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Introduction 

With the introduction of ASTM Testing Piles Under Lateral Loads (D 3966) 
in 1981, ASTM Subcommittee D18.il on Deep Foundations began formula­
tion of a symposium to be held in June 1983. The purpose of the symposium 
was to provide a forum for the presentation of recent advances in the analysis, 
design, and performance of laterally loaded piles and pile groups. Specifically, 
the symposium committee sought papers addressing analysis and design 
methods, computer solutions, effects of pile spacing and soil disturbance dur­
ing pile installation, cyclic and dynamic loading, determination of appropriate 
soil and rock parameters by laboratory and field testing and by the use of refer­
ences, effects of rate and duration of load application, instrumentation, con­
current vertical loading, and case histories of performance. 

Of the 27 papers initially offered for consideration 11 papers were accepted 
and presented at the symposium. Those papers presented and included in 
this volume were by: R. Pj'ke and M. Bikae; K. Habibagahi and J. Langer; 
R. Sogge; L. Reese and S. Wright; S. Gleser; J. Briaud et al; W. Cox et al, 
K. Bhushan and S. Askari; D. Gle and R. Woods; L. Johnson et al; and 
M. Oakland and J. L. Chameau. The other papers contained herein were 
accepted but submitted too late for presentation. 

The symposium sessions were chaired by members of the organizing com­
mittee. The morning session, chaired by Ernest Mosley, addressed design and 
analysis; the afternoon session, chaired by Christopher Thompson, addressed 
case histories; and the concluding panel discussion, moderated by the sympo­
sium chairman, included all of the symposium speakers as panelists. 

In 1953, ASTM sponsored a symposium on laterally loaded piles. That sym­
posium was a milestone as one of the earliest opportunities for discussion of the 
limited testing and analysis procedures available at that time. Significant ad­
vances have been made in the intervening 30 years in the procedures for analy­
sis and testing and in the unique applications of laterally loaded piles. This 
volume contains some of the latest analysis and testing techniques and appli­
cations of piles subject to lateral loading. Several papers are the result of recent 
technology including heliostat foundations subject to cyclic loading and very-
small tolerable deflections, offshore drilled shafts subject to large cyclic loads, 
microcomputer analysis, and the use of the pressuremeter. One paper sum­
marizes and expands much of the previous work concerning the appropriate 
horizontal subgrade modulus for granular soils. Other papers present special 
testing procedures and applications including dynamic and group testing and 

1 
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LATERALLY LOADED DEEP FOUNDATIONS 

use of piles for slope stabilization. Still others present new methods of analysis. 
Although many questions remain unanswered, this volume is a valuable tool 
for the engineers and researchers who seek current knowledge on the design, 
analysis, and performance of laterally loaded piles and pile groups. 

James A. Longer 
Gannett Fleming Geotechnical Engineers, Inc., 

Harrisburg, PA. 17105, symposium chair­
man and coeditor 

 



Robert Pyke^ and Mohsen Beikae^ 

A New Solution for the Resistance of 
Single Piles to Lateral Loading 

REFERENCE: Pyke, R. and Bcikae, M., "A New Solution for the Resistance of Single 
Piles to Lateral Loading," Laterally Loaded Deep Foundations: Analysis and Perfor­
mance. ASTMSTP835, J. A. Langer, E. T. Mosley, and C. D. Thompson, Eds., Ameri­
can Society for Testing and Materials, 1984, pp. 3-20. 

ABSTRACT: A new analytical solution for the resistance of a horizontal slice through a 
pile to lateral loading is presented. The solution assumes that a pile is surrounded by an 
infinite elastic medium, but it allows for the tendency of this medium to separate from the 
back of the pile. Procedures for determining Young's modulus for various soils are given 
and comparisons of the overall results arc made with previously published results. 

KEY WORDS: piles, lateral loads, elasticity, soil properties, evaluation. Young's 
modulus 

There are three general approaches that are available for the analysis of 
single piles subjected to lateral loads. 

1. The Winkler or subgrade reaction approach in which the pile is consid­
ered to be supported by an array of uncoupled springs. These springs can be 
taken to be linear elastic, but more correctly they are taken to be nonlinear, 
and the shapes of the load-deformation relationships are described by p-y 
curves. Finite-element or finite-difference techniques can then be used to de­
termine the response of the pile and spring system to applied loads. 

2. An approach in which the soil surrounding the pile is modelled as a 
homogeneous elastic continuum, as described, for example, by Poulos [/]. 

3. Approaches in which the pile and the soil continuum surrounding it are 
modelled numerically using either finite-element or finite-difference tech­
niques and, desirably, using nonlinear representations of soil stress-strain re­
lationships is described, for example, by Faruque and Desai [2]. 

Principal and research associate. Telegraph Avenue Gcotechnical Associates, Berkeley, 
Calif. 94705. 
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4 LATERALLY LOADED DEEP FOUNDATIONS 

Each of these approaches has deficiencies but, on balance, it appears that 
the first approach, that is, the approach in which the soil is discretized as an 
array of uncoupled springs, represents a versatile and practical approach for 
routine analyses. Thus, there is a continuing need to define the linear or non­
linear springs used in this kind of analysis. However, many of the procedures 
used in the past to define these springs have assumed, at least for the initial 
stage of loading, that the laterally loaded pile meets the same resistance to 
deformation as a strip load on a semi-infinite mass of soil, as illustrated in 
Fig. la. Such procedures neglect the existence of the soil on the back side of 
the pile, and, intuitively, it would seem that this assumption must lead to an 
underestimate of the soil stiffness. On the other hand, if it is assumed that soil 
adheres to the pile around its full circumference, as shown in Fig. \b, the 
stiffness might be overestimated. A more correct mechanism, which shows 
soil fully surrounding the pile but only adhering to it along part of the circum-

a) 

b) 

c) 

FIG. 1—Assumptions regarding mechanism of resistance to lateral loading. 

 



PYKE AND BEIKAE ON SINGLE PILES 5 

ference, is shown in Fig. Ic. A solution for the contact stresses and the stiff­
ness of a spring, which represents the resistance to loading provided by the 
soil assuming the mechanism (Fig. Ic), is presented in this paper. The solu­
tion does require assumption of a linearly elastic soil, however, it is possible to 
adjust the soil modulus to account for its strain dependence and for cyclic and 
rate-of-loading effects using procedures similar to those suggested by Poulos 
[3] for extending the elastic continuum approach to more general loadings. 
The solution also assumes that the elastic medium is infinite in extent and 
thus neglects the presence of the ground surface. To some extent the fact that 
the elastic modulus decreases with confining pressure accounts for the pres­
ence of the free surface, but a correction should also be applied for the differ­
ence in deformation conditions near the surface. 

Previoas Solutions 

In the Winkler approach to studying the lateral resistance of piles, the soil 
pressure p is related to the lateral deflection y through the modulus of sub-
grade reaction k/, 

P = kny (1) 

The modulus of subgrade reaction has units of force/length.^ If ki, is multi­
plied by the length and diameter of a given pile segment, the equivalent 
spring stiffness is obtained. If kf, is assumed to increase linearly with depth z 
normalized in terms of the pile width or diameter D, we may write 

kh = Hh iz/D) (2) 

where rij, is called the coefficient of subgrade reaction.^ 
Terzaghi [5] discussed various methods for obtaining ki, and suggested typ­

ical values for n^ in sands. Assuming that displacements beyond a distance of 
three diameters have practically no influence on bending moments in the pile 
and using elastic theory, Terzaghi suggested more generally that 

kh = 0.74Es/D (3) 

where E^ is the Young's modulus of the soil. Unless otherwise stated, all refer­
ence to E^ is this paper should be taken to mean the secant modulus for the 
load level of interest. For working load levels the secant modulus is commonly 
determined at 50% of the maximum load. 

Vesic [6] studied the bending of an infinite beam on an elastic foundation. 

^The terminology used in this paper is that of Poulos and Davis [4]; others have called k/, the 
coefficient of subgrade reaction and n̂ , the constant of subgrade reaction. 

 



6 LATERALLY LOADED DEEP FOUNDATIONS 

and by comparing Winkler and elastic continuum solutions obtained an ex­
pression for the modulus of subgrade reaction in terms of the relative stiffness 
of the pile and the soil. By substituting values appropriate for the undrained 
loading of piles in clay in Vesic's expression, Broms [7] found that 

k = (0.48 to 0.90£,)/J9 (4) 

where the smaller coefficient is for a steel H-pile in soft clay, and the larger 
coefficient is for a timber pile in stiff clay. 

Poulos [/] has also compared the Winkler and elastic continuum ap­
proaches. By equating the displacement obtained by modelling a stiff fixed-
head pile as an embedded beam using the elastic continuum approach and 
the displacement obtained by modelling the pile as a beam on an elastic half 
space using the Winkler approach, Poulos found that the modulus of sub-
grade reaction could be expressed as 

k^ = 0.82E,/D (5) 

Using this value Poulos then found that the lateral displacements of more 
flexible piles computed by the Winkler approach could be as much as 2.5 
times those obtained by the elastic continuum approach. These results would 
suggest that the modulus obtained for a beam bearing on a half space should 
perhaps be doubled in order to account for the half space on the back side of 
an embedded beam, that is, a laterally loaded pile. 

The fact that k/, decreases with increasing load level or deflection appears 
to have first been taken into account by McClelland and Focht [8] who sug­
gested using an empirical relationship between the shape of the stress-strain 
curve obtained from consolidated-undrained triaxial tests and the load-de­
flection, or ip-y curve for a pile in the field. Subsequent studies at the Uni­
versity of Texas led to the publication of more elaborate procedures for con­
structing/>-j curves. These procedures are based in part on a simple theory 
and soil properties, but they rely more heavily on empirical data from a very 
limited number of lateral pile load tests. 

Matlock [9] describes a procedure for constructing p-j" curves for soft clays 
in which the initial portion of the curve for static loading is described by an 
equation that gives an infinite modulus of subgrade reaction, however, 
Matlock uses a formula for an embedded strip footing quoted by Skempton 
[10] to determine the deflection at 50% of the ultimate capacity, and the 
equivalent modulus of subgrade reaction is given by 

k ^ 1.8E/D (6) 

Reese and Cox [11] describe a procedure for constructing p-_v curves for 
stiff clays with brittle stress-strain relationships. This procedure defines an 
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initial curve for static loading similar to Matlock's, but the curve is cut off at 
small load levels by a straight line, which corresponds to a modulus of sub-
grade reaction determined as a function of a coefficient of subgrade reaction, 
as in Eq 2. Reese and Cox recommend values for the coefficient of subgrade 
reaction for static loadings as a function of the undrained shear strength, but 
these values cannot be directly related to the Young's modulus of the soil, as 
was the case for soft clay. 

Reese et al [12] describe a procedure for constructing p-y curves for satu­
rated sands in which the initial portion is a straight line given by a modulus of 
subgrade reaction, which is again determined as a function of a coefficient of 
subgrade reaction. Appropriate values of this modulus are suggested for 
loose, medium, and dense sands. The values given are IVi to 4 times stiffer 
than those suggested by Terzaghi, perhaps because Terzaghi's values were 
intended to apply more at working loads whereas the Reese et al values arc for 
initial loading. 

The procedures for constructing p-y curves that were recommended in 
these three University of Texas studies continue to be used widely, particu­
larly in offshore construction, even though significant advances have been 
made in understanding and evaluating soil properties since the procedures 
were first developed, and while the procedures are largely based on a very 
limited number of pile load tests, little effort seems to have been made to 
incorporate the results of additional pile load tests into the procedures. 
Stevens and Audibert [13], however, have compared the results of seven sets 
of lateral-pile load tests in soft to medium stiff clays with predictions based on 
the Matlock procedure for soft clays. They concluded that, in general, the 
observed deflections were less than those predicted but that the maximum 
bending moments were underestimated. Stevens and Audibert attribute these 
findings to both underestimating the ultimate lateral capacity and overesti­
mating the values of the deflection at 50% of the ultimate capacity and sug­
gest that this deflection increases only with the square root of the diameter, 
rather than the diameter. Sullivan et al [14] have also reviewed the procedures 
used to construct p-y curves for clays and proposed a unified procedure to 
cover both soft and stiff clays that includes an updated tabulation of the coef­
ficient of subgrade reaction for initial loading in terms of the undrained shear 
strength. 

Scott [15] has checked the Reese et al procedure for constructing/?->> curves 
for sands against the results of centrifuge tests on model piles and found rea­
sonably good agreement between the predicted and obser\'ed results for static 
loading. However, Scott concluded that the Reese et al procedure seems un­
duly complicated and suggested that a simple bilinear curve would serve just 
as well. The first segment of this curve has a slope equivalent to using a modu­
lus of subgrade reaction given by 

k,, = E,/D (7) 

 



8 LATERALLY LOADED DEEP FOUNDATIONS 

where the secant Young's modulus is determined for a strain of about 1%. 
This choice was based on the results of an analysis of the lateral deformation 
of a rigid cylinder in a finite elastic medium by J. P. Bardet and a comparison 
of Winkler and clastic continuum solutions [16]. It should be noted that Bar-
det's solution to the problem of a rigid cylinder displaced laterally in an elas­
tic medium and a similar solution by Baguelin et al [17\ are very sensitive to 
the distance to the outer boundary of the elastic medium, and Scott's sug­
gested value for the modulus of subgrade reaction corresponds to a distance 
to the outer boundary of 50-pile radii in Bardet's solution. This distance is 
greater than most conventional guesses as to the radius of influence of axially 
or laterally loaded piles, and it therefore seems desirable to attempt a solution 
of the problem of a rigid cylinder displaced laterally in an elastic medium, 
which is not sensitive to the distance to the outer boundary. Such a solution is 
presented in the following section. Nonetheless, Scott's overall approach rep­
resents a step in a positive direction, since it attempts to improve both the 
modelling of the mechanism of deformation and the connection between the 
resistance to deformation and real soil properties, while maintaining simplic­
ity in application. 

Finally, mention should be made of the plane strain finite-element analyses 
conducted by Yegian and Wright [18] and Thompson [19] in order to obtain 
hothp-y curves and displacements. While still a little complex for routine use, 
such analyses may well find increasing use in the future. 

The New Solution 

In the approach that is described herein, the problem of a laterally loaded 
pile is idealized as that of an infinitely long rigid cylinder moving laterally in 
an infinite elastic medium or, alternately, the plane strain problem of a rigid 
disk moving laterally in an infinite linear elastic medium. The assumption of 
plane strain is equivalent to Winkler's hypothesis that each support spring 
acts independently of the others. The assumption of a linear clastic material is 
clearly not correct for soils except for very small strains, however, an equiva­
lent linear modulus can be selected as a function of load level and other fac­
tors in order to apply the elastic solution more generally, albeit, with some 
approximation. The third key assumption that is made in the solution is that 
the elastic medium is in contact with the disk only over a limited zone in which 
there is an increase in the normal pressure as a result of lateral movement of 
the disk. Around the remainder of the circumference the elastic medium is, in 
effect, separated from the disk as shown in Fig. Ic. 

In reality separation at the back of the pile will not occur, except perhaps at 
shallow depths in cohesive soils, because elements of soil adjacent to the pile 
are already loaded and compressed by the weight of the overburden and possi­
bly also by stresses induced by installation of the pile. Thus the soil on the 
back side of the pile will tend to follow the pile as the pile moves laterally, but 
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the contact pressures will fall from at-rcst to active values. Because soil takes 
little or no tension, the pile cannot pull the soil after it, and therefore it is 
reasonable to assume separation at the back of the pile when calculating the 
increase in pressure on the front of the pile to lateral loading. The pressure 
distributions on a pile cross section before lateral loading and with the posi­
tive and negative increments resulting from lateral loading are shown sche­
matically in Fig. 2. 

The solution procedure uses a technique resulting from Muskhelishvili 
[20], which involves transformation of the original problem described in car­
tesian coordinates to a complex coordinate system and then uses Cauchy's 
integral to transform the inner boundary condition to the complex domain in 
which the outer boundary of the elastic medium is at infinity. The Muskhe­
lishvili potential functions may then be formulated in terms of the assumed 
boundary conditions. From these potential functions, which arc the equiva­
lent of the Airy stress function in the real domain, the stresses throughout the 
elastic medium can be obtained. While it turns out that the integrodifferen-
tial equations that govern the distributions of the normal and shear stress on 
the inner boundary, that is, on the face of the pile, cannot be solved exactly, a 
very good approximation to the correct solution can be obtained by trigono-

a) Prior to loading 

b) After lateral loading 

FIG. 2—Pressure distributions around pile. 
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metric expansion of the unknown functions and use of the Galerltin tech­
nique. However, since evaluation of the solution is time consuming if the dis­
tribution of shear stress is sought as well as the distribution of normal stress, 
the preliminary solution that is presented in this paper assumes that there are 
no shear stresses on the inner boundar}'. This is equivalent to assuming that 
the pile is perfectly smooth. Full details of the solution procedure are given by 
Beikae [21 \. The distributions obtained for the normal stresses on the inner 
boundary for three different values of Poisson's ratio v are shown in Fig. 3. 

V = 0 . 

V ^ 0.33 

V= 0.5 

FIG. 3—Distributions of normal stress on face of pile caused by lateral loading. 
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The displacements throughout the elastic medium can also be obtained 
from the Muskhelishvili potential functions, but they are unbounded at infin­
ity and are only valid on the inner boundary. This is all that is required for 
present purposes, however, and it is possible to obtain an expression for the 
ratio of the average stress on the pile cross section to the displacement of the 
inner boundary, that is, the modulus of subgrade reaction, which is a func­
tion of the Young's modulus and the distributions of the normal stress on the 
pile face. Using the three distributions of the normal stress that have been 
obtained previously, the modulus of subgrade reaction is found to be equal to 
2.3, 2.0, and 1.8 times E/D for Poisson's ratio equal to zero, 0.33 and 0.5, 
respectively. For practical purposes we might take 

kh = 2E,/D (8) 

It should be noted that this solution has neglected the distribution of shear 
stress around the inner boundary, which is equivalent to assuming a smooth 
pile, and it has also neglected the decrease in pressure on the back of the pile. 
Nonetheless, a value in the order of 2E/D does not seem unreasonable as it is 
about twice the value obtained by considering a strip footing acting on the 
surface of a half space. Note that the value of the modulus of subgrade reac­
tion at working loads implied by Matlock [91, who considered the pile to be 
similar to an embedded footing, is closer to the suggested value than most 
other solutions. Moreover, the value of 2E/D corresponds to a distance to the 
outer boundary in Bardet's solution of the problem of a laterally loaded cylin­
der or disk of 10- to 20-pile radii, and this is more consistent with popular 
conceptions of the radius of influence of laterally loaded piles than the 50-pile 
radii, which corresponds to the value of E/D. Thus it would seem to be rea­
sonable to use a modulus of subgrade reaction in the order of 2E/D for 
Winkler analyses of laterally loaded piles, recognizing that corrections may 
still have to be made for the relative length and stiffness of the pile as well as 
for the effect of the free surface. 

Evalaation of Yonng's Modulus 

Use of the new solution, or any of the previous formulations that employ 
elastic theory, requires that the Young's modulus can be determined with rea­
sonable accuracy, and even for initial loading this is no easy task. In this sec­
tion of the paper the various factors affecting the Young's modulus on initial 
loading up to working load levels are discussed and typical values for the ini­
tial tangent modulus are presented. 

In general these methods can be used to determine Young's modulus: (1) 
field tests, (2) laboratory tests on laboratory tests obtained from relatively un­
disturbed samples, and (3) back calculation from pile load tests. Each of 
these methods has advantages and disadvantages, but full discussion of these 
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is beyond the scope of this paper. However, in choosing the method or meth­
ods to be used on a particular project the responsible engineer should be 
aware of the factors that can affect the Young's modulus. In addition to the 
load level and cyclic loading effects, the horizontal Young's modulus in the 
field may be affected by the preexisting in-situ stresses, material anisotropy, 
changes in stress caused by installing the pile, the drainage conditions for the 
loading in question, more pure rate of loading effects, and the previous his­
tory of loading. In addition to the drainage conditions and the rate of loading, 
the Young's modulus measured in laboratory tests may also be a function of 
the degree of sample disturbance, the extent to which the effects of sample 
disturbance are minimized by the stress path followed in reconsolidating test 
specimens and the time of consolidation, the type of test, and the loading 
stress path. 

Several of these factors deserve special comment. Anisotropy of both stiff­
ness and strength has been observed in many soils particularly for undrained 
loadings, but it is usually ignored in practice. For normally consolidated soils 
the stiffness in the horizontal direction will normally be less than that in the 
vertical direction, but the reverse may be true for overconsolidated soils. 
Thus, it would appear to be desirable to measure Young's modulus in the 
horizontal direction for application to the study of lateral loading of piles. 
This might be accomplished in the field by use of a self-boring pressuremeter 
or in the laboratory by increasing the lateral stress in the triaxial test, rather 
than the axial stress. 

The effect of the drainage conditions on soil properties is also often ignored 
in foundation engineering as applied to piles. Commonly it is assumed that 
clays are always loaded undrained, even under long-term static loadings, and 
sands are always loaded drained, even under rapid loadings such as those 
resulting from ocean waves or earthquakes. However, for any soil the drain­
age conditions during loading are a function of the rate of loading, the pile 
diameter, and the permeability and compressibility of the soil. At large load 
levels the stiffness and strength of soil can vary by factors of up to three de­
pending on whether the loading is drained or undrained, but this difference is 
smaller at low load levels. Ignoring anisotropy, the undrained Young's modu­
lus £•„ and the drained Young's modulus E' are related [4] by the expression 

E, = 2E'/2{\ + v') (9) 

Typically the drained Poisson's ratio v' at very low strains is equal to about 
0.15. Thus, the initial tangent moduli would be related as follows 

E, = 1.3£' (10) 

Usually the difference between drained and undrained loading conditions 
will be more significant than pure rate of loading effects on soils, but for more 
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plastic clays the stiffness may be increased by up to about 100% over normal 
values for times to failure in the order of 1 s [22]. This effect appears to dimin­
ish with increasing overconsolidation ratio. 

In more critical design situations the responsible engineer should specify 
and supervise appropriate field or laboratory tests, or both, to determine the 
values of Young's modulus required for use in design, but for less critical 
designs and for feasibility studies or preliminary design it may be adequate to 
rely on data available from the literature. Such data should always be used 
with caution, however, as published data may not be applicable to the design 
procedure being used, or the data may simply be in error. 

Several of the more reliable published correlations between the undrained 
Young's modulus and undrained shear strength are shown in Table 1. The 
correlations provided by Poulos and Davis are back figured from lateral pile 
load tests using elastic continuum theory. Poulos and Davis note that it is not 
clear whether their values apply to drained or undrained loadings, but they 
suggest that the values are probably applicable to undrained loading. Poulos 
and Davis also point that their initial tangent values are about half of those 
normally associated with surface foundations and that this may reflect the 
influence of anisotropy and pile-soil separation. The values given by Sullivan 
are for overconsolidated North Sea clays, push sampling, and unconsoli-
dated-undrained triaxial tests. The corresponding values of E^/S^ obtained 
from driven samples were about 100, indicating the possible magnitude of 
sample disturbance effects. 

One of the difficulties with most earlier correlations of the kind shown in 
Table 1 is that the undrained shear strength varies markedly both with sam­
ple disturbance and the type of test that is conducted. However, in the last 
decade improved sampling and laboratory testing procedures have been im­
plemented on at least some projects, and preliminary relationships for the 
initial tangent for Young's modulus based on some of this recent data are 
presented in Figs. 4 through 7. 

Figure 4 shows the ratio of the undrained initial tangent modulus obtained 
from static tests and the modulus at small strains in dynamic tests to un­
drained shear strength as a function of the plasticity index of normally consol­
idated clays, as given by Koutsoftas and Fischer [24], Andersen et al \25], and 
Foott and Ladd [26]. The authors have extrapolated the Andersen et al and 
the Foott and Ladd published data to a load level of zero in order to obtain 

Study 

Skcmpton [10] 
Poulos and Davis [4\ 
Sullivan [23] 

TABLE 1—Typical values of E„/S„. 

Initial Tangent Modulus Secant Modulus at Working Loads 

50 to 200 
250 to 400 15 to 95 

100 to 250 
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FIG. 4—Variation of normalized undrained initial tangent modulus with plasticity index for 
normal consolidated clays. 
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FIG. 5—Decrease in normalized undrained initial tangent modulus with overconsolidation 
ratio. 

estimates of the initial tangent modulus. The three studies cited involved use 
of simple shear, triaxial, and resonant column data, but in each case speci­
mens were reconsoHdated so as to ensure normal consolidation. Published 
values of shear modulus were multiplied by a factor of three to obtain Young's, 
modulus. Each set of data is reasonably consistent, but it may be seen that the 
moduli obtained from the dynamic tests are about three times higher than 
those from the static tests as a result of pre-straining and rate of loading ef­
fects that increase the modulus measured in the dynamic tests. The decrease 
in the secant modulus with increasing load level shown in these studies ap­
pears to be reasonably linear so that, for instance, the secant modulus at a 
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FIG. 6—Variation of Young's modulus parameters with plasticity index for normally consoli­
dated clays. 

load level of 50% is half the initial tangent modulus. All three studies also 
show that the ratio £'„/>$'„ decreases with increasing overconsolidation ratio. 
That is, with increasing overconsolidation ratio the modulus does not increase 
as much as the undrained strength. The rate of decrease of the ratio Ei,/S„ is 
indicated in Fig. 5. It may be seen by comparing the values of E^/S^ listed in 
Table 1 and those shown in Figs. 4 and 5 that the values in Table 1 are reason­
ably consistent with newer data from static tests on more plastic or more heav­
ily overconsolidated clays, but that EJS^ can be rather greater for less plas­
tic, normally consolidated clays. 

While it has been usual to normalize the modulus of clays in terms of the 
undrained shear strength, it may in fact be preferable to express the modulus 
in terms of the vertical consolidation stress a^^ or the mean consolidation 
stress a'^^. Not only does this eliminate the problem of i",, varying widely with 
the type of test, but it also allows presentation of data for sands and clays 
using the same format, and thus intermediate soils can be included without 
difficulty. A convenient form for common presentation of data is 

E = KEPa {o'n,c/Por ( U ) 

where K^ and n are dimensionless parameters, and p^ is atmospheric pres-
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KIG. 7—Variation of Young's modulus parameter with density for granular soils. 

sure. This form is commonly used to express the initial tangent modulus for 
static loadings using a^^ as the measure of confining stress [27,28]. 

Only limited data exist from which Kj^^ *nd n for normally consolidated 
clays can be readily obtained, but values for these parameters obtained from 
data presented by Koutsoftas and Fischer [24] and Anderson [29] and from 
the authors' files are shown in Fig. 6 as a function of the plasticity index. The 
data shown are for dynamic tests and the equivalent values of Kj^i, from static 
tests may be some three times smaller. 

For granular soils the parameter n is normally found to be close to 0.5. 
Typical values of the parameter K^, are shown in Fig. 7 and approximate 
values of Kg^ can be obtained by use of Eq 11. The values of K[r, for clean 
sand from dynamic tests have been obtained by multiplying the shear moduli 
given by Seed and Idriss [30] by a factor of 2.3. As noted previously by Byrne 
and Eldridge [28], these values are four to five times higher than the values 
obtained from static tests. This may be due in part to the values of initial 
tangent Young's modulus in static tests being read off at strain levels where 
the modulus has already decreased by a factor of two or more from its true 
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maximum value. However, the effect of the prestraining induced by the reso­
nant column test, from which most of the dynamic test data have been ob­
tained, appears to be more significant for sands than it is for clays since the 
difference between static and dynamic values for Kf is greater while pure rate 
of loading effects in sands are expected to be small. The line for silty and 
clayey sands and dynamic tests in Fig. 7 has been obtained simply by increas­
ing the values from static tests by the same amount as for clean, sands but the 
result is consistent with data in the authors' files, which show the maximum 
shear moduli for silty and clayey sands to be somewhat less than those for 
clean sands. 

Field values for the initial tangent modulus for static loading probably falls 
in between the bands of data shown in Figs. 4, 6, and 7 for static and dynamic 
tests. Using such values as a starting point the engineer can then reduce them 
to account for load level and for anisotropy if this is thought to be important. 
For rapid loadings that may have been preceded by low-level cyclic loadings, 
such as occur offshore, more weight should be placed on the dynamic values. 

Comparison of Different Solutions 

Several of the available solutions for the modulus of subgradc reaction are 
compared in Tables 2 and 3 using in each case the procedure for choosing £̂ , 
or the values of «/, recommended by the original authors. The comparisons 
are made for the case of a 1-m-diameter pile at a depth of 5 m and with the 
water table at the surface. It is assumed that clays are loaded undrained, and 
sands are loaded drained. For clays the values of 5„ that correspond to each of 
the overconsolidation ratios (OCRs) shown in the table were taken to be 12, 
24, and 60 kPa. 

In comparing the various values shown in Tables 2 and 3, it may be seen 
that the values derived in this study are of the same order as those provided by 
Sullivan et al [14] for clays and Reese et al [12] for sands. The values derived 

TABLE 2—Modulus of subgrade reaction for clays, in NM/m-^, for different solutions. 

Initial Loading Working Loads 

Study 

Broms [7] 
Matlock [9] 
Sullivan et al [14] 
This study 

plastic clay 
silty clay 

Overconsolidation Ratio 

1 

20 

24 
72 

2 

70 

40 
118 

8 

280 

54 
164 

1 

0.8 
2.2 

12 
36 

2 

1.7 
4.3 

20 
56 

8 

4.2 
10.8 

27 
81 
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TABLE 3—Modulus of subgrade reaction for sands, in MN/m , for different solutions. 

Initial Loading Working Loads 

Study 

Terzaghi [5] 
Reese et al [12] 
This study 

clean sand 
silty sand 

Loose 

27 

85 
42 

Medium 

81 

103 
52 

Dense 

170 

165 
84 

Loose 

6 

43 
21 

Medium 

22 

52 
26 

Dense 

54 

83 
42 

in this study for the softer clays are, however, rather greater than those given 
by Matlock [9]. This is consistent with the findings of Stevens and Audibert 
[13] that were cited previously, but the new solution, as with previous elastic 
solutions, does not show the dependence on diameter that was observed by 
Stevens and Audibert. A possible explanation of this is that for larger piles 
the rate of excess pore-pressure dissipation is slower, and therefore the load­
ing is more undrained compared to the loading of smaller diameter piles, and 
the Young's modulus of the soil is therefore greater. Alternatively, if there is 
drainage, the increase in the average effective confining pressure acting on 
the soil in front of the pile will be relatively greater for larger diameter piles, 
and the Young's modulus will be correspondingly greater. In either case, the 
effect observed by Stevens and Audibert would be a soil property effect rather 
than a strictly geometric effect. 

Conclusions 

The expression for the modulus of subgrade reaction that has been devel­
oped herein is believed to more correctly represent the mechanics of the devel­
opment of resistance to the lateral loading of a pile than previous solutions. If 
used in conjunction with appropriate values of the Young's modulus, it 
should provide reasonable guidance on the resistance to lateral loading on 
initial loading and for working loads. The engineer should, however, be 
aware of the limitations of the assumptions made in developing the new solu­
tion and of the possible need to account for the relative length and flexibility 
of the pile as well as for the effect of the free surface. 
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ABSTRACT: Although the horizontal subgrade modulus plays a significant role in prob­
lems dealing with lateral-load carrying capacity of piles, a rather wide range of values is 
available in literature depending upon the equation, chart, or table used to obtain the 
modulus. This task is further complicated on account of lack of uniformity of definitions 
used. The accuracy of simple, let alone elaborate, methods of analysis for lateral-pile 
capacity is often controlled by the accuracy of the modulus value used in the computa­
tions. For many engineering computations, the engineer must strike a balance between a 
simple and an accurate enough procedure to obtain the modulus. One of the simplest 
ways of computing the modulus is by means of empirical and semiempirical relationships. 
In this paper, the available empirical and semiempirical relations for estimating the hori­
zontal subgrade modulus of granular soils are reviewed, and then a simple relationship 
for computing the horizontal subgrade modulus of such soils is presented. The values of 
the modulus from the proposed relationship are compared with those given by others. 

KEY WORDS; lateral loads, piles, piers, caissons, subgrade modulus, granular soils 

With urban growth and congested building sites, the use of vertical piles to 
carry large lateral loads has become more common as the presence of adja­
cent structures precludes application of batter piles on sites that otherwise 
would have been suitable for such piles. In problems dealing with lateral re­
sistance of soil against buried structures, such as piles and conduits, one 
needs to have a knowledge of the horizontal subgrade modulus. There are 
several empirical and semiempirical relationships as well as charts and tables 
available for estimating the horizontal subgrade modulus. In addition, a vari­
ety of field and laboratory techniques have been used to determine the hori-
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21 

Copyright® 1984 by ASTM International www.astm.org 

 



22 LATERALLY LOADED DEEP FOUNDATIONS 

zontal subgrade modulus, among which are standard penetration test [•-4], 2 
pressuremeter test [5], plate load test [1, 6], consolidation test [ 7], unconfined 
compression test [8-10], and triaxial compression test [11]. 

Even though the value assigned to the horizontal subgrade modulus plays a 
significant role in the computations of soil resistance of laterally loaded piles, 
a rather wide range of values is available in literature depending upon the 
equation, chart, or table used to obtain the modulus. The accuracy of elabo- 
rate methods of analysis for lateral-load carrying capacity is often controlled 
by the accuracy of the modulus value used in the computations. In selecting a 
procedure to obtain the modulus for lateral-pile capacity computations, the 
engineer must strike a balance between accuracy and simplicity. One of the 
simplist methods of computing the modulus is by means of empirical and 
semiempirical relationships, which relate the modulus to other known or eas- 
ily obtainable soil properties. 

This paper reviews such relationships for granular soils and presents a sim- 
ple and yet a reasonably conservative relationship to obtain the horizontal 
subgrade modulus of granular soils. 

Definitions and Units 

Terms frequently used in literature dealing with the horizontal subgrade 
modulus are the lateral subgrade modulus, the horizontal subgrade modulus, 
the lateral modulus of subgrade reaction, the coefficient and the constant of 
horizontal subgrade reaction, the coefficient of variation of lateral subgrade 
reaction, and the soil spring constant. The units associated with these terms 
range from force per unit of length to force per unit of length cubed. The 
lateral subgrade modulus, the horizontal subgrade modulus, the lateral mod- 
ulus of subgrade reaction, and the soil spring constant all refer to the horizon- 
tal soil modulus and are interchangeable. The horizontal subgrade modulus 
is used herein for its simplicity. The coefficient of variation of lateral sub- 
grade reaction and the constant of horizontal subgrade reaction are the same. 
The relationship of the horizontal subgrade modulus with the coefficient and 
the constant of horizontal subgrade reaction as well as its relationship with 
the horizontal subgrade reaction becomes clear with the definition of the hori- 
zontal subgrade modulus. 

The horizontal subgrade modulus Kh is defined as the ratio of the horizon- 
tal subgrade reaction at any point and the displacement produced by the ap- 
plication of the reaction at that point, that is 

Kh = F/y (1) 

2 Bhushan, K. and Askari, S., "Design of Solar Plant Heliostat Foundation," in this publica- 
tion, pp. 140-156. 
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where F is the applied horizontal force or reaction, and y is the resulting dis- 
placement. The unit of Kh is therefore force per unit of length. In problems 
dealing with piles, it is convenient to use force per unit of length Q instead of 
total force F. The force per unit of length Q is related to side pressure p on the 
pile according to 

Q = p B  

where B is the pile width or diameter. The horizontal subgrade modulus thus 
becomes 

K h --  Q / y  = p B / y  (2) 

and has units of force per length squared. This relationship is often presented 
in the following form 

K h --  khB  (3) 

in which 

kh = p / y  (4) 

is the coefficient of horizontal subgrade reaction and has units of force per 
length cubed. The coefficient of horizontal subgrade reaction, commonly 
used in the soil mechanics literature, is related to the horizontal subgrade 
modulus by means of Eq 3. The constant of horizontal subgrade reaction is 
defined below. 

Existing Relationships and Charts 

The coefficient of horizontal subgrade reaction can be obtained by means 
of various empirical and semiempirical relationships. Assuming that the coef- 
ficients of horizontal subgrade is a function of depth Z and unit weight 7, 
Terzaghi [1] showed that 

kh --  n h ( Z / n )  (5) 

where nh is the constant of horizontal subgrade reaction and is given by 

n h -- 2A7/1.35 

where A is a constant. Typical values of n h for sands are given in Table 1. 
From combining Eqs 2, 4, and 5 it is observed that 

Q = nhZy (6) 
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TABLE X —Values 
suhgrade 

Parameters 

Blows/ft, N 
(t>, degrees 
Dry or moist sand «/, 
Submerged sand n^ 

of the constant of horizontal 
reaction nj,, kef [1]. 

Relative Density of Sand 

Loose Medium Dense 

4 to 10 10 to 30 30 to 50 
30 34 39 
14 42 112 
8 28 68 

Note: to convert kef to kN/m'', multiply by 157.09. 

In other words the lateral force per unit of length needed to displace the soil in 
the direction of the applied force by a unit of length (for example, 1.0 cm) is 
equal to n̂  times the depth under consideration. As can be seen, the lateral 
force is a direct function of depth. Recent experiments and field data, how­
ever, indicate that the vertical bearing capacity in granular soils increases 
with depth only up to a given depth depending on the locations of water table 
and the relative density of the soil. Beyond this depth, there is little increase in 
bearing capacity. The limiting depth is lOB to 40B. It is possible that the 
lateral resistance may also follow the same general trend and not continue to 
increase with depth indefinitely as indicated by Eq 6. Further examination of 
Eq 6 reveals that for a given lateral force per unit of length, displacement is 
independent of the width of the loaded area. Alternately, if kf, is known at a 
given depth, the lateral force per unit of length can be obtainable from Eqs 5 
and 6 as 

Q = hBy 

Zurabov and Bugayeva [12] give the range of the coefficient of horizontal 
subgrade reaction k^ to be used for various soil types. Their recommendations 
for granular soils are presented in Table 2. These values are considerably 
greater than those recommended by Terzaghi for depths of practical interest. 

Work by Bowles [13] suggests using the following relationship 

k=A+BZ'' (7) 

to predict distribution of the coefficient of horizontal or vertical subgrade re­
action k with depth Z. In this equation, A, B, and n are constants. Values to 
be assigned toA.B, and n are not known at this time, but they can be deter­
mined for each particular site by working backward from the results of lat­
eral-pile load tests. 
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TABLE 2—Range of values of the coefficient of 
horizontal suhgrade reaction k^ [12). 

Soil Type k,,, kef" 

Silty fine sand 520 to 600 
Medium sand 520 to 780 
Dense sand and clay 2600 to 3460 

"Note: to convert kef to kN/m^, multiply by 
157.09. 

For vertical coefficient of subgrade reaction k^, Bowles [13] computes k^ 
from the ultimate bearing capacity (^uit) of a continuous footing as 

ky = ?ult/j 

For ultimate displacement oiy = 25.4 mm (1 in.) 

ky = 12?uit = 12CA ĉ + i2qNg + 6yBNy (kef) 

where 

C = cohesion, ksf, 
q = surcharge = yZ, ksf, 
y = unit weight, kef, and 

N^ and Â^ = vertical bearing capacity factors with respect to cohesion and 
surcharge, respectively. 

For granular soils, C = 0 and 

k, = 6yBNy + UyZN^ (kef) (8) 

From a comparison of Eqs 7 and 8 

A = byBNy, B = llyNg, and « = 1 

Using above ^ , B, and n values, ky can be obtained for a deflection of 25.4 
mm (1 in.). Based on Francis [14] recommendations, k/, can be obtained by 
multiplying k^ by two to take account of side shear, thus 

kk = UyBNy + 24yZNg (kef) (9) 

The values of k,, obtained by means of Eq 9 are then checked against those 
given in Table 3 for possible gross errors. The recommended values for k/, of 
fine sand and medium sand in Table 3 are close to those of Zurabov and Bu-
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TABLE 3—Range of values of the coefficient of horizontal 
subgrade reaction ^^^for sand and gravel [13]. 

Soil Type k^, kef" 

Fine sand 500 to 1200 
Medium sand 700 to 1800 
Medium dense coarse sand 1000 to 2000 
Dense sandy gravel 1400 to 2500 

"Note: to convert kef to kN/m^, multiply by 157.09. 

gayeva [12]. Research by Bowles [13] indicates that kf, is influenced by the pile 
shape as well. He recommends using Eq 9 for square piles but multiplying ̂ 4 
and 5 by correction factors for round piles. It is noted that Eq 9 incorporates 
uhimate bearing capacity factors that correspond to the limiting state of a 
lateral bearing capacity failure. Such a condition is generally satisfied near 
the ground line at large lateral displacements of the pile, which in this case is 
assumed equal to 25.4 mm (1 in.). 

Soletanche [15] based on experience from past projects prepared a plot of 
k^ as a function of shear strength parameters of soils. The kf, values for granu­
lar soils obtained from this plot are summarized in Table 4. These values are 
quite lower that those given by others in Tables 2 and 3. 

Johnson and Kavanagh [2] obtained values of the constant of horizontal 
subgrade reaction n/, for granular soils above the water table using the bear­
ing capacity criterion and assuming the horizontal and vertical soils moduli at 
shallow depths to be equal. These values are summarized in Table 5. The n/, 

TABLE 4—Values of the coefficient of horizontal subgrade 
reaction kf^for granular soils according to Soletanche [15]. 

Angle of Internal Friction fc,,, kef" 

10 50 
20 87 
30 168 
40 374 

"Note: to convert kef to kN/m-', multiply by 157.09. 

TABLE 5—Values of the constant of the horizontal 
subgrade reaction ni,. kcf\2]. 

Blows/ft N 

n,,, kef" 

8 

17 

10 

26 

15 

47 

20 

62 

30 

92 

"Note: toconvert kef tokN/m'', multiply by 157.09. 
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values are greater than those of Terzaghi (Table 1) except for loose sand 
where they are about equal. 

For granular soils the Navy Design Manual [16] uses the following relation­
ship to obtain the coefficient of horizontal subgrade reaction 

kk =fZ/B (10) 

where 

/ = coefficient of variation of lateral subgrade reaction, 
Z = depth, and 
B = width or diameter of loaded area. 

From a comparison of Eqs 5 and 10, it is observed that the coefficient of varia­
tion of lateral subgrade reaction is the same as the constant of horizontal sub-
grade reaction. Typical values of/are presented in Table 6. These values are 
very close to Terzaghi values except at high relative densities where they are 
lower. 

According to Menard [5] and test results on instrumented piles by Baguelin 
and Jazequel [17], the coefficient of horizontal subgrade reaction can 
be obtained from 

kf, = 3.3EyB = 25 P/B (11) 

where 

kh = coefficient of horizontal subgrade reaction, kN/m^, 
E„ = pressuremeter modulus, kPa, 
Pt = limit pressure, kPa, and 
B = pile diameter, m. 

Another method to estimate k/, from pressuremeter data is to use the fol­
lowing equation given by Poulos [18] 

kn = 0.8E„/B (12) 

TABLE 6-

Parameter 

Blows/ft N 
<j>, degrees 

- Values of the constant of horizontal. 

Loose 

4 to 10 
30 
12 

Relative 

Medium 

10 to 30 
34 
44 

subgrade reaction ri),, 

Density of Sand 

Dense 

30 to 50 
39 
80 

kef [15]." 

Very Dense 

50 + 
42 

108 

"Note: to convert kef to kN/m'', multiply by 157.09. 
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As can be seen, Eq 11 yields k^ values about four times those of Eq 12. 
Schmertmann [19] recommends using Eq 11 for flexible piles and Eq 12 for 
rigid piles. 

Bowles [13] reviews several equations that can be used to estimate k,, from 
values of stress-strain modulus E,. For practical range of interest he obtains 

k^ = 0.8 to i.3E/B 

Various laboratory and field tests to obtain E, are summarized by Bowles 
\13]. 

Reese et al [20] performed field load tests on instrumented piles in satu­
rated sand and obtained n/, values, which were 2.5 to 3.9 times greater than 
those recommended by Terzaghi for static and cyclic loadings, respectively. 
Their recommended M* values for submerged sand arc shown in Table 7. 

Audibert et al [21], based upon results of an extensive laboratory testing 
program and an in-situ test, presented the following relationship for buried 
pipes in air-dried sand 

k,, = \/(A+By) (13) 

where 

A = 0A4SyJyZNg. 
B = O.SSS/yZNq, 

y^ = ultimate displacement, and 
N^ = bearing capacity factor given by charts. 

Sogge [22] proposes the following simple relationship to obtain a range of 
k), values for shallow piles 

ki, = (2 to 30)Z/B(kcf) 

in which B is pile width, and Z is depth. 
Robinson [4] shows that ki, is practically independent of the pile width and, 

based upon the results of field load tests on timber piles in cohesionless soils, 
presents the relationship between the constant of the horizontal subgrade re-

TABLE 7—Recommended values of the constant of the 
horizontal subgrade reaction tij,, kef. for submerged 

sand 120]." 

Parameter 

Recommended n;,, kef 

Relative Density-

Loose Medium Dense 

35 104 216 

°Nctc: to convert kef to kN/m^, multiply by 157.09. 
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action n/, and the standard penetration resistance. In computing «/,, the dis­
placements were measured at the ground surface. The computed n^ was then 
plotted against the average blow count of the upper 3.05 m (10 ft). Robinson's 
results indicate that the horizontal subgrade modulus is not only a function of 
the relative density of the sand but also a function of the magnitude of the 
applied horizontal load and, therefore, the displacement. Typical values of ŵ  
obtained from Robinson's plot are shown in Table 8. For comparison, Ter-
zaghi's range of n/, for the same blow counts is 1257 to 2199 KN/m^ (8 to 14 
kef) (Table 1). Robinson's values are 2 to 14 times greater than those given by 
Terzaghi. 

Based on a series of field load tests, Alizadeh and Davisson [23] obtained 
curves of ri/, versus pile deflection. They showed that n/, is a function of pile 
deflection particularly for deflections less than 0.5 in. At greater deflections, 
however, n,, approached a constant value. They reported «^ values that are 
many times greater than those of Terzaghi. 

Bhushan and Askari'^ reported a series of seven field load tests on piers 0.61 
to 1.22 m (2 to 4 ft) in diameter in sand. Lateral loads of up to 880 KN (200 
kips) were applied, and measurements of groundline deflection versus load 
were made. Based on the results of the load tests, the following relationship 
between «A and the deflection was obtained 

log Hh = 0.82 + logN - 0.62 log (y/Bj 

where 

N = blows per foot and 
y/B = ratio of pile deflection to pile width in percent. 

Ever since Terzaghi presented his typical values of the constant of the hori­
zontal subgrade reaction (Table 1), there has been a growing trend to adopt 
higher modulus values as more load test data have become available. Based 
on available data, it is observed that Terzaghi's values present conditions ap­
proaching large lateral displacements. For lateral displacements of less than 
12.7 mm (0.5 in.), Terzaghi values appear to be quite conservative. 

TABLE 8—Values of the constant of the horizontal 
subgrade reaction nj,, kef [A]." 

Load, kip 

6 
10 
12 

2 

26 
14 
10 

N, 

4 

69 
43 
29 

blows/ft 

6 

130 
95 
69 

8 

259 
173 
147 

"Note: to convert kef to kN/m-', multiply by 157.09; to 
convert kip to kN multiply by 4.448. 
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The range of values of the coefficient of horizontal subgrade reaction rec­
ommended by various authors are summarized in Fig. 1 for 0 = 30°. In pre­
paring this plot Eq 5 was used when necessary to obtain k^. Terzaghi values 
are for dry or moist sand; Alizadeh and Davisson values and the Bhushan and 
Askari line are for pile deflections of 12.7 mm (0.5 in.); Robinson values are 
for the lateral loads shown. Reese et al values correspond to the initial tangent 
modulus, and Sogge values are for shallow piles. Bowles equation is based on 
a pile deflection of 25.4 mm (1.0 in.). At a typical pile depth of Z/B — 10, it is 
seen that k^ can vary from a minimum of about 25.1 MN/m^ (160 kef) to a 
maximum of 377 MN/m-̂  (2400 kef), or a variation of 15 folds. 

Proposed Relationship 

The coefficient of horizontal subgrade reaction is influenced by many fac­
tors among which are the pile deflection, the effective overburden pressure, 
the relative density of soil, groundwater condition, nature of applied load 
(static or dynamic), and the properties and shape of the pile section. Load test 
data by AHzadeh and Davisson [23], Robinson [4], and Bhushan and Askari^ 
have shown the importance of deflection, groundwater condition and the 
overburden pressure on the computed modulus value of granular soils. In 
particular they demonstrate that the constant of horizontal subgrade reaction 
is not a constant but decreases with increasing pile deflection. In Fig. 1, the 

COEFFICIENT OF HORIZONTAL SUBGRADE REACTION, ' ' h , ( k c f ) 

400 BOO 1200 1600 2000 2 * 0 0 2800 

'^TERZAGHI 
JOHNSON; 

KAVANAGH 
JOHNSONAND \ 

^ B H U S H A N , ET AL» 

ALIZADEH AND 
DAVISSON* 
• • 2 6 - 3 1 * 

NOTES' I Vcf = 157,09 kN/m» 

"LOAD TESTS 

FIG. 1—Comparison of k|, values from different sources. 
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kh values recommended by Terzaghi, Johnson and Kavanagh, and Sogge are 
satisfactory at high deflections, but they are quite conservative when used for 
small deflections. The coefficient of horizontal subgrade reaction kf, increases 
with depth and decreases with deflection. Equation 5 can be used to obtain k), 
at a given depth by selecting the proper Hf, value corresponding to the deflec­
tion at that depth. In a similar manner, if deflections over a pile segment can 
reasonably be assumed constant, Eq 5 can be used to obtain k/, for that seg­
ment. 

Based on the bearing capacity concept as suggested by work of Bowles [13], 
and Audibert et al [21], a simple relationship to predict kh as a function of 
deflection and effective overburden stress a for a moist or dry granular soil is 
proposed as follows 

ki, = aN/y (14) 

in which N^ is a lateral bearing capacity factor dependent on deflection. For 
laterally loaded piles, it is suggested to obtain Â^ from the following relation­
ship 

Ng = {A+ -IZTB) (15) 

in which >1 is a constant for any given deflection and angle of internal friction, 
and 5 is pile width. Using available load test data, the following values fox A 
are recommended. For <j) ~ 30°, /i = 5, 9, 12, and 15 iovy = 2.54, 6.35, 
12.7, and 25.4 mm (0.1, 0.25, 0.5, and 1.0 in.), respectively. A'̂  approaches 
ultimate Â^ at high deflections. 

From Eqs 14 and 15, the following equation for the coefficient of horizontal 
subgrade reactions is obtained 

h = a/y{A + yJZ/B) (16) 

A plot of variations of k), with depth is shown in Fig. 2 for j = 2.54, 6.35, 
12.7, and 25.4 mm (0.1, 0.25, 0.5, and 1.0 in.). Tory = 2.54 mm (0.1 in.); 
the kh values are several times greater than corresponding ones for j ; = 25.4 
mm (1.0 in.). It is also noted that the kh values for3; = 12.7 mm (0.5 in.) are 
not close to the average of those for j — 2.54 and 25.4 mm (0.1 and 1.0 in.) 
but are closer to those for j = 25.4 mm (1.0 in.). In other words, a slight 
increase in deflection results in a rather large drop in the modulus. Since pile 
deflection decreases with depth, it is reasonable to divide the pile into seg­
ments and assign kh values corresponding to large deflections for the upper 
portions, kh values corresponding to low deflections for the lower pile seg­
ments, and kh values in between these limits for the mid segments. 

 



32 LATERALLY LOADED DEEP FOUNDATIONS 

COEFFICIENT OF HORIZONTAL SUBGRADE REACTION, ' ' h , ( kc f ) 
0 400 800 1200 1600 2000 2400 

^=f (A./r, B / 
/ 

-^'^ 

NOTE. I kef = 1 5 7 . 0 9 k N / m ' 

FIG. 2—Proposed chart for estimating kj,. 

The coefficients of horizontal subgrade reaction obtained by means of Eq 
16 are within the range of and, in general, lower than those reported by avail­
able load test data [4,20,23].^ From a comparison of Figs. 1 and 2, it is seen 
that Eq 16 yields kf, values approaching Terzaghi's recommendations when 
deflections are in excess of 25.4 mm (1.0 in.). 

Summary and Conclusions 

The available empirical and semiempirical relationships as well as tables 
and charts for predicting the coefficient of horizontal subgrade reaction are 
reviewed. It is shown that a wide range of values of horizontal subgrade mod­
ulus can be obtained depending on the table, chart, or relationship used. 
From the available field load test data, it is observed that among the many 
factors that influence the coefficient of horizontal subgrade reaction, the 
magnitude of pile deflection, the effective overburden pressure and the rela­
tive density of the soil play a significant role. A simple relationship, Eq 16, is 
presented for predicting k^ of dry to moist granular soils based on these pa­
rameters. Predicted values from this equation for <j) = 30° are within the 
range of available field data. Much more field load test data are needed for 
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a better understanding of the factors affecting the horizontal subgrade 
modulus and for refining and expanding the proposed relationship to other 
(f) values. 
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ABSTRACT: The finite-element formulation is applied to the vertical bcam-on-elastic 
foundation idealization of a laterally loaded pile system. This representation is such that 
any standard structural analysis program having beam members can be used. An example 
problem consisting of a laterally loaded pile in a nonhomogeneous soil is analyzed in detail. 
The simulation is conducted on a CP/M 64K random access memory (RAM) microcom­
puter. The soil strength properties are defined in terms of a net coefficient of subgrade re­
action and represented by bar members. The input data file and the computer output are 
presented. The numerical analysis clearly demonstrates the influence of soil and structural 
stiffness on pile behavior and the ease of obtaining a solution, by use of a computer, when 
nonhomogeneous soil conditions exist. 

KEY WORDS: computers, computer analysis, design method, laterally loaded piles, soil 
structure interaction, soil stresses, coefficient of subgrade reaction 

Theories for analyzing the behavior of piles subject to lateral loads and 
moments with various top-end restraints have been available for some time. 
Because of the complexity of solving the problem, approximate methods have 
been used by engineers to predict pile behavior. With the recent development 
of small computers having the power of the large mainframe computers used 
15 years ago, laterally loaded pile models and their numerical complexities can 
be handled easily using a structural computer program on a desktop 
microcomputer. 

The advantages of modeling a soil continuum by discrete springs or discrete 
continuous elements are great when compared to solutions by differential equa­
tion [/] and elastic continuum [2,3] formulations. These latter solutions suffer 
from difficulties when the soil modulus varies with depth. 

'Principal engineer. Desert Earth Engineering, 524 N. 6th Ave., Tucson, Ariz. 85705. 

35 

Copyright® 1984 by AS TM International www.astm.org 

 



36 LATERALLY LOADED DEEP FOUNDATIONS 

The theories used to predict laterally loaded pile performance can be 
grouped into two types, those that use a soil strength defined by a coefficient of 
subgrade reaction and those that use an elastic modulus. The latter approach 
requires extensive modeling of the entire soil region. The former soil strength 
characterization requires a more convenient discrete modeling of the soil with 
springs. This approach is identical to the Hetenyi [4] beam-on-elastic founda­
tion model, which uses the Winkler assumption of independent springs. Such 
modeling, complete with strength variation with depth, can easily be devel­
oped. Solutions obtained with this model are identical to those obtained using 
the closed form solution of the governing differential equation. 

A discrete model will be used in this presentation. Springs (bar members) 
will be used to represent the soil and beam members to represent the pile. 

Soil Strength 

For this model, the soil strength must be characterized by a relation between 
soil pressure and displacement. A coefficient of subgrade reaction k provides 
such a representation. The soil strength curves shown in Fig. 1 represent pres­
sure-displacement relations for various soils. The pressure/? value represented 
in Fig. 1 is a net resistance value or the combination of active on one side and 
passive on the other. A secant relation is used to linearize the relation. This se­
cant it value should represent pressure values less than one-half their ultimate 
values. 

Ranges of values for the maximum value of the coefficient of subgrade reac­
tion kmzji are presented in Table 1. These values are similar to those presented 
by Terzaghi [5]. Various soil strength distributions can be portrayed using a 
parameter n defining the rate of variation of k with depth below the ground 
surface J'. The soil strength at any depth 3; is then 

A-t-ResI Pressure 

FIG. 1—Soil pressure-displacement strength relation. 
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TABLE 1 -

Sands, kef 

Dry or moist 5to40Z,/i? 
Submerged 3tQ25L/B 

Typical k „ „ values." 

Clays, kef 

SOioWOqJl.SB 

"Note: L = distance below ground to bottom of sand layer or pile, whiehevcr is smaller, ft, 
B = pile width, ft, and q^ = uneonfined compressive strength, ksf. 

where X equals the length of the pile. Distributions are shown in Fig. 2 for vari­
ous n values. It is most important to describe the soil strength accurately in the 
upper third of the pile since k values below this depth have little influence on 
pile behavior. 

Bowles [6] describes the soil strength as 

k=A+ By" 

where A, B, and n are constants. Such a characterization can be used where 
appropriate. 

Model 

The example problem to be analyzed consists of the pile and nonhomogene-
ous soil layers shown in Fig. 3. The finite-element model representation of this 
system is presented in Fig. 4. A model similar to this idealization has been used 
by Bowles [6] and Desai and Kuppusamy [7], 

L 

FIG. 2—Soil strength variation with depth versus n. 
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Springs need only to be placed on one side of the pile since a net resistance 
value, passive minus active type, of resistance is used. The output soil pressure 
value is the pressure additional to the at-rest pressure. 

The bar member representation of the soil is developed as follows. 
For a bar member 

P = Aa 
a = Ee 
e = i\/L)x 

where P, / I , a,E, e,£ and JC are the member load, area, stress, elastic modulus, 
strain, length and displacement, respectively. 
Combining the above relation yields. 

But, for soil 

P = (AE/L)x 

P = Akx 

Therefore, let 

>lofbar — contributory soil area 
X of bar = unity 
Eoihar = k of soil 

To make a bar member out of a beam member, set its moment of inertia 
equal to zero and support its rotational degree of freedom at the support. In 
lieu of this approach a beam element with a very small moment of inertia could 
be used. 

In this model the gross moment of inertia of the pile section is used. This 
value assumes that the section is uncracked, a reasonable assumption in the 
elastic range at loads less than one-half ultimate values. Both the beam and the 
bar properties in this model can be readily altered to simulate step-tapered 
piles and soil properties for layered systems. In representing layered systems 
only those layers within 0.3 times the pile length from the ground surface 
greatly affect system response. Top-end restraint conditions can be imposed. 
The support conditions at the bottom tip are not important. 

Computer Program 

The analysis outlined can be carried out by any structural analysis program 
containing beam elements. Because of the small size of the structural system 
and the resulting small memory storage requirements for the stiffness array, 
this analysis can readily be conducted using a microcomputer. The analysis 
program for this could be the same as used on large mainframe computers. 
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47 
54 
58 
41 
44 
129 
205 
219 
232 
245 
257 
248 
279 
290 

300 

SUPPQRI aiRECTlONS •! 

JOINT 

1 

2 
4 
4 
3 
10 

12 

HORI 

0 

1 

1 
1 
1 
1 

1 

23 
25 
27 
29 
31 
2 
4 
4 
8 
10 
12 
14 
14 
18 
20 
22 
24 
24 
28 
30 
3'' 
AREA 

^0? 
1 
2 
T 

2 
2 
2 
n 

2 
2 
T 

1 

T 

2 
2 

1 
WICAIED BY 1) 

VER! 
1 
J 

1 
1 
1 

1 
1 
1 
1 
1 
n 

3 
4 
5 
6 
7 

a 
9 
10 
!1 
12 
13 
14 
15 
14 
17 

HON INRTA 

3.98 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 

ROIAIIQN 
1 
1 

1 
1 
1 
1 

1 

FIG. 5—Computer input listing. 

The program used is a straightforward beam-element program. It is 344 
lines in length as written in Microsoft's version of the BASIC language. Input 
data are stored as a sequential data file on a floppy disk. The file is created by 
using a word processing program. The data are then called off of the disk by the 
program during execution. This approach is more efficient than inputting 
the data interactively. The approach simulates the data deck or tape file input 
used with mainframes. If a change or correction in data is desired, it is not nec­
essary to recreate the entire data file. 
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lb 
18 
20 
22 

24 
26 
28 
30 
32 

JOINT 
1 

NEMBER 

m. 

nmi im VERI im nmm 
10 0 0 

FlIED-ENO FORCES 
NOHENT-P N0(1ENT-Q SHEAR-P SHESR-Q Ml f lL -P 

THERE ftRE NO H£«flER FlIED-END FORCES APPtlED 

flHAL-Q 

Continuation of Fig. 5. 

The pattern for the data input is identical to that shown on the input listing 
of Fig. 5. The units used for input into this program are kips and feet. Metric 
conversion factors for the units used arc given in Table 2. This listing is created 
by the program that reads the data off of the sequential data file and immedi­
ately writes it out. 

The program took 5 min and 15 s to set up the 96 simultaneous equations 
and 1 min and 30 s to solve them. Figure 6 presents the computer output. A 
graphical plot of the output is presented in Fig, 7a through c. 

Design Approach 

1. Select a design configuration, both length and section, to be analyzed. 
2. Choose soil properties and variation of k with depth. 
3. Develop k values with depth. 
4. Create input data file. 
5. Run computer program. 
6. Check to see that chosen section can handle moment imposed in section, 

deflections are tolerable, and soil pressure is reasonable. Typically, the maxi­
mum soil pressure should be less than 2 q„ for clays and 1.3 times the Rankine 
active pressure for sands. This limit on soil pressure occurs since a linear value 
of k is used in the model. 

TABLE 2—Conversion factors. 

Inch-Pound Units 

1 ft 
Ift^ 
1 ft̂  
1 kip 
1 ksf 
1 ksi 
Ikcf 

Metric 

0.305 m 
0.093 m^ 
0.028 m-̂  
4.45 KN 
47.9 KN/m^ 
6900 KN/m^ 

159 KN/m^ 
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Soil-Structure Interaction 

The soil-structure interaction inherent in these systems can be investigated 
by varying the ratio of the soil stiffness to the structural stiffness. It is this ratio 
that governs the moment and deflection of the pile and the soil pressure. 
The soil stiffness is proportional to 

The structural stiffness is proportional to 

Their ratio denoted as the soil-structure stiffness ratio is 

m. OF £SNS 

JOiHT 

1 
2 

: 
4 
c: 

6 
7 
8 
? 
10 
11 
12 
13 
14 
i: 
i<i 

17 

la 
If 
20 
21 
T) 

23 
24 
25 
26 
27 
29 
21 
30 

31 

32 

= 9i BANDKIMH 

HOR; DISP 

.0077573 

7.1i>059E-ll 

7.a4375E-03 

7.56329E-11 

7.33205E-03 

7.2(.479E-11 

6.a6321E-03 

S.90455E-11 

4.27471E-03 

6.22369E-11 

5.60052E-03 

5.5571E-11 

.0048712 

4.a5239E-ll 

4.11367E-03 

4.1036iE-ll 

3.34')32E-03 

3.341()9E-11 

2.59249E-03 

2.5B692E-11 

!.a5101E-03 

1.84724E-1! 

1.12735E-03 

I.125I6E-1I 

4.199S5E-i4 

4.19173E-12 

-2.7529aE-04 

-2.74805E-12 

-9.i3519E-04 

-9.ME61E-12 

-1.64912E-03 

-!.d43a4E-ll 

= 9 JOINT SEP 

VERI DISP 

0 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 > 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 

= 2 

ROTATION 

3.02322E-13 

0 
1.098o4E-04 

0 
1.9840aE-04 

0 
2.67314E-04 

0 
3.ia359E-04 

0 
3.53287E-04 

0 
3.73756E-04 

0 
3.ai965E-04 

0 
3.ai203E-04 

0 
3.749a8E-04 

0 
3.66304fc-O4 

0 
3.57506E-04 

0 
3.50255E-04 

0 
3.4544aE-04 

0 
3.431ii.E 04 

0 

3.42614E-04 

0 

JOINT 

1 
2 

4 
i 

a 
10 
12 
14 
16 
IS 
20 
22 
24 
24 
23 
30 
32 

(con t'd) 

HORI REACTION VERT REACl 

-1.02901E-03 

-.0930074 

-.718512 

-.791842 

-.794132 

-.745514 

-.714844 

-1.25477 

-1.4844 

-1.467 

-1.20292 

-.904995 

-.579458 

-.225096 

.153416 

.558841 

.494734 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

:10N NOMENI 

-108.291 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

FIG. 6—Computer output listing. 
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OUTPUT DfiIVE:OUTPUT FILENAHE = fl:PFO 
MEMBER 
NO. 
I 
0 

3 
4 
5 
6 
7 
8 
9 
10 
H 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
nn 

23 
24 
25 
26 
27 
28 
29 
30 
51 

MOMENTS 
P-END 

-1.08E+02 
-8.a5£+0l 
-7.01E+01 
-5.33E+01 
-3.81E+01 
-2.44E+01 
-1.22E+01 
-2,49E+00 
3.96E+00 
7.27E+00 
8.28E<-00 
7.48E+00 
5.51E+00 
3.10E+00 
9.90E-01 
O.OOE+00 
0,00E+00 
O.OOE+00 
O.OOE+00 
O.OOEtOO 
O.OOE+OO 
O.OOE+OO 
O.OOE+00 
O.OOE+OO 
O.OOE+00 
O.OOE+00 
O.OOE+00 
O.OOE+00 
O.OOE+00 
O.OOE+OO 
O.OOE+00 

Q'END 
8.85E+01 
7.01E+01 
5.33E+01 
3.8IE+0I 
2.44E+01 
1.22E+01 
2.49E+00 
-3.86E+00 
-7.27E+00 
-8.28E+00 
-7.48E+00 
-5.51E+00 
-3.10E+00 
-9.90E-01 
2.44E-04 
O.OOE+00 
O.OOE+00 
O.OOE+00 
O.OOE+OO 
0,00£+00 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+00 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+00 

SHEARS 
P-END 

9.91E+00 
9.19E+00 
8.40E+00 
7.60E+00 
6.83E+00 
6.12E+00 
4.86E+00 
3.17E+00 
1.71E+00 
5.05E-01 
-4.03E-01 
-9.82E-01 
-1.21E+00 
-1.05E+00 
-4.95E-0i 
O.OOE+00 
O.OOE+00 
O.OOE+OO 
O.OOE+00 
O.OOE+OO 
0.OOE+00 
O.OOE+OO 
O.OOE+OO 
O.OOE+00 
O.OOE+00 
O.OOE+OO 
O.OOE+OO 
O.OOE+00 
O.OOE+OO 
0.'JO£+00 

O.OOE+OO 

Q-END 
-9.91E+00 
-9.I9E+00 
-8.40E+00 
-7.60E+00 
-A.83Et00 
-6.12E+00 
-4.86E+00 
-3.17E+00 
-1.71E+00 
-5,05E-01 
4.03E-01 
9.82E-01 
1.21E+00 
1.05E+00 
4.95E-01 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+00 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+00 

AXIAL FORCES 
P-END 

O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+00 
O.OOE+00 
O.OOE+00 
O.OOE+00 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+00 
O.OOE+OO 
O.OOE+00 
O.OOE+00 
O.OOE+OO 
-9,3lE-02 
-7.19E-01 
-7.92E-01 
-7.96E-01 
-7.66E-01 
-7.17E-01 
-1.26E+00 
-1.69E+00 
-1.47E+00 
-1.20E+00 
-9.07E-01 
-5.79E-01 
-2.25E-01 
1.54E-01 
5.59E-U1 
4.95E-01 

Q-END 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+00 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+00 
O.OOE+OO 
O.OOE+OO 
O.OOE+00 
O.OOE+OO 
O.OOE+OO 
-9.31E-02 
-7.19E-01 
-7.92E-01 
-7.96E-01 
-7.66E-01 
-7.17E-01 
-1.26E+00 
-1.69E+00 
-1.47E+00 
-1.20E+00 
-9.07E-01 
-5.79E-01 
-2.25E-01 
1.54E-01 
5.59E-01 
4.95E-01 

AXL STRS 

O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+00 
O.OOE+OO 
O.OOE+00 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+OO 
O.OOE+00 
O.OOE+00 
O.OOE+OO 
O.OOE+OO 
-9.31E-02 
-3.59E-01 
-3.96E-01 
-3.98E-01 
-3.83E-01 
-3.58E-01 
-6.28E-01 
-8.43E-01 
-7.34E-01 
-6.01E-01 
-4.53E-01 
-2.90E-01 
-1.13E-01 
7.68E-02 
2.79E-01 
4.95E-01 

FIG. 6—Computer output listing—continued. 
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1 \ 1 1 . 1 1 1 
1 \fl 1 1 . 1 1 1 
1 \ l 1 . 1 1 1 
1 K 1 . i 1 1 
i i \ i . 1 i i 

1 1 \ i i 1 . 1 1 1 
1 1 \ i . 1 1 1 
i 1 \i . 1 1 1 
\ \ \ . \ \ \ 
1 1 i \ . 1 1 1 

1 i ' \ • ' ^ 1 
1 1 ' \ • ' ' ' 
1 1 ! \ , 1 1 1 
I I I \. I I I 

M n 
1 1 1 

1 1 1 . 1 

1 1 1 
1 1 1 
i 1 1 

1 1 1 1 
1 1 1 

1 1 i 
1 1 1 1 

i ! 1 
1 1 1 
1 1 I 

1 I I 1 
' i l l 

1 1 1 
1 1 1 
1 1 ! 

-5 

10 

-15 

-20 

•25 

-120.00 -80.00 -40.00 0.00 40.00 

-30 

80.00 120.00 

NOHENT (k-f t) 

FIG. 7a—Computer output plot—moment. 

 



SOGGE ON MICROCOMPUTER ANALYSIS 45 

1 1 1 . \ ^ 1 1 
1 I 1 . PD 1 1 
1 1 1 . M ' ' 
1 I 1 . ' \ ' ' 
1 1 1 . M ' ' 

1 1 1 . 1 
1 1 1 . 1 
1 1 1 . 1 
1 1 1 . 1 1 
1 1 i . 1 / 

1 1 1 
1 1 
1 1 
1 1 
1 1 

1 1 1 . i ^ \ I 1 
1 1 1 . 1 N o . 1 
1 1 1 . 1 1 \ 1 
1 1 1 . 1 1 \ 1 
1 1 1 . 1 1 \ 1 

1 1 1 . 1 1 a/ 1 
1 1 1 . 1 1 / 1 
i 1 1 . 1 l / 1 
1 1 1 . 1 / 6 1 
1 1 1 . I / l 1 

i 1 1 , 1 " / 1 1 
1 1 1 . c / 1 1 
1 1 1 . / I 1 1 
1 1 1 . / \ 1 1 
1 1 1 . y / 1 1 1 

1 1 1 o/< 1 
1 1 1 / . 1 
1 1 \ / . 1 
1 1 h / . 1 
1 1 A . 1 

1 1 
1 1 
1 1 
1 1 
1 1 

-10 

-15 

•20 

-0.90 -0.60 -0.30 0.00 0.30 0.60 

. . . - 30 

0.90 

PRESSURE fksf) 

FIG. lb—Computer output plot—pressure. 
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! i i . 1 1 1 
1 1 1 . 1 I d I 
1 1 1 . 1 1 1 
1 1 1 . 1 1 1 
1 1 1 . 1 \ d \ 

1 1 1 . 1 \ i \ 
1 1 I . 1 \ \ 
1 1 1 . 1 1 / I 
1 1 1 . 1 It/ I 
1 1 1 . 1 / 1 

1 1 1 . 1 / 1 1 
1 1 1 . • / 1 ' 
1 1 1 . 1 / 1 1 

1 1 1 . 1 y 1 1 

1 1 1 . l / 1 1 
1 1 1 . 1/ 1 1 
1 1 1 . / 1 1 
1 1 1 . di 1 1 
1 1 1 . / l 1 1 

1 1 1 . J \ 1 1 

1 1 1 . / 1 1 1 

1 1 1 .(i 1 1 1 

1 1 1 Q? 1 1 1 

1 1 1 / . 1 1 1 
1 1 \ L . 1 1 1 
1 1 1 / . 1 1 1 

-10 

15 

-20 

25 

-30 

-0.01 -0.01 -O.OiU 0.00 O.OOJ O.ODt O.OP? 

DISPLACEMENT ift) 

FIG. Ic—Computer output plot—displacement. 
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A plot showing how variations in this ratio affect the pile moment for a 
homogeneous soil-pile system subjected to a lateral load of Q on a free-end pile 
is presented in Fig. 8 [8\. 

Analysis of Entire System 

Normally, the approach in the past has been to model the soil and structure 
as separate entities. The soil supporting the structure was modeled by a beam-
on-elastic foundation supporting a laterally loaded pile or caisson. Loads antic­
ipated from the structure were applied to the shaft. This analysis was done some­
times by the soil engineer and sometimes by the structural engineer. It provided 
the structural engineer the nebulous point of fixity from which he could make 
the highly indeterminate support reaction a fbced point support at a known loca­
tion. This fixity point is often taken as the point of maximum moment. 

To just fix such a point is not entirely correct since such a point will have 
some lateral translation as well as rotation. Truly, an interactive solution 
would be required to match the set of displacements on the soil and structure 
model for an equal but opposite applied force state. For such an approach, the 
most convenient spot for separating the two models is at the ground line. 

A unified, more direct, and easier approach, rather than the disjointed ap­
proach presently employed, is to incorporate the soil model into the structure 
model. Such procedures are being used where the soil and the structural engi­
neer work together in developing the model of the soil-structure system that is 
to be analyzed. Computer capabilities can easily handle the added degrees of 

FIG. 8—Soil-structure interaction. 
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freedom imposed by the combined system model, and it is not necessary to 
take the "pseudo" substructure approach used in the past. 

Different Soil Situations 

Another laterally loaded pile situation arises where a cantilevered or an­
chored soldier pile system supports wood lagging. An uneven initial soil pres­
sure would exist on each side of the pile. For such a system, it is necessary to 
use more complex models. Such models must be able to model the nonlinear 
p — X soil properties since the movements of these systems reach active and 
passive failure states. Thus an incremental or an iterative solution as proposed 
by Haliburton \9\ is necessary. It is also beneficial to model the construction 
sequence. 

Disadvantages of Model 

A disadvantage of the type of analysis presented herein as that it does not di­
rectly relate vertical loading to lateral soil pressures. Therefore, any vertical 
arching arising from horizontal pile movement is not apparent. Also, a dredge or 
backfill construction sequence cannot be modeled because of this limitation. 
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On the Torsional Stiffness of 
Rigid Piers Embedded in 
Isotropic Elastic Soils 

REFERENCE: Selvadurai, A. P. S., "On the Torsional Stiffness of Rigid Piers Embedded 
in Isotropic Elastic Soils," Laterally Loaded Deep Foundations: Analysis and Perfor­
mance, ASTMSTP835, i. A. Langcr, E. T. Moslcy, and C. D. Thompson, Eds., American 
Society for Testing and Materials, 1984, pp. 49-55. 

ABSTRACT: This paper develops an approximate expression for the torsional stiffness of 
a rigid cylindrical pier embedded in an isotropic elastic .soil mass. The approximate solu­
tion is derived by considering the torsion of a hemispheroidal rigid inclusion embedded in 
bonded contact with an elastic medium. The expression for the torsional stiffness of the 
pier is expressed as a function of its length to diameter aspect ratio. 

KEY WORDS: torsion, lateral forces, piles, embedded piers, embedded piles, torsional 
stiffness, isolated piles, torsional loading, elastic .stiffness of piers 

Relatively rigid pier-type foundations are used quite extensively as supports 
for structures that are subjected to lateral loads induced by wind or earth­
quakes [1-3]. In particular, isolated rigid piers form the most economical 
foundation system for supporting sensitive devices such as solar cell arrays. 
Owing to the large widths associated with these arrays the pier-type founda­
tions are subjected to significant torsional effects. Other applications of the 
embedded rigid pier-type structures include foundations for pole-type trans­
mission towers. Estimates for the torsional stiffnesses of these embedded pier-
type rigid foundations are required in the static and dynamic analysis of the 
soil-pier interaction problem. This paper presents a method for estimating the 
static torsional elastic stiffness of rigid cylindrical piers embedded in an iso­
tropic elastic soil medium (Fig. 1). The estimate is obtained by representing 
the embedded cylindrical pier as an inclusion that consists of an axisymmetric 

'Profes.sor and chairman of civil engineering, Carleton Universitv, Ottawa, Ontario, Canada 
K1S5B6. 

49 

Copyright® 1984 by AS TM International www.astm.org 

 



50 LATERALLY LOADED DEEP FOUNDATIONS 
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FIG. 1—Geometry of the emhedded rigid cylindrical pier. 

shape with a continuous surface. The problem is formulated within the context 
of a classical elasticity problem referred to a spheroidal coordinate system. 
The estimate for the torsional elastic stiffness of the cylindrical pier is provided 
as a set of bounds that can be determined from an exact analytical solution. 
From the numerical results presented in the paper it is possible to compute the 
elastic stiffness for the embedded cylindrical pier from a knowledge of its ra­
dius to length aspect ratio. 

The modelling of the problem of torsional loading of the rigid pier discussed 
in this paper has similarities to the problem of the slow rotation of a spheroidal 
object in a viscous fluid [4]. Similar results have been derived by Apsel and 
Luco [5] and Selvadurai [6] in connection with the estimation of the dynamic 
and static torsional response, respectively, of foundations embedded either 
partially or fully in elastic soil media. The presentation of the theoretical devel­
opment adopts the more direct formulation given in Ref 6. 

Analysis 

To develop the elastic torsional stiffness for the embedded cylindrical foun­
dation we consider the auxiliary problem of a hemispheroidal prolate rigid in­
clusion that is embedded in bonded contact with an elastic half space (Fig. 2). 
(A hemispheroidal inclusion is the solid of revolution obtained by rotating the 
half ellipse bounded by z = 0 and a = ao about the z axis.) 

We consider a system of prolate spheroidal coordinates (a, 0, y) defined by 
the transformation 

\x;y; z] = Cp[sinhasin|3 C0S7; sinhasin(3 sin7; coshacos/S] (1) 

where Cp is a positive constant. The torsion of the hemispheroidal inclusion in­
duces a state of rotationally symmetric deformation, which is characterized by 
the displacement field 

, = 0; Uff = 0; Uy = uJa, 0) (2) 
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FIG. 2—Geometry of the embedded hemispheroidal rigid inclusion. 

For this deformation, the nonzero components of the Cauchy stress tensor g 
referred to the (a, |3, 7) coordinate system are given by 

(7 = 

0 cr^y 0 

ff,^ 0 ffg,^ 

0 o^^ 0 

The corresponding linear elastic stress-strain relations are given by 

where 

h = [c^(sinh2a + sin^jS)] ''^2. ^^ = [CpSinhasin/S]" 

(3) 

[<^cn' ^0y] = (Gh/hy) [(d/da) (hsuy); {d/dl3) (/?3«.,)] (4) 

(5) 
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It can be shown [6] that a displacement function 0(a, (3) can be introduced 
such that 

Uy = ^ 3 ^ (6) 

and the equation of equilibrium yields the following differential equation for 

[(d^U/da^) + 02Q/a/32) - cotha(aO/aa) - cot/? 00/3^)] = 0 (7) 

We now apply these results to develop an expression for the torsional stiffness 
of the prolate hemispheroidal inclusion that is embedded in bonded contact 
with the elastic medium. The boundary of the inclusion is denoted by a = a^. 
To reproduce action of torsion of the embedded inclusion, we subject the in­
clusion to a torque T that causes a rigid body rotation u about the axis of sym­
metry (3 = 0. The displacement boundary condition at the interface is 

Uy(ao,^) = uCpSmhoiQsmP (8) 

Furthermore, since the elastic medium is of infinite extent, the displacements 
and stresses induced in the elastic medium should reduce to zero as a -> oo and 
be single valued in a € (OQ, OO), 0 g (ir/2, TT). It can be shown that the relevant 
solution for fl(a;, 0) takes the form 

fi(a, (3) = (wc^/^o) sinh^a sin /̂S $(a) (9) 

where 

$(a) = [( l /2)f t i^-cothacscha];^ = (cosha+ l ) / ( cosha - 1) (10) 

and $0 ^ ^(OQ)- Expressions for the stresses and displacements in the elastic 
medium can be obtained by making use of Eq 9 and Eqs 4 and 6. In this paper 
we are primarily interested in developing a result for the torsional stiffness for 
the embedded inclusion. To this end, we evaluate the torque induced at the in­
clusion elastic medium interface. The resultant torque is given by 

X ." X 

T= [a^Cpismhasml3/hh:i)]„^ a^dpdy (11) 
- 0 J T/2 

where the integrand is evaluated at a= ag. Evaluating Eq 11 we obtain 

16xG/)^a)(l -X2)3/2 
T = 

3X 2(1-X2)i^2_x2fti 
1/2 1 + (1 - X )̂ 

1 - (1 - X2)l''2 

(12) 

where bp is the equatorial radius of the prolate spheroidal inclusion, and 
X(= bp/Qp) is the aspect ratio. 
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Torsional Stiffness of the Rigid Cylindrical Pier 

In order to develop an estimate for the torsional stiffness of the embedded 
rigid cylindrical pier we make use of Eq 12. The problem that remains is that of 
assigning a suitable value for X and bp in terms of the aspect ratio a/H and the 
radius a. To derive a value for X in terms of a/H, it is possible to adopt three 
approaches. 

Case /—It may be assumed that X = a/H, indicating that the spheroidal 
region is contained within the boundary of the cylindrical surface of radius a 
and length H. 

Case //—It may be assumed that X = a/H and that the volume of the hemi-
spheroidal region is identical to the volume of the rigid cylindrical pier. 

Case HI— It may be assumed that X = a/H and that the surface area of the 
hemispheroidal region is identical to the surface area of the rigid cylindrical 
pier in contact with the elastic medium. 

Considering the above cases it can be shown that the torsional elastic stiff­
ness for the embedded rigid pier of embedded length H and radius a can be ex­
pressed in the form 

(3r/16Gwa3) = J* = C(X)F(X) (13) 

where 

X 2(l-X2)i' '2-X2ftT 

x(l - X2)3f_ 

H - (1 - W F(\) = — ^ r , , .. . , u / 2 n . (14) 

1 - (1 - \^y'^ 

where 

X = a/H (15) 

and C(X) is a function that depends on the three cases discussed previously. 
For example, for 

Case I: C(X) = 1 (16a) 

Case II: C(X) = ^2 (I6b) 

Caselll: f 2(1 - X^)'/^ )3/2 

^^^^ - [[X(l-X2)'^2 + s i n - V - l - p - j ^'^'^ 

Since in Case I the dimension hp of the spheroidal region is set equal to a and 
since the aspect ratio bp/Up = a/H, it can be deduced that the torsional stiff­
ness given by the results from Eqs 13 and 16a corresponds to the lower bound. 
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Case II represents an estimate in which the bulk volume of the rigid pier em­
bedded in the elastic medium is related to the volume of the hemispheroidal 
region. This estimate would in general yield the upper bound of the elastic 
stiffness of the rigid pier. The estimate based on the concept of equal surface 
area, namely, Case III, is expected to yield an intermediate for the torsional 
stiffness of the rigid cylindrical pier. 

Numerical Results and Conclusions 

The estimates for the nondimensional elastic stiffness T* for the rigid cylin­
drical pier as derived from the three cases discussed have been numerically 
evaluated for various values of H/a (Fig. 3). From these results it is evident 

FIG. 3—Variation of elastic torsional stiffness for a rigid circular pier with aspect ratio H/a. 
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that the elastic stiffness is significantly influenced by the geometric aspect 
ratio H/a and that the results based on the hemispheroidal inclusion idealiza­
tion yield results that may be used as suitable approximations in preliminary 
engineering calculations and estimates. An alternative to this approximate 
procedure is to use an exact mathematical formulation of the problem to de­
rive the elastic stiffness for the embedded rigid pier. An example of such an 
analysis is given by Luco [7]. The mathematical analysis that is involved in the 
exact formulation is complicated and does not yield results that differ greatly 
from the present set of approximations. For purposes of comparison the re­
sults given by Luco [7] for H/a = 1.5, 2.0, 3.0, and 4.0 are also presented in 
Fig. 3. Other approximate procedures of the treatment of the embedded rigid 
pier problem use approximations in the representation of the stress state in the 
vicinity of the rigid pier. Details of these treatments together with accounts of 
finite-element studies of the static elastic stiffness of an embedded rigid cylin­
drical pier are discussed by Scott [8], Randolph [9], and Foulos and Davis [3], 
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ABSTRACT; One of the current approaches to the design of pile-supported structures in 
deep water is to place a cluster of piles along each of the four main legs of the platform. 
The piles in such a group would be in a circular pattern and spaced sufficiently close that 
significant interaction among piles in the soil would be expected. 

The analysis of such a typical pile group in stiff clay is presented. Three approaches 
were used for performing the analyses: the Poulos-Focht-Koch approach, a modification 
of that approach, and the treatment of the pile group as an imaginary large diameter 
pile. With each of these methods, analyses were performed to investigate the effect of the 
variation of significant soil parameters through a range indicated by a study of the results 
from a field and laboratory investigation of soil properties. In each of the analytical ap­
proaches the methods of analysis of piles under lateral loading that makes use of curves 
showing soil resistance as a function of pile-deflection (p-y curves) were used. 

The results of the analyses indicate the importance of the various parameters that are 
employed in the solution and should provide guidance in the acquisition of data on soil 
properties. 

KEY WORDS; lateral loading, load tests, pile groups, p-y curves, single piles, soils, soil 
modulus 

The analysis of the behavior of a closely spaced pile group under lateral 
loading is based on the concept that there is an interaction among piles in 
the group. The influence of one pile on the other piles in the group can be 
evaluated numerically by use of the equations of elasticity. 

The single-pile behavior can be analyzed by the solution of a fourth-order, 
nonlinear differential equation in which the soil response is represented by a 
family of p-y curves. The p-y curves are dependent on pile geometry, soil 
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properties, and depth below ground surface; degradation from cyclic loading 
is reflected. Several articles in the technical literature deal with the methods 
of determining/7-j curves [1-9]. 

Focht and Koch [10] proposed a method of analysis that combines the use 
of elasticity to get influence coefficients [//, 12] and the p-y analysis to obtain 
single pile behavior. The Focht-Koch method will be the principal method 
used in this paper. 

Another approach is to assume that the pile group will behave as an imag­
inary large-diameter pile with the pile diameter taken as the diameter of the 
entire group and the stiffness of the imaginary pile taken as the sum of the 
stiffness of the individual piles. 

The paper presents a study of the design of a nine-pile group at an offshore 
site. The study indicates the effects of varying certain parameters and should 
provide some guidance for those doing similar studies. 

Sammaiy of the Poulos-Focht-Koch Method 

The following equation was developed by Poulos [11,12] to obtain the de­
flection and load on each of the piles in a group, assuming the soil to act 
elastically 

Pk~ PF{ .? Hjappkj + H^ (1) 

where 

pjt = deflection of the k-tk pile, 
PP = the unit reference displacement of a single pile under a unit hori­

zontal load, computed by using the elastic theory, 
Hj = lateral load on pilej, 

c'pFkj — the coefficient to get the influence of pilej on pile k, 
H/^ = the lateral load on pile k, and 
m = number of piles in group. 

If the total load on the group is HQ, then 

^G = S Hj (2) 
7 = 1 

If the foundation is fabricated such that each of the piles is caused to 
deflect an equal amount, the deflection p/, is equal to the deflection of the 
group yQ. If there are m piles in the group w + 1 equations can be formu­
lated using Eqs 1 and 2 and solved for the group deflection and the load H on 
each pile in the group. 

In order to write the equations it is necessary to have the influence coeffi-
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cients. Poulos has supplied a family of curves for the a-values with the curves 
based on a Poisson's ratio of 0.5. The curves must be entered with values of 
Lid, s/d, (3, and K^ where L is pile length, d is pile diameter, s is center to 
center spacing, /3 is the angle between the line through the two piles in ques­
tion and the line giving the direction of the loading, and KR is defined by the 
following equation 

KR = (EpIpViE.L') (3) 

where 

Ep = modulus of elasticity of pile material, 
Ip = moment of inertia of pile, and 
E; = soil modulus. 

The Poulos curves [12] are used in this phase of the analyses. 
Focht and Koch [10] have proposed modifications of the Poulos method. 

They suggested a revision of Eq 1 as follows 

p,=pJL^Hja,,y + RHA (4) 

where R is the relative stiffness factor. 
The relative stiffness factor is the ratio of the mud-line deflection of a sin­

gle pile computed by the p-y curve approach y^ to the deflection p computed 
by the Poulos method. In both instances, the lateral load on the single pile is 
the total lateral load on the pile group divided by the number of piles. Equa­
tion 5 is the Poulos equation for the deflection of a single pile with fixed head. 

p^lpF{H/E,L) (5) 

The value of the influence coefficient If,f may be obtained from curves pro­
vided by Poulos [//], which assumes a Poisson's ratio of 0.5. The curves are 
entered with values of KR and L/d. 

It is important in using the Poulos equations to obtain a value of the soil 
modulus Es that is as accurate as possible. It is generally agreed that the best 
method for determining E^ is to perform a field loading test. However, such 
tests frequently are not practical. In the absence of such tests some correla­
tions of Es with the undrained shear strength can be used as a rough guide, 
but stress-strain curves from triaxial tests can yield better values. Focht and 
Koch state that E^ should be selected from available stress-strain test results 
using a low stress level in the soil. They suggest that the value should be at 
least as great as the secant modulus corresponding to a stress equal to 50% of 
the strength and probably as great as the initial tangent modulus indicated 
by most laboratory tests. 
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Using Eqs 2 and 4, simultaneous equations are formulated and solved for 
the group deflection ya and the lateral load on each pile in the group. The 
pile with the greatest load is selected for analysis by using modified p-y 
curves. The p-values are modified by employing a multiplication factor to 
reflect the "shadowing" effect of closely spaced piles. The j-values are modi­
fied by multiplying all of the deflections in the p-y curves by a Y factor of 2, 
3, 4, and so on. The deflection of the single pile is computed with the modi­
fied p-y curves, and the Y factor is found that gives agreement between the 
single-pile deflection so computed and the deflection of the pile group. With 
this appropriate Y factor, the pile behavior can be computed with the modi­
fied p-j) curves, completing the solution. 

Comparison of Results 

There are few experiments on groups of piles under lateral loading, 
Jamiolkowski [13] reports on the testing of a three-pile group. The piles were 
45 m (148 ft) long, 500 mm (19.7 in.) in diameter, and were driven through a 
10 m (32.8 ft) thick layer of loose to medium dense slightly silty sand, 
through 30 m (98.4 ft) of normally consolidated clay, and into dense sand. A 
load of 45 metric tons was applied through a rigid cap in a plane that passed 
through the axes of the piles. The piles were instrumented with inclinometer 
tubes, and a sensitive instrument was used to obtain the slope of the piles as a 
function of depth. 

Jamiolkowski presented the results from analyses and experiment shown in 
Table 1. 

Jamiolkowski concluded that the methods of computation were inadequate 
to predict the behavior of a pile group. He thought the main weakness in the 
methods was the inability to account for the effects of pile driving on soil 
properties, especially if displacement piles are driven. 

The writers analyzed some experiments performed by Matlock et al [14], 
Matlock and his associates tested a single pile, a five-pile group, and a ten-

TABLE {—Resultsfrom 

Parameters 

Load test 
Poulos method 
Poulos-Focht-Koch method 

analyses and experiment by 

Ground-Line 
Displacements, cm 

0.8 
0.8 to 1.17* 
1.0 to 1.38* 

Jamiolkowski 113]. 

Distribution of Horizontal 
Load, tons-metric 

Pile A 

14.4 
17.3 
16.7 

Pile B 

17.5 
10.5 
11.7 

Pile C" 

13.1 
17.3 
16.7 

"Pile C is closest to the applied load. 
*The range in the computed values is a result of the selection of a range of values for the soil 

stiffness. 
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pile group. The piles were 168 mm (6.625 in.) in diameter and penetrated 
soft clay to a depth of 11.6 m (38 ft). The results from the test of the single 
pile were analyzed and values of soil response were obtained for use in the 
analyses of the ten-pile group. 

The ten-pile group was subject to short-term static loads and to cyclic 
loads. The group sustained a load of approximately 169 kN (38 kips). The 
analyses were performed for a load of 153 kN (34.5 kips) by using the Poulos-
Focht-Koch method with the results shown in Table 2. Two assumptions 
were made for the modulus of elasticity of the soil, that it was equal to 40 and 
2(X) times the undrained shear strength. 

The examples analyzed in Table 2 indicate that the Poulous-Focht-Koch 
method will yield values for the deflection of a pile group that are in the proper 
range if values of the modulus of elasticity E, of the soil can be estimated 
properly. The estimation of f, will be discussed in the following sections of 
this paper. 

SoU Profile 

The soil at the site consists predominantly of clay with undrained shear 
strength at the mud line ranging from very stiff to extremely stiff and with 
strength decreasing with depth. The bouyant unit weight is also higher at the 
mud line and decreased somewhat with depth. 

The quantity eso is defined as the strain at a stress of one-half of the failure 
stress where the failure stress is defined as (CTJ — ai)f. The value of £50 is needed 
in performing analyses of a single pile in clay. There is obviously in most nat­
ural soils a range in the value of eso ^ obtained from the results. Skempton 
1/5] states that the value of €50 for clays should range from 0.(X)5 to 0.02. Re­
cent evidence shows that values of 650 of higher than 0.02 can be found. 

The criteria that are used for predicting the soil response (p-y curves) for 
clay arc dependent on the nature of the clay. The clay at the site is relatively 
homogeneous and without a highly developed secondary structure. These 
facts were considered in selecting the criteria used in the analyses. 

In the analyses that were done, the soil properties were varied through a 
range that was thought to encompass the properties at the site. The justifica-

TABLE 2—Analyses of an experiment hy Matlock 
[14| using the Poulos-Focht-Koch method. 

Deflection (Nine in. 
Above Ground 

Parameters line), in. 

Load test 2.36 
Analysis (E, = 40 sj 4.54 
Analysis (£j = 200 i„) 1.88 
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tion for this approach is that the techniques that must be used in obtaining 
soil specimens inevitably yield properties that are different (usually lower) 
than those obtained by the techniques that are available for onshore studies.^ 
Furthermore, the procedures for analysis, as has been noted and as will be 
noted later, continue to be checked against experimental results as those re­
sults become available and improvements are being made. 

Groap Geomett; and Loadings 

There are nine piles in a group with the radius to the centers of the piles be­
ing 7 m (23 ft). The piles were spaced on approximately equal distances from 
center to center except as the spacing was adjusted because of the presence of 
braces. The piles had a wall thickness of 57.2 mm (2.25 in.). The length for lat­
eral analysis was selected as 76 m (250 ft.). The diameter is 2134 mm (84 in.). 

The axial load used in the analyses of the group was approximately 356 MN 
(80 000 kips), and the lateral load was approximately 40 MN (9000 kips). 
The pile heads were assumed to be fixed against rotation. 

Analysis of Single Piles nnder Lateral Loading 

The analysis of a single pile under lateral loading is made by use of a well-
established procedure, employing a computer program that has been in gen­
eral use [16]. The program models the lateral and axial loading, the pile-head 
restraint, and the soil response. The principal decisions to be made in the use 
of the method are the selection of the most appropriate soil-response criteria 
(procedures for developing/j-j curves) and the determination of the soil pa­
rameters to be used. 

Soil Response Criteria 

The strength of the stiff clay at the mud line is relatively high, indicating 
the possible use of the criteria for p-y curves proposed by Reese et al [5] for 
stiff clay below the water surface. However, the relatively large values of €50 
suggest that the clay will behave more like a soft to medium clay [3] rather 
than as a stiff brittle clay. 

The recommendations ior p-y curves for submerged stiff clay, subjected to 
cyclic loading, allow for severe degradation of soil resistance when the pile de­
flections reach the "plastic" range of the soil. The degradation occurs mainly 
because of erosion as water is "pumped" out of gaps that form around the 
pile. Another cause of degradation is the remolding of the surrounding clay. 
While soft to medium clay also degrades under cyclic loading, the degrada-

^ Young, A. C , Quiros, G. W., and Ehlers, C. J., "Effects of Offshore Sampling and Testing 
on Soil Shear Strength," Texas Section, American Society of Civil Engineers, 1981, unpublished. 
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tion is not as severe as in the case of stiff clay. Therefore, the selection of the 
soil criteria to be used in the analyses was closely examined as discussed next. 

Preliminary Analysis 

In order to gain some insight into the problem, some preliminary analyses 
were made for a pile with 57.2 mm (2.25 in.) wall thickness and with a lateral 
load of 4.448 MN (1000 kips). Both stiff clay criteria [5] and soft clay criteria 
[3] were used. The values of eso were varied from 0.01 to 0.03, and the three 
strength profiles were employed. The results of the analyses are shown in 
Table 4. 

As may be seen by examining the Table 4, the maximum deflection that 
was computed was less than 50.8 mm (2 in.), an amount equal to about 2% 
of the pile diameter. At this deflection the degradation resulting from cyclic 
loading is negligible according to all of the recommendations for p-y curves. 

The maximum combined stress shown in Table 3 is the result from the 
analyses that is most important in determining design. However, an ex­
amination shows that the stress versus deflection yields almost a straight line. 
Therefore, in the single-pile analyses that follow, emphasis will be given to 
the computation of deflection. The single-pile deflections, of course, are 
needed in doing the Poulos-Focht-Koch analyses. 

Analyses of Pile Groups Under Lateral Loading 

Influence Coefficients for Group Action 

As indicated previously, Poulos [12] has published curves from which the 
a-values needed for the solution of Eq 4 can be obtained. The curves that 
were selected for use in this case were for a Poisson's ratio of the soil of 0.5 
and for the case where the pile has a fixed head. In order to enter the curves, 
one must have the pile geometry, the modulus of elasticity of the pile material 
(2.07 X 10» kPa [3 X 10^ psi]), and the modulus of the soil E, (see Eq 3). 
The values of a are not greatly sensitive to relatively minor changes in K^, 
defined in Eq 3; therefore, the values of a were obtained by selecting E^ as 
equal to 40 times the undrained shear strength, a value suggested by Poulos 

TABLE 3-

Soil Strength 

Average 
Upper-bound 
Lower-bound 

-File stresses with assumed value 

y,. in. 

1.59 
0.86 
2.11 

ya. in-

S.52 
2.98 
7.32 

o/R one." 

Maximum Combined Stress, 
kip/in.^ 

55.4 
45.2 
62.0 

"1 in. =- 25.4 mm; 1 kip/in.^ = 6.895 MN/m^ 
NOTE—all piles have an 84-in. outer diameter and 2.25-in. wall thickness. 
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TABLE 4—Results of preliminary single-pile computations." 

Strength 
Profile 

Lower-bound 
Upper-bound 
Average 
Average 
Average 

Lower-bound 
Upper-bound 
Average 
Average 
Average 

fso 

p-y 
0.02 
0.02 
0.02 
0.01 
0.03 

P-y 
0.02 
0.02 
0.02 
0.01 
0.03 

Maximum 
Lateral 

Deflection, in. 

Maximum 
Combined 

Stress, kip/in.^ 

CURVE CRITERIA FOR STIFF CLAY 

1.27 
0.56 
0.75 
0.47 
0.99 

33.2 
29.5 
30.6 
28.9 
31.9 

CURVE CRITERIA FOR SOFT CLAY 

1.74 
0.60 
0.93 
0.64 
1.15 

35.7 
30.0 
32.1 
30.2 
33.4 

Maximum 
Bending 

Moment X 10"^, 
in. —k 

2.2 
1.8 
1.9 
1.7 
2.1 

2.5 
1.8 
2.1 
1.8 
2.2 

°1 in.-k = 113 m-N; 1 kip/in.^ = 6.895 M N W . 
NOTE: all piles have an 84-in. outer diameter and 2.25 in. wall thickness; axial load 

10 000*/ pile; and lateral load = 1 000*/pile. 

[11]. In comparison with values of E, suggested by others, this is a relatively 
conservative estimate of Es- However, as shown later the values of pp the unit 
"elastic" deflection (see Eq 5), has a strong influence on the solution and is 
given careful attention. 

Sensitivity of Computation of Deflection of Group to Value of R 

With appropriate values of a, the set of simultaneous equations (Eq 4) can 
be solved to investigate the sensitivity of the solution to the value selected for 
the relative stiffness factor R. 

As mentioned earlier, because the piles will all deflect laterally equal 
distances, the deflection p/^ in Eq 4 is equal to the deflection y^ of the pile 
group. For convenience, the left-hand side of Eq 4 was rewritten as P^/'PF or 
yc/^F- Because the left-hand term was obtained when Eq 4 was solved by 
matrix techniques, the values of jc /y , could be computed. The results of the 
computations are shown in Fig. 1. 

As may be seen by examining Fig. 1, the multiplier to obtain ya from y, 
was sensitive to the value selected for R. Thus, as much care as possible 
should be exercised in computing the value of/?. It should be noted thatj'o 
approached y,asR becomes larger. 

There is, of course, a range of values for j , as shown in the previous sec­
tion. The value of p is computed by Eq 5. An examination of Eq 5 shows that 
the soil modulus E, has a strong influence on the value of p. Computations of 
p were made for the average shear for the group, using values of E, that cover 
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FIG. 1—Effect of R on deflection of a nine-pile group. 

a range that might be expected. The results are shown in Fig. 2. As may be 
seen, the value of p is sensitive to the value of fj that may be selected. 

The above discussion shows that the computed deflection of the pile group 
is sensitive to the value of R that is used. 

Results of Computations for R of One 

There is a reason for selecting a value of unity for R, at least for the initial 
analyses. The computations in the previous section have shown that the com­
puted deflection using p-y curves are small when compared to the pile 
diameter and that they plot on the initial branches of thep-^' curves. Thus, it 
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FIG. 2—Effect of the value of Ej on p. 
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can be considered that the soil is in the "elastic" range for the p-y analyses and 
that identical values of j j and p would be computed. Furthermore, it is not 
reasonable that values of R less than unity would occur; therefore, R should 
have values of one or larger. An examination of Fig. 1 shows that the value of 
yc will get smaller as larger values of R are used; thus, the use of a value of R 
of unity will either yield correct results or results that are conservative. 

The results of the solution of Eq 4 are 

• Average shear = 4.448 MN (1000 kips). 
• Maximum shear = 4.834 MN (1087 kips). 
• yc/y, = 3.47. 

With the multiplier of 3.47 and the lateral load of 4.834 MN (1087 kips), the 
computer solution was used for the single pile to find the bending moment 
and the maximum combined stress. 

Thep-y curves are modified by multiplying the j-values by constants, 2, 3, 
4, 5, and so on. Thep-values are also multiplied by a constant to account for 
the "shadowing" effect. Computations were made for the ultimate resistance 
of a single pile and for an imaginary pile that encircled the nine-pile group. 
The patterns of these ultimate resistances were different because the depth of 
the wedge-type behavior in the vicinity of the ground surface is dependent on 
diameter. Therefore, it was necessary to compare the ultimate resistances at 
several depths to obtain a value for the "shadowing" effect. Before making 
the comparisons, the ultimate resistances for the pile group were divided by 
the number of piles in the group. 

The values from the several comparisons range from about 0.75 to 0.6, and 
it was decided to select a value of two-thirds for thep-multiplier. The results 
of the computations, assuming a value of R equals one, are shown in Table 3. 
As may be seen, the combined stresses are relatively high for this conservative 
solution, particularly where a conservative assumption was made for the 
values of the soil shear strength. 

Analyses of Data to Determine Upper-Bound Values of R 

An upper-bound value of 25 000 kPa (3626 psi) based on general informa­
tion at the site, was selected for recomputation of the elastic deflection p. Us­
ing this value for E^ and the Poulos equations, the deflections for the single 
pile was 21.84 mm (0.86 in.). 

A second approach was used. The unified clay criteria [7] and the soft clay 
criteria [3] were employed, and curves were computed (Fig. 3). It was assumed 
that the elastic behavior of the piles could be obtained from an analysis of the 
early portion of the curves. A lateral load of 890 kN (200 kips) was selected, 
the soft clay criteria were employed (the unified clay criteria gives results that 
are similar), and a value of p of 7.72 mm (0.304 in.) was computed. It was 
decided to use this value for the elastic deflection of the single pile. 
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FIG. 3—Plot of deflection versus lateral load for a single pile. 

In the computations that follow, the soft-clay criteria [3] were used because 
Fig. 3 shows that the results of the single-pile analyses differ only slight!}' be­
tween the soft-clay and the unified-clay methods. Further, it is thought that 
the use of the soft-clay criteria leads to a somewhat better prediction of the 
actual behavior of the piles at the site. 

Using the value of p of 7.72 mm (0.304 in.) values of R were obtained 
(Table 5). 

Results of Computations Using Upper-Bound Values of R 

The results of the solutions of Eq 4 are shown in Table 6. The form of the 
results is the same as for the computations with R equal to unity; therefore, 
Table 6 indicates only the pile with the most critical loading. 

The multiplier in the right-hand column was used, the p-y curves were 
modified as was done previously, and the behavior of the heaviest loaded pile 
was computed. The results are presented in Table 7. As may be seen, the 

 



REESE ET AL ON A PILE GROUP 67 

TABLE 5-Values of R. 

SoU /{-Value 

Avg 4.01 
Upper-bound 3.19 
Lower-bound 6.01 

TABLE 6-

Average Shear, kips 

1012 
1012 
1012 

-Resulti ! of computations for 

Soil 

average 
upper-bound 
lower-bound 

upper-bound values of R." 

Maximum Shear, kips 

1035.9 
1028.2 
1041.6 

yc/y, 

1.313 
1.409 
1.774 

-I kip = 4.448 kN. 
NOTE—all piles have an 84-in. outer diameter and 2.25-in. wall thickness. 

TABLE 7—Pile stresses using upper-

Soil Strength 

Average 
Upper-bound 
Lower-bound 

y„ in. 

1.22 
0.97 
1.83 

yo' in-

1.97 
1.72 
2.58 

hound values of R." 

Maximum 
Combined Stress, 

kips/in.^ 

41.9 
40.1 
45.3 

"1 in. = 25.4 mm; 1 kip/in.^ = 6.895 MN/ml 
NOiK—all piles have an 84-in. outer diameter and 2.25-in. 

wall thickness. 

combined stresses are considerably lower than for the case where values of 
unity were used for R. 

Results of Computations Assuming the Group to Behave as an 
Imaginary Large-Diameter Pile 

Computations were made using the soil criteria for a single pile. The 
diameter of the imaginary pile was assumed to be 16.1 m (52.9 ft), and the 
moment of inertia of the group was assumed to be nine times that for a single 
pile. The Matlock [3] criteria were used in the analyses. 

The results of the analyses are shown in Table 8. The results compare rea­
sonably well with those for the assumption of an R of one. 

 



0.012 
0.025 
0.012 
0.025 
0.012 
0.025 

3,41 
4.03 
2.86 
3.47 
4.15 
4.82 

47.3 
50.2 
44.6 
47.6 
50.8 
53.5 
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TABLE 8—Results of computations assuming an 
imaginary large-diameter pile." 

Maximum 
Combined Stress, 

Soil Strength tjo yo, in. kip/in.^ 

Average 

Upper-bound 

Lower-bound 

"I in. = 25.4 mm; 1 kip/in.^ =- 6.895 MN/m^. 
NOTE—all piles have an 84-in. outer diameter and 2.25-ir 

wall thickness. 

Mindlin p-y Analysis 

Two additional analyses were performed using an alternate analysis proce­
dure to provide an independent check on the reasonableness of the other so­
lutions presented herein. The procedure involves analyzing each pile in the 
group by conventional p-y analysis procedures, except that each piJe is con­
sidered to be subjected to an additional "free-field" soil displacement. The 
free-field displacements are computed as elastic displacements produced by 
distributed reactions along the length of all other piles in the group, exclud­
ing the particular pile being considered. The displacements are computed us­
ing the Mindlin solutions with an approximation for moduli varying with 
depth. Thtp-y procedures for analyzing the piles in a soil displacement field 
are identical to the procedures used for analyses of piles in a soil mass where 
mud-slide movements occur. 

The analyses were performed using average soil properties and Matlock's 
p-y criteria for soft clays. Two sets of elastic soil moduU were used to compute 
field displacements of the soil. The first set of values was obtained by multi­
plying the shear strength by 100, that is, E, = lOOsy, which is near the upper 
range of values suggested by Poulous [7/], but may be conservative with 
respect to the recommendation of Focht and Koch [10]. The second set of 
moduli was constant with depth. A value of 19 000 kPa (2750 psi) was 
selected iorE^. 

The analysis with the variable elastic modulus (£'s = 10Qs„) produced a lat­
eral pile-group displacement of 121 mm (4.77 in.) at the pile head; while the 
analysis with a constant modulus (E^ — 19 000 kPa [2750 psi]) produced a lat­
eral pile group displacement of 85 mm (3.36 in.) at the pile head. The corres­
ponding maximum combined stresses in the pile resulting from axial plus lat­
eral loads were 276 and 280 MN/m^ (40 053 and 40 647 psi), respectively. 

 



REESE ET AL ON A PILE GROUP 69 

Bending Moment Corves 

Curves similar to those presented in Fig. 4 may be useful in considering the 
design of the piles. The curves show that the bending moments decrease rap­
idly with depth. The combined stresses are large only for a few pile diameters 
below the top of the pile. Because the computed bending moments are af­
fected only to a minor degree by moderate changes in bending stiffness of the 
pile, the curves in Fig. 4 can be used to determine any additional wall thick­
ness that is required over the upper portion of the pile to reduce the com­
bined stress to the desired level. 

Another factor of unportance is that a slight rotation at the pUe head (the 
analyses assumed the pile head to be perfectly fixed against rotation) will 
cause a significant reduction in the magnitude of the negative bending mo­
ment at the pile head. There will, of course, be some increase in lateral de­
flection and some increase in the maximum positive bending moment. 

Conclusions 

1. The results from the computations described herein indicate that the 
/^-factor used in the Focht-Koch analysis has an important effect on the com­
puted behavior of a pile group. Careful attention, therefore, should be given 

Bending Monitent , in-lb x 10 

R«l 

FIG. 4—Bending moment curves from the Poulos-Focht-Koch analyses. 
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to the selection of the soil modulus that is used in the Poulos analysis of a 
single pile. 

2. The parametric studies outlined in this paper are useful in gaining an 
understanding of the probable behavior of the pile foundations for the pro­
posed structure. In view of the character of natural deposits and of the lack 
of precision in the currently available methods of investigating such deposits, 
the use of upper-bound and lower-bound values of soil parameters in making 
analyses of pile groups is a desirable procedure. The parametic studies 
should also include a consideration of various methods of analyses as indi­
cated herein. 

3. The rapid decrease in bending moments below the mud line leads to the 
possibility of increasing the bending resistance of piles with a small percent­
age increase in quantity of steel. However, a critical factor of placing the pile 
to the computed penetration simultaneously arises. 

4. Studies of the expected behavior of a pile group under lateral load leads 
to the obvious fact that more experimental data are needed to allow the im­
provement of analytical procedures. In this regard, a quote from Terzaghi 
[17] is appropriate: "Our theories will be superseded by better ones, but the 
results of conscientious observations in the field will remain as a permanent 
asset of inestimable value to the profession." 
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SolM. Gleser^ 

Generalized Behavior of Laterally 
Loaded Vertical Piles 

REFERENCE: Closer, S. M., "Generalized Behavior of Laterally Loaded Vertical 
Piles," Laterally Loaded Deep Foundations: Analysis and Performance. ASTM STP 835, 
J. A. Langer, E. T. Moslcy, and C. D. Thompson, Eds., American Society for Testing 
and Materials, 1984, pp. 72-96. 

ABSTRACT; A method previously presented by the author (in ASTM STP 154) is gener­
alized to encompass soils having nonlinear p-y characteristics. This results in a method 
that can handle, but is not restricted to, pile-soil systems having (1) piles greater than 9 m 
(30 ft) in length having free, fixed, or partially fixed heads, and any cross-sectional shape 
and length relationship, for example, constant, tapered, or stepped, and of any materials 
or combination of materials; (2) soils of any variation with depth, whether homogeneous, 
stratified, or combinations thereof, and havingp-^- characteristics of any nature; (3) abil­
ity to qualitatively and quantitatively predict behavior and stresses under static, fluctuat­
ing, and repetitive lateral loadings, or where larger emergency loads can be interspersed 
between normal loads. Ways are suggested for dealing with each of these factors. In addi­
tion, a method is proposed for obtaining the effective soil constant at a given site for a 
range of lateral loads, using empirical test data from free-head piles of the same charac­
teristics subjected to lateral loads. The method is validated by use on previously published 
data of a comprehensive series of tests on free-head piles by Assadeh and Davison (Jour­
nal of the Soil Mechanics and Foundation Division, Proceedings of the American Society 
of Civil Engineers, Vol. 96, No. SMS, Sept. 1970, pp. 1583-1603). Using the soil con­
stants resulted in computed load-deflection curves closely approximating actual data. 
These constants are used in turn to compute the expected deflections and pile stress of 
those same piles under fixed-head conditions. 

A serendipitous finding of the analysis was that there is a significant shape factor affect­
ing the ability of piles to mobilize soil resistance to lateral loads, for example, under any 
given lateral load applied to free-head piles having approximately equal moments of iner­
tia, those having circular cross sections were substantially more resistant to lateral move­
ment than square or H-beam cross sections. This in turn significantly altered the effective 
soil modulus. 

To determine the usefulness of the method in economic as well as structural design, an 
analysis was made of a built-up pile consisting of a 360-mm (14-in.) H-beam cut diago­
nally along its length and rewelded to form a tapered I beam 500 mm (20 in.) at the butt 
and 200 mm (8 in.) at the tip, with constant flanges. Although having the same weight as 
the basic H beam, the tapered pile was computed to have a lateral deflection under a load 
of 13 000 kg (30 000 lb), which is half of that of the basic beam under free-head condi­
tions and 0.6 of that under fixed-head conditions. 

Retired, 3604 Lansdownc Ave., Cincinnati, OH 45236. 
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KEY WORDS: foundations, piling, lateral loads, soil mechanics, design, deflection, 
footings, loads (fluctuating), subsurface structures 

There have been a number of suggested methods to provide solutions for 
the behavior of laterally loaded vertical piles in soils having behavior charac­
teristics other than elastic [1-15]. Several such methods have involved the use 
of the method developed in my paper, "Lateral Load Tests on Vertical Fixed-
Head and Free-Head Piles," [16] as a means for computing soil modulii 
[6-9]. The method, referred to as "the Gleser method," is used in an indirect 
manner to compute the modulii by iterative means. However, the Gleser 
method, as published, is only applicable to soils exhibiting elastic behavior; 
that is, to soils whose p- j curve is a straight line through the origin. There is 
an existing need for a simple means for dealing with soil resistance configura­
tions that are nonlinear at any one point along the length of the pile, but also 
upon depth below ground surface (surcharge or confining load), and on the 
lateral stresses at that location. 

The equations developed for the original "Gleser method" [16] were gener­
alized expressions to cover any configuration of soil resistances and pile stiff­
ness throughout the length of a vertical pile subjected to lateral loads. They 
have the virtue that they can be programmed for a once-through solution on a 
digital computer rather than the iterative procedures required for solution of 
the matrix of the difference equation method proposed by Palmer and 
Thompson [17]. However, as indicated above, the solution was limited to soils 
exhibiting elastic behavior. Furthermore, implicit as a condition for use of the 
method was availability of the soils modulus at each point along the length of 
the pile, or a reasonable method of approximating it. On further study, it has 
become apparent that the equations set forth therein can be further general­
ized. Accordingly, this paper has been prepared to provide a generalized solu­
tion applicable to laterally loaded vertical piles of any configuration of stiff­
ness throughout their length, embedded in foundations comprising any 
arrangement of layers of any types of soil, and where the soil behavior at any 
point m along the length of the pile can vary from elastic through semielastic 
to plastic as a known function of the applied stress at that point. Another way 
of expressing the latter condition is that the p-y curve at each point m is 
known. 

It should be noted that the developed equations are predicated on use of 
soil modulii pertaining to the various depths of the area in question. Accord­
ingly, it was deemed necessary that ready means be developed for determina­
tion of such soil modulii (or effective equivalents) without the necessity of ex­
tensive (and expensive) soils investigations in the affected area throughout the 
estimated depths of the proposed pile foundations. This paper proposes one 
such method and validates it by means of previously published data of actual 
tests on free-head piles subjected to lateral loads [18]. 
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The derivation of the equations is set forth in the Appendix. Practical 
methods for using the equations are discussed below. Since all computations 
in this paper were made in inch-pound units, appropriate factors for conver­
sion to SI units are provided in the footnote below for ready reference.^ 

Generalized Procedure and Rationale for the Iterative Solution 

Before proceeding, set up the constants to be used in the computations for 
each point as follows. 

Pile Constants 

Length, pile head fixity, number of pile divisions t, loads, and the modulus 
of elasticity of the pile material and the moment of inertia of the pile cross 
section at each point along the pile are the pile constants. 

Soil Constants 

At each point, the soil constants are the soil modulus a, the deflection at 
yield point YE„, the deflection at plastic point YP„,, the slope of the semi-
plastic line (t>m. (A suggested method of obtaining these is proposed below.) 

After the pertinent constants have been obtained, continue as follows. 

1. For the first run, assume that the soil condition at each point along the 
embedded length of the pile is "elastic"; that is, for each point m, U„ = Q 
and W„ = X f̂c„ «„/£•„,/,„. 

2. Using the selected constants, compute each y and 6 by means of Eqs 
5.4(o) through 5.4(p) and 5.5(o) through 5.5(p), respectively, and/I, B, and 
C for each point along the pile to and including p by means of Eqs 6.0(o) 
through 6.0(/)), respectively.'' 

3. Using the load, compute F and G for each point at and above/? (ground 
level), by means of Eqs 7.1 through 7.5, respectively. 

4. Compute ^(+2, using the applicable Eq 8 or 9. 
5. Compute ŷ  + i through Y^, in turn, using the applicable Eqs 7.5 

through 7.1. 
6. Compute each Yp through y„, in turn, using applicable Eq 6.0(p) 

through 6.0(o), respectively. As each such Y is computed, compare it with its 
associated transition deflections for that point, that is, with YE^ and YP„. 

1̂ in. = 25.4 mm, 1 in.^ = 645.16 m m l 1 Pa = 1 N / m l 1 Ib/ft^ = 16.0185 kg/ml 1 Ibf/ 
in.^ --- 6.89476 kPa, and 1000 lb = 454 kg. 

'The numbering system u.sed with the equations is a mnemonic to identify the source of the 
equation and the point along the length of the pile (measured in X units from the bottom of the 
pile) at which it is to be applied. For example, Eq 2.2(o) denotes Eq 2.2 apphed at point o (bot­
tom of pile). Similarly, Eq 4.2(m) denotes Eq 4.2 applied at point m. In like manner (with the 
exception of constants F, G, and D), the subscripts to the various elements of the equations 
denote the point along the pile at which they are measured. For example, Y„, denotes the deflec­
tion at point m, V, + 2- r denotes deflection at point M- 2 — r, and a,„ denotes alpha at point m. 

 



GLESER ON VERTICAL PILES 75 

(a) If Y„ < YE„, compute the deflection for the next lower point. 
(b) UYE„ <Y^< Fi'„, change the [/for that point to X'»6„7^/£'„4 and 

the W to X'*b„(j)„/E„I„ and go on to compute the deflection for the next 
lower point. 

(c) If YP^ < Y„, change the U for that point to \'^b„d„ /E^I„ and the W 
to 0 and compute the deflection for the next lower point. 

7. Repeat Steps 2 through 6, using the revised t/s and VTs obtained from 
the next preceding run until there is no change required in the V and W for 
any point from those of the next preceding run. At this point, no further itera­
tions are necessary. It should be noted that where the computed deflection at 
a point m is not significantly different from a transition deflection at that 
point it is not necessary to make the indicated change in IJ and W; for exam­
ple, suppose that for the next previous run y,„ was less than YE„ but is now 
but a few thousandths of an inch greater than YE„, it is unnecessary to 
change [/„ and W„. However, if Y„ for the next previous run was less than 
YP„ but is now but a few thousandths of an inch greater than YP„, the 
change should be made in the U„ and W^ as indicated in Step 6c. 

8. Having the deflections at each point, the moments and shears can be 
computed for such points as may be desired, using Eqs 2.2(w) and 3.2(m), 
respectively. 

9. Go on to the computation for next selected set of loads. For the first trial 
run, the number of necessary iterations may be reduced by using the Us and 
W% employed in the final run of the preceding set of loads, providing that 
there has been no change in the conditions of head fixity, and that the loads 
are larger than in the preceding set. 

Piles Subjected to Floctnating Loads 

Cases often arise where a structure to be supported by piling will be sub­
jected to fluctuating, and in many cases reversing, lateral loads, for example, 
buildings subjected to wind loads, dams or bridges subjected to varying water 
loads, and so forth. In such cases, the structures and their foundations are 
designed to resist the maximum loads to which they may be subjected. The 
problem then arises as to what subsequent deflections may be expected in the 
piles under loads less than the maximum after the structure had been previ­
ously subjected to a maximum load. 

The derived equations and the suggested procedures previously set forth 
herein can be further generalized to permit computations of deflections under 
the above-contemplated circumstances after consideration of the following. 

1. Under maximum load, it can be noted whether certain regions of the 
foundation soils have been subjected to strains that have exceeded the yield 
point or plastic point or both and hence are partially or entirely irreversible, 
that is, whether 

„ , , Y„ > YE„ or YP„ or both 
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2. Where YP„, has been exceeded, that is 

Y > YP 
max ^ m ^ ^ ^ m 

the deflection is entirely irreversible. Hence any subsequent pile deflection at 
point m will meet zero resistance until it equals ^a^ Y„,. Thereafter resistance 
is equal to 6„. 

3. Where YE„ < max̂ m < ^Pm the deflection is partially irreversible, 
that is, the portion less than YP^. Hence any subsequent deflection will meet 
zero resistance until it equals YE„. Thereafter resistance will follow 
Eq 5.2(w). 

It is evident from the above analysis that under such conditions deflection 
under a load P will be greater if the pile had previously been subjected to a 
load P + A than if such a greater load had not been previously applied. This 
is borne out by much experimental data; for example. Conclusion 2 of my 
discussion on Feagin's paper [19], and by Fig. 3 of Alizadeh and Davisson 

m. 
Under such circumstances, the desired deflections can be obtained by al­

tering the "generalized" procedure, hereafter called "general" procedure. 

1. Use the general procedure to compute the deflections for the higher 
loading (usually the maximum loading). 

2. Determine for each point whether a partially irreversible or entirely irre­
versible deflection has occurred. 

3. Where an irreversible deflection has occurred, that is, max̂ m > ^ ^ w 
set U^ and W„ = 0. 

4. Where a partially irreversible deflection has occurred, that is, YE„ < 

max ^ m 

< KP,„ set U„ — 'k'^b„y„/E„I„ and W„ — \'^b,„<l>„/E„I„. 
5. Where the yield point has not been exceeded, that is, „^^ Y„ < YE„, set 

U„ = Q and W„, = \'b„,p„/E„I,„. 
6. Proceed with Phases 2, 3, 4, and 5 of the general procedure. 
7. Proceed with Phase 6, subject to the following. If under load being com­

puted Y„, < YE„, but under maximum load YE^ < max ^m < ^^m, set t/ = 
0 and W = 0 for Phase 6b. 

Similarly, if under a load being computed Y„, < ^nax ^m. but under maxi­
mum load max i'm > ^^m > YE„, t/ = 0 and VK = 0 for Phase 6c. 

However, if Y„ > max̂ ^m. set U = \''bJ)„/E„I„ and W = 0. 
8. Continue with Phases 7, 8, and 9 of the general procedure, subject to the 

above-listed criteria. 
Proposed Method for Determination of Effective Soil Modulus 

In order to use the general method of analysis, it is proposed that the fol­
lowing procedure be used to evaluate the pertinent soil constants. 
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1. Drive piles of the type proposed for use into the foundation and subject 
the free-head piles to lateral loads applied at the ground line. Apply the loads 
in equal increments of size to provide at least six load points to reach an esti­
mated maximum deflection of about 19 mm (V4 in.). As each increment is 
applied, measure deflection at the ground line to an accuracy of +0.01 mm 
(±0.0005 in.) every 10 min while maintaining each load constant until move­
ment stabilizes (that is, difference in 10 min is less than 0.05 mm [0.002 in.]) 
before applying the next load increment. A relatively inexpensive means is to 
drive a pair of piles a distance of five diameters apart and jack between them 
while measuring the deflection of each pile thus providing check measure­
ments at each load. 

2. Using methods of Matlock and Reese [8], compute the estimated k 
(modulus of soil reaction) for load and deflection at first (lowest) load. In the 
case of a granular or semi-granular foundation, a good first assumption is 
E, = kx. 

Using Eqs 17 and 55 of Matlock and Reese [8] 

Ay = Y^EP/PT^ 

and 

r«+4 = El/k 

and noting that under the assumption E^ = kx, Eq 55 [8] becomes Eq 55 ' [8\ 

j s = El/k 

If, for example, the first load was 1134 kg (2500 lb) and produced a deflection 
at ground line {x = 0) oiy„, and noting ihaX Ay = 2.43546 when A: = 0, the 
equation for k becomes Eq 55 " [8\ 

k = 203 0\%2/{Eiy'Yo'^ 

To avoid confusing this k with that in Eq 4.1, we shall hereafter designate the 
Matlock and Reese k as K. 

3. In order to use the general procedure developed above for the case r = 
0, that is, load applied at ground line, it is first necessarj' to develop U„ and 
W„ as expressed by Eq 5.1(m), 5.2(w), and 5.3(/M). As may be noted from 
Fig. 1, these in turn are functions of p „ . 

For the elastic range, we note from Eq 5.1(/w) that U„ = 0 and W„ = 
Kx„ = —X^b^a^ /E„l„, whereA:„ is distance of point m below ground level. 

To arrive at a first approximation for the constants a„, ,y„,<j)„, and 8„, we 
note first that a^ is the slope of Eq 5.1(m), 0^ is the slope of Eq 5.2(w), and 
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FIG. 1—Linear approximation of stress-strain curve. 

8„ is a constant for the plastic state. If we assume tiiat the "shape" of thep-y 
curve p„ = f(y,„) is the same for all points and only varies in the value of its 
ordinate with x, then we can assume that deflection at soil elastic limit YE„, 
and deflection at initiation of fully plastic behavior YP„, do not change with 
depth, and we can assign a trial value to each. We can then compute the point 
of intersection of Eq 5.1(m) with;; = YE„, that is, P„ = b^a^jF- If we now 
assume that <̂ „ = a „ , and note from Fig. 1 that by definition Eqs 5. l(/n) and 
5.2(/M) both pass through the point (^p,„, YE,„), we can compute b„y„, that 
value of p„ where Eq 5.2(m) intersects the liney^ = 0. This is the constant 
U„ for Eq 5.2(/n). Finally, we can compute the point of intersection, jP„ , of 
Eq 5.2(m), andj;^ = YP„, that is, ^P^ = b^iy^ + 4>„YP^). Since this is 
equal to b„d^, it is seen that ^m — Jm '^ 4>m YPm - and U„ for the plastic 
range \sk„b„(y„ + <t>„YP„,). 

4. Using these relationships, compute the deflections of the tested piles at 
the ground line for each of the loadings imposed and compare with the actual 
deflections. Modify the constants as appears desirable and rerun the compu­
tations until an acceptable fit is obtained between the computed and actual 
load-deflection cun'C. At this point the effective soil constants for use in com­
puting the expected pile behavior under design conditions have been ob­
tained. 

Validation of Proposed Schema 

In order to validate the proposed schema, it was necessary, as indicated 
above, to have empirical test data to use as a criterion for comparison. Fortu-
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nately, such was already available, that is, the results of an extensive series of 
tests on piles in the Arkansas River, published by Alizadeh and Davisson 
[18]. For ease in reference, these data are hereafter referred to by the designa­
tion A&D, for example, in their Fig. 2a. 

A&D Fig. 2a, shows the initial load-deflection curves of the piles tested at 
Lock and Dam 4 in the Arkansas River. It should be noted that the scale of 
deflections along the abscissa of that figure is in error in that points 0.6 and 
0.7 should read 0.5 and 0.6, respectively. Their [18] Table 1 lists the physical 
properties of the tested piles. 

As may be noted from A&D Fig. 2a, deflections at any one load are approx­
imately consistent with the inverse ratio otEl for a particular type of pile. For 
example, in the case of the square concrete piles, the deflections at a lateral 
load of 9 100 kg (20 000 lb) are 2 and 4 mm (0.075 and 0.180 in.) for Piles 
l lA and 5, respectively, and their respective Els are in the ratio of 8.4 and 
3.45. If we multiply 0.075, the deflection of Pile 11 A, by 8.4/3.45, we obtain 
0.182, approximately the deflection of Pile 5 as listed above. However, this is 
not the case as between the square concrete piles and either the pipe piles or 
the H piles. As a case in point, deflections at a load of 9 071.8 kg (20 000 lb) 
of Pile 2 (a 406.4-mm [16-in.] pipe). Pile 6 (a 355.6-mm [14-in.] H-pile), and 
Pile 13A (a 355.6-mm [14-in.] H-pile) were 4.06, 6.35, and 610-mm (0.163, 
0.255, and 0.245 in.), respectively, and their respective f /s were in the ratio 
of 2.435, 2.15, and 2.482. If we now multiply 0.075 (deflection of square con­
crete Pile UA) by 8.4/2.435, 8.4/2.15, and 8.4/2.482, we obtain 0.259, 
0.293, and 0.254, which bear little resemblance to the actual deflection of Pile 
2, listed above, but are in the approximate range of those listed for Piles 6 and 
13A. In fact, it may be noted that even though the EI of Pile 2 is approxi­
mately equal to that of Pile 13A, the deflection of Pile 13A was almost 50% 
greater than that of Pile 2. A similar situation exists with respect to Piles 2 
and 5, where even though the EI of Pile 5 is about 40% greater than that of 
Pile 2, its deflection is only about 10% greater. Since the soil conditions for all 
of the above-listed piles can be assumed to have been approximately identi­
cal, a reasonable explanation for the noted discrepancies is that a shape func­
tion is involved. In other words, cylindrical piles appear to be more efficient in 
mobilizing soil resistance to lateral loads than either square or H piles. This 
conclusion appears consistent with the Boisonesque theory and with results 
implied by Baguelin and Frank [20]. 

From the above, it is clear that in order to determine the effective soil con­
stants for the soil-shape-materials combination of a selected pile, tests must 
be made on that soil-shape-materials combination, since using an effective 
soil constant derived from tests on a different soil-shape-material pile would 
be subject to error. 

For purposes of rapid computation, a computer program was developed, 
using FORTRAN H, extended, and arranged to use the following: 
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alpha a = kxb, since foundation was of a granular or semi-granular mate­
rial, 

phi 4) = the constant in the equation <t) = a times a constant. 
YE = soil deflection at elastic limit. 
YP = soil deflection at beginning of fully plastic behavior. 

t = 100, number of divisions along pile length. 

Using deflections at load of 1134 kg (2500 lb) taken from A&D of Fig. 2, 
the apparent soil constants K were computed for each of the tested piles in 
order to obtain a first trial figure for a. The first trial figure for each of the 
other constants were arbitrarily assumed to be 

phi </) = 8 mm (Va in.). 
YE = 0.2 mm (0.006 in.). 
YP = 3 mm (0.120 in.). 

Computer runs were made for each of the piles, using loads of 5,10,15, 20, 
30, 40, 50, and 60 kips, and the physical constants in A&D Table 1, and the 
computed deflections compared with those shown on A&D of Fig. 2. It 
quickly became evident that while the computed deflections were within an 
acceptable range for lower loads, they were radically undervalued at the 
higher loads unless 0 was reduced to 6 mm (0.225 in.) and YE increased to 
0.3 mm (0.01 in.). Furthermore, although a i T of 3 mm (0.1 in.) was found 
suitable for piles having a flat face in the direction of load, that is, for square 
or H piles; a value of 8 mm (0.3 in.) was more appropriate for piles of circular 
cross section. Once these values were determined, only minor adjustments in 
alpha were found appropriate. 

Computer runs were made for each of the tested piles to calculate the de­
flections, moments, shears, and stresses in both the free-head and fixed-head 
mode. Results of these runs are listed in Tables 1 through 6, together with the 
actual free-head deflections taken from A&D Fig. 2a, for comparison. It will 
be noted that the actual and computed deflections in free-head mode for each 
of the tested piles are so close that it would be difficult to see any differences 
on a load/deflection curve drawn to any reasonable scale. The greater effi­
ciency of the pipe pile in comparison wdth either that of either the H pile of 
equal EI or that of the square pile of greater £"/ is readily apparent. 

In order to provide an example of the usefulness of the developed method, 
computer runs were made to develop the behavior of a tapered H pile in both 
the free-head and fixed-head mode. The assumed pile was that of a 14 BP 73, 
of the same length as Pile 13A, split longitudinally and rewelded so that its 
butt end was 510 mm (20 in.) in depth and tip end 180 mm (V'A in.). Results 
of the computations are also listed in Tables 1 and 2. It is readily apparent 
that to produce any given deflection requires about 40% greater load for the 
tapered pile than for Pile 13A even though they each weigh the same. 
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TABLE 1 —Parameters for actual and computed deflections under lateral loads (round piles). 

Parameters 

Size and shape 
Material 
Soil constants 

Alpha 
Phi 
YE (in.) 
YP(in.) 

2 and 10 

16-in. pipe 
steel 

first final 
437 465 
0.333 0.225 
0.006 0.01 
0.10 0.30 

Pile Number 

16 

16-in. pipe 
steel 

first final 
240 280 
0.333 0.225 
0.006 0.01 
0.10 0.30 

0.8 

14-in. round 
tapered wood 

first final 
252 240 
0.333 0.225 
0.006 0.01 
0.10 0.12 

A glance at the effective alphas computed for Piles 2 and 16, and for Piles 5 
and 14, quickly confirms the A&D conclusions that jetting piles into place 
seriously affects the lateral resistance of the soil foundation. 

It is believed that the foregoing has provided adequate validation of the 
general theory and proposed procedures presented above for computing the 
soil constants pertaining to free-head piles in noncohesive soils having p-y 
curves similar to Fig. 1, subjected to lateral loads, particularly their behavior 
at higher loads. In the case oip-y curves similar to Fig. 2, the method can be 
modified by use of an additional Eq 5.3a to approximate the downward por­
tion depicting the strain-softening behavior. It is further believed that compu­
tation of effective soil constants, as proposed above, will provide a more use­
ful, meaningful, and accurate basis for obtaining design constants than the 
use of an arbitrarily selected n,, as indicated on A&D Fig. 2b. 

Conclusions 

The analysis provided herein is believed to provide a method for computing 
the behavior of free-head and fixed-head pile foundations, covering vertical 

Otfltction Y 

FIG. 2—Characteristic p-y curve for short-term static load for strain softening soil [12]. 
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-Parameters for actual and computed deflections under lateral loads 
(square concrete piles). 

Parameters 

Size and shape 
Material 
Soil constants 

Alpha 
Phi 
YE (in.) 
YP(in.) 

IIA 

20 
concrete 

first final 
534 450 
0.333 0.225 
0.006 0.01 
0.10 0.12 

Pile Number 

5 

16 
concrete 

first final 
266 315 
0.333 0.225 
0.006 0.01 
0.10 0.12 

14 

16 
concrete 

first final 
188 285 
0.333 0.225 
0.006 0.01 
0.10 0.12 

piles of known configurations and materials or combinations of materials of 
known physical properties, set in any soil of known type and physical charac­
teristic, and subjected to any combination, order of application, and location 
of lateral load applied at or above ground level, which imposes stresses on the 
soil ranging from elastic to plastic behavior. It is to be noted that the soils 
need not be homogeneous, but can be stratified, or even have hard lenses. 
Similarly, pile cross sections need not be constant, but can vary in any arbi­
trarily selected manner. Similarly, the modulus of elasticity of the pile mate­
rial can be arbitrarily varied anywhere along the pile length. 

While computations can be made manually, it is usually highly uneconomi­
cal and cumbersome when electronic computers are conveniently available. 

It is further believed that the procedures presented provide a rapid, simple 
ready means for predicting the behavior of piles subjected to fluctuating or 
cyclical lateral loads or piles subjected to lesser lateral loads after having been 
subjected to maximum design lateral loads. 

It should be noted that the procedures take full cognizance of the behavior 
of soils having nonlinear p-y response curves in predicting the behavior of 
piles in such soils when subjected to lateral loads. 

The serendipitous finding of the presence of shape factors as a result of the 
herein described validation process using the A&D data is believed to warrant 
further study to more precisely define the parameters of such shape factors. It 
is believed that knowledge of such parameters would greatly facilitate selec­
tion of the most economical piles for use in a given foundation without the 
necessity for actual testing in the foundation of several types of piles. 

In view of the demonstrated ability of the suggested procedure to closely 
track the behavior of the eight different types of piles as set forth in Tables 1 
through 6, it is further believed that the proposed method of computing soil 
constants by use of data from tests on piles in a proposed foundation sub­
jected to lateral loads at ground level is a valid economical measure for ob-
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TABLE 5—Parameters for actual and computed deflections under lateral loads (steel H-heams). 

Parameters 

Size and shape 

Material 
Soil constants 

Alpha 
Phi 
YE, in. 
YP, in. 

6 

14-in. H-beam 

steel 
first final 
323 300 
0.333 0.225 
0.006 0.01 
0.10 0.12 

Pile Number 

0.13A 

14-in. H-beam 

steel 
first final 
332 300 
0.333 0.225 
0.006 0.01 
0.10 0.12 

TH 

20-in. Butt by 8-in. tip 
H-beam 

tapered steel 

300 
0.225 
0.01 
0.12 

taining such constants when the soils throughout the length of the piles are 
relatively homogeneous. 

APPENDIX 

Derivation of Equations-' 

The fundamental differential equations expressing behavior at any point m of a 
vertical pile subjected to lateral load P in terms of deflection Y^, depth below ground 
surface X, moment of inertia of the pile at that point I„, and Young's modulus of the 
pile material at that point E„ are 

Eq (1.0): slope at m; 

Eq (2.0): moment at m; 

Eq (3.0): shear at m\ 

Eq (4.0): pressure at m; 

S„ = (dY/dX)„ 

M„ = E„I„{d^Y/dX\ 

V„=E„l„{d^Y/dX^)„ 

P^^E„I„(d'Y/dX% 

These differential equations can be rewritten as algebraic equations by the method 
of finite-difference equations, wherein the various orders of differentials are expressed 
in terms of the pile deflections and increments of pile length, namely 

The numbering system used with the equations is a mnemonic to identify the source of the 
equation and the point along the length of the pile (measured in X units from the bottom of the 
pile) at which it is to be applied. For example, Eq 2.2(o) denotes Eq 2.2 applied at point o (bot­
tom of pile). Similarly, Eq 4.2(m) denotes Eq 4.2 applied at point m. In like manner (with the 
exception of constants F, G, and D), the subscripts to the various elements of the equations 
denote the point along the pile at which they are measured. For example, Y„ denotes the deflec­
tion at point m, Y,+2-r denotes deflection at point t + 2 — r, and a „ denotes alpha at point m. 
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Eq (1.1): {dY/dX)„ = A(y„) - (y,„_, - r„,_,)/2X 

Eq (2.1): (d^Y/dX^)„ = A^y^) - (Y„ + , - 2Y„, + K^. ,)/X2 

Eq{3.\y.id^Y/dX^)„^A\yJ 

= {Y„,+2 - 2y«+i + 2y„,_, - y„-2)/2X^ 

= () '„+2 - 4 y „ _ i + 6y„ - 4 y „ _ , -^ y,„_2/x4 

where X is the selected increment of pile length, that is, X = Lit; L is the length of the 
pile in inches and t is the selected number of pile divisions. It should be noted that 
the accuracy of the indicated approximations increases as the absolute value of X de­
creases. 

Using the above, Eqs 1.0 through 4.0 can be rewritten as follows 

Eq(1.2) :y„ + i - y „ _ , = 2X5„, 

Eq(2.2): y „ ^ , - 2y„, + y „ _ , = ->?M„/EJ„^g,„M„ 

where g„, = -XVi '„ / ,„ 

Eq(3.2): Y^+j - 2y,„ + , + 2 y „ _ , - y^_2 = -2X-V„,/£„7,„ =y^V,„ 

where y„ = -TS?/E^I^ 

Eq(4.2): y„^2 - 4y„+ i + 6y„ - 4y,„_, + y^_2 

where A:_, = —\^/E,„I„ 
^m*m 

Consider now a pile embedded in earth for a depth Lg and subjected to lateral loads 
Px, . . . , P„, at points a distance of Lj , L2 > • • • - -̂ m • respectively, above ground sur­
face. In the equations presented in the Gleser method \16\, length L was measured 
from ground surface to pile tip, that is, that which is designated i^ ; point zero was 
considered to be the tip of the pile and point t was considered to be at ground surface. 
On further consideration it became apparent that such designations created problems 
in the solution of cases where the distances of points of load application or of head 
fixation above ground were significant multiples of X, for example, pile dolphins and 
piles supporting structures above ground such as pile bents. Accordingly, such diffi­
culties have been avoided in this paper by designating pile length L as the distance 
from the pile tip to the uppermost point of application of pile load or pile restraint, 
whichever is higher, and designating the uppermost point as point (. Diagrammati-
cally, this can be represented as in Fig. 4. It will be noted that points — 1, ~l,t + 1, 
and f + 2 have no "physical" significance. 

Starting from the bottom of the pile (m = 0) we can write the following equations 
(see Table 7) for both free-head and restrained-head piles. 
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FREE-HEAD PILE 

FIG. 3—Diagrammatic description of nomenclature. 
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Table 7 comprises t + 4 equations in the« + 5 unknown deflections. The (t + 5)th 
equation must express the condition of fixity of the pile head. 

For the free-head pile, moment at the topmost point of load application (m = t) is 
zero. Hence we can write the {t + 5)th equation for that case as 

Eq 2.2'(f): y,+i - 2 r , + 2y ,_ i - r , _ i = 0 (for free head pile) 

For the fixed-head pile, the slope of the pile head Sf is maintained constant. Hence 
we can write the {t + 5)th equation for that case as 

Eq \.2'(t): Y^+i - y,_i = 2X5, = i, (for fixed-head pile) 

In order that the listed system of equations be capable of solution, it is necessary 
that the F( Y„ )s be linear expressions in the unknown Ys. Let us now consider the 
relationships between unit pressure p and deflection j) of a soil, that is, p„ —fiym)-

Soil Characteristics 

TTiere have been a sizeable number of papers dealing with p-y curves, among which 
are Stevens and Audibert [21] and Sullivan et al [//]. Figure 4 shows ap-y curve pro­
posed by Matlock [15] for short-term static load for a strain-hardening clay. Figure 3 
shows a similar curve proposed by Reese et al [12] for short-term static load for a 
strain-softening clay. It seems reasonable to propose that a generalized curve would 

TABLE 7—Generalized equations applicable to laterally loaded vertical piles. 

Equation Comment" 

Eq 2.2(0): K, - 2^0 -h y_, = 0 (1) 
Eq3.2(0): K j - Z r , -f 2>'_, - r_2 = 0 (2) 
Eq 4.2(0): Kj - 4K, -I- 6^0 - 4r_ , + y_2 = koF(Yo) (3) 
Eq 4.2(1): Kj - 4^2 + 6K, - 4^0 -1- r_ , = k,F(Y,) (4) 
Eq4.2(m): r„+2 " 4 r „ + , + bY„ - 4)'„_, + Y„_, = k„,FiYJ (5) 
Eq 4.2(p): Y +2 " 4K,+ , -̂  6K - 4Y^-, + Y^_j = kpF(Y^) (6) 
Eq3.2(p): y^+j - 2Kp+, + 2Y^_^ - Y^_2 =j,i:, 

where E = sum of all loads at and above p (7) 
Eq3.2(p): y,+2-r - 2K,+,_, + 2)',_,_., - y,_2.., =j,Z (8) 
Eq3.2(p -I- a): r , + 2-r+» ~ ^y, + t-r+. + 2 r , _ , _ , + „ - Y,-2-r+a =./p+„?p-„ (9) 
Eq 3.2(f): Y,+2 - 2Y,+ , + 2 r , _ , - Y,_2 = j , ^ , (10) 

"The comments are as follows: 
(1) Moment at pile tip is zero. 
(2) Shear at pile tip is zero. 
(3) Expression for pressure at pile tip multiplied by k(,. 
(4) through (6) Similar expressions at Points 1, m, and p, respectively. (It should be noted that 

the F{ Y„)s are obtained from the p-y curves at each point m). 
(7) Expression for shear at ground line, multiplied hyjp. 
(8) Equation rec^t in terms of Points f andp; that is, p = f — r. 
(9) Equation for Point p -\- a expressed in terms of t, r, and a. 
(10) Expression for shear at top of pile, multiplied y>y.i,(m = t). 
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Deflection Y 

FIG. 4—Characteristic p-y curve for short-term static load for strain hardening soil |15] 

look somewhat like the curve shown in Fig. 5. In each case the curve can be expressed 
as 

Eq{5.0):p„ = h„p„ 

where p„ —f(ym) ^"^ ^m '^ the projected width of the pile in the direction of load, for 
example, for a cylindrical pile, h,„ is the diameter at point in. 

In Fig. 5, the portion from the origin to point a can be described as the "elastic" 
range, from points a to fc as the "semi-elastic" or "semi-plastic" range, and the re­
mainder as the plastic range. However, the relationship can be recast into linear con­
figurations to a fairly high order of approximation by representation as a series of 
straight lines as schematically indicated in Fig. 1. The portion of the curv^f(y„,) to 
the right of the point designated as c is usually outside of the range of engineering 
usefulness and can be disregarded. For all practical purposes the stress-strain rela­
tionship can normally be expressed to a fair degree of approximation within the range 
of engineering usefulness by three lines having the following equations 

Eq 5.1: p„, = h„a„,y„ (range of elastic behavior) 

Eq 5.2: p„ — b^(y„ + (t>mym) (range of semi-plastic behavior) 

Eq 5.3: p„ = h„8^ (range of plastic behavior) 

In such an arrangement, ^y^ (point of intersection of Eqs 5.1(m) and 5.2(m) and ^ j ;„ 
(point of intersection of Eqs 5.2(m) and 5.3(m) would mark the transition points be­
tween the elastic and semi-elastic ranges and between the semi-elastic and plastic 
ranges, respectively, as may be noted on Fig. 1. For ease in notation, i,y„ and ^y„ are 
hereafter designated as YE„ and YP„, respectively. 

From Eqs 5.1(m), 5.2(m), and 5.3(m) we obtain 

Eq 5.4: YP„ ,/(a^ - <j}„) 

Eq5 .5 :yP„ = (8„, - 7 ^ ) / « „ 

 



GLESER ON VERTICAL PILES 91 

St ra in ( y ^ ) 

FIG. 5—Generalized stress-strain curve. 

Returning to Eq 4.2(m), we can write the right-hand side as 

Eq5.6(m): -k,„F(Y„,) = (\^/E„I„)p„ = {\VE^I„)b„p„ 

= (\'/E„Uf{y„) = U^ + W„Y^ 

where t/„ + W„ Y„ is the generalized expression for k^p^, as expressed in Eqs 
5.1(/n), 5.2(,m), and 5.3(w), and k„ is defined in 4.2{m). 

These equations can be rewritten as follows for the three ranges of soil condition 

Eq 5.1 '(w): k^p,„ = U„ + W„Y^ ^ 0 + k„b„a„ Y„ (elastic range) 

Eq 5.2'(m): k„p„ = Ur„ + W^Y^ = k„b„(y„ -\- <f>„Y„) (semi-elastic range) 

Eq 5.3'(m): k„p„ = U„ + W„Y„ = k„b„b„ + 0 (plastic range) 

General Solution 

Using the procedure of the original Gleser paper [16] and starting with Eqs 2.2(0), 
3.2(0), and 4.2(0), we can eliminate y _ i and Y-j and express Y^ in terms of Y^ and 
Y2', namely 

Eq 6.0(0): KQ = -^Q - BQYJ ^ C^Y^ 

where 

Bo = 2/(2 + M ô). 
AQ = BQUQ/2, and 
Co = 2BQ. 

Similarly, using Eqs 2.2(0), 4.2(1), and 6.0(0), we obtain 

Eq 6.0(1): Yi = -A^- B^Yi + Cy Yj 

 



92 LATERALLY LOADED DEEP FOUNDATIONS 

where 

fl, = 1/(5 + W, - 2Co), 
Ai =B i{ i / , + 2/lo). and 
C, = 2 5 , ( 2 - B o ) = fii(4-Co). 

Again, using Eqs 4.2(2), 6.0(0), and 6.0(1), we obtain 

Eq 6.0(2): Yj = -Aj - BjY^ + C2Y3 

where 

5 2 = l / [ 6 + W2-Bo-Ci{4-Co)], 
A2 = B2W2 - Ao + At{4 - Co)l and 
C2 = B2I4 - 5,(4 - Co)] = 52(4 - CO. 

In like manner, using Eqs 4.2(3), 6.0(1), and 6.0(2) we obtain 

Eq 6.0(3): ^3 = -A^ - B3Y5 + C3Y4 

where 

53 = l/[6 + 1̂ 3 - 5 , - C2(4 - Co)], 
A3 = BjlU^- A^ + ^2(4 - C,)], and 
C3 = 53(4 - 52(4 - Ci)l = 53(4 - C2). 

Thereafter, /? > m > 3, we can write the general equation as 

Eq 6.0(m): Y„ = -A„ - B,„ Y„+2 + C„ r „ , ^ , 

where 

5 „ = l/[6 + W„ - 5 „ _ 2 - C „ - i ( 4 - C„_2)], 
A„ = BJU„ - A„-.2 + A„_ , (4 - C„_2)], and 
C„ = BJ4 - 5 „ - i ( 4 - C„_2)] = 5„ (4 - C „ _ , ) . 

until we come to point p, where in addition to Eq 6.0(p), we can write Eq 3.2{p) as 
follows 

Eq3.2(p): Yp+2 - 27^+, + 2 7 ^ - , - Yp-2 =jp^p 

Substituting Eqs 6.0(p), 6.0(p — 1), and 6.0(/7 — 2) in Eq 3.2(p) and eliminating all 
terms in Y except Yp+x and yp+2' and then expressing l^+i in terms of 7^+2' we 
obtain 

E q 7 . 1 : r p + , = F , - G, Kp+2 

where 

F\ = [-Jp^p - (2 - Cp-2)(^p- i + ApC 0 + Ap-2 - ApBp..2]/D,, 
G,= {Bp[Cp^,{2 - Cp^2) + Bp-2\ - 1}/D, ,and 
D, = (2 - Cp_2)(5p_, - Cp^^Cp) + 2 - 5p-2Cp. 
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Similarly, substituting Eqs 6.0(p), 6.0(p - 1), and 7.1 in Eq 3.2(p + 1) and eliminat­
ing all terms but those in Yp+j and Yp+3, we obtain 

Eq7.2:Yp+2 ^Fj'GjYp+s 

where 

Fj = -Gji-jp+i^p+i + Bp-,F^+Ap^, - (2 - Cp_i)(CpF, - Ap)], 
G2= -I/D2, and 
D 2 = 2 + 5 ^ _ , G , + (2 - Cp-.KUp + CpG,). 

In like manner, using Eqs 3.2(p + 1), 6.0(p), 7.1, and 7.2, we obtain 

Eq 7.3:^^+3 = ^ 3 - 0 3 / ^ + 4 

where 

F3 = -GjlAp + BpF2 -jp+2^p+2 - (2 - Cp)iGiF2 - F,)] , 
G3= - I / D 3 , and 
D 3 = 2 - G 2 l G , ( 2 - C p ) - 5 p ] . 

Again, using Eqs 3.2(p + 3), 7.1, 7.2, and 7.3 we obtain 

Eq7A:Yp+^=F^-G4Yp+3 

where 

F4 = -G4-Jp^3'^p + 3 - f l + (2 + G,)(F2 - G2f3)l, 
G4= 1/I»4, and 
D 4 = 2 - G2G3(2 + Gi). 

Thereafter, for points/? + 4 up to and including t, we can write the general equation 
(a < r) as follows 

Eq 7.5: Yp+„ + j — Fa+\ — G^+i yp+„+2 

where 

Fa + \ = ~^a + \['~jp + a'^p+a " ^a-l + (2 + C a _ 2 ) ( / ^ , - l — Ga-\Fa% 
GaW = " I Z - D a + l -
D<, + i = 2 — Go + iG„(2 + G„_2) . 

It will be noted that all equations derived to this point are identical for both the free-
head and fixed-head condition. This follows as a result of the previously noted obser­
vation that the only difference between the two conditions is in the (t -|- 5)th equation, 
that is, Eq 2.2(f) for the free-head pile and Eq 1.2(f) for the fixed-head pile, each of 
which are functions of K,+j, K,, and Y,-\. These equations can be rewritten in terms 
of y^+r-i-i. Ypj^,, and Ypj^r-x by noting that t-p-^r. 

Let us now examine three special cases for r, namely, r = 0, 1, and 2, and then 
derive the general case. 
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For r = 0 

Free-Head Condition 

UsingEqs6.(X/'), 6.0(p — 1), 7.1, and 2.2(p) and noting that f = p whenr = 0, we 
eliminate ail terms in Y except those in Ypj^i ^"d obtain 

Eq 8.1: Y^+j = >',+2 = [^ id - S p - i ) + (2 - Cp_,)U;, - C^F,) ~ A^_,] 

- IGid - V i ) - (2 - C^-!)(5p + CpG,)] 

Fixed-Head Condition 

Similarly, using Eqs 6.0(p), 6.0(p — 1), 7.1, and 1.2(p) we obtain 

Eq9.1: Y^+j = Y,+2 - IF .d - 5 p - i ) + C^-Mp - CpF,) ~ Sp-h Ap-i] 

^ [Gi(l + Bp_,) - Cp-iiCpGi + Bp)] 

For r = 1 

Free-Head Condition 

Using Eqs 6.0(p), 7.1, 7.2, and2.2(p + 1), and noting that f = p + 1 whenr = 1, 
we eliminate all terms in Y except those in Yp+3 and obtain 

Eq 8.2: Yp^:, = Y,+2 = 1^2(1 - Bp) - Ap + (2 - CpKFjG^ - f , ) l 

MG2O - Bp) + G^il - Cp)] 

Fixed-Head Condition 

Using the same first three equations and Eq 1.2(p + 1), we obtain 

Eq 9.2: Yp+3 = Y.+j = \-Sp+, + /"zd + Bp + CpG,) - CpF, + Ap] 

^ [ G j d +Bp + CpG,)] 

For r = 2 

Free-Head Condition 

Using Eqs 7.1, 7.2, 7.3, and 2.2(p + 2) and noting that t = p + 2 when r — 2, we 
obtain 

Eq8.3: y^-M = Y,+2 = {Fall + G2(2 + Gj)] - ^ 2 ( 2 -r G,) + F , ] 

-^IG^H +G2(2 + G,)]} 

Fixed-Head Condition 

Using the same first three equations and Eq 1.2(p + 2), we obtain 

Eq9.3: yp+4 = n + 2 = IFjd - G,G2) + GjFj - F, - Sp+2]-[G3(l - G1G2)] 

Thereafter, (2 g r), we can write the generalized equation as follows. 
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For r = r 

Free-Head Condition 

Eq 8.r: Yp+r+2=Yt+l = i ^ . + l H + GrO- + G. - i ) ] - F,(2 + G,_,) + / • , _ , } 

-J-{G,+ i[l + G,(2 + G,_i)]} 

Fixed-Head Condition 

Eq 9.r: K^+.+z = l'r-2 = f^^r+id - 0^0^-0 + G , - , F , - F , _ , - Sp+A 

+ [ G , + , ( 1 - G , G , _ , ) ] 

Final Compatations 

Having evaluated ¥,+2 in terms of the applied load and of the soil and pile con­
stants by means of the appropriate Eq 8 or 9, we can compute the above-ground de­
flections (0 < a < r) by means of Eq 7.5, that is, 

Eq (7.5): Yp+a+\ ^ Fa + \ " Go+i Yp+a^2 

Thereafter, the deflections at and below point p (ground level) up to and including 
point 3 can be evaluated by use of Eq 6.0(m), that is, 

Eq 6.0(w): Y„ - -A„ - B„Y„+2 + C„,r„,+ i 

Finally, we can evaluate the deflections for points 2, 1, and 0 by means of Eqs 6.0(2), 
6.0(1), and 6.0(0), respectively, that is 

Eq 6.0(2): Fj = -A2 - ^2 5̂4 + Cj K3 

Eq 6.0(1): r , = - / l , - fi, K3 + C, Kj 

Eq 6.0(0): YQ = -AQ - B0Y2-r Q K , 

Having computed the deflections, the shear, moment and slope at each point of the 
pile can be computed by use of Eqs 3.2(m), 2.2(w), and 1.2(m), respectively. 
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ABSTRACT; The first part of this article deals with the determitiation of the critical 
depth D^, below which the ground surface has little influence on the soil-structure inter­
action problem, and with the variation of soil resistance within that critical depth. A new 
approach is proposed to determine D^ using the relative rigidity of the pile with respect to 
the soil strength as measured by the pressuremeter limit pressure. 

The second part of the article summarizes seven pressuremeter methods to predict the 
lateral behavior of piles. Predictions by four of the methods are compared with the results 
of a full-scale load test. All methods predict the measured behavior with reasonable accu­
racy suggesting that the pressuremeter provides a sound testing base for the behavior 
prediction of laterally loaded piles. 

KEY WORDS; soils, pressuremeter, lateral load, piles, load test 

One of the most technically sound applications of the pressuremeter test is 
its use to obtain data for predicting movements of piles subjected to lateral 
loads (Fig. 1). There are at least seven methods of analysis based on pressure­
meter test results. These methods are discussed in this article. 

The first part of this article involves the determination of the critical depth 
£)(., that is, the depth below which the stress-free ground surface has little 
influence on the soil-structure interaction problem, and the variation of lat­
eral soil resistance within this critical depth. 

The second part of this article is a discussion and summary of the seven 
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( I . B / I N . 2 ) ' 

( L B / I N . ) 

FIG. 1—Pressuremeter pile analogy. 

pressuremeter methods. The predictions obtained by using four of the seven 
methods are compared with the results of afield load test of a pile in stiff clay. 

Critical Depth: Existing Values 

When a pile is loaded laterally to failure, there is a zone just below the 
ground surface where the lateral soil resistance is reduced. This zone of re­
duced lateral resistance extends to the ultimate critical depth D^.. Below D^, 
the absence of constraint caused by the stress-free ground surface has negligi­
ble influence on the lateral soil resistance, and the lateral soil resistance will 
be called the deep soil resistance. Above Dc, it will be called the shallow soil 
resistance. Within D^, the shallow soil resistance is obtained by multiplying 
the deep resistance by a reduction factor S{R). 
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Many researchers have made recommendations on the values of D^ and 
S{R). For clays and for methods based on the use of the undrained shear 
strength {Su approach) recommendations have been made by Broms [1], 
Matlock [2], Reese and Welch [3], Reese et al [4], Hansen [5], and Stevens 
and Audibert [6]. Also, Skempton [7] proposed values of £)<, and S{R) for 
strip footings in clay. The increase of the bearing capacity factor N^ with 
depth, proposed by Skempton, is related to the D^-SiR) relationship of later­
ally loaded piles. For clays and for methods based on the use of the pressure-
meter test results (PMT approach), recommendations have been made by 
Menard et al [8] and Baguelin et al [9]. 

For laterally loaded piles in sands, Broms [1] and Hansen [5] do not con­
sider a zone of reduced resistance. However, Reese et al [10] suggest to deter­
mine Dc and ^Ci?) by a method based on the use of the friction angle (4> ap­
proach). Menard [8] and Baguelin et al [9], for a method based on the use of 
pressuremeter tests, also make recommendations on the values of D^ and 
S{R). In linear elasticity the influence of the stress-free ground surface can be 
evaluated by using Mindlin's equations [11]. The various approaches are 
summarized on Fig. 2. 

Critical Deptli: Soil-Structare Interaction Approach 

The variation of soil resistance along a laterally loaded pile can be approxi­
mated by the solid curve CBA on Fig. 3. The horizontal pile displacement >> 
increases from Point £• to the ground surface. If there are no weakening influ­
ences caused by the close proximity of the stress-free ground surface, the vari­
ation of resistance in a soil of constant strength with depth is described by the 
dotted line CD. Instead, the soil resistance (in force per unit length of pile) 
follows CBA with a maximum resistance p(max) at a depth ẑ .. Within z<- the 
soil resistance p is less than P(niax) • For a horizontal load H the depth z^ is the 
instantaneous critical depth, and the ratio p/p^man.) is the instantaneous re­
duction factor i'C^). 

As the horizontal load increases, Point B of Fig. 3 moves downward as 
shown on Fig. 4, and ẑ . reaches the ultimate critical depth D^ when the pile 
deflection at the ground surface reaches 20% of the pile radius. Examples of 
the progression of z<. obtained from field tests are shown on Fig. 5. The aver­
age value of z<. during the load test is D^ {av) as shown on Fig. 4. Although the 
experimental evidence is limited, pressuremeter tests performed at sites of 
well documented load tests indicate that at large deflections the soil resistance 
against the pile, /'(max) •" force per unit length of pile, approaches the ultimate 
soil pressure obtained from pressuremeter tests times the width of the pile. 
This observation permits the conclusion that there is no need for a reduction 
factor to be applied to the pressuremeter model below D^ and validates the 
above definition of D^. 

The shape of the portion AB of the soil resistance distribution (Fig. 3) re-
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s(R) = -. 
Pressure at depth z 

Pressure at critical depth 

Skempton (strip footing: 
clay) 

Menard-Gambin (clay) 
Baguelin et al (clay) 

Menard-Gambin 
(loose sand) 

Mindlin's 
Equations 

Stevens and 
Audibert (clay) 

FIG. 2—Critical depth—existing recommendations. 

mains approximately the same as the horizontal load H increases (Fig. 4). 
Therefore within ẑ  the reduction factor S{R) = p/p(max) 's independent of 
H and varies only with z. Examples oiSiR) versus z/D^ curves are shown on 
Fig. 6, and an average curve is presented. 

The critical depth D^, as described above, is a soil-structure interaction 
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Soil Resistance 
(Force/Unit Length) 

Pile Horizontal 
Displacement y 

FIG. 3—Definition of the instantaneous critical depth. 
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D (av) 
c 

•{ 

V 

z (max) = D 

Locus of Point of 
Maximum Soil 
Resistance 

•Distribution of 
Soil Resistance as 
Load Increases 

FIG. 4—Definition of the ultimate critical depth. 

phenomenon. The close form solution of the interaction problem in linear 
elasticity makes use of the key interaction parameter /Q 

lo = <f4El7E, sh 

where E is the modulus of the pile material, / is the moment of inertia of the 
pile cross section, and Esh is the modulus of subgrade reaction of the soil. The 
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following interaction parameter, called relative rigidity, was defined for this 
study as 

RR = {l/B)^4EJ/p* 

where B is the pile width, or diameter, andp* is the pressuremeter net limit 
pressure within the critical depth. 

The correlation of Fig. 7 is a plot of the relative critical depth Dc{av)/B 
versus RR. These data show that in the same soil, piles of different rigidity 
generate different relative critical depths (caisson and H pile in the silt of 
Plancoet, France) and that the same pile generates different relative critical 
depths in different soils (pipe pile at Sabine and at Lake Austin, Tex.). 

At shallow depths the stress-free ground surface influences the results of 
pressuremeter tests {12\. There is a critical depth for pressuremeter tests that 
is different from the critical depth for laterally loaded piles. This difference is 
taken into account in Fig. 7 since the correlation involves the average/?* mea­
sured within the critical depth of the pile. 

Existing Pressuremeter Methods 

When a pile is loaded laterally, there are several components to the soil 
resistance (Fig. 8), namely, the front resistance resulting from normal stresses 
CTr, the friction resistance resulting from shear stresses r^e, the friction resis­
tance resulting from shear stresses T,.^ , the base friction resistance resulting 

u 

B 
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FIG. 7—Critical depth as a function of relative rigidity. 
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FIG. 8—Components of soil resistance [15]. 

from shear stresses T^Q and T„, and the base moment resistance resulting 
from normal stress a^. Except for very short stubby piles {D/B s 3) the major 
components of soil resistance are caused by a^ and T^Q . At working loads the 
contribution resulting from the T^Q effect may be as much as 50% of the total 
resistance [13]. 

At any depth z the resultant of the above soil resistances is the ^\\ep-y curve 
where p is the resultant soil resistance in force per unit length, SinAy is the 
horizontal displacement. 

At least seven methods have been proposed for predicting the horizontal 
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movement of a laterally loaded pile on the basis of pressuremeter test results. 
These methods are summarized below. Methods 1 through 5 make use of 
pressuremeter test results obtained from a prebored test cavity; whereas, 
Methods 6 and 7 make use of self-boring pressuremeter test results. 

Method 1 [8,9,14] considers thep-y curve to be bilinear elastic-plastic. The 
slope of the first linear portion of the curve is obtained from Menard's equa­
tion for the settlement of a strip footing [9]. The second slope is half of the 
first slope and the soil ultimate resistance p^^ is given by the pressuremeter 
limit pressure. The critical depth is considered as shown on Fig. 2. 

Method 2 [15,16] was developed for rigid drilled shafts and has the advan­
tage of including all the components shown on Fig. 8. The a^ and T^Q resis­
tances are combined into one lateral resistance model. This load-deformation 
model is a parabola with a limit onpuK according to Hansen's theory [5]. The 
three other resistance models are elastic-plastic. The initial part of all models 
is correlated to the first load pressuremeter modulus. The limiting values are 
calculated by using the cohesion and friction angle of the soil. The critical 
depth effect is incorporated through Hansen's theory. 

Method 3 [IT] considers that the soil is homogeneous and has an average 
pressuremeter modulus. An equation is presented that describes the top hori­
zontal load versus the top horizontal movement for the pile. This equation is 
based on the theory of linear elasticity [9] and is empirically modified for non­
linear material behavior. The parameters involved are the relative pile-soil 
stiffness, the pressuremeter modulus, the pile diameter, and the restraint 
conditions at the pile top. The critical depth is not considered directly. 

Method 4 [13,18] uses the entire pressuremeter curve to obtain the 
Q (front)—>» (pile) model (the ff^ effect) and the F (side)—j (pile) model (the 
T̂ e effect). Equations 1 through 3 and Fig. 9 are used to obtain these models. 

Q (front) = p (pmt) X B (pile) X S{Q) (1) 

where 

Q (front) = the portion of the soil resistance to pile movement resulting 
from the front reaction, force/unit length of pile, 

p (pmt) = the net pressuremeter pressure, 
B (pile) — the pile width or diameter, and 
S{Q) = a shape factor = 1.0 for square piles and 0.75 for round piles. 

y (pile) = J (pmt) X [R (pile)//? (pmt)] (2) 

where 

y (pile) = the lateral deflection of the pile, 
R (pile) = pile radius, 
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FIG. 9—Pressuremeter p-y curve model. 

y (pmt) = increase in radius of the soil cavity in tiie pressuremeter test, 
and 

R (pmt) = initial radius of the soil cavity in the pressuremeter test. 

F(side) = T (soil) X B (pile) X S{F) (3) 
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where 

F(side) = the soil resistance resulting from friction, force/unit length of 
pile, 

S(F) = the shape factor = 2 for square piles and 1 for round piles, and 
T (soil) — soil shear stress obtained from the pressuremeter curve by the 

subtangent method. 

The critical depth is determined from the correlation presented on Fig. 7, and 
the reduction factor given by the design curve of Fig. 6 is applied within the 
critical depth to the Q-y curves only. The p-y curve at a depth z is then ob­
tained by the addition of the Q-y curve and the F-y curve at the same depth. 

Method 5 [19] uses an elastic-plastic model for the frontal reaction. The 
slope of the elastic curve is obtained from the pressuremeter modulus and 
elasticity theory, while the ultimate value is considered to be the limit pressure 
from the pressuremeter. A friction model is also proposed, and the critical 
depth approach is the same as in Method 1. 

Method 6 [20] uses the entire expansion curve from the self-boring pres­
suremeter as the p-y curve for the pile. Critical depth is considered as in 
Method 1. 

Method 7 [21] uses the entire expansion curve from the self-boring pres­
suremeter but multiplies all pressure ordinates by two before considering it as 
the pilep-^' curve. This method does not consider critical depth. 

Comparison of the Methods on One Case History 

The predictions of Methods 1 through 4 are compared below to the results 
of a pile load test performed on the campus of Texas A&M University [22]. 
The pile is a 0.92-m-diameter cast-in-place reinforced concrete drilled shaft 
(a nondisplacement pile) embedded 6.10 m in a stiff clay (Fig. 10). A horizon­
tal load was applied at 0.76 m above the ground surface and was increased at 
the rate of approximately 5000 kg/day (5 tons/day). The load test results are 
shown on Fig. 11. 

The soil at the test site is a stiff clay with the following average characteris­
tics: liquid limit 50, plastic limit 20, natural water content 25, and total unit 
weight 20.1 IcN/m-'. Unconfined compression test values and miniature vane 
test values were averaged to obtain the shear strength design profile shown on 
Fig. 10. Pressuremeter tests were performed with a pavement pressuremeter 
[23] in a hand-augered hole advanced without using drilling mud. The net 
limit pressure p * and the pressuremeter modulus E^ [9] are shown on 
Fig. 10. 

Figure 11 shows the prediction according to Methods 1 through 4. The 
computations according to Methods 1,3, and 4 were performed by the au­
thors. The computations according to Method 2 were performed by Davidson 
[15,16]. Davidson made his predictions without knowledge of the load test 
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FIG. 10—Soil properties. 

results. When comparing the four predictions to the load test results, the first 
general impression is that all of the predictions are relatively accurate with 
respect to the measured values. This case indicates that the pressuremeter 
provides a sound testing base for the behavior prediction of laterally loaded 
nondisplacement piles in stiff clays. 

It is believed that none of the prediction curves show as much curvature as 
the load test because 

1. The pile broke at 84 500 kg (84.5 tons) of lateral load, and it is probable 
that as the load increased, the stiffness EI of the pile decreased to become 
zero at rupture; yet in all methods the stiffness EI is kept constant through 
the modeling process. 

2. The friction resistance (T^Q effect on Fig. 8) is fully mobilized at very 
small displacements before full mobilization and predominance of the frontal 
resistance. 
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The result of this friction-front resistance phenomenon is a change of cur­
vature in the load deflection curve (at about 25 000 kg [25 tons] on Fig. 11). 
This change of curvature is often observed during vertical loading of piles. 

Conclusions 

A method is proposed for obtaining the depth D^ of the zone of reduced 
resistance in front of a laterally loaded pile. The proposed method of obtain­
ing Dc is unique in that it includes the relative rigidity of the pile with respect 
to the strength of the soil. A reduction factor by which the soil resistance is 
multiplied in order to obtain the appropriate model for the pile within the 
depth of reduced resistance is also proposed. 

Seven existing pressuremeter methods have been reviewed. It is shown with 
a comparison of four of these methods to a field load test in stiff clay that 
these four methods all give reasonable predictions. This tends to indicate that 
the pressuremeter provides a sound testing base for predicting the behavior of 
laterally loaded piles. 
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ABSTRACT: In 1958, Reissner showed that solving the problem of an elastic continuum 
subjected to a surface pressure was simplified if certain stress components were assumed 
to be equal to zero. The particular case he solved was for an isotropic, homogeneous layer 
of finite thickness. The writer named this the Reissner simplified continuum subgrade 
model and solved two other cases of Young's modulus varying with depth for a layer of 
finite thickness. The writer also demonstrated that Winkler's modulus of subgrade reac­
tion model can also be derived using the general approach of applying simplified assump­
tions to an elastic continuum and studied the behavior of mat foundations on simplified 
continua. This paper presents the theoretical development of the application of the 
simplified continuum approach to the laterally loaded pile problem. A subsequent paper 
will compare resuhs obtained using the simplified continuum approach with other, 
established methods. 

KEY WORDS: elastic deformation, elastic media, elastic theory, lateral forces, pile 
lateral loads, piles, subgrade reaction 

The general subject of this paper is analytical methods for estimating the 
deformation of laterally loaded piles. A brief review and critique of existing 
methods is presented. A new method, based on the simplified elastic con­
tinuum approach, is then developed. The purpose of proposing a new method 
is to offer a better compromise between theoretical exactness and computa­
tional ease than is currently available. 
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Existing Methods of Analysis 

Reference / contains a fairly recent and complete summary of the principal 
existing methods for estimating the load versus deflection behavior of laterally 
loaded piles. These methods fall into two broad groups: one using Winkler's 
modulus of subgrade reaction concept as the soil model, and the other using 
an elastic continuum as the soil model. 

The traditional approach has been to use the modulus of subgrade reaction 
model that is normally attributed to Winkler [2,4]. This model assumes that the 
relationship between an applied pressure p from a pile and the horizontal de­
flection of the pile j at a point can be expressed as 

P = kky (1) 

where k),isa. constant that is normally referred to as the horizontal modulus of 
subgrade reaction. The usual physical model used to depict this relationship 
is a series of linear springs (Fig. 1). 

Solutions of Eq 1, assuming either that kn is constant or varies linearly with 
depth, are available in chart form as is a solution for two layers, each with a 
different, but constant, value for ki,. The simplicity of this model, availability 
of chart solutions, and ease of hand calculation favor its use to this day. 

However, it has long been recognized that the behavior of laterally loaded 
piles is frequently nonlinear because failure of near-surface soil develops in 
many situations, even under relatively small load levels. Probably the best 
known approach to overcoming this shortcoming has been the development of 
p-y curves by Reese and his co-workers. Ap-y curve is simply a nonlinear pres­
sure versus deflection curve that is calculated a priori for a finite number of 
points along a pile. These curves substitute for the linear springs of the Wink-

APPLIED SHEAR FORCE 
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^ yuui K 
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I muuC f-
! mil K 
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FIG. 1—Winkler's modulus of subgrade reaction model applied to laterally loaded piles. 
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ler model. Therefore, the p-y approach is essentially an evolutionary refine­
ment of the basic Winkler model. Although the p-y approach requires a com­
puter program for solution of a problem, it is readily solved using finite differ­
ences and presents no significant obstacle for routine use in analysis and 
design. 

The writer [2,3] has shown that the Winkler modulus of subgrade reaction 
model is actually a very crude approximation of an elastic continuum, which 
many researchers believe is often a reasonable model for soil. Because of the 
approximate nature of the Winkler model, it has always been difficult to 
equate k/,, or p-y curves, to fundamental soil parameters such as Young's 
modulus or Poisson's ratio. Rather, the general practice has been to use back-
calculated values from full-scale load tests. This may be an acceptable ap­
proach, particularly if a large number of observations are made to validate the 
correlations. However, there is a basic uncertainty in any empirical or semi-
empirical approach, particularly if an extrapolation to untested conditions is 
required. This is a reflection on the approximate nature of the basic Winkler 
soil model. 

Researchers have long recognized this inability of the simple Winkler 
model to simulate soil. Perhaps the most glaring shortcoming is that shear 
coupling between the soil "springs," to simulate the shear behavior of actual 
soil, is not modelled explicitly, but only in some uncontrolled way if k/, is back-
calculated from full-scale tests. References 2 and 4 discuss some of the numer­
ous attempts applied mechanics researchers have made to introduce shear 
coupling into the Winkler model. One of the very few applications of these inj-
proved models to a civil engineering problem was made recently by Georgiadis 
and Butterfield [5] who applied Pasternak's model to laterally loaded piles. 
The Pasternak model as applied to this problem is shown in Fig. 2. Note that 
Pasternak's improvement to the Winkler model was the introduction of an in-
terspring shear layer to approximate soil shear. However, the difficulty still 
exists in relating the Pasternak model coefficients to soil parameters. 
Georgiadis and Butterfield used values back-calculated from model-test 
results; however, there are drawbacks to this as discussed by the writer [6]. 

The other extreme has been to model the soil as an elastic continuum. 
Theoretically, this should eliminate the problem with evaluating the model 
coefficients. Although this approach has been published for nearly 20 years, 
extensive work has only been published for about the past 10 years, primarily 
by Poulos. Reference / contains the most complete summary on this subject 
that is currently available. While an elastic continuum may be a more elegant 
approach to the laterally loaded pile problem, there are difficulties in adapt­
ing it to handle nonlinear behavior, a Young's modulus that varies linearly 
with depth, and other practical considerations. In the writer's opinion, the 
elastic continuum model appears to be too cumbersome in its present form to 
be embraced by practicing engineers as a replacement for methods based on 
Winkler's model. 
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FIG. 2—Pasternak's model applied to laterally loaded piles. 

Background of a Proposed New Method of Analysis 

In 1958, Reissner [7\ solved the problem of an isotropic, homogeneous 
elastic continuum of infinite lateral extent but finite thickness. This layer was 
underlain by a rigid base and subjected to a surface pressure p (Fig. 3). To 
facilitate solution, Reissner assumed that certain stresses (oj., jy, T^) within 
the elastic layer that resulted from the applied pressure were equal to zero. In 
addition, he neglected body forces. Values of the remaining stress com­
ponents and all strain components were not assumed a priori. These simplify­
ing assumptions were then applied to the usual equations of stress-strain, 
strain-displacement, and equilibrium that govern the behavior of an elastic 
continuum. The resulting partial differential equation relating the surface 
pressure p and surface displacement W is 

CiW-CiV^W^p - CjVV (2) 

where Cj, C2, and C3 are constants and V^ = d^/dx^ + d^/dy^. The con­
stants are only functions of the elastic parameters £ and G of the layer and the 
layer thickness H. 

The writer [2,8] used Reissner's stress assumptions to solve the problem 
shown in Fig. 3 but assuming that Young's modulus E varied linearly or with 
the square root of depth. This was done to more closely simulate the actual 
behavior of soil. The resulting differential equation relating surface pressure 
and displacement is still of the form given by Eq 2. The coefficients Cj, C2, 
and C3 are likewise still constant and functions of E, G, and H. 

The writer has named this subgrade model the Reissner simplified con-
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FIG. 3—Reissner's simplified elastic continuum. 

tinuum (RSC) and investigated its use for the mat foundation problem [2,8]. 
Studies [2.8] indicated that the RSC agrees quite favorably with closed-form 
theory of elasticity solutions, and offers a substantial improvement over the 
Winkler subgrade model. At the same time, the differential equation that 
governs the RSC is relatively simple and can be solved readily using finite 
differences. 

Proposed New Method 

As discussed previously, the problem of analyzing the response of piles to 
lateral loads was first attempted using the simple Winkler subgrade model. 
The history of analyzing mat foundations is quite similar in its evolution. This 
suggests that the simplified continuum approach could be extended logically 
to the laterally loaded pile problem. 

Figure 4 illustrates the problem formulation for a simplified continuum as 
applied to laterally loaded piles. After some consideration, it appeared that a 
set of simplifying assumptions similar to those used by Reissner for mat foun­
dations facilitated solution of the laterally loaded pile problem. Specifically, 
Oy, a^, and Ty^ were assumed to be equal to zero. In addition, all 
displacements were assumed to be equal to zero at some horizontal distance T 
from the pile. At any given depth. Young's modulus was assumed to be cons­
tant in a horizontal direction. This appears to be quite reasonable. Variations 
of Young's modulus with depth can be handled readily in a computer-solved 
finite-difference formulation of the problem by simply assigning different 
values for E at each node point. 

A complete derivation of the Reissner-type simplified continuum (RTSC) 
for a laterally loaded pile is presented in the Appendix. The resulting partial 
differential equation relating the pressure p, which the pile exerts on the 
elastic continuum and displacement of the pile parallel to the axis U, is 

KiU- ATzV2(7 ^p~ KiV^p (3) 
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FIG. 4—Reissner-type simplified elastic continuum applied to laterally loaded piles. 

where Ki, Kj, and K:^ are constants that are functions only of the elastic 
parameters E and G of the body and the distance to the artificial boundary T. 
Rearranging terms, we can express Eq 3 as 

p=KiU- Ki'^^U + KsV^p (4) 

Future Woric 

Reference / contains a number of case histories that were analyzed using 
the exact theory of elasticity method that was previously discussed. Work is 
currently underway to evaluate these case histories using the simplified con-
tiuum approach discussed in this paper. The results will be presented at a 
later date. 
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APPENDIX 

Derivation of the RTSC for Laterally Loaded Piles 

The equations relating stress-strain, strain-displacement, and equilibrium for an 
elastic continuum can be found in any number of texts, for example, Ref 9. 

The pile is assumed to be a thin strip of width or diameter d. The boundary condi­
tions for this problem are 
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°at;c = r : u = v = w = 0 

° at:<: = 0 (that is, the face of the pile) a^{Q, 0, z) = -p(y, z) 
U = u{0,0,z) 

v(0, 0, z) = w(0,0,z) = 0 

Here, p (y, z) is the contact pressure between the pile and elastic continuum. Because it 
is a compressive stress and this derivation is using mechanics of materials convention 
(tension positive), (T^(0, 0, Z) is a negative (that is, compressive) stress. 

The simplifying assumptions made with regard to stresses withm the elastic con­
tinuum are that ay = a^ = Ty^ = 0. In addition, body forces are neglected. The remain­
ing stress components can be redefined as follows 

By combining the stress-strain and strain-displacement equations and inserting the 
above values of the various stress components, we get 

du/dx = a/E (5) 

idu/dy) + (dv/dx) = Ty/G (6) 

(du/dz) + (dw/dx) = TJG (7) 

These three equations are used to derive the RTSC model. The following remaining 
stress-displacement equations are not used 

dv/dy = dw/dz = —va/E 

dv/dz + dw/dy = 0 

The following are the simplified equilibrium equations 

da/dx + dTy/dy + drJQz = 0 (8) 

dTy/dx = 0 (9) 

dTJdx = 0 (10) 

Note that Eqs 8 and 10 imply that T ^ and T^^ are constant in the horizontal direction 
parallel for the x axis. 

For simplicity in subsequent derivations, we define the term 

S — dTy/dy + dr^/dz 

Derivation 

From Eq 8 

da^-Sdx (11) 

-Sdx (12) 
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a^-Sx + c+f{y.z) (13) 

where c is an integration constant andfiy, z) is an integration function oiy orz or botli. 
Atx = 0, a = —p, so 

c + / = - p (14) 

a=-p-Sx (15) 

Note that this implies that a^ varies linearly between the pile and the artificial 
boundary. 

From Eq 5 

du = (a/E)dx (16) 

U^\/E\ adx (17) 

u = \/E I {-p - Sx)dx (18) 

= l/E[-px - S{x^/z)] + c +f{y,z) (19) 

Because u—Oatx — T 

0=\/E[pr + S{T^/2)]+c+/ (20) 

c+f^l/ElpT + S(Ty2)] 

u =p\(T/E) - ix/E)] + S\{T^/2E) - (x^/2E)] (21) 

Because «(0, 0, z) = U 

U=p {TIE) + S(T^/2E) (22) 

S = {2E/T)U - 2p/T (23) 

From Eq 6 

dv/dx = Ty/G - Ou/aj;) (24) 

V = T/G \dx - \ (du/dy) dx (25) 

V = {Ty/G)x - (dp/dyHT/E)x + {dp/dy){x^/2E) 

- {dS/dy)(Ty2E) + (dS/dy)(x^/6E) + c +f(y.z) (26) 

Because v = Qatx = T 

c + / = (ry/G) T + (dp/dy)(T'^/2E) + (dS/dy)(T^/2E) (27) 

V = (Ty/G}(x - T) + (dp/dy)[(T^/2E) - (T/E)x + (xVlE)] 

+ {dS/dy)Kx^/bE) - (T'~/2E)x + {T^/3E)\ (28) 
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Similarly, from Eq 7 we get 

w = {T,/GKX -T} + {dp/dz)\(T^/2E) - (T/E)x + {xVlE)] 

+ {dS/dz)[(x3/bE) - (T'^/2E)x + (rV3i")] (29) 

From Eqs 28 and 29, evaluated at x = 0, we get 

Ty = (2G/3){dU/dy) - {GT/6E){dp/dy) (30) 

T, ̂  {2G/3)(dU/dz) - (GT/6E)(dp/dz) (31) 

From Eq 8, we get 

(2G/3)(d^U/dy^) - (GT/6E)(d^p/dy^) + (2G/3){d^U/dz^) 

- {GT/6E){d^p/dz^) - {2E/T^)U + (2p/T) = 0 (32) 

Defining fi/by^ + d^/bz^ = ̂  ^, after rearranging terms we get 

(E/T)V - {GT/3) V^U = p - (Gf^/UE)V^p (33) 

This can be expressed as 

KiU-K2^^U^p-K3V^p (34) 

where 

Ki = E/T, 

K2 = GT/3, and 

K3 = G r V l 2 £ . 

Equation 34 is the same as Eq 3 in the main text of this paper. 
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ABSTRACT: Studies were made to investigate efficiencies of pile groups under lateral 
loading. The loading was in one direction at slow displacement rates approaching static 
conditions. The test piles were 25.4-mm (1-in.) diameter tubes open-ended, with penetra­
tions of two, four, six, or eight diameters. Tests were made on single piles and on three-
and five-pile groups with clear spacings of 0.5, 1, 2, 3, and 5 diameters in side-by-side or 
in-line arrangements. The tests were run in a ver>' soft clay with a moisture content oif 
59% and a shear strength of 2 kPa (42 psf). 

Summaries are given of efficiencies of 20 combinations of pile numbers, penetrations, 
arrangements, and clear spacings. Efficiencies are given for individual piles in a pile 
group as well as for the entire group. Distances from the soil surface to the load resultant 
on individual piles and to the load resultant on the total group are also given. 
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The purpose of the studies presented herein was to investigate efficiencies 
of side-by-side and in-line groupings of piling under lateral loading. The term 
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parallel to the direction of lateral loading. The term side-by-side designates a 
series of piles positioned on a line perpendicular to the direction of lateral 
loading. 
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Scope of Study 

The lateral loading was applied in one direction at a slow rate of movement 
of the piles through the soil that approached static loading conditions. The 
piles were short stubs inserted into the soil two to eight diameters below the 
soil surface. The pilings were machined from 25.4-mm (1-in.) diameter 
stainless-steel tubing with a wall thickness of 0.71 mm (0.028 in.). The near-
surface behavior of groups of piles under lateral loading is believed obtained 
by studies on the efficiencies of these stubs since it is only in the upper few 
diameters of a pile's penetration where significant lateral movements are ex­
perienced. Furthermore, it is easier to set up tests in which pile stubs are 
used as opposed to long piles. The ease of setup permits a larger number of 
tests to be run in a given period for investigation. 

Tests were made on single piles and on three- and five-pile groups. Clear 
spacings of 0.5, 1, 2, 3, and 5 diameters were used in the group tests. The soil 
was a very soft clay with a moisture content of 59% and a shear strength of 2 
kPa (42 psf). 

The system of instrumentation and the scheme of analysis yielded load-
deflection relationships for individual piles in the group tests. From these 
load-deflection relationships it was possible to arrive at efficiencies of the pile 
group and of individual piles in the group. 

Soil 

Selection of Soil 

The soil used for the tests was a Wilcox clay, which is blackish in color and 
contains predominately kaolinite. A number of tests performed by Desai [/] 
revealed low thixotropic properties for the Wilcox clay that can be attributed 
to the high kaolinite content. The mineralogical composition of the clay is 
shown in Table 1. 

The Atterberg limits of the Wilcox clay are 61% for the liquid limit and 
21% for the plastic limit. On the plasticity chart developed by Casagrande 
[2] the clay is identified with inorganic clays of high plasticity. The grain 
sizes expressed as percentage of total weight of the soil specimen are shown in 
Table 2. 

TABLE 1—Mineralogical composition of clay. 

Mineral Composition, % 

Quartz 0 to 5 
Montmorillonite and illite 10 to 20 
Kaolinite 85 to 90 
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TABLE 2—Grain sizes expressed as percentage 
of total weight of the soil specimen. 

Percent of 
Specimen Grain Size, mm Total Weight 

Fine sand 0.25 to 0.05 7 
Silt 0.05 to 0.005 23 
Clay < 0.005 70 

Preparation of Wilcox Clay 

The clay was dried in a large oven and then sieved over a 850-/nm (No. 20) 
sieve, which has a nominal opening size of 0.833 mm. The sieved soil was 
blended with water using a large batch mixer. Three mixings were required 
to yield a soil with a uniform moisture content of approximately 59%. At this 
percent of moisture the Wilcox clay has a shear strength of 2 kPa (42 psf) as 
determined by a miniature vane. 

The test box had a stainless-steel liner. The plan dimensions of the liner 
were 64 by 64 cm (25 by 25 in.), and the clay was filled in the liner to a depth 
of 41 cm (16 m.). The soil surface was screeded to a level plane, and then ap­
proximately 13 mm (0.5 in.) of water was placed on top of the soil to prevent 
drying. After a series of tests had been run, the soil was discarded, and new 
soil was placed m the box for the next series. A total of 14 boxes of soil were 
used in the investigation. 

Since Wilcox clay is relatively nonthbcotropic, no waiting was necessary be­
tween placing soil in the box and initiating testing; however, testing was never 
initiated sooner than 12 to 16 h after soil placement. 

Vane Tests for Determining Shear Strength 

A miniature vane with a width of 21 mm (0.83 in.) and a height of 42 mm 
(1.66 in.) was used for determining the shear strength of the Wilcox clay in 
the test box. Two shear tests were made in a smgle hole. For example, for pile 
penetrations of eight diameters the first test was taken with the bottom of the 
vane located three diameters beneath the soil surface. The vane was removed, 
cleaned, and reinserted in the same hole and advanced to a depth of eight 
diameters where a second shear test was made. 

Test Equipment and Procedniss 

Strain Bars 

Strain bars were used as the transducers for measuring load in mdividual 
piles. The four strain bars, shown in Fig. 1, had reduced thicknesses in a sec-
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iilfi: 
fMaff/f^i: 

Bill 
FIG. 1—Strain bars and test piling for soil penetrations of two, four, six, and eight diameters. 

tion on which strain gages were installed. From left to right the strain bars are 
for pile penetrations of two, four, six, and eight diameters. The corresponding 
thicknesses in the reduced section for these strain bars are 5, 8, 10, and 15 mm 
(0.2, 0.3, 0.4, and 0.6 in.). Shown below each of the strain bars are pilings, 
which were used for the tests at penetrations of two, four, six, and eight 
diameters. 

Interpretation of Loads on Test Piles 

Two methods were used to interpret the load history of the soil on a pile dur­
ing testing, as indicated in Fig. 2. In one method (Fig. 2a) it was assumed that 
the total load on a pile could be represented by a pressure diagram of 
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FIG. 2~Two methods for representing the resultant of the lateral load of soil on pile. 

trapezoidal shape. In turn, the trapezoidal shape can be represented by two 
triangles. The loads that were used during calibration of the strain bars cor­
respond to the resultant load of each of these triangular shapes. The resultant 
load in the lower triangle was referred to as P, and the resultant load in the up­
per triangle was referred to as Q. 

In the second method (Fig. 2b), the total load on the pile was represented 
as a resultant load T, and the distance from the soil surface to the point of ac­
tion of T was represented as r. If the distance r from the soil surface to the 
resultant of the total load on the pile is less than one-third of the penetration 
of the pile L then the sign of P in Fig. 2a will be negative. If r is greater than 
two-thirds of L then the sign of Q in Fig. 2a will be negative. 

Wagon Assembly 

The wagon assembly used for the lateral loading tests is shown in Fig. 3. 
This assembly was made up of four square plates with 38 cm (15 in.) side 
dimensions. The two center plates were connected by bushings to form a box 
section with an overall height of 9 cm (3.5 in.). In the top plate of the box sec­
tion there were holes that were machined to receive a reduced diameter at the 
top of the strain bar. In the bottom plate of the box section holes were ma-
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FIG. 3—Wagon assembly with strain bars and test piles in position before vertical penetration 
into the soil. 

chined to receive the full 25.4 mm (1 in.) diameter of the strain bars, and, in 
addition, slots were machined to receive a pin in the strain bar that restricted 
the strain bar from rotation. Holes in the upper and lower plates of the box 
were positioned to provide for the various pile groups and clear spacings that 
were investigated. 

The wagon assembly was supported on horizontal solid bars. The bars ex­
tend approximately 18 cm (7 in.) beyond the edge of the bottom wagon plate. 
The horizontal bars extend through linear bearings, one of which is shown in 
the bottom left-hand comer of Fig. 3. There are five strain bars positioned 
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side by side with two-diameter clear spacing in Fig. 3. The pilings shown are 
for eight-diameter penetration, and they are in position just before being 
pushed into the soil in readiness for tests. 

The linear bearings that received the horizontal shafts of the wagon 
assembly were supported in a vertical plate connected to two rails. The rails 
spanned the test box and were of sufficient length to provide for a variety of 
positions of the pilbg within the test box. 

Horizontal movement of the wagon assembly was provided by means of a 
0.015-kW (0.02-hp) electric motor that provided thrust to a shaft with Acme 
threads, which is shown just above the linear bearing in the lower left-hand 
part of Fig. 3. Horizontal movement of the wagon was monitored with a linear 
motion potentiometer. 

Soil Box 

The soil box is shown in Fig. 4. This box was fabricated from 19-mm 
(̂ /4-in.) plywood, which was inserted inside a frame made from steel angle 
iron. A metal liner, made from 0.45-mm (26-gage) stainless-steel plates, was 

FIG. 4—Lowering the wagon assembly to push the piling into the soil. 
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inserted inside the box. The box had mside plan dimensions of 64 by 64 cm (25 
by 25 in.) and a height of 58 cm (23 in.). The space between the stainless-steel 
liner and the plywood box was filled with grout, and the stainless-steel liner 
was forced in contact with the grout by means of bohs that extended through 
the ply wood box. 

Instrumentation 

Lead wires from the strain bars were connected into a balance unit. The 
balance unit was in turn connected to a digital data-acquisition system shown 
in Fig. 4. The data-acquisition system included a digital-volt meter, a milli­
volt preamplifier, and a 200-channel crossbar scanner and printer. 

Test Procedures 

The elevating box-section that is shown in Fig. 3 can be removed from the 
four vertical shafts of the wagon assembly and turned 90° to select a particular 
spacing and number of piling for a given test. The strain bars were next 
assembled into the wagon plates as shown in Fig. 3, and the piling sections of 
proper length were then connected to the bottom of the strain bars by means 
of a ferrule joint and two bolts through each of the piles. 

The elevation screw was activated as shown in Fig. 4 to bring the bottoms of 
the piles in contact with the surface of the soil. At this point a measurement 
was made on the wagon assembly to use as a reference for positioning the 
bottom of the piles at the correct depth in the soil. Before forcing the piles 
into the soil, a reading was made of the strain-gage bridges on the strain bars 
in order to establish a zero reference. A reading was also made of the linear 
potentiometer. 

After the piling had been pushed into the soil the prescribed distance, a sec­
ond series of readings was made to determine the preload that was placed on 
the soil as a result of the penetration of the piles. Any slight variation in soil 
homogeneity or in the alignment of the pile resulted in some preloading of the 
pile before the horizontal movement of the wagon was started. 

The group tests were run at a motor control setting for a rate of horizontal 
movement of 0.97 mm/min (0.038 in./min). The rate of scanning of the 
digital data-acquisition system was approximately 46 channels/min. Since 
there were two full-bridges on each strain bar and since the wiring was pro­
vided for reading of the linear potentiometer between the readings on suc­
cessive strain bars, this meant that for groups of five pilings there were 10 full-
bridges to be scanned, and 5 readings of the potentiometer for a total of 15 
readings/cycle or a rate of reading of approximately 3 cycles/min. The slow 
rate of horizontal movement through the soil was compatible with the rate of 
scanning of the digital data-acquisition system, and analyses indicate that a 
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sufficient number of readings were made to accurately reflect the load-time 
history of the pile-soil interaction. 

Most group tests were run for a total of 7.5 min. This resulted in a total 
horizontal travel of approximately 7.4 mm (0.29 in.). This amount of travel 
was sufficient to develop the ultimate resistance of pile groups. 

The strain bars were recalibrated after tests in each soil box to assure that 
there had been no damage to the strain gages or any damage to wiring that 
would cause a change in the calibration. The successive calibrations of the 
strain bars indicated that there were three significant figures in the calibra­
tion constant, and the fourth figure seldom varied more than 0.2 to 0.3. A 
check calibration was also made on the linear potentiometer, and the change 
in this number was also in the fourth figure. 

Test Results 

Series of Tests 

The results of 58 tests on single piles and 41 tests on groups of piles were 
considered in this study. The scheme for identifying group-pile tests is 
43-S-0.5-1-3 where 

43 In the first position the number 4 signifies penetration of the piles 
and the 3 signifies the number of piles in the group tests; hence this 
was a 3-pile group test at 4 diameter penetration. 

S or I The letter in the second position signifies the arrangement of the 
piles in either a side-by-side (S) or an in-line (I) arrangement. 

0.5 The third position signifies the clear spacing in pile diameters be­
tween piles in the group. 

1 The fourth position signifies the sequence number of the test in the 
43-S-0.5 series. 

3 The fifth position signifies the sequence number of the soil box. 

Location of Tests 

Information developed during the tests indicated that clearances as low as 
3.5 diameters from the side of the box did not influence the results of the test 
as long as the dkection of movement of the single pile or group of piles was not 
directly towards the nearest side of the box. For most tests the minimum 
clearance between the side of the box and a pile was maintained at approxi­
mately four pile-diameters, or 10 cm (4 in.). Multiple tests were run in each 
box of soil. 
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Crack Patterns and Soil Movements 

When single piles or group piles were pushed into the soil, there developed a 
pattern of cracks around the piling. These cracks were the result of the piles 
displacing soil and the lateral loading caused by the slight out-of-plumb of the 
piles as they were pushed into the soil. This cracking should be expected since 
it has been observed during installation of full-size piles in soft clays. The 
cracks occur in the field for the same two primary reasons that they occurred in 
these tests. 

During the lateral loading, the crack pattern expanded and intensified. At­
tempts were made to determine the depths of cracks after lateral loading but, 
because of the very soft nature of the soil, it was difficult to determine the 
depth without destroying the crack. The width of the crack is indicative of the 
depth that might exist. The various widths of cracks are indicated in Fig. 5, 
which is a photograph taken of the crack pattern that existed after an 85-S-2.0 

FIG. 5—Crack pattern in the soil at the conclusion of an 85-2-2.0 series test. 

 



series test. The horizontal stripes on the soil surface indicated in Fig. 5 were 
the result of the screeding that was used to level the soil surface.

It can be seen in Fig. 5 that the gap between the soil surface and the back of 
the pile was well defined. This gap was shown to exist to the total depth of the 
pile and indicated that there was no flow around of soil even at depths of eight 
diameters. There was a slight buildup of soil in front of the piles caused by a 
wedging action and a breaking of the tip of the wedge adjacent to the piles.

Normalizing Data from Group-Pile Tests

In each soil box several tests were run on single piles in order to determine a 
load-deflection curve that was representative for a single pile in that par­
ticular box. The raw data from single-pile tests were reduced first, and the 
load-deflection curves were reviewed to select that particular single-pile test 
that would be used as representative of load-deflection relationships for that 
particular soil box. The single pile that was selected was referred to as the 
“normalizing” pile.

Summary of Tests

A key is given in Fig. 6 that explains the organization of data that are 
presented in Figs. 7 through 13.

The summary of data was made for loads corresponding to a horizontal 
displacement of 0.2 diameter, 5.1 mm (0.2 in.). A study of load-displacement 
plots for all group tests indicated that load had reached a reasonably constant 
value at or before 0.2-diameter movement. Representative plots of load- 
displacement relationships for three-pile groups at eight diameter penetration 
are presented in Figs. 14 and 15 for side-by-side and in-line tests, respectively.
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FIG. 6—Key to data given on Figs. 7 through 13 summarizing results o f the tests.
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FIG. 7—Summary o f side-by-side tests with 0.5-diameter clear spacing.

FIG. 8—Summary o f side-by-side tests with 1.0-diameter clear spacing.
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FIG. 9—Summary o f side-by-side tests with 2.0- and 3.0-diameter clear spacing.

FIG. 10—Summary o f in-line tests with 0.5-diameter clear spacing.
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FIG. 11—Summary o f in-line tests with 1.0-diameter clear spacing.

FIG. 12—Summary o f in-line tests with 2.0-diameter clear spacing.
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FIG. 13—Summary o f  in-line tests with 3.0- and 5.0-diam eter clear spacing.

Conclusions

Composite o f Group Efficiencies

Data on group efficiencies from Figs. 7 through 13 have been used to develop 
trend lines for efficiencies of three- and five-pile groups at varying clear spac- 
ings between the piles. These trend lines are given in Fig. 16 for side-by-side 
and in-line arrangements.

Side-by-Side Tests

In all of the side-by-side tests there was a remarkably uniform distribution 
of the total load on the pile group to each of the individual piles in the groups. 
The lowest efficiency of the groups was 0.76 for three piles at four-diameter 
penetration and 0.5-diameter clear spacing. The highest efficiency was 0.99 
for three piles at eight-diameter penetration with a clear spacing of three 
diameters.

Trend lines in Fig. 16 indicate that side-by-side arrangements of pilings with 
clear spacings of two or three diameters are sufficient for developing strengths 
that approach those of isolated piles.
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FIG. 14—Load displacements for side-by-side three-pile groups with eight-diameter penetration. 
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FIG. 15—Load displacements for in-line, three-pile groups with eight-diameter penetration. 
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FIG. 16—Efficiency of pile groups. 

In-Line Tests 

For piling groups in-line, clear spacings of 0.5 and 1 diameter showed a 
decrease in efficiency as the pile numbers were increased from three to five, 
Three piles at 8 diameter penetration and 0.5 diameter clear spacing had an 
efficiency of 0.59 as compared to 0.54 when the number of piles were in­
creased to five. Three piles at eight-diameter penetration and one-diameter 
clear spacing had an efficiency of 0.70 as compared to as low as 0.59 when the 
pile numbers were increased to five. 

The distribution of load to individual piles in in-line groups was highly 
dependent upon the magnitude of horizontal displacements of the pile group. 
The summaries in this report were made for a horizontal displacement of 0.2 
diameter. Load-displacement characteristics of individual piles at horizontal 
displacments less than 0.2 of the diameter of the pile were recorded but are 
not reported in this paper. 

An extrapolation of the test data shown in Fig. 16 for in-line groups in­
dicates that an efficiency of 100% would be obtained with clear diameter 
spacings of approximately eight or nine. 
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Lateral-Load Tests on Drilled Pier 
Foundations for Solar Plant 
Heliostats 

REFERENCE: Bhushan, K. and Askari, S., "Lateral-Load Tests on Drilled Pier Foun­
dations for Solar Plant Heliostats," Laterally Loaded Deep Foundations: Analysis and Per­
formance. ASTM STP S35, J. A. Langer, R. T. Mosley, and C D . Thompson, Eds., Amer­
ican Society for Testing and Materials, 1984, pp. 140-156. 

ABSTRACT; The first commercial-sized solar generating station in the United States, 
the 10-MW Solar Pilot Plant near Daggett, Calif., required 1818 sun-tracking mirrors 
(heliostats). To ensure accurate focusing of the mirrors on the central receiving tower, 
stringent wind load rotation criteria were specified for the top of the heliostat foundation. 
Soils at the site are medium dense to very dense sands and gravelly sands. Because little 
data were available to predict lateral deflections of drilled piers under low-level cyclic 
loads, a full-scale load test program was undertaken to obtain the necessary soil-
resistance pier-deflection parameters. Piers with a diameter of 0.91 m (3 ft) and length of 
5.5 m (18 ft) were tested under cyclic loads of up to 23.0 kN (5.16 kips) applied at a 
height of 5.43 m (17.8 ft). Test results indicated lateral movements of less than 0.61 mm 
(0.024 in.) under maximum loading. A design based on site-specific soil-pier parameters 
resutted in about a 40% reduction in pier length and significant cost savings when com­
pared to the original design based on existing methods. 

KEY WORDS; drilled piers, piles, lateral loads, p-y analysis, load tests, solar plant, field 
tests, lateral pressure, sands, heliostat 

Central-receiver type solar-thermal power plants require large numbers of 
heliostats (sun-tracking mirrors) for focusing the sunlight onto the central 
receiver boiler. The design for the collector field of the 10-MW Solar 
Thermal-Central Receiver Pilot Plant, Solar One, near Daggett, Calif., in­
cluded 1818 heliostats with a reflective area of 40 m^ (430 ft^). The overall 
size of each heliostat is nearly 7 m (23 ft) wide by 7 m (23 ft) high. The field of 
heliostats surrounds the tower. To focus the sunlight, the heliostats adjust 
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continuously as the sun moves. Each heliostat is supported on a drilled pier 
foundation and is capable of being stowed in a facedown horizontal position 
during storms exceeding 22-m/s (50-mph) wind velocity. 

The primary loading for the design of the heliostat foundation comes from 
lateral loads of up to 18.4 kN (4.13 kips) applied at a height of 4.9 m (16 ft) 
corresponding to maximum wind speed of 22 m/s (50 mph). Allowable rota­
tion at a plane 50 mm (2 in.) above the top of the foundation was specified 
not to exceed ±1.5 mrad total angular deflection under a 12-m/s (27-mph) 
operational wind. The allowable permanent rotation under a 22-m/s (50-mph) 
wind load should not exceed 0.45 mrad. These rotational criteria are 
equivalent to lateral deflections of 0.6 to 2.0 mm (0.02 to 0.08 in.) at the 
ground surface. 

While a number of methods [1-4] are available for prediction of the lateral 
load-deflection behavior of piers, few full-scale load tests have been per­
formed to define the behavior of piers under low-level cyclic lateral loading. 
Because of the potential significant cost savings in the construction of a large 
number of piers, a full-scale load testing program was undertaken to develop 
site-specific design parameters. 

This paper presents the results of full-scale lateral-load tests performed on 
drilled and cast-in-place piers in medium dense to very dense sands and com­
pares the observed and predicted behavior of the piers. The tests were con­
ducted on piers with diameters of 0.61 to 0.91 m (2 to 3 ft) and lengths of 5.2 to 
5.5 m (17 to 18 ft). These piers were constructed at three sites within the solar 
plant heliostat field. Lateral loads up to 23.0 kN (5.16 kips) were applied at a 
height of 5.43 m (17.8 ft) by using a loading frame. Measurements of tilt, tor­
sional rotation, and lateral deflection were made at the base plate of the loading 
frame. Lateral deflection was also measured directly on the piers. Comparisons 
between the observed and predicted behavior using existing published pro­
cedures show that predicted deflections are generally two to six times greater 
than the observed deflections. Therefore, a new procedure is proposed for 
predicting lateral deflections of drilled piers in sand. 

Pier and Soil Conditions 

Five piers were constructed at three different locations within the solar 
plant site. The pier characteristics are shown in Table 1. The piers were con­
structed by excavating the holes by a track-mounted auger rig, placing the re­
inforcing steel and the rod bolt-template assembly, and depositing the con­
crete. Small quantities of water were added to the hole to minimize caving. 
However, some caving did occur during construction of Piers 1 and 5. The 
average 7 and 30-day strengths of the concrete were 30 325 and 39 903 kN/m^ 
(4395 and 5783 psi), respectively. 

Soil conditions at Sites A, B, and C were investigated by drilling a soil bor­
ing, performing standard penetration and static cone penetration tests, and 
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performing laboratory strength and classification tests on intact specimens. 
Pressuremeter tests were also performed at Site B. Standard penetration blow 
counts are shown in Fig. 1, and static cone penetration resistance is given in 
Fig. 2. The soils at all three sites are predominantly fine to coarse-grained 
sands and silty sands with variable amounts of gravel below 1.22 m (4 ft). 

The natural moisture content varied between 2 and 10% with an average 
value of 4%, and the dry density varied between 1335 and 1809 kg/m^ (83 and 
113 pcf) with an average value of 1585 kg/m-' (99 pcf). The effective angle 
of internal friction for the near-surface silty sands was found to be 36° from 
triaxial compression tests with confining pressures in the range of 47.9 to 
479 kN/m2 (1 to 10 ksf). 

The results of pressuremeter tests at Site B are summarized in Table 2. No 
groundwater was encountered to the maximum depth explored. 

Test Program and Measurements 

At Site A, Piers 1 and 2 were tested by applying both one- and two-
directional loading by use of a deadman. At Sites B and C, only one direc­
tional loading was applied. The loading arrangement at Site A is shown in 
Figs. 3 and 4. For space limitations and clarity, only tests at Site A are dis­
cussed. The reader is referred to Woodward-Clyde's report [5] for details of the 
program. 

Lateral loading was applied by bolting a 4.88-m (16-ft) high frame to the 
pier with eight 3.18-cm (1.25-Ln.) diameter and 0.84-m (33-in.) long bolts set 
ui the concrete during pier construction. All of the load was transferred from 
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TABLE 2—Summary of pressuremeter tests." 

a 
? 

Depth, m 
Pressuremeter Modulus, 

kN/m^ 
Limit Pressure, 

kN/m^ 

0.6 
L5 
2.5 
4.0 

5940 
19160 
20700 
47900 

766 
1916 
2060 
4790 

"Conversion factors: 1 ft = 0.3048 m and 1 ksf = 47.9 kN/ml 
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FIG. 3—Schematic test setup of test Piers I and 2. 
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FIG. 4—Details of test setup. 

the frame to the pier through the bond between concrete and the bolts and 
through the bearmg on a plate washer at the bottom of each bolt. 

The loaduig was accomplished by pulling on a steel cable attached to an 
arm 4.88 m (16 ft) above the base plate. The arm extended 0.84 m (33 in.) hor­
izontally from the vertical centerline of the pier. The loading system shown in 
Fig. 3 was used to apply loading and unloading in two opposite directions. 
The load was applied by opening the valve on the electric pump controlling the 
hydraulic cylinder. The load readout on the digital display of the data re­
corder was monitored, and the valve was closed as the desired load was ap­
proached. The tension in the unloaded cable was subtracted from the load cell 
reading to obtain the net load. It was possible to achieve net loads generally 
within 5 to 10% of the desired load. The load was released by openmg the 
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valve. Additional cycles of the loading in the same or opposite direction or al­
ternately in each direction were applied by operating the appropriate valves. 

The loads were measured by two calibrated load cells. The properly scaled 
load signal was monitored on the digital display of the data recorder and 
recorded along with readings from displacement and tilt transducers. 

Tilt measurements were made by using two tilt gages stacked together and 
mounted on the loading frame base plate. The tilt measurements were made 
in two perpendicular directions, one parallel (yy direction) and one perpen­
dicular {xx direction) to the direction of the applied load. In addition to the 
tih gages, two dial gages with a resolution of 0.03 mm (0.0012 in.) were 
mounted on an independently supported frame to measure the vertical move­
ment of the base plate at two points along a diameter in the yy direction. 
These measurements were used to compute the tih of the base plate in the di­
rection of loading by dividing the total vertical movement by the distance be­
tween the two gages. This reading provided a check on the tilt measured by 
the tilt gage. 

Horizontal displacements of the base plate were measured by four displace­
ment transducers with a resolution of 0.06 mm (0.0024 in.). The frame on 
which the transducers were mounted was supported independent of the pier. 
Horizontal displacements were measured at quarter points along the base 
plate circumference. The two transducers located on a diameter perpendicu­
lar to the loading direction measured the displacements parallel {yy direction) 
to the loading. The two transducers located on a diameter parallel to the 
loading direction measured the displacement perpendicular to the loading. 
With this arrangement, the translation of the base plate in both the xx and yy 
directions and the rotations of the plate about a vertical axis were obtained. 

In addition to the measurements at the base plate, a dial gage was sus­
pended from the frame to measure horizontal displacement in the yy direction 
at a point about 7.6 cm (3 in.) below the top of the pier. This measurement 
provided data to evaluate the pier-soil response and to assess the relative 
movements between the pier and the base plate. 

Loading Sequence and Test Results 

The planned loading sequence consisted of applying horizontal cyclic loads 
of 1.66, 5.36, 9.00, and 18.37 kN (372, 1204, 2023, and 4129 lb) correspond­
ing to wind velocities of 6.7, 12.1, 15.6, and 22.3 m/s (15, 27, 35, and 50 
mph). The maximum test load was 23.0 kN (5161 lb) representing a 25% 
overload above the 22.3-m/s (50-mph) wind velocity load. To account for ca­
ble inclination, the applied cable loads were about 3.5% greater than the hor­
izontal loads. 

During initial testing, it became apparent that no measurable data could be 
obtained for loads corresponding to 6.7-m/s (15-mph) wind loads; therefore, 
the minimum loads applied corresponded to the 12.1-m/s (27-mph) wind ve-
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locity. The actual loading sequence and test results are shown in Table 3 for 
Piers 1 and 2. 

The test on Pier 1 consisted of applying the indicated number of cycles of di­
rect loading, indirect loading (shown by negative load in Table 3), and alter­
nating direct-indirect (wobble-cycle) loading. Each cycle of direct or indirect 
loading consisted of load-unload while the wobble cycle consisted of direct 
load, unload, indirect load, and unload. 

After the dry test, to simulate the effects of ponding of rainwater, a 6-m 
(20-ft) diameter dike around the pier was filled with water to a depth of about 
0.3 m (1 ft). After 5 h about 5 cm (2 in.) of water had soaked into the soils, and 
it was decided to drain the area and conduct the soaked test. Five cycles of 
wobble-cycle loading at 5.36 and 18.37 kN (1204 and 4129 lb) were applied, 
and data were recorded. After testing, soil around the pier was excavated, and 
it was seen that the depth to which water had penetrated varied from about 
13 cm (5 in.) at distances of more than 0.3 m (1 ft) from the pier to about 0.4 m 
(16 in.) immediately next to the pier. 

Pier 2 consisted of a 0.61-m (24-in.) diameter pier with a 0.91-m (36-in.) 
diameter cap to a depth of 1.52 m (5 ft) below grade. The test on Pier 2 was 
performed in the dry. 

Loads in the first column in Table 3 represent the net horizontal load in the 
direction of loading. Positive load represents direct load while negative load 
represents indirect load. The tilt in milliradians in the yy (parallel to the load) 
and XX (perpendicular to the load) directions was obtained by the two tilt gage 
readings. Permanent set in the tilt in the yy direction is 3'3'perm- The lateral 
movements in both the xx and yy direction are the movements in millimetres 
in a horizontal direction at the top of the base plate. The top of the base plate 
was at a height of 0.56 m (22 in.) above the surrounding grade. The lateral 
movement at the pier in millimetres in the yy direction was measured at a 
point about 0.36 m (14 in.) above the surrounding grade. The torsional rota­
tion in milliradians was computed from the four displacement transducer 
readings and the horizontal distance (about 1.02 m [40 in.]) between the two 
opposite points. 

The last column shows the number of cycles for which the readings were 
averaged. Data on wobble cycles are shown as averages of all positive and neg­
ative loads, although both positive and negative loads were applied in each 
complete cycle. Loads and other measurements in each column represent 
averages for the number of cycles shown and have been normalized to the de­
sign loads. Actual applied loads were within 10% of the design loads. 

Measured Tilt and Lateral Deflection at the Base Plate 

The measured values of tilt in the direction of the loading, yy direction, 
under the load corresponding to 12.1-m/s (27-mph) wind velocity (5.36 kN 
[1204 lb]) was about 0.2 mrad for the one-directional loading. For wobble-
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cycle loading of Pier 1 after soaking and applying the maximum loads, the 
maximum tilt under this loading was 0.38 mrad. This represents an increase 
of about 90% over the one-directional cyclic loading of Pier 1. These values 
are within the elastic deflection criteria of 1.5-mrad maximum rotation. 

The permanent set under the loading corresponding to the 22.3-m/s 
(50-mph) wind velocity (18.27 kN [4129 lb]) was about 0.16 to 0.26 mrad. 

The horizontal movement at the plate for the one-directional 12.2-m/s 
(27-mph) wind load (5.36 kN [1204 lb]) was less than 0.05 mm (0.002 in.) for 
Pier 1 (straight shaft) and was about 0.13 mm (0.005 in.) for Pier 2 (with cap). 

Lateral Movement and Tilt at the Top of the Pier 

Measurements of lateral movement were made near the top of the pier. The 
measured values of lateral movement on the pier were adjusted for the height 
difference between the point of measurement and the base plate on the basis 
of the computed bending. A comparison of these values for Pier 1 at a loading 
of 18.73 kN (4129 lb) for a soaked condition indicates a relative movement 
between the pier and the plate of about 0.28 mm (0.011 in). Assuming the 
maximum movement at the top of the pier is about 0.56 mm (0.022 in.), the 
computed tilt at the top of the pier is about 0.4 mrad. This compares with the 
measured tilt on the plate of about 1.24 mrad. The shortening and stretching 
of bolts and the slip between the concrete and the steel bolts appear to contrib­
ute significantly to the measured tilt. This points out the importance of the de­
sign of the connection between the loading frame and the pier since move­
ments and rotations at the top of the pier can be significantly magnified at the 
base plate as shown by the measured data. 

Comparison of Predicted and Observed Behavior 

Comparisons of predicted and observed behavior were made for Pier 1 by 
computing the predicted deflection using the procedures suggested by Broms 
[2] and Reese and Sullivan [4]. Pier data used in these calculations are: pier 
diameter b = 0..914 m (3 ft), pier length I = 5.42 m (213 in.), and pier rigid­
ity £•/ = 8.9 X 108 N • M2 (3 1 X lO '̂ lb • in.^). The average blow count to a 
depth of about 3.7 m (12 ft) or four times the pier diameter is about 26 
blows/ft, and the cone penetration resistance is 16286 kN/m^ (340 ksf). 
These data indicate that the sand may be considered medium dense to dense. 
The maximum values of coefficient of subgrade reaction n^ suggested by Ter-
zaghi [6] (adopted by Broms [2]) and Reese and Sullivan [4] for dense sand are 
17 647 and 61088 kN/m^ (65 and 225 lb/in.3), respectively. 

Computed values of ground-line deflection using suggested values of «>, for 
dense sand are compared in Fig. 5, with the range of observed deflection for 
Pier 1. The lower values of observed deflection correspond to the measured 
values for the first load, and the higher values correspond to the maximum 
observed deflection under wobble cycling. 
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FIG. 5—Comparison of predicted and observed deflections. 

A review of these data indicates that for applied moments of 26.2 and 90.2 
kN • m (19.3 and 66.4 ft • kips), corresponding to wind velocities of 12.1 and 
22.3 m/s (27 and 50 mph), the ratio of predicted and observed deflections 
ranges between 1.8 and 6. This ratio depends on the selected value of «/,, after 
Terzaghi [6] or Reese and Sullivan [4], and on the observed deflection (first 
load or wobble cycling). 

Theoretical Considerations 

Consider a single vertical pier of diameter b, length L, and structural stiff­
ness EI placed in a soil mass of known characteristics. The statical influences 
along the pier can be determmed by considering the pier as a beam and using 
the differential equation of bending 

EKd'^y/dz'^) = -p{z) (1) 

where 

E = modulus of elasticity of pier, 
/ = moment of inertia of pier, 
y = deflection, and 

p(z) == lateral soil pressure at depth z in force per unit length units. 

The ratio of lateral soil pressure to the deflection is the subgrade reaction 
modulus so that 

where K^ is the subgrade reaction modulus. 

(2) 
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Closed form solutions of Eq 1 are available for a constant Ki,. However, ob­
servations [1] on laterally loaded piles in granular soils indicate that a more 
realistic assumption is a modulus Kf, linearly increasing with depth according to 

p/y = Kh = n^z (3) 

where n^ is the empirical quantity called the coefficient of subgrade reaction. 
The solutions of the differential equation, Eq 1, for Kj, linearly increasing 

with depth have been obtained using the method of finite differences and have 
been presented as nondimensional coefficients [4,7,8\. These solutions give 
deflection as 

and slope as 

where 

y = {AyPT^)/{EI) + [By{Pa)T^]/EI (4) 

S = (A.PTMEI) + (B, MT)/{EI) (5) 

y = deflection, 
P — lateral load, 
a = height of application of the applied load P above the 

ground surface, 
S = slope, 

M — applied moment = P{a), 
Ay, By, As, Bg = nondimensional deflection and slope coefficients, and 

T = {El/rihf-^ = the characteristic pier length (6) 

For values oiL/T greater than 2.0, the values oiAy and By for deflection at 
the ground surface are shown in Fig. 6. The values of A^ and B^ for slope are 
shown in Fig. 7. Similar coefficients are available for moment and shear [4,7,8]. 

Proposed Procedure 

On the basis of the analyses of a number of full-scale load tests, Bhushan et 
al [/] proposed curves for «/, versus y/b for values of y/b between 0.5 and 
10% as a function of relative density of sand. These curves can be approxi­
mated by a series of straight lines on a log-log plot and can be extended toy/b 
range of 0.01 to 0.5% by using the relationship 

logCn;,) = 0.82 -f \og(N) - 0.62 \og{y/h) (7) 

where 

«;, = coefficient of subgrade reaction for first cycle loading, lb/in.-' 
(llb/in.3 = 271.5 kN/m^), 
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N = standard penetration resistance, blows/ft (1 ft 
y/b = normalized deflection, %. 

0.3048 m), and 

Equation 7 is applicable for values oiy/h between 0.01 and 15%. Limited 
data on cyclic loading including load reversal suggest that values of «A for 
cyclic loading should be about 50% of the values obtained by Eq 7. Using an 
average AT-value of 26 for the soils and a y/b of 0.05%, the estimated value of ti), 
for the first cycle using Eq 7 is 298.6 MN/m-' (1100 lb/in.-'). The corresponding 
value applicable to cyclic loading is 149.3 MN/m-^ (550 Ib/in.-^). 
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Predicted values of lateral ground-line deflection for Pier 1 using the n^ ob­
tained by Eq 7 are presented in Fig. 5, along with the observed values of 
ground-line deflection. For plotting in Fig. 5, the measured values showti in 
Table 3 were adjusted to obtain the values at the ground surface on the basis 
of tilt measurements. Details of a step-by-step procedure to compute the load-
deflection curve are given in Bhushan et al [/]. 

To check the applicability of Eq 7 for estimating n^ values in the range of 
y/b of 0.01 to 0.1, computations were made to predict the rotation at the top 
of five heliostat foundations for load tests reported by Davidson [9]. In obtain­
ing values of n^ using Eq 7, the average blow count A -̂value in the upper four 
times the pier diameter was used. The rotation at the top of the foundation 
was calculated by using Eq 5 and the appropriate value of n^. The results of 
this computation are compared with the average measured rotation in Fig. 8. 
These results indicate that the values of n^ obtained by Eq 7 provide reason­
able prediction of rotation or deflection at the top of the pier foundation. 

Conclasions 

On the basis of the results of the load tests and the analyses, the following 
general conclusions can be made concerning lateral-load response of piers 
under low-level cyclic lateral loads in sands. 

1. In the range of deflection/diameter 3;/fc of 0 to 0.05% the observed 
lateral deflection versus load response is essentially linear. 

2. Low-level cyclic loading with load reversal increases the first cycle deflec­
tion by 20 to 50%. The deflection stabilizes after the first few cycles, and an 
increased number of cycles after that does not appear to cause further in­
crease in the deflection. 
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3. The permanent set after cycling appears to be on the order of 25% of the 
deflection under the same load. 

4. About 50 to 75% of the measured tilt and lateral deflection at the base 
plate appears to be caused by the slip between concrete and bolts attaching 
the loading frame to the pier. Therefore, the connection between the heliostat 
frame and the foundation should be designed to minimize relative movement 
between the frame and the foundation. 

5. The values of lateral deflection predicted by using published values of «^ 
are two to sbc times greater than the observed values. 

6. A simple empirical relationship is proposed to obtain values of «/, from 
the standard penetration blow count for a range oiy/b values and appears to 
provide reasonable results. 

7. The effects of soakmg to simulate the ponding from rain did not appear 
to be significant (less than 10%) in mcreasing the deflections. 

8. Comparisons of data for Piers 1 and 2 indicate that at loads correspond­
ing to 12.1-m/s (27-mph) wind velocity, the effects of a smaller pier diameter 
(0.61 versus 0.91 m) below a depth of 1.52 m (5 ft) are small. At maximum 
loads, the deflections for the smaller diameter pier with cap are 1.5 to 2.0 
times the deflections for the straight 0.91-m (3-ft) diameter pier. 

9. The analyses based on load test data resulted in a design pier length of 
about 3.05 m (10 ft) instead of the original design length of 5.49 m (18 ft) 
calculated by previous methods. 
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1980. 

l-̂ ] Reese, L. C. and Sullivan, W. R., "Documentation of Computer Program COM624, Parts I 
and II, Analysis of Stresses and Deflections for Laterally-Loaded Piles Including Generation 
of p-y Curves," Geotechnical Engineering Center, Bureau of Engineering Research, The 
University of Texas at Austin, 1980. 

 



156 UTERALLY LOADED DEEP FOUNDATIONS 

[5] Woodward-Clyde Consultants, "Lateral Load Test Program, Heliostat Drilled Pier Founda­
tions, 10 MW Solar Pilot Plant, Daggett, California," Report to Rockwell International 
Corporation, Canoga Park, Calif., Oct. 1979. 

[6] Terzaghi, K., Geotechnique, Vol. 5, No. 4, Dec. 1955, pp. 297-326. 
[7] Reese, L. C. and Matlock, H., "Non-Dimensional Solutions for Laterally Loaded Piles with 

Soil Modulus As-sumed Proportional to Depth," Eighth Texas Conference on Soil 
Mechanics and Foundation Engineering, Austin, Tex., 1956, pp. 1-41. 

[8] Matlock, H. and Reese, L. C , Journal of the Soil Mechanics and Foundations Division, 
Proceedings, American Society of Civil Engineers, Vol. 86, No. SMS, Proceedings Paper 
2626, Oct. 1960, pp. 63-91. 

[9] Davidson, H. L., "Laterally Loaded Drilled Pier Research, Vol. 2: Research Documenta­
tion," EL-2197, prepared by GAI Consultants, Inc., for Electric Power Research Institute, 
Palo Alto, Calif., Jan. 1982. 

 



Dennis R. Gle^ and Richard D. Woods'^ 

Suggested Procedure for Conducting 
Dynannic Lateral-Load Tests on Piles 

REFERENCE: Gle, D. R. and Woods, R. D., "Suggested Procedure for Conducting Dy­
namic Lateral-Load Tests on Piles," Laterally Loaded Deep Foundations: Analysis and 
Performance. ASTMSTP 835, J. A. Langcr, E. T. Mosley, and C. D. Thompson, Eds., 
American Society for Testing and Materials, 1984, pp. 157-171. 

ABSTRACT: There are several analytical procedures available to predict the soil-pile in­
teraction parameters required for the analysis of a pile-supported foundation subjected to 
vibratory forces. A procedure for performing a dynamic lateral field test on a single pile is 
presented. Results of this test are used to verify the adequacy of the assumptions made 
for the analyric solution and to judge the appropriateness of the soil-pile interaction 
parameters. 

Dynamic lateral-load tests were conducted on eleven steel-pipe piles at three sites in 
southeastern Michigan. The piles were 324 and 356 mm (12.75 and 14 in.) in diameter, 
had lengths from 15 to 49 m (50 to 160 ft) long, and were embedded in both cohesive and 
cohesionless soils. The procedure consisted of attaching a steel-plate mass, vibratory 
oscillator, and vibration monitoring instrumentation to the head of each pile. The 
oscillator was then used to drive the soil-pile-mass system at selected force levels through 
frequencies from 5 to 55 Hz. The dynamic response was recorded on a strip-chart 
recorder for later evaluation. The data are presented in figures showing frequency versus 
response amplitude for each oscillator force level. 

The soil-pile-mass system was also set into free vibration using the plucking technique. 
Results of the steady-state vibration testing are compared with the plucking test results 
on the same pile. 

Conventional soil boring and testing methods were used to determine the subsurface 
soil profile and static soil properties. Dynamic soil properties adjacent to the tested piles 
were determined using the seismic cross hole and SH refraction (horizontal polarization 
of the shear wave) techniques. 

Because of the way piles are inserted into the soil, the assumed boundary conditions 
between the soil and pile used in the analytical solutions seldom match the field condi­
tions. This dynamic testing procedure enables the geotechnica! engineer to make a judg­
ment as to the adequacy of the assumptions in the analytical model and to make suitable 
corrections to match the field-observed results. 

KEY WORDS: lateral loads, piles, vibrations, foundations, horizontal oscillation, 
machine foundations, deep foundations, soil dynamics, soil-structure interaction, load 
testing, pile foundations 
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Design of deep foundations supporting vibratory equipment requires 
evaluation of the dynamic stiffness and damping parameters for each founda­
tion degree of freedom. Although these parameters can be evaluated by 
various analytical techniques, the soil-pile boundary conditions assumed by 
the analytical methods are seldom achieved in practice. Pile installation 
methods used in conventional pile-driving operations can have a significant 
effect on the soil-pile boundary conditions and the dynamic behavior at the 
pile-foundation interface. 

To evaluate the magnitude of this effect, a field-testing procedure was 
developed [/] to record the dynamic lateral response of a full-scale isolated 
soil-pile-mass system subjected to a steady-state vibratory force. The dynamic 
soil-pile interaction parameters and then- variation can be evaluated from the 
recorded dynamic-response data obtained during field testing. After evalua­
tion of the dynamic stiffness and damping parameters, the geotechnical 
engineer is able to make a judgment regarding the dynamic response of a soil-
pile-mass system at various frequencies and dynamic force levels. 

Both steady-state vibration and plucking tests were conducted on eleven 
steel-pipe piles at three sites in southeastern Michigan. The piles were 324 and 
356 mm (12.75 and 14 in.) in diameter, had lengths from 15 to 49 m (50 to 160 
ft) long, and were embedded in both cohesive and cohesionless soils. Dynamic 
soil properties of the soils adjacent to the tested piles were determined using 
seismic cross hole and SH refraction (horizontal polarization of the shear 
wave) techniques [2]. Static soil properties and the subsurface profile were ob­
tained by conventional soil boring and testing methods. 

Sanunary of Testing Proceduie 

A steel-plate mass, Lazan eccentric-mass oscillator, and vibration monitor­
ing equipment were attached to the head of each pile to be tested. The Lazan 
oscillator was used to drive the soil-pile-raass system through a range of fre­
quencies, recording the dynamic response amplitude at each selected fre­
quency. The weight on top of the pile was selected such that the lateral-
translation resonance was bounded with sufficient response data to each side 
of resonance to obtain a well-defined dynamic response curve. This procedure 
was repeated for several Lazan oscillator force levels to generate a family of 
dynamic response curves for each soil-pile-mass system tested. The observed 
resonant frequency of the soil-pile-mass system and the corresponding 
displacement amplitude are used to evaluate the dynamic stiffness and damp­
ing parameters for the system. 

Because the eccentric-mass oscillator produces only horizontal force, the 
motion of the mass attached to the head of the pile is a two degree of freedom 
coupled horizontal translation and rocking response. In addition, the record­
ing instrumentation is not located at the center of mass of the system. Thus, 
the recorded motion is a combination of both the horizontal translation and 
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rocking rotation response of the system. Evaluation of the recorded dynamic 
response data must consider both aspects. 

The soil-pile-mass system will behave as a free-headed pile with coupled 
lateral translation and rocking degrees of freedom. Each degree of freedom 
has a resonance. The horizontal resonance can usually be defined reasonably 
well. However, depending on the power of the oscillator and the stiffness of 
the soil-pile-mass system, the rocking resonance may or may not be observed 
completely. 

Initially, a simplified single degree-of-freedom model with viscous damping 
is used to evaluate the lateral-translation damping ratio using the recorded 
frequency at maximum response and the measured amplitude. From this, the 
natural frequency and the spring constant for the system in the horizontal trans­
lation direction can also be calculated. If the rocking resonance is well defined, a 
similar procedure can be used to calculate the damping ratio and spring con­
stant associated with the rocking resonance. If not, the values for damping 
and spring stiffness in the rocking mode may either be assumed or calculated 
with one of the available analytical techniques [3-5], The effect of assumed 
values can be evaluated analytically with a two degree-of-freedom solution. 
Plotting the response curve predicted analytically on the same figure as the 
field-response data enables an evaluation of how well the calculated stiffness 
and damping parameters match the recorded data. 

Apparatus 

To reduce the natural frequency of the soil-pile-mass system to the range in 
which the Lazan oscillator could operate, it was necessary to add mass (weight) 
at the top of the pile. This was accomplished by welding and bolting steel 
plates, 610 by 610 mm square and 19 mm thick, and weighing approximately 
560 N each to the head of the pile. A hole slightly larger than the diameter of 
the pile to be tested is machined or burned in the center of one of the steel 
plates. This plate is slipped over the head of the pile and welded to the pile as 
shown in Fig. 1. A selected number of additional steel plates are then stacked 
on top of the base plate along with a housing, which is used to mount the 
Lazan oscillator. The entire stack of steel plates is fastened together through 
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FIG. 1—Cross section showing attachment of base plate to pipe pile. 
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each comer and at the center of each side with eight threaded steel rods. The 
steel rods are tightened enough to force the steel-plate mass to act as a rigid 
body. 

A steady-state sinusoidal force was provided by a Lazan mechanical 
oscillator, Model LA-1. The Lazan oscillator uses the centrifugal force of un­
balanced masses mounted on two counterrotating shafts to generate a 
variable alternating force in a horizontal plane. The magnitude of this force 
can be controlled by adjusting the phase angle between the masses. Speed of 
the oscillator is controlled by a variable speed electric motor that is connected 
to the oscillator with a flexible shaft. This enabled a variable force within a 
frequency range of about 5 to 55 Hz to be applied to the piles. 

To measure the dynamic response of the pile, it is necessary to determine 
the displacement amplitude of the mass at each frequency accurately. This 
was done with two velocity transducers mounted on each side of the mass as 
shown in Fig. 2. Output signals from the velocity transducers were recorded 
on a dual-channel strip-chart recorder for later evaluation. Calibration of the 
velocity transducers enabled relatively accurate conversion of the recorded 
velocity to displacement amplitude. Mounting both transducers in a horizon­
tal plane on each side of the mass as shown provides an independent check on 
the calculated displacement amplitude. 

Procedme 

The procedure described below is specifically for conducting a dynamic 
lateral-loading test on a steel-pipe pile. However, the procedure is sufficiently 
general to be applicable to H piles and drilled piers with appropriate modifi-

Lazan 
Osclllotor 

Transducer 

«Z?^ J c W ^ W 

Lazan Plo+e 

Mass Plates 
(21 each) 

Base Plate 

FIG. 2—Typical cross section of a dynamic lateral-pile test. 
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cation to the connection detail between the mass and the head of the pile or 
drilled pier. 

To determine the dynamic lateral response of the mass caused by. the soil-
pile interaction alone, it is desirable to locate the mass as close to the ground 
surface as possible without touching the soil. As the distance between the soil 
surface and the bottom of the mass is increased, the dynamic response 
becomes essentially the structural response of a mass on a cantilever, and 
minimal information is obtained on the soil-pile interaction. 

Use of a thin removable spacer facilitates positioning the base plate perpen­
dicular to the centerline of the pile. When the base plate is level in both direc­
tions, it can be tack welded in place until a fillet weld can be completed 
around the circumference of the pile. When the base plate is securely attached 
to the head of the pile, a selected number of mass plates and the Lazan 
oscillator housing plate are added and tightened in place. Threaded connec­
tions for the velocity transducers are welded to a few of the mass plates before 
the field testing. These steel plates are positioned as desired within the stack 
of mass plates. Usually, it is desirable to locate them as close to the elevation 
of the center of mass as possible to minimize the contribution of the rocking 
mode to the recorded response unless the rocking response is of particular in­
terest. The Lazan oscillator is connected to the drive motor to complete the 
mechanical connections necessary to conduct the test. Approximately 9.70 to 
12.83 kN of steel plates were added to the head of each pile for all dynamic 
lateral-load tests to bring the resonant frequency within the range in which the 
Lazan oscillator was capable of operating. 

Initially, a relatively low-force level (mass eccentricity) is set on the Lazan 
oscillator. The Lazan oscillator is then used to drive the soil-pile-mass system 
through a frequency spectrum from about 5 to 55 Hz, stopping long enough at 
each desired frequency to record the steady-state response. When the max­
imum output of the Lazan oscillator is reached, additional response data are 
obtained as the frequency is reduced, particularly around resonance. When 
one set of data is complete, the mass eccentricity of the Lazan oscillator is in­
creased and the test repeated. Five to seven tests (using different Lazan force 
levels) are usually conducted on the same pile. Typical double-amplitude 
force levels range from about 20 to 4450 N. This will usually provide a broad 
spectrum of response curves sufficient to bracket the amplitude of vibration 
for most full-scale foundations unless stiff soils or high displacement ampli­
tudes are expected. 

In addition to the steady-state vibration testing, supplemental vibration in­
formation can also be obtained by conducting a plucking test on the soil-pile-
mass system. The steel-plate mass is "plucked" by applying an impulse force 
to the mass and recording the free-vibration response of the soil-pile-mass 
system. The impulse force is applied by striking the mass horizontally with a 
wooden plank. From the measured free-vibration response, it is possible to 
determine the percent of critical damping and the damped natural frequency 
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of the soil-pile-mass system. This information supplements the values ob­
tained by the steady-state testing technique presented above. Because the 
amplitude of vibration cannot be controlled and is usually much higher than 
the steady-state testing, this test is normally conducted at the conclusion of 
the steady-state dynamic testing. It is also desirable to conduct the test in a 
direction perpendicular to the steady-state testing direction to minimize the 
effect of any soil disturbance around the pile. 

Evaluation of Experimental Data 

At the frequency at maximum response for a rotating mass excitation, the 
ordinate of the response curve is given by the equation 

A/iniee/M) = l/[2D^{l - D^)'^2] (j) 

where 

A ~ measured amplitude, m, 
meC = sin(6/2)/(2-7r^) (for double-amplitude Lazan force output), 

M = mass on the pile head, kg, and 
D^ = damping ratio in the horizontal translation direction. 

Solving Eq 1 for the translation damping ratio Dj^ and using the single degree 
of freedom differential equation (with viscous damping) enable an evaluation 
of the natural frequency of the system from the observed resonant frequency. 
An approximate value for the translation spring constant k^ can also be back-
calculated knowing the mass on the head of the pile. A similar procedure can 
be used for the rocking resonance if the peak response is well defined. 

Because of the rigid attachment of the steel-plate mass near the ground sur­
face and the relative stiffness of the soil-pile-mass system m the rocking mode, 
the rocking stiffness and damping values do not significantly affect the shape 
of the predicted dynamic response around the lateral-translation resonance. 
Usually, the rotation stiffness and damping values predicted using the 
analytical solutions are adequate to define the dynamic response curve in the 
region of the horizontal-translation resonance. Variation of the translation 
and rotation stiffness parameters control the location of the resonant fre­
quency while variation of the damping value controls the dynamic response 
amplitude. The rotation damping ratio D^ is usually so low that its variation 
has essentially no effect on the predicted dynamic response curve. 

The dynamic response of the soil-pile-mass system can be adequately repre­
sented with a coupled sliding and rocking two degree-of-freedom solution. 
Equations of motion can be written for each of the translation and rotation 
degrees of freedom and solved simultaneously for the dynamic response. Sum­
ming forces and moments about the center of mass in Fig. 3 gives 
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Where Qo 's the steady-state double-amplitude force generated by the Lazan 
oscillator, and the variables A through F are as defined as 

A = Mo)^ — kjc D = C^hioi 
B = Cj.w E = IQU)^ — k^ — h\kx 
C = hik^ F = C^u + hiCxC^ 

where the variables are defined as 

M = mass on the head of the pile, kg, 
/Q — mass polar moment of inertia, N-m-s^, 
0} = circular frequency, rad/s, 

kx = lateral-translation spring stiffness, N/m, 
Cj. = lateral-translation damping value, N-s/m, 
k^ = rotational spring stiffness, N-m/rad, and 
C^ = rotational damping value N-s/rad. 

The horizontal translation of the mass is defined by 

X = A^sm{o3t-e^) (3) 

and the rocking rotation of the mass by 

•i=A^sm(ut-d^) (4) 

- p , ( t ) 

SIGN CONVENTION 

FIG. 3—Free-body diagram of forces and moments acting on the steel-plate mass. 

 



164 LATERALLY LOADED DEEP FOUNDATIONS 

where 

A, --
A^ 

{Alx 
- ( A1 + Al 

2.M/2 

2 U/2 

and 

In general, the phase angle for horizontal translation Oj. will be different 
from the phase angle for rotation 0^, and the maximum translation and rota­
tion will not occur at the same time. Because the transducers are offset from 
the center of mass and the translation and rotational phase angles are dif­
ferent, the maximum transducer response is a function of Z and '^ and must 
be evaluated by maximizing the combination of the horizontal contribution 
from translation and rotation and the vertical contribution from rotation of 
the mass. The horizontal dx and vertical dy contribution of the rotation can 
be evaluated using trigonometry. Because the transducers record the arc 
length, the total horizontal translation and rocking components (X + dx) 
and the vertical rocking component dy are added vectorially to determine the 
distance traveled by the transducer. 

Figure 4 shows a comparison of the dynamic response data from a field test 
to that predicted analytically using the two degree-of-freedom solution. The 
translation stiffness and damping parameters were back-calculated from the 
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single degree-of-freedom equations (with viscous damping), and the rota­
tional stiffness and damping parameters were as predicted by the PILAY [3] 
program using soil modulus values measured in situ by the cross-hole method. 
The dynamic response curve predicted using the PILAY stiffness and damp­
ing values for both the translation and rotation parameters is also shown for 
comparison. Linear modification of the stiffness value is used to match the 
frequency of the observed dynamic response curve, and appropriate modifica­
tion of the translation damping ratio is used to match the lateral-translation 
amplitude at resonance. 

The damping ratio of the soil-pile-mass system can also be evaluated from 
the plucking tests. Applying an impulse force to the soil-pile-mass system sets 
the system into damped free vibration. The amplitude decay with time is an 
indication of the geometric (radiation) and hysteretic (material) damping pres­
ent within the system. The relative decrease in amplitude for each successive 
cycle of decay determines the logarithmic decrement, which is related mathe­
matically to the damping ratio for a single degree-of-freedom system with 
viscous damping. This procedure is described by Richart et al [6]. Plucking 
the pile several times and plotting the relative vibration amplitude for each 
cycle of decay as shown in Fig. 5 provides a rapid graphical means of evaluat­
ing the logarithmic decrement and its variation with each cycle of oscillation. 
Normalizing these data to a convenient value as shown facilitates determma-
tion of the variability of the logarithmic decrement and the calculation of the 
damping ratio. A straight line on the semi-log plot indicates the measured 
soil-pile damping produces the same effect as that predicted by the theory for 
viscously damped free vibration. Obviously, the damping observed for the soil-
pile-mass system is not the result of viscous behavior, however, the damping 
in the system can be treated mathematically as though it is a viscous behavior. 

Results 

A total of 56 steady-state pile-vibration tests were conducted on the eleven 
piles selected for testing. The frequency-amplitude data for each steady-state 
test are plotted as previously shown on Fig. 4. Corresponding amplitudes at 
each frequency for both velocity transducers mounted at the same elevation 
are connected with a vertical line. 

Because of the presence of nearby equipment, one dynamic pile test was 
conducted with the steel-plate mass mounted approximately L5 m above the 
ground surface. The effect of attaching the mass at this level was to signifi­
cantly decrease the observed dampmg and sharply increase the response 
amplitude at frequencies near the lateral-translation resonance. This behavior 
is expected because of the absence of soil resistance within the upper few pile 
diameters that controls the dynamic lateral response of the pile. The sharp in­
crease in amplitude occurred at all force levels, and there was no difference 
between the sharpness recorded at a height of 1.5 m versus that recorded just 

 



166 LATERALLY LOADED DEEP FOUNDATIONS 

CN 

0 

S 
HFIELD DA TA 1 

^ \ ^ 

Amplitude Normalized 
— to a Value of 1.0 

2 • . 5 

^ 

r**"̂ ^ 
^ 

v^^^ 

"^ 

_Ĵ  
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FIG. 5—Relative amplitude versus cycles of oscillation from plucking test. 

above the ground surface. The amount of soil-pile interaction increased sig­
nificantly as the height of the mass was lowered to just above the ground sur­
face for the remaining dynamic lateral-load tests. 

For those tests that experienced the higher Lazan oscillator force levels and 
tests with relatively loose granular soils at the ground surface, a nonlinear soil-
pile response was observed from the results of some of the dynamic pile 
testing. The nonlinear response is indicated by a decreasing resonant fre­
quency as the Lazan oscillator force level was increased. This is shown in Fig. 6 
for one set of five steady state vibration tests conducted on the same pile. As 
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FIG. 6—Dynamic response curves showing a decrease in resonant frequency with increasing 
amplitude. 

the Lazan oscillator force level (mass eccentricity B) was increased from 2.5 to 
15°, the resonant frequency decreased from 34 to 28 Hz. This test exhibited 
the most noticeable and well-defined nonlinear behavior. Although masked to 
varying degrees by the spread of data around resonance, some nonlinear 
response was apparent for all of the dynamic pile testing, irrespective of soil 
type and force levels. 

If the dynamic response were linear, resonance for all of the dynamic 
response curves would occur at the same frequency, indicating no change in 
the soil-pile stiffness with increasing force level. Similarly, when the measured 
amplitudes for each test are divided by the quantity m^/M, the response 
curves for all steady state vibration tests on the same pile should collapse onto 
a single curve if there is no change in the damping. This dimensionless form is 
shown in Fig. 7 for four steady-state vibration tests conducted on a pile that 
had been backfilled with a dense well-graded compacted granular backfill 
around the upper 1.25 m of the pile. For a rotating mass excitation, the quan­
tity A/{m^/M) will asymptotically approach the value 1.0 for a single 
degree-of-freedom system. 

At least one reasonably well-defined lateral resonance was obtained for 
each steady-state dynamic pile test conducted. In addition, a definite increase 
in amplitude was noted at frequencies above the lateral-translation resonance. 
In general, the observed dynamic response amplitudes above the lateral-
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FIG. 7—Dimensionless amplitude versus frequency for four steady state vibration tests on a pile. 

translation resonance were 1.5 to 2 times the amplitude predicted by the two 
degree-of-freedom solution, even when the damping ratios for the rocking 
mode were decreased to very low values. A well-defined rocking resonance was 
never obtained during any of the dynamic testing, thus the effect of various 
rocking stiffness and damping values on the dynamic response of the soil-pile-
mass system was evaluated analytically. Figure 8 shows a comparison of the 
field-obtained data with the dynamic response curve predicted using a range 
of values for the rocking stiffness k^. The initial value of A;,̂  was that predicted 
by the PILAY program using the in situ dynamic soil properties. This shows 
that even with the wide variation in rocking stiffness, the field-observed 
dynamic response amplitude is still higher for frequencies above the lateral-
translation resonance. Again, the dynamic response curve as predicted using 
the PILAY stiffness and damping values is shown for comparison. 

The dynamic response of the soil-pile-mass system is uniquely defined by 
the stiffness and damping parameters present at the head of each pile. Thus, 
comparison of the plucking test results and the steady-state vibration test 
results can be based entirely on the damping ratio since this value is used to 
back-calculate the stiffness parameter for both procedures. Considering all 
steady-state vibration force levels, the resonant frequencies are generally 
lower and the damping ratios higher for the plucking tests compared to the 
steady-state vibration tests. 

For the steady-state vibration tests, the general trend was for the damping 
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FIG. 8—Effect of reducing the rocking stiffness on the predicted dynamic response curve. 

ratio to decrease with increasing Lazan oscillator force levels. Exceptions oc­
curred during the second of the series of steady-state vibration tests for six of 
the piles. After the initial low-amplitude steady-state vibration test, the damp­
ing ratio increased substantially (factor of 2+) before resuming the downward 
trend with increasing force levels (higher displacement amplitudes). This ef­
fect occurred for piles that had a relatively loose granular soil around the head 
of the pile. The mcrease did not occur where a densely compacted granular 
backfill was placed around the pile. This effect for the second steady-state 
vibration test of the series is likely caused by vibration settlement of the adja­
cent granular soil increasing the soil-pile contact condition, thus increasing 
the geometric damping. 

A reduction in the damping ratio with increasing displacement amplitude 
has to be associated with a reduction in the geometric damping. Thus, the pile 
may not have been fully in contact with the soil during each complete cycle of 
oscillation. Horizontal shifting of the steady-state vibration response curves 
indicated relatively small but definite amounts of nonlinear soil behavior, 
which may have been sufficient to cause some permanent soil deformation. 

Although the resonant frequencies for the plucking tests correlate well with 
the higher amplitude steady-state vibration tests, there is a discrepancy be­
tween the damping ratio obtained by the two procedures. The calculated 
values for the steady-state vibration damping ratio appear to be inversely 
related to the displacement amplitude experienced by the soil-pile-mass 
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system. Generally, the higher amplitude plucking tests have damping ratios 
of almost twice those obtained by the steady-state vibration procedure. Ap­
parently, this discrepancy is a result of the way in which the two tests are per­
formed. The steady-state vibration test causes the soil to experience a large 
number of cyclic repetitions during the test that do not occur during the 
plucking test. The continued cyclic deformation during the steady-state 
testing may be responsible for weakening the soil, thus causing the soil to 
separate from the pile during part of the oscillation cycle. 

Smnmaiy 

A successful dynamic design depends primarily on knowledge of the 
dynamic forcing function and the ability to predict the interaction between 
the foundation and its supporting medium correctly. Agreement between the 
predicted and observed dynamic response has not been acceptable when the 
field-measured dynamic soil properties were used in analytical solutions [7]. 
This is primarily because of the effect of the soil-pile boundary condition. The 
advantages of dynamic testing of full-scale piles are obvious. Because the full-
scale pile develops the full depth of lateral soil-pile interaction at the site 
where it will be used, the geotechnical engineer is able to make a judgment as 
to the adequacy of the assumptions for the dynamic soil-pile interaction 
parameters that are to be used in design. 

The overall shape of the observed dynamic lateral-response curve can be 
matched quite well up to and slightly above the lateral-translation resonance 
if stiffness and damping values obtained from dynamic field testing of a pile 
are used. At frequencies where the predicted dynamic response curve do not 
match the observed response data, appropriate modification of the design 
parameters can be made. Adjustment of the foundation stiffness and damp­
ing values can also be made for the type of loading and amplitude range that 
the foundation will be subjected to during its design life. 
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ABSTRACT: A lateral-load test was conducted on a 0.46-m-diameter concrete drilled 
shaft constructed July 1%6 in stiff expensive-clay soil. This 10.5-m-long test shaft had 
been subject to considerable uplift thrust from swelling of adjacent soil. The lateral-load 
behavior was reasonably simulated by solutions of the elastic beam-column differential 
equation. Solutions assuming a linearly increasing soil modulus with depth evaluated from 
triaxial strength tests were found in good agreement with the field load test results up to at 
least Vi of the yield load. Solutions using p-y curves developed from laboratory undrained 
strengths, and field pressuremeter tests provided good overall agreement with the field 
load test results. 

KEY WORDS: lateral loads, drilled shafts, bored piles, caissons, pressuremeter, un­
drained strength, elastic modulus 

The resistance of drilled shafts to lateral loads is of much interest because 
drilled shafts are often selected as the foundation for bridges, towers, and 
many other structures and can be designed to economically resist relatively 
large lateral loads and moments imposed on the structure. There is little in­
formation on the long-term performance of the resistance of deep foundations 
to lateral loads. Cyclic loading and long-term wetting of the foundation soil 
can reduce the original soil strength and modulus, thereby reducing the long-
term resistance of shaft foundations to lateral loads. This paper presents 
results of a lateral load test performed in 1982 on an aged drilled shaft con­
structed in 1966 and left unloaded until the current load test. This shaft had 
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been constructed in swelling soil that had caused the shaft to heave 5 to 6 cm 
while the adjacent ground surface had heaved approximately 10 cm. The 
shaft heave exceeded the soil heave of 2 cm, observed adjacent to the shaft 
base such that stretching or fracture of the shaft was possible. Strain gage 
data from a vertical load test conducted before this lateral test indicated that 
the shaft had fractured at the neck of the underream [/]. The load test data 
were compared with estimates of load behavior using elastic and nonlinear p-j 
curves based on triaxial strength and field pressuremeter tests. 

Site 

The shaft selected for testing is part of a test site located in Lackland Air 
Force Base near San Antonio, Tex. The overburden material consists of about 
2.4 m of expansive black to gray CH clay underlain with 1.2 to 1.5 m of GC 
clayey gravel with caliche. The primary material encountered below the gravel is 
a fissured and expansive tan CH clayey shale of the Upper Midway formation. 
The soils are uniform within the test area vidth a perched ground water level 2.4 
m below ground surface. 

Load Test 

The drilled shaft selected for load testing is 0.46 m in diameter by 10.5 m 
long, including a 0.9-m-diameter underream. The original elastic modulus Ec 
of the concrete evaluated by compression tests on small cylinders was 35 X 10̂  
kPa [2]. A compression test performed on core material taken from the shaft 
after the load test indicated a current modulus of 20.7 X 10̂  kPa. The shaft 
flexural rigidity Eel based on the current modulus is 44 MN • m ,̂ and the com­
pressive strength/^' of the core concrete is 37.3 MPa. The amount of reinforcing 
steel is 2%. Figure 1 shows a small sketch of the shaft. 

The lateral-load test was performed with a 600-kN hydraulic jack placed on 
the ground surface between the shaft and a reinforced concrete block cast 
against an anchor shaft originally constructed to conduct vertical load tests. 
Displacements were measured by a single extensometer gage mounted on a 
wood frame. The shaft was laterally loaded at the ground surface up to 125 kN, 
rebounded to zero, and reloaded to yield near 169 kN (Fig. 1). Additionally, 
load-displacement curves from theoretical solutions discussed later are shown 
in this figure. 

The test shaft had originally been equipped with 21 strain gages mounted on 
the reinforcing bars at multiple depths. Fourteen of these gages were operable 
in 1982; however, the locations of the gages and data were insufficient to ac­
curately characterize the bending moment distribution with depth. The strain 
gage data did indicate an unusually large bending moment and yielding of the 
shaft about 2 m below ground surface. 
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FIG. \—Lateral-load test Shaft 1. 

Methodology 

Methods for evaluating the lateral-load displacement behavior of shaft foun­
dations are based on solutions of the elastic beam-column differential equation 
[3] 

EJ(d'^y/dz^) + Q{(fy/dz^) =p (1) 

where 

Ec = elastic modulus of the concrete shaft, kPa, 
/ = moment of inertia of the shaft cross section, m'', 

Q = axial load, kN, 
y = lateral displacement, m, 
z = depth along shaft, m, and 
p = lateral soil reaction per unit length, kN/m. 

The lateral soil reactionp is expressed as a linear function of the lateral displace­
ment^ by 

-E^y (2) 
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where £•, is the lateral soil modulus in kiloPascals. The lateral soil modulus is as­
sumed herein similar to the soil modulus determined from pressuremeter tests, 
and the vertical soil modulus is assumed identical with the lateral soil modulus 
as in an isotropic linear material. 

Many solutions had been determined from Eq. 1 for an elastic soil [/]. Elas­
tic solutions by Matlock and Reese [4] and Sogge [5] were selected for analysis 
based on a comparative study [1]. These methods are among those that may 
provide less stiff estimates of loading behavior. Equation 1 may also be solved 
using nonlinear p-y curves and finite different methodology described by 
Reese and Allen [6], A computer program COM62 [7] was used to calculate 
solutions fromp->' curves. The p-y curves were developed from results of pres­
suremeter tests, undrained strength data, and results of the field load tests. 
Methodology of evaluating p- j curves from pressuremeter data is described by 
Briaud et al [8]. 

Elastic Analysis 

Solution of the beam-column Eq 1 for zero moment at the ground surface 
is given by Matlock and Reese [4] 

yo=AJPoTyEJ) (3) 

where 

3̂0 — displacement at the ground surface, m. 
Ay = constant coefficient, 
PQ = lateral load at the ground surface, kN, 
T = relative stiffness factor, m, and 

£•̂ 7 = flexural rigidity, kPa. 

If the soil modulus increases linearly with depth 

Es = kz (4) 

where k — constant, kN/m^; the relative stiffness factor is given by 

T = VEJ/k (5) 

The coefficient Ay is 2.4 for a soil modulus increasing with depth, Eq 4, from 
Reese and Allen [6]. 

Sogge [5] recently solved Eq 1 for a constant soil modulus and performed 
parametric analyses from which lateral displacements at the ground surface 
may be found from 

yo = (Po/E,L)f(l3L) (6a) 
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and 

(8 = V(^74£7) (6b) 

where L is the shaft length in metres. Sogge recommended that the soil modu­
lus be evaluated as approximately 67 C„ where C„ is the undrained strength in 
kiloPascals. The function/(/3) is given by charts developed from the paramet­
ric analysis. 

Nonlinear Analysis 

Nonlinearp-^j curves may be estimated from undrained strength data by [6] 

p/p, = Q.S{y/y-^Y^\ (7) 

and 

Pu^[^ + ( T Z / C J + Jiz/D,)] C, D, (8) 

where 

p„ = ultimate lateral reaction, kN/m, 
>'50 = C iZ)^€50 ,m , 

e 
€50 — strain at V2 of the undrained strength C„, 
7 = unit wet weight, kN/m-', and 

Dj = shaft diameter, m. 

The constants n, Cj, and/depend on the soil. Reese and Welch [9] suggest for 
a stiff overconsolidated soil above the water table applicable to this study that 
n = 0.25, Ci ^ 2.5, and / = 2. 

Tests 

Data required to make estimates of the lateral-load behavior from the 
above methodology include the flexural rigidity EJ, the soil modulus E^, and 
the undrained soil strength C„. Laboratory soil-strength tests on undisturbed 
specimens obtained in May 1982 and field pressuremeter tests were performed 
to obtain the required information. The shaft flexural rigidity had been deter­
mined as above. Details of soil tests and analysis are provided by Johnson [/]. 

SoU 

Unconfined unconsolidated (UU) and consolidated undrained (CU) triax-
ial tests were performed to evaluate the undrained strength C^ and the soil 
modulus Es. Eight UU tests were conducted at confining pressures equivalent 
with the total overburden pressure at various depths from 0.9 to 12.2 m. CU 
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tests were also performed at confining pressures of 48, 96, and 192 kPa at six 
different depths from 0.9 to 12.2 m. 

The results of the UU tests indicated an undrained strength of 77 ± 10 kPa 
above the clayey gravel and 144 ± 25 kPa below the clayey gravel within the 
length of the shaft. The undrained strength C„ of 77 kPa was selected for anal­
ysis assuming that the increase in strength below the gravel would not signifi­
cantly contribute to the mobilized soil resistance. The soil modulus was calcu­
lated from results of both UU and CU tests by the hyperbolic method of 
Duncan and Chang [10] after Kondner [11] (Fig. 2). This is an initial modulus 
given by the reciprocal of the strain/stress ratio at zero strain. The soil modu­
lus above the clayey gravel is about 13 MPa and appears to increase approxi-
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mately linearly with depth to about 65 MPa near the base of the shaft as given 
by Eq 4 where k is equal to 5.72 MN/m^. The strain at Vi of the undrained 
strength £50 is 0.006, and the unit wet weight is 18 kN/m-'. The soil modulus 
calculated from 67C„ used m the Sogge method [5] is only 5.0 MPa. 

Pressuremeter 

The pressuremeter tests provided nine p-y curves shown in Fig. 3. These 
curves were evaluated by the methodology of Briaud et al [8]. The tests were 
conducted within 3 m of the shaft with a TEXAM pressuremeter, which is 
strain controlled and consists of a monocell probe inflated with water. The 
probe is 60 mm in diameter with an initial deflated volume of 1000 cm-'. Holes 
for testing were provided by a slow rotation of a 6-cm-diameter drill bit jetting 
at low mud pressure and by some hand angered holes bored to the clayey 
gravel. A drill bit with axial mud injection may have been more suitable for 
deep holes below the gravel since some side hole erosion was observed. Details 
of this testing may be found in a contract report by Briaud to the U.S. Army 
Engineer District, Fort Worth, Tex., sponsored by the Office, Chief of Engi­
neers, through the U.S. Army Engineer Waterways Experiment Station [/]. 

Results 

The selected methodologies provided reasonable correlations with results of 
the field load test (Fig. 1). The Matlock and Reese elastic method, Eq 3, and 
using a soil modulus that increases linearly with depth and k of 5.72 MPa/m 
from Eq 4 agreed extremely well with the initial loading curve for lateral loads 
less than 100 kN. Significantly, results of this procedure are almost identical 
to load test results within the range of deflections appropriate for many design 
problems. The Sogge method is shown for E^ = 33/C„ or E^ = 2.5 MPa, 
which led to excessive initial displacements, but agreed well with observed dis­
placements on reloading for lateral loads less than 100 kN. The Sogge method 
for Es = 67 C„ or £5 = 5 MPa as suggested [5] led to results slightly stiffer 
than Matlock and Reese for E^ increasing linearly with depth and similar to 
the pressuremeter (PMT). The Reese and Welch p-y curves derived from Eqs 
7 and 8 and n, Cj, and/equal to 0.25, 2.5, and 2, respectively, gave a relatively 
stiff load behavior curve using program COM62 compared to that observed. 
The PMT curves led to load behavior less stiff than the Reese and Welch p-y 
curves. The load test curve predicted on the basis of pressuremeter data was 
prepared before the load test results were available. 

Thep-^ curves predicted from Eq 3 and the load test results for the assump­
tion of a linearly increasing modulus with depth {k = 5.72 MPa/m, Eq 4) in­
dicated that the ultimate reaction p^ in kiloNewtons per centimetre and z in 
centimetres may be given by 

p, = 0.033z C„ D,<\OC,D, (9) 
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and that the constants n and C] of Eq 7 are best represented by 0.87 and 4, re­
spectively. These curves are reasonably consistent with the pressuremeter 
curves (Fig. 3). The calculated load behavior of the shaft from program 
COM62 shown in Fig. 1 iorp-y curves from the load test is consistent with the 
Matlock and Reese estimate of the lateral-load behavior. 

Detailed analysis of the lateral load test [/] indicates that f^ was less than 
that assumed in this analysis. This explains the greater displacements observed 
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compared to those calculated, especially for lateral loads greater than Vi of the 
yield load. 

The yield point p„ was roughly estimated from the maximum bending mo­
ment Mn,ax and depth of the moment Zn,̂ ^ by 

Pu = (2M„ax/Zmax) (10) 

Results of calculations from program COM62 indicated z^^x was 2.1 m. Mn,ax 
was calculated from 

^^ma. = ( / ; / / A ) (11) 

Conclusions 

Both elastic methods and p-y curves were suitable for analysis of the lateral-
load behavior of an aged drilled shaft by the beam column Eq 1. The most ap­
propriate elastic soil moduli used in analysis compared well with the initial 
elastic moduli determined by a hyperbolic soil model [10,11] from results of 
triaxial strength tests on undisturbed soil specimens. Criteria for evaluating 
the lateral-load behavior led to more stiff p-y curves than observed from the 
load test. Long-term field conditions, such as wetting and remolding of the 
adjacent soil and reduction in the flexural rigidity of the shaft with increasing 
lateral displacement, may have contributed to the observed performance of 
the shaft. 
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ABSTRACT: During the past two decades, the use of bored piles, or drilled piers, has been 
shown on several occasions to be an effective deterrent to excessive slope movements. The 
technique is applicable when either the resisting forces of the slope are to be decreased or 
the driving forces to be increased. These situations arise when cutting a .steeper slope or 
adding a surcharge above a slope, respectively. The movements of landslides can also be 
controlled by drilled-in piers or piles. 

Several investigators have studied the problem of a single pier subject to lateral soil 
movement, given certain simplifying assumptions with regard to the soil model, soil-pile 
interface, and repartition of the lateral loads. It is commonly assumed that a plane strain 
condition prevails, and the piers are analyzed in two dimensions. This does not allow the ef­
fects of pier size and spacing to be represented, although finite-difference solutions have 
shown these to be very significant. Current design practice uses piers spaced closely to­
gether in a continuous barrier. Part of the face isTisually exposed to form a retaining wall, 
and in some cases the piers are tied back at the top. The design methods are similar to those 
used for sheet-pile walls and usually valid for relatively shallow overburden depths. This 
methodology results in a conservative sizing and spacing of the piers. 

In this paper a finite-element based methodology is proposed to model the three-
dimensional effects involved in the stabilization of surcharged slopes with drilled piers. 
The soil is modeled with eight nodes, 24 degrees of freedom isoparametric elements. The 
piers are represented by three-dimensional spar elements. The program can be used to 
determine the effects of piers' position, size, spacing, and stiffness on slope movements. 
This program is the first step towards a more general methodology that will consider soil 
nonlinearity and creep, and make provisions for slippage around the pile. 

KEY WORDS: pile lateral loads, slope stability, drilled-in piles, finite element, drilled 
piers 
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During the past two decades innovative soil reinforcement techniques, such 
as reinforced earth, stone column, soil anchors, and cast-in-place piles and 
piers have been developed to answer many geotechnical problems. In particu­
lar these techniques can provide cost-effective solutions to many transporta­
tion design and construction problems. Laterally loaded piles and drilled piers 
have been used on several occasions to stabilize landslides and slopes. In Swe­
den timber piles are used to increase the slope stability of very soft clays (Fig. 1). 
Large diameter cast-m-place reinforced concrete piles have been used in the 
United States to stabilize active landslide areas in stiff clays and shales 
through dowel action [1-5]. The diameter of the piles varied between LO and 
1.5 m (Fig. 2). In Japan 3(X)-mm-diameter steel pipes have been used for the 
same purpose [6]. Similar techniques, such as the Fondedile reticulated root 
pile method (Fig. 3) and stone columns (Fig. 4), although relatively new within 
the United States, have been proven to be quite effective techniques in Europe 
for a number of years [7]. 

There are two major problems involved in the design of piers and piles used 
to correct and stabilize slopes. The first is to determine the load distribution 
along the axis of the pier in order to assess the shear forces and bending mo­
ments the pier has to restrain. The second is to evaluate the overall stability of 
the corrected slope. In this paper existing design methodologies are reviewed 
and a finite-element based technique is proposed to analyze slopes stabilized 
with drilled piers. The finite-element computer program can model three-
dimensional effects and evaluate the influence of piers' position, size, spacing, 
and stiffness on slope movements. Preliminary results are presented, and fur­
ther developments are discussed. 

FIG. 1—Stabilization of slopes with timber piles. 

Concrtte Pi«rii-j. 

n C 2—Stabilization of slopes with concrete piers. 
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Rtinforced Concrttt Btam 

FIG. 3—Reticulated structure. 

j jeak soil 
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FIG. 4—Stabilization of slopes with stone columns. 

Design Methodologies 

Although the use of these reinforcing techniques is becoming more and more 
common, very little information is currently available regarding the pier and 
pile behavior under lateral loading induced by the movement of the surround­
ing soil. While literature is available for piles subjected to lateral loading 
[8-12], most of it dealt with lateral loading imposed by a supported structure. 
Computer programs are currently available to assess the stability of drilled 
piers under such loads [13]. The lateral loads developed on a pier by a soil mass 
undergoing lateral movement are different from externally applied loads from 
a structure. The major difficulties and differences are related to the location 
and distribution of the loading (lateral loads induced by the soil are nonuni­
form and distributed along the axis of the pier) and to the boundary conditions 
(head and tip restraints). 

Thus, the problem of piles and piers subject to a soil induced lateral loading 
is unique and at present has not received particular attention and treatment. 
Several investigators have studied the problem of a single pile subjected to 
lateral soil movement, given certain simplifying assumptions with regard to 
the soil model, soil-pile interface, and repartition of the lateral loads [14-19]. 
As an example, the model proposed by Poulos [18] uses a finite difference tech­
nique to compute the displacements, shear forces, and bending moments in a 
pile, assuming the soil to be elastic plastic, no shear between pile and soil, and 
the distribution of horizontal movement with depth known from inclinometer 
data. Ito and Matsui [15] derived a theoretical equation to determine the lat-
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eral force acting on piles used to stabilize soil movements. This is done by dis-
cretizing the soil into layers and assuming a Mohr-Coulomb plastic condition 
in the soil surrounding the piles. Various end conditions can be considered for 
the pile tip and top. The computed values of lateral loads compared well with 
measured values. Later papers by Ito et al [16,17] considered specific exam­
ples where these piles could be used. 

The determination of the shear forces and bending moments along the axis 
of the pier is only the first aspect of the design of drilled-in piers used to increase 
slope stability. A second aspect is to make an estimate of the influence of piles 
or piers on the factor of safety against slope failure. A simplified procedure has 
been recently proposed to determine the additional resisting moment caused 
by the pile [20]. The added resistance is generated by the lower portion of the 
pile below the critical failure surface and can be assessed once the pile-soil 
pressure distribution has been determined. The possibilities of a two-dimen­
sional finite-element analysis of this form of stabilization have been discussed 
by Rowe and Poulos [20], who have used the technique for analyzing soil-
structure interaction described by Rowe et al [21]. The effect of piers upon slope 
deformation and stability is also a function of pier arrangement, pier stiffness 
and restraint condition as well as soil stiffness and strength. 

Three-Dimensional Model 

A finite-element analysis of the stabilization of a slope should make allow­
ance for soil-pier interaction and three-dimensional effects such as arching be­
tween piers. The piers do not form a continuous barrier, and soil movement 
occurs around the piers in the direction parallel to the slope (Fig. 5). A three-

Load : 380 kg/sq.m 

12m I 

' 6m 

E:24,400 kq/sq.m 

v:0.3 

—3rn-l-3m4—6m 4 
H 6 m 

6 
Plar Stiffness : 8 4 . 3 x 10 kg-m 

lines ot symmetry 

lines of soil movement 

FIG. 5—General problem. 
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dimensional finite-element model can adequately model the geometry of the 
problem and the effects of piers' position, size, spacing, and stiffness on the 
amount of soil movement and on the stability of the slope. 

Lines of symmetry exist in a slope containing a row of piers (Fig. 5). Through 
the centerline of each pier and perpendicular to the slope is a Ibe where the soil 
will not move parallel to the slope. A similar line exists at the midpoint between 
piers. The size of the model is drastically reduced by considering only the part 
of the slope between two of these lines. It is then assumed that the rest of the 
slope is a repetition of this part. 

Currently, the program uses eight-node, 24 degrees of freedom, isopara­
metric parallel-pipeds to model the soil (Fig. 6). These elements are among the 
simplest three-dimensional elements available, modeling geometry and dis­
placements as linear functions. They are widely used in soil mechanics because 
the rectangular shape adapts itself well to typical slope and foundation prob­
lems [22]. Although higher order elements provide a better model, the number 
of degrees of freedom increases so rapidly that computer space is often a prob­
lem. The pier is modeled by eight-node, four degrees of freedom parallel-piped 
spar or bending elements (Fig. 7). The eight-node spar elements were chosen 
to be compatible with the eight-node soil element and to reduce the amount of 
computer space needed. The 24 degrees of freedom in the soil elements rep­
resent displacements in three dimensions at each comer. The four degrees of 
freedom in the pier elements represent displacements and rotations at the ends 
of the element in the direction perpendicular to the slope. It is assumed that 
the piers are incompressible and will not bend in any other direction. This 
assumption is not restrictive because of the high ratio of pier to soil moduli. 

The boundaries of the problem are the two lines of symmetry that allow soil 
movement only in the direction perpendicular to the slope and an underlymg 
rock layer that does not allow slip. The finite-element mesh is assumed long 
enough in the direction perpendicular to the slope so that the end boundaries 
can be considered fixed. To simulate the piers being socketted in sedimentary 
bedrock, the tip of the pier is also fixed against displacement and rotation. 

<t»9t—* of fr««doin 
' /~~ptnoiim 

FIG. 6—Soil element. 
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FIG. 7—Pier element. 

Three options are available in the program for the soil model: (1) linear elas­
tic, (2) hyperbolic Duncan and Chang [23] model with nonlinear modulus, and 
(3) Duncan and Chang model with both nonlinear modulus and Poisson's 
ratio. The loads are applied in several increments, and an iteration technique 
is used within each increment to estimate the pier displacement. The basic 
operations of the program are: 

(1) calculate principal soil stresses, 
(2) calculate soil parameters (hyperbolic model), 
(3) apply a load increment with the piers held perfectly rigid, 
(4) generate the soil stiffness matrix and solve for the soil displacements, 
(5) determine loads on the rigid pier, 
(6) generate the pier stiffness matrix and compute the displacements of the 

pier, 
(7) iterate between pier displacements and soil nodal loads until conver­

gence, and 
(8) next cycle of loading (repeat Steps 1 to 7). 

The program is a conventional finite-element program except for the inter­
action between pier and soil elements. There is a compatibility problem be­
tween the sides of the soil elements that can only displace linearly and the pier 
elements that have cubic displacement functions. To circumvent this problem, 
the soil and pier elements are treated separately. Since all of the transforma­
tions between the pier and soil are through the nodes, overlapping or separa­
tion of the two meshes will not affect the results. The stresses in the soil caused 
by a loading increment are transformed into equivalent nodal loads. These 
nodal loads are then applied to the pier as if it were a cantilever beam in space. 
The resulting nodal displacements can be related to nodal forces and reapplied 
to the soil nodes. An iterative technique is necessary to assure compatibility of 
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Stresses between the soil and the pier. The rate of convergence of the iterative 
process is a function of the initial estimate of the pier displacements. If the dif­
ference between this estimate and the sought solution is too large, the forces on 
each side of the pier may be excessively unbalanced and result in large deflec­
tions causing the adjacent soil elements to act in tension. Under these condi­
tions, tension and compression will act on opposite sides of the pier, and the 
pier displacements will keep increasing. An initial estimate of about one third 
of the unreinforced slope displacements at the location of the pier has been 
found to achieve convergence. 

PreUminaiy Results 

The three-dimensional computer program described in the previous section 
is part of an on-going research project on the design of laterally loaded drilled-in 
piers for landslide corrections. In its present state the program has a lot of defi­
ciencies (to be discussed in a subsequent section) but can nevertheless be used 
to qualitatively assess the effect of drilled piers on slope movement and help 
give direction for further developments. As an example, the slope shown in 
Fig. 5 was analyzed with the three-dimensional program for a uniform sur­
charge applied at the top of the slope. The horizontal and vertical movements 
induced by this loading condition in a typical cross section of the nonstabilized 
slope (without piers) are shown in Fig. 8. (Note the different scales for geome­
try and displacement in this figure.) The effectiveness of the piers will be based 

_d«fonn*d mash (no piar) 
d*fonn«4l ntMti (plar at 3.0in from to*) 

0 1.0m 2.0m 
I I I 

FIG. 8—Displacement at centerline between piers. 
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on reduction of this movement. Rectangular piers (0.90 by 1.80 m) with a cen­
ter to center spacing of 6.0 m are installed at 3.0 m from the toe of the slope 
(Fig. 5). The displacements along the cross section at the centerline between 
the piers are given in Fig. 8. Below the pier (with respect to the slope), the re­
duction in slope movement is very significant, ranging from 60 to 100% with 
an average reduction of about 70%. Above the pier, the reduction is less but 
still significant, especially in the vertical direction. In this region of largest dis­
placements the reduction in movement was less than 40%. As expected the 
largest movement reduction occurs next to the pier. The horizontal displace­
ments obtained at 12 m from the toe are larger for the stabilized slope. This is 
because of the proximity of the fixed boundary. Further parametric studies 
will be necessary to determine how far the finite-element mesh should extend. 

The reduction in shear stress was also determined for each element along the 
cross section between the piers. The reduction in shear stress was of the order 
of 80% for the elements located below the pier and 30% for elements above the 
pier. There is a very close correlation between the reduction in displacement 
and the reduction in shear stress. 

In this example, the effect of the piers on the amount of movement is more 
significant for elements below than above the pier. This tends to indicate that 
the most effective design would require the piers to be near the top of the slope 
where the movements are largest for the case of loading at the top of the slope. 
To examine the influence of the position of the piers, two other cases are con­
sidered, one with the piers located at the toe of the slope, and one with the piers 
located 6 m from the toe. The horizontal surface movements at the centerline 
between the piers are given in Fig. 9 for these two cases, together with the move­
ments obtained in the previous case (piers at 3 m from the toe) and for the non-
stabilized slope. For all three cases of stabilization the horizontal movements 
are reduced, but the most efficient pier position is near the top of the slope, 
where the soil movements are the largest. Broms [8] found that for distressed 
slopes, piers placed near the bottom were most effective. In his example, how-
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ever, the toe of the slope was the point of maximum soil movement. The results 
of the present study agree with Broms conclusion that the piers should be 
placed at the point of maximum soil movement. 

As the spacing between piers is decreasing, the piers act more as a continu­
ous barrier, and the effect of soil arching becomes more significant and re­
duces the soil movements, especially below the pier. In Fig. 10 the slope move­
ments computed for a pier spacing of 3.9 m are compared to the movements 
obtained in the previous case (6.0 m center to center spacing). The displace­
ments below the pier are reduced by about 50% while the reduction above the 
piers is not significant. Similar results were found by Ito and Matsui [15]. 

The piers placed near the top of the slope are the most efficient for the pres­
ent case, despite the piers larger flexibility caused by their increased length. 
However, previous work by Rowe and Poulos [20], showed that the stiffness of 
the piers has a significant effect on the soil movements. To evaluate the effect 
of pier stiffness, the previous cases were analyzed with completely rigid piers. 
Figure 11 shows the horizontal surface movements along the centerline be­
tween piers for flexible and rigid piers at 3 m from the toe. The results from the 
other two cases were similar. In the case of rigid piers, the active pressure con­
dition is not realized on the down-slope face of the pier, and the only soil move­
ments below the pier are due to soil "flowing" around the pier. Consequently, 
the reduction in soil movement is more important for rigid piers than for flexible 
piers. However, the forces acting on the rigid piers are significantly increased, 
which may cause problems for the structural design of the piers. For the case 
studied, the effect of pier stiffness is not very significant, and more parametric 
studies will be needed to define under which circumstances the stiffness of the 
pier or its ratio to the soil stiffness is an important parameter. 

Present Limitations and Further Developments 

Although the proposed three-dimensional finite-element program is more 
general than conventional two-dimensional solutions, it is still limited by the 
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FIG. 11—Effect of pier stiffness. 

assumptions made regardmg the boundary conditions, the geometry of the 
piers, the soil-pier interface, and the soil model. 

In the previous example, the nodes along all boundaries, except the lines of 
symmetry, were fixed. These boundaries limited the size of the problem and 
forced the nodes along the slope to displace downward rather than be pulled 
back towards the top. This was a good assumption for the boundary left of the 
toe because the amount of deformation was very limited for the elements lo­
cated in this area. However, the elements at the upper boundary were distorted 
unrealistically as a result of this assumption. To model actual situations, more 
elements must be added to this upper portion and the optimum location of the 
fixed boundary must be determined, or different boundary conditions (fric-
tional boundary) have to be investigated. 

In its present form, the eight-node spar element used to model the piers is not 
sufficient because it limits the analysis to rectangular or square piers. The re­
sults can only be applied to the more conventional circular piers in a qualitative 
manner. Higher order interpolation functions will be introduced in the soil and 
pier elements to accommodate curved surfaces and model circular piers. 

Relative displacements occur at the interface between soil and pier and play 
an important role in the soil-pier interaction. The interface behavior will be 
represented using slip elements [22]. Three-dimensional slip elements will be 
necessary to model the interface between the soil and the circular piers. The 
properties of the slip element depend on the roughness of the pier and the soil 
characteristics and can be determined from interface direct shear tests. The 
soil model will also be improved to incorporate the creep effects that occur in 
unstable slopes. 

Conchision 

The effect of piles and piers upon slope deformation and stability is analyzed 
with a three-dimensional finite-element program. The loads on the slope are 
applied incrementally and an iteration technique is used within each incre-
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ment to model the soil-pier interaction. This technique can evaluate the effects 
of piers position, size, spacing and stiffness on the amount of slope movement. 
The piers can significantly reduce the movements, especially below the piers. 
The maximum pier efficiency is obtained by placing the pier vî here the largest 
movements are expected. Further improvements of this program are planned 
to release some of the assumptions made regarding the boundary conditions, 
the geometry of the piers, the soil-pier interface, and the soil model. 
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ABSTRACT: Anchors are used in civil engineering practice to provide resistance against 
uplift and overturning forces for structures such as transmission line towers, aircraft 
mooring, pipelines, offshore structures, mobile homes, and so forth. Although there are a 
wide variety of anchor types available, helical screw anchors, consisting of a steel shaft to 
which one or more helices are attached by welding, are finding wider usage particularly for 
the support of transmission line towers. Because these anchors are installed by truck 
mounted power augurs they can be used immediately after installation. 

Although there exists in the geotechnical engineering literature a variety of techniques 
for evaluating lateral-load capacity of piles, there are no published methods for analyzing' 
helical anchor lateral .stability when used as piling. The present study was undcnaken to 
develop suitable mathematical models based upon the current state of the art for determi­
nation of lateral-load capacity of helical-type anchor piles. The model selected was pat­
terned after Matlock and Reese's elastic theory model. The model was modified to take 
into account the influence of the method of installation and other unique characteristics of 
this type of foundation. Based on the results of this study it was found that helical anchor 
piles can develop significant resistance to lateral loads, and this resistance is almost exclu­
sively controlled by the extension shaft diameter. 

KEY WORDS; anchors, lateral loads, piles, helical piles 

Anchors are used in civil engineering practice to provide resistance against 
uplift and overturning forces for structures such as transmission line towers, 
aircraft moorings, pipelines, offshore structures, mobile homes, and so forth. 
Lateral loads (or shear loads) and moments may be transferred to foundation 
anchors by the supported structures because of a variety of reasons such as 
wind loading, line breakage, axial load eccentricities and so forth. Anchors 
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are manufactured in a variety of configurations such as plate anchors, screw 
anchors, pile anchors, steel cable grouted anchors, prestressed concrete an­
chors, and single and multiple helical-type anchors. A helical anchor pile con­
sists of a steel shaft or lead section to which one or more helices are attached 
by welding. The length of the anchor may be increased by attaching additional 
steel shafts called extensions. The anchor is installed by screwing it into the 
ground typically with a truck mounted power auger. A special feature of these 
anchors is that they can be used immediately after installation for providing 
resistance against uplift, compressive and lateral loads, or overturning 
moments. 

The present study was undertaken to develop suitable mathematical models 
based upon the current state of the art for determination of lateral-load 
capacity of helical type anchor piles manufactured by A. B. Chance Co. [1] 
(Fig. 1). 

The main objective of the present study [2] was to evaluate the available 
anchor-soil models and to determine which model provided the most reliable 
estimate of lateral anchor capacity consistent with sound geotechnical engi­
neering principles and available field test data. A model is suggested herein to 
estimate the lateral deformation of the anchor-soil system for a given set of ap­
plied lateral loads and moments. The analytical model is based on the ob­
served behavior of soil along the embedded depth of the anchor. 

In order to evaluate proposed mathematical models it was necessary to ac­
quire high-quality field load tests and corresponding soil property data for 
comparison to computed capacities. The best data available in this respect are 
from full-scale lateral-load tests and model tests. Wherever available field in­
formation was not adequate, model tests on '/i-scale anchor models were 
conducted. 

The results of this study indicate that the interaction between the anchor 
extension and the soil is the most significant in resisting the lateral loads. The 
soil between the helices and the helices themselves generally play a very minor 
role if the extension length is more than a certain prescribed limiting value. 
The problem of lateral-load capacity of helical anchors can therefore be 
analyzed on the same basis as the capacity of piles subjected to lateral loads. 

A Ar 4 4 
V K tr 

4 0 
t .29 

IS 

TYPICAL CONSTRUCTION FOR 3-HELIX LEAD SECTION 

FIG. 1—Schematic diagram—A. B. Chance helical anchora. 
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Analysis of Piles under Static Lateral Loads 

The available approaches for the analysis or laterally loaded vertical piles 
can be broadly grouped under the following categories: 

(1) analysis based on limiting equilibrium or plastic theory, 
(2) analysis based on elastic theory, and 
(3) nonlinear analysis. 

Analysis Based upon Limiting Equilihrium or Plastic Theory 

The theories of Brinch Hansen [3] and Meyerhof and Ranjan [4\ were devel­
oped for rigid piles assuming that the limiting or maximum soil resistance is 
acting against the pile when it is subjected to the ultimate lateral load. The 
pile is assumed to deflect sufficiently to develop full soil resistance along the 
length considered. This is not true for small deflections. Any improvement in 
this approach will need information on pile deflection and soil resistance 
characteristics. Because of the small diameter hollow extensions used in the 
helical anchors, these anchors will behave as flexible piles rather than rigid 
piles. 

Analysis Based on Elastic Theory 

Methods based on elastic theory commonly assume that the soil behaves as 
a series of closely spaced independent elastic springs (Winkler's assumption). 
Using the beam on elastic foundation approach, basic equations have been 
developed by various investigators [5-7] for different variations of modulus of 
subgrade reaction k. The governing equation is 

EIid'*y/dx'*)=-ky (1) 

where 

d'^y/dx'^ = the fourth differential (displacement) of y with respect to x 
(position), 

E = modulus of pile, and 
/ = moment of inertia of a pile cross section. 

Nondimensional coefficients have been given for the solution of the pile prob­
lem to obtain deflection, moment, shear, and so forth along the pile length. 

These methods require the proper evaluation of subgrade reaction, which is 
a function of the pile properties, stress strain relationships of the soil, depth of 
overburden, deflection of pile, rate and number of cycles of loading, and other 
time dependent characteristics such as consolidation and creep. In most cases, 
both for cohesive and noncohesive soils, the soil modulus tends to increase 
with depth [S, 9\. Reese and Matlock [8] have further shown that the constant 
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of proportionality between the soil modulus and depth is not critical as a vari­
ation of 32 to 1 in its value is necessary to produce a 2 to 1 variation in mo­
ment. The recommended values of modulus of horizontal subgrade reaction 
rih for sands and for clays k are given in their paper. 

Based upon solution of Eq 1, the following nondimensional solutions have 
been developed for long piles for cohesionless and cohesive soils. 

In cohesionless soils a pile is considered to be a long pile when the embedded 
length is larger than 4 to 5 T, where T is the relative stiffness factor given by 

T={EI/nf,) 1/5 (2) 

where 

E = modulus of pile, 
/ = moment of inertia of the pile cross section, and 

«;, = modulus of subgrade reaction ranging from 3 to 30 N/cm^ and pro­
portional to relative density. 

The deflection at any depth along the pile caused by a lateral load P applied 
at the ground level (Fig. 2) and moment M is given by 

Ay (PT^/EI) + By (MT^/EI) (3) 

where 

Ay — deflection coefficient for lateral load. 
By — deflection coefficient for moment, and 
P — lateral load at ground level (mud line). 

The values of .4^ and By vary with depth. These values are presented by Reese 
and Matlock [6] as functions of nondimensional depth (Z = X/T) where X is 

( a ) (b) 

FIG. 2—(a) Pile loads and (b) soil resistance and deflected shape. 
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the depth of the point under consideration. The moment Mp acting on the pile 
at any depth is given by 

Mp = A^PT + B,„M (4) 

The values ofA^ and B„ are the moment coefficients and are given by Davis-
son and Gill [7] versus nondimensional depth Z. 

A pile in cohesive soil will be a flexible pile if the embedded length is more 
than 4 to 5 /? where R is given by 

R = {EI/KY'^ (5) 

where K = the subgrade modulus, 67 times the undrained shear strength. 
The deflections and moments at any depth along the pile may be calculated 
from the following equations 

y = Ay {PR ̂  /EI) + By (MR ^ I El) (6) 

Mp = A„,PR + B„M (7) 

The values of coefficients Ay, By, A„, and B„ in the above equations may be 
obtained by using either the technique described by Matlock and Reese [6] or 
Davisson and Gill [7]. In the approach by Davisson and Gill [7], the effect of 
layering in the case of cohesive soils can also be accounted for. 

Nonlinear Analysis 

The relationship between pressure (or load) and deflection at any point 
along a pile is nonlinear. A number of approaches have been developed to ac­
count for this nonlinear behavior. Kubo [10] has used the following nonlinear re­
lationship between soil pressure (or soil reaction) P, deflection y, and depth X 

P = kX"'y" (8) 

where k, m, and n are experimentally determined coefficients. Nonlinear be­
havior has also been accounted for by Madhav et al [//] by using an elasto-
plastic model. 

The most general approach to account for nonlinear soil behavior is the p-y 
approach developed by Reese and his colleagues. In this approach a finite-
difference solution is obtained to the following general equation 

EKd'^y/dx^) + P, (d^y/dx^) + E,y = 0 (9) 

 



where 

y = 
E = 

P. --
I = 

X --
E, --
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deflection (lateral), 
Young's modulus of pile material, 
axial load, 
moment of inertia of pile, 
depth below top, and 
soil modulus (soil modulus will vary with deflection and depth). 

Equation 9 can be written in the finite-difference form. A full description of 
the resulting equations is available [12]. The solution uses as input a series of 
p-y curves (Figs. 3 and 4) for various points along the depth of the pile. As in 
the subgrade reaction approach, the p-y curves in Fig. 4 imply that behavior 
of soil at a particular depth is independent of the behavior at other depths. 
Design procedures for constructing p-y curves based on the results of field 
measurements on full-size instrumented piles have been developed by Matlock 
[13] for saturated soft clay, and other cases have subsequently been treated by 
Reese and his colleagues and are summarized by Reese and Welch [14]. 

VIEW A-A -EARTH PRESSURE 
DISTRIBUTION AETER LATERAL 
LOADING 

FIG. 3—Graphical definition of p and y [14|. 
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i 

} 

Y X = X , 

X = X , 

X = X , 

X = X , 

FIG. 4—Possible famiiy of p-y curves. 

Conclusion 

A study of the above analysis techniques applied to helical anchor piles 
proved that their approachs, while each having its own merit, could not pro­
vide acceptable lateral-load capacity predictions and still be relatively simple 
to apply. The use of more sophisticated models (that is, p-y curve approach) 
would require relatively sophisticated soil data not normally developed for 
tower foundations. Therefore further study was needed to define a lateral-load 
capacity model. 

Proposed Model for Lateral-Load Capacity 

The model used to estimate the lateral-load versus deflection behavior of 
the anchor-soil system must yield information on the following points: 

(1) lateral load for a given deflection (usually 2.5 cm), 
(2) maximum moment induced in the anchor shaft (for checking structural 

design of the shaft), and 
(3) the computed capacities from the proposed model should be within ac­

ceptable limits of geotechnical profession, that is, the computed values should 
be in reasonable agreement with observed lateral-load test results. 
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Available Test Data 

Field Test 

The lateral-load test data on helical anchors are very limited. The only avail­
able field data at the time of this study (1981) were 

(1) tests conducted by A. B. Chance Co., namely, (a) full-scale test in clay 
in Houston, TX and (b) Georgia power plant tests that may be considered as 
predominantly sandy soil and 

(2) tests conducted by Ontario Hydro, namely, (a) test at ESSA site in sand 
[15] and (b) test in stiff fissured clay [16], 

The only available data (as of 1981) are on the head deflection versus lateral 
load except for the Houston test. Data on variation of soil properties with 
depth are also not available. There is thus no data on sand giving information 
on variation of moment with depth or on maximum moment, which might 
have been resisted by the anchor because of the applied horizontal loads. 

The Houston test consisted of installing a fully instrumented helical anchor 
pile to a depth of 9 m (30 ft) in Houston clay. The pile was then loaded in a 
variety of lateral load-axial load configurations, and the corresponding defor­
mation and moment profile of the pile were recorded. In addition, a complete 
subsurface soil investigation was carried out to define the soil properties. 

Model Tests 

Model tests were conducted on V4-scale models of single-helix, two-helix, 
and three-helix anchors to obtain information on the variation of moment ver­
sus depth in the pile installed in a sand (Fig. 5). The helix pitch was the same 
as the prototype anchors. 

Tests were conducted in a circular tank 56 cm in internal diameter and 
175 cm in height. Tests were conducted using a well-graded dry medium sand 
(SW), which was deposited in the tank in layers and compacted using a me­
chanical vibrator. The density of soil in the tank was maintained uniform and 
was measured at every 23 cm by taking out specimens in metallic cans of 
known volume placed in position beforehand. The density of sand during the 
tests was ±78 N/m^ (113 pcf), corresponding to a relative density of 85%. 
The value of the angle of internal friction at this density is 42° (as measured by 
dramed triaxial shear strength tests). 

The anchors were instrumented at their third points using strain gages. The 
calibration of the gages was done before placing the anchor in position. Cali­
bration was checked before and after each test. 

Anchors were installed in position by applying torque at the end of an ex­
tension rod simulating the process used in installing the prototype anchors in 
the field. The torque during installation was recorded. 
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FIG. 5—'A-scale model used in tests. 

The tests were conducted by applying static horizontal load at ground level 
in increments. Observations were recorded on deflection at ground level (us­
ing mechanical dial gages) and the output of the strain gages for each load in­
crement. Observations were recorded when there was no further increase in 
lateral deflection corresponding to the applied load. 

From the model, test data plots were made at ground level of deformation 
versus the applied load. Figure 6 gives typical load-deflection data, and Fig­
ure 7 shows the typical variation of moment with depth. 

From the lateral deflection- versus lateral-load test data the lateral-deflec­
tion behavior of model anchors tested revealed an interesting fact. The ulti­
mate lateral-load capacities of all models were practically the same. Slight 
variations may be due to variations in placement density and disturbance of 
soil during installation of anchor. The lateral-load capacity of the anchors is 
thus governed mainly by the interaction between the soil and the extension 
rod. The contribution of the helices is not significant. This was also observed 
from the data obtained during the Houston test. This may be expected to hold 
for all such cases where the length of extension from ground level to top helix 
is adequate and meets the criterion for a long pile. 
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FIG. d—Lateral-load versus lateral deflection, one-helix anchor. H/D = 12. 
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FIG. 7—Bending moment diagram for single-helix anchor. H/D = 6.8. 

Recommended Model for Lateral Capacity 

In selecting any mathematical relation of a general nature, maximum con­
sideration is given to field test data. Because of the limited nature of available 
data and lack of information on variation of soil properties with depth for the 
field tests, (except for the Houston test) the choice in selecting an appropriate 
mathematical model has been restricted. A working model has been developed 
for the case of sands and clays based on the following criteria. The model com­
putes deflections at ground level caused by a horizontal force applied at that 
level. If the force P acts above ground level at a height A, it may be replaced by 
a force P and a moment M = Ph acting at ground level. Any other moments 
that may be transmitted by the structure should also be added to M. 

Equations 3 and 6 were modified to yield lateral deflections at ultimate loads 
as determined from the test data in sands and clay. It was observed that Eq 10 
gives reasonable values of deflection for loads higher than a threshold value 
above which behavior becomes nonlinear. 

y = C^ [Ay (PT^/EI) + By {MT^/EI) (for sands) (10a) 

y = CMyiPR^/EI) + ByiMRyEI) (forclays) (10b) 
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The coefficients Ay and By in Eqs 10a and b may be obtained from Matlock and 
Reese [5,6] for cohesionless soils and from Davisson and Gill [7] for clays. The 
coefficient C„ was determined (to be approximately equal to 3.0) by correlation 
with the observed behavior. This threshold value is a load P]/3 where Pj is the 
computed load for 2.54 cm (1 in.) of lateral deflection. 

Comparison with Observed Test Data 

Deflection at ground level was computed for the case of anchors in sand for 
the model tests and for the Georgia (A.B. Chance) and ESS A test (Ontario 
Hydro). Computed and observed values of lateral load for 2.54-cm (1-in.) de­
flection are compared in Table 1. It should be noted, that 2.54-cm (1 in.) was 
used as a maximum lateral-deflection criterion to conform with superstructure 
design limitations. It may be observed from Figs. 8 through 10 that the com­
puted value of lateral load for 2.54-cm (1-in.) deflection using the proposed 
model is in close agreement with the observed values for the model test 
(-PobsZ-Pcomp < 1-4). The computed results are somewhat conservative when 
compared to the Georgia Power field test data (Fig. 10) (/'compZ-Pobs — 2.0). 
This is probably because of inherent variability of the soil conditions at the site 
compared to that of the laboratory soil. For the model tests, the maximum mo­
ment was also computed and compared in Table 2. No field data on maximum 
moments are available to permit a comparison. 

Similarly the deflections at ground level for the case of clays were computed 
for the Houston test, and the test on HS-11 and PIFA anchors in fissured clay 
by Ontario Hydro. The comparison of observed and computed values is shown 
in Figs. 11 and 12. The computed and observed loads for 2.54-cm (1-in.) de­
flection are compared in Table 3. Maximum moments for the Houston tests 
are compared in Table 4. 

The model for lateral-load capacity of helical anchors as described earlier 
makes an acceptably close prediction of lateral-load capacity for 2.54-cm 
(1-in.) deflection as compared to observed values. In addition the errors are 
generally on the conservative side. The depth of the extension must be suffi­
cient to ensure its behavior as a long pile. The length of extension should be 4 
to 5T or 4 to 5R minimum. 

Snnunary and Conclusions 

The determination of lateral-load capacity of helical anchors is a difficult 
problem because of the scarcity of field data with which to compare theoretical 
calculations. In an effort to improve this condition a limited model test pro­
gram was conducted. From an analysis of these and available field test results, 
a mathematical model was developed and used to predict anchor head deflec­
tion under a given set of lateral loads and moments. 
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FIG. 8—Lateral load versus lateral deflection, two-helix anchor, H/D = 15. 
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FIG. 9—Lateral load versus lateral deflection, three-helix anchor, H/D = 11.07. 
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FIG. 11—Lateral load versus lateral deflection. 
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multiple-helix anchor (stiff fissured clay Ontario Hydro). 

Based on the result of this work the following conclusions may be made. 

1. Helical anchor pile can develop significant resistance to lateral loads. 
2. The lateral-load versus deformation behavior of a helical anchor pile is 

controlled almost exclusively by the extension shaft for depths greater than 
three to five times the critical relative stiffness factor R or T. 

3. The lateral-load capacity may be estimated using procedures similar to 
that developed for slender laterally loaded piles but modified to take into ac­
count the installation method (augering) used. 
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ABSTRACT: A lateral-load test was conducted at an offshore site on two 1.22-m-diameter 
drilled shafts penetrating through 13.1 m of dense sand overlying clay. The lateral-load 
test was conducted by pulling the two shafts toward each other under a specified lateral 
load and then relaxing the load to zero. This procedure was repeated for 40 cycles at each 
load level. With each load increase the application sequence was repeated to a maximum 
lateral load of 500 kN. Throughout the test, measurements were made of deflection and 
slope at the top of the shaft, and measurements of slope along the length of the shaft were 
obtained using a slope inclinometer. 

A computer model was used to predict the behavior of a drilled shaft under the test con­
ditions, and computed results were compared with measured results. At a lateral load of 
500 kN, values of deflection were computed to be 20 to 30% less than measured. 

KEY WORDS: lateral loads, sands, driJled .shafts, drilled piers, full-scale test, cyclic 
loading, offshore 

On 12 Nov. 1981, a lateral-load test was performed on two drilled shafts in 
Tampa Bay, Fla. The two drilled shafts measured 1.22 m (48 in.) in diameter 
and approximately 22 m (73 ft) in length. The soil profile consisted of about 
13 m (43 ft) of fine sand over stiff clay. The water depth was approximately 
4.6 m (15 ft). 

Instrumentation included a load cell, dial gages to measure horizontal de­
flection, and an electronic slope indicator to measure the inclination of each 
test shaft at various points along the length. 

The loading sequence consisted of first applying a static load and then 40 

'Graduate research assistant and The Nasser I. Al Rashid chair, respectively. University of 
Texas at Austin, Crockrell Hall 6.2, Austin, Tex. 78712. 

214 

Copyright® 1984 by AS TM International www.astm.org 

 



LONG AND REESE ON TWO OFFSHORE DRILLED SHAFTS 215 

repetitions of the same load, after which a larger load was applied and the 
cyclic loads repeated. Readings were taken after 1, 2, 5, 10, 20, and 40 cycles. 

Upon completion of the load test, results of the load test were analyzed and 
compared with predictions obtained by a semi-empirical method [1] commonly 
used for estimatmg the response of laterally loaded piles. 

Site Chai-acteristics 

The ground surface at the lateral-load test site, performed in Tampa Bay 
off the coast of Florida, lies 4.6 m (15 ft) below mean sea level. The soil pro­
file, shown in Fig. 1, consisted of approximately 8.5 m (28 ft) of dense sand 
with shells overlying 4.6 m (15 ft) of silty and clayey sand underlain by a stiff 
clay. The strength parameters, also shown in Fig. 1, are based on results of 
blow counts and other field tests. 

Construction o{ Test Shafts 

For each test shaft, a 17.4 m (57 ft) long steel casing was vibrated into the 
ground to a depth of 11.3 m (37 ft). The top of the drilled shafts were approxi-
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mately 1.5 m (5 ft) above mean sea level. The steel casing had an outside dia­
meter of 122 cm (48 in.) and an average wall thickness of 12.7 m (0.5 in.). 
After the steel casing was in place, a hole was angered to increase the depth of 
the shaft to 15.5 m (51 ft) below the ground line, a steel reinforcing cage 91 cm 
(36 in.) in diameter and consisting of 16 Number 11 bars was inserted into the 
casing, and concrete was placed m the shaft by use of a tremie. The slump of 
the concrete was measured to be 203.2 mm (8 in.) with an average eight-day 
compressive strength of 25.0 MPa (3630 psi). 

The distance between the centerlines of the two shafts was 6.1m (20 ft); the 
shafts were vertical. 

Testing Arrangement 

A plan view and a side view of the testing arrangement are shown in Figs. 2 
and 3. During testing, loads were measured with an electronic load cell, de­
flections were measured with dial gages, and the slope along the length of the 
shaft was measured with a slope indicator. The reliability of each of these 
measurements was occasionally checked and confirmed using independent 
measuring devices. 

Application and Measurement of Load 

Lateral loads were applied to the two shafts by using hydraulic jacks and a 
long dywidag bar as shown in Fig. 2. Approximately 61 cm (2 ft) below the top 
of each shaft was a horizontal hole passing through the center of the shafts 
and aligned longitudinally with the centerline of the other shaft. The dywidag 
bar was passed through these holes and placed so that a specific length of 
dywidag bar extended beyond the casing of each shaft. On the east end, the 
dyvddag bar was placed through a loading yoke (to distribute the load to a 
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. Dywidag i)lati; 
i i t e r -hu le ;, 
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FIG. 2—Top view of testing arrangement. 
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FIG. 3—Side view of testing arrangement. 

larger area) and a dywidag plate and nut. On the west end, the dywidag bar 
was placed through the loading yoke, followed by a 996-kN (200-kip) load 
cell. After the load cell a hydraulic center-hole jack followed, and at the end of 
the dywidag bar was placed a dywidag plate and nut. With this testing ar­
rangement, as the center-hole jack extended, the two shafts would be pulled 
together. 

In addition to measurements made with the load cell, occasional measure­
ments of hydraulic fluid pressure in the jack were recorded. Because the hy­
draulic jack was calibrated before the load test was performed, an indepen­
dent check on the reliability of the load measurement was available. 

Measurement of Deflection 

Two independent methods were used for determining the lateral deflection 
of the two shafts. The first method was to measure deflection of the top of the 
shaft with dial gages. As shown schematically in Fig. 3, the dial gages were 
fixed to a reference beam that was anchored independently of the two shafts. 
If the deflections of the two shafts exceeded the range of the dial gage, 
calibrated spacers were inserted between shaft and the dial gage to allow the 
displacement to be obtained. 

The second method of measuring displacement made use of a surveyor's 
transit and a tape measure. The surveyor's transit was anchored approximately 
12 m (40 ft) from the two test shafts. A mark on the east shaft was etched and 
the transit cross hairs were sighted on this mark. During the lateral-load test, 
occasional optical measurements were made by notmg how much the east 
shaft moved. Simultaneously, the distance between the two shafts was mea­
sured, thus allowing for an independent measurement of horizontal deflection 
for both drilled shafts. 
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Measurements of Slope 

Two independent systems were used for measuring the slope of the two 
drilled shafts during the testing program. The first method involved the use of 
a slope inclinometer. This device (Digitilt® Inclinometer, Model 50306) is ap­
proximately 91 cm (3 ft) in length and designed to travel within guide casing 
along the length of the drilled shaft. 

The second method, limited to measuring the slope at the top of the shaft 
only, involved the use of a 61-cm (2-ft) long bar, a bubble level, a pivot post, 
and a micrometer, shown schematically in Fig. 3. As the top of the shaft dis­
placed and rotated, the micrometer was adjusted until the bubble level was 
centered. By knowing both the original and new position of the micrometer, 
the slope at the top of the shaft could be computed and checked with the slopes 
indicated by the slope inclinometer readings. 

Loading Sequence 

The two test shafts were loaded by first applying a static load long enough to 
obtain measurements of deflection, then releasing the load to zero, and load­
ing back to the previous load. This "cycling" of the load was repeated 40 times 
for each load level. Measurements of deflection with dial gages were taken at 
1, 2, 5, 10, 20, and 40 cycles. Measurements using the slope inclinometer, 
bubble level, and surveyor's transit were made on the last cycle of load. The 
magnitudes of lateral loads were applied in the following sequence: 50, 100, 
150, 200, 250, 300, 400, and 500 kN. 

The rate of loading of the test shafts was governed by the rate at which an 
electric pump could force fluid into the jack. At the beginning of the load test, 
when loads and deflections were small, each cycle of loading required about 
30 s; however, at the end of the loading test, when loads and deformations 
were largest, each cycle of loading required approximately 2 min. 

Results of Testing 

Load Versus Deflection 

Shown in Figs. 4 and 5 are curves showing load versus deflection measured 
for the two shafts. The deflection was measured at a point near the top of the 
shaft. Values are shown for cycles 1, 2, 5, 10, 20, and 40. Two values of deflec­
tion are given for the 40th cycle. The first value represents the amount of de­
flection immediately after application of the 40th cycle, and the second value 
is the deflection after slope indicator readings were completed. The elapsed 
time between the initial and final measurement of deflection on the 40th cycle 
was typically between 30 min and 1 h. 

Although it has been mentioned that the two test shafts were constructed in 
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an identical manner, it is obvious that the two shafts did not behave identically. 
At a lateral load of 498 kN (50 tons), the maximum lateral deflection at the 
top of the west shaft was measured to be 146 mm (5.76 in.), whereas the maxi­
mum deflection of the east shaft was measured to be 178 mm (7.(X) in.). Dur­
ing unloading, permanent lateral displacements of 60.4 and 72.6 mm (2.38 
and 2.86 in.) were measured for the west and east shafts, respectively. 

Load Versus Slope 

Shown in Fig. 6 is the measured relationship between the lateral load and 
the slope of the top of both test shafts. The data represent values of slope re­
corded at the end of the 40th cycle of each load. The lines plotting both rela­
tionships possess the same general shape; however, the west shaft had a max­
imum slope of only 0.0140 cm/cm whereas the east test shaft had a maximum 
slope measuring 0.0169 cm/cm. 

Inclinometer Measurements 

Shown in Figs. 7 and 8 are the results of inclinometer measurements for the 
west and east shafts, respectively. These data were recorded while the load for 
the 40th cycle was held constant. Additionally, these data represent changes 
in slope with respect to the original configuration of each test shaft. 

As shown in Figs. 7 and 8, no significant change in slope was measured near 
the bottom of each shaft. 

too 
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FIG. 6—Load versus slope relationship measured at top of both shafts. 
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Comparison of Measured Results with Analytical Results 

One of the purposes of conducting a lateral-load test is to obtain experience 
in determining how well current numerical models predict behavior measured 
in a field test. The numerical model investigated in this study uses a beam-on-
foundation approach. The resistance provided by the soil along the length of 
the shaft is modelled with nonlinear mechanisms. The specific relationship 
between force and deflection for these mechanisms, calledp-j' curves, is based 
upon both soil and pile properties. The p-y curves are calculated using semi-
empirical equations. A more detailed description of the model has been pre­
sented by Reese et al [/]. 

This semi-empirical method of analysis was selected because of the follow­
ing reasons: 
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(1) the method is based on results from full-scale lateral-load tests [2], 
(2) the method suggests well-defined guidelines to account for both static 

and repetitive loading, and 
(3) the method has been used successfully to predict behavior of piles at 

other sites [J]. 

In order to perform an analysis with the model mentioned above, properties 
of the soil and structural member must be provided. The soil properties used 
in the analysis are given in Fig. 1. The strength properties of the sand and clay 
were determined from field tests; however, the values of subgrade modulus k 
were selected based on recommendations made by Reese and Sullivan [4]. 

The bending properties of the two test shafts were determined experimen-
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FIG. &—Results of slope indicator measurements for east shaft. 
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tally using measurements recorded during the load test. The values of bend­
ing stiffness EI of each test shaft was determined at a lateral load of 498 kN 
(50 tons). Assuming the moment to be increasing linearly with depth between 
the point of load application and the top of the ground surface, the moment at 
the ground surface was calculated. Then, values of slope versus depth ob­
tained from inclinometer readings were entered into a computer and a seventh-
order least-squares polynomial was fitted through the data. Differentiation 
was used to obtain a relationship for cun'aturc versus depth. Values of mo­
ment and curvature at the ground surface were then used to compute values of 
EI. These values were determined to be 2.87 X 10*' and 2.64 X 10̂  kPa (1.0 X 
10'^ and 0.92 X 10'^ psi) for the west and east shafts, respectively. Addition­
ally, using the results from the slope indicator, values of EI were computed a 
second way by assuming each test shaft to act as a cantilever beam between 
the point of load application and the ground surface. A value oi EI that cor­
responds to the change in slope measured along the length of the shaft was 
calculated to be 4.19 X 10*" and 2.72 kPa for the west and east shafts, respec­
tively. However, in deriving the value of EI with the second method, the data 
were scattered, and consequently, the values of EI are considered to be less 
reliable than values obtained from the first method described. These values 
were compared with values of EI obtained from a computer program that 
models the nonlinear behavior of the reinforced-concrete section. The values 
of £"/were calculated to be 3.03 X 10̂  kPa when subjected to zero moment, 
and 2.97 X 10* kPa when subjected to a moment of 4320 kN • m (approxi­
mately equal to the maximum moment within the shaft). 

The values of EI that seem most appropriate are the values obtained from 
the seventh-order least-squares polynomial fitted through the slope indicator 
data. These values were found to be in reasonable agreement with values pre­
dicted from the computer program, and very similar values of EI were calcu­
lated when a sixth- and eighth-order polynomial was fitted through the data. 

Using the parameters described above, numerical analyses of the lateral-
load test were conducted. Shown in Figs. 9 and 10 are the predicted and mea­
sured values of load versus deflection for the top of the west and east shafts, 
respectively. Deflections were calculated for the case of static and repetitive 
loading and are shown in each figure to illustrate the increase in deflection 
resulting from cyclic loading as predicted by the model. For most load levels, 
predicted values of the lateral displacement of both test shafts are shown to be 
less than their measured values. At a lateral load of 498 kN, computed values 
of deflection were found to be 20 and 30% less than measured for the west and 
east shafts, respectively. In addition, the increased deflection resulting from 
cyclic loading is predicted to be less than that measured for the two test shafts. 

Shown in Fig. 11 is a plot of computed and measured values of the maxi­
mum moment versus lateral load. At a lateral load of 489 kN, values of maxi­
mum moment in the shaft were computed to be between 4 and 14% less than 
measured. Predicted values of maximum moment were obtained using the soil 
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FIG, 11—Computed and measured relationship between horizontal load and maximum bend­
ing moment. 

and pile parameters discussed previously, whereas the measured values of 
maximum moment were calculated from slope measurements recorded dur­
ing the lateral-load test. Values of slope versus depth were recorded and a 
least-squares seventh-order polynomial was fitted through the data. Moments 
in the test shaft were obtained by differentiating the slope and multiplying by 
the EI. Data on which the measured moments are based were taken on the 
40th cycle of loading. 

In Figs. 9 through 11, it may be seen that at large values of lateral load (498 
kN), values of deflection and moment were computed to be less than measured 
values. The possible reasons for the lack of close agreement between predicted 
and measured values are discussed in the following section. 

Parametric Effects 

The behavior of a laterally loaded shaft is largely dependent on the proper­
ties of the shaft and the properties of the upper soil layers. Therefore, a param­
etric study was conducted by varying the value of the flexural rigidity EI of the 
shaft, and by varying the value of angle of internal friction <j) of all the sand 
layers. 

In the parametric study where various values of EI of the shaft were used, it 
was found that decreasing the value of £7 to 1.95 X 10̂  kPa (0.68 X 10'̂  psi) 
allowed the computed deflection to be within ± 10% of the measured deflec-
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tion of both shafts. Shown in Fig. 12 is the computed relationship between de­
flection and EI at a horizontal load of 498 kN (50 tons). The calculated deflec­
tions are shown to be sensitive to EI, and the discrepancy between measured 
and computed relationships of load and deflection could be minimized by a 
32% reduction in the value EI. All of the three methods used to calculate the 
value of EI of the test shafts were reviewed, and it seemed unlikely that such a 
reduction in the value of EI was justified. However, a 10% reduction in the 
value of EI was allowed for the purpose of this study. Therefore, a value of 
2.47 X 10*' kPa (0.86 psi) was used for EI in the parametric study. 

In order to investigate the sensitivity of the predicted deflections as a func­
tion of the soil strength, computations were performed assuming various values 
of the angle of internal friction 0 in the sand layers. Shown in Fig. 13 are the 
computed values of deflection as the values of <t) in the sand were decreased. 
Values of </> were reduced by approximately 3° in order to obtain agreement 
between measured and computed values of deflection for the west shaft; 
however, reductions in 0 required to match deflections of the east shaft were 
determined to be too excessive. Therefore, a decrease in the angle of internal 
friction would allow better agreement between measured and computed values 
of deflection; however, the difference cannot be explained in terms of 0 alone. 

Other parameters, such as the effective unit weight, subgrade modulus, or 
properties of the clay underiying the sand, were determined to have little ef­
fect on the computed behavior of the shaft. 

At this point, differences between the characteristics of the load test per­
formed in this investigation and the characteristics of the load test on which 
the analytical model is based are considered. Some of these differences can be 
identified easily. For instance, the cyclic loads were applied in one direction 
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FIG. 12—Variation in horizontal deflection with flexural stiffness. 

 



LONG AND REESE ON TWO OFFSHORE DRILLED SHAFTS 227 

20 

!• ^ 

feS .. 

55 

; 

_ 

— 

-

- I — —r- -r 

MtASURED DEFLECTION 
EAST SHAFT 

MEASURED OEFILCMON 
* E S T SHAFT ^ _ _ . ^ — 

1 I 1 

1 

-

. 

• 

-

0 -I -2 - J -4 -5 

REDUCTION IN ^ OF SAND LAYERS, 4*9rMt 

FIG. 13—Variation of horizontal deflection of shaft with decreasing <t>. 

only during this lateral-load test; however, in the lateral-load tests in Mustang 
Island [/], the cyclic loads were applied first in one direction, and then in the 
opposite direction with a smaller magnitude of load. Other differences include 
the size of the shaft (1.22 m) as opposed to the pile (0.61 m) at Mustang Island, 
the method of installation (vibrated casing as opposed to pile driving), and 
specific characteristics of the sand (grain size, angularity, mineral composi­
tion, and so forth). 

Although these differences in characteristics may be easy to identify, it is 
difficult to assess the quantitative effect these differences have on the behavior 
of the test shaft. Therefore, performing lateral-load tests seems to be a neces­
sary element in providing a basis for determining if the current semianalytical 
model correctly predicts lateral behavior of the shaft. 

Sammary and Conclusions 

An offshore lateral-load test was performed on two drilled shafts 1.22 m in 
diameter. Values of deflection at the end of the 40th cycle of load application 
were compared with values of deflection computed using a semi-empirical 
model. Predicted values of deflection were found to be 21 to 30% less than 
measured values of deflection; however, values of maximum bending moment 
calculated with the model were found to be between 4 and 14% less than mea­
sured. Although several differences exist between the characteristics of the 
load test performed in this investigation, and the load test in which the semi-
analytical model is based, the predicted values of maximum moment and hor­
izontal deflection were in reasonable agreement with measured values. 
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ABSTRACT; The nonlinear subgrade reaction method is widely used for the design of 
laterally loaded piles. This method replaces the soil reaction with a series of independent 
springs. The nonlinear behavior of the soil springs is represented by P-y curves, which re­
late soil reaction and pile deflection at points along the pile length. Most of the existing 
methods for obtaining P-y curves are highly empirical. Often little account is taken of the 
method of pile installation. The pressuremeter offers an almost ideal in-situ modelling tool 
for determining directly the P-y curves for a pile. As the pressuremeter can either be driven 
or self-bored into the soil, the results can be used to model either a displacement or a non-
displacement pile. 

The driven pressuremeter used in the study described in this paper was essentially a stan­
dard pressuremeter with a solid 60° cone shoe at the tip. The instrument was pushed into 
the soil. This paper provides a detailed description of the equipment, testing procedures, 
and the theory that enables the family of P-y curves for laterally loaded displacement piles 
to be obtained. A case study, using the driven pressuremeter results to predict and compare 
the performance of two full-scale field lateral pile load tests, is presented. 

KEY WORDS; design, piles, in situ, pressuremeter, lateral loading 

The nonlinear subgrade reaction method is widely used for the design of lat­
erally loaded piles. This method replaces the soil reaction with a series of in­
dependent springs. The nonlinear behavior of the soil springs is represented by 
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P-y curves, which relate soil reaction and pile deflection at points along the pile 
length. Most of the existing methods for obtaining P-y curves are highly empir­
ical. Often little account is taken of the method of pile installation and the in­
fluence that this may have on soil behavior. The pressuremeter, however, offers 
the potential to measure the soil reaction in situ under similar loading condi­
tions. The pressuremeter can also be installed to simulate the disturbance to 
soil during pile installation. 

This paper describes a case study where a driven pressuremeter was used to 
predict the results of two full-scale lateral-load tests on displacement piles 
driven in soft peat and clay. 

Test Site 

The test site is located in a low-lying area southwest of Bumaby Mountain in 
Greater Vancouver, B.C. 

A summary of the soil profile based on sampling, laboratory testing, and 
static cone penetration testing (CPT) is shown in Fig. 1. A 1.2-m-thick loose 
gravelly sand-fill covers the site. The surface fill is underlain by about 1.8 m of 
very soft peat with interbedded silt and sand layers. The peat is underlain by 
about 2.7 m of a soft medium plastic clayey silt. The silt is underlain by a dense 
glacial till. Groundwater is close to the original ground surface. 

Lateral-Load Tests 

The test piles were 30-cm^ (12-in.^) precast concrete piles reinforced with 
four 2.5-cm (1-in.) diameter longitudinal steel bars and 1-cm (%-in.) diame­
ter lateral steel ties. The concrete had a minimum unconfined compressive 
strength of 41 MPa (6000 psi) before installation. The calculated flexural ri­
gidity or stiffness of the concrete pile (EI) is 8.61 MN • m^ (3 X 10^ lb • in.-^). 

To avoid tensile cracks during driving, the piles were driven with a 2.7-Mg 
(6000-lb) drop hammer falling 30 cm (12 in.) when the pile end was penetrating 
through loose and soft soils, and 90 cm (36 in.) when the pile end was in glacial 
till. The pile penetration resistance diagrams of the four test piles are shown in 
Fig. 2. 

The lateral-load tests were carried out in general accordance with ASTM 
Testing Piles Under Lateral Loads (D 3966-81) by jacking apart two free-
headed piles installed about 1.52 m (5 ft) apart and measuring their horizontal 
deflections. A 1200-kN (135-ton) capacity calibrated hydraulic jack was used 
for applying the test loads. Maximum 5-cm (2 in.) dial gages referenced to 6 m 
(20 ft) long suspended I-beams were used for measuring lateral-pile deflec­
tions. 

Load Test 1 was performed on Piles 36 and 37 with the load applied at the 
existing ground surface with approximately 1 m of loose gravelly sand around 
the pile heads. Load Test 2 was performed on Piles 41 and 42 with the load ap-
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FIG. 2—Summary of pile penetration diagrams. 

plied at the bottom of a 1-m-deep excavation (that is, at the original ground 
surface). Load Test 2 was performed to assess the influence of the surface fill 
on the lateral displacement characteristics of the piles. 

For both load tests, the lateral load was applied in mcrements and was cycled 
through zero at different stages during the loading sequence. After the maxi­
mum test load was reached, the unloadmg was completed in steps. 

After the mitial loading cycle to 28 kN (6.29 kips) in Load Test 2, the test 
piles were subjected to 100 repetitive unloadmg-loading cycles to 28 kN (6.29 
kips) before the test proceeded to the next higher load increment. 

Each loading step was maintained for 1 to 2 min until movement was ob­
served to be negligible. The repetitive loads were maintained for 15 to 30 s only. 

The schematic lateral-load test setup and the nieasured load versus deflec­
tion plots of the test piles are shown in Fig. 3. 

It is interesting to note that in both load tests, the pile adjacent to the jack 
deflected slightly more than the other pile, which was adjacent to the steel strut 
or spacer. This observed phenomenon could not be explained by the pile pene­
tration resistances. It could be that friction between the steel plates/steel 
struts and the ground surface resulted in smaller loads transferred to the pile 
adjacent to the steel strut. 

Detennfaiation of the P-y Carres 

The evaluation of the P-y curves was from the results of pressuremeter tests. 
However, the pressuremeter was not installed in the usual manner, that is, in a 
predrilled hole; it was pushed into the ground using a vehicle designed for con­
ducting cone soundings. With this technique, the initial disturbance about the 
pressuremeter may be very similar to the disturbance about a driven pile. 

The pressuremeter was a standard self-boring pressuremeter with a solid 
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60° cone shoe at the tip. A schematic of the pressuremeter used during this 
study is shown in Fig. 4. The instrument was 76 mm in diameter with a length 
to diameter ratio for the membrane section of six. The lateral displacements of 
the central portion of the expanding membrane were measured electrically. A 
conventional Menard type pressuremeter in which the displacements are mea­
sured by volume changes would have been satisfactory. 

A total of eleven pressure expansion tests were performed at about 0.5-m 
intervals. The total time for these tests was approximately 5 h. 

Development of the P-y Carves 

In the previous section, it was hypothesized that the initial displacement in­
duced in the soil surrounding a driven pressuremeter faithfully represents the 
displacements in the soil surrounding a driven displacement pile. 

During the subsequent pressuremeter test, the soil deforms in a simple ra­
dial direction, whereas the displacements in the soil surrounding a laterally 
loaded pile are far more complex as the soil moves away from the front face of 
the pile and in towards the back face. However, it could be expected that the 
soil in the center region of the pile (A-B) in Fig. 5a would deform in a similar 
manner to that about a pressuremeter. Therefore, it would seem reasonable to 
suppose that the geometric form of the pressure expansion curve obtained 
from the pressuremeter would be similar to the load displacement P-y curves 
for the soil acting on the front face of the pile. 

If Curve PQAPI in Fig. 5Z» represented a typical test from a self-boring pres­
suremeter in which the probe was inserted into the soil with no disturbance 
(that is, a model of a nondisplacement caisson pile) where PQ is the initial stress, 
and Pi is the limiting stress then the geometric form of the P-y curve would be 
given by PQAPI, that is, the origin for the pressure would be moved to PQ (as 
shown in Fig. 5c). 

The limiting pressure at which indefinite expansion occurs for the pressure­
meter test Pi — PQ and the limiting pressure required to push a pile sideways 
through the soil are different. 

If the section of the pile considered is at some distance remote from the sur­
face, that is, at a depth greater than about four-pile diameters, then the limit­
ing lateral resistance is approximately 9 c„, where c„ is the undrained shear 
strength [1,2]. Whereas in the case of the pressuremeter, the limiting pressure 
Pi — PQ is approximately 5 c„. 

Therefore, for nondisplacement piles in which the initial stress on the pile is 
the same as the initial stress in the ground, the pressuremeter curves obtained 
from self-boring pressuremeters have to be increased by about two to give the 
correct curves from which the P-y curves can be constructed. However, for 
driven displacement piles, the above simple procedure has to be adjusted 
slightly. 

It has been observed that the limiting pressure Pi in a pressuremeter test is 
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FIG. 5—Schematic showing development of P-y curves from pressuremeter data. 

almost independent of the method of installation of the probe. However, the 
initial stress before expansion is dependent on the method of insertion. The re­
sult of an idealized pushed-in pressuremeter curve is given by BCPi in Fig. 5b. 
The initial stress on the probe, Point B, is above the in-situ lateral stress PQ. If 
it is assumed that the shape of the P-y curve follows the pressuremeter curves, 
then they must be magnified further, such that the limiting pressure still 
equals 9 c„. 

In the following field example, the values of c^ used to evaluate the multipli­
cation factors have been determined from the limiting pressures observed in 
the pressuremeter tests and the calculated in-situ stresses PQ using the follow­
ing formula 

c„ = (Px--Po)/5 

The P-y curves required for the analysis are in units of force per unit length P 
and displacement y whereas the pressuremeter curves are in units of stress o> 
and circumferential strain {AR)/R, where R is the initial radius of the probe. 
Thus, to convert the pressuremeter stress to force per unit length, the stress 
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data are multiplied by the pile width (that is, 30 cm). The pressuremeter strain 
data are multiplied by the pile half-width (that is, 15 cm) to obtain the dis­
placement)'. 

The evaluation of the P-y curves discussed above is for an element of the soil 
remote from the surface, that is, greater than about four pile diameters below 
ground surface. For points closer to the surface, the soil reaction is softer [2,3]. 
In the following analysis, the forces P developed by the above procedure have 
been halved for the evaluation of the P-y curves in the upper peat and fill. 

Figure 6 shows the location of the pressuremeter tests, and the location of 
the P-y curves used for the pile analysis. The analysis was completed using a 
computer program developed by Reese [4,S\ at the University of Texas. 

The first pressuremeter test (PMTI) performed at a depth of 0.5 m in the 
sand and gravel fill was not used since it showed a very stiff response. The stiff 
nature of the top 0.5 m of fill was believed to have been caused by compaction 
resulting from traffic loading along the access road. 

The resuhing load deflection curves, at the load pomt, are compared with 
the measured pile deflection in Fig. 7. 

Smnmaiy 

The pressuremeter data were used to provide data for the analysis of laterally 
loaded single displacement piles in soft peat and organic clay. The pressure-
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FIG. 1—Computed and measured load-deflection plots. 

meter was driven into the soil to model, as accurately as possible, the soil dis­
turbance during pile driving. The tests are relatively simple to perform and, if 
required, can be performed fast. The eleven tests reported in this paper were 
performed in a 5-h period. 

Although the tests discussed in this paper are limited, the agreement be­
tween the calculated and measured deflection is encouraging. Therefore the 
method proposed may have applicability in other situations. 
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PANEL DISCUSSION 

The panel discussion held on 22 June 1983 at the ASTM symposium on Lat­
erally Loaded Deep Foundations: Analysis and Performance sponsored by 
Committee D-18 on Soil and Rock was moderated by James A. Langer, Gan­
nett Fleming Geotechnical Engineers, Inc., Harrisburg, Pa. 17105, sympo­
sium chairman and coeditor. 

The members of the panel were 

• R. Pyke, Telegraph Avenue Geotechnical Associates, Berkeley, Calif. 
94705 

• K. Habibagahi, Gannett Fleming Geotechnical Engineers, Inc., Harris­
burg, Pa. 17105 

• R. L. Sogge, Desert Earth Engineering, Tucson, Ariz. 85705 
• S. Wright, University of Texas, Austin, Tex. 
• J.-L. Briaud, Texas A&M University, College Station, Tex. 
• M. Bierschwale, McClelland Engineers 
• K. Bhushan, Fluor Engineers, Inc., Irvine, Calif. 
• D. R. Gle, Bechtel Power Corporation, Ann Arbor, Mich. 48106. 
• L. D. Johnson, U.S. Army Engineer, Waterways Experiment Station, 

Vicksburg, Miss. 39180 
• M. Oakland, Purdue University, West Lafayette, Ind. 47907 
• S. Gleser, Cincinnati, Ohio 

Question to K. Bhushan—It appears that piles shown can be categorized as 
"stub" piles. What effect did this have on the pile resistance? 

Answer—The relative stiffness of the piers and soils was incorporated in the 
p-y curves to calculate the design parameters. The piles were considered to be 
intermediate in length versus diameter ratio. 

Question to M. Oakland—Was the possibility of tension in the elements be­
low the piers checked? Use of elastic elements could give tension whereas soil 
is poor in tension. 

Answer—It was checked to make sure that tension did not occur, and it was 
assumed that the piles were not moving sufficiently to develop tension. Later 
finite methods will incorporate the possibility of tension occurring. 

Question to Panel—Have any of the panelists used ASTM Testing Piles 
Under Lateral Loads (D 3%6)? If so, what are their comments? 

Answer—No one has referred to this procedure for lateral load tests. 
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Question to S. Wright—Was the analysis of the piles based on the assump­
tion that the tops of the piles were restrained? 

Answer—The analysis of the pile group documented in this paper was based 
on the tops of the piles being restrained. 

Question to S. Wright and/or Panel—Laterally loaded pile design is usually 
controlled by either (1) limiting displacement or (2) structural capacity. The 
latter is approached by considering the resulting moment in conjunction with 
other forces. If the p-y curve is nonlinear, the horizontal load-moment curve 
should also be nonlinear. Hence, when using ultimate strength methods to 
evaluate the structural adequacy, should the moment calculated, on the basis 
of service load, be multiplied by a load factor, or should the analysis be per­
formed with a factored load when using nonlinear p-^ curves? 

Answer (S. Wright)—There was a built-in load factor, in that the forces 
were conservatively based on a 100-year storm. 

Question to S. Gleser and Panel—What displacement (as a percent of pile 
diameter or width) is required to develop the ultimate/?-value? 

Answer (S. Gleser)—It is assumed that the question refers to the pile move­
ment at any point necessary to obtain a Hat p-y curve at that point; that is, the 
point at which the soil behaves as a plastic. In the analysis, it was assumed 
that the movement (referred to in the paper as YP) was independent of the 
width or depth. For straight face piles (square concrete or steel H-beams) the 
YP used was 3 mm (0.12 in.) and that used for circular pipe piles was 7.6 mm 
(0.3 in,). Since the computed behavior closely tracked the tested behavior of 
all 8 types of piles, the assumption appears to be valid. However, do not con­
fuse the YP at any depth with the actual deflection under test, since p will re­
main constant upon any deflection in excess of YP. 

Answer (K. Bhushan)—The fact that the soil is yielding near the ground 
surface does not mean that failure has occurred. There will be a progressive 
distribution of the lateral load deeper into the soil. 

Answer (J.-L. Briaud)—Use 20% of radius to determine where p-y curve 
is flat. 

Answer (others)—Maybe at a distortion of 1 to 2% of the pile diameter, de­
pending on the soil. 

Answer (R. Pyke)—The limiting lateral movements in offshore piles is often 
too low. Prefer using 5 to 10% of pile diameter as the limitation. 

Question to J. -L. Briaud and Panel—In compression piles, very low friction is 
transferred directly above the tip, because of arching caused by the tip bearing 
failure. Shouldn't this same behavior minimize side shear in lateral loading? 

Answer (J.-L. Briaud)—At ultimate load, friction represents 20 to 30% of 
the total, at working loads, it represents more than 50% of the resistance. 

Answer (S. Gleser)—There are differences between square and circular sec­
tion piles. Circular piles develop the pressures more quickly with movement, 
while square piles must form a cone of resistance in front of the force before 
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the full lateral resistance is developed. As pointed out in the paper, this is what 
is shown by the data reported in the paper by Alizadeh and Davisson and is in 
accordance with Boussinesq theory. 

Answer (J. -L. Briaud)—l cannot prove that Gleser is wrong, but experience is 
that a 101.6 mm (4-in.) H-pile performed almost identically with a 177.8-mm 
(7-in.) diameter pipe pile. 

Question to R. Pyke—The comparison of the 'TAGA' Curve and Matlock 
Curve showed considerably different ultimate p-values. Did this difference oc­
cur because of (1) a difference in the bearing capacity factors used, or (2) be­
cause of a difference in strength values? 

Answer—The paper only deals with the initial slope of p-y curves, and the 
full p-y curves that were shown in the presentation are very preliminary but 
serve as an example of how the work might be extended to nonlinear behavior. 
It is not certain why there is a difference in the ultimate capacities for clay that 
were shown. 

Question to M. Bierschwale—On the 25.4-mm (1-in.) model pilings, would 
full-size pilings react the same (because of size ratios to soil used)? 

Answer—The question on the magnitude of scale effects cannot be answered, 
but full-scale piles should exhibit the same type of characteristics as did the 
small piles in this testing. 

Question to M. Oakland—The proposed elastic finite-element analysis 
should calculate deformations. How are the benefits to the stability {F^) of the 
slope calculated? 

Answer—The procedure can determine the benefits on stability by (1) de­
termining the reduction of stresses on the potential shear surface by back cal­
culation and (2) by the reduction in strains on the potential slip surface. 

Question to Pane/—What method should be used to design timber piles 
with 40-ton vertical load and 5-ton horizontal load (that is, lateral deflection 
and ultimate lateral load). 

Answer (K. Bhushan)—The procedure depends on the soil and which 
method you want to believe in. /i^ must be compatible with the level of pile de­
flection occurring. 

Answer (J.-L. Briaud)—The p-y curve is not linear. It can be measured with 
the pressuremeter. More sophisticated analyses are warranted if the potential 
savings justify the cost of the work. The better the tests, the better the data on 
p-y curves. The pressuremeter is good, but a full-scale load test is best. 

Answer (From the Floor)—It should be remembered that Terzaghi in 1953 
indicated that the values of «A will be greater at small deflections. No specific 
value is gospel; it is only valid at the right level of strain. 

Question to J.-L. Briaud—What is the success in using a pressuremeter 
in sand? 

Answer—The pressuremeter tests are only as good as the borehole quality. 
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There are not many problems with this above the water table. Below the water 
table, a rotary drill should be used drilling very slowly (60 rpm); the mud flow 
should be slow enough not to cause disturbance, but fast enough to bring the 
debris up the hole; there should be axial injection of drilling mud; the rate of 
penetration should be slow. In effect, you are interested in the quality of the 
hole left behind. This is different from normal drilling practice, which is more 
interested in the soil about to be sampled. Drillers need training on this. If 
driven piles are to be used, it is possible to drive slotted casing and test within it. 

Question to J. -L. Briaud—How is the frontal friction issue handled for piles 
of circular cross section? 

Answer—The pressure on the front of a square pile is close to uniform at a 
specific level. For cu-cular piles, the distribution of the forces on the flat pro­
jection of the pile is zero at edge to one in the center. The total shape factor is 
0.75. Numbers for shape factors are given in paper. 

Question to Panel—What are the effects of soil disturbance on lateral load 
capacity? 

Answer IS. Gleser)—Alizadeh and Davisson show considerable effects of 
disturbance, especially from jetting. These can result in more than 30% re­
duction in resistance. This paper also indicates such effects when comparing 
406-mm (16-in.) concrete piles installed with and without jetting. 

Answer (J. -L. Briaud)—When using pressuremeter results, it is advisable to 
use the first loading for drilled piers and the reload cycle for driven piles. If 
piles are to be jetted, the construction procedure should be modeled in the 
pressuremeter drilling operation. In fact, the procedure of trying to duplicate 
the result of the construction procedure is a good one. 

Answer (K. Bhushan)—In performing load tests on piles driven in predrilled 
holes in stiff clays and those where the clay was recompacted around the piles, 
it was found that the former might deflect 3.2- to 6.4-mm ('/s to 'A-in.) be­
fore bearing on competent soil. After that, thep-3; curves of the piles had the 
same shape. 

Answer (S. Wr^ht}—There are a number of parameters pertaining to pil­
ing for offshore structures that can result in reduced k),, including pumping. 
Gaps can be developed around the top of the pile because of the cyclic loading. 
It is difficult and dangerous to generalize. 

Answer (K. Bhushan}—If you are usmg piles that have been predrilled be­
fore being driven, excavation and recompaction to a depth of three-pile diam­
eters can restore the full lateral capacity. 

Question to Panel—What computer programs are available to analyze lat­
eral loading? 

Answer (R. L. Sogge)—A structural linear-elastic type analysis as described 
in my paper can be performed. Civil Soft sells a good structural one for $450.00, 
and Generic Software has a good program. Sogge has one available for $120.00. 

Answer (S. Wright)—Com 624 is available from the University of Texas in 
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Austin. It costs $350.00 and comes in IBM and CDC Cyber version. Mike 
O'Neill's Pile Group program is available through him at the University of 
Houston and also possibly through Federal Highway Administration. 

Answer (S. Gleser)—As pointed out in the paper a Fortran H computer pro­
gram was developed to use the proposed equations in computing Tables la, 
lb, and Ic and is available. 

Question to Panel—Vfhat are the effects of pile spacing? 
Answer—You must be very careful about this. Some of Poulos's work would 

indicate that there can be group action effects at 20-pile diameter spacings. On 
the other hand, pile spacing for offshore structures may stop being important 
at 3- to 5-pile diameters where behavior in the ultimate highly nonlinear range 
is concerned. 

Question to Panel—What are the effects of the timing and sequence of ap­
plication of loads to lateral resistance? 

Answer (S. Gleser)—The load should be applied until the rate of movement 
reaches some minimal preselected limiting value. Repetitive loading can be a 
problem, especially where the soil has been strained into the plastic range. It 
will then leave a gap, which must be closed before resistance is provided by the 
soil in the next cycle. This is clearly pointed out in the paper. In the paper by 
Alizadeh and Davisson, the effects of multiple cycles are very graphically 
demonstrated. 

Answer (M. Bierschwale)—Testing of a rigid pile in stiff clay indicated sus­
tained load could double the deflection. In this case, short load durations were 
for days while long durations were for weeks. 

Answer (J.-L. Briaud)—In clays the faster the rate of testing, the more ca­
pacity will be measured. 

Answer (K. Bhushan)—Capacity or deflections can depend on the number 
of cycles and how close the load is to the ultimate capacity. At 10% of ultimate 
resistance, pile deflection will not increase after five cycles. At 50% of ulti­
mate resistance, deflections could easily be doubled by cyclic loading. 
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Summary 

The papers in this book have been divided into two groups: one dealing with 
analysis and design, and the other dealing with case histories. 

Anafysis and Design 

Eight papers are included in the analysis and design group. A summary for 
each follows. 

The paper by Pyke and Beikae reviews current analytical methods for single 
piles subjected to lateral loading. Then a new analytical method is described, 
which takes into account soil fully surrounding the pile but only adhering to it 
along the part of the circumference where the soil resists pile movement, that 
is, the front and sides but not the back. A section is included that evaluates 
methods for determining Young's modulus for soils. A comparison of modulus 
of subgrade reaction values determined by the new analytical method with 
those determined by several other methods is presented in tabular form. No at­
tempt is made to compare the various solutions with pile load test results, but 
the authors believe that the new method for calculating the modulus of sub-
grade reaction, when used with appropriate Young's modulus values, should 
provide reasonable results for pile resistance to lateral loading for initial 
loading and for working loads. 

The paper by Habibagahi and Langer presents an extensive review of pub­
lished methods for determining the coefficient of horizontal subgrade reaction 
for granular soils and includes a discussion of the factors on which it is depen­
dent. Horizontal subgrade reaction parameters based on eight published 
methods are presented in tabular form for comparison. They demonstrate the 
wide range in published values. Another comparison is made in graphical 
form where the coefficient of subgrade reaction is plotted against relative 
depth (depth divided by pile diameter) for values given by twelve published 
methods. The authors suggest that the wide range in values may be due to vari­
ations in magnitude of pile deflection, effective overburden pressure, and rela­
tive density of the soil. They have proposed an equation for calculating the co­
efficient of horizontal subgrade reaction, which accounts for these factors. 
The proposed equation is dependent upon knowing the value of a parameter 
labeled ̂ , which is a function of pile deflection, the soil's angle of internal fric­
tion and the pile width, and must be determined from load test data. Recom­
mended values for A are given for a friction angle of 30° and pile deflection 
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ranging from 2.54 to 25.4 mm (0.1 to 1.0 in.). Using these values and other pa­
rameters given in the previous graph referred to, a similar graph is included 
that is based on the proposed equation. It demonstrates how sensitive the coef­
ficient of horizontal subgrade reaction is to the pile deflection. 

The paper by Sogge describes how a structural analysis computer program 
may be used for the analysis of a laterally loaded pile. An example is given 
showing how a pile and the soil in which it is embedded are modeled for the 
computer solution. The input and output data are given as well. The discus­
sion points out the advantages in making an analysis for the combined super 
structure and foundation rather than making independent analyses. The dis­
cussion also points out a disadvantage in the type of analysis presented in that 
any vertical arching arising from horizontal pile movement is not accounted 
for in the solution. 

The paper by Selvadurai presents an approximate solution for the torsional 
stiffness of a rigid cylindrical pier embedded in an isotropic elastic soil mass. 
The derivation of the approximate solution is outlined, and the results are 
compared graphically with exact solutions. The graph shows that the relatively 
simple approximate solution gives results close to those given by complicated 
exact solutions. 

The paper by Reese, Wright, and Aurora compares three methods of analy­
sis for a laterally loaded pile group founded in stiff clay. The three methods are 
the Poulos-Focht-Koch method, a modification of that method, and the imag­
inary large-diameter single-pile method. All three methods utilize P-y curves 
to correlate lateral soil resistance with pile deflection. The selection of an ap­
propriate value for soil modulus and relative stiffness factor is discussed in 
detail. Graphs are included that show the sensitivity of pile group deflection to 
these two parameters. The results of parameter studies for lower and upper 
boundary soil stiffness and for lower and upper boundary relative stiffness fac­
tors are presented in tabular form. The imaginary large diameter pile method 
gave results similar to those where the relative stiffness factors are presented in 
tabular form. The imaginary large diameter pile method gave results similar to 
those where the relative stiffness factor was assumed to be unity. The writers 
conclude that very careful attention must be given to the selection of the soil 
modulus that is used in the Poulos analysis of a single pile. They recommend 
that parameter studies be made for a range of possible soil moduli to deter­
mine probable pile foundation behavior since currently available methods for 
determining the relevant properties of natural soil deposits are imprecise. 

The paper by Gleser presents a generalized solution for calculating the lat­
eral movement of a vertical pile and resulting stresses due to lateral loading. 
The solution is based on finite-difference equations, requiring the use of a digi­
tal computer. It includes a solution for a nonlinear soil response by character­
izing the P- Y curve as three straight lines, each applicable for specific ranges 
of deflection. A procedure is given for making iterative solutions and compar­
ing the calculated lateral deflection with range of deflection applicable for the 
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P- Y equation used, and making adjustments as necessary. A procedure is also 
given for using the generalized solution for piles subjected to fluctuating 
lateral loads. A procedure is given for determining P-Y curves for the soil 
based on data obtained from lateral pile load tests made in a specific manner. 
Following the procedures for using the generalized solution, the author applies 
the solution to the test pile results reported by Alizadeh and Davisson for the 
Arkansas River Project and makes several observations of the results with 
respect to the influence of pile shape on lateral deflection characteristics. 

The paper by Briaud, Smith, and Meyer presents a discussion of the influ­
ence of the depth below the ground surface on soil-pile interaction and how the 
pressuremeter may be used to determine parameters for predicting load-de­
flection characteristics for piles. Earlier methods for determining the maxi­
mum depth where the soil resistance is reduced because of the proximity of the 
ground surface, termed the critical depth, are reviewed. Then, seven proposed 
methods for predicting the load-deflection characteristics for laterally loaded 
piles using pressuremeter test results are outlined. The first four of these 
methods are applied to a lateral-load test case history, and the results are com­
pared graphically with the load test data. The authors believe that 
pressuremeter data provides a sound basis for predicting the behavior of 
laterally loaded piles. 

The paper by Horvath reviews the two principal methods for calculating the 
load-deflection behavior of laterally loaded piles: one using Winkler's 
modulus of subgrade reaction concept, and the other using the elastic con­
tinuum concept. The advantages and disadvantages of each method are dis­
cussed. The author then reviews an elastic continuum solution by Reissner 
using simplifying assumptions for vertical loads applied to the surface of the 
elastic continuum. He then refers to his previous paper where he used 
Reissner's simplified continuum approach to solve the problem for vertical 
loads assuming that Young's modulus varies either linearly or with the square 
root of depth to more closely simulate the actual behavior of soil. The author 
then uses this approach to develop a solution for laterally loaded piles, the der­
ivation of which is included in the Appendix to this paper. He notes that this 
approach can be readily solved by computer using finite-difference equations 
and that variations in Young's modulus with depth can be used as well. The 
author is currently evaluating several lateral-load test case histories using the 
simplified continuum approach and will publish the results after the study is 
complete. 

Case Histories 

The papers in this group are, with one exception, case histories. Lateral load 
testing was carried out on small-scale models (Cox et al and Stephenson et al), 
drilled piles (Bhushan and Askari, Johnson et al, and Long and Reese), and 
driven piles (Gle and Woods, and Robertson et al). The soils providing the lat-
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eral resistance ranged from very soft clays to very dense sands. Testing was 
generally at high strains, and deflections and moments correlated reasonably 
well with existing theories. Bhushan and Askari, however, examined the re­
sponse at low lateral loads and strains, and found effectively stiffer conditions. 
Bhushan also examined the effects of cyclic loading and determined that, at 
the low strains, cyclic loading increased strain only for the first few cycles. This 
was generally confirmed by Long and Reese at high strains but not by Robert­
son et al. Gle and Woods dynamically tested the piles and found that the 
response could be well matched with existing solutions or could be modified to 
match where necessary. The Oakland and Chameau paper presented a three-
dimensional finite-element model for drilled piles as a method to stabilize 
slopes. 

Cox et al investigated the efficiencies of small-scale model pile groups in soft 
clay under lateral loading conditions. The piles were single-diameter open 
ended pipe pushed to different depths into the clay in in-line and side-by-side 
configurations of different numbers and spacings. The authors concluded that 
there was a remarkably uniform distribution of lateral loads on the side-by-
side configuration with group efficiencies in excess of 0.76. For pile groupings 
in-line, there was considerably more variation both in distribution of loads and 
the group efficiency with minimum efficiencies of 0.54. 

Stephenson et al also carried out lateral load tests on model piles as well as 
full-scale tests on helical anchor piles to develop a suitable mathematical 
model of the lateral load versus deflection behavior. The model tests were on 
V4-scale helical piles and were carried out in medium sand with an angle of in­
ternal friction of 42°. The full-scale load tests, with which they were com­
pared, were in both sands and clays. Stephenson et al concluded that helical 
anchor piles can develop significant resistance to lateral loads, and that, in 
most cases, this is controlled by the behavior of the extension shafts. To esti­
mate deflections, they were able to use mathematical models similar to those 
for slender piles modified to account for the installation procedure used. 

Long and Reese presented the results of testing and analysis of two offshore 
L22-m diameter drilled shafts in dense sand subjected to lateral loads of up to 
500 kN. The loading was cycled 40 times for each increment. A semi-empirical 
computer model was used to predict the behavior of the shaft, and the predic­
tions were compared with the measured results. Predicted deflections were 
found to be 21 to 30% less than measured values but maximum bending mo­
ment predictions were within 4 to 14%. It was concluded that, even though 
there were several differences between the characteristics of the load test and 
the computer model, there was reasonable agreement of maximum moments 
and horizontal deflections. 

Johnson et al report on a lateral-load test carried out in 1982 on a 0.46-m di­
ameter drilled shaft constructed in 1966 in stiff expansive clay soil. There had 
been considerable swelling of the soil around the 10.5-m long shaft. Pressure-
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meter and laboratory undrained triaxial strength tests were found to be 
suitable for the analysis of the lateral behavior, although criteria for evaluating 
the behavior led to less stiff p-y curves than frequently used. This may have 
been due to long term field conditions such as wetting and remolding. 

Bhushan and Askari carried out low-level cyclic load tests on 0.91-m diam­
eter by 5.5-m long drilled shafts in dense sands and gravelly sands. The testing 
resulted in a 40% reduction in lengths for the foundation piers, as it was deter­
mined that the p-y curves were much stiffer than would be indicated by con­
ventional procedures with high lateral loadings. Other findings include: a 
linear load-deflection response; the observation of 20 to 50% increase in de­
flection during the first few cyclic loads with no increase thereafter; a perma­
nent set of approximately 25% of the deflection under the maximum load; and 
little increase in deflections caused by soaking of the surrounding ground. 
Bhushan and Askari proposed a semi-empirical relationship to obtain coeffi­
cient of subgrade reaction values from the standard penetration resistance, 
and this appeared to provide reasonable results. 

Robertson et al used a driven pressuremeter to measure soil properties and 
thereby predict the lateral load behavior of four SO-cm̂  precast concrete piles 
driven to 7 to 8 m depth through loose gravelly sand fill and very soft peat to 
bearing in glacial till. It was felt that the driven pressuremeter would fairly ac­
curately model the pile driving. The test results were limited, but the agree­
ment between the calculated and measured deflections was good. 

Gle and Woods developed a procedure for dynamic lateral-load testing of 
single piles to investigate the soil-pile interaction parameters for foundations 
subjected to fairly high frequency cyclic loadings. This consisted of a steel 
mass plate, Lazan eccentric-mass oscillator, and vibration monitoring equip­
ment attached to the head of the pile as close as possible to the ground surface. 
The response of the system was then measured on eleven pipe piles at three 
sites with both cohesive and cohesionless soils. The frequency of the dynamic 
loading ranged from 8 to 55 Hz. The results were supplemented by plucking 
tests on the piles. It was found that the observed lateral response could be 
matched quite well by the PILAY solution up to and slightly above the lateral 
translation resonance from stiffness and dampness values obtained from the 
dynamic field testing. At greater frequencies the design parameters could be 
modified to approximately model the observed response. 

Oakland and Chameau report on preliminary development of a three-di­
mensional finite-element model to analyse the benefits of drilled piers for sta­
bilizing slopes. It was concluded that there is substantial development 
required of the model, especially as regards to the boundary conditions. How­
ever, the model indicates that drilled piers can be used to stabilize slopes and 
reduce slope movements, mostly below the piers. 

In summary, the case histories presented in this session are a valuable addi­
tion to data on lateral loading of piles. They are encouraging in that they gen-

 



250 LATERALLY LOADED DEEP FOUNDATIONS 

erally indicate that existing mathematical and computer models or modifica­
tions thereof can be used to predict lateral deflections. The pressuremeter 
would appear to be a useful instrument for determining the soils properties to 
employ in these models. 

E. T. Mosley 
Raamot Associates, New York, NY 10121; 

symposium cochairman and editor 

C D. Thompson 
Trow Ltd., Rexdale, Ontario, Canada M9V 

3Y8; symposium cochairman and editor 

 



STP835-EB/Sep. 1984 

Index 

Anchor piles, 194 
Askari, S., 140-156 
ASTM Standard D 3966, 230 
Aurora, R. P., 56-71 

B 

Beam on elastic foundation, 5, 
221 

Beikae, M., 3-20 
Bhushan, K., 140-156 
Bored piles, see piles 
Briaud,J.-L., 97-111, 172-181 

36, 

Deflection, 154, 217 
Lateral, 147 
Predicted versus observed, 150, 223 
Slope, 147 
Versus ultimate load, 240 

Dixon, D. A., 122-139 
Drilled piers, see piles 
Dynamic loading, 157 
Dziedzic, E., 194-213 

E 

Elastic continuum, 3, 113, 116 
Elastic stiffness, 49, 58, 64, 73, 103 
Embedded piles, see piles 

Caissons, see piles 
Chameau, J.-L. A., 182-193 
Clay, 6, 67, 204, 214, 230 
Coefficient of subgrade reaction, 5, 

11, 113 
Definition, 22 
Values, 25, 31 

Computer analysis, 35, 72, 183 
Cone penetration tests, 141 
Constant of horizontal subgrade reac­

tion 
Definition, 23 
Values, 24-29 

Cox, W. R., 122-139 
Cyclic loading, 5, 60, 75, 154, 172, 

232 

D 

Damping ratio, 169 
Deep foundations, see piles 

F-G 

Finite difference, 3, 8 
Finite element, 3, 183 
Friction resistance, 103 
Gle, D. R., 157-171 
Gleser, S. M.,72, % 
Goen, L., 194-213 

H 

Habibagahi, K., 21-34 
Helical piles, see anchor piles 
Heliostat foundations, 140 
Horvath, J. S., 112-122 
Hughes, J. M. O., 229-238 

I-K 

Instrumentation, 59, 129, 146, 201 
Johnson, L. D., 172-181 
k/,, see coefficient of subgrade reac­

tion 

251 

Copyright 1984 b y A S l M International "www.astiTi.org 

 



252 LATERALLY LOADED DEEP FOUNDATIONS 

Landslides, 183 
Langer, J. A., Ed., 1, 2, 21-34, 245-

250 
Lateral load tests, 152 

Dynamic, 157 
FuUscaie, 141, 195 
In sand, 141 
Model, 122, 195, 201 

Laterally loaded piles, see lateral load 
tests 

Limiting equilibrium, 196 
Load distribution, 136 
Loading, 216 
Loading sequence, 146, 218, 243 
Long, J. H., 214-228 

M 

Methods of analysis, 105 
Meyer, B., 97-111 
Modulus of elasticity, 5, 58, 63 

Factor affecting, 12 
Initial tangent, 13 
Versus consolidation stress, 15 

Modulus of subgrade reaction, 5, 11 
Definition, 22 
From strength tests, 177 

Moments, 69 
Mosley,E.T., Ed., 245-250 
Murphy, B. S., 122-139 

N 

fill, see constant of horizontal sub-
grade reaction 

0 
Oakland, M. W., 182-193 
Offshore piling, 214 

Parametric effects, 225 
Piles 

Deep foundations, 157 
Drilled piers, 140 
Efficiency, 122 
Embedded, 49 
Fbcity, 73, 83 
Group, 57 
Installation methods, 158, 230 
Isolated, 49 
Loading methods, 173 
Spacing, 243 

Pressuremeter, 97, 143, 175, 178 
Driven, 229 
In sand, 241 

p-y curves, 3, 6, 73, 105, 113, 178, 
221, 230, 234 

Pun, V. K., 194-213 
Pyke, R.,3-20 

Reese, L.C., 56-71, 214-228 
Resonant frequency, 158, 169 
Robertson, P. K., 229-238 

Sand, 143, 166, 201, 204, 214 
Saturated conditions, 140, 172 
Secant modulus, 5, 14 
Shape factor, 80 
Slope stability, 182 
Sogge, R. L., 35-48 
Smith, T., 97-111 
Soil disturbance, 242 
Soil dynamics, see dynamic loading 
Soil pressure, allowable, 42 
Soil reinforcement, 183 
Soil strength, 175 
Soil stress, 35 

 



INDEX 253 

Soil structure interaction, 35, 101 
Standard penetration tests, 141 
Static loads, 60, 203 
Stephenson, R. W., 194-213 
Stiffness 

SoU, 4, 42 
Pile, 108, 183 

Stress versus deflection, 63 
Stroman, V. R., 172-181 
Sy, A., 229-238 

W 

Winklermodel, 3, 113, 196 
Woods, R. D., 157-171 
Wright, S.G., 56-71 

Young's modulus, see modulus of 
elasticity 

Thompson, C. D., Ed., 245-250 
Torsion, 49 

 



 


	Dedication
	Foreword
	Contents
	Introduction
	A New Solution for the Resistance of Single Piles to Lateral Loading
	Horizontal Subgrade Modulus of Granular Soils
	Microcomputer Analysis of Laterally Loaded Piles
	On the Torsional Stiffness of Rigid Piers Embedded in Isotropic Elastic Soils
	Analysis of a Pile Group Under Lateral Loading
	Generalized Behavior of Laterally Loaded Vertical Piles
	Laterally Loaded Piles and the Pressuremeter: Comparison of Existing Methods
	Simplified Elastic Continuum Applied to the Laterally Loaded Pile Problem—Part 1: Theory
	Lateral-Load Tests on 25.4-mm (1-in.) Diameter Piles in Very Soft Clay in Side-by-Side and In-Line Groups
	Lateral-Load Tests on Drilled Pier Foundations for Solar Plant Heliostats
	Suggested Procedure for Conducting Dynamic Lateral-Load Tests on Piles
	Lateral-Load Test of an Aged Drilled Shaft
	Finite-Element Analysis of Drilled Piers Used for Slope Stabilization
	Helical Anchor Piles Under Lateral Loading
	Testing and Analysis of Two Offshore Drilled Shafts Subjected to Lateral Loads
	Design of Laterally Loaded Displacement Piles Using a Driven Pressuremeter
	Panel Discussion
	Summary
	Index



