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Foreword 

This publication, Fracture Mechanics, contains papers presented at the 
Thirteenth National Symposium on Fracture Mechanics which was held 
16-18 June 1980 at Philadelphia, Pennsylvania. The American Society for 
Testing and Materials' Committee E-24 on Fracture Testing of Metals spon
sored the symposium. Richard Roberts, Lehigh University, presided as sym
posium chairman and editor of this publication. 
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Introduction 

Fracture mechanics has become one of the preeminent disciplines utilized 
in the evaluation of structural integrity during the past 20 years. This growth 
has been spearheaded in part by the efforts of ASTM Committee E24 on 
Fracture Testing of Metals. One aspect of this involvement by Committee 
E24 has been the development of a significant body of technical literature 
related to fracture mechanics. This literature generally represents the pro
ceedings of specialist conferences dealing with fracture mechanics as well as 
the National Symposium on Fracture Mechanics. For the most part, these 
proceedings take the form of an ASTM Special Technical Publication (STP). 
The papers in this STP were presented at the 13th National Fracture Me
chanics Symposium held June 16 through 18, 1980 at ASTM headquarters in 
Philadelphia, Pa. 

The paper selection process for the national symposium has varied over the 
years. The procedure adopted for the 13th National Symposium on Fracture 
Mechanics was to have a general solicitation for technical papers in all areas 
related to fracture mechanics and structural integrity. Thus there was not a 
specific theme for the 13th National Symposium. It is interesting to note 
from the foreign contributors to the 13th National Symposium on Fracture 
Mechanics as well as the previous symposiums on fracture mechanics that 
the National Symposium on Fracture Mechanics truly represents an interna
tional event. 

The papers contributed to the 13th Symposium fell into four broad cate
gories. The first category was fatigue of engineering materials with principal 
applications to metals. Two conference sessions were devoted to this. The 
second indentifiable category at the conference was the calculation of stress-
intensity factors. This represented a single session in the conference. The 
third subject area was elastic-plastic fracture mechanics as represented by 
the calculation of /i,. and the tearing modulus T. Lastly, the fourth category 
represented a general potpourri of subjects dealing with fracture mechanics 
and structural integrities, with such topics as composites, R-curves, fracture 
mechanics applications, Charpy V-notch correlations, creep crack growth 
rate, and metallurgical effects finding coverage in these sessions. It is clear 
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2 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

when reviewing previous proceedings that the distribution of subjects repre
sented in the 13th Symposium is very similar to those presented at the previ
ous symposiums. 

This volume should provide a valuable source of information to all those 
interested in fracture mechanics. The assistance of the organizing commit
tee, particularly Professor Jerry Swedlow; the authors and reviewers; J. J. 
Palmer, J. B. Wheeler, and Kathy Greene of ASTM and their staff along 
with all those who participated in the conference are gratefully acknowledged. 
Particular thanks go to Professor R. W. Hertzberg, Dr. R. Bucci, Professor 
C. W. Smith, Dr. W. R. Andrews, Mr. J. C. Lewis, Professor G. H. Sines, 
Dr. G. Clarke, and Dr. W. G. Clark for their assistance with the various 
technical sessions. A particular thanks is extended to Dr. John Barsom of the 
United States Steel Corp., Dr. R. Bucci of the Aluminum Corporation of 
America, and Mr. Ed Wessel of Westinghouse for their continued support to 
the National Symposium on Fracture Mechanics through their individual ef
fort as well as the efforts and support of their industrial organizations. With
out their support and encouragement, the 13th National Symposium could 
not have been as productive and valuable. It is also noted with great pleasure 
the award of the Geo. Irwin Medal to Dr. Steve Novak of the Applied Re
search Laboratory of the United States Steel Corp. Lastly, the support of the 
Materials Research Center at I^high University for my time is gratefully ac
knowledged along with the help of our girl Friday, Jone Svirzofsky. 

Richard Roberts 
Materials Research Center, Lehigh University, 

Bethlehem, Pa. 18015; symposium chair
man and editor. 
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/. B. Chang, ̂  R. M. Engle, ^ and J. Stolpestad^ 

Fatigue Crack Growth Behavior 
and Life Predictions for 
2219-T851 Aluminum Subjected 
to Variable-Amplitude Loadings 

REFERENCE: Chang, J. B., Engle, R. M., and Stolpestad, J., "Fatigue Crack Growth 
Behavior and Life Predictions for 2219-T851 Aluminum Subjected to Variable-Amplitude 
Loadings," Fracture Mechanics: Thirteenth Conference. ASTM STP 743, Richard 
Roberts, Ed., American Society for Testing and Materials, 1981, pp. 3-27. 

ABSTRACT; Fatigue crack growth behavior of 2219-T851 aluminum is characterized for 
variable-amplitude loading conditions which include the single and periodic tensile or com
pressive overload, single tensile overload followed by a single compressive load, multiple 
tensile and compressive overloads, high-low or low-high block loading, and compression-
compression loads followed by tension-tension loads. A load interaction model which ac
counts for the overload retardation and compressive load acceleration effects on fatigue 
crack growth lives is introduced. Fatigue crack growth analyses are performed on all test 
cases using a computer program which employs this load interaction model. Analytical 
predictions are correlated with the test data. Results show that this model adequately 
predicted fatigue crack growth behavior and fatigue crack lives for most of the test loading 
conditions to within ±30 percent. 

KEY WORDS: fatigue crack growth, variable-amplitude loading, fatigue life prediction, 
2219-T851 aluminum alloy 

Nomenclature 

a 
c 
C 
K 
m 
n 
N 

Crack size 
Half crack length 
Crack growth rate constant 
Stress-intensity factor 
Walker's stress ratio layering 
Crack growth rate exponent 
Cycles 

collapsing factor 

'Program manager and technical staff, respectively, Rockwell International Corp., North 
American Aircraft Division, Los Angeles, Calif. 90009. 

^Aerospace engineer, U.S. Air Force Flight Dynamics Laboratory, WPAFB, Ohio 45433. 
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Stress ratio 
Chang's acceleration exponent 
Crack size at the overload 
Initial half crack length 
Final half crack length 
Critical half crack length 
Effective stress-intensity factor 
Stress-intensity factor value at maximum and minimum cyclic 
stresses 
Stress-intensity factor value at maximum overload 
Positive stress ratio cutoff value 
Negative stress ratio cutoff value 
Overload ratio 
Plasticity zone size at overload 
Effective stress-intensity factor range 
Threshold stress-intensity factor range 
Shutoff overload ratio 
Fatigue crack growth rate 
Maximum cyclic stress 
Material tensile yield strength 
Crack growth rate ratio 
Plane stress plane strain coefficient 
Generalized Willenborg model proportional constant 
Predicted life to tested life ratio 

The implementation of fracture control plans on structures, such as air
frames and bridges, subjected to random cyclic spectrum loadings requires the 
capability of accurate predictions of the growth behavior of cracks or cracklike 
flaws contained in primary structural components under such loadings. In 
reality, all spectrum loadings contain variable-amplitude load cycles. Various 
load interaction effects on the crack growth behavior under variable-ampli
tude loadings have been observed by many investigators. The significant ef
fects observed can be summarized as follows: 

1. Tensile overloads cause retardation of the crack growth in general. Some 
data indicate that if the overload ratio is sufficiently high, the crack might 
completely stop growing [1-3]? 

2. Compressive loads in compression-tension load cycles cause the accelera
tion of crack growth [4,5]. 

3. Compressive loads in tension-compression load cycles tend to reduce the 
retardation effects of the tensile load cycles immediately following the com
pressive load [6-8]. 

^The italic numbers in brackets refer to the list of references appended to this paper. 
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CHANG ET AL ON VARIABLE-AMPLITUDE LOADINGS 

4. A certain number of small tensile load cycles (underloads) in a low-high 
sequence of loading tend to accelerate the crack growth rate of the load cycle 
immediately following the low-high transition [9,10]. 

The need to develop a methodology capable of accounting for the load in
teraction effects on crack growth under variable-amplitude loading is obvious. 
Neglecting crack growth retardation effects caused by the tensile overloads can 
lead to unnecessary weight and cost penalties. On the other hand, an unsafe 
design often results if acceleration effects introduced through the compressive 
loads or underloads are not accounted for in design analysis and testing. 

Various crack growth models have been proposed by numerous investigators 
in the past decades. A few of them in the literature have demonstrated the 
ability to provide consistently good predictions for certain types of variable-
amplitude loadings, including the Wheeler [//], Willenborg [12], Elber [13], 
and Vroman [14] models and their modified versions. Yet, none of them is 
capable of accounting for all of the important load interaction effects. Re
cently, a research and development project [75] has been conducted at Rock
well to systematically investigate all significant stress parameters which control 
the crack growth rates and load interaction effects, such as tension overload 
retardation, compressive load acceleration, tension-tension underload acceler
ation, load sequences, and high-low and low-high block loading. The signifi
cant results of this investigation are reported in this paper. 

Experimental Program 

The test program consisted of a series of baseline crack grovrth rate tests and 
three groups of cyclic load tests varying in complexity from simple constant-
amplitude tests to block loading tests, as listed in Table 1. All test specimens 
used in this experimental program were of the ASTM Test for Constant-Load-
Amplitude Fatigue Crack Growth Rates Above lO"* m/Cycle (E 647-78T) 
center-cracked-tension (CCT) design [16], fabricated from 5.35-mm-thick 
(0.25 in.) 2219-T851 aluminum plates. All plates were from the same lot of 
material. The specimen was 15.24 cm (6 in.) wide and 45.72 cm (18 in.) long. 

TABLE 1—Methodology development test program. 

Test Group Type of Load Tests 

Baseline constant amplitude {a„^ = 137.9 MPa (20 ksi) 8 
I constant amplitude (various load level) 10 

(M-1 to M-10) 
II single or periodic overload/underload 20 

(M-11 to M-30) 
III multiple overload/underload 30 

(M-31 to M-60) 
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6 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

The center notches were installed by employing the electrical discharge 
machining (EDM) process, with the maximum width of the notch less than 
0.254 mm (0.01 in.). 

The entire test program was conducted by employing MTS Fatigue Testing 
Systems. Applied loads were controlled through a closed-loop servo system and 
load programmer test system, with load cells and servo valves optimized for the 
controllability and cyclic load rates. The spectrum sequences were stored in a 
digital PDP 8E computer. The EDM crack starter slot in each specimen was 
precracked to produce an initial crack length 2c of approximately 7.62 mm 
(0.3 in.). Precracking was performed under constant-amplitude cycling at a 
stress ratio of zero and with maximum cyclic stresses of 55.16 or 68.95 MPa (8 
or 10 ksi). All tests were run at a cyclic rate of 6 Hz in ambient laboratory air at 
room temperature. Cyclic crack growth measurements were obtained by 
employing visual optical reading from precision scales attached to each side of 
the specimen adjacent to the EDM slot. The resolution of the crack length 
measurement was approximately 0.127 mm (0.005 in.). 

Experimental Results and Discussions 

Crack growth measurements from baseline crack growth rate tests, 
constant-amplitude tests (Group I), and variable-amplitude tests (Groups II 
and III) were taken and recorded throughout each test. The results are 
presented in the following paragraphs. 

Baseline Crack Growth Tests and Data Reduction 

The baseline tests consisted of eight CCT specimens; all were loaded at con
stant amplitude with a maximum stress level of 137.9 MPa (20 ksi). The cyclic 
stress ratios tested were/? = 0.01, 0.2, 0.3, 0.7, —0.1, and —0.3. This group 
of test data was used to obtain the baseline crack growth rate constants. A 
computer program, PLOTRATE, developed by Chang et al [16], was used to 
process these data. 

PLOTRATE is an interactive computer routine which calculates the fatigue 
crack growth rate, da/dN, through the seven-point incremental polynomial 
method from the crack length versus elapsed cycles data (a versus N) of each 
test, as recommended by the ASTM E 647-78T, and determines the crack 
growth rate constants C and n for various crack growth rate equations in the 
following general form, through a least-square-fitting routine 

da/dN =C[fiK,R)]" (1) 

where K is the stress-intensity factor and R is the cyclic stress ratio. 
For a given set of (a versus N) data, PLOTRATE calculates the dependent 

variable da/dN and the independent variable /(A", i?) of the preceding fatigue 
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CHANG ET AL ON VARIABLE-AMPLITUDE LOADINGS 7 

crack growth rate equation and plots those calculated data points on log-log 
coordinates, with da/dN on the ordinate and f{K, R) on the abscissa. 
PLOTRATE provides the user with options for selecting various commonly 
used fatigue crack growth equations, including the Paris [17] and Walker [18] 
equations. If the Paris equation, that is, da/dN = C{AK)" is selected, the in
dependent variable used in the plot will hsf{K, R) = (\ — R)K^^^ or A A". In 
the Walker equation, that is, da/dN = C[(l - R)'"K^^^]", the independent 
variable is then/(A", /?) = ( ! - R)'"K,„^^ or (1 - R)'"'^AK, where m is 
Walker's stress ratio layer collapsing factor. 

Baseline crack growth test data with positive stress ratios (R = 0.01, 0.20, 
0.30, 0.70) were processed through the use of the PLOTRATE program. A 
da/dN versus A/L plot provided by PLOTRATE is shown in Fig. 1. The 
straight line was the least-square-fitted line drawn by PLOTRATE. 
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FIG. 1—Baseline 2219-T851 aluminum crack growth rate data. 
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8 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

Constant-Amplitude Tests 

Tests conducted in this group were confined to constant-amplitude loading 
at different maximum stress levels and stress ratios, as shown in Table 2. Two 
maximum stress levels were tested: a^ax = 55.16 MPa (8 ksi) and 275.8 MPa 
(40 ksi). The stress ratios tested were R - 0, 0.3, 0.7, - 0 . 1 , - 0 . 3 , and - 1 . 
As expected, the higher the maximum stress level is, the faster the crack 
grows. The effect of stress ratios on crack growth is shown in Figs. 2 and 3. At 
275.8-MPa (40 ksi) and 55.16-MPa (8 ksi) maximum stress levels, a significant 
reduction of crack grovrth rates was shown, respectively, in the test cases with 
negative stress ratios/? = —0.1, —0.3, and — 1 . 

Single or Periodic Overload/Underload Tests 

As shown in Table 3, this test group consisted of 20 specimens subjected to 
relatively simple test load sequences which were basically constant-amplitude 

TABLE 2—Constant-amplitude test descriptions and crack growth data correlations. 
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1.55 

2.48 

jii-ediutions 

Crjcks IV ui th 
UiUcnborn mold 

^ r .x l '^>''^"^^ 

587,250 

353,200 

>200,000 

300,300 

940 

1,750 

12,250 

1,100 

305,400 

9 5 0 

< 

1.09 

1.36 

>2 

2.08 

l . l l 

1.03 

0.82 

2.35 

1.74 

3.78 

, i^te: t = -
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CHANG ET AL ON VARIABLE-AMPLITUDE LOADINGS 11 

cycles (jR = 0 and —0.3) with either an overload or an underload applied a 
single time or periodically. Figures 4 and 5 show the single and periodic 
overload effects on crack growth at different overload ratios (/?oi = 1.5 and 
2.25). These figures show that at /?oi = 1.5 the crack growth rate was retarded 
approximately 20 percent, while at /?oi = 2.25 it was retarded as much as 275 
percent. The combined overload retardation and compression load accelera
tion effect can be seen in Figs. 6 and 7. The figures indicate that the tensile 
overload retardation effect was reduced by the compression load immediately 
following the overload. Reversing the sequence (applying the compression load 
first and then the tensile overload) resulted in a 10 to 15 percent increase of 
total life. 

Multiple Overload/Underload Tests 

A total of 30 multiple over/underload tests was conducted, as shown in 
Table 4, in order to investigate the retardation and acceleration effects due to 

TABLE ^Single 

T e s t 

M - U 

M-12 

M-13 

M-14 

M-IS 

M-16 

M-17 

M-18 

M-19 

M-20 

or periodic overload/underload test descriptions and crack growth 
data correlations. 

T e s t c o n d i t i o n 

A p p l i e d b a s e l o a d 

L o a d i n g p r o f i l e 

„WVSi 

mwm 

m\m\ 

mjmi 

mim/ 
0 V V 

mjm 
Nj . M . 

( k s i ) 

20 

20 

20 

20 

30 

20 

20 

40 

20 

20 

"̂ Min 

( k s i ) 

0 

0 

0 

6 

21 

0 

b 

28 

0 

0 

Over- / u n d e r 

l o a d / l o a d 

"Max 

( k s i ) 

30 

30 

45 

40 

40 

20 

20 

40 

30 

30 

*'Min 

( k s i ) 

0 

0 

0 

tt 

21 

-b 

- h 

- 1 2 

-6 

- 6 

( c y c l e ) 

2, sot) 

2 , 5 0 0 

2 , 5 0 0 

2 , 5 0 0 , 

2 , 5 0 0 

2 , 5 0 0 

2 , 5 0 0 

2 , 5 0 0 

2 , 5 0 0 

2 , 5 0 0 

( c y c l e ! 

To 

f a i l u r e 

2 , 5 0 0 

2 , 5 0 0 

2 . 5 0 0 

2 , 5 0 0 

2 , 5 0 0 

2 , 5 0 0 

2 , 5 0 0 

To 

f a i l u r e 

2 , 5 0 0 

T e s t l i f e 

( t ) C l c ) 

1 5 , 1 H 2 

l(>,( i23 

0 . 1 4 7 - 0 . 8 4 

4 9 , 6 0 0 

0 . 1 5 5 - C ^ . ^ 

2 2 5 , 0 9 0 

0.15<. - C 

1 2 5 , 0 5 0 

1 1 , 3 7 0 

( l . l S 2 - G j , „ 

20,811) 

0 . 1 4 5 - C „ 

l l , b O 0 

O . I 4 5 - C ^ ^ 

1 3 , 4 b 0 

0 .150^C^^^ 

5 6 , 0 8 3 

. \ ] i j l y t i c : i l p i r d i c t i o i i s 

li l iCRO w i t h 

Vrai i iJn/Chant; m o d e l 

^H-Cd '^> '^^^- ' 

i : i , i « i i 

1.^,590 

3 2 , 5 0 0 

IT 5 , 0 0 0 

1 1 7 , 5 0 0 

1 2 , 7 0 0 

:>2,i,3110 

1 3 , 0 0 0 

1 3 , 4 5 4 

1 3 , 4 1 4 

€ 

n . H " 

{ i . 8 : 

O.tib 

(!.:« 

O.iM 

1 .12 

>1 

1 . 1 2 

1 .0 

0 . 5 7 

C:R\ ( :KS I \ ' v^ith 

l ^ i l l c n l t o i . u 

mode) 

\vcJ ''y'^'^ 

14,5111 

J l , l i | l « 

•:5ll,1(111 

>SOU, 20(1 

4 .^ ,017 

12,H2I) 

2 7 , 5 1 0 

1 5 , 0 0 5 

1 4 , 7 5 1 

i O , 7 S 7 

C 

II. 9(. 

1 . Sll 

>5 

>2 

{).5(i 

1 .13 

1 .32 

1 .12 

1.1 

0 . 5 5 

. pred 
* N 

test 
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12 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

Test 

M-21 

M-22 

M-23 

M-24 

M-25 

M-26 

M-27 

M-28 

M-29 

M-30 

TABLE 3— Continued. 

Test condit ion 

^ p l i e d base load 

/jading profile 

W ffl/1/ 

Mwk 
of V 

Wraf 
0 1 I 

' "'̂ ""11 

", "ii 

m!W\f^ of u V ^ V 
N, | [ N , , 

\AMli 0 vvl»ny' 

'•riiii 
fMwi orlUlUVIf 

U/l. 
oiiu' mi; ' 

°Max 
(ksi) 

20 

20 

20 

20 

20 

8 

8 

20 

20 

20 

(ksi) 

0 

0 

0 

-6 

-6 

-2.4 

-2.4 

-6 

-6 

-6 

Over- /Under 
1 oad / load 

"Max 
(ksi) 

40 

30 

30 

30 

40 

8 

8 

30 

40 

40 

"Min 
(ksi) 

-12 

-6 

-6 

-6 

-6 

-16 

-16 

-15 

-15 

-15 

(cycle) 

2,500 

2,500 

2,500 

2,500 

2,500 

2,500 

2,500 

2.500 

2,500 

2,500 

(cycle) 

2,SO0 

To 
fa i lu re 

2,500 

2,500 

2 , SOD 

To 

f a i lu re 

2,500 

2.500 

2,S00 

2,500 

(C-C^J 

Test l i f e 

~Test 
(cycle) 

0.160-C^„ 

22,850 

0.158-C^„ 

13,948 

0.151-C 
CR 

17,200 

O.220-C„ 

10,950 

0.151-C^,„ 

22,512 

0.151-Cj.u 

269,840 

0.178-C^„ 

194,723 

0 .233 .C, , 

10,003 

0.160-C^^ 

15,005 

0.145-C^, 

20.007 

Analytical predic t ions 

I;FPGRO with 
Vreman/Qian^ model 

V e d <^>'^"^' 

15,000 

12,334 

15,319 

6,430 

9,513 

270,102 

229,644 

6,050 

8 ,960 

9,912 

€ 

0.66 

0.88 

0.77 

0.59 

0.42 

I.IKI 

1.18 

0.6 

0.6 

O.S 

CRACKS IV w 
l\L 1 Icnbor^ 

mcuJcl 

V r e d '̂ ">-^- '̂-'' 

>75,030 

13,502 

10,514 

12,504 

>75,030 

359,500 

>3O'l,120 

10,003 

>75,03O 

>7S-,030 

th 

c 

>3 

0.0" 

1.14 

1,14 

>' 

1.33 

>1.5 

l.UO 

>5 

>3 

pred 

• "test 

the application of a block of high or low load cycles. The overload retardation 
effect can be best demonstrated by the drastic slowing down of the crack 
growth of the M-44 specimen shown in Fig. 8. In this test case, the overload 
ratio was R^t = 2. The underload acceleration (sharpening) effect can be 
clearly seen in Fig. 9. The step jump of the crack growth curve of the M-34 
specimen indicated that the crack growth accelerated for a short period of time 
immediately following the application of a block of underloads (low tensile 
load cycles). 

The application of 5000 compression-compression load cycles did not seem 
to affect the crack growth of those load cycles immediately following the 
compression-compression cycles. 

Crack Growth Data Correlations 

Fatigue crack growth data from the aforementioned test program were cor
related with analytical predictions made by the modified EFFGRO computer 
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CHANG ET AL ON VARIABLE-AMPLITUDE LOADINGS 17 

program, which is a crack growth analysis program developed in-house at 
Rockwell International Corp. The original research version of EFFGRO pro
vided options to the user for selecting fatigue crack growth rate equations 
which include the Paris et al [17], Walker [18], Forman et al [19], and Col-
lipriest (Sigmoidal) [20] equations. It also provided the options for choosing 
one of the three retardation models built in the program. They are the Willen-
borg [12], Elber (closure) [13], and Vroman [14] models. 

The original EFFGRO program set the stress level to zero for a compression 
load cycle. Extensive experimental data generated in recent years have shown 
that crack growth rates at negative stress ratios are generally higher than their 
/? = 0 counterparts [4]. Hence, it is important that the effects of the negative 
stress ratios be properly accounted for in the crack growth predictions. 
Chang's acceleration scheme [15] was adapted in the modified EFFGRO pro
gram to account for the compressive load acceleration effect to the fatigue 
crack growth. 

TABLE 4—Multiple overload/underload test descriptions and crack growth data correlation. 

Test 

M-31 

M-32 

M-33 

M-34 

M-3S 

M-36 

M-37 

M-38 

M-39 

M-40 

Test condit ion 

/^p l i ed base load 

Loading p ro f i l e 

~ i i 

pm, 

ol 

mi] 

2M OTV 

. 
I VVV\ 

\m 

"Max 
(ksi) 

8 

20 

8 

20 

8 

20 

8 

20 

0 

0 

"MIH 

(ksi) 

0 

It 

2 . 4 

b 

0 

0 

•2.4 

-6 

- 6 

- 1 2 

Over- /under
load / load 

(ksi) 

211 

40 

21) 

40 

20 

40 

20 

40 

20 

40 

"Min 
(ksi) 

11 

11 

2 . 4 

12 

14 

28 

0 

0 

0 

0 

(cycle) 

10.00(1 

5,000 

10.000 

5.000 

10,000 

5,000 

10,000 

5,000 

5.000 

5,000 

(cyclel 

To 
fa i lu re 

To 
fa i lure 

To 
fa i lure 

To 
f a i l u r e 

To 
fa i lu re 

To 
fa i lure 

To 
fa i lure 

To 
fa i lu re 

To 
fa i lure 

To 
fa i lu re 

Test l i f e 

' ' lost 
Uyclol 

(,.is„.<:,.„ 

22,AM) 

5,275 

, . .148-C„ 

27,000 

O.ISO-C,, 

6,884 

0.143-C^^ 

178,858 

(1.150-C^P 

y,346 

0.155-C^^ 

24,200 

0.150-C^P 

5,197 

0.150-C^P 

19,300 

0.150-C^^ 

5,653 

.•\nat>'tical predic t ions 

l.l-l-CRl) with 
\'von\iif\/C.hiinii model 

•^rod "^'-"--l 

22,443 

5,47b 

2b,y9ll 

6,584 

191,845 

12,051 

21,904 

5,376 

17,796 

5,910 

€ 

l.ll 

1 .04 

1 .00 

0.96 

1.07 

1 .29 

0.91 

1.03 

0.92 

1.04 

C:R.\(:K,S I\- with 
KJlIonliori; 

niodel 

N , (cvcle) 

23,00(1 

5,50(1 

27,000 

7,000 

192.500 

< 

I.U3 

1 ,04 

1.00 

1.02 

1.08 

23,000 0.95 

5 ,600 

18,000 

6,000 

1.08 

0.i?5 

1.06 
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TABLE 4—Continued. 

• j f s t 

M-41 

M-J: 

M-43 

M-44 

M-4 5 

M-4b 

M-47 

M-48 

M-49 

M- SO 

T o ^ t COi iJ i t io)i 

A i i p l i f J k i s i - lQa.l 

l .uadir i j ; p i o t ' i !'• 

1 , /VW\ 
. 

» 

1 

7 \ 
W 

M^ 

^1 

/ W \ •̂ n 

•-. 

/VW«S^ 

s \ 

/>^\AAA 

I k s i ) 

-' 

• • ' 

.III 

J:i 

.0 

40 

21) 

40 

JO 

40 

'Min 
Iksi l 

-„ 

- i : 

•• 

0 

•• 

i : 

« 

i : 

14 

J8 

(KxM- /under
load / load 

'Ma.\ 
(ksi l 

:o 

JO 

:o 

:., 

:o 

:ii 

.'0 

40 

JO 

40 

Min 
Iksi l 

10 

10 

0 

•' 

tl 

-

14 

J8 

" 

IJ 

(cycle 1 

.S.OOO 

s.oim 

soo 

500 

3.570 

SOO 

Sim 

SOO 

SOO 

SOO 

^11 
|c\-clcl 

To 
f j i lu rc 

failuTt-

fji lure 

To 
fa i lure 

To 
fa i lure 

To 
fa i lure 

To 
fa i lure 

To 
fa i lure 

To 
fa i lure 

To 
failui'e 

Test l i f e 

Nest 
| C V C 1 C | . 

O.lSO-C^j^ 

0,1S5-C^^^ 

S",84J 

I",815 

o.is.v.-^.^ 

SU.4"0 

o.i4s-(:^.^ 

J5.hJ4 

O.lSO-l 
CR 

135.JCiO 

0 . 1 S 3 - 0 . t . < ) " 

J O S . S J b 

0 . 1 S8 i: 
CR 

u . i s s - i ; ^ ^ 

J S , b - S 

J , j - o 

Analytical predictions 

lirFGRO with 
IroFnan/QiaiiB model 

prciJ 

^5,1S0 

(il.JSS 

10,{>7(> 

7,407 

18.050 

28,453 

144,590 

9,J56 

J7,401 

:,.v^2 

£ 

0.94 

1.06 

O.b 

O.IS 

0.76 

0.21 

0.71 

0.88 

i . o : 

1.05 

CRACKS IV with 
K i ! Icnhof} ; 

n n d c l 

N , (cycle) 
pred ' 

65.500 

61.500 

12,500 

29,250 

18,120 

50,500 

170,000 

9, SOO 

27,500 

2,500 

# 

0.94 

1.06 

0.70 

0.58 

0.77 

0.58 

0.85 

0.91 

i.07 

1.10 

Analytical predictions on all the test cases shown in Tables 2, 3 and 4 were 
performed by selecting the Walker equation as the baseline crack growth rate 
equation. The Vroman model was selected to account for the tensile overload 
retardation effect, which was combined with the Chang acceleration scheme to 
account for the compressive load acceleration effect. This methodology is iden
tified as the Vroman/Chang load interaction model. The following paragraphs 
briefly describe this model and the corresponding constants used in the model 
for performing the analytical predictions. 

For tension-tension cyclic loading {R > 0) cases, the Walker equation is 
adapted; that is 

da/dN = C[(l - R)'"-'AK^ff]", R > ^cut+, R = ^cut+ (2) 

where /?cut^ is the cutoff value of the positive stress ratios. It is assumed that 
above this value, no stress ratio layer occurs in the da/dN versus AK curve. 
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T e s t 

M- S1 

M- 5 : 

M-,^3 

M-54 

M-55 

M-S6 

M' s : 

M- SH 

M- S9 

M-(.(l 

TABLE 4— Continued. 

T e s t c o n d i t i o n 

A p p l i e d b a s e l o a d 

Max Min 

L o a d i n g p r o f i l e ( k s i ) ( k s i ) 

s, 

I) 

1 i i ' i I ^ 

Wm 

\ i 

' 

\ 

mfim 

m\l\l\MI 
mmnm "-u 

^ 1 • 

n/inji 11 M/\/ 

^Ifi; 

» 

:„ 

« 

_'() 

8 

20 

20 

:„ 

8 

8 

" 

" 

J . 4 

" 

U 

0 

0 

-„ 

- J . 4 

- : . 4 

O v e r - / u n d e r 
l o a d / l o a d 

°Max 

( k s i ) 

Jii 

.„ 

20 

411 

20 

II 

411 

0 

(1 

411 

40 

.1(1 

8 

"Min 

( k s i ) 

" 

" 

:.-! 

'• 

0 

-u 

0 

-12 

- i : 

(1 

•• 

• ; . 4 

- l b 

( c y c l e ) 

: , s i i n 

SIK) 

2, sue 

500 

2 , 5 0 0 

2, SOO 

2,5110 

: . 5 0 ( ) 

S , 0 0 0 

2,51)0 

^ 1 1 

( c y c l e ) 

50(1 

SO 

sol) 

50 

50 

50 

SO 

SO 

SO 

50 

500 

- ' , 5 0 0 

- ' , 5 0 0 

(C . -C j . ) 

T e s t l i f e 

' ' l e s t 

( c y c l e ) 

0 . i S 3 - C , , „ 

8 0 , 6 0 0 

o.iso-i:„ 

8 . 2 3 8 

0 . 1 4 5 - C ^ j j 

1 1 5 , 5 7 0 

0 . 1 5 0 - C „ 

9 , 3 1 6 

0 . 1 5 ( 1 - 0 . 9 7 7 

5 5 1 , 0 5 0 

o.is..c,^ 

18 ,130 , 

0 . 1 4 5 . C ^ „ 

2 0 , 7 6 0 

„ . 1 5 3 - C ^ „ 

2 , 7 7 4 

0 . 1 S 8 - C j , „ 

7 . 4 0 2 

1 ) . 1 5 0 - 0 . b 

1 2 3 , 1 9 7 

A n a l y t i c a l p r 

EFFCRO w i t h 
^romaii/(3u(j)g model 

Ved "="='" 

7 4 , 7 1 8 

8 , 2 1 7 

1 0 4 , 8 7 1 

1 3 , 7 0 0 

5 0 2 , 0 0 0 

1 2 , 9 0 4 

1 2 , 9 6 0 

4 , 5 0 0 

7 , 4 1 3 

1 7 0 , 5 0 0 

€ 

0 . 8 b 

1 .00 

0 . 9 2 

1 . 4 7 

0 . 9 1 

0 . 7 1 

0 . 6 2 

1 .6 

1 .0 

1 . 3 8 

e d i c t i o n s 

CRACKS IV w i t h 
N i l l e n b o r e 

model 

^ r ^ t c y c l e ) 

7 5 , 0 0 0 

1 0 , 9 5 0 

1 0 5 , 0 0 0 

1 5 , 3 5 0 

2 1 1 , 0 0 0 

1 0 , 3 0 0 

4 1 , 6 0 0 

5 , 7 5 0 

1 3 , 7 5 0 

> 3 5 0 , 0 0 0 

c 

0 . 8 7 

1 . 3 3 

0 . 9 2 

1 . 6 5 

0 . 3 8 

0 . 5 7 

2 . 0 4 

2 . 0 8 

1 .86 

>2 

The AKeff term in Eq 2 was proposed by Vroman in the following form 

AK,ff = 
1 

•^max "~ 7 (-/i^min) + 7 •''̂ maxoi V(«ol + 'Vol ~ «)/ '>o|) (3) 

where /sfmax and K^jj, are the maximum and minimum values of the stress-in
tensity factors corresponding to the maximum and minimum stress of the ap
plied load cycle; a^ and K^^^^ are the crack size and the stress-intensity fac
tor value corresponding to the previously applied tensile overload, r̂ ,̂ is the 
radius of the plastic zone produced by the tensile overload. It is determined 
from 

1 

ISTT 
(^max)/<^v)' (4) 
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22 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

where Oy is the material tensile yield strength and /3 the plane stress/plane 
strain coefficient: j8 = 2 for plane stress, and jS = 6 for plane strain. 

The effective stress-intensity factor range AK^ff in the Vroman model (Eq 
3), can be reformulated as 

^ ^ e f f — (-'^max ~ -^min) ~ -. 'J'ol + 'Vol ~ '2) / ' j 'yoi K„ (5) 

It can be seen from Eq 5 that the numerical value of A/feff is always less 
than AA" = /sTmax ~ ^min when the overload is existing; hence, the corre
sponding value of the fatigue crack growth rate is smaller than its constant-
amplitude loading counterpart, resulting in crack growth retardation. 

For tension-compression cyclic load (/? < 0) cases, the following rate model 
is adopted 

da/dN = C[(l - RyiK^^^]", R<Rc R = R, (6) 

where /?cut~ is the cutoff value of the negative stress ratio. 
Equation 6 is very similar to Eq 2 in the mathematical form, yet the expo

nent q is considered as the acceleration index as proposed by Chang [21], 
which does not act as the collapsing factor as the exponent m does in the 
Walker equation. For a specific negative stress ratio (R < 0), q \s deter
mined by 

q = [/«(«)//«(! - R)]/n, R<0 (7) 

where a is the ratio of the crack growth rate at a specific negative stress ratio 
to its /? = 0 counterpart, and n is the fatigue crack growth rate exponent de
termined from the R = 0 crack growth data. 

Fatigue crack growth rate constants, the fracture and material properties, 
and other parameters used in the analytical predictions for 2219-T851 alumi
num were as follows. The fatigue crack growth rate constants were deter
mined by least-square-fit for da/dN in the 2.54 X 10"^ m/cycle (1 X 10~^ 
in./cycle) to 2.54 X 10~^ m/cycle (1 X 10~^ in./cycle) range through the 
use of PLOTRATE 

C = 8.367 X 10-10, « = 3.64, m = 0.6, ^ = 0.3 

ĉut"̂  = 0.75, /?cut" = -0.99, AA'th = 1.65 MPa Vm (1.5 ksi Vin.) 

Oy = 330.96 MPa (48 ksi), {K^ = 71.5 MPa Vm (65 ksi Vin.) 

Analytical crack growth predictions made by EFFGRO were correlated 
with experimental data. The results of the correlations were summarized and 
are presented in Tables 2, 3, and 4. Included in these tables is the ratio of the 
predicted life to the test life, e, of each test case. The crack life is defined as 
the total cycles to grow from an initial crack size (half length) Cj to a final size 
Cf. In the experimental testing, unless it was stated otherwise, the test speci-
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mens were tested to failure. Consequently, the corresponding analytical pre
dictions were carried out until the critical crack size c„ was reached. It can 
be seen that, with few exceptions, the analytical predictions correlated with 
the test data very well. 

For the sake of comparison, crack growth predictions were also made by 
using the CRACKS-IV computer program [22] developed by the U.S. Air 
Force. The generalized Willenborg model [23] was selected to account for the 
tensile overload retardation effects on the crack growth. This generalized 
Willenborg model, proposed by Gallagher, closely resembles the Vroman 
retardation model. The only difference is that the generalized Willenborg 
model operates on the effective stress-intensity factor K^ff instead of the ef
fective stress-intensity range AK^ff. The effective maximum and minimum 
stress intensity factors in the generalized Willenborg model are defined as 

^maxeff = ^max " * [ ^ m a x „ , ( l " A a / r ^ J ^ ^ ^ _ ^ _ ^ ^ J (g) 

^mi„e« = ^min " * [i^^maxo.d " A a / r , J^^^ _ ^ ^ J (9) 

where # is a proportional constant which can be obtained from the form in 
terms of the overload shutoff ratio S so 

$ = [1 - (/S:„ax)th/^max„,]/(^so ~ D (10) 

The effective stress intensity factor range and effective stress ratio are then 
determined from: 

A/Ceff = ^maxeff ~ •''^mineff — A-K" ( 1 1 ) 

^ e f f ~ •''^mineff/'''^maxeff ( 1 2 ) 

The effective stress ratio will be set to zero if the calculated value is less than 
zero. 

The fatigue crack growth rate equation used in CRACKS predictions was 
also the Walker equation which is formulated in terms of the effective stress-
intensity factor, ^maxeff' ^"'l the effective stress ratio, /?eff> as 

da/dN = C[(l - /?eff)'"^maxeff]". ^eff ^ 0 

The corresponding rate constants and other parameters used in the analyt
ical predictions performed by the CRACKS program were 

C = 8.367 X 10-10, n = 3.64 m = 0.6, 

Kth = 1.65 MPa Vm (1.5 ksi Vin".), 5̂ 0 = 3, 

Oy = 330.96 MPa (48 ksi) K^ = 71.5 MPa Vm (65 ksi \/in".) 

The analytical predictions made by the CRACKS program through using 
the generalized Willenborg model were also correlated with the test data as 
summarized in Tables 2, 3, and 4. It can be seen that in most cases, espe-
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daily for loading cycles containing compressive stresses, such as M-3, M-4, 
M-26, M-27, M-29, and M-30, the Vroman/Chang model provided appar
ently better predictions. Figures 10 and 11 are typical plots of the measured 
crack growth data, with analytical predictions by the Vroman/Chang and 
the generalized Willenborg models. 

Conclusions 

The primary parameters which affect the fatigue crack growth rates and 
various retardation and acceleration effects resulting from the application of 
overload and underload on the 2219-T851 aluminum alloy were investigated. 
The following conclusions can be drawn, applicable mostly for 2219-T851 
aluminum: 

1. Both the positive and negative stress ratio affect the crack growth be
havior. 

II M M- I'l 
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FIG. 10—Crack growth curve and predictions for Test M-14. 
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• TEST n-k3 
• 22I9-T85I ALUMINUM PLATE 

• LABORATORY AIR ENVIRONMENT 

• MULTIPLE OVERLOAD 

- BASE STRESS 1*4 KSI TO 20 KS I , N, = 500 

- OVERLOAD STRESS 6 KSI TO 20 KSI N TO FAILURE 

-6.0-^ c„ = 0.155 

J- J_ 
5,000 10,000 15,000 20,000 

TEST LIFE N (CYCLES) 

25,000 30,000 

FIG. 11—Crack growth curve and predictions for Test M-49. 

2. Application of the tensile overload cycle causes retardation of crack 
growth for positive and negative stress ratios. The degree of retardation de
pends largely on the overload ratio. Increasing the number of overload cycles 
also increases the degree of retardation. 

3. Application of a compression load cycle accelerates the crack growth 
rates of those load cycles immediately following the compression load by only 
a slight amount. However, the compressive load reduces the effect of the ten
sile overload retardation effect rather drastically. 

4. A block of underload (low load level) cycles accelerates the crack growth 
rate of the positive load cycles immediately following the underload cycles. A 
step jump of the growth rates often appears in the first few cycles after the 
low-high load transition. 

5. In order to accurately predict crack growth behavior under variable-
amplitude loadings similar to those applied in the test program, a load in-
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26 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

teraction model which is able to predict retardation and acceleration effects 
is needed. Results of the test data correlation indicate that the proposed Vro-
man/Chang load interaction model is adequate for engineering applications. 
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ABSTRACT: Examples are given where influence of residual stress leads to erroneous in
terpretation of fatigue crack growth rate measurements made in accordance with ASTM 
Method E 647-78T. The experimental data presented form a basis for modification of ap
plicable ASTM documents to give recognition to problems caused by residual stress, and 
to suggest guidelines for minimization of their effect on fracture property measurement. 

KEY WORDS: residual stress, fracture mechanics, fatigue, fatigue crack growth, test 
methods (metals), mechanical properties (metals) 

Recognizing the influence of residual stress on fracture property measure
ment is important when fracture mechanics-type specimens are removed 
from parent metal where complete stress relief is impractical. This is particu
larly true when test specimens are removed from weldments, complex forged 
or extruded shapes, or from metallurgical coupons which have been heat-
treated without subsequent stress relief. 

An example of the latter case is indicated by crack propagation results ob
tained from laboratory-scale, nonstress-relieved extruded rod. Fig. 1. Rapid 
quenching after solution heat treatment produces a core of residual tension 
at the center and compression at the surface of the cylinder. ̂  This residual 
stress distribution is largely responsible for the different propagation rates 
observed when crack starter notches are located in different regions of inden-
tically fabricated extruded rods. In the center crack tension (CCT) specimen 
the crack initiated in a field of tension and propagated at a faster rate than 

'Technical specialist, Engineering Properties and Design Division, Alcoa Laboratories, Alcoa 
Center, Pa. 15069. 

^Barker, R. S. and Sutton, J. G., Aluminum, Vol. Ill: Fabricating and Finishing, American 
Society of Metals, Metals Park, Ohio, 1967, Chapter 10. 
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(SI Conversionr 1 in. = 25.4 mm, 1 ksi^'in. = 1.1 MPa Vm) 

I Tension 

Compression 

Crack InltlatM 
where etrees normal 
to crack plane Is 
tensile, Initial 
da/dN Is fast. 

Crack initiates 
where stress normal 
to crack plane is 
compressive, initial 
da/dN is slow. 

FIG. 1—Effect of specimen type on fatigue crack growth rates established from nonstress-
relieved high-strength 7XXX aluminum alloy extruded rod. 

the initial crack in the single-edge notch (SEN) specimen at comparable ap
plied LK, but embedded in a field of compression. 

In another research program experimental data suggested that certain 
fabrication and metallurgical variants were responsible for high fatigue crack 
growth resistance within a class of experimental high-strength 7XXX-type 
aluminum alloys. The alloy product form evaluated was a powder metallurgy 
hand forging from which compact tension specimens were removed for 
grow1:h rate testing. Crack growth rate information established in this work 
was completely valid according to the ASTM Test for Constant-Load-Ampli-
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tude Fatigue Crack Growth Rates Above 10"^ m/Cycles (E 647-78T).3 Valid 
fatigue crack growth rates in these materials were reproduced by a second 
laboratory employing identical specimens removed from remnants of the 
same hand forgings. 

Second-generation hand forgings of the same material were prepared to 
better establish interrelationships between fabricating practices and micro-
structure on fatigue crack growth resistance. Crack grow t̂h experiments on 
the second-generation materials, however, failed to reproduce the dramatic 
improvements observed in earlier work. Because of the observed discrepan
cies, test procedures employed in the more recent work were reexamined and 
found to be satisfactory. However, detailed reevaluation of the fabrication 
practices revealed that first-generation hand forgings had not been stress-
relieved following quenching, whereas a compressive stress relief operation 
was applied to second-generation forgings. 

Because of potential confounding of crack grovrth rate measurement aris
ing from the influence of residual stress, the superior crack grow t̂h resistance 
observed on first-generation materials could not be confirmed or refuted. In 
the following, results are reported from an investigation conducted with the 
goal of (1) reproducing the slow crack growth rates observed in early work on 
the subject material, and (2) evaluating the effect of residual stress on fatigue 
crack growth measurement. Additional background and experimental de
tails of this investigation are reported in Part III of a report by Sanders et al."* 

Experimentation 

The experiment was designed to two alloys, both laboratory fabricated to a 
10 by 15 by 51-cm (4 by 6 by 20.4 in.) hand forgings. The two alloys had sim
ilar 7XXX-type aluminum alloy chemical composition; however, the subject 
material (designated here-on as Alloy A) was forged from powder metallurgy 
produced billet, while the control material (Alloy B) was forged from labora
tory cast ingot. The basic microstructural characteristics of Alloys A and B 
were, therefore, drastically different because of their respective process his
tories (footnote 4). Prior to solution heat treatment (SHT) two 3.8-cm-thick 
(1.52 in.) slabs were removed from each forging at the short transverse-longi
tudinal (S-L) plane, as shown in Fig. 2. After SHT and quench one of the two 
pieces was compressively stress-relieved by 3 to 5 percent permanent reduc
tion in the shortest dimension [3.8 cm (1.52 in.)] of the slab. Each slab was 
then aged to the final temper. With the exception of the stress relief, this pro-

^An exception to this was noted on several test specimens where the fracture path deviated by 
an angle greater than 5 deg from the plane of the machined starter slot. When this occurred the 
crack length was generally more than half way through the specimen. 

'*Sanders, R. E., Otto, W. L., Jr., and Bucci, R. J., "Fatigue Resistant Aluminum P/M Alloy 
Development," Technical Report AFML-TR-79-4131, Air Force Materials Laboratory, Wright-
Patterson Air Force Base, Ohio, Sept. 1979. 
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cedure reproduced the fabrication history of the subject material which dem
onstrated high fatigue crack growth performance in the early work. 

Residual stress and mechanical properties were determined for the four 
material conditions, namely, Alloys A and B with and without stress relief. 
Table 1 gives, for each condition, the tests conducted according to the desig
nated ASTM standard test method. Specimen locations are shown in Fig. 3. 
The fatigue crack growth tests were conducted in dry air (relative humidity 
< 10 percent) at a stress ratio (R) equal to 1/3. All other mechanical tests 
were conducted in ambient air. Crack growth specimens were removed from 
material at the mid-thickness {T/2) plane and both surfaces of the parent 
slab. 

To better quantify the effect of residual stress on crack growth, residual 
stresses in the S and L direction were measured prior to test by X-ray and 
layer removal methods in both the parent slab and crack growth specimens. 
Additional detail on these measurements, their precision, and method of 
analysis is provided by Sanders et al (footnote 4). 

Crack propagation rates (da/dN) were determined from visual crack 

TABLE 1—Test particulars. 

Quantity Type of Test Specimen Type 
ASTM 

Practice 

2 
2 
1 

3 

tension 
notch tension 
fracture toughness 

fatigue crack growth 

6.35-mm (1/4 in.) diameter 
12.7-mm (1/2 in.) diameter 
CT specimen 
38.1 mm thick (1 1/2 in.) 
CT specimen 
6.35 mm thick (1/4 in.) 

E-8 
E 602-76T 

E399 

E 647-78T 

- » L 

(SI Conversion: 1 in. = 25.4 mm) 

2 FOG Blanlis for 
Residual Stress 

Measurement 

1/2" Dia. Notch Tensile 

1-1/4" 
' 3 FOG Specimens 

B - 1/4", W - 2.5" 

FIG. 3—Location of test specimens within parent metal stab. 
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length measurements. A crack-opening displacement (COD) gage was used 
to monitor compliance change with crack extension in specimens removed 
from the T/1 and one surface plane of each material condition. A crack-
opening load (Pop) was estimated from the load-COD trace obtained in the 
instrumented tests, as in Fig. 4. The opening load is required to offset com
pression at the crack tip caused by the superposition of clamping forces at
tributed to residual stress in the bulk material and forces caused by wedging 
action of residual deformation left in the wake of the propagating crack, as 
described by Elber.^ The residual stress influence on da/dN could, therefore, 
be evaluated using the concept of effective cyclic stress-intensity factor 
(A/LEFP), which assumes that propagation occurs only when the crack is 
completely open. For a constant applied cyclic load {AP), any internal force 
system which increases Pop above the minimum cyclic load would decrease 
ATTEFF' ^^^ ^^^^ decrease da/dN. 

Two rectangular blanks, having identical thickness and plan size as the 
crack growth specimens, were removed from Alloy B at locations comparable 
to the instrumented crack growth tests, but from the opposite end of the 
parent slab, as indicated in Fig. 3. The redistribution of residual stresses fol
lowing progressive sawcuts, simulating a growing crack, was determined 
from displacements measured at the three locations indicated in Fig. 5. 

Results 

Residual Stress Measurements 

The following conclusions were determined from statistical analysis of re
sidual stress measurements made on the parent slab and crack growth speci
mens removed from parent metal. 

1. Residual stress magnitudes were consistently larger innonstress-relieved 
materials. 

2. The residual stress magnitude in both stress-relieved and nonstress-re-
lieved crack growth specimens was significantly different from zero. 

3. Neither a main nor interaction effect of material (Materials A versus B) 
on residual stress magnitude was detected in test specimens or parent metal. 

4. In both the parent metal and test specimens, the stress relief operation 
generally produced greater changes to stress in the S-direction than in the 
L-direction. 

5. Within parent metal the effect of through-the-thickness specimen loca
tion on residual stress magnitudes was greatest in nonstress-relieved mate
rials. 

^Elber, W. in Damage Tolerance in Aircraft Structures, ASTM STP 486, American Society 
for Testing and Materials, 1971, p. 230. 
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FIG. 5—Location of displacement measurements in CT specimen blanks simulating fatigue 
crack growth by progressive sawcuts. 

Mechanical Properties 

Tensile and fracture toughness properties of Materials A and B are given 
in Table 2. Valid fracture toughness {Ki^ numbers were established for 
stress-relieved materials, while results of nonstress-relieved materials were 
invalid due to excessive fatigue precrack curvature caused by the residual 
stress-distribution indicated in Fig. 6. 

Fatigue Crack Growth 

The comparison of stress-relieved versus nonstress-relieved crack grovrth 
behavior (da/dN versus AK) is shown for Alloys A and B, respectively, in 
Figs. 7 and 8. Data from triplicate tests of identical stress-relieved material 
were in good agreement. For identical applied AK, the growth rates in non
stress-relieved material were significantly slower than rates in stress-relieved 
material, particularly at low AK. In nonstress-relieved material, the mea
sured response depended upon specimen location within the parent slab, for 
example. Fig. 7, while in stress-relieved material, specimen location was not 
a factor. 

The crack growth results of nonstress-relieved materials indicate that sig
nificant internal stresses altered the crack-tip stress intensity factor, thereby 
causing the disagreement with behavior of stress-relieved materials. The 
recommended standard test method (ASTM E 647-78T) assumes internal 
stresses to be zero, and uses external loads only to compute AK. Hence, 
though growth rates from nonstress-relieved materials are completely accu
rate and valid according to ASTM practice, the data should not be considered 
representative of the true material behavior. 
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FIG. 7—Effect of stress relief on fatigue crack growth rate measurement in Material A (a) 
stress-relieved and (h) nonstress-relieved. 
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ĵ v Surface 

Stress-Relieved 

AK, ksi^/m. 
(a) 

10 

10 - 5 

10 

- 10 

- 10 

-6 M̂  

Z 

O 
<< 

-7 « 

20 

AK, MPa 

10 

10 

2.2 10 

u 
>• 
o 

10 

z 
o 
(B 
<5 

10 

10 

-5 _ 

-6 _ 

-7 _ 

CT 
R = 
Dry 

-

Specimen: 
1/3, 

1 

&• 

Air (R.H. <10%) o' 
Origin: Parent 

0 T/2 Plane 
7̂ Surface 

Slab 1 

' . ^ 
< 
"-^ 

A ' ^ ' ^ ' V ' 

f 
^ Nonstress-Relieved 

1 

22 

- 10 

10 - 7 

- 10 " ^ 

n 

10 - 9 

AK, ksl 

(b) 

10 20 

FIG. 8—Effect of stress relief on fatigue crack growth rate measurement in Material B (a) 
stress-relieved and (h) nonstress-relieved. 
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Discussion 

Residual stresses are produced during quenching by deformation associ
ated with shrinkage during cooling. Generally the first portion of the speci
men to cool is left in residual compression, while the last portion to cool is left 
in residual tension. This is true of the cylinder indicated in Fig. 1 where re
sidual compression along the outer surface is balanced by a core of residual 
tension at the center. Using the foregoing rationale, the principle of equilib
rium, and the boundary condition that stresses normal to a free surface must 
be zero, the distribution of residual stresses in the S- and L-directions for a 
nonstress-relieved rectangular cross section would be similar to those illus
trated in Fig. 9. This typical distribution was verified by X-ray measurements 
on the nonstress-relieved parent slabs. Longitudinal surface compression is 
greatest at the comers, since these locations are the first to cool. 

- ^ L 

"A" 

FIG. 9—Typical residual stress distribution from quenching on rectangular section "A-A ". 
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Full section thickness fracture toughness specimens indicate that compres
sive stresses in the S-direction of nonstress-relieved material caused the pre-
crack to grow slower at the surface than at the T/2 plane, where the S resid
ual stress was tensile. Machining crack growth specimens to a thickness of 
6.35 mm (0.25 in.) sufficiently reduces the S stress variation through the 
thickness such that excessive crack front curvature is no longer a problem in 
nonstress-relieved specimens having comparable plan size to the toughness 
specimens. 

Residual stress in the L-direction had the greatest effect on measurement 
of crack growth resistance in nonstress-relieved compact specimens. Figure 
10 illustrates that crack-tip compression results from a clamping moment 
caused by the stress unbalance which develops upon introduction of the 
crack starter slot. This force system is relatively uniform through the speci
men thickness and, therefore, its occurrence cannot be detected by excessive 
curvature in the propagating fatigue crack. That is, by failing to recognize 
the effect of residual stresses acting parallel to the propagation direction, one 
would likely interpret the resultant crack growth measurement as valid ac
cording to ASTM Method E 647-78T. 

(a) Specimen location 
within original slab. 

Longitudinal 
residual stress 
distribution in 
specimen blank 
after isolation 
from parent slab. 
(Ref. Fig. 3). 

Clamping moment 
develops when 
crack starter slot 
introduced. This 
results in crack tip 
compression normal 
to the fracture 
plane. 

FIG. 10—Effect of residual stress parallel to notch plane on fatigue crack growth rate mea
surement in CT specimen taken from nonstress-relieved materials. 
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A simple technique to determine where a clamping moment exists is to 
measure surface displacement before and after the introduction of the ma
chined starter notch. For example, following a sawcut simulating the crack 
starter slot in the compact specimen blank of Fig. 5, mechanical gage marks 
initially spaced 51 mm (2.0 in.) apart closed, respectively, by about 0.20 mm 
(0.008 in.) in blanks removed from the T/2 and surface plane of the parent 
nonstress-relieved slabs. Comparable measurements made on stress-relieved 
blanks indicated that the initial gage locations on average spread apart by 
about 0.05 mm (0.002 in.) at both the T/2 and surface locations. The latter 
observation suggests that growth rates established in stress-relieved speci
mens might actually be greater than those expected in residual stress-free 
material, because of tension mean stress at the crack tip. 

Stress redistribution in compact specimen blanks, Fig. 5, following a series 
of progressive sawcuts simulating a growing crack, was measured by strain 
gages mounted just below the sawcut plane in Alloy B. The blanks were 
removed from the parent slab at locations symetrically opposite the crack 
growth specimens. Fig. 3. Residual stresses in the parent metal were equiva
lent at the corresponding location. Measurements made in nonstress-relieved 
blanks indicated significant compression stress in material at and ahead of 
the tip of the sawcut simulating a propagating crack. Fig. 11. In nonstress-
relieved specimens crack propagation would, therefore, be retarded by 
clamping forces which close the crack. Stresses ahead and at the simulated 
crack tip in stress-relieved material were either slightly positive at short crack 

(SI Conversion : 1 in. = 25.4 mm, 1 l(si = 6.89 MPa) 

+ 9 

S +6 -

TJ - 3 -

I 

1 r 

Strain Gage 

Sawcut 

1_ 
-o—o-

=5=4:^^=8 

^ 
vS ^ 

I,, p I 1 I I I I I 

Legend 

Stress 
Relief 

in .6 .7 .8 .9 1.0 1.1 1.2 1.3 1.4 1.5 
Distance of Sawcut Measured From f of Pinholes, a, in. 

Spec. 
Location 

o No T/2 
• Yes T/2 
<̂  No Surface 
• Yes Surface 

FIG. 11a—Stress redistribution at Gage Location 1 following sawcuts to simulate a propagat
ing crack in a compact tension specimen. 
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(SI Conversion: 1 in. = 25.4 mm, 1 ksi = 6 .89 MPa) 
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FIG. lib—Stress redistribution at Gage Location 2following sawcuts to simulate a propagat
ing crack in a compact tension specimen. 

length or zero at longer crack lengths. Crack growth may, therefore, be 
either accelerated or unaffected by the residual stress system in the original 
stress-relieved blank. 

Clear differences were observed in the load-COD traces established in in
strumented crack growth tests of stress-relieved versus nonstress-relieved 
specimens. Typical test records for Alloy B specimens removed from the T/2 
plane are indicated in Fig. 12. Comparable test records were reproduced in 
Alloy A specimens removed from the T/2 location and in both materials from 
specimens taken from the surface location. For simplicity, the crack-opening 
load, Popj w ŝ determined at the intersection of two traces which divide the 
test record into linear segments. At relatively short crack length, P^^ in non-
stress-relieved material was of the order of the maximum applied load, P^^, 
in tests of stress-relieved material. This explains why nonstress-relieved spec
imens required Pmax about double that in stress-relieved specimens to propa
gate a crack at equivalent rates early in the test. In nonstress-relieved speci
mens, Pop decreased with stress relief during crack extension. This explains 
the near equivalence of da/dN versus AK data in both stress-relieved and 
nonstress-relieved specimens at high AK (long crack length). 

Nonstress-relieved propagation rates were corrected using the effective AK 
concept of Fig. 4. The adjusted results from nonstress-relieved material 
agreed reasonably well with data established in the stress-relieved specimens, 
for example. Figs. 13 and 14. Thus it is concluded that residual stresses were 
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(SI Conversion: 1 in. = 25.4 mm, 1 lb. = 4.4 N) 

1000 

Nonstress-Reljeved 
T/2 

Crack Opening Displacement 

FIG. 12—Characteristic load-COD traces established on stress-relieved and nonstress-re-
lieved fatigue crack growth specimens of Material B. 

largely responsible for the extremely low propagation rates observed in the 
original investigation on the subject material. 

Summaiy 

Accurate fracture property measurement requires caution that determined 
properties are not an artifact of residual stress remaining in the test coupon. 
The problem develops in that stress-intensity factors are generally repro
duced in fracture mechanics-type specimens with relatively small applied 
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FIG. 13—Corrected fatigue crack growth rates in nonstress-relieved hand forgings of Mate
rial A. 

stresses and large cracks. In engineering structure, however, the same stress-
intensity factor is often produced by large stresses and small cracks. There
fore, residual stresses perceived to be small in the engineering sense cian af
fect growth rate measurement when the ratio of residual stress to applied 
stress in the test coupon is significant. Under this premise low AK (near-
threshold) fatigue crack growth rates represent the fracture mechanics prop
erty likely to be most seriously affected by residual stress influences. 

Examples given show where failure to recognize influence of residual stress 
results in erroneous interpretation of fatigue crack growth rate measure
ments that could be perceived as valid according to ASTM Method E 647-78T. 
The affected growth rates and AAT-values in the illustrated examples were 
drastically different from those typically associated with near-threshold be
havior. Though not explicitly shown, it follows that the confounding influ
ence of residual stress extends also to stress corrosion cracking {Ki^^) and 
fracture toughness (Ki^) property determinations. 

The following guidelines are suggested for the purpose of recognizing and 
minimizing the effects of residual stress on measurement of fracture proper
ties established from specimens where complete stress relief is impractical. It 
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FIG. 14—Corrected fatigue crack growth rates in nonstress-relieved hand forgings of Mate
rial B. 

is recommended that these guidelines be given consideration to the applica
ble ASTM fracture test method documents. 

1. Excessive crack front curvature or irregular crack growth (that is, out of 
plane fracture) is a tip-off to the likelihood that test results are confounded 
by residual stress influence. 

2. When residual stresses are suspect, local displacement measurements 
made before and after the machining of the crack starter slot (for example, at 
the mechanical gage locations in Fig. 5) are useful for detecting the severity 
of the effect. 

3. Residual stresses both parallel and normal to the specimen fracture 
plane may influence fracture property measurement. 

(a) Effects of residual stresses normal to the fracture plane can be min
imized by selecting the specimen width to plan size ratio {B/W) to 
be small. 

(jb) Effects of residual stress parallel to the fracture plane may produce 
clamping (or opening) moments which affect the crack-tip stress-
intensity factor. The effect of these moments can be minimized by 
selecting symetrical specimen configurations (for example, selecting 
the CCT over the CT configuration). 
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4. Autographic load versus COD traces are useful for the reduction of con
founding residual stress influences on fatigue crack growth rate comparisons 
between materials. These comparisons might best be made on the basis of ef
fective stress-intensity factor range {AK^FF) rather than applied AK. 
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Benefits of Overload for Fatigue 
Cracking at a Notch 

REFERENCE: Underwood, J. H. and Kapp, J. A., "Benefits of Overload for Fatigue 
Craclcing at a Notch," Fracture Mechanics: Thirteenth Conference, ASTM STP 743, 
Richard Roberts, Ed., American Society for Testing and Materials, 1981, pp. 48-62. 

ABSTRACT: Tests are described which measure the effect of compression overload on 
fatigue crack initiation and growth from a 0.1-mm-radius notch in alloy steel Kic 
specimens. 

Other tests are described which measure the effect of tension overload on fatigue 
crack initiation and growth from a 3.4-mm-root-radius notch in similar specimens. 

The effect of overload on the number of cycles required for crack growth is described 
for both types of tests in relation to a residual stress model. 

KEY WORDS: overload, fatigue cracking, residual stress, notch, fracture mechanics 

Nomenclature 

a Crack depth 
Aa Average crack growth from three points on crack front 

Attmin Minimum value of crack growth at specimen surface 
B Specimen thickness 
K Opening mode stress-intensity factor 

Ki^ Plane-strain fracture toughness 
Kmax Maximum value oiK during fatigue loading 
K^^n Minimum value of K during fatigue loading 
Ni-c Number of cycles to Aa = 0.25 mm in compression overload tests 
Nf-c Number of cycles to final Aa in compression overload tests 
Ni~T Number of cycles to 2c = 2.0 mm in tension overload tests 
Nf-T Number of cycles to 2c = 10.0 mm in tension overload tests 

p Probability that mean values represent same population of data 
W Specimen depth 

'Materials engineers, U.S. Army Armament Research and Development Command, Large 
Caliber Weapon Systems Laboratory, Benet Weapons Laboratory, Watervliet, N.Y. 12189. 
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a^ax Maximum stress at notch root due to applied K 
p Root radius of notch 
fj. Mean value 
a Standard deviation 

There are situations in which a fatigue crack at a notch is required and 
others in which a fatigue crack is to be avoided. In either case the appli
cation of an overload to the structure or specimen containing the notch can 
be of benefit. When a fatigue crack is required, such as when precracking 
the specimens used in some fracture tests, a compression overload applied 
to the notched specimen can result in faster formation of a crack at the 
root of the notch. Faster precracking is particularly important in testing of 
brittle materials, because the maximum allowed /C-value for precracking is 
not much above the fatigue threshold, A/sTth, for some brittle materials. 
One of the objectives of this paper is to describe compression overload tests 
performed with some fracture toughness specimens and show the effect of 
overload on fatigue crack initiation and growth from the notch. 

When initiation and growth of a fatigue crack should be avoided, such 
as at a fillet or corner in a loaded structural component, a tensile stress 
overload applied in the vicinity of the fillet or corner can serve to prevent 
or delay the initiation and growth of a crack. The second objective here is 
to describe and analyze laboratory tests which simulate a component with 
a notch subjected to a tensile stress overload. 

Overload to Induce Cracks 

A few laboratories apply compression overloads to fracture test specimens 
in order to save time in fatigue precracking. But the overload procedure 
and the effect on precracking have not been described in the literature, 
and the overload procedure is not generally used. This lack of information 
and use of overloads prompted this effort. 

Test Procedure 

The general test procedure was the compression overload procedure 
commonly used in our laboratory when precracking plane-strain fracture 
toughness, Ki^, specimens. In brief, the procedure is a single compression 
load applied to the notched Ki^ specimen using twice the maximum load 
to be used in precracking. Details will follow. A total of 30 Kic specimens 
was tested. The specimens were the C-shaped geometry described in the 
ASTM Test for Plane-Strain Fracture Toughness of Metallic Materials 
(E 399-78) and shown in Fig. 1. The specimens were taken from cylindrical 
steel cannon forgings of 44-mm inner radius, 85- or 120-mm outer radius. 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



50 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

NOMINAL 

X/W' 0.5 
a„ /W= 0.45 

Compressive Preload 

Fatigue Load 

FIG. 1—Compression overload rest specimen. 

The steel is a nickel-chromium-molybdenum-vanadium composition similar 
to AlSl 4335, heat-treated to a yield strength range of 1150 to 1200 MPa. 
Table 1 lists some additional test conditions. 

Three groups of 10 specimens were tested, as indicated in Table 1. The 
Group 1 specimens are of thickness B = 25.4 mm and nominal depth 
W = 42 mm; they were taken in pairs from five forgings. The Groups 
2 and 3 specimens are of B = 38.1 mm and nominal W = 74 mm, and 
they were taken one per forging from 20 forgings. All specimens were tested 
with as-forged inner and outer diameters, so dimensions vary somewhat. 
The variation can be noted in the W-values listed in Table 1. Details of 
the notch tip configuration are a 90-deg included angle with a 0.13-mm 
root radius as measured on a sampling of specimens using an optical 
comparitor. 

In each group of 10 specimens, five were overloaded, five were not. 
Using nominal specimen dimensions and the overloads listed in Table 1, 
the iiL-values corresponding to the overloads are 86 MPaVnT for Groups 1 
and 2 specimens and 66 MPaVnT for Group 3 specimens. Although at the 
time of the overload there is no crack present and therefore no A'-value as 
strictly defined, we still choose to use K to describe the overloads. We 
believe it is the best simple description of both the loading and the geometry 
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of a notch overload. The K-values were calculated using the following ex
pression for the C-shaped specimen [1]^ 

X [1 + 0.25(1 - 0/^^)2(1 - ri/r2)]F(a/w) (1) 

where 

Fia/W) = . / ;„, , ,n(3.74 - 6.30 a/W + 6.32{a/W)^ 
(1 — a/Wy''^ 

- 2A3(a/W)^) 

which applies for 0.2 < a/W < 1, 0 < X/W < 1, 0 < r , / r2 < 1. See 
Fig. 1 for definition of terms. The maximum tension load in fatigue was 
always one half of the overload, so at the start of the fatigue loading the 
nominal A"max was 43 MPaVnT for Groups 1 and 2 and 33 MPaVm for 
Group 3. The specific values of K„^^ at the start of fatigue loading, in
cluding the effects of variations in W, relative loading hole position, X/W, 
and notch length, a/W, were calculated using Eq 1 and are listed in 
Table 1. As can be determined from Table 1, W varies by as much as 
± 3 percent; the quantities X / W and a /W vary by like amounts. This leads 
to a variation in K^i^^ sit the start of fatigue loading of as much as ± 8 per
cent. For all tests A'̂ in was one tenth of A"max- Fatigue loading was con
tinued until about 3 mm of crack growth had occurred. 

In summary, the tests provide for the determination of the effect of 
compression overload on fatigue crack initiation from a notch in a A"];, 
specimen, considering two different specimen sizes and two different levels 
of overload and fatigue loading. In addition, the effect of overload on the 
subsequently measured A",;, can be determined. 

Results 

The results from the compression overload tests are presented in Table 2. 
For each of the 30 tests, crack growth data, number of fatigue cycles re
quired for growth, and the measured A";;, are listed. The crack growth datum 
is, first, Aa, the average amount of fatigue crack growth beyond the notch 
tip, as described in ASTM Method E 399-78. Three measurements, at 
locations corresponding to 'A, Vi, and •'A B, were made on the fracture 
surface after the A'j^ test and averaged to obtain Aa. Values of Aa vary 

^The italic numbers in brackets refer to the list of references appended to this paper. 
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TABLE 1—Test conditions for compression overload specimens. 

Group 1: 

Group 2: 

Group 3: 

Specimen 
No. 

42A 
42B 
34A 
34B 
25A 
25B 
43A 
43B 
28A 
28B 

734 
807 
839 
842 
703 
818 
810 
822 
875 
931 

851 
865 
852 
847 
004 
005 
943 
663 
846 
850 

Specimen 
Depth, W, 

mm 

42.4 
42.4 
41.9 
42.4 
42.7 
42.4 
43.2 
42.1 
42.7 
43.2 

73.9 
74.9 
74.9 
75.7 
74.9 
74.4 
72.4 
72.4 
75.7 
74.4 

72.4 
73.2 
74.2 
72.9 
72.4 
72.4 
74.9 
74.9 
74.9 
76.2 

Compression 
Overload, 

kN 

35.0 
0 

35.0 
0 

35.0 
0 

35.0 
0 

35.0 
0 

67.6 
0 

67.6 
0 

67.6 
0 

67.6 
0 

67.6 
0 

51.6 
0 

51.6 
0 

51.6 
0 

51.6 
0 

51.6 
0 

Starting 
Fatigue 

Load, /L max 
MPaVm 

43.2 
43.7 
45.1 
45.2 
45.8 
45.1 
45.0 
44.7 
46.7 
43.9 

43.4 
42.4 
43.2 
42.4 
41.5 
42.1 
44.5 
44.5 
40.4 
42.6 

34.7 
33.9 
32.3 
33.0 
35.4 
35.4 
33.8 
32.7 
31.8 
30.4 

between 2.1 and 3.5 mm. The smaller of the two surface crack growth 
measurements also was made, divided by Aa, and listed as Aan,i„/Aa. This 
ratio provides a quantitative measure of the crack front symmetry; because 
Aan,|„ is normalized by Aa, the ratio includes little or no effect of the 
variation in Aa noted in the foregoing. A value of Acmin/Aa near one cor
responds to a relatively straight, symmetrical crack front with no more 
curvature than the normally observed lagging of the crack front at both 
specimen surfaces. A lower value of this ratio indicates that the crack front 
lags more than normal at one surface. In Groups 1 and 2, the specimens 
with higher K^^^ in fatigue, there appears to be no significant effect of 
overload on crack front symmetry as measured by Aa^in/Aa. In Group 3, 
the lower K^AK specimens, there is indeed an effect of overload on sym
metry. Without overload, the crack front is much more likely to lag sig-
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nificantly at one surface, which causes nonsymmetry and a potentially poor 
fracture test. 

The number of fatigue cycles, Nj-c, required to grow the crack to an 
average Aa of 0.25 mm determined from the two surface measurements 
and the number of cycles, Nj-c, required to grow the crack to the final Aa 
are listed in Table 2. Note that the difference between these two numbers, 
Nf-c — Ni-c, is approximately constant for all tests. This means that the 
test conditions do not greatly affect crack growth from Aa = 0.25 to the 
final value, about 3 mm; the effects of the test conditions are apparently 
on the initiation and early growth of the crack. Considering the iV/-c data 
in Table 2, all three groups of specimens show a significant decrease in 
Nf-c when overload is applied compared with the tests with no overload. 
This is particularly so for the Group 3 tests at lower /sTmax- The last column 
of data in Table 2 is the results from Ki^ tests; there appears to be no 
significant effect of overload on K\^. 

Statistical Analysis 

To give a quantitative measure of the observed results, some statistical 
analysis was performed. The effect of overload on three parameters was 
analyzed; namely, the number of fatigue cycles to initiate and grow the 
crack to Aa = 3 mm, Nf-c, the crack front shape as measured by Aan,i„/Aa, 
and the fracture toughness, Ki^. For each group of specimens the mean, n, 
and standard deviation, a, were determined for specimens with and without 
overload. These data are given in Table 3. Once the /tt and a are known 
for the two test conditions in each group, a test statistic can then be cal
culated which is used to determine the probability that the two means 
represent the same population of data. To do this it is first necessary to 
determine if the measured data are normally distributed. The Kolmogorov-
Smirnov test [2] was applied to each subgroup of data to test for normality. 
This test compares the observed distribution with the theoretical normal 
distribution with the same /u and a. If the maximum difference between the 
observed distribution and the theoretical distribution is less than a specified 
amount for the given specimen size, then it can be stated with a 99 percent 
confidence level that the observed data are normally distributed. All six 
subgroups of data met the Kolmogorov-Smirnov criterion. 

The test statistic necessary to compare the two means is 

I/^overload Mno overload I , _ , 

^ - ^2 ^rz2 (2) 
> "overload ' " n o overload 

where the subscripts correspond to the two test conditions compared. Once 
d is known we are able to determine the probability with a 99 percent con
fidence level that the means represent the same population of data through 
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the use of "Operating Characteristic Curves" available in the literature [3]. 
These probabilities are given in Table 3 as Pa, PN, and pn, the prob
abilities related to crack growth, fatigue cycles, and Ki^ data, respectively. 
They indicate that the overload data are a significantly different popu
lation and thus overload has a significant effect in regard to (1) crack front 
shape for the low K^^M tests, Group 3, and (2) number of fatigue cycles to 
initiate and grow a crack for all tests. For both of these situations, overload 
is a benefit, because for (1) overload leads to a more uniform crack front 
shape, and for (2) it leads to fewer fatigue cycles to grow the crack. In re
gard to the measured Ki^, for the low K^^^ tests the probability that the 
overload data and no-overload data are the same population, and thus the 
probability that overload has no effect on K^^, is 55 percent. No conclusion 
is made from this result. However, considering that the mean /fjc-values 
are different by less than 10 percent, which variation is not uncommon 
with Ky^ tests, this 55 percent probability should cause no alarm. 

Overload to Prevent Cracks 

A tensile stress overload to the area of the notch in order to prevent the 
growth of fatigue cracks is, like the compression overload, not generally 
used. The overpressure of cylindrical pressure vessels in order to prevent 
crack growth is commonly done and has been studied in our laboratory 
[4,5]. This process, called autofrettage, involves plastic deformation near 
the inner radius of the cylinder which results in compressive residual stress 
at the inner radius. This prevents the growth of fatigue cracks. Our ex
perience with autofrettage led us to the work here with tension overloads 
applied to notches. 

Test Procedure 

Four specimens similar to the compact fracture toughness specimen de
scribed in ASTM Method E 399-78 were made as shown in Fig. 2. The 
specimens were taken from a cannon forging similar to that described 
earlier, except with a yield strength of 1040 MPa. The test procedure was, 
first, the application to two of the specimens of a tension overload, then 
the fatigue loading of all specimens at a maximum load of 15.6 kN. This 
would correspond to a Â max of 56 MPaVnT if a crack were present in the 
specimen rather than a notch. We choose to use K to describe the loading 
in the tests because K includes the effect of notch length in addition to the 
effect of load level; the full meaning of a /if-value is not intended since 
there is no sharp crack present at the start of the tests. The value of K^^„ 
during fatigue loading was always one tenth of /sTmax- The initiation and 
growth of a fatigue crack at the notch root was monitored using a magnetic 
particle inspection procedure and a 10-power telescope. Crack length along 
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FIG. 2—Tension overload test specimen. 

the notch root, 2c, was measured, as indicated in Fig. 2; measurements of 
and changes in 2c as small as 0.5 mm could be detected. 

Results 

Table 4 gives the results of the tension overload tests. Specimens 11-1 
and 11-2 had no overload, that is, an overload ratio of one. With no over
load, 65 000 cycles were required to initiate and grow a fatigue crack to a 
2c length of 2 mm, and an average of 18 000 additional cycles was required 
to grow the crack across the entire 10-mm thickness of the specimen. 

With an overload of 1.5 times the K^^^ used in fatigue, the number of 
fatigue cycles required for the same amount of crack growth is increased by 
about a factor of 2.5. More significantly, with an overload ratio of 2.0, the 
fatigue life may be extended indefinitely; the test was stopped after 1 000 000 
cycles with no indication of crack initiation. 

Even though only four specimens were tested, the large difference in the 
test results clearly leads to the conclusion that, at least for the type of 
material and geometry tested, tension overload of large enough magnitude 
can produce manyfold increases in the fatigue life of notched components. 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



UNDERWOOD AND KAPP ON BENEFITS OF OVERLOAD 5 9 

TABLE 4—Results of tension overload tests. 

Ni—T, Nf-T, 
Specimen ^overload. for 2c = 2 mm, for 2c = 10 mm, 

No. MPaVnT Â  overload//f max kilocycles kilocycles 

11-1 
11-2 
11-3 
11-4 

56 
56 
84 
112 

1.0 
1.0 
1.5 
2.0 

65 
65 
194 

>1000 

84 
82 
214 

>1000 

Analysis 

Analysis of the effect of overload on crack growth from a notch can serve 
to identify the basic source of the effect. The following may help to ac
complish this. 

It is known that the primary effect of overpressure on fatigue crack 
growth from the inner radius of cylinders is the effect of residual stress 
referred to earlier. It is our contention that residual stress is the basic 
source of overload effects on fatigue crack growth from a notch. To test 
this belief, the maximum stress at the notch root during fatigue loading is 
calculated, modified to account for residual stress, and used to estimate 
Nf for comparison with measured Nj. 

Paris and Sih [6] give a useful relation for calculating the maximum 
stress, (Tmaxt ^t the root of a notch with radius p. The relation is exact only 
for p -* 0, but it can be used to estimate a^ax over a range of p, and it is in 
terms of the applied K as determined from overall specimen dimensions 
and loading 

•̂  *^ app 
<̂ max = 7=~~ (3) 

slirp 

Values of /(Tmax in fatigue, p, and the calculated ffmax from some of the tests 
are given in Table 5. For the compression tests the values of ffmax are very 
high due to the small p. However, this estimate of a max is still useful as a 
comparative estimate of the stress at the notch, including as it does both 
global and local information, Â app and p, respectively. 

The estimate given in Table 5 of residual stress due to overload, OR, is 
simply 0.7 times the yield stress for all cases except Specimen 11-3. The 
rationale for this is that there is sufficient overload to produce a residual 
stress approaching the yield strength; the 0.7 factor is due to variations in 
the yield behavior known to occur in the type of steel used here, such as 
the Bauschinger effect [7], which is a lowering of the yield strength following 
yielding in the opposite sense. For Specimen 11-3, which had a smaller 
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TABLE 5—Comparison of overload tests with analysis. 

Compression 
overload: 

Groups 1,2 
Group 3 

Tension 
overload: 

Specimen 11-3 
Specimen 11-4 

' ^ max 

MPaVnT 

43 
33 

56 
56 

P 
mm 

0.13 
0.13 

3.4 
3.4 

•7 max 

MPa 

-f4260 
+3270 

+ 1090 
+ 1090 

OR 

MPa 

+ 820 
+820 

- 4 2 0 
- 7 3 0 

r c m a x + OR^ 

\_ <^max J 

1.70 
1.96 

0.23 
0.04 

•*'/ no overload 

• ' ' / overload 

1.34 
2.21 

0.39 
<0.08 

overload ratio of 1.5, the CT/J-value shown is 0.7 times the difference be
tween the overload stress, 1640 MPa, and the yield strength, 1040 MPa. 

A hypothetical sketch of the applied and residual stress distributions 
near the notch is shown in Fig. 3. As is shown, the amount of crack growth 
is considered small relative to the depth of the stress distributions. So the 
maximum values of stress, that is, amax plus CT^, are used to analyze the 
effect of overload on Nj. Since Nf in the tests was in the range of 10"* to 10^ 
cycles, the Paris-type expression for this material in this da/dN range [5] 
can be used 

da/dN = 6.52 X lO'^^AK^ 

with da/dN in m/cycle and K in MPaVm. Based on this cubic relation, a 
stress parameter is calculated for comparison with the ratio of Ny with no 
overload to Nf with overload. This stress parameter, the cube of the in
verse ratio of a^ax with no overload to ff^ax with overload, is compared in 
Table 5 with the Ny ratio measured in the tests. The rationale of this com
parison is that N should vary inversely with the third power of a, provided 
that the effects of overload are included in both the calculation of a and 
the measurement of N The comparison in Table 5 of the a and Nf param
eters is good, considering the inherent variation in fatigue data. This sup
ports our contention that it is the residual stress due to overload which 
controls the fatigue crack growth from a notch. 

Applications and Concluding Remarks 

The compression overload tests showed that when a crack is required, 
an overload before fatigue loading is of clear benefit, both in reducing the 
number of cycles required to grow a crack and reducing the variation in 
crack front shape. To obtain these beneficial effects, the overload-to-
maximum fatigue load ratio must be high enough that the overload residual 
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FIG. 3—Sketch of stresses near a notch. 

stress is not overwhelmed by the applied stress on the first fatigue load 
cycle. An overload ratio of 2.0 was adequate for the tests here. A related 
concern is that the overload is not too large. Calculation of the plastic zone 
size using Irwin's formula 

1 
67r 

K overload 

f^yield 
(4) 

can check for an excessive overload by comparing ry with the amount of 
crack growth following overload. In the tests here, for example, the largest 
ry was 0.3 mm, compared with 3-mm crack growth, so the overloads were 
not too large. 

The tension overload tests showed the clear benefit of overload in in
creasing the fatigue life of a notched specimen. A factor of 2.5 increase in 
life was seen with an overload-to-maximum fatigue load ratio of 1.5, and a 
factor of more than 12 increase in life was seen with an overload ratio of 
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2.0. In the use of tension overloads the analysis and results here indicate 
that two conditions may be necessary for a significant increase in fatigue 
life: an overload of at least twice the maximum fatigue load and an over
load which produces an indicated tension stress at the notch root of at least 
twice the material yield strength. The concern of an excessive tension over
load can be met by observing the load-deflection behavior of the specimen 
during overload or by calculating the bending limit load of the remaining 
section of the specimen ahead of the notch. 
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ABSTRACT; A model for the prediction of growth rates of fatigue cracks in aluminium 
alloys is presented. The model is based on an approximate description of the crack closure 
behavior and can be used to predict effects of crack growth acceleration and retardation 
observed experimentally under variable-amplitude loading. 

A computer program was developed for analysis of fatigue crack growth. It was used to 
analyze the effect of certain parameter variations in a flight simulation load spectrum on 
the crack growth rate. For 7075-T6 thin sheet material the results are compared with ex
perimental data. 

KEY WORDS: fatigue crack growth, flight simulation loading, TWIST, variable-
amplitude loading, delay effects, crack growth model, crack closure, crack opening, delay 
switcher, plane-strain/plane-stress transition 

Aircraft structures have to satisfy certain requirements with regard to 
strength, stiffness and weight. These requirements have led to relatively high 
design stress levels in structures made of high-strength aluminium alloys. In 
view of the loading conditions and the increasing lifetimes, fatigue damage 
cannot always be prevented at all locations. In general, a limited fatigue life of 
some structural components has to be accepted. In these circumstances there 
is an urgent need for analytical models that allow a prediction of growth rates 
of cracks in structures subjected to service loading conditions and, hence, of 
an assessment of the structural fatigue life. 

'Research engineer. Structures and Materials Division, National Aerospace Laboratory, 
NLR, The Netheriands. 
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It is known from the theory of linear fracture mechanics that the state of 
stress and deformation near a crack tip can be characterized by the stress-
intensity factor K. In the mid-1960's fracture mechanics principles were in
troduced in the analysis of fatigue crack growth by relating the crack growth 
rate da/dn to the stress-intensity range AA". Careful measurements of growth 
rates have revealed that da/dn not only depends on A ^ but also on the stress 
ratio, R = ffmin/<^max- Several crack growth laws were proposed to account for 
the effect of R. Using these laws crack growth rates can be predicted accu
rately for some simple crack configurations in specimens subjected to con
stant-amplitude loading. However, for more complex loading sequences such 
as flight simulation loading, the results are conservative by a factor 3 to 10 or 
more. Nowadays, it is known that these disappointing experiences were a 
result of ignoring plastic deformations near the crack surface and near the 
crack tip. Analytical models [1-4],^ finite-element [5,6], and experimental 
techniques [7,8] were used to demonstrate that permanent deformations near 
the crack tip can give rise to a considerable reduction of the part of the load cy
cle during which the crack is effectively open. Thus, the crack is physically 
present only for loads higher than the crack opening level. Crack growth 
models have been developed that accounted for the plasticity effects by con
sidering crack opening behavior corresponding to different modified versions 
of the Dugdale strip yield model [9]. In view of the shape of the plastic zone, 
application of these models to aluminium sheet materials seems to be less ob
vious than it is for some steel alloys. Nevertheless, the results obtained by Dill 
and Saff [4], Hardrath et al [10], and Fuhring [//] indicate that crack growth 
rates predicted using these models can be quite accurate even for aluminium 
alloys. 

However, in the application to thin sheet material subjected to rather exten
sive flight simulation loading histories the strip yield approach has some disad
vantages. In the first place, a model for the plane-strain/plane-stress transition 
(which has to be modeled in an application to thin sheet materials) is not yet 
available. Further, in a cycle-by-cycle analysis of extensive loading sequences, 
the computer load becomes so excessive that the analysis must be restricted to 
a computation of average values for the crack growth rate at a limited number 
of crack lengths. Then the risk of overlooking some interaction effects occur
ring at crack lengths not considered in the analysis cannot be ignored. For 
these reasons a new and relatively simple model accounting for load interaction 
effects as well as for the plane strain to plane stress transition was developed at 
the National Aerospace Laboratory (NLR) in The Netherlands. The model has 
been used successfully in an analysis of fatigue crack growth in centrally 
cracked sheet specimens cut from 7075-T6 sheet material. The sheet thickness 
is 2 mm. For this configuration the effect of some parameter variations in the 
load spectrum on the crack growth rate was studied. The results are compared 

The italic numbers in brackets refer to the list of references appended to this paper. 
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with experimental data obtained previously [16] for the same configuration 
and material. It is to be noted that the model is still under development. Ap
plications to different configurations and materials are planned for the near 
future. The results presented in the present paper were obtained for one con
figuration in 7075-T6 material and it is not known whether the conclusions can 
be generalized to cover other materials as well. 

Fatigue Crack Growth Model 

The growth model is based on a cycle-by-cycle analysis of crack growth, that 
is 

a = ao + E Aa,- (1) 

where A a,- is the amount of crack growth associated with the load increment 
fji+1 _ fji n jj. assumed that crack growth occurs only in the upward part of 
the load cycles. Moreover, the principles of fracture mechanics are adopted, 
and crack growth is related to the variation of the effective stress-intensity fac
tor AKf.ff'. These assumptions can be written as 

Aa, = 0 if Aa' < 0 

and 

Aai=fiAKj) ifAor'>0 (2) 

where, Aa' = ff'"*"' — a'. The crack is assumed not to grow during the 
downward part of the load cycle. However, in an analysis of the deformations 
near the crack tip, this part of the cycle plays an important role, as will be 
shown later. The growth function relates the increment of crack growth to the 
range of the effective stress-intensity factor. This relation is assumed to be a 
material law. The form assumed for / is not essential for the model. The 
material law adopted for the 7075-T6 material is specified in a later section. 
According to the theory of linear fracture mechanics the stress-intensity range 
is related to the load range. For the part of the load cycle during which the 
crack is open, this yields 

AK^ff' = aAffeff'VTTO (3) 

where a accounts for the effect of free edges. The effective load range Aa^ff', 
that is, the part of the upward part of the cycle for which the crack is open, 
needs further specification. By definition 

Affeff' = a'+' — a' if â p < a' 
AaJ = a'+i - ffop if <^' < ôp < <T'+I 

Aaeff' = 0 i f a o p > a ' + ' (4) 

where a^p stands for the crack opening stress. It is evident that in the present 
model the crack opening stress governs the effective part of the stress range. In 
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particular, it is possible that no growth at all occurs during a cycle, namely, 
when ffop ^ a''^K To determine the crack opening stress level a model for 
crack opening must be formulated. As mentioned in the Introduction, plastic
ity effects play a dominant role in crack closure and crack opening. In the next 
section two plasticity effects are discussed, namely 

1. in front of the crack tip, and 
2. in the wake of the growing fatigue crack. 

Using the results of this discussion a crack opening model is formulated. 

Effects of Plastic Deformation on Crack Opening Behavior 

In this section two aspects of plastic deformation near the crack tip are 
discussed in a qualitative way. First, the effect of plastic deformations in front 
of the crack tip are studied. It is noted that linear elastic fracture mechanics 
(LEFM) predicts stress and strain fields that are singular at a sharp crack tip. 
However, the yield strength of the material is limited and, therefore, a yield 
zone is present near the tip of a loaded crack. On the basis of this concept, any 
change of the state of loading will lead to additional plastic deformations near 
the tip. For the sake of convenience the presence of a fictitious initial fatigue 
crack is assumed in this analysis. This crack has grown at a mean stress level 
and load amplitude that left negligible plastic deformations along the crack 
surface behind the tip. 

To the initial situation sketched in Fig. 1 a spike load is applied. As a result 
a zone of plastically deformed material is created at the crack tip and inside 
this zone the material is loaded from the initial state to the yield limit. With 
respect to additional loading of material that has been loaded to the yield limit 
the incremental stiffness is smaller than the stiffness of material that is behav
ing purely elastically. For this reason the crack opening displacements 
(COD's) near the tip are larger than predicted by LEFM theory. This result is 
shown in Fig. 1. 

Upon subsequent unloading a zone of material, yielding in reverse is 

SPIKE LOAD LEVEL 

i 
TVERY SMALL 
f AMPLITUDE 

FATIGUE CRACK 
GROWTH 

FIG. 1—Effect of plastic deformations in front of a crack tip on the crack opening displace
ments. The crack is loaded to the spike load level. 
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created. Inside this zone the material is loaded additionally from the positive 
yield limit at the spike load level to the negative yield limit. This implies that 
with respect to reversed plastic flow the material can carry approximately twice 
the load increment observed for plastic flow in virgin material. Therefore the 
zone of reversed plastic flow is much smaller than the primary plastic zone and 
in the unloaded state the crack is still open near the tip [17\. In Fig. 2 this ef
fect is illustrated. For this state compressive loads have to be applied to close 
the crack. Thus, after application of the spike load the crack closure stress has 
decreased from zero to a negative value. Further loading of the closed crack 
will not noticeably change the state of plastic deformation, and the stress level 
at which in a next-load cycle the crack is opened is essentially similar to the 
crack closure stress. In general, it can be concluded that plastic deformations 
in front of the crack tip tend to increase the crack opening displacements. A 
reduction of the crack opening stress occurs. 

As a second important aspect, the effect of plastic deformations left in the 
wake of a growing fatigue crack is considered. This is done in the following 
way. After application of the overload-underload combination the fictitious 
low-amplitude fatigue test is continued. Additional plastic deformations 
associated with the fatigue loading sequence can be kept small by varying the 
mean load level according to the crack opening stress. The precise load levels 
are selected in such a way that the additional plastic deformations associated 
with fatigue crack growth can be safely ignored. It is seen that the spike load 
plastic zone is situated at a fixed position. Its location can be characterized by 
the position of the crack tip at the time the spike load was applied, that is, at a 
distance, a", measured from the center of the crack. As a result of the fatigue 
loads the crack grows into the plastic zone, and after crack growth over a 
distance equal to the primary plastic zone size, D", the crack tip is situated at 
the boundary of this zone. After further continuation of the test the crack tip 
is advancing in virgin material again. 

As shown in Fig. 3, at this stage the plastic deformations associated with the 
spike load have become visible in the form of a hump located a distance a" 
from the center of the crack. The width of the hump corresponds to the 

LOAD 

ZONE OF REVERSED 
PLASTIC FLOW 

FIG. 2—Effect of plastic deformations in front of the crack tip on the crack opening displace
ments. Unloading the spike load level. 
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primary plastic zone size, D". Moreover, reversed plastic flow due to unloading 
the spike load has caused a reduction of the hump. It was demonstrated by 
finite-element computations [12] that the area affected is of the same order of 
magnitude as the zone of reversed plastic flow. It is seen that the presence of 
the hump has locally decreased the COD's. Thus, the hump opening stress is 
larger than the crack opening stress in the case of purely elastic material 
behavior. Clearly, plastic deformations left in the wake of a growing fatigue 
crack tend to increase the crack opening load. 

From the foregoing considerations it follows that plastic deformations in 
front of the crack tip tend to increase the COD's whereas permanent deforma
tions left in the wake of a growing crack tend to reduce them. With respect to 
the crack opening stress level the opposite tendency is observed. 

The extreme situations discussed in the foregoing are fictitious. In general, 
plastic deformations are observed in front of the crack tip as well as in the 
wake of an advancing crack tip. Thus the crack closure level will be a result of 
competition between the two plasticity effects. Using experimental and finite-
element techniques the combined effect was investigated for a single spike 
load-underload combination. On the basis of these results and the insights ob
tained from the qualitative considerations presented in the preceding, a crack 
opening model is formulated in the next section. 

Crack Opening Model 

Introduction 

It was shown that fatigue crack growth after application of a spike load will 
reveal a hump on the crack surface. The hump is blunted by reversed plastic 
flow due to application of an underload. In order to quantify the effect of 
hump formation on the behavior of the crack opening stress, the loading se
quence used in the previous section was analyzed also by means of the finite-
element method [12]. Again, plastic deformations are introduced by applica
tion of a spike load-underload combination. In Fig. 4 the loading sequence 
and the crack-tip situation are shown. Subsequent fatigue crack growth, a > 
a", was analyzed by disconnecting finite elements at the crack tip. During 
growth of the crack the load level was varied in such a way that no additional 
plastic deformation was observed. 

At different crack lengths the hump opening stress was calculated. The 
results are presented schematically in Fig. 5. Initially, the stress level at which 
the set of humps breaks contact is nearly constant. After some growrth the 
crack tip intersects the boundary of the plastic zone: then a = a" + D". In 
this situation the opening stress level is still 70 percent of the initial value at 
a = a". With regard to further growth of the crack the opening stress level 
decreases more sharply. The finite-element results tend to zero for larger crack 
sizes. 
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LOAD 

I HUMP ON THE 
I CRACK SURFACE 

CRACK LENGTH—^-

FIG. 3—Effect of plastic deformation left in the wake of a growing fatigue crack. 

APPLIED STRESS 

CRACK LENGTH 

FIG. 4—Loading sequence used to analyze the behavior of the hump opening stress and the 
crack tip situation after application of a spike load-underload combination. 

A similar crack opening behavior was observed experimentally by Schijve et 
al [8\. It is clear that in these experiments plastic deformations resulting from 
the fatigue load cycles have some effect. Nevertheless, for crack sizes smaller 
than a" + D" the same tendencies were observed. 

Model for a Description of the Hump Opening Behavior 

In the model the hump opening behavior, sketched in Fig. 5, is approx
imated using a "delay" switch. The switch is set on after application of a spike 
load and set off if the crack has grown through the spike load plastic zone. In 
this way the opening stress is switched from zero to a positive value ^op" if a 
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HUMP 
OPENING STRESS 

/ 

ASSUMED IN THE MODEL 

V 
REGION OF 
RETARDATION 

EXPERIMENTAL AND 
FEM ANALYSIS 

/ 

(DELAY SWITCH ON) 
o"+D'' 

(DELAY SWITCH OFF) 

CRACK LENGTH 

FIG. 5—Illustration of the hump opening behavior as observed experimentally and by the 
finite-element method. The behavior assumed in the model is indicated also. 

spike load S'max" of level n is applied. Further, it is assumed that the opening 
stress level S^p" depends on the load 5'n,ax" applied to create the hump and on 
the minimum stress ^mm" experienced by that hump afterwards, that is 

Sop" = g (-^max". -Jmin" ) if a" < a < a" + D" 

S'op" = 0 ifa>a"+D" 

(5a) 

(Sb) 

where g is the hump opening function. As crack closure and crack opening de
pend on the plastic deformation behavior of the material, the function g in 
principle will be different for different materials. With regard to the functional 
behavior of ^op" the following observations can be made: 

1. When a 5n,in" is encountered of a lower level than met before, the hump 
is flattened further and, consequently, it opens at a lower stress, so 5op" 
decreases with Sj„\„", that is 

dSop"/dS^n" > 0 

2. The size of the hump increases with the load level 5n,ax" that created the 
hump. The same goes for the opening stress S^p". It follows that 

dSop"/dSr,,/ > 0 

To describe the behavior of the 7075-T6 material a form similar to Elber's [13] 
function was determined empirically from constant-amplitude and simple 
spike load test data. The specimens and material are the same as described in 
a later section. 

For different overload-underload combinations the delays in subsequent 
constant-amplitude fatigue crack growth were measured. The present model 
predicts that crack arrest (defined by AN > 200 kc) occurs if the maximum 
load in the constant-amplitude load sequence is smaller than the hump open-
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ing stress level. Using an extrapolation technique the maximum underload 
that causes crack arrest was determined for some given overloads and 
constant-amplitude fatigue load sequences. Then, for these particular 
overload-underload combinations the hump opening stress simply follows from 
the maximum stress applied in the constant-amplitude test. 

The polynomial function adopted for this study is given by 

giSm..". 5n,i„") = 5 „ , / i-OAR' + 0.9/?3 - 0.15i?2 
+ 0.2R + 0.45) if /? > 0 

and 

giSn '̂ min" ) = "Smax" (0.2R + 0.45) if - 0 . 5 < /? < 0 (6) 

where R denotes the load or stress ratio Smi„"/S„^/. The relation between 
Sop"/Smax" a id ^ is plotted in Fig. 6. In the same figure the condition for no 
crack closure is indicated by the dotted line Oop = dmin. 

Effect of Application of Underloads on the Hump Opening Stress 

It was stated that a hump n can be reduced by application of underloads 
and in Eq 5a it was assumed that S^in" is the minimum stress experienced by 
the hump. Clearly, application of a more severe underload causes a further 
flattening of the hump and thus the hump opening stress has changed. This 
effect is illustrated in Fig. 7. As a result of application of 5niax" a hump n is 
created. The hump opening stress is determined by the value of the under
load ^min.i"- According to Eq 5a it follows that 

^op" = g is. 'min,l «) 

0.25 

-1.0 

M A T E R I A L ! 7 0 7 5 - T 6 ( c l a ( l ) 

I 
Sop 

•'max 

1 1 1 J 1 1 1 1 

- 1 . 0 - | 
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0.3-

0.2-

0.1-

1 

/r 
(5o'»/ / 

/ 
/ 

-0.5 0.5 1.0 

•S"op = 5"max(-0.4R4-^0.9R3_0.15R2 + 

0.2R-f0.45) 

FIG. 6—Hump opening stress plotted in relation to the stress ratio R = ^rnin^^^max^-
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A P P L I E D LOAD 

n, 2 

FIG. 7—Effect of underloads on the hump opening behavior. The hump is created at S„ 
flattened by application of S^i„ j " , and, later on, [flattened by S^,„ 2"-

This level is constant provided that the "delay" switch is not set off and no 
"more severe" underload is applied. Thus, application of underload ^^in 2" 
(<'5'min,i") changes this state. According to Eq 5a the new value of the open
ing level is given by 

V n ^ a (^ " ? • ,«^ "-"op 6 V'max > '-'min,2 / 

This illustrates the limited memory of the material: as a result of application 
of '5'min,2" the valuc of 5jnin,i" IS crascd from the memory of the material. 

Definition of the Crack Opening Stress 

So far, the considerations have been restricted to the opening behavior 
observed after application of a single spike load-underload combination. 
Variable-amplitude loading can be considered as a sequence of such combi
nations. In general, the number of load levels in the spectrum is limited. Ap
plication of the present model implies that one delay switch per load level is 
introduced. Each switch n accounts for the opening behavior of one set of 
humps created by application of that particular load level. 

The crack is assumed to be closed as long as one or more of the humps is in 
contact with its counterpart on the opposite crack surface. Then the crack is 
not completely closed physically but the effective crack length at the crack tip 
is relatively small. The stress-intensity ranges associated with this effective 
crack length can be ignored when compared with the stress-intensity range 
calculated for the opened crack at a positive load excursion. 
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The crack is opened if all humps have lost contact. The hump that last lost 
contact determines the crack opening stress cr̂ p, that is 

ffon = max (5on") (7) -•op "ic iA ViJop 

where Sgp" is the opening stress level at which hump n breaks contact. Obvi
ously, to determine a^p, the hump opening stresses must be known for all sig
nificant humps. In Fig. 8 the crack opening behavior is demonstrated. In this 
example, it is assumed that three humps are significant. One after another, 
the humps are opened. Hump 3 is the last to lose contact and, therefore, the 
crack opening stress a^p equals S^p^. 

"Limited Memory" Properties of the Model 

The introduction of delay switches already demonstrates some of the "lim
ited memory" properties of the present model. Using the loading sequence 
presented in Fig. 9 some other properties are discussed hereafter. 

To indicate parts of load cycles for which the crack is open and propagat
ing, the load sequence is also plotted versus the crack length. From this se
quence it is seen that the first hump is created by application of S^^x^ and, 
subsequently, flattened by ^^in^ The opening stress Sgp^ of this hump is 
given by Eq 5. It follows that 

'J op S v*J max » *̂  min / 

Then the effective stress range A a for the next cycle is given by 

^op 

The second hump is created by application of 5n,ax .̂ This hump has not ex
perienced 5„i„^ but in the next cycle it is flattened by .Smin̂ - Thus the open
ing stress of this hump is given by 

'-'op s v*-*max ' ^ m m / 

The first hump has experienced a minimum stress S^i„^. Application of Sj„i„^ 
will not produce a further reduction of this hump provided that̂ ymm^ ^ •̂ 'min'-

CRACK TIP 7 „ =c3 

5 op 

HUMP 3 BREAKS CONTACT 

.. 1 

THE CRACK IS 
EFFECTIVELY OPEN 

FIG. 8—Opening behavior of a crack tip in the case of three significant humps on the crack 
surface. 
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CRACK LENGTH a — ^ • 

FIG. 9—Examples of hump and crack opening behavior. 

Therefore the opening stress of the first hump, denoted by i'op', is the same 
in the second cycle. According to the definition of the crack opening stress 
(Eq 7) both humps (and also the crack surfaces) break contact if the applied 
load is greater than 5op'. It follows that a = ^op'. The effective stress incre
ment in the second cycle is given by 

n = ^ 3 
"op '-'max 'op 

A third hump is created by application of S^^,^. The subsequent negative 
load increment S^^J — S^m^ flattens all three humps because S^^^^ < S^am'^, 
and 5niin'' < ^mm^- The hump opening stresses for the next positive load in-
crement, S^^^^ - Smm^, are, respectively. 

•Jop s V-Jmax ' " m m ' 

*̂  op ^ W max » *̂  min / 

•J op 8 Wmax » '^min > 

(update 5op') 

(update 5op2) 

and according to Eq 7, the crack is fully opened at a level corresponding to 
the new value of i'op', this being the highest opening stress level. It is con
cluded that the hump created first is still dominant, that is, cXop — -5'op' 

Suppose that the maximum load applied in the next cycle S^^^'^ is greater 
than all maxirtum loads 5n,ax'> '̂ max̂ - and 5'max'' applied previously. It will be 
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shown that the hump created by application of m̂ax"* dominates the effect of 
Humps 1, 2, and 3. Therefore, two subsequent negative load steps will be 
analyzed. In the first place i'^in'' > 5min̂  gives S^p'* > Sop' and, according to 
Eq 7, Hump 4 becomes dominant. On the other hand, if S în"' < S^i„^, then 
Humps 1, 2, and 3 experience a minimum load more severe than the previous 
minimum 5n,in"'- For the updated values of the hump opening stress, it fol
lows that ôp"* s 5op' > ^op^ > 5'op3. It is seen that after application of any 
negative load increment. Hump 4 governs the crack opening behavior. In 
general, it can be concluded that the effect of a previous hump, /, on the 
crack opening behavior is overruled by application of a more severe maxi
mum load Sj^ax"' that is, 5n,ax" ^ 'S'max̂ - ^^ this way application of a relatively 
high load level erases part of the memory effect. 

In the foregoing, it was assumed that a hump can actively influence the 
crack opening behavior as long as the crack tip is situated in the plastic zone 
associated with that hump. It follows that the effect of Hump7 is also erased 
permanently if a > a ' + D •'. In both cases the delay switch associated with 
Hump j must be turned off. 

Estimate of Plastic Zone Sizes 

In the model, crack growth retardation effects depend on the crack open
ing stress and, via the delay switches, also on the plastic zone size D' at the 
time the humps under consideration were created. Clearly, the procedure 
used to estimate the plastic zone sizes has an effect on the accuracy of the 
predicted crack growth retardations. It is known that the size of the plastic 
zone strongly depends on the state of stress near the crack tip. Two extreme 
situations are the states of plane strain and plane stress. Using an Irwin [14] 
type of approach in reference [15] a formula was derived for the size of a 
crack-tip plastic zone extending in virgin material. The applicability is re
stricted to the centrally cracked sheet specimen used in this study. For other 
geometries the corrections for finite specimen dimensions and high loads will 
be different. For a primary plastic zone the following relations were obtained, 
for plane-stress conditions 

D," = -fzr f 4 r - ) [1 + (a/fe)2 + (i'«/a)Vl.32] (8) 

and for plane-strain 

1.32 V a 

^ n " = - ^ { ^ [1 + (a/6)2 + (5«/a)V9.0] (9) 

where a denotes the uniaxial yield limit and a/b is the crack aspect ratio. In 
these equations the factors 1.32 and 9.0 account for differences in the state of 
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stress. Further, the last factor on the right-handside accounts for finite width 
of the specimen and for the effect of relatively high load levels. The latter cor
rection was derived [15] from the contribution of nonsingular terms in the 
Westergaard Solution to the stress distribution in the net section of an infi
nite sheet specimen. Equations 8 and 9 are valid in the extreme situations of 
plane stress and plane strain, respectively. In general, the state of stress near 
the front of a through crack in sheet material is more or less plane stress near 
the free surfaces and, if the sheet thickness is large enough, plane strain in 
the middle of the sheet. These three-dimensional aspects of crack closure and 
the development of yield zones are very complicated. For engineering pur
poses this problem will be simplified by considering a plane-stress plastic 
zone of size D/ and thickness ^ D^" near the surface of the sheet and a plane 
strain plastic zone in the midsection. The model is shown in detail in Fig. 10. 
The presence of plane-stress plastic zones is accounted for by introduction of 
an average plastic zone size D". 

The growth rate factor /3 will be specified later on. On the basis of surface 
areas covered by the two types of plastic zones, it can be concluded that 

D" = D„« + 2 (3 D," (D," - D„")/t if /S D," < t/1 

D" = D," if /3 D," > t/2 (10) 

where t is the sheet thickness and D" denotes the average plastic zone size. At 
first glance the assumption of /3 being constant is appealing in this rather 
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FIG. 10—Model adopted for a description of the effect of free surfaces on the plastic zone size. 
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crude engineering model. However, it was observed from the results that the 
transition to pure plane stress (0 D / > t/2) is less gradual than predicted. 
Probably this is due to interaction effects between both plane-stress plastic 
zones. Using the empirical relation 

/3 = 16 iD,"/tr (11) 

the results were improved. For D / = t/2, Eq 11 yields jS = 1. Then jS £ ) / = 
t/2 and, according to Eq 10, the state is fully plane stress. Equations 10 and 
11 were adopted for the present study. 

Reversed plastic flow is assumed to develop under plane-strain conditions. 
Delay effects depend mainly on the primary plastic zone sizes. The formula 
selected for a computation of sizes of zones of reversed plastic flow does not 
affect the results very much. According to the Irwin model it is assumed that 
reversed plastic zones are given by 

In this expression no corrections for finite width or high loads are intro
duced. 

Failure Analyses 

In an application of the crack growth model to a practical problem the 
computations must be ended when final failure occurs. For this purpose two 
criteria were selected: a test on net section yield (NSY) and on fracture of the 
specimen. The condition for net section yield was formulated as 

NSY, i f a „ , / > a ( l - a / f e ) (13) 

where a denotes the yield limit and a/b is the crack aspect ratio. The test on 
fracture yields 

Fracture, if A" = aa^ax" Vxa" > Ki^ (14) 

where a is a correction on the effect of finite specimen width and K^^ is the 
fracture toughness of the material under consideration. The applied stress 
ô max" is defined by the user or automatically selected as the maximum stress 
from the loading sequence. 

Application of the Model to Crack Growth Under Flight Simulation Loading 

Specimen and Material 

The specimens selected for a verification of the model were cut from 2-mm 
Alclad 7075-T6 sheet material. The width was 160 mm. All specimens were 
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provided with a central hole and two sawcuts simulating a central initial 
crack of total length 7 mm. The loading direction was parallel to the rolling 
direction. The fatigue crack growth properties of the material were deter
mined in a series of constant-amplitude fatigue tests executed at stress ratios 
R of 0.03, 0.04, 0.052 and 0.9, respectively. In Fig. 11 the results have been 
plotted in relation to the effective stress-intensity range. For a calculation of 
these values the crack opening function (Eq 6) was adopted. The crack 
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FIG. 11—Constant-amplitude calibration curves da/dn versus AK, eff-
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growth behavior is approximated by selecting C = 1.6 X 10~' and n = 2.5 
in the Paris law. The approximation is shown in the same figure. Other 
material properties adopted for the present application are 

a = 500 MPa 

Ki, = 70 MPa mi''2 

Load Spectrum 

The specimens were subjected to loading sequences that are representative 
for the lower wing skin of a transport aircraft. Typical details are indicated in 
Fig. 12. Basically the loading sequence consists of ground-to-air cycles 
(GTAC) and gust cycles. 

The main features of the loading program can be summarized as follows: 

1. The loading sequence consists of a series of identical blocks of 2500 
flights (approximately 30 000 load cycles per block). 

2. In a block, nine different flight types are distinguished ranging from 
"good weather" to "severe weather" conditions. 

3. The ground loads and the mean stress in flight are constant. Taxi loads 
are ignored. 

APPLIED LOAD 

ground 

FIG. 12—Typical loading sequence for flight simulation loading of a lower wing skin. 
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4. The sequence of flights and the sequence of the loads are randomly se
lected once and for all; after application of a block of 2500 flights, exactly the 
same block is applied again, and so on. 

5. A detailed description of the contents of a block can be found in Ref 16. 

The basic test load spectrum refers to a specific aircraft usage and a spe
cific wing station. Different usage patterns may result in a different gust load 
experience. Moreover, the severity of the GTAC depends on the distribution 
of masses and on the location under consideration [16]. In this circumstance, 
it is of interest to have information about the effects of variations of ground 
load and gust severity on the growth rates of cracks. 

Comparison of Predicted and Experimental Results 

Using the specimen described in the foregoing the effect of variations of 
gust and ground loads was investigated. In Ref 16 the results are presented. 
In this study the crack growth rates will be reproduced numerically. 

Three gust variations and three ground load levels ranging from "light" to 
"severe" were selected. In Ref 16 these variations are specified in detail. For 
the three gust variations the calculated effect of variations of the ground level 
on the crack growth rate are given, respectively, in Figs. 13, 14, and 15. The 
experimental results are also indicated. It is concluded that the agreement is 
good. 

Finally, the predicted life was compared with the experimental results. In 
Fig. 16 the results are plotted. The dashed curves indicate the type of gust 
variation. It is seen that the fatigue lives associated with the extreme varia
tions are different by a factor of 3. Again, the agreement between predicted 
and experimental results is excellent. 

Conclusions 

1. A model for prediction of fatigue crack propagation under variable-
amplitude loading is based on a simple approximation of the crack opening 
behavior. 

2. A simple model for the plane-strain/plane-stress transition is presented. 
3. Crack growth rates are predicted for a centrally cracked sheet specimen 

subjected to flight simulation loading. 
4. The predicted growth rates are in agreement with experimental results 

presented earlier. 
5. The effects of crack tip blunting, stable crack growth, and multiple 

overloads on the crack opening behavior are not covered by the present 
model. Further research in this field is being undertaken. 
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cracked sheet specimen subjected to flight simulation loading. 
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A Model for Representing and 
Predicting the Influence of Hold 
Time on Fatigue Crack Growth 
Behavior at Elevated Temperature 

REFERENCE: Saxena, A., Williams, R. S., and Shih, T. T., "A Model for Representing 
and Predicting the Influence of Hold Time on Fatigue Crack Growth Behavior at Elevated 
Temperature," Fracture Mechanics: Thirteenth Conference. ASTM STP 743. Richard 
Roberts, Ed., American Society for Testing and Materials, 1981, pp. 86-99. 

ABSTRACT: An analytical model is developed to represent and predict the influence of 
hold time on fatigue crack growth behavior at elevated temperature where creep deforma
tion is significant. This model was formulated by considering the relaxation of stress in the 
crack-tip region due to creep deformation and its influence on the crack-grovrth behavior 
during the hold time. 

Fatigue crack growth rate data at various hold times were obtained for ASTM A470 
Class 8 (chromium-molybdenum-vanadium) steel at 538°C {1000°F) to evaluate the model. 
Based on these results and the data taken from the literature on Inconel alloy 718, it was 
concluded that the proposed model is capable of accurately representing and predicting 
the effect of hold time on the fatigue crack growth behavior at elevated temperature. This 
model represents a significant improvement over the linear damage summation model used 
previously. Some limitations of the model are also discussed. 

KEYWORDS; creep, fatigue, fracture mechanics, stresses, intensity, Inconel 718, cracks, 
parameters, chromium-molybdenum-vanadium steel 

Many structural components of rotating machinery, such as steam turbines, 
jet engines, or land-based combustion turbines, operate in the elevated 
temperature regime where creep deformation becomes a significant considera
tion. These components experience a static loading under normal operation 
and occasional fluctuating loads during startup and shutdown of the equip
ment. Hence, a fatigue cycle consists of a period of rising stress, a hold time, 
and a period of decreasing stress: Regions I, II, and III, respectively, in Fig. 1. 

'Senior engineers. Structural Behavior of Materials Department, Westinghouse R&D Center, 
Pittsburgh, Pa. 15235. 
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Transient Region 

Time 

FIG. l^Scfiematic of the load (or stress) history experienced by a turbine rotor. 

The growth of a crack or cracklike defect in these components is expected to 
be influenced by the hold time. Hence, a model is needed to account for the 
effect of hold time on the fatigue crack growth behavior at elevated tempera
ture. 

In this paper, a model is proposed to mathematically represent as well as 
predict the effect of hold time on the fatigue crack growth behavior at elevated 
temperature. Fatigue crack growth rate data were generated at various hold 
times for A470 Class 8 steel for verifying the model. The model is also 
evaluated using similar data in Inconel alloy 718 taken from the work of Shahi-
nian and Sadananda [1\? 

Model Development 

In this section, a model to account for hold time effects is proposed. This 
model is based upon parameters that characterize the stress in the crack-tip 
region in the presence of creep deformation. Hence, prior to describing the 
model, the analysis of stress in the crack-tip region at elevated temperature is 
reviewed. 

When a cracked body is loaded at elevated temperature, the stress and 
strain distribution in the crack-tip region for a stationary crack is given by the 
following equations derived by Riedel and Rice [2] 

a<x 
ML 
Ert 

\/k+\ 
(la) 

e oc 
/ l^2\k/k + \ 

(IW 

^The italic numbers in brackets refer to the list of references appended to this paper. 
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where 

a = stress, 
€ = strain, 

E — elastic modulus, 
t = elapsed time, 
r — distance from crack tip, and 
k = exponent in secondary creep hardening law 

i = /4(a)* (2) 

where e is the strain rate and A the material constant. Equations la and lb 
characterize the crack-tip conditions when secondary creep deformation is 
localized, such as in the transient portion of the hold time shown in Fig. 1. 

When the secondary creep deformation is widespread, the stress and 
strain rate at the crack tip is given by the energy rate line integral, C* [2-5] 

( (J* \\/k+i 
—j (3a) 

e oc ( ^ — j (3b) 

For a detailed discussion on the C* integral, see Refs 2 and 4-6. Equations 
3a and 3b characterize the crack-tip conditions during the steady-state por
tion of the hold time. 

The model described in the following discussion is based upon the forego
ing stress analysis. As presented here, the model is applicable only for hold 
times that are in the transient region where K characterizes the crack-tip 
conditions. In a later section, some modifications to the model will be sug
gested which enable it to be extended to account for longer hold times. A 
quantitative method for determining the cutoff point between the short and 
long hold time will also be discussed. 

The Model 

In Equation la, it is noted that K^/t characterizes the time dependence of 
stress in the crack-tip region at a fixed distance from the crack tip. Thus, it is 
proposed that this parameter also characterizes da/dt during the hold time 
according to 

where b and p are material constants. 
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If the crack growth rate during hold time, Region II in Fig. 1, is given by 
Eq 4, the total crack growth rate per cycle, {da/dN)^ (including ail three 
regions), can be given by superposition, that is 

\dNj, KdNjo ]o\dtJ 

where t̂  is the hold time, and {,da/dN)o the crack growth rate for the same 
loading/unloading rates but no hold time, and which may be represented by 

^ ) = C{AK)" (6) 

Substituting Eq 4 into Eq 5, we obtain 

\dNjk \dNjo Jo \ t j 

or 

( ^ ) = C{AK)" + A'{AK)^P-t,^'-p^ (7) 
\dN Jk 

where 

A' = 

and /fniax is the value of K during hold time. 
For slow loading/unloading rates, Eq 6 may not always be adequate for 

representing the contribution of the cyclic load, (da/dN)o, to the overall 
fatigue crack growth rate, (da/dN)f,. In such situations, an alternative more 
complex mathematical descriptions of {da/dN)o, given in a previous paper 
[7\, can be used. It is also recognized that introducing the hold time may 
result in different crack-tip stress and strain histories during the unloading 
portion of the cycle compared with continuous cycling. However, this in
fluence is expected to be small and has been ignored in this paper. 

To evaluate the constants in Eq 7, the da/dN versus AK behavior for no 
hold time and for at least one hold time must be characterized. The no-hold-
time data yield the constants c and n. From the data at a given hold time, the 
constants A' and p can be obtained from the plot of log [{da/dN)^ — 
(da/dN)o] as a function of log (AK), Step 2 in Fig. 2. A' is obtained from the 
intercept and p from the slope of the plot. 
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h = holcl time 
o = no hold time 

Stepl 

(^)-<^^'" 

(-1 - (-) 
Log AK 

o 

•o 1 -o 

1 

--—. 

C7» 

>C« A' 

Step 2 

yfzf 

t ' l -P'(AK.2P 

Log (AK) 

FIG. 2—Schematic representation of the steps involved in determining constants A', c, n, and p. 

Experimental Procedure 

Standard 2.54-cm-thick (1 in.) and 5.08-cm-wide (2 in.) compact-type 
(CT) specimens [ASTM Test for Plane-Strain Fracture Toughness of 
Metallic Materials (E 399-78)] were machined from a large cylindrical forg
ing manufactured to the ASTM Specification for Vacuum-Treated Carbon 
and Alloy Steel Forgings for Turbine Rotors and Shafts (A 470-74), Class 8. 
The notches in the specimens were oriented along the radial direction of the 
forging. The chemical composition and the tensile properties of the test 
material are given in Tables 1 arid 2, respectively. 

The fatigue crack growth tests were conducted on servohydraulic test 
systems equipped with resistance furnaces for heating the specimens to the 

c 

0.32 

TABLE 1—Chemical composition of the test material (weight %). 

Mn Si Cr IVIo V Ni P S Sn As Al 

0.78 0.28 1.20 1.18 0.23 0.13 0.012 0.011 0.01 0.008 0.005 

Cu 

0.05 

Fe 

Bal. 
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TABLE 2—Tensile properties of ASTM A470, Class 8 (chromium-molybdenum-vanadium) 
steel at various temperatures. 

Test Temperature 0.2% Yield Strength Ultimate Strength 
Elongation 

5 cm gage Reduction 
°C °F MPa ksi MPa ksi length in Area, % 

24 
427 
538 

75 
800 
1000 

623 
516 
464 

90.4 
74.8 
67.3 

776 
625 
523 

112.5 
90.6 
75.8 

14.2 
14.2 
17.5 

39 
53 
75 

test temperature, 538°C (1000°F). These tests were conducted on a 24-h 
basis with minimum interruptions. Two types of tests, described in the 
following, were conducted to obtain the data. 

Constant-Load-Amplitude (CLA) Tests 

These tests were conducted in accordance with the ASTM Test for 
Constant-Load-Amplitude Fatigue Crack Growth Rates Above 10~*m/Cycle 
(E 647-78T). The crack length in these tests was monitored visually. To 
minimize oxidation and thus facilitate crack length measurements, the 
specimens were electroplated with a thin coating of nickel. 

Deflection Control (DC)-AJ Tests 

These tests were conducted under deflection control, in which the deflec
tion range was continuously increased with the aid of a digital computer as 
the crack length increased. This procedure was similar to the one used by 
Dowling and Begley [8,9] to obtain fatigue crack growth rate data at high 
growth rates using small specimens. 

The deflection on the specimen was measured continuously at a point 4.44 
cm (1.75 in.) from the load line using a linear variable differential 
transformer. The amplitude of deflection, AV, was controlled according to 
Eq 8 so that AK increased linearly with crack length 

^ yf..^ ^ AV = AKo[l + 3(a - a o ) ] i ^ ( - ^ J (8) 

where 

W1/2I-' - " - --- " - \ ^ 

E = elastic modulus, 
W = specimen width, 
a = crack length, 

flo = length of machine notch measured from load line, 
AKQ = initial stress-intensity range at a = OQ, and 
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Fia/W) is given in 

+ 7.81 X 104 ( ^ \ _ 1 60 X 105 f-±.\ + 183 

X 105 ( ^ y _ i . n X 105 /±y + 2.78 X W ( ^ ) (9) 

Equation 9 was derived from curve-fitting the ratio of compliance (BEV/P, 
where B = specimen thickness) and the K calibration [(K/P)/BW^^^] ex
pressions at various crack lengths taken from Ref 10. The ratio of minimum 
to maximum deflection was maintained constant at 0.1. The crack length 
was continuously monitored by using the appropriate compliance versus 
crack length expression derived from the method outlined in Ref 10. Only the 
linear portion of the loading segment of the load-deflection plot was used to 
calculate compliance. The crack length thus obtained was substituted back 
into Eq 8 to calculate the deflection range and complete the control loop. 

The crack length versus number of fatigue cycles and the corresponding 
load deflection plot were stored in the computer for every 0.5 mm (0.02 in.) 
of crack extension. These data were reduced using procedures described in 
the following. 

Data Reduction 

The crack length versus cycles (a versus N) data from the CLA tests were 
reduced using the seven-point incremental polynomial technique (ASTM E 
647-78T) in the tests that yielded 20 or more a-versus-AT points. In some tests, 
due to experimental difficulties, only limited data could be obtained. For 
those tests, the crack grovrth rates, da/dN, were calculated by the secant 
method. Since both methods have been shown to yield similar mean trends 
[10], no attempt was made to distinguish between the data from the two 
methods. 

The a-versus-AT data from the deflection control tests were reduced to the 
da/dN form by the seven-point incremental polynomial method. The cor
responding cyclic /-integral. A/, was calculated using the following expres
sion [11] 

1 - « \ 2A 
1 - a V B{.W-a) A/ = ( T — J ) ITTTT;—T (10) 
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where A is the area under the loading portion of the load-deflection curve 
from the maximum load to the higher of the minimum load or the estimated 
closure load using the procedure outlined by Dowling and Begley \8,9] and a 
is given by 

W-a + W-a 

1/2 

W-a 2 (11) 

For the majority of the data, there was negligible nonlinearity in the load-
deflection behavior; hence, the minimum load was used to calculate A7. The 
load-line deflection was estimated by multiplying the measured deflection by 
a/{a + 4.44), where 4.44 cm (1.75 in.) was the distance between the point of 
deflection measurement and the load line. 

Results and Discussion 

Figure 3 shows the fatigue crack growth rate data at various hold times for 
ASTM A470 Class 8 steel at 538°C (1000°F). The crack growth rate, da/dN, 
is plotted as a function of AK for the constant-load-amplitude tests. For the 
deflection control tests, the da/dN was plotted as a function of VJE'A/, where 
E is the elastic modulus and AJ the cyclic /-integral proposed by Dowling and 
Begley [8,9] for characterizing da/dN under elastic-plastic and fully plastic 
loading. The data obtained from the two techniques are plotted in Fig. 3 us
ing different symbols. 

Under linear elastic conditions, \/EAJ and AK are equivalent forms 
[8,9]. Also, when small specimens are loaded under elastic-plastic or fully 
plastic conditions under deflection control, it has been demonstrated [8,9] 
that crack growth rate data expressed as a function of \lEAJ are identical to 
the data generated using large specimens that were tested under 
predominantly linear elastic conditions. The data shown in Fig. 3 also show 
that the deflection-controlled AJ tests and linear elastic load control tests 
yield identical results (within experimental scatter) where the data from the 
two techniques overlap. 

The deflection control tests enabled data to be obtained at AK levels 
higher than those for which valid data could be obtained using CLA tests 
with same size specimens. The level of AK for which data can be obtained us
ing CLA tests is restricted by the size requirement of ASTM Method E 
647-78T. This size requirement becomes even more restrictive when testing 
at elevated temperatures. 

Evaluation of the Model 

In Fig. 3, it is observed that the crack growth rate increases significantly 
with hold time. The data at zero hold time (continuous cycling) and at 50-s 
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FIG. 3—Fatigue crack growth rate data for A470, Class 8 steel at 538°C for various hold times. 

hold time were used to compute the constants in Eq 7 following the pro
cedure described earlier. Thus, the equation describing the influence of hold 
time on the fatigue crack growth behavior of A470 Class 8 steel at 538°C 
(1000°F) for a 0.5-s rise and decay time is 

— = 1.49 X 10-7(A/:)2.35 + 1.18 X 10-6(A/!:)l-27.?/36S (12) 
dN 

In Eq 12, da/dN is expressed in mm/cycle, AA" in MPaVm, and tf^ in 
seconds. Note, that this equation is derived only for a rise and decay time of 
0.5 s each. Equation 12 was used to compute crack growth rates for a hold 
time of 5 s. The predicted crack growth rates are compared with experimen
tal data in Fig. 3. In general, there is good correlation between the predicted 
and observed behavior. There are some unusual kinks in the da/dN-AK data 
that merit some discussion. 

During elevated-temperature fatigue crack growth testing, nonsteady-state 
behavior is expected in the beginning of the test and following any unusual 
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event such as temperature excursion, interruption, or a load spike. The 
material approaching the crack tip immediately following such an event will 
have a strain or thermal history or both which is time dependent and thus 
transient crack growth behavior may be obtained. When testing at slow fre
quencies for which tests last for several weeks, the occurrence of such abnor
mal behavior becomes more probable, resulting in larger data scatter than en
countered in conventional fatigue crack growth testing. The unusual kinks in 
the data of Fig. 3 are considered a manifestation of such phenomena and 
should not be considered significant in judging the proposed model. 

Additional crack growth rate data for Inconel alloy 718 at 538°C (1000°F) 
for hold times of 0, 6, and 60 s were taken from the work of Shahinian and 
Sadananda [/] to further verify this model. Fig. 4. The zero and 6-s hold time 
data were used to compute the constants in Eq 7. The final equation was 

da 

dN 
= 5.58 X \Q'-^{^KY•^ + 3.82 X lO'^ {^Kf™th°-^^^ (13) 

In Eq 13, AiiT is expressed in MPa^ 
seconds. 
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FIG. 4—Comparison between predicted and experimental crack growth rate data for fatigue 
with hold time. The data are taken from the work of Shahinian and Sadananda. 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



96 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

The crack growth rates for 60-s hold time were computed at several AK-
values using Eq 13 and are compared with the experimental data in Fig. 4. 
Excellent correlation between the predicted and observed growth rates was 
obtained. It appears that the model can provide accurate descriptions of the 
influence of hold time on the fatigue crack growth behavior at elevated 
temperature, at least for limited hold times. 

The proposed model is substantially different from the linear damage sum
mation model [/]. In the latter model, steady-state creep crack growth 
behavior, da/dt, is substituted into Eq 5 for calculating da/dN. However, it 
should be recognized that a transient region, in which the crack-tip stress 
changes with time, follows the start of the hold time period. Fig. 1. During 
this region, da/dt does not acquire a steady-state value. In the proposed 
model, the change in da/dt with time is accounted for in Eq 4 and the con
stants in Eq 7 are determined from the data at a given hold time. Hence, this 
model represents a significant improvement over the simple linear damage 
summation model. 

Limitations of the Proposed Model 

The following limitations apply to the proposed model: 

1. There may be conditions under which Eq 4 may not be adequate for 
-characterizing the crack growth rates, da/dt. For example, in the 
temperature regime where no significant time-dependent deformation occurs 
(not even in the crack-tip region), Eq 4 does not apply. Also, when en
vironmental cracking becomes significant. Equation 4 may not be valid in all 
situations. Other factors such as electrochemical reactions or diffusion pro
cesses occurring at the crack tip become more significant in determining the 
crack growth rate than the crack-tip stress. Additional terms to account for 
these contributions to the crack driving force will be needed in Eq 4 to 
achieve satisfactory results. 

2. An unqualified attempt to use the model to account for wave shape ef
fects may not be successful. For example, if it were required to compare the 
da/dN-\3i\\xt% for a triangular waveform with a square waveform of equal fre
quency, Eq 4 could be integrated to analytically predict the results. It should 
be borne in mind, however, that for a triangular waveform creep (time 
dependent) and plastic (time independent) deformations will be occurring 
simultaneously at the crack tip. On the other hand, for a square waveform 
the creep and plastic deformations will, for a large part, occur separately. 
This could result in different crack growth micromechanisms for the two 
waveforms and yield a different set of constants in Eq 7 and thus, should be 
recognized in rationalizing wave shape effects. 

3. This model describes hold time effects only in the situations where 
significant time-dependent deformation is localized in the crack-tip region. 
For very long hold-time periods, significant creep deformation can become 
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widespread and this model in its present form may no longer be valid. A 
quantitative criterion for determining the maximum hold time for which the 
model is valid and some modifications to the model to account for longer 
hold times are discussed next. 

Extension of the Model for Longer Hold Times 

Before discussing modifications to the model to account for long hold 
times, a quantitative criterion to determine the maximum hold time for 
which the proposed model will be valid is discussed. 

The time for invalidating the /f-controlled stress and strain fields, Eqs la 
and lb, has been derived by Riedel and Rice [2] for stationary cracks. This 
has been termed as the transition time, t^, and is given by 

^ KHl-v^) 
^ E{1 + A:)C* 

where K is calculated assuming linear elastic conditions, v is Poisson's ratio, 
E the elastic modulus, k is defined in Eq 2. C* is the energy rate line integral 
which is calculated assuming dominant secondary-state creep conditions in 
the structure. Methods for estimating C* for these conditions are discussed 
elsewhere [2,6,12]. 

The transition time, t\, may be used as an estimate of the maximum hold 
time for using this model. Figures 5 and 6 show the calculated values of t^ 
from Eq 14 as a function of initially applied if-value for bend and tension 
geometries, respectively, for A470 steel at 538°C (1000°F). The specimen 
width used in the preceding calculations was 5.08 cm (2 in.) and the calcula
tions were performed for various crack lengths. Depending on the various 
factors, this time is between a few minutes to several thousands of hours. 

For hold times longer than t^, the crack-tip stress, strain rate, and da/dt 
are characterized by the energy rate line integral, C* [2,8]. The da/dt is given 
by 

da/dt = C'(C*)i (15) 

where C and q are constants determined from the experimental data. 
Hence, for hold times longer than ti, Eq 15 can be integrated in the time 
limits between ti and tf, to estimate the crack growth. This can be added to 
the crack growth predicted by Eq 7; thus {da/dN)^ will be given by 

Experimental data in support of Eq 16 are not yet available. 
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Summary aad Conclusions 

An analytical model is developed for representing and predicting the in
fluence of hold time on fatigue crack growth behavior at elevated 
temperature where creep deformation becomes significant. Fatigue crack 
growth rate data with hold times of 0, 5, and 50 s were developed for A470 
Class 8 steel at 538°C (1000°F) to evaluate the model. Additional data on In-
conel alloy 718, also at 538°C (1000°F), were taken from the literature to 
evaluate the model. It was concluded that the model is capable of accurately 
representing and predicting the hold time effects on fatigue crack growth 
behavior at elevated temperature. Limitations of the model and some poten
tial approaches for alleviating these limitations are discussed. 
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ABSTRACT: Much of the fatigue life of engineering structures is spent initiating cracks at 
a notch and propagating one (or more) of these cracks into and through the notch stress 
field. Experimental results and empirical analysis suggest that early in this process the 
physically small crack sometimes propagates in a manner inconsistent with analysis based 
on linear elastic fracture mechanics (LEFM). Available empirical adjustments for this ap
parent aberration postulate that the data can be made consistent with LEFM by the addi
tion of a constant, with length dimensions, to the current crack length, resulting in a 
pseudo-crack. 

The present paper introduces and analyzes an extensive data set pertinent to this so-
called short-crack problem. Included are results for notched plates made from two alumi
num alloys and a steel. These plates, which contain either circular or one of two different 
elliptical notches, have been tested under load or displacement control and encompass 
both confined flow and gross-section yield. Results for crack lengths as small as 20 ^m 
(0.0008 in.) are reported. 

Data presented and analyzed do indeed show trends which differ from those of LEFM 
analysis of so-called long cracks. More significantly, they show that the so-called short-
crack behavior does not occur only for physically short cracks. Results presented indicate 
that cracks as large as 2.5 mm (0.1 in.) in the aluminum alloys and 1.25 cm (0.5 in.) in the 
steel also exhibit aberrations in their behavior as compared with longer-crack trends. Also, 
the results presented suggest that the data cannot be made consistent with the LEFM 
trend through the addition of a constant pseudo-crack length to the current crack size as 
has been suggested in one of the currently popular empirical models. It is postulated that 
the aberrations observed are a consequence of the failure of the LEFM-based analyses to 
recognize that crack growth in the plastic field of the notch is dominantly displacement-
controlled local to the crack tip. Other relevant aspects of the problem are also discussed. 

KEY WORDS: fatigue crack initiation, fatigue crack propagation, short cracks, notches, 
stress concentration, stress-intensity factor, control condition 
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Most of the life in many engineering structures is spent initiating cracks at a 
notch root and propagating one dominant crack through the highly stressed 
field of the notch. A variety of approaches has been advanced to deal with 
the analysis of this problem. Early work suggested that the problem be ap
proached in terms of a total life prediction using S-N concepts (for example, 
[1]^). More recently, however, S-N analysis has been replaced by the so-called 
local stress-strain concept, approaches to which have been reviewed in Ref 2. 
Typically, these approaches have been identified with only the prediction of 
the formation of a crack of engineering size. [Definitions in the literature range 
from lengths of about 125 to about 2.54 fim (0.005 to 0.0001 in.).] A number of 
authors have coupled this nonlinear analysis with linear elastic fracture 
mechanics (LEFM) analysis to make complete life predictions (for example, 
see Ref 3). Others have used LEFM concepts (for example, see Ref 4) to 
predict both initiation and growth. Such approaches work well for constant-
amplitude loading but break down under general variable-amplitude cycling 
[5,6]. Still others assume the initial presence of defects means the total life is 
spent in crack growth (for example, see Ref 7). In the latter case, LEFM is 
used exclusively, an obvious extension of which is to modify the initial crack 
size such that the analysis inherently includes the initiation period. Termed 
the equivalent initial flaw-size (EIFS) concept, this approach has been found 
to be moderately effective except for generalized variable-amplitude loading. 
But, unfortunately, the value of the EIFS is found to be a function of the load
ing (for example, see Ref 8). 

One of the major problems with the schemes noted in the foregoing is that 
they fail to directly address the transition regime where the just-initiated 
fatigue crack grows through the elastic-plastic field of the notch root. Because 
typically there is confined flow at notches, this transition regime is associated 
with physically small or "short" cracks. The so-called short-crack problem 
exists because available data developed since the early 70's suggest that in 
this regime the growth rate is apparently higher than for load-controlled long-
crack data when analyzed in terms of LEFM. Results developed by Broek [9] 
showed such an effect at intermediate growth rates in circularly notched 
2024-T3 aluminum sheets when the data are analyzed using LEFM. Subse
quent work by Gowda, Topper, and Leis [10], who modified the Bowie solu
tion [11] after Neuber [12] to account for inelastic action, showed a correlation 
of crack propagation rates in inelastically strained circularly notched steel 
plates but noted that the correlation was no longer linear on logarithmic coor
dinates of growth rate and stress intensity. Thereafter, Pearson [13], Dowling 
[14], El Haddad et al (for example, Ref 15), and others also noted such an ef
fect for problems of confined flow. El Haddad et al have also presented a 
model which appears to consolidate the short-crack behavior, but the model is 
based on purely empirical arguments. During this same era, a great deal of 

^The italic numbers in brackets refer to the list of references appended to this paper. 
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crack-growth data have been developed for naturally initiating short fatigue 
cracks in a steel and two aluminum alloys, a part of which has been reported 
[10,16]. Curiously, based on the results of limited analysis of a portion of this 
physically short crack [16], these data did not appear to exhibit the ac
celerated growth rate of short cracks as compared with long cracks as has been 
more recently observed. That analysis did, however, serve to demonstrate the 
influence of the initial notch geometry on fatigue crack growth rate. 

The purpose of this paper is to present the complete set of the just-noted 
short-crack fatigue growth rate data within the historical framework in which 
they were developed. The analysis of these data will then focus on the currently 
popular notion that physically short cracks grow more rapidly than do long 
ones. The paper also considers critical issues pertinent to (1) defining crack in
itiation in a manner consistent with both crack initiation and growth analyses, 
(2) achieving similitude between the damage rate processes being compared in 
predicting crack initiation and growth, and (3) determining when and why 
physically short cracks will fail to behave in accordance with LEFM. 

Experimental Aspects 

Historical Perspective 

The data to be presented have been developed in the context of a program 
whose purpose was to develop and verify an approach to predict crack initia
tion in notched coupons [17]^ and subsequently in notched components and 
real structures [18]^ subjected to variable-amplitude loading. The desire was 
to achieve this using only smooth-specimen data and the results of appropriate 
mechanics analysis. For the reasons discussed in the following, initiation was 
defined in this program as a crack 125 /um (0.005 in.) long. Consequently, 
observations to determine when "initiation" occurred included the measure
ment of crack growth with cycles at lengths smaller than or on the order of 125 
lj,m (0.005 in.). These data remained in part unpublished in that limited 
analysis [16] indicated they followed the then already extensive long-crack 
trends available in the literature. Reexamination of these data became of in
terest with the apparent aberrations in the behavior of physically short cracks. 

Since it was recognized early on that once the crack initiated it propagated 
in a gradient, a very short crack length was adopted as a definition of initiation 
in an attempt to ensure similitude between the early growth rates at notch 
roots and in smooth specimens. At the same time, the length chosen had to be 
large enough to be reliably detectable. Using then-available stress-intensity 
factor solutions and considering the problems of measurement, a crack length 
of 125 jum (0.005 in.) was selected. This single length was proposed for use with 

•'See Ref 19 and 20, respectively, for a review of the details and more extensive reference 
material. 
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a range of notch root radii. While it was used, it was not considered 
philosophically appropriate, as evident in the quote "to match damage rate 
processes at the tip of a crack in a notch root using reference smooth specimen 
data to a given level of accuracy, the maximum allowable crack length will 
decrease with decreasing notch radius" [21]. It was also emphasized then that 
the initiation length should be consistent with the assumptions inherent in the 
analysis used to grow the initiated crack to failure [21]. Dowling [22] in
dependently recognized this. In his e5rtensive related work [23], he has shown 
that, to a reasonable approximation, the length for the initiation/propagation 
transition is on the order of one tenth of the notch root radius. Such a result 
compares reasonably well with the constant value of 125 ^m for the circular 
and elliptical notch data to be discussed herein. Finally, it should be noted 
that a 125-/xm (0.005 in.) length compares very well with the transition from 
long- to short-crack behavior being exhibited by the recently generated data 
[24-26]. Thus by adopting the postulate stated in the foregoing to predict the 
total life of a structure (initiation plus growth), one may approximately ac
count for the complex short-crack behavior in that it is inherent in the crack 
initiation life of the smooth specimen. 

Experimental Details, Techniques, and Program 

Optical methods involving essentially continuous observation at X30 via a 
traveling microscope with a least count of 12.5 /tm (0.(X)05 in.) were used to 
detect and monitor the growth of small cracks. Included were initial crack 
lengths as small as 20 /̂ m (0.0008 in.). These data were used to estimate the cy
cle number at which a crack of length 125 ixm (0.005 in.) developed via inter
polation (or limited extrapolation). These tests made use of both circular and 
elliptical notch configurations and include /revalues of 2.68, 4.60, and 6.40. 
The studies covered stress and edge strain (displacement) controlled testing of 
mild steel, and 2024 and 7075 aluminum alloys. Data were developed under 
fully reversed constant-amplitude cycling at levels which generated conditions 
at the notch root (or short crack tip) ranging from confined flow to that well 
beyond net section yield. Details can be found in Refs 17 and 18. 

Now since the purpose here is to examine the growth of physically small 
cracks, it is appropriate to discuss the accuracy of the measured crack length 
in the short-crack domain. There are at least three sources of error: locating 
the crack tip, determining the absolute length of the crack, and determining 
the relative advance of the crack. 

The first significant point relates to the repeatability in locating a tight crack 
tip that lies in a region of significant cyclic plasticity. Note that in this context 
one presumes that a single tip exists as it does in the long-crack case. However, 
it is not unusual to observe many short cracks [~25 iitn (0.001 in.)], all of 
which may grow significantly [100 /xm (0.004 in.)] before a dominant crack 
develops. After that crack develops, its growth often involves branching to 
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lengths almost beyond the domain heretofore associated with so-called short-
crack effects, as shown for example in Fig. 1. Even at X50 magnification 
where a crack 25 /xm (0.001 in.) long appears to be 1250 iita (0.05 in.), there 
may be difficulty identifying such crack tips. Errors in this resolution while 
small in an absolute sense are large in a relative sense. Uncertainties of 10 per
cent are not unreasonable. A second significant source of error enters through 
the resolution of the microscope vernier. In this and other comparable studies 
the resolution is about 12.5 /xm (0.0005 in.)—about one half of the length of 
the crack being measured. Clearly then an uncertainty of 50 percent is possible 
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FIG. 1—Observations on the growth of physically short cracks: rtopV micrographs (X200) of 
branching and multiple initiation: fTiottorny complexities in growth. 
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in a worst-case sense. Finally, there is at least one further source of uncertainty 
which arises in the context of crack extension. Say the short crack domain is 
on the order of 125 /xm (0.005 in.). If one chooses to make five readings in this 
domain, then one would seek to measure increments of 25 jum (0.001 in.), just 
twice the resolution of the vernier. Again, on a worst-case basis the uncertainty 
is on the order of 50 percent. Thus, in a worst-case sense the most probable 
error in absolute length is (0.1^ + 0.5^)^^^ = 50 percent for either the absolute 
length or the increment in crack growth. Caution, therefore, must be used in 
interpreting the data that will be presented both here and in papers using com
parable techniques. Such care should be taken even if the uncertainty is less 
than that for this crude worst-case analysis. 

Experimental Results 

Raw Data 

Data generated in fatigue crack growth studies give rise to plots of crack 
length as a function of applied cycles. Raw data to be examined in this paper 
are presented in Figs. 2 and 3 on logarithmic coordinates of crack length and 
cycles. 

It is appropriate here to comment on crack length in the context of short 
cracks. The short cracks of concern here were all surface-connected. In
variably the crack aspect ratio shown schematically in Fig. 4 changed as the 
crack grew so that a single linear dimension does not necessarily adequately 
characterize the growth. Nevertheless, these results will be presented in the 
context of a single surface measurement as this is the approach popularized in 
other relevant papers. Note from Fig. 5 that crack length plotted in these 
figures is the length of the crack growing out of the notch root. These figures 
plot the average of the average readings from both front and back sides of the 
plate at each notch root. The only data considered are that for which the 
growth has been symmetric. 

In virtually all cases there were a number of initiation sites through the 
thickness. If the crack initiated at an intermetallic particle, its initial shape 
was typically almost semicircular. Similar observations were made for cracks 
that initiated in the bulk. Only limited comer cracking was observed. Once 
the microcrack had formed, its growth was largely along the free surface of the 
notch root because the driving force for growth in the depth direction 
decreases with the strain gradient as the crack traverses the net section. This 
decrease is also coupled with increased restraint to flow with depth, a conse
quence of increased constraint due to grain-to-grain compatibility re
quirements. Clearly, then, the raw data shown in Figs. 2 and 3 cannot be con
sidered representative of the true complex two-dimensional growth behavior of 
physically short cracks. At this scale, crack growth is not planar—it is truly 
three-dimensional. Furthermore, the grovrth may involve Mode II in addition 
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Aspect Ratio = a/2c 

V 

t 
AS 

A A 

TEST COUPON 

Very Short Crack Situation 

• Depending on thickness, material, etc., 
there may be one or several surface cracks 

/ Growth of ^ j A Pla Plane 
Fronted Crack 

Crack Linking to a Plane Front 

• As surface cracks grow they link up. 

• The aspect ratios (stress intensity, growth 
rate, etc) change from those of the individual 
surface cracks to that of a nearly plane 
fronted crack 

• The measured length on the surface in the 
X direction reflects the growth of the 
corresponding crack and the influence of 
its neighbours. 

SECTION A-A 
(Crack Plane) 

FIG. 4—Changes in crack aspect ratio in the growth of physically short cracks (schematic). 

to Mode I, which dominates long crack growth. Such figures will nevertheless 
be used as a vehicle for discussion in that this approach has been used in all 
previous papers. 

With reference to Figs. 2 and 3, note that for comparable conditions the 
2024-T3 aluminum has the highest growth rate whereas the SAE 1015 steel has 
the lowest, at least at the shorter crack lengths. Note too that, for the scales 
used, the growth rate of the shorter cracks appears essentially constant with 
increasing length (that is, length is a power-law function of cycles). For the 
aluminum alloys, these curves are generally quite steep. Just slightly higher 
rates would be approaching an almost unbounded condition. Clearly then, 
such data can be extrapolated to shorter lengths without much fear of bias to 
lower than actual rates for shorter cracks, especially since these trends hold to 
lengths as short as 20 /xm (0.0008 in.). This is due to the fact that, for such 
cases, the steep log /-log N curves suggest that the errors in measured length 
discussed earlier do not significantly impact on the growth rate. With regard to 
the mild steel data, some of the results show the same steep, constant-rate 
behavior exhibited by the aluminum. The majority of the data, however, show 
a concave-down trend so that extrapolation is neither recommended nor used. 
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(a) NOTCH AND CRACK NOMENCLATURE 

Notch: Semi major axis; a 

2a J I * ' " ' '"'"O'' S'̂ i*.' 2 

^ _ _ | - _ ^ — L Aquity ratio; alfi 

Ci-H 
Crack: Length; K = 

- ^ 2 ' 
fl Ci, £2 are averages of readings 

from both sides of the plate 

(b) SPECIMEN NUIVIBERING 

First Designation — Material: A1 ; 707&-T6 Aluminum Alloy 

A2; 2024-T3 (51) Aluminum Alloy 

S; SAE 1015 steel (normalized) 

Second Designation - Notch Aquity: 1 -• a/j3 = 1; K( = 2.6 

2 ^ a/(3 = 2; K, i 4.6 

3 - a//3 = 3; K, i 6.4 

Third Designation — Sample Number 

Example: A1314 ^ 7075-T6, K, = 6.4, sample 14 

FIG. 5—Definitions of notch geometry and specimen numbering scheme: (a) notch geometry; 
(h) numbering scheme. 

For the most part, all data in the short- and intermediate-crack domain follow 
continuous trends so that interpolation is not deemed to introduce significant 
bias or uncertainty and is therefore used. 

Consider now the implications of a power-law relationship between semi-
crack length, /, and cycles, N, for the short-crack domain: 

Differentiating Eq 1 gives 

/ = aN'' (1) 

- ^ = abN'''' 
aN 

which, with substitution of Eq 1 gives rise to 

With reference to Figs. 2 and 3, note that the value of b for shorter cracks 
ranges from about 2 to 50. At the longer crack lengths it takes on a value of 
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about 1 for displacement control data and a somewhat larger value for the load 
control data. Consequently, except when Z> = 1, Eq 2 suggests that the crack 
growth rates will be a function of the crack length and not simply related to the 
behavior of longer cracks, and that for values of 6 > 1 the growth rate will in
crease with crack length. 

Note that sharp breaks in the log /-log N trends are apparent at various 
lengths and nominal stress (strain) levels. These are a consequence of the 
change in the driving force for crack growth under either edge strain or load 
control. Note too that for the most part the more blunt notches have a higher 
growth rate over longer crack lengths under comparable control conditions 
(control type and imposed magnitude). This is an apparent consequence of the 
fact that the field of the more blunt notch extends farther into the specimen as 
compared with the steeper gradient of the sharper notches. This feature is 
somewhat more apparent when these data are plotted in terms of growth rate 
and crack length. 

Growth Rate as a Function of Crack Length 

Before crack-growth rate can be pursued as a function of crack length, 
scheme(s) to compute growth rates from discrete data must be selected. A sim
ple slope (point-to-point) scheme could be used. Alternatively, a three-point 
divided-difference scheme or an incremental polynomial that is fit to some 
larger number of data points could also be used. But, if indeed there are 
significant changes in the growth rate as the crack extends, including a large 
number of points in the analysis may mask such a trend. Consequently, only 
the simple slope and three-point schemes have been considered. Superim
posed on the so-computed raw growth rate data is the growth rate behavior 
estimated using the trends shown in Figs. 2 and 3. This will include the trend 
extrapolated to shorter crack lengths but still within the limit of the shortest 
crack measured. 

Data analyzed this way are plotted in Figs. 6 and 7 for the three-point 
scheme. Results for the simple slope scheme are comparable so that, in the in
terest of brevity, only one set is reported. But, in the interest of extending the 
results to the shortest crack length measured, the first point plotted for each 
data set is taken from the results developed using the two-point scheme at the 
corresponding crack length. Based on the trends exhibited in Figs. 2 and 3, 
this is not considered to be inappropriate. Notice by comparing the trends for 
A22-4 and A23-4, for example, that the difference between displacement and 
load control, respectively, is apparent in the increasing and then decreasing to 
constant growth rate versus crack length for displacement control as compared 
with a steadily increasing rate for load control. 

Now consider the growth rate behavior for shorter cracks for data sets for 
which the longer crack-growth rates are comparable, that is, cases for which 
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the LEFM long-crack stress intensities are comparable. As suggested in the 
context of Figs. 2 and 3, the growth rates for the more blunt notches continue 
to increase over longer crack lengths as compared with those for the sharper 
notches. As noted previously, this is considered to be an indication of the in
fluence of the initial notch geometry [16]. Under comparable control condi
tions blunt notches have a larger zone of influence (and plastic zone) com
pared with sharper notches. Most importantly, observe in Figs. 6 and 7 that, 
for these data which cover the range from confined to unconfined flow at both 
blunt and sharp notches, there is no apparently anomalous behavior in the in
itial growth rates of physically short fatigue cracks. That is, the growth rate in
creases with crack length, at least initially. In no case is there clear-cut 
evidence that the growth rate initially decreases and then increases with crack 
length as is often shown in evidence for the existence of a physically short-
crack effect (for example, Ref 75). Physically short in this context includes 
lengths as small as 20 ^m (0.0008 in.). Decreases in rate are, of course, ob
served in the displacement control data at longer crack lengths, a consequence 
of the decreasing stress intensity for this control condition as discussed in the 
next section. 

Stress-Intensity Factor Analyses 

Data from three basic notched geometries subjected to either load or dis
placement control have been examined thus far. To put these data into a 
common format for comparison requires that the growth rates be presented 
as a function of some universal measure of the driving force for crack growth. 
For long cracks the LEFM stress-intensity factor, K, [27] serves as such a pa
rameter. Since at present there are no generally accepted comparable param
eters for short cracks, it will be used. 

In a simple functional form, K is defined for Mode I cracking as 

K = l3il)S^f^; (3) 

where 

S = far-field stress, 
/ = semicrack length, and 

|8(/) = function of geometry and crack length. 

It has been postulated [28,29] that the fatigue crack growth rate is a unique 
function of K and other constant parameters that pertain to the loading, spe
cifically the ratio of the minimum to maximum stress, R; that is 

-^=g{AK,R) (4) 
dN 
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0.1 

Semi Crack Length, S, inch 

0.2 03 0.4 05 0.6 07 

^ \ \ 
Growth Rote versus Craci( 
Length in 7 0 7 5 - T 6 
Aluminum Alloy 

Stress or Edge Strain 
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~K, 
4.6 
6.4 
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^ AI35, 0 0 6 2 5 % • 
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(b) 
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o 
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Semi Crack Length, 2, cm 

1.50 1.75 

FIG. 6—Dependence of fatigue crack growth rate on crack length for aluminum alloys: (a) 
2024-T351 aluminum alloy; (h) 7075-T6 aluminum alloy. 
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Semi Crock Length, i, inch 
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FIG. 7—Dependence of fatigue crack growth rate on crack length for SAE 1015 steel. 
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In this equation, AK is defined from the cyclic range of stress, AS, inserted 
into Eq 3. It should be emphasized that in LEFM the confined crack-tip plas
tic zone size, rp, is a unique function of K; that is 

rp oc K^ (5) 

Consequently, care must be exercised in interpreting data from histories where 
rp is history-dependent and not uniquely related to the current value of AK 
(or /T^ax)- Likewise, a significant limitation to the utility of LEFM in the 
present context is that it is valid only so long as the plastic zone is small com
pared with crack length. Although it is recognized that this limitation can 
cause difficulties in using Eq 4 [10], the LEFM AK will nevertheless be used 
in that no rigorously developed alternatives exist. It should be emphasized in 
this context that data for the steel include gross-section yield. Under such cir
cumstances AK may not provide a unique measure for the crack driving force 
[10]; it is used only in lieu of a rigorous alternative."' 

From Eq 3 it follows that six stress-intensity factor solutions are required— 
one for each combination of control condition and geometry. These are pre
sented in Fig. 8 on coordinates of normalized stress-intensity factor versus 
semicrack length. Note that the vaule of /3(/) in Eq 3 can be extracted by com
paring these solutions with that for the corresponding center-cracked panel. 

The stress-intensity solutions for load-controlled geometries designated as 
Al, A2, and S have been developed by coupling a finite-width correction (se
cant) with that for the notch field derived from handbook solutions [32]. Solu
tions for the displacement-controlled geometries have been developed using 
the load-controlled solutions in conjunction with a load shedding function 
calibrated using the experimentally measured data. 

Crack-Growth Rate as a Function of Stress-Intensity Factor 

Eliminating the common parameter, crack length, between Figs. 6 and 7 
and Fig. 8 leads to plots of growth rate as a function of AK orKj^n^. Of course, 
the uncertainty noted earlier in "/" carries through this process. The uncer
tainty in the stress-intensity factor may be found from that in the crack length 
using Eq 3. 

Results are shown in Figs. 9 and 10 for the three-point divided-difference 
scheme plotted as a function of K^^^. Here K^^^ is computed using Eq 3 and 
the maximum stress in the cycle. Note that, on this coordinate scheme, data 
for a given specimen tend to cluster for displacement control at longer crack 
lengths where /3 = 1 whereas those for load control trace the trend from low to 
high jfiTmax- This is a consequence of the K versus crack length behaviors ex-

""In an attempt to assess the influence of errors introduced by using AK in situations of uncon-
fined flow (large plastic zones or r_ » /), inelastic measures of the crack driving force were also 
evaluated. Two schemes were employed: one based on J-integral [30] and one based on a modified 
Bowie [//] solution [10], The results are detailed in Ref 31 and discussed later in this paper. 
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FIG. 8—Normalized stress intensity as a function of crack length. 
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FIG. 8—Continued. 

hibited in Fig. 8. Where independently developed data exist, there is very little 
difference between much of the "long crack" data of this investigation and 
that observed for other long cracks. 

If A/sr/2 rather than A'̂ ^x is used as a measure of the crack driving force and 
the results presented are restricted to nominally the same R„-rai\o R^ = R^ = 
— 1 for both displacement and load control, the trend of Figs. 9 and 10 remains 
the same. If on the other hand data for increasingly negative /?-ratios from 
displacement control tests with load shedding are admitted, the data groups 
shown in Figs. 9 and 10 show a trend of decreasing growth rates as evident, for 
example, in Fig. 11. Here the data represent/?„-values of —1 < /?„ < —5. It 
is important to note that the load shedding is very gradual. Nevertheless, the 
decrease in rate cannot be entirely attributed to a decrease in K in that the 
crack must grow through the plastic field created by prior cycling—see Eq 5. It 
is unlikely that the effects of prior plasticity are very significant, however, in 
that on a/Tmax basis, ascending and descending rates are well consolidated. It 
is also significant to note that this same trend exists for more positive /?-ratios 
under constant R„ testing. That is, for the same range in K the growth rate 
decreases from /?„ — 1 through R„ = OtoR„ = —I. 

In contrast to the trends of Figs. 2 and 3, Figs. 9 and 10 present strong 
evidence that there is anomalous behavior in the growth of physically short 
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FIG. 9—Dependence of fatigue crack growth rate on maximum stress intensity for aluminum 
alloys: (a) 2024-T351 aluminum alloy: (h) 7075-T6 aluminum alloy. 

cracks. More significantly it shows that the sometimes observed anomalous 
behavior of short cracks also occurs for cracks which are physically very long. 
That is, the effect is not necessarily a consequence of the crack's physical 
length. Possible explanations for why a short-crack effect is sometimes ob
served and other times is not, and why it occurs for long cracks as well, are dis
cussed in the next section. Note that this discussion does not focus on the in
fluence of errors introduced by using A/T instead of an inelastic measure of the 
crack driving force. This is because, as detailed in Ref 5/, the trends and con
clusions are not altered significantly. 
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FIG. 9—Continued. 

100 

Discussion 

While Figs. 2 and 3 and Figs. 6 and 7 failed to indicate possible discrepan
cies between long and short cracks. Figs. 9 and 10 do show differences. But 
contrary to previous papers which dealt with these differences in the context of 
physically short cracks, the present investigation shows that cracks need not be 
physically short to exhibit a behavior inconsistent with that associated with a 
LEFM portrayal of growth rate. Nor for that matter must the crack-tip plastic 
zone to crack length ratio be very large, thereby violating the basic premise of 
LEFM, to observe aberrations in the growth rate behavior. With reference to 
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FIG. 10—Dependence of fatigue crack growth rate on maximum stress intensity for SAE 1015 
steel. 

these figures, note that crack lengths greater than 2.5 mm (0.1 in.) in the 
aluminum alloys and 1.25 cm (0.5 in.) in the steel plates are observed to 
behave in a manner previously associated only with physically short cracks. 
Furthermore, note that the data cannot be made to be consistent with the so-
called long-crack LEFM trend by an empirical adjustment such as adding a 
constant with length dimensions to the crack length. As such, the hypothesis 
of El Haddad et al [15] that the so-called short crack can be made to grow a la 
LEFM through the addition of some constant, IQ, to the current crack length 
cannot be ascribed any generality. 
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FIG. 11—Dependence of fatigue crack growth rate on range of stress intensity. 

One obvious postulate for the anomalous short-crack behavior follows from 
some of the aforementioned trends. It develops in contrast to the current 
LEFM scheme for dealing with notches, which is first briefly reviewed. Long 
cracks have typically been studied under load-controlled conditions. 
Similitude is invoked in the growi;h rates through the LEFM K, which for 
equal values means equal plastic zones at crack tips. This is true so long as 
these crack tips exist in load-controlled domains as they do in the reference 
data base geometries. But when examining short cracks which grow out of not
ches, the notch stress field must be accounted for. In the context of LEFM this 
is tantamount to including the notch gradient in K through /3(/) in Eq 3, an 
approach which has been used for some time. What is missed in such a for
mulation is the fact that the crack may exist in a plastic zone which is largely 
displacement-controlled by the surrounding elastic field. This displacement 
control leads to a constant or possibly decreasing driving force for growth until 
the crack nears the elastic-plastic boundary of the notch field. At this point, 
there is a gradual shift from predominantly displacement control to load con
trol. Thereafter, the crack behaves as the so-called long crack in that it grows 
in a load-controlled field, the same as other long crack data. One physical con
sequence of the postulate is that the size of the notch plastic field should cor
relate with the transition from displacement-controlled to load-controlled 
growth. That is, with regard to Figs. 9 and 10, the crack length at the transi
tion from the growth rates not consolidated by LEFM to those that are con-
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solidated should correlate with the notch plastic field. Results presented in Ref 
31, which details the development of this postulate,^ do indeed show such a 
correspondence. 

The essence of the just-noted postulate is that the crack growth rate 
depends on a measure of the driving force that is local to the crack tip and also 
reflects the local control condition. It suggests that the transition of control 
conditions occurs at or near the elastic-plastic boundary of the notch. Thus 
from a practical viewpoint, analysis of component lifetime must entail crack 
initiation, growth through the elastic-plastic notch field, and finally LEFM-
based analysis of the remaining growth. When the elastic-plastic field is small, 
the behavior of crack growth in a smooth specimen with a similar stress-strain 
field (except for the gradient) may reflect that at a notch. As such the "short 
crack" (displacement-controlled) effect may be embedded in the strain-
controlled smooth specimen results. The corresponding definition of initiation 
would be the depth of the notch elastic-plastic field. For such cases, ap
proaches discussed earlier to define initiation and predict total life (for exam
ple, Refs 21 and 22) are likely to yield reasonable predictions. At longer crack 
lengths such an approach becomes increasingly approximate and nonconser-
vative (it ignores the gradient). Fatigue life analysis therefore becomes more 
complex in that the transition between nucleation and elastic-plastic 
displacement-controlled growth must be consistently defined. In addition, a 
rigorous treatment of the growth process must be developed. In these cases the 
just-noted approach is unlikely to yield consistently accurate predictions. Note 
in this context that this postulate suggests that a local value of effective stress 
intensity, K^ff, which maps the decrease in stress-intensity range and R-value 
and reflects the displacement control of the plastic field, would correlate short-
crack data which appear to be anomalous when compared with "long crack" 
data as a consequence of displacement-controlled plastic action. Note too, 
then, that inelastic analysis may be required to estimate such a/̂ eff-

The preceding postulate tends to explain why in this study, which presents 
primarily displacement-controlled data, with sometimes large inelastic notch 
fields, a significant short-crack effect has been observed for physically long 
cracks. But it is an overly simplistic characterization of the general problem. A 
number of other important issues must ultimately be addressed before 
constant-amplitude fatigue microcrack and macrocrack growth can be ade
quately predicted. These include (1) the role of metallurgical features such as 
grain size, martensite packet size, etc. (that is, factors which pertain to the 
breakdown of continuum concepts); (2) the apparent coupling of Mode I and 
Mode II microcracking; (3) the predamaging of material ahead of the crack in 
the notch field due to cyclic inelastic action changing hardness, etc.; (4) the 
branching of microcracks and its influence on stress intensity; (5) the 

^One obvious test of the postulate is to examine the so-called short crack behavior of a physi
cally large specimen. 
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multiplicity of initiation sites and the complex behavior of the surface crack as 
compared with the plane fronted crack; (6) the influence of the free surface on 
both the stress state and restraint to plastic flow; (7) the accuracy of handbook 
solutions for infinite domains in applications to finite domains where boundary 
proximity effects are significant, and (8) the accuracy of crack length 
measurements. Certainly not all of these issues are critical in every problem, 
but until their role is resolved there will be uncertainty in life predictions, par
ticularly in the area of microcrack propagation. Several of these issues are pur
sued at length elsewhere [33,34]. 

Conclusions 

A number of conclusions may be drawn from the data presented in this 
paper: 

1. Physically long as well as physically short cracks may behave in a manner 
inconsistent with LEFM. 

2. The control condition which is local to the crack tip controls the growth-
rate process. Whereas at inelastically strained notch roots this process is 
displacement-controlled, a steady or a decreasing growth rate may be observed 
followed by an increasing rate once the crack grows into the load-controlled 
domain. The length over which this steady or decreasing rate occurs increases 
with nominal stress (strain) and decreasing notch severity. It appears to cor
relate with the plastic field at the notch and physically may be quite large. 

3. Decreasing growth rates in the displacement-controlled notch plastic 
field should be resolved by using an effective measure of stress intensity which 
embodies local closure effects and the local control condition. 
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ABSTRACT: Scanning electron microscopy was used to examine the fatigue fracture sur
faces of poly(methyl methacrylate) of varying molecular weight (MW) and molecular 
weight distribution. The specimens had been synthesized to incorporate various porpor-
tions of high- and low-MW tails in high, medium, and low-MW matrixes. In specimens 
with a high-MW matrix, increased proportions of low-MW additions resulted in higher 
fatigue crack growth rates and a gradual shift in the appearance of the fracture surface 
toward that of a low-MW matrix specimen with a small addition of a high-MW specie. 
Crack advance was continuous, with fatigue striation widths corresponding to the macro-
scopically measured growth increment associated with each loading cycle. In low-MW 
matrixes, addition of medium- and high-MW species resulted in attenuated crack growth 
rates and resulting longer life. With less than 2 percent of the medium- and high-MW 
species, crack advance was by a discontinuous mode with each growth increment equal to 
the size of the plastic zone at the crack tip. At high JIK levels, discontinuous growth 
bands took on a scalloped appearance while maintaining a second power dependence be
tween bandwidth and AK. 

KEY WORDS: poly(methyl methacrylate), fatigue crack propagation, fatigue striations, 
discontinuous growth bands, polymer fatigue, fracture mechanics, fractography 

Microscopic examination of fatigue fracture surfaces in several polymer 
systems [1-6Y has revealed the existence of two distinct crack growth mecha
nisms. One mechanism leads to fatigue striations whose spacings correspond 
to the location of the crack front after each loading cycle. The spacing be
tween these markings, therefore, reflects the local fatigue crack propagation 
rate in the material. 

'Metallurgical consultant, Mohnton, Pa. 19540. 
^Professors of metallurgy and chemistry, respectively, Lehigh University, Bethlehem, Pa. 

18015. 
•'The italic numbers in brackets refer to the list of references appended to this paper. 
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Several polymer systems, however, reveal a second type of crack growth 
pattern. The surfaces of such specimens reveal a set of parallel bands whose 
sizes are up to several orders of magnitude larger than the increment of crack 
growth corresponding to one load cycle at the crack length concerned [4-7]. 
These bands exhibit an internal structure of voids [4] whose size gradually 
decreases across the band in the direction of crack growth. The size of these 
fracture bands has been found to be approximately equal to the size of the 
plastic zone r at the tip of the crack as calculated by the Dugdale plastic strip 
model [8] 

where K is the stress-intensity factor and Oy^ the yield strength. Yield strengths 
of polymers calculated by using this model have been found [4] to agree with 
crazing strengths measured from tension tests. 

These large bands develop in two distinct stages [4]. First, a craze enlarges 
continuously in front of the stationary crack tip with each successive loading 
cycle. Then, when the craze reaches some limiting size, the crack extends 
abruptly through the craze during the next loading cycle and terminates at 
the craze tip. Crack growth occurs again in discontinuous fashion only after 
development of a new craze. 

It has been proposed [5] that the applied loads are transmitted across the 
craze ahead of the crack tip by molecular entanglement networks contained 
within craze fibrils. Under long-term static or cyclic loading conditions, the 
entanglement networks must eventually undergo disentanglement, and 
weaker fibrils fail, thus shifting an increasing proportion of load to the re
maining intact components of the network. Within the craze, then, sudden 
crack advance will take place when the applied load exceeds the collective 
load-bearing capacity of the remaining craze-spanning fibrils. As the crack 
advances through the craze, the remaining craze fibrils are ruptured (in some 
combination of bond rupture and plastic flow); eventually the crack is ar
rested as it reaches the undeformed material ahead of the original damaged 
zone. 

Discontinuous growth is more likely to occur under conditions of (1) low 
stress-intensity factor range, (2) high test frequency, and (3) relatively low 
molecular weight [1-4,7\. All three factors tend to favor development of a 
single craze as opposed to multiple crazes. Detailed examination of molecu
lar weight effects on discontinuous crack growth reveals a complex behav
ioral pattern. No discontinuous growth bands have been found in poly(methyl 
methacrylate) (PMMA) specimens with M„ > ~ 2 X 10^ weight-average 
molecular weight, or in poly(vinyl chloride) (PVC) with M„ < ~60 000 [7]. 
Extending an earlier idea by Berry [9], Kausch [10] has proposed that mole-
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cules having lengths greater than a certain critical value are necessary to 
form entanglement networks that can span a developing craze. It follows that 
specimens of higher average molecular weight will develop a greater number 
of entanglements per molecule and thus lead to more stable crazes. On the 
other hand, craze stability at low M„ is too low to permit the development of 
craze zones that can withstand repeated loadings without rupture. Thus, as 
with static fracture [11,12], measurable strength requires that a critical value 
of molecular weight, MQ, must be exceeded. 

In the previous discussion it was assumed implicitly that the molecular 
weight distribution was similar for all molecular weights. In fact, increased 
craze stability should be made possible by broadening the molecular weight 
distribution in the direction of higher molecular weight (MW). Indeed, Kim 
et al clearly demonstrated that high-MW fractions lead directly to signifi
cant, and often remarkable, increases in the resistance to fatigue crack prop
agation [8]. 

In the previous study, the molecular weight distribution of PMMA was 
broadened by the separate addition of small amounts of high- or low-molecu
lar-weight polymer to a matrix of greatly differing molecular weight. For this 
paper fatigue specimens were prepared from this material and tested to frac
ture. Resulting fracture surfaces were examined to identify the fatigue crack 
growth micromechanisms as a function of the prevailing stress-intensity level 
and the polymer's molecular weight distribution. 

Experimental Procedure 

In order to ensure the closest possible control of material composition and 
behavior, specimens for studying the molecular weight distribution of poly-
(methyl methacrylate) were prepared in our laboratory by a two-step process. 
First, the polymer constituting the minor species of the specimen was synthe
sized to obtain the value of MW desired; both low-MW and high-MW 
species were prepared. This "tail" was then dissolved in monomer which was 
then polymerized under controlled conditions to produce a polymer with a 
desired bimodal distribution. With one series, the polymerization of both the 
minor and major constituents of each polymer was effected thermocatalyti-
cally. With the second series, which contained low-MW species in a high-
MW matrix, polymerization was effected photochemically. (For details, see 
Kim et al [13]). 

Characterization of molecular weight and dynamic mechanical properties 
was done by Kim [13] for both the minor additions (prior to addition to 
monomer) and the final specimens. Viscosity-average molecular weight, Af„, 
was measured in behzene using standard techniques [13]; the number-
average and weight-average molecular weights, M„ and M„, were measured 
with a Waters Model 6000A Gel Permeation Chromatograph. Dynamic 
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mechanical properties were measured with a Rheovibron unit, Model DDV-
II. Characteristics of the bimodal-distribution PMMA specimens are sum
marized in Table 1. 

All materials were machined into standard-geometry compact tension 
specimens using a standard [ASTM Test for Plane-Strain Fracture Tough
ness of Metallic Materials (E399-78A)] height/width ratio of 0.6. Fatigue 
tests were performed using a closed-loop electro-hydraulic testing machine, 
with a 9-kN load frame. Specimens were precracked at 100 Hz until a stable 
crack front was established, and the actual crack growth data were then 
recorded at 10 Hz. All testing was conducted with a minimum/maximum 
load ratio (R-value) of 0.1. Successive crack positions were monitored with a 
Gaertner traveling microscope with 0.1 to 0.3-mm measurement intervals. In 
this manner, several discontinuous cracking events would occur between 
readings, if discontinuous growth bands were to form under a given set of ex
perimental conditions. 

Stress-intensity factors were calculated using the formula 

A / : = FAffV^ 
where 

Aa = stress range = AP/tw, 
AP = load range, 

t — specimen thickness, 
w — specimen width, 
a — crack length, and 
Y — geometric correction factor,/(a/w) \ll\. 

The crack growth rate at a particular point was calculated to be the average 
crack growth rate from the previous to the succeeding point; that is 

{da/dN)n- "" + ' ~ " " - i 

where a is the crack length and N the total number of cycles at the time of 
each crack-tip reading. 

Following the calculation of AK and da/dN for all points, a least-squares 
fit was mathematically performed to obtain values for A and m in the general 
Paris power law relationship [14]. 

da 
^AAK"> dN 

An apparent fracture toughness K^ was calculated based on the value of AK 
associated with the last data point by use of the relation 

K^f — 
AK, •f 

1 - R 
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TABLE 1—Summary of broad-distribution PMMA specimens 

Method of 
Polymerization Weight % 

Series" of Matrix M„ Matrix M„ Addition Addition 

H-L 

H-LU 
L-H 
L-M 

thennal 

ultraviolet 
thermal 
thermal 

(1.6 to 5.1) 

(1.1 to 5.2) 
(1.1 to 2.3) 
(1.1 to 2.3) 

X 

X 
X 
X 

105 

105 

IQMb) 

2.9 X 

1.4 X 
4.2 X 
3.1 X 

10" 

10" 
10= 
10= 

0,1,5,10 
30 
0,2,5,10,20 
0.5, 
0.5,1,2 

"H-L = high-MW matrix + low-MW addition. 
L-H = low-MW matrix + high-MW addition. 
L-M = low-MW matrix + medium-MW addition. 

*Specimens having M„ < 3 X lO" were found to be too brittle to test. 
'^0.5% specimen used for fractography only. 
''For details of actual M„ and M„, see Table 2. 

Fractographic studies were performed on an ETEC Autoscan Scanning 
Electron Microscope. Prior to examination, specimens were coated with gold 
and carbon to prevent charge buildup on the surface. Since these specimens 
were found to be susceptible to electron beam damage (Fig. 1), accelerating 
potential of the electron beam was limited to 5 kV. 

Results and Discussion 

Characterization 

The molecular weights and polydispersity indexes, M„/M„, for the broad-
molecular-weight-distribution specimens are given in Table 2. 

Molecular weight characterizations indicate that the desired results were 
achieved. Addition of low-M fractions to high-M materials tended to lower 
all molecular weight averages, and addition of a high-M component to raise 
them. As expected, the M„/M„ ratio, an indication of the breadth of the dis
tribution of chain lengths, is larger for the two-component specimens than 
for the single distribution (matrix only) specimens. 

The gel permeation chromatography (GPC) curves were also analyzed to 
determine wooo, the weight-percent of material having a number-average 
degree of polymerization less than 3(X) [3(X) corresponding approximately to 
a molecular weight of 3 X 10'', the critical value (MJ required for develop
ment of tensile strength]. The mole fraction of added tail, Wtaii, is also given. 

FCP Testing 

Results of fatigue crack propagation (FCP) testing are summarized in 
Table 3. The column headings "lower portion" and "upper portion" refer to 
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FIG. 1—Electron beam-induced specimen damage (square zone). Arrow indicates crack 
direction normal to fatigue striations. 

TABLE 2—Detailed MW characterization of broad-MWD PMMA. 

Specimen 

H 
M 
L 
HIL 
H5L 
HIOL 
H30L 
LIH 
L2H 
L.5M 
LIM 
L2M 

M„ 

4.2 X 10* 
3.1 X 10^ 
2.9 X 10'' 
2.4 X 10^ 
2.8 X lO^ 
1.1 X 10^ 
2.3 X lO'' 
1.4 X 10'' 
2.1 X lO"* 
2.3 X lO"* 
1.1 X 10'' 
1.7 X 10'' 

M^ 

1.3 X lO* 
1.0 X 10*' 
6.9 X lO"* 
1.8 X 10* 
1.6 X 10'' 
6.6 X 10* 
1.1 X 10* 
5.8 X 10'' 
7.5 X lO"* 
6.7 X lO-* 
4.7 X 10'' 
5.4 X 10" 

MJM„ 

3.1 
3.3 
2.4 
7.4 
5.5 
5.7 
4.7 
4.1 
3.5 
2.9 
4.4 
3.3 

" '<300 

0.52 
0.87 

22.5 
1.52 
1.22 
5.4 
8.2 

44.2 
33.2 
31.4 
54.4 
36.4 

"tail 

0.08 
0.41 
0.38 
0.24 
0.33 X 10""3 
1.0 X 10-3 
0.37 X 10-3 
0.35 X 10-3 
0.11 X 10-3 

the observation that the da/dN versus AK plots exhibited two separate 
straight-line regions, each with its characteristic parameters {A and m) for 
the relationship [14] da/dN = A A K"'. In the high-MW-matrix specimens, 
the AK level associated with the slope transition also marked the point where 
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the macroscopic fracture surface topography changed from a rough to a 
smooth appearance with fatigue striations being associated only with the 
smooth region. In the low-MW-matrix specimens, no change in fracture sur
face appearance was observed at the point of slope transition. 

From Fig. 2a, it can be observed that the addition of increasing amounts 
of low-MW PMMA to a high-MW matrix tended to result in lowered resis
tance to fatigue crack propagation and lowered fracture toughness (Table 3). 
Addition of high- or medium-MW PMMA to a low-M matrix, on the other 
hand, increased FCP resistance and ^cf (Figs- 2b and 2c and Table 3). 

It is interesting to note that without the addition of M or H fractions, the 
L-M and L-H series (Table 1) would have been at best on the borderline of 
machinability, and in some cases unable to be machined at all (see also Ref 
13). 

Fractographic Results 

High-MW Matrix—Scanning electron microscopy (SEM) examination of 
selected high-MW-matrix specimens (HIL, HIOL, and H30L) revealed two 
types of fracture surface micromorphology at low values of AK. With speci
mens HIL and HIOL, surfaces were very smooth in texture with the exception 
of classic river patterns which pointed in the direction of crack growth (Fig. 
3). However, as the proportion of low-MW addition increased to 30 percent, 
the surface began to lose its flat appearance and exhibited a "blocky" struc-

TABLE 3—Summary of FCP results. 

Specimen 

HIL 
H5L 
HIOL 
H30L 
H-U 
H2LU 
H5LU 
HIOLU 
H20LU 
LIH 
L2H 
L.5M 
LIM 
L2M'" 
L 
M 
H 

3.2 
8.4 
6.4 
1.8 
3.7 
6 
8.1 
8.1 
1.2 
1.2 
6.4 
3.5 
2.8 
4.4 
1.1 
2.65 
1.4 

Lower Portion 

A 

X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 

10-" 
10"'' 
10"'' 
10^3 
IQ-" 
10^" 
lo--* 
10-" 
10-3 
10^3 
10-" 
10"3 
10-3 
10-3 
10-2 
10-" 
10-" 

1 

m 

4.3 
6.8 
5.7 
5.7 
9.0 
5.9 
5.5 
5.5 
4.2 
3.0 
2.6 
3.9 
3.7 
4.8 
4.8 
4.9 
6.0 

Transi
tion 
hK 

0.96 
0.81 
0.90 
0.81 
0.90 
0.82 

0.85 
0.69 
0.58 
0.70 
0.53 
0.76 
0.62 
0.51 
0.85 
0.97 

Upper Portion 

A 

4.7 X 10-" 
2.3 X 10"3 
8 X 10-3 
1.3 X 10-2 
9 X 10-" 
7 X 10-3 

5.9 X 10-2 
2 X 1 0 - ' 
6 X 10-3 
5 X 10-3 
2.7 X 10-2 
5 X 10-2 
3.5 X 10-2 
5.6 X 10 - ' 
2.9 X 10-3 
1.7 X 10-" 

m 

13.7 
11.5 
29.7 
14.8 
17.3 
19.4 

34.0 
19.8 
6.1 
8.4 
7.1 

14.2 
9.1 

10.6 
19.5 
12.0 

^ c f 

1.40 
1.20 
1.09 
1.12 
1.30 
1.02 
0.98 
1.13 
1.05 
0.79 
1.0 
0.95 
1.09 
0.84° 
0.78 
1.04 
1.54 

No. of 
Speci
mens 

1 
2 
2 
2 
1 
1 
1 
1 
1 
1 
1 
1 
2 
1 
1 
1 
1 

"Specimen failed at unexpectedly low A/f level—probable production defect. 
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FIG. 3—Fracture surface appearance in high-MW matrix at AK = 0 66 MPa yfrn^ (a) 
Specimen HIL: (b) Specimen HIOL. Arrow indicates crack propagation direction. 
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ture (Fig. 4a). A similar fracture surface appearance was noted in a low-
MW-matrix specimen, L2H, that contained 2 percent of a high-MW addi
tion (Fig. 4b). Examination of these fracture surfaces reveals a striking 
similarity that parallels the FCP response of these two materials (Fig. 5). It 
would appear that the fatigue response of the high-MW-matrix specimens 
begins to be controlled by the large number of short chains introduced when 
30 percent low-MW material is added. This is so even though the number of 
low-MW chains is smaller than in Specimen L2H (Table 2). 

Distinct fatigue striations such as those shown in Fig. 1 were visible in all 
specimens (except H30L) at higher values of AK above the slope transition. 
Agreement between striation spacing widths and macroscopic growth incre
ments was found as shown in Fig. 6 for Specimens HIOL and HIOLU. (At 
lower AiC-values associated with lower FCP rates, striation formation may 
have occurred but could not be confirmed due to the tendency for electron 
beam-induced specimen damage associated with surface examination at 
higher magnifications.) 

Specimen H30L revealed a somewhat different fracture surface ap
pearance at high AK levels (Fig. 7a). An array of coarse bands of relatively 
constant spacing was seen over much of the fracture surface in this high-A/ir 
regime. When this pattern was examined in greater detail (Fig. 7b) regions 
containing voids were observed, indicative of failure through a craze. The flat 
patchy areas suggest, in turn, that the crack had proceeded along the bound
ary between crazed and undeformed material with the patches being formed 
when the crack jumped from one boundary to the other. This phenomenon 
has previously been seen to occur during fast fracture in polystyrene [15,16]. 

The significance of these fracture bands is not clear at this time. Band-
widths have proven to be erratic and no clear relationship has been estab
lished between band spacing and the stress-intensity level. Nonetheless, one 
may speculate that these irregular bands represent the first evidence of dis
continuous crack extension in the high-MW-matrix polymer, this mode be
ing possible only after large additions of a low-MW species. 

Low-MW Matrix—At low AK, the fracture surfaces of all low-MW-matrix 
specimens exhibited a blocky structure similar to that seen in Fig. 4. Speci
mens with small amounts of additions (L.5M, LIM, LIH) showed a distinct 
discontinuous growth band (DGB) structure superimposed on the overall 
blocky surface (Fig. 8a). When viewed at a higher magnification (Fig. 8b), 
each DGB revealed classic evidence of the discontinuous growth process— 
each band contained many microvoids which decreased in size in the direc
tion of crack growth. 

DGB sizes were measured for Specimens LIH, L.5M, and LIM and found 
to follow the predicted second-power dependence with AK (Fig. 9). Yield 
strengths were computed based on the Dugdale plastic strip model [8], by 
equating the band size to the plastic zone size. Results of this calculation are 
given in Table 4. 
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FIG. 5—Similarity in FCP response between Specimens L2H and H30L. 
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FIG. 6—Correlation between macroscopic and microscopic FCP rates in Specimens HIOLU 
and HIOL. Closed data points correspond to fatigue striation measurements. 
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FIG. 9—Discontinuous growth band width versus AK in low-MW-matrix PMMA containing 
0.5 M, 1 M, and 1 H additions. 

TABLE 4—Calculated yield strengths based on Dugdale model. 

Specimen >v<300 

Calculated wtaii X Mtmf 
<7ys,MPa (X 10"-') M„ X 10^ 

L.5M 
LIM 
LIH 

0.31 
0.54 
0.44 

60.8 
86.2 
83.6 

5 
8 

10 

2.3 X 10" 
1.1 X 10'' 
1.4 X 10'' 

0.37 
0.35 
0.34 

"Weight-average MW. 

The computed yield strengths for LIM and LIH agreed closely with the 
value of yield strength of 83 MPa reported by Morgan and Ward [17], while 
that for the L.5M specimen was considerably lower. At first glance this find
ing seems not to fit in with the general experience with single-distribution 
polymers in that Oys increases with MW. Also, no correlation with the propor
tion of low-MW or high-MW components exists (w<3oo and «taii)- However, 
if one calculates a weighted fraction of the tail added (weight fraction times 
MW), one finds that the weighted effect of the tail is much less for L.5M than 
LIM and LIH. This is not at all surprising, for the weight-average molecular 
weight may well be expected to dominate yielding. Since the matrixes of the 
three polymers all have very low values of MW (Table 1), the weight-average 
contribution of the tail should be most important (Table 4). In other words, 
with these bimodal distributions of MW, use of the average MW for correla
tions may be misleading. 

Molecular weight also affects craze stability. An indication of the stability 
of the craze and its resultant discontinuous growth band may be gained by 
dividing the band size by the overall crack growth rate to compute the num
ber of cycles represented by each band. Figure 10 shows the results of band 
stability calculations for specimens L.5M, LIM, and LIH. The fracture 
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FIG. 10—Discontinuous growth band cyclic stability versus AK in PMMA broad-MWD spec
imens. 

bands observed in these specimens exhibited the lowest cyclic stabilities as 
compared with data from other engineering plastics [4]; this finding is con
sistent with the fact that the FCP rates at a given AK level in Specimens L.5, 
LIM, and LIH are generally higher than those recorded in other polymers 
that exhibited discontinuous cracking. It is interesting to note, however, that 
the cyclic stabilities of bands from Specimen L.5M exceeded those computed 
from Specimen LIM and LIH even though the FCP rates in the latter two 
were lower (see Figs. 2b and 2c). This curious behavior is attributed to differ
ences in the material's respective yield strengths (Table 4). That is, the lower 
yield strength associated with Specimen L.5M will generate a larger DGB 
that would require more loading cycles to break down. 

In low-M-matrix specimens containing 2 percent of high- or medium-MW 
additions, no distinct discontinuous growth band pattern was seen. The dis-
apperance of discontinuous growth bands associated with 2 percent by 
weight of high-MW additions to a low-MW matrix suggests that even this 
small percentage addition of long chains is sufficient to increase craze stabil
ity to the point where multiple crazing begins and discontinuous growth no 
longer provides the preferred method of crack advance. No appreciable 
change in overall fracture surface appearance of Specimens L2M and L2H 
was noted when going from low to high AK levels. The blocky surface seen at 
low AK values (Fig. Ab) persisted at high AK values, but in addition more 
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pronounced, though irregularly spaced, surface relief markings appeared 
(Fig. 4c). 

The contrasting results from specimens L.5M and L2H strongly suggest 
that DGB formation takes place only when certain molecular weight require
ments are met within a particular range of MW. When there are too few 
long-chain molecules to create an entanglement network stable enough to 
stabilize a craze in a given polymer during cyclic loading, DGB formation 
will not occur. This was found to be the case in FCP studies of low-MW PVC 
[7]. Alternately, when a particular polymer contains more than some critical 
number of long-chain molecules, cycle-induced craze breakdown is sup
pressed to the point where discontinuous crack extension is precluded. The 
latter was observed in PMMA having a common unimodal distribution of 
MW (My > 2 X 10 )̂ and in the results for Specimen L2H described herein. 
Finally, the micromorphology of DGB's was seen to break down progres
sively with increasing MW in PVC [7]. 

At higher AK, in those specimens previously found to exhibit discontinuous 
growth, the distinct DG bands began to lose their crisp lineage. Under these 
conditions, the crack front appears to be heavily segmented with the banded 
structure taking on a scalloped appearance (Fig. 11a). Closer examination 
(Fig. lib) reveals different morphological features; there is a central region 
containing voids, in which all the voids are essentially the same size, and two 
almost flat areas, with occasional sharp changes in elevation, which give the 
appearance of patches of material having been torn out. This appearance 
again suggests, as in the case of the H30L specimen at high AK (recall Fig. 
7b), that crack advance had occurred by means of two concurrent processes— 
growth through the middle of the craze, revealed by voids on the fracture sur
faces, and growth along the craze boundary, resulting in flat areas. The ob
served elevation changes are interpreted to be the result of crack growth 
changing from one mode to the other or from one craze-matrix boundary to 
the other. The lack of an observed void-size gradient probably indicates that 
the craze had developed and fractured in a relatively few number of loading 
cycles [15 to 150 cycles (see Fig. 10)]. 

Measurement of these high-A/iT band sizes revealed that they too followed 
a second-power dependence (Fig. 12). This does not mean that the micro-
mechanism of the crack growth process remained the same. In fact, the gross 
and detailed band structures were considerably different between low- and 
high-A/L areas. The second-power dependence does, however, imply that 
these surface features were phenomenologically similar in that they were both 
related to the size of the plastic zone. 

The similarity of these bands to those seen at high AK on the H30L 
specimen (Fig. 7b) suggests that the behavior of the H30L specimen was gov
erned more by the low-MW addition then by the high-MW matrix. This is 
not surprising, since most of the chains in the H30L specimen are short. 

These high AK bands on both H30L and the low-MW-matrix, low percent 
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FIG. 12—Relationship between discontinuous growth band and "scalloped" band spacing 
versus AK. (a.) Specimen L.SM; (b) Specimen LIM. Arrow indicates crack propagation direc
tion. 

addition specimens bear a strong resemblance to the "scalloped striations" 
reported previously in PMMA by Johnson [18] and Feltner [19]. Since no 
crack propagation data were obtained in either of these studies, it is quite 
possible that these reported "striations" were not the result of single crack 
advance steps (that is, classical fatigue striations), but rather discontinuous 
growth bands as observed in this study. 
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Conclusions 

1. The fracture surface micromorphology of PMMA is seen to depend on 
both the character of the polymer molecular weight distribution and the 
magnitude of the stress-intensity factor range. 

2. Up to 10 percent additions of low-MW polymer to a high-MW matrix 
in poly(methyl methacrylate) has a minimal effect on the fatigue fracture 
mechanism. With a larger fraction of low-MW molecules, the fatigue frac
ture surface changes and resembles that of a low-MW-matrix PMMA that 
contains 2 percent of a high-MW addition. 

3. Small additions (0.5 and 1.0 percent) of medium- and high-MW-
polymer to low-MW PMMA greatly improves fatigue crack propagation re
sistance and allows for the formation of discontinuous growth bands. 
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ABSTRACT: The equation 

had been proposed by the author to predict fatigue crack growth rates. By adopting this 
functional relation and setting K\^ = 0.5 /f imax (K\° ~ /fiopen under constant-amplitude 
cyclic loading), there are the two parameters, C and AA'', left to be determined from ex
perimental data. 

The parameters C and A/f^ for several structural alloys as a function of temperature 
between room temperature and 811 K had been analyzed. It was found that the "fatigue 
tolerance range" A/f^ decreased linearly with increasing temperature. Initially, the 
parameter C increases nearly linearly with increasing temperature and then increases 
steeply at higher temperatures. In the present work, this temperature dependence is 
shown to be found between 4 and 911 K by analyzing low-temperature as well as addi
tional high-temperature data for Inconel 718 and Inconel X-750. By assuming the ob
served qualitative temperature dependence of C and A/f ^ as being correct, available 
fatigue crack growth rates for Type 304 stainless steel obtained at temperatures ranging 
from 4 to 922 K were analyzed with respect to C and AA'-'̂ . 

KEY WORDS: fatigue, crack growth rates, Inconel 718, Inconel X-750, Type 304 
stainless steel, temperature effect, material parameters 

Nomenclaturo 

^imax Maximum stress-intensity factor 
^imin Minimum stress-intensity factor 

Kp Limit value of true stress-intensity range 
AK^ Fatigue tolerance range 
A/ikth Threshold stress-intensity range 

'Babcock Brown Boveri Reaktor Gmbh, Mannheim, F.R.G.: presently, DFVLR—-German 
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^lopen Crack opening stress-intensity factor 

^ -'^Imin/^Imax 

e Total equivalent plastic strain 
Ae<. Effective compressive strain range 
Aey Effective tensile strain range 
Affj, Effective compressive stress range 

ACTT- Effective tensile stress range 

The goal of fatigue research is to predict failure of structural parts subject 
to fluctuating service loads and thereby design parts or limit service life such 
that structural failure is reliably prevented. Since most structural parts con
tain flaws due to manufacture, initiation of such flaws does not determine the 
service life, but rather the growth of the—mostly minute—flaws already pres
ent at the start of structural service. That is the main reason for the success 
of fracture mechanics in safe-life analysis. 

Initially, the capability of fracture mechanics as a tool for safe-life predic
tions was demonstrated for relatively simple service environments and 
mechanical loading conditions. Yet, the initial success prompted the ongoing 
effort to extend the fracture mechanics analysis capability into more complex 
service environments. This work tries to show that temperature, as one of the 
service conditions, does not affect the basic functional relationship between 
growth rates and cyclic loading conditions. It should be remarked that this is 
true only as long as no temperature-induced phase transformation occurs. 
The material parameters characterizing the material's resistance to fatigue 
crack growth (FCG) are temperature-dependent. 

The investigation relies on a model of FCG previously presented \V^ and 
extends the initial work [2] related to the effect of temperature on the 
material parameters governing fatigue. In order to make this publication 
"self-contained," a short review of the FCG-model presented in Ref 1 is given 
in the following. 

Model of Fatigue Crack Growth 

Figure 1 shows schematically the cyclic stress-strain curves that material 
elements at the different positions ahead of the crack front inside the plastic 
zone experience during a loading cycle. Use was made of the fact that at the 
elastic-plastic boundary ahead of the crack the stresses and strains have to 
stay in the tensile range while at the crack front they can be compressive dur
ing the lower part of a loading cycle between /Ti^ax and K^^^^ = 0. By plot
ting the cyclic stress-strain state corresponding to /fTĵ ax for each such 
material element, one obtains an upper-bound curve (Curve X in Fig. 2) for 
the cyclic stresses and strains under that loading condition. Similarly, by 

^The italic numbers in brackets refer to the list of references appended to this paper. 
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elastic-plastic boundary 

FIG. 1—Stress-Strain conditions at certain points inside the active plastic zone. 

4=K Imax 

Y = Kr 

^^^ini jn 

FIG. 2—Stress-strain bounding curves for the state of stress and strain inside the active 
plastic zone. 
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plotting the cyclic stresses and strains of such material elements correspond
ing to /Timin, one obtains a lower-bound curve (Curve Yj in Fig. 2) for the 
cyclic stresses and strains. 

The dependence of the active plastic zone size on /Timax [3] and the in
dependence of the /?-ratio effect from prior Ki„i„ loading conditions [4,5] 
suggests that the upper-bound (Curve X) as well as the lower-bound (Curve 
F)) curve in Fig. 2 is uniquely dependent on Kimax during constant-
amplitude fatigue cycling with constant Ki^ax- K this is correct, then there 
must be a stress-intensity factor between Ki^i„ = 0 and Ki^ax which causes 
the near region of the crack front to be free of stresses. Let point Y in Fig. 2 
represent this condition for material elements ahead of the crack front; then 
curve F3 would represent that stress-intensity factor, this stress intensity fac
tor, denoted as A"/^, should be uniquely related to Ky^^^, that is 

K,G = aK,^, (1) 

The stress-intensity factor at which the transition from compressive 
stresses and strains to tensile stresses and strains occurs in the material 
elements ahead of the crack front is defined as the "limit value" of the true 
stress-intensity range transmitted to the active plastic zone. This limit value 
Ki^ was measured to be 0.5 Kija&x for the alloy 2024-T3. Low-cycle fatigue 
behavior suggests that the total plastic strain e (e = equivalent strain), as 
shown in Fig. 2, is not very influential with respect to fatigue damage. The 
excursion of strains and the respective stresses should be more important. 
But the excursion of strains in the near region of the crack front is exactly 
what is characterized by partitioning of the transmitted stress-intensity range 
via Ky^. For clarification, the excursion of strains and respective stresses is 
defined as follows 

Aê  = effective compressive strain range (Position 1 to 2) 

Aoc = effective compressive stress range (Position 1 to 2) 

Aej- = effective tensile strain range (Position 3 to 4) 

Aaj- ~ effective tensile stress range (Position 3 to 4) 

The foregoing positions relate to Fig. 2. Accordingly, equations predicting 
"Stage 11" fatigue crack growth rates (FCGR) (see Appendix for definition) 
should contain at least the two elements Ae,. and Aej 

^ = /(Ae,, Aer) (2) 

Since 
Aê  oc isTiG - /sTî in (3a) 

A6r « ^imax - Ki° Ob) 
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^ = g [{Kf - /ftoiJ, (/Ttaa, - /fjG)] (4) 

where / and g are some functions. Stage II FCG can occur only if the near 
region of the crack front experiences excursions in effective tensile stresses 
A ay and strains Aej-. In fracture mechanics terminology this condition 
means 

K Imax Kfi > 0 (5) 

Figure 3 shows that loading conditions which do not comply with relation 
(5) do not result in crack growth. Since excursions in effective compressive 
stresses do not produce crack growth, it makes no sense to define a threshold 
stress-intensity range which includes part or the total effective compressive 
stress range. Therefore, if a threshold stress-intensity range exists, it has to 
characterize a certain excursion in the effective tensile stress range Aaj which 
does not produce crack growth. The threshold stress intensity range so de
fined (see Appendix for further definition of AK'^) is subsequently denoted 
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FIG. 3—No fatigue crack growth under loading conditions producing only excursions in effec
tive compressive stress Afĵ . 
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as "fatigue tolerance range" AK^. The measured fatigue tolerance range for 
the alloy 2024-T3 is shown in Fig. 4 [1]. 

The findings concerning the fatigue tolerance range AK^ require that the 
FCGR equation, Eq 4, has to be modified. Since excursions of effective ten
sile stresses and strains have to exceed a range equivalent to AK^ before any 
crack growth occurs, AK^ has to be subtracted out of the total effective stress 
and strain range, that is 

(K Imax A : I ° ) - ART (6) 

25 30 
MPamV2 

FIG. 4—Conditions and results of the fatigue tolerance range AK determination. 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



MARCI ON FATIGUE CRACK GROWTH RATES 153 

and Eq 4 is modified to 

^ = A liK,^ - Ki^J, AK^, (/fî ax - ^i ' ' ) - AKn (7) 
dN 

where h is some function. The three elements contained in Eq 7 should enter 
any FCGR equation explicitly. The following equation had been proposed 
(for details, see Ref /) 

~ = C [{K,<^ - K,^J + {AK^r] [(/,:,„,, - Kf) - ART]" (8) 
dN 

The /J-ratio dependence of FCGR suggested that the term {Ky^ — Â imin) 
should enter linearly into Eq 8. It can be argued that AK^ can cause the 
same or less fatigue damage (not crack growth) as {Ki^ — /fimin) does, if 
they have equal magnitude. As an upper-bound value, m = 1 was chosen. 
With this assumption, n and C were determined by fitting Eq 8 to experimen
tal data. AK^ was fixed by the experimental data themselves. It was shown in 
Refs / and 2 that for all materials analyzed (aluminum, titanium, and nickel-
based alloys and ferritic steel) excellent agreement between predicted and ex
perimentally measured FCGR was achieved with exponent n = 2. Under the 
assumption that n = 2 and m = 1 can be generalized, Eq 8 can be written 

^ = C [{Ki^ - K,^J + AKn Ki^lmax - ^ I ^ ) - AKT]' (9) 
dN 

Equation 9 forms the basis for the following analysis of the effect of 
temperature on FCGR. 

Method of Analysis 

The value « = 2 in Eq 9 can be interpreted to mean that FCGR's are 
related to the fatigue damage accumulated in the path of the crack inside the 
active plastic zone. If the generalization concerning « = 2 and w = 1 is in
correct, then it would certainly show up as an inability to predict the ex
perimentally observed FCGR for some of the materials. 

The loading conditions enter Eq 9 directly via A'lmax and Ki^i„. Thus, there 
remain three parameters unknown in Eq 9, namely Ki^, AK^, and C. Of 
these, Ki^ is a material parameter which varies with varying loading history; 
that is, Ki^ is already fixed at the beginning of a loading cycle by the 
previous loading conditions. Under constant-amplitude fatigue cycling with 
either constant maximum load or constant A'imax the value of Ki*^ is equal to 
« îmax- It can be assumed, based on crack opening measurements, that for 
most structural materials a is in the range between 0.4 and 0.6 with max
imum density at a = 0.5. Small variations of the value Ki^, say ±0.03 
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^imax. have negligible influence on the predicted FCGR. As a starting point 
for checking the predictive capability of Eq 9, Ki'^ = 0.5 Ki^^ was assumed 
(under certain restrictions ATĵ  = Ki^^en)-

The remaining parameters AK^ and C must characterize the response of 
an individual material to cyclic loading. They must be an inherent property 
of the subject material which can be extracted by analysis of experimentally 
measured FCGR only. Generally the experimentally measured FCGR's are 
produced under constant-amplitude cycling with either constant maximum 
load or/sTiniax «i"d ^r^ therefore compatible with the assumption oiKi^ = 0.5 
Ĵ imax- The way in which the parameters AK^ and C were extracted from ex
perimentally measured FCGR is as follows. 

Fatigue Tolerance Range AK^ 

According to Eq 9, FCGR should become zero as the excursions in effec
tive tensile stresses and strains decrease to or below the magnitude of excur
sions corresponding to AK^, that is 

^ - > O a s ( / : t o a x - ^ i « ) - A / : ^ (10) 

For /?-ratios equal or greater than 0.5 the relation (10) takes on the form 

^ - 0 as (iTtaax - ^Imin) = AK ^ AK^ (11) 

Therefore, the fatigue tolerance range AK^ can be determined directly from 
a log da/dN versus log AK plot from FCGR with /?-ratios equal or greater 
than 0.5 as that stress-intensity range AK* at which FCGR approaches 
-3-10-10 m/cycle 

AK* = AKT (12) 

For FCGR with R-r&iio between 0 and 0.5 the AK* is measured at which 
FCGR approaches ~2-10~^^ m/cycle and the respective /r*]^^^ is deter
mined 

AK* 
^*lmax = JZr^ (13) 

Since the conditions of relation (10) are fulfilled, the fatigue tolerance range 
is determined as follows 

AK^ = K*,^,, - K,^' (14fl) 

= ^*Imax - 0.5/i:*!^,, (146) 
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The model of FCG represented by Eq 9 is based on unique dependence of 
FCGR on the excursion of stresses and strains in the near region of the crack 
front during each individual loading cycle. If the FCGR cannot any more be 
uniquely related to each loading cycle, as it must be for FCGR smaller than 
the lattice parameter (~3-10'"^'^m), then the model ceases to apply; the 
same is true for AK^. Actually, FCGR's down to -3-10"'" m/cycle are not 
available in general. In such a case the trend line of FCGR was extrapolated 
down to this low FCGR and values on or to either side of the trend line 
assumed. The AiT-value which gave the best fit through the experimental 
data was taken as AK^ and is the one shown in the following figures. 

Material Parameter C 

The values of the material parameter C was determined from FCGR in the 
range between 5-10~^ and 5-10"* m/cycle. In that range the FCGR are 
plotting nearly linear on a log-log scale. FCGR greater than 5-10"'' m/cycle 
might contain some contribution from a tearing mechanism due to high 
îmax! Eq 9 cannot account for that. Consequently, the predictions of Eq. 9 

for FCGR greater than 5-10"^ m/cycle should fall at or below the ex
perimental data. Below 5-10~* m/cycle, FCGR's become very sensitive to 
the value of AK^. Setting that lower limit of FCGR with respect to the deter
mination of C insures that the value of C is only little affected by the par
ticular choice of AK^. 

Results and Discussion 

Figure 5 shows experimentally measured FCGR for Inconel 718 [6] for dif
ferent /?-ratios and different temperatures. An analysis of the data according 
to the methods described in the foregoing section was performed with respect 
to AK^ and C. The predictions of Eq 9 based on the empirically determined 
values AK^ and C are shown in Fig. 5 as curves through the data points. In 
Fig. 6, the parameters AK^ and C for the FCGR in Fig. 5 are plotted as a 
function of temperature. The thin vertical lines in Fig. 6 with data markings 
on the upper end indicate that the data marks coincide with the data marks 
already positioned on the curves. Figure 7 shows the values for AK^ and C as 
a function of temperature for Inconel X-750 [7-9] obtained by the same kind 
of analysis. Figures 6 and 7 had been published in similar form. The curves 
for AK^ and C had been extrapolated to lower temperatures and compared 
with additional data [10-12]. Figure 7 was augmented by some data sets 
from Ref 9. The same qualitative temperature dependence of the parameters 
AK^ and C, as shown in Figs. 6 and 7, was obtained for Inconel 600 [13], 
Hastelloy X-280 [14,15], and SA 387 Grade C [16] in Ref 2. 

Starting with this kind of temperature dependence of AK^ and C, it was 
the intention to analyze a widely used structural alloy with the anticipation 
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FIG. 6—Temperature dependence of the fatigue parameters C and AK^/or ineone/ 718. 
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FIG. 7—Temperature dependence of the fatigue parameters C and AK^ for Inconel X-7S0. 
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that many FCGR data were available. The only requirement was that AK^ of 
the material should be high in order to establish the temperature effect on 
that parameter. A high AA'''̂ -value causes a greater spread of FCGR at low 
AA'-values for different /?-ratios. Type 304 stainless steel was selected. The 
product form was limited to plates and forged materials. In Figs. 8 through 
11, FCGR for Type 304 stainless steel [17-21] were analyzed by the method 
outlined previously. The parameters AK^ and C so obtained are plotted as a 
function of temperature in Fig. 12. As can be seen from Fig. 12, identical 
qualitative temperature dependence was obtained for AK^ and C as was 
found for the other alloys investigated. 

In two aspects the chosen alloy did not fulfill the expectation. First, there 
were not as many FCGR data in the open literature as was hoped for. Sec
ond, the FCGR for different /?-ratios and FCGR down to SIO"^ m/cycle 
were scanty.̂  Only data in Fig. 11 come close to this requirement. Therefore, 

10" 

10 

da/ 
d̂N 

10 

10 

X 
20 

MPa/rn 
30 60 100. 

ŷpe 304 Stainless Steel 
T 

10 

10 

10 

' 10 

10" 

FIG. 8—Experimental FCGR for Type 304 stainless steel and theoretical predictions based on 
Eq 9 for temperatures between 4 and 866 K. 

•'in the author's opinion, FCGR down to 5-10 ' m/cycle for two distinctly different ^-ratios, 
say R = 0.1 and R = 0.4, allows a reasonable estimate of A/f^. 
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FIG. 9—Experimental FCGRfor Type 304 stainless steel and theoretical predictions based on 
Eq 9 for temperatures between 297 and 922 K. 

AK^ in Fig. 12 was most reliably estimated at 811 K. For FCGR at other 
temperatures, AK^ was obtained to give the best fit for all the data under the 
proposition that AK"^ varies linearly with temperature. As can be seen in 
Figs. 8-11, a reasonable agreement between predicted and experimental 
FCGR was achieved based on the estimated values of AK^ and C. It has to be 
realized that the values for AK^ are only an estimate and could be in error. 
Any error in the value of AK^ would entail an error in C too. But the error 
would only cause a corresponding shift in the curves for AK^ and C and not 
alter the qualitative temperature dependence. 

Figures 6, 7, and 12 exhibit identical qualitative temperature dependence 
of the parameters AK^ and C. The fatigue tolerance range AK^ decreases 
linearly with increasing temperature. The parameter C increases nearly 
linearly with increasing temperature up to relatively high temperatures, 
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FIG. 10—Experimental FCGR for Type 304 stainless steel at different R-ratios and their 
theoretical predictions. 

where it then increases very rapidly in a temperature range of 200 K. The 
temperature range in which C increases rapidly depends on the subject 
material. 

Since LK^ and C are continuous functions of temperature between certain 
limits (temperature-induced phase transformations), the FCGR should be 
uniquely related to the excursions in effective stresses and strains in that 
temperature range; Eq 9 seems to be a quite accurate description of this 
unique relation. 

One has to realize that low and high temperatures are difficult test en
vironments. In the light of these environmental conditions, the scatter in the 
individual FCGR sets can be considered quite reasonable. The same is true 
for the agreement between predicted and measured FCGR. Furthermore, 
Type 304 stainless steel FCGR were measured on different types of specimen 
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FIG. 11—Experimental FCGR for Type 304 stainless steel at different R-ratios and their 
theoretical predictions. 

produced from many different heats of material which individually obtained 
different heat treatments. The test frequency varied widely too. 

In Fig. 8, the experimentally measured FCGR at 589 K shows a kind of 
knee-shape; this kind of propagation behavior has been observed on in
dividual specimens of Inconel X-750 [7\ and Inconel 718 [10]. It seems to be 
associated with the experimental setup used at elevated temperatures. All 
FCGR data obtained at room and higher temperatures are from tests con
ducted in air. The fatigue tests at cryogenic temperature were conducted in a 
particular liquefied gas environment. It could be argued that liquefied gases 
constitute environments which lie in aggressiveness somewhere between 
vacuum and air environment. Thus, one would expect that FCGR's are 
somewhat lower in the liquefied gas environment than that predicted by ex
trapolating air environmental data to lower temperatures. This might be the 
reason why the values of C for Inconel X-750 lie below the extrapolated curve 
in Fig. 7. 
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Due to the lack of FCGR data with higher J?-ratios and FCGR down to 
5-10"^ m/cycle for Type 304 stainless steel, no conclusive proof for the 
qualitative temperature dependence of the parameters AK^ and C could be 
furnished. Yet, one more structural material seems to have the same 
temperature dependence of the parameters AK^ and C as was noticed for In-
conel 718 and Inconel X-750 in the temperature range between 4 and 920 K. 
It does not seem appropriate to push the analysis any further. The investiga
tion of Type 304 stainless steel clearly shows the importance of FCGR tests 
with high /^-ratios and FCGR starting with 3-5-10"' m/cycle. 

Conclusion 

The analysis of FCGR data available in the open literature for Inconel 718, 
Inconel X-750, and Type 304 stainless steel strongly suggests that the 
material parameters AK^ and C obey identical qualitative temperature 
dependence in the temperature range between 4 and 920 K. The fatigue 
tolerance range AK^ decreases linearly with increasing temperature. The 
material parameter C increases nearly linearly with increasing temperatures 
up to relatively high temperatures (depending on the material) and then in
creases rapidly over a temperature range of 200 K. 

APPENDIX 
Originally, "Stage II fatigue" was defined as that portion of a log rfa/diV versus log 

AK plot which is approximately linear. This linear portion was subsequently 
associated with striation-producing crack propagation mechanism. At present there is 
enough evidence that the association of the nearly linear portion of the log da/dN ver
sus log AK curve with a particular fracture morphology cannot be maintained to 
justify a distinction. On the other hand, the following partition of the "life" of struc
tural parts is useful from a scientific and engineering standpoint 

Stage I—crack initiation 
Stage II—subcritical crack growth 
Stage III—fracturing 

A unique correlation between each load cycle and each increment of crack growth is 
only possible if the FCGR's are greater then the lattice parameters of the subject 
material (~3-10~''' m/cycle). One could define "Stage 11" as that regime on a log 
da/dN versus log A A" curve for which a unique correlation between a load cycle (in 
whatever form) and crack propagation is possible, namely, FCGR above —S-IO"'" 
m/cycle. This would be a plausible argument for partitioning the total fatigue life, but 
not necessarily a useful one. 

If Eq 7 is correct, namely, that FCGR's above 3-10^^" m/cycle are a unique func
tion of the three parameters 

AK'^ 

{Ki^ - J^ijnin) 
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then defining Stage II as that part of the total fatigue life between FCGR's greater 
than —S- IO^ ' " m/cycle and the beginning of fracture is plausible and useful too. 

This paper together with Refs / and 2 tried to prove that fatigue crack growth is the 
unique response to the change of stresses and strains in the near region of the crack tip 
for FCGR's greater — S-IO^'** m/cycle. Therefore, Stage II was defined as that part 
of the total fatigue life between FCGR's greater than - S - I O - ' " m/cycle and the 
beginning of fracture. 

The foregoing implies that the fatigue tolerance range l\K^ is only defined for 
FCGR's greater than 3 -10~ ' ^ m/cycle. One should note the difference between A/f^ 
and the threshold stress-intensity range ^K^^^. The latter defines AAT below which no 
FCG is produced with no restriction on the FCGR. In contrast, A/T^ defines AAT 
below which crack growth with each loading cycle does not occur any more. 
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ABSTRACT; Crack propagation and plane-strain rupture by stress-corrosion cracking 
(SCC) have been studied on austenitic stainless steels Grades 304, 316, 316L and a 
austeno-ferritic steel. Tests were carried out in 45 MgCl2 at 154°C at constant load on 
fatigue precracked constant tension specimens. These tests show that the presence of 
macrocrack branching is related to the size of the cyclic plastic zone generated at the 
fatigue crack tip. A crack propagation threshold Ki^cc (*°r a life of 500 h) has been deter
mined. We have noticed the particularly good behavior of the austeno-ferritic steel. The 
crack propagation rates have been determined for different steel grades and, in the case of 
the 304 and 316 steels, compared with the rates of anodic dissolution. Fractographic 
studies have elucidated the crack propagation modes: Up to the end of a region of constant 
propagation rate, transgranular cracking occurs, and at higher propagation rates, mixed 
and intergranular cracking is observed. In conclusion, the difficulties of applying fracture 
mechanics concepts to SCC of austenitic and austeno-ferritic stainless steels (difficulties 
due to the problem of macrocrack branching) have been overcome by eliminating the 
plastic zone at the fatigue crack tip (by annealing) such that planar crack propagation is 
favored. 

KEY WORDS; fracture properties, stainless steels, stress-corrosion cracking, Ki^^-iacUx, 
crack propagation, compact tension specimen, anodic dissolution, magnesium chloride 

Nomenclature 

a Crack length 
a, Initial crack length 
Uf Crack extension due to corrosion 

'Research engineers, Department of Mechanics, Creusot-Loire, Centre de Recherches 
d'Unieux, 42701 Firminy, France. 
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B Specimen thickness 
B* Actual thickness after side grooving 
B' Corrected thickness 5 ' = yJB.B* 
E Young's modulus 

Ki Stress-intensity factor 
Kif Maximum value of Ki at the end of precracking 
Kii Initial value of K^ during the stress-corrosion cracking test 

^iscc Nonpropagation threshold value of K\ 
P Load 
V Total mouth opening displacement (load line) 
V, Initial mouth opening displacement (load line) 
Vf Mouth opening displacement (load line) due to crack ejrtension 
Vo Load displacement due to backlash and creep effects 
Vf Total load displacement 
W Specimen width 

da/dt Crack growth rate 
dV/dt Mouth opening displacement rate 

d Dissolving metal density 
F Faraday's constant 

ja Anodic dissolution current density 
M Dissolving metal atomic mass 
n Dissolving metal ion valency 

Vdiss Anodic dissolution rate 

Crack initiation and propagat ion by stress-corrosion cracking (SCC) take 
place u n d e r t he combined influence of mechanical stress and the chemical en
vironment. This crack propagat ion can lead to the fracture of metallic com
ponents which undergo this type of damage . 

Although the crack initiation stage has already been investigated [1],^ the 
crack growth stage has not so far been examined in detail. O n e way of looking 
at this problem is to use precracked specimens of the type used in fracture 
mechanics . Such a method has been used with success on high-strength steels 
[2,4] and allows the determinat ion of both a stress-intensity factor correspond
ing to t he nonpropagat ion threshold in Mode I (Ki^^), and the crack growth 
rate da/dt as a function of /sTj. 

T h e application of the concepts of fracture mechanics to t he study of SCC of 
austenitic stainless steels has only been reported in a few publications [5-8]. 
The problem is not easy due to t he appearance of branching cracks which 
make any determinat ion of Ki^cc and da/dt very difficult. Preliminary tests, 
carried out on a 304 stainless steel in boiling MgCl2 at 154°C have shown tha t it 
is possible, by anneal ing at h igh- tempera ture fatigue-precracked constant-
tension (CT) specimens, to obtain p lanar crack propagation. 

^The italic numbers in brackets refer to the list of references appended to this paper. 
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These results have lead us to work in the following three directions: 

1. development of an SCC test in plane strain for austenitic and austeno-
ferritic stainless steels which enables the determination of the Ki^^c and of the 
crack propagation rate da/dt, 

2. determination ofKi^^ and da/dt for the steel grades AISI304, AISI316, 
and the austeno-ferritic alloy, and 

3. comparison of da/dt with the anodic dissolution rate in the active state to 
evaluate the importance of the dissolution rate during SCC. 

All the tests were performed in boiling MgCl2 at 154°C (a 45 weight percent 
solution), that is, in a frequently used reference environment. 

Materials, and Experimental Techniques 

Materials 

Tests have been performed on Grades 304, 316, 316L, and an austeno-
ferritic stainless steel (50 percent ferrite). The steel products tested came from 
industrial melts made in either an induction furnace or an arc furnace. 

Tables 1-3 give, respectively, for each grade, the type of product used, the 
chemical analysis, and the mechanical properties at room temperature and 
150°C. 

TABLE I—Product type. 

Steel Product Heat-Treatment 

304 
316 
316L 
Austeno-ferritic 

bar jZf 80 mm 
bar JZf 80 mm 
sheet e = 41 mm 
flat 0^ 100 X 35 

1100°C 1 h, WQ 
1100°C 1 h, WQ 
1070°C 1 h, WQ 
1150°C 1 h, WQ 

WQ = water-quenched. 

TABLE 2—Chemical analysis. 

Steel 

304 
316 
316L 
Austeno-

ferritic 

C 

0.054 
0.042 
0.022 
0.020 

Mn 

1.82 
1.90 
2.00 
1.56 

Si 

0.61 
0.59 
0.47 
0.51 

S 

0.021 
0.028 
0.006 
0.014 

P 

0.028 
0.024 
0.030 
0.018 

Ni 

8.90 
10.60 
12.29 
6.80 

Cr 

18.70 
17.00 
17.56 
21.23 

Mo 

0.16 
2.03 
2.41 
2.34 

Cu 

0.13 
0.095 
0.20 
1.38 

Ti 

0.092 
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Experimental Techniques 

Choice of Test Method—Previous tests using the "imposed opening" 
method on modified wedge opening loading (WOL)-type specimens had 
enabled us, despite difficulties in analyzing the results, to evaluate the level of 
Kiscc between 10 and 20 MPaN/nTfor the 304 and 316 grades in boiling MgCl2 
at 154°C. This method was abandoned in favor of the "constant load" method 
using fatigue precracked CT specimens. The specimen dimensions were such 
as to fulfill the validity conditions for plane-strain B > 2.5 (Ki/Oy)^ for stress 
intensity factors up to 20 MPa\'nr for the austenitic grades, that is, for the 
maximum likely value of Ki^cc for these steels. This led to the choice, given the 
150°C yield strength of these steels, to a specimen width of 30 mm (CT 30). 
Guiding grooves were machined along the specimen faces to try and facilitate 
planar crack propagation (Fig. 1). 

Experimental Apparatus—The test machine was a modified vertical creep 
machine. The specimen opening displacements were taken along the loading 
axis, and amplified by means of a mechanical lever. 

The displacements of this lever were measured by a dial gage and recorded 
graphically. The corrosion cell is made of Hastelloy and heated by electrical 
resistance. A schematic diagram of the apparatus is shown in Fig. 2. 

Basic Concepts— 
Measurement of Kj^cc—The principle of the constant-load test is as follows: 

A load is applied to the specimen such that the initial value of the stress-
intensity factor Kii is higher or lower than that of Kis^c-

If/if I, > Kiscc the initial crack grows, Ki increases, and the propagation con
tinues until specimen failure. 

If Kii < /(L iscc the initial crack does not propagate. 
The applied load P is defined by the required value of Kn and the initial 

W = 2B 

FIG. 1—Modified CT specimen (the longitudinal grooves are semicircular with a radius of 1 
mm and depth of 0.5 mm). 
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FIG. 2—Apparatus (schematic). 

crack length measured along the specimen side face. After testing, the real 
value of the initial crack length is determined, according to the ASTM Test for 
Plane-Strain Fracture Toughness of Metallic Materials (E 399-74), and hence 
the real value of /sTj,. Several values of Kn are tried to determine Ki^,. by suc
cessive approaches. 

This method defines limits to the value of ̂ iscc • The Ki^^c values determined 
in this way correspond in fact to the threshold for nonpropagation m 500 h. 

Determination of the crack growth rate da/dt—The measurements taken 
during a test allow one to trace curves giving the specimen opening displace
ments Vtotai as a function of time, t. These curves have the general form shown 
in Fig. 2a and can be separated into three stages: 

Stage I, where dV/dt decreases rapidly with time 
Stage II, where dV/dt is practically constant 
Stage III, where dV/dt increases rapidly with time 

The measured value of V is divided into several parts resulting from 

backlash in the apparatus, 
creep of the Zircaloy loading rods, 
possible creep of the specimen, and 
crack growth. 
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The opening V, due to the elastic deformation during initial loading is al
lowed for by setting the dial gage reading to zero immediately after loading. 

The first stage always exists even for low values of Kn for which dV/dt = 0 
during the second stage. In such a case, the absence of crack growth during 
Stage I was established on other steel grades by micrographic examination of 
the crack during Stage II. These results led us to assume that the first part of 
the curve (Stage I) corresponds essentially to backlash and creep effects, which 
have practically no influence when Stage II is reached. 

To separate parasite effects from the opening displacement due to crack 
propagation, the real value due to cracking is taken as V, — Vo where Vo is the 
point of intersection of the extrapolation of the second stage (dV/dt = con
stant) to the ordinate (Fig. 3a). The validity of this hypothesis will be discussed 
later. 

The crack length, a, and the opening displacement, V, are related by the 
elastic compliance which has been determined by the Institut de Recherches 
de la Siderurgie for a CT specimen [9]. This relation is 

EB'V 
= exp 0.75 + 9.3 — - 11.6 (—\ + 9.5 (—^ 0.4 < — < 0.8 

w 

B' = ylBB* 

where B* is the reduced thickness between the grooves. The values obtained 
for EB' V/P are from 6 to 10 percent higher than the values given by the work
ing document of ASTM Subcommittee E24.08 entitled "The Determination of 
/ ic a Measure of Fracture Toughness" (31 Jan. 1980). 

The value of a,- (initial crack length) allows the determination of V, (initial 
opening displacement due to the elastic deformation) and V = Vi + Vj then 
gives a total = a, + aj (uf is the crack extension due to corrosion). One can 
then construct graphs giving a as a function of time and hence da/dt, the in
stantaneous crack propagation rate as a function of K^. 

These curves are then plotted out in the form of log(da/dt) as a function of 
Ki. Figure 3 summarizes the operations involved. 

Metallographic study of the cracks—The metallographic examination of the 
cracked specimens was carried out in the following way: 

1. A macrographic examination of the specimen surfaces (the two halves of 
the specimen being brought together) to determine if crack branching occurs. 

2. A macrographic examination of the fracture surface. 
3. A micrographic examination to check for microbranching. 
4. A micrographic examination of the fracture surface to determine the 

crack propagation mode. 
5. A check by X-rays for the presence of martensite a ' or e at the fatigue 

crack tip and on the rupture surface. 
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FIG. 3—Analysis of the experimental results. 

Determination of the anodic dissolution current densities in the active 
state—Tension tests were carried out at a constant strain rate higher than the 
critical strain rate for depassivation (in order to avoid localized dissolution). 

During the test the free corrosion potential obtained after 15-h immersion is 
imposed. The dissolution current is measured at the instant corresponding to 
the ultimate tensile strength. At this instant the specimen is completely 
depassivated and all the surface is attacked. This dissolution is thought to be 
relatively slight and the currwit density is calculated supposing constant 
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volume. These tests were perfonned at a crosshead displacement speed of 0.3 
mm/s on cylindrical specimens (diameter 2 mm, gage length 22 mm) in an 
aerated solution of MgCl2 at 154°C. The specimens were taken from the same 
material as used for the CT 30 specimens. 

Results 

Determination of ^ucc 

The results of the determination oiKi^f. are given in Table 4. The austenitic 
stainless steel tests were performed both on specimens directly after precrack-
ing and on specimens that were annealed after precracking. 

Influence of Plastic Zone at Fatigue Crack Tip—The size of the cyclic 
plastic zone at the fatigue crack tip is related to the value oiKif (the maximum 
value of Ki obtained at the end of precracking). 

The tests on the austeno-ferritic grade show that in the absence of a second 
anneal, crack propagation is practically planar when K^ (defined as the value 
of Ki on loading) is close to Ky (see Fig. 4). On the other hand, as can be seen 
on the nontreated austenitic grades, extensive crack branching occurs when 
Kii is significantly lower than Ky. In this case, one cannot determine Ki^^ cor
rectly since crack initiation may occur on the sides of the fatigue crack or even 
on the as-machined notch. 

In all cases, we have verified that the postfatigue crack anneal (that 
is, elimination of the cyclic plastic zone size) leads to planar crack propaga
tion (Fig. 5). 

Influence of Alloy Composition— 
Austenitic steels—One observes a favorable influence of molybdenum, 

which significantly increases the level oiKi^^, This result can be related to the 
beneficial influence of this alloying element on the resistance to depassivation. 

TABLE 4—Results of the K/j„ measurements. 

Grade 

304 

316 

Austeno-
ferritic 

316L 

No. of Heat Treatment 
Specimens Before Testing 

c ^ 
[ ' 
r ^ 
[ ' 

5 

1 

as precracked 
reannealed 1100°C 

Vl h, WQ" 
as precracked 
reannealed 1100°C 

'/2 h, WQ 
as precracked 

reannealed 1070°C 
V2 h, WQ 

/:,3ce (MPa>/nr) 

9.4 < K^^, < 10.7 
11.4 < ^ i , , , £ 12.0 

10.1 < Ki^, < 11.3 
13.6 < Ki^^ < 13.8 

31.3 < Ki^^ < 32.8 

Ki applied = 13.8 

Observations 

crack branching 
planar crack 

crack branching 
planar crack 

practically planar 
crack 

life 534 h 

"WQ = water-quenched. 
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^ Kif (MPa^n^l 

T3 EXTENSIVE CRACK BRANCHING 

50 

KV,(MPQV^) 

FIG. 4—K/( influence on branching (austeno-ferritic steel). 

Insufficient tests were performed on the low-carbon grade steel to specify the 
influence of carbon. 

Austeno-ferritic steel—The value of Ki^^ of the austeno-ferritic steel is 
clearly higher than the values obtained for the austenitic steels. However, the 
results obtained on this grade should be treated with a certain degree of cau
tion since relatively few tests have been carried out and the real value of Ku is 
not easy to calculate. 
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^^?:.^'^^ ^''""'='^i"S crack (304 specimen without anneal after precrackins)- /b) via 
crack (304 specimen with anneal after precracking). 
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In Opposition to tlie behavior of the austenitic alloys for which the fatigue 
crack front is relatively linear, the fatigue crack fronts observed on the 
austeno-ferritic steels after failure were found very much curved, showing that 
the fatigue crack depth at the specimen center was two or three times that 
observed on the edges. In this case, the calculation of K^, with the conven
tional formulas used, is not strictly valid. 

Comparison with Previous Results—The only available comparable results 
are those obtained by Speidel [6] on a 304L steel in 42 MgCl2 at 130°C and 
those obtained by Russell [10] on a 316 steel in 45 MgCla at 154°C. The values 
of /(Tiscc determined by these authors are 8 MPaVnT for the 304L and 12 
MPaVnTfor the 316 steel. The experimental conditions were, however, quite 
different from those of the present study. 

Determination of Crack Propagation Rate. 

Results—This study was essentially limited to the 304 and 316 grades on 
specimens that had been annealed after the fatigue precracking. The applica
tion of the compliance relation to calculate the crack length is, in fact, mean
ingless when crack branching occurs or when the crack front is strongly curved 
(the austeno-ferritic steel). 

Figure 6 shows, for the 304 and 316 grades, the variation of da/dt as a func
tion of /Tj in a semilogarithmetic plot. The curves exhibit two plateaus which 
correspond to regions where the crack propagation rate is constant and in
dependent of Ki- Table 5 indicates, for both steel grades, the range of values 
of the propagation rate da/dt and Ki corresponding to these two plateaus. 

Influence of Composition—Molybdenum has relatively little influence on 
the propagation rate corresponding to the first plateau: 0.104 mm/h on 
average for the molybdenum-containing steel compared with 0.168 mm/h for 
the steel without molybdenum. This element has, however, a large influence 
both on the rate corresponding to the second plateau (the presence of 
molybdenum reduces the average propagation rate by a factor of 4) and on the 
values of Ki corresponding to the end of the first plateau and the beginning of 
the second (markedly higher /Tj-values for the molybdenum steel). 

Comparison with Previous Results—Robinson and Scully during their work 
on stress-corrosion cracking of the 304 steel in MgCl2 [5] have also shown the 
presence of two plateaus in the graphs of the propagation rate as a function of 
the stress-intensity factor. At 160°C they obtained the following values: 

1st plateau da/dt 0.232 mm/h Ki max = 19 MPavm 
2nd plateau da/dt 1.62 mm/h Ki min = 26 MPaVnT 

These values are very close to those obtained in the present study on the 304 
grade. On the other hand, Speidel [6] in tests of the 304L steel in MgCl2 at 
130°C, and Russell and Tromans [10] for the 316 steel in MgClj at 154°C, 
found only one plateau for which the corresponding crack propagation rate 
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FIG. 6—Crack propagation rate for 304 and 316. 
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TABLE 5—Results of crack propagation rate measurements. 

Grade 1st Plateau 2nd Plateau 

( - ^ ) (mm/h) K, max (MPa^/m) ( — ) (mm/h) K, min (MPa^/m) 
\dtJi \dt/2 

304 0.071/0.266 15.7/21 2.66/4.8 25/40 
316 0.073/0.135 23.20/32 0.5/1.2 50/65 

was about 0.16 mm/h for the 304L steel and 1.44 mm/h for the 316 steel. This 
latter value is close to that we obtained for the second plateau on the 316 
grade. Desestret [11] using a constant-strain-rate tension test obtained, on the 
same 304 steel as this study, a propagation rate at the plateau of 0.15 mm/h. 

Mkrofractographic Observations 

The rupture surface appearance was studied by scanning electron micro
scope as a function of the crack length. The crack aspect can be related via the 
plots a = f(t) to the propagation rate da/dt and to the stress-intensity factor 
K,. 

Figure 6 describes the observations made on the 304 grade (on specimens 
annealed after the fatigue precracking). Two propagation modes are ob
served—transgranular and intergranular—both being clearly related to the 
measured propagation rates: 

1. For the regions corresponding to the first plateau on the lo^da/dt) = 
f{Ki) plots and during the mcubation period, propagation is transgranular. 
The characteristic "fanlike" appearance of the crack surface is similar to that 
described in the literature [12]. 

2. For the transition regions [the knee of the a =fit) plots], the region be
tween the 1st and 2nd plateaus on the log da/dt = f(Ki) plots, some in
tergranular crack propagation can be observed. 

3. For the region corresponding to the 2nd plateau of the log da/dt = /(Ki) 
plots, propagation is almost completely intergranular. One can occasionally 
observe the occurrence of intergranular crack microbranching. 

Similar observations were made on the 316 grade steel. One can note, in Fig. 
7, that the micrographs were taken from regions closer to the edge than to the 
specimen center. 

A systematic check of the rupture surface along directions parallel to the 
fatigue crack showed that there was little difference between the center of the 
specimen and the regions from which the micrographs were taken. 

These results are not quite in agreement with those of Russell and Tromans 
[10], who on a 316 steel observed, on the logida/dt) = f{Ki) plot, only one 
plateau close to our 2nd plateau and a transmtergranular transition which oc
curred in the plateau region. 
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FIG. 7—(A) Evolution of crack length with time; fb) transgranular propagation: (c) trans/ 
intergranular propagation; (A) intergranular propagation. 

The fanlike transgranular fracture appearance is related to the coalescence 
of several cracks propagating on parallel planes which then join up by ductile 
shear failure, thus creating the steps. The initiation of corrosion cracks as well 
as then- propagation could, in this case, be related to the slip planes created by 
deformation at the crack tip. 

Intergranular cracking is associated with the separation of grain boundaries 
which could be provoked by localized chemical attack. 

Anodic Dissolution Current Density Measurements in the Active State 

The values of the dissolution rates, calculated from the anodic dissolution 
current density measurements using Faraday's law in the form v^^ = 
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ja/(M/nFd) [13], assuming the solvated ions are Fe"•""•", vary within the follow
ing limits: 

0.065 to 0.085 mm/h for the 304 steel 
0.065 to 0.10 mm/h for the 316 steel 

In the case of compact specimens in MgCl2 the pH of which is very low, we 
can assume that there is not an important variation of the pH at the crack tip, 
where it also remains very low and about the same as in the bulk solution. 
Moreover, the tests on compact specimens are carried out at free corrosion 
potential and the part of the specimen in the passive state is much larger than 
the crack tip surface. The resisitivity of the solution is very low so that the 
potential drop is negligible and the crack tip potential remains very close to the 
free corrosion potential [14]. 

Comparing the upper values with the crack propagation rates obtained in 
the 1st plateau region during tests on CT 30 specimens, one notices that the 
measured anodic dissolution rates roughly correspond to the lower end of the 
range of crack propagation rates. These results indicate that one can apply the 
anodic dissolution control model of SCC to crack propagation of austenitic 
stainless steels in MgCl2 at 154°C for the /iTi-values corresponding to the 1st 
plateau of the \o^da/dt) = f(Ki) curves determined during this study. 

Discussion 

The if iscc-values obtained for the 304 and 316 grades are close to those cited 
in the literature and confirm the beneficial effect of molybdenum additions. 
This latter point indicates a crack propagation mechanism which involves 
mechanical depassivation at the crack tip; the beneficial influence of 
molybdenum on resisting depassivation and accelerating repassivation is a 
well-established fact [15]. 

Comparison of the propagation rates (corresponding to the 1st plateau) with 
the anodic dissolution rates (calculated using Faraday's law and the measured 
anodic dissolution current densities) seems to indicate that the mechanism of 
anodic dissolution by microdeformation and rupture of the passive film can be 
applied in the present case. The relationship between the a(t) plots and the 
observed fracture surface appearance suggests the following mechanism of 
crack propagation: 

1. For /sTi,-values slightly higher than Ki^cc, plastic deformation at the 
fatigue crack tip leads to the emergence of a number of slipbands which 
become preferential sites for crack formation by anodic dissolution. These 
cracks coalesce by mechanical rupture of the connecting ligaments, thus 
developing the fanlike appearance of the fracture surface. The increase of Ki 
due to crack propagation may then lead to an increase in the number of evolv
ing dissolution sites up to an equilibrium value reached when Ki attains Ku 
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[the value of Ki corresponding to the start of the 1st plateau on the \og{da/dt) 
= f(Ki) plots]. 

2. For the /Lj-values corresponding to the 1st plateau of the logida/dt) = 
f{Ki) curves, crack progression is mainly controlled by anodic dissolution, the 
mechanical contribution to rupture being relatively small and limited to the 
ligaments between the microcracks due to the dissolution process. The 
number of evolving sites remains constant until Ki attains Ki^, the value of Ki 
corresponding to the end of the first plateau. 

3. For the /iCi-values higher than Kiy the appearance of intergranular 
cracking may be due to a mechanical depassivation of the grain boundaries 
provoked by localized deformation of the boundaries producing preferential 
dissolution. A similar mechanism has already been proposed by Baeslack et al 
[16]. The mechanical contribution to the crack propagation mechanism seems 
to be greater in this case than for transgranular crack propagation. 

These considerations emphasize the role of anodic dissolution and mechani
cal depassivation in the fracture mechanisms in MgCl2 at 154°C. 

The results show that such a mechanism may operate but they do not allow 
one to completely exclude the theories proposed by some authors based on the 
crucial role of embrittlement by hydrogen [17]. The present study has essen
tially examined the problem from a mechanical point of view and should be 
completed from an electrochemical point of view. The good agreement be
tween our results and those obtained by Desestret [//] using very different 
tests (constant-strain-rate tension test) is particularly encouraging. 

Conclusion 

We have developed an apparatus for studying SCC of stainless steels in 45 
MgCl2 at 154°C using fracture mechanics-type CT specimens according to the 
constant-load method. The tests carried out on austenitic (304, 316, 316L) and 
austeno-ferritic grades have given a certain number of results concerning the 
phenomenon of macrocrack branching, the existence of a crack propagation 
threshold Ki^^' the crack propagation rates, and the mechanisms which con
trol crack propagation. The principal results are as follows: 

1. The presence of macrocrack branching is related to the size of the plastic 
zone at the crack tip created during precracking. Crack propagation is prac
tically planar when the maximum stress-intensity factor at the end of 
precracking Kif is less than or equal to the stress-intensity factor on loading Kn 
during the stress corrosion test. A high temperature anneal after precracking 
always produces plane propagation. 

2. A propagation threshold Ki^^c (for a life of 500 h) has been determined 
for the 304 and 316 grades. Complementary measurements would be necessary 
to specify the Kig^x values for the 316L and austeno-ferritic grades. A beneficial 
influence of molybdenum on resistance to SCC is observed. Furthermore, 
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despite the difficulties of determining the K-factoT for the austeno-ferritic 
steel, it is quite clear that this latter steel exhibits much better behavior than 
the other grades. The results that we have obtained also confirm the results 
previously published in the literature. 

3. Determination of the crack propagation rates using the elastic com
pliance method, m spite of experimental difficulties due to the backlash and 
creep of the loading bars, has shown the existence of two plateaus in the curves 
logida/dt) = /{Ki) for the 304 and 316 grades. The propagation rates cor
responding to the 1st plateau are very close to the rates of anodic dissolution 
determined from measurements of the dissolution current density using Fara
day's law. The crack propagation mode is in this case transgranular and the 
appearance of the rupture surface is identical to that previously observed by 
other authors. The propagation rates corresponding to the 2nd plateau are 
very much higher and the propagation mode becomes essentially intergranu-
lar. 

The results show that the model of crack propagation by rupture of the 
passive film and anodic dissolution may operate in the case of these steels. 

The overall results show that it is possible to utilize the concepts of fracture 
mechanics to study SCC of austenitic stainless steels. These results, obtained 
in a particular environment (45 MgCl2 at 154°C), should not, however, be ex
trapolated to other environments without further tests. 
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ABSTRACT: Sustained load crack growth in INIOO at 732°C (1350°F) is studied using 
two specimen geometries, a standard compact tension specimen, and a radially crack 
ring loaded in tension. The effects of specimen thickness on the growth rate are investi
gated covering a range from 5.6 mm to 18.3 mm (0.22 to 0.72 in.) in thickness. Only the 
thinnest specimens show a crack grovrth rate which is lower than that obtained from all of 
the other thickness specimens. Stress-intensity factor, net section stress, and the C*-inte-
gral were investigated as possible crack growth rate correlating parameters. The concept 
of an "effective" crack length determined from specimen compliance measurements is 
introduced as a measure of crack length for severely tunneled crack front geometries. 
Neither net section stress nor C* is found to be acceptable as a crack growth parameter 
based on data from both test geometries. Although K provides fair correlation, the phe
nomenology of creep crack growth prevents its description adequately with only a single 
parameter. In particular, the crack growth rate is observed to decrease from an initially 
higher value to a "steady state" rate for constant values for any of the correlating param
eters investigated. 

KEY WORDS; creep crack growth, crack propagation, compliance testing, linear elastic 
fracture mechanics, C*-integral, nickel-based alloy, temperature 

Nomenclatnre 

a 
B 
C 

c* 
^mn 

E 

Crack length 
Specimen thickness 
Compliance 
C*-integral 
Strain components 
Young's modulus of elasticity 
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K Stress intensity factor 
P Load 

i?„ /?o Inner, outer ring specimen radii 
r , Traction vector components 
U Potential energy 
V, Displacement rate vector components 
W Specimen width 

W* Strain energy density rate 
a Crack length per unit width, a/W, for the compact tension (CT) 

specimen and a/(/?o ~ ^i) for the ring specimen 
r Path around a crack tip in the counterclockwise sense 
6 Displacement 

aij Stress components 
V Poisson's ratio 

In recent years, requirements in the use of high-strength nickel-based 
superalloys in turbojet engine applications has created the need for a clearer 
understanding of the fracture and fatigue behavior in these materials. Higher 
and higher temperatures produce increasingly hostile operating environ
ments in the turbine end of aircraft engines. This places in question the 
direct applicability of linear elastic fracture mechanics (LEFM) as a tool for 
predicting life performance in engine components. Complexities arise in the 
determination of the material fracture toughness as well as in the character
ization of fatigue crack growth at these temperatures. 

Recent advances in understanding the crack growth behavior of turbine 
disk alloys have emphasized cyclic crack growth [1],^ cycle-dependent growth 
with hold times at constant load [2] or with peak overloads [3]. The applica
bility of LEFM to high-temperature crack growth has been investigated [4,5] 
within the limitations on time-dependent behavior imposed by specimen 
geometry and loading conditions. One of the features of the load spectrum 
which is seen by turbine disk materials is the existence of sustained load for 
various periods of time. It therefore is important to have an understanding of 
the grovii:h of cracks under sustained load in order to be able to accurately 
predict crack growth behavior in these materials. 

Quasi-static crack growth in metals at elevated temperature has been 
reviewed by Fu [6], who observed that slow stable crack growth occurs at 
stress intensities well below a material's fracture toughness Ki^.. Cracks in the 
stable growth region may grow not only for conditions of cyclic loading, but 
also as a result of sustained load combined with exposure to high tempera
tures and corrosive environments. The interaction between fatigue-creep 
crack growth is found to be highly complex and is frequency dependent. The 
effect of temperature on creep crack growth behavior in Inconel 718 was 

^The italic numbers in brackets refer to the list of references appended to this paper. 
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studied by Floreen [7]. Thickness is also a consideration in the phenomenon 
of crack growth in the stable region defined by plane-strain fracture tough
ness. Green and Knott [8] examined the effect of a range of specimen thick
nesses on the critical value of crack opening displacement in a mild steel. 
They found that for a given constant applied load, the crack opening dis
placement (COD) below which failure will not occur is inversely proportional 
to thickness for specimen widths greater than 10 mm (0.4 in.), and that crack 
growth can occur above the COD limiting values. A detailed account of em
pirical results of creep crack grovrth and its microscopic and macroscopic de
scriptions is given in [6]. 

The following study was undertaken in an attempt to correlate sustained 
load crack growth behavior with one or more fracture mechanics parameters 
at elevated temperature. The material chosen was INIOO, a nickel-based 
superalloy used as a turbine disk material in the F-lOO engine. Two specific 
aspects of the growth rate behavior were addressed. One is the effect of creep 
strain on crack grov*i:h behavior under sustained load; the second is the pos
sible effect of specimen thickness and the accompanying triaxial stress field 
on the growth rate. 

Several parameters were investigated as correlating parameters for creep 
crack growth rate based on data obtained from two different specimen geom
etries covering a range of thicknesses. The two geometries provided cases of 
increasing and constant stress intensity and thus provided a wide range of 
test conditions. Compliance was used as a measure of effective crack length 
for all of the tests because of the inability of surface crack measurements to 
describe the actual three-dimensional crack shape. Fracture surfaces were 
examined and observations on the general phenomenology of creep crack 
growth for this material are presented. 

Theoretical Considerations 

Crack Growth Rate Parameters 

Although the stress-intensity factor, K, was initially developed and used as 
a parameter which controls the onset of unstable crack growth, it was subse
quently extended by Paris [9] and others [10,11] to characterize the growth 
rate of cracks under cyclic loading, even though the mechanisms of unstable 
crack growth and fatigue crack propagation are different, and considering 
that there is no fundamental reason why K should be able to predict fatigue 
crack growth rates [12]. Thus, it is not surprising that K can also be consid
ered as a possible governing parameter for slow stable creep crack growth, 
even though the mechanisms here are different from either the case of un
stable crack growth or fatigue crack growth. 

Reidel [13] established that for a correlation to uniquely exist between the 
stress-intensity factor and creep crack growth rates, conditions of small-scale 
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yielding are required as well as steady-state crack growth rates. However, as 
pointed out by Fu [6], in a survey article on creep crack growth, for slow 
stable creep crack growth, the LEFM parameter, K, may not be the appro
priate parameter to correlate with experimental data. Failure of K to corre
late m certain circumstances [7,14,15] has led to consideration of other pa
rameters which may better correlate the steady-state crack growth rate. In 
addition to K, parameters which have been used include crack opening dis
placement [15], net section stress [17], the J-integral [4,14] and the C*-inte-
gral [14,16]. 

Landes and Begley [16] postulated that C* may be a better descriptor of 
elevated temperature creep crack growth than the LEFM stress-intensity fac
tor, K. They showed that crack growth rates in discaloy center-cracked 
panels and CT specimens tested in the creep range at 649°C (1200°F) could 
be correlated with the C*-integral through a power-law relation. Sadananda 
and Shahinian [14] found that the creep crack growth rate in CT specimens 
of Inconel 718 is not sensitive to C* at 538°C (1000°F). Landes and Begley's 
data were obtained testing at a constant displacement rate whereas the 
results of the former [14] were obtained under constant load. 

The C*-integral, or J as it is sometimes referred to, is obtained directly 
from the J-integral of Rice [10] by replacing the strain terms with strain rate 
terms, that is 

Jr . 
W*dx2 - Ti ( - ~ - ) ds (1) 

where 

'mn 

W*= aude. (2) 

is the strain energy density rate and e denotes strain rate. As in the case of the 
J-integral, the C*-integral is path independent, and thus single-valued, if, 
and only if 

W*=W*{.e^„)= aydey (3) 

The existence of a strain energy density rate requires a material constitu
tive law such that 

aij = dWHeaVdcij (4) 

For computational purposes, the C*-integral can be interpreted as an 
energy rate release rate 
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C* = 
1 dU 
B da 

(5) 

where tf is the potential energy rate and B the specimen thickness. 
For the determination of C* from displacement measurements in constant 

load crack growth rate tests, a scheme is developed similar to that employed 
by Landes and Begley [16] in constant displacement rate tests as outlined in 
Fig. 1. In Fig. la, 6 is plotted against P for a number of selected values of 
crack length from several tests at constant P. The points for a given value of 
crack length, a, are then connected. To obtain the values for zero displace
ment rate, separate tests were conducted at continually decreasing loads or 
A"-values until a level was found at which no displacements occurred after 
several days. The threshold value for K was found tohe K = 8.8 MPa-m^̂ ^ 
(8 ksi-in.*^ )̂ and corresponding load values were calculated for each value of a 
to establish the origin in Fig. la. Integration of the curves in Fig. la gives U 
as shown in Fig. lb. The curves of Fig. lb are replotted as U versus a in Fig. 
\c for fixed values of 6. F'or sets of values of a and 6 in Fig. Ic, values of C* 

ai< a j < Qj 

(b) 

P»>P2>P, 

(0 (d) 

(e) 
C* 

(f) 

FIG. 1—Scheme for obtaining C*from experimental data. 
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can be computed by taking the slope of the appropriate curves at the various 
values of a. Hence C* (a, 6) can be determined for any value of a and for the 
fixed values of 6 in Fig. Ic. The original data are replotted in Fig. Id as a ver
sus d for each test corresponding to fixed values of P. From this plot, values 
of d are obtained for values of 8 identical to those used in Fig. Ic correspond
ing to each fixed load level. Finally, a plot of a versus a for each load level. 
Fig. le, is used to obtain the corresponding value of a. Thus d (6, P) is trans
formed into d (a, 8). The tabulated quantities for d and C* are plotted 
against each other in Fig. 1/ to provide the final correlation. 

Compliance and Effective Crack Length 

Experimental observations of the crack front features under sustained load 
or creep crack growth in INIOO at 732°C (1350°F) and in other materials 
show a characteristic thumbnail shape. Thus, surface crack lengths are unre
liable as a measure of the effect of any governing parameter which depends 
on crack grovrth behavior in the interior of the specimen, where the actual 
crack length is greater than on the surface. Since the parameters which are 
proposed to govern creep crack growth behavior depend on crack length, 
there is no way to evaluate or calculate these parameters because the internal 
crack length cannot be measured directly during an experiment. 

In LEFM, K can be obtained from measurements or calculations of the 
strain energy release rate. From a global viewpoint this depends on determin-
mg the load-line displacements and applied load for different crack lengths. 
The slope of the load versus load-line displacement curve in the vicinity of the 
origin where nonlinear effects are nonexistent can be used as an alternative 
measure of crack length. For a crack that is not straight, as in the case of 
tunneling, the slope or its reciprocal, the specimen compliance, can be used 
as a measure of "effective" crack length. For the case of creep crack growth, 
this crack length will be larger than the measured length at the surface of the 
specimen because of the tunneling of the crack front as the deformation pro
ceeds. 

Compliance assumes linear elastic material behavior throughout the entire 
body in order to have any physical meaning; thus it has the same restrictions 
as LEFM. For a body containing a crack, the compliance can be related to 
the stress-intensity factor, K, associated with the geometry of the crack under 
certain conditions depending upon the dimensions of the crack, and the posi
tion and direction of the load [18]. Hence compliance changes with crack 
length as the specimen becomes less stiff as the crack grows. For a two-
dimensional plane crack, the derivative of compliance with respect to crack 
length is related to K, in nondimensional form 

dJEBC) _ 2B^ WK^ _ .. ^ ^ ^̂ ^ 
7 ( ^ 7 ^ - p2 -/(a/WO (6) 
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where 

E = "effective" modulus of elasticity, 
B = specimen thickness, and 
W = specimen width. 

Integration yields 

EBC = — - J — K^dia/W) = F(a/W) - F„(a^/W) (7) 

Although theoretical solutions exist for the CT specimen for K as a func
tion of a/W in the range of interest, only the variation of compliance with 
crack length is determinable since Foiag/W) is not known. Furthermore, 
compliance is a measure of theoretical load-point displacement and does not 
take into account the actual method and distribution of applied load in ac
tual experiments as well as the point where displacement is measured if dif
ferent from the loading pins. It is important, therefore, to have solutions for 
displacements at the point where they are actually measured experimentally 
based on realistic models of the actual load application in solutions for C as a 
function of (a/W). For the case of the ring geometry, both K and C solutions 
are required. 

Rudolphi [19] presented a method for the integral equation solution for a 
bounded two-dimensional elastic medium with an edge crack applicable to 
Mode I deformation. His formulation allows for the direct evaluation of dis
placements on a CT specimen as a function of crack length. A solution by 
Rudolphi [20] over the range 0.3 < (a/W) < 0.7 is reproduced m Fig. 2 and 
compares mouth opening, crack opening load line, point load, and total 
height unit displacements as a function of crack extension. The load-line dis
placements used in this investigation corresponds to 64 in Fig. 2. The choice 
of measuring displacements off the specimen directly is considered superior 
to measuring off the pins because of the experimental problems associated 
with pin bending and rotation. From the relationship between displacement 
and crack length. Fig. 2, dimensionless compliance, EBC, was fitted to the 
polynominal 

EBC = / + ma" (8) 

where a = a/W. A best fit to the Rudolphi solution over the range used gives 
the coefficients over two segments 

/ = 11.51, m = 248.8, n = 3.167, 0.25 < a < 0.50 
(9) 

/ = 22.468, m = 632.7, n = 5.240, 0.50 < a < 0.65 

where continuity up to the first derivative has been assured at a = 0.50 for 
the two segments. The Rudolphi solution has been verified independently by 
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FIG. 2—Displacements in CT specimen at several different points. 

Ahmad [22] using a finite-element method. From these equations, an "effec
tive" crack length can be determined from experimental compliance mea
surements. Compliance measured experimentally at the start of the test pro
vided an "effective" modulus of elasticity at 732.2°C (1350°F) based on 
three-point-averaged initial crack length [Test for Plane-Strain Fracture 
Toughness of Metallic Materials (E 399-78a)] measured directly on the frac
ture surface after test completion. Thus, neither plane-stress modulus, E, 
nor plane-strain modulus, E/{\ — c )̂, had to be assumed, but rather an "ef
fective" modulus was obtained for each test specimen experimentally. 

The use of a ring geometry for the study of crack growth at constant stress 
intensity was proposed by Grandt [21], who demonstrated the relative insen-
sitivity of K for the radially cracked ring geometry loaded in remote compres
sion over the midrange of crack lengths for specimens having an inner to 
outer radius ratio R/Rg = 0.5. The ring was cracked radially from the inner 
diameter under the point of application of the compressive load. However, 
for this investigation, a ring loaded in tension was used. For the tensile 
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loaded ring with a radial crack on the inner diameter at 90 deg to the points 
of loadmg, a situation of nearly constant K is again obtained. Solutions for 
remote tensile loading are presented by Ahmad [22] based on the finite-ele
ment method. Stress intensity is fitted to a polynomial in dimensionless crack 
length, a, where a. is the crack length divided by (/?o ~ Ri), in the form 

K = (6.5481 - 14.428a + 31.873a2 
IB^R^-Ri 

- 38.656a3+ 17.684at) (10) 

K is found to be constant within ±2.5 percent for 0.4 < a < 0.8. Corre
sponding solutions for displacements or compliance as measured at the load
ing pins are also obtained. 

Experimental Procedure 

The material for this investigation was Gatorized INIOO, an advanced fine
grained powder metallurgy nickel-base alloy used as a turbine disk material 
in the F-lOO turbofan engine. Typical chemistry and heat treatment are pro
vided in Ref 1. Twenty-two standard CT specimens were cut from one pan
cake of INIOO in the transverse plane (perpendicular to the flat face) such 
that some specimen crack planes lay in the circumferential direction and 
some in the radial. Five thicknesses were tested at four initial nominal stress 
intensities as summarized in Table 1. In addition, a second series of tests was 
conducted on rings of 76-mm (3.0 in.) outside diameter and 36-mm (1.5 in.) 
inside diameter with a radial crack emanating from the inner diameter, using 
specimens cut from a second pancake as summarized in Table 1. All speci
mens were fatigue precracked at room temperature at 20 Hz, R = 0.1, to ini
tial crack lengths of approximately 16.5 mm (0.65 in.) in the CT specimens 
and 7.6 mm (0.3 in.) in the rings. Averaged quarter-point starter crack 
lengths, measured on the fracture surface after the tests were run, varied 
from surface-measured starter crack lengths by 2 to 8 percent. Surface crack 
lengths during the test were recorded at 5-min intervals from readings made 
through traveling microscopes on each side of the specimen and displayed on 
a digital readout. The microscopes were mounted outside a resistance-heated 
oven which housed the test specimen. Constant load was applied using dead
weight loading in a 44.5-KN-capac;ty (10 000 lb) creep test frame having a 
20-to-l loading ratio. Temperature variation from test mean of 732°C 
(1350°F) varied no more than 2.2 deg C (±4 deg F) in the vicinity of the 
crack tip. 

Specimens were mounted in one-piece rigid clevises with IN-713 pins. The 
displacement of the CT specimen due to crack opening in the plane of load 
application (perpendicular to the crack plane) was measured using two 
E-shaped plates made of IN-718 rigidly attached to the top and bottom of the 
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Specimen. The use of a similar rigid fixture was demonstrated by Mills et al 
[23], The E-plates, which translated the load-line displacement outside and 
around the loading clevises on either side of the specimen, each contained 
two small pins in the plane of the load line which supported two stainless 
steel rod-in-sleeve (concentric tubing) extension arms, one on either side of 
the specimen. These arms protruded down through the oven wall and were 
attached to two linear variable differential transformers (LVDT's). The 
LVDT signal output provided load-line displacement measurements which 
were tape punch recorded at 5-min intervals. For the ring tests, displacement 
measurements could not be made directly off the specimen. The extension 
arms for the LVDT's were thus attached directly to pins on the loading clev
ises for these tests. 

Pretest compliance at room temperature was recorded on all specimens. 
The results were used to calculate initial crack length with which to establish 
load levels for selected values of initial K. Specimens were then soaked for 1 h 
at test temperature and compliance again measured for one to two load-
unload cycles and for the initial test loading. These values, averaged, pro
vided the data for calculating an "effective" modulus of elasticity for each 
specimen based on post-test actual initial crack measurements. During the 
test, compliance was measured at 30-min intervals shedding 0.445 to 0.89 
KN (100 to 200 lb) of load incrementally up to 15 to 25 percent of total load. 
Loading and unloading curves were essentially parallel, indicating that no 
substantial creep or crack growth occurred during this procedure. Their av
erage value was used to obtain compliance. 

Those specimens in Table 1 for which final surface crack measurements 
are recorded were not allowed to fail catastrophically. Their fracture surfaces 
were heat-tinted by stopping the tests before the cracks grew into the un
stable crack growth region. Photographs of the fractured specimens were 
used to make final crack length measurements. 

At the completion of each test and after cooling to room temperature, a 
final compliance was recorded. These results, using the room temperature 
modulus of elasticity of 217 GPa (31 X 10̂  psi), provided the values of "ef
fective" final crack length tabulated in Table 1 for comparison with actual 
surface crack lengths as measured on the fractured specimens. 

Results and Discussion 

Experimentally determined compliance and load-line deflection data were 
plotted for each CT test and replotted for all tests in Fig. 3, which is normal
ized for unit specimen thickness. Within the range of experimental scatter, a 
straight line provides a good fit for a PC-8 relation. In reducing the data for 
each individual test, the best straight line for each test was used. The data for 
8 versus t, smoothed using a 7-point averaging method, were used along with 
the C-8 relation to determine effective crack length, a, and all other necessary 
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FIG. 3—Compliance versus load-line displacement for all CT tests normalized for unit thick
ness. 

quantities. Two significant features appeared in the C-b plots. The first was 
the experimental observation in nearly all the tests of a slight decrease in 
compliance during the initial stages of creep crack growth. This would corre
spond, physically, to a decrease in crack length. It is interesting to note that 
this same decrease in compliance was also observed in tests of aluminum and 
polycarbonate specimens conducted in the same laboratory. One possible 
physical explanation for this apparent decrease might be a blunting phenom
enon combined with some complex three-dimensional stress redistribution. 
Noting, however, that the magnitude of this compliance decrease is only a 
few percent, the phenomenon may be solely due to experimental accuracy. 
The second significant feature of the normalized PC-b plots is the fact that 
the slope is less than 1. For purely elastic deformation, the points would fol
low the unity slope line. In our case, however, there is a continuous accumu-
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lation of inelastic or nonrecoverable load-line displacement. Thus, for every 
increment in crack extension there is an increment of elastic or recoverable 
displacement due to change in compliance with crack length and an addi
tional inelastic or nonrecoverable increment. The linear nature of the data 
points implies that the increments of inelastic displacement are proportional 
to the elastic increments for all tests for all thicknesses and all crack lengths. 

Comparisons were made between the effective crack length calculated 
from the experimental compliance measurements and the actual shape of the 
final crack length as seen on the broken specimens. A photograph of a typi
cal broken specimen is presented in Fig. 4, in which the effective crack length 
is also shown. The observed surface crack lengths are also indicated. Consid
ering the severe tunneling, and noting the formation of "fingers" ahead of 
the crack zone as well as ridges and valleys on the fracture surface parallel to 
the direction of crack growth, the effective crack length appears to be a bet
ter physical measure of crack length than the observed surface crack length, 
which lags far behind the remainder of the crack. For all of the data reported 

FIG. 4—Typical fracture surface. Specimen 11-2. 
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herein, crack lengths refer to effective crack lengths as calculated from com
pliance. 

Crack growth rates as a function of K were plotted for all tests and then 
replotted for groups of specimens of identical thickness. A typical plot is 
shown in Fig. 5, which presents the data from four specimens of 5.6-mm 
(7/32 in.) thickness. A single curve was drawn through each set of data for 
each thickness as shown in Fig. 5 for the 5.6-mm-thick (7/32 in.) specimens 
and each of these curves is reproduced in Fig. 6 to represent the data for all 
thicknesses. Note that with the exception of the thinnest specimens, all of the 
data appear to fit a single curve or scatterband representing thicknesses from 
8.7 mm up to 18.3 mm (11/32 to 23/32 in.) It appears that plane-strain con
ditions for creep crack growth have been effectively achieved for thicknesses 
above approximately 7.6 mm (0.3 in.). This is fairly consistent with the ob
servations of Wallace et al [1], who noted, for the same material INIOO at 649 
and 732° C (1200 and 1350° F), that the thickness required to assure plane 
strain at the crack tip increased from 1.5 mm (0.060 in.) for cyclic tests to 6.4 

K.MPa-m''^ 

E 
E 

K.ksi-in'* 

FIG. 5—a-K/or 5.6-mm-thick (7/32 in.) CT specimens. 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



200 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

K,MPa-m'4 

^ 

o 

1 
1 

I0-' 

icr' 

20 
1 

NUMBERS REFER TO SPECIMEN 
THICKNESS IN 32NDS IMCII. 

7/32" = 6 mm 
11/32" = 9 mm 
15/32" = 12 mm 
19/32" = 15 mm 
23/32" = IR mm 

-

11-—-/ 

50 
1 

23-— 

19—-J 

— 7 

100 

/ . -

•f~\^ 

-

20 

- 10 

10 100 
K.ksiitr'i 

FIG. 6—i.-]^ for all-thickness CT specimens. 

mm (0.25 in.) for tests containing short time dwells of 5 min or less to 12.7 
mm (0.5 in.) for sustained load subcritical crack propagation. They attrib
uted this behavior to environmental influences on crack-tip inelasticity (oxi
dation). 

One characteristic feature which was noted on nearly all of the individual 
a-K plots was an apparent high initial growth rate which shows as a charac
teristic checkmark shape on each d-K plot as can be seen by a careful inspec
tion of Fig. 5. Unpublished data using short hold time periods on the same 
material at the same temperature confirm this observation of an initially 
higher growth rate decreasing to a "steady state" creep crack growth rate 
which depends on K or some other governing parameter. The magnitude of 
this initial growth rate is about double the "steady state" rate, thus account
ing for the apparent tails on the a-K plots. 

Net section stress was also examined as a possible correlating parameter. 
The data for the various-thickness CT specimens are presented in Fig. 7. 
Data points for only one thickness, 5.6 mm (7/32 in.), are presented along 
with a single curve which best represents each group of data. The data of Fig. 
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FIG. 7—a-ff net for all-thickness CT specimens [data points are shown only for 5.6-mm-thick 
(7/32 in.) specimens]. 

7 show no variation with specimen thickness except for the thinnest, 5.6 mm 
(7/32 in.), specimens, which show a lower crack growth rate. This is consis
tent with the results presented in the form of d-K plots. 

The parameter C* was calculated using the scheme outlined previously. 
Note that C* calculations require the use of data from several different tests 
such that experimental scatter from test to test influences the calculations. 
Thus, one single test may tend to bias the data unfairly although many 
smoothing operations are performed in plotting, replotting, and cross-plot
ting the data to extract C*. The results of the C* calculations for each thick
ness group of CT specimens are presented in Fig. 8. The data points for only 
the 5.6-mm-thick (7/32 in.) specimens are shown to indicate the typical 
amount of variability for each group of data represented by a single curve. 
There appears to be no statistically significant variation of crack growth rate 
with thickness from Fig. 8. 

To further evaluate the ability of a given parameter to correlate creep 
crack growth behavior, data obtained from radially cracked ring specimens 
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FIG. 8—&-C* for all-thickness CT specimens [data points are shown only for 5.6-mm-thick 
(7/32 in.) specimens]. 

were also examined. For the ring specimens, the compliance values were con
siderably lower than those for the GT specimens for equivalent ranges of K or 
d. Thus, it was extremely difficult to obtain reliable and accurate compliance 
measurements although load-line displacement readings provided good data. 
The experimental setup for the ring tests necessitated taking displacement 
measurements not directly on the specimen. Thus, although displacement 
measurements made at constant load were reliable because any other extra
neous displacements did not change, compliance measurements involved 
changing load levels and thus possible changes in displacements due to other 
than specimen compliance were difficult to analyze. To circumvent this prob
lem, the known values of compliance based on measured initial and final 
crack lengths were used along with a linear plot of PC versus b as obtained in 
the CT specimens. Careful examination of all of the experimental data indi
cated that the linear relation for PC versus 6 was as good a representation of 
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the data as any other, considering the amount of uncertainty in the experi
mental compliance measurements. 

The test data from seven rings of two thicknesses, 3.2 mm and 6.4 mm 
(0.125 and 0.250 in.), are presented in Fig. 9 as d versus K. Also shown is the 
best-fit curve for the thinnest CT specimens. The data from each ring appear 
as a nearly vertical line because the stress-intensity factor is essentially inde
pendent of crack length in the ring geometry. The vertical curves proceed 
from top to bottom with increasing crack length or time. Thus, a given K 
provides a range of (decreasing) crack growth rates. Again, the phenomenon 
of an initial higher creep crack growth rate is observed. If the bottom portion 
of each line is thought of as the more or less "steady state" creep crack 
grow1:h rate in the ring tests, then one can see a fair correlation with the CT 
specimen data considering the variation in rates between specimens. Note 
also that the ring specimens were obtained from a separate forging than that 
used for the CT specimens. 
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FIG. 9—4-K/or aU ring tests [6-mm (7/32 in.) CT data are shown for comparison]. 
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If one next considers net section stress as a correlating parameter, the ap
plication to the cracked ring geometry poses a dilemma. The ring can be 
thought of as a statically indeterminate structure or two half rings in parallel 
which carry a fraction of the load depending inversely on compliance. The 
compliance of the cracked half continually increases, thereby transferring 
load to the other half, since total load remains constant. It is this feature 
which results in a value of K which is essentially independent of crack length 
over a substantial range of crack lengths. Nonetheless, if one used either the 
entire net cross section area of the two halves of the ring or the area of the 
cracked portion in calculations, net section stress would be an increasing 
function of crack length. In experiments, crack growth rate was found to be a 
decreasing function of crack length. It is apparent, then, that net section 
stress is not a good parameter for correlating creep crack growth rate for the 
ring geometry data. Furthermore, net section stress does not have any signifi
cant physical meaning for the ring geometry unless a calculation is made of 
the actual stresses in the cracked half of the ring. 

Finally, the data from the ring tests were used to calculate C*. Following 
the scheme outlined in Fig. 1, one immediately concludes that C*-values will 
be negative for the ring tests data. Since displacement rates are a decreasing 
function of time or crack length, calculations of dU/da produce negative 
values of C*. Thus, C* does not provide a means of correlating creep crack 
growth rate data as obtained from the cracked ring geometry. Since the ana
lytical derivation of C* is based on a creeping solid and does not consider 
elastic strains or strain rates in the body, a structure such as a cracked ring 
which is quite stiff is poorly represented by such a model. Thus the C* param
eter cannot be expected to provide a measure of creep crack growth rate 
when it is obtained experimentally from load-line displacements in a rela
tively rigid and statically indeterminate structural configuration. 

Conclusions 

Sustained load crack growth in INIOO at 732°C (1350°F) is a highly com
plex three-dimensional phenomenon characterized by initially high growth 
rates, severe tunneling, and the degree of constraints on the fracture surface. 
The concept of an effective crack length based on compliance appears to be a 
reasonable method of measuring crack extension and, furthermore, seems to 
have a physical basis as a measure of average crack length for severely tun
neled cracks. 

Crack growth rate was essentially independent of specimen thickness for 
thicknesses above 8.7 mm (0.34 in.) but slightly lower for specimens of 
5.6-mm (0.22 in.) thickness. The plane-strain condition for creep crack 
growth is reached for specimens considerably thicker than those for cyclic 
fatigue crack growth, yet much thinner than those required for plane-strain 
fracture toughness testing. 
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The use of only one test specimen geometry such as a CT specimen with 
different loads and crack lengths provides experimental data which show 
crack growth rate to be controlled equally well with K, a^^t' or C*. If, how
ever, a second geometry specimen is introduced, a^^ and C* do not provide 
good correlation with growth rate for all of the data. For any of the correlat
ing parameters, the initial values of growth rate in any test appear to be 
higher than those obtained after the crack has been growing for the same 
value of the correlating parameter. 

C* as a correlating parameter does not predict the creep crack growth rate 
from the data on two distinct specimen geometries. C* was calculated from 
experimental load line or far-field measurements using constant-load experi
ments. The analytical derivation of C* requires the material to be a creeping 
solid throughout with no contributing elastic strains. Since this assumption 
does not appear to be valid, especially for the ring geometry, the path inde
pendence of the integral is not maintained. Thus, the C*-integral as a gov
erning parameter for creep crack growth would appear to be feasible only if 
the integral were taken along a path very close to the crack tip. 
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A Fracture-Toughness Correlation 
Based on Charpy Initiation Energy 
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Correlatioii Based on Charpy Initiation Energy," Fracture Mechanics: Thirteenth Con
ference, ASTM STP 743, Richard Roberts, Ed., American Society for Testing and 
Materials, 1981, pp. 207-217. 

ABSTRACT: An upper-shelf cortlelation between fracture toughness and the energy re
quired to initiate cracking (CVN,) in the Charpy V-notch specimen is presented. The cor
relation is obtained using data on 23 steels with variations in yield strength of 447 to 1696 
MPa, fracture toughness of 40 to 353 kN/m, and Charpy toughness (CVN) of 22 to 192. 
The toughness correlation based on all the data using either CVN̂ . or CVN is about the 
same and is also about equal to that of the Rolfe-Novak-Barsom (RNB) correlation. If 
only those data with fracture toughness less than 200 kN (1140 psi-in.) are used, the 
CVN; correlation is better than that obtained by RNB or one based on CVN data alone. 

KEY WORDS; fracture toughness, Charpy correlation 

Observations of Charpy V-notch tests using a multispecimen, controlled-
deflection method with SA533B-1 steel at 1(K)°C showed that only 10 percent 
of the fracture energy is associated with crack initiation. It seemed to us that 
an improved correlation between fracture toughness and Charpy energy 
might be obtained if the Charpy energy associated only with the initiation 
event was used. An earlier upper-shelf correlation was given by Rolfe and 
Novak [lY and Barsom and Rolfe [2], who used the total Charpy fracture 
energy CVN. We refer to their work as RNB in this paper. 

The ratio of static initiation energy to total dynamic Charpy energy was 
available from our tests on three steels and, in addition, these tests suggested 
a relation between this ratio and the material yield strength so that a correla
tion could be attempted using the fracture toughness-total Charpy energy 
data of others. Although both dynamic and slow-bend initiation tests were 

'Technical manager, Electric Power Research Institute, Palo Alto, Calif. 94303; formerly 
with Lawrence Livermore Laboratory, Livermore, Calif. 

^Division manager. Science Applications, Inc., Albuquerque, N. Mex., 87102. 
•'vice president, Fracture Control Corp., Goleta, Calif. 93017. 
''The italic numbers in brackets refer to the list of references appended to this paper. 
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208 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

performed [3], we chose to use the slow-bend data only. As a result, our cor
relation relates fracture toughness, measured by quasi-static tests, with a 
quasi-static initiation energy. The correlation we developed, using our data 
and that of others, showed marginal improvement over the RNB correlation. 

The Charpy tests described here supplemented other multispecimen ex
periments required to calibrate a computer model of ductile fracture de
scribed elsewhere [3,4]. 

Materials 

Charpy tests were performed on SA533B-1 steel and on two other 
quenched-and-tempered states of this steel. Specimens were made from a 
nozzle cutout from a nuclear reactor pressure vessel. The cutout was 
designated Heat CDB by Marston et al [5] and currently as IbE in the Elec
tric Power Research Institute data base [6]. The material was named Ml, 
Ml.5, or M2, corresponding to the heat treatment (see Table 1) chosen to 
raise the yield strength and lower the toughness. All tests were conducted in 
the short-transverse orientation (S-L) with respect to the plate; the Charpy 
specimen's crack plane was typically from the one-fourth thickness location 
in the plate stock. The plate was 267 mm thick. 

Tests and Results 

Static Charpy V-notch tests (slow bend at a ramp rate of 61.1 X 10""'' 
mm/s) were performed using a closed-loop hydraulic machine under ram-
displacement control. Specimens were taken to various displacements chosen 
to span the crack initiation event, then heat-tinted at 288°C for 15 min and 
later broken dynamically at — 196°C. A tup-anvil arrangement meeting stan
dard Charpy requirements was used for the static loading, with a clip gage 
across the mouth of the specimen for most of the tests. Both load-versus-ram 

TABLE 1—Heat treatments for the materials investigated in this study. The basic material, 
designated Ml, was SA533B-1 steel plate subjected to heat treatments involved in 

manufacturing and fabricating it into a nuclear-reactor pressure vessel. 

Material Heat Treatment 

Ml SA533B-1 steel heat-treated during manufacture and fabrication as follows: austeni-
tized at 871 ± 14°C for 4 h and water-quenched; tempered at 663 + 14°C for 4 h; 
postweld heat-treated at 621 ± 14°C for 25 h 

Ml .5 Ml condition; heat-treated at 871 ± 12°C for 1 h in a neutral atmosphere and water-
quenched; tempered at 204 + 12°C for 4 h and water-quenched; second heat treat
ment at 871 ± 12°C for 1 h in a neutral atmosphere and water-quenched; tempered 
at 621 + 12°C for 4 h and water-quenched 

M2 Ml condition; heat-treated at 871 ± 12°C for 1 h in a neutral atmosphere and water-
quenched; tempered at 537 ± 12°C for 4 h and water-quenched 
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displacement and load-versus-clip gage response were recorded. The load-
versus-ram displacement (P-versus-A) results were corrected for machine 
compliance. All tests were conducted at 100°C. 

The crack distribution in the heat-tinted specimen was measured optically 
using a X50 traveling-stage microscope. Data were obtained as the fraction 
of the specimen thickness (normal to the ligament) that cracked as a function 
of striker displacement, the deepest crack penetration, and the nine-point 
average crack penetration. The results are presented in Tables 2, 3 
and 4. 

TABLE 2—Static interrupted Charpy bend data M1-100°C. 

Specimen 
No. 

2758 
2780 
2753 

rm 
nib 
2769 
2751 
2783 
2782 
2784 
2746 
2777 

Deflection, 
mm 

0.394 
0.630 
0.764 
0.780 
0.886 
1.01 
1.11 
1.14 
1.26 
1.41 
1.48 
1.53 

£•,'": 

3.10 
5.83 
7.27 
7.52 
8.94 

10.4 
11.5 
12.3 
13.7 
15.8 
16.4 
17.4 

%of 
Notch 

Cracked 

0 
0 
4.7 
0 
0 
0 

18.5 
30.2 
22.6 
79.3 
75.0 

100.0 

Maximum 
Crack 

Depth, mm 

0.2 

0.254 
0.457 
0.178 
0.406 
0.635 
0.432 

«,* 
mm 

2.03 
2.06 
2.06 
2.08 
2.08 
2.16 
2.13 
2.13 
2.13 
2.21 
2.26 
2.24 

"Deformation energy corrected for machine compliance. 
''Average distance from notch-side surface to crack tip, nine measurements. 

Specimen 
No. 

A28 
A4 
A16 
A22 
All 
A18 
A19 
A31 
A36 
A43 
A7 
A46 

TABLE 3—Static 

Deflection, 
mm 

0.510 
0.551 
0.556 
0.625 
0.640 
0.691 
0.742 
0.770 
0.864 
1.14 
1.32 
1.41 

interrupted Charpy bend data M1.5-100°C. " 

E, J 

6.92 
7.74 
7.80 
8.94 
9.24 

10.4 
11.2 
11.8 
13.2 
18.5 
20.8 
22.2 

% of 
Notch 

Cracked 

0 
35 
10 
8 

20 
10 
0 

45 
70 
70 
82 

100 

Maximum 
Crack 

Depth, mm 

0 
1.4 
0.71 
0.30 
0.71 
0.41 
0 
1.1 
0.99 
2.0 
3.10 
3.00 

(2i 

mm 

2.06 
2.26 
2.06 
2.08 
2.16 
2.11 
2.08 
2.26 
2.34 
2.77 
3.35 
3.48 

" See footnotes on Table 2. 
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TABLE 4—Static interrupted Charpy bend data M2-100°C.'' 

Specimen 
No. 

B6 
B18 
B23 
B3S 
B21 
Bl 

Deflection, 
mm 

0.396 
0.472 
0.503 
0.464 
0.732 
0.932 

E. J 

5.88 
7.29 
8.35 
9.66 

12.8 
16.1 

% of 
Notch 

Cracked 

0 
40 
12 
30 
85 
80 

Maximum 
Crack 

Depth, mm 

0 
1.5 
0.51 
0.79 
3.00 
4.19 

a, 
mm 

2.0 

2.1 
2.1 
2.87 
4.01 

° See footnotes on Table 2. 

We found the initiation energy from this data by plotting the fraction of 
the specimen thickness (normal to the ligament) cracked versus striker 
displacement and forming a regression line to extrapolate the deflection for 
zero cracking (see Fig. 1). The specimen energy versus deflection data 
(shown in Fig. 2) may then be used to find the initiation Charpy energy 
CVN,. The results are given in Table 5. 

The Jjc data of Table 5 were obtained with 25-mm-thick compact 
specimens using the heat-tint method. Three specimens of each material 
were tested with resulting crack extensions between 0.05 and 0.6 mm [J]. 

A Correlation Based on Initiation Enei^ 

The data of Table 5 provide the relationship between /jc and CVN, (and 
CVN) for the three steels of our test program. To improve the correlation for 

0.5 1.0 1.5 

Deflection — mm 

2.0 

FIG. 1—Determination of static Charpy V-notch specimen deflection at crack initiation. The 
basis is the percent of specimen thickness (normal to the ligament) cracked. 
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0 4^ 
0.4 0.6 0.8 1.0 1.2 

Notch tip deflection - mm 

FIG. 2—Charpy-specimen internal energy versus deflection, static data from interrupted 
deflection tests. 

TABLE 5—Correlation data for three steels, T = 100°C. 

Steel 

SA533B-1 (Ml) 
M1.5 
M2 

Yield 
Stress, 
MPa 

458 
788 
895 

CVN, 
J 

110 
70 
45 

CVN,-
J 

11.3 
8.5 
5.6 

CVN,-

CVN 

0.103 
.121 

0.124 

Static 
CVN, 

J 

81 
56 
37 

kN/m 

140 
110 
77 

wider data base, it was necessary to obtain initiation energy from results that 
provide only total Charpy energy. 

We obtained this relationship by assuming that the ratio of CVN, to CVN 
is a universal function of yield stress. For our three steels, the ratio is approx
imately linear at 100°C over the range of yield strengths we have tested (see 
Fig. 3). We would expect the ratio to increase even more in materials with 
higher yield strengths. The simple dependency of the ratio on yield strength 
at upper-shelf temperature is probably an oversimplification and requires 
further verification, but it appears to have merit, as we shall demonstrate. 

Quality 

Our correlation resulted in reduced scatter in the data when compared 
with displaying /jc^ versus CVN directly. The error measure using CVN, for 
the correlation is 25 percent and is 29 percent if CVN is used. The distribu
tion of the data is given in Figs. 4 and 5 for the two cases. 

Our error measure is determined by the root-mean-squared fractional er-

^ We have converted A' to / by the relation EJi^. = (1 — c )̂ Ki^. 
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z > 
u 
z" 
> 

1500 

FIG. 3—Ratio of Charpy V-notch initiation energy to total fracture energy as a function of 
yield stress for SA533B-1 steel and two additional heat treatments, 100°C. 
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FIG. 4—Experimental fracture toughness versus Charpy initiation energy. Data are reduced 
using Fig. 3. The straight line minimizes the mean-squared fractional error. 

ror. Given a value/(jCi) calculated from the least-squares straight-line fit and 
a measured valuey; of the rth data point, this error measure, e, is given by 

1/2 

(1) 

The correlation used a data base of 23 steels consisting of our data, the 
RNB data (Table 6), and the data of Server [7] (Table 7). For the RNB and 
Server data we used Fig. 3 to obtain the ratio CVN,/CVN from the yield 
stress and plotted /jc versus CVN, in Fig. 4. Our correlation, found from a 
least-squares fit, is a linear relation given by 

/ic = aCVN,- (2) 
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200 

FIG. 5—Experimental fracture toughness versus total Charpy energy to break the specimen. 
The straight line minimizes the mean-squared fractional error. 

where a = 15.1 kN/Jm. Converting to CVN by substituting the linear rela
tionship shown in Fig. 3 into Eq 2 gives ̂  

fY^+ 1600\ 
(3) 

where the units for CVN are joules and Yo (the yield strength) in MPa for 7ic 
in kN/m. 

The RNB correlation is 

•^RN — 
1 - v^ 

K 5 CVN - (4) 

where /RN is in lb/in., Y^ is m ksi, and CVN is the Charpy energy in ft-lb. 
This upper-shelf /Tic-CVN correlation was developed empirically from results 
obtained on the 11 steels of Table 6. 

An error measure based on the RNB correlation may now be computed. 
Using the 23-point data base for CVN, Eq 4 provides /RN that may be plotted 
versus the experimentally determined /jc (see Fig. 6). Equation 1 gives a 

^Although expressed in terms of CVN, to avoid confusion with quality comparisons of/versus 
CVN, the reader should note that Eq 3 is a convenient form of Eq 2 and is based on initiation 
energy. 
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TABLE b—Upper-shelf correlation data for the RNB steels (1 = 27°C). 

Materials 

A517FAM 
4147AM 
HT-130(T)AM 
4130AM 
12Ni5Cr3MoAM 
12Ni5Cr3MoVM 
12Ni5Cr3MoVM 
18Ni8Co3Mo (180 Grade AM) 
18Ni5Cr3Mo (180 Grade AM) 
18Ni8Co3Mo (180 Grade VM) 
18Ni8Co5Mo (250 Grade VM) 

Yield, 
MPa 

758 
945 

1027 
1089 
1207 
1262 
1282 
1331 
1310 
1289 
1696 

CVN, 
J 

84 
35 

121 
31 
43 
81 
88 
34 
34 
66 
22 

CVN," 

CVN 

0.119 
0.128 
0.132 
0.134 
0.140 
0.142 
0.144 
0.151 
0.150 
0.144 
0.162 

CVN,-," 
J 

10.0 
4.5 

16.0 
4.2 
6.0 

11.5 
12.7 
5.1 
5.1 
9.5 
3.6 

T * 

kN/m 

155 
64 

324 
53 
90 

259 
273 
59 
67 

137 
40 

"Estimated by present authors (see text). 
''Jic calculated using measured A^i^-values and the relation/j^ = Ky^ (1 — !?•)/£. 

TABLE 7—Correlation data for steels and weldments, T = 177°C (Server [1]). 

Materials 

SA533B-1(M1) 
SA508-2 
SA302B 
SA302B (special heat) 
MMA* weld metal 

(A533B-1 base metal) 
MMa weld metal 

(A508-2 base metal) 
SA"̂  weld metal 

(A533B-1 base metal) 
SA weld metal 

(A508-2 base metal) 
SA533B-1 (HSST02) 

Yield, 
MPa 

486 
488 
465 
477 
566 

447 

545 

490 

481 

CVN, 
J 

125 
152 
60 
71 

137 

192 

174 

104 

137 

CVN,-* 

CVN 

0.106 
0.106 
0.105 
0.105 
0.109 

0.104 

0.109 

0.106 

0.106 

CVN,-,« 
J 

13.2 
16.1 
6.3 
7.5 

14.9 

20.1 

18.9 

11.0 

14.5 

J ° 
•'Ic 

kN/m 

125 
226 
63 
63 

187 

355 

231 

103 

288'' 

•'Ic 
kN/m 

159 
249 
79 
79 

209 

345" 

257 

120 

353" 

"/jc calculated using measured A'lj-values and the relation / j ^ = Ki^ (1 — iP-)/E. 
* Manual metal arc weld. 
" Submerged arc weld. 
''Tested at 71°C. 
" Specimen did not satisfy ASTM size requirement. 
•'^Merkle-Corten correction applied. 
* Estimated by present authors (see text). 

mean fractional error of 28 percent compared with the 25 percent error of our 
correlation. 

Our results are summarized in Table 8. The scatter in the RNB correlation 
is slightly larger than ours. It is also instructive to examine only those data 
with fracture toughness less than 200 kN/m. This includes most heats of 
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100 200 300 

FIG. 6—Experimental fracture toughness versus fracture toughness calculated from 
measured CVN using the RNB formula. The straight line minimizes the mean-squared frac
tional error. 

TABLE 8—Comparison of fracture toughness correlations."'^ 

Ji^ = Fractional / j ^ = Fractional /](. = Fractional 
a CVN, a Error, % a CVN,-, a Error, % a J^, a Error, % 

All data 
/,^ < 200 kN/m 

1.97 
1.6 

29 
19 

15.1 
12.6 
12.6* 

25 
12 
10 

1.03 
0.93 
0.83* 

28 
24 
13 

"Calculated to minimize the mean-squared fractional error [see Eq 1]. 
* Eliminated data point with maximum fractional error. 
"̂  Units of/]£ are IcN/m; units of CVN are in joules. 

SA533B-1 steel, and all less-tough steel. Results of this subset of the data are 
also given m Table 8. 

By the use of the standard statistical test for equality of variance (see, for 
example, Ref 8), we find that when all the data are included, neither our cor
relation nor the RNB correlation is significantly better than a correlation us
ing CVN data, uncorrected by ¥„, directly. Here a better correlation is one 
with a smaller error measure. If only those data points with fracture 
toughness less than 200 kN/m (1140 psi-in.) are used, our correlation is bet
ter than both the RNB correlation (at the 99 percent confidence level) and a 
correlation based on CVN data alone (at the 95 percent confidence level). 
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Discussion 

It is remarkable that a correlation based on our three steels can give a cor
relation that is about as good as the RNB data, despite the necessity of ex
trapolating to nearly double the yield strength of our M2 material. It suggests 
that refining the CVN,/CVN versus Y^ curve by the addition of more data 
points could tighten the correlation. 

Although the RNB correlation (and perhaps ours) is made more credible 
by its similar quality of fit, they are quite different correlations; a data point 
that seems anomalous in one correlation is in the mainstream of the other. It 
is unclear whether the reason for their similarity is accidental or has some 
fundamental basis. 

Calculations by Norris [9] have shown that only 12 percent of the Charpy 
initiation energy is concentrated in the process volume at the notch tip. Using 
results from our computer simulations of the Charpy tests with the three dif
ferent materials [3], we attempted two correlations for fracture toughness us
ing strain-energy density extrapolated to the notch tip and the strain energy 
in a small volume (dimension 0.1 mm) at the notch tip. We had assumed that 
such localized measures of initiation energy in the Charpy test would provide 
better correlations. We found that (1) correlations using these local measures 
of initiation energy gave error measures for our three steels (25 percent) that 
were worse than the correlation based on CVN, for these steels (14 percent), 
and (2) there was no apparent simple relationship among the local strain-
energy measures, CVN, and Y^. Thus, even had the correlation been ex
cellent, there was no way of estimating the local strain-energy measures from 
data available for other steels. 

A correlation of fracture toughness with the energy required to tear a duc
tile Charpy specimen appears tenuous because of the well-known differences 
in the stress-strain fields at a crack tip and that at a blunt notch. However, as 
shown in [3], in ductile materials sharp cracks blunt substantially before 
propagation and the resulting plastic-strain field decays exponentially from 
the blunted tip in the same manner as that at the 1/4-mm-radius notch of the 
Charpy specimen. Further, as shown in two- and three-dimensional calcula
tions by Norris et al [3], a Charpy specimen is in a plane-strain state at crack 
initiation. For these reasons, it would be expected that some uppershelf cor
relation might be expected with the standard Charpy specimen. Even better 
results might be expected from a precracked specimen subject to some of the 
reservations discussed in [9,10] such as loading rate and amount of allowable 
crack growth. 

We conclude that a correlation to obtain fracture toughness, /jc, from 
Charpy V-notch energy, CVN, may be obtained by considering only a portion 
of CVN absorbed by the specimen up to the time of initiation, CVN,. We pre
sent a method of extracting CVN,- from interrupted, slow-bend tests of the 
Charpy specimen. We further demonstrate that the ratio CVN,/CVN is a 
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slowly varying function of yield strength for our three steels. Assuming this 
ratio to be a universal function of yield stress, we are able to correlate our 
data with data from materials with low fracture toughness extremely well, 
and with data from materials with high fracture toughness fairly well. 
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ABSTRACT: The present investigation has studied the effects of notch-root radii on the 
Charpy apparent toughness of as-quenched and tempered 4340 steel as a function of (1) 
test temperature (liquid nitrogen and room temperature), (2) strain rate (high and slow 
strain rates corresponding to Charpy and plane-strain fracture toughness testing rates), 
and (3) grain size (25 and 250 uta). The toughness was evaluated by instrumented and 
slow-bend Charpy tests. Fracture surfaces were examined by scanning electron mi
croscopy. 

The results showed that initially the toughness increased as the notch-root radius in
creased, but that after a critical notch-root radius was reached, the toughness dropped. 
The loss in toughness was coincident with a change to an intergranular fracture mode in
itiation. Also, the critical root radius at which the drop in toughness occurred was 
temperature and strain-rate dependent. These results are not in agreement with other 
published results, which always show increasing toughness with increasing notch root 
radius beyond a limiting root radius. These results and the limitation of the current 
theories are presented and discussed in this paper. A physical process for the intergranular 
fracture mode initiation is also discussed. 

KEY WORDS: toughness, notch-root radius, Charpy, critical root radius 

The plane-strain fracture toughness test, Ky^, in recent years is an often-
required test to measure a material's resistance to fracture and in essence it 
determines the strain energy release rate [/] ̂  (which is related to the stress in
tensity factor [2]) as the crack advances. However, the conventional and still-
popular method of measuring toughness of structural material is the Charpy 
method, accordmg to the ASTM Notched Bar Impact Testing of Metallic 
Materials [E 23-72], Part 31,1969, where a specimen of specified dimensions is 
broken under the hammering action of a swinging pendulum, and the energy 

'Department of Metallurgical Engineering and Materials Science, University of Kentucky, 
Lexington, Ky. 40506. 

^Oregon Graduate Center, Beaverton, Ore. 97006. 
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required to break the specimen is known as the toughness. Apart from many 
differences such as strain rate and specimen dimensions, one important dif
ference in the aforementioned two tests is the notch-root radius; that is, the 
fracture toughness test contains a fatigue precrack, whereas in Charpy 
specimens the notch contains a root radius of 0.254 mm (0.010 in.). Any at
tempt to correlate the two tests implies therefore, at least partially, a 
knowledge of the variation of the toughness with notch-root radius, especially 
in the case of 4340 steel, where improvements in fracture toughness {Ki^) by 
processing modifications do not necessarily result in improved Charpy values 
[3]. 

The variation of toughness with notch-root radius has been studied before 
[4-11]. It has been reported that the critical value of elastic strain energy 
release rate or toughness is relatively insensitive [4] to tip-root radius in the 
range from a mathematical "sharp" crack to macroscopic finite-root radii [up 
to 0.254 mm (0.010 in.)]. This is also expected from Irwin's formula [5] 

ii: = Lim y a„(xp)i/2 

where a„ is the maximum stress at the notch and p is the notch root radius. In 
this relationship K will become insensitive to root radius whenever a„ is in
versely proportional to p^^^. However, experimental fracture data [6-11] show 
that this is not always the case. Fracture toughness values can be significantly 
lower for a fatigue-cracked specimen than for a small but finite-root-radius 
specimen. Malkin et al [6] found that the apparent toughness increases with 
the square root of the root radius for mild steel. Similar increases in toughness 
with increase of root radius have been observed by others, namely. Rack in 
unaged /3-titanium alloy [7], Myers et al in monocrystalline silicon [8], and 
Ritchie et al in quenched-and-tempered 4340 steel [9,10]. A theoretical rela
tionship of fracture toughness with notch root radius also predicts an increase 
in fracture toughness value with increase in root radius [11]. In this paper, an 
anomaly of toughness behavior of quenched-and-tempered 4340 steel with 
respect to notch-root radius (1) at liquid nitrogen temperature and high strain 
rate, (2) at room temperature and slow strain rate, (3) at room temperature 
and high strain rate, and (4) also at two grain sizes (25 and 250 /xm) is 
reported. 

Experimental Procedure 

The material in the present study was AISI 4340 steel. The chemical com
position of the steel in weight percent was 

c 
0.40 

Mn 
0.60 

Si 
0.32 

Cr 
0.69 

Ni 
1.87 

Mo 
0.20 

Cu 
0.16 

S 
0.015 

P 
0.015 

V Fe 
balance 
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The room temperature longitudinal tensile properties were determined using 
2.5-cm (1 in.) gage length, 0.625-cm-diameter (0.25 in.) round specimens. 
Machining was done prior to heat treatment. Testing was carried out at a 
loading rate of 0.1 cm/min (0.04 in./min). 

Charpy specimens (10-mm thickness) were austenitized in a vertical tube in 
argon atmosphere at 870 and 1200°C for 1 h and directly quenched in an 
agitated oil. All tempering was done in a neutral salt bath for 1 h and then 
quenched in an agitated oil. A grinding wheel was used to produce specimens 
of variable root radii using coolant and light grinding passes. Specimens were 
heat-treated and then notched by grinding, and, prior to testmg, the notch-
root radius of each specimen was checked with a comparator. In addition to 
precracked and standard [0.254-mm (0.010 in.) root radius] Charpy 
specimens, specimens of root radii 0.102, 0.152, 0.508, 0.762, 1.016, 1.778, 
and 2.54 mm (0.004, 0.006, 0.020, 0.030, 0.040, 0.071, 0.101 in.) were 
prepared. The foregoing heat treatments and root radii were chosen to study 
the effects of root radii on the toughness of differently heat-treated 4340 steel 
in greater details than attempted before [9]. All specimens were tested in the 
longitudinal direction (L-TS) according to the ASTM Test for Plane-Strain 
Fracture Toughness of Metallic Materials (E 399-78a) procedures. The in
strumented Charpy testing was done on a computerized test system at Effects 
Technology, Santa Barbara, Calif. A special fixture (Fig. 1) was made for a 
3-point bend slow test in an Instron machine at a crosshead speed of 0.1 
cm/min (0.04 in./min). Fracture morphology was studied in a JEOL scanning 
electron microscope (25-kV secondary electron voltage). 

Results 

The results are divided into two categories: mechanical testing results and 
scanning electron microscopy (SEM). 

Mechanical Testmg Results 

The tensile properties of differently heat-treated 4340 steel at room 
temperature are given in Table 1. 

The liquid nitrogen instrumented Charpy data having various root radii are 
shown in Fig. 2. Root radii varying from fatigue precrack (that is, root radius 
«0) to 1.016 mm (0.040 in.) were studied. Note that the toughness'' increased 
with increasing root radius up to 0.152 mm (0.006 in.) root radius, after which 
further increasing the radius produced a drop in toughness, which then re
mained nearly constant as the root radius was further increased. 

*The toughness is determined from the load displacement record according to ASTM Method 
E 399-78a. However, the toughness, thus determined, is known as the apparent toughness, since 
the specimen dimensions do not conform to those of fracture toughness specimens. 
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1.25-12 Thread 

FIG. 1—Testing fixture for slow-bend Charpy specimen (1 in. = 25.4 mm). 

TABLE 1—Room temperature longitudinal tensile data for 4340 steel. 

Austenitizing 
Treatment, 

°C/lh 

870 
870 
870 
870 

1200 
1200 
1200 
1200 

Tempering 
Tempera-

°C/lh 

AQ 
AQ 
175 
175 
AQ 
AQ 
175 
175 

Yield Strength 

ksi 

224 
223 
238 
234 
213 
225 
225 
216 

MPa 

1544.5 
1537.6 
1641.0 
1613.4 
1468.6 
1551.4 
1551.4 
1489.3 

Ultimate 
Tensile 

ksi 

302 
293 
288 
284 
241 
245 
278 
268 

Strength 

MPa 

2082.3 
2020.2 
1958.8 
1958.2 
1661.70 
1689.3 
1916.8 
1847.9 

% Elon
gation 

1.1 
1.0 

13.6 
13.6 
1.2 
1.2 
3.4 
5.5 

% Reduc-

Area 

1.6 
3.1 

45.4 
35.1 
3.2 
3.1 
4.7 
8.6 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



222 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

NOTCH ROOT RADIUS p ( m m ) • 
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FIG. 2~Effect of notch-root radius on the toughness of 4340 steel given different heat 
treatments by instrumented Charpy test at liquid nitrogen temperature (1 ksi = 6.8948 MPa; 
1 in. = 25.4 mm). 

The room temperature slow-bend Charpy data as a function of root radius 
are shown in Fig. 3. Root radii varying from fatigue precrack (that is, root 
radius «0) to 1.016 mm (0.040 in.) were studied. For this test condition the 
toughness abruptly dropped when the root radius exceeded 0.254 mm (0.010 
in.). For root radii less than 0.254 mm (0.010 in.) the toughness increased with 
increasing root radius. 

The room temperature mstrumented Charpy data as a function of root radii 
are shown in Fig. 4. Root radii varying from fatigue precrack (that is, root 
radius «0) to 2.54 mm (0.100 in.) were studied. For this case, toughness in
creased with increasing root radius up to 1.016 mm (0.04 in.) and beyond that 
radius the toughness remamed almost constant for the 1200°C/1755 heat treat
ment. On the other hand, the 1200°C/AQ^ heat treatment exhibited a 

*12(X)°C/175 means austenitization at 1200°C followed by oil quenching and tempering at 
175°C for 1 h. 

'1200°C/AQ means austenitization at 12(K)°C followed by oil quenching and testmg in as-
quenched condition. 
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NOTCH ROOT RADIUS p (mm) • 
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• l200°C/lhr-^AQ + TTI75°C/lhr-
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.03 .04 

FIG. 3—Effect of notch-root radius on the toughness of 4340 steel given different heat 
treatments by slow-bend Charpy test at room temperature (1 ksi = 6.8948 MPa; 1 in. = 25.4 
mm). 

substantial drop in toughness at a critical root radius of 1.778 mm (0.070 in.). 
However, when the root radius was increased still further to 0.100 inch, the 
toughness again increased. These differences in toughness behavior may be ex
plained by the fact that for 1200°C/175 treatment, general yielding occurred 
at a root radius of 1.016 mm (0.040 in.) and larger, whereas for 1200°C/AQ, 
general yielding took place at a root radius of 2.54 mm (0.100 in.). 

In summary, the toughness increased initially with increasing notch root 
radius. However, after a critical root-radius was reached, the toughness 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



224 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 
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FIG. 4—Effect of notch-root radius on the toughness of 4340 steel given different heat 
treatments by instrumented Charpy test at room temperature (1 ksi = 6.8948MPa; 1 in, = 25.4 
mm). 

dropped, in contrast to previously reported literature. Also, the "critical root 
radius" at which the toughness dropped was strongly temperature and strain-
rate dependent. 

Microscopy 

Figures 5-7 show the fracture morphology of specimens with different 
notch-root radii. The effect of notch root radius on the toughness has been 
studied (1) at liquid nitrogen temperature and high strain rate, (2) at room 
temperature and slow strain rate, (3) at room temperature and high strain 
rate, and (4) also at two grain sizes (25 and 250 /im). The major portion of the 
fracture surface exhibited a quasi-cleavage fracture mode. However, the frac
ture initiation mode, which has a direct correspondence with the fracture 
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Notch 
\ / Initiation 

Propagation 

3«'J«-*^*-*«t4" 

Notch \ Microvoid 
coalescence 

Quos 
'cleavage 1 

FIG. 5—SEM micrographs of as-quenched specimert austenitized at 870°C. It is tested at liq
uid nitrogen temperature and by instrumented Charpy test, (a) It has a notch-root radius ofO. 101 
mm (0.004 in.), (h) It has a notch-root radius of 0.152 mm (0.006 in.). They show how microvoid 
zone (fracture initiation) changes to quasi-cleavage zone (fracture propagation) at low and high 
magnifications. 
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Inte 

; • - * ' 

Ouasi-cfeovoge '. •-**•/,••.•••*• 

Notch 
J 

(a) 

FIG. 6—SEM micrographs of as-quenched specimen austenitbed at 870°C. (a) It is tested at 
liquid nitrogen temperature (instrumented Charpy test) and it has a root radius of 0.508 mm (0.02 
in.J. It shows how intergranular zone (fracture initiation) changes into quasi-cleavage (fracture 
propagation), (h) It is tested at room temperature (slow-bend Charpy test) and it has a notch root 
radius ofO. 762 mm (0.03 in.). It also shows intergranular fracture initiation mode. Thus the drop 
in toughness is associated with the intergranular fracture mode initiation. 
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lb) Crack Propdflorfon 

FIG. 7—SEM micrographs cf as-quenched specimen austenitized at 1200°C. (a) It is tested at 
liquid nitrogen temperature (instrumented Charpy) and it has a notch-root-radius of 0.508 mm 
(0.02 in.). It shows how intergranular zone (fracture initiation) changes into quasi-cleavage (frac
ture propagation). (b)Itis tested at room temperature (slow-bend Charpy test) and it has a notch 
root radius of 1.016 mm (0.04 in.). Intergranular fracture initiation mode is evident. Thus, the 
grain size does not affect the notch-root radius when the drop in toughness is observed. 
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toughness value, is different for different specimens. The results as depicted in 
Figs. 5-7 may be summarized schematically in the foUowmg cases: 

Case 1: Toughness Increases with Increasing Notch-Root Radius—For this 
case a schematic fractographic representation was as shown in Fig. 8. In this 
case, the fracture initiation was always by microvoid coalescence which later 
changed to quasi-cleavage as the crack propagated. The microvoid region was 
about 40 fjLin for the instrumented Charpy test conducted at liquid nitrogen 
temperature and was apparently independent of prior austenitic grain size. 

Case 2: Toughness Decreases as the Notch Root Radius is Increased Beyond 
a Critical Value—The schematic fractographic observation in this case looks 
like the sketch in Fig. 9. In this case, when the toughness drops, the mode of 
fracture initiation changed to intergranular mode, which later changed to 
quasi-cleavage as the crack propagated. However, this intergranular region 
was strongly heat-treatment dependent, that is, about 150 /im for the 870°C 
case (in other words 5 to 6 grains) compared with about 300 /am for 1200°C (for 
about 1 grain). 

In essence, the fractographic observation is consistent with the toughness 
data. 

Discussion 

In order to analyze the variation of toughness with notch-root radius, it is 
worthwhile to examine the current models regarding the stress distribution 
ahead of a blunt notch [12,13]. Even though such theories assume idealized 
conditions, that is, plane strain, rigid plastic, or Imear elastic material. 

Micro-void 
coalescence 

Notch 

Quosi-cleovage 

- • Crock propagation direction 

FIG. 8—Case /. 

Intergranular 

Notcti 

Quosi-cleavoge 

^ Crock propagation direction 

FIG. 9—Case 2. 
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ultrahigh-strength steel such as quenched-and-tempered 4340 steel closely 
resembles the foregomg conditions even in a small specimen such as Charpy. 

The longitudinal stress distribution ahead of a blunt notch of radius p has 
been given by slipline field theory [12] 

1 + In 1 + 
R 

(1) 

where 

longitudinal stress ahead of the notch, 
Oy = yield strength, and 
R = distance from the notch. 

The relative stress distribution ahead of blunt notches of different root radii 
are shown in Fig. 10. It is observed that stresses ahead of the notch are higher 
as the notch-root radius decreases. 

Creager and Paris [13] have calculated the near-field notch tip stresses for a 
very slender elliptical crack having a "small" root radius; for a Mode I loading 
the stresses are 

Pi - r - cos — - + 
V27rr 2r 2 

Ki e 
/ T — cos — 

V27rr 2 

. e . 3e 
1 — sm — sm —— 

2 2 

— ^ i K, P 3$ Ki 
f~— ^ cos —- + 

V2xr 2r 2 
0 

fx COS — 

\2irr 2 

e 30 
1 + sin — sin —— 

2 2 
(2) 

rxy = 
-Ki p . 36 , Ki . e e 36 

For ̂  = 0 the relative stress distribution for identical stress-mtensity factors 
is plotted in Figs. 11 and 12 ahead of the notch tip for root radii ranging from 
0.101 to 2.54 mm (0.004 to 0.100 in.). It is seen that the ay stresses ahead 
of the notch tip are quite similar beyond a distance of 0.127 mm (0.005 m.) for 
different notch-root radii. However, up to that distance from the notch tip, the 
stress increases as the notch root radius decreases. The a^ stress distribution 
ahead of the notch root similarly increases, as the notch root radius decreases. 

From the foregoing discussion, it is thus apparent that the toughness should 
increase as the notch radius increases, if a critical stress criterion applies for 
crack mitiation. From a critical strain model also, it has been postulated by 
many investigators [6-8] that toughness follows a linear relation with the 
square root of the notch-root radius. 

The results m this investigation, on the contrary, indicate that there exists a 
critical notch-root radius above which the toughness drops. Below that critical 
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FIG. 10—Stress distribution ahead of blunt notches of various root radii by slipline field theory 
(1 in. = 25.4 mm}. 
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FIG. 11—Variation ofOy with distance from the notch root (0 '• 
radii for a Mode I stress intensity factor K/ (1 in. = 25.4 mm). 
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FIG. 12—Variation of a^ with distance from the notch root (6= 0 degjfor different notch root 
radUfor a Mode I stress intensity factor K/ (1 in. = 25.4 mm). 

root radius, however, the toughness increases with the increasing notch-root 
radius. The drop in toughness above the critical notch-root radius is also 
associated with an intergranular mode of fracture. 

In considering possible mechanisms to account for this behavior, the relative 
size of the intergranular region with respect to plastic zone size is shown in Fig. 
13. It is apparent that the size of the intergranular zone is only a fraction of the 
plastic zone size. Hence, the plastic zone size does not seem to play a role. 
Also, the root radius at which such a phenomenon occurs is independent of the 
grain size and hence grain size also does not seem to play a role in this 
anomalous behavior. 

Recently Sih [14] proposed a strain-energy density theory for the initiation 
of a crack. Unlike other theories, this theory can predict the direction of crack 
propagation under combined loading. In this theory, the total strain energy 
density S is defined as 

5 = 
du 

dA 

1 - 1^ 

2E 
2 _ 2v 

1 - V 
a^Oy + a^ + 

1 •xy (3) 

According to this theory, fracture will occur when S assumes a critical value 
of Sc si 6 = 6c. It has also been demonstrated that for a Mode I loading 
ĉ = 0 deg [14] and is mdependent of the notch root radius [IS]. 
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FIG. \3—Relative fracture mode zones for a blunt notch of root radius 0.254 mm (0.01 in.). 
The plastic zone size is superimposed: fa) for low grain size material, (b) for high grain size 
material (1 in. = 25.4 mm). 

Creager and Paris's equations for a Mode I stress distribution for ^ = 0 deg 
were used for calculating the strain-energy density function for a constant K in 
the present investigation, and the relative strain-energy density as a function of 
the distance from the notch tip for different notch-root radii is shown in Fig. 
14. To be noted in Fig. 14 is the fact that the Sih energy density function is 
plotted not directly ahead of the notch tip but from a finite distance ahead of 
the notch tip. It is seen that at any distance ahead of the notch, the strain-
energy density for a constant K for larger root radius is much higher than that 
for smaller root radius. This is true irrespective of the value of core radius 
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FIG. 14—Variation of relative Sih energy-density function ahead of the notch for different 
notch root radii (1 in. = 25.4 mm). 

beyond which the Sih energy density [14] is applicable. In other words, if the 
critical strain-energy density is applied to the initiation of fracture, the 
toughness should decrease as the notch root radius increases. 

Thus we have two competing situations. Both the critical stress and critical 
strain models predict higher toughness with larger root radii and the critical 
strain-energy density model predicts lower toughness with larger root radii. In 
this investigation, the critical stress model is proposed to operate initially until 
a critical root radius is reached. Above this critical root radius the strain-
energy density activates fracture to initiate. 

A further limitation in current models is that the foregoing theories are 
based on a continuum mechanics approach and do not consider microscopic 
aspects of fracture, and yet the change from microvoid to intergranular frac
ture initiation is the key to the existence of the critical root radius, above which 
the toughness drops. 

In a recent paper Hondrous and McLean [16] tried to explain the grain 
boundary decohesion, which may be caused by impurity segregation, parti
cle/matrix interactions, stress system, and stress magnification requirements. 
In the present investigation, the first two may be ruled out since the variable is 
purely a mechanical parameter, that is, notch root radius. Hence essentially 
the stress system is changed so as to cause the intergranular mode of fracture. 
In the foregoing model [16], it has been shown that a double slipband mstead 
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of a single slipband (schematically shown in Fig. 15) can potentially cause in-
tergranular fracture because of stress intensification. The present investigation 
tends to support this microscopic model for the intergranular fracture. Hence 
it is proposed that at a critical root radius, the strain-energy density becomes 
large enough to induce double slipbands to operate, causing intergranular 
fracture. It may also be noted that dislocation movement is strongly 
temperature and strain-rate dependent. That is why the critical root radius at 
which the intergranular fracture and the drop in toughness occur is also strain-
rate and temperature dependent. 

Conclusions 

1. The variation of toughness with notch root radius for 4340 steel given dif
ferent heat treatments at different strain rates and temperatures showed that 
the toughness initially increased with increasing notch root radius. Thereafter, 
when a critical notch root radius was reached, toughness dropped with a fur
ther increase in notch root radius before general yielding. The critical root 
radius at which such phenomena occurred was strain-rate and temperature 
dependent. 

2. The drop in toughness was associated with an intergranular fracture ini
tiation mode. 

3. The initial increase in toughness with increasing notch root radius up to 
the critical root radius is consistent with a critical stress or strain model; the 
critical strain energy-density fracture criterion is applicable beyond the critical 
notch root radius, when the toughness drops. The intergranular fracture mode 
may be possible due to double slipbands operating ahead of the notch root. 

P / y \ Groin boundary 

FIG. 15—Schematic diagram of two slipbands meeting along a grain boundary at P. 
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ABSTRACT! The differential equations defining the material resistance developed 
during the early stages of a ductile fracture process are derived from the concept of 
"final stretch," The model suggests a certain near-tip distribution of displacements 
associated with a quasi-static Mode I crack such that the resulting strains are loga
rithmically singular at the crack tip. 

The final results, which are illustrated by the diagrams of /-resistance curves, are 
equivalent to analogous data obtained by other researchers on the basis of the incre
mental plasticity theory. Similarities between the present results and the solutions due 
to Paris and co-workers as well as the most recent data obtained by Shih and co-workers 
are pointed out. 

KEY WORDS: ductile fracture, stable crack growth, fracture criteria, stability, re
sistance curve, J-integral, crack-tip opening angle, tearing modulus, process zone, 
growth step 

When a crack initiates near or after general yield within a ductile com
ponent, the material resistance to cracking continues to rise steeply with 
crack advance. Such variations of fracture toughness in ductile materials 
may be represented by either an /?-curve or a //{-curve, both representa
tions being equivalent between each other. Even if the initiation parameters, 
Ri or /i,,, are known from the observations made at the onset of crack 
growth, they alone are not sufficient means for predicting the instability 
which eventually terminates the process of slow stable cracking under fully 
plastic conditions. Therefore, it is necessary to devise a technique which 
would supply a more complete information regarding material response to 
propagation of ductile fracture. 

'visiting scholar and professor, respectively. Faculty of Technology and Metallurgy, Uni
versity of Belgrade, Yugoslavia. Coauthor Wnuk is currently a visiting professor at the De
partment of Civil Engineering, The Technological Institute, Northwestern University, Evanston, 
III. 60201. 
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A model is suggested to describe a quasi-static crack extending in a 
stable manner through a ductile solid undergoing either small or large 
plastic deformations prior to and during the crack propagation (see Fig. 1). 
The mathematics of the model is based on the "final stretch" concept 
[1-3]^ which suggests that an incremental displacement is continually gen
erated at the crack tip during the subcritical crack growth stage. 

This study includes a detailed numerical investigation of the effects of 
the specimen size and the initial crack length on the shape of an /?-curve 
which represents material resistance to cracking associated with the stable 
phase of fracture growth. 

a) 

b) 

a 

A 
procMt 

zoiw 

- x , ^ 

P ( control point) 

KR ' CO 

COHESIVE ZONE 
OAMASE ZONE 

(coknioii rodwod by mlerevoM* ) 

• END ZONC 

FIG. 1 —Structured end zone crack-tip model for a quasi-static crack penetrating a nonlinear 
material. 

^The italic numbers in brackets refer to the list of references appended to this paper. 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



238 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

Physical Model 

A structured "end zone" located at the crack front is assumed to consist 
of three parts: 

1. Cohesive zone, which is subjected to a high stress a„ identified with 
the theoretical strength limit (in ductile metals this zone may be neglected). 

2. Nonlinear or plastic deformation zone (sometimes referred to as a 
"damage" zone) in which an irreversible process of energy absorption takes 
place prior to fracture. Work is done against the yield stress, which is of 
much lower magnitude than the theoretical strength limit. 

3. Process zone, which is identified with a small volume of material 
directly adjacent to the crack tip, and in which fracture is actively taking 
place. This is where the final breakdown of cohesion forces and separation 
of surfaces occur. The strains accumulated in this zone are continually re
distributed to meet the critical level, sufficient for fracturing a material 
element of a finite dimension A. 

The process of slow growth, therefore, is thought of as a sequence of 
stepwise crack extensions, each of the "growth steps" being of a constant 
magnitude equal to the process zone size A. Wnuk's criterion of final stretch 
is employed to set up a differential equation which relates the rate of crack 
grovH:h (da/dt) to the rate of change of the material resistance to cracking, 
say dR/dt. Symbol R represents here a certain measure of apparent ma
terial toughness developed during the early phase of ductile fracture. This 
criterion requires that an incremental displacement u be continually gen
erated at the control point P located at distance A from the crack tip, while 
this point is being traversed by the process zone, that is 

{uy{0, a + A) — Mj,(A, a)}at/) = « = const. (1) 

where Uy = Uy(xi, a) denotes displacement normal to the crack plane, 
evaluated at the distance Xj from the crack tip and at the instant cor
responding to the current crack length a. Note that the crack length is used 
here as a time-like parameter, and thus the real time can be entirely elimi
nated from the mathematical analysis of the problem. 

To make the problem susceptible to a mathematical treatment a modified 
model of DECS type is employed, but it should be emphasized that the 
basic physical concept underlying these considerations, that is, the con
stancy of the final stretch or, equivalently, the invariance of the crack-tip 
opening angle (CTOA) during slow crack growth, remains valid in a 
general sense, irrespective of a particular choice of the computational ap
proach. It is not altogether surprising, therefore, that some of the end 
results of recent studies by Rice et al [4-6] concerned with a quasi-static 
plane-strain crack propagating in an elastic-plastic solid, but not exceeding 
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the limits of contained yielding, turned out to be of an identical math
ematical form as those predicted from the final stretch model in 1972; 
see Ref / . 

This work suggests an extension of the early version of the final stretch 
model to other geometrical and loading configurations, while imposing no 
restrictions whatsoever on the amount of plasticity which precedes the 
onset of crack growth and accompanies the spread of stable ductile fracture 
up to the point of global failure. 

Mathematical Considerations 

Using Wnuk's [7,8] expression for the near-tip displacement field asso
ciated with a quasi-static crack, one may set up the governing equation of 
the problem. This equation should relate an increment in the apparent 
material resistance to cracking, dR, to the accompanying amount of crack 
growth, da. The starting point of the mathematics involved here is to em
ploy the expansion of the near-tip displacement suggested by our model in 
this form 

(UfiJa) — AldUy/dxi]xi=A 
Uy(A, a) = (2) 

C« , ip (« ) -AC$(A,a ) 

Here, the constant C is roughly equal to the strain at yield point ay, namely, 
C = Aay/i^Ei. The modulus£•! equals£• for plane stress and£'(l — i'^)~^E 
for a plane-strain situation. The new derivative-like quotient 5uy/8xi has 
been defined as follows 

duy uJO, a) — uJxi, a) 
-— = lim — = C#(A, a) (2a) 

The dimensionless function # = $(A, a) can be evaluated for any par
ticular crack geometry and a given loading configuration; see the discus
sion in the next section. 

Combining Eqs 1 and 2 we have 

«tip(« + A) - M,ip(a) + AC*(A, a) = u (3) 

Now, when the difference ««?(« + A) — Mtip(«) is replaced by the first 
term of the appropriate Taylor expansion, A [dwjip(a)/da], one obtains the 
differential equation for the material toughness developed in the process of 
ductile tear, that is 

da A 
= V - C$(A, a) (4) 
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Multiplying both sides of this equation by 2«ffr (where n is an empirical co
efficient whose value usually lies between 1 and 2.6) one obtains 

- ^ - nay(8/A) - (8nay^/wEi)^(A, a) (5) 
da 

Note that in the notation of Eq 4 the amount of opening generated at the 
crack tip, Mtip. serves as a measure of material toughness, while in the 
equations which follow the Rice's integral is being used for the same pur
pose. For a plane-strain situation, Eq 5 can be cast into an alternative 
form 

^ = „,.,3^T.-i<if^*(A..,] (6) 

where T^ = (E/oyX^/A) corresponds to the tearing modulus suggested by 
Shih, Ts = (E/ao) (CTOA), while the product {aY^/E)T may be approxi
mately identified with the initial slope of the J^-curve. If the amount of 
stable growth is negligibly small versus the initial crack length and liga
ment size, then we may suggest that the modulus J j and the tearing modu
lus of Paris are equivalent, that is 

nTs ^Tj= (E/aY^)(dJR/da)i (7) 

The function $(A, a) is a geometry-dependent quantity, and it may be 
conveniently written for an arbitrary geometrical configuration in the 
following form 

#(A, a) = ylog[A/A] (8) 

in which the factor A depends only on geometry and loading configuration, 
just as the ^-factor does. A may be usually expressed as a function of some 
measure of the external field intensity, such as the length of plastic zone R 
or the applied /-integral, and the current crack length, that is 

A = A(/^, o) 

J A = JA(Q, a, geometry) 

The nondimensional loading parameter is denoted by Q. 
An essential difference between this model and the Paris [11-16] con

stant Tj model can now be seen by a careful examination of Eq 6. Ac
cording to this equation the slope of a J^ versus a A curve is not a constant 
quantity but is continually reduced as the crack progresses. When the 
current crack length increases, the second term in the right-hand side of 
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Eq 6 is augmented, and thus the content of the brace diminishes. One may 
find, however, that for a certain class of materials characterized by a low 
yield strength and high toughness, both models agree. It may be shown 
that when Paris's modulus equals at least 50, then Tj — T^n = const., 
and if only a limited amount of slow crack growth precedes unstable frac
ture, then the second term in the brace of Eq 6 becomes negligible. In 
such a case both theories yield the same result 

dJji/da = n{aY^/E)Tj = const. (10) 

Effect of Finite Width of a Center-Crack Specimen on the 
/-Resistance Curve; Fully Plastic Range 

Extension of Wnuk's final stretch model for a finite-width panel con
taining a Mode I crack was made recently by Smith [9], who derived the 
following distribution of the near-tip displacement associated with a quasi-
static crack in plane strain 

[u{xi, a)L,-*o = Wtip(«) + 
4CTy(l - P^)Xi 1 

2log^X» + (11) 

Here the geometrical factor A is a function of the panel width 2h and the 
crack length 2a, that is 

A = lea 

• 
sin 

' ir(a+R)' 

. 2h 

sin^ 
7r(a 

— sin^ 

Ih 

(f) / ira\ 
"°V 24 ) 

(ir) 
(12) 

At general yield we may assume a + R = h, and then the geometrical 
factor reduces considerably 

. 2eh . (ira 
A = sm —r- (13) 

It is a simple matter, now, to show that Eq 6, which defines the /-resistance 
curve, assumes this form 

da = WHT, - i i i ^ log 
2eh . (ira 
—;:- sm -7-
irA \ h 

(14) 

in which the symbol Tj denotes the tearing modulus 

Ts = (E/ay)(^/A) (15) 
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or 

Ta = (.E/ayXCTOA) (15a) 

Equation 14 can be rewritten in a nondimensionai form, more suitable 
for a numerical integration, that is 

dY _ 
dX ' 

* = 

= (t)(^)^-^^^'-<-
^ \~K')\~A)^^^^^P-^^' P ~ "0^^ 

(16) 

X = a/oQ, Y = JR/JIC 

Assuming the typical input data pertinent to the steels used in nuclear 
technology applications 

d = 0.25,,. = (0.2)(0.2*10'3m) = 4*10-5m 

CTOA = (6/A) = 0.25 

and considering the following initial crack sizes 

(17) 

" 0 = 1 

10 mm 
20 mm 
30 mm 
40 mm 

(18) 

at a constant value of the panel width, h = 100 mm, we have integrated 
the governing Eq 16 for three different values of the material tearing 
modulus J j , that is 

r , = ^ 5 (19) 

The results are shown in Fig. 2. It is seen that the increase in tearing 
modulus affects the slopes of the /-resistance curves; so does the initial 
crack length, OQ. The larger the tearing modulus and the longer the initial 
crack, the higher is the slope of the /-resistance curve. It should be noted, 
though, that the final instability point is determined by the condition 

(20) 
dJA \ dJu 

da )c] da 
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and it will be in general strongly dependent on the input data, involving 
the choice of the material ductility (defined by Tg) and the ratio of the 
initial crack size ao to the panel half-width h. With the effective yield point 
to the Young's modulus ratio, ay/E, being chosen as 0.005, and with 
Poisson's ratio v = 0.3, the equation governing the /-resistance curve reads 

dY 
dX 

= (0.025)ao{n-1.16 log'*',} (21) 

where ao is the initial crack length given in mm, while the dimensionless 
function ^, is defined as follows 

a - 1, 2, 3, 4) 

1000 sin (O.ITT^) 

1000 sin(0.27rX) 
1000 sin(0.37rX) 
1000 sin(0.4xX) 

(21a) 

Another approach to the stability of the finite-width specimen is to apply 
the governing Eq 16 at a chosen (and constant) initial crack size, but at a 
variable panel width. This has been done; the initial crack size of 10 mm 
has been kept constant, while the panel half-width h was varied according to 

(i = 1, 2, 3, 4) 

100 mm 
50 mm 
33 mm 
25 mm 

(22) 

With the effective yield stress to the Young's modulus ratio, ayZ-E, being 
chosen as 0.005, and with the Poisson's ratio v = 0.3, the equation governing 
the /-resistance curve (Eq 16) reads 

dY 
dX 

0.25(75- 1.16 log ^,} (23) 

Here, the dimensionless function ^, is defined as follows 

^ , = 

1000 sin(O.lirX) 
500 sin(0.2xX) 
333 sin(0.37rX) 
250 sin(0.4irA') 

(24) 

The index i = /, 2, 3, 4 corresponds to the four values of the panel width 
given by Eq 12, and the coefficients 0.1, 0.2, 0.3, 0.4, appearing in the 
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argument of the "sin" function in Eq 14, are the ratios of the initial crack 
size (fixed at 100 mm) to the panel width. 

The integral curves resulting from the numerical integration of Eq 13 
are shown in Fig. 3. It is seen that the size of the specimen, with all other 
pertinent parameters kept constant, does affect the slope of the /-resistance 
curve. An increasing value of the material tearing modulus appears to 
wash out the differences in the specimen response to the ductile tear test; 
however, it should be noted that an increasing size of the test specimen (at 
the same material ductility and the same initial crack dimension) leads to 
a more conservative prediction of the apparent material resistance asso
ciated with a slow tearing process occurring in the early stages of ductile 
fracture. An analogous observation was made recently by Shih et al. [9]. 
Their results are derived from a field plasticity solution for a quasi-static 
Mode I crack penetrating a compact tension specimen. All their results 
have been obtained through a numerical procedure, based on the finite-
element approach to ductile fracture. The closed-form solutions derived 
from the final stretch model, as given in this paper, appear to substantiate 
the numerical data obtained from the field plasticity theories. 

Conclusions 

Numerical integration of Eq 14 performed at various input data leads us 
to conclusions which may be briefly stated as follows: 

1. The slope of a particular //{-curve is indeed a constant quantity, 
provided that the magnitude of the tearing modulus, which represents 
material sensitivity to ductile fracture, is sufficiently high. 

2. Such constant slope, however, does depend rather strongly on the 
initial crack size and less strongly on the specimen size. 

These concluding remarks are borne out by a direct inspection of Figs. 
2a, 2b, 3a, and 3b. 
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ABSTRACT: A study was conducted to determine the effects of carbon and nitrogen on 
the 4 K fracture properties of an Fe-18Cr-10Ni austenitic stainless steel having a base com
position corresponding to AISI 304. J-integral fracture toughness tests using 24.5-mm-
thick compact specimens (TL orientation) were performed in a liquid helium environment 
on nine steel heats having carbon plus nitrogen (C-l-N) contents between 0.067 and 0.325 
weight percent. The fracture toughness decreased with increasing C-fN content. The K^^ 
estimates obtained at 4 K ranged from 337 to 123 MPa-m'''^, exhibiting an inverse 
dependence on tensile yield stress. A computer-aided J-integral test facility was im
plemented to conduct this study. This new facility improves measurement accuracy, con
serves material specimens and testing time, and systematizes test procedures. 

KEY WORDS: computer-aided mechanical tests, cryogenic mechanical properties, frac
ture (materials), fracture toughness, J-integral, low-temperature tests, stainless steels 

Acceptance of the parameter Ji^ as a measure of the fracture resistance of 
metals has become widespread in recent years. A large volume of J-integral 
fracture toughness data on a variety of candidate materials for low-tempera
ture applications has been accumulated. J-integral testing has the advantage 
of being applicable to smaller specimens (up to 100 times smaller) and tougher 
materials compared with the plane-strain fracture test {Ki^ test). A disadvan
tage of the J-integral technique has been its experimental difficulty. Previous 
test methods have required approximately five specimens and lengthy data 
reduction procedures [l]? Recently developed single-specimen J-integral test 

'Metallurgists, National Bureau of Standards, Boulder, Colo. 80303. 
^The italic numbers in brackets refer to the list of references appended to this paper. 
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techniques [2] eliminated the multiple-specimen requirement, but the data 
reduction procedure was still lengthy. In the computer-aided J-integral test, 
most of the data-reduction procedure is automated; the apparatus produces a 
plot of the J-integral value versus crack extension from which Jj,. can be 
quickly and simply extracted. 

The AISI300 series stainless steels are austenitic iron-chromium-nickel (Fe-
Cr-Ni) alloys, offering relatively low strength but excellent cryogenic ductility 
and toughness [3]. By virtue of favorable mechanical properties, service 
history, and availability, AISI 304 is perhaps the most widely used cryogenic 
alloy in the world. The nitrogen-strengthened grades such as AISI 304 N or 
AISI 304 LN have attracted attention recently as possible substitutes for AISI 
304 in applications demanding higher strength. Nitrogen is a relatively inex
pensive and effective strengthener. Nitrogen also stabilizes the austenitic 
structure and reduces the probability of martensite transformation when stress 
is applied at cryogenic temperatures. Carbon has similar effects, but carbon 
contents in austenitic stainless steels must be held to low levels to prevent sen
sitization (chromium carbide precipitation) during thermal excursions. 

Nitrogen-strengthened austenitic stainless steels are gaining popularity, but 
some applications are hindered by limited availability, limited service ex
perience, lower fracture toughness, and lack of cryogenic design data. Most 
mechanical property studies conducted on these steels [4-18] are concerned 
only with room temperature behavior. In the present study, fracture toughness 
measurements for nine heats of an Fe-18Cr-10Ni stainless steel are reported at 
4 K. The carbon and nitrogen contents of the nine heats were varied to enable 
a systematic study of interstitial concentration. The results can be used to 
predict the strength and toughness of commercial steels of given compositions, 
or to tailor the properties for a particular application by appropriate specifica
tion of the steel composition. 

Materials 

Nine stainless steel plates were procured from the research laboratories of a 
major steel manufacturer. These plates had a nominal base composition falling 
within the limits set by the ASTM Specification for Heat-Resisting Chromium 
and Chromium-Nickel Stainless Steel Plate, Sheet, and Strip for Fusion-
Welded Unfired Pressure Vessels (A 240-78a) for AISI 304 stainless steel: Fe-
18Cr-10Ni-l.5Mn-0.02P-0.02S-0.55Si-0.2Mo-0.2Cu. The carbon and nitro
gen levels, however, varied with carbon at 0.03, 0.06, or 0.09 weight percent, 
and nitrogen at 0.04, 0.12, or 0.24 weight percent. The mill chemical analyses 
are listed in Table 1. The nine plates were produced from three 136-kg 
vacuum-induction-melted heats, split with respect to carbon level, and teemed 
into 76 by 200 by 360-cm hot-topped cast iron ingot molds. The ingots were 
then reheated and soaked at 1561 K, hot-rolled to 25.4-mm-thick plates, and 
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air-cooled. The plates were finally annealed at 1332 ± 7 K for 1 h and water-
quenched. Hardness and grain size measurements are listed in Table 1. 

Methods 

Since elastic-plastic fracture was anticipated in the test materials, the Ji^ 
parameter was measured. The measurement problem in/jj. testing is to obtain 
the required plot of J-integral, / , versus crack extension, Aa, from the directly 
measured quantities, which are the load, P, on the specimen and the relative 
displacement, 5, of two measurement points located on the specimen load line 
on opposite sides of the notch (Fig. 1). The/-value is proportional to the area 
under the (P, 5) curve (Fig. 2), and can be easily determined for any point 
along the curve. The shaded area in Fig. 2 is proportional to / at the point 
labeled "a". The principle used to measure Aa is that the crack length, a, is 
related to the slope of the specimen's (P, 8) curve for elastic conditions through 
the known specimen compliance function. The Aa measurement procedure is 
to partially (about 10 percent) unload the specimen while recording load 
displacement changes (Figs. 2 and 3). Subsequent unloadings at increasing 
crack extension values result in increased compliance. The crack extension at 
a given unloading is the difference between the crack length measured in that 
unloading minus the initial crack length, measured by an unloading carried 
out before crack extension. 

The cryostat system that was used for computer-aided J-integral testing was 

600,-

z 

< 
DC 
O 
Ol 

400 

200 

1 2 

CRACK EXTENSION, Aa (mm) 

FIG. 1—TypicalJ-integral versus crack extension curve. 
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FIG. 2—Typical load versus specimen displacement curve, indicating J-integral area for 
specimen at Point a. 
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FIG. 3—Calibration curve of load change versus displacement change. 

described previously by Fowlkes and Tobler [19\. The specimen loading is con
trolled in conventional fashion by the operator. The computer is used only in 
data acquisition and reduction. An analog ramp generator controlled by the 
operator applies a smoothly varying signal to the test machine control circuitry 
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to allow unloading-reloading cycles as necessary. The additional equipment 
needed for computer-aided testing includes a multichannel analog-digital con
version system, the computer itself, a cathode ray tube (CRT) terminal, a dual 
floppy disk data storage unit and a digital plotter (Fig. 4). 

Two signals are used to direct the operation of the data acquisition system. 
One is derived from the output of the ramp generator by which the operator 
initiates the unloading-reloading cycle. When the ramp generator is activated, 
a signal transmitted to the processor commands it to begin to acquire and store 
load and displacement change data during the unloading-reloading cycle. 
Data are stored until the load again reaches the value it had before the 
unloading. The test continues through as many unloading cycles as desired un
til the operator activates the quit signal, which directs the processor to await 
the operator's command, entered at the CRT terminal, to stop the data ac
quisition procedure and terminate the test. 

During the incremental unloading required to measure Aa, displacement 
changes of the order of 0.05 mm and load changes of the order of 5 kN must be 
correlated accurately. These changes correspond to a change in the overall 
displacement signal of about 70 mV and a change in the load signal of about 1 
V. Because the analog-to-digital converter used has only 16-bit resolution, the 
displacement signal cannot be converted directly to digital form with precision 
sufficient for accurate measurement of this displacement change. The 
measurement of the small displacement changes which occur during the 
unloading-reloading cycles is facilitated by regarding the overall displacement 
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ta / / 
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Test System 
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FIG. 4—Flow chart of recording and analyses computer system for fracture testing. 
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as consisting of small changing displacements superimposed on a large 
reference displacement value. The measurement is accomplished by canceling 
out the reference part, then converting the small displacement changes to 
digital form with high resolution. To achieve this cancelation, the overall 
displacement is converted to digital form at the beginning of each unloading-
reloading cycle. This initial value is treated as the reference part. In order to 
cancel out this reference part of the displacement signal, a digital-to-analog 
converter with 14-bit resolution is used to apply a voltage equivalent to the 
reference part of the displacement signal to one terminal of a differential high-
sensitivity analog-to-digital conversion channel. The overall displacement 
signal is applied to the other input terminal of this channel. This results in the 
analog-to-digital conversion of a voltage equal to the difference between the in
stantaneous value of the displacement signal and its value at the beginning of 
the unloading. This difference signal is the required change-of-displacement 
signal, and is converted to digital form with 16-bit resolution of its 80-mV 
range. The least significant bit represents about 2.5 ^V, which is quite suffi
cient. The load change signal is produced in a similar manner using another 
digital-to-analog converted signal, and converted to digital form with 16-bit 
resolution at the 1.25-V level. Here the least-significant bit represents about 40 
^V, which is again quite sufficient. 

Approximately 80 load-change and displacement-change data points are ob
tained for each unloading-reloading cycle over a 30-s period. These data are 
plotted during the unloading-reloading cycle using a digital plotter, forming a 
plot like Fig. 3. From this plot the presence of excessive noise or other im
proper behavior in the signals can be easily observed. The load-change and 
displacement-change data are correlated using a least-squares fit. From the 
resulting slope the instantaneous crack length is calculated using the known 
expression for the compliance of the specimen. 

Each (/, Aa) datum is plotted by the digital plotter as soon as it is available, 
forming a plot similar to Fig. 1. This plot allows convenient monitoring of the 
progress and quality of the test in real time. The values are also displayed on a 
CRT terminal for transcription. This step will be replaced by an automatic 
printout when facilities become available. The least-squares fit and data out
put procedure takes about 12 s. 

The record of the completed test consists of the (J, Aa), (P, 8), and (AP, A8) 
plots, the transcribed (/, Aa) data, and three files stored on a floppy disk dur
ing the test, one containing the (/, Aa) values and a few other key data, one 
containing all the (P, 8) data, and one containing all the (6P, AS) data. 

The National Bureau of Standards (NBS) computer-aided J-integral test 
facility is similar to that described by Joyce and Gudas [20]. The differences 
are in the specific types of equipment used and in the real-time outputs. Real 
time is used here to mean during the course of the test, as opposed to after 
the test is completed. 
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The procedure for extracting/and Aa from the directly measured load and 
displacement on a deeply notched compact tension specimen is as follows. The 
electrical signals from the load cell and displacement gage are amplified by the 
electronics supplied with the closed-loop servohydraulic apparatus used for the 
test. A plot of load versus displacement similar to Fig. 2 is produced by an x-y 
plotter throughout the course of the test. Either signal may be displayed on a 
digital readout. The plot and readout are used by the operator to monitor the 
progress of the test. 

The amplified load and displacement signals are also introduced into an 
analog-to-digital conversion system to permit calculation of / and Aa. At this 
point, the overall levels of the signals range between 0 and 10 V. These signals 
are converted to digital form with a resolution of 16 bits; the least significant 
bit represents about 0.3 mV. The overall load and displacement values are 
used for calculating the instantaneous /-value, which is proportional to the 
area under the load-displacement curve. Stored overall-displacement points 
are separated by 2.5 X lO-'. Smaller observed overall-displacement increments 
are not stored. Computations of the instantaneous 7-value are made when the 
overall displacement has increased sufficiently from the previously stored 
value. 

The geometry of the Fe-Cr-Ni compact specimens tested in this study is 
shown in Fig. 5. The specimens were machined in the TL orientation as 
defined by ASTM Test for Plane-Strain Fracture Toughness of Metallic 
Materials (E 399-78a). The specimens were fatigue cracked at 4 K to a crack 
length between 28.8 and 36 mm {a/W— 0.57 to 0.71). The specimens were 

63.5 

COMPACT SPECIMEN 
Thickness = 24.5 mm 

FIG. 5—Specimen geometry used for fracture mechanics tests. 
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then /-tested in displacement control, and partial unloadings were performed 
periodically. The /-value at each unloading point was calculated using the ex
pression: 

/ = Bb 

where 

X = 
A = 
b = 
B = 

Merkle-Corten factor dependent on crack length [21], 
area under load-versus-deflection curve at unloading point 
specimen ligament {b = W — a), and 
specimen thickness. 

/-resistance curves consisting of many sets of / and Aa points were generated, 
as shown by the example in Fig. 6. 

The/jc-value for each steel was taken at the intersection of the/-resistance 
curve with the blunting line. The blunting line is given by / = 2CTJ Aa where Of 
is the flow stress, which is the average of the yield and ultimate tensile 
stresses. As shown in Fig. 6, there is an artificial offset of the data from the 
theoretical blunting line, so a blunting line parallel to the theoretical blunt
ing line but passing through the data was used. After the test, the Aa-values 
inferred from compliance data were found to be up to 50 percent lower than 
the actual values found by direct measurement from the fracture surfaces. 
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FIG. 6—TypicalJ-resistance curve for an austenitic stainless steel tested at 4 K. 
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The agreement is better at lower crack extension values. This causes a signifi
cant error in the resistance curve slopes, but has less effect on the /jc-values. 
Uncertainty in the/ic-values is estimated at about ±12 percent. 

The validity of Ji^ results was determined by the size criterion which re
quires that [/] 

B, b, a> — 

In all low-temperature fracture tests, partial transformation of the 
paramagnetic austenite to ferromagnetic a ' [body-centered cubic (bcc)] 
martensite was observed (for example, Ret 22). The extent of a'-transforma
tion was estimated using a bar-magnet device [23]. Small amounts of e 
(close-packed hexagonal) martensite may also have formed, but this was not 
measured. 

Results and Discussion 

At the time of writing, the computer-aided J-integral methods have been in 
use for nine months and have proved satisfactory. In comparison with the mul
tiple specimen and non-computer-aided single-specimen techniques previ
ously used, the new methodology has eliminated about 4 h of data reduction 
per test, and has provided a real-time readout of the test progress and quality. 
The cost of the complete data-acquisition system, including analog-to-digital 
converters, processor, digital plotter, and CRT terminal is estimated at 
about $25 000. 

/ic results were obtained for seven of the austenitic stainless steels tested, but 
the data for the two lower strength heats with C + N (0.067 and 0.097 weight 
percent) were invalid. The maximum /-values in these tests exceeded the 
allowable limits for 24.5-mm-thick specimens. Moreover, the round-house 
curves obtained could not be analyzed according to conventional techniques 
because there was no obvious knee at the blunting line-resistance curve in
tersection. The /ic values for the seven steels at 4 K range from 63 to 499 
kJ/m^, while the yield stresses for the same materials at 4 K range from 329 to 
1286 MPa (Table 2). Higher toughness is associated with lower interstitial C + 
N contents, and hence lower strength. All of the steels tested exhibited a duc
tile dimpled fracture mode at 4 K, as shown by the scanning electron frac-
tographs of Figs. 7 and 8. 

Estimates of the plane-strain fracture toughness parameter TsTjc which would 
be observed under linear-elastic conditions were obtained using the relation
ship 

(1 - v^) 
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TABLE 2 

Specimen 

1 
2 
3 
4 
5 

6-A 
6-B 

7 
8-A 
8-B 

9 

—Yield stress and J-integral toughness results for Fe-18Cr-10Ni steels 

C + N Con
tent, weight 

% 

0.067 
0.097 
0.128 
0.157 
0.187 
0.214 
0.214 
0.270 
0.297 
0.297 
0.325 

Yield Stress, 
Oy. 

MPa 

329 
445 
530 
745 
876 
896 
896 

1186 
1178 
1178 
1286 

Flow Stress, 
"/. 

MPa 

892 
996 

1029 
1158 
1288 
1264 
1264 
1411 
1456 
1456 
1496 

25 J^^ 

"f ' 

mm 

NA 
NA 

12.2 
6.7 
4.5 
4.3 
5.3 
1.2 
1.5 
1.3 
1.1 

/ ic . 
IcJ/m^ 

NA 
NA 
499 
312 
230 
218 
272 
67 
88 
78 
63 

at4K. 

Kic (/)," 
MPa'^2 

NA 
NA 
337 
266 
230 
222 
249 
124 
141 
133 
124 

"Calculated from the expression A'lc^ = / ] ( .£7 (1 —j-^), assuming^ = 206.8 GPa and c = 0.3 
at r = 4 K. 

where 

E = Young's modulus, 
V = Poisson's ratio, and 

^ic O ~ ^n estimate oiKi^ from/jc-

The values ofE and v for the stainless steels at 4 K were estimated to be 206.8 
GPa and 0.3 [24], respectively. The calculatedlirie estimates are plotted versus 
C + N content in Fig. 9, and versus yield stress in Fig. 10. As shown, the Ki^ 
(/)-values decrease linearly with interstitial concentration, and are inversely 
related to yield stress. Therefore nitrogen, which is a particularly effective 
strengthener, also has a strong influence on fracture toughness at cryogenic 
temperatures. An expression governing the relationship between fracture 
toughness and yield stress was derived from Fig. 10. 

Kic (7) = 500 - 0.3 ffy 

The data scatter of Kic (J) from this expression is ±20 MPa-m^^^. 
The present results compare well with existing data, some of which are 

shown for comparison in Fig. 10. The AISI304 N datum of Read and Reed [5] 
falls slightly below the present data, reflecting differences owing to metallurgy 
or measurement techniques. The Fe-Cr-Ni-Mn-N (Nitronic) steels tend to have 
higher nitrogen contents, higher 4 K strength, and lower toughness as com
pared with the Fe-Cr-Ni-N (AISI 304) steels [4]. Yet, the Fe-Cr-Ni-Mn-N steels 
in Fig. 10 appear to possess superior toughness than would be expected from 
the extrapolated trend for Fe-Cr-Ni-N steels. It is uncertain whether this is due 
to metallurgical effects, or whether the apparent superiority could be due to 
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measurement bias since the Fe-Cr-Ni-Mn-N data were obtained by other 
methods, including the multispecimen technique, which have greater/i(, 
uncertainty. 

The inverse relationship of Oj, and /fjc is well known for linear-elastic frac
ture toughness data. Now there is appreciable evidence that the inverse rela
tionship holds in the elastic-plastic regime as well. Previous 4 K data for a 
variety of austenitic stainless steels and uncontrolled metallurgical conditions 
[5] indicated a linear trend of lesser slope than shown in Fig. 10. It is advan
tageous that the present data derive from a controlled alloy series in which 
strength was varied by interstitial content while other compositional and pro
cessing variables were constant. 

The approximate amount of a' (bcc) martensite formed during fatigue and 
fracture at 4 K is plotted as a function of interstitial content in Fig. 11. These 
results provide only an approximate indication of the extent of phase transfor
mation, because the measurements were taken directly from the compact 
specimen fracture surfaces, which are rough and unmachined. It is clear from 
Fig. 11 that some martensite forms in all of the steels during testing. The 
quantity of martensite that forms would be expected to increase with the 
plastic zone size. Referring to Fig. 11, more a' is detected in steel specimens of 
lower strength, higher toughness, and, presumably, larger plastic zone size. It 
is not clear at this time whether the formation of martensite plays a significant 
role in the fracture process of these metastable steels. 

Summary and Conclusions 

1. New computer-assisted J-integral test methods and facilities have been 
developed and applied to cryogenic fracture testing. 

2. Fracture toughness measurements at 4 K are reported for Fe-18Cr-10Ni 
austenitic stainless steels having C + N contents ranging from 0.067 to 0.325 
weight percent. 

3. The fracture toughness at 4 K decreased with increasing C + N content, 
and the /fic-values estimated from Ji^ (ranging from 123 to 337 MPa-m'^^) 
were inversely related to yield stress. 

4. Further improvements in our J-integral test procedure should be directed 
at reducing the blunting line offset and improving the accuracy of Aa-values 
inferred by compliance measurements. 
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FIG. 9—Dependence of Kj^ at 4 K on carbon and nitrogen content. 
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FIG. 10—Inverse relationship between fracture toughness and yield stress for austenitic 
stainless steels at 4 K. 
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ABSTRACT: In addition to the widely recognized continuum mechanics restrictions 
associated with the use of fracture mechanics, there are a number of problems and areas 
of concern that en arise in the application of the technology to actual situations. These 
problems range from the development of adequate material properties data to the 
analytical and defect characterization aspects of the technology. Some of these problems 
are identified and discussed with regard to their potential impact on structural life 
predictions and quantitative risk analyses. Material characterization problems associated 
with data scatter, prior loading effects, and time-dependent behavior are included along 
with the consideration of the probability of flaw detection and the analysis of small 
defects and interacting flaws. Suggestions and recommendations for experimental work 
required to resolve these problems are included. 

KEY WORDS: fracture, stresses, cracks, testing, growth, environment, strength, 
failures, fatigue, corrosion, toughness 

In recent years, it has been clearly demonstrated that the concepts of 
cracked-body fracture mechanics provide significant advantages over the 
more traditional methods of material selection and design. Consequently, 
fracture mechanics has become the preferred and, in some cases, the re
quired method of structural analysis for many critical components. The suc
cess of fracture mechanics in these and other applications has led to the wide 
acceptance and rapidly increasing use of the technology for a broad range of 
material characterization and structural integrity considerations. Despite 
this success, existing fracture mechanics methodology has several inherent 
limitations which must be considered in the rational application of the 
technique. For the most part, these limitations are generally well recognized 
and include problems such as the violation of continuum mechanics con
cepts, the characterization of elastic-plastic/plastic behavior, and the 
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development of adequate stress-intensity expressions for complex combined-
mode loading situations. However, in addition to these widely recognized 
limitations, there are a number of other problems and areas of concern which 
often arise in the application of fracture mechanics. Such problems range 
from the availability of appropriate design data to questions regarding the 
applicability of the technology itself. Although important in the prevailing 
deterministic or "worst case" approach to the application of fracture 
mechanics, these problems become even more significant in the considera
tion of a probabilistic fracture mechanics approach to structural life predic
tions. 

Recent work associated with the development and evaluation of reliability 
analysis techniques based on a probabilistic fracture mechanics approach 
has clearly demonstrated the potential value of this concept [1,2].^ Specifi
cally, such a methodology offers the ability to address structural reliability as 
a physical quantity which can be established as a design goal. Preliminary 
work has also revealed some of the major problems associated with the incor
poration of probabilistic and statistical considerations into a fracture 
mechanics analysis. Unfortunately, much of the current effort in this area is 
aimed at improvements in the statistical characterization of the required in
put data. Although extremely important to the overall development of a ra
tional probabilistic fracture mechanics methodology, overemphasis of the 
statistical aspects of the problem poses the danger of overshadowing some of 
the more fundamental limitations which can render even the most sophisti
cated probabilistic analysis useless. Clearly, an adequate approach to the 
development of a useful probabilistic fracture mechanics methodology re
quires a combined effort which addresses both the statistical as well as the 
more general problems. 

This paper is intended to identify some of the most important problems 
and limitations encountered in the application of fracture mechanics tech
nology to actual material selection and design considerations. Particular em
phasis is placed on low visibility problems which must be addressed and 
resolved before a rational probabilistic fracture mechanics methodology can 
be developed. Discussion is limited primarily to linear elastic fracture 
mechanics (LEFM) considerations, and problems related to the inherent 
limitations of the technology (continuum mechanics restrictions) are not in
cluded. The problems of concern are addressed from the point of view of the 
three major areas of input required in the application of the technology: (1) 
material characterization, (2) nondestructive inspection or defect characteri
zation, and (3) stress/stress-intensity analysis information. There is no at
tempt to prioritize the problem areas since the specific priority would depend 
upon the actual application being considered. Suggestions and recommenda
tions for research and development programs to resolve these problems are 
included. 

^The italic numbers in brackets refer to the list of references appended to this paper. 
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Material Characterization Problems 

The successful application of fracture mechanics requires cracked-body 
material properties data that truly represent the component and intended 
service conditions of interest. It is generally well recognized that most frac
ture mechanics material properties (Ki^, Ki^c> da/dN, da/dt) are strongly 
dependent upon material, mechanical loading, and environmental variables. 
As a result, considerable attention is usually given to these variables in the 
development of material properties data for a fracture mechanics analysis of 
a given structure. However, there are several important aspects of the 
material characterization problem which have yet to be resolved with regard 
to their potential impact on structural integrity and life prediction. These 
areas of concern include considerations associated with data scatter, prior 
loading effects, and time-dependent behavior. 

Data Scatter 

It is widely recognized that the crack growth and fracture properties of 
structural alloys can be strongly dependent upon several inherent material 
variables, including strength level, alloy composition, microstructure, and 
crack orientation. This variability in fracture properties leads to a major 
problem associated with the state-of-the-art application of fracture me
chanics, specifically, data scatter. 

To date, a limited amount of effort has been directed at the characteriza
tion of data scatter associated with fracture mechanics material properties. 
Generally, instead of conducting a statistical evaluation of the available data 
(usually because of the lack of data), an extreme worst-case value is used to 
represent the behavior of concern. This approach was taken in the develop
ment of the reference fracture toughness curve for Section III, Appendix G of 
the American Society of Mechanical Engineers (ASME) Pressure Vessel 
Code (Fig. 1) [3], Although satisfactory in a deterministic analysis, such a 
technique is not adequate in a probabilistic approach to structural integrity. 
A quantitative characterization of data scatter is required. 

Most of the effort directed at the evaluation of data scatter in fracture 
properties has focused on fracture toughness considerations. Typically, it has 
been reported that scatter on the order of ± 10 to 15 percent of the average is 
encountered for Ki^. testing of high-quality materials.^ Although such results 
appear adequate, very little information is currently available regarding the 
scatter likely to be encountered in other important properties such as Ki^^ 
and corrosion-fatigue crack growth rate data. In fact, the small amount of 
data which do exist in these areas are disturbing. Specifically, in one instance 
involving a single test procedure—more than a dozen replicate tests— 
specimens from the same forging and an extremely reproducible environ-

^The data in Fig. 1 represent several different steels and two different test methods and, as 
such, do not illustrate this low scatter. 
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FIG. 1—Derivation of curve of reference stress-intensity factor (^jg). 

ment (H2S gas), Ki^^ was found to vary by more than ±20 percent of the 
average value {4\. In a round-robin investigation of Ki^^ performance cur
rently being conducted by ASTM Committee ^lAM.Ql, data scatter on the 
order of ±30 percent has been observed [5]. These data represent results 
from 14 different laboratories with the same material and environment and a 
common specimen design. In view of such results it is hard to justify the cur
rent practice of duplicate tests to establish Ki^^. Obviously two tests are not 
sufficient to characterize behavior that may involve as much as ±30 percent 
scatter. 

A systematic evaluation of scatter in corrosion-fatigue crack growth rate 
data has yet to be reported. However, such scatter can be expected to exceed 
the factor of 2 to 3 on growth rate, da/dN, typically encountered in inert en
vironment tests {6\. 

In view of the magnitude of data scatter encountered in environment frac
ture properties, it is apparent that a significant effort is required to both 
define the variability that can be expected in such tests and to develop recom
mendations regarding minimum testing requirements. Only when this infor
mation is available will it be possible to properly incorporate such data into a 
rational probabilistic fracture mechanics methodology. 

Prior Loading Effects 

The potential problems associated with the characterization of data scatter 
can have a significant impact on the successful use of fracture mechanics. 
However, there are other areas of concern associated with material character-
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ization that can be even more important. Most of these problems are related 
directly to questions regarding the applicability of conventional fracture 
mechanics material properties to actual service loading conditions. Of par
ticular concern is the effect of prior mechanical loading on subsequent crack 
growth and fracture behavior. 

The fracture toughness parameter, Ki^, is intended to define the critical 
combination of applied stress and defect size required to cause fracture 
under linear-elastic, monotonic loading conditions involving a single applica
tion of load. The stress-corrosion threshold parameter, Ki^cc^ defines the 
onset of environment-induced crack extension under static loading and, 
again, for one application of load. However, rarely do such tests represent ac
tual service loading conditions. In general, we are much more likely to en
counter some kind of prior loading ranging from a few periodic "start-stop" 
cycles to extensive high-cycle fatigue. Thus, a valid question regarding the 
use of such parameters involves the potential impact of prior loading on these 
properties. 

Prestressing—Prestressing, for the purpose of this discussion, refers to 
limited periodic loading beyond the normal expected loading of the hard
ware. Virtually all engineering structures are likely to be subjected to 
prestressing or even overloading as the result of fabrication, shipping and 
handling, proof-testing, and transient loading is service. Such irregular 
loading is, likely to have a very significant effect on the subsequent crack 
growth and fracture behavior of the material. 

The effect of periodic load excursions and transients on fatigue crack 
growth rate behavior has been the subject of investigation for several years. 
Although a universally applicable predictive model has yet to be developed, it 
has been clearly demonstrated that such load fluctuations can significantly 
retard or even stop a growing fatigue crack [7]. 

However, very little quantitative information exists regarding the potential 
impact of prestressing on A'jc, A'isco or environment-induced static-load 
crack growth. Obviously, if prestressing can alter the fracture properties of a 
material, it is important to be able to characterize this behavior in a risk 
analysis. 

The question of prestressing has been addressed to some extent in the 
development of the ASTM Test for Plan-Strain Fracture Toughness of 
Metallic Materials (E 399-78a) and it has been shown that prior loading at a 
sufficiently high stress level can significantly alter (increase) the apparent 
value of ^i,.. Thus, the recommended practice limits the magnitude of prior 
loading in Ki^ testing. Equivalent restrictions apply to other crack growth 
and fracture tests. However, these restrictions are somewhat arbitrary and it 
is not possible to quantitatively predict the impact of prior loading on subse
quent fracture toughness performance. 

Limited data exist which show that prestressing can significantly alter the 
environment-induced crack growth and fracture behavior of a material. 
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Carter has shown that prior tension loading in air can increase the measured 
value of Kiscc (AISI 4340 steel in seawater) by at least a factor of 2 [8]. In ad
dition, it has been shown that prestressing in air prior to loading in a 
detrimental environment can significantly alter the notched-body fracture 
behavior of high-strength steels [9]. Such observations indicate that pre
stressing can have a significant effect on fracture performance. Conse
quently, where applicable, this behavior must be addressed in a rational life-
prediction analysis. 

Cyclic Loading—Another area of concern related to prior loading effects 
involves the potential impact of cyclic loading on Ki^ or Ki^^ parameters. 
Specifically, does cyclic loading to failure or the onset of environmental 
cracking yield the same critical values of Ki^ and Ki^^. as the more conven
tional (monotonic or static) tests? 

Again, this problem has been addressed in the development of the current 
ASTM specification for K^^ testing (E 399-78a) and it has been shown that 
fatigue precracking at high stress levels (approximately 60 percent of /fic or 
higher) can significantly alter the value of ^i,,. Thus, the recommended prac
tice limits the magnitude of the precracking conditions. More detailed 
studies of such behavior have indicated the potential severity of this problem. 

Dowling has examined the impact of cyclic loading to failure on the Ki^ 
fracture toughness of several intermediate-strength steels (ASTM A533B, 
A469, and A470) and a high-strength aluminum alloy (7075-T651) [10]. For 
the case of the aluminum alloy and the A533B (manganese-molybdenum) 
and A469 (nickel-chromium-molybdenum-vanadium) steels, cyclic loading 
to failure resulted in a /Tic-value essentially equal to that measured as the 
result of a conventional rising-load Ki^ test. The data developed for the 
7075-T651 aluminum alloy are shown in Fig. 2. For the ASTM A470 
(chromium-molybdenum-vanadium) steel, however, failure as the result of 
cyclic loading yields critical /sTj-values about twice as high as those obtained 
from a standard /LJC test. These data are shown in Fig. 3. Such results imply 
that cyclic loading to failure, at least in some materials, may significantly 
elevate the effective toughness. If this behavior occurs in a real structure, a 
problem obviously exists as to what critical toughness value should be used in 
a risk analysis. Perhaps an even more important question is. Can cyclic 
loading lead to failure below the established /sTje-value? Limited data 
developed by Troshchenko et al show that such behavior can occur [11]. 

This case is illustrated in Fig. 4 for two low-strength [345 MPa (50 ksi) 
yield strength] structural steels tested at low temperature. Note the severe 
degradation in toughness associated with cyclic loading to failure. Such 
behavior can have a significant impact on structural performance. Conse
quently, additional effort is required to understand the mechanisms involved 
and to permit the incorporation of the appropriate critical toughness values 
into an accurate probabilistic life prediction. The concern for cyclic loading 
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effects on Ki^ toughness is equally applicable to elastic-plastic fracture 
criteria; for example, /jc and /-resistance curves. 

The potential effect of cyclic loading on toughness is obviously an impor
tant concern in a rational life prediction analysis. However, the problem may 
be even more significant for the case of environmental behavior where Ki^^. is 
used to establish the critical combination of applied stress and flaw size 
below which environment-induced cracking is not expected to occur under 
static loading conditions. Again we are faced with the problem of how well a 
conventional laboratory test represents actual service performance, which 
rarely, if ever, involves a single application of load or static loading. 

It is well recognized that under cyclic loading, environment-accelerated 
fatigue crack growth behavior can occur at stress-intensity-range (A/iT) levels 
far below the K^^^ established from a static load test. In addition, it is well 
known that both loading frequency and waveform can have a very significant 
effect on crack growth rate [12]. Specifically, for a given material-
environment system there is a particular frequency at which the crack growth 
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rate is maximized. A dramatic illustration of environment-assisted cracking 
below Â iscc and the effect of loading frequency is provided in Fig. 5 [13]. In 
view of such observations related to corrosion-fatigue behavior, it is 
reasonable to question the use of the Â ucc parameter to define the threshold 
for environment-induced cracking in real structures which experience 
periodic loading. Periodic or cyclic loading may significantly alter the Ki^^ 
threshold parameter. The basic question becomes: What constitutes cyclic 
loading and when does corrosion-fatigue behavior prevail over static loading 
predictions? In other words, when can we use Ki^^c as a meaningful design 
parameter? Does one "start-stop" loading cycle per day, month, etc. repre
sent cyclic or static loading conditions, and what kind of information is re
quired to make useful life predictions? Unfortunately, the data required to 
address this vety important question do not exist. Very-low-frequency con-
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trolled ramp corrosion-fatigue data must be developed and compared with 
conventional static loading ATjscc data to validate the use of this design 
parameter. 

Time-Dependent Behavior 

Questions regarding the use of the Ki^^ parameter are not limited to con
cerns associated with mechanical loading interactions alone. Another ex
tremely important area is time-dependent behavior. Environment-induced 
cracking is a time-dependent phenomenon controlled by the kinetics of the 
material-environment-stress reactions. Thus, parameters such as exposure 
time in the environment and nonsteady-state conditions can impact subse
quent fracture behavior. 

Exposure Time—Exposure time in the environment of concern is widely 
known to have an important effect on crack initiation and growth behavior. 
However, the question as to how much time is required to yield a satisfactory 
ATiscc parameter has not been resolved. In addition, it appears that different 
material-environment systems require different amounts of exposure time to 
yieldavalid/TiscefT]. 

Presently, the typical approach to the determination of a /fis^c-value for 
design purposes involves exposure times of significantly less than 10 000 h. 
In addition, rarely is the testing time noted as an integral part of the material 
properties data. As a result, relatively short-time test data are often used to 
estimate very-long-time material performance. The potential impact of ex
posure time on /Ciscc data is given in Table 1. Note that in this test, 879 days 
(2.4 years) were required to develop a satisfactory estimate of Ki^^. When 

TABLE 1—Results of accelerated versus long time K/ĵ .̂  testing. 

Material: 155 ksi° a^^ Ni-Cr-Mo-V* Steel (ASTM A471) 
Environment: 212°F'' Steam -I- 40 ppm Oj 

Test: IT WOL Bolt Loaded (Decreasing ATj) 

Exposure Time, Crack Extension, Stress Intensity, 
h (days) cm. (in.) MPaVm (ksiVin. ) 

0 0 
5 200 (217) 0.66 (0.26) 

14 100(587) 1.98(0.78) 
21 100 (879) 2.69 (1.06) 

Rising Load A'lscc Test 50 psig'' H2S 
Time: 150-min Apparent Ky^^ 22.5 MPaVm (20.5 ksi\ 

"155 ksi = 1062 MPa. 
*NickeI-chromium-molybdenum-vanadium. 
'•212°F = 100°C. 
''50 psig = 345 kPa. 

88 (80) 
77 (70) 
46 (42) 
23 (21) 

/iiT) 
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crack extension does occur as noted in Table 1, confidence in the test is 
enhanced and the results are meaningful. However, when no cracking occurs 
after a given amount of exposure time, we are faced with an interpretation 
problem—either the test was not long enough or the material is resistant to 
the environment. 

Problems with exposure time or crack incubation make the development of 
accelerated Kis^c testing techniques very attractive. As shown in Table 1, pro
cedures such as the rising-load hydrogen sulfide test can significantly reduce 
required testing time [14], However, accelerated testing techniques, in 
themselves, give rise to other problems. Specifically, do the accelerated 
testing conditions truly represent the intended service conditions? 

Based on the existing problems associated with the use of Kj^^ as a design 
parameter, it is obvious that further effort is required to qualify the validity 
of this parameter for use in a rational life-prediction analysis. A detailed 
evaluation of the impact of realistic loading variables on Kj^^ "^ust be con
ducted. From the discussion presented here, it appears that some type of 
limited prior loading in the environment of concern may offer the potential to 
reduce the crack incubation time and, thus, yield a meaningful accelerated 
test. 

Nonsteady-State Effects—Another important aspect of environment-in
duced cracking behavior which can have a direct influence on life-prediction 
accuracy involves the effect of nonsteady-state behavior on crack growth per
formance. The practical significance of this time-dependent behavior is that 
it can cause laboratory data to misrepresent crack growth rates which occur 
under service conditions. 

A basic tenet associated with the use of fracture mechanics to characterize 
crack growth rate behavior is a unique geometry-independent relationship 
between the rate of crack growth and the crack tip stress-intensity factor, K. 
However, recent data developed on low-alloy steels exposed to aqueous en
vironments under both static and cyclic loading indicate that the relationship 
between growth rate and stress intensity can be strongly affected by the initial 
test conditions, test interruptions, and changes in loading variables. Hudak 
and Wei have shown that these phenomena are caused by nonsteady-state en
vironmental effects associated with the underlying kinetics of hydrogen em-
brittlement at the crack tip [15]. The potential significance of such behavior 
is illustrated in Fig. 6, where the static load crack growth rate behavior of an 
AISI 4340 steel exposed to water is plotted as a function of K^. Note the 
strong dependence of da/dt on initial /T-level. Similar results have been 
observed under cyclic loading where, in this case, the delayed behavior is 
often misinterpreted to reflect a fatigue threshold. Such transient growth rate 
phenomena can be important both in the evaluation of test data and in 
design life considerations. It is not yet possible, however, to adequately 
characterize such behavior for incorporation into reliability analyses despite 
the potential impact on life predictions. 
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FIG. 6—Dependence of static-load crack growth kinetics on initially applied stress-intensity 
factor, K, (Hudak and Wei). 

Defect Characterization 

Perhaps the weakest link in the successful application of fracture me
chanics technology is the area of defect characterization or, more spe
cifically, nondestructive inspection limitations. An adequate fracture 
mechanics analysis requires a detailed quantitative characterization of the 
type of defect or defects which exist or are likely to exist in the structure of 
concern. Not only defect size (length and depth), but information regarding 
shape, orientation location, and spacing must be available. Until very re
cently, the sensitivity, accuracy, and reliability of various nondestructive 
evaluation (NDE) techniques have been a matter of debate and extensive 
discussion. As the result, quantitative information regarding flaw detection 
capabilities were not available for incorporation into fracture mechanics 
analyses. At best, an estimate of minimum detectable defect size based on 
past experience was used in the life prediction considerations. Although ade
quate from a deterministic point of view, such an approach is not satisfactory 
for a probabilistic analysis. Improved methods for the characterization of 
flaw detectability are required. 

Only recently has the subject of flaw detectability received the kind of at
tention required to provide rational guidelines for use in probabilistic life 
predictions. The bulk of this work has been sponsored by the U.S. Air Force 
and, consequently, the work has focused on the characterization of aircraft 
structures. An example of the type of data being developed is illustrated in 
Fig. 7. These data reflect the ability of various NDE methods to detect cir-
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FIG. 7—Comparison of four NDT techniques on reliability of flaw indications in steel 
cylinders (Packman et al). 

cumferential surface flaws (fatigue cracks) on the outside surface of a 
7.62-cm-diameter, (3 in.) 0.635-cm-wall, (1/4 in.) steel cylinder [16]. 

The reliability index used to analyze the data includes consideration of: (1) 
sensitivity—the ability to detect the presence of a flaw (percent of flaws 
found); (2) size accuracy—the ability to establish defect length; and (3) loca
tion accuracy—axial and radial measurement of flaw location. The flaw 
depth is inferred from the length measurement assuming a fixed length-to-
depth ratio. Among the important conclusions associated with this work is 
the fact that low reliability is due to the inability to accurately establish defect 
length. The poor sensitivity of the methods for detecting flaws smaller than 
0.5 cm (0.200 in.) long is also important. Such data provide valuable insight 
into NDE capabilities and the complexities involved in the characterization 
of such information. However, the reliability index used in this work provides 
only a qualitative measure of performance. 

More recent studies have addressed the statistical characterization of NDE 
capabilities [17\. An example of such data is shown in Fig. 8. In this case, 
various NDE inspection techniques were evaluated using controlled surface-
flawed test specimens. Both flaw detection probability and the associated 
confidence levels were established. The probability of detection (POD) at the 
95 percent confidence level is noted. These data mean that the NDE pro
cedure will find POD X 100 percent of the flaws in the given size range, 95 
percent of the time. Such attempts to quantify flaw detection capabilities 
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FIG. 8—NDE methods sensitivity for flat plates by point estimate method (Chang et at). 

represent a very significant advancement in structural reliability considera
tions. However, these data are applicable only to the specific inspection pro
cedure, detect type, and hardware involved. Considerably more work is re
quired to develop information regarding the characterization of defect shape, 
multiple defects, subsurface defects, and other areas of concern involved in a 
fracture mechanics analysis. In view of the formidable problems and com
plexities associated with the nondestructive inspection aspects of life predic
tion, it appears that this area will remain a major limitation in the develop
ment of a probabilistic fracture mechanics approach to design. 

Analytical Problems 

Problems related to the analytical aspects of the application of existing 
fracture mechanics technology are essentially limited to the characterization 
of elastic-plastic behavior and the evaluation of very complicated loading 
configurations which require advanced three-dimensional stress analysis 
techniques. From the practical point of view, these limitations are less 
restrictive than the existing material characterization and nondestructive in
spection problems. More specifically, the "state of the art" associated with 
the analytical aspects of applied fracture mechanics is far more advanced 
than the other areas of concern. However, there are a few problem areas 
which often develop in typical applications. For the most part these problems 
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involve the analysis of specific defect configurations and include small-defect 
and multiple-defect considerations. 

Small Defects 

Existing requirements for state-of-the-art crack growth and fracture 
testing include very explicit criteria regarding the minimum crack length re
quired to yield valid test results. Specifically, for a compact toughness 
specimen, the total crack length (crack starter notch plus fatigue crack as 
measured from the centerline of loading) must be sufficiently long to 
eliminate any undesirable interaction of the loading arrangement with the 
crack tip. In addition, the required fatigue precrack must be long enough to 
eliminate any influence of the crack starter notch on the crack tip. As a result 
of these criteria, a typical toughness test specimen has a relatively large 
preexisting crack [on the order of 2.54 cm (1 in.) long in a 2.54-cm-thick (1 
in.) specimen]. In actual service considerations, rarely are we concerned with 
initial defects this large. Most often we must address the performance of ini
tial defects on the order of the detection limit of the applicable NDE pro
cedure. In view of the crack size requirements for fracture mechanics testing 
versus the type of defects most likely of concern in actual applications, it is 
reasonable to question the applicability of existing fracture mechanics con
cepts to small flaws. More specifically, is there a defect size below which con
ventional linear-elastic fracture mechanics concepts do not apply? If so, it is 
obvious that such a limitation must be recognized in any attempt to conduct 
a rational, quantitative life-prediction analysis. 

Clark has addressed the small-defect problem for the case of high-strength 
steels and has reported that as long as the crack is at least 25 times larger 
than the associated crack-tip plastic zone size 

1 
67r 

{Kj/a^,)^ 

linear elastic fracture mechanics concepts are directly applicable [4\. This re
quirement is about one-half that included in the ASTM Method E 399-78a 

a = 2.S{Ki/a^,)^ 

However, even for the less-restrictive criterion, the applicability of fracture 
mechanics concepts to small defects can become an important question. 
Figure 9 shows a graphical presentation of the empirical plastic zone size to 
crack size criterion for the monotonic loading case as reported by Clark. Note 
that based on these results, the minimum-size surface flaw that could prop
erly be analyzed in a 690-MPa (100 ksi) yield strength material at an applied 
stress intensity of 66 MPaVm (60 ksiVin. ) is about 1.27 cm (0.500 in.) deep. 
Obviously, the successful use of fracture mechanics requires that defects 
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FIG. 9—Graphical presentation of small-defect criteria; a C. 25 r . 

smaller than that predicted from Fig. 9 be capable of accurate analysis. Even 
for the case of cyclic loading where the prevailing plastic zone is likely to be 
smaller, questions exist regarding the analysis of small-defect performance. 
Unfortunately, adequate data do not exist which define the defect size below 
which LEFM analysis is no longer valid. In view of the typical defect sizes of 
concern in actual applications, it is apparent that the small-defect problem 
must be resolved in order to improve the risk analysis capability. In addition, 
concerns regarding small defects may even be more important in the area of 
elastic-plastic fracture behavior. 

Interacting Defects 

Another extremely important area of concern associated with the impact of 
analytical capability on life prediction involves the problem of multiple in
teracting defects (clouds and cluster-type discontinuities). Such defects are 
relatively common in heavy section and welded structures. However, the 
techniques required to properly analyze the effect of multiple defects on 
structural performance do not exist. The primary limitations include both 
the capability of existing nondestructive inspection techniques (typically, 
ultrasonic inspection) to adequately define multiple defects (size, number, 
shape, spacing, etc.) and when defined, the ability to incorporate the defect 
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information into an adequate structural analysis. Presently, two different ap
proaches are used to estimate the influence of multiple defects on fracture 
behavior. In one case, a grouping of multiple defects is handled as a single 
continuous flaw simply by constructing an envelope around the discon
tinuities and proceeding with a fracture mechanics analysis involving a single 
large defect. The other approach involves an attempt to establish the un-
flawed cross-sectional area of a plane through the defect (net section stress 
analysis) [18]. The applied stresses along this plane are then elevated in pro
portion to the reduction in net section area, and the behavior of the remain
ing sound material is predicted using the conventional mechanical properties 
of the alloy. Neither of these techniques has been verified as adequate and 
many questions remain regarding their usefulness in life predictions. A ra
tional probabilistic approach to structural reliability requires that such 
analyses be quantified in terms of accuracy and applicability. 

Very little data exist regarding the characterization of multiple defects and 
an extensive research and development effort is required in this area. Recent 
developments in the use of powder metallurgy materials containing pre-
placed artificial defects offer a potential technique for the investigation and 
evaluation of multiple discontinuities [19]. Both inspection capabilities and 
analytical methods can be characterized under well-controlled conditions. It 
is recommended that such a technique be used to develop an acceptable 
method for both the detection and analysis of multiple defects under various 
loading conditions. 

Discussion and Sununaiy 

The success of cracked-body fracture mechanics as an important tool for 
improved structural integrity has been phenomenal. No other analytical 
technology offers the ability to characterize the interactions between the 
primary material, applied stress, and inspection considerations which subse
quently control the crack growth and fracture properties of a component or 
system. In addition, the use of the technology as a research tool has done 
much to improve the understanding of material behavior and fracture 
mechanisms. Perhaps the greatest contributions of fracture mechanics con
cepts to structural integrity problems are associated with the current areas of 
research in the field: elastic-plastic fracture, notched body behavior, creep-
fatigue-environmental interactions, and quantitative structural risk analysis. 
In view of the rapid growth in this relatively new technology and the tremen
dous potential offered by further advances, it is not surprising that a few 
problem areas such as those addressed in this paper remain to be resolved. 
However, because of the current high level of activity, it is also important to 
step back and review the state of the art with regard to areas of concern 
which may require further attention. This has been the approach taken in the 
development of this paper. 
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It has been noted that several potential problems exist in the application of 
fracture mechanics to structural integrity considerations. It was also noted 
that these problem areas became more important as the technology moves 
from the current deterministic approach to the more valuable probabilistic 
analysis. The pertinent areas of concern identified here relate to material 
characterization, flaw detection, and analytical considerations. With regard 
to material characterization, it has been shown that data scatter, prior 
loading effects, and time-dependent fracture performance require further in
vestigation such that representative material properties data can be de
veloped for use in design. 

Problems associated with flaw detection and definition remain a major 
limitation in the successful use of fracture mechanics. However, the develop
ment of improved quantitative nondestructive inspection techniques and 
related probability-of-detection considerations do not appear to be receiving 
a degree of attention proportional to their impact on structural risk analysis. 

The analytical aspects of fracture mechanics represent the most advanced 
area of the technology. Applied stress and stess-intensity information can be 
developed for all but the most complex structural configurations and loading 
situations. However, two analytical problems arise very often in the applica
tion of fracture mechanics. These areas of concern include the characteriza
tion of both relatively small defects and interacting defects. Although such 
situations can be approximated analytically, existing limitations in the pro
cedures require further substantiation and verification of the predictions. 

The potential problem areas addressed in this paper can have a significant 
impact on the successful application of fracture mechanics to structural in
tegrity considerations. In each case, the area of concern can overshadow even 
the most advanced probabilistic life prediction techniques. Consequently, it 
is apparent that the advancement of fracture mechanics concepts into the 
area of quantitative risk assessment requires a combined effort which in
cludes both the development of an appropriate statistical methodology and 
the resolution of the existing limitations. 
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ABSTRACT: The paper presents a crack growth analysis approach to individual aircraft 
tracking that will meet the intents and objectives of the U.S. Air Force requirements. The 
structural life definitions are discussed in terms of definitive crack sizes for both the 
durability and damage tolerance of the structure. 

Instituting a tracking program for a specific aircraft fleet requires a background of 
data relating to baseline spectra, critical structural locations, and expected airplane 
usage. The sources of such data are outlined. The body of the paper presents a cost-effec
tive crack growth integration technique which mak"-! tracking for durability feasible even 
if the life is as much as 100 000 h. Closely linkea with the crack growth analysis tech
nique is the method of collecting the flight data. The presentation considers two distinct 
approaches, a pilot form system and a structural loads measuring system. The method
ology is being incorporated into the overall tracking system for the USAF T-39 Utility 
Trainer which will be the first to use the crack growth principle for both durability and 
damage tolerance tracking. Some T-39 data are presented for explanatory and demon
stration purposes. 

KEY WORDS: fracture mechanics, crack growth, aircraft tracking, structural life track
ing 

An Individual Aircraft Tracking Program^ is a requirement of the U.S. 
Air Force "Aircraft Structural Integrity Program" (ASIP). The objective of 
the Individual Aircraft Tracking Program (lATP) is to compute the rate at 
which the available structural life is being used. The computed life informa
tion establishes and adjusts inspection and repair intervals for each critical 
area of the airframe based on individual airplane usage data. In addition, the 
data enable planners to use the fleet in the most efficient manner by moving 
the more theoretically damaged aircraft to less severe duty. 

'Member of the Technical Staff, Rockwell International, El Segundo, Calif. 90245, 
^"Aircraft Structural Integrity Program, 

Department of the Air Force, 11 Dec. 1975. 
^"Aircraft Structural Integrity Program, Airplane Requirements," MIL-STD 1530A (11), 
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The acceptance of fracture mechanics technology provides an attractive 
method for lAT, primarily because the direct output of the analysis is crack 
length, a definitive measure of the structural condition. In addition, the con
cept of crack growth is eminently suitable for prediction of damage tolerance 
life as ŵ ell as the durability life. The structural life estimates are directly re
lated to crack growth between specific limits. Formerly, the analytical dura
bility estimates were based on conventional fatigue analysis wherein the 
structural damage was presented in the somewhat abstract terms of damage 
fractions (that is, percentage of life used assuming linearly accumulated 
damage). 

The tracking program being prepared for the USAF T-39 Utility Trainer 
will be the first to use crack growth principles for both durability and damage 
tolerance life estimates. To date, most crack growth applications to lAT have 
been directed toward damage tolerance, wherein the initial crack size is the 
inspectable crack, as defined by the Air Force,-' and computation of inspec
tion intervals. To obtain estimates of the durability of the structure, however, 
it is necessary to perform crack growth analysis from small cracks represent
ing the "as manufactured" condition. Extension of the crack grovrth analysis 
into the region of very slow growth necessitates development of more cost-
effective crack growth schemes, which was accomplished for the T-39 lATP. 

In summary, the tracking program consists of: 

1. defining the structural life of aircraft and the crack growth limits relat
ing thereto, 

2. selecting the critical structural locations to be tracked, 
3. collecting flight records from the aircraft fleet, and 
4. performing crack growth analysis using the flight records to obtain the 

accumulated damage and an estimate of remaining life. 

Structural Life Definitions 

"Durability" is the crack growth life from the "equivalent initial flaw size" 
to the "economic repair limit." Durability is equivalent to fatigue life. 

"Equivalent initial flaw size" represents the intrinsic crack-like defects in 
the aircraft structure at the time of initial fabrication. 

"The economic repair limit" is the crack size which can be repaired with
out a prohibitively expensive modification of the structure. 

"Damage Tolerance" is the crack growth from an "inspectable crack 
length" to the "critical crack length." Damage tolerance life is equivalent to 
fracture life. 

An "inspectable crack length" is the minimum size detectable crack using 
nondestructive inspection (NDI) procedures such as Eddy Current devices. 

^"Airplane Damage Tolerance Requirements," MIL-A-83444 (USAF), Department of the 
Air Force, 2 July 1974. 
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The "critical crack length" is the crack length at which rapid unstable 
crack growth commences. 

"Inspection interval" is determined by the damage tolerance life divided 
by a factor. The factor is dependent on the inspectability of the component 
and is defined in the footnote 3 reference. 

"Remaining life" is the durability minus the aircraft life to date. The rela
tionship of the definitions within the crack growth life is shown in Fig.l. 

Background to the Tracking Program 

For older aircraft it has been the practice to perform a durability and 
damage tolerance assessment (DADTA) before installing an lAT system. 
The DADTA is very important in providing baseline data for tracking, in
cluding the critical structural locations, crack length limits, material proper
ties, and baseline spectra. Fatigue and fracture mechanics analyses and 
testing conducted during the design phases of the project will provide similar 
information for new aircraft. 

Frequently some results of the Loads/Environmental Spectra Survey will 
be available to provide baseline spectra and an indication of fleet usage. The 
Loads Survey Program, described in the first reference (footnote 2), calls for 
instrumentation of 10 to 20 percent of the fleet in order to record flight 
parameters necessary for spectrum generation. 

In the case of the USAF T-39 Utility Transport/Trainer, a multichannel 
load recording system was installed on 10 percent of the fleet. The measured 
parameters included VGH data (airspeed, acceleration, and altitude) as well 
as gross weight, roll rates, and strain-gage readings at selected structural 
locations. The complete system also includes mission descriptions. 

Crack Growth Limits 

The crack growth limits, both initial and final flaw size, are different for 
durability and damage tolerance analyses and will vary for each structural 
component as well as for each type of aircraft. The following definitions, 
which are being used on the T-39 Utility Trainer, are presented as typical ex
amples. 

The "equivalent" initial flaw size (EIFS) is used for durability analysis. It 
is determined statistically using laboratory and analytical procedures. In the 
case of the T-39, the mean value of EIFS was estimated during the DADTA 
program to be 0.063 mm (0.(X)25 in.). The procedures used to obtain this 
value included microscopic examination of full-scale test fracture surfaces in 
order to count the striations and determine the initiation of fatigue crack 
growth. The crack grovrth curves were then regressed analytically in order to 
ascertain the theoretical crack size at the beginning of the test (that is, the 
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crack size which would result in the same crack growth life using pertinent 
analytical crack growth procedure). 

The limiting flaw size for durability is the economic repair limit which is 
dependent upon the type of construction. Integrally stiffened machined wing 
skins, for example, are extremely difficult to repair if cracked. The skins for 
the most part cannot be patched, as not only would the doublers need to be 
machined to match the wing skin contours but the attachment holes neces
sary to assemble the doubler would cause stress concentrations in the un
padded machined pockets and at the doubler terminations, causing loss of 
fatigue life. Frequently, therefore, if replacement wing skins are considered 
an uneconomic repair, the limiting durability flaw size is a bolt hole crack of 
the size that can be reamed for an acceptable oversize bolt for which 0.762 
mm (0.03 in.) is an approximation. Current design practices for fuselage 
structure of conventional skin, frame, and multiple riveted stringers make 
for relatively simple repairs. For such structure, the economic repair limit 
may be defined as a predetermined fraction of the critical crack length or a 
length which statistically can be related to extensive cracking at various loca
tions in the component. 

The initial flaw size for damage tolerance analysis is defined as the inspect-
able crack length (footnote 3). For the purposes of damage tolerance track
ing at selected critical locations, the structure is treated as a slow crack growth 
structure whether or not the component is designed to have multiload paths. 
For the T-39, where the critical locations are attachment holes, an initial 
crack size of 1.27-mm (0.05 in.) comer crack at the bolt hole was assumed. 

The allowable flaw size for damage tolerance analysis is the critical crack 
size computed with fracture mechanics principles using the maximum load 
derived from static design conditions or the maximum spectrum load from 
fatigue analysis or flight records, whichever is greater. 

Crack Growth Calculation Methods 

The cycle-by-cycle integration of crack growth characteristics, many ver
sions of which are in industry use for detailed fracture mechanics analysis of 
airframes, is, generally speaking, too costly in computer time for lAT pur
poses. An indication of the magnitude of the lAT task can be obtained by 
considering the following desired output data. The calculation of "life used 
to date" as well as the remaining life estimate for durability and damage 
tolerance necessitates crack growth analysis from the EIFS to the critical 
crack length. These values may be in excess of 50 000 flights for a transport 
aircraft with each flight containing up to 100 cycles of significant loads. 
Typically, lAT crack growth calculations are reported twice a year at some 6 
to 50 structural locations per aircraft for a fleet of 100 to 500 aircraft. In ad
dition to cost considerations, the crack growth method should be suitable for 
whatever usage data collection system be incorporated, and must achieve ac-
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ceptable technical quality. The method presented in this paper, and the tech
nical quality assessment, was a comparison with the baseline crack growth 
analysis performed with the cycle-by-cycle integration method. The baseline 
cycle-by-cycle method described by Szamossi'' and outlined in the next para
graph incorporates one at the most efficient crack growth integrations 
available and probably would be economically acceptable for damage tol
erance tracking. However, additional economies were considered necessary 
for extension into the slower growth durability region for which a highly eco
nomical graphical integration method was developed. 

Baseline Crack Growth Calculation Method (Cycle-by-Cycle) 

The computer program EFFGRO (footnote 4) was developed for calcu
lating crack growth in a cyclic loaded structure based on linear elastic frac
ture mechanics (LEFM) principles. Based on the LEFM concept, the stress 
state in the surrounding crack tip can be characterized by a single parameter, 
the crack-tip stress-intensity factor, K. Furthermore, the subcritical flaw 
growth can be characterized as a function of the cyclic range of the stress-
intensity factor. The EFFGRO program computes the crack growth per cycle 
(da/dN) using a crack growth rate equation, fitted to material property sub-
critical flaw growth rate data, and performs the integration to obtain the 
complete crack growth curve (a versus flights). 

Fatigue Crack Growth Rate Equation—Walker equation: 

da/dN = C [(1 - i?)'"-i X A ^ ] " if R > 0 

da/dN = C [(1 - R)^ X Kr^^Y liR <0 

where 

C, m, n, q — are material properties, 
R = ratio of applied stress (ffmin/<̂ max). 

/sTmax = stress intensity due to ffmax-
AT̂ in = stress intensity due to a^^^, and 

Stress-Intensity Factor Solution (K)—EFFGRO has the capability of cal
culating stress-intensity factors of various cracked structural configurations. 
The stress-intensity factor (K) is a function of the remotely applied tension 
stress, the structural geometry, the local stress distribution, the crack loca
tion, size, and shape 

K = {M„XMfXMtXM,) 

''Szamossi, M., "Crack Propagation Analysis by the Vroman Model—Computer Program 
EFFGRO," Rockwell International, Feb. 1972. 
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where 

M„ = finite-width correction factor 

1 = 0.025 ( ^ ) ' +0 .06 ( ^ ) ' ire 

Mf = front face correction factor = 0.1 — 0.12 (1 — a/2c)^ 
Mh = back face correction factor; see Table 1 
Mg = geometric correction factor due to bolt hole; see Table 2 

ff = remotely applied tensile stress 
a — crack size (depth) 
c = crack length on surface 

W = plate width 
t — plate thickness 
r = bolt hole radius 

Q_ — flaw shape correction factor 
= *2 _ 0.212 {a/oyY 

$ = [1 - {1 - 4(ff/2c)2}sin2 6l]rf(9 

oy = yield stress 

Load Interaction Model—EFFGRO provides a method to account for load 
interaction effects of overload retardation using the Vroman model. 

TABLE 1 —Back face correction factor ^M|,A 

0.05 
0.10 
0.20 
0.30 
0.40 
0.50 

0.1 

1.0 
1.0 
1.0 
1.0 
1.0 
1.0 

0.2 

1.02 
1.0 
1.0 
1.0 
1.0 
1.0 

0.3 

1.04 
1.02 
1.0 
1.0 
1.0 
1.0 

0.4 

1.05 
1.03 
1.01 
1.01 
1.01 
1.0 

0.5 

1.08 
1.06 
1.04 
1.02 
1.02 
1.01 

0.6 

1.13 
1.1 
1.07 
1.05 
1.04 
1.02 

0.7 

1.2 
1.16 
1.13 
1.09 
1.07 
1.05 

0.8 

1.36 
1.27 
1.20 
1.16 
1.13 
1.10 

0.9 

1.76 
1.53 
1.37 
1.28 
1.24 
1.19 

1.0 

1.81 
1.64 
1.53 
1.37 
1.28 
1.21 

NOTE: a = crack depth; c = crack length on surface; t = plate thickness. 

c/r 

Mc 

0.00 0.1 

3.37 2.73 

0.2 

2.30 

0.3 

2.04 

0.4 

1.06 

0.5 

1.73 

0.6 

1.64 

0.8 

1.47 

1.0 

1.37 

2.0 

1.06 

3.0 

0.94 

5.0 

0.81 

10.0 

0.75 

NOTE: r — bolt hole radius. 
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The effective K due to overload retardation is given by 

^^eff "= (•''̂ ^max ~ ^min) ~ 0 .33 

where A'̂ ax ^"d K^^„ are stress-intensity factors corresponding to the cur
rently applied load cycle (ffmax ^"d <̂ min) and aoi. ^y„i and K^s.^^^ are the 
values corresponding to previously applied overload. The value of AK^n is 
then used in the crack growth rate equation. 

Integration Scheme—The EFFGRO program contains a specialized inte
gration routine where an initial crack length is given and da/dN is integrated 
to yield a relationship between a and n for a given load spectrum. It is based 
on the fact that small changes in crack length have a minimal effect on the 
crack growth rate. The following paragraphs describe the integration pro
cedure, which was originated by Vroman (footnote 4). 

Step 
1 
2 
3 

Maximum Stress 
max 1 
max 2 
max 3 

Minimum Stress 
min 1 
min 2 
min 3 

Cycles/Flight 
n 1 
n 2 
n 3 

I max I mm i n i 

The integration scheme proceeds by considering a load step (/) and using 
t'max h f̂min / to Calculate /Tmax. •'̂ min. R- and da/dN. 

The value of O.Ola/ida/dN) is then compared with n,. If O.Ola/(da/dN) is 
greater than n,, the crack growth for that load step is a = «, X da/dN. a is 
increased by A a and the program proceeds to the next step. 

If 0.01a/{da/dN) is less than, or equal to, n,-, the number of cycles to grow 
O.Ola is O.Ola/{da/dN). This value is subtracted from n,-, the crack size a is 
increased by O.Ola, and the load step is reconsidered. This process continues 
with 0.01a{da/dN) being compared with the remaining cycles in the step. 

When all the load steps in the flight are exhausted, the program proceeds 
to the next flight. The calculation ends when K^^^ computed with the design 
limit load, or the maximum spectrum load, whichever is greater, exceeds the 
defined critical stress-intensity factor value Kj^ or K^)-

Graphical Integration Method 

The graphical integration concept for generating individual aircraft crack 
growth curves within the tracking program was developed as a cost-effective 
alternative to the cycle-by-cycle EFFGRO program. The procedure is based 
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upon the assumption that the usage for each aircraft in the fleet can be de
scribed in terms of a known sequence of a small number of mission profiles 
and that the incremental crack growth rate is dependent solely on the mission 
profile and the crack length and is not dependent on the |oad magnitude in 
previous flights. Substantiation of the foregoing assumption was based on an 
analytical study of wing strain records accumulated during the loads/environ
mental spectra survey. Crack growth analysis, using the cycle-by-cycle inte
gration methodology, was performed on spectra created from strain traces of 
100 individual flights. Variation of the sequence of flights resulted in less 
than 2 percent variation in the crack growth life. As previously stated, the 
technical acceptance of the graphical integration method was based on ana
lytic comparison with an accepted cycle-by-cycle integration method. It thus 
follows that the crack growth curve (a versus flights) can be obtained by 
graphical integration of crack growth curves of the individual missions. The 
inputs to the graphical integration routine are the library of crack growth 
curves for the individual mission profiles and the aircraft mission sequence 
which may be described, if known, or random. Curves 1, 2, and 3 are the 
crack growth curves for mission types 1, 2, and 3, respectively, in Fig. 2, 
which depicts, for example purposes, a mission sequence of Profile 1 to Pro
file 3 to Profile 1. 

For an initial crack length of a, and a flight of Profile 1, Curve 1 will give 
the corresponding value of/i,. The crack length at the end of the flight is a,y 
corresponding to JFĵ  where Fif = Fy + 1. ajy is now the crack length at the 
beginning of the second mission (a2,). Entering Curve 3 at 02; will give an 
abscissa value of p2(. ^2/equals/'2( + !• The crack length at the end of Flight 
2 is thus obtained as ay. The procedure continues for the actual crack mis
sion sequence or until the crack length equals the critical crack length. 

The crack growth curve library for individual missions can be generated by 
the aforementioned EFFGRO program. The computer cost for this task is 
small, requiring only a one-time crack growth analysis for a limited number 
of profiles at the beginning of the program. During the lAT operation addi
tional crack growth curves can be added to the library if warranted by 
airplane usage changes. The scope of the crack growth curve library is 
discussed in the next section. 

lAT Procedares 

There are two basic approaches to aircraft tracking differentiated by the 
method of collecting flight data from the fleet. 

Pilot Report Form (PRFJ 

In the Pilot Report Form System specific flight data are recorded for each 
flight by the pilot or his designated representative. In large transport aircraft 
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the pilot forms are written during the mission and may include a record of 
significant flight parameters at predetermined intervals or as required by 
profile events. Typical of the recorded parameters are gross wfeight, fuel 
weight, Mach number, altitude, flap position, and thrust. It is more com
mon, however, for the pilot reports to be completed after the flight and such 
forms must, of necessity, be of a more general nature. The lAT System for 
the T-39 includes a simple pilot form containing mission description (cross
country transport or training, etc.) takeoff gross weight, maximum altitude, 
flight length, and number of touch-and-go landings. The data on a pilot 
form vary for aircraft types but must include sufficient key parameters to 
make a realistic "spectrum selection." The tracking computer program must 
contain an algorithm which relates the pilot form data to a preproduced 
spectra for which the crack growth curve has been derived. In the case of the 
T-39, the algorithm contains the terms mission description, flight length, 
takeoff weight, maximum altitude, and number of landings and was de
veloped after studying 5000 h of data tapes from the loads/environmental 
spectra survey. The preproduced spectra represent typical flights of the pilot 
form description and must be obtained independently of the tracking pro
gram and are frequently based on the loads survey program results. The 
library of spectra generated from the load survey program and the subse
quent computed crack growth curve library will be separated typically by 
mission description, flight length, number of landings, and any other data 
supplied by the pilot form. 

The individual aircraft tracking analysis for the pilot reporting form 
system will use the graphical integration method where the sequence of mis
sions flown is supplied by the pilot forms. The estimate of the remaining life 
for each aircraft assumes the past history of mixture of missions applied in 
random sequence. 

PRF tracking cannot provide the loads to which an individual aircraft is 
subjected on each flight. The accuracy of the method is thus dependent upon 
the assumption that a comprehensive loads spectra survey will provide 
average spectra suitable for the lifetime use of the aircraft fleet. A continuing 
flight loads program for 10 percent of fleet will partially ensure continuing 
accuracy of the program. An alternative tracking method follows which will 
improve accuracy at an increased cost. 

Loads Transducer 

For more precise estimation of the rate of consuming the usable life of a 
fleet of aircraft, especially for types encountering considerable variability, 
load devices can be installed on each aircraft in the fleet. There are several 
types available: velocity, load factor, altitude (VGH) recorders, strain gages 
attached to a microprocessor, or mechanical strain recorders (MSR). This 
paper discusses the latter only as the MSR is being considered for use in the 
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T-39. The MSR records local strains on a metal strip which is transcribed to 
produce a sequenced trace of strain cycles. The MSR cannot be installed pre
cisely at the fatigue critical location, thus requiring an analytically derived 
stress transfer function or a strain-gage calibration to compute the stress 
spectrum. 

The local strain and corresponding stress history, as obtainable from the 
MSR, meets all the input requirements of cycle-by-cycle crack growth integra
tion in that both load magnitudes and sequence are available. The EFFGRO 
program is particularly suitable for analysis of an MSR trace. The primary 
output of the crack growth tracking program is twofold: damage accumula
tion during the six-month tracking period involving from 200 to 500 flights 
and the remaining life calculation involving as much as 50 000 flights. Ex
perience to date with an MRS indicates that some 20 cycles per flight are ex
pected. Consequently, the crack grovrth for the tracking period can be 
economically calculated for the complete MSR trace with EFFGRO. 

For the remaining life calculations, however, it is recommended, in the in
terest of economy, that a graphical integration method be used based on the 
aircraft mission mix from the pilot form as discussed under "Pilot Report 
Form." The crack growth curve library necessary for graphical integration 
may be generated from the load survey data at the beginning of the lAT pro
gram and replaced by curves based on MSR records as sufficient data be
come available. 

Critical Structural Locations 

In many lAT systems the analysis is based on a combination of data-
collecting methods due to the distribution of critical structural locations in 
the airframe. In the T-39 system, for example, it is anticipated that an MSR 
will be fitted to the wing. The fuselage pressure shell analysis will make use of 
the recorded flight altitudes from the pilot form while empennage structure 
tracking will be based on pilot form data and library of spectra from loads 
survey program. 

Summary 

The crack growth approach to aircraft tracking described in this paper will 
be used for the USAF T-39 Utility Trainer fleet. A comprehensive computer 
program is being prepared to automate the procedures. During the early de
velopment of the T-39 lAT program, a study was undertaken to select the 
crack growth integration method. Some five methods were considered, in
cluding a linear crack growth approach and spectra simplification approach. 
All of the methods considered were studied primarily to find a cost-effective 
alternative to cycle-by-cycle crack grovrth integration. The selected approach 
of graphical integration proved to be very economical in computer time and 
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eminently suitable for the T-39, particularly for components where the flight 
data source is limited to simple pilot forms. Comparison of the graphical in
tegration method with the cycle-by-cycle method was made with a wing skin 
analysis using a random sequence of 100 flight spectra from the T-39 loads 
survey program. The 100 flights were categorized into five distinct flight pro
files. The mixture of missions were as follows: 

Mission 1 (High-Altitude Cross-Country Flight) 40 percent 
Mission 2 (Medium-Altitude Cross-Country Flight) 20 percent 
Mission 3 (High-Altitude Training Flight) 10 percent 
Mission 4 (Low-Altitude Training Flight) 20 percent 
Mission 5 (Pilot Proficiency Flight) 10 percent 

The crack growth curves for the five individual profiles are shown in Fig. 3. 
The graphically integrated curve for the mission mixture is shown in Fig. 4 as 
are the results of the EFFGRO program. The cost savings in terms of com
puter time by using the graphical integration method as against the cycle-by-
cycle method was a factor of 15. 
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Dependence of Strength on Particle 
Size in Graphite 

REFERENCE: Kennedy, E. P. and Kennedy, C. R., "Dependence of Strength on Parti
cle Size in Graphite," Fracture Mechanics: Thirteenth Conference, ASTM STP 743, 
Richard Roberts, Ed., American Society for Testing and Materials, 1981, pp. 303-315. 

ABSTRACT: The strength-to-particle size relationship for specially fabricated graphites 
has been demonstrated and rationalized using fracture mechanics. In the past, similar 
studies have yielded empirical data using only commercially available material. Thus, ex
perimental verification of these relationships has been difficult. However, the graphites of 
this study were fabricated by controlling the particle size ranges for a series of isotropic 
graphites. All graphites that were evaluated had a constant 1.85-g/cm^ density. Thus, par
ticle size was the only variable. The strength-to-particle size relationship revealed that the 
fracture strength was logarithmically related to initial defect size by an apparent —1/3 
power. Application of Dugdale crack extension model with simple modifications account
ing for nonspherical pores and variable defect concentrations explains the —1/3 power 
relationship. This study also considered the particle size effect on other physical properties: 
coefficient of thermal expansion, electrical resistivity, fracture strain, and Young's 
modulus. 

KEY WORDS: graphite, particle size, strength, fracture mechanics, microcracking, 
Dugdale model, physical properties 

The increased use of graphite for structural applications has warranted a 
better understanding of the relationships between strength and porosity and 
grain size. The understanding of these relationships are particularly important 
in the development of optimized microstructures for specific applications. 
However, it is difficult to confirm proposed relationships by testing poorly 
defined commercially available materials. The need to have a clear under
standing of the structural morphology to define the critical defect has been 
emphasized by earlier investigators [1,2]? The purpose of this study is 
twofold: (1) to furnish unambiguous experimental information that compares 

'Associate engineer, Westinghouse Electric Corp., Lester, Pa. 19113; formerly a student at 
Vanderbilt.University, Nashville, Tenn. 

^Research staff, Metals and Ceramics Division, Oak Ridge National Laboratory, Oak Ridge, 
Tenn. 37830 (operated by the Union Carbide Corp. for the Department of Energy). 

•'The italic numbers in brackets refer to the list of references appended to this paper. 
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the various strength-to-particle size relationships, and (2) to develop, through 
the aid of fundamental fracture mechanics theory, a correlation of the fracture 
process with microstructure. 

The objectives are accomplished by testing graphites fabricated using a 
green isotropic filler of carefully controlled particle size ranges. The graphites 
were made to achieve the same final 1.85-g/cm-' bulk density. Thus, by con
trolling the fabrication and density, particle size is the only variable. It was 
found that by controlling the particle size during fabrication, the initial defect 
size was approximately equal to the mean particle size after graphitization. 
However, the test results indicated that the final defect size was incrementally 
larger than the initial size. Further, in terms of fracture mechanics theory, this 
anomaly is approximated by an apparent —1/3 power law relating the fracture 
strength to initial defect size rather than the expected —1/2 power law 
relationship. 

This phenomenon is explained by developing an understanding of the frac
ture process in conjunction with microstructural effects on the parameters of 
the crack theory. It will be shown that the inherent stress relief system of 
graphite causes an effective crack extension that can be explained by the 
Dugdale model [3]. This investigation also considers the particle size effect on 
other physical properties: the coefficient of thermal expansion (CTE), elec
trical resistivity, fracture strain, and Young's modulus. 

Materials and Fabrication 

The desired isotropy in the experimental graphites was achieved by using a 
green Robinson filler coke. This coke, made from an air-blown petroleum 
residuum, has a very solid, fine, randomized optical domain structure which is 
approximately 3 to 4 /jim in diameter. Initially, the coke was pulverized and 
carefully screened to obtain the desired particle size range distributions. Table 
1 gives the particle size ranges. The graphites were then made using an Oak 
Ridge National Laboratory (ORNL) process [4] to plasticize the outer sur
faces of the green filler coke. This process is used to obtain highly efficient 
hindering with uniform packing of moldings with fillers of a very narrow size 
range. Coal tar pitch 30 M was used as the plasticizer. After application of the 
plasticizer, the filler particles were screened again to assure conformity with 
the specified particle size range distributions as shown in Fig. 1. 

Four 40-mm-diameter moldings were made using A-240 petroleum pitch as 
the final binder and were baked under restraint. One molding was graphitized 
without impregnation and a second molding was impregnated with petroleum 
pitch before graphitization at 3000°C. The impregnation was to assure that the 
final graphite densities or porosities were over a common range. As shown in 
Table 1, a common density range was very successful, except for the two larger 
particle size ranges. The 430-/tm material was improved significantly by a sec
ond impregnation; however, the larger 725-/^m material was very resistant to 
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TABLE 1—Particle size range and final bulk densities of fabricated graphites. 

Particle Size Range, iim. 

105 to 
125 to 
149 to 
177 to 
210 to 

105 to 
125 to 
149 to 
177 to 
500 to 

125 
149 
177 
210 
250 

149 
177 
210 
250 
590 

840 to 1000 

Mean Particle Size 

As-Screened, 
ftm 

115 
137 
163 
194 
230 

127 
151 
180 
214 
545 
920 

Graphitized, • 
nm 

90 
110 
130 
155 
180 

100 
120 
140 
170 
430 
725 

Bulk Density, g/cm^ 

Withoui 

1.84 
1.86 
1.83 
1.86 
1.86 

1.81 
1.84 
1.87 
1.84 
1.75 
1.69 

i i i ipicgiiaLiuii 

t With 1 Pitch 

1.91 
1.89 
1.90 
1.87 
1.90 

1.87 
1.86 
1.90 
1.84 
1.78 (1.86") 
1.71 (1.73") 

"Impregnated twice. 

densification. Also in this table, the shrinkage of the initial filler size in pro
cessing is calculated. 

As a result of the process, the graphites exhibit a contiguous structure with 
no apparent particle boundaries. The pores are well rounded, having a length 
approximately the size of the filler particles as seen in Fig. 2. 

Testing and Results 

The graphites were evaluated by testing a minimum of three brittle ring 
specimens [5] (18-mm outside diameter, 10-mm inside diameter, and 6.4-mm 
thickness). From each molded block the properties of bend strength, Young's 
modulus, and fracture strain were obtained. The load-deflection curve was 
recorded, and the stresses were calculated considering the shift in neutral axis 
[6]. Two 6.4-mm-diameter and 25.4-mm-long specimens, both the across-
grain and with-grain orientations, were made to determine the electrical 
resistivity and the 1000°C mean CTE. The porosity-dependent properties were 
either interpolated or extrapolated for each particle size range to obtain com
parisons at a common l.SS-g/cm-' density. The properties measured are given 
in Table 2. 

The fracture strength as a function of initial particle size is compared with 
the results of a acicular grade graphite in Fig. 3. It should be mentioned that 
agglomeration of particles in graphite does lead to structures having defect 
sizes greater than the particle size. We found that very fine green Robinson 
filler particles (that is, particle sizes less than 90 /Lcm) did tend to agglomerate 
and could not be considered in this study. The agglomeration is a particular 
problem in considering commercial graphites and was one of the incentives to 
fabricate controlled graphites. 
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TABLE 2—Properties of 1.85-g/cm^ graphites. 

Particle Size, 
Fracture 

Strength, MPa Strain, % 
Modulus of 

Elasticity, GPa 
Resistivity, 

ftfi-cm 
1000°C CTE, 
C"' X 10~' 

725 
430 
180 
170 
155 
140 
130 
120 
110 
100 
90 

46.2 
52.4 
68.3 
71.0 
75.8 
79.3 
77.9 
80.0 
81.4 
84.1 
86.9 

0.68 
0.71 
0.75 
0.80 
0.81 
0.84 
0.86 
0.86 
0.88 
0.89 
0.91 

10.3 
11.3 
12.3 
13.0 
13.3 
13.4 
13.0 
13.4 
13.4 
13.7 
13.4 

850 
880 
1000 
970 
955 
970 
960 
990 
960 

1000 
950 

6.35 
6.50 
6.55 
6.76 
6.74 
6.79 
6.87 
6.86 
6.91 
6.93 
6.75 

200 

20 

1 — \ — \ \ \ \ — r 
I • SEVERELY AGGLOMERATED 

O AGGLOMERATED 

( p H . 8 0 g/cm^) 

X 
\0 20 40 60 80 100 200 

MEAN PARTICLE SIZE (/U.m) 
400 600 800 <000 

FIG. 3—Brittle ring strength of Robinson graphites. 

Young's modulus was also measured. Figure 4 shows the modulus decreas
ing with increasing particle size. This result is significant because porosity is 
generally assumed spherically shaped, and the modulus would be independent 
of pore size. To account for this result a rationalization of Young's modulus 
must include the effects of nonspherical porosity, which would reduce the in
herent spring constants within the structure. This effect can be considerably 
intensified in graphites with defective particles and with highly anisotropic 
structures with aligned porosity. 

The degree of isotropy was evaluated by comparing the electrical resistivity 
and CTE in the with-grain and across-grain directions. In every block, both 
the electrical resistivity and the CTE in both directions were within 2 to 5 per-
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cent of each other, confirming the isotropic structure. In Fig. 5 the electrical 
resistivity is shown as a function of particle size for the l.SS-g/cm^-dense 
material. The decreasing resistivity with increasing particle size is a result of 
reduced boundary resistance as the particle boundary area becomes smaller. 

The CTE is compared with an anisotropic acicular grade in Fig. 6. In this 
figure, because of the anisotropy in the acicular grade, the volumetric CTE 
(sum of the three linear directions) is compared. For the Robinson grade only, 
the linear CTE is simply one third of the volumetric value. The CTE for both 
types of graphites apparently approaches the same value as the particle size is 
reduced. The CTE is affected by the defect concentration within the particle; 
therefore, as the particle size is reduced by breaking the particles through the 
defects, the defect concentration is reduced, and the CTE increases. For each 
curve in Fig. 6, the slope is a reasonable measure of the defect concentrations 
in a particular filler coke. As observed, the defect concentration within the 
Robinson filler particle is much less than in acicular filler cokes. 

30 

20 

i 
» AGGLOMERATED 
• SEVERELY AGGLOMERATED 

J L _L J_ 
10 20 40 60 80 100 200 

MEAN PARTICLE SIZE(/U.m) 
400 600 8001000 

FIG. 4—Modulus of elasticity decreases with increased particle size. 
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_L 
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MEAN PARTICLE SIZE (ftm) 
400 600 800 1000 

FIG. 5—Electrical resistivity decreases with increased particle size. 
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The fracture strain obtained from testing these graphites is shown in Fig. 7. 
The stress-strain characteristic of graphite is nonlinear and the total strain (e,) 
to fracture can be separated into two components, the elastic strain (e,,) and a 
nonlinear strain (ê ) resulting from crack extension 

et = tp (1) 

The elastic strain can be calculated and subtracted from the total strain 

Of 
(2) 

to give the nonlinear component of strain. Also given in Fig. 7 are the elastic 
and crack strains obtained from this test series. It is very significant to note 
that the crack strain did not vary with particle size. 

Discussion 

The accepted model of deformation, as discussed by Jenkins [7], describes 
the initial application of stress accommodated by interlamellar shearing and 
limited slip due to the inadequate number of slip systems. Simultaneously, 
the large macropores cause local strain concentrations in adjacent grains 
which open preexisting microcracks normal to the stress axis. These micro-
cracks actually act as a stress relief mechanism much like the plastic zone of 
a ductile material. The size of this pseudo-plastic zone is determined by the 
stress concentrations at the macropores. The growth of the individual micro-
cracks within the process zone may be obstructed by a boundary or by an ob
stacle such as a pore. The microcrack may then either terminate or deviate 
onto a less suitably oriented weakness plane where growth is discontinued. 

2.0 

\.0 

0.8 

0.6 

y 0.4 

0.2 

1—r 1 \ T" 
• SEVERELY AGGLOMERATED 
C AGGLOMERATED 

^y^^o-
CRACK STRAIN 

O 

J L 
10 20 40 60 80 100 200 

MEAN PARTICLE SIZE (fJ.m) 
400 600 800 1000 

FIG. 7—Decreasing the filler particle size increases the total fracture strain to the point of 
agglomeration. The crack strain is independent of particle size. 
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Growth of the microcrack will continue only when the strain energy increases 
to allow the crack to pass either through or around the obstacle. 

These coexisting stress relief mechanisms are indistinguishable at low 
stresses; however, at higher stress levels, the size of the microcrack process 
zone increases and becomes the dominant contributor to the deformation 
process. Eventually, coincidental alignment of this discontinuous array of 
microcracks causes them to link up, and macrocrack growth occurs. Ulti
mately, a critical effective crack length is reached, and catastrophic failure 
occurs. 

The use of fracture mechanics is helpful in understanding the microstruc-
tural defect controlling fracture. Simply stated, the Griffith-Irwin [8,9] crack 
theory for elastic materials describes the fracture criterion in terms of the ap
plied stress, material properties, and inherent defects within the material 

Of = 
EG,, 

xc(l — v^) 

1/2 

(3) 

where 

V = Poisson's ratio, which varies from 0 to 0.30 depending on active void 
volume that will expand or decrease during loading. Poisson's ratio 
for Robinson graphite is 0.28, indicating a relatively defect-free ma
terial. 

E = apparent Young's modulus, an average of the total microstructural 
effect, which is a function of micro- and macroporosity that occurs 
either within or between particles and the preferred orientation. 
These variables also determine the material's ability to absorb ex
ternal strain primarily by allowing material expansion into the mac-
rovoids. Therefore, the change in elastic modulus may be used as an 
indicator of the material's ability to concentrate strains at the crack 
tip. 

Gic = strain-energy release rate, a measure of strain energy released per 
unit area of fracture surface (for example, twice the surface energy 
for elastic materials), which is the work to create new surface. This 
is constant at failure for a given type of filler particle and processing 
schedule. The material's resistance to crack propagation has been 
shown to be a function of all microstructural features except parti
cle size [10]. 

c = half length of the inherent macrocrack before loading, which is a 
function of the size and distribution of the filler particles and pack
ing efficiency. These large disparate voids will act as weak links and 
ultimately determine the fracture path. 

The difficulty in applying any deformation model is that it must be consis
tent with the apparent —1/3 power shown in Fig. 3. The fracture mode in 
graphite actually excludes its implicit description as a linear elastic brittle 
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material. Therefore, some consideration must be given to the crack growth 
and the microcracking to reduce the stress concentrations. This behavior 
can be modeled similarly to plastically induced failure by assuming that the 
pseudo-plastic zone at the crack tip effectively increases the crack length. 
The theoretical plastic zone adjustment for the general class of elastic-plastic 
materials is considered by Dugdale [3]. He approximates the size of the plas
tic zone and assumes that the presence of this limited process zone effectively 
increases the crack length 

R 
TTE 

w (4) 

where R is the plastic zone size at fracture and Oj, is the yield stress. 
The extent of crack growth before failure is implied to be constant (that is, 

independent of particle size), as indicated by the experimentally determined 
constant crack strain (nonlinear strain component) at fracture as shown in 
Fig. 7. Also, as previously discussed, -E is a measure of the structural com
pliance of the material and must be considered in the approximation of the 
Dugdale plastic zone size. This approximation is accomplished by simply us
ing a geometric factor, 6, calculated by the ratio, E/EQ, where E is the mod
ulus at failure and EQ is the stabilized modulus measured (exhibited by the 
smaller particle size range). The approximation corrects for deviations due to 
nonspherical porosity and variable defect concentrations. 

Applying this modification to the Griffith-Irwin equation, the relation be
comes 

''/ 
EG, 1 '/2 

(5) ir(c + 6 i ? ) ( l - v^) 

where the term (c + dR) is the final defect size. Gjc was experimentally de
termined using short-bar specimens to be 222 Pa-m [2/]. 

In Table 3, the final defect sizes are calculated, a = c + 8R, and compared 
with the initial defect sizes from particle size considerations. The difference is 
found to be a constant dR equal to 98 + 7 jixm. This is the value of the 
modified mean pseudo-plastic zone size generated by the microcracking 
mechanism to reduce the defect stress concentration. The apparent yield stress 
of the material can be calculated from Eq 4 to give ô  = 110 MPa, which is 
consistent with the fracture results. The use of constant plastic zone size to 
calculate the final defect size is illustrated in Fig. 8. This figure shows the com
parison of the apparent —1/3 power relationship as given by the initial defect 
size with the calculated final defect size obtained by simply adding the cons
tant plastic zone to the —1/3 power relationship yielding, the —1/2 power 
relationship. Obviously, as the defect size increases, the crack growth should 
become a small insignificant part of the overall strain. Therefore, there should 
exist a break in the initial defect size curve taking the slope of —1/2. 
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TABLE 3—Calculation of the Dugdale plastic zone size. 

Particle Size, 
nm 

775 
430 
180 
170 
155 
140 
130 
120 
110 
100 
90 

Elastic 
Modulus, 

GPa 

10.3 
11.3 
12.3 
13.0 
13.3 
13.4 
13.0 
13.4 
13.4 
13.7 
13.4 

Half Initial 
Defect Size 

(c), urn 

336 
215 
90 
85 
78 
70 
65 
60 
55 
50 
45 

Calculated 
Half Final 

Defect Size R = a — c. 
(a)," iim 

371 
316 
203 
198 
178 
164 
165 
161 
155 
149 
136 

^m 

8 
101 
113 
113 
100 
94 

100 
101 
100 
99 
91 

S* 

0.77 
0.84 
0.92 
0.97 
0.99 
1.00 
0.97 
1.00 
1.00 
1.02 
1.00 

&R ^m 

6'' 
85 

104 

no 
99 
94 
97 

101 
100 
101 
91 

98 ± 7 

"Calculated by Griffith-Irwin equation for plane strain, using measured fracture strengths. 

iraHl - w^) 

''S = E/EQ where EQ = 13.4 GPa. 
"•Not included in the mean value calculation. 
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FIG. 8—A comparison of the initial defect size with final defect size with a constant 98-ij.m 
crack growth. 

Conclusion 

This study has provided graphites of the same basic structure in which the 
only fabrication variable was controlled particle size. Experimental data were 
generated which describe the dependence of physical properties on particle 
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size. These results clearly describe a final defect size which is not equal to or 
linearly related to particle size but requires an addition of a crack growth size 
as suggested by Dugdale. It is also shown that while the total fracture strain in
creases with reduced particle size, the nonlinear or crack strain is constant for 
constant porosity. An unexpected feature is that both the modulus of elasticity 
and the electrical resistivity increased with decreasing particle size. The coeffi
cient of thermal expansion also increased with decreasing particle size, but 
less than was expected. 

These data emphasize the need to describe the structural morphology of 
graphite when defining the fracture mechanisms. Based on the Dugdale-
modified Griffith-Irwin crack theory, the strength dependency of graphite on 
its microstructure was demonstrated. The fracture process was shown to ex
hibit a constant effective crack extension independent of particle size which 
occurred by the microcracking stress relief mechanism acting as a pseudo-
plastic zone. Because the effective crack growth and actual crack growth are 
indistinguishable, this model does not imply that crack extension completely 
consisted of effective extension. Presently, statistical analyses are being 
developed [1,2,10], based on the Griffith theory, in order to model the coin
cidental alignment of microcracks in the fracture process. 
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Fracture Behavior of a Thick-Section 
Graphite/Epoxy Composite 
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Graphite/Epoxy Composite," Fracture Mechanics: Thirteenth Conference, ASTM STP 
743. Richard Roberts, Ed., American Society for Testing and Materials, 1981, pp. 
316-337. 

ABSTRACT: In order to explore the possibility of utilizing composites as structural 
materials for generator retaining rings, the fracture behavior of an experimental thick-
section [54 mm (2.125 in.)] graphite/epoxy composite was examined. Rectangular bend 
bar specimens of various cross-sectional dimensions were tested in three-point bending to 
determine the shear strength of the composite. Edge-notch-bend and center-notched-
tension specimens with various notch depths were used to determine the fracture 
toughness of the composite. These tests served to permit an evaluation of the applicability 
of linear elastic fracture mechanics (LEFM) to composite materials in general and thick-
section composites in particular. Results show that (1) LEFM is not directly applicable to 
thick-section composites with cracks perpendicular to the fiber orientation; (2) the test 
composite is insensitive to cracks in a plane perpendicular to the fibers, and the load-
carrying capability can be calculated based on net section considerations; and (3) the 
failure mode of the test composite under three-point bending is interply shear failure. The 
interply shear strength equaled 24.6 MPa (3.5 ksi). 

KEY WORDS; graphite, epoxy, composites, shear strength, fracture toughness 

Retaining rings used on large electrical generators are highly reliable parts 
with excellent properties. However, the alloys used in retaining rings have 
almost reached a limit in tensile strength. Thus, much effort is being expended 
on alloy development to meet the need of future generator development. 

As a parallel effort, the Electric Power Research Institute (EPRI) is sponsor
ing a development program at Westinghouse to explore the possibility of 
fabricating retaining rings from a composite material consisting of graphite 
fibers in an epoxy resin matrix. The graphite epoxy composite material was 
selected because it is nonmagnetic, has low density, and high tensile strength 
and modulus. 

'Senior engineers. Structural Behavior of Materials Department, Westinghouse R&D Center, 
Pittsburgh, Pa. 15235. 
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This paper presents the results of a preliminary evaluation of the fracture 
properties of a thick-section, 54-mm (2.125 in.) graphite fiber-reinforced 
epoxy composite. The specific objectives of the work described here were to 
both develop preliminary material properties data required for initial design 
considerations and to explore the applicability of existing linear elastic fracture 
mechanics (LEFM) to thick-section composites. 

Because manufacturing defects such as debonding and fiber breakup can
not be completely avoided in composite materials, it is imperative that an ade
quate technique be available to characterize the potential effect of such 
defects on the structural behavior of these materials. To date, considerable 
work has been done with regard to applying LEFM to composites [1-19].^ 
While most of the results have been positive [1-15], some investigators have 
raised important questions [16,17]. In view of this confusion plus the fact that 
nearly all work to date has been done with thin-section [less than 6.4 mm 
(0.250 in.)] material, it was deemed necessary to explore further the ap
plicability of LEFM to thick-section composites. 

In this study, both edge-cracked-bend and center-notched-tension 
specimens were used to evaluate the fracture properties and the applicability 
of LEFM to the test material. In addition, extensive work was done to deter
mine the interply shear strength of the test material using three-point-bend 
tests of specimens of various dimensions. 

Experimental Procedures 

Material and Specimens 

The graphite/epoxy composite material evaluated in this program was 
fabricated by Hercules Inc. for Westinghouse in 1973, using HMS graphite 
fibers and Hercules-designated 3501 epoxy resin. The test plate had a 
thickness of 54 mm (2.125 in.) and it contained 370 individual plies for a 
nominal per-ply thickness of 0.145 mm (0.0057 in.). This plate had a fiber 
volume of 55.06 percent and a resin volume of 44.94 percent. The layup sum
mary for the plate is presented in Table 1. Note that the 90-deg fibers would lie 
in the hoop direction relative to a ring application. This is the first thick-
section graphite/epoxy composite ever produced in the United States. Unfor
tunately, this plate contained microcracks, as shown in Fig. 1, which were pro
duced during the manufacturing process. Ongoing research efforts have 
eliminated these microcracks via improved fiber surface treatment, by op
timizing the fiber layup or by selecting the proper graphite-resin combination 
or both. Mechanical properties of a current thick-section graphite/epoxy com
posite will be developed and reported in the near future. 

Unnotched-bend-bar specimens of various cross sections (Table 2) were 

. ^The italic numbers in brackets refer to the list of references appended to this paper. 
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TABLE 1—Layup summary of graphite/epoxy composite. 

Top 

Bottom 

Ply Angle, deg 

0 
90 
0 

90 
+ 45 
- 4 5 

90 
0 

90 
+45 
- 4 5 

90 
0 

90 
+45 
- 4 5 

90 
0 

90 
+45 
- 4 5 

90 
0 

90 
+ 45 
+ 45 
- 4 5 

- 4 5 
+ 45 
+ 45 

90 
0 

90 
- 4 5 
+ 45 

90 
0 

90 
- 4 5 
+45 

90 
0 

90 
- 4 5 
+ 45 

90 
0 

90 
- 4 5 
+ 45 

90 
0 

90 
0 

No. of Plies 

4 
16 
2 

16 
1 
1 

16 
2 

16 
1 
1 

16 
2 

16 
1 
1 

16 
2 

16 
1 
1 

16 
2 

16 
1 
1 
I 

1 
1 
1 

16 
2 

16 
1 
1 

16 
2 

16 
1 
1 

16 
2 

16 
1 
1 

16 
2 

16 
1 
1 

16 
12 
16 
4 
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FIG. l—Microcracks observed in a thick-section [54 mm (2.125 in.)] graphite/epoxy com
posite. 
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tested in three-point bending to determine the shear strength of the graphite 
epoxy composite. In all cases, the specimen depth (or height) corresponds to 
the thickness direction of the original plate. Edge-notched-bend specimens 
(Fig. 2) and center-notched-tension specimens (Fig. 3) with various notch 
depths were utilized to determine the fracture toughness of the graphite-
epoxy composite and to evaluate the applicability of LEFM to this material. 
The orientation of the edge-notched and center-notched specimens in the 
original plate is noted in Figs. 2 and 3, respectively. This orientation cor
responds to the C-R direction per the ASTM Test for Plane-Strain Fracture 
Toughness of Metallic Materials (E 399-78a). The notch-root radius used for 
both specimen geometries was 0.025 mm (0.001 in.). These specimens were 
not fatigue precracked since fatigue precracking can cause debonding at the 
crack tip rather than crack extension, thus yielding a more blunt crack than 
that obtained as the result of machining. 

Shear Strength Tests 

Shear strength tests were conducted in a room temperature air environment 
using the unnotched-bend specimens. The test specimens were loaded in 
three-point bending with a span S = 101.6 mm (4.0 in.) orS = 63.5 mm (2.5 
in.), using a servo-hydraulic MTS machine operated in displacement control. 
Ramp displacement rates were selected to complete each test in approximately 
5 min. Load-point displacement was continuously monitored and autograph-
ically recorded as a function of load. 

TABLE 2—Experimental results of unnotched-bend specimens. 

Specimen 
No. 

2A 
2B 
3A 
3B 
3C 
3D 
3E 
IC 
ID 
2C 
2D 
3F 
3G 
3H 
31 
3J 

Specimen 
Depth, 
W, in. 

1.001 
1.001 
0.256 
0.251 
0.251 
0.501 
0.501 
0.995 
1.003 
1.001 
0.989 
0.251 
0.251 
0.251 
0.501 
0.501 

Specimen 
Widtli, 
B, in. 

0.256 
0.256 
0.242 
0.236 
0.229 
0.223 
0.208 
0.503 
0.503 
0.251 
0.251 
0.238 
0.232 
0.228 
0.242 
0.233 

Support 
Span, 
S, in. 

4 
4 
4 
4 
4 
4 
4 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 

Load 
^max> "' 

1270 
1185 
270 
245 
250 
540 
490 

2820 
2450 
1475 
1285 
285 
265 
260 
590 
480 

Shear 
Stregth, 

T, ksi 

3.81 
3.46 
3.27 
3.12 
3.23 
3.62 
3.53 
4.23 
3.40 
4.34 
3.89 
3.56 
3.43 
3.42 
3.66 
3.10 

avg 3.57 

Flexural 
Strength, 

Of, ksi 

15.23 
13.83 
51.01 
49.68 
51.41 
28.90 
28.18 
10.63 
8.48 

10.84 
9.83 

35.42 
34.12 
34.04 
18.25 
15.46 

NOTE: 1 in. = 25.4 mm; 1 lb = 4.448 N; 1 ksi = 6.895 MPa. 
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Mid Plane 

See Table 1 for Ply Layup 
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FIG. 2—Single-edge-notched bend specimens. 
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FIG. 3—Center-notched tension specimen. 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



322 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

Fracture Toughness Tests 

Room temperature fracture toughness properties of this graphite/epoxy 
composite were determined utilizing both the edge-notched-bend and center-
notched-tension specimens with various notch depths. Test procedures for 
these specimens are described separately. 

Edge-Notched-Bend Specimens—The specimens were loaded in three-point 
bending with a span S = 101.6 mm (4.0 in.) (see Fig. 2), using a servo-
hydraulic MTS machine operated in displacement control. The tests were per
formed with ramp displacement rates of 0.13, 0.25, 0.51, and 1.02 mm/min 
(0.005, 0.01, 0.02, and 0.04 in./min) for specimens with notch depths of 8.9, 
11.7, 14.0, and 16.5 mm (0.35, 0.46, 0.55, and 0.65 in.), respectively. These 
displacement rates yielded a corresponding loading rate of approximately 2.2 
kN/min (500 Ib/min). Load-point displacement was continuously monitored 
and autographically recorded as a function of load. For specimens with notch 
depths of 8.9 and 11.7 mm (0.35 and 0.46 in.), the test was interrupted after a 
significant load drop was observed. The specimen was withdrawn from the 
machine and ultrasonically inspected, then reloaded using the identical test 
procedure until additional load drops were observed. For specimens with 
notch depths of 14.0 and 16.5 mm (0.55 and 0.65 in.), the test was not inter
rupted but was terminated after two or more load drops. 

Center-Notched-Tension Specimen—The specimens were loaded via fric
tion grips and tested in a Baldwin tension machine. The loading rate equaled 
approximately 4.45 kN/min (1000 Ib/min). During each test, the applied load 
and the crack-opening displacement (COD) were monitored and continuously 
recorded. The COD was measured by a double-cantilever clip gage. This clip 
gage was attached to the tabs located 5.08 mm (0.2 in.) apart which were 
bonded to the specimen with epoxy cement. 

Failaro Mode and Fracture Behavior of Graphite/Epo?^ Composite 

Unnotched-Bend Specimens 

Typical load versus load-point displacement records for the unnotched 
three-point-bend tests are shown in Fig. 4. There is an initial region of increas
ing slope during which slack in the load train is removed and bearing surfaces 
develop under the loading rollers. This is followed by a linear region in which 
the specimen deforms elastically. A third region of slight deviation from 
linearity was observed for specimens with depths of 25.4 mm (1.0 in.). Fig. 4fe. 
After the applied load reached a maximum, a significant load drop occurred 
which indicated specimen failure. Visual inspection of the failed specimens 
revealed delamination as opposed to fiber breakup. This delamination occur
red most often in the specimen midplane. Visual inspection of the 25.4-mm-
deep (1.0 in.) specimens also revealed permanent deformation at the loading 
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FIG. 4a—Typical load versus load-point displacement records of three-point-bend test of un-
notched specimens with Vf <, 12.7 mm (0.5 in.). 
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FIG. 4fc—Typical load versus load-point displacement records of three-point-bend test of un-
notched specimens with W = 25.4 mm (1.0 in.). 
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324 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

point. This permanent deformation, caused by the excessive compressive 
stresses under the loading knife, may account for the deviation from linearity 
demonstrated by the load-displacement record. 

Notched-Bend Specimens 

Typical load versus load-point displacement records for notched-bend 
specimens are illustrated in Fig. 5. These records are very similar to those of 
the 25.4-mm-deep (1.0 in.) unnotched-bend specimens. That is, there is 
always a region of slight deviation from linearity, probably caused by excessive 
compressive stress under the loading knife, before a sudden load drop, which 
indicates specimen failure. 

Visual inspections of the specimens with initial notch depths of 8.9 and 11.7 
mm (0.35 and 0.46 in.) were made immediately after the first significant load 
drop. This inspection showed that the crack did not extend in a self-similar 
fashion. Ultrasonic inspection revealed that the load drop was caused by the 
delamination of more than 25 mm (1.0 in.) at each side of the notch tip. This 
kind of fracture behavior whereby crack extension, actually delamination, oc
curs perpendicular to the original crack orientation has been previously 
reported [18J9\. 

Since the specimen did not break in half following the initial load drop, it 
could still support some load. After this first load drop (delamination at crack 

1200 

lOOO 

T 800 

f 

Load Point Displacement (61 - mm 

2 3 

0.05 0.10 
Load Point Displacement (Si - In. 

0,15 0.20 

FIG. 5—Typical had versus load-point displacement records for a three-point-bend, edge-
notched graphite/epoxy composite specimen. 
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tip), the load still increased with increasing load-point displacement until the 
next load drop occurred. These specimens could be subjected to a load-point 
displacement of more than 3.8 mm (0.15 in.) without breaking in half. A 
closeup of specimen K, which experienced three load drops while being sub
jected to a 2.7-kN (600 lb) load and a load-point displacement of 0.34 mm 
(0.0135 in.) is shown in Fig. 6. Note the visually detectable delamination (Fig. 
db) and the relative motion of the specimen ends (Figs. 6a and 6c). This 
delamination and relative motion suggest that the additional load drops which 
follow the initial load drop were also caused by delamination. This delamina
tion would eliminate the shear stress on the longitudinal plane and cause ex
cessive load-point displacement and the relative motion of the specimen ends. 
There are also indications of fiber rupture under the loading knife. This fiber 
rupture may be caused by the concentrated load and the excessive flexural 
stress which results from the delamination. 

Center-Notched- Tension Specimens 

Typical load-versus-COD records for center-notched-tension specimens are 
shown in Fig. 7. All the specimens initially behaved linear elastically. Load 
displacement records of specimens with notch lengths (2a) equal to 30.5 mm 
(1.2 in.) are similar to those typically demonstrated by brittle materials (Type 
II or Type III per ASTM Method E 399-78a). Visual inspection of the failed 
specimens showed that "pop-in" was caused by delamination which occurred 
perpendicular to the initial notch, as shown in Fig. 8. The excessive COD was 
attributed to the sliding of the broken halves of the specimen (see Fig. 8). On 
the other hand, load displacement records of specimens with shorter notch 
lengths, 2a equal to 20.3 and 25.4 mm (0.8 and 1.0 in.), are similar to those 
displayed by ductile materials (Type I per ASTM Method E 399-78a). 
Delamination at the crack tip caused the load-displacement records to deviate 
from linearity. The specimens could sustain additional loading after delamina
tion without excessive displacement because the majority of the load was car
ried by the remaining ligament; see Fig. 8 [16]. 

Data Reduction 

With knowledge of the fracture behavior of this graphite/epoxy composite 
material, the experimental results can now be properly interpreted as outlined 
in the following sections. 

Unnotched-Bend Specimens 

As shown previously, the unnotched-bend specimens failed by delamination 
caused by shear failure. The shear strength of this graphite/epoxy material 
was calculated as follows: 
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326 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

3 P„ max 

4 WB 
(1) 

where 

T = shear strength, 
^max — load at which load drop occurred, 

W = specimen depth, and 
B = specimen thickness. 

Notched-Bend Specimens 

The fracture toughness of unidirectional laminated material (or laminated 
material with no fibers intersecting the direction of crack extension, such as 
the one tested) is strongly dependent upon the orientation of the crack relative 
to the fibers [//]. Also, the crack extension may or may not extend in the same 
direction as the original notch direction. Therefore, a notation system is pro
posed to denote the fracture toughness of unidirectional laminated material (or 
laminated material with the majority of the fibers oriented in a single direc
tion). The notation system is such that the roman numeral within the paren
theses indicates the mode of loading (per ASTM Method E 399-78a) and the 
number outside the parentheses indicates the angle of crack extension relative 
to the original crack (see Fig. 9). 

Since the first load drop of the notched-bend specimens was caused by 
delamination at the notch tip, the LEFM approach was employed. In addi
tion, since the deviation from linearity was attributed to plastic deformation 
under the loading point rather than plastic deformation at the notch-tip 
region, the /?-curve technique was not used to determine the critical stress-
intensity factor (/Cic)9o. The critical stress-intensity factor was simply 
calculated from the maximum load at the first load drop, (/'max,i)- The K-
calibration used was given by Wilson [20] for isotropic material. The stress-
intensity factor for an edge-notched-bend specimen under pure bending can 
be expressed as 

_ AM 
^i - ( | ^ - a ) 3 / 2 5 (2) 

where 

M = bending moment, 
W = specimen depth, 
B — specimen thickness, and 
a = notch depth. 

For the edge-notched-bend bar specimen tested in three-point bending, the 
fracture toughness is calculated via Eq 3 as 
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FIG. 7—Load versus crack-opening displacement records for center-notched-tension 
specimens. 

The constant (0.95) accounts for the difference between three- and four-point 
bend loading [21]. 

Center-Notched- Tension Specimens 
i 

The critical stress-intensity factor for the center-notched-tension specimens 
was calculated via Eq 4 as given by Feddersen [22] 

( ^ l c ) * = ^ > ^ « ^ ( ^ (4) 
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where 

Pc = critical load, 
W — specimen width, 
B — specimen thickness, and 

2a = crack length. 

Experimental Results 

The experimental results obtained from unnotched and notched specimens 
are presented separately. 

Unnotched-Bend Specimens 

The experimental results including the maximum loads, shear strength (T), 
and flexural strengths (cy) are presented in Table 2 along with specimen 
dimensions (width W and thickness B) and support span (5). The shear 
strengths obtained from specimens of two different thicknesses and support 
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FIG. 8—Failure mode of center-notched panels. 
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FIG. 9—Proposed notation system for fracture toughness of anisotropic laminated materials. 

Spans are plotted versus specimen depth in Fig. 10. Note that the shear 
strength of this graphite/epoxy composite is essentially independent of these 
testing variables. The average shear strength equals 24.6 MPa (3.57 ksi) with a 
scatterband of ±20 percent. 

Notched-Bend and Center-Notched-Tension Specimens 

Experimental results relative to the notched-bend specimens including 
^max,i> ^max,2' (-''^ic)*' ^"d T are presented in Table 3. The critical stress-
intensity factor {Kif.)i)o or fracture toughness of the graphite/epoxy composite 
is plotted as a function of crack length in Fig. 11. Note that apparent fracture 
toughness as determined via edge-notched-bend specimens increases with in
creasing crack length. A least-squares fit of the data shows that the relation
ship between {Ki^)i)Q and crack length (a) can be expressed as 

{KQ^ = 15.47 + 25.34 (a) 

with (,Kic)<)o in ksiViiT. and a in inches or 

(/:ic)9o = 17.02 + 1.10(a) 

with (A'i(.)9o in MPaVm and a in mm. It should be mentioned that, if the two 
fracture toughness values for the shortest crack length (a) equal to 8.9 mm 
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FIG. 10—Shear strength versus specimen depth for a graphite/epoxy composite. 

TABLE 3—Experimental results of notched-bend specimens. 

Specimen 
No. 

G 
H 
I 
J 
K 
L 
M 
N 

Crack 
Length 
a, in. 

0.55 
0.65 
0.46 
0.46 
0.46 
0.65 
0.35 
0.35 

P 
max,!, lb 

1164 
900 

1390 
1640 
1413 
810 

1640 
1720 

(^Ic)90' 
ksiVin. 

29.27 
33.05 
26.62 
31.05 
27.06 
29.74 
22.76 
23.87 

avg 27.91 

W - a. 
m. 

0.45 
0.35 
0.54 
0.54 
0.54 
0.35 
0.65 
0.65 

' m a x , 2 ' 
lb 

840 
680 

1170 
1120 
1120 
680 

1105 
1050 

T, 

ksi 

2.80 
2.91 
3.25 
3.11 
3.11 
2.91 
2.65 
2.42 

avg 2.90 

Of, 
ksi 

49.77 
66.61 
48.15 
46.09 
46.09 
66.61 
32.66 
29.82 

NOTE: 1 in. = 25.4 mm; 1 lb = 4.48 N; 1 ksi = 6.895 MPa; 1 ksi Vin. = 1.099 MPa yfm. 

(0.35 in.) are neglected, the remaining data tends to render the fracture 
toughness independent of specimen crack length. 

Fracture toughness values obtained via the four center-notched tension 
specimens are summarized in Table 4 and also included in Fig. 11. These frac
ture toughness values appear independent of crack length. This conclusion, 
however, is based on a very small data sampling. 

Discussion 

The shear strength of the graphite/epoxy composite is essentially indepen
dent of specimen size and support span (see Fig. 10). On the other hand, when 
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FIG. 11—Fracture toughness (Kj^J^ of graphite/epoxy composite obtained from edge-
notched-bend and center-notched tension specimens. 

TABLE 4—Experimental results of center-notched-tension specimens. 

Specimen No. 
Crack Length, 

2a, in. 
Critical Load, Fracture Toughness, 

/ric9o, ksi-v/iiT. 

A 
B 
D 
E 

1.0 
0.8 
1.2 
1.2 

5250 
5600 
3200 
3950 

15.5 
14.2 
11.5 
14.1 

NOTE: 1 in. = 25,4 mm; 1 lb = 4.448 N; 1 ksiViiT. = 1.099 MPaVin. 

the bend test results are interpreted and expressed as flexural strength versus 
specimen depth, Fig. 12, the "flexural strength" obtained from unnotched-
bend specimens is dependent on the specimen dimensions and support span.^ 
This dependent behavior is not unexpected since the failure mode of these 
bend specimens is delamination caused by shear failure rather than fiber 
breakup caused by excessive flexural stress. Thus, it is emphasized that, due 
to the nature of this anisotropic material, attention should be given to the 
failure mode in order to perform meaningful design calculations. 

Fracture toughness values obtained for this graphite/epoxy composite via 
edge-notched-bend specimens fall between 25.04 and 36.35 MPaVnT (22.76 
and 33.05 ksiVin.). These values are consistent with results presented by 

^Bend tests are commonly used to establish the flexural strength of composites. 
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FIG. 12—Flexural strength versus specimen depth for graphite/epoxy composite. 

others: (1) 35.86 MPaVm ± 11 percent (32.6 ksiVin ± 11 percent) obtained 
for a graphite/epoxy composite with 0-deg fiber orientation angle [11]; (2) 33 
MPa>^ (30 ksiViiT) obtained for a [0/± 45/90]^ T300/5208 graphite/ 
epoxy laminate [13]; and (3) 26.4 to 39.6 MPaVnr(24 to 36 ksiVinO (depend
ing on ply thickness) obtained for a (90/0/90/0/90) graphite/epoxy com
posite [2]. However, the present experimental results (Fig. 11) show that the 
fracture toughness of this graphite/epoxy composite increases with increas
ing crack length. Moreover, with the exception of a single low-fracture-
toughness value, the fracture toughness values obtained from center-notched-
tension specimens average 16.4 MPaVnr(14.9 ksiVin.)or almost exactly half 
of that obtained from the edge-notched-bend specimens. These results con
flict with a basic premise of LEFM; that is, fracture toughness is an intrinsic 
material property and is geometry-independent. Thus, the applicability of 
fracture mechanics to laminated composites becomes questionable, as sug
gested by Hoover and AUred [16] plus Ellis and Harris [17]. 

In previous studies of T300/5208 graphite/epoxy material [13,23], the frac
ture of a notched specimen did not consist of a definite pop-in type behavior, 
which is often observed for metallic material and brittle material. As such, the 
resistance curve technique [24] was employed to determine fracture toughness. 
The nonlinearity for the [0/±45/90]„s material tested was attributed to the 
damage zone at the crack tip developing slowly in the form of a number of 
small cracks within plies which are parallel to the fiber orientation in each ply, 
often accompanied by a local delamination between plies [13]. On the other 
hand, the graphite/epoxy material of the present study showed a definite pop-
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in type behavior. The difference in fracture behavior can be attributed to the 
fact that the graphite/epoxy material tested in this program is essentially a 
unidirectionally reinforced material.'' 

For a unidirectional reinforced material with a transverse crack subjected to 
Mode I (tensile) loading, such as the single-edge-notched-bend specimen, 
there is a shear stress concentration at the crack tip. This (shear) stress con
centration will cause the material to split and delaminate from the crack tip 
along the plane of weakness (parallel to the fiber plane) rather than cracking 
normal to the applied load. It is unfortunate that fracture mechanics cannot 
be applied in this case to predict the load-carrying capacity. However, the 
delamination eliminates the stress concentration effect at the crack-tip region. 
Therefore, the edge-notched-bend specimen would behave like an unnotched 
bend bar with an effective specimen depth (W^ff) given by W-a; see Fig. 13. As 
can be seen from Table 3, the load necessary to cause delamination at the 
crack tip (Pmax,i) is always higher than the load required to cause general shear 
failure (i'max.a)- This suggests that the graphite/epoxy composite is not sen
sitive to cracks in a plane perpendicular to the plane of the fibers, and the 
loading-carrying capacity of such a cracked body can be calculated based on 
net section considerations; see Fig. 13. Similar conclusions were reached by 
Hoover and Allred [16]. 

The shear strengths corresponding to the second load drop (/*max,2)» using 
the effective specimen depth concept, were determined from Eq 5 and are 
presented in Table 3 and Fig. 14 

3 
T = — 

max,2 

4{W- a)B 
(5) 

As expected, these shear strengths are essentially independent of effective 
specimen depth. The average shear strength equals 20 MPa (2.90 ksi) and is 
approximately 20 percent less than those obtained from unnotched-bend 
specimens. This discrepancy, however, may be attributed to the damage sus-

Delamlnatlon 
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FIG. 13—Effective specimen depth of a specimen with delamination from crack-tip region. 

''Although approximately 13.5 percent of the graphite fibers are not parallel to the (principal) 
flexural stress, they are on the same plane as the flexural stress. 
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FIG. 14—Shear strength of the graphite/epoxy composite determined from edge-notched-
bend specimens. 

tained by these edge-notched-bend specimens at and prior to reaching i'max.i • 
The corresponding flexural strengths obtained from these notched-bend 
specimens are dependent on the effective specimen depth (see Fig. 15). This 
behavior is similar to that observed on the unnotched-bend specimens (see Fig. 
12), where the flexural strengths were dependent on specimen dimensions and 
support span. 

The interply shear strength of this thick-section [54 mm (2.125 in.)] 
graphite/epoxy composite is 24.6 MPa (3.57 ksi). This value is much lower 
than the 74.5 MPa (10.8 ksi) obtained for a 3.3-mm-thick (0.128 in.) 
graphite/epoxy material with similar fiber layup. This discrepancy can be at
tributed to the microcracks which exist in this vintage thick-section composite. 
These microcracks can be eliminated by improving the fiber surface treat
ment, by optimizing the fiber layup or by choosing the proper combination of 
fiber and resin. Eliminating these microcracks will significantly increase the 
interply shear strength of this material, thus moving the graphite/epoxy com
posite retaining ring one step closer to reality. 
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FIG. 15—Flexural strength as a function of effective specimen depth. 

Conclusions 

1. The failure mode of the test composite under three-point bending is in-
terply shear failure. The interply shear strength of the test composite was 24.6 
MPa (3.57 ksi). 

2. The "flexural strength," determined from three-point bend tests, is 
dependent on specimen dimensions and support span and cannot be used for 
design calculation. 

3. Apparent fracture toughness values obtained for a thick-section 
graphite/epoxy composite via edge-notched-bend specimens range between 
25.04 and 36.35 MPaVnT (22.76 and 33.05 ksiVin.) and are dependent on 
notch depth. 

4. Apparent fracture toughness values obtained for this graphite/epoxy 
composite via center-notched-tension specimens averaged 16.4 MPaVin 
(14.9 ksiVin.) and are independent of notch length. 

5. Due to the dependence of apparent fracture toughness values on 
specimen geometry and notch length, LEFM is not directly applicable to 
thick-section composites with cracks perpendicular to the fiber orientation. 
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6. The graphite/epoxy composite tested in this investigation was insensitive 
to cracks in a plane perpendicular to the fibers. The load-carrying capability 
can be calculated based on net section considerations. 
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ABSTRACT: This paper describes the development of a graphite/epoxy wing skin con
figuration capable of sustaining limit load following damage from a 23-mm high-
explosive (HE) projectile impact. The skin configuration incorporates information 
learned in sawcut and ballistic fracture testing, and consists of a +45 graphite/epoxy 
laminate with integral spanwise and chordwise crack-arresting pads formed by adding 
0-deg glass/epoxy between the plies of graphite/epoxy. The ±45-ply orientation provides 
enhanced battle damage tolerance because of its higher residual strain-to-fracture capa
bility relative to quasi-isotropic 0/ + 45/90 laminates. This permits developing the full 
load-carrying capability of the spar chords before unstable crack propagation can occur 
in the damaged skin. The 0-deg glass/epoxy was added to further enhance this capabil
ity, and concentrated into pads to avoid undesirable ballistic damage augmentation 
caused by the glass fibers, and to provide a controlled failure mode under blast pressures. 
The optimum graphite-to-glass ratio and the required width of the crack-arresting pads 
were determined using a new analysis method for predicting fracture in laminates 
containing high-strength 0-deg fibers. The effectiveness of the damage tolerance concept 
was demonstrated by firing a 23-mm HEI projectile into the tension surface of a full-scale 
wing-box test component loaded in combined bending and torsion. Following damage, 
limit load was achieved as a result of successful crack arrestment. 

KEY WORDS: cracking (fracturing), fracture (materials), advanced fiber composites, 
ballistic damage, impact strength, military aircraft, antiaircraft projectiles, high-
explosive projectiles, tensile strength, fracture strength, ballistics, residual strength 

Advanced fiber composites, chiefly graphite/epoxy, are being developed 
for increased use in the primaiy structure of combat airplanes. Since these 
airplanes operate in a hostile environment, research programs (for example, 
[/] 2) have been undertaken to establish the response of fiber composites to 

'Manager, Survivability/Vulnerability, technical analyst, and senior specialist engineer, re
spectively, Boeing Military Airplane Co., Research and Engineering, Seattle, Wash. 98124. 

^The italic numbers in brackets refer to the list of references appended to this paper. 
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projectile impact and to develop design approaches that improve battle dam
age tolerance. This work has shown that graphite/epoxy and boron/epoxy 
can be very intolerant of ballistic damage. 0/±45/90 graphite/epoxy for ex
ample is extremely notch-sensitive, comparable to 7178-T6 aluminum, one of 
the most notch-sensitive aluminum alloys. However, by varying the fiber or
ientation and hybridizing with other fiber types, the ballistic damage 
response and tolerance of graphite/epoxy structure can be controlled, pro
viding a potential new dimension for achieving combat survivability. 

The Battle Damage Tolerant Wing Structural Development Program [2] 
was initiated in 1974 to develop and demonstrate the technology for design
ing a graphite/epoxy wing box capable of meeting stringent battle damage 
tolerance criteria. These criteria required that the wing sustain limit load 
after being hit by a 23-mm high-explosive-incendiary (HEI) projectile under 
conditions causing worst-case damage. This projectile is an antiaircraft ar
tillery round which detonates on contact, creating fragmentation and blast 
damage mechanisms. The entry damage from a superquick-fused 23-mm 
HEI projectile was represented as a 0.254-m (10 in.) sharp-edged crack for 
residual tensile strength assessment. 

Figure 1 shows the final wing design with the major features highlighted. 
The battle-damage-tolerant design configuration consists of multiple high-
stiffness spars and a low-stiffness skin having enhanced fracture resistance 
obtained by hybridization and geometric tailoring. This provides the re
quired damage containment capability without significantly reducing the de
sign strain level. 

Development of the fracture resistant skin proceeded in five phases: 

1. Evaluation of the relative fracture performance of candidate skin 
laminates, as measured by strain-to-failure. 

2. Evaluation of fracture performance with ballistic damage, including 
the effects of the applied tension load at impact. 

3. Development of an analysis method for detailed design optimization 
which provides fracture criteria in terms of laminate properties. 

4. Definition of final design based on information from Phases 1-3. 
5. Full-scale verification of the final design by impacting a loaded full-

scale wing box with a superquick-fused 23-mm HEI projectile and demon
strating limit load capability with damage. 

These five activities are addressed in the following paragraphs. 

Fracture Response of Candidate Skin Materials 

Analysis [3] indicated that good survivability to exploding projectiles could 
be achieved in a wing-box configuration using multiple spars containing uni
axial graphite/epoxy, and ±45 graphite/epoxy skins. Most of the spanwise 
bending loads are carried in the spar chords and the skin is sized primarily by 
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FIG. 1—Battle-damage-tolerant wing final design. 

torsion and internal pressure due to fuel storage and delivery. Avoiding the 
use of 0-deg graphite fibers in the skin enhances residual strain-to-failure 
and fracture toughness following ballistic damage. 

Having defined a general configuration, our next task was to conduct frac
ture testing to compare the fracture performance of candidate ±45 
fiber/resin systems for the skin panels. The following paragraphs describe 
the materials tested, test procedures, results, and conclusions. 

Candidate Skin Laminates 

The fracture performance of five ±45 graphite/epoxy systems was 
evaluated: T300/934 and T300/5208 prepreg tape and fabric, and AS/3501 
tape. ±45 laminates of three nongraphite systems of potential interest were 
also tested: Kevlar 49/934 tape and fabric, and S-glass/1002 tape. Analytical 
predictions [3] indicated that interspersing plies of a high-strength material 
having a high strain-to-failure (such as glass or Kevlar) within ±45 
graphite/epoxy laminates would improve fracture resistance, particularly if 
oriented in the 0-deg direction. Therefore, several graphite-glass and 
graphite-Kevlar interply hybrid laminates were tested to determine the best 
combination and proportion of materials for meeting battle damage 
tolerance requirements while retaining the structural efficiency of the skin. 
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Test Procedure 

Laminates were fabricated according to vendor recommendations, and test 
panels of each type were cut from the cured laminates. The panel sizes 
varied, and details are given in Ref 2. Central through-cracks were machined 
according to the specifications shown in Fig. 2. Friction grips were designed 
and fabricated for gripping fiberglass end-pads bonded to the test panels. 
This reduced fabrication expense and the risk of grip failure associated with 
bolted attachments. Stress/strain data for the laminates were obtained from 
tensile coupons cut from the panels. For the sawcut panels, gross strain at 
failure was estimated from the stress/strain curves at the measured failure 
stress. 

Test Results 

Values of KQ/FIU (apparent critical stress-intensity factor/ultimate un
damaged stress) were generally above 1.1 for all the graphites, and ap
proached 1.5 for the Kevlar 49 and S-glass laminates fabricated from 
unidirectional tape. This compares with values of A'Q/F(„ averaging about 
0.6 for laminates having 0-deg graphite/epoxy fibers [1]. As Figure 3 shows, 
on the basis of strain-to-failure, the AS/3501 tape and the T300/934 fabric 
exhibited the highest strain-to-failure of the ±45 graphite materials. 

0.254 

SAWCUT SPECIFICATION 

FIG. 2—Photograph of sawcut used in fracture panels. 
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FIG. 3—Comparison of fracture performances of ±45 graphite/epoxy laminates. 

Figure 4 shows photographs of some of the failed ±45 fracture panels. 
The failure surface was predominantly along the ±45 directions, except for 
the T300/934 fabric, the Kevlar 49/934 fabric, and the AS/3501 tape. Each 
of these latter configurations showed some transverse (self-similar) extension 
of the crack. 

The test results for the interply hybrid systems containing 0-deg plies of 
S-glass/1002 (or Kevlar 49/934) interspersed with ±45 graphite/epoxy con
firmed the analytical prediction of increased critical strain-to-failure and 
fracture toughness, as seen in Fig. 5. The curves shown in Fig. 5 relate 
critical crack length to the percentage of S-glass in the laminate, and were 
constructed using critical stress predictions (analysis method is described 
later) and stress/strain data obtained from undamaged graphite-glass hybrid 
laminates. The analysis predicted that a laminate with 35 percent S-glass 
could contain the 0.254-m (10 in.) crack simulating 23-mm HEI entry 
damage (superquick fuse) at the desired limit load strain. 

Of the materials tested, AS/3501 graphite/epoxy reinforced with 0-deg 
S-glass/1002 glass/epoxy provided that best critical strain capability. 
However, T300/934 fabric with S-glass/1002 performed nearly as well and 
offered fabrication advantages for the application at hand. For these reasons 
the ±45 T300/934 fabric reinforced with 0-deg S-glass was selected for the 
wing skin. The strain-at-fracture and the ultimate strain of the 
graphite/Kevlar 49 hybrid panels were lower than the graphite/S-glass 
hybrids, and Kevlar 49 was not considered further for use as the hybridizing 
material. 
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FIG. Aa^Failure modes of center-cracked panels. 
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FIG. 4b—Failure modes of center-cracked panels. 
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FIG. 5—Damage containment improvement from adding 0-deg S-glass to +45 graphite/epoxy. 

Fracture Response with Ballistic Damage 

The sawcut fracture testing was valuable in determining the relative strain-
to-failure and apparent fracture toughness of the candidate skin laminates, 
but did not provide sufficient information to fully define structural response 
to baUistic damage. The following paragraphs describe the work done to 
define this response, including ballistic impact tests to characterize damage, 
fracture testing of ballistic damaged panels, and ballistic impact tests of 
panels under tension load to assess the effect of applied load on damage and 
fracture. 

Characterization of Ballistic Damage in Fiber Composite Laminates 

Ballistic testing of graphite/epoxy and graphite-glass hybrid laminates was 
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done with nonexplosive penetrators and high-explosive projectiles. The 
penetrator tests were conducted in an indoor ballistic test range consisting 
of a launcher, velocity measurement section, and test chamber. Within the 
test chamber, 0.127-cm (0.050 in.) test panels were mounted on a frame 
which could be rotated to establish the desired obliquity angle, and impacted 
with bullets or cubical fragments. The inflicted damages were examined 
visually and by ultrasonics, and four damage measures were defined as 
shown in Fig. 6. 

1. Maximum Perforation—The maximum dimension of through-the-
thickness material separation. This dimension corresponds approximately to 
a "see-through" capability. 

2. Maximum Perforation plus Through Delamination—This dimension 
includes the preceding damage plus adjacent area that is delaminated 
through-the-thickness. This measure defines the extent of removed or com
pletely degraded material from a structural standpoint. 

3. Maximum Transverse Perforation—The maximum perforation trans
verse to the preceding Measurement 1. 

4. Maximum Extent of Visible Damage—This dimension is the maximum 
extent of visual ballistic impact damage on the panel. In many cases this in
cludes surface peeling that has little effect on structural performance. 

Figure 7 shows an undesirable response of the interply graphite/S-glass 
hybrid laminates to ballistic impact. On the left is the entry face of a hybrid 
panel after penetration by a 2.54-cm (1 in.) steel cube traveling at approx
imately 305 m/s (1000 ft/s), resulting in perforation with little damage 
beyond the projectile impact region. This type of damage, indicating a shear-

MAXIMUM PERFORATION 
MAXIMUM PERFORATION PLUS DEEP DELAMINATION 
MAXIMUM TRANSVERSE PERFORATION 

> MAXIMUM EXTENT OF VISIBLE DAMAGE 
(IncludM pMlInf of turf act ply(t)l 

FIG. 6—Representative measures of ballistic damage in composite materials. 
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controlled or "plugging" penetration mode, is characteristic of both entry 
and exit surfaces for thin graphite/epoxy laminates. The exit surface of the 
hybrid laminate, however, has extensive damage in the direction of the 0-deg 
S-glass fibers. The tougher S-glass fibers resist penetration by elongation, 
thus bending the less-ductile graphite plies toward the exit surface, resulting 
in peeling and tearing much beyond the impact point. 23-mm HEI test fir
ings into a replica wing-box test component clearly showed this undesirable 
damage augmentation, causing extension of damage spanwise into adjacent 
bays. 

Strength Degradation of Ballistic-Damaged Composites 

Having characterized the ballistic damage in the skin laminates, it re
mained to determine (1) the tensile strength degradation of ballistic damaged 
laminates, (2) the damage measures most influential in determining this 
strength degradation, and (3) the effect that applied load has on the extent of 
induced ballistic impact damage and residual strength. 

The test procedure for determining these responses consisted of installing 
a test panel in the tension fixture, applying load, and firing a projectile 
through the stressed panel as indicated in Fig. 8. If fracture did not occur at 
impact, the applied load was removed and the ballistic damage was 
measured and photographed. Load was then reapplied until failure in order 
to determine residual strength. Past work (Refs 4 and 5, for example) had 
demonstrated a threshold strength for a given impact condition, such that 
applied stresses exceeding the threshold strength result in immediate failure 
of the test panel upon penetration by the projectile. The threshold strength is 
often less than the residual strength (that is, the static strength) of panels 
damaged under the same impact conditions, indicating the potential 
significance of dynamic effects. When the applied stress is below the 
threshold strength, the panel will survive the impact with no apparent effect 
of applied load, and the residual strength of the damaged panel can be deter
mined by subsequent loading to failure. 

Olster and Roy [5] fired armor-piercing bullets into 0 /±45 and 0/ +45/90 
graphite/epoxy laminates under preload and showed that the threshold 
strength was only slightly lower than the residual strength. The current work 
extends these conclusions to additional laminate configurations. 

As shown in Fig. 9, ±45 graphite/epoxy laminates and interply hybrid 
laminates of ±45 graphite/epoxy reinforced with 0-deg S-glass/epoxy sur
vived impacts even when the preload was just slightly less than the static 
residual strength level, indicating no significant strength degradation due to 
the dynamic conditions at impact. In other words, the threshold strength for 
applied load effects virtually equals the critical stress for residual strength. 

Also indicated in Fig. 9, the residual strength of ±45 graphite/epoxy and 
graphite-glass hybrid panels with ballistic damage tends to correlate 
favorably with sawcut results using linear elastic fracture mechanics, taking 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



AVERY ET AL ON FRACTURE CONTROL 349 

APPLIED LOAD 
AT IMPACT 

PANEL SURVIVES IMPACT 
PANEL FAILS AT IMPACT .• M • f, 

SAFE-LOAD 

INCREASE APPLIED TTTTT 

THRESHOLD FOR APPLIED 
LOAD INFLUENCE 

LOAD UNTIL 
DAMAGED 

PANEL FAILS 

^RESIDUAL 
STRENGTH— 

DAMAGE 

FIG. 8—Strength degradation of tensile panels due to ballistic impact. 

the ballistic damage transverse to the applied load as the effective crack 
length. Best correlation is obtained with the damage defined as "maximum 
perforation plus through delamination" (Damage Measure 2). These results 
are consistent with conclusions from previous investigations addressing other 
laminate configurations \1,6\. Reference 6 reports a computational model for 
predicting this damage in graphite/epoxy laminates impacted by compact 
fragments and bullets, as shown in Fig. 10. The fracture test results indicate 
that the ballistic flaw is somewhat less severe than a sawcut of the same 
length. They are sufficiently close in effect, however, to justify using the 
sawcut results as a conservative estimation of the residual strength of ballistic 
damaged panels. 

The graphite-glass hybrid panels exhibited substantial rear-surface 
ballistic damage as described previously, but this did not appear to have 
reduced the residual tensile strength. However, it may be significant in 
degrading shear and compression strength and causing the skin to separate 
from the substructure at attachments. 
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FIG. 9a—Tensile strength degradation of ±45 laminates due to ballistic impact. 

Analysis Method for Predicting tlie Residual Strengtii of Fiber Composites 

An analysis method was developed [3] for predicting the residual tension 
strength of fiber-controlled composite laminates containing projectile 
damage. The method is particularly useful for hybrid laminates, and was 
used to configure the "waffle" skin design with crack-arresting hybrid pads 
described later in this paper. In addition, the method provides the capability 
to predict critical fracture conditions directly from laminate properties, in
cluding ultimate tensile strength, shear modulus, and the tension modulus of 
the 0-deg constituent. 
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FIG. 9b—Tensile strength degradation of +45 laminates due to ballistic impact ^concludedA 

The analysis method applies to layups containing 0-deg fibers that control 
the ultimate tensile strength of the laminate. A representation of the stress 
field near the tip of the crack is incorporated which presumes that all of the 
axial load interrupted by the crack is carried by the material near the tip, 
with ultimate stress at the tip when the gross stress equals the critical level for 
the flaw size. The local stress is assumed to decrease parabolically from 
ultimate to the gross stress at a distance Y from the crack tip. 

The local stress distribution, including the distance Y, is assumed to de-
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FIG. 10—Damage size model for graphite/epoxy. 

pend on (1) the residual strength ratio, R = a/Fj^; (2) the laminate shear 
modulus, G; and (3) the modulus of elasticity of a unidirectional laminate of 
the 0-deg constituent. Definition of these functional relationships was 
established empirically from available fracture test data for boron, graphite, 
E-glass, and graphite/S-glass hybrids, leading to the following relationship 
between critical crack size (in centimetres) and critical gross stress 

= 5 
G 1 - R 

R 

1.5 (use coefficient "2" instead of "5" to 
obtain a^ in units of inches) 
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where 

Uc = critical crack half-length, 
G — shear modulus of laminate, 

EQ = modulus of elasticity of a uniaxial laminate of the 0-deg material, 
and 

R = a/F^u where a^ is the critical tensile stress causing fracture and F,„ 
is the ultimate tensile strength of the undamaged laminate. 

Figure 11 compares critical stress-intensity factors predicted using this equa
tion with the results of fracture tests. There is good agreement between pre
dicted and measured values. 

The empirical constants defined in the preceding were evaluated from 
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-Correlation of test results with predictions from residual tensile strength analysis 
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fracture test results of laminates havng 0, +45, 90-ply orientations, and in-
terply hybrid laminates of 0, ±45 orientation, where the ultimate strain of 
the 0-deg constituent did not greatly exceed that of the ±45 constituent. In 
addition, application is limited to self-similar crack extension transverse to 
the applied loads. The analysis method appears to accurately predict fracture 
levels for both large and small cracks within the limitations cited. Since the 
effect of the stress distribution near the crack is included, the analysis incor
porates the parameters needed to configure crack-arresting pads or softening 
strips, and to predict the interaction between several cracks. Additional frac
ture toughness testing is needed to fully define the validity range of the 
analysis. 

Design Approach for Battle-Damage-Tolerant Wing SIcin 

Three factors were evident from the testing and analysis of graphite/S-
glass hybrid laminates: 

1. For the wing-box configuration under development, graphite/S-glass 
interply hybrid skins with approximately 35 percent interspersed S-glass can 
contain 0.254-m (10 in.) ballistic damages at the selected limit load strain 
(0.0047 m/m), thus meeting the battle damage containment criteria. 

2. The graphite/S-glass interply hybrid skins showed extensively aug
mented rear surface damage aligned in the direction of the S-glass fibers. 

3. Internal blast pressures and impacting fragments from the 23-mm HEI 
projectile were capable of causing extensive skin detachment and delamina-
tion. 

These factors guided the development of an improved skin design that 
greatly reduces inflicted ballistic damage while retaining the good damage 
tolerance of the graphite-glass hybrid. This design concept consists of plac
ing the 0-deg S-glass only along the substructure interfaces, forming chord-
wise and spanwise crack-arresting pads of graphite-glass hybrid. The skin 
between the reinforced regions is ±45 graphite/epoxy, resulting in 
multithickness skin forming a "waffle" pattern as indicated in Fig. 12. The 
pad at the skin/rib interface contains 0/90 S-glass. 

The damage tolerance design objective using these hybrid crack-arresting 
pads is to contain two-bay cracks between spanwise pads at limit load. This 
approach provides survivability to a worst-case damage introduction, that is, 
an impact causing severance of a spar cap with an associated equivalent 
sharp-edged crack of 0.254-m (10 in.). The thickness and width of the pads 
were sized by this requirement. 

The damage resistance benefits resulting from the hybrid pad configura
tion are twofold: (1) Eliminating the S-glass from major portions of the skin 
and providing a rib pad eliminates the augmented rear surface damage and 
skin detachment associated with ballistic impacts into the interply hybrid de-
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FIG. 12—Hybrid pads for crack arrest and ballistic damage control. 

scribed previously. (2) The thinner sections of all-graphite skin bounded by 
the hybrid pads serve as "blowout" panels when subjected to intense pres
sures from the internal blast and fragments of the 23-mm HEI projectile. 
This action is achieved because skin failure occurs along the perimeter of the 
thinner all-graphite segment. The resulting failure line is relatively "clean," 
and the good fracture toughness of the hybrid pads prevents damage from 
propagating through the spar/skin or rib/skin attachments during subse
quent loadings. 

Full-Scale Verification of Ballistic Damage Tolerance and Control 

A full-scale graphite/epoxy wing-box test component incorporating the 
damage tolerance concepts discussed was fabricated and tested. The three-
spar test component was loaded in combined bending and torsion to a 4-^ 
condition, and a 23-mm HEI round was fired into the center spar cap on the 
tension surface. The test component, loading fixture, and aim point are 
shown in Fig. 13. The loaded component survived the impact with no indica
tion of structural failure. After the impact, the bending and torsion loads 
were increased to the 7.5-g design limit load. The damaged test component 
successfully sustained these loads. Ten cycles of two-thirds limit load were 
then applied, demonstrating 2-h cruise capability after damage. The compo
nent was then loaded to failure, which occurred on the compression spar cap 
at 8.6-^'s. 

The photograph of the tension skin in Fig. 14 was taken following suc
cessful application of limit load. A crack can be seen in the upper right of the 
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FIG. 13—Full-scale wing-box component ready for 23-mm HEJ impact. 

damaged region which propagated from the ballistic damage to the nearest 
hybrid crack-arresting pad and was successfully arrested. This verified the 
crack-arresting capability of the pads and the analysis methods for predict
ing the fracture response of graphite/epoxy and graphite-glass/epoxy hybrid 
laminates. 

Damage to the compression skin is shown in Fig. 15. The raised segment 
of skin resulting from "blowout" of the thinner segment of ±45 
graphite/epoxy between the hybrid pads is evident. This response prevented 
attachment failure and extension of the damage beyond the impacted cell, 
and verified the effectiveness of the "waffle" skin configuration using 
graphite/glass hybrid laipinates. Evidence of the wing-box final failure is 
also visible in Fig. 15. This occurred at the compression spar cap at 8.6-g's, 
when the skin buckled along the lower spar and above the central spar, with 
some skin detachment. The tension skin never failed. 

Conclusions 

The fracture control approach described in this paper was successfully 
demonstrated by a very severe test of a full-scale component subjected to im
pact by a high-explosive antiaircraft projectile. The work demonstrates the 
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FIG. 14—23-mm HEI entry damage—full scale wing-box component. 
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FIG. \S—23-mm HEI damage in compression skin (photographed after final box failure). 

potential capability of advanced fiber composite structure for achieving bat
tle damage tolerance as well as structural efficiency. 
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ABSTRACT; R-curves for surface cracks in Ti-6A1-4V titanium alloy were generated for 
the purpose of studying the resistance of the alloy to their subcritical growth under a 
monotonically increasing load typical of a proof test. Another purpose was to evaluate 
Ehret's compliance calibration for measuring the instantaneous size of a surface crack 
using the unloading slope of a load-versus-clip-gage-opening curve. Another purpose was 
to study "leak-before-burst" during sustained load and during subcritical crack growth 
under rising load. 

Clips were mechanically attached to either side of the surface crack on the face of the 
specimen. A clip-gage extensometer was used to plot load-versus-clip-gage opening. 
Slopes were taken periodically by unloading about 10 percent so that subcritical crack 
growth could be distinguished from crack-tip plastic deformation. The tests were run in 
accordance with the ASTM Recommended Practice for R-Curve Determination (E 561-
78T) as much as possible. 

KEY WORDS: R-curve, surface crack, titanium, stress-intensity factor, fracture tough
ness 

With the advent of manned launch vehicles such as the Space Shuttle for 
launching satellites and interplanetary spacecraft, pressure vessel weight has 
become even more critical than with previous unmanned vehicles. In addi
tion, as the pressure vessel wall thickness is decreased to minimize weight, 
the requirements for safety and reliability become more stringent for the 
safety of the ctew [1,2]? All pressure vessels on spacecraft to be launched 
from the Space Shuttle must be proof-tested [1,2]. Therefore the subcritical 
crack growth behavior of surface cracks in thin metals under a monotonically 
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increasing stress such as used in a proof test must be understood if safe, reli
able vessels are to be designed. 

A method for measuring subcritical crack growth as a function of applied 
stress is the R-curve method [3]. However, the ASTM Recommended Prac
tice for R-Curve Determination (E 561-78T) applies only to through-cracks; 
no standard test method now exists for measuring R-curves of materials con
taining surface cracks. In a study of the effect of hydrogen in titanium on 
critical stress-intensity factors, several interesting aspects of the growth of 
surface cracks in thin sections were observed [4]. 

Previous investigations had constructed R-curves for surface cracks by 
periodically fatigue marking the fracture surface and correlating these marks 
to clip-gage data after the specimen was broken [5-8]. One purpose of this 
work was to use a clip gage as a direct measurement of instantaneous crack 
size using Ehret's compliance calibration [9]. This method and the data 
generated were then used to study the "leak-before-burst" phenomenon dur
ing sustained load and rising load. 

Procedure 

Materials 

The metal tested was Ti-6A1-4V titanium alloy. The heat-treated forging 
specimens were from a 1.90-cm-thick (0.75 in.) propellant tank forging from 
TIMET Heat No. G-804. The 0.23- and 0.07-cm-thick (0.090 and 0.026 in.) 
annealed specimens were from plate, RMI Heat Nos. 892361 and 800432, 
respectively. Reference 4 gives the "as-received" chemical analyses. 

Heat Treatment 

The heat-treated specimens were solution-treated at 954 ± 8°C (1750 ± 
15°F) for 1 h in a vacuum chamber at less than 1 X 10~^-torr pressure, 
quenched in water at 20°C (68°F) from the vacuum chamber within 5 s and 
aged for 4 h at 510 ± 6°C (950 ± 10°F) in vacuum. This heat treatment was 
done while the material was 1.14 cm (0.45 in.) thick. After machining and 
notching these specimens were aged an additional 4 h at 510 ± 6°C (950 ± 
10°F). 

The annealed specimens were heated at 732 + 14°C (1350 ± 25°F) for 2 h 
and cooled in air while the plate was 0.95 cm (0.375 in.) thick. The speci
mens were then machined. 

Specimen Design 

The surface-crack tension specimen was chosen for this study because it 
simulates cracks in pressure vessels and it is suited for testing thinner materi-
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als. The specimen meets the ASTM Test for Tension Testing of Metallic Ma
terials (E 8-79). The specimens were prepared according to the ASTM Test 
for Surface-Crack Tension Specimens (E 740-80). 

The approximate stress-intensity factor solution for the specimen used in 
this study is 

Ki = OMK Vl.2l7r(a/Q) (1) 
where 

K\ = stress-intensity factor at the minor semi-axis of the crack front 
under pure tensile stress, ksi Vin. (MPaN/nT), 

Q = Irwin's crack shape parameter [10] 
#2 _ 0.212 (a/oyfi (2) 

a = minor semi-axis of an elliptical crack (crack depth), in. (m), 
M;t ~ Master's magnification factor for cracks approaching the back-

face free surface [//], 
a = remote gross uniaxial tensile stress, ksi (MPa), 
# = elliptic integral of the second kind, and 

ffys = 0.2 percent offset uniaxial tensile yield strength, ksi (MPa). 

Specimen Preparation 

The location and orientation of each specimen within the forging are 
shown in Ref 4. This orientation corresponds to the L-S crack plane orienta
tion of the ASTM Test for Plane-Strain Fracture Toughness of Metallic Ma
terials (E 399-78a). Each segment was machined to a flat plate of 1.1-cm 
(0.45-in.) thickness before heat-treating. Blanks for the annealed specimens 
were cut from the plate with an orientation corresponding to the T-S orienta
tion of ASTM Method E 399-78a. 

For the heat-treated specimens, notches were cut into the specimens using 
electrial discharge machining (EDM) after final machining but before final 
aging. Each notch was a segment of a circle with an included angle between 
notch faces of 20 deg. Notch depths were approximately 0.18 cm (0.070 in) 
and 0.25 cm (0.100 in.). Corresponding notch widths were 0.71 and 1.07 cm 
(0.28 and 0.42 in.). A Cincinnati EDM machine was used with a silver-tung
sten electrode. Cutting time was approximately 1 h using a 78-V, 2.5-A d-c 
signal pulsed at 400 Hz. 

In the annealed specimens, the EDM notch was cut after annealing and 
final machining. The notch was 0.08 cm (0.030 in.) deep and 0.38 cm (0.15 
in.) wide for the 0.23-cm-thick (0.90 in.) specimens and 0.02 cm (0.008 in.) 
deep and 0.10 cm (0.04 in.) wide for the 0.07-cm-thick (0.026 in.) specimens. 

The heat-treated specimen, FM-2, was hydrogenated to 77 ppm [4,12]. 
This concentration of hydrogen gave a minimum in the /iT-values to start 
stable crack growth. Its cracking behavior was otherwise typical of that of the 
other concentrations of 25 to 115 ppm. Specimen FL-3 had 25 ppm of hydro-
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gen. The annealed specimens were not specially hydrogenated to levels differ
ent from the "as-received" level of 59 ppm. 

Standard round tension specimens from excess material on the specimen 
blanks were machined and tested per ASTM Method E 8-79. Reference 4 
gives the results of these tests. 

After hydrogenation, sharp cracks were started from the notches by cycli
cally loading the specimens to a maximum uniaxial tensile stress of -1-207 
MPa ( + 30 ksi) and a minimum of +20.7 MPa ( + 3 ksi). This increased the 
crack depth approximately 20 percent without significantly increasing the 
crack length on the face of the specimen. Tables 1 and 2 give specimen and 
crack dimensions. 

Clip Attachment 

For the heat-treated specimens, aluminum clips for a clip-gage extensome-
ter were attached to the face of each specimen above and below the crack sur
faces using 0.10-cm-diameter (0.04 in.) steel pins. A small amount of epoxy 
adhesive was used on the pins to prevent rotation of the clips. The pinholes 
were drilled approximately 0.25 cm (0.1 in.) apart with the crack between 
them. Pinhole depth was 0.15 cm (0.06 in.). 

For the annealed specimens, Invar clips were spot-welded in the same loca
tion as on the heat-treated specimens. 

Clip-Gage Calibration 

Ehret has derived a relationship between clip-gage opening (CGO) and 
crack depth for titanium alloys [9]. This relationship is: 

ACGO f G\ 
16.5(a/$2)exp 

0.074 
(3) 

where 

ACGO 
AP 

reciprocal of the unloading slope of the load-versus-CGO 
curve, in./lb (m/N), 

E = Young's modulus, psi (Pa), 
G = gage length between clip-gage attachment points, in. (m), 
^ = elliptic integral of the second kind, 
a = minor semi-axis of elliptical crack (crack depth) in. (m), 
t = specimen thickness, in. (m), and 

w = specimen width, in. (m). 

Instead of the measured gage length, an effective gage length was 
calibrated for each specimen by measuring the actual initial crack size 
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(a/$^), after completion of testing. The initial slope of the compliance test 
record was then measured and G was calculated from Eq 3. This value of G 
was then used for all subsequent crack-size calculations for that particular 
specimen. 

Equation 1 shows that Ki cannot be calculated without knowing the crack 
depth, a. Unfortunately, Eq 3 only permits calculation of a/$^ and not a 
alone. To overcome this limitation # was assumed to remain unchanged dur
ing subcritical crack growth and therefore to be equal to that measured on 
the initial crack. The specific method was as follows: 

1. At each unloading point, the slope was used to calculate a/$^ from Eq 3. 
2. The a/c ratio of the initial fatigue crack was used to calculate #. 
3. a/$^ from Step 1 was multiplied by #2 from Step 2 to obtain a. 
4. Equation 2 was used to calculate Q from f> obtained in Step 2. 
5. a from Step 3 was divided by Q from Step 4. 

The validity of this assumption was checked on Specimens FM-2 and FL-3 
by fatigue marking the crack after extensive growth on rising load. These 
marks can be seen clearly in Figs. 1 and 2. The calculated crack depth for 
FM-2 from Eq 3, assuming a constant value of </>, was 0.503 cm (0.198 in.) 
while the calculated crack length was 1.519 cm (0.598 in). The measured 
crack depth and length from the specimen were 0.505 cm (0.199 in.) and 
1.620 cm (0.638 in.), respectively. For FL-3, the calculated crack depth was 
0.439 cm (0.173 in.) and the calculated crack length was 1.178 cm (0.464 in.) 
while the measured crack depth and length were 0.442 cm (0.174 in.) and 
1.326 cm (0.522 in.), respectively. 

These calculated crack depths were then used to determine a/Q using Ir
win's definition of Q in Eq 2 and to determine M^ from the ratio of crack-
depth to thickness. 

R-Curve Testing 

The procedures of ASTM Method E 561-78T were used to generate the 
R-curves to the extent that the surface-crack geometry permitted. For exam
ple, the compliance test records for the surface-crack specimen will show 

Specimen 
No. 

FM-2 
FL-3 
A-3 
A-4 

TABLE 1—Cyclic load 

Width, 
cm (in.) 

3.183 (1.253) 
3.812 (1.501) 
2.667 (1.050) 
2.667 (1.050) 

Thickness, 
cm (in.) 

0.635 (0.250) 
0.635 (0.250) 
0.236 (0.093) 
0.066 (0.026) 

precracking data. 

Max Load, 
kN (kips) 

41.77 (9.39) 
50.04(11.25) 
12.72 (2.86) 
3.56 (0.80) 

Min Load, 
kN (kips) 

4.18(0.94) 
5.00(1.13) 
1.29 (0.29) 
0.76 (0.17) 

Kilo
cycles 

22 
25 
32 
20 
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366 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

FIG. 1—Fracture surface of Specimen FM-2 (X3.92 magnification). 

FIG. 2—Fracture surface of Specimen FL-3 (X3.68 magnification). 

evidence of out-of-plane bending, "buckling," on unloading and reloading. 
This phenomenon is characteristic of the surface crack. Also, it is important 
to include loading-unloading steps in the early portion of the R-curve to dis
tinguish physical crack growth from gross yielding because the crack depth 
cannot be observed directly. 

Each specimen was subjected to an initial steadily increasing load to ob-
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tain the compliance test record. The stress rate was less than 690 000 KPa/ 
min (100 000 psi/min). Clip-gage opening versus load was recorded to detect 
the onset of fracture. When possible, several different unloading slopes were 
taken on the compliance test record to permit calculation of the instantane
ous crack size from Eq 3. The instantaneous values of Ki corresponding to 
each slope were then calculated using Eq 2. The maximum value of Ki of 
each specimen was assumed to be Ki^, the fracture toughness as defined in 
ASTM Method E 740-80. 

Once Kig was achieved, it was no longer possible to wait until the crack 
had stopped growing subcritically to take the unloading slope. Therefore, the 
load had to be dropped while the crack was still growing. This is a point of 
departure from ASTM Method E 561-78T. However, considerably more data 
and insight were gained by this testing procedure than if the crack had been 
allowed to grow to failure without dropping the load. The significance of this 
procedure is explained in the following. 

Dimpling Determination 

The onset of back-face dimpling was determined by looking at the back 
face at each of the unloading slope measurement points. The phenomenon of 
back-face dimpling is described in detail in Ref 13. 

Results and Discussion 

The stress-intensity factors calculated from Eqs 2 and 3 for the different 
slopes on the compliance test records for selected specimens are listed in 
Table 2. The data for 12 other specimens are reported in Ref 4. 

Since the unloading slope of the compliance curve permits the calculation 
of a/#^, the secant slope which includes plastic zone hinging should permit 
the calculation of a/Q. Values of a/Q calculated from the secant slopes are 
included in Table 2 for comparison with the values calculated from Eq 3 and 
the previously described assumption of a constant value of #. The maximum 
difference between Irwin's Q based on this assumption and the Q from the 
secant slope is about 4 percent. Since the stress-intensity factor is propor
tional to Q^^^, the maximum difference between the two R-curves would be 
approximately 2 percent. This agreement is unexpected because the crack 
shapes shown in Figs. 1 and 2 are far from being ellipses with the major axes 
on the face as assumed for the Irwin model. 

Figures 3-5 are the compliance test records for three of the specimens 
listed in Table 2. Notice in Fig. 3 that as the crack in Specimen FM-2 became 
larger, the load required to reinitiate subcritical crack growth after unload
ing became smaller on each successive reloading. However, the stress-inten
sity factor to reinitiate crack growth continued to increase above the tangency 
point of Fig. 6. Once the peak stress-intensity factor had been obtained in the 
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CLIP-GAGE OPENING (0.00163 INCH/DIVISION) 

FIG. 3—Compliance test record for Specimen FM-2 (1 kilopound = 4.448 kN; 1 in. = 2.54 cm). 
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FIG. A—Compliance test record for Specimen A-3 (1 kilopound = 4.448 kN; 1 in. = 2.54 cm). 
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material, reinitiation of subcritical crack growth for all subsequent unload
ing points occurred at this peak stress-intensity factor. This phenomenon was 
typical of the thicker specimen that did not dimple and resulted in an 
R-curve with a plateau (Fig. 6). In order not to exceed this peak stress-inten
sity factor, the load had to drop as the crack grew subcritically. Intrinsic ma
terial behavior of this nature is indicative of a material property. If unloading 
slopes had not been taken and only secant slopes had been used to calculate 
the R-curve based on the effective crack lengths, then only a monotonically 
increasing R-curve would have been produced and this plateau would not 
have been observed. 

When the compliance test records of the two specimens that had been 
marked were continued after marking, the stress-intensity factors for reini
tiation returned immediately to the peak stress-intensity factor of the pla
teau. The failure to regenerate the lower stress-intensity factor values of the 
R-curve could be interpreted to mean that these lower values result from non-
elliptical crack geometry or from initial formation of the plastic zone or 
possibly a combination of these. More tests under more controlled conditions 
need to be run to determine the source of the lower initial stress-intensity fac
tor values of the R-curve. The use of fatigue marking would mask this phe
nomenon [5-8]. 

It is noted in Fig. 4 that the back face of the 0.24-cm-thick (0.093 in.) an
nealed specimen dimpled before any physical crack growth occurred. There
fore, no stress-intensity factor solution was available for subsequent data; 
however, physical crack growth did occur after dimpling. The crack grew 
only in length with the dimple getting longer as the crack grew longer. Obser
vation of the dimple showed that the crack never broke through the ligament 
to become a through-crack before fracture occurred. This phenomenon was 
true of all the specimens in all the thicknesses and casts doubt on whether 
leak-before-burst occurs in this alloy in these conditions. 

After dimpling, physical crack growth occurs in length only in thin mate
rial under rising load. Analytical models must be developed if accurate life 
predictions are to be made for such structures. It is not sufficient to merely 
ignore this portion of the R-curve because analytical models do not yet exist. 

Figure 5 shows that physical crack growth did not occur in the thinnest 
specimen (A-4) even after dimpling. In fact, the crack simply yielded out and 
had no effect on the compliance after dimpling. Note that the unloading 
slopes of the compliance test record are vertical after dimpling. The authors 
have no explanation for this but suspect an influence of out-of-plane bending 
on the clips. If only secant slopes had been taken from this curve, the crack 
size surviving proof would have been overestimated by compliance calcula
tions; however, since partial unloading measurements were made, the con
stant value of the slopes revealed the lack of crack growth. 

Vertical slopes are not generally observed with surface crack tension speci
mens that do not exhibit physical crack growth. Figure 7 is the compliance 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



372 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

1 

I 
^ 

i 

(SN0JJW3N0ir>l)aV0T 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



LEWIS AND SINES ON SURFACE CRACK R-CURVES 373 

test record for a 0.25-cm-thick (0.100 in.) specimen of 1100-0 aluminum with 
an 0.08-cm-deep (0.030 in.) surface crack. Note that the slope of the compli
ance test record did not change even though extensive yielding occurred. 

Observation of the fracture surfaces in Figs. 1 and 2 shows that as the 
crack grew subcritically, the major axis moved from the surface to a point in 
the interior. In addition, crack growth proceeded along the front face along 
the 45-deg shear lip emanating from the comers of the initial fatigue crack. 
Therefore, the crack geometry was no longer a true surface crack. However, 
assuming a true surface crack geometry and its effect on the specimen com
pliance permitted very accurate calculations of the crack depth. We believe 
this is possible because the compliance test record is strongly affected by 
crack depth but only slightly affected by crack length (Eq 3). 

Conclusions 

Study of the subcritical growth behavior of surface cracks in thin materials 
requires testing techniques that are only slightly different from those of 
ASTM Method E 561-78T. Irwin's approximate stress-intensity factor solu
tion and Ehret's compliance calibration for the surface crack can be used to 
accurately calculate the behavior of the growing crack until back-face dim
pling occurs. 

Analytical models need to be developed for surface crack growth after 
back-face dimpling occurs. 
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Stress-Intensity Factors for 
Complete Circumferential Interior 
Surface Cracks in Hollow Cylinders 
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ABSTRACT: An approximate expression is developed for the stress-intensity factor 
due to concentrated point loads applied to the surfaces of a complete circumferential 
interior surface crack in a hollow circular cylinder. This expression is derived from ex
isting results for a'-point load on an embedded penny-shaped crack and a concen
trated "ring" load on a complete circumferential interior surface crack in a hollow 
cylinder. Results for a particular loading case were obtained using the approximate 
solution and comparing with three-dimensional results obtained using boundary in
tegral equation techniques. Since the agreement was good, it is concluded that the 
approximate expression provides a sufficiently accurate means of estimating K for an 
arbitrary loading on an interior complete circumferential surface crack. Results for 
bending of a cracked cylinder are then presented as an example of the use of the 
approximate K solution. Convenient curve fits of relevant results are included in the 
Appendix. 

KEY WORDS: stress-intensity factor, cylinder, point load, boundary integral equation 
method 

Nomenclature 

a Depth of a complete circumferential crack 
fy Function of geometrical parameters in K due to a point load (see 

Eql) 
F Applied point load 

g{6) Angular variation of jRT due to point load (see Eq 1) 
h Pipe wall thickness 

'Division managers. Science Applications, Inc., San Jose and Palo Alto, respectively, Calif. 
94304. 
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K Stress-intensity factor 
K 

max Maximum K along crack tip 
m Weight function for a "ring" load on a complete circumferential 

crack 
r, Pipe inside radius 
u Equals xia 
X Distance into pipe wall from inside radius 
y Distance from neutral axis for bending stress 
a. Equals a/h 
7 Equals r,/A 
0 Angular coordinate of position along crack front 

^0 Angle over which loading is applied in example problem (see Fig. 2) 
^max Maximum value of B in pipe segment used in boundary integral 

equation calculation (see Fig. 2) 
p Equals (r, + x)/{xi + a) = (7 + au)/(r^ + a) 
a Applied stress 

<^max Maximum bending stress 
a' Maximum applied nominal stress at location of crack tip 
0 Angular coordinate for applied stress 

The purpose of this paper is to present an approximate expression for 
the stress-intensity factor for a concentrated point load on the surfaces of a 
complete circumferential interior surface crack in a hollow circular cylinder. 
Such results are of use in the analysis of subcritical and catastrophic crack 
growth in hollow cylinders such as pressure vessels and piping. 

The application of linear elastic fracture mechanics to the analysis of 
crack behavior requires stress-intensity factor solutions for the body and 
crack configuration stressed in the appropriate manner. The number of 
such solutions is increasing rapidly, thereby allowing increasingly sophisti
cated and accurate analyses of crack behavior to be performed. Tada et al 
[1]^ provide a convenient summary of many of the solutions available in 
1973. Stress-intensity results for cracks in hollow cylinders have been of 
particular interest for a number of years due to the increased concern for 
the integrity of pressure vessels and piping in applications such as petro
chemical and electric power generation. The increasing cost of plant down
time and the safety considerations in nuclear power generation have led to 
the need for stress-intensity solutions for cracks in cylindrical components. 

The number of available stress-intensity solutions for cracked hollow 
cylinders is too large to be reviewed in detail here. However, such solutions 
are generally for longitudinal cracks in cylinders where the stresses in the 
uncracked wall are either uniform or vary radially according to the plane 
elasticity solution for an internally pressurized cylinder. Hence, most ex-

^The italic numbers in brackets refer to the list of references appended to this paper. 
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isting solutions cannot be applied to circumferential cracks, and cannot 
treat cases where the stresses have steep gradients through the wall of the 
cylinder. Furthermore, no known solutions are capable of treating stress 
systems which vary with position in the direction parallel to the surface 
length of the crack. 

The need to account for steep thickness gradients of the stresses arises in 
the treatment of thermal and residual stresses. The need to treat circum
ferential cracks arises in the analysis of weld defects in piping, where most 
of the welds are usually circumferential, and the largest tensile stresses are 
usually in the axial pipe direction. In the case of circumferential cracks, 
the need to account for angular variations in the stresses arises in treatment 
of bending (which is usually a major contributor to piping stresses) and 
residual stresses, which often exhibit strong angular variations [2]. 

Stress-intensity factor results presented by Labbens et al [3] and Buchalet 
and Bamford [4] are applicable to complete interior surface cracks in 
hollow circular cylinders subjected to arbitrary axisymmetric axial stresses. 
Additionally, Erdol and Erdogan [5] present results applicable to circum
ferential cracks which also include subsurface defects. The results of Refs 
3 and 4 overcome the shortcomings noted in the foregoing, with the ex
ception of not being applicable to cases in which angular variations in the 
applied stresses occur. The following sections provide an approximate ex
pression for the stress-intensity factor for concentrated point loads on the 
surfaces of a complete circumferential interior surface crack in a hollow 
cylindfer. This approximate expression is deduced by requiring it to reduce 
to known results in limiting cases, and is applicable by suitable super
position to the determination of stress intensities for pipes subjected to 
arbitrary axial stresses (axisymmetry no longer required). The accuracy of 
the approximate result is then checked by comparing a particular case to 
the results of three-dimensional numerical calculations obtained by the 
boundary integral equation (BIE) technique [6]. Finally, results obtained 
for bending and uniform tension are presented. 

Results and Discussion 

A concentrated point load on the surfaces of a complete circumferential 
interior surface crack in a hollow circular cylinder is shown in Fig. la. The 
loading, crack, and body geometry are symmetric about the crack plane. 
Hence, only Mode I loading is present [1], and the subscript "I" for the 
stress intensity factor, K, will be omitted. Sectioning the cylinder on the 
crack plane provides the plane view shown in Fig. \b, which also shows the 
geometric variables involved. 

The following expression for the stress-intensity factor, K, will be assumed 
based on dimensional considerations 
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^ = • ^ / 7 ( ^ / « ' a/h)gie) (1) 

g{$) may depend on the other variables such as a, h, and r,. The function 
g(fi) can be determined from the solution for a point load on a penny-shaped 
crack in an infinite body [/, 7]. In the present notation this solution can be 
written as 

— n2ll/2 
K = 

(1 - p2) 
(7ra)3/2 (1 - 2p cos d + p^) 

(2) 

FIG. 1 (a)—Complete circumferential interior surface crack in a hollow circular cylinder 
subjected to concentrated point loads on the crack surfaces. 
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point load 

_ a 

_ _ ] _ Y+au 
r . + a y+a 

FIG. 1 (b)—Complete circumferential interior surface crack in a hollow circular cylinder 
subjected to concentrated point loads on the crack surfaces. 

(r, = 0 for a penny shaped crack). A comparison of Eqs 1 and 2 shows 
that g{d) = (1 — 2p cos 6 + p^)~^. Equation 1 can be rewritten as 

• a^"' ' 1 — 2p cos ^ + p'' 
(3) 

The function f.^{u, a) is determined by integrating Eq 3 to provide the 
result for a complete concentrated "ring" load, and then comparing the 
results with the Labbens et al solution [J]. This provides the following end 
result for a point load 

K = 
aF m(u, a) l - p 2 

(7ra)3/22'/2 (y + aXl - M)1/2 1 - 2p COS e + p2 (4) 
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m(u, a) is the Labben et al weight function, which does depend on 
7(= Ti/h). m for circumferential cracks with 7 = 5, 10, and 00 is pro
vided by Labbens \3] in graphical form. The results of Ref 3 were ob
tained by finite-element solutions for the axisymmetric two-dimensional 
problem, and are estimated to be accuifate within 5 percent [J]. For con
venience, the Labbens results for circumferential cracks with 7 = 5 and 10 
have been curve-fitted. The results are presented in the Appendix. 

The simplicity of Eq 4, which makes use of currently available results 
for m {u, a) or requires only two-dimensional numerical calculations, makes 
it desirable for general use in analysis of circumferentially cracked cylinders. 
However, it is difficult to assess its accuracy, even though it satisfies all the 
known special cases for which solutions are available. In order to obtain 
some idea of its accuracy, three-dimensional numerical calculations were 
performed using the BIE technique [6,8,9]. The BIE code described in 
Ref 8 was utilized. This code breaks the surface of the body into flat tri
angular segments, and assumes that the displacements and surface tractions 
vary linearly within a triangular segment. The stress-intensity factors were 
calculated directly from the nodal displacements on the row of nodes on 
the crack surface closest to the crack front. Even though energy release 
rates or contour integrals provide more accurate results [9], the use of 
nodal displacements close to the crack front is particularly simple. The 
total number of nodes utilized was generally about 120, which resulted in 
fast, easy, and economical computer runs. 

The accuracy of the BIE code and the suitability of using only the closest 
nodal displacements to determine K were assessed by applying the code to 
the solution of a complete ring load and comparing the results with axi
symmetric results of Labbens [3], For a/h — Vi, Vi/h = 5, and the row of 
nodes closest to the crack front being a/10 away, the BIE results for K 
were 6.7 percent below Labbens. For the closest row of nodes, being a/5 
away from the crack front, the BIE results were 10 percent below Labbens. 
This is sufficient accuracy for the present case. 

The BIE code was then applied to the three-dimensional distributed-load 
problem shown in Fig. 2. Due to symmetry, only half of the problem has to 
be solved. Due to the rapid decrease ofK away from 0 = 0, only a portion 
of the pipe has to be modeled. BIE results were obtained for O^ax (see 
Fig. 2) of 30 and 90 deg. The 30-deg results were obtained for a free sur
face at ^ = 30 deg, and the 90-deg results were obtained for a zero angular 
displacement at 90 deg ("roller" boundary conditions). 

Results for the problem shown in Fig. 2 can be obtained by integrating 
the preceding approximate point-load solution (Eq 4). The integration on 
the radial coordinate was performed numerically. The results of the two BIE 
solutions and the corresponding results obtained by integration are shown 
in Fig. 3. Also shown is the result for a concentrated point load of the 
same total force as the distributed pressure load applied at the center of 
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Crack f ront 

Row of nodes 
closest to crack 
front 

Uniform pressure applied over shaded area, with 
total resulting force F 

\ max 

r . /h = 5 

a/h ^ 1/2 

e. = 2° 

FIG. 2—Localized pressure loading problem solved by boundary integral equation tech
niques for comparison with results obtained by use of Eq 4 in order to assess the accuracy of 
the approximate point load solution. 

the area of the distributed load. The following observations can be made 
from Fig. 3: 

1. The concentrated and distributed load results obtained from Eq 4 
agree well with one another except at ^-locations close to the load. 

2. The 90-deg roller and 30-deg free BIE results agree well with one 
another, especially at locations well away from m̂ax- This observation, and 
the one immediately preceding, are expected results—by St. Venant's 
principle. 

3. The BIE results and the distributed load results from Eq 4 agree 
well with one another, especially in regions where K is largest (and where 
nodes were therefore concentrated). The BIE results were low by roughly 
10 percent, which is consistent with the results for axisymmetric problems 
discussed in the foregoing. Thus, it can be concluded that the approximate 
expression for K due to a point load provides reasonable accuracy for 
engineering purposes, and provides a suitable means for estimating stress-
intensity factors for complete circumferential cracks in pipes subjectie^ to 
arbitrary axial stresses. 
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° 'm. - 30". f^ee 

+ 9 „ , . = 90"^. r o l l e r max 

Dist r ibuted load resu l t 
calculated by use of Equation 4. 

10 15 20 

6, Degrees 

FIG. 3—Comparison of approximate solution for K with boundary integral equation results. 

The application of the preceding results to the case of a pipe subjected 
to bending is straightforward, and provides an example of the usefulness of 
Eq 4. The applied stress is taken to be 

a = a„ Ti + h = o„ 
r,- + X 

ri + h cos 4> 

where y is the distance from the neutral axis and 4> is an angular co
ordinate.-' Using Eq 4 and integrating over the crack surface eventually 
leads to the following result 

K = 
ffmax COS 6 /2a 

-
(7 + 1)(7 + aY\ IT 

1/2 n l 

(Y + aw)-' 
mill, a) 

(1 - M ) 1 / 2 
du (bending) (5) 

This expression neglects the possible influence of crack closure in the re
gions where nominal bending stresses are compressive. The corresponding 

3In the present notation, <l> is the angular coordinate for the applied stress and 6 is the 
angular coordinate of position along the crack front. 
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result for uniform tension is directly obtainable from Labbens [3]. In the 
present notation the result is 

-"(v)"'i: y + au m{u, a) 
7 + a (1 - M)'^2 

du (tension) (6) 

Stress-intensity factor results for tension and bending for 7 = 5 are pre
sented in Fig. 4. Results are presented in terms of K^^^/a'a^'^ where K„^^ 
is the maximum K around the crack front, and a' is the maximum applied 
nominal stress at the crack-tip location. For tension a' = a, and for 
bending, a' — ffmax(''i + «)/(''/ + A) = (Tmax(7 + a)/(7 + 1). Also shown 
is the single-edge-notch result for a flat plate in tension [/]. This corre-

4 -

3 -

• 

/ 

^/ 
H c / 

to / c / 
<D / •M 1 

01 / 
*» / 
a / 

* / 
cr/ 

/ ' ' 
' / 

/ 
/ 

/ " 
/ -

/ / 

/ / • 

/ / 
/ / 

^1 / 
^ ' / • 

/ / / 
/ / / J /J 

/ / £^ / / 
/ / / 

/ / / 
/ / / <^' 

1 1 

= 0 (Tension) 

max Y+1 

(Bending) 

1 1 
0.2 0.4 

a = a/h 
0.6 0.8 

FIG. 4—Stress-intensity factor results for a complete circumferential interior surface crack 
in a pipe with y ~ rtlh = 5 subjected to uniform axial tensile stress or bending. Also shown 
is the corresponding tension result for a flat plate. See text for a'. 
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sponds to 7 = 00. The similarity of the tension and bending results for 
7 = 5 in Fig. 4 is not surprising because, as shown in Fig. 3, A" at a given 
angular location is influenced most strongly by the stresses close by, and 
the bending stresses in a pipe with 7 = 5 are nearly uniform through the 
wall thicknesses at the angular location corresponding to the maximum 
stress (</) = 0). Results for uniform tension are of particular interest, and 
curve fits obtained by use of m{u, a) [3] are presented in the Appendix for 
7 = 5 and 10. Such results were also presented in graphical form in Refs 
3 and 4. 

A comparison of the flat-plate tension results with the 7 = 5 tension 
results shows that the use of the flat-plate solution is very conservative 
when applied to a hollow cylinder. Additional comparisons with available 
solutions, and discussions of the influence of 7 and the presence of nearby 
nozzles, are included in Ref 10. It was found that 7 was not too influential 
in the range from 5 to 10, and that the results for a circumferential crack 
in a long pipe were very similar to those for a circumferential crack at a 
pipe-to-pressure vessel nozzle. Reference 10 also applies Eq 4 to the cal
culation of K for a crack in a weldment due to residual axial stresses that 
have strong angular variations, and then discusses the implication of these 
results to the growth of stress corrosion cracks in boiling water reactor 
piping. 

In closing, analogous results for longitudinal cracks could be obtained 
by means similar to those employed in the foregoing and in Ref 3. Reference 
/ / should prove useful in such an effort. 

Summaiy and Conclusions 

An approximate stress-intensity factor expression for a concentrated 
point load on the surfaces of a complete circumferential interior surface 
crack in a hollow circular cylinder was presented (Eq 4). This expression 
was deduced from existing solutions for a point load on an embedded 
penny-shaped crack and for a concentrated ring load on a complete cir
cumferential interior surface crack in a hollow cylinder. Hence, the ap
proximate expression reduces exactly to these particular cases. The accu
racy of the approximate K expression was assessed by comparing it with 
the numerical results for a particular three-dimensional case. The numerical 
results were obtained by the BIE technique. Good agreement was observed, 
from which it can be concluded that the approximate three-dimensional 
expression provides reasonable accuracy for engineering purposes, and pro
vides a suitable means for estimating stress-intensity factors for complete 
circumferential interior surface cracks in pipes subjected to arbitrary axial 
stresses. The point-load solution was then applied to determine K for a 
pipe in bending, and additional uses of the solution were discussed. 
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APPENDIX 

Curve Fits for Some Results of Interest 
The weight functions m(u, a) for 7 = 5, 10, and 00 are provided by Labbens 

et al [3] for complete circumferential and longitudinal cracks. The results are pre
sented in graphical form, and were obtained by finite-element techniques. Curve 
fits to the graphical results of Ref 3 are of use in numerical calculations that utilize 
them, and such results for circumferential cracks for 7 = 5 and 10 are as follows: 

V = 1 — M 

m(u, a) — I + bi(a)v + Z>2(a)v̂  + b3(a)v^ + Z»4(a)v'' 

bi(a) = Co + cja + C2a + c^a^ + 040 

biia) = d-Q + d\a + dioi^ + ^30;̂  + d^a^ 

b^ia) = BQ + eya + eioP' + e^a^ + 640:̂  

fe4(«) = /O + / l « + /2«^ + hoi^ + UOL"^ 

The constants in the expressions for Z»,(a) depend on 7, and Table 1 gives values 
for circumferential cracks with 7 = 5 and 10. Values of m (u, a) calculated from 
the foregoing curve fits generally agree within less than 2 percent with values read 
from the graphs in Ref 3. Hence, inaccuracies in addition to the 5 percent in the 
finite-element results mentioned in Ref 3 are felt to be minimal. These results are 
applicable out to a = 0.9; the upper limit considered by Labbens [J]. 

The case of a uniform stress in the pipe wall is of particular interest in the analysis 
of the behavior of circumferential cracks in pipes. Curve fits to results obtained by 
numerical integration using the foregoing results for m (u, a) were obtained: 

K 2 + cja + C2Ct^ + cja-' + C4a^ 
.1/2 ~ /I \ l /2 aa'/2 (1 - a)»^2 
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= 5 10 

Cl 

C2 
C3 
C4 

-1.00250 
4.79463 

-6.21135 
1.79864 

-0.625027 
3.58%5 

-0.968876 
-2.73242 

These polynotninal curve fits agreed with the numerical integration results within 
2 percent, and the accuracy is felt to be consistent with the accuracy in Ret 3. These 
results are applicable to at least a = 0.9, which is the limit of the results provided 
by Labbens et al [3]. 

TABLE 1 — Values of constants. 

CO 
Cl 

C2 
C3 

C4 

do 
rfl 
di 
d} 

</4 

7 = 5 

0.72805 
-2.78297 
42.8153 

-93.6387 
69.2408 

0.18587 
0.85491 

-42.5302 
122.3899 

-100.5542 

7 = 10 

1.96985 
-23.03093 
129.60957 

-221.6217 
130.8334 

-5.07745 
87.82169 

-407.90414 
676.17251 

-370.3413 

eo 
et 

ei 
ei 

£4 

/o 
/i 
h 
h 
U 

7 = 5 

0.044577 
-1.3464 
37.6152 

-92.69887 
75.8054 

0.114636 
-0.70486 
-8.46211 
23.29726 

-21.29696 

7 = 10 

7.594051 
-125.27237 
553.73778 

-854.8676 
435.2845 

-3.655956 
60.66035 

-263.0722 
395.173 

-194.234 
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ABSTRACT: A general theory is developed for determining the sizes, shapes, and loca
tions of the double caustics produced in statically loaded birefringent plates containing 
Mode-I cracks. Particular attention is paid to the effect of the first few higher-order, non-
singular stress terms on the determination of the stress-intensity factor Ki associated with 
the singular stress field. 

It is found that the transverse diameters of the inner and outer parts of the double 
caustic have an average value essentially equal to the transverse diameter of the single 
caustic produced by an optically isotropic material having the same optical constant. Fur
thermore, with the superposition of a constant (tensile or compressive) stress parallel to the 
crack, each part of the double caustic deforms independently but in such a way as to main
tain this average transverse diameter. 

Other higher-order effects are also investigated and it is concluded that birefringent 
materials offer the potential of "feature extraction" concerning crack-tip stress fields, in 
addition to being suitable for the accurate determination of/fj-values experimentally. 

KEY WORDS: caustics, shadow-spot patterns, Mode-I deformation, linear elastic frac
ture mechanics, optical methods, crack-tip stress fields 

The optical method of caustics, or shadow patterns, is a relatively new ex
perimental method that can be used to determine stress-intensity factors 
associated with cracks in bodies. Potentially, it has application to a wide vari
ety of problems, including static and dynamic crack propagation studies in 
both opaque and transparent materials. 

In the mid-1960's, Manogg [lY published the first fundamental papers on 
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^Head, Structural Reliability Section, Marine Technology Division, Naval Research Labo
ratory, Washington, D. C. 20375. 

•'The italic numbers in brackets refer to the list of references appended to this paper. 
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caustics; he demonstrated that the shape of the shadow zone that would be 
produced by the square-root-singular stress distribution for a Mode-I loaded 
crack [2] in an optically isotropic plate would be an epicycloid-like figure hav
ing a circular generating curve of radius TQ given by 

' •o" 
3 Ki CdzQ 

~2 V2^ M (1) 

where Ki is the Mode-I stress-intensity factor and the other quantities, such as 
the magnification factor M, are experimental parameters. The caustic itself, 
which is viewed on a screen or recorded on film, is typically a dark spot sur
rounded by a bright halo having dimensions proportional to ro; see Fig. 1. 
Thus, in principle, the value of Ki can be determined easily by measuring a 
characteristic dimension of the caustic, such as its transverse diameter D^ 
(which is equal to 3.170 Afro in the case of Manogg's "classical" caustic). 

Subsequent to Manogg's initial work, Beinert, Kalthoff, and Maier in Ger
many [3,4] and Theocaris and his co-workers in Greece [5-7], among others, 
have made major advances in the state of the art of caustics. Much of the work 
reported by the German workers involves the use of optically anisotropic 
(birefringent) materials for both static and dynamic crack propagation ex
periments, whereas Theocaris's work centers mainly on the use of optically 
isotropic materials for studies of static stress fields surrounding crack tips and 
other discontinuities in bodies or in surface loadings. 

Recently Theocaris and loakimidis [8] investigated, for optically isotropic 
materials, one of the factors that can influence the accuracy of data reduction 
associated with caustics, namely, the effect of nonsingular stress fields on the 
size and shape of the caustic. For optically isotropic materials they showed 

LIGHT SOURCI 

IMAGE PLANE 

FIG. 1—Experimental arrangement for producing transmitted-light caustics. 
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that, of the first four admissible stress terms (those that vary as r " ^^^, r", r+'^2 
and r + ' , where r is the polar distance from the crack tip), only the r~'^^^ and 
the r+1^2 terms influence the size and shape of the caustic; furthermore, by 
proper measurement of the caustic, the effect of a small r+^^^ component in 
the stress field can be nullified as far as the accurate determination of the 
value of K\ is concerned. 

The purpose of this paper is to study the effects of the first few nonsingular 
stress terms on the sizes and shapes of the caustics that are produced in op
tically anisotropic (birefringent) materials. The introduction of optical 
anisotropy complicates the governing image equations, gives rise to a double 
caustic instead of a single one, increases by one the number of parameters to 
be considered, and makes the shapes of the caustics dependent upon all 
higher-order stress terms. It will be shown, however, that a benefit of the in
creased complexity due to birefringence is an ability to discriminate, at least 
partially, between some of the low-order nonsingular terms that arise ex
perimentally. The work may be regarded as an extension of a previous effort 
[9] in which the effect of the first nonsingular term (a constant-stress compo
nent) was studied. 

Analysis 

Formation of Caustics 

When a light ray traverses a plate of thickness c? in a normal or near-normal 
direction, it suffers an optical path length change As given by [5] 

As = Ccf[(ffi + az) ± Kĉ i - <̂ 2)] (2) 

where 

C = elasto-optic material constant that depends upon the generalized 
state of stress [4,9], 

ff], (72 — principal stresses in the plane of the plate, and 
^ = another material constant [4,9] called the optical anisotropy 

parameter. 

The value of ^ is zero for optically isotropic materials such as polymethyl
methacrylate and is nonzero for birefringent materials such as Homalite-100 
and Araldite-B. When ^ 9^ 0, two path length changes are predicted by Eq 2 
and consequently caustics produced by birefringent materials appear in 
distinctive double sets. 

If the plate is placed between a light source and an image plane, as il
lustrated in Fig. 1, a light ray passing through a generic point P located by 
position vector t in the midplane of the plate will strike the image plane at a 
point P' located by position vector r ' ; from the theory of the eikonal the 
transformation r — r ' is given by 
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r ' = M r - z o V(A5) (3) 

where M is the magnification factor for the optical arrangement (> 1, = 1, or 
< 1 for a divergent, parallel, or convergent light source, respectively) and ZQ is 
the distance between the plate midplane and the image plane. A caustic is 
formed whenever the Jacobian J{r, 6) of the transformation r — r ' vanishes, 
that is, when 

dx' dy' dy' dx' 
J(r, 6) s -̂ =̂— -^ ^^^— -^^^ = 0 (4) 

X' and y' being the Cartesian components of r ' and r and 0 being the polar 
coordinates of r. 

From Eqs 2, 3, and 4 it will be seen that it is the spatial distribution of the 
principal stresses a^ and 02 that determines whether or not a caustic is formed, 
and if a caustic is formed, what size and shape it will have. 

Assumed Stress Distribution 

It is well known that the singular stress distribution surrounding a Mode-I 
loaded crack [2] having free faces at ^ = +ir varies inversely as the square root 
of r, each stress component varying trigonometrically with respect to 6; and 
that the stress-intensity factor Ki defined by 

Kj = limff^(r, 0) V27rr 
r—0 

(5) 

plays a fundamental role in fracture mechanics studies. As a very special case 
of the analysis to follow, it can be shown that the principal stress sum 
(ffi + 02) associated with the Mode I singular stress solution alone is given by 

01 + 02= p.— cos — (6) 
VzTrr 2 

and that, for this singular stress distribution, a caustic will be formed in an op
tically isotropic material ( | = 0) by points (r, 0) satisfying r = rg (independent 
of 0) where ro is given by Eq 1. 

The emphasis in this paper, however, will be on birefringent materials 
(I 9^ 0) in which the stresses consist not only of the singular term but also of 
higher-order, nonsingular terms. For purposes of analysis, it is useful to 
employ the recent generalization [10] of the Westergaard formulation [11] for 
crack problems. In this generalization [10], two analytic functions Z(z) and 
i/(z) are introduced, where z = re* — x + iy, subject to the restrictions 

Re{Z} = 0 for0=±ir and lm{ri} = 0 for 3̂  = 0. (7) 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



PHILLIPS AND SANFORD ON MODE-I CAUSTICS 391 

Then the Cartesian stress components derived from the relations 

aAr. e)= Re{Z} - yIm{Z'} + yIm{ri'}-2Re{ri} (8) 

a^ir, 6) = Re{Z} + y Im{Z'} ~ y Im{v'} (9) 

T^{r,e)=-yRe{Z'}+yRe{v'}+Im{v} (10) 

automatically satisfy the compatibility, static equilibrium, and traction bound
ary conditions of the problem. Suitable expressions for Ziz) and rjiz) are [9] 

Z(z) = 
Ki 

Vzirz n=o \ ro / niz) = - ^ IT- ̂ M 
VZTTZ m = 0 V^o 

m + 1/2 
(11) 

where y„ and 6„ are real dimensionless constants and r^ is any characteristic 
length scale, which for convenience is taken to be the radius of the generating 
curve for the "classical" caustic (see Eq 1 and Fig. 2). Using Eqs 9 and 11 and 
definition Eq 5, one can demonstrate that 70 must be equal to unity. All the 
other 7„ and 6^ are completely arbitrary and can be selected so as to match 
far-field stress conditions. For example, 60 is related to Irwin's [12] constant-
stress term a^^ by the relation 

OOK — 
2Ki 

\2irro (12) 

X , X 

FIG. 2—The "classical" caustic produced by a Mode-I-toaded crack in an optically isotropic 
material. 
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It is already well known [3-8] that the value of OQ^ does not influence in any 
way the size, shape, or location of the single caustic produced by an optically 
isotropic material. However, it has also been demonstrated that the constant-
stress term will affect the sizes and shapes of the double caustics produced in 
an optically anisotropic material [9]. 

Numerical Calculation of the Caustics 

The image equation (Eq 3), when examined for the case of an optically 
anisotropic material, is found to be considerably more complex than for the 
isotropic case because the optical path length change As given by Eq 2 will in
volve not only the principal stress sum (ffj + 02), which by Eqs 8-10 is seen to 
be linear in the stress functions Z(z) and 1/(2) 

ai + a2 = 2Re{Z}-2Re{ri} (13) 

but also the difference (ffi — 02), which is nonlinear in the stress functions 

ai-a2=[{2ylm{v'} - 2Re{ri} - 2y Im{Z'})^ 

+ {2yRe{ri'} + 2/m{r,} - 2yRe{Z'}f\^''^ (14) 

Nevertheless, it is a rather straightforward procedure to substitute the assumed 
forms of Z{z) and 7/(2), Eq 11, into Eqs 13 and 14 and thereby to derive, by 
means of Eq 2, an expression for As that can be substituted into the image 
equation (Eq 3); the result can be found in Ref 9. 

Subsequent evaluation of the Jacobian/(r, B) analytically by the use of Eq 4, 
however, becomes a prohibitively complicated task, and it is at this point that 
a resort is made to numerical techniques in an effort to generate theoretical 
caustics. Central finite differences, for example, are used to evaluate the par
tial derivatives bx'/br, by '/dB, etc., appearing in the definition of/(r, d), and 
a Newton iteration on the variable r is used to satisfy the equality /(r, ^) = 0 
for regularly spaced values of 6 in the upper half of the object plane (0 < 0 < 
•K). Symmetry arguments appropriate for Mode-I deformation can be used to 
extend the results into the lower half-plane. Generally speaking, for any ad
missible 6, a unique value of r can be found that renders/(r, d) = 0, but occa
sionally one encounters small angular subintervals in which /(r, 0) = 0 ap
parently has no solution [9]. 

Results 

Typical values of the anisotropy parameter ^ for common photoelastic 
materials vary between 0.1 and 0.5, depending upon the generalized state of 
stress [4,9]. In all the calculations to be presented here, ^ has been set equal to 
0.4. 
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Near-Field (Singular) Solution 

When ^ ?i 0, a double caustic is produced for all stress fields under con
sideration, even for the near-field [2] distribution with no higher-order terms 
present. In Figs. 3 through 11, the double caustic for the near-field solution is 
drawn as a dashed line and will be called the reference (double) caustic in the 
discussion to follow; the transverse diameters of the inner and outer reference 
caustics are found to be 

(A)mnet<ref) = 3 .011 MrQ-

(A)outer(ref) = 3 .375 MrQ 
fori = 0.4 (15) 

It is interesting to note that the average of the inner and outer transverse 
diameters of the reference caustic is 3.173 Mr^, which is remarkably close to 
the transverse diameter of the classical caustic (3.170 Mro). Also, the average 

Near-field solution for { = 0.4 
- H — SoluTlon -for J = 0.4 and 6o = HD.3 
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FIG. 3—Comparison of reference caustic with caustic produced when tensile stress parallel to 
crack (t^-term) is superposed on singular solution. In this figure, as well as in Figs. 4 through 
11, the length scales have been normalized with respect to Mrg. 
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— Neor-fleld solution for £ = 0.4 
- H — Solution for { = 0.4 and 6„ = +0.3 

Corraotlon foctors 
OUTEJ! INNER 

1.000 1.000 
0.9B2 1.010 

CAUSTICS 

FIG. 4—Effect of compressive stress parallel to crack (t'^-term). 

of the longitudinal diameters of the reference caustic, measured between the 
points of intersection of the caustics with the x '-axis, is found to be 3.006 MVQ , 
which is again remarkably close to the longitudinal diameter of the classical 
caustic (exactly 3 Afro). 

Suppose one is attempting to determine Ki by measuring, say, the outer 
transverse diameter (D, )outer of the double caustic when higher-order terms are 
present; then one can appeal to Eqs 1 and 15 and write 

Ki — foataKi* (16) 

where Ki* is a "provisional" value otKi that does not account for the presence 
of higher-order terms 

K^* 2L ^ ^ ^ f(Dt)ouUr\ 
3 \Cdzo\ V 3.375 Af/ 

,5/2 
(17) 

and /outer is a correction factor giVen by 
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/outer 
V^t/outer / 

(18) 

A similar procedure can be established for working with inner caustics. In 
Figs. 3 through 11, the values of the correction factors so defined appear in the 
upper right-hand comer. 

Effect of the Constant-Stress Term 

When the singular stress term is augmented by a constant-stress component 
<jQj parallel to the crack, each caustic in the double set suffers a distortion, as 
illustrated in Figs. 3 and 4 for tensile (SQ = —0.3) and compressive (Sg = 
+0.3) values of OQ^ , respectively. (See Eqs 8-12 with 70 set equal to 1, 60 ^̂  0, 
all other y„, and 8„ = 0.) In Fig. 3 it will be seen that a tensile value of OQ^ 
tends to increase the transverse diameter of the inner caustic and to decrease 
that of the outer one. As might be expected, a compressive OQ^ produces just 

Near- '̂leld solution for { = 0.4 
— B — Solution for J = 0.4 and 7, = -tO-S 

Corractlon factors 
OUTER INNER 

1.000 1.000 
1.258 1.145 

CAUSTICS 

FIG. 5—Effect ofr'^^-term (positive y^). 
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Near-field solution for J = 0.4 
— B — Solution for £ = 0.4 and 8, = -0 .1 ' 

Correction foctors 
OUTER INNER 

1.000 1.000 
1.100 0.888 

CAUSTICS 

FIG. 6—Effect of linear term in r (negative S^). 

the opposite effects (Fig. 4), although the effects are not as pronounced as in 
the tensile case. 

The straightforward use of these correction factors requires a knowledge of 
the values of the higher-order terms, such as SQ in the present context, but 
soipe important observations can be made just by examining the nature of the 
correction factors. For 6Q in particular, the fact that the inner and outer cor
rection factors fall to either side of unity by approximately the same amount in
dicates that the average of the transverse diameters of the double caustics pro
duced when do r^ 0 is about the same as the average of the transverse 
diameters of the reference (double) caustic. This is regarded as an important 
finding because it means that virtually no correction for | or SQ is required if 
the constant-stress term is the only dominant higher-order term and if the 
average of the transverse diameters of a double caustic, call it (X>i)avg> is used 
to determine TQ (and hence Ki) by setting D, of the "classical" caustic equal to 
(Pt\,g, that is, /-o = (A)avg/(3.170M). 
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—H-
Neor-fieid solution for £ = 0.4 
Solution -for J = 0.4 ond B^ = +0.1 

Correction factors 
OUTER 

1.000 
0.965 

INNER 

1.000 
1.043 

CAUSTICS 

FIG. 7—Effect of linear term in r (positive d^). 

Effect of Terms of Order t^''^, r̂ , r̂ ẑ, ^ 

It turns out that, of the next four possible terms in the stress field represen
tation (Eq 11), only the 6i-term produces correction factors that tend to be 
self-cancelling in the sense just described for h^. The Si-term controls the 
strength of the stress term varying linearly with r, and it is perhaps not surpris
ing that the b^- and Sj-terms, which have no influence on the size or shape of 
the caustic in an optically isotropic material [<?], are the only low-order non-
singular terms that have this property. 

Typical results for the r'^^-type dependence are shown in Fig. 5. It is seen 
that both parts of the double caustic are reduced in size and shifted to the left 
when 7i > 0; just the opposite effects (not illustrated) are noted for 71 < 0. 
Although the correction factors are affected, the distortion of the caustics is 
observed to be minimal. 

Considerable distortion of the double caustic is produced, however, when 
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NeorWielcl solution for i = 0.4 
— 0 — Solution for £ = 0.4 and 7e = -0.1 

Corroctlon footors 

1.000 
1.018 

1.000 
1.427 

CAUSTICS 

FIG. S—Effect of r^^^-term (negative yi). 

the coefficient of the r'-term is allowed to vary, as noted in Figs. 6 and 7 for 
negative and positive values of 5i, respectively. For negative Sj, a noticeable 
blunting of what was originally the outer caustic occurs along the +x '-axis, 
whereas, in the same region, what was originally the inner caustic is develop
ing a nose. Also, the inner and outer caustics no longer coincide where they 
cross the +x '-axis. For positive Sj, blunting and sharpening of the outer and 
inner caustics, respectively, are observed along the —x '-axis (see Fig. 7). 

The curves in Figs. 8 and 9 illustrate the effect of the r̂ '̂ -̂type variation in 
stress. A considerable foreshortening of the double caustic longitudinally, 
coupled with a considerable expansion of the inner caustic transversely, leads 
to a rather distorted double caustic for the chosen positive value of 72 (Fig-
9). A negative value of 72 oi equal magnitude produces opposite effects, in
cluding a left-to-right inversion of the "tail" of the outer caustic (Fig. 8). 
Also, regardless of the sign of 72' the inner and outer caustics cross in an 
"X" pattern at the +x '-axis; a similar effect is seen in Fig. 6 (for 71). 
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- - Neor-fielcl solution for i = 0.4 
-B— Solution for { = 0.4 and 7j = +0.1 

Correction factors 
OUtER INNER 

1.000 1.000 
0.931 0.749 

CAUSTICS 

FIG. 9—Effect of r^^^-term (positive 72 / 

The highest-order stress term considered in this paper is the one that varies 
as r̂  (Figs. 10 and 11). Note that the outer caustic, although distorted by 
either positive or negative values of 62, maintains a nearly constant transverse 
diameter, but the same cannot be said of the inner one. In this respect the 
r^-term and the r '̂'2-term have similar effects. A peculiar deviation of the 
outer caustic where it crosses the +x'-axis is noted for negative 62- For 
positive 62, no solution was found for the outer caustic for small values of 6, 
which is somewhat unusual. 

Concluidons 

Examination of the effects of the first five higher-order stress terms, 
namely, those that vary as r", r'̂ ,̂ r^, r^^^, and r^, on the sizes and shapes of 
the double caustics produced by Mode-I loaded cracks in birefringent 
materials reveals the following: 
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1. All higher-order terms affect the sizes and shapes of both parts of the 
double caustic. 

2. The constant (r", or aox) and the linear (r') terms are the only terms that 
produce self-cancelling errors when the average of the transverse diameters is 
used to compute the stress-intensity factor Ki according to the classical for
mula. 

3. The r*-and r^-terms are the lowest-order terms that produce a separa
tion of the double caustic where it crosses the +x '-axis. 

4. All terms of order r' and higher produce somewhat similar blunting and 
sharpening effects, depending upon the signs of the terms, and a transverse 
"double crossing" of the inner and outer caustics near the ±^ '-axis is not 
uncommon. 

5. The inner and outer caustics produced by nonzero r^''^- and r'̂ ^-terms 
tend to cross in an X-pattem at the +x '-axis, whereas all caustics produced 
by integer-order powers of r cross the +x '-axis perpendicularly. 

Naar-fleld solution -for { = 0.4 
—El— Solution for { = 0.4 and 6g = -0.03 

Correction foctors 
OUTER INNER 

1.000 1.000 
1.017 0.766 

CAUSTICS 

FIG. 10—Effect of quadratic term in r (negative bi)-
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— Neor-fleld solution for { = 0.4 
-B— Solution for { = 0.4 and 6̂  = +0.03 

Corraotlon factors 
OUTER 

1.000 
0.961 

INNER 

1.000 
1.377 

CAUSTICS 

FIG. 11—Effect of quadratic term in t (positive 62/ 

It would appear that the use of birefringent materials for experimental 
work in caustics offers a potential for "feature extraction" that is not 
available with the use of nonbirefringent, or optically isotropic, materials. 
With double caustics, accurate values of Ki can be determined by a simple 
transverse-diameter averaging technique that essentially eliminates the effect 
of the constant and linear terms in r. It is probable that an averaging tech
nique involving the longitudinal diameters of the double caustics can be used 
to minimize the effect of the r'''^-term as well, as Theocaris and loakimidis 
have done in the case of optically isotropic materials [8], but this is yet to be 
demonstrated. 
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ABSTRACT: Influence functions are computed for the calculation of stress-intensity fac
tors along partly circular cracks in nozzle comers subjected to pressure hoop stress linearly 
represented in the plane of the crack. The boundary integral equations method is used. 
The results are compared with those of previous studies. 

KEY WORDS; stress-intensity factors, elastic theory, three-dimensional problems, nozzle 
crack comers 

Nomenclature 

a Crack depth 
c Radius of crack 
t Reference length in nozzle 

x,y Coordinates in plane of crack 
d Angle from internal surface of vessel 

K{d) Stress-intensity factor 
hij{d) Polynomial influence functions 

r Short distance along a normal to crack front 
V Displacement of a point on surface of crack 

E Young's modulus 
V Poisson's ratio 

The nozzle comers in pressure vessels may be more sensitive than other 
areas of the vessel to cracks initiated in the fabrication process or in the life of 
the vessel, since rather high stresses develop locally. As a counterpart, the high 

' Research engineer and scientific manager, respectively, Creusot-Loire, Paris, France. 
^Engineer, Framatome, Division des Fabrications, B. P. 13-71380 Saint-Marcel, France. 
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stresses are rather localized, and the geometry of the nozzles makes them very 
stiff. Due to the steep gradients and the geometry, no simple formula exists 
and numerical computations are necessary. 

As will be seen in the next section, the research on nozzle crack comers has 
become important. Some of the methods presented could be used for other 
problems; but there is a need for functions depending only on the geometry 
which allow a simple calculation of the stress-intensity factors resulting from 
any load. 

The authors have calculated, for plane problems and semi-elliptical cracks 
in cylinders [1,2]^ influence functions depending only on the geometry, so that 
the stress-intensity factors along the crack front are easily calculated for any 
applied stress approximated by a polynomial in two coordinates in the plane of 
the crack. 

The geometry studied is the lower comer of an inlet nozzle of a pressurized 
water reactor (PWR), the dimensions of which are shown in Fig. 1. The 
method, already documented in Ref 2, is that of the boundary integral equa
tions (BIE). The applied stress is defined by (Fig. 2) 

a(..,) = a, ( fY(f -Y (1) 

and the polynomial influence functions are 

KJd) 
h(6) = T /.v-^ _ (2) 

'J 

c' 
t 

The individual stress-intensity factors are this way normalized with respect 
to a circular crack in an infinite solid subjected to a uniform stress a^(c/f)'+^. 

As will be seen in a subsequent section, for the studied cracks 

depth a = 15, 60, 90 mm 

radius c = 57, 102, 132 mm 

only the constant and linear terms are significant in the representation of the 
pressure hoop stress by a polynomial; due to the nearly symmetry, the term in 
y is small. As a consequence, only the influence functions hoo(d) and h^oid) 
were calculated. Other functions could be calculated if more complete 
polynomials were necessary either for deeper or noncircular cracks or for other 
loads. 

•'The italic numbers in brackets refer to the list of references appended to this paper. 
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100 mm 

p=119 

o=15 /60/90 mm 

c = a + d = 57/l02/l32mm 

FIG. 1—Dimensions of nozzle studied. 

Previous Reseaich on Nozzle Comer Cracks 

Distribution of Hoop Stress in a Reinforced Nozzle 

Rashid and Oilman [3] were likely the first who investigated the problem of 
a nozzle comer subjected to an internal pressure. Their results on the distribu
tion of the hoop stress were confirmed by subsequent studies [4,5] (Fig. 3), 
although Ref 5 is for a nozzle in a plate subjected to tensions a and a/2. A peak 
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(T (x,v)= (r|j(i)'«-2.)J 

BRANCH 
AXIS 

S-S-tH* 

VESSEL 
AXIS 

FIG. 2—Detail of nozzle comer cracks. 
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H= aw 

FIG. 3—Benchmark Problem No. 2. 

exists at the comer, with a steep decrease along the bissector; on the surface 
the decrease is first slower in the branch than in the vessel, as far as the effect 
of the hole in the vessel is dominant; next, due to the reinforcement the 
decrease is steeper in the branch while in the vessel the decrease is limited to 
the stress in the wall. 

Finite-Element Methods 

In 1971 Rashid and Oilman [3] showed that the stress-intensity factor on a 
partly circular crack was always smaller than it would be for a crack of the 
same depth emanating from a hole in a plate subjected to the hoop and axial 
stresses resulting from pressure. 

Later Hellen and Dowling [4] calculated the stress-intensity factors of partly 
circular cracks at the comer of a nozzle of a PWR subjected to a pressure with 
radii varying between 0.4 and 76 mm. The results were nearly constant K 
along the crack front, with variations less than 10 percent for radii 19 and 45 
mm, slowly variable for a radius 76 mm, and increasing by 20 to 25 percent 
near the branch end. 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



408 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

Reynen [6] reported similar calculations on a boiling water reactor (BWR) 
for pressure and thermal hoop stresses, in a paper which deals more with the 
method than with the results. The results for rather deep cracks show that K 
increases with pressure from the vessel wall to the branch. 

Schmitt et al [7] calculated stress-intensity factors for straight cracks sub
jected to a pressure hoop stress. 

Broekhoven [5] proved for quarter circular cracks subjected to a pressure 
hoop stress nearly constant stress-intensity factors for medium radii, and for 
higher radii a minimum of the stress-intensity factor with the highest values on 
the branch surface. 

Atluri and Katherisan used their hybrid displacement finite-element 
method [8] for calculating stress-intensity factors along any crack in a nozzle 
comer, and particularly the so-called natural shape longer along the cylinder 
than along the branch. 

TTiese studies do not clarify when the stress-intensity factor is nearly con
stant and when it increases from the vessel to the branch; quantitative com
parisons are difficult since the geometries are not identical or very completely 
defined. 

Semi-Analytical Method for Any Stress Gradient 

Kobayashi et al [9-11] used the alternating method to calculate the stress-
intensity factors resulting from any stress gradient approximated by a poly
nomial of the third degree on the crack surface. 

In Refs 9 and 10 circular and elliptical cracks are studied, and compared 
with Broekhoven's results. In Ref 11 a simplified method for flattened cracks is 
proposed; the crack front is replaced by a part of a similar semi-elliptical crack 
in a plate, for which results had already been published. The authors justified 
their approximation by comparison with results obtained on semicircular 
cracks in a plate and in the nozzle comer; they found differences less than 10 
percent. This coincidence may result from the fact that for such cracks the 
rigidity of a plate may be not very different from that of the nozzle considered; 
as these solids are actually very different, it may be thought that the calcula
tion in a semi-infinite solid would also not have been very different. One can 
therefore wonder if the coincidence will still be good with slender or deeper 
elliptical cracks. 

Bhandari et al [12] treated the problem in a quarter infinite solid, and found 
the highest stress-intensity factors at the branch surface. This approximation 
does not take into account the limited thickness of the wall, thinner than the 
reinforcement, and likely obliterates the decrease of the pressure hoop stress in 
the reinforcement. 

Experimental Results by Photoelasticity 

Smith et al [13] studied several flaw shapes in a PWR nozzle comer sub
jected to pressure. The results were that for a medium-size quarter circular 
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crack the stress-intensity factor did not vary much along the crack front, in 
agreement with finite-element calculations; deeper cracks evolved toward the 
so-called natural shape, calculated by Atluri [8], deeper on the vessel surface 
than on the branch. 

Boundai7 Integral Equation Method 

The BIE method and the program Equations Integrales Tridimensionnelles 
(EITD) used have already been documented m [2,14,15]; Ref 2 shows how the 
EITD program was validated for three-dimensional crack problems. 

Further validations were obtained with good agreement by McGowan and 
Raymund [16], Newman and Raju [17], and Atluri [8] for semi-elliptical 
cracks in cylinders. A report on the solutions of "Benchmark Problem No. 1" 
[18,19], prepared by the Society for Experimental Stress Analysis (SESA), 
showed agreement within ± 5 percent with the results of McGowan and Ray
mund and those of Raju and Newman. 

Before dealing with the nozzle problem, the EITD program was again tested 
by solving "Benchmark Problem No. 2" [18], a quarter circular crack at the 
comer of a hole in a plate (Fig. 3). 

Benchmark Problem No. 2 

Definition 

In Ref 18, only a uniform traction a at infinity is considered; the stress on 
the crack surface is governed by the hole; an influence function is defined as 

h,ie) = ^ - ^ (3) 

2 avTTC 

Influence functions were also calculated for a linearly varying load 
X 

a{x,y) = ffoo + ffio — 
c 

on the crack surface, with influence functions 

h,j{e) = ~ V = " (4) 
2 aij\Trc 

Results 

The solid was meshed according to the same principles as for the semi-
elliptical cracks [2], isoparametric elements with 8 nodes and 24 degrees of 
freedom, quarter-point crack front elements. The first results were inconsis-
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tent; the stresses on certain sections were not balanced. It was thought that 
this difficulty did not result from the BIE method or the elements chosen but 
from three imposed coordinates at one point on the boundary, what the pro
gram could not handle. For cost and time reasons, this could not be fully 
checked. 

Because consistent though inaccurate results had been obtained with a 
coarse mesh with 8-node elements, 12 degrees of freedom on 4 nodes, and no 
quarter-point crack front elements, the calculation was continued this way 
with a more refined mesh: 8 crack front elements, 55 on the crack surface, and 
other displacement imposed conditions on the boundary. 

The results are shown in Fig. 4. 

Comparison with Other Solutions 

The results for a uniform traction at infinity were compared with the solu
tions of Palusamy and Raymund [20], Raju and Newman [21], and Hechmer 
and Bloom [22] (Fig. 5). The geometries are not exactly identical (see Table 1) 
but the influence of the differences seems negligible. 

In Fig. 5 it is difficult to distinguish this solution from those of Refs 20 and 
22 except near the hole, where the differences are about 10 percent. Raju and 
Newman's solution is higher by about 10 percent for 6 near 60 deg, and lower 
near the hole; this decrease is likely related to the lower singularity at the sur
face, which cannot be evidenced with other meshes. As a whole the results are 
satisfactory for engineering purposes. 

For the other influence functions, the differences with Ref 20 were less than 
3 percent for ^ < 75 deg; near the hole (̂  = 90 deg) they were 5 percent for 
AooandAio. 

Part Circular Cracks in a Nozzle Comer 

Geometry and Mesh 

The nozzle is defined by Fig. 1 with crack radii c = 57, 102, 132 mm. The 
solid meshed for the deepest crack is defined by Fig. 6; for reasons of accuracy 
it was limited by the complete meridional plane of the vessel containing the 
axis of the branch. For the other cracks it was only half this solid, limited by a 
perpendicular plane by the axis of the branch. As the results for c = 132 and 
102 mm were consistent with each other, it was thought that the smaller solid 
was sufficient. 

As the difficulties met with Benchmark Problem No. 2 were no longer ex
pected, isoparametric elements with 8 nodes, 24 degrees of freedom were used, 
as for the semi-elliptical cracks [2]; actually no difficulty was met (Fig. 7). The 
total number of elements and nodes is given in Table 2. 

The external boundaries of the meshed solid were free; this is possible 
because only the singular problem of a loaded crack, with no load on the exter-

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



HELIOT ET AL ON NOZZLE CORNER 411 

i 

vx> 

2J0 

120 
MO 

2JOO 

1.50 

1.20 

1.10 
1.00 
090 

040 

0.70 
a 6 0 

aso 
OulO 
030 

Ou» 

0.10 

, 

• 

• 

-

• 

• 

• 
• 
-
-

h(») 

• 

h.(6) ^^^^ 

h^(e) 

h«(e) 

1 1 1 

/ 

_ 

/ 
^ -

-

__4 ^ 

-

• 

JL20 

un 

zso 

200 

1.50 

1.20 

1.10 
IflO 

0.90 

QSO 

070 
060 
050 
OjtO 

OJO 
020 
aio 

0 10* 
SURFACE 

20* SO* 40* SO* 60* 70* W * X" • ( DCSREES) 

HOLE 

FIG. 4—Benchmark Problem No. 2—influence functions. 

nal boundaries, is solved, with displacements and stresses negligible at such 
distances from the crack. 

Choice of Influence Functions Necessary for a Pressure Hoop Stress 

A representation was attempted of the hoop stress on the crack surface 
resulting from an internal pressure by a polynomial of five terms 

- aoo + 0!lO~- + "01 T + "20 - - + 0!o2 I — (5) 
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FIG. 5—Benchmark Problem No. 2—comparison of solutions to hg(8). 

TABLE 1—Results for uniform traction at infinity. 

Benchmark No. 2 
This Study Ref 20 Refs 21 and 22 

a/c 
a/t 

a/R 

1 
0.5 
0.5 

1 
0.2 
0.4 
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FIG. 6—Nozzle comer crack—meshed solid. 

VESSEL 

FIG. 7—Grid in plane of crack. 
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TABLE 2—Total number of elements and nodes. 

No. of subregions 
Total No. of elements 
Total No. of nodes 
Total No. of degrees 
Nodes in plane of crack: 

total 
surface of crack 
crack front 

57 mm 

5 
220 
568 

1704 

79 
76 
13 

Crack Radii 

102 mm 

5 
242 
626 

1878 

93 
80 
13 

132 mm 

8 
398 

1013 
3039 

93 
80 
13 

t, arbitrary, is chosen the distance from the origin to the external surface on 
Ox (Fig. 1), or 0.390 m. On the surface of the crack studied, the following 
nondimensional a^ yield a difference less than 2 percent with the finite-
element hoop stress 

«00 = 

"10 = 

"01 = 

"20 = 

"02 = 

27.583 

-32.331 

1.911 

10.708 

10.084 

The stress-intensity factor is 

K(e) 

jyrKC 

c c 
"oo^ooW + a i o y ^ i o W + aoi—AoiW 

+ "20 h2oW + ao2 ( y ) ho2(e) (6) 

Due to the near symmetry, aoi is small. It is also known that the hij($) must 
decrease for higher i +j; as (c/t)^ is small, the terms /J2O(^) and Ao2(̂ ) are not 
significant, and the first two terms only can be kept. 

Calculation of Influence Functions 

Tractions 

Oij = A " . ^*^ 

were applied on the crack surface. The corresponding stress-intensity factors 
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K-jid) were calculated along the front; as with these particular stresses Oy/f'^^ 
= 1, according to Eq 2, the nondimensional influence functions are 

IT K,'i(<b) 
htM) = - ,;fJ- (7) 

The stress-intensity factors were calculated by extrapolation of the 
displacements on the crack surface in planes normal to the crack front, or 
more precisely of 

2 2(1 - v)^ V7 

Parabolic extrapolation was kept because it was less scattered than linear 
extrapolation. 

The computed influence functions are shown in Fig. 8. 

Accuracy 

It is shown in Ref 2 that the errors depend very much on the relative varia
tion of the load in the front elements. As this variation is here zero for the 
uniform stress and 3 percent for the linear stress, an underestimation less than 
2.5 percent can be expected, with a possible error somewhat higher on the sur
faces. The results were corrected by 2.5 percent for taking this error into 
account. 

Discussion of Results 

Symmetry of Influence Functions 

The curves of the influence functions are nearly perfectly symmetrical with 
respect to the axis Ox; the functions differ very little on the walls of the vessel 
and the branch; in Fig. 1 it is clear that the cracks considered are only little af
fected by the dissymmetry of the vessel and the branch. But this symmetry 
would not hold for deeper cracks. 

The curves for the shallow crack (c = 57 mm) exhibit a rather rapid 
decrease near the surfaces, which does not exist for the other cracks. The same 
functions were calculated for a penny-shaped crack in an infinite solid loaded 
only on an area corresponding to the crack in the nozzle (Fig. 9); the results 
were evidently smaller than for the nozzle crack; for the small crack depth the 
functions also exhibited rapid decreases. 

Comparison with Benchmark Problem No. 2 

In Fig. 10, Curves hooid) and h^oiO) have been drawn for the benchmark 
problem and the two medium cracks in the nozzle c = 132 and 102 mm. It ap
pears that the difference is always smaller than 10 percent except for Aoo(̂ ) near 
the surface. The solution to the Benchmark Problem is not a bad approx-
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imation for the influence functions of these medium cracks; this might not be 
exact for deeper cracks; if these functions are used, it should be with the stress 
distribution in a nozzle, and the result would likely be different from ho(6) for 
the benchmark problem, even in a qualitative way. 

Calculation of Stress-Intensity Factors Resulting from Pressure 

Calculation with a Two-Term Polynomial 

Equation 6 reduced to two terms is 

2 
— pMirc 

a(x,hooie) + aioj h^o(6) (8) 

J I h ( 8 ) 

1.1 + 

1.0' 
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FIG. 8—Nozzle comer cracks—influence functions. 
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CRACK FRONT 

FIG. 9—Partially loaded circular crack. 

These nondimensional stress intensity factors are shown for the three 
calculated cracks in Fig. 11. 

Discussion 

For the shallow crack the stress-intensity factors are low with a quick 
decrease near the surface; this results very likely from the angle smaller than 
90 deg between the front and the boundary (Fig. 2). 

For the two other cracks, the nondimensional stress-intensity factors are 
practically the same, since the difference is less than 2 percent. The dif
ferences on the surfaces of the vessel and the branch are of no practical impor
tance, but may be significant because the smaller crack (c = 102 mm) is just 
at the limit of the comer and the larger (c = 132 mm) reaches the surfaces in 
the straight profiles, with angles of 90 deg. 

These results confirm the practically constant stress-intensity factors 
evidenced by previous researchers for certain crack depths. They are rather far 
from curves similar to Ao(̂ ) for the Benchmark Problem which might be ob
tained with a hole in a plate subjected to the hoop and axial stress in the 
cylinder. 

Deeper cracks were not studied. For such cracks the thickness of the rein
forcement, more than twice the thickness of the wall, plays an important role. 

If the reinforcement was not substantially thicker than the wall, deep cracks 
would likely evolve to a situation similar to the Benchmark Problem in pure 
tension, corrected for the axial stress, with a maximum stress-intensity factor 
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FIG. 11—Nozzle comer cracks—pressure loading—nondimensional stress-intensity factors. 

at the surface of the branch. But due to the higher thickness of the reinforce
ment the hoop stress will not decrease so much in the wall direction as in the 
branch; this would likely result in higher stress-intensity factors on the vessel, 
and an extension might occur in this direction. Previous studies on slender 
semi-elliptical cracks, with axes ratio up to 10 to 1 [23], show that when such a 
crack extends along the surface with a constant depth, the stress-intensity fac
tor at the surface decreases. This is consistent with the natural crack shapes in 
nozzle comers observed by Smith [13] and calculated by Atluri [8], and might 
result in an arrest of the crack. 

Summaiy and Conclusions 

The BIE method was used for computing polynomial influence functions for 
partly circular cracks in a nozzle comer, with an accuracy about ±5 percent 
or better. 
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The results applied to pressure hoop stress were qualitatively consistent with 
other studies. A quantitative comparison is difficult because the sizes of the 
crack are not the same and also the geometries are not completely defined. 

Shallow cracks are sensitive to the radius of the comer. Medium cracks, up 
to about the quarter of the thickness of the nozzle along the bissector, are little 
sensitive to the vessel wall and the branch; they exhibit small variations of the 
stress-intensity factor; a two-terms approximation is practically sufficient. 

With cracks deeper than those studied and the conventional rein
forcements, it does not seem that the evolution is toward a benchmark-like 
situation, even corrected for the longitudinal stress. It can be expected, as ex
perimentally shown by photoelastic experimentation, that the highest stress-
intensity factor will be on the vessel surface, and that an extension in this direc
tion would result in a decreasing stress-intensity factor, and possibly in an ar
rest of the crack. 
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ABSTRACT: Because of its importance and frequency of occurrence, considerable 
effort has been devoted to the modeling of subcritical surface crack growth in recent 
years. Due to the geometrical complexities involved, available solutions are generally 
constrained to elastic numerical models implying self-similar crack growth. By selecting 
specific geometries (known as 'benchmark' geometries) and solving for stress-intensity 
factor distributions, several of these numerical models have recently exhibited reason
able agreement by assuming semi-elliptic crack shapes (see Ref 6). Over the past 
decade, the first author and his colleagues have evolved an experimental technique 
which couples the field equations of linear elastic fracture mechanics with the frozen 
stress photoelastic method for generating natural crack shapes and their corresponding 
stress-intensity distributions where neither are known a priori. The present paper 
focuses upon the application of this technique to two surface crack geometries approxi
mating benchmark geometries and comparing with results from the recent literature in 
order to assess the validity of the semi-elliptic crack shape assumption for the surface 
crack in numerical models and to quantify any observed deviations. Results show that 
shallow crack shapes (a/2c => 0.30 a/T = 0.30) are accurately described by the semi-
ellipse assumption, and the experimental stress-intensity distributions seem to be pre
dicted with reasonable accuracy in regions of highest values. The deeper cracks, how
ever (a/2c = 0.30 a/T » 0.75), exhibit a deviation in shape from a quarter-ellipse in 
the form of bulging near the points of intersection of the flaw border with the plate 
front surface, and the accompanying maximum stress intensities are some 25 percent 
higher than the values predicted in Ref 6 using semi-elliptic crack models with the 
same aspect ratio and a/T. 

KEY WORDS: frozen stress analysis, stress-intensity distributions, surface flaws, 
photoelasticity 
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Since the growth of surface cracks under fatigue loading is generally 
recognized as a primary cause of service failures, it is not surprising to find 
that a substantial fraction of the fracture mechanics literature has been de
voted to the subject. Beginning with Irwin's classic paper in 1962 [/J-' char
acterizing the shallow, semi-elliptic crack, many investigations, both ana
lytical and experimental, have been conducted. Recently, the surface crack 
has been the subject of two symposia [2,3] and perusal of the Proceedings 
of the Eleventh National Fracture Symposium [4] will show that nearly two 
thirds of those papers dealt with fatigue crack growth. 

Although the surface crack in a large body is generally conceded to be 
well characterized both as to shape (semi-elliptic) and stress-intensity factor 
(SIF) distribution, this characterization becomes questionable when the 
crack penetrates a significant portion of the thickness of a finite plate. 
Most such problems remain intractable to closed-form solution even in the 
elastic sense due to geometric complexity and lack of knowledge of the 
proper flaw shape, which is usually needed as input data for a numerical 
analysis of the problem. Nevertheless, continued improvements are being 
made in both the hardware and software needed in order to render three-
dimensional (3D) cracked-body problems tractable. Despite these improve
ments, differences still exist between numerical models in this problem area. 

In 1976, a meeting of active researchers in 3D crack problems was con
vened at the Battelle-Columbus Laboratories, and a set of 'benchmark' 
problems [5] was formulated with fixed geometries to be solved by various 
analysts using various approximate methods. Such solutions have recently 
been collected by McGowan and have been synthesized into a "state-of-the-
art" paper [6]. One of the benchmark problems included in McGowan's 
work involves both shallow and deep semi-elliptic surface cracks under 
Mode I loading. 

Beginning a decade ago, the first author and his colleagues undertook 
an effort to develop an experimental technique which would be capable of 
providing independent estimates of SIF distributions in 3D cracked body 
problems for use in providing computer code verification for the numerical 
models. The original method for analyzing Mode I problems, summarized 
in Ref 7, consists of a marriage between the "frozen stress" photoelastic 
method and the equations of linear elastic fracture mechanics (LEFM). 
The method has since been simplified [8] and extended to cover all three 
local modes of deformation [9]. It has been successfully applied to a num
ber of surface flaw problems to date [10-21]. 

Quite recently, it has been observed [22,23] that, if natural starter cracks 
are grown in photoelastic models under monotonic load above critical tem
perature under classical small-scale yield conditions, the resulting flaw 
shapes will be identical to those produced by fatigue crack extension in 

'The italic numbers in brackets refer to the list of references appended to this paper. 
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geometrically similar metal models. Thus the frozen stress method applied 
to cracked bodies possesses the potential for obtaining both crack shapes 
and SIF distributions where neither is known a priori. 

In the authors' experience, the simple geometric crack shapes and self-
similar flaw growth implied by most numerical models are valid only for a 
limited range of crack growth in 3D cracked-body problems. In the Mode I 
surface crack problem, for example, a typical crack growth pattern is 
pictured in Fig. 1. This figure [24] shows the change in crack shape as it 
starts from a part circular slot and moves through an aluminum plate. It is 
clear that, as the flaw passes middepth, its shape varies significantly from 
that of a semi-ellipse. This implies an accompanying change in the SIF dis
tribution from that predicted for a semi-elliptic crack shape of the same 
semi-axes. 

The present paper deals with the application of the "frozen stress" 
method to both shallow and deep surface cracks under Mode I loading 
using geometries approaching the 'benchmark' geometries and comparing 
results with analytical results in order to assess the influence of the dif
ferences between idealized and real crack behavior. Before describing the 
results, a brief description of the frozen stress method for estimating SIF 
distributions is included. 

Frozen Stress Method 

The details of the frozen stress method have been described elsewhere 
[8,25]. Its application to the Mode I problem is briefly restated here for 
the convenience of the reader. 

For the case of Mode I loading, one begins with equations of the form 

'̂ y = TTTT /(/W + <'iA'-' *) ('•' J = «' 2) (1) 

for the stresses in a plane mutually orthogonal to the crack surface and the 
crack border referred to a set of local rectangular Cartesian coordinates as 
pictured in Fig. 2, where the terms containing AT[, the SIF, are identical to 
Irwin's equations for" the plane case and Cjj^ represent the contribution of 

FIG. 1 —Fatigue crack shapes in an aluminum plate 12A]. 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



SMITH ET AL ON NATURAL FLAW SHAPES 425 

n 

FIG. 2—Problem geometry and notation. 

the regular stresses to the stress field in the measurement zone. The ffy" 
are normally taken to be constant for a given point along the crack border, 
but may vary from point to point. Observing that stress fringes tend to 
spread approximately normal to the crack surface (Fig. 3), Eqs 1 are 
evaluated along B = 7r/2 (Fig. 2) and 

Tmax = •/2[(a„„ " <r„)2 + ^oJV' (2) 

which, when truncated to the same order as Eq 1, leads to the two parameter 
equation 

'max ,1/2 + B where 
B = / ( a / ) 

(3) 

which can be rearranged into the normalized form 

K AP 

q(ira) 1/2 
= ^ i + f(oi/m''^/r 

qiira) 1/2 ^ ) 

1/2 
(4) 

where 

^AP — x(87ir) 1/2 

and, from the Stress-Optic Law, 

'•max - Nf/2t' 
N = stress fringe order, 
/ = material fringe value, 
t' = slice thickness in ^direction, 
q — remote loading parameter (such as uniform stress, pressure), and 
a = characteristic crack depth. 
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FIG. 3—Spreading of Mode I fringes away from crack plane. 

Equation (4) prescribes that, within the zone dominated by Eqs 1 with a,-," 
as described in the foregoing, a linear relation exists between the normalized 
apparent SIF and the square root of the normalized distance from the 
crack tip. Thus, one need only locate the linear zone in a set of photo-
elastic data and extrapolate across a very-near-field nonlinear zone to the 
crack tip in order to obtain the SIF. An example of this approach using 
data from one of the tests described in the sequel is given in Fig. 4. 

By following similar arguments, but not specifying 9 = ir/l, equations 
for the mixed-mode case can also be developed [9,26]. 

In applying the method, starter cracks are inserted at desired locations 
by striking a sharp blade held normal to the specimen surface, causing a 
crack to propagate dynamically into the specimen normal to the specimen 
surface, after which the crack arrests. The cracked model is then placed in 
an oven in a loading device, heated to critical temperature, and then loaded 
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FIG. 4—Typical set of data from a specimen taken mutually orthogonal to crack surface and 
crack border. 

monotonically until the crack begins to grow. The crack will take the shape 
dictated by the loads and geometry, and when it reaches the desired size 
(several times larger than the initial crack), loads are reduced, terminating 
flaw growth. Upon cooling under load, the frozen cracked model containing 
crack-tip fringe and deformation fields is obtained. All slices for analysis are 
taken parallel to the rez-plane (Fig. 2), coated with matching index fluid, and 
analyzed in a crossed circular polariscope with white light, using the Tardy 
Method and reading tint of passage at X10 magnification. 

Experimental Results 

A series of nine frozen stress photoelastic tests was run in an effort to 
produce cracked-body geometries similar to the two benchmark geometries 
for the surface crack problem. Both model and benchmark geometries to
gether with the notation employed herein are given in Table 1. 

In order to produce the geometries shown in Table 1, it was necessary to 
flex the plates above critical temperature. However, once the desired crack 
shapes were reached, the bending was removed and only uniaxial tension 
was used in order to develop the frozen stress pattern. This is permissible 
since stress freezing materials respond in a linear elastic fashion above 
critical temperature. 

All of the shallow cracks (Models 1 through 5) exhibited a perfect semi-
elliptic shape. Figure 5 shows how the SIF distribution is altered as the 
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TABLE 1—Benchmark geometries, loads, and dimensions of test models. 

' J-

W - p la te width 

Shallow Flaws 

a/c a/T 2c/W 

Benchmark 
Model 1 
" 2 

3 
4 

" 5 
Avg. of 3 

Benchmark 
Model 6 
" 7 
" 8 
" 9 

Avg. of 8 

Geom. 

4 & 5 

Geom. 

& 9 

122.5 
135.0 
110.0 
122.2 
139.7 

92.7 
42.0 
82.9 
93.2 

3.20 
5.16 
4.12 
4.04 
3.68 
3.94 

3.52 
8.03 
6.92 
6.21 
5.60 
6.24 

0,500 
0.910 
0.644 
0.588 
0.648 
0.658 
0.630 

Deep Flaws 

8.66 
11.85 
9.02 
10.28 
9.64 

22.60 
32.80 
20.00 
21.60 
20.80 

0.500 
0.382 
0.360 
0.451 
0.474 
0.463 

0.250 
0.252 
0.403 
0.297 
0.304 
0.288 
0.296 

0.750 
0.675 
0.916 
0.699 
0.794 
0.746 

<0.20 
.0894 
.2040 
'.1560 
.1485 
.1450 
.1498 

<0.20 
0.314 
0.382 
0.229 
0.282 
0.255 

crack grows deeper and changes its aspect ratio while maintaining a semi-
elliptic shape. By comparing the crack fronts in Fig. 5 we see that, in 
changing its aspect ratio, the crack grows more along the surface than 
through the depth and this growth results in a lowering of the SIF along 
the surface. This behavior has been observed many times by the authors. 
All of the deep cracks exhibited a deviation from the semi-elliptic shape 
(Fig. 6) similar to that of the deep crack in Fig. 1. SIF values are found in 
Table 2. Figure 7 shows how the SIF distribution varies for deep cracks 
of the same "aspect ratio" as semi-elliptic cracks. By comparing Figs. 6 and 
7, we see that a severe local bulge, Test 6, produces a sharp drop in the nor
malized SIF in the bulge region. However, when the bulge becomes more 
evenly distributed along the crack border, then the SIF gradient is reduced. 
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a/c a/T # 
TEST I 0.910 Q252 1.496 
TEST 2 0.644 0403 1.292 

§ = / {(a/c) Sin szS+cxsP) dŝ  

TEST I 

0 20 40 60 80 100 
PARAMETRIC ANGLE ^ 

FLAW SHAPE 
FOR TEST 2 

FIG. 5—Variation in SIF distribution in semi-elliptic shallow cracks of varying depth and 
aspect ratio. 

From the shallow crack tests, Models 3 through 5 were selected for com
parison with analytical results on the shallow-benchmark problem and 
Models 8 and 9 were selected for comparison with the deep-crack bench
mark geometries. As seen in Table 1, there are still some discrepancies be
tween the benchmark and average model test geometries. An attempt was 
made to correct for these discrepancies using the analysis of Newman and 
Raju [27]. The procedure is briefly described in the Appendix. After cor
recting the experimental results to the benchmark geometries, they are 
compared with the analytical results for the shallow-crack benchmark 
geometry in Fig. 8 and with the deep-crack benchmark geometry in Fig. 9. 
These analytical models are briefly described in Ref 6. They consist of finite 
element, Schwarz Alternating, and boundary-integral methods of approach 
to the benchmark problems with assessments for accuracy made for each. 
Included is a ±5 percent scatter band expected in the experimental results 
and a ±4 percent variation between the several numerical models [6], 
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TEST 6 

NATURAL CRACK 

FITTED ELLIPSE 

TESTS 

NATURAL CRACK 
FITTED ELLIPSE 

TEST 9 

NATURAL CRACK 

FITTED ELLIPSE 

TEST 7 

NATURAL 
CRACK 

FIG. 6—Variation of deep cracks from semi-elliptic shape. 

Discussion of Results 

As shown by Fig. 5, significant changes in the SIF distributions occur in 
semi-elliptic, shallow surface cracks due to changes in crack size and aspect 
ratio. Moreover, in deep cracks of similar nonsemi-elliptic shape, signifi
cant changes in SIF distributions result from changes in crack size and 
local bulging. In the present study, we are focusing upon the effect of 
deviations of the deep cracks from semi-elliptic shapes. 

From Fig. 8 we see reasonable agreement and overlapping between the 
analytical and experimental results for the shallow, semi-elliptic cracks in 
the region of highest SIF, and this agreement was expected. However, in 
the regions of lower SIF close to the plate front surface, the experimental 
results diverge from the analytical solutions and show significantly smaller 
SIF values than predicted analytically. In prior studies, the authors have 
found that the experimental method tends to produce SIF values near mid-
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TABLE 2—Stress intensity factors. 

Model No. 

1 

2 

Avg 3, 4, 5 

6 

7 

Avg 8, 9 

0 

0.0 
21.1 
42.3 
66.1 
82.3 

0.0 
14.9 
32.8 
59.3 
90 

0 
15 
30 
45 
60 
75 
90 

0 
9.2 
20.9 
33.5 
55.0 
90.0 

0 
8.7 
19.8 
41.7 
90 

0 
15 
30 
45 
60 
75 
83.5 

A-i*/a(7ra)'^2 

1.160 
1.160 
1.160 
1.123 
1.093 

1.273 
1.286 
1.260 
0.961 
0.819 

1.056 
1.036 
0.982 
0.890 
0.768 
0.637 

0.544 
1.416 
1.586 
1.654 
1.626 
1.643 

1.851 
1.851 
1.795 
1.683" 
1.279 

1.622 
1.630 
1.566 
1.442 
1.285 . 
1.069 
0.828 

° Reading from one side only. 
0 = parametric angle from mid-flaw position 

(Fig. 7). 
* = as defined in Fig. 7. 

crack which are some 5 percent higher than theory due to the fact that 
Poisson's ratio of the stress freezing material is «0.5 above critical tem
perature. This suggests that the experimental curve of Fig. 8 may still lie 
10 or 15 percent below its proper location at the midcrack (</> = 0) location. 

In searching for an explanation of these discrepancies, the authors took 
measurements on remaining parts of the model and found that a small 
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0 
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FIG. 7—Variation in SIF distribution in deep cracks with same 'aspect ratio. 

amount of out-of-plane curvature existed which implied the presence of 
some bending in the plates which produced, upon loading, an additional 
compression on the side of the plate where the flaw was located and tension 
on the opposite side. From these measurements, a nominal bending stress 
was estimated and, using the results of Ref 27 for the bending case for 
semi-elliptic flaws, normalized SIF values due to bending were qualitatively 
estimated. These estimates indicated that, if the bending were not present, 
the experimental curve in Fig. 8;ivould shift upwards by about 15 percent 
with slight counterclockwise rotation about 0 = 0 so as to agree with the 
theoretical results to within the indicated scatter bands. A similar shift 
would be achieved by applying the correction to the results in Fig. 9. How
ever, the experimental value would still be well above the theoretical result 
using semi-elliptic flaws (from 20 to 40 percent at maximum flaw depth) 
and this is the result of technological importance which we wish to focus 
upon here. Finally, due to uncertainty of the quantitative accuracy of the 
bending calculations, their effect is not included in Figs. 8 or 9. 
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FIG. 8—Comparison of average of experimental results with average of numerical models f6J 
for shallow-crack benchmark geometry. 

Summaiy 

A series of "frozen stress" photoelastic experiments was carried out on 
model geometries approaching the geometries of "Benchmark Problem 
No. 1," a plate containing a surface crack loaded in remote simple tension. 
Natural shallow cracks were exact semi-ellipses and reasonable engineering 
correlation was observed between the average of several analytical results 
and the average of several model test replications in regions of maximum 
SIF values after correcting for deviation of test model geometries from the 
benchmark geometry. Natural deep cracks deviated from the semi-elliptic 
crack shape and SIF levels were some 25 percent higher in the region of 
maximum SIF values than predicted by the numerical models using semi-
elliptic crack shapes. 

There are several factors which might influence the experimental results 
presented in addition to random experimental scatter: 

1. the fact that Poisson's ratio for the photoelastic material was greater 
than the value used in the numerical models (that is, 0.5 > 0.3), 
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FIG. 9—Comparison of average of experimental results with average of numerical models [b] 
for deep-crack benchmark geometry. 

2. the accuracy of the corrections for geometric deviations of the test 
models from the benchmark geometries used in the analyses, 

3. the use of bending loads to produce the natural crack shapes, and 
4. the presence of warpage in the plates when loaded in tension. 

In prior work, the authors have found the first effect to be less than the 
order of experimental scatter. The second effect should be small, since the 
corrections were applied only to geometries closely approximating the 
benchmark geometries. The influence of the third effect is more difficult to 
judge. It is possible that the bulging produced by combined tension and 
bending could produce a flaw shape which deviates more from a semi-
ellipse than one produced by only simple remote tension. Although bending 
loads were also used to grow the perfectly elliptical shallow flaws, stronger 
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bending effects are present in deep flaws. Finally, the data do appear to 
contain an effect which the authors conjecture to be residual warpage 
resulting from the flex loading rig used to ^row the cracks. The important 
point here is that, if flaw shapes deviate from semi-elliptic crack shapes as 
pictured in Fig. 1, a significant SIF elevation in the region of maximum 
SIF may be expected in the absence of other effects. Studies are currently 
underway toward further clarification of this point. 
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APPENDIX 

Corrections for Deviation of Test Geometries from Benclimark Geometries 
Based upon a three dimensional finite-element solution for a flat plate under 

remqte tension containing a semi-elliptic surface crack under Mode I loading, 
Newman and Raju [27] developed a series of expressions for defining the influence 
of the various problem parameters. Using the basic form 

Ki = ay/ita/i^^F(a/T. ale, 2c/W, <t>) (5) 

where 

[ W *'"̂ * "̂  "̂̂ ^̂ l '̂"̂' 

a = remote tensile stress, 
a = crack depth, 

Jo 

T = plate thickness, 
2c == crack width in plate surface, 
W = plate width, and 
<t> = parametric angle measured from maximum crack depth position. 

They provide the following expressions 

F= M i + M 2 ( ' y ) + ^ 3 ( 7 ^ 7'*)*(lF'f-f(T'<l>)8(^'<l>MlIF'^) (6) 
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where 

M l = 1.13 - 0.09 ^ - ^ j 

M a = - 0 . 5 4 + 
0.89 

0 .2+ -

M3 = 0.5 1 : 1 - + 1 4 ( 1 . 0 - ^ ) ' ' 
0.65 +Y ^ ' 

/ ( T ' ^ = (T) '̂"̂ "̂  + '=°*̂ * 

glj, A=l+ 0.1 + 0.35('YY 

/ 2 c « \ r ir/2c\/aV'^ 

(1 - cos0)2 

1/2 

In this paper, the experimental geometries were corrected to the benchmark 
geometries by computing i^EXPR using test model geometries and i^THEOR using 
benchmark geometries and multiplying the normalized experimental SIF 

K,^ 
a(ira) 1/2 by 

^THEOR 

EXPR 
• to get 

Kii 

a(ira) 1/2 (7) 
CORRECTED 
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ABSTRACT; A comer-cracked hole in a plate, subjected to remote tension loading, is 
one of the three benchmark problems identified for the validation of three-dimensional 
techniques at the workshop held in Battelle Columbus Laboratories. Stress-intensity fac
tor results for the case of circular comer crack obtained by the macroelement technique is 
presented in this paper. Results for the remote tension loading are compared with those 
obtained by the boundary-integral equation (BIE) method and three-dimensional finite-
element technique based on singular elements. 

Since this investigation was carried out as a part of an overall program aimed at 
developing stress-intensity factor values for cracks in reactor vessel nozzles, results for six 
other crack surface loadings were obtained and compared with the results obtained by 
BIE method. 

For the case of remote tension loading, the results of the macroelement technique m 
the regions removed from the free surface agree within 2.5 percent of those obtained by 
BIE and the singularity finite-element method. For the case of crack surface loadings, 
the results of the macroelement technique are shown to be in good agreement with the 
BIE method throughout the crack front. Comparisons with the limited results available 
in the literature which take into account constraint variation at the free surface show that 
the macroelement results for the free surface will be too conservative for thermal shock 
applications. However, it is concluded that the macroelement technique will give 
reasonably accurate results for nozzle comer crack problems except in the regions of free 
surface. 

KEY WORDS; comer crack, stress-mtensity factors, surface flaws, fatigue (materials), 
finite-element analysis, pressure vessels 

Comer-cracked holes, being among the most commonly encountered flaws 
in structures, have attracted several investigators. Average Ki estimates for 
some comer-crack configurations have been obtained by Hall and Finger 
[2],2 Liu [2], and Newman [3\. Employing the altemating method, Shah [4] 

'Fellow engineer and senior scientist, respectively, Westinghouse Nuclear Technology Divi
sion, Rttsburgh, Pa. 15230. 

^The italic numbers m brackets refer to the list of references appended to this paper. 
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calculated the distribution of Ki at the crack front for comer-crack geometry 
subjected to either remote tension or pin loading. Three-dimensional 
photoelastic techniques were used by McGowan and Smith [5], Smith, Jolles, 
and Peters [6], and Smith, Peters, and Gou [7] to obtain stress-intensity fac
tors for a variety of comer-crack configurations. Recently, the three-
dimensional finite-element technique has been used by Kathiresan [8], 
Heckmer and Bloom [9], and Raju and Newman [10] to obtain Ki solutions 
to several different comer-cracked hole problems. 

A comer-cracked hole in a plate, subjected to a remote uniform tension 
loading, is one of the three benchmark problems identified for the validation 
of three-dimensional fracture analysis methods at the workshop held in Bat-
telle Columbus Laboratories [11]. Four cases of the comer-crack geometry 
were proposed at the workshop. The case of circular comer crack is con
sidered in this report. 

Hall, Raymund, and Palusamy [12] had developed the macroelement 
technique for the determination of Mode I stress-intensity factors (Ki) for 
cracks in three-dimensional bodies subjected to arbitrary loadings. 
McGowan and Raymund [13,14] applied this technique successfully to 
longitudinal semi-elleptical surface flaws in reactor vessel beltline and finite-
thickness plates. They demonstrated that the macroelement technique gave 
consistently good results within 8 percent of the results available in the 
literature. A stress-intensity factor solution to the comer-cracked hole bench
mark problem is sought in this investigation as a preliminary step towards 
the application of the macroelement technique to the determination of Kj 
solutions to nozzle comer cracks. The comer-cracked hole problem repre
sents somewhat the constraint and stress concentration effects in the region 
of the nozzle comer crack and therefore would serve as a reasonable basis for 
validating the application of the macroelement technique to the nozzle prob
lems. Further, solutions to this problem are being obtained by investigators 
around the world with which the macroelement results can be compared to 
evaluate their accuracy. 

Presented in this report are Ki distributions for a circular comer crack at 
the edge of a hole in a plate, obtained by the macroelement technique. 
Results were obtained for several crack surface component loadings as well 
as uniform remote tension loading. The crack surface load components were 
chosen to be capable of representing severe stress gradients at nozzel comers 
due to thermal shock loadings. The results obtained in this investigation are 
compared with those obtained by Heliot, Lebans, and Pellissier-Tanon [15] 
using the boundary integral technique and by Raju and Newman [10] using 
the finite-element technique. 

Geometry and Loading 

The comer-cracked hole geometry considered in this investigation is shown 
in Fig 1. It consists of a hole of radius R, in a solid plate of length 2H, width 
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FIG. 1—Comer-cracked hole geometry. 

2W, and thickness T. A quarter-circular crack of radius a is considered at 
one comer of the hole. The plane containing the crack and the plane Xi = W 
are assumed to be planes of symmetry. The ratios of crack radius to the hole 
radius and the crack radius to the plate thickness are both chosen to be 0.5. 
The dimensional values chosen for this investigation are 

H 
2W 

T 
R 
a 

375 mm 
375 mm 
25 mm 
25 mm 
12.5 mm 

(1) 

These values were chosen to satisfy the following restrictions specified in Ref 
11 

2W=6{2R + a),H=2W (2) 

The plate is subjected to an arbitrary crack-opening loading, denoted by a, 
which in general is a function of Xi and Yi. 

The values of modulus of elasticity and Poisson's ratio for the plate 
material were assumed to be 200 000 MPa and 0.3, respectively. 

Both remote and crack surface loadings were considered. The remote 
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loading consisted of a uniform tension, OQ, at the edge of the plate in a direc
tion normal to the plane of the crack 

ff = ffo (3) 

The following six different crack surface loadings were considered 

a = (Too 

a = <7iol 

.2 

ff — ff20l 

(4) 

"=-(f)(i-: 
t̂y 

where (Too, <̂ io • • • > 1̂2 "̂̂  arbitrary coefficients and x and y are coordinates 
rotated through 45 deg with respect toXj and Y^, Fig. 2. The loadings were 
chosen after extensive numerical curve-fitting studies carried out to represent 
the crack-opening stress profile at the uncracked nozzle comer due to ther
mal shock loading to a reasonable degree of accuracy. Using superposition 
principle, the loadings [4] can be used to represent any crack-opening stress 
profile due to thermal shock loading. 

Finite-Eleinent Model 

The finite-element model of the comer-cracked hole plate was formulated 
by dividing the plate into two substmctures, Fig. 3. The crack-tip region was 
modeled by a single macroelement [12] and was treated as one substructure. 
Figure 4 shows the dimensions of the macroelement substmcture. As 
described in Ref 12, the macroelement is built out of 45 microelements con
sisting of blended brick and wedge elements. The blended brick elements 
permit a variable number of nodes and therefore the number of nodes on and 
in the vicinity of crack tip can be chosen by the analyst. In this problem, 22 
nodes were chosen to represent the crack tip. The macroelement had 1656 
degrees of freedom. The macroelement is basically built as a unit cube and a 
transformation is carried out to represent elliptical flaw shapes and curved 
surfaces. The macroelement in the form of unit cube prior to transformation 
is shown in Fig. 5. 

The remainder of the plate called mother stmcture (Fig. 3) was modeled 
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FIG. 2—Definition of coordinate systems. 

using conventional 20-node isoparametric elements. The macroelement is 
designed to be compatible with these 20-node elements. The computer-
plotted three-dimensional view of the finite-element model of the mother 
structure is shown in Fig. 3, whereas the plan view of the model is shown in 
Fig. 6. The model consists of 99 elements and 1931 degrees of freedom. 

Stress-Intensity Factor for Arbitraiy Loading 

For each of the loadings specified in Refs 3 and 4, Park's stiffness deriva
tive method [16\ was used to obtain the stress-intensity factor at every node 
point on the circular crack front. The implementation of the stiffness 
derivative method is described elsewhere by Hall, Raymund, and Palusamy 
[12]. The stress-intensity factor for an arbitrary loading can be obtained by 
employing the principle of superposition. As reported before, the stress pro
file formed by the summation of the crack surface loadings defined in Ref 4 
could adequately represent the crack-opening stress profile due to thermal 
shock loading in the unflawed plate with a hole 
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oix, y) = ffoo + ffio ( —) + 2̂0 (—) + m ( — 

The resulting stress-intensity factor Ki can then be expressed as follows 

Ki = (Tof)Hoo(0) + <̂ 10̂ 10 W + <̂20-ff20 W 

+ aoiHoi(e) + ao2H^ie) + anHt2ie) (6) 

where HQ (d) H^ (6) are functions of positions along the crack front 
and are numerically derived by the macroelement technique for the loadings 
aoo, . . . , ffi2 (x/a) (y/ay, respectively. The parameter 6 defines the angular 
position along the crack front as shown in Fig. 2. 

It is convenient to nondimensionalize the functions HQO (6) H^ W, 
and the stress-intensity factor for a buried circular flaw in an infinite medium 
subjected to uniform remote tension loading is chosen as a reference value. 
As a result, Eq 6 can be rewritten as follows 

2 ; 
Ki = —Vxa koodooW + (TioAioW + oiohioW 

IT 

+ aoi Aoi (6) + ao2 hoi (0) + <^n hn W] (7) 

MOTHER STRUCTURE 
(SUBSTRUCTURE 21 

MACROELEMENT 
(SUBSTRUCTURE I I 

FIG. 3—Finite-element model of plate with a comer-cracked hole. 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



444 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

FIG. 4—Macroelement substructure. 

CRACK FRONT 

FIG. 5—Undeformed macroelement geometry. 
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FIG. 6—Plan view of the finite-element model. 

where 

hoo(0) = 

hniO) = 

2 I— 
— V7ra 

Hn m 

lit a 

(8) 

Similarly, the stress-intensity factor due to the remote loading given by the 
Eq 3 is written as 

/i:, = — V ^ k o A o W ] (9) 

The results for the dimensionless influence functions h^ (6), AQO id), . . . , A02 
(̂ ) are presented in Figs. 7-13 and Table 1. 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



446 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 
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FIG. 7—Influence function for remote tension loading. 

Results for Remote Tension Loading 

The numerical values AQ {B) obtained for the remote tension loading are in
cluded in Table 1. Figure 7 shows the plot of AQ (fi) with respect to {B). In 
order to evaluate the accuracy, the results obtained by the macroelement 
method are compared in Fig. 7 with the results obtained by two other in
vestigators for identical and near-identical problems. Raju and Newman 
[10], using three-dimensional singularity elements, solved the identical prob
lem except they considered cracks on both sides of the hole. For the purposes 
of comparison in Fig. 7, the value of AQ for a single crack is obtained by 
multiplying the results given in Ref 10 by a factor 0.96, based on the sugges
tion by Shah [4], Heliot et al [15] solved the identical problem using the 
boundary-integral equation (BIE) method. 

The results of BIE and three-dimensional singularity element methods, are 
compared with those of the macroelement in Fig. 7. The agreement between 
the results of macroelement and BIE method are excellent and the results 
agree within less than 2.5 percent except at the angular location B equal to 90 
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FIG. 8—Influence function for constant crack surface loading. 

deg. In the region removed from the free surface, the results of Raju and 
Newman [10] are about 2 percent greater than those of the macroelement 
technique. 

In the region of the free surface, a significant difference exists and this is 
expected due to the differences in the assumption made in the various tech
niques. The stiffness derivative method used for the computation of stress-
intensity factor in the macroelement technique requires an a priori assump
tion of plane stress or plane strain. In reality, the constraint around the 
crack-tip region probably varies as some function of position. Unless this 
functional variation is known, the stiffness derivative method cannot be used 
to accurately determine the stress-intensity factor close to the region of free 
surface. For this reason, a plane-strain condition was conservatively assumed 
over the entire crack front in the macroelement technique. Therefore, the 
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FIG. 9—Influence function for x-component loading. 

macroelement results in the region of the free surface should be considered as 
upper bound only. On the other hand, the method used by Raju and 
Newman [10] does not require an a priori assumption regarding the crack-tip 
constraint. Consequently, these results can be considered to be a more 
realistic value. However, because of the large difference in results, ex
perimental data for this region would be extremely valuable in establishing 
and improving the accuracy of various methods. 

Plane-stress constraint values can be calculated from the macroelement 
results by multiplying by (1 — v^). By comparing these results with those of 
Raju and Newman at the free surfaces, certain observations can be made. At 
6 = 0 deg, the plane-stress constraint value is exactly equal to that of Raju 
and Newman after accounting for the increase due to quarter-symmetry. On 
the other hand, at ^ = 90 deg, the Raju and Newman result after accounting 
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FIG. 10—Influence function for y-component loading. 

for the quarter-symmetry (1.92) is only 70 percent of the value corresponding 
to the plane-stress condition (2.73). 

Results for Crack Surface Loadings 

The values of dimensionless influence functions Aoo> îo> ^20>^oi' Ao2> and 
A12 due to the six component crack surface loadings defined in Eq 4 are plot
ted in Figs. 8-13. The numerical values for these functions are listed in Table 
1. For most of the loadings, Heliot et al [i5] have computed the influence 
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FIG. 11—Influence function for T?-component loading. 

function values using the BIE method. These results are compared with 
macroelement results in Figs. 8, 9, 11, and 12. The values of AQO due to the 
macroelement method agree with the BIE values within 6 percent. The cor
responding agreement for Ajo is within 5 percent. In the case of A20 and A02, 
the agreement between the two methods is within 2 percent except in the 
vicinity of the free surface, where the maximum disagreement is 7 percent. 

Crack-Opening Displacements 

In Ref 11 it was suggested that crack-opening displacements be provided 
on the crack surface at 10-deg increments of 6 on concentric ellipses or circles 
for the case considered in this paper. The macroelement computer program 
used in solving the comer-cracked hole problem has not been programmed 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



PALUSAMY AND RAYMUND ON CORNER CRACK 451 

0.38 

0.34 

0.30 

0.26 

0.22 

0.18 

0.14 

0.10 

0.06 

0.02 

LEGEND: 

—— MACROELEMENT METHOD 

n BIE METHOD 115) 

30 60 

0, DEGREES 

90 

FIG. 12—Influence function for y^-component loading. 

for calculating the displacements in such detail as suggested in Ref 11 
without major computer program development. Therefore the displacements 
were computed at 25 nodal points on the crack surface. The nodal point loca
tions are defined by the parameter 

( ^ 
+ Y,-2\l/2 

(9) 

where Xi, Ki, and a are defined in Fig. 2. 
The crack-opening displacement U^i is normalized with respect to the 

crack opening displacement Uzu of an embedded circular flaw of radius a, 
in an infinite medium, subjected to a crack-opening stress of ay. Thus, the 
normalized displacement is expressed as 
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«Z1 
Uzie 

where 

uzu = 
4(1 

(10) 

^['-(^^)1 <"> 
E and v are the modulus of elasticity and Poisson's ratio of the material. The 
factor Oij stands for OQ, ffoo> • • • > <''i2> defined in Eqs 3 and 4. The values of uz\ 
for the 25 node points due to the seven load components are listed in Table 2. 
The corresponding values of X and B are also listed in Table 2. 

Summaiy and Conclusions 

The investigation of comer-cracked hole in a plate was carried out as a 
part of an overall program aimed at developing stress-intensity factor values 

0.32 
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FIG. 13—Influence function for iiy^-component loading. 
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TABLE 1—Numerical values of influence functions obtained by 
Westinghouse macroelement technique. 

Location 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 

9, deg 

0.0 
4.36 
8.72 

13.08 
20.89 
24.34 
27.79 
31.24 
34.69 
38.14 
41.59 

48.48 
51.92 
55.35 
58.79 
62.23 
65.66 
69.10 
76.90 
81.27 
85.63 
90.0 

H 
2.160 
2.101 
2.060 
2.031 
1.990 
1.979 
1.977 
1.979 
1.986 
1.993 
2.001 

2.052 
2.089 
2.134 
2.178 
2.229 
2.288 
2.356 
2.551 
2.687 
2.832 
3.000 

^00 

1.189 
1.159 
1.130 
1.106 
1.070 
1.057 
1.046 
1.038 
1.030 
1.022 
1.012 

1.002 
1.006 
1.007 
1.009 
1.012 
1.015 
1.022 
1.038 
1.052 
1.070 
1.086 

^10 

0.705 
0.708 
0.711 
0.718 
0.730 
0.731 
0.734 
0.736 
0.739 
0.738 
0.736 

0.733 
0.730 
0.729 
0.724 
0.719 
0.713 
0.708 
0.684 
0.671 
0.663 
0.656 

^20 

0.449 
0.467 
0.486 
0.508 
0.547 
0.557 
0.568 
0.576 
0.584 
0.589 
0.593 

0.591 
0.586 
0.580 
0.570 
0.560 
0.548 
0.536 
0.490 
0.465 
0.442 
0.419 

K\ 
-0.446 
-0.406 
-0.365 
-0.321 
-0.246 
-0.214 
-0.180 
-0.149 
-0.113 
-0.084 
-0.044 

0.038 
0.076 
0.106 
0.141 
0.173 
0.206 
0.236 
0.310 
0.350 
0.388 
0.425 

''02 

0.267 
0.237 
0.204 
0.169 
0.114 
0.097 
0.079 
0.066 
0.053 
0.045 
0.039 

0.038 
0.044 
0.051 
0.064 
0.076 
0.094 
0.111 
0.164 
0.198 
0.230 
0.260 

A,2 

0.180 
0.162 
0.143 
0.122 
0.085 
0.072 
0.058 
0.048 
0.037 
0.031 
0.025 

0.025 
0.030 
0.036 
0.047 
0.057 
0.071 
0.084 
0.120 
0.140 
0.158 
0.177 

for cracks in reactor vessel nozzles. The primary objective was to validate the 
macroelement technique by comparing its results with those obtained by BIE 
and other methods reported in the literature. 

A comer-cracked hole in a plate, subjected to remote tension loading, is 
one of the three benchmark problems identified for the validation of three-
dimensional techniques at the workshop held in Battelle Columbus 
Laboratories. Stress-intensity factor results for the case of a circular comer 
crack obtained by the macroelement technique are presented in this report. 
Results for the remote tension loading are compared with those obtained by 
the BIE method and the three-dimensional finite-element technique based 
on singular elements. In addition, results for six other crack surface loadings 
necessary to represent severe stress gradients such as those due to thermal 
shock loadings were obtained and compared with those of the BIE method. 
Based on these comparisons the following conclusions are reached: 

1. In the case of remote tension loading, the results of the macroelement 
technique for the regions removed from the free surface agree within 2.5 per
cent of those obtained by the BIE and singularity finite-element method. 

2. Only solutions available for crack surface loadings are due to the BIE 
method and of the six loadings solved by the macroelement technique, BIE 
solutions are available for only four of them. Comparison of results for these 
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TABLE 2—Crack-opening displacement, VLIJ. 

e, deg 

0.0 
5.5 

10.8 
16.0 
20.9 
23.9 
26.9 
29.9 
33.0 
36.0 
39.0 
42.0 
45.0 
47.9 
50.9 
53.9 
56.9 
60.0 
63.0 
66.0 
69.0 
73.9 
79.1 
84.4 
90.0 

X 

0.825 
0.819 
0.821 
0.829 
0.843 
0.838 
0.835 
0.834 
0.836 
0.840 
0.848 
0.857 
0.869 
0.857 
0.848 
0.840 
0.836 
0.834 
0.835 
0.838 
0.843 
0.829 
0.821 
0.819 
0.825 

"0 

1.83 
1.74 
1.69 
1.65 
1.61 
1.62 
1.63 
1.63 
1.63 
1.63 
1.62 
1.61 
1.60 
1.64 
1.67 
1.71 
1.74 
1.77 
1.80 
1.83 
1.85 
1.94 
2.03 
2.14 
2.30 

''oo 

0.981 
0.925 
0.890 
0.863 
0.840 
0.837 
0.833 
0.828 
0.822 
0.814 
0.804 
0.792 
0.778 
0.785 
0.791 
0.795 
0.797 
0.798 
0.7% 
0.794 
0.790 
0.800 
0.812 
0.830 
0.865 

<^10 

6.79 
6.52 
6.44 
6.45 
6.49 
6.53 
6.57 
6.59 
6.61 
6.61 
6.59 
6.56 
6.51 
6.52 
6.51 
6.49 
6.45 
6.40 
6.33 
6.25 
6.16 
6.03 
5.93 
5.89 
6.01 

"20 

51.2 
50.3 
51.2 
52.9 
55.2 
56.2 
57.2 
58.1 
58.8 
59.5 
59.9 
60.2 
60.3 
59.9 
59.3 
58.6 
57.7 
56.7 
55.4 
54.1 
52.6 
49.9 
47.4 
45.5 
45.4 

"01 

-3 .69 
-3 .18 
-2 .77 
-2 .40 
-2 .04 
-1 .78 
-1 .53 
-1 .29 
-1 .04 
-0.789 
-0.538 
-0.287 
-0.352 

0.207 
0.448 
0.691 
0.933 
1.17 
1.41 
1.65 
1.90 
2.22 
2.54 
2.88 
3.30 

"02 

25.1 
21.1 
17.7 
14.8 
12.1 
10.6 
9.36 
8.20 
7.21 
6.39 
5.76 
5.31 
5.04 
5.22 
5.58 
6.12 
6.85 
7.76 
8.86 

10.1 
11.5 
13.9 
16.5 
19.4 
22.9 

"12 

192.0 
164.0 
142.0 
121.0 
102.0 
89.7 
78.2 
67.9 
59.0 
51.7 
45.9 
41.8 
39.5 
41.1 
44.5 
49.5 
56.3 
64.6 
74.4 
85.6 
98.1 

115.0 
132.0 
151.0 
175.0 

cases show that the maximum disagreement is 7 percent, which includes the 
results for the region of the free surface. 

3. Since the macroelement technique assumes plane-strain behavior 
throughout the crack front, the results for the region of free surface are only 
upper bounds. In the case of remote loading, comparison with singularity 
finite-element results shows that macroelement results are 50 percent larger. 

4. Comparisons with the limited results available in the literature show 
that the macroelement results for the free surface may be too conservative for 
thermal shock applications. Investigations should be contmued to reduce the 
conservatism in these results. 
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ABSTRACT: There is an increasing interest in using short rod and short bar fracture 
toughness specimens to measure the plane-strain critical stress-intensity factor of 
metallic materials. In this paper, short rod and short bar specimen design considerations 
are discussed, and various specimen geometries with essentially equivalent test behavior 
and calibration are presented. A recent experimental study was conducted on three steels 
and two aluminum alloys to determine the sensitivity of the test result to variations in the 
chevron slot thickness and the sharpness of the slot bottoms. The results give strong in
dications that plane-strain constraint along the crack front is enhanced by thinness of the 
chevron slots and sharpness of the slot bottoms. The desirable aspects of loading con
figurations for short rod testing are discussed, and a successful loading mechanism is 
described. 

KEY WORDS: fracture toughness, test methods, calibrations, fracture tests 

It is generally agreed that a need exists for simpler, less-expensive methods 
of measuring the fracture toughness of metallic materials in terms of their 
plane-strain critical stress-intensity factor. One promising method makes use 
of the relatively new test specimen of circular cross section called the short 
rod [1,2],^ and its rectangular-shaped counterpart called the short bar [3] 
(Figs, la and 16). These specimens appear to be applicable to a wide range of 
materials, including metals, ceramics, polymers, and rocks. The required 
precrack is created automatically during the fracture toughness test without 
any fatigue cycling, and no postmortem crack length measurements are re
quired. A recently published theory and data analysis technique [4] indicates 
that valid measurements are attainable using smaller specimens than those 

'Senior staff consultant. Terra Tek, Inc., Salt Lake City, Utah 84108. 
^The italic numbers in brackets refer to the list of references appended to this paper. 
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required by the Test for Plane-Strain Fracture Toughness of Metallic 
Materials (E 399-78a). 

These attributes and others have generated considerable interest in the 
short rod-' test specimen and its associated test methods [5-10]. A recent 
study [11] compared short rod fracture toughness measurements of a number 
of metallic materials against measurements made according to the ASTM 
Method E 399-78a. The results were encouraging, and have stimulated a 
number of laboratories to begin using short rod and short bar specimens to 
measure the fracture toughness of metallic materials. Also, a task group 
within the ASTM E 24 Committee on Fracture Testing is beginning to coor
dinate comparison tests and computer calculations on the short rod specimen 
to determine the extent of its applicability to metallic materials. 

This paper reports on the short rod and short bar specimen geometries and 
specimen loading methods which have been developed for testing metallic 
materials. It includes the results of a recent experimental study of the effects 
of varying the chevron slot thickness and the sharpness of the slot bottom. A 
subsequent paper will describe data reduction procedures which have been 
found to be useful. 

Short Rod/Short Bar Greometiy 

Background 

The short rod specimen uses a chevron slot similar to that of Tattersall and 
Tappin [12] in their three-point bend "work of fracture" specimen. Bluhm 
[13] has done analytical work on the fracture specimen, but Simpson [14] 
and Davidge and Tappin [15] reported difficulties in achieving the required 
stable crack growth. Pook [16] suggested using a chevron-slotted three-point 
bend specimen as a fracture toughness quality-control test specimen based 
on the peak load to fracture. He pointed out that no fatigue precracking 
should be necessary, because the required precrack can be obtained before 
the peak load as a result of initially stable crack growth inherent in the 
specimen design. 

The short rod specimen has the test characteristics suggested by Pook, but 
uses much less material than the bend specimen. In addition, the test and 
data analysis techniques have progressed beyond the point of using only the 
peak load in the test, a procedure which is valid only when the assumptions 
of linear elastic fracture mechanics (LEFM) are well satisfied. Good test 
results are now possible even when the LEFM assumptions are violated to a 
significant degree [4]. 

•'Specimens of the rectangular short bar configuration have been found to have test character
istics which appear experimentally indistinguishable from those of the round short rod speci
mens [J]. Thus, the statements about short rod specimens in this paper are equally applicable to 
short bar specimens. 
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Selection of the Short Rod Geometry 

The configuration of the short rod specimen was selected on the basis of a 
large number of tests of specimens with different length-to-diameter ratios 
and various chevron slot geometries. The criteria on which the current 
geometry was selected were as follows. 

1. The tendency for the crack to "pop in" at initiation should be mini
mized; that is, the crack initiation should be as smooth as possible. 

2. The crack should tend to be well guided by the chevron slot. 
3. The width of the crack front should be an appreciable portion of the 

specimen diameter at the time of the toughness measurement. 
4. The crack should be near the center of the specimen {far from the ends) 

at the time of the toughness measurement. 
5. The load should be at or near its peak value at the time of the toughness 

measurement. 
6. The specimen geometry should be as simple as possible for ease of 

specimen fabrication. 
7. The specimen should be economical in its use of sample material. 

Some of these criteria are mutually exclusive, of course. The short rod and 
short bar specimen configurations of this paper were selected as a reasonable 
compromise in an attempt for an optimum geometry. 

Specimen Geometry Options 

Four basic specimen geometries are illustrated in Figs. 1 and 2, where the 
specimen size parameter, B, is the specimen diameter (short rod) or breadth 
(short bar). Figures 1 and 2 show two slot bottom geometries which result 
from two useful methods of machining the chevron slots. Figure 1 shows the 
straight slot geometry which results from feeding the saw or cutter through 
the specimen, while Fig. 2 shows the curved slot geometry which is obtained 
from a plunge-type feed of the saw blade into the specimen. Notice that the 
plan views (Sections A-A) of the rectangular short bars are identical with 
those of the round short rods. The height of the short bar specimens, which is 
0.870 B, was selected in order that the compliance derivative with respect to 
crack length would be equal to that of the short rod. Thus, the short rod and 
short bar calibrations should be equivalent, and an experimental study has 
shown that the two specimens can indeed be considered as equivalent [3], 

It would also be desirable to have the calibration of the straight-slotted 
specimens of Fig. 1 equivalent to the calibration of the curved-slotted spec
imens of Fig. 2. This can be accomplished to well within experimental uncer
tainties by superimposing the plan views of the two geometries, and by ad
justing the slot configurations until the straight and curved slot bottoms are 
tangent to each other at the critical crack length, a^, where the peak load oc
curs in an LEFM test, that is, where the fracture toughness measurement is 
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made (Fig. 3). Thus, when the crack is near the position where the toughness 
measurement is taken, both geometries have essentially the same crack-front 
width, rate of change of crack-front width with crack length, and compliance 
derivative, which causes their calibrations to be essentially equivalent. The 
calibrations of all four specimen geometries of Figs. 1 and 2 are therefore 
nominally the same, which allows the user some flexibility in choosing the 
most convenient short rod or short bar specimen geometry. 

In machining the chevron slots in a curved-slotted specimen, it is much 
more convenient to measure the distance to the point of the chevron slot, OQ, 
and the chord angle, 6 (Fig. 2), than to measure directly whether the slots 
pass through the desired tangency points at the proper angle. Therefore, the 
values of OQ and 6 which produce the desired tangency have been calculated 
as a function of the saw blade diameter. These functions are plotted in Fig. 4. 
By always using the OQ and 0 found from Fig. 4 for the saw blade diameter 
(the diameter of the slot curvature) in question, one can be assured of an 
essentially constant specimen calibration, regardless of specimen size, when 
the crack is in the vicinity of the critical crack length, a,.. 

Specimen Machining Tolerance 

It was recognized very early that the variation in the specimen's calibration 
as a function of GQ, 6, and W (Figs. 1 and 2), assuming a constant B, should 
be measured in order to determine the allowable tolerances on these 
parameters in fabricating specimens. A sensitivity study of these parameters 
was reported in 1976 [2]. Based on that study, the tolerances listed in Figs. 1 
and 2 were selected to keep the effect of within-tolerance variations of any 
one parameter to within about ±0.5 percent of the calculated toughness. 

FIG. 3—Curved and straight slots tangent at a .̂ In the short rod specimen geometries of this 
paper, a.^ = 0.85B (see Ref W. 
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»• 96» 97* 
1000 

sa* 5»« 60* 

100 _ 

D/8 

FIG. 4—Chevron slot angle, 6, and initial crack length, aQ,/or curved chevron slots. 

The sensitivities of the test results to variations in OQ, 6, and W ate well-
enough known to allow the application of a correction factor whenever one or 
more of these parameters is somewhat out of tolerance. The equations of 
Table 1 are used in the calculation of a configuration correction factor, Cc, 
which is multiplied by the test result to correct for somewhat imperfect 
specimen geometries. By using the Cc factor, test results for specimens which 
are out of tolerance by up to three times the tolerances of Figs. 1 and 2 can be 
corrected to within the ±0.5 percent (per parameter) toughness uncertainty 
of nominal specimens. 

Slot Thickness and Sharpness of the Slot Bottom 

A crack tip is said to be in plane strain if the strains in the plane of the 
crack are zero along the crack front. Any crack which intersects a lateral free 
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TABLE 1—Equations for the specimen configuration correction factor, Q . 

Tolerances 
W ± 0.010 B 
Op ± 0.005 B 
e ± Vz" 

for tolerance up to 
., three times these, 

use the C-factors. 
C„ = 1 + Aao/5 
C„ = 1 - 0.01 AS 

Cc — CWC.CB 

Nomenclature ; 
OQ = distance from specimen front end face to the point of the chevron slot, 

AOQ = OQ minus ihe nominal value of OQ, 
B = diameter (short rods) or breadth (short bar), 
H = specimen height (short bars only), 
W = specimen fength, 

AVy = W minus the nominal value of W, that is, W — 1.5 B, 
6 = chord angle of chevron slot, and 

A6 = 0 minus the nominal value of d. 
C-factors: factors which correct the toughness measurement for relatively small deviations of 

the specimen dimensions from the nominal values. 

surface cannot fee in perfect plane strain because the boundary condition at 
the lateral free surface is plane stress rather than plane strain. The condition 
gradually changes from plane stress to plane strain with distance from the 
free surface. Hertzberg [18] shows that the depth of penetration of 
significantly nonplane strain effects is the same order of magnitude as the 
radius of the crack-tip plastic zone size under plane-stress conditions (see 
Fig. 5). The non-plane-strain region can be detrimental because metals are 
generally much tougher in plane stress than in plane strain. Therefore, at
tempts to measure the plane-strain fracture toughness in specimens with 
substantial non-plane-strain regions at the flank ends of the crack can result 
in high values of the fracture toughness. 

The existence of the non-plane-strain region at the flank end of a crack in
tersecting a lateral free surface is readily apparent in ductile material be
cause of the inward dimpling which occurs there (Fig. 5), proving that lateral 
plastic straining has occurred. It would seem that the non-plane-strain 
region could be minimized by not allowing the crack to intersect a lateral free 
surface at all, but instead by causing the crack flanks to follow thin slots such 

CRACK FRONT 

I p 

^ 

PLASTIC ZONE 
BOUNDARY 

- I 

-FREE 
SURFACE 

-NON-PLANE 
STRAIN 
REGION OF 
CRACK 
FRONT 

FIG. 5—Schematic of the plastic zone boundary at a crack front. The crack is advancing 
perpendicular to the page. Note the inward dimpling of the free surfaces at the flank ends of the 
crack. 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



464 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

as those of the short rod specimen. The inward plastic straining which ap
pears as dimpling at the flank ends of the crack should be drastically reduced 
by sufficiently thin slots, that is, slots whose thickness is much smaller than 
the plane-stress plastic zone size, which is approximately [19] 

Alternatively, sharp-bottomed slots or side grooves should accomplish the 
same effect. Of course, whenever r̂  is very much smaller than the distance 
along the crack front, the crack should be in good plane-strain constraint 
regardless of the specimen geometry at the flank ends of the crack. 

To test these ideas, and to determine the magnitude of the non-plane-
strain effects in short rod specimens, a study was made of the effects of slot 
thickness and the sharpness of the slot bottom. Two aluminum and three 
steel materials were chosen to span a wide range of crack-tip plastic zone 
sizes. The materials and their mechanical properties are listed in Table 2. 
Over 130 short rod specimens with B = 25.4 mm (1 in.) were tested in the 
study. Slot thicknesses of from 0.38 to 1.6 mm (0.015 to 0.062 in.) were tried, 
and square, round, and 60-deg included angle pointed slot bottoms were 
used for each slot thickness. The radius of curvature at the tips of the pointed 
slot bottoms was always less than 0.08 mm (0.003 in.). 

It was found, as expected, that the slot bottom geometry made no detect
able difference for the very brittle material [440 C stainless steel at a Rock
well C hardness (HRC) of 56], in which the plane-stress plastic zone size 
was only about 0.03 mm (0.001 in.). The plastic zone size, and thus the non-
plane-strain region, was so small compared with the specimen dimensions 
that the crack front was always in very good plane-strain constraint for all 
three of the slot bottom geometries. The slot thickness had a slight effect on 
the specimen calibration, however, because a consistent decrease in apparent 
toughness with increasing slot thickness was observed. The 440 C stainless 
steel specimens with 1.6-mm slots gave toughness readings about 3 percent 
lower than the specimens with 0.38-mm slots. 

TABLE 2—Properties of the materials of the slot geometry study. 

Material 

4340 steel 
4340 steel 
440C stainless 
2419-T851 Al 
7075-T651 Al 

Yield. 
MPa 

807 
1210 
1860 
334 
469 

Hardness 
HRC 

25 
42 
56 

Crack 
Orientation 

T-L 
S-L 
C-L 
T-L 
C-L 

r " 
mm 

1.50 
0.64 
0.03 
1.41 
0.27 

•^IcSR-
MPaVm 

78.4 
77.0 
26.0 
31.4 
19.4 

"Radius of the plane-stress crack-tip plastic zone. 
* Plane-strain critical stress-intensity factor as measured by the short rod method. 
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The effects of the non-plane-strain regions were quite apparent in the 
materials with larger Vp's. In the specimens with round and square slot bot
toms, there was a consistent increasing trend in the apparent toughness with 
increasing slot thickness, in spite of the decreasing trend due to specimen 
calibration deduced from the 440 C stainless steel tests. The increase was 
generally smaller for the round-bottom specimens than for the square-
bottom specimens of the same slot thickness, indicating, as might be ex
pected, that the round slot bottoms are more effective at limiting the non-
plane-strain regions than square slot bottoms. Among the specimens with 
sharp-pointed slot bottoms, however, the plane-strain constraint appeared to 
be excellent, regardless of the slot thickness. In fact, the apparent toughness 
appeared to decrease about 3 percent as the slot thickness was increased 
from 0.38 to 1.6 mm. The 3 percent decrease is undoubtedly caused by the 
same change in the specimen calibration with increasing slot thickness which 
was observed in the 440 C stainless steel specimens with the extremely small 
crack-tip plastic zone size. 

The specimen slot configurations, their effects on the specimen calibra
tion, and then: plane-strain constraint ratings based on these tests are shown 
in Table 3. From this study, it would seem that the 0.38-mm sharp-pointed, 
the 0.8-mm sharp-pointed, and the 0.38-mm round-bottom slot geometries 
may be considered as equally preferable and interchangeable. The 1.6-mm 
sharp-pointed slot has excellent plane-strain constraint, but its calibration is 
significantly different from the other configurations rated "excellent." In ad
dition, the thicker slots significantly weaken the specimen, causing it to be 
more limited in its ability to test tough, low-yield-strength materials. 

It is also important to note the rather dramatic effect which the degree of 
plane-strain constraint has on the general appearance of the load-displace
ment test record. Figure 6 shows two test records of the same 4340 steel 
which are typical of the "excellent" and the "poor" plane-strain constraint 
specimens. The records of the "excellent" specimens had the general shape 
of ideal LEFM records,'' and the maximum load occurred close to the point 
at which the crack passed through the critical crack length, a^. The poor 
plane-strain constraint records, on the other hand, had rapidly decreasing 
loads when the crack passed through â . 

It is recognized, of course, that the chevron slots in short rod specimens 
are, in effect, side grooves. Side-grooving of other fracture toughness 
specimens has been tried many times in the past with varying degrees of suc
cess. In some cases it has seemed beneficial in promoting flat fracture sur
faces and plane-strain conditions [20-22], while in others it seems to have 
complicated the fracture toughness test results in an unpredictable way 
[23-25]. In the case of the short rod specimen the side grooves are an integral 
part of the specimen configuration and the data analysis equations. The slot 

''Patent No. 4,198,870. 
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TABLE 3—Summary of slot geometry study results. 

SLOT 
CONFIGURATION 

SLOT 
THICKNESS 

{mm) 

EFFECT ON 
SPECIMEN 

CALIBRATION 

PLANE-STRAIN 
CONSTRAINT* 

iri', ', '"-i'V,'N-^w-'-" 

\^;-:^;^:)^^ 

\MmimMmM 

0.38 

0.8 

1.6 

0.38 

0.8 

1.5 

0.38 

0.8 

-3% 

Excellent 

Excellent 

Excellent 

Excellent 

-1% Good 

Poor 

Good 

Poor 

K^',y'}^-^^:^.'-,:'^^ 

'""'-'v'i\-'-

ii3̂ '̂ 1.6 -3% Poor 

* Excellent = less than +2% effect en the measurement 

Good = less than +5» effect on the measurement 

Poor = more than +5% effect on the measurement 

configuration study reported in the foregoing indicates very strongly that 
properly designed slots can greatly enhance the degree of plane-strain con
straint along the crack front. It is also noteworthy that the short rod is a 
crack-line-loaded specimen, and that side grooving has appeared to be the 
most beneficial and the least confusing in crack-line-loaded specimens 
[20,21]. 

Test Configuration 

Not only are specimen geometry and preparation important in short rod 
measurements of fracture toughness, but the testing procedure must also be 
controlled in order to obtain valid toughness data. In this section the 
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POOR P L A N E - S T R A I N 
CONSTRAINT 

MOUTH OPENING DISPLACEMENT 

FIG. 6—Test records of two 4340 steel specimens with excellent and poor plane-strain con
straint. 

desirable characteristics of the test machine and the loading geometry are 
discussed, after which the test configuration is described. First, however, a 
brief description of the mechanics of a short rod test is in order. 

Short Rod Test Description 

In fracture toughness testing of short rod specimens, an opening load is 
applied near the mouth of the specimen, causing a crack to initiate at the 
point of the chevron slot. Ideally, the opening load at crack initiation is 
smaller than the load that will further advance the crack just after initiation, 
and a continually increasing load must be supplied until the crack length 
reaches a critical value, a,.. Beyond a^, the crack-advancing load begins to 
decrease, as shown in Fig. 7. 

Accurate short rod tests of metallic materials usually require the measure
ment of the load versus mouth opening displacement curve during the test 
[4], Such curves can often be of value also when testing the more brittle 
nonmetals. Two unloading and reloading cycles are normally drawn during 
the test, as shown in Fig. 8. 

Test Configuration Requirements 

Test Machine Stiffness—Some materials can exhibit a "pop-in" crack ini
tiation behavior in which the load to initiate the crack at the point of the 
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LOAD 

O Qc 
CRACK LENGTH 

FIG. 7—Variation of the crack-advancing load with crack length in a short rod specimen. 

LOAD 

MOUTH OPENING 

FIG. 8—y4 short rod test record. 

chevron slot can be higher than the load during the rest of the test. When this 
occurs, a stiff testing machme is necessary to keep the specimen mouth open
ing nearly constant as the load suddenly drops due to crack growth. Minimal 
additional mouth opening after the initial pop-in allows the crack to arrest 
immediately upon the dissipation of the stored elastic energy of the specimen 
(Fig. 9). If the testing machine is not sufficiently stiff, it tends to increase the 
mouth opening of the specimen by contributing additional elastic energy in 
response to the sudden load drop. This can invalidate the test by causing the 
mitial pop-in crack to catastrophically propagate through the entire 
specimen, as indicated by the dashed line of Fig. 9. 

Minimum Load-Line Change—For accurate and repeatable short rod test 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



BARKER ON SPECIMEN GEOMETRIES 469 

P O P - I N POINT 

DESIRED FRACTURE' 
TOUGHNESS MEASUREMENT 

-^ POINT 

LOAD 

MOUTH OPENING 

FIG. 9—Stiff machine characteristic (K) allows crack arrest soon after pop-in. Soft machine 
characteristic fB) maintains more load, causing the crack to run through the entire specimen 
and to bypass the desired measurement point. The pop-in load does not relate to the fracture 
toughness. 

results, it is important to mount the specimen on the test machine so that the 
opening load will be applied along the intended load line within the grip 
groove (Figs. 1 and 2). The reason, of course, is that the specimen calibration 
is a function of the load-line location. Furthermore, the location of the load 
line must not change during the test. If the loading configuration is not care
fully designed, the flexing of the specimen during the test can result in 
significant changes in the location of the load line. Variation of the load line 
during the test produces an uncertainty not only in the specimen calibration, 
but also in the unloading slopes which are used in the data analysis. 

Minimum Friction—It is well-known that friction in the load train be
tween the load transducer and the specimen, and friction resulting from the 
flexing of the specimen during the test, can adversely affect the accuracy of 
the test result. The ASTM Method E 399-78a, for example, specifies loading 
mechanismsedesigned to accommodate the specimen flexing through rolling 
friction, rather than sliding friction. Similarly, any system for accurate 
testing of short rod specimens must minimize any deleterious friction effects. 

Minimum Plastic Deformation—\t is important to minimize any plastic 
deformation which may occur where the loading mechanism contacts the 
specimen. Plastic deformation of the specimen at the loading lines can result 
in friction due to specimen flexing, and can also change the location of the 
load line. The deformation itself, being irreversible, can have an effect 
similar to friction in producing measurement errors. Thus, the lines of con
tact between the specimen and the loading machine must be carefully de
signed to minimize any plastic deformation. 

The Fracjack Loading Mechanism'* 

A short rod fracture toughness test configuration which is remarkably suc
cessful at meeting the above requirements makes use of a loading mechanism 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



470 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

called a Fracjack [26]. The Fracjack, shown schematically in Fig. 10, has the 
added attributes that it allows for easy control of the specimen's temperature 
during the test, that the specimen installation and alignment are very simple, 
and that a very wide variety of materials can be tested. Various aspects of the 
Fracjack testing configuration are described in the following. 

Grip Design—The grip design in use is shown schematically in Fig. lib, 
while less-desirable alternative designs are shown in Figs. 11a and lie. The 
grips of Fig. 11* have cylindrically crowned contact surfaces with a radius of 
curvature of ̂ /iB; that is, they have the same curvature as the outside surface 
of the short rod specimen. Using the cylindrically crowned contact surface 
rather than a flat one (Fig. 11a) allows adequate control of the load line posi
tion (see features described in the following). Using an angle-crowned con
tact surface (Fig. lie) would further improve the control of the load-line 
position, but would also lead to excessive plastic deformation of the specimen 
along the load line. The cylindrically crowned surface produces very limited 
plasticity even in the softest and toughest specimens which can be tested. 

SPECIMEN 

ROLLER 
PIVOT POINT-«-jri) BEARIN6 I 

mM 
GO GO 

MOUTH 
OPENING 
GAGE 

»— TO MOTOR 

FIG. 10—Schematic drawing of the Fracjack specimen loading mechanism. The strain-gaged 
members serve as the load transducer. 
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(a) SPECIMEN 

(b) SPECIMEN 
,LOAO LINE 

(C) SPECIMEN 

,L0*0 LINE 

FIG. 11—Grip designs with (a.) flat, fb) cylindrical-crown, and (c) angle-crown contact sur
faces. 

Automatic compensation for any small variation in the load line position is 
discussed next. 

Specimen Flexing and Grip Rotation—As the grips apply a load to the 
specimen, the specimen mouth flexes open. If the grips are pulled apart 
along a straight line as by a conventional tension test machine, the location of 
the load line will change as the angle of the specimen's grip contact surface 
changes, as can be visualized from Fig. lib. The change in the load line loca
tion is further aggravated if the specimen grip contact surfaces experience 
any plastic yielding. In some materials the load-line change can easily exceed 
five times the tolerance normally allowed on the distance from the load line to 
the point of the chevron slot. Finally, the amount of plastic deformation is in
creased due to the "rolling down" of the specimen's grip contact surfaces by 
the grips. The increase m plastic deformation constitutes an irrecoverable 
work expenditure which is attributable to the flexing of the specimen. Thus, 
as discussed previously, it produces a further degradation in the accuracy of 
the test. 

To prevent the "wandering" of the load line during the test, the Fracjack 
rotates the grips as they load the specimen. The rotation closely matches that 
of the specimen's grip contact surface, thus minimizmg any change in the 
location of the load line during the test. Friction and plastic deformation due 
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to flexing of the specimen are also minimized by matching the grip rotation 
to that of the specimen. The rotating grip concept thus alleviates most of the 
problems associated with the testing of short rod specimens. The major re
maining concern (addressed next) is the accurate location of the original load 
line. Although the rotating grips tend to mamtain a constant load-line posi
tion, the small curvature of the crown on the grips still prevents a completely 
precise location of the initial load line position. 

Automatic Compensation for Load Line Variance—The reason for the 
concern over the load-line location, of course, is that the load required to ad
vance the crack is a function of the load-line location. The larger the distance 
from the specimen front face to the load line, the larger will be the load 
necessary to advance the crack at any given crack length. Suppose, now, that 
we apply the load through a device which has a mechanical advantage be
tween the measured input load and the load actually applied to the specimen. 
Suppose further that the mechanical advantage is a function of the load-line 
location, and that it increases as the distance from the specimen's front face 
to the load line increases. Then, if the load line is somehow deeper into the 
specimen mouth than its nominal location, the load applied to the specimen 
will be larger than that calculated from the input load and the nominal 
mechanical advantage. However, a larger load is required to advance the 
crack when the load line is too deep in the specimen mouth. Thus, the errors 
in the required load and in the load actually applied to the specimen tend to 
cancel. The Fracjack is designed such that the mechanical advantage varia
tion with load-line position compensates for at least 90 percent of the varia
tion in the load required to advance the crack. 

The automatic compensation for variation of the load line position is im
portant primarily because of machining tolerances on the grips and the 
specimen's grip surfaces, which can affect the location of the initial load line. 
In addition, the automatic compensation corrects for any slight load line 
changes which may still occur during the test due to imperfect matching of 
the grip rotation to the flexing of the specimen. 

Specimen Mouth-Opening Gage: Short rod tests of ductile material in
volve the recording of the load applied to the specimen versus the opening of 
the specimen mouth. For accuracy, the mouth-opening transducer must 
sense the specimen itself, rather than sensing some related motion, such as 
the parting of the grips. For maximum convenience in aligning the specimen 
with respect to the grips and in installing the mouth-opening transducer, the 
arrangement of Fig. 12 is used, which shows a short rod specimen about to be 
mounted on the grips. The grips are horizontal, and the specimen axis is ver
tical as it is mounted. The specimen is lowered over the grips until it rests on 
the specimen landing surface, where it is held by gravity until the test is 
started. Before specimen installation, the mouth-opening gage arms are 
spring-loaded against the slots in the Fracjack grips through which they pro
trude. As the specimen is lowered, the specimen's grip slot rides down over 
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FRACJACK GRIP FRACJftCK GRIP 

MOUTH OPENING 
GAGE 

STRAIN GAGES 

FIG. 12—Short rod specimen about to be installed on the Fracjack grips, showing the mouth-
opening gage configuration. 

the slanted surfaces of the gage contacts, flexing the gage arms slightly closer 
together. Thus, when the specimen is in position on its landing surface, the 
mouth-opening gage is also automatically installed and ready for the test. 
Note that this arrangement also keeps the mouth-opening gage completely 
out of the way, allowing maximum access to the specimen for temperature or 
environment control purposes. The mouth-opening gage arms are made suf
ficiently resistant to heat transfer so that the strain-gaged section experiences 
little temperature change even when the specimen is held at a relatively high 
temperature. 

Sammaiy 

Certain short rod and short bar fracture toughness test methods for 
metallic materials have evolved as a result of considerable research, develop
ment, and testing experience. The studies which led to the particular 
geometries in use have been reviewed. Some flexibility in geometry is possible 
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without changing the calibration of the specimen; that is, circular-cross-
section short rods or rectangular short bars can be used interchangably, and 
the chevron slots can be either straight or curved, provided the appropriate 
dimensions are used. The results of a recent study on the effects of chevron 
slot thickness and the sharpness of the slot bottoms indicate that slot thin
ness and bottom sharpness both help to promote good plane-strain condi
tions along the crack front. 

The various desirable aspects of the specimen loading configuration have 
been discussed. A Fracjack mechanism which meets the desired test machine 
characteristics remarkably well has been developed. The Fracjack freatures 
enhance the accuracy, convenience, and versatility of short rod and short bar 
fracture toughness testing. 
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ABSTRACT; This paper presents methods for evaluating the J-integral and the tearing 
moduli from a single test record. Several different aspects of the problem have been com
bined in this work. An overview of the conditions for separability of the load into multi
plicative functions of displacement and crack length as well as for the existence of -q-iac-
tors is presented. The consequences of expressing / by a Merkle-Corten type formula are 
explored in terms of the crack increment, da, the tearing modulus, T, and 7 itself, includ
ing the case of growing cracks. A simple method is suggested to obtain the correct / for 
crack growth and T from nothing more than the test record itself; the procedure is ap
plied to available experimental data and the results are compared with those obtained by 
other formulae. Additional physical interpretation is given on the r„„t-versus-rjpp sta
bility criterion and the remaining compliance capacity C^R is defined. 

KEY WORDS: cracks, mechanical properties, load-displacement records, analysis, 
structure, J-integral, J-R curves, tearing modulus T, single record 

With the development of elastic-plastic fracture mechanics methods the 
J-integral [1-3]^ has been accepted as the principal parameter for character
izing fracture behavior. Since the introduction of the multispecimen tech
nique by Begley and Landes [4,5] significant effort has been devoted to ob
tain / using the smallest possible number of specimens. Among others, most 
notable is the analysis of Rice et al [6], which allows the calculation of/from 
a single load-displacement record for different configurations where the re
maining ligament, b, is the only significant length parameter (that is, b is 
very small compared with any other planar dimension). In particular, their 
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result for pure bending, / = (2/fe) A (where A is the area under the general
ized force per unit thickness—generalized force point displacement dia
gram), has been widely used since then for all bending configurations. 

A modification of the preceding expression was presented by Merkle and 
Corten [7] for the compact specimen, which takes into account the tensile 
component of the load. The resulting expression for / is / = W^) ^ where 
r; = 2 + (0.522) {b/W) [8]. 

At the same time J had been tentatively regarded as the controlling param
eter in the presence of crack growth and the J-R curve concept was intro
duced. 

Hutchinson and Paris [9], in a recent work, proved that there is indeed a 
/-controlled crack growth regime for limited amounts of crack extension. 
Thus, lately, it has become common practice to characterize the material re
sistance to fracture by means of the J-R curve. For the compact specimen, 
this curve is obtained by using the Merkle-Corten expression for /, and by 
measuring the crack length change by the unloading compliance method 
[10], But, although some formulas were developed (dealt with later), the 
matter on how to evaluate / in the presence of crack growth was not com
pletely settled for some investigators. 

A method to calculate / was proposed by Hutchinson and Paris [9] and 
generalized later by Ernst et al [11,12]. This method takes into account the 
influence of crack growth on /, and the presented formulas are regarded as 
exact from an analytical point of view. This result demonstrated that / had 
not been always correctly evaluated. 

Although exact, these methods require a significant amount of numerical 
work in order to evaluate the P-8 record. Thus it is necessary, for convenience, 
to develop simpler formulas for the correct/for crack growth. 

In this work, the consequences of expressing / by the Merkle-Corten for
mula are explored in terms of / itself, the crack increment, da, and the tear
ing modulus, T [13,14]. Additional physical interpretation is given on the 
material versus applied tearing modulus stability criterion, and a simple 
method for evaluating / , following the actual path of the P-d record, is sug
gested. The procedure is applied to available experimental data and the 
modified J-R curves are shown. Comparisons with other proposed expres
sions for / corrected for crack growth are also discussed. 

The J-Integral 

Consider an homogeneous body which exhibits an elastic (linear or nonlin
ear) behavior, free of body forces, with a crack or notch parallel to the x-axis 
and subjected to a 2-D deformation field [all â  — ay(x, y)]. Define now the 
integral 

W^y - Ti^^ds (1) 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



478 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

where 

W^ = strain energy density, 
Tj = traction vector components, 
Mj = displacement vector components, 

x,y = rectangular coordinates as noted, 
ds = element of arc along the path of integration. 

Rice [1] proved that if the integral is evaluated along any closed curve S lying 
completely inside the body (not encompassing any singularity), the result is 
identically zero 

W4y - Ti-^ds = 0 (2) 
s ox 

As a consequence, if now the integral is taken along an open curve F, sur
rounding the crack tip, going from the lower surface to the upper one, and ly
ing completely inside the body, the result of evaluating the integral is a unique 
value for all contours T, which Rice called / . 

W^y-Ti-^ds=J (3) 
r ox 

The uniqueness of the result implies that / is a crack-tip characterization 
parameter, the crack tip being the only point enclosed by all F-type curves. 
In fact, it has been shown by Hutchinson [2] and Rice and Rosengren [3] that 
the crack-tip singular stress-strain fields can be completely characterized in 
terms of /; thus / is a measure of the intensity of the crack-tip singularity. 

An alternative, equally valid definition was also provided by Rice [15]: J 
can be interpreted as the rate of change of potential energy per unit cracked 
area. That is 

• • " ' ( 4 ) 
Bda 

where U is the potential energy and b is the thickness. This definition relates 
J to exteriorly measurable quantities like the load and the displacement. In 
fact, in P-6 records (where P is load per unit thickness and 6 is the load-point 
displacement) for slightly different crack lengths in otherwise identical speci
mens, the area between curves is / da. Therefore, and alternative definition 
of/is 

_ _ dU _ _ f* JP_ _ [̂  38 
Bda Jo da Jp da 

where 6 is the load-point displacement due to the crack only. 
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This result enabled Begley and Landes [4,5] to do the first experimental 
evaluation of / . Using the so-called multispecimen technique they obtained / 
as a function of crack length and level of applied deformation (5 or P) for dif
ferent configurations. 

A Convenient Fonn of the I-Integral 

It is sometimes convenient, as will be seen later, to divide the displacement 
in a P-d record into its elastic 6ei and nonlinear (plastic) 6pi parts, as shown in 
Fig. 1. At any given point in the P-d diagram, the 6ei can be calculated as 
load times the elastic compliance, the 6pi being the difference between the 
total displacement 8 and 5ei 

6 — 6.1 + 6, 

Then following Eq 5 

0 3a 
dP = 

88. 

da 
dP + 

d8 '£L 
da 

dp 

(6) 

(7) 

The first term of Eq 7 is the linear component of / : /gi or simply the Griffith 
[16] G. The second term is the nonlinear component, /pi, oiJ. As shown by 
Ernst et al [10,11], if second-order differentials are neglected, this term can 
be written as 

da 
dP=-

^p' dP 

0 da 8pi 
d5pi = 

'p' dP 

, db 
d8„ 

8p| 
(8) 

6 , + 6 =6 
el pi 

FIG. 1—Load displacement record. Separation of the displacement in its elastic and plastic 
parts. 
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giving then as a result 

r̂ pi dP , 

0 ^* / h^ 

where b is the remaining ligament. Equation 9 gives a convenient method for 
computing / without any loss in analytical precision compared with the origi
nal form, Eq 5. Without ambiguity G is always to be computed using linear 
elastic fracture mechanics (LEFM) formulas, using the actual load and crack 
length a (without plastic zone correction). 

In particular for bending configurations, it has proven convenient [9,11,12] 
to express the load per unit thickness, P (as an extension of Rice et al [6], as 

62 

W 
P = -^F(<^^i/W, a/W) (10) 

This form is completely general and has the advantage that F is very weakly 
dependent on a/W. In other words, the main dependence of P on a/W is 
given by b'^. In fact for a/W -> 1 

'" - 0 
d{a/W) 

also, for the three-point bending specimen (3 PB), it can be considered that 

dF 

d{a/W) 
« 0 

for all a/W of interest. 
Substituting now Eq 10 into Eq 9, the expression for/for bending configu

rations becomes 

Note that if 

J = 

J = 

G + 

••G + 

It 
W 

2_ 

r«pi 
Fd8pi-

Jo 

r«pi 

Jo 

dF 

d(a/W) 

b^ 

W^ 

b^ 
W^ 

UFC 

r«pi 

Jo 

pp. 

Jo 

_a_\ 

W ) 

dF 

d(a/W) 

dF 
d{a/W) 

1. 

l/Opi 

rfSpi 

(11) 

(12) 

(13) 
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then Eqs 11 and 12 become 

/2b 
J=G+( 

J=G + — (2-
b \ 

b^ \ [hi 

b \ r«p' 

(14) 

(15) 

The conditions for Eq 13 to hold and its eventual implications are discussed 
in much greater detail in the next sections. 

Work Factors 

Although / can be experimentally obtained in general by using the multi-
specimen technique [4,5], the possibility of its evaluation using the smallest 
possible number of specimens has been always of obvious importance. In 
particular, since the pioneer work by Rice et al [6], significant effort has been 
devoted to relate / to work done or area under the P-b diagram. 

In Ref 6 several configurations in the limit of very deep crack were analyzed 
in terms of / . In particular, the result for pure moment applied to a very 
small remaining ligament b was 

/ = T > 1 (16) 
b 

where A is the area under the P-b record. Since then, this expression has been 
commonly used for all bending configurations. 

More recently, modifications of the factor 2 in Eq 16 following Sumpter 
and Turner [30] have been attempted for compact tension (CT), in order to 
account for the tensile component. Thus, in general 

b 

where i; is a function of a/W only. 
Obviously, this expression gives a very convenient way for evaluating / for 

bending configuration from single P-b records. Nevertheless, from a analyti
cal viewpoint it was not apparent why Eq 17 appeared to work, or, in other 
words, under which conditions / can be expressed as area times a factor 
depending solely on a/W, being independent of the level of deformation. In 
this matter some light was ished by the analysis of Paris et al [77] and Ernst 
and Paris [12]. In that work, necessary and sufficient conditions for the exis-
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tence of the rj-factor were explored (where by existence of if is meant here that 
Eq 17 holds with J; as a function of a/W only). 

The Elastic -q-Factor 

Among other things, it can be seen in Ref 12 that an elastic »j-factor always 
exists. In other words, the elastic part of/, that is, G, can always be written 
as 

G = ^ / l e l (18) 

In fact if load and displacement are related by 

PC = 6,i (19) 

then applying the definition of Eq 7 

P^ dC 

°=Tir <»' 
But also the area under the P-8e\ diagram is 

Ae, = - ^ (21) 

And then substituting in Eq 20 

G^^>le ,Wi th ,e , = - | - ^ (22) 

The Plastic -q-Factor 

It was shown also in Ref 12 that a plastic ij-factor; that is, »jp|, will always 
exist if and only if a separation of variables can be found for the expression of 
the load P m terms of a/W and the plastic displacement 5pi 

P = ~F(8pi/W, a/W) (23) 

Plotting now F versus 6pi, as shown in Fig. 2, if all curves for each constant 
a/W-sd\ae are of height F in constant scale to each other, then the separation 
exists. Further, if this scaling exists for some range of a/W-values from 6p| = 
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b2 

FIG. 2— F versus 6p|/or different crack lengths. 

0 to some limiting value of 6pi, that is, 6pi'™'*, then the separation of variables 
exists over that region; that is to say, if the condition 

F{8^i/W. a/W) ^ 

F(8^i/W, a/W) 
= C,-/ (24) 

where the C,y constants for any value of a/W, a/W and for all 6p| values for 
that region 

Ui a 

W 

and (25) 

0 < 6p, < 6p,'™'« 

Then within that region, the separation of variables will exist and therefore 
i/pi will exist for that region. 

It can be readily seen now that the condition of Eq 13 is equivalent to that 
of Eq 24; thus the term in brackets in Eq 15 can be defined as the r/p]. More
over, if Eq 24 holds, F is separable in multiplicative functions of a/W and 
6pi, that is 

F( b^^/W, 
W 

•g 
W 

mspi/w) (26) 

and thus the load P is 

P = ^ F = 
b^ b^ / a \ 

1^^ = 1 ^ < 1 F ) - ^ ( V ^ ) (27) 
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The Eq 15 becomes 

b 
1 Tpi 

/ = G + - r , p , l PrfSp, (28) 

with 

It can be seen that the i/pi approach will give approximately correct results 
sufficiently accurate to be practically useful, if the condition of Eq 24 is only 
slightly violated. 

Taking a more practical view, the accuracy of Eq 24 can be tested experi
mentally by testing identical configurations with identical material, differing 
only in their a/W-values to produce P versus 6p| records, which can be plotted 
and tested numerically. Subsized (or blunt notch) specimens of the same con
figuration-material combination may be utilized for this purpose, which will 
avoid having crack growth prior to the Spi'™'* of applicability. In this way the 
existence of »;p| can be directly experimentally decided. 

A Compact Expiession for / 

In the previous section, it was proven that the r\s will exist provided that 
scaling factors exist, independent of the level of deformation, Eq 24. For this 
case / is 

J = -^(jJel^el + IJpl̂ pl) (30) 

It can be readily seen that the scaling factors mentioned do not have to be 
necessarily the same in the linear elastic and in the nonlinear elastic (plastic) 
region, thus giving in general r/ei ^ *??!• Nevertheless, if the scaling factors 
are the same (or nearly the same for practical purposes) throughout the 
region of interest (in displacement 6), then 

Vei- Upi = »? (31) 

the expression for J is 

J=~A (32) 
b 

and the load/* is separable in functions oia/Wand displacement 8 (6 = 6ei + 
5pi) 

P=go{^H{b/W) (33) 
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Recently, it has been found experimentally [18] that values of J for the com
pact specimen could be obtained using Eq [32]. In fact, if the displacement is 
measured at the load line (instead of load point) and a single r; (i; = T/J,] = 
T/pi) is used, the resulting / is in excellent agreement with / obtained from the 
multispecimen techniques, the expression for ri being 

r, = 2 + ( 0 . 5 2 2 ) - | - (34) 
W 

It is emphasized here that this is a rather surprising result. In fact, J should 
be obtained by measuring the displacement at the load point and no single ri 
should be used. As was shown before, the j/pi does not always exist, and if it 
does, is not expected to be, in general, equal to j/ei. Nevertheless, the two si
multaneous violations seem to produce an acceptable result in terms of ex
perimental accuracy for J. Presently, this expression has been accepted and 
used by several investigators [8,19], 

In the next sections, the consequences of assuming Eq 32 are explored in 
terms of / itself, the crack increment da, and the tearing modulus T—al
though no attempt is made to justify the starting assumption. 

/ for the Growing Crack 

As was mentioned before, in this work the deformation theory interpreta
tion of / is followed: / is a unique function of any two of the variables a, S, P. 
In particular, consider a and 8 as the independent ones from here on. Then / 
is a potential function of a and 8. In fact, for a given value of a and 8 there is 
one and only one value of / associated with that particular pair (a, 8). This 
value is history-independent; it does not depend on the particular path fol
lowed in the a-8 plane to get to the point of interest. 

Now if / is expressed as 

J = ^ \ Pd8 (35) 
* Jo 

with r; = ri{a/W), the separability of the load is automatically implied [11,12] 

P = SO(-^)H(8/W) (36) 

as well as the existence of scaling factors for all a/W and 8 of interest. 
Using the more convenient form for bending 
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J becomes 

J=,,-^^Hd6 = ^^Pd6 (38) 

with 

Note that the function g is automatically implied by Eq 39 combined with 
Eq34 

— ^ - - + (0.522)g = 0 (40) 
a{fl/W) 

g^ke^o.si2)b/w (41) 

In particular, the arbitrary constant k can be set equal to unity. In doing so, 
5 - 1 for b/W - 0 

g = e (0.522) b/w (42) 

Replacing then Eq 42 in Eq 37 gives the load P 

b^ 
P = —-e(0.522)fc/w^(5/^) (43) 

W 

In the limit for b/W — 0, the foregoing expression can be rearranged to give 

PW M 

- ^ = JT = H{d/W) = me) (44) 
where M is the applied bending moment per unit thickness and 0 is the angle 
change between points of moment application. In this way, the result of Ref 6 
is recovered. 

Equation 38 is valid only for constant crack length a, although, as will be 
seen later, it can be used also for growing cracks if a correct interpretation of 
the quantities is made. 

In general, taking a and d as the independent variables, Eq 38 can be dif
ferentiated to give 

and reintegrating 
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J = yg 
w \'r') da + \ -^Hdb 

W 

^yda+\'^Hd6 
b W 

where rj' = dr]/d{a/W) and yia/W) has been defined as 

b r,' 

Using Eq 34, y can be approximated as 

(46) 

(47) 

7 = l + (0.76) 
W 

(48) 

Thus, / can be obtained for any point in the P-d record by evaluating Eqs 45 
or 46 along any desired path from the origin to the point of interest. In par
ticular the P-d test record itself can be followed, as a special case. Joyce et al 
[20,21] obtained complete J-R curves from single test specimens using this 
method. 

In what follows, some paths shown in Fig. 3 are analyzed in some detail. 
Consider a path like Path 1; that is, crack length a, constant at current 

value of interest, a,. This is the same curve that an identical specimen with 
initial crack a (constant) would have had. Thus in Eq 46 the first term van
ishes and / is 

/ = 
W W 

H 
^^Hd6 = ^ \ " d 6 = ^ Pdb (49) 

f 

0 

® 

(3) / 

(D 

(D 

'6 6 

FIG. 3.—Different possible paths in the a-6 and V-b planes. 
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where rj/b is evaluated at the current crack length value and J Q Pd8 refers to 
the area under the P-d record of the corresponding nongrowing crack curve. 
As was mentioned before, Eqs 38 and 49 are still correct for growing cracks 
provided the aforementioned interpretation is used. 

Consider a path like Path 2; that is, constant a = a,, up to final 8; then 8 = 
constant and crack length growing from agio current value a,. The expres
sion for J is 

/ = / - 1 y4-da (50) 

where J is 

J^JH^ i Hd8 (51) 
W 0 

with rj, b, saidg evaluated at initial crack length a = OQ ^"d ^ is the displace
ment of the point of interest. 

Crack Length Change and the Test Record as a Special Path 

The crack length change can also be directly obtained from the P-8 record 
[11,12] without further instrumentation such as unloading compliance. 

Using as the starting assumption the separability of the load, Eq 37 can be 
differentiated to give 

(52) 

b / dP ^ H' d8 . 

ri \ P H W 

where H' — {dH]/d{b/W). This expression allows the change in crack 
length to be calculated directly from a single P-8 record. It can be also used 
to further simplify Eq 45 if the actual test record is followed, that is, Path 3 in 
Fig. 3. In fact, Eq 53 can be restated as 

da bfH' dP . ^^^ 

d8 r, \ WH Pd8 

Replacing now Eq 54 in Eq 45 gives 
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•̂̂ =[~f̂ (w-:̂ )"̂ ''l'] db (55) 

where P and dP/db are to be taken from the actual P-b test record; the rest of 
the quantities in the bracket are evaluated at current values of a and b. 

As Eq 45, Eq 55 is ideal for a step-by-step integration procedure to obtain 
/ , the advantage of the latter being its simpler form involving only one differ
ential, that is, db. 

Method to Correctly Evaluate / in the Presence of 
Crack Growth from a Single Test Record 

The differential expression for / , Eq 45, and the resulting expressions for 
different paths are exact, but knowledge of the H{b/W) function is needed {g 
is automatically implied by the form of r; as discussed previously). 

In this section a method is presented to correctly evaluate / , in the presence 
of crack growth from the test record only. 

Consider a point [A] in Fig. 4, / at [^]; J^ can be calculated following Eq 
42 as 

•ngb 
W 

6A C^A 

Hdb = 7 " Pdb 
0 O Jo 

(56) 

where b^ is the value of 6 at [/I] and r;, g, and b are evaluated at the cor
responding crack length value, say aj . 

1 

1 
V 
--.— a 

FIG. 4.—P-6 diagram for nongrowing cracks and actual test record. 
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Consider now a point [B], lying on the same nongrowing crack curve (8B, 
ai); J at [B] is 

' ' ""^[ '" •""T ).''•''* '̂ ^ 

Relating now Eqs 56 and 57 

JB-JA + ^ \ PdS (58) 

where as before the integral represents the area under the nongrowing crack 
curve. 

If now a point [C] is considered, / a t [C], Jc, can be related to Jg by Eq 43 

JC=JB-\ TTc^a (59) 

Or using Eq 58, Jc and /^ can be related as 

JC-JA + ^ ^ Pd8- \ y — da (60) 

Note that up to this point no approximation has been made (besides the 
starting one, Eq 35 and so Eq 60 is completely general. Now if Points [A], 
[B], and [C] are close to each other, some approximations can be made in 
order to simplify the foregoing expression. 

In fact, in the limit for differential steps, the integral in the second term in 
Eq 60 can be approximated by the area A^g enclosed by the actual test 
record and lines of constant 6; that is, 6^ and 6^, as shown in Fig. 4 

,^Pdb=^AAB (61) 

At the same time under the same conditions the integralof the third term in 
Eq 60 can be replaced by the integrand times the increment in crack length. 

J y 
y — da=^ —JB(a- OQ) (62) 

ao b b 
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Replacing now Eqs 61 and 62 in 60 gives 

JC-JA + 'T^AB - ~T-^Bia - UQ) 

/ c = l / ^ + y A ^ B ) ( l - y ( a - f l o ) ) (63) 

Or in general 

4+1) = (ji + ( 7 ) .^u+i) (1 - ( 7 ) . («.+i - «.)) (64) 

where the subscript i (or / + 1) indicates functions evaluated at that step. 
The term A, ,+1 refers to the area enclosed by the actual test record and lines 
of constant displacement 6, and 5,+i. For the fu-st step, 6 = 0, / is equal to 
zero. Note that if, up to a certain pointj + 1, no crack growth has occurred, 
Eq 64 reduces to 

•^•+i=^ + (yj/4/j+i 

V 

(65) 

Pdb 

which coincides with the already familiar form, Eq 38. Thus Eq 64 is com
pletely general and can be used for the whole test record, starting from the 
origin. 

The method presented here is an extension of the work of Refs 12 and 22. 
Since then it has already been adopted by some investigators. Joyce [21] used 
this procedure to correct / in already existent J-R curves and other in
vestigators have expressed their interest in adopting it [23]. 

Discussion of the Method 

As was mentioned in the foregoing, the present method does not requure 
information from other specimens [that is, the H{b/W) function], making 
instead full use of the test record itself. 

Joyce [21] used this / procedure to modify previously obtained A533B J-R 
curves [24]. In Figs. 5-7 values of / with and without correction for crack 
growth are compared with those obtained by the calibration curve analysis 
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A Merkle Corten J (Uncorrectedh 
y Ernst Corrected J 
— Calibration Curve Analysis 

Solid Points are Nine Point Measured Crack Extensions -

0,01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 
Crack Extension, In. 

FIG. 5—J-R curve comparison for Specimen No. 1-18, a/W = 0.7, 0 percent side grooves. 
AS33 B steel IT-CT from Joyce et al [2\]. 

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0. U 
Crack Extension, in . 

FIG. 6—J-R Curve comparison for Specimen No. 1-13, a/W = 0.6, 20percent side grooves. 
A533B steel IT-CT from Joyce et al [21J. 

developed by Ernst et al [27,i2] implemented by Joyce et al [21], and con
sidered as exact. 

As can be seen, the Merkle-Corten (without correction) expression tends to 
overestimate /, whereas J corrected by the present method (Emst-corrected / 
in Joyce's work) seems to give a very good agreement with the exact pro
cedure. On the other hand, some investigators have previously proposed for
mulas to correctly evaluate / in the presence of crack growth. 

Garwood et al [25,26] presented a formula for/-corrected 

•4-1 
W-a„ 

+ 
2 t / 4 

lW-a„^, BiW~a,.Ol 
(66) 
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where the subscript n{n — 1) indicates that the corresponding quantity is 
evaluated at the step w(« — 1); the term U4 refers to the area under the actual 
test record limited by lines of constant displacement 6„_i and 6„. This for
mula can be considered a special case of the proposed Eq 64. In fact both 
equations coincide (to a second-order differential) in the limit rj = constant 
— 2. Thus this formula is limited to the case of pure bending of a very small 
remaining ligament (eventually three-pomt bend specimen, as is discussed 
later). The proposed Eq 64 is thus a generalization of Eq 66. Moreover, the 
sufficient conditions for Eq 64 to be valid are clearly stated here. 

Hutchinson and Paris [9] proposed a formula for / for the case of pure 
bending of a small remaining ligament, with a built-in correction for crack 
extension 

Jo O Jao " 

In fact this expression, considered as exact from an analytical viewpoint, 
served as the basis for the more general formulas developed by Ernst et al 
[11,12] on which this method is, in its turn, based. Equation 64 is a 
straightforward derivation of Eq 12 when Eq 32 is assumed. 

The foregoing expression can be rearranged, as proposed by McMeeking 
[27], to give / in a more compact form. Differentiating and reintegrating Eq 
67 gives 

dJ=2^d8-—da 
b b 

b 62 b^ 

rxi)=i:^-
J=2bi\ ^dd 

(68) 

* 2 

Based on Eq 67, this expression is also exact from an analytical viewpoint, 
but as before is valid for the case of a very deep crack subject to pure 
bending. 

Finally, Andrews [28] presented an empirical formula to correct/for crack 
growth 

J = Jo b 
(69) 
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Calibration Curve Analysis 
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Crack Extension, in. 

0.09 0.1 

FIG. 7—J-R curve comparison for Specimen No. 1-27, a/W = 0.8, 20 percent side grooves. 
A533B steel IT-CTfrom Joyce et al [2\]. 

where/o is the area under the actual test record times i///> evaluated at initial 
crack length. As can be seen, Eq 69 has the same general form as the pro
posed Eq 64. Nevertheless, the latter is based on analytical considerations 
which presumably give more confidence in the actual coefficients. 

In conclusion, the presented method is a direct derivation of Eq 12 with 
the assumption of Eq 32, the former being considered exact from an 
analytical viewpoint, thus consistent (although more general) with other ex
act formulas. Conditions for its validity were clearly stated. 

The method is not limited to deep cracks and does not require any infor
mation other than the test record itself. It has already been successfully ap
plied and interest seems to be growing in its recommendation [23], In Figs. 8 
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FIG. 8—JQ/J versus Aafrom various correction schemes. A533B IT-CT. 
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and 9, J-R curves obtained by different scheme of calculating /, as reported 
by Landes [29], are shown in addition to that obtained by the present 
method, JpM, Eq 64. Jjfp, J^^, and /vr/4 correspond to Eqs 67, 68, and 69, 
respectively. JQ refers to/as defined in Eq 69. Differences between values ob
tained using Eqs 67 and 68 should be attributed to numerical evaluation. 

The Tearing Modulus 

Even though the potential of / as the governing parameter of the crack-tip 
stress-strain field was established earlier, the question of stable versus 
unstable tearing remained unresolved until very recently. In fact, a model 
capable of predicting stable/unstable behavior, taking into account 
specimen geometry, a/W ratio, material properties, and overall behavior of 
the structure, was simply nonexistent. 

In 1977 Paris et al [13,14] proposed a theory to explain stable versus 
unstable crack growth. They introduced a nondimensional quantity called 
the tearing modulus, T, that in general has the form 

T = 
E dJ 
ffo" da 

(70) 

where E is the Young's modulus and OQ is the flow stress. 
To better illustrate these concepts, consider the particular example shown 

in Fig. 10. A specimen is loaded in series with a linear spring of constant K^, 
in a displacement-controlled test. The total displacement, 6tot, can be 
separated into a part due to the crack, 6, and the remaining part, 5^, which 
will be associated with the spring and eventually the rest of the structure 

5tot — 6 + 6, 'M (71) 
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FIG. 9—Jg/J versus Aa. from various correction schemes A533B 1.6T-CT. 
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tot g l 

- ^ 

K^=C|^ (Spring Stiffness) 

•77777>77Zr77 

(Displacement Control) 

FIG. 10—Displacement control test of a bend specimen in series with a spring bar. 

Note that only the part of the displacement due to the crack, 6, affects/. It is 
important at this point to make a distinction between the values of 7 lying on 
the material resistance J-R curve, and the applied values of/. The former will 
be called J„^ and will be regarded as a function of the crack length incre
ment Aa only 

^at = / (Aa) (72) 

The latter will be called /gpp and can be regarded as a function of load (or 
displacement) and current crack length a (a = OQ + Aa) 

/ ,pp=/(a ,P) = /(a, 5) (73) 

Now if Eq 70 is evaluated using Eq 72, the resulting T is the material tearing 
modulus 

•* m a t 

ffo" \ da / ^ t 
(74) 

If instead dJ/da in Eq 70 is calculated as the rate of change of /app per unit 
virtual crack extension with the condition 6tot = constant (or other similar 
condition specified), the resulting T is the applied tearing modulus 

'app 
<^0" 

dJ\ 
da ) . 

(75) 
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And so following Refs 13 and 14, instability will be ensured if 

^app > ^mat (76) 

In the next sections explicit expressions are obtained for Tjoat and J^pp for the 
compact specimen using the starting assumption of Eq 32. 

Material Tearing Modulus Tmat 

As has been mentioned, T^at is defined as the rate of change of / with 
crack length along the J-R curve, or actual test record 

E ( dJ\ ^ _£^ fdJ_ dJ_ db\ 
a^ \ da /mat <J^ V 3a 95 da /^at 

r„a,= ̂ K - =—;\^^-T7^] (77) 

Thus, Tniaj can be calculated from a test record by using Eq 45 divided by da 
or simply Eqs 54 and 55, giving 

(78) 

where all quantities are evaluated at current values of a and h, and the ratio 
dP/db is to be taken from the actual test record. 

app Applied Tearing Modulus T, 

The applied tearing modulus Japp is defined as the rate of change of /app 
with crack length under the condition that the overall displacement is kept 
constant (or equivalent condition). Thus, Tapp is given by 

E ( dJ\ ^ JE_ (dJ_ dJ_ db\ 
^^PP- aô  \da),^^~ ao^ \da ^ db da ) ,^^ ^^^^ 

The condition 6tot = constant is equivalent to db^o^ = 0 

rfStot = db + dbM = 0 (80) 

= db + CudP = 0 

where 

CM = KM-^ = dbM/dP 

can be associated with the compliance of the system (spring + testing 
machine + uncracked specimen). Tapp can then be calculated using Eqs 47 
and 48 subject to the condition of Eq 80 to give 
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(81) 

(For alternative expression, see Appendix.) Using Eqs 78 and 81 the in
stability condition of Eq 76 can be restated as 

or 
-' app •^ ^ mat 

-M 

(82) 
K M 

Alternate Physical Interpretation of the Instability Condition 

The condition for instability can be obtained using a different approach. 
Consider the P-b record of a bend specimen tested under displacement 

control, and the corresponding calibration (nongrowing crack) curves as 
shown in Fig. 11a. 

It is assumed that the fracture process is described in terms of the J-R 
curve; that is, every point in the P-b record has associated a value of/, Ji and 
a value of a, a, which are connected according to the J-R curve. 

Suppose now that an identical specimen (same a/W) is tested, this time in 
series with a spring (as described before), Fig. l\b. It can be seen that the ef
fect of the spring on the calibration functions is just to shift every point in 
Fig. 11a to the right by an amount 

5M = PC, M 

or 
^A' — ^A + PA CM 

SB' = 8B + PBCM 

(83) 

(84) 

where P^ and Pg are the loads at Points [A-A'] and [B-B'], respectively. 
Note that corresponding points, [A-A ' ] , [B-B '], etc., have the same value of 

11 a) ^ ^ B l i b ) ^ • * B ' "tot 

FIG. 11—Test record for identical specimen (a) without and (h) with spring. 
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/ ( / depending on a/W and displacement only due to the crack, 6), Thus the 
resulting test record is expected to go through these corresponding points 
[A ' ] , [B'], etc. in order to follow the J-R curve as before. Combining Eqs 83 
and 84 gives 

^•-^A- = ^B-^A + C^PB - PA) (85) 

Is important to note that for the portion of the test record where Pg — P^ < 
0 (dropping part), the relative distance of subsequent points is diminished by 
the addition of the spring 

h-^A>h'-SA' '^PB<PA (86) 

In fact, if enough compliance is added, this relative distance can even turn 
out to be negative; that is. Point [B '] lying to the left of [A ' ] . If this is the 
case the test record would have to go backwards (in 5) to pass through [B'] in 
order to follow the J-R curve. But this is not compatible with the boundary 
condition, which asks for a monotonically increasing displacement. Thus, 
the test record gets as near to Point [B'] as it is allowed to (vertical drop), 
corresponding to unstable growth. 

The conditions for stability can be then expressed as 

5fi' ~ 5d • < 0 unstable 
(87) 

^B' ~ ^A' > 0 stable 

Replacing Eqs 83 and 84 in the preceding expression gives 

h- - ^A' = 5B-^A + iPB-PA)CM < 0 

- ^ < - C M (88) 

CM~^ = KM < - dP/db for instability 

which coincides with Eq 82. 
It can be seen from Eq 88 that, under the specified testing conditions, in

stability cannot occur in the part of the P-b record where the load is increas
ing {dP/db > 0 would imply CM < 0). 

The value of CM which satisfies Eq 88 can be interpreted as the necessary 
compliance to be added to the system in order to set subsequent points to the 
same displacement 

6B. = 6^' (89) 

causing then instability. 
Note that by examining a test record (with or without the spring) a remain

ing compliance capacity CCR can be defined as 

CcR = tg(x = {- dP/db)-^ (90) 

where a is shoWn in Fig. \\b. 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



500 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

This value of C^ represents the additional compliance the system can han
dle without going unstable (or additional compliance needed to satisfy Eq 
89). 

The Three-Point Bend Specfanen 

In all of the foregoing the three-point bend specimen (3 PB) can be con
sidered a special case. In fact, it has been recommended for the 3 PB (with 
span/width ratio = 4) to use Eq 32 with j ; = 2. That being the case, all of the 
foregoing formulas are still valid for 3 PB if the following substitutions are 
made. 

'7 = 2 

7 = 1 

g = 1 (91) 

5 ' = 0 

r,' = 0 

for any a/W 

Conclusions 

1. An overview of the problem of relating / to work done through the 
i;-factor was presented. The conditions for the existence of t] (as independent 
of the level of deformation) were set in connection with the separability of the 
load into multiplicative functions of crack length and displacement. Using 
the starting assumption of Eq 32 

/ = r)/b work 

Formulas for calculating/ Tniat. ^app ^"d da from the test record itself were 
derived. As a result a method for correctly evaluating / in general, including 
the case of crack grovrth, was proposed. 

2. Experimental data corrected with this method seem to agree very well 
with those obtained by the calibration curve analysis, which is considered to 
be exact. 

3. Additional physical interpretation is given in the rmat-versus-Tapp 
stability criterion and a remaining compliance capacity, CCR, is defined. 

4. It is emphasized here that in this work the strict deformation theory in
terpretation of y is followed: / is a function of two variables (a and 6, for ex
ample), and its value does not depend on the particular path chosen to get to 
the point of interest. 

5. / is the parameter which can be used to describe the stable tearing pro-
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cess but its limits of validity are still an open question which was not intended 
to be addressed here. 
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APPENDIX 

To evaluate T^^f and Tapp from Eqs 78 and 81, in any number of tests, information 
is needed on the charactenzation (that is, the fl^-function) of the particular material-
specimen combination used. This means that only one extra test has to be run to ob
tain H, and thus the number of tests results is basically the number of tests run. 

By proper manipulation, however, even this need of running the extra test can be 
avoided. In fact Eqs 78 and 81 can be combined in order to eliminate the term involv
ing the ff-function, giving 

E ) J ri^P 

KM ^ I dP ^ -n^P 1 

P P db Z>2 ' 

( 
1 fO^ 

\ E 

1 Y 
•r„a. + 7 ^ / _ 

(92) 

As can be seen all the terms involved in the foregoing expression are known from one 
test record. Note that T^at is just the normalized slope of the J-R curve, which in its 
turn can be obtained from a single record according to the method suggested in the 
text. 

Thus as a result, the T„^x, following the mentioned procedure, and then Japp using 
Eq 92 can be obtained from nothing else but one single test record. 
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ABSTRACT: Multiple specimen J-R curves were developed for groups of 25.4-mm-thick 
(IT) compact specimens with different a/W values and depth of side grooving. The pur
pose of this investigation was to determine J^ ( / at the onset of crack extension) for each 
group. Judicious selection of points on the load versus load-line deflection record at 
which to unload and heat-tint specimens permitted direct observation of approximate 
onset of crack extension. It was found that the present recommended procedure for 
determining J^ from multiple-specimen R-curves, which is being considered for stan
dardization, consistently yielded nonconservative J^-values. A more basic approach to 
analyzing multiple-specimen R-curves is presented, applied, and discussed. This analysis 
determined /^-values that closely corresponded to actual observed onset of crack ex
tension. 

KEY WORDS: J-integral, / j , , , J^, J-R curve, ductile fracture toughness, crack initiation, 
crack extension, crack-opening stretch, multiple-specimen R-curve. 

In recent years a considerable effort has been expended on the development 
of a ductile fracture toughness criterion to characterize the fracture behavior 
of structural materials employed at temperatures where they exhibit elastic-
plastic behavior. This effort has focused, to a large extent, on the J-integral, 
fu-st proposed by Rice [1,2]^ and later advanced as a failure criterion by 
Begley and Landes [3,4]. Subsequently, methodology for J-mtegral testing 
and analyses have evolved [5-9]. However, the optimum procedures of 
analyses have yet to be conclusively defined and standardized. In this in
vestigation observed phenomena were used to compare the critical J-integral 
values at the onset of crack extension, /<,. determined by both the recom
mended analysis [9] and a more basic J-R curve analysis. 

* Advanced engineer and senior engineer, respectively, Westinghouse Hanford Co., Richland, 
Wash. 99352. 

^The italic numbers in brackets refer to the list of references appended to this paper. 
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While the crack initiation and the stable crack extension regions on the 
J-R curve are generally recognized to be nonlinear, the recommended pro
cedure [9] models the crack extension process as a straight line; the intersec
tion of this line with a blunting line is taken as 7 .̂ The /̂ .-value can be de
termined (within bounds) by direct observation when data near the onset of 
crack extension are obtained by the multiple-specimen technique. Direct 
observation demonstrated that the recommended procedure consistently 
yielded high /̂ .-values. The recommended analysis modified to account for 
nonlinear crack initiation and crack propagation was found to be in much 
better agreement with observed values. 

The /c-value obtained by the recommended procedure is an artifact of the 
procedure itself while the Jj,-value obtained from the modified analysis repre
sents a phenomenological event, the onset of crack extension. It is an
ticipated that such a quantity would be more suitable as a material parameter 
and would be more useful in resolving related questions such as size and 
geometry effects. 

Material 

The material used in this investigation was ASTM A533, Grade B, Class 1 
steel (A533-B, 1). The material was removed from the Heavy Section Steel 
Technology (HSST) plate 02. The heat treatment for Plate 02 consisted of 
normalizing at 913°C (1675°F), austenitizing at 871°C (1600°F), water-
quenching, tempering at 663° C (1225°F), and stress-relieving at 607° C 
(1125°F). The chemical composition, given in Table 1, and the heat treat
ment were reported by Childress [10], The specimens were removed from be
tween the V4 and Â thickness of the 30.48-cm (12 in.) plate. Mechanical 
properties [11-13] are given in Table 2. All specimens tested for this in
vestigation were 25.4-mm-thick (IT) compact specimens machined in the 
T-L orientation. 

TABLE 1—Chemical composition of ASTM A533-B1 steel (HSST plate 02) (weight %). 

c 
0.22 

Mn 

1.48 

Ni 

0.68 

Mo 

0.52 

Si 

0.25 

S 

0.018 

P 

0.012 

Cu 

0.012 

Fe 

balance 

TABLE 2—Strength and impact mechanical properties of ASTM A533-B1 steel at 149°C 

(3m°F). 

Yield strength 
Ultimate strength 
C^ energy 
Modulus of elasticity, E 

= 434 MPa 
= 579 MPa 
= 126 joules 
= 2.1 X 102 GPa 

(63 000psi) 
(84 000psi) 
(93ft-lb) 
(30.7 X 106 psi) 
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Testing and Analysis 

All specimens were standard IT compact specimens modified to permit 
the measurement of load-line deflection on the crack plane (see Fig. 1). Four 
groups of five to eight specimens each were tested. The specimens within a 
group were machined to a single notch depth. The specimens within the 
various groups were cut to varying notch depths so that after fatigue 
precracking, two groups had an a/W ratio of 0.5, one group had a/W = 0.6, 
and one group had a/W = 0.8. Since side grooving the remaining ligament 
is a commonly employed means of producing straight crack fronts [14-16], 
one of the groups having a/W = 0.5 was given 45-deg V-shaped side grooves 
to a total depth of 20 percent (10 percent on each side) of the thickness, 
shown in Fig. 1. To ensure consistently sharp crack tips, all specimens were 
precracked in fatigue at least 2.5 mm (0.100 in.) at loads sufficiently low that 
plastic flow at the crack tip was minimized as recommended in Ref 9. Pre
cracking was completed prior to specimen side-grooving. 

The fracture toughness tests were conducted at 149°C (300°F), where 
stable crack ejrtension was controlling failure. The temperature was controlled 
to approximately ±2 deg C in an air-circulating electrically heated furnace. 
The specimen temperature was sensed with a thermocouple attached to the 
specimen surface. The IT specimens were brought to test temperature in the 

25.4 mm j 

""l.Oin i 

o 

o 

63.5 mm 
2.5 In 

61,0 mm 

2.4 m 

inches 

a/W 

.50 

.60 

.70 

.80 

B 

1.00 

1.00 

1.00 
1.00 

a 

1.00 

1.20 

1.40 

1.60 

b 

1.00 

.80 

.60 

.40 

a/W 

.50 

.60 

.70 

.80 

B 

25.4 

25.4 

25.4 

25.4 

a 

25.4 

30.5 

35.6 

40.6 

b 

25.4 

20.3 

15.2 
10.2 

FIG. 1—IT compact specimen. 
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furnace and then allowed to soak at test temperature for at least an hour 
prior to testing. 

A J-integral test requires an accurate load versus load-point deflection 
record. The tests were performed on an 89.0-kN-capacity (20 000 lb) closed-
loop servo-controlled hydraulic test system. The tests were conducted in 
stroke control at a rate of 0.5 mm/min (0.02 in./min). Loading clevises with 
"flat bottom" holes were used to test the compact specimens. The load was 
monitored by the system load cell. Load-line deflection was measured with 
either an electrical resistance clip gage or a pair of linear variable differential 
transducers (LVDT's) mounted in a rigid frame. The clip gage was mounted 
on razor blades attached at the load line on the crack plane. The LVDT 
frame was mounted in the same screw holes that were used to attach the 
razor blades. The signals from the LVDT's were added to give average load-
line displacement measurements. Note that either one extensometer or the 
other was used for a given test. The extensometers yield identical results as 
discussed elsewhere [17]. The extensometers are shown in Fig. 2. 

To compute / for the compact specimens the formula developed by Rice et 
al [6], modified for the tensile component of load after Merkle and Corten 
[18] and shortened by the ASTM Task Group E24.01.09 [9], was used. This 
equation is 

_ 2^ (1 + a) ^̂ ^ 
J3D u "I" « ' ; 

where 

and 

Bb (1 + a2) 

[i^J-'f-'] 
1/2 

{"? + 1 (2) 

A = area (energy) under load deflection record, 
B = thickness (net section thickpess for side-grooved specimens), 
b = remaining uncracked ligament, and 
flo = initial crack length. 

After completion of a test, the specimen was heat-tinted in a furnace at 
649°C (1200°F) and then fractured after cooling in liquid nitrogen. The blue 
oxide coating clearly delineates the fatigue crack and crack extension; these 
quantities were measured at nine equally spaced points along the crack front 
under a microscope with a vernier-calibrated traveling stage at X48 magni
fication. The crack extension was taken as the mean of eight points: the 
seven interior measurements plus the average of the two surface mea
surements. The initial crack length as measured on the specimen fracture 
surface was used to compute the /-values. 

To facilitate data acquisition and computation, a minicomputer system 
was used. The system consisted of a magnetic tape programmable computer. 
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FIG. 2—Load-line extensometers: (a.) electrical resistance clip gage: (h) load-line LVDT 
system. 
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^ - y plotter, thermal printer, and a magnetic disk drive for data storage. The 
system was programmed to accurately record load and displacement. All 
data were stored on magnetic disks. Simultaneously, the X-Y recorder was 
autographically producing the load-deflection record. Upon completion of 
the test and subsequent crack length measurement from the broken 
specimen, the data were recalled from the magnetic disk and accurate /- and 
Aa-values were computed. With all data permanently stored on the magnetic 
disks, the data were easily retrievable for subsequent analyses or replay. 

All test recording and measurement equipment was calibrated to National 
Bureau of Standards traceable standards as a normal requirement. Test 
machines were checked for calibration prior to test. Extensometers were cali
brated at test temperature and for a deflection range exceeding that required 
for the maximum deflection encountered during testing; for the extended 
ranges accuracy was better than 1 percent. 

Results and Discussion 

J-R Curves 

The current recommended /-integral test procedure [9] entails determining 
the critical /-value at the onset of crack extension, Jc, from the J-R curve, 
which is a plot of/as a function of crack extension, Aa. The most widely used 
method of obtaining a J-R curve is the multiple-specimen heat-tint 
method where a number of identical specimens (usually five to ten) are loaded 
to various points on the load-deflection record corresponding to different 
amounts of crack extension. Each specimen is unloaded, heat-tinted in a fur
nace, and broken. The tinted crack extension can then be measured. The 
/-value at the point where each test was halted is plotted as a function of its 
measured crack extension. 

The progress of ductile fracture commencing from a sharp crack has been 
described [/9] as being separable into four regimes: (1) crack-opening stretch 
(COS) or crack-tip blunting by plastic flow at the crack tip, (2) crack growth 
initiation, (3) stable crack growth by material separation at the crack tip, 
and (4) unstable crack propagation. These four events determine the shape 
of the R-curve. Of these four regimes, crack-tip blunting and stable crack ex
tension predominate during the fracture process described by an R-curve. 
Crack initiation occurs over a short interval and unstable crack propagation 
usually occurs at some point beyond where the useful R-curve terminates (if 
it occurs at all). 

In the current recommended procedure, the R-curve is analyzed by model
ing the crack-tip blunting regime and the stable crack extension regime by 
two linear relationships. The crack-tip blunting line is assumed to follow the 
theoretical relationship [/] 

Aa = //2ffo (3) 
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where the flow stress, OQ, is taken as the mean of the yield and ultimate uni
axial tensile stresses. The data points utilized for the construction of the crack 
extension line are recommended to be those contained in an interval defined 
by lines parallel to the blunting line, Eq 3, but offset by 0.15 mm (0.006 in.) 
and 1.5 mm (0.060 in.) from the origin. The crack extension portion of the 
R-curve is proposed to be represented by a least-squares linear regression 
through these points. This R-curve analysis is shown schematically in Fig. 3. 
The intersection of the two straight lines is taken as the onset of crack exten
sion and the/-value at this point is considered 7̂ - In this investigation, data 
points slightly to the right (in all cases less than about 20 percent of the 
allowable Aa) were included in the analysis by the recommended procedure. 
These were included so that the required data spread and the required num
ber of data points in the recommended procedure could be met. Because of 
their proximity to the area defined by the "exclusion lines," it is very unlikely 
that their inclusion in the recommended analysis significantly affects the 
result attributed to the recommended analysis. 

If one test is halted during the latter stages of blunting and another test is 
halted during initiation of crack extension, a reasonable determination of / . 
can be made by direct observation. In this investigation it was found that the 
/^-values obtained from the recommended analysis were consistently higher 
than those determined by direct observation for all five R-curves generated; 
the magnitude of overestimation by the recommended analysis ranged from 
approximately 31 to 65 percent. The overestimation was observed to be an ar
tifact of the analysis and not a consequence of the actual data. A modifica
tion of the recommended analysis (to be referred to as "modified analysis") 

< 
a: 
O 

-BLUNTING LINE Aa 

CRACK EXTENSION 
REGRESSION LINE 

.15 mm OFFSET 1.5 mm OFFSET 

CRACK EXTENSION 

FIG. 3—Schematic representation of the recommended R-curve analysis. 
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510 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

was found to give /<. results that closely agreed with the directly observed J^-
values. 

The modified analysis recognizes that while the regime of crack initiation 
is small relative to crack-tip blunting and stable crack growth, it is extremely 
significant in the determination of/at the onset of crack extension. As noted 
in previous investigations [20,21], it was also observed in this study that crack 
initiation on the R-curve was actually nonlinear. During this period of transi
tion from crack-tip blunting with its steep slope on the R-curve to stable 
crack growth, which has a relatively shallow slope, there is a gradual change 
of slope (shown schematically in Fig. 4) rather than the abrupt change sug
gested by the recommended analysis. Thus, a linear regression of data col
lected in the stable crack extension regime is not, in general, an accurate 
representation of R-curve behavior in the crack initiation regime. As a conse
quence of this, /(. is often lower than the value obtained by extrapolating the 
linear crack extension line back to the blunting line. 

The modified analysis accommodates the nonlinear crack extension line by 
including data points from all specimens which show any macroscopic (or 
low-power microscopic) crack extension; all data are analyzed with a 
statistical curve-fitting computer program of a family regression analysis of 
nonlinear curves, one of which is a straight line. The curve equation which 
produces the highest correlation coefficient is employed in the analysis. It 
should be noted that some subjectivity must be exercised in choosing the ap-

LINEAR REGRESSION 
CRACK EXTENSION LINE 

CRACK TIP BLUNTING (COS) 

CRACK EXTENSION 

FIG, 4—Schematic representation of the nonlinear nature of crack extension during the in
itiation regime. 
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propriate equation; an appropriate equation must not exhibit an instability 
within the region of data used to obtain the fit. In other words, / and Aa 
must continually increase. To be effective, at least one datum point for an 
R-curve must be obtained near the onset of crack extension; this implies the 
necessity of a datum point which is to the left of the 0.15 mm (0.006 in.) ex
clusion line of the recommended analysis. The intersection of the blunting 
line and this nonlinear crack extension line is taken as 7c- Table 3 lists the 
equation forms used by the family regression program. The equation form 

Y = AxB (4) 

was found to give the best fit for four out of the five curves analyzed; it was 
the second best fit for the other curve. Equation form 

Y = A+Bx^''^ (5) 

gave the best fit for the fifth set of data analyzed, it was also the second best 
fit for the first four sets of data. 

A multiple-specimen heat-tint R-curve was developed for each of the four 
groups of specimens tested. Each group had different dimensions varying the 
a/W ratio and the depth of side grooving (percentage SG). The groups were: 

Group 1: a/W = 0.5 percent SG = 0 
Group 2: a/W = 0.5 percent SG = 20 
Group 3: a/W = 0.6 percent SG = 0 
Group 4: a/W = 0.8 percent SG = 0 

The results from each group are discussed separately prior to a general 
discussion of all results. 

TABLE 3—Family regression of functions used for statistical curve-fitting. 

Y = 
Y = 

VY = 
Y = 
Y = 
Y = 
Y = 
Y = 
Y = 

A+ Bx 
A + B/x 
A + B/x 
A + B<i 
A exp (Bx) 
AxB 
A+ Bin (x) 
A+ Bx + CX^ 
A+ Bx-\- Cx^ + Dx^ 

Y = A+Bx + Cx^ + Dx^ + Ex'* + Fx^ + Gx^ -f- Hx^ + Ix» + Jx^ + Kx^'> 

where A, B, C ... K ate constants; Y = J, and x = Aa. 
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R-Curve Analysis for Group 1: a/W = 0.5, Percent SG = 0 

Eight specimens were tested in this group; the relevant J-R curve data are 
listed in Table 4. The fracture surfaces are shown in Fig. 5. It was observed 
from the fracture surfaces that Specimen 02JH4 had undergone only COS as 
only a stretched zone was apparent. The specimen with the next largest 
measured crack extension, 02JH3, showed a considerable amount of crack 
extension. Since both specimens were consistent with the other specimens in 
the group (see Fig. 6), these two tests provide lower- and upper-bound values 
of/p for this group. Thus, strictly from direct observation it can be established 
that 

168 < /<, < 264 kJ/m2 

(961 < / , < 1510in.-lb/in.2) 

The multiple-specimen R-curve is shown in Fig. 6. The modified analysis 
crack extension line was obtained from the best fit in the family regression 
analysis of all data points except 02JH4 (no extension), 02GAA1-47, and 
02GA593 (too much extension). The data show a rapidly increasing slope as 
the blunting line is approached. The intersection of the modified analysis 
crack extension line with the blunting line gives the result 

/ , = 226kJ/m2 

{J, = 1290 in.-lb/in.2) 

Also shown in Fig. 6 is the recommended analysis (the dashed crack exten
sion line). This analysis yielded a /^-value of 309 kJ/m^ (1762 in.-lb/in.^). 
Certainly, using direct observation as a basis for judgment, the modified 
analysis gives a/(.-value much closer to the observed Jc than does the recom
mended analysis. 

R-Curve Analysis for Group 2: a/W = 0.5, Percent SG = 20 

In this group six specimens were tested. The data from these tests are 
tabulated in Table 4. Figure 7 shows the fracture surfaces for the specimens 
in this group. The fracture surfaces of all specimens indicated that all had 
undergone some crack extension. The test of Specimen 02JM3 was interrupted 
at the lowest load-line deflection and, consequently, it had the least amount 
of crack extension. The small amount of crack extension in 02JM3 indicates 
that onset occurred shortly before the test was interrupted. Thus, direct 
observation permits the conclusion 

/ , < 239kJ/m2 

(/, < 1362in.-lb/in.2) 
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TABLE 4—J-R curve results. 

Specimen No. 

02JH4 
02JH3<̂  
02JG4^'' 
02GA614'̂ .<' 
02JG3'^'' 
02GA612'^'' 
02GAA1-47 
02GA593 

02JM3'' 
OZTLl'̂ '' 
02JU<^'' 
02GAAl-36<^'' 
02JG5c,d 
02JL4'''' 

02GA605 
02GA613 
02GA604'̂  
02GA606'-.'' 
02GA611'.rf 
02GAA1-143'^'' 
02GAA1-WRD'"'^'' 
02GAAl-14*'^.'i 
02GAA1-15*';'' 

02JL6'-
02JL5'̂  
02JH5'^.'' 
02JH6'' ' 
02GAAl-28'^<' 
02JM6<̂ .<' 
02JG6'^.'' 

B, mm 

25.4 
25.4 
25.4 
25.4 
25.4 
25.4 
25.4 
25.4 

25.4 
25.4 
25.4 
25.4 
25.4 
25.4 

25.4 
25.4 
25.4 
25.4 
25.4 
25.4 
25.4 
25.4 
25.4 

25.4 
25.4 
25.4 
25.4 
25.4 
25.4 
25.4 

a, mm 

27.20 
26.77 
26.67 
26.52 
26.68 
27.24 
26.75 
27.13 

27.12 
27.17 
26.60 
26.14 
26.73 
26.28 

30.78 
30.61 
31.15 
30.74 
30.83 
31.24 
31.37 
31.50 
32.00 

41.72 
41.03 
41.24 
41.77 
43.42 
42.13 
40.70 

a/W 

0.536 
0.527 
0.525 
0.522 
0.525 
0.536 
0.526 
0.534 

0.533 
0.530 
0.523 
0.518 
0.525 
0.516 

0.606 
0.603 
0.613 
0.605 
0.607 
0.615 
0.618 
0.620 
0.630 

0.821 
0.808 
0.812 
0.822 
0.855 
0.829 
0.801 

% SG 

0 
0 
0 
0 
0 
0 
0 
0 

20 
20 
20 
20 
20 
20 

0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 

/, kJ/m2 

168 
264 
361 
415 
440 
638 
725 
698 

239 
360 
396 
494 
469 
560 

91 
147 
235 
281 
396 
625 
589 
524 
642 

159 
217 
333 
498 
498 
591 
652 

A a, mm 

0.1067 
0.3251 
0.6655 
0.8814 
1.0541 
2.2352 
2.7254 
3.0226 

0.3048 
0.8357 
1.0947 
2.1844 
1.4249 
2.5451 

0.0533 
0.1270 
0.2337 
0.4242 
0.6655 
2.3952 
1.8034 
1.7018 
2.3114 

0.1473 
0.2565 
0.6096 
1.2649 
1.4732 
1.9609 
2.2403 

"Private communication with G. A. Clarke, Westinghouse Research and Development 
Center. 

''Reference 16. 
'^Data used for crack extension analysis by modified procedure. 
''Data used for crack extension analysis by recommended procedure. 

The multiple-specimen R-curve for this group is shown in Fig. 8. All 
specimens in the group behaved in a consistent manner relative to one 
another. All data points were included in the family regression analysis. 
Again the best-fit curve was concave downward. The intersection M the blunt
ing line and the crack extension line gave 

J, = 205kJ/m2 

(/, = 1170in.-lb/in.2) 

The recommended analysis, on the other hand, yielded a J^-yahie of 326 
kJ/m^ (1860in.-lb/in.2). Again the modified analysis gives a/^-value which is 
in better agreement with direct observation. 
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514 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

FIG. 5—Fracture surfaces for Group 1; a/W = 0.5, percent SG = ft 

R-Curve Analysis for Group 3: a/W = 0.6, Percent SG = 0 

The results of nine tests were available for the construction of the R-curve 
for this group. Fracture surfaces are shown in Fig. 9 (note that three 
specimens wet« not available for the photograph, but all three had more 
crack extension than the specimens shown). The results are listed in Table 4. 
Examination of fracture surfaces showed that two specimens, 02GA605 and 
02GA613, underwent COS only; the remainder showeu crack extension. 
Specimen 02GA604 showed the least amount of crack extension. Therefore, 
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FIG. 6—R-curvefor Group 1; a/W = 0.5, percent SG = 0. 

direct observation reveals that onset of crack extension occurred at a /-value 
between the /-values for 02GA613 and 02GA604 

147 < / , < 235 kJ/m2 

(839 < Jc < 1340in.-lb/in.2) 

In Fig. 10 the multiple-specimen R-curve is shown. All data points except 
02GA605 and 02GA613 were used in the family regression analysis to obtain 
the crack extension line. As in the previous two R-curves, the curve is again 
concave downward. Using the modified analysis, it was found that 

/ , = 228kJ/m2 

(/, = 1300in.-lb/in.2) 

The recommended analysis yielded a/^-value of 297 kJ/m^ (1697 in.-lb/in.2). 
The modified analysis again showed better agreement between the computed 
and directly observed/c. 

The data in this group lend themselves to comparison with the ASTM 
round-robin results [22]. In the round-robin, 12 separate laboratories tested 
four to six IT compact specimens {a/W = 0.6) each, to generate 12 separate 
R-curves. Then all the data were assembled to construct one aggregate 
R-curve. The aggregate R-curve is of primary interest. In spite of a lack of 
data points near the blunting line, when the round-robin data were analyzed 
by the modified analysis (see Fig. 11), a concave-downward curve again proved 
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516 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

FIG. 1—Fracture surfaces for Group 2: a/W = 0.5 percent SG — 20. 

to be the best fit (the two data points which lie on the blunting line were not 
included as it was not certain crack extension had occurred). The nonlinear 
regression had a correlation coefficient of 0.9089 compared with 0.8773 for 
the linear regression. The /^-value obtained from the modified analysis was 
182 kJ/m^ (1040 in.-lb/in.2). The recommended analysis yielded a/^-value 
of 255 kJ/m^ (1456 in.-lb/in.2) which again appears to be an overestimation 
of 40 percent. It might be noted that both analyses considered only data fall
ing within the "exclusion lines" and the systematic overestimation of J^ was 
still apparent. A comparable over-estimation (30 percent) was obtained by 
the recommended analysis for the data in Fig. 10 even though some data 
beyond the 1.5-mm "exclusion line" were included in the analysis. 
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FIG. ?>—R-curve for Group 2; a/W = 0.5, percent SG = 20. 

R-Curve Analysis for Group 4: a/W = 0.8, Percent SG = 0 

Seven specimens were tested in this group. The fracture surfaces are seen 
in Fig. 12 and the results tabulated in Table 4. All specimens were observed 
to exhibit crack extension. However, Specimen 02JL6 was observed to have 
very little crack extension in the form of three or four isolated locations of in
itiation. This specimen was estimated to very nearly represent the onset of 
crack extension and, therefore 

J, <> 159kJ/m2 

U, S 906in.-lb/in.2) 

The R-curve for this group is shown in Fig. 13. The data points from all 
specimens tested in the group were used in the family regression analysis to 
obtain the best-fit crack extension line. The subsequent curve was again con
cave downward. The intersection of the crack extension line and the blunting 
line indicate that 

/,, = 170kJ/m2 

(/, = 970in.-lb/in.2) 

The current recommended analysis, also shown in Fig. 13, yields a/c-value of 
281 kJ/m2 (1605 m.-lb/in.^). 
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FIG. 9~Fracture surfaces for Group 3: a/W = 0.6. percent SG = 0. 
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FIG. 10—R-curve for Group 3; a/W = 0.6. percent SG = 0. 
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FIG. 11—R-curve for data from ASTM round robin [22J. 
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FIG. 12—Fracture surfaces for Group 4; a/W — 0.8, percent SG — 0. 

Discussion 

A number of similarities were noted in the R-curves developed for the 
various specimen configurations studied. In each case the recommended 
analysis overestimated the observed approximate onset of crack extension. 
The results are summarized in Table 5. On the R-curves this was observed as 
the inability of the linear regression crack extension line in the recommended 
analysis to accommodate the nonlinear behavior of that portion of the 
R-curve where crack initiation was taking place. The/-value increases rapidly 
during initiation but at a decreasing rate as the crack grows; the abrupt 
change in rate suggested by the straight-line construction of the recommended 
procedure does not accurately reflect the data. By using care to obtain at 
least one datum point in the crack initiation regime and by employing a family 
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FIG. li—R-curvefor Group 4; a/W = 0.8, percent SG = 0. 

TABLE 5—Comparison of Ĵ  results. 

Specimen Group 

a/W 

0.5 
0.5 
0.6 
0.6 

(round robin) 
0.8 

% SG 

0 
20 
0 
0 

0 

Direct Observation 

168 < 7̂  < 264 
J, < 239 

147 < 7,; < 235 

J^ S 159 

J^, lcJ/m2 

Modified 
Analysis 

226 
205 
228 
182 

170 

Recommended 
Analysis 

309 
326 
297 
255 

281 

regression analysis of data points from tests where crack extension occurred, 
a/,,-value which agrees with observations can be determined. 

The use of the data points slightly beyond the 1.5-m (0.06 in.) "exclusion 
line" appeared to have little effect onJi^ results obtained by the recommended 
analysis. The recommended procedure was strictly adhered to for the ASTM 
round-robin data (a/W = 0.6, percent SG = 0) and still the systematic over-
estimation was evident. Furthermore, it is likely that if those tests which lie 
beyond the 1.5-mm (0.06 in.) "exclusion line" had been terminated at slightly 
shorter crack extensions [so that they would have fallen to the left of the 
1.5-mm (0.06 in.) exclusion line], the shift of these data points would have 
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had an insignificant effect on the results of the linear regression. This is par
ticularly true because the data exhibited little curvature in this portion of the 
J-R curve. 

On the basis of the results obtained in this investigation, it is suggested 
that recommended analysis of multiple-specimen R-curves be modified in 
two ways: (1) Data points which comprise the crack extension line should in
clude at least one test interrupted in the crack initiation regime; (2) a family 
regression analysis should be used to identify the best-fit curve through the 
data for the establishment of the crack extension line, and the intersection of 
the best-fit data curve and the blunting line should be used to determine/,,. 

It is significant that the recommended analysis overestimates the critical 
J-integral at initiation by 31 to 65 percent for ASTM A 533-Bl, the material 
on which the recommended analysis was largely based. Such variations, due 
principally to nonlinear R-curve behavior, can contribute to confusion in the 
determination or clarification of possible size and geometry effects on/p. For 
example, a possible effect of remaining ligament on J^ is observed for data in 
Table 5 when the nonlinear R-curve analysis is employed, while such an ef
fect is obscured by the current recommended analysis. Alternately, analysis 
procedures which employ statistical curve-fitting of the observed crack exten
sion data points (from which either a linear or nonlinear analysis may result) 
would possibly resolve potential specimen materials, specimen size, and 
specimen geometry effects on J^. Nonlinear analysis may be particularly ap
plicable to single-specimen techniques of J^ determination. This is the sub
ject of a continuing investigation. 

Conclusions 

1. The current recommended analysis of J-R curve data gave high/^-values 
(nonconservative) while nonlinear J-R curve analysis gave values in close 
agreement with observed/c-

2. The nonlinearity of the crack initiation and the crack extension regime 
was confumed by this study. Therefore, a linear regression analysis through 
data points in the stable crack extension regime is not an accurate represen
tation of R-curve data. 

3. The recommended analysis should be modified to yield analytical 7̂ -
values in closer agreement with observed /, . The modified analysis will re
quire data points in the crack initiation region of the R-curve and should em
ploy a statistical family regression to obtain the best-fit curve through the 
data points. 

4. While the recommended analysis may provide an operational definition 
of/ic, it appears unlikely that it will provide a parameter by which a quanti
tative description of the ductile fracture process can be made. The /^-value 
obtained from the modified analysis is a more viable parameter. 
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ABSTRACT: The objective of this investigation was to produce experimental verification 
of the tearing instability theory proposed by Paris and co-workers [70].^ This theory states 
that ductile crack extension will occur in an unstable fashion whenever the applied tearing 
force is greater than the material tearing resistance. In this investigation a series of compact 
specimens of aluminum, titanium, and steel alloys was tested in a variably compliant test 
machine to generate a range of applied tearing force. The material tearing resistance was 
measured from the Jj-R curves of the stable specimens and compared with the applied 
tearing force necessary to generate ductile tearing instability in each material. The Paris 
theory was found to accurately predict the onset of gross instability behavior. Some limited 
instability behavior was found, however, at values of tearing force less than the average 
material tearing resistance obtained from an unloading compliance Jj-R curve test. 
Limited instability behavior was characterized by repeated short steps of rapid but ductile 
crack extension, separated by regions of slow stable tearing. 

KEY WORDS: fracture crack instability, tearing instability, tearing modulus, elastic-
plastic fracture, ductile fracture, crack propagation, stable crack growth, compact ten
sion specimen 

During the past few years it has become increasingly common to 
characterize materials' resistance to static crack extension in terms of the J 
resistance curve (J-R curve) as introduced by Begley and Landes [2]. The 
usual application of this J-R curve has been to extrapolate back to the crack 
initiation parameter /jc, which is then considered to be a material parameter. 
Crack extension is then avoided in the structural element by limiting applied 

'Associate professor of mechanical engineering, U. S. Naval Academy, Annapolis, Md. 21402. 
^Project engineer, Fatigue and Fracture Branch, David W. Taylor Naval Ship R&D Center, 

Annapolis Laboratory, Annapolis, Md. 21402. 
^The italic numbers in brackets refer to the list of references appended to this paper. 
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loads to values which keep the J-integral parameter at existing cracks below 
the material /i<.-value. 

In many applications overloads can be envisioned which could reach or ex
ceed the loading required to initiate ductile crack extension. An added re
quirement for structural integrity then is that the crack growth be stable and 
not self-propagating and that it cease immediately when the overload is 
removed. 

To address this problem Paris and co-workers [1] have defined a tearing 
modulus quantity T given by 

ffO « « 

where 

a = crack length, 
E = elastic modulus, and 
OQ = material flow stress. 

A material tearing modulus, ^material can then be defined by taking dJ/da as 
the slope of the material Ji-R curve beyond Ji^. 

The applied tearing force, TappUed. depends on the material properties E 
and ffo but also on the value of dJ/da applied to the crack tip by the combma-
tion of crack geometry, type of loading, and structural stiffness. Calculations 
of 

T'appiied have been accomplished by Paris and co-workers [1,3,4] for several 
simple geometries. 

The tearing instability theory of Paris [1] states that a flawed member will 
tear stably when it is beyond Jic, and at its limit load, as long as the TappHed is 
less than the T^atenai- Tearing instability will occur whenever the âpplied 
equals or exceeds the material tearing modulus. 

The objective of this investigation is to evaluate the validity of the Paris tear
ing instability theory by testing a series of compact specimens in a test ap
paratus of variable compliance. A range of materials including aluminum, 
titanium, and steel alloys was chosen to encompass a broad range of elastic 
moduli. Both side-grooved and non-side-grooved specimens were tested since 
earlier work [5,6] has demonstrated that this geometry modification has a 
distinct effect on the material JpR curve, tending to give lower ^material values 
when side grooves were present. Application of a range of Tappijed values would 
allow the determination of whether the ^material value was geometry depen
dent, or if not, which Tjaatetai accurately predicted the instability conditions. 
Two crack lengths were studied to verify the accuracy of the expression for 
âpplied over a range of this variable as well as elastic modulus, flow stress, 

and machine stiffness. 
For each material, standard single-specimen Jj-R curves were developed us

ing a stiff test machine and the technique of Joyce and Gudas [7], to 
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characterize the jTmateriai for each material. Then by increasing the test 
machine compliance the T^ppUg^ was increased until it exceeded the Tmateriai 
value, at which point the previously stable specimens would be expected to fail 
in a rapid, unstable, but ductile fashion. Previous work of this type has been 
completed by Paris [8] for one steel using bend specimens. For all tests the J-
integral size criterion [9] was met to keep the tests initially in the region of J-
controUed growth [10]. 

âpplied was calculated for the compact specimen geometry in a compliant 
test machine using the general analysis scheme outlined by Paris et al [/], 
assuming elastic-fuUy plastic material behavior. The details of this analysis for 
a compact specimen are included herein. 

Materials and Experimental Method 

The experimental tearing instability analysis study was performed on a series 
of 36 25.4 mm (1 in.) (IT) compact specimens machined in the T-L orienta
tion. These plate materials, which were chosen to encompass a wide range of 
elastic moduli, included aluminum 5456 H117, Ti-3A1-2.5V titanium alloy, 
HY-130 steel, and as-quenched ASTM A533B steel. The mechanical proper
ties of the materials are presented in Table 1. All specimens were tested at 
room temperature except the as-quenched A533B, which was tested at 150°C. 
The tests were performed with a screw-driven Tinius Olsen tensile machine 
modified with a variable-stiffness titanium spring in the load train as shown in 
Fig. 1. The spring was composed of two titanium beams in series loaded in 
three-point bending. The spring stiffness was a function of the span distance 
between the two rollers. 

All the J-integral fracture tests were conducted using a single-specimen 
computer interactive unloading compliance method utilizing a minicomputer 
for data acquisition and analysis as developed by Joyce and Gudas [7]. The 
results of each unloading compliance test were plots of load versus load line 
crack-opening displacement (COD), load versus test machine head displace
ment, and a Jj-R curve which included corrections for crack growth [//] and 
for specimen rotation [12]. 

The computer program was modified to calculate the machine compliance, 
the Tappiied using the machine compliance, applied Ji, and crack length from 
each unloading. The machine compliance was calculated by measuring the 
total system crosshead deflection versus applied load during the initial loading 
of a specimen, and subtracting the compliance contribution of the specimen. 
In addition to the digitally recorded data, an analog plot of load versus 
crosshead displacement was recorded during each test. This plot sup
plemented the load-versus-COD curves and was used to identify instability 
events during the test. 

Table 2 is the test matrix for this tearing instability investigation, which 
summarizes the materials, specimen geometries, and ranges of Tappiied-
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LOAD CELL 

ROLLER 

CROSSHEAD 

ROLLER 

SCREW DRIVEN 
TESTING MACHINE 

FIG. 1—Schematic of modified test machine. 

The ^material valucs listed in Table were calculated from conventional J-
integral tests in two ways. The first method was to use a least-squares linear 
regression analysis as prescribed by Clarke et al [9] up to a crack extension of 
1.5 mm and the second method was to use a similar method but to include all 
test points up to a crack extension of 5 mm. 

Analysis 

This section presents the derivation of an expression for the tearing force 
âpplied ̂ or a compact specimen loaded in a compliant test machine. 

For the specimen and test configuration shown in Fig. 2 a fixed ^TOT is 
applied and held rigidly so that 

Ajor = A£x + Api + AM = Constant (3) 

where Ajoj, A^x. '^Pi. and A^ are the total, elastic, plastic and machine dis
placements, respectively. During crack extension, then, the sum of the dif
ferentials of A^t. ^PL> and AM must be zero, that is 

dAEL + dApL + dAM = 0 (4) 

For the compact specimen the elastic displacement component can be eval
uated from the relationship that 

^EL BE-' \W) (5) 
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TABLE 2—Results of tearing instability study on IT compact specimens. 

Material a/W 
% Side 
Grooves 

applied Fracture 
^material ^ Max Load Behavior 

5456 H117 0.65 
aluminum 

5454 H117 0.65 
aluminum 

5456 H117 0.80 
aluminum 

5456 H117 0.80 
aluminum 

Ti-3A1-2.5V 0.65 

Ti-3A1-2.5V 0.65 

A533B 0.65 
[as-quenched test 
at 149°C (300°F)] 

HY-130 0.65 

HY-130 0.65 

0.0 

20.0 

0.0 

20.0 

0.0 

20.0 

0.0 

0.0 

20.0 

19 

17 

20 

11 

26 

22 

3.5 
4.0 
5.5 
9.7 

39.0 

- 1 . 4 
1.5 
4.7 

- . 5 
4.7 
7.7 

14.2 
134.0 

- 7 . 2 
3.4 

10.0 
21.0 

- 1 . 0 
6.0 

15.0 
29.0 

- 1 . 0 
5.0 

13.0 
17.0 

5 
5 

23 
34 

3 
13 
17 
26 
37 

1.0 
2.0 
9.0 

11.0 

stable 
semistable 
semistable 
semistable 
unstable 

semistable 
semistable 
unstable 

stable 
stable 
semistable 
semistable 
unstable 

semistable 
semistable 
unstable 
unstable 

stable 
stable 
stable 
unstable 

stable 
semistable 
semistable 
unstable 

stable 
semistable 
semistable 
unstable 

stable 
semistable 
semistable 
unstable 
unstable 

semistable 
semistable 
semistable 
unstable 

NOTE: All tests conducted at room temperature except the A533B tests. 
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\ \ \ \ \ \ \ 

Ael+Apl_ 

WWW 
FIG. 2—Illustration of specimen displacement notation. 

where from Saxena and Hudak [13] 

2.16299 + 12.219 — - 20.065 — 
W \W 

0.9925 ( : ^1 + 20.609 (:^^ 
W. Wj 

where 

9.93.4 ( -

W = specimen width, 
E = elastic modulus, 
B = specimen thickness, and 
P = applied load. 

The plastic displacement component can be expressed as 

^pi = S t g ( ^ 

(6) 

(7) 

where from Merkle and Corten [14] 

W W-a + a - 1 5, 
1 + a 

(8) 
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where 8, is the crack-opening stretch and 

a = {[4a^ + 4a{W~ a) + 2iW- a)^i^2 - (a + W)}/(W - a) (9) 

The testing machine is assumed here to behave like a linear elastic spring so 
the testing machine displacement is given simply by 

AM = I T - (10) 

where K^, the machine stiffness, is a constant. 
Assuming now that the load is at the specimen limit load gives 

P = Pj^ = aoBWh(^^j (11) 

where from Merkle and Gotten [14] 

with a given by Eq 9. The final relationship needed here is from Paris [15] 
and Rice [16]—that the crack-tip opening displacement is proportional to 
Jas 

6, = a*— (13) 

where a* is a constant » 1 for plane stress and « 0.7 for plane strain. 
Taking the differentials of Eqs 5, 7, and 10, substituting into Eq 4, and 

rearranging gives the relationship 

•* anntied i « 

«'^|-^ 
K^m 

^M!n|),«.̂ ^4 ,̂ 
KM da Wa^ da 

where by differentiation of Eqs 6, 8, and 12 

1 + -
T ^ = ^ — ^ T - ^ 2 [2-16299 + 12.219 ^ - 20.065(^Y da W , a /^ aY I W \Wj 

(14) 

= i- ^ 2 r 
w \ wj 
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_a_Y 
w) 

- 0.9925 {i^^ + 20.609( - ^ ) - 9.9314 

|12.219 - 40.13 - - 2.9775(^-j + 82.436(^-j - 49.657(^^^ 

da (W^-a)2( l + a)2 
(16) 

{W - a)2 (1 + a)2 

dh 1 dlaiW - a)] 

da W da 

with from Eq 9 

d[a{W - a)] 2a 

(17) 

da [4a2 + 4a{W - a) + 2{W - a)2]i/2 
(18) 

Substitution of Eqs 15-18 into Eq 14 gives the final form of Tappned used 
throughout this investigation, expressing the dependence of TappHed onJi, E, 
OQ, a/W, and KM for the compact specimen. 

Discussion of Results 

Description of Specimen Instability Behavior 

During the loading of the specimens described in the test matrix, three 
general types of load displacement behavior were demonstrated as shown in 
Fig. 3. Figure 3a shows the result of a Jj-R curve done in a rigid test machine 
so that ^material ^^ âpplied- This bchavior is typical of a stable Jj-R curve test. 

For cases where Tappiied > ^material > 0-1 T̂appUed the behavior shown in Fig. 
3b was observed. This behavior was characterized by repeated rapid steps of 
crack growth of relatively small magnitude, typically on the order of 0.1 — 0.5 
mm, with larger steps being observed as Tappued approached rmatenai- Often, 
unloadings were taken during the stable interval to reestablish the new crack 
length, but this was not always done and did not appear to affect the spacing 
or magnitude of the rapid crack growth increments. This phenomenon is 
termed "limited instability behavior" in the discussion which follows. 
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CO z o 

Q 
< 
o 

LOAD VS CRACK OPENING DISPLACEMENT FOR 
T1-3AL-2.5V WITH 20% SIDE GROOVES 

TnMrtwW^II 

0.5 1 1.S 2 2.5 
LOAD LINE CRACK OPENING DISPLACEMENT, mm 

0.5 1 1.S 2 2.5 

LOAD LINE CRACK OPENING DISPLACEMENT, mm 

I 

Q < 
O 

0.5 1 1.5 2 2.5 3 

LOAD LINE CRACK OPENING DISPLACEMENT, mm 

FIG. 3—Load displacement records for three general types of tearing behavior. 

For cases where TappUed > ^material the typical behavior is as shown in Fig. 
3c. At maximum load a sudden instability occurs, producing a large enough 
increment of crack extension to either separate the specimen completely or 
leave only a small remaining ligament or the shear lip region holding the 
specimen together. 

Figures 3a and 3b show that the load displacement records for stable 
specimens and specimens of limited instability are similar in shape in spite of 
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the presence of the small instabilities, and likewise the J-R curves obtained 
from stable and limited instability specimens are similar in shape as shown in 
Fig. 4 for the aluminum alloy. This insensitivity of the Ji-R curve to the TappHed 
was seen for all materials tested. 

Both macroscopic observation and scanning electron microscope (SEM) 
analysis of all materials studied here showed that the fracture surfaces were 
fully ductile and very similar whether they resulted from the stable tearing 
fracture or the rapid instability. No evidence of cleavage was observed in any of 
the test specimens either near the beginning of the unstable tearing or during 
the growth of the rapidly propagating crack. 

Verification of Instability Theory 

The results of the complete series of tests are plotted in Figs. 5 and 6 with 
each point representing a single specimen. Solid points denote specimens 
which demonstrated instability to such a degree that the test was stopped. The 
half-filled data points represent specimens which demonstrated limited in
stability. The hollow data points represent specimens that behaved in a stable 
fashion throughout the test as they would have been expected to behave in a 
standard stiff test machine. The only difference between Fig. 5 and Fig. 6 is 
that the Tmateriai plotted in Fig. 5 were calculated from JpR curves with crack 
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FIG. 4—Ji-R curves for non-side-grooved 5456-H117 aluminum alloy specimens ^a/W = 0.65). 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



536 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

J g g g i i f 

u> to 
<0 (O 
o o 

u> lo u> in 
le (o <o <o d d o d 

1 

-

-

• 
-

10 
m 
F 
m 
4 

- ui Z ^ — 
m Q 
<C lij 
K- • -
CO = 

- 3 J 

• B 

1 

1 

• 

UI 

IS 
<t 
y-
(0 

D 

1 

• 

1 

• 

1 

1 

• 

. 1 

1 1 1 1 

B B 

1 B B B 

\ * °' 

.\V 

1 1 1 1 

1 

n.— 

D— 

_ _ ^ | 1 

.4i::fl 

^ 

i \ 

S 

:s 

^ 

X 

& 

ti 

o 
CM 

-o 

JS 

, (Q 

o 

in 

o 

a 
E 

I 
1 
1 

I 

psjldde I 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



JOYCE AND VASSILAROS ON TEARING INSTABILITY 537 

46 

40 

35 

30 

25 

20 

15 

10 

5 

0 

„ 

~ 
-

-
-

_ 

) 

• 
B 
D 

1 

UNSTABLE 

1 1 

LIMITED INSTABILITIES 

STABLE 

• 

• 

^ 
Ri 
l5 i 

a b 

• 
B ^ / ' ^ 

My^ 

B 
i t , 
" i D 1 
|10 1 15 

c d 

• 

B 

B 

D 

n 
e 

1 

• 

• 

D 

B 

B° 
in 
120 

f 9 

• 

• 

B 

B 

n 

h 

1 

• 

^ rs 

B 

D 

1 1 
25 1 

_ 

-

' 
-

-
-

_ 

30 

MATERfAL 

a-5456H117 

b-5456 H117 

cHY 130 

dT|-3-2.5 

6 5456 H117 

f-5456 H117 

gT|-3-2.5 

hHY-130 

IA633-B 
(as Quenched) 

a/W 

0.65 

0.80 

0.65 

0.65 

0.80 

0.65 

0.65 

0.65 

0.65 

SIDE 
GROOVES 

20% 

20% 

20% 

20% 

0% 

0% 

0% 

0% 

0% 

T material 

FIG. 6—Tapplkd versus Tmaterial with Tmaierial Calculated from Ji-R curve slope taken to crack 
extension of 5.0 mm. 

extension up to 1.5 mm while Fig. 6 used Tmateriai calculated from Jj-R curves 
with crack extension up to 5 mm. 

Both Figs. 5 and 6 demonstrate the validity of the Paris tearing instability 
criterion that, when Tmateriai < âpplied, unstable fracture behavior will occur. 
Figures 5 and 6 also show that Tmateriai calculated from Jj-R curves with crack 
extension to 5 mm are a more accurate measure of the material tearing 
modulus. This effect was more pronounced on specimens with 20 percent side 
grooves than on specimens with no sided grooves. 

The effect of 20 percent side grooves on the materials test was to produce a 
different Tmatenai from the non-side-grooved specimens and correspondingly 
required a different TappHed to produce unstable behavior. Figure 6 thus shows 
that the ^material produced with 20 percent side-grooved specimens is a real 
change in the effective material behavior due to the change in constraint. Fur
ther research is necessary to prove if the constraint produced by side grooving 
models the constraint present in very thick parts. 

Discussion of Limited Instability 

In previous work on tearing instability using bend bar specimens, Paris et al 
[8] did not report observing the wide range of limited instability behavior 
observed in this work. They did report one case of "marginal behavior" and 
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two other cases termed stable that showed instantaneous load drops of about 5 
percent just beyond maximum load and possibly some other load drops later in 
the tests—in specimens with T^^^ii^ = 0.6 — 0.8 rmatenai-

To explain the observed range of limited instability two possibilities seemed 
to present themselves. First it was conjectured that the TappHed would fall 
rapidly with the increased crack length, causing instability to be reestablished. 
The second possibility was that r„ateriai varied considerably about the average 
value obtained by the single-specimen Jj-R curve methodology, leaving the 
possibility that occasionally the TappUed would exceed the Tmatenai. giving a 
limited instability behavior. To investigate these alternatives a load-load line 
COD plot was obtained from a non-side-grooved specimen of the HY130 alloy 
without any unloadings. Since this alloy was identical to the alloy used by Joyce 
et al [17] a "key curve" analysis could be applied to develop a Jj-R curve for 
this specimen directly from the load displacement curve of the specimen. The 
resulting Jj-R curve is shown in Fig. 7. The key curve analysis result has a (/, 
Aa) pair for each point on the original load displacement curve and thus it 
allows a determination of the variability in both Tmatenai ̂ "d âpplied during a 
test. 

Using the / and a/W values defined by the JpR curve of Fig. 7 allows 
calculating the Tappued which would have been present if the test had been run 
in a compliant test machine with the given stiffness. These results are plotted 
in Fig. 8 and show that T'appiied 

does vary during a typical test, but only slowly. 
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FIG. 7—Key curve analysis Ji-R curve for HY130 steel specimen. 
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FIG. 8—Tapplied versus crack extension for HY130 steel compact specimen tested in a com
pliant test machine. 

decreasing as a/W and /j increase. No sudden and pronounced reduction in 
âpplied occurs as the result of a slight increase in crack length. If the situation 

occurred where TappUed was slightly above Tmateriai at maximum load, a small 
step of crack extension could occur with stability being reestablished when 
âpplied fell below Tmateriai- This phenomenon then could not recur during this 

test since TappUed would fall only with further increases in a/W or / j . 
To test the second possibility an iterated quadratic polynomial fit procedure 

was used to evaluate the local slopes of the JpR curve presented in Fig. 7, and 
hence the local Tmateriai defined by Eq 1. In the technique used here the 
polynomial was fit to all /-Aa pairs in a fixed region of Aa mstead of to a set 
number of data points. This procedure applied to the Jj-R curve of Fig. 7 gives 
the results shown in Fig. 9. Here, even when fitting the polynomial over a 
relatively large region of 0.25 mm of crack extension, a wide band of Tmateriai 
values is found ranging from 5 to 35. Overplotted on this figure are the Tappiied 
curves from Fig. 7 which tend to bound the Tmateriai scatter band. The implica
tion of this plot is that a mixture of stable and unstable behavior should exist 
for this material for TappUed values ranging from 5 to 35. This effect is not unex
pected considering the inhomogeneity of structural materials, producing, in 
turn, irregular crack growth. The wide variation of Tmateriai observed here is, 
however, somewhat surprismg. 
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FIG. 9—Local Tmaerial values for HY130 steel alloy demonstrating material variability. 

Conclusions 

The following conclusions can be drawn from the work described herein: 

1. Tearing instability was assured in a compact specimen if the TappUed pro
duced by the compliant test machine exceeded the T,;a!Aena\ defined by a stable 
single specimen unloading compliance JpR curve for a similar specimen for the 
range of aluminum, titanium, and steel alloys tested here. 

2. Tniateriai ̂ as most accurately defined by taking the least-squares slope of 
the Jj-R curve from 0.15 mm beyond the blunting line to a crack extension of 5 
mm, which here was as far as the stable Jj-R curves were measured. 

3. Macroscopic and SEM analysis showed that the stable and unstable 
specimens fracture surfaces were very similar. No evidence of cleavage was 
observed on fracture surfaces of the unstable specimen. 

4. In all materials tested here a region of limited instability behavior was 
observed for a range of TappHed below the average Tmatenai value, with a gradual 
reduction in the severity of the unstable behavior as Tappiied is reduced. 

5. For Tappiied l̂ ss than one tenth of the average Tmatenai' no unstable 
behavior was observed in these tests. 

6. The existence of the limited instability region was apparently due to 
variability of rmateriai about the average value obtained from the single-
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specimen Jj-R curve and not to variations in T^ppiKd resulting from the crack 
extension. 

7. The Jj-R curves for the materials tested were unaffected by the value of 
âpplied experienced by the compact specimen. 

8. The added constraint present in the side-grooved specimens produced a 
^material valuc distinctly different from that of non-side-grooved specimens of 
the same material. Tearing instability was then controlled by the applicable 
^material î ^ thesc Specimens. 
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Relationship Between Critical 
Stretch Zone Width, Crack-Tip 
Opening Displacement, and 
Fracture-Energy Criterion: 
Application to SA-516-70 
Steel Plates 
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Cracl(-Tip' Opening Displacement, and Fracture-Energy Criterion: Application to 
SA-516-70 Steel Plates," Fracture Mechanics: Thirteenth Conference. ASTM STP 743. 
Richard Roberts, Ed., American Society for Testing and Materials, 1981, pp. 543-552. 

ABSTRACT: Relationships are developed between the crack-tip opening displacement 
(CTOD), fracture-energy criterion (Ji^), and critical stretch zone width (W^jx) using a sim
ple geometrical model of the crack tip. Stretch zone width is directly measured from 
micrographs of fracture surfaces. 

For three-point-bend specimens of SA-516-70 steel, 7ic evaluated from measured values 
of Wszc is equal to 0.173 MJ-m""^ compared with 0.200 MJ-m~^ determined from the 
single-specimen method in which the crack onset point is detected by the electrical poten
tial method. 

KEY WORDS: stretch zone, J-integral, crack-tip opening displacement, fracture 

Nomenclature 

ao Precrack length 
B Specimen thickness 

CTOD Crack-tip opening displacement 
(CTOD)c Critical value of crack-tip opening displacement 

E^c Strain energy at crack initiation point 
G Magnification 

'Scientist, Materials Sciences Directorate, Institut de Recherche d'Hydro-Quebec (IREQ), 
Varennes, Quebec, Canada. 
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Jic Critical value of energy criterion of fracture for Mode I 
L Width of stretch zone measured on micrographs 

VTszc Critical value of stretch zone width 
W Specimen depth 

6 Angle formed by incident and vertical line 
aj Flow stress (oj, + a^) / ! 
ff„ Ultimate stress 
Oy Yield stress 
6 Angle formed by stretch zone and horizontal line 

The stretch zone is an intermediate fracture surface between the end of the 
fatigue precrack and the beginning of the crack produced by monotonic 
loading. The appearance of this zone, ductile like the fatigue precrack zone, is 
distinguished by a more hilly relief and more elongated dimples. Theoretically, 
the stretch zone width is related by crack-tip opening displacement (CTOD). 
CTOD can be then defined as the displacement of the original crack-tip posi
tion, namely, the tip of the fatigue precrack in a COD specimen or a natural 
crack in a structure. 

Mathematical Analysis 

Considering a symetric blunt crack relative to the original line of fatigue 
precrack, an equation relating stretch zone width (Wsz) to CTOD can easily 
be established. In Fig. 1, the stretch zone is represented by arc AB and forms 
an angle d with the horizontal line. If AB is the critical stretch zone width, we 
can write 

{CTOY>\ = IWsz^sme (1) 

crack by 
\ slow bending 

FIG. 1—Profile of stretch zone of a broken specimen half. 
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The scanning electron microscope (SEM) is frequently used to observe the 
stretch zone of fractured specimens. If the incident angle is 6 and the 
magnification is G, the stretch zone width can be evaluated by 

-̂ = ̂ ^^ ^ i (̂ > 
where L is the measured length of the stretch zone on micrographs. 
Substituting Eq 2 in Eq 1, the value of CTOD can be derived directly from ex
perimental data for X, 6, and G 

X sin & 1 
(CTOD)e = 2 — — - X - (3) 

cos(0 — 0) G 

In Eqs 2 and 3 the only unknown on the right-hand side is the angled, which 
is intimately related to critical values of stretch zone width and CTOD. This 
angle represents the capacity of material to resist crack initiation and appears 
to be approximately 45 deg [1,2]? With this assumption, we can rewrite Eqs 2 
and 3 

W^szc = fj'. . X -^ (4) 
cos 6 + sm 5 G 

(CTOD)e = TT^-T ^ 7^ (5) 
cos 0 + sm 6 G 

Equations 4 and 5 indicate clearly that critical values of W ŝz and CTOD can 
be simply determined by measuring the length X on micrographs. 

The relationship between CTOD and Jk was developed elsewhere [3,4]. 
This can be extended to critical values of Ji and CTOD, and the following 
equation can be written 

Xjc = mff/(CTOD)c (6) 

In the case of uniaxial loading and under plane-strain conditions, for three-
point-bend specimens, finite-element calculation gives m = 2 [5] 

/le = 2ay(CTOD)e (7) 

It was also reported that m decreases when plasticity increases. Inserting Eq 5 
in Eq 7, we obtain 

cos 6 + sm 0 u 

^The italic numbers in brackets refer to the list of references appended to this paper. 
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It is important to mention that (CTOD)c and /j , . are stable crack initiation 
criteria. 

The coefficient m = 2 in Eq 7 can be verified eventually by using the Ji^-
value determined by the single-specimen method and CTOD determined via 
the critical stretch zone width. 

Application to SA-516-70 Steel 

Fatigue precracked three-point-bend specimens of different dimensions 

B = I cm, W = 2 cm 

B = 1.75 cm, W = 3.50 cm 

in SA-516-70 steel were used. / ^ was determined by the single-specimen 
method. The electrical potential method was used to determine the crack 
onset point [6] 

/,c = {2/Bb)Es, (9) 

JE'SC varies as a function of OQ/W and can be expressed, for specimens of dif
ferent dimensions, by 

Esc/WB = ( - / ie/2) (ao/W) + (7,^/2) (10) 

where OQ/W = 1 and Esc — 0. The variation of (Esc/WB) in terms of ao/Wis 
a straight line passing through the point (1,0) with slope (—/ic/2). 

The linearity is an indication that the 7i<.-value determined by the single-
specimen method is correct. 

An average value of/jc was determined and equal to 

Ji, = 0 . 2 0 0 M J - m - 2 

Fracture surfaces of broken specimen halves were examined by SEM to deter
mine VFszc and CTOD according to Eqs 4 and 5. 

An incident angle 8 of 45 deg and magnification factor G of 200 were used. 
The length L is an average value of 16 measurements taken at equal intervals 
in the central third region of a specimen of thickness B. 

Results and Discassion 

The results are reported in Table 1. In Fig. 2, micrographs of the stretch 
zone of four observed specimens are shown. In these micrographs, the limits of 
the stretch zone are clearly defined, characterized by a ductile appearance 
with particularly hilly relief and elongated dimples. 

In considering Of = 424 MPa, the average values of CTOD and of the 
energy-fracture criterion Ji^ determined via Ws2c are 

CTOD = 2.037 X 10-*m 

Ji7 = 0.173 M J - m - 2 
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This average value ofJi^ compares favorably with 

Jic = 0.200 MJ - m-2 

determined by the single-specimen method [6]. 
Inserting this value of/jc and the value of CTOD, 2.037 X lO"" m, in 

m — —Tzzrzzrz (11) 
CT/(CTOD) 

we obtain m ~ 2,3. 
Using certain geometrical assumptions concerning the crack tip, it is possi

ble to evaluate the critical value of CTOD and / from the critical stretch zone 
width, W ŝzc' ^s measured directly on SEM micrographs. 
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Single-Specimen Tests for Jic 
Determination—Revisited 

REFERENCE: Clarke, G. A., "Single-SpecimenTestsfor/ic Detennination—Revisited," 
Fracture Mechanics: Thirteenth Conference, ASTM STP 743, Richard Roberts, Ed., 
American Society for Testing and Materials, 1981, pp. 553-575. 

ABSTRACT: Since the development of the unloading compliance method, numerous im
provements to this 7ic and J-R curve testing procedure have occurred over the past five 
years. This paper presents a description of many of these test technique improvements 
along with the results of the improvements. 

Improvements in both mechanical and electrical systems are shown to greatly improve 
the reproducibility of the unloading compliance data. Computerization of the data reduc
tion has led to a better understanding of the requirements necessary for an accurate J-
versus-Aa R-curve. 

KEY WORDS: crack growth, J-R curve, unloading compliance method, plasticity, com
puters 

Since the initial paper by Clarke et al [1]^ which described the unloading 
compliance procedure used for /jc testing, numerous papers have been 
published [2-6] detailing the experiences of various authors with this method. 
To describe these experiences as varied would be an understatement. A com
mon experience with all experimenters using the unloading compliance 
method is that careful attention to experimental procedure results in more 
reliable data. More sophisticated techniques are now available to the ex
perimentalist in the pursuit of reliable data, including the use of data acquisi
tion systems coupled to computers [7,8]. 

The use of computers has provided a means of more accurately evaluating 
the measurement capability of both the load and displacement measuring 
devices. This evaluation has allowed a more realistic appraisal of the scatter 
likely in the value of / ^ when using unloading compliance methods. Prior to 
the use of computers, the data reduction time necessary for the development 

'Special marketing representative, Westinghouse R&D Center, Rttsburgh, Pa. 15235. 
^The italic numbers in brackets refer to the list of references appended to this paper. 
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of /-versus-Afl R-curves was in the order of 4 to 5 h. Present systems are 
capable of developing J-versus-Aa R-curves within 20 to 30 min from the test 
start. The advantages of computerized systems are speed, accuracy, and a 
more extensive data base. However, many experimenters have found com
puters to be more of a bane than a boon. 

Without data massaging (removal of erroneous data), computer systems 
become unforgiving tools in the determination of /-versus-Aa data. It should 
be realized that these systems only reflect the condition of the data being 
generated during the J-integral test. Therefore, almost all of the improvements 
necessary for accurate /-versus-Aa R-curves must be in the testing procedures 
used. The purpose of this paper is to describe many of the improvements in the 
unloading compliance procedure that have occurred since its inception in 
1974. It is hoped that experimentalists involved in /ic testing will benefit from 
these improvements and eventually develop an accurate and simple test using 
single-specimen techniques to determine the elastic-plastic toughness, / j^, of 
materials. 

Requiiements for Unloading Compliance Testing 

The use of any single-specimen technique to determine Ji^ has the advan
tage over the multiple-specimen heat-tint technique of requiring only one 
specimen. However, unless the R-curves developed by these single-specimen 
techniques are identical to those developed using the multispecimen method, 
they should be regarded with suspicion. It is necessary, therefore, not only to 
demand the same accuracy requirements as used in the multiple-specimen 
tests, but also to require that the single-specimen technique give similar/and 
Aa values as those found by the multiple-specimen method at comparable 
measurement points. One such comparable measurement point is the crack 
extension value at the end of the J-integral test. In both multispecimen and 
single-specimen tests, this point is defined by heat-tinting the specimen at the 
conclusion of the test. 

The present recomended practice for/ic determination [9], developed by the 
ASTM task group on /j^ and initiation concepts, E24.08.04, was based on 
determining the value of/^ within a scatter band of ±10 percent. In keeping 
within this scatter band, it was found that for the unloading compliance pro
cedure to determine/ic accurately, it is necessary to predict the final amount of 
crack extension within ± 15 percent of the heat-tint value. 

To ensure that the displacement and load measurements are accurate at the 
beginning of each test, a measure of the compliance of the specimen is made. 
From the known relationship between the compliance measured at the load 
line and the crack length of commonly used bend specimens (three-point-bend 
and compact specimens), the initial crack length of the specimen can be 
predicted from 
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f/v = w BEV , , (1) 
+ 1 

where 

B — specimen thickness, 
E = Young's modulus, and 

V/P = compliance of specimen measure at load line. 

For compact specimens [70] 

a/w = 1.0002 - 4.0632 U^ + 11.242 U/ - 106.04 U/ (2) 

+ 464.33 U/ - 650.68 i / / 

For three-point-bend specimens with a span-to-width ratio of 4 

a/w = 0.99231 - 3.08319 U^ - 19.13138 U,^ (3) 

+ 158.24593 U^^ - 5.0453738 t / / 

where a/W is the crack length normalized by the specimen width. Using the 
preceding equations along with the measured initial crack length, we can 
determine the value of Young's modulus for the material being tested. This 
value should be in agreement with the experimentally determined value of 
Young's modulus, within ± 5 percent. If care is taken to calibrate both the 
displacement and load measuring devices and the Young's modulus value is 
within the specified limits, then we can be reasonably assured that the values 
of / for the specimens can be accurately determined. The / calculation pro
cedure is independent of testing method (single-specimen or multiple heat-
tint techniques) and is determined from the area swept out by the load-versus-
displacement plot. As long as only small partial unloadings are used for the 
unloading compliance procedure, experimental evidence [/] has shown that 
the area under the load-displacement curve is independent of the number of 
partial unloadings occurring during the test. These partial unloadings, 
however, should be approximately 10 percent of the maximum load obtained 
during the test. 

The number of 7-versus-Aa points generated during the unloading com
pliance test should be sufficient to develop an acceptable R-curve as defined 
by the/ic recommended procedure [9]. The data points should be within the 
required limits of / and crack extension Aa, as shown in Fig. 1. 

Testing Requirements and Equipment 

The aim of the unloading compliance method is to monitor the amount of 
crack extension occurring during the/jc test. To accomplish this it is necessary 
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FIG. 1—Valid data range after linear regression fit to R-curve data. 

to produce a linear elastic partial unloading curve during the test. Any 
nonlinearity in the curve will cause unacceptable crack length predictions. 
There are numerous reasons why nonlinearity can occur during these partial 
unloadings; however, by using careful testing procedures, much of this 
nonlinearity can be eliminated. While most of the improvements to the testing 
procedure can come under the heading of mechanical improvements, elec
tronic improvements can also be made. A discussion of both the mechanical 
and electrical equipment used to develop unloading compliance J-R curves is 
presented next. 

Mechanical Equipment 

Much of the blame for hysteresis in the partial unloading curves has been 
placed on friction. Friction effects between the loading pins and the clevises or 
between the clip gage and the specimen knife edges have received considerable 
attention. The friction effects between pins and clevises were found when 
comparisons were made of the partial unloading load-displacement curves us
ing clevises with round-bottom pinholes and clevises with flat-bottom pinholes. 
To further improve the linearity of the unloading curves, roller bearings were 
used by some investigators [3,11] to reduce the friction between pins and 
clevises even more. However, a careful examination of the comparative quality 
of the curves (developed using both flat-bottom holes and roller-bearing 
clevises) shows no advantage of one clevis design over the other [11]. Either 
design of clevis shown in Fig. 2 can be used to develop friction-free unloading 
curves. However, if bearings are to be used, care must be taken not to exceed 
the static load bearing capability of the roller bearings; otherwise friction ef
fects may be evident. 
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0.25W. ID _ 
a25W + 
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+ .000 
Note 1 Pin diameter = .24W- .005W 
Note 2 Flat bottom hole is a modified E399 design 

A - Surfaces Must be Flat. In-Line 
and Perpendicular, As Applicable, 
to Within a 05 mm 

FIG. 2—Two clevis designs for compact specimen testing. 

The more commonly used displacement measurement devices are the clip 
gage and the linear variable displacement transducer (LVDT). The clip gage 
can, in most cases, be attached directly to the load-line measurement position 
of the compact specimen. As this is the displacement value used in the calcula
tion of / , the clip gage is especially useful for compact specimens. The 
calibrated voltage output for the clip gage is usually 0 to 10 V for the full range 
of the clip gage. As the partial unloading displacements are generally less than 
1/2 percent of the full displacement range of the specimen test, amplification 
of the unloading voltage signal is often necessary to achieve a clear definition of 
the linear unloading slope. 

Amplification of the signal would not of course be necessary if the output 
voltage of the measurement device were calibrated to 10 V for the total range 
of a single partial unloading displacement. To develop a 7-versus-Aa R-curve 
using such a scheme would of course require two measurement devices, one to 
measure the full range of specimen displacement and the other to be con
tinuously reset to zero until the partial unloading displacement measurement 
is required. As the output voltage of the rezeroed measurement device is 
calibrated to approximately the full partial unloading displacement, a very 
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high degree of linearity is expected between the output voltage and the 
displacement values. While such a rezeroing scheme is not practical for clip 
gages, it is well suited to the LVDT. Such a system was developed, as shown in 
Fig. 3. This system is particularly useful for large specimens which require a 
high degree of sensitivity from the measurement devices [11], 

As can be seen in Fig. 3, the displacement measurement device is not at
tached to the load line of the compact specimen but rather to the front face. 
While the displacements used in /-versus Aa R-curve calculations are 
measured at the load line, the displacement values measured need not 
necessarily be load-line displacements. By using linear interpolation, front-
face displacement readings can be converted to load-line displacements with 
sufficient accuracy to determine/within ± 1 percent of the/calculated direct
ly from load-line displacements [12]. It should also be pointed out that com
pliance values are used to determine values of crack extension, Aa, rather than 
absolute crack lengths. Therefore, any small errors in the linear interpolation 
of front-face compliances to load-line compliance values should not affect the 
calculation of Aa. Recent work by Landes [12] has shown that while it is 
necessary to determine the stress reversal point in the compact specimen, as 
shown in Fig. 4, any small errors in determining its position do not result in 

Linear Actuator 
Coupled To Signal 
Comparltor 

Linear Variable 
Displacement 
Transducer 
Body (LVDTI 

— Balance Weight 

FIG. 3—Schematic of front face rezeroing LVDT system for compact specimens. 
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FIG. 4—Schematic of compact specimen with points for large rotation corrections. 

significant errors when converting non-load-line displacements to load-line 
values. 

Electrical Equipment 

Probably the single largest cause of error in compliance data, as determined 
from a computerized system, is electrical noise. There are a number of ways to 
reduce the effect of this noise, including the use of active low band pass filters 
or data-averaging techniques. High-frequency noise suppression is not so 
critical when using an X-Y recorder to determine the compliance, as most 
X- Y recorder systems cannot respond at the rate of these high frequencies. 
However, high-speed data acquisition systems read signals at the instant the 
system is triggered. Hence any reading affected by high-frequency noise will 
be read by a high-speed data acquisition system. One method successfully 
used by the author to reduce the effects of this noise is an analog active low 
band pass filter coupled with an averaging procedure. This averaging pro
cedure uses 10 data points taken at ultrahigh speed (that is, 100 kHz), and 
averages them for use as a single load and displacement point. 

Amplification of the partial unloading signal may also be necessary when us
ing computer systems. This is especially true if the data acquisition system has 
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a 12-bit or less word length. A 12-bit data acquisition system is capable of only 
±2024 digits, requiring that the 0 to 10-V input signal be digitized over a 
4048-digit range. While this sensitivity is more than adequate to describe the 
overall load-displacement record, it is hardly sufficient to describe the partial 
unloading curve, whose total displacement may be only 1/2 percent of the 
overall displacement (that is, 20 digits). Most data acquisition systems have a 
± digit repeatability accuracy which can result in as much as ± 3 percent in
accuracy in a compliance reading. While this does not appear to be a large er
ror, it can result in a 0.762-mm (0.03 in.) difference in crack extension value 
for a [25.4-mm (1 in.)] (IT) compact specimen with a/W = 0.5. By amplifying 
the partial unloading signal, this ±l-digit repeatability factor has less effect 
on the overall accuracy of the data. Care should be taken to use only precision 
amplifiers for this operation. 

Evaluation of the Calculation Methods for /and Aa 

The analytical procedures used to calculate / from the load-displacement 
records of commonly used specimens have gone through some minor changes 
since first developed by Rice et al. These changes range from correction fac
tors for the tension component in compact specimens [13] to adjustments in 
the J-integral value to account for crack extension [14]. Experimental 
methods [15] have been used to evaluate the accuracy of these J-integral 
calculation procedures for compact, three-point-bend, and center-cracked 
panel specimens. It was from an experimental J-integral calibration that the 
simplified form of the/equation accounting for the tension component in the 
compact specimen [13] resulted 

2A / I + « \ ... 

where 

A = area under the load-displacement curve, 
b = remaining ligament (W — a), 

W = specimen width, 
B = specimen thickness, and 
a = function of the normalized crack length, a/W or a/b, and is found 

from 

"-•Mjy-i-i-<f+i) 
or from Ref 18 
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- ^ i r r ^ i - ^ 

V = 2 

hence 

1 + 0 . 2 6 1 ( 1 - -

_ riA_ 
^° ~ Bb 

(6) 

1 + 0.261 ( -

(7) 

Recently work by Hutchinson and Paris [16] has shown that the effect of crack 
extension on the value of/for bend-type specimens should be included when 
developing accurate/-versus-Aa R-curves. The following form for calculating/ 
should be used to account for crack extension [14] 

' = ''-\J b_ rj;_ 

W r, 
da (8) 

If the values of/ are limited to very small crack extension values, such as those 
used to determine /jc, then a simple approximation to these /-values can be 
determined from [17] 

/ = /o 
^ (0.75r>-l) , 
1 ; Aa 

b 
(9) 

Again, it should be pointed out that this formula should be used only when 
small crack extension values are involved [that is, less than 2.0 mm (0.08 in.)]. 

Probably the least understood part of developing the J-R curve by the 
unloading compliance method is the relationship between compliance data 
and the crack extension values generated. It should furst be pointed out that 
compliance data are not used to calculate crack lengths, rather to calculate 
crack extension values. While the compliance calibration equations are used to 
determine the difference in crack lengths, absolute values of crack length can 
be erroneously predicted due to the use of incorrect Young's modulus values. 
An equation used to calculate the crack extension values in compact 
specimens directly without the usual compliance tables was first shown in the 
paper by Clarke [/] and is given by 

dC {.W-a) {a 
(10) 

where C is the compliance and dC is the change in compliance of the 
specimen. The function g{a/W) acts in the same manner as the tension com-

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



562 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

ponent correction factor in / calculations. Equation 10 was developed in the 
following manner. For the pure bend specimen, the strain-energy release rate 
G can be found from 

and for purely elastic conditions 

where A is the area under the load-displacement curve P8/2 

r = ^^ = l!LdC_ 
BiW-a) 2B da ^ ^ 

or 

dC (W-a) dc (W-a) 

If the tension component in a compact specimen is accounted for in the area 
estimation of G, then 

(15) 

or 

2A / l + a\ 
Bb Vl + a2 / 

dC W-a 
da = „ • ' 

C 2 

P^ dC 
2B da 

l + a2 

1 + a (16) 

If we convert Eq 16 to its original form; that is 

dC W-a ( a . ^a=-^--^-4-) (17) 

then 

nw=TT7 (i«) 
A second, and possibly more accurate, means of determining the function 

g{a/W^ comes from the ^"-calibration of the specimen, or 
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^ _ K^ _ PHl-a/W)Y^ _ _„ . 2A 
Bb 

1 

1 
gWW) 

— i = . (20) 
EB^B Bb g{a/W) ^ ' 

or 

EBb 1 

The use of a linear relationship between EBS/P versus V^ will give 

g{a/W) = 0.315 (a/W) + 0.652 (22) 

The equation for crack extension in a compact specimen is therefore 

da = ^ ( ^ ~ « ) [o,3is{a/W) +0.652] (23) 

By extending the crack extension value, da, by 0.05-mm (0.002 in.) in
crements and using the same value for compliance at a/W = 0.5 as used in 
Eqs 1 and 2, a normalized compliance versus normalized crack length curve is 
developed, as shown in Fig. 5. When larger increments of crack extension are 
used, such as 0.125 and 0.25 mm (0.005 and 0.01 in.), increasingly larger 
deviations from the compliance curve generated by Saxena and Hudak are 
found. These differing curves are also shown in Fig. 5. 

As the three-point-bend specimen (S/W = 4) closely resembles the pure-
bend situation, the crack extension for the three-point-bend specimen is 
simply 

When compact specimen tests result in large displacements, it is necessary to 
account for rotational effects of the specimen. Both the load point, P, and the 
displacement point rotate around the stress reversal point in the remaining 
ligament of the specimen. The rotation correction factor [3] for both the load P 
and the displacement 5 is given by 

c A r 1 ') 
- ^ (corrected = - ^ (measured) ; — - — — — | (25) 
Pc Pm U l - x/Z) (1 - y/Z) ) 
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FIG. 5—Normalized compliance versus normalized crack length curve as developed by Eq 23, 
with various incremental crack extensions, compared with the curve developed by Eq 2. 

where Z is the distance from the load line to the stress reversal point and x and 
y are given by 

X = 
" 2 (26) 

Y = 

i D jf. ha-
" " • 2 

(27) 

where D is the vertical distance between the crack plane and the displacement 
measuring point and H is the vertical distance between the crack plane and 
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the load point. A much better agreement between the final heat-tint value of 
crack extension and the predicted value of crack extension occurs when the 
rotation correction is applied. Examples of the effect of the rotation correction 
are shown in Figs. 6 and 7. Figure 6 shows the effect of the rotation correction 
on the blunting line, while Fig. 7 shows the effect of correcting significant 
crack extension values. 

Evaluation of Specimen Geometiy 

The testing procedures used to develop unloading compliance data have 
been in a state of flux since the first test was completed. While improvements 
in the testing procedures are still continuing, drastic changes are far less com
monplace than they were at the procedure's inception. Many papers have been 
written describing the experiences of investigators [18-20] who have used the 
unloadmg compliance method. I hope that by relating the experiences of 
myself and others in improving experimental procedures, the learning curve 
will show a steep increase for future users of this method. 
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FIG. 6—Effect of rotation on a IT-CT blunt-notch specimen ofASOS material tested at room 
temperature. 
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FIG. 7—J-vcrsus-Aa R-curve showing effects of compact specimen rotation on predicted 
crack extension values. 

For a number of years the effect of crack tunneling on the unloading com
pliance predictions of crack extension has resulted in controversy between ex
perimentalists. Some investigators [19-21] have shown that the straight crack 
front, produced by the side-grooving of specimens, results in a much closer 
agreement between the heat-tint measurement values of crack extension and 
those predicted by unloading compliance. On the other hand, 1 have found lit
tle difference in the accuracy of predictions by unloading compliance tests on 
either non-side-grooved specimens (with a tunneled crack front) or a side-
grooved specimen [//] (with a straight crack front) when considering a limited 
amount of crack extension [less than 2.0 mm (0.08 in.)]. 

An investigation into the effects of crack tunneling on compliance was 
recently completed by Loss et al [22]. A blunt-notch specimen with a 
machined-in crack front as shown in Fig. 8 was tested. It was found that the 
compliance of the specimen significantly underestimated the averaged crack 
front as would be predicted from the compliance calibration for this specimen. 
This result is shown in Fig. 9 along with data recently generated at 
Westinghouse. The principal difference between the two data sets is that the 
blunt-notch specimen tested by Loss et al [22] was tested within the linear 
elastic regime, while the specimens tested in this investigation were tested in 
the fully plastic regime. If the material along the sides of the tunneled crack is 
not yielded as shown in Fig. 10, then the measured stiffness of the specimen 
may well differ from the stiffness as measured by the unloading compliance 
when in the fully plastic regime. 

The blunt-notch specimens tested at Westinghouse R&D Center are shown 
in Fig. 11. The compliance values, taken at various displacements during the 
test, are listed in Table 1. It can be seen that all the averaged crack lengths are 
predicted by the unloading compliance values within 0.127 mm (0.005 in.) 
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FIG. 8—Compliance data for tunneled crack (machined into specimen) using data generated 
in purely elastic regime [22J. 
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FIG. 9—Comparison of blunt-notch data taken in elastic and fully plastic portions of the 
load-displacement curve. 
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Tunnelled 
Crack Front 

Fully Plastic 
Regime 

FIG. 10—Schematic of yielding ahead of a tunneled crack front on the fracture surface of a 
compact specimen. 

FIG. 11—Rubber impressions of blunt-notch tunneled crack fronts in compact specimens. 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



CLARKE ON J|c DETERMINATION 569 

TABLE 1 —Blunt-notch tunneled crack results. 

Compliance 

Unload 
No. 

Value, 
mm/kg 
X 10-3 

Uncorrected 
Crack 

Length, 
mm 

Rotation 
Corrected 

Crack Length, 
mm 

Displacement 
Value at 

Unloading 
Point, mm 

Correlation 
Coefficient 

Specimen A 

1 
2 
3 
4 
5 

Nine-point avg 

1.222 
1.228 
1.239 
1.239 
1.244 

30.77 
30.81 
30.88 
30.88 
30.91 

of machined notch = 30.83 mm 

30.77 
30.84 
30.93 
30.96 
31.01 

0.33 
0.56 
0.89 
1.19 
1.55 

0.999992 
0.999986 
0.999990 
0.999993 
0.999989 

Specimen B 

1 
2 
3 

Nine-point avg 

1.335 
1.336 
1.330 

31.50 
31.52 
31.47 

of machined notch = 31.52 mm 

31.52 
31.57 
31.54 

0.58 
0.94 
1.24 

0.999971 
0.999981 
0.999964 

Specimen C 

1 
2 
3 
4 
5 
6 
7 
8 

Nine-point avg 

1.418 
1.418 
1.418 
1.420 
1.423 
1.423 
1.413 
1.415 

32.00 
32.00 
32.00 
32.03 
32.03 
32.03 
31.98 
31.98 

of machined notch = 32.00 mm 

32.00 
32.03 
32.05 
32.10 
32.13 
32.16 
32.08 
32.13 

0.33 
0.61 
0.94 
1.27 
1.57 
1.91 
2.23 
2.51 

0.999966 
0.999972 
0.999982 
0.999978 
0.999981 
0.999967 
0.999971 
0.999953 

Specimen D 

1 
2 
3 
4 
5 
6 
7 
8 

Nine-point avg 

1.291 
1.295 
1.298 
1.294 
1.296 
1.298 
1.291 
1.294 

31.22 
31.24 
31.27 
31.24 
31.24 
31.27 
31.22 
31.24 

of machined notch = 31.24 mm 

31.24 
31.29 
31.34 
31.34 
31.37 
31.39 
31.37 
31.42 

0.48 
0.81 
1.12 
1.42 
1.73 
2.11 
2.39 
2.74 

0.999986 
0.999992 
0.999987 
0.999990 
0.999958 
0.999984 
0.999957 
0.999948 

NOTE: 1 mm = 0.04 in. 

regardless of the amount of tunneling in the specimen. It may be argued that 
even the specimen with the largest amount of crack tunneling, as shown in 
Fig. 11, does not have a significant amount of tunneling when compared with 
some specimens which have no side grooves. However, with such close agree
ment between actual crack lengths and the unloading compliance values, I 
would not expect to see radically differing results for a moderately increased 
amount of tunneling. 

With such controversy existing for non-side-grooved specimens, we may well 
be justified in using side-grooved specimens for / j ^ testing. However, the side-
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grooving of specimens is not without its own controversy. The results of some 
investigations [19,22] have shown that side-grooving lowers both the value of 
7ic and the slope of the /?-line dJ/da. Most of these observations have been 
made using the unloading compliance technique. Tests on A533B material us
ing the multiple-specimen heat-tint technique [23] have resulted in similar 
values of/ic for both side-grooved and non-side-grooved specimens. The slope 
of the i?-line dJ/da is lower for the side-grooved specimens, as shown in Fig. 
12. This trend of lower slopes has also been noted by other investigators 
[19,21,22]. 

It may be of interest at this point to evaluate the pros and cons of side-
grooving specimens used in /j^ testing. If the effect of side-grooving is a lower 
7ic and dJ/da value, then serious consideration must be given to standardizing 
the amount of side-grooving necessary for the measurement of the material 
property, Ji^. If, on the other hand, these effects are the result of inaccurate 
data developed on non-side-grooved specimens (due to crack tunneling), then 
side-grooving the specimens may indeed help us to develop a more accurate ̂ -
line. The value of thickness, B, used in the expressions to determine/for side-
grooved specimens is assumed to be the net value oiB. While this appears to 
be a reasonable assumption to use in the determination of/, an experimental 
verification similar to that used to evaluate / for the non-side-grooved 
specimens [15] has yet to be completed. 

The effects of time-dependent plasticity and soft testing machines 
(machines with highly compliant structural frames) go hand m hand to cause 
inaccurate unloading slopes during the test. If the specimen is held in a posi
tion of constant stroke, then time-dependent plasticity along with machine 
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FIG. 12—Results of a series of multispecimen heat-tint tests on 20 percent side-grooved IT 
compact specimens of A533B CI. 102 baseplate material tested at 149°C (300°F) with a/W 
= 0.6. 
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stiffness effects will cause a drift in the load-displacement record similar to 
that shown in Fig. 13. If the specimen is partially unloaded prior to allowing 
these time-dependent phenomena to settle out, then the load and displace
ment curve will have these time-dependent effects included. This can result in 
a significant hysteresis loop in the load-versus-displacement trace, as shown in 
Fig. 14. 

Time-dependent plasticity effects are found to be greater for specimens with 
significant crack tunneling than for specimens with straight crack fronts, as 
can be seen in Fig. 15. This may well be due to the large local plastic 
displacements occurring in the plane-stress regime, at the specimen sides. The 
removal of the plane-stress region by side-grooving the specimens results in a 
more uniform plastic zone size across the crack front. As time-dependent 
plasticity effects depend upon the maximum-obtained plastic strains, it is easy 
to see why these effects are more noticeable in non-side-grooved specimens 
made of low-strength material. While the side grooving of specimens will cer
tainly reduce these effects, care should always be taken to allow the time-
dependent plastic displacements to diminish before partially unloading the 
specimen. 

The use of slightly undersized loading pins, when using flat-bottom hole 
clevises, will aid in reducing the friction between the pins and the side of the 
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FIG. 13—Amplified load-displacement records showing increased time-dependent effects 
with increased total displacements. (The overall displacement value increases with increasing 
unloading numbers.) 
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Material-316 S. S. 
Test Temp. -24'>C 
Specimen Type-IT-CT 
a/w = 0. 6 

57l^(. / / Complance Values x 10 mm/Kg 
' ' Unload Reload 

1. 255 1. 4528 

° - ° " ™ ' ' - 1.366 1.369 

FIG. 14—Amplified unload and reload curves taken at 2.3-mm (0.092 in.) total displacement 
by A unloading the specimen immediately and B allowing time-dependent plasticity effects to 
settle out prior to unloading. 

clevis hole by allowing the pins to rotate freely on the flat-bottom surface. Care 
should be taken to ensure that the pins are at the midpoint of the flat bottom 
surface and are properly aligned with respect to the loading axis. 

Conclusions 

A general conclusion from the sum total of all our experiences with the 
unloading compliance test is that the amount of accuracy and reliability in 
this test method is directly proportional to the amount of care taken in the test 
procedure. Pin friction, clip-gage linearity, and specimen alignment all go 
hand in hand in the development of reliable data. There are additionally a 
number of other more important observations which significantly affect the 
accuracy of the/-and-Aa values. These observations follow. 

1. Time-dependent plasticity effects should be allowed to diminish prior to 
partially unloading the specimen. By holding the test machine in a constant 
stroke position for an adequate time period such that all specimen 
displacements are diminished, the linearity of the partial unloading slopes is 
greatly improved. 

2. A more sensitive measurement of the unloading compliance value can be 
obtained by using a rezeroing displacement measurement system. Such a 
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025 mm 

A - a / w = 0. 8 - 0 % Side Groove 

91 Kg 

0. 025 mm 
Material A533B 

Temp. WC 

Specimen IT-CT 

B - a / w = 0 . 5 -20% Side Groove 

FIG. 15—Amplified unload and reload curves showing time-dependent plasticity effects on 
A533B for specimens with (K) 0 percent side-grooving and fB) 20 percent side-grooving. 

system allows almost the full range of the measurement device to be used for 
each partial unloading. 

3. The nine-point averaged crack lengths of four blunt-notched specimens 
(with varying amounts of crack tunneling) were predicted quite closely by the 
compliance method. It should be noted that all compliance values were 
measured once the specimens exhibited plastic behavior. 

4. A simplified formula to calculate / when accounting for crack extension 
of less than 2.0 mm (0.08 in.) can be used to develop an accurate /?-curve 
while determining/i(.. 

5. A / calibration curve using the potential energy rate definition of / is 
needed to evaluate compact specimens with varying depths of side grooves. 

6. The side-grooving of specimens aids in accurate predictions of crack ex
tensions when using unloading compliance procedures. 

7. A simple equation using the change in compliance can accurately predict 
crack extension values in bend-type specimens. 
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ABSTRACT: Accurate estimates of valid plane-strain fracture toughness, A",̂ , for low-
alloy steels in the ductile-to-brittle transition temperature range may be made by using 
/jc-valid specimens and accounting for a size effect evident for cleavage fracture. The size 
effect is explained using a "weakest link" theory that predicts variance in test results us
ing constant-size specimens and decreasing average results when the specimen size is in
creased. Cleavage fracture occurs when the maximum tensile stress near the crack tip 
equals or exceeds the cleavage stress, oy*, over a microstructurally significant distance, 
the process-zone diameter. Variation in specimen toughness arises due to variations in 
the microstructure within the process zone; the weakest feature in the process zone causes 
catastrophic cleavage fracture of the specimen. 

Our work indicates that the size effect on J^^ is represented by 

Jl/Jj = (S j /Bi ) ' ^" 

where m is the Weibull modulus, 5,- is the specimen thickness for specimen i, and/,- is the 
mean /jj, for several specimens. Experimental evidence supporting the theory is shown. 

KEY WORDS: brittle fracture, K^^, J^^ testing, low-alloy steels, cleavage, ductile-brittle 
transition, size effect 

Fracture toughness characterization of materials is an essential element in 
the evaluation of the integrity of a highly stressed structure. With material 
samples at a premium, small-specimen toughness tests are highly desirable. 
The /ic test [lY is an appropriate small-specimen fracture toughness test for 
ductile tearing. Herein, the /jc test methodology is adapted to situations m-
volving the brittle (cleavage) fracture of low-alloy steels. Experimental and 

'Engineer, Advanced Mechanics of Materials, mechanical engineer, Corporate Research and 
Development Center, and stress analysis engineer. Large Steam Turbine-Generator Depart
ment, General Electric Co., Schenectady, N. Y. 12345. 

^The italic numbers in brackets refer to the list of references appended to this paper. 
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theoretical investigations are discussed which answer several fundamental 
questions pertaining to observed size effects in small-specimen brittle-
fracture toughness testing. 

The present efforts to develop a methodology for small-specimen brittle-
fracture toughness testing were motivated by the need to determine fracture 
toughness values for generator rotor forgings placed in service before 1959. 
These forgings are made of low-alloy steel and typically operate at 
temperatures at which test specimens fracture in a brittle (cleavage) mode. 
Material samples can be obtained from these forgings by radially trepanning 
coupons from the periphery of the rotor. Of course, the size of these trepans 
is limited by the component geometry. Typically, 19-mm-diameter (3/4 in.) 
by 140-mm-long (5 1/2 in.) coupons are obtained but are too small to obtain 
valid fracture toughness results. 

The methodology for directly determining material fracture toughness in 
terms of a critical stress-intensity factor under plane-strain conditions, Ki^, is 
contained in the ASTM Standard Test Method for Plane-Strain Fracture 
Toughness of Metallic Materials (E 399-78a). In order to comply with the re
quirements of that standard, the characteristic dimensions, that is, crack 
length (a), thickness (B), and uncracked ligament (c) must be large such 
that the criterion 

a,B,c>2.SiKi,/ay)2 (1) 

is satisfied, where Oy is the yield strength. For the steels of interest, the ratio 
of toughness to yield strength is such that specimens 127 by 305 by 356 mm (5 
by 12 by 14 in.) could be required. This size requirement is obviously pro
hibitive for testing existing forgings using trepan coupons. 

Present practice is to machine Charpy V-notch bars from the trepanned 
samples. These bars are broken according to the ASTM Standard Method 
for Notched Bar Impact Testing of Metallic Materials (E 23-72) and a 50 per
cent fracture appearance transition temperature (FATT) is determined. This 
is defined as the temperature at which the broken faces of the Charpy bars 
exhibit 50 percent cleavage fracture and 50 percent ductile fracture. With the 
value of the 50 percent FATT and the operating temperature known, the 
fracture toughness, Ki^, can be estimated by means of a correlation based on 
extensive materials testing [2]. This method is an empirical one; no 
theoretical means exists for calculating Ki^ from the 50 percent FATT. 
Significant scatter is evident in the available data, hence a lower-bound curve 
is used to correlate the data in order to provide conservative (safe) estimates 
of material toughness. It is evident that small specimens for obtaining 
material fracture toughness values would be of considerable value, par
ticularly in light of the fact that the defect size needed to cause fracture is 
proportional to the square of Ki^. The use of small specimens leads to gross 
plastic deformation, a state precluded by the Kic method. 
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The theoretical considerations for treating plastic deformation use Rice's 
J-integral y as a crack-tip stress-and-strain field descriptor [3,4] and are now 
well known. At fttst thought, it would seem reasonable that a single value of J 
could be used to characterize cleavage fracture as long as the specimen size 
requirements for providing plane-strain and /-dominance conditions at the 
crack tip are met (see later section "Limits of Applicability"). Hence, a con
tinuing effort has been made to verify the use of the Ji^ test methodology for 
cleavage fracture. A great advantage of this methodology is that test 
specimens are required to be only 3/100 as large as needed for valid Kic 
testing. In addition, a relationship of the form 

(A:ie)2 - (/,c X E)/a - V^) s ( /r„)2 (2) 

is expected to exist but has yet to be conclusively shown. 
Although /jc specimens meet the size requirement for their validity, assum

ing full plastic constraint at the crack tip [5], a size effect has been observed 
by several investigators [6-/0] using low-alloy steel specimens and testing in 
the brittle-fracture or transition temperature range. This size effect for 
cleavage fracture that is not accounted for by elastic or elastic-plastic frac
ture mechanics is accounted for in this investigation. 

Milne and Chell [9] described the size effect as arising from varied con
straints using a model of cleavage fracture from sharp cracks based on the 
postulate that fracture will occur when the stress normal to the crack plane 
{oyy) exceeds the cleavage stress, oy*, over a characteristic distance, I*, 
ahead of the crack tip \li\. Using this model, the size effect is claimed to 
arise from a lower-stress triaxiality for smaller specimens due to an increased 
through-thickness deformation. Indeed, much of the data used to support 
this model were obtained using shallow-notched, three-point-bend bars and 
single-edge-notched tension specimens which were too small to achieve 
plane-strain constraint. This point is amplified later under "Limits of Ap
plicability." Thus, for a given value of /, Oyy over l^ will be lower in the 
smaller specimen. Since the criterion for fracture is oy*, the smaller-speci
men test would be expected to result in a "Ji" or /iTy which exceeds K^^ using 
Eq2. 

The preceding rationale, summarized from Ref 9, while interposing an 
alternative fracture criterion, â *, does not adequately predict the frequent 
observation of a large scatter in smaller-specimen test results in which the 
lowest values represented in that scatter are actually equal to, and occa
sionally below, K\^ \10\. 

Landes and Shaffer \10\ observed that the scatter of / ^ data might be 
characterized by a WeibuU distribution. This characterization implies a 
"weakest-link-controlling-fracture" hypothesis. Using compact specimens of 
similar dimension (5 : Ŵ  = 1 : 2) where W is the specimen width, and us-
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ing the assumption that the length of the crack front is proportional to the 
volume, or the number of "links" sampled, it was possible to predict AT Ki^ 
results from results of U Ji^ tests using nickel-chromium-molybdenum-
vanadium rotor steel. 

The present series of tests was designed to give evidence from which the 
better of two size effect descriptions could be selected. The test plan was 
designed to distinguish whether the constraint hypothesis (called HI) [9] or 
the weakest-link hypothesis (called H2) [10] is operative. The HI hypothesis 
would logically predict that a loss of constraint, and thus an increase in /jc 
would accompany either a decrease in the ligament, c, oi a decrease in the 
thickness, B. It is assumed that both dimensions are equally effective in con
trolling constraint as is implied by the ASTM size requirements, Eq 1. The 
H2 hypothesis would predict that J\c would, on the average, increase with 
decreasing B (equal to crack-front length) but not with decreasing ligament. 
Thus, the test strategy consisted of testing various thickness compact or bend 
specimens having equal plan size, repeating the array for several plan size 
selections. 

Materials 

The steel tested is ASTM A469, a rotor forgoing steel. A typical analysis 
for this grade of steel is given in Table 1. The mechanical properties and 
some Charpy V-notch impact properties are given in Table 2. These 
specimens were cut from core bars taken from two large rotor forgings and 
designated K462 and P217. 

The grain sizes for these materials were ASTM Grain Size Nos. 6 and 7. A 
micrograph of the structure is shown in Fig. 1, and of the polished surface 
showing inclusion population in Fig. 2 

TABLE 1—Test material composition 
(typical) of ASTM A469 steel. 

Element 

C 
Mn 
P 
S 
Si 
Ni 
Cr 
Mo 
V 

Weight 

% 

0.21 
0.31 
0.01 
0.013 
0.20 
3.55 
0.07 
0.26 
0.10 
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TABLE 2—ASTM A469 steel, mechanical and Charpy V-notch properties. 

0.2% yeild strength, MPa 
Ultimate tensile strength, MPa 
Elongation in 50.8 mm (2 in.), % 
Reduction in area, % 
50% FATT (°C) 
CV energy at room temperature, / 
CV energy at 52°C (125°F), J 

Material 
K462 

468 
634 

17 
41 
21 
50 
88 

Material 
P217 

4% 
634 

19.5 
33 
21 
66 

111 

FIG. 1—Microstructure of the steels tested— X100, 2 percent nital etchant. 

Procediues 

The specimens tested were round-profile compact (RCT) specimens (Fig. 
3) in sizes 3/4T, 1 \/2T, and 2T. Additional specimens included IT three-
point-bend bars (Fig. 4) and 1/27 four-point-bend bars (Fig. 5). 

The test specimens were fatigue precracked prior to side-grooving using 
maximum loads, P/majc indicated in Table 3. Only the 1 VIT, RCT [B^ = 
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FIG. 2—Inclusions found in the steels tested, XlOO, as polished. 

36.2 mm (1.448 in.) specimens were side-grooved (Fig. 3). The fracture sur
faces were examined to determine the mode of fracture. All tests were per
formed at — 23°C ( —10°F) and the mode of fracture was predominantly 
cleavage. Example fractographs are shown in Fig. 6. 

The tests were conducted using a monotonically rising load at a rate 
calculated to produce fracture in 3 to 15 min. The load-line displacement 
and crack-tip opening displacement were monitored for RCT tests using the 
frame extensometer fixture (Fig. 7) and two clip-gage extensometers. 

Data Reduction 

The test data, recorded in digital format, were processed using a computer 
or programmable calculator to evaluate / j , elastic compliance, and crack 
length. 

For bend bars, / i was calculated using the estimation formula [12] 

r,, ia/W)A, vp {a/W)A^ 
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127.0 
(5.00") 

63.5 
(2.50-) 

—25 4 _ 
T l OOT^ 

12.7 
•(0.50") 

FIG. 4—The 3-point-bend bar specimen. 

where 

A, = 
BN — 
W = 
a = 

^P = 

Ve = 

(for four-point bending) area under the load-versus-elastic deflec
tion (deflection due to crack only) record, 
(for three-point bending) area under the load-versus-elastic deflec
tion (total deflection) record, 
area under the load-versus-plastic-deflection record, 
specimen net thickness, 
specimen width, 
original fatigue-crack depth, 
2.0, 
a function of a/W (See Table 4). 

The area under the load-deflection record was calculated using the 
trapezoidal rule 

A = 
Pn + Pn-l 

X V — V , (4) 

where 

Pi = loads, 
n = sequence number of data line, and 
Vi = load-point displacements (see Fig. 7). 

For RCT specimens, / j was calculated using the estimation formula with 
the Merkle-Corten correction [13] 
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/ = 
2A 

B{W-a) 
Xfia/W) (5) 

where 

fia/W) 
(1 + «) 
(1 + a2) (6) 

and 

2a 

{W - a) (W - a) 

2a 

W-a + 1 (7) 

H h 

177.80 
(7,00-) 

12.70 
(0.500") 

88.90 
(3.50") 

12.70 I 1 
-(0.500") — H -—(0. 

7.92 
-(0.312") 

-NO. 2-56 UNC-2B 6.35 
(0.250") DEEP 

6.35 
-(0.250' 

1.27 
(0.050") 
(MAX) 

.08 
(0.003") R-

(MAX) 

45° 

DETAIL "A" 
2.70 
500") 

DIMENSIONS IN mm (in.) 

FIG. 5—The 4-point-bend bar specimen. 
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FIG. 6—Fractographs of tested specimens showing the stretch zone and cleavage fracture. 
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W-ao*' 

CRACK 
FRONT 

OPENING 
6 

FIG. 7—The "frame" fixture for clip-gage instrumentation. 

TABLE 4—1-estimation weights. 

' ' " (W-a)B (W-a)B 

a/W 

Specimen Type 

4-point bend*"*: 
Ve 
•n 

3-point bend'*': 

')e 
V 

0.2 

1.44 
2.00 

0.3 

1.75 
2.00 

0.4 

4.09 
2.00 

1.96 
2.00 

0.5 0.6 0.7 0.8 0.9 1.0 

3.12 2.56 2.26 2.14 2.13 
2.00 2.00 2.00 2.00 2.00 

2.18 2.21 
2.00 2.00 

2.21 
2.00 

2.02 
2.00 

2.00 
2.00 

"A^ = A due to crack only. 
*A, = A total. 

Results 

The test results are shown in Table 3 and Fig. 8. In Table 3, the first col
umn is the flow stress, ay, defined as the average of the yield stress, o ,̂ and 
the ultimate tensile strength, (7„. The flow stress is used to calculate the 
theoretical limit load, Piim. The loads Pf max are the maximum loads used in 
the final stages of precracking, shown here to demonstrate that the results 
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FIG. 8—Fracture test results—regression line was projected from 19-mm (3/4 in.} data per 
Appendix I. 

were not reasonably affected by virtue of the low (< 0.5) values of the ratios 
' y max and P, fmax :/', lim-

The validity of the fracture toughness results, JQ, were evaluated by com
parison with the criterion BOY/JQ ^ 25. See the right-hand column in Table 
3. Valid results having acceptable fatigue precracks are called Ji^ elsewhere 
in the report on these bases only. 

The results are plotted in Fig. 8 to show the trend of /jc decreasing with 
increasing thickness, irrespective of ligament length. The data for 19-mm-
thick (3/4 in.) specimens and for both heats of steel, shown in Fig. 9, in
dicate that ligament length has no effect on the results. Had specimens of dif
fering ligament lengths produced differing results, they would have fallen on 
different lines in Fig. 9. The close correspondence of the results for the 
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FIG. 9—Probability plot for Weibull distribution of fracture toughness, K462 and P-217 
steels. 19-mm-thick (3/4 in.) specimens. 

specimens of equal thickness but differing plan size demonstrates that the 
H2, or weakest-link, hypothesis is better than HI for these results. 

Discussion 

Fractographic observations [14] in low-alloy steels have shown that, 
microscopically, low-temperature (lower shelf) fractures occur by a trans-
granular cleavage mechanism along low-energy crystallographic cleavage 
planes. Failure at the lower shelf has been modeled as slip-initiated cleavage 
fracture using the critical stress criterion proposed by Ritchie, Knott, and 
Rice (RKR) [11]. 

The RKR model, also used by Milne and Chell [9], assumes that cleavage 
fracture occurs when the maximum principal tensile stress {oyy) ahead of a 
crack exceeds a critical value (oy*) which is insensitive to both temperature 
and strain rate [15,16] and acts over a microstructurally significant length 
(/o*). The model is capable of relating low-temperature fracture toughness to 
the material yield and fracture stresses determined in a smooth-bar tension 
test. The length l^* is characteristic of the order of two ferritic grain 
diameters [10]. The details for quantitative application of the model are 
given in Ref 17. 

The model as described in the foregoing also gives a basis for understand
ing the variability observed in the results of fracture toughness tests of low-
alloy steel. The largest source of variation is the physical dimension related to 
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the parameter l„*. This parameter was related to the ferrite grain size [16] 
and to the prior austenite grain size [17\; both grain sizes vary within any one 
specimen of steel. 

Assuming the grain size is actually the physical feature that is associated 
with /o*, the crack front in a specimen will sample a variety of grain sizes and 
orientations. The "sample" size (volume) is directly proportional to the 
crack-front length. Fracture will then occur when the local stress exceeds the 
fracture stress, oy*, over the characteristic length, l^*, for the weakest grain 
within that sample volume. The fracture event in this weakest grain will initi
ate fracture in the neighboring grains due to the elevation of the flow stress 
with dynamic loading associated with the running crack, and the specimen 
will fail catastrophically. 

The appropriate mathematical model for describing variation of the initia
tion and fracture event and the resulting size effects is a statistical model 
representing a weakest-link hypothesis. The WeibuU distribution [18] is con
sistent with that hypothesis and is given by 

P ( 7 , ) = l - e x p ( - / ] / / „ ) ' " (8) 

where P{J\) is the probability that a specimen will have a toughness less than 
/ ( , /Q is a scale parameter proportional to the mean value of/j,., and m is the 
Weibull modulus or slope parameter. 

The accuracy of the model for representing any data set may be evaluated 
using a graph plotting Inln [1/(1 — P)] versus In /]<. for data obtained from 
equal-sized specimens. The probability, P, is calculated using [19] 

where n is the rank-order number for the Ji^-\alue and N is the number of 
specimens in the sample. If the data are well represented by the Weibull 
distribution, they will plot as a straight line of slope m. Figure 9 shows ex
amples using the data for 19-mm-thick (3/4 in.) specimens of the K469 and 
P217 materials. These data are well represented with straight lines. An ex
ample calculation is given in Appendix I. 

The value of m obtained for these specimens is in excellent agreement with 
the value obtained by Landes and Shaffer [10] for a nickel-chromium-molyb
denum-vanadium rotor steel. 

The size effect is related to the scatter for a given size, and may be 
estimated using the relationship [10] 

frit] "»' 
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where Ji is the mean /jc for specimens of thickness B^ and J2 is the mean Ji^ 
for specimens of thickness B2. Using this relationship, a prediction of/i^ for 
any size specimen is projected from the 19-mm-thick (3/4 in.) specimen data 
in Fig. 8. 

Limits of Applicability 

The foregoing estimates of size effects are applicable only within certain 
size limits. The stress and strain distributions in the vicinity of the crack tip 
must be characterizable by the Hutchinson, Rice, and Rosengren (HRR) 
field [3,4] with / i as the amplitude, and the full constraint of the near tip 
stresses must be effective. McMeeking and Parks [20] and Shih and German 
[5] carried out detailed finite-element calculations to establish the size re
quirements for center-cracked plates in tension and single-edge-cracked 
plates under pure bending. Their studies suggest that the requirements 

(5 , Co, ao) > 25/ie/a^ (11) 

must be adhered to for bend specimens and 

{B, Co, ao) > 150/,,/a^ (12) 

for tension specimens. The more stringent requirements for tension speci
mens arise because of the loss of HRR field dominance as discussed by Shih 
and German [5]. The present test program employed mostly RCT specimens 
where the uncracked ligament is subjected to both bending and tension; 
however, for sufficiently deep cracks the remaining ligament is predomi
nantly in bending and the requirement given by Eq 11 may be assumed to be 
valid. To ensure that this indeed is the case, a /-dominance study along the 
lines of Shih and German [5] was performed for a 3T RCT specimen with 
tto/W = 0.6 of ASTM 469 steel. As detailed in Appendix II, the finite-
element stress and strain distributions near the crack tip are compared with 
the HRR singular fields due to Hutchinson [3] and Rice and Rosengren [4]. 
The results show that the requirements given by Eq 11 remain valid for RCT 
configurations also, as long as Oo/W = 0.6 (it is noted that a^/W = 0.6 is 
only a necessary condition and may not be sufficient). This is not surprising 
because for ag/W > 0.6 the tensile stresses are small compared with the 
bending stresses in the uncracked ligament and, therefore, the pure bending 
results would still be applicable as demonstrated in Appendix II. 

An additional consideration needed for comparing specimens loaded in 
bending with those loaded in tension is the contribution of the a^, the stress 
parallel to the crack, to the hydrostatic tension [21]; a„ is not described by 
the J-integral, which describes only the singular stresses. Since (7̂ .̂ is non-
singular at the crack tip, / cannot characterize it. The values taken by a^ in
crease with specimen geometry from center-cracked plates to single-edge-

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



594 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

notched tension, to deeply cracked bend specimens, tending to place less 
stringent requirements on bend specimens. Since the specimens used in this 
study were loaded primarily in bending, this effect was neglected. 

The use of bend specimens is further constrained to deeply precracked 
(tto/ W > 0.5) specimens to avoid the misapplication of the /^calculation to 
regions of crack length for which/j is not applicable; short cracks allow a loss 
of constraint through yielding along slip lines intersecting the notched face of 
the specimen. 

A frequent occurrence while using /jc-sized specimens is the advent of slow 
crack growth prior to cleavage [22]. For specimens which show this behavior, 
a conservative estimate of / j ^ is that for slow crack growth initiation, 
however, these tests produced no slow crack growth and the resulting recom
mendations do not cover such behavior. 

Conclusions 

The tests performed support the argument that accurate estimates of valid 
plane-strain fracture toughness, Ki^, for low-alloy steels in the ductile-to-
brittle transition temperature range, for example, ASTM A469 rotor forging 
steel, may be made using a statistical sampling of /jc-valid specimens, the 
number depending on the confidence required, and accounting for a size ef
fect evident for cleavage fracture. This conclusion is applicable to valid /jc 
specimens which show no slow crack growth prior to cleavage. 

APPENDIX I 

Weibull Analysis of 7|(. Data 

K462 specimens 19 to 19.2 mm (0.76 to 0.768 in.) thick 

Specimen 

K462-3 
K462-106 
K462-2 
K462-105 
K462-9 
K462-7 
K462-104 
K462-1 
K462-4 

Plan 
Size 

3/4 T 
1 1/2 T 
3/4 T 

11/2 r 
3 T 

1 1/2 7 
1 1/2 r 
3/4 r 
3/4 r 

Jlc 

32 
33 
42 
44 
45 
46 
51 
51 
56 

44 

Rank 
Order, n 

1 
2 
3 
4 
5 
6 
7 
8 
9 

P(Jo) 

0.06 
0.17 
0.28 
0.39 
0.50 
0.61 
0.72 
0.83 
0.94 

1. P(J^) = n - O.S/N 
2. Inin [1/(1 - P)] = Uo + m In (/i^) 

m = Weibull modulus by least-squares assuming equation form 
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y = ao + mx 
QQ = 23.36, m = 6.04 

3. Estimating 3T Ki^ using Eq 10 

/ B = 7 6 — JB=19 ^ 

1/6.04 

= 35kJ/mm2(200in.-lb/in.2) 

[A'jc = 88 MPa Vm (80 ksi VIn7)] 

APPENDIX n 

In order to establish size requirements for /i^ tests employing RCT specimens, a 
/-dominance analysis of this crack configuration has been carried out in a manner 
similar to Shih and German [5]. The/j,. approach is valid as long as the size R of the 
region over which the HRR field is dominant completely encloses the fracture process 
zone. Since the fracture process zone, governed by grain size and inclusion spacing, 
etc., is of the order of crack-tip opening displacement, 6,, the foregoing condition can 
be stated as requiring R to be equal to several times 6,. 

The size R of the HRR field is obtained by comparing the finite-element results for 
stress and strains with the singular field. The finite-element analysis is based on small 
strain theory and employs the Ji flow theory of plasticity. The material behavior in 
uniaxial tension is modeled by the following piecewise power hardening law 

e a 

en On 

e 

for (T < (To (13) 

= a ( — I for (7 > ffo (14) 

where a^ - E e^. The elastic modulus E was taken to be 200 GPa (29 000 ksi), the 
yield stress a^ to be 468 MPa (68 ksi), and the Poisson's ratio v to be 0.3. The 
parameters a and n are determined by least-squares fitting to be 6.17 and 6.07, 
respectively. Eight-noded isoparametric elements with 3-by-3 Gauss points are 
employed in the calculations. The elements also allow the modeling of crack-tip blunt
ing through the use of the coUapsed-node technique. Ten wedge-shaped degenerate 
eight-noded elements are used to model the upper half of the crack tip. The finite-
element mesh of the upper-half specimen is illustrated in Fig. 10. The finite-element 
code ADINA was employed for these computations. 

The actual stress and strain fields as given by the finite-element solution are com
pared against the asymptotic or HRR singularity. The variation of the normalized ten
sile stress Oyy/Og with distance along the ligament normalized hyJ/Oo is shown in Figs. 
11-13 for small-scale yielding, large-scale yielding, and fully plastic conditions, 
respectively. The level of plastic deformation is represented by c/{J/ao). It is clearly 
seen that in all cases the finite-element results are in good agreement with the HRR 
singularity over the interval Xffo/-^ < 3. Using the relation 6, = d„J/ao [22] with d„ = 
0.37 for this steel, it is evident that the size R of the HRR field for the present case is 
about eight times 6, at all levels of plastic deformation, including fully plastic condi-
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FIG. 10—Finite-element mesh for the upper half of an RCT specimen. 
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FIG. 11—Comparison of finite-element and HRR field solution for normal stress ahead of 
crack under small-scale yielding. X is the distance from the crack tip. The shaded area shows the 
plastic zone. 

tions corresponding to COQ/J = 25. Similar results are observed for the strain distribu
tion near the crack tip. 

To summarize, the HRR singularity governs the near-tip stress and strain fields 
over a region which completely encloses the fracture process zone up to c^aJJ = 25. 
Thus, the size requirement expressed by Eq 11 will also hold for the present specimen. 

Although this analysis is for aJW = 0.6, these results will also hold for aJW > 
0.6 because the bending stresses will increasingly dominate the tensile stresses ap
proaching pure bending, for which condition the results assuredly would be valid. 
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FIG. 12—Comparison of finite-element and HRR field solutions for normal stress ahead of 
crack under large-scale yielding. The shaded area shows the plastic zone. 

J = 6388. 
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FIG. 13—Comparison of finite-element and HRR field solutions for normal stress ahead of 
the crack under full plastic conditions. 
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Effect of Cyclic Frequency on the 
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Society for Testing and Materials, 1981, pp. 599-622. 

ABSTRACT: This study was conducted to investigate the effect of cyclic frequency on the 
corrosion-fatigue crack-initiation behavior in regions of stress concentration in ASTM 
A517 Grade F steel. The tests were conducted on notched compact tension specimens at a 
stress ratio of 0.1 in a room-temperature 3.5 percent solution of sodium chloride. The test 
results showed that the corrosion-fatigue crack-initiation life under full immersion condi
tions was significantly less than the fatigue-crack-initiation life in air. Moreover, the 
test results showed no effect of cyclic frequency in the range of 12 to 300 cpm on the 
corrosion-fatigue life. The data indicate the possible existence of a corrosion-fatigue 
crack-initiation limit, below which cracks did not initiate, at a A/f/ Vp of about 172 MPa 
(25 ksi). This value of AK/ Vp corresponds to a maximum stress range, Aa^^j, of about 
207 MPa (30 ksi) and is one-fourth the value for the fatigue-crack-initiation limit in air. 

Fatigue-crack-initiation test results on precorroded notched specimens showed a 25 
percent reduction in the fatigue-crack-initiation limit. This decrease was attributed to an 
increase in the stress concentration caused by corrosion pits on the surface of the notch 
radius. 

Metallographic investigations showed that corrosion-fatigue cracks initiate at corro
sion pits on the surface of the notch tip. These cracks initiate as microcracks that form by 
a sharpening of the corrosion-pit tip under the combined influence of the environment 
and cyclic loads. No relationship was found between microstructure and corrosion-pit 
sites. 

KEY WORDS: corrosion, corrosion fatigue, crack initiation, cyclic loads, cyclic fre
quency, crack propagation 

Failure of structural components subjected to fluctuating loads is caused 
by the initiation and propagation of cracks. The total useful life of such com
ponents is determined by the time necessary to initiate the crack and to prop-

'Cooperative student and division chief. Materials Technology, respectively. Research 
Laboratory, U. S. Steel Corp., Monroeville, Pa. 15146. 
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agate the crack to a critical size. Crack initiation and subcritical crack prop
agation may be caused by cyclic stresses in the absence of an aggressive 
environment (fatigue) or by the combined effects of cyclic stresses and an ag
gressive environment (corrosion fatigue). The relative magnitude of crack-
initiation life and crack-propagation life in the total life of a component 
depends on material properties, structural geometry, applied stresses, and 
environment. 

Fatigue-Crack Initiation 

Initiation of cracks in structural components that are subjected to fluc
tuating loads occurs in the neighborhood of stress raisers or notches. Stress 
raisers or notches in structural components cause stress intensification in the 
vicinity of the notch tip. Thus, the material element at the tip of the notch is 
subjected to the maximum stress (strain) magnitude and fluctuation. Conse
quently, this material element is most susceptible to fatigue damage and is, 
in general, the initiation site of fatigue cracks. The higher the stress concen
tration, the shorter is the fatigue-crack-initiation life. Thus, under identical 
test conditions, the total fatigue life of a notched specimen is shorter than 
that for a smooth specimen or for a specimen containing a less severe stress 
raiser. 

The maximum-stress range, Atr^a^ (or maximum stress, a^^^), on the 
material element at the tip of a deep notch can be related to the stress-
intensity-factor range, AKi (or stress-intensity factor, Ki), as follows [Ip 

2 AKi 
Affmax = -7=^ ~ r=^ = A(7(A:,) (1) 

VTT V/O 

where 

p = notch-tip radius, 
A CT = applied nominal-stress range, and 
kf = stress-concentration factor. 

Although Eq 1 is considered exact only when p approaches zero, Wilson and 
Gabrielse [2] showed that this relationship is accurate to within 10 percent 
for notch radii up to 4.6 mm (0.180 in.). 

The behavior of specimens containing notches that correspond to various 
stress-concentration factors is shown in Fig. 1 for zero-to-tension axial 
loading [1,3]. The data are presented in terms of the number of cycles for 
fatigue-crack initiation, iV„ at the tip of a notch versus the nominal-stress 
fluctuation, Aa. The same data are presented in Fig. 2 in terms of JV, versus 
the stress-intensity-factor range divided by the square root of the notch-tip 

^The italic numbers in brackets refer to the list of references appended to this paper. 
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radius, AKi/ Vp, which corresponds to the maximum-stress range at the tip 
of the notch. The data in Fig. 1 show a significant decrease in the fatigue-
crack-initiation life for a given nominal-stress range with an increased stress-
concentration factor. The data in Fig. 2 show that AKi/ Vp, and therefore 
^<^max' is the primary parameter that governs the fatigue-crack-initiation 
behavior in regions of stress concentration for a given steel. 

The fatigue-crack-initiation behavior of various steels is presented in Fig. 3 
for specimens subjected to zero-to-tension bending stress and containing a 
notch that resulted in a stress concentration of about 2.5 [2]. Similar data 
have been published for Type 403 stainless steel [4] and for ASTM A517 
Grade F steel, Fig. 4 [5]. Because the stress-concentration factor was con
stant for all specimens and for the various steels, the differences in the 
fatigue-crack-initiation behavior shown in Fig. 3 are related primarily to in
herent differences in the fatigue-crack-initiation characteristics of the steels. 
The data show that fatigue cracks do not initiate in steel structural com
ponents when the body configuration, the notch geometry, and the nominal-
stress fluctuations are such that the magnitude of the parameter, AKj/ yfp, 
and therefore Aamax. at the root of the notch is less than a given value that is 
characteristic of the steel. The value of this fatigue-crack-initiation 
threshold, (A/Tj/ Vp),h, increases with increased yield strength or tensile 
strength of the steel. The data show that the fatigue-crack-initiation life of a 
structural detail subjected to a given nominal-stress range increases with in
creased tensile strength of the steel. However, this difference in fatigue-
crack-initiation life for various steels decreases with an increased magnitude 
of the stress-concentration factor. 

Finally, fatigue-crack-initiation data for various steels subjected to stress 
ratios (ratio of nominal minimum-applied stress to nominal maximum-
applied stress) ranging from —1.0 to +0.5, Fig. 5, indicate that the fatigue-
crack-initiation life is governed by the total maximum-stress (tension plus 
compression) range at the tip of the notch [6]. 

Corrosion-Fatigue Cracli Initiation 

Corrosion-fatigue behavior of a given environment-material system refers 
to the characteristics of the material under fluctuating loads in the presence 
of the particular environment. Different environments have different effects 
on the cyclic behavior of a given material. Similarly, the corrosion-fatigue 
behavior of different materials is different in the same environment. 

The corrosion-fatigue behavior of metals subjected to load fluctuation in 
the presence of an environment to which the metal is immune is identical to 
the fatigue behavior of the metal in the absence of that environment. Conse
quently, the corrosion-fatigue behavior of an environment-material system 
can be studied by establishing the deviation of the cortosion-fatigue behavior 
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FIG. 4—Fatigue-crack-initiation behavior of A517 Grade F steel. 

for the environment-material system from the fatigue behavior of the 
material in a benign environment. 

Various aspects of the corrosion-fatigue behavior of metals in various en
vironments have been investigated [7]. However, the corrosion-fatigue crack-
initiation behavior in regions of stress concentration has not been in
vestigated systematically for constructional steels. Recently, Novak and 
McKelvey {8\ established the corrosion-fatigue crack-initiation behavior for 
notched specimens of ASTM A517 Grade F steel in a room-temperature 3.5 
percent solution of sodium chloride. The tests were conducted with notched 
specimens (A:, » 2.5) subjected to zero-to-tension loads in bending and at a 
cyclic frequency of 12 cpm, Fig. 6. The data show a substantial decrease in 
the corrosion-fatigue crack-initiation life at stress ranges significantly lower 
than that corresponding to the fatigue limit in a room-temperature air en
vironment. 

Extensive research has been conducted to establish the corrosion-fatigue 
crack-propagation behavior for constructional steels [/]. The test results 
show that an environment can increase the rate of fatigue crack growth and 
that the magnitude of this increase depends on the material-environment 
system. The data also show that for a given material-environment system, the 
rate of corrosion-fatigue crack growth depends strongly on the shape of the 
applied load cycle (waveform) and its frequency. However, the effect of 
waveform and cyclic frequency on corrosion-fatigue crack-initiation life has 
not been investigated. Consequently, the present investigation was conducted 
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FIG. 5—Independence of fatigue-crack-initiation threshold from stress ratio. 

to determine the effect of cyclic frequency for sinusoidal loading on the 
corrosion-fatigue crack-initiation behavior of ASTM A517 Grade F steel in a 
room-temperature 3.5 percent solution of sodium chloride. Moreover, the ef
fect of corrosion under stress on the subsequent fatigue-crack-initiation 
behavior was investigated by fatigue-testing notched specimens that had 
been subjected to static loading in the environment. 

Material and Experimental Work 

Material 

The present investigation was conducted with ASTM A517 Grade F steel 
obtained from the same plate used by Barsom [6], Fig. 3, and by Novak and 
McKelvey [8], Fig. 6. The chemical composition and mechanical properties 
of this steel are presented in Tables 1 and 2, respectively. 
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TABLE 1—Chemical composition of ASTM A517 Grade F steel tested—percent (check 
analysis). 

c 

0.17 

Mn 

0.89 

P 

0.015 

S 

0.015 

Si 

0.19 

Cu 

0.30 

Ni 

0.84 

Or 

0.52 

Mo 

0.42 

V 

0.04 

B 

0.003 

Test Specimens 

Because of limited material from the A517 Grade F plate previously in
vestigated by Barsom [6] and Novak and McKelvey [8], the available plate 
was split at midthickness and specimens were machined from the two halves. 
The test specimens were 9.4-mm-thick (0.372 in.) modified compact tension 
(CT) specimens [ASTM Standard Test Method for Plane-Strain Fracture 
Toughness of Metallic Materials (E399-78a)] having in-plane dimensions 
equal to a 25.4-mm-thick (1 in.) CT specimen, Fig. 7. All specimens con
tained notches that were milled to a length (a) of about 17.0 mm (0.67 in.) or 
25.4 mm (1.0 in.) and had tip radii (p) of 3.3 mm (0.128 in.). The sides of the 
specimens were ground to a No. 6 finish or better and the surfaces in and 
around the notch root were then diamond-polished to a 6-^m finish. 

Experimental Procedure 

The specimens were corrosion-fatigue-tested in a room-temperature 3.5 
percent solution of sodium chloride in distilled water at frequencies of 300, 
120, and 60 cpm. These tests were conducted with 100-kip (45 000 kg) and 
50-kip (22 500 kg) Materials Testing System (MTS) machines. Alignment 
was obtained by carefully machining specimens and other auxiliary parts and 
by using universal joints to load the specimens. 

In all tests the specimens were cyclically loaded in tension at a stress ratio, 
R (ratio of minimum and maximum loads), of 0.1. The cyclic load was 
sinusoidal and the maximum and minimum loads were controlled within 
±1.0 percent. For each cyclic frequency the tests were conducted at various 
AK/ Vp-values that ranged from 137.9 to 896.4 MPa (20 to 130 ksi). Specific 
AK/ Vp-values, test frequencies, and range of cycles for crack initiation for 
each test are presented in Table 3. The range of cycles for crack initiation is 
bounded by the number of cycles corresponding to the last inspection of the 
notch tip where no crack was observed and the following inspection where a 
crack existed. 

The environmental tank, Fig. 8, was made of polymethylmethacrylate 
(Plexiglas), and all auxiliary parts and the universal joints were made of 
ASTM A517 Grade F steel to minimize galvanic corrosion. The solution was 
maintained at a pH of 6.5 ±0.5 and was replaced every 100 h for all tests 
that exceeded this period of time. The oxygen content of the solution was not 
controlled; however, some aeration of the solution would have occurred as a 
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FIG. 7—Modified compact-tension specimens. 

result of movement of the specimen and exposure of the surface of the solu
tion to the room air. 

The notch-tip surface was inspected periodically by lowering the tank, Fig. 
9, drying the notch tip with absorbent cotton swabs, and observing the notch-
tip surface at X17 magnification with a microscope. The test was terminated 
when a crack of 0.25 mm (0.010 in.) or longer was observed at the surface of 
the notch tip. For the 300-cpm tests, the frequency was temporarily lowered 
to about 120 cpm during inspection to facilitate observation of cracking at 
the notch tip. Specimens that did not exhibit cracking after 4 X 10̂  cycles 
were considered runout tests. 

Testing of Precorroded Specimens—To investigate the effect of corrosion 
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TABLE 3—Crack-initiation data for various test conditions. 

Test 
Condition 

Air, 
120 cpm 

Precorroded, 
120 cpm 

Corrosion 
fatigue, 
300 cpm 

Corrosion 
fatigue, 
120 cpm 

Corrosion 
fatigue. 
60 cpm 

^K/^[^, 
MPa (ksi) 

1034 (150) 
896 (130) 
827 (120) 
758 (110) 
690 (100) 

1034 (150) 
896 (130) 
827 (120) 
690 (100) 
621 (90) 
552 (80) 

690 (100) 
552 (80) 
414 (60) 
345 (50) 
310 (45) 
276 (40) 
241 (35) 

827 (120) 
690 (100) 
552 (80) 
414 (60) 
276 (40) 
207 (30) 
138 (20) 

896 (130) 
552 (80) 
276 (40) 

Last Reading 
Without Crack 

13 870 
75 600 
87 660 

4 X 10* 
4 X 10* 

19 750 
53 940 
63 720 

554 000 
2 320 000 
729 470 

59 300 
153 480 
290 250 
304 370 
772 580 

4 X 10* 
2 231 750 

31400 
89 500 
163 700 
328 630 

1 139 510 
1346 000 
4 X 10* 

27 830 
177 900 
889 560 

First Reading 
With Crack 

21880 
89 960 
106 500 

24 440 
60 160 
81 990 
735 000 

2 430 000 
973 710 

71340 
196 600 
365 360 
409 340 
921 970 

2 691 650 

46 550 
111000 
207 920 
357 410 

1 360 730 
1 791000 

30 240 
208 220 
921800 

under stress on the subsequent fatigue behavior of ASTM A517 Grade F 
steel, CT specimens were statically loaded in the 3.5 percent solution of 
sodium chloride, Fig. 10. The solution was replaced once a week. 

Two specimens, each with different notch lengths, were immersed in the 
solution and were loaded in series. Because the specimens had different 
notch lengths, the value of AK/ Vp (and Aff̂ ax) at the notch tip correspond
ing to a given deadweight load was about 50 percent higher for the long 
notches than for the short notches. The specimens were statically loaded in 
the environment for about one month. Then they were unloaded, rinsed in 
distilled water, dried thoroughly with absorbent cotton, and cyclically loaded 
in room-temperature air. The specimens were tested under sinusoidal 
loading at a frequency of 120 cpm and at an /?-value of 0.1. Each specimen 
was tested at a A/T/ Vp level equal to the K/ Vp level at which it had been 
previously stress-corroded. Periodic observations of the notch tip were made 
at X17 magnification untU crack initiation occurred. 
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FIG. 10—Static loading facility. 

Specimens with polished notches were also tested in air to compare the ef
fect of precorrosion on the fatigue-crack-initiation behavior of ASTM A517 
Grade F steel and to ensure that the fatigue-crack-initiation behavior ob
tained by testing the CT specimens was similar to the behavior established 
previously [6,8] by using other specimens and loadings. These tests were con
ducted on specimens with AK/ yfp values of 1034, 896, and 827 MPa (150, 
130, and 120 ksi) in an MTS machine and with values of 758 and 690 MPa 
(110 and 1(X) ksi) in an Amsler Vibraphore machine. All these tests were con
ducted in room-temperature air at /? = 0.1. Crack initiation for the tests 
conducted in the Vibraphore machine was observed at X30 magnification by 
using a stereomicroscope and a strobe light. 

Metallographic Analyses—Various metallographic analyses with a scan
ning electron microscope (SEM) were conducted on selected specimens to 
characterize the corrosion-fatigue crack-initiation site. One specimen that 
contained a corrosion-fatigue crack at the notch tip was broken at liquid-
nitrogen temperature. The entire surface of the thumbnail crack was then 
studied with the SEM at magnifications between X15 and X3(X)0. 

Small blocks that contained the notch were cut from four specimens. After 
a thorough mapping of the pitting and cracking on the notch, the blocks 
were ground and polished incrementally in the through-thickness direction. 
SEM observations were made so that the polished surface, profile of the 
notch-radius surface, and the notch-radius surface were observed simultane
ously at 30, 30, and 60-deg angles, respectively. 
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Finally, a mechanically polished surface of one specimen was elec-
tropolished and studied with the SEM to determine the magnitude of ac
tivated slip planes at the notch tip and the location of crack-initiation relative 
to the microstructure of the steel. 

Results and Discussion 

Fatigue-Crack Initiation 

The fatigue-crack-initiation behavior in air of the ASTM A517 Grade F 
steel plate tested in the present investigation is presented in Fig. 11. The test 
resuhs in this figure include data obtained by Barsom [6] using 3-point-bend 
specimens subjected to/?-values of —1.0, +0 .1 , and +0.5; data obtained by 
Novak and McKelvey [8] using cantilever-bend specimens at R = 0.1; and 
data obtained in the present investigation by using CT specimens at/? = 0.1. 
The data show that fatigue-crack-initiation life is governed by the total 
maximum-stress (tension plus compression) range at the tip of the notch and 
that different specimen geometries and loading give similar results. 
Moreover, the data show a distinct fatigue-crack-initiation limit that oc
curred at a AK/ Vp of about 690 MPa (100 ksi) for ASTM A517 Grade F 
steel and this corresponds to a Aff̂ ax of about 828 MPa (120 ksi). 

Corrosion-Fatigue-Crack Initiation 

The corrosion-fatigue crack-initiation behavior of ASTM A517 Grade F 
steel in a 3.5 percent solution of sodium chloride at 60, 120, and 300 cpm is 
presented in Fig. 12. Superimposed on this figure are data obtained at 12 
cpm [8] and the lower-bound fatigue-crack-initiation curve from Fig. 11. The 
combined corrosion-fatigue data fall within a narrow scatter band and, 
within experimental scatter, showed no consistent ordering with respect to 
test frequency. Moreover, the data showed no effect of cyclic frequency on 
the corrosion-fatigue crack-initiation life for the material-environment 
system investigated. However, under the full-immersion conditions used in 
the present investigation, the environment caused a substantial reduction in 
the fatigue life at A a^ax"values that were significantly lower than the value 
corresponding to the fatigue limit in air. 

The data indicate the possible existence of a threshold below which 
corrosion-fatigue-crack initiation would not occur. This threshold behavior 
for full-immersion conditions occurred at a Affniax of about 207 MPa (30 ksi) 
[AK/ V/o » 172 MPa (25 ksi)] and is more apparent on a linear plot of AK/ 
Vp versus iV,. 

Fatigue-Crack Initiation of Precorroded Specimens 

Notched CT specimens were immersed in the 3.5 percent sodium chloride 
solution and subjected to static loads for a period of about one month. The 
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TAYLOR AND BARSON ON CYCLIC FREQUENCY 617 

static loads for the six specimens corresponded to AiiT/Vp-values of 552, 621, 
689, 827, 896, and 1034 MPa (80, 90, 100, 120, 130, and 150 ksi). After 
the one-month test period, the specimens were dried and subjected to tensile 
cyclic loads oi R = 0.1 such that the AK/ Vp-value for each specimen was 
equal to the K/yfp-\a.lue in the static test. The scatter in the fatigue-crack-
initiation data obtained by testing these specimens was larger than observed 
in the other tests. Fig. 13. The data show that the fatigue-crack-initiation 
limit for the precorroded specimens was about 25 percent lower than for 
specimens with machined and polished notches. This decrease in fatigue 
limit was attributed to an increase in the stress concentration caused by cor
rosion pits on the surface of the notch radius. 

The decrease in the fatigue life of precorroded specimens is significantly 
less than the decrease obtained under corrosion-fatigue conditions. Conse
quently, the significant decrease in the corrosion-fatigue crack-initiation life 
must be caused, primarily, by synergistic effects of the environment and 
cyclic loading operating under full-immersion conditions. The actual 
corrosion-fatigue mechanism that caused the degradation in the crack-
initiation life for the material-environment system investigated was not 
established. 

Metallographic Analysis 

A corrosion-fatigue specimen was broken in liquid nitrogen after it had 
been tested at a AK/4p of 552 MPa (80 ksi) and 120 cpm. The test was ter
minated when an 0.76-mm (0.03 in.) crack was observed on the notch sur
face. On the fracture surface, the crack was semicircular with an 0.38-mm 
(0.015 in.) depth. 

The thumbnail crack surface was observed with the SEM at various 
magnifications between X15 and X3000. These observations revealed that 
the crack-initiation site in the material-environment system investigated con
tained mixed regions of intergranular and transgranular fracture whereas the 
fatigue-crack-initiation zone in air was primarily transgranular. 

Four corrosion-fatigue specimens that were tested under different test con
ditions were selected for further metallographic analysis. Two specimens 
were tested at 120 cpm and at AK/ V/o-values of 827 and 276 MPa (120 and 
40 ksi), respectively. The other two specimens were tested at 300 cpm and at 
A/iC/Vp-values of 690 and 276 MPa (100 and 40 ksi), respectively. Small 
blocks that contained the notch tip were cut from each of the specimens. The 
surfaces of the blocks were ground and polished incrementally in the 
through-thickness direction and each new surface was observed in the SEM. 

SEM observations of the notch-tip surfaces for these specimens revealed 
discrete, random areas of localized corrosion. Fig. 14. Moreover, SEM in
vestigations of cross sections through these corrosion zones showed that they 
corresponded to corrosion pits of various depths. The tips of some of these 
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pits were sharpened during testing, resulting in microcracks, Fig. 15, that 
eventually grew to the terminal size of 0.25 mm (0.01 in.) or longer along the 
notch surface and about 0.13 mm (0.005 in.) or greater in depth. 

SEM observations of electropolished sections through the corrosion pits 
revealed the tempered martensite microstructure of the ASTM A517 Grade F 
steel under investigation. Fig. 16. However, no relationship was observed 
between the microstructure and the location of the pits. Furthermore, ac
tivated slip planes at the tip of the notch were not observed on the elec
tropolished sections that could have, as suggested by Laird and Duquette [9], 
accounted for the environmental degradation of the fatigue-crack-initiation 
life. 

Summaiy 

The results of this study on the effect of cyclic frequency on the corrosion-
fatigue crack-initiation behavior for notches in ASTM A517 Grade F steel in 
a 3.5 percent sodium chloride solution can be summarized as follows: 

1. The fatigue-crack-initiation behavior of ASTM A517 Grade F steel ex
hibited a fatigue limit at a AK/^ of about 690 MPa (1(X) ksi), which cor
responds to a maximum stress range, Aomax^ at the notch tip of about 828 
MPa (120 ksi). 

2. The corrosion-fatigue data for cyclic frequencies of 12, 60, 120, and 300 
cpm fell within a narrow scatter band and showed no effect of frequency on 
corrosion-fatigue crack-initiation life for the material-environment system 
investigated. 

3. The environment caused a significant reduction in the fatigue life of 
ASTM A517 Grade F steel at A a^ax"values that were significantly lower than 
the value for the fatigue limit in air. 

4. The data indicate the possible existence of a threshold at Admax of 
about 207 MPa (30 ksi) below which corrosion-fatigue-crack initiation did 
not occur. 

5. The fatigue-crack-initiation limit, for notched specimens in air, was 
decreased by about 25 percent when the specimens were precorroded for 
about one month under static loads in the environment. This decrease was 
related to an increase in the stress concentration at the notch tip caused by 
corrosion pits on the surface of the notch radius. 

6. The decrease in the corrosion-fatigue crack-initiation life was at
tributed, primarily, to synergistic effects of the environment and cyclic 
loading operating under full-immersion conditions. The actual corrosion-
fatigue mechanism that caused the degradation was not established. 

7. Metallographic investigations showed that corrosion-fatigue cracks ini
tiate at corrosion pits on the surface of the notch tip. These cracks initiated 
as microcracks that were formed by a sharpening of the corrosion-pit tip 
under the combined influence of the environment and cyclic loads. 
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FIG. lb—Scanning electron micrograph of A517 Grade F steel. Electropolished and nital 
etch (X3000). 
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ABSTRACT: An analysis and test program was performed to evaluate the ability of a 
crack growth gage to monitor crack growth damage in fatigue-critical areas of F-4C/D 
aircraft structure. Crack growth gages were designed and manufactured for use on the 
F-4 lower wing skin. The crack growth behavior of the gage and relationship of gage 
crack growth to potential crack growth in the wing skin were determined through 
analysis and test. Eight gages were bonded on the Air Force F-4C/D full-scale fatigue 
test article at Wright-Patterson Air Force Base. Assessments were made of (1) the 
capability to predict crack growth behavior of the gages mounted on the fatigue test 
article, (2) the ability of crack growth gage to monitor potential crack growth damage 
at specified control points, and (3) the impact of manufacturing, installation, and data 
collection procedures on the utility of the gage as a damage monitoring device. Sheet 
thickness was found to have a profound effect on crack growth retardation under 
spectrum loading in 7075-T6 aluminum. 

KEY WORDS: crack growth, crack growth gages, aircraft, fleet management, spectrum 
loads 

Crack growth gages have received considerable attention as an aircraft 
fatigue life tracking system, since this use was proposed by Crane et al [/].•' 
The fundamental concept of the crack growth gage (Fig. 1) is that potential 
crack growth in the structure can be determined by monitoring crack growth 
in the gage. This concept is based on the assumption that one can deter
mine a relationship between potential flaw growth at a fatigue-critical 
location in the aircraft structure and crack growth in a coupon attached to 
the structure such that it experiences a similar stress history. A particular 

'Lead engineer, McDonnell Aircraft Co., McDonnell Douglas Corp., St. Louis, Mo. 63166. 
^Captain, USAF; aerospace engineer. Air Force Flight Dynamics Laboratory, Wright-

Patterson AFB, Ohio. 
•'The italic numbers in brackets refer to the list of references appended to this paper. 
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624 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

relationship of potential structural flaw length and gage crack length is 
shown in Fig. 1. Because the gage is subjected to a stress history similar to 
that in the fatigue-critical location, use of the crack growth gage for service 
life tracking is potentially more accurate than the more complex systems 
based on flight parameter tracking used currently. The objective of this 
program was to evaluate the ability of a crack growth gage to monitor po
tential crack growth damage in fatigue-critical areas of F-4C/D aircraft 
structure. 

Crack Growth Gage Design 

The crack growth gage studied in this program (Fig. 1) was designed 
specifically for application to the lower wing skin of the F-4C/D aircraft. 
The design was based on the following criteria: (1) The gage must be small 
enough that it can be bonded to fighter wing skins without encompassing 
large strain differences, or degrading beneficial residual stresses near 
fastener patterns during bonding; (2) the gage must give measurable crack 
growth for each 1000 spectrum hours of test life; (3) the gage must be 
capable of being durably bonded to the aircraft; and (4) the gage must not 
buckle under the maximum compressive stress in the spectrum. The selected 
design satisfies all of these criteria. 

Crack growth increments of about 0.25 cm (0.1 in.) per 1000 spectrum 
hours were selected as the minimum growth which might be visually measur
able in the gage when bonded to the fatigue test article. Since the F-4 
fatigue test was scheduled to obtain 12 000 flight hours following bonding 
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FIG. 1—Use of crack growth gage to monitor potential crack growth in structure. 
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of the gages, the total crack growth desired was 2.54 to 3.05 cm (1.0 to 
1.2 in.). This growth, coupled with an initial flaw size of 0.51 cm (0.2 in.), 
required the gage width to be 3.81 cm (1.5 in.). The remaining gage di
mensions are consequences of this width selection. 

The stress-intensity factor for the gage was compounded from available 
solutions [2]. In terms of the gross stress in the gage at the plane of the 
crack, the gage stress-intensity factor can be expressed as 

K = Og^yfim (1) 

where 

Og = gross stress in gage, 
a = half crack length in gage, and 
i8 = /1/2, where / i is Isida's stress-intensity correction for finite-width 

and finite-length plates subjected to a gross stress [3], and 
fi — Hilton and Sih's stress-intensity correction for a stepped plate \4\. 

Crack surface displacements in the gage were determined from NASTRAN 
finite-element analyses and were used to compute gage stress-intensity 
factors at several crack lengths to verify the stress-intensity factor solution 
of Eq 1. Comparison of the results in Fig. 2 shows good agreement. 

Parametric studies of crack growth gage geometries were performed using 
the stress-intensity factor solution of Eq 1. Variations in length-to-width 
ratio, step length to overall length ratio, and step-thickness ratio were 
studied to determine configurations predicted to attain 2.54 mm (1 in.) of 
crack growth in 12 000 flight hours. Results of crack growth analysis for 

FIG. 2—Finite-element results confirm gage stress-intensity factor computation. 
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the selected gage configuration, shown in Fig. 3, indicate that the gage is 
predicted to produce nearly a constant crack growth rate. 

Gage geometry optimization was based on the assumption that the gage 
displacements were equal to the displacement of the wing skin. Actually 
the displacement of a crack growth gage bonded to a carrier plate (be it 
wing skin or test coupon) depends on the stiffness of the gage, the stiffness 
of the carrier plate, and the stiffness of the bondline. Load transfer to the 
gage and bonded joint strength were determined using the bonded joint 
analysis of Hart-Smith [5]. These analyses, as well as buckling analyses, 
are presented in detail in Ref 2. 

Element Test Program 

The majority of tests in this program were intended to determine the 
crack growth behavior of the gage. The test program is summarized in 
Table 1 and consists of tests for material characterization, load transfer to 
the gage, gage calibration under constant-amplitude and spectrum loadings, 
and gage validation under spectrum loading. 

Load transfer tests and constant-amplitude gage calibration test results 
confirmed the stress-intensity factor prediction for bonded gages. Typical 
results of the constant-amplitude gage calibration tests are compared with 
predicted behavior in Fig. 4. In general, analysis and test results under 
constant-amplitude loadings were in good agreement and showed little 
gage-to-gage variability. 

Gage calibration tests under spectrum loadings indicated that crack 
growth retardation was greater for the gages than that predicted using the 
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TABLE 1—Test program summary. 

Test 
Series 

Number of 
Specimens Test Purpose Test Specimen 

Measure da/dN of the lot of 
material used in gage manufacture 

-18.0-

xL 4.0 

Center- Crack- T = 0.040 

Measure load transfer characteristics 
of gage in order to interpret crack 
growth behavior. Gages on one 
specimen were precracked. 

18.0 ' H 

1 1 1 
1 4.0 

1 

0.340 J 

Gage calibration, constant 
amplitude loading 

Gage calibration, spectrum loading 

18.0 H 

1 1 1 
1 4.0 

0.340 T 

Validation of ability of gage to track 
spectrum loading 

-26.0 — 

o o o 

^ ^ n r ^ l I 
Note: All dimensions in inches. 1 in. = 2.54 cm 

contact-stress model [6] and assuming plane-stress plastic zone conditions. 
As shown in Fig. 5, gage crack growth initially was faster than predicted, 
then slowed to a rate far less than predicted. Based on data presented by 
Shih and Wei [7] and Mills and Hertzberg [8], sheet thickness effects were 
felt to be responsible for the excessive retardation found in gage response. 

Effect of Thickness on Crack Growth Retardation 

To determine the effect of sheet thickness on crack growth retardation, 
a series of constant-amplitude and spectrum tests of center-cracked panels 
in several thicknesses was performed, as outlined in Table 2. Constant-
amplitude results for tests at 33 MN/m^^^ (30 ksi), R = 0, are shown in 
Fig. 6. The scatter shown is no more than would be expected for multiple 
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FIG. 4—Predicted and measured crack growth for constant-amplitude gage calibration test. 
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FIG. 5—Comparison of predicted and measured crack growth in gage under F-4 lower 
wing skin spectrum. 
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TABLE 2—Constant-amplitude and spectrum tests to investigate 
sheet thickness effects. 

Stress 
Levels, 

ksi 

15 
30 
45 

0.02 

X 

0.04 

X 

X 

X 

Sheet Thickness, in. 

0.08 

X 

0.15 

X 

0.25 

X 

X 

X 

0.50 

X 

NOTE—1 in. = 2.54 cm; 1 ksi = 6.89 MN/m^. 

1.6 

£ 1-2 

" 0.8 

0.4 

— 

1 
Center Cracked 

Panels 

l i .0 -

4.0 

" m a 
R " C 

A 
in 
1 

X = 30 ksi 

1 dimensions 
inches 

n. - 2.54 cm 

C 

0.04 

2 -

0 . 0 2 -

( 08 

.15 
Sheet 

0.02 

/ 0.50 

0 1 2 3 4 5 

Thousands of cycles 

FIG. 6—Results of crack growth tests in several sheet thicknesses. 

tests of material in the same thickness. This is shown by the two test results 
in 0.051-cm (0.02 in.) thickness. 

Spectrum test results for identical center-cracked panels are shown in 
Fig. 6. An F-4 lower wing skin stress spectrum was applied at 33-MN/m-'̂ ^ 
(30 ksi) limit stress. The maximum stress level was 1.07 times limit stress 
and the minimum stress level was —0.12 times limit stress. Buckling guides 
prevented both panel buckling and crack buckling in thin sheets. Spectrum 
crack growth lives generally tend to increase with decreasing thickness. The 
scatter in lives for thicknesses greater than 0.25 cm (0.1 in.) is within the 
scatter of the constant-amplitude results. Life for the 0.10-cm-thick (0.04 
in.) panel is four times that for thicker panels and life for 0.05-cm (0.02 in.) 
thickness is six times that for thicker panels. 

While previous investigations [7,8] have shown that thickness affects 
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crack growth retardation following discrete high loads, the magnitude of 
this effect and its insensitivity to stress level were not anticipated. Fracture 
surfaces of the thicker specimens tested under spectrum loading showed 
evidence of crack-tip tunneling at the midplane and tearing at the surface. 
This behavior is felt to be due to the transition from plane-strain behavior 
at the specimen midplane to plane-stress behavior at the free surface. 

Hartranft and Sih [9] have postulated that the thickness of this transition 
layer is a function of crack length and plate thickness 

^/t = 1 

4 -I- 16f 
(2) 

Finite-element results obtained by Raju and Newman [10] have provided 
support for this boundary effect, Fig. 7. 

To obtain correlation with the data, crack growth retardation in thin 
sheets would have to exceed that analytically determined under plane-stress 
conditions using the contact-stress model. In this model, retardation is pre
dicted by determining a minimum effective stress level which reduces the 
stress ranges used for computation of spectrum crack growth. The relation
ship of the minimum effective stress level to the applied stress levels is 
indicated in Fig. 8. 

By selecting a minimum effective stress level (closure stress), assumed to 
be constant throughout the fatigue life as suggested by Elber [11], crack 
growth analyses were "tuned" to provide correlation with data from the 

FIG. 7—Comparison of finite-element analysis results with predicted boundary-layer depth. 
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!'„,,„ (Effective) 

Stress 

FIG. 8—Relationship of effective minimum stress level to applied stress levels. 

Spectrum tests performed at 33 MN/m^^^ (30 ksi). A plot of the minimum 
effective stress level, used to match test data versus the boundary effect 
parameter, ^/t, is shown in Fig. 9. 

Crack growth lives for all constant-amplitude and spectrum tests are 
summarized as a function of specimen thickness in Figs. 10 and 11, respec
tively. Also shown are the crack growth life predictions obtained from the 
contact-stress model using the empirical relationship of Fig. 9 to compute 
the minimum effective stress level. While the empirical relationship was 
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FIG. 11—Effect of thickness on spectrum crack growth lives—comparison of analysis and 
test results. 

developed from the results at 33 MN/m-'̂ -̂  (30 ksi), good correlation is 
found with lives at other stress levels. One constant-amplitude test at 49.5 
MN/m^^^ (45 ksi), Fig. 10, appears to have an abnormally short life. Using 
the contact-stress model and the empirical relationship of Fig. 9, good cor
relation was obtained between the adjusted analysis and gage calibration 
and verification test results, as indicated by Fig. 12. 
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FIG. 12—Comparison of adjusted analysis and measured crack growth in gage under F-4 
lower wing skin spectrum. 

Gage Attachment to F-4 Fatigue Test Article 

The primary gage sites on the F-4 fatigue test article, identified as Sites 
1-4 in Fig. 13, were located on the lower wing skin. Most of the gages were 
attached to the right lower wing skin, but some sites were duplicated on 
the left lower wing skin, indicated in Fig. 13 by duplicate site numbers. 
Based on the gage configuration, predicted behavior, and bonding pro
cedure, several criteria for site selection were defined. 

Sites were selected to be near fracture-critical areas so that the stress 
histories experienced by the gages would be similar to those experienced by 
the fracture-critical areas. 

Wing skin areas experiencing limit stress levels of 33 MN/m^^^ (30 ksi) 
were selected to obtain the maximum possible gage crack growth during 
the full-scale fatigue test. 

Areas near high stress gradients, fastener patterns, Taper-loks, and other 
stress concentrations were avoided for two reasons. First, the gage behavior 
would be sensitive to position and alignment in such areas. This could lead 
to variations in gage response from aircraft to aircraft if the gage were 
applied to fleet aircraft. Second, areas immediately adjacent to the gage 
will receive some heating during the bonding cure cycle. Heating to 177°C 
(350°F) can cause relaxation of plastic strains in high stress-concentration 
areas and reduce beneficial residual stresses near Taper-loks, which are 
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F-4 Lower Torque Box Skin -

Sites 
Site 4 

FIG. 13—Crack growth gage sites on lower wing skin of F-4 fatigue test article. 

used in such areas on the F-4 lower wing skin. Fastener patterns in general 
were avoided because of the local strain distributions they create. 

FM-73 adhesive was used to bond gages to test coupons and to the wing 
skin of the F-4 test article. FM-73, an epoxy adhesive requiring a 121 °C 
(250°F) cure cycle, was selected based on strength, durability, service en
vironment, and cure temperature considerations. A standard field repair 
surface treatment and bonding technique was used. While bonding to test 
coupons was successful, bonding to the F-4 fatigue test article was beset by 
problems. On the first attempt the adhesive was not cured at a high enough 
temperature. On the second attempt the adhesive was properly cured; how
ever, the additional heating evidently broke down the silicone spray cor
rosion inhibitor used on the fatigue test article. Silicone, which is a release 
agent for FM-73 adhesive, was absorbed by that adhesive during the bond
ing, causing it to fail upon application of load to the test article. 

After the four original gages disbonded, the areas and gages were cleaned 
and eight gages were bonded to the lower wing skins using the room-
temperature-cure EA9309.1 adhesive [12], The room-temperature cure 
allowed bonding of gages much closer to rib and spar fasteners than on the 
original sites. The locations of the eight crack growth gages are identified 
in Fig. 13. Four of these gages produced measurable crack growth through 
4000 spectrum hours of full-scale fatigue testing. 

Gage Performance on Test Article 

Crack lengths in gages bonded to the fatigue test article were determined 
through microscopic examination of impressions of the crack made in 
Faxfilm replicating tape [12]. To obtain the impression, the film was 
pressed onto the gage step containing the crack. Measurements of the Fax-
film impressions could be made more easily than direct measurement of 
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gage crack length, and the Faxfilm impressions make a good record of 
measurements. 

Comparisons of predicted and measured crack growth in the gages are 
shown in Fig. 14. In general, the agreement between predicted and measured 
crack lengths is good. In those cases in which the gages separated from 
the wing skin, measured crack growth was close to that predicted until the 
gages separated. 

Crack Growth Gi^e as Usage Monitor 

Use of the crack growth gage as an aircraft fatigue life usage monitor is 
complicated by the fact that the relationship of potential crack growth in 
the structure to crack growth in the gage is predicted to vary markedly for 
small changes in usage (Fig. 15). This variation is due to the difference in 
crack growth retardation between the crack in the structure and the crack 
in the gage. In order for the relationship of potential crack growth in the 
structure to crack growth in the gage to be unique, unaffected by spectrum 
changes, the stress state at the tip of the gage crack must be similar to that 
at the tip of the crack in the structure. The difference in material thickness 
between gage and structure precludes similitude at the crack tips and, 

2 3 
Thousands of Spectrum Hours 

FIG. 14—Comparison of gage crack length measurements from fatigue test article with 
predicted lengths. 
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FIG. 15—Relationship of potential crack growth in structure to gage crack growth varies 
with aircraft usage. 

consequently, precludes development of a unique relationship between gage 
crack length and crack length in the structure. 

A procedure was developed to account for the variation in structure/gage 
flaw growth relationship based on predictions of crack growth in the gage 
and in the structure for a baseline spectrum under several limit stress 
levels. Relationships between potential crack growth from a hole and crack 
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growth in the gage were determined for each stress level, Fig. 16. These 
relationships were used to predict potential flaw growth from a hole based 
on the crack length in the gage at a given time. 

As an example of this technique for service life monitoring using the 
crack growth gage, five variations of an F-4 wing load spectrum were 
considered: baseline, mild, and severe variations used in the earlier evalu
ations (Fig. 15), the baseline with the maximum load per 1000 h increased 
to 125 percent of limit, and the baseline clipped at 80 percent of limit load. 
The latter spectrum variations were among the most severe of those re
ported in Ref 13. 

The predictions of crack growth from the hole based on gage analyses 
were compared with straightforward crack growth predictions using the 
contact-stress model for each of the spectrum variations. Comparison of 
the two predictions (Fig. 17) is reasonably good and indicates that gage 
crack growth interpretations will be consistent with the trends, at least, 
of potential crack growth in the structure, as long as the gage remains 
attached to the structure. 

The comparison of predictions shown in Fig. 17 is the only available 
measure of the ability of the gage to monitor service usage. The comparison 
must be substantiated by test before acceptance of the gage as a usage 
monitor. The predictions of crack growth from a hole are based on im
proved analyses of the test results reported in Ref 13. The predictions of 
gage response are based on test results for limit stress levels between 28.6 
and 33 MN/m^^^ (26 and 30 ksi) and are subject to greater question at 
limit stress levels that are higher or lower. 
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FIG. 16—Crack growth from hole prediction interpolated from gage crack growth. 
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FIG. 17—Comparison of predictions for crack growth from hole for several spectra. 

Conclusions 

Results of this program indicate that crack growth in gages bonded to 
an aircraft can be correlated with the stress history of the gage site on that 
aircraft. 

Knowledge of the gage crack length alone is not sufficient to determine 
the potential crack growth in the structure. Crack growth retardation in 
thin sheets [less than 0.25 cm (0.1 in.) thick] is much greater than in 
thicker fighter wing skins. Consequently, the relationship of gage crack 
length to potential flaw length in the structure is dependent on the usage 
(spectrum severity) of the aircraft. Spectrum severity and potential crack 
growth in the structure can be determined by tracking both the number of 
aircraft flight hours and crack length in the gage. 

Gage manufacturing tolerances were predicted to have little impact on 
gage response; however, a comprehensive qualification program is required 
before accepting an adhesive and bonding procedure for gage attachment 
to fleet aircraft. Bonding of gages to the fatigue article using FM-73 ad
hesive was not successful due to circumstances peculiar to that application. 
EA 9309.1 room-temperature-cure adhesive was successfully used to bond 
gages to the fatigue article. In element tests, FM-73 was found to pre
dictably transfer strains to the gage until either adhesive or gage failure 
occurred. Applications of fatigue load cycles were not found to change load 
transfer to the gage prior to adhesive failure. 

The potential usefulness of a gage for monitoring crack growth in air
craft structure has not been fully explored. Considerable further research 
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is required to verify the techniques used to determine the potential growth 
of structural flaws from measured gage crack growth, to determine the 
ability of a gage to track variations in service usage, to demonstrate re
producibility of growth from gage to gage, to develop simple procedures to 
reliably bond gages in a depot maintenance environment, to demonstrate 
adequate gage service lives in fleet use, and to determine procedures to 
collect and summarize individual aircraft gage data. 
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Summary 

The papers contributed to the 13th National Symposium on Fracture 
Mechanics cover a wide range of topics. Approximately 35 percent of the 
papers deal with the subject of fatigue crack propagation in engineering 
materials. These fatigue-related papers cover subjects such as variable-
amplitude loading, residual stresses, overloads, crack closure, hold time, 
and temperature. In addition to the papers on fatigue crack propagation, ap
proximately 15 percent of the conference papers deal with the calculation of 
stress-intensity factors for various crack geometries and an additional 15 per
cent deal with elastic-plastic fracture mechanics as related to Jj^ and the tear
ing modulus r. The remaining papers deal with a wide range of subjects such 
as creep-crack growth, correlations of fracture behavior with Charpy V-notch 
response, the effect of root radius on fracture behavior, behavior of com
posite materials, R-curves, and applications of fracture mechanics methods. 

As in previous national symposia on fracture mechanics, the preponder
ance of papers contributed deal with fatigue crack propagation. The effect of 
variable-amplitude loading was investigated by J. B. Chang, R. M. Engle, 
and J. Stolpestad. Their study examines the fatigue crack growth behavior of 
2219-T851 aluminum subjected to variable-amplitude loading. This loading 
includes single and periodic tensile and compressive overloads as well as 
high-low or low-high block loading. A load interaction model is developed 
which accounts for the overload retardation and compressive load accelera
tion effects on fatigue crack growth. Analysis of the experimental data was 
performed using a computer program which employed this model. The 
results show reasonable agreement with the experimental data. The effect of 
residual stress on fatigue crack growth measurements was investigated by R. 
Bucci. In his paper Bucci gives numerous examples to show how residual 
stresses can lead to an erroneous interpretation of fatigue crack growth rates 
as measured in accordance with current ASTM Test for Constant-Load-
Amplitude Fatigue Crack Growth Rates Above IQ-^ m/Cycles (E 647-78T). 
Bucci recommends various modifications to applicable ASTM documents so 
that proper recognition will be given to the effect of residual stresses on 
fatigue crack growth rate measurements. J. H. Underwood and J. A. Kapp 
investigated the benefits of overloads on fatigue crack initiation and growth 
from a 0.1-mm-radius notch in steel alloy /Tie specimens. Other tests are 
described which measure the effect of tension overloads on fatigue crack 
growth and fatigue crack initiation from 3.4-mm-root-radius notches in 
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similar specimens. Their results indicate that when one wishes to accelerate 
crack initiation from the root of the notch the compressive overload is a 
definite benefit. Also, the effect of the tensile overload is to provide an in
creased fatigue life for the notched specimens. A. U. de Koning describes the 
results of the simple crack closure model for the prediction of fatigue crack 
grovrth rates under variable-amplitude loading. This model is based on crack 
closure arguments and was designed to predict the crack acceleration and 
retardation observed under variable-amplitude loading. This model was in
corporated into a computer program and used to analyze the behavior of 
specimens of 7075-T6 aluminum. B. N. Leis and T. P. Forte provide some in
sight into the fatigue crack grovrth behavior of physically short cracks in 
aluminum and steel plates. Their paper presents and analyzes an extensive 
data set related to the so-called short-crack problem. Included in the results 
are data for notched plates made from two aluminum alloys and a steel. Leis 
and Forte suggest that physically long as well as physically short cracks may 
behave in a manner inconsistent with linear elastic fracture mechanics 
(LEFM) descriptions. It can be implied from their arguments that in these 
cases this variation is principally due to the inability of LEFM to accurately 
describe the crack tip stress and strain conditions. The contribution of Saff 
and Holloway describes a study of crack growth gages for evaluation of ser
vice life. They show, based on the results of their program, that the response 
of the crack growth gages can be correlated with the stress history of the air
craft in the region of the gage site. However, the authors indicate that the 
potential usefulness of the crack growth gages for monitoring actual crack 
growth in aircraft structures has not been fully explored. They feel that con
siderable further research is required to verify this technique before it can be 
practically applied. G. Marci provides some insight into the effect of temper
ature on fatigue crack growth rates. He concludes that the fatigue crack 
growth threshold decreases linearly with increasing temperature. In Marci's 
paper a crack growth equation incorporating the effect of temperature on the 
fatigue crack growth threshold is demonstrated for Type 304 stainless steel. 
Saxena, Williams, and Shih provided discussion of an analytical modeling 
technique used to predict the effect of hold time on fatigue crack growth 
behavior at elevated temperatures. This model was evaluated for fatigue 
crack growth data with hold times of 0, 5, and 50 s for A470 Class 8 steel at 
538°C (1000°F). Additional data on Inconel alloy 718 at the same 
temperature were also taken from the literature to evaluate this model. It is 
their conclusion that the model is capable of accurately representing and 
predicting the hold time effects on fatigue crack growth behavior at elevated 
temperatures. The authors describe some of the limitations of their model 
and some of the possible methods for eliminating these problems. Taylor and 
Barsom in their paper describe the effect of cyclic frequency on the corrosion 
fatigue crack initiation behavior of an A517 Grade F steel. Their tests were 
conducted on a compact tension specimen at a stress ratio of 0.1 in a room 
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temperature 3.5 percent solution of sodium chloride. They show that the cor
rosion fatigue crack initiation life under full immersion conditions is 
significantly less than the fatigue crack initiation life in air. Metallographic 
studies indicate that the corrosion fatigue cracks initiate at corrosion pits on 
the surface of the notch tip in the specimens. It is proposed that these cracks 
initiate as microcracks that form by a sharpening of the corrosion pit tip under 
the combined influence of the environment and the cyclic loads. 

In the conference session on stress-intensity factors a number of very impor
tant practical geometries were investigated. Smith, Peters, Kirby, and Ando-
nian provide some insight into stress-intensity distributions for certain natural 
flaw shapes which approximate benchmark geometries. The studies described 
took the form of frozen stress photoelastic experiments carried out on certain 
model geometries which approach a so-called benchmark problem represented 
by a plate containing a surface crack loaded in remote simple tension. The 
authors describe the limitation of their studies with respect to flaw depth and 
surface flaw length. In the paper by Phillips and Sanford the effect of higher-
order stress terms on Mode I caustics in birefringent materials is discussed. 
While being relatively new, this experimental technique can be used to deter
mine stress-intensity factors for various crack configurations. The principal 
thrust of the work by Phillips and Sanford was to discuss how the first few non-
singular stress terms affect the sizes and shapes of the caustic that are pro
duced in the optically anisotrophic materials. 

Along with the study of fatigue and the evaluation of stress-intensity factors, 
the elastic-plastic response as measured by/jc and T received considerable at
tention during the 13th National Fracture Mechanics Symposium. In the 
paper by Ernst, Paris, and Landes the evaluation of / and tearing modulus T 
from a single test record is investigated. The consequences of expressing / by 
the Merkel-Corton formula is explored in terms of/, the crack increment da, 
and the tearing modulus T. The authors provide additional physical inter
pretation to the material versus applied tearing modulus stability criterion. 
Also, a simpler method for evaluating / following the actual PA test record is 
suggested. This procedure is compared with other experimental data. Carlson 
and Williams present an attempt to provide a more basic approach to the 
analysis of multiple-specimen R-curves for the determination of J^- Multiple-
specimen J-R curves were developed for groups of IT compact specimens with 
different A/W values and depths of side grooving. The purpose of the in
vestigation was to determine/c for each group. A more basic approach for the 
analysis of multiple-specimen R-curves is presented in the paper. This tech
nique is applied and extensively discussed to show Ĵ  estimates that closely cor
responded to actual observed onset of crack extension. Joyce and Vassilaros 
present the results of an experimental investigation of tearing instability using 
compact tension specimens. They conclude for the range of aluminum, 
titanium, and steel alloys tested that whenever the TappHed obtained from the 
generalized Paris model exceeds the Tmatenab ^ tearing instability is assured. 
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They show that side-grooving of these materials effectively reduces the ̂ material 
and this reduction is related to a reduction in the TappUed for instability. Addi
tionally, they found that the value of âpplied does not have any effect on the 
resultant Jj-R curves. Further, the Jj-R curves seem to be independent of the 
mode of crack extension observed over the range of âpplied. A reevaluation of 
procedures for calculating /jc is provided by G. A. Clarke. Clarke provides 
some insight into the various improvements to /i^ and J-R curve testing which 
have occurred during the past five years. A description of many of these im
provements is presented in the paper. Clarke highlights many of the pitfalls 
which one can encounter in / j^ and J-R testing. In the paper by Andrews the 
utilization of small specimens to provide accurate predictions of the brittle 
fracture response of low alloy steels is examined. Andrews concludes that an 
accurate estimate of valid plane-strain fracture toughness, Ki^, for low-alloy 
steels in the ductile-to-brittle transition temperature range may be made using 
/ic-valid specimens if one also accounts for size effect, which is evident for 
cleavage fracture. This size effect is explained using a weakest-link theory. 

It has already been noted that approximately 60 percent of the papers con
tributed to the 13th National Symposium on Fracture Mechanics were in the 
general categories of fatigue, stress-intensity evaluation, and elastic-plastic 
fracture mechanics. The remaining papers did not conveniently fit into any 
single grouping. These papers represented a wide range of subjects from 
creep crack growth to Charpy V-notch correlations, composite materials, 
and fracture mechanics applications to name a few. In an attempt to provide 
a better understanding of creep crack growth, Donat, Nicholas, and Fu 
presented the results of an experimental investigation of creep crack growth 
in IN-100. They determined sustained crack growth rates in IN-100 at 732°C 
(1350°F). Their studies were conducted on two specimen geometries over a 
range of thicknesses. A number of various parameters such as the stress-
intensity factor, net section stress, and a compliance-related integral were 
studied as possible crack growth rate correlating parameters. None of these 
parameters provided an effective means of correlating the observed growth 
rates. An upper-shelf correlation between the fracture toughness and the 
energy required to initiate cracking as measured in a Charpy V-notch 
specimen is presented in the work of Norris, Reaugh, and Server. Their cor
relation was obtained using data from 23 steels which possessed a wide varia
tion in yield strength, fracture toughness, and Charpy toughness. The 
authors state that their correlation is only marginally better than that ob
tained by Rolfe and Novak, and Barsom and Rolfe, whose correlations use 
the entire Charpy fracture energy curves. In a series of J-integral fracture 
toughness tests, Tobler, Read, and Reed studied the effect of carbon and 
nitrogen on the fracture properties of an austenitic stainless steel having a 
base composition corresponding to AISI 304. The fracture toughness mea
sured was observed to decrease with increasing carbon and nitrogen content. 
While many problems are quite obvious to a researcher when trying to apply 
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fracture mechanics to an actual situation, they are not obvious all the time to 
most people. W. G. Clark, Jr., describes in his paper some of the problems 
that will occur in a typical application of fracture mechanics. The problems 
described by Clark range from the development of adequate material prop
erty data to the analytical and defect characterization aspects of the 
technology. These problems and their interaction are discussed with regard 
to their potential impact on structural life predictions and quantitative risk 
analysis. The material characterization problems associated with data scat
ter, prior loading effects, and time-dependent behavior are included along 
with consideration of the probability of flaw detection and the analysis of 
small defects and interacting flaws. Clark provides suggestions and recom
mendations for experimental work required to resolve some of these prob
lems. A paper by Denyer also highlights fracture mechanics technology and 
its application. In this particular paper, the application of fracture mechan
ics to individual aircraft tracking is discussed. Denyer describes a crack 
growth analysis method which is designed to meet the intents and objectives 
of the U.S. Air Force requirements for durability and damage tolerance in 
their structures. The methodology described is currently being incorporated 
into the overall life monitoring of the USAF T-39 Utility Trainer. This is the 
first system to use crack growth principles for both durability and damage 
tolerance tracking. The behavior of composite materials as related to frac
ture mechanics was highlighted by three papers presented at the conference. 
The dependence of strength on particle size in graphite is discussed by Ken
nedy and Kennedy. The authors examine the strength to particle size rela
tionship for specially fabricated graphites. They demonstrate that the utiliza
tion of fracture mechanics will provide an adequate basis for the observed 
performance. An application of the Dugdale crack extension model with sim
ple modifications accounting for nonspherical pores and variable defect con
centrations is used to explain the observed experimental data. In their study 
they also consider the particle size effect on coefficient of thermal expansion, 
electrical resistivity, fracture strain, and Young's modulus. Shih and Logsdon 
in their paper examine the fracture behavior of a thick-section graphite/epoxy 
composite. It was the authors' intent to examine the possibility of using ad
vanced structural composities in the specific application of generator retaining 
rings. One aspect of this was to demonstrate the fracture behavior of the com
posite material. In particular, their tests served to permit an evaluation of the 
applicability of LEFM to composite materials in general and to thick-section 
composites in particular. Their results show that LEFM is not directly ap
plicable to thick-section composites with cracks perpendicular to the fiber 
orientation. They found that the test composite was insensitive to cracks in a 
plane perpendicular to the fibers and that the load-cartying capability could 
be calculated based on net section considerations solely. The failure mode they 
observed in their test of composites tested in 3-point bending was interply 
shear failure. The third paper on fracture behavior of fiber composites was of-
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fered by Avery, Bradley, and King. This paper deals with fracture control in 
ballistic damage fiber composite wing structures. Their paper presents the 
fracture test data and analysis related to the development of a skin configura
tion for a graphite/epoxy wing box capable of sustaining limit loads following 
damage from a 23-mm high-explosive-impact projectile. 

While not described in this summary, other very interesting papers were 
contributed to the symposium as evidenced by the index to this Special 
Technical Publication. A paper on fatigue fracture micromechanism in broad 
molecular weight distribution poly(methyl methacrylate) is offered by 
Janiszewski, Hertzberg, and Manson. A discussion of a final stretch model of 
ductile fracture by Wnuk and Sedmack is also included. Additionally, such 
things as the anomaly of toughness behavior with notch root radius are discuss
ed by Datta and Wood; the relationship between critical stretch zone width 
crack-tip opening and fracture energy is investigated by Nguyen-Duy; Baker 
describes a new test method for short rod and short bar fracture toughness 
specimens; and Heritier examines a fracture mechanics study of stress corro
sion cracking in austenitic and austenitic-ferritic stainless steels. 

Richard Roberts 
Materials Research Center Lehigh University 

Bethlehem, Pa. 18015; symposium chair
man and editor 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



STP743-EB/NOV. 1981 

Index 

Aluminum 
Alloys, 3, 28, 63, 100 
Forging, 30 

Application of fracture mechanics, 
269 

Austenitic stainless steel, 167 

B 

Ballistic damage, 344 
Bench mark geometries, 409, 422, 

435 
Boundary integral equation, 409 

Front curvature, 46 
Growth 

Correlations, 12, 293 
G^es, 623 
Retardation, 17, 70 

Initiation, 599 
Opening 

Displacement, 33, 46, 66, 450, 
503, 543 

Stress, 72 
Propagation rates, 178 

Creep crack growth, 87, 186 
Cryogenic testing, 250 
Cylinders, 375 

C-shaped specimens, 50 
Caustics, 387, 397 
Charpy 

Correlation, 207, 210 
Energy, 207, 218 

Chromium-molybdenum-vanadium 
steel, 87 

Clip gage, 363 
Corrosion fatigue, 603 
Compliance, 191 
Composite materials, 316, 338 
Comer cracks, 438 
Crack 

Branching, 104, 176 
Closure, 63 

D 

Damage 
Tolerance, 354 
Zone, 237 

Data scatter, 271 
Defect characterization, 280 
Delay, 627 
Ductile fracture, 236 
Dugdale model, 313 

£ 

Effective stress intensity, 19 
Elevated temperature fatigue, 86, 

147 

647 

Copyright*' 1981 by ASTM International www.astm.org 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



648 FRACTURE MECHANICS: THIRTEENTH CONFERENCE 

Failure analysis, 77 
Fatigue 

Crack growth, 3, 28, 35, 48, 63, 
86, 100, 125, 147, 288, 623 

Crack initiation, 100 
Life predictions, 22 
Striations, 125, 135 
Threshold, 22 

Finite-element methods, 407 
Flight simulation loading, 77 
Fractography, 125, 131, 180, 224, 

263, 549, 617 
Fracture 

Mechanics, 269, 288, 338, 456 
Toughness, 207, 318 

Graphite, 303, 316 
Griffith-Irwin, 312, 313 
Growth bands, 125 

H 

Hold time, 86 

Linear elastic fracture mechanics, 
387 

Load 
Interaction, 5 
Spectrum, 79 

Low temperature tests, 250 

M 

Microcracking, 313 
Mode I caustics, 387 

N 

Notch root radius, 218 
Notched bends, 326, 331 
Notches, 100 
Nozzel cracks, 403 

O 

Overloads 
Compressive, 4, 71 
Multiple, 11 
Single, 8, 69 
Tensile, 4, 49 

Inconel 
100, 186 
718, 87, 147 
X-750, 147 

Instability, 533 

Jic, 212, 503, 543, 553, 576 
J-integral, 236, 250, 477, 503, 525, 

543, 553, 576 

K 

Keff, 19 
Kiscc, 167, 278 

Photoelasticity, 408, 424 
Plastic zone, 19, 61, 66, 75, 126, 

283, 313 
Polymer fatigue, 125 
Poly(methyl methacrylate), 125 
Prestressing, 273 
Prior loading, 272 
Process zone, 238 

R 

R-curve, 360, 364, 477, 503, 508, 
525 

R-ratio, 7, 64 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



INDEX 649 

Random loading, 4, 79 
Residual stresses, 28, 33, 46 

Structural life tracking, 288, 289 
Surface crack, 360, 375, 403, 422, 

438 

Shear strength, 320 
Short cracks, 100 
Short rod testing, 456 
Spectrum loading, 79, 631 
Stainless steel, 147, 167, 250 
Stainless steel Type 304, 147 
Steel, 87, 100, 553, 576, 599 
Steel forgings, 49, 90 
Stress 

Concentration, 100 
Corrosion cracking, 167, 171 
Intensity factors. 111, 375, 387, 

403, 416, 438 

Tearing modulus, 236, 495, 525 
Tests, A/, 91 
Three-dimensional problems, 403 
Titanium, 360 
Turbine rotor steel, 90 

Variable amplitude loading, 4, 77, 
631 

Copyright by ASTM Int'l (all rights reserved); Mon Dec 21 12:02:15 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.




