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PREFACE

This Manual on the Quality Control of Materials was prepared by
ASTM Technical Committee E-11 on Quality Control of Materials to
make available to the ASTM membership, and others, information re-
garding statistical methods and quality control methods and to make
recommendations for their application in engineering work of the Society.
The quality control methods considered herein are those methods that have
been developed on a statistical basis to control the quality of product
through the proper relation of specification, production, and inspection as
parts of a continuing process.

This Manual consists of three Parts dealing particularly with the analysis
and presentation of data. It constitutes a revision and a replacement of the
ASTM Manual on Presentation of Data whose main section and two sup-
plements were first published respectively in 1933 and 1935. This early work
was done with the ready cooperation of the Joint Committee on the Develop-
ment of Applications of Statistics in Engineering and Manufacturing (spon-
sored by the American Society for Testing Materials and the American
Society of Mechanical Engineers) and especially of the Chairman of the
Joint Committee, W. A. Shewhart. Over the past 15 years this material has
gone through a number of minor modifications and reprintings and has be-
come a standard of reference over wide areas in both industrial and academic
fields. Its nomenclature and symbolism were adopted in 1941 and 1942 in
the American War Standards on Quality Control (Z1.1, Z1.2 and Z1.3) of
the American Standards Association, and its Supplement B was reproduced
as an appendix with one of these Standards.

The purposes for which the Society was founded—the promotion of
knowledge of the materials of engineering, and the standardization of speci-
fications and the methods of testing—involve at every turn the collection,
analysis, interpretation and presentation of quantitative data. Such data
form an important part of the source material used in arriving at new
knowledge, and in selecting standards of quality and methods of testing
that are adequate, satisfactory, and economic, from the standpoints of the
producer and the consumer.

Broadly, the three general objects of gathering engineering data are to
discover: (1) physical constants and frequency distributions, (2) relation-
ships—both functional and statistical—between two or more variables, and
(3) causes of observed phenomena. Under these general headings, the follow-
ing more specific objectives in the work of the American Society for Testing
Materials may be cited:
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(a) to discover the distributions of quality characteristics of materials
which serve as a basis for setting economic standards of quality, for com-
paring the relative merits of two or more materials for a particular use,
for controlling quality at desired levels, for predicting what variations in
quality may be expected in subsequently produced material; to discover
the distributions of the errors of measurement for particular test methods,
which serve as a basis for comparing the relative merits of two or more
methods of testing, for specifying the precision and accuracy of standard
tests, for setting up economical testing and sampling procedures;

(b) to discover the relationship between two or more properties of a
material, such as density and tensile strength; and

(¢) todiscover physical causes of the behavior of materials under partic-
ular service conditions; to discover the causes of nonconformance with
specified standards in order to make possible the elimination of assignable
causes and the attainment of economic control of quality.

Problems falling in the above categories can be treated advantageously
by the application of statistical methods and quality control methods. The
present Manual limits itself to several of the items mentioned under (g)
above. Part 1 discusses frequency distributions, simple statistical measures,
and the presentation, in concise form, of the essential information contained
in a single set of # observations. Part 2 discusses the problem of expressing
=+ limits of uncertainty of an observed average of a single set of » observa-
tions, together with some working rules for rounding-off observed results to
an appropriate number of significant figures. Part 3 discusses the control
chart method for the analysis of observational data obtained from a series
of samples, and for detecting lack of statistical control of quality.

This Manual is the first major revision of the earlier work. The original
Manual and the two supplements were prepared by the Manual Commit-
tee of the former Subcommittee IX on Interpretation and Presentation of
Data, of Committee E-1 on Methods of Testing. The personnel of the
Manual Committee was as follows: Messrs. H. F. Dodge, chairman (1932-
46), W. C. Chancellor (1934-37), J. T. MacKenzie (1932-46), R. F. Pas-
sano (1939-46), H. G. Romig (1938-46), R. T. Webster (1932-44), A. E.
R. Westman (1932-34) Changes and additions have been made in line
with comments and suggestions received from many sources. Since the
last modification of the earlier work, the American Society for Quality
Control has been organized (1946) and has assumed a responsible and re-
cognized position in the field of quality control. Its cooperation in the pre-
sent revision is hereby acknowledged.

The list of members of Committee E-11 appearing in this Manual shows
the personnel of the committee as of the date of publication. During the
preparation of the three parts of the Manual the following were also ac-
tive members of the committee: Messrs. C. W. Churchman, H. F. Hebley,
J. C. Hintermaier, R. F. Passano, A. I. Peterson, T. S. Taylor, John
Tucker, Jr.
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Additional subject material is under consideration by the committee for
inclusion in this Manual as additional Parts.

January, 1951.

In this fifth printing of the Manual there has been included in the
Appendix the Tentative Recommended Practice for Choice of Sample Size
to Estimate the Average Quality of a Lot or Process (ASTM Designation:
E 122). This recommended practice was prepared by Dr. W. Edwards
Deming and Miss Mary N. Torrey and represents in part work done by
Task Group No. 6 of Committee E-11, which consists of A. G. Scroggie,
chairman, C. A. Bicking, W. Edwards Deming, H. F. Dodge, and S. B.
Littauer.

September, 1956.

In this sixth printing of the Manual corrections have been made of the
typographical errors on pp. 61, 62, 65, and 69.

December, 1957.

This seventh printing of the Manual includes several minor additions and
revisions. The changes in Part 1 include revised values in Tables I (c) and
IT (¢) (and corresponding values elsewhere in the Manual where referred
to); also an addition to Section 4. Sections 20, 21, and 28 were modified to
include formulas for s and s* In Part 3, Section 7 was expanded, and in the
Example Sections 31, 32, and 33 the paragraph on Results was revised in
Examples 2, 3, 4, 8, 13, 16, 21, and 22. The Appendix was expanded to in-
clude a List of Some Related Publications on Quality Control and Statistics
and a Table giving a comparison of the symbols used in the Manual and
those used in statistical texts. These changes were prepared by an Ad Hoc
Committee on Modification of ASTM Manual. The personnel of this com-
mittee is as follows: H. F. Dodge, chairman, Simon Collter, R. H. Ede, R.
J. Hader, and E. G. Olds.

July, 1960.



MEMBERSHIP OF COMMITTEE E-11
ON QUALITY CONTROL OF MATERIALS

DECEMBER, 1962

*C. A. Bicking, Chairman, Quality Control Manager, Carborundum Co., Niagara Falls, N. Y.
*W. P. Goepfert, Vice-Chairman, Chief, Statistical Analysis Section, Metallurgical Div., Aluminum
Company of America, Pittsburgh, Pa.
. J. Duncan, Secretary, Associate Professor, The Johns Hopkins University, Baltimore, Md.
. H. W. Allan, American Iron and Steel Inst., New York, N. Y.
. P. Beckwith, Quality Control Director, Ludlow Corp., Needham Heights, Mass.
. N. Berrettoni, Professor of Statistics, Western Reserve University, Cleveland, Ohio
. Collier, Consultant, 105624 Wilshire Blvd., Los Angeles 24, Calif,
. A. Cue, Quality Manager, Hoover Ball and Bearing Co., Ann Arbor, Mich.
W. Edwards Deming, Graduate School of Business Administration, New York University, N. Y.
H. F. Dodge, Professor of Applied and Mathematical Statistics, Rutgers, The State University,
New Brunswick, N. J.
F. E. Grubbs, Chief, Weapon Systems Lab., Ballistic Research Labs., Aberdeen Proving Ground,
Md.
E. C. Harrington, Jr., Monsanto Chemical Co., Springfield, Mass.
J. S. Hunter, Associate Professor of Chemical Engineering, Princeton University, Princeton, N. J.
Gerald Lieberman, Stanford University, Stanford, Calif.
John Mandel, National Bureau of Standards, Washington, D. C.
C. L. Matz, 6455 N. Albany Ave., Chicago 45, TIL.
R. B. Murphy, Bell Telephone Laboratories, Inc., New York, N. Y.
F. G. Norris, Metallurgical Engineer, Wheeling Steel Corp., Steubenville, Ohio
*P. S. Olmstead, Statistical Consultant, Bell Telephone Laboratories, Inc., Whippany, N. J.
*W. R. Pabst, Jr., Quality Control Div., Bureau of Ordnance, Navy Dept., Washington, D. C.
J. B. Pringle, Staff Engineer, Quality Analysis, Bell Telephone Company of Canada, Montreal,
P.Q., Canada
L. E. Simon, (Honorary Member), 1761 Pine Tree Road, Winter Park, Fla.
R. J. Sobatzki, Quality Control Superintendent, Rohm & Haas Co., Philadelphia, Pa.
*Louis Tanner, Chief Chemist, U. S. Customs Laboratory, Boston, Mass.
Grant Wernimont, Staff Assistant, Color Control Dept., Eastman Kodak Co., Rochester, N. Y.

*

—Oogp

*

gw

* Member of Advisory Committee.



N 0150 11 o 2 PP

CONTENTS

PART 1
PRESENTATION OF DATA

Introduction

SECTION

0 B

wn

16.
17.
18.
19.
20.
21.
22.
23.

24.
25.
26.

. Purpose. .

. Type of Data. Consxdered

. Homogeneous Data. .

. Typical Examples of Physmal Data.

Ungrouped Frequency Distributions

. Ungrouped Frequency Distributions .
. Remarks. . e .

Grouped Frequency Distributions

CIntroduction . ...l
. Definitions .

. Choice of Cell Boundarm

. Number of Cells .

. Methods of Classﬁylng Observatlons
. Cumulative Frequency Distribution . B
. Tabular Presentation .. ............cvi ittt i,
. Graphical Presentation............... ...l

CRemarks . ..

Functions of a Frequency Distribution

IntrodUCHION . .o o v ettt et it e e e e e

Relative Frequency . .

Average (Arithmetic Mean)

Other Measures of Central Tendency
Standard Deviation .

Other Measures of DlSpCI‘SlOn
Skewness—% .

Remarks.......

Methods of Computing X, ¢, and &

Computation of Average and Standard Deviation ..............
Short Method of Computation When # is Large ... ... .. ..
Remarks . ..ot iiit ittt ieiae i

PAGE

OO0t wr L PN RSy

—

12
13
13
14
15
15
16



viii CONTENTS

Amount of Information Contained in p, X, ¢ and

SECTION

42.
43.
44.

45.

o >

JIntroduction........ ...
.TheProblem. .. ..o e e
. Several Values of Relative Frequency, p.......................
. Single Value of Relative Frequency, p .......................

. Average, X, Only . .
. Average, X, and Standard Dev1at10n o.

. Average, X, Standard Deviation, o, and Skewness k e
. Use of Coeﬂic1ent of Variation Instead of Standard Dev1at10n

. General Comment on Observed Frequency Distributions of a Serles

of A.S.T.M. Observations. .

. Summary. .

Essential Information

CIntroduction . . ... Ll e
. What Functions of the Data Contain the Essential Information. . .
. PresentmgjfOnlyVersusPresentmgXanda
. Observed Relatlonshlps AU

. Summary. . e

Presentation of Relevant Information
Introduction .
Relevant Informatlon .......................................
Evidenceof Control .. ..... ... .. i
Recommendations
Recommendations for Presentation of Data ....................

Supplements

. Glossary of Symbols UsedinPart 1...........................
. General Referencesfor Part 1........ ... ... ... .conit.

29
29
30
31
32

33
33
34

35

36

PART 2
PRESENTING =+ LIMITS OF UNCERTAINTY OF AN OBSERVED
AVERAGE
. Purpose .. .
. The Problem .
. Theoretical Background

00 =3I O\ Ui Lo o

(= g

. Computation of Limits .

. Experimental Illustration

. Presentation of Data . .

. Number of Places to be Retalned in Computatlon and Presentatlon
. General Comments on the Use of Confidence Limits.

Supplements

. Glossary of Symbols Usedin Part2...........................
. General ReferencesforPart 2. .......................c.vn.t.



CONTENTS ix

PART 3
CONTROL CHART METHOD OF ANALYSIS AND PRESENTATION
OF DATA
General Principles
SECTION PAGE
L PUIPOSE . et ittt e e e e e e e 55
2. Terminology and Technical Background ....................... 56
3 TWo USeS . ..ottt it i e e e i e e 57
4. Breaking up Data into Rational Subgroups.................... 57
5. General Technique in Using Control Chart Method ............. 58
6. Control Limits. . .. .. ..ottt it eiieneeinaeanns 58
Control—No Standard Given

7. Introduction . . ... oo it e e e e 59

8. Control Charts for Averages, X, and for Standard Deviations, e—
Large Samples. .....c.oiiniin it it i e 59
(a) Large Samples of Equal Size............................ 59
(b) Large Samples of Unequal Size.......................... 60

9. Control Charts for Averages, X, and for Standard Deviations, c—
Small Samples .. ...t 60
() Small Samples of Equal Size. ........................... 61
(8) Small Samples of Unequal Size.. ........................ 61
10. Control Charts for Averages, X, and for Ranges, R—Small Samples 61
() Small Samples of Equal Size. ........................... 62
(8) Small Samples of Unequal Size. ......................... 62
11. Summary, Control Charts for X, ¢, and R—No Standard Given.. 63
12. Control Charts for Attributes Data............................ 64
13. Control Chart for Fraction Defective, p........................ 64
() Samples of Equal Size. .................... ... ... 65
(8) Samples of Unequal Size............................... 65
14. Control Chart for Number of Defectives, pn.................... 65
15. Control Chart for Defects per Unit, %. ... ..................... 66
(8) Samples of Equal Size................................. 67
(b) Samples of Unequal Size................. ... ...l 68
16. Control Chart for Number of Defects, c........................ 68
(@) Samples of Equal Size. .. ... ............. ... ...l 68
(6) Samples of Unequal Size............... ..ol 69
17. Summary, Control Charts for p, p#, #, and c—No Standard Given.. 69

Control With Respect to a Given Standard

18. Introduction. . ... ..c.it ittt it et e 69
19. Control Charts for Averages, X, and for Standard Deviations, .. 71
20. Control Chart for Ranges, R. .. ........... ..o, .. n
21. Summary, Control Charts for X, ¢ and R—Standard Given...... 72
22. Control Charts for Attributes Data.. O
23. Control Chart for Fraction Dcfcctwe p ........................ 73
24. Control Chart for Number of Defectives, Mmoo .. T3
25. Control Chart for Defects per Unit, #......................... 74
26. Control Chart for Number of Defects, ¢. ]
27. Summary, Control Charts for p, pn, 4, and c—Standard leen .. 16



X CONTENTS

Control Charts for Individuals

SECTION PAGE

28. Introduction. ... . ... 76

29. Control Chart for Individuals, X—Using Rational Subgroups. .. .. 77

30. Control Chart for Indlvrduals—Usmg Movmg Ranges ciee... 18

(@) No Standard Given. . . Y £

() Standard Given. ... ................................... 18
Examples

31. Control—No Standard Given:
Example 1.—Control Charts for X and o, Large Samples of Equal

Size (Section 8(@)) .. .......... ... .. ... ..., 79
Example 2—Control Charts for X and ¢, Large Samples of Un-

equal Size (Section 8(8))........................ 80
Example 3.—Control Charts for X and &, Small Samples of Equal

Size (Section 9(a)) .. .. .. ..ot 81
Example 4—Control Charts for X and ¢, Small Samples of Un-

equal Size (Section 9(8))........................ 82
Example 5.—Control Charts for X and R, Small Samples of Equal

Size (Section 10(@)) .. .. ..... ... ... ........... 83
Example 6 —Control Charts for X and R, Small Samples of Un-

equal Size (Section 10(3)).. 83

Example 7—Control Charts for (1) p, Samples of Equal Srze
(Section 13(a)) and (2) pn, Samples of Equal Size

(Section 14) .. 84
Example 8. —Control Chart for p, Samples of Unequal Srze (Sec-
tion 13(8)) . .. oo 85

Example 9—Control Charts for (1) w#, Samples of Equal Size
(Section 15(a)), and (2) ¢, Samples of Equal Size

(Section 16(a)). .. .o oot 86
Example 10.—Control Chart for w, Samples of Unequal Size

(Section 15(8)). . .. ..o 87
Example 11.—Control Charts for c, Samples of Equal Size (Sec—

tion 16(a)). . .. . 88

32. Control With Respect to a Grven Standard
Example 12—Control Charts for X and ¢, Large Samples of

Equal Size (Section 19). ... ................... 90
Example 13.—Control Charts for X and o, Large Samples of
Unequal Size (Section 19). .. .............. .. .. 91
Example 14—Control Charts for X and ¢, Small Samples of
Equal Size (Section 19). ... ................... 92
Example 16.—Control Charts for X and ¢, Small Samples of
Unequal Size (Section 19). . P X
Example 16.—Control Charts for X and R Small Samples of
Equal Size (Section 20). . 94

Example 17—Control Charts for (1) p, Samples of Equal Srze
(Section 23), and (2) pn, Samples of Equal Size
(Section 24) . . 95
Examgple 18.—Control Chart for p (F ractlon Defectrve) Samples
of Unequal Size (Section 23) . . . 96



CONTENTS xi
SECTION PAGE
Ezxample 19.—Control Chart for p (Fraction Rejected), Total
and Components, Sampl% of Unequal Size (Sec-
tion 23). . ) 97
Example 20.—Control Chart for u, Samples of Unequal Slzc
(Section 25). . 98
Example 21.—Control Chart for c, Samples of Equal Slze (Sec-
tion 26) . R . ceeee..... 100
33. Control Chart for Ind1v1duals
Ezxample 22.-—Control Chart for Individuals, X--Using Ra-
tional Subgroups, Samples of Equal Size, No
Standard Given—Based on X and R (Section 29) 101
Example 28—Control Chart for Individuals, X—Using Ra-
tlonal Subgroups, Standard Given—Based on X'
and ¢’ (Section 29). . 103
Example 24—Control Charts for Ind1v1duals X and Movmg
Range, R, of Two Observatlons, No Standard
Given—Based on X and K, the Mean Moving
Range (Section 30(a)) . . 105
Example 25—Control Charts for Ind1v1duals X and Movmg
Range, R, of Two Observatlons, Standard Given
—Based on X’ and ¢ (Section 30(8)).......... 106
Supplements
A. Glossary of Terms and Symbols Used in Part 3.. 107
B. Mathematical Relations and Tables of Factors for Computlng Con-
trol Chart Lines. . e 110
C. Explanatory Notes. . ... 116
D. General References for Part 3 . 118
APPENDIX
Tables of Squares and Square Roots. .............. .. ... .o ... 121
List of Some Related Publications on Quality Control and Statistics.. 128
Comparison of Symbols. . 129
Recommended Practice for Ch01ce of Sample Slze to Estlmate the Av—
erage Quality of a Lot or Process (ASTM Designation: E 122). .. 130
Recommended Practices for Designating Significant Places in Speciﬁed
Limiting Values (ASTM Designation: E 29) . . e
Recommended Practice for Probability Sampling of Materlals (ASTM
Designation: E 105). . . e
Recommended Practice for Acceptance of EV1dence Based on the Re—
sults of Probability Sampling (ASTM Designation: E 141)... .. .. ¢
137

ASTM Membership Blank............... ... .. ... ...l

% Available as a separate reprint from ASTM Headquarters.



xii CONTENTS

REFERENCE TABLES AND CHARTS
PART 1

PAGE
Fig. 14—Normal Law Integral Diagram Giving Percentage of Total
Area Under Normal Law Curve Fallmg Within the Range X +

o . .. e ... 25
PART 2
Table II—Factors for Calculating 90 Per Cent, 95 Per Cent, and 99
Per Cent Confidence Limits for Averages. ..................... 43
Fig. 1—Curves Giving Factors for Calculating 50 Per Cent to 99 Per
Cent Confidence Limits for Averages .. ....... 7
PART 3
Table II—Factors for Computing Control Chart Lines—No Standard
Given.. 63
Table III—Factors for Computmg Control Chart me—Standard
GIVEDL . . oot e e e e 72
Table B2—Factors for Computing Control Chart Lines, cevn... 115

Table B3—Factors for Computmg Control Chart Lmes—Chart for
Individuals. . . PP § 1



PART 1

Presentation of Data



FOREWORD TO PART 1

This Part 1 of the ASTM Manual on Quality Control of Materials is
one of a series prepared by task groups of the ASTM Technical Com-
mittee E-11 on Quality Control of Materials. It represents a revision of the
main section of the ASTM Manual on Presentation of Data (1933) which
it replaces. First published in 1933, the main section was subsequently re-
printed with minor modifications in 1935, 1937, 1940, 1941, 1943, 1945, and
1947.

This Part discusses the application of statistical methods to the problem
of:

(a) Condensing the information contained in a single set of #
observations, and
(b) Presenting the essential information in a concise form.

Attention is given to types of data gathered by individuals or committees
and presented to the Society, with particular emphasis on the variability
and the nature of frequency distributions of physical properties of materials.

Sections 1 to 36 consider the problem: Given a single set of # observations
containing the whole of the information under consideration, to determine
how much of the total information is contained in a few simple functions of
the set of numbers, such as their average, X, their standard deviation, ¢,
their skewness, k, etc. Sections 37 to 44 consider the importance of using
efficient functions to express that part of the total information which is
considered as essential information with respect to the intended use of the
data.

Acknowledgments:

The Task Group gratefully acknowledges its indebtedness to the earlier
committee whose work 1s to a large extent the basis for this Part of the
Manual.

Task Group for Part 1:
R. F. Passano, Chatrman.
H. F. Dodge,
A. C. Holman,
J. T. MacKenzie.
January. 1951
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PART 1
PRESENTATION OF DATA

SUMMARY

Bearing in mind that no rules can be laid down to which no exceptions can be found,
the committee believes that if the recommendations below are followed, the presentations
will contain the essential information for a majority of the uses made of A.S.T.M. data.

Recommendations for Presentation of Data.—Given a set of n observations of a single
variable obtained under the same essential conditions:

1. Present as a minimum, the average, the standard deviation, and the number of

observations. Always state the number of observations.

2. If the number of observations is large and if it is desired to give information regard-
ing the shape of the distribution, present also the value of the skewness %,
or present a grouped frequency distribution.

3. If the data were not obtained under controlled conditions and it is desired to give
information regarding the extreme observed effects of assignable causes, present
the values of the maximum and minimum observations in addition to the average,
the standard deviation, and the number of observations.

4. Present as much evidence as possible that the data were obtained under controlled
conditions.

5. Present relevant information on precisely (a) the field within which the measure-
ments are supposed to hold and (b) the conditions under which they were made.

INTRODUCTION

1. Purpose.—This Part 1 of the Manual discusses the application of sta-
tistical methods to the problem of:

(a¢) Condensing the information contained in a set of observations, and

(b) Presenting the essential information in a concise form more readily

interpretable than the unorganized mass of original data.

Attention will be directed particularly to quantitative information on
measurable characteristics of materials and manufactured products. Such
characteristics will be termed quality characteristics.

2. Type of Data Considered.—Consideration will be given to the freat-
ment of a set of # observations of a single variable. Figure 1 illustrates two
general types:

1

Copyright® 1951 by ASTM International Www.astm.org



2 ASTM ManvaL oN Quarity CoNTROL OF MATERIALS

First Type—A series of n observations representing single measure-
ments of the same quality characteristic of # similar things, and

Second Type.—A series of n observations representing # measurements
of the same quality characteristic of one thing.

Data of the first type are commonly gathered to furnish information re-
garding the distribution of the quality of the material itself, having in mind
possibly some more specific purpose, such as the establishment of a quality
standard or the determination of conformance with a specified quality
standard. Example: 100 observations of transverse strength on 100 bricks
of a given brand.

Data of the second type are commonly gathered to furnish information
regarding the errors of measurement for a particular test method Example:
50 micrometer measurements of the thickness of a test block.

First Type Second Type

n  Oneobservation ~ One n Observations
things on each thing  fhing on that thing

J— —_
O—* § 2

-—A A
: z
E : |
| :

—h n

F16. 1.—Two General Types of Data.

The illustrative examples in the subsequent sections of this Part will be
restricted to data of the first type.!

3. Homogeneous Data.—While the methods here given may be used to
condense any set of observations, the results obtained by using them may
be of little value from the standpoint of interpretation unless the data are
good in the first place and satisfy certain requirements.

To be useful for inductive generalization, any set of observations that is
treated as a single group for presentation purposes should represent a series
of measurements, all made under essentially the same test conditions, on a

1 The quality of a material n respect to some particular characteristic, such as tensile strecgth, is a frequency
distribution function, not & single-valued constant.

The variability in a group of observed values of such a quality characteristic is made up of two parts: variability
of the material itself, and the errors of measurement. In some practical problems, the error of measurement may be
large compared with the variability of the material; in others, the converse may be true, In any case, if one is in-

terested in discovering the obfective frequency distribution of the quality of the material, consideration must be
given to correcting the data for errors of measurement, See pp. 379-385  Shewhart, Reference (1).
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material or product, all of which has been produced under essentially the

same conditions.
If a given set of data consists of two or more subportions collected under
different test conditions or representing material produced under different

TABLE L—THREE GROUPS OF ORIGINAL DATA.

(a) TRANSVERSE STRENGTH OF 270 BRIcKS or A TyPICAL BRAND, PSt. (MEASURED TO THE NXAREST 10 PSI.)
Tesi Method: Standard Methods of Testing Brick (A.S.T.M. Designation: C 67 - 31), 1936 Book of AS.T.M.

Standards, Part 11, p. 140.
(Data rROM A.S.T.M. MANUAL rYoR INTERPRETATION OF RErFracrory TEST DaTa, P 83 (1935).)

860 1320 820 1040 1000 1010 1190 1180 1080 1100 1130
920 1100 1250 1480 1150 740 1080 860 1000 310 1000
1200 830 1100 890 270 1070 830 1380 960 1360 730
850 920 940 1310 1330 1020 1390 830 820 980 1330
920 1070 1630 670 1150 1170 920 1120 1179 1160 1090

1090 700 910 1170 800 960 1020 1090 2010 890 930
830 880 870 1340 840 1180 740 880 790 1100 1260
1040 1080 1040 980 1240 800 860 1010 1130 970 1140

1510 1060 840 940 1110 1240 1290 870 1260 1050 900
740 1230 1020 1060 990 1020 820 1030 860 850 890

1150 860 1100 840 1060 1030 990 1100 1080 1070 970
1000 720 800 1170 970 690 1020 890 700 880 1150
1140 1080 990 570 790 1070 820 580 820 1060 980
1030 960 870 800 1040 820 1180 1350 1180 950 1110
700 860 660 1180 780 1230 950 760 1380 900
920 1100 1080 980 760 830 1220 1100 1090 1380 1270
860 990 890 940 910 1100 1020 1380 1010 1030 950
950 880 970 1000 990 830 850 630 710 900 890
1020 750 1078 920 870 1010 1230 780 1000 1150 1360

1080 970 960 1180 1050 920 1110 780 780 1190
910 1100 870 980 730 800 800 1140 940 980
870 970 910 830 1030 1050 710 890 1010 1120

810 1070 1100 460 860 1070 880 1240 940 860

(b) WeIGHT o COATING OF 100 SHEETS 0¥ GALVANIZED

[xoN SHERTS, oz. PER SQ. Fr. (Mrasuren To THE | (©) ‘?f(])z:ﬁ;NGf‘IASRT!:')R%QRGEVKINOEO:’ZE’RIE‘;"X;REPEI.CBI“‘??{B“%T

annsxs'r 0.0)1 02. PER SQ. ¥T. OF SHEET, AVERAGED U'nxn 1'0' THE NEAREST 2 LB.) * *

FoR 3 SPoTs. A . :

Tesi Method: Triple Spot Test of Standard Specifica- Dmg;-“cgl”h:d‘ i,set "?,f“s'qr ﬂ”%&:ftm;’o ltorB Ili—zr;j).
tions for Zinc-Coated (Galvanized) Iron or Steel Sheets 1936 Book gf’eA S.T.M. Standards Parxt 1 n'655 .
gA.S.‘;l‘.I:;I. J%esignluions:s ;x 93-27). 1936 Book of A.S.T.M. e ‘ » Pe 053

tandards, Part 1, p. .

(Data ¥RoM LaBomaToRY TESTS.) (Darta snoM INspxcTioN RiromT.)
1.467 1.603 1.577 1.563 1.437 578
1.623 1.603 1.517 1.393 .350 572
1.520 1.383 1.323 1.647 1.530 570
1.767 1.730 1.620 1.620 1.383 568
1.550 1.700 1.473 1.530 1.457 572
1.533 1.600 1.420 1.470 1.443 570
1.377 1.603 1.450 1.337 1.473 570
1.373 1.477 1.337 1.580 1.433 572
1.637 1.513 1.440 1.493 1.637 576
1.460 1.533 1.557 1.563 1.500 584
1.627 1.593 1.480 1.543 1.607
1.537 1.503 1.477 1.567 1.423
1.533 1.600 1.550 1.670 1.573
1.337 1.543 1.637 1.473 1.753
1.603 1.567 1.570 1.633 1.467
1.373 1.490 1.617 1.763 1.563
1.457 1.550 1.477 1.573 1.503
1.660 1.517 1.750 1.537 1.550
1.323 1.483 1.497 1.420 1.647
1.647 1.600 1.717 1.513 1.690

conditions, it should be considered as two or more separate subgroups of
observations, each to be treated independently in the analysis. Merging of
such subgroups, representing significantly different conditions, may lead to
a condensed presentation that will be of little practical value. Briefly, any
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set of observations to which these methods are applied should be homo-
geneous.

In the illustrative examples of this Part, each set of observations will be
assumed to be homogeneous, that is, observations from a common universe

of causes. The analysis and presentation by control chart methods of data
TABLE 11.—UNGROUPED FREQUENCY DISTRIBUTIONS IN TABULAR FORM.

(8) TRANSVERSE STRENGTH, PSL. (DATA oF Tasie I (a))

270 780 830 870 920 970 1020 1070 1100 1180 1310
460 780 830 880 920 980 1020 1070 1100 1180 1320
570 780 830 880 920 980 1020 1070 1100 1180 1330
580 790 840 880 920 980 1020 1070 1100 1180 1330
630 790 840 880 920 980 1020 1070 1110 1180 1340
650 800 840 880 930 980 1020 1070 1110 1180 1350
660 800 850 8830 940 980 1020 1070 1110 1180 1360
670 800 850 290 940 990 1030 1080 1120 1190 1360
690 800 850 890 940 990 1030 1080 1120 1190 1380
700 300 850 290 940 9%0 1030 1080 1130 1190 1388
700 800 860 890 940 990 1030 1080 1130 1200 1380
700 800 860 890 950 990 1030 1080 1140 1220 1380
710 810 860 890 950 1000 1030 1080 1140 1230 1390
710 310 860 890 950 1000 1040 1080 1140 1230 1400
720 820 860 890 950 1000 1040 1090 1150 1230 1400
730 820 860 900 960 1000 1040 1090 1150 1240 1480
730 820 860 900 960 1000 1040 1090 1150 1240 1510
730 820 860 900 960 1000 1050 1090 1150 1240 1610
740 820 860 900 960 1010 1050 1100 1150 1240 1630
740 820 860 910 970 1010 1050 1100 1150 1250 2010
740 820 870 910 970 1610 1060 1100 1160 1260
750 830 870 910 970 1010 1060 1160 1170 1260
760 830 870 910 970 1010 1060 1100 1170 1270
760 830 870 910 970 1010 1060 1100 1170 1290
780 830 870 920 970 1010 1060 1100 1170 1300
(b)) Wxicmr or COATING, 0z, PER $Q. FT, (¢) BREAKING STRENGTH, LB,
(Data or Tasix I (b)) (DaTta or Tasie 1 (c3)

1.323 1.457 1.513 1.567 1.620 568

1.323 1.457 1,513 1.567 1.623 570

1.337 1.460 1.520 1.570 1.627 570

1.337 1.467 1,530 1.573 1.633 570

1.337 1.467 1.530 1.573 1.637 572

1.350 1.470 1.533 1.577 1,637 572

1.373 1.473 1.533 1.577 1.637 572

1.373 1.473 1.533 1.577 1.647 576

1.377 1.473 1.537 1.580 1.647 578

1.383 1.477 1.537 1.593 1.647 584

1.383 1.477 1.543 1.600 1.660

1.393 1.477 1.543 1.600 1.670

1.420 1.480 1.550 1.600 1.690

1.420 1.433 1,550 1.603 1.700

1.423 1.490 1.550 1.603 1.717

1.433 1.493 1.550 1.603 1.730

1.437 1.497 1,557 1.603 1,750

1.440 1.500 1.563 1.607 1,783

1.443 1.503 1.563 1,617 1.763

1.450 1.503 1.563 1.620 1.767

obtained from several samples or capable of subdivision into subgroups on
the basis of relevant engineering information is discussed in Part 3 of this
Manual. Such methods enable one to determine whether for practical pur-
poses a given set of observations may be considered to be homogeneous.

4. Typical Examples of Physical Data.—Table I gives three typical sets
of observations, each representing measurements on a sample of units or
specimens selected in a random manner to provide information about the
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quality of a larger quantity of material,—the general output of one brand
of brick, a production lot of galvanized iron sheets, and a shipment of hard
drawn copper wire. Consideration will be given to ways of arranging and
condensing these data into a form better adapted for practical use.

UNGROUPED FREQUENCY DISTRIBUTIONS

5. Ungrouped Frequency Distributions.—An arrangement of the observed
values in ascending order of magnitude will be referred to in the Manual as
the ungrouped frequency distribution of the data, to distinguish it from the
grouped frequency distribution defined in Section 8. Table II presents un-
grouped frequency distributions for the three sets of observations given in
Table 1.

Figure 2 shows graphically the ungrouped frequency distribution of
Table II (a).

- B S8t as b .

—— - - — 7
0 500 1000 1500
Tronsverse Sirength, psi.

2000

Fi6. 2.—Showing Graphically the Ungrouped Frequency Distribution of a Set of Observations
Each dot represents one brick, data of Table I1{a)

A glance at one of the tabulations of Table II gives some information not
readily observed in the original data of Table I—such as the maximum, the
minimum, and the median or middlemost value. Such arrangements are
sometimes of value in the initial stages of analysis.

6. Remarks.—It is rarely desirable to present data in the manner of
Table I or Table II. The mind cannot grasp in its entirety the meaning of
so many numbers; furthermore, greater compactness is required for most of
the practical uses that are made of data.

GROUPED FREQUENCY DISTRIBUTIONS

7. Introduction.—The information contained in a set of observations may
be condensed merely by grouping. Such grouping involves some loss of
information but is often useful in presenting engineering data. In the follow-
ing sections both tabular and graphical presentation of grouped data will be
discussed.

8. Definitions.—A grouped frequency distribution of a set of observations
is an arrangement which shows the frequency of occurrence of the values of
the variable in ordered classes.

The interval, along the scale of measurement, of each ordered class is
termed a cell.

The frequency for any cell is the number of observations in that cell.
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The relative frequency for any cell is the frequency for that cell divided by
the total number of observations.

Table IIT illustrates how the three sets of observations given in Table I
may be organized into grouped frequency distributions. The recommended
form of presenting tabular distributions is somewhat more compact, however,
as shown in Table IV. Graphical presentation is used in Fig. 3 and discussed
in detail in Section 14.

9. Choice of Cell Boundaries.—It is usually advantageous to make the
cell intervals equal.

It is recommended that, in general, the cell boundaries be chosen half-way
between two possible observations.! With this choice, the cell boundary
values will usually have one more significant figure (usually a 5) than the

TABLE III.—THREE EXAMPLES OF GROUPED FREQUENCY DISTRIBUTIONS.
Showing cell midpoints and cell boundaries.

(6) TRANSVERSE STRENGTH, PSL () Weioar or C::rmo, o1, PER (¢) BrEAKING STRENGTH, LB.
(DATA o Tasix I (a)) (Daza o1 Taniz I () (DaTA oF TaBLx I (c))
Czipr CrLt OBSERVED Crrr Cerr  OBSERVED CeLr Czrr OnsSERVED
Mip- Boump- Fae- Mrp- Bouro- Fax- Mm- Boumnp- Fem.
POINT  ARIES  QUENCY POINT ARIES  QUENCY POINT  ARIES QUENCY
225 1.278 567

300 1 1.300 2 568 1
318 1.328 569

450 1 1.350 6 570 3

_— 525 1.375 571

600 6 1.400 7 572 3
675 1.425 ——— 573

750 38 1.450 14 574 0
825 1.475 575

900 30 1.500 14 576 1
975 1.525 577

1050 83 1.550 22 578 1
1125 1.578 579

1200 39 1.600 17 580 0
1275 1.625 581

1350 17 1.650 10 582 0
1425 1.675 583 —

1500 1 1.700 3 584 1
1575 1.725 585

1650 2 1.750 5 Total.......cocvvuvnns 10
1725 1.715

1800 0 Total...............c.. 100
1875

1950 1
2025

Total..........c..o.e 270

values in the original data. For example, in Table III (a), observations were
recorded to the nearest 10 psi., hence the cell boundaries were placed at 225,
375, etc., rather than at 220, 370, etc., or 230, 380, etc. Likewise, in Table
III (b), observations were recorded to the nearest 0.01 oz. per sq. ft., hence
cell boundaries were placed at 1.275, 1.325, etc., rather than at 1.28, 1.33,
etc.

10. Number of Cells.—The number of cells in a frequency distribution
should preferably be between 13 and 20.2 If the number of observations is,

1By choosing cell boundaries in this way, certain difficulties of classification and computation are avoided, see
G. U. Yule and M, G, Kendall, “An Introduction to the Theory of Statistics,” pp. 85 to 88, Charles Griffin and Co.
Ltd.,, London (1937).

¢ For a discussion of this point, see p. §9 of Reference (1)
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say, less than 250, as few as 10 cells may be of use. When the number of
observations is less than 25, a frequency distribution of the data is generally
of little value from a presentation standpoint, as for example the 10 observa-
tions in Table III (c). In general, the outline of a frequency distribution
when presented graphically is more irregular the larger the number of cells.
This tendency is illustrated in Fig. 3.

‘gg Using I2cells, (Table II@) 60 Using 19 cells
>
§ 60 40
g 40
2
£ 20 ©
0 0 =
0 500 1000 1500 2000 O 500 1000 1500 2000
Transverse Strength, psi.
Fie. 3.—Illustrating Increased Irregularity with Larger Number of Celis.
Transverse
Strength,
psi. Frequency
225 to 375 ]
375 to 525 |
525 to 675 |} 6
675 to 825 |l i Hif Hi i I 38
825 to 975 |l it t THH th StH-CH A HE S S S i 80
975 to 1125 ittt i it i i it i thE - A ) 83
1125 to 1275 | Hhit ittt it i it i Ll 39
1275 to 1425 [HHIHHII 17
1425 to 1575 ||| 2
1575 10 1725||l 2
1725 to 1875 [e]
1875 to 2025]I i
Total 270

F16. 4.—Method of Classifying Observations.
Data of Table I (a).

11. Methods of Classifying Observations.—Figure 4 illustrates a con-
venient method of classifying observations into cells when the number of
observations is not large. For each observation, a mark is entered in the
proper cell. These marks are grouped in fives as the tallying proceeds, and
the completed tabulation itself, if neatly done, provides a good picture of
the frequency distribution.

If the number of observations is, say, over 250, and accuracy is essential,
it may be found advantageous to enter the observed vaiues on cards, one to
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each observation. These may then be sorted into packs, each pack corre-
sponding to a cell. By this means, the work of classification can be checked
by making sure that no card has been wrongly sorted. When a large amount
of data is to be analyzed, the use of one of the several types of electrical
machines for recording, sorting and counting the observations may be
found economical.!

TABLE IV.—FOUR METHODS OF PRESENTING A TABULAR FREQUENCY DISTRIBUTION,

{Data of Table I (a))
Nore.—*“Number of Observations” should be recorded with tables of relative frequencies.

(s) FreQUENCY () RELATIVE FREQUENCY
(Expressed in percentages)
TRANSVERSE STRENGTH, NuMBER OF BRICKS TRANSVERSE STRENGTH,  PERCENTAGE OF BRrICcks
HAVING STRENGTH PSI. HAVING STRENGTH
WitHIN GIVEN Limirs WitaIN GIVEN LiMiTs
225 to 375 1 225 to 375 0.4
375 to 525 1 375 to 525 0.4
525 to 675 6 525 to 675 2.2
675 to 825 38 675 to 825 14.1
825 to 975 80 825 to 975 29.6
975 to 1125 83 975 to 1125 30.7
1125 to 1275 39 1125 to 1275 14.5
1275 to 1425 17 1275 to 1425 6.3
1425 to 1575 2 1425 to 1575 0.7
1575 to 1725 2 1575 to 1725 0.7
1725 to 1875 0 1725 to 1875 0.0
1875 to 2025 1 1875 to 2025 0.4
Total...vovviieiinniaannns .. 270 otal. .. ... ...l 100.0
Number of Observations = 270
(¢) CumurATIVE FREQUENCY (d) CoMUTATIVE RELATIVE FREQUENCY
(Expressed in percentages)
TRANSVERSE STRENGTH, NuMmBer oF BRICKS TRANSVERSE STRENGTH, PERCENTAGE OF BrIcks
PSL HAVING STRENGTE PSI. HAVING STRENGTE
LESS THAN GIVEN LESS THAN GIVEN
VaLUES VALUES
375 1 375 0.4
525 2 525 0.8
675 8 675 3.0
825 46 825 17.1
975 126 975 46.7
1125 209 1125 77.4
1275 248 1275 91.9
1425 265 1425 98.2
1575 267 1575 98.9
1725 269 1725 99.6
1875 269 1875 99.6
2025 270 2025 100.90
Number of Observations = 270

12. Cumulative Frequency Distribution.—For some purposes, the num-
ber of observations having a value “less than” or “‘greater than’ particular
scale values is of more importance than the frequencies for particular cells.
A table of such frequencies is termed a cumulative frequency distribution.
The ‘““less than’ cumulative frequency distribution is formed by recording
the frequency of the first cell, then the sum of the first and second cell fre-
quencies, then the sum of the first, second, and third cell frequencies, and
S0 on.

1 Information on mechanical tabulation is given by J. R. Riggleman and I. N. Frisbee, “Business Statistics,”
Chapter IV and Appendix 2, pp. 647 to 653, McGraw-Hill Book Co., Inc., New York City and London (1938).
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13. Tabular Presentation.—Methods of presenting tabular frequency
distributions are shown in Table IV. To make a frequency tabulation more
understandable, relative frequencies may be listed as well as actual fre-
quencies. If only relative frequencies are given, the table cannot be regarded
as complete unless the total number of observations is recorded.

Confusion often arises from failure to record cell boundaries correctly
Of the four methods (a) to (d) illustrated below for strength measurements
made fo the nearest 10 Ib., only methods (a) and (b) are recommended.
Method (¢) gives no clue as to how observed values of 2100, 2200, etc.,
which fell exactly at cell boundaries were classified. If such values were
consistently placed in the next higher cell, the real cell boundaries are those
of method (). Method (d) is liable to misinterpretation since strengths
were measured to the nearest 10 1b. only.

RECOMMENDED NoT RECOMMENDED
MEeTHOD (8) MEeTHOD (b) MEeTHOD (C) MEeTrOD (d)
NUMBER NUMBER NUMBER NuMBER
oF oF or or
STRENGTH, LB. OBSER- STRENGTH, LB. OBSER STRENGTH, LB. OBSER- STRENGTH, 1B. OBsER-
VATIONS VATIONS VATIONS VATIONY
1995 to 2095........ 1 2000 to 2090....... 1 2000 to 2100....... 1 2000 to 2099...... 1
2095 to 2195........ 3 2100 to 2190....... 3 2100 to 2200....... 3 2100 to 2199...... 3
2195 to 2295... .. 17 2200 to 2290....... 17 2200 to 2300....... 17 2200 to 2299...... 17
2295 to 2395........ 36 2300 to 2390....... 36 2300 to 2400....... 36 2300 to 2399...... 36
2395 to 2495........ 82 2400 to 2490....... 82 2400 to 2500....... 82 2400 to 2499...... 82
etc. etc. etc. etc. etc. etc. etc. l etc.

14. Graphical Presentation.—Using a convenient horizontal scale for
values of the variable and a vertical scale for cell frequencies, frequency
distributions may be reproduced graphically in several ways as shown in
Fig. 5. The frequency bar chart is obtained by erecting a series of bars, cen-
tered on the cell midpoints, each bar having a height equal to the cell fre-
quency. An alternate form of frequency bar chart may be constructed by
using lines rather than bars. The distribution may also be shown by a series
of points or circles representing cell frequencies plotted at cell midpoints.
The frequency polygon is obtained by joining these points by straight lines.
Each end point is joined to the base at the next cell midpoint to close the
polygon.

Another form of graphical representation of a frequency distribution is
obtained by placing along the graduated horizontal scale a series of vertical
columns, each having a width equal to the cell width and a height equal to
the cell frequency. Such a graph, shown at the bottom of Fig. 5, is called
the frequency histogram of the distribution. In the histogram, the area en-
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closed by the steps represents frequency exactly, and the sides of the columns
designate cell boundaries.

The same charts can be used to show relative frequencies by substituting
a relative frequency scale, such as that shown at the right in Fig. 5. It is
often advantageous to show both a frequency scale and a relative frequency
scale. If only a relative frequency scale is given on a chart, the number of
observations should be recorded.

Two methods of constructing cumulative frequency polygons are shown
in Fig. 6. Points are plotted at cell boundaries. The upper chart gives cumu-
lative frequency and relative cumulative frequency plotted on an arith-
metic scale. The lower chart shows relative cumulative frequency plotted
on a Normal Law probability scale. A Normal distribution! will plot cumu-
latively as a straight line on this scale.? Such graphs can be drawn to show
the number of observations either “less than” or “greater than” the scale
values.

15. Remarks.—The information contained in the data may be summarized
by presenting a tabular grouped frequency distribution, if the number of
observations is large. A graphical presentation of a distribution makes it
nossible to visualize the nature and extent of the observed variation.

While some condensation is effected by presenting grouped frequency
distributions, further reduction is necessary for most of the uses that are
made of A.S.T.M. data. This need can be fulfilled by means of a few simple
functions of the observed distribution, notably, the average and the standard
deviation.

FuNcTIiONS OF A FREQUENCY DISTRIBUTION

16. Introduction.—In the problem of condensing and summarizing the
information contained in the frequency distribution of a set of observations,
certain functions of the distribution are useful. For some purposes, a state-
ment of the relative frequency within stated limits is all that is needed.
For most purposes, however, two salient characteristics of the distribution
which are illustrated in Fig. 7 are:

(a) the position on the scale of measurement—the value about which
the observations have a tendency to center, and

(b) the spread or dispersion of the observations about the central
value.

! See Fig. 13.

2 Graph paper with one dimension graduated in terms of the summation of Normal Law distribution was de-
scribed by Allen Hazen, Transactions, Am. Soc, Civil Engrs., Vol. 77, p. 1539 (1914). It may be purchased from Codex
Book Co., Inc., Norwood, Mass. as No. 3127 (arithmetic probability scales, 81§ by 11 in).
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A third characteristic of some interest, but of less importance, is the
skewness or lack of symmetry—the extent to which the observations group
themselves more on one side of the central value than on the other. {See
Fig. 8.)

Several representative measures are available for describing these char-
acteristics, but by far the most useful are the arithmetic mean, X, the
standard deviation, o, and the skewness factor, k,—all algebraic functions
of the observed values. Once the numerical values of these particular meas-
ures have been determined, the original data may usually be dispensed
with and two or more of these values presented instead.

Spread

Position

‘.llll| llll..

Seme Position, different
spreads

| l I Different Positions,
ettt D, different spreads

— ——Scale of measurement —— ~>
F16. 7.—Illustrating Two Salient Characteristics of Distributions—DPosition and Spread.

| ' i Different Positions, same
allth, spread

Negaf/ve skewness Pos/f/ve skewness
— - Scale of measvrement —-—->

Fic. 8.—Illustrating a Third Characteristic of Frequency Distributions—
Skewness—and Particular Values of Skewness k.

17. Relative Frequency.—The relative frequency, p, within stated limits
on the scale of measurement is the ratio of the number of observations lying
within those limits to the total number of observations.

In practical work, this function has its greatest usefulness as a measure
of fraction defective or fraction nonconforming, in which case it is the fraction,
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?, representing the ratio of the number of observations lying outside speci-
fied limits (or beyond a specified limit) to the total number of observations.

18. Average (Arithmetic Mean).—The average (arithmetic mean) is the
most widely used measure of central tendency. The term average and the
symbol X will be used in this Manual to represent the arithmetic mean of a
set of numbers.

The average, X, of a set of # numbers, X1, X3, . .. Xa, is the sum of the
numbers divided by #; that is:

n

2 X;

x_-XNtXt+ -+ X §=1t o

n n

n

where the expression , X; means “the sum of all values of X, from X, to
i=1

X,, inclusive.”

Considering the 7 values of X as specifying the positions on a straight
line of # particles of equal weight, the average corresponds to the center of
gravity of the system. The average of a series of observations is expressed
in the same units of measurement as the observations; that is, if the observa-
tions are in pounds, the average is in pounds.

19. Other Measures of Central Tendency.—The geomeiric mean, of a
set of # numbers, X;, X,, . .. X, is the #th root of their product; that is,

Geometric mean = \/" D €D, CIE R 2)

log X log X, oo log X,
or, log (geometric mean) = og X1 + log X3 + tlogXa 3)
n

Equation 3, obtained by taking logarithms of both sides of Eq. 2, provides
a convenient method for computing the geometric mean using the logarithms
of the numbers.

Note.—The distribution of some quality characteristics is such that a transformation, using
logarithms of the observed values, gives a substantially Normal distribution. When this is true,
the transformation is distinctly advantageous for (in accordance with Section 32) much of the
total information can be presented by two functions, the average, X, and the standard deviation,

o, of the logarithms of the observed values. The problem of transformation is, however, a complex
one that is beyond the scope of this Manual.

The median of the frequency distribution of # numbers is the middlemost
value.

The mode of the frequency distribution of # numbers is the value which
occurs most frequently.
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20. Standard Deviation.—The standard deviation is the most useful
measure of dispersion for the problems considered in this Part of the Manual.
The standard deviation, o, of a set of # numbers, X;, X; --- X,, is the
square root of the average of the squares of the deviations of the numbers

from their average, X ; that is,

n
2 - X»
°_=1/(X1—X)’+(Xl—‘y)’+"'+(Xn—x)’= f=1 O

n n

Stated another way, it is the root-mean-square (rms.) deviation of the
numbers from their average, X.

Equation 5, derived from Eq. 4, is more convenient to use in computa-
tions.

n
.E X2

0-1/X"+X”+"'+X"- T - n SR S )

n n

With this equation, the standard deviation is obtained by dividing the
sum of the squares of the numbers by #, subtracting the square of their
average, and extracting the square root.

Nore.—The definition of the standard deviation o of a set of # numbers as given in Eq. 5
may be also written in the following form:

¢ = E_.X"_<E_X‘>’ = M = 1 »\/,,EX‘.I — (X ... .(5a)
n n l’ n? n

. . . - . 1
This rearrangement is particularly convenient for purposes of calculation when " (where 1 =

number of observations in the sample) produces an unlimited number of decimal places. For
example, consider the sample of six observations: 5, 5, 5, 5, 5, 6. The sum of the observations
is 31, and the sum of their squares is 161.

Using Eq. 5a:

1 1
o'=6\/6><161—31><31 =3\/§ = 03726

If the sequence of operations in Eq. 5 were followed, fractions of an indefinite number of decimal
places would occur. The calculated value of the standard deviation o would then depend on the
number of decimal places carried in the calculation.

Average of Squares Average Square of Standard
Standard Deviation Deviation
(that i, 1—21) (that is, %) (that is, L — (%1)’) o
26.83 5.2 -0.21 imaginary
26.8333 5.17 +0.1044 0.32
26.833333 5.167 +0.135444 0.368
26.83333333 5.1667 +0.13854444 0.3723

In the language of mechanics, if the # values of X specify the positions on
a straight line of # particles of equal weight, the standard deviation corre-
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sponds to the radius of gyration measured from the center of gravity. The
standard deviation of any series of observations is expressed in the same
units of measurement as the observations, that is, if the observations are
in pounds, the standard deviation is in pounds.

Sometimes # — 1 instead of # is used in the denominator of the equation
for ¢, and the result is denoted by the symbol s, that is,

273 (X; — X2
5 = i @)
n—1
This measure, s, is normally used directly in a number of statistical methods.
Tt is noted that s? is an unbiased estimate of the universe variance, and that
s, though not unbiased, is regarded as an estimate of the universe standard
deviation.
A simpler form for computing s is-

n—1

In this Manual, when referring to the standard deviation of a set of »
observations, the use of ¢ will mean that # is used in the denominator and
the use of s will mean that » — 1 is used.

21. Other Measures of Dispersion.—The coefficient of variation, v, of a
set of # numbers, is the ratio of their standard deviation, o, to their average,
X, expressed as a percentage. It is given by:

The coefficient of variation is an adaptation of the standard deviation
which was developed by Prof. Karl Pearson to express the variability of a
set of numbers on a relative scale rather than on an absolute scale. It is
thus a pure number.

The average deviation of a set of » numbers, X;, X, - -+ X, is the average
of the absolute values of the deviations of the numbers from their average,
X ; that is,

Average deviation = e )

where the symbol || denotes the absolute value of the quantity enclosed.
The range, R, of a set of # numbers is the difference between the largest
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number and the smallest number of the set. This is the simplest measure
of dispersion of a set of observations.

The variance, o2, of a set of # numbers is the average of the sum of the
squares of the deviations of the numbers from their average, X; that is,

As can be seen from Egs. 4 and 8, the standard deviation is the square root
of the variance.

As noted in Section 20, the so-called unbiased estimator s? of universe
variance is sometimes used rather than ¢? to measure variability. The de-
nominator of the equation will then have » — 1 in it rather than », that is,

22. Skewness R.—The most useful measure of the lopsidedness of a
frequency distribution is the skewness £.

The skewness, &, of a set of # numbers, X1, Xz, - - Xa, is defined by the
expression:

”
Z (X, - X
b - =1 —

This measure of skewness is a pure number and may be either positive or
negative. For a symmetrical distribution, % is zero. In general, for a non-
symmetrical distribution, % is negative if the long tail of the distribution
extends to the left, the negative direction on the scale of measurement, and
is positive if the long tail extends to the right, the positive direction on the
scale of measurement. Figure 8 shows three unimodal distributions with
different values of %.

23. Remarks.—Of the many measures that are available for describing
the salient characteristics of a frequency distribution, the average, X, the
standard deviation, ¢, and the skewness, &, are particularly useful for sum-
marizing the information contained therein.

MEeTHODS OF COMPUTING X, 0, AND X

24, Computation of Average and Standard Deviation.—The average and
standard deviation can be computed by using Egs. 1 and 5. The method of
computation is illustrated in Table V, using the data of Table I (¢). The
table of squares given in the Appendix! is useful in carrying out these com-
" 1See pp. 121 to 127,
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TABLE V.—COMPUTATION OF AVERAGE AND STANDARD DEVIATION.
(Data of Table I {¢))

Txst BREAKING STRENGTH, X, SQUARE OF BREAKING
SPECIMEN LB. SrrENecTH, X?
) 578 334 084
/PP 572 327 184
K 2 570 324 900
e 568 322 624
AP 572 327 184
Bt J . 570 324 900
P 570 324 900
B e i e 572 327 184
D e 576 331776
10 e 584 341 056
n =10 =X = 5732 TX? = 3285792
zZX 5732
Average: X . o = S7321b.

Standard Deviation:
2 -
o (Using Eq. 5) = g/ 2% _ xe= VEM — 328558.24

” 10

o =+/2096 = 4.58 ib.

o (Using Eq. Sa) = ’1-1 1 /w2 Xt — (ZX)t = % 1/ 32 857 920 — 32 855 824

o= % /2096 = 4.58 Ib.

putations.? Square roots may be found to a satisfactory degree of accuracy
for most practical purposes by using the columns of squares and interpolating
to find the square roots desired.

The standard deviation of any set of numbers remains the same if a
constant is added to or subtracted from each number in the set. Table VI
illustrates how this fact can be utilized to reduce the magnitude of the
numbers dealt with in making computations. Subtraction of the constant
4 is equivalent to making computations with respect to an arbitrary origin,
A. The computation work can readily be checked by using a second value
of 4.

Dividing or multiplying each of a set of numbers by a constant, has the
effect of dividing or multiplying their standard deviation by that constant.
The last two columns of Table VI indicate how the arithmetic may be
further simplified by dividing the original numbers by a constant, .

25. Short Method of Computation When n is Large.—When the num-
ber, 7, of observations is large, the computation work can be simplified con-
siderably by making use of the grouped frequency distribution of the ob-

2 Calculating machines, if available, will be found of great aid in reducing the time of computation. Complete

tables are given in, “Barlaw’s Tables of Squares, Cubes, Square-Roots, Cube-Roots, and Reciprocals of all Integer
Numbers up to 10,000, E. and F. N. Spon, Ltd., London (1930).
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servations. Table VIIa shows a convenient form to use in computing the
average, the standard deviation, and the skewness k. With this method,
referred to as “Short Method No. 1,” an arbitrary origin, A4, is used and
deviations from this origin are expressed in cells rather than in units of the
scale of measurement. The equations for the average, X, the standard de-
viation, ¢, and the skewness, %, of a grouped frequency distribution are:

)_(=A+m2"£c ....................................... (10)

where:

A = arbitrary origin,

= cell interval (difference between upper and lower boundaries of a cell),
observed cell frequency, and

= deviation in cells from A.

Table VIIa shows the computations for the data given in Table I (a).
As will be noted, the work is simplified by making use of computation
factors that are expressed in terms of the column totals, Zf, Zfx, Zfx?
and Zfat.

Table VIIb gives another short method,® referred to as “Short Method
No. 2,” for computing X, o, and k. This method involves a succession of
cumulative sums, whereby the constants needed may be found by simple
addition. This form is often found more convenient than Short Method No.
1 (Table VIIa), particularly when a multiplying calculating machine is not
available and when only X and ¢ are wanted.

The short methods of Table VII are only applicable when the cell in-
tervals are equal.

m
f
x

26. Remarks.—The exact values of X, ¢, and k can, of course, be found
by using Egs. 1, 5, and 9, but the computation work may require an ex-
cessive amount of time when the number of observations is large. The short
methods of computation (Section 25) introduce certain errors of grouping,
since they assume that all observations in each cell have a value equal to
that of the cell midpoint. It is believed, however, that the short methods
are satisfactory for most practical purposes and that the errors introduced

1See E. T. Whittaker and G. Robinson, ‘“The Calculus of Observations,” Section 98, pp. 191-193, Blackie and
Son, Ltd., London (1926).
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by grouping are not, in general, of sufficient importance to warrant the use
of correction factors.!

For the data of Table I (a), the errors introduced by grouping are indi-
cated in the following tabulation:

Varvz Founp

Exacr VALUR 3Y SmorT MxTHODS
AVEIage, X ..ottt it anae e, 999.8 1000.0
Standard deviation, o............c. il 201.5 202.1

When calculating machines are used, it is generally advisable to retain
more places of figures throughout the work than are needed for final results,
and throw away unneeded places only after the calculation work is com-
pleted.?

AMOUNT OF INFORMATION CONTAINED IN p, X, ¢ AND %

27. Introduction.—In this and following sections, the total information
contained in a series of observations of a single variable is defined, and
consideration is given to how much of the total information may be made
available by presenting a few simple functions of the data—disregarding
for the moment what uses are to be made of the data.

For present purposes, the #otal information will be defined as that con-
tained in the original set of numbers arranged in ascending order of mag-
nitude, that is, the ungrouped frequency distribution. (See Table II.)

The concept of the ungrouped frequency distribution as giving the total
information is set forth by Shewhart (Reference (1), Chapter VIII). Since,
in engineering practice, samples may not lightly be assumed to be random
samples, additional information of value may be disclosed by considering
the order of the observations.

28. The Problem.—Given a set of # observations
Xl,Xz,Xg' “ae Xn,

of some quality characteristic, how can we present concisely information
by means of which the observed distribution can be closely approximated,
that is, so that the percentage of the total number, #, of observations lying
within any stated interval from, say, X = ato X = b, can be approximated?

The total information can be presented only by giving all of the observed
values. It will be shown, however, that much of the total information is con-
tained in a few simple functions—notably the average, X, the standard
deviation, ¢, and the skewness, %.

Where presentation of the standard deviation, ¢, is proposed, either ¢ or
s (Section 20) may be used.

1See pp. 78-79 of Reference (1).
28ee Section 7, Part 2 of this Manual.
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29. Several Values of Relative Frequency, p.—By presenting, say, 10 to
20 values of relative frequency, p, corresponding to stated cell intervals and
also the number, », of observations, it is possible to give practically all of
the total information in the form of a tabular grouped frequency distribu-
tion. If the ungrouped distribution has any peculiarities, however, the
choice of cells may have an important bearing on the amount of information
lost by grouping.

30. Single Value of Relative Frequency, p.—If we present but a single
value of relative frequency, p, such as the fraction of the total number of
observed values falling outside of a specified limit and also the number, #,
of observations, the portion of the total information presented is very small.
This follows from the fact that quite dissimilar distributions may have
identically the same value of p as illustrated in Fig. 9.

Note.—For the purposes of this Part of the Manual, the curves of Figs. 9 and 10 may be
taken to represent frequency histograms with small cell widths and based on large samples. In
a frequency histogram, such as that shown at the bottom of Fig. 5, the percentage relative fre-
quency between any two cell boundaries is represented by the ares of the histogram between
those boundaries, the total area being 100. Since the cells are of uniform width, the relative
frequency in any cell is represented by the height of that cell and may be read on the vertical
scale to the right.

If the sample size is increased and the cell width reduced, such a histogram approaches as a
limit the frequency distribution of the population, which in many cases can be represented by
a smooth curve. The relative frequency between any two values is then represented by the area
under the curve and between ordinates erected at those values. However, the vertical scale is no
longer a scale of relative frequency, since the relative frequency for any given value of X is zero,
there being an infinite number of such values. It is better regarded as a scale of relative frequency
density. This is analogous to the representation of the variation of density along a rod of uniform
cross-section by a smooth curve. The weight between any two points along the rod is propor-
tional to the area under the curve between the two ordinates and we may speak of the densizy
(that is, weight density) at any point but not of the weight at any point.

Specified limit (min) _

F16. 9.—Quite Different Distributions May Have the Same Value of p—Fraction of Total
Observations Below Specified Limit.

31. Average, X, Only.—If we present merely the average, X , and number,
n, of observations, the portion of the total information presented is very
small. Quite dissimilar distributions may have identically the same value
of X, as illustrated in Fig. 10.
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In fact, no single one of the four functions p, X, o, or & presented alone is
capable of giving much of the total information in the original distribution.
Only by presenting two or three of these functions can a fairly complete
description of the distribution be made.

Average X=X, =Xs

F16. 10.—Quite Different Distributions May Have the Same Average.

32. Average, X, and Standard Deviation, o.—These two functions con-
tain some information even if nothing is known about the form of the
observed distribution, and contain much information when certain condi-
tions are satisfied, as discussed below.

With no reservations whatsoever, we may say that the presentation of
X and o, together with the number, #, of observations, gives the following
information:

1
More than (1 - E) of the total number, %, of observations lie within the

closed range X =+ fo (where ¢ is not less than 1).

Percentage
J5.00, 88.89, 8375,
0 40 € 10 | 8 2
I_Llll, N PSP PR DS S it
I 2 3 a
t

F1c. 11.—The Percentage of the Total Observations Lying within the Range X =+ fg Always
Exceeds the Percentage Given on this Chart.

This is Tchebycheff’s inequality and is shown graphically in Fig. 11. The
inequality holds true of any set of finite numbers regardless of how they
were obtained. Thus if X and o are presented, we may say at once that
more than 75 per cent of the numbers lie within the range X =+ 20; stated
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in another way, less than 25 per cent of the numbers differ from X by more
than 20. Likewise, more than 88.9 per cent lie within the range X =+ 30,
etc. From this inequality we also have the rule that if » = 4, all observa-
tions fall within X =+ 2o, if # = 10, all observations fall within X == 3.160,
etc., as shown in Fig. 12. This rule is useful particularly when # is small.
Table VIII indicates the conformance with Tchebycheff’s inequality of the
three sets of observations given in Table 1.

TABLE VIIL—COMPARISON OF OBSERVED PERCENTAGES AND THEORETICAL MINIMUM
PERCENTAGES OF THE TOTAL OBSERVATIONS LYING WITHIN GIVEN RANGES.

o
THEQRETICAL PRRCENTAGES OBsxavED PERCENTAGES

or TorAL OBBERVATIONS

Raxck, X & f0 Lyine WITHIN THE GIVEN | DaTa or | Data or | DaTa oF

Ranex X = to Tanre I(a)|Tasre I(5)|Tasrr I(c)

(1 = 270) | (5 = 100) | (» = 10)
X200 i, more than 75.0 96.7 04 90
X 256, . i more than 84.0 97.8 100 90
X L300, .. more than 88.9 98.5 100 100

@ Data of Table I(a), X = 1000, ¢ = 202
Data of Table I(5), X = 1.535, ¢ = 0.105
Data of Table I(c), X = §75.2, » = 8.26
To determine approximately just what percentages of the total number
of observations lie within given limits, as contrasted with minimum per-
centages within those limits (given above by Tchebycheff’s inequality),
requires additional information of a restrictive nature. If we present X, o,

5
4 ,/
w3 Va /
/
2 /
/
‘0 5 10 15 20 25

Number of Observations, »
F1c. 12.—Values of £, Such That 4 Observations Lie Within the Range X = fo.

and #, and are able to add the information ‘“data obtained under controlled
conditions,” then it is possible to make such estimates satisfactorily for
limits spaced equally above and below X.
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Note.—What is meant technically by “controlled conditions” is discussed by Shewhart,
op. cit., and is beyond the scope of this Manual. Among other things, the concept of control
includes the idea of homogeneous data—a set of observations resulting from measurements made
under the same essential conditions and representing material produced under the same essential
conditions. It is sufficient for present purposes to point out that if data are obtained under “con-
trolled conditions,” the form of curve which will best represent the observed frequency distribu-
tion may, for most practical purposes, be assumed to be that defined either by the Normal Law
or by the Second Approximation illustrated in Fig. 13.

Normal law — —— . A
Second
approximation
k negative k positive

F16. 13.—A Frequency Distribution for Observations Obtained Under Controlled Conditions
Will Usually Have an Outline That Conforms with One of These General Patterns.

Thus the phrase “data obtained under controlled conditions” is taken to be the equivalent
of the more mathematical assertion that “the functional form of the distribution may be repre-
sented by either the Normal Law equation or the Second Approximation equation (first two
terms of the Gram-Charlier series).” However, conformance of the shape of a frequency dis-
tribution with one of these two curves should, by no means, be taken as a sufficient criterion
for control.

For controlled conditions, the percentage of the total observations in the
original sample lying within the range X = fo may be determined approxi-
mately from the chart of Fig. 14, which is based on the Normal Law in-
tegral. The approximation may be expected to be better the larger the
number of observations. Table IX compares the observed percentages of
the total number of observations lying within several symmetrical ranges
about X with those estimated from a knowledge of X and o, for the three
sets of observations given in Table I.

Percentage
68.21, 9545 9913
0 102 30 40 50 60 1O 80 % 95 o i
! ] 'l_ I I| L l| i l||||||||n'|1|‘||liug!!'|‘| | Ll l 3 . 9?.5l .I
0 ! § ‘2
06745 1282 1.645  1.960 2.326 2516
t

Fi6. 14.—Normal Law Integral Diagram Giving Percentage of Total Area Under Normal Law
Curve Falling Within the Range X =+ {¢.
This diagram is also useful in probability and sampling problems, expressing the upper (percentage) scale values in
decimals to represent “Probability.”

33. Average, X, Standard Deviation, o, and Skewness k.—The presenta-
tion of % in addition to X and o contributes very little from the viewpoint

of presenting the total information, unless we are able to give some quali-
tative information in the manner outlined in Section 32. For data obtained
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TABLE IX,—COMPARISON OF OBSERVED PERCENTAGES AND THEORETICAL ESTIMATED
PERCENTAGES OF THE TOTAL OBSERVATIONS LYING WITHIN GIVEN RANGES.

THEORETICAL ESTIMA- Observed Percentages
TED PXRCENTAGES OF
RANGE, X & {0 ToraL OBSERVATIONS

DATA oF | DATA OF | DATA OF

LyiNG WITHIN THE T, pr 1(a)|TaBLE 1(b)|TaBLE I(c
GIVEN RaNGE X =10 16" "930) | (= 100) | (% o= 10))

X o 0.67450. o oo, 50.0 52.2 54 70
X100, i 68.3 76.3 72 80
X150 i 86.6 89.3 84 90
X200 ...t 95.5 96.7 94 90
X 2,50 i 98.7 97.8 100 90
X300, 99.7 98.5 100 100

“under controlled conditions,” the presentation of k in addition to X and
o contributes something, although it contributes nothing to the solution of
the problem of determining the percentage of the total number of observa-
tions in the original sample lying within a symmetric range about the aver-
age, X, that is, a range of X = fo. What it does do is to help in estimating

TABLE X.—SHOWING HOW MUCH INFORMATION IS CONTAINED IN X, ¢ AND k.

(Data from Special Study)
X = 0.1288” ¢ = 0.00255” k= — 0615 n = 492

Cell midpoint................ooiin, 0.118 0.119] 0.120] 0.121| 0.122| 0.123[ 0.124| 0.125| 0.126{ 0.127] 0.128
Observed frequency. ........ d 3 0 6 1 13 16 44 67
Relative frequency, per cent........ -] 0.2 0 |0.6 0 [1.2 2.2 |2.6 [3.3 [6.9 |8.9 [13.6
Computed relative frequency, per cen
Using X, and s, only (Normal Law)..| 0 0 0 0.2 (0.5 [1.2 (2.7 [5.2 |8.6 [12.1 |14.8
UsmgX o and % (Second Approxima-, 0

=)
S
-

I 0 0.1 (0.4 |1.0 {1.8 | 3.0 |45 {6.9 [10.0 [13.5
Cell midpoint..............ooevan... 0.129 { 0.130 | 0.131 | 0.132 | 0.133 | 0.134 | 0.135 | 0.136] 0.137] 0.138
Observed frequency......... e 82 65 36 18 5 0 0 0

oo

Relative ‘I’CQ“CDCYy per cent 16.7 13.2 7.3 3.7 1.0 0 0 0
Computed relative frequency, per cent:
UsmgX ando, only (Normal Law) .|15.5 {13.9 [(10.8 7.2 4.1 2.0 0.8 0.3 0.1

Using X, o and & (Second A oxxma
t‘::)i)'n(cnpm ,,,,,,, 160 |57 |20 |84 |43 |12 o3 o] o

o ©

observed percentages (in a sample already taken) in a range whose limits
are not equally spaced above and below X. In the opinion of the committee,
however, the & for a single set of observations does not help very much un-
less » is greater than 250, and is rarely worth while presenting if » is less
than 100. Table X gives an example of an attempt! to reproduce an original
frequency distribution from the computed values of X, ¢, and k. The dis-
tribution is quite skew and it is apparent that the theoretical distribution
based on X, ¢, and % approximates the observed distribution more closely
than does that based on X and ¢ alone. The comparison is shown graphically
in Fig. 15.

34. Use of Coefficient of Variation Instead of Standard Deviation.—So
far as quantity of information is concerned, the presentation of the coefficient

1 For method of obtaining estimates of the observed cell frequencies using X and o only (Normal Law) and X, o,
and k (Second Approximation), see pp. 39-94 of Reference (1).
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of variation, v, together with the average, X, is equivalent to presenting the
standard deviation, ¢, and the average, X, since ¢ may be computed directly
100a
X

from the values of v = and X. In fact the coefficient of variation is

really the standard deviation, o, expressed as a percentage of the average,
X. The coefficient of variation is sometimes useful in presentations whose
purpose is to compare variabilities, relative to the averages, of two or more
distributions.

20
Observed — _

5} Computed from X and gonly.
~

S

| Computed from X, ¢ and k., -

~
~,

Percentage of Test Specimens
S

0.120 0.125 0130 Q135
Thickress, in.

F16. 15.—The Approximation is Improved by Using £ in Addition to X and ¢.

Curves drawn through calculated theoretical values of relative frequency.

Example 1.—The following table presents strength test results for two different materials
It can be seen that whereas the standard deviation for material B is less than the standard devia-
tion for material A, the latter shows the greater relative variability as measured by the coefficient
of variability.
COEFFICIENT OF

NUMBER OF AvERAGE STANDARD VARIATION,
OBSERVATIONS, Sun«;lx, LB., DERVIATION, LB. PER CENT
MATERIAL n X a ?
Ao, 160 1100 225 20.4
B 150 800 200 25.0

The coefficient of variation is particularly applicable in reporting the
results of certain measurements where the variability, ¢, is known or sus-
pected to be a function of the level of the measurements. Such a situation
may be encountered when it is desired to compare the variability (a) of
physical properties of related materials usually at different levels, () of the
performance of a material under two different test conditions, or (¢) of
analyses for a specific element or compound present in different concentra-
tions,

Example 2—The performance of a material may be tested under widely different test condi-
tions as for instance in a standard life test and in an accelerated life test. Further, the units of
measurement of the accelerated life tester may be in minutes, and of the standard tester in hours.
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The following data indicate essentially the same relative variability of performance for the two
test conditions:

CoxXrFrICIENT OF

NvuuBzzr or AvEraGE STANDARD VARIATION,
SPECIMENS, ¥R, DxvIATION, PER CENT
TzsT v
ConprrIoN n X '3 v
Ao, 50 14 br, 4.2 hr. 30.0
B.............. 50 80 min. 23.2 min. 29.0

35. General Comment on Observed Frequency Distributions of a Series
of A.S.T.M. Observations.—Experience with frequency distributions for
physical characteristics of materials and manufactured products prompts
the committee to insert a comment at this point. We have yet to find an
observed frequency distribution of over 100 observations of a quality char-
acteristic and purporting to represent essentially uniform conditions, that
has less than 96 per cent of its values within the range X = 30. The the-
oretical value for a Normal distribution is 99.7 per cent, as indicated in Fig.
14. Taking this as a starting point and considering the fact that in A.S.T.M.
work the intention is, in general, to avoid throwing together into a single
series data obtained under widely different conditions—different in an im-
portant sense in respect to the characteristic under inquiry—we believe
that it is possible, in general, to use the methods indicated in Sections 32 and
33 for making rough estimates of the observed percentages of a frequency
distribution, at least for making estimates (per Section 32) for symmetric
ranges around the average, that is, X = fo. This belief depends, to be sure,
upon our own experience with frequency distributions and upon the observa-
tion that such distributions tend, in general, to be unimodal—tohave a single
peak—as in Fig. 13.

F16. 16.—A Bimodal Distribution Arising from Two Different Systems of Causes.

Discriminate use of these methods is, of course, presumed. They could
not be expected to give satisfactory results if the objective distribution were
one like that shown in Fig. 16—a bimodal distribution representing two
different sets of conditions. Here, however, the methods could be applied
separately to each of the two rational subgroups of data.
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36. Summary: Amount of Information Contained in Simple Functions of
the Data.—The material given in Sections 27 to 35, inclusive, may be sum-
marized as follows:

(1) If a set of observations of a single variable is obtained under con-
trolled conditions, much of the total information contained therein
may be made available by presenting three functions—the average,
X, the standard deviation, ¢, the skewness 2—and the number, n, of
observations. Of these, X and ¢ contribute most; % contributes some-
thing but, in the opinion of the committee, not very much unless »
is greater than, say, 250.

(2) The average, X, and the standard deviation, o, give some information
even for data that are not obtained under controlled conditions.

(3) No single function, such as the average, of a set of observations is
capable of giving much of the total information contained therein.

Just what functions of the data should be presented in any instance
depends on what uses are to be made of the data. This leads to a considera-
tion of what constitutes the “essential information.”

EsSENTIAL INFORMATION

37. Introduction.—Presentation of data presumes some intended use
either by others or by the author as supporting evidence for his conclusions.
The objective is to present that portion of the total information given by
the original data that is believed to be essential for the intended use. Es-
sential information will be described as follows:!

“We take data to answer specific questions. We shall say that a set of statistics [functions]
for a given set of data contains the essential information given by the data when, through the

use of these statistics, we can answer the questions in such a way that further analysis of the data
will not modify our answers to a practical extent.”

The genersl introduction to the Manual lists some of the objects of
gathering A.S.T.M. data of the type under discussion—a set of observations
of a single variable. Each such set constitutes an observed frequency dis-
tribution, and the information contained therein should be used efficiently
in answering the questions that have been raised.

38. What Functions of the Data Contain the Essential Information.—
The nature of the questions asked determines what part of the total in-
formation in the data constitutes the essential information for use in in-
terpretation.

If we are interested in the percentages of the total number of observations
that have values above (or below) several values on the scale of measure-

1See p. 58 of Reference (1).
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ment, the essential information may be contained in a tabular grouped
frequency distribution plus a statement of the number of observations, .
But even here, if # is large and if the data represent controlled conditions,
the essential information may be contained in the three functions—the
average, X, the standard deviation, o, the skewness /—and the number of
observations, #. If we are interested in the average and variability of the
quality of a material, or in the average quality of a material and some
measure of the variability of averages for successive samples, or in a com-
parison of the average and variability of the quality of one material with
that of other materials, or in the error of measurement of a test, or the like,
then the essential information may be contained in the X, ¢ and # of each
set of observations. Here, if # is small, say 10 or less, much of the essential
information may be contained in the X, R (range), and # of each set of
observations.

Tt is important to note! that the expected value of the Range, R (largest observed value minus
smallest observed value) for samples of # observationseach, drawn from a Normal universe having
a standard deviation ¢/, varies with sample size in the following manner:

The expected value of the Range is 2.10" for » = 4, 3.16' for » = 10, 3.90" for » = 2§, and
6.16" for n = 500. From this it is seen that insampling from 1+ Nnrmal universe, thespread between
the maximum and the minimum observation may be expected tv be abcut twice as great for a
sample of 25, and about three times as great for a sample of 500, as for a sample of 4. For this
reason, # should always be given in presentations which give R.

If we are also interested in the percentage of the total quantity of product
that does not conform with specified limits, then part of the essential
information may be contained in the observed value of fraction defective, p.

If the conditions under which the data were obtained were not controlled,
the maximum and minimum observations may contain information of
value.

TABLE X1—INFORMATION OF VALUE MAY BE LOST IF ONLY THE AVERAGE IS PRESENTED.

TENSILE STRENGTH, PSI.

MarERIAL CONDITION a Conprrion b CONDITION ¢

AVERAGE, X AvERAGE, X AVERAGE, X
A 51 430 47 200 49 010
2 59 060 57 380 60 700
G e e 75710 74920 80 460

39. Presenting X Only Versus Presenting X and o.—Presentation of the
essential information contained in a set of observations commonly consists
in presenting X, o, and n. Sometimes the average alone is given—no record
is made of the dispersion of the observed values nor of the number of ob-

1 See L. H. C. Tippett, “On the Extreme Individuals and the Range of Samples Taken From a Normal Population,”
Biomstrika, Vol. XVII, pp. 364-387, December, 1925.
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TABLE XIL.—PRESENTATION OF ESSENTIAL INFORMATION.
(Data of Table XI)

TENSILE STRENGTH, PSL

MATERIAL ﬁ"%‘,‘,‘;ﬁ ConprTion ¢ Conmrrion b Conprriox ¢
AVERAGE, STANDARD AVERAGE, STANDARD| Avgppack, | STANDARD
Y DEvIA- 3 DeviA- % '| Dxvia-
YTION, O TION, O TION, O
Ao PP 20 51 430 920 47 200 830 | 49 010 1070
B.. .. 18 59 060 1320 57 380 1360 | 60700 1480
Co 27 75710 1840 | 74920 | 1650 | 80460 1910

servations taken. For example, Table X1 gives the observed average tensile
strength for several materials under several conditions. The objective
quality in each instance is a frequency distribution, from which the set of
observed values may be considered as a sample. Much information of value
is generally lost by presenting merely the average, and failing to present
some measure of dispersion and the number of observations.

Table XII corresponds to Table XI and provides what will usually be
considered as the essential information for several sets of observations, such
as are obtained in investigations conducted for the purpose of comparing
the quality of different materials.

40 000
‘% 38 000
Q. p S—
< /(( D)
(o2
£ 36 000 7’&‘4
]
% 34000
C
8

32 000

0 | ? M) 4 5
Years

F16. 17.—An Ezample of Graph Showing an Observed Relationship.

40. Observed Relationships.—A.S.T.M. work often requires the presen-
tation of data showing the observed relationship between two variables,
Although strictly this subject does not fall within the scope of this Part of
the Manual, the following material is included for general information.

Attention will be given here to one type of relationship, where one of the
two variables is of the nature of temperature or time—one that is controlled
at will by the investigator and considered for all practical purposes as
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capable of ‘“exact” measurement, free from experimental errors.! Such
relationships are commonly presented in the form of a chart consisting of a
series of plotted points and straight lines connecting the points or a smooth
curve which has been “fitted” to the points by some method or other.
This section will consider merely the information associated with the
plotted points.

Figure 17 gives an example of such an observed relationship®. At each
successive stage of an investigation to determine the effect of aging on
several alloys, five test specimens of each alloy were tested for tensile
strength by each of several laboratories. The curve shows the results ob-
tained by one laboratory for one of these alloys. Each of the plotted points
is the average of five observed values of tensile strength and thus attempts
to summarize an observed frequency distribution. Figure 18 has been
drawn to show pictorially what is behind the scenes. The five observations

40 000
- 38 000 H— \
: T
Q.
E VA I E—
2 1 e e e
é o d « Observed valve
K I d Average of observed valves
P i ovjectie istitation
c
5

32 000 - 5 ; .

0 1
Years

Fi16. 18.—Showing Pictorially What Lies Back of the Plotted Points in Fig. 17.
Each plotted point in Fig. 17 is the observed average of a sample from an objective frequency distribution.

made at each stage of the life history of the alloy constitute a sample from
a universe of possible values of tensile strength-—an objective frequency
distribution whose spread is dependent on the inherent variability of the
tensile strength of the alloy and on the error of testing. The dots represent
the observed values of tensile strength and the bell-shaped curves, the
objective distributions.

1 The problem of presenting information on the observed relationship between fwo siaéistical variables, such as
hardness and tensile strength of an alloy sheet material, is more complex and will not be treated here. Discussions
of this problem, together with methods of determining and using the correlation coefficient, lines of regression, etc.,
are given by Shewhart, (Reference (1), Chapter IX). Illustrations and methods of using correlation in the analysis
of data are given by Yule and Kendall, 0. cit., Chapters 11 to 16, inclusive. For & technical discussion of correla-
tion, see Hoel, Reference (2), Chapter V.

1 Data from records of shelf life tests on dic-cast metsls and salloys, former Subcommittee XV of A.S.T.M,
Committee B-2 1n Non-Ferrous Metals and Alloys.
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In such instances, the essential information contained in the data may be
made available by supplementing the graph by a tabulation of the averages,

TABLE XIIL.—SUMMARY OF ESSENTIAL INFORMATION FOR FIG. 17.

TENSILE STRENGTH, PSI.
Nuuser or Test
TiMe or TEsT SPECIMENS
S D -
AvERAGE, X “N’;Algz, JEVIA
Initial................. ... ..., 5 35 400 950
6months...................... 5 35 980 668
lyear........covviiieenennnn.. 5 36 220 869
2WEATS. .t vttt i 5 37 460 655
5 VOAIS. « et 5 36 800 319

the standard deviations, and the number of observations for the plotted
points in the manner shown in Table XIII.

41. Summary: Essential Information.—The material given in Sections
37 to 40, inclusive, may be summarized as follows:

(I) What constitutes the essential information in any particular
instance depends on the nature of the questions to be answered, and
on the nature of the hypotheses which we are willing to make on the
basis of available information pertaining thereto. Even when measure-
ments of a quality characteristic are made under the same essential
conditions, the objective quality is a frequency distribution which cannot
be adequately described by any single numerical value.

(2) Given a series of observations of a single variable arising from the
same essential conditions, it is the opinion of the committee that the
average, X, the standard deviation, o, and the number, #, of observations
contain the essential information for a majority of the uses made of such
data in A.S.T.M. work.

Note.—If the observations are not obtained under the same essential conditions, analysis
and presentation by the control chart method, in which order (see Part 3 of this Manual) is taken
into account by rational subgrouping of observations, commonly provides important additional
information.

PRESENTATION OF RELEVANT INFORMATION

42. Introduction.—Empirical knowledge is not contained in the observed
data alone, rather it arises from interpretation—an act of thought.! In-
terpretation consists in testing hypotheses based on prior knowledge. Data
constitute but a part of the information used in interpretation—the judg-
ments that are made depend as well on pertinent collateral information,
much of which may be of a qualitative rather than of a quantitative nature.

1See C. L. Lewis, “Mind and the World Order,”’ Charles Scribner’s Sons, New York (1929); an important dis-
cussion on the significance of prior information and hypothesis in the interpretation of data. See also J. M. Keynes,
“A Treatise on Probability,” Macmillan and Co., Ltd., London and New York (1921); a treatise on the philosophy
of probable inference which is of basic importanc (in the interpretation of any and all data.
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If the data are to furnish a basis for most valid prediction, they must be
obtained under controlled conditions and must be free from constant errors
of measurement. Mere presentation does not alter the goodness or badness
of data. The usefulness of good data may, however, be enhanced by the
manner in which they are presented.

43. Relevant Information.—Presented data should be accompanied
by available relevant information, particularly information on precisely
the field within which the measurements are supposed to hold and the
conditions under which they were made, and evidence that the data are good.
Among the specific things that may be presented with A.S.T.M. data to
assist others in interpreting them or to build up confidence in the interpre-
tation made by an author are:

1. The kind, grade, and character of material or product tested.

2. The mode and conditions of production, if this has a bearing on the
feature under inquiry.

3. The method of selecting the sample;! steps taken to insure its ran-
domness or representativeness.

4. The specific method of test (if an A.S.T.M. or other standard test, so
state; together with any modifications of procedure).

5. The specific conditions of test, particularly the regulation of factors
that are known to have an influence on the feature under inquiry.

6. The precautions or steps taken to eliminate systematic or constant
errors of observation.

7. The difficulties encountered and eliminated during the investigation.

8. Information regarding parallel but independent paths of approach to
the end results.

9. Evidence that the data were obtained under controlled conditions;
the results of statistical tests made to support belief in the constancy? of
conditions, in respect to the physical tests made or the material tested, or
both.

Much of this information may be qualitative in character, some may even
be vague, yet without it the interpretation of the data and the conclusions
reached may be misleading or of little value to others.

1 The manner i which the sample is taken has an important bearing on the interpretability of data. This prob-
lem is discussed by H. F. Dodge in ““Statistical Control in Sampling Inspection,” presented at a round table discus-
sion on Acquisition of Good Data, held at the 1932 annual meeting of the A,S.T.M.; published in American Machinist,
October 26 and November 9, 1932.

s Here, we mean constancy in the statistical sense, which encompasses the thought of stability of conditions
from one time to another and from one place to another. This state of affairs is commonly referred to as ‘‘statistical
control.”” Statistical criteria have been developed by means of which we may judge when controlled conditions exist
Their character and mode of application are given in Part 3 of this Manual. See also E. S. Pearson, ““A Survey of the

Uses of Statistical Method in the Control and Standardization of the Quality of Manufactured Products,” Journal,
Royal Statistical Soc. (London), Vol. XCVT, Part I, pp. 21-60 (1933).
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44. Evidence of Control.—One of the fundamental requirements of good
data is that they should be obtained under controlled conditions. The in-
terpretation of the observed results of an investigation depends on whether
or not there is justification for believing that the conditions were controlled.

If the data are numerous and statistical tests for control are made, evi-
dence of control may be presented by giving the results of these tests.!
Such quantitative evidence greatly strengthens inductive arguments. In
any case, it is important to indicate clearly just what precautions were
taken to control the essential conditions. Without tangible evidence of this
character, the reader’s degree of rational belief in the results presented will
depend on his faith in the ability of the investigator to eliminate all causes
of lack of constancy.

RECOMMENDATIONS

45. Recommendations for Presentation of Data.—The following recom-
mendations for presentation of data apply for the case where one has at
hand a set of # observations of a single variable obtained under the same
essential conditions:

(I) Present as a minimum, the average, the standard deviation, and the
number of observations. Always state the number of observations taken.

(2) If the number of observations is large and if it is desired to give
information regarding the shape of the distribution, present also the value
of the skewness %, or present a grouped frequency distribution.

(3) If the data were not obtained under controlled conditions and it is
desired to give information regarding the extreme observed effects of
assignable causes, present the values of the maximum and minimum obser-
vations in addition to the average, the standard deviation, and the number
of observations

(4) Present as much evidence as possible that the data were obtained
under controlled conditions.

(5) Present relevant information on precisely (a) the field within which
the measurements are supposed to hold and () the conditions under which
they were made.

! Several examples are available in the Proceedings of the American Society for Testing Materials. In a paper
by R. F. Passano, ‘“‘Controlled Data from an Immersion Test,” Vol. 32, Part II, p. 468 (1932), values of X and o are
given for each of a series of repetitive tests made under like conditions, and control charts are presented to show that
the criterion for control has been satisfied. See also M. F. Skinker, ‘‘Application of Control Analysis to the Quality
of Varnished Cambric Tape,’’ Vol. 32, Part I1, p. 670 (1932); R. F. Passano and F. R. Nagley, “Consistent Data Show-
ing the Influence of Water Velocity and Time on the Corrosion of Iron,” Vol. 33, Part II, p. 387 (1933); and W. C.

Chancellor, “Application of Statistical Methods to the Solution of Metallurgical Problems in the Steel Plant.” Vol
34, Part II, p. 891 (1934).
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SUPPLEMENT A

GLOSSARY OF SYMBOLS USED IN PART 1

o Observed frequency (number of observations) in a single
cell of a frequency distribution.

koo The skewness, a measure of skewness or lopsidedness of
a distribution.

B The number of observed values (observations).

/2 Relative frequency or proportion, the ratio of the number of
occurrences to the total possible number of occurrences,
the ratio of the number of observations in any stated
interval to the total number of observations; fraction
defective, for measured values the ratio of the number of
observations lying outside specified limits (or beyond a
specified limit) to the total number of observations.

Ro...... ... ... ... The range, the difference between the largest observed
value and the smallest observed value.

G The standard deviation, the root-mean-square (rms.) devi-

(sigma) ation of the observed values from their average.

S The variance.

Vet The coefficient of variation, a measure of relative dis-

persion based on the standard deviation.

P Used in Section 25 to designate deviation in cells from an
arbitrary origin; customarily used in statistical work to
designate the deviation of an observed value, X;, from

the average, X, thatis, x = X; — X.

X An observed value of a measurable characteristic; specific
observed values are designated X,, X;, X3, etc. Also used
to designate a measurable characteristic.

X The average (arithmetic mean), the sum of the » observed
(X bar) values in a set divided by #.
X', o, petc.. ... The true or objective value of X, ¢, p, etc., for the universe

sampled. (The prime (") notation signifies the true or ob-
jective value as distinct from the observed value.)

NoTE.—A comparison of the symbols used in the Manual and those commonly used in statisti-
cal texts is given in the Appendix, p. 129.
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SUPPLEMENT B

GENERAL REFERENCES FOR PART 1

(1) W. A. Shewhart, “Economic Control of Quality of Manufactured Product,” D. Van Nostrand
Co., Inc., New York, N. Y. (1931).

(2) P. G. Hoel, “Introduction to Mathematical Statistics,’”” 2nd Edition, John Wiley and Sons,
Inc.. New York, N. Y. (1947).
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FOREWORD TO PART 2

This Part 2 of the ASTM Manual on Quality Control of Materials is
one of a series prepared by task groups of the ASTM Technical Com-
mittee E-11 on Quality Control of Materials. It represents a revision of
Supplement A of the ASTM Manual on Presentation of Data which it
replaces. First published in 1935, Supplement A was subsequently reprinted
with minor modifications in 1937, 1940, 1941, 1943, 1945, and 1947.

This Part discusses the problem of presenting limits to indicate the un-
certainty of the average, X, of a unique sample of # observations, and sug-
gests a form of presentation for use, when needed, in ASTM reports and
publications. Such limits are referred to as confidence limits of the unknown
true average, X’ of the universe sampled. The restrictive conditions under
which this form of presentation is theoretically applicable are given, and the
meaning of such limits is explained.

In this revision, the generally accepted term “confidence limits” is intro-
duced, and constants for computing 95 per cent confidence limits are added;
previous printings have given constants only for 90 per cent and 99 per cent
confidence limits. Working rules are also given regarding the number of
places to be retained in computation and presentation of averages, standard
deviations, and confidence limits.
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PART 2

PRESENTING + LIMITS OF UNCERTAINTY OF AN
OBSERVED AVERAGE

1. Purpose.—This Part 2 of the Manual discusses the problem of pre-
senting = limits to indicate the uncertainty of the average of a number of
observations obtained under the same essential conditions, and suggests a
form of presentation for use in A.S.T.M. reports and publications where
needed.

TABLE L.—BREAKING STRENGTH OF 0.104-IN. HARD-DRAWN COPPER WIRE,
BREAKING STRENGTE,
TEST SPECIMEN +» LB,

n =10 5732
AVEIage, X .. ittt e e 573.2
Standard deviation, 6. ........co i 4.58

2. The Problem.—An observed average, X, is subject to the uncertainties
that arise from sampling fluctuations, and tends to vary from the true
average more widely if the number, #, of observations is small.

Having a set of n observed values of a variable X whose average (arith-
metic mean) is X, as in Table I, it is often desired to present the results as:

Average, X = 573.2 + 3.51b.

the + limits being established from the quantitative data alone with the
implication that the objective! average, X', of the universe sampled lies
within such limits. How should such limits be computed, and what meaning
may be attached to them?

1 The objective average, X’, is the value of X that would be approached as a statistical limit as more and more
observations were obtained under the same essential conditions, and their cumulative averages computed.

41
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3. Theoretical Background.—Mention should be made of the practice,
currently losing favor in scientific work, of recording such limits as:

X 4 0.6745 —=
Vn
where:
X = observed average,
o = observed standard deviation, and
n = number of observations,

and referring to the value 0.6745 \-;;‘ as the “probable error” of the ob-

served average, X, (the value of 0.6745 corresponding to the Normal Law

probability of 0.50). The term “probable error” and the probability value

of 0.50 properly apply to the errors of sampling when sampling from a

universe whose average, X', and whose standard deviation, o/, are known
’

(these terms apply to limits X’ = 0.6745 \—67;-‘), but they do not apply in

the inverse problem when merely sample values of X and o are given.

Investigation! of this problem has given a more satisfactory alternative
{Section 4), a procedure which provides limits that have a definite opera-
tional meaning.

Nore. While the method of Section 4 represents the best that can be done at present in in-
terpreting a sampie X and o when no other information regarding the variability of the universe
is available, in general a much more satisfactory interpretation can be made if other information
regarding the variability of the universe is at hand, such as a series of samples from the universe
or similar universes for each of which a value of & or R is computed. If ¢ or R displays statistical
control as outlined in Part 3 of this Manual and a sufficient number of samples (preferably 20
or more) are available to obtain a reasonably precise estimate of ¢, the limits of uncertainty for
a sample containing any number of observations, #, and arising from a universe whose true stand-

ard deviation can be presumed equal to ¢’, can be computed from the following formula:
i

= [
X £t \7-—;
where: ¢ = 1.645, 1.960, and 2.576 for probabilities of P = 0.90, 0.95, and 0.99, respectively.
4. Computation of Limits.—The following procedure applies to any
long run series of problems for eack of which the following conditions are
met:
Given: A sample of n observations, X;, X,, Xs,..., Xa, having an
average = X and a standard deviation = .
Conditions: (a) The universe sampled is homogeneous (statistically
controlled) in respect to X, the variable measured.
1 W. A. Shewhart, “Probability as a Basis for Action,” presented at the joint meeting of the American Mathe.

matical Society and Section K of the A.A.A.S., December 27, 1932. See also Pearson, Reference (2), pp. 65-71; and
Shewhart, Reference (1), Chapter II.
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() The distribution of X for the universe sampled is
approximately Normal.
(c) The sample is a random sample.!
Procedure: Compute limits

X + ao
where the value of ¢ is given in Table II for three values of P and for various
values of n.

TABLE IL—FACTORS FOR CALCULATING 90 PER CENT, 95 PER CENT, AND 99 PER CENT
CONFIDENCE LIMITS FOR AVERAGES.
Limits Within Which X’ May be Expected to Lie (9 times in 10, 95 times in 100, or 99 times in 100) in a Series of
Problems, Each Involving a Single Sample of # Observations.
Values of a computed from Table IV, “Table of #,” in R. A. Fisher’s “Statistical Methods for Research Workers,”
based on Student’s distribution of s.

Coxripence Limirs, X & go
NUMBER OF OBSERVATIONS | 90 pgg cenT CONFIDENCE | 95 PER cENT CONFIDENCE | 99 PER cENT CONFIDENCE
¥ SaMPLE, % Lnurrs (P = 0.90) Lnnors (P = 0.95) Livars (P = 0.99)
VALUE oF @ VALUE OF @ VALUE oF @
4o 1.359 1.837 3.372
S 1.066 1.388 2.302
Gt 0.901 1.150 1.803
0.793 0.999 1.513
0.716 0.894 1.322
0.658 0.815 1.186
0.611 0.754 1.083
0.573 0.705 1.002
0.541 0.664 0.936
| T 0.514 0.629 0.882
4. ..o 0.491 0.599 0.835
15, 0.471 0.573 0.796
16,0 0.453 0.550 0.761
17, 0.436 0.530 0.730
18 0.422 0.512 0.703
19 0.409 0.495 0.678
200, 0.397 0.480 0.656
21 0.386 0.466 0.636
220000 0.376 0.454 0.618
2. 0.366 0.442 0.601
2 0.357 0.431 0.585
25, 0.349 0.421 0.571
ter than 25 e 1.645 e 1.960 e 2.576

# greater than = — = —— = e —

& € \/ n—23 \/ n—3 \/ n—23

approximately approximately approximately

1 1f the universe sampled is limited, that is, made up of a limited number of separate units that may be measured
in respect to the variable X, and if interest centers on the X’ of this limited universe, then this procedure assumes
that the number of units, #, in the sample is relatively small compared with the number of units, N, in the universe,
say # less than about 5 per cent of N. However, correction for relative size of sample can be made by multiplying

0 by the factor 1 - ;v . On the other hand, if interest centers on the X’ of the underlying process or source

of the limited universe, then this correction factor is not used.
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Meaning: If the values of a given in Table II for 7 = 0.95 are used
in a series of such problems, then, in the long run, we may expect 95 per cent
of the ranges bounded by the limits so computed, to include the objective
averages, X', of the universes sampled. If in each instance, we were to
assert that X' lies within the limits computed, we should expect to be cor-
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F16. 1.—Curves Giving Factors for Calculating 50 per cent to 99 per cent
Confidence Limits for Averages.

(See also Table II)

rect 95 times in 100 and in error 5 times in 100; that is, the statement
“X’ lies within the range so computed” has a probability of 0.95 of being
correct. But, there would be no operational meaning in the following state-
ment made in any one instance: “The probability is 0.95 that X falls within
the limits computed in this case” since X’ either does or does not fall within
the limits. It should also be emphasized that even in repeated sampling
from the same universe, the range defined by the limits X =+ ac will vary
in width and position from sample to sample, particularly with small
samples (see Fig. 2). It is this series of ranges fluctuating in size and position
which will include, ideally, the objective average, X’, 95 times out of 100 for
P = 095.
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These limits are commonly referred to as ‘“confidence limits”’;' for the
three columns of Table IT they may be referred to as the “90 per cent
confidence limits”, “95 per cent confidence limits” and ‘99 per cent
confidence limits,” respectively.

The magnitude P = 0.95 applies to the series of instances, and is ap-
proached as a statistical limit as the number of instances in the series is
increased indefinitely; hence it signifies “statistical probability.” If the
values of a given in Table II for P = 0.99 are used in a series of instances,

= [
E ‘O 'nl. !i {[ [ !l'll'l! } ! |||| .“” Ll III IH| Ill! || ll [' llJllll Ill! R’
< [T][||||'hl||| U L AR T l ||||
° | | | l
<
3'20 1 ) ' I ! . ' . '
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40 Case (6)
- -0.90
o
w20
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= ‘ | I .
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15
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Sample Number

Fic. 2.—Illustration Showing Computed Ranges Based on Sampling Experiments, 100 sample
of n = 4 observations each, from a Normal universe having X’ = 0 and ¢’ = 1.

we may, in like manner, expect 99 per cent of the universe averages, X',
to fall within the ranges so computed.

Other values of P could, of course, be used if desired—the use of chances
of 95 in 100, or 99 in 100 are, however, often found convenient in engineering
presentations. Approximate values of a for other values of P may be read
from the curves in Fig. 1, for samples of # = 25 or less.?

5. Experimental Illustration.—Figure 2 gives two diagrams?® illustrating

1See Pearson, Reference (2), pp. 65-71, and P. G. Hoel, “Introduction to Mathematical Statistics,” 2nd Edition,
John Wiley and Sons, Inc., New York, N. Y., 1947, p. 130.

t For larger samples (# greater than 25), the constants, 1.645, 1.960, and 2.576, in the expressions:

1.645 s 1.960 and o 2.576
6= — ,0= n =
Vn—3 V=3 Vn—3

at the foot of Table II are obtained directly from Normal Law Integral Tables for probability values of 0.90, 0.95,
and 0,99, To find the value of this constant for any other value of P, consult any standard text on statistical methods.
or read the value approximately on the ““#’’ scale of Fig. 14 of Part 1 of this Manual.

$ Case (a) is taken from Fig. 8 of Shewhart paper, loc. ¢di., and case (b) gives corresponding ranges for limits
X = 1.367, based on P = 0.90.
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the results of sampling experiments for samples of # = 4 observations each
drawn from a Normal universe, for values of (a) P = 0.50 and (b) P = 0.90.
For case (a), the ranges for 51 out of 100 samples included X’ and for case
(b), 90 out of 100 included X'. If, in each instance (that is, for each sample)
we had concluded that the objective X’ lay within the limits shown for
case (@), we would have been correct 51 times and in error 49 times, which
is a reasonable variation from the expectancy of being correct 50 per cent
of the time.

In this experiment all samples were taken from the same universe. How-
ever, it will be obvious that the same reasoning would apply to a series of
samples each taken from a different universe provided the conditions of
Section 4 are met.

6. Presentation of Data.—In presentation of data, if it is desired to give
limits of this kind, it is quite important that the significance of the limits
be clearly indicated. The three values P = 0.90, P = 0.95, and P = 0.99
given in Table II (chances of 9 in 10, 95 in 100, and 99 in 100) are arbitrary
choices that may be found convenient in practice.

Example: Given a sample of 10 observations of breaking strength of hard-drawn copper wire
ag in Table I, for which:

X = 573.21b.
o = 458 ib,
Using this sample to define limits of uncertainty based on P = 0.95 (Table II), we have:
X & 0.7540 = 573.2 £ 3.5
= 569.7 and 576.7
Two pieces of information are needed to supplement this numerical
result: (a) the fact that 95 in 100 limits were used, and (b) that this result
is based solely on the evidence contained in 10 observations.
Hence, in the presentation of such limits, it is desirable to give the results
in some such way as the following:

5732 £ 3.51b. (P = 0.95, n = 10)

The essential information contained in the data is, of course, covered
by presenting X, o, and # (see Part 1 of this Manual) and the limits under
discussion could be derived directly therefrom. If it is desired to present
such limits in addition to X, ¢, and #, the tabular arrangement given below
is suggested:

Lnars ror X'

95 per cent, STANDARD
Numsgr or TESTS, 7 AVERAGE, X Confidence Limits) DEVIATION, O

100 573.2 573.2:£3.5 4.58
A satisfactory alternative is to give the == value in the column designated
“Average,” and to add a note giving the significance of this entry, as
follows:

Numszr or Txsrs, ## Avimcrs X STANDARD DEVIATION, O

100 i eeicinnvonionosnsennnnnans 573.2(£3.5) 4,58
& The =+ entry indicates 95 per cent confidence limits of X',
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7. Number of Places to be Retained in Computation and Presentation.—
The following working rule is recommended in carrying out computations
incident to determining averages, standard deviations, and ‘limits for
averages” of the kind here considered, for a set of # observed values of a
variable quantity:

In all operations on the set of # observed values, such as adding, subtracting, multiplying,
dividing, squaring, extracting square root, etc., retain the equivalent of two more places of figures
than in the single observed values. For example, if observed values are read or determined to
the nearest 1 lb., carry numbers to the nearest 0.01 1b. in the computations; if observed values
are read or determined to the nearest 10 lb., carry numbers to the nearest 0.1 lb. in the compu-
tations, etc.

Rejecting places of figures should be done after computations are completed,
in order to keep the final results substantially free from computation errors.
In rejecting places of figures the actual rounding-off procedure should be
carried out as follows:!
(1) When the figure next beyond the last figure or place to be retained
is less than 5, the figure in the last place retained should be kept unchanged.
(2) When the figure next beyond the last figure or place to be retained
is more than 5, the figure in the last place retained should be increased by 1.
(3) When the figure next beyond the last figure or place to be retained
is 5, and
(a) there are no figures, or only zeros, beyond this 5, if the figure
in the last place to be retained is odd, it should be increased by 1; if
even, it should be kept unchanged: but
(b) if the 5 next beyond the figure in the last place to be retained is
followed by any figures other than zero, the figure in the last place retained
should be increased by 1, whether odd or even.
For example, if in the following numbers, the places of figures in parenthesis
are to be rejected:

39 4(49) becomes 39 400,
39 4(50) becomes 39 400,
39 4(51) becomes 39 500, and
39 5(50) becomes 39 600.

The number of places of figures to be retained in presentation depends
on what use is to be made of the results. No general rule, therefore, can
safely be laid down. The following working rule has, however, been found
generally satisfactory by the committee in presenting the results of testing
in technical investigations and development work:

1 This rounding-off procedure agrees with that adopted in the American Standard Rules for Rounding-Off Nu-
merical Values (ASA Project: Z 25.1-1940).
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(@) For Averages:

WEEN THE SINGLE VALUXS
ARB OBTAINED TO

THE NEAREST AND THE NuMBER or OBSERVED VALUZS IS
0.1,1,10, etc.,units..........cooiiiiiiiiiin... 2-20 21-200
0.2,2,20,etc., units.............. less than 4 4-40 41-400
0.5, 5, 50, etc., units.............. less than 10 10-100 101-1000
RxraiN tEX Foilowine Nussze or {Same number 1 more 2 more

PraceS or FIGurEs i THE AVERAGE.. .{of places as in place places
single values than in than in

single single

values values

(b) For standard deviations, retain three places of figures.

(c) If “limits for averages” of the kind here considered are presented, retain the same places
of figures as are retained for the average.

For example, if # = 10, and if observed values were obtained to the nearest 1 lb., present aver-
ages and “limits for averages” to the nearest 0.1 1b., and present the standard deviation to three
places of figures. This is illustrated in the tabular presentation in Section 6.

The above rule (¢) will result generally in one and conceivably in two
doubtful places of figures in the average, that is, places which may have been
affected by the rounding-off (or observation) of the # individual values
to the nearest number of units stated in the first column of the table.
Referring to the tabular arrangement in Section 6, the third place of figures
in the average, X = 573.2, corresponding to the first place of figures in the
4 3.5 value is doubtful in the above sense. One might conclude that it
would be suitable to present the average to the nearest pound, thus:

573 &+ 3 1b. (P = 0.95, n = 10)

This might be satisfactory for some purposes. However, the effect of such
rounding off to the first place of figures of the plus or minus value may be
quite pronounced if the first digit of the plus or minus value is small, as
indicated in the following table:

Nor RouNDED ROUNDED
Lnars DirrrxeNce Livirs DirrzzxNCE
573.5+1.4..... 572.1 574.9 2.8 574 £ 1...... 573 575 2
573.5 £ 1.5..... 572.0 575.0 3.0 574 £2...... 5712 576 4

If further use were to be made of these data—accumulating additional
observations to be combined with these, gathering other data to be com-
pared with these, etc.—then the effect of such rounding off of X in a pres-
entation might seriously interfere with proper subsequent use of the
information.

The number of places of figures to be retained or to be used as a basis
for action in specific cases (such as in reports covering the acceptance
and rejection of material) cannot readily be made subject to any general
rule. It is, therefore, recommended that in such cases the number of places
be settled by definite agreements between the individuals or parties in-
volved. The Recommended Practices for Designating Significant Places in
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Specified Limiting Values (ASTM Designation: E 29)! give specific rules
which are applicable when reference is made to these recommended prac-
tices.?

8. General Comments on the Use of Confidence Limits.—In making use
of limits of uncertainty of the type covered in this Part, the engineer should
keep in mind:

(I) the restrictions as to (a) controlled conditions, (b) approximate

Normality of universe, (¢) randomness of sample; and

(2) the fact that the variability under consideration relates to fluctua-
tions around the level of measurement values, whatever that may be,
quite regardless of whether or not the objective average, X', of the
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F16. 3.—Showing How =+ Limits (L, and Ls) are Unrelated to a Systematic
or Constant Error.

measurement values is widely displaced from the true value, X'r, of the

thing measured, as a result of systematic or comstant errors present

throughout the measurements.

For example, breaking strength values might center around a value of
575.0 Ib. (the objective level X’ of the measurement values) with a scatter
of individual observations represented by the dotted distribution curve of
Fig. 3, whereas the true average X', for the batch of wire under test is
actually 610.0 1b.; the difference between 575.0 and 610.0 representing a
constant or systematic error present in ell the observations as a result, say,
of an incorrect adjustment of the testing machine.

The limits thus have meaning for series of like measurements, made
under like conditions, including the same constant errors if any be present.

In the practical use of these limits, the engineer may not have assurance
that conditions (a), (b), and (c) given in Section 4 are met, hence it is not
advisable to lay great emphasis on the exact magnitudes of the probabilities
given in Table II, but rather to consider them as orders of magnitude to be
used as general guides.

11958 Book of ASTM Standards, Parts 1 to 10,
? This sentence was added editorially in September, 1956.
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SUPPLEMENT A

GLOSSARY OF SYMBOLS USED IN PART 2

The factor, given in Table II of Part 2, for computing
confidence limits of X' associated with a desired value of
probability, P, and a given number of observations, #.

. .The number of observed values (observations).

Probability; used in Part 2 to designate the probability
associated with confidence limits: relative frequency with
which the averages, X', of sampled universes may be
expected to lie within the confidence limits (of X’) com-
puted from samples.

.. The standard deviation, the root-mean-square (rms.) devia-

tion of the observed values from their average.

An observed value of a measurable characteristic; specific
observed values are designated X, X,, X, etc. Also used
to designate a measurable characteristic.

The average (arithmetic mean), the sum of the # observed
values in a set divided by .

The true or objective value of }, g, etc., for the universe
sampled. (The prime (") notation signifies the true or ob-
jective value as distinct from the observed value.)

NoTE.—A comparison of the symbols used in the Manual and those commonly used in statisti-
cal texts is given in the Appendix, p. 129.
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SUPPLEMENT B

GENERAL REFERENCES FOR PART 2

(1) W. A. Shewhart, “Statistical Method from the Viewpoint of Quality Control,” Edited by
W. E. Demiag, The Graduate School, The Department of Agriculture, Washington, D. C.
(1939).

(2) E. S. Pearson, “The Application of Statistical Methods to Industrial Standardization and
Quality Control,” B. S. 600-1935, British Standards Institution, London (November 1935).
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This Part 3 of the ASTM Manual on Quality Control of Materials is
one of a series prepared by task groups of the ASTM Technical Committee
E-11 on Quality Control of Materials. It represents a revision of Supple-
ment B of the ASTM Manual on Presentation of Data which it replaces.
First published in 1935, Supplement B was subsequently reprinted with
minor modifications in 1937, 1940, 1941, 1943, 1945, and 1947.

This Part gives formulas and tables useful in applying the “control chart”
method of analysis of observational data obtained from several samples.
The method provides a criterion for detecting lack of statistical control of
quality. The information given is also useful for setting up a program for
controlling quality during production. Continued use of the control chart
during production and the elimination of assignable causes, as their presence
is disclosed by failures to meet its criterion, aid in reducing the variability of
quality.

In this revision the technical content of the former publication is retained,
but additions and modifications are introduced. The principal changes are:

(a) Reversal of the order of presentation in the earlier publication, by
giving first “control—no standard given,” and second ‘‘control with
respect to a given standard”;

(b) Separate treatment of control charts for “number of defectives,”
“number of defects,” and “number of defects per unit”;

(¢) Addition of material on control charts for individuals, as requested
by members of the Society, though applicable under rather limited
conditions; and
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used in this Part, tables, formulas found useful for reference purposes
and explanatory notes.
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PART 3

CONTROL CHART METHOD OF ANALYSIS AND
PRESENTATION OF DATA

GENERAL PRINCIPLES

1. Purpose.—This Part 3 of the A.S.T.M. Manual on Quality Control
of Materials gives formulas, tables, and examples which are useful in
applying the conirol chart method! of analysis and presentation of data.
This method requires that the data be obtained from several samples or
that the data be capable of subdivision into subgroups on the basis of
relevant engineering information. Although the principles of this Part
are applicable generally to many kinds of data, they will be discussed herein
largely in terms of the quality of materials and manufactured products.

The control chart method provides a criterion for detecting lack of
statistical control. Lack of statistical control in data indicates that ob-
served variations in quality are greater than should be left to chance.
Freedom from indications of lack of control is desirable for scientific evalu-
ation of data and the determination of quality.

The control chart method lays emphasis on the order or grouping of the
observations in a set, with respect to time, place, source, or any other
consideration that provides a basis for a classification which may be of
significance in terms of known conditions under which the observations
were obtained.

This concept of order is illustrated by the data in Table I in which the
width in inches to the nearest 0.0001 in. is given for 60 test specimens of
grade BB zinc which were used in A.S.T.M. atmospheric corrosion tests.
At the left of the table, the data are tabulated without regard to relevant
information. At the right they are shown arranged in ten subgroups, where
each subgroup relates to the specimens from a separate milling. The in-
formation regarding origin is relevant engineering information which makes
it possible to apply the control chart method to these data.

See Example 3, p. 81.

1 As given by Shewhart, see Reference (1)

55
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2. Terminology and Technical Background.—Variation in quality from
one unit of product to another is usually due to a very large number of
causes. Those which it is possible to identify are termed assignable causes.
Lack of control indicates one or more assignable causes. The vast majority
of causes of variation may be inconsequential and cannot be identified.
These are termed chance causes. However, causes of large variations in
quality generally admit of ready identification.

In more detail we may say that for a constant system of cha.nce causes,
the averages, X, the standard deviations, o, the values of fraction defective,
$, or any other functions of the observations of a series of samples will
exhibit statistical stability of the kind that may be expected in random

TABLE 1.—COMPARISON OF DATA BEFORE AND AFTER SUBGROUPING.
(Width in Inches of Test Specimens of Grade BB Zinc) .

Before Subgrouping After Subgrouping
S( uMb-%fi:“ Specimen

0.5005 0.5005 0.4996 1liing
0.5000 | 0.5002 | 0.4997 t 2 3 4 5 6
0.5008 0.5003 0.4993
0. 5000 0.5004 0.4994 1....... 0.5005 0. 5000 0.5008 0.5000 0.5005 0.5000
0.5005 0.5000 0.4999
0.5000 0.5005 0.4996 2....... 0.4998 0.4997 0.4998 0.4994 0.4999 0.4998
0.4998 0. 5008 0.4996
0.4997 0.5007 0.4997 K T 0.4995 0.4995 0.4995 0.4995 0.4995 0.4996
0.4998 0.5008 0.4995
0.4994 0.5010 0.4995 4....... 0.4998 0.5005 0.5005 0.5002 0.5003 0.5004
0.4999 0.5008 0.4997
0.4998 0.5009 0.4992 Sl 0.5000 0.5005 0.5008 0.5007 0.5008 0.5010
0.4995 0.5010 0.4995
0.4995 0.5005 0.4992 6....... 0.5008 0.5009 0.5010 0.5005 0.5006 0.5009
0.4995 0. 5006 0.4994
0.4995 0.5009 0.4998 N 0.5000 0.5001 0,5002 0.4995 0.4996 0.4997
0.4995 0.5000 0.5000
0.4996 0.5001 0.4990 - TN 0.4993 0.4994 0.4999 0.4996 0.4996 0.4997
0.4998 0.5002 0, 5000
0.5005 0.4995 0.5000 L P 0.4995 0.4995 0.4997 0.4992 0.4995 0.4992

10....... 0,4994 0.4998 0.5000 0.4990 0.5000 0. 5000

samples from homogeneous material. The criterion of the quality control
chart is derived from laws of chance variations for such samples, and
failure to satisfy this criterion is taken as evidence of the presence of an
assignable cause of variation.

As applied by the manufacturer to inspection data, the control chart
provides a basis for action. Continued use of the control chart and the
elimination of assignable causes as their presence is disclosed by failures to
meet its criteria tend to reduce variability and to stabilize quality at aimed-
at levels.! While the control chart method has been devised primarily for
this purpose, it provides simple techniques and criteria that have been
found useful in analyzing and interpreting other types of data as well.

1 For control chart techniques for controlling quality during production, see References (2), (3), (4), and (5}
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3. Two Uses.—The control chart method of analysis is used for the
following two distinct purposes:

(A) Control—No Standard Given.—To discover whether observed values
of X, o, p, etc., for several samples of # observations each, vary among
themselves by an amount greater than should be attributed to chance.
Control charts based entirely on the data from samples are used for de-
tecting lack of constancy of the cause system.

(B) Control with Respect to a Given Standard.—To discover whether
observed values of X, ¢, , etc., for samples of # observations each, differ
from standard values, X', ¢’, #', etc., by an amount greater than should be
attributed to chance. The standard value may be an experience value based
on representative prior data, or an economic value established on consider-
ation of needs of service and cost of production, or a desired or aimed-at
value designated by specification. It should be noted particularly that the
standard value of ¢/, which is used not only for setting up control charts
for o or R but also for computing control limits on control charts for X,
should almost invariably be an experience value based on representative
prior data. Control charts based on such standards are used particularly in
inspection to control processes and to maintain quality uniformly at the
level desired.

4. Breaking up Data into Rational Subgroups.—One of the essential
features of the control chart method is what is referred to as breaking up
the data into rationally chosen subgroups called ‘“rational subgroups”;
that is, classifying the observations under consideration into subgroups or
samples, within which the variations may be considered on engineering
grounds to be due to nonassignable chance causes only, but befween which
the differences may be due to assignable causes whose presence is suspected
or considered possible.

This part of the problem depends on technical knowledge and familiarity
with the conditions under which the material sampled was produced and the
conditions under which the data were taken. By identifying each sample
with a time or a source, specific causes of trouble may be more readily
traced and corrected, if advantageous and economical. Inspection and test
records, giving observations in the order in which they were taken, provide
directly a basis for subgrouping with respect to time. This is commonly
advantageous in manufacture where it is important, from the standpoint
of quality, to maintain the production cause system constant with time.

It should always be remembered that analysis will be greatly facilitated
if, when planning for the collection of data in the first place, care is taken to
so select the samples that the data from each sample can properly be treated
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as a separate rational subgroup, and that the samples are identified in such
a way as to make this possible.

5. General Technique in Using Control Chart Method.—The general
technique* of the control chart method is as follows:

Given a set of observations, to determine whether an assignable cause of
variation is present:

(a) Classify the total number of observations into % rational subgroups

(samples) having %y, #s, ..., n, observations, respectively. Make sub-

groups of equal size, if practicable. It is usually preferable to make sub-

groups not smaller than » = 4.

(b) For each statistic (X, o, R, p, etc.) to be used, construct a control

chart with control limits in the manner indicated in the subsequent

sections.

(¢) If one or more of the observed values of X, o, R, p, etc., for the &

subgroups (samples) fall outside the control limits, take this fact as an

indication of the presence of an assignable cause.

6. Control Limits.—In both uses indicated in Section 3, the control
chart consists essentially of symmetrical limits (control limits) placed above
and below a central line. The central line in each case indicates the expected
or average value of X, ¢, R, p, etc. for subgroups (samples) of # obser-
vations each.

The control limits here used, referred to as ‘‘3-sigma control limits,”
are placed at a distance of three standard deviations from the central line,
where by standard deviation is meant the standard deviation of the
sampling distribution of the statistical measure in question (X, o, R, 9, etc.)
for subgroups (samples) of size #. Note that this standard deviation is not
the computed standard deviation of the subgroup values (of X, ¢, R, p, etc.)
plotted on the chart, but is computed from the variations within the sub-
groups.?

Throughout this Part of the Manual such standard deviations of the
sampling distributions will be designated as ¢%, o5, o5, 75, etc., and these
symbols, which consist of ¢ and a subscript, will be used only in this re-
stricted sense.

Control limits for averages........... ... (expected X) == 303
for standard deviations. ....................... (expected ¢) & 304
fOr TANEES. ... vt (expected R) - 3op
forvaluesof p................. ... ........... (expected p) == 30,

1 This embodies the procedure covered by Shewhart’s Criterion I, Reference (1), Chapter XX.
tFor further information see Supplement C, Note 1.
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Figure 1 indicates the features of a control chart for averages.

The choice of the factor 3 (a multiple of the expected standard deviation
of X, 6, R, p, etc.) in these limits is an economic choice based on experience
that covers a wide range of industrial applications of the control chart,
rather than on any exact value of probability!. It is one that has proved
satisfactory for use as a criterion for acfion, that is, for looking for assignable
causes of variation.

CONTROL—NO STANDARD GIVEN

7. Introduction.—Sections 7 to 17 cover the technique of analysis for
control when no standard is given, as noted under (A) in Section 3. Here
standard values of X', ¢’, ¢, etc., are not given, hence values derived from the
numerical observations are used in arriving at central lines and control
limits. This is the situation that exists when the problem at hand is the
analysis and presentation of a given set of experimental data. This situation
is also met in the initial stages of a program using the control chart method

Observed Volues of X

Average, X

1 ] L L L 1 L 1 L 1
2 4 6 8 o]
Subgroup (Sample) Number

F16. 1.—Essential Features of a Control Chart Presentation. Chart for Averages.

for controlling quality during production. Available information regarding
the quality level and variability resides in the data {0 be analyzed and the
central lines and control limits are based on values derived from those data.
For a contrasting situation see Section 18, Control with Respect to a Given
Standard.

For a set of data analyzed by the control chart method, when may a
state of control be assumed to exist? Assuming subgrouping based on time,
it is usually not safe to assume that a state of control exists unless the
plotted points for the following number of consecutive subgroups fall within
3-sigma control limits: (@) 25 for variables with small subgroups, say 4 or
5;or (b) 15, 20, or 25 for attributes, when the expected number of defectives
or of defects per subgroup is 1 to 4, over 4 to 7, or over 7, respectively. On

1 See Supplement C, Note 2.
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the other hand, lack of control may be assumed to exist if one or more
points fall outside the control limits in a much smaller number or subgroups,
even 4 or 5.

8. Control Charts for Averages, X, and for Standard Deviations, s—
Large Samples.—This section assumes that a set of observed values of a
variable X can be subdivided into % rational subgroups (samples), each
subgroup containing # = more than 25 observed values.

(a) Large Samples of Equal Size.—For samples of size #, the control
chart lines are as follows:

FORMULAS FOR CONTROL CHART LINES.

Central Line Control Limits
Foraverages, X-......ououviuneiannenon. X X+3 :T; ......... (1)
. 3 _ - __&
For standard deviations, o.................. & F£3 o 2y

where:

X = the grand average of the observed values of X for all samples,
_ Xi+ Xt c-eereees + X

Q
]

the average subgroup standard deviation,
P B T + o

where the subscripts 1, 2,..., & refer to the % subgroups, respectively, all of size 5.
See Example 1, p. 79.
 (b) Large Samples of Unequal Size.—Use Formulas 1 and 2 but compute
X and ¢ as follows:
X = the grand average of the observed values of X for all samples,

_ mXy + 1meXs + oo + niXe

...................................... 6]
m+t e o
= grand total of X values divided by their total number,
& = the weighted average standard deviation,
Smetmesdh b e L )

mtnmt e+ on
where the subscripts 1, 2, « - - , & refer to the % subgroups, respectively.

Then compute control limits for each sample size separately, using the
individual sample size, #, in the formula for control limits.

1 For a discussion of this formula see Supplement C, Note 3.
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See Example 2, p. 80.

When most of the samples are of approximately equal size, computing
and plotting effort can be saved by the procedure given in Supplement C,
Note 4.

9, Control Charts for Averages, X, and for Standard Deviations, ¢—
Small Samples.—This section assumes that a set of observed values of a
variable X is subdivided into % rational subgroups (samples), each subgroup
containing # = 25 or less observed values.

(a) Small Samples of Equal Size—For samples of size n, the control
chart lines are as follows:

FORMULAS FOR CONTROL CHART LINES.

Control Limits
Central
Line Simplified Formula
Using Factors in Basic Formula
able IT

—_ = - - a
Foraverages, X.............. X X 4+ A X3 ava ()]

[
For standard deviations, o. . ... g B¢ and B:s ‘ F+3 a/an (8)

where:
® = the grand average of observed values of X for all samples.

oo+ox+ -0+ ap
k

g =

where a1, a3, ete., refer to the observed standard deviations for the first, second, etc., samples and
factors ¢s, 41, Ba, and By are given in Table II.

See Example 3, p. 81.

(8) Small Samples of Unequal Size.—For small samples of unequal size,
use Formulas 7 and 8 (or corresponding factors) for computing control
chart lines. Compute X by Eq. 5. Obtain separate derived values of &
for the different sample sizes by the following working rule: Compute o,

. observed ¢ Lo
the over-all average value of the ratio T for the individual samples;
2

then compute ¢ = c40, for each sample size #. As shown in Example 4, the
computation can be simplified by combining in separate groups all samples
having the same sample size #n. Control limits may then be determined sepa-
rately for each sample size. These difficulties can be avoided by planning
the collection of data so that the samples are made of equal size.

See Example 4, p. 82.

1 Formula (8) is an approximate formula suitable for most practical purposes. The values of By and B given in
the tables are computed from the exact equation in Supplement B (Egs. BS or B6).
* For a discussion of this formula see Supplement C, Note 3.
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10. Control Charts for Averages, X, and for Ranges, R—Small Samples.
—This section assumes that a set of observed values of a variable X is
subdivided into k rational subgroups (samples), each subgroup containing
n = 10 or less observed values.

The range, R, of a sample is the difference between the largest observation
and the smallest observation. When » = 10 or less, simplicity and economy
of effort can be obtained by using control charts for X and R in place of con-
trol charts for X and ¢. The range is not recommended, however, for samples
of more than 10 observations, since it becomes rapidly less effective than the
standard deviation as a detector of assignable causes as # increases beyond
this value. In some circumstances it may be found satisfactory to use the
control chart for ranges for samples up to # = 15, as when data are plentiful
or cheap. On occasion it may be desirable to use the chart for ranges for
even larger samples; for this reason Table II gives factors for samples as
large as # = 25.

(@) Small Samples of Equal Size.—For samples of size #, the control
chart lines are as follows:

FORMULAS FOR CONTROL CHART LINES.

Control Limits

Central

Line Simplified Formula
Using Factors in Basic Formula
Table II

For averages, X.. . .......... X X+ AR )'(":i:S—-——R——...........(IO‘
’ ' dvn ’

- - - diR
Forranges, R......... . .... R DiRand ;R | R 3 FARARREIRTEE {n

2

where:
)? = the grand average of observed values of X for all samples,
R = the average value ot range R for the % mndividual samples,
RR=R + ..... R

~A=Rt - R TSRO 12

and factors ds, As, Dy and D; are given in Table IT and d; in Table B2 (Supplement B).

See Example 5, p. &3.

(b) Small Samples of Unequal Size.—For small samples of unequal size,
use Formulas 10 and 11 (or corresponding factors) for computing control
chart lines. Compute X by Eq. 5. Obtain separate derived values of R for
the different sample sizes by the following working rule: Compute o; the

3 rved R o 4
over-all average value of the ratio observed K for the individual samples

2
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then compute R = dyo, for each sample size #. As shown in Example 6, the
computation can be simplified by combining in separate groups all samples
having the same sample size #. Control limits may then be determined
separately for each sample size. These difficulties can be avoided by planning
the collection of data so that the samples are made of equal size.
See Example 6, p. 83.
FORMULAS FOR CENTRAL LINES AND CONTROL LIMITS.
Control—No Standard Given (X', 0, not given)—Small Samples of Equal Size

Central Line Control Limits
Averagesusingo.............. )Z' )Z’ 3 1 (v as given by Eq. 9)
Averagesusing'R.............. X XE=AR. ..., (R as given by Eq. 12)
Standard deviations........... K Boand Bswo............ (7 as given by Eq. 9)
Ranges........c.ovovvueeennnn R DRand DiR......... (R as given by Eq. 12)

TABLE II.—FACTORS FOR COMPUTING CONTROL CHART LINES—NO STANDARD GIVEN.!

Chart for AveragesiChart for Standard Deviations| Chart for Ranges
: Factor Factor
Number of Observations Factors for Con- for Factors for Con- for Factors for Con-
in Sample, n trol Limits Central trol Limits Central trol Limits
Line Line
Al Aa c By B, da Dy D,
2. . 3.760 | 1.880 | 0.5642 0 3.267 | 1.128 0 3.267
K 2.394 | 1.023 | 0.7236 0 2.568 | 1.693 0 2.575
4........... 1.880 | 0.729 | 0.7979 0 2.266 | 2.059 0 2.282
S 1.596 | 0.577 | 0.8407 0 2.089 | 2.326 0 2.115
6....oovintn 1.410 | 0.483 | 0.8686 | 0.030 | 1.970 | 2.534 0 2.004
T, 1.277 | 0.419 | 0.8882 | 0.118 | 1.882 | 2.704 | 0.076 | 1.924
8. ... 1.175 |1 0.373 {1 0.9027 | 0.185 | 1.815 | 2.847 1 0.136 | 1.864
9. ... 1.094 | 0.337 } 0.9139 | 0.239 | 1.761 | 2.970 | 0.184 | 1.816
10........... 1.028 | 0.308 | 0.9227 | 0.284 | 1.716 { 3.078 | 0.223 | 1.777
1m........... 0.973 | 0.285 | 0.9300 | 0.321 | 1.679 | 3.173 | 0.256 | 1.744
12........... 0.925 | 0.266 | 0.9359 | 0.354 | 1.646 | 3.258 | 0.284 | 1.716
13........... 0.884 | 0.249 | 0.9410 | 0.382 | 1.618 | 3.336 | 0.308 | 1.692
14. ... ... 0.848 | 0.235 } 0.9453 | 0.406 | 1.594 | 3.407 | 0.329 | 1.671
15........... 0.816 | 0.223 | 0.9490 | 0.428 | 1.572 1 3.472 | 0.348 | 1.652
16........... 0.788 | 0.212 | 0.9523 | 0.448 | 1.552 | 3.532 | 0.364 | 1.636
17........... 0.762 { 0.203 | 0.9551 | 0.466 | 1.534 | 3.588 | 0.379 | 1.621
18. .. ....... 0.738 1 0.194 | 0.9576 | 0.482 | 1.518 | 3.640 | 0.392 | 1.608
19........... 0.717 { 0.187 | 0.9599 | 0.497 | 1.503 | 3.689 | 0.404 { 1.596
20........... 0.697 { 0.180 | 0.9619 | 0.510 { 1.490 | 3.735 | 0.414 | 1.586
21 ... ... 0.679 | 0.173 | 0.9638 | 0.523 | 1.477 | 3.778 | 0.425 [ 1.575
22, 0.662 | 0.167 | 0.9655 | 0.534 | 1.466 | 3.819 | 0.434 | 1.566
23,00, 0.647 | 0.162 | 0.9670 | 0.545 | 1.455 | 3.858 | 0.443 | 1.557
24 ..., 0.632 | 0.157 | 0.9684 | 0.555 | 1.445 | 3.895 | 0.452 | 1.548
25... .. ... 0.619 1 0.153 | 0.9696 | 0.565 { 1.435 | 3.931 | 0.459 | 1.541
Over25........ 3. * e
V'n
o 3 iy 2
Vi + Ve

3 The convenient tabular arrangement of this table and that of Table III corresponds closely to that used by
E, S. Pearson in Refereance (4).
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11. Summary, Control Charts for X, o, and R—No Standard Given.—
The most useful formulas from Sections 7 to 10, inclusive, are collected on
page 63 and are followed by Table II which gives the factors used in
these and other formulas.

12. Control Charts for Attributes Data.—Although in what follows the
function p is designated “fraction defective,” the methods described can
be applied quite generally and p may in fact be used to represent the ratio
of the number of items, occurrences, etc. that possess some given attribute
to the total number of items under consideration.

The fraction defective, p, is particularly useful in analyzing inspection
and test results that are obtained on a ‘“go no-go” basis (method of attri-
butes). Also it is used in analyzing results of measurements that are made
on a scale and recorded (method of variables). In the latter case, p may
be used to represent the fraction of the total number of measured values
falling above any limit, below any limit, between any two limits, or outside
any two limits.

The function p is used widely to represent the “fraction defective,”
that is, the ratio of the number of defective units (articles, parts, specimens,
etc.) to the total number of units under consideration. The fraction de-
fective is used as a measure of quality with respect to a single quality char-
acteristic or with respect to two or more quality characteristics treated
collectively. In this connection it is important to distinguish between a
“defect” and a “defective.” A “defect” is a single instance of a failure
to meet some requirement, such as a failure to comply with a particular re-
quirement imposed on a unit of product with respect to a single quality
characteristic. For example, a unit containing departures from require-
ments of the drawings and specifications with respect to (/) a particular
dimension, (2) finish, and (3) absence of chamfer, contains three defects.
The word “defective’” is here used as a noun and is defined as a defective
unit (article, part, specimen, etc.), that is, a unit containing one or more
“defects” with respect to the quality characteristic under consideration.

When only a single quality characteristic is under consideration, and when
only one defect can occur on a unit, the number of defectives in a sample
will equal the number of defects in that sample. However, it is suggested
that under these circumstances the phrase “number of defectives” be used
rather than “number of defects.”

13. Control Chart for Fraction Defective, p.—This section assumes that
the total number of units tested is subdivided into % rational subgroups
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(samples) consisting of #, 7, . . ., % units, respectively, for each of which
a value of p is computed.

Ordinarily the control chart for p is most useful when the samples are
large, say when # is greater than 50 to 100; more specifically, when the
expected number of defective units (or other occurrences of interest) per
sample is four or more, that is, the expected p# is four or more.

The average fraction defective, §, is defined as:

total number of defectives in all samples
total number of units in all samples

P =
= fraction defective in the complete set of test results.

(@) Samples of Equal Size.—For samples of size #, the control chart lines
are as follows:
FORMULAS FOR CONTROL CHART LINES.

Central Line Control Limits

Forvaluesof p............ccouvuvnn.. ? px3 1/“1——” ...... (14)
n

See Example 7, p. 84.
When p is small, say less than 0.10, the factor 1 — p may be replaced by
unity for most practical purposes, which gives the simple relation:

Control limits for p = § = 3 /‘/ A (14a)

n

(b) Samples of Unequal Size.—Proceed as for samples of equal size but
compute control limits for each sample size separately.

When the data are in the form of a series of & subgroup values of p and
the corresponding sample sizes #,  may be computed conveniently by the
relation:

s _mprtnapat . dnipe
p= purerrep LLIE TR TEEPELIISTPIERPEIEY (15)

where the subscripts 1, 2, -+, k refer to the & subgroups.

When most of the samples are of approximately equal size, computation
and plotting effort can be saved by the procedure given in Supplement C,
Note 4.

See Example 8, p. 85.

14. Control Chart for Number of Defectives, pn.—The control chart for
pn, number of defectives in a sample of size #, is the equivalent of the con-
trol chart for p, for which it is a convenient practical substitute when all
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samples have the same size, #n. It makes direct use of the number of de-
fectives, pn, in a sample (pn = the fraction defective times the sample
size.)

For samples of size #, the control chart lines are as follows:

FORMULAS FOR CONTROL CHART LINES.

Central Line Control Limits

Forvaluesof pn...................... n ﬁn:I:S'\/;n(l—f)....(IG)

where:
total number of defectives in all samples

n =

number of samples
= the gverage number of defectives in the % individual samples, and
? = the value given by Eq. 13.
When p is small, say less than 0.10, the factor 1 — p may be replaced by
unity for most practical purposes, which gives the simple relation:

Control Limitsfor pn = $n £ 3 4/ ..o oovi i (18)
= (avg. no. of defectives) = 3+/(avg. no. of defectives)

where “avg, no. of defectives” means average number in samples of equal size.

See Example 7, p. 84.

When the sample size, #, varies from sample to sample, the control chart
for p (Section 13) is recommended in preference to the control chart for
pn; in this case, a graphical presentation of values of pn does not give an
easily understood picture, since the expected values, pn, (central line on the
chart) varies with », and therefore the plotted values of pn become more
difficult to compare.

When only a single quality characteristic is under consideration, and when
only one defect can occur on a unit, the word “defect’” can be substituted
for the word “‘defective” throughout the discussion of this section but this
practice is not recommended.

15. Control Chart for Defects per Unit, u.—In inspection and testing,
there are circumstances where it is possible for several defects to occur on
a single unit (article, part, specimen, unit length, unit area, etc.) of product,
and it is desired to contro] the number of defects per unit, rather than the
fraction defective. For any given sample of units, the numerical value of
defects per unit, %, is equal to the number of defects in all the units in the
sample divided by the number of units in the sample.

The control chart for %, defects per unit in a sample, is convenient for a
product composed of units for which inspection covers more than one
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characteristic, such as dimensions checked by gages, electrical and mechani-
cal characteristics checked by tests, and visual defects observed by eye
Under these circumstances several independent defects may occur on one
unit of product and a better measure of quality is obtained by making a
count of all defects observed and dividing by the number of units inspected
to give a value of defects per unit, rather than by merely counting the
number of defective units to give a value of fraction defective. This is
particularly the case for complex assemblies where the occurrence of twe
or more defects on a unit may be relatively frequent. However, only in-
dependent defects are counted. Thus, if two defects occur on one unit of
product and the second is caused by the first, only the first is counted.

The control chart for defects per unit (more especially the chart for
number of defects, see Section 16) is a particularly convenient one to use
when the number of possible defects on a unit is indeterminate, as for
physical defects (finish or surface irregularities, flaws, pinholes, etc.) on
such products as textiles, wire, sheet materials, etc., which are continuous
or extensive. Here the opportunity for defects may be numerous though
the chances of a defect occurring at any one spot may be small.

This section assumes that the total number of units tested is subdivided
into % rational subgroups (samples) consisting of 1, #s, . .., #: units, re-
spectively, for each of which a value of % is computed.

The average defects per unit, %, is defined as:

total number of defects in all samples
total number of units in all samples

= defects per unit in the complete set of test results.

The simplified relations shown for control limits for defects per unit
assume that for each of the characteristics under consideration the ratio
of the expected number of defects to the possible number of defects is small,
say less than 0.10, an assumption that is commonly satisfied in quality
control work. For an explanation of the nature of distribution involved, see
Supplement C, Note S.

(a) Samples of Equal Size.—For samples of size # (r = number of
units), the control chart lines are as follows:

FORMULAS FOR CONTROL CHART LINES.
1 Central Line Control Limits

Forvaluesof u........................ u w3 \/Z .............. (20)
n
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For samples of equal size, a chart for number of defects is recommended
See Section 16. In the special case where each sample consists of only one
unit, that is, # = 1, then the chart for # (defects per unit) is identical with
the chart for ¢ (number of defects) and may be handled in accordance with
Section 16. In this case the chart may be referred to either as a chart for
defects per unit or as a chart for number of defects, but the latter designa-
tion is recommended.

See Example 9, p. 86.

(0) Samples of Unequal Size.—Proceed as for samples of equal size but
compute the control limits for each sample size separately.

When the data are in the form of a series of subgroup values of % and
the corresponding sample sizes, # may be computed by the relation:

_=n1u1+n,u,+ v 4 mug
mtm+ - +m

where as before, the subscripts 1, 2, ... ., & refer to the  subgroups.

Note that #;, %., etc., need not be whole numbers. For example, if »
represents defects per 1000 ft. of wire, samples of 4000 ft., 5280 ft., etc.,
constitute 4.0, 5.28, etc., units of 1000 ft.

When most of the samples are of approximately equal size, computing
and plotting effort can be saved by the procedure in Supplement C, Note 4.

See Example 10, p. 87.

16. Control Chart for Number of Defects, c.—The control chart for c,
the number of defects in a sample, is the equivalent of the control chart for
u, for which it is a convenient practical substitute when all samples have
the same size n (number of units).

(a) Samples of Equal Size.—For samples of equal size, if the average
number of defects per sample is ¢, the control chart lines are as follows:

FORMULAS FOR CONTROL CHART LINES.

‘ Central Line | Control Limits

Forvaluesofc..........coovvevinnn.. ] ¢

where:

. total number of defects in all samples

¢ = number of samples T (23)

= average number of defects per sample.
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The use of ¢ is especially convenient when there is no natural unit of
product, as for defects over a surface or along a length, and where the
problem is to determine uniformity of quality in equal lengths, areas, etc.,
of product.

See Example 9, p. 86, and Example 11, p. 88.

(b) Samples of Unequal Size.—~For samples of unequal size, first compute
the average defects per unit %, by Eq. 19; then compute the control limits
for each sample size separately as follows:

FORMULAS FOR CONTROL CHART LINES.

‘ Central Line Control Limits
For valuesofc....................... l ian anxt3 Vian............ (24)

The control chart for % is recommended as preferable to the control
chart for ¢ when the sample size varies from sample to sample for reasons
stated in discussing the control charts for p and pn.

17. Summary, Control Charts for p, pn, ¥ and c—No Standard Given.—
The formulas of Sections 13 to 16, inclusive, are collected below for con-
venient reference:

FORMULAS FOR CENTRAL LINES AND CONTROL LIMITS,
Control—No Standard Given—Attributes Data

ci‘};’:l Control Limits Approximation
Fraction defective, p................... ? px3 \/M 3.2
n n
Number of defectives, pn............... m 3V —p)| pnx3 Vs
_ - u
Defects per upit, #.................... ) k3 \/;
Number of defects, c: _
Samples of Equal Size.............. ¢ tx3Ve
Samples of Unequal Size............. un wn £ 3 \Vun

CONTROL WITH RESPECT TO A GIVEN STANDARD

18. Introduction.—Sections 19 to 27 cover the technique of analysis for
control with respect to a given standard, as noted under (B) in Section 3.
Here, standard values of X', ¢/, p’, etc., are given, and are those corre-
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sponding to a given standard distribution. These standard values are used
in calculating both central lines and control limits.!

Such standard values are usually based on a control chart analysis of
previous data?, but may be based on the requirements as to quality level
and variability which the product must meet or on some estimated or
claimed capabilities of the production process. Note that these standard
values are set up before the detailed analysis of the data at hand is under-
taken and frequently before the data to be analyzed are collected. In
addition to the standard values, only the information regarding sample
size or sizes is required in order to compute central lines and control limits.

For example, the values to be used as central lines on the control charts
are:

for averages. ... ... ..ot e X
for standard deviations................................ cag”’
FOr TANEES. ..\ o et e e do’
forvaluesof p...... ... ... ... L. L. p’
etc.,

where factors ¢ and ds, which depend only on the sample size, #, are given in Table III, and
defined in Supplement B.

Note that control with respect to a given standard may be a more exacting
requirement than control with no standard given, described in Sections 7
to 17. The data must exhibit not only control but control at a standard
level and with no more than standard variability.

Where the control limits obtained in the analysis of a set of data are
extended into the future and used as a basis for purposive control of quality
during production, this is the equivalent of adopting, as standard, values
found from the analysis of the prior data. Standard values so obtained may
be tentative and subject to revision as more experience is accumulated.?

Norte.—Two situations not covered specifically herein should be mentioned:

() In some cases a standard value of X’ is arbitrarily set by specification or otherwise, but
no standard value is given for o’. Here ¢’ is determined from the analysis of the data at hand
and the problem is essentially one of controlling X at the standard level X’ that has been arbi-
trarily set.

() In other cases, interest centers on controlling conformance to specified minimum and
maximum limits within which material is considered acceptable, sometimes established without
regard to the actual variation experienced in production. Such limits may prove unrealistic when
data are accumulated and an estimate of the standard deviation, say «*, of the process is ob-
tained therefrom. If the natural spread of the process (a band having a width of 64*), is wider
than the spread between the specified limits, it is necessary either to adjust the specified limits

1 When only X ' is given and no prior dataare Eyailable for establishing a value of ¢/, analyze data from the first
production period as in Sections 7 to 10, but use X’ as the central line.
t For details see Supplement C, Note 6.
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or to operate within a band narrower than the process capability, Conversely, if the spread of
the process is narrower than the spread between the specified limits, the process will deliver a
more uniform product than required. In the latter event when only maximum and minimum
limits are specified, the process can be operated at a level above or below the indicated mid-value
without risking the production of significant amounts of unacceptable material.

19. Control Charts for Averages, X, and for Standard Deviations, oc.—
For samples of size #, the control chart lines are as follows:

FORMULA FOR CONTROL CHART LINES

Control Limits
Central
Line Simplified Formula
Usmlg Factors in Basic Formula
able 111
a_’
For averages, X............... X X' + Ao’ X' £3 T ........... .(25)
7
'
o
For standard deviations, o...... coo’ Bse’ and Byo’ oo’ £ 3 :/—2— e (260
7

For samples of # greater than 25, consider ¢; = 1.

See Example 12, p. 90.

For samples of # = 25 or less, use Table III for factors A, By, and B,.
Factors ¢;, 4, B,, and B, are defined in Supplement B.

See Example 13, p. 91; Example 14, p. 92; and Example 15, p. 93.

20. Control Chart for Ranges, R.—The range, R, of a sample is the
difference between the largest observation and the smallest observation.

For samples of size #, the control chart lines are as follows:

FORMULAS FOR CONTROL CHART LINES.

Control Limits
Central
Line Simplified Formula .
Usmls Factors in Basic Formula
‘able II1
Forrange, R.................. oo’ Dyo’ and Dyo’ doo’ £3dso’. ... ... 27

Use Table III for factors dz, D, and Ds.

Factors d, ds, Dy, and D, are defined in Supplement B.

For comments on the use of the control chart for ranges, see Section 10.
See Example 16, p. 94.

! Formula 26 is an approximate formula suitable for most practical purposes. The values of B1and By given in
the tables are computed from the exact equation in Supplement B (Eqs. BS or B6)
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21. Summary, Control Charts for X, 0 and R—Standard Given.—The
most useful formulas from Sections 19 and 20 are summarized below and
are followed by Table IIT which gives the factors used in these and other
formulas:

FORMULAS FOR CENTRAL LINES AND CONTROL LIMITS.

Control with Respect to a Given Standard (X', ¢’ given}

Central Line Contro] Limits
AVEIAZES. ...t eeeeneninnnnnenss X X'+ Ao’
Standard deviations................... coo’ Byo' and B,o’
Ranges.........ccvviiiiiinnninnnnn. dyo’ Dy’ and Do’

TABLE HI—FACTORS FOR COMPUTING CONTROL CHART LINES—STANDARD GIVEN

gl;tggfg: Chart for Standard Deviations Chart for Ranges
Number of Obscrvations Factor for Factor for
F: f Fi f Fi
in Sample, Co:tcrtool“Li:l}l-ts Cf"il;:al Co:t‘;g;riil;l;ts Cf"{;:al Conatg‘l)?ilfgirts
A ce B Bs dr Dy Dy
2 e 2.121 0.5642 0 1.843 | 1.128 0 3.686
K I 1.732 0.7236 0 1.858 | 1.693 0 4.358
4, ... 1.500 0.7979 0 1.808 | 2.059 0 4.698
S 1.342 0.8407 0 1.756 | 2.326 0 4.918
[« TN 1.225 0.8686 | 0.026 | 1.711 | 2.534 0 5.078
T 1.134 0.8882 | 0.105 | 1.672 | 2.704 { 0.205 | 5.203
8 1.061 0.9027 | 0.167 | 1.638 | 2.847 | 0.387 | 5.307
9 e 1.000 0.9139 | 0.219 | 1.609 | 2.970 | 0.546 | 5.394
100 ot 0.949 0.9227 {0.262 | 1.584 | 3.078 | 0.687 | 5.469
... 0.905 0.9300 | 0.299 | 1.561 | 3.173 | 0.812 | 5.534
12,0000 0.866 0.9359 | 0.331 | 1.541 | 3.258 | 0.924 | 5.592
13,0001, 0.832 0.9410 } 0.359 | 1.523 1 3.336 | 1.026 | 5.646
14, ........... 0.802 0.9453 1 0.384 | 1.507 | 3.407 | 1.121 | 5.693
15............. 0.775 0.9490 | 0.406 | 1.492 | 3.472 | 1.207 | 5.737
16............. 0.750 0.9523 | 0.427 | 1.478 | 3.532 | 1.285 | 5.779
17............. 0.728 0.9551 | 0.445 | 1.465 | 3.588 } 1.359 | 5.817
18............. 0.707 0.9576 | 0.461 | 1.454 | 3.640 | 1.426 | 5.854
19............. 0.688 0.9599 | 0.477 | 1.443 | 3.680 | 1.490 | 5.888
200, 0.671 0.9619 | 0.491 | 1.433 | 3.735 | 1.548 | 5.922
2000 0.635 0.9638 | 0.504 | 1.424 | 3.778 | 1.606 | 5.950
22, 0.640 0.9655 | 0.516 | 1.415 | 3.819 | 1.659 | 5.979
23 0.626 0.9670 | 0.527 | 1.407 | 3.858 | 1.710 | 6.006
24............. 0.612 0.9684 | 0.538 | 1.399 [ 3.805 | 1.759 | 6.031
25, . 0.600 0.9696 | 0.548 | 1.392 | 3.931 | 1.804 | 6.058
v 3 e
-------- v”




ConNTrOL CHART METHOD OF ANALYSIS—PART 3 73

22. Control Charts for Attributes Data.—The definitions of terms and
the discussions in Sections 12 to 16, inclusive, on the use of the fraction
defective, p, number of defectives, pn, defects per unit, %, and number of
defects, ¢, as measures of quality are equally applicable to the sections
which follow and will not be repeated here. It will suffice to discuss the
central lines and control limits when standards are given.

23. Control Chart for Fraction Defective, p.—Ordinarily, the control
chart for p is most useful when samples are large, say when # is greater than
50 or 100; more specifically, when the expected number of defective units
(or other occurrences of interest) per sample is four or more, that is, the
expected pn = four or more.

For samples of size 7, where p’ is the standard value of p, the control
chart lines are as follows:

FORMULAS FOR CONTROL CHART LINES.

’ Central Line ‘ Control Limits

Forvaluesof p........... ... ... ..., ‘ p'

See Example 17, p. 95.

When p' is small, say less than 0.10, the factor 1 — p’ may be replaced by
unity for most practical purposes, which gives the simple relation:

’
Control Limits forp = p' + 3 1/-2 ...................... (28a)
n

For samples of unequal size, proceed as for samples of equal size but
compute control limits for each sample size separately.

See Example 18, p. 96.

When detailed inspection records are maintained, the control chart for p
may be broken down into a number of component charts with advantage.

See Example 19, p. 97.

24. Control Chart for Number of Defectives, pn.—The control chart for
pn, number of defectives in a sample, is the equivalent of the control chart
for fraction defective, p, for which it is a convenient practical substitute,
particularly when all samples have the same size, n. It makes direct use of
the number of defectives, pn, in a sample (pn = the product of the fraction
defective and the sample size).

See Example 17, p. 95.
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For samples of size #, where ' is the standard value of p, the control
chart lines are as follows:

FORMULAS FOR CONTROL CHART LINES.

Central Line ‘ Control Limits

Forvaluesof pr...................... p'n ' pn=3Vpn(l —p) ... .. (29)

When p' is small, say less than 0.10, the factor 1 — p’ may be replaced
by unity for most practical purposes, which gives the simple relation:

Control Limits for pn = p'n =3V pn. .covevee oo .(30)

As noted in Section 14, the control chart for p is recommended as prefer-
able to the control chart for pn when the sample size varies from sample to
sample.

When only a single quality characteristic is under consideration, and
when only one defect can occur on a unit, the word “defect” can be sub-
stituted for the word “defective” throughout the discussion of this article
but this practice is not recommended.

25. Control Chart for Defects per Unit, u.—For samples of size # (n =
number of units), where #’ is the standard value of #, the control chart
lines are as follows:

FORMULAS FOR CONTROL CHART LINES.

’ Central Line ‘ Control Limits

u +3 »\/——’ ............... 31
n

®

’

Forvaluesof #....................... ‘ %

See Example 20, p. 98.

As noted in Section 15, the relations given here assume that for each of
the characteristics under consideration, the ratio of the expected to the
possible number of defects is small, say less than 0.10.

If u represents “defects per 1000 ft. of wire,” a “unit” is 1000 ft. of
wire. Then if a series of samples of 4000 ft. are involved, #' represents the
standard or expected number of defects per 1000 ft., and #» = 4. Note that
n need not be a whole number, for if samples comprise 5280 ft. of wire
each, # = 5.28; that is, 5.28 units of 1000 ft.

See Example 11, p. 88.
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Where each sample consists of only one unit, that is #» = 1, then the chart
for # (defects per unit) is identical with the chart for ¢ ( number of defects)
and may be handled in accordance with Section 26. In this case the chart
may be referred to either as a chart for defects per unit or as a chart for
number of defects, but the latter practice is recommended.

26. Control Chart for Number of Defects, ¢.—The control chart for ¢,
number of defects in a sample, is the equivalent of the control chart for
defects per unit for which it is a convenient practical substitute when all
samples have the same size, # (number of units). Here ¢ is the number of
defects in a sample.

If the standard value is expressed in terms of number of defects per
sample of some given size, that is, expressed merely as ¢/, and the samples
are all of the same given size (same number of product units, same area of
opportunity for defects, same sample length of wire, etc.), then the control
chart lines are as follows:

FORMULAS FOR CONTROL CHART LINES (¢’ Given).

' Central Line ‘ Control Limits
For number of defects,c............... ‘ c 3N (32)

Use of ¢ is especially convenient when there is no natural unit of product,
as for defects over a surface or along a length, and where the problem of
interest is to compare uniformity of quality in samples of the same size, no
matter how constituted.

See Example 21, p. 100.

When the sample size, #, (number of units) varies from sample to sample,
and the standard value is expressed in terms of defects per unit, the control
chart lines are as follows:

FORMULAS FOR CONTROL CHART LINES (u’ Given).

l Central Line { Control Limits

[}

For valuesof ¢....................... ) u'n wn £3IVUB. (33)

Under these circumstances the control chart for # (Section 25) is recom-
mended in preference to the control chart for ¢, for reasons stated in Section
14 in the discussion of control charts for p and for pn.
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27. Summary, Control Charts for p, pn, u, and c—Standard Given.—The
formulas of Sections 22 to 26, inclusive, are collected below for convenient
reference:

FORMULAS FOR CENTRAL LINES AND CONTROL LIMITS.

Control With Respect to a Given Standard (', ', 4’ or ¢’ Given).

ci‘;}]?l Control Limits Approximation
Fraction defective, p..................... b’ P £3 \/ P =29 ' £3 \/ﬂ'
” n
Number of defectives pm................. p'n p'n £ 3V p'n(l — P p'n£3Vp'n

!
Defects per unit, ... .. A w3 [%
\Jn

Number of defects, ¢: »
Samples of Equal Size (¢’ given)........ ¢’ ¢ =3¢
Samples of Unequal Size (%’ given)...... u'n u'n +£3 Vu'n

CoNTrOL CHARTS FOR INDIVIDUALS

28. Introduction.—Sections 28 to 30' deal with control charts for indi-
viduals, in which individual observations are plotted one by one. This
type of control chart has been found useful more particularly in process
control when only one observation is obtained per lot or batch of material
or at periodic intervals from a process. This situation often arises when:

(a) Sampling or testing is destructive,

(3) Costly chemical analyses or physical tests are involved,

(c) The material sampled at any one time (such as a batch) is normally

quite homogeneous, as for a well-mixed fluid or aggregate.

The purpose of such control charts is to discover whether the individual
observed values differ from the expected value by an amount greater than
should be attributed to chance.

When there is some definite rational basis for grouping the batches or
observations into rational subgroups, as, for example, four successive batches
in a single shift, the method shown in Section 29 may be followed. In this
case the control chart for individuals is merely an adjunct to the more
usual charts but will react more quickly to a sharp change in the process
than the X chart. This may be important when a single batch represents a
considerable sum of money.

When there is no definite basis for grouping the data, the control limits
may be based on the variation between batches, as described in Section 30.
A measure of this variation is obtained from moving ranges of two observa-
tions (the successive differences between individual observations which are
arranged in chronological order).

1 To he used with caution if the distribution of individual values is markedly asymmetrical.
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A control chart for moving ranges may be prepared as a companion to the
chart for individuals, if desired, using the formulas of Section 30. It should
be noted that adjacent moving ranges are correlated, as they have one
obiservation in common.

The methods of Sections 29 and 30 may be applied appropriately in some
cases where more than one observation is obtained per lot or batch, as for
example with very homogeneous batches of materials, for instance chemical
solutions, batches of thoroughly mixed bulk materials, etc., for which
repeated measurements on a single batch show the within-batch variation
(variation of quality within a batch and errors of measurement) to be very
small as compared with between-batch variation. In such cases, the average
of the several observations for a batch may be ireated as an individual
observation. This procedure should, however, be used with great caution;
the restrictive conditions just cited should be carefully noted.

The control limits given are 3-sigma control limits in all cases.

29. Control Chart for Individuals, X—Using Rational Subgroups.—Here
the control chart for individuals is commonly used as an adjunct to the more
usual X and ¢, or X and R, control charts. Proceed exactly as in Sections
9 to 11 (control—no standard given) or Sections 19 to 21 (control—standard
given), whichever is applicable, and prepare control charts for X and o,
or for X and R. In addition, prepare a control chart for individuals having
the same central line as the X chart but compute the control limits as

follows:
FORMULAS FOR CONTROL CHART LINES.
Chart for Individuals—Associated with Chart for ¢ or R Having Sample Size n

Control Limits
Nature of Data s [Simplified Formula
ing Factors Basic Formula
in Table IV
No StANDARD GIVEN
Samples of Equal Size: _
Based 0N G......oovieiiiniiniiiiiinnns X X+ E7 X+ 32 ........ (34)
Basedon R.......oooovviiiiiiniiinn... X X+ ER | R+ 3§ ....... (35)
Samples of Unequal Size: ¢, computed from
observed values of & per Section 9(b) or
from observed values of R per Section
110 PR R X Xt+30....... 36)°
StanpaRD GIVEN
Samples of Equal or Unequal Size........... X X x3....... 37

& See Exampile 4, p. 82 for determination of ¢4 based on values of o, and Example 6, p. 83 for determination of
a¢ based on values of R.
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Table IV gives values of E; and E; for samples of # = 10 or less. More
complete values are given in Table B3 of Supplement B.

See Examples 22 and 23, pp. 101 and 103.

TABLE IV.~FACTORS FOR COMPUTING CONTROL LIMITS.

Chart for Individuals—Associated with Chart for ¢ or R Having Sample Size »

No. of Observations in Samples of Equal Size
(from which & or Rhasbeen determined) | 2 | > | * | S | ¢ | T | &8 | ° | ¥
Factors for control limits:
B 5.318/4.146(3.760}3.568|3.454|3.37813.323(3.283|3.251
S 2.660[1.772|1.457{1.290(1.184(1.109/1.054|1.010(0.975

30. Control Chart for Individuals—Using Moving Ranges.

(a¢) No Standard Given.—Here the control chart lines are computed from
the observed data. In this section the symbol R is used to signify the moving
range. The control chart lines are as follows:

FORMULAS FOR CONTROL CHART LINES
Chart for Individuals—Using Moving Ranges

Central Control Limits
For individuals........................... X | R+ EBR=X£266R... ....... (38)
For moving ranges of two observations. .. ... R | DidRand DyR = 3.27Rand0....... (39)

where:
X = the average of the individual observations,
R = the mean moving range,! the average of successive differences between the individual
observations, and
n = 2 for determining Es, D; and D..

See Example 24, p. 105.

(8) Standord Given.—When X’ and o’ are given, the control chart lines

are as follows:
FORMULAS FOR CONTROL CHART LINES.

Central Controt Limits
For individuals. ... ... ..veoeeneronennnn.. X | X 30 e (40)
For moving ranges of two observations.. . ... dwo' | Do’ and Di¢’ = 3.69¢' and O....... (41)

See Example 25, p. 106.

t See Supplement C, Note 7, for more general discussion.
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ExAMPLES

31. Illustrative Examples—Control, No Standard Given.—The following
Examples 1 to 11, inclusive, illustrate the use of the control chart method of
analyzing data for control, when no standard is given (see Sections 7 to 17):

Example 1: Control Charts for X and o, Large Samples of Equal Size (Section 8(a)).—A manu-
facturer wished to determine if his product exhibited a state of control. In this case the central
lines and control limits were based solely on the data. Table V gives observed values of X and o
for daily samples of # = 50 observations each for ten consecutive days. Figure 2 gives the con-
trol charts for X and o.

TABLE V.—OPERATING CHARACTERISTIC, DAILY CONTROL DATA.

Sample Sampl: Size, Ave%uge, Standard Pcviut.ion,
No. 1.... .o 50 35.1 5.35
No, 2. i 50 34.6 4.73
No. 3. i, 50 33.2 3.73
No. 4... ... i, 50 34.8 4.55
No. S 50 33.4 4.00
No. 6.cevriniiie it 50 33.9 4.30
Now 7o i 50 34.4 4.98
No. 8. 50 33.0 5.30
No. 9. 50 32.8 3.29
No.10... ... i i, 50 34.8 3.77
Total ....... ... .. ... .. 500 340.0 44.00
Average................. ... . 34.0 4.40
Central Lines
38

For X: X = 34.0.
For o: & == 4.40.

Average, X
W
H

30 I R S S S ST T
2 4 6 8 10
Control Limits
n = 50: § 75¢
For X: X £ 3— = 340 £ 19, Te
Vn o= sof
359 and 32.1. .‘n‘.’g
2 o
. o —— 2.5 A 11 [ L L1 i
For o: “Esx/ﬁ 440 + 1.32, ™
5.72 and 3.08. Sample Number

F16. 2.—Control Charts for X and o.
Large samples of equal size, » = 50; no standard given.

REsuLTs.—The charts give no evidence of lack of control. Compare with Example 12, in which
the same data are used to test product for control at a specified level.
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Example 2: Control Charts for X and o, Large Samples of Unequal Size (Section 8(b)).—To de-
termine whether there existed any assignable causes of variation in quality for an important
operating characteristic of a given product, the inspection results given in Table VI were ob-
tained from ten shipments whose samples were unequal in size; hence, control limits were com-
puted separately for each sample size. Figure 3 gives the control charts for X and o.

TABLE VI.—OPERATING CHARACTERISTIC, MECHANICAL PART.

Shipment Sampl: Size, Ave&age, Standard ?eviation,
No. 50 55.7 4.35
No. 50 54.6 4.03
No. 100 52.6 2.43
No. 25 55.0 3.56
No. 25 53.4 3.10
No. 6.vevieniiiiiiiiienn, 50 55.2 3.30
No. 7o 100 53.3 4.18
No. 8 ot 50 52.3 4.30
No. 9 i 50 53.7 2.09
No. 10, 50 54.3 2.67

Total. ....c..ovviniviiinn, 550 =nX = 29590.0 Zne = 1864.50
Weighted average........... e 53.8 3.39

For X:
For o:

For X:

n= 25:
n= 50:
n = 100:

For o:

n= 25
n = 50:
n = 100:

X = 53.8.

Central Lines
7= 339,
Control Limits

X 43 =538k
* 3% Vn’
55.8 and 51.8,

55.2 and 52.4, b6

54.8 and 52.8. bty a
s 43 -2 _339:!:10.17 g2

4.83 and 1.95, 00

441 and 2.37,
4.11 and 2.67.

Shipment Number

Fic. 3.—Control Charts for X and o.

Large samples of unequal size, » = 25, 50, 100; no standard

given.

Resurrs.—Lack of control is indicated with respect to both X and o. Corrective action is
needed to reduce the variability between shipments.
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Example 3: Control Charts for X and o, Small Samples of Equal Size (Section 9(a)).—Table
VII gives the width in inches to the nearest 0.0001 in. measured prior to exposure for 10 sets of
corrosion test specimens of Grade BB zinc. These two groups of 5 sets each were selected for
illustrative purposes from a large number of sets of test specimens consisting of 6 specimens each
used in atmosphere exposure tests sponsored by the A.S.T.M. In each of the two groups the five
sets correspond to five different millings that were employed in the preparation of the specimens.
Figure 4 shows control charts for X and .

TABLE VII—WIDTH IN INCHES, TEST SPECIMENS OF GRADE BB ZINC.

Measured Values
X I X , X , X l Xs , X a
Gzoup 1
No. 1....... 0.5005 | 0.5000 | 0.5008 | 0.5000 | 0.5005 | 0.5000 | 0.50030 | 0.00032 | 0.0008
No. 2.......| 0.4998 | 0.4997 | 0.4998 | 0.4994 | 0.4999 | 0.4998 | 0.49973 | 0.00016 | 0.0005
No. 3.......| 0.4995 | 0.4995 | 0.4995 | 0.4995 | 0.4995 | 0.4996 | 0.49952 | 0.00004 | 0.0001
No. 4....... 0.4998 | 0.5005 | 0.5005 | 0.5002 | 0.5003 | 0.5004 | 0.50028 | 0.00024 | 0.0007
No. 5.......| 0.5000 | 0.5005 | 0.5008 | 0.5007 | 0.5008 | 0.5010 | 0.50063 | 0.00032 | 0.0010
Grouer 2
No. 6....... 0.5008 | 0.5009 | 0.5010 | 0.5005 | 0.5006 | 0.5009 | 0.50078 | 0.00018 | 0.0005
No. 7....... 0.5000 | 0.5001 | 0.5002 | 0.4995 | 0.4996 | 0.4997 | 0.49985 | 0.00026 | o0.0007
No. 8....... 0.4993 | 0.4994 | 0.4999 | 0.4996 | 0.4996 | 0.4997 | 0.49958 | 0.00020 | 0.0006
No. 9....... 0.4995 | 0.4995 | 0.4997 | 0.4992 | 0.4995 | 0.4992 | 0.49943 | 0.00018 | 0.0005
No.10....... 0.4994 | 0.4998 | 0.5000 | 0.4990 | 0.5000 | 0.5000 | 0.49970 | 0.00038 | 0.0010
AV TR . ittt e 0.49998 0.60023 0.00064
Central Lines 0.50t
>
For X: X = 0.49998. v - ____I,,Z_:\ _____ _
For o: & = 0.00023. 2 0.500 |- N\
s - “"“"E\‘;:f
.z -
S 0.499 P R T T T
Control Limits < 2 4 6 8 10
n=06: S0
ForX: X+ 47 = =g 00006
0.49998 - (1.410) (0.00023), 3 0.0004 [ === mmm—mmm o
0.50030 and 0.49966. 3 L
Foro: B and Byz = - 0.0002 +
(1.970) (0.00023) and § 0 -~
(0.030) (0.00023), 2 2 4 6 8 10

0.00045 and 0.00001. Set Number
Fi6. 4—Control Charts for X and o.

Small samples of equal size, # = 6; no standard given

REsuLts.—The chart for averages indicates the presence of assignable causes of variation
in width, X, from set to set, that is, from milling to milling. The pattern of points for averages
indicates a systematic pattern of width values for the five millings, a factor that required recog-
nition in the analysis of the corrosion test results.
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Example 4: Control Charts for X and o, Small Samples of Unequal Size (Section 9(b)).—Table
VIII gives interlaboratory calibration check data on 21 horizontal tension testing machines.
The data represent tests on No. 16 wire. The procedure is similar to that given in Example 3,
but indicates a suggested method of computation when the samples are not equal in size. Figure

5 gives control charts for X and .

TABLE VIIL—INTERLABORATORY CALIBRATION, HORIZONTAL TENSION TESTING MACHINES.

Standard Range,
Number Test Value Aver- rap 4
Machine of age, Deviation, ¢ R
Tests X
1 2 3 4 5 n=4din=5n=4 =35§
5 73 73 73 75 75 73.8 0.98 2
5 70 71 71 n 72 71.0 0.63 2
5 74 74 74 74 75 74.2 0.40 1
5 70 70 70 72 3 71.0 1.26 3
5 70 70 70 70 70 | 70.0 0 0
5 65 65 66 69 70 | 67.0 2.10 5
4 72 72 74 76 — | 73.5 1.66 4
5 69 70 71 73 73 71.2 1.60 4
5 It n 1 n 72 71.2 0.40 1
5 1 n n n 72 1.2 0.40 1
5 It n 72 72 72 1.6 0.49 1
5 70 1 n 72 72 71.2 0.75 2
5 73 74 74 75 75 | 74.2 0.75 2
5 74 74 75 75 75 74.6 0.49 1
5 72 72 72 3 73 | 72.4 0.49 1
4 75 75 75 76 — | 75.3 0.43 .. 1
5 68 69 69 69 70 | 69.0 0.63 2
5 1 n 72 72 73 71.8 0.75 2
5 72 73 73 73 73 1728 N 0.40 1
5 68 69 70 71 n 69.8 1.17 3
5 69 69 69 69 69 | 69.0 PN il e ¢
103 2.09 |13.69 5 34
Weighted average X = 71.65
17 2.09 13.69
70 = 21(0.7979 + o.8107) = 090
80 r
Central Lines =
For X: X = 71.65. 75
For o:# a2 4:§ = ¢, = (0.7979) (0.900) 2
= 0.718. e 70
n =255 = co, = (0.8407) (0.900) JF
= 0.757. 65 T AETTS RN KIS e
5 10 15 20
_Control Limits
ForX:n=4X+ A5 = -
71.65 4= (1.880) (0.718), 6 2}
73.0 and 70.3. g & PURSNR B .U ST SR
L 3 o
n=5:X 4 4§ = 'g:o;
71.65 & (1.596) (0.757), 2.?>. (¢
72.9 and 70.4. 0 2
FOIU:”=4:BﬁaDdBSE;= ol Voo aa b e s b raaal

(2.266) (0.718) and

(0) (0.718), 1.63 and 0.
n = 5: B, and Bi5, =

(2.089) (0.757) and

(0) (0.757), 1.58 and 0.

10 15
Mochine Number
Fic. 5.—Control Charts for X and o.

Small samples of unequal size, 5 = 4, 5;
no standard given.

5 20

REsuLTs.—The calibration levels of machines were not controlled at a common lcvcl.; ghc
averages of six machines are above and the averages of five machines are !)elow ‘corvltrol limits.
Likewise, there is an indication that the variability within machines is not in sta‘tls.tlcal control,
since three machines, Nos. 6, 7, and 8, have standard deviations outside control limits.
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Example 5: Control Charts for X and R, Small Samples of Equal Size (Section 10(a)).—Same
data as in Example 3, Table VII. Use is made of control charts for averages and ranges rather than
for averages and standard deviations. Figure 6 shows control charts for X and R.

o Central Lines < 0501F
For X: X = 0.49998. - L A /°
For R: R = 0.00064. 2 0.500}) S .
Control Limits Z I
B n = 63 ‘_2'\ 0.499 VI 1 1 L t L i 1 1
For X: X + AR = £ 2 4 8 8 10
0.49998 -+ (0.483) (0.00064), 2
0.50029 and 0.49967. = 00020
For R: DR and DR = @oooSy _
(2.004) (0.00064) and &> 0.0010
(0) (0.00064), 0.00128 and 0. D‘é;o.ooos -
O 1 1 1 i A 1 1 1 1
2 4 6 8 10
Set Number

F16. 6.—Control Charts for X and R.

Small samples of equal size, » = 6; no standard given

ResuLTs.—The results are practically identical in all respects with those obtained by using
averages and standard deviations, Fig. 4, Example 3.

Example 6: Control Charts for X and R, Small Samples of Unequal Size (Section 10(b)).—Same
data as in Example 4, Table VIIL In the analysis and control charts, the range is used instead of
the standard deviation. The procedure is similar to that given in Example 5, but indicates a
suggested method of computation when samples are not equal in size. Figure 7 gives control
charts for X and R.

¢. is determined from the tabulated ranges given in Example 4, using a similar procedure to
that given in Example 4 for standard deviations where samples are not equal in size, that is

1/ 5 34
90 = 57 (m'*‘ 732 )= 0.812.

_ Central Lines
For X: X = 71.65.
For R: n = 4: R = dwe =

(2.059)(0.812) = 1.67.
5:R = dye =

(2.326)(0.812) = 1.89. 807

n

Control Limits

4: X + AzR =
71.65 £ (0.729)(1.67),
72.9 and 70.4.

5:Y + AzR - 5 10 i5 20
71.65 + (0.577)(1.89), 6r
72.7 and 70.6.

4. DR and D;R =
(2.282)(1.67) and
(0) (1.67), 3.8 and 0.

5: DR and DR = i liaa b o]
{2.115)(1.89) and 5 10 15 20
(0) (1.89), 4.0 and 0. Machine Number

F16. 7.—Control Charts for X and R.

Small samples of unequal size, s = 4, 5; no standard given

For X:

3
i

3
I

For R: »n

Ronge, R

3
]

ResuLts.—The results are practically identical in all respects with those obtained by using
averages and standard deviations, Fig. 5, Example 4.
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Example 7: Control Charts for (1) p, Samples of Equal Size (Section 13(a)) and (2) pn, Samples
of Equal Size (Section 14).—Table IX gives the number of defectives found in inspecting a
series of 15 consecutive lots of galvanized washers for finish defects such as exposed steel, rough
galvanizing. The lots were of almost the same size and a constant sample size, # = 400 was used,
The fraction defective for each sample was determined by dividing the number of defectives
found, pn, by the sample size, #; and is listed in the table. Figure 8 gives the control chart for
p, and Fig. 9 gives the control chart for pn. Note that these two charts are identical except for

the vertical scale.

TABLE IX.—FINISH DEFECTS, GALVANIZED WASHERS.

Sample | Number of | Fraction Sample Number of | Fraction
Lot Size, Defectives, | Defective, Lot Size, Defectives, | Defective,
n n P n n 14
400 1 0.0025 | No.9....... 400 8 0.0200
400 3 0.0(;)75 No. 10...... 400 5 0.0125
400 0
400 7 0.0175 | No. 11...... 400 2 0.0050
400 2 0.0050 | No.12...... 400 0 0
No. 13...... 400 1 0.0025
No.6......... 400 0 0 No. 14...... 400 0 0
No.7......... 400 1 0.0025 [ No.15...... 400 3 0.0075
No.8......... 400 0 0 — —_ —_—
Total 6000 33 0.0825
A p
Central Line
i 0.0055
= go00 = V00>
- 0.0825
or p = 45 = 0.0055. o 002 I
Control Limits —icfé'-
n = 400: E::f oo A 7\ 9
) Sh ENEAYRAYN I Y4
k3 /‘/ 2 4-p _ 5 10 5
n Lot Number
0.0055 (0.9945) _ F16. 8.—Control Chart for p.
0.0055 % 3 400 - Samples of equal size, # = 400; no standard given.
0.0055 =+ 0.0t11,
0.0166 and 0.
(@) pn
Central Line 12
=40 31,
pn o= =22 252 |k N
15 ES 4
28 A, P
Control Limits 0 N NS 1 L
_ . n=400: 5 i0 15
Pn = 34/pn = 2.2 & 44, 6.6 and 0. Lot Number

F16. 9.—Control Chart for pn.

Samples of equal size, n = 400; no standard given.

REesurrs.—Lack of control is indicated; points for lots Nos. 4 and 9 are outside control limits.
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Example 8: Conirol Chari for p, Samples of Unegqual Size (Section 13(b)).—Table X gives
inspection results for surface defects on 31 lots of a certain type of galvanized hardware. The
lot sizes varied considerably and corresponding variations in sample sizes were used. Figure
10 gives the control chart for fraction defective, p. In practice, results are commonly expressed
in “per cent defective,” using scale values of 100 times .

TABLE X.—SURFACE DEFECTS, GALVANIZED HARDWARE.

Sample | Number of | Fraction Sample | Number of | Fraction
Lot Size, Defectives, | Defective, Lot Size, Defectives, | Defective,
n m ? n pn ¢
No. 1... 580 9 0.0135 No.16...... 330 4 0.0121
No. 2... 550 7 0.0127 No.17...... 330 2 0.0061
No. 3... 580 3 0.0052 No. 18...... 640 4 0.0063
No. 4... 640 9 0.0141 No.19...... 580 7 0.0121
No. 5... 880 13 0.0148 No.20...... 550 9 0.0164
No.6......... 880 14 0.0159 No.21...... 510 7 0.0137
No.7......... 640 14 0.0219 No.22...... 640 12 0.0188
No.8......... 550 10 0.0182 No.23...... 200 7 0.0350
No.9......... 580 12 0.0207 No.24...... 330 5 0.0152
No.10........ 880 14 0.0159 No.25...... 880 18 0.020s
No.11........ 800 6 0.0075 No. 26 ..... 880 7 0.0080
No.12........ 800 12 0.0150 No. 27 ..... 800 8 0.0100
No.13........ 580 7 0.0121 No.28...... 580 8 0.0138
No.14........ 580 11 0.0190 No.29...... 880 15 0.0170
No.15........ 550 5 0.0091 No.30...... 880 3 0.0034
No.31...... 330 5 0.0152
Total 19 410 267
Central Line
- 267
p= 19,410 = 0.01376.
Control Limits
D43 E_(_l——l’) 0.04
n a
For n = 200: %
0.01376 =+ 3 0.013762(()(()).98624) - 'g 002
0.01376 = 3(0.008237) = S
0.01376 + 0.02471, §
0.03847 and 0. L
0 Froe BN (o R ™
For n = 880: 5 10 15 20 25 30
0.01376 (0.98624) - Lot Number

0.01376 % 3 1/

880

0.01376 = 3(0.003927) =

0.01376 %= 0.01178,

0.02554 and 0.00198.

F16. 10.—Control Chart for .

Samples of unequal size, n = 200 to 880; no standard given.

RESULTS.—A state of control may be assumed to exist since 25 consecutive subgroups fall
within 3-sigma control limits.
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Example 9: Control Charis for (1) u, Samples of Equal Size (Section 15(a)), and (2) ¢, Samples
of Equal Size (Section 16 (a)).—Table XI gives inspection results in terms of defects observed in
the inspection of 25 consecutive lots of burlap bags. Since the number of bags in each lot differed
slightly, a constant sample size, 5 = 10 was used. All defects were counted even though 2 or
more defects of the same or different kinds occurred on the same bag. The defects per unit value
for each sample was determined by dividing the number of defects found by the sample size
and is listed in the table. Figure 11 gives the control chart for %, and Fig. 12 gives the contro! chart
for ¢. Note that these two charts are identical except for the vertical scale.

TABLE XI.—NUMBER OF DEFECTS IN CONSECUTIVE SAMPLES OF 10 UNITS EACH—BURLAP BAGS.

Total Defects Defects Total Defects Defects
Sample in Sample, per Unit, Sample in Sample, per Unit,
13 “ ¢ “
No.l........o.oe..n. 17 1.7 No.13............. 8 0.8
No.2............... 14 1.4 No.14............. 11 1.1
No.3............... 6 0.6 No.15............. 18 1.8
No.4............... 23 2.3 No.16............. 13 1.3
No. 5. ovvvvevnens, 5 0.5 No.17............. 22 2.2
No.6oeevinennnnn 7 0.7 No.18 ............ 6 0.6
No.7.oeiiiiiinnan. 10 1.0 No.19............. 23 2.3
No.8..........ovvt 19 1.9 No.20............. 22 2.2
No. 9. ...oovivvan, 29 2.9 No.21............. 9 0.9
No.10.............. 18 1.8 No.22......... s 15 1.5
No.1l.............. 25 2.5 No.23............. 20 2.0
No.12......oiait 5 0.5 No.24............. 6 0.6
No.25............. 24 2.4
Total.......... 375 37.5
) u
Central Line
- 315
= — = 1.5,
“= s
Control Limits .
”n = 10: o g
_ u 3:
%3 - = P
" 3
1.50 & 34/0.150 =
1.50 + 1.16,
2.66 and 0.34. Sample Number
F16. 11.—Control Chart for %.
Samples of equal size, 5 = 10; no standard given.
2 ¢
Central Line
- 375
= — = 15.0.
¢ 25 40
s 30
Control Limits 4
n = 10: 28 20
c£3Ve = 2810
15.0 £ 34/15 = o lect¥rrrrrsdas e oo
15.0 & 11.6, 5 10 15 20 25
26.6 and 3.4. Sample Number

F16. 12.—Control Chart for ¢.

Samples of equal size, » = 10; no standard given.

RESULTS.—Presence of assignable causes of variation is indicated by sample No. 9.
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Example 10: Conirol Chart for u, Samples of Unequal Size (Section 15(b)).—Table XII gives
inspection results for 20 lots of different sizes for which 3 different sample sizes were used, 20, 25,
and 40. The observed defects in this inspection cover all of the specified characteristics of a com-
plex machine (Type A), including a large number of dimensional, operational, as well as physical
and finish requirements. Because of the large number of tests and measurements required as well
as possible occurrences of minor observed irregularities, the expectancy of defects per unit is
high, although the majority of such defects are of minor seriousness. The defects per unit value
for each sample, number of defects in sample divided by number of units in sample, was deter-
mined and these values are listed in the last column of the table. Figure 13 gives the control
chart for # with control limits corresponding to the three different sample sizes.

TABLE XI1.-NUMBER OF DEFECTS IN SAMPLES FROM 20 SUCCESSIVE LOTS OF

TYPE A MACHINES.
Total Total
S i . Def S, 1 . Def
Lt smple |petsinin | 2GS | o, sorle | et | et
n c % n ¢ %
No.1l......... 20 72 3.60 No.11...... 25 47 1.88
No. 2 20 38 1.90 No.12...... 25 55 2.20
No.3......... 40 76 1.90 No.13...... 25 49 1.96
No.4......... 25 35 1.40 No.14...... 25 62 2.48
No. 5 25 62 2.48 No.15...... 25 7 2.84
No. 6... 25 81 3.24 No. 16...... 20 47 2.35
No.7......... 40 97 2.42 No.17...... 20 41 2.05
No. 8... 40 78 1.95 No. 18...... 20 52 2.60
No.9......... 40 103 2.58 No.19...... 40 128 3.20
No.10........ 40 56 1.40 No.20...... 40 84 2.10
1 Total. 580 1334
Central Line
- 1334
% = —Sgo— = 2.30
Control Limits
n = 20:
- 40
@
aE34/ - =230 £ 1.02, >
E o)\ TN
3.32 and 1.28. -
n = 25: a
5 » 2.0
+3 n 2.30 + 091, % L (R o
o (ol vt e a2l
3.21 and 1.39. 5 10 15 20
n=40: Lot Number
- % _ Fi16. 13.—Control Chart for .
“+3 n 2.30 + 0'72’ Samples of unequal size, # = 20, 25, 40; no standard given.
3.02 and 1.58.

ResuLts.—Lack of control of quality is indicated; plotted points for lots Nos. 1, 6 and 19
are above the upper control limit and the point for lot No. 10 is below the lower control limit.
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Example 11: Conirol Charis for ¢, Samples of Equal Size (Section 16(a)).—Table XIII gives
the results of continuous testing of a certain type of rubber-covered wire at specified test voltage.
This test causes breakdowns at weak spots in the insulation which are cut out before shipment
of wire in short coil lengths. The original data obtained consisted of records of the number of
breakdowns in successive lengths of 1,000 ft. each. There may be 0, 1, 2, 3, .. ., etc. breakdowns
per length, depending on the number of weak spots in the insulation. Such data might also have
been tabulated as number of breakdowns in successive lengths of 100 ft. each, 500 ft. each, etc
Here there is no natural unit of product (such as 1 in., 1 ft., 10 ft., 100 ft., etc.), in respect to the
quality characteristic “breakdown” since failures may occur at any point. Since the original data
were given in terms of 1,000-ft. lengths, a control chart might have been maintained for “number
of breakdowns in successive lengths of 1,000 ft. each.” So many points were obtained during a
short period of production by using the 1,000-ft. length as a unit and the expectancy in term
of number of breakdowns per length was so small that longer unit lengths were tried. Table XIII
gives (1) the “number of breakdowns in successive lengths of 5,000 ft. each,” and (2) the “num-
ber of breakdowns in successive lengths of 10,000 ft. each.” Figure 14 shows the control chart
for ¢ where the unit selected is 5,000 ft. and Fig. 15 shows the control chart for ¢ where the unit
selected is 10,000 ft. The standard unit length finally adopted for control purposes was 10,000
t. for “breakdown.”

TABLE XIIL~-NUMBER OF BREAKDOWNS IN SUCCESSIVE LENGTHS OF 5,000 FT. EACH AND
10,000 FT, EACH FOR RUBBER-COVERED WIRE.

Number Number| Number| Number| Nuxr;ber
Length | gy | Length | pgoy | Lemgth | gy | Length | pooy | Length | pdyy
downs downs downs downs downs
(1) LEnGgTaS oF 5,000 rr. EacH

1] 1 No.25 ..... 0 5 5

1 1 No.26 ..... 0 7 4

1 2 No. 27...... 9 1 2

[} 4 No. 28 10 3 0

2 0 No. 29 3 3 1

1 1 No. 30...... 8 2 2

3 1 6 [} 5

4 0 14 1 9

5 6 [} 5 4

3 4 1 3 2

0 3 2 4 5

1 2 4 3 3

60 187

(2) LencTHs or 10,600 »r, EAcE

1 No. 7...... 2 No. 13...... 0 No.19...... 12 No.25...... 9

1 No. 8 6 No. 14...... 19 4 No. 26...... 2

3 No. 9 1 No. 15...... 16 5 No. 27...... 3

7 No. 10 1 No. 16. 20 1 No. 28...... 14

8 No. 11 10 No. 17...... 1 8 No.29...... 6

1 No. 12 ..... 5 No. 18...... 6 7 No. 30...... 8

30 187
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(1) Lenctas or 5,000 ¥r. EacH

16
Central Line e
B a2 22
c="y = 312 3% s
¥
Control Limits zg 4
¢+ 3\/?;1 o X \ \§
312 = 34/3.12, 10 20 30 40 50 60
8.42 and 0. Successive Lengths of 5 000 1. Each

Fic. 14.—Control Chart for ¢c.

Samples of equal size, » = 1 standard length of 5,000 ft.;
no standard given.

REsuLTs.—Presence of assignable causes of variation is indicated by lengths Nos. 27, 28, 32,
and 56 falling above upper control limit.

(2) Lenctas or 10,000 ¥r. Eacr

20
Central Line o r\/‘
im 8 623 N 1
R AT
2 I [ WAY
Control Limits zp 5 PJ[ WN y !/V D
Bisv(—;:_ mo 1l N ARSI I TTE S
6.23 == 34/6.23, 5 o 5 20 25 30

13.72 and 0. Successive Lengths of 10,000 ft. Each

Fi6. 15.—Control Chart for ¢.

Samples of equal size, » = 1 standard length of 10 000 ft.;
no standard given.

REsuLts.—Presence of assignable causes of variation is indicated by lengths Nos. 14, 15,
16, and 28 falling above upper control limit.
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32, Mustrative Examples—Control With Respect to a Given Standard.—
The following Examples 12 to 21, inclusive, illustrate the use of the control
chart method of analyzing data for control with respect to a given standard
(see Sections 18 to 27):

Example 12: Control Charis for X and o, Large Samples of Equal Size (Section 19).—A manu-
facturer attempted to maintain an aimed-at distribution of quality for a certain operating char-
acteristic. The objective standard distribution which served as a target was defined by standard
values: X’ = 35.00 Ib., and ¢’ = 4.20 ib. Table XIV gives observed values of X and o for daily
samples of » = 50 observations each for ten consecutive days. These data are the same as used
in Example 1, and presented as Table V. Figure 16 gives control charts for X and o.

TABLE XIV.—OPERATING CHARACTERISTIC, DAILY CONTROL DATA.

Sample Sa.mpl: Size, Ave}age, Standard Peviation
D+ T 50 35.1 5.35
No. 2o 50 34.6 4.73
NO. 3o 50 33.2 3.73
No.d.. .o 50 34.8 4.55
No. S 50 33.4 4.00
No.6..ooooviiiii 50 33.9 4.30
No. 7o 50 34.4 4.98
No.8. .o 50 33.0 5.30
No.9. o 50 32.8 3.29
No.10. ...l 50 34.8 3.77
38
o Central Lines Di |~ Tt T -
For X: X' = 35.00. g 34|
For o: o' = 4.20. o e e i -=
o 2 B
- i < JES N N N N NS S N S S |
Contr_ol:%.lmits ‘:‘,’” 30 > 4 6 8 10
- a"— ) T>j
ForX: X' & 3—= = 35.00 = 1.8, - b T
\/n » - 6 F
36.8 and 33.2. IS R o ="~
4 = 4}
For o: o’ & 3;/"—2_” = 420 = 1.26, g8 e
5.46 and 2.94. - B S RS

2 4 6 8 10
Sample Number
F16. 16.—Control Charts for X and o.
Large samples of equal size, » = 50; X', ¢’ given.
ResuLrs.—Lack of control at standard level is indicated on the eighth and ninth days. Compare
with Example 1, in which the same data were analysed for control without specifying a standard
level of quality.
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Example 13: Control Charts for X and o, Large Samples of Unequal Size (Section 19).—For
a product it was desired to control a certain critical dimension, the diameter, with respect to day
to day variation. Daily sample sizes of 30, 50, or 75 were selected and measured, the number
taken depending on the quantity produced per day. The desired level was X' = 0.20000 in. with
¢’ = 0.00300 in. Table XV gives observed values of X and ¢ for the samples from 10 successive
days’ production. Figure 17 gives the control charts for X and ¢.

TABLE XV.—DIAMETER IN INCHES, CONTROL DATA.

Sample Sampl: Size, Average, Standard Peviation,
No. ... 30 0.20133 0.00330
No. 2., i, 50 0.19886 0.00292
No. 3. 50 0.20037 0.00326
No. 4. il 30 0.19965 0.00358
No. S, 75 0.19923 0.00313
No. 6. 75 0.19934 0.00306
No. 7.0t 75 0.19984 0.00299
No. 8...coviviiiiii .. 50 0.19974 0.00335
No. 9. 50 0.20095 0.00221
No.10.............oo.o. 30 0.19937 0.00397
__ Central Lines
For X: X' = 0.20000.
For ¢: & = o' = 0.00300.
Control Limits
- = P4
ForX: X' +3 7; .
n = 30 0.20200
0.00300 ’
0.20000 + 3 V3% = [
30 € 0.20000
0.20000 =+ 0.00164, -
0.20164 and 0.19836. ; 2 4.19800
n = 50: E
0.20127 and 0.19873. 2 0.00500
n =75 S5
0.20104 and 0.19896. g5 000300
’ 3
For a: Eis:/%_' © 0.00100
n = 30: Sample Nurﬂ:er
0.00300 FiG. 17.—Control Charts for X and ¢.
0.00300 :};:3 ‘\/6_0 = Large samples of unequal size, n = 30, 50, 75; X7, o’ given

0.00300 =+ 0.00116,
0.00416 and 0.00184.

n = 50:
0.00390 and 0.00210.

n=75:
0.00373 and 0.00227.

REesuLts.—The charts give no evidence of significant deviations from standard values.
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Example 14: Control Chart for X and o, Small Samples of Equal Size (Section 19).—Same
product and characteristic as in Example 13, but in this case it is desired to control the diameter
of this product with respect to sample variations during each day, since samples of 10 were taken
at definite intervals each day. The desired level is X’ = 0.20000 in. with ¢’ = 0.00300 in. Table
XVI gives observed values of X and ¢ for 10 samples of 10 each taken during a single day.Figure
18 gives the control charts for X and a.

TABLE XVI—CONTROL DATA FOR ONE DAY'S PRODUCT.

Sample Samp;e Size, Average, Standard Deviation,
4
No. bl s, 10 0.19838 0.00350
No. 2. .o 10 0.20126 0.00304
No. 3 o 10 0.19868 0.00333
No A oo 10 0.20071 0.00337
NO. S 10 0.20050 0.00159
NO. O 10 0.20137 0.00104
No. 7 o e 10 0.19883 0.00299
No. 8 o 10 0.20218 0.00327
NO.9. o 10 0.19868 0.00431
No. 10, .o 10 0.19968 0.00356
_ Central Lines 0.20500
For X: X' = 0.20000. ":,
n = [0: g 0,20000
For o: ¢’ = (0.9227) (0.00300) = . 8
0.00277 :- < Lt I R S R}
2 0.19500, 2 4 I 6 8 10
Control Limits £
n = 10: 2 & 0.00600
ForX: X' &+ Ao’ = 5000400 | o LT T T T T oALST
0.20000 == (0.949) (0.00300), 2% 0.00200 = p
0.20285 and 0.19715. ﬁg Foy) Pt i S el
For ¢: Bso' and Bie’ = 2 4 6 8 i0
(1.584) (0.00300) and Somple Number
(0.262) (0.00300), Fic. 18.—Control Charts for X and o.
0.00475 and 0.00079. Small samples of equal size, » »= 10; ’, ¢’ given

ResuLts.—No lack of control is indicated.
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Example 15: Control Chart for X and o, Small Samples of Unegual Size (Section 19).—A manu-
facturer wished to control the resistance of a certain product after it had been operating for 100
hr., where X’ = 150 ohms and ¢’ = 7.5 ohms. From each of 15 consecutive lots, he selected a
random sample of 5 units and subjected them to the operating test for 100 hr. Due to mechanical
failures, some of the units in the sample failed before the completion of 100 hr. of operation.
Table XVII gives the averages and standard deviations for the 15 samples together with their
sample sizes. Figure 19 gives the control charts for X and .

TABLE XVIL—RESISTANCE IN OHMS AFTER 100-HR. OPERATION, LOT BY LOT CONTROL DATA.

ample

Sample Sglil;ep,le Average, gg:ing-gg. Sample SSilg, Average, I?et:?ﬂ?;g,
n X ' n X P
No.1......... 5 154.6 12.20 || No.9....... 5 156.2 8.92
No.2......... 5 143.4 9.75 § No.10...... 4 137.5 3.24
No.3......... 4 160.8 11.20 | No. 11...... 5 153.8 6.85
No.4......... 3 152.7 7.43 § No.12...... 5 143.4 7.64
No.5......... 5 136.0 4.32 { No.13...... 4 156.0 10.18
No.6......... 3 147.3 8.65 | No.14...... 5 149.8 8.86
No.7......... 3 161.7 9.23 | No.15...... 3 138.2 7.38
No.8......... 5 151.0 7.24

__ Central Lines
ForX: X' =150.

For o:
n=3:
7 = ¢’ = (0.7236)(7.5) = 5.43.
n=4:
7 = ¢’ = (0.7979)(7.5) = 5.98.
5 170
n=35:
7 = ¢’ = (0.8407)(7.5) = 6.31. < 160
Control Limits g 150
For X: E Z140
” = 3: S L 1 il 1 L L1 1 | 1 1 1
X'+ Ad = 150 = 1.732 (7.5), s O s oz e
163.0 and 137.0. 5
n=4: 2 S IS "__-J--"'L.r—'"L__a---.__.r--.._r-
X’ + Ao’ = 150 3= 1.500 (7.5), é‘g T
161.2 and 138.8. gg
n=2>5: 5{5 °r
X' + A’ = 150 + 1.342 (7.5), S ol v v v ey
160.1 and 139.9. 2 4 6 8 10 12 14
For o: Lot Number
: F16. 19.—Control Charts for X and o.

n = 3: By’ and B’ =
(1.858) (7.5) and (0) (7.5),
13.94 and 0.
n = 4: By’ and Bio’
(1.808) (7.5) and (0) (7.5),
13.56 and 0.
n = 5: By’ and Bo' =

(1.756) (7.5) and (0) (7.5),
13.17 and 0.

Small samples of uneaual size, = 3, 4, 5; X', ¢’ given.

Resurts.—Evidence of lack of control is indicated since samples from lots Nos. 5 and 10
have averages below their lower control limit. No standard deviation values are outside their
control limits. Corrective action is required to reduce the variation between lot averages.
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Example 16: Conlrol Charts for X and R, Small Samples of Equal Size (Section 20).—Consider
the same problem as in Example 12 where X' = 35.00 lb. and o’ = 4.20 lb. The manufacturer
wished to control variations in quality from lot to lot by taking a small sample from each lot.
Table X VIII gives observed values of X and R for samples of # = 5 each, selected from ten con-
secutive lots. Since the sample size # is less than 10, actually 5, he elected to use control charts
for X and R rather than for X and o. Figure 20 gives the control charts for X and R.

TABLE XVIIL—OPERATING CHARACTERISTIC, LOT BY LOT CONTROL DATA.

Lot Sampl: Size, Ave%ge, Raltége,
B 0 U 5 36.0 6.6
No. 2 oo 5 31.4 0.5
B T J O 5 39.0 15.1
No. 4o 5 35.6 8.8
NO St eans 5 38.8 2.2
No.6... oviiiiiiiiiiiiienn, 5 41.6 3.5
NO 7o 5 36.2 9.6
NO. 8veeeiiiieieianes 5 38.0 9.0
No. 9o 5 31.4 20.6
NO.10.ee i e 5 29.2 21.7
I 45 [~
o 35 | _Q
£ g K10 ) SN S \_&o_
o Central Lines z o5 . 444
. XY = -
For X: X 35.03.= . E o a 6 8 0
For R: duo’ = 2.326 (4.20) = 9.8. 2
Control Limits Ve gg e
_ n=235: ,q_’ - 15|
For X: X' & Ad/ = 3500 (1342) (420),  $ O AL ;
40.6 and 29.4. S 5 c\/
<
For R: Dso’ and Do’ = oL L PR R
(4.918) (4.20) and (0) (4.20), 2 4 6 8 10
20.7 and 0. Lot Number

Fic. 20.—Control Charts for X and R.

Small samples of equal size, n = 5; X’, ¢’ given.

Resurrs.—Lack of control at the standard level is indicated by resuits for lots Nos. 6 and 10
Corrective action is required both with respect to averages and with respect to variability within
a lot.



CoNTROL CHART METHOD OF ANALYSIS—PART 3 95

Example 17: Control Charts for (1) p, Samples of Equal Size (Section 23) and (2) pn, Samples
of Equal Size (Section 24).—Consider the same data as in Example 7, Table IX. The manu-
facturer wishes to control his process with respect to finish on galvanized washers at a level such
that the fraction defective ' = 0.0040 (4 defective washers per thousand). Table IX of Ex-
ample 7 gives observed values of “number of defectives” for finish defects such as exposed steel,
rough galvanizing in samples of 400 washers drawn from 135 successive lots. Figure 21 shows the
control chart for $, and Fig, 22 gives the control chart for pn. In practice, only one of these con-
trol charts would be used since, except for change of scale, the two charts are identical.

Dy
Central Line
¢’ = 0.0040.

Control Limits
n = 400:

Pld::;VP’(I—P’)= A
d o LN TSl T T S A7)

0.0040 & 3 0.0040 (0.9960) _ 5 10 15
) 400 Lot Number

0.0040 == 0.0095, F16. 21.—Control Chart fo1" ?-
0.0135 and 0. Samples of equal size, » = 400; p’ given.

Fraction
Defective, p
o ©
o)
e

]

> |

1

]
>

|

|

t

i

|
?

|

|

i

i

|

o |

(2) pn
Central Line
p'n = 0.0040 (400) = 1.6.

Control Limits
() Exact Formula:
n = 400:
Prx34/pn(l - p) =
S 5 10 15
1.6 &= 34/1.6 (0.996) = Lot Number

1.6 = 34/1.5936 =

F16. 22.—Control Chart for pn.
1.6 = 3(1.262), Samples of equal si;e, n =a 400; p’ give
5.4 and 0.

(b) Simplified Approximate Formula:
n = 400:
Since p’ is small, replace Eq. 29 above by
Eq. 30:

0 N

A, -

=

Number af
Defectives, pn
IS

(=

P3N pn =
1.6 3416 =
1.6 = 3(1.265),
5.4 and 0.

REesuLTs.—Lack of control of quality is indicated with respect to the desired level: lots Nos.
4 and 9 are outside control limits.
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Example 18: Control Chart for p (Fraction Defective), Samples of Unequal Size (Section 23).—
The manufacturer wished to control the quality of a type of electrical apparatus with respect
to two adjustment characteristics at a level such that the fraction defective p’ = 0.0020 (2 de-
fective units per thousand). Table XIX gives observed values of “number of defectives” for
this item found in samples drawn from successive lots. Sample sizes vary considerably from lot
to lot and, hence, control limits are computed for each sample. Equivalent control limits for
“number of defectives,” pn, are shown in column 5 of the table. In this way, the original records
showing “number of defectives” may be compared directly with control limits for pn. Figure

23 shows the control chart for p.

TABLE XIX.—ADJUSTMENT IRREGULARITIES, ELECTRICAL APPARATUS.

Lot Sample Size, | Number of g erfaef:ttlig'n Upper Con- | Upper Con-
n Defectives » ¢ "?(l)rl‘;’:“ troflo}.x;mt
No. 1.. ... i 600 2 0.0033 4.5 0.0075
No. 2.ttt 1300 2 0.0015 7.4 0.0057
No. 3t 2000 1 0.0005 10.0 0.0050
No. 4. ..y 2500 1 0.0004 11.7 0.0047
NO. Sttt iieie e 1530 5 0.0032 8.4 0.0054
No. 6.t 2000 2 0.0010 10.0 0.0030
NO. Tt neinnnanens 1550 0 0 8.4 0.0054
No. 8. e 780 3 0.0038 5.3 0.0068
No. 9. it 260 0 0 2.7 0.0103
No.10. ... .t 2000 15 0.0075 10.0 0.0050
No.1l.. ... 1550 7 0.0045 8.4 0.0054
No.12. . i 950 2 0.0021 6.0 0.0063
No. 13 et 950 5 0.0033 6.0 0.0063
No.14. ... e 950 2 0.0021 6.0 0.0063
No.15 . 35 0 0 0.9 0.0247
No. 16, . i 330 3 0.0091 3.1 0.0094
No 17 e 200 0 0 2.3 0.0115
No. 18 et ans 600 4 0.0067 4.5 0.0075
No.19. v 1300 8 0.0062 7.4 0.0057
No.20. e 780 4 0.0051 5.3 0.0068
Central Line for
#' = 0.0020.
Control lelts forp
1-—79p)
¥ £3 V p( 2 0.025 o
For n = 600: .:-ooao i :
0.002 (0.998) Zoois| P
0.0020 &= 3 00 A E E .
0.0020 == 3(0.001824), gooe M Pl
0.0075 and 0. 80005 Froooooo- oy 4
(Same procedure for other values of n.) “

Control Limits for pn
Using Eq. 30 for pn,
P'n £ 3V p'n.
For n = 600: -
12+3/12 =
1.2 + 3 (1.095),
4.5 and 0.

(Same procedure for other values of n.)

o

Lot Number

Fi6. 23.—Control Chart for p.

Samples of unequal size, n = 35 to 2500; p’ given

Resurts.—Lack of control and need for corrective action indicated by results for lots Nos.

10 and 19.
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Example 19: Control Chari for p (Fraction Rejecied), Total and Components, Sampies of Unequal
Size (Section 23).—A control device was given a 100 per cent inspection in lots varying in size
from about 1800 units to 5000 units, each unit being tested and inspected with respect to 23
essentially independent characteristics. These 23 characteristics were grouped into three groups
designated Groups A, B, and C, corresponding to three successive inspections. A unit found
defective at any time with respect to any one characteristic was immediately rejected; hence
units found defective in, say, the Group A inspection were not subjected to the two subsequent
group-inspections. In fact, the number of units inspected for each characteristic in a group itself
will differ from characteristic to characteristic if defects with respect to the characteristics in a
group occur, the last characterstic in the group having the smallest sample size. Since 100 per cent

TABLE XX.—INSPECTION DATA FOR 100 PER CENT INSPECTION—CONTROL DEVICE.
{#) OBservED Nuuper or REJECTS AND FrACTION RRJECTED.

All Groups Combined Group A Group B Group C
. - Rejected .
Lot | Total Rejected | ¢ Rejected Lot ejecte Lot Rejected
L ot Size, F Size, F Size, Frac Size, F

rac- ” rac- ” - rac-
#  |Number| "0 Number; " - Number| " 0 #  Number tion
4814 914 0.190 4814 31 0.065 4503 253 0.056 4250 350 0.082
2159 359 0.166 2159 128 0.059 2031 105 0.052 1926 126 0.065
3089 565 0.183 3089 195 0.063 2894 149 0.051 2745 221 0.081
3156 626 0.198 3156 233 0.074 2923 142 0.049 2781 251 0.090
2139 434 0.203 2139 146 0.068 1993 101 0.051 1892 187 0.099
2588 503 0.194 2588 177 0.068 2411 151 0.063 2260 175 0.077
2510 487 0.194 2510 143 0.057 2367 116 0.049 2251 228 0.191
4103 803 0.1%6 4103 318 0.078 3785 242 0.064 3543 243 0.069
2992 547 0.183 2992 208 0.070 2784 130 0.047 2654 209 0.079
3545 643 0.181 3545 172 0.049 3373 180 0.053 3193 291 0.091
1841 353 0.192 1841 97 0.053 1744 119 0.068 1625 137 0.084
2748 418 0.152 2748 141 0.051 2607 114 0.044 2493 163 0.065

(2) CenTrAL LinEs AND ConTROL LIMIrs, BAsEp ON STANDARD p’ VALUES.

All Groups Combined

Group A l Group B I Group C

CENTRAL LINES

p = 0.180 , 0.070 ' 0.050 } 0.080
Lot ConTrROL LIMITS
0.197 and 0.163 0.081 and 0.059 0.060 and 0.040 0.093 and 0.067
0.205 and 0.155 0.086 and 0.054 0.064 and 0.036 0.099 and 0.061
0.201 and 0.159 0.084 and 0.056 0.062 and 0.038 0.096 and 0.064
0.200 and 0.160 0.084 and 0.056 0.062 and 0.038 0.095 and 0.065
0.205 and 0.155 0.086 and 0.054 0.065 and 0.035 0.099 and 0.061
0.203 and 0.157 0.085 and 0.055 0.063 and 0.037 0.097 and 0.063
0.203 and 0.157 0.085 and 0.055 0.064 and 0.036 0.097 and 0.063
0.198 and 0.162 0.082 and 0.058 0.061 and 0.039 0.094 and 0.066
0.201 and 0.159 0.084 and 0.056 0.062 and 0.038 0.096 and 0.064
0.200 and 0.160 0.083 and 0.057 0.061 and 0.039 0.094 and 0.066
0.207 and 0.153 0.088 and 0.)52 0.066 and 0.034 0.100 and 0.060
0.202 and 0.158 0.085 and 0.055 0.063 and 0.037 0.096 and 0.064

inspection is used, no additional units are available for inspection to maintain a constant sample
size for all characteristics in a group or for all the component groups. The fraction defective with
respect to each characteristic is sufficiently small so that the error within a group, although rather
large between the first and last characteristic inspected by one inspection group, can be neglected
for practical purposes. Under these circumstances, the number inspected for any group was
equal to the lot size diminished by the number of units rejected in the preceding inspections.
Part 1 of Table XX gives the data for 12 successive lots of product, and shows for each lot
inspected the total fraction rejected as well as the number and fraction rejected at each inspec-
tion station. Part 2 of Table XX gives values of §’, fraction rejected, at which levels the manu-
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facturer desires to control this device, with respect to all twenty-three characteristics combined
and with respect to the characteristics tested and inspected at each of the three inspection sta-
tions. Note that the p’ for all characteristics (in terms of defectives) is less than the sum of the
¢’ values for the three component groups, since defects from more than one characteristic or group
of characteristics may occur on a single unit. Control limits, lower and upper, in terms of fraction
rejected are listed for each ot size using the initial lot size as the sample size for all characteristics
combined and the lot size available at the beginning of inspection and test for each group as the
sample size for that group.

Figure 24 shows four control charts, one covering all rejections combined for the control device
and three other charts covering the rejections for each of the three inspection stations for Group
A, Group B and Group C characteristics, respectively. Detailed computations for the over-all
results for one lot and one of its component groups are given.

Central Lines

0.22 Totol
See Table XX. e
< P PRy s
S 020} _ [T e
Control Limits 2 M/\
See Table XX. & o.s (\
For Lot No. 1: < \/
ToTAL: n = 4814: § L e e TS

Il__l
i,,H'/u:
" 2 4 6 8 10 12

o M Or Lot Number
otg0 3 4 /0180 (0820) _
180 & TV

Group 4

Group B

0.180 -+ 3(0.0055), §§
0.197 and 0.163. 88
&
Group C: n = 4250: 2 s 6800 0 2468 00
! — Lot Number ot Number
HM/:L:L Nmber L Lotmens
n . o )
0.080 (0.920) 3
0.080 == 31/ — oo = 83 0%
* 0.02

0.080 - 3(0.0042), R
0.093 and 0.067. Lot Number
F1c. 24.—Control Charts for p (Fraction Re-

jected) for Total and Components.
Samples of unequal size, n = 1625 to 4814; p’ given

REesuLts.—Lack of control is indicated for all characteristics combined; lot No. 12 is outside
control limits in a favorable direction and the corresponding results for each of the three components
are less than their standard values, Group A being below the lower control limit. For Group A
results, lack of control is indicated since lot Nos. 10 and 12 are below their lower control limits.
Lack of control is indicated for the component characteristics in Group B, since lot Nos. 8 and 11
are above their upper control limits. For Group C, lot No. 7 is above its upper control limit indi-
cating lack of control. Corrective measures are indicated for Groups B and C and steps should
be taken to determine whether the Group A component might not be controlled at a smaller
value of ', such as 0.06.

Example 20: Control Chart for u, Samples of Unequal Size (Section 25).—1t is desired to control
the number of defects per billet to a standard of 1.000 defects per unit in order that the wire
made from such billets of copper will not contain an excessive number of defects. The lot sizes
varied greatly from day to day so that a sampling schedule was set up giving three different
sample sizes to cover the range of lot sizes received. A control program was instituted using a
control chart for defects per unit with reference to the desired standard. Table XXI gives data
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in terms of defects and defects per unit for 15 consecutive lots under this program. Figure 25
shows the control chart for #.

TABLE XXI—LOT BY LOT INSPECTION RESULTS FOR COPPER BILLETS IN TERMS OF DEFECTS
AND DEFECTS PER UNIT

Sample | Numberof | Defects Sample | Number of | Defects
Lot Size, Defects, per Unit, Lot Size, Defects, per Unit,
” c 2 n [4 %
No.1......... 100 75 0.750 No. 10...... 100 130 1.300
No.2......... 100 138 1.380 No.11...... 100 58 0.580
No.3......... 200 212 1.060 No.12...... 400 480 1.200
No.4......... 400 444 1.110 No.13...... 400 316 0.790
No.5......... 400 508 1.270 No. 14.. . ... 200 162 0.810
No.6......... 400 312 0.780 No. 15...... 200 178 0.890
No.7......... 200 168 0.840 _ —
No.8......... 200 266 1.330 Total...] 3500 3566
No.9......... 100 119 1.190 Over-all* 1.019
. _ 3566
3500 1.019
Central Line 5 15
o = 1.000. o (
3 L= A1
Control Limits i’ VA Wy o Lk_.."“‘
n = 100: g 0
w 3 j "“"M '\&/’
W 3 1/" = § "_____,r_d __—",____ <
—_— kY
1.000 o
: - 0.5 NI GHSU SN S NN St S (N SN N VS [ NN T
1.000 £ 3 100 2 4 6 8 10 12 14
1.000 = 3(0.100), Lot Number
1.300 and 0.700. F16. 25.—Control Chart for w.
200 Samples of unequal size, n = 100,200, 400; ' given.
7n = :

, W
W +3 =

1.000
1000 =3 A/ 300 =

1.000 = 3(0.0707),
1.212 and 0.788.

% = 400:

u’:!:S/‘/i"‘=
n

1.000
1000 +3 4/ So0 =

1.000 == 3(0.0500),
1.150 and 0.850.

Resurts.—Lack of control of quality is indicated with respect to the desired level since lot
Nos. 2, 5, 8, and 12 are above the upper control limit and lot Nos. 6, 11, and 13 are below the
lower control limit. The over-all level, 1.019 defects per unit, is slightly above the desired value
of 1.000 defects per unit. Corrective action is necessary to reduce the spread between successive
lots and reduce the average number of defects per unit.
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Example 21: Control Chart for ¢, Samples of Equd Size (Section 26).—A Type D motor is
being produced by a manufacturer and he desires to control the number of defects per motor
at a level of 4’ = 3.000 defects per unit with respect to all visual defects. He is producing on &
continuous basis and decides to take a sample of 25 motors every day, where a day’s product is
treated as a lot. Due to the nature of the process, he plans on controlling the product for these
defects at a level such that ¢/ = 75.0 defects as «'n = ¢'. Table XXII gives data in terms of num-
ber of defects, ¢, and also defects per unit, %, for 10 consecutive days. Figure 26 shows the control
chart for ¢. As in Example 20, a control chart may be made for «#, where the Central Line is #' =
3.000 and the Control Limits are:

Wk 3 VE = 3000 & 3 / 3_:_;)0 = 3.000 == 3(0.3464), 4.04 and 1.96.
n

TABLE XXIIL—DAILY INSPECTION RESULTS FOR TYPE D MOTORS IN TERMS OF DEFECTS
PER SAMPLE AND DEFECTS PER UNIT.

Lot Sample Size, Number of Defects, Defects Per Unit,
n ¢ “
No. 1.t 25 81 3.24
No. 2. i 25 64 2.56
No. 3o, 25 53 2.12
No. 4. i 25 95 3.80
No. S 25 50 2.00
No. 6., 25 73 2.92
No. 7. i, 25 91 3.64
No. 8 .ot 25 86 3.44
No. O 25 99 3.96
No.10.. .o 25 60 2.40
boa Total.ooo 250 752 30.08
©Average. . ............. .. 75.2 3.008

N
o
1

Central Line
¢ = u'n = 3.000 X 25,
=75.0

o
o

Control Limits

Number of Defects,c
®
o
T

n=25: i
6':!:3\/61:_= 60 :_ \/ Y
75.0 2 34/750 = ol T
75.0 &= 3 (8.66), 2 4 6 8 10
100.98 and 49.02. Lot Number

F16. 26.—Control Chart for ¢.

Samples of equal size, » = 25; ¢’ given

REesvLrs.—No significant deviations from the desired level.
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33. Illustrative Examples—Control Chart for Individuals.—The following
Examples 22 to 25, inclusive, illustrate the use of the control chart for
individuals, in which individual observations are plotted one by one. The
examples cover the two general conditions: (a) control, no standard given;
and (b) control with respect to a given standard (see Sections 28 to 30):

Example 22: Control Chart for Individuals, X—Using Rational Subgroups, Samples of Equal
Size, No Standord Given—Based on X and R (Section 29).—In the manufacture of manganese
steel tank shoes, five 4-ton heats of metal were cast in each 8-hr. shift, the silicon content being
controlled by ladle additions computed from preliminary analyses. A high silicon content was
known to aid in the production of sound castings, but the specification set a maximum of 1.00
per cent silicon for a heat, and all shoes from a heat exceeding this specification were rejected.
It was important, therefore, to detect any trouble with silicon control before even one heat ex-
ceeded the specification.

Since the heats of metal were well stirred, within-heat variation of silicon content was not
a useful basis for control limits. However, each 8-hr. shift used the same materials, equipment
etc., and the quality depended largely on the care and efficiency with which they operated so
that the five heats produced in an 8-hr. shift provided a rational subgroup.

Data analysed in the course of an investigation and before standard values were established
are shown in Table XXIII and control charts for X, R, and X are shown in Fig. 27.

TABLE XXIII.~SILICON CONTENT OF HEATS OF MANGANESE STEEL, PER CENT,

Heat Sample
Day Shit Size, |AVveTage,| Range,
X R
1 2 3 4 5 "
Monday 1..... 0.70 0.72 0.61 0.75 0.73 5 0.702 0.14
2 ... 0.83 0.68 0.83 0.71 0.73 5 0.756 0.15
3..... 0.36 0.78 0.71 0.70 0.90 5 0.790 0.20
Tuesday 1..... 0.80 0.78 0.68 0.70 0.7¢ 5 0.740 0.12
2..... 0.64 0.66 0.79 0.81 0.68 5 0.716 0.17
3. 0.68 0.64 0.7 0.69 0.81 5 0.706 0.17
Wednesday 1..... 0.80 0.63 0.69 0.62 0.75 5 0.698 0.18
2..... 0.65 0.81 0.68 0.84 0.66 5 0.728 0.19
3.... 0.64 0.70 0.66 0.65 0.93 5 0.716 0.29
Thursday 1..... 0.77 0.83 0.88 0.70 0.64 5 0.764 0.2¢4
2..... 0.72 0.67 0.77 0.74 0.72 5 0.724 0.10
3 ... 0.73 0.66 0.72 0.73 0.71 5 0.710 0.07
Friday 1..... 0.79 0.70 0.63 0.70 0.88 5 0.740 0.25
2 0.85 0.80 0.78 0.85 0.62 5 0.780 0.23
3..... 0.67 0.78 0.81 0.84 0.96 5 0.812 0.29
Total....vcvveiennan.n. 15 11.082 2.79
Average.....oovvvn... 0.7388 | 0.186
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Central Lines

For X: X = 0.7388

For R: R = 0.186.

For X: X = 0.7388

Control Limits

N n=35:

For X: X &+ AR =
0.7388 =+ (0.577) (0.186),
0.846 and 0.631.

For R: DR and DyR =
(2.115) (0.186) and (0) (0.186),
0.393 and 0.

For X: X + E;R =
0.7388 £ (1.290) (0.186),
0.979 and 0.499.

0.90

f
f
]
i
i
|
!
|
|
!
I
f
i
|
|
f
|
|
|

average,
o o
~ ®
[e] (o]

) WD NN VN SO AN A TN N N S M N
Shifty 23123 123123123
Mon. Tues. Wed. Thurs. i

Silicon Content, per cent

050 R G R (SR YR [ [y SN W U S T S E T
Shift1 23 123123123123
Mon. Tues. Wed. Thurs. Fri.

Fic. 27.—Control Charts for X, R, and X.

Samples of equal size, # = 5; no standard given.

REesurTs.—None of the charts give evidence of lack of control.



ConTrOL CHART METHOD OF ANALVYSIS—PART 3 103

Example 23: Control Chart for Individuals, X—Using Rational Subgroups, Standard Given-
Based on X' and o' (Section 29).—In the hand-spraying of small instrument pins held in bar frames
of 25 each, when coating thickness and weight had to be delicately controlled, spray-gun adjust-
ments were critical and had to be watched continuously from bar to bar. Weights were measured
differentially by careful weighing before and after removal of the coating. Destroying more than
one pin per bar was economically not feasible, yet failure to catch a bar departing from stand-
ards might result in the unsatisfactory performance of some 24 assembled instruments. The stand-
ard lot size for these instrument pins was 100 so that initially control charts for average and
range were set up with #» = 4. It was found that the variation in thickness of coating on the 25
pins on a single bar was quite small as compared with the between-bar variation. Accordingly,
as an adjunct to the control charts for average and range, a control chart for individuals, X, at
the sprayer position was adopted for the operator’s guidance.

Table XXIV gives data comprising observations on 32 pins taken from consecutive bar frame
together with 8 average and range values where # = 4. It was desired to control the weight with
an average X’ = 20.00 mg. and ¢’ = 0.900 mg. Figure 28 shows the control chart for individual
values X for coating weights of instrument pins together with the control charts for X and R
for samples where n = 4,

TABLE XXIV.—~COATING WEIGHTS OF INSTRUMENT PINS, MILLIGRAMS.

.. Sample, = 4 .o Sample, 5 = 4
Individual | Ipdividual Individual | pdividual
No. bserva- No bserva-
tion, X Sample |Average, | Range, . tion, X | Sample | Average, | Range
No. X R No. e R
18.5 1....| 18.90 4.7 19.1 5.... 20.52 2.5
21.2 20.6
19.4 20.8
16.5 21.6
17.9 2 19.60 3.3 22.8 6.... 22.80 1.0
19.0 22.2
20.3 23.2
21.2 23.0
19.6 3....] 20.08 0.9 25...... 19.0 7.... 19.75 1.5
19.8 26...... 20.5
20.4 27...... 20.3
20.5 28...... 19.2
22.2 4....| 21.20 1.9 29...... 20.7 8.... 20.32 1.9
21.5 30...... 21.0
20.8 31...... 20.5
20.3 32...... 19.1
Total....... 652.7 163.17 17.7
Average .... 20.40 20.40 2.21
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For X:

For X:

For X:
For R:

For X:

For R:

ASTM ManvaL oN QuarLiTy CONTROL OF MATERIALS

Central Line
X' = 20.00.

Control Limits
X £33 =
20.00 = 3(0.900),
22.7 and 17.3.

Central Lines
X’ = 20.00.
RI == dﬁa’l =
(2.059) (0.900)
1.85.

Control Limits
n=4:
X' & Ao =
20.00 = (1.500) (0.900),
21.35 and 18.65.
Dyo’ and Do’ =
(4.698) (0.900) and
(0) (0.900),
423 and 0.

Coating Weight, mg.,

Coating Weight, mg.
Individual, X
~
o

n
(&

o

23

20

Average, X

Range, R

4 8 12 16 20 24 28 32
Individual Number

T T T T

[o TN\ B

Sample Number

Fic. 28.—Control Charts for X, X and R.

Small samples of equal size, n = 4; X', o’ given.

REesuLTs.—All three charts show lack of control. At the outset both the chart for ranges and
the chart for individuals gave indications of lack of control. Subsequently for sample No. 6 the
control chart for individuals showed the first unit in the sample of 4 to be outside its upper con-
trol limit, thus indicating lack of control before the entire sample was obtained.
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Example 24: Control Charts for Individuals, X, and Moving Range, R, of Two Observations,
No Standard Given—Based on X and R, the Mean Moving Range (Section 30(a)).—A distilling
plant was distilling and blending batch lots of denatured alcohol in a large tank. It was desired
to control the percentage of methanol for this process. The variability of sampling within a single
lot was found to be negligible so it was decided feasible to take only one observation per lot and
to set control limits on the basis of the moving range of successive lots. Table XXV gives a sum-
mary of the methanol content, X, of 26 consecutive lots of the denatured alcohol and the 25
values of the moving range, R, the range of successive lots with » = 2. Figure 29 gives control
charts for individuals, X, and the moving range, R.

TABLE XXV.--METHANOL CONTENT OF SUCCESSIVE LOTS OF DENATURED ALCOHOL AND
MOVING RANGE FOR # = 2,

Lot | Bognege gf | MovingRenee | 1o ercntage of | Moving Range,
No. 1........... 4.6 — No.14.......... 5.5 0.1
No. 2........... 4.7 0.1 No. 15.......... 5.2 0.3
No 3........... 4.3 0.4 No.16.......... 4.6 0.6
No. 4........... 4.7 0.4 No.17.......... 5.5 0.9
No. 5........... 4.7 0 No.18.......... 5.6 0.1
No. 6........... 4.6 0.1 No.19.......... 5.2 0.4
No. 7........... 4.8 0.2 No.20.......... 4.9 0.3
No. 8 .......... 4.8 0 No.21.......... 4.9 0
No. 9........... 5.2 0.4 No.22.......... 5.3 0.4
No.10........... 5.0 0.2 No.23.......... 5.0 0.3
No.11........... 5.2 0.2 No.24.......... 4.3 0.7
No.12........... 5.0 0.2 No.25.......... 4.5 0.2
No.13........... 5.6 0.6 No.26.......... 4.4 0.1
Total....... 128.1 .2
Central Lines
x
For X: X = 201 _ 4097, <
= 1.2 <3
ForR.R—-E—O.ZSS. 3§
g
Q
Control Limits =
. n=2:_ B 2
For X: X &+ FE:R = X £ 2.660R = g

4927 + (2.660)(0.288),
5.7 and 4.2.

For R: DR and DiR = 0 P A !
(3.267)(0.288) and 5 10 15 20 25
(0)(0.288), 0.94 and 0. Lot Number

Fic. 29.—Control Charts for X and R.

No standard given—based on moving range,
where 5 = 2,

Moving Range, R
o
o

REesuLts.—The trend pattern of the individuals and their tendency to crowd the control limits
suggests that better control may be attainable.
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Example 25: Conirol Charts for Individuals, X, and Moving Range, R, of Two Observations,
Standard Given—Based on X' and o' (Section 30(b)).—Data from same source as for Example
24 in which a distilling plant was distilling and blending batch lots of denatured alcohol in a large
tank. It was desired to contro! the percentage of water for this process. The variability of sampling
within a single lot was found to be negligible so it was decided to take only one observation per
lot and to set control limits for individual values, X, and for the moving range, R, of successive
lots with » = 2 where X’ = 7.800 per cent and ¢’ = 0.200 per cent. Table XXVI gives a summary
of the water content of 26 consecutive lots of the denatured alcohol and the 25 values of the
moving range, R. Figure 30 gives control charts for individuals, X, and for the moving range, R.

TABLE XXVL—~WATER CONTENT OF SUCCESSIVE LOTS OF DENATURED ALCOHOL
AND MOVING RANGE FOR # = 2.

Lot Wttt | RevgeR Lot o Ware % | RugeR
No. 1............ 8.9 — No.14................. 8.2 0.3
No. 2............ 7.7 1.2 No.15. ... 8.2 0
No. 3............ 8.2 0.5 No.16................. 7.5 0.7
No. 4............ 7.9 0.3 No.17................. 7.5 0
No. 5 8.0 0.1 No.18.....oovviaa.t 7.8 0.3
No. 6............ 8.0 0 No.19................. 8.5 0.7
No. 7 7.7 0.3 No.20................. 7.5 1.0
No. 8............ 7.8 0.1 No.21................. 8.0 0.5
No. 9............ 7.9 0.1 No.22...........oo0. 8.5 0.5
No.10............ 8.2 0.3 No.23................. 8.4 0.1
No.11............ 7.5 0.7 No.24................. 7.9 0.5
No.12............ 7.5 0 No.25................. 8.4 0.5
No.13............ 7.9 0.4 No.26................. 7.5 0.9
Total.............. 207.1 10.0
Number of Values...| 26 25
Average............ 7.965 0.400
Central Lines . 90
For X: X' = 7.800. =
ne=2: 380
For R: dyo’ = (1.128)(0.200), ]
0.23. -2 70
s~ U N S N N E A S AR N S E NI R O IS
5 5 10 15 20 25
Control Limits e
Sx i.5¢
For X: X' £ 3¢’ = 5
7.800 = 3(0.200), =20l
8.4 and 7.2. e |_\_______ Y A W
n = 2: 5 5
For R: Dy’ and D¢’ = £ i
(3686)(0200) and = oL |\/ Wl |WV V| [ A | 11

(0)(0.200), 0.74 and 0. 5 10 5 20 25

Lot Number
Fic. 30.—Control Charts for X and Moving Range, R,
where n = 2.
Standard given—based on X’ and o”.
Resvrrs.—Lack of control at desired levels is indicated with respect to both the individual
readings and the moving range. These results indicate corrective measures should be taken to
reduce the level in per cent and to reduce the variation between lots.
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SUPPLEMENT A

GLOSSARY OF TERMS AND SYMBOLS USED IN PART 3

In general, the terms and symbols used in Part 3 have the same meanings
as in preceding parts of the Manual. In a few cases, which are indicated in the
following glossary, a more specific meaning is attached to them for the con-
venience of a portion or all of Part 3. Mathematical definitions and derivations
are given in Supplement B.

A comparison of the symbols used in the Manual and those commonly used in
statistical texts is given in the Appendix, p. 129.

GLossArRY OF TERMS

Unit.—One of a number of similar articles, parts, specimens, lengths, areas, etc., of a
material or product.

Lot.—A specific quantity of similar material or collection of similar units from a common
source; in inspection work, the quantity offered for inspection and acceptance at
any one time. It may be a collection of raw material, parts, or subassemblies, in-
spected during production, or a consignment of finished product to be sent out for
service.

Sample.—A portion of material or a group of units taken from a larger quantity of mate-
rial or collection of units, which serves to provide information that can be used as a
basis for action on the larger quantity or on the production process.

Subgroup.—One of a series of groups of observations obtained by subdividing a larger
group of observations; alternatively, the data obtained from one of a series of sam-
ples taken from a series of lots or from a process. One of the essential features of
the control chart method is to break up the inspection data into rational subgroups,
that is, to classify the observed values into subgroups, within which variations
may for engineering reasons be considered to be due to non-assignable chance causes
only, but between which there may be differences due to assignable causes whose
presence is considered possible.

Assignable Cause.—A factor contributing to the variation in quality, that it is eco-
nomically feasible to identify.

GLOSSARY OF SYMBOLS

SYMBOL GENERAL Ix Parr 3, ConTROL CHARTS

€ The number of defects; more specifically
the number of defects in a sample (sub-
group). . .

[ T A factor that is a function of # and ex-

presses the ratio between the expected
value of & for a large number of samples
of n observed values each and the ¢’ of
the universe sampled. (Values of ¢ =
/0’ are given in Tables II and III,
and in Table B2 of Supplement B,
based on a Normal distribution.)

P A factor that is a function of # and ex-
presses the ratio between the expected
value of R for a large number of samples
of 5 observed values each and the ¢’ of
the universe sampled. (Values of d; =
R/¢’ are given in Tables II and III.
and in Table B2 of Supplement B, based
on a Normal distribution.)
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S The number of observed values
(observations).

P The relative frequency or pro-
portion, the ratio of the
number of occurrences to
the total possible number
of occurrences.

Pr. e The number of occurrences.

Roooooiiioiiii, The range of a set of numbers,
that 1s, the difference be-
tween the largest number
and the smallest number.

. 2N The standard deviation,! the

(sigma) root-mean-square  (rms.)
deviation of the observed
values from their average.

7

D G An observed value of a meas-
urable characteristic; spe-
cific observed values are
designated X,, X, X;, etc.
Also used to designate a
measurable characteristic.

D The average (arithmetic mean);

(X bar) the sum of the # observed

values divided by n.

QUALIFIED SYMBOLS

The standard deviation of
values of X, o, R, p, etc.
The average of a set of values
of X, o, R, p, etc. (the bar
(=) notation signifies an

average value).

The true or objective value of
X, o, p, etc. for the universe
sampled. (The prime (') no-
tation signifies the true or
objective value as distinct
from the observed value.)

0X,0s; OR, Op, €1C...

X, &, R, p,etc.. ...
(X double bar,
sigma bar, etc.)

X', o', 0 etc
(X-prime, sigma-
prime, etc.)

1See Note at end of this Supplement.

CONTROL OF MATERIALS

Ix Paxt 3, CoNTROL CHARTS

The number of subgroups or samples under
consideration.

The subgroup or sample size, that is, the
number of units or observed values in a
sample or subgroup.

The fraction defective, the ratio of the num-
ber of defective units (articles, parts,
specimens, etc.) to the total number of
units under consideration; more spe-
cifically, the fraction defective of a
sample (subgroup).

The number of defectives (defective units);
more specifically, the number of defec-
tives in a sample of # units.

The range of the »n observed values in a
subgroup (sample). (The symbol R is
also used to designate the mean moving
range, in Section 30.)

The standard deviation! of the # observed
values in a subgroup (sample):

-y

or expressed in a form more convenient
for computation purposes,

Y= /‘/X1’+Xz’+"' + Xty

n

(X~ X)P 4 -+ + (X, — X)?

n

The defects per unit, the number of defects
in a sample of # units divided by #.

The average of the s observed values in a
subgroup (sample):

_ X+ Xe+ - + Xa
n

X

The standard deviation of the sampling dis-
tribution of X, ¢, R, p, etc.

The average of the set of % subgroup
{sample) values of X, s, R, $, etc., under
consideration. For samples of unequal
size, an over-all or weighted average.

The standard value of X, o. p, etc., adopted
for computing control limits of a con-
trol chart for the case, Control-Standard
Given (see Sections 18 to 27).
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Nore.—In some texts on statistics, the term standard deviation of a sample is applied to the
square root of the ratio of the sum of the squares of the deviations about the sample average to
n — 1, where # is the sample size. This is the square root of an unbiased estimate of the universe
variance based on the sample but is not an unbiased estimate of the universe standard devia-
tion. It may be used in place of the rms. deviation provided the equations and factors for control

n—1
chart lines are suitably corrected by the factor /‘/ T but this practice is not recommended
in the interest of simplicity and uniformity.
Further, if an unbiased estimate is required at each point, z , Or d@' may be plotted with the
£]

appropriate central lines and control limits but this will seldom, if ever, be worth the extra com-
putation.
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SUPPLEMENT B

MATHEMATICAL RELATIONS AND TABLES OF FACTORS FOR
COMPUTING CONTROL CHART LINES

Scope—~This supplement presents mathematical relations used in arriving at the factors
and formulas of Part 3. In addition, a more comprehensive tabulation of values of these factors
is given in Table B2, including reciprocal values of ¢; and d2 and values of d;. This last factor is
involved in the relations covering control charts for ranges.

Factors cs, dy, and dy (Vdlues for n = 2 to 25, inclusive, in Table B2).—The relations given for
factors ¢s, dy, and dy are based on sampling from a universe having a Normal distribution.

A o1y
Vi)

where the symbol { as used indicates a factorial, for example, 4] = 4 - 3 - 2 - 1 = 24. For the
relatxong' —if k is even, ;' = ; . k-_2__2 . }f—-—— -+ + 1, each number on the right-hand side
k k-2 k—4 - ) _
3 7 g -2--\/-.',where(—§ | =+/7and

being an integer; if % is odd, —l=—- —
0l = 1.

& = [ = (= a)® — @) 21 eeenenenneanennnnns (B2)

1 a2 )
where ay = ~—= [ ¢ 2 dx, n = sample size!s
‘\/21

®© F3 1/2
dy = [2[ [l[l —ar - (1 ——a..)"+(a1—an)"]dx1dx,.—d:j| ....(B3)*

1 [
where a; = \/ [ dx, an = -2—[ ¢ 2 dx
w o

n = sample size!® dy = average range for a Normal law distribution with standard deviation
equal to unity. (In the original paper Tippett? used w for range and ¥ for d».)'®

The above relations for cs, dy, and ds are exact when the original universe is Normal but this
does not limit their use in practice. They may for most practical purposes be considered satis-
factory for use in control chart work even though the universe is not Normal. Since the rela-
tions are involved and thus difficult to compute, values of ¢, d3, and d; for #n = 2 to 25, inclusive,
are given in Table B2 at the end of this supplement. All values listed in the table were computed
to enough significant figures so that when rounded off in accordance with standard practices
the last figure shown in the table was not in doubt.

Standard Deviations of X, o, R, p, pn, 4, and ¢.—The standard deviations of X, 0, R, p, etc.,
used in setting 3-sigma control limits and designated ox, oy, o g, 0y, etc., in Part 3 are the standard
deviations of the sampling distribution of X, ¢, R, $, etc., for subgroups (samples) of size 5. They
are not the standard deviations which might be computed from the subgroup values of X,0, R
2, etc., plotted on the control charts but are computed by formula from the quantities listed in
Table B1.

1 See Equation 66 of Shewhnrt, Referena (1), p. 184.

18 Editorially changed in Se é)tember, 4.

1 See pp. 368 to 370 of L. H. C. Tippett, “On the Extreme Individuals and the Range of Samples from a Normal
Population,” Biometrika, Vol. 17 (1925).
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TABLE B1.—BASIS OF STANDARD DEVIATIONS FOR CONTROL LIMITS.

Standard Deviation Used in Computing 3-Sigms Limits is Computed From:
Control Chart for
Control—No Standard Given Control—Standard Given
D, G oor R o
L S gor R '
R.o............ gor R '
P ? P
2 N on P’
Yot u u
Coviiieiean ¢ ¢

Nore.—7, R, etc., are computed averages of subgroup values. o, $’, etc., are standard values.

The standard deviations o5, ov, and oz computed in this way are unaffected by any assignable
causes of variation between subgroups. Consequently, the control charts derived from them will
detect assignable causes of this type.

The relations in Eqs. B4 to B16, inclusive, which follow, are all of the form:

Standard deviation of the sampling distribution = A function of both the sample size, 5, and
universe value of

o, b, 4, or C.

For convenience, the universe values in the relations are designated simply by o, 9, 4, or ¢
and the quantities to be substituted for the cases “no standard given” and “standard given” are
shown below immediately after each relation.

Average, X:

2
o— =

x 7; ................ e ceevans (B4)

where o is the standard deviation of the universe. For no standard given, substitute ¢ = — or
C2

o= i; for standard given, substitute o = o'. Equation B4 above does not assume a Normal dis-

tribution.?

Standard Deviation3 o:

or

0o = [2(n — 1) — /2 ~"—2; ....................... (B6)*
n

where ¢ is defined in Eq. Bl, and o is the standard deviation of the Normal universe sampled.

For no standard given, ¢ = org; for standard given, ¢ = ¢'. For control chart purposes the
2]

above relations may be used for distributions other than Normal.

1 See pp- 180 and 181 of Reference (1). | .

2 Equation 64 on p. 184 of Reference (1) gives distribution of standard deviations for Normal universe.

® Relations B5 and B6 were derived from Equation 12 on p. 390 of Frederick Mosteller, “On Some Useful ‘Tneffi-
cient’ Statistics,” The Annals of Mathematical Statistics, Vol. XVII, No. 4, December, 1946, pp. 377 to 408.
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Approximations to Above Relation for a,:

1 1 3 1/2
g (2”—-@—@—---) L 2N (B7)
1 25 4
e =\l - — —— i eeeieaeeeaaanaeas
7 ( 8n 128n=) N (B8)
o
00 = " ettt e, (B9)
’ '\/Zn

where o is the standard deviation of the universel

The exact relation of Eq. BS or Eq. B6 is used in Part 3 for control chart analyses involving
o and for the determination of factors B; and By of Table II, and B, and B; of Table III. This
makes Bz = $D,, and By = D, for » = 2, which should be the case, since the range is merely twice
the standard deviation for a subgroup of two.

When # > 25, Eq. B9 is a good approximation for practical uses. In most cases Eq. B9 is good
enough to use* when # > 5. For simplicity and ease of duplication this approximate relation
was used previously in the A.S.T.M. Manual on Presentation of Data, Supplement B, Table I,
for all values of #. Experience has indicated this choice to be satisfactory. However, the discrep-
ancy introduced between B, and D;, which are identically equal for # = 2, led to some confusion.

Also for n = 2, dy = {2 — 4c}]¥2 = [2 — 4-1/7]/2 = 0.853, the multiplying factor of\/L_ = %
2n

in Eq. B6. To avoid confusion due to these slight discrepancies, the factors were recomputed using

the exact relations rather than the simpler approximate relations previously used. Hence the

tables now list the values based on computations including this additional correction factor for

the tabulated values of # (2 to 25).

Range. R:

R .
o =2 for standard given, substitute ¢ = o',
The factor ds given in Eq. B3 represents the standard deviation for ranges in terms of the
true standard deviation of the Normal universe.?

Fraction Defective, p:
=4 fPL=P) (B11)
”

where p is the value of fraction defective for the universe. For no standard given, substitute
$ = ?; for standard given, substitute § = #'. When p is so small that the term (1 — p) may be
neglected, the following approximation is used:

ap = 1/2 ................................ (B12)
n

oon =Nl = B) o (B13)

where p is the value of fraction defective for the universe. For no standard given, substitute
# = p;and for standard given, substitute p = p'. The function pn has been widely used to repre-
sent number of defectives (defective units) for one or more characteristics.

Number of Defectives, pn:

o This equation was corrected editorially in September, 1954, L.
1 U. Romanovsky, “On the Moments of Standard Deviation and of Correlation Coeflicient in Samples from Nor-
mal Population,” Metron, Vol. 5, No. 4, 1925, pp. 3 to 46.
L 4
3 Reference (1), p. 185, recommends the simple relation W for sample sizes greater than
n

sTippett, loc. ¢is.
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Both p and pn have a binomial distribution. Equations B11 and B13 are based on the binomial
distribution in which the theoretical frequencies for pn = 0, 1, 2, - - | » are given by the first,
second, third, etc. terms of the expansion of the binomial [(1 — ) - p|», where p is the universe
value. When  is so small that the term (1 — p) may be neglected, the following approximation
is used:

Defects per Unit, u:

where # is the number of units in sample, and # is the value of defects per unit for the universe.
For no standard given, substitute % = #; for standard given, substitute x = #’,

The number of defects found on any one unit may be considered to result from an unknown
but large (practically infinite) number of points where a defect could possibly occur combined
with an unknown but very small probability of occurrence at any one point. This leads to the use
of the Poisson exponential distribution for which the standard deviation is the square root of
the expected number of defects on a single unit. This distribution is likewise applicable to sums
of such numbers, such as the observed values of ¢, and to averages of such numbers, such as
observed values of #, the expected standard deviation of the averages being 1/# times that
of the sums. Where the number of defects found on any one unit results from a known number
of potential causes (relatively a small number as compared with the case described above), and
the distribution of the defects per unit is more exactly a multinomial distribution, for practical
purposes in most instances the Poisson exponential distribution, although an approximation,
may be used for control chart work.

Number of Defects, c:

so=Vun =V e e (B16)

where # is the number of units in sample, % is the value of defecls per unit for the universe, and
¢ is the number of defects in samples of size » for the universe. For no standard given, substitute
¢ = ¢ = un; for standard given, substitute ¢ = ¢’ = w'n. The distribution of the observed
values of ¢ is discussed above.

Factors for Computing Control Limits—Note that all these factors are actually functions
of % only and the constant 3 resulting from the choice of 3o limits.

Averages:
3
A = e e e e (B17)
Vn
3
PR e =P (B18)
C:v”
Ay = -3—_ ............................................................. (B19)
dr/n
A A
NoTE.~4; = —, 4. =,
[~ dz
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Standard Deviations:

3 —_ 13
Bimg— ——Rn—1) =2 =~ 3 (” 1_ c:) ............... (B20)
‘\/Zn n
3 —1 12
Bima+ —=02n—1) -2 = +3 (’1—— - ci) ............... (B21)
‘\/Zn n
3 — 12
By=1 - —3’: 2 —1) — 20" =1 — —(” 1_ c:) ............. (B22)
6"\/2” 2] n
pa— 1/a
Bi=1+ _[z(n—x)—z,w]"’-1+§<” ! .’) ............. (B23)
Cs‘\/ C2 ]
B
NoTE—Bs = ‘—l, By = E’-
%3 %3
Ranges:
Dy s dg = 35 oot e (B24)
Dy s dy A 35 e oottt (B25)
d
Dy=1-3 i ............................................................ (B26)
Di=1+3 2 ............................................................ ®27)
Dl I)g
Norte—D; = —, Dy = —.
A T4
Individuals:
E = S (B28)
1%
Eom (B29)

ds



TABLE B2.—FACTORS FOR COMPUTING CONTROL CHARTLINES.

Number of
Observations
in Sample, n

Chart for
Averages

Factors for
Control Limits

Ay

3.760
2.394
1.880
1.596

.410
217
175

As

1.880
1.023
0.729
0.577

0.483
0.419
0.373
0,337
0.308

.285
. 266
.249
.235
223

0
0
0
0
0
0.212
0,203
0.194
0
0
0
0
0
0
0

— e

187
.180

173
167
.162
187
135

OO oooSS SSooo

Chart for Standard Deviations Chart for Ranges

Factors for
Central Line

Factors for
Control Limits

Factors for

Central Line Factors for Control Limits

1/¢2 Bq da 1/dx

0.8865
0.5907
0.4857
0.4299

0.3946
0.3698
0.3512
0.3367
0.3249

Da

3.686
4,358
4.698
4.918

5.078
5.203
5.307
5.394
5.469

(2]

0.5642
0.7236
0.7979
0.8407

1.7725
1.3820

1.
1.

.267

R
w
=
&

0.8686
0.8882
0.9027
0.9139
0.9227

0.9300
0.9359
0.9410
0.9453
0.9490

0.9523
0.9551
0.9576
0.9599
0.9619

0.96381

0.9655/1.

0.9670|1.
1
1

[=]

%

-3

o
mo oooo

=]
oo
I
&
=]

05
0.387
0.546
0.687

0.812
94

121
.207

1,285
1,359
73811.426
1.490
1.548

.606

——— i RS R R RO GO
—
jony
7

————

—_

=

=

o

=)

—

o

&~
————

5.534
5.592
5.646
5.693
5.131

5.779
5.817
5.854
5.888
5.922

5.950
5.979
6.006
6.031
6.058

[yeyyy—

o

S

N~

3

[

1

13

]
(Y=g

s

3

=)
—— =

S

o

S

=3
e

‘192
478

-454
1443
1.433

424
415
.407
.399
.392

—— e —

o

'S

'S

N

=]

&

=3

N
——— i —

0.510,1.490
0.52311.
0.534/1,
0.545
0.555
0.565

477
466
1.455
1,445

0.9684 .
1.435

0.9696

=)

w

N

~
—— -
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TABLE B3.—FACTORS FOR

COMPUTING

CONTROL

CHART LINES—CHART
FOR INDIVIDUALS.

Number of
Observations
in Sample, »

Chart for
Individuals

Factors for

Control Limits

Es

Over 25.........

2.660
1.772

NOTES FOR TABLES B2 AND B3:
Note 1.—Values of ds added, covering # = 2 to s = 25,

NorE 2.—Values of d1 and factors involving ds and ds have been extended
from # = 15 to n = 25

Norg 3.—All values in Table B2 and Table B3 have been computed and
have been rechecked. The values in the tables were computed to enough sig-
nificant figures so that,when rounded off in accordance with standard practices,
the last figure in the table was not in doubt. (Except as indicated in Note 7.)1

in Table I,

Nore 4.—Following values differ from those given previous;
arlier values

Supplement B of A.5.T.M. Manual on Presentation of Data.
shown in parenthese ().

n =22, A = 0640 (0.639), s = 20, A; = 0.697 (0.698),

n = 21, Ay = 0.679 (0.680),

noe 2, Ay == 3760 (3.759), s = 18, ¢ = 09576 (0.9577),

n =15, A1 = 0.816 (0.817), # = 25, ¢» = 09696 (0.9697).
Note 5.—Values of ¢a computed to eight places before rounding.

Note 6.—Values of Bi, Bs, B;, and Bq differ from those given previously
in Table I, Supplement B of A.S.T.M. Manual on Presentation of Data, being
based on exact relation for g, that is,

- —T — 1) — 91172
= [2t0 — 1) — 2me}] 172,

Notz 7.—Values of ds in column 11 and d; in column 13 reproduced with
permission from Egon Pearson, “The Percentage Limits for the Distribution
of Range in Samples from a Normal Population (s < 100),”” Biemetrika, Vol.
24, 1932, p. 416, Table A. This table gives di to 4 significant figures for s = 2
to 5, inclusive and to only 3 significant figures for » > 5, 8o that the fourth
significant figures for D1, Ds, D, and Dq are in doubt for # > 5 in Table B2.

Co

1 This parenthetical reference was added editorially in September, 1954.
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EXPLANATORY NOTES

Note 1.—As explained in detail in Supplement B, ox and o, are computed (I) from the ob-
served variation of individual values withizz subgroups and the size # of a subgroup for the first
use “(A) Control—No Standard Given,” and (2) from the adopted standard value of ¢’ and the
size # of a subgroup for the second use “(B) Control with Respect to a Given Standard.” Like-
wise, for the first use, o, is computed from the over-all value of p, designated $, and #, and for the
second use from ¢’ and #. The method for determining o is outlined in Supplement B.

Norte 2.—This is discussed fully by Shewhart.! In some situations in industry in which it is
important to catch trouble even if it entails a considerable amount of otherwise unnecessary in-
vestigation, 2-sigma limits have been found useful. The necessary changes in the factors for
control chart limits will be apparent from their derivation in the text and in Supplement B. Al-
ternatively, in process-quality-control work, probability control limits based on percentage
points are sometimes used.?

Norte 3.—From the viewpoint of the theory of estimation, if normality is assumed, an un-
biased and efficient estimate of the standard deviation within subgroups is:

11/ mold o dmel @
Y m+ - tnr—k+1

where ¢z is to be found from Table II, corresponding to # = ny + «++ + m — & + 1. Actually
¢z will be very close to unity if the denominator #; --- + m — & + 1 is as large as 15 or more
as it usually is, whether m, ms, etc. be large, small, equal or unequal.

Equations 4, 6, and 9, and the procedure of Sections 8 and 9, “Control —No Standard
Given,” have been adopted for use in Part 3 with practical considerations in mind, Eq. 6
representing a departure from that previously given. From the viewpoint of the theory of esti-
mation they are unbiased or nearly so when used with the appropriate factors as described in the
text and are nearly as efficient as Formula ().

It should be pointed out that the problem of choosing a control chart criterion for use in “Con-
trol—No Standard Given” is not essentially a problem in estimation. The criterion is by nature
more a test of consistency of the data themselves and must be based on the data at hand in-
cluding some which may have been influenced by the assignable causes which it is desired to
detect. The final justification of a control chart criterion is its proved ability to detect assignable
causes economically under practical conditions.

When control has been achieved and standard values are to be based on the observed data,
the problem is more a problem in estimation, although in practice many of the assumptions made
in estimation theory are imperfectly met and practical considerations, sampling trials, and ex-
perience are deciding factors.

In both cases, data are usually plentiful and efficiency of estimation a minor consideration.

Note 4.—If most of the samples are of approximately equal size, effort may be saved by
first computing and plotting approximate control limits based on some typical sample size, such
as the most frequent sample size, a standard sample size, or the average sample size. Then, for
any point questionably near the limits, the correct limits based on the actual sample size for that
point should be computed and alse plotted, if the point would otherwise be shown in incorrect
relation to the limits.

NotE 5.—Here it is of interest to note the nature of the statistical distributions involved, as
follows:

(a) With respect to a characteristic for which it is possible for only one defect to occur on a
unit, and, in general, when the result of examining a unit is to classify it as defective or
nondefective by any criterion, the underlying distribution function may often usefully

1See pp. 276-277 of Reference (1).
S2e 0. 40 of Reference (2), Z1.3-1958.
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be assumed to be the binomial, where p is the fraction defective and # is the number of
units in the sample (for example Eq. 14).!

(b) With respect to a characteristic for which it is possible for two, three, or some other limited
number of defects to occur on a unit, such as poor soldered connections on a unit of wired
equipment, where we are primarily concerned with the classification of soldered connec-
tions, rather than units, into defective and nondefective, the underlying distribution
may often usefully be assumed to be the binomial, where p is the ratio of the observed to
the possible number of occurrences of defects in the sample and # is the possible number
of occurrences of defects in the sample instead of the sample size (for example, Eq. 14),!
with # defined as number of possible occurrences per sample).

(c) With respect to a characteristic for which it is possible for a large but indeterminate num-
ber of defects to occur on a unit, such as finish defects on a painted surface, the under-
lying distribution may often usefully be assumed to be the Poisson distribution. (The
proportion of defects expected in the sample, p, is indeterminate and usually small;
and the possible number of occurrences of defects in the sample, #, is also indeterminate
and usually large; but the product pn is finite. For the sample this px value is ¢.) (For
example, Eq. 22)2

For characteristics of Types (a) and (b) the fraction p is almost invariably small, say less
than 0.10, and under these circumstances the Poisson distribution may be used as a satisfactory
approximation to the binomial. Hence, in general, for all these three types of characteristics,
taken individually or collectively, we may use relations based on the Poisson distribution. The
relations given for control limits for number of defects (Sections 16 and 26) have accordingly
been based directly on the Poisson distribution, and the relations for control limits for defects
per unit (Sections 15 and 25), have been based indirectly thereon.

Notk 6.—In the control of a process, it is common practice to extend the central line and
control limits on a control chart to cover a future period of operations.? This practice constitutes
control with respect to a standard set by previous operating experience and is a simple way to
apply this principle when no change in sample size or sizes is contemplated.

When it is not convenient to specify the sample size or sizes in advance, standard values of

X', o', etc. may be derived from past control chart data using the relations:

X=X P'n = pn
’=I-I:€ori uw =g
s P u
P =7 d=q

where the values on the right-hand side of the relations are derived from past data. In this proc-
ess a certain amount of arbitrary judgment may be used in omitting data from subgroups found
or believed to be out of control.

NotE 7.—It may be of interest to note that, for a given set of data, the mean moving range
as defined here is the average of the two values of R which would be obtained using ordinary ranges
of subgroups of two, starting in one case with the first observation and in the other with the second
observation. Also, where # = 2, R = 2¢, and d2 = 2¢ as listed in Table B2.

The mean moving range is capable of much wider definition* but that given here has been the
one used most in process quality control.

When a control chart for averages and a control chart for ranges are used together, the chart
for ranges gives information which is not contained in the chart for averages and the combina-
tion is very effective in process control. The combination of a control chart for individuals and
a control chart for moving ranges does not possess this dual property, all the information in the
chart for moving ranges is contained, somewhat less explicitly, in the chart for individuals.

1See p. 65.

2 See p. 68.

8 For a detailed discussion see p. 26 of Reference (2), Z1.3-1958.

4 Paul G. Hoel, “The Efficiency of the Mean Moving Range” The Annals of Mathematical Statistics, Vol.
XVII, No. 4, December, 1946, p. 475.
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APPENDIX

TABLES OF SQUARES AND SQUARE ROOTS

SQUARES AND SQUARE ROOTS 1-200

No. | Square Sﬂ‘é:‘? No. | Square | B gz;e No. | Square Sﬂgz{e No. | Square | 8 ‘;g’t'
1 1] 1.0000f 51 2601{ 7.1414 | 101| 10201 10.0490 | 151| 22 801| 12.2882
2 4| 1142 B2 2704| 72111 | 102| 10404|10.0995 [ 152| 23 104 12.328%
3 9| 17321 53 2809{ 72801 | 103| 10609|10.1480 | 153| 23 09| 123693
¢ 16| 2.0000 | 54 2916| 73485 | 10¢| 10s16(101980 | 154| 23 716/ 12.4097
5 25| 22361 55 3025| 7.4162 | 105| 11025|10.2470 | 155| 24 025| 12,4499
6 36| 2.4495) 56 3136| 7.4833 | 106| 11236]|10.2056 | 156 24336/ 12.4900
7 19| 28458 | 57 3249 | 7.5498 | 107| 11 449]|10/3441 | 157| 24 649 | 12.5300
8 64| 28284 § 58 3364 7.6158 | 108| 11 664]10.3023 | 158 24 084 | 12.5688
9 81| 30000 | 59 3481 7.6811 | 109| 11881104403 | 159| 25281 12.6095
10 100| 31623 60 3600| 7.7460 | 110| 12100|10.4881 | 160| 25600 12.6491
1 121| 3.3166| 61 3721| 7.8102 f 111] 12321105357 | 161| 2592112 6see
12 144( 34641 62 3844| 7.8740 | 112| 12544{105830 | 182 26244 |12.7279
13 169] 3.6056 | 63 3969 7.9373 | 113| 12769106301 | 163| 26 569 | 12.7671
14 196 37417 64 4096 80000 § 114| 12996106771 } 164| 26896 12.8062
15 225| 3.8730 ] 65 4225( 8.0623 { 115| 13225107238 | 165] 27225 12.8452
16 256 4.0000] 66 4358] 8.1240 | 116| 13456]10.7703 | 166] 27 556 12 8841
17 289 | 41231 67 4489 81854 § 117| 13680108167 | 167| 27 889 12.9228
18 324| 42126 ) 68 4624 82462 | 118] 1392¢|10.8628 | 168| 28224)12.9615
19 3611 4.3589 | 69 4761| 83086 | 119| 14161109087 | 169| 28561 13,0000
20 100| 44721] 70 4900| 83666 § 120| 14400109545 | 170| 28900/ 13,0384
21 411| 458286 71 5041 84261 | 121] 14641l11.0000 | 171| 29241 13.0707
22 484 16004 | 72 5184 84853 | 122| 14884)11.0454 | 172]| 29584131148
23 529| 47958 | 73 5329| 85440 | 123| 15129)|11.0905 | 173] 20929 13.1529
24 576 4.8000 | 74 5476 86023 | 124| 15376)11.1355 | 174| 30276 13.1909
25 625| 5.0000] 75 5725| 8.6603 | 125| 15825]11.1803 | 175] 30625, 13.2288
26 676| 5.0000! 76 5776| 87178 | 126| 15876|11.2250 | 176] 30978 13 2665
27 720| 5.1962 | 77 5920| 87750 | 127| 16129|11.2604 | 177| 31 329] 13.3041
28 784| 52015] 78 6084| 88318 | 128] 16384(11.3137 | 178| 31684 13.3417
20 841| 53852 ] 79 6241) 88882 | 120| 16641113578 | 179| 32 041133701
30 900| 54772 | 80 6400| 8.9443 | 130| 16900|11.4018 | 180] 32 400 13.4164
31 o61| 55678 | 81 6561 0.0000 | 131| 17161)|11.4455 } 181] 32761 13.4536
32 1024| 56569 ] 82 6724| 00554 | 132| 17424114801 | 182] 33124134907
33 1080 57446 83 6889| 91104 | 133| 17 689|11.5326 | 183| 33489 | 13.5277
34 1156 5.8310 | 84 7058 91652 | 134| 17956(11.5758 | 184 33 856 | 13.5647
35 1225 59161 | 85 7225| 8.2195 | 135| 18225(11.6190 | 185| 34225)13.6015
36 1296| 6.0000f 86 7396| 0.2736 | 136] 18496|11.6619 | 186] 34596 13.6382
37 1360 6.0828 | 87 7569| 9.3274 | 137| 18769117047 § 187| 34969 13.6748
38 1444 61644 | 88 7744) 93808 | 138| 19044(11.7473 | 188| 35344137113
39 1521| 62450 ] 89 7921 014340 | 139| 19321|11.7808 | 189| 35721|13.7477
0 1600| 632461 90 8100 9.4868 | 140| 19600|11.8322 { 160| 36100 | 13.7840
41 16381 6.4031 [ 91 8281 9.5304 | 141| 19881|11.8743 | 191| 36481 13.8203
42 1764) 6.4807 92 8464 ) 9.5917 | 142 20164 ) 11.9184 | 192 36864 | 13.8564
43 1840] 65574 93 8649 06437 [ 143| 20449119583 | 193| 37 249 13.8924
44 1036| 66332 91 8836 96954 | 144| 20736)12.0000 { 194| 37 636]13.9284
45 2025| 67082 95 9025| 97468 | 145| 21025{12.0416 | 105| 38025/ 13.9642
46 2116| 67823 | 96 9218 97980 | 146| 21310(12.0830 | 196| 38416/ 14.0000
47 2209 6.8557] 97 9409 | 9:8489 | 147| 21609121244 | 197 38809 | 14.0357
48 2304| 6.9282] 98 9604 0.8995 | 148| 21004121655 | 198] 39204 14,0712
49 2401| 7.0000) 99 9801 9.9499 | 149] 22201]12.2066 | 199]| 3vsoi [14.1067
50 2500| 7.0711 | 100 10000(10.0000 | 150| 22 500)12.2474 [ 200| 40000 |14.1421

Note.—To find the square root of numbers greater than 2000, look up the given number in the *‘Squate’
tolumn and obtain the answer from the corresponding value in the *“No."" column

Ezample 1.—To find the square root of 2174.386.

Group the digits in pairs starting from the decimal point, thus:

21 74. 38 60
There will always be one digit in the square root for each group in the given number. Observe that
she square root of the number In the first group (21) is between 4 and 5. Referring to the table, find i the
*Ne.” column the two numbers lying between 400 and 500 whese squares most nearly equal the given nuxber.
In this_case the numbers are 466 and 467. Interpolating and locating the decimal point gives 46.63 for

the desired square root.
1n referring to the table, numbers between 40 and 50 in the “No.” column may be nsed as well as those

between 400 and 500, but the latter numbers wilt give the desired square root to one more significant fi
Ezample 2.—To find the square root of 21743.86. &n t figure.
Group the digits in pairs as before: -
2 17 43. 86
and observe that the square root of the number in the first group (2) is between 1 and 2. Refer to the “No.”
column of the (able for numbers lying between 1000 and 2000. Tn this case, the numbers are 1474 ang
1475, and interpolating and locating the decimal Doint gives 147.46.
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201-500 SQUARES AND SQUARE Roots (Continued)

Square | Square Square Square Square
No q Toae. | No. | Square Toee. | No. | square Toge | No. | 8Square % ot
201| 40401|14.1774 | 276] 768176|16.6132 | 351 | 123201118.7350 | 426| 181476/ 20.6398
202 40 804 | 14.2127 277 76 729 | 16.6433 352 123 904 18.7617 427 182 329 | 20.6640
203 41209 | 14.2478 278 77 284 | 16.6733 3563 124 600 | 18.7883 428 183 184 | 20.6882
204 41 616 | 14.2829 279 77 841 | 16.7033 354 125 316 | 18.8149 429 184 0411 20.7123
a05| 42025[14.3178 | 280| 7S 400]16.7332 | 355 | 126025| 18.8414 | 430| 184 900 | 20.7364
206 42 436 ] 14.3527 281 78 9611 16,7631 356 126 736 | 18.8680 431 185 761} 20.7605
207 42 849 | 14.3875 282 79 524 | 16.7929 357 127 449 | 18.8044 432 186 624 | 20.7846
208 43 264 | 14.4222 283 80 089 | 16.8226 358 128 164 | 18.9209 433 187 489 | 20.8087
200| 43681)144563] 284) 806561168523 | 350 12888119473 | 432| 183356208327
210| 44100144014 | 285| 81225(16.8819 | 360 | 129600 18:9737 | 435| 189225/ 20.8567
211 44 521 14.5258 286 81706 16,9115 361 130 321 | 19.0000 436 190 096 { 20.8806
212 44 944 | 14.5602 287 82 369 16.9411 362 131 044 | 19.0263 437 140 969 { 20,9045
318 45 369 | 14.5945 288 82 944! 16,9706 363 131 769 | 19.0526 438 191 844 | 20,9284
214 45796 | 14.6287 289 83 521} 17.0000 364 132 4961 19.0788 439 192 721 | 20.9523
215 46 225 14.6629 290 84100 17.0294 365 133 225 | 19.1050 440 193 600 | 20.9762
216| 46656|14.6969 | 201| 84651|17.0587 ] 366| 133956| 19.1311 | 441| 194 481 21.0000
217 47 089 | 14,7309 292 85 264 | 17.0880 267 134 689 | 19.1572 442 195 364 | 21.0238
218 47 524 | 14.7648 293 858491 17.1172 368 135424 | 19.1833 443 196 249 | 21.0476
219 47 0611 14.7986 294 86 436 | 17.1464 369 136 161 | 19.2004 444 197 136 | 21.0713
220 48 400{ 14.8324 295 87 025 17.1756 370 136 900 | 19.2354 445 198 025 21.0950
221 48 841 ] 14.8661 296 87 616 17.2047 371 137 641 19.2614 446 198 916 | 21.1187
222 40 284 | 14.8997 207 88 209 17.2337 372 138 384 | 19.2873 447 199 809 | 21.1424
223 49 7291 14.9332 298 88 804 | 17.2627 373 139 129} 19.3132 448 2007041 21.1660
224 50 1761 14.9666 299 89 401 | 17.2916 374 139 876 ) 19.3391 449 201 601 | 21.1896
225| s50625|150000 | 300| 90000|17.3205 | 375| 120625]19.3640 | 450| 202 500{ 21.2132
226{ 51076|15.0333 | 301| 90601|17.34041 376 141376{19.3907 | 451 203401 |21.2368
2271 51529)15.0665 | 302| 91204|17.3781 | 377 | 142120| 194165 | 452| 204 304 |21.2603
298] 51084)|15.0997 | 303] 91809|17.4069 | 378 | 142884|10.4422 | 453| 205209 | 21:2338
229 52 441 15.1327 304 92 416 | 17.43506 379 143 641 ] 19.4679 454 206 116} 21,3073
230| 529000151658 | 305] 93025|17.4642 | 380 | 144 400) 19.4936 | 455| 207 025 | 21.3307
231] 53361|15.1987 | 306{ 93636 17.4929{ 381 | 145161 19.5192 | 456| 207 936]21.3542
232 53 824 | 15.2315 307 94 2491 17,5214 382 145 9241 19.5448 457 208 849 | 21.3776
233 54 289 ] 15.2643 308 94 864 | 17.5499 383 146 689 | 19.5704 458 209 764 { 21.4009
234 54 756 | 15.2971 309 95481 | 17.5784 384 147 456 | 19.5959 459 210 681 ] 21,4243
235| s5225] 153207 | 310 96100{17.6063 | 385 | 148225| 106214 | 460| 211600|21.4476
236] 85606]15.3623 ] 311] 96721{17.6352] 386 | 148996|10.6469 | 461| 212521 21.4709
237 56 169} 15.3948 312 97 3441 17.6635 387 149769 ] 19.6723 462 213 444 ] 21.4942
238 56 644 | 15.4272 313 97 969 ] 17,6918 388 150 544 } 19.6977 463 214 369 21.5174
230| 7121154506 | 31a| 08596177200 | 389 | 151321|19.7231 | 464| 215208 (21.5407
240 57 6001} 15.4919 315 09 225 17.7482 390 152 100 19.7484 465 216 225| 21.5639
241 58 081 | 15.5242 316 99 856 | 17.7764 391 152 881 | 19.7737 466 217 1561 21.5870
243 58 564 | 15.5563 317 100 489 | 17.8045 392 153 664 | 19.7990 467 218089 | 21.6102
243| 590491155885 318| 101124|17.8326 | 393 | 154 449)19.8242 { 468| 219024 ] 21.6333
244 59 536 | 15.6205 319 101 761 | 17.8606 394 155 2361 19.8494 469 219 961 | 21.6564
245| 60025]|15.6525 | 320] 102400)17.8885 | 395| 156025]19.8746 | 470| 220900 21.6795
246 60 516 ] 15.6844 321 103 041 | 17.9165 396 156 816 | 19.8997 471 221 84114 21.7025
247 61 009 ] 15.7162 322 103 684 | 17.9444 307 157 609 | 19.9249 472 222 784 | 21.7256
248 61 504 § 15.7480 323 104 329 | 17.9722 398 158 404 ] 19.9499 473 223 729 | 21.7486
2491 62001}15.7797 | 324| 104 976 18.0000 | 390 | 159201} 19:9750 | 474| 224 676{21.7715
250] 62500] 1581124 | 325| 105625 18.0278 | 200 | 160000[ 20.0000 | 475| 225625]21.7945
251] 63001158430 326| 106276 18.0555 | 401 160 s01|20.0250 | 478| 226576{21.8174
252] 63504|15:8745] 327| 106929 18.0831 | 402 | 161604200499 | 477| 227529]21.8403
253 64 009 | 15.9060 328 107 584 | 18.1108 403 162 409 | 20.0749 478 228 484 1 21.8632
254] 64516159374 | 320| 108241|18.1384 | 404 | 163216}20.0998 | 470 229441 21.8861
255] 65025159687 | 330] 108900|18.1650 | 405 | 164 025]20.1246 | 480| 230400/ 21.9089
256] 65536|16.0000 ] 3311 100561 18.1934 | 406 | 164836]20.1494 | 481| 231361|21.9317
257 66 049 | 16.0312 332 110 224 | 18.2209 407 165 649 | 20.1742 482 2323241 21.9545
258 66 564 | 16.0624 333 110 889 | 18.2483 408 166 464 | 20.1990 483 233 2890 | 21.9773
2501 67081}16.0035 ) 332| 111556]| 182757 | 409 | 167281202237 | 484 234256 22.0000
260] 67600] 161245 | 335| 112225183030 | 410 | 168100]20.2485 § 485{ 235 225 22.0227
261] es121]|16.1555 | 336| 112806(18.3303 | 411 | 168921| 202731 | 486| 236196 22.0454
282| escadal|181864 | 337| 113569|18.3576 | 412 | 169744 | 20.2078 | 487| 237 169]22.0681
263 69 169 | 16.2173 338 114 2441 18.3848 413 170 569 | 20.3224 488 238 144 | 22.0907
264 69 696 16.2481 339 114921 18.4120 414 171 396 | 20.3470 489 2391211 22.1133
265] 70225]| 162788 | 340| 115600 18.4301 | 415 1722252033715 | 490| 240 100 | 22,1358
286| 70758]16.3005 | 341| 116281 18.4662 | 416 | 173 056] 20.3861 | 491 241081]22.1585
2e7| 71289163401 | 342| 116964184932 | 417 | 173 889 20.4206 | 402| 242 064 | 22.1811
268| 71824163707 | 343| 117 649)18.5208 | 418 | 174 724 204450 | 403 | 243 049 | 22.2036
260]| 72361164012 | 34a| 118336{ 1854721 419| 175561204695 | 494| 244 036 22.2261
270] 72900164317 | 345| 110025§18.5742 | 420 176400 20.4930 | 495| 245025(22.2486
2711 73441184621 | 346| 110716|18.6011 | 421 | 177 241] 205183 | 496{ 246016 (22.2711
272] Y3984)|16.4924 | 347| 120400 18.6270 | 422 | 178084 |20.5426 | 497| 247 009 | 22.2635
273| 74520165227 | 348| 121104 18.6548 | 423 | 178929|20.5670 | 408| 248 004 | 22.3159
a74| 75076 16.5520 | 349| 121801 18.6815 | 424 | 179776 20.5013 | 499| 249001 | 32.3383
275| 75625/ 165831 | 350] 1225001187083 § 425] 180 625| 20.6155 | 500| 250 000 | 32.586C7




TABLES OF SQUARES AND SQUARE Roo1s 123
SQUARES AND SQUARE Roors (Continued) 501-800
Square Square Square Square

No. | Square Root No. | Square Root No. | 8quare oot No. | 8quare Root
501 251 001 | 22.3830 576 331 776 { 24.0000 651 423 801 | 25.5147 726 527 076 | 26.9444
502 252 004} 22.4054 577 332929 | 24.0208 652 425 104 | 25.5343 727 528 529 | 26.9629
503 253 009 | 22.4277 578 334 084} 24.0416 653 426 409 | 25.5539 728 529 934 | 26.9815
504 254 016 | 22.4499 579 335 241§ 24.0624 654 427 716 25.5734 %29 531 441} 27.0000
505 255025 | 22.4722 580 336 400 | 24.0832 655 429 025 { 25.5930 730 532 900 | 27.0185
508 256 036 | 22.4944 581 337 561 | 24.1039 656 430 336 | 25.6125 731 534 361 | 27.0370
507 257 049 | 22.5167 582 338 724 | 24.1247 657 431 649 | 25.6320 732 535 824 | 27.0555
508 258 064 | 22,5389 583 339 889 | 24.1454 658 432 964 | 25.6515 733 537 289 { 27.0740
509 259 081 | 22,5610 584 341 056 | 24.1661 659 434 281 | 25.6710 734 538 756 | 27.0924
510 260 100 | 22.5832 585 342 225 24.1868 660 435 600 | 25.6905 735 540 225} 27.1109
511 261 121 | 22.6053 586 343 396 | 24.2074 661 436 921 { 25.7099 736 541 696 | 27.1293
512 262 144 | 22.6274 587 344 569 | 24.2281 662 438 244 | 25.7294 737 543 169 | 27.1477
513 263 169 | 22.6495 588 345 744 | 24.2487 663 439 569 | 25.7488 738 544 644 1 27.1662
514 264 196 | 22.6716 589 346 921 | 24.2693 664 440 896 | 25.7682 739 546 121 27.1846
515 265 225 22.6936 590 348 100 | 24.2899 665 442 225 | 25.7876 740 547 600 | 27.2029
516 266 256 | 22.7156 591 349 281 | 24.3105 666 443 556 | 25.8070 741 549 081 | 27.2213
517 267 289 | 22.7376 592 350 464 | 24.3311 667 444 889 | 25.8263 742 550 564 | 27.2397
518 268 324 | 22.7596 593 351 649 | 24.3516 668 446 224 | 25.8457 743 552 049 | 27.2580
519 269 361 22,7816 594 352 836 | 24.3721 669 447 561 | 25.8650 744 553 536 | 27.2764
520 270 400 | 22.8035 595 354 025 | 2473926 670 448 900 | 25.8844 745 555 025 | 27.2947
521 271 441 | 22.8254 596 355216 | 24.4131 671 450 241 | 25.9037 746 556 516 | 27.3130
522 272 484 | 22.8473 597 356 409 | 24.4336 672 451 584 | 25.9230 747 558 009 | 27.3313
523 273 529} 22.8692 598 357 604 | 24.4540 673 452 929 | 25.9422 748 559 504 | 27.3496
524 274 576 22.8910 599 358 801 | 24.4745 674 454 276 | 25.9615 749 561 001 | 27.3679
525 275 625] 22.9129 600 360 000 | 24.4949 675 455 6251 25.9808 750 662 500 | 27.3861
526 276 676 | 22.9347 601 361 201 { 24.5153 676 4586 976 | 26.0000 751 564 001 | 27.4044
527 277 729 | 22.9565 602 362 404 { 24.5357 677 458 329 | 26.0192 752 565 504 | 27.4226
528 278784 | 22.9783 603 363 609 | 24.5561 678 459 684 | 26.0384 753 567 009 | 27.4408
529 279 841 | 23.0000 604 364 816 | 24.5764 679 461 041 { 26.0576 754 568 516 ) 27.4591
530 280 900 | 23.0217 605 366 025 | 24.5967 680 462 400 | 26.0768 755 570025 | 27.4773
531 281 961 | 23.0434 606 367 236 24.6171 681 483 761 | 26.0960 756 571 536 | 27.4955
532 283 024 { 23.0651 607 368 449 | 24.6374 682 465 124 | 26.1151 757 573049 | 27.5136
533 284 089 | 23.0868 608 369 664 | 24.6577 683 466 489 | 26.1343 758 574 564 | 27.5318
534 285 156 | 23.1084 609 370 881 | 24.6779 684 467 856 | 26.1534 759 576 081 | 27.5500
635 286 225 23.1301 610 372 100 | 24.6982 685 469 225 26.1725 760 577 600 | 27.5681
536 287 296 | 23.1517 611 373 321 ) 24.7184 686 470 596 | 26.1916 761 579 121 | 27.5862
637 288 369 | 23.1733 612 374 544 ] 24.7386 687 471 969 | 26.2107 762 580 644 § 27.6043
538 289 444 { 23.1948 613 375 769 | 24.7588 688 473 344 | 26.2298 763 582 169 § 27.6225
539 290 521 | 23.2164 614 376 998 | 24.7790 689 474 721 { 26.2488 764 583 696 | 27.6405
540 291 600 | 23.2379 615 378 225 | 24.7992 690 476 100 ) 26.2679 765 585 225 | 27.6586
541 292.681 | 23.2594 616 379 456 | 24.8193 691 477 481 | 26.2869 766 586 756 | 27.6767
542 293 764 | 23.2809 617 380 689 § 24.8395 692 478 864 | 26.3059 767 588 289 { 27.6948
543 294 849 | 33.3024 618 381 924 | 24.85%6 693 480 249 | 26.3249 768 589 824 | 27.7128
544 295 936 | 23.3238 619 383 161 | 24.8797 694 481 636 | 26.3439 769 591 361 { 27.7308
545 297 025 | 23.3452 620 384 400 | 24.8998 695 483 025 | 26.3629 770 592 900 | 27.7489
546 298 116 | 23.3666 621 385 641 { 24.9199 696 484 416 | 26.3818 771 594 441 | 27.7669
547 299 209 | 23.3880 622 386 884 | 24.9399 697 485 809 | 26.4008 772 595 984 | 27.7849
548 300 304 | 23.4094 623 388 129 | 24.9600 698 487 204 | 26.4197 773 597 529 | 27.8029
549 301 401 | 23.4307 624 389 376 | 24.9800 699 488 601 | 26.4386 774 599 076 | 27.8209
550 302 500{ 23.4521 625 390 625 | 25.0000 700 490 000 | 26.4575 775 600 625§ 27.8388
551 303 601} 23.4734 626 391 876 | 25.0200 701 491 401 | 26.4764 778 602 176 | 27.8568
552 304 704 | 23.4947 627 393 129 | 25.0400 702 492 804 | 26.4953 777 603 720 | 27.8747
553 305 809 | 23.5160 628 394 384 | 25.0599 703 494 209 | 26.5141 778 605 284 | 27.8927
554 306 916 | 23.5372 629 395 641 | 25.0799 704 495 616 | 26.5330 779 606 841 | 27.9108
555 308 025 | 23.5584 830 396 900 | 25.0998 705 497 025 | 26.5518 780 608 400 | 27.9285
556 309°1368 | 23.5797 631 398 161§ 25.1197 706 498 436 | 26.5707 781 609 961 § 27.9464
557 310 249 | 23.6008 632 399 4241 25.1396 707 499 849 | 26.5895 782 €11 524 | 27.9643
558 311 364 | 23.6220 633 400 689 | 25.1596 708 501 264 | 26.6083 783 613 089 | 27.9821
559 312 481 | 23.6432 634 401 958 | 25.1794 709 502 681§ 26.6271 784 614 656 | 28.0000
560 313 600 | 23.6643 635 403 225 | 25.1992 710 504 100 | 26.6458 785 618 225} 28.0179
561 314721 | 23.6854 636 404 496 | 25.2190 711 505 521 | 26.6646 786 617 796 ] 28 0357
562 315 844/ 23.7065 637 405 769 | 25.2389 712 506 944 | 26.6833 787 619 369 | 28.0535
563 316 969 | 23.7276 638 407 044 | 25.2587 713 508 369 | 26.7021 788 620 944 | 28.0713
564 318 096 | 23.7487 639 408 321 | 25.2784 714 509 796 | 26.7208 789 622 521 | 28.0891
565 319 225 | 23.7697 640 409 600 | 25,2982 715 511 225 | 26.7395 790 624 100 | 28.1069
566 320 356 | 23.7908 641 410 881 | 25.3180 716 512 656 | 26.7582 791 625 681 | 28.1247
567 321 489 | 23.8118 642 412 164 | 25.3377 717 514 089 | 26.7769 792 627 264 | 28.1425
568 322 624 | 23.8328 643 413 449 | 25.3574 718 515 524 | 26.7955 793 628 849 | 28.1603
569 323 761 | 23.8537 644 414 736} 25.3772 719 516 961 | 26.8142 794 630 436 ] 28.1780
570 324 900 | 23.8747 645 416 025 | 25.3969 720 518 400 | 26.8328 795 632 025 { 28.1957
571 326 041 | 23.8956 646 417 316 | 25.4165 721 519 841 | 26.8514 796 833 6168 | 28.2135
572 327 184 { 23.9163 647 418 609 | 25.4362 722 521 284 | 26.8701 797 635 209 | 28.2312
573 328 329 | 23.9374 648 419604 | 254558 723 522 7291 26.8887 798 636 804 | 28.2486
574 329 476 | 23.9583 649 421 201 | 25.4755 724 524 176 | 26.9072 799 638 401 | 28.2688
575 330 625 | 23.9792 650 422 500 | 25.4951 725 525 625 | 26.9258 800 640 000 | 28.2843
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No. | Square s%‘éaéie No. | Square sﬁ‘ﬁ)‘t’e No. { Square S%‘é%‘;e No. | Square S‘}li“(;lorf
801| 641 601|28.3010 | 876| 767376 29.5973 | 951| 904 401! 30.8383 | 1026 |1 052 676 | 32.0312
802 643204283196 | 877 769 120]20.6142 | 952 | 906304 {30.8545 [ 1027 | 1 054 729 | 32.0468
803 | 644800 28.3373 | 878| 770834296311 [ 953| 908200 30.8707 | 1028 |1 056 784 | 32.0624
804| 648416283549 | &79| 772 641|20.6470 | 954{ 910116 30,8369 | 1029 | 1 058 841 | 320780
805| 648 025283725 | 880| 774400)20.6648 | 955| 012 025|30.0031 {10301 060 900 | 320936
806| 649636 28.3001 § 881| 776161 |29.6816 | 956 913936 30.9192 {1031} 1 062 0861 | 32.1092
807| 651249284077 | 882 | 777924|20.6985 | 957 | 915849 30.9354 { 1032|1065 024 | 32.1248
808| 652864 |28.4253 | 883| 770689207153 § 958| 917764} 30.9516 § 1033 |1 067 089 | 32.1403
800 | 654481 | 284429 | 884| 781456207321 | 959 919 681 30.9677 { 1034 |1 060 156 | 3211559
810| 656 100 | 28.4605 | 885| 733 225|20.7480 | 960| 921600 30.9839 | 1035|1071 225 | 32.1714
811| 657721284781 886 784996|29.7658 | 961 923 521 31.0000 § 1036|1073 296 | 32.1870
812| 659 344 | 28.4956 | 887 | 786769207825 | 962| 925444 |31.0161 | 1037|1075 369 | 322025
813] 660960 | 28,5132 | 888 | 788544|20.7903 | 963| 927 369|31.0322 [ 1038|1077 444 | 322180
814| 662596 | 28.5307 | 889 790321 20.8161 | 964| 929296 |31.0483 | 1039 |1 079 521 | 32.2335
815| 664 225|28.5482 | 890| 792100208320 | 965! 931225 |31.0644 | 1040 |1 081 600 | 32:2490
816| 665856{28.5657 | 8011 793881|20.8406 k 966| 933 156(31.0805 § 1041|1083 6811 32.2645
817| 667489 ]28.5832 | 892 | 795 664]20.8664 | 967 | 935089 |31.0966 | 1042 |1 085 764 | 32.2800
818 | 669 124|28.6007 | 893| 797 419 29.8831 | 968 | 937024 31.1127 | 1043|1087 849 | 32.2055
819| 670761286182 | 894| 799238 |20.8998 | aco| 938961 31.1285 | 1044 | 1 089 936 | 32:3110
820 | 672 400 | 28.6356 | 895| 801025|29.9166 | 970! 040900 31.1448 | 1045|1092 025 | 32.3265
821| 674 041)28.653) | 806| 802816)20.9333 | 971] 042841 31.1609 | 1046|1004 116 32 3419
822{ 675684286705 1 807 | 804 609 |29.0500 § 972 944 784 | 31.1769 {1047 | ! 096 209 | 32.3574
s23| 677 320 28.6880 | 898| 806 404 ] 20.0666 | 973 | 948729)31.1929 | 1048|1098 304 | 32.3728
824| 678076]28.7054 § 899] 808201200833 | 974| 948 676|31.2090 | 1049 |1 100 401 | 3213883
825| 680625 | 28.7228 | 90C | 810000 | 30.0000 | 975| 950 625 |31.2250 | 1050 | 1 102 500 | 32.4037
826| 682276 |28.7402 | 901| s11801|30.0187 | 976| 952576|31.2410 | 1051 |1 104 601 | 32.4101
827| 683920 28.7576 | 902| 813604300333 | 977| 954 529|31.2570 f 1052 {1 106 704 | 32:4345
828 | 6853584287750 | 903| 815409 |30.0500 | $78| 956484 |31.2730 [ 1053 |1 108 809 | 32.4500
820| 687 241|28.7924 § 004 | 817216|30.0666 | 979| 958 441|31.2890 | 1054 |1 110 916 | 32.4654
830| 688000]28.8097 | 905| 819025|30.0832 | 980| 060 400 31.3050 | 1055 |1 113 025 | 32/4808
831 690561288271 ] 906| 820836] 30.0008 | 9s1| 962361]31.3200 § 10561115136 | 32.4062
832 | 602224288444 | 907| 822 649|30.1164 | 982| 964 324 |31.3360 | 1057 |1 117 249 | 32,5115
833| 693880| 288617 | 008 824464301330 | 983 066 289 | 31.3528 § 1058 |1 119 364 | 32.5269
834] 695556288791 | 000| 826281)30.1406 § 9341 968 256| 31.3688 § 10501 121 481 | 32,5423
835| 607 225]28.8964 | 910| 828100 |30.1662 | 985 970 225|31:3847 | 1060, 1 123 600 | 32.5578
836 698 896 | 28.9137 911 829 921 ] 30.1828 986 072 196 | 31,4006 1061 )1 125721 ] 32,5730
837| 700 569 | 28.9310 § 912| 831744 |30.1903 | 987 o974 169]31.4166 § 1062 |1 127 844 | 32!5583
838| 702 244 | 28,9482 | 913| 833560302150 | 988) 076 144]31.4325 ] 1063 |1 129 969 | 32,6037
830 703 921( 280655 | 914 835396|30.2324 | 989 978 121|31.4484 {1064 |1 132 096 32.6190
8a0| 705600 28.0828 | o15| 837 225| 30,2400 | 990 950 100 | 31.4643 | 1065 |1 134 225 | 32.6343
8a1| 707281 20.0000] 916| 839056|30.2655 | 991| 982081 31.4802 | 10661 136 356 | 32.6497
ga2| 7089084[20.0172 | 917| 840889 |30.2820 | 992| 984064|31.4960 | 1087 {1 138 489 | 32'6650
843| 710 849 |29.0345 | 918| 842 724130.2085 | 993| 986 049) 31.5119 | 1068 |1 140 624 | 32.6303
844| 712336|29.0517 | 919| 844 561|30.3150 | 994| 088 036|31.5278 §1069 |1 142 761 | 32.6956
s45| 714 025|29.0680 | 920| 846400| 303315 | 995| 990 025|31.5436 | 1070 |1 144 900 | 32.7109
846| 715716 20.0861 | 921 ] 848241} 30.3480 | 908| 992016 31.5595 | 1071 |1 147 041 32.7281
847| 717 409 |29.1033 | 922| 850084 (30.3645 | 997 991009|31.5753 [ 1072 |1 149 184 32.7414
8ag| 710104 20.1204 | 923| 851 929|30.3809 | 998 998004 |31.5911 | 1073 |1 151 329 3217567
849| 720801 |20.1376 | 924| 853776 |30.3074 | 999 998001 |31.6070 [ 10741 153 476 | 3217719
850| 722 500| 20,1548 925| 855 625|30.4138 {1000 |1 000 000 | 31.6228 | 1075 | 1 155 625 | 32,7872
851| 724201)29.1719§ 928| 857476 30.4302 | 1001 {1 002 001 | 31.6386 | 10761 157 776 | 32.8024
sr2| 725004 |20/1890 | 927| 859320 |30.4467 {1002 | 1004 004 | 31.6544 | 1077 |1 159 929 | 3218177
853 | 727609 | 292062 | 928| 861 184 | 30,4631 {1003 |1 008 009 | 31,6702 § 1078 {1 162 084 | 32.8329
854| 720 316|292233 | 920| 863 041|30.4705 { 1004|1008 018 | 31.6860 | 1079 |1 164 241 | 328481
855| 731025| 202404 | 930| 864900 30.4950 | 1005|1010 025 | 31.7017 | 1080 | 1 166 400 | 32.8634
856| 732738 20.2575 | 931| 866 761|30.5123 | 100681012036 31.7175 | 1081|1168 561 | 32.8788
857 | 734 449| 202746 | 032 | 868 624|30.5287 [ 1007 |1 014 049 | 31.7333 | 1082 | 1 170 724 | 32.8038
858| 738 164]29.2016 | 933| 870480 30.5450 | 1008|1016 064 | 31.7490 [ 1083 | 1 172 889 | 32.0090
850 | 737881 ] 20,3087 | 934| 872 356]30.5614 §1009]1 018 081 | 31.7648 § 1084 | 1 175 056 | 32.9242
860| 739600| 203258 | 035| 874225 30.5778 L1010 1020 100 31.7805 | 1085 |1 177 225 32.0303
861 | 741321|29.3428 | 038] 876006]30.5041 §1011]1 022 121 31.7962 | 10861 179 396 | 32.9545
862 | 743044203598 | 937| 877 9691 30.6105 | 1012 |1 024 144 | 31.8119 | 1087 | 1 181 569 | 32.0697
863 | 744760293760 | 938| 870844]30.6268 | 10131026 169 | 31.8277 | 1088 | 1 183 744 | 32.9848
864! 7464908 ] 203039 | 939| 881 721)30.6431 § 1014|1028 196 | 31.8434 | 1089 | 1 185 921 33.0000
866| 748 225] 20,4109 | 940| 883 600|30.6504 [ 1015]1030 225 | 31.8591 | 1090 | 1 188 100 | 33.0151
866| 749 056)20.4270 | 941| 885481 30.6757 [ 10161 032 256 | 31.8748 1091 | 1 190 281 { 33,0303
867 | 761 680|20.4449 | 942 887 364 | 30.6920 | 1017 |1 034 289 | 31.8904 | 1002 | 1 192 464 | 33.0454
868| 753 424|29.4818 | 943| 830249} 30.7083 §1018 |1 036324 31.9061 § 1003 |1 194 649 33.0606
869 ) 755161|20.4788 | 944| 891 136 30,7246 | 1019 |1 038 361 | 31.9218 § 1094 { 1 196 836 | 33.0757
870 756 000 ] 29.4958 | 945| 803 025 | 30.7400 | 1020 | 1 040 200 | 31,9374 [ 1095 | 1 199 025 | 33.0908
s71| 758 641|20.5127 | 946| 894 916|30.7571 | 1021|1042 441 31.9531 | 1006 | 1 201 216 | 33.1059
872 | 780 384]|20.5296 | 047| 896800307734 {1022 |1 044 484 | 31.9687 | 1097 | 1 203 409 | 33,1210
873| 762 129 | 20,5466 | 048| 898704 | 30.7896 ] 1023|1046 529 ) 31.9844 ] 1098 |1 205 604 } 33.1361
874| 783878295635 | 949 900 601 | 30.8058 | 1024 |1 048 576 | 32.0000 {1099 | 1 207 801 | 33.1512
875| 765625] 20.56804 | 950| 002 500 | 30.8221 | 1025 |1 050 625 | 32.0156 | 1100 |1 210 000 | 33.1662
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SQUARES AND SQUARE RooTs (Continued) 1101-1400
No. | Square S?{‘(‘)‘:‘)‘;e No. | Square S?{‘éﬁe No. { Square s}%‘;f‘)’ée No. | Square | B %"0?
1101]1 212 201 | 33.1813 [} 1176 | 1 382 976 | 34.2929 | 1251 (1 565 001 | 35.3695 | 1326 {1 758 276 | 36.4143
1102|1214 404 | 33.1064 {1177 |1 385 329 | 34.3074 § 1252 |1 567 504 | 35.3836 §1327 [ 1 760 929 | 36.4280
1103j1 216 609 { 33.2114 || 1178 |1 387 684 | 34.3220 ] 1253 |1 570 009 | 35.3977 [ 1328|1763 584 ] 36.4417
1104]1 218 816 | 33.2265 [| 11791 300 041 | 34.3366 || 1254 |1 572 516 | 35.4119 {1329 |1 766 241 | 36.4555
1105711 221 025 | 33.2415 [ 11801 392 400 | 34.3511 || 1255}1 575 025 | 35.4260 § 13301 768 900 | 36.4692
1106 |1 223 236 | 33.2566 | 1181 {1 394 761 | 34.3657 § 1256 |1 577 536 ( 35.4401 [1331]1 771 561 | 36.4829
1107 |1 225 449 | 33.2716 § 1182 |1 397 124 | 34.3802 § 1257 |1 580 049 | 35.4542 | 1332 |1 774 224 | 36.4966
1108 11 227 664 | 33.2866 § 118311 399 489} 34.3048 k 12581 582 564 | 35.4683 1133311 776 8891 36.5103
1109 |1 229 881 | 33.3017 | 1184 | 1 401 856 | 34.4093 § 125911 585 081 | 35.4824 | 1334 |1 779 556 | 36.5240
11101 232 100 33,3167 { 1185 |1 404 225 | 34.4238 | 1260 |1 587 600 | 35.4965 | 1335 |1 782 225 | 36.5377
1111|1234 321 | 33.3317 {11861 406 596} 34.4384 | 1261 [ 1 590 121 | 35.5106 | 1336 |1 784 896 | 36.5513
1112 |1 236 544 | 33.3467 | 1187 11 408 969 | 34.4529 §| 1262 |1 592 644 | 35.5246 | 1337 {1 787 569 | 36.5650
1113|1238 769 | 33.3617 || 118811 411 344 | 34.4674 | 1263 |1 595 169 | 35.5387 | 1338 | 1 790 244 | 36.5787
1114 )1 240996 ] 33.3766 | 1189|1413 721 | 34.4819 | 1264 | 1 597 696 | 35.5528 | 1339 |1 792 9211 36.5923
11151 243 225 33.3916 11901 416 100 | 34.4964 | 1265 | 1 600 225 | 35.5668 | 1340 | 1 795 600 | 36.6060
1116 {1 245 456G ] 33.4066 { 1191 |1 418 481 | 34.5109 § 1266 |1 602 756 | 35.5809 § 13411 798 281 | 36.6197
111711 247 6891 33.4215 £ 1192 | 1 420 864 | 34.5254 ]| 1267 |1 605 289 | 35.5949 § 1342 |1 800 964 | 36.6333
1118 {1249 924 | 33.4365 [ 1193 |1 423 249 | 34.5398 | 1268 |1 607 824 | 35.6090 J 1343 | 1 803 649 | 36.6470
1119 {1 25" 161 | 33.4515 | 1194 |1 425 6368 | 34.5543 § 1269 |1 610 361 | 35.6230 [ 1344 | 1 806 336 | 36.6606
1120|1254 400 | 33.4664 §1195}1 428 025 | 34.56S8 | 1270|1 612 900 | 35.6371 [ 13451 809 025 36.6742
1121 |1 256 641 | 33.4813 | 1196 | 1 430 416 | 34.5832 | 1271 [ 1 615 441 | 35.6511 | 1346 |1 811 716 | 36.6879
1122 |1 258 884 | 33.4963 § 1197 |1 432 809 | 34.5977 | 1272 |1 617 984 | 35.6651 | 1347 {1 814 409 | 36.7015
11231 261 120 33.5112 | 1198 |1 435 204 | 34.6121 §| 1273 |1 620 529 | 35.6791 | 1348[1 817 104 | 36.7151
1124 |1 263 376 | 33,5261 [ 1199 |1 437 601 | 34.6266 §| 1274 |1 623 076 { 35.6931 1349 {1 819 801 | 36.7287
11251 265 625 | 33.5410 § 1200 {1 440 000 | 34.6410 [ 1275 |1 625 625 | 35.7071 {1350 |1 822 500 | 36.7423
1126 |1 267 876 | 33.5559 §1201 |1 442 401 | 34.6554 § 1276 |1 828 176 | 35.7211 § 1351 |1 825 201 | 36.7560
1127 |1 270 129 | 33.5708 {1202 } 1 444 804 | 34.6699 § 1277 (1 630 729 | 35.7351 [ 1352 |1 827 904 | 36.7696
112811272 384 | 33.5857 [ 1203 |1 447 209 | 34.6843 § 1278 | 1 633 284 | 35.7491 ] 1353 | 1 830 609 | 36.7831
11291274 641 | 33.6006 § 1204 | 1 449 616 | 34.6987 || 12791 635 841 | 35.7631 §1354 {1 833 316 | 36.7967
113011 276 900 | 33.6155 [ 1205 |1 452 025 | 34.7131 | 1280 | 1 638 400 | 35.7771 13551 836 025 | 36.8103
1131|1279 161 | 33.6303 [ 1206 | 1 454 436 34.7275 | 1281 | 1 640 961 | 35.7911 1 1356 | 1 838 736 | 36.8239
1132 |1 281 424 | 33.6452 | 1207 |1 456 849 ( 34.7419 § 1282 |1 643 524 | 35.8050 | 1357 |1 841 449 | 36,8375
1133 |1 283 689 33.6601 ] 1208 {1459 264 ] 34.7563 | 1283 {1 646 089 | 35.8190 | 1358 |1 844 164 | 36.8511
1134 |1 285 956} 33.6749 §1200]1 461 6811 34.7707 § 1284 11 648 656 | 35.8329 ] 1359 |1 846 881 ] 36.8646
1135 |1 288 225 | 33.6898 ] 12101 464 100 | 34.7851 | 1285 |1 651 225 | 35.8469 | 1360 |1 849 600 | 36.8782
1136 |1 290 496 | 33.7046 | 1211 |1 466 521 | 34.7994 | 1286 | 1 653 796 | 35.8608 § 1361 |1 852 321 | 36.8917
1137 11 292 769 | 33.7194 11212 |1 468 944 } 34.8138 | 1287 | 1 656 369 | 35.8748 | 1362 | 1 855 044 | 36.9053
1138 |1 295 044 | 33.7343 | 1213 |1 471 369 | 34.8281 | 12881 658 944 | 35.8887 | 1363 | 1 857 769 | 36.9188
1139|1297 321 | 33.7491 | 1214|1473 796 | 34.8425 | 1289 | 1 661 521 | 35.9026 1364 | 1 860 496 | 36.9324
1140|1299 600 | 33.7639 [ 1215|1 476 225 | 34.8569 § 1290} 1 664 100 | 35.9166 | 1365 |1 863 225} 36.9459
1141 |1 301 881 | 33.7787 | 1216 |1 478 656 } 34.8712 | 1291 [ 1 666 681 | 35.9305 } 1366 |1 865 956 | 36,9594
1142 |1 304 164 | 33.7935 | 1217 |1 481 089 | 34.8855 § 1292 | 1 669 264 | 35.9444 | 1367 | 1 868 689 | 36.9730
1143 |1 306 449 | 33.8083 | 1218 |1 483 524 | 34.8999 § 1293 |1 671 849 | 35.9583 § 1368 |1 871 424 | 36.9865
1144 |1 308 736 | 33.8231 | 1219 |1 485 961 | 34.9142 § 1294 |1 674 436 | 35.9722 | 1369 |1 874 161 | 37.0000
1145]{1 311 025 [ 33.8378 } 1220 |1 488 400 | 34.9285 { 1295 |1 677 025 | 35.9861 {13701 878 900 | 37.0135
1146 |1 313 316 33.8526 | 1221 |1 490 841 | 34.9428 § 1296 |1 679 616 ]| 36.0000 } 1371 |1 879 641 | 37.0270
1147 {1 315 609 | 33.8674 [ 1222 [ 1493 284 | 34.9571 | 1297 |1 682 209§ 36.0139 | 1372 |1 882 384 ]| 37.0405
1148|1317 904 | 33.8821 [ 1223|1495 729 | 34.9714 | 1298 |1 684 804 | 36.0278 § 1373 |1 885 129} 37.0540
1149 |1 320 201 | 33.8969 11224 11 498176 | 34,9857 | 1299 |1 687 401 | 36.0416 | 13741 887 876 | 37.0675
1150 |1 322 500 33.9116 ] 1225| 1 500 625 | 35.0000 § 1300 | 1 630 000 | 36.0555 | 1375 |1 890 625 37.0810
1151 |1 324 801 | 33.9264 §122611 503 0761 35.0143 § 1301 { 1 692 601 | 36.0694 §1376 |1 893 3768 { 37.0945
1152|1327 104 | 33.9411 11227 |1 505 529 | 35.0286 | 1302 {1 695 204 | 36.0832 | 1377 11 896 129 | 37.1080
1153 {1 329 409 | 33.9559 § 1228 |1 507 984 { 35.0428 | 1303 | 1 697 809 | 36.0971 1378 |1 898 884 | 37.1214
115411331716} 33.9706 {1229 |1 510 441§ 35.0571 § 1304 |1 700 416 ] 36.1109 | 13791 901 641 | 37.1349
11551 334 025 | 33.9853 §12301 512 900 { 35.0714 | 13051 703 025 | 36.1248 § 13801 904 400 | 37.1484
1156 |1 336 336 | 34.0000 f 1231 [1 515 361 | 35.0856 | 1306 |1 705 636 | 36.1386 | 1381 |1 907 161 | 37.1618
1157 |1 338 649 | 34.0147 11232 (1 517 824 | 35.0999 | 1307 {1 708 249 | 36.1525 | 1382 |1 909 924 | 37.1753
1158 |1 340 964 | 34.0294 | 1233 {1 520289 35.1141 | 1308 |1 710 864 | 36.1663 § 1383 |1 912 689 | 37.1887
1159 |1 343 281 [ 34.0441 | 1234 {1 522 756 | 35.1283 | 1309 |1 713 481 | 36.1801 | 1384 |1 915 456 | 37.2022
116011 345 600 | 34.0588 §1235(1 5252251 35.1426 § 1310}1 716 100 { 36,1939 § 13851 918 225 37.2156
1161 )1 347 921 | 34.0735 § 1236 |1 527 696 | 35.1568 | 1311 |1 718 721 | 36,2077 | 1386 |1 920 996 | 37.2290
1162 {1 350 244 | 34.0881 12371 530169 | 35,1710 | 1312 |1 721 344 | 36.2215 | 138711 923 769 { 37.2424
1163 |1 352 569 | 34.1028 [ 1238 |1 532 644 | 35.1852 | 1313 |1 723 969 | 36.2353 {1388 |1 926 544 } 37.2589
1164 |1 354 896 { 34.1174 | 123911 535121 | 35.1994 | 1314 {1 726 596} 36.2491 1389 |1 929 321 | 37.2693
1165 |1 357 225 | 34.1321 | 12401 537 600 | 35.2136 | 1315 (1 729 225 | 36.2629 {13901 932 100 37.2827
1166 |1 359 556 | 34.1467 | 1241 |1 540 081 | 35.2278 § 1316 (1 731 856 [ 36.2767 | 1391 } 1 934 881 | 37.2961
1167 |1 361 889 | 34.1614 1124211 542 564 | 35.2420 | 1317 | 1 734 489 | 36.2905 | 1392 { 1 937 664 | 37.3095
116811 364 224 | 34.1760 | 1243 |1 545049 | 35.2562 | 1318 |1 737 124 | 36.3043 | 1393 |1 940 449 | 37.3229
1169 {1366 561 | 34,1906 | 1244 |1 547 536 | 35.2704 | 1319|1 739 761 | 36.3180 | 1394 | 1 943 236 | 37.3363
1170 | 1 368 900 | 34.2053 § 1245 |1 550 025 | 35.2846 | 1320 |1 742 400 | 36,3318 §1395(1 946 025 | 37.3497
1171|1371 241 34.2199 12461 552 516 | 35.2087 { 1321 |1 745041 | 36.3456 | 1396 |1 948 816 | 37.3631
1172 |1 373 584 | 34.2345 | 1247 |1 555 009 { 35.3129 | 1322 |1 747 684 | 36.3593 | 1397 |1 951 609 | 37.37656
1173 (1 375929 | 34.2491 | 1248 |1 557 504 | 35.3270 § 1323 |1 750 329 | 36.3731 ] 1398 |1 954 404 | 37.3898
1174|1378 276 | 34.2637 | 1249} 1 560 001 | 35.3412 | 1324 |1 752 976 | 36,3868 | 1399 |1 957 201 | 37.4032
1175 |1 380 625 | 34.2783 | 1250 ! 1 562 500 | 85.3553 § 13251 755 625 | 36.4005 | 1400 |1 960 000 { 37.4168
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1401-1700 SQUARES AND SQUARE Roots (Continued)

Bgquare Square Square Square
No. | Bquare uate | No. | Bquarse fone. | No. | square uat? | No. | 8quare posh
1401 {1 962 801 | 37.4290 | 1476 |2 178 576 | 38.4187 ] 1551 | 2 405 601 | 39.3827 | 1626 | 2 643 876 | 40.3237
1402 | 1 965 804 | 37.4433 | 1477 |2 181 529 | 38°4318 } 1552 |2 408 704 | 39.3054 | 1627 |2 647 129 | 40.3361
1403 | 1 968 409 | 37.4566 | 1478 |2 184 484 | 38.4448 | 1553 | 2 411 809 | 39.4081 ] 1628 | 2 650 384 | 40.3485
1404 [ 1971 218 | 37.4700 | 1479 | 2 187 441 | 38.4578 | 1554 |2 414 918 | 39.4208 | 1629 | 2 853 641 | 40.3809
1405} 1 974 025 | 37.4833 | 1480 | 2 190 400 | 38.4708 | 1555 }2 418 025 | 39.4335 | 1630 [ 2 656 900 | 40.3733
1406 | 1 976 836 | 37.4067 | 1481 {2 193 361 | 38.4838 | 1556 | 2 421 136 | 39.44682 | 1631 |2 660 161 | 40.3856
1407 |1 679 649 | 37.5100 | 1482 | 2 196 324 | 38.4968 | 1557 | 2 424 249 | 30.4588 | 1632 2 663 424 | 40.3980
1408 | 1 982 464 | 37.5233 | 1483 | 2 199 289 | 38.5097 | 1558 | 2 427 364 | 30.4715 | 1833 | 2 666 689 | 40.4104
1400 | 1 985 281 | 37.5366 | 1484 | 2 202 256 | 38.5227 | 1559 ]2 430 481 | 39.4842 | 1634 | 2 669 956 | 40.4228
1410]1 988 100 | 37.5500 { 1485 | 2 205 225 | 38.5357 | 1560 2 433 600 | 30.4968 | 1635 | 2 673 225 | 40.4351
14111 690 921 | 37.5633 | 1486 | 2 208 196 | 38.5487 | 1561 |2 436 721 30.5095 | 1636 | 2 676 496 | 40.4475
1412 |1 993 744 | 37.5766 | 1487 |2 211 1689 | 38.5616 | 1562 | 2 430 844 | 30.5221 | 1637 | 2 679 769 | 40.4599
1413 | 1996 560 | 37.5899 | 1488 |2 214 144 | 38.5746 | 1563 | 2 442 069 | 30.5348 | 1638 | 2 683 044 | 40.4722
1414|1999 396 | 37.6032 | 1480 | 2 217 121 | 38.5876 | 1564 |2 446 098 | 39.5474 | 1639 | 2 686 321 | 40.4846
1415 | 2 002 225 | 37.6185 | 1490 | 2 220 100 | 38.6005 | 1565 | 2 449 225 | 39.5601 | 1640 | 2 689 600 | 40.4969
1416 | 2 005 056 | 37.6298 | 1491 | 2 223 081 | 38.6135 | 1566 {2 452 356 | 39.5727 | 1641 | 2 602 881 | 40.5003
1417 |2 007 889 | 37.6431 | 1402 | 2 226 064 | 38.6264 | 1567 | 2 455 489 | 30.5854 | 1842 | 2 696 164 | 40.5216
1418 |2 010 724 | 37.6583 | 1493 | 2 229 0490 | 33.6394 | 1568 | 2 458 624 | 30.5080 | 1643 { 2 699 449 | 40.5339
14190 |2 013 581 | 37.8696 | 1404 | 2 232 036 | 38.6523 | 1560 |2 461 761 | 39.6108 | 1644 | 2 702 736 | 40.5463
1420 | 2 0186 400 | 37.6820 | 1495 | 2 235 025 | 38.6652 § 1570 | 2 464 900 | 39.6232 | 1845 ] 2 706 025 | 40.5586
1421 |2 010 241 | 37.6062 | 1406 | 2 238 016 | 38.6782 | 1571 |2 468 041 | 39.6358 } 1646 |2 700 316 | 40.5709
1422 | 2 022 084 | 37.7094 | 1497 | 2 241 000 | 38.6011 | 1572 |2 471 184 | 80.6485 ] 1847 | 2 712 609 | 40.5832
1423 |2 024 920 | 37.7227 | 1408 [ 2 244 004 | 38.7040 | 1578 [ 2 474 329 { 39.6611 § 164812 715 004 | 40.5956
14242 027 776 | 37.7359 | 1499 { 2 247 001 | 38.7189 | 1574 | 2 477 476 | 39.6737 {18492 716 201 { 40.6079
1425 | 2 030 625 | 37.7492 | 1500 | 2 250 000 | 38.7298 | 1575 |2 480 625 | 39.6863 | 1850 | 2 722 500 | 40.6202
1426 | 2 033 476 | 37.7624 | 1501 |2 253 001 | 38.7427 | 1576 {2 483 776 | 39.6080 | 1651 ) 2 725 801 | 40.6325
1427 | 2 038 320 | 37.7757 | 1502 {2 256 004 | 38.7556 | 1577 | 2 486 929 | 39.7115 | 1652 | 2 720 104 | 40.6448
1428 |2 039 184 | 37.7880 | 1503 |2 259 009 | 38.7685 | 1578 |2 400 084 | 39.7240 § 1653 | 2 752 400 | 40.6571
1420 | 2 042 041 | 37.8021 | 1504 | 2 262 018 | 38.7814 | 1579 |2 493 241 | 89.7366 | 1854 | 2 735 716 | 40.6894
1430 | 2 044 900 | 37.8153 | 1505 | 2 265 025 | 38.7943 | 1580 | 2 496 400 | 89.7492 | 1855 |2 730 025 | 40.6817
1431 | 2 047 761 | 37.8286 | 1506 | 2 268 036 | 38.8072 | 1581 | 2 400 561 | 89.7618 | 1856 | 2 742 336 | 40.4040
1432 ] 2 050 624 | 37.8418 | 1507 | 2 271 040 | 38.8201 | 1582 | 2 502 724 | 39.7744 | 1857 | 2 745 849 | 40.70.33
1433 | 2 053 489 | 37.8550 | 1508 | 2 274 064 | 38.8330 | 1583 | 2 505 889 | 39.7869 | 1658,| 2 748 964 } 40.7184
1434{2 056 356 | 37.8682 | 1509 (|2 277 081 | 38.8458 | 1584 |2 509 056 | 30.7995 ] 1659 |2 752 281 | 40.7308
1435 | 2 059 225 | 37.8814 | 1510 | 2 280 100 | 38.8587 | 1585 | 2 512 225 | 36.8121 | 1660 | 2 755 600 | 40.7431
1436 | 2 062 006 | 37.8046 | 1511 {2 283 121 | 38.8716 | 1586 |2 515 396 | 30.8246 | 1861 | 2 758 921 | 40.7554
1437 | 2 084 969 | 37.0078 | 1512 | 2 286 144 | 38.8844 | 1587 | 2 518 569 | 39.8372 | 1862 | 2 762 244 | 40.7876
1438 | 2 087 844 | 37.9210 | 1513 | 2 280 160 | 38.8973 | 1588 | 2 521 744 | 30.8407 | 1863 | 2 785 569 | 40.7799
1439 |2 070 721 | 37.0342 | 1514 [ 2 292 196 38.9102 | 1589 | 2 524 021 | 30.8623 | 1864 | 2 768 896 | 40.7922
1440 [ 2 073 600 | 37.0473 | 1515 |2 205 225 | 38.9230 | 1590 | 2 528 100 | 39.3748 ] 1665 | 2 772 225 | 40.8044
1441 | 2 076 481 | 37.0605 | 1516 | 2 298 256 | 38.9358 {1591 | 2 531 281 | 30.8873 | 1666 | 2 775 556 | 40.81687
1442 | 2 079 364 | 37.9737 | 1517 | 2 301 289 | 38.9487 | 1502 2 534 464 | 39.8909 | 1867 | 3 778 839 | 40.8289
1443 | 2 082 249 | 37.0868 | 1518 | 2 304 324 | 88.9615 | 1593 | 3 537 649 | 39.9124 | 1668 | 2 782 224 | 40.8412
1444 | 2 085 136 | 38.0000 | 1519 | 2 307 361 | 38.9744 | 1594 |2 540 836 | 39.9249 | 1660 | 2 785 561 | 40.8534
1445 | 2 088 025 | 38.0132 | 1520 | 2 310 400 | 38.9872 | 1595 | 2 544 025 39.9375 | 1670 | 2 788 000 | 40.8856
1446 | 2 000 916 | 38.0263 | 1521 | 2 313 441 39.0000 | 1596 |2 547 216 | 39.9500 | 1671 |2 702 241 | 40.8779
1447 | 2 003 809 | 38.0395 | 1522 { 2 316 484 | 39.0128 | 1597 | 2 550 408 | 39.9625 | 1672 | 2 795 584 | 40.8901
1448 | 2 006 704 | 38.0526 | 1523 | 2 310 529 | 89.0256 | 1598 | 2 553 604 { 39.9750 | 1673 {2 798 929 | 40.9023
1449 | 2 099 601 | 38.0857 | 1524 | 2 322 576 | 39.0384 | 1509 | 2 556 801 | 39.9875 | 1874 ) 2 802 276 | 40.9145
1450 | 2 102 600 | 38.0789 | 1525 | 2 325 625 | 39.0512 | 1600 | 2 560 000 | 40.0000 | 1675 |2 805 625 | 40.9268
1451 | 2 105 401 | 38.0020 | 1526 | 2 328 676 | 39.0640 | 1601 |2 563 201 | 40.0125 | 1676 | 2 808 976 | 40.9390
1452 |2 108 304 | 38.1051 | 15627 {2 331 729 | 39.0768 | 1802 | 2 580 404 | 40.0250 | 1877 |2 812 329 | 40.9512
1453 {2 111 209 | 38.1182 | 1528 | 2 334 784 | 30.0896 {1603 | 2 569 609 | 40.0375 | 1678 | 2 815 684 | 40.9834
1454 12114116 | 38.1314 | 1529 |2 337 841 | 39.1024 {16804(2 572 8168 | 40.0500 § 16879 |2 819 041 | 40.9756
145512 117 025} 38.1445 | 15302 340 900 | 39.1152 | 16805]2 5768 025 | 40.0625 | 1680 | 2 822 400 | 40.9878
1456 | 2 119 936 | 38.1576 | 1531 |2 343 961 | 39.1280 { 1606 | 2 579 236 | 40.0749 | 1681 | 2 825 761 | 41.0000
1457 |2 122 849 | 38.1707 | 1532 | 2 347 024 | 39.1408 | 1807 |2 582 449 | 40.0874 | 1682 |2 826 124 | 41.0122
1458 |2 125 764 | 38.1838 } 165633 |2 850089 | 38.15635 ]| 1608 |2 585 664 | 40.0999 | 1683 | 2 832 489 | 41.0244
1459 | 2 128 681 | 38.1069 | 1534 | 2 853 156 | 30.1663 | 1609 | 2 588 881 | 40.1123 | 1684 | 2 835 856 | 41.0368
1460 | 2 131 600 | 38.2009 | 1535 | 2 356 225 | 39.1791 | 1610 (2 592 100 | 40.1248 | 1685 | 2 839 225 | 41.0488
1461 | 2 134 521 ] 38.2230 | 165636 |2 359 296 | 39.1918 | 1611 |2 595 321 | 40.1373 | 1686 | 2 842 596 | 41.08609
1462 |2 137 444 | 38.2361 | 1537 | 2 362 369 | 39.2046 | 1612 |2 598 544 { 40.1487 11687 | 2 845 969 | 41.0731
1463 | 2 140 360 | 38.2402 | 1538 | 2 365 444 | 39.2173 | 1613 | 2 801 769 ] 40.1622 | 1688 | 2 840 344 | 41.0858
1464 | 2 143 206 | 38.2623 | 1539 | 2 368 521 | 89.2301 | 1614 |2 604 996 | 40.1746 } 1686 ]2 852 721 | 41.0874
1485 | 2 146 225 | 38.2753 | 15402 371 600 | 39.2428 | 1615 |2 608 225 | 40.1871 | 1690 | 2 856 100 | 41.1086
1466 | 2 140 156 | 38.2884 | 1541 {2 374 681 | 39.2556 | 16162 611 456 | 40.1095 | 1691 | 2 850 481 | 41.1218
1487 |2 152 089 | 38.3014 | 1542 (2 377 7641 30.2683 | 1617 |2 614 6890 | 40.2119 § 1692 | 2 862 864 | 41.1339
1468 {2 155 024 | 38.3145 | 1543 | 2 380 8491 39.2810 [ 1618 |2 617 924) 40.2244 § 1603 |2 866 240 | 41.1461
1460 |2 157 961 | 88.3275 | 1544 | 2 383 936 | 39.2938 11619{2 621 161 | 40.2368 § 1604 |2 860 636 | 41,1582
1470(2 180 900 | 38.3406 | 1545 | 2 387 025} 36.30656 | 1820 |2 624 400} 40.2492 | 1695]2 873 025 41.1704
1471{2 163 841 | 38.3536 | 1546 |2 390116 | 39.3192 | 1821 |2 627 641 ]| 40.2616 | 1606|3 876 416 | 41.1825
1472 |2 166 784 | 38.36687 | 1547 | 2 393 209 | 39.3319 | 18622 |2 630 884 | 40.2741 [1697 |2 870 800 | 41.1047
1473 | 2 160 720 | 38.3797 | 1548 | 2 396 304 | 39.3446 {1623 | 2 634 139 | 40.2865 | 1608 | 2 883 204 | 41.2068
1474 |2 172 676 | 388.3027 | 1540 | 2 399 401 | 80.3573 | 1624 |2 637 376 | 40.2989 | 1600 | 2 836 601 | 41.2189
1475 |2 175 625 | 88.4057 | 1550 {2 403 500 | 30.8700 | 1825 {2 640 625 | 40.3113 ] 1700 3 8§90 000 | 41.2311
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SQUARES AND SQUARE RooTs (Continued) 1701-2000

8quare Square Square Bquars
No. Square Root No 8quare oot No Square oot No. | Square oot
1701 |2 893 401 41.2432 | 1776 |3 154 176 [ 42.1426 | 1851 | 3 426 201 | 43.0282 | 1926 | 3 709 476 | €3.88632
1702 | 2 896 804 | 41.2553 | 1777 | 3 157 729 | 42,1645 | 1852 | 8 420 904 | 43.0349 § 1927 | 3 713 329 | 43.8976
17032 900 209 | 41.2674 | 1778 | 3 161 284 | 42.1663 | 1853 | 3 433 600 | 43.0465 | 1928 | 8 717 184 | 43.9090
1704 |2 903 616 | 41.2795 | 1779 |3 164 841 | 42.1782 | 1854 | 3 437 316 | 43.0581 | 1929 | 3 721 041 | 43.9204
1705 |2 907 025 | 41.2016 | 1780 | 3 168 400 | 42.1900 | 1855 | 3 441 025 | 43.0697 | 1930 | 3 724 900 | 43.9318
1706 12 910 436 | 41.3038 | 1781 |3 171 961 | 42.2019 | 1856 | 3 444 736 | 43.0813 [ 1931 | 3 728 761 | 43.9431
1707 )2 913 849 ) 41.3159 | 1782 |3 175 524 | 42.2137 | 1857 | 3 448 449 | 43.0929 | 1032 | 3 732 624 | 43.9545
1708 |2 917 264 | 41.3280 | 1783 (3 179 089 | 42.2256 | 1858 | 3 452 164 | 43.1045 | 1933 | 3 736 489 | 43.9659
1709 | 2 920 681 | 41.3401 | 1784 |3 182 656 | 42.2374 | 1859 | 3 455 881 | 43.1161 | 1934 | 3 740 356 | 43.9773
1710|2924 100 | 41.3521 | 1785 |3 186 225 | 42.2493 | 1860 | 3 459 600 | 43.1277 | 1935 | 3 744 225 | 43.9886
1711|2927 521 [ 41.3642 | 1786 |3 189 796 { 42.2611 | 1861 |3 463 321 | 43.1393 [ 1936 | 8 748 096] 44.0000
17122 930 944 | 41.3763 | 1787 | 3 103 369 | 42.2729 | 1862 |3 467 044 | 43.1609 | 1937 | 3 751 969 | 44.0114
1713 |2 934 369 | 41.3884 | 1788 | 3 196 944 | 42.2847 | 1863 | 8 470 769 | 43.1625 | 1938 | 3 755 844 | 44.0227
1714|2937 796 | 41.4005 | 1789 | 3 200 521 | 42.2066 | 1864 | 3 474 496 | 43.1741 | 1939 | 3 759 721 | 44.0341
17152 941 225 | 41.4126 | 1790 (3 204 100 | 42.3084 | 1865 | 3 478 225 | 43.1856 | 1940 | 3 763 600 | 44.0454
1716 (2 944 656 | 41.4246 | 1791 [ 3 207 681 | 42.3202 | 1866 | 3 481 956 | 43.1972 | 1941 | 3 767 481 | 44.0568
1717|2948 089 41.4367 | 1792 | 3 211 264 | 42.3320 | 1867 | 3 485 689 | 43.2088 | 1942 | 3 771 364 | 44.0681
1718 (2 951 524 | 41.4488 | 1793 | 3 214 849 | 42.3438 | 1868 | 3 489 424 | 43.2204 | 1943 | 8 775 249 | 44.0795
1719 (2 954 961 | 41.4608 | 1794 | 3 218 436 | 42.3556 | 1869 | 3 493 161 | 43.2319 | 1944 |3 779 136 | 44.0908
1720 |2 958 400 | 41.4729 [ 17953 222 025 | 42.3674 | 1870 | 3 496 900 | 4€3.2435 | 1945 |3 783 025 | €4 1022
1721|2961 841 41.4849 | 1796 | 3 225 616 | 42.3792 | 1871 | 3 500 641 | 43.2551 | 1946 (3 786 016 | €4.1135
1722 |2 965 284 | 41.4970 | 1797 | 3 229 209 | 42.3910 | 1872 [ 3 504 384 | 43.2666 | 1947 | 3 790 809 | 44.1248
1723 | 2 968 729 | 41.5090 | 1798 | 3 232 804 | 42.4028 1873 | 3 508 120 | 43.2782 | 1948 | 3 794 704 | 44.1362
172412972176 | 41.5211 | 1799 [ 3 236 401 | 42.4146 | 1874 | 3 511 876 | 43.2897 | 1949 | 3 798 601 | 44.1475
1725 (2 975 625 | 41.5331 | 1800 | 3 240 000 | 42.4264 | 1875 |3 515 625 | 4¢3.3013 | 1950 | 3 802 500 | 44.1588
1726 |2 979 076 | 41.5452 | 1801 | 3 243 601 [ 42.4382 | 1876 | 3 519 376 | 43.3128 | 1951 | 3 806 401 | 44.1701
1727 | 2 982 529 | 41.6572 | 1802 | 3 247 204 | 42.4500 | 1877 | 3 523 129 | 43.3244 | 1952 | 8 810 304 | 44.1814
1728 |12 985 084 | 41.56692 11803 | 3 250 809 | 42.4617 | 1878 | 3 526 884 | 43.8350 | 1953 | 3 814 209 | 44.1928
1729 | 2989 441 | 41.5812 | 1804 | 3 254 416 | 42.4735 | 1879 | 3 530 641 | 43.3474 | 1954 |3 818 116 | 44.2041
1730 2 992 900 | 41.5933 | 1805 | 3 258 025 | 42.4853 | 1880 | 8 534 400 | 43.3590 | 1955 | 3 822 025 | 44.2154
173112 996 361 | 41.6053 | 1806 | 3 261 636 | 42.4971 | 1881 | 3 538 161 { 43.3705 | 1956 | 8 825 036 | 44.2267
1732 |2 999 824 | 41.6173 | 1807 | 3 265 249 | 42.5088 11882 | 3 541 924 | €3.3820 | 1957 | 8 829 849 | ¢4.2380
1733 | 3 003 289 | 41.6293 | 1808 | 3 268 864 | 42.5206 | 1883 | 3 545 689 | 43.3935 | 1958 | 8 833 764 | 44.2493
1734 13 006 756 | 41.6413 | 1809 | 3 272 481 | 42.5323 | 1884 | 3 549 456 | 43.4051 | 1959 | 3 837 681 | 44.2606
17353 010 225 | 41.6533 [ 1810 ( 3 276 100 | 42.5441 | 1885 ( 3 553 225 | 43.4166 | 1960 | 3 841 600 | 44.2710
1736 |3 013 696 41.6653 | 1811 |3 279 721 | 42.5558 | 1886 | 3 556 996 | 43.428]1 [ 1961 | 3 845 521 [ 44.2832
1737 |3 017 169 | 41.6773 | 1812 | 3 283 344 | 42.5676 | 1887 | 3 560 769 | 43.4396 | 1062 | 3 849 444 | 44.2945
1738 |3 020 644 | 41.6893 | 1813 | 3 286 969 | 42.5793 | 1888 | 3 564 544 | 43.4511 | 1963 | 3 853 369 | 44.3058
1739 |3 024 121 | 41.7013 [ 1814 | 3 200 596 | 42.5011 | 18890 |3 568 321 | 43.4626 | 1964 | 8 857 206 | £4.3170
1740 |3 027 600 | 41.7133 | 18158 | 3 294 225 | 42.6028 11890 (3 672 100 | 43.4741 | 1965 | 3 861 225 | 44.8283
174113 031 081 | 41.7253 | 1816 [ 3 297 856 | 42.61468 | 1801 {8 576 881 | 43.4856 | 1966 |3 865 156 | 44.3396
174213 034 564 | 41.7373 | 1817 | 3 301 489 | 42.6263 | 1892 | 3 579 664 | 43.4971 | 1967 | 3 869 089 | 44.8509
174313 038 049 | 41.7493 | 1818 [ 3 305 124 | 42.6380 | 1893 | 3 583 449 | 43.5086 | 1068 | 3 873 024 | 44.3621
1744 13 041 536 | 41.7612 | 1819 | 3 308 761 | 42.6497 | 1804 | 3 587 236 | 43.5201 | 1969 | 3 876 961 | 44.3734
17453 045 025 | 41.7732 | 1820 | 3 812 400 | 42.6615 | 1895 |3 591 025 | 43.5316 | 1970 | 3 880 900 | 44.3847
174613 048 516 41.7852 | 1821 [ 3 316 041 | 42.6732 | 1896 | 3 594 816 | 43.5431 { 1971 | 3 884 841 | 44.3959
1747 | 3 052 009 | 41.7971 | 1822 | 3 319 684 | 42.6849 | 1897 | 3 598 609 | €3.56546 | 1972 | 3 888 784 | 44.4072
174813 055 504 | 41.8091 | 1823 | 3 328 329 | 42.6966 | 1808 | 8 603 404 | 43.5660 | 1973 | 3 802 729 | 44.4185
174913 059 001 | 41.8210 | 1824 | 3 326 976 | 42.7083 | 1809 | 8 606 201 | 43.5775 | 1074 | 3 806 676 | 44.4207
1750 | 3 062 500 | 41.8330 | 1825 | 3 330 625 | 42.7200 | 1900 | 3 610 000 | €3.5890 | 1975 | 3 900 625 | 44.4410
1751 13 088 001 { £41.8450 { 1826 | 3 334 276 | 42.7317 | 1901 | 3 613 801 | 43.6005 | 1976 | 3 904 576 | €4.4522
17523 069 504 | 41.8569 | 1827 | 3 337 929 | 42.7434 | 1902 | 8 617 604 | €¢3.6119 | 1977 | 3 908 529 | 44.4635
1753 | 3 073 009 | 41.8688 | 1828 | 3 341 584 | 42.7551 | 1903 | 3 621 409 | 43.6234 | 19078 | 3 912 484 | 44.4747
1754 13 076 516 | 41.8808 | 1829 | 3 345 241 | 42.7668 | 1904 | 3 625 216 | €3.6348 | 1979 |3 916 441 | 44.4860
1755 | 3 080 025 | 41.8927 | 1830 | 3 348 900 | 42.7785 | 1905 | 3 629 025 | 43.6463 | 1980 | 3 920 €00 | 44.4972
175613 083 536 | 41.9047 | 1831 | 3 352 561 | 42.7902 ! 1906 | 3 632 836 | 43.6578 | 1081 ] 3 924 361 | 44.5084
1767 [ 3 087 049{ 41.9166 | 1832 | 3 356 224 | 42.8019 | 1907 | 3 636 649 | 43.6692 | 1982 | 3 928 324 | €¢4.5197
1758 | 3 090 564 | 41.9285 | 1833 | 3 359 889 | 42.81385 | 1908 | 3 640 464 | 43.6807 | 1983 | 3 932 289 | 44.5309
1759 | 3 094 081 | 41.9404 | 1834 | 3 363 556 | 42.8252 | 1009 | 3 644 281 | 43.6021 | 1084 | 8 936 256 | €4.5421
17603 097 600 | 41.9524 { 1835 | 3 367 225 | 42.8369 | 1010 | 3 648 100 | 43.7035 | 1985 | 2 940 2258 44.5583
1761 13 101 121 ] 41.9643 11836 [ 3 370 896 | 42.8486 [ 1911 |3 651 921 | 43.7150 | 1086 | 3 044 196 | €4.56846
1762 |3 104 644 | 41.9762 | 1837 | 3 874 569 | 42.8602 | 1012 | 3 655 744 | 43.7264 | 1987 | 3 948 169 | 44,5758
1763 |3 108 169 | 41.0881 | 1838 | 3 378 244 | 42.8719 | 1013 | 8 659 569 | 48.7370 | 1988 | 3 952 144 | ¢4.5870
176413 111 696 | 42.0000 | 1839 | 3 381 921 | 42.8836 | 1914 | 3 663 396 | 43.7403 {19890 |3 956 121 | €4.5082
176538 115 225 | 42.0119 | 1840 | 3 385 600 | 42.8952 | 1915 | 8 667 225 | 43.7607 | 19¢0 | 3 960 100 | 44.609 "
1766 |13 118 756 § 42.0233 | 1841 | 3 389 281 | 42.9069 | 1916 | 3 671 056 | 43.7721 | 1501 | 3 964 081 | 44.620
1767 | 3 122 289 | 42.0357 | 1842 | 3 892 964 | 42.9185 | 1917 | 3 674 889 | 43.7836 | 1993 | 3 968 064 | 44.631 -
1768 | 3 125 824 | 42.0476 | 1843 | 3 396 649 | €2.9302 | 1918 | 3 678 724 | 43.7950 | 1993 | 3 972 049 | 44.643¢C
1769 | 3 129 361 | 42.0505 | 1844 | 3 400 336 | 42.9418 | 1019 | 3 682 561 | €3.8064 | 1994 | 3 976 036 | 44.6542
1770 |3 132 900 | 42.0714 | 1845 | 3 404 025 | 42.9535 | 1920 | 3 686 400 | 43.8178 | 1995 | 3 980 025 | ¢4.6654
1771 /3136 441 42.0833 | 1846 | 8 407 716 | 42.9651 § 1921 | 3 690 241 | 43.8292 | 1508 | 3 984 018 | ¢4.6768
177218 139 984 | 42.0051 | 1847 |8 411 409 | 42.9767 | 1922 | 3 694 084 | 43.8406 | 1997 | 3 988 009 | €4.687%
1773 | 3 148 529 42.1070 | 1848 | 3 415 104 | 42.0884 | 1923 | 3 69" 029 | 43.8520 { 1998 | 3 992 004 | €4.6990
1774 |3 147 076 42.1189 | 1849 | 3 418 801 | 43.0000 | 1924 | 8 701 776 | 43.8634 ] 1999 | 3 996 001 | 44.7102
1775 | 3 150 625 | 42.1307 | 1850 | 8 422 500 | 43.0116 | 1935 | 8 705 625 | 43.8748 | 2000 | 4 000 44.7314
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COMPARISON OF SYMBOLS

TABLE OF SOME SyMBOLS USED IN THE MANUAL AND
THoSE USED IN STATISTICAL TEXTS

NoTE.—The Manual uses the prime notation for universe parameters (or standard values),
while statistical texts are inclined to use Greek letters.

Term

Symbol Used in the Manual

Symbol Commeonly Used in
Statistical Texts

An observed value. ................

Universe mean or average

Sample size, or number of observa-

Sample mean or average...........

Universe standard deviation........

Sample standard deviation.........

Universe variance.................

Sample variance................ ..

X

Xl

(- y/ D)

2

N (_ (X5 — X’)2>
A" n

X (or )
I3
n (or N)
X (or 2)
g
. (= 1/2(& - X2>“
n—1
0.2
. (_ (X — X)2>“
- n—1

2 Some authorities feel the term “sample standard deviation” for s and the term “sample var-
iance” for s? to be misapplied. In any case s? is the unbiased estimate of the universe variance.

129



STP15C-EB/Jan.1951

Recommended Practice f07

CHOICE OF SAMPLE SIZE TO ESTIMATE THE AVERAGE
QUALITY OF A LLOT OR PROCESS!

ASTM Designation: E 122 - 58
AporTED, 1958.2

This Recommended Practice of the American Society for Testing Malerials
is issued under the fixed designation E 122; the final number indicates the
year of original adoption or, in the case of revision, the year of last revision.

Note.—Note 3 of Section 4 (a) was formerly Example 1.
All subsequent notes and examples were accordingly renum-
bered editorially in July, 1958.

Scope

1. This recommended practice pre-
sents simple methods for calculating how
many units to include in a sample in
order to estimate, with a prescribed pre-
cision, the average of some characteristic
for all the units of a lot of material, or
the average produced by a process.

Empirical Knowledge Needed

2. {a) Some empirical knowledge of

the problem is necessary as follows:

(1) The standard deviation or, if that
is not possible,

(2) The range or spread of the charac-
teristic, from its lowest to its
highest value and, if possible, some
knowledge of the shape of the
distribution of the characteristic;
for instance, whether most of the
values lie at one end of the range,
or are mostly in the middle, or run

1Under the standardization procedure of the

Society, this recommended practice is under the
jurisdiction of the ASTM Committee E-11 on
Quality Control of Materials.

2 Prior to adoption, this recommended prac-
tice was published as tentative from 1956 to 1958.

rather uniformly from one end to
the other.

(b) If the aim is to estimate the frac-
tion defective, then each unit has a value
of 0 or 1 (not defective or defective), and
the standard deviation, as well as the
shape, of the distribution depends only
on ', the fraction defective of the lot
Or process.

(c) Sketchy knowledge is sufficient to
start on, although more knowledge per-
mits greater economy in the sample.
Rarely will there be difficulty in acquir-
ing enough information to compute the
required size of sample with sufficient
assurance beforehand to meet the de-
sired precision within acceptable limits.
A sample that is bigger than the equa-
tions indicate is used in actual practice
when the empirical knowledge is only
sketchy to start with, and if the de-
sired precision is critical. The extra
insurance is the price of incomplete
knowledge.

(d) In any case, even when starting
with sketchy knowledge, the precision of
the estimate made from a random sample

130
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CHOICE OF SAMPLE S1zE TO ESTIMATE AVERAGE QuaLriry (E 122 -58)

may itself be estimated from the sample.
This estimation of the precision reached
by the first sample makes it possible to
fix more economically the sample size
for the next sample of a similar material.
In other words, information concerning
the process, and the material produced
thereby, accumulates and should be used.

Precision Desired

3. The approximate precision desired
for the estimate must be prescribed.
That is, it must be decided what maxi-
mum difference, E, can be tolerated be-
tween the estimate to be made from the
sample and the result that would be ob-
tained by testing every unit in the uni-
verse.

Equations for Calculating Sample Size

4. (a) The equation for the size n of
the sample is as follows:

n = (%)2 ............ 1)

o' = the advance estimate of the stand-
ard deviation of the lot or process.
(Note 1).

NoTE 1.—Some simple methods are given
later to show how to reduce the empirical knowl-
edge to the numerical value o’.

where:

E = the maximum allowable difference
between the estimate to be made
from the sample and the result of
testing (by the same methods) all
the units in the universe.

3 = a factor corresponding to a proba-
bility of about 3 parts in 1000
(Note 2) that the difference be-
tween the sample estimate and the
result of testing (by the same
methods) all the units in the uni-
verse is greater than E. The choice
of the factor 3 is recommended for
general use. With the factor 3, and
with a universe standard deviation
equal to the advance estimate, it
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is “practically certain” that the
sampling error will not exceed E.
There are occasions, however,
where a lesser degree of certainty
is desired, which a smaller factor
provides (Note 3).

NortE 2.—In the sampling of a lot of material
that has a highly skewed distribution in the char-
acteristic measured, the factor 3 will give a dif-
ferent probability, possibly as great as 6 parts
in 1000. If there is anxiety about the effect of
skewness, there are two things which can be
done:

(1) Probe the material with a view to dis-
covering, for example, extra-high values, or
possibly spotty runs of abnormal character, in
order to approximate roughly the amount of the
skewness, for use with statistical theory and
adjustment of the sample size if necessary.

(2) Search the lot for abnormal material and
segregate it for separate treatment.

NotE 3.—For example, the factor 2 gives a
probability of about 45 parts in 1000 that the
sampling error will exceed E. Although the dis-
tributions met in practice may not be normal,
the following table (based on the normal dis-
tribution) indicates approximate probabilities:

Factor Probability

K 2 3 in 1000

2 e 45 in 1000

258. ... 1 in 100
196.....0eenla. .. 5 in 100 (1 in 20)
1.64....00ieinl.. 10 in 100 (1 in 10)

(b) It is sometimes convenient to use
Eq 1 in another form: namely,

"= <3i>2 ............ 2)
e
where:

" (coefficient of variation in per cent)
= 100 ¢'/X’, the advance estimate of
the coefficient of variation of the
material, expressed in per cent
e = 100 E/X’, the allowable sampling

error expressed as a per cent of X',
and

the expected value of the charac-
teristic being measured.

There are some materials for which

XI

¢’ varies approximately with X', in which

P-40-37
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case v remains approximately constant

from large to small values of X'. If the
telative error, ¢, is to be the same for all

values of X', then everything on the
right-hand side of Eq 2 is a constant;
hence # is also a constant, which means
that the same sample size, #, would be

required for all sizes of X'.

(c) If the problem is to estimate the
fraction defective, then (¢')? is replaced
by (1 — #'), so that Eq 1 becomes:

.= (i—g)2 P =) 3)

where:

p’ = the advance estimate of the frac-
tion defective.
If p' is small, so that p’# is less than 4,
then 3.25 should be used in place of 3 in
Eq 3 to compensate for the skewness of
the p distribution for small values of p’.
(d) When the average of a particular
lot of limited size is wanted, and an
estimate of the average for the process is
not part of the problem, the required
sample size is less than Eqs 1, 2, and 3
indicate. The sample size for estimating
the average of the finite lot will be:

N
ny = (N + ”> n........ (4)
where:
n = the value computed from Eqs 1,
2, or 3, and

N = the lot size.

This reduction in size is usually of little
importance unless # is 10 per cent or
more of N.

Reduction of Empirical Knowledge to a
Numerical Value of o’ (Data for Pre-
vious Samples Available)

5. (a) This section illustrates the use
of the equations in Section 4 when there
are data for previous samples.

(b) For Equation 1.—Compute the
standard deviation ¢ (corrected for

CHOICE OF SAMPLE SizE To ESTIMATE AVERAGE QuaLity (E 122 - 58)

sample size)? for several samples, and use
the average of them, if they are not too

dissimilar, for an advance estimate of

o

NotE 4.—A simple way to compute the over-
all ¢ for a lot is to arrange the observed values
in a random order, and then average the ranges
of successive groups of 4, 5, 8, or 10 observed
values. (Theory shows that the optimum sub-
group size is 8.) If R is the average of these
ranges, then R/d is an estimate of o.

The accompanying table shows some selected
values®of d, .

(S}i;%up ds
/2 1.13
P 2.06
A 2.33
- 2.85

10, . e 3.08

Example 1.—Use of o:

Problem.—To compute the sample size needed
to estimate the average transverse strength of a
lot of bricks when the desired value of E is 50 psi.

Solution.—From the data of three previous
lots, the values of standard deviation were found
to be 215, 192, and 202 psi, based on samples of
100 bricks. The average of these three standard
deviations is 204 psi, whence Eq 1 gives:

3 X 204\?
n= ( X ) = (12.2)? = 148.8

50
= 149 bricks
for the required size of sample to give a maximum
sampling error of 50 psi.

(¢c) For Equation 2.—If ¢’ varies ap-
proximately with X’ for the characteristic
of the material to be measured, compute
both the average, X, and the standard
deviation, o (corrected for sample size),?
for several samples (unless they are al-
ready available). An average of the sev-
eral values of v = ¢/X, if they are not
too dissimilar, may be used as an ad-
vance estimate of o',

Example 2.—Use of v:

Problem.—To compute the sample size needed
to estimate the average abrasion resistance of a

material when the desired value of ¢ is 10 per
cent.

3 See the ASTM Manual on Quality Control
of Materials, STP 15-C, p. 63, for values of czfor
correcting o when n is less than 25, as well as for
values of ds.
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CHoice oF SAMPLE S1ze T0 ESTIMATE AVERAGE QuaLiTY (E 122~ 58)

Solution.—There are no data from previous
samples of this same material, but data for six
samples of similar materials show a wide range
of resistance. However, the values of standard
deviation are approximately proportional to
the observed averages, as shown in the following
table:

ob Qoeﬁ-f
- ¢ = [cient o
Lot No Sa.srpple A:ge; i ?zerved L3 tY“i‘
. ize ange, X ation, o,
Cycles R ¢ 008 ) in per
cent
) 10 90 40| 13.0] 14
2.0, 10 190 100| 32.5| 17
| N 10 350| 140| 45.5| 13
4. 10 450 220 71.4| 16
| 10 | 1000 360| 116.9| 12
[ 10 | 3550 2090| 678.6| 19
Avg....... 15.2

* Values of standard deviation (corrected for
sample size) may be used instead of the estimates
made from the range, if they are preferred or al-
ready available.

The use of the average of the observed values
of v as an advance estimate of v’ in Eq 2 gives:

3 X 15.2\?
- —_— — 2 =
n = ( 10 ) = (4.6)2 = 21.2

= 22 specimens

for the required size of sample to give a maximum
sampling error of 10 per cent of the expected
value.

If a maximum allowable error of 5 per cent
were needed, the required sample size would be
85 specimens. The data supplied by the pre-
scribed sample will be useful for the next investi-
gation of similar material.

(@) For Equation 3.—Compute the
value of fraction defective, p, for each
sample. If the values are not too dis-
similar, use the average of them for an
advance estimate of p’. (If the sample
sizes vary, use a weighted average

__ total number of defectives in all samples

total number of units in all samples

instead of a simple average of the p
values.) If the values are quite dissimi-
lar, decide whether to use some of them
to obtain an advance estimate of p’.
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Example 3.—Use of p:

Problem.—To compute the sample size needed
to estimate the fraction defective in a lot of
alloy steel track bolts and nuts when the de-
sired value of E is 0.04.

Solution.—The following data from four pre-
vious lots were used for an advance estimate

of p’:

S: 1 . F 1
Lot No. e eNectires | Do
... 75 3 0.040
2 100 10 0.100
b J 20 4 0.044
S 125 4 0.032
Total....... 390 21
21
= — = (0.054
390
3\ (0.054)(0.946)
n = 0.04 . A
9 X 0.0511
== 84 =
0.0016 288

If the desired value of E were 0.01, the required
sample size would be 4600. It would be smaller
if Eq 4 applies.

Reduction of Empirical Knowledge to a
Numerical Value of ¢/ (No Data from
Previous Samples of the Same or Like
Material Available)

6. (a) This section illustrates the use
of the equations in Section 4 when there
are no actual observed values for the
computation of .

(b) For Eguation 1.—From past ex-
perience, estimate what the smallest and
largest values of the characteristic are
likely to be. If this is not known, obtain
this information from some other source.
Try to picture how the other observed
values are probably distributed. A few
simple observations and questions con-
cerning the past behavior of the process,
the usual procedure of blending, mixing,
stacking, storing, etc., and concerning
the aging of material and the usual prac-

P-40-37



134

tice of withdrawing the material (last in,
first out; or last in, last out) will usually
elicit sufficient information to distinguish
between one triangular distribution and
another in Fig. 1. In case of doubt, or in
case the desired precision E is a critical
matter, the rectangular distribution may
be used. The price of the extra protection
afforded by the rectangular distribution
is a larger sample size, owing to the larger
standard deviation thereof. At the worst,
if the isosceles triangle is used when the
sther triangle or the rectangle is a better
description, then the standard error of
the result is larger by no more than 40
per cent, as shown by comparing the

Rectangular

CHOICE OF SAMPLE S1ZE T0 ESTIMATE AVERAGE QuaLriTy (E 122 ~ 58)

of values of transverse strength for a lot of
bricks has been about 1200 psi. The values
were heaped up in the middle of this range, but
not necessarily normally distributed.

The isosceles triangle in Fig. 1 appears to be
most appropriate; the advance estimate of o/ is
1200/4.9 = 245 psi. Then:

3 X 245
n=
50

)2 = (14.7)% = 216.1

== 217 bricks

The difference between 217 and 149 bricks
(found in Example 1) is the price of sketchy
knowledge.

(c) For Equation 2—While the esti-
mation of the coefficient of variation of

Normal

Distri- | /l I\ /\ /\
bution: ) 5 a b a b [~ b a [
Standord b-g b-a b-a b-o b-o
Devigtian: 35 4.2 4.2 4.9 6.0

Fic. 1.—Some Types of Distributions and Their Standard Deviations.

formulas for the standard deviations
given in Fig. 1. The sizes of subsequent
samples may then be adjusted upward,
if necessary.

Nore 5.—The standard deviation of the
normal distribution in Fig. 1 is a safe assumption
for materials with a good history of control, in
which case an advance estimate of ¢’ would
usually be available.

The standard deviation estimated from
one of the formulas of Fig. 1 may be
used as an advance estimate of ¢’ in Eq
1. This method of advance estimation is
in constant use and is often preferable to
doubtful observed values.

Example 4.—Use of o from Fig. 1:

Problem (Same as Example 1).—To compute
the sample size needed to estimate the average
transverse strength of a lot of bricks when
the desired value of E js 50 psi.

Solution.—From past experience the range

a universe by use of Fig. 1 is possible, it
is not recommended. In general, the
knowledge that the use of v/, instead of
¢’, is preferable would be obtained from
the analysis of actual data, in which case
the methods of Section 5 apply.

(@) For Equation 3.—From past ex-
perience, estimate approximately the
range within which the fraction defective
is likely to lie. Turn to Fig. 2 and read
off the value of 62 = p(1 — p) for the
middle of the possible range of p, and
use it in Eq 3. In case the desired preci-
sion is a critical matter, use the largest
value of ¢* within the possible range of

p.
Consideration of Cost

7. (a) After the required size of sample
to meet a prescribed precision is com-
puted from Eqgs 1, 2, or 3, the next step
is to compute the cost of testing this
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size of sample. If the cost is too great,
it may be possible to relax the required
precision (or the equivalent, which is to
accept an increase in the probability
(Section 4) that the sampling error may
exceed the maximum allowable error, E)
and to reduce the size of the sample to
meet the allowable cost.

(b) As an alternative to Eq 1, which
gives #n in terms of a prescribed preci-
sion, this equation may be solved for E

nite and willful effort to produce dis-
order. The only universally acceptable
definition of a random selection is by the
use of random numbers, which are in
effect the guarantee of thorough stirring
of the sampling units in a lot.

(0) In the use of random numbers, the
material must first be broken up in some
manner into “sampling units.” More-
over, each sampling unit is identifiable
by a serial number, actual or by rule.

=48 b
0.5 _ -
0.4
o 0.3
° P
Q
2 i
0.2
0.1
(4] 0. 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
]

F16. 2.—Values of o, or ¢?, Corresponding to Values of 2.

in terms of », thus discovering what pre-
cision is possible for a given allowable
cost. The same may be done for Eqs 2
and 3.

(¢) It is necessary to specify either the
desired allowable error, E, or the allow-
able cost; otherwise there is no proper
size of sample.

Selection of the Sample

8. (¢} In order to make any estimate
for a lot or for a process, on the basis of
a sample, it is necessary to select the
units in the sample “at random.”
Randomness is not just accident or lack
of direction; it is the product of a defi-

For packaged articles, a rule is easy; the
package contains a certain number of
articles in definite layers, arranged in a
particular way, and it is easy to devise
some system for numbering the articles.
In the case of bulk material like ore, or
coal, or a barrel of bolts or nuts, the
problem of defining usable sampling
units must take place at an earlier stage
of manufacture.

{¢) Itisnot the purpose here to discuss
the handling of materials, nor to find
ways by which one can with surety dis-
cover the way to a satisfactory type of
sampling unit. Instead, the aim is to
assume that a suitable sampling unit has
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been defined, and then to answer the
question of how many to draw.

Estimation of the Precision from the
Results of the Sample

9. (a) Equation 1 is a prediction and
is used to compute the required size of
sample. However, after the sample has
been tested, the actual value of the max-
imum sampling error, E, may be esti-
mated. One procedure for computing the
value of the standard deviation of the
sample is that given in Section 5. Then
the estimate of the maximum difference
between the sample estimate and the re-
sult of testing (by the same methods) all
the units in the universe is:

where:

E..: = the sample estimate of E, and
n = the total sample size.

(5) When the sample is not appor-
tioned by strata as described in Section
10, an equivalent estimate of the maxi-
mum sampling error is:

3a
\/n-—l

E"g Bl Ry (6)

where:

2
1/2—;& — X2, as given in the

ASTM Manual on Quality Control of
Materials, Part 1.4

Note 6.—If # is large, either estimate will
be reliable. If # is small, either estimate will be
subject to a wide sampling error, and may not
be as reliable as the advance estimate made from

4 See p. 16 of the ASTM Manual, STP 16-C.
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prior information. The following table indicates
the sampling error in ¢ for samples of size n
drawn from a normal population whose standard
deviation is ¢’. The following values® for the
ratio o /¢’ will be exceeded by chance alone about
5 times in 100:

Sample Size o/o’

L 2 1.378
10, .. i 1.301
) 2 1.257
20, ... 1,228
25, . e 1.207
30. ... 1,191
80. ... i 1.152

100. .. ...coiveiienn. 1.110
200. ... ... i 1.079

(¢) In estimating a fraction defective,
one should remember that the estimate is
subject to sampling error, the maximum
of which will be:

v/p(1 — p) may be read from Fig. 2.

If p is small, so that = is less than
4, then 3.25 should be used in place of
3 in Eq 7, to compensate for the skew-
ness of the ¢ distribution for small values
of p.

Sampling by Sub-lots or by Strata

10. It is advisable, and sometimes
easier, to apportion the sample by strata
(sub-lots, layers, sheets, or other natural
divisions), as theory shows that such a
plan will occasionally show gains in pre-
cision, It is important, in the use of Eq
§ for this kind of sampling, to average the
ranges of the strata, as otherwise Eq 5
will overestimate the sampling error.

5F. E. Croxton and D. J. Cowden, Indus-
trial Quality Control, Vol. 3, July, 1946, pp. 18-21.
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Application for Membership

The undersigned hereby applies for membership (which includes
subscription(s) to Materials Research & Standards) in the American
Society for Testing and Materials in the class of:

1 Sustaining O Industrial O Institutional
O Personal O Associate

and if elected to membership agrees to be governed by the Charter
and By-laws of the Society and to further its objectives as laid down

therein.

BN o P U
(Firm, organization or person)

OFFICIAL REPRESENTATIVE. ... oo

(If sustaining, industrial or institutional membership, indicate the name and
title of individual who will exercise membership privileges.)
TrtLe AND DEPT.. . . e

NAME OF ORGANIZATION ..o oo

(If personal or associate membership, indicate the name of organization
with which applicant is affiliated.)

ADDRESS ..o o
CITY oo ZONE....__.... STATE. .o
NATURE oF BUSINESS. . e
ADDRESS FOR MATL. ... e
(if other than above)
CITY oo ZONE............ STATE ..o
DATE OF BIRTH ... oL
GRADUATE OF, OR ATTENDED . ... .
(Name of college or university)
YEAR Degree, or Course....... ...
SIGNATURE oo ... OO
Proposed by
(Two Members)........... ... ..o - R e e

A list of ASTM members in your locality will be furnished on request.
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AMERICAN SOCIETY FOR TESTING AND MATERIALS
EXTRACT FROM CHARTER

1. The name of the proposed corporation is the ‘“American Society for Testing
and Materials.”

2. The corporation is formed for the promotion of knowledge of the materials
of engineering, and the standardization of specifications and the methods
of testing.

EXTRACT FROM BY-LAWS

ArticLe 1. Members and Their Election

SectioN 1. The corporate membership of the Society shall consist of Per-
sonal Members, Institutional Members, Industrial Members, Sustaining Mem-
bers, Associate Members, and Honorary Members elected from a corporate
‘grade of membership. In addition there shall be Student Menibers, and Honor-
ary Members elected from nonmembers of the Society. The rights of member-
ship of Institutional, Industrial, and Sustaining Members shall be exercised
by the individual who is designated as the official representative of that mem-
bership.

SecTioN 2. A Personal Member shall be a person meeting the qualifications
established by the Board of Directors for this classification.

SecTioN 3. An Institutional Member shall be a publie library; educational
institution; a non-profit professional, scientific or technical society; govern-
ment department or agency at the federal, state, city, county or township
level; or separate divisions thereof meeting the qualifications established by
the Board of Directors for this classification.

SectioN 4. An Industrial Member shall be a plant, firm, corporation, part-
nership, or other business enterprise, or separate divisions thereof; trade
association, or research institute meeting the qualifications established by the
Board of Directors for this classification.

SecTioN 5. A Sustaining Member shall be a person, plant, firm, corporation,
society, department of government or other organization, or separate divisions
thereof, electing to give greater support to the Society’s activities through
the payment of larger dues.

SecTiON 6. An Associate Member shall be a person less than thirty years of
age. He shall have the same rights and privileges as a Personal Member, ex-
cept that he shall not be eligible for office. An Associate Member shall not re-
main in this category beyond the end of the calendar year in which his thir-
tieth birthday occurs.

ArricLe V. Meetings

SectioN 1. The Society shall meet annually, for the transaction of its busi-
ness, at a time and place fixed by the Board of Directors. Twenty-five corporate
members shall constitute a quorum.

SEcTION 2. Special business meetings of the Society may be called at any
time and place at the discretion of the Board of Directors, or shall be called
by the President, upon the written request of at least one per cent of the
Corporate Membership.

ArticLE VIII. Dues

Secrion 1. The membership year shall commence on the first day of Janu-
ary. The annual dues*, payable in advance, shall be _as follows: For Personal
Members, $18; for Institutional Members, §25; for Industrial Members, $75;
for Sustaining Members, $200; for Associate Members, $10; for Student Mem-
bers, $3. Honorary Members shall not be subject to dues.

SecTioN 2. The entrance fees, payable on admission to the Society, shall be
$10 for Personal Members, Institutional Members, Industrial Members and
Sustaining Members, and $5 for Associate Members. Student Members shall
pay no entrance fee. There shall be no fee for transfer from one class of mem-
bership to another.

SkcTiON 6. Any person elected after six months of any membership year
shall have expired, may pay only one-half of the amount of dues for that
year.

*Nore—Of the annual dues $5.00 is for subscription to MATERIALS RESEARCH & STANDARDS.
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THIS PUBLICATION is one of many
issued by the American Society for Testing Materials in
connection with its work of promoting knowledge of
the properties of materials and developing standard
specifications and tests for materials. Much of the data
result from the voluntary contributions of many of the
country’s leading technical authorities from industry,
scientific agencies, and government.

Over the years the Society has published many tech-
nical symposiums, reports, and special books. These may
consist of a series of technical papets, reports by the
ASTM technical committees, or compilations of data
developed in special Society groups with many organiza-
tions cooperating. A list of ASTM publications and
information on the work of the Society will be furnished
on request.




