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Foreword

This publication, Fracture Mechanics, contains papers presented at the
Eleventh National Symposium on Fracture Mechanics which was held
12-14 June 1978 at Virginia Polytechnic Institute and State University,
Blacksburg, Va. The American Society for Testing and Materials’ Com-
mittee E-24 on Fracture Testing of Metals sponsored the symposium. C.
W. Smith, Virginia Polytechnic Institute and State University, served as
editor of this publication.

The proceedings have been divided into two volumes: Part I-—Fracture
Mechanics and Part II—Fracture Mechanics Applied to Brittle Materials.
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Introduction

Developments in the field of fracture mechanics have exerted a strong
influence upon the advancement of structural technology during the past
decade. Papers which chronicle an important part of these developments
have been published in various ASTM special technical publications
(STP). This volume consists of the Proceedings of the Eleventh National
Symposium on Fracture Mechanics which is sponsored by ASTM Com-
mittee E-24 on Fracture Testing. The main body of the proceedings,
consisting solely of contributed papers, presents an overview of the
current state of analytical and experimental research as viewed by those
members of the international technical community who participated in the
Symposium. A separate publication on Brittle Fracture, ASTM STP 678,
consisting solely of solicited papers, has recorded the proceedings of
those special sessions of the Symposium. This publication delineates
frontiers of research in the several areas of fracture mechanics which are
addressed herein and should be of interest to scientists and engineers
wishing to keep abreast of such developments.

Specifically, this volume documents progress in research in several
areas; the area of greatest activity being that of fatigue crack growth.
Papers which study the influence upon fatigue crack growth of combined
fields, nonperiodic load spectra, temperature effects, crack closure and
residual stresses, notches, and other effects are included. Both analytical
and experimental studies on stress intensity distributions and shapes of
surface flaws involving finite element, boundary integral-weight function,
photoelastic, and overload marking techniques are included. Research on
experimental techniques and the analysis of specimens is reported to-
gether with new results on K-/, determination and elastic-plastic
fracture analysis. Three papers are included which deal with the fracture
of composite materials. Finally, a series of papers dealing with topics
outside of the above areas which were designated as special topics are
included along with a group of papers illustrating the application of
fracture mechanics to problems of current and future technological
importance.
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2 FRACTURE MECHANICS

A feature of the Eleventh National Symposium was the announcement
by Committee E-24 Chairman J. G. Kaufman of the establishment of the
George Rankin Irwin Medal to be awarded annually to the outstanding
young researcher in the field of Fracture Mechanics. The first medal was
presented to Dr. Irwin at the Symposium.

The value of the Eleventh National Symposium on Fracture Mechanics
is evidenced by the contents of this volume and ASTM STP 678. The
contributions of the symposium organizing committee, the authors,
reviewers, referees, J. J. Palmer and J. B. Wheeler of the ASTM and their
staffs, together with the participation and support of P. E. Torgersen, Dan
Frederick and J. D. Wilson of Virginia Polytechnic Institute and State
University are gratefully acknowledged.

C. W. Smith

Department of Engineering Science and
Mechanics, Virginia Polytechnic Institute
and State University, Blacksburg, Va.,
24061; symposium chairman and editor.
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A.F. Liu,*J. E. Allison,2D. F. Dittmer,"
and J. R. Yamane'

Effect of Biaxial Stresses on
Crack Growth

REFERENCE: Liu, A. F., Allison, J. E., Dittmer, D. F., and Yamane, J. R.,
““Effect of Biaxial Stresses on Crack Growth,” Fracture Mechanics, ASTM STP
677, C. W. Smith, Ed., American Society for Testing and Materials, 1979, pp.
5-22.

ABSTRACT: This paper presents the results of a systematic evaluation of biaxial
loading on fatigue crack propagation behavior using experimental techniques, and
determines the accuracy with which a current advanced state-of-the-art analytical
approach can predict this behavior. These results provide data for evaluating
biaxial loading effects on crack propagation.

The effects of both biaxial stress ratio and applied stress level have been
evaluated by conducting crack propagation tests on cruciform specimens made of
7075-T7351 and 2024-T351 aluminum alloys. Tests were conducted at various
biaxial stress ratios (~1.5 < o/, < 1.75). The magnitudes of the applied stress
were from 20 to 60 percent of the material tensile yield strength. Test results
indicate that biaxial stress states contribute a negligible effect on fatigue crack
propagation rate as compared to data developed from uniaxial loading conditions.

KEY WORDS: biaxial loading, crack propagation, fracture mechanics, metals,
structures, fatigue (materials)

Nomenclature?

a One half of the total crack length, or the distance between a point
on the X-axis to the center of the cruciform specimen, mm (in.)
a, Projected length of “‘a’’, perpendicular to o,, mm (in.)
a, Projected length of ‘‘a”’, perpendicular to o,, mm (in.)
f Cyclic frequency (Hz)
F,, Material uniaxial tensile yield strength, kPa (ksi)
Kmay Stress intensity corresponding to omay, MN(M)®2 (ksi Vin.)

! Senior technical specialist and senior engineers, respectively, Northrop Corp., Aircraft
Group, Hawthorne, Calif. 90250.

2 Graduate student, Carnegie-Mellon University, Pittsburgh, Pa. 15213, formerly Captain,
United States Air Force.
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6 FRACTURE MECHANICS

Kmin  Stress intensity corresponding to oy, MN(M)®2 (ksi V/in.)
P, Load applied to X-axis of a cruciform specimen, always parallel
to the crack, N (kip)
P, Load applied to Y-axis of a cruciform specimen, always perpen-
dicular to the crack, N (kip)
W. Width of a center cracked specimen, mm (in.)
AK  Kpax — K, MN(M)32 (ksi V/in.)
o, Stress parallel to the crack, tension or compression, kPa (ksi)
o, Stress perpendicular to the crack, always in tension, kPa (ksi)

¢ Original measurements are in English units.

Fracture mechanics techniques currently are being used to perform safe
life analysis on aircraft and many other types of structural components.
Because the problems of multiaxial loading are common in aircraft
airframe and engine components, it is important to evaluate and quantify
multiaxial effects in order to improve the crack propagation prediction
capability for design purposes.

Consider that a plate, containing a through-the-thickness crack, is
subjected to a biaxial stress field. One of the stress components is acting
perpendicular to the crack and another component parallel to the crack.
For problems that are solved using purely elastic formulations [/,2],* the
crack tip stress intensity, K, in the opening mode, theoretically is not
affected by the lateral stress component. On the other hand, it can be
shown by elastic-plastic analysis, for example, [2—6], that the size of a
crack tip plastic zone varies with biaxial loading conditions. Therefore,
one may speculate that the crack tip stress intensity (K') as well as the
crack growth rate (da/dN) will also be influenced by the presence of the
lateral stress component. Experimental data concerning the biaxial load-
ing effect on cyclic crack growth rate, residual strength, and the direction
of crack growth, are available [7-14]. However, the results of these few
investigations have been inconsistent, and none of them contained enough
data to offer conclusive evidence to support, or to correlate with, the
existing theories.

The objective of the present investigation is to evaluate systematically
the effect of the biaxial stress field on cyclic crack growth rate behavior.
An analytical/experimental study program has been designed to answer
the following questions:

1. Do biaxial stresses affect crack tip stress intensity, cyclic crack
growth rate, or crack tip plastic zone size?
2. Is an elastic - K adequate for correlating the biaxial da/dN data?

3 The italic numbers in brackets refer to the list of references appended to this paper.
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3. Is the crack tip plastic zone important in the mechanics of constant
amplitude crack growth?

The scope of the program includes the following:

1. Determination of the load-stress relationship on a selected specimen
geometry,

2. Determination of the elastic crack tip stress intensity factors for a
crack in that geometry.

3. Analytical determination of the crack tip plastic zone sizes.

4. Development of experimental data and evaluation of the effects of
biaxial stress ratio and applied stress level on the cyclic crack growth rate
behavior of 7075-T7351 and 2024-T351 aluminum alloys.

Specimen Configuration

There are many types of specimens that can be used to accomplish a
biaxial loading condition. For example, Pook and Holmes [//] used a flat
cruciform specimen containing longitudinal slots in the loading arms;
Beck [7] used a very large square sheet and loaded the sheet through
many little straps attached around the sheet edges. The criteria for
designing a specimen configuration to fulfill all the objectives in the
present study are:

1. The specimen should be capable of taking compression load.

2. The specimen should be designed to avoid fatigue damage at the grip
or in any area other than that containing the crack.

3. The size of the specimen should be large enough to minimize
boundary effects on crack tip stress intensity; but it should not be too
large, so that the required load levels can be kept within the capacity of
the testing machine.

4. The stress distribution across the specimen width should be fairly
uniform.

5. The specimen configuration should be simple in order to minimize
machining costs.

A cruciform specimen configuration has been selected for generating
biaxially loaded crack growth rate data. Generally, the specimen has an
overall length of 597 mm (23.5 in.) including grip areas at each end of the
loading arms. It also has a thinner region, 6 in. in diameter, in the center of
the specimen. An overall view of the specimen is shown in Fig. 1(a).
Figure 1(b) is a closeup photograph of the center section. Loading
conditions and dimensions of the specimen are shown in Fig. 2.

It has been considered that the thickness of the center region (¢,) and
the thickness and width of the loading arms (¢, and W) were the three
primary variables affecting the stress distribution. A 17.7-mm (0.5-in.)
thick loading arm was selected for £, to eliminate one of the three variables
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(@) An overall view.
(b) Closeup of the center portion (containing a curved crack).

FIG. 1-—Cruciform specimen.
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FIG. 2—Finite element model for one quarter of a cruciform specimen.

and also to minimize material and machining costs. The 7, and W
dimensions have been optimized by conducting stress analysis on a
dummy panel configuration (without crack). Stress distributions across
the thin section were determined by using the NASTRAN computer
program. Figure 2 shows the finite element model representing one
quarter of the cruciform specimen. Here ¢, =4.57 mm (0.18 in.),
W =17.78 cm (7 in.) and £, = 17.7 mm (0.5 in.). Also shown in Fig. 2 are
three rings of triangular elements of different intermediate thicknesses (#;,
tyand 1) to simulate the curvature connecting ¢, and 7,.

The analytical results are presented by the curves of Figs. 3 and 4. In
Fig. 3, the load and stress relationship at the center of the specimen is
presented; the magnitude of o, and o, (per (1000 1b) of P,) are plotted as
functions of P, to P, ratio. The load and stress relationship (the
NASTRAN lines in Fig. 3) can be represented by:

o, = 1%‘1[6.55 ~1.73 (P,/P,)] )
o, = 152‘!{6.57 (P./P,) — 1.75] @

For an actual test, the required P, and P, values corresponding to any

desirable a; and g, combinations can be determined by solving Eqgs 1 and
2.
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FIG. 3—Load-stress relationship at the center point of a cruciform specimen.

In Fig. 4, stress distributions along the X-axis of the cruciform
specimen are presented. Since the specimen is symmetrical about its
center lines, the magnitudes of o, and o, are plotted as functions of a. The
stress distributions corresponding to many P,/P, ratios were deter-
mined; however, only four typical examples are shown here.

Stress Survey

One cruciform specimen of each material was instrumented with rectan-
gular rosettes along X-axis of the specimen. The specimens (without crack
or cut, or elox) were loaded in the horizontal biaxial loading machine
under various biaxial load ratios (for example, 0, = 0.5, = 1.0, = 2.0,
etc.). The biaxial test unit is composed of three pairs of actuators and load
cells. Two 224 750 N (55 kip) capacity actuators are mounted opposing
each other; these are commanded in such a manner as to provide a fixed
specimen center point location so that the third actuator (342 650 N, or 77
kip, capacity), mounted perpendicular to the other two, will always be in
proper alignment. The three load cells monitor the actual loads applied by
each actuator. Loads are supplied by hydraulic pumps and monitored by a
central electronic control unit. Stress distributions along the X-axis of the
specimen were determined by strain measurements at five locations (one
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FIG. 4—Stress gradient along the X-axis of a cruciform specimen.

pair of back to back rosettes at the center of the specimen and two
rosettes on each side of the center covering 69.85-mm (2.75-in.) radius,
two of the side locations also had back-to-back rosettes). A guide was
used to prevent out-of-plane buckling under compression loads.

At each loading condition, up to four load levels were applied and two
readings were taken at each load level. The specimen was placed in the
machine at two orientations. One set of the strain gage data was taken
while the Y-axis of the specimen was lined up with the 244 750 N (55 kip)
load cells and another set of strain gage data was taken while the Y-axis of
the specimen was lined up with the 342 650 N (77 kip) load cells (that is,
the specimen was rotated 90 deg). Typical experimental data are plotted
on Figs. 3 and 4, and it is observed in these figures that the correlations
between strain gage results and the NASTRAN finite element analysis
results are very good. Note that in these figures, each data point
represents an average of two readings. Occasionally, there is a number
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adjacent to a data point indicating that more than one data point was
superimposed on another; for example, the number 4 implies that the data
point represents an average of eight measurements (four load levels and
two readings per each load level). The solid and open symbols in Fig. 4
indicate the results from back-to-back gages. Since the results for the
back-to-back gages are almost identical, only one side of the results are
presented in Fig. 3. It is significant to note that experimental data
(although not all of them are presented here) have shown that the load
response characteristics of the cruciform specimen were not affected by
the position of the specimen, that is, whether the Y-axis of the specimen
was placed in line with the 342 650 N (77 kip) or the 244 750 N (55 kip)
load cells, the strain gage results were identical.

Stress Intensity Factors

In the theory of linear elastic fracture mechanics, crack tip stress
intensity can be expressed as

K = o, ma-F(a) 3

where o, is the gross area stress normal to the crack. In case of a center
cracked specimen (CCT), o, will be the far field uniform stress and F(a)
accounts for the boundary conditions. According to [15]

‘?Vac)z +0.06(§Vac)4]- \/ sec(;rvac) @

In case of a cruciform specimen, for a given ratio of biaxial loads, there
is a pair of stress components, o, and o, at every point along a
predetermined crack plane. In this case, the crack plane will be the X-axis
in Fig. 2. As postulated in Ref I, the elastic K value for a given crack
length in a biaxial state of stress should be the same as in the uniaxial
loading condition. In other words, the K-expression of Eq 3 is applicable
to the cruciform specimen except that o, would be the (reference) stress
in the center of the uncracked specimen and F(a) would be a function of
the boundary conditions and the stress gradient of o, along the X-axis.

Finite element analysis of the cruciform specimen with cracks has been
conducted. The finite element model of Fig. 2 was used to determine
elastic K values. A special ‘‘crack tip’’ element, originally developed by
Tong et al [16] has been incorporated into the NASTRAN. In each case
analyzed, for example, each crack length, a special element was placed in
the general finite element model occupying a region representative of the
predetermined crack tip location, and the elements representing the crack
were freed from the boundary restrictions. Eight specimens with crack
lengths (a = 6.35 to 69.85 mm) were loaded to various biaxial loading

Fa)= [1-.025(
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ratios with o, = 12 ksi. The results are graphed in Fig. 5. Several K
values calculated from Eq 3 with F(a) = 1.0 are also plotted in Fig. § for
comparison. It is seen that the effects of loading conditions on elastic K
values is negligible and that the cracked cruciform specimen behaves
actually like an infinite sheet especially at positive biaxial loading
conditions. It is even more important to note that the apparent deviations
in K, fora > 38.1 mm (1.5 in.), were mainly due to the effect of specimen
geometry rather than the effect of biaxial loading ratios. The hypothesis is
substantiated by the fact that the K values for long cracks under negative
o, loads were actually lower than those under positive o, loads. Compar-
ing Figs. 4(a) and 4(b) to Figures 4(c) and 4(d) it is evident that the
tension-compression loading cases exhibited more reductions in the o,
stresses in the area near the rim.

It has been demonstrated by elastic analysis [/7] that a crack will grow
straight (stay on its initial path) under tension-compression biaxial
stresses, but the crack will turn away from its initial path if the biaxial
stress ratio is larger than unity, that is, if o, > o, in tension. For a curved
crack in a biaxial stress field, an approximate method used by Leevers et
al [12] can be used to compute K. Since their method of analysis primarily
deals with an inclined crack (with respect to either o, or o), it would be
necessary to compute both the opening mode stress intensity K ;, and the
sliding mode crack tip stress intensity, K ,. Therefore, their equation has
been written as

K, =F,,ocNma, + Fi,o.\ma, (%)

bm \INCH = 10988 MU, LINCH + 25.4 mm 1 Ks ] + 6,890th

80 ~
—— CRUCIFORM SPECIMEN (o, = 12KS))
B © Ke-l2/7a

60 —
[ = -
=)
z

w0l

K, KSI

0 0.5 1.0 L5 2.0 2.5 3.0
a, INCHES

FIG. 5—Stress intensities for center through cracks in a cruciform specimen.
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K2 = ngo'y\/ ‘Tray + FMO',:\/ Tay (6)

where the factors F,,, F,,, F;, and F,, are given in the literature (Eqs 12
through 15 of Ref 12).

When Egs 5 and 6 are used to correlate crack growth rate or residual
strength test data, or both, it is necessary to adopt a failure criterion (or an
equivalent K value) accounting for the combined effects of K, and K, at
the crack tip. There are numerous failure criteria available in the litera-
ture, for example Refs 18, 19, and 20. In the present study, the
following possibilities have been evaluated:

K = (K} + Kp® @

based on Irwin’s theory of fracture [I8]; and
K=K, +K, ®

derived from experimental data on fracture testing of aluminum alloys and
4300 steel [8,21].

Crack Tip Plastic Zone Sizes

Using the NASTRAN computer program, elastic-plastic finite element
analyses have been conducted to determine the crack tip plastic zone
sizes in a biaxially loaded cruciform specimen. Finite element models
similar to those shown in Fig. 2 were used. Plastic elements (not cracked)
were placed around the crack. The crack tip elements were much smaller
than those used in Fig. 2 having an area as small as 2.54 mm (0.1 in.) long
by 0.9525 mm (0.0375 in.) tall of an isosceles triangle, depending on the
crack size.

Plastic zone sizes for five loading cases (o,/0, = 0, 0.5 and =1.0)
at o, = 206 700 kPa (30 ksi) for both 7075-T7351 and 2024-T351 materials,
at seven crack lengths (a = 6.35, 17.7, 25.4 and 38.1 mm for the 7075-
T7351 and a = 6.35, 17.7 and 25.4 mm for the 2024-T351 specimens) have
been determined. Typical results are shown in Fig. 6. The dimension for r,
is the largest distance between the crack tip and the border of the plastic
zone. Also in Fig. 6(a) are the plastic zone sizes computed by using Eqs 9
and 31a of Ref 22; that is, rp = (K yay/F)*/m and rp = 7 (K pay/Fr)?/8,
respectively. These theoretical values are included here to provide some
indication of the relative sizes of the crack tip plastic zone in the
cruciform specimen.,
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1INCH = 25.4mm, 1KSI * 6,890kﬂ

% - 0 K1

——O—— 024-T351
— o —— T075-T7351

(@) Plastic zone sizes for o, = 0.
(b) 7075-T7351,a = 1.0 in.

() 2024-T351,a = 0.25 in.

(d) 2024-T351,a = 0.5 in.

FIG. 6—Crack tip plastic zone at 30 ksi.

Facts that can be observed from all the analytic plastic zone contour
maps (including those not shown in Fig. 6) are listed in the following:

1. The plastic zone sizes for biaxial ratios of 0.5 and 1.0 are approxi-
mately the same and are insignificantly smaller than those for the uniaxial
tension.

2. The plastic zone sizes for tension-compression biaxial ratios are
significantly larger than those for the uniaxial and tension-tension biaxial
conditions, the higher the tension-compression ratio, the larger plastic
Zone size.

3. Since the finite element value of r,, for 7075-T7351 at a = 38.1 mm
(1.5 in.) is significantly larger than the theoretical value, it seems to
indicate that the crack tip plastic zone size in the cruciform specimen is a
nonlinear function of the crack length.
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Experiments

A group of tests has been conducted to investigate the effects of biaxial
stress ratio (o,/0,) and applied stress level (o,/F,,) on fatigue crack
growth rate behavior of 7075-T7351 and 2024-T351 aluminum alloys.

Tension coupons, center cracked panels (CCT), and cruciform speci-
mens (CF) were fabricated from ten sheets of 7075-T351 and four sheets of
2024-T351 plate stocks. All the sheets of each material were from the
same heat. The size of these commercial aluminum plates was 121.92 cm
(4 ft) wide by 365.76 cm (12 ft) long by 17.7 mm (0.5 in.) thick. The
specimens were cut from randomly selected areas in these aluminum
plates. The testing conditions for the CCT specimens and the cruciform
specimens are listed in Table 1. Descriptions of experimental procedures
for each test type are given in the following.

Tension Tests

Thirty-six tension test coupons were machined from all 14 sheets of
aluminum alloys. Specimen configuration was those specified in ASTM
Tension Testing of Metallic Materials (E8-77a), with specimen thickness
equal to 4.572 mm (0.18 in.). A 178 000 N (40 kip) MTS machine was used
for conducting the tension tests.

Baseline Crack Growth Rate Tests

Both the CCT and the cruciform specimens were used to develop crack
growth rate data for uniaxial loading conditions (o, = 0). All but two of
the CCT specimens were tested in a 356 000 N (80 kip) MTS machine.*
The last two CCT specimens and the cruciform specimens were tested in
the biaxial loading frame to ensure that compatible crack growth rate data
will be developed from both the CCT and the cruciform specimens and to
check out the loading characteristics of the newly built biaxial test unit
through testing of the CCT specimens in both testing machines.

The size of the CCT specimens was 17.78 mm (7 in.) wide by 40.64 cm
(16 in.) long, having the central portion tapered down from 17.7 mm (0.5
in.) to 4.572 mm (0.18 in.). The cruciform specimen configuration has
been discussed in the previous section.

Since in some biaxial loading cases the crack might not grow perpen-
dicular to the principal loading direction, it was desirable to measure the
crack in both magnitude and direction. A photographic polar grid such as
that shown in Fig. 1(b) was printed onto the very finely polished cruciform
specimen surface. Tick marks were placed at every 15 deg around the
circumferential grid line, and the spacing between grid lines was 1.27 mm
(0.05 in.).

4 Manufactured by Material Testing Systems, Inc., Minneapolis, Minn.
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Both the CCT and the cruciform specimens were precracked from an
initial electro discharge machining (EDM) slot, at the center of the
specimen, to the desired initial flaw size (approximately 3.81 mm in total
length). All specimens were precracked at test maximum load level by
applying tension-tension load cycles normal to the EDM slot using the
MTS machine or the biaxial loading frame, whichever is convenient.
Crack length measurements were made at very small increments to obtain
an adequate understanding of the crack growth behavior. For the
cruciform specimens, testing was terminated when the crack growth rate
was faster than 2.54 um/cycle (10~*in./cycle) or the crack had reached the
border of the flat area.

The effect of cyclic frequencies was not the primary interest of this
investigation. However, due to the nature of the biaxial loading tests,
lower frequencies had to be used for testing at higher applied loads,
whereas higher frequencies could be applied to lower load test cases.
Therefore, as shown in Table 1, some test cases consisted of several
replications, and each of them was run at a different cyclic frequency to
ensure that test results would be consistent with the range of frequencies
being applied.

Biaxial Crack Growth Rate Tests

Fifteen 7075-T7351 specimens and fourteen 2024-T351 specimens have
been tested under various biaxial loading conditions (- 1.5 = o, /0, = 1.75)
at various applied stress levels (0.2 < ¢,/F,, = 0.6).

A buckling guide was used in all the tension-compression biaxial ratio
tests. The apparatus for preventing specimen buckling consisted of two
square-shaped aluminum plates and two circular steel plates. The steel
plates were inserted into the circular hole in the center of the aluminum
plate. The test specimen was sandwiched in between the aluminum plates.
The crack could be seen from an open slot 19.05 mm (0.75 in.) wide and
12.7 cm (5 in.) long in the center of the circular plate. The circular plate
could be rotated to follow the crack growth direction.

The precracking and the crack growth rate recording procedures are the
same as those described in the preceding paragraph.

Test Results

The average tensile yield strength (the 0.2 percent offset value) for the
7075-T7351 alloy was 412 022 kPa (59.8 ksi) for both the LT and TL
directions. The average tensile yield strength for the 2024-T351 alloy was
367 237 kPa (53.3 ksi) for the LT direction and 319 007 kPa (46.3 ksi) for
the TL direction. Engineering stress-strain curves were also obtained
from each tensile test. One typical curve was selected from each alloy and
it was used for conducting the elastic-plastic finite element analyses.
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Stress intensities for cracks in the CCT specimens have been computed
using Eqs 3 and 4. The crack growth rate versus AK plots for both
aluminum alloys are presented in Fig. 7.

For the cruciform specimens, the test results indicated that the crack
grew straight in all the tests with o, < o, However, when o, exceeded
o,, the crack turned away from its initial plane and finally ended up
propagating in a direction perpendicular to o, (see the example shown in
Fig. 1(b) for o, = 1.5 o,). Stress intensity values presented in Fig. S
(adjusted by the actual o, in each test) were used to correlate the da/dN
data for the straight cracks. The da/dN data for the curved cracks have
been analyzed by using Eqs 7 and 8. Comparing the results, it was
revealed that Eq 8, which defines the effective crack tip stress intensity as
being the sum of the K values of Eqs 5 and 6, fits better with the
experimental data.

Typical da/dN versus AK curves for the cruciform specimen tests are
presented in Fig. 7. Examination of all the test results (including those not
shown in Fig. 7) has revealed that all the crack growth rate curves are
almost identical; that is, for the same material and cyclic stress amplitude,
there is no effect on fatigue crack growth rate due to differing biaxial
stress ratios. It is significant to note that the da/dN curves in Figs 7(c) and
7(f), for biaxial ratios of ~0.5 and +0.5, respectively, are the composites
of many sets of test data and each set of those data had been generated
from different combinations of stress levels and cyclic frequencies. Five
test technicians were involved at different times in collecting the crack
length versus cycles records for all 45 tests. Even so, it is very evident
that the crack growth rate behavior for all the tests has remained
consistent.

Summary

A series of experiments and analyses has been carried out on the cyclic
crack growth behavior of center-cracked cruciform specimens under
biaxial loading. The results may be summarized as follows:

1. For cracks perpendicular to o, the effect of o, on constant
amplitude crack growth rate is negligible.

2. Cracks will grow straight except for o, > o,

3. Elastic K factors are obtainable for both straight and curved cracks
and are adequate for correlating the biaxial da/dN data.

4, Analytical estimates of crack tip plastic zone size varies with biaxial
ratio but experimentally this appeared to have no effect on constant
amplitude crack growth rate.
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Fatigue Crack Growth Threshold in
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in Mild Steel Under Combined Loading,’* Fracture Mechanics, ASTM STP 677, C.
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ABSTRACT: Conventional specimens used to determine fatigue crack growth
behavior have the initial crack oriented in such a way that only Mode I displace-
ments are present. The fatigue-crack growth threshold behavior of mild steel in the
presence of Mode II displacements was investigated by considering the fatigue
behavior of spot-welded joints, where both Modes I and II are present at the point
of failure, and by some experiments using specimens designed to give pure Mode II
displacements.

It was found that the threshold behavior is controlled by the ease with which a
Mode I branch crack forms at the tip of the initial crack. If such a branch forms
easily, threshold behavior is controlled by AKX for the branch crack, whereas, if
branch formation is difficult, threshold behavior is controlled by AK; for the initial
crack. Branch crack formation seems to be facilitated by the unwanted Mode III
displacements which appear when the initial crack tip is curved. For the special
case of nominally pure Mode II displacements, failure takes place away from the
initial crack front if this is straight, and threshold behavior is determined by other
factors.

KEY WORDS: fatigue (materials), stress cycling, fatigue tests, mild steel, crack
propagation, crack initiation, combined loading

Nomenclature

'

a’' Uncracked ligament (Fig. 4)
» Precrack length
E Young’s modulus
K Stress intensity factor, subscripts I, II, and III denote mode
K Maximum value of K for branch crack
AK Range of K in fatigue cycle, subscripts, I, II, and III denote mode
AK,, Critical value of AK for fatigue crack growth

' Senior principal scientific officer and higher scientific officer, respectively, National
Engineering Laboratory, Glasgow, Scotland.
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. Critical value of AKy for fatigue crack growth

P Load (Figs. 4 and 7)

r Distance from crack tip

u Crack surface displacement
W  Specimen width (Fig. 4)

6 Angle between branch crack direction and main crack direction
o Stress

Fatigue cracks grow perpendicular to the maximum principal applied
tensile stress, or put more precisely into fracture mechanics terms, in the
opening mode (Mode I, Fig. 1). Like most generalizations this one has its
exceptions [/-3],% but it does mean [/-5] that fatigue-crack growth data
can be analyzed conveniently in terms of the range of Mode I stress
intensity factor, AK,. A threshold value of AK,, AK,. must be exceeded
before a crack will grow [1,3-5].

Various techniques can be used to determine AK ; usually they all give
essentially the same result [6]. However, as with the plain specimen
fatigue limit, a threshold is not necessarily defined clearly, so the precise
formal definition employed can affect the numerical values obtained.
National Engineering Laboratory (NEL) practice is to determine an S/N
curve for cracked specimens, with endurances plotted against the initial
values of AK,, and to take the threshold as the fatigue limit of this S/N
curve. This method does not always give values of AK,. which are
independent of initial crack size. For somé materials low values are
obtained at very short initial crack sizes [5]. However, provided the initial
crack is sufficiently long, an ‘‘upper shelf”’ value is obtained; this upper
shelf value is discussed in detail in Ref 3.

Conventional specimens used to determine fatigue-crack growth behav-
ior have the initial crack oriented perpendicular to the applied stress. A
crack-like flaw from which a fatigue failure originates will not be so
oriented necessarily, and crack growth, in general, will not be in the plane
of the initial crack. Definition of threshold behavior in terms of the fatigue
limit of cracked specimens extends naturally to such combined mode
situations; for example, AK ;. may be defined as the critical value of AKy,,
the range of the edge sliding Mode (Mode I1, Fig. 1) stress intensity factor,
Ky, necessary to cause crack growth which leads to failure, even though
crack growth is not in the plane of the initial crack. It has been pointed out
recently [7] that, for nominally pure Mode II loading, fatigue crack
growth threshold behavior depends on the ease with which a Mode I
branch crack forms at the tip of the initial crack. This paper gives the
experimental evidence on which this conclusion was based, together with
the results of some further tests designed to test its validity. Threshold

% The italic numbers in brackets refer to the list of references appended to this paper.
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K SHEAR MODE
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FIG. 1—Basic modes of crack surface displacement.

behavior for combined Mode I/II loading is examined by considering the
fatigue behavior of spot-welded joints, and discussed in the light of some
recently published Mode I/TI threshold data for mild steel [8). Attention is
confined to cases where behavior is essentially elastic, that is, the average
net section stress is less than 80 percent of the yield stress [5].

Theoretical Background

In the absence of Mode III deformations there are two plausible
approaches to the estimation of combined mode threshold behavior;
experimental data can be found to support either. The simpler approach is
to assume that the value of AK; can have no effect on the value of AK . on
the grounds that Mode II fatigue-crack growth cannot occur [9] by the
accepted mechanism for fatigue-crack growth, and also because elastic
theory indicates [3] that the addition of Mode II displacement has no
effect on the profile of a Mode I crack, although it does displace the profile
within the cracked body. This approach implies that a pure Mode II crack
cannot cause fatigue failure: in other words, there is no Mode II
threshold.

The alternative approach is to postulate that a branch forms at the tip
of the initial (main) crack in the direction so that K ; for the branch crack
has its maximum value of K * and K ; — 0. A number of criteria have been
suggested for the determination of this direction; a recent survey [/0]
pointed out the preferred direction is not well defined. Some infor-
mation [//] suggests that this initial direction is given approximately by

Kisin0=K;(3cos8—1) ¢y
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where 8 is measured from the original crack direction. Negative values of
K are not permitted and the root required lies in the range of £70.5 deg

.. If Mode III displacements are present, the problem becomes
three-dimensional and is further complicated because a preferred plane of
crack growth will, in general, only intersect the initial crack front at one
point.

This approach implies that threshold behavior is controlled then by the
value of K*, so predictions require values of K;and Ky, for the main crack
in terms of K*. Figure 2 shows values based on numerical data for small
but finite branch cracks presented graphically in Ref. 12; this is inter-
preted most usefully as a failure envelope for branch crack growth under
combined Mode 1/Mode II loading. For pure Mode II, K;* is about 25
percent greater than K, for the main crack, implying that AK ;. should be
about 0.8AK ;.. For K| = K, K for the main crack is only about 55 percent
of K;*, which implies that AK . should be reduced similarly.

One problem that affects any form of combined mode testing is that, in
Mode I, variations from the ideal initial crack shape lead merely to some
uncertainty in the value of K, whereas in the combined mode situation
such variations can introduce unwanted deformation modes. For exam-
ple, in a specimen intended to give pure Mode II, crack front curvature

0-8 .

06 -

Ku
»
Ky

0'10" -

0-2- -

0 1 i ) A
0 0-2 04 06 08 1.0
Ky 7Ky

FIG. 2—Failure envelope for branch crack growth under combined Mode I/II loading.
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introduces unwanted Mode III displacements. Because of the complicated
three-dimensional situation, it usually is not practicable to obtain accu-
rate numerical values for the stress intensity factors involved.

Determination of Mode II Threshold Using Precracked Specimens

The tests were carried out on mild steel at room temperature in air. The
mechanical properties of the En 3 mild steel used (test mark MFLW) had
a tensile strength of 465 MN/m? and a 0.2 percent proof stress of 330
MN/m?. The specimen design used, based on that developed by Jones and
Chisholm [13] and shown in Fig. 3, is similar to that used previously [3]
but with the thickness away from the crack tips increased to improve
transverse stiffness and prevent loading hole failure. The slits were
spark-eroded, with a width of about 1 mm. The test technique was similar
to that previously used at NEL to determine threshold data [/,3-5], and
fuller details are given in Ref /4. Cracks were grown in Mode I from each
initial slit by loading in tension between the central hole and an outer hole.
After stress relief in vacuum for 1 h at 650°C, the precracked plates were
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tested at various load levels, with a mean to alternating load ratio of about
1.1 (the same as in Ref 3), using the loading method shown in Fig. 4. The
results obtained are shown in Table 1.

Values of AKy were calculated from the data [3] shown in Fig. 4.
Specimens failed only at the precrack having the shorter uncracked
ligament, a’, and hence higher AK . Specimens which were unbroken
after a large number of cycles were retested at a higher load; data given
refer to the precrack at which failure eventually took place. To ensure that
conditions were essentially elastic, the average shear stress on the
uncracked ligament, at maximum load, was checked and was found to be
less than 80 percent of the shear yield stress, which was taken as half the
0.2 percent proof stress.

The asymmetrical situation during precracking tended to cause the
precrack to deviate from the desired path; deviation was not necessarily
the same on both sides of a specimen, leading to a twisted precrack. The
two angles quoted in Table 1 are for opposite sides of the specimen, are
conventionally positive when deviation is towards the outer edge, and
were taken in the vicinity of the precrack tip. Deviations quoted [3] for
the previous tests were for an average over the precrack length. The
precrack fronts were all curved to some extent; the two distances shown
under curvature in Table 1 are the amounts by which the precrack front
trailed at the two specimen surfaces.

The majority of the specimens failed at the precrack tip (tip failure);
the remainder failed at the end of the spark-eroded slit (slit failure). The
specimens for the earlier tests generally had longer precracks, and many
failures were caused by fretting fatigue 2 or 3 mm away from the pre-
crack tip. The test results for the two series are combined in Fig. 5.
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FIG. 4—Stress intensity factors for Mode II test specimen.
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FIG. 5—Test results, precracked specimens.

Symbols for specimens which did not fail and were retested at higher load
refer to the eventual failure type. Results are plotted in terms of the
initial value of AK; for the precrack where failure took place.

The results show that precrack tip failure usually requires the lowest
level of AK; and is therefore the expected type of failure. These failures
define a threshold, AK ., of about 7.6 MN/m3%, which is a little higher
than the corresponding value [3] of AK . (6.6 MN/m3#). Other types of
failure require higher load levels, and therefore only occur if for some
reason tip failure is suppressed. For the present tests the alternative is slit
failure; not surprisingly there is considerable scatter, both because the slit
tip shape was not controlled and there are variations in precrack length.
For the previous similar tests [3] the precrack length was generally much
greater, so the slit tips were in a less highly stressed region and fretting
failures occurred at still higher load levels. The fretting failure results
define an apparent threshold of about 13.6 MN/m?*?.

In all cases crack growth was at an angle of roughly 70 deg to the
precrack, as predicted by Eq 1, which is consistent with the view that
crack growth was in Mode I, although scatter is too great for firm
conclusions to be drawn. The curved precrack fronts meant that crack
growth was initially on a curved plane, which made it difficult to define
the subsequent crack direction.

A straightforward explanation would be that tip failure occurs when a
Mode 1 branch crack forms easily. However, AK ;. is somewhat higher
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than the predicted value of 0.8AK ., possibly because the curved precrack
fronts mean that K* is overestimated by the two-dimensional theory
used.

Discussion

Examination of the precrack front-shape data (Table 1) suggests that
there is a broad correlation between precrack front shape and failure type.
Tip failure only occurs when precrack curvature, defined as the difference
between maximum and minimum crack length divided by specimen
thickness, is about 0.1 or greater. Curvature introduces unwanted Mode
III displacements, which suggests that these are needed for tip failure to
occur. Precrack twist and deviation, which introduce unwanted Mode I
displacements, have comparatively little effect. The most likely explana-
tion for the effect of precrack curvature is that a Mode I branch crack
forms when the ratio AK /Ky exceeds some critical value, which is
equivalent to crack curvature exceeding a critical value.

The precrack tip curvature in the previous Mode Il tests [3] was around
0.1 for all specimens, but it is suspected that other factors, possibly
inadequate stress relief after precracking, controlled the failure type. The
mechanism of the fretting failures is obscure. The average stress was far
too low to cause fretting fatigue so it is pertinent to investigate stresses
and displacements in regions where failure occurred, typically 2 to 3 mm
from the precrack tip. From elastic theory [15] the tensile stress along the
crack face is given by

o =Ky Q/wr)t 2

where r is distance from the crack tip, and the displacement is given by

u =2K n/2r \#

E ( ™ ) 3)
where E is Young’s modulus. Mode II is antisymmetric, so the signs of o
and u are reversed on the opposite face. In practice, crack tip plasticity
will modify the values of o and u. However, substituting K; = 13.6
MN/m®2, r = 2.5 mm, and E =2 x 10° MN/m? gives o = 217 MN/m? and
relative displacement (slip amplitude) 24 = 0.01 mm. This slip amplitude
is about the optimum [/] to produce the lowest fretting fatigue strength,
which would explain why failure took place around 2 to 3 mm from the
precrack tip, and a stress range of 217 MN/m? is of the right order for the
fretting fatigue limit of mild steel [/]. Crack tip plasticity effects make
these calculations suggestive rather than conclusive.

It is evident, at least for some situations, that combined mode fatigue-
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crack growth threshold behavior depends on two separate factors—first,
whether or not a Mode I branch crack forms at or near the precrack tip
under the loading being applied, and, second, whether the loading is
sufficient to cause continued crack growth from the branch. The existence
of two separate criteria accounts for the apparently contradictory experi-
mental results. High precrack tip curvature, which introduces unwanted
Mode III deformations, appears to facilitate the formation of a branch
crack at a low value of AK ;. As the curvature is reduced, higher values of
AK ; are needed for branch crack formation, and, if the curvature is below a
critical amount, the site of failure moves away from the crack tip, scatter
increases, and high apparent AK ;. values may be observed.

Tests on Uncracked Mode II Specimens

In an attempt to verify the aforementioned explanation, some further
tests were carried out using the specimen design shown in Fig. 3. Instead
of precracking (the test technique was otherwise exactly as before), the 1
mm wide spark-eroded slits were terminated with a 20 deg included angle,
with a tip radius of approximately 0.02 mm. Therefore, they could be
regarded as equivalent to a crack as far as the calculation of stress
intensity factors is concerned. The nominal remaining ligament size was
17 mm, and specimens were stress relieved prior to testing. It was argued
that because spark erosion introduces randomly oriented cracks, these
specimens could be regarded as containing Mode I branch cracks at the
main ‘‘crack’ tips, and would therefore be expected to behave as speci-
mens in which a Mode I branch forms very easily.

The results obtained are shown in Table 2 and Fig. 6. Specimens failed

TABLE 2—Test results, uncracked specimens.

Crack
Remaining Growth
Ligament, Angle
Specimen a’, AKy, Endurance, 6,
No. mm MN/m?3?2 cycles deg
MFLW 20¢ 16.8 11.0 7.70 x 10% 78
23¢ 17.0 9.9 1.02 x 108 80
27¢ 16.8 83 1.45 x 108 79
26 16.9 8.2 2.42 x 108 78
25 16.8 8.0 2.04 x 108 78
22 16.9 7.3 1.81 x 108 78
20 16.8 7.1 4.62 x 107 U® N
23 17.0 7.1 6.47 x 107 U* e
28 16.9 6.9 2.16 x 10¢ 75
27 16.8 6.2 6.15 x 107 U?* e

¢ Previously tested at lower load.
®U = unbroken
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FIG. 6—Test results, uncracked specimens.

consistently at the same side of the test machine, indicating that there
must have been some slight misalignment, despite the care taken in
manufacture and alignment of the fixture used. It is possible that some of
the scatter in the results for the precracked specimens, which failed
consistently at the side having the shorter uncracked ligament, could have
been due to this slight misalignment.

The results obtained are consistent with the arguments; they indicate a
AK j. of 7.0 MN/m3%, close to the value of AK ., slightly lower than the
value obtained from the precracked tip failure specimens, but still above
the theoretical value of 0.8AK ;.. However, although the spark-eroded slit
has a straight front so that two-dimensional theory can be used, the
randomly occurring crack at which growth occurs may not be oriented
ideally, and growth is from a tip with a finite radius rather than a sharp
crack so that AK* may have been overestimated again.

Threshold Behavior Under Combined Mode I/II Loading

As already pointed out a flaw from which a fatigue failure originates will
not necessarily be perpendicular to the applied stress. It may be oriented
such that Mode II or Mode III displacements, or both, are present. For
practical calculations involving the fatigue-crack growth threshold, it has
been NEL practice [3] to take the resolved stress perpendicular to the
flaw for internal flaws and the resolved length perpendicular to the surface
for surface flaws; this gives a reasonable estimate of K for flaws inclined
such that Mode I and II displacements are present. In either case it was
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implicitly assumed that AK, alone controlled threshold behavior. This
assumption was without experimental justification, although it did not
cause difficulties in practice.

For example, re-analysis [/6] of some fatigue results under zero to
tension loading, for steel spot-welded joints, where AK; =~ AKj at the
failure site (4 in Fig. 7), showed that AK at the fatigue limit was equal to
AK . for the material. However, for a spot-weld, there are no Mode III
deformations at the failure site [17]; there is therefore no mechanism by
which a Mode I branch crack can form, so that it is not surprising that
threshold behavior, and hence the fatigue limit, was controlled by AK .

By contrast, Otsuka, Mori, and Miyata [8] obtained a failure envelope
similar to that in Fig. 2 by using an equivalent criterion, and sup-
ported it by an extensive series of tests on mild steel. As predicted,
Mode II displacements had a substantial effect on the threshold (defined
as complete failure), and in particular AK, ~ AK.. They did not give
details of precrack front shape of their specimens, but they did obtain
fractographic evidence of limited amounts of fatigue-crack growth at
stress intensity factor values well below those needed for continued crack
growth. The implication is that their precrack fronts were curved suffi-
ciently for the critical value of AK; for branch crack formation to be
exceeded.

Conclusions

The fatigue-crack growth threshold behavior of mild steel in the
presence of Mode II deformations depends on the ease with which a Mode
I branch forms at the tip of the main crack. If such a branch forms easily,
or is already present, threshold behavior is controlled by AK| for the

DIMENSIONS IN mm

FIG. 7—Typical spot weld.
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branch crack. If branch crack formation is suppressed, higher apparent
threshold values are obtained and threshold behavior is controlled by AK,
for the main crack; for pure Mode II displacements, failure takes place
away from the main crack tip.

Branch crack formation appears to be facilitated by the presence of
Mode III displacements. Such displacements can occur in nominally Mode
I and II combined loading, and nominally pure Mode II loading, if the
main crack front is curved. For nominally pure Mode II displacements, it
was found that threshold behavior could be correlated with the curvature
of the main crack front.
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ABSTRACT: The fatigue crack propagation of high strength aluminum alloys
subjected to variable amplitude loading is strongly influenced by sequence effects.
For a reliable evaluation of the sequence effects, an exact knowledge of the
changes in the mechanical and physical conditions of the material surrounding the
crack becomes necessary. To allow greater understanding of these processes, two
aspects which are based on recent crack propagation investigations are considered
in the present study.

First, a verification of a new detailed stress and displacement analysis based on
continuum mechanics is attempted by displacement measurements using a special
grid technique. The experimental results coincide well with the analysis predic-
tions. That means, that the mechanical processes are a predominant cause of the
sequence effects.

Secondly, a systematic variation of the microstructural crack propagation
mechanism of aluminum alloys is used for an evaluation of the influence of the
microstructural mechanisms on the sequence effects. The results show that there is
an essential influence, which can lead to significant deviations in the crack
propagation behavior from that as predicted by continuum mechanics.
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Nomenclature

a

a *

Aa;

da/dN

(da /dN)min

Instantaneous crack length

Crack length, where sequence effects occur (see Fig. 11)
Crack growth per cycle

Crack propagation rate

Minimum crack propagation rate

Constant

Young’s modulus

Exponent

Maximum stress intensity in a cycle

Minimum stress intensity in a cycle

Stress intensity range in a cycle (AK = K 0y — K
Grid spacing, deformed

Spacing of the completely undeformed grid
Cycle number

Number of cycles with retardation

Stress ratio

Extension of the K ., plastic zone on the x-axis
Extension of the reversed plastic zone

Time

Displacement in the Y-direction

Variation of displacement per cycle
Displacements along the crack line (see Fig. 3b)
Stretched zone width due to an increase in load
X-direction

Y-direction

True fracture strain

Deformation in the Y-direction

Yield strain

True fracture stress

Yield strength

Until now predictions of the crack extension under random loading are
performed mainly using linear cumulative damage hypotheses or empiri-
cal factors. The application of these prediction methods can only provide
satisfactory degrees in reliability if their range in application is already
known from previous investigations with the same or quite similar
specimens and loading histories. Realistic crack growth predictions still
remain difficult because development of the essential mechanisms and the
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influencing factors of the cycle by cycle crack extension under variable
amplitude loading is still incomplete, although much research work has
been done, especially during the past decade [1].3

To allow greater insight into the crack propagation mechanisms and the
sequence effects under variable amplitude loading, two new aspects are
considered which trace back on the results of quite recent investigations:

—Fiihring and Seeger recently published a continuum mechanics analysis
based on the Dugdale-Barenblatt-Model [2,3], which overcomes sev-
eral limitations of previous proposals [4,5]. Since this analysis gives a
detailed insight into the stress and displacement variations for every
consecutive half-cycle, it is not only well suited to the gen-
eral understanding of the mechanical influences on crack propagation,
but also it serves as a suitable basis for quantitative crack propagation
predictions for engineering purposes. The experimental verification of
the analysis in the present study shows the capability of this treatment,
but also—in more general terms—the possibilities offered by continuum
mechanics analyses to evaluate sequence effects.

—An evaluation of the influences of the microscopical crack propagation
mechanism on the da/dN rates after load variations is possible, if high
strength aluminum alloys of the 2000 type (technical alloy 2024-T3)
and of the 7000 series (technical alloys 7075, 7475, and the
laboratory alloy X-7075) are used [6]. Due to special heat treat-
ments, different but well defined crack propagation mechanisms can be
achieved. In this study the loading conditions in the tests were varied in
such a way that changes in the crack propagation mechanism could
occur.

An essential basis for systematic crack propagation investigations with
variable amplitude loading is the choice of suitable loading histories so
that no complicated superposition of crack accelerating or decelerating
sequence effects occurs [7]. In the present study three types of loading
histories were chosen: constant amplitude loading with an increase in
mean stress, with a decrease in mean stress, and with a single peak
overload inserted.

The crack propagation measurements were made by light microscopy
(magnification x 100) with an accuracy of one hundredth of a millimetre.
In order to minimize possible errors due to a curvature of the crack
front, specimens of 1 mm thickness were chosen. Striation measurements
on the fracture surfaces were performed by scanning electron microscopy
(SEM) to verify the surface measurements. The standard width of the
center cracked specimens was 80 mm. In order to enable more accurate
displacement analyses the specimen width was increased to 320 mm for
these test series.

3 The italic numbers in brackets refer to the list of references appended to this paper.



NOWACK ET AL ON EFFECTS ON FATIGUE CRACK PROPAGATION 39

Figure 1 shows the crack propagation behavior of different 2024-T3
aluminum specimens for the different loading histories (inserts) used in
this study. The crack rates da/dN were plotted versus the crack length a,
because this gives an illustrative impression of the variations in crack
growth due to sequence effects. In Fig. 1c the crack growth predictions
of some convenient models [8—/1] are shown additionally. The deviations
from the actual crack extension behavior clearly indicate the lack in the
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FIG. 1—Crack propagation behavior of 2024-T3 under typical load variations.
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physical basis of these models and the necessity of further systematic
investigations.

Displacements Around and Behind the Crack Tip

In previous investigations, where the displacements in the crack tip
area were measured using a special extensometer [/2,13] two essential
observations were made: the closure of cracks during a load cycle and a
close correlation between the variations in the displacements per cycle
(Av ) measured in the crack tip plastic zone area and the crack propagation
behavior under variable amplitude loading.

Based on the latter observations the following expression was
suggested for the crack growth per cycle (Aa) for arbitrary loading
histories

Aa; = C *Av ¥ 0))

where C and & are constants, depending on the material. For practical
applications of this equation it is desirable that the amounts of Av; per
cycle can be determined quantitatively by numerical routines. Besides
that, the stress distributions along the crack line are important. Figure
2a shows a schematical representation of the stress and strain distribu-
tions along the crack line and within the plastic zones both for the
maximum A and the minimum load B in a cycle, assuming an approxi-
mately ideal elastic-plastic material behavior.

Figure 2b shows the stress distribution along the crack line as
predicted by the continuum mechanics analysis by Fiihring and Seeger
[4,5]. The model presumes a two-dimensional stress field and also an
ideal elastic-plastic material behavior,

During the crack growth increment in each cycle the new crack surface
is formed along with high tensile plastic deformations. Parts of these
deformations remain back when the crack propagates in a manner as
shown in the lower part of Fig. 2b by the dashed areas. When the crack is
fully open, the deformations increase linearly and show their maximum at
the crack tip.

For a verification of the numerical analysis predictions by experimental
displacement measurements, a procedure similar to that applied in Ref 14
was used. A fine grid was engraved on the specimen surface. The line
spacing was 0.1 mm. The deformations around the crack tip were
determined as follows: one photograph of the completely undeformed grid
was taken before the beginning of the test. In the course of the test at
those instances which were of special interest, another photograph of the
deformed grid was made. From a comparison of the line spacings of the
undeformed grid at the beginning of the test, and of the deformed grid the
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FIG. 2—Stresses, deformations, and displacements along the crack line [7,5].

instantaneous absolute magnitude of the elastic-plastic deformation could
be evaluated at all points of interest in the area surrounding the crack tip.

In Figure 3a the experimentally determined K ,,,-zone is shown. Within
that area the experimentally determined deformations in the y-direction
were equal or larger than 0.5 percent, approximately the observed
monotonic elastic yield strain of the material investigated.

For the determination of the area with reversed plasticity in a cycle,
denoted as AK-zone (see Fig. 3a), the amount of the deformations at
maximum load in the cycle (determined by applying the grid technique as
previously described) and the amount of the deformations at the minimum
load in the cycle (again determined with the grid technique) had to be
compared in the surrounding of the crack tip. All those points, where the
amounts of the deformations differ more than about 1 percent between
maximum and minimum load in the cycle fall within the AK-zone, because
1 percent is the approximate maximum range of deformation that the
material investigated could deform elastically between yield stress in the
tension and yield stress in the compression direction. From Fig. 34 it can
be seen that the AK-zone is—as a consequence of the crack closure
behavior—significantly smaller than one-fourth of the K .,-zone area.
This result of the experimental deformation analysis coincides with the
predictions based on continuum mechanics.

The displacements along the crack, v,, were also determined experi-
mentally. Although a basis of about 0.2 mm across the crack had to be
taken for the displacement evaluations as indicated in the upper half of
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Fig. 3b, which causes an integrating effect, the measurements showed a
very good detailed agreement with the continuum mechanics analysis (see
Fig. 2b). From the experimental results in Fig. 3b it can further be seen
that the crack completely opens at about 40 percent of the total load
variation during loading in a c¢ycle and closes at a lower value upon
unloading. The tensile plastic deformations which are generated espe-
cially before the crack tip during the loading portion of the cycle lead to
the lowest v, values, not immediately at the crack tip but at some distance
behind the crack tip at unloading.

Low-High Loading

Figure 4a shows the predicted stress distributions and displacements
along the crack line when a high load (C) is applied during constant
amplitude loading. At the first increase in load a large K,,-Zone is
generated with considerably higher tensile plastic deformations than
under the preceding constant amplitude loading conditions. The large
tensile plastic deformations in the K, .4-zone area are the reason the
crack remains open or closes only a little upon unloading. The absence or
the strong reduction of areas where crack surface contact and load
transfer can occur at unloading leads to the formation of a larger AK -zone
as compared to the preceding constant amplitude loading conditions.
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FIG. 4—Stresses, displacements, and plastic zones due to an overload.

Figure 4b shows the K ,,,- and AK-zones and in the lower part of the
figure the measured v, = f (x) behavior. There is a good agreement with
the continuum mechanics analysis predictions. The fact that the crack
surfaces come into contact in the experiments upon unloading indicates
that the peak load C was not high enough to hinder any larger crack
surface contact.

High-Low Loading

After a single or multiple high loads or after a program sequence with a
high loading level, the crack growth behavior shows a considerable
retardation accompanied by several variations in the da/dN rates (see
Fig. 1).

Figure 5a shows the stress distributions as predicted by the continuum
mechanics analysis at maximum and at minimum load in a cycle after
some cycles at the low loading level after the peak load have been applied.
The loading on to the maximum load in a cycle leads to the formation of a
very small zone, where reversed plasticity occurs.This zone lies within
the AK-zone which was generated during the unloading from the high peak
load (C to D). Figure 5b shows the experimentally determined plastic zone
behavior. The small zones with reversed plasticity in a cycle become
clearly visible.
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FIG. 5—Plastic zones and stress distributions in the loading period after an overload.

As the crack propagates the continuum mechanics analysis predicts
stress distributions at maximum load and at minimum load in a cycle as
shown in Fig. 6. Considerable changes in the behavior take place, when
the boundary of the zone with reversed plasticity per cycle reaches—due
to the crack extension—the boundary of the AK-zone, which was formed
previously during unloading from the peak overload (C to D).

During the following cycling the new K,,,-zone and AK-zone
conditions for the low loading period begin to develop. Another essential
feature is the formation of the stress hump on the fracture surfaces as the
crack propagates. The hump builds up at that range of crack lengths
where the K ,,,-zone due to the high load (C) occurred (Fig. 7).

Figure 7a shows the results of the experimental deformation analysis
for the cycle I toJ. At that instant, where the displacement measurements
were made, the development of the new K ,x-zone has just started.

Figure 7b shows the experimentally determined v, = f (x)-behavior at
different amounts of crack propagation. The displacement measurements
clearly indicate that the residual deformations along the crack contour
really exist, which lead to the stress hump as it was predicted by the
continuum mechanics analysis (see Fig. 6).

The comparative considerations in this section could only deal with
some typical loading situations. Displacement analyses for other loading
histories can reveal further details.

From the present considerations the conclusion can be drawn that the
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FIG. 6—Stress distributions in the loading period after the high load (continuum
mechanics analysis).

continuum mechanics analysis by Fiihring and Seeger enables suitable
predictions of the stresses and displacements around the crack tip. The
fact that even details of the processes around the propagating crack are
predicted realistically indicates that the stresses and the deformations and
their treatment following the principles of continuum mechanics analyses
are of predominant importance for the evaluation of sequence effects.
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Influence of Microstructure and Material Properties on the Sequence
Effects

Complementary to the displacement analyses in the previous sections,
considerations of the microstructural crack propagation behavior can give
more information about the mechanisms that control the crack propaga-
tion during each consecutive load cycle, and the sequence effects. As
already mentioned earlier, a test program with different high strength
aluminum alloys which show a different microstructural crack propaga-
tion behavior was performed. Table 1 gives a survey of the alloys
investigated, the tensile properties and the aging treatments. While the
technical alloys Al 2024, Al 7075, and Al 7475 were investigated only in
the underaged condition the X-7075 alloy was used in the underaged as

TABLE 1—Aging treatments and tensile properties of the materials investigated.

Aging E, Tuss ar,

Alloy Treatment MN/m? MN/m2? MN/m? €r
2024 T3 74 000 340 716 0.4
7075 24 h 100° C 72 000 415 776 0.33
7475 24 h 100°C 70 000 420 810 0.36

X-7075 24 h 100° C 72 000 430 730 0.37
X.7075 48 h 180° C 72 000 390 560 0.36
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well as in the overaged condition. In contrast to the technical alloys the
laboratory alloy X-7075 does not contain any chromium, iron, or silicon.

Figure 8 shows the da/dN behavior and the microstructural crack
propagation mechanism of the aluminum alloy under constant amplitude
loading conditions. From previous investigations [15,16] it is known that
all these alloys show a crack propagation along slip bands (SB) at low AK
values and low crack propagation rates. With increasing AK values, a
change from the SB fracture to a dimple type crack extension (D) takes
place for the technical alloys, because of the manganese-rich inclusions in
the 2024 alloy and the chromium-rich inclusions in the 7075 and the 7475
alloys. The laboratory alloy X-7075 in the underaged condition shows no
change in the crack propagation mode as a function of da/dN and AK. A
SB-fracture type is present over the entire range. The X-7075 alloy in the
overaged condition shows a change to a crack extension along grain
boundaries (GB) because of the precipitate free zones at the grain
boundaries.

Crack Propagation Under Variable Loading Conditions

In the tests the loading conditions and crack lengths were chosen such
that a change in the microstructural crack propagation mechanisms could
occur. The load variations were performed at constant stress ranges in the
cycles and with changes in the stress ratios from R = 0 to R = 0.33.

[«
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G- * AIX-7075 48h 180°C
o Al X-7075 24h 100°C

da/dN, mm/cyc
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|
0 20 0 40
AK , MN mr¥2

FIG. 8—Crack propagation behavior and microscopical crack propagation mechanisms
under constant amplitude loading.
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Crack Propagation Under Low-High Loading

Figure 9 shows the observed crack propagation behavior under low-
high loading. Because of the difficulties in exactly determining the crack
extension by surface measurements the crack propagation was deter-
mined by SEM-analyses of the fracture surfaces (see Fig. 9). During the
first increase in load on the high level the formation of a stretched zone
was observed in all cases. The measured widths of the stretched zones W
are also shown in Fig. 9.

The interpretation of the subsequent fatigue crack growth behavior was
more difficult. That is mainly because several influencing factors become
active: the instantaneous crack closure level, the cyclic strain hardening
condition of the crack tip material and the strain hardening profile along
the plastic zones, blunting of the crack tip, incompatible crack front
orientation, etc. These all become simultaneously active. The observed
scatter band in the da/dN versus values shown in Fig. 9 (dashed area) is a
visible manifestation of the complicated physical background. The da/dN
scatter band did not change its character, when the crack propagation
mechanism remained the same (a SB-type) after the transition to the high
loading level or when it changed from the SB- to the D- or GB-
mechanism.
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FIG. 9—Crack propagation under a low-high loading sequence.
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Crack Propagation Behavior Under High-Low Loading

Figure 10 shows the experimentally determined da/dN versus a behav-
ior for crack lengths of 8 and 12 mm. The decrease in da/dN was so
pronounced in all cases that a SB-mechanism occurred.

From the observed behavior the following general trends could be
outlined:

1. All materials show a similar overall retardation behavior, which coin-
cides qualitatively with the prediction of continuum mechanics.

2. A quantitative comparison of the da/dN = f (a)-behavior at a crack
length of 8 mm shows that:

—The affected crack length where retardation occurs (see Fig. 11), is
significantly larger for the 2024-alloy than for the alloys of the 7000
series. This coincides again with continuum mechanics analyses, which
suggest that the retarded crack length is proportional to the inverse of
oy of the material [5].

—The N, values, which are used commonly in literature for the charac-
terization of the crack retardation (see Fig. 11), and which are of special
importance for an engineering characterization of the sequence effects
are significantly larger for the 2024 alloy than for the alloys of the 7000
series. Among the alloys of the 7000 series the X-7075 alloy inthe
overaged condition shows the lowest retardation.
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FIG.10—Crack propagation behavior under a high-low loading sequence at two different
crack lengths.
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FIG. 11—Crack delay under high-low loading.

3. When the da/dN versus a-behavior at 8 mm is compared to that at 12
mm crack length the qualitative behavior remains the same. However,
quantitatively there are some differénces:

—The X-7075 alloy in the underaged condition and also the technical
alloys showed an increase in the N, values as the crack length where
the load variation occurred increased.

—The overaged X-7075 alloy, however, showed a decrease in the N
value.

In order to find possible explanations of the observed behavior SEM
investigations of the fracture surfaces were performed. In Table 2 the
observed crack extension mechanisms are given. The X-7075 alloy in the
overaged condition is the only one where a change from a predominantly
GB-mechanism at the high loading level to a SB-mechanism in the low
loading level occurred. Furtheron, the portion of GB-mechanism in-
creased as the crack length at the high loading level was increased. All
other aluminum alloys showed different types of crack propagation
mechanisms before the decrease in load occurred.

These observations indicate that the crack propagation mechanism
influences the retardation behavior.

One possible explanation for the observed behavior is the interrelation
between the specific crack propagation mechanisms and the crack closure
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TABLE 2—Crack propagation mechanisms under high-low loading.

51

High Load Period Low Load Period

2024-T3 dimple mechanism*®

+ slip band mechanism slip band mechanism
7075 / 7475 dimple mechanism*®
24h100°C + slip band mechanism slip band mechanism
X-7075
48h 180° C grain boundary®
(overaged) + slip band mechanism slip band mechanism
X-7075
24h100° C
(underaged) slip band mechanism slip band mechanism

@ Predominant mechanism, increasing portion on the fracture surfaces with increasing

crack length.

process. In the case of the GB-mechanism of the X-7075 alloy in the
overaged condition large flat grain boundary interfaces remain on the
crack surface (see Fig. 12a). When the crack closes during the unloading
portion of the cycles an intermeshing of the crack surfaces is favored
which leads to a low crack closure stress level. This level is lower than
that which can occur when a SB- or a D-mechanism are present with

al Intergranular

\

b)

Transgranular

1

FIG. 12—Different types of microscopic crack extension.
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many small sized randomly distributed contact faces during unloading as
it can be seen in Fig. 12b for the 7075 alloy as an example. The lower
crack closure stress level in the high load level period for the overaged
condition remains effective when the load level is decreased and reduces
the retardation. This explanation is further substantiated by the fact that
the retardation is reduced further if the grain boundary structure of the
fracture surfaces is more pronounced as is it the case when the crack length
increases from 8 to 12 mm.

Although these considerations of the geometrical shape of the fracture
surfaces offer a reasonable explanation of the observed differences in the
retardation behavior, other contributions—like differences in the strain
hardening behavior and differences in the strain distributions at the crack
tip—might also be important.

Conclusions

In the present study two new aspects of recent crack propagation
investigations are considered regarding their significance for the evalua-
tion of sequence effects: a recently published continuum mechanics
analysis by Fiihring and Seeger [4,5] and the systematical variation of the
microstructural crack propagation mechanisms.

An experimental displacement analysis where a special grid technique
was applied showed that the measurement results coincide well with the
predictions of the stresses and displacements by continuum mechanics.
That means that continuum mechanics analyses offer an essential basis
for the evaluation of the crack propagation under variable amplitude
loading.

The influence of microstructure on crack propagation under variable
amplitude loading was investigated systematically on aluminum alloys of
the 7000 series. Due to different heat treatments specific but well defined
crack propagation mechanisms were achieved.

For a low-high loading sequence the formation of a pronounced
stretched zone at the first increase of load was observed.

The crack propagation behavior under a high-low loading sequence was
influenced significantly by the microscopic crack propagation mecha-
nism. When the crack propagated along grain boundaries before the load
was decreased, the retardation was less, whereas the SB- and D-
mechanisms favored the crack delay.
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ABSTRACT: Three variable amplitude stress histories based on a single repeating
flight of a bomber aircraft are applied to two 610 mm wide, 4.6 mm thick,
center-crack panels of 7075-T6 aluminum. The stresses in each stress history are
controlled so that the stress intensity factor coefficient (X /o) is maintained constant
as the crack grows. The resulting fatigue crack growth (FCG) data are utilized to
show that the derived variable amplitude fatigue crack growth rate (FCGR) behavior
is controlled by a stress intensity factor parameter. These FCG data are also used to
evaluate the influence that differentiation method, crack length measurement
interval, and stress history have on the FCGR behavior and its variability. Within
the limits spelled out in the text, the value of the (statistical) mean FCGR is shown
to be independent of differentiation method and of crack length measurement
interval. The choice of stress history is shown to affect the mean FCGR value as
would be expected.

~ The variability in FCGR behavior, as characterized by the coefficient of
variation, is affected by all the parameters studied. As the crack length measure-
ment interval increases, the FCGR variability associated with the secant method of
differentiation is shown to decrease toward the almost constant level of FCGR
variability exhibited by the seven-point incremental polynomial method. Also, the
coefficient of variation, while significantly affected by crack length measurement
interval for a given stress history, is shown to be independent of stress history
when the FCGR data for the three stress histories are derived using similar crack
length measurement intervals.

KEY WORDS: fatigue (materials), crack growth, statistical methods, stress inten-
sity factor, variable amplitude loading, crack propagation

An accurate assessment of fatigue crack growth (FCG) behavior is
important to the structural design of fracture critical aerospace compo-
nents. The analysis is accomplished using a fracture mechanics approach
that is based on derived fatigue crack growth rate (FCGR) data [1,2].3

! Aerospace engineers, Structural Mechanics Division, Air Force Flight Laboratory,
Wright-Patterson Air Force Base, Ohio 45433.

2 Group leader, Service Life Management, University of Dayton Research Institute,
Dayton, Ohio 45469.

3 The italic numbers in brackets refer to the list of references appended to this paper.
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Currently, the analysis approach is a deterministic approach wherein
single valued functional relationships are established between stress
intensity factor parameters and the FCGR behavior. Te single valued
functional relationships are based normally on mean FCGR behavior;
sometimes however, they are based on ‘‘upper bound’’ FCGR behavior in
order to be ‘‘conservative.”” When upper bound behavior is utilized, not
much consideration is given to how the variability in a given FCGR data
set relates to the variability in the fatigue crack life. When the designer is
basing calculations on FCGR data, he is interested in the crack life
variability due to material effects. However, the variability in FCGR data
not only results from variability in material behavior but also from (a)
crack length measurement errors, (b) imprecise control of load, and (c)
method of numerical differentiation as applied to the experimental FCG
data {3,4]. Measurement, load, and differentiation discrepancies can be
minimized by standardizing test procedures. The American Society for
Testing and Materials (ASTM) is in the process of developing such a test
method (ASTM Test for Constant-Load-Amplitude Fatigue Crack
Growth Rates Above 1078 m/cycle (E 646-78 T)). Paragraphs 8.1, 8.4, 8.5,
8.6, and 9.2 of Method E 646 address such areas as the number of tests
required, test equipment, differentiation process, specimen geometry,
and a general test procedure.

This paper addresses the variability of FCGR data and some of the
factors that influence this variability in order to establish a data base for
relating the variability in FCGR data to the variability in fatigue crack life
behavior. The FCG data utilized in this study were generated using three
repeating-block, variable amplitude load histories applied to center-crack
panels of 7075-T6 aluminum alloy. The choice of using variable amplitude
histories (versus constant amplitude history) was dictated by a general
desire to study and characterize FCG behavior induced by variable
amplitude loading histories. As the paper will demonstrate, the particular
loading histories studied result in FCGR behavior that is similar to that
exhibited under constant amplitude loading conditions.

Test Methods and Procedures

Basic Load History

The basic variable amplitude load history used in this investigation is
shown in Fig. 1. The Fig. 1 history represents a single mission derived
from the 135 000 cycle (per lifetime) bomber design load history described
in Refs 5 and 6. There are 57 separate load levels and 123 cycles of load in
the stress history given in Fig. 1. The load levels are given in percent of
the largest level experienced in the design load history; note that the largest
level in the repeating flight is 88 percent of the largest level in the design



56 FRACTURE MECHANICS

REPEATING FLIGHT
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FIG. 1—Load history based on bomber design stress history.

load history. Since it was desired to conduct the tests in this study without
any stiffening devices, all the negative loads in the bomber mission were
truncated to a zero load level as described by Fig. 1.

Material, Specimen Geometry and Test Equipment

Two 610 mm (24 in.)* wide center-cracked panels manufactured from
4.6 mm (0.182 in.) thick 7075-T6 aluminum alloy were used. The machined
central notch for the first panel was 41.1 mm (1.620 in.) in length, the
second was 42.2 mm (1.663 in.). An overview of the testing equipment
with a center-cracked panel in place is shown in Fig. 2. This equipment
includes a 2.2 MN (500 kip) static, 1.1 MN (250 kip) dynamic capacity
load frame under closed-loop servocontrol used to apply the variable
amplitude load history. The load levels and cycle shape were stored in a
4096 byte memory digital programmer and then fed to the load servocon-
trollers.

The applied test loads were monitored through an independent data
system, and were maintained within one percent of the programmed
value. The overloads were applied manually.

Stress Intensity Factor (SIF) Control Procedures

The level of loading for this study was controlled so that the stress
intensity factor (SIF) coefficient (K/o) was maintained constant. Spe-
cifically, the load levels were reduced proportionally, as the crack length
increased, using the SIF finite-width secant formula suggested by Fedder-
son [8]:

+ All measurements and testing were performed in U.S. customary units (in parenthesis).
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FIG. 2—Description of test specimen and equipment.

K = a[rra secant %Va_ ]% )

where W = specimen width and ¢ = half crack length. The stress (o) used
to describe the specific stress (load) magnification factor applied in test to
provide a constant stress intensity factor control condition is the 100
percent stress (load) level associated with the Fig. 1 stress (load) history.
Thus, the reported maximum stress intensity factors (K ma,) values were
calculated based on the 100 percent level of stress. The level of SIF was
controlled to within 1 percent of the desired conditions by ensuring that
the total crack growth increment (A2a) did not exceed 1.27 mm (0.050 in.)
prior to reducing the load level.
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By keeping the SIF level constant, FCGR data are generated under
conditions in which the normal crack growth driving parameter is fixed.
By controlling the SIF, it was possible to accumulate the desired
quantities of FCG data necessary to perform statistical studies. These
FCG data thus provided the data base to study the variability in FCGR
data resulting from loading conditions, measurement interval size, and
differentiation method.

Stress Intensity Factor (SIF) Histories

The FCG data were generated using three similar SIF histories based on
the Fig. 1 defined set of variable amplitude loads. The three histories are:

(1) The basic history based on a maximum stress intensity factor of 33
MPa//m (30 ksi /in.). This history will be referred to subsequently as the
Type I history.

(2) The basic history based on a maximum stress intensity factor of 27.5
MPa//m (25 ksi /in.), the Type II history.

(3) The basic history with (a) a maximum stress intensity factor of 33
MPa//m (30 ksi /in.) and (b) a single 37.6 MPa/,/m (34.3 ksi ,/in.). cycle
before every block of 15 flights, the Type III history. Note that the single
load cycle is applied at a 114 percent load level which is equivalent to a 30
percent overload based on the highest load in the repeating flight.

Crack Growth Measurement

For all test histories, the crack length was measured each time a block
of 15 flights had been applied. A binocular zoom microscope with a
maximum magnification of 40X was used to make the measurement in
conjunction with a mylar scale calibrated in 0.125 mm (0.005 in.) incre-
ments attached to the specimen. The crack was measured on both sides
of the notch, a total crack length (2a) was calculated, and the half crack
length (@) versus flights (F) data were tabulated.

Methods of Differentiation

Two methods of differentiation were used to process the FCG data
generated from the basic history. These were: (1) the secant method, and
(2) the seven-point incremental polynomial method; both were proposed
in the ASTM Method E 646. Comparisons of the two methods of
differentiation were made based on the resulting scatter. Only the secant
method of differentiation was used to evaluate and compare the FCGR
behavior resulting from all three SIF histories.
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Results and Discussion

Preliminary Analysis

A typical segment of the fatigue crack growth (FCG) data generated
under the Type I load history is shown in Fig. 3. The FCG data from the
Type I loading were tabulated and processed using a statistical analysis
computer program (SACP) developed at Purdue University under
AFOSR Grant 76-1038 [8,9]. When the four distribution functions (nor-
mal, log normal, three parameter log normal, and Weibull) contained
within SACP were fit to the FCGR data, it was found that all four
distributions appeared to adequately describe the central tendency of the
FCGR data [10].

For the segment of crack length shown in Fig. 3, the FCGR data shown
in Fig. 4 were generated using the secant method of differentiation. The
solid points shown in Fig. 4 define the values of crack length measured
immediately after the load reduction. These points were defined to
empbhasize that the variability in the FCGR determination seems to be due
to factors other than the load reduction, as can be seen by the randomness
of those data. Overall, the data are seen to be scattered around a mean
FCGR. The following statistical study was conducted in order to investi-
gate and describe the variability associated with FCGR determination as
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FIG. 3—Fatigue crack growth (FCG) behavior observed under constant stress intensity
factor coefficient control for Type I histories.
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FI1G. 4—Fatigue crack growth rate (FCGR) data generated from Fig. 3 data using the
secant method of differentiation.

related to load history levels, measurement interval size, and differentia-
tion method.

Determination of Steady State Behavior

To determine if the stress intensity factor control condition led to crack
length independent behavior, the FCGR data generated under Type I
loading in the first test panel were segregated into four crack length
intervals, each having a length of approximately 12.7 mm (0.50 in.). The
sample means and standard deviations of these segregated FCGR data are
shown in Fig. 5 to remain constant as the crack progressed. The means
were indistinguishable from each other using a Student’s 7 test at a 95
percent confidence level. The fact that the sample means are indistin-
guishable from a statistical viewpoint shows that no stress intensity factor
gradient effect exists as the crack advances, and thus, the FCGR behavior
can be classified as steady state behavior [6,11]. In essence, steady state
behavior implies that FCGR behavior can be described as a function of a
stress intensity factor parameter. The characteristics of steady state
FCGR behavior are similar to that exhibited by constant amplitude
behavior. Because the repeating stress history generated steady state
FCGR behavior, the segregated FCG data described in Fig. 5 can be
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FIG. 5—Mean FCGR data (with 95 percent confidence bands) associated with four crack
length segments. Data shown were generated under Type I history.

considered individually or collected together for evaluation of statistical
distribution functions.

Effect of Crack Increment and Differentiation Method

A study of the effect of crack growth increment size and of numerical
differentiation technique on FCGR variability was conducted. The crack
growth increment size was controlled by selectively omitting FCG data
points. First, every other FCG data point was considered, thereby
doubling the crack size increment. Next, only every third point was

~ considered which essentially tripled the crack size increment. The pro-
cess of omitting FCG data was continued until only every fifth point was
considered.

The two methods of differentiation considered for evaluation were the
secant method (Aa/AF), and the incremental polynomial method. The
secant method used successive data points. The polynomial method
involved fitting a quadratic equation in a least squares sense to consecutive
sets of seven successive FCG data points prior to differentiation, as
described in ASTM Method E 646,

The sample means and standard deviations for this comparative study
of FCGR behavior based on the set of 116 FCG data points shown in Fig.
3 are presented in Table 1. Results of considering all FCG points from that
set, as well as the effect of omitting points, are presented for the two
differentiation methods. From Table 1, it can be seen that the method of
differentiation does not affect the mean crack growth rates. The standard
deviations obtained using the incremental polynomial method were signif-
icantly less than those obtained using the secant method of differentiation.

In the process of omitting points, the variability associated with the
secant method of differentiation decreased as the measurement interval



FRACTURE MECHANICS

62

W 67 = your |

uesw
GOWBIA3D pIEpuels

= GONBLIRA JO WOIYI0D o

%00 9£°0 %3 10 6L 9'c (4141 SL 1 X4
9%0°0 S€'0 9°S [AN ) 99°0 9°¢ $£0°0 09 6T
SO0 0£0 LS 91°0 060 LS 920°0 134 1%
80°0 o 9°¢ §T0 Pl LS LI0°0 (113 8¢
60°0 050 LS 9¢°0 +0'C Ls 200°0 <l 91t
a W3ng/ W3/ a Wi/ By ul s1y81d 108
‘puonelep Uty 0l Uty ol ‘pUOHBLIR A Uty 01 urs 01 (ov) (1Y) ut
Jo uoneIAd] A0Od o uonelAaq ADDA JWOWAIDUY Asuanbaij sJulog
JUIIDIO0) prepueig ueol FLiETaTrichig) piepuels uBOW PMoIo JUSWIIINSCIW 024
yoesd aanoayd
UBOW
[ERUOUA]og [BIUdWAIOU] POYIR eSS

UOIENUSIAPICE JO POYISIN 10F €1 WD

“1as piop ¢ 81 woif stuod PIvp YOO Sutaowisl £jaalssadIns 4of DIop YOI fO SFouDLUDA pup SUPIU durs—1 A TdVL



ARTLEY ET AL ON CRACK GROWTH RATE BEMAVIOR 63

size was increased. The standard deviation for the secant method initially
was observed to decrease approximately as a function of the square root
of the number of intervals added. It also appears that the variability
(coefficient of variation) observed in the secant differentiated FCGR data
approaches that of the polynomial differentiated FCGR data as the
measurement interval size is increased as shown in Fig. 6. For this variable
amplitude load history applied to the 7075-T6 aluminum alloy center-
cracked panels, the coefficient of variation appears to approach 8 percent
for both differentiation methods. Virkler et al [9] reported similar variabil-
ity in crack growth lives under constant amplitude, constant load using
2024-T3 aluminum alloy center cracked panels. This value would then
appear to be an indication of the true material variability for these two
similar types of aluminum alloys. Larger values of reported variability
would indicate that a second look at the test procedure and data
processing technique would be in order.

ASTM has attempted to standardize the FCGR test procedure which
should help to maintain uniformity in reported variability. One such
guideline involves a requirement for the size of the crack length measure-
ment interval. The proposed minimum value for Aaq is the greater of 0.25
mm (0.01 in.) or ten times the crack length measurement precision (ASTM
Method E 646). The crack length measurement precision (e) is defined as
“‘the standard deviation on the mean value of crack length determined for
a set of replicate measurements’’ (ASTM Method E 646).

The crack length measurement precision (¢) for this study, as deter-
mined by a set of ten replicate measurements was determined to be 0.038
mm (0.0015 in.). To keep the coefficient of variation below twenty
percent, a minimum Aga should be 15 times the measurement precision as
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FIG. 6—Variation in FCGR coefficients of variation (v) as a function of crack length
measurement interval size.
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indicated by the data in Fig. 6 when using the secant method of
differentiation. When using the polynomial method of differentiation, the
minimum Aa is not as important. If design is to be based on an ‘‘upper
bound’’ approach, it is essential that a potentially overly conservative
determination of the FCGR be avoided by limiting the reported variabil-
ity.

Effect of Loading History

In this part of the study, the effect of loading history on the mean FCGR
and its variability was investigated. The FCG data from the three types of
loading used in this study are shown in Fig. 7. Because the stress intensity
factor coefficient (K/o) was the control condition, different test histories
could be run in any combination on a particular panel. Crack growth
behavior that could be interpreted easily as transient behavior resulting
from a change in stress intensity factor history was excluded from
consideration in this study. For presentation purposes, FCG data gener-
ated using the three load histories were normalized to the same initial
crack length for zero flights of loading as described in Fig. 7. The Type I
FCG data described in Fig. 7 were taken from a different crack length
segment than the data reported in Fig. 3. The FCG data described in Fig. 7
were differentiated using the secant method to obtain the FCGR data
summarized in Table 2.

Table 2 shows that as the maximum stress intensity factor is lowered by
a factor of 1.2 (Type I to Type II), the mean FCGR is lowered by a factor
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FIG. 7—Fatigue crack growth (FCG) behavior observed under constant stress intensity
factor coefficient control for Type I, Type II, and Type 1l histories.



ARTLEY ET AL ON CRACK GROWTH RATE BEHAVIOR 65

TABLE 2—FEffect of stress intensity factor history on FCGR behavior.

Standard Mean
Mean Aa/AF Deviation Aa,
History AF (10~*in./Flight) (10™4in./Flight) in.
Type 1 15 5.6 1.6 0.008
Type 11 15 35 1.3 0.005
Type 111 15 1.2 0.82 0.0018

l1in. = 25.4 mm

of 1.5. Applying the periodic overload to the basic history (Type III)
lowered the FCGR by a factor of about five. As the mean decreased, the
ratio of the standard deviation to mean, which is the coefficient of
variation, increased substantially, for the constant AF measurement
interval shown. The mean change in crack length (Aa) for 15 flights is
shown in Table 2 for the three loading conditions.

The comparison between the coefficients of variation, », for the three
loading conditions are shown in Table 3. The mean Aa for 15 flights, along
with the coefficients of variation for the three types of load histories are
given in the first row of the table. The coefficient of variation increased as
the change in crack length decreased. In the last two rows of Table 3,
coefficients of variation are comparable for similar amounts of growth, as
indicated by the mean Aa. This comparison was made possible by omitting
points before differentiating the FCG data. The comparison was only
possible for crack length intervals resulting from multiples of 15 flights. Asin
the extensive study of the Type I condition, the coefficient of variation was
seen to decrease as the measurement interval size was increased for all three
test conditions. For Aa approximately equal to 0.584 mm (0.023 in.) the

TABLE 3—Comparison between coefficients of variation (v) and crack growth
measurement intervals (Aa) for three stress intensity factor histories.

Type I Type 11 Type 111
History History History

Aa, mean Aa, mean Aa, mean Aaq,

in. AF in. Ve AF in. Ve AF in. M

Variable 15 0.008 028 15 0.005 037 15 0.0018 0.68
~0.008 15 0.008 0.28 30 0.010 0.24 75 0.0075 0.24
~0.023 45 0.023 015 75 0.025 0.14 195 0.022 0.12

standard deviation
mean

@ Coefficient of Variation =

1inch = 25.4 mm
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measurement precision ratio as defined as the crack length measurement
interval divided by the crack length measurement precision () is 15. The
coefficients of variation for this increment size are also below 20 percent
for all test conditions, irrespective of the mean FCGR.

Effect of Load Variations

Since the only difference between the Type I and Type II SIF histories
was in the magnitude of the SIF, the mean FCGR data for these two
histories were used to establish the coefficients of a power law equation
written in the following form [6,17]:

da _ »
Fo C (Kmay M

The power law exponent (p) was determined to be 2.58. This exponent
value is quite similar to that (2.65) derived using least squares procedures
applied to FCGR data generated over the same interval of K,y using a
slightly more complicated type of stress history [6]. The loadings were
held constant for the Ref 6 tests, that is, K, increased with crack length.

To sense the impact of small variations in stress history control, on
FCGR behavior, Eq 1 was employed. A 2 percent variation in stress (or
SIF) level would change the rate of FCGR by about 5 percent. Since in
this investigation, stress (or load) levels in the test histories were
controlled to within + 1 percent of desired levels, it would appear that the
variation in loading contributed only a small fraction to the total variabil-
ity in FCGR data. Less accurate stress control will result in corresponding
greater variability in FCGR data; and, if biased will affect the mean FCGR
behavior as described by Eq 1.

Conclusions

As a result of this investigation, in which the measurement precision
ratio was defined as the crack length measurement interval (Aa) divided
by the crack length measurement precision (e), the following conclusions
were derived from an analysis of fatigue crack growth data collected
under stress intensity factor control conditions.

1. The coefficient of variation for FCGR data obtained using the
seven-point incremental polynomial method is independent of the mea-
surement precision ratios for ratios greater than five. The coefficient of
variation for FCGR data generated herein by this numerical differentia-
tion method was about 8 percent.

2. As the measurement precision ratio increases, the coefficient of
variation for FCGR data obtained using the secant method of differentia-
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tion decreases toward the level of the FCGR coefficient of variation
associated with the seven-point incremental polynomial method.

3. To achieve coefficients of variation in FCGR data generated via the
secant method at levels below 20 percent, it is necessary to have a
measurement precision ratio (Aa/e) greater than 15.

4. The coefficient of variation in FCGR data obtained using the secant
method is independent of stress intensity factor history when the mea-
surement precision ratio is controlled at a fixed level.

5. One of the most dangerous experimental variables that must be
controlled during a test is the level of loading because small differences in
load control can affect the mean as well as the variability of the FCGR
data. The other variables investigated do not appear to introduce system-
atic errors in the FCGR data.
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ABSTRACT: A unified theory for life predictions based upon damage accumulation
has been applied to high-temperature, high-frequency, low-cycle fatigue tests of
austenitic iron-nickel-chromium alloys (similar to Alloy 800). Damage may be
related to the formation of cracks and its accumulation is shown to be a function of
the fatigue crack growth rate. Damage accumulation data are reported for small
axially loaded smooth specimens for varying strain levels. This in turn may be
correlated to an elastic-plastic fracture mechanics analysis through the concept of
the J-integral (the J-values being estimated from stress-strain data). It is suggested
that relating standard fracture-mechanics concepts to damage accumulation in
small specimens will be useful in obtaining a better understanding of the fatigue
process.

KEY WORDS: damage accumulation, high temperature fatigue, fatigue crack
growth rate, J-integral, Alloy 800, fatigue (materials), crack propagation.

The application of damage concepts in the field of rupture has proved to
be very useful in failure prediction at high temperatures [/-7].2 Such
applications must deal with the complex problem of creep-fatigue interac-
tion.

Life prediction methods commonly employed for high-temperature
fatigue may be separated into four main areas. These include modifica-
tions of low-temperature relationships [8,9], ductility exhaustion {10],
strain-range partitioning [//], and linear summation of time and cycle

! Project engineer, Procter and Gamble, Hamilton, Ontario, Canada.
2 Professor, Department of Mechanical Engineering, University of Waterloo, Waterloo,

Ontario, Canada.
3 The italic numbers in brackets refer to the list of references appended to this paper.
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ratios [12,13]. Although damage theory first introduced by Kachanov [/4]
was used for prediction of pure creep rupture, the theory has been modified
to the point where a unified model exists for fatigue-creep interaction
based upon nonlinear accumulation [2].

Since the present work deals only with pure fatigue damage accumula-
tion at high temperature, the interaction aspects will not be dealt with here
although the authors will concern themselves with that problem at a later
date.

The differential equation of damage evolution during strain controlled
fatigue is given by

& _ _f(b) 1)

SN (@ + 1)N¢
where

D = damage,
N =number of cycles,
N = number of cycles to failure at a given strain range, and
fiD)= [1-D]™.

The constant p is material and temperature dependent, which may be
obtained from a relation between damage and cyclic plastic behavior.
Using boundary conditions such thatD = 0 when N =0andD =1atN =
N;, integration of Eq 1 for the evolution of fatigue damage at constant
strain amplitude yields

D=1~{1—ﬂ— bl A}

The background and derivation of Eqs. 1-3 are given in Appendix I, which
also includes the derivation of equations for creep and fatigue damage
under stress control. The application of damage theory to high tempera-
ture fatigue has yielded predictions within 60 percent [15].

In applying damage concepts, the problem is to define the term,
“‘damage.”’ In this case, as in Refs / and 2, damage is regarded as the
formation and growth of a dominant crack. If indeed this hypothesis is
correct, it should be possible to establish a direct relationship between the
damage accumulation rate (dD/dN) during cycling and the fatigue crack
growth rate (da/dN). This latter parameter generally is expressed using
fracture mechanics methods.

It is the purpose of this study to establish a relationship between
damage and crack size, and show that the damage accumulation rate is
proportional to the fatigue crack growth rate. Subsequently, the damage
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accumulation rate will be correlated with the J-integral through an
elastic-plastic analysis.

Experimental Procedure

Material and Specimens

The material tested was an austenitic iron-nickel-chromium alloy-
Sanicro 31 (trade name of Sandvik AB) containing 0.043 percent carbon,
21.7 percent chromium, 33.2 percent nickel, 0.33 percent titanium, 0.20
percent aluminum. This is a high temperature alloy, similar to (Incoloy)
Alloy 800, which is used where corrosion resistance and strength are
required at elevated temperatures.

The fatigue specimens were machined with threaded ends for gripping
and a reduced diameter cylindrical test section, 7.5 mm long and 4.85 mm
in diameter. These specimens were identical to those used for earlier
damage prediction studies [7,2].

Procedure

All tests were conducted on a closed loop electrohydraulic servocon-
trolled testing system. The tests were carried out under strain control and
the testing procedure used for controlling strain was similar to that
described in Ref 16. The testing variable was strain range with the cyclic
deformation rate and temperature being held constant at 2.4 x 10~*s~*and
600° C respectively. Under these conditions the deformation of this
material was found to be entirely time independent, so that time depen-
dent damage (oxidation or creep) may be neglected [I7]. The stress
response was monitored continuously throughout the test in order to
determine the amount of damage according to

Ao
Ac*

D=1- 3)

where Ao is the stress range response at any particular number of cycles,
N, and Ac* is the stress range at saturation. The derivation of Eq 3 is
included in Appendix I. Once the various values of D were determined for
given numbers of cycles, then it was possible to evaluate the exponent p in
Eq 2.

Several tests were conducted in order to establish a relationship
between damage accumulation and crack growth rate. This required that a
suitable procedure be found for detection and size evaluation of the
cracks. The technique developed involved the use of a dye penetrant and
ultraviolet light. This technique is used extensively in the power industry
where the detection of very fine hair-line cracks in turbine blades
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is essential. Due to the nature of the conditions required for examination
(that is, cooling and reheating) none of the specimens was interrupted
more than three times before failure, and in general each specimen was
interrupted only once before failure took place.

Surface crack lengths and crack depths were measured using an optical
microscope equipped with a measuring eyepiece; measurement was
achieved in the following manner: on removal of the specimen from the
testing machine, the threaded ends were masked with tape and the
reduced test section was treated with a penetrating dye sensitive to
ultraviolet light. Sufficient time was allowed (approximately ¥ h) for the
dye to penetrate all surface defects and then excess dye was removed with
alcohol and a lint free cloth. At this time a developer was applied to the
test section which drew out any dye trapped in the surface defects
resulting in a visual observation of a yellow dye on a white background
outlining the surface defects. The developer then was removed leaving
behind a residue which was clearly visible. Alternatively, the specimen
could be examined directly under the ultraviolet light without a developer
being applied. Surface crack lengths then were measured under the
ultraviolet light using a low powered optical microscope equipped with a
measuring eyepiece. Crack depths were measured upon fracture. The dye
penetrant had the effect of discoloring the oxide on the fracture surface.
When the test was stopped and dye applied, the extent of crack penetra-
tion was defined clearly. This procedure was verified by stopping a test
followed by sectioning the specimen in order to show that the crack size
corresponded with that determined using the dye penetrant. It should be
noted that in general only one dominant crack developed after half life had
elapsed.

The crack profile always was curved slightly, neither semicircular nor
parabolic, and since no correction factor was available for this geometry,
it was decided that it could best be represented as a planar surface crack,
where the stress intensity factor AK, is expressed using the formula

AK = 1.12 Ao Vma @

where @ is the crack depth. However, rather than using AK, it was
decided to use AJ [I8], since the crack tip plastic zone could not be
regarded as being negligibly small.

The J-integral has been shown to be a promising correlation factor for
fatigue crack growth under plastic conditions [/9,20,21]. The interpreta-
tion of J for the elastic-plastic case is that it gives a measure of the crack
tip strain field. For the present study, the derivation of J is similar to that
used by Dowling [19]. The final result of the analysis is given in Appendix
I1, which yields

AJ = 7.88 aAW, + 7.60 aAW, (&)

where AW, and AW, are the elastic and plastic strain energies.
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Results and Discussion

Damage evolution for constant strain conditions is given in Eq 2 [see
also Appendix I]. However, the exponent, p, is required. This may be
determined by monitoring the stiffness change as a crack forms and grows
through the specimen [Appendix I}. More simply, the change of load (or
stress amplitude) for a given displacement (or strain) will also yield the
change in stiffness. Hence, by following the stress response of four tests
carried out at total strain ranges of 1.54 and 2.2 percent at 600° C, it was
possible to derive the damage evolution. Under steady-state conditions
the stress response, Ag*, was monitored and once the stiffness of the
specimen decreased due to the presence of a crack, the stress response,
Ao, at the corresponding number of cycles was recorded allowing the
amount of damage to 1be determined according to Eq 3. Using the relation

D =1 —{1 — N/Ng}y+1[thatis, Eq 2] the log-log plot of (1 —D) [from Eq 3]
versus {1 — N/Ny} yielded the value of p for the given strain range: for
Aep = 2.2 percent, p = 17 and for Aey = 1.54 percent, p = 27. Damage
versus the cycle ratio for both strain rates is plotted in Fig. 1 using these
exponents. This plot shows that for a given life ratio the accumulated
damage is dependent upon strain level.

Provided that it is possible to derive a relationship between damage and
crack size, then it follows that the crack size for a given life ratio should
be dependent upon strain level. The results of measuring the surface
crack length, ¢, against the crack depth, a, for various life ratios at the
two strain levels are given in Table 1 and shown in Fig. 2. It is apparent
that a critical crack length, ¢*, exists below which the crack size or depth,
a, is very small and more importantly does not increase significantly with
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FIG. 1—Damage curves for Aer=1.54 percent (Ny=2700) and Aer=2.2 percent (N=900).
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TABLE 1—Crack sizes for given life ratios.

'3 a
Cycle Ratio  Surface Crack Crack Cracked
Test No. Aer, %  at Measurement Length, mm Depth Max, mm Area, mm’
T4-C 1.54 0.50 <0.76 0.00 0
0.52 0.76 <0.03 0
0.96 5.46 1.50 62
0.99 8.89 3.25 210
T1-C 1.54 0.83 2.92 0.56 19
T3-C 1.54 0.88 3.12 0.74 25
Section-1 1.54 0.95 445 1.07 60
T2-C 1.54 0.99 8.00 2.64 170
T5-C 22 0.51 <0.76 0.00 0
0.99 8.13 2.84 184
T9-C 22 0.85 3.18 0.71 30
T7-C 22 0.90 3.81 0.99 48
T6-C 2.2 0.93 5.33 1.42 68
T8-C 22 0.96 5.56 1.98 101
0.99 9.4 3.51 239

an increase in £. At life ratios of N/N < 0.5 the cracks or damaged
areas were extremely small and highly localized. For N/Ny = 0.5 these
localized cracks began to link together and form one common crack front
which then penetrated into the specimen. Stopping the test prior to 0.5
Nrresulted in extreme difficulty in repropagating the small cracks associ-
ated with the damaged regions.

It is suggested that a critical amount of damage or a specific incubation
period in high-frequency cycling (corresponding to a critical number of
cycles, N*) is required for propagation, In this case the critical amount
of damage, or crack size, corresponded to approximately half life, that is,
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FIG. 2—Relationship between surface crack length and maximum crack depth.
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* = 0.5 Nr. Results of work conducted by Kunio and Yamada [22],
indicated that many small nonpropagating cracks existed below a critical
crack size. Exceeding this level resulted in propagation of a single cata-
strophic crack.

The plot of crack depth against life ratio for Ae; = 1.54 and 2.2 percent
is shown in Fig. 3, and it appears that the crack depth for a given life ratio
is dependent upon strain level. The difference between the present data
and that obtained by Dowling [/9], using a similar technique at room
temperature, may be explained by the fact that when the exponent in Eq 2
becomes large (p = 15) the damage curves for the two different strain
ranges approach each other, and that the scatter band obtained in Ref 19
is large enough that it could possibly represent separate damage curves.
A close observation of the data presented in Ref 19, suggests that for a
given life ratio the crack size increases with strain.

In order to clarify the hypothesis of damage being related to crack size
it was necessary to determine whether a relationship existed between the
damage accumulation rate (dD/dN) and the fatigue crack growth rate
(da/dN). This required that the two parameters be correlated using an
elastic-plastic fracture mechanics analysis. As mentioned previously, it
was decided to use AJ [18,23], since the crack tip plastic zone could not
be considered as being negligibly small.

Crack growth data were obtained from Fig. 3 (a versus N/Np) by the
difference method. These data were then correlated with the J-integral.
The plot of log (da/dN or dD/dN) versus AJ shown in Fig. 4 indicates that
a typical Paris type relationship is obeyed such that,
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where C and n are material constants which are dependent upon the
environment. For this present study the values of C and n are given in
Fig. 4. It follows from the preceding discussion that given D = f{a) and
using the difference method to obtain the slope of the damage curve for a
given number of cycles (Fig. 1), then the damage accumulation rate
dD/dN must be dependent upon the fatigue crack growth rate. This is
shown to be the case in Fig. 4. Hence for a given amount of damage or
given cycle ratio it should be possible to determine the surface crack
length, ¢, and crack depth, a.

A simple empirical relationship between crack size and damage was
found for the specimens tested. By determining the cracked area, which is
dependent upon crack size a, and dividing by twice the original cross-
sectional area, it was possible to establish a relationship between this
parameter and the damage, as shown in Fig. 5 for the two strain levels of
1.54 and 2.2 percent. The data points obtained from the crack size
measurements fall very close to the damage evolution curve derived from
the stress response (or stiffness) measurements which has been replotted
from Fig. 1. Both the stress response (or stiffnesg) and crack size mea-
surements indicated that below a critical number of cycles (N* =0.5 N),
the amount of damage was extremely small. In fact, it would appear that
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FIG. 5—Plot of damage obtained from crack size measurements at two strain levels
for different life fractions superimposed on damage curve of Fig. 1.

significant damage evolution starts only after the critical number of
cycles. This has been verified independently by Douglas {24] and
Plumtree and Persson [17]. Creep or low frequency cycles (v ~ 0.005 Hz)
was preceded by varying numbers of cycles in fatigue at 600° C and in
each case a complete and unaffected creep life or life under low
frequency cycling conditions was observed when the amount of prior
fatigue was less than or equal to 0.5 Nj.

It is suggested then that the damage curve for this present work may
be divided into two regimes as indicated in Fig. 5. Regime 1 (N/Ny < 0.5)
corresponds to the development of several small and localized cracks or
damaged areas with surface lengths from about 0.5 to 0.8 mm. Regime 2
corresponds to the formation and growth of a common crack front when
N = N*. The smaller cracks link together and the resulting main crack
penetrates into the specimen eventually causing failure.

Conclusions

1. A relationship between crack size measurements and damage ob-
tained by using the concepts of nonlinear damage accumulation has been
established for the fatigue crack growth behavior of Sanicro 31 (similar to
Alloy 800) at 600° C.

2. The fatigue damage accumulation rates under elastic-plastic con-
ditions have been found to be related to the J-integral through the empiri-
cal equation dD/dN =C (AJ)".

3. The crack size for a given life fraction appears to vary with strain
level. This effect substantiates predictions derived from the damage
model.
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4. A critical number of cycles, N*, has been identified for these high-
temperature fatigue tests. When N < N*, several small localized cracks
were present. On exceeding N*, the cracks joined together to form a
common front and a single crack propagated to failure. For the present
work, this critical number of cycles occurs at approximately half life.
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APPENDIX I

Application of Damage Concepts

In 1958 Kachanov [/4] proposed a theory of brittle rupture based on a
concept of what he called the ‘‘continuity,”” D, of the material; as time
passes damage accumulates which changes the proportion of material
available to carry load. If the load is constant, the average stress is
increased according to the amount of damage until, eventually, continuity
is destroyed and rupture occurs.

If the specimen of initial cross-sectional area A, is subjected to a
load P the initial stress is

0'=A—O

After time ¢, during which the specimen is damaged, the cross-
sectional area is reduced according to

A=A/ - D) ™)

so that the stress at time ¢ is

=T == ®)
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To enable the variation of damage with time to be calculated, Kachanov
assumed a power relationship between the continuity and stress which
has since been modified for ductile materials. Considering intergranular
creep, the evolution of damage may be expressed by the modified
Kachanov equation

dD _ Lol \yr1— pi-a

dr {C(i—D)} [1=D] ©)

which becomes important during the tertiary creep stages. Obviously,
the amount of damage is regarded as being very small during the primary
and secondary stages of a pure creep test. Assuming that the Norton
creep equation applies, then for

1

Secondary creep: o= Ké€,* v (10)
and for

L

Tertiary creep: I iTD =Ké, " (1)

where

€, = plastic strain rate,
é* = steady-state plastic strain rate, and
K and W = material constants.

The damage evolution can then be obtained from Egs 10 and 11 such that
1
&t

p=1- (&£)" (12)

D

Knowing this evolution from a creep test, (r + g) is calculated by
identification with the integrated damage Eq 9 for constant stress, that is

1

t r+g+1
p=i-{1-7] a3

t. being the time to rupture and the solution of the damage
equation for D = 1 when ¢ = ¢, gives
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1 ol ™
fe ‘W[ ?] (14)

which allows the possibility of determining r from isothermal curves oft,).
The differential equation of evolution of transgranular cracks during
fatigue is of the same type as the creep damage Eq 9, in this case

8D _ Ty — G B
v ~lemmos) )

where

N = number of cycles
o,y = maximum stress during the cycle, and
T =mean stress, also

f)=[1-Dr"

B, B, p are temperature dependent material characteristics which may be
obtained from the relation of cyclic plastic behavior coupled with damage.
Assuming that pure fatigue (no effect of time) corresponds to plastic
behavior between stress range Ao and strain range Ae,, then for negligible
damage under stabilized conditions

1

M (16)
Ao = K A€},
and applying Eq 8 to cyclic conditions with damage present after
stabilization

1

AT _ K Ae™ 17)

1-D

where K and M are material characteristics under plastic conditions.
Then from stress controlled fatigue tests

1

D=1 —(A";)ﬁ (18)
Ae,

The thermodynamic approach using damage as an internal variable
directly leads to differential equations of evolution with stress being the
controlling variable. However, in practice many tests and applications are
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conducted under strain control, hence prediction using damage equations
written in terms of strain must be considered. These equations may be
deduced from the earlier equations using stress-strain relationships.

Pure fatigue at high frequencies results in strain behavior which is
purely plastic, having neither frequency nor wave shape effect. Given the
stress-strain range Eq 17, the strain dependent fatigue damage equation
can be obtained by simple substitution of

1
oy —-G_ Ao K, ¥
=D —2[1=D]" 72 2 (19

in Eq 15 giving
8

[ % ]ﬂAepﬁ[l - DI (20)

& _
=

The number of cycles to failure N for a constant amplitude Ae,, in pure
fatigue is obtained by integration using the conditions:
N=0—>D =0andN =Ny« D =1

N, = 1 @1)
B8

8 1
b + 1] [ % ] Ae,
This function N (A€) is considered as characteristic for the material and

aD [1 - D> (22)

&N " [p + 1IN (Ae
and the evolution of damage at constant strain amplitude is

1

D=1—{1—Nﬁp}p_’rr @3)

Fatigue failure criteria are completely defined by the temperature
dependent functions: N(Ae€) and p(Ae). To obtain numerical values,
reference tests must be conducted and the results applied to the mathe-
matical models.

The basic function N «{Ae€) is obtained by carrying out very high-
frequency tests (v = 5 Hz) at constant strain amplitude. About five to ten
tests are needed to characterize the material and B/M is obtained from the
slope of a log-log plot of N {Aey).
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To obtain p, the evolution of damage is required. Among different
methods [25,26], the simplest is to record the change of stress amplitude
during the five or ten different tests and to derive the damage evolution
from the stress-strain Eq 17 which can be arranged to give

1

M
Ao =[1-D]K Ae, (24)

If Ac* is the value of Ao at steady state or stabilized conditions when
the damage is negligible then

1

Ac* =K Ae,” 25)

Then under constant strain conditions

D=1~4c (26)

Ac*

Using the relation D=1—{1—N/N}V®*V the log-log plot of (/ —D)
[=(Ao/Ac*)]from one test versus (1—N/N ) gives the slope 1/p + 1 from
which the value of p is known for the strain range considered.

To avoid any confusion with cyclic hardening or softening effects, it
may be preferable to evaluate D by considering the stiffness of the part
with and without the presence of cracks, or more correctly, the modulus
of elasticity measured during the reversal of a hysteresis stress-strain
loop. Hence when damage is negligible

o = E*e 27
with a crack present
o,=FEe (28)

Substituting Eq 8 into Eq 28 then

(T —
)] = Fe (29)

Hence for a constant strain
D =1-EIE* 30)

Considering the stiffness, then

R
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where R is the stiffness of the specimen when a crack is present and R*
is the stiffness in a crack-free or damage-free specimen.

APPENDIX II

Determination of AJ

The method for determining AJ is similar to that which is outlined in
Ref 19.

The crack extension force or energy release rate (G) is not affected by
the plastic deformation at the crack tip when the crack tip plasticity is
small. In this case G follows from the elastic stress field

AK?2  Ag?
AG = AJ gagtic = E Tm 32)
where E is Young’s modulus.

From Fig. 6, which is an idealized stress-strain relationship, the elastic
strain energy may be derived

AW, = Ad*2E (33)

For a linear surface crack, the stress intensity is givenas AK =1.12 ¢V ma
and for an embedded crack

AK = 1.12 oN/ma F (34)
CYCLIC STRESS -STRAIN BEHAVIOR
L
beg= A—Ei'.z (Az—: ¥ Ny .
8 aw, A7 2
g aw,
ﬁ + %, b
& P
3
3

TRAN
Bey—wte———B0/E ::] RANGE
314

4U=788 a8 W+ 76004 W,

FIG. 6—Estimation of AJ and corresponding stress-strain data.
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Where F is the crack shape factor. In the present work, the crack profile
was constant for nearly the whole of the fatigue life, remaining slightly
curved, neither semicircular nor parabolic. Since the value of F is not
available, it was decided to represent the crack by the planar surface
crack shape factor (F=1). Although the absolute values of AJjaec and
AJ pasic Will be affected, this will not influence the comparison of dD/AN
and da/dN using a common AJ scale since the latter is multiplied by F2.
Hence the crack shape factor is a scale factor once AJ gastic and AJ pagic
are added.

Substituting Eq 33 in Eq 32 and correcting for crack geometry (Eq 34),
then

A"Ielastlc =7.884a AW, (35)

An estimate for the plastic solution of AJ has been made by Shih and
Hutchinson [27] for a center cracked strip in plane stress

A\‘Iplastlc = 27f(s) a AW, (36)

where f(s) is a function of the strain hardening exponent and AW, is the
plastic strain energy. Accompanying work on the same alloy at 600° C
[24] was used to determine the cyclic work hardening exponent, s = 0.38.
Following the work of Shih and Hutchinson [27] the function of the strain
hardening exponent f(s) was estimated to be 1.12 for s =0.38. An approx-
imation for AW, the plastic strain energy is given in Fig. 6,

aw, =228% (37)

Assuming that the combined surface and crack shape correction factors
used for the linear elastic case are also applicable to the plastic case,
then Eq 36 is modified to give,

A\Jplastlc = 7-6 a AWp (38)

Shih and Hutchinson [27] suggest that J solutions may be approximated
by adding the two elastic and plastic solutions. Following this, the sum-
mation of Eqs 35 and 38 gives

AJ =7.88a AW, +7.6a AW, (39)

which was used in the present work.
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ABSTRACT: Fracture toughness (K, J;.) and fatigue-crack growth (da/dN) data
for quenched and tempered low-carbon ferritic 3.5Ni and 9N steels were measured
at temperatures between 295 and 4 K. The tests were performed using 25- and
31-mm-thick compact specimens having fracture planes parallel to the rolling
direction (TL orientation). The fracture toughness results for both steels showed
qualitatively similar trends: at decreasing temperatures below 295 K, J,. increased
by about 20 percent prior to the onset of classical ductile-to-brittle transitions
involving cleavage. The transitions occurred between 172 and 100 K for 3.5Ni steel,
and between 76 and 4 K for 9Ni steel. Transitional behavior also was evident in the
fatigue crack growth behavior. The room-temperature fatigue crack growth rates
for these nickel steels are typical of ferritic steels, but the rates at subtransition
temperatures are accelerated drastically, in association with cleavage and other
brittle cracking modes. Data comparisons between the 3.5Ni and 9Ni steels tested
here and other nickel alloy steels are included.

KEY WORDS: fatigue (materials), fracture (materials), low temperature tests,
mechanical properties, nickel alloys, steels

The ferritic nickel alloy steels were developed to provide economic
alternatives to the heavily alloyed austenitic stainless steels which are too
expensive for use in large-tonnage cryogenic structural applications.
Since 1947, the effects of nickel on the mechanical properties of the
ferritic steels have been studied and reviewed [/-3],% one major finding
being that increased nickel content leads to progressively lower ductile-
to-brittle transition temperatures. Construction costs are minimized by
selecting the appropriate nickel content for the intended service tempera-

! Metallurgist, Metallurgist, and Division Chief respectively, Fracture and Deformation
Division, National Measurements Laboratory, Boulder, Colo. 80302.
2 The italic numbers in brackets refer to the list of references appended to this paper.
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ture range. For example, normalized 3.5Ni steel (ASTM Specification for
Pressure Vessel Plates, Alloy Steel, Nickel (A 203 - 74a), grade E) has a
minimum use temperature of 172 K and is used for liquid acetylene,
ethylene, and propane tankage. Quenched and tempered 9Ni steel (ASTM
Specification Pressure Vessel Plates, Alloy Steel, Quenched and Tem-
pered Eight and Nine Percent Nickel, (A 553 - 74), grade A) is used for
liquefied natural gas and nitrogen tankage at temperatures as low at 76 K.

The tensile and impact properties of these steels are well researched,
but additional data are required to apply the modern techniques of
fracture mechanics analysis. The fracture parameters currently needed
for fail safe design are: K, the critical plane-strain stress intensity factor;
J1e, the critical value of the J-integral; and da/dN , the fatigue-crack growth
rate where a is crack length and N is fatigue cycles. The parameters K.
and J, characterize the magnitude of crack-tip elastic stresses or plastic
strains during monotonic loading, while da/dN describes subcritical flaw
growth due to cyclic loading.

This paper describes the temperature dependence of these parameters
for quenched and tempered 3.5Ni and 9Ni steels. The quenched and
tempered condition was chosen because it may confer superior low
temperature fracture resistance compared to the alternative normalizing
treatments [3,4]. This work supplements a previous study on 5Ni, 6Ni,
and 9Ni steels [5], and the combined results are used to support gen-
eralizations regarding cryogenic temperature effects on fracture behavior.

Materials and Specimens

A 2.54-cm thick plate of 3.5Ni steel (a reprocessed ASTM Specification
A 203 grade E alloy) and a 3.2-cm thick plate of 9Ni steel (ASTM
Specification A 553 grade A Type I) were obtained from commercial
sources. Both steels were received and tested in the quenched and tempered
conditions. The 3.5Ni steel had been reprocessed from its original
normalized condition; it was heated at 1172 K for 1 h, and water
quenched, then tempered at 896 K for 1 h, and water quenched. The 9Ni
steel was heated at 1064 K for 1.5 h, and water quenched, then tempered
at 877 K for 1.25 h and air-cooled. The mill chemical analyses for both
steels are listed in Table 1. Selected uniaxial tensile properties are listed in
Table 2.

TABLE 1—-Mill chemical analyses of test materials, weight percent.

Material Fe Ni C Mn P S Si

3.5Ni steel® balance  3.62 0.10 0.46 0.015 0.013 0.20

uenched and tempered
ONi1 steel (ASTM A 553-A) balance  8.99 0.08 0.62 0.010 0.010 0.19

quenched and tempered

¢ Reprocessed ASTM Specification A 203, E grade.
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Compact specimens for fatigue and fracture tests were machined in the
TL orientation, having planar dimensions proportional to specimen width,
W, in accordance with ASTM Method Test for Plane-Strain Fracture
Toughness of Metallic Materials (E 399 — 74). The 3.5Ni steel specimens
were 2.5 cm thick, with a width-to-thickness ratio, W/B, of 2.0. The 9Ni
steel specimens (diagrammed elsewhere [5]) were 3.1 cm thick, with
W/B = 2.4. Attached to knife edges at the loadline was a double-cantilever
beam-type clip gage meeting the ASTM Method E 399 linearity require-
ments at each test temperature.

Procedures

The test environments were room temperature air at 295 K, nitrogen
vapor at 111 or 172 K, liquid nitrogen at 76 K, and liquid helium at 4 K.
Two 3.5Ni steel fatigue tests were also performed in an alcohol/dry ice
bath at 195 K. The low temperature apparatus included a 100 kN
servohydraulic test machine and cryostat previously described [5,6].

Fracture Toughness

Direct K, measurements for nickel alloy steels are rarely valid because
the thickness criterion for linear-elastic tests is difficult to satisfy. The
thickness criterion requires that

2

B=25 (EI.__) 0

Ty

where o, is the yield strength of the material. In this study, J-integral and
ASTM Method E 399 tests were used alternatively, depending on the type
of load-deflection behavior encountered. Typical load-deflection records
for 9Ni steel specimens are shown in Fig. 1.

Nonlinear, Plastic Fractures

Where ductile fractures by stable tearing occurred (9Ni steel at 295 and
111 K; 3.5N:i steel at 295 and 172 K), J-resistance curves were determined
based on Landes and Begley’s method [7]. J as a function of crack
extension was determined by experiments in which a series of precracked
specimens at each material/temperature combination were loaded to
cause crack extensions of between zero and 0.49 cm. After unloading, the
specimens were heat-tinted and then completely fractured. Crack exten-
sion was measured to the nearest 0.001 cm at three thickness locations,
and averaged. J values were calculated from the approximation

_ 24
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FIG. 1—Load versus loadline deflection curves for 9Ni steel.

where A is the total area (energy) under the test record. J. then was
obtained by extrapolating the J-versus-Aa plots back to the critical point
of material separation, Aa .. (Crack extensions less than Aa . are apparent
extensions, due only to plastic deformation or blunting.) Estimates of K
denoted K (J) were derived from the relation

E]Ic

(-v

K\ *(J) = 3

The values of Young's modulus (E) and Poisson’s ratio () for these steels
were reported by Weston, Naimon, and Ledbetter [8].

Linear-Elastic or Unstable Fractures

Where fast fracture occurred (9Ni steel at 76 and 4 K; 3.5Ni steel at 111,
76, and 4 K), the conditional fracture toughness values denoted K , were
calculated. Some of these K, results nearly qualified as K. determina-
tions, but none were valid according to a strict interpretation of ASTM
Method E 399.

In the case of 3.5Ni steel at 76 and 4 K, excessive crack front curvature
proved unavoidable when the precracking stress intensity factor was
maintained at levels lower than 0.6 K ;.. For 3.5Ni steel at 111 K, Eq 1 was
not satisfied, and the K , data were far from valid. For 9Ni steel at 76 K,
Eq 1 was not satisfied, but the test record was sufficiently linear that J,,
could be calculated at maximum load, assuming subcritical crack growth
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was negligible. At 4 K, the 9Ni steel test records exhibit a unique
saw-toothed appearance, as shown in Fig. 1, presumably due to multiple
popins (unstable crack advances) and arrests. The P,,/P, ratios at 4 K
exceeded 1.10, but the heat-tinting technique indicated that the nonlinear-
ity was due to cracking, not plasticity.

Fatigue Crack Growth Rates

Fatigue crack growth was monitored using the compliance
method [5,6]. Rates at stress intensity factors, K, as high at 50 MPasm?
were measured during the precracking stages of fracture specimen
preparation, while rates at higher stress intensities were measured with
specimens not used for fracture toughness tests. Between two and six
specimens were tested per temperature.

All fatigue tests used a sinusoidal load cycle at 20 Hz, and a R ratio
(P min/Pmay) Of 0.1. The a-versus-N curves were fitted with third-order
polynomials and differentiated by computer to obtain da/dN. The da/dN
data were plotted as a function of the stress intensity factor ranges, AK,
which were calculated using the ASTM Method E 399 solutions for K and

flalw)

AK = K oy — Ky = Emax = Prw) 105371 @
BW?

The 9Ni steel of this study showed only slight crack front curvature
effects, as compared to pronounced curvatures for 3.5Ni steel and other
nickel steels [5]. As an indicator of crack curvature, edge-to-average
crack length ratios, a./a, are tabulated in the results. These curvature
variations should not greatly affect the da/dN comparisons since the
compliance method is sensitive to through-the-thickness crack length
variations.

Results
Fracture Toughness

Table 3 lists the fracture toughness results for 3.5Ni steel at 295, 172,
111, 76, and 4 K. The J-resistance curves, as shown in Fig. 2, yielded J,
values of 163 kIm—2at 295 K and 193 kJm~2at 172 K. The K \(J) estimates at
these temperatures are 190 MPasm#and 219 MPasm?, respectively. ASTM
Method E 399 results for this steel at lower temperatures are invalid, due
primarily to excessive crack-front curvature, but it appears that K
approaches 30 to 50 MPasmt near absolute zero.

The fracture toughness results for 9Ni steel at 295, 111, 76, and 4 K are
listed in Table 4. The J-resistance curves for this steel (Fig. 3) yielded J .
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FIG. 2—J resistance curves for 3.5Ni steel tested at 295 and 172 K.

values of 117 kIm~2at 295 K and 140 kJm~2at 111 K. The K {J) estimates
at these temperatures are 156 MPa*m? and 174 MPa°m?, respectively.
Between 111 and 76 K, K (J) decreases slightly to 167 MPasm?. There-
after, the fracture toughness rapidly decreases until, at 4 K, nearly all of
ASTM Method E 399 criteria for K, measurements are satisfied. How-
ever, the a/W ratios of about 0.6 slightly exceed the preferred range of
0.45 to 0.55. The statement ‘K, = K.’ in Table 4 indicates that the 4 K
data for 9Ni steel are believed to be nearly accurate K, results.

The temperature effects on K. estimates for the 3.5Ni and 9Ni steels
are plotted in Fig. 4, along with results for a 5Ni steel [5]. Using 31 mm

30“rrll]llTv]ll||]Tl||]xrx1
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FIG. 3—J resistance curves for 9Ni steel at room temperature (295 K) and liquefied
natural gas temperature (111 K).
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FIG. 4—Temperature dependence of K, estimates for the quenched and tempered 3.5Ni
and 9Ni steels for this study and the austenitized, temperized, and reversion annealed 5Ni
steel previously tested (Ref 5).

thick compact specimens and similar procedures, the 5Ni steel was tested
in the austenitized, temperized, and reversion annealed condition, which
tends to decrease the transition temperature slightly compared to the
quenched and tempered condition [9]. In the range 295 to 4 K, these three
ferritic steels behave similarly in that they each exhibit: (1) an ‘‘upper
“shelf”” temperature region showing an initial enhancement of fracture
resistance at decreasing temperatures, (2) a transition range of abruptly
decreasing toughness, and (3) a temperature-insensitive sub-transition
range. As shown in Fig. 5 for 3.5Ni steel, the transitions are associated
with classical fracture mode changes from dimpled rupture at the higher
temperatures to cleavage at the lower temperatures. Note also that each
steel exhibits a maximum in the fracture toughness-versus-temperature
plots, prior to transition. A 6Ni steel also showed this type of behavior
between 295 and 76 K [5]. For these steels, the peak K {J) value is about
10 to 15 percent higher than the value at room temperature, and up to five
times greater than the values near absolute zero.

Nickel’s contributions to improved fracture resistance in the transition
and subtransition regions are attributed to favorable effects on the
deformation characteristics and cleavage resistance of iron, combined
with a tendency to promote the formation of retained austenite in some
alloys [3,9,10]. As indicated in Fig. 4, the transition temperature intervals
decrease with nickel content, lying approximately in the ranges
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4K < T < 76 K for 9Ni steel
~60 K < T < 111 K for 5Ni steel, and
~100 K < T < 172 K for 3.5Ni steel.

The fracture toughness at subtransition temperatures also correlates
with nickel content. For example, at 4 K (a subtransition temperature for
each steel) the K, values increase from 30 MPasm* for 3.5Ni steel to 75
MPasm¢? for 9Ni steel. On the other hand, there is no simple cotrelation
between nickel content and toughness in the upper shelf region. The
upper shelf toughness values are apparently more sensitive to heat
treatment and metallurgical factors other than nickel content. The 5Ni
steel exhibits the highest room temperature fracture toughness, perhaps
due to the uniform distribution of carbides and other benefits associated
with austenitizing, temperizing, and reversion annealing [9].

Fatigue Crack Growth Rates

Over the range of stress intensity factors investigated (20 to 80 MPasm#)
the fatigue crack growth rates for the 3.5Ni and 9Ni steels conform to
power-law equations of the type

da
—_— = n 5
N C(AK) )

where the n and C parameters are material and temperature dependent.
Log-log plots of da/dN-versus-AK were constructed to reveal linear
trends from which the n and C values were determined as the slopes and
ordinate intercepts at AK = 1, respectively. Table 5 lists the n and C
values for all material/temperature combinations investigated.

The room temperature results are compared in Fig. 6. Here, line
approximations for the 3.5Ni and 9Ni steel data of this study and the 5Ni,
6Ni, and 9Ni steel data of a previous study [5] are superimposed on a
scatterband for commercial structural steels where nickel is not a major
alloying element [//-15]. Most of the data for nonnickel steels were
obtained from crack length measurements at the specimen edge. If those
measurements had been corrected for crack length curvature, agreement
with the present results would be further improved. As shown, the data
spread for the nickel alloy steels is nearly equivalent to that for the
nonnickel steels. The fatigue crack growth rate variations for the nickel
steels approach a factor of 4; however, judging from the data for the two
quenched and tempered 9Ni steel alloys, heat-to-heat variability can
account for variations of at least a factor of two or three. It appears that
the fatigue crack growth resistances of nickel alloy steels at room
temperature are typical of ferritic steels in general, and there is no simple
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TABLE 5—Comparison of Paris equation parameters for
nickel alloy steels (da/dN in millimetres per cycle).

Temperature, AK Region
Material K C n MPasm#
3.5Ni Steel (this study) 295 1.3x10°8 3.2 18 to 60
195 1.3x1078 3.2 30 to 70
172 1.0x10~° 3.2 30 to 60
76 1.6x10714 7.6 20 to 30
5Ni steel [5] (ASTM A 645) 295 1.1x10°8 2.7 25to 90
111 1.1x10°8 2.7 25 to 60
76 2.0x10710 4.0 27 to 80
5.5Ni steel [5] 295 3.7x107¢° 3.0 22 to 85
(N-TUF Cr-196) 111 3.7x107° 3.0 22 to 85
76 4.2x10-° 3.2 25t0 75
9Ni steel [5] 295 ~2.3%x1077 ~2.0 27 to 100
(ASTM A 553-A) 76 3.1x10-° 3.3 27 to 100
9Ni steel (ASTM A 553-A) 295 2.0x10°8 2.7 16 to 70
(this study) 111 1.0x10-® 3.4 17 to 80
76 4.8x1071 4.4 17 to 64
4 1.4x10°1 53 25t0 35
T 17717 Il, T T T T
I a) 3.5 Ni Steel, This Study
b) 5 Ni Steel
5 ¢) 6 Ni Steel([s]
3 103 )9 Ni Steel
= e} 9 Ni Steel, This Study
£ £
2 L
.:’ —
g -
= Other structural steels
g without nickel
£ 04k [1216] |
x E {heat treatments vary) 7
= - ]
[ — -
5 = _
=
E i
10'5 B T N | L1313
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STRESS INTENSITY FACTOR RANGE, AK. MPa-m*2

FIG. 6—Room temperature fatigue crack growth data for nickel steels compared with
data for other ferritic structural steels.
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correlation between fatigue crack growth rates and nickel content at this
temperature.

Figure 7 reveals no dramatic temperature effects on the fatigue crack
growth resistance of 3.5Ni steel, as long as the temperature remains
within the upper shelf region identified by the J, tests. The fatigue crack
growth rates at 195 and 172 K are nearly equivalent or slightly improved
compared to the rates for this steel at room temperature. On the other hand,
further temperature reductions to 76 K greatly accelerate the rates to
values well above those at room temperature. The crack growth rate
equation exponents alsoincrease sharply fromn =3.2at295Kton =7.6at
76 K. Asindicated earlier, 76 K is a subtransition temperature for this steel.
Scanning electron fractographs such as shown in Fig. 8 indicate that
inferior fatigue crack growth rates and irregular a versus N curves at this
temperature were both associated with the onset of cleavage-type cracking
modes, which become more prominent at higher AK values. Another
feature observable in Fig. 8 is the decreased tendency to secondary
cracking at 76 K. Also, the fatigue surfaces show markings aligned
predominantly transverse to the crack propagation direction at 76 K, but
not at 295 K.

The fatigue crack growth behavior of 9Ni steel is analogous to that of
3.5Ni steel in that low temperature effects are moderate until the
subtransition range is approached. Data for the 9Ni steel at 295, 111, 76,

T T T TTTT] T T 1T T 17171
— -~
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FIG. 7—Fatigue crack growth rates for 3.5Ni steel at room and cryogenic temperatures.
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FIG. 9—Fatigue crack growth rates for 9Ni steel at room and cryogenic temperatures.

and 4 K are shown in Fig. 9. The rates decrease as temperature is lowered
between 295 and 111 K, but a reversal occurs between 111 and 76 K.
Thus, for AK greater than 40 MPa*m?, the rates at 76 K exceed those at
295 K. Another quenched and tempered 9Ni steel also exhibited higher
rates at 76 K than at 295 K [5]. At more extreme cryogenic temperatures,
the present results at 4 K show that fatigue crack propagation resistance
continues to deteriorate while the a-versus-N curves show more scatter.
The inferior performance at 4 K is associated with brittle cracking modes
similar to those shown in Fig. 8 for the 3.5Ni steel tested at 76 K. Thus, for
the AK ranges investigated, the fatigue crack growth resistance of 9Ni
steel is atits maximum near 111 K, the same temperature at which a peak in
the static fracture toughness was observed.

Discussion

Usually, strain-rate, section thickness, and notch severity are three
major factors that influence the toughness transition temperatures of
ferritic steels, but recent reports indicate the fracture toughness of SNi
and 9Ni steels to be unimpaired by high strain rates [3]. Therefore, the
relatively thick and sharply cracked compact specimens used for static
fracture tests of these alloys may provide a more severe test of crack
tolerance than traditional approaches based on Charpy impact mea-
surements.
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Any comparison between the data of this report and the literature must
carefully take into account the differences in measurement procedures.
Standard K. measurements provide the most reliable comparisons, but
valid K, data are rare. Most authors have reported “K.” or “‘Kyax’
values instead [3]. Usually, these nonstandard parameters are calculated
based on the maximum load point, using a variety of data reduction
schemes. In the present study, the J-integral at initiation of crack
extension is reported, rather than a K value calculated at the maximum
load point. In the following discussion, only data obtained by similar
procedures are compared.

For 3.5Ni steel in the quenched and tempered condition, Huettich,
Pense, and Stout [4] reported K values of 43 and 84 MPa-m? at 89 K
(—300°F) and 102 K (—275°F), respectively. The data trend in Fig. 4 for
the present study indicates 30 percent higher toughness at 89 K and 25
percent lower toughness at 102 K. These differences may be due partly to
test procedure, since the present cryogenic data are not strictly valid.
Furthermore, Huettich, Pense, and Stout precracked their specimens at
room temperature.

Huettich et al also tested normalized 3.5Ni steel, obtaining K . values of
51 MPasm¢ at 116 K (—-250°F) and 75 MPa*m¢? at 144 K (—200°F). Our
results for quenched and tempered 3.5Ni steel (Fig. 4) indicate at least 50
percent higher toughness at similar temperatures. This confirms the findings
of Huettich, Pense, Stout, that the quenched and tempered condition is
superior to the conventional normalizing treatment. Note, however, that
the quenched and tempered 3.5Ni steels tested in these studies were
actually heat treated twice, having been reprocessed from their original
normalized conditions.

Syn, Jin, and Morris [16] reported a K, value of 78 MPa*m! for a
double-normalized and tempered 9Ni steel tested at 6 K. This nearly
agrees with the present result of 75 MPa*m? for quenched and tempered
9Ni steel at 4 K. The effect of heat treatment on the fracture resistance of
9Ni steels at other test temperatures cannot be evaluated at this time
because standard K. data and comparable J,. data for double-normalized
and tempered grades are lacking. However, the present K .(J) results for
quenched and tempered 9Ni steel are up to 16 percent lower than results
for a second heat of quenched and tempered 9Ni steel tested at 295 and 76
K [5]. Other differences between the two heats are noted in Fig. 10. These
dissimilarities probably arise from variations in composition and process-
ing. The present steel contains less nickel than the previous steel (8.99
versus 9.25 weight percent), as well as higher carbon (0.08 versus 0.06
weight percent), phosphorus (0.010 versus 0.007 weight percent) and
sulfur (0.010 versus 0.003 weight percent). All of these compositional
variations should tend to lower the toughness of the steel used in the
present study.
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= 5

Heat 2, T=76K

FIG. 10—A comparison of the fracture surfaces of two different heats of quenched and
tempered 9Ni steel fractured at 295 and 76 K, showing heat-to-heat variability. The 9Ni steel
previously tested (Heat 1, Ref 5) displays a greater proportion of shear fracture at specimen
edges, as well as a more pronounced crack-front curvature.
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As indicated in Table 5, the Paris equation exponents for nickel steels at
room temperature are nearly 3.0, which is expected for ferritic steels, based
on Barsom’s findings [//]. The exponents tend to increase, depending
on the severity of the temperature reduction. For example, the 9Ni
steel shows a change from n = 2.7 at room temperature ton = 5.3 at 4 K.
However, the rates for 9Ni steel at 111 and 76 K deviate from their room
temperature rates by margins not greater than the range of scatter
observed in the comparison for various steels at 295 K (Fig. 6). This
suggests that variations in fatigue crack growth resistance due to tempera-
ture effects in the upper shelf ranges are similar in magnitude to variations
induced by metallurgical effects at room temperature. Extremely high
fatigue crack growth rates and n values are observed in conjunction with
the low K, values at subtransition temperatures. Similarly, for steels at
room temperature, Knott and Ritchie correlated high n values with low
fracture toughness values, indicating thatn is likely to exceed 4.0if K ,.is 80
MPa*m? or lower [/7]. Lindley and Richards also associate high »# values
with brittle crack propagation modes such as occur in static fracture
tests [18].

Summary and Conclusions

Our J-integral fracture and fatigue crack growth rate tests on quenched
and tempered 3.5Ni and 9Ni steels at temperatures between 295 and 4 K
illustrate trends that are believed to be representative, qualitatively, of
ferritic steels in general. The results are summarized as follows:

Fracture Toughness—at decreasing temperatures below 295 K, the
fracture toughness parameter Jy. increases gradually at first, reaching a
maximum prior to the ductile-to-brittle transition. The transition for 3.5Ni
steel lies approximately between 172 and 110 K, and the transition for 9Ni
steel lies approximately between 76 and 4 K. As estimated from J-integral
tests, the maximum K, values are between 2.5 and 5 times greater than
the K. values near absolute zero. The abrupt reduction in fracture
toughness is a consequence of the classical transition from dimpled rupture
at higher temperatures to cleavage at cryogenic temperatures. Also, it was
confirmed that if a normalized 3.5Ni steel is reprocessed to the quenched
and tempered condition, improved low temperature fracture resistance is
obtained.

Fatigue Crack Growth Resistance—The fatigue crack growth rates for
the nickel alloy steels at room temperature are typical of other ferritic
steels, and the rates are not measurably influenced by nickel content.
Moderate temperature reductions tend to improve the fatigue crack
growth resistance slightly, but at subtransition temperatures defined by J
tests the fatigue crack growth rates are accelerated drastically. The rates
at subtransition temperatures may exceed the rates at higher temperatures
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by an order of magnitude. Brittle cracking modes at cryogenic tempera-
tures account for this transitional behavior.

In conclusion, the fracture mechanics parameters reported here for
cryostructural nickel steels are directly applicable to design. The findings
support current engineering practice which limits the applicability of these
ferritic steels to service temperatures not lower than 172 K for 3.5Ni steel
and 76 K for 9Ni steel. As long as the service temperatures for these steels
remain in the upper shelf regions defined by J tests, both the fatigue
crack growth rates at intermediate AK values and the fracture toughness
values remain at useful levels.
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ABSTRACT: Tests were conducted initially on 0.305-m (12-in.) wide center-
cracked panels at room temperature to evaluate the effect of six different buckling
guide configurations and three crack opening displacement (COD) measuring
systems on the COD behavior of the panels. The final test configuration was
selected and a series of fracture tests conducted on 1.9-mm (0.075-in.) 2024-T3 clad
sheet, 1.9-mm (0.075 in.) 7475-T761 clad sheet, 4.8-mm (0.19-in.) 7075-T76 bare
sheet. Full R-curves and fatigue crack propagation curves were developed for each
material over a temperature range 22 to —54°C (72 to ~65°F). The results show a
marked drop in the apparent fracture toughness of both the 7000 series alloys with
decreasing temperature while the 2024-T3 shows no apparent degradation. The
entire R-curves are found to shift to lower K levels at a given Ac as the temperature
decreased. Fractographic results show a change in the fracture mode of the 7000
series alloys from ductile rupture to a *‘quasi-cleavage’’ mixed with ductile rupture
at temperatures of —7°C (20°F) and lower. Metallographic results indicated the
*‘quasi-cleavage’’ features were due to an increased tendency for grain boundary
cracking and generally reduced plastic deformation capability of the maxtrix at
lower temperatures. An increase in the fatigue crack propagation rate also was
observed at low temperature at stress intensity levels above Ak ~ 22 MPa-m % (20
ksi V/in.). The R-curve and fatigue crack propagation results are discussed in terms
of the fracture mode over the temperature range.

KEY WORDS: aluminum alloys, temperature, fracture toughness, R-curve,
fatigue (materials), crack propagation, fracture mode

One of the major uses of aluminum sheet in aircraft structures is for skin
material in skin/stringer design. The major design parameters for this
application include static strength, modulus, fatigue and damage toler-
ance.

1 Research scientist senior and research scientist, respectively, Rye Canyon Research
Laboratory, Lockheed-California Company, Valencia, Calif. 91520.
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Previous data [1,2)? have indicated that 7475 aluminum alloy sheet and
the currently used 2024 alloy have comparable fracture toughness, the
7475 alloy being a significantly stronger material, providing 434 to 469 Pa
(63 to 68 ksi) versus 386 Pa (56 ksi) typical tensile yield strength for the
2024 alloy with comparable fatigue behavior. However, no data were
available on the effect of test temperature to allow a comparison of
properties at typical aircraft operating temperatures to permit a more
meaningful comparison of the two alloys. The current program was
undertaken (1) to provide quantitative data on the influence of buckling
guide variables on the measured thin sheet fracture values, (2) to provide
fatigue crack propagation and fracture toughness R-curve data for the
normal range of aircraft operating temperature for 1.90 mm (0.075 in.)
2024-T3 clad, 1.90 mm (0.075 in.) 7475-T761 clad, and 4.82 mm (0.190 in.)
7075-T76 bare sheet material, and (3) to evaluate the results in terms of
general material behavior in the range of aircraft operating temperatures.

Test Procedure Verification

Twelve-inch wide center-cracked tension specimens were examined
first to determine the effect of various types of buckling constraints and
attachment methods on the compliance gage output. The study consisted
of saw cutting a 1.90 mm (0.075 in.) 7475-T761 12-in. wide panel to crack
lengths from 0.05 to 0.28 m (2 to 11 in.) in 6.4-mm (Y-in.) increments and
measuring COD versus load on loading and unloading. A second panel
was fatigue precracked at low stress to produce the same range of crack
lengths. Compliance readings were obtained from an MTS clip gage on the
surface of the specimen and a hole gage (of the type described in Ref 3) for
six buckling guide configurations: (1) 0.305 by 0.305 m (12 by 12 in.) full
surface TFE-fluorocarbon covered face plates 6.4 mm (% in.) thick and
tightened finger tight; (2) full surface TFE-fluorocarbon coated face plates
torqued to 1.5 J (25 in.-1b); (3) TFE-fluorocarbon coated angle bars
parallel to the crack with a 25.4-mm (1-in.) spacing from crack line, finger
tight; (4) TFE-fluorocarbon coated angle bars, 25.4-mm (1-in.) spacing,
torqued to 1.5 J (25 in. lb); (5) TFE-fluorocarbon coated angle bars,
7.6-mm (0.3-in.) spacing, finger tight; (6) TFE-fluorocarbon coated angle
bars, 7.6-mm (0.3-in.) spacing, torqued to 1.5 J (25 in.-Ib). Typical test
set-ups are shown in Fig. 1.

Plots of load versus COD for each set of conditions were examined and
the shape characteristics of the loading and unloading plot noted. Slopes
of the load versus COD curves were measured for both the loading and
unloading portion of the cycle and the results tabulated along with the
degree of linearity observed. Slope values then were reduced to the
compliance parameter, CEB, as a function of 2¢/W and the data compared

The italic numbers in brackets refer to the list of references appended to this paper.
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(a) Angle Bar Guides (b) Full Face Plates (c) Side View Showing
Hole Gage and Clip
Gage

FIG. 1—Test setup for evaluation of buckling guide configuration.

with the Irwin-Westergaard expression 4] with the Liebowitz width cor-
rection [5] for an infinite width panel under axial loading.

E COD e . TC
————— =CEB = [W/smw

1/2

oW
coshTr—Y
2y <—2~W—cosh“1 LA il +
w 7Y e 12 K
cos — . TC \2
w sin ——
1+ Y
sinh —
w

Two basic questions were addressed in this phase of the study; (1) what
set of experimental test conditions provides the most reproducible data
with the least indication of buckling? (2) does this set of ‘‘best’” test
condition data correlate with the theoretical compliance calibration
curves?

A summary of the number of linear curves observed for each set of
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conditions is shown in Table 1. Examination of the data shows the
following trends:

1. Results with the full face plate show reasonably good results when
finger tight, but become very poor when torqued to 1.5 J (25 in. -1b). This
appears to be due to a slight bowing of the face plate as the clamping force
at the edge increases, thus pulling the plate away from the specimen at the
center and clamping only on the edges.

2. Results with the angle bars show good results with the clip gage,
with the results improving slightly as the angles are torqued. Observations
indicate this may be due to the lightly torqued clamping action removing
any slight curvatures in the sheet specimens.

3. The clip gage results are generally more consistent and reliable than
the hole gage results. The hole gage tends to exhibit consistently linear
curves on loading which also show a major change in slope on unloading.
This marked slope variation (10 to 20 percent) is believed due to a ‘‘rock-
ing” of the gage in the hole resulting from mechanical instability produced
by (a) no locking location for the gage arms, (b) the gage weight hanging far
from the specimen, and (c) relatively low spring factor in the gage arms.

4. Optimum conditions appear to be the following: (@) MTS clip gage,
(b) angle bar buckling guides, (c) a light torque of 1.5 J (25 in. -1b) on the
guides, (d) 7.6-mm (0.3-in.) spacing from the crack path to the buckling
guides. For these conditions linear curves indicating no buckling are
obtained for the range of crack lengths and types of cracks.

Compliance values based on the measured load versus COD slope on
loading were computed for the 7475-T761 saw cut and 2024-T3 fatigue
cracked results using the optimum test conditions and compared with the
classical theoretical Irwin-Westergaard solution with the Liebowitz width
correction factor as shown in Fig. 2. Also shown in Fig. 2 are recent finite
element solutions for the CCT specimen conducted by Shaw (6] and
Boundary Collocation results of Newman [7]. The test results agree well
with the theoretical values which have been included recently in the
revised ASTM Recommended Practice for R-Curve Determination (E
561 -76 T).

Results from the saw-cut 7475-T761 panel using the full face plates and
hole gage are of interest since they are similar to the conditions of
previously reported work [8]. Figure 3 shows a comparison of the hole
gage results based on the loading slope for these test conditions. Surpris-
ingly the *‘finger tight’’ results correlate reasonably well with the original
Irwin-Westergaard solution, the same results reported previously in Ref
8. When the types of curves included in these data were reviewed it was
noted that the type of curve for the ‘finger tight’’ conditions is linear on
loading and unloading, but that the two slopes are different by up to 20
percent.
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25

MTS GAGE,
Q 7475-T76 PANEL, SAWCUT } ANGLE GUIDES

/A 2024-T3PANEL, FATIGUE PRECRACKED /0.3 INCH{7.6 mm}SPACIN

~@~ THEORETICAL, IRWIN + LIEBOWITZ WIDTH CORRECTION
[ G.SHAW, FINITE ELEMENT SOLUTION

20 -

SPECIMEN COMPLIANCE, CEB

i i 1 1 I
0.1 0.2 03 04 05 0.6 07
CRACK ASPECT RATIO, 2C/W

FIG. 2—Comparison of optimum test condition data with theoretical solution.

Based on the results of this study, the following recommendations
appear to be warranted:

1. Major variations in the shape of the load versus COD curve and the
measured slope of the curve can be produced by the use of inappropriate
sheet buckling constraints.

2. The “‘hole’’ gage is mechanically unstable with its current mounting
system and may not always give reliable results. The commercial MTS
clip gage is mechanically stable and gives consistent results.

3. Good buckling constraint can be obtained with lightly torqued 1.5 J
(25 in. -1b) lateral braces such as angle bars parallel to the plane of the
crack and located from 7.6 to 38.1 mm (0.3 to 1.5 in.) from the crack path,
both above and below the crack.

4. The use of two MTS gages, one on each surface of the panel, will
also provide a ‘“‘real time’’ method of evaluating sheet buckling without
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2024-73 SAWCUT
HOLE GAGE

Yt FACE PLATE, FINGER TIGHT
O FACE PLATE, TORQUED
= g IRWINWESTERGAARD

20 —&- IRWIN-WESTERGAARD WITH LIEBOWITZ CORRECTION [
T B SHAW, FINITE ELEMENT

SPECIMEN COMPLIANCE, CEB

o ] ! | L 1
0.1 0.2 03 04 05 0.6 07
CRACK ASPECT RATIO, 2C/W

FIG. 3—Comparison of hole gage data for test conditions similar to Ref §.

the need to partially unload the specimen. A full presentation of results
of this phase of the study is presented in Ref 9.

Experimental Results
Tensile Results

The effect of test temperature on the tensile properties of the three
materials is shown in Table 2. All three materials show a slight increase in
strength with decreasing temperature while no significant variation is
noted in the percent elongation or percent reduction of area.

Fracture Results

Based on the previous results, lightly torqued lateral angle bar braces
were used with dual MTS clip gages (front and back of sheet) in the test
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program. Both gages and the load cell were monitored continuously using
the Rye Canyon Data Central Computer. All data reduction and other test
procedures conformed to ASTM Recommended Practice E 561. The
apparent fracture toughness based on the maximum load and initial crack
length for the three materials is presented in Fig. 4 as a function of test
temperature. The results show a major decrease in the apparent fracture
toughness of the two 7000 series materials but no degradation in the
toughness of the 2024-T3.

R-curves for the three materials are shown in Figs. 5 through 7. The
2024-T3 clad sheet R-curve behavior is unaffected by a change in
temperature from 22 to —54°C (72°F to —65°F). However, the 7475-T761
clad sheet shows a significant decrease in the stress intensity value
required to produce a given amount of crack extension with decreasing

TEMPERATURE, °C
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FIG. 4—Effect of test temperature on the apparent fracture toughness of three
aluminum alloys.
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FIG. 5—Effect of temperature on the R-curve behavior of 2024-T3 clad sheet.

FIG. 6—Effect of temperature on the R-curve behavior of 7475-T761 clad sheet.
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FIG. 7—Effect of test temperature on the R-curve behavior of 7075-T76 bare sheet.

temperature. In addition, the maximum amount of stable crack extension
prior to instability and the stress intensity value at which crack extension
begins also decreases with temperature. Similar behavior also is observed
in the 7075-T76 sheet material.

Fatigue Crack Propagation Results

All fatigue crack propagation testing was done in a 150 kip closed loop
electrohydraulic test machine using the same temperature controlled test
chamber used in the R-curve tests. Temperature was controlled to =1°C
(2°F) throughout the test. Crack lengths were measured through a window
in the chamber using a traversing microscope. Full details are presented in
Ref 9.

Fatigue crack propagation data (R = +0.1) were generated at 22 and
—54°C (72 and —65°F) for both the 2024-T3 and 7475-T761 clad materials
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over the full range of fatigue crack propagation rates. Results for 2024-T3
showed no effect of temperature over the entire range of data. For the
7475-T761, however, an increasingly significant acceleration of the crack
propagation rate is observed at —54°C (—65°F) relative to the 22°C (72°F)
data above a value of AK ~ 22 MPa-m % (20 ksi V/in.), as shown in Fig.
8. Below this value no effect of temperature is observed in the Fig. 8 data.

Fractography Results

Fractographic features of the tension and R-curve specimens were
determined with a CWIK-Scan scanning electron microscope (SEM).
Typical SEM fractographs of the 7475-T761 tension specimens are shown
in Figs. 9, 10, and 11. The results show a major change in the fracture
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FIG. 8-—Fffect of temperature on the fatigue crack growth behavior of 7475-T761.
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(b

FIG. 9—SEM fractograph of tension specimen Al, 7475-T761 sheet tested at 22°C (72°F).
Magnification (a). x500, (b) x1500.
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("

FIG. 10—SEM fractograph of tension specimen A3, 7475-T761 sheet tested at —7°C
(20°F). Magnification (a) x500, (b) x1500.
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(b)

FIG. 11—SEM fractograph of tension specimen AS, 7475-T761 sheet tested at —54°C
(—65°F). Magnification (a) X500, (b) x1500.
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mode of both 7000 series alloys as the temperature decreased from 22 to
—54°C (72 to —65°F). At room temperature the fracture surfaces reveal
primarily ductile dimple rupture with some local cleavage associated with
inclusions. However, as the temperature decreases, the amount of the
ductile dimple features formed decreased markedly and a low energy, flat
quasi-cleavage type fracture feature was observed. This change is apparent
at a temperature of —7° (20°F) and continues to be observed at all test
temperatures below this value. The R-curve specimens showed a similar
change in fracture mode for both the 7475-T761 and 7075-T76 materials.
For more detailed fractographic results, see Ref 9. No change was
observed in any of the 2024-T3 specimens with temperature, the fracture
mode remaining that of micro-void coalescence and growth (that is,
ductile dimple fracture) for all conditions.

Standard metallographic sections were taken subsequently through the
fracture region parallel to the plane of the sheet in the 7475-T761 and
7075-T76 alloys. Typical results, shown in Fig. 12 for the 7475-T761
material, show what appears to be grain boundary cracking (see arrows)
at the lower temperature. Based on these results it is believed that the low
energy SEM fracture surface features are due to the onset of grain
boundary cracking at temperatures of ~7°C (20°F) and below.

Discussion of Results

The need for aircraft structural materials that combine light weight,
high tensile and fatigue properties, and good fracture toughness and
fatigue crack growth characteristics has led to the development of the new
generation of advanced 7000 series aluminum alloys. However, most of
the property comparisons have been made at room temperature and not at
the lower temperatures representative of inflight aircraft operating tem-
peratures. In this study it has been shown that while the new 7475-T761
alloy has fracture values similar to 2024-T3 at room temperature, a major
decrease in the fracture toughness is observed as the temperature is
decreased to the range —7 to —54°C (20 to —65°F) while no change is
observed in 2024-T3. A comparison of the 7475-T761 low temperature
fracture behavior with that of 7075-T76 shows a decrease similar to that
reported by Wang [10] for 7075-T6. This is of particular interest since the
7475-T761 is representative of the ‘‘clean’ alloy variations of the basic
7075 material, the aim of the ‘‘clean’’ alloys being to reduce the inclusion
content while maintaining the high strength of the 7075 material. This
change was aimed at eliminating cracking at inclusions as has been
observed previously [/1,12]. However, the results at temperatures at or
below —7°C (20°F) indicate the increasing dominance of a low energy
intergranular failure mode. Intergranular fracture features have been
observed previously [11,12,13,14] in alloys such as 7075-T76 at room
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FIG. 12—Metallographic sectioning results for 7475-T761 sheet tension specimens.
Magnification x1000.
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temperature as the thickness has increased, (that is, increasing con-
straint), but previously had been observed to occur as ‘‘steps’’ lying
parallel to the loading direction. At the lower temperatures examined
here, the intergranular cracking occurs in the plane of the crack, that is,
more perpendicular to the load path. Thus the decrease in the fracture
toughness of the 7475-T761 and 7075-T76 is believed to be due to the
increasing tendency to intergranular cracking at lower temperatures.

It is interesting to note that the standard tensile properties show no
degradation of the normally reported tensile yield strength, percent
elongation or percent reduction of area even though the fracture mode
change can be seen fractographically. The fact that the R-curve fracture
behavior is affected markedly by this fracture mode change with decreas-
ing temperature indicates that the slight increase in the yield strength
observed at low temperatures may be sufficient or at least contributary to
an increased state of triaxiality at the crack tip region (that is, in the high
strain region) which could result in the onset of the intergranular failure
mode.

On balance, the 7475-T761 material does possess good tensile
properties and a fracture toughness that is higher than that of the normally
used 7075-T76 over the range of aircraft operating temperatues. How-
ever, the effect of temperature on the fracture and fatigue crack propaga-
tion behavior of all 7000 series alloys must be taken into consideration for
any aircraft damage tolerance analysis.
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ABSTRACT: Air environment fatigue crack growth rate data were developed for a
1950 vintage (air cast) chromium-molybdenum-vanadium (CrMoV) rotor steel at
temperatures of 24, 121, 260, and 427°C (75, 250, 500, and 850°F) and loading
frequencies of 0.0017, 0.017, 0.1, and 1.0 Hz. Results show that the room-
temperature fatigue crack growth rate in the 1950 vintage material is on the order of
two to eight times faster than that encountered in a more modern vacuum cast
forging depending upon the AKlevel of interest. Results also show that the effect of
frequency on the fatigue crack growth rate varies with differing test temperatures.
At room temperature as well as at 260 and 427°C (500 and 800°F), the rate of crack
growth increases with decreasing frequency. At 121° (250°F), there is little effect of
loading frequency on fatigue crack growth rate. This temperature dependent
frequency effect is attributed to the different mechanisms interacted with fatigue at
various temperatures. The effect of temperature on crack growth rates was also
found to be frequency dependent with more pronounced temperature effects
observed at lower frequencies. However, the general trend is the same for all
values of frequency, that the rate of fatigue crack growth initially decreases before
increasing at higher temperatures. The fact that fatigue crack growth rates do not
increase monotonically with increasing temperature is attributed to the decrease in
relative humidity of the test environment with increasing temperature.

KEY WORDS: fatigue (materials), frequency, crack propagation, temperature,
rotors, steel-CrMoV

On June 19, 1974 at the Gallatin Station of the Tennessee Valley
Authority, the intermediate pressure-low pressure rotor of the No. 2
turbine failed in a catastrophic brittle mode [/,2].2 Although steam turbine
rotor failures are somewhat a rare occurrence, the potential destructive

! Senior engineer and senior engineer respectively, Westinghouse Research and De-
velopment Center, Pittsburgh, Pa. 15235.
2 The italic numbers in brackets refer to the list of references appended to this paper.
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force of a turbine rotor with a running speed of 3600 rpm is considerable.
To ensure against such failures occurring in the future, the Electric Power
Research Institute (EPRI) has sponsored research to develop lifetime
prediction techniques for the evaluation of turbine rotors already in
service.

This life prediction program is to be based upon the growth of an
estimated or ‘‘equivalent” flaw (as determined by nondestructive exami-
nation methods) to some critical size. Flaw growth is nominally expected
to occur by a fatigue mechanism. Accordingly, cyclic crack growth rate
data expressed in terms of the stress intensity factor range for the
appropriate mean stress, frequency, and temperature are identified as key
material parameters. As part of this research program, Westinghouse
Electric is responsible for the generation of fatigue crack growth rate data
as input to the life prediction program being developed by Southwest
Research Institute, while Battelle-Columbus Laboratories are responsible
for defect characterization using nondestructive techniques.

One important aspect of this program is its focus on developing
consistent fracture mechanics data for a single group of turbine rotors.
The 1950 vintage air melted CrMoV rotors were selected due to the
availability of retired rotors, the high likelihood of defect observations,
the current interest in predictions of remaining life in these rotors, and
because the failed Gallatin No. 2 rotor belongs in this category.

Experimental Work
Material and Specimens

The material studied was taken from a low pressure steam turbine rotor
that was retired from the Joppa Station by Electric Energy, Inc. The
tensile properties, Charpy energy, and fracture toughness at various
temperatures are presented in Figs. 1, 2, and 3, respectively [3].

All fatigue crack growth rate testing was conducted with 25.4-mm
(1-in.) thick compact type (IT-CT) specimens with H/W = 0.486, as
shown in Fig. 4. Grooves 1.27 mm (0.05 in.) deep were machined on each
side of the specimen to ensure crack propagation along a plane perpen-
dicular to the loading direction. The specimens were oriented in the C-R
direction, that is, the crack propagated in the radial direction of thé rotor.
All the specimens were fatigue precracked at a stress ratio R of 0.1
(R = minimum load/maximum load) through a sequence of loads that
reduced the maximum stress intensity, K., to a level that was equal to
or less than the selected starting K., level for the actual experiments.
Fatigue cracks of at least 2 mm (0.08 in.) in length from the end of the
starter notch were provided to ensure that subsequent crack growth
would be through material that had not been altered by the notch
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preparation procedures and would be unaffected by the starter notch

geometry.
The stress intensity factor, K, for this compact type specimen was

computed from Eq 1 [4].

P2 + a/w)
(BBy)'2W'(1 —

[ =

oy (108072 + 8.858(aw) — 30.23(ahw’
+ 41.088(a/w)? — 24.15(@iw)* + 4.951(@w)*1} (1)

where

P = applied load,

B = specimen thickness,
By = net thickness at groove,
W = specimen width, and

a = crack length.
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FIG. 1—Tensile properties of CrMoV taken from sections 3A and 4C at various
temperatures.
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FIG. 2—Charpy V-notch impact properties of CrMoV steel taken from Joppa No. 3.

Both specimen width and crack length were measured from the line of
loading, as shown in Fig. 4. The term (BBy)*”? is used here to account for
the effect of side grooves [5].

Testing Procedures

The test matrix given in Table 1 was used to evaluate the effect of
frequency and temperature on fatigue crack growth rate behavior of this
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FIG. 3—Fracture toughness properties of CrMoV steel taken from Joppa No. 3.
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FIG. 4—Compact tension fatigue crack growth specimen.

rotor material. All the tests were carried out in laboratory air under
tension-tension (triangular wave) loading in a MTS closed-loop electro-
hydrolic_testing machine operated in load control. Load was controlled
within an accuracy of less than +1 percent. The desired temperature was
achieved by using electrical resistance heating tapes. The temperature
was monitored continuously during the tests by means of thermocouples.
Temperature stability was kept better than +3°C (+5°F) during the test
by using fiberglass insulation.

For those tests with a frequency other than 0.0017 Hz, cracks were
extended by constant load-amplitude fatigue with a stress ratioR = 0.1,
cycling at a given frequency. Visual crack length measurements were
made without interrupting the test by using a 10x traveling microscopy.
The number of cycles was recorded while the crack length measurement
was made for approximately each 0.6-mm (0.025-in.) crack extension. A
seven point polynomial technique [6] was used to obtain the crack growth

TABLE 1-—Test matrix.

Temperature 24°C 121°C 260°C 427°C
Frequency (75°F) (250°F) (500°F) (800°F)

1 Hz (1 cps)

0.1 Hz (0.1 cps)
0.017 Hz (1 cpm)
0.0017 Hz (0.1 cpm)

>
PR
EaE i
PR
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rate from the raw a versus N data; while the stress intensity range was
calculated by using Eq 1 with AP replacing P.

For 0.0017-Hz tests, a test method similar to the method used by
Brothers {7] and Ohmura et al [8] was used to reduce the testing time and
is described as follows. For tests conducted at 427°C (800°F) and 260°C
(500°F), a given number of test cycles were applied to the specimen at the
desired temperature and AK level, after which, the frequency was
increased to 10 Hz and the temperature decreased to 121°C (250°F). Once
a predetermined amount of crack extension was obtained at this fre-
quency and temperature, the original frequency and temperature were
resumed and testing continued. This procedure of alternating test fre-
quency and temperature was repeated several times during the test and
resulted in a well-defined change in the macroscopic appearance of the
fatigue fracture surfaces, as shown in Figs. 5 and 6. The fatigue crack
growth rate was determined simply by dividing the width of the crack
growth band by the number of cycles elapsed. This test method was mod-
ified slightly to accommodate the test conducted at 121°C (250°F). Under
this circumstance, crack growth marks were produced by alternating test-
ing frequency along with stress ratio instead of temperature. To ensure
that fatigue crack growth marks were produced, periodic heat tint at 427°C
(800°F) was made prior to the application of testing cycles.

Results and Discussions

Fatigue crack growth rate data generated in this program are presented,
in terms of log da/dN versus log AK, in Figs. 7 to 11. For the crack growth
rate range studied, the rotor steel generally exhibits a linear relationship
between log da/dN versus log AK. Consequently, these data can be
expressed readily in terms of the Paris equation, da/dN = A(AK)" [9].
Here n is the slope of the log da/dN versus log AK curve and A is the value
of da/dN at AK = 1ksivin. It was found that a slope of 2.7 is appropriate
for most of the data generated in this program. The Paris equation with
appropriate empirical constants are noted on the respective crack growth
curves.

Since the vacuum degassing technique was not practiced until 1957, the
1950 vintage rotor steel is expected to contain many more discontinuities
(both defects and inclusions) than the modern vacuum cast rotor steels.
Therefore, a limited effort was made to characterize the effect of these
discontinuities prior to the evaluation of the effect of temperature and
frequency. Figure 7 presents room-temperature laboratory air fatigue
crack growth data generated at 20 Hz from an ultrasonically clean
specimen and from a specimen with reported ultrasonic indications, the
size of the largest discontinuity is 4.19 mm? (0.0064 in.?). These data
clearly show that dispersed small discontinuities, as reported by ul-
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FIG. 5—Macroscopic fractograph of a specimen subjected to alternating temperature and
frequency loading.

trasonic procedures, have little effect on fatigue crack growth rates. This
is consistent with the report on a T1 steel [/10] and with the report on
Gallatin No. 2 rotor steel [11]. On the other hand, inclusion segregates
were found to accelerate the crack growth rate locally on a NiMoV rotor
steel [12]. This discrepancy could be attributed to the difference in the
morphology and distribution of discontinuities in the various materials
studied.

The effect of frequency on fatigue crack growth rates at various
temperatures is presented in Figs. 8 to 11. Figure 8 shows that, at room
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FIG. 6—SEM of fracture surface at x50 showing fatigue crack growth band for CrMoV at
427°C (800°F), 0.0017 Hz: (a) 840 cycles at AK =32 MN/m®2(29.5 ksi Vin.); (b) 1010 cycles
at AK =41 MN/m =32 (37.5 ksiVin.); (c) 500 cycles at AK =48 MN/m 2 (44.0 ksi/in.).
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FIG. 7—Room temperature fatigue crack growth rate of CrMoV steel tested at 20 Hz.

temperature in air, the rate of fatigue crack growth increases with
decreasing frequency. Fatigue crack growth rates at 0.017 Hz are approx-
imately two times faster than that encountered at 1 Hz. On the other hand,
Fig. 9 shows that at 121°C (250°F), the testing frequency has little effect on
fatigue crack growth rates. At 260°C (500°F) and 427°C (800°F), fatigue
crack growth rates were again found to increase with decreasing fre-
quency, as shown in Figs. 10 and 11, respectively. Fatigue crack growth
rates at 0.0017 Hz are approximately 3.5 times and 4.5 times faster than
those encountered at 1.0 Hz for 260°C (500°F) and 427°C (800°F),
respectively.

To show the effect of temperature on fatigue crack growth rates at
different frequencies, the fatigue crack growth data presented from Figs. 8
to 11 were cross plotted and are presented from Figs. 12 to 15. Figure 12
shows that at a cyclic frequency of 1 Hz, there is barely any change in
fatigue crack growth rates for this rotor steel as the temperature was raised
from 24 to 121°C (75 to 250°F). As the temperature was further increased to
260°C (500°F), fatigue crack growth rates were found to decrease slightly.
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FIG. 8—Effect of frequency on fatigue crack growth rate of CrMoV steel tested at 24°C
(75°F).

However, fatigue crack growth rates were increased by a factor of two as
temperature was raised from 260.-to 427°C (500 to 800°F). At a cyclic
frequency of 0.1 Hz, Fig. 13, fatigue crack growth rates decrease slightly
as temperature increased from 24 to 121°C (75 to 250°F) and remained simi-
lar as temperature is further increased to 260°C (500°F). Figure 13 shows
that fatigue crack growth rates at 427°C (800°F) are two times faster than
that encountered at 121 and 260°C (250 and 500°F). Figure 14 shows that, at
a cyclic frequency of 0.017 Hz, fatigue crack growth rates increase in the
following order of temperature: 121, 260, 24, and 427°C (250, 500, 75, and
800°F). At this frequency, fatigue crack growth rates at 427°C (800°F) are
approximately three times faster than those encountered at 121°C (250°F).
At a cyclic frequency of 0.0017 Hz, Fig. 15 shows that fatigue crack
growth rates increase monotonically with increasing temperature from
121°C (250°F) up to 427°C (800°F). Fatigue crack growth rates at 427°C
(800°F) are approximately four times higher than those encountered at
121°C (250°F).
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FIG. 9—Effect of frequency on fatigue crack growth rate of CrMoV steel tested at 121°C
(250°F).

As described in the previous paragraphs, the effect of frequency and
temperature on fatigue crack growth rates is complex and anomalous. The
whole picture can best be seen from a surface in the log (da/dN) — log
v—T space as illustrated schematically in Fig. 16. It is known that
water vapor in air could increase fatigue crack growth rates of several
steels and that fatigue crack growth rates in hostile environments
increase with decreasing frequency [/3]. Therefore, the increasing crack
growth rates with decreasing frequency at room temperature can be
related to corrosion fatigue behavior. On the other hand, the increasing
crack growth rates with decreasing frequency at 260 and 427°C (500 and
800°F) is consistent with reported results on an A517-F carbon steel at 260
and 510°C (500 and 950°F) [/4] and on a HS-188 alloy at 600, 760, and
871°C (1112, 1400, and 1600°F) [8]. This effect of frequency on crack
growth rates at elevated temperature was attributed to creep-fatigue
interaction effects or oxidation damage or both. This interaction de-
creases with decreasing temperature and, most probably, does not exist at
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FIG. 10—Effect of frequency on fatigue crack growth rate of CrMoV steel tested at
260°C (500°F).

121°C (250°F). At this temperature, the relative humidity is at such a level
that its effect on crack growth rates is very low and is insensitive to the
frequency. As a result, fatigue crack growth rates at this temperature are
frequency independent.

From Fig. 16, it can be seen that the effect of temperature on fatigue
crack growth rates is more significant at lower frequency. This may be
attributed to the fact that both corrosion fatigue and creep-fatigue
interactions or oxidation damage, or both, are time dependent processes.
Nevertheless, for all frequencies tested, the general trend is shown to be
that the fatigue crack growth rates will initially decrease before increasing
as the temperature increases.® This initial decreasing of fatigue crack
growth rates with increasing temperature can be attributed to the decrease
in relative humidity, since it was shown that water vapor enhanced fatigue

3 By extrapolating room temperature fatigue crack growth data from 1.0 Hz, 0.017 Hz
down to 0.0017 Hz, room-temperature fatigue crack growth rates at 0.0017 Hz are expected
to be higher than those encountered at 121°C 250°F).
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FIG. 11—Effect of frequency on fatigue crack growth rate of CrMoV steel tested at
427°C (800°C).

crack growth rates decrease with decreasing humidity [/3]. A similar
influence of test temperature on fatigue crack growth rates at 10 Hz was
reported on an A533-B steel for temperature of 24, 121,204, and 288°C (75,
250, 400, and 550°F) [15]. On the other hand, a consistent increase in
fatigue crack growth rates with temperature was reported on an A212-B
steel at temperatures of 24, 252, and 363°C (75, 485, and 685°F) [7] and
also at 24, 260, 343, and 427°C (75, 500, 650, and 800°F) [/4] and on an
AS517-F steel with temperatures at 24, 260, 427, and 510°C (75, 500, 800,
and 950°F) [14]. This discrepancy may be caused by the wider temperature
increments used in these studies than in the present study.
Comparisons of room temperature fatigue crack growth data of this
Joppa No. 3 CrMoV rotor steel with other CrMoV rotor steels are shown
in Fig. 17. This comparison shows that fatigue crack growth rate varies
only slightly among the Joppa No. 3 material and Gallatin No. 2 mate-
rial [16]. The rate of crack growth of these 1950 vintage rotor steels,
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FIG. 16—Three-dimensional representation of effects of frequency and temperature on
fatigue crack growth rate in air.
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however, range between 2 and 8 times that of a rejected vacuum cast rotor
steel [17] depending upon the AK level. The observed difference in fatigue
crack growth rates could be attributed to heat-to-heat variance or to
different forging techniques used in the manufacture techniques. Other
possibilities are temper or strain-aging embrittlement resulting from the
long time exposure at elevated-temperature service conditions experi-
enced by these retired rotors. Further investigation is needed to identify
the cause.

Figure 18 shows the fatigue crack growth properties of both Joppa No.
3 material and Gallatin No. 2 material at 427°C (800°F) in laboratory
air [3]. At this temperature, crack growth rates of Gallatin rotor steel at 1
Hz are 30 to 100 percent higher than those encountered by Joppa No. 3,
while room temperature fatigue crack growth rates of Gallatin rotor steel
are slightly less than those encountered by Joppa No. 3 rotor steel.
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FIG. 18—Fatigue crack growth rate of Joppa No. 3 and Gallatin No. 2 rotor steels at
427°C (800°F) in air.
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Summary and Conclusions

A summary of results from this study and pertinent conclusions are as
follows:

1. Dispersed discontinuities of small ultrasonically detectable size have
little effect on room temperature fatigue crack growth rates of this 1950
vintage CrMoV rotor steel.

2. Room temperature fatigue crack growth rates vary slightly between
two air cast CrMoV rotor forgings, Joppa No. 3 and Gallatin No. 6.

3. The rate of fatigue crack growth of these retired air cast rotor
materials is two to eight times higher than that encountered in a rejected
more modern vacuum cast forging.

4. At room temperature, crack growth rates were found to increase
with decreasing frequency, while crack growth rates are frequency
independent at 121°C (250°F). This frequency effect on crack growth rates
at these temperatures is attributed to corrosion fatigue behavior.

5. At 260 and 427°C (500 and 800°F), crack growth rates were found to
increase with decreasing frequency. This frequency effect on crack
growth rate is more significant at 427°C (800°F) than at 260°C (500°F) and
is attributed to creep-fatigue interaction or oxidation damage, or both.

6. At the same cyclic frequency, crack growth rates initially decrease
before increasing at higher temperature. This anomalous behavior of
initially decreasing crack growth rates with increasing temperature is
attributed to the decrease of humidity with increasing temperatures. The
temperature dependence of crack growth rate was also found to be more
significant at lower frequency.
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ABSTRACT: The small scale yielding (SSY) relationships for stationary cracks
cannot describe the local elastic-plastic behavior at a crack tip when irregular
loading is considered. As a consequence, linear models for crack growth prediction
fail. Nonlinear crack growth behavior (retardation, acceleration) is due mainly to
load interaction effects which are governed by memory rules. As to stationary
cracks, memory which is based on the local behavior (closed hysteresis loops) can
be described by reaching certain load levels. Extended to crack growth problems,
the *‘structural memory’’ criterion is described by striking elastic-plastic bound-
aries. This points up the central role that the development of plastic zone sizes as a
function of crack length and load history plays. The concern of the paper is with
those structural analysis aspects under the assumption of perfectly plastic material
properties. SSY plastic zone formulae are derived for the peak overload/underload
case which are shown to be of central importance for describing the nonlinear ef-
fects due to any irregular loading history. It is demonstrated, in principle, how
crack closure can be taken into account.
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Measure of the distance between two fictitious crack
tips

Young’s modulus (dependent upon stress state)
Green'’s functions according to Eqs 33 through 35
Stress intensity factor (SIF)

SIF of single peak overload S;

Cyclic SIF (SIF range, variational SIF)

K; - K,

K. -K,

K . — K, effective cyclic SIF

Cyclic SIF, if AK = AK,z the memory according to
memory element I is terminated

Cyclic SIF, if AK = AK,,, the memory according to
memory element I, is terminated

Extent on the contact zone

Poisson’s ratio

Peak cycle ratio

Applied stresses on the fictitiously extended crack
surface

Variational applied stresses associated with AS;
Function of contact stresses acting on the crack
surface

Overload ratio

Load ratio

Local coordinate with origin at the fictitious crack tip
associated with load reversal point i

Local coordinate with origin at the fictitious crack tip
associated with load reversal point i (for localization
of the stress and displacement state)

Load at reversal point i

Cyclic load (load range, variational load)

Load at lower reversal points of constant amplitude
(CA) loading

Load at upper reversal points of CA loading

Elastic stress function at load reversal point i
Variational stress function associated with AS;
Yield strength

Crack tip opening displacement (CTOD) used synon-
ymously for the plastic deformation of the crack tip
element (see Fig. 5)

CTOD range

Displacement function of the fictitious crack surface
at reversal point {



146 FRACTURE MECHANICS

Av; Variational displacement under load range AS;

w; Plastic zone size associated with load reversal point i
Tensile plastic zone size (associated with upper load
reversal points)

»¢ Compressive plastic zone size (associated with lower
load reversal points)
x Crack axis coordinate
I,,Jz Memory elements of the loop with order number 1

The value of the AK approach to fatigue crack growth prediction needs
no emphasis. Nonetheless, this approach has some limitations even in
case of constant amplitude (CA) loading. For example, the mean load
dependence of crack growth rates cannot be explained on the basis of the
linear elastic fracture mechanics approach. Since Elber’s experimental
work on crack closure [7],% some fatigue phenomena are better under-
stood. It can be stated that the cyclic stress intensity factor (SIF), AK,
describes the local failure process with CA loading at a given R-value
fairly well because of proportionality to the effective SIF, AK. Further
on, as a result of our own theoretical studies [2], it was found that AK g is
a power function of the crack tip opening displacement (CTOD) range,
Av, (as a first order approximation, at least).

This fundamental relationship between AK and the local behavior is
valid no longer when dealing with nonCA loading. From pilot experi-
ments [3,4] in the early sixties and a lot of variable amplitude results-
obtained since then, it is a well-known fact that crack growth is not a
linear process, as implicitly underlying the AK approach, but can even be
highly nonlinear due to the so-called load sequence effects. It was
substantiated {2,5] that the nonlinear mechanics of load interaction yields
the most important reasons for such effects. Nonetheless, the AK
approach is in general use for crack growth prediction under nonCA
loading conditions, as well. To account for crack growth retardation
effects it is common to apply a modification of the AK approach, for
example the empirically derived Wheeler correction [6].

The term ‘‘structural memory’’ as introduced here shall describe a
more general view on the influences of previous load and crack configura-
tions on any later state of stress and displacement and on damage as well.
It is meant as an extension to the memory effect which is well known
through the concept of local behavior at notches. All memory effects base
on the pure material property, being characteristic for most technical
materials, that the stress-strain path after unloading and reloading joins
the respective path prior to load reversal at the point where it was left.
The main concern of the paper is with structural analysis aspects to

3 The italic numbers in brackets refer to the list of references appended to this paper.
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answer the question: what are the basic equations for the elastic-plastic
behavior at a crack tip under structural memory conditions? In order to
enable closed solutions and to enlarge the range of AK application, the
present consideration builds upon the Dugdale [7] model solution for
small scale yielding (SSY) conditions and perfectly plastic uniaxial
material response. In case of monotonic or regular cyclic loading, the
expressions for the characteristics quantities of stationary cracks are
known from Ref 8. They are the plastic zone size, w, and the CTOD, v,,
see Appendix I. Similar relationships for load sequence problems are
desired. How to derive them is demonstrated in the sequel.

Memory Rules

Crack extension depends upon the behavior of stresses and strains in
the crack tip region. According to results of fatigue studies on smooth
specimen the crack growth rate da/dN is assumed to be a power function
of the plastic strain range [9,10]. In terms of the Dugdale method

da/dN ~ Av," M

Av, characterizes the strain range of the material element just ahead of
the crack tip. The question arises how to apply the relationship (1) to
irregular loading. The answer is, Ref2: use the v, (§;) curves for evaluation
with respect to closed hysteresis loops and update the cyclewise obtained
Aa (Av,) increments to get crack length as a function of loading. In
principle, this is the counting method of Ref 1/ which resembles the
rain-flow counting method [/2]. However, contrary to the elastic quantity
AK or the load range itself in the quoted methods, it is a local elastic-
plastic quantity to which damage is related.

Memory with Stationary Cracks

The disadvantage of the local damage concept as demonstrated pre-
viously is that relationships for Av, as a function of load and crack
configuration history do not exist at present. To prepare the subsequent
derivations we start with basic memory reflections without considering
any history in kinds of preceding loads and crack size alterations. The
CTOD development under loads 1 to 7 is depicted in Fig. la. For
simplicity, all unloading steps are regarded to be contact-free. Loop 1-2
just closes as the increasing load AS, reaches the S, level. Then the
CTOD-load path follows the monotonic one. Loop 3-4 is not closed at the
following load reversal point 5 where the next loop starts. Loop 3-4 is
called to be of the order ““I.”” The current loop 5-6 being of the order *“II"’
only enters the memory when it is not closed prior to or at the subsequent
reversal point. As to the example, the memory consists of two memory
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FIG. 1—Examples for memory with stationary cracks, varying the reversal load at
point 4 (crossed italic numbers mean cancelled memory elements).

elements which are characterized by a load and a crack size: 1,(S;, a) and
I5(AS,,a). All following states of stress and displacement, up to a certain
limiting state given by memory rules, depend upon the load history 3—4.
Those states, indeed, do not depend on previous loading 1-2, the memory
of which was cancelled.

As an alternate case, the example in Fig. 15 shows a loop of order *‘II"’
opened at 4 and closed before the lower reversal point 6 is reached.
Hence, loop 4-5 yields no memory elements. In view of memory effects
on subsequent states with extended crack example, 16 is identical to
example lc which itself is a special version of example la. The stress
distributions at reversal points 3 to 6 of the examples la and lc are
depicted in Fig. 2. At the locations x; = a + w; of former elastic-plastic
boundaries, all following elastic stress profiles show knee-points. The
number of knee-points is identical to the number of memory elements.
Concerning the real structural behavior, only vague suppositions [/3] but
no accurate model solutions exist up to now, aside from Ref 2 where the
problem is solved numerically under certain assumptions.
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FIG. 2—Elastic-plastic stress distributions according to the Dugdale model for examples
aand cin Fig. 1.

Structural Memory

Figure 3 shows a load sequence that occurs with the descending loads
of any ‘“‘incremental step test.”” There is not a single loop that closes
before the loads ascend again. The example is characterized by open
loops to the third order and by six memory elements. What is the effect of
this particular load history on states after crack extension? It can be
stated factually that the particular v, (§) loops never close, since the
material element to which v, is attributed breaks. Thus, any new branch
of a v, (§) curve reflects the behavior of a material element at an altered
location. This is the reason why the usual memory criterion (loop closure
defined by reaching a certain load level) must be given up in case of
configuration change such as crack growth. Obviously memory rules with
stationary crack problems [//] as well as stress concentration prob-
lems [/2] are but special rules from a more general structural memory
theory.
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FIG. 3—Load sequence with higher order number of open hysteresis loops (six memory
elements).

The desired more general memory criterion can be formulated as
follows: The effect of a previous loading state on subsequent loading
states ceases not before the elastic-plastic boundary of the previous
loading state is reached or is left behind by the boundary of the current
plastic zone.

The significance of the elastic-plastic boundaries for the memory
phenomenon can be substantiated by means of the stress distributions,
Figs. 2 and 3. The loss of the memory of a certain previous loading state
occurs just when the whole initially plasticized region has yielded. Since
the bearing capacity of all material elements within this region is reached,
further load increase or diminishing of the net section leads to stable
equilibrium only if the plastic frontier moves ahead. In Ref 14 it is
demonstrated for CA loading that the plastic zone size ‘‘jumps’’ in the
very moment that memory occurs, that is, when the maximum load level
is reached. If crack configuration altered during loading the stress
redistribution process would be a continuous one. From the arguments
given, it is obvious that the development of local elastic-plastic quantities
with configuration change is governed by the shape of the preexisting
stress profile.

As a consequence, the habitual representation of local behavior under
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load variation according to Fig. 1 must be abandoned when crack
extension is taken into account. By simply introducing crack length as a
third parameter to the v, (S) plot, the problem cannot be solved because
the dependence of the crack tip displacement on history and current crack
length is unknown. In the sequel, the plastic zone size as a function of
crack length is favored for best representation of the current local state.
The plastic zone size is the basic quantity for describing structural
memory effects since it governs the memory criterion as well as stress and
displacement functions. The derivation of expressions for v, and Av, is
left out in this paper because it would disturb the logical flow of the text.
They can be derived according to the scheme described below.

Plastic Zone Development with Crack Extension
Crack Growth Simulation Procedure

Simulation of crack growth usually is based on the assumption that the
crack extends under fixed load conditions just at an upper reversal point.
For each lower reversal point the crack length is assumed the same as for
the preceding upper reversal point {2,/4]. The stresses released over an
increment Aa come to be redistributed accompanied by simultaneous
forward movement of the elastic-plastic boundary, Fig. 4. For conveni-
ence, but not necessarily, the Az increment is chosen smaller than the
current plastic zone size w,. Stress redistribution leads to the K-balance at
the new fictitious crack tip (see Appendix I, factor \2/m cancelled)

w+Aa,

- o-yf
()

where F; is the Green’s function of Eq 33 and

Fedr + [ " (&, = oy(r)Fdr = 0 Q)
0

[ " Fodr 2 [ & ‘f dr = 2(J7; — y7) )

The first term in Eq 2 represents the SIF due to the released stress
parcel o, Aa, the last term represents the SIF due to the stress reserve
over the unknown distance 8, between the new and the old fictitious crack
tip. An alternate way to set up the K-balance is to replace all former
stresses in the region 8, + w, = r = 0 by the new stress distribution in the
region w = r = 0, thus

_ "”Lmlﬁl% - f:‘ al(rl)-% + a,,fo‘"j—:_ =0 @
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FIG. 4—Stress redistribution due to CA crack growth (at maximum load).

which can be shown to be identical to Eq 2 by using the relationship
o+ Aa=w, + 8§ (6}

(see Fig. 4). A closed solution to the second integral in Eq 4 which by use

of Eq 37 comes to be
f ——arctg \/ dr

is not obtainable. Nevertheless, a solution can be derived by means of a
physical analogy. Consider the monotonic loading state (cf. notations with
subscript ‘‘1”” in Fig. 5). If the fictitious crack tip is chosen to be located at
a distance & ahead of the elastic-plastic boundary instead of 8 =0
according to common use, the K-balance which must hold irrespective of
the crack-tip location reads as

\/?Kl(al +w +8) - oy Lms f oyr)-—==0 (6)

When writing 6 = 8, and because of a, + w, + 8, = @ + w the desired
solution gives

g, f:ﬁsl ‘;r_ » o (r)- \/ Kl(a + w) )]

0

Equation 7 used in Eq 4 results in Eqs 33 and 37. As a by-product it proves
that with CA loading under the assumptions made, any upper state of stress
and displacement after crack extension equals that of monotonic loading.
The same analogy applies to the cyclic loading case. Inserting Ap = 20,
and p,, = 0in Eq 41, in analogy to Egs 6 and 7 it holds
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FIG. S—Definitions and basic functions of the Dugdale model for stationary cracks.

w+s dr & dr _ ki
20, f —ﬁ:+ fo Ao-z(rz)-?_; = 4/ FAK(a+w) @

8,

where
0)2+82=0)+Aa (9)

The meaning of Eqs 7 and 8 is that the combined terms in Eq 4 with the in-
tegral over the elastic stress function of a previous loading state can be
replaced by the respective value of the SIF related to the new fictitious
crack tip. Assuming the new plastic zone size w small compared to the
crack size, the SIF in Eqs 7 and 8 only depends on the new crack length
a=a, + Aa.

In the sequel, the described procedure finds its main application to
crack growth with nonCA loading history.

Tensile Plastic Zones

Under consideration is the history of a single peak overload followed
by a peak underload, see Fig. 1a. The respective crack length at peak load
application, called a,, shall be unchanged between points 1 and 5. With
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FIG. 6—a) Crack growth simulation procedure applied to peak overload history, and
(b) decomposition scheme for K-balance set-up, alternatively. Case B: the crack is grown
by an increment Aagso that the actual elastic-plastic boundary lies inside the former plastic

zone w,. Case A: the crack is grown by an increment Aa, so that the actual elastic-plastic
boundary lies outside the former plastic zone w,.

peak unloading AS, it is assumed that crack closure does not occur.? This
assumption is approximately valid if the peak underload is greater than or
equal to zero [2]. Hence, the compressive plastic zone size w,is given by
Eq 44 while the tensile plastic zone size w; is given by Eq 37. The
subscript number referring to the reversal points denotes the respective
history events causing the memory elements lz and 1,, see Fig. 1. By
means of the described crack growth simulation procedure, crack exten-
sion at maximum load in point 5 yields the relationship (see Fig. 6a)

* We additionally assume that the boundary of the plastic zone due to unloading from the
peak load will not be cancelled by other advancing boundaries during subsequent crack
growth.
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metj: f [ _ r5)] j;=0 (10)

Since a5 is the stress distribution superposed according to Eq 45 by three
former loading states

O5(rs,ra,rs) = a3(rs) — Acoy(ry) + Aos(rs) an

the influence of those states on stress redistribution can be readily seen.

When writing Eq 10, the current plastic frontier was assumed to
advance not beyondx = a, + w,. Atthe knee-pointin the o stress profile
the Ao, function in Eq 11 is altered. It shows that the function w*(a) must
be divided into as many branches as memory elements are active. In the
present case, there exist two w'(a) branches. The validity range of the first
branch is given by a + o' < a, + w,, or

Aa = -w, — w'a) (12)
where w'(a) denotes the current tensile plastic zone size. In the sequel, the
alternate scheme according to Eq 4 as depicted in Fig. 6b is used to

formulate the K-balance equations. Hence, Eq 10 is equivalent to

w+Aa dr w+Aa a’r [ o+ Aa dr
- e - a. —_—
Y Jo f o Jr Yl
+f Aoy - ‘;:_] +ayf"’% =0 (13)
0

Within the brackets stands the expression for\/ % AK;, according to

Eq 8. After combining the various terms, use of Eq 3 leads to

20,(Jo + @+ha) = \/ZEAKS (14)

Solving Eq 14 with respect to the unknown quantity o £ w£(a) at a given
crack growth increment Aa = a — a,, it follows the expression for the

first branch
i AK, ) 2 ] 2
[ 8( a, Aa

; 15
3 (%)

wg(a) =
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The subscript ‘B’ was selected to refer to the memory element
I3(AS,,a,) which marks the range of validity of Eq 15 as given by
inequality 12.

The upper limit of the second w'(a)branch is defined by (see Fig. 6)

Aa = w; — wa) (16)
The sum of SIF due to removed stress parcels from preceding loading

states 3-4-5 and SIF due to yield stress along the new fictitious extent of
the crack according to Fig. 6b yields

w+Aa dr o+aa dr
—(ryf *‘ (ryf + A(r4 .
0 0

&
| W

[ 5 w+aa dr N 35 A
— et o
Ty »Ls \/7 0 i

S

] + o, w—q£=0 a7

Equation 17 results in
20,(Jo T Aa — @) = \/ —2’1 (AK, — AK) (18)
which leads to the expression for the second branch

(A~ aK)'
[A“ s( oy

1( AK, — AK5>2
2

w4'la) =
(19)

Oy

Compressive Plastic Zones

For a general load sequence the stress and displacement state at any
reversal point depends upon the state at all preceding reversal points (that
is, upon load history). The reason why this fact had not been taken into
account with the tensile yield zones in the last section is that, in the spe-
cial case of cycling under constant maximum load, all upper states are
contact free and identical to the previous upper state if crack length is
assumed unchanged during that cycle. The consideration of compressive
plastic zones at lower reversal points, however, makes it necessary to
take crack closure into account. Since we are not interested in compli-
cated crack closure calculations, we suggest as a simple assumption
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pr = o, = constant (20)

A=Aa=a-a

where A denotes the extent of the contact zone.

Equation 20, which means that compressive yield stresses are always
present between the former and the current crack tip location (see Fig. 7),
is supported by extensive numerical studies with the Dugdale method [21.
As a good approximation the assumption is valid at least in the range
where Aa satisfies inequality Eq 12. Before applying the following for-
mulae, the validity of Eq 20 must be controlled strictly. The contact-free
w‘(a) solution is given in Appendix II. '

Depending upon Syin > S40r Spin = 84, the number of knee-points of
stress curve 6a and 6¢ in Fig. 2 varies. Regarding the case that Sy, > S,
that is, AS; < §;, the compressive is smaller than the tensile plastic zone.
Memory elements induced by S; and AS, do not affect the quantity w®(a)
because the respective knee-points in the elastic stress profile vanish
through the motion of the tensile plastic frontier ahead of the compressive
one. Hence, Eq 41 is valid and through the use of Eq 20 yields

20, (Jo + Jo T Ba) = @AKG
[ 2(2) - aa)’

He)
2\ oy

@n

w'(a) =

Aaj

Contact

Zone N,

N

c

FIG. 7—Special type of contact stresses due to crack closure after overloads.
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With respect to the case that S,,,, = S, the K-balance reads as

w+aa dr T
- =+ T @k, - AK, + AKy)
7V

R P A
B R
Because of AK; = AKjg, using Eqs 3 and 20, integration yields

20, (Jo + Aa + Jo + Jo + Aa - Jo) = @AK,

™ <AK‘1

w(a) = ) ~ Aa 23)

Oy

The relationship in Eq 23 holds as long as the compressive plastic zone
size is larger than the tensile one, the latter according to Eqs 15 and 19,
respectively.

Discussion

When inserting the appropriate SIF in Eqs 15, 19, 21 and 23, the load
sequence effect of a single peak overload on the plastic zone size can be
calculated readily. Since the stress intensity factor is a function of the
crack length, it is not possible to give an explicit solution to the problem
where the transition from the first to the second w'(a) branch takes place.
Such a solution would be of interest, because the magnitude of the
retardation effect due to peak loading is supposed to be governed by the
local behavior in this range [/5]. To overcome this deficiency and get
simple approximation formulae it is assumed that Aa is small compared to
the crack length a,. Therefore, besides the common SSY assumption (Eq
36), the following assumption is used for the discussion

K(a, + Aa) = K(a,) = constant (24)
From Eq 12 it follows

Aasp = 0, — wj(a)

Inserting Eq 15 and the w, expression analogous to Eq 44 leads to
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r(AK4>2 _ [%( a:> _Aa“]

2

A = —
1/9Y:] 32\ oy n( AKs )2 (25)
2\ Oy
By use of Eq 24, Eq 25 can be solved with respect to Aa,s
_m [ AK;\*( AK,
saw = 5( %) (268 1) )

The identical result is obtained when setting equal Egs 15 and 19. After
Aaygcrack extension the tensile plastic zone size reaches a minimum,
Fig. 8,

. a o AK; \? AK,\ 2
min o £ wi(Aap) = ﬁ( o-ys ) (2 - AK:) 27N

In Eqgs 26 and 27 the ratio AK,/AK; occurs which should be called the
‘“‘peak cycle ratio P.”’ This ratio is considered the predominant parameter
for describing the retardation effect due to a single peak overload. P is
more significant than the overload ratio Q = K, /Kyax = K3/K;s as used
elsewhere in literature. Apart from the specific case of R =0and K, =0
where Q = P, the P parameter is able to describe the effect of diminished
retardation when the peak underload decreases. Furthermore, by means
of Eq 26, the location of the minimum crack growth rate can be estimated
dependent on the peak cycle ratio. The value of Egs 26 and 27 for test
result interpretation, is demonstrated in Ref 15.

To answer the question where load interaction finishes with respect to
the compressive plastic zone size, the condition

is used combined with Eqs 19 and 23. The result is

Age =T ( AK"’) SP-1) 28)

8 Ty

which means Aa, = Aa,p in case of §; = Syin. With Eq 24, Eq 23
represents a straight line on the w(a) plot, Fig. 8.

Another question of interest should be: What value must an increasing
load have, at arbitrary location of the moving crack tip, in order to meet
the memory condition? This question can be answered by means of the
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FIG. 8—Plastic zone size development typical with crack growth after a single peak
overload. w'—tensile plastic zone size according to Egs 15 and 19. w*—compressive plastic
zone size according to Eq. 23 nc—no contact, «® according to Eq 47.

approximative Eq 26 if AKj is taken to be the dependent variable due to
the desired load and Aa,z the independent variable. Hence,

Aa = z AKMB'(AK‘i - AKMB) (29)
8 o2
AK AK} 8 12
M = 2504 (AR - 20500 (30)

The subscript capitals denote that Eq 30 is the memory condition for
increasing load if Aais within the validity of Eq 12, governed by memory
element I; (AS,, a,). The value of the associated maximum stress intensity
factor K, follows from the relationship Ky = K3 — AK, + AKyp. Asto
the second branch where Eq 16 holds, the constitutive equation corre-
sponding to Eq 29 reads as

Ag = K K3 — Ky’
8 o
thus
1/2

Kiu = (K32 —%-aﬁ-Aa) 31)
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In Fig. 3 an example with six memory elements was given. They are I,
(Ss,aq), 15(AS,,a,), 11,4(85.a;), 115(ASs,a;), II1,4(S7,a,), and III(ASs,as).
If crack growth is supposed to start beyond point 9, the development of the
tensile plastic zone looks like in Fig. 9. The memory of the load history is
successively lost beginning with the memory element of highest order
number, namely III. To each couple of memory elements with the same
order number a couple of w'(a)-branches according to Eqs 15 and 19 is
attributed. The range of validity of each couple of w(a) curves is given by
the point of intersection of adjacent A- and B-branches of different order
number (see Fig. 9). Hence, the significance of the plastic zone formulae
for a more general use is demonstrated. They can also be applied in case
the history events do not occur at the same crack length which shall
increase as a; < ay < ay. Thus the memory elements are 1,(Ss.a), Iz
(AS4,a), 11, (S5,a,) etc. When treating this particular structural memory
behavior the Aa-term in the w-formulae (Eqs 15, 19, 21 and 23) must be
inserted as

Aai=a—-a i=11I,10,. . . 32)

The effect of crack growth between peaks is depicted in Fig. 9.
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FIG. 9—Plastic zone size development typical with crack growth after more general
irregular loading.
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Conclusion and Outlook

Following the presented procedure the way on which to go forth in
direction of crack growth prediction for irregular loading has become
clearer. The solution of the problem as a whole, however, is still in an
initial stage.

At the end, there remain at least three central questions open for
answer. The answers, given in the sequel, are tentative. First, what is the
influence of real material properties on memory? The aforementioned
view of the memory effect provides a ground to assume the proposed
memory criterion approximately valid in case of non-perfectly plastic
material, as well, since the increase of stresses in the plastic zone due to
strain hardening can be considered not as significant as the decrease of
elastic stresses just in front of the elastic-plastic boundary. Because of
that, the main part of the stress redistribution takes place as described in
this paper.

Second, what is the optimum damage parameter from the point of view
of physical relevance, economy, and applicability as well as prediction
accuracy? Possibly, it is not necessary to use the CTOD range according
to Eq 1 but to correlate damage directly to the size of the plastic zone, for
example. This would mean no restriction of the procedure because the
result of structural analysis must be adjusted to experimental constant
amplitude growth rate data one time, at any rate.

Third, how does the fatigue crack closure mechanism really affect the
local behavior at the crack tip, say crack growth behavior? Some accurate
Dugdale solutions to the closure effect are already obtained by means of a
numerical program (Dugdale cyclic) [2]. They are needed to find simple
approximations in the aforementioned sense. Strictly speaking, the mem-
ory criterion formulated in the second section represents but a good
approximation. Memory effects are found beyond the point where the
criteria is met. They result from crack closure at the hump of residual
displacements with overloads, (see Refs 2 and 5).

Remember that in this paper contact was assumed not to occur before
the crack extends. If partial crack closure occurred even with peak
unloading, it would be significant for the subsequent development of the
characteristic elastic-plastic quantities. To treat such special aspects,
however, is beyond the scope of this paper which was intended to
introduce into structural memory by means of the AK approach.

Acknowledgment

The support given by the Laboratorium fiir Betriebsfestigkeit is grate-
fully acknowledged. The authors wish to thank Hanne Fiihring for
unselfish help with the English manuscript.



FUHRING AND SEEGER ON STRUCTURAL MEMORY 163

APPENDIX I

Small Scale Yielding Dugdale Model Solution to Stationary Cracks

The central idea of the Dugdale method {7,8] is to extend the crack fictitiously
by the amount of the plastic zones and apply internal stresses over the plastic
zones which satisfy the material law. From this follows that the model only
accounts for the contribution of a strip to the stress and strain redistribution
process of elastoplasticity and neglects all other contributions outside the
strip [/4]. For simplicity, the strip material law is assumed rigid-perfectly plastic.
The unknown size of the plastic zone is obtained by satisfying equilibrium which
leads to the balance equation for stress intensity factors of the different load cases
3 K; = 0 at the fictitious crack tip.

In case of the plastic zone being small compared to the crack length (or other
plane dimensions), that is, in the so-clled SSY case, the elastic field solution for
the single crack tip in an infinite sheet can be used. Considering monotonic loading
the following basic relationships hold (Fig. 5),

Ka+o) -2 pGy L dr =0 (33)
ﬂfo N

——

Fy

’

it |,

% Vi(ry) = KyJ2r/m — fom p(7) % In 7 - JF% dF, (34)
F,
R e e A
Fy
where
E' = E in plane stress, and
E' = E/(1 — »*) in plane strain.
Solving the equations under the SSY assumption
K(a + 0)= K@) = K (36)

leads to the well-known expressions [8] (p = o, yield stress)

K
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AN
, e ) 2 1 r 1+ VYo 38
2V1(rl)—7r0'y 0-’_1_< —‘T)ln 7 (38)
L=V,
2
ou(r) = —— o,arctg ‘/% (39)
KZ
Vo Evi(r = o) = - @“0)
2Ea,

With unloading to an arbitrary level S., the new fictitious crack tip is located at
X =a + ;. w,is the compressive plastic zone size (usually called Aw). In the
relationships comparable with Eqs 33 to 35 there are to find now two terms for
internal loading. One is accounting for crack closure stresses p.

T w2 wz +Az
VEak~ |7 aptobaraan — [ paracaar =0 an
o @

]

E N s
—2— Avylry) = AKz'\/zrz/ﬂ' - L Ap(Fy)-F {1y, Fo)dF,
@2+ Ay
- T R @

Agy(ry) = AKz/\lzﬂ"z - Lmz Ap(Fo)F o (ry,Py)dF;

~ [ e Fa ), @3)

(Green’s functions Fy, F,, F,: cf. Egs 33 to 35).

In case of a stationary crack and R = §,/S, = 0 the contact term does not
exist [/4]. Since Ap = 20, over the whole fictitious extension of the crack, Eqs 41
to 43 result in similar expressions as Eqs 37 to 40 if each o, is replaced by 2o,. For
instance

A 2 AK?
o = 1( Kz) Ava, = K @4)
2\ o, 4E'c,

Superposition of stresses and displacements yields the state at minimum load

S, = 8§, — AS,, see the contact-free case in Fig. 5.

Valrure) = vi(r) — Avy(r,)

ay(r,r) = a(r) — Aoy(r,y) @53)
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where r, and r, are related by r, = r; * (0; — ®,), positive sign for elastic
stresses, negative sign for displacements. The stress range Ap that the material
elements bear with unloading must not necessarily be Ap = 2¢,. In the main part
of the paper it is demonstrated that the validity of this relationship yielding
the familiar AK formulae is limited to special problems such as CA loading.
Definitely, the relationship Ap = 20, does not hold in any case of structural
memory. That is why the AK approach for the description of local elastic-plastic
behavior at the crack tip must be extended.

APPENDIX II

Compressive Plastic Zone Size with No Contact

As to the contact solution Eq 21, the size of the compressive plastic zone
decreases with increasing crack length. Therefore, the compressive plastic
frontier never strikes the tensile one and memory of a lower order does not occur.
The contact-free case under consideration is different because the compressive
plastic zone size initially increases with crack extension (or is constant when
applying Eq 24). There are two w“a)-branches. As to the first branch which only
exists in case of Sy > Sy

w'(a) < w'(a)

the K-balance according to Eq 13, Fig. 6b, reads as
otda gy w+da \/’7’;
- -+ =+ —AK
"”L N ""L o 2 7

pr— =0

© dr f“’”‘ dr
A

The second integral stands for the contribution of released stresses due to crack
growth, the last integral vanishes in case of no contact (otherwise it follows Eq
35). Integration yields

2~ i@ = T K,

or@ = AUK ) (46)

which is the expression for the cyclic plastic zone size w, £ Aw, see Eq 44.
The K-balance equation of the second branch where w®(@) = w(a) is that of Eq
22 when the last term is cancelled. Integration leads to
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20,(~ Jo ¥ Bd - &) = — \/g(AK4—AK5+AKG)

[w(AK4—AK5+AKG 2 2
s NEYY
8 oy

l( AK; — AK;5 + AK, )2
2

w'(a) =

@7

Ty

At the point of intersection of curves according to Eqs 46 and 28 which by use of
approximation Eq 24 comes to be

AK(AKs — AKg)

o}

o
Aatc = g (48)

(]

the w(@) — curve jumps up to the second branch. In case of S, = S,, Eq 47
where AK; = AKg may be introduced, is valid from the beginning of crack
extension. The second point of intersection is obtained by setting w’(a) = wf(a) of
Eqs 47 and 19. The result for all cases S, =S, is

AK, — AK)(AK, — AK; + AK
AamA — ™ (AK, sHAK, 5 6) (49)

2
8 o}

At this value of crack growth the single peak overload effect on the compressive
plastic zone size ceases and Eq 46 holds further on. The situation of contact-free
compressive plastic zones is depicted in Fig. 8.
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ABSTRACT: The stress intensity range AKX is divided according to the sign of the
plastic strain excursion. The parameter K ¢ is the stress intensity factor at which
the transition from compressive to tensile strain occurs. K¢ was determined for the
alloy 2024-T3 to be 0.5 Kpgay It is shown that loading conditions which produce
only excursions in compressive stresses and strain in the crack tip region do not
produce ‘‘stage II'’ fatigue crack growth. Furthermore, it is found that excursions
in tensile stresses and strains have to exceed a certain range AKT before fatigue
crack growth occurs. AK 7 so defined is denoted as threshold stress intensity range.
The conclusion is reached that the following three elements have to be included in
equations predicting ‘‘stage II'’ fatigue crack growth rates:

(K[G — Kimin)
AKT
[(Klmax - K[(t) - AKT]

An equation is proposed, containing the three elements, which predicts the
observed fatigue behavior and growth rates quite well.

KEY WORDS: stage II, fatigue (materials), closure, stress ratio, tensile-
compressive strains, threshold, growth rate equation, crack propagation

Nomenclature

Kimax Maximum stress intensity factor
Kimin Minimum stress intensity factor
K, Lower limit of AK transmitted to the active plastic zone
AK . Elber effective stress intensity range
K. Closure stress intensity factor
K¢ Limit value of the true stress intensity range
AKT Threshold stress intensity range
R K 1min /K Imax

! Project engineer, fracture mechanics, Babcock-Brown Boveri, Reactor GmbH, Mann-
heim, West Germany.
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e Total equivalent plastic strain
Ae, Effective compressive strain range
Ae; Effective tensile strain range
Ao, Effective compressive stress range
Ao, Effective tensile stress range

The phenomena generally called closure has been divided into the
plastic wake zone behind the crack front and in the active plastic zone
ahead of the crack front [/].2 The plastic wake zone, which is the trace of
the previously active plastic zones, causes a reduction of the calculated
stress intensity range with R-ratios smaller than 0.35. Contact between
the crack faces occurs only in the plane stress region of the plastic wake
zone, that is, in the surface region of the specimen [1,2]. This contact
between the crack faces is responsible for the thickness dependence of
“‘stage II'” fatigue crack growth rates (FCGR) as well as the observed
increase in FCGRs after transition from flat to slant fracture in thin
specimen [3].

Yet, the primary interest in closure is motivated by the desire to explain
the overload effects and crack arrest. None of these phenomena can be
explained by the effects of the plastic wake zone, that is, by the reduction
of the calculated stress intensity range actually transmitted to the active
plastic zone. Therefore, one has to investigate the effects of the active
plastic zone. It seems logical to correlate the transmitted stress intensity
range with the stresses and strains resulting in the active plastic zone.
The work to be presented tries to divide the transmitted stress intensity
range according to the sign of the stresses and strains occurring in the near
region of the crack front under its action. It is hoped that this partitioning
of the transmitted stress intensity range furnishes the elements which
have to enter equations predicting the observed ‘‘stage II’’ fatigue
behavior.

Preliminaries

The investigation to follow is restricted to ‘‘stage II” fatigue crack
growth (FCG). The reason for that restriction is that there is no evidence
suggesting that ductile tearing (dimple fracture as might occur in ‘‘stage
III"" FCG) and FCG along crystallographic planes is governed by the
same continuum parameters as is the growth mechanism in ‘‘stage II’
which produces the striation. The evidence, gathered with measurements
of the active plastic zone size by an optical interference technique [4],
suggests that the size of the active plastic zone under tension cycling
depends only on the K., loading. It is not affected by the magnitude of

% The italic numbers in brackets refer to the list of references appended to this paper.
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FIG. 2—Change of the fringe pattern due to a step-wise increase of Kmar (schemati-
cally).

K min. If there is an influence of K, its effect is secondary and can be
neglected for the present.

Figures la through 1d show the transverse displacement associated
with a propagating fatigue crack. The displacement was made visible by
an optical interference technique; each fringe is a line of constant
displacement. Details of the experimental procedures are found in Refs /
and 5. The fatigue crack was produced in 2024-T3 compact specimen with
6.2 mm thickness and 50 mm ligament width. The crack was grown with
constant K., = 8.8 MPa/m (8 ksi /in. ) to a crack length of 34.5 mm
(position A in Fig. 1). Then K, was reduced to 5.5 MPa/m (5 ksi /in. )
and the crack extended to 36.2 mm (position B in Fig. 1). Figures la and
16 correspond to K., loading while Figs. 1c and 1d correspond to Ky,
= (. A reduction in K j,,, requires the crack to grow out of the plastic zone
of the previous K .y loading condition to establish the new plastic zone
size. This behavior is clearly visible between positions A and B in Fig. 1.

Figure 2 shows the transverse displacement under increasing K jyax
schematically as fringe pattern. It is difficult to photograph this type of
fringe pattern with low magnification and still obtain reasonable resolu-
tion. A single overload cannot produce the same plastic zone size as
constant amplitude fatigue cycling with the same K,;,,,. With further
cycling under overload condition, the size of the plastic zone approaches
the size characteristic of that loading condition. The response of the active
plastic zone size to a change in K ., as shown in Fig. 1 and 2, and its
independence of K, for tension cycling leads to the following hypothe-
sis:

Constant K, fatiguing with R = 0 is hypothesized to be the equilibrium
fatigue condition with respect to the size of the active plastic zone and the
variation in stresses and strains occurring in it.
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While the meaning with respect to active plastic zone size is evident,
the meaning of equilibrium with respect to stresses and strains needs to be
explained further. Consider the elastic-plastic boundary connected to the
crack tip by a straight line in such a way that the line lies in the
macroscopic fracture plane. A material element lying on the line experi-
ences stresses and strains under K ., loading which correspond to a point
on the cyclic stress-strain curve of the same material. Such a cyclic stress-
strain curve is shown schematically as curve A in Fig. 3; the curve is
characteristic for the cyclic behavior of the subject material and the cyclic
conditions imposed by the subject K ., loading conditions. For K 1, = 0,
the stresses and strains at the elastic-plastic boundary have to stay always
in the tensile range, while at the crack tip region they can be compressive.
The continuity requirement suggests that the stresses and strains these
material elements experience under K, loading should correspond to a
point on a cyclic stress-strain curve similar to the curves B shown in Fig. 3.
The important point is that the curves B are dependent on curve A, that is,
the stresses and strains occurring in the active plastic zone under loading
conditions between K, and K a4 are uniquely dependent upon the K 4,
loading. No matter how K 1, 1s varied from cycle to cycle, the stresses and
strains in the active plastic zone under K, loading have always had a
unique dependence on K .

If the aforementioned hypothesis is correct, then under constant K .,
fatigue cycling one should be able to identify the stress intensity factor at
which the plastic zone becomes free of compressive stresses for the first
time during the loading part of a cycle. In Fig. 3, curve B; corresponds to

4 = Kmax
A ) K
+G /
/ N
/
I"-~\’K\ / ‘
/ 9 _ 1cG
l+\:\¢\ \B3 / 2_-_K__
) \\‘5 N6 ~ 2))1
! N ®
/EI NN Y e N
3 N\, 2
H \ /B
‘%l 2
- B, K
-0}
8 2= Kmin -
® crack front m

FIG. 3—Stress and strain condition in the active plastic zone.
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such a condition. The stress intensity factor, at which the transition from
compressive to tensile stresses or vice versa occurs in the region close to
the crack tip, divides the transmitted stress intensity range in two parts.
During one part of the stress intensity range the near crack-tip region of
the plastic zone experiences only excursions of tensile stresses and
strains; during the other part of the stress intensity range only compres-
sive stresses and strain excursions occur in that region. This is shown
schematically in Fig. 3 by the hysteresis loop. It has to be realized that the
width of the hysteresis loop is greatly exaggerated. In reality, the total
plastic strain during unloading and reloading (positions 1 and 3 in Fig. 3)
would differ only by an incremental amount.

Low cycle fatigue behavior (Manson-Coffin equation [6,7]) suggests
that the total plastic strain e (¢ = equivalent strain), as shown in Fig. 3, is
not very influential with respect to fatigue damage. The excursion of
strains and the respective stresses should be more important. But the
excursion of strains in the near region of the crack tip is exactly what is
characterized by the division of the transmitted stress intensity range
previously suggested. For clarification, the excursion of the strains and
the respective stresses are defined as

Ae, = effective compressive strain range (position 1 to 2)
Ao, = effective compressive stress range (position 1 to 2)
Ae; = effective tensile strain range (position 3 to 4)
Ao = effective tensile stress range (position 3 to 4)

The preceding positions relate to Fig. 3. Accordingly, equations predict-
ing ‘‘stage II”’ FCGRs should contain at least the two elements Ae, and
AGT.

da=

—‘W f(Aec’ AGT) (1)
or equivalently

d

.3% = g(AK,,AK)) @

where AK; + AK,; = Knax — Kimin and g and f are some functions.

Limit Value of the True Stress Intensity Range

One can talk about a stress intensity factor under mode I loading only if
tensile stresses and strains in the near crack-tip region are produced by
the external loading conditions. Therefore, the stress intensity factor at
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which the transition from effective compressive stresses and strains to
effective tensile stresses and strains occurs is-defined as the ‘‘limit value’’
of the true stress intensity range transmitted to the active plastic zone.
This “‘limit value” is denoted at K,°. The effective compressive and
effective tensile strain range can now be expressed in fracture mechanics
terminology

Ae. = K& — Kpin 3)
Aer = Kipay — K¢ @)

and Eq 2 becomes
2 = (K = K, Kinax = K] )

The next task is to show that the hypothesis leading to the definition of
K% is true, that is, K;° is independent of K, under constant K jqax
tension cycling, and to measure its magnitude.

Empirical Determination of K¢

Elber [8] developed the following equations for the prediction of
FCGRs

da

dw = (Klmax - Kcl) " (6(1)

C*(AK o)™ (6b)

where C* and n* can be considered fitting parameters. The conceptual
interpretation of Eq 6a is identical to

da
dN

= C* (Klmax - KIG)"* (7)

since, as long as the crack faces are in contact (exerting compressive
stresses on each other) the material element ahead of the crack front is
experiencing compressive stresses, too.

It is a well known fact that R-ratios affect FCGRs, particularly for low
R-ratios. The parameters C* and n* in Eqs 6 and 7 must incorporate the
effect of the compressive strain range Ae, when R = 0. If Egs 6 and 7 are
correctforR =0, thenforR > 0 (K. — K1) or equivalently (K jax — K1)
have to be modified. Consider the two fatigue cycles
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Casel: R =0 (K —0) =AK
Case2: R >0 Kupal — Kiin?) = AK
For Case 1, Eqs 6 and 7 apply directly
AK e = Kimay — K€ = aAK ®

For Case 2 there is the possibility to choose between two reference stress
intensity ranges for the modification

Kimax' — 0 =AK (9a)
Klmax2 -0=A4K (9b)

and for obvious reasons Elber has chosen the reference stress intensity
range given by Eq 92 and modified it.

AK =I<[max2 - I<Imin2 = I<Imax1 -0 (loa)
AK o = aKipax' — 0) + BR(K oy’ — 0) (106)
= (a + BR) * Kimax' — 0) (10c)

The term SR modifies the reference stress intensity range because of the
larger effective tensile strain range Ae; and the smaller effective compres-
sive strain range Ae. of the AK with R > 0. That the modification term
turns out to be positive indicates the dominating influence of the effective
tensile strain range Ae;. Elber determined U = « + B8R empirically from
FCGRs in 2024-T3 aluminum alloy and obtained

U=05+04R (1

Based on Eqs 6a, 7, and 8 and on the results obtained by Elber for Eq 11
related to 2024-T3 (a = 0.5) it can be concluded that

K\ = 0.5 K jpax for 2024-T3 aluminum

Determination of K,© by Means of Transverse Displacement
Measurement

The typical transverse displacement associated with a propagating
fatigue crack is shown by the fringe pattern of Fig. 1. Let this transverse
displacement be eliminated by grinding and polishing of the specimen
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surface. Then upon reloading the specimen, a new fringe pattern develops
which characterizes the removal of compressive contact stresses between
the crack faces (for details see Ref 7). If the fatigue crack was propagated
under constant K 1, fatiguing the compressive contact stresses between
the crack faces increase from a point of last contact toward the crack tip.
The transverse displacement due to removal of compressive contact
stresses as a function of increasing load is shown schematically in Figs. 4a
through 4e by its respective fringe pattern. The line RS indicates the
position of the crack tip. It is to be noted that the transverse displacement
progresses from the point of last contact toward the crack tip under
increasing load. At an incremental distance to either side of the line RS,
the plastic stretch and consequently the compressive stresses are identi-
cal. Therefore the transverse displacement is identical at both positions.
This means that the fringe lines have to be nearly parallel as long as
compressive stresses are acting in the crack-tip region.

If the compressive contact stresses are removed, then the crack-tip
singularity should govern the distribution of stresses and the resulting
transverse displacement, that is, the transverse displacement should obey
the radial and angular dependence imposed by the crack-tip singularity.
Therefore, one can identify the stress intensity factor K¢ as the one at
which radial expansion of the fringe pattern around the crack tip just
begins under increasing load. This is shown schematically in Figs. 4f and
4g. Figure 5 shows such a sequence of fringe patterns for 0.4, 0.5 and 0.6

VAV,

FIG. 4—Change in fringe pattern due to the transition from closure stresses to stresses
resulting from the crack tip singularity (schematically).
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K max- The photographs in Fig. 5 were obtained from a 2024-T3 CT-
specimen with 76 mm ligament width and 12.4 mm thickness; the crack
length was 32 mm. The arrows inserted in Fig. 5 indicate the position of
the crack tip. The specimen had been fatigued under constant K, =
15.4 MPa/m (14 ksi/in. ) with R = 0.

From Fig. 5 and similar sequences of fringe pattern for different K .y,
different R-ratios and different crack length in the alloy 2024-T3 lead to
the conclusion that K¢ had to be close to 0.5 K pax-

Determination of K¢ by Means of Load Displacement Curves

It can be shown with the help of Elber’s second derivative analysis [8]
and the geometric nature of contact between the crack faces [1,2] that
load displacement curves usually indicate the macroscopic opening of the
crack as lowest point of their linear portion. This is true if the gage,
measuring the displacement, is a distance several times the active plastic
zone dimensions behind the crack tip and spans approximately the width
of the plastic zone. In order to determine K¢ from load displacement
curves the gage position must be right behind the crack tip and should not
span more than the width of the plastic wake zone [9]. Than K ° can be
identified as the lowest point of the upper, linear part of the load
displacement curve. In this position and with this gage length the apparent
separation of the crack faces due to the removal of the compressive
contact stresses would be measured first (lower linear part). But if the
compressive contact stresses are eliminated, the crack-tip singularity
takes over. This switch takes place within a small loading increment and
results in a well-defined transition of the slope between the two linear
portions of the load displacement curve. Elber used a gage length of 1.5
mm at 2 mm behind the crack tip and obtained values for the lowest point
of the respective linear portion of approximately 0.5 K ., with the alloy
2024-T3.

Three independent means to determine K% resulted in values for K¢ of
0.5 K jmax in the alloy 2024-T3. These values seemed not to be affected by
the R-ratios for constant K .. fatigue experiments. Therefore, it is
concluded that the previously made hypothesis is correct and K ° can be
considered a material parameter.

Conditions For Stage II Fatigue Crack Growth

It is the generally held opinion, which is substantiated by the models of
striation formation, that Stage II FCG can only occur under excursions of
tensile stresses. In the terminology developed in the foregoing section
this means that the excursions in load have to produce some excursions of
the effective tensile stress range Aer or in fracture mechanics terms
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0.4 Kfmax
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T

.

FIG. 5—Fringe patterns showing the beginning of the radial expansion of fringes due to
the crack tip singularity.
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Kimax — Ki€>0 (12)

To check this, the following experiment was devised. A crack was grown
in 2024-T3 aluminum under constant K., = K,* and K, close to zero
for 5 mm. It could be assumed that the active plastic zone had established
its equilibrium condition. By reducing K .« to 0.5 K7, keeping Ky, the
same, the cyclic loading produces only excursions of the effective
compressive stresses and strains in the near crack-tip region of the active
plastic zone. This type of loading should not produce Stage II FCG.

Fatiguing with 4.5 X 105 cycles and frequency of 3 cycles/s did not
produce FCG under these loading conditions. The results are shown
graphically in Fig. 6, where K, (K* produced the active plastic zone) is
plotted along the abscissa and the cyclic loading (K¢ — K ) is plotted
along the ordinate. These experiments confirm that the crack-tip region
has to experience effective tensile stresses and strains for Stage II FCG to
occur. The highest stress intensity range (K¢ — K ) applied during this
test series was AK = 14.3 MPa,/m (13 ksi/in. ) which is far above any
threshold range.

Since excursions in effective compressive stresses do not produce
Stage II FCG, it makes no sense to define a threshold stress intensity
range which includes a part or the total of the effective compressive stress
range. Therefore, if a threshold stress intensity range exists, it has to
characterize a certain excursion in the effective tensile stress range Aoy
which does not produce Stage II FCG. The threshold stress intensity
range so defined is denoted as AK™.

AKT was determined under constant K,,, = K,* fatigue cycling and

25 30
MPa:m'2

FIG. 6—No fatigue crack growth under loading conditions producing only excursions in
effective compressive stresses Ao,
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K i raised till no FCG was observed after 3 x 10% cycles. The crack
length was measured with a traveling microscope with x50 magnification
and the optical interference equipment attached to the specimen. Any
change in crack-tip position on the order of 0.05 mm can be detected
easily. Similarly, a fatigue crack was grown under constant K, = K,*
until equilibrium conditions in the active plastic zone were established.
Then K., was reduced to a value somewhat higher than K¢ = 0.5 K;*
and cycling continued for 3 x 10% cycles. If no crack growth was
observed, K max Was increased slightly and cycling continued for another
3 x 10® cycles. This procedure was repeated till crack growth was
observed. The K.y of the previous loading condition (K jax)® was used
to determine AK7 = Kpmax — 0.5 K72 The results of the AKT mea-
surements are shown graphically in Fig. 7 for the alloy 2024-T3; the
measured value for AK7is 2.5 MPa,/m (2.3 ksi/in. ).3

Fatigue Crack Growth Rate Equation

The findings concerning the threshold stress intensity range AKT
require that the FCGR-Eq S has to be modified. Since excursions of
effective tensile stresses and strains have to exceed a range equivalent to
AKTbefore any Stage II FCG occurs, AK T has to be subtracted out of the
total effective tensile stress and strain range, that is

(Klmax - KIG) - AKT (13)
and Eq § is modified to

98 b [(KE = K, AKT, (Kinex — K = AKT] (14)

dN
where & is some function. The three elements contained in Eq 14 should
enter any FCGR-equation explicitly.

The similarity of the concept developed here with that of Elber suggests
that the general form of the Paris-Erdogan equation might still be valid.
Considering that R-ratios below 0.5 cause a shift in FCGRs in 2024-
T3 [10], this would require that the effective compressive stress and strain
range has.to enter the FCGR-equation in a linear fashion. A threshold
stress intensity range had been subtracted out of the leading AK term in
quite a few equations characterizing FCGRs without entering it explicitly
in other terms. This indicates that AKT effects FCGRs in a constant

3 The model of FCG presented in this paper is based on a unique dependence of FCGRs on
the loading conditions of each individual cycle. If the FCGR is not any more uniquely related
to a loading cycle, as it must be for FCGRs smaller than 3 x 107®m/cycle, then the model
ceases to apply; the same is true for AKT (as defined here). Therefore, the AKT is
substantiated if it is shown that the FCGR is smaller than 3 X 10~ *m/cycle.
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FIG. 7—Conditions and results of the threshold stress intensity range AK" determination.

manner. Due to the lack of better knowledge, it is assumed that AK 7 has
approximately the same effect on FCG as have the effective compressive
stresses and strains. Therefore, the following equation is proposed

d
(TZ/‘:C [(K® = Kimip) + (AKD™ Jo[ (K max — K1©) = AKT]" (15)
It has to be realized that for K, = K,© Eq 15 becomes

d.
% =C (AKD)™ [ (K max — Kym) — AKT ] (16)

Equation 15 had been used to calculate the FCGRs for several materials
and for different R-ratios. The fatigue parameters were determined based
on measured FCGRs [/1-14] and are shown in Table 1. The markings in
Figs. 8 to 12 are the experimentally measured FCGRs while the lines are
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TABLE 1—Fatigue crack growth parameters used to predict
the growth rates shown in Figs. 8 to 12.

Material K¢ AKT m n C
2219-T851 0.5 K nax 2.0 1 2 7 % 1078
RA Ti-6A1-4V 0.6 Kpox 4.0 1 2 1.43 x107®
Annealed inconel 600 0.5 K pax 4.5 1 2 4.4 x 107®
Hastelloy X-280 0.5 K max 3.5 1 2 1.2 X 10~
304 stainless steel 0.5 K nax 3.0 1 2 1.36 x 10~8

2 ksi Vin. da/dN 2 in./cycle

the theoretical predictions. The agreement seems to be quite good. As can
be seen in Table 1, the exponent m was determined to be 1.0 which means
that the threshold stress intensity range AK Thas the same effect on FCG as
has the effective compressive stress and strain range (K — Km). The
value of 2.0 for the exponent n seems to indicate that the fatigue damage isa
function of the linear extent of the active plastic zone. Under the
assumption that the findings n = 2 and m = 1 can be generalized, Eq 15
can be written
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FIG. 8—Experimental results and their prediction by the proposed equation for 2219-1851
aluminum alloy.
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44— C[(KE = Ka) + AKT]* [ (Kunax = Ki) = AKT]* (1)
dN

Figures 10, 11, and 12 show that the predictive capability of Eq 17 is
maintained even for fatigue at elevated temperatures. Further investiga-
tions into the temperature dependence of the fatigue parameters are in
progress.

The thickness dependence of FCGRs observed with R-ratios below 0.35
can be incorporated into Eq 17 by replacing K i, by its modified value
K“ which is the lower limit of the stress intensity range actually
transmitted to the active plastic zone®. Equation 17 then becomes

da

-~ =€ [(KS — K + AKT ] o [(Kymay — K€ — AKT]2 (18)

Conclusions

For tension fatiguing under constant K.., amplitude there exists a
unique relation between Ki,., and the limit-value of the true stress
intensity range K ¢ at which the active plastic zone is free of compressive
stresses. For the aluminum alloy 2024-T3 X, had been determined to be
0.5 K imax-

K € divides the transmitted stress intensity range according to the sign
of the excursions in effective stresses and strains.

Stage II FCG can occur only if the excursions in effective tensile stresses
and strains exceed a certain range which is characterized in fracture
mechanics terms by the threshold stress intensity range AK”.

Fracture mechanics equations predicting Stage II FCGRs must contain
the three elements

[(Kimax — K©) — AKT]
AKT
(K€ = K or (K¢ — K1
An equation is proposed, containing the three elements, which predicts

the experimentally observed fatigue crack growth behavior even at
elevated temperatures.
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ABSTRACT: Experimental data on fatigue crack closure for two steels which
present different mechanical properties are presented. The data are compared with
experimental results obtained under similar test conditions on aluminum alloys. On
the basis of such a comparison, an attempt is made to identify the most suitable
engineering parameters to describe the fatigue crack closure behavior. As aresult,
it is shown how fatigue crack closure can be related to several basic features of
fatigue crack growth.

KEY WORDS: fatigue (materials), crack propagation, aluminum alloys

Recently, experimental data on fatigue crack closure for two aluminum
alloys displaying different tensile properties and tested under tension-
tension constant amplitude sinusoidal loading [/]® have been reported.
These data indicated that the fatigue crack closure behavior is controlled
primarily by the maximum cyclic value of the stress intensity factor, Kpay.
Specifically, it was found that, at least for the aluminum alloys tested,
Kax can successfully correlate crack opening stress intensity values. In
Ref 1 such a correlation is suggested to consider a ‘‘master’’ curve which
represents the values of the effective stress intensity range, AK.«, as a
function of K,,,,. Using this curve, it was possible to rationalize several
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basic features of the fatigue crack propagation behavior. An interesting
result emerging from the data reported in Ref I is that the ratio,
R = (Kmnin/ Kmax), has a very minor influence in the relationship between
AK.¢and K, This would imply that the fatigue crack closure behavior
of a material can be investigated from the data obtained for a single value
of R. If so, a significant saving of effort and time in collecting experimen-
tal information could be achieved. Therefore, there is interest in exploring
to what extent the dependence of AK,4 on K., as found in Ref I for
aluminum alloys, can be considered as characteristic of the fatigue crack
closure behavior. The primary aim of the present investigation was to
explore further the relationship between AKe; and K.y for other alloys
systems than that tested in Ref /. In particular, two steels which present
quite different tensile properties were chosen. The results obtained in this
work are compared with the data reported in Ref 1.

Materials, Specimens, and Test Procedures

The certified chemical compositions of the steels investigated in this
program are listed in Table 1. The tensile properties. are recorded in
Table 2.

Compact tension type specimens (H/W = 0.60, W = 68.00 mm thick-
ness, B = 4.00 mm) were cut from different bars in the long transverse
direction.

Reference I gives a detailed description of the testing equipment and
procedures used for collecting the present data. Briefly, all experiments
were conducted in a MTS servohydraulic testing machine at room
temperature. The load amplitude and R-ratio were maintained constant
for each specimen. The opening loads, P,,, were determined following the
procedure described in Ref I. The frequency of the cyclic load ranged
between 10 and 70 Hz.

TABLE 1—Chemical composition of the steels investigated.

SM1 Steel 1010 Steel
Carbon 0.59 0.08-0.13
Manganese e 0.30-0.60
Nickel 2.47 C.
Phosphorus - 0.040
Chromium 0.86 c
Sulfur . 0.050
Molybdenum 0.27 .
Vanadium 0.18

Iron remainder remainder
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TABLE 2—Average mechanical properties of the
steels investigated.®

1010 Steel
Elastic limit, 196
(MN: m?)
Tensile strength, 357
(MN: m?
Elongation, percent 11

2 The tensile characteristics of the SM1 steel were not
measured except its hardness = 30 Re.

Experimental Results

Fatigue Crack Growth Rates—The correlation between (da/dN) and
AK, obtained for 1010 and SM1 steels, for different values of R is shown

in Figs. 1 and 2, respectively.
K op/Kmaz versus K .. Curves—Figures 3 and 4 show for 1010 and SM1

steels, respectively, the values of the ratio K,,/Kyax (Kqp, as being defined
by Elber [2]), as a function of the maximum cyclic stress intensity value,
K.y, for different vaues of the ratio R.
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FIG. 1—Fatigue crack growth rate for 1010-steel in room air.
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FIG. 2—Fatigue crack growth rate for SMI-steel in room air.
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FIG. 3-K ., /K o plotted against K, for 1010-steel.
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FIG. 4K, /K ... pPlotted against K .., for SMl-steel.

AK o versus K. Curves—Figures 5 and 6 show for 1010 and SM1
steels, respectively, the values of the effective stress intensity amplitude,
AK.g, as a function of Ki,,,, for different values of R. In these figures the
straight lines given by (AK.s = (1 — R)K.,) have been drawn. As
discussed in Ref 1, the intersection of the (AK, versus K,,) curves with
such straight lines provides the values of K,,, (or AK) above which the
fatigue crack is open during the whole fatigue cycle.
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E //. EEF
w L] I L L 1 1
0 10 20 30 60

-l
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FIG. S—Effective stress intensity range, AK .4, plotted against maximum stress intensity,
Kuez, for 1010-steel. The straight lines represent the condition AK. = AK for the R
indicated. Open symbols indicate K,, values less than K,,,. Environment: room air.
Frequency: 60 to 70 Hz.
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Discussion

The excellent correlation between K., and AK,, found for the two
steels investigated, as shown in Figs. 5 and 6, offers further proof that
Ky is the most suitable parameter for an engineering approach to the
fatigue crack closure phenomenon.

The general trend of A K, as a function of K., found on the basis of the
data generated in this work and that reported in Ref /, is shown in Fig. 7.
By inspecting this figure one is tempted to conclude that the strong
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FIG. 7—General trend of AK .y as a function of K na for steel and aluminum alloys.
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FIG. 8—Growth rate versus effective stress intensity range for 1010-steel.

correlation between AK, and K., is a basic feature of the fatigue crack
closure behavior. Of course, a general discussion of the exact dependence
of AK.4 on Kp. should await the development of more extensive
experimental data. However, it is felt that, at present, it is far more
important to determine the appropriate parameter to use. In this connec-
tion, the data discussed in this work indicate that K., offers the most
promise.

In considering the fatigue crack growth behavior, the data presented in
this work and in Ref / reveal that the effective stress intensity range,
AK.g, is a powerful unifying parameter to correlate fatigue crack growth
rates (Figs. 8 and 9). As was noted first by Elber, AK; depends on R in
such a way that R has a negligible influence on the fatigue crack rates
when AK, is used as a correlating parameter. This result is more than
informative. In fact, it seems to be the key in the attempt to derive a rather
general approach to fatigue crack propagation based on continuum
mechanics concepts. As it was pointed up in Ref /, the fact that AK,q
correlates fatigue crack growth rates for different mean stress intensities
seems to offer a definite proof of the validity of the basic hypothesis
advanced by Paris in 1962 [3]: “‘If the instantaneous time histories of the
stress intensity factors at two crack tips are the same in a given material,
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FIG. 9—Growth rate versus effective stress intensity range for SMl-steel.

then the crack propagation rates will be the same.”” As is well known,
this hypothesis does not meet the experimental results when AKis used as
the local stress field parameter. However, the same hypothesis is in
full agreement with the data when the instantaneous time-history of the
local stresses surrounding the tip of the fatigue crack is described by
AK.y. Since the physical meaning of AK. as a local stress field param-
eter for a partially closed fatigue crack is the same as AK for a fully
open fatigue crack, the soundness of Paris’ hypothesis is now apparent.

An interesting result obtained in this work is that, for the two steels
tested, AK. approaches zero as K., approaches a certain value which
seems to be characteristic of the material and independent of the ratio-R
(see Figs. 5, 6, and 7). On the other hand, the data in Figs. 1 and 2 indicate
that as AK,; approaches zero, K., approaches the value associated with
the fatigue crack propagation threshold of the material. It is significant to
note that similar results also were obtained for constant amplitude fatigue
in two aluminum alloys [/]. Though more experimental data are necessary
on this topic, the aforementioned results would indicate the validity of the
hypothesis according to which, at threshold level, the fatigue crack should
be fully closed [¢].

It is also interesting to note that, from the relationship between AK .4
and K ,,, obtained for the four alloys studied in this work and in Ref 7,
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one may conclude that, for a given material and ratio R, there is a value of
Knax above which the fatigue crack remains open during the complete
loading cycle. For a given R, this value of K, is given by the intersection
between the ‘‘master’” curve (K., versus AK.y and the straight line
(AK.s = (1 — R)Kay). Obviously, as K., exceeds such a level, the
effective stress intensity amplitude, AK.g, equals the ‘‘applied’ stress
intensity range, AK. Since it is assumed that AK.; controls fatigue crack
rates, it is reasonable to expect that the ratio, R, should have no
significant effect on fatigue crack growth rates when K., exceeds the
level for which AK.; = AK. That is, the type of correlation between Kp,,
and AK. observed in this study and in Ref I, explains why, in a plot of
(da/dN versus AK), increasing values of R do not produce a continuous
shift in fatigue crack rates. Moreover, in such a kind of plot, one should
expect that fatigue crack growth rates corresponding to different ratios,
R, should fall into a narrow band as soon as AK = AK., This is,
precisely, the fatigue crack growth behavior displayed in Figs. 1 and 2.
Let us consider now the relationship between K,,and K., (Figs. 3 and
4). The reasons by which the ratio (K,,/Kuax) sweeps upward at low
levels of K., are not evident at present. However, the data discussed in
this work indicate that such behavior is characteristic of the fatigue crack
closure phenomenon and, therefore, a general approach to the problem
should be able to describe it. The same data also seem to indicate that the
ratio (K,,/Kmax) 18 affected by the state of stress at the fatigue crack tip. In
this connectioin we can consider, first, the data for the high-strength
alloys, that is, A1-2024-T3 and the SM1 Steel. Figure 10 shows, for these
materials, the values of (K,,/Knay) as a function of K,,,,. From this figure
it can be noted that (K,,/Ky.x) remains nearly constant for values of K,
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FIG. 10—General trend of (K op/K maz) versus K .. for high strength materials.
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located to the right of the zone in which (K,,/Kmax) sweeps upward as
Konax approaches threshold conditions. This result is in good agreement
with the results of Paris’ first order analysis based on concepts of
dislocation mechanics [5]. In fact, such an analysis predicts that
(K,p/Kmax) should be nearly material independent with a value ranging
between 0.33 and 0.52.

Consider now the data shown in Fig. 11 for the low-strength alloys, that
is, A1-AZ4G1 and 1010 steel, which present about the same yield strength
(~200 MN/m?). From this figure it can be noted that (K,p/Kmax) decreases
as soon as K., exceeds a certain level which is about 28 MN/m3”for both
of the alloys. In order to explore this rather unexpected behavior,
monotonic traction tests on fatigue precracked compact tension speci-
mens were performed. These tests revealed that, for both alloys, the value
of Kuay for which (K,,/Kmax) begins to decrease is also about the value of
Konax associated with the beginning of a nonlinear behavior in the
load-displacement curve. Therefore, it seems reasonable to conclude that
the decrease of (K,p/Kmay) @s a function of Kpay, observed in the case of
the low-strength alloys, can be attributed to the presence of rather gross
plasticity at the crack tip. As a matter of fact, it can be verified easily that
the plastic zone size [computed by (K ,,2/21I ¢,2)] becomes quite similar
to the specimen thickness when (K,,/Kmax) begins to decrease. So, it is
quite possible that the additional tests on these low-strength alloys using
thicker specimens would indicate the existence of a wider range of Kyay in
which (K,,/Knax) Would remain nearly constant.

Conclusions

The analysis and comparison of the data obtained in this investigation
and that from Ref I reveal several interesting features of the fatigue crack
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closure phenomenon, which seem to be useful for an engineering ap-
proach to the problem. These features may be summarized as follows:

1. From an engineering point of view, the maximum cyclic value of the
stress intensity factor, Kp,y, is the most suitable unifying parameter to
correlate the fatigue crack closure behavior.

2. At least for constant amplitude fatigue, the relationship between
Kuax and AK.4 seems to be characteristic of the material. Such a
correlation allows the rationalization of several basic features of the
fatigue crack growth behavior: the existence of a threshold for fatigue
crack propagation and the shift behavior in crack growth rates, as a
function of AK, for increasing ratios, R.

3. The data obtained for the four alloys studied show that the ratio
(Kop/ Kmax) sWeeps upward as K., approaches threshold conditions. This
behavior should be considered as typical of the fatigue crack closure
phenomenon.

4. As Kn. moves away from the threshold region, the ratio (K,p/Kmax)
yields to a value which, for practical purposes, may be considered as
nearly constant and ranging between 0.3 and 0.5. These figures are in
good agreement with the results of Paris’ first order approach to fatigue
crack closure.

5. The ratio (K,,/Knax) decreases for values of K, associated with
the presence of rather gross plasticity at the crack tip.
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Effect of Residual Stresses on
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ABSTRACT: The research deals with the effect of welding residual stresses on
fatigue crack growth in medium strength low alloy steel weldments. Three kinds of
flat specimens -have been used—unwelded specimens, specimens with butt
perpendicular welds, and specimens with butt longitudinal welds. Residual stress
distributions were others in both kinds of welded specimens. All specimens were
tested under constant and variable amplitude load with stress ratios R > 0.
Forman’s equation and Wheeler’s model of crack retardation were used for
theoretical analysis of fatigue crack growth under constant and variable amplitude
load, respectively. The theoretical results were more realistic when effective stress
ratio R ¢ and effective stress intensity range A K.y, Which compensated for residual
stresses, were used. It was found that the tensile residual stresses increased the
fatigue crack growth rate and compressive stresses reduced it. The lower the
applied load, the higher the residual stress effect. This paper presents both
experimental results and an analytical method of fatigue crack growth prediction in
steel weldments on the basis of results obtained from parent material properties.

KEY WORDS: fatigue (materials), crack propagation, residual stresses

Nomenclature

a Half crack length, mm

a. Critical half crack length, mm

a; Current half crack length, mm

a, Half crack length with included plastic zone produced by
previous higher stress level, mm

a, Initial half crack length, mm

1 Research engineer, Institute of Cranes and Building Machinery, Warsaw Technical
University, Warsaw, Poland.
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C Crack growth rate coefficient
C,: Crack growth retardation factor

—— Crack growth rate, mm/cycle

K Applied stress intensity factor, MPa/m
K. Critical stress intensity factor, MPa,/m
Kmax Applied maximum stress intensity factor, MPam
Kmin  Applied minimum stress intensity factor, MPa,m
Kmax.etr Effective maximum stress intensity factor, MPa,/m
Kminerr Effective minimum stress intensity factor, MPa,/m
K, Residual stress intensity factor, MPa,m
AK Applied stress intensity range, MPa,im
AK.y Effective stress intensity range, MPa,/m
L Specimen with butt longitudinal weld
m  Shaping factor of Wheeler’s model
n Crack growth rate exponent
P Specimen with butt perpendicular weld
R Stress ratio = omin/0max = Kuin/Kmax
R, Effective stress ratio = Ky err/ Kmax eft
U Unwelded specimen
Y Finite width factor
o Applied stress, MPa
o, Amplitude of applied stress, MPa
Omax Applied maximum stress, MPa
Omin  Applied minimum stress, MPa
o, Applied mean stress, MPa
o, Residual tensile strength, MPa
oy Yield strength, MPa

Understanding fatigue crack growth is essential in predicting the
service lives of many structures subjected to fatigue loading. This is
particularly true for welded structures wherein subcritical flaws may be
introduced during fabrication. It is widely known that weldments are
more susceptible to fatigue failure than the base material because of
problems related to the presence of inclusions, incomplete fusion,
changes in microstructure, and the introduction of residual stresses.

Studies [1,2]? of fatigue crack growth in steel weldments produced by
various welding processes have shown generally that residual stresses are
primarily responsible for higher or lower fatigue crack growth rates in
comparison with base material. It has been shown that the crack growth
rate in the heat-affected zone (HAZ) as well as in the weld metal is similar

? The italic numbers in brackets refer to the list of references appended to this paper.
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to the rate in the base material [3-5]. Therefore, residual stresses should
be included in calculations of weldment fatigue crack growth rates.

Fatigue crack growth rate usually is analyzed in terms of fracture
mechanics by using stress intensity factors [6 ]. Popular expressions are
the Paris equation[7].

da
N C(AK) N

and the Forman equation, respectively [8]

da _ __ COKy
dN (1 - R)K, - AK

@)

where
C and n = material constants obtained from unwelded specimens
tested under constant amplitude load,
a = half crack length,
N = number of load cycles,
AK = range of stress intensity factor, and
K, = critical stress intensity factor.

Both equations are used in the present study. There were three kinds of
plane specimens investigated: unwelded ones, U, those with butt perpen-
dicular welds, P, and others with butt longitudinal welds, L. An attempt to
predict fatigue crack growth rates under the influence of weld induced
residual stresses is presented.

Materials, Specimens, and Experiments

All specimens (Fig. 1) were made of one metal sheet 4 mm thick. It was
low alloy hot-rolled and normalized medium strength steel 18G2AV. The
mechanical properties are shown in Table 1. Specimens were cut out
parallel to the rolling direction. In order to produce similar residual stress
distributions in each particular welded specimen, the specimens were
welded after complete preparation of separate details. Welding was the
last operation in the specimen fabrication. A manual-coated electrode arc
welding was used. The approximate welding speed and current intensity
were 120 mm/min and 90 A, respectively. A stress riser (Fig. 1) with a
notch length of 14 mm was cut out in the center of each specimen before
gripping it in the test machine. In the case of specimens P the stress risers
were cut out in the heat-affected zone (HAZ) about 1.5 mm from the
fusion line. Experiments were carried out on a mechanical fatigue
machine designed and fabricated at the Institute of Cranes and Building
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FIG. 1—Specimens shape and dimensions.

Machinery of Warsaw Technical University [9]. Crack lengths were
measured using a microscope with x50 magnification. It was possible to
measure 0.05 mm crack extensions. The number of load cycles was
monitored by using an electronic cycle counter.

Fatigue crack growth rates were calculated following Smith’s
method [10]. The rates were computed for cracks with 242 =-16 mm
lengths only. The previous crack growth up to length 2a = 16 mm was
assumed as a fatigue crack initiation period.

The stress intensity factor was calculated using Eq 3 for finite width
plates [1]].

2
K=o/a¥=oya [ 177 + 0227 (W“)

2a \? 2a 3]
-051{—) +27(— 3
st () +27 () | o
where
o = applied gross section stress,

a = half crack length, and
W = specimen width.

The residual stress distributions (Fig. 2) were evaluated on the basis of
two randomly selected P and L specimens, respectively. Residual strains
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FIG. 2—Residual stresses distributions in the plane of fatigue crack growth.

were measured with a sectioning method using strain gages [12]. Details
of the residual strain measurements and residual stress calculations are
described in Ref 13. Due to symmetry only half of the stress distributions
perpendicular to the crack plane have been shown (Fig. 2).

Theoretical Analysis

The main reason for fatigue crack growth studies is to gather informa-
tion for fatigue life predictions. However, one must know a proper crack
growth relation. In the case of steel 18G2AV, Forman’s Eq 2 can be used
for constant amplitude testing. However, in the case of welded specimens
it was necessary to incorporate residual stresses into Eq 2. A superposi-
tion method was used assuming that the effective intensity factor K. can
be computed as a sum of the residual stress intensity factor K, = f(o,)
and the applied stress intensity factor K = f(o). It was assumed that
residual stresses do not diminish under fatigue loading. This assumption
overestimates the residual stress effect, but is reasonable from the
practical point of view. Having in mind the aforementioned assumptions,
the maximum K .y, o and minimum K, . values of the effective stress
intensity factor could be calculated.

Then effective range of stress intensity factor AK.;and effective stress
ratio R, were calculated, respectively.

The applied maximum K., and minimum Ky, stress intensity factors
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were calculated on the basis of Eq 3. For calculating the residual stress
intensity factor K,, Kanazawa’s [I4] formula was used, that is,

. m@ + x) uz
a 2 sin —w
k= [ o dx @
—a W-esi 2ma . @ — x)
Sin—p- - sin W

In order to make the calculations easier, the real residual stress
distributions (Fig. 3) were replaced by simplified rectangular distributions

drawn with dashed lines.
The final form of Forman’s equation used for calculations is

d(2a) _ C(AKew)"

dN (1 - Reff)Kc — AKe (5)

In order to calculate fatigue lives, Eq 5 was integrated with a computer.
The method and the computer program used for fatigue life calculations
under constant and variable amplitude load are described in Ref 15.

The total fatigue life was calculated as a sum of initiation and propaga-
tion periods respectively.

da ©)

2a, (1 — R )K - K f
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FIG. 3—Effect of stress ratio on fatigue crack growth rate in base material.
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where
N, = total fatigue life,
N; = number of load cycles within initiation period related to
crack length 22 = 16 mm,
2a, = 16 mm—assumed initial crack length,
2a. = 80 mm—assumed critical crack length, and
C, n, K, = the same as in Eq 5.

A more complex problem involves the analysis of fatigue crack growth
under variable amplitude loads. Particularly difficult is the theoretical
prediction of fatigue crack growth retardation. A few simplified mod-
els [16] of fatigue crack growth retardation exist but none of them explain
the phenomenon completely. However, it has been shown that they can
be used for rough predictions of fatigue crack growth retardation. The
model applied in this study was proposed by Wheeler [17]. It was
assumed in the model that after a sudden reduction of load amplitude the
fatigue crack growth rate is decreased by a C,,; factor in comparison to the
constant amplitude fatigue crack growth rate. In the case of Forman’s
equation Wheeler’s model is written

dQa) c C(AK)"
dN ~ "1 - RK, - AK

@)
where

R, \"
Coi = 4 -a for a; + Ry < a,,
C,i = 1for a; + Ry, = a,,
R,; = extent of current yield zone,
a, + a; = distance from tip of current crack to elastic plastic interface,
and
m = shaping exponent.

The extent of the yield zone was computed following the formula
proposed by Rice [20] for plane stress state

R, = L(%eez)’ ®

T\ Oy

The shape factor m was determined by fitting the theoretical results
obtained from Eq 9 to the theoretical data obtained from unwelded
specimens, U
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Mo Cpr C(AKeg)
N (1 - Reff)Kc - AKeff

2a = 2a, + dN )]

Fatigue Crack Growth Under Cohstant Amplitude Load

Experimental results of log d(2a)/dN versus log (AK) are shown in Figs.
3 and 4. Widths of scatter bands were evaluated for probability p = 95
percent. The unwelded U specimens were studied under different stress
ratios from R = 0.2 t0 0.75. It appeared that fatigue crack growth rates in
steel 18G2AYV depend upon stress ratio, and the higher the stress ratio R,
the higher the crack growth rate d(2a)/dN. There was little or no effect of
stress ratio in the range R = 0.2 to 0.5 (Fig. 4a).

It is evident that for a given constant stress ratio R, Eq 1 properly
describes the fatigue crack growth behavior. But coefficients n and
especially C depend on stress ratio. Therefore, Eq 2 has been used for
further studies. The constants C, n, and K, in Eq 2 were evaluated on the
basis of the same data obtained from unwelded specimens Ul to U8 and
they are 1.69 x 1075, 2.54, and 108.5 mPa/m, respectively. All of them
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FIG. 4—Scatter bands of experimentally obtained fatigue crack growth rates: (a) in
unwelded specimens U, (b) in specimens with perpendicular weld P, and (c) in specimens
with longitudinal weld L.
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FIG. 5—Comparison of fatigue crack growth rates in different kinds of specimens.

were determined by means of a least squares method [/3] for probability
p = 50 percent.

Results obtained from welded P and L specimens are shown in Figs. 4b
and 4c, respectively. Welded specimens were tested under similar load
conditions as the unwelded ones, Ul to U4, shown in Fig. 4a. Paris’ Eq |
constants C and n were determined for each group of results shown in
Fig. 4. There was a slight difference between constants obtained from
specimens U and P. The widths of scatter bands shown in Figs. 4a and 4b
are almost the same, too. An essential difference in fatigue crack growth
behavior was discovered in the case of L specimens. There were different
constants C and n and a wider scatter band of experimental results
(Fig. 4c) in comparison to specimens U and P. The experimental results
obtained from L specimens do not follow Paris’ equation because they lay
along a broken line rather than a straight one. It was characteristic that the
first discontinuity of the log d(2a)/dN — log(AK) curve appeared in the
region of residual stress sign change, that is, for cracks of length 2a = 35
to 40 mm. The wider scatter band in the case of L specimens evidently
resulted from crack growth behavior and not from the difference in
specimen preparation.

Comparison of the aforementioned three scatter bands is shown in Fig.
5. Itis apparent that the highest and the lowest fatigue crack rates were in
P and U specimens, respectively. The P scatter band is almost parallel to



208 FRACTURE MECHANICS

the analogous one obtained from specimens U. Such a parallel shift of the
scatter band was obtained in the case of U specimens (Fig. 3) by
increasing the stress ratio R.

With L specimens fatigue crack growth behavior depended strongly on
crack length. Fatigue growth rate for crack lenghts 2a < 40 mm was
usually higher than the rate obtained in the same load conditions from
specimens U. But longer cracks grew in specimens L almost as fast as in
unwelded U ones. It should be noted that in the case of L specimens the
fatigue crack tips were out of the HAZ during the whole propagation
period. The only reason for such fatigue crack growth behavior (Fig. 4¢)
in L specimens could be residual stress effects. The comparatively low
fatigue crack growth rates in specimens L with long cracks 2a > 40 mm
were caused by compressive residual stresses. Shorter crack lengths
2a < 40 mm were completely inside the tensile residual stress zone and
therefore they grew faster.

With specimens P, fatigue cracks were growing inside the tensile
residual stress zone during the whole propagation period. Therefore, the
P scatter band (Fig. 4b) has no discontinuities and is parallel to the scatter
band obtained from specimens U (Fig. 5).

The differences between fatigue crack growth rates in the three
different specimens U, P, and L are clearly shown on Fig. 6. It is apparent
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FIG. 6—Constant amplitude fatigue crack growth rates in specimens U, P, and L.
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FIG. 7—Fatigue crack growth behavior of specimens U, P, and L. with applied stress
ratio R = 0.35.

that under low stress intensity ranges AK < 25 MPa,m, that is, for short
cracks, fatigue crack growth rates in P and L specimens are almost the
same and a few times higher than in specimens U. But for stress intensity
ranges AK > 35 MPa,/m, fatigue crack growth rates in specimens L were
almost the same as in specimens U and a few times lower than in
specimens P..

Results presented on Figs. 7 and 8 show the effect of residual stresses
on fatigue life. The shortest lives were obtained in the case of specimen L,
which had both the shortest initiation and propagation periods. Actually,
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FIG. 8—Fatigue crack growth behavior of specimens U, P, and L with applied stress
ratio R =0.5.
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the initiation periods in specimens L and P were almost the same. In the
case of specimens L4, P4, and U4 (Fig. 8) the crack initiation periods
were 10 000, 13 000 and 50 000 cycles while the propagation periods were
185 000, 202 000, and 245 000 cycles, respectively. It is interesting that
the shortest lives were obtained in the case of specimens L although
cracks lengths 2a > 40 mm grew slower than those in specimens P. The
reason is that the shorter cracks (2a < 40 mm) in specimens L grew
slightly faster (Fig. 6) than those in the P specimens. On the other hand, it
is known that fatigue life depends strongly on the initial period of crack
growth when cracks are short. Therefore, the highest benefits from the
point of view of fatigue life could be reached by decreasing the initial
fatigue crack growth rates.

Growth of Fatigue Cracks Under Variable Amplitude Load

Most machine parts and structures are subjected to variable amplitude
loads. One of the very popular variable amplitude test methods is using
stepped ascending-descending (Lo-Hi-Lo) stress blocks [19].

Two different stress blocks representative of cranes were used (Figs. 9
and 10). Details of the stress block formulation are described in Ref 9. In
general, block No. 2 has higher o, values and is shorter. In both blocks,
o, was always equal to 144 MPa. The stress blocks were applied during
the test from stress level No. 1 to No. 13 and then the same block was
repeated to specimen failure.

Results obtained from specimens tested under stress block No. 1 are
shown in Fig. 9 in the diagram form 2a = f{N). The tests showed that, in
spite of the same stress block, the crack extensions caused by stress
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FIG. 9—Fatigue crack growth behavior of specimens U, P, and L with stress block No. 1.
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FIG. 10—Fatigue crack growth behavior of specimens U, P, and L with stress block
No. 2.

levels of the descending block part were shorter than in the case of the
ascending one. It was especially distinct in specimens U. The stress levels
No. 2 and No. 3 in the ascending block part caused about two times longer
crack extensions than analogous stress levels No. 11 and No. 12 of the
descending block part. During application of No. 13 stress levels the
fatigue crack stopped completely several times. The slower fatigue crack
growth under the descending part of the stress block was due to the
phenomenon called fatigue crack retardation [16,20]. Similar phenomena
have been noticed in the case of welded specimens L and P (Fig. 9).

The total fatigue lives of the welded specimens were shorter than those
of unwelded ones. This was due to shortr crack initiation periods in
welded specimens since the propagation periods (from 24 = 16 mm to
2a = 80 mm) were almost equal in all specimens. It shows from the point
of view of fatigue life that the early period of fatigue crack growth is just
as important as it was under constant amplitude load.

Different results were obtained from specimens tested (Fig. 10) under
stress block No. 2. Fatigue lives of the specimens were shorter and the
effect of residual stresses on fatigue crack propagation more distinct. The
crack propagation periods and total life were shorter in specimens L and P
than in unwelded U specimens. The main reason for this was the higher
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crack growth rate in welded specimens at short cracks in the early period
of their growth. Because of short crack initiation periods, the effect of
residual stresses on the crack propagation period was higher in compari-
son to welded specimens cycled under stress block No. 1.

The considerably shorter fatigue lives of specimens cycled under stress
block No. 2 resulted from little or no crack growth retardation. The
differences between successive stress levels were too small (Fig. 10) to
cause a visible fatigue crack growth retardation.

The tests cycled under both stress blocks were duplicated, but for easier
comparison only single specimen behavior is shown on Figs. 9 and 10.

Analysis of Theoretical Resuits

The theoretical prediction results are shown in previously discussed
Figs. 6 to 10. Curves of log d(2a)/dN versus log (AK) determined on the
basis of Eq 5 are shown in Fig. 6. The curves drawn with solid lines were
determined without including residual stresses. The dashed and dot-
dashed curves were calculated on the basis of effective stress ratio R
and effective stress intensity range, AK..

The curves 2a = f(N) shown in Figs. 7 and 8 were determined on the
basis of Eq 6. It is evident that inclusion of residual stresses to Eq 6
(dashed and dot-dashed lines) gives more realistic fatigue life prediction
for welded specimens. Neglecting them could give overly optimistic
results in the case of welded joints.

The theoretical curves (dashed and dot-dashed lines) shown in Fig. 6
suggest that including the residual stresses in Forman’s equation makes it
possible to predict fatigue crack growth rates in welded specimens on the
basis of the data obtained from the base material. Discontinuities of the
theoretical dot-dashed curves relating to specimens L3 and L4 (Fig. 6)
resulted because of rectangular residual stress distributions assumed for
the calculation. In the case of welded specimens L and P, the predicted
fatigue crack growth rates of long cracks (AK > 35 MPam) were usually
higher than the rates obtained during experiments. The reason is the
diminishing of residual stresses which were assumed to be constant during
tests.

Good agreement between theoretical curves 2a = f(N)and experiments
(Figs. 9 and 10) was reached for m = 0.6 and m = 0 in case of stress
blocks No. 1 and No. 2, respectively. This means that there was no visible
crack growth retardation for specimens cycled under stress block No. 2.

The results of integration of Eq 9 are shown in Figs. 9 and 10. The solid
lines represent unwelded specimens, U, which were fitted to experimental
results to obtain the m values. The dashed and dot-dashed lines were
determined including the residual stresses. A significant difference be-
tween theory and experiments existed in the case of specimens L cycled
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under stress block No. 1 only (Fig. 9). This probably resulted because of
neglecting the diminishing of residual stresses during the test. The best
theoretical predictions were obtained for specimens P. However, gen-
erally, it can be concluded that neglecting the residual stresses gives
overly optimistic fatigue life predictions.

Conclusions

Fatigue crack growth rate has an effect on weldment fatigue life. One of
the factors affecting the fatigue crack growth rate is represented by the
residual stresses. A stress intensity factor approach makes it possible to
take into account the magnitude and distribution shape of residual
stresses, respectively. The size of the tensile residual stress zone and the
crack orientation are especially important. The effect of residual stresses
on fatigue crack growth rate depends on the magnitude of the applied
load. The lower the applied load, the higher the residual stress effect.
Higher applied loads cause greater residual stress relaxation. But gen-
erally, as the aforementioned results have shown, the residual stresses
can significantly affect the fatigue crack growth rate and weldment fatigue
life.

The inclusion of residual stresses in the theoretical analysis permits
more realistic predictions and makes it possible to predict fatigue life of
weldments more accurately on the basis of data obtained from base
material only.
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Role of Crack-Tip Stress Relaxation
in Fatigue Crack Growth
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ABSTRACT: This study constitutes an effort to identify underlying processes
which contribute to load ratio (R) effects in fatigue crack growth. Approximate
analytical expressions are developed for crack-tip strains during steady-state cyclic
loading. Using these expressions, the strain history of an element of material which
is being approached by the tip of a fatigue crack—growing at a constant rate of
either 2.5 X 10~? or 2.5 x 10~" m/cycle (107 or 107 in./cycle) was calculated for
load ratios of 0 and 0.8. Applying these strain histories to smooth axial fatigue
specimens of 10Ni steel and 2219-T851 aluminum simulated the material’s mean
stress relaxation behavior at the crack tip. The number of cycles to failure
correlated with the simulated growth rates. Also, mean stress relaxation charac-
teristics in the crack-tip region qualitatively explain the load ratio effects on da/dN.
This information is likely to be important to alloy development and material
selection for fatigue resistance as well as for proper modeling of fatigue crack
growth data at several load ratios.

KEY WORDS: stress intensity, fatigue (materials), crack growth, aluminums, steels,
load ratio, stress relaxation, crack closure, crack propagation

The fracture mechanics approach to the characterization of the rate of
growth of preexisting, sharp defects in engineering metals subjected to
fatigue loading is used widely. As identified by Paris and Erdogan [/],2
the primary parameter controlling the rate of fatigue crack growth,
(da/dN), is the stress intensity range, AK, which characterizes the elastic
stress and strain range in the vicinity of the crack tip. Another loading
variable which can influence the fatigue crack growth rate is the load ratio
(R = minimum load/maximum load) [2].

In a recent study {31, the influence of load ratio was fully characterized
in a 2219-T851 aluminum alloy and a 10Ni steel for positive R values, Figs.

1 Senior engineers, Structural Behavior of Materials, Westinghouse Research and De-
velopment Center, Pittsburgh, Pa. 15235,
2 The italic numbers in brackets refer to the list of references appended to this paper.
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FIG. 1—Wide range fatigue crack growth rate behavior of 2219-T851 aluminum alloy at
various load ratios (Ref 3).

1 and 2. The wide range growth rates for which data were obtained,
included the full three region behavior for the aluminum alloy and the first
two regions for the steel. This sigmoidal shape is characterized by
increases in slopes of the log (da/dN) versus log (AK) plot in the low
(Region I) and high (Region III) growth rates compared to the inter-
mediate growth rates (Region II). The main conclusions of this previous
study can be summarized as follows: (@) in Region I, the load ratio is an
important loading variable in both materials, () in Region II, the
aluminum alloy shows a significant effect of R, although not to the extent
observed in Region I, (¢) in 10Ni steel the influence of load ratio on da/dN
in Region II could not be distinguished from the general scatter in the
data, and (d) in Region III, (behavior influenced by the onset of static
mode fracture—examined here only for the aluminum alloy), the load
ratio was again an important factor. These trends are in agreement with
observations noted by Ritchie [4] on a 300M steel. Such results demon-
strate that the influence of load ratio on fatigue crack growth rate is
dependent on both material type and the growth rate regime being
considered.

Attempts have been made to rationalize the effect of load ratio on
da/dN by using the phenomenon of crack closure proposed by Elber [5].
This phenomenon, attributed to a zone of residual deformation left in the



SAXENA AND HUDAK ON CRACK-TIP STRESS RELAXATION 07

wake of a growing fatigue crack, assumes the crack surface to be closed
“even during a portion of the tensile loading cycle. It is postulated that the
portion of the loading cycle during which the crack remains closed is
ineffective in propagating the crack. If crack closure is a dominant factor
in load ratio effects, then measuring the closure load as a function of R
and accounting for the reduced load range in terms of an ‘‘effective AK”’
should normalize data generated at different load ratios. Despite some
degree of normalization that has been demonstrated [5-8], the extent to
which crack closure influences fatigue crack growth remains a controver-
sial subject [9].

The intent of this paper is to focus attention on alternative or supple-
mentary crack-tip plasticity phenomena which are likely to influence
fatigue crack growth. The individual and combined effects of these
underlying phenomena need to be addressed in order to formulate a more
complete understanding of the fatigue crack growth process and ultimately
aid in material selection and alloy development for preventing fatigue
failures.

The specific objectives of this study were to (1) estimate how cyclic
plasticity at the crack tip dictates the magnitude of mean stress ahead of a
growing fatigue crack, using analysis and measurements on a 10Ni steel
and a 2219-T851 aluminum alloy, and (2) relate these mean stress
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FIG. 2—Wide range fatigue crack growth rate behavior of 10Ni steel at various load
ratios (Ref 3).
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characteristics to measured load ratio effects on da/dN in these same
materials.

Crack-Tip Stresses and Strains

In this section a simple analysis to estimate the maximum and minimum
strains in the plastic zone ahead of a fatigue crack growing at a constant
rate and given load ratio is described. Similar equations have been used
previously in attempts to correlate strain-life data obtained on smooth
specimens to fatigue crack growth rate as a function of AK [10,11]
obtained on precracked fracture mechanics specimens. The strain history
thus obtained can be applied to smooth axial fatigue specimens and
corresponding stress response recorded as described in the next section.
From the combination of the aforementioned analysis and experiment a
complete stress-strain characterization of an element of material being
approached by a propagating fatigue crack can be obtained. Consider a
cracked body loaded with a remote fatigue stress, AS, which is applied
normal to the plane of crack as shown in Fig. 3. AS results in a crack tip
stress intensity range, AK, and a crack growth rate, da/dN. Figure 4
shows a schematic of the stress-strain behavior experienced by an
infinitesimal element, dx (such as shown in Fig. 3), which is located at a
distance x from the crack tip. The element locations chosen for illustration
are: (a) beyond the monotonic plastic zone, x > 2ry, (b) between the
monotonic and cyclic plastic zones, 2r y¢ <x <2ry, (¢) at the cyclic plastic
zone boundary, x = 2r,¢; and (d) within the cyclic plastic zone, x < 2r°.

SERRERRL
Zx 4rkdx x

FIG. 3—Semi-infinite cracked body loaded with a remote fatigue stress, AS.
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Crack

(e)

FIG. 4—Stress-strain history of an element approaching the tip of a propagating fatigue
crack.

The ‘‘elastic’” stress distribution along the x axis is analogous to the
sustained loading case solved by Irwin [12].
Ao'y = Ao..l‘ e @ ﬂ. (la)
xi

A7, =0 (1b)

Since considerable plasticity occurs at the crack tip, the elastic stress
field, Eq 1, must be modified. This modification can be estimated simply
using Neuber’s rule [13] as follows

ke = (ko ko)t @)

where

k. = elastic stress concentration factor,
k.= stress concentration factor, and
k. = strain concentration factor.
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Combining the aforementioned definitions and Eq la, we have

A(rl,oC 1 AK

=2%, - 27 3

‘"AS AS ¢ (3a)
Ao

ky=29 3b

AS 36)

and k=3¢ E (c)
AS

where Ao and A€ are the actual stress and strain ranges in the crack-tip
region. From Eqs 2 and 3 it can easily be shown that

(AK)?
xE

Ao - Ae=c for x < 2ry @)

¢ is a constant of proportionality which will be determined later. The
1/x-type singularity predicted for the product of stress and strain ranges in
Eq 4 is similar to that suggested in the work of Hutchinson [/4], Rice and
Rosengren [15], and McClintock [16] who have related crack-tip stresses
and strains to the path-independent line integral, J, for sustained loading
conditions beyond nominal yield. An alternate form of Eq 4 for nonhard-
ening materials is as follows
_c(K max)”

emax_—_ (S
x E - oys )

where o and en., are maximum crack tip stresses and strains corre-
sponding to the maximum stress intensity factor, K max.

The constant ¢ is obtained from the monotonic plastic zone boundary
conditions

Tys

E

€max =

when

x p— L ( Kmax )2
w Tys
The preceding equation when substituted into Eq 5 gives

C = —
o™
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Thus, the final set of equations describing the estimated maximum,
minimum, and range of crack-tip strains as a function of distance from
the crack tip are given by

€max = M (6a)
T Oys * E -x
€min = M (6b)

€=(1+R) (AK)?
1-R 7oy E-x

A (6c)

forR>0and x < 2ry

Simulating the Strain History of a Crack-Tip Element

The strain versus distance relationship defined by Eq 6 can be used to
specify a test history in terms of strain versus fatigue cycles. This strain
history, when applied to an axial fatigue specimen, can be considered to
simulate the cyclic deformation behavior experienced by an element of
material being approached by a fatigue crack. The strain versus cycles
behavior is obtained by recognizing that the strain history of a material
element, dx, located at a distance x from the crack tip, being approached by
afatigue crack growing at a constant rate, da/dN , is equivalent to that of an
element moving towards a stationary crack tip at a rate, —dx/dN. That is

dx _da
N = N (7a)
and
x dx J’N
— - = dN 7b
J;,y (da/dN) 0 (76)

Note that, Eq 7b is written for an element which is initially located at the
monotonic plastic zone boundary; in other words, x = 2r ,when N = 0; thus
carrying out the integration in Eq 76 we get

x=2ry—N(gI%) (7c)
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Substituting Eq 7c into Eqs 6a and 66 we get

_ K%y
Cmax T ovs E [2ry — N(daldN)] (8a)
2
and €, = K nin (8b)

T Tys " E [2ry - N(da/dN)]

Using Eq 8, strain histories were calculated for growth rates of 2.5 x 10~
and 2.5 x 107" m/cycle (107 and 1073 in./cycle) for load ratios of 0 and 0.8
for both materials investigated in this study. Figure 5 shows a schematic of
such a strain history. The preceding strain histories were each applied to
smooth axial fatigue specimens while the mean stress relaxation behavior
was observed using procedures described in the next section.

Experimental Procedure

Material Characterization

The materials investigated in this program were a 10Ni steel and a
2219-T851 aluminum alloy. An extensive characterization of wide range
fatigue crack growth rates as a function of stress intensity range for several
load ratios is available for these materials from an earlier study [3], Figs. 1
and 2. The steel and aluminum was obtained in the form of 25.4-mm (1-in.)
and 76.1-mm (3-in.) thick plates, respectively. The chemical composition
of these materials is given in Table 1. Both materials exhibited uniformity in
conventional tensile properties with respect to location as well as orienta-
tion, Table 2.

Cyclic stress-strain properties of the two materials, as described by Eq
10, were characterized using the incremental step test. The strain-life
curve, Eq 11, was estimated by Dowling [17] using a modification of the

2
K !

€ T o amn
max wo, E2e, {da/aNIN)

2
K i)

€ T e A daanan
min~  woyE2E (da/dNIN)

i

x=2 ty x=0 23
No. of Fatigue Cycles

Strain

FIG. 5—Schematic of the strain history of an infinitesimal material element being
approached by the tip of a crack propagating at a constant rate, da/dN.
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procedures suggested by Landgraf [18]and Morrow [19]. These properties
are represented as follows

Ao =A(A€,/2) (10)
Ae/2 = %’ QN + €', QN (11)

where A, n’, o'y, €', b and ¢ are fitting constants and A ¢, /2 = plastic strain
amplitude. Table 3 lists the values of the aforementioned fitting constants
for 2219-T851 Al and 10N steel.

Simulation Tests

A cylindrical specimen, 6.2 mm (0.25 in.) in diameter and 12.7 mm (0.5
in.)in gage length was used for the simulation tests. Table 4 summarizes the
growth rates, load ratios, and the corresponding AK values for which the
strain histories were simulated. The maximum and minimum strain on the
smooth specimen was increased as a function of the number of cycles
according to a schedule determined by Eq 8 using step increments of 0.5
percent on maximum strain. Standard MTS servohydraulic equipment was
used for these tests. Stress-strain hysteresis loops were recorded periodi-
cally to measure the mean stress relaxation behavior. The number of cycles
to failure were also recorded.

Results and Discussion

Prior to interpreting mean stress relaxation results obtained from the
crack-tip simulation tests, an experimental justification of the strain history
developed in an earlier section is perhaps in order. The intent of the
simulation tests was to duplicate the strain history of an element that is
initially at the monotonic plastic zone boundary and is subsequently
approached by the tip of a fatigue crack growing at a constant rate. If the
aforementioned strain history is in fact a good approximation, the number
of cycles it takes for the smooth specimen to fail should ideally be equal to
the number of cycles required for the crack to extend one monotonic plastic
Zone size in a crack growth test. Alternatively, the monotonic plastic zone
size divided by the number of cycles to failure on the corresponding
simulation smooth specimen should be equal to the simulated rate of fatigue
crack growth. These data are tabulated in Table 4 and demonstrate the
suitability of the estimated strain histories.

Mean Stress Relaxation Behavior

In a constant amplitude, strain controlled test, when the strain ratio
(€min/€max) is other than —1, the mean stress during fatigue cycling is
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initially nonzero. In the low-cycle-fatigue regime, which is associated with
considerable cyclic plasticity, the initial nonzero mean stress relaxes and
quickly attains a value nearly equal to zero. However, in the high cycle
fatigue regime which does not involve cyclic plasticity the mean stress
remains approximately constant. The presence of a tensile mean stress is
associated with a significant decrease in fatigue life [20]. It thus appears
rational to characterize the mean stress behavior in the crack tip region by
means of simulation tests for various growth rates and load ratios and then
attempt to correlate these results with trends observed in the response
da/dN to load ratio, R.

Figures 6 and 7 show the residual mean stress, o, (normalized with
respect to the 0.2 percent yield strength) plotted as a function of number of
fatigue cycles, N (normalized with respect to the cycles to failure, N;) for
tests simulating various growth rates and R values for 2219-T851 Al and
10Ni steel, respectively. The same mean stress data can be plotted
alternatively against percent fatigue damage. This representation is more
realistic because a large number of total fatigue cycles in each of the
simulative tests were accumulated at low strain ranges, and thus do not
account for a substantial fraction of the damage as may wrongly be
interpreted from Figs. 6 and 7.

Fatigue damage was calculated by using Miner’s linear damage summa-
tion rule [2]] given by

N .
S _p (12)

Normalized Mean Stress, °n/°Ys

1 1 1 S
0 0.2 0.4 0.6 0.8 1.0
Normatized Fatigue Cycles, NIN'

FIG. 6—Normalized mean stress as a function of applied fatigue cycles in 2219-T851
aluminum alloy tests which simulate crack-tip strain histories at various growth rates and
load ratios.
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FIG. 7—Normalized mean stress as a function of applied fatigue cycles in 10Ni steel tests
which simulate the crack-tip strain history at various growth rates and load ratios.

where
D = damage,
N; = number of fatigue cycles at a given strain range Ae;, and
N; = number of fatigue cycles to failure at a constant strain

range Ae;.
For a particular strain range, N was obtained from a modified form of
Eq 11 which accounts for the influence of mean stress (o,) [22] on the
cyclic life of smooth axial fatigue specimen.

Ae; _ 0’4~ 0,

2 2

(2N)® +¢'s N g)* (13)

Percent fatigue damage was calculated subsequently using the following
equation

N ) N )
Percent Damage = (2 AN’) / (2 ?\’Nt X 100) (14)

i=: Nfi i=1 fi

Figures 8 and 9 present the normalized mean stress as a function of
percent fatigue damage for 2219-T851 Al and 10Ni steel, respectively. The
following observations are made from the figures: (a) a high level of mean
stress is present for a substantial fraction of the fatigue life, (b) the level of
mean stress is strongly dependent on R value, (c) at equivalent R values,
the mean stress relaxes more readily in tests simulating growth rates of 2.5
X 107" m/cycle (10~% in./cycle) as compared to those corresponding to a
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FIG. 8—Normalized mean stress as a function of percent fatigue damage in 2219-T851
aluminum alloy tests which simulate crack-tip strain histories at various growth rates and
load ratios.

growth rate of 2.5 x 107® m/cycle (10~7 in./cycle), and (d) in general, the
10Ni steel specimens were able to relax mean stress more readily as
compared to the 2219-T851 aluminum specimens at equivalent growth rate
levels and R values.

To further illustrate the last two observations, the difference in the
normalized mean stresses at R values of 0.8 and 0, that is (o,/0ys)g = 0.5 —
(o/ays)r = o0, Were plotted as a function of percent fatigue damage for the
two materials at the two growth rate levels investigated, Fig. 10. For both
materials, it is observed that the change in normalized mean stress levels
due to an increase in load ratio is significantly larger for growth rates of 2.5
x 107® m/cycle (1077 in./cycle) than for growth rate of 2.5 X 10~" m/cycle

Lo T T T T
10Ni-Steel R dalen

~, 0.8¢ infeye.)  (mfcyc.) g
4y nfoe.)  (migye.)
LA o0 1 25xu”’
z agq w7 25 %10~
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FIG. 9—Normalized mean stress as a function of percent fatigue damage in 10Ni steel
tests which simulate crack-tip strain histories at various growth rates and load ratios.
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FIG. 10—Comparison between the stress relaxation behavior at R = 0 versus R = 0.8 in
2219-1851 aluminum alloy and 10Ni steel at various growth rates.

(10~%1in./cycle). Also, the change in mean stress level due to an increase in
stress ratio for 10Ni steel was significantly less than for 2219-T851
aluminum at both growth rates investigated. Based on the aforementioned
observations it is postulated that the load ratio effects in fatigue crack
growth are linked directly to the extent of mean stress relaxation in the
crack tip region. In Region II of the da/dN versus AK relationship the
strain histories in the crack-tip regions consist of a high degree of cyclic
plasticity and thus, the potential for relaxing mean stresses is also high.
Hence, fatigue crack growth rates are not expected to be very sensitive to
load ratio. On the contrary, in Region I the extent of cyclic plasticity is
limited, thus causing high mean stresses to be retained and consequently
the fatigue crack growth rates are very sensitive to load ratios.

It has been demonstrated here in that the ability to relax mean stresses is
specific to material type. These differences are more significant in Region
Il of da/dN versus AK relationship which is associated with considerable
cyclic plasticity. The 10Ni steel was shown to be more capable of relaxing
mean stresses than 2219-T851 aluminum; hence, it would be expected to
exhibit smaller changes in growth rates as a function of R in Region II. The
differences in the behavior of the aluminum alloy and steel investigated can
be linked to the slip character of the two materials. High strength aluminum
alloys generally possess a planar slip character [23], while ferritic steels are
expected to exhibit a wavy slip mode associated with extensive cross-slip
on secondary planes. During fatigue loading, deformation is localized in
intense slip bands in planar slip materials and is relatively dispersed and
homogeneous in wavy slip materials. During strain controlled cycling, the
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wavy slip materials tend to stabilize stresses more readily compared to
planar slip materials [/1,23,24] and thus would be expected to possess a
higher capability to relax mean stresses in the crack tip region during
fatigue crack growth. Additional work with different types of materials,
including substructure characterization of the fatigued specimens, is
needed to confirm this point.

All of the preceding observations are consistent with data on load ratio
effects onda/dN in Regions I and II [3,4].2 Additional research is necessary
to quantify further the importance of crack-tip residual stresses for a better
understanding of the mechanisms of fatigue crack growth. Although, this
relaxation behavior and other local crack-tip phenomena such as crack
closure, are all related to the plasticity that occurs at the crack tip, the
unique contribution of each must be considered in formulating realistic
physical models of fatigue crack growth.

Summary and Conclusions

Approximate analytical relationships for crack-tip stresses and strains
within the monotonic and fatigue plastic zones were developed for cyclic
loading. The strain histories thus derived as a function of the number of
fatigue cycles were imposed on smooth axial specimens of 10Ni steel and
2219-T851 aluminum to study the relaxation of mean stress as a function
of fatigue damage. The following conclusions were derived from these
results.

(1) It was demonstrated, from the fatigue life data obtained on the
simulation tests, that the applied strain versus elapsed fatigue cycles are
good approximations.

(2) Load ratio effects commonly observed in fatigue crack growth rate
data are related directly to the extent of mean stress relaxation behavior at
the crack tip.

(3) The extent of mean stress relaxation at given R value depends on the
fatigue crack growth regime. Mean stresses were observed to relax more
readily in tests simulating growth rates of 2.4 x 107 m/cycle (10~°
in./cycle) compared to growth rates of 2.5 x 107® m/cycle (10~7
in./cycle) thus explaining why load ratio effects are stronger at the lower
growth rate.

(4) 10N steel was shown to be more capable of relaxing mean stresses
in the crack tip region as opposed to 2219-T851 aluminum. This trend was
linked to differences in slip character of the two materials.

(5) Further work is needed to quantify the crack-tip residual stresses to
develop a better understanding of fatigue mechanisms. Ultimately this can

3 As discussed in Ref 4, load ratio effects on Region III are likely to be determined by the
presence of an additional mode of cracking as critical stress intensity for instability is
approached.
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also be used in developing more realistic models for fatigue crack growth
and would be valuable information for material selection and alloy
development leading to improved materials for fatigue resistance.
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American Society for Testing and Materials, 1979, pp. 233-246.

ABSTRACT: Crack closure in single edge notched fatigue specimens of AISI 4140
steel was studied and it was determined that crack closure occurs at the edges of
the specimen in the area of slant mode fracture while the center portion remains
open. It was demonstrated that errors arise in the determination of crack opening
and crack closure loads if the displacement measurements are not taken an
adequate distance from the crack tip. Following careful evaluation of the loads for
complete crack opening and complete crack closure, it has been demonstrated that
in the equation for correlation or prediction of fatigue crack propagation, improved
correlation results when an effective value of AK is taken based on the range of
stress intensity factor to maximum load from complete crack closure rather than
from complete crack opening or minimum load.

KEY WORDS: fatigue (materials), crack propagation, stress intensity factor, steel,
closure, correlation

A considerable amount of work has been done on crack closure during
fatigue crack propagation, but there is still debate concerning the concept
as presented originally by Elber [/,2]® as to whether crack closure and
hence the effective range of stress intensity factor, AK ., rather than the
nominal one, AK, should be considered in order to provide a more
relevant and accurate parameter with which to correlate fatigue crack
propagation data using the Paris law [3]. The only direct hard evidence of
crack closure is that provided by Chang and Brunner [¢] and Lindley and
Richards [5], although various techniques for estimating crack closure
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have been employed including surface measurements by displacement
gages [1,2,6-9], enlarged photographs of surface displacements [10],
strain gages placed across the crack surfaces [/1,12], ultrasonic
methods [/3], direct optical methods [/4], potential measurements
[5,15-18], photoelastic techniques [4], and elastic compliance measure-
ments during unloading [/9]. The variation in technique employed stems
largely from the argument that surface measurements may not reflect
inner crack closure in the bulk of the material [19].

Correlation of fatigue crack propagation rate, da/dN, where a is the
crack length and N the number of load cycles, with AK.4 has been
examined by a number of workers [2,18,20] with mixed results. Dis-
agreement also exists between measured values of crack closure load for
the same material [2,7,11,15,16] and on the variation of closure and
closure load with the maximum value of stress intensity factor,
K nax[2,6-9,16,19]. These contradictory results are due largely to the
different methods employed in measuring crack closure [6], although
errors may also be due to notch effects [21], environmental effects and
mode of crack propagation [17,22], frequency effects [12], as well as
material scatter [23]. Hopefully, much of the existing confusion will dis-
appear once the basic concepts and mechanics of crack closure have been
examined more systematically and established firmly, and it is hoped that
the present work may provide some information in this regard by
providing direct evidence of crack closure and on the effect of crack
length, and hence K.y, on this, by examining the relationship between
the position of the gage with respect to the crack tip and the measurement
of crack closure, and by evaluating the effect of correcting the operative
range of stress intensity factor on the prediction of the fatigue crack
growth curve.

Experimental Procedures

Single edge notched fracture mechanics specimens of AISI 4140 steel
were used in all tests. The specimens had a thickness of 4.8 mm, a breadth
of 76.2 mm, and a length of 305 mm, the material properties being given in
Table 1.

Fatigue crack propagation data were obtained from specimens tested
under load control in tension-tension loading (0.222 to 18.015 kN) at a
frequency of 5 Hz and under constant environmental conditions of 40
percent relative humidity and 22.2°C. Crack growth was measured by
means of a traveling metallurgical microscope.

Two specimens were tested extensively for crack closure during fatigue
crack propagation, the analysis obtained from these tests being applied in
the analysis of 14 other fatigue crack propagation specimens tested under
identical conditions.
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Crack opening was monitored by means of a surface displacement gage
and a crack opening displacement gage. In addition, two-stage plastic-
carbon replicas were taken from the specimen surfaces along the length of
the entire fatigue crack while the specimen was held at constant load.
Surface replicas were obtained for crack opening corresponding to loads
from 0 to 16.25 kN in steps of 2.5 kN. The replicas were examined
subsequently in a transmission electron microscope after being shadowed
at 90 deg from both sides of the crack opening plane. Four recordings of
gage displacement across the crack were taken at a number of positions
behind the crack tip for each 2.5-mm increment in fatigue crack length. All
readings were analyzed statistically to avoid bias.

The crack opening load, P, is defined as the load at which the crack tip
is fully open or the point at which the crack tip is on the verge of closing.
The crack closing load, P, is defined as the load when the entire length of
the crack no longer experiences any further closure with reduction of
applied load: this parameter is not a measure of crack-tip closure but
rather of natural closure of the entire crack behind the tip. These points
are defined by the transitions from linear to nonlinear behavior in the
curve of load versus crack opening displacement. It was found that their
values were unrelated to the direction of loading, that is, loading or
unloading.

Results and Analysis

The effect of crack closure can be seen on the fracture surfaces of the
fatigue specimens after failure through the presence of rubbed regions as
shown in Fig. 1. Figure la is taken from the slant mode fatigue failure
region along the edge of a specimen and indicates that complete closure
has occurred between the two surfaces, with the fracture facets being
distorted or rubbed. The sharp demarcation between the open central
portion of the crack, where no rubbing marks are evident, and the closed
region along the edge is illustrated in Fig. 1b, indicating that closure is an
edge or slant mode related phenomenon in agreement with the observa-
tions of Lindley and Richards [5]. It is also seen that the crack tip does not
close in the interior of the specimen at any time for the specimen
configuration used.

A direct comparison between measurements of crack opening from
surface replicas and from a displacement gage is shown in Fig. 2. The
replica measurements correlated fairly well with the indirect displacement
gage measurements, the variation averaging 27 percent, and ranging from
44 percent at low loads to 11 percent at high loads. These observations
suggest that the record of crack opening displacement versus applied
load is reliable in measuring crack openings and that the nonlinear region
is indeed due to the effect of crack opening.

Both the opening and closing load ratios (the ratios of opening or
closing load to maximum load, P, were found to depend on the
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FIG. 1—Fractographic evidence of crack closure: (a) rubbed surface along edge of
specimen, (b) transition from rubbed portion at edge to undamaged region in middle of
specimen.
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distance from the crack tip at which crack opening displacements were
measured, as shown in Fig. 3. This figure is drawn up for the opening load
ratio and the values are averages for two specimens taken over the entire
process of crack growth, the load ratios being independent of crack length
as discussed later. It may be seen from Fig. 3 that the load ratios become
greater for measurements near to the crack tip, while they are constant
when taken more than about S mm from it. In order to resolve the reasons
for this variation, the finite element method (FEM) was employed to
determine the surface strains behind the crack tip (along the crack) due to
the specimen loading. The indicated gage displacement will be the sum of
the displacement due to crack opening and that due to surface strains.
Thus, the gage displacements could be corrected to indicate the true
values of crack opening displacement without the elastic strain in the
material adjacent to the crack surfaces.

The finite element program used was divided into two parts, the first
using a coarse mesh of 693 joints with 560 rectangles and 132 triangles
(Fig. 4a) and covering the whole specimen up to the plane of the crack:
the area adjacent to the crack tip consisted of 1.587 mm square elements.
The second part involved an area immediately surrounding the crack tip,
being 17.46 by 9.53 mm with crack-tip elements 0.397 mm square (Fig.
4b). This surrounding area utilized the boundary conditions obtained
from the coarse mesh analysis. The position of a gage placed at 0.9 mm
behind the crack tip with 1.75-mm gage length is also indicated in Fig. 4b.

Applying the results of the FEM, the corrected values for the loads at
which crack opening and closing are predicted on the basis of displace-
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FIG. 3—Dependence of the crack opening load ratio on the distance of the crack opening
displacement gage from the crack tip—average for two specimens over entire crack growth
curve. The point marked X indicates the corrected value of P,,/P .. after application of the
FEM to correct for surface strains.
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ment measurements made at a distance of 0.9 mm from the crack tip are
seen to be in reasonable agreement with the average values based on
measurements at distances greater than 5 mm from the crack tip, as
shown in Fig. 5. The FEM results indicated that the elastic strains would
have an influence of about 10 percent on the measured values of crack
opening displacement at a distance of up to 3 mm from the crack tip, in
reasonable agreement with the value of 5 mm obtained from gage
measurements as the distance above which the load ratio became con-
stant. The corrected value of P,,/P . at 0.9 mm from the crack tip, as
obtained from FEM analysis, is also shown on Fig. 3, and is seen to
compare reasonably with the values obtained some distance from the
crack tip.

From the foregoing it is clear the surface strains behind the crack tip do
influence the magnitude of the displacement gage readings when these are
taken in close proximity to the crack tip. Thus, it is suggested that
measurements used to define crack opening and crack closing should be
taken at a distance from the crack tip sufficient to ensure that the local
strain field does not affect them significantly.



SHAW AND Le MAY ON CRACK CLOSURE 241

12 T T T T
FATIGUE CRACK LENGTH 38.0 mm
GAGE 0.9 mm BEHIND CRACK TIP
CORRECTED FOR ELASTIC
ol STRAIN N SPECIMEN -
FROM FEM ANALYSIS
z . _
x
DIRECTLY MEASURED
- WITHOUT CORRECTION
[a]
<
o
-
o Fop
w Pop
Y AVERAGE VALUE OF Py, FROM
% TESTS WITH GAGE WELL
4 AWAY FROM CRACK TIP —
Pa
2 AVERAGE VALUE OF P, FROM  _|
TESTS WITH GAGE WELL AWAY
Pes FROM CRACK TIP
o I | 1 |
(<) 2 4 6 8 10

CRACK OPENING DISPLACEMENT, gm

FIG. 5—Plots of applied load versus crack opening displacement showing the effect of
correcting for elastic surface strains. Gage position 0.9 mm behind crack tip. The average
values of crack opening and closing loads from other tests with the gage well away from the
crack tip are also shown.

The opening load ratio for the two specimens is plotted against fatigue
crack length in Fig. 6, being based on crack opening displacement
measurements taken at a distance greater than 5 mm from the crack tip. A
statistical fit yields a slope of —0.00497, but when checked statistically at
the 5 percent level of significance there is no difference between the
statistically determined line and a line of slope equal to zero. In conse-
quence, a slope equal to zero has been drawn on Fig. 6, and it is seen that
the ratio can be considered independent of crack length, and hence
independent of K., and the plastic zone size at the crack tip. Using
Elber’s nomenclature [2], the effective stress range ratio, U, is defined as

U= —Pop/Pmax) / a —Pmin/Pmax)

where P, is the minimum value of the applied load, and it is seen that U
is independent of crack length.

The ratio P./P,, was found to be independent of the position of the
displacement measurement with respect to the crack tip (Fig. 7), and as
the crack opening load ratio, P,,/P .ax, Was independent of crack length
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(Fig. 6), it is apparent that one condition only, crack opening or crack
closing, need be defined to satisfy the conditions for crack opening or
crack closing for any value of crack length.

The conventional plots of fatigue crack growth rate, da/dN, versus AK
(= K max — K mir) may be modified by correcting K yin, the minimum value
of stress intensity factor based on applied load, to either K, or K, the
stress intensity factors corresponding to P,, and P, respectively. The
three plots of da/dN versus AK are given in Fig. 8, but no information is
given to suggest choosing one correction over the other or over the
original unmodified value of AK to give greater accuracy in predicting
crack growth.
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FIG. 8—Fatigue crack propagation rate as a function of range of stress intensity factor,
uncorrected, corrected for crack fully open, and corrected for crack fully closed.
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However, the equations corresponding to these graphs may be inte-
grated numerically to generate a set of crack growth curves, and this has
been done in Fig. 9. To obtain these, each of the four straight line
segments in the graphs of Fig. 8, based on the Paris law [3], was
integrated separately using 0.0254-mm increments of crack growth, and a
cumulative total was used to derive the complete growth curve. It may be
seen from Fig. 9 that the derived curve based on an effective AK
incorporating the crack closure load (that is, the load at which the entire
crack has normally closed) corresponds very closely to the original
experimentally derived curve.

It may be noted that the comparable segments of the plots in Fig. 8 do
not have the same slopes but that they vary slightly for each fit owing to
the change in position of segment intercepts. The combination of changes
leads to different percentages of specimen life in the various segments,
resulting in alterations in the integrated growth curves. Since the data
were treated statistically, including the determination of the segment
intercepts, the results should be free of bias.

In further analysis of other test specimens from a group of 16, similar
results were obtained. Thus, it appears that the effective range of stress
intensity factor, AK ., in the modified Paris equation for fatigue crack
propagation, should be taken at (K pax — K-

General Discussion

The experimental results and the analysis made have demonstrated that
crack opening displacements to determine the values of crack opening and
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FIG. 9—Plot of crack length versus number of load cycles, showing the experimental
curve, and curves derived for AK = Koz — Kmin), AKey = Koz — Kop), and AK 5 =
(Kma.r - Kcl)-
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crack closing loads must be made at a distance from the crack tip
sufficiently great to avoid errors due to the elastic strain field near to the
tip. They have also indicated that correction of the range of stress
intensity factor in the Paris crack growth equation, da/dN = C(AK)",
where C and n are constants, by substitution of K. for K, gives
improved prediction of crack propagation. These results were obtained
for AISI 4140 steel in fatigue under essentially plane strain conditions as
the extent of the slant mode at the edges constituted 0.65 percent or 0.015
mm in width on average over the length of the fatigue crack. However, it
is expected that the extent of slant mode fatigue, which will be dependent
on environment, specimen thickness, loading conditions, material
properties and possibly frequency, will probably be a governing factor in
crack closure phenomena. It should also be recognized that the distance
behind the crack tip up to which the influence of surface strains is
important (approximately 5 mm in this study) will also be dependent on
the gage length used to measure crack opening displacements: in the
present study this length was kept constant at 1.75 mm. Young’s modulus
will also have an effect on the extent of the strain affected region and the
latter will probably be greater for aluminum and its alloys.

Obviously, additional studies are required to generalize the conlusions
to cover a range of materials and, in addition, the influence of R ratio
(minimum load/maximum load) requires examination. However, it is
believed that the study has enabled a number of uncertainties and
inconsistencies related to the crack closure phenomenon to be cleared up.

Conclusions

1. Observations of the fracture surfaces have shown that the edge or
slant mode regions of the fracture surfaces close while the interior
remains open, even at the crack tip.

2. Direct surface measurements using replicas have confirmed the
correspondence of nonlinearity in the relationship between load and crack
opening displacement to crack closure phenomena when measured by
displacement gages.

3. Elastic stresses influence the measurements of crack opening ob-
tained from displacement gages when these are placed near to the crack
tip. Thus, valid measurements for a plot of load versus crack opening
displacement must be taken well back from the crack tip.

4. For the specific material and test conditions employed, the crack
opening or closing load ratios (P,,/Pmax OF P./Pmax) Were found to be
independent of fatigue crack length.

5. The ratio of crack opening to crack closing load, P,,/P;, was found
to be constant for all positions of displacement measurement and for all
values of fatigue crack length.

6. The prediction of fatigue life based on crack propagation data by
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means of an equation of the form da/dN = C( AK)"is improved when the
range of stress intensity factor is evaluated from complete crack closure
(K max — K rather than from crack tip closure (K pax — K,p) or minimum
load (K max — K mim)-
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Fatigue at Notches and the Local
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Approaches

REFERENCE: Dowling, N. E., “Fatigue at Notches and the Local Strain and
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ABSTRACT: Total fatigue lives of notched members are considered to be divided
into initiation and propagation phases. Notch size effects caused by crack propaga-
tion are accounted for automatically if initiation is defined as a crack size within the
local notch stress field. The extent of this field may be estimated from fracture
mechanics analysis, with its size being on the order of one tenth of the notch radius.
Plasticity effects must be handled properly in predicting crack initiation, but linear
elastic analysis is generally satisfactory for handling the propagation phase.

KEY WORDS: fatigue (materials), stresses, strains, crack propagation, fracture,
plastic, cycling, mechanics, deformation, loading

Fatigue life prediction for notched members may be approached from
several viewpoints. For crack initiation, the traditional approach based on
nominal stresses and stress concentration factors has been supplemented
recently by two more sophisticated approaches. These are the local strain
approach and an approach based on the fracture mechanics parameter
K//r. For crack propagation, the fracture mechanics approach is now
applied widely.

These various approaches are discussed in an attempt to show the
bearing of each on the problem of predicting fatigue lives of notched
members. The problem of defining crack initiation is considered, as are
notch size effects. Local notch plasticity is discussed relative to both
crack initiation and crack propagation. Near the end of the paper, a
procedure is proposed for predicting fatigue lives of notched members by
separating the total life into initiation and propagation phases.
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Crack Initiation Approaches

It is useful to consider the local strain and fracture mechanics (K//7)
approaches to crack initiation from the viewpoint of the elastic-plastic
strains occurring at the notch surface.

Elastic-Plastic Strains at Notches

The loading on a notched member may be described in terms of a
nominal stress, S, which is proportional to the applied load by a geometry
dependent constant. For example, for axially loaded notched members,
load is usually divided by cross sectional area to obtain nominal stress.
And the severity of the notch may be characterized by an elastic stress
concentration factor, k.. In particular, k,and § are defined consistently so
that the product £.S is the maximum principal stress at the notch for
elastic behavior. Where plastic deformation occurs at the notch, values of
kS are fictitious stresses. Analysis .that specifically considers plastic
deformation must then be employed to obtain the actual notch stresses
and strains.

Several workers [/-3]? have performed elastic-plastic finite element
analyses that are relevant. Wilson [2] analyzed bluntly notched compact
specimens as in Fig. la. Three different values of notch root radius, r,
were used to obtain a wide range of values of elastic stress concentration
factor. In this geometry, the nominal stress, S, is calculated from the
applied load, P, by assuming a linear stress distribution due to tension and
bending.

2 The italic numbers in brackets refer to the list of references appended to this paper.
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The results of the analysis are shown in Fig. 2, along with the uniaxial
cyclic stress-strain curve [4] used as a basis for the analysis. Notch strains
are plotted versus k.S, thus requiring the elastic solutions to all coincide
along the straight line which is shown. Beyond yielding, the strains are
larger than estimated by the extrapolation of the elastic solution. This
type of plot nevertheless causes an approximate normalization, despite
the changes in geometry reflected in the different k, values. Similar
approximate agreement of k.S versus notch strain curves is also shown
in Ref 2 for a blunt notched compact specimen and a plate with a circular
hole. Hence, these analytical results imply that, for notched members of a
given material, there is a reasonably unique relationship between k.S and
notch strain.

Also shown in Fig. 2 is a k.S versus notch strain curve obtained from
Neuber’s rule [5]. Neuber’s rule postulates that during plastic deforma-
tion the geometric mean of the stress and strain concentration factors
remains equal to k,

V]EO';EG = kt (1)
If the gross deformation behavior is elastic, Eq 2 takes the form
JoeE = k.S )

where o and € are local notch stress and strain. Equation 2 was combined
with the cyclic stress-strain curve to obtain the relationship shown in Fig.
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FIG. 2—Load versus notch strain curves for blunt notched compact specimens under
plane strain (Wilson).
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2. However, before this was done, the stress-strain curve and Eq 2 were
both modified as described in detail in Ref 6 to reflect the plane strain
assumption, which also was used in the finite element analysis. Note that
Eq 2 provides a reasonable estimate of the strains. Also, if the stress-
strain curve, hence the material and the state of stress at the notch, are
unchanged, Eq 2 implies a single unique K, S versus notch strain curve for
all geometries and k, values.

There are exceptions to this approximate uniqueness of the relationship
between k.S and notch strain. Figure 3 illustrates this by analytical results
from Ref 1, where the k.S versus notch strain curve is altered significantly
by changing the notch sharpness in circumferentially notched round bar
specimens.

Additional analytical results and experimental verification thereof are
needed before broad generalizations can be made concerning geometry
effects on k.S versus notch strain curves. Differences can be expected
where different amounts of constraint (plane stress versus plane strain)
occur. Also, note that fully plastic limit load occurs at different values of
k.S in various geometries. Near limit load, unusually large strains are
expected, so that the k.S versus notch strain relationship will not be unique
if any of the geometries involved are loaded near limit load.

Local Strain Approach

In the local strain approach, a given notch surface strain is assumed to
always result in the same fatigue life. Thus, the fatigue data used are in the
form of a strain versus cyclic life curve. Usually, total cycles to failure
data for small unnotched axial specimens are used. Although the data are
more difficult to obtain, a strain versus life curve corresponding to a
specific small crack size can be used if available. Various strain versus life
curves for an alloy steel are illustrated in Fig. 4. These particular data
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3 / ky=197 -
S 06 =
g , —180 %)
2 / z
2 / _
2 0l Y e
] _—="" Cylico-eCure
v / (Cr-Mo Steel) %
= 0,2 r

| L ! 0

0 0.004 0.008 0.012 0.016

€, Max Prin Strain a Notch

FIG. 3—Load versus notch strain curves for circumferentially notched round bar
specimens loaded axially (Mowbray).
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FIG. 4—Strain versus cycles to crack initiation data from unnotched axial specimens of
diameter 6.3 mm (0.25 in.).

were obtained using unnotched axial specimens under controlled grip
deflections as described in Ref 7.

When combined with &S5 versus strain relationship such as those in
Figs. 2 and 3, the strain versus life curve provides a prediction of the load
versus cycles to crack initiation behavior of the notched member.
Detailed analysis as by finite elements is usually unavailable, so that the
k.S versus strain relationship is often estimated using Neuber’s rule.
Successful use of the local strain approach with Neuber’s rule is demon-
strated in Refs 8 and 9.

Fracture Mechanics (K/,/T) Approach

At a sharp notch in an elastic body, the maximum stress is located at the

notch surface and is given [/0,11] approximately by
2K
JTr

o=

&)

where K is the stress intensity calculated from linear elastic fracture
mechanics as if the notch were a crack, and r is the notch radius. Since o
= kS, Eq 3 gives

3%

and

&

ke= &)

%)
ﬁ
~
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In the fracture mechanics approach to fatigue at blunt notches [12,13],
the quantity K//r is plotted versus initiation life as a means of correlating
the behavior of different geometric shapes. Where the estimate of k, given
by Eq 5 is accurate, Eq 4 indicates that correlating fatigue lives using
K//r is equivalent to using k,S. Note that ¢ =k, S is a fictitious stress if
local notch yielding occurs. However, from the preceding discussion
relative to Fig. 2, a given value of k,S generally implies approximately
equal notch strains independent of geometry. Thus, correlating initiation
data for various notched geometries in terms of K//r is approximately
equivalent to a correlation in terms of notch strain.

However, difficulties with K/,/r may arise due to the approximate
nature of Eq 3. This can be shown by comparing &, values from Eq 5 with
more exact analytical results [2,14,15]. Table 1 makes such a comparison
for various geometries illustrated in Fig. 1. For the compact specimen
analyzed by Wilson [2], the fracture mechanics estimates of &, are all
within 10 percent of the values from elastic finite element analysis.
However, for elliptical holes in infinite uniaxially stressed plates, the
fracture mechanics estimate is accurate only for thin ellipses with major
axis perpendicular to the stress direction. It is low by 33 percent for the
particular case of a circular hole. Even larger errors occur for elliptical
notches with major axis parallel to the stress direction, and also for
various other cases involving circular holes. See Table 1.

In general, the fracture mechanics estimate of k, will be reasonably
accurate only for notches which are crack-like in form. In particular, the

TABLE 1-—Stress concentration factors and notch stress field sizes
for various notched members ®

Fig. Geometry Case Exact &, F.M. &, Cnr
la blunt notch compact riw = 0.005 8.32 8.35 0.200
specimen riw =0.0235 4.00 3.85 0.190
riw = 0.100 2.09 1.87 0.176

1 elliptical hole in wide any c/b 1+ 2/b 2clb varies
plate, remote c/hb =4 9 8 0.159
uniaxial stress ch =2 5 4 0.132
ch =1 3 2 0.097
cb =05 2 1 0.062
ch =0.25 1.5 0.5 0.034
Ic circular hole in wide T=S§ 2 2 0.249
plate, remote stress T=-§ 4 2 0.052
1Ic circular hole in ciw = 0.25 3.23 2.08 0.092
finite width plate, ciw = 0.50 4.32 2.37 0.068

T=90
1d pressure in circular hole . 1 2 0.257°%

¢ The k, values given are equal to o/S, where o is the maximum principal stress at the
notch, and S is nominal stress as variously defined in Figs. 1 and 2.
b Pressure excluded from crack.
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notch depth, ¢ in Fig. 1, must be large compared to the notch radius, r.
This is of course violated by circular holes and by many other types of
mild notch. Where the fracture mechanics estimates of k, are inaccurate,
difficulties are expected in correlating fatigue data using K//7r. For
example, if fatigue crack initiation data for a bluntly notched compact
specimen, Fig. 1a, is compared on the basis of K//r with similar data for
a plate with a circular hole, such as Fig. Ic withT =0 and c¢/w = 0.5, a
lack of correlation is expected. Such a comparison would be a critical test of
the K/, /r approach as the data are expected to be correlated by &, S but not
by K/,/r. The published literature advocating the K/,/r approach do not
contain any such critical test.

The use of stress intensity, K, for blunt notches can be misleading as it
suggests that a profoundly new approach is being used. This is not the
case. Rather, fracture mechanics analysis is in effect being used simply to
estimate k, values. It is suggested that the use of plots of K/,/ 7 versus life
should be dropped. Initiation behavior of various notched shapes should
be correlated instead in terms of &,S. The best available value of k, should
always be used. In some cases, fracture mechanics analysis will provide
this best available value, but in others it will not.

Definition of Crack Initiation

In any approach to predicting crack initiation, some care must be used
in defining this event. Linear elastic stress intensity solutions for cracks at
notches [16] provide a basis for choosing a crack size for use as a
definition of initiation.

Stress Intensity Solutions for Cracks at Notches

Figure 5 illustrates the stress intensity solution for the case of a circular
hole in an infinite plate under uniaxial stress. The dashed line is the actual
numerical solution from Ref 16, and the two solid lines are limiting cases
for short and long cracks.

The short crack limiting case corresponds to a free surface crack having
a length, ¢, which is measured from the end of the notch. The stress is
elevated by the stress concentration factor, k, = 3, and a free surface
correction factor [17] of 1.12 is needed.

K,=1.12 kS [7€ 6)

For long cracks, the stress intensity solution is the same as for a single
crack of total length 2a.

K, =S /ma ™)

where a = ¢ + ¢, with ¢ being the radius of the hole.
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FIG. 5—Short and long crack limiting cases and numerical solution for cracks growing
from a circular hole in an infinite plate (Newman).

For increasing crack length, the numerical solution first follows Eq 6,
then there is a transition in behavior, followed by approximate agreement
with Eq 7. Hence, there is a transition from behavior controlled by the
local notch stress to behavior controlled by the bulk stress. At large crack
lengths, the notch is important only in that its depth must be included in
the crack length.

Consider the crack length corresponding to point M in Fig. 5, the
intersection of the short and long crack limiting cases. This length, here
called ¢,, locates the transition in behavior between the short and long
crack limiting cases.

Similar stress intensity solutions for cracks at notches are available [16]
for the geometries of Figs. 1, ¢ and d, specifically for each case of these
which is listed in Table 1. Equation 6, with the appropriate &, value for
each situation, gives the small crack limiting cases. The long crack
limiting cases are given by Eq 7 except as follows: For the finite width
cases of Fig. 1c, Eq 7 must be replaced by

K,=F S /ma @®

where F is a function of a/w [16,17]. Also, the long crack limiting
case [16,17] for Fig. 1d, assuming the pressure to be excluded from the
crack, is

_28¢
Kl _‘/ﬁ (9)
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For each of these situations, the short and long crack limiting cases may
be combined to obtain values of ¢,,. These are given in Table 1 as fractions
of the notch radii.

For stress intensities, K, corresponding to crack lengths less than ¢,
ratios K/K, were computed for each numerical analysis data point from
Ref 16. And for lengths greater than ¢, ratios K/K, were computed.
These are plotted in Fig. 6 versus crack lengths normalized with respect to
¢n. The behaviors are all qualitatively similar to that in Fig. 5. As ¢/¢,
approaches unity, the stress intensities fall below the small crack limiting
case, with the maximum deviation generally being 10 to 20 percent. At
larger values of ¢/¢,,, the numerical analysis may overshoot the long crack
limiting case, in two situations by as much as 25 percent.

Size of the Local Notch Stress Field

From the behaviors of the various stress intensity solutions in Fig. 6
being similar to Fig. 5, the interpretation is made that in each case ¢,
represents the distance within which the local notch stress field dominates
the stress intensity solution. In other words, for a crack growing from a
notch, £, is a measure of the extent of the local notch stress field. Even
for geometries where detailed analysis as in Fig. 5 is unavailable, £,
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FIG. 6—Comparison of stress intensity solutions for cracks at notches with either the
short crack or long crack limiting cases.
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values calculated from the long and short crack limiting cases will still be
assumed to have this significance. Thus, €, values are also given in Table
1 for the geometry of Fig. la.

For notches where the long crack limiting case is of the form of Eq 8,
the following general equation for ¢,, is obtained using Eq 6

_ c
b = WIZRIFF =1 a0

where c is notch depth as variously defined in Figs. 1 or 7a. Considering
deep notches, let ¢ and ¢ be redefined as in Fig. 7b. Equation 8 is then
applicable, but Eq 10 must be modified

_ c
bn = (1.12kJFy +1 (1

In Table 1, the various ¢, values range between approximately r/30 and
r/4. However, values of ¢, for a surprising variety of relatively sharp
notches fall in the narrower range of approximately r/10 to r/5. In Table 1,
this is true of all the cases of Fig. la, and also for those of Fig. 1b except
where c/b < 1. Values of ¢,, for various deep hyperbolic notches [15] with
k, > 2 also fall within this narrower range. In general, the values increase
toward r/5 as notch sharpness is increased. This is easily understood by
combining Eqgs 5 and 6, noting that K in Eq S is the long crack limiting
case, which gives a value of ¢,, = 0.199r for sharp notches.

A length parameter is also used in Ref /8 to describe the extent of the

(a)

(b)

FIG. 7—Nomenclature for (a) shallow and (b) deep notches.
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local notch stress field relative to cracks at notches. However, the
specific estimate proposed in Ref 18 is in disagreement with the range of
values r/10 to /5 for relatively sharp notches.

Definition of Crack Initiation

Figure 8 illustrates the effect of a stress intensity solution similar to Fig.
5 on the growth of a fatigue crack. It is assumed in Fig. 8 that a very small
crack of length ¢, is present as a result of N, cycles having been applied
previously. The crack length versus cycles behavior at short crack lengths
will be similar to that in an edge-cracked plate having an applied nominal
stress equal to k.S and an initial crack of the same size, ¢,. Note that such
a member has a stress intensity solution [/7] identical to Eq 6, the short
crack limiting case for the notched member.

With increasing crack length, as the actual stress intensity in the
notched member drops below that given by Eq 6, the resulting difference
in growth rates will cause the two crack length versus cycles curves to
diverge. For crack lengths approximately equal to or less than ¢, the
behavior of the notched member is predicted reasonably by the unnotched
plate under loading k.S. This is illustrated by crack length, ¢, in Fig. 8.
Therefore, where notched member behavior is being predicted from
unnotched specimen data, the choice of a crack length near or smaller
than ¢, as a definition of initiation avoids problems with geometry
dependence of the initiation life.

Assume that a crack length significantly larger than ¢, is used to define
initiation, this being illustrated by ¢; in Fig. 8. The notched member will
then require a larger number of cycles than the unnotched member for
propagation from ¢, to ¢;. If the life spent prior to length ¢, is large
compared to the life between ¢, and ¢;, then the error due to defining ¢; as
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FIG. 8—Effect of propagation out of the local notch stress field on crack length versus
cycles behavior.,
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initiation will be an unimportant fraction of the total initiation life. Hence,
it is still possible in this situation for a life prediction based on an
unnotched specimen under loading k.S to be accurate. However, defining
initiation as a crack length equal to or less than ¢,, is preferable as this
precludes any difficulty.

Consider the situation where it is desired to use notched test specimens
to simulate a notched engineering component. The lives will be indepen-
dent of the geometry change as long as the crack length versus cycles
behaviors, such as the solid line in Fig. 8, are similar. Where initiation is
defined as a crack length equal to or less than the ¢,, values of both the
specimen and the component, Fig. 6 implies that equivalent loadings in
terms of k.S will assure a reasonable simulation. Since, from the earlier
discussion, equal values of k.S imply similar notch strains, local notch
plasticity should not cause major problems with this approach.

However, it may be desirable to define initiation as a crack length
greater than ¢,. In this case, the notch radius for the test specimen
geometry should be chosen so that the ¢, values for specimen and
component are equivalent. Since ¢, is roughly a constant fraction of the
notch radius, this will result in approximately equivalent notch radii. The
long crack limiting cases of the stress intensity solutions will then be the
same at crack length ¢,,, and, from Fig. 6, the actual stress intensities will
be similar. By intelligent choice of the specimen geometry, it may be
possible to achieve similar long crack limiting case stress intensities in
specimen and component up to crack lengths considerably longer than ¢,,.
Thus, for loading at equal &S values, and for notches with equal ¢,
values, the principal factor limiting the defined initiation size is di-
vergence of the long crack stress intensity solutions.

Notch Size Effects

It has been long noted that sharp notches have less effect on fatigue
strength than expected based on elastic stress concentration factors, &,
applied to unnotched specimen data. Explanations for this apparent
paradox have been suggested that are based on statistical size effects or
the breakdown of continuum mechanics at small size scales. Of the
various relationships employed: to calculate fatigue strength reduction
factors for notches, the best known is probably that due to Peterson [/9]

kt_ 1
_t 12
1+ alr {12

where k;is a reduction factor applied to unnotched specimen fatigue
strengths, r is notch radius, and « is an empirical material constant having
a value typically in the range 0.25 to 0.025 mm (0.01 to 0.001 in.). Except



DOWLING ON FATIGUE AT NOTCHES 259

for r large compared to a, Eq 12 implies k; values significantly less than k,.
Test data clearly reflecting this trend are given in Ref 20.

Local notch plasticity in part explains the k, effect. The local strain
approach to crack initiation, as described earlier, accounts for this aspect
of the problem. However, the effect remains even at long lives where the
plasticity explanation does not apply. Hunter and Fricke [20] suggested in
1957 that the k;, effect is due primarily to crack propagation.

Notch Size Effects Due to Crack Propagation

An explanation of notch size effects based on crack propagation follows
directly from the earlier discussion on the behavior of cracks at notches.
Assume that both unnotched and notched members have been subjected
to sufficient fatigue cycling so that they both have initial cracks of the
same size, ¢;, which is small compared to ¢, for the notch. Further, define
failure as a specific crack size, ¢;, which is larger than ¢,

If the unnotched members are wide plates which develop an edge crack,
the stress intensity is given [/7] by Eq 8 with F = 1.12. Assume crack
growth rate behavior of the form

d¢

N = AK" (13)

where d¢/dN is cyclic crack growth rate, and A and n are material
constants. Substituting Eq 8 with F = 1.12 into Eq 13 and integrating
yields an equation relating stress and life for propagation from ¢; to ¢,.

1—-n/2 _ 1—n/2
(f n, (i nf

TAd —n2) (.12 /A

Take the notched members to be any case of an ellipse in a wide plate,
Fig. 1b. Approximate the stress intensity solutions by following the small
crack limiting case up to points such as M in Fig. 5, and beyond this by
following the long crack limiting case. Equations 6 and 13 then give the
life for propagation from ¢; to ¢,, and Eqs 7 and 13 give the life for
propagation from ¢,, to ¢,. Adding these two lives results in an equation
relating stress and the total life for propagation from ¢; to ¢;.

NS* (14)

_ (ml -n2 _ (il - nf2 + (C + (f)l - n/2 _ (C + [m)l - nf2
Al = n2) Q. 12k ) Al = n2) (/)"

Note that the S-N curves for both smooth and notched members for
propagation from ¢;to ¢;, Eqs 14 and 15, are straight lines on log-log plots
with identical slopes of —1/n. Hence, at any given life, the notched
member curve is below the unnotched member curve by a factor, &,
which does not vary with life

NS® (15)
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k _ (fl—nlz - (il—n/Z 1/n
’ [(1/k,)"(€,,,1—n/2 — 6B + (L12)M(c + €)' "2 —(c + &n) - n,z]]

(16)

The strength reduction factor, k,, is a function of ¢;, ¢, k,, c and n.
Although ¢, also appears in Eq 16, this is a function of £, and ¢ from Eq 10
with F = 1. It is significant that k, depends on c as this indicates a size
effect. Equation 16 is of course applicable only for the geometries
assumed; however, analogous relationships can be developed for other
situations.

Some values of k, from Eq 16 are given in Table 2. A typical value of
n =3 is employed. The initial crack size is chosen to be quite small, and the
final crack size in an easily detectable, but not a large, size. Values are
calculated for two sizes, ¢, for each of three shapes of elliptical hole. Note
that for a given k, value the strength reduction factor, &, is always larger
for the larger size notch. Also, for increasing notch sharpness at a given
size, ¢, the k, value decreases relative to k, This effect is more
pronounced for smaller sizes.

If the derivation above is revised for the case of the final crack size, ¢;,
being less than ¢,,, the simple result k, = k, is obtained. This might be the
case in practical situations where the notch radius is large. Note that k, =
k, for large notches is consistent with Eq 12 giving k, = k, for r large
compared to «.

Combined Effects of Crack Initiation and Propagation

A significant fraction of the fatigue life may be spent in initiating the
crack length, ¢;, of Eq 16. This will reduce the importance of the
propagation life in determining the overall behavior.

Figure 9 illustrates this situation. Unnotched specimen fatigue lives are
divided into initiation and propagation phases defined in terms of crack
lengths ¢; and ¢;. Consistent with the test data of Fig. 4 and Refs 20 and

TABLE 2—Notch fatigue strength reduction factors for crack propagation,
assuming elastic behavior and various elliptical holes in wide plates.

Assume ¢; =0.025 mm = 0.001 in.
¢ =2.5mm=0.1in.
n=3

k, for Notch Size, c, of

clb k, 25mm = 1in. 2.5 mm = 0.1in.
1 3 3.00 2.47

2 5 4.83 2.77

4 9 6.86 2.81
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FIG. 9—Estimating notched specimen total life by first separating the life into initiation
and propagation phases. Mildly notched members behave in this manner.

21, the total life is indicated to be mostly propagation at short lives, but
mostly initiation at long lives. Thus, at intermediate lives there is a
transition in behavior from propagation dominated to initiation dominated
behavior.

These initiation and propagation phases of life are handled separately to
predict the total life of the notched member. Since ¢; has been chosen as a
sufficiently small crack size, the strength reduction factor for crack
initiation, ;, is simply equal to k,. The strength reduction factor for the
propagation life, &, is given by a relationship similar to Eq 16. Initiation
and propagation lives can then be added to obtain total life for the notched
member,

At any given life, a strength reduction factor for total life, k;, may be
defined as the ratio of the unnotched and notched member fatigue
strengths. Figure 9 suggests that k, will vary with life, always being
intermediate in value between k, and k,. Also, based on Fig. 9, the
transition from propagation dominated to initiation dominated behavior is
expected to shift to longer lives for increasing notch sharpness. This is
due to k, increasing more slowly with notch sharpness than &,. Such a
trend and in general behavior similar to Fig. 9 is indeed observed for
relatively mild notches [20,221].

However, an additional complexity must be added to explain the
behavior of sharply notched members. Figure 10 shows long life fatigue
strengths from Frost [23] for notches all of the same depth, but with a
variety of different notch radii. These fatigue strengths are plotted as a
function of k., with data being shown both for initiation and for failure.
Initiation is controlled by k, and the smooth specimen endurance limit,
o., as expected. However, beyond a certain sharpness of notch, these
initiated cracks do not propagate to failure, the failure stress becoming
independent of k,.
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FIG. 10—Long life fatigue strengths for mild steel under completely reversed loading, for
notches all of depth 5.1 mm (0.20 in.), but with various radii (Frost).

Analysis of a variety of similar data [23-25] reveals that this limiting
failure stress is consistent with the fracture mechanics concept of a stress
intensity threshold [26], K ;,, below which fatigue crack growth does not
occur. Considering the notch depth, ¢, as a crack length, and using the
long crack limiting case of the stress intensity solution in the form of Eq 8,
these limiting stresses are given by

S =FI§% {n

where the value of F is appropriate to each particular geometry according
to Ref 17.

The intervention of such a limiting failure stress for sharply notched
members modifies Fig. 9 as shown in Fig. 11. Fig. 11 suggests that, for
very sharp notches, the life at all stress levels may be dominated by crack
propagation. Such behavior is in fact observed [20]. From Fig. 10 and Eq
17, note that the notch sharpness necessary to cause propagation domi-
nated behavior similar to Fig. 11, rather than behavior similar to Fig. 9, is

k, > T/ T (18)
Kth

In the development of Eq 16, and also in Table 2 and Figs. 9 and 11,
note that linear elastic and continuum behavior are assumed. Thus, for
engineering metals, these are strictly applicable only where plasticity
effects are minor, that is, at relatively long lives or for highly strengthened
alloys, and then only where all of the geometric dimensions of interest,
such as crack length and notch radius, are large compared to the
microstructure. However, the qualitative observations made are thought
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FIG. 11—Effect of crack growth threshold on relative positions of the notched and
unnotched specimen S-N curves for a sharply notched member.

to be more widely applicable, as to ductile metals at short lives. In
particular, crack propagation is thought generally to be the major source
of size effect in notched members. As most engineering metals exhibit
only slight plasticity in unnotched specimens tested at long lives, Eqs 17
and 18 are not severely limited. An exception is that neither is applicable
to notches where the depth, c, is so small as not to be large compared to
the microstructure of the material.

Notch Plasticity Effects

For crack initiation, local notch plasticity is accounted for by the local
strain approach. Where initiation is predicted from another notched
geometry by correlating lives with .S, plasticity effects are included
because of similar strains occurring in both geometries at equal values of
k.S. If the gross behavior is elastic, notch plasticity will not affect the
propagation of relatively long cracks, but its effect may be important for
short cracks. It is therefore necessary to consider local notch plasticity in
relation to crack propagation.

Plastic Zones at Notches

Based on the elasticity analysis of Ref 14, the stresses ahead of a notch
are illustrated in Fig. 12 for one particular case of an ellipse in a wide
plate, Fig 1b. Near the notch tip, the maximum and minimum principal
stresses are o, and o,. This is true both for plane strain, which is
illustrated, and for plane stress, where o, is absent.

Using the maximum shear stress criterion, the yield strength is ex-
ceeded over the distance ¢/2, where the difference (o, — o) exceeds the
uniaxial yield strength, o,. However, equilibrium of forces requires some
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FIG. 12—Plastic zone at a notch estimated from elastic analysis.

redistribution of stresses, resulting in a plastic zone that extends roughly
to a distance e from the notch tip. The preceding logic is similar to that
used in estimating the plastic zone at a crack tip [27].

Applying this procedure to the stress distribution developed by
Creager [11] for sharp notches gives

e = r[kSloyy® — 1] (19)

For a given value of fictitious notch stress, k.S, note that e is proportional
to r, the notch radius. Equation 19 is plotted in Fig. 13, along with the
results of similar estimates for various other notch geometries from Figs.
1 and 1c. Where .S/ oy is less than unity, there is no plasticity, hence
e=0.

Also shown in Fig. 13 are plastic zone sizes from the plane stress finite
element analysis reported in Ref 28. These particular geometries do not
correspond to any of the curves, but they should approximately agree
with the central group of curves for various notches under uniaxial
loading. The reasonable agreement obtained supports the validity of the
estimates.

Applicability of Stress Intensity Solutions for Cracks at Notches

On each curve in Fig. 13, the value of ¢, is indicated. The previously
mentioned value of ¢,, — 0.199r applies to the Creager stress distribution,
and the other values are those listed in Table 1. It is significant that in each
case the estimated plastic zone size exceeds ¢, for loads only modestly
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FIG. 13—Notch plastic zone size estimates for various cases of elliptical and circular
holes in wide plates.

above those necessary to cause notch yielding. This occurs at values of
k.S /oy between approximately 1.1 and 1.3 for the cases illustrated, with
the latter value applying to sharp notches in general. In other words, the
local notch stress field, the size of which is characterized by ¢,, is
engulfed by the plastic zone of the notch at loads just above those
necessary to cause notch yielding. Note that linear elastic fracture
mechanics is applicable only where the extent of plasticity is small
compared to the other geometric dimensions, such as crack length. Also,
note that notch plasticity usually is present in finite life fatigue, especially
for ductile metals. This, it must be concluded that the small crack limiting
case of the stress intensity solution, Eq 6, and also the special numerical
solutions [16] for cracks at notches, as in Figs. 5 and 6, are of only limited
usefulness for notch fatigue problems.

One method of overcoming this difficulty would be to employ elastic-
plastic fracture mechanics for small cracks at notches. Analysis of this
type is described in Ref 29 for a circular hole in a plate, where values of
the J-integral [30] are computed from finite element analysis. Such an
analytical result can be expressed in terms of values of stress intensity, K,
which are modified, in particular, increased, to account for the effect of
plasticity. For a given load causing notch yielding but not general
yielding, the difference between such plasticity modified K values and the
ordinary elastic solution decreases with increasing crack length [29].
Hence, the plasticity effect dies out with increasing distance from the
notch.
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Consider crack lengths equal to or greater than ¢,,, and exclude loads
approaching general yielding. In this case, the linear elastic stress
intensity solution is given approximately by the long crack limiting case,
such as Eq 8. The plastic zone size for this situation, from the expression
due to Irwin [27] in the form applying to plane stress, is estimated to be

= - (£> : 20)

27 \ oy

Combining Eqs 8 and 20 gives the ratio of plastic zone size to crack
length, a, where a = ¢ + ¢, as in Fig. 7a.

Iy L(fﬁ) ’ V3)

a 2 Ty

As F is often near unity, Eq 21 implies that the plastic zone size is small
compared to the effective crack length, a = ¢ + ¢, except for loads
approaching general yielding. Thus, for € = ¢,,, plasticity modified values
of K are not generally expected to differ drastically from ordinary linear
elastic values of K. For the case of a circular hole in a wide plate under
remote uniaxial stress, and at € = ¢,,, the analysis of Ref 29 indicates that
the plasticity effect on K is 10 percent at S/oy = 0.73, and 20 percent at
S/oy =0.85.

Therefore, it appears to be reasonable in most situations to use linear
elastic fracture mechanics to estimate crack propagation lives beyond ¢ =
€. Errors in K due to plasticity effects of the magnitude just noted will not
usually have a large effect on the life calculation, especially in view of the
fact that such error will decrease as the crack propagates beyond ¢,,. Note
that this situation contrasts with that for short cracks at notches, where
the plasticity effect on X is generally expected to be large.

Definition of Crack Initiation Considering Plasticity and Noncontinuum
Effects

In an earlier portion of this paper, it was concluded from linear elastic
analysis that geometry dependence of the initiation life could be avoided
only by defining initiation as a crack size within the local notch stress
field, as defined by crack length €,,. But in the previous discussion, it was
noted that plasticity effects usually must be considered for fracture
mechanics to be applied to cracks in this local notch stress field.

An additional complexity besides plasticity must be considered if short
cracks at notches are to be analyzed using a fracture mechanics type of
approach. Even under linear elastic conditions, short cracks may not
behave as predicted from fracture mechanics data obtained using speci-
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mens with long cracks [7,31,32]. This is due apparently to the lack of a
continuum at small size scales, as a result of crystallographic grains or
other microstructure. In another paper in this symposium [33], tentative
methods are described for including in a fracture mechanics type ap-
proach both local notch plasticity and this problem with the lack of a
continuum at small size scales. The approach of Ref 33 can be used to
predict lives of notched members by considering the entire life to be crack
propagation [34].

Another alternative is to define crack initiation as a crack length on the
order of ¢,,, using strain-life data corresponding to this same crack size to
predict the number of cycles to initiation. This avoids applying fracture
mechanics to very small cracks, and makes it unnecessary to analyze
plasticity effects on cracks within the local notch stress field. Of course,
such a definition of initiation is expected also to avoid difficulties with
apparent notch size effects, as discussed earlier.

Procedure for Predicting Total Life

Based on the preceding dicussion, a procedure may be assembled for
the purpose of predicting total fatigue lives of notched members. The goal
of this procedure is to handle notch size and plasticity effects in as simple
a manner as possible while avoiding serious error. It is assumed that
general yielding does not occur in the notched member.

First, estimate initiation life from either the local strain approach or
from notched specimen data correlated in terms of k.S . Initiation must be
defined as a crack of size similar to ¢,,, which size is of the order of one
tenth of the notch radius.

Then use linear elastic fracture mechanics to calculate the propagation
life from the initiation size to the size considered as failure. Use only the
long crack limiting case of the stress intensity solution, and base the
calculation on appropriate fatigue crack growth rate data. If desired, the
minor plasticity effects which may occur outside the local notch stress
field may be handled in the traditional manner [27] of increasing the crack
length by the plastic zone size, as from Eq 20, before computing stress
intensities, K. The initiation and propagation lives are, of course, added to
obtain the total life. Failure may be assumed never to occur below the
limiting stress given by Eq 17. If Eq 18 applies, it is likely that at all
stress levels the initiation life will be a small fraction of the total life.

Comparison of Life Prediction Procedure with Experimental Data

Life predictions made on this basis are illustrated in Figs. 14 and 15 for
bluntly and sharply notched plates under completely reversed loading.
The material is the same as that in Fig. 4. Notch strains were estimated by
using Neuber’s rule, Eq 2, with the cyclic stress-strain curve [¢] for this
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FIG. 14—Predicted behavior and test data for completely reversed loading of bluntly
notched specimens.

material. These notch strains were then used with strain-life curves
similar to those in Fig. 4 to obtain life estimates. From Eq 10, the ¢,
values for blunt and sharp notches were 0.25 mm (0.01 in.) and 0.0125 mm
(0.0005 in.), respectively. Strain-life data corresponding to the former,
although not shown in Fig. 4, were available and were used. But the latter
size is smaller than the smallest crack observations made in the strain-life
tests, so that it was necessary to use the lower curve of Fig. 4.
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FIG. 15—Predicted behavior and test data for completely reversed loading of sharply
notched specimens.
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Fatigue crack growth rate data for approximately zero to tension
loading (R = 0.1) were available for this material. These data were fitted
to Eq 13 and then used with an appropriate stress intensity expres-
sion [17] to predict the propagation life curves shown in Figs. 14 and 15.
The completely reversed loading in the notched specimens was handled
by assuming that the compressive portion of the cycle did not contribute
to crack growth. No plasticity correction was made, and propagation was
predicted to terminate when the remaining uncracked ligament reached a
net section stress equal to the yield strength. This latter assumption
resulted in the propagation life curve approaching an upper limiting stress
corresponding to net section yielding of an uncracked specimen. Appro-
priate test data being unavailable, Eq 17 was used with an estimated value
of Ky, = 6.0MPa,/m (5.5 ksi,/in.) to obtain a lower limiting stress below
which failure was not expected even if initiation did occur.

Initiation and propagation lives were then added to obtain the total life
curves which are shown in Figs. 14 and 15. For the blunt notch, a
transition from propagation dominated to initiation dominated behavior
was predicted to occur around 2 X 10° cycles. For the sharp notch, the
initiation lives were always very short compared to the propagation lives,
so that the life at all stresses was predicted to consist almost entirely of
crack propagation. Hence, the lack of strain-life data at a crack length
corresponding to the very small ¢,, value for the sharp notch did not
adversely affect prediction of the total life.

After the life prediction calculations had been made, tests were
conducted, with the results being shown as data points in Figs. 14 and 15.
In the bluntly notched specimens, the initiation data plotted correspond to
a notch surface crack having a width equal to twice the crack depth, ¢,
defined as initiation. In the sharply notched specimens, the crack was not
generally observed until its width exceeded half the specimen thickness,
that is, after considerable propagation.

The test data of Figs. 14 and 15 are in reasonable agreement with the life
predictions, and all major trends which were predicted were observed. In
the sharply notched specimen, as expected on the basis of Eq 18, the
initiation lives were a negligible fraction of the total lives. In the bluntly
notched specimens, the initiation lives were longer than predicted, the
nominal stresses corresponding to given values of life being on the
average about 15 percent higher than predicted. At short lives, this could
be due to Neuber’s rule overestimating the notch strains. However, this
does not apply at long lives where the behavior is elastic. It is possible
that a weakest-link statistical size effect as predicted by Weibull {35] is
having an influence here, the amount of highly stressed material being
smaller in the notched specimen than in the unnotched specimen.

The propagation lives were somewhat shorter than predicted. It is likely
that this is due principally to compressive loading contributing to crack
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growth, contrary to the assumption made. At high stresses, the growth
rates also may have been increased due to plastic deformation effectively
increasing K above the linear elastic values used. The estimated value of
K, was apparently inaccurate, some of the sharply notched specimens
failing below the predicted lower limiting stress.

Discussion of Life Prediction Procedure

Mean stress and variable amplitude loading effects are not considered
specifically in this paper. However, the procedure just suggested provides
a framework within which the various methods which have been de-
veloped for handling these effects can be applied. An exception is that
correlation of initiation lives using k.S makes it difficult to account for
mean stress effects, whereas the local strain approach has no such
difficulty [6,8,36]. ,

The life prediction procedure as described does not account for
weakest-link size effects predicted [35] on a statistical basis due to
different volumes or surface areas of highly stressed material in different
geometries. This complexity applies principally to the initiation life and
could be included easily. However, with reference to an earlier portion of
this paper, note that the gross size effects in sharply notched members
sometimes attributed to this cause can be explained in terms of problems
with defining crack initiation. The problem of defining crack initiation has
been dealt with, of course, and the apparent size effects arising from
notch plasticity are accounted for. The actual weakest-link type size
effect is thought to be minor in most applications.

One disadvantage of the procedure suggested is that it requires initia-
tion data for specific small crack lengths, data which are difficult to
obtain. It may be possible to develop methods of using total life data to
estimate curves such as those in Fig. 4. Of some use here may be the
hypothesis that the transition from propagation dominated to initiation
dominated behavior in unnotched specimens is associated with the
transition [37] from plastic deformations at short lives to elastic deforma-
tions at long lives.

Detailed initiation data are not always needed. The total life prediction
in Fig. 14 is insensitive at long lives to the definition of initiation. This is
due to the convergence of the various curves in Fig. 4. In Fig. 15, the
definition of initiation is unimportant due to propagation dominating the
behavior at all stress levels.

There is a need for additional analytical study of plasticity effects on
cracks near notches. ‘When such a study becomes available, the various
inferences made in this paper on the basis of linear elastic analysis should
be reexamined.
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The life prediction procedure suggested for notched members is one of
several that have been described recently [18,33,34,381, and others may
be developed in the future. It is hoped that the extensive discussion
provided will aid in comparing these various procedures and will stimulate
discussion and further work. Any successful procedure must handle,
either directly, or indirectly, the effects of plastic deformation, local notch
fields, crack propagation, and noncontinuum behavior of very small
cracks.

Conclusions

Total fatigue lives of notched members may be estimated by adding
initiation and propagation lives. The initiation life prediction must account
for plasticity effects, either directly or indirectly. Crack initiation must be
defined as a specific small size on the order of one tenth of the notch
radius. Crack propagation may generally be predicted from linear elastic
fracture mechanics. Such a procedure for predicting total fatigue lives will
automatically account for the major source of notch size effects, namely
crack propagation out of the local notch stress field.
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ABSTRACT: A strain-based intensity factor is introduced which, while becoming
equivalent to the linear elastic stress intensity factor for long elastic cracks, admits
plasticity by replacing the conventional stress term with a strain term and accounts
for the proximity of a short crack to a free surface by the inclusion of a length
constant. Crack growth results for short cracks in both elastic and plastic strain
fields of unnotched specimens, when interpreted in terms of this intensity factor,
show excellent agreement with elastic long crack data. This intensity factor is then
extended to plastically strained notches and the solutions obtained are tested in the
correlation of short crack growth data for notches of varying severity with elastic
long crack data. Constant stress amplitude tests of these notches gave crack growth
rate versus crack length curves which varied from monotonically increasing for
blunt notches to an initial decrease followed by an increase for sharp notches.
However, all of the data fell within the long crack data when correlated by this
inelastic intensity factor. Conversely, solutions for the parameter were used
successfully to predict elastic and inelastic short crack growth curves for notches of
various severities.

KEY WORDS: crack propagation, stresses, strains, stress and strain concentration
factors, stress intenstiy factor, fatigue (materials).
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E Modulus of elasticity
K’ Theoretical stress concentration factor, a function of crack length
K, Stress concentration factor of uncracked notches
K Stress concentration factor, a function of crack length
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K'e Strain concentration factor, a function of crack length
N Number of cycles
R Ratio of minimum to maximum stress
da/dN Crack growth rate
¢ Crack length measured from the edge of the notch
¢, Material constant
a Total crack length including the depth of the notch
b Half the plate width
¢ Depth of the notch
p Notch root radius
¢, Endurance limit strain amplitude
Ae Nominal strain range
As Nominal stress range
Ae Local strain range around crack tip in notched specimens
Ao Local stress range around crack tip in notched specimens
AK Stress intensity factor
AK, Threshold stress intensity factor

Most of the fatigue life in many engineering structures is spent in
initiating a crack at a notch root and propagating it through the region of
stress concentration of the notch. However, analysis of this early stage of
crack growth is not possible in terms of linear elastic fracture mechanics
which is neither applicable to the plasticity generated in notches at high
load levels nor accurate for very short cracks. Thus a significant portion
of the fatigue life for many practical problems cannot be predicted using
currently available elastic solutions. To date, investigators have obtained
elastic stress intensity factors for cracks initiating from a wide range of
geometries of stress raisers [/].* Liu [2] noted that solutions given by
Bowie [3] correlated well with crack propagation results for 2024- T851
aluminum circular notched plates for applied stress levels below one third
of the material yield strength. Hill and Boutle [4] found that short cracks
initiated from a stress concentration at high nominal stresses did not
demonstrate the growth rates predicted on the basis of linear elastic
fracture mechanics. Broek [5] also found that the use of elastic solu-
tions [3] resulted in an underestimation of stress intensity in the early
stages of crack growth from circular holes in 2024-T3 alclad sheet
specimens. Gowda, Topper, and Leis [6] modified Bowie [3] solutions to
account for plasticity correlated crack propagation rates at various
inelastic stress levels in circularly notched steel plates. However, they
noted that the relationship between modified stress intensity factor and
crack growth rate no longer followed the usual linear form on logarithmic
coordinates. Crack propagation rates in the last two investigations also

3 The italic numbers in brackets refer to the list of references appended to this paper.
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showed a further feature not predicted by conventional fracture me-
chanics, a decrease in the early stages of crack growth followed by an
increase indicating that the stress intensity also should exhibit a corre-
sponding decrease followed by an increase. An indication of a similar
initial decrease in stress intensity is found in the observation of cracks
that initiate but then cease to propagate [7]. The failure of existing elastic
solutions for stress intensity factors to exhibit this characteristic is
believed to be due to local plasticity and the inability of the aforemen-
tioned solutions to correlate the behavior of short cracks.

This paper presents an elastic plastic fracture mechanics solution for
cracks initiating from notches under fatigue loading taking into considera-
tion the effects of local plasticity around notch roots and the effect of
crack size on the fatigue crack propagation process.

Fracture Mechanics Solutions for Fatigue Cracks

Smooth Specimens

Several investigators [§-12] have obtained correlations between fatigue
crack growth rate and parameters expressed in terms of strain and length
in inelastic crack propagation similar to the logarithmically linear stress
intensity versus crack growth rate curves typical of elastic crack propaga-
tion. If a strain-based intensity factor AK for a crack length ¢ is taken in
the form

AK =EAe /7€ (1)

where Ae and E are the applied strain range and modulus of elasticity of
the material, respectively, the intensity factor at elastic stress levels
becomes the linear elastic stress intensity AK

AK = As /ol (1a)

where As is the applied stress level. The present authors [/3] have
suggested that when cracks are short and the crack tip is near a free
surface, Eq 1 and 1a should be modified further by increasing the effective
crack length by an amount ¢, where ¢, is a constant characteristic of a
given material and material condition to give

AK =Ele /o(€ + ¢,) (V)
For elastic stress levels Eq 2 becomes

AK = As /w(€+7,) (2a)
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while for crack lengths much greater than ¢, Eq 2 and 2a reduce to 1 and
la, respectively. Taking the usual definition of the threshold stress
intensity (AK,) as the minimum stress intensity that will give rise to
crack propagation and the endurance limit strain amplitude ¢, as the
minimum strain amplitude at which a smooth specimen will fail by crack
propagation, £, may be obtained from Eq 2 as

1 /AK g2
t=75g") 3)
The effectiveness of the term ¢, in correlating crack growth rates for
short cracks with those for long cracks is demonstrated in Fig. 1 using
data from Ref 9. In Fig. la where AK values are calculated using Eq la
which deletes the ¢, term, growth rate trends for short and long cracks
diverge sharply at low AK values corresponding to short crack lengths
while in Fig. 1» where Eq 2a including the ¢, term is used in the
calculation of AK, the long and short crack curves converge at short
crack lengths. Figure 2, which reproduces data from Refs 10 and 12 with
AK values calculated in accordance with Eq 1, shows that when defined
in this manner AK accurately correlates data over a wide range of
inelastic strain levels. Still further evidence of the efficiency of AK as
defined by Eq 2 in correlating crack propagation data is provided in Ref
13. There, this parameter causes short crack growth rate data from a wide
range of inelastic strain levels that coincides with the elastic long crack
curve.

Notched Specimens

In using Eq 2 to calculate intensity factors for cracks emanating from
notches, the nominal strain term A e should be replaced by the local strain
in the vicinity of the crack tip Ae. This gives
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FIG. 1—Fatigue crack propagation curves for long and short cracks.
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FIG. 2—Fatigue crack growth rates as a function of intensity factor AK.

AK =E Ae /o€ + ) @

When applied stress levels are low enough that notch strains remain
elastic, solutions for the elastic.stress concentration factor K' for a crack
in a notch may be used to determine the local stress or strain in terms of
the nominal stress or strain and Eq 4 becomes

AK =EK'Ae /[a(€+0,)=K'As /a(€+ ¢,) (4a)

Here the crack length is measured from the notch root and ¢, is again
the material constant defined by Eq 3. The stress concentration factor
K' decreases as the crack length increases and approaches a value of

(%’), where ¢ is the notch depth, as the crack passes outside

o
the field of influence of the notch. Henceforth, the crack may be analyzed
as a simple crack with a length equal to the actual crack length plus the
notch depth.

At stress levels causing notch plasticity a general yielded zone develops
at the notch root as shown in Fig. 3. While this zone has no influence on a
long crack where the crack tip lies outside it, such as that shown in the
lower half of the figure, it will for a short crack such as that shown in the
upper half of the figure : surround both the crack tip and its plastic zone.
In the latter case the elastic solution defining the stress concentration
factor K’ is invalid and an inelastic solution for local strains is required.
Although neither exact nor finite element plastic solutions are generally
available for cracks in notches, estimates of local strains may be derived
from a relationship between concentration factors proposed by
Neuber [14]. He suggested that concentration factors for stress intensities
would have the same form as a relationship he developed for notch root
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FIG. 3-—General yielded zone around notch root.

stress and strain concentration factors in a shear strained member with
deep longitudinal notches. The form proposed by Neuber is

K?=K'¢ K's &)

where K', = Ao/ As is the stress concentration factor relating the stress
range (A o) in the vicinity of the crack tip to the nominal stress, and XK', =
Ae/Ae is the strain concentration factor relating local and nominal strain
ranges. Rewriting Eq 5 in terms of stress and strain gives

K'2As - Ae - E = AcAeE
or for the practical case of elastic nominal stress levels
K'As =[AcAecE]} (6a)

Values of the left hand side of Eq 6a for a given crack length and
nominal stress may be computed using elastic solution for K’ [/]. Since
terms on the right hand side involve only material stress-strain response a
base curve of (Ao - AeE)} versus Ae-E can be constructed from
stress-strain data for a given material as shown in Fig. 4. Hence the value
of Ae-E corresponding to a given value of K'As can be obtained and
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inserted in Eq 4 to determine the stress intensity factor. If Eq 4 is recast in
terms of the strain concentration factor X', we have

AK =EK'.Ae /7(€+ 7)) (4b)

Figure 5 which compares values of K’ with those for K’ in an elliptical
notch at a stress level causing notch root plasticity illustrates the large
differences between the Neuber solution and the elastic solution at short
crack lengths. The two solutions converge at longer crack lengths, and Eq
4a then gives the same results as those obtained employing Eq 4b. It is of
some interest that the distance at which K’, = K’ corresponds to the size
estimated for the general yielded zone in the absence of a crack [/6].

Further refinements applied in the calculation of intensity factors for
long cracks in this paper are the Irwin [/7] correction which adds the
plastic zone size to the crack length and a finite width correction [/8].

Experimental Details

Constant amplitude load controlled testing at different stress levels
was performed in a closed loop servocontrolled electromechanical test-
ing machine. Three types of specimens were used fabricated from two
steels CSA G40-11 and SAE 1015. The first two specimen types were
plate specimens containing circular and elliptical holes. The third speci-
men type, a plate with two cracks grown from a small central hole to a
total length equal to the size of the elliptical and circular holes, was used
to obtain crack propagation data for comparison with that from the other
types. Crack propagation rates were determined from traveling micro-
scope measurements of crack lengths at various cycle numbers.



EL HADDAD ET AL ON STRAIN BASED INTENSITY FACTOR - 281

S

PRESENT SOLUTION (K}

sl —=~—= ELASTIC SOLUTION {(K') REF. |5
ELLIPTICAL NOTCH: 1015 STEEL
L P=1.19 (3/64) mm{in)

?

C = 4.76{0.1878) mm {in}
£ 1] aS~148(2) MPa (KSI)
a

sr AK= K, 85 A(Iely

K and K\E

1 1 1 L L L L L I 1 I
K] 12 1.3 .4 (&) I8 17 e .9 20 20

FIG. 5—£Elastic and plastic solutions for K'..

Results and Discussion

Fatigue Crack Growth Rates

Figures 6 and 7 compare the rate of fatigue crack propagation in a
G40.11 steel for five combinations of geometry and load level with that for
a central crack on a da/dN versus As,/ma basis. Here a is taken as the
semi-crack length with the notch depth being included in the crack length.
In all cases fatigue crack propagation rates for notched specimens are
initially higher than the rate for the central crack but this difference
continually reduces and eventually disappears with increasing crack
length. A further observation of interest is that while cracks in the
specimens having circular notches have continuously increasing crack
growth rates the cracks in the elliptically notched specimen exhibit a
crack growth rate that initially decreases, reaches a minimum and there-
after increases. A similar decrease in crack growth rates is found in
experimental results given by Broek [5] for cracks initiating from the end
of a 0.50-mm slit cut at the edges of circular notches in 2024-T3 alclad
sheet specimens. A further example of this initially decreasing crack
growth rate in a specimen with a sharply decaying notch strain field is
found in the results at three stress levels in an elliptically notched 1015
steel given in Fig. 8. Smith, Miller, and Hammonda [/9,20] predicted this
trend based on the argument that initiation and early growth of a crack is
controlled by the plastic strain field of the notch which diminishes rapidly.
They explained the latter increase in terms of the increasing stress
intensity with crack length. Although formulated somewhat differently
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these arguments are very similar to those of the present theory. The major
difference between their argument and the present approach is that in the
latter the term ¢, specifically accounts for the effect of proximity to the
surface in causing accelerated growth rates for short cracks independent
of the effects of notch plasticity.

An example of the results achieved by the coupling of the short crack
term ¢, with the Neuber approximation in calculating the plastic strain
concentration factor is given in Fig. 9 for a stress range equal to 269 MPa
causing plasticity around the root of an elliptical notch. In this figure
experimental values of K', are obtained by equating the unknown stress
intensity at a given crack propagation rate in the notched specimen to the
known stress intensity in a centrally cracked specimen having the same
crack propagation rate. Note that this derivation assumes that when
correctly computed equal values of AK give rise to equal crack growth
rates in notched and centrally cracked specimens. Experimental and pre-
dicted values of XK', given in Fig. 9 show excellent agreement while
estimates based on elasticity (K') would seriously underestimate the
strain concentration for short cracks. As expected, at long crack lengths
where the crack tip lies beyond the region of notch plasticity, elastic and
inelastic solutions converge.
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Straightforward calculations of intensity factors for the G40.11 and 1015
steel data by means of Eq 4 and the curves of Fig. 4 were performed and
the results plotted versus da/dN in Figs. 10 and 11 respectively. The data
show excellent agreement with the linear curve of the elastic long crack
data which also are reproduced in these figures. Successful correlation
also was demonstrated in Ref 2/ using an approximate solution based on

the J-integral method.
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FIG. 10—Fatigue crack growth rates as a function of AK for G40.11 steel.
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FIG. 11—Fatigue crack growth rates as a function of AK for 1015 steel.

Behavior of Cracks at Notches

The circular and elliptical notch data of Fig. 6 and the elliptical notch
data of Fig. 8 are replotted in Figs. 12 and 13 respectively on scales of AK
versus crack length. Crack length includes one half the depth of the notch
and AK values are again those calculated using Eq 4 and Fig. 4. Predicted
curves show excellent agreement with the data in all cases. The previ-
ously noted trends in crack growth rate reappear in Fig. 12 in the form of
trends of AK values for both circular and elliptical notches that approach
the central crack data as crack length increases. Convergence with the
central crack data is more rapid for the elliptical notch data which initially
decreases to minimum before increasing than for the circular notch data
which continuously increases. Elliptical notch AK data again decrease to
a minimum value and then increase as the crack extends for the load
levels given in Fig. 13. This decrease moreover becomes more pro-
nounced as the load level is increased.

Further insight into the dependence of AK versus crack length trends
on notch geometry and size and the amount of local plasticity may be
obtained if AK is plotted versus crack length in a nondimensional form by
rearranging Eq 4b as follows:

AK ¥,
As /7@, =K' ' @
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FIG. 12—Comparison between experimental and predicted results of AK for G40.11 steel.

Curves plotted on this basis compare the behavior of an elliptical notch, a
circular notch, and a long crack for various notch diameters as shown in
Fig. 14. Curves in the bottom half of the figure representing elastic notch
root material response are independent of load level since K’ in Eq 7 will
be equal to the elastic stress concentration factor K'. Here intensity
factor values for small diameter circular and elliptical notches both
initially decrease with crack length and then increase to converge with the
central crack values. As the notch size is increased, this trend changes to
one of continuously increasing intensity with crack length for both
geometries. This change occurs at a smaller size for the circular than for
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FIG. 13—Comparison between experimental and predicted results of AK for 1015 steel.
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FIG. 14—Behavior of cracks at notches.

the elliptical notch with, for example, the minimum diameter for which
subsequent intensities do not fall below the initial value being 2.54 mm for
the former and 10.16 mm for the latter. In a recent work it is shown that
this diameter is the minimum diameter for which a nonpropagating crack
is possible at a constant cyclic load level [22]. At smaller diameters, if the
load level applied results in an initial intensity above the threshold
intensity for crack propagation but a minimum intensity below the
threshold, crack growth will start and then cease when the applied
intensity decreases to the threshold [22]. The upper part of Fig. 14
illustrates changes in curves of intensity versus length for a 5.08-mm
diameter circular notch as the load is increased to levels causing notch
plasticity. Changes in K',, the strain concentration factor in Eq 4b at the
two inelastic levels, increase intensities at the short crack lengths within
the plastic zone close to the notch and raise the initial parts of the curves.
However, the curves rejoin the elastic curve as the crack tip propagates
beyond this inelastic region and X', becomes equal to K'. However, the
change in curve shape from continuously increasing to one having a
minimum does not affect the minimum size for which nonpropagating
cracks are possible in the materials considered which have an endurance
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level strain at the elastic limit. Therefore, all load levels causing local
metal plasticity will exceed the threshold stress intensity at any crack
length.

Conclusions

1. The proposed strain-based intensity parameter accurately predicts
crack growth data for short cracks and inelastic strains from elastic long
crack data. It also permits a single characterization of crack growth for
long and short cracks and elastic and inelastic strains and reduces to the
linear elastic stress intensity factor for long cracks and elastic conditions.

2. This intensity factor when combined with plastic notch strain
solutions based on an approximation suggested by Neuber also success-
fully correlated data for the growth of short cracks in plasticly strained
notches with elastic long crack results. Conversely, short crack growth at
inelastically strained notches was predicted accurately from long crack
data.

3. Crack growth rate and the associated intensity factor trends for
cracks in notches, that varied from an initial decrease to a minimum value
followed by an increase and eventual convergence with the long crack
trend for sharp notches to the blunt notch curves that continuously
increased during their approach to the long crack trend, were predicted
accurately.

4. Elastic solutions for intensity factor versus crack length showed that
the change from these ‘‘sharp notch’ to ‘‘blunt notch’’ trends depended
both on notch geometry and notch size and delineated those notches for
which nonpropagating cracks at cyclic constant load level were possible.
Plastic solutions indicate that the ratio of the intensity factor within the
plastic zone to that outside it progressively increases with increasing
plasticity.

References

[7] Rooke, D. P. and Cartwright, D. J., Stress Intensity Factors, Her Majesty’s Stationery
Office, London, 1976.

[2] Liu, A. F., Paper No. Al-1, International Conference on Mechanical Behavior of
Materials, Boston, Aug. 1976.

[3]1 Bowie, O. L., Journal of Mathematics and Physics, Vol. 35, 1956.

[4]1 Hill, S. J. and Boutle, N. F., 4th International Conference on Fracture, University of
Waterloo, 1977, Vol. 2, p. 1233.

[5] Broek, D., ‘“The Propagation of Fatigue Cracks Emanating from Holes,”” NLR TR
72134 U, National Aerospace Laboratory, The Netherlands, 1972.

[6] Gowda, C. V., Topper, T. H., and Leis, B. N., International Conference on
Mechanical Behavior of Materials, Volume 2, Kyoto, Japan, 1972, pp. 187-198.

[7] Frost, N. E., The Aeronautical Quarterly, Vol. 8, 1955, pp. 1.

[8] McEvily, A. J., Proceedings, Air Force Conference on Fatigue and Fracture of Aircraft
Structures and Materials, AFFDL-TR 70-144, pp. 451-456.

[9] Pearson, S., Engineering Fracture Mechanics, Vol. 7, 1975, pp. 235-347.

[10] Boettner, R. C., Laird, C., and McEvily, A. J., Transactions, Metallurgical Society of

American Institute of Mechanical Engineers, Vol. 233, 1965, pp. 379-387.



EL HADDAD ET AL ON STRAIN BASED INTENSITY FACTOR 289

[11] Rau, C. A., Gemma, A. E., and Leverant, G. R. in Fatigue at Elevated Temperature,
ASTM STP 520. American Society for Testing and Materials, June 1972, pp. 166-178.

[12] Solomon, H. D.,Journal of Materials, JMLSA, Vol. 7, No. 3, Sept. 1972, pp. 299-306.

[13] El Haddad, M. H., Smith, K. N., and Topper, T. H., ‘‘Fatigue Crack Propagation of
Short Cracks,”” Paper No. 78 Mat—7, 1978 ASME/CSME Joint Conference on
Pressure Vessels and on Piping, Nuclear Energy, and Materials, Montreal, 25-29 June,
1978. Also in the Journal of Engineering Materials and Technology, Vol. 101, 1979,
pp. 42-46.

[14] Neuber, H., Journal of Applied Mechanics, American Society of Mechanical En-
gineers, Vol. 28, 1961, pp. 544-550.

[15] Newman, J. C., ““‘An Improved Method of Collocation for the Stress Analysis of
Cracked Plates with Various Shaped Boundaries,”” Technical Note TN D-6376,
National Aeronautics and Space Administration, Washington, D.C., Aug. 1971.

[16] Grover, H. J., ‘‘Fatigue of Aircraft Structures,”” Naval Air Systems Command
Department of the Navy, Washington, D.C., 1966.

[17] Irwin, G. R., Proceedings, Tth Sagamore Conference, Vol. 4, 1960, p. 63.

[18] Paris, P. C. and Sih, G. C. in Fracture Toughness Testing and Its Applications, ASTM
STP 381, American Society for Testing and Materials, 1964, pp. 30-83.

[19] Smith, R. A. and Miller, K. J., International Journal of Mechanical Engineering
Science, Vol. 20, 1978, pp. 201-206.

[20] Hammunda, H. M. and Miller, K. J. in Elastic Plastic Fracture, ASTM STP 668,
American Society for Testing and Materials, 1979, pp. 703-719.

[21] El Haddad, M. H., Dowling, N. E., Topper, T. H., and Smith, K. N., *‘J-Integral
Applications for Short Fatigue Cracks at Notches,”’ accepted for publication in the
International Journal of Fracture, 1979.

[22] El Haddad, M. H., Smith, K. N., and Topper, T. H., *‘Prediction of Nonpropagating
Cracks,”’ accepted for publication in the Engineering Fracture Mechanics, Vol. 11,
No. 3, 1979, pp. 573-584.



B. L. Braglia,' R. W. Hertzberg,? and Richard Roberts?

Crack Initiation in a High-Strength
Low-Alloy Steel

REFERENCE: Braglia, B. L., Hertzberg, R. W., and Roberts, Richard, ‘“‘Crack
Initiation in a High-Strength Low-Alloy Steel,”” Fracture Mechanics, ASTM STP
677, C. W. Smith, Ed., American Society for Testing and Materials, 1979,
pp. 290-302.

ABSTRACT: The fatigue crack initiation behavior of a high-strength low-alloy
steel, VAN-80, has been investigated. Crack initiation was defined, for the
purposes of the study, as the existence of a 0.25-mm long crack on either surface of
a modified compact tension specimen.

The parameter AK/Vp was used in an attempt to normalize data concerning
crack initiation at three finite radius notches (0.79, 1.59, and 3.18 mm). While not
conclusive, a volume effect on initiation was indicated with larger radii producing
shorter lives at a given AK/Vp. Similar findings have been reported by previous
authors for other materials. The experimentally determined value of (AK/,/p)zy for
VAN-80 is 835 MPa. Samples cycled at or below this value would not be expected
to initiate a crack in 10° cycles.

Block loading experiments were conducted in an attempt to isolate crack initiation
from crack propagation processes. For all high block-low block tests, 3n/N >1. This
result, by itself, could be interpreted as suggesting that the total fatigue process is
propagation controlled. However, the situation is complicated by the fact that the
VAN-80 steel is sensitive to overload induced crack propagation delay. Therefore,
cracks that might initiate during the high block load cycling period would be
expected to grow more slowly at a lower subsequent stress range. Since the present
definition of crack initiation contains a 0.25 mm increment of crack growth,
propagation related delay effects may strongly influence or overshadow the actual
initiation process.

Transmission electron fractographic observations reveal that the local AK at
short newly initiated crack fronts is much lower than that predicted by standard AKX
calibrations for the test specimen. This is consistent with elastic solutions for the
stress intensity factor for small cracks growing within the sphere of influence of
large geometrical notches and other specimen shape changes. Scanning electron
microscope images have shown that crack initiation occurred in notched VAN-80
samples by debonding of the globular cerium sulfides from the matrix at the surface
of the notch root.
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In recent years a new category of steels has found wide acceptance
where low cost, low weight, high strength, isotropic behavior, and
excellent weldability are important design criteria. This group is known
collectively as high-strength low-alloy (HSLA) steels and VAN-80 is a
well known member of the group. High strength is achieved in the
as-rolled condition by ultra-small grain size, vanadium carbonitride
precipitation strengthening, and manganese solid solution strengthening.
Carbon levels are kept below 0.18 percent; thus, weldability of VAN-80 is
comparable to that of plain low carbon steels. Mechanical properties are
further enhanced through inclusion shape control; cerium additions to the
melt form cerium sulfides which retain their globular shape during hot
rolling operations {/].* This markedly reduces the anisotropy normally
associated with ordinary hot-rolled products.

In addition to high-yield strength and isotropic behavior, a material’s
resistance to fatigue crack initiation is a very important design criterion.
Many times, the prevention of crack initiation is the main consideration.
Most components designed with this objective in mind function as
intended for their entire service life without cracking. Often, however,
this is achieved by overconservative design, that is, by employing lower
operating stresses with the attendant penalty of increased weight.

If a crack does initiate, it will usually do so in the vicinity of locally high
stress fields such as at fillets, holes, corners, and welds or at service
induced scratches, nicks, wear, and corrosion pits. In many cases it is not
desirable to consider these notches as sharp cracks since this would result
in a very conservative design situation. Thus, it is highly advantageous to
study fatigue crack initiation in the vicinity of notches.

Other investigators have addressed themselves to these same questions
with regard to other materials. Jack and Price [2] studied crack initiation
at notches in plain low carbon steel plates. Their studies were confined to
sharp notches with radii from 0.05 to 1.25 mm. Specimens with notch root
radii less than 0.25 mm showed the same initiation lives as did the 0.25
mm radius at any given applied stress level. For notches with radii from
0.25 to 1.25 mm, the applied stress required for crack initiation at a given
number of cycles increased with the notch radius. They proposed that a
parameter AK/Vp, where AK is the stress intensity range and p is the
notch radius, be used to analyze the data. This parameter is actually a
representation of the stress at the surface of the notch. Barsom and
McNicol {3] then used this approach in their study of crack initiation in
HY-130 steel. This parameter, AK/Vp, was found to normalize all
initiation data from notches with radii from 0.20 to 9.53 mm for longer
initiation lives. A slight volume effect was seen with larger radii producing
shorter lives at a given AK/V/p level at shorter initiation lives. It may be
reasoned that when the notch radius is increased, a greater volume of

4 The italic numbers in brackets refer to the list of references appended to this paper.
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material is subjected to high stress at the notch root. Therefore, fatigue
life would be expected to be shorter since the probability of having a crack
initiation site in the larger critical zone would be greater. It also may be
argued that equal values of elastic notch surface stresses would result in
higher notch surface strains for larger radii. Finally, for larger notch radii,
one can argue that the effect of the notch on K will prevail for greater
distances into the specimen.

Consequently, the objectives of this investigation were to develop S-N
type crack initiation data for notched samples of VAN-80 and to conduct
additional experiments to isolate crack initiation from crack propagation
processes. In addition, it was our aim to examine fracture surfaces gen-
erated during the initiation studies and the characterize fracture surface
micromorphology at short crack lengths.

Materials and Experimental Procedures

The material used in this study was a HSLA steel (VAN-80) in
conformance with ASTM Speciﬁcation for High-Strength, Low-Alloy,
Hot-Rolled, Structural Vanadium-Aluminum-Nitrogen and Titanium-
Aluminum Steels (A656-75), Grade 1 requirements. The steel sheet was
supplied in 1.4-m widths with a thickness of 4.62 mm. A chemical analysis
of the subject material and its tensile properties are presented in Tables 1
and 2 respectively. ‘

A modified compact tension configuration was used for crack initiation
testing (Fig. 1). The normal V-notch was replaced by a finite radius notch
(p =0.79, 1.59, or 3.18 mm). Notches were placed such that loadingwould
always be parallel to the rolling direction.

Notch preparation consisted of drilling and reaming the notches to size.
Final polishing of the notch surface was achieved by coating wooden
dowels with 6 micron diamond paste and rotating the dowel within the
reamed hole. All scratches due to drilling and reaming the notch were thus

TABLE 1—VAN-80 chemical analysis.

A-656, Grade 1 VAN-80
Specification Supply A
Carbon 0.18 max 0.12
Manganese 1.60 max 1.43
Sulfur 0.050 max 0.007
Phosphorus 0.040 max 0.030
Silicon 0.60 max 0.48
Aluminum 0.02 min 0.02
Vanadium 0.05-0.15 0.125

Nitrogen 0.005-0.030 NA*®

9NA = not available.
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TABLE 2—VAN-80 mechanical properties.

A-656, Grade 1 VAN-80, Supply A

Specification Longitudinal Transverse
Yield Strength, MPa 552 min 634 655
Tensile Strength, MPa 655-793 758 758
Total Elongation, percent 12 min 25 21.5
Uniform Elongation, percent ce 14.5 13.5
Hardness (R,) c. 22 22

removed. Surface roughness measurements, made with the aid of a
Tallysurf Profilometer, yielded a surface finish of 0.13 u arithmetic
average. After final polishing was completed, a jeweler’s saw was used to
connect the previously machined slot with the carefully prepared hole.
Fatigue crack initiation testing was conducted on 9 and 90 kN MTS
electrohydraulic closed loop testing machines. All tests were run under
load control at a frequency of 60 Hz with Py, /P yax = 0.1. The test system
was equipped with a peak load cutoff display oscilloscope, such that only
the upper and lower 0.1 percent of the load range was displayed and
controlled. This allowed for very accurate control of the imposed loads.
Crack initiation throughout the study was defined to be the develop-
ment of a 0.25 mm long crack, visible on either surface of the specimen.
Crack formation also was detected from changes in the oscilloscope load
display trace which occurs for the following reason. When a crack
initiates, the compliance of the specimen increases. The MTS equipment
is forced subsequently to provide a longer stroke to supply the same load
as for an uncracked sample. At 60 Hz, however, this is not entirely
possible due to machine response limitations. Consequently, the load
drops very slightly (from 0.02 to 0.05 percent of total load). Due to the
previously mentioned peak load cutoff display, this small change in

2 HOLES
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FIG. 1—Modified compact tension specimen. All units in millimetres.



294 FRACTURE MECHANICS

loading is immediately evident. Existence of a crack is then confirmed
visually with the assistance of a Gaertner x50 traveling microscope.

Block loading experiments also were conducted during this investiga-
tion. Specimens were first subjected to a block of high loads. The high
block loading sequence consisted of 1500 cycles at a load range which
would be expected (from prior baseline data) to cause crack initiation
(that is, the development of a 0.25-mm long crack) in 3000 cycles. These
overloads were applied at a frequency of 5 Hz. After overloading, loads
were decreased as desired, the frequency increased to 60 Hz, and cycling
allowed to continue until crack initiation was observed.

Transmission electron microscopy (TEM) was used to characterize
fracture surface micromorphology in the vicinity of initiation sites. Two
stage platinum-carbon replicas were taken from samples of interest for
examination on a Philips 300 microscope. Scanning electron microscopy
(SEM) was also used for observation of several initiation specimens. No
special fracture surface preparation was necessary before examination in
the Etec Auto-scan unit.

Presentation of Results

Baseline Crack Initiation Results

Results of the studies concerning crack initiation at three finite radius
notches are presented in Fig. 2 as plots of applied stress intensity range
(AK) versus crack initiation life (N;). The definition of crack initiation
used here includes both the actual initiation and subsequent propagation
to a length of 0.25 mm. Therefore, the condition of p — 0, that is, a sharp
crack, was also considered; N, for this case was determined strictly from
previously obtained crack propagation data [4]. As expected, a distinct
separation of the results obtained from each notch radius was observed.

As previously discussed, the parameter AK/Vp may be used to
normalize these data as shown in Fig. 3. Normalization by the use of
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FIG. 2—AK versus N,—baseline data.
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FIG. 3—AK/Vp versus N,—baseline data.

AK/Vp also allows the definition of a threshold (AK/Vp)rx below which
crack initiation would not occur [3]. (AK /\/f_))m would then be analogous
to the fatigue limit in traditional S-N tests. VAN-80 was found to exhibit a
(AK/Vp)y of 835 MPa at 106 cycles as compared with values of 420 to 900
MPa found for other steel alloys [3,5,6].

It is interesting to compare the threshold value determined in this
investigation with results reported previously by Rolfe and Barsom [6]. For
a number of different steel alloys having yield strengths in the range from
about 276 to 965 MPa, they found a correlation between AK/Vp and yield
strength with the form

Ak =3
@ Vb o

where the units are given in ksi Vin., in., and ksi. The VAN-80 results
reported in this study give a ratio of 5.9 which is in good agreement with
Eq 1.

It is apparent from Fig. 3 that the use of AK/Vp does not completely
normalize the experimental data. While there is scatter in the test results,
it is the view of the authors that a trend exists wherein a lower value of
AK/Vp is needed to initiate a crack as p increases. A similar observation
has been reported by others [3].

Block Loading Initiation Results

Block loading experiments were conducted in an attempt to distinguish
between initiation and propagation events at the notch root. These data were
then analyzed with Miner’s cumulative damage law [7]. Miner’s law assumes
no interaction between different block loads and no sensitivity to load
sequence. According to this theory, if N cycles are necessary for fatigue
failure at a given stress level, it is assumed that n/N fraction of the entire life
of the sample is consumed when a component experiences n cycles at that
same stress level. It follows that when a series of block loads is applied to the
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sample, failure is assumed to occur when 3n/N = 1. If this relationship held
true in all cases, it would greatly simplify our understanding and analysis of
the fatigue process. Unfortunately, this is not found to be the case.

At times 2n/N is found to be greater than one and in other tests, this
summation is less than one. It has been shown that notch acuity exerts a
strong influence on crack initiation life under block loading conditions.
Kommers [8] found that under high block-low block loading conditions in
unnotched specimens, 3(n/N) was less than one. This would indicate that the
initial high load block caused more damage than predicted by Miner’s law.
Crack nucleation is believed to be hastened by the high block; the following
low load block would then involve propagation of this nucleated crack.
Contrasted with this is the fact that Hudson and Hardrath [9] and Schijve and
Broek [/0]1have shown that 3,(n/N) > 1 for the case of specimens containing
sharp notches. The explanation for this opposite effect may be traced to
crack growth rate retardation resulting from the presence of favorable
residual stress or crack closure effects, or both, as reported by several
authors for various materials {11,13].

Thus, if a sample containing a notch of known severity is subjected to high
block-low block loading conditions, the relative importance of crack initia-
tion versus crack propagation may be determined. That is, if such tests show
3(n/N) < 1, then one would conclude that the fatigue process is dominated
by true initiation; however, if 3n/N > 1, then the propagation stage would
appear to dominate the overall process [14].

Results of high block-low block tests on two finite radius notches (p=1.59
and 3.18 mm) are presented in Fig. 4 and 5. These figures also contain the
baseline initiation data and curves which represent Miner’s law expectations
(Zn/N = 1)for the high block-low block tests. Test results from a sharp crack
(p— 0) are presented in Fig. 6. This case gives the reader an indication of the
susceptibility of VAN-80 to overload induced crack delay effects. Again,
baseline data and Miner’s law expectations are provided for comparison.

It is apparent that for all high block-low block tests, 3n/N > 1. By the
reasoning presented earlier, it would appear that for all notch radii examined,
crack propagation had dominated the fatigue process. However, these data
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FIG. 4—AK/Vp versus N—block load, p = 1.59 mm.
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may be reinterpreted in a different manner, thereby leading to a different
conclusion. Specifically, one should reexamine Fig. 6 which reflects the
susceptibility of VAN-80 to overload induced crack retardation. Not only is
2(n/N) > 1 for all test conditions, but under any overload more than 8 per-
cent greater than the low block load, 2(n/N) > 1.5; that is, the data will fall
to the right of the baseline curve. When the high block was 70 percent
higher than the low block, complete crack arrest occurred with no growth
whatsoever observed after a quarter million cycles. Therefore, overload in-
duced crack growth rate retardation may well exert a major influence over
the block loading total fatigue process.

With this severe retardation potential in mind, a modified explanation of
the high block-low block finite radius results is deemed appropriate. To
begin, it is restated that the arbitrarily chosen criterion for crack initiation
involves 0.25 mm of crack propagation. Consequently, it may be argued that
retardation within this 0.25-mm increment of crack growth, due to compres-
sive residual stresses or closure which was induced by the high load block, or
both, may overshadow the actual damage caused by the high block. That is,
the high block may still hasten initiation; however, the resultant small crack
at the notch root will grow extremely slowly and consume many cycles
before fulfilling our definition of initiation. For example, crack growth rates
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FIG. 6—AK versus N~block load, sharp crack.
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within the high block affected zone were decreased by 1 to 1.5 orders of
magnitude. Therefore, a revised definition of crack initiation is needed if one
would wish to separate initiation and propagation stages of the fatigue
process. It should be recognized that a new definition of initiation would only
be advantageous if available crack detection methods could accurately detect
smaller cracks.

Fracture Surface Examination

Macroscopic fracture surface examination immediately revealed one im-
portant point common to both baseline specimens and high block-low block
samples. At relatively low test values of AK /\/f) (less than 1000 MPa), single
initiation sites were observed. By contrast, at relatively high values of
AK/Vp (> 1000 MPa), multiple crack initiation sites were observed. This
may be attributed to the fact that at high stress levels there are more potential
initiation sites. This same phenomenon was not observed in high block-low
block testing. That is, very small multiple cracks were not present at the end
of the high block sequence. If small cracks had been present, some growth
would be expected during the low block and multiple origins would be easily
visible. Thus, it is concluded that crack initiation occurred during the low
block loading.

Baseline crack initiation samples were selected for a TEM fracto-
graphic study for the purpose of relating crack initiation site fracture
surface micromorphology to known fracture surface micromorphology
obtained from crack propagation studies. From striation spacing data and
the lack or presence of intergranular failure, local stress intensity levels
could be estimated. (It has been shown that at certain intermediate AK
levels VAN-80 fatigue fracture surfaces reveal some intergranular fail-
ure [4,15]). At short crack lengths, all specimens exhibited apparent local
stress intensities much lower than the remotely applied values. For
example, the striation spacings and evidence for intergranular failure
along pearlite boundaries as seen in Fig. 7 imply a AKX level of approxi-
mately 16 MPaVm as compared with a remotely applied stress intensity
of 34 MPa'Vm. Based on such fractographic results, it is concluded that
the local effective AK level for very short cracks in a notched compact
tension specimen is much less than one would determine from the
standard CT stress intensity expression. This is consistent with elastic
solutions for the stress intensity factor for small cracks growing within the
sphere of influence of geometrical notches and other specimen shape
changes [16].

Fracture surface examination was also conducted on the scanning
electron microscope. In all cases, a series of radial markings emanated
from each initiation site (Fig. 8). It was found that all initiation sites
contained a single globular particle which had been separated from its
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FIG. 7—Small striations (5.2 X 107> mmistriation) and pearlite boundary failure on
sample A2-54. Applied AK = 34 MPa\/m. x25200.

surrounding matrix (Fig. 9). Electron microprobe analysis of the parti-
cles at each initiation site revealed them to be cerium sulfides. This is very
similar to the findings of Lankford [/7] who showed that calcium alumi-
nate inclusions served as fatigue crack initiation sites in 4340 steel.

Conclusions

The following conclusions may be drawn from this investigation:

1. Crack initiation data reported in this study were normalized by the
parameter AK/V/p. This is reasonable since AK/Vp provides an excellent
measure of the maximum notch root stress levels in the specimen config-
uration adopted in this test program. For a one million cycle fatigue life,
(AK/Vp)y is found to be 853 MPa. When this value is normalized
according to the relationship suggested by Rolfe and Barsom (that is,
AK/(o42*Vp) = 5) good agreement was found with results from other
ferrous alloys.

2. While there is scatter in the test results, the authors conclude that a
trend exists wherein a lower value of AK/Vp is needed to initiate a crack
as p increases.
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FIG. 8—Radial markings issuing from one of the five origins on sample A2-95. x300.

3. The results of high block-low block testing where Z(n/N) > 1
indicate that the overall fatigue process is propagation controlled even for
the largest notch radius studied. It is suggested that the high block
loadings hasten crack initiation but that subsequent crack propagation
delay due to residual compressive stresses induced by the same initial
overloads may be so pronounced that detection of the crack is postponed
for very many cycles.

4. TEM fractographic observation has shown that the local effective
AK level at the tip of a very short crack at the blunt notch root is less than
the externally applied AK level as computed from the standard compact
tension specimen K formulation. This is consistent with elastic stress
intensity factor calculations for small cracks growing from notches.

5. Cerium sulfide particles present at or very near the surface of the
notch root act as crack initiation sites with failure occurring along the
sulfide-matrix interface.
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FIG. 9—Cerium sulfide at origin in A2-95 denoted by radial markings in Fig. 8. x6000.
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ABSTRACT: Room temperature, air environment fatigue crack growth rate data
were generated with 2.540 cm (1 in.) thick hot-isostatically pressed and heat-
treated low carbon steel powder metal toughness specimens containing artificial
defects (alumina ceramic spheres) ranging from 0.317 to 1.270 cm (0.125 in. to 0.500
in.) in diameter. The procedure used to fabricate the test material and the
subsequent evaluation of the effect of the defects on the localized rate of crack
growth are discussed. Results show that the effect of unbonded spherical defects
on fatigue crack growth rate behavior depends upon both the effect of the defect on
localized net section stresses and the crack ‘‘blunting’’ influence of the defect. In
addition, the specific influence of the defect on the rate of crack growth depends
upon the applied stress intensity level. It is also shown that relatively large isolated
spherical defects are required to yield a significant effect on fatigue crack growth
rate performance. A preliminary evaluation of the effect of multiple defects is also
included. Recommendations for further work and additional uses for powder metal
materials containing controlled artificial defects are discussed.

KEY WORDS: fatigue (materials), steels, crack growth, fracture (materials),
defects, failure, structure, life, cycles, powders, crack propagation

Within the last 10 years, it has been clearly demonstrated that fracture
mechanics concepts provide a unique quantitative approach to the
characterization of fatigue crack growth behavior in many structural
materials. Specifically, it has been shown that the rate of fatigue crack
growth da/dN , is primarily dependent upon the magnitude of the alternat-
ing crack tip stresses expressed in terms of the stress intensity factor
range, AK;[l,2].2 From knowledge of the appropriate fatigue crack
growth rate properties and the inherent fracture toughness of a given

! Manager, fracture mechanics, Structural Behavior of Materials Department, Westing-
house Research and Development Center, Pittsburgh, Pa. 15235.
2 The italic numbers in brackets refer to the list of references appended to this paper.
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material, it is possible to determine accurately the number of loading
cycles required for a preexisting crack to grow to the critical size for
failure. This information in turn, can be used to predict the useful cyclic
life of a structure and to establish realistic material acceptance and
inspection criteria [].

The advent of the fracture mechanics approach to fatigue and the
practical advantages of this design concept have led to the development of
an extensive amount of fatigue crack growth rate data for a wide variety of
structural materials. In addition, the fracture mechanics approach to
fatigue has been invaluable in developing a better understanding of the
fatigue phenomenon and in identifying variables which can influence the
cyclic life of a structure [3]. Among the pertinent variables which have
received considerable attention to date are loading spectrum (stress
range, waveform, frequency, load history, etc.), environmental effects
and the associated interactions with the loading spectrum, and material
variables including chemistry, strength level, and microstructure.

With regard to the effect of material variables on fatigue crack growth
rate performance, one extremely important and widely recognized area of
concern which has received relatively little attention is the potential effect
of inherent material discontinuities on fatigue crack growth behavior.
More specifically, what happens to the rate of crack growth when a
growing fatigue crack intersects an area of discontinuities in an otherwise
homogeneous material? This problem is of particular concern in relatively
heavy section structures which are likely to contain clusters or ‘‘clouds’’
of small defects. The few attempts to characterize such behavior have
been unsuccessful primarily because the available test material usually
contained a large number of different size interacting defects which
prevented a quantitative evaluation of the results [4,5]. Specifically, it
was not possible to distinguish the effect of a given defect from the effect
of others that were present. Consequently, the conventional approach to
handling the problem of a fatigue crack growing into a region of discon-
tinuities is to assume that the crack will essentially jump through the
defective area in one cycle. Obviously, such an approach can be overly
conservative and unrealistic.

In order to further pursue a practical solution to this problem, it was
decided that a procedure was required which would allow the preparation
of test material in which the size and location of defects could be
controlled. Attempts were made to prepare such material by first using
drilled holes to simulate defects and next, by casting plastic specimens
containing artificial defects. Although somewhat successful, these at-
tempts did not yield material which adequately represented the actual
condition of interest. At this point, it was decided to attempt to fabricate
powder metal test specimens containing artificial defects. This procedure
was successful and a series of low carbon steel powder metal specimens
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containing ceramic (alumina) spheres were used to simulate wrought steel
containing defects. This report describes the procedure used to fabricate
the test specimens and the results of a preliminary evaluation of the effect
of spherical discontinuities on the rate of fatigue crack growth. Fatigue
crack growth rate tests were conducted with 2.54.cm (1 in.) thick WOL-
type compact toughness specimen containing artificial defects ranging
from 0.317 to 1.270 cm (0.125 to 0.500 in.) in diameter and the results
expressed in terms of fracture mechanics parameters.

Material and Specimen Preparation

The test material involved in this investigation consisted of hot-
isostatically pressed and heat treated low carbon steel powder metal
blocks 8.26 by 6.35 by 2.54 cm (3.25 by 2.50 by 1.00 in.) thick. The
test blocks were fabricated with an open-ended powder metallurgy die
(2.86 by 8.57 cm, 1.125 by 3.375 in. cavity) designed to produce blanks for
the preparation of 2.54 cm (1 in.) thick WOL type compact toughness
specimens of the geometry shown in Fig. 1. The details of the test
specimen processing and subsequent heat treatment are summarized in
Table 1. The powder metallurgy processing yielded material with a
density essentially identical to wrought steel. The microstructure of the
test material is shown in Fig. 2 and the room temperature tensile
properties are given in Table 2.

Test specimens were prepared with and without artificial defects. The
defects consisted of solid ceramic spheres (aluminum oxide high tempera-
ture ball bearings) 0.317, 0.635, and 1.270 cm (0.125, 0.250 and 0.500 in.)
in diameter. Figure 3 shows the layout of the defects in the powder metal
specimens. These specimens were made by filling the die with one half the
metal powder required to make a complete specimen blank, leveling the
powder, and laying the defects on the powder surface which subsequently
becomes the midplane of a completed specimen. A template was used to
locate the defects as shown in Fig. 3. The remaining half of the powder

r“l.
]

FIG. 1—WOL type compact fracture toughness specimen (relative dimensions in terms of
thickness B).
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TABLE 1—Details of test specimen processing (low carbon steel).

Powder blending
ANCOR steel 1000 powder
+ 0.5 percent microcrystal graphite
+ 0.5 percent zinc stearate (lube)
Cold pressing in 2.86 by 8.57 cm (1.125 by 3.375 in.) die press to (100 000 psi)
Dewaxing and sintering
dewax in vacuum, 275°C (530°F), 8 h
sinter in vacuum, 1121°C (2050°F), 6 h
Cold isostatic pressing
press to (100 000 psi)
Sintering
sinter in vacuum, 1121°C (2050°F), 6 h
Hot isostatic pressing
specimens canned and hot isostatic
pressed at (10 000 psi) and 1200°C (2192°F)
Heat treatment
specimens removed from can and heat treated as follows:
annealed 815°C (1500°F), 1 h
quenched in water
tempered 480°C (900°F), 0.5 h

was then placed in the die (covering the defects) and the material cold
pressed and sintered twice per processing steps 2 through 5 noted in Table
1. Prior to hot-isostatic pressing (Table 1, step 6), the test specimens
containing artificial defects were subjected to a radiographic inspection to
determine if the defects had moved in the powder during processing.
Figures 4 and 5 show prints of the radiographs taken through the
thickness, 2.54 cm (1 in.), and through the height, 6.35 cm (2.50 in.), of
the test specimens. Note that the artificial defects remained in place
during the specimen processing. Following radiographic inspection, the
blanks were subjected to hot isostatic pressing and heat treated as noted
in Table 1, steps 6 and 7. The heat treated blanks were then machined into
2.54 cm (1 in.) thick WOL-type compact toughness specimens (Fig. 1).
Radiographs taken after final processing were used to locate the crack
starter notch in the plane of the defects.

Crack Growth Rate Testing

Room-temperature, laboratory air environment fatigue crack growth
rate tests were conducted with the six specimens containing artificial

TABLE 2—Tensile properties of test material.

0.2 Percent Yield Tensile Elongation, Reduction in
Strength, ksi Strength, ksi percent Area, percent
78.0 111.0 18.5 52.3

(538 MPa) (765 MPa)
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Fiched

FIG. 2—Microstructure of powder metal test material (low carbon steel).
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FIG. 3—Layout of defects in powder metal test specimens.

defects (Fig. 3) as well as with three identical defect-free specimens. In all
cases, the test specimens were both precracked and subsequently tested
to failure under essentially the same loading conditions. All tests were
conducted with a servohydraulic testing machine. The applied load, P,
ranged from 1.33 X 103 to 1.47 X 10* N (300 to 3300 Ib) yielding a load
range, AP, of 1.33 X 10* N (3000 Ib) and a stress ratio, R, of 0.1. The
specimens were precracked 0.254 cm (0.100 in.) beyond the crack starter
notch tip at a test frequency of 60 Hz and tested to failure from this point
at 5 Hz. The stress intensity factor range at the end of precracking was
14.85 MPam (13.5 ksi\/i_n.). All crack length measurements were made on
the surface of the specimen with a X35 binocular microscope. Crack
length measurements were made at 0.051 cm (0.020 in.) increments of
growth. Measurements were made on both sides of the specimen and the
average values used to compute the crack growth rate.

The rate of fatigue crack growth, da/dN was determined from the crack
length versus elapsed cycles data (‘‘a” versus N) by means of the
seven-point polynomial curve fitting procedure described by Clark and
Hudak [6]. The corresponding stress intensity factor range, AK; was
computed from the expression

Pmax\/z Pmin\/z
= -Y
AR =Y —py BW

where
a = crack length measured from the centerline of loading,
Praxand Py, = maximum and minimum loads per cycle,
B = specimen thickness,
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FIG. 4—X-ray of test specimens (through thickness).

W = specimen width, and
Y = compliance factor given by

2 3 a
Y = 30.96 — 195.8 (1)+ . (1) — 1186. (1) + 754, (i)
W)+ 706 (1) - 1863 () + 7546 (o

Test Results

Figure 6 presents the results of the fatigue crack growth rate tests
conducted with the three defect-free low carbon steel powder metal
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FIG. 5—X-ray of test specimens (through height).
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FIG. 6—Fatigue crack growth rate properties of powder metal test specimens.

specimens. The results are expressed in terms of log da/dN versus log AK;
and the least squares regression line which defines the fatigue crack
growth rate properties in terms of the generalized fatigue crack growth
rate law, da/dN = C,AK*, is included [2]. Note the small amount of
variability in the crack growth rate data generated with the three
specimens. Such results illustrate that consistent, reproducible fatigue
crack growth rate data can be developed with powder metal materials. In
addition, it should be noted that the fatigue crack growth rate data
developed for the powder metal steel investigated here fall within the
scatterbands of room temperature, air environment fatigue crack growth
rate data reported for a wide range of wrought steels [3]. The aforemen-
tioned observations clearly indicate that properly fabricated powder metal
materials can be used to simulate wrought metal behavior.

Figures 7, 8, and 9 present the fatigue crack growth rate data for the six
test specimens containing artificial defects. In each case, that portion of
the crack growth rate data corresponding to the location of the artificial
defects is noted.® The least square regression line developed for the defect
free material (Fig. 6) is also included on each plot. Note that except for
that portion of the crack growth rate data affected by the presence of the
artificial defects, the crack growth rate performance of test specimens 1

3 The second 0.320 cm (0.125 in.) diameter ceramic ball in specimen No. 3 (Fig. 8) was
located in the fast fracture area of the specimen.
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through 6 is essentially identical to that encountered with the defect free
material. Note also that in general, the presence of the defects produced
both an increase and a subsequent decrease in the rate of crack growth as
the main fatigue crack front passes through the defect region. Con-
sequently, the defects had a relatively small effect on the total life of each
specimen. The number of loading cycles required for the 0.254 cm
(0.100 in.) long precrack to grow to the critical size for failure, 3.048 cm
(1.200 in.), is noted in Table 3 for each test specimen.

Although detailed crack length versus elapsed cycles (@ versus N)
curves were developed for each test specimen, such curves were of little
value in illustrating the effect of defects on fatigue crack growth perform-
ance and as a result, these data are not included in the paper.

Figures 10 and 11 show the fracture appearance of four of the test
specimens containing artificial defects. Note that in all cases, the fatigue
cracks grew around the defects and none of the ceramic balls were
broken. Note also that the ceramic balls did not form a bond with the steel
(as indicated by the fact that many of the defects fell out of the metal upon
specimen failure). Thus, we can conclude that the artificial defects
evaluated here represent unbonded inclusion or void-like discontinuities.

Discussion

The results of this investigation reveal several pertinent observations
regarding the influence of discontinuities on the rate of fatigue crack
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TABLE 3—Number of loading cycles.

Specimen Identification Cycles to Failure
A 903 240
B } no defects 869 250 } 884 000 average
C 881 010
1 699 290
2 866 140
3 see Fig. 3 1 141 000
4 941 260
5 1 150 000
6 854 340

growth. Let us first consider the case of a fatigue crack intersecting a
single, unbonded spherical defect; Specimens 1, 2, and 3 shown in Fig. 7
and 8. The deviation in crack growth rate from the defect-free behavior
(represented by the regression line) observed for these tests and illus-
trated most clearly by the results for Specimen 1 (Fig. 7) provides
considerable insight into the localized behavior encountered when a
growing fatigue crack intersects a spherical defect. The increasing and
then decreasing deviation in growth rate encountered as the crack grows
through the region of the defect appears to be a direct reflection of the
change in localized net section stress caused by the presence of the
defect. Since the localized net section stress and the corresponding
effective AK| level increases and then decreases as the crack front passes
through a defect of circular cross section, we would expect to see an
equivalent change in the rate of crack growth. However, as the crack
approaches the back side of the defect, the blunt nature of the defect tends
to retard cracking, subsequently reducing the rate of crack growth. This
crack blunting effect is clearly evident from the lower rate of crack growth
encountered after the fatigue crack (as measured on the specimen surface)
has grown beyond the defect. At this point in the test, we can easily
envision a concave crack front and a corresponding reduction in crack
growth rate. Crack blunting can be caused by either the need to re-initiate
a fatigue crack at the back side of the defect or by the fatigue crack
growing around the defect. Examination of the broken test specimens
(Fig. 10 and 11) indicates that the latter situation was the case in this
investigation. Specifically, the fatigue striations show evidence of two
independent cracks joining together at the back of the defect.

In view of the preceding discussion it appears that at least two
interacting effects control the influence of discontinuities on fatigue crack
growth rate behavior—localized net section stress effects and crack
blunting effects. Obviously, in order to predict accurately the effect of
discontinuities on fatigue crack growth, it will be necessary to analyze the
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influence of both of these factors. Although it may be possible to estimate
the effect of a change in localized net section stress and the corresponding
change in crack growth rate caused by the presence of a defect, it is not
yet possible to predict the influence of crack blunting effects.

Comparison of the data generated with single isolated defects (Speci-
mens 1, 2, and 3) also shows that the extent of deviation in da/dN from the
defect-free behavior is directly related to the diameter of the defect. Note
that the deviation both above (net section stress effect) and below (crack
blunting effect) the regression line depends upon the defect size and in
general, the overall effect is to reduce the influence on cyclic life. These
data also clearly illustrate that relatively large isolated unbonded spherical
defects are required to yield a pronounced effect on fatigue crack growth
rate performance. Note that only the 1.270-cm (0.500-in.) diameter defect
had a significant effect on the fatigue crack growth behavior in a 2.54-cm
(1-in.) thick specimen.

The data developed for the multiple defect test specimens (Specimens
4,5, and 6 in Figs. 8 and 9) also show both increases and decreases in the
rate of crack growth as the fatigue crack passes through the defect region.
Again, such behavior reflects both localized net section stress and crack
blunting effects on crack growth. However, these tests also reflect the
influence of multiple defect interactions on crack growth behavior.
Consequently, the evaluation of these results and the comparison with the
single defect data can provide at least a preliminary characterization of
the effect of multiple defects on fatigue crack growth rate performance.

Among the significant observations associated with the multiple defect
tests conducted here is the fact that the interaction effects between
neighboring defects are relatively small. For example, note that the two
0.635-cm (0.250-in.) diameter defects (Specimen 4) had less influence on
the localized rate of crack growth than the single 1.270-cm (0.500 in.)
diameter defect (Specimen 1). In addition, increasing the number of
0.317-cm (0.125-in.) diameter defects from two (Specimen 5) to three
(Specimen 6) had little effect on the resulting crack growth rate perform-
ance. These results imply that for the limits represented here (defects ina
single plane), there is no significant magnification in localized stress due
to the interaction effects of multiple spherical defects. These results are
consistent with the work of Peterson regarding the interaction effects of
neighboring cavities [7].

The crack growth rate data presented in Fig. 9 illustrates another very
significant observation regarding the influence of discontinuities on the
rate of fatigue crack growth. Note that for both test specimens (Nos. 5 and
6) the specific influence of the defects on da/dN depends upon the applied
AK, level. At the low AK, level, the presence of the spherical defects pro-
duced a significant reduction in crack growth rate behavior. At the higher
AK, level, the same defects produced a substantial increase in crack growth
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rate. This behavior is due primarily to the fact that at the larger crack
length associated with the second set of defects, the change in AK level
across the defects is much larger than at the first set of defects. Thus, an
equal amount of crack extension at the higher AKX, level both increases the
rate of crack growth and reduces the effect of crack blunting by a larger
amount than at the shorter crack length. Similar behavior would occur for
any defects placed at various locations along the length of a compact
toughness specimen. Such behavior depends upon the rate of change of
AK; with crack length; consequently, different loading conditions can
produce different overall effects.

The results of this investigation reveal several interesting observations
regarding the influence of defects on the rate of fatigue crack growth.
However, it is apparent that a substantial amount of additional data are
required to characterize this important behavior adequately before practi-
cal guidelines can be developed for use in the prediction of component
life. The work described here was aimed primarily at developing an
adequate procedure for the preparation of test material containing con-
trolled defects and establishing the feasibility of the approach. We are
currently in the process of evaluating the influence of other defect types
and configurations on fatigue and fracture performance. Hopefully, these
new data combined with the results presented in this investigation will
provide sufficient information to allow the adequate characterization of
the effect of inherent discontinuities on fracture behavior. However, the
practical use of such data will still depend upon the capabilities of
available nondestructive inspection techniques to identify and charac-
terize the type of defects involved.

One of the problems associated with the quantitative evaluation of the
capabilities of various nondestructive testing procedures has been the
availability of test material containing controlled defects—the same
problem associated with the evaluation of the effect of discontinuities on
fracture behavior. In view of the success encountered with the use of
powder metal material containing artificial defects as described in this
paper, it would appear that similar test specimens could be used to further
evaluate and characterize the capabilities of various nondestructive
inspection procedures and it is strongly recommended that such tech-
niques be given serious consideration. The radiographs shown in Figs. 4
and § clearly illustrate the potential use of powder metal specimens for
evaluating inspection capabilities. Such techniques would also be directly
applicable to the evaluation of ultrasonic inspection procedures.

Summary

This paper describes an investigation conducted to develop and sub-
stantiate a testing procedure to be used as the basis for a quantitative
approach to the evaluation of the effect of inherent discontinuities on the
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fatigue and fracture properties of structural metals. A powder metallurgy
technique was developed to permit the preparation of test material
containing controlled internal defects and preliminary fatigue crack
growth rate tests were conducted to evaluate the applicability of this
procedure to the characterization of wrought metal behavior.

Room-temperature, air environment fatigue crack growth rate tests
were conducted with 2.540-cm (1-in.) thick hot-isostatically pressed and
heat treated low carbon steel powder metal toughness specimens. Tests
were conducted with specimens containing artificial defects as well as
with defect-free specimens. The defects consisted of unbonded alumina
ceramic spheres ranging from 0.317 to 1.270 cm (0.125 to 0.500 in.) in
diameter. Both single and multiple defect configurations were evaluated.
The crack growth rate data developed with the defect-free specimens
were compared with wrought steel behavior and it was shown that the
powder metal material could be used to simulate the behavior of wrought
metal. Data generated with specimens containing defects were compared
with the defect free results and the influence of the defects on the rate of
crack growth evaluated. It was shown that unbonded defects of a given
size produce both an increase and decrease in localized crack growth rate
and the specific influence of the defect depends upon size of the defect
and the applied stress intensity. Recommendations regarding additional
uses for powder metal materials containing controlled defects are dis-
cussed.

Conclusions

The pertinent conclusions associated with this investigation are sum-
marized as follows. Note that the following observations apply spe-
cifically to unbonded or void-like discontinuities.

1. Powder metallurgy techniques can be used to prepare test materials
containing controlled internal defects which, in turn, can be used to
simulate the effect of discontinuities on the fatigue and fracture properties
of wrought materials.

2. Hot isostatically pressed and heat treated low carbon steel powder
metal material yields fatigue crack growth rate properties similar to
wrought steels.

3. Powder metal materials containing controlled artificial defects can
be used to evaluate quantitatively the capabilities of nondestructive
inspection techniques for detecting internal defects.

4. The effect of discontinuities on fatigue crack growth rate behavior
depends upon both localized net section stress effects and crack ‘‘blunt-
ing’’ effects.

5. The specific influence of a given defect on the rate of fatigue crack
growth depends upon the applied stress intensity level. The higher the
stress intensity level the smaller the influence of crack ‘‘blunting.””
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6. Relatively large isolated spherical defects are required to yield a
pronounced effect on fatigue crack growth rate performance.

7. The interaction effect of neighboring spherical defects within a single
plane on fatigue crack growth rate data is relatively small.
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ABSTRACT: The reduced crack growth rate caused by each high-low load
sequence of a complex load spectrum is modeled by a modified empirical
constant-amplitude crack propagation relationship. The modification consists of
the replacement of the crack rate term by a fractional derivative. The order of the
derivative is a nondimensional parameter which is defined in terms of each high-
low load sequence occurring in the spectrum. A cycle-by-cycle solution of the
fractional differential equation yields the crack growth behavior for the spectrum.
The approach is evaluated by comparing predictions with available experimental
results for three aluminum alloys (7075-T6, 7050-T73, 2024-T3), two titanium alloys
(Ti-6Al-4V, Ti-6Al-2Sn-4Zr-6Mo) and a nickel base superalloy IN-100. In all cases
the method accurately predicted the general trends and estimates were well within
a factor of two for 39 out of 40 tests analyzed.

KEY WORDS: crack propagation, fatigue (materials), delay cycles, overload,
retarding, aluminum alloys, titanium alloys, predictions

A method is described to predict fatigue crack growth for variable
amplitude fatigue. The approach is based on the results of recent studies
dealing with crack retardation or the delay effect caused by a single
overload [/ -3].%2 It was found that the reduced crack growth rate follow-
ing a single overload could be estimated by introducing a modification in
the empirical constant amplitude crack propagation relationship. The
modification consists in the replacement of the crack growth rate term by
a fractional derivative; the order of the derivative being defined as the
overload ratio. Then, using the condition that the increment of crack
growth during the delay period is equal to the plastic zone produced by

* The authors wish to dedicate this work to the memory of Dr. Jonathon R. Osias
(1945-1977).
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the overload, the solution of the fractional differential equation yields an
explicit relationship for the number of delay cycles. A similar approach
was developed to estimate delay caused by a single overload of varying
duration at elevated temperature, that is, creep hold time effect [3]. The
usefulness of this simple heuristic approach for estimating transient crack
propagation behavior from the steady state (constant amplitude) crack
growth relationship is encouraging. In this paper the approach is extended
to variable amplitude fatigue. Predictions are compared with available
experimental results for three aluminum alloys (7075-T6, 7050-T73,
2024-T3), two titanium alloys (Ti-6Al-4V, Ti-6Al-2Sn-4Zr-6Mo), and a
fine-grain nickel base superalloy (IN-100). The general trends of all test
results were accurately predicted and agreement was well within a factor
of two. For comparative purposes and to indicate the extent of the
perturbation introduced by the high-low load sequence, predictions based
upon simple superposition are included.

Analysis

In order to provide a basis for comparison and to show the underlying
structure of the proposed method, a simple approach is developed which
permits, for an arbitrary crack geometry and mode I loading, the
determination of explicit solutions of the governing crack propagation
relationships for (a) the familiar constant-amplitude fatigue case, and
(b) the variable amplitude fatigue case using a fractional derivative. It is
hoped that this manner of presentation will provide greater insight than
would a formal description. However, in the Appendix an algorithm for
the practical implementation of the method is given based on the direct
numerical integration of the governing fractional differential equation for
crack propagation. Crack propagation for constant amplitude fatigue can
be characterized by an empirical relationship of the form

da/dN = Af(R)(AK)" M

where A and n are constants and f(R) is a function which models the
R-ratio dependence; AK is the range of the stress intensity factor. In
general, the stress intensity factor is given by

K = o/maF @

where F is a function of crack geometry and loading and has been
determined for many configurations, for example [¢-7].

For a specific form of F, a ‘‘piecewise” curvefit using a simple power
function relation is introduced. Let

(JmaF) = af  i=1,2,3,.... 3)



322 FRACTURE MECHANICS

where the subscript refers to the specific range of crack length (crack
increment) for which the curvefit parameters ®;, 8; are appropriate to
within a desired degree of accuracy. Eq 1 can be rewritten in the con-
venient form

d@*dN = fi(RXAo)"B; @
a; = 1- Bi B,‘ =Aa,¢¢’i

Then using the initial condition a(N,) = a,, the solution of Eq 4 is
a = {a + f(R)(Ao)"B(N — N,)}* )

Equation 5 can be used to estimate the crack growth behavior for constant
amplitude fatigue. It can also be employed for the restricted class of load
spectra which is characterized by a constant maximum load and variable
R-ratio {8,9]. For this latter case, the load spectrum is decomposed into
subspectra each consisting of a constant stress range and R-ratio. Then a
set of equations similar to Eq 5 can be constructed to determine the crack
growth for a single spectrum, care being taken to ensure that the load and
R-ratio sequence is preserved. The repeated use of the equation-set will
yield the desired crack growth estimate. The approach described will be
recognized as an alternative (and equivalent) to that commonly employed:
the direct numerical integration of the crack relation and the use of simple
superposition. However, it is well known that the method implied by Eq 5
usually will not produce useful predictions for complex load spectra due
to crack retardation. The Wheeler [10] and Willenborg [//] models are
two of the better known methods which have been proposed to deal with
variable amplitude fatigue. A general criticism that can be made of most
models is either (a) variable amplitude crack data is required for im-
plementation, or (b) the model gives useful predictions for a restricted
class of load spectra {12]. The method proposed in this paper is subject to
restriction (b); however, it will be shown that it gives useful results for a
rather broad class of load spectra.

Recent studies [/ -3] of delay effects due to a single overload suggest
that the reduced crack growth rate following an overload can be estimated
by replacing the rate term of the constant amplitude crack propagation
relationship with a fractional derivative. For the single overload case, the
order of the derivative is a nondimensional parameter that is defined as
the overload ratio, omax/ooL, (Fig. 1). This simple idea is extended to
variable amplitude fatigue by redefining the parameter in terms of the
loads of each high-low load sequence of the spectrum.

Our choice of a definition for the parameter, A, which is suitable for
variable amplitude fatigue, is based on the observations of many inves-
tigators, for example [17-21], who have found that the ratios which play
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FIG. 1—Definition of high-low subspectrum parameters.

an important role in characterizing crack delay behavior are oyax/ooL,
ouL/ooL and oyw/omax- In addition, we require that the parameter be
unity for the case of constant amplitude fatigue. Guided by these
considerations, we propose the following definition for the ‘‘interaction’’
parameter:
For a load spectrum which consists only of tensile loading, the
interaction parameter, A ;, for the high-low sequence of the jth subspec-
trum is (Fig. 1)

A= (O'MAX/O'OL){I + 2(ow/ooL) In[(omax — omw)/ (oo — O'UL)}} (6)

After replacing the differential operator of Eq 4 by a fractional
differential operator, the governing equation for variable amplitude crack
propagation becomes, for the jth subspectrum

dM(a™ — a,f)/[dIN — Np)I» = f(R) (Ac)"B; Q)

where (Ao); = (omax — ommw); and a,;, N,; are the initial crack length and
initial cycle number, respectively, of the jth subspectrum. The fractional
differential operator includes the lower limits, as required. Only when the
order of the differential operator is a nonnegative integer does the
dependence on the lower limits vanish [/2,13,14]. The solution of Eq 7 is

a = {a,™ + [f(R)(A0)"Bi{(N — N,™/T(1 + A}l ®)

where I'(1 + A;) is the gamma function.
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For the special case of constant amplitude fatigue, f(R;) = f(R),
(Ao); = Ao, A\; = A = 1, and since I'(2) = 1, we recover the result given
by Eq 5, as required.

An examination of Eqs 5 and 8 shows that the latter will predict
accelerated crack growth for the specific load subspectrum that consists
of only two cycles of differing magnitudes. This can easily be shown by
the following argument. If we form the ratio of the term (a* — a,*) as
given by Eq 8 to that given by Eq 5, we find

1/(ANYAT(1 + \)

where (N — N,) = AN. Then, for a high-low load sequence, A < 1 and
I'(1 + A) < 1, so that the preceding ratio

. _|>1for (AN) =1
/@ANITTA + N [< 1 for (AN) > 1

Furthermore, since the sign of both terms is negative, (since a; < 1and
therefore B; < 1) we conclude that Eq 8 will predict delay or crack
retardation for (AN) > 1 and accelerated crack growth for (AN) = 1.
Unfortunately, attempts to check the predicted acceleration effect by
experiment were inconclusive.

Equation 8 is the main result which embodies the proposed prediction
method. Its appropriate use entails the following steps:

(a) determination of the piecewise curvefit parameters, ®; and B;

(b) the decomposition of the load spectrum into a sequence of sub-
spectra, each having fixed (constant) values for R and Ao

(c) identification of each high-low sequence of the load spectrum and
the determination of the corresponding parameter A. The parameter is to
be used for the low part of each subspectrum as illustrated by Fig. 2.

The preceding steps will enable one to construct a set of equations
similar to Eq 8 which must be solved sequentially, beginning with the
initial crack length a,. The calculated (final) crack length for the first
subspectrum is used for the initial crack length of the second subspec-
trum.

Figure 2 gives some illustrative examples of the spectrum decomposi-
tion method together with the appropriate parameters for each of the
subspectra. A method that employs direct numerical integration of the
basic fractional differential equation is given in the Appendix.

Evaluation

The accuracy of the prediction method was evaluated using experimen-
tal data [8,9,16,18] for three aluminum alloys (7075-T6, 7050-T73, 2024-
T3), two titanium alloys (Ti-6Al-4V, Ti-6Al-2Sn-4Zr-6Mo), and a fine-
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FIG. 2—Examples of decomposition of a load spectrum into subspectra.

grain nickel-base superalloy (IN-100). Table 1 gives the baseline constant
amplitude fatigue crack relationships used for the predictions. Figures 3
through 9 give the results of the evaluation. It can be readily seen that the
method predicts the trends for all tests quite accurately and, in general,
agreement is well within a factor of two except for one test (3C, Fig. 5a).
The agreement is considered good in view of the variation typical of crack
growth data. Predictions using simple superposition, included for com-
parative purposes, also provide estimates of the amount of crack retarda-
tion.

As aforementioned, it is noteworthy that the method predicts acceler-
ated crack growth for a specific class of load spectra which consists of
simply two loads with different magnitudes. Two experiments to check
this prediction were carried out, Figs. 8a and 9. In order to evaluate the
theoretical magnitude of the acceleration, calculations based on the
proposed method were compared with simple superposition. The acceler-
ation effect (theoretical) was found to be small and a comparison of
predictions with experimental data was inconclusive.

An overview of the efficacy of the proposed method can be obtained
from Table 2 and Fig. 10, where comparisons between predicted and
experimental results are given. The lack of correlation of the simple
superposition estimates (Fig. 10) with test results clearly indicate the
highly nonlinear interaction that was present in most tests. The strong
correlation found between test data and the estimates made by the
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FIG. 4—Comparison of predictions with tests on 7075-T6 (Ref 8) (I in. = 0.0254 m; 1
ksi = 1.099 MN/m?).
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TABLE 2—Comparison of experimental and theoretical results.

Figure No. Specimen No. aF¢ Nexp X 107 Niggo X 107
3@) 2A 0.0356 374 41.6
3A 0.0356 24 28.3
4A 0.0356 17.2 19.4
SA 0.0356 12 13.8
6A 0.0356 64 6.8
TA 0.0356 3.6 33
3%) 1B 0.0356 18.7 19.3
9B 0.0356 20 19.3
3(c) 2B 0.0356 21.1 27.6
10B 0.0356 25.7 27.6
4(a) 4B 0.0356 21.6 21
12B 0.0356 279 21
4d) 6B 0.0356 12.6 11.2
15B 0.0356 33.5 30.9
4(c) 1C 0.0356 54.8 53
S(a) 2C 0.0356 9.2 15.4
3C 0.0356 29 7.4
5()® 1D 0.0356 316 339
2D 0.0356 384 455
D 0.0356 568 536
6(a) 11A 0.0356 34 224
12A 0.0356 8.9 6.3
6(b) 7B 0.0356 37 48
13B 0.0356 42 48
7a) 15A 0.0356 16.8 153
16A 0.0356 28 42
%) 8B 0.0356 253 2.4
14B 0.0356 29.6 24.4
) A 0.0305 7.4 72
B 0.0305 11.2 12.1
C 0.0305 17.6 19
D 0.0305 20.6 21.2
8(a)® 0.0051 4.1 3.6
8(b) 666 0.0356 15.4 17.9
669 0.0356 22 244
%a) 0.0061 117 128
9b) oo = 10 0.0356 14 14.5
=12 0.0356 19 24
=15 0.0356 27 377
=20 0.0305 40.5 43

% Final crack length, m.
® Not shown in Fig. 10.
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FIG. 10~Comparison of experimental results with theoretical predictions.

proposed method indicate that the approach can successfully model
non-linear interaction effects.

In its present form the prediction method does not distinguish between
spectra consisting of underload/overload and overload/underload se-
quences; similar behavior is predicted for both sequences so that only one
theoretical prediction appears in some figures. Several investigators have
carried out work that is relevant to this problem, including Alzos et
al [17], Porter [8], and Hsu and Lassiter [/8]. In future work an attempt to
model these effects will be made.

Discussion

The authors clearly recognize the ad hoc nature of the model since the
overload parameter is not identified with mechanisms that are known to
be present, that is, residual compressive stresses, closure, etc. However,
it is defined in terms of load ratios that have been found to be significant
by most investigators, for example [17-22].

The load decomposition method described by Fig. 2 was chosen purely
on the basis of simplicity and should be considered as a tentative
approach until it has been evaluated thoroughly by comparing predictions
using this method and test results for spectra that are much more complex
than those considered by this work. Other approaches such as the rain

flow method [23] for dealing with the cycle counting problem will receive
attention in future work.
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In addition, we believe that the usefulness of a fractional operator to
model transient effects from steady-state behavior appears to have
broader implications beyond fracture mechanics and should be explored.

Conclusion

A relatively simple method is presented and evaluated for estimating
the crack growth behavior for variable amplitude fatigue. The approach
requires only the constant amplitude crack propagation relationship as a
function of R-ratio. The evaluation indicates that the method has merit as
a practical engineering tool.
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APPENDIX

The method for solving Eq 1 or Eq 7 for crack length on a cycle-by-cycle basis is
not efficient for complex load spectra. The equally accurate approach of the direct
numerical integration of Eq 1 is better suited for computer application, as
described below.

For the most general problem with m degrees of freedom, for example, a
complex crack configuration in three dimensions, Eq 1 represents a system of
differential equations which may be solved for N using standard numerical
techniques such as Runge-Kutta. However, the simple 1 deg of freedom problem
described here may be reduced to a single step. The change in life, AN;, due to an
increment of crack length, Ag;, is given by

AN; = %[1/(da/dN); + 1/(da/dN);-,]Aa; )

where
Aai = a; — Qi

AN{ = Ni - Ni—l
Therefore, the life, N, for any value of crack length may be determined by
successively incrementing the crack length and calculating a new life.
In order to apply the above procedure to the general fractional derivative form
of the crack growth relationship described above, consider another form of Eq 7,
d*a/dN* = G(AK, R) (10)

where A is the parameter defined in terms of stress intensity factors

A = (Kyax/Ko){l + 2(Ku/Kop) In[(Kuax — Kum)/(Ko — Ku)lt (1)
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Assuming that G(AK, R)is independent of crack length during a given subcycle,
Eq 10 may be integrated to give, for the ith subcycle

a; = a,, + [GAK, R)/T(1 + A)J(N; — N, (12)

where a,,, N, are the initial conditions. Since AN, = 1, the crack growth rate for
the ith subcycle is given by

da
dN; AN, '+ )

Aai = M(N{ - Na‘)x' _ M
I(t + Nioy)

(Niea = Ny M (13)

Then Eq 13 may be used in Eq 9 and the procedure described above can be applied
directly. A comparison of the results obtained by the above algorithm and by the
method described in the main body of the paper showed excellent agreement; the
predicted lives differing by less than 1 percent in all cases.
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ABSTRACT: The calculation of stress intensity factors in three-dimensional
situations, under any stresses, is an engineering necessity. The authors presented
at the 9th National Symposium on Fracture Mechanics, Pittsburgh, 1975, a method
for calculating three-dimensional weight functions by finite elements. But the
computer time was found to be too long for engineering applications.

In this study the three-dimensional problem is limited to symmetrical problems
with applied stresses expressed by a polynomial in one coordinate. Calculations are
performed on semi-elliptical cracks in the meridional plane of a cylinder, and the
applied stress is expressed by a polynomial of the fourth degree in the coordinate in
the radial direction (see nomenclature and Fig. 1). The method could be extended
to other symmetrical geometries and loads.

So-called ‘‘polynomial influence functions’ are defined and correspond to the
terms of the polynomial. These functions depend on the radii ratio, the shape, and
the depth of the crack; since these parameters are fixed, they are functions of the
eccentric angle that defines a point on the crack front.

The polynomial influence functions are computed by the boundary integral
equation method. The method was first tested on a penny-shaped crack for which
the known weight function allowed a direct computation of the polynomial
influence functions. The accuracy was found sufficient to apply the method to more
difficult problems. These functions were then calculated for semi-elliptical cracks
in cylinders.

The results are presented in the form of curves; they are discussed and compared
with the results published by other authors.

KEY WORDS: crack propagation, fracture parameters, stress intensity factor,
three-dimensional problems, semi-elliptical cracks, cylinders, boundary integral
equation method, fatigue (materials)
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Nomenclature

a Radius of a circular crack
b Shorter semi-axis of an elliptical crack
¢ Longer semi-axis of an elliptical crack
¢ Eccentric angle of an ellipse
k 1-cta
Etk) Complete elliptical integral of the second kind
R,,R; Outer and inner radii of a cylinder
t = R, — R; Thickness of the wall of a cylinder
x Abscissa from the inner face of the wall
o; Applied stresses (j = 0,1,2,3,4)
K(¢) Stress intensity factor
hi(¢) Polynomial influence functions
r Short distance along a normal to the crack tip
v Displacement of a point on the surface of the crack
E Young’s modulus
v Poisson’s ratio ,
P,P' A point on the crack surface, front
G(P,P’) Bueckner’s weight function

The calculation of stress intensity factors in three-dimensional situa-
tions is an important engineering problem, even if it is restricted to
symmetrical loads or Mode I. It is necessary to consider not only uniform
tension but also stress gradients as encountered in thermal shocks, for
instance. And as loads variable with time must be applied to the cracked
solid, it is desirable to find a means of not repeating the complete
calculation for every load.

The knowledge of three-dimensional weight functions, as defined by
Bueckner {I]* and Rice [2], would solve this problem. The authors
presented at the 9th National Symposium on Fracture Mechanics an
attempt for computing three-dimensional weight functions by finite
elements [3]. A test was done on a penny-shaped crack in an infinite solid
for which the weight function is known in closed form [4]. It was found
that the computation was possible, but about 5000 s central processing
unit (CPU) time were spent for this rather simple problem with a CdC
7600 computer; although improvements were possible, this was too
long a time for engineering applications.

It was decided to test the possibilities of the boundary integral equation
(BIE) method, as developed by Rizzo [5], Cruse [6,7], and in France by
Centre Technique des Industries de la Mécanique (CETIM) [8,9]. With the
BIE method the boundaries of the body are meshed, not the volume. This

3 The italic numbers in brackets refer to the list of references appended to this paper.
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results in a number of nodes smaller than the number with finite elements;
thus, the computing time should be shorter.

The problem to be studied was a semi-elliptical crack in the meridional
plane of a cylinder subjected to a stress approximated by a polynomial in x

(Fig. 1).

Previous Research on Semi-Elliptical Cracks

The problem of a semi-elliptical crack in a plate or a cylinder has been
studied by several authors. To the knowledge of the authors of this paper
the main studies in that domain are the following.

1. Shah and Kobayashi [10,11] derived approximate solutions for the
deepest point of the crack in traction and bending from their basic work
on an embedded crack [/2].

2. Bueckner [13] treated analytically the problem of a surface crack in
a half space, and derived stress intensity factors, crack opening displace-
ments and weight functions; up to now no numerical calculation has been
performed by this method.

3. Smith and Sorensen [/4] studied a semi-elliptical crack in a plate in
tension, using the iteration method. They started from the solution for the
embedded crack [12], and removed tension and shear stresses on the free
boundaries using solutions by Love [15] and Smith and Alavi [/6].

4. Raju and Newman [/7] treated the same problem by finite elements,
with a special attention to accuracy and convergence.

5. Approximate values of the stress intensity factor at the deepest point
of a semi-elliptical crack in a thick pressurized cylinder were published by
Underwood [/8].

6. Kobayashi et al [19,20] used the iteration method to calculate the
stress intensity factors along the edge of a semi-elliptical crack in the

=a cos ¢

x
y=c sin ¢
Ro M =

e D
)
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FIG. 1—Semi-elliptical crack in a cylinder.
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meridional plane of a cylinder, resulting from a stress approximated by a
polynomial, a hoop pressure stress, and thermal stresses. As the general
solutions developed by Love [/5] and Smith and Alavi [/6] are only for
semi-infinite solids and there exists no solution for solids limited by
cylinders, they performed the iteration calculations on a plate with
restrained ends simulating the cylinder and used a curvature correction
factor.

7. Atluri, Kathiresan, et al [21,22] developed a hybrid-displacement
method and calculated the stress intensity factors along semi-circular and
semi-elliptical cracks in rather thick pressurized cylinders.

8. Finite elements were used by Blackburn and Hellen [23] for pres-
surized cylinders and by Reynen [24] particularly for thermally loaded
cylinders.

Problems of Cracked Cylinders

All these studies yielded valuable results; however, there was a need
for an engineering calculation method which would yield functions
depending only upon the geometry. These functions would allow a quick
calculation of stress intensity factors for any applied stress.

Assuming that the stress applied on the crack is approximated by a
polynomial (Fig. 1)

O'(x)=0'0+0'1§+0'2(§>2 +0'3(£:‘>3 +0'4(§>4 (1)

the stress intensity factor is yielded by

Ky(#) E®)

a\’ aZ 1/4 = h1(¢) J = 09 19 29 39 4 (2)
o; (T) Jma (cos2 ¢ + = sin® d))
The o;(a/?)’ are the stresses of orderj at the deepest point of the crack.
The functions #;(¢), denominated ‘‘polynomial influence fuctions’’ de-
pend only upon the geometrical parameters R,/R;, a/c, a/t (Fig. 1).

As it has been seen, this is also the purpose of the work of Kobayashi et
al [19,20], who published results for pressure and thermal loadings, but
not functions such as the h; (¢).

The study was divided into two parts:

(@) A check of the possibilities of the program Equations Integrales Tri
Dimensionnelles (EITD) developed by Centre d’Etudes Techniques des
Industries Mécaniques (CETIM) according to the BIE method was
accomplished by treating the problem of a penny-shaped crack in an
infinite solid subjected to a stress gradient as in Eq 1; the functions A; (¢)
can be computed and calculated algebraically by integration of the weight
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function of the penny-shaped crack which is known in closed form [4] and
compared to the same functions computed by the BIE method.

(b) An application of the method to a semi-elliptical crack frequently
met in engineering problems (Fig. 1); the following ratios were chosen for
the geometrical parameters

R, _outer diameter _ 11

R,  inner diameter 10

2 - % (ASME Code, Section III, Appendix G)

pressurized water reactor (PWR vessels)

% =0.25, 0.50, and 0.80

It was felt that for engineering purposes an accuracy of 5 to 10 percent
would be sufficient.

The study was limited to symmetrical problems.

It was agreed that the same work with the same data would be
undertaken by McGowan and Raymund [25] who used a finite element
method.

Program EITD Developed by CETIM—Test with a Penny-Shaped Crack

BIE Method

Mathematical solutions of elasticity problems by the BIE method were
published a long time ago. They were resumed and applied numerically in
two dimensions by Rizzo [5], and extended to three-dimensional and
particularly crack problems by Cruse [6,7].

With this method any elasticity problem can be solved using two second
order tensor Kernels defined on the boundary, depending only upon the
geometry. These two kernels allow the calculation of the displacements
and tractions at the boundary by an integral equation. The displacements
-and stresses can be then calculated at any interior point in terms of the
two kernels and the stresses and displacements at the boundary.

In this way, a three-dimensional problem is reduced to a two-
dimensional problem on the boundary. In engineering computation this
results in a number of elements and nodes smaller than with finite
elements. Although the matrix is complete and not symmetrical, a
significant reduction in computation time can be expected.

EITD Program

An important feature of this program is the introduction by Lachat and
Watson [8,9] of eight nodes surface isoparametric elements. The program
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allows the application of five loads and yields the displacements and
stresses at the boundaries and the stresses at specified points inside the
body.

Stress intensity factors can be calculated by extrapolation in a plane
normal to the crack front of o Znr ahead of the crack, or of

[# __E v
220 =2 r
on the crack surface.

For this study, quarter point isoparametric elements [26] which intro-
duce a parabolic variation of the displacements were used on the crack
front as they had been by several authors with finite elements; the
interpolation of the stresses on the surface of the elements was parabolic.

Calculation of Polynomial Influence Functions for a Penny-Shaped Crack
in an Infinite Solid

In this problem the reference length must be a, radius of the crack
(Fig. 2). Equation 2 is reduced to

7 Ki(d) _
2 oy ma h; (¢) 3)

The functions h;(¢) are yielded by the stress intensity factors K;' (¢)
resulting from the applied stress

ox)=x

in which x’ is given the dimension of a stress, and o; is measured by a.
Then Eq 3 yields

Q)

FIG. 2—A point force on a circular crack in an infinite solid.
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The numerical values of the A, (¢), dimensionless, are used in Eq 3 to
calculate any stress intensity factor resulting from polynomial applied
stresses.

The stress intensity factors were calculated by extrapolation of v/,ron
the crack surface. The test on a penny-shaped crack was performed by
applying stresses

b j=0,1,2,3,4

The symmetry due to the absolute value allowed the calculation to be
limited to a quarter of the crack.

The CPU time for the whole set of the five functions 4; (¢) was about
80 s with a CdC 7600 computer. The 4, (¢) were also computed from the
known weight function [¢] (Fig. 3)

1 2apsin 6 — p*
PP)=
GEP) = o

and with this symmetry

X

W = = |

sla

i (a0
\/”Z‘“ — 1dpdo ®)

Az

h=6a
~
/

FIG. 3—Modeling a circular crack in an infinite solid.
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The BIE computed values were compared to the values computed from
the weight function.

An algebraic calculation is also possible forj = 0, 2, 4, by Eq 5 or for
J =0, 2from Shah and Kobayashi’s results [12]; these calculations yielded
results practically equal to the computer values.

Estimation of Accuracy

The results of the BIE computation were corrected by about 1 percent
to take into account the fact that the meshed solid was not infinite but a
cylinder. The influence of the not perfect alignment of points v/\/r was
checked by comparing a linear and a parabolic extrapolation; the differ-
ence was always less than 1 percent. Other calculations were performed
with rather coarser meshes to check the influence of the dimensions of the
crack tip elements.

On Fig. 4 the angle of the crack front elements is 22.5 deg, and their
width is 3.6 percent of the radius (0.036 a). Other tests were done with
angles of 30 and 45 deg, and with width between 0.1a and 0.01a. The
results were found to depend very little on the length of the elements but
were differently sensitive to the width; A, (¢), uniform stress, was not
sensitive; and h; () and h, (¢) were good with a width 0.01a and too low
by 8 to 10 percent with a width 0.1a. Near the crack tip, at ¢ = 0 deg the
stresses |x|* and x* increase sharply and a narrow width is necessary; at
¢ = 90 deg these stresses vary slowly, h; and A, are small, and relative
errors of 5 percent are not of great importarice.

A correlation was searched between the relative error and the relative

et ] _‘

4
o

FIG. 4—Mesh in the plane of a circular crack.
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load variation along the radius. With parabolic extrapolation a uniform
scattering band 3 * 1.5 percent was found; with linear extrapolation a
parabolic correlation was found (Fig. 5); and the results with the mesh of
Fig. 4 were found at the lower part of scattering band.

Taking into account the limited solid used for the calculation the errors
may be estimated between —1.5 percent for &, (¢) and —4 to 2 percent for
hy (¢) (see Table 1).

Semi-Elliptical Cracks in a Cylinder

As already indicated, the semi-axes ratio is one third (Fig. 1); so, the
summit on the major axis is not very sharp. It was thought possible to
apply the method to semi-ellipses of this eccentricity without a previous
test on a complete elliptical crack embedded in an infinite solid. This test
would have been necessary for sharper ellipses.

The singularity one half is questionable at the surface. Therefore, the
elements near the surface are rather short, and plane stress is assumed on
the surface. What is calculated by the extrapolation of v/,r at the surface
is some average value and not the actual value of the stress intensity
factor which should be zero. This inaccuracy is common to all engineering
methods.

Limitation of the Meshed Structure (Fig. 6)

An elasticity calculation must be performed on a relatively thin cylinder
(R,/R; = 11/10). With the BIE method computational difficulties were
first met for bending nonsingular problems with center angles over 90 deg
and elements limited by radii.

Th. hj _ comp.h;
Th.h;
15%

0%

0% 0% 0% %
Load variation in last element

FIG. 5—Circular crack; correlation between error and stress variation in the
deepest element.
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TABLE 1-—Penny-shaped crack—estimation of errors.

¢ =0 deg, ¢ =90 deg,
percent percent
ho () -1.5 ~1.5
hy (¢) -2 0.5
hs (9) -2.7 0.7
hs (¢) -3.3 22
hy(P) —4 2
Subsiructure ¢
wes S,
qsos‘ﬂc [ \ c"//\
g N
\\
L1
1 N
/"/’_E\
L—1 \‘\
v ™~
|1 — =
e \\ b2
h-—-
/_/1——__“-\\
L1
1 \IN
/|
I — I
/// Subsrwm 2 T
‘——J
% R

[
L—t..{ Substructure 1

Q. 0.25 6= 60° { Tunnet shaped )
0.5 80’
0.8 180

FIG. 6—Principle of the mesh of a cracked cylinder.
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Therefore, the three first crack calculations were performed on portions
of cylinder limited by center angles of 60 and 80 deg. It was estimated by a
shell calculation that the stresses at 60 and 80 deg from the crack would
not exceed 1 or 2 percent of the average stress in the ligament. These
calculations were performed with a free end. It was estimated that the
resulting overestimation at the free surface (¢ = 90 deg) for a uniform
applied stress would not exceed a few percentage points for the shallow
and medium cracks, 8 to 10 percent for the deep crack, and would be
considerably smaller at the deepest point.

Later the use of elements of the same length on the inner and outer faces
and two triangular elements yielded reliable results on a half cylinder for
nonsingular bending problems. The deep crack was calculated again with
no error resulting from a limited structure. The dimensions of the meshed
structures are shown in Table 2.

Mesh of the Crack Surface (Fig. 7)

The calculation with a penny-shaped crack showed that rather long
crack tip elements could be used but a too large width of the elements

D
c _—
]
e |
1 2
B/
&
"
Y -
E“D
R
\
\
\
\
o a=Q8t A |B Ol (AB
L

FIG. 7—Mesh in the plane of the crack.
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could result in an underestimation of 8 to 10 percent of 4; (¢) and A, (¢)
near the deepest point where the stresses x* and x* increase quickly.

In the first calculations (a/t = 0.25 and 0.5) the width of the element at
this point was 6 percent of the crack depth, which might result in an
underestimation of 3 to 5 percent. In the last calculation (a/t = 0.8) this
ratio was 3.5 percent, which should yield a very small underestimation.
Near the surface the relative width of the elements is higher, but the
stresses vary slowly and A3 and A, are small.

The length of the element near the surface was determined after the
angle of the normal, 30 deg for the first calculations, 15 deg for the last,
which resulted in at least three nodes between ¢ = 80 and 90 deg. On the
crack front there were 6 elements and 13 nodes not equally spaced with
respect to ¢.

Substructures

The structure was divided into five substructures. In the first calcula-
tions the boundary of two substructures intersected the crack front. This
resulted in oscillations for the deep crack. A tunnel-shaped substructure
surrounding the crack front was used for the medium and the deep cracks.
No oscillation was found.

Computer Time

The CPU time for each calculation yielding the five functions #; (¢) at
13 points of the crack front was 650 s using a CdC 7600 computer. The
time for the preparation and the presentation of the results was 100 h and
could be reduced to 80 h with some practice.

Presentation of Results

Functions h; (¢)

Three sets of curves yield these functions for a/t = 0.25, 0.5, and 0.8
(Figs. 8, 9, and 10).

Estimation of Errors Resulting from the Mesh and the Calculation
Method

At the deepest point of the crack (¢ = 0) parabolic and linear extrapola-
tion of v/r were performed, and the same behavior as the penny-shaped
crack was found. The difference could be reduced to 1 percent and only
linear extrapolation was kept.
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FIG. 8—Functions hy(¢) for a/t =0.25.

The underestimation at the deepest point resulting from the width of the
element may vary according to Fig. 5.

for a/t = 0.25 and 0.5
between —2.5 + 1 percent for h, (0) to —7.5 = 1 percent for h, (0)

for a/t = 0.8 (second calculation)

between —2.5 = 1 percent for A, (0) to —4 = 1 percent for h, (0)

Near the surface (¢ = 90 deg) there is no reference to appreciate an
error. However, the elements are short and the load variation along the
normal is negligible. The errors resulting from calculation should be low,
say —2 to —3 percent. On the penny-shaped crack positive errors (0 to 3
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FIG. 9—Functions hy(¢) for a/t = 0.50.

percent) were found for A,, h;, and h,, but these functions are small on the
surface and the knowledge of the error is not of great practical impor-
tance.

Errors Resulting from the Limitation of the Structure

The first calculations for the three crack depths were performed with
limited angles of the cylinder and a free end; therefore, overestimations
were expected. The second calculation of the deep crack was performed
with an angle 180 deg, H = 6.66¢ instead of H = 5¢ and restrained
displacements of the end. This source of overestimations disappeared this
way.

From the differences between these calculations the overestimations
for the other cracks might be

at the deepest point, ¢ =0
1 percent for all 4; a/t =0.25 and 0.5
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at the surface, ¢ = 90

< 2 percent for hy, h, a/t =0.25and 0.5
2 to 3 percent for h,, hy, h, alt =0.25
S to 7 percent for 4,, k3, A4 alt =0.5

Estimation of Total Errors

It is therefore thought that the total average errors may be estimated as
shown in Table 3. A scattering band of +1 percent should be added. These
figures do not have an absolute value=~They mean that an accuracy better
than 5 percent can be expected, except perhaps for the medium crack at
the surface where a slightly higher overestimation is possible.

Discussion—Comparison with Other Results
Comparison with a Long Axial Crack

It has been noted by Underwood [18] that the stress intensity factor at
the deepest point of a semi-elliptical crack in a thick pressurized cylinder
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TABLE 3—Estimation of total errors.

alt =08
(second
alt =0.25, alt=0.5, calculation),
percent percent percent
Deepest point ¢ = 0 deg
ho (¢) -1.5 -1.5 -2.5
hy (9) -6.5 -5.5 -4.0
Surface ¢ = 90 deg
fo (@) -1.5 <5 -2.5
hy (b) afew <0 may be >0 afew <0

<5

is significantly smaller than the stress intensity factor of a long crack of
the same depth. The stress intensity factors of long cracks in cylinders
(R,/R; = 11/10) can be calculated easily by weight functions [27], and
compared to h; (0)/E(k). The ratio varied according to the crack depth
between 1.45 and 4.2 (j = 0), 1.25 and 2 (j = 4), which confirms Under-
wood’s results.

Comparison Between a Cylinder and a Plate

One may wonder if the so-called cylindrical effect is important for
rather thin cylinders (R,/R; = 11/10). This difference is important for
deep long cracks, since the ring opposes the bending displacements of a
plate [27,28]. It should be lower for elliptical cracks since even in a plate
the uncracked material ahead of the ellipse between the surface and the
crack depth opposes these displacements.

A comparison was attempted between the results of this study and
those published by Smith and Sorensen [14] for a plate with a semi-
elliptical crack subjected to a uniform tension. The differences for a
uniform tension varied between 2 and 8 percent at the deepest point and
between —1 and 20 percent at the surface. However, the comparison is
not very significant due to the rather different methods of computation.

A comparison with Raju and Newman results [17] for semi-elliptical
cracks in a plate subjected to a uniform tension is difficult since the shape
of the ellipse is different (a/c = 0.2).

Limitation of Back Surface Effect

Using the BIE method, Cruse [28] calculated the stress intensity factors
for semi-elliptical cracks of several axes ratios in a semi-infinite solid
subjected to a uniform tension. Cruse’s curves were interpolated for
alc = 1/3. The functions 4, (¢) were compared to Cruse’s results. A good
coincidence was found for the shallow crack.
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It is also noted that for the shallow crack the results of this study are
very near Kobayashi’s results. Therefore it seems that the back surface
effect is practically negligible for a/t = 0.25 but cannot be neglected for
aft = 0.50. With such depths the front and back surface effects cannot be
separated.

Effect of Front and Back Surfaces

The influence of crack shape is approximately taken into account for a
uniform tension by [cos? ¢ + (c?/a?) sin? ¢p]. For an embedded elliptical
crack kg (¢) would be 1.

The functions A, (¢) exhibit a flat minimum at the deepest point and
increase monotonically with ¢. This seems rather natural, since at least
for rather thin cylinders no rapid decrease of the back surface effect can
be expected near ¢ = 0, and the surface effect must be dominant beyond
a certain value of ¢. A more refined analysis [29,30] might have shown a
sharp drop off very near the surface.

Comparison with Kobayashi’s Results

Kobayashi et al [/9,20] solved the same problem for different values of
R,/R;, a/c and a/t. Their results are presented in the form

E\/(—k)_( s2 ¢ + — sm2 <i>)”4

K (¢) =

where o, is a reference stress to be defined for every problem. Curves are

yielded for M. (¢) and Mg ().
In Refs 19 and 20, M. (¢) and My (¢) for an internal pressure with no
pressure in the crack were published for the following ratios

shape ratio alc = 0.2 and 0.98
radii ratio R,/R; = 10/9,7/6, 5/4, and 3/2
relative crack depth alt =04, 0.6, and 0.8

The reference stress was the hoop stress o, at the inner face of the wall.
In a cylinder with R,/R; = 11/10 (or 10/9), the hoop stress resulting
from an internal pressure p is approximated sufficiently by

1 x
0'99(X) 10 52p(1 - Tsz- ‘t‘>

0 o6 (X) = T (1 - 0.095 %)
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In this study

2

(cosz¢ + & sint ¢)m [ho (@) - 0.095 %, (¢)]

onTa

E (k)

K () =

a
H (@) = ho(¢) ~ 0.095 1, (9)
must be compared to

M, () = Mg (¢)Mc (¢)

Calculations were performed in both studies for a/t = 0.8. Kobayashi’s
calculations were for a/c = 0.2 and 0.98. A linear interpolation had been
suggested in Ref 31 for such cracks in plates. In a private communication
Kobayashi yielded interpolated curves for a/c = 0.4, 0.6, and 0.8.

The results for a/c = 1/3 and a/t = 0.8 are compared on Fig. 11; the
curves for My (¢) and H (¢) are very different, and even if the curve
derived from Kobayashi’s results is not very accurate, a good coincidence
must be noted at the deepest point with an increasing discrepancy when
approaching the surface.
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FIG. 11—Comparison with Kobayashi’s results for an internal pressure.
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For comparing the shallow and medium cracks (a/t = 0.25 and 0.5)
other interpolations and extrapolations are necessary. As an indication, a
good coincidence, within a few percentage points, was found for the
shallow crack. For the medium crack H (¢) was found to be higher than
My (¢) by 14 percent at the deepest point and 27 percent at the surface.
This comparison is doubtful since H (¢) may have been overestimated by
5 percent, and the curve for My (¢) is not very certain on account of the
interpolations and extrapolations.

The stress intensity factor resulting from internal pressure is always
maximum at the deepest point. It seems likely that, at the surface, it
increases rapidly with the depth, since the crack gets nearer and nearer a
through crack.

It must be noted that, for pressurized thicker cylinders and not very
large cracks, Kobayashi’s calculations were in good agreement with
Atluri et al [21] and Blackburn and Hellen [23]. But for rather long and
deep semi-elliptical cracks (a/c = 0.2 and a/t = 0.8) in thick cylinders,
Atluri and Kathiresan [22] disagreed with Kobayashi [19] at the surface.

Comparison with McGowan and Raymund’s Results

These authors treated the same problem as in this study by a finite
elements method [25]. The applied stress is approximated by a polyno-
mial

2 3
T (x) = A + Alf + A, (f) + A (f)

The expression of K () is

K (¢) : 2a
@(Cosz ¢ + @ Gin? 4’)1“ = Ao @)+ 7 PAHLD)
E(k) c
1/a\* 4 /a\?
+ 5(;) H, () + ?77—(7) H; (¢)

The relationship between the functions H;(¢) and h; (o) is (Figs. 12,
13, and 14)

Ho (8) = hy(9)
H (¢ =3 h@)
Hy(#) =2h (@)

Hy($) = 37’" e ()
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Mc Gowan and Raymund Hj(¢)

0

FIG. 12—Comparison with McGowan and Raymund's results for ajt = 0.25.

At the deepest point of the crack the results of this study are 7 to 8
percent higher than McGowan and Raymund’s for a/f = 0.25 and 0.8 and
3 to 4 percent for a/t = 0.5. Near the surface they are 3 to 4 percent higher
(Figs. 12, 13, 14). Therefore, the results are consistent with each other,
with differences which may result from the methods and the meshes.

H;(8)
A hy(8)

Mc Gowan and Roymund Hj(4)

_______ This study A} hj (¢)

06 4
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0 20° Q0 60° so* 90° *

FIG. 13—Comparison with McGowan and Raymund’s results for ajt = 0.50.
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FIG. 14—Comparison with McGowan and Raymund’s results for a/t = 0.80.

Conclusion

The purpose of this study was to develop a numerical direct method,
with no approximations and correction factors, of calculating the stress
intensity factor along a semi-elliptical crack in the meridional plane of a
cylinder under any stress approximated by a polynomial.

A BIE program was used to calculate so-called polynomial influence
functions, depending upon the geometry of the cracked cylinder which
allow a simple calculation of the stress intensity factor along the crack
front.

The first calculations with a limited arc of cylinder and a free end
yielded overestimated results, and a correction factor would have been
necessary. The last calculation with a complete half cylinder and a
restrained end avoided this drawback.

As in all engineering calculations the computed stress intensity factor at
the surface is an average extrapolated value, not the exact value.

The computing time for five such functions, up to x*, was rather short,
650 s CPU time with a CdC 7600 computer.

The accuracy was found satisfactory for engineering calculations. The
most uncertain point is on the surface where it is difficult to estimate the
error chiefly for higher order functions which are small at this point. An
underestimation smaller than 5 percent seems possible, but an important
overestimation near the surface does not seem likely.

It was confirmed that the stress intensity factor at the deepest point is
always significantly smaller than that of a long axial crack of the same
depth.
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It is often stated that, for rather thin cylinders, the calculations of
semi-elliptical cracks in a long plate with free ends is a reasonable
approximation. This seems qualitatively sensible. In the absence of
calculations by the same method of cracked plates with cracks having the
same shape and depth as the cylinders, it was not possible to check the
validity of this assumption.
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ABSTRACT: The behavior of semi-elliptical surface flaws in cylinders is of interest
in the technology of pressure vessels. The object of this study is to determine the
stress intensity factor distribution around the crack front under arbitrary loading
conditions for a longitudinal semi-elliptical flaw with a/c = 1/3 and R/t = 10; where
a is the semi-minor axis of the ellipse, ¢ is the semi-major axis, R is the inside
radius of the cylinder, and ¢ is the cylinder thickness. Three crack depths are
studied under various loading conditions: a/t = 0.25, 0.50, and 0.80.

The finite element method is used to determine the displacement solution. Parks’
stiffness derivative method is used to find the stress intensity factor distribution
around the semi-ellipse. The immediate crack tip geometry is modeled by use of a
macroelement containing over 1600 degrees of freedom.

Four separate loadings are considered: (1) constant, (2) linear, (3) quadratic, and
(4) cubic crack surface pressure. From these loadings nondimensional magnifica-
tion factors are derived to represent the resulting stress intensity factors. By the
method of superposition, comparisons are made with other investigators for
pressure loading of a cylinder; the results agree within 8 percent of published
results.

KEY WORDS: crack propagation, pressure vessels, stress intensity factors, weight
functions, surface flaws, semi-elliptical flaws, structural analysis, fatigue (mate-
rials)

The semi-elliptical surface flaw is one of the most common flaw types to
be found in any structure. Accurate stress intensity factor expressions are
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necessary under all applicable loading conditions so that the structural
integrity of the component can be verified. One of the geometries of
particular interest in pressure vessel technology is that of a longitudinal
surface flaw in a thick-walled cylinder.

Because of the difficulties of three-dimensional analysis, the first inves-
tigators studied the two-dimensional counterpart of the aforementioned
geometry. Bowie and Freese [1]2 studied a continuous longitudinal flaw in
a cylinder under pressure. This work was generalized to both continuous
longitudinal and circumferential flaws in thick cylinders under arbitrary
loading by Buchalet and Bamford [2] and Labbens et al [3]. Initial
attempts at approximate solutions to the full three-dimensional problem
were made by Underwood [4] and Kobayashi [5]. Neither Underwood’s
nor Kobayashi’s work included the effect of the outside surface of the
cylinders. Kobayashi et al [6-8] recently have estimated stress intensity
factors for longitudinal semi-elliptical surface flaws in cylinders under
both pressure and thermal shock loadings. The solutions were determined
from similar flaws in flat plates with appropriate hoop stress profiles. The
flat plate results were modified with curvature correction factors obtained
from two-dimensional analyses. Both front and back surface effects were
considered, but the curvature correction factors were most appropriate
for only the deepest point along the semi-ellipse.

Some direct three-dimensional solutions to the surface flaw problem in
a cylinder have been made. Among these are Ayers [9], Blackburn and
Hellen [10], and Atluri et al [11,12]. Ayers used a condensed quarter-
point element to determine the stress intensity factor distribution of two
semi-elliptical flaws in a thermally shocked cylinder with a ratio of outer
to inner- radius equal to 1.90. Blackburn and Hellen used a conventional
three-dimensional finite element code and a virtual crack extension
procedure to determine the stress intensity factor expressions for inner
and outer surface flaws in cylinders under pressure with the ratio of outer
to inner radius equal to 1.461. Atluri used a hybrid-displacement crack-tip
element to determine the stress intensity factor distribution around the
flaw border of semi-elliptical flaws in pressurized cylinders with the ratio
of outer to inner radius equal to 1.5 and 2.0. For the same geometries,
these direct three-dimensional approaches all give similar results (~ 10
percent variance).

As previously noted, the geometries treated in the full three-
dimensional manner are only for limited loading conditions and for
geometries that are widely different from commercial pressure vessels
(ratio of outer radius to inner radius of 1.1). To verify the structural
integrity of these pressure vessels, a considerable range of loading
conditions is investigated in this study. The surface flaw shown in Fig. 1 is
examined with 2c/a equal to 6 as recommended by the ASME Boiler and

2 The italic numbers in brackets refer to the list of references appended to this paper.
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FIG. 1—Local crack-tip geometry.

Pressure Vessel Code [13]. The ratio of outer to inner radius of the
cylinder is 1.1 as mentioned previously. The method of analysis uses
conventional finite element methods using substructuring techniques to
simplify the modeling of the crack front. The stress intensity factor
distribution around the semi-ellipse is calculated using the stiffness
derivative procedure as proposed by Parks [/4], a method similar to that
of the virtual displacement method of Blackburn and Hellen [10].

Results for 25, 50, and 80 percent crack depth are shown. These
solutions are compared to that of Heliot et al [15], who solved the same
series of problems independently using the boundary integral equation
approach.

Finite Element Model

The immediate crack-tip region is modeled by a single macroelement as
shown in Fig. 2. This macroelement is composed of 45 separate elements.
The back three faces of this macroelement (those not visible in Fig. 2) are
compatible with a conventional 20-node isoparametric brick element and
the macroelement can be stretched in the manner of a conventional
isoparametric element. The 45 subelements can have a variable number of
nodes along each edge (within some minor restrictions), so that degrees of
freedom can be concentrated in an area of interest. In the present form,
there are 1656 degrees of freedom in the macroelement. The crack lengths
in the x and y directions (as shown in Fig. 2) are variable. The advantage
of this element lies primarily with the ease a semi-elliptical flaw can be
introduced into an existing finite element grid.

A more complete description of the formulation of this element is given
in Ref 16. After the special macroelement has been sized with the correct
surface flaw geometry, the balance of the finite element model is formed
out of 20-node brick elements as shown in Fig. 3. Because of two planes of
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FIG. 3—Finite element model of cylinder with a longitudinal surface flaw.
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symmetry only one quarter of the structure was modeled. The inside
radius (R;) of the cylinder is 1.651 m and the thickness (¢) of the cylinder is
0.165 m. The aspect ratio (2c/a) in this study is 6. Three separate crack
depths (a/t) are studied: 25, 50 and 80 percent; the details of each of these
models are listed in Table 1. For the 80 percent case, two models are
constructed to determine the effect of a larger finite element model with a
higher number of degrees of freedom. For this study E = 192 GPa and
v =0.3.

Magnification Factor Solutions

Four separate loadings for each of the crack geometries are considered.
These are described in Fig. 4

(1) o(x)=A,; 2) ox) =A,xit; B) o(x) = A, x*/t%
and 4) o(x) =A x3/t3

The stress intensity factor is computed at every node point around the
semi-ellipse for each loading by the Park’s stiffness derivative
method [/4]; the implementation of this method is decribed more fullv in
Ref 16 .? Nondimensional magnification factors are determined for each of
the loadings studied

K1 ()
AM{% (cos? @ +a/c? sin )
'K\ (¢) 7/2 tha
AI\/—E—a— (cos® ¢ +a?/c? sin? ¢)*

K. (¢) 2 t¥a?
A, \/%a—‘ (cos? ¢ + a?/c? sin? ¢)*

s 3w
K, (¢) T t3/a®

Ay \/—g—a (cos? ¢ +a?/c? sin? ¢)*

3 It must be noted that the stiffness derivative procedure used here assumes the existence
of plane strain conditions. Since it is well known that plane strain conditions are not satisfied
over a finite boundary layer region near the free surface, the computed stress intensity factor
by this method may not be appropriate at the free surface. The values at the free surface
should be considered as only a reasonable engineering estimate.

(1) olx) =Ay; H,(9) =

@) olx) =A,xlit; Hi($) =

@) o(x) = A, x*/1*; Hy (¢) =

@) o(x) =Ax%%; Hy (@) =
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TABLE 1—Finite element model information. ®

Model Model Model Model
1 2 3 4
Cylinder inside radius, R,, m 1.651 1.651 1.651 1.651
Cylinder thickness, #,m 0.165 0.165 0.165 0.165
Crack depth, a/t, percent 25 50 80 80
Aspect ratio, 2c/a 6.0 6.0 6.0 6.0
Crack-tip element 152 305 488 488
axial length, AL., mm
Crack-tip element 1.7905 3.5810 5.7296 5.7296
angle, A6, , deg
Crack-tip element 51.6 103 165 165
depth, ¢t., mm
Mesh axial length, AL, m 1.753 1.753 2.438 2.438
Mesh angle, A6, deg 45 45 60 90
Crack-tip element 1656 1656 1656 1656
degrees of freedom
Number of standard 20-node 69 69 49 74

brick elements in mesh

@ Each of the symbols listed in this table are defined in Fig. 3.

n
where Q12 = r (cos®d + a?/c? sinzg)'? d¢p and all other symbols are
0

defined in Figs. 1 and 4.

The magnification factors H, — H; for the three crack depths studied
(a/t = 0.25, 0.50, 0.80) are shown in Figs. 5, 6, and 7. The magnification
factors for Models 3 and 4 in Table 1 do not vary from each other more
than 2 percent; only the magnification factors for Model 3 are presented in
Fig. 7.

Superposition Principle

A wide variety of loadings on the surface flaw can be extracted from the
four loadings considered by the method of superposition as shown in Fig.
8. The stress intensity factor K for the flaw in Section S of the structure,
subjected to a remote loading (F, M) represented by a force F and a
moment M, is equal to the stress intensity factor K for the same flaw in
Section S of the structure with the crack surface subjected to a stress
profile o(x). The stress profile a(x) is the profile developed over Section
S by the remote loading (F, M).

Therefore, in order to determine the K distribution around the flaw
border under an arbitrary loading situation, the stress profile o(x) in
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FIG. 4—Crack surface loading cases studied.
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FIG. 5—Magnification factors for a longitudinal surface flaw in a cylinder where
alt = 0.50, 2 c/a =6, Ryjt = 10, and Q = 1.2426.
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FIG. 6—Magnification factors for a longitudinal surface flaw in a cylinder where
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FIG. 7—Magnification factors for a longitudinal surface flaw in a cylinder where
a/t = 0.80, 2c/a = 6, Ry/t = 10, and Q = 1.2426.
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FIG. 8—Superposition principle.

Section S of the unflawed cylinder is fitted with a third-degree polynomi-
nal

o) =Ay + A x/t + A, X2 + Az X388

and then the desired magnification factors would be used to determine

Ki(o)

wa Y% 2
K(¢)= VE (cos?¢ +a®/c? sin’e) [AoHo () +7;a/t AH, (d)
1 a? 4
+ 772—1‘12112(@ + 3= a®/t* A;H, (4’)]
Pressure Loading Case

Kobayashi [7] gives solutions to internal longitudinal surface flaws in
cylinders under pressure loading

R, R,
(rs) +1 (&) +1
itXx . i

TR Y %P RV,
(R,-)” (R,)'l

o(x) =0,
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"~ where p is the internal pressure and R, = R; + t. For the case of
geometries examined R,/R; = 1.1; expanding the stress distribution,
o(x), and keeping the significant terms leads to

ox) =0g,(1 — 0.095 x/t)
with o, = 10.52 p

For the purpose of comparison the following magnification factor, M, is
computed

M. = Ky (9)
o, \/—g‘i (cos’¢ + Z—z sin, ¢) 14

In addition to Ref 17 and the present study, results are included from a
study by Heliot et al [15] computed by the boundary integral equation
method. In this analysis, K is determined by extrapolating displacements
near the crack tip. The results from these three different approaches are
shown in Figs. 9-11 for a/t = 0.25, 0.50, and 0.80, respectively.

Discussion of Results and Conclusions

For the 25 percent crack depth all three theories agree very well, with
only a § percent maximum difference. For the 50 percent crack depth all
three solutions are very close at the maximum depth (the present study
agrees within 5 percent of the other two). The present study and that of
Heliot are very close over the length of the flaw; while that of Kobayashi
is consistently lower than the other two, approaching 20 percent low at ¢
= 90 deg. For the 80 percent crack depth, again all three solutions are
close at the maximum depth (within 8 percent). Over the length of the flaw
again this study and Heliot agree well; whereas Kobayashi’s analysis is
consistently lower than the other two, approaching 40 percent low at ¢ =
90 deg. Atluri {12] has solved a similar problem with R/t = 2.0, 2c/a =
10, a/t = 0.80. For this problem the approximate analysis of Kobayashi
was 45 percent low at ¢ = 90 deg, while Kobayashi was within 5 percent
at ¢ = 0. Due to the fact that Kobayashi’s curvature correction factor was
taken from two-dimensional problems, it is reasonable that the best
agreement would be at the point of maximum depth (¢ = 0 deg); and that
the agreement at ¢ = 90 deg would deteriorate as the flaw depth
increases. On the other hand the agreement between this study and Heliot
et al, with radically different approaches, is very good. The magnification
factors presented here should provide an accurate method to ascertain the
structural integrity of commerical pressure vessels under a widely varying
range of loading situations.
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FIG. 9—Magnification factors for a longitudinal surface flaw in a cylinder with pressure
loading where ajt = 0.25, 2 ¢/a = 6, and R,/t = 10,
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FIG. 10—Magnification factors for a longitudinal surface flaw in a cylinder with pressure
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of Semi-Elliptical Surface Cracks
Subject to Thermal Shock
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Experimental Analysis of Semi-Elliptical Surface Cracks Subject to Thermal Shock,””
Fracture Mechanics, ASTM STP 677, C. W. Smith, Ed., American Society for
Testing and Materials, 1979, pp. 381-398.

ABSTRACT:; This paper illustrates a procedure for estimating the stress intensity
factors of a semi-elliptical surface crack in a thermally shocked thick plate.

The first step in this procedure is to calculate the time-dependent thermal
stresses induced by sudden cooling of an uncracked plate by using the three-
dimensional finite element codes for heat transfer and thermal stress analyses with
the consideration of the space as well as time change of elastic constants. The
stresses at the location of the crack surface in the uncracked plate are eliminated by
the method of superposition in order to obtain a stress free crack surface.

The time-dependent distributions of the stress intensity factors along the crack
front line are then determined by using the three-dimensional finite element method
of crack analysis based on discretization error proposed by the present authors
recently.

In order to study the effectiveness of the linear elastic fracture mechanics
employed in this paper, a series of tests of brittle fracture using cracked polymethyl
methacrylate (PMMA) plates is carried out by suddenly cooling the surface of plate.
The measured and estimated times of fracture elapsed from the sudden cooling are
found to coincide very well.

KEY WORDS: thermal shock, surface crack, fracture toughness, PMMA, finite
element method, principle of superposition, stress analysis, loss-of-coolant accident
fatigue (materials), crack propagation

Several kinds of structures normally operating at relatively high tem-
peratures may be subjected to thermal shock caused by sudden cooling.
For example, in case of a loss-of-coolant accident by a double-ended
failure of the main coolant piping of a pressurized water reactor, cold

! Associate professor, graduate student, and professor, respectively, Department of
Nuclear Engineering, University of Tokyo, Bunkyo-ku, Tokyo, Japan.
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water is injected into the reactor vessel by operation of an emergency core
cooling system. This causes a steep temperature gradient in the vessel
wall which results in high thermal stresses. Such high thermal stresses are
capable of inducing crack propagation in the vessel which is designed to
preserve large safety margins against brittle fracture under normal operat-
ing conditions. In this context, the integrity of the reactor vessel under
thermal shock conditions has been investigated analytically as well as
experimentally based on linear elastic fracture mechanics [/~/0]? In some
of these papers, two-dimensional approaches are employed to estimate
the transient stress intensity factors. These two-dimensional approaches
are reasonable in most cases but sometimes expected to be too conserva-
tive. In addition, they are insufficient to treat the lateral crack extension
from the three-dimensional cracks.

The objective of this paper is to present a methodology for the fracture
from surface crack under thermal shock transient. Although various
methods including the weight function and the finite element techniques
have been published recently to compute the transient stress intensity
factors under thermal fields, the present authors employ the superposition
method [2-5] with the three-dimensional finite element method based on
discretization error in order to solve these kinds of problems. This paper
also includes the results of a series of thermal shock experiments with
cracked PMMA plates. The comparison between the test results and the
finite element calculations is found to be excellent.

Outline of Analysis Method

In order to economize computer time required to evaluate the three-
dimensional K-values at every time interval during thermal shock tran-
sients, an approximate method based on the principle of superposition is
employed here. Figure 1 schematically shows the principle, where stresses
in cracked elastic body subjected to thermal load shown in Fig. la are
equivalent to the sum of those in two elastic bodies shown in Fig. 16 and
c. Figure 1/ indicates the uncracked elastic body subjected to the same
thermal load as that of Fig. la, and Fig. 1c indicates the cracked elastic
body subjected to the boundary forces T, which cancel the stresses on the
crack surface in Fig. 1b.

The first step in this procedure is to calculate the time-dependent
thermal stresses in the uncracked body. The time-dependent thermal
stresses on the crack surface T, are then approximated by the linear
combination of the uniform, linear, and quadratic functions (Fig. 2). Thus,
the time-dependent stress intensity factors are determined at every time
step based on the approximated crack pressure loadings.

*The italic numbers in brackets refer to the list of references appended to this paper.
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FIG. 1—Principle of superposition.

The present thermal shock analysis includes the following steps (Fig. 3):
(1) Determination of stress intensity factors K,, K_,») and K,
corresponding to crack pressure loadings of 1, (1—z/b ) and (1—z/b)?, respec-

tively.

(2) Determination of temperature profiles at each time interval during

thermal shock transients.
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FIG. 2—Functions utilized to approximate stress distributions on crack surface.
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FIG. 3—Flow chart for analysis of thermal shock fracture problems.

(3) Determination of thermal stress profiles o,(z) on the crack surface
in the uncracked body at the same time interval as in step (2).

(4) Approximation of thermal stress o,(z) on the crack surface in the
uncracked body with the linear combination of the uniform, linear, and
quadratic functions as follows.

0,2) = ap + ay(1 — z2/b) + ax(1 — z/b)? M

where the time-dependent constants oy, a;, and &, are determined with an
appropriate curve fitting technique such as the least square method.

(5) Determination of stress intensity factors K{z) at the same time
interval‘as in steps (2) and (3), that is

K(z) = alK; + oKy + Koy’ )

(6) Determination of the temperature dependence of the fracture
toughness.

(7) Determination of fracture toughness profiles at the same time
interval as in steps (2), (3), and (5).

(8) Comparison between K ;and K ;. at each point along crack front at the
same time interval as in steps (2), (3), (5), and (7). It is considered that if
K becomes greater than or equal to K, fracture occurs and vice versa.

The three-dimensional finite element method was used in the steps (1),
(2), and (3). Especially in step (1), the method based on discretization
error [11] was used. Moreover, in this paper, the procedure was applied to
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the univariate and quadratic stress field o,(z) on the crack surface, although
it has the potential to consider more general cases.

Experiment

The test specimens used for this experiment are PMMA plates of 240 by
240 by 30 mm. The temperature dependence of Young’s modulus E was
measured and is depicted in Fig. 4. Poisson’s ratio v and thermal
expansion coefficient a are assumed to be 0.4 and 0.0001/K, respectively.
The part-circular precracks were machined with a 1-mm thick saw as
shown in Fig. 5. The utilized specimens include several types of config-
urations; that is 2a =50 mm, b =2,4,6,9, 12.5, 16, 20, and 24 mm. The
analyzed specimens herein are three types of configurations; that is Case
A of2a =50mm, b = 4 mm, Case B of 2a = 50 mm, b = 9 mm, and Case C
of 2a = 50 mm, b = 16 mm. The initial temperature of all the specimens
was 280 K. Then, the liquid nitrogen of the temperature 75 K was flooded
suddenly in the shaded part of the upper surface of the specimens as
shown in Fig. 5. The fracture time was detected by the stepwise output
change of the strain gage near the crack tip caused by its breaking at the
onset of rapid crack extension from the initial precrack. Figures 6 and 7
show the examples of fracture surfaces after lateral crack propagation and
crack penetration through the thickness, respectively. Although it is hard
to discuss the precise point of crack initiation from these sketches, it
seems to begin in the neighborhood of the cooled surface. The distribu-
tions of the stresses in the thickness direction were not measured in this
experiment but calculated by using three-dimensional finite element
method which will be described afterwards in detail.

g & 8

YOUNG’S MODULUS, E ,MNm

:

3
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TEMPERATURE , K

FIG. 4—Young’s modulus versus temperature.
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240

675 105

240

FIG. 5-—Specimen geometry.

Theoretical Results and Comparison with Experiment

Determination of Stress Intensity Factors for Uniform, Linear, and
Quadratic Crack Pressure Loadings

The distributions of stress intensity factors along crack fronts were
determined by using the three-dimensional finite element method of crack
analysis based on discretization error proposed recently by the present
authors [/1]. According to this method, K ,, the converged value of stress
intensity factor to be expected as the number of elements is increased
infinitely, is expressed in the following form:

Ko =Ku+aNgd, i=1,2,3 3)
where K (1), K 2), and K (5, are the stress intensity factors evaluated with the

numbers of meshes Ng),, N, and N, respectively, and a, & are
unknowns to be determined together with K ., by solving simultaneous Eq 3

precrack

; propagated crack

FIG. 6—Sketch after lateral crack propagation (Specimen 11).
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precrack
propagat;d crack

]

FIG. 7—Sketch after crack penetration through the thickness (Specimen 10).

The part-circular precracks are modeled as semi-elliptical surface cracks
with equal depth and area as shown in Fig. 8 as an example. This figure
shows three mesh discretizations of the section including crack surface
for Case B. Figures 9, 10, and 11 show the calculated distributions of the
stress intensity factors along crack fronts of Cases A, B, and C, respec-
tively. In these figures, o, denotes the types of pressure applied on crack
surface, and the dotted curves show the exact solutions for the elliptical
cracks with the same crack geometries but embedded in the infinite body.
It is seen from the comparison of these figures that the less the axis
ratio b/a is, the more significantly the stress intensity factor for the uniform
pressure decreases near the surface. This fact would be one of the reasons
why a shallow crack takes a longer elapsed time to fracture than a deeper
one as shown later.

f?] T
30 No, Ko

R e

K(i)":Kex"GN_(‘i) ,i=1,2,3
Kex:CONVERGED VALUE OF K
a. §: UNKNOWNS

FIG. 8—Three mesh discretizations in plane involving crack for Case B.
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FIG. 9—Stress intensity factors of semi-elliptical surface crack for uniform, linear, and
quadratic crack pressures for Case A.

2w
20— ,

1 E |
z J l
2 r G
15 et
- e
& " w=120mm Ej“‘Pse
£ . o mm
7] a=21.76 rmm
E | y=04
ﬁ | 6Y=1-g MNT#
(% 05- O;=(1_g 5 -

o

0 2 4 6 8 10
ANGULAR LOCATION,%_)

FIG. 10—Stress intensity factors of semi-elliptical surface crack for uniform, linear, and
quadratic crack pressures for Case B.
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FIG. 11—Stress intensity factors of semi-elliptical surface crack for uniform, linear, and
quadratic crack pressures for Case C.

Determination of Time-Dependent Temperature Distributions in
Specimens Subject to Thermal Shock

Since a steep temperature gradient occurs near the cooled surface during
thermal shock, it is too difficult to measure accurately the temperature
variation through the thickness near the cooled surface in PMMA by
thermocouple. In order to overcome this difficulty, the time-dependent
temperature distributions in the specimens were determined by using the
three-dimensional finite element method to adjust the heat transfer
coefficient so that the calculated and the measured temperatures were
coincident at the 1-mm depth from the cooled surface. The temperature
distributions under thermal shock transients by this method are shown in
Fig. 12. In this calculation, specific heat multiplied by density, thermal
conductivity, and heat transfer coefficient are assumed to be 1.84 x 108
J/m?-K, 0.20 W/m-K and 59 ~ 147W/m?-K, respectively. The steep
temperature gradients near the cooled surface can be seen from the figure.
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FIG. 12—Temperature profiles under thermal shock transients at X =Y = 0.

Determination of Time-Dependent Thermal Stresses

The time-dependent thermal stresses on the crack surface in uncracked
plate were obtained by using the three-dimensional finite element method
combined with the incremental method. The temperature dependence of
Young’s modulus is considered in this calculation according to test data as
shown in Fig. 4.

Of the thermal stresses o, 7,., and 7., on the crack surface, stresses 7,,,
and 7, vanish due to the symmetry. Therefore, the stress o, on the crack
surface as shown in Fig. 13 only was canceled in order to generate a stress
free crack surface in the superposition scheme. The steep stress gradient
near the cooled surface can be seen in Fig. 13.

Approximation of Crack Pressure Loads

From the geometry of the specimen and the area of cooled surface as
shown in Fig. 5, the stress field o,(x,y) on crack surface is considered well
approximated by single parameter z only. Thus, in this paper, the
combination of the uniform, linear, and quadratic functions of z was used
to approximate o,, and the coefficients of these functions were deter-
mined at each time interval with the appropriate curve fitting techniques
such as the least square method. Figure 14 shows the calculated values of
coefficients a,, a; and a, for Cases A, B, and C. The maximum error near
the surface associated with fitting the stress o,(z) by the quadratic
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FIG. 13—Stress distributions of uncracked plate at X =Y = 0.
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FIG. 14—Coefficients ay, o, and a, versus time.



392 FRACTURE MECHANICS

polynomial representation was about 10 to 30 percent depending on the
crack geometry. The deeper the crack depth is, the more accurate curve
fitting seems to be necessary from the aforementioned result.

Determination of Time-Dependent Distributions of Stress
Intensity Factors

The time-dependent distributions of stress intensity factors were calcu-
lated using the stress intensity factors under three kinds of loads given in
Figs. 9, 10, and 11 combined with the time-dependent coefficients a,, a;,
and a, given in Fig. 14, and the results are shown in Figs. 15, 16, and 17
for Cases A, B, and C, respectively. These figures show significant
increase in the stress intensity factors approaching the cooled surface due
to the front surface effect and the steep thermal stress gradient near the
surface.

Determination of Temperature Dependence of Fracture Toughness

The temperature dependence of fracture toughness of PMMA was
measured with the three-point bend specimens. The obtained fracture
toughness curve is depicted in Fig. 18. It can be seen from this figure that
K. of PMMA decreases with increase of temperature within the tempera-
ture range of this experiment. Such a trend of toughness with temperature
is characteristic of the polymer [/2].
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t=30 mm
a=21.33mm
b=4mm
V=04
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/
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1-‘\;_0_/-
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0 2 4

6 8 10
ANGULAR LOCATION ,%)
2

FIG. 15—Distributions of stress intensity factors under thermal shock transients for
Case A.
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FIG. 16—Distributions of stress intensity factors under thermal shock transients for
Case B.
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FIG. 17—Distributions of stress intensity factors under thermal shock transients for
Case C.
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FIG. 18—Fracture toughness of PMMA versus temperature.

Determination of Time-Dependent Distributions of Fracture Toughness

The distributions of fracture toughness in the thickness direction are
given in Fig. 19, which are estimated by the combination of Figs. 12 and
18.

Estimation of Time to Fracture

It is assumed in this paper that fracture occurs at the moment when K
becomes greater than or equal to K at any single point along the crack
front except the vicinity of the crack front-free surface intersection where
the general type of singularity appears and the stress intensity factor can
not be defined in a strict sense. In other words, the critical time to
initiation of rapid crack propagation is determined by comparison be-
tween the stress intensity factor and fracture toughness throughout the
crack front at every time interval during thermal shock transients. As can

FIG. 19—Transient distributions of fracture toughness in thickness direction.
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FIG. 20—Comparison between stress intensity factor and fracture toughness for Case A.
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FIG. 21—Comparison between stress intensity factor and fracture toughness for Case B.
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be seen from Figs. 20, 21, and 22, the times to fracture are estimated to be
about 19, 15, and 9 for the Cases A, B, and C, respectively.

Comparison between Theoretical and Experimental Results

Figure 23 shows the comparison between measurement and estimation as
to times to fracture elapsed from sudden cooling. In this figure, the
specimen numbers are given with the pertinent experimental data. As
shown in the figure, for some of the specimens fracture occurred twice
consecutively in time. Specimen No. 11 is one of such examples, in which
the first fracture might occur at one side of a near-surface crack front and
the second at the other side (see Fig. 6).

The excellent agreement as to the fracture times between the theoreti-
cal and experimental results shown in Fig. 23 may justify the assumption
that failure occurs when K| = K, at any single point along crack front.

Conclusion

A procedure for treating thermal shock fracture through linear elastic
fracture mechanics using the three-dimensional finite element method is
described. It can be concluded that the present method may be a useful
tool in investigating the thermal shock problems of practical structures
such as a loss-of-coolant accident in reactor vessels.

ol N\ _—
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FIG. 22—Comparison between stress intensity factor and fracture toughness for Case C.
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ABSTRACT: The growth of part-through cracks from surface notches is investi-
gated using artificially marked fracture surfaces of both fatigued and monotonically
loaded specimens. Experimental results for all specimen and crack geometries
considered show that erroneous estimates of the growth of part-through cracks in
thick-walled metal specimens are obtained when calculated on the basis of the
stress intensity factor distribution along the crack front and on an assumed uniform
response of the material throughout the specimen volume.

It is suggested that these discrepancies can be explained by a stress state
dependent mechanical response of the material at the front of the loaded crack.
Using this idea, qualitative models are proposed which account for the experimen-
tally observed tendencies in the crack shape development as well as the influence
of the load level on them. The effects of specimen size and bending constraint of the
specimen also are discussed within the framework of the experimental results.

KEY WORDS: part-through cracks, fatigue crack growth, thick-walled metal
specimens, crack shape, crack growth prediction, fatigue (materials), crack propa-
gation

In predicting the growth of part-through cracks the linear elastic
fracture mechanics (LEFM) approach is usually adopted. This approach
appears convenient since the stress intensity factor distribution along the
crack front has been established for various crack and specimen geome-
tries using numerical methods [/-4]? and, also for a limited number of
cases, using three-dimensional stress optical methods [5,6].

Unfortunately, the solutions obtained by different investigators dis-
agree, in some cases considerably. This is illustrated by the example of
solutions for a surface crack in a plate under uniform tension in Fig.
1 [3,4,7,8]. Despite the discrepancies in the absolute values, all curves,
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FIG. 1—Stress intensity magnification factors M = K/{o/malQ-[(a/bYcos*¢-+sin®p)*} for
surface crack in plates under uniform tension obtained by different investigarors (Q is the
crack shape factor [10].

both for semi-circular and semi-elliptical cracks, show the same tendency.
The stress intensity magnification factor at the specimen surface exceeds
that at the crack apex if the crack depth does not approach the specimen
thickness.

If the crack growth is estimated on the basis of any of these stress
intensity distributions and under the assumption of uniform material
response throughout the specimen volume, results are obtained which do
not agree with the experimentally observed development of the crack
shape towards a semi-circle [9]. Additionally the development of the
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crack shape depends on the load level as reported in Ref 16 and
demonstrated on the marked fracture surfaces developed in two identical
specimens under fatigue and monotonic loading in Fig. 2.

It can be concluded that a correct prediction of the growth of part-
through cracks in thick-walled metal specimens cannot be guaranteed by
the aforementioned approach even if a precisely calculated stress inten-
sity factor distribution is used. We have suggested elsewhere [9] that the
discrepancies between estimated and observed crack growth can be
eliminated if a locally variable crack resistance is involved in the crack
growth prediction. The object of this paper is to extend our earlier model
and to compare its predictions with experimental results for surface
cracks in plates under uniform tension. Although the concept of LEFM is
not directly applicable, the similarity of the fracture appearance in both

(b)

(a) fatigue (Tmean = 55 Nmm™?)
(b) monotonic loading under displacement control (o =~ 300 Nmm™?)

FIG. 2—Growth of surface cracks in the two identical aluminum alloy (g, =~ 290 Nmm=?)
specimens under uniform loading (specimen thickness d = 20 mm, gross section stress o).
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cases investigated suggests that the same conclusions may be drawn
regarding general crackgrowth predictions. The results for part-through
cracks in plates are more generally applicable and are not limited just to
special geometrical and loading conditions.

Simple Model for the Growth of Surface Cracks in Plates Under Uniform
Fatigue Load

Provided the stress intensity factor distribution K(¢) for the initial
crack is known and the crack resistance is constant throughout the
specimen the crack extension distribution Al(¢) can be calculated by
inserting K(¢) in the Paris formula

AJ/AN = C-(AK)" (1

Adding Al(p) to I(¢) the new crack geometry is obtained. In this way the
crack growth can be calculated stepwise under the condition that K(¢) is
known for all transient geometries. The development of the crack shape
depends then only on the specimen and crack geometry and the loading
mode (for example, ratio of tensile and bending stresses).

The development of semi-elliptical surface cracks in thick-plates can be
qualitatively described by a simple model that we have proposed re-
cently [9]. It can be shown that the shape of any surface crack in a
semi-infinite medium under uniform stress will develop during growth
towards a stable shape. The geometrical condition for a stable length-to-
depth ratio of a surface crack of depth a and length 26 can be written as

Ab/Aa = bla @

Combining this with Eq 1 and the formula for stress intensity factor
distribution of a semi-elliptical crack [3,4,7,10,11]

K(¢) = M(p)-omalQ [(a*/b?) cos’p + sin*e]'/* 3)
we obtain the axis ratio of the stable crack shape as
bla = (MM )™® + ® = tang @

where M,, M, are the front surface magnification factors at locations b and
a, and n is the index in Eq 1, obtained by calibration tests. Experimentally
care was taken that the crack growth rate Al/, . ./A¥ was approximately
10~* mm/cycle in order to obtain the data in the linear part of the
calibration curve (Eq 1). Q is the crack shape factor with correction for
small scale yielding according to Ref 10. The development of the crack
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shape is shown schematically in Fig. 3a: a crack of any initial shape (b /a,)
should develop towards a stable shape represented by the straight line.
The experimental results shown in Fig. 4 do indicate crack development
towards a stable shape but the axis ratio does not correspond to that of Eq
4, being about 15 to 30 percent lower depending on which solution of M(¢)
from Fig. 1 is taken.

For deep cracks the model includes the influence of the rear surface
correction factor giving rise to crack growth in the thickness direction,
which increases with increasing crack depth (Fig. 3b). Also in this crack
growth stage the observed crack development deviates from the predicted
one with Ab/Aa ([9,12,13] and Fig. 4) being higher than expected.

Improved models

Model with a Locally Variable Crack Resistance

To explain the discrepancies the model from the preceding section has
been modified by postulating layers of material on the surfaces whose

b

(o))

b \"‘;

(a) semi-ellipse in an semi-infinite medium, and
(b) semi-ellipse in a plate.

FIG. 3—Expected development of idealized cracks.
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FIG. 4—Observed development of surface cracks in plates under uniform fatigue loading
from various initial crack shapes. Aluminum and steel specimens, thickness d = 10 and 20
mm.

crack resistance is higher than that of the specimen interior. These layers
represent specimen regions with lack of constraint. Their effect on crack
development is shown in Fig. 5 (heavy line) compared to the previous
model (dashed line). A retardation of a portion of the crack front in the
front surface layer decreases the slope of b = f(a) in the initial stage of
crack growth. In contrast, when the crack approaches the rear surface its
growth in the thickness direction is retarded in the other surface layer and
the slope of b = f(a) increases. The path of the heavy line corresponds to
the experimental results of Fig. 4. The plausibility of the assumption of a
higher crack resistance at the specimen surfaces is reinforced by the
results of an examination of the growth of corner cracks under uniform
tension. Although the value of the stress intensity factor of a circular
corner crack is about 20 percent higher at the specimen surface than in
the specimen interior (¢ =45 deg) [13] the growthrates at ¢ ~45 deg exceed
those at the specimen surface [14] (Fig. 6).

If it is supposed that the thickness of the surface layers varies with the
plane stress plastic zone size ahead of the crack front, then some
dependence of the crack shape development on the load level can be
expected. On the other hand the crack development should be indepen-
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FIG. 5—Expected development of part-through cracks in plates with surface layers of
higher crack resistance

dent of the specimen thickness provided all parameters are scaled
correspondingly.

A comparison of crack growth in two specimens of different sizes but
loaded by the same stress range Ac (Fig. 7) does appear to justify the
dimensionless crack growth characteristics b/d = f(a/d) used in the mod-
el [15]. Although an effect of load level on crack shape development has
been observed [16], its trend (Fig. 8) appears to contradict a simple
assumption of variation of the surface layer thickness with load.

FIG. 6—Fracture surface of a corner crack in an aluminum alloy plate ( o,~130 Nmm ~%).
Uniform fatigue markings, introduced by overloads. Notch: a = b =4 mm.
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FIG. 7—Crack development in two plate specimens of different thickness. Values of stress
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(Ao = 50 Nmm~2). Aluminum alloy (o, = 110 Nmm™?).

Model with a Redistribution of Stresses Due to Plastic Strains

To explain the dependence of crack shape development on load level
and especially the development of cracks towards such shapes as in Fig.
2b we have recently suggested the following model {16]).

The model is based on the idea that plastic deformation ahead of the
crack front rearranges the distribution of stresses not only in the direction
perpendicular to the crack front but also along the front since the plastic
zone size varies with the stress state. The unloading ahead of the crack
front at the specimen surface due to local yielding will be compensated for
by some increase in load on the surrounding region. This redistribution of
loading can be illustrated in terms of equivalent crack size. After adding
the plane stress and plane strain plastic corrections to the actual crack front
(Fig. 9a) a local maximum of the stress intensity factor appears on that
portion of the effective crack front which is lagging behind. Thus crack
extension will be a maximum at some depth beneath the specimen surface.

Discussion
The two models discussed in the preceding section should not be
considered as alternatives but rather as two different approaches to the
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same effect, namely a stress state dependent material response at the
crack front of a loaded specimen. Plastic deformations ahead of cracks in
metal specimens are not negligible and affect both the energy released and
that absorbed on crack extension. In one of the models the effect of such
plastic deformation on the absorbed energy is considered in terms of a
locally variable crack resistance. In the other model the local distribution
of the released energy in terms of stress intensity factor distribution is
corrected to take the effect of plastic deformation into account. The first
model works at the low loading levels occurring in most fatigue experi-
ments, while the second is better for nominal mean stresses close to the
yield stress.

The development of a crack towards shapes of increasing length to



408 FRACTURE MECHANICS

—— qactual crack border
—— effective (apparent) - -
------ interface .plane stress*/_plane strain”
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due to plastic strain

expected crack extension

b) crack extension ¢) resulting crack front

FIG. 9—A model for crack extension near the specimen surface for a high load level.

depth ratio with increasing mean stress (Fig. 8) can be understood in the
following way: Since the crack size correction due to plastic strains is
larger for the crack front adjacent to the specimen surface than for that at
the crack apex, the effective crack shape depends on the load level. The
increasing load increases the effective length-to-depth ratio of a surface
crack and thus also the bending compliance of the specimen with the surface
crack. The ratio of the induced bending component to the applied tensile
load is then a function of the load level provided sufficient plastic
deformation occurs ahead of the crack front. The bending component
promotes crack growth in the length direction.

Some improvement in the prediction of the growth of deep surface
cracks may be achieved also by clearing the question of the actual
boundary conditions at which the stress intensity factor distributions were
computed. Kobayashi [/7] has recently called attention to the fact that
some of the calculated stress intensity factors of surface cracks in plates
were obtained under fixed grip boundary conditions, which do not
correspond to experimental conditions. The bending restraint under these
boundary conditions decreases the ratio K,/K, especially for deep cracks.
Hence, using these values the crack extension ratio Ab/Aa will be
underestimated.

Some experimental evidence for this can be derived by comparing the
development of surface cracks in specimens with different bending
constraints, such as plates and tubes (Fig. 10) [/8]. Both specimens, the
tube with the axial surface crack, and the plate with the surface crack
have identical initial geometries in the fracture plane. For an internally
pressurized tube, however, the hoop stress in the wall decreases from the
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FIG. 10—~Crack development in specimens with different bending constraints.

inner to the outer surface. Therefore, it may be expected that the function
bld = fla/d) for the crack in the plate specimen will lie between the
corresponding functions for an outer and an inner crack in the tube. The
results in Fig. 10 show that this holds for shallow cracks. The deviation
for a/d = 0.7 appears then to be caused by the bending compliance of the
plate.

Final Remarks

Due to the complex nature of the material response during crack growth
and also due to uncertainties in the stress intensity factor results, a
quantitative analysis of the proposed models was not attempted.
Nevertheless the qualitative treatment may contribute to a better under-
standing of the growth of part-through cracks in thick-walled metal
specimens.
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ABSTRACT: The literature contains several analytical and experimental evalua-
tions of Mode I stress-intensity factors for corner cracks at holes in plates subjected
to remote tension, remote bending, or pin loading in the hole. Unfortunately, these
solutions give very different stress-intensity factors for the same crack configuration
and loading.

The purpose of this paper is to present stress-intensity factors, calculated by a
three-dimensional finite-element analysis, for shallow or deep quarter-elliptical
corner cracks at the edge of a hole in a finite-thickness plate. The plate was
subjected to remote uniform tension, remote bending, or simulated pin loading in
the hole. A wide range of configuration parameters was investigated. The crack
depth-to-plate thickness ranged from 0.2 to 0.8, while the ratio of crack depth to
crack length ranged from 0.2 to 2. The ratio of hole radius to plate thickness was 0.5
or 1. To verify the accuracy of the three-dimensional finite-element models
employed, convergence was studied by varying the numbers of degrees of freedom
(the number ranged from 4400 to 9300). The stress-intensity factor variations along
the crack front are compared with solutions from the literature.

KEY WORDS: crack propagation, fatigue (materials), holes, elastic analysis,
stress-intensity factors, finite elements

Nomenclature
a Depth of corner crack
b Half-width of cracked plate
¢ Length of corner crack
F; Stress-intensity boundary-correction factor
h Half-length of cracked plate

K, Stress-intensity factor (Mode I)
M Applied bending moment

I NRC-NASA resident research associate and research engineer, respectively, NASA
Langley Research Center, Hampton, Va. 23665.
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P Applied load
Q Shape factor for an elliptical crack
R Radius of hole
S» Remote outer fiber bending stress
S, Hole bearing stress (= P/2Rt)
S; Remote uniform tensile stress
t Plate thickness
x,y,z Cartesian coordinates
0 Angular measurement (see Fig. 5)
o, Normal stress applied on hole boundary
v Poisson’s ratio
¢ Parametric angle of the ellipse

Corner cracks at holes are among the most common flaws in aircraft
structures. Accurate stress analyses of corner-crack configurations are
needed for reliable prediction of crack-growth rates and fracture strengths.
However, because of the complexities of such problems, exact solutions
are not available. All investigators have used experimental or approximate
analytical methods to obtain stress-intensity factors.

Engineering estimates for Mode I stress-intensity factors for some
corner-crack configurations have been made by Hall and Finger [/],?
Liu [2], and Newman [3]. These investigators did not consider the
variation of stress-intensity factor along the crack front. Rather, their
estimates gave a single value of stress-intensity factor for each crack
configuration and, therefore, their estimates might be considered only as
an average value of stress-intensity factor along the crack front. Shah [4]
used the alternating method, along with an engineering estimate, to
calculate the stress-intensity factor variation along the crack front for the
corner-crack configuration subjected to either remote tension or pin
loading in the hole.

McGowan and Smith [5], Smith, Jolles, and Peters [6], and Smith, Peters,
and Gou [7], used three-dimensional photoelastic techniques to obtain
stress-intensity factors for a variety of corner-crack configurations sub-
jected to either remote tension or pin loading in the hole. They reported
stress-intensity factors at two or three locations along the crack front.

A few three-dimensional stress analyses of the corner-crack configura-
tion have been reported recently. To analyze a quarter-elliptical corner
crack emanating from a hole in a finite-thickness plate, Smith and
Kullgren [8] used a finite element-alternating method to obtain the
stress-intensity factor variations along the crack front, while
Kathiresan [9] and Heckmer and Bloom [/0] used three-dimensional
finite-element methods. Unfortunately, some of these solutions for the
same configuration and loading gave different stress-intensity factors.

2 The italic numbers in brackets refer to the list of references appended to this paper.
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The purpose of this paper is to present Mode I stress-intensity factors,
calculated by a three-dimensional finite-element analysis [/1,12], for
shallow or deep quarter-elliptical corner cracks at the edge of a hole in
finite-thickness plates. The finite-thickness plates were subjected to
remote uniform tension, remote bending, or simulated pin loading in the
hole. A wide range of configuration parameters was considered. The ratio
of crack depth to plate thickness ranged from 0.2 to 0.8, the ratio of crack
depth to crack length ranged from 0.2 to 2, while the ratio of hole radius to
plate thickness was 0.5 or 1. To study convergence, finite-element models
with 4400 to 9300 deg of freedom were analyzed. The stress-intensity
factors were calculated by using a nodal-force method [/1]. The stress-
intensity-factor variations along the crack front are presented and com-
pared with other solutions from the literature.

Analysis

The corner-crack configuration is shown in Fig. 1. An elastic plate of
thickness ¢, width 26 and length 2k, contains a through-the-thickness
circular hole of radius R. Emanating from the hole are two symmetrically
placed quarter-elliptical corner cracks of length ¢ on the front surface and
of depth a on the hole surface.

Three types of loading have been considered: remote tension, remote
bending, and wedge loading in the hole. The solution for wedge loading in
the hole also was used in combination with the remote tension solution to
obtain solutions for the case of simulated pin loading in the hole.

I
s |

FIG. 1—Corner cracks at the edge of a hole in a finite plate.
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Finite-Element Idealization

Two types of elements (isoparametric and singular [/3]) were used in
combination to model elastic bodies with quarter-elliptical corner cracks.
Figure 2 shows a typical finite-element model for a corner crack in a large
body,b/(R +c) = 5 and h/b = 1.8. This model idealizes one quarter of the
body. Various numbers of wedges were used to form the desired crack
configuration in the y = 0 plane. A wedge is in the region between two
radial lines emanating from the point | x| =R, z = 0in they = 0 plane, for
the circular crack model and is the region between two hyperbolas in the y
= 0 plane for the elliptic crack model as shown in Fig. 3. For further
details on modeling see Ref 12. The model shown in Fig. 2 has eight
wedges, each of which is composed of elements around the crack front
that are identical in pattern to that shown in the x,y plane. The
isoparametric (eight-noded hexahedron) elements were used everywhere
except near the crack front. Around the crack front (such as in the x,y
plane) each wedge contained eight ‘‘singularity’’ elements in the shape of
pentahedrons. The ‘‘singularity’’ elements produced a singular stress field
at the crack front. Details of the formulation of these types of elements are
given in Refs /1 and 13 and are not repeated here.

The finite-element model for the quarter-elliptical corner crack was
obtained from the finite-element model for the quarter-circular crack by

Isoparametric Singular

D

/L

=

/

e’

/

e/

/

\\
|

~

d

FIG. 2—Finite-element idealization of the corner-crack configuration.
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{a) Quarter-circular crack {b) Quarter-elliptic crack

FIG. 3—Circle to ellipse transformation (y =y’ = 0).

using an elliptic transformation only in the region of the wedges. This
transformation was convenient because the nodal forces along the nor-
mals to the crack front are used to calculate the stress-intensity factors. If
(x,y,z) are the Cartesian coordinates of a node in the circular-crack model
and (x',y’,z’) are the coordinates of that same node in the elliptical-crack
model, then the transformation is

2 __p2
x"=R +(x —R) JHX c 4 '=%y=zmﬁ?slu@

x Ry +227

and

, , , a*—c? a
=Xy =y, =z \/l+mf0f—c—>l (1b)

for x = R. Figure 3 shows how circular arcs and radial lines in the x,z
plane of the circular-crack model are transformed by Egs la and 15 into
ellipses and hyperbolas, respectively, in the x’, z’ plane for the elliptical-
crack model. Because Eqs la and 1b are not valid atx =R andz =0, a
circle of very small radius, a/1000, was used near x = R and z = 0 in the
circular crack model. The small circle, which maps onto a very narrow
ellipse in the x’, z’ plane, avoids ill-shaped elements and allows the use of
eight-noded elements in the elliptical-crack model. The elliptic transfor-
mation reduced the b/c ratio; therefore, to eliminate the influence of plate
width, additional rectangular prism elements were added along the x’
axis.

Loading

Three types of loading were applied to the finite-element models of the
corner-crack configuration: (1) remote uniform tension, (2) remote bend-
ing, and (3) wedge loading in the hole. The loadings are illustrated in Fig.
4. The remote uniform tension is S, in Fig. 4a; the remote outer fiber
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—'_O-l— v 2{ -
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(a) Tension (b) Bending (¢) Wedge loaded hole

FIG. 4—Corner-crack configuration subjected to various loads.

bending stress, S,, in Fig. 4b is calculated from the applied bending
moment; and the applied normal stress on the hole boundary, o,, in Fig.
4c was assumed to be given by

o, = 431% sinZ@ )
where P is the total applied force acting in the y-direction over the arc
from # = 0 to 7. The particular form of o, was chosen to simulate pin
loading (see Fig. 5). The Mode I stress-intensity factor for the case of pin
loading in the hole is obtained by appropriate superposition of the results
for remote uniform tension (Fig. 4a) and for wedge loading in the hole
(Fig. 4c). (See Ref 3.)

Stress-Intensity Factor

Only loadings which cause Mode I (tension) deformations were
analyzed. The Mode I stress-intensity factor, K, at any point along the
quarter-elliptical corner crack in a finite-thickness plate was taken to be

s R LR o

where the subscript i denotes the type of applied loading (remote tension
(i =t), remote bending (i =b), or wedge loading in the hole ({ =p) ); Q is
the shape factor for an ellipse and is given by the square of the complete
elliptic integral of the second kind [15]. The boundary-correction factor,
F,, is a function of crack depth, crack length, hole radius, plate thickness,
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FIG. S—Corner-crack configuration subjected to simulated pin loading.

and the parametric angle of the ellipse. Note that the length and width of
the plate were chosen large enough so that they would have a negligible
effect on stress intensity. Values for F; were calculated as a function of a/t,
alc, and ¢ for R/t = 0.5 and 1.0. The a/c ratios ranged from 0.2 to 2 and the
a/t ratios ranged from 0.2 to 0.8.

The stress-intensity factor (Mode I) for the simulated pin-load config-
uration shown in Fig. 5 was obtained by superposition of the results for
the configurations shown in Figs. 4¢ and 4c. (Superposition of these
results gives the correct normal stresses for the pin-load configuration
only along the y = 0 plane.) For this case, the Mode 1 stress-intensity
factor is given by

al
K, =5, T E‘ = < g
where S, = P/2Rt, and F, and F, are the boundary-correction factors
obtained from Eq 3 for remote tension and wedge loading in the hole,
respectively. (This superposition method gives no information on Mode II
stress-intensity factors.)

The stress-intensity factors from the finite-element models of the
quarter-elliptical corner cracks were obtained by using a nodal-force
method, details of which are given in Ref 11. In this method, the nodal
forces normal to the crack plane and ahead of the crack front are used to
evaulate the stress-intensity factor. In contrast, the crack-opening dis-
placement (COD) method presented in Ref 13 requires a prior assumption
of either plane stress or plane strain, which is a potentional source of
inaccuracy. The nodal-force method requires no such assumption.

Fi+F,) @
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Results and Discussion

In the following sections, results for quarter-circular and quarter-
elliptical corner cracks emanating from a circular hole (R/t = 0.5 or 1)
subjected to various loadings are presented. Convergence of the stress-
intensity factors for a deep quarter-elliptical corner crack were studied,
by varying the number of degrees of freedom in the finite-element models
from 4400 to 9300. The stress-intensity factor variations along the crack
front for quarter-circular (a/c = 1) and quarter-elliptical (a/c = 0.2 and 2)
corner cracks are presented as functions of a/t with R/t = 0.5 or 1. (See
Tables 1 and 2.) The stress-intensity factors are compared with other
solutions and experimental results from the literature.

Convergence

In Ref 11, the present method was applied to the problems of embedded
circular (a/c = 1) and embedded elliptical (a/c = 0.2) cracks in a large
body under uniform tension. Because the results obtained for these crack
shapes were generally within 1 percent of the exact solutions [15], the
present method is expected to be suitable for analyses of the more
complex configurations considered herein, provided that enough degrees
of freedom are used to ensure convergence.

Figure 6 shows the results of the convergence study for a deep
quarter-elliptical corner crack (a/c = 0.2, a/t = 0.8, R/t = 0.5). This
configuration was chosen because proximity of the back surface to the
crack front was expected to cause convergence difficulties. Four finite-
element models with 4400 to 9300 degrees of freedom (DOF) were
analyzed. These models used 2, 4, 8, or 10 wedges to idealize the elliptic
crack front on the y = 0 plane. A typical eight-wedge model is shown in
Fig. 2. The two-, four-, and eight-wedge models had equal wedge angles.
The ten-wedge model had nonuniform wedges with smaller wedges near
the intersection of the crack with the hole surface (¢ = 7/2). The smaller
wedges near the free surface were used to study the ‘‘boundary-layer”
effect suggested by Hartranft and Sih [/6]. The idealization used to model
the circular hole was the same for all models (see Fig. 2). The two finest
models (8454 and 9306 degrees of freedom) gave stress-intensity factors
within less than one percent of each other except at the intersection of the
crack front and the hole surface, where the difference was about 5
percent. The ten-wedge model with about 9300 degrees of freedom was
used subsequently to obtain stress-intensity factors for all other crack
configurations.

Quarter-Circular Corner Cracks

Figure 7 shows the normalized stress-intensity factors for a quarter-
circular corner crack (R/t = 0.5) as a function of the parametric angle, ¢,
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FIG. 6—Convergence of stress-intensity factors for a deep quarter-elliptic corner
crack (a/t = 0.8; a/c = 0.2; R/t = 0.5).
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FIG. 7—Distribution of stress-intensity factors along crack front for quarter-circular
corner cracks (a/c = I; R/t = 0.5).
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and the crack-depth-to-plate-thickness ratio, a/t, for remote tension,
remote bending, or wedge loading in the hole. For all loading types
considered, the smaller a/t ratios generally gave higher normalized
stress-intensity factors. For remote tension and for wedge loading in the
hole, the maximum normalized stress-intensity factor occurs near the
intersection of the crack with the hole surface (¢ = 7/2). For remote
bending, the normalized stress-intensity factor was largest at ¢ = 0 (front
surface). The negative stress-intensity factors shown in Fig. 7b for a/t =
0.8 are, of course, meaningful only in the presence of sufficient tensile
loading to prevent contact between crack surfaces.

The stress-intensity factors (Mode I) for quarter-circular corner cracks
subjected to simulated pin loading, as shown in Fig. 5, can be obtained from
the results shown in Fig. 7a and ¢ by use of Eq 4.

Figures 8a and b show stress-intensity factors obtained by several
investigators for a quarter-circular corner crack in a finite-thickness
plate under remote tension. Figure 8a shows the results for a corner
crack witha/t = 0.2 and R/t = 0.5. The present results are shown as solid
circular symbols. Shah’s estimate [¢] is about 6 percent higher than the
present results. The results from Heckmer and Bloom [/0] are 10 to 20
percent higher than the present results near the free surfaces (¢ = 0 and
m/2), but only about 3 percent higher in the interior. The photoelastic
results [5,7], which represent the experimental stress-intensity value at
the approximate midpoint of each photoelastic slice, generally agree well
with the present results. However, the photoelastic results were obtained
from a single-corner crack configuration. The results for a single-corner

1 | @ Present results 1 % ® Present results
© Hechmer and Bloom [10] —=— Smith and Kullgren [8]
—— shah [4] —— shah [4]
#* McGowan and Smith {5] © Kathiresan [9]
% Smith, Peters and Gou [7] % Smith, Peters and Gou [7]
-y P P 1
4 .5 1 4 .5 1
29 2¢
Fa Ed
(a) a/t = 0.2 (b) a/t = 0.5

FIG. 8—Comparison of stress-intensity factors for quarter-circular corner cracks
subjected to remote tension (a/lc = I; Rit = 0.5).
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crack are expected to be slightly lower than those for two symmetric
corner cracks [4].

The stress intensity is less near the intersection of the crack with the
hole surface (¢ = #/2) than just below the surface. This behavior agrees
qualitatively with that proposed by Hartranft and Sih [/6]. Note that the
wedge angles near ¢ = /2 are smaller than those near ¢ = 0. Similar
refinements in the wedge angles near ¢ = 0 would probably have revealed
lower stress-intensity factors in that region without changing the results in
the interior [17].

Figure 8 shows the results for a deeper corner crack (a/t = 0.5) than that
shown in Fig. 84. Shah’s estimate [4] is within 10 percent of the present
results, except that Shah does not predict the lower stress intensity near ¢
= /2. Kathiresan’s results [9] are 10 to 20 percent lower than the present
results. This discrepancy may be attributed to the fact that the present
study employed over three and one-half times as many degrees of freedom
as did Kathiresan’s. Smith and Kullgren’s results [8] were obtained from
a linear interpolation between their results for a/c of 0.75 and 1.5. Their
interpolated results were in good agreement ( =5 percent) with the present
solution. Again,the photoelastic results from Smith, Peters, and Gou [7]
for a single-corner crack agreed to within =10 percent with the present
results.

Some of the discrepancies between the various finite-element solutions
may be attributed to the method used to extract the stress-intensity factor
from the three-dimensional analyses. Figure 9 shows the stress-intensity

Displacement method
(plane strain)

A
\x/’/ \
Nodal-force method /0/ - .

”/

Displacement method

St Vﬂ% (plane stress)

2R

iy e

RIS o

FIG. 9—Comparison of stress-intensity factors determined by displacement method
(plane stress and plane strain) and nodal-force method (alc = 1; a/t = 0.2; R/t = 0.5).
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factor variation along the crack front for a typical corner-crack configura-
tion as determined from the present analysis by two methods. The
configuration and loading are those appropriate to Fig. 8a. The stress-
intensity factors were determined from the crack-opening displacements
(COD) assuming either the plane stress or plane strain and from the nodal
forces ahead of the crack front [17]. The stress-intensity factors calcu-
lated from the COD method assuming plane strain were about 10 percent
higher than those obtained assuming plane stress. Results from the
nodal-force method fell generally between the two COD results. Because
neither plane-strain nor plane-stress conditions are fully realized in a
corner-cracked plate, either assumption is expected to lead to some
inaccuracy in stress-intensity factors.

Quarter-Elliptical Corner Cracks

Figures 10 and 11 show the normalized stress-intensity factors for
quarter-elliptical corner cracks (a/c = 0.2 and 2, respectively) as a
function of the parametric angle, ¢, and the crack-depth-to-plate-
thickness ratio, a/t, for remote tension, remote bending, or wedge loading
in the hole.

Figure 10 (a/c = 0.2 and R/t = 0.5) shows that for remote tension, the
larger a/t ratios gave higher normalized stress-intensity factors, but for
remote bending or wedge loading the trend was generally reversed. For
remote bending, the maximum normalized stress-intensity factor oc-
curred near ¢ = /2 for a/t = 0.2 and at ¢ = O for a/t = 0.8. The
wedge-loaded hole results (Fig. 10c) showed a steep gradient in the
stress-intensity factor near the hole surface.

Figure 11 (a/c = 2 and R/t = 0.5) shows that for remote tension and
bending the smaller a/t ratios gave higher normalized stress-intensity
factors. For remote tension and wedge loading, the stress-intensity
factors varied little (about 10 to 15 percent) along the crack front
compared to those for the other crack configurations (a/c = 0.2 and 1).
For remote bending, the normalized stress-intensity factor was largest at
¢ = 0 (front surface). Again, the negative stress-intensity factors shown in
Fig. 116 for a/t = 0.8 are meaningful only in the presence of sufficient
tensile loading to prevent crack-surface contact.

Effects of Pin Loading—The stress-intensity factors (Mode I) for
quarter-elliptical corner cracks subjected to simulated pin loading, as
shown in Fig. 5, can be calculated by substituting into Eq 4 the results
shown in Fig. 10¢ and ¢ for a/c = 0.2, and Fig. 11a and ¢ and a/c = 2.
Figure 12 shows the normalized stress-intensity factors for quarter-
elliptical corner cracks (a/c = 0.2, 1.0, and 2.0) as a function of the
parametric angle, ¢, and the crack-depth-to-plate-thickness ratio, a/t, for
simulated pin loading. The graphs are similar to those shown for the
wedge-loaded case, differing mainly in magnitude. This similarity is due to
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FIG. 10—Distribution of stress-intensity factors along crack front for quarter-elliptic
corner cracks (a/c = 0.2; R/t = 0.5).
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FIG. 11—Distribution of stress-intensity factors along crack front for quarter elliptic
corner cracks (a/c = 2; R/t = 0.5).
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FIG. 12—Distribution of stress-intensity factors along crack front for quarter-elliptic
corner cracks under simulated pin loading (R/t = 0.5).

the small R/b ratios considered here, which caused the contributions from
the remote tension case to be small compared with those from the
wedge-loaded case. As in the wedge-loaded case, the quarter-elliptic
corner cracks with a/c = 0.2 the stress-intensity factors rise sharply with
increasing ¢ near the intersection of the crack with the hole surface. For
quarter-circular corner cracks, the maximum stress-intensity factor
occurs near ¢ = w/2. For quarter-elliptical cracks with a/c = 2, the
stress-intensity factors are relatively constant along the crack front.
Effects of Hole Size—The effects of hole size (R/t) on the normalized
stress-intensity factors for quarter-circular cracks (a/t = 0.5) subjected to
remote tension, remote bending, and wedge-loading in the hole are shown
in Fig. 13. The results in Fig. 13 and those given in Tables 1 and 2 for other
crack shapes show that larger values of R/t give higher values of
normalized stress-intensity factors for all types of loading considered.
Estimates for a Single-Corner Crack—The stress-intensity factors for a
single-corner crack can be estimated from the results for two-symmetric
corner cracks by using a conversion factor developed by Shah [4]. The
relationship between one- and two-corner cracks was given by

©)
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FIG. 13—Distribution of stress-intensity factors along crack front for quarter-circular
corner cracks as a function of R/t (a/c = 1; alt = 0.5).

Shah had assumed that the conversion factor was constant for all
locations along the crack front; that is, independent of the parametric
angle.

The normalized stress-intensity factors for a single-corner crack were
computed from Eq 5 using the present results for two-corner cracks.
Figure 14 shows some typical results for a single-corner crack witha/c = 1
or2fora/t =0.5and R/t = 0.5. The results from Smith and Kullgren (8]
for a single-corner crack are shown as the dashed curves. The agreement
between Smith and Kullgren’s results and the present results were within
about 10 percent.

Concluding Remarks

A three-dimensional finite-element elastic stress analysis was used to
calculate Mode 1 stress-intensity factor variations along the crack front
for two symmetrical quarter-elliptical corner cracks at the edge of a hole
in a finite-thickness plate. The plates were subjected to remote uniform
tension, remote bending, wedge loading in the hole or simulated pin
loading in the hole. The ratio of crack depth to plate thickness ranged
from 0.2 to 0.8, and the ratio of crack depth to crack length ranged from
0.2 to 2, while the ratio of hole radius to plate thickness was 0.5 to 1.
Three-dimensional singularity elements in the shape of pentahedrons
were used at the crack front; elsewhere, eight-noded hexahedrons were
used. A nodal-force method which requires no prior assumption of either
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® Present results

———Smith and Kullgren [8]

g vp

FIG. 14—Comparison of stress-intensity factors for single corner crack subjected
to remote tension (a/t = 0.5; R/t = 0.5).

plane stress or plane strain was used to evaluate the stress-intensity
factors.

A convergence study on stress-intensity factors for a deep quarter-
elliptical corner crack in a finite-thickness plate showed satisfactory
convergence. About 9300 degrees of freedom were used in calculating
stress-intensity factors for all corner-crack configurations.

For quarter-circular corner cracks subjected to tension or wedge
loading in the hole, the maximum stress-intensity factor occurred near the
intersection of the crack with the hole surface, whereas for bending it
occurred at the intersection of the crack with the front surface.

For quarter-elliptical corner cracks (crack-depth-to-crack-length ratio
of 0.2) subjected to tension or wedge loading in the hole, the maximum
stress-intensity factor occurred near the intersection of the crack with the
hole surface for shallow cracks (crack-depth-to-plate thickness less than
or equal to 0.5) but occurred at the front surface for deep cracks (crack
depth-to-plate thickness ratio of 0.8).

The stress-intensity factors for quarter-elliptical corner cracks (crack
depth-to-crack length ratio of two) were nearly constant (within about 10
percent) along the crack front in the cases of tension and wedge loading in
the hole, though not in the case of bending, where the stress intensity
factor was greatest at the intersection of the crack with the front surface.

For quarter-elliptical corner cracks subjected to simulated pin loading
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in the hole (balanced by uniform tension at one end), the stress-intensity
variations along the crack front were similar to those obtained for wedge
loading in the hole, differing mainly in magnitude.

For all quarter-elliptical corner cracks considered, larger hole sizes
(hole radius-to-plate thickness ratios) gave higher values of normalized
stress-intensity factors.

The stress-intensity factors for single-corner cracks can be obtained
from the stress-intensity factors for two symmetric corner cracks pre-
sented herein using Shah’s conversion factor.

The stress-intensity factors obtained herein should be useful in correlat-
ing fatigue-crack-growth rates and in calculating fracture toughness for
the corner-crack configurations considered.
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ABSTRACT: The problem geometry of a crack emanating from the intersection of
a hole with a plate surface has received considerable attention in recent years.
Approaches to the problem have included frozen stress photoelasticity, crack
growth rate correlations, and approximate analytical studies. A comparison of
results from the various approaches indicates reasonable agreement except for the
case where the aspect ratio of the flaw (that is, ratio of flaw depth to length)
approaches unity. Moreover, this problem and the geometries of this problem
which were specified recently as benchmarks for three-dimensional cracked body
analysis at a 3D fracture workshop at Battelle include this aspect ratio and also very
deep flaws. For an aspect ratio =~ 1, the analytical solution is found to yield
significantly higher results than either of the experimental methods. This paper
describes a frozen stress photoelastic study of this class of flaw shapes where the
ratio of hole diameter to plate thickness is approximately unity. The study utilizes a
technique developed by the senior author and his associates for estimating stress
intensity factor variations along the border of flaws in three-dimensional problems.
Results reveal that, for deep flaws, flaw shapes are not simple and flaw growth is
not self-similar. The influence of this effect and its implications are discussed.

KEY WORDS: stress intensity factors, 3D crack problems, surface flaws, stress
intensity distributions, fatigue (materials), crack propagation

The problem geometry of a crack emanating from the edge of a hole in a
finite thickness plate has received considerable attention [/ -9]2 in recent
years due to its technological importance in a number of industrial
applications. The problem geometry falls into the three dimensional (3D)
cracked body category, which, except for a very few infinite body
solutions such as those of Refs /0 and /!, has resisted the efforts of
analysts to achieve full field solutions, even in the purely elastic sense.

! Professor, assistant professor, and graduate research assistant, respectively, Depart-
ment of Engineering Science and Mechanics, Virginia Polytechnic Institute and State
University, Blacksburg, Va. 24061. W. H. Peters is currently on leave at Institiit fiir
Festkorpermechanik, Freiburg, West Germany.

2 The italic numbers in brackets refer to the list of references appended to this paper.
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However, as previously noted, a number of approximate solutions have
been developed for this problem, leading to its selection [12] by workers
in 3D fracture mechanics as a benchmark problem for assessing the
validity of approximate 3D solution techniques.

Recently, comparisons of some of these approximate solutions have
revealed a discrepancy between analytical and experimental results for
crack geometries with aspect ratios of approximately unity. An experi-
mental technique developed by the authors, utilizing the frozen stress
photoelastic method to estimate stress intensity factor (SIF) distributions
in three-dimensional cracked body problems, has been applied success-
fully to this problem geometry previously [3,4,13]; it would appear to be a
suitable technique for studying the geometries in question. After review-
ing concepts basic to the frozen stress photoelastic method to be
employed, this paper reports results from a study of the hole-crack
problem with flaw aspect ratios of approximately unity, and suggests an
explanation for part of the discrepancies previously noted.

The Frozen Stress Method

In applying the frozen stress method, transparent polymeric materials
which exhibit a diphase mechanical behavior are employed. At room
temperature, the material responds to mechanical load in a Kelvin-like
manner (Fig. 1), but, when heated to what is called the ‘‘critical”
temperature, the value of the viscous or anelastic coefficient (u) ap-
proaches zero, resulting in essentially linear elastic action. At the same
time the elastic modulus drops to about one six hundredth of its room
temperature value and the stress fringe value to about one twentieth of its

ya Ve

l

E = YOUNG'S MODULUS
.# = FIRST COEFF. OF VISCOSITY

FIG. 1—Kelvin material.
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FIG. 2—Problem geometry and stress notation.

room temperature value, substantially increasing the sensitivity of the
model to deformations and stress fringes when loaded above critical
temperature. However, when the load is removed at room temperature
after cooling under load, the recovery of the material may be neglected
due to its reduced sensitivity to load at room temperature. Slices may then
be removed from the body without disturbing the stress fringe or
deformation fields. These slices are taken mutually orthogonal to the flaw
border and the flaw surface in 3D crack body problems at intervals along
the flaw border, and analyzed photoelastically. Thus, in Fig. 2, following
Ref 14 the stress components are expressed in the nz plane for Mode I
loading as

- K sg(l—sing in3—0>- 0 la)
T Qa2 27 ) T e
K 0 .6 . 30 o
O = i 08 5 1+ sin, sin =~ ~ oy (1)
K, . 0 [V} 36
Twz = —=—— > SiN = COS ~ COS —— — Tp,° (1)

(2ary'2 2 2 2

The first terms represent the singular part of the stress field and the o;°
(following the Irwin approach for the plane problem) represent the
contribution of the regular stress field in the form of the first terms of
Taylor’s series expansions of the regular stress components near the
crack tip. Assuming that any flaw border can be represented as locally
elliptic in shape [I15], Eq 1 can be considered as applicable to such
flaw-border shapes.
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FIG. 3—Typical Mode I fringe pattern.

Observation of Mode I fringe patterns (Fig. 3) reveals that the fringes
tend to spread in a direction approximately normal to the flaw surface.
Thus, best fringe discrimination and accuracy is expected along 6 = #/2.
By computing

Tmax = 21[(0'nn -0 + 47'n22]1/2 (2)3

and truncating to the same order as Eq 1, one obtains along 6 = /2,

A
Tmax — ;ﬁ + B 3)
where A = K,/(87)? and B = constant containing o;;°. Rewriting Eq 3 in

a normalized form, we have

Tmax(87r)12 __K + B(87r)'
o(ma)'” G(wa)?  O(wa)'”

@

3 Also, from the stress optic law Tmax = n'f/2t' where n’ is the stress fringe order,
f is the material fringe value, and ¢ is the slice thickness.



SMITH ET AL ON INFLUENCE OF FLAW GEOMETRIES 435

or

Kiv K, . B@™ <r>"2
a

&)

T(@a?  o(ma)® T

where K, = Tmax(87r)'? is defined as an ‘‘apparent SIF.”” Equation 5,
when plotted as

KA r 1/2
_7p1/2 versus A)
o(ma) a

yields a straight line which when extrapolated to the origin will yield
K,/a(ma)'%, the normalized SIF.

Since the foregoing approach utilizes a two-parameter (A,B) model and
was suggested originally only for the case where the remote stress field
was uniform, and where no surfaces other than the crack surfaces were
present, the size of the zone dominated by Eqgs 3 through 5 is expected to
be constricted when such additional effects are present. However, if the
linear zone of Eq 5 can be located experimentally, the two-parameter
approach can still be used. If such a zone cannot be located experimen-
tally, then additional terms leading to an equation of the form

A m
Tmax = m + 2 Bnrnl2 ()]
n=0

with suitable truncation criteria must be considered. Since such criteria
are not yet established, this latter approach is avoided where possible and
was not necessary in the studies described in the sequel. This approach
has also been extended to Mixed Mode Analysis [I6].

The Experiments

Frozen stress experiments were conducted on six stress free plates of
PSM-8, a stress freezing photoelastic material manufactured by Photolas-
tic Incorporated of Malvern, Pa. Each plate contained a hole with a starter
crack produced by striking a sharp blade held against the corner of the
hole (Fig. 2). Test geometries and loads are given in Table 1. The test
setup is shown in Fig. 4. The test procedure was as follows:

(a) Heat model to critical temperature in test rig in a programmed
electric oven.

(b) Apply small live loads to grow the natural crack to desired size,
reduce loads, and cool to room temperature. In order to maintain an
aspect ratio of unity, it was necessary to flex the plates before applying
the live load tension.

(¢) Remove loads and extract slices parallel to the nz plane (Fig. 2).
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TABLE 1—Test geometries for models used in the present experiments.

Test Number 1 2 3 4 5 6
Hole radius (» mm 6.35 6.35 6.35 6.35 6.35 6.35
Plate thickness () mm 12.8 12.9 13.1 12.9 124 13.9
Crack length (c) mm 2.36 3.30 3.81 5.89 8.13 11.3
Crack depth (a) mm 2.54 3.30 3.81 5.92 8.00 11.1
Remote stress (@) kPa 49.7 70.3 43.8 70.5 61.7 55.4
aft 0.20 0.25 0.29 0.46 0.64 0.79
alc 1.07 1.00 1.00 1.00 0.98 0.98
7 0.37 0.52 0.60 0.93 1.28 1.78
2F/t 0.9 0.98 0.97 0.99 1.02 0.91

(d) Coat slices with matching index fluid and analyze in a crossed
circular polariscope using a white light source, reading tint of passage,
and employing the Tardy 