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P R E F A C E  

This Manual on the Quality Control of Materials was prepared by 
ASTM Technical Committee E-1I on Quality Control of Materials to 
make available to the ASTM membership, and others, information re- 
garding statistical methods and quality control methods and to make 
recommendations for their application in engineering work of the Society. 
The quality control methods considered herein are those methods that have 
been developed on a statistical basis to control the quality of product 
through the proper relation of specification, productio n, and inspection as 
parts of a continuing process. 

This Manual consists of three Parts dealing particularly with the analysis 
and presentation of data. I t  constitutes a revision and a replacement of the 
ASTM Manual on Presentation of Data whose main section and two sup- 
plements were first published respectively in 1933 and 1935. This early work 
was done with the ready cooperation of the Joint Committee on the Develop- 
ment of Applications of Statistics in Engineering and Manufacturing (spon- 
sored by the American Society for Testing Materials and the American 
Society of Mechanical Engineers) and especially of the Chairman of the 
Joint Committee, W. A. Shewhart. Over the past 15 years this material has 
gone through a number of minor modifications and reprintings and has be- 
come a standard of reference over wide areas in both industrial and academic 
fields. Its nomenclature and symbolism were adopted in 1941 and 1942 in 
the American War Standards on Quality Control (Zl.1, Z1.2 and Z1.3) of 
the American Standards Association, and its Supplement B was reproduced 
as an appendix with one of these Standards. 

The purposes for which the Society was founded--the promotion of 
knowledge of the materials of engineering, and the standardization of speci- 
fications and the methods of testing--involve at every turn the collection, 
analysis, interpretation and presentation of quantitative data. Such data 
form an important part of the source material used in arriving at new 
knowledge, and in selecting standards of quality and methods of testing 
that are adequate, satisfactory, and economic, from the standpoints of the 
producer and the consumer. 

Broadly, the three general objects of gathering engineering data are to 
discover: (1) physical constants and frequency distributions, (2) relation- 
ships--both functional and statistical--between two or more variables, and 
(3) causes of observed phenomena. Under these general headings, the follow- 
ing more specific objectives in the work of the American Society for Testing 
Materials may be cited: 
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(a) to discover the distributions of quality characteristics of materials 
which serve as a basis for setting economic standards of quality, for com- 
paring the relative merits of two or more materials for a particular use, 
for controlling quality at desired levels, for predicting what variations in 
quality may be expected in subsequently produced material; to discover 
the distributions of the errors of measurement for particular test methods, 
which serve as a basis for comparing the relative merits of two or more 
methods of testing, for specifying the precision and accuracy of standard 
tests, for setting up economical testing and sampling procedures; 

(b) to discover the relationship between two or more properties of a 
material, such as density and tensile strength; and 

(c) to discover physical causes of the behavior of materials under partic- 
ular service conditions; to discover the causes of nonconformance with 
specified standards in order to make possible the elimination of assignable 
causes and the attainment of economic control of quality. 
Problems falling in the above categories can be treated advantageously 

by the application of statistical methods and quality control methods. The 
present Manual limits itself to several of the items mentioned under Ca) 
above. Part 1 discusses frequency distributions, simple statistical measures, 
and the presentation, in concise form, of the essential information contained 
in a single set of n observations. Part 2 discusses the problem of expressing 
4- limits of uncertainty of an observed average of a single set of n observa- 
tions, together with some working rules for rounding-off observed results to 
an appropriate number of significant figures. Part 3 discusses the control 
chart method for the analysis of observational data obtained from a series 
of samples, and for detecting lack of statistical control of quality. 

This Manual is the first major revision of the earlier work. The original 
Manual and the two supplements were prepared by the Manual Commit- 
tee of the former Subcommittee IX on Interpretation and Presentation oI 
Data, of Committee E-1 on Methods of Testing. The personnel of the 
Manual Committee was as follows: Messrs. H. F. Dodge, chairman (1932- 
46), W. C. Chancellor (1934-37), J. T. MacKenzie (1932--45), R. F. Pas- 
sano (1939--46), H. G. Romig (1938-46), R. T. Webster (1932-44), A. E. 
R. Westman (1932-34) Changes and additions have been made in line 
with comments and suggestions received from many sources. Since the 
last modification of the earlier work, the American Society for Quality 
Control has been organized (1946) and has assumed a responsible and re- 
cognized position in the field of quality control. Its cooperation in the pre- 
sent revision is hereby acknowledged. 

The list of members of Committee E-11 appearing in this Manual shows 
the personnel of the committee as of the date of publication. During the 
preparation of the three parts of the Manual the following were also ac- 
tive members of the committee: Messrs. C. W. Churchman, H. F. Hebley, 
J. C. Hintermaier, R. F. Passano, A. I. Peterson, T. S. Taylor, John 
Tucker, Jr. 
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PREFACE V 

Additional subject material is under consideration by the committee for 
inclusion in this Manual as additional Parts. 

January, 1951. 

In this fifth printing of the Manual there has been included in the 
Appendix the Tentative Recommended Practice for Choice of Sample Size 
to Estimate the Average Quality of a Lot or Process (ASTM Designation: 
E 122). This recommended practice was prepared by Dr. W. Edwards 
Deming and Miss Mary N. Torrey and represents in part work done by 
Task Group No. 6 of Committee E-11, which consists of A. G. Scroggie, 
chairman, C. A. Bicking, W. Edwards Deming, H. F. Dodge, and S. B. 
Littauer. 

September, 1956. 

In this sixth printing of the Manual corrections have been made of the 
typographical errors on pp. 61, 62, 65, and 69. 

December, 1957. 

This seventh printing of the Manual includes several minor additions and 
revisions. The changes in Part 1 include revised values in Tables I (c) and 
II  (c) (and corresponding values elsewhere in the Manual where referred 
to); also an addition to Section 4. Sections 20, 21, and 28 were modified to 
include formulas for s and s 2. In Part 3, Section 7 was expanded, and in the 
Example Sections 31, 32, and 33 the paragraph on Results was revised in 
Examples 2, 3, 4, 8, 13, 16, 21, and 22. The Appendix was expanded to in- 
clude a List of Some Related Publications on Quality Control and Statistics 
and a Table giving a comparison of the symbols used in the Manual and 
those used in statistical texts. These changes were prepared by an Ad Hoc 
Committee on Modification of ASTM Manual. The personnel of this com- 
mittee is as follows: H. F. Dodge, chairman, Simon Collier, R. H. Ede, R. 
J. Hader, and E. G. Olds. 

July, 1960. 
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FOREWORD TO PART 1 

This Part 1 of the ASTM Manual on Quality Control of Materials is 
one of a series prepared by task groups of the ASTM Technical Com- 
mittee E-11 on Quality Control of Materials. I t  represents a revision of the 
main section of the ASTM Manual on Presentation of Data (1933) which 
it replaces. First published in 1933, the main section was subsequently re- 
printed with minor modifications in 1935, 1937, 1940, 1941, 1943, 1945, and 
1947. 

This Part discusses the application of statistical methods to the problem 
of: 

(a) Condensing the information contained in a single set of n 
observations, and 

(b) Presenting the essential information in a concise form. 

Attention is given to types of data gathered by individuals or committees 
and presented to the Society, with particular emphasis on the variability 
and the nature of frequency distributions of physical properties of materials. 

Sections 1 to 36 consider the problem: Given a single set of n observations 
containing the whole of the information under consideration, to determine 
how much of the total information is contained in a few simple functions of 
the set of numbers, such as their average, X, their standard deviation, ~, 
their skewness, k, etc. Sections 37 to 44 consider the importance of using 
efficient functions to express that part of the total information which is 
considered as essential information with respect to the intended use of the 
data. 
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Manual. 
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S T P 1 5  C - E B / J a n .  1951 

P A R T  1 

P R E S E N T A T I O N  OF DATA 

SUM~.RY 

Bearing in mind that no rules can be laid down to which no exceptions can be found, 
the committee believes that if the recommendations below are followed, the presentations 
will contain the essential information for a majority of the uses made of A.S.T.M. data. 

Recommendations for Presentation of Data.--Given a set of n observations of a single 
variable obtained under the same essential conditions: 

1. Present as a minimum, the average, the standard deviation, and the number of 
observations. Always state the number of observations. 

2. If the number of observations is large and if it is desired to give information regard- 
ing the shape of the distribution, present also the value of the skewness k, 
or present a grouped frequency distribution. 

3. If the data were not obtained under controlled conditions and it is desired to give 
information regarding the extreme observed effects of assignable causes, present 
the values of the maximum and minimum observations in addition to the average, 
the standard deviation, and the number of observations. 

4. Present as much evidence as possible that the data were obtained under controlled 
conditions. 

5. Present relevant information on precisely (a) the field within which the measure- 
ments are supposed to hold and (b) the conditions under which they were made. 

INTRODUCTION 

1. P u r p o s e . - - T h i s  P a r t  1 of the M a n u a l  discusses the  appl icat ion of sta- 

tistical me thods  to  the p rob lem of: 

(a) Condens ing  the informat ion  conta ined  in a set of observat ions ,  and  

(b) Present ing  the  essential in format ion  in a concise form more  readily 

in terpre table  t han  the  unorgan ized  mass  of original da ta .  

A t t en t i on  will be directed par t icu lar ly  to quan t i t a t i ve  informat ion  on 

measurab le  character is t ics  of mater ia ls  and  m a n u f a c t u r e d  products .  Such 

character is t ics  will be t e rmed  quality characteristics. 

2. Type  of D a t a  Cons ide red . - -Cons ide ra t i on  will be given to the  treat-  

m e n t  of a set of n observa t ions  of a single variable.  Figure  1 i l lustrates two 

general  t ypes :  

I 
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2 Ab-'rM MAI~AL ON Qu~ CONTROL Or MATERIALS 

First Type.--A series of n observations representing single measure- 
ments of the same quality characteristic of n similar things, and 

Second Type.--A series of n observations representing ~t measurements 
of the same quality characteristic of one thing. 
Data of the first type are commonly gathered to furnish information re- 

garding the dis�9149 of the quality of the material itself, having in mind 
possibly some more specific purpose, such as the establishment of a quality 
standard or the determination of conformance with a specified quality 
standard. Example: 100 observations of transverse strength on 100 bricks 
of a given brand. 

Data of the second type are commonly gathered to furnish information 
regarding the errors of measurement for a particular test method Example: 
50 micrometer measurements of the thickness of a test block. 

Rr~ Type Second Type 
n Oneobservoh'on One n Obsen'M/on~ 

fh/noj8 on each lhing fhing on/hal lhing 

Z 

c5. 

,l'j 

Fxo.  1 . - - T w o  G e n e r a l  T y p e s  of  D a t a .  

The illustrative examples in the subsequent sections of this Part will be 
restricted to data of the first t ype :  

3. Homogeneous Data.mWhile the methods here given may be used to 
condense any set of observations, the results obtained by using them may 
be of little value from the standpoint of interpretation unless the data are 
good in the first place and satisfy certain requirements. 

To be useful for inductive generalization, any set of observations that  is 
treated as a single group for presentation purposes should represent a series 
of measurements, all made under essentially the same test conditions, on a 

i The quality of �9 material in respect to some particular characteristic, such as tensile strength, Is a frequency 
distribution function, not �9 slnsle-valued constant. 

The vgrlability in s group of observed values of such a quality characteristic is made up of two parts: variability 
of the material itself, and the errors of measurement. In some practical problems, the error of measurement may be 
large compared with the variability of the material; in others, the converse may be true. In any case, if one is in- 
terested in ditcovertn~ the objective frequency distribution of the quality of the material, consideration must be 
given to correcting the data for errors of measurement. See pp. $99-355 Sbewhart, Reference f | l .  
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PRESENTATION OF DATA--PART 1 3 

material or product, all of which has been produced under essentially the 
same conditions. 

If a given set of data consists of two or more subportions collected under 
different test conditions or representing material produced under different 

TABLE L - - T H R E E  GROUPS OF ORIGINAL DATA. 

(a) TRANSVERSE STRENGTH OP 270 BEICKS OF A TYPICAL BRAND, PSI, (MEASURED TO THE NRAEEST 10 PSl.) 
Test Method: Standard Methods of Testing Brick (A.S,T.M. Designation: C 67 -  31), 1936 Book of A.S.T.M. 

Standards, Part  II ,  p. 140. 
(DATA trEO~t A.S.T.M. MAUUAX, ~'oa INTERPRETATION OE REEEACTOEY TEST DATE, P 83 (1935).) 

860 1320 820 1040 1000 1010 1190 J180 1080 1100 1130 
920 1160 1250 1480 1150 740 1080 860 1060 $10 1000 

1200 830 1160 890 270 1070 830 1380 960 1360 730 
850 920 940 1310 1330 1020 1390 830 820 980 1330 
920 1070 1630 670 1150 1170 920 1120 I170 1160 1090 

1090 700 910 1170 800 960 1020 1090 2010 $90 930 
830 880 870 1340 840 1180 740 880 790 1100 1260 

1040 1080 1040 980 1240 860 860 1010 1130 970 1140 
1510 1060 840 940 1110 1240 1290 870 1260 1050 900 
740 1230 1020 1060 990 1020 820 1030 860 850 890 

1150 860 1100 840 1060 1030 990 1100 1080 1070 970 
1600 720 800 1170 970 690 1020 890 700 880 1150 
1140 1080 990 570 790 1070 820 580 820 1060 980 
1030 960 870 800 1040 820 1180 1350 1180 950 1110 
760 860 660 1180 780 1230 950 900 760 1380 900 
920 1100 1080 980 760 830 1220 1160 I090 1380 1270 
860 990 890 940 910 1100 1020 1380 1010 1030 950 
950 880 970 1600 990 830 850 630 710 9600 890 
1020 750 1070 920 870 I010 1230 780 I000 1150 1360 
1300 970 800 650 1180 860 1150 1400 880 730 910 
890 1030 1060 1610 1190 1400 850 1010 1010 1240 

1080 970 960 1180 1050 920 1110 780 780 1190 
910 1160 870 980 730 860 800 1140 940 980 
870 970 910 830 1030 1050 710 890 1010 1120 
810 1070 1100 460 860 1070 880 1240 940 860 

(b) WEIGHT OE COATINO OF I00 SHEETS O1* GALVANIZER 
[iON SHEETS t OZ. PER SQ. I~T. (MEASURED TO THE 
NEAREST 0.01 OZ. PER SQ. lIT. O]r SHEETp AVERAGED 
TOE 3 SPOTS.) 
Test Method: Triple Spot Test of Standard Specifica- 

tions for Zinc-Coated (Galvanized) Iron or Steel Sheets 
(A.S.T.M. Designation: A 93~ 1936 Book of A.S.T.M. 
Standards, Part I, p, 387. 

(DATA EEOM LAnOEATORY TESTS.) 

(C) BREAKING, STRENGTH OP 10 TEST SPECIMENS 07 
0.104 IN. HAED DaAWN COPPER WIEE, LB. ( M ~ s -  
URED TO THE NEAREST 2 LB.) 
Test Method: Standard Specifications for Hard- 

Drawn Copper Wire (A.S.T.M. Designation: B 1-27). 
1936 Book of A.S,T.M. Standards, Part I, p. 655. 

(DATE 'EOM INSPECTION RZPOET.) 

1.467 1.603 1.577 1.563 1.437 
1.623 1.603 1.577 1.393 1.350 
1.520 1.583 1.323 1.647 1.530 
1.767 1.730 1.620 1.620 1.383 
1.550 1.700 1.473 1.530 1.457 
1.533 1.600 1.420 1.470 1.443 
1.377 1.603 1.450 1.337 1.473 
1.373 1.477 1.337 1.580 1.433 
1.637 1.513 1.440 1.493 1.637 
1.460 1.533 1.557 1.563 1.500 
1.627 1.593 1.480 1.543 1.607 
1.537 1.503 1.477 1.567 1.423 
1.533 1.600 1.550 1.670 1.573 
1.337 1.543 1.637 1.473 1.753 
1.603 1.567 1.570 1.633 1.467 
1.373 1.490 1.617 1.763 1.563 
1.457 1.550 1.677 1.573 1.503 
1.660 1.577 1.750 1.537 1.550 
1.323 1.483 1.497 1.420 1.647 
1.647 1.600 1.717 1.513 1.690 

578 
572 
570 
568 
372 
570 
570 
572 
576 
584 

conditions, it should be considered as two or more separate subgroups of 
observations, each to be treated independently in the analysis. Merging of 
such subgroups, representing significantly different conditions, may lead to 
a condensed presentation that  will be of little practical value. Briefly, any 
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4 A S T M  M A N U A L  O N  Q U A L I T Y  C O N T R O L  O F  M A T E R I A L S  

set of observations to which these methods are applied should be homo- 
geneous. 

In the illustrative examples of this Part, each set of observations will be 
assumed to be homogeneous, that is, observations from a common universe 
of causes. The analysis and presentation by control chart methods of data 

TABLE IL- -UNGROUPED FREQUENCY DISTRIBUTIONS IN TABULAR FORM. 

(a) T~ANSVERgE STRENGTH, ]~SI. (DATA OF TABLE I (a)) 

270 780 830 870 920 970 1020 1070 1100 1180 1310 
460 780 830 880 920 980 1020 1070 1100 1180 1320 
570 780 830 880 920 980 1020 1070 1100 1180 1330 
580 790 840 880 920 980 1020 1070 1100 1180 1330 
630 790 840 8~0 920 980 1020 1070 1110 1180 1340 

680 $00 840 880 930 980 1020 1070 1110 1180 1350 
660 800 850 880 940 980 1020 1070 1110 1180 1360 
670 800 850 890 940 990 1030 1080 1120 1190 1360 
690 800 850 890 940 990 1030 1080 1120 1190 1380 
700 800 850 890 940 990 1030 1080 1130 1190 1380 

700 800 860 890 940 990 1030 1080 1130 1200 1380 
700 800 860 890 950 990 1030 1080 1140 1220 1380 
710 810 860 890 950 1000 1030 1080 1140 1230 1390 
710 810 860 890 950 1000 1040 1(180 1140 1230 1400 
720 820 860 890 950 1000 1040 1090 1150 1230 1400 

730 820 860 900 960 1000 1040 1090 1150 1240 1480 
730 820 860 900 960 1000 1040 1090 1150 1240 1510 
730 820 860 900 960 1000 1050 1090 1150 1240 1610 
740 820 860 900 960 I010 1050 1100 1150 1240 1630 
740 820 860 910 970 1010 1050 1100 1150 1250 2010 

740 820 870 910 970 1010 1060 II00 1160 1260 
750 830 870 910 970 1010 1060 1100 1170 1260 
760 830 870 910 970 1010 1060 1100 1170 1270 
760 830 870 910 970 1010 1060 1100 1170 1290 
780 830 870 920 970 1010 1060 1100 1170 1300 

(b) WEIGI[~ OF COATII~G, OZ. PER SQ. liT. (r BREAKING STRENGTH, LB. 
(DATA 07 TA~LIg I (b)) (DATA OT TABLZ I (C)) 

1.323 1.457 1.513 1.567 1.620 
1.323 1.457 1.513 1.567 1.623 
1.337 1,660 1.520 1.570 1.627 
1.337 1.467 1.530 1.573 1.633 
1.337 1.467 1.530 1.573 1.637 

1.350 1.470 1.533 1.577 1.637 
1.373 1.473 1.533 1.577 1.637 
1.373 1,473 1.533 1.577 1.647 
1.377 1.473 1.537 1.580 1.647 
1.383 1.477 1.537 1.593 1.647 

1.383 1.477 1.543 1.600 1.660 
1.393 1.477 1.843 1.600 1.670 
1.420 1.480 1.550 1.600 1.690 
1.420 1.453 1.550 1.603 1.700 
1.423 1.490 1.550 1.603 1.717 

1.433 1.493 1.550 1.603 1.730 
1.437 1.497 1.557 1.603 1.750 
11.440 1.500 1.563 1.607 1.753 
1.443 1.503 1.563 1.617 1.763 
1.450 1.503 1.563 1.620 1.767 

568 
570 
570 
570 
572 

572 
572 
576 
578 
584 

obtained from several samples or capable of subdivision into subgroups on 
the basis of relevant engineering information is discussed in Part 3 of this 
Manual. Such methods enable one to determine whether for practical pur- 
poses a given set of observations may be considered to be homogeneous. 

4. Typical Examples of Physical Data.--Table I gives three typical sets 
of observations, each representing measurements on a sample of units or 
specimens selected in a random manner to provide information about the 
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PRESENTATION OF DaTa~P~T I 5 

quality of a larger quantity of material,--the general output of one brand 
of brick, a production lot of galvanized iron sheets, and a shipment of hard 
drawn copper wire. Consideration will be given to ways of arranging and 
condensing these data into a form better adapted for practical use. 

UNGROUPED FREQUENCY DISTRIBUTIONS 

5. Ungrouped Frequency Distribufions.--An arrangement of the observed 
values in ascending order of magnitude will he referred to in the Manual as 
the ungrouped frequency distribution of the data, to distinguish it from the 
grouped frequency distribution defined in Section 8. Table II presents un- 
grouped frequency distributions for the three sets of observations given in 
Table I. 

Figure 2 shows graphically the ungrouped frequency distribution of 
Table II (a). 

. . . . .  . . . . . .  

' i i . . . .  i . , i 

500 I000 1500 ~000 
Transverse SIreng~h~ psi. 

Fla. 2.--Showing Graphically the Ungrouped Frequency Distribution of a Set of Observations 
Each dot representm one brick, data of Table II(a) 

A glance at one of the tabulations of Table II gives some information not 
readily observed in the original data of Table I--such as the maximum, the 
minimum, and the median or middlemost value. Such arrangements are 
sometimes of value in the initial stages of analysis. 

6. Remarks.--I t  is rarely desirable to present data in the manner of 
Table I or Table II. The mind cannot grasp in its entirety the meaning of 
so many numbers; furthermore, greater compactness is required for most of 
the practical uses that are made of data. 

GROUPED FREQUENCY DISTRIBUTIONS 

7. Introduction.--The information contained in a set of observations may 
be condensed merely by grouping. Such grouping involves some loss of 
information but is often useful in presenting engineering data. In the follow- 
ing sections both tabular and graphical presentation of grouped data will be 
discussed. 

8. Definifions.--A grouped frequency distribution of a set of observations 
is an arrangement which shows the frequency of occurrence of the values of 
the variable in ordered classes. 

The interval, along the scale of measurement, of each ordered class is 
termed a cell. 

The frequency for any cell is the number of observations in that cell. 
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6 ASTM MANUAL ON QUALITY CONTROL Or MATERIALS 

The relative frequency for any cell is the frequency for that  cell divided by 
the total number of observations. 

Table I I I  illustrates how the three sets of observations given in Table I 
may be organized into grouped frequency distributions. The recommended 
form of presenting tabular distributions is somewhat more compact, however, 
as shown in Table IV. Graphical presentation is used in Fig. 3 and discussed 
in detail in Section 14. 

9. Choice of (2ell Botmdaries.--It  is usually advantageous to make the 
cell intervals equal. 

I t  is recommended that,  in general, the cell boundaries be chosen half-way 
between two possible observations, t With this choice, the cell boundary 
values will usually have one more significant figure (usually a 5) than the 

TABLE I l L - - T H R E E  EXAMPLES OF GROUPED F R E Q U E N C Y  D I S T R I B U T I O N S .  
Showing cell midpoints and cell boundaries. 

(a) T ~ s v ~ s t  STmtNOTe, es~ (b) WmoeT o l  COATI~O, OZ. ~ (r B ~ s O  STmr Ln. 
leT. 

(DATA 01 T.~eZ~r I (a)) (DATA o~qTABLJB I (b)) (DATA 01 TAB~I I (r 

CZLL CEIL OnsRRv3m CEI.L CEx~ OnS~nVXD CZr.L Czx~. OBSIIVZD 
Mm- BouN~ FZE- Mm- Boum~ F ~ .  MID- B o~ro-  FR~. 
eozwe A Z Z Z S  Qoz~cY POX~'T Anlzs qm~Nc, e o n ~  AZ~CS qu~rcY 

225 
a m  1 

375 
t se  1 

525 
6O0 6 

675 
750 38 

825 
9O0 SO 

975 
10.50 83 

1125 
1200 39 

1275 
1350 17 

1425 
1500 2 

1575 
1650 2 

1725 
1800 0 

1875 
1950 1 

2025 
Tota l  . . . . . . . . . . . . . . . . .  270 

1.275 
1.300 2 

1.325 
1.350 6 

1.375 
1.400 7 

1.425 
1. i50 14 

1.475 
1.500 14 

1.525 
1.550 22 

1.575 
1.600 17 

1.625 
1.650 10 

1.675 
1.700 $ 

1.725 

567 
568 1 

569 
570 3 

571 
572 3 

573 
574 o 

575 
576 1 

577 
578 1 

579 
580 0 

581 
582 0 

583 
584 1 

585 
Tota l  . . . . . . . . . . . . . . . . .  10 1.750 5 

1.775 
Total  . . . . . . . . . . . . . . . . . .  100 

values in the original data. For example, in Table I I I  (a), observations were 
recorded to the nearest 10 psi., hence the cell boundaries were placed at 225, 
375, etc., rather than at  220, 370, etc., or 230, 380, etc. Likewise, in Table 
I I I  (b), observations were recorded to the nearest 0.01 oz. per sq. ft., hence 
celI boundaries were placed at 1.275, 1.325, etc., rather than at 1.28, 1.33, 
etc. 

10. Number of Cells.--The number of cells in a frequency distribution 
should preferably be between 13 and 20. 2 If the number of observations is, 

1 By choosing cell boundaries in this way, certain difficulties of classification and computation are avoided, see 
O. U. Yule and M. G. Kendall, "An  Introduction to the Theory of Sta t is t ics ,"  pp. 85 to 88, Charles Griffin and Co. 
Ltd.,  London (1937). 

I For  a discussion of this point, tee p. 69 of Reference (1) 
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PRESENTATION OF DATA--PART 1 7 

say, less than 250, as few as 10 ceils may be of use. When the number of 
observations is less than 25, a frequency distribution of the data is generally 
of little value from a presentation standpoint, as for example the 10 observa- 
tions in Table I I I  (c). In general, the outline of a frequency distribution 
when presented graphically is more irregular the larger the number of cells. 
This tendency is illustrated in Fig. 3. 

100 
8O 
6o  

~0 
0 - -  - -  I 

0 500 

Us/ng l2cells, ~Table~r~)) GO Us/ng/9r 

I , 
I000 1500 ~(300 O0 500 I000 |500 ~000 

Transverse S~ren~fh~ psi. 

FIO. 3.--Illustrating Increased Irregularity with Larger Number of Cells. 

Transverse 
Strength, 

psi. Frequency 
225 to 575 I 
575  to 525 I I 
525 to 675 1~] 6 
675 to 825 i ~ t t ~ i ~ i t H I I I  38 
825 to 975 '~h~I~'~'H~t.~'~['H~.'H'H-I~H.~H-~.'~.~1tH'~'~']lt'H 80 
975 to 1125 l ~ I H ' ~ I ~ l ~ ' l ~ l ~ 1 ~ t H I ~ l ~ l ~ J ~ - ~ ' t ~ . I I I  83 
1125 to 1275 lttf 'h'~' l l f l i f l f l f l f f l f l~l l l I  39 
1275 to 1425 ~ t H ~ I I  17 
1425 to 1575 II 2 
1575 to 1725 I[ 2 
1725 to 1875 0 
1875 to 2025 I 

Total 270 

Fzo. 4.--Method of Classifying Observations. 
Data of TablJ I (a). 

11. Methods of Classifying Observations.--Figure 4 illustrates a con- 
venient method of classifying observations into cells when the number of 
observations is not large. For each observation, a mark is entered in the 
proper cell. These marks are grouped in fives as the tallying proceeds, and 
the completed tabulation itself, if neatly done, provides a good picture of 
the frequency distribution. 

If the number of observations is, say, over 250, and accuracy is essential, 
it may be found advantageous to enter the observed values on cards, one to 
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8 ASTM I~TANUAL ON QUALITY CONTROL O~" MATERIALS 

each observation. These may then be sorted into packs, each pack corre- 
sponding to a cell. By this means, the work of classification can be checked 
by making sure that no card has been wrongly sorted. When a large amount 
of data is to be analyzed, the use of one of the several types of electrical 
machines for recording, sorting and counting the observations may be 
found economical? 

TABLE IV.--FOUR METHODS OF PRESENTING A TABULAR FREQUENCY DISTRIBUTION. 

(Data of Table I (a)) 
NovE.--"Number of Observations" should be recorded with tables of relative frequencies. 

(a) F~QVENCY (b) RELATIVE FREQUENCY 
(Expressed in percentages) 

TRANSVERSE STRENGTH, NUMBER OE BRICKS TRANSVERSE STRENGTH, PERCENTAGE O]~ BRICKS 
PSI. HAVING STRENGTH PSI. HAVING STRENGTH 

WITHIN GIVEN LIMITS WITHIN GIVEN LIMITS 

225 to 375 1 
375 to 525 1 
525 to 675 6 
6751o 825 38 
825 to 975 80 
975 to 1125 83 

1125 to 1275 39 
1275 to 1425 17 
1425 to 1575 2 
1575 to 1725 2 
1725 to 1875 0 
1875 to 2025 1 

Total  . . . . . . . . . . . . . . . . . . . . . . .  270 

225 to 375 0.4 
375 to 525 0.4 
525 to 675 2.2 
675 to 825 14.1 
825 to 975 29.6 
975 to 1125 30.7 

1125 to 1275 14.5 
1275 to 1425 6.3 
1425 to 1575 0.7 
1575 to 1725 0.7 
1725 to 1875 0.0 
1875 to 2025 0.4 

Total  . . . . . . . . . . . . . . . . . . . . . . .  100.0 
Number of Observations - 270 

(C) CUMULATIVE FREQUENCY (d) CUMULATIVE RELATIVE FREQUENCY 
(Expressed in percentages) 

TRANSVERSE STRENGTH, NUMBER 0u BRICKS TRANSVERSE STEENOTff t PERCENTAGE OF BRICKS 
PSl. HAVING STRENGTH PSI. HAVING STRENGTH 

LESS THAN GIVEN LESS THAN GIVEN 
VALUES VALUES 

375 1 
525 2 
675 8 
825 46 
975 126 

1125 209 
1275 248 
1425 265 
1575 267 
1725 269 
1875 269 
2025 270 

375 0.4 
525 0.8 
675 3.0 
g25 17.1 
975 46.7 

1125 77.4 
1275 91.9 
1425 98.2 
1575 98.9 
1725 99.6 
1875 99.6 
2025 100.0 

Number of Observations = 270 

12. Cumulative Frequency Distfibution.--For some purposes, the num- 
ber of observations having a value "less than" or "greater than" particular 
scale values is of more importance than the frequencies for particular cells. 
A table of such frequencies is termed a cumulative frequency distribution. 
The "less than" cumulative frequency distribution is formed by recording 
the frequency of the first cell, then the sum of the first and second cell fre- 
quencies, then the sum of the first, second, and third cell frequencies, and 
SO o n .  

g Information on mechanical tabulation is given by J. R. Rigglemau and I. N. Frisbee, "Business Stat is t ics ,"  
Chapter IV  and Appendix 2, pp. 647 to 653, McGraw-Hill Book Co., Inc., New York City and London (1938). 
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PRESENTATION OF DATA--PART 1 9 

13. Tabular Presentation.--Methods of presenting tabular frequency 
distributions are shown in Table IV. To make a frequency tabulation more 
understandable, relative frequencies may be listed as well as actual fre- 
quencies. If only relative frequencies are given, the table cannot be regarded 
as complete unless the total number of observations is recorded. 

Confusion often arises from failure to record cell boundaries correctly 
Of the four methods (a) to (d) illustrated below for strength measurements 
made to the nearest 10 lb., only methods (a) and (b) are recommended. 
Method (c) gives no clue as to how observed values of 2100, 2200, etc., 
which fell exactly at cell boundaries were classified. If such values were 
consistently placed in the next higher cell, the real cell boundaries are those 
of method (a). Method (d) is liable to misinterpretation since strengths 
were measured to the nearest 10 lb. only. 

RECOMMENDED NOTRECOMMENDRD 

METHOD (a) METHOD (b) METHOD (C) METHOD (d) 

NUMBER 
O~ 

~RENGTH, LB. ] OBSER- 
VATIONS 

9sto 09  ...... 1 1 1  )95 t o  2195 . . . . . .  3 
9 5  t o  2295 . . . . . .  17 
!95 t o  2395 . . . . . .  36  
;95 t o  2495 . . . . . .  82 

etc. etc.  

NUMBE~ 
OF 

STRENGTH, LB. OBSER- 
VATIONS 

2000 t o  2090  1 
2100 t o  2190 . . . . . . .  3 
2200 t o  2290  . . . . . . .  17 
2300 t o  2390 . . . . . . .  36  
2400 t o  2490 82 

etc.  etc.  

N~ER 

STRENGTH,  LB.  O~ 
OBSER- 
VATIONS 

2000 t o  2100 . . . . . .  1 
2100 t o  2200 . . . . . .  3 
2200 t o  2300 . . . . . .  17 
2300 t o  2400 . . . . . .  36  
2400 t o  2500 . . . . . .  82 

etc.  etc. 

ND~J 
o7 

STRENOI 'H ,  LB.  O B S E R -  

VATION 

2 0 0 0 t o  2099.  1 
2100 t o  2199 . . . . . .  3 
2200 t o  2299 . . . . . .  17 
2 3 0 0 t o  2399 . . . . . .  36  
2 4 0 0 t o  2499 . . . . . .  82 

etc. ] etc.  

14. Graphical Presentation.--Using a convenient horizontal scale for 
values of the variable and a vertical scale for cell frequencies, frequency 
distributions may be reproduced graphically in several ways as shown in 
Fig. 5. The frequency bar chart is obtained by erecting a series of bars, cen- 
tered on the cell midpoints, each bar having a height equal to the cell fre- 
quency. An alternate form of frequency bar chart may be constructed by 
using lines rather than bars. The distribution may also be shown by a series 
of points or circles representing cell frequencies plotted at cell midpoints. 
The frequency polygon is obtained by joining these points by straight lines. 
Each end point is joined to the base at the next cell midpoint to close the 
polygon. 

Another form of graphical representation of a frequency distribution is 
obtained by placing along the graduated horizontal scale a series of vertical 
columns, each having a width equal to the cell width and a height equal to 
the cell frequency. Such a graph, shown at the bottom of Fig. 5, is called 
the frequency histogram of the distribution. In the histogram, the area en- 
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PRESENTATION OF DATAmPART 1 11 

dosed by the steps represents frequency exactly, and the sides of the columns 
designate cell boundaries. 

The same charts can be used to show relative frequencies by substituting 
a relative frequency scale, such as that shown at the right in Fig. 5. I t  is 
often advantageous to show both a frequency scale and a relative frequency 
scale. If only a relative frequency scale is given on a chart, the number of 
observations should be recorded. 

Two methods of constructing cumulative frequency polygons are shown 
in Fig. 6. Points are plotted at cell boundaries. The upper chart gives cumu- 
lative frequency and relative cumulative frequency plotted on an arith- 
metic scale. The lower chart shows relative cumulative frequency plotted 
on a Normal Law probability scale. A Normal distribution ~ will plot cumu- 
latively as a straight line on this scale? Such graphs can be drawn to show 
the number of observations either "less than" or "greater than" the scale 
v a l u e s .  

15. Remarks.--The information contained in the data may be summarized 
by presenting a tabular grouped frequency distribution, if the number of 
observations is large. A graphical presentation of a distribution makes it 
~ossible to visualize the nature and extent of the observed variation. 

While some condensation is effected by presenting grouped frequency 
distributions, further reduction is necessary for most of the uses that are 
made of A.S.T.M. data. This need can be f ,  lfilled by means of a few simple 
functions of the observed distribution, notably, the average and the standard 
deviation. 

FUNCTIONS OF A FREQUENCY DISTRIBUTION 

16. Introduction.--In the problem of condensing and summarizing the 
information contained in the frequency distribution of a set of observations, 
certain functions of the distribution are useful. For some purposes, a state- 
ment of the relative frequency within stated limits is all that is needed. 
For most purposes, however, two salient characteristics of the distribution 
which are illustrated in Fig. 7 are: 

(a) the position on the scale of measurement--the value about which 
the observations have a tendency to center, and 

(b) the spread or dispersion of the observations about the central 
value. 

' See Fig. 13. 
' Graph paper with one dimension graduated in terms of the summation of Normal Law distribution was de- 

scribed by Allen Hazen, Tra~tlons, Am. Soc. Civil Engrs., Vol. 77, p. 1539 (1914). It may be purchased from Codex 
Book Co., Inc., Norwood, Mass. as No. 3127 (arithmetic probability scales, | ~  by 11 in). 
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12 ASTM MANUAL ON QUALITY CONTROL OF MATERIALS 

A third characteristic of some interest, but of less importance, is the 
skewness or lack of symmetry--the extent to which the observations group 
themselves more on one side of the central value than on the other. (See 
Fig. 8.) 

Several representative measures are available for describing these char- 
acteristics, but by far the most useful are the arithmetic mean, X,  the 
standard deviation, a, and the skewness factor, k,--all algebraic functions 
of the observed values. Once the numerical values of these particular meas- 
ures have been determined, the original data may usually be dispensed 
with and two or more of these values presented instead. 

_ Spread _ 

P o s i t i o n  

Different Posifions, same  ...,,l l l l=,, ..... , l t [ l l , , .  spread 

..,.,.,,,,,l,],l,l,l,,,.,., ...... 
Same Posifion, different- 

spreads 

I I ] l  Diff'erent Positions, 
. . . . . .  , w t I IIIl ,,,=,J I m,. di l l 'aren't spreads 

- - - S c a l e  o f m ~ s u r e m e n f  - - -~ "  

FIG. 7.--Illustrating Two Salient Characteristics of Distributions--Position and Spread. 

/Vegative skewness Positive skewness 
k =-I.00 k =0 k= § 

. . . .  S c a l e  o f  m e a s u r e m e n t  - - - >  + 

FIG. 8.--Illustrating a Third Characteristic of Frequency Distributions-- 
Skewness--and Particular Values of Skewness k. 

17. Relative Frequency.--The relative frequency, p, within stated limits 
on the scale of measurement is the ratio of the number of observations lying 
within those limits to the total number of observations. 

In practical work, this function has its greatest usefulness as a measure 
of fraction defective or fraction nonconforming, in which case it is the fraction, 
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p, representing the ratio of the number of observations lying outside speci- 
fied limits (or beyond a specified limit) to the total number of observations. 

18. Average (Arithmetic Mean).--The average (arithmetic mean) is the 
most widely used measure of central tendency. The term average and the 
symbol X will be used in this Manual to represent the arithmetic mean of a 
set of numbers. 

The average, X, of a set of n numbers, X1, X~, . . .  X~, is the sum of the 
numbers divided by n; that is: 

n 

X~ 
= X* + X' + ... + X. i=1 

= . . . . . . . . . . . . . . . . . . .  ( 1 )  
n n 

n 

where the expression ~]  X~ means "the sum of all values of X, from X1 to 
/ = 1  

X,,  inclusive." 
Considering the n values of X as specifying the positions on a straight 

line of n particles of equal weight, the average corresponds to the center of 
gravity of the system. The average of a series of observations is expressed 
in the same units of measurement as the observations; that is, if the observa- 
tions are in pounds, the average is in pounds. 

19. Other Measures of Central Tendency.--The geometric mean, of a 
set of n numbers, X1, X s , . . .  X,, is the nth root of their product; that is, 

Geometric mean = %"/Xt X2 --" X~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (2) 

or, log (geometric mean) = log XI "4- log Xs -t- ---  -[- log X .  . . . . . . . . . .  (3) 
n 

Equation 3, obtained by taking logarithms of both sides of Eq. 2, provides 
a convenient method for computing the geometric mean using the logarithms 
of the numbers. 

NOTE.--The distribution of some quality characteristics is such that  a transformation, using 
logarithms of the observed values, gives a substantially Normal distribution. When this is true, 
the transformation is distinctly advantageous for (in accordance with Section 32) much of the 
total information can be presented by two functions, the average, X, and the standard deviation, 
~, of the logarithms of the observed values. The problem of transformation is, however, a complex 
one that  is beyond the scope of this Manual. 

The median of the frequency distribution of n numbers is the middlemost 
value. 

The mode of the frequency distribution of n numbers is the value which 
occurs most frequently. 
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14 ASTM MANUAL ON QUALITY CONTROL OF MATERIALS 

20. Standard Deviafion.--The standard deviation is the most useful 
measure of dispersion for the problems considered in this Part of the Manual. 

The standard deviation, or, of a set of n numbers, XI, X~ . . .  X . ,  is the 
square root of the average of the squares of the deviations of the numbers 
from their average, X;  that is, 

Stated another way, it is the root-mean-square (rms.) deviation of the 
numbers from their average, X.  

Equation 5, derived from Eq. 4, is more convenient to use in computa- 
tions. 

Y, X~' 
~//X,' + X,' + .-. + XJ i= I ~'. (S) O" in ~ =i, . . . . . . . . . .  

~g n 

With this equation, the standard deviation is obtained by dividing the 
sum of the squares of the numbers by n, subtracting the square of their 
average, and extracting the square root. 

NoTE.--The definition of the standard deviation a of a set of n numbers as given in Eq. 5 
may be also written in the following form: 

~J (ZXn ,)' = ~n~X? - (ZX,)' = -I %/n~X,' - (ZX,)' .... (5a) 
Gt "= -- n 2 n 

This rearrangement is particularly convenient for purposes of calculation when i (where n *- 
n 

number of observations in the sample) produces an unlimited number of decimal places. For 
example, consider the sample of six observations: 5, 5, 5, 5, 3, 6. The sum of the observations 
is 31, and the sum of their squares is 161. 
Using Eq. 5a: 

1 1 
~r,~ g % / 6  X 1 6 1 - -  31 X 3 1  - ~ % / ]  - 0.3726 

If the sequence of operations in Eq. 5 were followed, fractions of an indefinite number of decimal 
places would occur. The calculated value of the standard deviation ~ would then depend on the 
number of decimal places carried in the calculation. 

Average of Squares Average Square of Standard 
Standard Deviation Deviation 

26.83 5.2 -- 0.21 imaginary 
26.8333 5.17 +0.1044 0.32 
26.833333 5.167 +0.135444 0.368 
26.83333333 5.1667 +0.13854AA4 0.3723 

In the language of mechanics, if the n values of X specify the positions on 
a straight line of n particles of equal weight, the standard deviation corre- 
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sponds to the radius of gyration measured from the center of gravity. The 
standard deviation of any series of observations is expressed in the same 
units of measurement as the observations, that  is, if the observations are 
in pounds, the standard deviation is in pounds. 

Sometimes n - 1 instead of n is used in the denominator of the equation 
for g, and the result is denoted by the symbol s, tha t  is, 

i=I 
S = (40 

n-- 1 

This measure, s, is normally used directly in a number of statistical methods. 
I t  is noted that  s ~ is an unbiased estimate of the universe variance, and that  
s, though not unbiased, is regarded as an estimate of the universe standard 
deviation. 

A simpler form for computing s is" 

( 
s = i=1 n . . . . . . . . . . . . . . . . . . . . .  (5') 

n - - 1  

In  this Manual,  when referring to the s tandard deviation of a set of n 
observations, the use of ~ will mean that  n is used in the denominator and 
the use of s will mean tha t  n - 1 is used. 

21. Other Measures of Dispersion.--The co@5cient of variation, v, of a 
set of n numbers, is the ratio of their standard deviation, a, to their average, 
X,  expressed as a percentage. I t  is given by: 

~r 
v = 100~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (6) 

The coefficient of variation is an adaptation of the standard deviation 
which was developed by Prof. Karl Pearson to express the variability of a 
set of numbers on a relative scale rather than on an absolute scale. It is 

thus a pure number. 
The average deviation of a set of n numbers, XI, X~, --. X,, is the average 

of the absolute values of the deviations of the numbers from their average, 

X; that is, 
n 

Ix , -x l  
i = 1  

Average deviation (7) 
n 

where the symbol [[ denotes the absolute value of the quant i ty  enclosed. 
The range, R, of a set of n numbers is the difference between the largest 
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16 A S T M  MANUAL ON QUALITY CONTROL Or ~IATERIALS 

number and the smallest number of the set. This is the simplest measure 
of dispersion of a set of observations. 

The variance, ,r~, of a set of n numbers is the average of the sum of the 
squares of the deviations of the numbers from their average, X;  that is, 

n 
'72 = 1 Y. ( x ,  - . y ) ,  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (8) 

n i = l  

As can be seen from Eqs. 4 and 8, the standard deviation is the square root 
of the variance. 

As noted in Section 20, the so-called unbiased estimator s ~ of universe 
variance is sometimes used rather than o 2 to measure variability. The de- 
nominator of the equation will then have n - 1 in it rather than n, that is, 

s~- - (Xi - 2)~ . . . . . . . . . . . . . . . . . . . . . . . . . . .  (89 
n 1 i=1 

22. Skewness k.--The most useful measure of the lopsidedness of a 
frequency distribution is the skewness k. 

The skewness, k, of a set of n numbers, X1, X2, . . .  X,,  is defined by the 
expression: 

N 

Y~ ( x ,  - y : ) s  

k i - 1  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (9) 
~ r  s 

This measure of skewness is a pure number and may be either positive or 
negative. For a symmetrical distribution, k is zero. In general, for a non- 
symmetrical distribution, k is negative if the long tail of the distribution 
extends to the left, the negative direction on the scale of measurement, and 
is positive if the long tail extends to the right, the positive direction on the 
scale of measurement. Figure 8 shows three unimodal distributions with 
different values of k. 

23. Remarks.--Of the many measures that are available for describing 
the salient characteristics of a frequency distribution, the average, X, the 
standard deviation, a, and the skewness, k, are particularly useful for sum- 
marizing the information contained therein. 

METHODS OF COMPUTING ~ ,  or, AND k 

24. Computation of Average and Standard Deviation.--The average and 
standard deviation can be computed by using Eqs. 1 and 5. The method of 
computation is illustrated in Table V, using the data of Table I (c). The 
table of squares given in the Appendix ~ is useful in carrying out these com- 

'SU pp. 121 to 127. 
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TABLE V.--COMPUTATION OF AVERAGE AND STANDARD DEVIATION. 
(Data of Table I (c)) 

TEST BREAKING STRENCTH, X, 
SFECIMIM LB. 

1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  578 
2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  572 
3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  570 
4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  568 
5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  572 
6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  570 
7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  570 
8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  572 
9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  576 

10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  584 

n = 10 ZX = 5732 ZX s = 3 285 792 

Average: ~ = ~ X  = 5732 = 573.2 lb. 
n 10 

Standard Deziation: 

a ' ( U s i n g E q ' 5 )  = ~ - ~ - - X ' f f i  ~ 285 328 558 . 24 

SQUAll OF BREAKING 
STIENGTH, X I 

334 084 
327 184 
324 900 
322 624 
327 184 
324 900 
324 900 
327 184 
331 776 
341 056 

= v / 2 0  96 = 4.58 lb. 

q (Using Eq. 5a) = 1 e n Z X S  - (ZX)~ = 1 4 3  n ]-6 2857920 -- 32 855824 

I x/~ = 4.58 lb. 

putations3 Square roots may be found to a satisfactory degree of accuracy 
for most practical purposes by using the columns of squares and interpolating 
to find the square roots desired. 

The standard deviation of any set of numbers remains the same if a 
constant is added to or subtracted from each number in the set. Table VI 
illustrates how this fact can be utilized to reduce the magnitude of the 
numbers dealt with in making computations. Subtraction of the constant 
A is equivalent to making computations with respect to an arbitrary origin, 
A. The computation work can readily be checked by using a second value 
of A. 

Dividing or multiplying each of a set of numbers by a constant, has the 
effect of dividing or multiplying their standard deviation by that constant. 
The last two columns of Table VI indicate how the arithmetic may be 
further simplified by dividing the original numbers by a constant, h. 

25. Short Method of Computation When n is Large.--When the num- 
ber, n, of observations is large, the computation work can be simplified con- 
siderably by making use of the grouped frequency distribution of the ob- 

2 Calculating machines, if available, will be found of great aid in reducing the time of computation. Complete 
tables are given in, "Barlow's Tables of Squares, Cubes, Square-Roots, Cube-Roots, and Reciprocals of all Integer 
Numbers up to 10,000," E. and F. N. Spoil, Ltd., London (1930). 
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servations. Table VIIa shows a convenient form to use in computing the 
average, the standard deviation, and the skewness k. With this method, 
referred to as "Short Method No. 1," an arbitrary origin, A, is used and 
deviations from this origin are expressed in cells rather than in units of the 
scale of measurement. The equations for the average, X,  the standard de- 
viation, ~, and the skewness, k, of a grouped frequency distribution are: 

zfx X ~ , A + m -  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (lo) 
n 

o" ~ m - -  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ( 1 1 )  

n \ n / \ n / . . . . . . . . . . . . . . . . . .  (12) 

where: 
A = arbitrary origin, 
m = cell interval (difference between upper and lower boundaries of a cell), 
f = observed cell frequency, and 
x = deviation in cells from A. 

Table VIIa shows the computations for the data given in Table I (a). 
As will be noted, the work is simplified by making use of computation 
factors that are expressed in terms of the column totals, Z,f, ~,fx, Y, fx  2 
and Z, fx*. 

Table VIIb gives another short method) referred to as "Short Method 
No. 2," for computing X, ~, and k. This method involves a succession of 
cumulative sums, whereby the constants needed may be found by simple 
addition. This form is often found more convenient than Short Method No. 
1 (Table VIIa), particularly when a multiplying calculating machine is not 
available and when only X and ~ are wanted. 

The short methods of Table VII are only applicable when the cell in- 
tervals are equal. 

26. Remarks.--The exact values of X, g, and k can, of course, be found 
by using Eqs. 1, 5, and 9, but the computation work may require an ex- 
cessive amount of time when the number of observations is large. The short 
methods of computation (Section 25) introduce certain errors of grouping, 
since they assume that all observations in each cell have a value equal to 
that of the cell midpoint. I t  is believed, however, that the short methods 
are satisfactory for most practical purposes and that the errors introduced 

1 See E. T. W h i t t a k e r  and O. R o b i ns o n ,  "The Calculus  of  O b s e r v a t i o n s , "  Section 98, pp. 191-193, BIackie  and 

Son, Ltd., London (1926). 
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by grouping are not, in general, of sufficient importance to warrant the use 
of correction factors. 1 

For the data of Table I (a), the errors introduced by grouping are indi- 
cated in the following tabulation: 

VALVl Fouwo 
Ex#kc'r VALUZ ItY SHORT Mz'l~OD| 

Average, ~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  999.8 1000.0 
Standard deviation, ~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  201.5 202.1 

When calculating machines are used, it is generally advisable to retain 
more places of figures throughout the work than are needed for final results, 
and throw away unneeded places only after the calculation work is com- 
pleted? 

A M O U N T  OF INFORMATION C O N T A I N E D  IN p ,  X ,  o" AND k 

27. Introduction.--In this and following sections, the total information 
contained in a series of observations of a single variable is defined, and 
consideration is given to how much of the total information may be made 
available by presenting a few simple functions of the data--disregarding 
for the moment what uses are to be made of the data. 

For present purposes, the total information will be defined as that con- 
tained in the original set of numbers arranged in ascending order of mag- 
nitude, that is, the ungrouped frequency distribution. (See Table II.) 

The concept of the ungrouped frequency distribution as giving the total 
information is set forth by Shewhart (Reference (1), Chapter VIII). Since, 
in engineering practice, samples may not lightly be assumed to be random 
samples, additional information of value may be disclosed by considering 
the order of the observations. 

28. The Problem.--Given a set of n observations 

X~, X~, X,, . . .  X~, 

of some quality characteristic, how can we present concisely information 
by means of which the observed distribution can be closely approximated, 
that is, so that the percentage of the total number, n, of observations lying 
within any stated interval from, say, X = a to X = b, can be approximated? 

The total information can be presented only by giving all of the observed 
values. I t  will be shown, however, that much of the total information is con- 
tained in a few simple functions--notably the average, X, the standard 
deviation, , ,  and the skewness, k. 

Where presentation of the standard deviation, ~, is proposed, either ~ or 
s (Section 20) may be used. 

* See pp. ?8-79 of Reference (I). 
2 See Section 7, Part 2 of this Manual. 

Copyright by ASTM Int'l (all rights reserved); Fri Dec 11 20:03:48 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



22 A S T M  MANUAL ON QUALITY CONTROL OF MATERIALS 

29. Several Values of Relative Frequency, p.--By presenting, say, 10 to 
20 values of relative frequency, p, corresponding to stated cell intervals and 
also the number, n, of observations, it is possible to give practically all of 
the total information in the form of a tabular grouped frequency distribu- 
tion. If the ungrouped distribution has any peculiarities, however, the 
choice of cells may have an important bearing on the amount of information 
lost by grouping. 

30. Single Value of Relative Frequency, p.--If  we present but a single 
value of relative frequency, p, such as the fraction of the total number of 
observed values falling outside of a specified limit and also the number, n, 
of observations, the portion of the total information presented is very small. 
This follows from the fact that quite dissimilar distributions may have 
identically the same value of p as illustrated in Fig. 9. 

N o v . - - F o r  the purposes of this Part  of the Manual, the curves of Figs. 9 and l0 may be 
taken to represent frequency histograms with small cell widths and based on large samples. In 
a frequency histogram, such as that  shown at the bottom of Fig. 5, the percentage relative fre- 
quency between any two cell boundaries is represented by the area of the histogram between 
those boundaries, the total area being 100. Since the cells are of uniform width, the relative 
frequency in any cell is represented by the height of that  cell and may be read on the vertical 
scale to the right. 

If the sample size is increased and the cell width reduced, such a histogram approaches as a 
limit the frequency distribution of the population, which in many cases can be represented by 
a smooth curve. The relative frequency between any two values is then represented by the area 
under the curve and between ordinates erected at  those values. However, the vertical scale is no 
longer a scale of relative frequency, since the relative frequency for any given value of X is zero, 
there being an infinite number of such values. I t  is better regarded as a scale of rdatlvefrequenvy 
densily. This is analogous to the representation of the variation of density along a rod of uniform 
cross-section by a smooth curve. The weight between any two points along the rod is propor- 
tional to the area under the curve between the two ordinates and we may speak of the densily 
(that is, weight density) at  any point but not of the weigM at any point. 

8peciCi'ed //m/t. (m/n.) , .. 

P:Pa p:..~ 

FIG. 9.--Quite Different Distributions May Have the Same Value of p--Fraction of Total 
Observations Below Specified Limit. 

31. Average, ~, Only.--If we present merely the average, .~, and number, 
n, of observations, the portion of the total information presented is very 
small. Quite dissimilar distributions may have identically the same value 
of X,  as illustrated in Fig. 10. 
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In fact, no single one of the four functions p, X, a, or k presented alone is 
capable of giving much of the total information in the original distribution. 
Only by presenting two or three of these functions can a fairly complete 
description of the distribution be made. 

Average ~ = A" z =A'~ 

I | flr II -like! 

Fro. 10.--Quite Different Distributions May Have the Same Average. 

32. Average, ~, and Standard De~afion, ~.--These two functions con- 
tain some information even if nothing is known about the form of the 
observed distribution, and contain much information when certain condi- 
tions are satisfied, as discussed below. 

With no reservations whatsoever, we may say that the presentation of 
X and ~, together with the number, n, of observations, gives the following 
information: 

More than 1 - ~ of the total number, n, of observations lie within the 

closed range X 4- r (where r is not less than 1). 

Percentage 
,.~5.oo, ,ssi89, ,~.~s, 

o 40 60 lo i 80 i 9 o  
[ 1 1  I I I I , , , , ,  . . . .  I . . . .  ; . . . .  I . . . .  i . , ~ t 9 2  ,..~94 

[ . . . .  = . . . .  I . . . .  I ' ' ' " I ' ' " ' " ' ' " ' I 

I 2 3 4 

Fro. 11.--The Percentage of the Total Observations Lying within the Range X -4- t~ Always 
Exceeds the Percentage Given on this Chart. 

This is Tchebycheff's inequality and is shown graphically in Fig. 11. The 
inequality holds true of any set of finite numbers regardless of how they 
were obtained. Thus if X and a are presented, we may say at once that 
more than 75 per cent of the numbers lie within the range X -4- 2~; stated 
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in another way, less than 25 per cent of the numbers differ from X by more 
than 2~. Likewise, more than 88.9 per cent lie within the range X 4- 3g, 
etc. From this inequality we also have the rule that if n -- 4, all observa- 
tions fall within X 4- 2~, if n = 10, all observations fall within X 4- 3.16~, 
etc., as shown in Fig. 12. This rule is useful particularly when n is small. 
Table VIII  indicates the conformance with Tchebycheff's inequality of the 
three sets of observations given in Table I. 

TABLE VIII.--COMPARISON OF OBSERVED PERCENTAGES AND THEORETICAL MINIMUM 
PERCENTAGES OF TIIE TOTAL OBSERVATIONS LYING wITHIN GIVEN RANGES. 

Rx~oz, X ~ o  

~ • 2.0 ~r . . . . . . . . . . . . . . . . . . . . . . . . . . .  
~ -4- 2.5 o" . . . . . . . . . . . . . . . . . . . . . . . . . . .  
�9 • 3.Oct . . . . . . . . . . . . . . . . . . . . . . . . . . .  

'~EORETICAL PERCEI~rAOZS 
O1 r TOTAL OBSEIVATIONS 
LgXNO W r ~ l ~  THZ GIVZX 

R ~ o l  X -4- to" 

more t h a n  7 5 . 0  
more  t h a n  8 4 . 0  
more  t h a n  8 8 . 9  

OBSBIFJcDPzlCRNTAOZ8 a 

D*ZA O~1 D*TA O7 I DATA Or 
TA~LZ I(a)ITA~ur I(b)ITA~L= I(c) 
(n--27O) l (n - -100)1  (n - -  lO) 

9 6 . 7  I 94 I 90 
9 7 . 8  100 [ 90 
9 8 . 5  100 I 100 

= Data of Table I(a), .Y - 1000, G - 202 
Data of Table I(b), X = 1.535, G -- 0.105 
Data of Table I(c), X - 575.2~ �9 - |.26 

To determine approximately just what percentages of the total number 
of observations lie within given limits, as contrasted with minimum per- 
centages within those limits (given above by Tchebycheff's inequality), 
requires additional information of a restrictive nature. If we present X,  r 

5 

~ 3  

/ 
! 

/ 
/ 

0 5 10 15 ~0 ?.5 

N u m b e r  of" 0bservafions, n 

FzG. 12.--Values of I~ Such That All Observations Lie Within the Range X 4- t~r. 

and n, and are able to add the information "data obtained under controlled 
conditions," then it is possible to make such estimates satisfactorily for 
limits spaced equally above and below X. 
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NoTE.--What is meant technically by "controlled conditions" is discussed by Shewhart, 
op. cir., and is beyond the scope of this Manual. Among other things, the concept of control 
includes the idea of homogeneous data--a set of observations resulting from measurements made 
under the same essential conditions and representing material produced under the same essential 
conditions. I t  is sufficient for present purposes to point out that  if data are obtained under "con- 
trolled conditions," the form of curve which will best represent the observed frequency distribu- 
tion may, for most practical purposes, be assumed to be that  defined either by the Normal Law 
or by the Second Approximation illustrated in Fig. 13. 

No.~a/ /ow 

Second . ~ ~  
op~roz,mat, on 

k negn{,ve 

FIO. 13.--A Frequency Distribution for Observations Obtained Under Controlled Conditions 
Will Usually Have an Outline That  Conforms with One of These General Patterns. 

Thus the phrase "data obtained under controlled conditions" is taken to be the equivalent 
of the more mathematical assertion that  "the functional form of the distribution may be repre- 
sented by either the Normal Law equation or the Second Approximation equation (first two 
t e r m s  of the Gram-Charlier series)." However, conformance of the shape of a frequency dis- 
tribufion with one of these two curves should, by no means, be taken as a sufficient criterion 
for control. 

For controlled conditions, the percentage of the total observations in the 
original sample lying within the range X 4- t~ may be determined approxi- 
mately from the chart of Fig. 14, which is based on the Normal Law in- 
tegral. The approximation may be expected to be better the larger the 
number of observations. Table IX compares the observed percentages of 
the total number of observations lying within several symmetrical ranges 
about X with those estimated from a knowledge of X and ~, for the three 
sets of observations given in Table I. 

Percenfage 
~68:~1, ~95A5. ,99.73, 

0 10 ~0  3 0  4 0  5 0  6 0  i l o  8 0  9 0  951 
i 99 99.5 I ] I I I I I l i h , , , I  . . . .  I . . . .  I , 1 1 1 1 , 1  , I I , ,I , i , , , , ,  , 

I . . . .  ' ' i '  ' 4 ' ' i' ' 'J E ' :  ' ' I ~ : " " 't 

t 
FlO. 14.--Normal Law Integral Diagram Giving Percentage of Total Area Under Normal Law 

Curve Falling Within the Range X • to'. 
This diagram is also useful in probability and sampling problems, expressing the upper (percentage) scale values in 

decimals to represent "Probability." 

33. Average, X, Standard Deviation, ~, and Skewness h.--The presenta- 
tion of k in addition to X and ~ contributes very little from the viewpoint 
of presenting the total information, unless we are able to give some quali- 
tative information in the manner outlined in Section 32. For data obtained 
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TABLE IX.--COMPARISON OF OBSERVED PERCENTAGES AND THEORETICAL ESTIMATED 
PERCENTAGES OF THE TOTAL OBSERVATIONS LYING WITHIN GIVEN RANGES. 

R.~oz, ~ =1: tcr 

X 4- 0.67450- . . . . . . . . . . . . . . . . . . . . . . . . . . .  
X • 1 . 0 0 .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
X • 1 .5o -  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
X •  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
~ •  2 . 5 0 .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
~ 4-- 3.0 o- . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

"]~EOIETICAL ESTIJ~n- 
TBD PIgnCENTAOICS Olp 
TOTAL OBSZIVATIONS 

LYINO WITHIN THZ 
G~v~N RANO'* ~ • t0" 

5 0 .0  
68 .3  
8 6 .6  
95 .5  
98 .7  
99 .7  

Observed Percentages 

DATA OF 
I'.~L1~ I(a) 
(n - 270) 

52 .2  
76 .3  
89 .3  
96 .7  
9 7 . 8  
98 .5  

DATA OF 
rABLS I(b) 
(n -- 100) 

54 
72 
84 
94 

100 
100 

DATA OF 
TAnLZ I(r 

( n -  10) 

70 
80 
90 
90 
90 

100 

"under controlled conditions," the presentation of k in addition to X and 
contributes something, although it contributes nothing to the solution of 

the problem of determining the percentage of the total number of observa- 
tions in the original sample lying within a symmetric range about the aver- 
age, X, that is, a range of X 4- t~. What it does do is to help in estimating 

TABLE X.--SHOWING HOW MUCH INFORMATION IS CONTAINED IN ~ ,  r AND k. 
(Data from Special Study) 

~' -- 0.1288" �9 -- 0.00255" k ffi --  0.615 n ~ 492 

Cell midpoint . . . . . . . . . . . . . . . . . . . . . . . . .  0 . 1 1 8  0.1191 0.120 0.o0121 o.6,22 0i123 0i12, 0i 25 o.126134   ~176 

~ ~ o., 1.o 5.0 ,.5 

0bservedfrequency . . . . . . . . . . . . . . . . . . .  [ .6 6.9 ] 8.9 113.6 [ Relative frequency, per cent . . . . . . . . . . .  ] 0.2 0 1.2 2.2 3.3 2.6 
Computed relative frequency, per cent: ] 

2.7 5.2 8.6 12.1 [14.8 0.5 1.2 Using X, and r only (Normal Law)..] 0.2 
Using X, a and k (Second Approxima- 

tion) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0.1 6.9 10.0 13.5 

Cell midpoint . . . . . . . . . . . . . . . . . . . . . . . . .  0.129 0.81230 0.6131 0.31632 0.123 0.~34 0.~35 0.00136 0.00137 0.138 
Observed frequency . . . . . . . . . . . . . . . . . . .  91 0 
Relative frequency, per cent . . . . . . . . . . .  [18.6 16.7 13.2 7.3 3.7 1.0 0 0 
Computed relative frequency, per cent:] 

Using X, and ~r, only (Normal Law)...,15.5 13.9 10.8 7.2 4.1 2.0 0.8 0.3 0.1 0 
Using X', u and b (Second Approxima- o o tion) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  16.0 15.7 12.9 8.4 4.3 1.2 0.3 0 

observed percentages (in a sample already taken) in a range whose limits 
are not equally spaced above and below X. In the opinion of the committee, 
however, the k for a single set of observations does not help very much un- 
less n is greater than 250, and is rarely worth while presenting if n is less 
than 100. Table X gives an example of an attempt ~ to reproduce an original 
frequency distribution from the computed values of X, ~, and k. The dis- 
tribution is quite skew and it is apparent that the theoretical distribution 
based on X, a, and k approximates the observed distribution more closely 
than does that based on X and a alone. The comparison is shown graphically 
in Fig. 15. 

34. U s e  o f  C o e f f i c i e n t  o f  V a r i a t i o n  I n s t e a d  o f  S t a n d a r d  Deviation.--So 
far as quantity of information is concerned, the presentation of the coefficient 

t For method of obtaining estimates of the observed cell frequencies using X and cr only  (Normal I.~w) and ~,  or, 
and h (Second Approximation), see pp. 89-94 of Reference (I). 
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of variation, v, together with the average, X, is equivalent to presenting the 
standard deviation, ~, and the average, X,  since ~ may be computed directly 

100~ 
from the values of v = - and X. In fact the coefficient of variation is 

X 

really the standard deviation, a, expressed as a percentage of the average, 
X. The coefficient of variation is sometimes useful in presentations whose 
purpose is to compare variabilities, relative to the averages, of two or more 
distributions. 

?0 
O b s e r v e d -  ~ _  _ 

1 .  
'~, 15 Compuled from Xand ~on/X,. .. 

" 7AI 
tD 

I0 CompuCed ~om ~ r and k.. 

0 - 
O.Ii~O 0.I~5 0.1.30 0.135 

Thickness,in. 
FIo. 15 . - -The  Approximation is Improved by Using k in Addition to X and ~. 

Curves drawn through calculated theoretical values of relative frequency. 

Example / . - - T h e  following table presents s t rength tes t  results for two different materials 
I t  can be seen tha t  whereas the  s tandard deviation for material  B is less than  the  s tandard devia- 
tion for material  A, the  lat ter  shows the greater relative variability as measured by the  coefficient 
of variability. 

CozrricxzNT or 
N U ~ E n  oi' AV]glAGI STANDAID VARIATION'~ 

OBSERVATIONS~ STXZNGTHt LB., I)ItVIATIONp LB. PZ]t CENT 

A . . . . . . . . . . . . . . . .  160 1100 225 20.4  
B . . . . . . . . . . . . . . . .  150 800 200 25.0  

The coefficient of variation is particularly applicable in reporting the 
results of certain measurements where the variability, ~, is known or sus- 
pected to be a function of the level of the measurements. Such a situation 
may be encountered when it is desired to compare the variability (a) of 
physical properties of related materials usually at different levels, (b) of the 
performance of a material under two different test conditions, or (c) of 
analyses for a specific element or compound present in different concentra- 
tions. 

Example 2 . - - T h e  performance of a material  may  be tested under  widely different tes t  condi- 
tions as for instance in a s tandard life tes t  and in an accelerated life test.  Further ,  the  units of 
measurement  of the  accelerated life tester may  be in minutes,  and of the s tandard  tester in hours. 
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The following data indicate essentially the same relative variability of performance for the two 
t e s t  conditions: 

C o ~ T I C I l ~  O~ 
NUMBXX O~ AVZeA6Z STAm)AZD VAIIATION~ 

TBST SF]ZCIMZNSp LIFZ, DZVIATIONp F~I  CZNT 

CONDITION n X o" 

A . . . . . . . . . . . . . .  50 14 hr. 4.2 hr. 30.0 
B . . . . . . . . . . . . . .  50 80 min. 23.2 min. 29.0 

35. General Comment on Observed Frequency Distributions of a Series 

of A.S.T.M. Observations.--Experience with frequency distributions for 
physical characteristics of materials and manufactured products prompts 
the committee to insert a comment at this point. We have yet to find an 
observed frequency distribution of over 100 observations of a quality char- 
acteristic and purporting to represent essentially uniform conditions, that  
has less than 96 per cent of its values within the range X • 3a. The the- 
oretical value for a Normal distribution is 99.7 per cent, as indicated in Fig. 
14. Taking this as a starting point and considering the fact that  in A.S.T.M. 
work the intention is, in general, to avoid throwing together into a single 
series data obtained under widely different conditions--different in an im- 
portant sense in respect to the characteristic under inquiry--we believe 
that  it is possible, in general, to use the methods indicated in Sections 32 and 
33 for making rough estimates of the observed percentages of a frequency 
distribution, at least for making estimates (per Section 32) for symmetric 
ranges around the average, that  is, X 4- ta. This belief depends, to be sure, 
upon our own experience with frequency distributions and upon the observa- 
tion that  such distributions tend, in general, to be unimodal--to have a single 
peak--as  in Fig. 13. 

.~ 

FIo. 16.--A Bimodal Distribution Arising from Two Different Systems of Causes. 

Discriminate use of these methods is, of course, presumed. They could 
not be expected to give satisfactory results if the objective distribution were 
one like that  shown in Fig. 16--a bimodal distribution representing two 
different sets of conditions. Here, however, the methods could be applied 
separately to each of the two rational subgroups of data. 
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36. Summary: Amount of Information Contained in Simple Functions of 
the Data.--The material given in Sections 27 to 35, inclusive, may be sum- 
marized as follows: 

(1) If a set of observations of a single variable is obtained under con- 
trolled conditions, much of the total information contained therein 
may be made available by presenting three functions--the average, 
X, the standard deviation, , ,  the skewness kNand the number, n, of 
observations. Of these, X a n d ,  contribute most; k contributes some- 
thing but, in the opinion of the committee, not very much unless n 
is greater than, say, 250. 

(2) The average, X, and the standard deviation, ~, give some information 
even for data that are not obtained under controlled conditions. 

(3) No single function, such as the average, of a set of observations is 
capable of giving much of the total information contained therein. 

Just what functions of the data should be presented in any instance 
depends on what uses are to be made of the data. This leads to a considera- 
tion of what constitutes the "essential information." 

ESSENTIAL INFORMATION 

37. Introduction.NPresent~tion of data presumes some intended use 

either by others or by the author as supporting evidence for his conclusions. 
The objective is to present that portion of the total information given by 
the original data that is believed to be essential for the intended use. Es- 
sential information will be described as follows: ~ 

"We take da ta  to answer specific questions. We shall say tha t  a set  of stat ist ics [functions] 
for a given set  of da ta  contains the  ess~nticd information given by the  da ta  when, through the 
use of these statistics, we can answer the questions in such a way tha t  fur ther  analysis of the da ta  
will not  modify our answers to a practical extent ."  

The generM introduction to the Manual lists some of the objects of 
gathering A.S.T.M. data of the type under discussion--a set of observations 
of a single variable. Each such set constitutes an observed frequency dis- 
tribution, and the information contained therein should be used efficiently 
in answering the questions that have been raised. 

38. What Functions of the Data Contain the Essential Information.- 
The nature of the questions asked determines what part of the total in- 
formation in the data constitutes the essential information for use in in- 
terpretation. 

If we are interested in the percentages of the total number of observations 
that have values above (or below) several values on the scale of measure- 

t See p. 55 of Reference (1). 
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30 A S T M  M A N U A L  ON QUALITY CONTROL OF MATERIALS 

ment,  the essential information may be contained in a tabular grouped 
frequency distribution plus a statement of the number of observations, n. 
Bu t  even here, if n is large and if the data represent controlled conditions, 
the essential information may be contained in the three functions--the 
average, X ,  the standard deviation, ~, the skewness k--and the number of 
observations, n. If we are interested in the average and variability of the 
quality of a material, or in the average quality of a material and some 
measure of the variability of averages for successive samples, or in a com- 
parison of the average and variability of the quality of one material with 
that of other materials, or in the error of measurement of a test, or the like, 
then the essential information may be contained in the X ,  ~ and n of each 
set of observations. Here, if n is small, say 10 or less, much of the essential 
information may be contained in the X,  R (range), and n of each set of 
observations. 

I t  is important to note 1 that  the expected value of the Range, R (largest observed value minus 
smallest observed value) for samples of n observations each, drawn from a Normal universe having 
a standard deviation a', varies with sample size in the following manner: 

The expected value of the Range is 2.1a' for n = 4, 3.1r for n ~ 10, 3.9cr' for n = 25, and 
6.1a'  for n -- 500. From this it is seen that insampling from J Normal universe, thespread between 
the maximum and the minimum observation may be expected to be abcut twice as great for a 
sample of 25, and about three times as great for a sample of 500, as for a sample of 4. For this 
reason, n should always be given in presentations which give R. 

If we are also interested in the percentage of the total quantity of product 
that does not conform with specified limits, then part of the essential 
information may be contained in the observed value of fraction defective, p. 

If the conditions under which the data were obtained were not controlled, 
the maximum and minimum observations may contain information of 
value. 

TABLE XI.--INFORMATION OF VALUE MAY BE LOST IF ONLY THE AVERAGE IS PRESENTED. 

MA~n~L 

A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

COX'DITIO!q 
Avnaoz, Y 

51 430 
59 060 
75 710 

TIf.NflILE ~TLF~TGTH, PSI. 

Com)rrIo~ b 
AwcL~oz, ~' 

47 200 
57 380 
74 920 

CONDITION C 
AvsL~oz, 

49 010 
60 700 
80 460 

39. Presenting i" Only Versus Presenting X and ~.--Presentation of the 
essential information contained in a set of observations commonly consists 
in presenting X,  ~, and n. Sometimes the average alone is given--no record 
is made of the dispersion of the observed values nor of the number of ob- 

i See L. H. e.  Tippett, "On the Extreme Individuals and the Range of Samples Taken From a Normal Population," 
Biamttrika, Vol. XVII, pp. 364-387, December, 1925. 
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TABLE X I L - - P R E S E N T A T I O N  OF ESSENTIAL I N FO RM A T I O N .  
(Data of Table X I )  

31 

MATERIAL NU~EE 
O1 TESTS 

�9 20 
18 
27 

TENSILE STrENGTh, PSI. 

CONI)IIION a CONDITION ~ Col~DlllOl{ r 

Avl RAGE, [ STANDAItD AVERAGE1 STA~ffDAID AVEIO.GEj STANDARI 
X DEVIA- DEVIA- DZWA- 

TION, q X TIOI, O" X TION, 0" 

51 430 920 47 200 830 49 010 1070 
59 060 1320 57 380 360 60 700 1480 
75 710 1840 74 920 650 80460 1910 

servations taken. For example, Table XI  gives the observed average tensile 
strength for several materials under several conditions. The objective 
quality in each instance is a frequency distribution, from which the set of 
observed values may be considered as a sample. Much information of value 
is generally lost by presenting merely the average, and failing to present 
some measure of dispersion and the number of observations. 

Table XII  corresponds to Table XI  and provides what will usually be 
considered as the essential information for several sets of observations, such 
as are obtained in investigations conducted for the purpose of comparing 
the quality of different materials. 

40 000 

"~ 38 000 

-c 

36 000 

'$ 34000 
r 

3~ 000 
3 4 

Year~ 
Fig. 17.--An Example of Graph Showing an Observed Relationship. 

40. Observed Relationships.--A.S.T.M. work often requires the presen- 
tation of data showing the observed relationship between two variables. 
Although strictly this subject does not fall within the scope of this Part  of 
the Manual, the following material is included for general information. 

Attention will be given here to one type of relationship, where one of the 
two variables is of the nature of temperature or t ime--one that  is controlled 
at will by the investigator and considered for all practical purposes as 
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capable of "exact" measurement, free from experimental errors. 1 Such 
relationships are commonly presented in the form of a chart consisting of a 
series of plotted points and straight lines connecting the points or a smooth 
curve which has been "fitted" to the points by some method or other. 
This section will consider merely the information associated with the 
plotted points. 

Figure 17 gives an example of such an observed relationship 2. At each 
successive stage of an investigation to determine the effect of aging on 
several alloys, five test specimens of each alloy were tested for tensile 
strength by each of several laboratories. The curve shows the results ob- 
tained by one laboratory for one of these alloys. Each of the plotted points 
is the average of five observed values of tensile strength and thus at tempts 
to summarize an observed frequency distribution. Figure 18 has been 
drawn to show pictorially what is behind the scenes. The five observations 

40 000 

38 oo0 "~) 

3G 000 

2A co 
= ~4 000 ~ 
g 

i-.- 

5 32 00o 0 ] 

�9 Observed value 
(~ Average of observed value. 
~O~ec,ive d) iMr/bu//on 

4 5 

Y e a r s  

FIG. 1 8 . - - S h o w i n g  P i c t o r i a l l y  W h a t  Lies  B a c k  of t h e  P l o t t e d  P o i n t s  in  F ig .  17. 
Each plotted point in Fig. l? is the observed average of a nmple from an objective frequency distribution. 

made at each stage of the life history of the alloy constitute a sample from 
a universe of possible values of tensile strength--an objective frequency 
distribution whose spread is dependent on the inherent variability of the 
tensile strength of the alloy and on the error of testing. The dots represent 
the observed values of tensile strength and the bell-shaped curves, the 
objective distributions. 

1 The problem of presenting information on the observed relationst~ip between two statistical variables, such as 
hardness and tensile strength of an alloy sheet material, is more complex and will not be treated here. Discussions 
of this problem, together with methods of determining and using the correlation coefficient, lines of regression, etc., 
are given by Shc~vhart, (Reference (1), Chapter IX). Illustrations and methods of using correlation in the analysis 
of da ta  are given by Yule and Kendall, op. oiL, Chapters 11 to 16, inclusive. For a technical discussion of correla- 
tion, see Hoe|, Reference (2), Chapter V. 

* Data  from records of shelf life tests on die-cast metals and alloys, former Subcommittee XV of A.S.T.M. 
Committee B-2 ~n Non-Ferrous Metals and Alloys. 
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In such instances, the essential information contained in the data may be 
made available by supplementing the graph by a tabulation of the averages, 

T~L~. Xm.--SUMMARY OF ESSF.NT~L reFORMATION FOR Fro. 17. 

TIMg Ol 'I'zsT 

Ini t ia l  . . . . . . . . . . . . . . . . . . . . . . . . .  
6 months  . . . . . . . . . . . . . . . . . . . . . .  
1 year . . . . . . . . . . . . . . . . . . . . . . . . .  
2 years . . . . . . . . . . . . . . . . . . . . . . . .  
5 years . . . . . . . . . . . . . . . . . . . . . . . .  

N u ~ E R  o7 TzsT 
SPECIMENS 

TENSILZ STRENGTII, PSI. 

35 400 
35 980 
36 220 
37 460 
36 800 

STANDARD D ~ -  
TION, O" 

950 
668 
869 
655 
319 

the standard deviations, and the number of observations for the plotted 
points in the manner shown in Table XIII .  

41. Summary: Essential Information.--The material given in Sections 
37 to 40, inclusive, may be summarized as follows: 

(1) What constitutes the essential information in any particular 
instance depends on the nature of the questions to be answered, and 
on the nature of the hypotheses which we are willing to make on the 
basis of available information pertaining thereto. Even when measure- 
ments of a quality characteristic are made under the same essential 
conditions, the objective quality is a frequency distribution which cannot 
be adequately described by any single numerical value. 

(2) Given a series of observations of a single variable arising from the 
same essential conditions, it is the opinion of the committee that the 
average, X,  the standard deviation, ~, and the number, n, of observations 
contain the essential information for a majority of the uses made of such 
data in A.S.T.M. work. 

NoTE.--If  the observations are not obtained under the same essential conditions, analysis 
and presentation by the control char t  method, in which order (see Par t  3 of this  Manual)  is taken 
into account by rat ional  subgrouping of observations, commonly provides impor tan t  additional 
information. 

PRESENTATION OF RELEVANT I~O~t~ATION 

42. Introduction.--Empirical knowledge is not contained in the observed 
data alone, rather it arises from interpretation--an act of thought, t In- 
terpretation consists in testing hypotheses based on prior knowledge. Data 
constitute but a part of the information used in interpretation--the judg- 
ments that are made depend as well on pertinent collateral information, 
much of which may be of a qualitative rather than of a quantitative nature. 

t See C. I. Lewis, "Mind and the World Order," Charles Scribner's Sons, New York (1929); an important dis- 
cussion on the significance of prior information and hypothesis in the interpretation of data. See LIso J. M. Keynes, 
"A Treatise on Probability," Macmillan and Co., Ltd., London and New York (1921); a treatise on the philosophy 
of probable inference which is of basic importanc dn the Interpretation of any and all data. 
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If the data are to furnish a basis for most valid prediction, they must be 
obtained under controlled conditions and must be free from constant errors 
of measurement. Mere presentation does not alter the goodness or badness 
of data. The usefulness of good data may, however, be enhanced by the 
manner in which they are presented. 

43. Relevant Informafion.--Presented data should be accompanied 
by available relevant information, particularly information on precisely 
the field within which the measurements are supposed to hold and the 
conditions under which they were made, and evidence that the data are good. 
Among the specific things that may be presented with A.S.T.M. data to 
assist others in interpreting them or to build up confidence in the interpre- 
tation made by an author are: 

1. The kind, grade, and character of material or product tested. 
2. The mode and conditions of production, if this has a bearing on the 

feature under inquiry. 
3. The method of selecting the sample; I steps taken to insure its ran- 

domness or representativeness. 
4. The specific method of test (if an A.S.T.M. or other standard test, so 

state; together with any modifications of procedure). 
5. The specific conditions of test, particularly the regulation of factors 

that are known to have an influence on the feature under inquiry. 
6. The precautions or steps taken to eliminate systematic or constant 

errors of observation. 
7. The difficulties encountered and eliminated during the investigation. 
8. Information regarding parallel but independent paths of approach to 

the end results. 
9. Evidence that the data were obtained under controlled conditions; 

the results of statistical tests made to support belief in the constancy ~ of 
conditions, in respect to the physical tests made or the material tested, or 
both. 

Much of this information may be qualitative in character, some may even 
be vague, yet without it the interpretation of the data and the conclusions 
reached may be misleading or of little value to others. 

The  manner in which the sample is taken has an important bearing on the interpretability of data. This prob- 
lem is discussed by H. F. Dodge in "Statistical Control in Sampling Inspection," presented at a round table discus- 
sion on Acquisition of Good Data, held at the 1932 annual meeting of the A. S.T.M. ; published in American Machinist, 
October 26 and November 9, 1932. 

t Here, we mean constancy in the statistical sense, which encompasses the thought of stability of conditions 
from one time to another and from one place to another. This state of affairs is commonly referred to as "statistical 
control." Statistical criteria have been developed by means of which we may judge when controlled conditions exist 
Their  character and mode of application are given in Part 3 of this Manual. See also E. S. Pearson, "A Survey of the 
Uses of Statistical Method in the Control and Standardization of the Quality of Manufactured Products," Journal, 
Royal Statisticpl Soc. (London), Vol. XCVI, Part I, pp. 21-60 (1933). 
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44. Evidence of ControL--One of the fundamental requirements of good 
data is that they should be obtained under controlled conditions. The in- 
terpretation of the observed results of an investigation depends on whether 
or not there is justification for believing that the conditions were controlled. 

If the data are numerous and statistical tests for control are made, evi- 
dence of control may be presented by giving the results of these tests. 1 
Such quantitative evidence greatly strengthens inductive arguments. In 
any case, it is important to indicate clearly just what precautions were 
taken to control the essential conditions. Without tangible evidence of this 
character, the reader's degree of rational belief in the results presented will 
depend on his faith in the ability of the investigator to eliminate all causes 
of lack of constancy. 

RECOMM~.NDATIONS 

45. Recommendations for Presentation of Data.--The following recom- 
mendations for presentation of data apply for the case where one has at 
hand a set of n observations of a single variable obtained under the same 
essential conditions: 

(1) Present as a minimum, the average, the standard deviation, and the 
number of observations. Always state the number of observations taken. 

(2) If the number of observations is large and if it is desired to give 
information regarding the shape of the distribution, present also the value 
of the skewness k, or present a grouped frequency distribution. 

(3) If the data were not obtained under controlled conditions and it is 
desired to give information regarding the extreme observed effects of 
assignable causes, present the values of the maximum and minimum obser- 
vations in addition to the average, the standard deviation, and the number 
of observations 

(4) Present as much evidence as possible that the data were obtained 
under controlled conditions. 

(5) Present relevant information on precisely (a) the field within which 
the measurements are supposed to hold and (b) the conditions under which 
they were made. 

Several examples are available in the Proceedings of the American Society for Testing Materials. In a paper 
by R. F. Passano, "Controlled Data from an Immersion Test," VoL 32, Part II, p. 468 (1932), values of .~ and # are 
given for each of a series of repetitive tests made under like conditions, and control charts are presented to show that 
the criterion for control has been satisfied. See also M. F. Skinker, "Application of Control Analysis to the Quality 
of Varnished Cambric Tape," Vol. 32, Part II, p. 670 (1932); R. F. Passano and F. R. Nagley, "Consistent Data Show- 
ing the Influence of Water Velocity and Time on the Corrosion of Iron," Vol. 33, Part n ,  p. 387 (1933); and W. C. 
Chancellor, "Application of Statistical Methods to the Solution of Metallurgical Problems in the Steel Plant." Vol 
34, Part n ,  p. 891 (1934). 
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SUPPLEMENT A 

GLOSSARY OF SYMBOLS USED I N  P A R T  1 

f . . . . . . . . . . . . . . . . . . . .  Observed frequency (number of observations) ia a single 
cell of a frequency distribution. 

k . . . . . . . . . . . . . . . . . . . .  The skewness, a measure of skewness or lopsidedness of 
a distribution. 

n . . . . . . . . . . . . . . . . . . . .  The number of observed values (observations). 

p . . . . . . . . . . . . . . . . . . . .  Relative frequency or proportion, the ratio of the number of 
occurrences to the total possible number of occurrences, 
the ratio of the number of observations in any  stated 
interval to the total number of observations; fraction 
defective, for measured values the ratio of the number of 
observations lying outside specified limits (or beyond a 
specified limit) to the total number of observations. 

R . . . . . . . . . . . . . . . . . . .  The range, the difference between the largest observed 
value and the smallest observed value. 

. . . . . . . . . . . . . . . . . . . .  The standard deviation, the root-mean-square (rms.) devi- 
(sigma) ation of the observed values from their average. 

a2 . . . . . . . . . . . . . . . . . . .  The variance. 

v . . . . . . . . . . . . . . . . . . . .  The coefficient of variation, a measure of relative dis- 
persion based on the standard deviation. 

x . . . . . . . . . . . . . . . . . . . .  Used in Section 25 to designate deviation in cells from an 
arbitrary origin; customarily used in statistical work to 
designate the deviation of an observed value, X~, from 
the average, Jr, that  is, x = X~ -- X-. 

X . . . . . . . . . . . . . . . . . . .  An observed value of a measurable characteristic; specific 
observed values are designated X1, X,, Xa, etc. Also used 
to designate a measurable characteristic. 

. . . . . . . . . . . . . . . . . . .  The average (arithmetic mean), the sum of the n observed 
(X bar) values in a set divided by n. 

)(P, aP, p' ,  etc . . . . . . . . .  The true or objective value of )~, ~, p, etc., for the universe 
sampled. (The prime (') notation signifies the true or ob- 
jective value as distinct from the observed value.) 

NoxE.--A comparison of the symbols used in the Manual and those commonly used in statisti- 
cal texts is given in the Appendix, p. 129. 
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SUPPLEMENT B 

G E N E R A L  R E F E R E N C E S  F O R  P A R T  1 

(1) W. A. Shewhart, "Economic Control of Quality of Manufactured Product," D. Van Nostrand 
Co., Inc., New York, N. u (1931). 

(2) P. G. Hoel, "Introduction to Mathematical Statistics," 2nd Edition, John Wiley and Sons, 
Inc., New York, N. u (1947). 
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Presenting ~- Limits of Uncertainty 
of an Observed Average 
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STP15 C-EB/Jan .  1951 

FOREWORD TO PART 2 

This Part 2 of the ASTM Manual on Quality Control of Materials is 
one of a series prepared by task groups of the ASTM Technical Com- 
mittee E-11 on Quality Control of Materials. I t  represents a revision of 
Supplement A of the ASTM Manual on Presentation of Data which it 
replaces. First published in 1935, Supplement A was subsequently reprinted 
with minor modifications in 1937, 1940, 1941, 1943, 1945, and 1947. 

This Part discusses the problem of presenting limits to indicate the un- 
certainty of the average, X, of a unique sample of n observations, and sug- 
gests a form of presentation for use, when needed, in ASTM reports and 
publications. Such limits are referred to as confidence limits of the unknown 
true average, X'  of the universe sampled. The restrictive conditions under 
which this form of presentation is theoretically applicable are given, and the 
meaning of such limits is explained. 

In this revision, the generally accepted term "confidence limits" is intro- 
duced, and constants for computing 95 per cent confidence limits are added; 
previous printings have given constants only for 90 per cent and 99 per cent 
confidence limits. Working rules are also given regarding the number of 
places to be retained in computation and presentation of averages, standard 
deviations, and confidence limits. 
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PART 2 

PRESENTING 4- LIMITS OF UNCERTAINTY OF AN 
OBSERVED AVERAGE 

1. Purpose.--This Part  2 of the Manual discusses the problem of pre- 
senting q- limits to indicate the uncertainty of the average of a number of 
observations obtained under the same essential conditions, and suggests a 
form of presentation for use in A.S.T.M. reports and publications where 
needed. 

TABLE L - - B R E A K I N G  S T R E N G T H  OF 0.104-IN. H A R D - D R A W N  COPPER WIRE,  
BRZAKING STRZNGTK~ 

TEST SPgCIM]gN X, LB. 

1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  578  
2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  572  
3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5 7 0  
4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  568  
5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  572  
6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  570  
7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  570  
8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  572 
9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  576  

10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5 8 4  

n = 10 5 7 3 2  

A v e r a g e ,  X . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5 7 3 . 2  
S t a n d a r d  d e v i a t i o n ,  r . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4 . 5 8  

m 
2. The Problem.--An observed average, X, is subject to the uncertainties 

that arise from sampling fluctuations, and tends to vary from the true 
average more widely if the number, n, of observations is small. 

Having a set of n observed values of a variable X whose average (arith- 
metic mean) is X, as in Table I, it is often desired to present the results as: 

A v e r a g e ,  X = 573 .2  q-  3 .5  lb.  

the • limits being established from the quantitative data alone with the 
implication that the objective s average, X', of the universe sampled lies 
within such limits. How should such limits be computed, and what meaning 
may be attached to them? 

t The  objective average,  X",  is the value of X tha t  would be approached as a stat ist ical  l imit  as more and more 
observations were obtained under the same essential conditions, and their cumulative averages computed. 

41 
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3. Theoretical Background.--Mention should be made of the practice, 
currently losing favor in scientific work, of recording such limits as: 

X 4- 0.6745 

where: 
X = observed average, 

= observed standard deviation, and 
n = number of observations, 

and referring to the value 0.6745 ~ as the "probable error" of the ob- 

served average, X, (the value of 0.6745 corresponding to the Normal Law 
probability of 0.50). The term "probable error" and the probability value 
of 0.50 properly apply to the errors of sampling when sampling from a 
universe whose average, X', and whose standard deviation, a', are known 

t 

(these terms apply to limits X'  -~ 0.6745 ~ ) ,  but they do not apply in 

the inverse problem when merely sample values of X and ~ are given. 
Investigation 1 of this problem has given a more satisfactory alternative 

(Section 4), a procedure which provides limits that  have a definite opera- 
tional meanLug. 

NOTE. While the  method of Section 4 represents the  best  tha t  can be done a t  present  in in- 

terpreting a sample X and ~ when no other information regarding the  variability of the  universe 

is available, in general a much  more satisfactory interpretat ion can be made if other information 

regarding the  variability of the universe is at  hand,  such as a series of samples from the universe 

or similar universes for each of which a value of cr or R is computed.  If ~ or R displays statist ical 

control as outlined in Par t  3 of this Manua l  and a sufficient number  of samples (preferably 20 

or more) are available to obtain a reasonably precise es t imate  of ~', the  limits of uncer ta in ty  for 

a sample containing any  number  of observations, n, and arising from a universe whose true s tand-  

ard deviation can be presumed equal to ~', can be computed from the  following formula:  

o -r 

where: I = 1.645, 1.960, and 2.576 for probabilities of P = 0.90, 0.95, and 0.99, respectively. 

4. Computation of Lkmits.--The following procedure applies to any 
long run series of problems for each of which the following conditions are 
met:  

Given: A sample of n observations, X1, X~, X s , . . . ,  X~, having an 
average = X and a standard deviation -- ~. 

Conditions: (a)The universe sampled is homogeneous (statistically 
controlled) in respect to X, the variable measured. 

t W. A. Shewhart, "Probability as a Basis for Action," presented at the joint meeting of the American Mathe. 
matical Society and Section K of the A.A.A.S., December 27, 1932. See also Pearson, Reference (2), pp. 65-7t; and 
Shewhart, Reference (1), Chapter II. 
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(b) The distribution of X for the universe sampled is 
approximately Normal. 

(c) The sample is a random sample. 1 
Procedure: Compute limits 

X -4- a~ 

where the value of a is given in Table II for three values of P and for various 
values of n. 

TABLE II.--FACTORS FOR CALCULATING 90 PER CENT, 95 PER CENT, AND 99 PER CENT 
CONFIDENCE LIMITS FOR AVERAGES. 

Limits Within Which X'  May be Expected to Lie (9 times in 10, 95 times in 100, or 99 times in 100) in a Series of 
Problems, Each Invelving a Single Sample of n Observations. 

Values of a computed from Table IV, "Table of ~," in R. A. Fisher's "Statistical Methods for Research Workers," 
based on Student's distribution of s. 

NUi~BEE 07 OBSERVATIONS 
IN SAIITLEj n 

4 . . . . . . . . . . . . . . . . . . . . .  

5 . . . . . . . . . . . . . . . . . . . . .  

6 . . . . . . . . . . . . . . . . . . . . .  

7 . . . . . . . . . . . . . . . . . . . . .  

8 . . . . . . . . . . . . . . . . . . . . .  

9 . . . . . . . . . . . . . . . . . . . . .  

1 0  . . . . . . . . . . . . . . . . . . . .  

11 . . . . . . . . . . . . . . . . . . . .  
12 . . . . . . . . . . . . . . . . . . . .  

1 3  . . . . . . . . . . . . . . . . . . . .  

14 . . . . . . . . . . . . . . . . . . . .  
15 . . . . . . . . . . . . . . . . . . . .  

1 6  . . . . . . . . . . . . . . . . . . . .  

17 . . . . . . . . . . . . . . . . . . . .  
18 . . . . . . . . . . . . . . . . . . . .  

1 9  . . . . . . . . . . . . . . . . . . . .  

2 0  . . . . . . . . . . . . . . . . . . . .  

21 . . . . . . . . . . . . . . . . . . . .  

2 2  . . . . . . . . . . . . . . . . . . . .  

23 . . . . . . . . . . . . . . . . . . . .  
2 4  . . . . . . . . . . . . . . . . . . . .  

25 . . . . . . . . . . . . . . . . . . . .  

n g r e a t e r  t h a n  25 

CONFIDENCE LIMITS, -~ -4- GO" 

90 PER CENT CONFIDENCE 95 PER CENT CONFIDENCE 99 PER CENT CONFIDENCE 
LIMITS (P -- 0.90) LIMITS (P = 0.95) LIMITS (P -- 0.99) 

VALUE OF ~ VALUE OF ~ VALUE OF a 

1 . 3 5 9  
1 . 0 6 6  
0 . 9 0 1  

0 . 7 9 3  
0 . 7 1 6  
0 . 6 5 8  

0 . 6 1 1  
0 . 5 7 3  
0 . 5 4 1  

0 . 5 1 4  
0 . 4 9 1  
0 . 4 7 1  

0 . 4 5 3  
0 . 4 3 6  
0 . 4 2 2  

0 . 4 0 9  
0 . 3 9 7  
0 . 3 8 6  

0 . 3 7 6  
0 . 3 6 6  
0 . 3 5 7  
0 . 3 4 9  

1 . 6 4 5  

1 . 8 3 7  
1 . 3 8 8  
1 . 1 5 0  

0 . 9 9 9  
0 . 8 9 4  
0 . 8 1 5  

0 . 7 5 4  
0 . 7 0 5  
0 . 6 6 4  

0 . 6 2 9  
0 . 5 9 9  
0 . 5 7 3  

0 . 5 5 0  
0 . 5 3 0  
0 . 5 1 2  

0 . 4 9 5  
0 . 4 8 0  
0 . 4 6 6  

0 . 4 5 4  
0 . 4 4 2  
0 . 4 3 1  
0 . 4 2 1  

1 . 9 6 0  

V ~  
a p p r o x i m a t e l y  

a 

a p p r o x i m a t e ] y  

3 . 3 7 2  
2 . 3 0 2  
1 . 8 0 3  

1 . 5 1 3  
1 . 3 2 2  
1 . 1 8 6  

1 . 0 8 3  
1 . 0 0 2  
0 . 9 3 6  

0 . 8 8 2  
0 . 8 3 5  
0 . 7 9 6  

0 . 7 6 1  
0 . 7 3 0  
0 . 7 0 3  

0 . 6 7 8  
0 . 6 5 6  
0 . 6 3 6  

0 . 6 1 8  
0 . 6 0 1  
0 .  585 
0 . 5 7 1  

2 . 5 7 6  

% / n  - -  3 
a p p r o x i m a t e l y  

If the universe sampled is limited, that is, made up of a limited number of separate units that  may be measured 
in respect to the variable X, and if interest centers on the ~ '  of this limited universe, then this procedure assumes 
that the number of units, n, in the sample is relatively small compared with the number of units, N, in the universe, 
say n less than about 5 per cent of N. However, correction for relative size of sample can be made by multiplying 

~ / /  . On the other hand, if interest centers on the of the underlying process or source r by  the factor 1 - -  ~r 

of the limited univeme, then this correction factor is not used. 
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Meaning: If the values of a given in Table II  for P = 0.95 are used 
in a series of such problems, then, in the long run, we may expect 95 per cent 
of the ranges bounded by the limits so computed, to include the objective 
averages, X', of the universes sampled. If in each instance, we were to 
assert that X'  lies within the limits computed, we should expect to be cor- 

3 i II}.}:i ~ ~ i 

I I I.,~ I /  II  

m ITITI il I tTIT1EITR I liI,E 111 J,~ I ~ V f  ..I/M'r],~,, ,T 

o 0.8 ~ ~ - ~ . H ~ -  : _ ~  :o 

> ~ ~ ~ ~ - ~ m ~ - ~ - d ~  

0.3 ~ n, No.o~ O~e~ati~s 

0.2 ' ~  

O.500fiO 0.70 O.SO 090 095 0.98 0.99 

P 

FIG. 1.~Curves Giving Factors for Calculating 50 per cent to 99 per cent 
Confidence Limits for Averages. 

(See also Table II) 

rect 95 times in 100 and in error 5 times in 100; that is, the statement 
"X" lies within the range so computed" has a probability of 0.95 of being 
correct. But, there would be no operational meaning in the following state- 
ment made in any one instance: "The probability is 0.95 that X'  falls within 
the limits computed in this case" since X '  either does or does not fall within 
the limits. I t  should also be emphasized that even in repeated sampling 
from the same universe, the range defined by the limits X 4- ar will vary 
in width and position from sample to sample, particularly with small 
samples (see Fig. 2). I t  is this series of ranges fluctuating in size and position 
which will include, ideally, the objective average, X', 95 times out of 100 for 
P ffi 0 . 9 5 .  

C o p y r i g h t  b y  A S T M  I n t ' l  ( a l l  r i g h t s  r e s e r v e d ) ;  F r i  D e c  1 1  2 0 : 0 3 : 4 8  E S T  2 0 1 5
D o w n l o a d e d / p r i n t e d  b y
U n i v e r s i t y  o f  W a s h i n g t o n  ( U n i v e r s i t y  o f  W a s h i n g t o n )  p u r s u a n t  t o  L i c e n s e  A g r e e m e n t .  N o  f u r t h e r  r e p r o d u c t i o n s  a u t h o r i z e d .
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These limits are commonly referred to as "confidence limits"; t for the 
three columns of Table I[  they may be referred to as the "90 per cent 
confidence limits", "95 per cent confidence limits" and "99 per cent 
confidence limits," respectively. 

The magnitude P = 0.95 applies to the series of instances, and is ap- 
proached as a statistical limit as the number of instances in the series is 
increased indefinitely; hence it signifies "statistical probability." If the 
values of a given in Table II  for P = 0.99 are used in a series of instances, 

--20 t ~  'PC~176 ] 1  Ill ~] 
i l i~ ['iil"l ", '"' l'"'['r," ,i"""' '", ,',,,,,,, . I , '* " '. . . .I . ,.'i'"']�9 
'~ 4.o Cease (b ) 

P ~ago 

%zo 

o 
b 

~-?,0 
§  

I M  

-&O ' 
o Io 

, II I~ll, ~1 I,I f,I 
,I I '1 ,I Ill" 

I 

"~0 

I',I, l'I] ,,' ' ,,,' LI JJ' 

4 

t i .J I i I i I i I i 

.30 40 50 - GO 70 80 90 I00 

'Sample Number 

FIO. 2 . - - I l l u s t r a t i o n  S h o w i n g  C o m p u t e d  R a n g e s  B a s e d  on  S a m p l i n g  E x p e r i m e n t s .  100 s a m p l e  
of n = 4 o b s e r v a t i o n s  each ,  f r o m  a N o r m a l  un ive r se  h a v i n g  X '  = 0 a n d  a '  = 1. 

we may, in like manner, expect 99 per cent of the universe averages, X', 
to fall within the ranges so computed. 

Other values of P could, of course, be used if desired--the use of chances 
of 95 in 100, or 99 in 100 are, however, often found convenient in engineering 
presentations. Approximate values of a for other values of P may be read 
from the curves in Fig. 1, for samples of n = 25 or less. 2 

5. Experimental IUustration.--Figure 2 gives two diagrams 3 illustrating 

I See Pearson, Reference (2), pp. 65-71, and P. G. Hoel, "Introduction to Mathematical Statistics," 2nd Edition, 
John Wiley and Sons, Inc., New York, N. Y., 1947, p. 130. 

s For larger samples (s greater than 25), the constants, 1.645, 1.960, and 2.576, in the expressions: 

1.6,[5 1.960 2.576 
a B  ~ _ _ ~ , a =  ~ a n d a -  ~V/n_ 3 

at  the foot of Table II  are obtained directly from Normal Law Integral Tables for probability values of 0.90, 0.95, 
and 0.99. To find the value of this constant for any other value of P,  consult any standard text on statistical methods. 
or read the value approximately on the " l "  scale of Fig. 14 of Part  1 of this Manual. 

s Case (a) is taken from Fig. g of Shewhart paper, Ior r and case (b) gives corresponding ranges for limits 
~ l .Sir  based on P -- 11.90. 
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the results of sampling experiments for samples of n = 4 observations each 
drawn from a Normal universe, for values of (a) P = 0.50 and (b) P = 0.90. 
For case (a), the ranges for 51 out of 100 samples included X'  and for case 
(b), 90 out of 100 included X'. If, in each instance (that is, for each sample) 
we had concluded that the objective X'  lay within the limits shown for 
case (a), we would have been correct 51 times and in error 49 times, which 
is a reasonable variation from the expectancy of being correct 50 per cent 
of the time. 

In this experiment all samples were taken from the same universe. How- 
ever, it will be obvious that the same reasoning would apply to a series of 
samples each taken from a different universe provided the conditions of 
Section 4 are met. 

6. Presentation of Data.--In presentation of data, if it is desired to give 
limits of this kind, it is quite important that the significance of the limits 
be clearly indicated. The three values P = 0.90, P = 0.95, and P = 0.99 
given in Table II (chances of 9 in 10, 95 in 100, and 99 in 100) are arbitrary 
choices that may be found convenient in practice. 

Example: Given a sample of 10 observations of breaking strength of hard-drawn copper wire 
as in Table I, for which: 

= 573.2 lb. 

- 4.58 lb. 

Using this sample to define limits of uncertainty based on P = 0.95 (Table II) ,  we have: 

X -4- 0.754~r = 573.2 -4- 3.5 

= 569.7 and 576.7 

Two pieces of information are needed to supplement this numerical 
result: (a) the fact that 95 in 100 limits were used, and (b) that this result 
is based solely on the evidence contained in 10 observations. 

Hence, in the presentation of such limits, it is desirable to give the results 
in some such way as the following: 

573.2 q- 3.5 lb. (P = 0.95, n = 10) 

The essential information contained in the data is, of course, covered 
by presenting X, a, and n (see Part 1 of this Manual) and the limits under 
discussion could be derived directly therefrom. If it is desired to present 
such limits in addition to X, ~, and n, the tabular arrangement given below 
is suggested: 

LzmTs 1oz ~~ 
(95 per cent STANDAID 

N u ~ E I  o]r TESTS, n AVEIAGE, ~ Confidence Limits) DEVIATION, ff 

10 . . . . . . . . . . . . . . . . . . . . . . . . .  573.2 573.24-3.5 4.58 

A satisfactory alternative is to give the ~- value in the column designated 
"Average," and to add a note giving the significance of this entry, as 
follows: 

iuMnEn oI TESTS, n AVEIL%CE, a ~ STAMDAID DBVIATIOY, ff 

10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  573.2(4-3.5) 4.58 

�9 The ~- entry indicates 95 per cent confidence limits of ~'. 
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7. Number of Places to be Retained in Computation and Presen ta t ion . -  
The following working rule is recommended in carrying out computations 
incident to determining averages, standard deviations, and "limits for 
averages" of the kind here considered, for a set of n observed values of a 
variable quantity: 

In all operations on the set of n observed values, such as adding, subtracting, multiplying, 
dividing, squaring, extracting square root, etc., retain the equivalent of two more places of figures 
than in the single observed values. For example, if observed values are read or determined to 
the nearest 1 lb., carry numbers to the nearest 0.01 lb. in the computations; if observed values 
are read or determined to the nearest 10 lb., carry numbers to the nearest 0.1 lb. in the compu- 
tations, etc. 

Rejecting places of figures should be done after computations are completed, 
in order to keep the final results substantially free from computation errors. 
In rejecting places of figures the actual rounding-off procedure should be 
carried out as follows: 1 

(1) When the figure next beyond the last figure or place to be retained 
is less than 5, the figure in the last place retained should be kept unchanged. 

(2) When the figure next beyond the last figure or place to be retained 
is more than 5, the figure in the last place retained should be increased by 1. 

(3) When the figure next beyond the last figure or place to be retained 
is 5, and 

(a) there are no figures, or only zeros, beyond this 5, if the figure 
in the last place to be retained is odd, it should be increased by 1; if 
even, it should be kept unchanged: but 

(b) if the 5 next beyond the figure in the last place to be retained is 
followed by any figures other than zero, the figure in the last place retained 
should be increased by 1, whether odd or even. 

For example, if in the following numbers, the places of figures in parenthesis 
are to be rejected: 

39 4(49) becomes 39400. 
39 4(50) becomes 39 400, 
39 4(51) becomes 39 500, and 
39 5(50) becomes 39 600. 

The number of places of figures to be retained in presentation depends 
on what use is to be made of the results. No general rule, therefore, can 
safely be laid down. The following working rule has, however, been found 
generally satisfactory by the committee in presenting the results of testing 
in technical investigations and development work: 

s Thls roundlng-off procedure azrees with that adopted in the American Standard Rules for Rounding-Of Nu- 
merical Values (ASA Project.' Z 25.1-1940). 
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(a) For Averages: 

WNEN THE SINGLE VALUES 
ARE OBTAINED TO 
THE NEAEEST AND TKE NUM~E1 O10BSBEV]tD VALUES IS 

0.1, 1, 10, etc., units . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2-20 21-200 
0.2, 2, 20, etc., units . . . . . . . . . . . . . .  less than 4 4-40 41-400 
0.5, 5, 50, etc., units . . . . . . . . . . . . . .  less than 10 10-100 101-1000 

RETAIN THE FOLLOWINO N~/BEE O]t (Same number 
PLAC3S Oft FIGUIEB IN TI~E AVe]rAGE., '~Of places as in 

(single values 

I more 2 more 
place places 
than in than in 
single single 
values values 

(b) For standard deviations, retain three places of figures. 
(r If "limits for averages" of the kind here considered are presented, retain the same places 

of figures as are retained for the average. 
For example, if n = 10, and if observed values were obtained to the nearest 1 lb., present  aver- 

ages and "limits for averages" to the nearest 0.1 lb., and present the standard deviation to three 
places of figures. This is illustrated in the tabular presentation in Section 6. 

The above rule (a) will result generally in one and conceivably in two 
doubtful places of figures in the average, that  is, places which may have been 
affected by the rounding-off (or observation) of the n individual values 
to the nearest number of units stated in the first column of the table. 
Referring to the tabular arrangement in Section 6, the third place of figures 
in the average, X = 573.2, corresponding to the first place of figures in the 
=t= 3.5 value is doubtful in the above sense. One might conclude that  it 
would be suitable to present the average to the nearest pound, thus: 

573 • 3 lb. (P = 0.95, n = 10) 

This might be satisfactory for some purposes. However, the effect of such 
rounding off to the first place of figures of the plus or minus value may be 
quite pronounced if the first digit of the plus or minus value is small, as 
indicated in the following table: 

NOT ROUNDED ROUMDED 
LIMITS DIFTEEENCE LIMITS DIT~EIE NeE 

573.5• 1.4 ..... 572.1 574.9 2.8 574• I ...... 573 575 2 
573.5 • 1.5 . . . . .  572.0 575.0 3.0 574 -!- 2 . . . . . .  572 576 4 

If further use were to be made of these data--accumulating additional 
observations to be combined with these, gathering other data to be com- 
pared with these, etc.-- then the effect of such rounding off of X in a pres- 
entation might seriously interfere with proper subsequent use of the 
information. 

The number of places of figures to be retained or to be used as a basis 
for action in specific cases (such as in reports covering the acceptance 
and rejection of material) cannot readily be made subject to any general 
rule. I t  is, therefore, recommended that  in such cases the number of places 
be settled by definite agreements between the individuals or parties in- 
volved. The Recommended Practices for Designating Significant Places in 

Copyright by ASTM Int'l (all rights reserved); Fri Dec 11 20:03:48 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



-4- LIMITS OF UNCERTAINTY O15' AN A V E R A G E - - P A R T  2 49  

Specified Limiting Values (ASTM Designation: E 29) ~ give specific rules 
which are applicable when reference is made to these recommended prac- 
tices. 2 

8. General Comments on the Use of Confidence Limits.--In making use 
of limits of uncertainty of the type covered in this Part, the engineer should 
keep in mind: 

(1) the restrictions as to (a) controlled conditions, (b) approximate 
Normality of universe, (c) randomness of sample; and 

(2) the fact that the variability under consideration relates to fluctua- 
tions around the level of measurement values, whatever that may be, 
quite regardless of whether or not the objective average, X', of the 

XT 
level oF true 

rneasurcmenf; level  va 1ur 
I .  constont ~1 
I error, ~ - I  

L~ ,'T,, L 2 /I~ 

i / !  '.,I / 1 \  
. , 3 .  I.'.V .-4.. I . k .  

~bO ~8o 600 ~z0 
Fro. &--Showing How 4- Limits (LI and ~ )  are Unrelated to a Systematic 

or Constant Error. 

measurement values is widely displaced from the true value, X'T, of the 
thing measured, as a result of systematic or constant errors present 
throughout the measurements. 
For example, breaking strength values might center around a value of 

575.0 lb. (the objective level X'  of the measurement values) with a scatter 
of individual observations represented by the dotted distribution curve of 
Fig. 3, whereas the true average X'T for the batch of wire under test is 
actually 610.0 lb.; the difference between 575.0 and 610.0 representing a 
constant or systematic error present in all the observations as a result, say, 
of an incorrect adjustment of the testing machine. 

The limits thus have meaning for series of like measurements, made 
under like conditions, including the same constant errors if any be present. 

In the practical use of these limits, the engineer may not have assurance 
that conditions (a), (b), and (c) given in Section 4 are met, hence it is not 
advisable to lay great emphasis on the exact magnitudes of the probabilities 
given in Table II, but rather to consider them as orders of magnitude to be 
used as general guides. 

t 1958 Book of ASTM Standards, Parts 1 to 10. 
s This sentence was added editorially in September, 1956. 
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SUPPLEMENT A 

GLOSSARY OF SYMBOLS USED IN PART 2 

a . . . . . . . . . . . . . . . . . . . .  The factor, given in Table I I  of Part  2, for computing 
confidence limits of X'  associated with a desired value of 
probability, P, and a given number of observations, n. 

n . . . . . . . . . . . . . . . . . . . .  The number of observed values (observations). 

P . . . . . . . . . . . . . . . . . .  Probability; used in Part  2 to designate the probability 
associated with confidence limits: relative frequency with 
which the averages, ~t ,  of sampled universes may be 
expected to lie within the confidence limits (of X')  com- 
puted from samples. 

. . . . . . . . . . . . . . . . . . . .  The standard deviation, the root-mean-square (rms.) devia- 
(sigma) tion of the observed values from their average. 

X . . . . . . . . . . . . . . . . . . .  An observed value of a measurable characteristic; specific 
observed values are designated X1, X2, Xs, etc. Also used 
to designate a measurable characteristic. 

. . . . . . . . . . . . . . . . . . .  The average (arithmetic mean), the sum of the n observed 
(X bar) values in a set divided by n. 

X',  ~', etc . . . . . . . . . . . .  The true or objective value of X, a, etc., for the universe 
sampled. (The prime (') notation signifies the true or ob- 
jective value as distinct from the observed value.) 

NoTE.--A comparison of the symbols used in the Manual and those commonly used in statisti- 
cal texts is given in the Appendix, p. 129. 
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SUPPLEMENT B 

GENERAL REFERENCES FOR PART 2 

(1) W. A. Shewhart, "Statistical Method from the Viewpoint of Quality Control," Edited by 
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STP15C-EB/Jan 1951 
FOREWORD TO PART 3 

This Part 3 of the ASTM Manual on Quality Control of Materials is 
one of a series prepared by task groups of the ASTM Technical Committee 
E-11 on Quality Control of Materials. It represents a revision of Supple- 
ment B of the ASTM Manual on Presentation of Data which it replaces. 
First published in 1935, Supplement B was subsequently reprinted with 
minor modifications in 1937, 1940, 1941, 1943, 1945, and 1947. 

This Part gives formulas and tables useful in applying the "control chart" 
method of analysis of observational data obtained from several samples. 
The method provides a criterion for detecting lack of statistical control of 
quality. The information given is also useful for setting up a program for 
controlling quality during production. Continued use of the control chart 
during production and the elimination of assignable causes, as their presence 
is disclosed by failures to meet its criterion, aid in reducing the variability of 
quality. 

In this revision the technical content of the former publication is retained, 
but additions and modifications are introduced. The principal changes are: 

(a) Reversal of the order of presentation in the earlier publication, by 
giving first "control--no standard given," and second "control with 
respect to a given standard"; 

(b) Separate treatment of control charts for "number of defectives," 
"number of defects," and "number of defects per unit"; 

(c) Addition of material on control charts for individuals, as requested 
by members of the Society, though applicable under rather limited 
conditions; and 

(d) Addition of Supplements giving a glossary of terms and symbols 
used in this Part, tables, formulas found useful for reference purposes 
and explanatory notes. 
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PART 3 

CONTROL CHART METHOD OF ANALYSIS AND 
PRESENTATION OF DATA 

GENERAL PRINCIPLES 

1. Purpose.--This Part 3 of the A.S.T.M. Manual on Quality Control 
of Materials gives formulas, tables, and examples which are useful in 
applying the control chart method ~ of analysis and presentation of data. 
This method requires that the data be obtained from several samples or 
that the data be capable of subdivision into subgroups on the basis of 
relevant engineering information. Although the principles of this Part 
are applicable generally to many kinds of data, they will be discussed herein 
largely in terms of the quality of materials and manufactured products. 

The control chart method provides a criterion for detecting lack of 
statistical control. Lack of statistical control in data indicates that ob- 
served variations in quality are greater than should be left to chance. 
Freedom from indications of lack of control is desirable for scientific evalu- 
ation of data and the determination of quality. 

The control chart method lays emphasis on the order or grouping of the 
observations in a set, with respect to time, place, source, or any other 
consideration that provides a basis for a classification which may be of 
significance in terms of known conditions under which the observations 
were obtained. 

This concept of order is illustrated by the data in Table I in which the 
width in inches to the nearest 0.0001 in. is given for 60 test specimens of 
grade BB zinc which were used in A.S.T.M. atmospheric corrosion tests. 
At the left of the table, the data are tabulated without regard to relevant 
information. At the right they are shown arranged in ten subgroups, where 
each subgroup relates to the specimens from a separate milling. The in- 
formation regarding origin is relevant engineering information which makes 
it possible to apply the control chart method to these data. 

See Example 3, p. 81. 

I As given by Shewhart, see Reference ( I )  
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2. Terminology and Technical Background.--Variation in quality from 
one unit of product to another is usually due to a very large number of 
causes. Those which it is possible to identify are termed assignable causes. 
Lack of control indicates one or more assignable causes. The vast majority 
of causes of variation may be inconsequential and cannot be identified. 
These are termed chance causes. However, causes of large variations in 
quality generally admit of ready identification. 

In more detail we may say that for a constant system of chance causes, 
the averages, X, the standard deviations, G, the values of fraction defective, 
p, or any other functions of the observations of a series of samples will 
exhibit statistical stability of the kind that may be expected in random 

TABLE I.--COMPARISON OF DATA BEFORE AND AFTER SUBGROUPING. 
(Width in Inches of Test Specimens of Grade BB Zinc).  

Before Subgrouplng After Subgrouping 

Specimen 

O. 5005 
O. 5000 
0.5008 
0.5000 
O. 5005 
O. 5000 
0.4998 
0.4997 
0.4998 
0.4994 
O.4999 
0.4998 
0.4995 
0.4995 
0.4995 
0.4995 
0.4995 
0.4996 
0.4998 
O. 5005 

0.5005 
O. 5002 
0.5003 
O. 5004 
O. 5000 
O. 5005 
O. 5008 
O. 5007 
0.5008 
0.5010 
O. 5008 
0.5009 
0.5010 
0.5005 
0.5006 
0.5009 
0.5000 
0.5001 
0.5002 
0.4995 

0.4996 
0.4997 
0.4993 
0.4994 
0.4999 
0.4996 
0.4996 
0.4997 

Subgroup 
(Milling) 

1 . . . . . . .  

2 . . . . . .  

3 . . . . . .  

1 

0.5005 

0.4998 

0.4995 

2 I 5 mo 00 
0.5000 I 0.5008 

0.4997 f 0.4998 0.4994 I 

D.4995 [ 0.4995 0.4995 

0.5002 

0. $007 

5 

0.5005 

0.4999 

0.4995 

0.5003 

0.5008 

0.4995 
0.4995 
0.4997 
0.4992 
0.4995 
0.4992 
0.4994 
0.4998 
0.5000 
0.4990 
O. 5000 
O. 5000 

4 . . . . . . .  

5 . . . . . . .  

6 . . . . . .  

7 . . . . . .  

8 . . . . . .  

9 . . . . . . .  

10 . . . . . . .  

0.4998 

0.5000 

0.50O8 

0.50o0 

0.4993 

0.4995 

0.4994 

0.5005 

0.5005 

0.5009 

0.5001 

0.4994 

0.4995 

0.4998 

O. 5005 

0.5008 

O. 5010 O. 5005 O. 5006 

O. 5002 0.4995 O. 4996 

0.4999 0.4996 0.4996 

0.4997 0.4992 ! 0.4995 

O. 5000 0.4990 O. 5000 

0.5000 

0.4998 

0.4996 

0.5004 

0.5010 

0.5009 

0.4997 

0.4997 

0.4992 

O. 5000 

samples from homogeneous material. The criterion of the quality control 
chart is derived from laws of chance variations for such samples, and 
failure to satisfy this criterion is taken as evidence of the presence of an 
assignable cause of variation. 

As applied by the manufacturer to inspection data, the control chart 
provides a basis for action. Continued use of the control chart and the 
elimination of assignable causes as their presence is disclosed by failures to 
meet its criteria tend to reduce variability and to stabilize quality at aimed- 
at levels? While the control chart method has been devised primarily for 
this purpose, it provides simple techniques and criteria that have been 
found useful in analyzing and interpreting other types of data as well. 

t For control chart techniques for controlling quality during production, see References (2), (3), (4), and (5) 
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3. Two Uses . - -The control chart method of analysis is used for the 
following two distinct purposes: 

(A) Control---No Standard Given.--To discover whether observed values 
of X, a, p, etc., for several samples of n observations each, vary among 
themselves by an amount  greater than should be attributed to chance. 
Control charts based entirely on the data from samples are used for de- 
tecting lac]~ of constancy of the cause system. 

(B) Control with Respect to a Given Standard.--To discover whether 
observed values of X, ~, p, etc., for samples of n observations each, differ 
from standard values, X~, a', p', etc., by an amount greater than should be 
attributed to chance. The standard value may be an experience value based 
on representative prior data, or an economic value established on consider- 
ation of needs of service and cost of production, or a desired or aimed-at 
value designated by specification. I t  should be noted particularly that  the 
standard value of d ,  which is used not only for setting up control charts 
for a or R but  also for computing control limits on control charts for X, 
should almost invariably be an experience value based on representative 
prior data. Control charts based on such standards are used particularly in 
inspection to control processes and to maintain quality uniformly at the 
level desired. 

4. BreMrlng up Data into Rational Subgroups.--One of the essential 
features of the control chart method is what is referred to as breakiug up 
the data into rationally chosen subgroups called "rational subgroups"; 
that  is, classifying the observations under consideration into subgroups or 
samples, within which the variations may be considered on engineering 
grounds to be due to nonassignable chance causes only, but  between which 
the differences may be due to assignable causes whose presence is suspected 
or considered possible. 

This part  of the problem depends on technical knowledge and familiarity 
with the conditions under which the material sampled was produced and the 
conditions under which the data were taken. By identifying each sample 
with a time or a source, specific causes of trouble may be more readily 
traced and corrected, if advantageous and economical. Inspection and test 
records, giving observations in the order in which they were taken, provide 
directly a basis for subgrouping with respect to time. This is commonly 
advantageous in manufacture where it is important, from the standpoint 
of quality, to maintain the production cause system constant with time. 

I t  should always be remembered that  analysis will be greatly facilitated 
if, when planning for the collection of data in the first place, care is taken to 
so select the samp]es that  the data from each sample can properly be treated 
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as a separate rational subgroup, and that  the samples are identified in such 
a way as to make this possible. 

5. General Technique in Using Control Chart Method.- -The general 
technique ~ of the control chart method is as follows: 

Given a set of observations, to determine whether an assignable cause of 
variation is present: 

(a) Classify the total number of observations into k rational subgroups 
(samples) having ~ ,  ~ , . . . ,  nk observations, respectively. Make sub- 
groups of equal size, if practicable. I t  is usually preferable to make sub- 
groups not smaller than n = 4. 
(b) For each statistic (X', ~, R, p, etc.) to be used, construct a control 
chart with control limits in the manner indicated in the subsequent 
sections. 
(c) If one or more of the observed values of X, ~, R, p, etc., for the k 
subgroups (samples) fall outside the control limits, take this fact as an 
indication of the presence of an assignable cause. 

6. Control Limits.--In both uses indicated in Section 3, the control 
chart consists essentially of symmetrical limits (control limits) placed above 
and below a central line. The central line in each case indicates the expected 
or average value of X', r R, p, etc. for subgroups (samples) of n obser- 
vations each. 

The control limits here used, referred to as "3-sigma control limits," 
are placed at a distance of three standard deviations from the central line, 
where by standard deviation is meant  the standard deviation of the 
sampling distribution of the statistical measure in question (X', g, R, p, etc.) 
for subgroups (samples) of size n. Note that  this standard deviation is not 
the computed standard deviation of the subgroup values (of X, ~, R, p, etc.) 
plotted on the chart, but  is computed from the variations within the sub- 
groups2 

Throughout this Part  of the Manual such standard deviations of the 
sampling distributions will be designated as r g,, CR, ~ ,  etc., and these 
symbols, which consist of r and a subscript, will be used only in this re- 
stricted sense. 

Control limits for averages . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (expected X) + 3#~ 
for standard deviations . . . . . . . . . . . . . . . . . . . . . . . .  (expected #) + 3~ r 
for ranges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (expected R) + 3~R 
for values of p . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (expected p) :k 3 ~  

I This embodies the prgcedure covered by Shewhart's Criterion I, Reference (I), Chapter XX. 
tFor further informa~:|oD see Supplement C, Note l. 
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Figure 1 indicates the features of a control chart for averages. 
The choice of the factor 3 (a multiple of the expected standard deviation 

of X, a, R, p, etc.) in these limits is an economic choice based on experience 
that  covers a wide range of industrial applications of the control chart, 
rather than on any exact value of probability 1. I t  is one that has proved 
satisfactory for use as a criterion for action, that  is, for looking for assignable 
causes of variation. 

CONTROLuNO ST~Dhm) G r r  

7. Introduction.--Sections 7 to 17 cover the technique of analysis for 
control when no standard is given, as noted under (A) in Section 3. Here 
standard values of X', ~', p', etc., are not given, hence values derived from the 
numerical observations are used in arriving at central lines and control 
limits. This is the situation that exists when the problem at hand is the 
analysis and presentation of a given set of experimental data. This situation 
is also met in the initial stages of a program using the control chart method 

Observed Values of 
, _  Y_L  e :  t a r ' J r 2 '  - _LLr,,  _, _ _ 

~ o. ,"  s "  " s  
Lower Control Lirnit,x~ I 

I I I I I I I t I I 

2 4 6 8 tO 
Subgroup (Sornple) Number 

Fig. l .mEssent ia l  Features of a Control Chart  Presentation. Chart for Averages. 

for controlling quality during production. Available information regarding 
the quality level and variability resides in the data to be analyzed and the 
central lines and control limits are based on values derived from those data. 
For a contrasting situation see Section 18, Control with Respect to a Given 
Standard. 

For a set of data analyzed by the control chart method, when may a 
state of control be assumed to exist? Assuming subgrouping based on time, 
it is usually not safe to assume that a state of control exists unless the 
plotted points for the following number of consecutive subgroups fall within 
3-sigma control limits: (a) 25 for variables with small subgroups, say 4 or 
5; or (b) 15, 20, or 25 for attributes, when the expected number of defectives 
or of defects per subgroup is 1 to 4, over 4 to 7, or over 7, respectively. On 

t See Supplement C, Note 2. 
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the other hand, lack of control m ay  be assumed to exist if one or more 

points fall outside the control limits in a much smaller number or subgroups, 

even 4 or 5. 

8. Control Charts for Averages, X, and for Standard Deviations, ~r-- 

Large Samples . - -This  section assumes that  a set of observed values of a 

variable X can be subdivided into k rational subgroups (samples), each 

subgroup containing n = more than 25 observed values. 

(a) Large Samples of Equal Size.--For samples of size n, the control 

chart  lines are as follows: 

FORMULAS FOR CONTROL CHART LINES. 

Central Line Control Limits 

For averages, X . . . . . . . . . . . . . . . . . . . . . . . . . . .  

For s tandard  deviations, ~ . . . . . . . . . . . . . . . . . .  

.7 + 3 ~ . . . . . . . . .  (1) 

�9 •  ~ / ~  . . . . . . . . .  (21 

where: 
.~ = the grand average of the observed values of X for aU samples, 

X5 + X2 + . . . . . . . . .  +Y~ 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (3) 

k 

-- the average subgroup standard deviation, 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (4) 
k 

where the subscripts 1, 2 . . . .  , k refer to the k subgroups, respectively, all of size n. 

See Example 1, p. 79. 
(b) Large Samples of Unequal Size.--Use Formulas 1 and 2 but  compute 

X and ~ as follows: 

.7 -- the grand average of the observed values of X for a/l samples, 

n1~'1 + ~ ,  + ""  + n ~ k  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (5) 

n~ + n~ + . . .  + nk 

= grand total of X values divided by their total number, 

= the weighted average standard deviation, 

nltrl -}- r~zo, + " ' "  -}- nkO'k 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (6) 1 

n~ + na + . . -  + n k  

where the subscripts 1, 2, . . . ,  k refer to the k subgroups, respectively. 

Then compute control limits for each sample size separately, using the 

individual sample size, n, in the formula for control limits. 

i For a discussion of this formula see Supplement C, Note 3. 
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See Example 2, p. 80. 
When most of the samples are of approximately equal size, computing 

and plotting effort can be saved by the procedure given in Supplement C, 
Note 4. 

9. Control Charts for Averages, A', and for Standard Deviations, a - -  
Small Samples.--This section assumes that a set of observed values of a 
variable X is subdivided into k rational subgroups (samples), each subgroup 
containing n = 25 or less observed values. 

(a) Small Samples of Equal Size.--For samples of size n, the control 
chart lines are as follows: 

FORMULAS FOR CONTROL CHART LINES. 

For averages, X . . . . . . . . . . . . .  

For standard deviations, cr . . . .  

Central 
Line 

Control Limits 

Simplified Formula 
Using Factors in Basic Formula 

Table  II 

B4~ and B3~ 

.~ 4- 3 c,v'~- . . . . . . . . . . . .  (7) 

-4- 3 ~'X/'2n . . . . . . . . . .  (8)1 

where: 

.~ = the grand average of observed values of X for a/l samples. 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (9) I 
k 

where ~1, ~ ,  etc., refer to the observed standard deviations for the first, second, etc., samples and 
factors c~, At, B,, and B~ are given in Table II .  

See Example 3, p. 81. 
(b) Small Samples of Unequal Size.--For small samples of unequal size, 

use Formulas 7 and 8 (or corresponding factors) for computing control 
chart lines. Compute X by Eq. 5. Obtain separate derived values of 
for the different sample sizes by the following working rule: Compute a,, 

observed a 
the over-all average value of the ratio " for the individual samples; 

C~ 

then compute ~ = c~,  for each sample size n. As shown in Example 4, the 
computation can be simplified by combining in separate groups all samples 
having the same sample size n. Control limits may then be determined sepa- 
rately for each sample size. These difficulties can be avoided by planning 
the collection of data so that the samples are made of equal size. 

See Example 4, p. 82. 

t Formula (8) is an approximate formula suitable for most practical purposes. The values of B, and B, given i~ 
the tables are computed from the exact equation in Supplement B (Eqs. B5 or B6). 

t For a discussion of this formula see Suvplement C, Note 3. 
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10. Control Charts for Averages, ,~, and for Ranges, R--Smail Samples. 
- -This  section assumes that a set of observed values of a variable X is 
subdivided into k rational subgroups (samples), each subgroup containing 
n - 10 or less observed values. 

The range, R, of a sample is the difference between the largest observation 
and the smallest observation. When n = 10 or less, simplicity and economy 
of effort can be obtained by using control charts for X and R in place of con- 
trol charts for X and a. The range is not recommended, however, for samples 
of more than 10 observations, since it becomes rapidly less effective than the 
standard deviation as a detector of assignable causes as n increases beyond 
this value. In some circumstances it may be found satisfactory to use the 
control chart for ranges for samples up to n = 15, as when data are plentiful 
or cheap. On occasion it may be desirable to use the chart for ranges for 
even larger samples; for this reason Table II  gives factors for samples as 
large as n = 25. 

(a) Small Samples of Equal Size.--For samples of size n, the control 
chart lines are as follows: 

FORMULAS FOR CONTROL CHART LINES. 

For averages,  2( . . . . . . . . . . . . .  

For  ranges,  R . . . . . . . . . . . . . .  

Central 
Line 

s 

t2 

Control Limits 

Simplified Formula 
Using Factors in 

Table II 

D4k and Dz/~ 

Balic Formula 

R 
,~ + 3 ~ - v / ;  . . . . . . . . . . .  (lo,' 

~ d .  
R 4- 3 -'---7 . . . . . . . . . . . . .  (11) 

d~ 

w h ~ e :  

= the grand average of observed values of X for a/l samples, 
R = the  average value o! range R for the  k individual samples, 

R~ = R,+ . . . . .  +Rk 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (12) 

k 

s ad  factors oh, A2, Da and D~ are given in Table I I  and oh in Table B2 (Supplement B). 

See Example 5, p. 83. 
(b) Small Samples of Unequal Size.--For small samples of unequal size, 

use Formulas 10 and 11 (or corresponding factors) for computing control 
chart lines. Compute X by Eq. 5. Obtain separate derived values of R for 
the different sample sizes by the following working rule: Compute r the 

observed R 
over-all average value of the ratio for the individual samples 

d2 
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then compute/~ = dse, for each sample size n. As shown in Example 6, the 
computation can be simplified by combining in separate groups all samples 
having the same sample size n. Control limits may then be determined 
separately for each sample size. These diificulties can be avoided by planning 
the collection of data so that the samples are made of equal size. 

See Example 6, p. 83. 
FORMULAS FOR CENTRAL LINES AND CONTROL LIMITS. 

Control--No Standard Given (X', o", not glven)--Small Samples of Equal Size 

Central Line Control Limits 

Averages using ~ . . . . . . . . . . . . . .  .Y ~ -4- Ai~ . . . . . . . . . . . . .  (~ as given by Eq. 9) 
Averages using~R . . . . . . . . . . . . . .  X )~ -4- A~R . . . . . . . . . . . .  (R as given by F_z I. 12) 
Standard deviations . . . . . . . . . . .  ~ B,~r and Bs~ . . . . . . . . . . . .  (~ as given by Eq. 9) 
Ranges  . . . . . . . . . . . . . . . . . . . . . . .  R D,R  and DsR . . . . . . . . .  (R as  given by Eq,  12) 

TABLE II.--FACTORS FOR COMPUTING CONTROL CHART LINES--NO STANDARD GIVEN'.1 

Chart for Averages Chart for Standard Deviations Chart for Ranges 

Factor 
Number-of Observations Factors for Con- for Factors for Con- 

in Sample, n trol Limits Central tro! Limits 
Line 

Factor 
for Factors for Con- 

Central trolLimits 
Line 

AI As ct B, B4 ds D, D. 

2 3.760 1,880 0.5642 0 3.267 1.128 0 3,267 
3 2.394 1.023 0.7236 0 2.568 1.693 0 2.575 
4 1,880 0.729 0.7979 0 2.266 2.059 0 2.282 
5 1.596 0.577 0.8407 0 2.089 2.326 0 2.115 

6 I .  410 0.483 0.8686 0.030 1.970 2 .534 0 2.004 
7 1.277 0.419 0.8882 0.118 1,882 2.704 0.076 1.924 
8 1.175 0.373 0.9027 0.185 1.815 2.847 0 .136 1.864 
9 1.094 0.337 0.9139 0.239 1.761 2.970 0 .184 1.816 

10 . . . .  1.028 0.308 0.9227 0 ,284 1,716 3.078 0,223 1,777 

11. .  0,973 0,285 0,9300 0 .32I  1.679 3,173 0 .256 1,744 
12 . . . . .  0.925 0.266 0.9359 0 .354 1.646 3.258 0 .284 1.716 
13 0.884 0.249 0.9410 0.382 1.618 3.336 0 .308 1.692 
14, 0.848 0.235 0.9453 0 .406 1.594 3.  407 0.329 1.671 
15 . . ,  "J 0 ,816 0,223 0.9490 0.428 1,572 3,472 0 .348 t .652  

16 0.788 0.212 0.9523 0.448 1.552 3.532 0.364 1.636 
17 0.762 0.203 0.9551 0.466 1.534 3.588 0.379 1.621 
18 0.738 0 . i 9 4  0.9576 0.482 1.518 3.640 0.392 1.608 
19. 0.717 0.187 0.9599 0.497 1.503 3.689 0.404 1.596 
20. 0.697 0.180 0.9619 0.510 1.490 3.735 0.414 1.586 

21. 0 .679 0.173 0.9638 0.523 1.477 3.778 0.425 1.575 
22. 0.662 0.167 0.9655 0 .534 1.466 3.819 0.434 1.566 
23. 0 .647 0.162 0.9670 0.545 1.455 3.858 0.443 1.557 
24. 0.632 0.157 0.9684 0.555 1.445 3.895 0.452 1.548 
25. 0 .619 0.153 0.9696 0.565 1.435 3.931 0.459 1,541 

3 
Over 25. ' ~ ' * ** 

3 3 
" t -  ~/2~ "'~+ ~T~ 

! The convenient tabular arrangement of this table and that of Table I n  corresponds closely to that used by 
E. S. Pearson in Reference (4). 
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11. Summary, Control Charts for X, or, and R--No Standard G i v e n . -  
The most useful formulas from Sections 7 to 10, inclusive, are collected on 
page 63 and are followed by Table II  which gives the factors used in 
these and other formulas. 

12. Control Charts for Attributes Data.--A]though in what follows the 
function p is designated "fraction defective," the methods described can 
be applied quite generally and p may in fact be used to represent the ratio 
of the number of items, occurrences, etc. that possess some given attribute 
to the total number of items under consideration. 

The fraction defective, p, is particularly useful in analyzing inspection 
and test results that are obtained on a "go no-go" basis (method of attri- 
butes). Also it is used in analyzing results of measurements that are made 
on a scaie and recorded (method of variables). In the latter case, p may 
be used to represent the fraction of the total number of measured values 
falling above any limit, below any limit, between any two limits, or outside 
any two limits. 

The function p is used widely to represent the "fraction defective," 
that is, the ratio of the number of defective units (articles, parts, specimens, 
etc.) to the total number of units under consideration. The fraction de- 
fective is used as a measure of quality with respect to a single quality char- 
acteristic or with respect to two or more quality characteristics treated 
collectively. In this connection it is important to distinguish between a 
"defect" and a "defective." A "defect" is a single instance of a failure 
to meet some requirement, such as a failure to comply with a particular re- 
quirement imposed on a unit of product with respect to a single quality 
characteristic. For example, a unit containing departures from require- 
ments of the drawings and specifications with respect to (1) a particular 
dimension, (2) finish, and (3) absence of chamfer, contains three defects. 
The word "defective" is here used as a noun and is defined as a defective 
unit (article, part, specimen, etc.), that is, a unit containing one or more 
"defects" with respect to the quality characteristic under consideration. 

When only a single quality characteristic is under consideration, and when 
only one defect can occur on a unit, the number of defectives in a sample 
will equal the number of defects in that sample. However, it is suggested 
that under these circumstances the phrase "number of defectives" be used 
rather than "number of defects." 

13. Control Chart for Fraction Defective, p.--This section assumes that 
the total number of units tested is subdivided into k rational subgroups 
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(samples) consisting of n~, n2 ,  . . . , nk  units, respectively, for each of which 
a value of p is computed. 

Ordinarily the control chart for p is most useful when the samples are 
large, say when n is greater than 50 to 100; more specifically, when the 
expected number of defective units (or other occurrences of interest) per 
sample is four or more, that is, the expected pn is four or more. 

The average fraction defective, P, is defined as: 

= total  n u m b e r  of defectives in all samples  (13) 

to ta l  n u m b e r  of uni t s  in all samples  . . . . . . . . . . . . . . . . . . . . . . . . .  

--- f ract ion defective in the complete set  of test  results.  

(a) Samples of Equal Size.--For samples of size n, the control chart lines 
are as follows: 

FORMULAS FOR CONTROL CHART LINES. 

Central Line Control Limit* 

For  values of p . . . . . . . . . . . . . . . . . . . . . . .  

See Example 7, p. 84. 
�9 When P is small, say less than 0.10, the factor 1 - p may be replaced by 

unity for most practical purposes, which gives the simple relation: 

Control  limits for p = ~ ~ 

(b) Samples of Unequal Size.--Proceed as for samples of equal size but 
compute control limits for each sample size separately. 

When the data are in the form of a series of k subgroup values of p and 
the corresponding sample sizes n, P may be computed conveniently by the 
relation: 

= nlpt + n2p2 + . . .  + nkp~ . . . . . . . . . . . . . . . . . . . . . . . . . . .  (15) 
n l + n ~ + . . .  + n k  

where the subscr ipts  1, 2, . . .  , k refex to the k subgroups.  

When most of the samples are of approximately equal size, computation 
and plotting effort can be saved by the procedure given in Supplement C, 
Note 4. 

See Example 8, p. 85. 

14. Control Chart for Number of Defectives, pn.--The control chart for 
pn, number of defectives in a sample of size n, is the equivalent of the con- 
trol chart for p, for which it is a convenient practical substitute when all 
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samples have the same size, n. I t  makes direct use of the number of de- 
fectives, p~, in a sample ~ n  = the fraction defective times the sample 
size .) 

For samples of size n, the control chart lines are as follows: 

FORMULAS FOR cOWrROL CHART LINES. 

Central Line Control Limits 

For values of pn . . . . . . . . . . . . . . . . . . . . . .  /~n .4- 3 ~g/fm (1 -- ~) . . . .  (16) 

where: 

total number of defectives in all samples 
/~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (17) 

number of samples 

= the average number of defectives in the k individual samples, and 
~b : the value given by Eq. 13. 

When p is small, say less than 0.10, the factor l - p may be replaced by 
unity for most practical purposes, which gives the simple relation: 

Control Limits for pn = ~ ~- 3 ~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (18) 
= (avg. no. of defectives) -I- 3~/iavg" no. of defectives) 

where '~avg. no. of defectives" means average number in samples of equal size. 

See Example 7, p. 84. 
When the sample size, n, varies from sample to sample, the control chart 

for p (Section 13) is recommended in preference to the control chart for 
itm; in this case, a graphical presentation of values of pn does not give an 
easily understood picture, since the expected values, Pn, (central line on the 
chart) varies with n, and therefore the plotted values of pn become more 
difficult to compare. 

When only a single quality characteristic is under consideration, and when 
only one defect can occur on a unit, the word "defect" can be substituted 
for the word "defective" throughout the discussion of this section but this 
practice is not recommended. 

15. Control Chart for Defects per Unit, u .--In inspection and testing, 
there are circumstances where it is possible for several defects to occur on 
a single unit (article, part, ~pecimen, unit length, unit area, etc.) of product, 
and it is desired to control the number of defects per unit, rather than the 
fraction defective. For any given sample of units, the numerical value of 
defects per unit, u, is equal to the number of defects in all the units in the 
sample divided by the number of units in the sample. 

The control chart for u, defects per unit in a sample, is convenient for a 
product composed of units for which inspection covers more than one 
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characteristic, such as dimensions checked by gages, electrical and mechani- 
cal characteristics checked by tests, and visual defects observed by eye 
Under these circumstances several independent defects may occur on o n e  

unit of product and a better measure of quality is obtained by making a 
count of all defects observed and dividing by the number of units inspected 
to give a value of defects per unit, rather than by merely counting the 
number of defective units to give a value of fraction defective. This is 
particularly the case for complex assemblies where the occurrence of two 
or more defects on a unit may be relatively frequent. However, only in- 
dependent defects are counted. Thus, if two defects occur on one unit of 
product and the second is caused by the first, only the first is counted. 

The control chart for defects per unit (more especially the chart for 
number of defects, see Section 16) is a particularly convenient one to use 
when the number of possible defects on a unit is indeterminate, as for 
physical defects (finish or surface irregularities, flaws, pinholes, etc.) on 
such products as textiles, wire, sheet materials, etc., which are continuous 
or extensive. Here the opportunity for defects may be numerous though 
the chances of a defect occurring at any one spot may be small  

This section assumes that the total number of units tested is subdivided 
into k rational subgroups (samples) consisting of nl, n2, . . . ,  nk units, re- 
spectively, for each of which a value of u is computed. 

The average defects per unit, ~, is defined as: 

total number of defects in all samples 
a = total number of u n i t s  in a l l  s amples  . . . . . . . . . . . . . . . . . . . . . . . . . .  (19) 

=* defects  per unit in the complete set of test results. 

The simplified relations shown for control limits for defects per unit 
assume that for each of the characteristics under consideration the ratio 
of the expected number of defects to the possible number of defects is small, 
say less than 0.10, an assumption that is commonly satisfied in quality 
control work. For an explanation of the nature of distribution involved, see 
Supplement C, Note 5. 

(a) Samples of Equal Size.--For samples of size n (n = number of 
units), the control chart lines are as follows: 

FORMULAS FOR CONTROL CHART LINES. 

Central Line Control Lm~its 

Fo r  va lues  of u . . . . . . . . . . . . . . . . . . . . . . .  u ~ 4- 3 . ~ - -  . . . . . . . . . . . . . .  (20) 

Copyright by ASTM Int'l (all rights reserved); Fri Dec 11 20:03:48 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



68 ASTM MANUAL os  QUALITY CONTROL OF MATERIALS 

For samples of equal size, a chart for number of defects is recommended 
See Section 16. In the special case where each sample consists of only one 
unit, that is, n = 1, then the chart for u (defects per unit) is identical with 
the chart for c (number of defects) and may be handled in accordance with 
Section 16. In this case the chart may be referred to either as a chart for 
defects per unit or as a chart for number of defects, but the latter designa- 
tion is recommended. 

See Example 9, p. 86. 
(b) Samples of Unequal Size.--Proceed as for samples of equal size but 

compute the control limits for each sample size separately. 
When the data are in the form of a series of subgroup values of u and 

the corresponding sample sizes, a may be computed by the relation: 

nlu~ + n~ul + . . .  + nkuk 

n l  + n4 + - - "  - { - n j  
. . . . . . . . . . . . . . . . . . . . . .  ( 2 1 )  

where as  before, the subscripts i, 2, . . . .  , k refer to the k subgroups. 

Note that ha, n2, etc., need not be whole numbers. For example, if u 
represents defects per t000 ft. of wire, samples of 4000 ft., 5280 ft., etc., 
constitute 4.0, 5.28, etc., units of 1000 ft. 

When most of the samples are of approximately equal size, computing 
and plotting effort can be saved by the procedure in Supplement C, Note 4. 

See Example 10, p. 87. 

16. Control Chart for Number of Defects, c . - -The control chart for c, 
the number of defects in a sample, is the equivalent of the control chart for 
u, for which it is a convenient practical substitute when all samples have 
the same size n (number of units). 

(a) Samples of Equal Size.--For samples of equal size, if the average 
number of defects per sample is c, the control chart lines are as follows: 

FORMULAS FOR CONTROL CHART LINES. 

Central Line Control Limits 

For values of c . . . . . . . . . . . . . . . . . . . . . . .  c ~ 4- 3 ~ . . . . . . . . . . . . . . .  (22) 

where: 
total number of defects in all samples 

. . . . . . . . . . . . . . . . . . . . .  (23) 
number of sample, 

=- average number of defects per sample. 
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The use of c is especially convenient when there is no natural unit of 
product, as for defects over a surface or along a length, and where the 
problem is to determine uniformity of quality in equal lengths, areas, etc., 
of product. 

See Example 9, p. 86, and Example 11, p. 88. 
(b) Samples of Unequal S i ze .wFor  samples of unequal size, first compute 

the average defects per unit fi, by Eq. 19; then compute the control limits 
for each sample size separately as follows: 

FORMULAS FOR CONTROL CHART LINES. 

Centr~l Line Control Limits 

For values of c . . . . . . . . . . . . . . . . . . . . . . .  r an 4- 3 VI~ . . . . . . . . . . . . .  (24) 

The control chart for u is recommended as preferable to the control 
chart for c when the sample size varies from sample to sample for reasons 
stated in discussing the control charts for p and pn. 

17. Summary, Control Charts for p, pn, u and c--No Standard Given.-- 
The formulas of Sections 13 to 16, inclusive, are collected below for con- 
venient reference: 

FORMULAS FOR CENTRAL LINES AND CONTROL LIMITS. 

Control--No Standard Given--Attributes Data 

F r a c t i o n  d e f e c t i v e  p . . . .  

Number  of defectives, p n  . . . . . . . . . . . . . .  

Defects per uni t ,  u . . . . . . . . . . . . . . . . . . . .  

Number  of defects, c" 
Samples of Equal  Size . . . . . . . . . . . . . .  

Samples of Unequal  Size . . . . . . . . . . . . .  ~n 

Control Limits 

4-3/x/p(1 7) 

~. 4- 3 ~ / ~  

a 4 - 3 4 ~  

~-4-3 v T  
~,, 4- 3 ~ / ~  

Approximation 

CONTROL WITH RESPECT TO A GIVEN STANDARD 

18. Introduction.--Sections 19 to 27 cover the technique of analysis for 
control with respect to a given standard, as noted under (B) in Section 3. 
Here, standard values of X', C, p', etc., are given, and are those corre- 
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sponding to a given s tandard  distribution. These s tandard values are used 
in calculating both  central  lines and control limits, t 

Such s tandard values are usually based on a control chart  analysis of 

previous da taL but  m a y  be based on the requirements as to qual i ty  level 

and  var iabi l i ty  which the product  mus t  meet  or on some es t imated  or 
claimed capabilities of the product ion process. Note  tha t  these s tandard  

values are set up before the detailed analysis of the da ta  a t  hand is under- 
t aken  and  frequent ly  before the da ta  to be analyzed are collected. In  
addi t ion to the s tandard  values, only the information regarding sample 

size or sizes is required in order to compute  central lines and control limits. 
For  example,  the values to be used as central lines on the control charts  

are:  

for averages . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  X '  
for standard deviations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  c~' 
for ranges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  d~r' 
for values of p . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  p' 
etc., 

where factors c~ and d~, which depend only on the  sample size, n, are given in Table I I I ,  and 
defined in Supplement B. 

N o t e  t ha t  control with respect to a given s tandard m a y  be a more  exacting 

requirement  than  control with no s tandard  given, described in Sections 7 

to 17. T h e  da ta  mus t  exhibit not only control but  control a t  a s tandard  

level and with no more than  s tandard  variabil i ty.  

Where  the control limits obtained in the analysis of a set of da ta  are 

extended into the future  and used as a basis for purposive control of qual i ty  

during production,  this is the equivalent  of adopting,  as s tandard,  values 

found from the analysis of the prior data .  S tandard  values so obtained m a y  

be ten ta t ive  and subject  to revision as more experience is accumulated.  ~ 

N o ~ g . - - T w o  situations not  covered specifically herein should be mentioned: 
(a) In some cases a standard value of X' is arbitrarily set by specification or otherwise, but 

no standard value is given for ~'. Here ~' is determined from the analysis of the data at hand 
and the problem is essentially one of controlling X at the standard level X' that has been arbi- 
trarily set. 

(b) In other cases, interest centers on controlling conformance to specified minimum and 
maximum limits within which material is considered acceptable, sometimes established without 
regard to the actual variation experienced in production. Such limits may prove unrealistic when 
data are accumulated and an estimate of the standard deviation, say ~*, of the process is ob- 
tained therefrom. If the natural spread of the process (a band having a width of 6~*), is wider 
than the spread between the specified limits, it is necessary either to adjust the specified limits 

t When only ~ '  is given and no Drior data are available for establiihing a value of~', analyze data from the first 
production period as in Sections 7 to I0, but use ~"  as the central line. 

i For detailJ see Supplement C, Note  6. 
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or to operate within a band narrower than the process capability. Conversely, if the spread of 
the process is narrower than the spread between the specified limits, the process will deliver a 
more uniform product than required. In  the latter event when only maximum and minimum 
limits are specified, the process can be operated at a level above or below the indicated mid-value 
without risking the production of significant amounts of unacceptable material. 

19. Control Charts for Averages, ,~, and for Standard Deviations, a . - -  

For samples of size n, the control chart lines are as follows: 

FORMULA FOR CONTROL CHART LINES 

For averages, ]~' . . . . . . . . . . . . . . .  

For standard deviations, r . . . . . .  

Central 
Line 

c~r t 

Control Limits 

Simplified Formula 
Usin, Factors in Basic Formula 

~able III  

~ '  4- A~'  

B ~ '  and Bla'  

o- ! 
X" + 3 ~ -  . . . . . . . . . . . .  (2s) 

@.t 
C2r 4- 3 X / ~  . . . . . . . . . . .  (26) 1 

For samples of n greater than 25, consider c~ = 1. 
See Example 12, p. 90. 
For samples of n = 25 or less, use Table I I I  for factors A, Bx, and B~. 

Factors c~, A, B~, and B2 are defined in Supplement B. 
See Example 13, p. 91; Example 14, p. 92; and Example 15, p. 93. 

20. Control Chart for Ranges, R.--The range, R, of a sample is the 
difference between the largest observation and the smallest observation. 

For samples of size n~ the control chart lines are as follows: 

FORMULAS FOR CONTROL CHART LINES. 

Central 
Line 

For range, R . . . . . . . . . . . . . . . . . .  [ d2cr' I 

Control Limits 

Simplified Formula 
Using Factors in Basic Formula 

Table III  

D ~ '  and Dla'  d ~ '  =:1= 3 d3a'. . . . . . . . . . . .  (27) 

Use Table I I I  for factors d2, D1, and D~. 
Factors d~, ds, D1, and D2 are defined in Supplement B. 
For comments on the use of the control chart for ranges, see Section 10. 
See Example 16, p. 94. 

I Formula 26 is an approximate formula suitable for most practical purposes. The values of BI and Bt given in 
the tables are computed from the exact equation in Supplement B (Eqs. B5 or B6) 
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21. Summary, Control Charts for X,  a and R--Standard Given.--The 
most useful formulas from Sections 19 and 20 are summarized below and 
are followed by Table I I I  which gives the factors used in these and other 
formulas: 

FORMULAS FOR CENTRAL LINES AND CONTROL LIMITS. 

Control with Respect to a Given Standard (X', r  given) 

Central Line Control Limits 

Averages . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ~ "  ~ "  q- Ar  
S tandard  deviations . . . . . . . . . . . . . . . . . . .  c2cr' B ~ '  and  Bw' 
Ranges  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  d ~ '  D ~ '  and D w '  

TABLE HL--FACTORS FOR COMPUTING CONTROL CHART LINES--STANDARD GIVEN" 

~hart for Standard Deviation: Chart for Ranges 

Number of Obse~ations 
in Sample, n 

2 , .  
3 . .  
4. 
5. 

6 . . . .  
7. 
8.  
9. 

10. 

11. 
12.. 
13..  
14., 
15.. 

16. .  
17.. 
18.. 
19.. 
20..  

21 . .  
22 . . .  
23 . . .  
24 . . .  
25 . . .  

Chart for 
Averages 

Factors for Factor for Factors for Factorfor Factors for 
Central C~ntrai Control Limit~ Line Control Limits Line Control Limits 

A 

. .  2.121 

. .  1.732 
1.500 
1.342 

1.225 
1.134 
1.061 
1.000 
0 .949 

0.905 
0.866 
0.832 
0.802 
0.775 

O. 750 
0.728 
O. 707 
0.688 
0.671 

0,655 
0 .640 
0.626 
0.612 
0.600 

3 

r BI B, dm 

0.5642 0 1.843 
0 .7236 0 1.858 
0.7979 0 1,808 
0.8407 0 1,756 

0.8686 0 .026 1.711 
0.8882 0.105 1.672 
0.9027 0.167 1.638 
0.9139 0 .219 1.609 
0.9227 0.262 1.584 

0.9300 0 ,299 1,561 
0.9359 0,331 1,541 
0 .9410 0 ,359 1,523 
0.9453 0 .384 1.507 
0.9490 0.406 1.492 

0.9523 0.427 1,478 
0.9551 0,445 1,465 
0.9576 0,461 1,454 
0.9599 0,477 1,443 
0.9619 0,491 1,433 

0.9638 0 .504 1.424 
0.9655 0 .516 1.415 
0.9670 0.527 1.407 
0.9684 0.538 1.399 
0.9696 0.548 1.392 

Dt 

0 
0,205 
0 ,387 
0 ,546 
0,687 

0.812 
0 .924 
1.026 
1.121 
1.207 

1,285 
1,359 
1.426 
1,490 
1,548 

1.606 
1.659 
1.710 
1.759 
1.804 

Over 25. .  - -  

3 
�9 , - ~ - ~  " ' t + V -  ~ 

D, 

3 ,686 
4 ,358 
4 ,698 
4,918 

5,078 
5.203 
5,307 
5 ,394 
5,469 

5,534 
5,592 
5 ,646 
5,693 
5,737 

5.779 
5.817 
5.854 
5.888 
5.922 

5.950 
5 .979 
6.006 
6.031 
6.058 
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22. Control Charts for Attributes Data.--The definitions of terms and 
the discussions in Sections 12 to 16, inclusive, on the use of the fraction 
defective, p, number of defectives, pn, defects per unit, u, and number of 
defects, c, as measures of quality are equally applicable to the sections 
which follow and will not be repeated here. I t  will suffice to discuss the 
central lines and control limits when standards are given. 

23. Control Chart for Fraction Defective, p.---Ordinarlly, the control 
chart for p is most useful when samples are large, say when n is greater than 
50 or 100; more specifically, when the expected number of defective units 
(or other occurrences of interest) per sample is four or more, that is, the 
expected p~ = four or more. 

For samples of size n, where p' is the standard value of p, the control 
chart lines are as follows: 

FORMULAS FOR CONTROL CHART LINES. 

Central Line Control Limits 

For values of p . . . . . . . . . . . . . . . . . . . . . . .  p, p' • 3 ~]p'(1 ~ p') . . . . . . .  (2s~ 

See Example 17, p. 95. 

When p' is small, say less than 0.10, the factor 1 - p' may be replaced by 
unity for most practical purposes, which gives the simple relation: 

Control Limits for p = p '  -4-- 3 . . . . . . . . . . . . . . . . . . . . . .  (28a) 

For samples of unequal size, proceed as for samples of equal size but 
compute control limits for each sample size separately. 

See Example 18, p. 96. 
When detailed inspection records are maintained, the control chart for p 

may be broken down into a number of component charts with advantage. 
See Example 19, p. 97. 

24. Control Chart for Number of Defectives, pn.--The control chart for 
pn, number of defectives in a sample, is the equivalent of the control chart 
for fraction defective, p, for which it is a convenient practical substitute, 
particularly when all samples have the same size, n. I t  makes direct use of 
the number of defectives,/m, in a sample ( ~  = the product of the fraction 
defective and the sample size). 

See Example 17, p. 95. 
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For samples of size n, where pr is the standard value of p, the control 
chart lines are as follows: 

FORMULAS FOR CONTROL C~ART LINES. 

For values of p n  . . . . . . . . . . . . . . . . . . . . . .  

Central Line 

p'n 

Control Limits 

p'n • 3 X/p'n(1 -- p') . . . . .  (29) 

When pt is small, say less than 0.10, the factor 1 - pr may be replaced 
by unity for most practical purposes, which gives the simple relation: 

Control Limits  for p n  = p ' n  • 3 X , / ~  . . . . . . . . . . . . . . . . . . . . . .  (30) 

As noted in Section 14, the control chart for p is recommended as prefer- 
able to the control chart for pn when the sample size varies from sample to 
sample. 

When only a single quality characteristic is under consideration, and 
when only one defect can occur on a unit, the word "defect" can be sub- 
stituted for the word "defective" throughout the discussion of this article 
but  this practice is not recommended. 

25. Control Chart for Defects per Unit, u . - -For  samples of size n (n = 
number of units), where u p is the standard value of u, the control chart 
lines are as follows: 

FORMULAS FOR CONTROL CHART LINES. 

For values of u . . . . . . . . . . . . . . . . . . . . . . .  

Central Line 

~t 

Control Limits 

~ ' •  r  . . . . . . . . . . . . . . .  (31) 

See Example 20, p. 98. 
As noted in Section IS, the relations given here assume that for each of 

the characteristics under consideration, the ratio of the expected to the 
possible number of defects is small, say less than 0.10. 

If  u represents "defects per 1000 ft. of wire," a "unit" is 1000 ft. of 
wire. Then if a series of samples of 4000 ft. are involved, u' represents the 
standard or expected number of defects per 1000 ft., and n = 4. Note that 
n need not be a whole number, for if samples comprise 5280 ft. of wire 
each, n = 5.28; that is, 5.28 units of 1000 ft. 

See Example 11, p. 88. 
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Where each sample consists of only one unit, that is n = 1, then the chart 
for u (defects per unit) is identical with the chart for c ( number of defects) 
and may be handled in accordance with Section 26. In this case the chart 
may be referred to either as a chart for defects per unit or as a chart for 
number of defects, but the latter practice is recommended. 

26. Control Chart for Number of Defects, c.--The control chart for c, 
number of defects in a sample, is the equivalent of the control chart for 
defects per unit for which it is a convenient practical substitute when all 
samples have the same size, n (number of units). Here c is the number of 
defects in a sample. 

If the standard value is expressed in terms of number of defects per 
sample of some given size, that is, expressed merely as c', and the samples 
are all of the same given size (same number of product units, same area of 
opportunity for defects, same sample length of wire, etc.), then the control 
chart lines are as follows: 

FORMULAS FOR CONTROL CHART LINES (c' Given). 

Central Line Control Limits 

F o r  n u m b e r  of de fec t s ,  c . . . . . . . . . . . . . . .  c '  c ~ 4 -  3 ~ . . . . . . . . . . . . . . . .  (32) 

Use of c' is especially convenient when there is no natural unit of product, 
as for defects over a surface or along a length, and where the problem of 
interest is to compare uniformity of quality in samples of the same size, no 
matter how constituted. 

See Example 21, p. 100. 
When the sample size, n, (number of units) varies from sample to sample, 

and the standard value is expressed in terms of defects per unit, the control 
chart lines are as follows: 

FORMULAS FOR CONTROL CHART LINES (u '  Given). 

Central Line Control Limits 

F o r  v a l u e s  of c . . . . . . . . . . . . . . . . . . . . . . .  u ' n  u ' n  ~: 3 ~ / u - ~ n  . . . . . . . . . . . . . .  (33) 

Under these circumstances the control chart for u (Section 25) is recom- 
mended in preference to the control chart for c, for reasons stated in Section 
14 in the discussion of control charts for p and for pn. 
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27. Summary, Control Charts for p, pn, u, and c--Standard Given.--The 
formulas of Sections 22 to 26, inclusive, are collected bclo~ for convenient 
reference: 

FORMULAS FOR CENTRAL L I N E S  A N D  CONTROL L I M I T S .  

Control With Respect to a Given Standard (p ' ,  p ' n ,  ~ '  or c '  Given). 

Fraction defective, p . . . . . . . . . . . . . . . . . . . . .  

Number of defectives pn . . . . . . . . . . . . . . . . .  

Defects per unit, u . . . . . . . . . . . . . . .  

Number of defects, c: 
Samples of Equal Size (d given) . . . . . . . .  
Samples of Unequal Size (u' given) . . . . . .  

Central 
Line 

p' 

p'n 

U t 

C. t 

gff n 

Control LimitJ 

p, q- 
N n 

p'n • 3 v'p'~(1 - p') 

u'  =1= 3 ~ 

c' •  ~ / J  
u'n -4- 3 

Approximation 

p '  ~ 3 4 P '  

p'n =t: 3 

CONTROL CHARTS FOR INDIVIDUALS 

28. Introduction.--Sections 28 to 301 deal with control charts for indi- 
viduals, in which individual observations are plotted one by one. This 
type of control chart has been found useful more particularly in process 
control when only one observation is obtained per lot or batch of material 
or at periodic intervals from a process. This situation often arises when: 

(a) Sampling or testing is destructive, 
(b) Costly chemical analyses or physical tests are involved, 
(c) The material sampled at any one time (such as a batch) is normally 

quite homogeneous, as for a well-mixed fluid or aggregate. 
The purpose of such control charts is to discover whether the individual 

observed values differ from the expected value by an amount greater than 
should be attributed to chance. 

When there is some definite rational basis for grouping the batches or 
observations into rational subgroups, as, for example, four successive batches 
in a single shift, the method shown in Section 29 may be followed. In this 
case the control chart for individuals is merely an adjunct to the more 
usual charts but  will react more quickly to a sharp change in the process 
than the X chart. This may be important when a single batch represents a 
considerable sum of money. 

When there is no definite basis for grouping the data, the control limits 
may be based on the variation between batches, as described in Section 30. 
A measure of this variation is obtained from moving ranges of two observa- 
tions (the successive differences between individual observations which are 
arranged in chronological order). 

1 To be used with caution if the distribution of individual values is markedly asymmetrical. 
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A control chart for moving ranges may be prepared as a companion to the 
chart for individuals, if desired, using the formulas of Section 30. I t  should 
be noted that adjacent moving ranges are correlated, as they have one 
observation in common. 

The methods of Sections 29 and 30 may be applied appropriately in some 
cases where more than one observation is obtained per lot or batch, as for 
example with very homogeneous batches of materials, for instance chemical 
solutions, batches of thoroughly mixed bulk materials, etc., for which 
repeated measurements on a single batch show the within-batch variation 
(variation of quality within a batch and errors of measurement) to be very 
small as compared with between-batch variation. In such cases, the average 

of the several observations for a batch may be treated as an individual 

observation. This procedure should, however, be used with great caution; 
the restrictive conditions just cited should be carefully noted. 

The control limits given are 3-sigma control limits in all cases. 

29. Control Chart for Individuals, X--Using Rational Subgroups.--Here 
the control chart for individuals is commonly used as an adjunct to the more 
usual X and ~, or X and R, control charts. Proceed exactly as in Sections 
9 to 11 (control--no standard given) or Sections i9 to 21 (control--standard 
given), whichever is applicable, and prepare control charts for ~ and ~, 
or for .~ and R. In addition, prepare a control chart for individuals having 
the same central line as the X chart but compute the control limits as 
follows: 

FORMULAS FOR CONTROL CHART LINES. 

Chart for Individuals--Anoclated with Chart for r or R Having Sample Size n 

Nature of Datz 

Control Limits 
Central 

Line Simplified Formula[ 
Using Factorl Basic Formula 
in Table IV 

~'0 STAND&ID GIVIgN 

Samples of Equal  Size: 

Based on ~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Based on R . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Samples of Unequal  Size: ~, computed  from 
observed values of �9 per Section 9(b) or 
from observed values of R per Section 
10(b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

:g 

:g 

.~ • 3-~ . . . . . . . .  (34) 
c~ 
R • 3aS ' . . . . . . .  (3s) 

.,~ 4-  3~ . . . . . . . .  (36)" 

STA2,,'DARD OIVZN 

Samples of Equal  or Unequal  Size . . . . . . . . . . .  ~ '  I ~ ' '  • 3~r'. . . . . . .  (37) 

�9 See Example 4, p. S2 for determination ofr based on valuu of r, and Exmnple 6, p. 83 for determination of 
q, ba~d on valuta of R. 
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Table IV gives values of E1 and E~ for samples of n = 10 or less. More 
complete values are given in Table B3 of Supplement B. 

See Examples 22 and 23, pp. 101 and 103. 

TABLE IV.~FACTORS FOR COMPUTING CONTROL LIMITS. 

Chart for Iadividuals--Associated with Ch~rt for ~ or R Having Sample Size s 

Ne. ef Observations ia Samples of Equal Size 
. . . . . . . . .  (from which ~ or g has been determined) 2 3 4 5 6 ? $ 9 I0 

Factors for control limits: 
Et . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5.318 4.146 3.760 3.568 3.454 3.378 3.323 3.283 3.251 
E, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  [2.66011.77211.45711. 29011.18411.10911.05411.01010.975 

30. Control Chart for Individuals--Using Moving Ranges. 
(a) No Standard G/ven.--Here the control chart lines are computed from 

the observed data. In this section the symbol R is used to signify the moving 
range. The control chart lines are as follows: 

FORMULAS FOR CONTROL CHART LINES 

Chart for Individuals--Using Moving Ranges 

Central 
Line 

For individuals . . . . . . . . . . . . . . . . . . . . . . . . . . .  [ X ] 
For moving ranges of two observations . . . . . .  [ R I 

Control Limits 

-4- EaR = X 4- 2.66R . . . . . . . . . . .  (38) 
D4R and DiP, = 3.27R and 0 . . . . . . .  (39) 

where: 
.~ = the average of the individual observations, 
/2 ffi the mean moving range, 1 the average of successive differences between the individual 

observations, and 
n = 2 for determining F~, Da and D,. 

See Example 24, p. 105. 
i 

(b) Standard Cdven.--When X'  and a' are given, the control chart lines 
are as follows: 

FORMULAS FOR CONTROL CHART LINES. 

Central Control Limits 
L ~ e  

For individuals . . . . . . . . . . . . . . . . . . . . . . . . . .  i ~ ~ ' '  -'- 3~'. . . . . . . . . . . . . . . . . . . . . . . . .  (40) 
For moving ranges of two observations . . . . .  D2~' and Dl~ r = 3.69~ t and 0 . . . . . . .  (41) 

See Example 25, p. 106. 

z See Supplement C, Note 7, for more general discussion. 
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EXAMPLES 

31. Illustrative Examples--Control, No Standard Given.--The following 
Examples 1 to 11, inclusive, illustrate the use of the control chart method of 
analyzing data for control, when no standard is given (see Sections 7 to 17): 

E x a m p l e  1: Control Charts for X and a, Large Samples or Equal Size ( %ction 8(a) ) . - -A  manu-  
facturer wished to determine if his product  exhibited a state of control. In  this case the  central  
lines and control limits were based solely on the data.  Table V gives observed values of X and o" 
for daily samples of n = 50 observations each for ten consecutive days.  Figure 2 gives the  con- 
trol charts  for )T and q. 

TABLE V.--OPERATING CHARACTERISTIC, DAILY CONTROL DATA, 

~O. 1 . . .  
~o. 2 . . .  
~To. 3 
~To. 4 . . . .  
.qo. 5 

~o. 6 
No. 7 . . . .  
No. 8 . . . .  
No. 9 
No. I0 . . . . .  

Sample 

Total  
Average . . . . . . .  

Sample Size, 

5O 
50 
5O 
5O 
5O 

5O 
5O 
5O 
5O 
50 

5OO 

Average, 

35.1 
34 .6  
33.2 
34 .8  
33 .4  

33 .9  
34 .4  
33 .0  
32 .8  
34 .8  

340.0  
34 .0  

Standard Deviation, 

5.35 
4.73 
3.73 
4.55 
4.00 

4.30 
4 .98  
5.30 
3 .29  
3.77 

44.00 
4 .40  

C e n t r a l  L i n e s  
For X:  2~ - 34.0. 
For ~: ~ = 4.40. 

C o n t r o l  L i m i t s  
n --- 50: 

3__2_ ~ For ~ : ~  + X /n  ffi 34.0 -4- 1.9, 

35.9 and 32.1. 

3._L_ �9 For o-: ~ -4- ~ v / ~  = 4.40 4- 1.32, 

5.72 and 3.08. 

'(~ 3 0  | I t I I [ [ I I I [ 

2 4 6 8 I0  

7.5 
. . . . . . . . . . . . . .  

~ 2.5 
2 4 6 8 I0  

S a m p l e  N u m b e r  

Fie.  2 . - -Cont ro l  Char ts  for )~ and o'. 
Large samples of equal ei~, n -- 50; no standard given. 

REsuLTs . - -The  charts  give no evidence of lack of control. Compare with Example 12, in which 
the  same da ta  are used to test  product  for control a t  a specified level. 
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Example 2: Control Charts for X and ~r, Large Samples of Unequal Sire (Section 8(b)).--To de- 
termine whether there existed any assignable causes of variation in quality for an important 
operating characteristic of a given product, the inspection results given in Table VI were ob- 
tained from ten shipments whose samples were unequal in size; hence, control limits were com- 
puted separately for each sample size. Figure 3 gives the control charts for X and a. 

TABLE VL--OPERATING CHARACTERISTIC, MECHANICAL PART. 

Shipment Sample Size, Average, Standard Deviation, 

No. 1. 
No. 2. 
No. 3. 
No. 4. 
No. 5. 

No. 6. 
No. 7. 
No. 8 
No. 9. 
No. 10.. 

Total . . .  
Weighted average. 

50 
50 

100 
25 
25 

50 
100 
50 
50 
50 

550 

55.7 
54.6 
52.6 
55.0 
53.4 

55.2 
53.3 
52.3 
53.7 
54.3 

Zn]~ == 29590.0 
53.8 

4.35 
4.03 
2.43 
3.56 
3.10 

3.30 
4.18 
4.30 
2.09 
2.67 

Z n a ~  1864.50 
3.39 

Cen t ra l  L i n e s  
For~ ' :  ~ = 53.8. 
For . :  e - 3.39. 

Contro l  L imi t s  
3~_E_ I0.17 

For ~ :  J~ 4- x / n  == 53.8 -t- %/~,  

n =~ 25: 55.8 and 51.8, 
n = 50: 55.2 and 52.4, 
n = 100: 54.8 and 52.8. 

~ . -  10.17 
For ~: �9 4- 3 ~ = 3.39 4- 

n = 25: 4.83 and 1.95, 
n ,= 50: 4.41 and 2.37, 
n = 100: 4.11 and 2.67. 

60 
I ) ~  

~,55 

50 

- 

. . . . .  

I I I I I I I I I I 
2 4 6 8 I0 

2 

u ' ) ~  O /  I I I I I I l I I I 
2 4 6 8 I0 

Shipment Number 

FIG. &--Control Charts for ~ and ~. 
Large samples of unequal si.ze, • -- 25, 50, 100; no atandard 

gJ.ven. 

RESuLTs.--Lack of control is indicated with respect to both )(  and , .  Corrective action is 
needed to reduce the variability between shipments. 
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Example 3 : Control Charts for X and r Small Samples of Equal Size (Section 9(a)).--Table 
VII gives the width in inches to the nearest 0.0001 in. measured prior to exposure for 10 sets of 
corrosion test specimens of Grade BB zinc. These two groups of 5 sets each were selected for 
illustrative purposes from a large number of sets of test specimens consisting of 6 specimens each 
used in atmosphere exposure tests sponsored by the A.S.T.M. In each of the two groups the five 
sets correspond to five different millings that were employed in the preparation of the specimens. 
Figure 4 shows control charts for 3~ and a. 

TABLE VII.--WIDTH IN INCHES, TEST SPECIMENS OF GRADE BB ZINC. 

Set 
Measured Values 

Avekage, 

X. 

Standard 
Deviation, 

cr 
Range, 

R 
Xl  Xt Xa X .  X ,  

GxovP 1 

No. 1 . . . . . . .  0.5005 0.5000 0.5008 0.5000 0.5005 0.5000 0.50030 0.00032 0.0008 
No. 2 . . . . . . .  0.4998 0.4997 0.4998 0.4994 0.4999 0.4998 0.49973 0.00016 0.0005 
No. 
No. 0.4998 0.5005 0.5005 0.5002 0.5003 0.5004 0.50028 0.00024 0.0007 
No. 0.$000 0.5005 0.5008 0.5007 0.5008 0.5010 0.50063 0.00032 0.0010 

Gxou~, 2 

Io. 6... 0.5008 0.5009 0.5010 0.5005 0.5006 0.5009 0.50078 0.00018 0.0005 
~'o. 7 0.5000 0.5001 0.5002 0.4995 0.4996 0.4997 0.49985 0.00026 0.0007 
]'o. 8... 0.4993 0.4994 0.4999 0.4996 0.4996 0.4997 0.49958 0.00020 0.0006 
~'o. 9 0.4995 0.4995 0.4997 0.4992 0.4995 0.4992 0.49943 0.00018 0.0005 

Io .  10 . . . . . . .  0.4994 0.4998 0.5000 0.4990 0.5000 0.5000 , 0.49970 0.00038 0.0010 

Average ........... 0.49998 0.00023 0.00064 

Centr Llne  
For X': i~ ,I 0.49998. 
F o r  o-: ~ •. 0.00023. ~ 0.5oo 

.c_' < 0 .499  t , I i i i i i I O  
2 4 6 8 

For ~ :  

For ~: 

C o n t r o l  L i m i t s  

n = 6 :  ~ , b  
.~' 4- A ~  - ~ 8" 0.0006 

o 0.49998 4- (i.410) (0.00023), .~ 0.0004 
0.50030 and 0.49966. o 
B,~ and Bs~ = ~ o.oooz 
(1.970) (0.00023) and ~ o 
(0.030) (0.00023), 
0.00045 a n d  0 . 0 0 0 0 1 .  

2 4 6 8 I0 
Set Number 

FIo. 4.--Control Charts for X and ~. 
Small samples of equal size, n = 6; no standard given 

RESULTs.--The chart for averages indicates the presence of assignable causes of variation 
in width, X, from set to set, that is, from milling to milling. The pattcrn of points for averages 
indicates a systematic pattern of width valucs for the five millings, a factor that requircd rccog- 
nition in the analysis of thc corrosion test results. 
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R~rample 4: Contrd Charts for ~ and o', Small Samples of Unequal Size (Section 9 ( b ) ) . - - T a b l e  

V I I I  g ives  i n t e r l abo ra to ry  ca l ib ra t ion  check  d a t a  on 21 hor izon ta l  tens ion  t e s t i ng  machines .  

T h e  d a t a  represen t  t es t s  on No.  16 wire.  T h e  procedure  is s imi la r  to  t h a t  g iven  in  E x a m p l e  3, 

b u t  ind ica tes  a sugges ted  m e t h o d  of c o m p u t a t i o n  when  the  samples  are n o t  e q u a l  in  size. F igu re  

5 g ives  cont ro l  cha r t s  for ~" and  a. 

TABLE VIIL--INTERLABORATORY CALIBRATION, HORIZONTAL TENSION TESTING MACHINES. 

Machine 

[0. I . . . . . .  
Fo. 2 . . . . . . . .  
Fo. 3 . . . . . .  
to. 4 
ro. 5 .......... 
to. 6 _  
fo. 7.. 
ro. 8 . . . . . .  
[o. 9 . . . . .  
[o. I0 . . . . .  

[o. 11.. 
[o. 12 . . . . . . . .  
[o. 13. 
In. 14 . . . . . .  ~ . . .  
In. IS . . . . . . . . .  

Io. 16... 
Io. 17.. 
In. 18... 
lo. 19.. " . . . . . . . .  
~'o. 20 
~'o. 2I.. 

Total . . . . . . . . . .  

Number 
of 

Tests 

5 
5 
5 
5 

5 
4 
5 
5 71 
5 71 

S 71 
5 70 
5 73 
5 74 
$ 72 

4 75 
5 68 
5 71 
$ 72 
5 68 
5 59 

103 

Test Value 

I 2 3 4 

73 73 
70 71 
74 74 
70 70 
70 70 

65 55 
72 72 
69 70 

71 
71 

71 
71 
74 
74 
72 

75 
69 
71 
73 
69 
69 

W [g ed a~ 

Aver~ 
age, 
X 

5 

; 73.8 
71.0 

; 74.2 
; 71.0 

70.0 

67.0 
73.5 
71.2 . . . . . .  

P 71.2 
P 71.2 

71.6 
71.2 

; 74.2 
! 74.6 

72.4 

i 75.3 69.0 
71.8 

I 72.8 
69.8 
69.0 

7t. 65 

Standard Range, 
Deviation, ~ R 

n ~ 4 1 n = S l n = 4  i ~ 5  

. . . .  0.98 2 
0.63 2 
0.40 I 
1.26 . . . .  3 

0 0 

2.10 5 
1.66 1.~ i 
. . . .  4 

0.40 1 
0.40 1 

0.49 1 
0.75 2 
0.75 2 
0.49 1 
0.49 I 

0.43 o2i l 
. . . .  2 

0.75 2 
0.40 1 
1.17 3 

0 

2.09 1 3 - ~  T 34 

1 (  2 . 0 9  13.69 ~ 
~ '  = 2 1 \ 0 . 7 9 7 9  + ~'.-.-.-.-.-.-.-.-.~7/ = 0 .900  

Central Lines 
For ~: ~ = 71.65. 
For  ~: n = 4:  ~ = c~~  = (0.7979) (0.900) 

= 0.718. 
n = 5 :  ~ = c ~ ,  = (0.8407) (0.900) 

= 0.757. 

C o n t r o l  L i m i t s  
F o r e ' n =  4: ~ 4- Ai~ ffi 

71.65 4-4- (1.880) (0.718), 
73.0 and  70.3. 

n =  5: ~ .-I- A l ~ =  
71.65 4- (1.596) ( 0 . 7 5 7 ) ,  

72.9 and  70.4. 
For  ~: n = 4:  B,~ and  B~,  = 

(2.266) (0.718) and  
(0) (0.718), 1.63 and  0. 

n = 5:  B,~ and  B=~, = 

(2.089) (0.757) a n d  
(0) (0.757), 1.58 and  O. 

1 ~ - 7 5  

6 5 / ,  , , ~ I ,  ~ , 1  , , , , I  , ,  , , * 
5 I0  15 2 0  

b 

o o 
U) e 

Q 

I 

0 -  
5 I 0  15 2 0  

M o c h i n e  Number  

FIO. 5.--Control Charts for X and ~. 
Small samples of unequal size, n = 4, 5; 

no standard given. 

RESULTS.--The calibration levels of machines were not controlled at a common level; the 
averages of six machines are above and the averages of five machines are below control limits. 

Likewise, there is an indication that the variability within machines is not in statistical control, 
since three machines, Nos. 6, 7, and 8, have standard deviations outside control limits. 
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E x a m p l e  5 : Control Charts for X and R, Small Samples of Equal Size (Section lO( a) ).--Same 
data as in Example 3, Table VII. Use is made of control charts for averages and ranges rather than 
for averages and standard deviations. Figure 6 shows control charts for X and R. 

Central  Lines 
- -  = 

For X: X = 0.49998. 
For R: /~ = 0.00064. 

0 . 5 0 1  

0.500 

, < l  

._= 0 . 4 9 9  I I t I I I 

.,=- 2 4 6 8 10 

7= 

Control Limits  
n = 6 :  

For X: X 4- A2/~ = 
0.49998 4- (0.483) (0.00064), 
0.50029 and 0.49967. 0.0020[ 

For R: D ~  and DsR = Q: 0 . 0 0 1 5  

(2.004) (0.00064) and ~ 0 . 0 0 1 0 ~ -  

(0) (0.00064), 0.00128 and 0. o~ o.00o5 
n-  

O I 1 ~" 1 I I I I 1 I 

2 4 6 8 I 0  

Set Number 

FIG. 6.--Control Charts for X and R. 
SmaU samples of equal size, n = 6; no standard given 

REsvLTs.--The results are practically identical in all respects with those obtained by using 
averages and standard deviations, Fig. 4, Example 3. 

Example 6: Control Charts for X and R, Small Samples of Unequal Size (Section lO(b) ).--Same 
data as in Example 4, Table VIII. In the analysis and control charts, the range is used instead of 
the standard deviation. The procedure is similar to that given in Example 5, but indicates a 
suggested method of computation when samples are not equal in size. Figure 7 gives control 
charts for X and R. 

~t, is determined from the tabulated ranges given in Example 4, using a similar procedure to 
that given in Example 4 for standard deviations where samples are not equal in size, that is 

e~ = ~i 2.05-9 + 2.-~-6 = 0.812. 

Central  Lines 
For X: X = 71.65. 
For R: n = 4: k = d~,  = 

(2.059)(0.812) = 1.67. 
n = 5 : R  = d ~ ,  = 

(2.326)(0.812) = 1.89. 

Control  Limits  
For X: n = 4: X 4- A~/~ = 

71.65 4- (0.729)(1.67), 
72.9 and 70.4. 

n = 5:~4-A~,R = 

71.65 4- (0.577)(1.89), 
72.7 and 70.6. 

For R: n = 4: Dd~ and D ~  = 
(2.282)(1.67) and 
(0) (1.67), 3.8 and 0. 

n = 5 : D ~ a n d D j ~  = 

(2.115)(1.89) and 
(0) (1.89), 4.0 and 0. 

'• f%A 
<[ 

5 IO 15 20  

Q: 4 

~ Z 
n: 

o 
5 I0  15 ZO 

Mochine Number 

FIG. 7.--Control Charts for ~" and R. 
Small samples of unequal size, n = 4, fi; no standard given 

RESULTs.--The results are practically identical in all respects with those obtained by using 
averages and standard deviations, Fig. 5, Example 4. 
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8 4  ASTM M A N U A L  ON Q U A L I T Y  CONTROL OF MATERIALS 

E x a m p l e  7: Control Charts for (1) p, Samples of Equal Size (Section 13(a)) and (2) pn, Samples 
of Equal Size (Section 14) . - -Table  I X  gives the number  of defectives found in inspecting a 
series of 15 consecutive lots of galvanized washers for finish defects such as exposed steel, rough 
galvanizing. The  lots were of almost  the same size and a cons tant  sample size, n = 400 was used. 
The  fraction defective for each sample was determined by dividing the number  of defectives 
found, pn, by  the sample size, n; and is listed in the  table. Figure 8 gives the  control char t  for 
p, and Fig. 9 gives the control chart  for pn. Note tha t  these two charts  are identical except for 
the  vertical scale. 

TABLE IX.--FINISH DEFECTS, GALVANIZED WASHERS. 

Lot 

No. 1 . . . . . . . .  
No. 2 . . . . . . . .  
No. 3 . . . . . . . .  
No. 4 . . . . . . . .  
No. 5 . . . . . . . .  

No. 6 ........ 

No. 7 ........ 

No. 8 ........ 

Sample 
Size, 

fr 

400 
400 
400 
400 
400 

400 
400 
400 

Number of 
Defectives, 

pn 

Fraction 
Defective, 

P 

0.0025 
0.0075 

0 
0.0175 
0.0050 

0 
0.0025 

0 

Lot 

No. 9 . . . . . .  
No. 10 . . . . .  

No. 11 . . . . .  
No. 12 . . . . .  
No. 13 . . . . .  
No. 14 . . . . .  
No. 15 . . . . .  

T o t a l . . .  

Sample 
Size, 

n 

4OO 
400 

4OO 
4OO 
4OO 
4OO 
4OO 

6OO0 

Number of 
Defectives, 

pn 

8 
5 

2 
0 
1 
0 
3 

33 

Fraction 
Defective, 

P 

0.0200 
0.0125 

0.0050 
0 

0.0025 
0 

0.0075 

0.0825 

(1) p 

C e n t r a l  L ine  
33 

= 6 0 0 0  = 0.0055, 
0.0825 0.0055. 

or p 15 

C o n t r o l  L i m i t s  
n =  400: 

• A/~(1-~) -  
V 

t$ 

0.0055 4- 0.011I, 
0.0166 and 0. 

o I: 
~ o.ot 

o o  

5 I0 15 
Lot Number 

FIo. &--Cont ro l  Char t  for p. 
Samples of equal ~dz~, n -- 400; no standard given. 

(2 )  p n  

C e n t r a l  L ine  
n = dO0: 

33 
~" = i~ = 2.2. 

C o n t r o l  L i m i t s  
n = 400: 

pn .4- 3 ~ v / ~  = 2.2 • 4.4, 6.6 and O. 

o 
5 I0 15 

Lot Number 

Fro. 9 . - -Contro l  Char t  for pn. 
Samples of equal size, n - 400; no standard given. 

RzsvLTs . - -Lack  of control is indicated; points for lots Nos. 4 and 9 are outside control limits. 

Copyright by ASTM Int'l (all rights reserved); Fri Dec 11 20:03:48 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.
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Example 8: Control Chart for p, Samples of Unequal Size (Section 13(b)).--.-Table X gives 
inspection results  for surface defects on 31 lots of a certain type of galvanized hardware.  The  
lot sizes varied considerably and corresponding variations in sample sizes were used.  Figure 
10 gives the control char t  for fraction defective, p. In  practice, results are commonly  expressed 
in "per cent  defective," using scale values of 100 t imes p. 

TABLE X.--SURFACE DEFECTS GALVANIZED HARDWARE. 

Lot 

No. 1 . . . . . . .  
No. 2 . . . . . . .  
No. 3 . . . . . . .  
No. 4 . . . . . . .  
No. 5 . . . . . . .  

No. 6 . . . . . . .  
No. 7 . . . . . . .  
No. 8 . . . . . . . .  
No. 9 . . . . . . . .  
No. 10 . . . . . . .  

No. 11 . . . . . . .  
No. 12 . . . . . . .  
No. 13 . . . . . . .  
No. 14 . . . . . . .  
No. 15 . . . . . . .  

Sample 
Sir~, 
n 

580 
550 
580 
64O 
880 

880 
64O 
550 
580 
880 

800 
80O 
580 
58O 
550 

Nu nber of 
De~ Bctives, 

pn 

13 

14 
14 
lO 
12 
14 

'i 

Fraction 
Def; t ive,  

0.0155 
0.0127 
0.0052 
0.0141 
0.0148 

0.0159 
0.0219 
0.0182 
0.0207 
0.0159 

0.0075 
0.0150 
0.0121 
0.0190 
0.0091 

Lot 

No. 16 . . . . . .  
No. 17 ...... 
No. 18 . . . . . .  
No. 19 . . . . . .  
No. 20 . . . . . .  

No. 21 . . . . . .  
No. 22 . . . . . .  
No. 23 . . . . . .  
No. 24 . . . . . .  
No. 25 . . . . . .  

No. 26 . . . . .  880 
No. 27 ..... 800 
No. 28 . . . . . .  580 
No. 29 . . . . . .  880 
No. 30 ...... 880 
No. 31 . . . . . .  330 

T o t a l . . .  ~ 

Sample s~, 

330 
330 
640 
580 
550 

200 
330 
880 

Numl r of Fraction 
Def~c yes, Defective, 

P 

0.0121 
0.0061 
0.0063 
0.0121 
0.0164 

i 0.0137 
1 0.0188 

0.0350 
5 0.0152 

1 0.0205 

8 0.0080 
0.0100 

i 0.0138 
1 0.0170 

0.0034 
5 0.0152 

C e n t r a l  L l ne  

.~ __267 = 0.01376. 
19,410 

C o n t r o l  L i m i t s  

q_ 3 A / ~  (I -- p) 
T tl 

For n = 200: 
I 

0.01376 -4- 3 A / 0 " 0 1 3 7 6  (0.98624) 

"V 2~ - 

0.01376 -4- 3(0.008237) = 

0.01376 :t= 0.02471, 
0.03847 and 0. 

For n = 880: 
3 A / 0 . 0 1 3 7 6  (0.98624) 

0.01376 4- "V 8~ = 

0.01376 4- 3(0.003927) ffi 
0.01376 4- 0.01178, 
0.02554 and 0.00198. 

0 . 0 4  
r l  

<"  |t I ~" r- i  r- 

0 . 0 2  

0 / f i - I  5 ~ ' .  , , n - - h  r ' ~  

5 to i5 20 25 30 
Lot N u m b e r  

FIG. 10.--Control  Char t  for p. 
Samples of unequal size, n - 200 t o  880; no standard given. 

RESULTS.--A state  of control m a y  be assumed to exist since 25 consecutive subgroups fall 

within 3-sigma control limits. 
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Example  9: Control Charts for (1)u,  Samples of Equal Size (Section 15(a) ), and (Z) r Samples 
of  Equal Size (Section 16 (a)) . - -Table  X I  gives inspection results in terms of defects observed in 
the inspection of 25 consecutive lots of burlap bags. Since the number of bags in each lot differed 
slightly, a constant sample size, n --- 10 was used. All defects were counted even though 2 or 
more defects of the same or different kinds occurred on the same bag. The defects per unit value 
for each sample was determined by dividing the number of defects found by the sample size 
and is listed in the table. Figure 11 gives the control chart for u, and Fig. 12 gives the control chart 
for c. Note that  these two charts are identical except for the vertical scale. 

TABLE XI . - -NUMBER OF DEFECTS IN CONSECUTIVE SAMPLES OF 10 UNITS EACH--BURLAP BAGS. 

Sample 

No. 1 . . . . . . . . . . . . . .  
No. 2 . . . . . . . . . . . . . .  
No. 3 . . . . . . . . . . . . . .  
No. 4 . . . . . . . . . . . . . .  

No. 5 .............. 
No. 6 .............. 
No. 7 .............. 
No. 8 .............. 

No. 9 .............. 
No. 10 . . . . . . . . . . . . .  
No. 11 . . . . . . . . . . . . .  
No. 12 . . . . . . . . . . . . .  

Total Defects 
in Sample, 

G 

17 
14 
6 

23 

5 
7 

10 
19 

29 
1 8  
25 

5 

Defects 
per Unit, 

u 

1.7 
1.4 
0.6 
2.3 

0.5 
0.7 
1.0 
1.9 

2.9 
1.8 
2.5 
0.5 

Sample 

No. 13 . . . . . . . . . . . . .  
No. 14 . . . . . . . . . . . . .  
No. 15 . . . . . . . . . . . . .  
No. 16 . . . . . . . . . . . . .  

No. 17 . . . . . . . . . . . . .  
No. 18 . . . . . . . . . . . . .  
No. 19 . . . . . . . . . . . . .  
No. 20 . . . . . . . . . . . . .  

No. 21 . . . . . . . . . . . . .  
No. 22 . . . . . . . . .  . . . .  
No. 23 . . . . . . . . . . . . .  
No. 24 . . . . . . . . . . . . .  
No. 25 . . . . . . . . . . . . .  

Total . . . . . . . . . .  

Total Defects D e f e c t s  
in Sample, per Unit, 

r u 

8 0.8 
11 1.1 
18 1.8 
13 1.3 

22 2.2 
6 0.6 

23 2.3 
22 2.2 

9 0.9 
15 1.5 
20 2.0 

6 0.6 
24 2.4 

375 37.5 

( 1 )  u 
Central Line 

37.5 
~ - -  - -  = 1 . 5 .  

25 

Cont ro l  L imi t s  
n = 10: 

~ -I- 3 u - 

1.so • sx /o . -~  = 

1.50 4- 1.16, 
2.66 and 0.34. 

(z) c 
Central Line 
375 

= ~T = is.0. 

Control Limits 
n = lO: 

~ • s x / f -  = 
lS.O • 3 v ' i ~  = 
15.0 • 11.6, 
26.6 and 3.4. 

_V.: Y_ g__V 
0 . . . .  i J I T  I "  . . . .  - I  , _ ,  , ' / ' i  i i 

5 10 IS 20 25 
Sample Number 

FzG. 11.--Control Chart for u. 
Samples of equal size, n - 10; no standard given. 

4o 

.o~ 20 

0 
5 I0 15 20 25 

Sample Number 

FIG. 12.--Control Chart for c. 
Samples of equal size, n m 10; no standard given. 

REsuLTs.--Presence of assignable causes of variation is indicated by sample No. 9. 
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E x a m p l e  10: Control Chart for u, Samples of Unequal Size (Section 15(b)).--Table X l I  gives 
inspection results for 20 lots of different sizes for which 3 different sample sizes were used, 20, 25, 
and 40. The  observed defects in this inspection cover all of the  specified characterist ics of a com- 
plex machine (Type A), including a large number  of dimensional, operational, as well as physical 
and finish requirements.  Because of the large number  of tests and measurements  required as well 
as possible occurrences of minor observed irregularities, the  expectancy of defects per uni t  is 
high, al though the major i ty  of such defects are of minor seriousness. The  defects per uni t  value 
for each sample, number  of defects in sample divided by  number  of uni ts  in sample, was deter- 
mined and these values are listed in the  last  column of the table. Figure 13 gives the  control 
chart  for u with control limits corresponding to the  three different sample sizes. 

TABLE XII.--NUMBER OF DEFECTS IN SAMPLES FROM 20 SUCCESSIVE LOTS OF 
TYPE A MACHINES. 

Lot 

No. 1 . . . . . . . .  
No. 2 . . . . . . . .  
No. 3 . . . . . . . .  
No. 4 . . . . . . . .  
No. 5 . . . . . . . .  

No. 6 . . . . . . . .  
No. 7 . . . . . . . .  
No. 8 . . . . . . . .  
No. 9 . . . . . . . .  
No. 10 . . . . . . .  

Sample 
Size, 

n 

20 
20 
40 
25 
25 

25 
40 
40 
40 
40 

Total 
Defects in 
Sample, 

C 

Defects 
per Unit, 

U 

72 3 .60  
38 1.90 
76 1.90 
35 1.40 
62 2.48 

81 
97 
78 

103 
56 

3.24 
2.42 
1.95 
2.58 
1.40 

Lot 

No. 11 . . . . .  

No. 12 . . . . .  
No. 13 . . . . .  
No. 14 . . . . .  
No. 15 . . . . .  

No. 16 . . . . .  
No. 17 . . . . .  
No. 18 . . . . .  
No. 19 . . . . .  
No. 20 . . . . .  

T o t a l . .  

Sample 
Size, 

n 

25 
25 
25 
25 
25 

20 
20 
20 
4O 
40 

58O 

Tota l  
Defects in 

47 

62 
71 

47 
41 
52 

128 
84 

1334 

Defects 
per Unit, 

u 

1.88 
2.20 
1.96 
2.48 
2.84 

2.35 
2.05 
2.60 
3 .20  
2.10 

C e n t r a l  L i ne  
1334 

= - -  = 2.30. 
580 

Con t ro l  L i m i t s  
~: = 2 0 :  

/ -  

fi 
Y 

3.32 and 1.28. 
n = 2 5 "  

/ - -  

0.91, 
g 

3.21 and 1.39. 
n ~ 4 0 :  

:t: 3 = 2.30 -r 0.72, 

3.02 and 1.58. 

4.0 

I _ _ y ' ~ _ ~ - - - ' - ~ c  . . . . .  - - L _ _ . . ; - -  
I,O|l I I I l i I I I I I I I r i l , l l I 

5 I 0 15 20 

Lot Number 

FIO. 13.--Control  Char t  for u. 
Samples-of unequal size, n ffi 20, 25, 40; no standard given. 

RESULTS.--Lack of control of qual i ty  is indicated; plotted points for Iota Nos. 1, 6 and 19 
are above the  upper control limit and the point for lot No. 10 is below the lower control limit. 
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Example 11: Control Charts for c, Samples of Equal Size (Section 16(a)).-Table XIII gives 
the results of continuous testing of a certain type of rubber-covered wire at specified test voltage. 
This test causes breakdowns at weak spots in the insulation which are cut out before shipment 
of wire in short coil lengths. The original data obtained consisted of records of the number of 
breakdowns in successive lengths of 1,000 ft. each. There may be 0, 1, 2, 3, .•. , etc. breakdowns 
per length, depending on the number of weak spots in the insulation. Such data might also have 
been tabulated as number of breakdowns in successive lengths of 100 ft. each, 500 ft. each, etc 
Here there is no natural unit of product (such as 1 in., 1 ft., 10ft., 100ft., etc.), in respect to the 
quality characteristic "breakdown" since failures may occur at any point. Since the original data 
were given in terms of 1,000-ft. lengths, a control chart might have been maintained for "number 
of breakdowns in successive lengths of 1,000 ft. each." So many points were obtained during a 
short period of production by using the 1,000-ft. length as a unit and the expectancy in term 
of number of breakdowns per length was so small that longer unit lengths were tried. Table XIII 
gives (1) the "number of breakdowns in successive lengths of 5,000 ft. each," and (2) the "num­
ber of breakdowns in successive lengths of 10,000 ft. each." Figure 14 shows the control chart 
for c where the unit selected is 5,000 ft. and Fig. 15 shows the control chart for c where the unit 
selected is 10,000 ft. The standard unit length finally adopted for control purposes was 10,000 
t. for "breakdown." 

TABLE XIII.-NUMBER OF BREAKDOWNS IN SUCCESSIVE LENGTHS OF 5,000 FT. EACH AND 
10,000 FT. EACH FOR RUBBER-COVERED WIRE. 

Length 

I
Numberll Br~~lt-
downs I Nu::lber~ INu::lberl 

Length Break· Length Break- Length 
downs downs 

(I) LENGTHS OP 5,000 Fr. EACH 

No. !. ....... 0 No. 13 ...... I No. 25 ... .. 0 No. 37 ...... 
No. 2 ........ 1 No.14.. .... I No. 26 .. D No. 38 
No. 3 ........ I No. 15 ...... 2 No. 27.::: .. 9 No. 39 ..... 
No. 4 ........ 0 No.16 ...... 4 No. 28 .. 10 No. 40 ...... 
No. 5 ........ 2 No. 17 ...... 0 No. 29.:: .. 8 No. 41. ..... 
No. 6 ........ I No. IS ...... I No. 30 ...... 8 No. 42 ...... 

No. 7 ........ 3 No.l9 ...... I No. 31. ..... 6 No. 43 . .... 
No. 8 ........ 4 No. 20 ...... 0 No. 32 ...... 14 No.U 
No. 9 ........ 5 No. 21. ..... 6 No. 33.. .... 0 No. 45.::::: 
No.IO ........ 3 No. 22.. .... 4 No. 34 I No. 46 ..... 
No. II 0 No. 23.. .... 3 No. 35.. .... 2 No. 47 
No.12.::::::: I No.2'-. .... 2 No. 36 ...... 4 No. 48.:: 

TotaL .... 

(2) LENGTHS o:r 10,000 J'T, EACH 

No. !. ........ I No. 7 ...... 2 No. 13 ...... 0 No. 19 ...... 
No.2 I No, 8 ... 6 No.I'-. .... 19 No. 20 ...... 
No.3.:::::::: 3 No. 9 .. I No. IS ...... 16 No. 21 ...... 
No.4 ......... 7 No. 10 I No.16 ... 20 No. 22 ...... 
No.5 8 No. II .. 10 No. 17 ...... I No. 23 ...... 
No.6.:::::. I No.12 ... 5 No. 18 ...... 6 No. 24 ...... 

Total .... 

I

Numberl 
Br~~-
downs 

Length 

5 No. 49 .. . . 
7 No. 50 .. . 
I No. 51 
3 No. 52.::::: 
3 No. 53 ...... 
2 No. 54.. .... 

0 No. 55.. .... 
I No. 56 ...... 
5 No. 57 ...... 
3 No. 58 ...... 
4 No. 59 ...... 
3 No. 60 ...... 

-
60 

12 No. 25 ...... 
4 No. 26 ...... 
5 No. 27 ...... 
I No. 28 ...... 
8 No. 29 ...... 
7 No. 30 ...... 

30 

I 

Number 
of 

Break· 
downs 

5 
4 
2 
0 
I 
2 

5 
9 
4 
2 
5 
3 -

187 

9 
2 
3 

14 
6 
8 

187 
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(1) LENGTHS OF 5,000 ]FT. EACH 

16 

Central  Line ~- ~ _  
187 "~ ~ i~ 

c = - ~ -  = 3.12. .~o 8 
e 2 

Control Limits ~ ~ 4 
• 3~ /~  = o 

3.12 :t= 3%/3.1~, 10 20 30 4 0  50 60  
8.42 and 0. Successive Lengths of 5 000  fl, Each 

Fro. 14.--Control Chart for r 
Samples of equa[ size, n -- 1 standard length of 5,000 ft.; 

no standard given, 

RESULTS.--Presencc of assignable causes of variation is indicated by lengths Nos. 27, 28, 32, 
and 56 failing above upper control limit. 

(2) LENGTHS Ot~ 10,000 r r .  EAch 

Central Line 
187 

c = "~- =, 6.23. 

Control Limits 

6.23 + 3x/6.23, 
13.72 and O. 

o or M 
~ i ~  F . . . . . . . . . . . . . . .  

5 10 15 20 25 30 
Successive Lengths of I0,000 ft. Each 

Fro. 15.--Control Chart for c. 
Samples of equal size, n ~ 1 standard length of 10 00O ft.; 

no standard given, 

REsuLTs.--Presence of assignable causes of variation is indicated by lengths Nos. 14, 15: 
16, and 28 falling above upper control limit. 
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32.  I l l u s t r a t i v e  E x a m p l e s w C o n t r o l  W i t h  R e s p e c t  to  a G i v e n  S t a n d a r d . -  

T h e  f o l l o w i n g  E x a m p l e s  12 to  21, i n c l u s i v e ,  i l l u s t r a t e  t h e  u s e  of  t h e  c o n t r o l  

c h a r t  m e t h o d  of  a n a l y z i n g  d a t a  f o r  c o n t r o l  w i t h  r e s p e c t  t o  a g i v e n  s t a n d a r d  

( see  S e c t i o n s  18 t o  2 7 ) :  

Example  12: Control Charts for ,Y and ~, Large Samples of Equal Size (Section 19).--A manu- 
facturer attempted to maintain an aimed-at distribution of quality for a certain operating char- 
acteristic. The objective standard distribution which served as a target was defined by standard 
values: X '  = 35.00 lb., and ~' = 4.20 lb. Table XIV gives observed values of X" and a for daily 
samples of n = 50 observations each for ten consecutive days. These data are the same as used 
in Example I, and presented as Table V. Figure 16 gives control charts for X and ~. 

TABLE XIV.--OPERATING CHARACTERISTIC, DAILY CONTROL DATA. 

~o. 1 
No. 2. 
No. 3. 
No. 4. 
No. 5 

~o. 6 . . . . . . . . .  
~o. 7 
~o. 8 
~o. 9 
.~o. I0 . . . . . . . .  

Sample Sample Size, 
n 

50 
50 
50 
50 
50 

50 
50 
50 
50 
50 

Average, 

35.1 
34.6 
33.2 
34.8 
33.4 

33.9 
34.4 
33.0 
32.8 
34.8 

Standard Deviation 
~r 

5.35 
4.73 
3.73 
4.55 
4.00 

4.30 
4.98 
5.30 
3.29 
3.77 

Cetne xSI  
For X: X '  = 35.00. 
For ~: a ' =  4.20. P - 

- -  ~ 3 0  
Control~Llmits ~ 2 4 6 8 10 

n = 5 0 :  2 

o' 4.20 * , i i  
5.46 and 2.94. 

2 4 6 8 I0 
Somple Number 

FIo. 16.--ControI Charts for X and ~. 
Large samples of equal size, n = 50; X', ~' given. 

RESULTS.--Lack of control at  standard level is indicated on the eighth and ninth days. Compare 
with Example 1, in which the same data were analysed for control without specifying a standard 
level of quality. 
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Example 13: Control Charts for X and ~, Large Samples of Unequal Size (Section 19).--For 
a product it was desired to control a certain critical dimension, the diameter, with respect to day 
to day variation. Daily sample sizes of 30, 50, or 75 were selected and measured, the number 
taken depending on the quantity produced per day. The desired level was X" = 0.20000 in. with 
, '  = 0.00300 in. Table XV gives observed values of X and ~ for the samples from 10 successive 
days' production. Figure 17 gives the control charts for X and ~. 

TABLE XV.--DIAMETER IN INCHES, CONTROL DATA, 

No. 1 
No. 2. . .  
No. 3 
No. 4 
No. 5.. 

No. 6 
No. 7.. 
No. 8.. 
No. 9.. 
No, 10.. 

Sample Sample Size, 

30 
50 
50 
30 
75 

75 
75 
50 
50 
30 

Average, 
i 

0.20133 
0.19886 
0.20037 
0.19965 
0.19923 

0.19934 
0.19984 
0.19974 
0.20095 
0.19937 

Standard Deviation, 

0.00330 
0.00292 
0.00326 
0.00358 
0.00313 

0.00306 
0.00299 
0.00335 
0.00221 
0.00397 

For X: 
For 0": 

For X': 

For ~: 

C e n t r a l  L i n e s  
X' = 0.20000. 

= a' = 0 .00300.  

Control Limits  
d X ' * 3 ~ .  

n ~ 3 0 :  

0.00300 
0.20000 4- 3 - -  - 

0.2OOOO • 0.00164, 
0.20164 and 0.19836. 

n = 50: 
0.20127 and 0.19873. 

n = 75." 
0.20104 and 0.19896. 

O. t 
e=t=3 - -  

n-~. 30: 

0.00300 0.0030o • ~/~ 

0.00300 =i= 0.00116, 
0.00416 and 0.00184. 

0.00390 and 0.00210. 

n == 75:  
0.00373 and 0.00227. 

0 . 2 0 2 0 0  r - -  

' "  r-V-- -  J . . . . .  

o ' 0 2 0 0 0 0 L  X e ~  / \ 

= ~ r__.,-~--~__, ~----~__ 
0 19800  / I I t I I n I v I I 

2 4 6 8 I0 
E 
o 0.00500 I ~  "~.ob 

. - -  "a- _ _ - , . r  - 7_ . . . . .  _ r  - - - - d -  - 

g8 
= -  0.00300 

0.00100 
2 4 6 8 I0 

Somple Number 

FIO. 17.--Control Charts for X and ~. 
Large samples of unequal size, n = 30, 50, 75; ,~t, ~, given 

REslll.Ts.--The charts give no evidence of significant deviations from standard values. 
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E x a m p l e  14: Control Chart for X and a, Small Samples of Equal Size (Section 19) . - -Same 
product  and characteristic as in Example 13, bu t  in this case it is desired to control the diameter 
of this product  with respect to sample variations during each day, since samples of 10 were taken 
a t  definite intervals each day. The  desired level is ~ '  = 0.20000 in. with a '  = 0.00300 in. Table 
XVI  gives observed values of X and a for 10 samples of 10 each taken during a single day.Figure 
18 gives the  control charts for X and ~. 

TABLE XVI.--CONTROL DATA FOR ONE DAY'S PRODUCT. 

Sample Sample Size, Average, Standard Deviation, 

NO. 1 . . . . . . . . . . . . . . . . . . . . . . . .  
No. 2 . . . . . . . . . . . . . . . . . . . . . . .  
No. 3 . . . . . . . . . . . . . . . . . . . . . . .  
No. 4 . . . . . . . . . . . . . . . . . . . . . . .  
No. 5 . . . . . . . . . . . . . . . . . . . . . . .  

No. 6 . . . . . . . . . . . . . . . . . . . . . . .  
No. 7 . . . . . . . . . . . . . . . . . . . . . . .  
No. 8 . . . . . . . . . . . . . . . . . . . . . . .  
No. 9 . . . . . . . . . . . . . . . . . . . . . . .  
No. 10 . . . . . . . . . . . . . . . . . . . . . .  

10 
10 
10 
10 
10 

10 
10 
10 
10 
10 

0.19838 
0.20126 
0.19868 
0.20071 
0.20050 

0.20137 
0.19883 
0.20218 
0.19868 
0.19968 

0.00350 
0.00304 
0.00333 
0.00337 
0.00159 

0.00104 
0.00299 
0.00327 
0.00431 
0.00356 

C e n t r a l  L ines  
For  X:  X '  = 0.20000. 

n = 10: 
For a: c s a ' =  (0.9227) (0.00300) = 

0.00277 

C o n t r o l  L i m i t s  
n = 10: 

ForX: X' 4-Aw' = 

0.20000 4- (0.949) (0.00300), 
0.20285 and 0.19715. 

For a:  B~" and Bla'  = 
(1.584) (0.00300) and 
(0.262) (0.00300), 
0.00475 and 0.00079. 

0,20500 I 

 ,o. oooo I 
o v i  :-i: i --[:-,; 

"F, -~ ,>,h 0.00600 f ~ -  
~.~ 0 . 0 0 4 0 0  

o._ 0.00Z00 -y - .............. ~ 6  0 i i I i i i i I 
2 4 6 8 LO 

Somple Number 
Fro. 18.--Control  Char ts  for :~ and  a. 

Small samples of equal size, n - 10; ', a'  given 

RESULTs.--No lack of control is indicated. 
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E x a m p l e  15: Control Chart for ff$ and r Small Samples of Unequal Size (Section 19).--A m a n u -  
facturer wished to control the resistance of a certain product  after it had  been operat ing for 100 
hr., where ~"  = 150 ohms and a '  =* 7.5 ohms. From each of 15 consecutive lots, he selected a 
random sample of 5 uni ts  and subjected them to the  operating test  for 100 hr. Due  to mechanical  
[allures, some of the uni ts  in the sample failed before the completion of 100 hr. of operation. 
Table X V I I  gives the  averages and  s tandard deviations for the  15 samples together with their 
sample sizes. Figure 19 gives the control charts  for ~ and ~r. 

TABLE XVII.--RESISTANCE IN OHMS AFTER 100-HR. OPERATION, LOT BY LOT CONTROL DATA. 

S a m p l e  

No. 1 . . . . . . . . .  
No. 2 . . . . . . . . .  
No. 3 . . . . . . . . .  
No. 4 . . . . . . . . .  

No. 5 . . . . . . . . .  
No. 6 . . . . . . . . .  
No. 7 . . . . . . . . .  
No. 8 . . . . . . . . .  

Sample 
Size, 

n 

5 
5 
4 
3 

5 
3 
3 
5 

A v e r  

154 
143 
160 
152 

136 
147 
161 
151 

age, D S 

6 

0 

a n d a t  
r  

o" 

2.20 
9.75 
1.20 
7.43 

4.32 
8.65 
9.23 
7.24 

S a m p l e  

No. 9 . . . . . .  
No. 10 . . . . .  
No. 11 . . . . .  
No. 12 . . . . .  

No. 13 . . . . .  
No. 14 . . . . .  
No. 15 . . . . .  

Sample 
Size, 

n 
A v e r a g e ,  

156.2 
137.5 
153.8 
143.4 

156.0 
149.8 
138.2 

S t a n d a r d  
D e v i a t i o n ,  

o" 

8.92 
3 .24  
6.85 
7.64 

10.18 
8.86 
7.38 

C e n t r a l  L i n e s  
F o r X :  X ' =  150. 
For r 

n ~ 3 :  

v = c~ '  = (0.7236)(7.5) = 5.43. 

n = 4 :  
= c2~' = (0.7979)(7.5) = 5.98. 

n ~ 5 :  

= c~a' = (0.8407)(7.5) ~ 6.31. 

C o n t r o l  L i m i t s  
For X:  

n ~ 3 "  

_~, :1: A~ ~ = 150 4- 1.732 (7.5), 
163.0 and 137.0. 

n ~ 4 :  

~ '  + A~r' ~ 150 -4- 1.500 (7.5), 
161.2 and 138.8. 

n ~ 5 :  

~ '  q- A~'  ~ 150 -4- 1.342 (7.5), 
160.1 and 139.9. 

For cr: 
n = 3 :  B ~ '  and B~cr' = 

(1.858) (7.5) and (0) (7.5), 
13.94 and 0. 

n ~ 4 :  B2~' and BI~' '= 
(1.808) (7.5) and (0) (7.5), 

13.56 and 0. 

n ~ 5: B~r' and Bier' = 

(1.756) (7.5) and (0) (7.5), 
13.17 and 0. 

170 [ .a 

, •  ~6o F - - - , ~ ' - L : - K  . . . . . . .  ~ -  

=:,,o I \  I 

2 4. 6 8 IO 12 ~4 

2 

. ~ . ~  ~ ,  5 r . . . .  - - - , _ . , - - - - , _ _ _ = -  . . . . .  _ , -  

~ ' ~  O .  i , , , t , , r r r i , i , i 
2 4 6 S I0 I 2 14 

Lo t  Number  

FIO. 19.--Control  Charts  for ~ and r 
Small samples of unequal size, n = 3, 4, 5; X', r given. 

Rzs~rLVs.--Evidence of lack of control is indicated since samples from lots Nos. 5 and 10 
have averages below their lower control limit. No s tandard deviation values are outside their 
control limits. Corrective action is required to reduce the  variation between lot averages. 
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E x a m p l e  16: Control Charts for ~ and R, Small Samples of Equal Size (Section Z0).--Consider  
the mine  problem as in Example 12 where X '  = 35.00 lb. and v '  = 4.20 lb. The  manufac turer  
wished to control variations in quality from lot to lot by taking a small  sample from each lot. 
Table X V I I I  gives observed values of X and R for samples of n = 5 each, selected from ten con- 
secutive lots. Since the sample size n is less than  10, actually 5, he elected to use control charts  
for ~ and R rather  than  for X" and ~. Figure 20 gives the control charts  for X and R. 

TABLE XVIII.---OPERATING CHARACTERISTIC, LOT BY LOT CONTROL DATA. 

N'o. 1 
.~o. 2. 
No. 3 
No. 4 . . . . .  
No. 5 . . . . .  

No. 6 . . .  
No. 7 . . . . .  
No. 8 
~o. 9 . . . .  
No. 10 ..... 

Lot Sample Size, 
n 

Average, 
R 

36.0  
31 .4  
39.0 
35.6 
38.8 

41 .6  
36.2 
38 .0  
31 .4  
29.2 

R&nge~ 
R 

6 .6  
0 .5  

15.1 
8 .8  
2 .2  

3 .5  
9 .6  
9 .0  

20.6 
21.7 

Ix 45 
40 

u. :35 �9 C I  

- ~  3 0  
Central Llnes - ~  25  

For X:  .~'  = 35.00. 
n = 5 :  -~ 

For R: d ~ '  ~ 2.326 (4.20) ,= 9.8. > 

Control Limits  ~ 25 n -  20 
n = 5 :  I - ~  15 

For X:  ~ '  4- A~'  = 35.00 4- (1.342) (4.20), c ~ I0  
40.6 and 29.4. ~c 

For R: Dsa ~ and Dw ' - 
(4.918) (4.20) and  (0) (4.20), 

20.7 and 0. 

2 4 6 8 IO 

2 4 6 8 tO 
Lot Number 

FIG. 20.- -Control  Char ts  for X and R. 
Small samples of equal size, n = 5; ~", ~' given. 

RESOLTs.--Lack of control at  the  s tandard  level is indicated by results for lots Nos. 6 and 10 
Corrective action is required both with respect to averages and with respect to variability within 
a lot. 
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Example 17: Control Charts for (1) p, Samples of Equal Size (Section 23) and (2) pn, Samples 
of Equal Size (Section 24).--Consider the same data as in Example 7, Table IX. The manu- 
facturer wishes to control his process with respect to finish on galvanized washers at a level such 
that the fraction defective p' -- 0.0040 (4 defective washers per thousand). Table IX of Ex- 
ample 7 gives observed values of "number of defectives" for finish defects such as exposed steel, 
rough galvanizing in samples of 400 washers drawn from 15 successive lots. Figure 21 shows the 
control chart for p, and Fig. 22 gives the control chart for pn. In practice, only one of these con- 
trol charts would be used since, except for change of scale, the two charts are identical. 

(1) p 
Central  Line 
p' = 0.0040. 

Control  Limits  
• == 400: 

A/o.oo _ (0.996o) 
0.0040 4- 3 "V 400 

0.004O 4- 0.O095, 
0.0135 and O. 

2 ~, o.ob 

'~ 0 
5 I0 

Lot Number 

FIO. 21.--Control Chart for p. 
Samples of equal size, n -- 400; y given. 

(2)  p n  
Central  Line 

p'n ~ 0.0040 (400) = 1.6. 

Control  Limits  
(a) Exact Formula: 

p'n -4- 3 X,/p'n (1 - p ' )  = 

1.6 + s V'ig (0.996) = 
1.6 -,- s -CI.  = 

1.6 4- 3(1.262), 
5.4 and O. 

(b) Simplified Approximate Formula: 
n ma 4 0 0 :  

Since p' is small, replace Eq. 29 above by 
Eq. 30: 

p ' .  s v'F  = 

L6 4- 3 "~/~.-.-.-~ --- 
1.6 4- 3(1.265), 
5.4 and 0. 

12 

~6 . 8 

~ 4 
z ~  

o 0 
5 IO 15 
Lot Number 

Fro. 22.--Control Chart for pn, 
Samples of equal size, n = 400; pe give 

REsuLTs.--Lack of control of quality is indicated with respect to the desired level: lots Nos. 
4 and 9 are outside control limits. 
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Example 18: Control Chart for p (Fraction Defective), Samples of Unequal Size (Section 23).- 
T h e  manufacturer wished to control the quality of a type of electrical apparatus with respect 
to two adjustment characteristics at a level such that the fraction defective p' = 0.0020 (2 de- 
fective units per thousand). Table XIX gives observed values of "number of defectives" for 
this item found in samples drawn from successive lots. Sample sizes vary considerably from lot 
to lot and, hence, control limits are computed for each sample. Equivalent control limits for 
"number of defectives," pn, are shown in column 5 of the table. In this way, the original records 
showing "number of defectives" may be compared directly with control limits for pn. Figure 
23 shows the control chart for p. 

TABLE XIX.--ADJUSTMENT IRREGULARITIES, ELECTRICAL APPARATUS. 

No. 1.. 
No. 2. . .  
No. 3 
No. 4 . . . .  
No. 5 
No. 6 . . . . .  
No. 7 
No. 8. 
No. 9. 
No. 10. 
No. 11. 
No. 12. 
No. 13. 
No. 14. 
No. 15 
No. 16. 
No 17. 
No. 18. 
No. 19. 
No. 20.. 

Lot Sample Size, Number of 
n Defectives 

600 2 
1300 2 
2000 1 
2500 1 
1550 5 
2000 2 
1550 0 
780 3 
260 0 

2000 15 
7 
2 
5 
2 
0 
3 
0 
4 
8 
4 

1550 
950 
950 
950 

35 
330 
200 
600 

1300 
780 

Fraction 
Defective, 

p 

0.0033 
0.0015 
0.0005 
0.0004 
0.0032 
0.0010 

0 
0 . 0 0 3 8  

0 
0.0075 
0.0045 
0.0021 
0.0053 
0.0021 

0 
0.0091 

0 
0.0067 
0.0062 
0.0051 

Upper Con- Upper Con- 
trol Limit trol Limit 

for pn for p 

4.5 0.0075 
7.4 0.0057 

10.0 0.0050 
11.7 0.0047 
8.4 0.0054 

10.0 0.0050 
8.4 0.0054 
5.3 0.0068 
2.7 0.0103 

10.0 0.0050 
8.4 0.0054 
6.0 0.0063 
6.0 0.0063 
6.0 0.0063 
0.9 0.0247 
3.1 0.0094 
2.3 0.0115 
4.5 0.0075 
7 . 4  0.0057 
5.3 0.0068 

Central Line for 
p' = 0.0020. 

Control Limits for p 

p' 4 -3  - 
n 

For n = 600: 
8' 

0.01)20 4- 3(0.001824), 
0.0075 and 0. 

(Same procedure for other values of n.) 

Control Limits  for pn 
Using Eq. 30 for i/m, 

p'n 4- 3V"~'. 
For n -- 600: 

1.2 4 -  3 "~v / i ~  I 

1.2 4- 3 (1.095), 
4.5 and 0. 

(Same procedure for other values of n.) 

0 , 0 2 5  

~ 0 . 0 2 0  

~ 0 . 0 1 5  

g o . o l o  

o 
~. 0 . 0 0 5  

['l 

i 
i 
i 
i 
i 

r -~  
r-I ' ,LJ I 

L..,_ . . . . . . .  ~ '~ ' T . . . .  ~ "" 

5 IO 15 20  
Lot Number  

F r o .  2 3 . - - C o n t r o l  C h a r t  f o r  p. 
Samples of unequal size, n -- 35 to 2500; p '  given 

1LgsugTs.--Lack of control and need for corrective action indicated by results for lots Nos. 

10 and 19. 
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E x a m p l e  19:  Control Chart for p (Fraction Rejected), Total and Components, Samples of Unequal 
Size (Section 23).--A con t ro l  device  w a s  g iven  a 100 pe r  cen t  i n spec t ion  in  lo ts  v a r y i n g  in  size 

f r o m  a b o u t  1800 u n i t s  to  5000  un i t s ,  e a c h  u n i t  be ing  t e s t ed  a n d  i n spec t ed  w i t h  r e s p e c t  to  23 

essentially independent cha rac t e r i s t i c s .  T h e s e  23 c h a r a c t e r i s t i c s  were  g r o u p e d  i n to  th ree  g r o u p s  

d e s i g n a t e d  G r o u p s  A,  B ,  a n d  C,  c o r r e s p o n d i n g  to  th ree  success ive  inspec t ions .  A u n i t  f o u n d  

de fec t ive  a t  a n y  t ime  w i t h  r e spec t  to  a n y  one  c h a r a c t e r i s t i c  w a s  i m m e d i a t e l y  r e j ec t ed ;  h e n c e  

u n i t s  f o u n d  defec t ive  in ,  s ay ,  t he  G r o u p  A in spec t ion  were  n o t  s u b j e c t e d  to t he  two  s u b s e q u e n t  

g r o u p - i n s p e c t i o n s .  I n  fac t ,  t he  n u m b e r  of u n i t s  i n spec ted  for  e a c h  c h a r a c t e r i s t i c  in a g r o u p  i tself  

will differ f r o m  c h a r a c t e r i s t i c  to  c h a r a c t e r i s t i c  if de fec t s  w i t h  r e spec t  to t he  c h a r a c t e r i s t i c s  in a 

g r o u p  occur ,  t h e  las t  c n a r a c t e r l s u c  in  t he  g r o u p  h a v i n g  the  sma l l e s t  s a m p l e  size. S ince  100 pe r  cen t  

TABLE XX.--INSPECTION DATA FOR 100 PER CENT INSPECTION--CONTROL DEVICE. 
(!) OBSERVED No.nEe  oF REJECTS AND FRACTION REJECTRD. 

All Groups Combined Group A Group B Group C 

Total Rejected 

ot 

iO. 1 . . . .  
io. 2 . . . .  
[o. 3 . . . .  
To. 4 

To. 5 
[o. 6 . . . . . . . . .  

Io. 7 
Io. 8. 

~o. 9 
~o. 10. 
~o. 11. 
Io. 12 . . . . . . . . .  

Lot 
Size, 

n 

4814 
2159 
3089 
3156 

2139 
2588 
2510 
4103 

2992 
3545 
1841 
2748 

Number Frac- 
tion 

0.190 
0.166 
0.183 
0.198 

0.203 
0.194 
0.194 
o. 196 

0.183 
0.181 
0.192 
0,152 

Lot Rejected 
Size, 

n Number Frac- 
tion 

311 
128 
195 
233 
146 
177 
143 
318 

208 
172 
97 

141 

0.065 
0.059 
0.063 
0.074 

0.068 
0.068 
0.057 
0.078 

0.070 
0.049 
0.053 
0.051 

Lot Rejected 
Size, 

Frac- 
n Number tion 

253 
105 
149 
142 

101 
151 
116 
242 

130 
180 
119 
114 

0.056 
0.052 
0.051 
0.049 

0.051 
0.063 
0.049 
0.064 

0.047 
0.053 
0.068 
0.044 

Lot Rejected 
Size, 

n Number Frac- 
tion 

4250 350 0 .082 
1926 126 0.065 
2745 221 0.081 
2781 251 0.090 

1892 187 0.099  
2260 175 0.077 
2251 228 0.101 
3543 243 0.069 

2654 209 0.079 
3193 291 0.091 
1625 137 0.084 
2493 163 0.065 

914 
359 
565 
626 

434 
503 
487 
803 

547 
643 
353 
418 

4814 
2159 
3089 
3156 

2139 
2588 
2510 
4103 

2992 
5545 
1841 
2748 

4503 
2031 
2894 
2923 

1993 
2411 
2367 
3785 

2784 
3373 
1744 
26O7 

(Z) ~ENTRAL LINES AND CONTROL LIMITS, BASED ON STANDARD po VALUES. 

All Groups Combined Group i 1 Group B I Group C 

CENTRAL LINES 

,,. o.18o r o.o7o I o.05o 1 0.080 

Lot C o ~ I o L  LIMITS 

No. 1 . . . . . . . . . . . . . . . . . .  
NO.No. 2. . . . . . . . . . . . . . . . . . . .  
No. 4 . . . . . . . . . . . . . . . . . . .  

No. 5 
No. 6 . . . . . . . . . . . . . . . . . . .  
No. 7 . . . . . . . . . . . . . . . . . .  
No. 8 . . . . . . . . . . . . . . . . . . .  

No. 9 . . . . . . . . . . . . . . . . . . .  
No. 10 . . . . . . . . . . . . . . . . . . .  
No. 11 . . . . . . . . . . . . . . . . . . .  
No. 12 . . . . . . . . . . . . . . . . . . .  

0.197 and 0.163 
0.205 and 0.155 
0.201 and 0.159 
0.200 and 0.160 

0.205 and 0.155 
0.203 and 0.157 
0.203 and 0.157 
0.198 and 0.162 

0.201 and 0.159 
0.200 and 0.160 
0.207 End 0.158 
0.202 and 0.158 

0.081 and 0.059 
0.086 and 0.054 
0.084 and 0.056 
0.084 and 0.056 

0.086 and 0.054 
0.085 and 0.055 
0.085 and 0.055 
0.082 and 0.058 

0.084 and 0.056 
0.083 and 0.057 
0.088 and 0.352 
0.085 and 0.055 

0.060 and 0.040 
0.064 and 0.036 
0.062 and 0.038 
0.062 and 0.038 

0.065 and 0.035 
0.063 and 0.037 
0.064 and 0.036 
0.061 and 0.039 

0.062 and 0.038 
0.061 and 0.039 
0.066 and 0.034 
0.063 and 0.037 

0.093 and 0.067 
0.099 and 0.061 
0.096 and 0.064 
0.095 and 0.065 

0.099 and 0.061 
0.097 and 0.063 
0.097 and 0.063 
0.094 and 0.066 

0.096 and 0.064 
0.094 and 0.066 
0.100 and 0.060 
0.096 and 0.064 

i n s p e c t i o n  is u sed ,  n o  a d d i t i o n a l  u n i t s  a r e  a v a i l a b l e  fo r  i n s p e c t i o n  to  m a i n t a i n  a c o n s t a n t  s a m p l e  

size for  a l l  c h a r a c t e r i s t i c s  in a g r o u p  or  fo r  a l l  t he  c o m p o n e n t  g r o u p s .  T h e  f r a c t i o n  defec t ive  w i t h  

r e spec t  to e a c h  c h a r a c t e r i s t i c  is suf f ic ien t ly  s m a l l  so t h a t  t he  e r r o r  w i t h i n  a g r o u p ,  a l t h o u g h  r a t h e r  

l a rge  b e t w e e n  the  f i rs t  a n d  l a s t  c h a r a c t e r i s t i c  i n s p e c t e d  b y  one  i n s p e c t i o n  g r o u p ,  c a n  be  neg l ec t ed  

for  p r a c t i c a l  pu rposes .  U n d e r  these  c i r c u m s t a n c e s ,  t h e  n u m b e r  i n s p e c t e d  for  a n y  g r o u p  w a s  

e q u a l  to  the  lo t  size d i m i n i s h e d  b y  t h e  n u m b e r  of u n i t s  r e j e c t e d  in  t h e  p r e c e d i n g  inspec t ions .  

P a r t  1 of  T a b l e  X X  gives  the  d a t a  for  12 success ive  lo t s  of  p r o d u c t ,  a n d  s h o w s  for  e a c h  lo t  

i n spec ted  the  t o t a l  f r a c t i o n  r e j ec t ed  as  wel l  a s  t he  n u m b e r  a n d  f r a c t i o n  r e j e c t e d  a t  e a c h  inspec-  

t i on  s t a t i on .  P a r t  2 of  T a b l e  X X  gives  v a l u e s  of  p', f r a c t i o n  r e j ec t ed ,  a t  w h i c h  levels  t h e  m e n u -  
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facturer desires to control this device, with respect to all twenty-three characteristics combined 
and with respect to the characteristics tested and inspected at  each of the three inspection sta- 
tions. Note that  the p' for all characteristics (in terms of defectives) is less than the sum of the 
p' values for the three component groups, since defects from more than one characteristic or group 
of characteristics may occur on a singie unit. Control limits, lower and upper, in terms of fraction 
rejected are listed for each lot size using the initial Iot size as the sample size for all characteristics 
combined and the lot size available at  the beginning of inspection and test for each group as the 
sample size for that  group. 

Figure 24 shows four control charts, one coveting all rejections combined for the control device 
and three other charts coveting the rejections for each of the three inspection stations for Group 
A, Group B and Group C characteristics, respectively. Detailed computations for the over-all 
results for one lot and one of its component groups are given. 

Central Lines 
See Table XX. 

Control Limits 
See Table XX. 

For Lot No. 1: 
TOTAL: n = 4814: 

-4- 3 , t / p ' ( 1  -- p') -- p' 
T 

/r 

~/0 .180 (0.82o) 
0.180 -I- 3 / V  4814 - 

0.180 4- 3(0.0055), 
0.197 and 0.163. 

GROUP C: n = 4250: 

Cp 
' ( l  - p') 

p '  4 - 3  
n 

. / /0 .080 (0.920)' 
0.080 4- 3,1/ ~.2~6 - 

0.080 4- 3(0.0042), 
0.093 and 0.067. 

0 . 2 2  T o t o l  

0 . 2 0  

m 0 . 1 8  

g 
0 .16  - - ' l  _ ~ _  r - ' L _ ~ - ~  - 

~ I L - " ~ - " ' ' - - - ~ -  ~ i - : ) ;  c 
014  ! ) r I i I ~ i f ~ i I i 

2 4 6 8 I0  42 

Lot  N u m b e r  

o. 0 .10 G r o u p  A 0 1 0 ~  G r o u p  B 

0 0 6  ~ ~ 

c a  - .  . . . . . .  ~ 
. 0 . 0 2  I i I I I I I I I I I I 

8 4 6 8 I 0  I8 2 4 6 8 10 12 
Lot N u m b e r  L o t  N u m b e r  

G r o u p  C 

2 4 6 8 I 0  12 
Lot Number 

F1o. 24.--Control Charts for p (Fraction Re.. 
jected) for Total and Components. 

Samp|es of unequal slze, n = 1625 to 4814; #' given 

R~SULTs.--Lack of control is indicated for all characteristics combined; lot No. 12 is outside 
control limits in a favorable direction and the corresponding results for each of the three components 
are less than their standard values, Group A being below the lower control limit. For Group A 
results, lack of control is indicated since lot Nos. 10 and 12 are below their lower control limits. 
Lack of control is indicated for the component characteristics in Group B, since lot Nos. 8 and I1 
are above their upper control limits. For Group C, lot No. 7 is above its upper control limit indi- 
cating lack of control. Corrective measures are indicated for Groups B and C and steps should 
be taken to determine whether the Group A component might not be controlled at  a smaller 
value of p', such as 0.06. 

Example  20: Control Chart for u, Samples of Unequal Size (SecEon 25).--I t  is desired to control 
the number of defects per billet to a standard of 1.000 defects per unit in order that  the wire 
made from such billets of copper will not contain an excessive number of defects. The lot sizes 
varied greatly from day to day so that  a sampling schedule was set up giving three different 
sample sizes to cover the range of lot sizes received. A control program was instituted using a 
control chart for defects per unit with reference to the. desired standard. Table X X I  gives data 
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in terms of defects and defects per unit for 15 consecutive lots under this program. Figure 25 
shows the control chart for u. 

TABLE X X I . - - L O T  BY LOT I N S P E C T I O N  RESULTS FOR COPPER BILLETS IN  T E R M S  OF D E F E C T S  
AND DEFECTS P E R  U N I T .  

Lot  

No. 1 . . . . . . . . .  
No. 2 . . . . . . . . .  
No. 3 . . . . . . . . .  
N o .  4 . . . . . . . . .  
No. 5 . . . . . . . . .  
No. 6 . . . . . . . . .  
N o .  7 . . . . . . . .  
N o .  8 . . . . . . . .  
No. 9 ......... 

~m~ple 
Size, 

n 

100 
100 
200 
400 
400 
40O 
2O0 
20O 
100 

Number of 
Defects, 

C 

138 

508 
312 
168 
266 
119 

Defects 
per Unit, 

u 

0.750 
1.380 
1.060 
1.110 
1.270 
0.780 
0.840 
1.330 
1.190 

Lot 

No. 10 . . . .  
No. 11 . . . .  
No. 12.. 
No. 13,. 
No. 14.. 
No. 15,. 

Total. 
Over-all: 

Sampl ~ Number  of Defects 
Size, Defects, per Unit, 

n c u 

100 130 1.300 
100 58 0.580 
400 480 1.200 
400 316 0.790 
200 162 0.810 
200 178 0.890 

3500 3566 
1.019 

3566 
* ~  = ~ - -  1.019. 

Centra l  Line 
u '  = 1.000.  

Control Limits  
n = 100: 

t/: p 

u' 4- 3 == 

1.000 1 . ~ - 3  ~ / / - ~  - 
1.ooo • 3(O.lOO), 
1.300 and 0.700. 

n : ZOO: 

u t :I::3 

1.000 4- 3(0.0707), 
1.212 and 0.788. 

n = 4 0 0 :  

d u ' 4 - 3  := 

1.000 4- 3(0.0500), 
1.150 and 0.850. 

= 1.5 

cL I.O 

o 

0.5 I t I ~ I t I I I t I I 1 ~ t 

2 4 6 8 fO 12 14 

Lot  Number 

Fro. 25.--Control Chart for u. 
Samples of unequal size, n ~ 100,200,400; u '  given. 

RESULTS.--Lack of control of quality is indicated with respect to the desired level since lot 
Nos. 2, 5, 8, and 12 are above the upper control limit and lot Nos. 6, 11, and 13 are below the 
lower control limit. The over-all level, 1.019 defects per unit, is slightly above the desired value 
of 1.000 defects per unit. Corrective action is necessary to reduce the spread between successive 
lots and reduce the average number of defects per unit. 
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Example 21: Control Chart for c, Samples of Equal Size (Section 26).--A Type D motor is 
being produced by a manufacturer and he desires to control the number of defects per motor 
at a level of u' = 3.000 defects per unit with respect to all visual defects. He is producing on a 
continuous basis and decides to take a sample of 25 motors every day, where a day's product is 
treated as a lot. Due to the nature of the process, he plans on controlling the product for these 
defects at a level such that c' = 75.0 defects as u'n = d. Table XXII  gives data in terms of num- 
ber of defects, c, and also defects per unit, u, for 10 consecutive days. Figure 26 shows the control 
chart for c. As in Example 20, a control chart may be made for u, where the Central Line is u' = 
3.000 and the Control Limits are: 

u'  4 -3  A//u-  ' = 3.000 4- 3 A ~  -- 3.000 4- 3(0.3464), 4.04 and 1.96. 
1 / n  "V 25 

TABLE X X I I . - - D A I L Y  I N S P E C T I O N  RESULTS FOR T Y P E  D MOTORS I N  TERMS OF D E F E C T S  
P E R  SAMPLE AND D E F E C T S  P E R  UNIT .  

No. 1 
N o .  2 . . . . .  
No. 3. 
No. 4. 
N o .  5 

No. 6. 
No. 7. 
No. 8 
No. 9 . . . . .  
No. 10, 

L ~:: Total. 
-, I . Average. 

Lot Sample Size, Number of Defects, Defects Per Unit ,  
n c I~ 

25 
25 
25 
25 
25 

25 
25 
25 
25 
25 

250 

81 
64 
53 
95 
50 

73 
91 
86 
99 
60 

752 
75.2 

3.24 
2.56 
2.12 
3.80 
2.00 

2.92 
3.64 
3.44 
3.96 
2.40 

30.08 
3.008 

C e n t r a l  L i n e  o 120 
d ---- utn == 3.000 X 25, 

= 75.0 ~ ~oo 
s 

C o n t r o l  L i m i t s  ~ 80 o 
n = 25: 

e • 3V~ = ~ 60 
6 
3 75.0 • 3x/l--s.0 = z 40 

75.0 4- 3 (8.66), 
100.98 and 49.02. 

i I i i I i f i i i 

2 4 6 8 IO 
Lot Number 

FIc,. 26.--Control  Chart for c. 
Samples of equal size, n - 25; r  given 

RESULTs.--No significant deviations from the desired level. 
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33. Illustrative Examples--Control Chart for Iudividuals.~The following 
Examples 22 to 25, inclusive, illustrate the use of the control chart for 
individuals, in which individual observations are plotted one by one. The 
examples cover the two general conditions: (a) control, no standard given; 
and (b) control with respect to a given standard (see Sections 28 to 30) : 

E x a m p l e  22: Control Chart for Individuals, X--Using Rational Subgroups, Samples of Equal 
Size, No Standard Given--Based on ~ and R (Section 29) . - - In  the manufacture  of manganese  
steel tank shoes, five 4-ton heats  of metal  were cast in each 8-hr. shift,  the silicon content  being 
controned by ladle addit ions computed from preliminary analyses. A high silicon content  was 
known to aid in the production of sound castings, bu t  the  specification set a max imum of 1.00 
per cent silicon for a heat ,  and all shoes from a hea t  exceeding this specification were rejected. 
I t  was important ,  therefore, to detect  any  trouble with silicon control before even one heat  ex- 
ceeded the specification. 

Since the heats  of metal  were well stirred, within-heat  variation of silicon content  was not  
a useful basis for control limits. However,  each 8-hr. shif t  used the  same materials,  equipment  
etc., and the quali ty depended largely on the care and efficiency with which they  operated so 
tha t  the five heats  produced in an  8-hr. shift provided a rational subgroup. 

Da ta  analysed in the  course of an investigation and before s tandard  values were established 
are shown in Table X X I I I  and control charts  for X, R, and X are shown in Fig. 27. 

TABLE XXIII.--SILICON CONTENT OF HEATS OF MANGANESE STEEL, PER CENT. 

Day 

Monday 

Tuesday 

Wednesday 

Thursday 

Friday 

Total.. 

Average.. 

Shift 

s . i l  

31111 

32211 

3"222 

3 .... 

Heat 

1 2 3 4 

0.70 0.72 0.61 0.75 
0.83 0.68 0.83 0.71 
0.86 0.78 0.71 0.70 

0.80 0.78 0.68 0.70 
0.64 0.66 0.79 0.81 
0.68 0.64 0.71 0.69 

0.80 0.63 0.69 0.62 
0.65 0.81 0.68 0.84 
0.64 0.70 0.66 0.65 

0.77 0.83 0.88 0.70 
0.72 0.67 0.77 0.74 
0.73 0.66 0.72 0.73 

0.79 0.70 0.63 0.70 
0.85 0.80 0.78 0.85 
0.67 0.78 0.81 0.84 

SamtnzePle, , I Av S e)~age, 

5 

0.73 5 0.702 
0.73 5 0.756 
0.90 5 0.790 

0,74 $ 0.740 
0,68 $ 0.716 
0.81 $ 0.706 

0.75 ,5 0.698 
0.66 $ 0.728 
093 3 0.716 

0.64 5 0.764 
0.72 5 0,724 
0.71 5 0.710 

0.88 5 O. 740 
0.62 3 0.780 
0.96 5 0.812 

11.082 

0.7388 

Rgnge, 
R 

0.14 
0.15 
0,20 

0.12 
0.17 
0.17 

0.18 
0.19 
0,29 

0.24 
0.10 
0.07 

0.25 
0.23 
0.29 

2.79 

0.186 
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Centr~ Lin. 0 9 0 i ~ ~ ~ ~ r  
For ~ :  X = 0.7388. ix 0,80 
For R: /~ = 0.186. 
For X:  ~ ---- 0.7388. ~ 0.70 

> 

Control  L i m i t s  a 
n = 5 :  = 0.60 3-~  ~ ; ~ ~ T ~ ~ ; ~ , T ; T 

" S h i f t l  2 3 I 2 3 I 2 3 I 2 3 I 2 3 
For ~ :  X 4-  A~/~ -- ~ Mon. Tues. Wed. Thurs. FrL 

0.7388 4- (0.577) (0.186),  ~' 0 .40 
0.846 and 0.631. ~ ~ [ _ ^ 

For R: D ~  and D ~  = " :  ~ c o, 0,20 
(2.115) (0.186) and (0) (0.186), 2 g 
0.393 and0.  ~ ~ 0 , ,  L ,  I I i i ~ L I i i I , 

For X : X  =/= E ~  = o Sh i f t l  2 3  I 2 3 I 2 3  I 2 3 I 2 3  
0.73884- (1.290)(0.186), ~ Mon, Tues. Wed. Thurs. Fr[, 

~J 

o+oL.IA rt.lA , 
; 0'i WI'I !" 1'  o,o l rV 

0.60 

0 . 5 0  I ~ J - - I - - L L  L L 1 ~  : : ~ - -  

S h i f t  | 2 3 [ 2 3 I 2 3 I 2 3 I 2 3 
Mon .  Tues .  Wed.  T h u r s ,  F r i .  

F I G .  27.--Control Charts for X, R, and X. 
S a m p l e s  o f  e q u a l  s i z e ,  n - 5;  n o  s t a n d a r d  g i v e n .  

R]~SULTs.--None of the charts give evidence of lack of control. 
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Example 23: Control Chart for Individuals, X--Using Rational Subgroups, Standard C-ivan- 
Based on X'  and ~r" (Section gg).--In the hand-spraying of small instrument pins held in bar frames 
of 25 each, when coating thickness and weight had to be delicately controlled, spray-gun adjust- 
ments were critical and had to be watched continuously from bar to bar. Weights were measured 
differentially by careful weighing before and after removal of the coating. Destroying more than 
one pin per bar was economically not feasible, yet failure to catch a bar departing from stand- 
ards might result in the unsatisfactory performance of some 24 assembled instruments. The stand- 
ard lot size for these instrument pins was 100 so that  initially control charts for average and 
range were set up with n = 4. I t  was found that  the variation in thickness of coating on the 25 
pins on a single bar was quite small as compared with the between-bar variation. Accordingly, 
as an adjunct to the control charts for average and range, a control chart for individuals, X, at  
the sprayer position was adopted for the operator's guidance. 

Table XXIV gives data comprising observations on 32 pins taken from consecutive bar frame 
together with 8 average and range values where n = 4. I t  was desired to control the weight with 
an average ~'~ -- 20.00 rag. and r = 0.900 rag. Figure 28 shows the control chart for individual 
values X for coating weights of instrument pins together with the control charts for ~" and R 
for samples where n = 4. 

T A B L E  X X I V . - - C O A T I N G  W E I G H T S  O F  I N S T R U M E N T  P I N S ,  M I L L I G R A M S .  

I n d i v i d u a l  
N o .  

1 . .  
2 
3 . . . . . .  
4 

8 . . . . . .  
6 . . . . .  

7 . . . . .  

8 . . . . . .  

9 
10 . .  
11 . .  
12 . . . . . .  

13 . .  
14. .  
15. .  
16 . . . . . .  

I n d i v i d u a l  
O b s e r v a -  
t i on ,  X 

18.5 
21.2 
19.4 
16.5 

17.9 
19.0 
20.3 
21.2 

19.6 
19.8 
20.4  
20 .8  

22 .2  
21 .8  
20 .8  
20 .3  

S a m p l e ,  n = 4 

S~moPlr A v e r a g e ,  R a n g e ,  
. ~ R 

1 . . . .  1 8 . 9 0  4 . 7  

2 .... 19.60 3 . 3  

3 .... ! 20.08 0.9 

4 .... 21.20 1.9 

Individual 
No. 

17 ...... l 
ig ...... 
19 ...... 
20. 

21. 
22 ...... 
23. 
24 ...... 

25 ...... 
26 ...... 
27 
28 

29 ...... 
30 ...... 
31 ...... 
32 ...... 

Total . . . . . . .  
Average .... 

Individual 
Observa- 
tion, X Sample 

19.1 
20 .6  
20.8 
21 .6  

22 .8  
22.2 
23 .2  
23 .0  

19.0 
20 .5  
20 .3  
19.2 

20 ,7  
21 .0  
20 .5  
19.1 

652 .7  
20 .40  

S a m p l e ,  n - 4 

A v e r a g e ,  R a n g e  
No. ~ R 

5 . . . .  20.52 2 .5  

6... 22.80 1.0 

7 . . . .  19.75 1 .5  

8 . . . .  20.32 1.9 

163.17 17.7 
20.40  2.21 
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Cen t r a l  Line  
For X:  X '  = 20.00. 

Con t ro l  L i m i t s  
For X:  ~ '  4- 3 d  = 

20.00 4- 3(0.900), 
22.7 and 17.3. 

Cen t r a l  L ines  
For X ~: X" = 20.00. 
For R: R '  = d ~ '  = 

(2.059) (0.900) 
1.85. 

Con t ro l  L i m i t s  
n = 4 :  

For X:  X '  4- A d  = 
20.00 4- (1.500) (0.900), 
21.35 and 18.65. 

For R: D=~' and Dx~' -- 
(4.698) (0.900) and 
(o) (0.90o), 
4.23 and 0. 

25 
. . - x  

c - o  

J5 
4 8 12 16 20 24 28 32 

Individual Number 

Ix 23 

=g2o 

~ a  t7 
"~ I 2 3 4 5 6 7 8 

6 F g ~ 4  - 

0 I i f t i t L i 
I 2 3 4 5 6 7 8 

Somple Number 

Fro. 28.--Control  Charts for X, X and R. 
Small samples of equal size, n = 4; X', ~' given. 

RES~YLTs.--All three charts show lack of control. At  the outset both  the chart  for ranges and 
the chart  for individuals gave indications of lack of control. Subsequently for sample No. 6 the 
control chart  for individuals showed the first unit in the sample of 4 to be outside its upper con- 
trol limit, thus indicating lack of control before the entire sample was obtained. 
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Example  24: Control Charts for Individuals, X, and Moving Range, R, of Two Observations, 
No Standard Given--Based on ~ and R, the Mean Moving Range (Section 30(a)).--A distilling 
plant was distilling and blending batch lots of denatured alcohol in a large tank. I t  was desired 
to control the percentage of methanol for this process. The variability of sampling within a single 
lot was found to be negfigible so it was decided feasible to take only one observation per lot and 
to set control limits on the basis of the moving range of successive lots. Table X X V  gives a sum- 
mary of the methanol content, X, of 26 consecutive lots of the denatured alcohol and the 25 
values of the moving range, R, the range of successive lots with n = 2. Figure 29 gives control 
charts for individuals, X, and the moving range, R. 

TABLE XXV.--METIIANOL CONTENT OF SUCCESSIVE LOTS OF DENATURED ALCOHOL AND 
MOVING RANGE FOR n = 2. 

Lot 

N o .  1 . . . . . . . . . . .  
No. 2 . . . . . . . . . . .  
No 3 . . . . . . . . . . .  
No. 4 . . . . . . . . . . .  
No. 5 . . . . . . . . . . .  

No. 6.. 
No. 7 . . . . . . . . . .  
No. 8 . . . . . . . . . .  
No. 9 . . . . . . . . . .  

No. I0 . . . . . . . . . .  
No. 11 . . . . . . . . . .  
No. 12 . . . . . . . . . .  
No. 13 . . . . . . . . . .  

Percentage of 
Methanol, X 

4.6 
4.7 
4.3 
4.7 
4.7 

4.6 
4.8 
4.8 
5.2 

5.0 
5.2 
5.0 
5.6 

Moving Range, 
R 

0 . I  
0.4 
0 .4  

0 

0.1 
0.2 

0 
0.4 

0.2 
0.2 
0.2 
0.6 

Lot 

No. 14 . . . . . . . . .  
No. 15 . . . . . . . . .  
No. 16 . . . . . . . . .  
No. 17 . . . . . . . . . .  
No. 18 . . . . . . . . . .  

No. 19 . . . . . . . . . .  
No. 20 . . . . . . . . . .  
No. 21 . . . . . . . . . .  
No. 22 . . . . . . . . . .  

No. 23 . . . . . . . . . .  
No. 24 . . . . . . . . . .  
No. 25 . . . . . . . . . .  
No. 26 . . . . . . . . . .  

Total . . . . . . .  

Percentage of 
Methanol, X 

5.5 
5.2 
4.6 
5.5 
5.6 

5.2 
4.9 
4.9 
5.3 

5.0 
4.3 
4.5 
4.4 

128.1 

Moving Range, 
R 

0.1 
0.3 
0.6 
0.9 
0.1 

0.4 
0.3 

0 
0 .4  

0.3 
0.7 
0.2 
0.1 

.2 

C e n t r a l  L i n e s  

- -  128.1 
For X: X 4.927. 

26 
7.2 

For R: R = ~-~ = 0.288. 

Cont ro l  L i m i t s  

n = 2 :  
For X: X -4- E~./~ = ~ -4- 2.660k = 

4.927 -4- (2.660)(0.288), 
5.7 and 4.2. 

For R: Dd~ and Dd~ = 
(3.267)(0.288) and 
(0) (0.288), 0.94 and 0. 

X 

oJ o. 

g 

0 

5.0 

4.0  "l 
5 10 15 2 0  25  

1.0 . . . . . . . . . . . . . . . . . . . .  

J t  

5 I0 15 20 25 
Lot Number 

FIG. 29.--Control Charts for X and R. 

No standard given--based on moving range, 
where n = 2. 

RESULTS.--The trend pattern of the individuals and their tendency to crowd the control limits 
suggests that  better control may be attainable. 
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E x a m p l e  25: Control Char# for Individuals, X,  and Moving Range, R, of Two Obserpalions, 
Standard Given--Based on ~ '  and or' (Section 30(b)).--Data from same source as for Example 
24 in which a distilling plant  was distilling and blending batch lots of denatured alcohol in a large 
tank. I t  was desired to control the percentage of water for this process. The  variability of sampling 
within a single lot was found to be negligible so it was decided to take only one observation per 
lot and to set control limits for individual values, X, and for the moving range, R, of successive 
lots with n = 2 where ~ '  = 7.800 per cent  and ~' = 0.200 per cent. Table X X V I  gives a s u m m a r y  
of the water  content  of 26 consecutive lots of the denatured alcohol and the 25 values of the  
moving range, R. Figure 30 gives control charts  for individuals, X, and for the moving range, R. 

TABLE XXVI.--WATER CONTENT OF SUCCESSIVE LOTS OF DENATURED ALCOHOL 
AND MOVING RANGE FOR n - 2. 

Lot 

~o. 1 
Io. 2 
Io. 3 
~o. 4 . . . .  
~o. 5 . . . . .  

~'o. 6 . . . . .  
r 7 
~o. 8 . . . . .  
~o. 9 . . . . .  

~o. 10 . . . . . . . . . . .  
~o. 11 . .  
~o. 12 . .  
~o. 13 

Percentage 
of Water, X 

8 .9  
7.7 
8 .2  
7 .9  
8 .0  

8 .0  
7 .7  
7 .8  
7 .9  

8 .2  
7.5 
7.5 
7 .9  

Moving 
Range, R 

1.2 
0 .5  
0 .3  
0 .1  

0 
0 .3  
0 .1  
0 .1  

0 .3  
0 .7  

0 
0 .4  

Lot 

No. 14. 
No. 15. 
No. 16. 
No. 17 
No. 18. 

No. 19. 
No. 20. 
No. 21 
No. 22 '1 

No. 23. 
No. 24. 
No. 25 
No. 26. 

Total .  
Number  of Va lue s . . .  
Average . . . . .  

Percentage 
of Water, X 

8 .2  
8 .2  
7 .5  
7 .5  
7 .8  

8 .5  
7 .5  
8 .0  
8 .5  

8 .4  
7 .9  
8 .4  
7 .5  

207.1 
26 

7.965 

Moving 
Range, R 

0 .3  
0 

0 .7  
0 

0 .3  

0 .7  
1 .0  
0 .5  
0 .5  

0 .1  
0 .5  
0 .5  
0 .9  

10.0 
25 

0 ,400 

C e n t r a l  Lines  

For X:  ~ '  = 7.800. -~ 
n = 2 :  

For R: d~cr' = (1.128)(0.200), ' ;  
0.23. ~ 

C o n t r o l  L i m i t s  

For X: ~ '  -4- &r' = "6 o" 
7.800 4- 3(0.200), ~ 

o 
8.4 and 7.2. cr 

n = g: ,~ 
For R: D,~'  and Dry' = 

(3.686)(0.200) and :; 
(0)(0.200), 0.74 and 0. 

7V/ - l__ . . . .  Z .  . . . . .  

7 0 / l l l l l l l l l l l l l l l a l n l l a l ~ l l ~  
5 Io 15 20 25 

o.5 

o /  . . . .  " ~ , , / , ' ~ ' ,  ,V ,  A / , V ,  , , . . . .  , ,  

5 I0 15 20 25 
Lot Number 

FIC. 30.--Control  Char ts  for X and Moving Range,  R, 
where n = 2. 

Standard given--based on X-' and o'. 

RESULTs.--Lack of control at  desired levels is indicated with respect to both  the  individual 
readings and  the  moving range. These results indicate corrective measures should be taken to 
reduce the level in per cent and to reduce the variation between lots. 
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SUPPLEMENT A 

1 0 7  

GLOSSARY OF T E R M S  AND SYMBOLS USED I N  P A R T  3 

In  general, the terms and symbols used in Par t  3 have the same meanings 
as in preceding parts  of the Manual .  In  a few cases, which are indicated in the 

following glossary, a more specific meaning is at tached to them for the con- 

venience of a portion or all of Par t  3. Mathemat ical  definitions and derivations 
are given in Supplement  B. 

A comparison of the symbols used in the Manua l  and those commonly used in 
statistical texts is given in the Appendix, p. 129. 

GLOSSARY OF TERMS 

Unit.--One of a number of similar articles, parts, specimens, lengths, areas, etc., of a 
material or product. 

Lot.--A specific quantity of similar material or collection of similar units from a common 
source; in inspection work, the quantity offered for inspection and acceptance at 
any one time. It  may be a collection of raw material, parts, or subassemblies, in- 
spected during production, or a consignment of finished product to be sent out for 
service. 

Sample.--A portion of material or a group of units taken from a larger quantity of mate- 
rial or collection of units, which serves to provide information that can be used as a 
basis for action on the larger quantity or on the production process. 

Subgroup.---One of a series of groups of observations obtained by subdividing a larger 
group of observations; alternatively, the data obtained from one of a series of sam- 
ples taken from a series of lots or from a process. One of the essential features of 
the control chart method is to break up the inspection data into rational subgroups, 
that is, to classify the observed values into subgroups, within which variations 
may for engineering reasons be considered to be due to non-assignable chance causes 
only, but between which there may be differences due to assignable causes whose 
presence is considered possible. 

Assignable Cause.--A factor contributing to the variation in quality, that it is eco- 
nomically feasible to identify. 

GLOSSARY OF SYMBOLS 
GENERAL IN PART 3, C 0 ~ r ~ O L  CHAgT8 SY~soL 

C . . . . . . . . . . . . . . .  

Ct . . . . . . . . . . . . . . .  

a, . . . . . . . . . . . . . .  

The number of def~ts; more specifically 
the number of defects in a sample (sub- 
group). 

A factor that is a function of n and ex- 
presses the ratio between the expected 
value of ~ for a large number of samples 
of n observed values each and the a' of 
the universe sampled. (Values of c2 = 
~/a' are given in Tables II and III, 
and in Table B2 of Supplement B, 
based on a Normal distribution.) 

A factor that is a function of n and ex- 
presses the ratio between the expected 
value of ]~ for a large number of samples 
of n observed values each and the ~' of 
the universe sampled. (Values of d~ 
R/a' are given in Tables II and III. 
and in Table B2 of Supplement B, based 
on a Normal distribution.) 
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STwsol, G Z ~ L  

n . . . . . . . . . . . . . . .  The number of observed values 
(observations). 

p . . . . . . . . . . . . . . .  The relative frequency or pro- 
portion, the ratio of the 
number of occurrences to 
the total possible number 
of occurrences. 

pn  . . . . . . . . . . . . . .  The number of occurrences. 

R . . . . . . . . . . . . . . .  The range of a set of numbers, 
that is, the difference be- 
tween the largest number 
and the smallest number. 

. . . . . . . . . . . . . . .  The standard deviation,* the 
(sigma) root-mean-square (rms.) 

deviation of the observed 
values from their average. 

X . . . . . . . . . . . . . .  An observed value of a meas- 
urable characteristic; spe- 
cifie observed values are  
designated X1, X2, X~, etc. 
Also used to designate a 
measurable characteristic. 

IN PAIT 3, CONTROl, Cl~ltXll 

The number of subgroups or samples under 
consideration. 

The subgroup or sample size, that is, the 
number of units or observed values in a 
sample or subgroup. 

The fraction defective, the ratio of the num. 
bet of defective units (articles, parts, 
specimens, etc.) to the total number of 
units under consideration; more s e -  - 
cifically, the fraction defective of P a  
sample (subgroup). 

The number of defectives (defective units); 
more specifically, the number of defec- 
tives in a sample of n units. 

The range of the n observed values in a 
subgroup (sample). (The symbol R is 
also used to designate the mean moving 
range, in Section 30.) 

The standard deviatlon 1 of the n observed 
values in a subgroup (sample): 

= A/(X, - ~)' + ... + (x. - X)' 
"V n 

or expressed in a form more convenient 
for computation purposes, 

= A/X; + X t '  + . . .  + X: _ ~, 

F n 

The defects per unit, the number of defects 
in a sample of n units divided by n. 

X . . . . . . . . . . . . . . .  The average (arithmetic mean); The average of the n observed values in a 
(X bar) the sum of the n observed subgroup (sample): 

values divided by n. 

QUALIFIED SYMBOLS 

q,~, ~,, o~, ep, etc... The standard deviation of 
values of X, a, R, p, etc. 

X,  ~, [~,~, etc . . . . .  
(X double bar, 

sigma bar, etc.) 

~ ' ,  a', p'  etc . . . . . .  
(X-prime, sigma- 

prime, etc.) 

The average of a set of values 
of X, a, R, p, etc. (the bar 
( - )  notation signifies an 
average value). 

The true or objective value of 
X,  ~, p, etc. for the universe 
sampled. (The prime (') no- 
tation signifies the true or 
objective value as distinct 
from the observed value.) 

x -- XI + X* + " "  + X ,  

The standard deviation of the sampling dis- 
tribution of X, ~, R, p, etc. 

The average of the set of k subgroup 
(sample) values of X,  a, R, p, etc., under 
consideration. For samples of unequal 
size, an over-all or weighted average. 

The standard value of X, a, p, etc., adopted 
for computing control limits of a con- 
trol chart for the case, Control-Standard 
Given (see Sections 18 to 27). 

i See Note at end of this Supplement. 
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NOTE.--In some texts on statistics, the term standard deviation of a sample is applied to the 
square root of the ratio of the sum of the squares of the deviations about the sample average to 
n -- 1, where n is the sample size. This is the square root of an unbiased estimate of the universe 
variance based on the sample but is not an unbiased estimate of the universe standard devia- 
tion. I t  may be used in place of the rms. deviation provided the equations and factors for control 

chart lines are suitably corrected by the factor - ~ ,  but this pracdce is not recommended 

in the interest of simplicity and uniformity. 
~r R 

Further, if an unbiased estimate is required at  each point, - ,  or may be plotted with the 

appropriate central lines and control limits but this will seldom, if ever, be worth the extra com- 
putation. 
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SUPPLEMENT B 

M A T H E M A T I C A L  R E L A T I O N S  A N D  T A B L E S  O F  F A C T O R S  F O R  

C O M P U T I N G  C O N T R O L  C H A R T  L I N E S  

Scope.--This supplement presents mathematical relations used in arriving at the factors 
and formulas of Part 3. In addition, a more comprehensive tabulation of values of these factors 
is given in Table B2, including reciprocal values of at and d2 and values of ds. This last factor is 
involved in the relations covering control charts for ranges. 

Factors at, dt, and ds (Values for n = 2 ~o g5, inclusive, in Table B2).--The relations given for 
factors at, d~, and ds are based on sampling from a universe having a Normal distribution. 

(?), . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

where the symbol I as used indicates a factorial, for example, 41 ffi 4 �9 3 �9 2 �9 1 ffi 24. For the 

relation ~! - i f  k is even, 2k-I = k2 k --2 2 k --2 4 1, each number on the right-hand side 

k k k - - 2  k - 4  1 ( ~ )  
being an integer; if k is odd, ~1 = ~ �9 2 2 - . -  ~ �9 X/~r, where -- I =V/~rand 

Ol = 1. 

~ :  ~ 2 [ 1 - - ( t - -  a0- - -m ' , ]dx l  . . . . . . . . . . . . . . . . . . . . .  (B2) 

1 e -~- dx, n sample size TM where al ~= ~ 

~ 3 ) '  
~ m 

i: "' • 1 e - - ~  dx ,  = 6 2 dx where aa =1 ~ a ,  .V/~-~T d - ,  

n == sample size I~ dt = average range for a Normal law distribution with standard deviation 
equal to unity. (In the original paper Tippett s used Tn for range and w for d~.) 1~ 

The above relations for at, d~, and d, are exact when the original universe is Normal but this 
does not limit their use in practice. They may for most practical purposes be considered satis- 
factory for use in control chart work even though the universe is not Normal Since the rela- 
tions are involved and thus difficult to compute, values of c4, d~, and da for n = 2 to 25, inclusive, 
are given in Table B2 at the end of this supplement. All values listed in the table were computed 
to enough significant figures so that when rounded off in accordance with standard practices 
the last figure shown in the table was not in doubt. 

Standard D~cialions of ~ ,  ~, R, p, pn, u, and ~.--The standard deviations of ~', r R, p, etc., 
used in setting 3-sigma control limits and designated r o-,,, r  ~p, etc., in Part 3 are the standard 
deviations of the sampling distribution of ~ ,  ~,, R, p, etc., for subgroups (samples) of size n. They 
are not the standard deviations which might be computed from the subgroup values of ~ ,  ~r, R, 
p, etc., plotted on the control charts but are computed by formula from the quantities listed in 
Table BI. 

t See Equation 66 of Shewhart, Reference (1), p. 184. 
:a Editorially changed in September, 1954. 
s See pp. 368 to 370 of L. H. C. Tippett, "On the Extreme Individuals and the Range of Samples from a Normal 

P o  J* " * pulntion, Btome#rtka, Vol. 17 (1925). 
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TABLE BI.--BASIS OF STANDARD DEVIATIONS FOR CONTROL LIMITS.  

Control Chart for 

X . . . . . . . . . . . .  
ty . . . . . . . . . . . . .  

p n  . . . . . . . . . . . .  
u . . . . . . . . . . . . .  
G . . . . . . . . . . . . .  

Standard Deviat ion Used in Computing 3-Sigma Limits  is Computed From: 

Control - -No Standard Given 

~ o r R  
~or~ 
~ o r R  

~_n 
f~ 

Control--Standard Given 

~r t 
~r t 
a t 
p' 
p' 
~t 

C ! 

NOTI~.--~, R, etc.,  are computed averages of subgroup values. r  p ' ,  etc. ,  are standard values.  

The standard deviations e y ,  ~,, and ~ computed in this way are unaffected by any  assignable 
causes of variation between subgroups. Consequently, the control charts derived from them will 
detect assignable causes of this type. 

The  relations in Eqs. B4 to 1316, inclusive, which follow, are all of the form: 
Standard deviation of the sampling distribution = A function of both the sample size, n, and 

universe value of 
~r, p ,  ~,  o r  G. 

For convenience, the universe values in the relations are designated simply by r p, u, or c 
and the quantifies to be substituted for the cases "no standard given" and "standard given" are 
shown below immediately after each relation. 

Average, ~ : 

ff 

where ~ is the standard deviation of the universe. For no standard given, substitute r m _ or 
C2 

= ~ ;  for standard given, substitute ~ ffi ~'. Equation B4 above does not assume a Normal  dis- 

tribution. ~ 

or  

Standard Devialion, s o': 

I n - 1 c | ] l n ~  . . . . . . . . . . . . . . . . . . . . . . . . . .  (BS) 
n 

cr~ - [2(n --  1) --  2nc~] t/2 . V / ~  . . . . . . . . . . . . . . . . . . . . . . .  (B6) s 

where c~ is defined in Eq. B1, and ~ is the standard deviation of the Normal  universe sampled. 

F o r  no standard given, r ~ ffi - or �9 for standard given, ~ .,, ~'. For control chart purposes the 

above relations may  be used for distributions other than Normal.  

i See pp. 180 and 181 of Reference (1). 
2 Equation 64 on p. 184 of Reference (1) gives distribution of standard deviations for Normal universe. 
s Relations B5 and B6 were derived from Equation 12 on p. 390 of Frederick Mosteller, "On Some Useful 'Ineffi- 

cient' Statistics," The Annals of Mathematical Statistics, Vol. XVII, No. 4, December,  1946, pp. 377 to 408. 
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Approximations to Above Rdation for r 

r 1 8n 

3 )112 
�9 r . . . . . . . . . . . . . . . . . . . .  (B7)" 

16n s 

25 ) r 
1 G ,  . . . . . . . . . . . . . . . . . . . . . . . . .  (BS,  

a 

~,  = . V / ~  n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (B9) 

where r is the standard deviation of the universe, l 
The exact relation of Eq. B5 or Eq. B6 is used in Par t  3 for control chart  analyses involving 

r  and for the determination of factors Ba and B4 of Table II ,  and BI and B2 of Table III .  This 
makes B2 = �89 and B, ffi D4 for n = 2, which should be the case, since the range is merely twice 
the standard deviation for a subgroup of two. 

When n > 25, Eq. B9 is a good approximation for practical uses. In  most cases Eq. B9 is good 
enough to use ~ when n > 5. For simplicity and ease of duplication this approximate relation 
was used previously in the A.S.T.M. Manual  on Presentation of Data, Supplement B, Table I, 
for all values of n. Experience has indicated this choice to be satisfactory. However, the discrep- 
ancy introduced between B~ and D,, which are identically equal for n = 2, led to some confusion. 

Also for n = 2, & = [2 --  4c]] 1/~ -- [2 --  4 .1 / : r im = 0.853, the multiplying factor of r -- ~- 

in Eq. B6. To avoid confusion due to these slight discrepancies, the factors were recomputed using 
the exact relations rather than the simpler approximate relations previously used. Hence the 
tables now list the values based on computations including this additional correction factor for 
the tabulated values of n (2 to 25). 

Rangs. R: 
tr R = &r . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (BIO) 

where r is the standard deviation of the universe. For no standard given, substitute r = - or 
6t 

R 
,r = ~ ;  for standard given, substitute r ffi r 

The factor dt given in Eq. B3 represents the standard deviation for ranges in terms of the 
true standard deviation of the Normal universe) 

Fraction DefecJive, p: 
F - ' 7 - -  

4 /  p" p! . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

(Bli) 

where p is the value of fraction defective for the universe. For no standard given, substitute 
p = P; for standard given, substitute p = p' .  When p is so small that  the term (1 --  p) may be 
neglected, the following approximation is used: 

/ - -  

r = V p . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
(B12) 

Number of Ddeaives, pn: 
r ffi "V/pn(1 - P)~ . . . . . . . . . . . . . . . . . . . . . . . . . . .  (B13) 

where p is the value of fraction defective for the universe. For no standard given, substitute 
p ffi ~; and for standard given, substitute p = p'. The function pn has been widely used to repre- 
sent number of defectives (defective units) for one or more characteristics. 

~ This equation was corrected editorially in September, 1954. 
U. Romanovsky, "On the Moments of Standard Deviation and of Correlation Coefficient in Samples from Nor- 

mal Population," Melton, Vol. 5, No. 4, 1925, pp. 3 to 46. 

�9 Reference(I), p. 185, recommends the simple relation ~ for sample sizes greater than 

*Tippett, loc. clt. 
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Both p and pn have a binomial distribution. Equations B 11 and B 13 are based on the binomial 
distribution in which the theoretical frequencies for pn = O, I, 2, . . .  , n are given by the first, 
second, third, etc. terms of the expansion of the binomial [(1 -- p) + p]", where p is the universe 
value. When p is so small that  the term (1 --  p) may be neglected, the following approximation 
is used: 

Defects per Unit, u: 

epn = %//p-nn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (B14) 

au = 4 u . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (BI5) 

where n is the number of units in sample, and u is the value of defects per unit for the universe. 
For no standard given, substitute u = /~; for standard given, substitute u = u'. 

The number of defects found on any one unit may be considered to result from an unknown 
but  large (practically infinite) number of points where a defect could possibly occur combined 
with an unknown but  very small probability of occurrence at  any one point. This leads to the use 
of the Poisson exponential distribution for which the standard deviation is the square root of 
the expected number of defects on a single unit. This distribution is likewise applicable to sums 
of such numbers, such as the observed values of c, and to averages of such numbers, such as 
observed values of u, the expected standard deviation of the averages being 1/n  times that  
of the sums. Where the number of defects found on any one unit results from a known number 
of potential causes (relatively a small number as compared with the case described above), and 
the distribution of the defects per unit is more exactly a multinomial distribution, for practical 
purposes in most instances the Poisson exponential distribution, although an approximation, 
may be used for control chart work. 

Number of Defects, r 

.o  = V ~  = x / T .  . . . . . . . . . . . . . . . . . . . . . . . . . .  (B16) 

where n is the number of units in sample, u is the value of defects per unit  for the universe, and 
c is the number of defects in samples of size n for the universe. For no standard given, substitute 
c = ~ = ~n; for standard given, substitute c = d = u'n. The distribution of the observed 
values of c is discussed above. 

Factors for Computing Control L imi t s . - -Note  that  all these factors are actually functions 
of n only and the constant 3 resulting from the choice of 3a limits. 

Average: 

3 
A = _ _ _  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (B17) 

X / *  

3 
Al = ct---%/n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (B18) 

3 
At -- d~ %/'~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (B19) 

A A 
NOTE.--At = - - ,  A~ = - .  

r dt 
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Standard D e v ~ & m s :  

B, = c~ _ ~n [2(n _ l) _ 2nc~]t,. = c. _ 3 (n --1 ,"/' n % ]  . . . . . . . . . . . . . . .  (B20) 

( - B, - r~ + ~ - ~  f2(n - I) - 2nell ~n = c, + 3 n . . . . . . . . . . . . .  

3 2nc~]u , 3 ( n  --  1 
~, = 1 ~,--~2,,V [2(. - I) - = I - - 

r n 

3 3 ( n - - I  
B , -  1 + ~ [ 2 ( n -  1 ) - 2 n c ~ ]  u ' -  l + -  

c ~ V 2 n  C| n 

BI B2 
NOTE.---B, = --, B4 =" -- 

c2 c~ 

- -  -- e l )  . . . . . . . . . . . . .  (B22) 

\ t l l  
- -  -- c.',] . . . . . . . . . . . . .  (B23) 

/ 

R a n g e s :  

D t  = a ,  - 3da . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (B2 4 )  

D ,  = ~ + 3 d ,  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (B2 5 )  

Ds -- 1 - -  3 da - - .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (B26) 

1 9 4 -  1 + 3  da 

D, D~ 
NOTg,--D. -- ~'2' D4 -- dl 

l nd i~dua l s :  

E~ = 3 .(B28) 
cs 

3 
E,  " - .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (B29) 

d, 
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T A B L E  B2 . - -FACTORS FOR C O M P U T I N G  CONTROL CHARTLINES~ 

Chart  for Standard Deviations Chart for Ranges 

Number  o f  

Observations Factors for Factors  for Control Limita 
in Sample, n Central  Line 

Chart for 
Averages 

Fac to~  for 
Control Limits 

A [ Al [ Am 
- - i - - j - -  

2 . . . . . . . .  2.121]3.76011.880 
3 . . . . .  1.73212.39411.023 
4 . . . . . . . .  ,1.50011.880]0.729 
5 ........ il.342[1.596[0.577 

6 . . . . . . . .  1.22511.41010.483 
7 . . . . . . . .  
8 . . . . . . .  
9 . . . . . . .  

10 . . . . . . .  

11 . . . . . . .  
12 . . . . . . .  
13 . . . . . . . .  
14 . . . . . . .  
15 . . . . . . .  

16 . . . . . . .  
17 . . . . . . .  
18 . . . . . . .  
19 . . . . . . .  

1.134il.27710.419 
1.061{1.175[0.373 
1.00011.09410.337 
0.949[1.02810.308 

0.905[0.973[0.285 
0.866[0.92510.266 
0.832[0.884[0.249 
0.80210.848[0.235 
0.775{0.816]0.223 

0.750]0.788]0.212 
0.728[0.76210.203 
0.70710 73810.194 
0.68810.71710.187 

20 . . . . . . .  0.67110.69710.180 

21 . . . . . . . .  0.65510.67910.173 
22 . . . . . . . .  0.64010.66210.167 
23 . . . . . . . .  0.62610.647!0.162 
24 . . . . . . . .  0.61210.63210.157 
25 . . . . . . . .  0.600]0.61910.135 

3 I 3 
Over 25 . . . . . . . . .  

F s c t ( r s  for I 
Centrl I Line 

cs llcs l 

0.5642 1.7725! 
0.7236 1.3820! 
0. 7979 1. 2533 
0.8407 1.18941 

I 
0.8686 1.1512 
0.8882 1.1259 
0.9027 1.10781 
0.9139 1.09421 
9.9227 1.0837l 

0.9300 1.0733l 
0.9359 1.0684l 
0.9410 1.0627! 
0.9453 1.05791 
0.9490 1.03371 

0.9523 1.0501] 
0.9551 1.0470l 
0.9576 1.0442l 
0.9599 1.0418l 
0.9619 1.0396l 

3.9638 1.0376[ 
3.9655 1.0358l 
3.9670 1.0342] 
3.9684 1.0327] 
~.9696 1.0313l 

Factors for 
Control Limits  

B t  Bt Be B4 

0 1.843 0 3.267 
0 "1.858[ 0 2.568 
0 1.808I 0 2.266 
0 1.7561 0 2.089 I 

3.026 1.711r0.030 1.970 
~.105:1.67210.118 1.882 
).167 1.63810.185 1.815 
).219 1.60910.239 1.761 
).262 1.58410.284 1.716 

3.299 1.56110.321 1.679 
3.331 1.541[0.354 1.646 
).359 1.523 0.382 1.618 
3.384 1.507 0.406 1.594 

dt 1/dal  
- - i  

1.128[0.886~ 
1.693]0.590~ 
2.059t0.485~ 
2.326[0.4299 

2. 53410. 3946 t 
2. 70410. 3698 
2.84710.35121 
2.97010.3367l 
3.07810.3249l 

3.173[0.31521 
3.25810.3069! 
3.33610.29981 
3.407]0.2935l 

3.406 1.49210.4281.572 3.472[0.2880] 

).427 1.47810.448 1.552 3.53210.2831] 
).445 1.46510.466 1.534 3.588]0.2787] 
3.461 1.454]0.482 1.518 3.640]0.27471 
3.477 1.44310.4971.503 3.689l O. 2711 
). 4911.43310.51011.490 3.73510.2677 

).5041.42410.52311.477 3.778,0.2647 
)5161141810534/1466 3 819,0 2618 
).52711.407[0.54511.455 [ 3.85810.2592 
). 53811.39910.555[1.445 [ 3.89510.2567 
).548 1.392 0.565 1.435 3.93110.2544 

I 
* ** * ** . . . . . . . . . . . .  

& D l  Dt Da D4 

).85~ 0 3.686 0 3 . 2 6 ?  
3.888 - 4.358 0 2.578 
3.88C ,, 4.698 0 2.282 
3.864~ u 4.918 0 2.11.5 

3.848~ - 5.078 0 2.004 
L83310.205 5.203 0.076 1,924 
).82C 0.387 5.307 0.136 1.864 
).808 0.546 5.394 0.184 1.816 
).797 0.687 5.469 0.223 1 . 7 7 7  

3.787 0.812 5.534 0.256 1.744 
3.778 0.924 5.592 0.284 1.716 
3.77C 1.026 5.646 0.308 1.692 
3.762 ;1.121 5.693 0.329 1.671 
).75,5 1.207 5.737 0.348 1.652 

).749 1.285 5.779 0.364 1,636 
3.743 1.359 5.817 0.379 1,621 
).738 1.426 8.854 0,392 1.608 
3.733 1.490 8.888 0.404 1.596 
).729 1.548 5.922 0.414 1.586 

).724 1.606 5.950 0.425 1.575 
).720 1.659 5.979 0.434 1.566 
).716 1.710 6.006 0.443 1.557 
).712 1.759 6.031 0.452 1.548 
).709 1.804 6.058 0.459 1.541 

3 3 
�9 x - ~ - ~  "'1 + 

TABLE B3.--FACTORS FOR 
COMPUTING CONTROL 

CHART L I N E S - - C H A R T  
FOR INDIVIDUALS.  

Char t  for 
Individuals  

Number of - -  
Observations Factors for 
in Sample, n IControl Limits  

I 

Ex E t  

5.31~ 2.660 
4.14~ 1. 772 
3.76C 1.457 
,:3.56~ 1.290 

3.454 1.184 
3.378 1.109 
3. 323 1. 054 
3.283 1.010 
3.251 0.975 

3.226 0.946 
3.205 0.921 
3.188 0.899 
3.174 0.881 
3.161 0.864 

3.150 0.849 
3.141 0.836 
3.133 0.824 
3.125 0.813 
3.119 0.803 

3.113 0.794 
3.107 0.785 
3.103 0.778 
8.098 0.770 
3.094 0.763 

3 
3 

de 

2 . . . . . . .  
3 . . . . . . .  
4 . . . . . . .  
5 . . . . . . . .  

6 . . . . . . . .  
7 . . . . . . .  
8 . . . . . . .  
9 . . . . . . . .  

10 . . . . . . . .  

11 . . . . . . . .  
12 . . . . . . . .  
13 . . . . . . . .  
14 . . . . . . . .  
15 . . . . . . . .  

16 . . . . . . . .  
17 . . . . . . . .  
18 . . . . . . . .  
19 . . . . . . .  
20 . . . . . . . .  

21 . . . . . . . .  
22 . . . . . . .  
23 . . . . . . . .  
24 . . . . . . . .  
25 . . . . . . . .  

Over 25 . . . . . . . . .  

N O T E S  POR T A B L E S  B2 A N D  B J: 

NOTZ L--Values of & added, covering n - 2 to n - 25. 

NoTz Z--Values  of d~ and factors involving ds and & have been extended 
from n -- 15 to n ~ 25. 

NOTZ 3. - -Al l  values in Table  B2 and Table  B3 have been computed and 
have been rechecked. The values in the tables were computed to enough sig- 
nificant figures so that ,when rounded off in accordance with standard practices, 
the last  figure in the table was not in doubt. (Except as indicated in Note 7.)1 

NoTx 4.--Following values differ from those given previously in Table  I, 
Supplement B of A.S.T. vL Manual  on Presenta t ion o l D a t a .  Earl ier  values 
shown in parenthese 0 -  

n ~ 22, A ~ 0.640 (0.639), n - 20, At - 0.697 (0.698), 
n - 21, A I m  0.679 (0.680), 

n - 2, Ax - 3.760 (3.759), n - 18, c2 - 0.9576 (0.9577), 
n = 15, At m 0.816 (0.817), n - 25, r - 0.9696 (0.9697). 

NOTe 5.--Values of ct computed to eight places before rounding. 

NoTz 6.--Values of Bt, BI, Be, and B4 differ from those given previously 
in Table  I, Supplement B of A.S.T.M. Manual  on Presentat ion of Data ,  being 
based on exact relation for r162 that  is, 

r 
r  - ~ [2c,, - 1) - 2.~;] 1/2. 

NOTIt L--Values  of & in column 11 and de in column 13 reproduced with 
permission from Egon Pearson, "The  Percentage Limits  for the Dis t r ibut ion 
of Range in Samples from a Normal Populat ion (n ". 100)," Biomelrika, Vol. 
24, 1932, p. 416, Table  A. This  table gives & to 4 significant figures for n - 2 
to 5, inclusive and to only 3 significant figures for n > 5, so tha t  the fourth 
significant figures for D~, Ds, De, and D4 are in doubt for m > 5 in Table  B2. 

t This  parenthet ical  reference was added editorial ly in September, 1954. 
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SUPPLEMENT C 

E X P L A N A T O R Y  N O T E S  

NOTE I.--As explained in detail in Supplement B, vx  and ~ are computed (1) from the ob- 
served variation of individual values withi~ subgroups and the size n of a subgroup for the first 
use "(A) Control--No Standard Given," and (2) from the adopted standard value of a '  and the 
size n of a subgroup for the second use "(B) Control with Respect to a Given Standard." Like- 
wise, for the first use, a~ is computed from the over-aU value of p, designated/~, and n, and for the 
second use from p' and n. The method for determining =~ is outlined in Supplement B. 

NoTE 2.--This is discussed fully by Shewhart. 1 In some situations in industry in which it is 
important to catch trouble even if it entails a considerable amount of otherwise unnecessary in- 
vestigation, 2-sigma limits have been found useful. The necessary changes in the factors for 
control chart limits will be apparent from their derivation in the text and in Supplement B. Al- 
ternatively, in process-quality-control work, probability control limits based on percentage 
points are sometimes used. ~ 

NOTE &--From the viewpoint of the theory of estimation, if normality is assumed, an un- 
biased and efficient estimate of the standard deviation within subgroups is: 

1 _ , /  m'~l + "'" + nkJ, (a) 
- r " '  ,,,T:.: u . . . . . . . . . . . . . . . . . . . . . . . . .  

where c~ is to be found from Table II, corresponding to n = nl + " . .  + n~ -- k + 1. Actually 
cz will be very close to unity if the denominator n~ . . .  + n~ -- k + I is as large as 15 or more 
as it usually is, whether nt, ~ ,  etc. be large, small, equal or unequal. 

Equations 4, 6, and 9, and the procedure of Sections 8 and 9, "Control - -No Standard 
Given," have been adopted for use in Part 3 with practical considerations in mind, Eq. 6 
representing a departure from that  previously given. From the viewpoint of the theory of esti- 
mation they are unbiased or nearly so when used with the appropriate factors as described in the 
text and are nearly as efficient as Formula (a). 

I t  should he pointed out that  the problem of choosing a control chart criterion for use in "Con- 
trol--No Standard Given" is not essentially a problem in estimation. The criterion is by nature 
more a test of consistency of the data themselves and must be based on the data at  hand in- 
cluding some which may have been influenced by the assignable causes which it is desired to 
detect. The final justification of a control chart criterion is its proved ability to detect assignable 
causes economically under practical conditions. 

When control has been achieved and standard values are to be based on the observed data, 
the problem is more a problem in estimation, although in practice many of the assumptions made 
in estimation theory are imperfectly met and practical considerations, sampling trials, and ex- 
perience are deciding factors. 

In both cases, data are usually plentiful and efficiency of estimation a minor consideration. 
NOTE 4.--If  most of the samples are of approximately equal size, effort may be saved by 

first computing and plotting approximate control limits based on some typical sample size, such 
as the most frequent sample size, a standard sample size, or the average sample size. Then, for 
any point questionably near the limits, the correct limits based on the actual sample size for that  
point should be computed and also plotted, if the point would otherwise be shown in incorrect 
relation to the limits. 

NOTE 5.--Here it is of interest to note the nature of the statistical distributions involved, as 
follows: 

(a) With respect to a characteristic for which it is possible for only one defect to occur on a 
unit, and, in general, when the result of examining a unit is to classify it as defective or 
nondefective by any criterion, the underlying distribution function may often usefully 

1 See pp. 276-277 of Reference (1). 
S~'e r~. 40 of Reference (2), Z1.3-1958. 
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be assumed to be the binomial, where p is the fraction defective and n is the number of 
units in the sample (for example Eq. 14). t 

(b) With respect to a characteristic for which it is possible for two, three, or some other limited 
number of defects to occur on a unit, such as poor soldered connections on a unit of wired 
equipment, where we are primarily concerned with the classification of soldered connec- 
tions, rather than units, into defective and nondefective, the underlying distribution 
may often usefully be assumed to be the binomial, where p is the ratio of the observed to 
the possible number of occurrences of defects in the sample and n is the possible number 
of occurrences of defects in the sample instead of the sample size (for example, Eq. 14), t 
with n defined as number of possible occurrences per sample). 

(c) With respect to a characteristic for which it is possible for a large but indeterminate num- 
ber of defects to occur on a unit, such as finish defects on a painted surface, the under- 
lying distribution may often usefully be assumed to be the Poisson distribution. (The 
proportion of defects expected in the sample, p, is indeterminate and usually small; 
and the possible number of occurrences of defects in the sample, n, is also indeterminate 
and usually large; but the product pn is finite. For the sample this pn value is c.) (For 
example, Eq. 22). 2 

For characteristics of Types (a) and (b) the fraction p is almost invariably small, say less 
than 0.I0, and under these circumstances the Poisson distribution may be used as a satisfactory 
approximation to the binomial. Hence, in general, for all these three types of characteristics, 
taken individually or collectively, we may use relations based on the Poisson distribution. The 
relations given for control limits for number of defects (Sections 16 and 26) have accordingly 
been based directly on the Poisson distribution, and the relations for control limits for defects 
per unit (Sections 15 and 25), have been based indirectly thereon. 

NOTE 6.--In the control of a process, it is common practice to extend the central line and 
control limits on a control chart to cover a future period of operations) This practice constitutes 
control with respect to a standard set by previous operating experience and is a simple way to 
apply this principle when no change in sample size or sizes is contemplated. 

When it is not convenient to specify the sample size or sizes in advance, standard values of 
X", a t, etc. may be derived from past control chart data using the relations: 

X' - X p'n --- pn 
R 

d = ~ or c~ 

where the values on the rlght-hand side of the relations are derived from past data. In this proc- 
ess a certain amount of arbitrary judgment may be used in omitting data from subgroups found 
or believed to be out of control. 

NOTE 7.--It  may be of interest to note that, for a given set of data, the mean moving range 
as defined here is the average of the two values of R which would be obtained using ordinary ranges 
of subgroups of two, starting in one case with the first observation and in the other with the second 
observation. Also, where n = 2, R = 2~, and d, = 2c, as listed in Table B2. 

The mean moving range is capable of much wider definition* but that given here has been the 
one used most in process quality control. 

When a control chart for averages and a control chart for ranges are used together, the chart 
for ranges gives information which is not contained in the chart for averages and the combina- 
tion is very effective in process control. The combination of a control chart for individuals and 
a control chart for moving ranges does not possess this dual property, all the information in the 
chart for moving ranges is contained, somewhat less explicitly, in the chart for individuals. 

I See p. 65. 
t See p. 68. 
* For a detailed discussion see p. 26 of Reference (2), Zl.3-1958. 
* Paul G. Hoel, "The Efficiency of the Mean Moving Range" The Annals of Matheraatlcal Statistics, Vol. 

XVII.  No. 4, December, 1946, p. 475. 
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APPENDIX 

TABLES OF SQUARES A N D  SQUARE ROOTS 

SQUARES AND SQUARE R O O T S  1 - 2 0 0  

NO. 

1 
2 
3 

8 
9 

I0  

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33i  
34 
35 

36 
37 
38 
39 
40 

41 
42 
43 
44 
45 

46 
47 
48 
49 
50 

Square  Squa re  I N o  Squa re  S g u a r e  '1~o.  
Root  " ~ o o t  

1 1.0000 51 2 6 0 1  7.1414 101 1 0 2 0 1  10.0499 
4 1 . 4 1 4 2 5 2 5 4  2 7 0 4  7.2111 102 1 0 4 9 4  10.0995 
9 1.7321 53 2 8 0 9  7.2801 103 1 0 6 0 9  ~10.1489 

16 2 .0000 2 9 1 6  7.3485 104 1 0 8 1 6  10.1980 
25 2.2361 551 3 0 2 5  7.4162 105 11 025 10.2470 

36 2 .4495 56 3 136 7,4833 106 1 1 2 3 6  10.2956 
49 2.6458 57 3 2 4 9  7.5498 107 11 449 10.3441 
64 2 .8284 58 3 364  7 .6158 108 11 664 10.3923 
81 3 .0000 59 3 4 8 1  7.6811 109 1 1 8 8 1  10.4403 

100 3 .1623 60 3 600 7 .7460 110 12 1O0 10.4881 

121 3 .3166 61 3 721 7.8102 111 12 321 10.5357 
144 3.4641 62 3 8 4 4  7.8740 112 1 2 5 4 4  10.5830 
169 3 .6056 63 3 969 7.9373 113 12 769 10.6301 
196 3 .7417 64 4 096 8 .0000 114 12 996 10.6771 
225 3 .8730 65 4 2 2 5  8.0623 115 1 3 2 2 5  10.7238 

256 4 .0000  66 4 356  8 ,1240 116 13 456  10,7703 
289 4.1231 67 4 4 8 9  8 .1854 117 I 3 6 8 9  10.8167 
324 4 .2426 68 4 6 2 4  8.2462 118 1 3 9 2 4  10.8628 
361 4.3589 69 4 761 8.3066 119 14 161 10.9087 
400 4.4721 70 4 900 8.3666 120 14 400 10,9545 

441 4 .5826 71 5 041 8.4261 121 14 641 11.0000 
484 4 .6904 72 5 1 8 4  8.4853 122 1 4 8 8 4  11.0454 
529 4 .7958 73 5 329 8.5440 123 15 129 11.0905 
576 4 ,8990 74 5 4 7 6  8.6023 124 1 5 3 7 6  11.1355 
625 5 .0000 75 5 ~25 8 .6603 125 15 625 11.1803 

676 5 .0990 76 5 776 8 .7178 126 15 876 11.2250 
729 5.1962 77 5 929 8 .7750 127 16 129 11.2694 
784 5.2915 78 6 0 8 4  8 .8318 1281 1 6 3 8 4  11.3137 
841 5.3852 79 6 241 8.8882 129 16 641 11.3578 
900 5.4772 80 6 400 8.9443 130 16 900 11.4018 

961 5.5678 81 6 501 9 .0000 131 17 161 11.4455 
I 024 5 .6569 82 6 724 9 .0554 132 17 424 11.4891 
1 089 5 .7440 83 6 889 9.1104 133 17 689 11.5326 
1 t 5 6  5 .8310 84 7 056  9 .1652 134 17 956  11.5758 
1 225 5.9161 85 7 225 9 .2195 135 18 225 111.6190 

1 296 6 .0000 86 7 396 9 .2736 136 18 496 11.6619 
1 369 6.0828 87i  7 569 9 .3274 137 18 769 11.7047 
1 4 4 4  6.1644 88~ 7 7 4 4  9 .3808 138 1 9 0 4 4  11.7473 
1 521 9 .2450 89 7 921 9 ,4340 139 19 321 11.7898 
1 6 0 0  6 .3246 90 8 1 0 0  9 .4868 140 1 9 6 0 0  11.8322 

I 681 6.4031 91 8 281 9 .5394 141 19 881 11.8743 
I 784 6 ,4807 92 8 464 9 .5917 142 20 164 11,9164 
1 8 4 9  6.5574 93 8 6 4 9  9 .6437 143 2 0 4 4 9  11.9583 
1 9 3 6  6.6332 94 8 8 3 6  9 .6954 144 2 0 7 3 6  12.0000 
2 025 6.7082 95 9 025 9 .7468 145 21 025 12.0416 

2 1 1 6  6.7823 96 9 2 1 6  9 .7980 146 2 1 3 1 6  12.0830 
2 2 0 9  8 .8557 97 9 4 0 9  9 .8489 147 2 1 6 0 9  12.1244 
2 304 6.9282 98 9 604 9 .8995 148 21 904 12.1655 
2 4 0 1  7 .0000 99 9 8 0 1  9.9499 149 2 2 2 0 1  12.2066 
2 5 0 0  7.0711 100 1 0 0 0 0  10.0000 150 2 2 5 0 0  12.2474 

S q u a r e  Squa re  No.  Square  S~uare  
Root  ~ o o t  

151 2 2 8 0 1  12.2882 
152 2 8 1 0 4  12.3288 
153 2 3 4 0 9  1 2 3 6 9 8  
154 2 3 7 1 6  12,4097 
155 24 025 12.4499 

156 2 4 3 3 6  12.4900 
157 2 4 6 4 9  12.5806 
158 2 4 9 6 4  12.5698 
159 2 5 2 8 1  12.609~ 
160 2 5 6 0 0  12.6491 

161 2 5 9 2 1  1 2 6 8 8 6  
162 2 6 2 4 4  12.7279 
168 2 6 5 6 9  12.7671 
164 2 6 8 9 6  12,8062 
165 2 7 2 2 5  12.8452 

166 27 556 128841  
167 2 7 8 8 9 !  12.9223 
168 2 8 2 2 4 !  12.9615 
169 2 8 5 6 1  13.0000 
170 2 8 9 0 0  13,0384 

171 i 2 9 2 4 1  i 1 3 0 7 6 7  
1 7 2  2 9 5 8 4  13.1149 
173 29 929 13.1529 
174 30 276 13.1909 
175 3 0 6 2 5  13.2288 

176 30 976 13 2666 
177 3 1 3 2 9  13.3041 
178 3 1 6 8 4  13,3417 
179 3 2 0 4 1  13.3791 
180 3 2 4 0 0  13.4164 

181 3 2 7 6 1  13,4536 
182 3 3 1 2 4  13.49fl7 
183 3 3 4 8 9  13.5277 
184 33 856 13.5647 
185 3 4 2 2 5  13.6015 

186 3 4 5 9 6  13,6382 
187 3 4 9 6 9  13.6748 
188 3 5 3 4 4  13.7113 
189 35 721 13.7477 
190 3610O 13,7840 

191 3 6 4 8 1  13.8203 
192 ~ 6 8 6 4  13 ,8564 
193 3 7 2 4 9  13.8924 
194 3 7 6 3 6  13.9284 
195 3 8 0 2 5  13.9642 

196 3 8 4 1 6  14.0000 
197 3 8 8 0 9  14.0867 
198 3 9 2 0 4  1 4 . 0 7 1 2  
199 39 0o~ 14.1067 
200 40 000  14.1421 

N O T E . - - T o  find the  squa re  root  of numbers  g r ea t e r  t h a n  2000,  look up  t h e  g iven  n u m b e r  in  the  " S q u s z e '  
~olumn and  ob ta in  the  answer  f rom t h e  cor responding  v a l u e  in the  " N o . "  co lumn 

E x a m p l e  / . - - T o  find t h e  squa re  root  of 2174.386.  
Group  t h e  digi ts  in pa i r s  s t a r t i n g  f rom t h e  dec imal  poin t ,  t h u s :  

21 74 .  38  60 
T h e r e  will  a lways  be  one d ig i t  in t he  squa re  roo t  for each group  in the  g iven  number .  Observe tha t  

~he squa re  root  of  t n e  n u m b e r  In t h e  first  g roup  (21) is be tween  4 a n d  5. Refe r r ing  to  t h e  tab le ,  f ind i~ the  
" N o . "  co lumn t h a  two  numbers  ly ing  be tween 400 a n d  500 whose squa res  mos t  nea r ly  equa l  t h e  g iven  number .  
In  th is  eaas the  number s  a re  466 a n d  467. I n t e r p o l a t i n g  a n d  loca t ing  the  dec ima l  po in t  g ives  46.63 for 
the desired squa re  root .  

In  re fe r r ing  to  t h e  tab le ,  numbers  be tween  40 and  50 in the  " N o . "  co lumn m a y  be used as well as these 
betwosn 400 a n J  500, b u t  t h e  l a t t e r  numbers  will  g ive  the  des i red  squa re  root  to one more  significant figure. 

E x a m p l e  2 . - - -To  find t h e  squa re  roo t  of  21743.86.  
Group  t h e  digi t4 in pa i r s  as before :  

~ i~ ~ .  ~'6 
and observe  t h a t  t h e  squa re  root  of  t h e  n u m b e r  in the  f irst  g roup  (2) is be tween  1 and  2. Refer  to the " N o . "  
column of t h e  t a b l e  for number s  ly ing  between 1000 a n d  2000.  In  th is  c ~ e ,  t h e  numbers  are  1474 and 
1475, a n d  i n t e rpo l a t i ng  a n d  l oca t i ng  the  decimal  vo in t  gives 147.46. 
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201-500 SQUARES AND SQUARE ROOTS (Continued) 

N o  

201  
2 0 2  
2 0 3  
2 0 4  
2O5 

2 0 6  
2 0 7  
2 0 8  
2 0 9  
210  

211 
212  
213  
214  
2 1 6  

216 
217 
2 1 8  
219 
220  

221 
222 

S q u a r e  

4 0  401  
40 804 
44 209 
41 616 
42 025 

42 436 
42 849 
43 2 6 4  
4 3  681  
44 10O 

44 521 
44 944 
45 369 
4 5  7 9 6  
46  2 2 5  

4 6  6 5 6  
47 089 
4 7  524 
4 7  961 
48 400 

48  8411 
4 9  2 8 4  

223 4 9  7 2 9  
224  50  1 7 6  
225  50  625  

2 2 6  51 076  
2 2 7  51  5 2 9  
2 2 8  51 984  
229  52 441  
230 52 9 0 0  

231 53 361  
232 53 824  
233  54  2 8 9  
234 5 4  7 5 0  
235  55 2 2 5  

236  55  696 
237  5 6  169 
238  5 6  6 4 4  
239 5 7  121 
240  5 7  6 0 0  

2 4 1  5 8  081 
242 58 5 6 4  
243 59 0 4 9  
2 4 4  59  5 3 6  
2 4 5  6 0  0 2 5  

246 6 0  5 1 6  
247 61 0 0 9  
248  61 5 0 4  
249  62 001 
2 5 0  62 500  

251 63 001 
252  63 504 
253  64 009  
2 5 4  64  5 1 6  
255  65 025 

256  65 536  
257  66 049 
258  66 564 
259  67 081 
260  67  600  

261 68 121 
262  68  6 4 4  
263  69 1 6 9  
264 69 696  
265  70 225  

266  70  756  
267  71 289  
268  71 8 2 4  
269  72 361 
270  72 900  

271 73  441 
272  ~3 984  
273  74 529 
274  75 076  
~ 5  75 625 

S q u a r e  
Root 

14 .1774  
14 .2127  
14 .2478  
14 .2829  
14 .3178  

14 .3527  
14 .3875  
14 ,4222  
1 4 . 4 5 6 8  
1 4 . 4 9 1 4  

1 4 . 5 2 5 8  
14 .5602  
1 4 . 5 9 4 5  
14 .6287  
1 4 . 6 6 2 9  

1 4 . 6 9 6 9  
1 4 . 7 3 0 9  
1 4 . 7 6 4 8  
1 4 . 7 9 8 6  
1 4 . 8 3 2 4  

14 .8661  
1 4 . 8 9 9 7  
1 4 . 9 3 3 2  
1 4 . 9 6 6 6  
15.0000 

1 5 . 0 3 3 3  
1 5 . 0 6 6 5  
1 5 . 0 9 9 7  
1 5 . 1 3 2 7  
1 5 . 1 6 5 8  

1 5 . 1 9 8 7  
15 .2315  
15 .2643  
15 .2971  
15 .3297  

15.362fi  
15 .394~ 
15 .4272  
15 .4596  
15 .4919  

15 .5242  
15 .5563  
15 .588~ 
15 .620~ 
15 .652~ 

15 .6344  
15 .7162  
15.748C 
15 .7797  
15 .8114  

15 .843r  
15.874~ 
15.906C 
15 .9374  
1 5 . 9 6 8 ]  

1 6 . 0 0 0 (  
16.031~ 
16 .0624 
1 6 . 0 9 3 t  
1 6 . 1 2 4 t  

16.155~ 
16.1864 
16.217~ 
16 .248]  
16.2781 

16.309~ 
16 .340]  
16 .370 ;  
16.401~ 
16 .431 ;  

16 .462]  
16.492~ 
16.522~ 
16.5521 
16.583~ 

~0.  

2 7 6 !  
2 7 7  
2 7 8 [  
2 7 9  
2 8 0  

281  
2 8 2  
2 8 3  
2 8 4  
2 8 5  

2 8 6  
2 8 7  
2 8 8  
2 8 9  
2 9 0  

291  
2 9 2  
2 9 3  
2 9 4  
2 9 5  

2 9 6  
2 0 7  
2 9 8  
2 9 9  
3 0 0  

301~ 
3 0 2  
8 0 3  
3 0 4  
3 0 5  

3 0 6  
3 0 7  
3 0 8  
3 0 9  
3 1 0  

311  
3 1 2  
3 1 3  
3 1 4  
3 1 5  

3 1 6  
3 1 7  
3 1 8  
319  
3 2 0  

321  
3 2 2  
3 2 3  
3 2 4  
3 2 5  

3 2 6  
3 2 7  
328 
3 2 9  
330 

331 
8 3 2  
3 3 3  
3 3 4  
335 

3 3 6  
8 3 7  
338 
3 3 9  
340  

341  
8 4 2  
3 4 3  
3 4 4  
3 4 5  

3 4 6  
347 
348  
849 
850  

Square 

76 176 
7 6  729  
77  2 8 4  
77  841  
78 400 

7 8  961 
79  5 2 4  
8 0  0 8 9  
8 0  6 5 6 !  
81 225 I 

83 g 2 , 1  
84  100  

84  6 8 l  
8 5  264 i 
8 5  8 4 9  
86  4 3 6  
87  0 2 5  

87  616 
8 8  2 0 9  
8 8  804  
89  401  
9 0  0 0 0  

9 0  601  
91 2 0 4  
9 l  8 0 9  
92  4 1 6  
93 0 2 5  

93  636  
94  2 4 9  
94  8 6 4  
9 5  481  
96 I00 

96  721 
97  3 4 4  
97  9 6 9  
98  5 9 6  
99  2 2 5  

99  8 5 6  
100  4 8 9  
101 124  
1 0 l  761  
102 400 

103 041 
103 684 
]04 329 
104 976 
105 625 

106 276 
106 929 
107  5 8 4  
1 0 8  241  
1 0 8  9 0 0  

109 561 
1 1 0  2 2 4  
1 1 0  8 8 9  
111 5 5 6  
112  2 2 5  

112 8 9 6  
143  5 6 9  
114  2 4 4  
114  921  
115  6 0 0  

116  281  
116  9 6 4  
117  649  
118  336 
119 025 

119  7 1 6  
120  4 0 9  
121 104  
121 801 
122 500 

S q u a r e  
Roo~  

1 6 . 6 1 3 2  
16 .6433  
1 6 . 6 7 3 3  
16 ,7033  
1 6 . 7 3 3 2  

1 6 . 7 6 3 I  
1 6 . 7 9 2 9  
1 6 . 8 2 2 6  
1 5 . 8 5 2 3  
1 6 . 8 8 1 9  

1 6 . 9 1 1 5  
1 6 . 9 4 1 l  
1 6 . 9 7 0 6  
1 7 . 0 0 0 0  
1 7 . 0 2 9 4  

1 7 . 0 5 8 7  
1 7 . 0 8 8 0  
1 7 . 1 1 7 2  
1 7 . 1 4 6 4  
1 7 . 1 7 5 6  

17 .2047  
1 7 . 2 3 3 7  
1 7 . 2 6 2 7  
1 7 . 2 9 1 6  
1 7 . 3 2 0 5  

17.3494i 
17 .3781  
1 7 . 4 0 6 9  
1 7 . 4 3 5 6 !  
1 7 . 4 6 4 2  1 

1 7 . 4 9 2 9 !  
1 7 . 5 2 1 4  
1 7 . 5 4 9 9  
1 7 . 5 7 8 4  
1 7 . 6 0 6 8  

17 .6352  
1 7 . 6 6 3 5  
1 7 , 6 9 1 8  
1 7 . 7 2 0 0  
1 7 . 7 4 8 2  

1 7 . 7 7 6 4  
1 7 . 8 0 4 5  
1 7 . 8 3 2 6  
1 7 . 8 6 0 6  
1 7 . 8 8 8 5  

1 7 . 9 1 6 5  
1 7 . 9 4 4 4  
1 7 . 9 7 2 2  
1 8 . 0 0 0 0  
1 8 . 0 2 7 8  

1 8 . 0 5 5 5  
18 .0831  
1 8 , 1 1 0 8  
18.1384 
18.1659 

18.1934 
1 8 , 2 2 0 9  
1 8 . 2 4 8 3  
1 8 . 2 7 5 7  
18.3030 

1 8 . 3 3 0 3  
1 8 . 3 5 7 6  
1 8 , 3 8 4 8  
1 8 . 4 1 2 0  
18 .4391  

1 8 . 4 6 6 2  
1 8 . 4 9 3 2  
1 8 . 5 2 0 3  
1 8 . 5 4 7 2  
1 8 . 5 7 4 2  

18 .6011  
1 8 . 6 2 7 9  
1 8 . 6 5 4 8  
1 8 . 6 8 1 5  
18.7083 

351 
352 
353 
354 
355 

356 
357 
358 
) 5 9  
360 

361 
~62 
363 
~64 
365 

366 
367 
368 
369 
37O 

371 
372 
373 
374 
375 

376  
377  
378  
379  
380  

381 
382  
383  
384  
385  

3 8 6  
3~7 
3 8 8  
3 8 9  
3 9 0  

391  
3 9 2  
3 9 3  
3 9 4  
3 9 5  

3 9 6  
3 9 7  
3 9 8  
3 9 9  
400 

401  
4 0 2  
4 0 3  
4 0 4  
405 

4 0 6  
4 0 7  
4 0 8  
4 0 9  
4 1 0  

411  
4 1 2  
4 1 3  
4 1 4  
4 1 5  

4 1 6  
4 1 7  
4 1 8  
4 1 9  
4 2 0  

421  
4 2 2  
423 
4 2 4  
4 2 5  

quaro 

123 201  
[23 9 0 4  
[24 609  
[25 3 1 6  
126 0 2 5  

[26 7 3 6  
L27 4 4 9  
L28 164 
L28 8 8 I  
[29  600  

[30 321 
[31 044 
[31 769 
[32 496 
[33 225 

[33 956 
[34 689  
135 424  
136 161 
[36  9 0 0  

[37  641 
[38  3 8 4  
[39  129 
[39  8 7 6  
[40  6 2 5  

[41 3 7 6  
[42  129  
142 8 8 4  
[43  641  
I 4 4  4001  

145 161 
145 924  
146 689  
147 4 5 6  
148 2 2 5  

148 9 9 6  
149 769  
150 544  
151 321  
152 lO0 

152 881 
153 6 6 4  
154 4 4 9  
155 2 3 6  ~ 
156  0 2 5  

156  8 1 6  
157 609  
158  4 0 4  
159 201 
160  0 0 0  

160  801 
161 6 0 4  
162 4 0 9  
163  2 1 8  
1 6 4  0 2 5  

164 8 3 6  
165  649  
166 4 6 4  
167  281 
168  100  

168  921 
169  744  
170  569  
171 3 9 6  
172 225 

173 0 5 6  
173 8 8 9  
174 7 2 4  
175  561 
176  4 0 0  

177 241  
1 7 8  0 8 4  
178 9 2 9  
179  776 
180 6 2 5  

S q u a r e  
Root 

I S . 7 3 5 0  
1 8 . 7 6 1 7  
18 .7883  
18 .8149  
1 8 . 8 4 1 4  

1 8 . 8 6 8 0  
1 8 . 8 9 4 4  
18 .9209  
1 8 . 9 4 7 3  
1 8 . 9 7 3 7  

1 9 . 0 0 0 0  
1 9 . 0 2 6 3  
1 9 . 0 5 2 6  
1 9 . 0 7 8 8  
1 9 . 1 0 5 0  

19 .1311  
19 .1572  
1 9 . I 8 3 3  
1 9 . 2 0 9 4  
1 9 . 2 3 5 4  

1 9 . 2 6 1 4  
19 .2873  
1 9 . 3 1 3 2  
19 .3391  
1 9 . 3 6 4 9  

1 9 . 3 9 0 7  
I 9 . 4 1 6 5  
1 9 . 4 4 2 2  
1 9 . 4 6 7 9  
1 9 . 4 9 3 6  

] 9 . 5 1 9 2  
1 9 . 5 4 4 8  
1 9 . 5 7 0 4  
1 9 . 5 9 5 9  
1 9 . 6 2 1 4  

1 9 . 6 4 6 9  
19 .6723  
1 9 . 6 9 7 7  
19 .7231  
1 9 . 7 4 8 4  

1 9 . 7 7 3 7  
1 9 . 7 9 9 0  
1 9 . 8 2 4 2  
1 9 . 8 4 9 4  
1 9 . 8 7 4 6  

19 .8997  
1 9 . 9 e 4 9  
19 .9499  
19 .9750  
2 0 . 0 0 0 0  

2 0 . 0 2 5 0  
2 0 . 0 4 9 9  
2 0 . 0 7 4 9  
2 0 . 0 9 0 8  
2 0 . 1 2 4 6  

2 0 . 1 4 9 4  
2 0 . 1 7 4 2  
2 0 . 1 9 9 6  
2 0 . 2 2 3 7  
20 .248~  

2 0 . 2 7 3 1  
20 .2978  
20 .3224  
20.347C 
20 .371~  

20 .3961  
20 .420~ 
20.445C 
20 .469~ 
20 .493~ 

20 .518~ 
2 0 . 5 4 2 (  

i 2 0 . 5 6 7 f  
20.591~ 
20 .615s  

~0. ] q u a r e  S q u a r e  
R o o t  

t 2 6  181 4 7 6  2 0 . 6 3 9 8  
t 2 7  182  3 2 9  2 0 . 6 6 4 0  
128 183 184 2 0 . 6 8 8 2  
429 184 041 2 0 . 7 1 2 3  
430 184  9 0 0  2 0 . 7 3 6 4  

4 3 l  185  7 6 1 ]  2 0 . 7 6 0 5  
~32 186  6 2 4  2 0 . 7 8 4 6  
t 3 3  187  4 8 9 [ 2 0 . 8 0 8 7  
434 188  3 5 6  2 0 . 8 3 2 7  
t 3 5  I 189  2 2 5  2 9 . 8 5 6 7  

436 I 190  0 9 6  2 6 . 8 8 0 6  
137 190  9 6 9  2 0 . 9 0 4 5  
438 I 191 844  t 2 0 . 9 2 8 4  
439 ] 192 721  I 2 0 . 9 5 2 3  
i 4 0  I 193  6 0 0  I 2 0 , 9 7 6 2  

I 
441 I 194  481  2 1 . 0 0 0 0  
142 495 3 6 4  2 1 . 0 2 3 8  
443 1 9 6  2 4 9 1 2 1 . 0 4 7 6  
444 197 136 2 1 . 0 7 1 3  
445 198 0 2 5  2 1 . 0 9 5 0  

t 4 6  198  9 1 6  2 1 . 1 1 8 7  
447 199 8 0 9  2 1 . 1 4 2 4  
448 2 0 0  7 0 4  2 1 . 1 6 6 0  
449 201 601 2 1 . 1 8 9 6  
450 202 500 2 1 . 2 1 3 2  

451 2 0 3  404  2 1 . 2 3 6 8  
452 2 0 4  3 0 4  2 1 , 2 6 0 3  
453 2 0 5  2 0 9  2 1 . 2 8 3 8  
454 2 0 6  116 2 1 . 3 0 7 3  
455 2 0 7  0 2 5  2 1 . 3 3 0 7  

456  2 0 7  936  2 1 . 3 5 4 2  
457  2 0 8  849  2 1 . 3 7 7 6  
458  2 0 9  764  2 1 . 4 0 0 9  
459 2 1 0  681 2 1 . 4 2 4 3  
460  211 606  2 1 . 4 4 7 6  

461 2 1 2  521 2 1 . 4 7 0 9  
462  2 1 3  444  2 1 . 4 9 4 2  
463  2 1 4  369  2 1 . 5 1 7 4  
464  2 1 5  296  2 1 . 5 4 0 7  
4 6 5  2 1 6  225  2 1 . 5 6 3 9  

4 6 6  2 1 7  156 2 1 . 5 8 7 0  
4 6 7  2 1 8  089  2 1 . 6 1 0 2  
4 6 3  2 1 9  024 2 1 . 6 3 3 3  
4 6 9  2 1 9  961  2 1 . 6 5 6 4  
4 7 0  2 2 0  9 0 0  l 2 1 . 6 7 9 5  

471 221 841 2 1 . 7 0 2 5  
472  2 2 2  784 2 1 . 7 2 5 6  
4 7 3  2 2 3  72fl 2 1 . 7 4 8 6  
4 7 4  2 2 4  676 2 1 . 7 7 1 5  
4 7 5  2 2 5  626 21 .7945  

4 7 6  2 2 6  576 ! 2 1 . 8 1 7 4  
4 7 7  2 2 7  52fl 2 1 . 8 4 0 3  
478 2 2 8  484 21 .8632  
4 7 9  2 2 9  4 4 1 1  2 1 . 8 8 6 1  
480  2 3 0  40C 21 .9089  

481  231  3 6 !  2 1 . 9 3 1 7  
4 8 2  2 3 2  824 21 .9545  
483  2 3 3  28~ 21.9773 
4 8 4  2 3 4  2 5 (  22 .0000  
485~ 2 3 5  22~ 22 .0227  

4 8 6  2 3 0  191 22 .0454  
4 8 7  2 3 7  16f  22 .0681  
4 8 8  2 3 8  1 4 4 !  2 2 . 0 9 0 7  
4 8 9  2 3 9  1 2 1  2 2 . 1 1 3 3  
490 240  101 22 .1359  

491  241  0 8 1  22 .1585  
492 242 064 22 .1811 
493 2 4 3  04!  22 .2036  
494 244 03i  22 .2261 
495 245 02s 22 .2486  

490 2 4 6  0 I (  2 2 . 2 7 1 1  
497 247  00i 22 .2935  
498 248  004 22 .3159  
499 249 00! 22 .$383  
6 0 0  2 5 0  0 0 0  2 ~ 6 L ' 7  
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TABLES O F  S Q U A R E S  AND SQUARE R o o ~ s  1 2 3  

S Q U A R E S  A N D  S Q U A R E  R O O T S  (Continued) 501--800 

No.  S q u a r e  S q u a r e  
R o o t  

501  2 5 1 0 0 1  2 2 . 3 8 3 0  
5 0 2  2 5 2  0 0 4  2 2 . 4 0 5 4  
5 0 3  2 5 3  0 0 9  22.4277 
504 2 5 4  0 1 6  2 2 . 4 4 9 9  
5 0 5  2 5 5  0 2 5  2 2 . 4 7 2 2  

505 256 0 3 6  22.4944 
507  257  0 4 9  2 2 . 5 1 6 7  
5 0 8  2 5 8  0 6 4  2 2 . 5 3 8 9  
5 0 9  2 5 9  081 2 2 . 5 6 1 0  
5 1 0  2 6 0  lO0  2 2 . 5 8 3 2  

511 261  121 1 2 2 . 6 0 5 3  
512  2 6 2  144 2 2 . 6 2 7 4  
5 1 3  2 6 3  169  2 2 . 6 4 9 5  
514  2 6 4  196  ] 2 2 . 6 7 1 6  
5 1 5  2 6 5  2 2 5  I 2 2 . 6 9 3 6  

5 1 6  2 6 5  2 5 6  ! 2 2 , 7 1 5 6  
5 1 7  2 6 7  2 8 9  2 2 . 7 3 7 6  
5 1 8  2 6 8  3 2 4  2 2 . 7 5 9 6  
5 1 9  2 5 9  3 6 1  2 2 . 7 8 1 6  
5 2 0  2 7 0  4 0 0  2 2 . 8 0 3 5  

521 271  441  2 2 . 8 2 5 4  
5 2 2  2 7 2  4 8 4  2 2 . 8 4 7 3  
523  2 7 3  5 2 9  2 2 . 8 6 9 2  
5 2 4  2 7 4  5 7 6  2 2 . 8 9 1 0  
5 2 5  2 7 5  0 2 5  22.9129 

526 276  6 7 6  2 2 . 9 3 4 7  
527 2 7 7  7 2 9  2 2 . 9 5 6 5  
528 278 7 8 4  2 2 . 9 7 8 3  
5 2 9  2 7 9  841  2 3 . 0 0 0 0  
530 2 8 0  9 0 0  2 3 . 0 2 1 7  

5311 281  961  2 3 . 0 4 3 4  
5 3 2 [  2 8 3  0 2 4  2 3 . 0 6 5 1  
5331 2 8 4  0 8 9  23 ,086f l  
5 3 4  285  156 2 3 . 1 0 8 4  
535 286  2 2 5  2 3 . 1 3 0 1  

5 3 6 i  2 8 7  2 9 6  2 3 . 1 5 1 7  
5 3 7 :  2 8 8  3 6 9 !  2 3 , 1 7 3 3  
5 3 8  2 8 9  4 4 4 : 2 3 . 1 9 4 8  
5 3 9  2 9 0  5 2 t ]  2 3 . 2 1 0 4  
540 2 9 1  6 0 0  2 3 . 2 3 7 9  

541 2 9 2 . 5 8 1  2 3 . 2 5 9 4  
542 293 764 2 3 . 2 8 0 9  
543 2 9 4  8 4 9 ,  2 3 . 3 0 2 4  
544 2 9 5  9 3 6 [  2 3 . 3 2 3 8  
5 4 5  2 9 7  0 2 5  2 3 . 3 4 5 2  

5 4 6  2 9 8  115  2 3 . 3 6 6 6  
5 4 7  2 9 9  2 0 9  2 3 . 3 8 8 0  
5 4 8  3 0 0  3 0 4  2 3 , 4 0 9 4  
549 301 4 0 1  2 3 . 4 3 0 7  
550  302 5 0 0  2 3 . 4 5 2 1  

551 3 0 3  601 2 3 . 4 7 3 4  
552 3 0 4  7 0 4  2 3 . 4 9 4 7  
5 5 3  3 0 5  8 0 9  2 3 , 5 1 6 0  
554 300  9 1 6  2 3 . 5 3 7 2  
555 3 0 8  0 2 5  2 3 . 5 5 8 4  

550 3 0 9 ' 1 3 6  2 3 . 5 7 9 7  
557 3 1 0  2 4 9  2 3 . 0 0 0 8  
558 311  3 5 4  23.6220 

N o .  S q u a r e  S q u a r e  1~o. S q u a r e  S q u a r e  
R o o t  R o o t  

--I 5 7 6  331  7 7 6  2 4 . 0 0 0 0  651 4 2 3  801 2 5 . 5 1 4 7  
577 1 332 929 24.0208 652 425 104 I 25.5343 
578 3 3 4  0 8 4  2 4 . 0 4 1 5  6 5 8  4 2 6  4 0 9  I 25.5539 
5 7 9  3 3 5  241  2 4 . 0 6 2 4  0 5 4  4 2 7  7 1 6  ] 2 5 . 5 7 3 4  
5 8 0  3 3 6  4 0 0  2 4 . 0 8 3 2  655  4 2 9  0 2 5  [ 2 5 . 5 9 3 0  

I 
581 3 3 7  561 2 4 . 1 0 3 9  6 5 6  4 3 0  3 3 6  [ 2 5 . 6 1 2 5  
5 8 2  3 3 8  7 2 4  2 4 . 1 2 4 7  6 5 7  i 431  6 4 9  ] 2 5 . 6 3 2 0  
5 8 3  3 3 9  889  2 4 . 1 4 5 4  6 5 8  i 4 3 2  9 6 4  [ 2 5 . 6 5 1 5  
5 8 4  341  0 5 6  2 4 . 1 6 6 1  6 5 9  4 3 4  281 | 2 5 . 5 7 1 0  
5 8 5  3 4 2  2 2 5  2 4 . 1 8 6 8  6 6 0  4 3 5  6 0 0  J 2 5 . 6 9 0 5  

5 8 6  3 4 3  3 9 0  2 4 . 2 0 7 4  601 : 4 3 6  921  I 2 5 . 7 0 9 9  
5 8 7  3 4 4  5 6 9  2 4 . 2 2 8 1  662  i 4 3 8  2 4 4  [ 2 5 . 7 2 9 4  
5 8 8  3 4 5  7 4 4  2 4 . 2 4 8 7  6 6 3  I 4 3 9  5 6 9  [ 2 5 . 7 4 8 8  
5 8 9  3 4 6  921 2 4 . 2 6 9 3  6 6 4  4 4 0  8 9 6  [ 2 5 . 7 6 8 2  
5 9 0  3 4 8  lO0  2 4 . 2 8 9 9  6 6 5  i 4 4 2  2 2 5  ] 2 5 . 7 8 7 6  

591 3 4 9  281  2 4 . 3 1 0 5  6 6 6  i 4 4 3  5 5 6  [ 2 5 . 8 0 7 0  
5 9 2  3 5 0  4 6 4  2 4 . 3 3 1 1  6 6 7  4 4 4  8 8 9  [ 2 5 . 8 2 6 3  
5 9 3  351  6 4 9  2 4 . 3 5 1 6  6 6 8  4 4 6  2 2 4  | 2 5 . 8 4 5 7  
5 9 4  3 5 2  8 3 0  2 4 . 3 7 2 1  6 6 9  I 4 4 7  5 6 ]  I 2 5 . 8 6 5 0  
5 9 5  3 5 4  0 2 5  24. ' :3926 6 7 0  i 4 4 8  9 0 0  ] 2 5 . 8 8 4 4  

I 
5 9 6  3 5 5  2 1 6  2 4 . 4 1 3 1  671 I 4 5 0  241  [ 2 5 . 9 0 3 7  
5 9 7  3 5 6  4 0 9  2 4 . 4 3 3 6  6 7 2  451  5 8 4  | 2 5 . 9 2 3 0  
5 9 8  3 5 7  6 0 4  2 4 . 4 5 4 0  6 7 3  4 5 2  9 2 9  [ 2 5 . 9 4 2 2  
5 9 9  3 5 8  801 2 4 . 4 7 4 5  6 7 4  ; 454 276  1 2 5 . 9 6 1 5  
6 0 0  3 6 0  0 0 0  2 4 . 4 9 4 9  6 7 5  i 4 5 5  6 2 5  [ 2 5 . 9 8 0 8  

i ! 
601 361 201  2 4 . 5 1 5 3  6 7 6  4 5 6  9 7 6  1 2 6 . 0 0 0 0  
6 0 2  3 6 2  4 0 4  2 4 . 5 3 5 7  6 7 7  4 5 8  3 2 9  | 2 6 . 0 1 9 2  
6 0 3  3 6 3  6 0 9  2 4 . 5 5 0 1  6 7 8  4 5 9  6 8 4  ] 2 0 . 0 3 8 4  
6 0 4  3 6 4  8 1 6  2 4 . 5 7 6 4  6 7 9  461  041  | 2 6 . 0 5 7 6  
6 0 5  3 6 6  0 2 5  2 4 . 5 9 6 7  6 8 0  4 6 2  4 0 0  [ 2 6 . 0 7 6 8  

! 
6 0 6  3 6 7  2 3 6  2 4 . 6 1 7 1  681 4 6 3  761 I 2 6 . 0 9 6 0  
6 0 7  3 6 8  4 4 9  2 4 . 0 3 7 4  6 8 2  4 6 5  124 [ 2 0 . 1 1 5 1  
6 0 8  3 6 9  6 6 4  2 4 . 6 5 7 7  6 8 3 ,  4 6 6  4 8 9  | 2 6 . 1 3 4 3  
6 0 9  3 7 0  881 2 4 . 6 7 7 9  6 8 4  I 4 6 7  8 5 6  ] 2 6 . 1 5 3 4  
610 3 7 2  100  2 4 . 6 9 8 2  6 8 5  j 4 0 9  2 2 5  I 2 6 . 1 7 2 5  

] 
611  3 7 3  321  2 4 . 7 1 8 4  6 8 6  4 7 0  5 9 6 l  2 6 . 1 9 1 0  
6 1 2  3 7 4  5 4 4  2 4 . 7 3 8 6  6 8 7  4 7 1  9 6 9  | 2 6 , 2 1 0 7  
6 1 3  3 7 5  7 6 9  2 4 , 7 5 8 8  6 8 8  4 7 3  3 4 4  [ 2 0 . 2 2 9 8  
6 1 4  3 7 6  9 9 6  2 4 . 7 7 9 0  6 8 9  4 7 4  721  • 2 6 . 2 4 8 8  
6 1 5  3 7 8  2 2 5  2 4 . 7 9 9 2  6 9 0  4 7 6  1 0 0 [  2 6 . 2 6 7 9  

I 
6 1 6  3 7 9  4 5 6  2 4 . 8 1 9 3  691 4 7 7  4 8 1 [  2 6 , 2 8 6 9  
6 1 7  3 8 0  6 8 9  2 4 . 8 3 9 5  6 9 2  4 7 8  8 6 4  / 2 6 . 3 0 5 9  
618 381 9 2 4  2 4 . 8 5 ~ 6  '693 4 8 0  2 4 9  [ 2 6 . 3 2 4 9  
6 1 9  3 8 3  101 2 4 . 8 7 9 7  6 9 4  481  6 3 6  [ 2 6 . 3 4 3 9  
6 2 0  3 8 4  4 0 0  2 4 . 8 9 9 8  6 9 5  4 8 3  0 2 5 ]  2 0 , 3 6 2 9  

l 
621 3 8 5  641 2 4 . 6 1 9 9  6 9 6  4 8 4  4 1 6 [  2 6 . 3 8 1 8  
622 3 8 6  8 8 4  2 4 . 9 3 9 9  697  4 8 5  8 0 9 /  2 6 . 4 0 0 8  
6 2 3  3 8 8  129 2 4 . 9 6 0 0  0 9 8  4 8 7  2 0 4  | 2 6 . 4 1 9 7  
6 2 4  3 8 9  3 7 0  2 4 . 9 8 0 0  6 9 9  4 8 8  601 [ 2 6 . 4 3 8 6  
6 2 5  3 9 0  625  2 5 . 0 0 0 0  7 0 0  4 9 0  0 0 0  1 2 0 . 4 5 7 5  

/ 
6 2 6  391  8 7 6  2 5 . 0 2 0 0  701 491  401  [ 2 6 . 4 7 6 4  
6 2 7  3 9 3  129  2 5 . 0 4 0 0  7 0 2  4 9 2  8 0 4  [ 2 6 . 4 9 5 3  
6 2 8  3 9 4  3 8 4  2 5 . 0 5 9 9  703  4 9 4  2 0 9  | 2 6 . 5 1 4 1  
6 2 9  3 9 5  641 2 5 . 0 7 9 9  7 0 4  4 9 5  6 1 6 [  2 0 . 5 3 3 0  
6 3 0  3 9 6  9 0 0  2 5 . 0 9 9 8  7 0 5  4 9 7  0 2 5 [  2 6 . 5 5 1 8  

I 
031  3 9 8  151 2 5 . 1 1 9 7  7 0 6  4 9 8  4 3 6 /  2 6 . 5 7 0 7  
6 3 2  3 9 9  4 2 4  2 5 . 1 3 9 6  7 0 7  4 9 9  8 4 9  [ 2 6 . 5 8 9 5  
633  4 0 0  689  2 5 . 1 5 9 5  7 0 8  501 2 6 4  / 2 6 . 6 0 8 3  

401 9 5 6  2 5 . 1 7 9 4  7 0 9  5 0 2  6 8 1 |  2 6 , 6 2 7 1  
4 0 3  2 2 5  2 5 . 1 9 9 2  7 1 0  5 0 4  100 1 2 6 . 6 4 5 8  

4 0 4  4 9 6  2 5 . 2 1 9 0  711 5 0 5  5 2 1 |  2 6 . 6 6 4 6  
4 0 5  7 6 9  2 5 . 2 3 8 9  7 1 2  5 0 6  9 4 4 1  2 6 . 6 8 3 3  
4 0 7  0 4 4  2 5 . 2 5 8 7  7 1 3  5 0 8  3 6 9 1  2 6 . 7 0 2 1  
4 0 8  321 2 5 . 2 7 8 4  7 1 4  5 0 9  7 9 6 /  2 6 . 7 2 0 8  
4 0 9  6 0 0  2 5 . 2 9 8 2  7 1 5  511 2 2 5 ]  2 0 . 7 3 9 5  

! 
641  4 1 0  881  2 5 . 3 1 8 0  7 1 6  512  6 5 6 [  2 6 . 7 5 8 2  
6 4 2  4 1 2  164 2 5 . 3 3 7 7  7 ] 7  514  0 8 9 [  2 6 . 7 7 6 9  
643  4 1 3  4 4 9  2 5 . 3 5 7 4  7 1 8  5 1 5  5 2 4 /  2 6 , 7 9 5 5  
6 4 4  4 1 4  7 3 6  2 5 . 3 7 7 2  719  5 1 6  9 6 1 |  2 6 . 8 1 4 2  
6 4 5  4 1 6  0 2 5  2 5 . 3 9 6 9  7 2 0  5 1 8  4 0 0 ]  2 0 . 8 3 2 8  

[ 
6 4 6  I 4 1 7  3 1 6  2 5 . 4 1 6 5  721  5 1 9  8 4 I  / 2 6 . 8 5 1 4  
6 4 7  ] 4 1 8  6 0 9  2 5 . 4 3 6 2  7 2 2  521 2 8 4 ]  2 6 . 8 7 0 1  
6 4 8  ~ 4 1 9  9 0 4  2 5 . 4 5 5 8  7 2 3  5 2 2  7 2 9 |  2 5 . 8 8 8 7  
6 4 9  421  201 2 5 . 4 7 5 5  724  5 2 4  I 7 6 |  2 6 . 9 0 7 2  

4 2 2  5 0 0  7 2 5  [ 5 5 0  2 5 . 4 9 5 1  5 2 5  5 2 5 |  2 6 . 9 2 5 8  

559 
56O 

561 
562 
563 
564 
565 

550 
507 
5 6 8  
509 
570  

571  
572 
573 
574 
575 

3 1 2  4 8 1  2 3 . 6 4 3 2 1  6 3 4  
3 1 3  6 0 0  2 3 . 6 6 4 3  6 3 5  

3 1 4  721  2 3 . 6 8 5 4  6 3 6  
315 844 23.7005 637 
3 1 6  9 6 9  2 3 . 7 2 7 5  6 3 8  
3 1 8  0 9 6  23.7487 639  
3 1 9  2 2 5  2 3 . 7 6 9 7  640  

3 2 0  3 5 6  2 3 . 7 9 0 8  
321  4 8 9  2 3 . 8 1 1 8  
322 624 2 3 . 8 3 2 8  
3 2 3  761 2 3 . 8 5 3 7  
3 2 4  9 0 0  2 3 . 8 7 4 7  

326 041 23.8956 
3 2 7  184 2 3 , 9 1 6 5  
3 2 8  3 2 9  2 3 . 9 3 7 4  
3 2 9  4 7 6  2 3 . 9 5 8 3  
3 3 0  6 2 5  2 3 , 9 7 9 2  

N o .  S q u a r e  S q u a r e  
R o o t  

7 2 6  5 2 7  0 7 6  2 6 . 9 4 4 4  
7 2 7  5 2 8  5 2 9  2 6 . 9 6 2 9  
7 2 8  529 984 26.9815 
7 2 9  531  441 2 7 . 0 0 0 0  
730 532 900 27.0]85 

731 534 361 2 7 . 0 3 7 0  
7 3 2  5 3 5  8 2 4  27.0555 
7 3 3  5 3 7  2 8 9  2 7 . 0 7 4 0  
734  5 3 8  7 5 6  2 7 . 0 9 2 4  
7 3 5  5 4 0  225 2 7 . 1 1 0 9  

7 3 6  541  6 9 6  2 7 . 1 2 9 3  
737 543 169 27.1477 
738 544 644 127.1662 
7 3 9  5 4 6  121 2 7 . 1 8 4 5  
740 547 600 27.2029 

741 5 4 9  081 2 7 . 2 2 1 3  
7 4 2  5 5 0  5 6 4  2 7 . 2 3 9 7  
7 4 3  552 0 4 9  2 7 . 2 5 8 0  
7 4 4  5 5 3  5 3 6  2 7 . 2 7 6 4  
7 4 5  5 5 5  0 2 5  2 7 . 2 9 4 7  

7 4 6  5 5 6  5 1 6  2 7 . 3 1 3 0  
7 4 7  5 5 8  0 0 9  2 7 . 3 3 1 3  
7 4 8  5 5 9  5 0 4  2 7 . 3 4 9 6  
749 561 001  27 .3679  
750 562 500 27.3861 

751  5 6 4  001  27 .4044  
7 5 2  5 6 5  5 0 4  27 .4226  
753 5 6 7  0 0 9  27 .4408  
7 5 4  5 6 8  5 1 0  2 7 . 4 5 9 1  
7 5 5  5 7 0  0 2 5  2 7 . 4 7 7 3  

756 571 536 ! 2 7 . 4 9 5 5  
7 5 7  5 7 3  0 4 9  i 2 7 . 5 1 3 6  
7 5 8  5 7 4  5 6 4  27 .5318  
7 5 9  5 7 6  081  1 2 7 . 8 5 0 0  
760 5 7 7  6 0 0  27.5681 

761 579 121 2 7 . 8 8 0 2  
762 580 644 27.6043 
7 5 3  582 169  27,6225 
7 6 4  583 6 9 6  27 .6405  
765 585 225 27 .0586  

7 6 6 ]  5 8 6  7 5 0  27.6767 
7 6 7  5 8 8  2 8 9  27 .6948  
7 6 8  5 8 9  8 2 4  27 .7128  
769 591 361 27 .7308  
770 592 900 27 .7489  

771 5 9 4  441 27 .7669  
7 7 2  5 9 5  9 8 4  2 7 . 7 8 4 9  
773  5 9 7  5 2 9  27 .8029  
7 7 4  5 9 9  076 27 .8209  
775 6 0 0  6 2 5  2 7 . 8 3 8 8  

776 602 170 27 .8568  
7 7 7  603 729 27 .8747  
778 605 2 8 4  2 7 . 8 9 2 7  
779 6 0 6  8 ~ I  2 7 . 9 1 0 6  
780 608 400 27 .9285  

781  6 0 9  961 27.9464 
7 8 2  011  5 2 4  27 .9643  
783  i 6 1 3  0 8 9  27.9821 
784 614 656 28.0000 
785 616 225 28.0179 

786 617 796 28 0357 
7 8 7  0 1 9  3 6 9  28 .0535  
7 8 8  6 2 0  9 4 4  28 .0713  
7 8 9 ;  0 2 2  521  28.0891 
7 9 0  6 2 4  I 0 0  28 .1069  

791 6 2 5  681 2 8 . 1 2 4 7  
7 9 2  6 2 7  2 6 4  2 8 . 1 4 2 5  
793  6 2 8  8 4 9  2 8 . 1 6 0 3  
7 9 4  6 3 0  4 3 6  2 8 . 1 7 8 0  
7 9 5  6 3 2  0 2 5  2 8 . 1 9 5 7  

7 9 6  6 3 3  6161 28 .2135  
797 635 2 0 9  28 .2312  
7 9 8  6 8 6  8041  28 .2489  
7 9 9  6 3 8  4 0 1  2 8 . 2 6 6 8  
800 640 000 28 .2843  
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124 ASTM MANUAL ON QUALITY CONTROL OF MATERIALS 

801-1100 S Q U A R E S  A N D  S Q U A R E  R O O T S  (Cont inued)  

I N O .  S q u a r e  S q u a r e  N o .  S q u a r e  S q u a r e  N o .  S q u a r e  S q u a r e  N o .  S q u a r e  S q u a r e  
R o o t  I { o o t  R o o t  ! ~ o o t  

30,8383 801  
8 0 2  
8 0 3  
8 0 4  
8 0 5  

8 0 6  
8 0 7  
8 0 8  
8 0 9  
8 1 0  

811  
8 1 2  
8 1 3  
8 1 4  
8 1 5  

8 1 6  

641  601  
6 4 3  2 0 4  
6 4 4  8 0 9  
6 4 6  4 1 6  
6 4 8  0 2 5  

6 4 9  6 3 6  
651  2 4 9  
6 5 2  8 6 4  
6 5 4  481  
6 5 6  100  

657  721  
6 5 9  3 4 4  
6 6 0  9 6 9  
662  5 9 6  
6 6 4  2 2 5  

6 6 5  8 5 6  
8 1 7  6 6 7  4 8 9  
818 6 6 9  124 
819 670 761 
820: 672 4 0 0  I 

821 674 041] 
8 2 2  6 7 5  6 8 4 ]  
8 2 3  6 7 7  3 2 9  I 
8 2 4  6 7 8  9 7 6  
8 2 5  6 8 0  6 2 5  

8 2 6  6 8 2  2 7 6  
8 2 7  6 8 3  9 2 9  
8 2 8  685  584  
8 2 9  687  241 
8 3 0  6 8 8  9 0 0  

831  6 9 0  561 
8 3 2  6 9 2  2 2 4  
8 3 3  6 9 3  8 8 9  
8 3 4  6 9 5  5 5 6  
8 3 5  6 9 7  2 2 5  

836 6 9 8  8 9 6  
8 3 7  7 0 0  5 6 9  
8 3 8  702  2 4 4  
8 3 9  703  921  
8 4 0  7 0 5  6 0 0  

8 4 1  
8 4 2  
8 4 3  
8 4 4  
8 4 5  

8 4 6  
8 4 7  
8 4 8  
8 4 9  
8 5 0  

8 5 1  
8 5 2  
8 5 3  
8 5 4  
8 5 5  

856 
8 5 7  
3 5 8  
859 
8 6 0  

861 
862 
863 
8 6 4  
865 

866 
867 
868 
8 6 9  
870 

871 
872 
873 
874 
875 

2 8 . 3 0 1 9  
2 8 . 3 1 9 6  
2 8 . 3 3 7 3  
2 8 . 3 5 4 9  
2 8 . 3 7 2 5  

2 8 . 3 9 0 1  
2 8 . 4 0 7 7  

2 8 . 4 2 5 3  
2 8 . 4 4 2 9  
1 2 8 . 4 6 0 5  
i 

2 8 . 4 7 8 1  
2 8 . 4 9 5 6  
2 8 . 5 1 3 2  
2 8 . 5 3 0 7  

i 2 8 , 5 4 8 2  

2 8 . 5 6 5 7  
2 8 . 5 8 3 2  
2 8 . 6 0 0 7  
2 8 . 6 1 8 2  
2 8 . 6 3 5 6  

2 8 . 6 5 3 ]  
2 8 . 6 7 0 5  
2 8 . 6 8 8 0  
2 8 . 7 0 5 4  
2 8 . 7 2 2 8  

2 8 . 7 4 0 2  
2 8 . 7 5 7 6  
2 8 . 7 7 5 0  
2 8 . 7 9 2 4  
2 8 . 8 0 9 7  

2 8 . 8 2 7 1  
2 8  8 4 4 4  
28  8 6 1 7  
2 8  8791  
2 8 . 8 9 6 4 ,  

2 8 . 9 1 3 7  
2 8 . 9 3 1 0  
2 8 . 9 4 8 2  
2 8 . 9 6 5 5  
2 8 . 9 8 2 8  

7 0 7  281  2 9 . 0 0 0 0 '  
7 0 8  964 29.0172 
710 649 29.0345 
7 1 2  3 3 6  2 9 . 0 5 1 7  
7 1 4  0 2 5  2 9 . 9 6 8 9  

7 1 5  7 1 6  2 9 . 0 8 6 1  
7 1 7  4 0 9  2 9 . 1 0 3 3  
7 1 9  104  2 9 . 1 2 0 4  
7 2 0  801  2 9 . 1 3 7 6  
722 5 0 0  2 9 . 1 5 4 8  

7 2 4  201  2 9 . 1 7 1 9  
725 9 0 4  2 9 . 1 8 9 0  
7 2 7  6 0 9  2 9 . 2 0 6 2  
7 2 9  3 1 6  2 9 . 2 2 3 3  
731 0 2 5  2 9 . 2 4 0 4  

732 7 3 6  2 9 . 2 5 7 5  
7 3 4  4 4 9  2 9 . 2 7 4 6  
7 3 6  164  2 9 . 2 9 1 6  
7 3 7  881 2 9 . 3 0 8 7  
7 3 9  6(10 2 9 . 3 2 5 8  

741  321  2 9 . 3 4 2 8  
743  0 4 4  2 9 . 3 5 9 8  
7 4 4  769  2 9 . 3 7 6 9  
7 4 6  4 9 6  2 9 . 3 9 3 9  
748 2 2 5  2 9 . 4 1 0 9  

7 4 9  9 5 6  2 9 . 4 2 7 9  
751  6 8 9  2 9 . 4 4 4 9  
753 4 2 4  2 9 . 4 6 1 8  
7 5 5  161 2 9 . 4 7 8 8  
756 9 0 0  2 9 . 4 9 5 8  

758 641  2 9 . 5 1 2 7  
7 6 0  3 8 4  2 9 . 5 2 9 6  
762 129  2 9 . 5 4 6 6  
763 876 2 9 . 5 6 3 5  
765 625 I 2 9 . 5 8 0 4  

8 7 6  
8 7 7  
8 7 8  
8 7 9  
8 8 0  

8 8 1  
8 8 2  
8 8 3  

7 6 7  3 7 6  
7 6 9  129  
7 7 0  8 8 4  
7 7 2  641 
7 7 4  4 0 0  

7 7 6  161 
7 7 7  9 2 4  
7 7 9  6 8 9  

8 8 4  781 4 5 6  
8 8 5  7 8 3  2 2 5  

8 8 6  7 8 4  9 9 6  
8 8 7  7 8 6  7 6 9  
8 8 8  7 8 8  5 4 4  
8 8 9  7 9 0  321  
8 9 0  792 i00 

8 9 1 i  7 9 3  881 
8 9 2  7 9 5  6 6 4  
8 9 3  7 9 7  4 4 9 :  
8 9 4  7 9 9  2 3 6  
8 9 5  801  0 2 5  

8 9 6  8 0 2  8 1 6  
8 9 7  8 0 4  6 0 9  I 
8 9 8  8 0 6  4 0 4 '  
8 9 9  8 0 8  2 0 1 !  
90C 810 000 

901 811  801 
9 0 2  8 1 3  6 0 4  
9 0 3  8 1 5  4 0 9  
9 0 4  8 1 7  2 1 6  
9 0 5  8 1 9  0 2 5  

9 0 6  8 2 0  8 3 6  
9 0 7  8 2 2  6 4 9  
9 0 8  8 2 4  4 6 4  
9 0 9  8 2 0  281 
9 1 0  8 2 8  l O 0  

911 8 2 9  921  
9 1 2  831  7 4 4  
9 1 3  8 3 3  5 6 9  
9 1 4  8 3 5  3 9 6  
9 1 5  8 3 7  2 2 5  

9 1 6  8 3 9  0 5 6  
9 1 7  8 4 0  8 8 9  
9 1 8  8 4 2  7 2 4  
9 1 9  8 4 4  561 
9 2 0  8 4 6  4 0 0  

921  8 4 8  2 4 1  
9 2 2  8 5 0  0 8 4  
9 2 3  8 5 1  9 2 9  
9 2 4  8 5 3  7 7 6  
9 2 5  8 5 5  6 2 5  

9 2 6  8 5 7  4 7 6  
9 2 7  8 5 9  3 2 9  
9 2 8  861  184 
9 2 9  8 6 3  041 
9 3 0  8 6 4  9 0 0  

931  8 6 6  7 6 1  
9 3 2  8 6 8  6 2 4  
9 3 3  8 7 0  4 8 9  
9 3 4  8 7 2  3 5 6  
9 3 5 ,  8 7 4  2 2 5  

9 3 6  8 7 6  0 9 6  
9 3 7  8 7 7  9 6 9  
9 3 8  8 7 9  8 4 4  
9 3 9  8 8 1  721  
9 4 0 i  8 8 3  6 0 0  

941  i 8 8 5  481  
9 4 2  i 887  3 6 4  
943~ 8 8 9  2 4 9  
9 4 4  891 1 3 6  
9 4 5  8 9 3  0 2 5  

9 4 6  8 9 4  9 1 6  
9 4 7  8 9 6  8 0 9  
9 4 8  8 9 8  7 0 4  
9 4 9  9 0 0  601 
9 5 0  9 0 2  5 0 0  

2 9 . 5 9 7 3  
2 9 . 6 1 4 2  
2 9 . 6 3 1 1  
2 9 . 6 4 7 9  
2 9 . 6 6 4 8  

2 9 . 6 8 1 6  
2 9 . 6 9 8 5  
2 9 . 7 1 5 3  
2 9 . 7 3 2 1  
2 9 . 7 4 8 9  

2 9 . 7 6 5 8  
2 9 . 7 8 2 5  

1 2 9 . 7 9 9 3  
i 2 9  8 1 6 1  
1 2 9 . 8 3 2 9  

2 9 . 8 4 9 6  
2 9 . 8 6 6 4  
2 9 . 8 8 3 1  
2 9 . 8 9 9 8  
2 9 . 9 1 6 6  

2 9 . 9 3 3 3  
2 9 . 9 5 0 0  
2 9 . 9 6 6 6  
2 9 . 9 8 3 3  
3 0 . 0 0 0 0  

3 0 . 0 1 6 7  
3 0 . 0 3 3 8  
3 0 . 0 5 0 0  
3 0 . 0 6 6 6  
3 0 . 0 8 3 2  

3 0 . 0 9 9 8  
3 0 . 1 1 6 4  
3 0 . 1 3 3 0  
3 0 . 1 4 9 6  
3 0 . 1 6 6 2  

3 0 . 1 8 2 8  
3 0 . 1 9 9 3  
3 0 . 2 1 5 9  
3 0 . 2 3 2 4  
3 0 . 2 4 9 0  

3 0 . 2 6 5 5  
3 0 . 2 8 2 0  
3 0 . 2 9 8 5  
3 0 . 3 1 5 0  
3 0 . 3 3 1 5  

3 0 . 3 4 8 0  
3 0 . 3 6 4 5  
3 0 . 3 8 0 9  
3 0 . 3 9 7 4  
3 0 . 4 1 3 8  

3 0 . 4 3 0 2  
3 0 . 4 4 6 7  

3 0 . 4 6 3 1  
: 3 0 . 4 7 9 5  
! 3 0 . 4 9 5 9  

3 0 . 5 1 2 3  
3 0 . 5 2 8 7  
3 0 . 5 4 5 0  
3 0 . 5 6 1 4  
3 0  5 7 7 8  

3 0 . 5 9 4 1  
3 0 . 6 1 0 5  
3 0 . 6 2 6 8  
3 0 . 6 4 3 1  

, 3 0 . 6 5 9 4  

3 0 . 6 7 5 7  
3 0 . 6 9 2 0  
3 0 . 7 0 8 3  
3 0 . 7 2 4 6  
3 0 . 7 4 0 9  

3 0 . 7 5 7 1  
3 0 . 7 7 3 4  
3 0 . 7 8 9 6  
3 0 . 8 0 5 8  
3 0 . 8 2 2 1  

951  9 0 4  401  
9 5 2  9 0 6  3 0 4  3 0 . 8 5 4 5  
9 5 3  9 0 8  2 0 9  3 0 . 8 7 0 7  
9 5 4  9 1 0  116  3 0 . 8 8 6 9  
9 5 5  9 1 2  025  3 0 . 9 0 3 1  

9 5 6  9 1 3  9 3 6  3 0 . 9 1 9 2  
9 5 7  9 1 5  8 4 9  3 0 . 9 3 5 4  
9 5 8  9 1 7  7 6 4  3 0 . 9 5 1 6  
9 5 9  9 1 9  681  3 0 . 9 6 7 7  
9 6 0  921 600  3 0 . 9 8 3 9  

961  9 2 3  521  3 1 . 0 0 0 0  
9 6 2  9 2 5  4 4 4  3 1 . 0 1 6 1  
9 6 3  9 2 7  3 6 9  3 1 . 0 3 2 2  
9 6 4  9 2 9  2 9 6  3 1 . 0 4 8 3  
9 6 5  931  225 3 1 . 0 6 4 4  

9 6 6  9 3 3  156  3 1 . 0 8 0 5  
9 6 7  9 3 5  0 8 9  3 1 . 0 9 6 6  
9 6 8  9 3 7  0 2 4  3 1 . 1 1 2 7  
9 6 9  9 3 8  961  3 1 . 1 2 8 8  
9 7 0  9 4 0  9 0 0  3 1 . 1 4 4 8  

971 9 4 2  841 3 1 . 1 6 0 9  
9 7 2  9 4 4  7 8 4  3 1 . 1 7 6 9  
9 7 3  9 4 6  729  3 1 . 1 9 2 9  
9 7 4  9 4 8  676  3 1 . 2 0 9 0  
9 7 5  9 5 0  625  3 1 . 2 2 5 0  

9 7 6  9 5 2  5 7 6  3 1 . 2 4 1 0  
9 7 7  I 9 5 4  529  3 1 . 2 5 7 0  
9 7 8 !  9 5 6  484  3 1 . 2 7 3 0  
9 7 9  9 5 3  441  3 1 . 2 8 9 0  
9 8 0  9 6 0  4 0 0  3 1 . 3 0 5 0  

I 

9811  9 6 2  361 3 1 . 3 2 0 9  
9821  9 6 4  3 2 4  3 1 . 3 3 6 9  
9831 9 6 6  2 8 9  3 1 . 3 5 2 8  
9 8 4 :  9 6 8  2 5 6  3 1 . 3 6 8 8  
9 8 5  9 7 0  2 2 5  3 1 . 3 8 4 7  

9 8 6  9 7 2  1 9 6 i  3 1 . 4 0 0 6  
9 8 7  9 7 4  1 6 9  3 1 . 4 1 6 6  
9 8 8  9 7 6  1 4 4 '  3 1 . 4 3 2 5  
9 8 9  9 7 8  121 3 1 . 4 4 8 4  
9 9 0  9 8 0  100  3 1 . 4 6 4 3  

991  9 8 2  0 8 1 ,  3 1 . 4 8 0 2  
9 9 2  9 8 4  0 6 4  3 1 . 4 9 6 0  
9 9 3  9 8 6  0 4 9  3 1 . 5 1 1 9  
9 9 4  9 8 8  0 3 6  3 1 . 5 2 7 8  
9 9 5  9 9 0  0 2 5  3 1 . 5 4 3 6  

9 9 6  9 9 2  0 1 6  3 1 . 5 5 9 5  
9 9 7  9 9 4  0 0 9  3 1 . 5 7 5 3  
9 9 8  9 9 6  0 0 4  3 1 . 5 9 1 1  
9 9 9  9 9 8  001  3 1 . 6 0 7 0  

1 0 0 0  1 0 0 0  0 0 0  3 1 . 6 2 2 8  

1 0 0 1  1 0 0 2  0 0 1  3 1 . 6 3 8 6  
1 0 0 2  1 0 0 4  0 0 4  3 1 . 6 5 4 4  
1 0 0 3  1 0 0 6  0 0 9  3 1 . 6 7 0 2  
1 0 0 4  1 0 0 8  0 1 6  3 1 . 6 8 6 0  
1 0 0 5  1 0 1 0  0 2 5  3 1 . 7 0 1 7  

1 0 0 6  1 0 1 2  0 3 6  3 1 . 7 1 7 5  
1 0 0 7  1 0 1 4  0 4 9  3 1 . 7 3 3 3  
1 0 0 8  1 0 1 6  0 6 4  3 1 . 7 4 9 0  
1 0 0 9  1 0 1 8  081  3 1 . 7 6 4 8  
1 0 1 0  1 020 1 0 0  3 1 . 7 8 0 5  

1011 1 0 2 2  121 3 1 . 7 9 6 2  
1 0 1 2  1 0 2 4  144  3 1 . 8 1 1 9  
1013  1 0 2 6  169  3 1 . 8 2 7 7  
1 0 1 4  1 0 2 8  196  3 1 . 8 4 3 4  
1 0 1 5  1 0 3 0  225 3 1 . 8 5 9 1  

1 0 1 6  1 0 3 2  2 5 6  3 1 . 8 7 4 8  
1 0 1 7  1 0 3 4  2 8 9  3 1 . 8 9 0 4  
1 0 1 8  1 0 3 6  3 2 4  3 1 . 9 0 6 1  
1 0 1 9 : 1  0 3 8  361  3 1 . 9 2 1 8  
1 0 2 0  I1 0 4 0  4 0 0  3 1 . 9 3 7 4  

1021  i11 0 4 2  441  3 1 . 9 5 3 1  
1 0 2 2  I1 0 4 4  4 8 4  3 1 . 9 6 8 7  
1 0 2 3 1 1 '  0 4 6  529  3 1 . 9 8 4 4  
1 0 2 4  1 0 4 8  576  3 2 . 0 0 0 0  
1 0 2 5  1 0 5 0  6 2 5  3 2 . 0 1 5 6  

1026  
1027  
1028  
1029  
1 0 3 0  

1031 
1032  
1033  
1034  
1035  

1 0 3 6  
1037  
1 0 3 8  
1039  
1 0 4 0  

1041 
1042 
1043 
1044 
1045 

1046 
1047 
1048 
1049 
1050  

1051  
1052  
1053  
1054  
1055  

1056  
1057  
1058  
1059 
1 0 6 0  

lO61 
1062  
1063  
1 0 6 4  
1065  

1066  
1067  

11068 
i 1 0 6 9  
11070 

11071 
11072 
1 0 7 3  
' 1 0 7 4  

1075  

1076  
1 0 7 7  
1 0 7 8  
1079  
1 0 8 0  

1081 
1082  
1083  
1084  
1085  

1 0 8 6  
1087  
1088  

1 1 0 8 9  
1090  

1091 
1092  
1093 
1094 
1095 

1096 
1097  
1 0 9 8  
1099  
1 1 0 0  

1 0 5 2  676  3 2 . 0 3 1 2  
1 0 5 4  729  3 2 . 0 4 6 8  
1 0 5 6  784  3 2 . 0 6 2 4  
1 0 5 8  841 3 2 . 0 7 8 0  
1 0 6 0  9 0 0  3 2 . 0 9 3 6  

1 0 6 2  9 6 ]  3 2 . 1 0 9 2  
1 0 0 5  0 2 4  3 2 . 1 2 4 8  
I 0 6 7  0 8 9  3 2 . 1 4 0 3  
1 0 6 9  156  3 2 . 1 5 5 9  
1 071  2 2 5  3 2 . 1 7 1 4  

1 0 7 3  2 9 6  3 2 . 1 8 7 0  
I 0 7 5  3 6 9  3 2 . 2 0 2 5  
1 0 7 7  4 4 4  3 2 . 2 1 8 0  
1 0 7 9  521  3 2 . 2 3 3 5  
1 081  6 0 0  3 2 . 2 4 9 0  

l 0 8 3  681 3 2 . 2 6 4 5  
1 0 8 5  7 6 4  3 2 . 2 8 0 0  
1 0 8 7  8 4 9  3 2 . 2 9 5 5  
1 0 8 9  9 3 6  3 2 . 3 1 1 0  
1 0 9 2  0 2 5  3 2 . 3 2 6 5  

1 0 9 4  116  32  3 4 1 9  
1 0 9 6  2 0 9  3 2 . 3 5 7 4  
1 0 9 8  3 0 4  3 2 . 3 7 2 8  
1 100  401  3 2 . 3 8 8 3  
1 102  5 0 0  3 2 . 4 0 3 7  

1 104  601 3 2 . 4 1 9 1  
1 106  7 0 4  3 2 . 4 3 4 5  
] 108  8 0 9  3 2 . 4 5 0 0  
1 110  9 1 6  3 2 . 4 6 5 4  
1 113  0 2 5  3 2 . 4 8 0 8  

115  130  3 2 . 4 9 6 2  
117  2 4 9  3 2 . 5 1 1 5  
119  3 6 4  3 2 . 5 2 6 9  
121 4 8 t  3 2 . 5 4 2 3  

1 123  600 3 2 , 5 5 7 6  

i 1 125  721  3 2 . 5 7 3 0  
]1 127  8 4 4  i 3 2 . 5 8 8 3  

129  9 6 9  ; 3 2 . 6 0 3 7  
132  0 9 6  3 2 . 6 1 9 0  
134  2 2 5  3 2 . 6 3 4 3  

1 136  3 5 6  3 2 . 6 4 9 7  
1 1 3 8  4 8 9  , 3 2  6 6 5 0  
1 140  6 2 4  3 2 . 6 8 0 3  
1 142  761  3 2 . 6 9 5 6  
1 1 4 4  9 0 0  3 2 . 7 1 0 9  

1 147 041  3 2 . 7 2 6 1  
149  184  3 2 . 7 4 1 4  
151 3 2 9  32  7 5 6 7  

1 153  4 7 6  3 2 . 7 7 1 9  
1 155  6 2 5  3 2 . 7 8 7 2  

I 157  7 7 6  32.8(~24 
1 159  9 2 9  3 2 . 8 1 7 7  
1 162  0 8 4  3 2 . 8 3 2 9  
1 164  241 3 2 . 8 4 8 1  
1 166  4 0 0  3 2 . 8 0 3 4  

1 168  561  3 2 . 8 7 8 6  
1 170  7 2 4  3 2 . 8 9 3 8  
1 172  8 8 9  3 2 . 9 0 9 0  
1 175  0 5 6  3 2 . 9 2 4 2  
1 177  2 2 5  3 2 . 9 3 9 3  

1 179  3 9 6  3 2 . 9 5 4 5  
1 181 569  3 2 . 9 6 9 7  
1 183  7 4 4  3 2 . 9 8 4 8  
1 185  921  i 3 3 . 0 0 0 0  
1 188  1 0 0  I 3 3 . 0 1 5 1  

1 190  281  I 3 3 . 0 3 0 3  
1 192  4 6 4  3 3 . 0 4 5 4  
1 194  6 4 9  3 3 . 0 6 0 6  
1 196  8 3 6  3 3 . 0 7 5 7  
1 199 0 2 5  3 3 . 0 9 0 8  

1 201  2 1 6  3 3 . 1 0 5 9  
1 203  4 0 9  3 3 . 1 2 1 0  
1 2 0 5  604  3 3 . 1 3 6 1  
1 2 0 7  801  3 3 . 1 5 1 2  
1 2 1 0  0 0 0  3 3 . 1 6 6 2  
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T A B L E S  O F  S Q U A R E S  A N D  S Q U A R E  R O O T S  1 2 5  

S Q U A R E S  A N D  S Q U A R E  R O O T S  ( C o n t i n u e d )  1101-1400 

~NTO. 

1101  
1 1 0 2  
1103  
1 1 0 4  
1 1 0 5  

1 1 0 6  
1107  
1108  
1 1 0 9  
1 1 1 0  

1111 
1112  
1113  
1114  
1 1 1 5  

1 1 1 6  
1 1 1 7  
1118  
I ] 1 9  
1120  

1121 
1122  
1123  
1124  
1125  

1128  
1127  
1 1 2 8  
1129  
1130  

1131  
1132  
1133  
1 1 3 4  
1 1 3 5  

1136  
1137  
1138  
1139  
1140  

1141  
1142 
1143 
1144 
1145 

1 1 4 6  
1147  
1 1 4 8  
1149  
1150  

1151  
1152  
1153  
1154  
1 1 5 5  

1 1 5 6  
1 1 5 7  
1 1 5 8  
1159  
~,160 

1161 
[ 1 6 2  
1163  
1164  
1165  

1 1 6 6  
1167  
1 1 5 8  
1169 
1170 

1171  
1172  
1173  
1174 
1 1 7 5  

S q u a r e  

1 2 1 2  201  
1 2 1 4  4 0 4  
1 2 1 6  609  
1 2 1 8  8 1 6  
1 221 0 2 5  

1 2 2 3  2 3 6  
l 2 2 5  4 4 9  
I 227  6 6 4  
1 2 2 9  881  
1 2 3 2  100  

1 2 3 4  321  
1 2 3 6  5 4 4  
1 2 3 8  769  
1 2 4 0  9 9 6  
1 2 4 3  2 2 5  

I 2 4 5  4 5 6  
1 2 4 7  689  
1 2 4 9  9 2 4  
1 2 5 2  161 
1 2 5 4  4 0 0  

1 2 5 6  641 
1 2 5 8  8 8 4  
1 261  129  
1 2 6 3  3 7 6  
1 2 6 5  6 2 5  

1 2 6 7  8 7 6  
1 2 7 0  129  
1 272  3 8 4  
1 2 7 4  641 
1 2 7 6  9 0 0  

1 279  161 
1 281  4 2 4  
1 2 8 3  6 8 9  
1 2 8 5  9 5 6  
1 2 8 8  2 2 5  

1 2 9 0  4 9 6  
1 2 9 2  769  
1 2 9 5  0 4 4  
1 2 9 7  321  
1 2 9 9  6 0 0  

1 301  881 
1 3 0 4 1 6 4  
1 3 0 6  4 4 9  
1 3 0 8  7 3 6  
1 311  0 2 5  

1 3 1 3  3 1 6  
1 3 1 5  6 0 9  
1 3 1 7  9 0 4  
1 3 2 0  201  
1 3 2 2  5 0 0  

I 3 2 4  S01 
1 3 2 7  104  
1 3 2 9  4 0 9  
1 331  7 1 6  
1 3 3 4  0 2 5  

1 3 3 6  3 3 6  
1 3 3 8  649  
1 3 4 0  9 6 4  
1 3 4 3  281  
1 3 4 5  6 0 0  

1 3 4 7  921  
1 3 5 0  2 4 4  
1 3 5 2  5 6 9  
1 3 5 4  8 9 6  
1 3 5 7  2 2 5  

1 3 5 9  5 5 6  
1 3 6 l  889  
1 364 224 
1 3 6 6  561 
1 3 6 8  9 0 0  

1 371  241  
1 3 7 3  5 8 4  
1 3 7 5  9 2 9  
1 3 7 8  2 7 6  
1 330 625 

S q u a r e  
R o o t  

3 3 . 1 8 1 3  
3 3 . 1 9 6 4  
3 3 . 2 1 1 4  
3 3 . 2 2 6 5  
3 3 . 2 4 1 5  

3 3 . 2 5 6 6  
3 3 . 2 7 1 6  
3 3 . 2 8 6 6  
3 3 , 3 0 1 7  
3 3 . 3 1 6 7  

3 3 . 3 3 1 7  
3 3 . 3 4 6 7  
3 3 . 3 6 1 7  
3 3 . 3 7 6 6  
3 3 . 3 9 1 6  

3 3 . 4 0 6 6  
3 3 , 4 2 1 5  
3 3 . 4 3 6 5  
3 3 . 4 5 1 5  
3 3 . 4 6 6 4  

3 3 . 4 8 1 3  
3 3 . 4 9 6 3  
3 3 . 5 1 1 2  
3 3 . 5 2 6 1  
3 3 , 5 4 1 0  

3 3 . 5 5 5 9  
3 3 . 5 7 0 8  
3 3 . 5 8 5 7  
3 3 . 6 0 0 6  
3 3 . 6 1 5 5  

3 3 . 6 3 0 3  
3 3 . 6 4 5 2  
3 3 . 6 6 0 1  
3 3 . 6 7 4 9  
3 3 . 6 8 9 8  

3 3 . 7 0 4 6  
3 3 . 7 1 9 4  
3 3 . 7 3 4 3  
3 3 . 7 4 9 1  
3 3 . 7 6 3 9  

3 3 . 7 7 8 7  
3 3 . 7 9 3 5  
3 3 . 8 0 8 3  
3 3 . 8 2 3 1  
3 3 . 8 3 7 8  

3 3 . 8 5 2 6  
3 3 . 8 6 7 4  
3 3 . 8 8 2 1  
3 3 . 8 9 6 9  
3 3 . 9 1 1 6  

3 3 . 9 2 6 4  
3 3 , 9 4 1 1  
3 3 . 9 5 5 9  
3 3 . 9 7 0 6  
3 3 . 9 8 5 3  

3 4 . 0 0 0 0  
3 4 . 0 1 4 7  
3 4 . 0 2 9 4  
3 4 . 0 4 4 1  
3 4 . 0 5 8 8  

3 4 . 0 7 3 5  
3 4 . 0 8 8 1  
3 4 . 1 0 2 8  
3 4 . 1 1 7 4  
3 4 . 1 3 2 1  

3 4 . 1 4 6 7  
3 4 . 1 6 1 4  
3 4 . 1 7 6 0  
3 4 . 1 9 0 6  
3 4 . 2 0 5 3  

3 4 . 2 1 9 9  
3 4 . 2 3 4 5  
3 4 . 2 4 9 1  
3 4 . 2 6 3 7  
3 4 . 2 7 8 3  

No. S q u a r e  

1176  1 3 8 2  97fi  
1177  1 3 8 5  3 2 9  
1 1 7 8  1 3 8 7  684  
1179  1 3 9 0  041 
1 1 8 0  1 3 9 2  4 0 0  

1181  1 3 9 4  761 
1182  1 397  124  
1 1 8 3  1 3 9 9  4 8 9  
1 1 8 4  1 401  8 5 6  
1 1 8 5  1 4 0 4  2 2 5  

1186  1 4 0 6  5 9 6  
1187  1 4 0 8  969  
1188  1 411  3 4 4  
1189  1 4 1 3  721  
1 1 9 0  1 4 1 6  100  

1191 1 4 1 8  481  
1192  1 4 2 0  8 6 4  
1193  I 4 2 3  2 4 9  
1 1 9 4  1 4 2 5  6 3 6  
1195  1 4 2 8  0 2 5  

1 1 9 6  1 4 3 0  4 1 6  
1197  1 4 3 2  809  
1198  1 4 3 5  2 0 4  
1199  1 4 3 7  601 
1 2 0 0  1 4 4 0  0 0 0  

1201 1 442 401 
1 2 0 2  1 4 4 4  8 0 4  
1203  1 4 4 7  2 0 9  
1 2 0 4  1 4 4 9  6 1 6  
1205  1 4 5 2  0 2 5  

1 2 0 6  1 4 5 4  4 3 6  
1 2 0 7  1 4 5 6  8 4 9  
1 2 0 8  1 4 5 9  2 6 4  
1209  1 4 6 1  681 
1 2 1 0  1 4 6 4  100  

1211 1 4 6 6  521  
1212  1 4 6 8  9 4 4  
1213  1 471  3 6 9  
1 2 1 4  1 4 7 3  7 9 6  
1 2 1 5  1 4 7 6  2 2 5  

1 2 1 6  1 4 7 8  6 5 6  
1217  1 481  0 8 9  
1 2 1 8  I 4 8 3  524  
1 2 1 9  1 4 8 5  961 
1 2 2 0  1 4 8 8  4 0 0  

1221 1 4 9 0  841 
1 2 2 2  1 4 9 3  2 8 4  
1223  1 4 9 5  729  
1 2 2 4  1 4 9 8  176  
1 2 2 5  1 500  6 2 5  

1 2 2 6  1 5 0 3  0 7 6  
1 2 2 7  1 5 0 5  5 2 9  
1 2 2 8  1 5 0 7  9 8 4  
1 2 2 9  1 5 1 0  441 
1 2 3 0  1 512  9 0 0  

1231 1 5 1 5  361  
1232  1 517  8 2 4  
1 2 3 3  1 5 2 0  2 8 9  
1 2 3 4  1 5 2 2  7 5 6  
1235  1 5 2 5  2 2 5  

1236  1 5 2 7  6 9 6  
1237  1 5 3 0  169  
1238  1 532  6 4 4  
1 2 3 9  1 5 3 5  121 
1 2 4 0  1 537  6 0 0  

1241  I 5 4 0  081  
1 2 4 2  1 542  5 6 4  
1243  1 545  0 4 9  
1 2 4 4  1 547  536  
1 2 4 5  1 5 5 0  0 2 5  

1 2 4 6  1 552  5 1 6  
1 2 4 7  1 5 5 5  0 0 9  
1 2 4 8  1 5 5 7  5 0 4  
1 2 4 9  1 5 6 0  001  
1 2 5 0  I 562 500 

S q u a r e  
R o o t  

3 4 . 2 9 2 9  
3 4 . 3 0 7 4  
3 4 . 3 2 2 0  
3 4 . 3 3 6 6  
34 .3511  

3 4 . 3 6 5 7  
3 4 . 3 8 0 2  

! 3 4 . 3 9 4 8  
3 4 . 4 0 9 3  
3 4 . 4 2 3 8  

: 3 4 . 4 3 8 4  
3 4 . 4 5 2 9  
3 4 . 4 6 7 4  
3 4 . 4 8 1 9  
3 4 . 4 9 6 4  

3 4 . 5 1 0 9  
1 3 4 . 5 2 5 4  
1 3 4 . 5 3 9 8  
J 3 4 . 5 5 4 3  
3 4 . 5 6 8 8  

3 4 . 5 8 3 2  
3 4 . 5 9 7 7  
3 4 . 6 1 2 1  
3 4 . 6 2 6 6  
3 4 . 6 4 1 0  

3 4 . 6 5 5 4  
3 4 . 6 6 9 9  
3 4 . 6 8 4 3  
3 4 . 6 9 8 7  
34.7131 

3 4 , 7 2 7 5  
3 4 . 7 4 1 9  
3 4 . 7 5 6 3  
3 4 . 7 7 0 7  
3 4 . 7 8 5 1  

! 3 4 . 7 9 9 4  
1 3 4 . 8 1 3 8  
134 .8281  
1 3 4 . 8 4 2 5  
1 3 4 . 8 5 6 9  

! 3 4 . 8 7 1 2  
' 3 4 . 8 8 5 5  

3 4 . 8 9 9 9  
3 4 . 9 1 4 2  

, 3 4 . 9 2 8 5  

3 4 . 9 4 2 8  
3 4 . 9 5 7 1  
3 4 . 9 7 1 4  
3 4 . 9 8 5 7  
3 5 . 0 0 0 0  

3 5 , 0 1 4 3  
3 5 . 0 2 8 6  
3 5 . 0 4 2 8  
3 5 . 0 5 7 1  
3 5 . 0 7 1 4  

1 3 5 . 0 8 5 6  
1 3 5 . 0 9 9 9  

3 5 . 1 1 4 1  
3 5 . 1 2 8 3  
3 5 . 1 4 2 6  

3 5 . 1 5 6 8  
3 5 . 1 7 1 0  
3 5 . 1 8 5 2  
3 5 . 1 9 9 4  
3 5 . 2 1 3 6  

3 5 . 2 2 7 8  
3 5 . 2 4 2 0  
3 5 , 2 5 6 2  

1 3 5 . 2 7 0 4  
: 3 5 . 2 8 4 6  

3 5 . 2 9 8 7  
35  3 1 2 9  

i 3 5 , 3 2 7 0  
1 3 5 . 3 4 1 2  
1 3 5 . 3 5 5 3  

N o .  S q u a r e  

1251 1 5 6 5  001 
1252  1 5 6 7  504  
1253  1 5 7 0  0 0 9  
1254  1 572  5 1 6  
1255  1 5 7 5  0 2 5  

1 2 5 6  1 5 7 7  5 3 6  
1257  1 5 8 0  0 4 9  
1 2 5 8  1 5 8 2  5 6 4  
1 2 5 9  1 5 8 5  081  
1 2 6 0  1 5 8 7  600  

1261  1 5 9 0  121 
1262  1 5 9 2  6 4 4  
1263  1 595  169  
1264  1 5 9 7  696  
1265  1 6 0 0  2 2 5  

1 2 6 6  1 6 9 2  7 5 6  

1 2 6 7 1 1  6 0 5  2 8 9  1 2 6 8  1 6 0 7  8 2 4  
1 2 6 9  1 6 1 0  361  
1270  1 612  9 0 0  

1271  1 615  441  
1272  1 6 1 7  9 8 4  
1273  1 6 2 0  5 2 9  
1274  1 623  0 7 6  
1275  1 6 2 5  6 2 5  

1 2 7 6  [1  6 2 8  176  
1277  1 6 3 0  729  
1278  1 6 3 3  2 8 4  
1279  1 6 3 5  841 
1280  1 6 3 8  4 0 0  

1281 1 6 4 0  961  
1282  1 643  5 2 4  
1283  1 6 4 6  0 8 9  
1 2 8 4 1 1  6 4 8  6 5 6  
1 2 8 5 ] 1  651 2 2 5  

1 2 8 6 1 1  6 5 3  7 9 6  
1 2 8 7 1 1  6 5 6  3 6 9  
1 2 8 8 ] 1  658  9 4 4  
1 2 8 9 1 1  661 521 
1 2 9 0  1 664  1 0 0  

1291  1 666  681  
1 2 9 2  I 1  6 6 9  2 6 4  
1 2 9 3  I1  671 3 4 9  
1294  1 6 7 4  4 3 6  
1 2 9 5  1 677  0 2 5  

1 2 9 6 1 1  679  6 1 6  
1 2 9 7  1 682  2 0 9  
1 2 9 8 1 1  684  8 0 4  
1 2 9 9 J 1  687  401  
1300  I1  6 9 0  0 0 0  

l 

1 3 0 1 ' 1  6 9 2  601  
1302  1 6 9 5  2 0 4  
1303  ]1  6 9 7  8 0 9  
1 3 0 4  1 7 0 0  4 1 6  
1 3 0 5  1 703  0 2 5  

1 3 0 6 1 1  7 0 5  6 3 6  
1 3 0 7 1 1  7 0 8  2 4 9  
1 3 0 8 1 1  7 1 0  8 6 4  
1309  1 713  481  
1 3 1 0  1 7 1 6  100  

I 
1311 ] 1 7 1 8  721  
1 3 1 2  ] 1 721  3 4 4  
1313  1 723  9 6 9  
1 3 1 4  1 7 2 6  5 9 6  
1 3 1 5 1 1  729  2 2 5  

1 3 1 6  1 731  8 5 6  
1 3 1 7  1 7 3 4  4 8 9  
1 3 1 8  1 7 3 7  124  
1319  I1 7 3 9  761  
1 3 2 0  I 1 742  4 0 0  

1321  1 7 4 5  041  
1322  1 7 4 7  684  
1323  1 7 5 0  3 2 9  
1 3 2 4  1 7 5 2  976 
1325  1 755 625 

S q u a r e  
R o o t  

3 5 . 3 6 9 5  
3 5 . 3 8 3 6  
3 5 . 3 9 7 7  
3 5 . 4 1 1 9  
3 5 . 4 2 6 0  

35 .4401  
3 5 . 4 5 4 2  
3 5 . 4 6 8 3  
3 5 . 4 8 2 4  
3 5 . 4 9 6 5  

3 5 . 5 1 0 6  
3 5 . 5 2 4 6  
3 5 . 5 3 8 7  
3 5 . 5 5 2 8  
3 5 . 5 6 6 8  

3 5 . 5 8 0 9  
3 5 . 5 9 4 9  
3 5 . 6 0 9 0  
3 5 . 6 2 3 0  
3 5 . 6 3 7 1  

3 5 . 6 5 1 1  
3 5 . 6 6 5 1  
3 5 . 6 7 9 1  
3 5 . 6 9 3 1  
3 5 . 7 0 7 1  

3 5 . 7 2 1 1  
3 5 , 7 3 5 1  
35 .7491  
3 5 . 7 6 3 1  
3 5 . 7 7 7 1  

3 5 . 7 9 1 1  
3 5 . 8 0 5 0  
3 5 . 8 1 9 0  
3 5 . 8 3 2 9  
3 5 . 8 4 6 9  

3 5 . 8 6 0 8  
3 5 . 8 7 4 8  
3 5 . 8 8 8 7  
3 5 . 9 0 2 6  
3 5 . 9 1 6 6  

3 5 . 9 3 0 5  
3 5 . 9 4 4 4  
3 5 . 9 5 8 3  
3 5 , 9 7 2 2  
35 .9361  

3 6 . 0 0 0 0  
3 6 . 0 1 3 9  
3 6 . 0 2 7 8  
3 6 . 0 4 1 6  
3 6 . 0 5 5 5  

3 6 . 0 6 9 4  
3 6 . 0 8 3 2  
3 6 . 0 9 7 1  
3 6 . 1 1 0 9  
3 6 . 1 2 4 8  

3 6 . 1 3 8 6  
3 6 . 1 5 2 5  
3 6 . 1 6 6 3  
3 6 . 1 8 0 1  
3 6 . 1 9 3 9  

3 6 . 2 0 7 7  
3 6 . 2 2 1 5  
3 6 . 2 3 5 3  
3 6 . 2 4 9 1  
3 6 . 2 6 2 9  

3 6 . 2 7 6 7  
3 6 . 2 9 0 5  
3 0 . 3 0 4 3  
3 6 . 3 1 8 0  
3 6 . 3 3 1 8  

3 6 . 3 4 5 6  
36.3593 
36 .3731  
3 6 . 3 8 6 8  
36.4005 

No. Square 

1326  1 7 5 8  2 7 6  
1327  1 7 6 0  9 2 9  
1328  | 7 6 3  5 8 4  
1329  1 7 6 6  241  
1330  1 7 6 8  900 

1331 1 771 561 
1332  1 7 7 4  2 2 4  
1333 1 770 889 
1334 1 779 556 
1335 1 782 225 

1336  1 784 8 9 6  
1337  1 7 8 7  569  
1338  1 7 9 0  2 4 4  
1339  1 7 9 2  921  
1340  1 7 9 5  600  

1341 1 798 281 
1342 1 800 964 
1343  1 803  549 
1344  1 806 336 
1 3 4 5  1 8 0 9  0 2 5  

1 3 4 6  1 811  7 1 6  
1347  1 8 1 4  409 
1348  1 8 1 7  104  
1349  1 8 1 9  801  
1 3 5 0  1 822 500 

1351 1 825 201 
1352  1 827 904 
1 3 5 3  1 830 609 
1354  1 833 316 
1 3 5 5  1 8 3 6  0 2 5  

1 3 5 6  1 8 3 8  7 3 6  
1 3 5 7  1 841  4 4 9  
1 3 5 8  1 8 4 4  164  
1359  1 8 4 0  881  
1 3 6 0  1 8 4 9  6 0 0  

1361  1 8 5 2  321  
1362  1 855 044  
1363  1 8 5 7  7 6 9  
1364  1 860 496 
1365  1 863 225 

1366 1 865 956 
1367  1 8 0 8  6 8 9  
1368 1 871 424 
1 3 6 9  1 8 7 4  161 
1370  1 876 900 

1371 1 8 7 9  641  
1372  1 8 8 2  3 8 4  
1373  1 8 8 5  129  
1374  1 8 8 7  8 7 6  
1 3 7 5  1 8 9 0  6 2 5  

1 3 7 6  1 8 9 3  3 7 6  
1377  1 8 9 6  129  
1 3 7 8  1 8 9 8  8 8 4  
1 3 7 9  1 901  641  
1 3 8 0  1 9 0 4  400 

1381 1 9 0 7  161 
1382  1 9 0 9  9 2 4  
1383  1 9 1 2  689  
1 3 8 4  1 9 1 5  456 
1385  1 9 1 8  2 2 5  

1386  1 9 2 0  9 9 6  
1 3 8 7  1 9 2 3  769  
1 3 8 8  1 9 2 6  544 
1 3 8 9  1 9 2 9  321  
1 3 9 0  1 9 3 2  100  

1391  1 9 3 4  881  
1392  1 9 3 7  6 6 4  
1393  1 940  4 4 9  
1 3 9 4  1 9 4 3  2 3 6  
1 3 9 5  1 9 4 6  0 2 5  

1 3 9 6  1 9 4 8  8 1 6  
1 3 9 7  1 951  6 0 9  
1 3 9 8  1 054 404 
1 3 9 9  1 9 5 7  201 
1400 1 960 0 0 0  

8 g u a r e  
R o o t  

36.4143 
36 .4280 
3 6 . 4 4 1 7  
3 0 . 4 5 5 5  
36.4692 

3 6 . 4 8 2 9  
3 6 . 4 9 6 6  
36.5103 
3 6 . 5 2 4 0  
36.5377 

3 0 . 5 5 1 3  
3 6 . 5 6 5 0  
36.5787 
36.5923 
36.6060 

36.6197 
36.6333 
3 6 . 6 4 7 0  
36.6606 
3 6 . 6 7 4 2  

3 6 . 6 8 7 9  
3 6 . 7 0 1 5  
3 6 . 7 1 5 1  
3 6 . 7 2 8 7  
3 6 . 7 4 2 3  

36.7560 
36.7696 
36.7831 
3 6 . 7 9 6 7  
36.8103 

36.8239 
36.8375 
3 6 . 8 5 1 1  
3 6 . 8 6 4 0  
36.8782 

36.8917 
36.9053 
36 .9188 
36.9324 
36 .9459 

36.9594 
36 .9730 
3 6 . 9 8 6 5  
3 7 . 0 0 0 0  
3 7 . 0 1 3 5  

37.0270 
37.0405 
3 7 . 0 5 4 0  
3 7 . 0 6 7 5  
3 7 . 0 8 1 0  

3 7 . 0 9 4 5  
37.1080 
37.1214 
37 .1349 
37.1484 

37 .1618 
3 7 . 1 7 5 3  
37.1887 
37 .2022 
37 .2156  

37 .2290 
37 .2424 
37.2569 
37.2693 
3 7 . 2 8 2 7  

37.2961 
37 ,3095 
3 7 . 3 2 2 9  
37.3363 
37.3497 

37.8631 
37 .3765 
37 .3898 
37 .4032 
37.4166 
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126 ASTM ~[ANUAL ON QUALITY CONTROL OF MATERIALS 

1401-1700 SQu.RE8 AND SQUARE ROOTS (Continued) 

"NO. S q u a r e  S g u a r e  1~To. S q u a r e  S f iua r e  
R o o t  R o o t  

1401 1 962 801 37 .4299 1476 2 178 576 38,4187 
1402 1 965  604 37 .4433 1477 2 181 529 38 .4318 
1403 1 968 409 37 .4566 1 4 7 8 , 2  184 484 38 .4448  
1404 1 971 2 1 6 : 3 7 . 4 7 0 0  1 4 7 9 2  187 441 38 .4578 
1405 1 974 025 37 .4833 1480 2 190 400 38 .4708 

1406 1 976  83fl 37 .4967  1481 2 193 3611 38 .4838  
1407 1 979 649 37 .5100 1482 2 196 324!  38 .4968  
1408 1 982 464 37 .5233 1483 2 199 289 I 38.5097 
1409 1 985 281 37 .5366 1484 2 202 2 5 6  38 .5227 
1410 1 988 100 37 .5500  1485 2 205  2 2 5  38.5357 

1411 I 990 921 37 .5633 1486 2 208  196 38.5487 
1412 1 993 744 37 ,5766  1487 2 211 169 38 .5616 
1413 1 996 569 37 .5899  1488 2 214 144 38 .5746 
1414 1 999 396 37 .6032 1489 2 217 121 38 .5876 
1415 2 002 225 37 .6165 1490 2 220 100 38 .6005 

1416 2 005 056 37 .6298 1491 2 223 081 38 .6135 
1417 2 007 889 37.6431 1492 2 226 064 38 .6264 
1418 2 010  724 37.6563 1493 2 229 049 38 .6394 
1419 2 013 561 37.6696 1494 2 232 036 38.6523 
1420 2 016 400  37.6829 1495 2 235 025  38.6652 

1421 2 019 241 37.6962 1496 2 238 016 38.6782 
1422 2 022 084 37 .7094 1497 2 2 4 1 0 0 9  38.6911 
1423 2 024 929 37.7227 1498 2 2 4 4 0 0 4  38 .7040 
1424 2 027 776 37.7359 1499 2 247  001 38 .7169 
1425 2 030  625 37 .7492 1500 2 250  000  38 .7298  

1426 2 033 476 37 .7624 1501 2 253 001 38 .7427 
1427 2 036  329 37 .7757 1502 2 256 004 38 .7556 
1428 2 039 184 37 .7889 1503 2 259 009 38 .7685 
1429 2 042 041 37.8021 1504 2 262 016 38 .7814 
1430 2 044 900  37.8153 1505 2 265 025 38 .7943 

1431 2 0 4 7  761 37 .8286 1506 2 268 036 38.8072 
1432 2 050  624 37 .8418 1507 2 271 049 38.8201 
1433 2 053 489 37 .8550 1508 2 274 064 38.8330 
1434 2 056  356 37.8682 1509 2 277 0 8 l  38 .8458 
1435 2 059 225  3 7 . 8 8 1 4  1510 2 280 100 38.8587 

I 

1436 2 062 096 3 7 . 8 9 4 6 1 1 5 1 1  2 283 121 38 .8716 
1437 2 064  969 3 7 . 9 0 7 8 1 1 5 1 2  2 286 144 38.8844 
1438 2 067 844 3 7 . 9 2 1 0 1 1 5 1 3  2 289 169 38.8973 
1439 2 070 721 3 7 . 9 3 4 2 ,  1514 2 292 195 38.9102 

2 073 600 3 7 . 9 4 7 3 ! 1 5 1 5  2 295 225 38 .9230 1440 

1441 2 076 481 3 7 . 9 6 0 5 1 5 1 6  2 298 256 38 .9358 
1442 2 079 364 37 .9737 1517 2 301 289 38.9487 
1443 2 082 249 37.98681 1518 2 304 324 38.9615 
1444 2 085 136 38 .0000 1519 2 307 361 38.9744 
1445 2 088 025  38.0132 1520 2 310 400 38.9872 

1446 2 090 916 3 8 . 0 2 6 3 1 5 2 1  2 313 441 39.0000 
1447 2 093 809 38 .0395 1522 2 316 484 39 .0128 
1448 2 096  704 38 .0526 1523 2 319 529 39.0256 
1449 2 099  601 38.0657 1524 2 322 576 39.0384 
1450 2 102 500 38.0789 1525 2 325 625 39 .0512 

1451 2 105 401 3 8 ~ 9 2 0  1526 2 328 676 39 .0640  
1452 2 108 304 38.1051 1527 2 331 729 39 .0768 
1453 2 111 209 38.1182 1528 2 334 784 39 .0896  
1454 2 114 116 38 .1314 1529 2 337 841 39.1024 
1455 2 117 025 38 .1445 1530 2 340 900 39,1152 

1456 2 119 936 38.1576 1531 2 343 961 3 9 , 1 2 8 0  
1457 2 122 849 38.1707 11532 2 347 024 39 .1408 
1458 2 125 764 38.1838 i 1533 2 350  089 39.1535 

353 156 139.1663 1459 2 128 681 38.1969 11534 2 
1460 2 131 600 38.2099 ! 1535 2 356 225 ! 39.1791 

1461 2 134 621 38 .2230 , 1536 2 359 296 I 39 1918 
1462 2 137 444 38.2361 ~1537 2 362 369 39 .2046 
1463 2 140 369 38.2492 11538 2 365 444 39.2173 
1464 2 143 296 38.2623 11539 2 368 521 39.2301 
1465 2 146 225 88.2753 1540 2 371 600 39 .2428 

1466 2 149 156 38 .2884 1541 2 374 681 39 .2556  
1497 2 152 089 38 .3014 1542 2 377 764 39 .2683 
1468 : 2 1 5 5 0 2 4  38 .3145 1543 2 3 8 0 8 4 9  39 .2810 
1469 2 157 961 38.3275 1544 2 383 936 39 .2938  
1470 ,2 160 900 38 .3406 1545 2 387 025 39 .3065  

1471 2 163 841 : 38 .3536  1546 2 390 116 39.3192 
1472 2 166 784 38.3667 1547 2 393 209 39.3319 
1473 !2 169 729 38.3707 1548 2 396 304 30.3446 
1474 22 172 676 38.3927 1549 2 399 401 s9.357a 
1475 175 625 88 .4057 1 5 5 0 : 2  402 500 59 .3700  

NO. S q u a r e  

1551 2 405 601 
1552 2 408 704 
1553 2 411 809 
1554 2 4 1 4 9 1 6  
1555 2 418 025 

!1556 2 421 136 
1557 2 424 249 

i1558  2 427 364 
1559 2 430 481 

11560 2 433 600 

1561 2 436 721 
1562 2 439 844 
1563 2 442 969 
1564 2 446 096 
1565 2 449 225 

1566 2 452 356 
1567 2 455 489 
1568 2 458 624 
1569 2 461 761 
1570 2 464 900 

1571 2 468041 
1572 2 471 184 
1573 2 474 329  
1574 2 477  476 
1573 2 480 625 

1576 2 488  776 
1 5 7 7 ! 2 4 8 6 9 2 9  
15781 2 490  084 
1579 ~ 2 493  241 
1580 2 496  400 

1581 2 499  661 
1582 2 602 724 
1 5 8 3 2  606  889 
1584 2 6 0 9  0 5 6  
1585 2 512 225  

1586 2 6 1 5 3 9 6  
1587 2 518 569 
1588 2 5 2 1 7 4 4  
1589 2 524 921 
1590 2 528 10O 

1591 2 531 281 
1592 2 534 464 
1593 2 537 649 
1594 2 540 836 
1595 2 544 025 

1596 2 547 216 
1597 2 550 409 
1598 2 553 604 
1599 2 556 801 
1600 2 5 6 0 0 0 0  

1601 2 563 201 
1602 2 566 404 
1603 2 569 609 
1604 2 572 816 
1605 2 576 025 

1606 2 579 236 
1607 2 582 449 
1608 2 585 664 
1609 2 588 881 
1610 2 592 100 

1611 2 595 321 
1612 2 598 544 
1613 2 601 769 
1614 2 604 996 
1615 2 608 225 

1616 2 611 456 
1617 2 614 689 
1618 2 6 1 7 9 2 4  
1619 2 621 161 
1620 2 624 400 

1621 2 627 641 
1622 2 630 884 
1623 2 634 129 
1624 2 6 3 7  376 
1625 2 ~ , 0  625 

S q u a r e  ~ o .  S q u a r e  
R o o t  

39 .3827 1626 2 643 876 
39 .3954 1627 2 647 129 
39.4081 1628 2 650 384 
39 .4208 1629 2 653 641 
39.4335 1630 2 656 900 

39.4462 1631 2 660 161 
39 .4588 1632 2 663 424 
39.4715 1633 2 666 689 
39.4842 1634 2 669 956 
39 .4968 1635 2 673 225 

39.5095 1636 2 676 496 
39.5221 1637 2 679 769 
39 .5348 1638 2 683 044 
39.5474 1639 2 686 321 
39.5601 1640 2 689 600 

39.5727 1641 2 692 88] 
39.5854 1642 2 696 164 
39.5980 1643 2 699 449 
39 .6106 1644 2 702 736 
39.6232 1645 2 706 025 

39 .6358  1646 2 709 316 
39 .6485  1647 2 712 609 

0 9 . 6 6 1 1  1648 2 715 904 
39 .6737 1649 2 719 201 
39 .6863 1650 2 722 500  

39 .6989 1651 2 725  801 
39.7115 1652 2 729 104 
39 .7240 1653 2 732 409 
29 .7366  1654 2 735 716 
39 .7492  1655 2 739 025 

39 .7618  1656 2 742 336 
39 .7744 1657 2 745 649 
39 .7869 1 6 5 ~  2 748 964 
39.7996 1659 2 752 281 
39.8121 1660 2 755 600 

39.8246 1661 2 758 921 
39.8372 1662 2 762 244 
39.8497 1663 2 765 569 
39.8023 1664 2 768 896 
39 .8748 1665 2 772 225 

39.8873 1666 2 775 556 
39 .8999 1667 2 778 889 
39 .9124 1668 2 782 224  
39.9249 1669 2 785 561 
39.9375 1670 2 788 900  

39 .9500 1671 2 792 241 
39,9625 1672 12 795 584 
39 .9750 1673 12 798 929 
39 .9875 1674 2 802 276 
40.0000 1675 2 805 625 

40 .0125  1676 2 808  976  
40 .0250 1677 2 812 329  
40 .0375  1678 2 815 684 
40 .0500 1679 2 819 041 
40 .0625 1680 2 822 400 

40 .0749 1681 2 825 761 
40.0874 1682 2 829 124 
40 .0999 16831 2 832 489 
40.1123 1684 2 835 856 
40.1248 1 6 8 5 1 2  839 225  

I 
40.1373 1686 2 842 596 
40 .1497 1687 2 845 969 
40.1622 1 6 8 8 ! 2 8 4 9  344 
40 .1746 1689 I 2 852 721 
40.1871 1 6 9 0 2  856 100 

40 .1995 1691 2 859 481 
40 .2119 1692 2 862 864 
40 .2244  1693 2 866 2 4 9  
40 .2388  1694 2 869 636 
40.2492 1695 2 873 025 

40.2616 1696 2 876  416 
40.2741 1697 2 879 809 
40 .3865  1698 2 883  204  
40.2989 16ffi} 2 8 8 6 6 0 1  
40 .3113  1700 $ 8 9 0 0 0 0  

S•uare o o t  

40 .3237  
40.3861 
40 .3485  
40 .3609  
40 ,3733 

40 .3856  
40 .3980  
40 .4104 
40 .4228  
40.4351 

40 .4475  
40 .4599  
40.4722 
40 .4846  
40 .4969  

40 .5093  
40 .5215  
40 .5339  
40 .5463  
40 .5586  

40 .5709  
40 .5832 
40 .5956  
40 .6079  
40 .6202  

40 .6325  
40 .6448  
40.6571 
40 ,6694 
40 .6817 

40 .~940  
40 .7~q3  
40 .718~  
40 ,7308  
40.7431 

40 .7554  
40 .7676  
40 .7799 
40 .7922  
40 .8044 

40 .8167  
40 .8289  
40 .8412  
40 .8534  
40.8656 

40 .8779  
40.8901 
40 .9023 
40 .9148  
40 .9268  

40 .9390  
40 .9512  
40 ,9634  
40 .9756  
40 .9878  

41 .0000  
41 .0122  
41 .0244  
41 .0866  
41 .0488  

41 .0609  
41.0731 
41 .0858  
41 .0974  
41 .1096  

41 .1218  
41 .1339  
41.1461 
41 .1582  
41 .1704  

41 .1825  
41.1947 
41 .2068  
41 .2189 
4L.2311 
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John Wiley & Sons, Inc., New York, 1954. 
*Irving W. Burr, Engineering Statistics and Quality Control, McGraw-Hill Book Co., Inc., New 

York, 1953. 
H. Cramer, Mathematical Methods and Statistics, Princeton University Press, Princeton, 1946. 
Wilfred J. Dixon and Frank J. Massey, Jr., Introduction to Statistical Analysis, 2d Ed., McGraw- 

Hill Book Co., Inc., New York, 1957. 
*Acheson J. Duncan, Quality Control and Industrial Statistics, Rev. Ed., Richard D. Irwin, Inc., 

Hanewood, Ill., 1959. 
William Feller, An Introduction to Probability Theory and Its Application, 2d Ed., Vol. I, John 

Wiley & Sons, Inc., New York, 1957. 
*E. L. Grant, Statistical Quality Control, 2d Ed., McGraw-Hill Book Co., Inc., New York, t952. 
A. Held, Statistical Theory with Engineering Applications, John Wiley & Sons, Inc., New York, 

1952. 
P. G. Hoel, Introduction to Mathematical Statistics, 2d Ed., John Wiley & Sons, Inc., New York, 

1959. 
*J. M. Juran, Quality-Control Handbook, McGraw-Hill Book Co., Inc., New York, 1951. 
A. M. Mood, Introduction to the Theory of Statistics, McGraw-Hill Book Co., Inc., New York, 

1950. 
M. J. Moroney, Facts/tom Figures, 3d Ed., Penguin Books Inc., Baltimore, 1956. 
W. A. Shewhart, Economic Control of Quality of Manufactured Product, D. Van Nostrand Co., 

Inc., New York, 1931. 
*W. A. Shewhart, Statistical Method from the Viewpoint of Quality Control, Graduate School of 

the U. S. Dept. of Agriculture, Washington, 1939. 
*Leslie E. Simon, An Engineer's Manual of Statistical Methods, John Wiley & Sons, Inc., New 

York, 1941. 
L. H. C. Tippett, Technological Applications of Statistics, John Wiley & Sons, Inc., New York, 

1950. 

Journals: 

Applied Statistics 
Annals of Math. Star. 
Biometrika 
*Industrial Quality Control 
Jap. ]our. Star. Applic. for Eng. & Sci. 
Jour. Am. Slat. Assn. 
Jour. Royal Star. Soc.--B 
*Technometrics 

Pamphlets: 

*ASA Standard Z1.1-1958, "Guide for Quality Control" (ASQC Std B1-1958) 
*ASA Standard Z1.2-1958, "Control Chart Method of Analyzing Data" (ASQC Std B2-1958) 
*ASA Standard Z1.3-1958, "Control Chart Method of Controlling Quality During Production" 

(ASQC Std B3-1958) 
*ASQC General Publications 

* With ~pecial reference to quality control. 
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COMPARISON OF SYMBOLS 
T A B L E  OF SOME SYMBOLS U S E D  I N  T H E  ~V[ANUAL AND 

T H O S E  U S E D  I N  STATISTICAL T E X T S  

N O T E . - - T h e  M a n u a l  uses  t h e  p r i m e  n o t a t i o n  for  u n i v e r s e  p a r a m e t e r s  (or  s t a n d a r d  va lues ) ,  

whi le  s t a t i s t i c a l  t ex t s  a r e  inc l ined  to  use  G r e e k  le t te rs .  

Term Symbol Used in the Manual  Symbol Commonly Used in 
Stat is t ical  Texts 

A n  o b s e r v e d  va lue  . . . . . . . . . . . . . . . .  

U n i v e r s e  m e a n  or  a v e r a g e  . . . . . . . .  

S a m p l e  size, or  n u m b e r  of  o b s e r v a -  
t i ons  . . . . . . . . . . . . . . . . . . . . . . . . .  

S a m p l e  m e a n  or  a v e r a g e  . . . . . . . . . .  

U n i v e r s e  s t a n d a r d  d e v i a t i o n  . . . . . . .  

S a m p l e  s t a n d a r d  d e v i a t i o n  . . . . . . . .  

U n i v e r s e  v a r i a n c e  . . . . . . . . . . . . . . . .  

S a m p l e  v a r i a n c e  . . . . . . . . . . . . . . . . .  

X 

X '  

n 

Ort 

Ort2 

X (or x) 

n (or N)  

_~ (or 2) 

Or 

v n--~-i ) 

0-2 

a S o m e  a u t h o r i t i e s  feel t he  t e r m  " s a m p l e  s t a n d a r d  d e v i a t i o n "  for  s a n d  the  t e r m  " s a m p l e  v a r -  
i a n c e "  for  s 2 to  be misapp l ied .  In  a n y  case  s ~ is t he  u n b i a s e d  e s t i m a t e  of t he  un ive r se  va r i ance .  
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STP15 C-EB/Jan .  1951 

Recommended Practice fog 
C H O I C E  OF S A M P L E  SIZE  TO E S T I M A T E  T H E  A V E R A G E  

Q U A L I T Y  OF A I ,OT OR P R O C E S S '  

| 
ASTM Designation: E 122- 58 

ADOPTED, 19583 

This Recommended Practice of the American Society for Tcsting Materials 
is issued under the fixed designation E 122; the final number indicates the 
year of original adoption or, in the case of revision, the year of last revision. 

NOTE.--Note 3 of Section 4 (a) was formerly Example 1. 
All subsequent notes and examples were accordingly renum- 
bered editorially in July, 1958. 

Scope 

1. This recommended practice pre- 
sents simple methods for calculating how 
many units to include in a sample in 
order to estimate, with a prescribed pre- 
cision, the average of some characteristic 
for all the units of a lot of material, or 
the average produced by a process. 

Empirical Knowledge Needed 

2. (a) Some empirical knowledge of 
the problem is necessary as follows: 

(1) The standard deviation or, if that 
is not possible, 

(2) The range or spread of the charac- 
teristic, from its lowest to its 
highest value and, if possible, some 
knowledge of the shape of the 
distribution of the characteristic; 
for instance, whether most of the 
values lie at one end of the range, 
or are mostly in the middle, or run 

1 Under  tile standardization procedure of the 
Society, this recommended practice is under tile 
jurisdiction of the ASTM Committee E-11 oll 
Quality Control of Materials. 

Prior to adoption, this recommended prac- 
tice was published as tentative from 1956 to 1958. 

rather uniformly from one end to 
the other. 

(b) If tile aim is to estimate the frac- 
tion defective, then each unit has a value 
of 0 or 1 (not defective or defective), and 
the standard deviation, as well as the 
shape, of the distribution depends only 
on p', the fraction defective of the lot 
or process. 

(c) Sketchy knowledge is sufficient to 
start on, although more knowledge per- 
mits greater economy in the sample. 
Rarely will there be difficulty in acquir- 
ing enough information to compute the 
required size of sample with sufficient 
assurance beforehand to meet the de- 
sired precision within acceptable limits. 
A sample that is bigger than the equa- 
tions indicate is used in actual practice 
when the empirical knowledge is only 
sketchy to start with, and if the de- 
sired precision is critical. The extra 
insurance is the price of incomplete 
knowledge. 

(d) In any case, even when starting 
with sketchy knowledge, the precision of 
the estimate made from a random sample 
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CHOICE OF SAMPLE SIZE TO ESTIMATE AVERAGE QUALITY (E 122 -58)  131 

m a y  itself be es t imated from the sample. 
This  est imation of the precision reached 
by  the first sample makes it possible to 
fix more economically the sample size 
for the next sample of a similar material .  
In  other words, information concerning 
the process, and the mater ia l  produced 
thereby,  accumulates  and should be used. 

P r e c i s i o n  D e s i r e d  

3. The  approximate  precision desired 
for the est imate must  be prescribed. 
Tha t  is, i t  must  be decided what  maxi- 
mum difference, E, can be tolerated be- 
tween the es t imate  to be made from the 
sample and the result  tha t  would be ob- 
tained by  testing every unit  in the uni-  
verse. 

E q u a t i o n s  for  Calcu lat ing  S a m p l e  S i z e  

4. (a) The  equation for the size n of 
the sample is as follows: 

. . . . . . . . . . . . . .  ( 1 )  

where �9 

r _- the advance es t imate  of the s tand-  
a rd  deviat ion of the lot or process. 
(Note 1). 

NOTE 1.--Some simple methods are given 
later to show how to reduce the empirical knowl- 
edge to the numerical value ,r'. 

E = the maximum allowable difference 
between the est imate to be made 
from the sample and the result of 
test ing (by the same methods) all 
the units in the universe. 

3 = a factor corresponding to a proba-  
b i l i ty  of about  3 par ts  in 1000 
(Note 2) tha t  the difference be- 
tween the sample est imate and the 
result of testing (by the same 
methods) all the units in the uni- 
verse is greater  than E. The choice 
of the factor 3 is recommended for 
general use. Wi th  the factor 3, and 
with a universe s tandard  deviat ion 
equal to the advance est imate,  it  

is "prac t ica l ly  cer ta in"  tha t  the 
sampling error will not  exceed E. 
There are occasions, however, 
where a lesser degree of cer ta inty 
is desired, which a smaller factor 
provides (Note 3). 

NOTE 2.--In the sampling of a lot of material 
that has a highly skewed distribution in the char- 
acteristic measured, the factor 3 will give a dif- 
ferent probability, possibly as great as 6 parts 
in 1000. If there is anxiety about the effect of 
skewness, there are two things which can be 
done: 

(1) Probe the material with a view to dis- 
covering, for example, extra-high values, or 
possibly spotty runs of abnormal character, in 
order to approximate roughly the amount of the 
skewness, for use with statistical theory and 
adjustment of the sample size if necessary. 

(2) Search the lot for abnormal material and 
segregate it for separate treatment. 

NOTE &--For example, the factor 2 gives a 
probability of about 45 parts in 1000 that the 
sampling error will exceed E. Although the dis- 
tributions met in practice may not be normal, 
the following table (based on the normal dis- 
tribution) indicates approximate probabilities: 

Factor Probability 
3 . . . . . . . . . . . . . . . . . . .  3 in 1000 
2 . . . . . . . . . . . . . . . . . . .  45 in 1000 
2.58 . . . . . . . . . . . . . . . .  1 in 100 
1.96 . . . . . . . . . . . . . . . .  5 in I00 (1 in 20) 
1.64 . . . . . . . . . . . . . . . .  10 in 100 (1 in 10) 

(b) I t  is sometimes convenient  to use 
Eq 1 in another  form: namely,  

n . . . . . . . . . . . . .  (2) 

where: 
v' (coefficient of var ia t ion in per cent) 

= 100 ~r'/X', the advance est imate of 
the coefficient of var ia t ion of the 
mater ia l ,  expressed in per cent 

e = 100 E/X', the allowable sampling 

error expressed as a per  cent of X' ,  
and 

X ~ = the expected value of the charac- 
teristic being measured. 

There are some mater ia ls  for which 

r varies approximate ly  with X' ,  in which 
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case v' remains approximately constant 

from large to small values of X' .  If  the 
relative error, e, is to be the same for all 

values of X' ,  then everything on the 
right-hand side of Eq 2 is a constant; 
hence n is also a constant, which means 
that  the same sample si___ze, n, would be 

required for all sizes of X' .  
(c) If  the problem is to estimate the 

fraction defective, then (a') ~ is replaced 
by  p'(1 - p'), so that  Eq 1 becomes: 

n = p ' ( t  - -  p') . . . . . . . .  (3) 

where: 

p '  = the advance estimate of the frac- 
tion defective. 

If  p '  is small, so that  p'n is less than 4, 
then 3.25 should be used in place of 3 in 
Eq 3 to compensate for the skewness of 
the p distribution for small values of p'.  

(d) When the average of a particular 
lot of limited size is wanted, and an 
estimate of the average for the process is 
not par t  of the problem, the required 
sample size is less than Eqs 1, 2, and 3 
indicate. The sample size for estimating 
the average of the finite lot will be: 

nL = n . . . . . . . .  (4) 

where: 

n = the value computed from Eqs 1, 
2, or 3, and 

N -- the lot size. 
This reduction in size is usually of little 
importance unless n is 10 per cent or 
more of N. 

R e d u c t i o n  of Empirical K n o w l e d g e  to  a 
N u m e r i c a l  V a l u e  of a '  (Data for Pre-  
vious S a m p l e s  A v a i l a b l e )  

5. (a) This section illustrates the use 
of the equations in Section 4 when there 
are data  for previous samples. 

(b) For Equation / . - -Com pu t e  the 
standard deviation ~ (corrected for 

sample size) 3 for several samples, and use 
the average of them, if they are not too 
dissimilar, for an advance estimate of 
a t" 

NOTE 4 . - -A  simple way to compute  the  over- 
all ~ for a lot is to arrange the observed values 
in a random order, and then average the  ranges 
of successive groups of 4, 5, 8, or 10 observed 
values. (Theory shows tha t  the  op t imum sub- 
group size is 8.) If  R is the  average of these 
ranges, then R/d2 is an estimate of ~r. 

The accompanying table shows some selected 
valuesaof d,. 
Group 
Size di 

2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1.13 
4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2.06 
5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2.33 
8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2.85 

10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3.08 

Example  1 . - -Use  of ~: 
Problem.--To compute the sample size needed 

to estimate the average transverse strength of a 
lot of bricks when the desired value of E is 50 psi. 

Solution.--F~om the data of three previous 
lots, the values of standard deviation were found 
to be 215, 192, and 202 psi, based on samples of 
100 bricks. The average of these three standard 
deviations is 204 psi, whence Eq 1 gives: 

= ( 3  X 204~ 2 
n \ - - - ~ - - ]  = (12.2)+ = 148.8 

= 149 bricks 

for the required size of sample to give a maximum 
sampling error of 50 psi. 

(c) For Equation 2 . - - I f  a' varies ap- 
proximately with X '  for the characteristic 
of the material to be measured, compute 

both the average, X, and the standard 
deviation, a (corrected for sample size), s 
for several samples (unless they are al- 
ready available). An average of the sev- 

eral values of v = a / X ,  if they are not 
too dissimilar, may  be used as an ad- 
vance estimate of v'. 

Example 2.--Use of v: 
Problem.--To compute the sample size needed 

to estimate the average abrasion resistance of a 
material when the desired value of e is 10 per 
cent. 

a See the  ASTM Mauua l  on Quality Control 
of Materials, STP 15-C, p. 63, for values of c2for 
correcting a when n is less than  25, as well as for 
values of d~. 
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Solution.--There are no  d a t a  from previous 
samples of this same material,  bu t  da ta  for six 
samples of similar materials show a wide range 
of resistance. However, the values of s tandard 
deviation are approximately proportional to  
the observed averages, as shown in the  following 
table: 

3ample 
Lot No. Size 

1. lO 
2. 10 
3 . . . . . . . . . . .  L 10 
t .  1O 
5. 1O 
5. IO 

Avg 

Aver- 
age 

Cycle.* 

90 
190 
350 
450 

1OO0 
3550 

Ob- 
served 

40 
1OO 
140 
220 
360 

2090 

13.0 
32.5 
45.5 
71.4 

116.9 
678. fi 

Coefli- 
a = clent of 
R Vad- 

(3;08--'-) 'ation, v, 
in per 
cent 

14 
17 
13 
16 
12 
19 

15.2 

* Values of s tandard d e v i a t i o n  (corrected for 
sample size) may  be used ins tead of the  e s t imates  
made from the range, if they  are preferred or al- 
ready available. 

The  use of the average of the observed values 
of v as an advance est imate  of v' in Eq 2 gives:  

(3 • ,52 , 
n = -i() ] = (4.6)' = 21.2 

= 22 specimens 

for the required size of sample to give a max i mum 
sampling error of 10 per cent  of the  expected 
value. 

If a max imum allowable error of 5 per cent  
were needed, the  required sample size would be 
85 specimens. The  data  supplied by  the  pre- 
scribed sample will be useful for the  next  investi- 
gation of similar material. 

(d) For Equation &--Compute the 
value of fraction defective, p, for each 
sample. If the values are not too dis- 
similar, use the average of them for an 
advance estimate of p'. (If the sample 
sizes vary, use a weighted average 

total  number  of defectives in all samples g =  
total number of units in all samples 

instead of a simple average of the p 
values.) If the values are quite dissimi- 
lar, decide whether to use some of them 
to obtain an advance estimate of p'. 

Example 3.--Use of p: 
Problem.--To compute  the sample size needed 

to  e s t i m a t e  the  fraction defective in a lot of 
alloy steel t rack bolts and nu ts  when the de- 
sired value of E is 0.04. 

Solut ion.- -The following da ta  from four pre- 
vious lots were used for an advance estimate 
of p': 

Lot No. 

3 . . . . .  

T o t a l  . . . . . . .  

Sample 
Size 

75 
100 

00 
125 

390 

No. of 
Defectives 

3 
lO 

4 
4 

21 

Fraction 
Defective 

0. 040 
0.100 
0. 044 
O. 032 

21 
= 390 0.054 

(&)' n -- (0.054) (0.946) 

9 X 0.0511 

0.0016 
--- 287.4 = 288 

If the desired value of E were 0.01, the required 
sample size would be 4600. It would be smaller 
if Eq 4 applies. 

Reduction of Empirical Knowledge to a 
Numerical  Value of ~' (No Data from 
Previous Samples of the Same or Like 
Material Available) 

6. (a) This section illustrates the use 
of the equations in Section 4 when there 
are no actual observed values for the 
computation of a. 

(b) For Equation / . - -From past ex- 
perience, estimate what the smallest and 
largest values of the characteristic are 
likely to be. If this is not known, obtain 
this information from some other source. 
Try to picture how the other observed 
values are probably distributed. A few 
simple observations and questions con- 
cerning the past behavior of the process, 
the usual procedure of blending, mixing, 
stacking, storing, etc., and concerning 
the aging of material and the usual prac- 
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134 CHOICE Or SAMPLE SIZE TO ESTIMATE AVERAGE QUALITY (E 122 - 58) 

rice of withdrawing the material (last in, 
first out;  or last in, last out) will usually 
elicit sufficient information to distinguish 
between one triangular distribution and 
~nother in Fig. 1. In  case of doubt, or in 
ease the desired precision E is a critical 
matter,  the rectangular distribution may 
be used. The price of the extra protection 
afforded by the rectangular distribution 
is a larger sample size, owing to the larger 
standard deviation thereof. At  the worst, 
if the isosceles triangle is used when the 
~ther triangle or the rectangle is a better 
description, then the standard error of 
the result is larger by no more than 40 
per cent, as shown by comparing the 

Ols t r i -  
but l  on, 

of values of transverse strength for a lot of 
bricks has been about 1200 psi. The values 
were heaped up in the middle of this range, but 
not necessarily normally distributed. 

The isosceles triangle in Fig. 1 appears to be 
most appropriate; the advance estimate of a' is 
1200/4.9 = 245 psi. Then: 

n= ~ ----- (14.7)*- 216.1 

---- 217 bricks 

The difference between 217 and 149 bricks 
(found in Example 1) is the price of sketchy 
knowledge. 

(c) For Equation 2.--While  the esti- 
mation of the coefficient of variation of 

RectangulQr . . . . . . . . . . . . . . . . .  Triangular . . . . . . . . . . . . . . . .  Normal 

o 0 o b o b a b 

.Standard 
Deviat ion: 

b - o  b - o  .b-o  b - o  b-o .  
3 .5  4 . 2  4 . 2  4 . 9  6 . 0  

FIG. 1 .--Some Types of Distributions and Their Standard Deviations. 

formulas for the standard deviations 
given in Fig. 1. The sizes of subsequent 
samples may  then be adjusted upward, 
if necessary. 

NOTE 5.--The standard deviation of the 
normal distribution in Fig. 1 is a safe assumption 
for materials with a good history of control, in 
which case an advance estimate of a' would 
usually be available. 

The standard deviation estimated from 
one of the formulas of Fig. 1 may  be 
used as an advance estimate of a t in Eq 
1. This method of advance estimation is 
in constant use and is often preferable to 
doubtful observed values. 

a universe by use of Fig. 1 is possible, it 
is not  recommended. In  general, the 
knowledge that  the use of v', instead of 
a',  is preferable would be obtained from 
the analysis of actual data, in which case 
the methods of Section 5 apply. 

(d) For Equation 3 . - -F rom past ex- 
perience, estimate approximately the 
range within which the fraction defective 
is likely to lie. Turn to Fig. 2 and read 
off the value of a 2 = p(1 -- p) for the 
middle of the possible range of p, and 
use it in Eq 3. In  case the desired preci- 
sion is a critical matter,  use the largest 
value of a 2 within the possible range of 
P. 

Example 4.--Use of ~ from Fig. 1: 
Problem (Same as Example/).--To compute 

the sample size needed to estimate the average 
transverse strength of a lot of bricks when 
the desired value of E is 50 psi. 

Solution.--From past experience the range 

Cons idera t ion  of Cost  

7. (a) After the required size of sample 
to meet a prescribed precision is com- 
puted from Eqs 1, 2, or 3, the next step 
is to compute the cost of testing this 
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size of sample. If  the cost is too great, 
it may be possible to relax the required 
precision (or the equivalent, which is to 
accept an increase in the probability 
(Section 4) that the sampling error may 
exceed the maximum allowable error, E) 
and to reduce the size of the sample to 
meet the allowable cost. 

(b) As an alternative to Eq 1, which 
gives n in terms of a prescribed preci- 
sion, this equation may be solved for E 

nite and willful effort to produce dis- 
order. The only universally acceptable 
definition of a random selection is by the 
use of random numbers, which are in 
effect the guarantee of thorough stirring 
of the sampling units in a lot. 

(b) In the use of random numbers, the 
material must first be broken up in some 
manner into "sampling units." More- 
over, each sampling unit is identifiable 
by a serial number, actual or by rule. 
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F~a .  2 . - - V a l u e s  of  a ,  o r  a~, C o r r e s p o n d i n g  to  V a l u e s  of  p. 

in terms of n, thus discovering what pre- 
cision is possible for a given allowable 
cost. The same may be done for Eqs 2 
and 3. 

(c) I t  is necessary to specify either the 
desired allowable error, E, or the allow- 
able cost; otherwise there is no proper 
size of sample. 

Selection of the Sample 

8. (a) In order to make any estimate 
for a lot or for a process, on the basis of 
a sample, it is necessary to select the 
units iu the sample "at random." 
Randomness is not just accident or lack 
of direction; it is the product of a deft- 

For packaged articles, a rule is easy; the 
package contains a certain number of 
articles in definite layers, arranged in a 
particular way, and it is easy to devise 
some system for numbering the articles. 
In the case of bulk material like ore, or 
coal, or a barrel of bolts or nuts, the 
problem of defining usable sampling 
units must take place at an earlier stage 
of manufacture. 

(c) I t  is not the purpose here to discuss 
the handling of materials, nor to find 
ways by which one can with surety dis- 
cover the way to a satisfactory type of 
sampling unit. Instead, the aim is to 
assume that a suitable sampling unit has 
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been defined, and then to answer the 
question of how many to draw. 

Estimation of the Precision from the 
Results of the Sample 

9. (a) Equation I is a prediction and 
is used to compute the required size of 
sample. However, after the sample has 
been tested, the actual value of the max- 
imum sampling error, E, may be esti- 
mated. One procedure for computing the 
value of the standard deviation of the 
sample is that given in Section 5. Then 
the estimate of the maximum difference 
between the sample estimate and the re- 
sult of testing (by the same methods) all 
the units in the universe is: 

3R 
E.. ,  = d ~ V ~  . . . . . . . . . . . .  (5) 

where: 

E,,t  = the sample estimate of E, and 
n = the total sample size. 

(b) When the sample is not appor- 
tioned by strata as described in Section 
10, an equivalent estimate of the maxi- 
mum sampling error is: 

3~ 
& "  = ~ n -  1 . . . . . . . . . .  (6) 

where: 

   ,ven otUe O" ~ -- , 

ASTM Manual on Quality Control of 
Materials, Part 1. 4 

NOTE 6 . - - I f  n is large, either estimate will 
be reliable. If  n is small, either estimate will be 
subject to a wide sampling error, and may not 
be as reliable as the advance estimate made from 

a See p. 16 of the ASTM Manual, 8TP  15-C. 

prior information. The following table indicates 
the sampling error in ~ for samples of size n 
drawn from a normal population whose standard 
deviation is # .  The following values ~ for the 
ratio ~/~' will be exceeded by chance alone about 
5 times in 100: 

Sample Size 

5 . . . . . . . . . . . . . . . . . .  

1 0  . . . . . . . . . . . . . . . . . .  

15 . . . . . . . . . . . . . . . . . .  
2 0  . . . . . . . . . . . . . . .  ~ 1 7 6 1 7 6  

2 5  . . . . . . . . . . . . . . . . . .  

3 0  . . . . . . . . . . . . . . . . . .  

50 . . . . . . . . . . . . . . . . . .  
100 . . . . . . . . . . . . . . . . . .  
200 . . . . . . . . . . . . . . . . . .  

1,378 
1,301 
1,257 
1,228 
1,207 
1,191 
1.152 
1,110 
1. 079 

(c) In estimating a fraction defective, 
one should remember that the estimate is 
subject to sampling error, the maximum 
of which will be: 

~,,, = 3 ~ / p ( 1  - p) . . . . . . . .  (7) 

"V/p(1 -- p) may be read from Fig. 2. 
if  p is small, so that pn is less than 

4, then 3.25 should be used in place of 
3 in Eq 7, to compensate for the skew- 
ness of the p distribution for small values 
of p. 

S a m p l i n g  b y  S u b - l o t s  or b y  S t r a t a  

10. I t  is advisable, and sometimes 
easier, to apportion the sample by strata 
(sub-lots, layers, sheets, or other natural 
divisions), as theory shows that such a 
plan will occasionally show gains in pre- 
cision. I t  is important, in the use of Eq 
5 for this kind of sampling, to average the 
ranges of the strata, as otherwise Eq 5 
will overestimate the sampling error. 

5F. E. Croxton and D. J. Cowden, Indus.. 
trial Quality Control, Vol. 3, July, 1946, pp. 18-2L 
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sonal Members ,  In s t i t u t iona l  Members ,  Indus t r ia l  Members,  Sus ta in ing Mem- 
bers, Associate Members ,  and Honora ry  Members  elected from a corporate  
"grade of membership .  In  addi t ion there  shall  be S tuden t  Members ,  and Honor-  
ary Members  elected from nonmembers  of tile Society. The r ights  of member-  
ship of Ins t i tu t iona l ,  Indus t r ia l ,  and Susta ining Members  shall  be exercised 
by  the  indiv idual  who is designated as the  official represen ta t ive  of t h a t  mem- 
bership.  

SECTION 2. A Personal  Member  shall  be a person meet ing the  qualif icat ions 
es tabl ished by  the Board  of Directors  for this  classification. 

SECTION 3. An Ins t i t u t iona l  Member  shall  be a public l ibrary;  educa t iona l  
ins t i tu t ion ;  a non-profi t  professional,  scientific or technical  society;  govern- 
men t  depa r tmen t  or agency at the  federal,  s ta te ,  city,  county  or township  
level; or separate  divisions thereof  meet ing the  qualifications es tabl i shed  by  
the  Board  of Directors  for this  classification. 

SECTION 4. An Indus t r i a l  Member  shall  be a p lant ,  firm, corporat ion,  par t -  
nership,  or o ther  business enterprise ,  or separate  divisions thereof ;  t rade  
association,  or research ins t i tu te  meet ing  the  qualifications es tabl ished by  the  
Board  of Directors  for this  classification. 

SECTION 5. A Sustaining Member  shall  be a person, p lant ,  firm, corporat ion,  
society,  depa r tmen t  of government  or o ther  organizat ion,  or separate  divisions 
thereof ,  electing to give greater  suppor t  to  the  Society 's  act ivi t ies  t h rough  
the  paymen t  of larger dues. 

SECTION 6. An Associate Member  shall  be a person less t h a n  t h i r t y  years of 
age. He shall  have  the same r ights  and privileges as a Personal  Member ,  ex- 
cept  t h a t  he shall  not  be eligible for office. An Associate Member  shall  not  re- 
ma in  in this  category beyond the  end of the  calendar  year  in which his th i r -  
t i e th  b i r thday  occurs. 

ARTICLE V.  Meetings 
SECTION 1. The Society shall  meet  annual ly ,  for the  t r ansac t ion  of i ts  busi- 

ness, at  a t ime and place fixed by the  Board of Directors.  Twenty-five corpora te  
members  shall  cons t i tu te  a quorum. 

SECTION 2. Special business meet ings of the  Society may  be called at  any  
t ime and place at  the  discret ion of the  Board of Directors,  or shall  be called 
by  the  President ,  upon the  wr i t t en  request  of a t  least  one per  cent  of the  
Corporate  Membership.  

ARTICLE VIII. Dues 
SECTION 1. The membership  year  shall  commence on the  first day of Janu-  

ary. The annual  dues*, payable  in advance,  shall  be as follows: For  Personal  
Members,  $18; for In s t i t u t iona l  Members,  $25; for Indus t r ia l  Members ,  $75; 
for Sustaining Members ,  $200; for Associate Members,  $10; for S tuden t  Mem- 
bers, $3. Honorary  Members  shall  not  be subject  to dues. 

SECTION 2. The ent rance  fees, payable  on admission to the  Society, shall  be 
$10 for Personal  Members,  In s t i t u t i ona l  Members,  Indus t r i a l  Members  and 
Susta ining Members,  and $5 for Associate Members .  S tuden t  Members  shal l  
pay no ent rance  fee. There  shall  be no fee for t ransfe r  from one class of mem- 
bership to another.  

SECTION 6. Any person elected af ter  six months  of any membersh ip  year  
shall  have expired, may  pay only one-half of the  amount  of dues for t h a t  
year.  

*NOTE~:)I the annual dues $5.00 is for subscription to )/[&TERIALS RESEARCH & STANDARDS. 
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