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Introduction

For many years, fatigue analysis simply meant finding the right applied
stress-cycles to failure (S-N) curve and using Miner’s rule. When the im-
portance of plastic deformation at stress concentrations became apparent,
analysis procedures and test techniques were developed to include the effects
of tensile and compressive residual stresses caused by local yielding and to
include strain hardening and softening and cyclic stress-strain hysteresis
effects in the fatigue computations. These procedures were used for what
could be termed crack initiation analysis. More recently, crack growth
analysis using continum mechanics’ principles has emerged as an important
tool in designing fatigue- and fracture-resistant structures. The primary
objective of this symposium and publication was to focus attention on
efforts to combine the disciplines of cyclic stress-strain and plastic de-
formation analysis and fracture mechanics to further the understanding of
fatigue crack growth in structures.

In support of this objective, the following topics were addressed:

1. Cyclic stress-strain and plastic deformation in the region of growing
cracks.

2. Significance of material metallurgical characteristics.

3. Significance of variable-amplitude loading as compared to constant
amplitude loading.

4. Crack growth analysis methods including the effects of cyclic stress-
strain and plastic deformation.

5. Percentage of total fatigue life that can be analyzed using the continuum
mechanics approach to crack growth analysis.

6. Combination of residual stress effects and fracture mechanics for
cracks originating at points of stress concentration.

This volume includes eleven papers discussing this list of topics from
various aspects that should be of use to designers and materials and struc-
tural scientists and engineers. It should not be considered a final treatise
but rather a contribution to the state of the art to stimulate thinking on
this important subject for research and design.

Copyright® 1977 by ASTM International www.astm.org
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Campbell Laird!

The General Cyclic Stress-Strain
Response of Aluminum Alloys

REFERENCE: Laird, Campbell, “The General Cyclic Stress-Strain Response of
Aluminum Alloys,” Cyclic Stress-Strain and Plastic Deformation Aspects of Fatigue
Crack Growth, ASTM STP 637. American Society for Testing and Materials, 1977,
pp- 3-35.

ABSTRACT: The cyclic stress-strain response of a wide range of binary, ternary, and
complex commercial and experimental-commercial aluminum alloys has been in-
vestigated. In addition to constant-amplitude tests, incremental, block, random
loading tests, and other specialized tests have been used in assessing cyclic response.
The conditions under which cyclic hardening or softening occur have been elucidated,
and general conclusions have been drawn about cyclic response in aluminum alloys.

KEY WORDS: stresses, strains, stress cycle, deformation, hardening, softening,
aluminum alloys, loading, tests, particles, dispersions, fatigue, damage, fracturing,
crack propagation

When a metal or alloy is cycled through a constant- or varying-strain
amplitude, large changes normally occur in its flow stress; depending on the
metal and its processing history, hardening or softening may occur. Cyclic
stress-strain response (CSSR) is the term given to describe the relationships
between the flow stress and the cyclic strain, and it recently has been shown
to be useful both for understanding the fatigue process and as a phenome-
non worth consideration in designing against fatigue. For examples, on the
basis of CSSR, Laird has supported the existence of a fatigue limit in most
metals and alloys, similar to that well accepted in steels [1],2 and Wetzel has
developed a new method of predicting damage under variable loading [2].
It is reasonable, then, to attempt in this publication to combine cyclic stress-
strain response and fracture mechanics with the aim of an improved under-
standing of crack propagation.

One of the major unsolved problems in crack propagation is the under-
standing of the role of metallurgical factors in controlling crack propaga-

!Chairman, Department of Metallurgy and Materials Science, University of Pennsylvania,
Philadelphia, Pa. 19174,

?The italic numbers in brackets refer to the list of references appended to this paper.
3
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4 FATIGUE CRACK GROWTH

tion rates. Hahn and Simon [3] and Stoloff and Duquette [4] have reviewed
these factors in aluminum alloys recently and conclude:

1. Statically strong alloys, such as 7075-T6, can show higher growth
rates than less strong but more ductile alloys, such as 2024-T3.

2. Heat-to-heat variations in composition and processing, small amounts
of cold work, and different heat treatments can alter the life of a typical
alloy such as 2024-T3 by as much as 100 percent.

3. Brittle fracture modes associated with inclusions or intermetallic par-
ticles can double the rate of crack propagation when the advance per cycle
is large (~1 um/cycle).

These variations are not understood in detail, and it is worthwhile to ex-
plore whether CSSR, by describing the behavior of the material at a crack
tip, may yield their explanation. If in fact the combination of CSSR and
fracture mechanics can solve this problem and related problems such as
crack propagation rates under variable loading, it is necessary that we have
a firm understanding of CSSR in relation to microstructure.? One aim of
this paper is to explore our present state of knowledge. However, a second-
ary aim is explained and justified in the following paragraphs.

It often happens that a metal or alloy subject to cyclic strains will harden
rapidly in the first few applications of strain, but the hardening rate de-
creases with accumulating strains and eventually reaches zero, at which
point the material is described as being “stable” or in “saturation.” A com-
mon goal of cyclic hardening studies is to measure the cyclic stress-strain
curve associated with this condition, defined as the curve formed by con-
necting the tips of stable hysteresis loops from constant-amplitude, strain-
controlled fatigue tests of several specimens cycled at different strain ranges.
Because the cyclic stress-strain curve (CSSC) is useful, engineers have docu-
mented it by several methods and for many metals. One special object of
study has been developing alternative procedures for determining the CSSC.
It was found, for example, that the incremental step test (see Fig. 1 for
description) provides a useful method of measuring the CSSR of several
metals at room temperature [5]. It is interesting, but perhaps not surprising,
that such tests yielded essentially equivalent responses to that of constant-
amplitude tests because the metals tested were wavy in slip mode [6], and it
is known that metals of this type show history-independent cyclic response
in most circumstances [7]. Metals of planar slip behavior can be expected
to yield more complex results in incremental step tests, since they show a
strong history dependence in their cyclic response [5]. In confirmation of
this, Jaske et al, who studied Ni-Fe-Cr Alloy 800 and Type 304 stainless
steel [8], found that, even at high temperature, the results of incremental

3The “microstructure” treated here is assumed to be uniform through the material and thus
does not encompass macrostructural variations caused by processing difficulties such as
segregation during solidification, incomplete recrystallization during solid state processing,
and so forth. These macrovariations must be important in cyclic response and fatigue fracture,
and more work is required for their study.
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STRAIN AMPLITUDE

TIME

FIG. | —Methods of testing: (a) incremental test, (b) multiple-step (or block) test, (c) random-
loading test, and (d) a test designed to simulate in a regular specimen the strain history exper-
ienced by a ligament of material in the path of an advancing crack—namely, an incremental
test to simulate the saturation condition followed by a gradually increasing cyclic-strain ampli-
tude to fracture. The block test is controlled by plastic strain, the others by total strain.

step tests were significantly different from those of constant-amplitude
tests; the cycles applied at high strains in the incremental steps establish a
structure which influences the subsequent cycles at low strain and causes
their stress amplitudes to be higher than those observed in constant-ampli-
tude tests.

Because CSSCs now are being applied more widely and successfully in
the prediction of cumulative fatigue damage [2,9], it is important to know
whether or not the CSSCs obtained under complex strain histories are the
same as those under constant-strain amplitudes. In many steels and certain
commercial aluminum alloys, it appears that they are the same [2], but
Koibuchi and Kotani have obtained a slightly different result [/0]. Working
with a low-carbon steel, these investigators found that the cyclic stress-
strain curve from constant-amplitude tests (or equivalently, from a block
test; see Fig. 1b) is somewhat different from that of the incremental step
tests; however, that from a random-loading test is essentially identical to
that of the incremental step test [10]. It would appear, therefore, that an
economical method of studying this question would be to compare results
from incremental step tests with those of constant-amplitude tests, provided
checks with random tests are also made, and confidence in reproducibility
is established.

In spite of the many engineering investigations which have been carried
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out on commercial materials and many fundamental studies of materials
cycled under constant-strain amplitudes, no fundamental studies, from the
viewpoint of a material scientist, have been made to evaluate response
under complex varying strains. The present investigation was undertaken
with the subsidiary aim of rectifying this matter.

Behavior of Binary Alloys

In spite of the relatively few investigations of CSSR which have been
made of binary aluminum alloys [//-16], the broad outlines of their be-
havior have been established as follows. When the hardening particles
are small and so closely spaced that the dislocations are required by an
applied cyclic plastic strain to pass through them because the interparticle
bowing stress is too high for the dislocations to do otherwise, then consid-
erable work hardening is caused by the first cycles of strain. Typical pre-
cipitates associated with this behavior are Guinier-Preston (GP) zones or,
for example, in aluminum-copper alloys, 8” plates. As shown in Fig. 2, hard-
ening eventually reaches a peak, and cyclic softening subsequently occurs [12].*
In a polycrystal, the hardening is associated with the redistribution of
strain in the material. In the first few cycles, the grains optimally oriented
for slip with respect to the stress axis show the strongest slip markings,

50}
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E 30 +200 %
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FIG. 2—Cyclic response curves for an Al-4 Cu alloy containing 8" particles, showing har-
dening to a peak stress and then gradual softening until fracture (marked with a cross). The
ordinate shows the stress amplitude averaged from succeeding tensile and compressive reversals,
and the strains indicated are constant-plastic-strain amplitudes. Courtesy of Calabrese and
Laird [12].

4In this paper, data points are not shown on cyclic hardening or softening curves because
they are so numerous that, on the scale of the plot, the curves consist of a continuous string
of points.
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and, as they work harden, adjoining grains of “harder” orientation become
more marked with slip bands. Dislocations are stored uniformly in tangled
masses throughout the grains, but dense dislocation bands, slightly mis-
oriented with respect to the grains which contain them, also form and
become more numerous until peak hardening is attained. With continued
cycling, the dislocation bands become more intense, and it is clear that the
bulk of the strain is carried by them. This localization of strain is believed
[12] to be associated with the softening which occupies the largest fraction
of the life (Fig. 2). Calabrese and Laird investigated this softening in the
light of mechanisms previously advanced to explain the poor fatigue pro-
perties of strong alloys (the endurance limit being small in relation to ulti-
mate tensile strength [12]), namely: overaging, precipitate reversion, pre-
cipitate fracture, and aging inhomogeneities [/7-23]. They concluded that
none of these was appropriate to aluminum-copper and offered, instead, an
explanation of softening based on the following argument, closely akin to
one previously discussed by Byrne et al [24] with respect to unidirectional
deformation in this type of alloy. Since the dislocations in the active bands
are highly jogged and ragged and are continually interacting, their to-and-
fro motion generally takes an irreproducible path. Therefore, the to-and-
fro motions of dislocations through different paths cause a mechanical
scrambling of the atoms in the precipitates, that is, their general structure
becomes disordered, and the probability of a cutting dislocation creating
different atom pairs is reduced. Softening then results from the loss of the
interface steps and ordering contributions to hardening, and it is likely that
the elastic properties of the precipitates are affected adversely also.

The CSSR of binary aluminum alloys is completely different from that
just mentioned when the hardening particles are large and sufficiently
widely spaced for the dislocations to pass between them in Orowan’s fashion.
As shown in Fig. 3, for such a microstructure, the hardening which occurs
at the start of cycling is exhausted quickly, and the material becomes ex-
tremely stable. The slip is distributed homogeneously, and all the large plate
precipitates are densely packed with dislocations [/3]. Calabrese and Laird
[13] used Ashby’s model of “geometrically necessary” dislocations [25] to
interpret such behavior. In this model, the plates are assumed not to deform,
and to be strongly bonded to the matrix. If the microstructure is sheared
as a whole, the matrix close to the plates cannot shear and must rotate,
requiring geometrically necessary dislocations to be stored at the plate-
matrix interfaces. The production of such dislocations leads to hardening.
As the strain is cycled, the geometrically necessary dislocations are shuttled
between plates on the same habit planes, and the hardening is therefore
very stable. In addition, the strain distribution in the specimen is highly
uniform [13].

Fine and Santner [16] have explored the CSSR of binary aluminum-
copper alloy in which the microstructure was manipulated so as to contain the
types of precipitates reported previously. In one alloy, A1-3.6Cu, used as a
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FIG. 3—Cyclic hardening curves for Al-4 Cu alloy aged at 250° C for 5 h so as to produce a
uniform dispersion of large & plates. Cold-working reduces the 8’ plate spacing and raises the
flow stress.

control, the microstructure contained Guinier-Preston I (GPI) zones only. In
another, containing 6.3Cu, undissolved, equiaxed 6 particles 5 to 10 um in
diameter were distributed in a matrix containing GPI zones. As shown in
Fig. 4, the aluminum alloy containing GPI zones only first hardened and
subsequently softened just like the alloy studied by Calabrese and Laird
[12). The A1-6.3Cu alloy hardened and subsequently softened only at large
and intermediate strains. However, at low strains, softening was not ob-
served.’ The interpretation is that, at high strains, the GPI zones were cut
sufficiently to disorder the structure and the alloy softened. At low strains,
the large 6 particles homogenized the strain and thus prevented the locali-
zation of the strain required to soften the structure in the active bands. Also
shown in Fig. 4 are cyclic hardening curves for 2024-T4. Consistent with
the work of Endo and Morrow [26], no softening was observed [/6]. Com-
mercial alloys contain more inclusions and dispersed phases than binary Al-
6.3Cu alloy and can be expected, therefore, to be more effective in multi-
plying dislocations and in homogenizing the strain. The role of these parti-
cles in cyclic deformation is given extended treatment in the following
section.

5[t is possible that, at really low strains, where lives are greater than 105 cycles, strain locali-
zation may occur on a scale smaller than that of the inter-8 spacing, in which case, softening
might very well occur.
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Behavior of Complex Alloys
Experimental Details

Since aluminum-zinc-magnesium alloys have not been studied as exten-
sively as commercial alloys more closely related to binary aluminum-copper,
aluminum-zinc-magnesium has been chosen for study here. Another reason
for the choice relates to the rather poor crack propagation behavior shown
by these alloys as compared to that of 2024 and related alloys [3]. The vari-
ables selected in this study of CSSR are: (a) types of dispersed phases, (b)
initial dislocation content of the material in relation to the hardening parti-
cles and (c¢) the nature of the loading (Fig. 1). A discussion of the nature of
the dispersed phases which commonly occur in commercial aluminum alloys
is necessary in order to clarify the specific choices of material. The literature
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FI1G. 4—Cyclic response curves for the aluminum alloys indicated, during plastic-strain-
controlled cycling. The peak stress refers to the stress amplitude at the tensile reversal. Courtesy
of Fine and Santner [16].
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which deals with these phases is extensive, but a good reference which ex-
plains the role of the particles in fracture can be found in the review article
by Kaufman [27].

The largest particles in aluminum alloys are termed the constituent par-
ticles. They are generally greater than 1 um in diameter and form by eutectic
decomposition during ingot solidification. Since they consist of insoluble
particles such as Al,Cu,Fe, Mg;Si, or (Fe, Mn) Al,, they cannot be taken
into solid solution during fabrication. Sometimes, the relatively soluble
CuAl, or CuAl,Mg also occur as constituent particles. A second grouping
of particles (in the 0.03 to 0.5 um range), called dispersoids, consist of
A1,,Mg,Cr or Al,;Cu,Mn formed by solid-state precipitation, and is also
difficult to dissolve. During fabrication, these particles suppress recrystalli-
zation and limit the growth of grains. The third and finest set of particles
consists of the age-hardening precipitates of major alloying elements, GP
zones, which impede dislocation motion, and lead to the optimum combina-
tions of strength and toughness.

It is apparent from the chemistry of the particles that the best way of
eliminating the constituent particles (which fracture easily in unidirec-
tional deformation and also in fatigue [27] is to reduce the iron and silicon
content of the alloy. The control of the dispersoids is more difficult; one
means of reducing their volume fraction is by eliminating chromium, but
this makes certain stages of the processing, particularly grain control,
difficult. Accordingly, the alloysé listed in Table 1 along with their compo-
sitions and heat treatments have been selected as a compromise for the
following reasons. (a) Conventionally processed 7075-T651 is useful as a
basis for comparison with previous investigations; it is supplied in the
form of 2-in.-thick plate to permit tests in the short transverse direction. (b)
“High-purity” 7075-T651, conventionally processed, is low in iron and
silicon, and therefore free of constituent particles; otherwise, it is similar
in all respects to conventional 7075 (no differences could be detected be-
tween the alloys at the high magnification of the electron microscope).
It also was supplied in the form of 2-in.-thick plate. This alloy permits the
role of the constituent particles in CSSR to be discriminated from that of
the dispersoids. (¢) Conventionally processed, high-purity 7075 given a
final thermomechanical treatment (FTMT) so as to introduce dislocations
into the microstructure, and to modify the hardening precipitates which are
known to nucleate heterogeneously on the dislocations was used. This
material was supplied as 1-in. plate. (d) A conventional, pure aluminum-
zinc-magnesium ternary free of both constituent particles and dispersoids
and artificially and naturally aged to develop GP zones containing both
solutes. The details of the GP zone structure in this alloy are unknown;

$The commercial-type alloys were kindly supplied by J. Waldman and H. Sulinski of Frank-
ford Arsenal, Philadelphia. Full details of their processing, mechanical properties, and micro-
structures can be found in Refs 28, 29.
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however, since the succeeding metastable phases are known to be ordered,
the GP zone structure should be a good candidate to undergo cyclic
softening by structural disordering. This material was supplied as 3/4-in.
(19.1-mm) rod. In addition, an Al-15Ag alloy was vacuum cast, homo-
genized, swaged, solution treated at 550°C for 4 h and cold water quenched,
swaged again, and solution treated for 2 min in order to recrystallize the
structure; it was finally given a 15 percent reduction by swaging to intro-
duce dislocations for heterogeneous precipitation of the hexagonal v’
precipitate [30,31] on subsequent aging, and finally aged at 160°C for
1% h. The purpose of choosing this alloy and the particular heat treatment
adopted was to check whether or not cyclic softening would occur in a
material where the dislocations are heavily decorated by precipitation, and
it should yield an interesting comparison with respect to the complex 7075
alloy with FTMT.

The monotonic properties of these materials are shown in Table 2. Con-
sistent with the differing compositions, the strengths of the conventional
and high-purity 7075 are roughly equal, but the ductility of the latter is
improved greatly, especially in the long and short transverse directions.
The high-purity 7075-FTMT is the strongest of the alloys listed, but its
ductility is still high relative to that of the conventional 7075.

Cyclic deformation tests were carried out by all the loading modes shown
in Fig. 1, in addition to tests under constant-plastic-strain amplitude on
most of the materials listed. Only selected data required to establish the
main points of the CSSR of aluminum alloys are reported here, however.
The specimens had threaded ends and usually had a gage section of 0.5 in.
(12.7 mm) length and 0.25 in, (6.35 mm) diameter, except for conventional
and high-purity 7075 tested in the short transverse direction, in which the
specimens had a gage length of 0.2 in. (5.08 mm) and diameter 0.15in. (3.81 mm).
The specimens were electropolished prior to testing, which was carried out
by closed-loop, electrohydraulic, computer-controlled equipment, using
standard clip-on gages for strain control.

Cyclic Stress-Strain Response—Constant Plastic Strain Amplitude

Cyclic hardening and softening curves for three of the materials studied
are shown in Fig. 5. Both the conventional 7075 (high-purity 7075 was
similar) and the aluminum-zinc-magnesium ternary alloys showed regular
hardening behavior, the latter consistent with the work of Sanders [32],
for the strain amplitudes indicated. The 7075 FTMT showed very high
cyclic flow stresses on account of its high strength but was subject to cyclic
softening. Presumably, many of the dislocations introduced by the final
deformation were pinned inadequately by the final precipitation and thus
were capable of rearrangement. The CSSCs of conventional and high-
purity 7075 are shown in Fig 6a, which includes measurements for speci-
mens cut from the longitudinal and long and short transverse directions of
the material. Two useful conclusions emerge from this figure: (@) the CSSR
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FIG. 5—Cyclic response curves for (a) conventional 7075-T651, (b) high-purity 7075-FTMT,
and (c) Al-Zn- Mg, peak strength. The constant-plastic-strain amplitudes for each specimen are
indicated, and rapid declines in stress amplitude near the ends of life are all associated with
propagation of a large crack.

of conventional and high-purity 7075 are essentially similar, and this shows
that the dispersoids, rather than the constituent particles, play the dominant
role in improving the CSSR of commercial alloys with respect to the base
alloy; (b) there is no significant difference in the CSSCs of the specimens
cut from the different directions of the material. However, the fatigue
lives of the alloys do vary significantly with direction, specimens cut in the
short transverse direction showing lives (in a Coffin-Manson plot) one
quarter of those in the longitudinal direction for the conventional 7075
alloy. However, the high-purity 7075 alloy showed no significant effect of
processing direction on fatigue life. This means that the CSSR is necessary
to describe the fracture rate because it may well control the degree of blunt-
ing at the crack tip. However, it will not be sufficient to explain the entire
kinetics of crack propagation because static failure mechanisms can be ex-
pected to accelerate the rate. Detailed crack propagation studies will have
to be carried out to determine the other parameters necessary to describe
the kinetics completely.

The CSSC for the aluminum-zinc-magnesium alloy (Fig. 6b) is interesting
in that the scatter (maximum ~2 percent) is less than that of the 7075 alloys
(~5 percent) and the flow stress much less because of the lower volume
fraction of all types of strengthening particles. The difference in scatter
can be attributed to the greater difficulty of producing a homogeneous
microstructure in a complex alloy. Also shown in Fig. 6b is the cyclic stress-
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mens cut parallel and perpendicular to the rolling direction, (b) Al-Zn-Mg ternary alloy.

strain behavior associated with the testing mode shown in Fig. 1d, which
might be termed the “ramped-incremental test.” This shows that the CSSC
is a reasonable approximation for the cyclic deformation behavior of
material at a crack tip and can be extrapolated to rather high strains with
confidence. In fact, the ramp could not be increased much beyond 5 percent
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because the specimens began to buckle; however, the rate of hardening
for these materials is becoming quite small at such large strains, and this is
the main justification for extrapolation to the still higher strains which
would occur at a crack tip.

Cyclic Response at Intermediate Strains

The most unexpected result is that the aluminum-zinc-magnesium ternary
does not show cyclic softening down to plastic-strain amplitudes of 0.00025.
Transmission electron microscopy of the cycled structures showed that the dis-
locations were arranged uniformly (Fig. 7q4). However, dislocation banding
was observed occasionally (Fig. 7b). Since such banding previously has been
associated with softening [/2], typical bands were explored carefully.
Their dark contrast was always associated with slight crystal reorientation,
which in Fig. 7b had tilted the crystal locally nearer to the Bragg condition.
The dislocation densities in the bands were not significantly different,
however, from those of the matrix. It would appear then that the deforma-

tion is too widespread to permit structural disordering and softening.
To check this interpretation, attempts were made to strain cycle speci-
mens at still lower strains. However, closed-loop control on the plastic
strain, a very small part of the total strain measured by the transducer,
was found to be difficult, and it was decided, therefore, to do load-cycling
experiments instead. A typical result for a naturally aged specimen is shown
in Fig. 8. Consistent with the fairly low yield stress of this material, rather
large strains were observed on application of the first few cycles. However,
the material work hardened considerably; the plastic strain was reduced consid-
erably by the 50th cycle, and it lay in the microstrain region by the 300th.
It subsequently remained there for several thousands of cycles; however,
by the 10 000th cycle, the hysteresis loop had widened appreciably, and it
continued to widen long before the propagation of a significant crack.
Increase of plastic strain under constant-stress cycling is an indicator of
cyclic softening; it could also be an indicator that small cracks had nucleated
and were showing plastic strain in association with their stress concen-
trations. To discriminate between these possibilities, two kinds of experi-
ment were carried out: (a) fractography, in order to find out the point in
life at which the important cracks had formed, and (b) a cycling experiment
where cracks were introduced deliberately by nicking the surface of the
gage length with a razor blade. Typical fractographs are shown in Figs. 9
and 10. Since the specimen of which the CSSR is shown in Fig. 8 failed by
intergranular fracture, the fracture surface showed very little evidence of
striations. However, the fracture surface features shown in Fig. 9 near the
two nucleation sites shown (there were seven in all) were rather coarse,
which indicate that the cracks started very late in the life. This is supported by
fractographic observations (Fig. 10) of a specimen aged at 135°C/24 h.
and cycled at the same stress, which lasted for about the same number of
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cycles as the specimen shown in Fig. 9 and showed similar softening be-
havior in its hysteresis loops, but to a lesser degree. In this specimen, frac-
ture occurred with the formation of ductile striations which were quite
large close to the nucleation point. Crack nucleation (at least to a depth
of ~5 um) must therefore have taken place quite late in life. Furthermore,
the cracks which nucleated and grew to failure in the specimen shown in
Figs. 8 and 9 did so outside the gage length, over which the extensometer
was measuring strain. In addition, there was no observable effect of surface
razor nicks on hysteresis loops until they were of a depth and number
greatly larger than the persistent slip bands which were observed on the
specimens’ surfaces by scanning microscopy. Thus the conclusion that the
behavior indicates softening and not cracking is as firm as it is for the higher
strain results reported in the previous section on binary alloys.

At first sight, this result would appear to be in conflict with those of
Fine and Santner [/6] on binary aluminum-copper; namely, that they
observed decreased work softening with homogenization of strain at lower
strains, Fig. 4b. It is important to note, however, that their lowest strain is
0.004, which is a large plastic strain. With the much lower strains studied here,
the strain was highly localized and large enough to cause structure dis-
ordering when accumulated over thousands of cycles. This interpretation
is consistent with the recent results of Sanders et al [33]. They found that,
at low strains, in a great variety of commercial aluminum alloys, the distri-
butions of dislocations became nonuniform, and consequently, the micro-
deformation was localized. Incidentally, Ref 33 contains excellent trans-
mission electron micrographs of commercial aluminum alloys, and there
is no need therefore to show the dislocation structures of the complex
alloys reported here.

The Cyclic Stress-Strain Response of Aluminum-Silver Alloy With A Com-
plex Microstructure

Since high-purity 7075-FTMT showed cyclic softening, it would be inter-
esting to check how general such behavior might be in heavily strength-
ened alloys. To check this, Al-15Ag alloy was prepared as just described
and aged finally after a postsolution-treatment swage. Hren and Thomas
[31] found that dislocations in this alloy attracted silver to their stacking
faults, separating the partials to large distances and nucleating y’ precipi-
tates between the partials. One should expect, therefore, that a dislocation
population introduced before aging should be immobilized effectively by
such precipitates. An attempt by electron microscopy to verify that the
dislocations are indeed tied up proved difficult, however. As shown in Fig.
I1a, the microstructure of the alloy was highly dislocated, and ¥’ could
not be detected against the contrast of the dislocations. However, the elec-
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F1G. 8—The hysteresis loops measured in a naturally aged specimen of Al-Zn-Mg at different
points in the life, showing initial hardening and subsequent softening. The numbers of the loops
refer to cycles and not reversals.

tron diffraction patterns showed streaking of the spots in directions normal
to the expected (111) habit plane of v’ particles; it must be concluded then
that 4 particles are distributed amongst the dislocations. In addition,
rather coarse allotriomorphs (on a scale comparable to that of dispersoids)
were observed at dense dislocation walls and other boundaries (Fig. 115)
formed in the preceding steps of processing.

On cycling this material at constant plastic strain, no softening was
observed (Fig. 12). Instead, the stress amplitude either remained constant,
at the highest strain, or else increased at lower strains. The large stress
decreases occurring late in the lives of the specimens shown in Fig. 12 were
not “true” deformation phenomena, but were associated with the propaga-
tion of large cracks, as clearly shown by asymmetries in the hysteresis loops.
Since this binary alloy was quite ductile, the crack propagation mechanism
was the plastic blunting process, and neat, ductile fatigue striations were
formed (Fig. 13). Counts of striations observed on the fracture surfaces
were consistent with the points in the lives of the aluminum-silver specimens
at which stress decreases first were noted.

Typical dislocation structures formed in this alloy after cycling are shown
in Fig. 14. The structures were rearranged considerably by the cycling,
appearing less complex, and there were many more loops than were ob-
served initially. However, the total dislocation density did not appear much
affected, remaining reasonably uniform. No evidence of cell formation
was observed. It is possible that the loops could be ¥’ precipitates, but
they were too small and the structures too complex to permit positive
discrimination by contrast methods. It is apparent, however, that the v’
precipitates initially present in the dislocation structures introduced by
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FIG. 10—A region of the fracture surface of an Al-Zn-Mg alloy aged at 135° C|24 h, showing
typical striations. This region was less than 0.1 mm from the nucleation site, and the fracto-
graph proves that macrocrack propagation in this sample occupied only a very small fraction of
the total life. Stress amplitude * 40 ksi (279 M Pa), life 15 030 cycles.

the thermomechanical treatment have been effective in preventing work
softening. Although the dislocations have been freed from the heteroge-
neously nucleated 4’ precipitates to some extent, as evident from the ob-
served dislocation rearrangements, the precipitates have served to homog-
enize the deformation and thus to prevent work-softening dislocation
interactions. In view of this result, it will be difficult to generalize whether
or not thermomechanically treated alloys will undergo cyclic softening
because the details of heterogeneous nucleation will vary from one alloy
system to another. It is probable, however, that aluminum-silver will be
one of the most potent in preventing cyclic softening because the v’ pre-
cipitate has a (111) habit plane and will be effective in tying up the initial
dislocation structure. Moreover, the most highly strengthened of the ther-
momechanically treated alloys will have a tendency to soften cyclically
because the GP zones or small precipitates associated with the processing
dislocations are themselves prone to softening.
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Cyclic Stress-Strain Response Under Variable-Amplitude Loading
Binary Alloys

In line with the aim of exploring the relationship between cyclic response
under constant-amplitude cycling and that under variable-amplitude cycling,
incremental tests were made on binary A1-4Cu alloy, heat treated to pro-
duce: (a) 8” precipitates, given to particle cutting and thus to cyclic softening
and (b) @ precipitates, which lead to stable CSSR behavior. A typical result
for the microstructure containing 6” is shown in Fig. 15, in the form of
cyclic stress-strain plots for individual envelopes, including the first. Thus
the complete cycling history of the specimen is represented. The first enve-
lope shows asymmetric response because rapid hardening is occurring
during the decline of the envelope as well as during the approach to its
maximum. Just as in a test run at constant amplitude [/2], hardening builds
up to a peak (here the 20th envelope) and softening subsequently occurs
(see the result for the 40th envelope). It is interesting that softening begins at
an accumulated plastic strain roughly equal to that shown in a constant-
amplitude test, and the cyclic stress-strain curve obtained in such a test
(plotted for the peak stress) is roughly equivalent, within the limits of scatter,
to that observed in the incremental tests (Fig. 16).

Again in line with the constant-amplitude behavior, A1-4Cu alloy con-
taining 6’ hardens very rapidly in an incremental test and reaches a well-
maintained saturation (Fig. 17). However, in this case, it will be noted from
the arrow on the ordinate of Fig. 17 that the CSSC corresponding to the
saturated state lies a little below that of constant-amplitude tests. Presum-
ably, the fluctuations of strain within the envelopes serve to align the geo-
metrically necessary dislocations into neater arrays at the precipitate / matrix
interfaces, thus reducing the long-range internal stresses as well as the
density of dislocations accumulated between precipitates by trapping pro-
cesses. To judge by the careful experiments of Koibuchi and Kotani [/0],
it may be general for alloys or pure metals hardened by dislocations that
the CSSC for incremental tests lies slightly below that for constant-ampli-
tude tests. The differences are small, however, and the question of scatter
should be explored more carefully.

Complex Alloys

In more complex alloys, the incremental test CSSC also appears to lie
at a flow stress a few percent lower than that generated by constant-amplitude
tests, for example, ternary aluminum-zinc-magnesium (Fig. 18). Also con-
sistent with the work of Koibuchi and Kotani [/0], block test results agree
closely with those of constant-amplitude tests. In this alloy, the GP zones
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FIG. 12—Cyclic hardening curves for thermomechanically treated Al-Ag alloy.

FIG. 13—Ductile fatigue striations in Al-Ag alloy cycled at a plastic-strain amplitude of
0.0025. The arrow marks the direction of crack propagation.
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act to impose a friction stress on the dislocations, but the cyclic hardening
associated with dislocation multiplication can show the same kinds of
variations between the different tests as in a pure metal. The same result
holds for the still more complex alloys which contain dispersoids, because
the main difference in CSSR caused by these precipitates is to homogenize
the strain, not to produce major variations in dislocation structures.

These small differences in CSSR under different types of loading are
interesting when the slip mode of these alloys is considered. Since strong
aluminum alloys show localized deformation markings, they can be regarded
as planar slip materials. One would expect from the cyclic behavior of
monophase planar slip materials that dislocation structures inherited from
high-strain cycles would raise the flow stress of low-strain cycles with
respect to that observed in constant-amplitude tests. Since opposite be-
havior is actually observed in the alloys of interest here, it is apparent that
the concept of slip mode is not very useful in the context of these alloys.

The thermomechanically treated aluminum-silver alloy showed different
behavior, however (Fig. 19). In this alloy, the CSSC of the incremental
test lay above that of the constant-amplitude tests; the major cause of
this behavior lies in the extraordinary resistance to cyclic softening shown
by this microstructure. Thus the dislocation microstructures associated with
the highest strains in the envelopes of the incremental test persisted with
little change at the lower strains and maintained the flow stress.
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F1G. 19— Comparison of cyclic stress-strain curves obtained from constant-amplitude tests
and from an incremental test—Al-15Ag alloy solutionized, swaged, and aged at 160°C/1 1/, h.
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Exploration of CSSR under random-load cycling of the type illustrated
schematically in Fig. lc (total strains were selected by a random number
generator under a ceiling of 0.5 percent plastic strain) is more difficult.
Several approaches for analyzing the measurements were investigated, in-
cluding those of Wetzel [2] and Koibuchi and Kotani [/0]. However,
instead of using a computer to follow the cyclic response from the first
reversal as Wetzel did [2], analysis was carried out by hand on small groups
of hysteresis loops recorded periodically during tests by x-y plotter.
In Wetzel's approach, the method takes into account the stress-strain
history, and is especially useful for handling reversals where the load does
not change sign. A typical computation of CSSR by this method is shown
in Fig. 20, from which it is apparent that scatter is large and the method
unsatisfactory, although the results for the random tests do lie in general
agreement with those of incremental tests, that is, lower than the constant-
amplitude CSSC. From experimentation with the data, the author concludes
that following the response from the first reversal would not improve the
scatter, which seems more to result from the method of analysis rather
than to represent real flow stress variations in the material.

This belief is strengthened when analysis of the results is made by the
method of Koibuchi and Kotani (10]. In this method, groups of random-
loading, stress-strain plots are broken into well-defined hysteresis loops
to which definite stress and strain ranges can be applied, after the manner
shown in Fig. 21. These ranges are then normalized against the maxima
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FIG. 20-—Comparison of cyclic stress-strain curves obtained from constant-amplitude tests
and from a random test which was analyzed by the method of Wetzel (2]. The material was high-
purity 7075-T651.
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minll

FIG. 21— Stress-strain response recorded from complex loading analyzed into hysteresis
loops, showing their specific stress and strain ranges. Courtesy of Koibuchi and Kotani [10].

stress and strain ranges encountered in the loading history (arbitrarily
fixed, as mentioned previously at 0.5 percent plastic strain here), and the
CSSC is plotted in the form

Aepif Aep, = (Aa;f Aoy)”

where
n = stress-strain exponent,

Aepis Aep, = loop plastic strain and maximum plastic strain ranges, re-
spectively, and
Ag: and Ag, = loop stress and maximum stress ranges, respectively.

Typical results treated in such a manner are shown in Fig. 22, which illus-
trates the following: (@) consistent with the results of Koibuchi and Kotani
[10], the CSSR for incremental and random tests are essentially equiva-
lent, (b) the CSSR for complex loading differs from that measured by
constant-amplitude tests, and (c¢) the cyclic compressive stresses in in-
cremental loading are higher than those of the tensile reversals, just as
they are known to be in constant-amplitude tests. No satisfactory ex-
planation has been offered yet for this effect.

Conclusions

On the basis of the previous studies reviewed and the results reported
here, the following general conclusions are drawn about the CSSR of
aluminum alloys:

1. Cyclic hardening always occurs in strain-controlled tests of aluminum
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7075-T651 subject to the complex loading indicated, compared to the CSSC obtained from
constant-amplitude tests. Only the random loading tests are strictly treated in the manner
described in the text. The incremental test is treated on the basis of amplitudes.

alloys by dislocation multiplication and interaction, but this hardening can
be reduced by softening associated with dislocation/ precipitate interactions.

2. Cyclic softening is observed most frequently in binary alloys and is
enhanced by strain localization. Complex alloys are less prone to softening
by dislocation/precipitate interactions, partly because the processed struc-
ture, including the GP zones, is more disordered than that of binary alloys
and therefore is less capable of cyclic disordering and softening, and partly
because complex alloys contain constituent particles and dispersoids which
homogenize the strain. Softening nevertheless can occur in complex alloys
by dislocation/ dislocation interactions, for example in thermomechanically
treated alloys.

3. The CSSR of complex alloys is dominated by the GP zones and dis-
persoids in combination. The constituent particles do not play an important
role, unless dispersoids are absent, in which case they would homogenize
the strain to a limited degree.

4. The CSSR of complex alloys is not influenced by the orientation of
the specimen with respect to processing direction, in marked contrast to
fracture behavior.

5. The concept of slip mode is difficult to apply to the CSSR of complex
alloys, and has not been found useful in interpreting such behavior.

6. By suitable combinations of alloying and processing (for example,
thermomechanical treatment of Al-15Ag alloy), cyclic softening by dis-
location/dislocation interactions can be inhibited, but it is unlikely that
this result can be applied effectively to the strongest commercial aluminum
alloys.

7. CSSCs measured from block tests are coincident with those obtained
from constant-amplitude tests, and CSSCs from incremental tests agree
with those from random tests.
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8. CSSCs of complex aluminum alloys obtained from complex loading
histories generally lie below the CSSC obtained from constant-amplitude
tests. The differences, however, are minor at high strains, and the CSSC
obtained from constant-amplitude tests is a good first approximation to that
from any loading history.

9. The cyclic stress-strain behavior at a crack tip can be obtained to a
good approximation from the CSSC of bulk material, by extrapolation to
the high strains expected in the neighborhool of crack tips.

10. The conclusions drawn here can be expected to apply to a wide range
of alloys based on other metals, such as copper, nickel, iron, and titanium.
In applying these conclusions, careful consideration must be given to the
details of the microstructures of interest, because, even in aluminum alloys,
wide variations in behavior are observed. Support for this conclusion, in
application to steels, can be found in the studies of Fine and his coworkers
[35, 36]).
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ABSTRACT: Theoretical calculation and experimental measurement of fatigue
crack tip plastic zone size are reviewed, and recent plastic zone measurements using
selected area electron channeling are presented. The relationships between state of
stress, measurement technique, and plastic zone shape and size are discussed. It is
shown that there exists only limited agreement between theory and experimental
measurements, but that general conclusions concerning the appropriate plastic zone
dimensions for various conditions can be drawn. The importance of plastic zone shape
is demonstrated for the case of overload-induced crack growth retardation.
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Nomenclature

Crack length
Shear gage length
Shear displacement
Stress intensity factor
Cyclic stress intensity factor range
Number of cycles
Distance ahead of crack
ri  Distance from crack tip to yield boundary, based on asymptotic
elastic solution
r,r,ra,rs  Various approximations to true plastic zone size
r, Maximum plastic zone dimension measured from crack tip
re Plastic zone dimension in the 8 direction
a Coefficient relating monotonic plastic zone size and (K/a,)’
o’ Coefficient relating cyclic plastic zone size and (K/oy)’
ars Average o for monotonic plane stress plastic zones
ar. Average o for monotonic plane strain plastic zones

A

N ZARXRASTA

'Senior metallurgists and senior engineer, respectively, Department of Materials Sciences,
Southwest Research Institute, San Antonio, Tex. 78284.

36

Copyright® 1977 by ASTM International www.astm.org



LANKFORD ET AL ON FATIGUE CRACK TIP PLASTICITY 37

@’ Average o’ for all materials
v Shear strain
v Poisson’s ratio
o; Yield stress
o,, Normal stress ahead of crack
o.: Normal stress perpendicular to plane of plate
Ag Cyclic stress range
6 Angular direction of plastic zone radius relative to plane of
crack
€z Normal strain perpendicular to plane of plate

The tips of propagating fatigue cracks are attended by plastic zones. The
size and shape of these zones are important because many aspects of cyclic
crack growth are directly related to the extent of plastic yielding. For
example, changes in mode of crack growth (striation to dimple, superposition
of static fracture onto cyclic extension) can be explained in terms of plastic
zone size versus the size or spacing of metallurgical parameters (inclusion
spacing, grain size). Crack tip opening displacement seems to be a function
of plastic zone size, and fatigue crack propagation following overloads or
during spectrum loadings is known to be controlled, to a large extent, by
overload plastic zone characteristics.

A variety of theories have been developed to predict the sizes of plastic
zones. These theories were first employed as correction factors for fracture
mechanics calculations. Although certain simplifying physical assumptions
are required in order to permit solution of the difficult equations which
describe crack tip yielding, the recent calculations of both size and shape of
plastic zones have been particularly useful in understanding trends in
fatigue crack growth behavior.

In addition, some headway has been made in recent years in the direct
characterization of fatigue crack tip yield zones. Numerous techniques have
been used, including etching, X-ray microbeam, microhardness testing,
transmission electron microscopy, and image distortion/optical inter-
ferometry. Recently, the authors have applied two new techniques to this
problem, and the results, in conjunction with those of earlier experimenters,
show promise of increasing our understanding of the manner in which
complex phenomena such as spectrum loadings, environmental effects, and
thickness effects can affect fatigue crack growth through modification of
plastic zone parameters. Moreover, the results are useful in evaluating the
relative success of the various applicable plastic zone theories.

In the following, the range of theories relating to crack tip yielding is
summarized. The authors’ techniques for plastic zone characterization
are discussed briefly; plastic zone measurements for a variety of metals and
alloys under cyclic loading are then presented and compared with theoretical
predictions. Effects due to overloads are discussed, and certain general
conclusions pertaining to fatigue crack tip plasticity are drawn.
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Plastic Zone Size Calculations

The early treatment of the effects of plasticity on fracture was by Orowan
[I]?, when he interpreted the surface energy term in the Griffith energy
criterion as the total work of fracture. This meant that not only the work to
create new surface, but also the work done during plastic deformation at
the crack tip, must be included in the global energy balance. Since this
argument was made in general terms through the energy balance relation, it
did not entail specific crack tip details. The plastic zone size estimates for
fatigue cracks all have their origins in calculations made for monotonic
loading, usually as correction factors for tough materials not conforming
to the assumptions of linear fracture mechanics. This section analyzes some
plastic zone size estimates used frequently and assesses the range of values of
plastic zone size predicted by them.

Rice [2] has thoroughly reviewed the continuum mechanics approach to
the calculation of plastic zone size. The simplest estimate of the plastic zone
size is based on the elastic solution for the stresses at the tip of a sharp crack.
If we consider a crack in an infinite plate as in Fig. 1, the normal stress ahead
of the crack is given by

0., = K/\/2mr (1)

The material ahead of the crack will yield, and o,, will equal the yield stress,
g,, at r;, the maximum extent of the plastic zone in the crack plane. Solving
Eq 1 for r estimates the zone size as

n=[1/2m] (K/o,)’ 2
Since the material at the crack tip can support only two to three times o, a
region of plastic flow will form having stresses of this magnitude, causing the
volume of stressed material to be increased to plastic zone size r, in Fig. 1.

Rice suggested that r, = 2 ry; in a later analysis, Broek [3] showed that this
approximation is reasonable, that is

WITHOUT YIELDING

WITH YIELDING

FIG. 1—Schematic illustration of plastic relaxation at loaded crack tip.

The italic numbers in brackets refer to the list of references appended to this paper.
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r.=2n = 1/7 (Ko, 3)

Irwin [4] argued that, while the plastic zone is larger than r,, in many
problems, it is not necessary to know the exact size and shape of the plastic
zone. What is needed is an estimate of the additional crack length so that the
elastic stress field for the lengthened crack would approximate the real
stress field beyond the plastic zone. He termed this value the plastic zone
correction factor, r,, and found it to be in the range 0.3 r;<<r,<0.5r, for plane
strain. For computational purposes, he chose the value

ro=r/Q2V2) =[1/@rVD] (K/a) =~ [1/(6m)] (K/e) (4

It is important to note that this is not an estimate of the plastic zone size,
but rather is only a fraction of the zone; however, it is used frequently as
the former.

In these estimates of zone size, the shape of the plastic zone is not a con-
sideration. This is not true with the Dugdale model [5] which assumes that
yielding takes place in a narrow strip ahead of the crack, as depicted in Fig. 2.
This situation may be modeled by an infinite plate loaded at infinity, con-
taining a crack of length 2 (a+ r3) where r3 is an extension of the actual crack,
but is prevented from opening by restraining stresses equal to the yield stress,
d,. To obtain the solution for this totally elastic problem, we make use of the
fact that the stress is finite at a + r;, that is, the stress intensity factor van-
ishes. Superimposing the two configurations in Fig. 2 and assuming r; << a
in the stress intensity factors from Ref 6, it can be shown that

r=~m/8(K*/ o} ©)

This is approximately equal to r..

It should be noted that this model is often referred to as the Dugdale-
Barenblatt or BCS model. Blarenblatt [7] independently developed a similar
model with the restraining yield stresses replaced by molecular cohesive
forces in an effort to overcome the physical objections to the crack tip
stress singularity. Bilby, Cottrell, and Swinden [8] also used this type of
model, but utilized continuously distributed dislocations to develop the
governing equations. The results of the three methods are very similar.

The three dimensionality of the plastic zone size is also animportant factor.
To compute the elastic-plastic boundary accurately, and therefore the plastic

—=q
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FIG. 2—Superposition involved in Dugdale Model.
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zone size, a yield condition must be specified. The two most commonly used
conditions are the Tresca, or maximum shear stress, and the Mises, or
maximum strain energy. When applying these conditions to a two-dimensional
problem, either plane strain or plane stress must be specified; a comparison
of the two predicted shapes for a Mises yield criterion is given as shown in
Fig. 3a [3]. (The surface produced by a Tresca condition is similar.) The
plane strain zone is much smaller than the plane stress zone; at § = 0 and
w/2, zone dimensions are

Plane Stress Plane Strain
K 1 - 2v)°K?
r(6=0)= 5, = r0=0)= (——2”0)2
’ ™
K [(1-2v) + (3/2]K°
RO=mD=ga s n@=mn=

Yy J
From these results, it is clear that the plastic zone size estimates given in
Eqgs. 2, 3, and 6 provide reasonable estimates for plane stress sizes, but over-
estimate the plane strain zone size.

Figure 3b shows the three-dimensional plastic zone through the thickness
of a plate [3]; it is assumed that the plate is sufficiently thick to develop plane
strain conditions in the center of the plate. At the outer surface of the plate,
oz =0, and plane stress exists; as the depth of penetration increases, the
stress state changes over to plane strain. Although ¢,, = 0, the material does
develop large stresses in the z direction due to the constraint. Thus, a large
hydrostatic stress is created directly ahead of the crack tip. For a non-
hardening Mises material, this results in stresses of three times the uniaxial
yield stress; a strain hardening material has even higher stresses. The stress
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FIG. 3— Relationship between plane-strain and plane-stress plastic zones, and the effect of
specimen thickness.
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elevation ahead of the crack tip is not due to strain hardening in the sense of
cyclic deformation, but rather is due to the constraint and the resulting
high hydrostatic stress, which increases the effective yield stress. (For a full
discussion of this point, including the effects of large geometry change at the
crack tip, see Rice and Johnson [9].) This latter point has given rise to a
large number of plastic zone estimates through the substitution of an appro-
priate effective yield stress reflecting the amount of constraint present in the
specimen. McClintock and Irwin [/0] noted that, while the plane stress
plastic zone is nine times the plane strain zone (for v = 0.33 at # = 0, this is
obtained from Eq 9), this full degree of constraint is not likely. Based on
this estimate and the fact that Eqs 2 and 3 represent plane stress zones, two
additional estimates may be made

Given the extremely difficult nature of the elastic-plastic solutions, the
bulk of the elastic-plastic analysis has been performed numerically. Finite-
element methods allow the inclusion of almost any flow rle and degree of
material hardening and, through incremental analysis, can fully account for
stress redistribution and unloading that take place during plastic defor-
mation. Much of this work has been performed by Rice and his coworkers
[11,12], and, with the special crack tip elements developed by Tracey [13,14],
great insight into the development of plastic zones has been attained. For
small-scale yielding, plane strain conditions, the plastic zone constants are
as shown in Table 1, where r = o (AK/oy)z. The first two computations are
made for perfectly plastic materials, while in Ref /4, Tracey dealt with an
isotropic hardening material; hence, the specific zone size will depend on
the hardening exponent. These computations show that, when stress redistri-
bution is taken into account, the plane strain zone is not symmetric about
the y axis, but is rotated toward the positive x axis so that the maximum
zone extent occurs about # = 70 deg. This led Rice [2] to suggest that a simple
model of plane strain plastic behavior could be represented by a discrete
slip line and Dugdale yield zone acting at an angle to the plane of crack
advance. For # = 70 deg, this estimates the zone size as

rp=0175(K)’ (10)

The plastic zone size calculations just discussed are only a few of the many
estimates made, but they do represent the full range of numerical values
determined. They are summarized in Table 2.

Thus far, only the plastic zone size due to monotonic loading has been
considered; however, since fatigue loading is cyclic, a plastic zone associated
with this type of loading has been postulated [2] and apparently observed
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TABLE 1—Numerical plastic zone calculations.
a = Levy et al [17] Rice and Tracey [12] Tracey [14]

r(@ =0) 0.036 0.041 0.03 to 0.04
(K/ay)

r(max) 0.157 (8 = 70 deg) 0.152 (6 =71 deg) 0.13 to 0.15
(Kfoy) (6 = 70 deg)

g =m/2) 0.138
(K/oy)z

experimentally [/5]. Computational estimates of this zone of reverse
loading assume that an effective yield stress, usually the cyclic yield stress,
can be put into Eq 1. A second approach, used by Rice [2], employs a
superposition argument to demonstrate that, under reversed loading, the
yield stress should be replaced by two times its value. Thus, from Eq 1, the
cyclic yield zone will be one fourth the monotonic plastic zone (Fig. 4).

Plastic Zone Size

Measurement Techniques

For some time, the authors have been using the relatively new technique
of selected area electron channeling to map out crack tip plastic zone
boundaries and to quantify the strain distribution within plastic zones. The
method of measuring plastic zone parameters has been described completely
elsewhere [15—17]. Briefly, the procedure involves rocking the collimated
electron beam in the scanning electron microscope (SEM) about a point
(~10 um diameter) on the specimen surface. Deformation causes systematic
degradation in the resulting electron channeling patterns (ECP). The crack
tip plastic zone is determined by interrogating numerous small volumes
of material with the electron beam, as is illustrated schematically in Fig. 5.
Strains within the plastic zone are obtained by comparing the electron
channeling patterns with those from a calibration specimen. Strains up to
5 to 10 percent (depending on material) may be determined to an accuracy

of about 0.5 percent using this technique.
Large amplitude strains near the crack tip are measured by a very simple

technique. Reference scratch offsets caused by crack tip shearing are ob-
tained by replicating specimens in the loaded condition and then examining
the metallized [ /8] replicas at high magnification in the SEM. The measured
offsets can be interpreted in terms of shear strains. Previous work by the
authors has indicated that shear strains as small as 5 percent can be de-
tected in this way, so that electron channeling and reference mark dis-
placement can be employed to define the monotonic and cyclic crack tip
plastic zones, respectively [15].

Other techniques also have been found to yield information regarding
plastic zones. In particular, microhardness testing apparently shows evidence
of both cyclic and monotonic zones [/9-22] for materials in which the
plastic zones are large relative to the size of the indenter. With considerably
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FI1G. 4—Schematic illustration of the monotonic and cyclic plastic zones [2].

more difficulty, transmission electron microscopy (TEM) has shown [23] the
presence of two distinct fatigue crack tip dislocation subcell structures,
presumably characteristic of cyclic and monotonic zones. The monotonic
zone boundary has been detected by X-ray microbeam (XMB) [24], by image
distortion /interferometry [25,26], and by etching [27,28]; under certain con-
ditions [27], the latter may also reveal the inner cyclic zone. In each of the
methods cited, the cyclic zone boundary is delineated from the monotonic
zone as a discontinuity in the radially varying, measured values of strain or
strain-induced damage.

Plastic Zone Size Measurements

In the following section, the results of measurements carried out by the
authors are presented, along with the results of tests performed under similar,
but not identical, conditions by other experimenters. Specimen preparation
and the configuration used in our tests, as well as the mechanical properties
of our alloys (6061-T6 aluminum, 304 stainless steel, low-carbon steel, and
Fe-3Si), are described elsewhere [15,17]. All tests were carried out under
ambient laboratory conditions (laboratory air, ~50 percent relative
humidity), with the cyclic load ratio R approximately zero. Readers are
directed to the references for the details of tests performed by other cited
researchers. It should be noted that Wilkins and Smith [23] cycled their
specimens in push-pull, that is, R = —1; in this case, AK was calculated on
the basis of the nominally tensile portion of the load cycle. All of the mea-
surements to be discussed were obtained from fatigue-loaded specimens,
with the exception of the data from the statically loaded, fatigue-precracked

CRACK

FIG. 5-—Schematic illusiration of ECP sampling during determination of monotonic
plastic zone boundary.
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7075-T6 specimens of Pettit and Hoeppner [25], which are included for
purposes of comparison with other aluminum alloys.

As shown in Fig. 6, the maximum monotonic plastic zone size r, for all
materials correlates in a linear fashion with (K/s,)’. For most materials,
the correlating coefficient « lies between 0.05 and 0.14. Notable exceptions
are the values for 2024-T3 {26] and 7075-T6 {25], for which the as are 0.3
and 0.4, respectively. There does exist evidence [29,30] for a = 0.15 for
2024-T3 cycled in the range 7 MN m ** << K<< 20 MN m 2 Recent work by
the authors on 2024-T4, using the electron channeling technique, indicates
that, for this material, o may be closer to 0.25.

Data for the 7075-T6 work are confusing. Pettit and Hoeppner [25] list
two different as (~0.15 and 0.65). However, the data plotted in their figures
yield @ = 0.4, which is the value used in Fig. 6. This value probably should
be used with caution.

Except for these two alloys, the maximum monotonic plastic zone sizes
are correlated by a fairly narrow range in o for materials whose yield strengths
range from 38 to 1790 MN/m’ (Table 3). Stacking fault energy (SFE)
does not seem to be a major influence in controlling plastic zone size.

The spread in a can be rationalized somewhat on the basis of plane stress-

plane strain considerations. Measurements taken on specimen surfaces
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tend to reflect a predominantly plane stress (Po) situation, while midplane
or interior measurements are more nearly plane strain (Pe). Averaging all of
the as in Table 3 generated from surface measurement yields @p, = 0.1;
similarly, from midplane (interior) measurements, &, = 0.06, so that one
finds @p, /@p. = 1.67. This result is in good agreement with the theoretical
determination by Rice [2] that @p, /@ p = 2.

A remarkable consistency is evidenced in nearly all determinations of o,
the correlating coefficient for the maximum cyclic plastic zone radius. The range
in this parameter is 0.007 to 0.028, but & = 0.014 lies within 10 percent
of most of the individual values of a’. The magnitude of a’ seems to be in-
dependent of the state of stress, the alloy system, and the method of mea-
surement. Earlier, Hahn et al [27], in their elegant etching studies of Fe-3Si,
had observed that the cyclic zone size seemed to be unaltered by changes in
the state of stress which nevertheless affected r» to a marked extent. The
present work extends the generality of that observation to a wide range of
alloys.

Plastic Zone Shape

The preceding results have been generalities to the extent that only
maximum plastic zone sizes have been discussed. Inclusion of plastic zone
shape brings to light important discrepancies between various experimental
methods and between theory and experiment.

Cyclic Plastic Zone Shape

The state of knowledge regarding fatigue crack tip plastic zone config-
urations, based on experimental measurement, is summarized in Fig. 7
(recall Fig. 3, which showed the theoretically predicted plane stress and
plane strain plastic zone shapes). The monotonic zone (solid line) is sketched
to scale relative to the cyclic zone (dashed line). When these shapes are
taken into account, it is possible to tabulate (Table 4) monotonic plastic zone
sizes in the plane of the crack (a¢) and normal to it (asi). Reasonable
agreement between theory and experiment is indicated, where appropriate,
by the underlining of such entries in the table.

Generally, the measured plastic zone size lies below or within the lower
range of predicted values. The best theoretical to experimental agreement,
that is, in terms of both as, and g0 appears to exist for the present 304
stainless steel measurements, and for the Fe-3Si etching measurements of
Hahn et al [27]. On the other hand, there remains the question of how to
explain the poor theoretical to experimental agreement shown by micro-
hardness for other stainless steels, including 16-13 and 24-20 [20], and 301
and Fe-34Ni [27]. Similarly, there is an apparent discrepancy between the
Fe-3Si surface etching results of Hahn et al [27] and the electron channeling
plastic zone determinations. Possible reasons for each of these two cases
follow.
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SURFACE INTERIOR
X
s o —)
o) 6061-T6 [ 15] b) 6061-T6 [15]
c) Fe-3si[15, 27] d) Fe-35i[27]
—_— —_—
e) Stainless steel [IS] ) Stainless steel [20.2\]

q) Carbon steei[ 17, 24 ] n) Ai-5Mg [23]

—

i) Palycrystalline Cu,
Cu-22 Al [19]

\.:

A
f

i) Single crystot Cu[22]

FIG. 7— Monotonic and cyclic plastic zone relative size and shape for several materials.

Pelloux et al [20,21] used the microhardness approach to measure plastic
zones in maraging steels, as well as for the stainless steels just mentioned.
Saxena and Antolovich [/9] used the same technique for copper alloys.
For the maraging steels, as) ranged from 0.06 to 0.10. For all of the other
materials, microhardness experiments produced an asy of about 0.05, well
below the minimum theoretical plane strain value of 0.138, and below the
writers’ finding of as = 0.144 at the surface.

The generally low values of ag determined by means of microhardness
testing bring into question the relative sensitivity of the technique. Ac-
cordingly, an experiment was carried out to determine this point. Micro-
hardness tests performed on a calibrated tapered tensile specimen showed
that a discernible increase in hardness did not occur until a strain of ~6 per-
cent was attained. Earlier electron channeling data [31] obtained from the
same tapered tensile specimen showed the least detectable plastic strain to
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be about 0.4 percent. Other electron channeling work [15] has shown that,
for 304 stainless steel, the plastic zone radius corresponding to 6 percent
tensile strain occurs at approximately one quarter of the largest monotonic
zone dimension established on the basis of 0.4 percent strain sensitivity. This
factor of one quarter is in reasonable agreement with the observed difference
between plastic zone radii in stainless steels determined by channeling and
microhardness tests. Consequently, it appears that the difference can be
resolved simply on the basis of greater sensitivity on the part of electron
channeling to small plastic strain amplitudes.

In the case of the Fe-3Si experiments, the difference probably lies in the
fact that the tests performed by Hahn et al [27] were carried out at 100°C,
rather than at room temperature [ 15]. The purpose of the higher temperature
was to promote plasticity and avoid the cleavage mode of fatigue crack
growth characteristic of Fe-3Si at 23°C; the success of this maneuver is
indicated by the excellent correlation which was obtained between the
experimental etching results and the fully plastic solution [3].

Hahn, Sarrate, and Rosenfield [32] earlier had shown that, at room
temperature, asp for Fe-3Si was about 0.13, in good agreement with the
present value of aso = 0.10. Further evidence of the good correlation
between channeling and etching, when plastic zone measurements are
carried out under similar conditions, is shown in Fig. 8. Here the 1 percent
strain monotonic boundary determined from electron channeling (before
etching) is shown to match the boundary of the dark etching monotonic
plastic zone about a fatigue crack in Fe-3Si reasonably well.

It is apparent that there now exists considerable evidence, as shown in
Table 3, that the relative monotonic and cyclic plastic zone sizes for a number
of alloys (6061-T6 aluminum [/5], low-carbon steel [24], 304 stainless steel
[15), Fe-3Si [15,17]) are not accurately predicted by simple theory [2]. In
particular, the ratio of the maximum monotonic to cyclic plastic zone size
seems to be of the order of 10:1, rather than 4:1. Consideringthat the 4:1 ratio
found for stainless steels [20,21] and copper-aluminum alloys [/9] using
microhardness probably is too low, as just discussed, further strengthens
this view. However, it should be borne in mind that Rice [2] had realized
and pointed out the idealizations inherent in the model on which the 4:1
ratio rests, particularly that the material was assumed to be elastic-
perfectly plastic in its flow behavior. It is likely that, by taking into account
this factor, as well as by using cyclic rather than monotonic plasticity, the
theoretical plastic zone size ratio would be increased.

Overload Plastic Zone Morphology

The importance of plastic zone shape, as contrasted with mere average
or maximum zone size, can be demonstrated through consideration of the
effect of an overload cycle upon subsequent fatigue crack propagation in
6061-T6 aluminum. This problem has been investigated recently in con-
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FIG. 8—Correlation between ECP and etching monotonic plastic zone boundaries in Fe-3S5i,
T=23°C.

siderable detail [16], with results typical of those shown in Figs. 9 and 10.

Following a 100 percent overload, a monotonic overload zone (solid line,
Fig. 9) is produced. Within this zone lies the monotonic zone (dash-dot line)
which accompanied fatigue crack growth prior to the overload. The dashed
line shows the path followed by the crack during subsequent growth. In
Fig. 10, the rate of growth of the crack is shown; the significant factors here
are that (a) the crack accelerated back to steady growth immediately upon
crossing the overload boundary nearest the crack tip, () the crack ehanged
direction in order to reach the nearest boundary as soon as possible, and
(c) the overload-affected crack length was only a fraction of the maximum
plastic zone size (the latter corresponded to o == 0.15).

Based on numerous observations similar to the preceding, it now appears
that, for alloys such as 6061-T6, the following model describes fatigue
crack growth following overloads of successively greater magnitude. A
50 percent overload produces a plastic zone having Configuration 1 sketched
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FIG. 9—Cyclic and overload plastic zone boundaries and their relation 10 postoverload crack
growth, 6061-T6 alloy, 100 percent overioad, AK = 10.5 MN/m**.

in Fig. 11a. Since the zone does not extend directly ahead of the crack, no
retardation is observed (Fig. 115), Following a 100 percent overload, a larger
overload zone appears, which extends a finite distance ahead of the crack
(Configuration 2) and causes retarded crack growth (Fig. 11b), while the
crack traverses the distance to the nearest boundary. A still higher overload
closes the “arms” of the overload zone, leaving a relatively undisturbed
“hole” (Configuration 3), which allows the crack a momentary acceleration
(Fig. 11b) during the retardation period. Finally, still higher overloads
produce a solid zone (Configuration 4), whose maximum dimension must be

.84
L & = 10.5 my/n?/?
R =0.4
.82 [
100% oL
2 .80
R
o B Crack Crossed
.78 Plastic Zone
Boundary
.76
L1 1 | 1 1
16 20 24 28

N X 103 (CYCLES)

FIG. 10—Crack growth versus cycles for overload test shown in Fig. 9.
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MONOTONIC

ZONE
1. 50 % OVERLOAD ZONE
2. 100% OVERLOAD ZONE

3.150% OVERLOAD ZONE
4. 200% OVERLOAD ZONE

CRACK

b) Crack length {a} versus cycles {N)
far overload zones sketched in a),

FI1G. 11—Schematic illustration of overload zone shape upon postoverload fatigue crack
growth.

traversed by the crack. Such large overloads also are known to arrest cracks
completely [33], or to cause them to renucleate at the monotonic zone
boundary [16] and later rejoin the main crack front. It should be noted,
however, that, prior to application of the largest overload, retardation is
controlled (in 6061-T6) to a major extent by plastic zone morphology, and
the overload-affected crack length could not be predicted based on a simple
notion of plastic zone change.

Conclusions

Based on the preceding findings, certain conclusions regarding fatigue
crack tip plastic zones may be drawn.

1. For most materials, a good estimate of the maximum monotonic
plastic zone size can be obtained using a = 0.06 to 0.10.

2. For most of the materials studied, the maximum cyclic plastic zone
size corresponds to a’ = 0.014, independent of the state of stress.

3. Monotonic plastic zone sizes frequently vary with direction relative
to the plane of the crack.

4. Measured values of « are often smaller than theoretical values.

5. Plastic zone measurements by microhardness may not reflect the
maximum extent of the monotonic zone.

6. Cleavage modes of fatigue crack growth correspond to smaller
plastic zones than in similar, fully plastic situations.

7. For most materials, measurements indicate that

(@) asn.r =~ 0.051t00.1

() aore =0.03 to 0.08

(¢) awrs =0.1t00.17

(d) @ore is unclear
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8. Plastic zone shape can affect crack growth subsequent to an overload.
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ABSTRACT: An elastic-plastic (incremental) finite-element analysis, in conjunc-
tion with a crack-growth criterion, was used to study crack-growth behavior under
monotonic and cyclic loading. The crack-growth criterion was based on crack-tip
strain. Whenever the crack-tip strain equals or exceeds a critical strain value, the
crack grows. The effects of element-mesh size. critical strain, strain hardening., and
specimen type (tension or bending) on crack growth under monotonic loading were
investigated. Crack growth under cyclic loading (constant amplitude and simple
variable amplitude) were also studied. A combined hardening theory, which incor-
porates features of both isotropic and kinematic hardening under cyclic loading, was
also developed for smooth yield surfaces and was used in the analysis.

KEY WORDS: stresses, strains, fatigue (materials). crack propagation. fractures.
elastic analysis, strain hardening

Nomenclature
a Crack length defined in Fig. 1, m
a, Initial crack length, m
C Crack-growth constant in Eq 5
E Young's modulus, N/m’
K1 Elastic (Mode I) stress-intensity factor, N/m’?
K7 Elastic stress concentration
M Applied moment, N-m
n Crack-growth constant in Eq 5
m Linear strain-hardening coefficient
R Stress ratio (ratio of minimum to maximum applied stress)
S Applied stress, N/m’
W Specimen width, m
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x,y Cartesian coordinates
ax. o, axe Coordinates of origin of yield surface, N/m
B Kinematic-hardening coefficient
¢ Strain
er Critical strain
€, Nodal average strain in y-direction
Aa + Increment crack growth, m
AK.r Effective stress-intensity factor range, N/m??
AS.r  Effective stress range, N/m’
AN Incremental number of cycles
o Stress, N/m’
o. Normal stress in x-direction, N/m’
o, Normal stress in y-direction, N/m’
T« Shear stress, N/ m?
oy Uniaxial yield stress, N/m’
& Current yield stress, N/m*
{de} Incremental stress, N/m’
{da} Incremental shift in origin of yield surface, N/m’

Experiments [/]* on metals have shown that, under monotonic loading to
failure, a crack goes through three stages of behavior: (g) a period of no
crack growth, (b) a period of stable crack growth, and (¢) crack-growth
instability. Under monotonic and cyclic loading, the separation between
the periods of no crack growth and stable crack growth has been shown to
be influenced by the crack-closure effect [2] or, more precisely, the crack-
opening stress.

Finite-element analyses have been used to model crack-growth behavior
under either monotonic [3,4] or cyclic loading [5-8]. But these analyses
simulated crack growth somewhat artifically by only allowing the crack to
extend at prescribed loads.

In the present paper, a more realistic crack-growth criterion was incor-
porated into an existing nonlinear finite-element analysis program [5].
The crack-growth criterion was based on crack-tip strain. Whenever the
crack-tip strain (nodal average) equals or exceeds a critical value, the crack
grows. Crack growth under both monotonic and cyclic loading was studied
using this criterion. The effects of element-mesh size, critical strain, strain
hardening, and specimen type (tension or bending) on crack growth under
monotonic loading were investigated. Crack growth under cyclic loading
(constant amplitude and simple variable amplitude) was also studied. The
crack-closure effect was accounted for in the analysis. Strain hardening
under cyclic loading was assumed to be either isotropic, kinematic, or a
combination of the two. A combined hardening theory, which incorporates
features of both isotropic and kinematic hardening, was also developed
for use with any smooth yield surface and was used in the analysis.

2

“The italic numbers in brackets refer to the list of references appended to this paper.
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Methods of Analysis

The elastic-plastic analysis of center-crack tension and edge-crack bend
specimens (Fig. 1) employed the finite-element method and the initial-
stress concept [9]. The finite-element model for these specimens, Fig. 2, was
composed of two-dimensional, constant strain, triangular elements (unit
thickness). Four different mesh sizes were used to model the crack-tip
region, Fig. 3. Table 1 shows the elastic-stress concentration, the smallest
element size, and the total number of elements and nodes used for the four
different meshes. Fictitious springs were used to change the boundary
conditions associated with crack growth, crack closure, or crack opening.
The use of the springs was found to be computationally efficient. For free nodes
along the crack surfaces, the spring stiffnesses were set equal to zero, and,
for fixed nodes, the stiffnesses were assigned extremely large values. (See
Ref & for details.)

For simplicity, the material stress-strain behavior was assumed to be
bilinear, as illustrated in Fig. 4. In the analysis, the modulus of elasticity
was selected as 70 000 MN/m’ the yield stress, o,s, was 350 MN/m? and
m was either zero or 0.1. These properties are representative of aluminum
alloy materials. The cyclic stress-strain behavior was also taken to be the
stabilized behavior, that is, the stress-strain relation was assumed to be

—-| 2 |- —;al-

I R e

(a) Center-crack tension (b) Single-edge-crack bend

F1G. 1—Specimen configurations analyzed.
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¥V Mesh I

‘ — X,u

D

FIG. 2— Finite-element idealization of the specimens analyzed.

unaffected by further cycling. The solid lines show the behavior under cyclic
loading for kinematic hardening [10]. Kinematic hardening accounts, to
some extent, for the Bauschinger effect exhibited by most materials. The
dashed lines show the behavior for isotropic hardening [/7]. The dotted
lines show the behavior for a combined hardening theory. The combined
hardening theory, developed in the Appendix, is similar to that proposed
by Hodge [12,13], but applies here for any smooth yield surface. The com-
bined theory allows for an expansion and translation of the yield surface
and provides a more accurate description of the hardening behavior.
Reference 14 has shown that strain-hardening behavior under cyclic loading
generally falls between that predicted by isotropic and kinematic hardening.
The yield surface was assumed to have a form similar to the von Mises
yield criterion (see the Appendix). For isotropic hardening, the yield surface
used herein reduces to that proposed by von Mises.
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Mesh [ Mesh I Mesh I
3 2 3 K

- -~

0.64 mm 0.16 mm 0.08 mm
Mesh Iv

| 0.64 mm —
-

0.02 mm

FIG. 3—Typical crack-tip region element sizes for Meshes I, II, Il and IV.

Crack-Growth Criterion

The present study incorporates a realistic crack-growth criterion into the
analysis. Previous studies [3-8] used an artificial growth criterion where
the crack was allowed to grow only at prescribed loads. The crack-growth
criterion used herein was based on the crack-tip strain. The crack-tip
strain was the nodal average strain, €,, computed from the normal strains
on all of the elements connected to the crack-tip node. During incremental
loading (monotonic or cyclic), whenever the nodal average strain, €y,
equalled or exceeded a preset critical strain, e, the crack-tip node broke
(spring stiffness set equal to zero), and the crack advanced to the next node
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TABLE 1—Comparison of stress concentration, smallest element size, and the number of
elements and nodes for Meshes I, I, IIl, and IV.

Mesh Kr Aa,” mm Elements Nodes
I 7.2 0.64 398 226
II 14.4 0.16 533 300
111 20.9 0.08 639 358
v 41.7 0.02 865 494

%ap = 28 mm; W = 450 mm for the center-crack specimen, and W = 225 mm for the single-
edge-crack specimen.

(one element size). The restraining force at the crack-tip node was then
released and redistributed. The nodal average strain on the new crack-tip
node was monitored to see if it was greater or less than the critical strain.
If the new crack-tip strain was greater than e, the crack continued to
grow. If the strain was less than e, the applied load was increased until
the new crack-tip strain reached the critical value, and the crack again
moved forward. This process was repeated until the desired load was
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FIG. 4—Assumed stress-strain properties under cyclic loading.
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reached or until the crack growth became unstable (the crack continued
to grow without any further increase in load).

Crack Growth Under Monotonic and Cyclic Loading

The finite-element analysis with the crack-tip strain growth criterion was
used to study crack-growth behavior under either monotonic or cyclic
loading. Under monotonic loading, the effects of mesh size, critical strain,
strain hardening, and specimen type (tension or bending) on crack growth
were investigated. Crack growth under either constant-amplitude or simple
variable-amplitude loading was also studied. The effects of assuming either
isotropic hardening (uniform expansion of the yield surface) or combined
hardening (expansion and translation of the yield surface) on crack growth
were also investigated.

Montonic Loading

Figure § shows the typical crack-growth behavior that was obtained from
the finite-element analysis using the critical strain criterion. The figure
shows applied load plotted against crack length. During initial loading, a
plastic zone developed at and to the right of the crack tip as illustrated in
Insert (a). At a certain load, the crack-tip strain became critical and the
crack moved forward one element size while the applied load was held

Unstable growth

/
)

NN

Stable growth (c

Applied load \

Crack tip
b)
Plastic zone
(a)
a
(]
Crack length

FIG. 5—Typical crack-growth behavior under monotonic loading.
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constant. The nodal average strain on the new crack tip node was found to be
less than the critical strain. The dashed curve in Insert (b) shows what the
crack-surface displacements would have been if plastic deformations
occurred only at and to the right of the crack tip. The plastic deformations
remaining in the wake of the advancing crack (shaded region to the left of
the crack tip) shield the new crack tip and cause the elements in the crack-
tip region to undergo less strain to meet compatibility with adjacent elements.
Thus, an increase in applied load was required to advance the crack
further. This process was repeated until the desired load was reached, or
until the crack growth became unstable. Crack-growth instability (inferred
from the finite-element analysis) was believed to be caused by a stabilizing
effect from the plastic deformations on the crack-tip strain, that is, the
crack-tip elements received no additional strain reduction from leaving
more plastic deformations in the wake of the advancing crack. At the in-
stability load, the strain on the new crack tip was always equal to or greater
than the critical strain, and the crack continued to grow from node to node.

Mesh Size—Figure 6 shows the effects on crack growth of using a coarse,
medium, and fine mesh (Meshes 11, III, and IV, respectively) in the crack-
tip region. The typical mesh patterns in the crack-tip region for these meshes
are shown in Fig. 3. The material was assumed to be elastic-perfect plastic

Mesh II
(Course)

3 r m
(Medium)
s
o
ys 2 F v Unstable growth
(Fine)

cr
a = 28 mm
m=0

FIG. 6—Effect of mesh size on crack growth.
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(m=0). The initial crack length (a¢) in the center-crack specimen was
28 mm, and the critical strain was selected as 0.1. The figure shows the
applied stress (normalized by the yield stress) plotted against the ratio of
crack growth (Aa) to the initial crack length. These results show that
crack growth in a finer mesh initiates at a lower stress level than in a courser
mesh. In an effort to predict the stress level at the onset of crack growth asa
function of mesh size, Neuber’s equation [/5] was compared to the results
from all meshes and was found to be fairly accurate. Neuber’s equation,
reformulated in terms of remote stress and local stress-strain behavior,
was given by

Si = /0y €E (D)
Kr
where

K7 = elastic stress concentration (ratio of highest normal stress g, to

applied stress) for a particular mesh and

Si = stress level at the onset of ¢rack growth.
Table | gives the Kt values for all meshes considered. Thus, Eq | can be
used to predict the stress level at the onset of crack growth as a function
of mesh size for an elastic-perfect plastic material. Figure 7 shows the crack

€or 0.4

Mesh 1V
0.1

0.05

1 3
0 .02 04
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a
[\]

FIG. 7—Effect of mesh size and critical strain on crack growth.
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growth results from Meshes II, III, and IV with critical strains of 0.05, 0.1,
and 0.4, respectively. These critical strains were calculated from Eq 1 to give
the same stress level at the onset of crack growth. Although the stress levels
at the onset of crack growth were almost the same for all meshes, the
subsequent crack growth behavior was considerably different. These results
show that a finer mesh gives a steeper slope on the stress-crack growth
curve than a courser mesh.

Critical Strain—Figure 8 shows the results of varying critical strain
using the finest mesh (Mesh IV) for an elastic-perfect plastic material. For
larger critical strain values, the stress level at the onset of crack growth and
the slope of the stress-crack growth curve were larger.

The results shown in Figs. 6—8 indicate that the stress-crack growth curve
using the critical strain criterion was a function of mesh size. In order to fit
the finite-element results to experimental crack-growth data, both the mesh
size and critical strain must be varied.

Strain Hardening—The effects of varying the linear strain-hardening
coefficient (m) on crack growth is shown in Fig. 9 using Mesh IV. The strain-
hardening coefficient was either zero or 0.1. The insert shown in the figure
shows the stress-strain curves for the elastic-perfect plastic material (m = 0)
and for the linear strain-hardening material (m = 0.1). The initial crack length

4 _
€or ° 0.4
3Fr
0.2
s
9% 2|
0.1
dF
Mesh IV
a_ = 28 mm
()
m=0
1 S |
0 .02 .04

2

a
o

FIG. 8—Effect of critical strain on crack growth.
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FIG. 9—Effect of strain hardening on crack growth.

in the center-crack specimen was 28 mm, and the critical strain was selected
at 0.2. For the material with the larger strain-hardening coefficient, the
stress level at the onset of crack growth and the average slope of the stress-
crack growth curve were larger. Also, the stress-crack growth curve for the
higher strain-hardening material had more curvature than the lower strain-
hardening material. These results indicate that the shape of the stress-strain
curve has a significant influence on the stress-crack growth curves.

Specimen Type—Figures 10 and 11 show the effects of monotonically
loading a center-crack tension and a single-edge-crack bend specimen for
linear strain-hardening materials with m = 0 or 0.1, respectively. The same
element mesh (Mesh IV) was used to model both specimens. The mesh
modeled one quarter of the center-crack tension specimen and one half of
the single-edge-crack bend specimens. The initial crack length, ao, was
28 mm, and the critical strain was selected as 0.4 for both specimens.

In order to compare the results from the two specimen types, the stress-
intensity factor concept was used. The stress-intensity factor for the center-
crack tension specimen was obtained from [/6] as

Ki=$§ ma (2)
ma sec
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FIG. 10—Effect of specimen type on crack growth for an elastic-perfect plastic material.

and the stress-intensity factor for the bend specimen was also obtained
from Ref 16 as

VaF 3)

where ¢ is specimen thickness
F=1.99—247 X+ 12.97 A* —23.17 A* + 248 \* 4

and A = a/ W.

Figure 10 shows the results for the elastic-perfect plastic material (m = 0).
The stress- intensity factor, K, was plotted against the ratio of crack growth
(Aa) to the initial crack length. The results for the bend specimen were about
5 percent higher than those for the tension specimen.

Figure 11 shows the results for the linear strain-hardening material with
m = 0.1. For the linear strain-hardening material, the stress levels at the
onset of crack growth were considerably higher (by a factor of 3) than those
for the elastic-perfect plastic material (Fig. 10). The stress-intensity against
crack growth curve for the bend specimen was 10 to 30 percent higher than
that for the tension specimen.
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FIG. 11—Effect of specimen type on crack growth for a linear strain hardening material.

The results from Figs. 10 and 11 demonstrate that, for low stress levels,
the crack-growth behavior for the two types of specimens can be correlated
using the stress-intensity factor concept. However, for high stress levels,
the crack-growth behavior for the two specimen types cannot be correlated
by the stress-intensity factor concept.

Cyclic Loading

The analysis of crack growth under cyclic loading is similar to that
presented for monotonic loading except that, during unloading, the crack-
closure effect was accounted for in the analysis. When the crack surfaces
close, stiff springs along the crack surfaces in contact allow the surfaces
to transmit compression. During cyclic loading, the finite-element
analysis with the growth criterion predicts a crack-growth increment per
cycle (or a crack-growth rate). These calculated crack-growth rates will be
compared with experimental observations.

Constant-Amplitude Loading—Figure 12 shows the results of applying
three cycles of R = 0 loading to the finite-element model (Mesh IV) of the
center-crack tension specimen. The material was assumed to be elastic-
perfect plastic with a critical strain of 0.2. The maximum applied stress was
0.2 of the yield stress of the material. The figure shows the applied stress
normalized by the yield stress plotted against crack growth (Aa) from the
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FIG. 12—Cyclic crack growth under constant-amplitude loading (R = 0).

initial crack length (a0 = 28 mm). During initial loading, the crack opens
at an infinitesimal stress. The crack-opening stresses, S, are indicated
by the solid symbols. The first tensile loading caused the crack to grow
eight element sizes (0.16 mm). During unloading, all of the nodes along the
new crack surface associated with the previous crack growth closed. Upon
reloading, the crack opened at about one third of the maximum applied
stress, and the crack grew only two element sizes (0.04 mm). The crack-
opening stress is defined as the stress level required to open the crack
surfaces completely. In the third cycle, the crack-opening stress was slightly
higher and the crack-growth increment was identical to that which occurred
in the second cycle. Elber [2] has proposed that the “effective” stress range,
AS.r (maximum applied stress minus the crack-opening stress), was the
parameter controlling the amount of crack growth per cycle. To investigate
his hypothesis, Fig. 13 shows the applied stress (normalized by the yield
stress) plotted against the crack-tip strain, €,, normalized by the critical
strain, e, during unloading and reloading after the first tensile peak (see
the solid lines in the insert on the figure). At the maximum applied stress
(0.2 oy), the crack-tip strain was less than critical. The solid curve indicates
the crack-tip strain during unloading and reloading. The arrows indicate
the direction of loading. During unloading, the crack surfaces were closing,
and the material in the crack-tip region was undergoing compressive yielding.
Upon reloading, the crack-tip strain does not increase rapidly until after the
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FIG. 13—Crack-tip strain as a function of applied stress.

crack surfaces have opened completely. The solid symbol indicates the
crack-opening stress, So. The x symbol indicates the stress at which the crack-
tip strain was critical and the crack grew. These results indicate that Elber’s
hypothesis was reasonably correct in that the crack tip does not experience
a buildup in strain until after the crack is fully open.

Figure 14 shows the results of applying two cycles of R = —1 loading to
the center-crack specimen. The material properties and critical strain value
were identical to those used for the previous loading (R = 0). The results
for the first tensile loading were identical to those for the R =0 case
(Fig. 13). However, during unloading, the applied stress was —0.20ys, and the
crack surfaces in contact yielded more in compression than in the R =0
case. Consequently, upon reloading the specimen, the crack-opening stress
was significantly lower than that obtained from the R = 0 case. During the
second cycle, the crack grew five element sizes (0.1 mm), in contrast to two
element sizes in the R = 0 case. Thus, lowering the crack-opening stress
caused a larger crack-growth rate.

Elber [2], on the basis of fatigue crack-closure experiments under constant-
amplitude loading, proposed the following equation for fatigue-crack-
propagation rates

Aa

AN = C (AKer)" 5
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FIG. 14—Cyclic crack growth under constant-amplitude loading (R = I).

where

C, n = material constants and
AK.w = effective stress-intensity factor range.

He proposed that the effective stress-intensity factor range be calculated by

AKei = ASeiin/ma F ©)

where

a = half length of the crack,

F = boundary-correction factor, and
AS.ir = effective stress range,
given by
ASett = Smax — So for § 0= Smin (M
where

Smax = Maximum stress,
Smin = minimum stress, and
So = crack-opening stress.

Thus, the crack is assumed to propagate only during that portion of the
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load cycle in which the crack tip is open. Equations 5 to 7 suggest, then,
that the crack-opening stress can influence crack growth significantly
under both constant- and variable-amplitude loading.

To compare the finite-element results with crack-growth increments
computed from Eq 5, the first cycle in the R = 0 case (Fig. 13) was used to
evaluate the crack-growth coefficient, C. The coefficient n was assumed to
be 3.6 and was obtained from Ref 2 for a 2024-T3 aluminum alloy material.
For a variety of materials, the coefficient n ranges from 3 to 4. From the
results of the first cycle, AKur = 20.43 MN/m**(S; = 0) and Aa = 0.16 mm,
the coefficient C was calculated from'Eq 5 and was 3.1 X 10”°. (Incidently,
the coefficient C for the 2024-T3 material in Ref 2 was 1.2 X 107°.) Table 2
shows a comparison between the crack-growth increments calculated from
Eq 5 (C = 3.1 X 107 and n = 3.6) and the finite-element results for the
second cycle in Figs. 13 and 14. In Eq 5, the crack-opening stresses were
obtained from the finite-element results and are given in Table 2. The
agreement between the crack-growth increments calculated from Eq 5 and
those from the finite-element analysis was considered good.

Simple Variable-Amplitude Loading—Figure 15 shows the results of
applying a simple variable-amplitude loading (see the insert) to the center-
crack specimen (Mesh IV). Again, the material properties and critical strain
were assumed to be identical to that used in the constant-amplitude loading.
The results for the first two cycles are identical to that shown in Fig. 13
(R =0). The spike loading caused the crack to grow 14 element sizes
(0.28 mm). The next two cycles of R = 0 loading caused the crack to grow
only one element size each. The compressive loading caused the subsequent
crack-opening stress to be lower than that obtained from the previous
cycle and, consequently, caused the crack to grow more (two eiement sizes).
All of the crack-growth increments from the finite-element analysis were
consistent with the calculations from Eq 5 (using the values of C and n ob-
tained from the constant-amplitude loading) except for the spike loading.
Equation 5 had predicted a crack-growth increment equivalent to about six
element sizes for the spike loading. The finite-element analysis had predicted
a crack-growth increment of 14 element sizes. The reason for this discrep-
ancy is not known.

Isotropic and Kinematic Hardening—Figure 16 shows the results of
applying three cycles of R = 0 loading to the finite-element model (Mesh
V) of the center-crack tension specimen, assuming either isotropic hardening
(8 =0) or combined hardening (8 = 0.5). The kinematic-hardening co-

TABLE 2—Comparison of calculated crack-growth increments from Eq 5 and the results
from the finite-element analysis under constant-amplitude loading.

ASeir
Tys

0 0.134 0.0375 0.04
-1 0.170 0.089 0.10

Adeq, mm Agre, mm




NEWMAN ON FINITE-ELEMENT ANALYSIS OF CRACK GROWTH 73

Mesh 1V a, = 28 mm
e = 0.2 m=0

i AI__'_’___I—I—’_'—’_J_’_F
T

2 —
"_r—’_‘_‘,_‘_'_‘
dT7 ]
o-s‘ 5o ¢ 4
ys
So
0 —— —
2 Aa, mm 4 3
-1r
+
)
-2+ Time

FIG. 15—Cuvyclic crack growth under simple variable-amplitude loading.

efficient, B, was selected as 0.5 because Ref /4 has shown experimentally
that hardening under cyclic loading falls about halfway between that pre-
dicted by isotropic- and kinematic-hardening theories. (The Appendix
gives the details on the combined-hardening theory.) The material was
assumed to be linear-strain hardening with m = 0.1, and the critical strain
was selected as 0.2. The figure shows the applied stress normalized by the
yield stress plotted against crack growth (Ag) from the initial crack length
(a0 = 28 mm). The solid and dashed lines show the results from the finite-
element analysis for isotropic- and combined-hardening, respectively (the
dashed lines have been offset slightly so that the lines would not overlap).
In the isotropic-hardening material, the crack grew more than in the
combined-hardening material. Also, the crack-opening stresses in the
combined-hardening material were lower than those for isotropic hardening
because the former yields more in compression than the latter. These results
indicate that cyclic hardening behavior has a significant influence on crack-
growth rates and on crack-opening stresses.

Concluding Remarks

An elastic-plastic (incremental) finite-element analysis, in conjunction
with a crack-growth criterion based on crack-tip strain, was used to study
crack-growth behavior under monotonic and cyclic loading. Whenever the

crack-tip strain was equal to or greater than the critical strain, the crack
would grow.
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FI1G. 16—Effect of assuming isotropic or combined hardening on crack growth under cyclic
loading.

The finite-element analysis predicted three stages of crack-growth be-
havior under monotonic loading: (@) a period of no crack growth, (b) a
period of stable crack growth, and (c) crack-growth instability. Such stages
of crack-growth behavior have been observed experimentally in metallic
materials. Under monotonic loading, the effects of element-mesh size,
critical strain, strain hardening, and specimen type (tension or bending)
on crack growth were investigated. Crack growth was found to be dependent
upon the mesh size. As the mesh size was reduced, the stress level at the on-
set of crack growth was also reduced for a given value of critical strain. Thus,
to fit the results from the finite-element analysis to experimental data, both
the mesh size and the critical strain must be varied. For larger values of
critical strain, the stress level at the onset of crack growth was found to be
higher, and the amount of stable crack growth was larger. The material
strain hardening had a significant influence on crack-growth behavior. For
materials with larger strain-hardening coefficients, the stress level at the
onset of crack growth and the slope of the applied stress against crack
growth curve were larger. Also, the shape of the stress-crack growth curve
was found to be influenced by strain hardening. At low applied stress levels,
the stress-intensity factor against crack-growth curves for the center-crack
tension and the single-edge-crack bend specimens were within 5 percent of
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each other. However, at high applied stress levels (large amounts of plas-
ticity), the stress-intensity factor against crack-growth curve for the single-
edge-crack bend specimen was 10 to 30 percent higher than the crack-growth
curve for the center-crack tension specimen.

Crack growth under cyclic loading was also studied. The center-crack
tension specimen was subjected to either constant-amplitude or simple
variable-amplitude loading. The crack-closure effect was accounted for
in the analysis. A combined hardening theory, which incorporates features
of both isotropic and kinematic hardening under cyclic loading, was also
developed for smooth yield surfaces and was used in the analysis. Under
constant-amplitude loading (zero-to-tension or tension-to-compression),
the crack-growth rates computed from the analysis were consistent with
growth rates computed from an equation proposed by Elber. Under a simple
variable-amplitude load spectrum, the crack-growth rates from the analysis
were qualitatively consistent with experimental observations and were fairly
consistent with calculations from Elber’s crack-growth rate equation. For
strain-hardening materials, the assumption of either isotropic or kinematic
hardening under cyclic loading had a significant effect on crack-growth rates
and on crack-opening stresses.

The elastic-plastic, finite-element analysis with the crack-tip strain growth
criterion predicted crack-growth behavior under monotonic and cyclic
loading that was consistent with experimental observations. The analysis
performed here gives further insight into the mechanism of crack growth
and how various parameters influence the crack-growth behavior.

APPENDIX

Strain-Hardening Theory

Previous theories of strain-hardening plasticity have been based upon the as-
sumption that strain hardening was either isotropic, kinematic, or a combination
of the two. Isotropic hardening [//] assumes that, during plastic flow, the yield
surface expands uniformly about the origin in stress space, maintaining the same
shape, center, and orientation. Figure 174 shows, on the basis of a two-dimensional
stress state, the initial yield surface and the subsequent yield surface during isotropic
hardening when the stress state shifts from Points 1 to 2. Unloading in the reverse
direction results in yielding at a stress state represented by Point 3. The isotropic-
hardening behavior does not account for the Bauschinger effect exhibited by most
materials. Kinematic hardening or Prager hardening [/0] assumes that, during
plastic flow, the yield surface translates as a rigid body in a direction normal to the
yield surface, maintaining the size, shape, and orientation of the initial yield surface.
Kinematic hardening does account, to some extent, for the Bauschinger effect during
cyclic loading. Figure 176 shows the intial yield surface and the subsequent yield
surface during kinematic hardening when the stress state shifts from Points 1 to 2.
Unloading in the reverse direction results in yielding at a stress state represented by
Point 3. Hodge [ /2,13] developed a general hardening theory which was a combination
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FIG. 17—Strain-hardening theories under cyclic loading.

of both isotropic and kinematic hardening. His combined hardening theory allowed
for both an expansion and translation of the yield surface. However, Hodge de-
veloped the combined theory in conjunction with the Tresca yield condition.

In the present paper, a combined theory, similar to that proposed by Hodge,
was developed for use with any smooth yield surface. The combined theory, shown
in Fig. 17¢, shows how the initial yield sutface expands and translates when the
stress state shifts from Points 1 to 2. Unloading in the reverse direction results in
yielding at Point 3. Reference 14 has shown that strain-hardening behavior under
cyclic loading generally falls between that predicted by isotropic and kinematic
hardening. Thus, the combined theory will allow for more accurate description of
the elastic-plastic, stress-strain behavior under cyclic loading.

In the present analysis, the yield surface selected takes a form similar to the Mises
yield surface (plane-stress conditions) and is

D =[(xx — o)’ + (05~ )’ + (6x — o) (0, — @) + 31y — €x)’)* =G (6)

where

Ox, 0y, Txy = Current stress state,
ax, 0y, 0xy= the translation of the center of the yield surface, and
T = current yield stress.

If the state of stress is such that & < 0, the material is in an elastic state. When ® =0,
a plastic state is obtained, and a flow theory of plasticity [/7] is used to determine
subsequent plastic behavior under increasing stress or strain. When yielding is oc-
curring, the stress state must remain on the translated yield surface. This condition
is stated by the total differential of Eq 6 as

do ={3£}T {do} + {g—f}r{ do} — do = ™
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)2

Eq 7 becomes

{%}T { do — da} —ds=0 ©

For simplicity, {a} was assumed to be constant (da = 0) in determining the change
in the stress state {do}. Thus, Eq 9 becomes

{?}T {do} —do=0 (10)
g

od (O’x - ax)—'/z (O’y - ay)

where

aox [od
od (O’y - ay)_ 1A (Ux - ax) (I I)
do, g

0% _ 31y — ay)

0T T

The “initial” stress method as outlined in Ref 9 was used to determine {do} where
{afb/ao} was given by Eq 11.
For purely isotropic hardening (da = 0), the shift in the yield surface [9] was

given by
dg = {g—:’p}r {do:} (12)

and for purely kinematic hardening (dé = 0), the shift in the yield surface [18] was

given by
QQ} T { do
{aQ} do
da)= e T P
9} fo@l” fod (13)
o do
Equation 12 or 13 shifts the yield surface in a direction normal to the yield surface.

In the present analysis, the shift in the yield surface was given by a linear com-
bination of Eqs 12 and 13 as

do=(1-p {g—f}T{do} (14)

{2
{da} = B{ }{?.i

e
%)
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where B is defined herein as the kinematic-hardening coefficient. When 8 = 0, the
hardening behavior is purely isotropic, and the shift in the yield surface is entirely
in @ with {da} = 0. When 8 = 1, the hardening behavior is purely kinematic, and
the shift in the yield surface is entirely in {a} with dg = 0. If 8 is between zero and
unity, the yield surface both expands and translates normal to the yield surface. Of
course, Eqs 14 and 15 apply only for small incremental changes in the stress state.
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DISCUSSION

H. Fuhring' (written closure)—I was astonished to read that the criterion
for onset of crack growth under monotonic loading—that is, exceeding a
critical strain level e,—is applicable to constant-amplitude crack-growth

'Research assistant, Institut fur Statisk und Stahlbau, Technical University of Darmstadt,
F. R. Germany.
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calculation, as well. It seems to me that the second part of Newman’s paper
dealing with cyclic loading by using the e, criterion is in error.

Considering stable material response (with or without hardening), the
stress/strain/displacement state of the (i + 1) reversal point equals the one
of the (i — 1) reversal point in the case of constant-amplitude loading and
unchanged physical crack length between (i — 1) and (i + 1). Consequently, all
loops should close when the load reaches the upper reversal point, irre-
spective of the kind of diagram. Newman’s results contradict the described
behavior to be seen in Fig. 13.

His load-strain curve is shown in Fig. 18a where I extrapolated the loading
branch up to maximum load level, assuming e to be greater than originally
taken. Here, the subsequent load cycle starts, and the curve is supposed to
resemble the first one—just as unclosed and showing an increased maximum
strain, etc. Though, for ideal-plastic response, the loop seems to be closed,
the local stress-strain curve, too, is unclosed at maximum load indicated
by loop drifting, Fig. 185. The behavior which should be expected by using
stable conditions is shown in Fig. 18¢,d. For the sake of simplicity, Newman’s
unloading branch and the loading portion associated with full contact re-
moval are taken to be valid. However, the prolongation of the loading curve
above the S, level must look somewhat like the solid line in order to reach
the initial maximum loading state.

The conclusion is that a prescribed strain level is exceeded either during
monotonic loading to maximum load or never. Hence, Newman'’s numerical
results and his failure criterion must be questioned.

It must be emphasized that local failure under cyclic loading is usually
seen in connection with the strain range. From smooth specimen tests, we
know that the number of cycles to failure is a function of plastic strain range
applied. Under certain simplifications, this leads to the crack growth law

‘3’% = C'AEplm
where Aep is the plastic strain range of the crack tip element. As long as we
don’t know the direct relationship between the constants and the pure material
behavior, there is no way to calculate crack growth other than to (a) extend the
crack by fictitious cutting, (b) redistribute the released stresses, (¢) calculate
the strain range of the new state, and (4) make a single fit of associated ex-

perimental data in order to obtain the constants.
J. C. Newman, Jr. (author’s closure)—In reply to Dr. Fuhring on the use

of the critical strain criterion for crack growth under cyclic loading, I would
like to comment on why the remote applied stress against local crack-tip
strain (nodal average) curve (Fig. 13) does not close. The difference in opinion
hinges on the stage at which applied stress against local strain curve is moni-
tored. The crack-tip strain is a function of the residual plastic deformation
remaining in the wake of the advancing crack and is directly related to the
crack-opening displacement at the crack tip. For the same applied stress
level and crack length, larger amounts of residual plastic deformation cause
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lower crack-opening displacements and, consequently, lower crack-tip
strains. This feature is what causes the crack to grow in a stable manner.
The residual plastic deformation during the unloading branch is larger than
that during the reloading branch because the crack surfaces in contact yield
in compression. These differences in residual plastic deformation cause the
crack-closure load (Ref 8 of the paper) to be much higher than the opening
load. Also, the differences in residual plastic deformation cause the applied
stress against crack-opening displacement curve to be open after one reversal.
Hence, the applied stress against local crack-tip strain curve is also open
after one reversal. However, during further cycling (without any further
crack growth), the loop will close because the materials in contact will not
yield further in compression.

In regard to relating the crack-growth rates to the total plastic strain range
of the crack-tip element, the results from my paper are not completely in-
consistent with that approach. The total strain range from Fig. 13 is approx-
imately the same during the next cycle. But, as would be expected, the strains
are calculated on a new crack-tip element at a slightly larger crack length.
Because the plastic strain ranges are approximately equal, the crack-growth
rates also would be approximately the same.
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The phenomenon of fatigue can be said to have attracted three major
groups of investigators. There is a group which attempts to characterize
and describe fatigue on the basis of engineering observables such as the
fatigue life, stress or strain amplitude, endurance limit, and stress ratio.
With the help of notch concentration factors, rainflow stress (strain) history
procedures, and various other representations of physical behavior, they are
responsible for most of the design of practical components in the presence
of fatigue loading.

A second group, also of early origin, consists of investigators bent on
explaining the fatigue phenomenon rather than just describing it. This
group has a high density of metallurgists and has made large contributions
to our understanding of how and why fatigue occurs. Their philosophy
is based principally on dislocation theory, for the most part (although there
are notable exceptions), and their achievements do not include the ability
to predict a fatigue life or other practical observables.

A third group has grown out of the discovery that certain singular stress
problems can be solved in two dimensions using established elasticity
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formulations. This group, using the now-famous linear elastic fracture
mechanics (LEFM) approach, has shown that crack growth can be described
in terms of the local field stress intensity, K, for many important situations.
This rather sophisticated collective effort has had considerable impact
on design in situations where economy or weight restrictions or both have
required that design must be based on the possibility of inspectable flaw
growth.

Small flaws (in the engineering sense) have received relatively little
attention from any of these groups. The fracture mechanics group is con-
cerned primarily with the growth of flaws of inspectable size, that is greater
than 2.5 mm order of magnitude in length. The fatigue mechanisms group
usually concerns themselves with submicroscopic flaws such as dislocations,
and the group involved in characterization does not deal specifically with
cracks at all.

The motivation for examining small cracks or flaws, however, is becoming
more obvious as our understanding of fatigue develops. The most important
engineering fatigue property of*a material is its endurance limit, which can
be thought of as the stress (strain) amplitude for which the initiation of
cracks of detectable size constitutes 100 percent of the fatigue life or the
amplitude at which preexisting small flaws do not grow at all. In either
case, design frequently is based on this quantity which is controlled by
small flaw behavior. In fact, while crack propagation rates are relatively
insensitive to alloying and conventional mechanical and metallurgical
factors, high-cyclic fatigue crack initiation properties are related to con-
ventional strength parameters [/].> Hence, while crack growth of large
flaws is not a material selection criterion, the behavior of small flaws,
especially as they are involved in initiation, is critical to the selection of
fatigue-resistant materials.

A second general type of motivation is provided by the fact that, in many
fatigue life evaluation and design situations, it is convenient to define
fatigue life as the number of cycles (reversals, random blocks, etc.) re-
quired to initiate a crack for all ranges of stress, including notch effects,
environmental effects, and other influences. This is especially true, for
example, when the popular Neuber-based notch analysis is used to handle
the effects of stress concentrators [2,3].

There are several basic questions that come to mind when the concept
of a small crack or flaw is specifically considered. We will address three
questions that have, in the spirit of this publication, some direct or in-
direct relationship to fracture mechanics. First, if one describes the rate
of crack growth in terms of the amplitude of stress intensity, AK, it is known
that there exists a AKmin below which crack growth vanishes. Is AKmin
related to the endurance limit for short crack s#uations? A second question
arises from another physical observation, which we illustrate with some of

*The italic numbers in brackets refer to the list of references appended to this paper.
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the following data. Figure 1 shows a typical data set for crack growth rate
under constant AK conditions as calculated by the corrected relationship
of Brown and Srawley [4] for a series of tests on single-edge-notched
aluminum specimens performed in our laboratory. We found that short
cracks grow faster in terms of AK than long ones. That observation has
been made by other investigators. Most notably, Pearson specifically ex-
amined the growth of very short cracks as well as their initiation in alu-
minum alloys [5]. He observed that the rate of crack growth for very short
cracks (of the order of 0.005 in. (0.127 mm) for his case) was much greater
than would be predicted by rate versus AK data for long cracks. Why is
this so?

A final question embraces the other two questions to some extent. We
simply ask, what is a short crack? Is there anything distinctive about a
crack of decreasing or vanishing length? Is there anything distinctive about
the stress field or the nature of the boundary value problem, or the function
of fracture mechanics for a short crack?

To gain at least a preliminary insight into these and other matters, an
analytical stress analysis was performed as described next. Our approach
was analytical, rather than numerical, because information is needed both in
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FIG. 1—Small crack growth rates as a function of crack length.
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the neighborhood of a singularity and a boundary for short cracks. The
approach is unique in that it concentrates on the full-field solution for a
short crack. Although the determination of the field stress intensity is much
simpler, we believe that the answers to the questions just posed require
a precise determination of the region of influence of the singular stress
field (which can only be determined if the full-field solution is available) and
a clear understanding of the stress distribution around a short flaw, es-
pecially when the flaw size approaches some characteristic material dimen-
sion such as the grain size. Finally, the approach utilizes an established
stress function, not only for convenience and validation, but also to facilitate
interpretation of the new results in terms of more familiar ones.

Analysis

A stress analysis of a single-edge-cracked specimen of rectangular shape
is carried out with the remote stress, ¢°, applied in the normal direction to
the crack axis, x, as shown in Fig. 2.

The problem is to find a stress function ® that satisfies the biharmonic
equation and the boundary conditions implied by the chosen geometry and
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FIG. 2—Specimen geometry.
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mode of loading. Considering the symmetrical character of the problem,
analysis need be carried out only over the domain defined by the half of the
specimen lying above (or below) the crack axis. Hence V*®= 0, subject to

o=y =0, x=—a,0y<H (1)
o,=0" 1y=0,—a<x<W—a,y=H )
=Ty =0, x=W-a,0<y<H 3)
0, =75=0,-a<x<0,y=0 4

Choosing @ to be the Williams stress function [6] one has

@ (r, 0) =§1 {(_1)"-1Czn-nr"+;_ [—cos (n - -;—) 0+ 371 :_ :;' cos (n +%—)0]

+ (=1)"Co,r™ '[—cos(n — 1)8 + cos(n + 1)81} ©)

where

7 = shear stress,

x,y = Cartesian coordinates,

2H = specimen height,
W = specimen width,

r,0 = polar coordinates,
n = summation index in Eq 5, and
C: = coefficients of the Williams stress function.

The stresses in terms of & (r, ) are calculated from

1900 , 10°® 6
r = — A + - ( )
? ror 2 oe?
2
oon=22 7
or
s =100 100 ®)
ro60or r* o8

The coefficients C; in the series for ® are obtained by the boundary point
collocation method where the prescribed Boundary Conditions 1, 2, 3 only
are satisfied at selected points with approximately equal spacing on the
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appropriate segment of the boundary. No collocation is needed for the
crack surfaces since conditions (4) are automatically satisfied by the Williams
stress function (5).

At every point along the boundary, there are two boundary conditions
required; hence for n collocation points, 2n linear equations result in the
unknowns C; through C,. which are sufficient to determine the first 2n
terms in the infinite series for ®. A double precision Gaussian elimination
procedure with full pivoting is employed for the solution of this system
of linear equations. Once the coefficients are determined, the components
of the stress tensor are first determined through a term-by-term analytical
differentiation of the potential function by making use of Eqs 6-8, and the
determined coefficients are substituted in the resulting series for stresses.

Discussion of Results

The collocation procedure was applied to two specimens with different
size cracks: one with a 0.254-mm crack and another with a 6.350-mm crack.
These will be referred to as a “short crack” and “long crack,” respectively,
in the following discussion. The first coefficients C; for various crack lengths
and applied stresses obtained from the numerical solution procedure were
checked against those published by Gross et al [7] and were found to be
in agreement.

The solution procedure was applied in both the long and short crack
cases with a successively increasing number of collocation points. It was
found that a practical limit (M) to the number of collocation points (N)
that can be taken exists. When N = N, the matrix of coefficients for the
linear system of equations on the 2N unknowns, C;, becomes ill conditioned
in such a way that a possible rank R less than 2N is encountered. This was
judged to be due to a too-close spacing of collocation points in regions
where the potential function has relatively small gradients, resulting in
equations obtained from adjacent points conveying essentially the same
information. These limiting values were found to be N, = 35 for the long
crack and N = 27 for the short one. It must be emphasized that solutions
are possible for N > N, but a loss of significance in the elimination pro-
cess occurs for these cases, rendering the accuracy of the solution for C:
questionable. This problem could possibly be eliminated by employing an
iterative solution scheme rather than the direct elimination type used in
this investigation. However, further details of numerical procedures lie
beyond the intent of this present paper. Therefore, the analysis is
carried out with N = N, in each case. The value of the first coefficient C,
was checked to make certain that it converged with less than N.. boundary
points.

The series obtained from the term-by-term differentiation of & (r, 8) for
the stresses were found to be of divergent character outside the region
defined by r/a < 1. This behavior is demonstrated in Fig. 3. The conver-
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gence of oy, at discrete points selected on the axis ahead of the crack tip
as a function of terms retained in the series is shown in Fig. 4. It is seen
that, within r/a < 1, convergence requires only a few terms.

A more detailed observation of the convergence of the series for stresses
can be made by means of Fig. 5 where the variation of o,, on the crack
axis at a distance r/a = 3/4 as a function of the number of terms is shown
for the long and short crack cases. It was observed that the longer crack
requires more terms for convergence than the short crack, although the
magnitude of the remote stress was arranged so as to render approximately
the same K value. This was accomplished by increasing the applied nominal
stress for the short crack over that for the long one until the first coefficients
(C1) in both cases were the same.

By comparing the Westergaard solution

Oy \/—2? 2 2 2

K |1+ sin 9 sin 3_0_] cos & 9
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with thit obtained from the Williams stress function by retaining only the
first term

—C . 6 . 36 (7] (10)
Oy = \/_TL [l + sin 5 sin —i-] cos 5

it can be concluded that
Kx ==YV 27 Cl

Hence this procedure ensures that the amplitude of the singular part of the
solution is the same in both cases.

It can be observed from Fig. 5 that, at the same relative distance (r/a)
from the crack tip, the discrepancy between the one-term singular solution
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and the converged full-field solution is less for the long crack at constant
K. Figures 6 and 7 show the contours of constant a,,/c° for short and long
crack cases, respectively. The area covered by each graph is defined by
a<x<a,0<Ly<a

The effect of the traction-free specimen edge A4 B on the stress distribution
is observed to increase with decreasing crack size. The high stress region
which could be considered to lie to the right of the o,,/0° = 1 contour is
bent toward the crack axis for the short crack, indicating a tendency of
the region subjected to higher stresses to concentrate more along the crack
axis. This can be regarded as a deviation of the full-field solution from the
6 dependence of the single parameter solution given by Eq 9. Furthermore,
a change in the distribution of the stresses, o,,, on the axis ahead of the
crack tip is seen as the crack length decreases. This can be demonstrated
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best by means of Figs. 8 and 9 where o0,,/0° versus r/a is plotted for both
the single parameter solution and the full-field solution under constant
K1 for long and short cracks, respectively. A comparison of these two figures
suggests that the full-field solution follows the singular solution more
closely for the longer crack as r increases. The effect of the free edge AB as
it approaches the crack tip (as a decreases) is to cause the higher stresses
to redistribute themselves along the crack axis, resulting in higher stresses
than those predicted by the singular solution. The same phenomenon is also
shown in Fig. 10 where o,, at points along the crack axis is plotted against
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FI1G. 7—Contours of (yy/6°) = constant for ajw = 0.25. K = 704 M Pa\/mm.
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long crack.

the distance r from the crack tip for both the long and short crack cases
under constant Ki. It should be noted here that the collocation solution
and the Westergaard solution (Eq 9) are represented by the same curve
for the long crack data. On the basis of the Westergaard analysis, however,
under constant K, the short crack solution would coincide with that for
the long crack, that is, the curves in Fig. 10 should fall upon one another.
As can be observed in Fig. 10, an increasing deviation from the singular
solution is detected for short cracks, indicating the increasing significance
of the nonsingular terms in the series as the crack tip approaches the trac-
tion free boundary AB.
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Conclusions

As the crack length a decreases, the distance from the crack tip to the
traction-free specimen edge decreases, and the effect of this boundary on the
distribution of stresses around the crack tip increases for smaller cracks.

The effect is to reduce the size of the singular region for smaller cracks
in the normalized sense. To be more precise, if the extent of the singular
region along the crack axis is denoted by 7,

(f s / a):}:z; < (rs / a)long

crack
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Therefore the region over which the stresses can be determined on the basis
of a single parameter K; becomes small for small cracks, emphasizing the
importance of a full-field solution for stress analysis in crack initiation
problems. If a region of influence r; is to be defined such that

o(r,0) <o forr<r

where o. is a critical stress value, it is observed that, for the same material
property o., the region of influence would be larger for smaller cracks under
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constant K| in the sense that a larger volume of material is subjected to high
stresses in the case of small cracks. This can be observed from Fig. 10. This
is due to the fact that the nonsingular stress terms make a larger contribution
to the region of significant influence in the case of a short crack.

It follows from this argument that the description of fatigue crack propa-
gation rate by a Paris relationship

da o ( AKD"
dN

which is based on the singular part (AKi) of the stress field becomes ques-
tionable for extremely small cracks, unless an artifice such as an effective
crack length (corrected for plastic zone size, for example) is introduced.
Otherwise, a higher crack propagation rate would be expected for smaller
cracks under constant K loading, providing at least a partial answer to one
of the questions raised earlier. This type of behavior is demonstrated by
Fig. 1 which presents one example of our experimental data for the variation
of the crack propagation rate under constant K for a propagating crack
in aluminum.

A second question raised earlier is the possible meaning of and relation-
ship between the threshold for crack propagation AKwi» (or K threshold,
depending upon the nomenclature) and the endurance limit of a given mate-
rial, below which fatigue crack propagation does not occur. For the purpose
of argument, let us consider a high-strength steel having an ultimate strength
of about 1379 MPa and a AKnin of about 347 MPay/mm. (See for example,
Dé6ac steel, Ref 8.) Using the singular stress field only, and restricting our
attention to the crack axis as in Fig. 10, we notice that if

_Aﬁnln_ = Oultimate (1 1)

then r = 0.0101 mm, that is, if we neglect plasticity for the moment, the ulti-
mate strength is reached at a distance of about 10 mm from the crack tip.
Such a dimension compares to characteristic material dimensions on a
microscale in many cases. The simplest such comparable dimension is the
grain size which we will use for discussion here. If the region of significant
influence defined by Eq 11 as the region of material in front of the crack tip
wherein the fictitious stress o,, exceeds the ultimate strength for an applied
AKmin is smaller than the grain size, there are several physical effects that
would act to confuse or prevent crack propagation. The grains are aniso-
tropic, for example, causing the local stress distribution to change abruptly
across a grain boundary. The physics of crack propagation should also
change to the extent that slip occurs on crystallographic planes in preferred
directions across the grain in the manner most compatible with the neigh-
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boring grains that are relatively unaffected by the singular field unlike larger
AK stress states. Finally, grain boundaries and the impurity and other
crystallographic disturbances associated with them would be expected to
be very effective crack stoppers (Ref 9). It would appear, then, that such an
argument is consistent with the existence of a physical property AKmin below
which cracks do not propagate.

Our earlier implication was that the concept of AKmin could be related to
the endurance limit. That connection follows from the definition of the
stress intensity factor. For general purposes let us consider the form

K =0"\/2ma (12)
where ooo= remote applied stress and a = crack length. If X is set equal to
AKmin and o° is set equal to the ultimate strength, @ should be the maximum
dimension of a flaw which cannot be propagated by any application of stress
which does not fail the material by gross fracture. For the material con-
sidered previously, that dimension is about 10~ mm as before. If we set ¢°
equal to the endurance limit, we imply that flaws of length a preexist in the
material. For our example material, that result is about 4 X 10> mm which
compares well to a common grain size, for example. If the maximum dimen-
sion of the preexisting flaws and AKmin are known, a fatigue endurance limit
can be predicted, and so on. The choice of grain size as a characteristic
dimension is only a convenience. Characteristic impurity inclusion dimen-
sions, machining scratches, etc., could have been used instead. However,
for a fixed AKmin, Eq 12 implies that a smaller grain size (smaller a) will
allow a higher fatigue endurance limit, an effect which is observed in most
metals, other things being relatively constant [/0]. Inclusions, however,
although more difficult to characterize, are more commonly associated with
initiation of small flaw growth [1/].

Finally, it should be noted that the method of solution employed here
involves an established stress function that satisfies the governing equation
and a part of the boundary conditions of the problem. The remaining
boundary conditions are only satisfied at discrete points. It is, therefore,
expected that the accuracy of the solution would improve as the number
of boundary stations is increased. It should be noted that, if a direct elimina-
tion type of solution scheme is employed, a practical limit to the number
of boundary stations exists. Possible alternatives for the solution method
would be an iterative scheme for solving the linear system of equations or
making use of a least squares approach in applying the boundary conditions
rather than the point collocation method.
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ABSTRACT: Crack growth data are reported for small axially loaded smooth
specimens of A533B steel subjected to strain cycling fatigue at large plastic strains.
Surface crack lengths were monitored using cellulose acetate replicas, and occasional
specimens were broken open to determine crack depth. Experimental crack growth
rates for different strain levels are correlated in fracture mechanics fashion by the
J integral concept, with J values being estimated from stress-strain hysteresis loops.
The crack growth rate data of this investigation are compared with previous data
for the same material obtained from linear elastic fracture mechanics tests. It is sug-
gested that research on the behavior of smal] cracks is fundamental to a better under-
standing of the fatigue process.

KEY WORDS: stresses, strains, fatigue, cracks, deformation

Fatigue crack initiation has been studied in considerable detail from the
viewpoint of dislocations and metallurgy to determine the mechanisms in-
volved. In such studies, the size scale of interest is usually of the order of
the crystallographic grain size or smaller. At a size scale on the order of
1 in., the growth of fatigue cracks has been studied intensely from the view-
point of linear elastic fracture mechanics.

Less attention has been given to the specific nature of fatigue damage
at intermediate size scales. In particular, relatively few studies have been
made of the growth and behavior of small cracks, those of sizes on the order
of 10~ to 10~ in. However, cracks in this size range are of major im-
portance. Many components in service and many test specimens in fatigue
studies probably spend the major portion of their lives with such cracks
being present.

This paper reports an experimental study of crack growth in small axially
loaded smooth specimens subjected to cyclic plastic deformation. Such tests
are usually thought of as measuring the resistance of a material to macro-

'Senior engineer, Westinghouse Research, Pittsburgh, Pa. 15235.
97

Copyright® 1977 by ASTM International www.astm.org



98 FATIGUE CRACK GROWTH

cracking. The total number of cycles to failure and the stress-strain behavior
are the principal information sought, and crack growth data generally are
not obtained. In contrast to the tests normally employed in fatigue crack
growth studies, those reported here involve specimen widths one order of
magnitude smaller, crack sizes one to three orders of magnitude smaller,
and plastic rather than elastic load versus deflection behavior. An attempt
nevertheless will be made to make a fracture mechanics type of inter-
pretation of the data obtained.

Laboratory Investigation

In this section of the paper, the material and test specimens employed are
described first. Test procedures are then discussed, followed by presentation
of test results.

Material and Specimens

The material tested was A533B pressure vessel steel having the following
mechanical properties: 70 ksi yield, 91 ksi ultimate, 187 ksi true fracture
strength, 69 percent reduction in area, and 95°F Charpy fracture appearance
transition temperature.

Cyclic stress-strain and low-cycle fatigue data for this material are shown
in Figs. 1 and 2. An equation fitted to the cyclic stress-strain data is given
in Fig. 1. In Fig. 2, intercepts at 1/2 cycle, ¢ and o/, and also slopes, are
given for lines fitted to both plastic strain versus life and elastic strain versus
life. These may be used to obtain an equation relating total strain and life
as described in Ref / and ASTM Recommended Practice for Constant-
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FIG. 1—Cyclic and monotonic stress-strain curves.
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FIG. 2—Low-cycle fatigue properties—elastic, plastic, and total strain versus life.

Amplitude Low-Cycle Fatigue Testing (E 606—-77T). The data in Figs. 1 and
2 were obtained during the course of this investigation, as described in de-
tail in the following section.

Threaded-end specimens with reduced-diameter, cylindrical test sections
were employed, the test sections being 0.55 in. long and 0.30 in. in diameter.
This type and size of specimen is typical of those used in strain-controlled,
axial low-cycle fatigue testing (ASTM Method E 606-77T and [2]).2

Material for these specimens was obtained from broken fracture speci-
mens of large size, which had in turn been taken from a 12-in.-thick plate.
Two inches of material on both surfaces of the original plate was avoided,
as was any region of plastic deformation in the fracture specimens. The
tension axis for the small axial specimens was perpendicular to both the
rolling direction and thickness of the original plate.

Test Procedures

All tests were conducted on a closed-loop electrohydraulic testing system.
A Wood’s metal grip similar to that described in Ref 2 or ASTM Method
E 606-77T was employed. To prevent specimen buckling and to ensure
that alignment was maintained, it was necessary to stiffen the hydraulic
actuator against lateral motion,

It was desired to follow crack growth while measuring strain in the test

*The italic numbers in brackets refer to the list of references appended to this paper.
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FIG. 3—Strain and deflection measurements.

section using a gage length such as /, in Fig. 3. However, this was not done
as the clip gage used for measuring strain hindered crack observations,
and it was found to be impractical to repeatedly remove and reattach this
clip gage. Deflections therefore were controlled across the threaded ends
of the specimen, as suggested by gage length v, in Fig. 3. Pairs of tests
under identical control were conducted, with a 0.50-in. test section clip
gage being employed in the first test so that strains could be measured, and
crack growth being followed in the second test.

Constant-amplitude deflection control was employed with a completely
reversed sinusoidal waveform. Six different values of deflection amplitude
were used in the various tests conducted, with more than the nominal pair
of tests being run in some cases.

Crack growth was monitored on the specimen surface by means of cellu-
lose acetate replicas. The replicating tape thickness used was 0.005 in., and
acetone was employed in softening it to obtain an impression of the speci-
men surface. Each crack growth test was interrupted approximately ten
times for replicating, and each time it was necessary to take two replicas
so as to cover the entire test section. No shading or special treatment of
the replicas was needed.

Some of the crack length measurements from replicas were checked with
a low-power (X20) travelling microscope while the tests were in progress.
All replicas were saved for more detailed examination later, and thus pro-
vided permanent records allowing a number of cracks to be traced back
to lengths of a few thousandths of an inch. Several photographs of replicas
showing the progress of a crack during one test are shown in Fig. 4. Crack
length versus cycles data for this same test are shown in Fig. 5, and for
another test in Fig. 6.

A limited number of extra tests were conducted which were interrupted,
the specimen then being either sectioned or cooled in liquid nitrogen and
fractured to reveal the crack shape. Such a broken-open crack is shown
in Fig. 7.
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Test Results

Constant-amplitude deflection control across the specimen ends re-
sulted, as expected, in the strain amplitude in the test section being approxi-
mately constant during most of the fatigue life. Pertinent data are plotted
in Fig. 8. Also, the plastic strain and the plastic deflection, Ae, and Av,, de-
fined in Fig. 3, were found to be proportional over the entire range of
measurement. This is illustrated by the data plotted in Fig. 9.

Stress-strain hysteresis loops at half the fatigue life were taken as rep-
resentative of the approximately stable behavior observed during most
of the fatigue life. Such loops for all but the highest strain level are plotted
in Fig. 10, where the axes of each loop have been shifted so that all com-
pressive tips coincide. The stress and strain parameters of such stable loops
were used to obtain the cyclic stress-strain and strain-life properties of this
material, which have already been presented in Figs. 1 and 2.

Crack length versus cycles data, as from Figs. 5 and 6, are shown in Fig.
11, with the lives being normalized to the number of cycles to failure. Data
are plotted in Fig. 11 for only the longest surface crack present at any
particular time. Often, as in Fig. 5, more than one crack was observed.
However, a single dominant crack usually resulted in failure. In a small
fraction of the specimens, two cracks joined to cause failure as in Fig. 6.
These cases of crack joining account for the data points in Fig. 11 which
are farthest from the central tendency. As crack joining was observed only
near the end of the fatigue life, this process did not appear to have a major
effect on fatigue life.

Strain versus cycles data for surface crack lengths of 0.003 and 0.01 in.,
and also for specimen failure, are plotted in Fig. 12. The former crack length
was usually present at about one tenth of the total life, and the latter at
about half the life. The strains plotted in Fig. 12 as open symbols were
estimated from deflection measurements using Fig. 9, and also by noting
that the elastic and plastic strains must sum to give the total strain. (Elastic
strain is of course simply related to stress by the elastic modulus.) This
allowed minor errors in programming the deflection and also minor differ-
ences in stress-strain behavior to be accounted for. Satisfactory crack growth
data could not be obtained at the highest strain level due to extreme sur-
face roughness and specimen necking.

Several cracks having surface lengths between 0.01 and 0.07 in. were
broken open or sectioned. In all cases, the crack formed a thumbnail having
an approximately half-circular shape. In other words, the maximum depth
was approximately equal to half the surface length.

Growth rates for crack depth were determined by computing point-to-
point slopes on surface crack length versus cycles plots such as Figs. 5 and 6,
and by assuming the depth was always half the measured surface length.
These data are plotted in Fig. 13 versus AJ. The parameter AJ was obtained
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(a) 100 Cycles

(c) 500 Cycles

FIG. 4—Photographs of replicas showing the progress
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of a fatigue crack (Spec. No. 1F7, Crack No. 1).
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FIG. 5—Typical crack length versus cycles data obtained from surface replicas.

from the J integral of fracture mechanics and will be explained fully in the
later discussion section of this paper. Data are plotted in Fig. 13 for all
cracks which could be followed on the replicas. Thus, secondary cracks
which did not cause failure are included, as are cracks in tests which were
terminated, either accidentally or intentionally.
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FIG. 6—Crack length versus cycles data for two cracks which joined.
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FIG. 7—Broken open fatigue crack (Spec. No. SF31).

Discussion

Three topics are considered in this discussion section. First, the fraction
of the fatigue life required for initiation of various size cracks is discussed.
Some possible applications of small crack initiation data are then noted.
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FIG. 10—Stress-strain hysteresis loops plotted on shifted axes.

And finally, the possibility is considered of applying a fracture mechanics
type of approach to growth of small cracks under cyclic plastic deformation.

Life Fraction Required for Initiation

From Figs. 1 and 12, cracks a few thousandths of an inch long were
present at one tenth of the fatigue life. Other combinations of crack length
and life fraction may be obtained from Fig. 11. Note that there are no trends
with strain level in Fig. 11, and in Fig. 12 the various lines are approximately
parallel. In other words, the fraction of life corresponding to any given crack
size was independent of life over the range investigated.

This appears to conflict with the data collected in Ref 3, where the life
fraction for initiation increases with life. It is not clear whether these dif-
ferences are due to the materials tested or to the experimental techniques
employed. Additional experimental work is obviously needed in this area.

For long-life, low-stress fatigue, the available data [3-5] suggest that the
initiation process becomes the dominant factor in the fatigue life as the “fa-
tigue limit” is approached. If this is the case for A533B, the propagation-
dominated nature of the strain-life curve (Fig. 12) must change rapidly to
initiation-dominated behavior at strain levels just below those investigated.
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FIG. 13— Fatigue crack growth rate versus A J for small cracks under plastic deformation.

Such a rapid transition has been observed [5] in aluminum alloys and is not
inconsistent with the data reported here.

Note from Fig. 2 that the transition fatigue life, N:, where the elastic and
plastic strains are equal, occurs near the longest lives investigated. Thus, at
lower strains and longer lives, the plastic strains will become small com-
pared to the elastic strains. It is interesting to speculate that this transition
in stress-strain behavior may be involved in the expected transition from
propagation-dominated to initiation-dominated strain-life behavior. If
this is indeed the case, the relative importance of initiation and propagation
in determining the total fatigue life will be highly material dependent. This
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is a result of the fact that the transition fatigue life, N, may be as low as ten
cycles for high hardness materials, or as long as 105 cycles for very ductile
materials [6].

Applications of Crack Initiation Data

It is pertinent to note some of the possible uses of strain-life curves cor-
responding to the initiation of specific size cracks. First, consider the
Palmgren-Miner rule [7,8] for linear summation of cyclic ratios, which
commonly is employed in estimating cumulative fatigue damage. The es-
sence of this rule is that it assumes a state of physical damage which is inde-
pendent of the loading level to exist at any given fraction of the fatigue life.
This assumption is violated, and difficulty with the Palmgren-Miner rule
is encountered, when the life fraction corresponding to a given crack size
varies with the strain level. However, this problem may be overcome in some
cases by summing cycle ratios separately for initiation and propagation
[9,10]. Strain life curves corresponding to the initiation of a specific small
crack size could be used as a basis for this approach.

Size effects may occur which are related to the behavior of small cracks.
For example, if different size specimens of identical material are tested, the
larger specimens should tend to have longer fatigue lives due to the increased
number of cycles required to propagate a crack across the specimen. Note
from Fig. 11 that a factor of 100 decrease in specimen diameter to 0.003 in.
would reduce the fatigue life to roughly one tenth of that observed in the
0.3 in. specimens tested. This may explain why metal foil strain gages have
much shorter fatigue lives [/7,12] than expected based on the applied strain
and the various rules of thumb and correlations [3,6] with tensile properties
that have been developed. In particular, the expected life is unrealistic as it
is based on experience with test specimens of much larger size than the foil
elements.

However, the total problem of size effect is quite complicated. Weakest-
link statistical-type size effects have long been recognized [13]. In this case,
a larger size is expected to have an increased probability of a weak region
or flaw of a given severity being present, and hence a lowered average fatigue
strength. Note that, for increased size, this weakest link effect is detrimental,
not beneficial as for the other type of size effect just mentioned. Also, note
that the effect is in this case due to an altered initial condition for the fatigue
process, rather to an altered final crack size. If it is desired to develop im-
proved methods of predicting size effects, both of these effects, and in general
the behavior of small cracks, should be considered.

Sharp notches reduce the fatigue strength less than is expected based on
the locally elevated stresses and strains at the surface of the notch. A likely
explanation for this is that, for most of the fatigue life, a crack is present
which has grown out of the localized region of highest stress. Cracks are in-
deed observed during most of the life of sharply notched members [4], and
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this explanation is consistent with the observation [4] that increases in notch
sharpness beyond a certain point do not further reduce fatigue strength.

Assume that smooth specimen strain-life data as in Fig. 12 are available
for the initiation of a crack size that is small compared to the notch radius
of interest. Initiation at the notch could be predicted on this basis. And crack
propagation beyond this point could be handled using a fracture mechanics
type of approach, with proper consideration being given to the effect of the
notch geometry.? This procedure would result in initiation dominating the
life for blunt notches, in propagation dominating the life for sharp notches
and in both initiation and propagation being important for intermediate
cases.

Fracture Mechanics Interpretation of the Growth of Small Cracks Under
Plastic Deformation

The stress intensity parameter, K, is used widely for correlating fatigue
crack growth rates. However, being based on linear elastic analysis, K has
no physical meaning for situations involving large-scale plasticity, which
is the case for the test results of this investigation.

Thus, a more general parameter is needed which is capable of accounting
for plasticity effects. The most likely candidate is the J integral. As originated
by Rice [15], J is the two-dimensional path-independent line integral il-
lustrated in Fig. 14a. Counterclockwise integration is performed around a
path I" connecting the crack faces, with x and y being the coordinates indi-
cated, W the strain energy density, T the traction vector on the boundary
of a free body defined by I, % the displacement, and s the arc length along T

Originally, J was developed for nonlinear elastic materials and, for such
materials, can be expressed as illustrated in Fig. 145 in terms of the potential
energy available for crack extension. For the special case of linear elastic
materials, J reduces to the strain energy release rate, G. Assuming plane
stress, J for the elastic case is simply related to K and the elastic modulus, E,
as follows '

-c-E

Jelastic = - E (l)
For elastic-plastic materials, J loses its interpretation in terms of the po-
tential energy available for crack extension, but retains physical significance
as a measure of the characteristic crack-tip strain field. Note that this latter
interpretation of J is similar in philosophy to the stress intensity concept,
K, which, for linear elasticity, gives the intensity of the stress field sur-

rounding the crack tip.
Based on this crack-tip strain field interpretation, J has been employed
successfully as a criterion for static plastic fracture [16,17]. Preliminary study
on ordinary-size fracture specimens of AS533B steel also indicates that J is

’Note that linear elastic stress intensity analyses are at present available [/4] for cracks near
notches in certain geometric configurations.
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FIG. 14—The J integral of Rice.

promising as a correlation parameter for fatigue crack growth under plastic
conditions.

Data pertinent to fatigue crack growth [18,19] are shown in Fig. 15, with
the specimen geometries involved being shown in Fig. 16. Also shown in
Fig. 16, for purposes of comparison, is the cylindrical specimen used in this
investigation. In this previous work, large-size compact specimens were
used to obtain high rates of crack growth under linear elastic conditions.
And ordinary-size compact and center-cracked specimens were employed to
obtain both low rate data under linear elastic conditions and high rate data
under plastic loading. A portion of the linear elastic data of Fig. 15, in parti-
cular those at very low growth rates, were obtained from Ref 20. In Fig. 15,
note that linear elastic data are plotted versus (AK)?/ E as open symbols, and
plastic data are plotted versus AJ as solid symbols. Different shape symbols
are used in Fig. 15 to indicate different specimen sizes, the dimension W re-
ferring to half the width of the center-cracked specimens, and to the distance
from pinhole to back edge for the compact specimens. For more detailed in-
formation concerning these data, the reader is referred to Refs 18-20.

To compare the growth rate data of this investigation with the data of
Fig. 15, it is necessary to compute AJ values for the small surface cracks ob-
served. Unfortunately, no rigorous solutions are available, and an estimate
is necessary. The specific estimate employed is given in Fig, 17, with detailed
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derivation and discussion being provided by the Appendix. The crack di-
mension & in the expression shown is the crack depth, estimated by taking
half the measured surface length. Note that the stress and plastic strain
ranges from a stress-strain hysteresis loop are needed. As the stress-strain
behavior was approximately stable during most of the fatigue life, all J cal-
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FIG. 16—Specimen geometries used to obtain fatigue crack growth rate data.

culations for each crack growth test were estimated based on the stable stress
range and the stable plastic strain range, with the latter being estimated from
the measured threaded end deflections by means of Fig. 9.

The crack growth rate versus AJ data from Fig. 13, for which AJ was
computed as just described, are compared in Fig. 18 with the scatterband
from Fig. 15. The boundaries of this scatterband are separated by a factor
of three in growth rate, which is typical variability [2]] for ordinary linear
elastic fatigue crack growth rate testing. Excellent agreement is obtained
except for cracks smaller than 0.007 in. There are two possible explanations
for this. First, 0.007 in. is approximately ten times the average crystallo-
graphic grain diameter of this material, suggesting that the lack of cor-
relation may be due to the continuum nature of fracture mechanics being
violated. Or second, as cracks of such small size were not broken open
or sectioned, the depth assumed based on a half-circular shape may have
been in error. However, this assumed crack depth was used in computing
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both da/dN and AJ, and, when the combined effect of errors in both quan-
tities is considered, it is difficult to explain the observed trends. The lack
of correlation for very small cracks thus probably reflects a physical size
effect.

Despite the difficulty with very small cracks, the correlation that does
exist is quite impressive. Comparing the width, W, of the compact specimens
with the diameter of the small cylindrical specimens, a factor of about 25 in
specimen size is covered. And the solid data points and scatterband in Fig. 18
together represent a factor of about 1500 in crack size.

From comparison of Figs. 15 and 18, note that linear elastic data cover
the entire four orders of magnitude for which small crack plastic data are
available. If one attempts to correlate the small crack data with the larger
specimen linear elastic data through the use of the linear elastic stress in-
tensity calculated simply from stress and crack size, an extreme lack of cor-
relation is encountered. Thus, although exploratory and tentative in nature
at the present time, the use of J for fatigue has a major advantage in its
ability to account for plasticity effects.

At rates just below the lowest rates measured in this investigation for
small cracks, the ordinary-size specimen data in Fig. 15 exhibit the transition
in behavior associated with the threshold for fatigue crack growth [20,22].
It is interesting to speculate as to whether or not small cracks obey a similar
transition in behavior. If they do not, then the threshold concept is of much
less practical value than is currently thought. Obviously, verifying the
threshold concept for small cracks is an important area for further work.
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FIG. 18—Comparison of small crack data with scatterband from test results for ordinary

and large-size specimens.

Conclusions and Recommendations

Study of the behavior of small cracks is promising as a means of better
understanding, and hence of more effectively predicting, the process of metal
fatigue. The following more specific conclusions and recommendations are
drawn from the foregoing test results and discussion:

1. For failure lives between 200 and 25 000 cycles in A533B steel, the life
fraction at which specific small crack sizes were present did not vary signi-
ficantly. Surface cracks a few thousandths of an inch long were observed at

10 percent of the fatigue life.
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2. Additional work in a variety of materials is needed where the life to
various specific small crack sizes is determined. It is particularly important
that the effect of different transition fatigue lives, that is, of different relative
amounts of ductility, be investigated.

3. Small crack initiation data have several potentially important appli-
cations. Among these are cumulative fatigue damage, size effects, and notch
effects.

4. The J integral shows considerable promise as a parameter for corre-
lating fatigue crack growth rates under elastic-plastic conditions. Although
the correlation failed for surface crack lengths less than ten crystallographic
grain diameters, it was successful over a factor of 1500 in crack size, a factor
of 25 in specimen size, and four orders of magnitude in growth rate. In ob-
taining J values, it was necessary to employ an estimate, and an uncertainty
exists concerning the possibility that cracks are closed during a portion of
the strain cycle.

5. The concept of a threshold for fatigue crack growth should be verified
for small cracks.
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APPENDIX

Estimation of A J for Small Half-Circular Surface Cracks

In making this estimate, the linear elastic and exponential hardening plastic cases
will be considered separately, and then combined for the more general elastic-plastic
Ramberg-Osgood type of stress-strain behavior. These three idealized stress-strain
relationships are illustrated in Fig. 19.

Consider the classical case of a crack in a wide plate remotely loaded in tension,
Fig. 20a. The stress intensity is obtained [23] from the familiar expression

K=oVma )

where o0 = remote tension stress. Noting that the remote strain energy density, W, is
given by the expression in Fig. 19, Eqs 1 and 2 combine to give

Jestic = 2w Wa (3)
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If the geometry of Fig. 20a is bisected to obtain a surface crack as in Fig. 205, the
stress intensity is elevated slightly [23]

K=1.120v/ma @)
Now consider the expression for an embedded circular crack [23]
K =:’% a\/ma (5)

Again bisect to obtain a surface crack, in this case a half-circular surface crack, Fig.
20c. Note that this geometry approximates the geometry encountered in the labor-
atory tests, as long as the crack size is small compared to the specimen diameter. It is
reasonable to assume that the surface correction factor of 1.12 implied by Eq 4 is at
least approximately applicable here also, resulting in

K=0.7140\/ ma 6)

The combined surface and flaw shape correction factor of 0.714 in Eq 6 must be
squared to obtain the corresponding correction factor for J of 0.51. Applying this
factor to Eq 3 gives

-’elastic = 32 Wa (7)

Rigorous J solutions for the exponential-hardening plastic case are not available
for tension-loaded cracked members of infinite dimension. However, an estimate has
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been made by Shih and Hutchinson [24] for the geometry of Fig. 20a under plane stress
Jplastic =2 f(s) Wa (8)

where f{s) is a function of the strain-hardening exponent. For s = 0.165 from Fig. 1,
the analysis of Ref 24 implies a value f{s) = 1.56. Note that J is still proportional to
both the strain energy density and the crack size. To obtain an expression for the
half-circular surface crack geometry of Fig. 20¢, assume that the combined surface
and flaw shape correction factor of 0.51 used for the linear elastic case is applicable
here also. Equation 8 is thus modified to give

Jplastic = 50 Wa (9)

An estimate qualitatively similar to Eq 9 was applied previously by Mowbray [25].

Consider the Ramberg-Osgood type elastic-plastic, stress-strain relationship, Fig.
19¢. The work of Shih [26] and also that of Shih and Hutchinson [24] suggests that J
solutions for this case may be approximated by simply adding the separately com-
puted elastic and plastic solutions. Equations 7 and 9 thus result in the following es-
timate of J for the half-circular surface crack geometry

J=32W.a+ 50W,a (10)
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where W. and W, = elastic and plastic components of the remote strain energy
density, as illustrated in Fig. 19¢.

For application to cyclic loading, it will be assumed valid to compute J for the
loading portion of a cycle. The procedure used is illustrated in Fig. 17. Note that
rangss of stress and plastic strain obtained from hysteresis loops such as those in
Fig. 10 are used to compute the quantity here called AJ. The particular expression for
AWp which is shown depends on the assumption that hysteresis loop curves may be
obtained by expanding the cyclic stress-strain curve with a scale factor of two, as
indicated in Fig. 17 by the stress-strain equation involving primed quantities. If this
assumption were valid for A533B, the dashed locus of loop tips line in Fig. 10 and all
of the upper loop curves would fall together along a single line. However, this diffi-
culty never affects the value of J by more than about 10 percent, and, in view of the
fact that the J expression used is only an estimate, refinements in this area are inap-
propriate.

Note that the analysis [24] used as a basis for this estimate is for plane stress. A
degree of approximation is thus involved in this regard also. The specimens tested
were free to contract transversely so that the nominal plastic strain in any trans-
verse direction was approximately half that in the axial direction. But a degree of
constraint violating the plane stress assumption exists near the crack due to the strain
being locally elevated there.

Ideally, AJ should be computed only for that portion of the cycle during which
the crack is open. An attempt was made to observe crack opening with a low-power
microscope, but no well-defined opening event could be resolved. The only evidence
available was the effect on the load versus deflection behavior of cracks that had grown
relatively large near the end of the fatigue life. In such cases, stiffness changes indi-
cating the closing and opening of the crack were observed only at high compressive
loads. Thus, it was decided, as illustrated in Fig. 17, to use the entire compressive
loading portion of the hysteresis loop in estimating AJ. Until additional experimental
or analytical work clarifies the details of the crack closure effect, this uncertainty will
exist in all fracture mechanics type approaches to the fatigue problem, including the
familiar linear elastic approach.

Thus, the method used in obtaining cyclic J involves approximations in several
areas and can be regarded as a rough estimate only.
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ABSTRACT: A new approach to fatigue crack propagation is described. The key
element in the analysis is the inclined strip-yield superdislocation representation
of crack-tip plasticity. The basis of the model is given and its potential application
in a cycle-by-cycle analysis of fatigue crack growth under arbitrary cycle-by-cycle
loads indicated. It is shown that, to perform a fatigue crack growth computation
for a given load sequence, only the material’s shear modulus, tensile yield strength,
and Poisson’s ratio need to be specified. In the process, some account is taken of
crack closure during the load cycle. Illustrative calculations for uniform cyclic
loading are described and comparisons with experimental results made.

KEY WORDS: stress, strains, fatigue, crack propagation, loads (forces), fracture
properties, displacement, plastic properties, dislocations

Fatigue crack propagation rates can be predicted using empirical re-
lations when simple constant-amplitude cyclic loading is applied. However,
the load interaction phenomenon occurring in variable-amplitude loading
has not yet been satisfactorily introduced into an empirical crack growth
relation. This currently precludes the accurate prediction of fatigue crack
growth rates under the spectrum (service) loadings that act on aircraft
and other engineering structures. To provide a quantitative formulation
for fatigue crack growth under arbitrary load sequences, an analysis tech-
nique that is sound from a mechanics standpoint must be developed.

There is no complete agreement on the exact mechanisms that control
fatigue crack propagation. Nevertheless, there are several features of the
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problem that are generally accepted as playing an essential role in the
process:

1. The interaction between the plastic deformation produced by the
current load and the residual plasticity created in previous load cycles.

2. The connection that exists between the local deformation at the crack
tip—as characterized by the crack-tip crack-opening displacement—and
the crack growth increment.

3. The impingement (closure) of the crack faces during the unloading
portion of the load cycle.

While fatigue models have been developed from one or another of these
basic effects, no currently known attempt rigorously incorporates them
all.

The goal of the research described here is to develop an accurate com-
putational model for the prediction of fatigue crack propagation that can
be used in actual engineering applications. To achieve this goal, three
conditions must be met. First, the model must be capable of handling load
cycles that vary arbitrarily from cycle to cycle while taking the load inter-
action effects properly into account. Second, the material properties re-
quired by the model must be based upon well-established material properties
that are independent of the particular load spectrum under consideration.
Third, the computational procedure evolved must be efficient enough to
enable calculations to be carried out over load histories comparable to
actual service conditions.

To meet these criteria, a new approach leading to a mathematical pre-
dictive model for fatigue crack propagation has been initiated. The approach
is based on the inclined strip-yield superdislocation representation of crack-
tip plasticity [7].? This approach is expected to give an effective compromise
between approaches that sacrifice some basic aspects in the interest of
simplicity and a completely rigorous but exceedingly cumbersome approach.
The preliminary stages of the development of this model, together with
some computational results for uniformly applied cyclic loading, are de-
scribed in this paper.

Conceptual Basis of the Model

The key element in the fatigue crack propagation model described in
this paper is the inclined strip-yield superdislocation representation of the
plastic zones surrounding a crack tip [/]. This model, in turn, stems from
the well-established fact that macroscopic plasticity can be considered in
terms of dislocation arrays. Figure 1 illustrates how this basic concept
has evolved into the fatigue model being developed here. The following
discussion elaborates on the conceptual picture given by Fig. 1 and, in
addition, delineates the individual roles played in this work by the various

3The italic numbers in brackets refer to the list of references appended to this paper.
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(a) Plane strain plastic deformation at the tip of a crack under fixed load.

(b) Representation of crack-tip plasticity by dislocation arrays.

(c) Representation of crack-tip plasticity by a superdislocation pair confined to slip
planes emanating from the crack tip.

(d) Representation of crack-tip plasticity during fatigue by superdislocations.

(e) Representation of crack-tip plasticity during fatigue by combination of super-
dislocations and super-superdislocations.

FIG. 1—Evolution of a fatigue crack growth model using the inclined strip-yield superdislo-
cation representation of crack-tip plasticity.

components (for example, the super-superdislocation concept) of the com-
plete cycle-by cycle fatigue crack propagation model.

Figure la shows a typical plastic enclave surrounding a crack tip under
plane-strain conditions. Figure 15 shows an equivalent way of characterizing
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crack-tip plasticity through the use of dislocation arrays. While there is
no significant advantage, in general, of the dislocation point of view over
the conventional continuum approach, the dislocation concept can be re-
duced to a simpler way of looking at the problem. This can offer significant
computational advantages in applications to fracture and fatigue. In
particular, by representing crack-tip plasticity by planar (one-dimensional)
dislocation arrays in a strip-yield zone model, considerable mathematical
simplification can be obtained without sacrificing too much accuracy. This
fact is the prime motivation for adopting a dislocation-based approach
here.

Strip-yield zone characterizations of crack-tip plasticity are most easily
made if the dislocation array is confined to the plane of the crack. While
reasonably accurate for.the plane-stress conditions existing in a thin section,
this is a poor representation for plane-strain conditions where, as indicated
in Fig. la, plasticity tends to spread out in the direction normal to the
crack plane. To characterize the latter case, Bilby and Swinden [2] took
the dislocation slip plane to be inclined to the crack plane. But they were
then able to obtain only an approximate numerical solution.

Atkinson and Kay [3] circumvented the mathematical difficulties in the
Bilby-Swinden model by introducing the idea of a superdislocation. As
shown in Fig. lc, the superdislocation is considered to be a dislocation of
arbitrary strength on a given slip plane that represents the net effect of
the entire plastic zone. By the superdislocation approach, the problem is
reduced to two algebraic equations in two unknowns. It is important to
recognize that, although this simple representation has its limitations (for
example, in predicting the plastic zone size), it offers a very accurate pre-
diction of the crack-tip crack-opening displacement. This has been shown
by Atkinson and Kanninen [/] by comparison with fully elastic-plastic
finite-element computations made for small-scale yielding conditions.

The ultimate goal of the work described in this paper is to develop a
computational model that can be applied to predict fatigue crack growth
rates in actual service conditions. This calls for a mathematical model that
is versatile enough to accept essentially random changes in the cycle-to-cycle
applied loadings. At the same time, it must be simple enough to be applied
to lengthy load histories. The work reported here has progressed far enough
to make it clear that a model in which one superdislocation pair is generated
and retained in the computation for each and every load cycle considered,
as shown in Fig. 1d, can satisfy only the first of these requirements. How-
ever, a modification to represent the residual plasticity in the wake of the
crack by lumping several superdislocations into one or more single degree
of freedom super-superdislocations will reduce the computational effort
required. This can allow the model to achieve the second criterion. Figure
le shows the modified cycle-by-cycle computational model.
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Analysis Procedure
Basic Equations for the Model

The derivation of the basic equations for the inclined strip yield super-
dislocation model and its use in a predictive model for fatigue crack growth
under arbitrary spectrum loading has been given by Atkinson and Kanninen
{1]. For this reason, it need be outlined only briefly here.

The approach followed in developing the basic equations for the model is
completely within the linear theory of elasticity. The reason is that crack-tip
plasticity is represented by discrete singularities (dislocations). The most
convenient representation is the complex variable method of Muskhelishvili
in which the stress and displacement fields are given by

0.+ oy =4Re {¢' ()} (1
Low =0 +in, =267 @) + WD @
TE (i) = k() — 267@) — VE) 3)

where

Oyx,03y,0,, = Stress components,
uy,u; = displacement components,
Re = real part of a complex function,
,¢ = functions of the complex variable z = x + iy that depends on
the boundary conditions, and
E = elastic modulus.

3 — 4y, plane strain
K= 4)

3-vw
> plane stress
1+ P

where v is Poisson’s ratio.

The technique used for determining the solution to the problem employs
linear superposition of potential functions valid for an infinite domain
that satisfy the boundary conditions for four subproblems. These four
subproblems are

1. Remotely applied uniform stress (for example, uniaxial tension, biaxial
tension, shear) for an infinite domain without cracks.

2. A crack with surface tractions equal and opposite to the remotely
applied stresses.
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3. Isolated dislocation pairs in an infinite medium.

4. A crack with surface tractions equal and opposite to the stresses arising

from the dislocation pairs.
Note that, in both crack solutions, there is a singularity at the crack tip.
Because the form of the singularity is the same in each case (that is, 7"
where r is the radial distance from the crack tip), these can be made to
cancel, if desired.

The key element in the approach is the use of a single superdislocation
pair (in the case where the deformation is symmetric with respect to the
crack plane) to present the plastic zone in each load cycle. This requires
only two new unknowns to be determined in each load cycle: the strength
and the position of one of the superdislocations in the pair. The unknowns
are partly determined by imposing a force equilibrium condition for shear
along the superdislocation’s slip plane. Consider the simple situation where
a uniform tensile stress o acts in the direction normal to a crack of length
2a. Then, for plane-strain conditions, the equilibrium equation for each
of the M superdislocation pairs which might exist at some point in the
computation (for example, after M load cycles with no super-superdislo-
cations) are expressed as

M

r=oh+ —E 2 b (g +kn) n=12..M )
8m(1 - v7) < '

where the b;s are the strengths of the M superdislocations and 7, is an internal
friction stress that opposes dislocation motion. (7; will be related to the tensile
yield stress later.) The undefined quantities in Eq 5 are complex functions
of the dislocation positions indicated in Fig. 2. Because these expressions
are rather lengthy, they have been relegated to the appendix. Their complete
derivation is given in Ref /.

Relation Between the Singularity Canceling Equation and Crack Closure

The role of the singularity canceling equation is an important one in this
work. To show this, an expression can be derived for the combined strength
of the singular term. Because of the general relation that exists between the
strain energy release rate ,J and the stress intensity factor K, that is, for plane
strain K> = EF/(1 — ), it is found that

o5 ot 2] o

where, as shown in the Appendix, f; is also a complex function of the dis-
location positions. Thus, to cancel the singularity, the bracketed term is set
equal to zero. This gives
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FIG. 2— Dislocation positions for multicycle loading.
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Note that, as a direct consequence of Eq 7, % becomes zero when the crack-tip
singularity is abolished.

In fracture mechanics, & has the physical interpretation of being the driving
force for crack advance. Consequently, allowing crack growth to occur with %
equal to zero—as is the case when Eq 7 is imposed during the maximum load
in a fatigue cycle—is inconsistent with the basic notions of fracture mechanics.
This inconsistency is not resolved completely in the present model as it has
been necessary to enforce this condition. The singularity canceling equation
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is also enforced at the minimum load. However, this is quite appropriate
because the singularity canceling equation can be identified readily with crack
closure under a nonzero load in the decreasing load portion of a cyclic loading
sequence. This can be seen in connection with the crack-face displacements
as follows.

An expression for the crack-face displacements is derived in Ref 7 and given
in the Appendix as Eq 18. Now, let the distance from the crack tip be given
by r = a — x and consider that » <<a. Equation 18 can then be written

uy(r) = F12 {80 (]_1—5_@(_(12—)’/2 - —sm 0 cos % 2 b,D,} (8)

where the D;s are related to the quantity given in Eq 19 in the Appendix.
If the distances of the superdislocations from the crack plane along their slip
planes are denoted as /, then small-scale yielding can be approximated by
taking /;<<< a. The right-hand side of the Eq 8 can then be expanded in powers
of r and found to be

1/2

w(r) =r" {80 (1;—@ (%)

It can be readily shown that, for small-scale yielding conditions, the co-
efficient of the r”? term in Eq 9 is just the singularity canceling equation.
Consequently, satisfying the singularity canceling equation removes the
r’'* dependence from the slope of the displacements and forces the crack
faces to close smoothly at the crack tip with no interpenetration. Because
this is a necessary condition for crack closure, imposing Eq 7 in a cyclic
loading sequence will take the crack-closure condition into account.

The Crack Growth Criterion

As already demonstrated, the displacement field associated with the
superdislocation-crack interaction distorts the crack-opening displacement
in the proximity of the crack tip. This allows the possiblity of crack closure
under positive load. At the same time, an intrusion into the unbroken
material at the crack tip is predicted. This can be taken as a measure of
the crack advance increment in the load cycle. The latter effect arises from
the displacement discontinuity associated with the dislocation intersecting
the crack at its tip giving a “sliding-off” region there.

Because the magnitude of the displacement discontinuity is just equal
to the superdislocation strength, the crack growth rate can be simply re-
lated to the strength of the most recently emitted superdislocation. Hence,
the crack growth at the Nth cycle of loading is given by

M
_5 9 b 32y (9
— sin 6 cos 3 Z o }+0(r ) 9
j=1
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(Aa)y E(%:—) =by cos 6 (10)
N

where, as shown in Fig. 2, 8 is the angle between the superdislocation slip
plane and the crack plane. As described in Ref I, by taking the slip plane
to be the plane of maximum shear, it is found that = cos™'(1/3) = 70.3 deg.
This is the value used in the present work.

The Solution Procedure

The solution procedure involves an iterative technique to determine
the superdislocation strengths and positions in each load cycle. This is
done currently by solving the system of nonlinear algebraic equations given
by Egs 5 and 7. A Runge-Kutta method is used. Having the solution, the
crack growth increment is obtained from Eq 10. Therefore, it can be
recognized that no arbitrary disposable parameters are introduced in order
to determine the crack growth rates. The only parameters that enter the
computation are the ordinary mechanical properties of the material being
considered in addition, of course, to the cyclic load history.

The iterative procedure used to determine the equilibrium dislocation
positions considers that an internal friction stress 7i acts along the slip plane
so as to always oppose dislocation motion. The net stress 7, given by the right-
hand side of Eq 5, can be considered to push the nth dislocation along the
slip plane. If a positive force is one that acts away from the crack plane
and a negative force one that acts toward the crack plane, F», the driving
force for dislocation motion, can be expressed as

0,|T,,IST,' (11)
F, =
o= sgn(r)7, ol > 7

where 7; is taken to be a material constant related to the yield stress, Y (that s,
.= Y/ \/3) and sgn (x) =x/lx!. Note that the friction force resisting move-
ment back towards the crack tip need not (and probably is not) equal to that
resisting motion outwards. But, this does not come into play under ordinary
load histories.

Consider that M — 1 superdislocation pairs have been generated in 3/ — |
load cycles where M > 1. The computation for the M™ load cycle then starts
by setting the applied load to ¢ = (Kma)y/(7a)"* and considering that a
nascent dislocation exists at the crack tip. An equilibrium solution is deter-
mined that all dislocations move along the slip plane at a speed that is propor-
tional to the net force acting on them; that is,

dln
dt

=F n=12,... M

where F.is given by Eq 11, the I.s denote distance along the slip plane and ¢
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is time. Then, the Runge-Kutta method is used to allow the M superdisloca-
tions to move towards their new equilibrium positions. The strength of the
nascent superdislocation, by, will be determined in this procedure by satisfy-
ing the singularity canceling equation. The strengths of the previously
generated superdislocations remain fixed.

The iterative solution procedure will be continued until an equilibrium
solution has been achieved. Next, the crack growth increment

(A@)y = by cos 8
will be calculated and the crack length increased to

M
a = a +Z(Aa)j

i=1

The applied load will then be reduced to ¢ = (Kmin)y/ (7@)"?, the secondary
superdislocation will appear, an equilibrium solution that satisfies the crack-
closure condition determined, and b replaced by by + bjrat /y. This com-
pletes the load cycle.

These steps are repeated for each cycle after the first until the specified
load history is exhausted. Note that this procedure is exactly the same
whether Knax (and Khmin) is unchanged from cycle to cycle or whether com-
pletely different values are specified in each cydle.

Computational Results for Constant AK Load Cycles

To test the applicability of the model by comparison with measured
crack growth rates, the computational procedure for multicycle loading
just described has been used to obtain numerical results for constant AK.
Computations have been performed for both an aluminum and a titanium
alloy using the property values given in Table 1. It is believed that the
differences between these two sets of values are large enough to test the
ability of the model to distinguish between different materials.

Example calculated crack growth rates for the titanium alloy are shown
in Fig. 3. These are for three different values of AK = Kmax— Kmin With
R = Kuin/ Kmax = 0.5. The most important feature of the results shown
in Fig. 3 is that, while an accelerated growth is evident in the first few cycles,
the growth rate quickly levels off to a constant rate characteristic of the
AK value applied. This feature is in good qualitative agreement with ob-
servations of fatigue crack growth. Quantitative comparisons based on the
steady-state growth rates for both the titanium alloy and the aluminum

TABLE | —Material properties used in computation of fatigue crack propagation.
Material Simulated E, ksi v Y, ksi

2024-T3 Aluminum 10000 0.34 52.5
Ti-6A1-4V 16 000 0.33 120
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alloy are shown in Figs. 4 and 5, respectively. Comparison is made with
the experimental data of Feddersen et al [4,5] on titanium and of Hudson
[6] on aluminum. On the basis of the agreement evident in these two
figures, it is believed that the model has proven to be more than adequate,
particularly in view of the fact that no arbitrary factors have been introduced
to adjust these results.

It is also of interest to determine the relative importance of each of the
material property parameters that enter into the crack growth rate cal-

Crack Growth Rate (10%in. /cycle)

Curve B

Curve A

I

] 10
Number of Load Cycles

FIG. 3— Computational results for fatigue crack growth in titanium using inclined strip yield
super dislocation model for R = 0.5.
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FIG. 4—Computational results for fatigue crack propagation in titanium for steady-state
conditions with R = 0.5 and comparison of experimental results of Fedderson et al [4,5].

culations. From consideration of the basic equations of the model, Poisson‘s
ratio can be seen to have little effect. So, only E andY need to be varied.
This has been done by taking the particular values used for the aluminum
and titanium simulations and interchanging them. The results demonstrate
a (EY)"" dependence of the fatigue crack growth rates in the cycle-by-cycle
computations.

For reasons that are not entirely clear at this point, computations made
for the special case where R = Kmin/Kmax = 0.5 are in better agreement
with the experimental data than are the computations made for other R
values. This is true for both the aluminum and the titanium calculations
for a range of AK values. Thus, while the calcuiations do show both an
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FIG. 5—Computational results for fatigue crack propagation in 2024-T3 aluminum for steady-
state conditions with R = 0.5.

R effect and a load interaction effect in nonconstant-amplitude cycling,
in neither case are the results satisfactory as yet. These are probably con-
nected so that the remedy for one will likely make a substantial improvement
in the other. A number of options are open to which improvement of the
model can be made, and subsequent work is planned to achieve these
improvements.

Discussion and Comparison with Alternative Approaches

Conceptually, the analytical approach developed in this paper stands
somewhere between the approximate semiempirical treatments of Wheeler
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[7] and of Willenborg et al [8], on the one hand, and the more precise, but
cumbersome, finite-element elastic-plastic computation of Newman and
Armen [9] on the other. To put the present model into somewhat better
perspective, the four classes of techniques for fatigue crack growth pre-
diction that can be identified on the basis of their treatment of crack-tip
plasticity are given in Table 2. In addition to Refs 7-9, the work of Elber
[10], Rice [11], Weertman [12], and Bilby and Heald [/3] are included in
this categorization. Other models which might be mentioned are those of
Yokobori and Yoshida [/4] and Neumann [I5]. While these have some
resemblance to the present work, they have not exploited the potential of
this approach to the extent given in this paper.

The model described in this paper allows an estimate of the plastic flow
at each stage in a reasonably simple way using the superdislocation idea.
This allows a look at cycle-by-cycle growth with residual plasticity left
behind from previous cycles still playing a role. Thus, a sequential cal-
culation can be made in a logically self-consistent manner. The main general
criticism that can be leveled at this approach is that the superdislocation
is an oversimplification of the plastic field which may limit the chances
of the present model exhibiting the trends usually observed in experiments
on fatigue. In fact, the present results do not agree entirely with the ex-
periments. However, this is believed to be due to the details contained in
the present model rather than to the overall philosophy.

With the complete model, a strictly logical game is played, with the
results being a direct consequence of the growth criterion and the variety
of stress interactions occurring between the dislocations and the crack. As
one highly significant result, the cycle-by-cycle calculations do predict a
steady-state crack growth rate with AK constant.Without discussing possible
changes that could be made in the model, consider the computational results
in terms of a simple-minded view of the steady-state situation as applied
to the current model. At the omin load, the crack closes at the crack tip after
advance. The superdislocation on the crack-tip slip band changes its strength
or position or both to accommodate this condition as well as being in equi-
librium. Thus, when om.x is applied, it is acting on a residual stress that just
balanced omin. Hence, an effective stress of (0max — 0min) can be considered to be
acting. This is proportional to AK = Kmax— Kmin =V7@ (Omax — Omin). It is
then expected from the linearized results, where the crack-tip crack-opening
displacement is proportional to K?, that the steady-state crack growth rate
will be proportional to (AK).

This argument, of course, neglects any effect that neighboring dislocations
have on the current one being emitted from the crack tip so that this result
is only approximate. But the current computational results are quite close
to the results suggested by this simple argument. Hence, the numerical
results for the model demonstrate that retaining dislocations in the wake
of a crack will in fact lead to a steady-state growth rate which is approxi-
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mately proportional to (AK)? even when all the dislocation stress fields
are currently taken into account.

No previous models have shown this type of growth rate law with a self-
consistent logical scheme in which the process of producing plastic de-
formation is followed through in a sequential way. It might be emphasized
that the model demonstrates a deviation from the (AK)? law which depends
precisely on the dislocation interactions (the model of the plastic field).
Thus, even though the precise form of the complete numerical results do
not always show the desired experimental trend, modifications can clearly
be made in order to bring the model into better correspondence with ex-
perimental results.

Conclusions

The analytical approach taken in this work rests on two fundamental
assumptions. The first is that the crack-tip crack-opening displacement
arising from the intense plastic deformation attending the crack tip is the
parameter that governs crack growth. The second is that the interaction
between the plastic deformation created in different load cycles can be
represented by an inclined strip-yield superdislocation model. The approach
taken here therefore uses what is perhaps the simplest mathematical model
in which these considerations (that is, crack-tip crack-opening displacement
and distinguishable plastic zones in each load cycle) can be taken into
account in a rigorous fashion. There are two additional features on the
model that make its use attractive. First, the sliding off at the crack tip gives
rise to a crack-tip crack-opening displacement which suggests a value for
the increment of crack advance per load cycle. Second, crack closure, if
it is to occur, will occur naturally in this model and need not be imposed
arbitrarily. The results obtained for two different materials indicate that
the approach is quite reasonable.
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APPENDIX

Basic Relations Used in the Inclined Strip-Yield Zone Superdislocation Model

Singularity Canceling Equation

coa= __E 2 ba f, 12)
8m(1 — v’)“m
where
I
2 23172 . |
(z)} —a*)V e ! {
f,=4sin@ | Re {———— +a ,Re | (13)
Z,—a Wz, - a) (z-a*)" ) |
Force Equilibrium Equation
E M
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Crack-Opening Displacements
M

=401 —-v) @ -xH"+sin6 2 bid;
E =l

(18)

in which x is measured from the center of the crack and
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where 8 = Dirac delta function defined as

0x#0

6(x)={ Ix=0

In these relations,Z; = g; + ;é % denotes the position of the /** superdislocation.
Hence, a; is the distance from the center of the crack to the intersection of the j* slip
plane and the crack plane,/;is the distance from the crack plane to the superdislocation
position measured along the slip plane, and @ is the angle between the crack plane and
the slip plane. The parameter @ (without subscript) denotes the distance from the
center of the crack to the actual crack tip.
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ABSTRACT: A method for prediction of crack growth behavior based on analysis
of crack surface contact stresses has been extended to include compressive effects.
The method is based on evaluations of the effective minimum stress intensity occurring
during a load cycle. An analysis of crack surface displacements during loading and
unloading is used to determine the permanent plastic deformation left in the wake
of the growing crack. Contact stresses are determined by treating the interference
as a wedge between the crack surfaces and performing an elastic-plastic analysis of
stresses caused by the wedge. Comparisons of predictions with test data show the
method can accurately account for the effects of compression loads.

KEY WORDS: stresses, strains, crack propagation

A method for prediction of crack growth behavior based on analysis
of crack surface contact stresses has been extended to include compressive
load effects. The initial development of the method, called the contact stress
model, is reported in the reference cited in Footnote 2. The contact stress
model is based on evaluations of the effective minimum stress intensity
factor occurring during a load cycle. An analysis of crack surface displace-
ments during loading and unloading is used to determine the permanent
plastic deformation left in the wake of a growing crack. Contact stresses
caused by interference of these permanent deformations at minimum load
are determined by treating the interference as a wedge between the crack
surfaces and performing an elastic-plastic analysis of stresses caused by
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the wedge. The effective minimum stress intensity factor is the sum of the
minimum applied stress intensity factor and the stress intensity factor due
to these contact stresses. Because the permanent deformations left in the
wake of the growing crack preserve a memory of all previous load cycles,
the interference, and consequently the effective minimum stress intensity
factor, contain the effects of the total load history. Thus, analysis of crack
surface contact can account for many of the observed details of crack growth
behavior.

Comparison with test and a more detailed description of the model are
included in the reference cited in Footnote 2. The comparisons therein
show that the contact stress model can accurately account for effects of
stress ratio, delayed retardation, increased retardation following multiple
high loads, and acceleration during high loads.

Because test results have indicated that compressive loads have signifi-
cant influence on crack growth interactions, we have initiated a study on
the effects of compressive loads on crack growth behavior both with and
without high loads. As an initial step in this study, comparisons of contact
stress analyses have been made with the compression test data of Hsu and
Lassiter.> These comparisons indicate the model can accurately account
for the effects of compression loads.

Crack Surface Displacement Analysis

An analysis method has been developed to determine displacements along
the crack surfaces caused by loading and unloading during a single load
cycle. The displacement analysis is based upon the Dugdale model of the
plastic zone, treating the plastic zones as an extension of the elastic crack
surface over which a constant yield stress acts. The plastic zone size is
determined to be that length of constant yield stress required to produce
zero stress intensity for the extended crack. The crack surface displacement
at K is found from the superposition of the Westergaard solution for
elastic displacement near the crack tip, and the displacement due to the
constant yield stress of the plastic zone. The Westergaard solution for
displacements under remote loading is shown in the upper portion of Fig.
1. The displacements due to the plastic zone stress are presented schemat-
ically in the middle portion of Fig. 1, and the sum is shown in the lower
portion.

The displacements during unloading are shown in Fig. 2. During unload-
ing, the reversed plastic zone stress is increased to twice the yield stress
used during loading, accounting for an elastic stress range equal to the
difference of tensile and compressive yield stresses.

The crack surface displacements at the minimum applied load, shown

3Hsu, T. M. and Lassiter, L. W., “Effects of Compressive Overloads on Fatigue Crack
Growth,” AIAA Paper No. 74-365, AIAA/ASME/SAE Structures, Structural Dynamics
and Materials Conference, Las Vegas, Nev., 17-19 April 1974,
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FIG. 1—Elastic crack surface displacement at maximum load.

in Fig. 3, are found by subtracting the displacements occurring during un-
loading from those at maximum load. The crack surface remains wedged
open by the stress distributions within the plastic zone even when the min-
imum load is zero, if permanent plastic deformations caused by prior crack
growth are not considered. The center portion of Fig. 3 shows results of this
wedging effect. However, when the permanent plastic deformations are con-
sidered, the crack surfaces will interfere upon unloading. The interference
is visualized as though the surfaces were allowed to pass through each other.
The potential interference of either surface is the displacement of that
surface past the centerline of the crack.

In modeling the residual deformation and surface interference, the plastic
deformation at the crack tip at minimum load is considered to be equal to
the crack opening displacement (COD) at that load. This crack opening dis-
placement for tensile minimum loads is approximated as

CODkmin = & (K'max — 1/2 AK?) | 2Efs (1)
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FIG. 2—Elastic crack surface displacement at minimum load.

where

a = 1 for plane stress,
a = (1 - v%)/2 for plane strain,
K = stress intensity,
AK = stress intensity range,
E = Young’s modulus, and
Jo = yield stress.

This deformation exists just behind the crack tip as well since material
adjacent to the crack tip, both ahead and behind, is compressed to this value
on unloading. Correlation with constant-amplitude closure stress intensity
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data from Elber* shows that a closer approximation to the permanent plastic
deformation is

Sresiauat = @ (K’max — 0.4 AK®) | 2Efo ()
where & = crack surface displacement.

The potential interference is the difference between the permanent plastic
deformation and the minimum displacement of the elastic surface as shown
in Fig. 3.

The potential interference acts as a wedge behind the crack tip, creating a
stress intensity at the crack tip. To determine the stresses behind the tip
caused by this wedge, a simple contact stress mode] of closure was developed.
This model, symbolized in Fig. 4, uses twenty-five constant stress elements
to idealize the wedge. Bueckner’s weight function approach’ was used to
develop an influence coefficient matrix for the displacement-stress rela-
tionship between elements. The analysis is iterative so that a solution is
determined wherein the maximum contact stress is limited to the yield stress
and there is no tensile contact stress.

The stresses determined from interference are used to compute the contact
stress intensity occurring at zero load, the effective minimum stress inten-
sity, and the effective stress intensity range.

PERMANENT PLASTIC
DEFORMATION, sp

AN
a—
PHYSICAL |

CRACK TIP \:
NET DISPLACEMENT AT MINIMUM LOAD, BKMIN >)-\

SWEDGE = 8P — SKkyN

POTENTIAL INTERFERENCE, SWEDGE \

—

FIG. 3— Potential interference at minimum load under constant-amplitude cycling.

“Elber, W. in Damage Tolerance in Aircraft Structures, ASTM STP 486, American Society
for Testing and Materials, 1971, pp. 230-242.

SBueckner, H. F., Zeitschrift Fuer Angewandte Mathematik und Mechanik, Vol. 50, 1970,
pp. 529-546.
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FIG. 4—Contact stress model of closure.

Analysis of COD With Compressive Loads

The Westergaard-Dugdale analysis, including the computation of
CODx ,,;, through use of Eq 2, is applicable for minimum loads equal to or
greater than zero. However, when the minimum load is less than zero, a
portion of the crack surface is in contact, even when permanent plastic de-
formations caused by crack growth are not considered. In order to compute
CODx,;, for compression loads, a necessary step in determining the per-
manent plastic deformation left in the wake of the growing crack, a separate
analysis was performed. Ordinarily, the computation of displacements and
contact stresses is made with the origin of reference for the contact stress
model placed at the physical tip. However, for the analysis of CODx ., for
compression loads, the reference origin of the model was placed at the end
of the forward plastic zone. Figure 5 depicts the displacements input to the
computation. The wedge is composed of the sum of the residual displace-
ments in the forward plastic zone caused by loading and the elastic displace-
ments due to applying the compressive load. This wedge is depicted in the
lower portion of Fig. 5, and the resulting displacement and stress distribution
is depicted in the bottom of Fig. 5.

The results of this analysis procedure are summarized in Fig. 6. Normal-
ized crack surface displacements are shown for both positive and negative
loads. The analyses of positive minimum loads were performed to verify
the analysis procedure by comparison to previous Dugdale-Westergaard
analysis results. Figure 7 summarizes the COD at minimum load, for various
R ratios. (R = ratio of minimum to maximum applied load.) It can be seen
that there is a rapid decrease in COD for positive R ratios, as the minimum
load is reduced. However, for negative R ratios, the crack surface contact
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FIG. 5—Computation of crack surface displacements under compression loading.

prevents this decrease in COD from continuing, and, even at R = —3.0, the
COD is greater than half the COD at R = 0.

With the effects of compression loads upon residual plastic deformation
accounted for, analysis of contact stress intensity, including the effects of
compression, could be performed in the same manner as under tensile
loading.

Crack Growth Following Compressive High Loads

An excellent test program was conducted by Hsu and Lassiter on Ti-6A 1-
4V beta annealed titanium and 7050-T73 aluminum plate materials and was
reported in the source cited in Footnote 3. Two types of crack geometries
shown in Fig. 8 were utilized: center-through-the-thickness crack, and
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through-the-thickness crack emanating from one side of a 0.636-cm hole.

An electrodischarge machine was used to introduce the initial notch. The
specimens were then precracked with constant-amplitude fatigue cycling
until the initial crack lengths were 1.12 cm for the center-crack panels and
0.17 cm for the open-hole panels. The four basic constant-amplitude load
spectra are shown in Fig. 9. Each block of loading consisted of 1 overload
cycle and 49 cycles of constant-amplitude stress at 137 MN/ m’ for Ti-6 A 1-4V
specimens and 68.95 MN/m’ for 7050-T73 specimens.

2.0

R =075 \h = 1,CODpmax

A

R=05 N
PLASTIC
ZONE
CRACK 10

SURFACE R 0?5
DISPLACEMENT -2
—_—
CODMAX L\J‘_A
0.5
R=-1 /
R=0
e NMR = -3
0
1.5 1.0 0.5 0 -0.5 -1.0

DISTANCE FROM CRACKTIP/PLASTIC ZONE SIZE
FIG. 6—Crack surface displacements at minimum load.

The high load ratios, defined as the ratio of the tensile stress high load
and the constant-amplitude stress load in the Type A spectrum were 1.0, 1.2,
1.5, and 2.0. The high load ratios in the Type B spectrum were 1.2 and 1.5
with R = —1.0 for the tension-compression high load cycle, where R is the
applied stress ratio defined as omin/ Omax. The sequence of tension-compression
cycles used in Type C loading was fully reversed from Type B. The com-
pressive high load ratios applied in the Type D spectrum were —1.2 and —1.5.

An example of the correlation of contact stress model analysis with ex-
perimental results is shown in Fig. 9. Test results shown are typical of results
obtained from each test series: Type A spectra having longest lives, Types B
and C spectra showing very similar retardation, and Type D having lives
slightly shorter than that in constant amplitude. The predictions of the effects
of overloads using the contact stress model are dependent upon the plastic
zone size assumption. The Type A, 1.5 high load ratio, test data for center-
crack panels were used to select zone size assumptions for the aluminum and
titanium materials. For the spectra involving tensile overloads, Types A,
B, and C, the predicted crack growth in aluminum is slower than that
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FIG. 7—COD at minimum load.

measured at short crack lengths, and increasing to beyond that measured as
crack length increases. The curve shape error is not great, and several pos-
sible explanations for this phenomenon exist, including stress level or finite
width effects on plastic zone displacements and size.

TEST SPECIMENS
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_I— .
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TITANIUM 6AI-4V
MATERIALS BETA ANNEALED

\ . . ALUMINUM 7050-T73
Note: All Dimensions in cm

FIG. 8—Specimens and materials.
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Table 1 summarizes comparisons of test and analysis for all of the test
types. The retardation ratio, used to summarize concisely the results, is
defined as the number of blocks required to grow to 2.5 cm with high loads,
divided by the number of constant-amplitude blocks required to grow to
2.5 cm. In all cases, the Type A spectra resulted in the slowest crack growth
rate. Test results for Type B and C spectra indicate no clear trend; in about
half the tests, Type B spectra resulted in faster growth, and vice versa. The
contact stress model predicts a slightly faster growth rate for the Type C
spectra than for Type B. As expected, the Type D spectra generally resulted
in the fastest growth rate. The correlation of contact stress model analysis
and test results is consistently good.

Effect of Cyclic Strain Hardening/Softening

The effects of cyclic hardening and softening are incorporated into the
contact stress model by considering that plastic deformation accrues at
loading according to monotonic properties, but that deformation recovery
on unloading occurs according to cyclic properties. Since most deformation
under spectrum loadings occurs as a result of a few overloads, the use of
monotonic properties to compute the deformation seems justified. De-
formation recovery occurs as a result of repeated loading; this recovery
is dependent on cyclic properties. The model predicts less deformation
recovery for a cyclically hardening material than for a stable or softening

TABLE 1—Effects of compressive high loads.
BLOCKS TO GROW TO
25 CM - WITH HIGH LOADS

BLOCKS TO GROW TO
2.5 CM - WITHOUT HIGH LOADS

RR = RETARDATION RATIO =

CENTER CRACK PANELS OPEN HOLE PANELS
TEST E‘(')GAﬁ ALUMINUM TITANIUM ALUMINUM TITANIUM
TYPE RATIO | TEST | THEORY | TEST | THEORY | TEST | THEORY |TEST | THEORY
RR RR | RR RR | RR RR | RR RR

1.2 1.30 1.29 1.12 1.39 1.15 1.30 1.37 142
15 1.83 1.85 237 231 1.83 194 230 244

1.2 1.22 1.15 1.03 1.16 1.06 1.16 1.22 1.20
15 1.57 155 157 171 1.30 1.62 1.80 1.81

CAAAAVAA 12 [ 104 112 [106]| 110 | 106 112 [125| 113

15 1.50 1.48 147 1.63 1.37 1.55 2,07 1.7

1.2 0.83 0.97 0.99 0.94 0.80 097 1.04 0.95
15 0.83 0.96 1.06 0.94 091 0.96 0.99 094

GP76-03829



152 FATIGUE CRACK GROWTH

material; hence more permanent deformation is left in the wake of the crack,
and the effective stress intensity range is reduced, slowing the crack growth
rate. The contact stress model predicts a slower crack growth rate under
spectrum loadings for a cyclically hardening material than for an equivalent
stable material, and a faster growth rate will be predicted for a softening
material.

The plastic zone size assumed was smaller for the cyclic-stable 7075-T73
aluminum than for the cyclic-softening 6Al-4V titanium. This reduces the
predicted retardation in aluminum and enhances correlation with the test
data summarized in Table 1. The data in Table 1 show little difference
between the materials except at the 1.5 high load ratio of Type A and the
Type D results, wherein the titanium results show greater retardation than
those for aluminum. These results are contrary to the general trend of
available data such as that in the reference cited in Footnote 6. It appears
from these data that materials which cyclically strain soften should show
less retardation than those which cyclically strain harden. The data pre-
sented in Table 1 indicate the increase in growth rate beyond constant
amplitude for the Type D spectra is greater in aluminum than in titanium.
This result is consistent with the expected differences in behavior of stable
and softening materials. Whether the test results are due to differences in
cyclic strain behavior, or merely to test scatter, requires further evaluation.

Summary

In conclusion, this series of analyses indicates that contact stress model
analysis can predict accurately the effects of both tensile and compressive
high loads on crack growth. In addition, the contact stress model predicts
that cyclic hardening/softening to have an effect on crack growth re-
tardation. However, further analysis and testing are required to allow
accurate prediction of the effects of cyclic properties on crack growth.

éPinckert, R. E., “Damage Tolerance Assessment of F-4 Aircraft,” AIAA Paper No. 76-904,
presented at the Aircraft Systems and Technology Meeting, 27-29 Sept. 1976.
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ABSTRACT: Crack initiation and crack growth behavior were determined ex-
perimentally for aluminum and titanium specimens with fastener holes that were
either cold worked or were propped by interference fit fasteners. The specimens
were subjected to a randomized flight-by-flight spectrum. Analytical procedures
were evaluated, based on correlation with the test data. These procedures included
elastic-plastic analysis which was utilized to determine the stress-strain distributions
surrounding the fastener holes. Estimates of elastic proportional limits in tension
and compression were based on material cyclic stress-strain characteristics. Purely
elastic analysis was used to determine the K7 and stress gradient for the propped
fastener holes with various ratios of plate-to-fastener modulus of elasticity. Finite-
element model elastic-plastic computer results provided the stress-strain distributions
for the cases of superimposed cold working and external loading, and superimposed
interference fit fasteners and external loading. Approximate analytic equations
were developed to fit the finite-element model computations. These equations were
used to calculate the stress-strain excursions that would occur during flight-by-flight
spectrum fatigue loading. The stress-strain excursions were then used to enter strain-
life curves to compute crack initiation. They were also used to determine stress in-
tensities to enter da / dn versus AK curves to compute crack growth. The delay
in crack initiation due to beneficial compressive residual stresses that would be in-
duced during spectrum loading was accounted for by using a stress ratio correction
factor based on strain-life data generated at different stress ratios. Crack growth
retardation due to periodically applied high loads was accounted for, using the Wheeler
plastic zone model. The comparison of the crack initiation life calculations to the
test data was favorable if initiation was defined as the development of a 0.25-mm
crack. Good agreement between the crack growth calculations and the test data was
also obtained for growth from a 0.25-mm crack.

KEY WORDS: stresses, strains, aluminum alloys, crack propagation, fatigue (mate-
rials), cyclic loads, aircraft, tensile properties, mathematical prediction, stress analysis,
residual stress, plastic deformation, titanium alloys

Fatigue failures invariably begin at stress concentrations caused by local
changes in the load path. Fastener holes are by far the most common stress
concentrations existing in aircraft structure. They have elastic geometric

'Lead engineer and branch chief, Technology, respectively, McDonnell Aircraft Company,
McDonnell Douglas Corporation, St. Louis, Mo. 63166.
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stress concentration factors (K7) of 2.5 to 7.0, depending on the specimen
geometric configuration and load transfer. Such K; levels significantly
affect fatigue lives and are usually the controlling factor in fatigue life of
structural components.

Fastener hole cold working and interference fit fasteners are two pro-
cesses being used in design and construction of high-performance fighter
aircraft to improve structural efficiency. These processes produce favorable
residual stresses that significantly reduce the effect of the stress concen-
tration. Numerous element and full-scale test programs have been con-
ducted, showing large improvements gained through utilization of these
fastener systems. Due to the high cost of testing, however, it is virtually
impossible to provide 100 percent test coverage of the multitude of stress
levels, design details, spectrum variations, materials, etc., that are necessary
to provide all essential design information. Analytical techniques are also
required to calculate the fatigue life of structural components containing
cold-worked and interference fit fastener holes. It is the purpose of this
paper to present the techniques being used by the authors in the design
of advanced fighter aircraft and to correlate the analysis with specific
element test results.

Fatigue Life: Crack Initiation Plus Crack Growth

Since the advent of the electron microscope’s use in fatigue fracture
surface examination, it has become increasingly apparent that the crack
growth period represents a significant percentage of the total life for
spectrum fatigue. Figures 1 and 2 show average crack growth trends for
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FIG. 1—Crack growth: average trends for 7075T-T651 aluminum specimens.
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FIG. 2—Crack growth: average trends for Ti-6A1-4V titanium specimens.

7075-T651 aluminum and 6Al-4V titanium, respectively, tested to various
fighter aircraft stress spectra. All of the spectra were of the flight-by-flight
variety, with ground loads included between each flight. The data, in terms
of percentage of total life spent in crack growth from a fastener hole, can
be summarized as follows:

7075-T651 Aluminum (45 Specimens), %

From 0.25-mm Crack From 0.76-mm Crack From 1.27-mm Crack
43 26 19
6A1-4V Mill-Annealed Titanium (26 Specimens), %
From 0.25-mm Crack From 0.76-mm Crack From 1.27-mm Crack
33 24 18

The aluminum and titanium test specimens, all of which had fastener holes,
represent typical aircraft quality.

The preceding data indicate that a significant percentage of the total
fatigue life is spent in both crack initiation and crack growth; neither stage
can be neglected. Residual stress cumulative fatigue damage analysis could
not accurately predict variations in fatigue life associated primarily with
crack growth. Residual stress cumulative damage techniques account for
only the plasticity effects at the edge of the fastener hole, and therefore
could not account for crack growth as the crack propagates away from
the hole. Similarly, crack growth analysis techniques based on continuum
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mechanics would not seem applicable for the crack initiation stage. For
example, the crack initiation life can be affected significantly by variations
in stress concentration factor (K;) while the crack growth would be affected
much less. Crack growth analysis would, therefore, be relatively insensitive
to small variations in K, and would underestimate the effect of K. Fatigue
life predictions given in subsequent portions of this paper are thus made
by computing both a crack initiation life and a crack growth life. Since
crack initiation is somewhat of a subjective term, it is defined for the pur-
poses of this paper as the development of a 0.25-mm crack.

Test Program

The objective of the test program was to determine the improvement
in fatigue life of structural components through utilization of fastener hole
cold working and interference fit fasteners. Test variables included two
material types, aluminum and titanium, and three fastener hole config-
urations: (@) open hole, (b) cold-worked holes with clearance fit fasteners,
and (c¢) interference fit fasteners. Specimens, design fatigue spectrum, and
test results are given in the following paragraphs.

Specimen Design

The test specimen shown in Fig. 3 is representative of a fighter aircraft
wing skin where it would be attached to a spar cap. In these types of struc-
tures, the load transfer is a relatively small percentage of the total load and
a single piece or monobloc specimen is considered adequate for evaluating
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FIG. 3—Test specimen.
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fatigue life. Six of the specimens were fabricated from 7075-T7351 aluminum
plate and three from 6Al-4V mill-annealed titanium plate. A single row
of seven fastener holes were located with a standard 2D (two times the
fastener diameter) edge distance and 4D fastener spacing. The specimens
were fabricated with the test section parallel to the longitudinal grain
direction and with a 19.05-mm thickness. Two specimens each of the alumi-
num alloy and titanum were fabricated with 6.35-mm-diameter open holes.
Two specimens of the aluminum and one of the titanium allloy were fabri-
cated with cold-worked 6.35-mm-diameter holes using a split sleeve process
wherein a steel mandrel is pulled through a 0.152-mm-thick split stainless
steel sleeve. A diametral interference of 0.28 mm was achieved between
the mandrel/sleeve combination and the fastener hole. The holes were
reamed to final hole size of 6.35 mm after cold working, and then clearance
fit fasteners were installed. The remaining two aluminum specimens were
fabricated with 6.35-mm titanium fasteners installed with a 0.06-mm-dia-
metral interference.

All of the specimens were tested to a typical fighter aircraft flight-by-
flight spectrum. The positive and negative cumulative peak exceedances for
this spectrum are shown in Fig. 4. A ground load was applied between each
flight to simulate takeoff and landing loads. The highest load in the spec-
trum was 126.7 percent design limit stress (DLS) and the lowest was -30
percent DLS. The spectrum was repeated every 120 h. The gross section
DLS was 207 MN/m? for the aluminum specimens and 462 MN/m? for
the titanium specimens.

The fracture surfaces of each specimen were viewed with optical and
scanning electron microscope after specimen failure to define individual
striation patterns and to define a chronological map of the crack location

10,000
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1,000 ~
Cumulative r
Exceedances 100
-
1000 hrs r
10 Negative Exceedances | |

-80 -40 0 40 80 120 160
Design Limit Load - percent

FIG. 4—Fatigue spectrum positive and negative cumulative peak exceedances.
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and shape. The time to a 0.25-mm crack was determined from the chrono-
logical map.

Spectrum Test Results

The complete summary of tests and results is given in Table 1. The data
are divided into two stages: crack initiation and crack growth. As stated
previously, crack initiation was defined to occur when a 0.25-mm crack had
developed. The division of the life data into these two stages was made using
the crack growth measurements following specimen failure. The percentage
of total fatigue life spent in crack initiation varied among the groups of
specimens. The average percentage of crack initiation life for the open-hole
specimens was 48 percent and 64 percent for the aluminum and titanium
specimens, respectively, which is within the range shown in Figs. 1 and 2.
Crack initiation from cold-worked holes in aluminum represented 35 percent
of the total life, whereas, for titanium, it was 77 percent. For the interference
fit fastener specimens in aluminum, crack initiation was 46 percent of the
total life. These varying percentages between different fastener hole condi-
tions and material types indicate that, for accurate life predictions, one must
consider both crack initiation and crack growth. An important reason for
the differences in percentages of life spent in crack initiation and crack
growth is the location of the crack initiation site. All of the fatigue origins
were at the hole wall with the exception of the interference fit fastener speci-
mens, for which the origins were on the surface. The reason for the crack
origin on the surface for these specimens will be discussed in subsequent
sections.

Analytical Techniques

The following discussion describes methods being used by the authors
to predict fatigue crack initiation and crack growth. The following sections
define how the stress distributions surrounding fastener holes are determined
and how these distributions are used in crack initiation and in crack growth
analysis.

TABLE 1—Spectrum test results.

Specimen  Crack Ini- Crack Total

Material Fastener System Number tiation, he Growth, h Life, h
7075-T7351 open holes 1 6500 H 6412 12912
2 7300 H 8904 16212

cold-worked holes with 3 16 000 H 40 152 56 152

clearance fasteners 4 26000 H 34 852 60 852

titanium interference 5 25000 S 33814 58814

fit fasteners 6 26000 S 27411 53411

Ti-6A1-4V open holes 7 6100 H 483 10934
8 10300 H 4082 14 382

cold-worked holes with
clearance fasteners 9 40000 H 12090 52090

9H and S indicate fatigue origins at hole wall and on surface, respectively.
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Stress Distributions at Fastener Holes

The stress concentration is very high at a fastener hole. Figure 5 shows
the elastic stress distribution on one side of an open fastener hole in an in-
finite plate loaded with a uniform stress at infinity [/].> The stress is three
times the gross section stress at the hole wall and decreases rapidly away
from the hole. At a distance of one half the radius, the stress has decreased
to 1.44 times the gross stress, and, at two radii away from the hole, it is less
than 1.10 times the gross stress. For loaded holes, the stress concentration
and stress gradient are even greater. Cold working the hole surfaces and
using interference fit fasteners reduces the fastener hole stress concentration
effect by creating beneficial residual stresses at the hole wall. These residual
stresses are created by plastic deformation of the material surrounding the
hole resulting from expansion of the hole with an interference fit mandrel
or fastener. Equations defining these stress distributions and demonstrating
the fatigue strength optimizing features of these fastening systems are given
in the following paragraphs.

Cold-Worked Fastener Holes—Approximate closed-form solutions are
developed, defining residual stresses surrounding cold-worked holes and
interference fit fasteners. These solutions are developed from elastic-
perfectly plastic analysis of thick-walled tubes with internal pressure [2].
Assumptions include plane strain, Von Mises-Hencky yield conditions, and
incompressibility of plastic flow wherein g: = (0. + 04)/2 and w; = 0.5,
where o. = through-the-thickness stress, o, = circumferential stress, o. =
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FIG. 5—Stresses at open hole: infinite plate.

2The italic numbers in brackets refer to the list of references appended to this paper.
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radial stress, and u, = Poisson’s ratio of plate. The material yield stress
is obtained from an elastic/ plastic representation of the monotonic stress
strain curve for the material. A fastener hole located near a plate edge is
idealized, as shown in Fig. 6, as a tube having an inner radius a equal to the
fastener hole radius and an outer radius b equal to the fastener hole edge
distance. An internal pressure p is applied, simulating the forces created
by insertion of either an oversize mandrel or an oversize fastener into the
hole, thus creating an interference and hole expansion. The following anal-
ysis defines the plastic zone created around the hole. The radial interference
is set equal to the sum of the radial displacements of the bolt [3], 85, and the
plate [2], &,

I=06p+ 6y

8s=p %B 1 — s — 2us%]

- Uyspz (1 + up)

V3E,a

8y

where

I = radial interference,
Ep = modulus of insert material,
E, = modulus of plate material,
oy = yield stress of plate material,
p = radius of plastic zone,
uz = Poisson’s ratio of bolt, and
up = Poisson’s ratio of plate.

— o ]

FIG. 6—Idealization of fastener hole near plate edge.
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Setting us = 0.3 and y, = 0.5, the following equation results

I _ % Lo ﬂz) (P)Z_E_a]
N [0.52(2lna +1 (b) t1s{z) & )

Equation | can be solved for values of p/a = |, knowing the material prop-
erties and geometric configuration. Figure 7 shows Eq 1 solved for alum-
inum and titanium with yield stresses of 483 MN /m* and 896 MN/m’, re-
spectively and a/b = 0.25.

The circumferential stresses surrounding the hole are taken from the tube
analysis [2] and shown schematically in Fig. 8.

For a < x + a < p (x is defined in Fig. 6)

- O» x+a_) (_e)z]
%= 7 [ZIn( - R 2
Forp<x+a<b

2
= It (L P_\?
o= w6+ (%)) ®
Up to this point, the analyses for a cold-worked hole and an interference fit

fastener are the same. The next step for the cold-worked hole is to remove
the mandrel and thus the internal pressure, creating an elastic unloading

defined by
2 2
a a
(b) + (x + a)

L4y —(%)2] : _(l)z

@

(Aoe)unloading =

Oys
V3 b

The residual stresses are derived by subtracting Eq 4 from Eqs 2 and 3. The
resulting residual stress distributions, shown in Fig. 8, are valid as long as
compressive yield is not exceeded at the hole wall on elastic unloading. Sub-
stituting these equations for circumferential stress as well as similar equations
for the radial and through-the-thickness stress into the Von Mises yield cri-
teria, it can be shown that compressive yielding will occur if the plastic zone
p = ae”, where e = natural logarithm base and y = (1/2 - (a/b)* + 1/2 (p/b)?).
Also, it can be shown that, if compressive yielding occurs, the approximate
compressive yield zone size, p,, is given by

\/ (1 (21n—+1—(£)2) (5)

and the circumferential residual stress at the hole wall is, (0,)Res,

(oames = 22| =7+ ()¢ ] ©)
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FIG. 7—Plastic zones surrounding interference fit inserts.

The circumferential stresses near a cold-worked hole were determined fora
6.35-mm-diameter hole in a 127-mm-wide aluminum panel having a yield
stress of 483 MN/m’ and cold worked with a steel mandrel with a diametral
interference of 0.22 mm. The approximate closed form solutions shown in
Fig. 9 are in fair agreement with elastic-perfectly plastic finite-element solu-

X+

/ Hole Wall

J—og=&s— [ZLn(
vE p

Mandrel Inserted

Mandrel Removed

il el
< S ] R

FIG. 8—Stresses surrounding a cold-worked hole.
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FIG. 9—Stresses surrounding a cold-worked hole: comparison to finite-element solution.

tions by Brombolich [4]. At the hole wall, the cold working produces a sig-
nificant residual compressive stress of —558 MN/ m” and at the elastic-plastic
interface, a residual positive stress of 131 MN/m’. The residual stress at the
hole wall is greater in magnitude than the material yield stress due to a built-
in compressive through-the-thickness stress created when the mandrel was
inserted. The combined stress distribution caused by externally applied re-
mote load after cold working is determined by adding the elastic stress dis-
tribution given by Fig. 5 to the residual stresses given by Fig. 9. Reyielding
both in tension or compression is possible, depending on the magnitude of
the applied load, and has a significant effect on the stress at the hole wall, but
a minimal effect on the stresses away from the hole wall. The changes to the
residual stresses at the hole wall are accounted for in subsequent crack ini-
tiation analyses.

For an applied gross section stress of 207 MN / m’, the distribution remains
elastic and the stress at the hole wall is 63 MN/m’. A cyclic gross stress of 0
to 207 MN/m’ to 0 produces a cyclic notch stress of =558 MN/m’ to 63
MN/m’ to =558 MN/m’ for a cold-worked hole. The authors have deter-
mined in a separate analysis that the cyclic notch stress would be —78 MN / m’
to 543 MN /m’ for an open non-cold-worked hole. Although the cyclic stress
ranges are the same, 621 MN/m’, the cold-worked hole will have a lower
mean stress and therefore will be subjected to less fatigue damage. At the
elastic-plastic interface, the cold-worked hole will be subjected to more
damage because of the positive residual stress and thus higher mean stress.
Cold working the hole decreases the rate of damage accumulation at the
hole wall but increases the rate of damage accumulation away from the hole.
The overall net effect is a large gain in fatigue life.
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For small applied stress cycles, fatigue cracks in a cold-worked hole spec-
imen will initiate away from the hole wall on the surface of the plate. High
cyclic stress levels, such as in the tests reported herein, can be of sufficient
magnitude to initiate cracks at the hole wall, but at a much longer life than
for the non-cold-worked hole.

Interference Fit Fasteners—Interference fit fasteners, similar to cold-
worked holes, increase fatigue life by reducing the rate of damage accumu-
lation at the hole wall. The interference fit fastener in combination with
high applied tensile stresses produces significant residual compressive stresses
adjacent to the hole wall. The theoretical analysis of the stress behavior
around an interference fit fastener hole is based on the analysis for pressure
loading in thick wall tubes, described previously, and Goodier’s work on
stress concentration effects around cylindrical inclusions [5). Zero shear
continuity is assumed at the fastener-plate interface. The resulting equations
give stresses in agreement with elastic-plastic finite-element solutions [6].

The circumferential and radial stresses surrounding a cylindrical inclusion
are

2 2
_o a 1—ER_) ( a) (3+0.5ER)]
(o) = 3 [“ (x+a> (1+2.5ER "G+ \U+isE
G [6529) - ()21 ¢
x+a 1.33Fx + 1 | + 2.5E,
) [k
xta 2.66Ex + 2

where Er = ratio of modulus of fastener to modulus of plate. Equation
7 is shown in Fig. 10 for typical cases of titanium interference fit fasteners
installed in aluminum and in titanium. This equation is applicable as long
as gapping does not occur between the fastener and plate, which is the case
for the problems solved herein. The stress concentration is 1.75 for titanium
in titanium and 1.55 for titanium in aluminum. The interference fastener
allows some of the load to pass from one side of the hole through the
fastener to the other side rather than being diverted to each side of the hole.
The reduction in K7 alone¢ will produce significant increases in fatigue
life. In addition, the material adjacent to the hole is yielded when the inter-
ference fit fastener is installed. Subsequent remote tensile loading produces
more tensile yielding, and, upon unloading, beneficial compressive residual
stresses are introduced.

Calculation of the circumferential stresses for the interference fit fastener
includes three basic calculations: (a) stress distribution for an unloaded
plate with just the interference fit fastener installed, (b) changes to the stress

(Gr)E = ';—
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FIG. 10—Circumferential stress concentration factors for interference fit fasteners.

distribution as affected by an applied loading, and (c) residual stress dis-
tributions following removal of the applied load. These stress distributions
are shown schematically in Fig. 11.

The first calculation is the same as for cold-worked holes, that is, an

insert expanding the hole. Equations 1 through 3 define the initial state
of stress surrounding the hole. On subsequent applications of an external
load, the material adjacent to the hole already being at yield is unable to

99

>(;[2+(;¢_a>2(:—;;—;) () G

_ Ebolt

R=
Eplate

x+a

FIG. 11—Stresses surrounding an interference fit fastener hole.
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carry additional stress. Material adjacent to the plastic zone quickly yields,

extending the plastic zone further from the hole wall. The extension of the
plastic zone to a value o, is approximated by Eq 2.

Fora<x+ta<opL

(09)L=%[21n (x:a) +1+(_§)2] ®

The stresses outboard of the new plastic zone p; are approximated by the
following equation.

Forp, <xt+a<b

@ = =)+ (5)]
s G () + () (B8] o
+ 92_A [(x -‘i)-'a)2 (l l+_2.155;5r) + (x i 0)4(1372L 3‘353111‘52)]

where

+

E, = effective modulus ratio as determined in the following paragraph,

and

A = average stress -as determined in the following paragraphs.

The value of p, can be determined numerically for the intersection of curves
given by Egs 8 and 9.

The first term of Eq 9 is due to the fastener interference and is given by
Eq 3. The second term is an approximation representing the increase in
stress, A; shown in Fig. 11. It was derived by considering the plastic zone
p as an inclusion having a modulus ratio Er given by

!
2 + 2

1.43 (37——2—)—0.43
o —a

Eg is used to account for the combination of bolt stiffness and plastic zone
stiffness.

A wedge of stresses exists, represented by the cross-hatched area of Fig.
11, which must be redistributed outboard of the new plastic zone front.
This redistribution defined by A; in Fig. 11 is given by the third term of
Eq 9. The wedge was considered to be triangular with a height of

Er=
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[2+( )+( )]

and a base of (pz— p). The stresses were then averaged over the entire radius
p, and then distributed outboard. The average stress is given by

1 - Ep
1 + 2.5EF

3+ 0.5E¢
1 + 1.33EF

NiQ

_ lo (pr—p) 9+ 1 —FEr ) +( 3+ 0.5EF )
A 4p; 1 + 2.5E; 1 + 1.33E;

Upon removal of the external load, the stresses undergo an elastic unloading
defined by Eq 7, starting at the hole wall and extending outboard to the
edge of the plate. The complete set of equations for stresses surrounding
an interference fit fastener are illustrated in Fig. 11.

The stresses have been computed for a 6.35-mm hole in a 127-mm-wide
plate of aluminum including the effects of an applied 345 MN/m’ edge
loading and shown in Fig. 12 in comparison with finite-element results.
A diametral interference of 0.10-mm is produced by a steel fastener in a
plate having a yield strength of 483 MN/m’. On application of the inter-
ference, the region surrounding the hole yields to the point 5.2 mm from
the hole center. The circumferential stress at the hole wall is 20 MN/m?’
and increases for distances to the elastic-plastic interface and then decreases.
On application of the 345 MN/m’ edge loading, the plastic zone extends
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FIG. 12—Stresses surrounding an interference fit fastener hole: comparison to finite-element
solution.
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further into the plate. The stresses within the original yield zone do not
change since they are already at yield. On removal of the 345 MN/m’ edge
loading, the residual stresses within the plate are changed significantly.
At the hole wall, the residual stress is 450 MN/m’ compression, and the
peak residual stress is 185 MN/ m’ tension. As shown in Fig. 12, the stresses
calculated using the closed-form approximate equations agree well with
the finite-element solutions.

As with cold-worked holes, cyclic stresses applied to an interference fit
fastener hole produce less damage at the hole wall and greater damage at
the elastic-plastic interface in comparison with an open non-cold-worked
hole. Contrary to that for the cold-worked holes, crack initiation sites with
interference fit fasteners will nearly always be on the surface of the plate
away from the hole even for high cyclic stresses. This is due to the stress
concentration at the hole wall being much less for a specimen with an inter-
ference fit fastener than one with either a cold-worked hole or an open hole.

Crack Initiation Model

The model used to determine crack initiation is based on cumulative
damage analysis accounting for prior load history as shown in Fig. 13. Such
models have been described by various investigators [7-13]; therefore only
a brief mention of the highlights of the technique used herein will be given.
The stresses and strains at the root of a notch are tracked using rules de-
fined by Jhansale and Topper [13]. Cyclic and hysteresis stress strain curves
are used in conjunction with Impellizzeri’s procedures for Neuber notch

Ly,

ag
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K1 =1.0,R=-1Curve

21

Log Damage = N
(é_(> Total Damage = X
2 /Eq 0.25 mm

!
N o :
g O‘" {0.01in.)

N
Log Life

FIG. 13—Crack initiation analysis.



RICH AND IMPELLIZZERI ON FATIGUE ANALYSIS 169

analysis [7]. The stresses and strains are computed for each point of load
reversal and are retained for use in performing damage computations. The
strain amplitude and notch stress ratio are used for each load cycle in the
following equation developed by the authors to calculate an equivalent
strain amplitude (Ae/2)eQ

(é_f
A 2
() = an
_(4+R aNp)B
2 Erue

Ae/2 = strain amplitude for particular load cycle,
onp = maximum notch stress for particular load cycle in MN/mz,
R = notch stress ratio for particular load cycle, and
F.., B = material constants.

where

The equivalent strain amplitude Ae/2 will produce the same cycles to failure
at R = —1 as the strain amplitude Ae/2 for the particular notch stress ratio.
Equation 11 is applicable for all values of R including R < ~1. The material
constants 8 and Fiu can be evaluated to best fit strain life data obtained
from constant-amplitude tests at various stress ratios. Values of 8 and Fir.
determined for the alloys used in the element test program are:

Material B Fie
Ti-6A1-4V 0.85 1655.0
7075-T73 0.80 621.0

Figure 14 shows the correlation provided by Eq 11 for unnotched 7075-T73
data.

The equivalent strain amplitude is entered on a strain amplitude-life
plot of constant-amplitude data from smooth specimens tested at stress
ratios of ~1 and a life determined. The inverse of the life so obtained, that
is, 1/N, is the damage produced by that particular load cycle. These steps
are continued for each load cycle applied for the complete spectrum of
loads to obtain the usual X 1/ N value. Crack initiation is predicted when
3 1/N=1.00.

Strain life data taken from constant-amplitude tests are assumed to
represent the cycles to crack initiation to a 0.25-mm crack. Figure 15 shows
that, for 2024-T851, it was 93 percent of the total life. The percentage of
total life spent in crack growth is considerably different for constant ampli-
tude testing than for spectrum testing. In general, crack growth represents
a larger percentage of spectrum test life because of the crack growth re-
tardation effects of intermittently applied high load cycles.
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FIG. 14— Range over range versus R: effect of stress ratio on fatrigue life for 7075-T73
aluminum.

The percentage of total life spent in crack growth is also dependent on
a variety of other parameters such as material type, fracture toughness,
stress level, stress concentration, and stress gradient, etc. For example,
if a particular material has a low fracture toughness with a resulting small
critical crack size, failure will occur relatively soon after crack initiation.
For higher toughness materials, crack growth can be considerably longer.
These variations in relative amounts of total life for crack growth can only
be taken into account by accurate analytical techniques predicting both
crack initiation and crack growth.
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FIG. 15—Crack growth trends: constani-amplitude fatigue.
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Crack initiation estimates for a structure with cold-worked holes and
interference fit fasteners are calculated at both the hole wall and the elastic-
plastic interfaces by using these procedures to account for the residual
stresses surrounding the hole. Figure 16 shows how the stresses are ini-
tialized for the crack initiation analysis. For crack initiation prediction at
the hole wall, an initial dummy load cycle is applied to produce the residual
stress calculated using the elastic-perfectly plastic analysis described
previously. This procedure sets the stresses and strains within the tracking
routine so that subsequent cyclic stresses will have the proper value. This
is particularly important for the cold-worked hole where the residual cir-
cumferential stress is near or at compressive yield and the application and
removal of subsequent compressive applied stresses will reduce the magni-
tude of the residual compressive stresses.

At the elastic-plastic interface, the residual stress is an input parameter,
and subsequent cycling is entirely elastic. This is the case for both the cold-
worked hole and interference fit fastener since the stress concentration at
the elastic-plastic interface is close to one. In addition, the residual stress
at the elastic-plastic interface for the interference fit fastener analysis is
determined by an elastic unloading from the highest apvolied stress in the
spectrum. Any subsequent loading cycles will be of a lower magnitude and
thus will be elastic.

Predictions of life to crack initiation were made using the preceding
analysis to correlate with the test results given previously. These predictions,
shown in Figs. 17, 18,.and 19, agreed well with the test data. The titanium
and aluminum interference fit predictions were conservative, whereas the
other aluminum predictions were slightly conservative. The agreement

Mandrel Fastener Maximum
Installed Instalied Load Applied

Residual Stress
after Rernoval
of Maximum Load

Residual Stress after
Removal of Mandrel

€ €

{a) Cold Worked Holes - Hole Wall (b} Interference Fit Fastener-
Elastic-Plastic Interface

FIG. 16—Initialization of stresses for crack initiation analysis.
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FIG. 17—Spectrum fatigue life correlation: open holes.

was slightly better for the 7075-T7351 aluminum specimens than for the
titanium specimens.

Spectrum Crack Growth

The spectrum crack growth predictions were made using the applied
intensity range, AK, for each cycle in the flight-by-flight spectrum. The
stress intensities were calculated using superposition of a residual stress
intensity and the stress intensity resulting from the applied load. The residual
stress intensities were determined as defined by Impellizzeri and Rich [14]
in their analysis of cold-worked lugs using Bueckner's weight function
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FIG. 18— Spectrum fatigue life correlation: cold-worked holes.
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approach and the residual stress distributions as determined from Figs. 8
and 11. The flaw shape parameter Q [15] was utilized to account for the
flaws being surface cracks rather than through-the-thickness cracks. It was
assumed that the stress intensity was 1/Q multiplied times the through-the
thickness stress intensity. The calculated values of AK were used to enter
a curve of da/dn versus AK for the applicable material to obtain the crack
extension for each cycle. The crack growth was linearly summed on a cycle-
by-cycle basis.

Stress ratio adjustments in crack growth rates were made using Forman’s
equation [I6]. The residual stress intensity plays an important role here
in that most of the cycles have large negative stress ratios and thus the crack
growth rates are decreased significantly.

Crack growth retardation due to intermittently applied higher load cycles
was predicted using the Wheeler plastic zone model [17]. The magnitude
of the retardation parameter M used in the spectrum crack growth analysis
was taken as the average value from work by Pinckert [ /8] for the applicable
material and stress levels.

The values of M used for the aluminum predictions were 1.38 for the
open and cold-worked hole specimens and 1.85 for the interference fit
fastener specimens. The titanium predictions were made with an M of 2.02.

Correlation of the crack growth predictions with the test data are shown
in Figs. 20 and 21 starting with 0.25-mm crack. In general, the crack growth
rate predictions were faster than the data, giving a slightly conservative
prediction except for the titanium cold-worked specimen in Fig. 21. The
crack growth lives were added to the predicted crack initiation lives, as
shown in Figs. 17, 18, and 19, to give the total life predicted. The total life
predictions were all in reasonable agreement with the test data.
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Conclusions

Fatigue life is composed of two important stages: crack initiation and
crack growth. Neither stage can be neglected, and each must be calculated
using different analysis procedures. Spectrum fatigue tests of element speci-
mens demonstrate the potent benefit of cold working and interference fit
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FIG. 21—Spectrum crack growth correlation: open and cold-worked holes in Ti-6Al-4V

titanium.
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fasteners in comparison with open non-cold-worked holes. Approximate
analytical procedures were given to define stress distributions surrounding
cold-worked and interference fit fastener holes. Stress distributions de-
termined for particular combinations of insert material, plate material,
and interference agreed well with finite-element solutions. These stress
distributions can be used to predict crack initiation and crack growth. The
total fatigue life made up of crack initiation and crack growth is then the
sum of the individual lives predicted and agreed favorably with test data.
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ABSTRACT: Fatigue crack growth behavior was investigated in Man-Ten steel
under conditions of constant load amplitude, single tensile overloads followed by
constant load amplitude and intermittent single tensile overloads. Constant-amplitude
ratios, Ry = Pimin/ Pimsx, Were + 1/2, 0, —1/2, =1 and —2. The single overload test pro-
gram excluded R;=+1/2, and the intermittent overload program was for R; =0 only.
A new simplified mathematical model was introduced which assumes that fatigue
crack growth retardation is primarily a function of the overload ratio and the load
ratio. The model predicted intermittent tensile overload life within 57 to 112 percent
of the experimental life. The average prediction was 77 percent of experimental life.
For Man-Ten steel, constant-amplitude crack growth rate versus positive AK fell
within a reasonable scatter band for R;=1/2 to — 1. However, substantial decrease in
life occurred with Ry = —2, Negative values of R; following a single tensile overload
substantially reduced retardation life. Thus compressive stress, either large or small,
cannot be neglected in spectrum loading fatigue crack growth life predictions.

KEY WORDS: stresses, strains, fatigue (materials), fracture, crack growth, re-
tardation, residual stress, mathematical models, overloads, spectrum analysis, steels

Nomenclature

a Crack length, in. (mm)
a; Initial crack length at 1.0 in. (25.4 mm)
as: Delayed retardation crack extension, in. (mm)
a,, Retardation crack extension, in. (mm)
A Crack growth rate coefficient
da/dN Crack growth rate, in./cycle (mm/cycle)
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B Plate thickness, in. (mm)
b Net plate thickness, in. (mm)
K Stress intensity, ksiv/in. (MN-m™?)
K. “Elastic” fracture toughness, ksiv/in. (MN-m™?)
K. Maximum tensile overload stress intensity, ksiv/in. (MN-m*2)
Kimax  Maximum constant-amplitude stress intensity, ksiv/in. (MN-m*?)
Kimn Minimum constant-amplitude stress intensity, ksin/in. (MN-m™?)
AK, Positive constant-amplitude stress intensity range, ksiv/in. (MN-
m—a/z)
AK; Positive initial constant-amplitude stress intensity range,
ksiv/in. (MN-m™*?)
N Applied cycles
n Crack growth rate exponent
OLR Overload ratio = Po/ Pimax = Ko/ Kimax
P, Tensile overload force, kips (kN)
Pinasx  Maximum constant-amplitude force, kips (kN)
Pimin  Minimum constant-amplitude force, kips (kN)
AP, Positive constant-amplitude load range, kips (kN)
R, Load ratio = Pimin/ Prmax
RPZ Reversed plastic zone size = 1/4 (2r,), in. (mm)
RF Retardation factor
2r. Monotonic plastic zone size, in. (mm)
S, Tensile yield strength, ksi (MN/m?)
W Specimen width, in. (mm)
Ac; Positive constant-amplitude stress range, ksi (MN/m’)

Fatigue crack growth life predictions under spectrum loading are ex-
tremely complex. Appreciable efforts to advance the understanding of
fatigue crack growth interaction under various loading spectra along with
mathematical models to predict known behavior have only recently been
expanded [/-10].2 This research provides additional phenomenological
crack growth behavior of a low-strength steel, Man-Ten,’ subjected to
single and intermittent tensile overloads along with a simplified predictive
mathematical retardation model. The research includes the effects of positive
and negative load ratio under constant amplitude, and following single tensile
overloads. Intermittent single tensile overload effects were also studied witha
load ratio, R, of zero. The retardation model is based upon an assumed linear
retardation while the crack progresses completely through the tensile over-
load reversed plastic zone and that retardation is dependent upon the over-
load ratio and R..

The italic numbers in brackets refer to the list of references appended to this paper.

*Man-Ten is a U.S. Steel Corporation trade name for a steel which meets ASTM Speci-
fication for High-Strength Structural Steel (A 440-75).
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Material and Test Procedures

Man-Ten steel was chosen for this research because of its common usage
in the ground vehicle industry and because of its extensive use in the Society
of Automotive Engineers (SAE) Fatigue Design and Evaluation Committee
round-robin test program [/]]. Representative chemical composition [/1]
and average monotonic tensile and fracture toughness properties for this
material are given in Table 1. Man-Ten steel cyclically softens at small
strain amplitudes and cyclically hardens at larger strain amplitudes [/1].
The cyclic yield strength, 0.2 percent offset, for Man-Ten is about 49.5 ksi
which is within 8 percent of the monotonic yield strength.

All fatigue crack growth studies were performed using compact or modi-
fied compact specimens as shown in Fig. la. Overall dimensions satisfy
ASTM Test for Plane-Strain Fracture Toughness of Metallic Materials
(E 399-74.) Most tests with load ratio R; equal to zero were conducted
using the single pinhole shown dotted in Fig. la. Tests with negative R,
were run with the three-hole configuration connected to a spherical bearing
gripping system. The spherical bearings allowed for both compressive and
tensile loads while ensuring axial ram loading.

Specimens were machined from hot-rolled 1/4-in. (6.3-mm) plate. Side
grooves were machined on both sides to control the crack growth plane
which resulted in net specimen thickness of 0.225 in. (5.7 mm). The side
grooves were polished with progressively finer emery paper for better crack
front observation. Precracks were induced from chevron starter notches
with the same maximum load, Pm., as used in subsequent testing. All
tests were begun at a crack length of 1.0 in. (25.4 mm) and were monitored
with a X36 traveling microscope using stroboscopic illumination. A scale
with a least reading of 0.01 in. (0.25 mm) was attached to the specimen
above the side groove. All tests were performed at room temperature in a
closed-loop electrohydraulic test system using load control conditions.
Fracture toughness, K., was obtained at crack lengths of 1.0 in. and (25.4
mm) and 1.25 in. (31.7 mm). Crack length effects were negligible, and an
average value of 150 ksiv/in. (164 MN-m*?) was used in all calculations.
K, is an assumed elastic fracture toughness which neglects crack extension
during loading and is calculated using the maximum load and the initial
crack length.

TABLE 1— Represeniative chemical composition by weight and
average monotonic tensile properties.

C Mn Si Cr Mo
0.16 0.96 0.07 0.08 0.05
Yield strength, S, 54 ksi (372 MN/m’)
Ultimate strength 76 ksi (524 MN/m’)
reduction in area, % 65
elongation, % 25.5
Rockwell B hardness 83

Fracture toughness, K. 150 ksi \/in. (164 MN-m™?)
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FIG. 1—Compact specimen and load histories.

The fatigue crack growth test program is depicted schematically in Fig. 15
to 1d. Fourteen reference constant-amplitude tests, Fig. 15, were con-
ducted with Rrequalto+1/2,0,-1/2,~1,and —2. For R/~ 0, individual tests
were run with the initial positive stress intensity range, AK#i, equal to 26.8,
40.2, 53.6, and 67 ksi\/in. (29.4, 44.2, 58.8, and 73.6 MN-m™?), while, for
other R ratios, only AKi equal to 26.8 and 40.2 ksi\/in. (29.4 and 44.2
MN-m™*?) were used. Fifteen single tensile overload tests were run, as
shown in Fig. lc, with Ri1= 0, —-1/2, -1, or -2. Values for AK: were 40.2,
53.6, and 67 ksiv/in. (44.2, 58.8, and 73.6 MN-m*?), and overload ratios
(OLR) ranged from 1.4 to 2.75. For negative R: tests, onlyAKi = 40.2
ksi\/in. (44.2 MN-m *?) and OLR = 1.67 were run. Twenty-six intermittent
single tensile overload tests, Fig. 1d, were obtained with R/ equal to zero.
The number of single intermittent tensile overloads per test specimen ranged
from two to eight. All constant-amplitude cycling was conducted using a
positive haversine at 5 or 15 Hz. The lower frequency was needed for the
higher values of AKi. Overloads were applied at 0.5 Hz.

Test Results
Constant Amplitude

The constant-amplitude fatigue crack growth results were correlated
using log (da/dN) versus log (AK)) where AKi refers only to the positive
applied stress intensity range. Representative results are shown in Fig. 2 for
Riequal to +1/2, 0,—1/2,—1, and —2. For values of R: between +1/2, and —1,
the fatigue crack growth rate behavior is quite similar when correlated with
the positive stress intensity range and falls in a narrow scatter band. The
actual life of each specimen, however, dropped up to 25 percent as R: de-
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FIG. 2— Positive stress intensity range versus crack growth rate, constant-amplitude loading.

creased from 0 to —1. A straight line relationship for Fig. 2 can be depicted
as

da/dN = A(AK)" (1

Values of A and n were obtained by a least-square regression analysis using
a computer (IBM 360). For Ri = 0, the value of A4 was 2.73 X 107" in. / cycle
when using ksiv/in. for AK7and 9.16 X 10°mm/ cycle when using MN-m ™2
for AKr;, n was equal to 2.96. At higher values of AKi, piecewise straight
lines can be obtained. For negative values of Ry, the coefficient A4 generally
increased while the exponent n decreased.

The crack growth behavior with Ri= —2 was quite different from the
other load ratios. As shown in Fig. 2 for R/ = —2, the crack growth rate
decreased and then increased. This initially high crack growth rate at the
beginning of the test was responsible for the large decrease in life which was
from 40 to 80 percent compared with R = 0. The high initial crack growth
rate can be attributed somewhat to precracking with R/ = 0 which provides
for a sharp crack and low residual stress field at the crack tip.

Single Tensile Overloads

Representative crack growth results for single tensile overloads with
Ri= 0 are shown in Fig. 3. The effect of overload ratio, OLR, for R/ =0
is shown for AKi = 67 ksi/in. (73.6 MN-m *?) and OLR ranging from 1.6
to 2.2. All overloads were applied at crack length, a, equal to 1.0 in. (25.4



STEPHENS ET AL ON FATIGUE CRACK GROWTH 181

o inches

n

NO OVERLOAD

®
I

I 45 OLR=2.2

- 40

CRACK LENGTH-a
@
|

ofr AKg=6Tksi Vin (736 MNm™?)

T T T T T

0 T T T
0 10 20 30 40 50 60 70 80
APPLIED CYCLES N (10%)

FIG. 3—Crack growth following single tensile overloads, R = 0.

mm). The overload position is represented by an open circle. It is quite evi-
dent that, the higher the OLR, the greater the life. In each case, following
the overload, a region of delayed retardation designated by a, existed, fol-
lowed by a region having essentially constant crack growth rate. The term-
ination of the constant crack growth region is labeled as, and, at this point,
the specimen experienced accelerated crack growth. The influence of the
overload essentially is completed at crack extension as. The plane stress
overload reversed plastic zone boundary RPZ, calculated from Ref 712

we-ton- L[] o

is also labeled for OLR = 2.2. Values of a4, as, and RPZ are given in Table
2 for each single overload test with R = 0. aq ranged from about 25 to 50
percent of the RPZ, while as ranged from 55 to 108 percent of the RPZ
value. Table 2 implies that, for Man-Ten steel and smaller overloads, the
influence of the overload with R/= 0 persists until the crack front essen-
tially reaches the overload RPZ. For higher overloads, the influence term-
inates before the overload RPZ is reached.

Retardation factors, RF, for single tensile overloads with Ri=0 are
given in Fig. 4. The retardation factor is defined as the number of applied
cycles for the crack to reach the RPZ, following a single tensile overload
divided by the number of cycles to reach this same crack length with no
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TABLE 2—Single tensile overload delayed retardation and retardation
crack lengths, R, = 0.

AKl,,ks1\/-1—n_
(MN-m %) OLR au, in. (mm) dag in. (mm) RPZ, in. (mm) aag/RPZ
67(73.6) 22 0.20(5.0) 0.42(10.6) 0.60(15.2) 0.70
2.0 0.18(4.6) 0.39( 9.9) 0.45(11.4) 0.87
1.8 0.13(3.3) 0.35( 8.9) 0.40(10.1) 0.88
1.4 0.13(3.3) 0.25( 6.3) 0.24( 6.1) 1.0
53.6(58.8) 2.75 0.20(5.0) 0.33( 8.4) 0.60(15.2) 0.55
25 0.25(6.3) 0.40(10.1) 0.45(11.4) 0.89
2.0 0.102.5) 0.34( 8.6) 0.32( 8.1) 1.06
1.5 0.05(1.3) 0.18( 4.6) 0.18( 4.6) 1.0
40.2(44.2) 2.33 0.07(1.8) 0.20( 5.0) 0.24( 6.1) 0.83
1.67 0.06(1.5) 0.13( 3.3) 0.12( 3.0) 1.08

overload applied. The retardation factor for this material and specimen,
however, is essentially the same as the ratio of the number of cycles to
failure with and without the overload. It is evident in Fig. 4 with R/ = 0 that
the retardation factor is influenced primarily by the OLR ratio and not
the value of AKu. Retardation factors with R/ = 0 ranged from 1.5 to 68.

The effect of Ri<< 0 on fatigue crack growth following single tensile over-
loads was investigated for R/= 0, —1/2, -1, and -2 with AK»=40.2 ksi/in.
(44.2 MN-m™¥?) and OLR = 1.67. Retardation factors are shown in Fig. 5
where RF dropped almost 50 percent as R: went from zero to —1. Compar-
ative g versus N curves for no overload and single tensile overloads with

= (0 and —1 are shown in Fig. 6. With Ri = —1, the no overload curve
and single overload curves are quite similar, that is, the retardation region
essentially has been eliminated with R/ = —1. Thus, low-amplitude cyclic

w H [+)) ~
o (&) (o] &)}
i | L .

RETARDATION FACTOR, R.F.

(&)]
1

o] T T T T
1.0 1.5 20 25 30
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F1G. 4—Single tensile overload retardation factor, Ri= 0.
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FIG. 5—Single tensile overload retardation factor, R, < 0.

stressing with R/ < 0 following a single tensile overload can reduce life
drastically compared to R = 0 life. This behavior also has been observed
in 2024-T3 and 7075-T6 aluminum [/3-15] and 4140 steel with three dif-
ferent yield strength levels [16].

g NO OVERLOAD
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FIG. 6—Effect of R, on crack growth following single 1ensile overloads.
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Intermittent Tensile Overloads,

The program consisting of 26 specimens subjected to intermittent tensile
overloads with R'=0 included AK:i equal to 40.2, 53.6, and 67 ksi\/—ii
(44.2, 58.8, and 73.6 MN-m *?), OLR = 1.5 to 2.75, and number of single
overloads from two to eight per specimen. Overloads were applied at crack
lengths equal to, less than, or greater than a previous overload RPZ bound-
ary. The overload stress intensity, Ko, varied from 67 ksiVin. (73.6
MN-'m?) to 148 ksiVin. (162.6 MN-m™¥2) which was from 45 to 98 per-
cent of the fracture toughness, K.. Macroscopic crack extension from
overloads ranged from essentially zero to 0.10 in. (2.5 mm). In all cases, the
intermittent overload fatigue crack growth life was greater than the con-
stant-amplitude reference life. Increases in life ranged from factors of 2.24
to 52, depending upon AKi, OLR, Ko, and the relationship between a
previous overload RPZ. Total life to fracture ranged from 12 200 to 871 000
cycles. Two separate duplicate tests were performed which involved widely
different spectra. The fatigue crack growth life difference for both dupli-
cate tests was 19 percent. The goal of the intermittent overload tests was
to attempt to determine criteria for maximizing life and to compare experi-
mental results with a new simplified mathematical model.

Figure 7 shows the results of a series of tests where tensile overloads were
applied precisely when the crack length reached a previous calculated over-
load RPZ. The open circles again represent crack length and cycles when
an overload was applied. It is quite evident that, with P, and OLR con-
stant, successive overloads at the previous RPZ provided additional life.

NO OVERLOAD SINGLE OVERLOAD
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]

1.8 4

RPZ

CRACK LENGTH-a
»
|

1.2
OLR = 1.67
RTZ AK ;= 40.2 ksiVin (44.2 MNm™>/2)
]-C d T T T L T T
o] 15 310 45 6'0 75 90 105 120

APPLIED CYCLES N (10%)
FIG. 7—Crack growth with intermittent overloads applied at RPZ.
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This behavior did not occur at the larger values of P;max and OLR because
of the large delayed retardation that occurs in Man-Ten steel following
a single tensile overload.

Figure 8 shows the effect of overloads applied at various percentages of
a previous calculated RPZ. Five specimens were tested with overload ap-
plied at 0.5, 0.75, 1.0, 1.25, and 1.50 times the previous RPZ. Only three
of the results are plotted in Fig. 8 because of the overlap of data. The total
life to failure for these five tests ranged from 93 690 to 113 000 cycles or a
maximum difference of just 21 percent. This result indicates the exact re-
lationship between an overload and the overload RPZ is not that critical.

Mathematical Model

The mathematical model for spectrum fatigue crack growth life predic-
tions involves results from constant-amplitude and single tensile overload
tests, along with fracture toughness K.. There are just four major assump-
tions as follows:

1. A crack is delayed linearly as it grows through an overload RPZ.

2. The delay is a function of OLR and R;for a given environment.

3. If the crack is outside an overload RPZ region, then crack growth is
governed by da/dN = A(AK)".

4. Each overload stress intensity can be a controlling condition, de-
pending on its RPZ.
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FIG. 8—Effect of intermittent overloads applied between 0.5 and 1.5 times RPZ.
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When the crack is outside a controlling RPZ, life increments can be found
by integrating

da/dN = A(AK)" N
where AK, = Ag/fla), which yields
3

ai+1
_ 1 da
AN ey L AT

i1

The integral expression is usually such that numerical integration with a
computer is needed. If the crack is within a controlling RPZ, then the life
increment is found by multiplying Eq 3 by the proper retardation factor
such as in Figs. 4 and 5 and replacing a;+1 with a; + RPZ; which yields

1G]
artRPZ:
a

_ 1
ANi = (RF) Aoy J’a,« TaT

This expression yields the life increment to grow completely across the
RPZ. If a change in load amplitude occurs before the crack grows com-
pletely across the RPZi, then the linear assumption must be used by multi-
plying Eq 4 by Aai/ RPZ: where Aai is the crack extension during this cal-
culation interval, thus

5
a+RPZ: ( )

_ _Bai _r da
AN=gpze RE) Taor I Ra))

ai

Final fracture occurs when Kimax or K, equals the governing fracture tough-
ness. Multiple step tests can be handled by the model, assuming multiple
overloads and single overloads yield similar retardation factors. In order to
use the model, the load spectrum must be followed step by step from be-
ginning to end. It can be used to find the number of cycles within a given
crack extension or the amount of crack extension within a given cycle
history. Its best usage occurs when complex spectra can be reduced to a
more simplified series of block loadings and intermittent peak loads. Thus
the total fatigue crack growth life can be found by sequentially using either
Eqgs 3, 4, or 5. The choice is made by comparing RPZ values. The largest
RPZ is the controlling one.

The model was used to predict all the lives of the intermittent tensile
overloads described previously. The predictions varied from 57 to 112
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percent of experimental life, with an average of 77 percent. This means an
average difference of 23 percent in predicted and experimental life, which
is quite good considering that two separate duplicated tests varied by 19
percent in life. Only three predictions were unconservative, and these were
within 12 percent. The model predicted the trends in Figs. 7 and 8. The
cyclic yield strength was also used in six predictions in place of the mono-
tonic yield strength, and only small decreases existed. This small change
is due to the small differences in the two yield strengths.

Discussion

The compression portion of a cyclic load has been considered to have
secondary influence on fatigue crack growth. This idea has come largely
from constant-amplitude loading and the idea that a crack will not grow
appreciably while it is closed. The constant-amplitude results for Man-Ten
steel agree fairly well with this idea except for larger negative load ratios.
However, as R: varied from 0 to —1, life decreases of up to 25 percent did
occur. This small deviation is not readily seen on the usual log-log scat-
ter band of da/dN versus AKi With Ri= —2, appreciable decrease in life
was evident. Thus, even under constant-am litude loading, compressive
loads can be detrimental; the larger the compressive load, the shorter the
life.

Compressive loads have a very large detrimental effect in a variable-
amplitude loading spectrum. It has been well established that a single com-
pressive overload immediately following a high tensile overload can elimin-
ate the beneficial effects of the tensile overload [3,7/3,714]. However, re-
search [/3-16] has shown that small compressive loads following a single
overload can also decrease or eliminate the beneficial tensile overload
effects. This is a very important point and must be considered in all retar-
dation models.

The simplified mathematical model developed in this research provides a
very realistic approach to the complex phenomena of fatigue crack growth
under spectrum loads. It predicted conservative life in most cases of this
research and within a normal expected scatter band when unconservative.
Perhaps a large disadvantage of this simplified model is that delayed retar-
dation is neglected, in that crack growth within an overload RPZ is assumed
linear. However, the predicted and experimental results of this research
are quite realistic despite the appreciable amount of delayed retardation
found in Man-Ten steel. Much of this delayed retardation may be just sur-
face effects because appreciable tunneling did occur with the higher over-
load ratios.

The primary information needed to use the model is the retardation
factor, RF, and the distance of crack extension where it is applicable. This
type of information has become quite plentiful in the past five years for
Ri = 0 due to the broad interest in retardation. However, retardation in-
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formation with R/ 2 0 cannot be extrapolated to spectrum with R/ < 0. For
R: = 0, the retardation factor can be considered to operate across the RPZ.
This is not true with R/ < 0 since compressive cycling following tensile over-
loads alters both crack closure [/7] and controlling plastic zone sizes. Thus
the model currently is rather restricted to R/ = 0 spectra. In concept, how-
ever, it includes all values of R. The experimental data are just not yet
available.

Summary and Conclusions

1. Constant-amplitude da/dN versus positive AK fell within a reason-
able log-log scatter band for Man-Ten steel with load ratios of + 1/2to —1.
Decreases in life up to 25 percent, however, occurred as the load ratio varied
from 0 to —1. The insensitivity of a log-log scale does not readily pick up
this difference.

2. With the load ratio equal to —2, the constant-amplitude life of Man-
Ten steel was substantially less than the + 1/2 to — 1 data. This was due pri-
marily to high crack growth rates following tensile precracking.

3. Retardation of crack growth following single tensile overloads de-
pended on the magnitude of the overload ratio and the load ratio. Negative
constant-amplitude load ratios following single tensile overloads reduced
or eliminated retardation.

4. With a constant-amplitude load ratio of zero following a single tensile
overload, the crack growth retardation occurred over 55 to 108 percent
of the reversed plane stress plastic zone. The smaller the overload ratio,
the greater the percentage.

5. Retardation with negative constant-amplitude load ratios following
single tensile overloads could not be correlated with overload plastic zones.

6. Intermittent single tensile overloads applied at each successive reversed
plastic zone continued to increase life except at high overload ratios where
delayed retardation was substantial.

7. A new simplified mathematical model predicted intermittent tensile
overload life within 57 to 112 percent of experimental life. The average
prediction was 77 percent of experimental life. Most predictions were con-
servative, and unconservative values were within the experimental scatter
of duplicate tests.

8. Compressive stresses (both small and large) can be extremely detri-
mental and should not be excluded in fatigue crack growth life predictions.
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DISCUSSION

L. F. Impellizzeri* (written discussion)—The use of compact tension
specimens for evaluation of compression load effects causes uncertainties
in data interpretation. There are two concerns. During the unloading por-
tion of a cycle for any type of specimen, crack closure occurs at a positive
load value. As the applied load is reduced below the closure value, crack
surface contact stresses increase, and compression yielding occurs at the
tip. This compressive yielding reduces the residual tensile deformation at
the crack tip. Compression overloads, therefore, accelerate growth by re-
ducing the beneficial tensile residual deformation. This effect is described
in detail in the paper by Dill and Saff in this publication. Because of the
limited crack surface length available for reacting compression loads in a
compact tension specimen, the resulting contact stresses will be greater,
causing more compressive yielding, and the residual tensile deformation

!Branch chief, Technology—Strength, McDonnel Aircraft Company, Saint Louis, Mo.
63166.
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will be less than in a center-crack panel. Therefore, it is expected that the
detrimental effects of compression loads will be exaggerated in a compact
tension specimen as compared to a center-crack panel. The second concern
is the potential for creating an unusual stress state at the crack tip due to
what might be called pivoting about the back edge of the crack during com-
pression loading. Whether or not pivoting occurred in this test program
depends on load magnitudes and crack lengths, but it should be evaluated
whenever compact tension specimens are loaded in compression.

R. I. Stephens, E. C. Sheets, and G. O. Njus (authors’ closure)—The
authors wish to thank Mr. Impellizzeri for raising a very important question
concerning the application of compression loads to the compact tension
(CT) specimen. Others have also questioned the use of the CT specimen
using compression loadings [/5]. The current proposed ASTM method of
test for constant-amplitude crack growth rates below 10 m/cycle restricts
the CT specimen to only tensile loadings. However, the importance of com-
pression in variable-amplitude load spectra cannot be neglected, particu-
larly if retardation models are being used. Thus the choice of a proper test
specimen with variable-amplitude load spectra involving compression is
a very important problem.

Mr. Impellizzeri has raised two possible concerns with using the CT
specimen in compression. His first concern indicates that the CT specimen
may exaggerate the detrimental effects of compression loading, while his
second concern deals with “pivoting” at the machined notch which will
tend to reduce the detrimental effects. This latter concern, we feel, is by far
the major and more realistic concern. That is, the CT specimen may give
less damaging results from compression than other specimens.

Reference 15 provides limited comparative experimental data using com-
pression loads in both single edge notch (SEN) and CT specimens of 2024-
T3 and 7075-T6 aluminum. Tests involved both constant load amplitude
crack growth tests and single tensile overloads with overload ratios, OLR,
ranging from 2.0 to 2.3. Stress ratios R:were 0, —1/2, —1, and —2. Essentially,
no differences existed in the results for both SEN and CT specimens. That
is, under constant load amplitude conditions, crack growth rates were
slightly increased by going from R/=0 to R = —2, while retardation fol-
lowing single tensile overloads was substantially reduced as R/ varied from
zero to —2 for both CT and SEN specimens.

In addition, 4140 steel CT specimens with three different yield strengths
of 757 MN/m® (110 ksi), 1136 MN/m’ (165 ksi), and 1412 MN/m® (205 ksi)
have been tested subjected to constant stress intensity amplitude testing
and a/w ranging from 0.34 to 0.7 [/6]. Crack growth behavior was ob-
tained optically at 0.25 mm (0.01 in.) increments. da/dN was essentially
independent of crack length for all three yield strength levels for a given R,
ratio. R: values tested were 0, —1/2, and —1. Crack growth rates increased
as R varied from 0 to —1; however, da/dN was more sensitive to yield
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strength than to R for these constant stress intensity tests. This tends to
partially negate concerns over using the CT specimen in compression when
constant-amplitude testing is used. However, appreciable pivoting at the
machined notch occurred in the 757 MN/m” (110 ksi) steel following single
tensile overloads applied at large crack lengths of a/w = 0.52. Here, retard-
ation incorrectly was unaffected by the addition of compression loadings
with R/= 0, —1/2, and -1 following single tensile overloads. Fractographic
observations indicated appreciable pivoting existed at the machined notch
region which decreased crack tip stressing.

In conclusion, concerning the CT specimens, we have found no exper-
imental data at this time to invalidate negative stress ratio (Fig. 15, lc),
constant-amplitude behavior, and single tensile overload behavior for over-
loads applied at small a/w values. The major error found in using the CT
specimen in compression is with high tensile overloads applied at long crack
lengths. Thus, we believe all the results of this paper are material charac-
teristics and not just configuration characteristics.
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T3 aluminum alloy, exhibited maximum interaction between single peak load ex-
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ar* Size of region affected by the first overload
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a>* Size of region affected by the second overload
aor, Crack extension during application of first overload
aoL, Crack extension during application of second overload
Aar =aor, + a + aor, + a2* when o’ < a/*
= qoL,; + a1* + aoL, + @x* when @’ > a*
@'min Distance from an overload where fatigue crack propagation rates
reached a minimum
b, Fatigue crack growth rate prior to overload
b, Steady-state fatigue crack growth rate following overload
da/dN Fatigue crack propagation rate
K Stress intensity factor
AK, Baseline stress intensity range
Kmaxo, Maximum stress intensity factor associated with an overload
AKy.x Maximum stress intensity range associated with an overload
AKpr = AKmax — AKb
N Number of applied cycles
N* Number of cycles required to propagate a crack through the
overload-affected region, a*
Na* Number of delay cycles over which there was effectively no fatigue
crack propagation
Nay* Number of delay cycles following a second overload over which
there was effectively no fatigue crack propagation
%PL Percent peak load ( = (AKpL/AK;) X 100)
2r. Overload plastic zone size
o, Yield strength

Overload interaction effects on fatigue crack propagation (FCP) retard-
ation have been observed in numerous investigations [/-3/].> Three of
these studies [22,27,29] have reported that the monotonic yield strength
strongly influences FCP retardation. In light of this finding, it seems reason-
able to expect that cyclic properties would influence delay also, especially
since constant-amplitude fatigue behavior has been related to a material’s
cyclically stabilized mechanical response [32-34]. To date, the effect of
cyclic properties on fatigue crack retardation has not been characterized.

Since crack closure and compressive residual stress concepts are related
to material behavior in the vicinity of the crack tip, cyclically stabilized
mechanical properties within the plastic zone could possibly affect retard-
ation phenomena. For instance, the tensile displacements formed during
an overload may “smash down” more quickly in a cyclic strain softening
material, thereby resulting in less crack closure and delay. Furthermore,
since material directly ahead of a crack front cyclically softens or hardens,
depending on a material’s cyclic response, it would be of interest to examine
the effect of multiple overloads and complex combinations of peak excur-
sions on delay as a function of cyclic properties.

3The italic numbers in brackets refer to the list of references appended to this paper.
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Consequently, the objective of this investigation is to characterize single
peak overload retardation behavior of A514F steel, a cyclic strain softening
alloy [32,35], and compare this response with that reported elsewhere

(7.30,31] for 2024-T3 aluminum, a cyclic strain hardening alloy [35,36]. In
addition, delay behavior resulting from block loading and complex loading

conditions in AS514F steel will be investigated; here again, potential dif-
ferences in the retardation phenomenology exhibited by the steel and alu-
minum alloys will be examined [3/].

Experimental Procedure

Compact tension specimens (3.2 by 76.2 by 76.2 mm) of ASTM AS14F
steel alloy, oriented in a longitudinal (LT) direction were fatigue tested
in a 20-kip electrohydraulic closed-loop testing machine at a cyclic fre-
quency of 10 Hz. Throughout each test, cycling was interrupted periodically
to measure the increment of crack extension (with a Gaertner traveling
microscope) and the associated number of cycles. All testing was performed
under constant AK» conditions similar to the procedure outlined by Von
Euw et al [7], Trebules et al [8], and Mills et al [30,31].

Delay behavior in A514F steel was determined by introducing single 50,
75, and 100 percent peak overloads (frequency = 0.2 Hz) at various AKs
conditions ranging from 33 to 65.9 MPay/m (Fig. 14). Fracture surface

|
AK,,
—*— AK max
AK, I

J‘min
(a) TIME

(o TIME

FIG. 1—Schematic representation of tests performed during the current investigation.
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micromorphology was characterized by fractographic examination of
standard two-stage plantinum-carbon replicas on an electron microscope
(Philips EM300) at an acceleration potential of 80 kV.

Multiple overload effects were studied by applying block overloads
(AK» = 44 MPa\/m, %PL = 75 percent) ranging from 1 to 1000 peak load
cycles. When the number of high load excursions was ten or less, they were
introduced manually at a frequency of 0.2 Hz. 100 and 1000-cycle block
overloads were applied at a frequency of 1.0 Hz, with loads being shed
every 0.2 mm of crack extension to maintain constant AK conditions.

Complex loading conditions were simulated by introducing a second
overload (AK, =44 MPa\/a, %PL = 75 percent, frequency =~ (0.2 Hz)
after the fatigue crack had extended various distances, &', into the region
affected by a previously applied high load excursion of equal magnitude
(Fig. 1b).

Presentation and Discussion of Results
Effect of Single Peak Overloads on FCP Rates

Results from single peak overload tests conducted on A514F steel with
AK, ranging from 33 to 65.9 MPa\/E (%PL = 50, 75, 100 percent) are
reported in Table 1 and Fig. 2. The overall retardation behavior exhibited
by this cyclic strain softening alloy (Fig. 2) is similar to that reported in
2024-T3 aluminum alloy (Ref 7: Fig. 11). Note that the steel, like the al-
uminum alloy, exhibited a rapid increase in N;* at higher AK» levels (100
percent PL) which is believed to be associated with a change in stress state
from plane strain to plane stress [30]. In addition, the A514F steel alloy
exhibited an excellent correlation (Fig. 3) between the experimentally
determined affected zone size, a*, and the calculated plastic zone size, 2 r,,
comparable to that observed in 2024-T3 aluminum alloy [7,30]. (The Dug-
dale model [37] was used to calculate the size of the overload plastic zone

TABLE |—Summary of delay behavior resulting from multiple overloads in A514F steel
(AKb = 44 MPa\/m, %PL = 75 percent).

Number
Overload Aar/ N4,
Specimen Cycles a*, mm (10™*mm/cycle) Na*, 10°cycle
Single Peak Overload
7A 1 438 3.84 12.5
1-12A 1 4.5 3.75 12
1-14A 1 42 3.36 12.5
Multiple Overloads
4A 2 4.3 3.07 14
7 10 43 2.15 20.5
SA 100 4.5 1.33 37

6 1000 5.5 0.54 165
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in the AS14F steel alloy since experimentally determined plastic zone sizes
in steel alloys are in good agreement with this model [37,38].)

Based on these observations, it is concluded that ASI4F steel, a cyclic
strain softening material, exhibited comparable delay phenomenology to
that observed in 2024-T3 aluminum, a cyclic strain hardening alloy, for
conditions involving single peak overloads. Furthermore, the extent of
the delay region in both materials is related to the overload plastic zone
dimension.

Examination of steel fracture surfaces revealed that the overload region
(Fig. 4) was characterized by a duplex dimple structure [39—41], followed
by limited evidence of abrasion. A well-defined stretch zone does not ap-
pear in this region, thereby making it difficult to identify the area where
the peak load was introduced. This phenomenon is believed to be related
to the fact that striations in steel alloys are generally poorly defined (note
the ill-defined fatigue striations (Fig. 4a) formed under constant AK, load-
ing prior to the high load excursion).

In the region affected by a single peak load, a*, the fracture surface ex-
hibited considerable evidence of abrasion and fatigue fissures; only a limited
amount of faceted appearance was observed in contrast to that found in
the 2024-T3 aluminum alloy [30,37,42). Under low AK, conditions, the
amount of abrasion was relatively slight (Fig. 5a), whereas, under high
AK» conditions, increased evidence of heavy abrasion (Fig. 5b) was ob-
served, indicative of enhanced crack closure and compressive residual
stresses. This behavior is in agreement with the macroscopic FCP response
where maximum retardation resulted at higher AK, levels. Near the end
of the affected region, only a limited amount of abrasion was noted, here
again consistent with crack closure concepts and the results for the 2024-T3
aluminum alloy [7,30].

Fatigue fissures and striations were also found in the overload-affected
region. Immediately following a peak load cycle (up to == a*/4), ill-defined
fatigue fissures (Fig. 6a), the deepest feature associated with fatigue stria-
tions [43,44], were all that remained after interference of tensile displace-
ments which formed during the high load excursion. However, near the
end of the affected region, striations were better defined (Fig. 65). Recall
that a limited amount of abrasion was observed in this area; hence, stria-
tions were not obliterated since the amount of rubbing of the fracture
surfaces in this region was less extensive.

Effect of Multiple Overloads on FCP Rates

Results of multiple overload tests on A514F steel (AK» = 44 MPa\/—nT,
%PL = 75 percent), reported in Table 1, indicate that the number of delay
cycles significantly increased as the number of high load excursions in-
creased (a single peak overload caused a 12 000-cycle delay, while a 1000-
cycle block overload resulted in 165 000 cycles of delay). This observation is
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(b)

(a) Poorly defined fatigue striations (S), followed by dimples (D), followed by light
abrasion (A4) (AK» = 44 MPa\/m, %PL = 75 percent.
() Duplex dimple structure (AKb» = 54.9 MPay/'m, %PL = 100 percent.

FI1G. 4—Electron fractographs revealing the overload region.

consistent with the multiple overload response observed by Trebules et al [8]
in 2024-T3 aluminum.
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(b)

(@) Low AKb conditions (AKs = 44 MPay/m, %PL = 75 percent).
(b) High AK» conditions (AK» = 65.9 MPa\/m, %PL = 75 percent).

FIG. 5—Electron fractographs illustrating evidence of abrasion in the overload-affected
region.

To better understand the total effect of multiple overloads, retardation
data were normalized by a parameter introduced in Ref 31, Aar/ Ns*—the
total crack length affected by the overload (including crack extension dur-
ing the application of the high load excursions) divided by the number of
delay cycles. As pointed up in Ref 31, this ratio represents the total crack
extension required to produce a given N.*. Hence, any loading conditions
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(a)

(b)

(a) Til-defined fatigue fissures observed in the region immediately following the
peak load excursion,
(b) Fatigue striations observed near the end of the affected zone, a*.

FIG. 6—Electron_fractographs revealing cyclic markings in the overload-affected zone
(AKy = 54.9 MPa\/m, %PL = 100 percent).

that would minimize Aar/Ns* would enhance the overall fatigue perform-
ance of a structure. Table 1 reveals that this ratio decreases as the number
of high load excursions in the block overload increases, thereby suggesting
that the beneficial effects resulting from the increased number of over-
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loads more than compensate for the additional crack extension associated
with peak load excursions.

Fatigue crack propagation behavior through the region affected by mul-
tiple overloads (Fig. 7) in A514F steel was consistent with that observed in
2024-T3 aluminum (Ref 8: Fig. 13). As expected, a greater number of over-
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FIG. 7— FCP response through the region affected by multiple overloads in A514F steel alloy.
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loads resulted in a considerably deeper growth rate “trough” which was
responsible for enhanced delay. In addition, it should be noted that the
growth rate trough was found to shift slightly toward the origin (the loca-
tion of the high load excursions) as the number of overload cycles increased.

Complex Peak Load Interaction Effects

Retardation behavior of A514F steel resulting from two single 75 percent
peak overloads separated by a distance o’ (Table 2; all complex overload
terminology is defined in Fig. 8) is comparable to that exhibited by 2024-T3
aluminum alloy [37]. For instance, when a second high load excursion im-
mediately followed the first, delay (14 000 cycles) was slightly greater than
that associated with a single peak load (12 000 to 12 500 cycles). Retardation
after the second overload (Fig. 9), Na*, increased with increasing a’, reaching
a maximum value when @’ = @'yin (@'min Tepresents the distance from the loca-
tion of a single peak overload where FCP rates reach a minimum value; see
scatter band in Fig. 10, @’nin = 1.36 mm). As a’ was increased beyond 1.36 mm,
Na* decreased until the two overloads acted independently.

The amount of crack extension required to eliminate interaction between
overloads was two to three times a*. This phenomenon was more fully char-
acterized by introducing a second overload at &' = 5.02 mm after the tensile
displacements resulting from the first peak excursion were removed by a
jeweler's saw cut (Specimen 12). Na* (Fig. 9) returned from 16 000 cycles,
normally associated with this loading condition (Specimen 4), to 11 500
cycles, consistent with isolated single peak load results, thereby indicating
that interaction of two overloads results from interference of tensile dis-

TABLE 2—Summary of delay behavior resulting from complex overloads in A514F steel
(AK, = 44 MPa\/m, %PL = 75 percent).

Aar| Na*, Ndr*, Na*,
Specimen &, mm a* mm @* mm 10°mm/cycle 10°cycle 10°cycle

Single Peak Overloads

7A - 4.8 .. 3.84 . 12.5
1-12A .. 4.5 c. 3.75 ce 12
1-14A S 4.2 - 3.36 .. 12.5

Complex Overload Interactions (Interaction Between Single Peak Overloads)

4A 0.00 S 43 3.07 14 14

17A 0.73 . 44 2.77 18 18.5

10 1.36 s 43 2.51 19.5 225

5 2.46 . 4.8 2.85 17 25.5

4 4.30 . 4.6 3.29 16 27

12A 7.53 4.5 42 3.28 14.5 26.5
14A 9.88 42 43 3.47 12 24.5
1240 5.02 4.3 4.3 3.74 11.5 23

a12a = Tensile displacements resulting from first overload were removed by a saw cut prior to
the application of the second overload.
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placements produced during the first high load excursion. This finding is
similar to that reported previously for the 2024-T3 aluminum alloy [3/].
Figure 10, which illustrates fatigue crack growth behavior following the
second overload, reveals that the lowest FCP rates resulted when the dis-
tance between overloads was ami.' . This behavior is consistent with finding
maximum retardation when a' = ami,'. In addition, note that the growth rate
trough was shifted toward the origin as the distance separating the high load
excursions was increased, here again in agreement with previous findings
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[37]. (Recall that this same behavior was observed following multiple over-
loads—see Fig. 7.)

The total amount of delay, Na* (Fig. 11), increases very rapidly as a’ in-
creases, reaching a maximum value at @’ = a* (4.3 mm). By further increasing
a’ beyond a*, Na* decreases to 24 500 cycles (at a’ = 9.88 mm) where the
two overloads acted as isolated events. To better understand the overall in-
teraction phenomena, retardation data were normalized by the delay para-
meter Aay/ Na* (Fig. 12). A minimum Aar/ Na* ratio resulted when the two
overloads were separated by a distance @’min, here again consistent with the
behavior observed in 2024-T3 aluminum [37].

It is tempting at this point to speculate as to what causes the maximum
overall interaction to occur when the second overload is placed a distance
from the first overload equal to the location of the trough shown in Fig. 10.
Since the fatigue crack growth rate varies with the prevailing AK level at the
crack tip, a plot of AK versus distance from the first overload should pos-
sess the same form as shown in Fig. 10. Consequently, AK (considered in this
context to be an effective value and less than AKippiied) is seen to be a minimum
at the point of minimum crack growth rate. Combining this with the fact
that fatigue delay increases with the percent overload (Fig. 2) where

%PL = AKpL/ AK» X 100

the maximum effective %PL occurs at the growth rate trough. Thus maxi-
mum delay due to the second overload should occur at this point.
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FI1G. 11—Total delay, Nda*, associated with two peak overloads separated by a distance a’.
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Conclusions

Based on the experimental results and subsequent discussion, the fol-
lowing conclusions have been drawn:

1. The overall FCP retardation trends resulting from single and multiple
overloads in AS14F steel were similar to those exhibited by 2024-T3 alu-
minum alloy, thereby suggesting that the phenomenology of FCP delay re-
sponse is independent of a material’s cyclic properties.

2. Additional retardation caused by a greater number of overload cycles
more than compensated for increased crack extension during the high load
excursions.

3. Maximum interaction between two isolated overloads occurred when
the peak excursions were separated by a distance a’ min, here again con-
sistent with the behavior observed in 2024-T3 aluminum alloy.
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ABSTRACT: The conventional fatigue analysis using nominal stresses and Miner’s
rule is known to give inaccurate life predictions. It has been speculated that the major
deficiencies can be overcome if local stresses and strains in the immediate vicinity of a
stress raiser, instead of nominal stresses, are considered in the estimation of fatigue
life. At present, there are a number of proposals which consider local stress-strain
concepts, some of which are already developed to a state of practical applicability. In
this paper, the best-known concepts are reviewed. It was found that all methods in-
volving the determination of the stress-strain behavior at the notch root retained the
conventional methods for computing damage accumulation. The question which a-
rises is: What improvement in life prediction can be expected eventually when the
correct local stress-strain history is known, but the damage due to local stress-strain
cycles is linearly accumulated?

Open-hole specimens of the aluminum alloys 2024-T3 and 7075-T6 were subjected
to a flight-by-flight load program. The corresponding local strain and stress histories
were determined by local strain measurements and the companion specimen method,
respectively. Fatigue life was estimated by three different methods using: (a) the local
stress cycles and unnotched specimen applied stress-cycles to failure (§-N) data, (b)
the nominal stress cycles and S-N data from prestressed open-hole specimens, and
(¢) for comparison, the nominal stress cycles and S-N data from the open-hole speci-
men. In each case the damage was linearly accumulated.

For the flight-by-flight testing sequences, the companion specimen method indi-
cated that the residual stresses at the notch root stabilized asymptotically to a limiting
value at between 5 and 20 percent of the life-to-crack initiation. Virgin open-hole
specimens were also prestressed to develop, at the hole, the stress-strain status of the
stabilized residual stresses determined previously during flight-by-flight loading. The
prestressed specimens were subjected to constant amplitude loading and the resulting
lives used for the damage calculation in Method B.

The ratios of test life to estimated life obtained using the three methods were com-
pared and the following conclusions drawn: with increasing accuracy of the incorpora-
tion of local stress-strain behavior in future analysis methods (and using linear damage
accumulation), the predicted life may still differ from the actual life. The estimated
lives may be both conservative and unconservative, so that a scatter of life estimates
of 1:3.0 is possible. This is, however, smaller than that of the life estimates using the
conventional nominal stress concept which was found to be 1:6.0.

!Chief, Research Group for Structural Concepts and Methods of Life Estimation, and fatigue
research engineer, Laboratorium fur Betriebsfestigkeit, Darmstadt, Germany.
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Life prediction is a task which requires, at least, the specification of local
stress-strain behavior and of a method of fatigue damage accumulation.
The concepts on which these requirements are based should be verified by
appropriate testing procedures. Whereas in the last decade, fatigue research
workers have advanced in the determination of local stress-strain histories
[I-5]? a method of damage accumulation which is consistently better than
the Palmgren-Miner linear hypothesis [6] has not yet been found.

For the crack propagation stage of the fatigue process, an encouraging
approach has been developed recently in the United States (see Ref 7, for
example) in which load sequence effects are allowed for by considering
deformation processes in the crack tip plastic zone. Further advances in
assessing the general applicability of this method will be possible with con-
tinued systematic observations of crack propagation rates under complex
loading sequences. However, during crack initiation, the physical phe-
nomena of damage accumulation during cyclic fatigue loading cannot be
observed and impede the development of a more reliable damage accumula-
tion rule than that of Palmgren-Miner. Therefore, in the near future, the
fatigue analyst will have no choice but to accept the deficiencies and limita-
tions of this rule.

This paper deals with the fatigue lives predicted using different methods
for defining local stress histories, yet retaining the linear method of cumula-
tive damage assessment. It compares the results with those of fatigue tests
under flight-by-flight loading typical of that experienced by the wing lower
surface of transport airplanes.

Life Prediction
Nominal Stress Fatigue Analysis

Most of the common methods of fatigue life evaluation are based on the
use of nominal stresses. These methods frequently have resulted in inac-
curate life prediction. For structural parts subjected to constant-amplitude
loading, the major reason is the lack of real equivalence of fatigue behavior
between large structures and small specimens, that is, there is no constancy
of the ratio K:/ Kr (where K: = stress concentration factor and K= fatigue
notch factor) between structure and specimens either at different lives or
different mean stresses. Under variable-amplitude loading, the basic prob-
lem is associated with the residual stresses developed at stress concentrators.
Peak loads cause local plastic deformation at notch roots, and the surround-
ing elastic material tries to force the strain remaining in the plastically
deformed regions to return to zero during the reversed loading part of the

2The italic numbers in brackets refer to the list of references appended to this paper.
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cycle. During subsequent loading at a lower level, these residual stresses will
then shift the corresponding notch root stress. The development and be-
havior of these induced residual stresses are not considered in the nominal
stress fatigue analysis.

Local Stress Fatigue Analysis

These shortcomings of the nominal stress analysis methods can be over-
come if the fatigue life estimation is based on the actual notch root stresses
and strains instead of nominal stresses (S = F/A; § = nominal stress, F =
load, and 4 = area of net section). Several life estimation procedures have
been developed that include local cyclic stress-strain behavior. Although
these procedures are relatively new and more experience regarding their
applicability must be gathered, it can now be predicted that the more recent
local stress procedures will replace nominal stress procedures.

Fatigue life estimation using local stress fatigue analysis procedures can be
subdivided into two parts:

1. The notch root stresses and strains under service loading are deter-
mined. The result is a presentation of local stress-strain sequence or a con-
tinuous illustration of notch root stress-strain hysteresis loops.

2. The stress-strain sequence is split up into individual load cycles, that is,
ranges of stress or strain with corresponding mean values. The damage
contributed by each cycle is determined and accumulated to give the total
damage. Some of the local stress analysis methods known from the literature
[1-5] will now be reviewed briefly, but we will restrict ourselves to analysis
programs already available.

The characteristics of the various local stress analysis methods are sum-
marized in Figs. 1 and 2 for the first and second parts just mentioned, re-
spectively. Although there are apparent differences in both the various
parameters and their treatment, the authors of the different proposals do
agree on the application of Neuber’s rule in the first part and of Miner’s
rule in the second part. Thus the values of partial damage are derived dif-
ferently but in every case summed linearly to obtain total damage. One
exception is made by the authors of Ref / who decompose total life into two
parts and use different applied stress—cycles to failure (S-N) curves for
damage accumulation within the resulting life spans.

However, there is no simple correlation between the various sections of
the individual local stress-life estimation proposals, and it is difficult to
check and compare the correctness of the individual assumptions made in
each instance. Usually, each of these procedures has been assessed by com-
paring the final results of the complete calculation with test results under the
particular loading histories adopted.

The question which arises is: what differences in life prediction can be
expected from the various proposals, knowing local stress-strain history,
but assuming that the damage due to local stress-strain cycles is linearly
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accumulated? Some research work has been undertaken to answer this
particular question, but it was not intended to develop a procedure of general
applicability or to compete with the available local stress fatigue analysis
methods. To achieve this goal, the stress-strain history at a notch root was
determined experimentally, thus avoiding the uncertainties inherent in the
theoretical simulation of the elastoplastic stress-strain behavior at the notch
root.

Procedure
Specimen Load Program

Notched and unnotched specimens shown in Fig. 3 were manufactured
from both the aluminium alloys Al-Cu-2Mg (sheet) and AZ 74/72 (extru-
sion) equivalent to 2024-T 3 and 7075-T 6, respectively. The center notched
specimens had an 8-mm-diameter hole which, for the geometry adopted,
corresponded to a stress concentration factor of Ki=2.5.

Two program load sequences (Fig. 4) were chosen to represent the load
history at the wing lower surface of a transport’airplane. The first stress
sequence (Fig. 4 a) contained a ground-air-ground (GAG) cycle and was
called the standard program. This standard program was modified by omit-
ting the ground load, and was then called program without GAG cycle
(Fig. 4 b). Both programs included one large air-load cycle occurring once

270
135

4 | 4+

| T
[ | 1

L - —5 fl——
| l 3 l | |
- ! i)
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dimensions in mm
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FI1G. 3—Specimens, notched and unnotched.
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in every 200 flights which was first applied in the 100th flight. Excluding
the GAG cycles and the large air-load which occurred every 200 flights, each
flight contained 131 load cycles. More detailed information on the load pro-
gram is given in Ref §.

Experimental Procedures

Notched and unnotched specimens were loaded with the flight-by-flight
nominal stress sequences and also under constant-amplitude loading condi-
tions in a tape-controlled servohydraulic testing machine (Schenck-Hydropuls)
by a 60-kN cylinder. The deformation of the hole was recorded continuously
during fatigue testing as described in Ref 8 to determine the life-to-crack
initiation. At that stage, the crack was still very small with a projected sur-
face of 0.3 mma?. It is the authors’ opinion that, for this size of crack and
severity of stress concentration, the crack development is still governed by
the stress concentration. Local strain at the hole was measured continuously
and recorded by strain gages installed in the hole [8]. Because of both poor
fatigue strength of the strain gages and the zero-point drift, the measured
values can be relied on only over a relatively short portion of the lifetime.
Accordingly, a measuring procedure was developed which was able to dis-
tinguish between the zero-point drifts of the strain gages arising in the course
of long recording times and the actual strain redistributions that occurred
at the notch root.



SCHUTZ AND GERHARZ ON FATIGUE LIFE EVALUATION METHODS 215

The loads needed to force an unnotched specimen to follow the recorded
strain sequence were also measured and recorded continuously. This method,
called the companion specimen method, generally is applied [9-11] for
determining the stress behavior at the notch root.

Life Predictions

From the continuous records of the local stress and strain sequences, the
mean strains and mean stresses were determined and plotted over the elapsed
lifetime (number of flights). Figure 5 shows (for the Al-Cu-2 Mg material)
the mean strain and mean stress sequences for the air loads between the large
air load occurring in every 200th flight. It was found that the mean strains
and stresses tended to stabilize within 5 to 20 percent of the life-to-crack
initiation. The average mean stress approached by the stabilization process
may be designated the “effective mean stress.” After stabilization, the resi-
dual stresses (oz) can be defined by oz = 0. — K,S., where & = effective
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mean stress, and S» = nominal mean stress. The effective mean stresses
derived from flight-by-flight and constant-amplitude loading are summa-
rized in Table 1.

Fatigue life-to-crack initiation was predicted using three methods for
defining the stresses to be used in the damage calculations. Within each
method, the partial damage was linearly accumulated, and the phenomenon
of rapid local mean stress stabilization was utilized by Methods A and B.
Method A employed the local mean stresses (Table 1) and the cyclic stress-
strain curves together with plots of “quasi-elastic” notch root stress versus
measured notch root strain as shown in Fig. 6 to determine the local alter-
nating stresses. Unnotched specimen S-N data reported in Ref 12 for Al-
Cu-2 Mg (2024-T 3) and in Ref 13 for AZ 74/72 (7075-T6) were used as a
basis for these damage calculations.

For Method B, the virgin open-hole specimens were preloaded by one
load cycle (Ref 8) to induce stresses and strains of the same magnitude as
those of the effective mean stresses (Table 1) and mean strains measured
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during flight-by-flight loading. The preloaded specimens were then subjected
to constant-amplitude loading using the nominal stress cycles of the flight-
by-flight load programs, including the peak-to-peak GAG cycles. The local
stresses and strains induced at the hole by preloading did not change during
the constant-amplitude loading. Life was estimated using nominal stresses
and the results of the constant-amplitude tests.

Method C is the conventional method employing nominal stresses (S = F/A)
and notched specimen S-N data and is included for comparison. The cycles
of nominal stress of the flight-by-flight load programs and constant-amplitude
fatigue test results of the open-hole specimen were used to calculate damage.
The damage calculations for a single ioad cycle are shown as examples in
Table 2.

In both the flight-by-flight and the constant-amplitude experiments with
open-hole specimens, crack initiation had occurred between 60 and 70 per-
cent of the life to fracture.

Results and Discussion

The results of the life predictions and the flight-by-flight tests are sum-
marized in Table 3. The conventional nominal stress analysis (Method C)
gives conservative life estimates for the load program without GAG cycle
and unconservative life estimates for the standard program. This has been
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found previously and was therefore not unexpected. For this method of
defining stress, the load programs used were considered as extremes, and
any improvements in life prediction methods should thus have opposite
tendencies when applied to each of the two programs. To illustrate this, the
ratios, test life to estimated life, are plotted in Fig. 7 where ratios above 1.0
indicate conservative estimations and ratios below 1.0, unconservative
estimations. In case of the program without GAG cycle, the expected ten-
dencies occurred for Methods A and B and also for the standard program
using Method A. However, the lives predicted by Method A still varied from
the test lives by factors of up to 1.8.

Another important feature of the quality of life prediction is the consistency
of their results. The predictions of the nominal stress fatigue analysis (Method
C) vary between a minimum value of 0.35 and a maximum value of 2.2 which
corresponds to a factor of 6.2. The predictions of Method A are spread be-
tween 0.56 and 1.72 corresponding to a factor of 3.1, and the predictions of
Method B are scattered between 0.24 and 0.65 corresponding to a factor of
2.7. These are also indicated in Fig. 7. All life estimates of Method B were on
the unconservative side, but they had the greatest consistency.

After the rapid stabilization of the local mean strains and stresses (see
Figs. 5 a, b) the local stress-strain cycles would be described sufficiently by the
effective mean stress (Table 1) and the alternating local stresses corresponding
to the alternating nominal stress. In this stabilized stage, the sequence of
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FIG. 7—Comparison of estimated life with test life.
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nominal stresses resulted in only minor variations of the local mean stress
and strain. These variations (and those which had occurred before the mean
stress and strain stabilized) were not included in the determination of the local
stress and strain cycles in Methods A and B.

The differences between flight-by-flight and constant-amplitude effective
mean stresses (see Table 1) were reflected by the differences between the
results using Methods B and C (Table 3). The differences between the results
from Methods A and B can be related to the S-N data used which, for
Method A, were derived from load-controlled testing to fracture of the
unnotched specimens (Fig. 3) having a larger volume subjected to the local
stress-strain cycles than the open-hole specimens used for Method B. In
addition, as Method B incorporates experimentally most of the relevant
parameters described in Figs. 1 and 2, the results contain less uncertainties
than those involved in using the other methods. Method B is therefore re-
garded as the most accurate.

Conclusion

Finally the aim of this research work is stated again: to establish what
differences in life prediction would occur by using three different methods
of specifying notch root stress-strain history, but using a linear cumulative
damage rule in each case. Again it is emphasized that it was not intended
to compete with the readily applicable procedures mentioned in the paper;
in particular, the local stress fatigue analysis Method B used here requires
extensive measurements at the structural element.

With respect to the load histories adopted for this paper, that is, transport
aircraft wing spectrum with and without GAG cycles, the following con-
clusions and recommendations can be stated:

1. Using an analysis based on nominal stresses, the predicted lives varied
by a factor of 6.

2. Although increasing accuracy of the incorporation of local stress-strain
behavior in future fatigue life analyses methods will reduce this factor, it
may not become less than 3.

3. The consistency of the ratio, test to predicted lives, should be a crite-
rion for evaluating local stress or strain fatigue analysis methods.

4. For further improvements in life prediction, research effort should
again be directed to the mechanism of damage accumulation.
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