly, where it is necessary to make 
extended lifetime predictions from relatively short-term fatigue data, the pos
sibility exists for premature failures. Any amount of fatigue testing of control 
samples, or proof testing of actual components, will count for nothing if sur
faces with subthreshold flaws are subsequently exposed to service environ
ments conducive to crack initiation. There is some evidence from the glass 
fiber literature [/ 7,18] that small-scale natural flaws can indeed suffer abrupt 
increases in severity with prolonged exposure to water, although in these cases 
direct observations of the flaws themselves could not be made to establish the 
nature of the transition. There would, accordingly, seem to be a strong case 
for advocating more controlled studies of fatigue failure in optical fibers, us
ing flaws introduced by indentation or other artificial means, so that the fun
damental lifetime-controlling processes might ultimately be identified and 
studied in a more systematic manner. 
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ABSTRACT: Four-point bend specimens of hot-pressed silicon nitride were tested at 
1000 and 1200°C at constant displacement rates and with constant applied load. At all 
temperatures the relationship between failure probability and time to failure could be 
predicted for the tests with constant load from the test performed at constant displace
ment rate, using the relations of linear elastic fracture mechanics. Regarding the test at 
1200°C, the varying stresses due to creep have to be taken into account in the predictions. 

KEY WORDS: silicon nitride, cracl; propagation, lifetime prediction, creep, scatter, 
structural reliability, brittle materials 

The lifetime of statically loaded ceramic structural components is re
stricted by subcritical crack growth. Preexisting flaws may extend at increas
ing velocity up to critical sizes for spontaneous propagation, followed by fail
ure of the loaded component. 

There are two different fracture mechanical procedures to prevent this de
layed failure within the planned time of operation. One of them is the proof 
test method. The theoretical and experimental foundations are reported in 
detail by Evans and Wiederhorn [/]. A second method is the lifetime predic
tion by measurement of crack growth parameters and preexisting flaw size 
distribution, based on statistical treatments of strength data. This well-
known procedure has been applied successfully to several ceramic materials 
in case of linear elastic material behavior. Measurements on glass in water 
[2-4] have given good agreement between predicted and experimentally ob
tained lifetimes; the same is true for investigations on alumina in water [5]. 
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Difficulties appear at high temperatures, where creep behavior dominates. 
Trantina [6] observed nonhnear load-displacement curves for hot-pressed sil
icon nitride at 1200°C; nevertheless, he applied the linear elastic relations. 
For the same material, Wiederhorn and Tighe [7] applied the proof test 
method and discussed the problem of different flaw size populations at room 
temperature and at elevated temperatures. Lange [8] considers an interrela
tionship between creep and crack growth. 

In this paper the authors demonstrate a way to modify the usually em
ployed formulas so that lifetime predictions can be executed under creep con
ditions. 

Time to Failure in Case of Elastic Behavior 

In the case of elastic behavior, lifetime predictions can be performed with 
elementary relationships. The time to failure under constant tensile stress, a, 
can be derived from the definition of the stress intensity factor, K 

K = aY-la (1) 

where a is a flaw size parameter and Y depends on the flaw size and geometry 
of the specimen, and from the well-known power law of subcritical crack 
growth 

V = — = AK^ (2) 
at 

where A and A'̂  are parameters of the material. Combining Eq 1 and Eq 2 
gives 

f Aa^Y^l^^K'^-' Aa^YKN-lV' " ' ^' 

where A", = aY'Ja^i is the initial stress intensity factor, a, the initial crack size, 
and Kc the fracture toughness. Y is assumed to be independent of crack size. 
For ceramic material, one obtains N > 10, and in the case ofK/ < 0,9 K^ we 
can neglect /sTe ^. Then Eq 3 is simplified to read 

tf = Ba^-^a-^ (4) 

with 

B = 
AYHN - 2)K^-~^ 
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and 

Y4^i 

the inert strength (strength without any crack propagation). 
Lifetimes can be predicted by Eq 4 if the parameters N and B and the inert 

strength (7̂  are known. 
In the same manner, we can calculate the strength a^ as a function of the 

stress rate a and the inert strength a^ if we replace dt in Eq Ihy dt = da/a. 
The resuh of this analysis is [9] 

a2+' = Ba^-^{N + l)a (5) 

This relationship makes it possible to determine N and B • a^~^, which is 
necessary for lifetime predictions. In a plot log cg versus log a a straight line is 
expected with the slope 1/{N + 1) and an intercept of 

(N + 1) log OB = log (Ba^^) + log (N +1) 

at ff = 1 (in convenient units). 
Generally, the strength of ceramics is a distributed value and is given by the 

WeibuU relationship 

in (n — ^ = m(n— (6) 
I ~F Oco 

where F = probability of failure and m, Cco are Weibull parameters. 
If the inert strength a^ can be described by a Weibull distribution, then also 

the strength ag in a test with constant a and the lifetime tj- in a test with con
stant a follow the Weibull distributions 

tofa , ^ ^ = m ' f a - ^ (7a) 

In (n ^ =m,(n-^ {lb) 
I — F tfo 

with 

N+ 1 m 
m = m N-2' " ' N - 2 

OBo = [Ba^o'HN + l)flr]'^^+J; tjo = Bo^o'^a-^ 
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Determination of Â  Under Creep Conditions 

Determination of Creep Exponent 

At high temperatures the deformation behavior of ceramics is governed 
mainly by creep. In this case, the linear elastic equations (3 to 5) are no longer 
valid. 

The creep behavior can be described by creep curves. These curves can be 
expressed by analytical formulas. One of the best known is 

€^e„ + e' + e" (8a) 

€ = ^ + a«C(l - e-«') + a"Bt (8fe) 
E 

where 

fe/ = elastical strain, 
e' = transient creep strain, 
e" = secondary creep strain, 
E = Young's modulus, and 

a, C, B,n = constants at constant temperature. 

Equation 86 is only valid in case of constant stresses. For applications with 
changing stresses so-called hardening rules are applied: the time hardening 
rule or the more realistic strain hardening rule. In hardening formulation, an 
arbitrary given time dependency, a =/(f), is composed by piecewise constant 
stresses, and the accompanying strain increments are picked up from con
stant stress curves (Eq 8b). If strain rate e is expressed in the form 6 =f{a, t), 
the time hardening formula is obtained. If, for the transient part, time is re
placed by strain, the strain hardening formula e = f(c, «') is obtained. In 
time hardening formulation it yields from Eq 86 

€ = 4^ + a"—- [C(l - e-"') + Bt] = -^ -\- Coia"e-"' + Ba" (8c) 
E at E 

Note that no term with d/dt(a") occurs! 
Substitution of Eq Sb into Eq 8c delivers the strain hardening formula for 

variable stresses used by Pao and Marin [10] 

e = — + a(Ca" - e') + Ba" (Sd) 
E 

From measurements on hot-pressed silicon nitride (HPSN) [11,12], it can be 
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concluded that 1/a is on the order of 10 h. The short-time creep behavior 
{at « : 1 in Eq 8c) can be described by a constant transient creep rate 

- + Da^ (9) 

with D = aC + B. 
For tensile tests performed at a constant strain rate, e, integration of Eq 9 

leads to 

1 -
(10) 

with the substitutions 

l/n 
ff„ = eEt (11) 

Equation 10 can be solved analytically if n is an integer. Unfortunately, 
solutions are given implicitly, if « > 2. For M > 1.5, a numerical representa
tion can be given within ±0.5% accuracy by [5] 

t a n h ^ 
\0a 

i/p 

(12a) 

or 

D 

l /n £)!/«£ \p i /p 

(Ub) 

where j3 = 0.207 + 0.3965«. 
Equation 12 is exact for n = 2. If Eq 9 were valid also for large strains, then 

for f -• 00 or € -» 00, the stress would approach a a, • 
Equation 126 can be applied to dynamic bending tests. The bending mo

ment M at constant deflection rate can be calculated by integrating the stress 
distribution over a beam with rectangular cross section. 

h/2 

M = 2b \ a(x)xdx (13) 
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with 

b = thickness of the beam, 
h = height of the beam, and 
X = distance from the neutral axis. 

Two assumptions are made: 

1. The strain and strain rate vary linearly with the distance from the neu
tral axis. 

2. The stresses are symmetrically distributed in cross section. 

This frequently applied assumption may not be fulfilled for all ceramic mate
rials. It was found that creep under tension is distinctly higher than creep 
under compression, especially in steady-state creep range where tensile creep 
is accompanied by the formation of cavities and development and growth of 
cracks [13]. For transient creep, this effect could be small. 

The solutions so obtained are depicted in Fig. 1 as 

M J M, 
M^ •' \ M. 

where 

M, = al-W = k'EtW M „ = ^ " , a'JV (14) 
2n + 1 

and W — bh^/(>, a^, and ff^^o are the outer fiber stresses (jc = h/2)? Figure 1 
leads to a simple procedure of determining creep exponents, «, from the ex
perimentally determined relationship between bending moment and deflec
tion or time, respectively. 

The slope in the originally linear part of such a curve should be determined 
and two straight lines with 90 and 95% of this slope drawn in the diagram. 
Intersections between the straight lines and curve give the values M(90) and 
M(95). The quotient M(95)/M(90) is a characteristic value of the shape of 
each curve. 

The relationship between M(95)/M(90) and n, based on the computed 
curves of Fig. 1, is represented in Fig. 2. In addition, the quotient M(90)/MM 
is depicted there and also the procedure for determination of M(90), M(95). 

The curves in Fig. 2 can be described by 

— = ao + aiAT + ojX^ + a^X^ + a^X"^ (15) 
n 

^From here on the superscript s to characterize the outer fiber is omitted. 
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FIG. 2—Relationship between bending moment ratios and creep exponent, n. 

with 

X = 0.948 - M(95)/M(90); X > 0.015, 
OQ = 0.05858, aj = 1.7756, uj = 1.2182, and 
aj = -4.9715, a^ = 9.3219; 

and 

with 

M(90) 2« + 1 

M . 3n 
feo + — + + ̂  + (16) 

fco = 0.824, 
bi = -0.1545, 
b2 = -3.1984, 
/)3 = 4.653, 
*4 = -1 .981 , and 

1 < w < 20. 

Thus n can be obtained from Eq 15 using M(95)/M(90), and Moo can be 
obtained from Eq 16 using n and M(90). From bending strength tests on 
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HPSN at 1200°C, an average creep exponent of n — 7 was found [5]. In case 
of low bending stresses, values in the range 1 < n < 3 are often reported in 
literature [// ,12]. Arons and Tien [14] obtained values of 3.5 < n < 5.5. At 
high stresses—that are necessarily reached in bending strength tests— 
distinctly higher values of n were found. Measurements of Kossowsky et al 
[11] gave at 1160°C ra « 50 for ff > 100 N/mm^. 

Determination of Exponent N 

In the absence of creep, the exponent N can be determined from Eq 5 
where the outer fiber fracture stress, ag, is the elastically calculated stress a^ 
at fracture and the outer fiber stress rate a^ = kE. Because of the creep ef
fects, a is not constant in a test carried out at constant deformation rate, and 
OB is not obtained simply from Mg IW, where M^ = bending moment at fail
ure. In the following, it is assumed that linear elastic fracture mechanics rela
tions can still be applied to describe crack propagation. Creep only affects the 
global stress distribution in the specimen. 

In the past, the assumption of linear elastic fracture mechanics very often 
was made in describing subcritical crack growth, for instance measured with 
a double torsion specimen [75,76]. Nevertheless, this assumption can be de-

P 

FIG. 3—Stress rate correction factor for tests with constant displacement rate versus stress at 
failure. 
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bated. Experimental results in connection with a detailed evaluation of the 
strain field at the crack tip can prove the validity of this assumption. 

A detailed analysis [5] yields a relationship between the outer fiber stress at 
fracture OB and a^, similar to Eq 5, with a correction factor 1/G dependent on 
N, n, OB 

< + ' = —j-^ r B{N + l)ar' d ? ) 

The true outer fiber fracture stress, OB, can be obtained from Eq 12a with 
Og = Ekt, because for the outer fiber a constant strain rate can be assumed, 
ffoo can be obtained from Eq 14 with M^ from Eq 16. 

In Fig. 3 the calculated relationship between 1/G and ffg/ffoo is shown for 
N = 10 with « as a parameter. In Fig. 4 the effect of N is depicted. For the 
determination of the exponent Â  from a log OB — log {b^/G) plot, an esti
mated value of N has to be used to obtain 1/G from Fig. 4. For not too large 
values of OB /OX , the effect of N onl/G is small, and therefore an estimated 
value of N is exact enough. Alternatively, an iterative procedure can be 
applied. 

Bending Tests with Constant Bending Moment 

General Relations 

From Eq 8 we can derive a lower and upper limit of creep velocity, since 

— + Ba" < e < — + aCa" + Ba" 
E E 

with the strain rate limit 

h = ^ + Bo" (18) 
E 

resulting from Eq 8c for a i » 1 

e„ = - ^ + Da", D = aC + B (19) 
E 

resulting from Eq 8c for at <^ 1. 
Both special cases are of the same type, so one can restrict oneself to Eq 19. 
Multiplying this equation by the distance x from the neutral axis, integrat

ing over the height of a bending bar, and taking into account that 
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•xdx ^0 (20) 

leads to 

with 

Hy) = 3yD a"ydy 
lo 

h/2 

Now we are using a normalized time, T, and a normalized stress, S 

n 

a(0) 

with the elastic outer fiber stress ff(0) = a{t = ^,y = 1). 

(21) 

O tt6-

FIG. 4—Stress rate correction factor for tests with constant displacement rate versus crack 
growth exponent, N. 
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From Eqs 19 and 20, one obtains 

dS 
— = - 5 " + 33; 1 S"ydy (22) 

The numerical solution of Eq 22 leads to the normalized stress 5 as a function 
of normalized time, T, and the distance, y, from the neutral axis. The outer 
fiber stress is plotted versus normalized time in Fig. 5. The lower curve is for 
the beginning of primary creep (Eq 19). The upper curve is for stationary 
creep (Eq 18). The real curve starts at the lower curve and shifts to the upper 
curve. 

A calculation of this curve can be done by applying the time hardening 
relationship of Eq 8c. 

Therefore a new "time quantity" 

T* = [C(l - « - « ' ) + Bt] • ( T ( 0 ) " - 1 £ ' 

= - ^ ( l - e - - « ) + ( l - 7 ) r 

(23) 

1.0 

Q9 

Q8 

0.7 

I \ n=7 , >-=5/6 

"\\ \ . R = f/tf(0)"-'EC 

,0 

1 1 1 1 1 1 

10 12 

FIG. 5—Dimensionless outer-fiber stress versus dimensionless time for tests with constant mo
ment. 
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with 

is introduced. Thus an equation similar to Eq 19 is obtained 

^̂  . 1 4^ + _ ^ (25) 
dr* E dr* 

leading again to Eq 22, where only T has to be replaced by T*. 
Numerical computations are depicted in Fig. 5 for « = 7 and 7 — 5/6. The 

latter is in agreement with experimental results [11,12]. Strain hardening for
mulation Eq M will give nearly the same curve, since the maximum change of 
bending stresses during creep is only 

. . 2n + 1 
1 < 5 < 

3M 

Lifetime in Static Bending Test 

From the power law of subcritical crack growth one obtains 

da 
dt = AY'^a^a'^^^ 

The outer-fiber stress, a, is obtained from Fig. 5 and can be written in the 
form 

a = a{0)-f{t) 

Integration leads to 

f{t)'^dt = Ba^-^aiO)-'^ = tfe, (26) 
0 

with tf^i being the lifetime calculated with the linear elastic relation of Eq 4. 
The substitution u = t/tj = r/Tf gives 

Tfei - V \ f{uy)^du (27) 
Jo 

A numerical evaluation of Eq 27 is shown in Fig. 6 for different parame
ters, R. In Fig. 7 the effect of n is shown. The qualitative shape of curves is 
hardly influenced by the chosen parameters. 
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FIG. 6—Time to failure under elastic behavior versus time to failure under creep conditions 
(effect of R). 

If Oc, and therefore also ffei, are given as a WeibuU distribution, one ob
tains the creep-influenced lifetime distributions of Fig. 8. 

At high loads the lifetimes, f̂ei and jy, are the same; at low loads lifetime 
scatter increases. A rough lifetime estimation, then, is given by Eq 4, where 
the lower asymptotic is calculated with the originally outer-fiber stress, ff(0), 
and the upper asymptotic with the steady-state outer-fiber stress a — 
a(0)(2n + l)/3n. 

Experimental Results 

Bending tests were performed with hot-pressed silicon nitride (Ceranox NH 
206, Annwerk GmbH, ROdental, Germany) containing 2.5 wt% magnesium 
oxide (MgO) and with a density of 3.20 g/cm^. Specimens of 3.5 by 5 by 45 
mm were diamond machined from plain parallel billets and annealed 4 h at 
1200°C in a vacuum of 10~^ torr. Then dynamic and static four-point bend
ing tests (20 mm inner, 40 mm outer span) were conducted in a furnace. 

Figure 9 illustrates the conventional bending strength, og^ = Mg/W, and 
outer-fiber stress at failure, <TB , as a function of stress rate for several temper
atures. Each point corresponds to at least twelve measurements, a^ is the 
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FIG. 7—Time to failure under elastic behavior versus time to failure under creep conditions 
(effect of n). 

c 

FIG. 8—Effect of creep on failure probability for tests with constant moment. 
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10 N/mm^s 1000 

FIG. 9—Elastic calculated outer-fiber fracture stress versus stress rate. 

Stress rate in the originally linear region of bending moment versus deflection 
curve. At 1000°C these curves were ideal linear for all stress rates applied; at 
1100°C nonlinear behavior was observed only for the lowest stress rate. 

At 1200°C curves were crooked, especially at a^ < 10 AfiV/m^s. Therefore, 
it was necessary to make use of Eq 17 in evaluating TV at 1100°Cand 1200°C. 
In Fig. 10 the effect of the displacement rate on the shape of the bending 
moment-displacement curve is shown. 

For the lowest loading rate at 1100°C the applied correction with n = 1 
yielded a^ ~ SSOiV/mm^ compared to M^/VF = 391 N/xavc^, and in 1/G = 
0.77. With this corrected value, iV = 22.6 obtained compared to iV = 23.2 
when the uncorrected value had been used. 
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FIG. 10—Bending moment versus displacement for tests at constant displacement rate at 
1200°C. 

For the temperature of 1200°C, the effect of the correction is shown in Fig. 
11. The open circles are the elasticaily calculated outer-fiber stresses plotted 
versus bg. The straight line is the maximum possible outer-fiber stress a^ 
plotted versus a .̂ The effect of the stress rate correction is shown by the open 
squares. This correction could not be applied for the lowest loading rates, 
since corrections become a factor of ten or more in a, and was not necessary 
for the highest loading rate. 

Figure 12 again shows the corrected results for the three highest loading 
rates and least-square fitted straight line, resulting in an N of 14.5. 

Figure 13 shows Weibull plots at three temperatures and two different 
stress rates. The Weibull parameters m and m' are given in Table 1 for 20°C, 
1000°C, and, for the highest loading rate, 1200°C. The same m as found in 
Table 1 is obtained for 20°C, 1000°C, and 1200°C, so one can tentatively 
conclude that in all of these tests with high loading rate failure is caused by 
the same flaw distribution. This is in contrast to observations by Wiederhom 
and Tighe [7], who observed changing in flaw population during long expo
sure at high temperature. 

On the other hand, scattering of strength decreases in case of dominating 
creep behavior. For b^ — \ MN/ra^s m = 22.5 was experimentally deter
mined at 1200°C, in contrast to the short time values of Table 1. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 18:11:39 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



FETT AND MUNZ ON HOT-PRESSED SILICON NITRIDE 171 

2.7 

2£ 

O) 

en 

2.5 

2A 

2.3 

o -

/» 

/( 

hi 

• 
• Cg - <X 
D O'B ,de /G 

1 
0.1 10 too N/mm ŝ 1000 
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FIG. 12—True outer-fiber stress versus corrected stress rate for tests at 1200°C. 
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TABLE 1—Results from dynamic bending tests. 

N 
log ag (1 N/mtn^s) 
m' (measured) 

J V - 2 
"̂  "̂  N+ 1 

20°C 

10.3 

10.3 

1000°C 

25.8 ± 2.1 
2.657 ± 0.0045 

11.7 

10.4 

Temperature 

1100°C 

22.6 + 2.5 
2.611 ± 0.007 

1200°C 

14.5 ± 1.3 
2.463 + 0.010 

13.1 

10 5 

In Fig. 14 the results are shown for the tests with constant moment. The 
failure probability is plotted versus the time to failure in a Weibull diagram. 
The predictions using linear elastic relations are also shown. At 1000 and 
1100°C there is a good agreement between linear elastic predictions and 
measurements. 

At 1200°C, predictions were made with the linear elastic relation in Eq 4, 
as well as with the creep-corrected relation in Eq 27. Both results are given in 
Figs. 14c and 15. Linear elastic evaluation gives a good agreement for short 
lifetimes, that is, high stresses. Consideration of the creep behavior gives an 
at least qualitative agreement. It seems that there is a shift between prediction 
and measurement with a constant factor of about two to three in the noncon-

c 
c 

1 10 h 

lifetime t, 

FIG. 14fl—Measured and linear elastic predicted failure probability for tests with constant 
moment, at 1000°C. 
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FIG. 14c—Measured and linear elastic predicted failure probability for tests with constant 
moment, at I200°C. 
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10 h 100 

lifetime t< 

FIG. IS—Measured and predicted failure probability including creep behavior for 1200°C; 
a,W) = 225N/mm'. 

servative direction. This can be caused by small differences in temperatures 
between dynamic and static bending tests. 

Conclusions 

Specimens of hot-pressed silicon nitride were tested in four-point bending 
at constant displacement rate and with constant load at elevated tempera
tures. Subcritical crack extension resulted in delayed fracture for the constant 
load tests and an increase in fracture strength for the tests performed at con
stant displacement rate. A quantitative explanation of the effects including 
the scatter of the rupture time was possible using linear elastic fracture me
chanics, however, taking into account the changing stress distribution in the 
specimen due to creep. The following results were obtained: 

1. For tests performed at 1000 and 1100°C the failure probability-failure 
time relationship for the constant load tests could be predicted from tests with 
constant displacement rate. 

2. The stress exponent of the creep relation of Pao and Marin can be ob
tained from four-point bend tests carried out at constant displacement rate. 

3. To determine the exponent A'̂  in the relationship between crack velocity 
and stress intensity factor under creep conditions, relations were obtained for 
correcting the outer-fiber stress and the stress rate. 

4. The same WeibuU parameter, m, was obtained at 20,1000, and 1100°C 
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and also at 1200°C for high deflection rates. At 1200°C and a low deflection 
rate, a higher parameter m was observed. 

5. The relationship between failure probability and time to failure for tests 
performed at constant load could be qualitatively predicted by taking into 
account the changing outer-fiber stress due to creep. 
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Static Fatigue in 
High-Performance Ceramics 

REFERENCE: Quinn, G. D., "Static Fatigue in High-Performance Ceramics," Methods 
for Assessing the Structural Reliability of Brittle Materials. ASTM STP 844, S. W. Frei-
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1984, pp. 177-193. 

ABSTRACT: Static fatigue failure in ceramics is often assumed to be due to one mecha
nism: slow crack growth from preexisting flaws. Multiple mechanisms of failure may be 
operative, however. Stress rupture data for two materials, hot-pressed silicon nitride and 
sintered silicon carbide, will be presented and interpreted in terms of multiple 
mechanisms. 

KEY WORDS: static fatigue, ceramics, crack growth, strength, materials fracture, de
layed failure, stress rupture, creep fracture, structural reliability, brittle materials 

Static fatigue phenomena in ceramics can be detected by many methods, in
cluding dynamic fatigue, double torsion, and double-cantilever beam testing. 
These methods either directly or indirectly measure growth rates of preexisting 
flaws or large cracks. Fracture mechanics analysis can be used to interpret the 
results and apply them to static fatigue. Unfortunately, these methods are not 
foolproof since they measure only fast-moving cracks in specimens loaded 
nearly to fracture. Uncertainties in the crack growth function, and the need to 
extrapolate can render data from these techniques unreliable for lifetime pre
diction [1]. These analyses are pertinent only where failure occurs by the 
growth of preexisting flaws or artificial cracks. Static fatigue may occur from 
other mechanisms. 

Stress rupture testing can detect static fatigue phenomena over a much 
wider range of conditions and does not presuppose any mechanism of failure. 
Stress rupture entails the application of a constant load to a specimen. Failure 
occurs by whatever mechanism is dominant for a given set of conditions. Anal
ysis is simple and has a minimum number of assumptions. The flexural mode 

'Ceramic engineer, U.S. Army Materials and Mechanics Research Center, Watertown, 
Mass. 02172. 
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178 STRUCTURAL RELIABILITY OF BRITTLE MATERIALS 

of loading is commonly used because of its experimental facility. Tension 
stress rupture data on high-performance ceramics are extremely rare, but re
cent work has appeared which lends insight into the value of flexure testing. 

The paper will focus on the two high-performance ceramics, hot-pressed sil
icon nitride (HPSN) (NC-132 grade, Norton Co., Worcester, Mass.) and sin
tered alpha silicon carbide (SASC) (Carborundum Co., Niagra Falls, N.Y.), 
for which the greatest body of data exists. The presence of multiple mecha
nisms of static fatigue failure will be discussed. Stress rupture testing has dis
cerned these multiple mechanisms, whereas the other methods have not. 

The terminology used in this paper needs to be defined, since there are sub
tle variations in meaning between the expressions. Static fatigue is the most 
general expression applicable to failure of a specimen at a finite time after a 
load is applied. Stress corrosion, which is a mechanism by which static fatigue 
can occur, refers to the growth of cracks by chemical attack in stressed speci
mens. Stress corrosion may involve nucleation of cracks as well. Creep frac
ture, a different mechanism by which static fatigue can occur, pertains to the 
formation of extensive creep microcrack networks which coalesce, eventually 
leading to fracture. Another mechanism is slow crack growth (SCG), which 
applies to the extension of preexisting flaws. Although slow crack growth may 
involve creep deformation and microcracking local to the crack tip, it does not 
involve bulk creep and microcracking typical of creep fracture. SCG is not nec
essarily environmentally dependent, which distinguishes it from stress 
corrosion. 

Most life prediction analyses to date have interpreted stress rupture results 
in terms of SCG from preexisting flaws. A power function relating crack veloc
ity and stress intensity 

V = AK'l (1) 

where Vis crack velocity, A and n are constants, and K/ is stress intensity, is of
ten used to develop equations for time to failure. This equation is a convenient 
form but is empirical and as yet has no theoretical foundation. Indeed, it may 
be irrelevant in those instances in which static fatigue failure is due to creep 
fracture. 

Hot-Pressed Silicon Nitride 

NC-132 HPSN is gaining wide acceptance as a model structural ceramic that 
is vulnerable to static fatigue. More stress rupture data exist for this material 
than for any other high -performance ceramic. Figure 1, which is from Ref 2, il
lustrates the unusually consistent behavior of this material at 12(X)°C. There is 
excellent agreement among the flexural results despite different source billets, 
specimen sizes, specimen preparations, and test fixtures. Figure 2 [3] also 
shows the consistency of this material at temperatures over 1000°C. These re-
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TABLE 1—Fast fracture normalization factors. 

References ao.MPa Comments 

Room temperature, four-point flexure, 3.05-cm span; 
two lots of specimens, the appropriate a^ was used for 
each datum 

Room temperature, four-point flexure, 3.05-cm span 
Room temperature, four-point flexure, 1.91-cm span 
1204°C tension; extrapolation of stress rupture data 

back to 0.001 h since no fast fracture data available 
Room temperature, three-point flexure 2.3-cm span 

Quinn [4] 

Quinn [3] 
Govila \7\ 
Govila [5] 

Trantina [6] 

714 825 

909 
736 
250 

873 

suits will now be examined, particularly with respect to whether failure is due 
only to SCG from preexisting flaws. 

Trials longer than 1000 h at 1200°C or higher are often not practical because 
of excessive creep deformations, which can cause specimens to bottom out on 
fixturing. Care must be taken in the interpretation of the flexural data, despite 
the excellent fit of the lines to the data. Creep deformation can alter the stress 
distributions in the specimens. All the flexural stresses were calculated from 
the elastic solution. The actual peak tensile stress may be considerably less; the 
longer the specimen is under load, the greater the reduction will be. Short-
time-to-failure specimens may not be affected very much. Thus, the elastic 
stresses listed in Figs. 1 and 2 are upper limits. If the corrections to stress were 
made, the lines in Figs. 1 and 2 would have steeper downward slopes. The scat
ter in failure time for identically loaded samples at 1200 or 1300° C is very low 
compared with most high-performance ceramics. Reference 4 contains an 
analysis which attempts to account for the scatter.^ A 29% difference in time 
was possible due to a (worst case) 3% error in stress; a 22% variation would oc
cur due to a possible 5°C temperature error, but the worst variability—a factor 
of over 300—should have resulted from initial flaw size variations. The latter 
factor was determined by scatter of room-temperature fast fracture strengths. 
That the true scatter was on the order of 10 to 15, implies that initial flaws were 
not particularly important in influencing time to failure. 

A closer examination of Fig. 1 suggests there is a slight difference (by a fac
tor of two to five) in lifetime between the data sets. The curves might be ex
pected to extrapolate back (at short times) to the fast fracture strength. A 
graph showing strength loss with time, in relation to the fast fracture strength, 
could improve the agreement between the data sets. Figure 3 shows the data 
with the applied stresses normalized by the appropriate fast fracture strength, 
which should have factored out differences due to specimen size, mode of load
ing, billet sources, and preparation procedures. Table 1 [3-7\ gives details on 
the normalization strengths. The normalization was not successful, and one of 

The first printing of Ref 4 contained several typographical errors, but the calculations were 
correct. 
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FIG. 3—The data of Fig. I normalized by the fast fracture strength. Og. 

the data sets falls significantly off the trend in Fig. 3. It is not clear whether the 
data sets extrapolate back to 1.0 normalized stress at short failure times. A key 
assumption of the normalization approach which may be violated is that crack 
growth occurs from the same defects that cause fast fracture failures. Further
more, the room temperature strength does not incorporate variable chemistry 
effects that may be significant at elevated temperatures. Finally, if failure is 
due to creep fracture, then the initial flaw distribution will be of no 
consequence. 

Govila has performed tensile stress rupture on NC-132 HPSN [5.7]. This 
work is especially valuable for comparison to the flexural data. The 1200°C re
sults are included in Fig. 1. Although the curve is not complete, it is evident 
that the trend is similar to that of the flexure data. That the tension specimens 
failed for much smaller applied stresses may not be surprising in view of statis
tical theories of strength, which incorporate specimen size effects. Depending 
upon whether an effective surface or volume analysis is used, and whether 
Govila's elevated or room-temperature fast fracture strength data are used, 
WeibuU theory predicts a strength ratio (flexure to tension) between 1.1 and 
1.5. The actual ratio is about 3. Several alternative explanations can account 
for this discrepancy. First, the tension specimens failed because of crack 
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growth from vo/wwe-distributed sources. In the flexural specimens, growth 
may have been from surface origins. Second, creep relaxations, icnown to be 
significant at 1200°C, could reduce the effective stresses in the flexure speci
mens. Third, it is possible that differences in the magnitude of the applied 
stresses could change the mechanism of static fatigue. The higher applied 
stresses in flexure could lead to SCG from preexisting flaws, while the lower 
stresses in tension could accentuate creep fracture. Finally, if the mechanism 
of failure is indeed creep fracture, the initial flaws will be of no consequence, 
whereupon the Weibull approach is irrelevant. 

It was similarly noted in Ref 4, that although all flexural fast fracture speci
mens broke from surface defects, at least several stress rupture specimens 
failed because of volume-originated crack growth. In fact, the short-time-to-
failure specimens, and those tested at 1(X)0°C, had little creep deformation 
and fracture surfaces with small SCG zones. The higher the temperature and 
the longer the time to failure, the more likely that failure was related to creep 
fracture. Thus, the curves of Figs. 1 and 2 may reflect two overlapping mecha
nisms of static fatigue failure. Unfortunately, it is difficult to determine from 
fracture surfaces whether failure was due to SCG from an initial flaw or to 
creep fracture. 

Perhaps the strongest evidence that under some conditions initial flaws are 
of no consequence has been the findings of studies with artificially flawed spec
imens. A Knoop (or occasionally Vickers) indentation is used to implant not 
only a hardness indent but also a subsurface crack. The intent is to create a 
flaw of dimensions large enough to guarantee that it is the most severe in the 
specimen. By varying the indentation loads, it is possible to control the initial 
flaw size. Providing it is large enough, fast fracture will always originate at the 
artificial flaw. 

The most comprehensive stress rupture study with artificially flawed speci
mens is reported in Ref J. Test conditions in that study were carefully chosen to 
accentuate failure from SCG, since it was desired to develop life prediction 
parameters appropriate to that mechanism. Most specimens had 1.6 kg 
Knoop flaws (50 X 10~* m deep cracks) and were loaded at 266 MPa. Subse
quent to that study, an additional 17 specimens were tested in the same man
ner, but over a wider range of stresses.-' Complete details of the experimental 
procedure are in Ref J. The results are shown in Fig. 4, along with the earlier 
data. Each labeled point in Fig. 4 corresponds to a stress-temperature condi
tion at which stress rupture experiments were performed. The points are la
beled by a ratio of the number of specimens that did fail from the artificial flaw 
to the total number tested. The number in parenthesis is the approximate 
median time to failure. For example, at 266 MPa and 1250°C, of 13 specimens 
tested, 10 broke at the flaw, and the median time to failure was 5 h. The artifi
cial flaws limited the fast fracture strength to less than 400 MPa for most tem-

^All specimens were from Billet A, referred to in Ref J. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 18:11:39 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



184 STRUCTURAL RELIABILITY OF BRITTLE MATERIALS 

Homologous Temperature (T/T_,) » 
0.55 0.60 0.65 0.70 0.75 

500 

450 

400 

^ 3 5 0 

2300 

^250 

l„mt*}'\; 

^^I 
"̂  

^ 

-̂  

FAST FRACTURE 

1, 
• 'i 

• 'v 01' 

N •-

• OOS hr ^ 

' ? % : ^ ~ ^ 

/ 
(.OOS) 

SLOM 

200 

150 

-

-

1 
1000 

(>10,000) 

1 

liOO 

(iOO) (100) \ \ 

\ 
\ 

(SOOI 

CREEP 

- . > / , ( 1.0) 

(S) 

\ 

(100> 

\ 

^ FRACTURE 
1200 

Temperature X 

\ 

(10) 

1300 

(.OS) 

V(l.O) 

\ 
\ 

\ 

(•OOS) 
\ 
\ 

' '%. 1.5) 

1400 

FIG. 4—Fracture map for flexural stress rupture specimens containing 1.6 kg Knoop 
artificial flaws. The symbols are explained in the text. 

peratures. This confirms the dominance of the artificial flaws over the natural 
flaws. Naturally flawed specimens have strengths in the 5(X) to 1(XX) MPa range 
{3\. From 200 to 300 MPa, most specimens failed because of SCG from the ar
tificial flaws. Those that did not may either have had a larger natural flaw or 
have failed because of creep fracture. Loci of constant failure time are shown 
as dotted lines in Fig. 4. Point a, which is at 266 MPa at U00°C, refers to two 
trials underway at U.S. Army Materials and Mechanics Research Center 
(AMMRC) which have over 10,000 h accumulated as of November 1982. At 
200 MPa or lower, creep fracture was dominant, since creep deformation 
became significant and a high fraction of specimens did not fail at the artificial 
flaw. Thus, fractographic examination was able to delineate the mechanisms 
of failure for the artificially flawed specimens. (It is not possible to do so for 
naturally flawed specimens.) Although there are too few specimens to estab
lish definitive boundaries, it is clear that there are different behavior regimens. 
Caution must be exercised in generalizing these results since they were gener
ated for artificially flawed flexural specimens. A map for naturally flawed 
specimens or tension specimens could be very different. 
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Creep mechanism maps are well known, but fracture maps are relatively re
cent. Gandhi and Ashby [8] have presented a preliminary diagram for an ear
lier vintage HPSN (HS-130 grade, Norton Co., Worcester, Mass., or Joseph 
Lucas Co., Solihall West Midland, England). Their terminology for the slow 
crack growth regimen is "brittle intergranular fracture 3." They used normal
ized temperature and stress axes. The temperature axis was a homologous 
temperature, with the T^ for HPSN set at 1900°C. Figure 4 of this paper in
cludes such a normalized axis. The normalized stress axis used by Gandhi and 
Ashby is not shown, since it ignores differences such as flexure versus tension 
testing and artificial versus natural flaw. Preoxidation can affect whether 
specimens break from the artificial flaws [3.9,10] and can have a profound ef
fect upon lifetime [2], Nevertheless, it is evident that with further experimen
tation and analysis Fig. 4 could evolve into a generalized fracture mechanism 
map. 

Life prediction equations for SCG from preexisting flaws and creep fracture 
will surely differ. Initial flaw size is a variable for the former but is irrelevant to 
the latter. Creep rate and total strain at failure will be important parameters 
that can be used to predict lifetime under creep fracture conditions. At many 
stresses and temperatures, it is probable that both mechanisms will be 
operative simultaneously, and it will be necessary to determine which is 
dominant. 

Sintered Alpha Silicon Carbide 

Sintered Alpha Silicon Carbide (SASC) is also susceptible to static fatigue, 
but usually only for loads 65% or greater than its fast fracture strength. Typi
cal results in Figs. 5 and 6 show a considerable scatter in time to failure for 
identically loaded specimens. SASC is much more resistant to creep than 
HPSN [16] and therefore is less susceptible to creep fracture. Stress rupture 
experiments have confirmed this, and no instances of creep fracture have been 
reported at temperatures below 1500°C [6,11-15,17.18]. On the other hand, 
there is evidence that more than one mechanism of static fatigue is operative, 
depending upon the stress and temperature regimen. Intergranular SCG has 
been a cause of static fatigue failure at temperatures greater than 1200°C, but 
at lower temperatures, an alternate mechanism involving surface-connected 
porosity can cause failure. A clear definition of the stress-temperature regi
mens is difficult because SASC has shown some variability in behavior through 
the years [//] and also because it is difficult to identify the low-temperature 
mechanism. 

The SCG is readily discernible through fractography, since it is intergranu
lar whereas fast fracture is transgranular (Fig. 7). Srinivasan and his col
leagues [15,17] determined that SCG caused static fatigue failures in speci
mens (nearly loaded to fast fracture) that contained artificial Knoop flaws. 
This occurred at 1400 and 1500°C, and although there was some crack growth 
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FIG. 1—Two views of a fracture surface of an SASC flexural specimen that failed at 1400°C. 
The entire SCO zone is shown in the top photograph. A closeup of the intergranular-
transgranular boundary between SCG and fast fracture is shown in the bottom photograph [4]. 
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at 1200°C, it was negligible and did not lead to failure within 100 h. Quinn [4], 
and more recently Govila [18], observed SCG in naturally flawed flexure speci
mens at 1300 and 1400°C. Govila's tension stress rupture experiments also 
identified SCG as the cause of failure at 1300°C in air [18]. The SCG zones in 
all these instances were substantially smaller (in relation to the specimen size) 
than those that occur in HPSN. 

The low-temperature mechanism is usually (but not always) observed below 
1300°C. It is much more difficult to identify since fracture surfaces often ap
pear identical to room temperature specimens. Figure 8 shows the origins for 
an SASC room temperature fast fracture specimen (408 MPa) and a stress rup
ture specimen that failed at 2.1 h at 1200°C in air while sustaining a 320-MPa 
stress. Often the origin of time-dependent failure is not a discrete pore, but is 
apparently a zone of less dense, or not fully sintered, material, as is shown in 
Fig. 9. SASC is not fully dense material and ordinarily contains grain boun
dary pores throughout the bulk. It is difficult to determine if some of the fea
tures are intergranular cracking. The low-temperature mechanism may be a 
stress corrosion phenomenon. Quinn has reported that time-dependent fail
ures (in three vintages of SASC) at 1200°C originated almost exclusively in sur
face-connected pores or porous zones [4,12-14]. This was unlike fast fracture 
or SCG time-dependent fractures, which had a variety of origins, including 
surface and internal porosity, machining damage, and large grains. The static 
fatigue failures occurred at temperatures as low as 1000°C. Govila's tension 
stress rupture specimens also had surface-connected origins in every case at 
1200 and 1300°C, unlike his earlier work on HPSN [18]. Srinivasan performed 
flexure experiments in air and argon and had no static fatigue failure in the in
ert atmosphere, whereas numerous failures did occur in air [15]. Srinivasan in
terpreted the low-temperature mechanism to be an environmentally assisted, 
localized creep cavitation process. Thus, although there are conflicting inter
pretations regarding the identity of the low-temperature mechanism, it is cer
tain that it is environmentally assisted and is confined to an extremely small 
zone around an origin, which is nearly always a surface-connected pore or 
porous zone. 

These difficulties in identifying the low-temperature mechanism, and dis
tinguishing it from limited SCG, may be attributable in part to variability in 
SASC through the years. Quinn has presented three different static fatigue 
curves at 1200°C, depending upon whether the material was a 1977, 1978, or 
1980 vintage [4,12-14]. Srinivasan, in his recent work [15], reported that na
turally flawed specimens failed from surface-connected flaws that did not ex
hibit SCG,'' unlike his earlier studies [17] with artificially flawed specimens 
which did fail from SCG. Either there is a vintage effect, or the artificially flaw
ed specimens which had relatively low stresses on them were susceptible to 

''This study was the only instance in which the alternate (to SCG) mechanism occurred at a tem
perature over 1300°C. 
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I ^ 

ft' ' 

FIG. 8—Fracture surfaces for two SASC specimens showing rtop> a pore that was of a room-
temperature fast-fracture origin and rt>ottonV a pore which was of a IIWC stress rupture 
origin. Theflexural specimens were tilted back to show the tensile surface, "T" [4]. 
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FIG. 9—Failure origin in an SASC flexural specimen which failed at 1461 h at 1200°C in 
air [14]. 

SCG while naturally flawed specimen were prone to fail from the alternate 
mechanism. 

Govila's tension stress rupture experiments [18] have again been a valuable 
benefit in the interpretation of flexural results. Static fatigue trends and phe
nomena observed with flexure have been substantiated by the tensile tests. Fig
ure 10 shows the results for the two methods at 1300°C. The trends are similar 
and the loci of failure are shifted by a factor of about 1.4 in stress. A Weibull 
surface correlation predicts a shift of only 1.1 if the room-temperature fast 
fracture modulus (10.9) is used.^ The surface analysis is appropriate, since 
nearly all time-dependent failures were surface or near-surface originated, for 
both flexure and tension. Although the factors are in better agreement than 
the HPSN values, it is still of interest to carefully examine the difference. Un
like HPSN, creep is not a problem. The room temperature modulus reflects a 
variety of flaws, including volume and surface porosity, but the high-tempera
ture stress rupture failures involved only surface-connected pores. Thus the 
room temperature Weibull modulus number may be inappropriate. More seri
ous, perhaps, the flexural fixture used in the study may have had experimental 

A volume analysis (which ignores the fractographic evidence) gives a ratio of 1.3. 
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errors on the order of tens of percent.^ This uncertainty points out the de
sirability of minimizing experimental errors in flexure testing and developing 
standard test methods. A paper presented in this volume will specifically deal 
with these issues [19]. 

Summaiy and Conclusions 

The existence of a multitude of mechanisms of static fatigue failure has been 
demonstrated for two high-performance ceramics. HPSN is susceptible to 
SCG from preexisting flaws and creep fracture. High temperature and low 
stress promote the latter. Further studies should be focused upon refinements 
of the fracture map (Fig. 4) and developing different life prediction equations 
for the appropriate mechanisms. More attention should be given to creep rate 
and strain at failure for predictions of creep fracture lifetime. 

SCG and creep fractures are related to the creep resistance of the material. 
The difference is a matter of scale. In the former, creep deformations are con
fined to the immediate vicinity of a crack tip and lead to crack extension. Al
ternatively, if there is significant deformation throughout the material, creep 
fracture will result. Although there are known billet-to-billet variations in its 
static fatigue resistance, HPSN nonetheless is a relatively consistent material. 

SASC can fail in static fatigue because of SCG from preexisting flaws, but it 
is also susceptible to an undefined alternate mechanism. The SCG failures are 
usually observed above 1300°C and the alternate mechanism below that tem
perature. The latter is environmentally dependent and is confined to an ex
tremely small zone, usually at a surface pore or porous zone. The SCG zones 
are much larger, but nevertheless are smaller than those observed in HPSN. 
Unlike HPSN, static fatigue in SASC is confined to stresses greater than 65% 
of the fast fracture strength. SASC does not have the same consistency in static 
fatigue as HPSN. It is premature to develop a fracture map for SASC. 

Multiple causes of static fatigue failure may be present in other high-perfor
mance ceramics as well. SCG and phase instability can lead to static fatigue in 
yittria-doped HPSN [11]. Reaction sintered silicon nitride may be susceptible 
to creep fracture over 1400°C, an environmentally assisted, surface-pore-re
lated phenomenon between 1000 and 1400°C, and also to stress corrosion (in
volving water) at room temperature [11]. 

Most models of static fatigue assume the material is homogeneous. This is 
not necessarily so. Surface-connected pores appear to be especially vulnerable 
locations for static fatigue failure in high-performance ceramics. Further
more, it is well known that heat treatments and oxidation can alter the struc
ture and chemical distributions within a material. For example, oxidation can 
increase the amount and alter the composition of grain boundary phases, par
ticularly at the surface. Zones of differing vulnerability to static fatigue may 
exist within a component or specimen, and they may change with time. 

Major errors arise from load-bearing friction and specimen twisting. 
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Testing methods have an important influence upon static fatigue detection 
and characterization. Stress rupture methods are clearly superior to fracture 
mechanics tests. Tension testing, while difficult and expensive, is extremely 
valuable in substantiating the flexural results. It is not likely that enough ten
sion data will ever be available to serve as a design base, so flexure may have to 
suffice. Improvements in flexure testing are essential before meaningful de
sign data can be generated. 
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Methods for Assessing the Structural Reliability of Brittle Materials, ASTM STP 844, 
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Philadelphia, 1984, pp. 194-222. 

ABSTRACT; Requirements for accurate bend testing at room temperature of four-point 
and three-point beams of rectangular cross section are outlined. The so-called simple 
beam theory assumptions are examined to yield beam geometry ratios that will result in 
minimum error when utilizing elasticity theory. These errors are referred to as internal 
error sources, whereas those errors that result from wedging stress, contact stress, load 
mislocation, beam twisting, friction at beam contact points, contact point tangency shift, 
and neglect of corner radii or chamfer geometry in stress determination are termed exter
nal error sources. Also included are estimates of errors in the determination of the 
Weibull parameters as a function of sample size. Error tables and formulas, based on the 
previously mentioned factors, are presented. 

Such analyses and results provide guidance for the accurate determination of flexure 
strength of brittle materials within the linear elastic regimen. 

KEY WORDS! test methods, flexure strength, mechanical properties, brittle materials, 
mechanics, structural reliability 

Nomenclature 

E Young's modulus of the test material 
E(. Young's modulus in compression of the test material 
ET Young's modulus in tension of the test material 

/ Moment of inertia for a rectangular beam (/ = b(P/\2) 
L Outer span length for a four-point and a three-point loaded 

beam 
Lf Total length of a beam 

Mechanical engineer. Army Materials and Mechanics Research Center, Watertown, Mass. 
02172. 
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M Weibull slope parameter 
Mj General moment applied to beam 

P General applied force 
Pi,P2,P3,P4 Forces applied to a beam (see Fig. 1) 

a Half the distance between the inner span and outer span for a 
four-point loaded beam, that is, (X — 0/2 or a = L/2 for a 
three-point loaded beam (note, a^ = ci = a) 

£1] and 02 A beam dimension 
b Beam width 
c Chamfer of a corner of a beam with 45° chamfers 
d Beam depth 
e Load eccentricity equal to (aj — a) 

e/L Load eccentricity ratio equal to (aj — a)/L 
Be Shift of neutral axis in an initially curved beam 

hi,h2 Horizontal shift of contact and load points due to beam bend
ing 

*i,Â 2 A numerical factor dependent upon b/d 
i Inner span length of a four-point loaded beam 

i' Equal to either a or Z/2 for four-point or three-point beam sys
tems 

n Numerical factor 
Pniax Maximum contact pressure at the load application point 

r Radius of the corners of the beam 
s Speed of loading 
t Time of loading 

jCi,X2,Ji:3 Variable beam distances 
x' Variable distance (failure site location) on either side of the 

load contact point 
x,y Coordinate axes 

aj,«(, Beam curvature parameters 
e Strain rate 
? Percent error, usually defined as [{oh — ax)/ax]^0O 
jjL Coefficient of friction 
V Poisson's ratio 

Pi Contact radius of a support point 
P2 Contact radius of a load point 
Pc Initial radius of the curvature of a beam 
fff, Bending stress in a beam as defined by simple beam theory or 

mean fracture stress 
a„ Normal stress 

"̂Bmax Maximum principal stress 
(To Scale parameter or characteristic value associated with a 

Weibull analysis 
a^ Stress in the x direction (along the beam length) 
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05 Angle of twist along the specimen length in radians 
<j>p Angle of twist between a pair of load and contact points in rela

tion to 0j in radians 

The flexure test is used extensively by ceramists to determine strengths of 
brittle materials. It is important to minimize errors that evolve from such test
ing. Obviously accuracy is important when the strength of a material is re
quired for design applications and to ascertain structural reliability. Not so 
obvious is the importance of test accuracy when attempting to develop or im
prove a material. If the inaccuracy of a test system is greater than the relative 
difference in fracture strengths determined by a flexure test, then improve
ments will not be realized. 

Flexure tests are generally assumed to yield accurate results and be easy to 
perform. These suppositions are usually correct if the beam specimen geome
try satisfies simple beam theory assumptions and the loading fixtures are 
carefully designed; otherwise, excessive errors will result. A recent report [/] 
by this writer delineated in detail the errors that can arise in flexure testing of 
brittle materials at room temperature. Analyses have been documented [/], 
and for the sake of brevity the derivation details will not be included here. 
However, the report's results will be extensively referenced and used in this 
paper to describe, catagorize, and summarize those errors so that require
ments for flexure testing of brittle materials at room temperature can be out
lined. These results also provide guidance for a standard flexure test method 
[2] that has been developed. 

Approach 

Since the beginnings of the science of materials strength, attributed to Gal
ileo [3] by Timoshenko [4], the beam as a structural element has been exten
sively analyzed [4]. Many of these applicable results, available from elasticity 
theory and strength of materials analyses, were used [1] and, where neces
sary, were modified or extended to problems pertinent to beam testing within 
the elastic region. Such sources of error fall into a natural classification: those 
that do not conform to simple beam theory assumptions, called here "internal 
error sources," and those arising from load application, termed "external er
ror sources." Each of these error sources are, in turn, described and discussed 
in the paragraphs that follow. 

Internal Error Sources 

A critical review of beam theory assumptions will yield ranges of beam ge
ometry ratios by which the theory can be applied validly. These assumptions 
are listed here, as well as their associated inferences in terms of an error anal
ysis: 
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1. Transverse planes perpendicular to the longitudinal axis of the beam 
remain plane after the beam is bent. 

2. The modulus of elasticity in tension is equal to the modulus of elasticity 
in compression; the beam material is isotropic and homogeneous. 

3. The maximum deflection must be small compared to the beam depth. 
4. The beam must deflect normally under elastic bending stresses but not 

through any local collapse or twisting. 

Each of these assumptions is examined in detail, where possible, so that the 
required rectangular beam geometry ratios can be determined as a function 
of the associated errors. 

Assumptions 1 and 2 together imply that stress and strain are proportional 
to the distance from the neutral axis, and the stress does not exceed the pro
portional limit of the material. These assumptions disregard the effect of any 
shearing resistance and make impossible the use of the flexure formula for 
curved beams of large curvature. 

Assumption 1 and the previously stated implication suggest that the bend
ing stress is proportional to the distance from the neutral axis to the outer 
surface of the beam. This assumption is valid if flexure of the beam could be 
attained without application of local forces to the beam. However, practical 
flexure test systems, such as those shown in Figs, la and 2a, which utilize 
four-point and three-point beams, require direct contact of the fixture with 
the specimen to apply loads, and thus moments, to the specimen. At the point 
of contact there will be compressive stress in the beam depth direction, result
ing in a local variation from linearity in the bending stress [5]. Because this 
contribution to bending stress nonlinearity, referred to as wedging stress [6], 
is caused by external load application, it will be discussed in detail under the 
External Error Sources section. 

An error source that is internal to the beam arises because of the assump
tion that the modulus of elasticity in tension is equal to that in compression. 
Ex = Ec- Chamlis [7] has derived in closed form the solution for the tensile 
bending stress when Ex ^ Ec. After some manipulation of the appropriate 
formulas in Ref 7, the tensile stress due to bending is given by 

2 • + i f 
JE;-M/2' 

(1) 

for both the four-point and the three-point loaded beams. The resulting per
cent error is given in Table 1. 

Although the errors associated with neglecting to account for anisotropy 
and nonhomogeneity of the test material are not considered here, they are 
briefly mentioned in the following paragraphs so that the reader will be aware 
of such possibilities. 
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y P2 P3 

1 - ^ X 

^ LT '* 

h 
H P4 
—* 

(a) Idealized Loading a^ * a2 ^ a 

P 

1 -̂ 4 

(b) Nonpivoting Rigid Loading Head 

a^+ 32 

FIG. 1—Four-point loading. 

If the beam is anisotropic, the bending stress formula is exactly the same as 
the elementary theory except that the application of a bending moment pro
duces a twisting moment, and vice versa. According to Lekhnitskii [8], deter
mining the accompanying shear stress produced by bending a rod of rectan
gular cross section, having only one plane of elastic symmetry normal to the 
axis, is very complicated. (Composite and crystal structures are excluded here 
as test materials.) If the degree of anisotropy for a ceramic material is slight, 
it may be permissible to assume that the error incurred when ignoring this 
effect will also be small. 

Nonhomogeneity of the test material implies variation of the elastic modu
lus. If the modulus variation is known, it can be treated in an analogous man
ner as an anisotropic beam, and thus the previous comments are applicable. 

If a rectangular beam has initial curvature, pc the error can be determined 
from an analysis provided by Timoshenko [6]. The general bending stress a^ 
in a curved beam due to a pure moment is given by the following: 

Ur 
Mb 

bdpc 
(2) 
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'«-a j = L /2 - .^a2 = L/2-H4 

- - - X 

1 :f 
P/2 P/2 

(a) Idealized Loading 

(b) Nonplvoting Rigid Loading Head; a. ^a^ ̂  L/2 

FIG. 2—Three-point loading. 

ET 

Ec 

0.20 
0.40 
0.60 
0.80 
0.90 
0.925 
0.950 
0.975 
1.00 

TABLE \—Error when E T * E,, 

Percent 
Error 

+38.2 
+ 22.5 
+ 12.7 
+5.6 
+2.6 
+ 1.9 
+ 1.3 
+0.6 

0 

£f 

Ec 

1.025 
1.050 
1.075 
1.10 
1.15 
1.20 
1.30 
1.40 
1.60 
1.80 
2.0 

Percent 
Error 

- 0 . 6 
- 1 . 2 
- 1 . 8 
- 2 . 4 
- 3 . 5 
- 4 . 6 
- 6 . 5 
- 8 . 4 

- 1 1 . 7 
-14 .6 
-17 .2 
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where 

Oir 

d 
2Pc Pc 

d 

2pc 

(2a) 

and 

«c _ 

Pc 

icy] 
\pc) 

12 
1 +-

(dV-
\pc) 

15 
(2b) 

Since the bending stress, according to simple beam theory, is â  = bMh/bd^, 
and putting ffj in the same terms as Eq 2, we have 

where 

ffft = oib 

Oib 

Mu 
bdpc 

(3) 

(4) 

The percent error, ?, for a bent beam of rectangular cross section and of 
initial curvature to beam depth, p^/d, resulting in a neutral axis shift of 
e^/Pc is 

£ = 100 
" 6 - QJc 

(5) 

The resulting error for a beam of rectangular cross section bent by a pure 
moment as obtained from Eq 5 is given in Table 2 as a function of initial 
curvature. It is assumed that an analogous analysis applied to a three-point 
loaded beam would produce similar results. 

The validity of the assumption that the strain is proportional to the distance 
from the neutral axis is dependent upon the ratio of the beam width to its 
depth. Anticlastic curvature of rectangular beams or plates with intermediate 
ratios of b/d can lead to erroneous results using simple beam theory (see Ti-
moshenko [9]). Of course, if the beam can be considered infinite in width, 
like a plate, the correction of the bending stress is simply 1/(1 — v^) (see 
Baratta [10]). The question arises as to what ratios of b/d are appropriate for 
the application of simple beam theory. Ashwell [11] examined in detail the 
anticlastic curvature of rectangular beams and plates and provided the an-
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TABLE 2—Error caused by initial 
beam curvature. 

Pc 
d 

1 
2 
3 
4 

10 
15 
20 
40 

100 

e = 100 

Percent 
Error " 

35.1 
16.7 
10.9 
8.4 
3.2 
2.2 
1.7 
0.8 
0.3 

«A - ct, 

[ <^c J 

"All errors are negative. 

swer to this question. The pertinent formulas taken from Ref 11 are given in 
Ref i . These equations were applied to ceramic materials with Poisson's ra
tio, V, equal to 0.25, and the ratio of Young's modulus to fracture stress, 
E/ob^ of 1000 to determine the percent error^ using simple beam theory as a 
function of b/d, which is shown in Table 3. 

If the maximum deflection is not small compared to the beam depth, linear 
beam theory cannot be employed without error. West [12] examined large 
deflections of three-point loaded beams, and from such results a definitive 
ratio of beam length to depth can be determined for valid application of sim
ple beam formulas. Since for most brittle materials values ofE/a/, range ap
proximately from 500 to 1000, the former value was used to compute the per
cent error because it would yield the largest error. Although the analysis was 
applied to a three-point loaded beam, the method was extended to determine 
errors for four-point loaded beams as well. The results of the calculations 
using the analysis of Ref 12 are presented in Table 4, which gives errors for 
the four-point and three-point loaded beam as a function oiL/d. 

It is implicit in the assumptions given in Ref 12 that the loads and moments 
are applied to the beam in an ideal manner with no friction occurring between 
the load application points and the beam. Ritter and Wilson [13] have deter
mined a beam length-to-depth limit based on the minimization of friction 
effects when large deflections occur. The friction effect considered is that 
which gives rise to a moment caused by the slope at the load application 
point. Not considered in the analysis [13] are the effects of friction due to a 
moment acting out of the neutral plane of the beam, lateral contraction or 

^Ashwell [//] considered a beam bent by a constant moment analagous to the four-point beam 
loading case, which represents a conservative bound on h/d for the three-point beam, as well. 
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TABLE 3—Error caused by effect of 

b 
d 

1.0 
15.0 
20.0 
30.0 
40.0 
50.0 

100.0 
500.0 

1000.0 
00 

anticlastic curvature 
(n/ff^ = 

- ( -

/ X lOV-

Percent 
Error" 

0 
0 
0.1 
0.6 
1.5 
2.6 
4.7 
5.9 
6.1 

-r^)100 = - 6 . 2 5 % 

" All errors are negative. 

extension, and changes in moment arms due to contact point tangency shift. 
These factors will be discussed later. 

The results of Ref 13 provide an inequality for the four-point loaded beam 
which is given by the following limit equation to ensure negligible nonlinear 
deflections and friction effects: 

< 0.3 (6) 

The value of 0.3 was obtained from limiting the slope, as in Ref 13, to less 
than 15° between the beam in the loaded and unloaded positions at the outer-

TABLE 4—Error for beams with large deflection 
(E/oi, = 0.5 X 10^). 

L 
d 

E 

Ob 

a 
d 

L 
d 

0 
25 
50 

100 
150 
200 
250 

Percent Error 
Beam Loading" 

Four-Point 

0 
0.1 
0.6 
1.4 
2.5 
4.1 
7.0 

Three-Point 

0 
0.1 
0.4 
1.0 
1.8 
2.4 
4.9 

"All errors are negative. 
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most support point. If the minimum value ofE/ob is chosen to be 500, then 
we determine that for a four-point loaded beam Eq 6 becomes 

7 - 7 = ' * (7) 

It is noted from Table 4 that neglecting beam deflections resulted in greater 
error in calculation of bending stress for the four-point loaded beam than for 
the three-point loaded beam. To be conservative, therefore, it will be assumed 
that Eq 7 is applicable to the three-point loaded beam as well, with a/d = 0. 
Thus, Eq 7 becomes 

~ < 150 (8) 
a 

It appears that these limits are compatible with those values given in Table 4, 
so that reasonable L/d ratios can be chosen that will result in small errors 
when deflection is minimized. 

One of the last requirements, no buckling of the beam, is easily fulfilled for 
brittle materials with beam dimensions of practical test configurations. The 
reader can readily verify this statement by referring to Timoshenko and Gere 
[14]. 

Accuracy, which is implied in these restrictions, is also dependent upon the 
manner of load application, beam geometry, loading fixtures, and surface 
preparation. Although specimen size will not affect accuracy except for ex
tremely small geometries, it will alter the magnitude of the stress level at fail
ure, and this must also be considered. These subjects are discussed in the 
following paragraphs, and guidelines for specimen geometry and minimiza
tion of errors are provided. 

First to be considered, however, are the merits of a four-point beam loading 
system in comparison with the three-point beam loading system. 

Four-Point and Three-Point Loading 

The bending moment, from which the desired fracture stress is computed 
in an idealized four-point beam loading system, as shown in Fig. la, is con
stant, and there are no horizontal or vertical shear stresses within the inner 
span. However, the bending moment in an idealized three-point beam load
ing system, shown in Fig. 2a, is linearly dependent upon the distance from the 
nearest support to the fracture origin and thus requires an additional distance 
measurement to accurately determine the fracture stress. Also, the shear 
stresses for the three-point beam loading system are developed over the full 
span, thus deviating from the ideally sought uniaxial stress state present in 
the four-point beam loading system. 
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Wedging stresses [6] are present under all points of load application during 
flexure testing of beams. The effect of the wedging stress occurring at the 
inner load points of a four-point beam test is to cause a deviation from the 
idealized calculated constant stress at the two local regions. However, if the 
ratio of half the distance between the outer span, L, and inner span, £ (called 
a), to beam depth d is great enough, the stress reduction will not only be small 
but will decay rapidly, and the stress predicted by simple beam theory will be 
developed. Yet, the maximum stress computed by simple beam formula for 
the three-point beam system is never attained. The actual maximum stress 
occurs at a short distance to either side of the center of the load application 
point, which can cause fracture at these sites, rather than at the center, ac
cording to Rudnick et al [15]. This observation has also been confirmed by 
Oh and Finnic [/6], where only for a material with no scatter in strength will 
the fracture location of a three-point loaded beam be theoretically located at 
the central load point. However, in Ref 16 only a statistical analysis was con
sidered. 

Strength of brittle materials is a function of specimen size. Size effects can 
be accounted for through the use of statistical analysis offered by WeibuU 
[/ 7]. Although the four-point beam system ensures a simple stress state which 
is easier to analyze than the more complex biaxial stress state associated with 
the three-point beam specimen, this will be less of a consideration if the beam 
is designed properly. The three-point loaded beam system is preferred^ in in
vestigating material or process development because of smaller specimen 
size, or in attempting to pinpoint fracture origin location. On the other hand, 
the four-point loaded beam is preferred when determination of strength for 
design purposes is desired, because the center span is uniaxially stressed, that 
is, no shear stresses exist. It is concluded that each of these systems is suitable 
for a particular application and each has different advantages and disadvan
tages. Thus, both types of loading systems, the four-point beam system shown 
in Fig. 1 and the three-point beam system shown in Fig. 2, are considered as 
standards in Ref 2. 

Each of these beam systems will be subjected to external influences which 
will affect the accuracy of the test results. These external influences, directly 
or indirectly caused by the application of loads through the test fixtures, will 
lead to either configuration constraints or errors. 

External Error Sources 

The major influence on the accurate determination of flexure strength of a 
beam in bending arises from the application of load through the fixtures to 

•'R. W . Rice, Naval Research Laboratory, personal communication, 1982. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 18:11:39 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



BARATTA ON REQUIREMENTS FOR FLEXURE TESTING 205 

the specimen. The idealizations indicated in Figs, la and 2a are rarely met, 
and often tests are conducted using a convenient rigid loading head and sup
port member, as depicted in Figs, lb and 2b. The constraints on either the 
loading fixture or the specimen and errors resulting from such fixture designs 
are many. Such constraints or errors, which are discussed in turn, are caused 
by the following: 

(a) load mislocation, 
(b) beam twisting, 
(c) friction, 
(d) local stresses, 
(e) contact point tangency shift, and 
(/) surface preparation. 

Load Mislocation 

Four-Point Loaded Beams—When calculating bending stress by simple 
beam theory formula for four-point loaded beams, it is usual to assume that 
the moment within the inner span is constant. However, if a loading head that 
can only translate is used, as idealized in Fig. lb, it is impossible to attain this 
idealized moment condition when ax ^ aj ^ a [15,18]; this is indicated in 
Fig. lb. The ratio of o^/of,, from Ref / is 

Ob Pi + P, 
^ (9) 
a 

The loads and distances are also shown in Fig. lb, and a is the value of aj with 
perfect load location. The error is magnified by the ratio of xj /a (of course, if 
P] = Pj — Pi, which implies exact location of the points of load application, 
there is no error). In order to estimate the magnitude of such an error, it was 
assumed in Ref / that the upper two load points in Fig. lb were at a fixed 
distance and were constrained to translate vertically during loading and that 
the loading head would be located so that a^ =^ aj ^ a. The method of load
ing in which the loading head can only translate is often adopted by many 
investigators, and therefore the resulting error determination, although con
servative, is not unrealistic. 

The analysis was accomplished by simply enforcing the condition that the 
displacement at Pj must be equal to the displacement at P3 in the deflection 
equation. This results in the following relationships between a^ and â , in 
terms of the load eccentricity ratio e/L: 
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L L 
L + 1 
L L 

-2 '-'14 
'If+! 1 - L L - 1 -

(10) 

where the parameters, a, (, and i , are shown in Fig. 1. 
Most workers in the testing field utilize either a V3-point {a/L = Va and 

l/L = 1/3) or a 'A-point (a/L = 'A and l/L = Vi) loading. Thus, by substitu
tion of these parameters into Eq 10, we obtain 

Ox 

Ob' 'vL = = 1/3 

'M \ 

^e\ 

\LJ + 1 n 
u 
k-L \L/ 

«'\ 
— 
Lj 

^ 1 / . S 

L3\3 

) + 1 ( ' -

u 

e\ 

L) 

- ' ) L) 

»/ 
- 'A 

\ 
4 

9 

^7. 

Ki 

e' 

1 . 
\^1 
/ J 

(11) 

and 

Ob'i/L = \/2 

W) + 1 a-f) 
Xl)^: 

"1 

3 ' 

1 , 

r(i 
a 

-i) 
-i) 

-(f 
1 
4 

-ij] 

(12) 

The reader is cautioned that for given values of e/L there exists a limit on 
e/L in Eqs 10, 11, and 12; that is, ai can be such that either P2 or P3 = 0 
because the test system changes from four-point to an eccentric three-point 
loading. 

The error, defined as {(aj — a^)/ax}lW, was determined from Eqs 11 and 
12 for the 1/3-point and 'A-point loaded beams and is shown in Tables 5 and 6 
as a function of e/L. Tables 5 and 6 show that for corresponding e/L, when 
a^/L ^ a-i^/L, the Va-point loading system results in slightly less error than the 
'A-point loading system. Also, in accordance with the preceding discussion, 
e/L in Tables 5 and 6 is limited to a range of 0.0443 to 0.0465. The errors 
indicated in these tables can be minimized by designing the loading fixture so 
that the inner and outer spans are independently fixed. Also, the inner span 
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TABLE 5—Error due to eccentric load 
application for a '/s-four-point loaded beam 

(•when f/L = '/sand a,/L * a^/LA 

L \L 3 
+ Percent 

Error 

0 
0.0019 
0.0038 
0.0057 
0.0076 
0.0095 
0.0114 
0.0133 
0.0333 
0.0433 
0.0443 

0 
1.3 
2.6 
3.8 
4.9 
6.0 
7.0 
8.1 
16.1 
18.7 
18.9 

should be designed with accurate location adjustment and allowed to pivot as 
recommended by Hoagland et al [18]. 

Three-Point Loaded Beams—The same type of analysis used to derive 
Eq 10 was applied to the three-point loaded beam. The ideal system is shown 
in Fig. 2a, and the system analyzed is shown in Fig. 2b. The resulting percent 
error due to an eccentric load application is given by 

- 1 100 (13) 

The percent error as a function of e/L is given in Table 7. 

TABLE 6—Error due to eccentric toad 
application for a 'A-four-point loaded beam 

(when f/L = 1/2 and a;/L i= a^/LA 

= + + Percent 
Error 

0 
0.0040 
0.0080 
0.0120 
0.0160 
0.0200 
0.0240 
0.0280 
0.0320 
0.0340 
0.0400 
0.0465 

0 
3.8 
7.1 
10.0 
12.6 
14.7 
16.6 
18.3 
19.8 
20.8 
21.8 
22.9 
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TABLE 7—Error due to eccentric load 
application for a three-point loaded beam (when 

a;/L * a^/L *• >/2 e/L = '/i - a,/Ly. 

j^_l_ + Percent 
" L Error" 

0 
0.025 
0.050 
0.075 
0.100 
0.150 
0.200 
0.250 
0.300 
0.400 
0.450 
0.500 

0 
0.25 
1.0 
2.3 
4.2 
9.9 

19.0 
33.3 
56.3 

177.8 
426.3 

00 

"All errors are positive. 

Notice that the percent errors given in Table 7 are much less than those of 
equivalent e/L values shown in Tables 5 and 6 for the four-point beams. No
tice also that when +e/L = 0.500, the error is infinite, that is, the three-
point loading is no longer valid. 

Beam Twisting 

A net torque can result from line loads being nonuniform or nonparallel 
between pairs of load contact points or if the cross section of the specimen is 
skewed over its length [15,18]. This is referred to as a skewed system and is 
shown schematically in Fig. 3 for a four-point bending specimen. The error 
due to twisting has been estimated [18] for both the plane stress and plane 
strain conditions by examining the maximum principal stress due to bending 
and torsion, and then comparing it with the bending stress. Only the details 

(d) Side View 

FIG. 3—Twisting of a four-point beam specimen. 

P P 

(bl End View 
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of the plane stress analysis were given in Ref 18, and "bottoming" of the spec
imen on the fixture was not considered. Bottoming occurs in a skewed system 
when the load or support rollers contact the specimen across its full width. 

The maximum principal stress for either a skewed four-point or three-point 
beam in bending, considering a plane strain condition, is given by 

2 \^- v + 
^k^ 

nb 

Y + 9ki (1 - v) 
1/2 

(14a) 

where â  is the apparent bend strength and (' is equal to either a for four-
point bending orX/2 for three-point bending. Also 

3k, 

1 -I- V h^^^yr 4>F L J (14b) 

where for Case 1: « = 1, failure occurs prior to bottoming of the specimen in 
the loading fixture, and for Case 2: « < 1, failure occurs after bottoming. 

The factors ^i and ki, obtained from Ref 5 and given in Table 8, are nu
merical values associated with the torsional stress component which are de
pendent on the ratio of b/d. The measured angle of twist (or skew angle) 
along the total length, Xj, of the specimen is 0̂  (see Fig. 3), and along the 
fixture from one support point to the adjacent load point is 0/-. 

The maximum principal stress, as given by Eq 14a, can be utilized to deter
mine the percent error for various ratios ofn,('/b, and b/d. This was accom
plished and is shown in Table 9. Notice that the range of n varies from 0 to 
1.00. It is expected that if bottoming does not occur prior to fracture because 
of an excessive twist angle, the maximum ratio of n that can be attained is 1.0, 
and thus the tables do not accommodate n > 1.0. 

TABLE 8—k, and k,. 

b 
d 

LO 
1.2 
1.5 
2.0 
2.5 
5.0 

10.0 
00 

k, 

0.1406 
0.166 
0.196 
0.229 
0,249 
0.291 
0.312 
0,333 

^2 

0.208 
0.219 
0.231 
0.246 
0.258 
0.291 
0.312 
0.333 
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TABLE 9—Percent error due to beam twisting Iv = 0.25)." 

n = 0.20 

n = 0.40 

n = 0.60 

n = 0.80 

n = 1.00 

r 
T 
1.0 
2.0 
2.5 
5.0 

10.0 
00 

1.0 
2.0 
2.5 
5.0 

10.0 
00 

1.0 
2.0 
2.5 
5.0 

10.0 
00 

1.0 
2.0 
2.5 
5.0 

10.0 
00 

1.0 
2.0 
2.5 
5.0 

10.0 
00 

1.00 

3.18 
0.84 
0.54 
0.14 
0.03 
0 

10.58 
3.18 
2.09 
0.54 
0.14 
0 

19.01 
6.58 
4.44 
1.20 
0.31 
0 

26.88 
10.58 
7.35 
2.09 
0.54 
0 

33.75 
14.80 
10.58 
3.18 
0.84 
0 

1.2 

2.88 
0.76 
0.49 
0.12 
0.03 
0 

9.77 
2.89 
1.89 
0.49 
0.12 
0 

17.75 
6.02 
4.04 
1.08 
0.28 
0 

25.38 
9.75 
6.73 
1.89 
0.49 
0 

32.13 
13.74 
9.75 
2.89 
0.76 
0 

1.5 

2.61 
0.68 
0.44 
0.11 
0.03 
0 

8.94 
2.61 
1.71 
0.44 
0.11 
0 

16.51 
5.48 
3.67 
0.98 
0.25 
0 

23.86 
8.94 
6.14 
1.71 
0.44 
0 

30.47 
12.69 
8.94 
2.61 
0.68 
0 

b 
d 

2.0 

2.32 
0.60 
0.39 
0.10 
0.02 
0 

8.06 
2.32 
1.51 
0.39 
0,10 
0 

15.11 
4.90 
3.26 
0.86 
0.22 
0 

22.12 
8.06 
5.50 
1.51 
0.39 
0 

28.54 
11.53 
8.06 
2.32 
0.60 
0 

2.5 

2.12 
0.55 
0.35 
0.09 
0.02 
0 

7.44 
2.12 
1.38 
0.35 
0.09 
0 

14.11 
4.50 
2.99 
0.77 
0.20 
0 

20.86 
7.44 
5.05 
1.38 
0.35 
0 

27.11 
10.71 
7.44 
2.12 
0.55 
0 

5.0 

1.68 
0.43 
0.38 
0.07 
0.02 
0 

6.05 
1.68 
1.09 
0.28 
0.07 
0 

11.79 
3.61 
2.38 
0.62 
0.16 
0 

17.92 
6.09 
4.09 
1.10 
0.28 
0 

23.64 
8.83 
6.05 
1.68 
0.43 
0 

10.0 

1.47 
0.38 
0.24 
0.06 
0.02 
0 

5.36 
1,47 
0.95 
0.24 
0.06 
0 

10.58 
3.18 
2.09 
0.54 
0.14 
0 

16.22 
5.36 
3.58 
0.95 
0.24 
0 

21.73 
7.87 
5.36 
1.47 
0.38 
0 

00 

1.30 
0.33 
0.21 
0.05 
0.10 
0 

4.77 
1.30 
0.84 
0.21 
0.05 
0 

9.54 
2.81 
1.84 
0.48 
0.12 
0 

14.79 
4.77 
3.17 
0.84 
0.21 
0 

20.03 
7.05 
4.77 
1.30 
0.33 
0 

° All errors are negative. 

Friction 

It has already been shown in Table 4, for the two beam systems considered, 
that the error due to deflection will be much less than V2% if L/d < 25. It 
appears that these limits are well within the geometry ratios required for the 
standards proposed in Ref 2. Therefore, the friction effect is minimized at the 
load and support points with regard to large deflections. This also implies 
that there will be no effect from friction on contact tangency shift. However, 
friction will cause a moment acting out of the plane of the beam that cannot 
be ignored. This factor is considered in the following. 

When determining bend strength by simple beam theory, it is usual to as-
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sume that the supports and load points are frictionless, whereas in fact they 
are not. The presence of friction in flexure tests with fixed load and support 
points gives rise to couples at such locations as well as axial forces at the neu
tral axis of the beam. The net axial force is relatively small and therefore is 
ignored here. However, if the moment is not corrected to account for the cou
ple in the determination of flexure stress, error will result. Error equations 
adapted from the results'* available in the literature [18-20] are given here for 
the four-point and three-point loading systems. 

6 = 1 0 0 / — - — \ (15) 

-1''' 
and 

e = 100/—^^^ \ (16) 

Such errors as defined by these equations can be significant, according to 
Refs 18, 20, and 21. Newnham [20] and Weil [21] reported that the experi
mental difference in failure stresses of silicon nitride and graphite using rigid 
knife edges compared with roller-type contact points was as high as 12% and 
13%, respectively. 

Local Stresses 

Loads on bend specimens applied through knife edges or small-diameter 
rollers result in high compressive stresses, which can cause local crushing. 
Localized contact can also result in a more subtle problem, referred to as 
wedging stress. 

Contact Stress—Given in Ref 6 are equations for determining the contact 
pressure between a cylinder (or roller) and a flat surface (see Fig. 4) as a func
tion of the applied load, the modulus of each material, and the roller radius. 
If it can be assumed that the two materials are identical and that the allow
able bearing pressure or contact pressure can be as high as twice the bend 
strength of the material, then limits on the roller radius for both loading sys
tems will result: 

P max ^4 = 0.59 1-:^ (17) 
2bp 

•'Beam width constraint occurs also because of friction transverse to the beam's long axis. 
However, this effect [20] is small and thus is ignored. 
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CB-̂ ' d r 
w ^ 

FIG. 4—Contact point tangency shift. 

where jpmax is the maximum contact pressure. (Note that the roller radius can 
be either pi or P2-) We have assumed here that p max ^ 2(T6. Also for the four-
point loading, a,, = (tPa/dP, and for three-point loading, Oj, = (Vi)PL/bd^. 
Substituting Of, into Eq 17 and solving for p\/d, we obtain 

d 

7.25 

a 

1 
, for the four-point loaded beam (17a) 

and 

Pi 

d 

29.0 

d 

-, for the three-point loaded beam (17b) 

where it was assumed that E/oi, = 1 X 10-'. 
Wedging Stress—Tht effect of wedging stress is to provide a substantial 

tensile stress contribution at the compressive side of the beam adjacent to the 
load points. A net tensile stress cannot be created \id/2V < 1, according to 
Ref 18. More important, a tensile stress is added to that already present at the 
tensile side of the beam, because of bending, thereby causing a deviation from 
the assumed stress calculated by simple beam theory. 

This problem is generally treated in Ref 5, and particular results from von 
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Karman and Seewald [22] for a similar situation are used to estimate this 
error. A detailed analysis for this error is given in Ref 1. The resulting error 
determination for four-point and three-point loaded beams is given in 
Table 10. In the calculation of the errors, which are a function of a/d oxL/d, 
as well as x '/d, the computed CTJ, corresponds to the normalized failure site 
location {x7d), where JC' is the distance on either side of the load contact 
point. 

Beam Overhang—The overhangs of the beam must be great enough that 
the local stresses at the beam support points are not amplified because of 

TABLE 10—Error due to wedging. 

x'" 
d 

Loading 

a 
d 

1.0 
1.5 
2.0 
3.0 
4.0 
5.0 
6.0 
8.0 

10.0 
15.0 
20.0 
40.0 
60.0 
00 

L 
d 

1.0 
1.5 
2.0 
3.0 
4.0 
5.0 
6.0 
8.0 

10.0 
15.0 
20.0 
40.0 
60.0 
00 

0 

+4.7 
+3.1 
+2.3 
+ 1.5 
+ 1.1 
+ 0.9 
+ 0.8 
+0.6 
+0.4 
+0.3 
+0.2 
+ 0.1 
+0.1 

0 

+21.6 
+ 13.4 
+9.7 
+ 6.3 
+4.7 
+3.7 
+3.1 
+2.3 
+ 1.8 
+ 1.2 
+0.9 
+ 0.4 
+0.3 

0 

0.125 

- 0 . 5 
- 0 . 3 
- 0 . 2 
- 0 . 2 
- 0 . 1 
- 0 . 1 
- 0 . 1 

0 
0 
0 
0 
0 
0 
0 

- 2 . 4 
- 1 . 4 
- 1 . 0 
- 0 . 7 
- 0 . 5 
- 0 . 4 
- 0 . 3 
- 0 . 2 
- 0 . 2 
- 0 . 1 
- 0 . 1 

0 
0 
0 

0.25 0.375 

FOUR-POINT 

- 2 . 8 
- 1 . 9 
- 1 . 4 
- 1 . 0 
- 0 . 7 
- 0 . 6 
- 0 . 5 
- 0 . 4 
- 0 . 3 
- 0 . 2 
- 0 . 1 
- 0 . 1 

0 
0 

- 2 . 1 
- 1 . 4 
- 1 . 1 
- 0 . 7 
- 0 . 5 
- 0 . 4 
- 0 . 4 
- 0 . 3 
- 0 . 2 
- 0 . 1 
- 0 . 1 
- 0 . 1 

0 
0 

THREE-POINT 

-18 .8 
-10 .4 
- 7 . 2 
- 4 . 4 
- 3 . 2 
- 2 . 5 
- 2 . 1 
- 1 . 5 
- 1 . 2 
- 0 . 8 
- 0 . 6 
- 0 . 3 
- 0 . 2 

0 

-25 .4 -
-10 .2 
- 6 . 4 
- 3 . 7 
- 2 . 6 
- 2 . 0 
- 1 . 6 
- 1 . 2 
- 0 . 9 
- 0 . 6 
- 0 . 4 
- 0 , 2 
- 0 . 1 

0 

0.50 

- 1 . 4 
- 0 . 9 
- 0 . 7 
- 0 . 5 
- 0 . 3 
- 0 . 3 
- 0 . 2 
- 0 . 2 
- 0 . 1 
- 0 . 1 
- 0 . 1 

0 
0 
0 

-100.0 
-10 .1 
- 5 . 3 
- 2 . 7 
- 1 . 8 
- 1 . 4 
- 1 . 1 
- 0 . 8 
- 0 . 6 
- 0 . 4 
- 0 . 3 
- 0 . 1 
- 0 . 1 

0 

0.75 

- 0 . 7 
- 0 . 5 
- 0 . 4 
- 0 . 2 
- 0 . 2 
- 0 . 1 
- 0 . 1 
- 0 . 1 
- 0 . 1 

0 
0 
0 
0 
0 

+ 6.2 
-100.0 

- 5 . 5 
- 1 . 9 
- 1 . 2 
- 0 . 8 
- 0 . 6 
- 0 . 4 
- 0 . 3 
- 0 . 2 
- 0 . 2 
- 0 . 1 
- 0 . 1 

0 

1.0 

- 0 . 3 
- 0 . 2 
- 0 . 2 
- 0 . 1 
- 0 . 1 

0 
0 
0 
0 
0 
0 
0 
0 
0 

+ 1.3 
+2.6 

-100.0 
- 1 . 3 
- 0 . 6 
- 0 . 4 
- 0 . 3 
- 0 . 2 
- 0 . 2 
- 0 . 1 
- 0 . 1 

0 
0 
0 

1.50 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 

+0.1 
-100.0 

- 0 . 1 
0 
0 
0 
0 
0 
0 
0 
0 
0 

"x' is the distance on either side of the load contact point where failure occurs. 
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beam-end effects. These stresses are damped out within a distance equal to 
one beam depth, as determined from the data given in Ref 22. Thus, by allow
ing 

LT>L + 2d (18) 

we avoid beam-end effects. 

Contact Point Tangency Shift 

Significant changes in span length can occur in both four-point and three-
point loading systems if contact radii of support and load points are large 
compared to beam depth. The shift in point of tangency, as shown by Aj and 
hi in Fig. 4, is a function of the contact radii, specimen thickness, and the 
ratio of the modulus of elasticity to the bend strength. For materials that be
have elastically, such as those considered here, the change in contact point 
location and thus the error arising because of the change in moment arm from 
the ideal can be predicted mathematically for linear systems. This has been 
accomplished in Ref 1. The approach was patterned after Westwater [23], 
who corrected for span shortening but ignored friction at the support points 
of a three-point loaded beam.^ 

In Ref / the formulas were derived for a four-point loaded beam and then 
reduced to the special case of a three-point loaded beam. These results were 
put in terms of error functions, assuming that simple beam theory was ap
plied without correcting for the occurrence of span shortening in the lower 
support or span lengthening between the upper loading points, shown in 
Fig. 4. 

The errors have been determined for V3 and 'A four-point loaded beams as 
a function otpi/d and pi/d, and the three-point loaded beam as a function of 
Pj /d only. It was assumed that E/oi, equaled 1000. These errors are given in 
Table 11. 

Surface Preparation 

The flexure strength of each brittle material is not only supersensitive to the 
final surface finish, because the maximum tensile stress occurs at the beam 
surface, but is also highly sensitive to prior finish history. For this reason it is 
impossible to specify an optimum surface finish procedure for all brittle ma
terials, so that failure will be due to inherent flaws related to the material or 
material processing, rather than to an imposed defect resulting from the fin-

^Westwater [23] also determined an approximate relationship for the horizontal load arising 
because of tangency shift. However, for beams of small deflection, the error is negligible. 
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TABLE 11—Percent error due to tangency point shift CE/of, = 1 X 10^).' 

Loading 

Four-point, 
a/l = 1/3 

Four-point, 
a/L = 1/4 

Three-point, 
a/L = 1/2 

Pi 
d 

1.0 
2.0 
4.1 
6.1 
8.2 

10.3 

0.67 
1.35 
2.7 
4.1 
5.5 
6.9 

1.0 
2.0 
4.0 
6.0 
8.0 

10.0 

0.1 > 
0.2 
0.4 
0.6 
0.8 1 
1.0 j 

1.0 

0.3 
0.5 
0.9 
1.3 
1.7 
2.1 

0.4 
0.6 
1.0 
1.4 
1.8 
2.2 

regardless 

P2 
d 

2.0 

0.4 
0.6 
1.0 
1.4 
1.8 
2.2 

0.6 
0.8 
1.2 
1.6 
2.0 
2.4 

5.0 

0.7 
0.9 
1.3 
1.7 
2.1 
2.6 

1.2 
1.4 
1.8 
2.2 
2.6 
3.1 

of pj/d value 

10.0 

1.2 
1.4 
1.8 
2.3 
2.7 
3.1 

2.2 
2.5 
2.9 
3.3 
3.7 
4.1 

"All errors are positive. 

ish process (see Ref 2 for further discussion). Indeed, the designer or materi
als developer may not be able to specify a particular finish procedure. There
fore, rather than attempt to dictate surface finish requirements, it is sug
gested that each set of reported flexure test data results be accompanied by 
surface finish history or material process history, or both, whichever is appli
cable. 

There are, however, several specific recommendations related to surface 
finishing procedures that can be presented. Corner flaws resulting from chip
ping or cracking during the grinding operation are sources of low-strength 
failure. Rounding or beveling of the corner, as depicted in Fig. 5, appears to 
reduce premature failure according to Rice [24]. Since a chamfer will double 
the number of edges, thus doubling the source of flaw locations, rounding is 
preferred [25]. Also, it is important to grind the edges and flat surfaces [25] 
by a motion parallel to, rather than perpendicular to, the specimen length. It 
is further indicated [24] that the finishing of the corner should be comparable 
in all respects to that applied to the beam surfaces. 

If the corner radii or chamfer is small, the error in ignoring the change in 
moment of inertia will be negligible. The error as a function of the r/d or c/d 
ratio of corner radii or for a given b/d is indicated in Table 12. 
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(a) Rectangle with (b) Rectangle with 
Rounded Corners Chamfered Corners 

FIG. 5—Beam cross section. 

TABLE 12—Percent error in determining flexure stress." 

When neglecting cor
ner radii 

When neglecting 45° 
chamfer 

r/d 

0 
0,02 
0.04 
0.06 
0.08 
0.10 
0.15 
0.20 

c/d 

0 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.08 
0.10 

1.0 

0 
0.1 
0.4 
0.9 
1.5 
2.4 
5.4 
9.7 

0 
0.1 
0.2 
0.5 
0.9 
1.4 
2.0 
3.4 
5.2 

b 
d 

2.0 

0 
0.1 
0.2 
0.4 
0.8 
1.2 
2.6 
4.6 

0 
0.1 
0.1 
0.3 
0.5 
0.7 
1.0 
1.7 
2.6 

4.0 

0 
0 
0.1 
0.2 
0.4 
0.6 
1.3 
2.2 

0 
0.1 
0.1 
0.1 
0.2 
0.4 
0.5 
0.9 
1.3 

'All errors are negative. 
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Weibull Parameter Estimate and Sample Size 

The type of analysis that has been used with varying degrees of success to 
relate failure strengths of brittle materials is attributed to Weibull [/ 7]. Many 
investigators have used this approach to relate strength levels of various types 
of specimen configurations either on a stressed volume or surface area basis 
[26]. The reader is cautioned that confirmation of such an analysis or lack 
thereof may well depend on a number of factors, including the test material. 
As examples of such correlation and lack of it, Weibull statistical correlation 
was justified [26] for reaction-bonded silicon nitride but inappropriate, as re
ported by Lewis [27], in alumina fabricated by several processes. 

A computer program for statistical evaluation of composite materials is 
available in Ref 28. This program determines the desirability of a particular 
probability density function in predicting fracture strength of ranked empiri
cal data. The candidate functions include normal, log normal, and Weibull. 
Root mean square error results can be tabulated for each function compari
son. The effects of statistical ranking can be readily listed in the computer 
output. The data mean and standard deviations with corresponding levels of 
confidence can be included in the printed results. The Weibull parameters, 
obtained from the maximum likelihood method, and corresponding confi
dence intervals can be obtained from this program [28]. 

Since a Weibull-type analysis is applicable in many instances, a discussion 
of Weibull parameter estimates and sample size determination is appropriate 
and given in the paragraphs to follow. 

Different techniques will produce somewhat different results, according to 
McLean and Fisher [29], when estimating the Weibull parameters. Two sta
tistical methods had been used during preliminary analysis of hot-pressed sili
con nitride material strength data, and the results indicated that the esti
mates of the characteristic value OQ (or scale parameter) were very close 
whereas the Weibull slope estimates vary and thus would yield considerable 
differences in the component strength requirement. 

The following is quoted directly from Ref 29 (except for changed reference 
and figure numbers as appropriate for this paper), because it succinctly ad
dresses the question of proper sample size: "The exact confidence intervals 
for the parameters are based on the distributions obtained by Monte Carlo 
methods presented in Thoman et al [30]. It is not unexpected that the uncer
tainty in the estimation of a parameter will increase as the sample size de
creases. This uncertainty, however, has rarely been quantified. The width of 
the confidence intervals for the parameters is a measure of the uncertainty 
and aids in the selection of the sample size of a test." Figures 6 and 7 are 
drawn from Ref 30 "and show the 90% confidence bounds for the Weibull 
slope and the characteristic value." (Figure 7 differs from that given in Ref 29 
in that two additional M values were computed and shown.) "The bounds for 
the Weibull slope are a function of sample size only, while for the characteris-
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FIG. 6—Weibull slope error versus sample size. 
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FIG. 7—Characteristic value error versus sample size—90% confidence bands. 
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tic value they are a function of both the sample size and the Weibull slope. As 
can be seen from the graphs, the error or uncertainty in estimates from small 
sample sizes is very large. Important judgments and significant analysis 
should not be based on small samples. Sample sizes of at least 30 should be 
used for all but the most preliminary investigations. An uncertainty of +10% 
in Weibull slope requires more than 120 samples. This uncertainty is not pe
culiar to just ceramics, but is intrinsic to the statistical analysis of data, 
whether that data be material strength or the life of some electronic compo
nent. The choice of sample size depends on many factors including cost and 
time of testing and the degree of conservatism which is acceptable, but erro
neous judgments may be made and unacceptable designs pursued if the sam
ple sizes are too small." 

Loading Speed 

It is well known that brittle materials are strain-rate and environment sen
sitive, and thus speed of loading will influence the stress at which failure of 
the beam occurs. To choose a "static" speed, which would ensure no strain-
rate effect, would increase the susceptibility of some materials to the effect of 
environment on fracture strength, and, conversely, a high rate of loading will 
cause a reverse trend. Nevertheless, most materials testing facilities utilize 
testing machines that allow a choice of test speeds, for example, 0.2, 0.5, and 
1.0 mm/min. Therefore, it is possible to recommend one reference strain rate 
dependent upon the specimen sizes, and the following formulation for the 
strain rate e allowed this objective to be realized in Ref 2 for different sizes of 
four-point and three-point loaded beams: 

e = - ^ (19) 

where t is the time of the applied load; but since the speed of loading is i 
y/t, then 

e = — (20) 
y 

where J is the deflection of the beam and s is the constant speed of the testing 
machine. 
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The deflection at the load points of a four-point loaded beam is 

„ , 31 - 4a , , . , 

Recalling that Pa = 2<j),I/d, and substituting this and Eq 21 into Eq 20 gives 

35 

-^ (31 - 4a) 
a 

(22) 

for the four-point loaded beam. Using the same approach as in Eq 22, we 
obtain the strain rate for the three-point loaded beam as 

Summary 

A range of beam geometry ratios can be determined from previously pre
sented tables and appropriate formulas if an accumulated error span of a 
given magnitude is chosen. For example, by examining those individual er
rors listed in the appropriate tables and assigning a total error composed of 
error limits from each source, limit bands on bid, a/d, L/d, and p^/d can be 
established for the four-point and three-point beam specimens [1.2]. Also, 
the limits on roller radius-to-beam depth ratios can be established [1,2] so 
that roller tangency point shift is not excessive and fracture does not occur at 
the contact points. 

Those factors that arise from external error sources such as load misloca-
tion, beam twisting, and friction at the load and support points are not neces
sary for arriving at the desired specimen geometry range. Nevertheless, these 
factors, resulting from load-fixture design, can be determined from the ap
propriate tables and formulas given in this paper and must be considered on 
an individual basis [/] in assessing the total error within a test system. These 
factors are usually responsible for major error contributions in attempts to 
determine the fracture strength of brittle materials utilizing a "simple" beam 
specimen. 
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Summary 

The purpose of the symposium on which this publication is based was to 
summarize the current state of knowledge on the use of fracture mechanics 
data in designing with brittle materials. To accomplish this purpose, papers 
were solicited that describe the analysis and testing of brittle materials and 
also the application of analytical and test results to actual structures. The sym
posium was successful in attracting twelve papers that describe the latest de
velopments in these areas. A brief summary of each of these papers follows. 

The paper by Marshall reports a study of acoustic wave scattering from 
flaws in both residual-stress and residual-stress-free fields. The acoustic scat
tering technique was shown to define flaw sizes accurately in the presence of 
residual stresses, which hold the flaws open. However, in residual-stress-free 
fields, the cracks tend to close and acoustic scattering techniques are not accu
rate. From the applications standpoint, machining flaws are generally located 
in residual-stress fields; consequently, their flaw sizes can be accurately deter
mined and the fracture behavior of those materials predicted. 

Cook and Lawn introduced indentation flaws of various sizes into a wide 
range of glass and ceramic materials by controlling the contact loads. These 
authors subsequently tested the indented specimens to failure under con
trolled stress and environmental conditions. The test results were used to gen
erate dynamic-fatigue and static-fatigue master maps for these materials. 
These maps provide simple graphic illustrations of the relative toughness and 
fatigue resistance of the various materials. 

Gonzalez et al describe a fatigue study on polycrystalline alumina specimens 
containing either processing-induced ("natural") or indentation-induced 
flaws. This study shows that the scatter in inert strength is smaller for indented 
specimens than for ones containing natural flaws. It further indicates that, for 
indented specimens, the inert strengths are substantially higher than the fa
tigue strengths, even at the highest loading rates. The authors used the test re
sults on the indented specimens to predict the static fatigue behavior of the 
nonindented specimens. Generally, these predictions were quite good. It was 
further found that residual stresses play a critical role in the behavior of all 
flaws. 

223 
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Shetty et al review the results of tests on alumina subjected to either uniaxial 
or biaxial stress states. The tests were conducted in inert and water environ
ments. The results of the uniaxial tests in an inert environment, and of the 
uniaxial and biaxial tests in water, correlate quite well with statistical frac
ture theory. However, the strengths of the specimens in the biaxial tests in an 
inert environment are considerably higher than those predicted by theory. To 
explain this anomaly, the authors propose that the strength of alumina in 
water drops off much more rapidly under a biaxial stress state than under a 
uniaxial one. 

Magida et al developed design diagrams for a machinable glass-ceramic 
material, Macor. (This material will be used for structural beams in an orbit
ing observatory.) The design diagrams were constructed using the results of fa
tigue and impact tests, fracture mechanics technology, and statistical analysis 
procedures. Proof-test stress levels were also developed for establishing initial 
flaw sizes in the material. Using (1) the design diagrams for the material and 
(2) the proof-test technique for initial flaw size identification, the allowable 
stress levels for the design life of the beams can be determined. 

Wiederhom et al used crack velocity-ATj curves to predict strength distribu
tions for proof-tested soda lime silica glass specimens. They then experimen
tally determined the strength distributions for the proof-tested specimens and 
compared them with the predictions. They found generally poor correlations 
between the predicted and the experimentally determined strength distribu
tions. They conclude that the strength distribution after proof-testing is ex
tremely sensitive to the position and shape of the crack growth curve. Thus, 
any process which disturbs the crack growth curve will cause errors in the pre
diction of the subsequent strength distribution. 

Trantina investigated the use of crack velocity and stress rupture data to 
predict initial flaw size distributions in soda lime glass. Both types of data were 
taken from independent studies reported in the technical literature. To make 
the predictions, a relationship was first fitted to the crack velocity data. This 
relationship was then numerically integrated from an initial flaw size to the 
critical flaw size in the stress rupture tests. This process was repeated for each 
data point from the stress rupture test. The resulting distribution of initial flaw 
sizes was analyzed using the two-parameter WeibuU distribution function. 
This function provided a reasonably good fit to the size distribution of critical 
defects. It also demonstrated that the defect distribution was independent of 
the stress level. The author then proposes that the specimen size effect can be 
given in terms of the square root of the average initial defect size. 

Ritter et al analyzed a compilation of both static and dynamic data for optical 
glass fibers. These data were generated at a wide range of temperature and hu
midity conditions. A stress corrosion model was used in analysis of these data. 
None of the data analyzed were found to agree with this model. The authors 
propose either that the polymeric coatings on the fibers induce irregular 
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resistance to moisture or that the fatigue mechanisms are different at different 
stress levels. Based on these findings the authors recommend an empirical ap
proach to lifetime predictions. They carefully point out, however, the dangers 
of extrapolating outside of the data base when making lifetime predictions. 

Dabbs et al discuss two aspects of indentation flaw generation in ultrahigh-
strength glass. They studied both the kinetics of crack initiation and the fa
tigue properties of specimens having subthreshold and postthreshold indenta
tion flaws. The kinetics study showed that shear faults within the deformation 
zone act as crack initiation sites. Further, the time required to initiate cracks 
decreases as both the contact load and the water content of the environment in
crease. In the fatigue properties study, subthreshold flaws (1) failed at higher 
loading levels, (2) experienced greater reductions in strength in the presence of 
water, and (3) exhibited greater data scatter than did postthreshold flaws. As 
did Ritter et al, the authors recommend an empirical approach to lifetime pre
dictions and recommend caution when extrapolating outside the available 
data. 

Fett and Munz examined the fracture behavior of silicon nitride at elevated 
temperatures. Tests were conducted at both constant displacement rates and 
constant applied loads. Linear elastic fracture mechanics relationships, used 
in conjunction with the constant displacement rate test results, successfully 
predicted the results of the constant applied load tests. However, at the highest 
temperature levels, stress changes due to creep had to be accounted for in 
order to make accurate predictions. 

Quinn shows that more than one mechanism can be active in the failure of 
high-performance ceramics, for example, silicon nitride and silicon carbide. 
For silicon nitride, slow crack growth tends to dominate if the stresses are 
higher and the temperatures are somewhat lower. Conversely, creep fracture 
appears to dominate if the stresses are lower and the temperatures higher. For 
silicon carbide, slow crack growth tends to dominate at temperatures above 
1300°C, and an undefined, alternate mechanism dominates at lower tempera
tures. The author points out that most failure mechanisms assume a homoge
neous material, whereas in many cases the materials are not homogeneous. 
Surface conditions, grain boundary conditions, and the basic structure of the 
material can vary widely. Consequently, the static fatigue behavior and the 
failure mechanism of the material can also vary. 

Baratta presents a splendid review of potential sources of both internal and 
external errors in the testing of brittle materials. Internal error sources include 
(a) the assumption that the moduli of elasticity in tension and compression are 
equal, (b) material anisotropy and nonhomogeneity, (c) specimen curvature, 
both initial and anticlastic, {d) large specimen deflections, and (e) nonlinear 
deflections and some frictional effects. External error sources include load ec
centricity, specimen twisting, wedging, local stresses, contact point shifts, and 
surface conditions. Guidelines for minimizing and accounting for these errors 
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are provided. The advantages and disadvantages of the three-point and four-
point bend specimens are also reviewed. This paper is an excellent review for 
scientists and engineers who are just beginning the study of fracture in brittle 
materials. 

C. Michael Hudson 
NASA Langley Research Center, Hampton, 

Va. 23665; symposium chairman and editor. 

Stephen W, Freiman 
National Bureau of Standards, Washington, 

D.C. 20234; symposium chairman and 
editor. 
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