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Foreword 

This publication, Advances in Fatigue Lifetime Predictive Techniques: 3rd Volume, con- 
tains papers presented at the Third Symposium on Advances in Fatigue Lifetime Predictive 
Techniques, which was held in Montreal, Quebec on 16-17 May 1994. The symposium was 
sponsored by ASTM Committee E-08 on Fatigue and Fracture and by Subcommittee E08.05 
on Cyclic Deformation and Fatigue Crack Formation. Symposium co-chairmen were M. R. 
Mitchell, Rockwell Science Center, Thousand Oaks, CA, and R.W. Landgraf, Virginia 
Polytechnic Institute and State University, Blacksburg, VA. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



Contents 

Overview vii 

Methodologies for Predicting the Thermomechanical Fatigue Life of 
Unidirectional Metal Matrix Composites--POCHARD W. NEU AND 
THEODORE NICHOLAS 

Evolution of Bridging Fiber Stress in Titanium Metal Matrix Composites at 
Elevated Temperature~M. N. TAMIN AND H. GHONEM 24 

Thermomechanical Fatigue of Polymer Matrix CompositeS--LARRY H. STRAIT, 

KEVIN L. KOUDELA, MARK L. KARASEK, MAURICE F. AMATEAU, AND 

JAMES P. RUNT 39 

Cumulative Fatigue Damage of Angle-Plied Fiber-Reinforced Elastomer 
Composites and Its Dependence on Minimum Stress--D. s. LIU AND 
B. L. LEE 67 

A Fatigue Damage Model for Crack PropagationmcHi L. CHOW AND YONG WEI 86 

Fatigue Prediction Based on Computational Fracture Mechanics-- 
ANTHONY T. CHANG, NORMAN W. NELSON, JENNIFER A. CORDES, AND 

YUNG-JOON KIM 100 

A Crack-Closure Model for the Fatigue Behavior of Notched Components--  
CHIEN-YUNG HOU AND FREDERICK V. LAWRENCE 116 

A Study of Naturally Initiating Notch Root Fatigue Cracks Under Spectrum 
Loading--RAGHU V. PRAKASH, R. SUNDER, AND E. I. MITCHENKO 136 

Fatigue Crack Propagation in IN-718 Material under Biaxial Stress 
Bendingms. y. ZAMRIK AND R. E. RYAN 161 

Modeling the Behavior of Short Fatigue Cracks in a Near-t~ Titanium 
AII0y~MARK C. HARDY 188 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



T h e  I m p a c t  of Microstructural Interactions, Closure, and Temperature on 
Crack Propagation Based Lifing C r i t e r i a - - w .  JOHN EVANS, 
PHILIP J. NICHOLAS, AND STUART H. SPENCE 202 

Structural Life Analysis Methods Used on the B-2 Bomber--JEF~3~EV O. BUNCH, 
ROBERT T. TRAMMELL, AND PERRY A. TANOUYE 220 

A Study of Fatigue Crack Growth in Lugs Under Spectrum Loading--  
R. SUNDER AND RAGHU V. PRAKASH 248 

Further Refinement of a Methodology for Fatigue Life Estimation in 
Resistance Spot Weld Connections--sHERi D. SHEPPARD 265 

Multiaxial Plasticity and Fatigue Life Prediction in Coiled Tubing--  
STEVEN M. TIPTON 283 

Residual Operating Fatigue Lifetime--Estimation of Distribution Function--  
VLADIMIR KLIMAN, PAVOL FULEKY, AND JANA JELEMENSKA 305 

Prestraining and Its Influence on Subsequent Fatigue Life--  
SREERAMESH KALLURI, GARY R. HALFORD, AND MICHAEL A. MCGAW 328 

Indexes 343 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



Overview 

This volume, the third in a series on fatigue lifetime predictive techniques [see ASTM STP 
1122 (1991) and STP 1211 (1993)], continues the tradition of providing a cross-disciplinary 
forum bringing together researchers and practitioners representing industry, universities, and 
government for the purpose of sharing knowledge and experiences associated with the 
important technological issue of understanding and controlling fatigue failures in compo- 
nents and structures. With the continuing trends toward structural weight reduction, per- 
formance optimization, and the application of tailored materials and structural elements, 
fatigue analysis has become an integral part of engineering design. Indeed, the availability 
of reliable life prediction methods can prove invaluable in developing durable products more 
quickly and at lower cost--issues of considerable concern for achieving global competitive- 
ness. 

As in past volumes, topical coverage among the 17 papers is broad and includes treatment 
of fundamental fatigue mechanisms as well as the development and application of fatigue 
design and analysis strategies. Composite materials continue to command the attention of 
researchers. The first two papers deal with the complexities of metal matrix composites 
exposed to combined mechanical and thermal environments. Neu and Nicholas present two 
analysis methods that account for multiple failure mechanisms as influenced by frequency, 
temperature, phasing, and environmental kinetics. Tamin and Ghonem discuss a combined 
analytical-experimental approach for studying cyclic and creep loading with emphasis on 
strain compatibility and the development and stability of thermal residual stresses. 

The paper by Strait et al. explores thermo-mechanical fatigue in polymer matrix compos- 
ites demonstrating the significant effect of level of constraint on system response and 
damage development. Elastomer composites are the subject of the paper by Liu and Lee in 
which a variety of nondestructive methods for detecting damage are evaluated. 

Damage mechanics is another active area of research. Two papers deal with general 
computational fracture mechanics methods for life prediction. Chow and Wei extend a two- 
damage surface model in conjunction with finite element analysis to predict crack propaga- 
tion in aluminum plates. Energy concepts are employed by Chang et al. to develop a general 
method for predicting crack initiation and growth using only uniaxial tensile data. 

Crack initiation and growth at notches is the subject of papers by Hou and Lawrence, and 
Prakash et al. The first treatment involves a plasticity modified strip-yield model to account 
for the observed crack growth retardation following an overload. The second paper, employ- 
ing fractographic and replication techniques to chart cracking behavior under spectrum 
loading, presents a growth model allowing for interaction of multiple cracks. In an experi- 
mental investigation of crack growth from a surface flaw under biaxial stress cycling, 
Zamrik and Ryan quantify the effect of biaxial ratio and a transition from Mode I to Mode II 
crack growth. 

Microstructural effects on fatigue cracking behavior is the subject of the next two papers. 
Hardy investigates short crack behavior in a near a-titanium with emphasis on the early, 
microstructure-dependent behavior for which LEFM is not applicable and presents a two- 
stage empirical model that includes crack opening loads and identifies critical crack sizes 
above which fracture mechanics techniques do apply. Evans et al. likewise deal with a 
titanium alloy in developing a comprehensive database approach to component life estima- 
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vii i  FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

tion that considers microstructural interactions and local plasticity in establishing an initial 
flaw size for calculations. 

The final set of papers highlight the development and application of design methods for 
dealing with fatigue in components and structures. Bunch et al. detail the fatigue analysis 
methods used during the design and development of the B-2 bomber, while Sundar and 
Prakash consider lug joint performance under spectrum loading. Sheppard presents a contin- 
uation of her work on spot weld fatigue, extending the range of applicability to a variety of 
specimen types and notch profiles, including those subjected to post-weld treatments, and to 
the development of  guidelines for selective thickening. Fatigue of coiled tubing, as used in 
oil drilling, is the subject of Tipton's paper in which he develops a damage parameter based 
on multiaxial plasticity analysis to predict combined pressurization and coiling events. 

Reliability methods are employed by Kliman et al. to compute fatigue life distribution 
functions under time-varying loading sequences. Finally, the paper by Kalluri et al. ad- 
dresses the often important influence of prestraining of components, as a result of manufac- 
turing or service overstrains, on damage accumulation. 

Taken as a whole, the papers in this volume provide ample evidence that important 
progress continues in our efforts to better understand and, hence, to control fatigue failure in 
a range of engineering structures. There is a clear trend among researchers toward con- 
fronting the many complexities of "real world" material systems, structural configurations, 
and service environments in arriving at more powerful tools for fatigue design and analysis. 
Further, the transfer of this new technology to engineering practice, long a challenge, 
appears to be proceeding in a timely manner. It is the derived practical benefits from past 
research efforts that provide an important impetus for further studies. 

Michael R. Mitchell 
Rockwell Science Center 
Thousand Oaks, CA 91360 
Symposium co-chairman and co-editor 

Ronald W. Landgraf 
Virginia Polytechnic Institute & State University 
Blacksburg, VA 24061 
Symposium co-chairman and co-editor 
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Richard W. Neu 1 and Theodore Nicholas 2 

Methodologies for Predicting the 
Thermomechanical Fatigue Life of 
Unidirectional Metal Matrix Composites 

REFERENCE: Neu, R.W. and Nicholas, T., "Methodologies for Predicting the 
Thermomeehanieal Fatigue Life of Unidirectional Metal Matrix Composites," Advances 
in Fatigue Lifetime Predictive Techniques: 3rd Volume, ASTM STP 1292, M. R. Mitchell and 
R. W. Landgraf, Eds., American Society for Testing and Materials, 1996, pp. 1-23. 

ABSTRACT: Parameters and models to correlate the cycles to failure of a unidirectional 
metal matrix composite (SCS-6/Timetal 21S) undergoing thermal and mechanical loading are 
examined. Three different cycle types are considered: out-of-phase thermomechanical fatigue 
(TMF), in-phase TMF, and isothermal fatigue. A single parameter based on either the fiber or 
matrix behavior is shown not to correlate the cycles to failure of all the data. Two prediction 
methods are presented that assume that life may be dependent on at least two fatigue damage 
mechanisms and therefore consist of two terms. The first method, the linear life fraction 
model, shows that by using the response of the constituents, the life of these different cycle 
types are better correlated using two simple empirical relationships: one describing the fatigue 
damage in the matrix and the other fiber-dominated damage. The second method, the domi- 
nant damage model, is more complex but additionally brings in the effect of the environment. 
This latter method improves the predictions of the effects of the maximum temperature, 
temperature range, and frequency, especially under out-of-phase TMF and isothermal fatigue. 
The steady-state response of the constituents is determined using a 1-D micromechanics 
model with viscoplasticity. The residual stresses due to the CTE mismatch between the fiber 
and matrix during processing are included in the analysis. 

K E Y W O R D S :  metal matrix composites, titanium matrix, silicon carbide fibers, 
thermomechanical, fatigue, elevated temperature, micromechanics 

One of the challenges of advanced metal matrix composites (MMCs) involves developing 
life prediction methodologies since most applications for these composites involve complex 
stress-temperature-time histories. The coefficient of thermal expansion (CTE) mismatch 
between the fiber and matrix and resulting thermal residual stresses from processing further 
add to the complexity. In general, a model that is capable of predicting life under different 
cycles and test conditions is desired. To simplify the present problem, three basic cycle 
types are identified: isothermal fatigue (IF), out-of-phase (OP) TMF, and in-phase (IP) 
TMF. The waveforms are triangular, and in OP TMF, the maximum stress and minimum 
temperature coincide, while in IP TMF, the maximum stress and maximum temperature 
coincide. The methodologies are evaluated under different test conditions, which include 
changes in the maximum temperature (Tm,O, temperature range (AT), and frequency. The 
aim of this investigation is to identify methodologies that are successful in correlating and 
predicting all three different cycle types under the various test conditions. 

1Formerly, NRC associate, Wright Laboratory Materials Directorate, Wright-Patterson AFB, OH 
45433-7817; currently, assistant professor, George W. Woodruft School of Mechanical Engineering, 
Georgia Institute of Technology; Atlanta, Ga 30332-0405. 

2Senior scientist, Wright Laboratory Materials Directorate, Wright-Patterson AFB, OH 45433-7817. 
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2 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

Examination of the damage progression under OP TMF and IP TMF [1-7] clearly shows 
that the former is controlled by matrix fatigue and the latter is controlled by a progression of 
fiber failures. Under IF, a change in mechanisms from matrix fatigue to fiber-dominated 
failure is observed with an increase in maximum applied stress [8-11]. Two-term models 
that account for both matrix fatigue and fiber-dominated failure have been proposed as a 
method to consolidate data of different cycle types and account for the difference in 
observed damage mechanisms [1,12]. Since life is controlled by the local behavior, damage 
parameters and tools used for monolithics can be used to describe the degradation in each 
constituent. In addition, time-dependent and environmental effects may also affect fatigue 
life. The final failure involves the failure of both fibers and matrix, but for a given test 
condition one of the constituents generally controls the damage progression during the 
majority of life. 

Two analyses are conducted to predict the life: (1) the constituent response is determined 
using micromechanics, and (2) the cycles to failure is determined using a parameter or 
expression that is dependent on the constituent response and environmental conditions, 
including temperature and time. This investigation focuses primarily on the second item by 
examining a number of single correlating parameters based on either the fiber or matrix 
behavior and two models consisting of two terms. For all cases the constituent response is 
calculated using the same micromechanics model to make the comparisons among the 
different parameters and life models consistent. 

Experiments 

The experimental data include OP TMF, IP TMF, and IF tests conducted on unnotched 
SCS-6/Timetal 21S [0]4 composite under load control in laboratory air atmosphere with the 
load applied parallel to the fibers. The stress ratio (R = 0.1) and number of plies were 
constant for all tests. However, the fiber volume fraction (Vf) varied among the specimens 
and is accounted for in the micromechanics modeling. The baseline TMF tests were con- 
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FIG. 1--Effect  of  cycle period on OP and IP TMF life. 
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NEU AND NICHOLAS ON THERMOMECHANICAL FATIGUE LIFE 3 

ducted f rom 150 to 650~ at a frequency of  0.00556 Hz, and the baseline IF  tests were 
conducted at 650~ at a similar frequency, 0.01 Hz. Cycles to failure is defined as the cycle 
when complete  separation of  the specimen occurs. The baseline data along with the details 
of  the experiments are f rom Ref  6. Further tests were then conducted to study how/'max, AT, 
and frequency affect the life compared to the baseline. Some of  these results are summarized 
in Fig. 1. Increasing the cycle period (i.e., decreasing the frequency) decreases the life under 
both T M F  phasings. However ,  the decrease under OP T M F  ranges f rom a factor of  2 to 4, 
whereas the decrease under IP T M F  is greater than a factor of  10. Thus OP T M F  is both 
cycle and time dependent, whereas IP T M F  is primarily t ime dependent. Additionally,  under 
OP T M F  an increase in Tn~x results in a decrease in life. Most  of  the OP T M F  and IF data 
are reported in Re f  13, although some of  the IP T M F  data are reported herein for the first 
time. All  the experimental  data are summarized in Tables 1 to 3. 

Constituent Response 

A 1-D micromechanics  model  (i.e., a rule of  mixtures) with elastic fiber and viscoplastic 
matrix was used to determine the fiber and matrix response. Since this study involves tests 
conducted at different elevated temperatures and different frequencies, it is imperat ive that 
the micromechanics  model  accurately represents the time dependency of  the composi te  
behavior.  To accomplish this, the matrix model  was represented using the Bodner-Partom 
model  [14] with constants given for Timetal  21S in Re f  15. A good viscoplasticity model  
which represents the strain rate sensitivity of  the matrix has been found to be more critical 
for obtaining the accurate axial response than a more complex geometr ic  description [16]. 

TABLE 1--Out-of-phase TMF tests. 

Test Conditions Computed Constituent Response 

Sm~, T~n, Tm~, Frequency, ~max,f Afff, ~n~ax, A~m, 
Specimen ID MPa ~ ~ Hz Vf MPa MPa MPa MPa Ae "m Nf 

BaseHne 
92-179 1100 150 650 
92-178 1000 150 650 
92-177 900 150 650 
92-176 800 150 650 
92-064 1100 150 650 
92-065 900 150 650 
92-059 700 150 650 
92-060 600 150 650 

Others 
92-400 1000 150 815 
92-398 800 150 815 
92-399 600 150 815 
92-401 400 150 815 
92-407 800 315 815 
92-408 800 260 760 
92-406 800 205 705 
92-405 800 93 593 
92-410 800 650 815 
92-411 800 485 650 
92-412 800 315 815 
92-413 800 260 760 
93-118 800 150 650 

5.56E-03 0.32 1 6 6 4  1503 835 750 0.00662 675 
5.56E-03 0.32 1 4 5 5  1326 786 701 0.00617 919 
5.56E-03 0.32 1 2 4 6  1150 737 651 0.00572 1162 
5.56E-03 0.32 1039 973 687 602 0.00527 1414 
5.56E-03 0.38 1 5 7 2  1422 811 727 0.00641 911 
5.56E-03 0.38 1 1 9 3  1096 721 636 0.00558 1597 
5.56E-03 0.37 820 775 630 546 0.00076 2112 
5.56E-03 0.37 630 611 582 499 0.00034 3574 

4.18E-03 0.38 1 5 2 0  1207 681 712 0.00700 198 
4.18E-03 0.38 1118 868 605 630 0.00618 226 
4.18E-03 0.38 708 524 534 550 0.00531 379 
4.18E-03 0.38 302 180 460 470 "0.00443 558 
5.56E-03 0.38 1253 990 523 555 0.00582 316 
5.56E-03 0.37 1201 952 565 584 0.00556 593 
5.56E-03 0.38 1101 935 615 590 0.00535 1194 
5.00E-03 0.38 944 945 712 582 0.00500 3573 
1.67E-02 0.38 1 7 5 1  1442 217 281 0.00510 732 
1.67E-02 0.38 1 3 8 6  1212 441 423 0.00031 4402 
5.56E-04 0.38 1 2 8 5  1037 503 532 0.00595 122 
5.56E-04 0.38 1221 960 542 573 0.00558 175 
5.56E-00 0.33 1092 976 656 595 0.00527 774 
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4 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

TABLE 2--1n-phase TMF tests. 

Test Conditions 

Sm~, Tm,,, Tm,x, Frequency, 
Specimen ID MPa ~ ~ Hz 

Computed Constituent Response 

O'fax, AO "f, o'max, AO "m , 

Vf MPa MPa MPa MPa A~ N~ 

Basdine 
92-173 
92-172 
92-175 
92-063 
92-061 
92-062 

Others 
93-115 
93-119 
93-116 
93-120 
93-122 
93-117 
93-121 

900 150 650 5,56E-03 0 . 3 2  2 4 9 6  2001 149 255 0.00270 229 
800 150 650 5.56E-03 0.32 2 1 8 6  1830 148 203 0.00222 1 097 
700 150 650 5.56E-03 0.32 1 8 7 7  1659 146 151 0,00175 6 251 ~ 

1100 150 650 5.56E-03 0.38 2 6 5 6  2132 147 296 0.00306 208 
1000 150 650 5.56E-03 0 . 3 8  2 3 9 4  1973 146 248 0.00262 805 
850 150 650 5.56E-03 0 . 3 8  2 0 0 2  1735 144 175 0.00196 10 024 ~ 

1000 150 650 5.56E-03 0.34 2 6 6 0  2100 145 287 0.00298 609 
1000 93 593 5.00E-03 0 . 3 3  2 4 0 8  2155 307 290 0.00325 1 189 
1000 150 650 5.56E-04 0.34 2 7 5 5  2077 96 296 0.00293 53 
1000 93 593 5.00E-04 0 . 3 3  2 6 5 0  2112 188 308 0.00317 24 
1000 150 650 5.56E-05 0 . 3 3  2 8 7 3  2100 78 310 0.00301 2 
1000 485 650 1.67E-02 0.34 2 6 2 6  1919 162 381 0.00413 780 
1000 485 650 1.68E-03 0 . 3 3  2 8 2 1  1932 103 394 0.00417 54 

"Test was stopped before failure. 

TABLE 3--Isothermal fatigue tests. 

Test Conditions 

Smax, T, Frequency, 
Specimen ID MPa ~ Hz 

Computed Constituent Response 

O'fmax, AO "f, O'mmax, AO "m, 
Vf MPa MPa MPa MPa A~ Ne 

Baseline 
92-358 
92-360 
92-357 
92-359 

Others 
92-208 
92-204 
92-206 
92-168 
92-210 
92-205 
92-217 
92-207 
92-169 
92-209 
92-167 
92-171 

1000 650 1.00E-02 0 . 3 7  2385 1797 187 
900 650 1.00E-02 0 . 3 7  2145 1614 169 
800 650 1.00E-02 0.37 1904 1432 152 
700 650 1.00E-02 0.37 1659 1250 137 

1000 650 1.00E+00 0.34 2274 1823 344 
900 650 1.00E+00 0.35 1937 1616 342 
800 650 1.00E+00 0.34 1694 1459 339 
700 650 1.00E+00 0.35 1388 1257 330 
600 650 1.00E+00 0.34 1157 1093 313 
600 650 1.00E+00 0.34 1157 1093 313 
500 650 1.00E+00 0.34 919 911 284 
800 815 1.00E+00 0 . 3 4  2147 1706 106 
675 815 1.00E+00 0.34 1798 1412 97 
550 815 1.00E+00 0.34 1454 1131 84 
550 815 1.00E+00 0.34 1454 1131 84 
450 815 1.00E+00 0.34 1176 910 76 

373 0.00486 1 848 
338 0.00436 2 343 
302 0.00387 5 177 
267 0.00338 9 990 

427 0.00493 3 722 
379 0.00437 8 630 
342 0.00394 25 749 
295 0 .00340  44919 
256 0.00296 87 910 
256 0.00296 94 584 
213 0.00246 729 019 
212 0.00470 329 
193 0.00389 7 412 
168 0.00311 17 889 
168 0.00311 20 663 
146 0.00251 53 196 

The actual fiber volume fraction (Vf) for each exper iment  was used, A compar ison be tween  
the l -D  model  with a concentr ic  cyl inder  model  indicated that the average axial stress and 
strain values were  similar when  the composi te  was under  an applied mechanical  loading and 
varied by at most  15% when  under  a thermal loading only (i.e., when  the applied stress was 
zero) [17]. Furthermore,  the 1-D model  ran about a factor o f  10 faster than the concentr ic  
cylinder model .  Since life predict ion model ing  tends to be highly empirical,  small differ- 
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NEU AND NICHOLAS ON THERMOMECHANICAL FATIGUE LIFE 5 

ences in the computed stress-strain response do not introduce inaccuracies in the life 
prediction as long as the same micromechanics model is used for all prediction analyses. 

When a viscoplastic model is used, the constituent response is not initially stable and 
tends to ratchet toward some stabilized value. The ratchetting is caused by the stress 
relaxation of the matrix with the attendant increase in the fiber stress. Since the majority of 
the fatigue cycles occur under these stable conditions, the constituent response after stabili- 
zation is used in the prediction models. This is similar to using the strain or stress response 
at half life in low-cycle fatigue life prediction analyses. Similarly, Mirdamadi and Johnson 
ran VISCOPLY on a number of mission cycles until the response was stable [4,18]. 

The analysis of each test condition included a cooldown from 815~ that gives the 
thermal residual stresses, a ramp to the initial stress and temperature of the cycle, and ten 
thermal and mechanical cycles. A comparison of the model and experimental behavior at 
two frequencies under an IP TMF loading are given in Figs. 2 and 3. The model captures the 
inelastic strain on the first cycle as well as the ratchetting behavior with cycling. Since the 
model captures the composite behavior well, it provides confidence that the constituent 
behavior, which cannot be determined experimentally in the case of TMF, is also predicted 
well. The response of the constituents during processing and cycling for the two IP TMF 
cases are shown in Fig. 4. During the first nine cycles under IP TMF, the matrix stress 
relaxes, resulting in a 400-MPa increase in the fiber stress. The amount of increase in fiber 
stress is dependent on frequency, and for these two tests, the fiber stress is 250 MPa higher 
after nine cycles of a 30-min cycle compared to a 3-min cycle. In contrast, under OP TMF, 
the matrix relaxes very little and the response is nearly stable after the first cycle [17,19]. 
For OP TMF the maximum applied stress is at the low temperature of the cycle when the 
matrix is capable of carrying a greater portion of the load; consequently, the fiber stress is 
much lower under OP TMF. For illustration, the maximum fiber stresses at Cycle 10 under 
both IP and OP TMF with Vf = 0.30 and T = 150 to 650~ are shown in Fig. 5. The fiber 
stress under IP TMF is about twice as large. For this particular Vf, Tmax, and AT, the increase 
in maximum fiber stress between a 3 and 30-rain cycle is 150 MPa for IP TMF, whereas the 
frequency effect on fiber stress for OP TMF is somewhat less and decreases with decreasing 
maximum applied stress. The maximum fiber stress appears to be linearly related to the 
maximum stress applied to the composite. More details on the TMF response are given in 
Refs 17 and 19. Since the constituent response is nearly stable after ten cycles, the response 
at Cycle 10 for each test condition is used in the life models. The response for each test is 
given in Tables 1 through 3. 

Life Prediction Approaches 

In this section a number of approaches are examined. First, approaches based solely on 
either the fiber response or matrix response are considered. However, these methods have 
limitations in predicting the general TMF response for many different stress-temperature- 
time histories. Two additional TMF models, the linear life fraction model (LLFM) and the 
dominant damage model (DDM), are considered that combine the effects of the fiber and 
matrix response to improve the TMF predictions over a wider range of test conditions. The 
DDM further incorporates environmental effects that help predict the Tmax, AT, and fre- 
quency effects under TMF that are attributable to environment. 

Based on Fiber Response 

A number of researchers [10,20-22] have argued that since the fibers must fail to obtain 
composite failure, life is controlled by the fiber behavior. Therefore, the first parameter 
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FIG. 2--IP TMF response undergoing temperature cycle of 93 to 593~ at a frequency of 

0.005 Hz (V s = 0.33): (top) model, (bottom) experiment. 

examined as a possible correlating parameter is the maximum fiber stress, ~rem~x (Fig. 6). The 
test data are separated by cycle types. The specific test conditions for each data point are 
given in Tables 1 through 3. The different cycle types tend to group together, with IP TMF 
and IF somewhat following a trend. For these tests an S-N curve for the fibers has been 
proposed [21,23]. Using e ~rm~, assumes the strength of the fibers are degrading with number 

f of cycles. In general, though, O'ma x f  does not correlate all the data. If we say that crm, x 
correlates the IP TMF and IF data, the predictions for the OP TMF data are nonconservative 
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and the error is more than a factor of 10. The plot of crfax is similar to plotting emax of the 
composite at the computed stabilized value because fiber and matrix are both subjected to 
the same strain while the stresses vary depending on the Vf and modulus of  the constituents. 
The fiber response is elastic, though the modulus varies a small amount with temperature 
[24]. No fiber fracture is assumed to occur before the stabilized (Cycle 10) behavior is 
reached. So simply using em~, of the stabilized composite response does not correlate the 
data any better. 
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Others [2,4,10,20] have shown that fiber stress range (Aor f) can correlate the isothermal 
fatigue of different layups [10,20] as well as OP and IP TMF [2,4]. The fiber stress range 
has been successful in correlating tests of the same cycle type, but in general does not 
correlate different cycle types or variations in temperature and frequency [4,25]. Since Ao -f 
depends only on the range, it can be determined experimentally for isothermal fatigue by 
multiplying the composite strain range by the fiber modulus, eliminating the need to 
determine the thermal residual stress. For consistency though, the constituent behavior for 
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all cases was determined from the model. Plotting A(r f seems to correlate all the data 
marginally better (Fig. 7), yet most of the OP TMF data still lie more than a factor of 10 
away from IF and IP TMF data. 

Recently Mirdamadi and Johnson [18] used ~V'~--~e~er.ax as a correlating parameter and 
found it to work slightly better for their data, This parameter is motivated by the SWT 
parameter [26], which in this case accounts for both the cyclic effect as well as the mean 
stress effect on fiber degradation, However, no improvements in the correlation are realized 

f Rf)m, for our data (Fig. 8). Mall et ai. [27] introduced a term gm~ (1 -- 0 < m < 1, to 
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account for any combination of stress range and mean stress, since m = 0 corresponds to 
f and m = 1 to A~r e. Some small improvement in the ability to correlate TMF data was O ' m a  x 

obtained. 
Fiber behavior, in general, cannot correlate both IP and OP TMF data. It may correlate the 

data over a limited range of stresses or fatigue lives when the damage mechanism is 
controlled by the fiber stress only, such as IP TMF, but cannot correlate OP TMF, which is 
marked by matrix fatigue cracking. With matrix cracking, the fibers carry more of the load, 
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which may be included in the model to account for this effect [18]. However, once the 
matrix crack reaches the fibers during TMF or elevated temperature fatigue, accelerated 
fiber degradation occurs, mainly from the environmental attack of the carbon interface and 
notching of the silicon carbide fibers [9,28]. The fiber stress may remain well below the fiber 
strength, but the fiber strength may rapidly degrade after the matrix cracks reach the fibers. 

Based on Matrix Response 

Another approach is to assume that a crack initiates and grows in the matrix and therefore 
the damage progression is controlled by the matrix response [9,23,29-31]. First, matrix 
fatigue is assumed to be controlled by the matrix stress range, mo "m (Fig.9). Since OP TMF 
is matrix controlled, it would be expected that A~I m correlates the OP TMF data; however, 
only the baseline data (i.e., one test condition) are correlated satisfactorily. Since locally the 
matrix undergoes low-cycle fatigue, matrix mechanical strain range, Ae m, may be a more 
appropriate parameter for correlating the data (Fig. 10). This parameter seems to correlate 
the OP TMF and to some extent the IF data; however, the IP TMF predictions are non- 
conservative by more than a factor of 10. An SWT parameter (Fig. 11), which has been used 
to correlate room temperature fatigue [29,30] and elevated temperature fatigue of an MMC 
[23], does not improve the correlations. 

Linear Life Fraction Model (LLFM) 

None of the previous correlations using a single constituent response parameter could 
correlate all three distinct cycle types. In all cases the experiments from one of  the cycle 
types could not be predicted within a factor of  10. Realizing this, Russ et al. [1] proposed a 
two-term model which assumes that a fraction of the life is controlled by the matrix and the 
remaining fraction is controlled by the fiber. They proposed empirical relationships that 
describe the cycles to failure for a fiber-dominated failure mode as 

Nf= lO'V~ ( 1 - ~ J (1) 

and the cycles to failure for matrix-dominated failure mode as 

N m = B(Ao'm) -"  (2) 

Assuming linear damage summation, 

N -  
1 (3) 

The constants were determined by fitting the baseline IP TMF and OP TMF data to Eqs 1 
and 2, respectively (Fig. 12). From the fits, No = 8.8, or* = 3500 MPa, B = 2.4 X 1014, 
and n = 4.02. The justification for a two-term model is the difference in the observed 
damage progression mechanisms. No matrix fatigue cracks are observed for loading types 
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controlled completely by the fiber (i.e., IP TMF), whereas many matrix cracks are observed 
under matrix-dominated conditions (i.e., OP TMF) [1-7]. 

This version of the model correlates the baseline TMF data well since they were used to 
determine the constants (Fig. 13). It also predicts the IF baseline data within reason. Out of 
all the data, only four data ( 3 0 P  and 1 IP TMF) are not predicted with a factor of 10. 
However, the predictions of the nonbaseline data tended not to be as good as the correlated 
baseline data. Though not used in the present investigation, recent additions to this model 
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include the effect of stress ratio on the fiber-dominated term as well as the decomposition of 
damage into cycle-dependent and time-dependent terms [32]. 

In the application of the LLFM, the consideration of damage resulting from two different 
mechanisms produces two independent terms and generally results in one term dominating 
over the other. In this situation, the model functions as a screening tool and computes life 
primarily from the dominant term. Through the introduction of temperature-dependent 
parameters, and by considering fiber-dominated, matrix-dominated, and time as well as 
cycle-dependent behavior, improvements in the ability to consolidate a large body of experi- 
mental data can be achieved. 

Dominant Damage Model (DDM) 

The final model examined also describes the damage using two terms, although more 
terms may be added [12]. The damage terms are motivated by the expected damage 
mechanisms for OP and IP TMF. Both temperature and time are incorporated to account for 
the kinetics of the environmental attack that have been observed to reduce life [7,13,33,34]. 
For unidirectional metal matrix composites, three damage mechanisms were identified [12]: 
(1) fatigue of the matrix, (2) surface-initiated fatigue-environment damage in the matrix, and 
(3) fiber-dominated damage. Each mechanism describes a series of events which may 
include synergistic interactions of fatigue and environment. The first mechanism describes 
the fatigue of the matrix in the absence of any environmental influence on the microcrack 
growth in the matrix. In this study none of the test cases are controlled by this mechanism, 
so it is not considered further. The second mechanism also describes matrix cracking, but in 
this case the environment plays a large role in the growth due to the synergistic fatigue- 
environment interaction, which is characteristic of an OP TMF test. The third mechanism 
describes the case when fibers fracture first, and it also includes an environmental factor 
which describes the gradual weakening of the fibers with time at temperature [28]. 

The damage per cycle, D, is the largest of the possible damage mechanisms (i.e., the 
dominant damage mechanism), 
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D = max (D e"v, D fib) (4) 

where D ~'v is the surface-initiated fatigue-environment damage and/)fib is the fiber-domi- 
nated damage. If the damage mechanisms are completely independent, D can also be 
described as the sum of each damage mechanism as done in Refs 12 and 13. The inverse of  
D is the number of cycles to failure, 

Nf= liD (5) 

The surface-initiated fatigue-environment damage term is based on the fatigue-environ- 
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ment interaction of cracks initiating at the surface and growing inward. Therefore, the 
damage term includes parameters that describe the environmental attack (time, temperature, 
kinetics of oxidation) as well as fatigue (matrix strain range). Synergistic effects due to the 
stress-temperature phasing are also incorporated. This damage term was derived in Ref 12, 
thus only the resulting expression is given here, 

Ccrit 1 - lit3 Denv = 2,a0 t(c 1 - a//3) (AEm)(2 + a)ll3 
I.. (I~oxDeff..i 

(6) 

where tc is the period of a cycle, Ae m is the mechanical strain range in the matrix, and qbox is 
the effective phasing of the cycle and is a function of the ratio of the thermal and mechanical 
strain rates, 

~~162 -2\1 I('mhlE~)-- M)2] (7) 

Deff is the effective oxidation constant and is similar to an Arhennius-type expression 
averaged over a cycle, 

,fo (0ox/ D~ff = - Do exp - dt 
tc RT ] 

(8) 

and the remaining symbols (Ccrit , a,/3, M, ~ox, Do, Qox) are material parameters. 
The fiber-dominated damage term describes the gradual weakening of the fibers with 
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time, temperature, and the kinetics of the degradation coupled with the stress in the fiber and 
the phasing of stress and temperature. This term indirectly includes the effects of environ- 
mental attack of the interface. The damage per cycle is given by 

O"b=fo'~ (9) 
RT ] L o'T__I 

where Qfib is the apparent activation energy for environmental attack of the fiber, tre is the 
axial stress in the fiber, tr T is associated with the fiber strength, @fib is the phasing factor 
which has a similar form as Eq 7 (see [12]), and the remaining symbols (m, Afib) are material 
parameters. 

The material parameters are determined from a limited number of key experiments, which 
include IF and baseline TMF tests. The remaining TMF tests under different Tmax, AT, and 
frequency conditions are predictions. The material parameters for SCS-6/Timetal 21S are 
given in Table 4. More details on the determination of the parameters are given in Refs 12 
and 13. 

All the data with the correlations and predictions are given in Fig. 14. In Fig. 14a, the 
0.01 Hz IF curve shows a change in slope at 900 MPa. The dominant damage mechanism 
above this stress is fiber-dominated damage, whereas below this stress is surface-initiated 
fatigue-environment damage. A change in mechanism also occurs at 1 Hz, though it is a 
higher stress than those plotted in Fig. 14a. The highest stress experiment at 815~ is not 
correlated well and suggests it may be more controlled by the fiber-dominated mechanism. 
In Fig. 14b, the correlation to the IP TMF data captures the effect of Vr. OP TMF is nearly 
insensitive to Vr. The curve through the 150-815~ data is a true prediction. The temperature 
effect was captured from the IF tests conducted at 650 and 815~ In all cases, IP TMF is 
controlled by the fiber-dominated damage mechanism, whereas OP TMF is controlled by the 
surface-initiated fatigue-environment damage mechanism. In Fig. 14c, the true predictions 
for OP TMF under different Tm~x, AT, and frequencies are all within a factor of 2 of the 
experimental life. This plot also shows that a change in T~x is much more detrimental to life 

TABLE 4--Material parameters for DDM. 

Material Parameters 

Surface-Initiated Fatigue-Environment Damage 
Constants 

Do 1.2 p~m21s 
Qo, 29.0 kJ/mol 
a 0.4 
13 0.54 
M -2.0 
~o~ 1.25 
Cod, 3.6 X 10 6/xm 2. s " 

Fiber-Dominated Damage Constants 
Qfib 112.9 kJ/mol 
Afib 3.81 • l0 s l/s 
m 16.6 
M 1.0 
~b 0.45 
~9 0.9 
tr T 3200 MPa 
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compared to an equivalent change in AT, similar to the conclusion by Gayda et al. [34]. In 
Fig. 14d, the predictions for IP TMF tests are not as good. The predictions capture both the 
large degradation in life due to frequency and the insensitivity of AT on the life; however, 
they overestimate the degradation in life with increasing Tm~,. The cycles to failure deter- 
mined from the DDM are compared to experiments in Fig. 15. Modeling the environmental 
effects significantly improve the OP TMF and IF correlations and predictions. 

Discussion 

A single parameter suggesting that TMF life is controlled by either fiber or matrix alone is 
unable to correlate all the data of  OP TMF, IP TMF, and IF within a factor of  10. Since 
more than one mechanism of damage progression occurs among these different cycle types 
and test conditions, these different damage mechanisms must be controlled by different 
parameters. Although both fiber and matrix must eventually break to get specimen failure, 
the events leading up to final failure control the life. A single parameter may correlate a 
limited amount of  data if the damage mechanism remains unchanged over a narrow range of  
test conditions. However, the damage progressions under OP TMF and IP TMF are distinct, 
and therefore it is reasonable that one parameter does not correlate both cycle types. 

Facilitating the comparison between the two-term models, a multiplying factor, M, quan- 
tifying the variation between the model and experimental life, is defined as 

M = 10 . / 1  ~ (logN~, - logN~, x )2 (10) 
~] n i = l  

where n is the number of  experiments, N~ is the cycles to failure from the model, and N~ x is 
the cycles to failure from experiments. Equation 10 is motivated by the standard deviation 
about a perfect correlation. For example, when M is 2, the standard deviation between the 
model and experimental lives is a factor of 2. The results are reported in Fig. 16. For all 
tests, the DDM fairs just a little better than the LLFM. The correlations and predictions for 
the DDM differ on average by about a factor of  3 from the experiments. The multiplying 
factor for each cycle type is also shown. The LLFM predicts all the different cycle types in 
about a factor of 3 to 4, which is an improvement over a single parameter correlation. 
Including the fatigue-environment effects in the DDM, the OP TMF data are all predicted 
within a factor of 2 with the average being just a factor of 1.3. Since IF is somewhat 
controlled by the fatigue-environment interaction, the IF predictions using the DDM are also 
better than the LLFM. However, the DDM is not as successful in predicting IP TMF. The 
LLFM, which does not incorporate time- and temperature-dependent environmental attack 
to the fiber, does a better job in predicting the IP TMF life. As shown in Fig. 14d, the DDM 
may be overpredicting the effect of the environment (i.e., Tmax) on fiber degradation, and 
this may suggest that fiber degradation is more of a mechanical rubbing at the interface 
under IP TMF. It is also possible that applied stress, as opposed to fiber stress, has a greater 
influence on the environmental degradation of the fiber. 

When the fiber-dominated damage mode operates, the stress-life curve has a relatively 
low slope which makes accurate prediction of the number of cycles to failure difficult since 
the life is so sensitive to the stress. Fortunately, when failure occurs under a fiber-dominated 
damage mechanism, the stress is always relatively high. When the stress is reduced, the 
predicted life from this mechanism becomes very large. For the baseline tests, no failure is 
reached by 10 4 cycles when the maximum stress applied to the composite is still about 0.6 of 
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the ultimate tensile strength (UTS) at the maximum temperature of the cycle [6] (Fig. 14b). 
One would desire the design stress to be below this runout level if IP TMF conditions 
prevail. Therefore, even though the IP TMF predictions contain more error, they generally 
will not have to be used in design. 

It turns out to be fortunate that OP TMF can be predicted with some confidence because 
failures under OP TMF can occur as low as 0.1 of the UTS [6]. Since the design stresses will 
most certainly be higher, it is critical that OP TMF is predicted well. Since adding fatigue- 
environment damage improves the prediction, a viscoplastic micromechanics model alone 
(i.e., without fatigue-environment damage) is not sufficient for predicting the T~x, AT, and 
frequency effects under OP TMF. In fact, using a time-independent elastic-bilinear plastic 
micromechanics model along with a fatigue-environment damage model is sufficient in 
predicting the OP TMF lives [13]. 

Conclusions 

A general life prediction model for MMCs that is capable of  predicting the cycles to 
failure of different cycle types requires at least two terms. The justification is that at least 
two distinct fatigue damage mechanisms occur depending on the cycle type. None of the 
single correlating parameters, which either describe the matrix or fiber behavior, correlate all 
cycle types within a factor of 10. 

A linear life fraction model having both fiber and matrix failure mode terms is capable of 
predicting all the cycle types and test conditions on average within a factor of 4. Accounting 
for the fatigue-environment effects in the dominant damage model improves the OP TMF 
and IF predictions, and most of those tests are predicted within a factor of 2. 

Under IP TMF, a fatigue limit (no failure to 104 cycles) is reached. For this cycle type, 
determining this limit is most relevant since the finite life predictions are less certain. Under 
OP TMF, there appears to be no fatigue limit, but the cycles to failure can be predicted 
within a factor of 2 when the fatigue-environment interaction is modeled. 
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Titanium Metal Matrix Composites at Elevated Temperature," Advances in Fatigue 
Lifetime Predictive Techniques: 3rd Volume, ASTM STP 1292, M.R. Mitchell and R. W. 
Landgraf, Eds., American Society for Testing and Materials, 1996, pp. 24-38. 

ABSTRACT: This paper deals with the determination of stress evolution in bridging fibers 
during fatigue crack growth in a SM1240/Timetal-21S composite using the finite element 
method. Several parameters affecting this evolution were considered, namely, the process- 
induced residual stress, the creep characteristics of the matrix layer surrounding the fiber, the 
test temperature, and the loading frequency. In support of these calculations, a series of 
elevated temperature fatigue crack growth tests was conducted to identify the crack growth 
behavior of the composite when subjected to different temperatures at both high and low 
loading frequencies. Results of this numerical/experimental work were then utilized in con- 
junction with a postulated fiber fracture criterion based on the notion that a competition exists 
between the increase in the axial fiber stress and the continuous degradation of the fiber 
strength due to cyclic wear induced by the interface frictional shear stress. The conclusions of 
this study show that the axial stress in the bridging fibers increases with an increase in 
temperature and with a decrease in both the loading frequency and the matrix grain size. A 
combination of high-temperature, low-frequency, and small-matrix grain size would enhance 
creep deformation of the matrix, thus leading to an increase in the rate of the load transfer 
from the matrix to the bridging fibers. Furthermore, the presence of a compressive residual 
stress state in the bridging fibers retards the time-dependent increase of their axial stress. The 
fatigue strength of the bridging fibers was estimated to range from 720 to 870 MPa within the 
temperature range of 500 to 650~ This strength was found to depend on both the tempera- 
ture and the loading frequency. 

KEYWORDS: fatigue crack growth rate, fiber bridging, bridging fiber stress, fiber strength, 
fracture, creep, load transfer, frictional shear stress, finite element analysis 

Previous studies on several unidirectional fiber-reinforced metal matrix composites 
(MMCs) including SCS-6/Ti-6A1-4V, SCS-6/Ti-15V-3A1-3Cr-3Sn, SCS-6/Ti-24Al-llNb, 
and SCS-6/Ti-25AI-10Nb-3Cr-lMo indicated that fiber bridging is an operative damage 
mechanism under loading conditions of practical interest [I-8] .  Fiber bridging occurs when 
the fiber strength is sufficiently high that a fatigue crack extends through the matrix, leaving 
unbroken fibers in the crack wake [9-11]. Bridging fibers can improve the fatigue crack 
growth properties by carrying part of the applied load, thus shielding the crack tip. Silicon 
carbide (SIC) fibers used as reinforcement in these composites have several carbon-rich 
coatings to accommodate fiber/matrix sliding and debonding [12, I3]. Cyclic loading of the 
composites with SiC fibers causes debonding between the carbon-rich coating and the SiC 
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part of the fiber, while the existence of the carbon-rich region permits slippage within the 
coating [14]. During fiber bridging, the crack tip driving force is modified by the presence of 
the crack tip shielding as the result of load transfer from the matrix to the fibers. Thermal 
residual stresses arising from the mismatch of the coefficients of thermal expansion (CTEs) 
of the composite constituents during initial cooldown may influence the load transfer charac- 
teristics by altering the fiber/matrix interfacial properties. The combination of chemical 
bonding and thermally induced clamping results in high interphase shear strength, especially 
at low temperatures. The transfer of load is further modified by various inelastic processes 
occurring at or in the vicinity of the fiber/matrix interface such as matrix plasticity, 
interfacial debonding, and frictional sliding. The stress experienced by a bridging fiber is a 
function of applied load, crack length, number of bridging fibers, the load partition between 
uncracked and cracked regions of the composite as well as the frictional shear stress present 
in the fiber/matrix interface region. The fiber surface frictional-related damage could result 
in a severe deterioration of the fiber strength and thus decrease its ability to carry the 
evolving load. The objective of this work is to determine the evolution characteristics of the 
stress in the bridging fibers as influenced by temperature, loading frequency, residual stress 
state, and material variables. A link will then be established between the fiber-bridging 
damage mechanisms and the fiber stress state for the purpose of determining the influence of 
the aforementioned parameters on the bridging fiber strength. 

In the next section, the composite material used and the experimental procedures em- 
ployed in fatigue crack growth tests are briefly outlined. This will be followed by a 
description of the resulting crack growth characteristics. The stress evolution of the bridging 
fiber will be calculated using the finite element method, and the results will be applied in a 
proposed fiber fracture criterion. 

Material and Experimental Procedures 

Fatigue crack growth tests were conducted on SM1240/Timetal-21S composite speci- 
mens. The chemical composition of the metastable /3 titanium alloy Timetal-21S is (in 
wt %): 0.1 Fe, 16.0 Mo, 3.06 AI, 2.9 Nb, 0.2 Si, 0.22 C, 0.12 O, 0.005 N with the balance 
being Ti. The SM1240 fiber with a diameter of 100 /~m consists of chemically-vapor- 
deposited SiC on a 10-bLm tungsten monofilament. A dual coating of carbon and titanium 
diboride, each layer having a thickness of 1 ~m, is deposited on the surface. The consoli- 
dated, eight-ply, unidirectional composite ([0~ has a nominal fiber volume fraction of 
35%. 

Center-hole rectangular specimens measuring 75 by 4 mm, with notches cut at opposite 
horizontal sides of the 1.577-mm-diameter hole, were used in fatigue crack growth tests. 
The tests were carried out at room temperature as well as at 500 and 650~ The room 
temperature tests established the baseline crack growth behavior. The 500~ test, on the 
other hand, is the expected service temperature, while the 650~ test represents the near 
upper limit use of the matrix material. All tests were carried out under a constant applied 
stress range of 270 _ 5 MPa with the load ratio, R, of  0.1. The two loading frequencies 
considered in this study were 10 and 0.1 Hz. The selection of these frequencies is based on 
earlier work on Timetal-21S fiberless laminates, which showed that frequencies higher than 
10 Hz produced an insignificant oxidation damage effect at temperatures below 650~ 
while those lower than 10 Hz showed effects related to viscoplastic deformation and 
oxidation at temperatures up to 650~ [15]. 

Figure 1 shows a polished and chemically etched cross section of the as-fabricated 
composite. The fibers are aligned in a hexagonal array with an average center-to-center 
distance of 150/xm. The microstructure of the heat-treated matrix alloy consists of distinc- 
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26 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

FIG. 1--A polished and etched cross section of the as-received SM1240/Timetal-21S 
composite showing (a) the distribution of fibers, and (b) the region of fine matrix grains 
around the fber. 

tive 13 grains with an average size of 80/xm containing Widmanstatten acicular a phase and 
a continuous grain boundary ct material with a thickness of about 0.8/xm. The micrograph 
also reveals a distribution of small equiaxed grains immediately surrounding each fiber with 
an average grain diameter of 15/~m (see Fig. lb). This fine-grain structure could have been 
the result of recrystallization during fabrication of the composite [16]. In high-temperature 
loadings, this zone with small grain size around the fibers will experience a creep deforma- 
tion with a rate higher than that of the larger grain base matrix material. The effect of 
enhancement of creep deformation due to the existence of the duplex microstructure on the 
efficiency of load transfer to the fiber at elevated temperature loading is considered in this 
study. 
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The Crack Growth Process 

In all the tests, the fatigue fracture process was seen to advance along a single dominant 
crack perpendicular to both the 0 ~ fiber orientation and the direction of  the applied load. The 
growth of the single crack was found to follow a trend in which the crack growth rate 
decreases continuously with an increasing applied stress intensity factor range (or crack 
length). The work in Ref 16 has associated this decrease in the crack growth rate with an 
increase in the number of fibers bridging the crack wake. The end of this stage is marked by 
the attainment of the minimum crack growth rate pertaining to the particular test condition. 
The first decelerated growth stage is followed by a transition to a stage that consists of 
repeated events of crack growth acceleration and retardation leading ultimately to crack 
instability and final failure of the specimen. The crack growth rate versus the applied stress 
intensity factor range curves limited to the first accelerated and decelerated stages in each 
test are shown in Fig. 2. 

The 500~ test was repeated twice to establish the reproducibility of the observed 
behavior. Two additional 500~ tests were interrupted, one while in the initial crack 
growth deceleration stage and the other while in the following crack growth acceleration 
stage. A typical crack growth curve for this load case is shown in Fig. 2. The specimens 
were ground to the first layer of fibers and examined using optical microscopy to identify 
fractured fibers and the location of the fracture sites. Results of this work showed that all 
bridging fibers are intact while in the bridging stage. During the accelerated growth stage, 
however, several fibers at locations farthest away from the crack tip were broken along 
planes not coinciding with the matrix crack plane. These observations indicate that the crack 
growth transition from decelerated to accelerated growth is associated with the breakage of 
bridging fibers. In this, the fibers located near the crack mouth are the ones that have 
experienced the largest number of fatigue cycles, thus the greatest frictional surface wear, 
which in turn may result in extensive fiber strength degradation [17]. As the bridged crack 
propagates, a competition is set between the increase in the axial stress at a critical fiber 
cross section and the continuous decrease of  the fiber strength. The failure of any of the 
bridging fibers would result in a decrease of the crack tip shielding, thus triggering a 
condition of crack growth acceleration. As will be discussed in the following section, the 
frictional shear stress, the component responsible for the surface wear damage of bridging 
fibers, is uniformly distributed along the fiber/matrix interface region. Emphasis will then be 
placed on estimating the stress evolution in the bridging fibers at a plane coinciding with the 
tip of the debonded interface since at this position bridging fibers experience the largest 
stress gradient due to the presence of large stresses at the crack tip. 

Stress Distribution in Bridging Fibers 

The stress distribution in the constituents of  the composite and the evolution of fiber stress 
in the bridging fibers are predicted using the finite element method. Based on the fiber 
arrangement in this composite (see Fig. la), the fiber distribution is idealized as a hexagonal 
array architecture. A unit cell is then modeled as two concentric c cylinders of a fiber with 
radius, rf, and a matrix phase with an outer radius of rm = rf/N/vf, where of  = 0.35 is the 
fiber volume fraction of the composite. A section of this axisymmetric cylinder is discretized 
into finite elements with the mesh shown in Fig. 3. The SiC fiber, SM1240, is assumed to 
behave elastically for all loading conditions, with elastic modulus, Ef = 400 GPa; Poisson 
ratio, v -- 0.22; tensile strength, tr u = 3750 MPa, and the temperature-dependent coefficient 
of thermal expansion (CTE) [13,18] (see Fig. 4). The elastic modulus, CTE, and yield limit 
of  the Timetal-21S matrix alloy were also considered to be temperature-dependent [15], as 
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FIG. 2--Fatigue crack growth rate, da/dN, versus the applied stress intensity factor 

range, AK~pp, during the initial crack growth deceleration and acceleration stages. 

shown in Fig, 4. The creep properties of the matrix alloy are based on limited experimental 
data [19,20], and the creep behavior is represented by Bailey-Norton's equation in the 
transient and the steady-state stages of creep deformation [21]. The effect of duplex micro- 
structure of the matrix phase is approximated by the assumption that the strain rate varies 
inversely proportional to the square of the grain diameter for self-diffusion creep [22]. 

The loading sequence of the present simulation includes cooldown from consolidation 
temperature to room temperature at a rate of 0.1~ followed by reheating to the test 
temperature and the application of cyclic loading. The fiber/matrix interface is assumed to 
be perfectly bonded throughout cooldown from fabrication to room temperature and subse- 
quent reheating to the test temperature. At the test temperature, the matrix crack and fiber/ 
matrix interracial debonding are introduced simultaneously. The outer surface of the matrix 
is maintained vertical in order to preserve the displacement compatibility of the unit cell 
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FIG. 5--Cross  section of  the axisymmetric model showing the debonded length, L d, 
radius of  fiber, r s, and radius of  matrix cylinder, r m. z and r are the axial and radial 
coordinate axes, respectively. 

with the surrounding composite. A schematic diagram of the model is illustrated in Fig. 5, 
defining the length of the debonded interface, L d, and the distance, z, along the fiber 
measured from the plane coinciding with the matrix crack plane. These notations will be 
used in subsequent figures. Frictional effects are assumed to act along the fiber/matrix 
debonded length in the presence of compressive radial stress. The debonded length and the 
coefficient of friction required for use with the Coulomb law are selected so that the 
resulting crack opening displacement (COD) at a particular crack length matches that exper- 
imentally obtained [14]. This value of COD is assumed not to vary throughout the duration 
of the loading cycles. This assumption corresponds to the steady-state stage of the bridged 
crack growth where the debonded length is assumed to be stable [23]. 

Table 1 summarizes the test cases considered in this study. The variables being investi- 
gated are temperature, loading frequency, residual stress state, and the grain size of the fiber- 
surrounding matrix material. When the bridged crack reaches a length at which deceleration/ 
acceleration crack growth transition occurs, the axial stress in the bridging fiber closest to 
the crack mouth is believed to have reached a maximum value. The finite element results 
show that the maximum axial stress in the bridging fiber is at the section coinciding with the 
matrix crack plane as illustrated in Fig. 6. However, fractographic analysis of SM1240/ 
Timetal-21S composite specimens subjected to isothermal fatigue loadings showed that 
bridging fibers fractured at planes located above and below the matrix crack plane, as 
illustrated in Fig. 7. Studies on other MMCs such as SCS-6/Ti-6-4 and SCS-6/Ti-15-3-3 
also reported a similar fracture feature of bridging fibers [1,24]. Furthermore, work by 
Thouless et al. [25] has suggested that the fracture plane of bridging fibers is at a distance 
from the matrix crack plane and that the location depends on the magnitude of the frictional 
shear stress along the fiber/matrix interface. 

Typical distributions of radial and shear stress components along the fiber/matrix inter- 
face are illustrated in Figs. 8 and 9, respectively. It is noted that only a small variation of 
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TABLE 1--Test parameters for the cases used in the finite element calculations. 

31 

Test Case Temperature, ~ Frequency, Hz d ~ 

1A 500 10 1 
1B 500 0.1 1 
1C b 500 10 1 
1D b 500 0.1 1 
1E 500 10 0.3 
1F 500 0.1 0.3 
2A 650 10 1 
2B 650 0.1 1 
2C b 650 10 1 
2D b 650 0.1 1 
2E 650 I0 0.3 
2F 650 0.1 0.3 

ad = d~/d z, where d~ is grain size of the matrix layer in the immediate vicinity of the fiber and d2 is the grain 
size of the basic matrix material. 

bA case in which the process-induced residual stresses are not considered in the FE calculations. 
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FIG. 6--Var ia t ion  o f  axial stress along the bridging f iber at different loading cycles. 

Curve A represents the stress variation after one load cycle, while curve B is the variation at 
the end o f  500 load cycles. The debonded length, L d = 1200 ~m. 

frictional shear stress occurred along the slip length of  the fiber/matrix interface, with an  
average value o f  3.5 MPa. Consequently,  it can be assumed that degradation o f  the fiber 
strength resulting from the frictional wear  of  the surface of  the fiber is uniform, and the 
location of  most  probable failure site is determined from statistical consideration. In the 
crack tip region of  the debonded length, the shear stress gradient is the highest due to the 
transition f rom the debonded region to the fully bonded region along the fiber/matrix 
interface. In addition, the evolution o f  the bridging fiber axial stress is most pronounced at 
cross sections in the vicinity o f  the Mode  II crack tip because the residual stress state is less 
affected by the matrix crack and the debonding interface. Consequently,  the evolut ion of  
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32 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

FIG. 7--Fracture sites of bridging fibers for test condition 2B (see Table 1), marked with 
white arrows above and below the matrix crack plane. The dark areas are the fiber phase. 
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FIG. 8--Variation of radial stress along the fber/matrix interface at the peak of the first 

applied load cycle. The temperature is 650~ and the debonded length, L d = 1200 ~m. 

axial stress at a bridging fiber plane coinciding with the tip of the fiber/matrix interface is 
addressed in this study. 

Stress Evolution in Bridging Fibers 

The evolution of the axial bridging fiber stress at the cross section coinciding with the tip 
of the fiber/matrix debonded interface during fatigue loading for test cases listed in Table 1 
is shown in Figs. 10A and 10B for loading frequencies of 0.1 and 10 Hz, respectively. As the 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



TAMIN AND GHONEM ON BRIDGING FIBER STRESS 

40 

33 

13... 

v 

30 
17r- z 

20 

10 
17f 

0 ' ~  "~ "~ ~'~ 
0.0 0.5 .0 1.5 2.0 

z / L  a 
FIG. 9--Var ia t ion  o f  shear stress along the fiber~matrix interface. The frictional shear 

stress, "r s, acts along the slip length, L s = 950 t~m, with the coefficient o f  friction, IX = 0.05, 
at test temperature 650~ The debonded length, L a = 1200 ~m. 

loading cycles proceed, the matrix undergoes creep deformation and subsequent stress 
relaxation, resulting in a load transfer to the fiber. A higher level of axial fiber stress is 
predicted for a composite in which the fabrication-related compressive residual stress in the 
composite is not considered. Similarly, the fiber stress was found to increase when the layer 
of  the matrix surrounding the fiber was assumed to consist of grain size smaller than that in 
the remaining of the matrix material. The presence of fine grains in the direct vicinity of the 
fiber enhances the stress relaxation of the matrix phase through creep deformation and thus 
increases the load being transferred to the bridging fiber. 

Furthermore, comparison of the stress evolution curves for the 650 and 500~ tests 
indicates that the level of bridging fiber stress reached after the application of a certain 
number of load cycles is lower at lower temperature. This could be attributed to the rapid 
transfer of load from the matrix to the bridging fiber at a higher temperature level. For the 
same temperature, the material experienced the higher portion of the applied stress for a 
longer duration of time at a lower frequency, thus a greater contribution to matrix creep 
deformation, resulting in a higher level of bridging fiber stress. This contribution is also 
apparent in the higher slope of the evolution curve at lower frequency, which reflected a 
higher rate of load transfer to the bridging fiber due to stress relaxation of the matrix phase. 
The evolution of the fiber stress during isothermal fatigue is therefore dictated by the time- 
dependent deformation of the matrix, which is significant at lower frequencies. 

Fatigue Strength of Bridging Fibers 

As mentioned above, the transition from decelerated to accelerated crack growth is a 
result of the breakage of bridging fibers located near the crack mouth. The fracture of these 
fibers is assumed to occur when the evolving fiber stress level reached the value of the 
continuously decreasing fiber residual strength. This concept forms the basis for the fracture 
criterion of bridging fibers at elevated temperature [26]. The fatigue strength, Sf, is deter- 
mined by locating along the fiber stress evolution curve the stress level corresponding to the 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



34 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

11. 

v 

t~ 

900 

800 

700 

600 

500 

. . . . . . . . . . .  C a b' 

/ /  
i 

0 2 

d 
e 

f 

I a'c 65~ II 

4 6 8 

t x 10 5 (seconds) 

900 
..1 . . . .  a b 

�9 ~.~--"--c 
800 . - ' t  t 

�9 / ' / ' ~  ,.-- d , . - ,  . '~,  . . . . . . .  

O. /(.~/.~ e 
7o0 

/ 
~ 600 / 

500 
0 2 

. . . . f  
r 

a-  c" 650"C 

d - f :  500"C B 

4 6 

t x 10 5 (seconds) 
FIG. 1 O--Evolution of  axial stress in the bridging fiber at the loading frequencies of  (A) 

0.1 Hz and (B) 10 Hz. - . . . . .  without process-induced residual stress and with uniform large 
matrix grain size, _ _  with residual stress and duplex microstructure of  the matrix phase, 

with residual stress and uniform large-matrix grain size. The filled diamond 
symbols on Curves b and e represent the fatigue strength, S s, of  the bridging fibers. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



TAMIN AND GHONEM ON BRIDGING FIBER STRESS 35 

cycle number or the equivalent time at which the first transition to accelerated crack growth 
occurred, as indicated in Figs. 10A and 10B for 0.1 and 10 Hz test cases, respectively. The 
resulting fatigue strength, Sf, of the bridging fibers ranges from 720 to 870 MPa for the two 
temperature levels considered. It is further noted that the fatigue strength of the bridging 
fiber is both time and cycle dependent. The fiber strength at the test condition of 650~ 10 
Hz, for example, is determined as 760 MPa. As seen from Fig. 10B, assuming that this 
strength is unique for the particular briding fiber, it is then apparent that for a matrix with a 
uniform grain size, the presence of residual stresses due to consolidation could prolong the 
fatigue life of the bridging fibers. On the other hand, the absence of residual stresses would 
decrease the fiber life. 

The influence of elevated temperatures and loading frequencies on the bridging fiber 
strength is summarized in Fig. 11. For the same temperature level, the bridging fiber 
strength increases as the frequency decreases. The decrease in frequency and the associated 
increase in the matrix creep rate permit the fiber stress to evolve to a higher level before the 
fiber surface wear generated by cyclic frictional sliding causes fiber failure. This type of 
competition between the fiber stress evolution and the fiber strength degradation due to 
frictional surface effects could also be used to interpret the observation that the number of 
loading cycles, and thus the fiber strength, decreases as the frequency increases, as indicated 
in Fig. 11. Experimental observation indicated that the number of fatigue cycles at the 
transition point for a loading frequency of 10 Hz is about two orders of magnitude higher 
than that for the low frequency of 0.1 Hz. At any frequency, the strength of the bridging 
fiber increases with an increasing temperature level. This is due to the fact that the frictional 
shear stress, which represents the degree of surface wear of the fiber, is lower at a higher 
temperature level. The temperature dependency of interfacial shear stress for several tita- 
nium MMC is reported elsewhere [27,28]. Based on the evolution characteristics of the 
bridging fiber stress and its postulated strength degradation during the fiber-bridging pro- 
cess, it is noted that the evolution of the bridging fiber stress is time dependent in nature, 
while the bridging fiber strength is primarily cycle dependent. 
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FIG. 11--The influence of temperature and loading frequency on the fatigue strength of 

bridging fiber in the SM1240/Timetal-21S composite. 
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Condusions 

An attempt was made to determine the evolution of stress in bridging fibers during the 
fatigue crack growth in a SM1240/Timetal-21S composite using the finite element method. 
Several parameters affecting this evolution were considered; namely, the presence of the 
process-induced residual stress, the creep behavior of the matrix layer surrounding the fiber, 
the test temperature, and the loading frequency. In support of these calculations, a series of 
elevated temperature fatigue crack growth tests was conducted in order to identify the crack 
growth behavior of the composite when subjected to different temperatures at both high and 
low loading frequencies. Results of this numerical/experimental work were then utilized in 
conjunction with a postulated bridging fiber fracture criterion based on the notion that a 
competition exists between an increase in the axial fiber stress and the continuous degrada- 
tion of fiber strength due to cyclic wear induced by the interface frictional shear stress. The 
conclusions of this study are summarized as follows: 

1. The stress in the bridging fibers increases with increasing temperature level and with 
the decrease of both the loading frequency and the fiber-surrounding matrix grain size. The 
rate of increase in the stress is proportional to the temperature but inversely proportional to 
the loading frequency and the matrix grain size. A combination of high temperature, low 
frequency, and small matrix grain size enhances creep deformation of the matrix, thus 
leading to an increase in the load being transferred to the bridging fiber. The evolution of the 
bridging fiber stress is basically time dependent. 

2. The fiber compressive residual stress state induced during consolidation of the compos- 
ite retards the time-dependent increase of the axial stress in the bridging fiber. This residual 
stress state decreases with increasing temperature level and number of fatigue cycles. 

3. The fatigue strength of bridging fibers ranges from 720 to 870 MPa within the 
temperature range from 500 to 650~ and the strength depends on both the temperature and 
loading frequency. 
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ABSTRACT: The present research was undertaken to evaluate the effects of mechanical 
constraint on the response of polymer matrix composites during thermal cycling. Analytical 
and experimental techniques were used to characterize the response of carbon-fiber-reinforced 
cyanate ester and bismaleimide composites. Cross-ply laminates were subjected to thermal 
cycles from 24 to 177~ in the unconstrained, fully constrained, and overconstrained condi- 
tions. Laminate response, damage mechanisms, and residual compressive properties were 
characterized for each material and degree of constraint. The results of this research indicate 
that the level of constraint can have a significant effect on the response of polymer matrix 
composites during thermal cycling. However, longer-term testing is required to determine if 
the observed changes in response will ultimately affect the final failure mode and fatigue 
endurance of the materials. 

KEYWORDS: bismaleimide, composites, cyanate ester, thermomechanical fatigue 

Thermomechanical fatigue occurs when a structural component is subjected to thermal 
cycling under mechanical constraint and/or superimposed mechanical loading. Structural 
components subject to thermomechanical loading include aircraft engine components and 
support structure, heat exchangers, piping, etc. Traditionally, such components have been 
fabricated from metals or metal alloys, and the behavior of these materials under 
thermomechanical loading has been extensively investigated. However, the performance 
requirements for the next generation of  aircraft can only be satisfied if substantial reductions 
in weight are realized. One means of achieving these reductions is through the use of fiber- 
reinforced polymer composites utilizing high-temperature matrix materials. Considerable 
work has been performed to characterize the effects of temperature on the physical and 
mechanical properties of these materials, and the effects of unconstrained thermal cycling 
have been documented in the literature [1-7]. Unfortunately, little or no information is 
currently available regarding the effects of thermomechanical fatigue, i.e., constrained ther- 
mal cycling, on polymer matrix composites. The present research examines the effects of 
mechanical constraint on the behavior of carbon-fiber-reinforced cyanate ester and 
bismaleimide composites subjected to thermal cycling. 

Defining the degree of constraint is considerably more complicated for composite materi- 
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als relative to metals or alloys. Varying degrees of constraint may exist within composite 
materials at the constituent (fiber and matrix) and ply levels. Varying degrees of external 
constraint may also be applied at the laminate level. Throughout this document, all refer- 
ences to degree of constraint refer to external constraint on the laminate unless otherwise 
specified. Thermal cycling without external constraint is referred to as unconstrained cycling 
in spite of the fact that constraint may be present at the constituent and ply levels within the 
laminate. Thermal cycling with rigid external constraint is referred to as fully constrained 
thermal cycling. Finally, thermal cycling with a superimposed mechanical strain is referred 
to as overconstrained thermal cycling. A more detailed discussion of degrees of constraint in 
composite materials is available elsewhere [8]. 

Materials and Methods 

Prepreg consisting of Hercules IM6 carbon fiber tows in a cyanate ester resin produced by 
Mitsubishi Gas Chemical Company, Inc. (IM6/BT3008) was fabricated by wet filament 
winding. Unidirectional and cross-ply laminates of IM6/BT3008 were layed up and molded 
in an autoclave. Prepreg consisting of Hercules IM7 carbon fibers in a bismaleimide resin 
(IM7/5250-4) was purchased from BASF Structural Materials, Inc. Cross-ply laminates of 
IM7/5250-4 were layed up and molded in an autoclave. Lamina physical and mechanical 
properties were generated for IM6/BT3008 as a function of temperature from 24 to 177~ 
Details of the materials, fabrication techniques, and lamina-property testing are available 
elsewhere [8]. 

Thermomechanical Analysis 

Limited analytical work was performed to predict the response of IM6/BT3008 [0/9013 s 
laminates during unconstrained, fully constrained, and overconstrained thermal cycling from 
24 to 177~ Predicted quantities include the laminate strain, constraining force, and ply 
stresses as a function of temperature. Ply stresses are used to explain laminate response and 
damage mechanisms observed experimentally. Laminate strain and constraining force are 
compared with experimental data to validate the analysis. The analysis accounts for changes 
in lamina physical and mechanical properties with temperature and for nonlinear stress- 
strain response where applicable. However, the analysis does not account for time-depen- 
dent deformation (creep and stress relaxation), matrix yielding, microcracking, or other 
damage that may accumulate during the first or subsequent cycles. Results of parametric 
studies are presented to demonstrate the sensitivity of the analysis with respect to the 
temperature dependence of the lamina properties, the nonlinear stress-strain response, and 
the laminate stress-free temperature. 

Computer Code Generation 

A computer code was generated to perform the analysis. The code is based on classical 
laminate theory, and its structure is similar to that of GENLAM [9]. However, the program 
has been modified to include temperature-dependent lamina physical and mechanical prop- 
erties and nonlinear stress-strain response [8]. Input to the program includes the degree of 
constraint, the upper (TMAx) and lower (TraiN) bounds of the thermal cycle, the laminate 
stress-free temperature (Tsvr), the laminate stacking sequence or layup, the temperature- 
dependent lamina physical and mechanical properties, and the nonlinear stress-strain re- 
sponse, where applicable. 

The code begins its calculations at Tsvr and steps the temperature down to TML~ in 5.6~ 
increments. This imparts the correct residual stress distribution in the laminate at the start of 
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the thermal cycle. In the presented study, the laminate is unconstrained during this portion of 
the analysis. The temperature-dependent lamina physical and mechanical properties are 
determined at the midpoint of each temperature interval. The properties dependent on 
nonlinear stress-strain response are determined at the midpoint of each temperature interval 
and at the corresponding lamina strain. For each temperature step in the unconstrained 
condition, the code outputs the laminate strains in the reference coordinate system (exx and 
err) and the ply stresses in the principal material directions (Orl l  , 022 , and ']'12)" In the present 
study, the X-direction is parallel to the 0 ~ plies in the laminate and the l-direction is parallel 
to the fibers in the plies. Upon reaching the constraint temperature (TcoN), the code applies 
the appropriate boundary conditions to the laminate. In the present study, TcoN corresponds 
to TMtN, and the constraint is applied by fixing the laminate strain in the X-direction (i.e., 
Exx = 0 for full constraint). After the temperature reaches TMrN, the code steps the 
temperature up to/'MAX in 5.6~ increments. Lamina physical and mechanical properties are 
determined as described previously. For each temperature step in the constrained condition, 
the code outputs the laminate strains (exx and err), constraining force per unit width (Nxx), 
and ply stresses (t711, cr22, and ~'12)- 

Baseline Analysis 

The baseline analysis was performed for an IM6/BT3008 [0/90]3 s laminate (TsF-r = 
124~ subject to unconstrained and fully constrained thermal cycling from 24 to 177~ For 
the fully constrained condition, the following boundary condition was imposed on the 
laminate at the constraint temperature (TcoN = 24 ~ 

EXX ~ 0 

where Exx is the laminate strain in the X-direction. The 0 ~ ply stresses in the X-direction are 
given as a function of temperature in Fig. 1 for both the unconstrained and fully constrained 
cases. The 90 ~ ply stresses in the X-direction are given in Fig. 2. As expected, the effects of 
full constraint are greater for the 0 ~ plies, which carry a larger portion of the load. The Y- 
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thermal cycling of IM6/BT3008 [0/90]~ s. 

direction ply stresses in the fully constrained laminate are within 4% of those in the 
unconstrained laminate. The small difference can be attributed to Poisson effects. 

At first glance, the changes in the X-direction ply stresses with full constraint may appear 
insignificant. The 0 ~ ply stress in the constrained laminate at 177~ is - 2 3 . 2  MPa versus a 
0 ~ compressive strength of - 3 1 7  MPa [8]. The 90 ~ ply stress in the constrained laminate at 
177~ is - 12.0 MPa versus a 90 ~ compressive strength of -53 .1  MPa [8]. However, three 
additional points should be considered. First, it is not a static failure that is of concern here 
but rather the development of fatigue damage in the material over an extended service life. 
Second, the effects of time-dependent deformation may lead to changes in the ply stress 
distribution over time. These effects are of particular concern for the 90 ~ plies in the 
constrained laminate where the stress level at 177~ is approximately 23% of the strength. 
Finally, the ply stresses presented here do not take into account any external service loads 
applied to the laminate. Superposition of stresses resulting from such loads could further 
reduce the safety factors for ply failure. 

Parametric Studies 

After the baseline analysis was completed, a series of parametric studies were performed 
to determine the sensitivity of the analysis with respect to the temperature dependence of the 
lamina properties, the nonlinear stress-strain response, and the laminate stress-free tempera- 
ture. The temperature dependence of the lamina properties and laminate stress-free tempera- 
ture were expected to have a significant impact on the ply stress predictions. The nonlinear 
stress-strain response was expected to have a relatively minor effect on the ply stress 
predictions for the [0/9013s laminate due to the absence of shear strains in the plies. 
However, nonlinear stress-strain response was expected to play a greater role in determining 
the ply stresses in laminates containing a large percentage of off-axis plies in which shear 
strains are present. 

Nonlinear Stress-Strain Response--To illustrate the effects of nonlinear stress-strain 
response, the baseline analysis was repeated without introducing the strain dependence of 
the lamina transverse and shear moduli. The effects of nonlinear stress-strain response are 
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minimal for the [0./90]3 s laminate in the unconstrairied and fully constrained conditions. The 
error in the ply stress predictions introduced by omitting the nonlinear stress-strain response 
is less than 5% for both the unconstrained and fully constrained laminates. 

Temperature-Dependent Properties--To demonstrate the effects of temperature-depen- 
dent lamina mechanical properties, the baseline analysis was repeated using only the lamina 
mechanical property data generated at 24~ Temperature-dependent lamina CTEs were 
utilized, and the nonlinear stress-strain response, while minimal, was considered in the 
determination of the transverse and shear moduli at 24~ The 0 and 90 ~ ply stresses in the 
X-direction calculated with and without the temperature-dependent lamina properties are 
given as a function of temperature in Figs. 3 and 4, respectively. As expected, the tempera- 
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ture dependence of the lamina properties has a significant impact on the ply stress predic- 
tions. Errors resulting from omitting temperature dependence are conservative and result in 
overprediction of the ply stresses. 

Stress-Free Temperature--To illustrate the effects of laminate stress-free temperature 
(Tsvr), the baseline analysis was repeated with TsF-r set at 179~ rather than 124~ A~,I other 
parameters were consistent with the original baseline analysis. It should be noted that the 
choice of 179~ was not arbitrary. Initially, the maximum cure temperature (TcuRE) was to 
be used for this calculation since it is often assumed that Tsvr = TCURE. However, for the 
IM6/BT3008 material, TCtJRE was 200~ while mechanical property data were determined 
only up to 177~ A lower value of Tsvr (179~ was chosen to avoid errors resulting from 
extrapolating the mechanical property data beyond the upper bound of  the available test 
results. The 0 and 90 ~ ply stresses in the X-direction calculated with Tsv r set at 124 and 
179~ are given as a function of temperature in Figs. 5 and 6, respectively. As expected, 
Tsvr has a significant impact on the ply stress predictions. Assuming a higher Tsvr can result 
in a substantial overprediction of the tensile stresses present in the 90 ~ plies at 24~ 
Increasing TsF-r from 124 to 179~ increases the predicted value of  the 90 ~ ply stress at 24~ 
from 17.2 to 27.4 MPa. The 90 ~ tensile strength of IM6/BT3008 is 39 MPa at 24~ [8]. Thus 
the 55~ increase in Tsvr increases the 90 ~ ply stress from 44 to 70% of the static strength. 
Had Tsvr been set at the cure temperature (200~ as is often the case when Tsvr is not 
known, the predicted value of the 90 ~ ply stress would have been even higher. 

Overconstrained Cycling 

The baseline analysis examined the fully constrained case with the constraint temperature 
(Tcoy) set at 24~ This case is representative of a structure for which the composite 
subcomponents are manufactured separately and attached in a secondary operation that takes 
place at ambient temperature and provides a precise fit-up with no gaps or prestress. The 
composite subcomponents exhibit residual stresses imposed during cool down from the 
processing temperature due to the mismatch in CTE between the constituents and between 
plies of different orientations. No external constraint is present at ambient temperature. On 

15 

= s 

>~ .s 

c - I0  

-15 

| -20 

-2S 

~. -30 ~. 
. .  _=__- 

o - 4 0  -~ 
o 

-46 

Dotted " Laminate SFT 179 Dog. G U 
Solid 

~ C 

U - Unconstrained 
C ,, Conatrained at 24 Dog. C 

50 100 150 

Temperature [Dog. CI 

200 

FIG. 5--Effects of stress-free temperature on 0 ~ ply stresses in X-direction during 
thermal cycling. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



STRAIT ET AL. ON THERMOMECHANICAL FATIGUE 45 

3 0  

2 0  

15 

10 

S 

0 

- 5  

- I0 

-15 

- 2 0  

D o t t e d  - L a m i n a t e  S F T  1 7 9  D e g .  C 
S o l i d  - B e e e l l n e  ( S F T  1 2 4  D a O ,  C )  

U - U n c o n s t r a i n e d  C 
C - C o n s t r a i n e d  e t  2 4  D a g .  C 

' ' ' ' I ' ' ' ' i ' ' ' ' [ ' ' ' ' 

50 100 150 2 0 0  

T e m p e r a t u r e  [ D a o .  C]  

FIG. 6--Ef fects  o f  stress-free temperature on 90 ~ ply stresses in X-direction during 
thermal cycling. 

heating, the composite expands/contracts against the surrounding structure, which remains 
fixed due to large thermal mass or active cooling systems. The resulting stresses are 
superimposed on the residual stresses, which are locked in by the constraint. An alternative 
case of practical importance is the overconstrained case with TcoN set at 24~ This case is 
representative of structures similar to those of the fully constrained case but lacking large 
thermal mass or active cooling systems. In such cases, the composite subcomponents are 
forced to expand/contract by the surrounding structure, which is typically composed of a 
metal alloy with a relatively large CTE. 

To illustrate the effects of overconstrained thermal cycling, an analysis was performed for 
an IM6/BT3008 [0/90]3 s laminate subject to overconstrained thermal cycling from 24 to 
177~ The parameters used in the analysis were similar to those used for the baseline case 
including TcoN, which remained at 24~ However, the full-constraint condition (exx = O) 
imposed at /"CON in the baseline analysis was replaced by an overconstrained condition 
defined as follows 

exx = acoN(T-  TcoN) 

where exx is the laminate strain in the X-direction, aco  N is the CTE of the material applying 
the constraint, and T is the temperature at the midpoint of the current temperature interval. It 
should be emphasized that this constraint condition assumes that the structure imposing the 
constraint is much stiffer than the composite subcomponent due to a larger cross section 
and/or higher modulus material. Two variations of this case are presented, one for a 
Ti-6A1-4V structure with a composite subcomponent and one for a 6061-T6 AI structure 
with a composite subcomponent. CTE data for these materials relative to the IM6/BT3008 
composite are given in Table 1. 

The 0 and 90 ~ ply stress predictions for the [0/9013s layup subject to thermal cycling in the 
unconstrained, fully constrained, and overconstrained conditions are presented in Figs. 7 and 
8, respectively. As expected, the ply stresses developed with a 6061-T6 A1 constraint are 
more severe than those with a Ti-6A1-4V constraint due to the higher coefficient of thermal 
expansion of 6061-T6 A1. For the 6061-T6 A1 constraint, the 90 ~ ply stress at 177~ is 77% 
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TABLE l--Coefficient of thermal expansion (CTE) data for various materials [8]. 

CTE, H ~  

Material 24~ 177~ 

6061-T6 aluminum 
Titanium-6% aluminum-4% vanadium (Ti-6A1-4V) 
IM6/BT3008 [90], 
IM6/BT3008 [0]. 
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of the transverse tensile strength [8]. Difficulties were encountered measuring the longitudi- 
nal tensile strength IM6/BT3008 at 177~ [8]. However, available data indicate that the 0 ~ 
ply stress at 177~ may be as much as 35% of the longitudinal tensile strength. These results 
indicate that overconstralned cycling with a 6061-T6 A1 constraint (TcoN = 24~ repre- 
sents a very severe service condition relative to unconstrained or fully constrained cycling. 
Fortunately, the ply stresses developed during thermal cycling in the overconstrained condi- 
tion can be reduced by increasing TcoN to the stress-free temperature of the laminate [8]. In 
actual structures, this can be achieved by in situ curing of the composite subcomponents. 

Thermomechanical Fatigue Testing 

IM6/BT3008 [0/9013s and IM7/5250-4 [0/90]ss laminates were subjected to thermal 
cycles from 24 to 177~ in the unconstrained, fully constrained, and overconstrained condi- 
tions. Details of the test methods and test results are provided below. 

Experimental Methods 

Specimen Preparation--The specimen utilized for the thermomechanical fatigue tests 
was based on the compression specimen described in the ASTM Test Method for Compres- 
sive Properties of Unidirectional or Crossply Fiber-Resin Composites (ASTM D 3410). A 
schematic of the specimen is provided in Fig. 9. This specimen was selected for its ability to 
accommodate tensile or compressive loads. 

Coupons measuring 13.97 by 1.27 cm were machined from IM6/BT3008 [0/90]3 s arid 
IM7/5250-4 [0/9015s laminates with the long dimension at 0 ~ End tabs were machined from 
an IM6/5250-4 [0/90)3/0]s laminate with the long dimension at 0 ~ Details of the machining 
procedure are available elsewhere [8]. End tabs were bonded to the specimens with Ameri- 
can Cyanamid HT 424 film adhesive. After end tab bonding, one edge of each specimen was 
polished using 220 to 4000-grit AI203 papers and 1-/xm A1203 suspension on polishing 
cloth. Polishing was necessary to permit examination of the gage section with an optical 
microscope prior to and following thermomechanical cycling. After polishing, the length 
and width of each specimen were measured at the center of the gage section. A Type J 
thermocouple was bonded to each specimen at the center of the gage section. Bonding was 
accomplished in two steps. First, two plies of American Cyanamid FM 87-1 film adhesive 
were applied to the specimen and fully cured. These plies were necessary to electrically 
isolate the thermocouple from the conductive composite. Next, the thermocouple was 
bonded to the specimen using two additional plies of FM 87-1. 

Test Equipment--Thermomechanical fatigue tests were conducted on a servohydraulic 
test frame equipped with hydraulic grips and a dynamic extensometer. Heating of the sample 
gage section was accomplished using 120-VAC, 7.75-kW/m 2, silicone rubber heating tapes. 
Cooling was accomplished with 69 kPa forced air. Data acquisition and control of the 
temperature, load, and strain set points were accomplished with a personal computer 
equipped with a data acquisition and control board. A schematic showing a sample loaded in 
the test fixture is given in Fig. 10. 

To start the test, the operator inputs the level of constraint, constraint temperature (TcoN), 
the number of cycles to complete (Ncvc), the maximum temperature for the cycle (TMAx), 
and the minimum temperature for the cycle (TMIN). The thermal cycle begins at TMI N. The 
computer closes the heating relay and begins to monitor the heat tape temperature (TTAPE), 
sample temperature (TsAM), load (P), and strain (e). The load (unconstrained cycling) or 
strain (constrained cycling) is compared with the set point, and a feedback signal is output to 
the Instron to adjust the reading. TTAPE, TSAM, P, and e readings are written to an output file 
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FIG. 9--Thermomechanical fatigue specimen. 

c .  

FRONT VIEW 

when TSA M = TM~N and at 5~ (2.8~ increments on TSAM thereafter. When TsA M > TMAX, 
the heating relay opens and the cooling relay closes. Data continue to be written to the 
output file at 5~ (2.8~ increments on TSAM- 

Preliminary Tests--A series of preliminary tests were performed to verify the specimen 
design and test equipment and to establish detailed procedures for performing un- 
constrained, fully constrained and overconstrained tests. The resulting test methods are 
discussed individually in the next section. 

A preliminary test was also performed to characterize the temperature gradient in the 
sample and to verify that the location selected for bonding the thermocouple was appropri- 
ate. An IM6/BT3008 sample was selected, and several Type J thermocouples were bonded 
to the surface and embedded within the sample. The sample was loaded into the test fixture 
and subjected to ten thermal cycles from 24 to 177~ Readings from all thermocouples 
were recorded at 15-s intervals. Readings for thermocouples in the gage section were within 
a + 2.8~ range over the 24 to 177~ interval for all cycles. Readings for thermocouples 
outside the gage section lagged by approximately 28~ These results indicated that the 
temperature variation in the gage section was minimal, and that a single thermocouple 
bonded to the surface at the center of the gage section was adequate to determine the sample 
temperature. 

Three additional tests were performed to ensure that the temperature cycle was consistent 
throughout each test and between tests. A different sample was used for each test to evaluate 
the effects of small variations in the test setup. Data from the three tests (A, B, and C) are 
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FIG. lO--Thermomechanical fatigue test fixture. 

given in Fig. 11. Little or no variation in the temperature cycle was apparent between cycles 
in a given test. However, small but significant variations in the temperature cycle were 
observed between tests. These were attributed to slight differences in the clearance between 
the heat tape and the individual samples. The most important aspect of the temperature cycle 
is the asymmetry in the heating and cooling rates. In all cases, the heating rate is signifi- 
cantly lower than the cooling rate, particularly at the upper end of the thermal cycle. The 
effect of the asymmetry in the heating and cooling rates on the test results is discussed in 
detail in the section on experimental results. 

Test Procedures 

Unconstrained Thermal Cycling--Unconstrained thermal cycling was performed in load 
control. A load set point of 0 kN was maintained while the sample temperature was cycled 
between 24 and 177~ The laminate strain was monitored as a function of sample tempera- 
ture for comparison with analytical predictions. 

Fully-Constrained Thermal Cycling--Fully constrained thermal cycling was performed 
in strain control. A strain set point of 0 microstrain (/x) was maintained while the sample 
temperature was cycled between 24 and 177~ The load on the laminate was monitored as a 
function of sample temperature for comparison with analytical predictions. 

Overconstrained Thermal Cycling--Overconstrained thermal cycling was performed in 
strain control. A strain set point of 

exx = 23.6E-6(T - 24) 
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10 

was maintained while the sample temperature was cycled between 24 and 177~ This 
corresponds to a case in which the constraining material is 6061-T6 A1. The load on the 
laminate was monitored as a function of sample temperature for comparison with analytical 
predictions. 

Damage Characterization--After cycling, the polished edge of each coupon was cleaned 
by wiping with 1,1,1-trichloroethane and was examined using an optical microscope. The 
presence of matrix cracks, fiber/matrix disbonds, delaminations, and other damage was 
recorded. 

Residual Mechanical Properties--After damage characterization, the residual compres- 
sive strength and modulus of each coupon was measured. The compression tests were 
performed in a Wyoming-modified IITRI test fixture. Strain measurement was accomplished 
with bonded strain gages. The method of attachment of the thermocouple precluded the use 
of back-to-back strain gages. A single gage was bonded to the surface of each coupon at the 
center of the gage section on the face opposite the thermocouple. Results of preliminary 
tests performed on coupons without thermocouples indicated that bending effects were 
negligible below 0.5% strain. All modulus measurements were performed using a chord 
from 0.1 to 0.3% strain. 

Experimental Results 

IM6/BT3008 

Unconstrained Thermal Cycling--Experimental values of laminate strain as a function of 
sample temperature (Cycle 1) are given in Fig. 12 for a typical IM6/BT3008 sample in the 
unconstrained condition. The data are compared with the prediction from the baseline 
analysis. The correlation between the predicted and experimental laminate strains is good 
during heating to approximately 121~ at which point the strain begins to drop off from the 
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FIG. 12--Predicted versus experimental laminate strain as a function of temperature 
(Cycle 1)for IM6/BT3008 [0/9013s in the unconstrained condition. 

predicted values. The deviation between the predicted and experimental strain increases with 
temperature to the upper limit of the cycle (177~ On cooling, hysteresis is apparent in the 
strain-temperature response, indicating the presence of permanent deformation in the sam- 
ple. The hysteresis is attributed to time-dependent deformation in the 90 ~ plies of the 
laminate. The effects of time-dependent deformation are more pronounced during heating 
due to the asymmetry in the heating and cooling rates at elevated temperature. Time- 
dependent deformation was not accounted for in the analytical model that was used to 
predict the laminate response. Compressive stresses develop in the 90 ~ plies when the 
laminate is heated above the stress-free temperature (124~ due to the higher coefficient of 
thermal expansion of the 90 ~ plies relative to the 0 ~ plies. Relaxation of the compressive 
stresses appears to occur over time at the higher temperatures, thereby releasing some of the 
constraint on the 0 ~ plies and allowing them to contract. This results in a net decrease in 
laminate strain relative to that predicted without accounting for time-dependent deformation. 

It is important to emphasize that the time-dependent deformation in the IM6/BT3008 
laminate influences the ply stress distribution as well as the net laminate strain. Stress 
relaxation results in lower compressive stresses in the 90 ~ plies at temperatures above 121~ 
than those predicted in the baseline analysis. As a result, the tensile stresses developed in the 
90 ~ plies during cooling will be higher than those predicted in the baseline analysis. The 
baseline analysis predicts a 90 ~ ply stress of 17.2 MPa on cooling to 24~ This value 
corresponds to 44% of the transverse tensile strength of IM6/BT3008 at that temperature. 
For the sample shown in Fig. 12, the hysteresis in Cycle 1 resulted in a net decrease in 
laminate strain of approximately 60/x at 24~ This corresponds to an increase of approxi- 
mately 0.5 MPa in the 90 ~ ply stress at 24~ bringing the value to approximately 17.7 MPa 
or 45% of the transverse tensile strength. This increase, while small, does represent an 
increase in the potential for microcracking in the 90 ~ plies. 

The progression of hysteresis in the laminate strain versus temperature response for the 
IM6/BT3008 sample in the unconstrained condition is shown in Figs. 13 and 14. During 
Cycles 2 through 40, the degree of hysteresis per cycle decreases, but the net laminate strain 
at 24~ continues to decrease. At the end of Cycle 40, the progressive hysteresis has reduced 
the laminate strain by approximately 150/x relative to the start of Cycle 1. This corresponds 
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to an increase of approximately 1.3 MPa in the 90 ~ ply stress at 24~ bringing the value to 
approximately 18.5 MPa or 47% of the transverse tensile strength. At the end of Cycle 41, 
there is a sharp increase in laminate strain of approximately 15/x as the sample temperature 
approaches 24~ The increase in laminate strain is attributed to the initiation of microcracks 
in the 90 ~ plies. Initiation of microcracks relieves some of the tensile stress in the 90 ~ plies, 
thereby reducing the constraint on the 0 ~ plies and allowing them to expand. This, in turn, 
results in an increase in the laminate strain. 

The data for Cycle 42 show a larger increase in laminate strain than expected for the 
initial heating portion of the cycle. This result suggests that the microcracks continue to 
propagate as long as a significant level of tensile stress is present in the 90 ~ plies. As the 
temperature rises and the tensile stresses in the 90 ~ plies are reduced, the microcracks arrest 
and the slope of the laminate strain versus temperature curve returns to the previous value. 
Microcrack propagation resumes during the latter portion of the cooling cycle as the tensile 
stresses in the 90 ~ plies increase once again. The propagation of microcracks in Cycle 42 
produces an increase in laminate strain of approximately 85 /x. This process is repeated in 
Cycles 43 through 48. With each cycle, the increase in laminate strain is reduced since the 
tensile stresses in the 90 ~ plies are relieved by propagation of the microcracks. At the end of  
Cycle 48, the laminate strain has been increased by approximately 260 p~ relative to the end 
of  Cycle 40. This corresponds to a decrease of approximately 2.3 MPa in the 90 ~ ply stress 
at 24~ bringing the value to approximately 16.2 MPa or 42% of the transverse tensile 
strength. 

After Cycle 48, the response of the laminate stabilizes for several cycles possibly due to 
the microcracks arresting at the adjacent 0 ~ plies. Subsequently, signs of time-dependent 
deformation reappear at the upper end of  the heating cycle, and hysteresis becomes apparent 
on cooling. The degree of hysteresis per cycle is considerably less than the early cycles, but 
results in a steady decrease in laminate strain until the initiation of additional microcracks 
and the corresponding increase in laminate strain. This process is repeated throughout the 
test as shown in Figs. 15 and 16. The maximum test duration for the present study was 1000 
cycles. For the samples tested in the unconstrained condition, there were no signs of 
reaching a saturation crack density within 1000 cycles. 
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FIG. 15--Experimental laminate strain at start of cycle (24~ IM6/BT3008 [0/9013s 
in the unconstrained condition (Cycles 1 to 60). 
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The observed changes in the laminate strain versus temperature response of  the 
IM6/BT3008 samples during unconstrained thermal cycling have been attributed to time- 
dependent deformation in the 90 ~ plies, which leads to an increase in ply stress and 
ultimately to microcracking. This explanation is consistent with the damage observed in the 
IM6/BT3008 samples after cycling (Table 2). After  1000 cycles in the unconstrained condi- 
tion, the samples exhibit  an average transverse crack density of  23 + 4 cracks/cm. No 
reduction in compressive modulus or strength is apparent relative to as-molded samples 
(Tables 3 and 4). This is not surprising, as the effects of  microcracking on compress ive  
properties are minimized by crack closure. Had the test duration been extended and 
delaminations initiated at junctions between microcracks in adjacent plies, it is l ikely that 
significant reductions in compressive properties would  have been observed. 

TABLE 2--Transverse crack density in IM6/BT3008 and IM7/5250-4 laminates. 

Transverse Crack Density, cracks/cm 

1000 Cycles from 24 to 177~ 

Material As-Molded Unconstrained Fully Constrained Overconstrained 

IM6/BT3008 0.0 23 ___ 4 15 _+ 4 20 ___ 6 ~ 
IM7/5250-4 0.0 0.0 0.0 1 + 0 

~ fiber/matrix debonding observed in these coupons. 

TABLE 3--Residual compressive modulus of 1M6/BT3008 and IM7/5250-4 laminates. 

Compressive Modulus, GPa 

1000 Cycles from 24 to 177~ 

Material As-Molded Unconstrained Fully Constrained Overconstrained 

IM6/BT3008 74.5 + 1.3 73.0 + 2.7 73.6 + 2.1 73.9 _+ 11.3 
IM7/5250-4 77.9 _ 8.6 73.8 + 6.2 69.4 + 0.9 81.9 ___ 5.7 
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TABLE 4--Residual compressive strength of lM6/BT3008 and IM7/5250-4 laminates. 

5 5  

Compressive Strength, MPa 

1000 Cycles from 24 to 177~ 

Material As-Molded Unconstrained Fully Constrained Overconstrained 

IM6/BT3008 820 + 54 792 +_ 40 798 + 14 758 _ 11 
IM7/5250-4 935 + 99 930 + 107 817 + 7 873 _ 38 

Fully-Constrained Thermal Cycling--Experimental values of constraining force as a 
function of sample temperature (Cycle 1) are given in Fig. 17 for a typical IM6/BT3008 
sample in the fully constrained condition. The data are compared with the prediction from 
the baseline analysis. The prediction fits the data well up to approximately 110~ The slight 
difference in slope is attributed to overprediction of the laminate modulus by the analytical 
model, which is based on classical laminate theory. Above 110~ the load begins to drop 
off from the predicted values. The deviation between the predicted and experimental load 
increases with temperature to the upper limit of the cycle (177~ On cooling, hysteresis is 
apparent in the load-temperature response, indicating the presence of  permanent deforma- 
tion in the sample. As in the unconstrained case, the hysteresis is attributed to time- 
dependent deformation in the 90 ~ plies of the laminate. The appearance of time-dependent 
deformation at lower temperature in the fully constrained sample relative to the un- 
constrained sample is consistent with the 90 ~ ply stress predictions from the baseline 
analysis. Compressive stresses develop more rapidly in the 90 ~ plies of the fully constrained 
laminate relative to the unconstrained laminate. This is due to the application of a compres- 
sive constraining force that is applied to prevent expansion of the laminate and maintain the 
zero strain condition. As in the unconstrained laminate, relaxation of the compressive 
stresses appears to occur over time at the higher temperatures, thereby releasing some of the 
constraint on the 0 ~ plies and allowing them to contract. This results in a net decrease in 
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FIG. 17--Predicted versus experimental constraining force as a function of temperature 
(Cycle 1)for IM6/BT3008 [0/9013s in the fully constrained condition. 
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laminate strain. In order to maintain the zero strain condition, the compressive constraining 
force must be reduced to compensate for the decrease in laminate strain resulting from time- 
dependent deformation. As in the unconstrained case, the effects of time-dependent defor- 
mation are more pronounced during heating due to the asymmetry in the heating and cooling 
rates at elevated temperature. 

The time-dependent deformation in the IM6/BT3008 laminate influences the ply stress 
distribution as well as the constraining force. Stress relaxation results in lower compressive 
stresses in the 90 ~ plies during heating than those predicted in the baseline analysis. As a 
result, the tensile stresses developed in the 90 ~ plies during cooling will be higher than those 
predicted in the baseline analysis. The baseline analysis predicts a 90 ~ ply stress of 17.2 
MPa on cooling to 24~ This is the same value predicted for the unconstrained laminate 
since the constraining force is applied at 24~ It represents 44% of the transverse tensile 
strength of IM6/BT3008 at that temperature. For the fully constrained sample shown in Fig. 
17, the hysteresis in Cycle 1 resulted in a net increase in the constraining force of approxi- 
mately 275 N at 24~ This corresponds to an increase of approximately 0.8 MPa in the 90 ~ 
ply stress at 24~ bringing the value to approximately 18.0 MPa or 46% of the transverse 
tensile strength. Recall that, for the unconstrained sample, the 90 ~ ply stress increased to 
approximately 17.7 MPa or 45% of the transverse tensile strength on Cycle 1. This result 
suggests that the onset of microcracking should occur at a lower cycle count for the fully 
constrained laminate relative to the unconstrained laminate. 

The progression of hysteresis in the constraining force versus temperature response for 
the IM6/BT3008 sample in the fully constrained condition is shown in Figs. 18 and 19. 
During Cycles 1 through 7, the degree of hysteresis per cycle decreases, but the constraining 
force at 24~ continues to increase. At the end of Cycle 7, the progressive hysteresis has 
increased the constraining force by approximately 460 N relative to the start of Cycle 1. This 
corresponds to an increase of approximately 1.4 MPa in the 90 ~ ply stress at 24~ bringing 
the value to approximately 18.6 MPa or 48% of the transverse tensile strength. At the end of 
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FIG. 18--Experimental constraining force as a function of temperature (Cycles 1, 3, and 
7) for IM6/BT3008 [0/9013s in the fully constrained condition. 
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FIG. 19--Experimental constraining force as a function of temperature (Cycles 8, 9, 10, 
and 20) for IM6/BT3008 [0/9013s in the fully constrained condition. 

Cycle 8, there is a sharp decrease in constraining force of approximately 70 N as the sample 
temperature approaches 24~ The decrease in constraining force is attributed to the initia- 
tion of microcracks in the 90 ~ plies. Initiation of microcracks relieves some of the tensile 
stress in the 90 ~ plies, thereby reducing the constraint on the 0 ~ plies and allowing them to 
expand. This, in turn, results in an increase in the laminate strain and a corresponding 
decrease in the tensile constraining force to maintain the zero strain condition. This explana- 
tion is supported by the fact that microcrack initiation appeared to occur at approximately 
the same level of 90 ~ ply stress for both the unconstrained (18.5 MPa) and fully constrained 
(18.6 MPa) samples. The more rapid initiation of microcracks in the fully constrained 
sample (8 cycles) relative to the unconstrained sample (41 cycles) is expected, considering 
the higher 90 ~ ply stresses developed during heating, which result in higher hysteresis per 
cycle. 

During Cycles 9 through 20, microcrack propagation occurs in the 90 ~ plies of the fully 
constrained sample in much the same manner as described previously for the unconstrained 
sample. With each cycle, the decrease in constraining force is reduced because the tensile 
stresses in the 90 ~ plies are relieved by propagation of the microcracks. At the end of Cycle 
20, the constraining force has been reduced by approximately 760 N relative to the end of 
Cycle 7. This corresponds to a decrease of approximately 2.3 MPa in the 90 ~ ply stress at 
24~ bringing the value to approximately 16.3 MPa or 42% of the transverse tensile 
strength. After Cycle 20, the response of the laminate stabilizes for several cycles, possibly 
due to the microcracks arresting at the adjacent 0 ~ plies. It is interesting to note that 
stabilization of the laminate response occurred at approximately the same level of 90 ~ ply 
stress for both the unconstrained (16.2 MPa) and fully constrained (16.3 MPa) laminates. As 
in the unconstrained case, signs of time-dependent deformation subsequently reappear at the 
upper end of the heating cycle, and hysteresis becomes apparent on cooling. The degree of 
hysteresis per cycle is considerably less than the early cycles, but results in a steady increase 
in constraining force until the initiation of additional microcracks and the corresponding 
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FIG. 20--Experimental constraining force at start of cycle (24~ for IM6/BT3008 
[0/9013s in the fully constrained condition (Cycles 1 to 60). 

decrease in constraining force. This process is repeated throughout the test as shown in Figs. 
20 and 21. The maximum test duration for the present study was 1000 cycles. For the 
samples tested in the fully constrained condition, there were no signs of reaching a satura- 
tion crack density within 1000 cycles. 

The observed changes in the constraining force versus temperature response of the 
IM6/BT3008 samples during fully constrained thermal cycling have been attributed to time- 
dependent deformation in the 90 ~ plies, which leads to an increase in ply stress and 
ultimately to microcracking. Transverse ply cracking appears to initiate more rapidly for 
fully constrained samples (8 cycles) relative to unconstrained samples (41 cycles) due to the 
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FIG. 21--Experimental constraining force at start of cycle (24~ for IM6/BT3008 
[0/9013s in the fully constrained condition (Cycles 1 to 1000). 
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higher 90 ~ ply stresses developed during heating, which result in more time-dependent 
deformation per cycle. However, crack density measurements performed on IM6/BT3008 
samples indicate that the number of microcracks is statistically equivalent in the un- 
constrained and fully constrained samples after 1000 cycles (Table 2). Residual compressive 
properties are also equivalent for the unconstrained and fully constrained samples after 1000 
cycles (Table 3). The compressive properties show no reduction relative to results for as- 
molded samples. This is likely the result of crack closure effects as discussed previously. 

Overconstrained Thermal Cycling--Experimental values of constraining force as a func- 
tion of sample temperature (Cycle 1) are given in Fig. 22 for a typical IM6/BT3008 sample 
in the overconstrained condition. In this case, the material applying the constraint is 
6061-T6 aluminum (CTE = 23.6 pJ~ The data are compared with the prediction from 
the overconstrained analysis. The prediction fits the data to within 6% over the entire 
temperature interval. The small deviation between the predicted and experimental values is 
attributed to overprediction of the laminate modulus by the analytical model, which is based 
on classical laminate theory. It is interesting to note that the overconstrained laminate 
exhibits no sign of hysteresis as observed in the unconstrained and fully constrained 
laminates. However, time-dependent deformation is expected based on the ply stress predic- 
tions which indicate that the 90 ~ ply stress is 77% of the transverse tensile strength at 177~ 
The lack of hysteresis in the constraining force versus temperature response can be ex- 
plained in terms of the ply stress distribution. In the overconstrained samples, both the 0 and 
90 ~ plies are in tension once the temperature exceeds 30~ Relaxation of the tensile stresses 
in the 90 ~ plies over time at the higher temperatures may cause the 0 ~ plies to carry 
additional tensile load, but the increase in stress is very small relative to the longitudinal 
tensile strength of the material. Therefore, time-dependent deformation in the 90 ~ plies is 
expected to result in little or no change in the net laminate strain for the overconstrained 
case. Since the net laminate strain is unaffected by the time-dependent deformation, no 
adjustment of the constraining force is required to maintain the overconstrained condition. 

In Fig. 23, constraining force versus temperature data for an overconstrained 
IM6/BT3008 sample during Cycle 1 are compared with similar data for Cycle 1000. Small 
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FIG. 22--Predicted versus experimental constraining force as a function of temperature 
(Cycle 1)for IM6/BT3008 [0/9013s in the overconstrained condition. 
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FIG. 23--Experimental constraining force as a function of temperature (Cycles 1 and 
1000) for IM6/BT3008 [0/9013s in the overconstrained condition. 

but significant changes are apparent in the constraining force versus temperature response. 
The changes occur gradually throughout the test and are attributed to slight changes in 
laminate CTE and laminate modulus resulting from microcracking in the 90 ~ plies. Crack 
initiation could not be traced to a specific cycle as in the unconstrained and fully constrained 
samples. This was due to the ply stress distribution in the overconstrained laminate (see 
previous paragraph). Transverse crack density measurements performed on IM6/BT3008 
samples indicate that the number of microcracks in the overconstrained samples is statisti- 
cally equivalent to that in the unconstrained and fully constrained samples after 1000 cycles 
(Table 2). However, extensive fiber/matrix debonding was observed in the overconstrained 
samples that was not apparent in the unconstrained or fully constrained samples. This 
additional damage is accompanied by a small but significant reduction in laminate compres- 
sive strength (Table 4), which suggests that failure is initiated by matrix shear failure in the 
90 ~ plies. In cases involving transverse compressive loading, it has been suggested that 
matrix shear failure is precipitated by failure of the fiber/matrix interfacial bond [10]. Thus, 
the presence of fiber/matrix debonding in the 90 ~ plies of the overconstrained samples would 
be expected to reduce the laminate compressive strength by initiating matrix shear failure in 
the 90 ~ plies at lower stress levels. The laminate compressive strength for the over- 
constrained samples is 8% lower than that of the as-molded samples. No significant reduc- 
tion was apparent for the unconstrained or fully constrained samples where fiber/matrix 
debonding was not present. The residual compressive modulus for the overconstrained 
samples showed no reduction relative to the as-molded samples. This is probably due to 
crack closure effects as discussed previously. 

IM7/5250-4 

Unconstrained Thermal Cycling--Experimental values of laminate strain as a function of 
sample temperature (Cycle 1) are given in Fig. 24 for a typical IM7/5250-4 sample in the 
unconstrained condition. The data are compared with similar data for IM6/BT3008 dis- 
cussed previously. The IM7/5250-4 laminate exhibits significantly less thermal expansion 
over the temperature range from 24 to 177~ This result is consistent with the lamina 
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F I G .  24--Experimental laminate strain as a function of temperature (Cycle 1)for  
IM7/5250-4 [0/9015s and IM6/BT3008 [0/9013s in the unconstrained condition. 

coefficient of thermal expansion (CTE) data for the two materials [8]. Temperature-depen- 
dent CTE data were unavailable for IM7/5250-4. Single values were reported without 
specification of the temperature range over which they were measured. The longitudinal (0 ~ 
CTE reported for IM7/5250-4 was well below the range calculated for IM6/BT3008 over the 
24 to 177~ interval. The transverse (90 ~ CTE reported for IM7/5250-4 was at the lower 
end of the range calculated for IM6/BT3008. Based on this data, a significantly lower 
laminate CTE would be expected for IM7/5250-4. 

In addition to its lower thermal expansion, the IM7/5250-4 laminate also differs from the 
IM6/BT3008 laminate in that it exhibits no signs of time-dependent deformation. In Fig. 25, 
laminate strain versus temperature data for IM7/5250-4 during Cycle 1 are compared with 
similar data for Cycle 1000. No hysteresis is observed in the laminate strain versus tempera- 
ture response for IM7/5250-4 at any point during the test. The lack of time-dependent 
deformation in the IM7/5250-4 laminate is attributed to the higher Tg of the 5250-4 
bismaieimide resin (300~ relative to that of the BT3008 cyanate ester resin (221~ 

The lack of hysteresis in the IM7/5250-4 samples subjected to unconstrained thermal 
cycling is consistent with the observed transverse crack densities (Table 2) and residual 
mechanical properties (Tables 3 and 4). After 1000 cycles, no microcracking was observed 
in the samples, and no change in compressive modulus or strength was apparent. 

Fully Constrained Thermal Cycling--Experimental values of constraining force as a 
function of sample temperature (Cycle 1) are given in Fig. 26 for a typical IM7/5250-4 
sample in the fully constrained condition. The data are compared with similar data for 
IM6/BT3008 discussed previously. As discussed in the previous section, the IM7/5250-4 
laminate exhibits significantly less thermal expansion over the temperature range from 24 to 
177~ which results in significantly lower values of constraining force. The IM7/5250-4 
laminate also differs from the IM6/BT3008 laminate in that it exhibits no signs of time- 
dependent deformation. In Fig. 27, constraining force versus temperature data for 
IM7/5250-4 during Cycle 1 are compared with similar data for Cycle 1000. As in the 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



62 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

e,,, 

�9 - 250 
I 

o 2 0 0  - 
0 

X 
~ 1 5 0  - 

~  

~ 1 0 0  - 

" -  5 0  

o ~  
a l  

N 0 - 

0 - -  

. -50 
r162 

. ~  

E 

" -100 
. . J  

[] Cycle 1 
Cycle 1000 

I ' ' ' I ' ' ' ' I ' ' ' ' 

50 100 150 200 

Temperature [Deg, C] 

FIG. 25--Experimental laminate strain as a function of temperature (Cycles 1 and 1000) 
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FIG. 27--Experimental constraining force as a function of temperature (Cycles 1 and 
1000) for IM7/5250-4 [0/9015 s in the fuUy constrained condition. 

unconstrained case, no hysteresis is observed in the laminate response for IM7/5250-4 at any 
point during the test. 

The lack of hysteresis in the IM7/5250-4 samples subjected to fully constrained thermal 
cycling is consistent with the observed transverse crack densities (Table 2). After 1000 
cycles in the fully constrained condition, no microcracking was observed in the samples. A 
reduction in compressive modulus was noted but was within one standard deviation in the 
data (Table 3). However, a reduction in compressive strength was apparent that was 
significant to one standard deviation (Table 4). This decrease may be due to the presence of 
damage not detectable using optical microscopy and not extensive enough to influence the 
laminate response during thermal cycling, or it may simply be an anomaly in the data. More 
testing will be required to make this determination. 

Overconstrained Thermal Cycling--Experimental values of constraining force as a func- 
tion of sample temperature (Cycle 1) are given in Fig. 28 for a typical IM7/5250-4 sample in 
the overconstrained condition. In this case, the material applying the constraint is 606 l-T6 
aluminum (CTE = 23.6/a/~ The data are compared with similar data for IM6/BT3008 
discussed previously. Although the IM7/5250-4 laminate exhibits significantly less thermal 
expansion than the IM6/BT3008 laminate, its response in the overconstrained condition is 
nearly identical to that of the IM6/BT3008 laminate. This is attributed to the large mechani- 
cal strain applied to the laminates in the overconstrained condition, which overshadows the 
differences in thermal strain. Since the cross-ply layups utilized in this study include a 
significant number of 0 ~ plies, the large mechanical strain results in a fiber-dominated 
response for both the IM7/5250-4 and IM6/BT3008 laminates. Given the similar mechanical 
properties of  IM6 and IM7 carbon fibers, a nearly equivalent response is expected for the 
two materials in the overconstrained condition. The slightly higher slope of the constraining 
force versus temperature curve for the IM7/5250-4 laminate above 150~ is consistent with 
the higher Tg of the 5250-4 resin. Had the thermal cycle been extended above 177~ it is 
likely that this difference would have increased with temperature. 
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FIG. 28--Experimental constraining force as a function of temperature (Cycle 1)for 
IM7/5250-4 [0/9015s and IM6/BT3008 [0/9013s in the overconstrained condition. 

In Fig. 29, constraining force versus temperature data for an overconstrained IM7/5250-4 
sample during Cycle 1 are compared with similar data for Cycle 1000. Small but significant 
changes are apparent in the constraining force versus temperature response. The changes 
occur gradually throughout the test and are attributed to slight changes in laminate CTE and 
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FIG. 29--Experimental constraining force as a function of temperature (Cycles 1 and 
1000) for IM7/5250-4 [0/9015s in the overconstrained condition. 
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laminate modulus resulting from microcracking in the 90 ~ plies. Crack initiation could not 
be traced to a specific cycle. This is thought to be due to the ply stress distribution (see 
discussion for IM6/BT3008 in overconstrained condition). Transverse crack density mea- 
surements indicate that a small amount of  microcracking did occur in the IM7/5250-4 
samples cycled in the overconstrained condition (Table 2). However, this damage did not 
result in statistically significant reductions in compressive properties relative to as-molded 
material (Tables 3 and 4). This is probably due to the low crack density as well as crack 
closure effects. 

Summary and Conclusions 

The present research was undertaken to evaluate the effects of  mechanical constraint on 
the response of  carbon-fiber-reinforced cyanate ester (IM6/BT3008) and bismaleimide 
(IM7/5250-4) laminates during thermal cycling. Analytical and experimental techniques 
were used to characterize the response of cross-ply laminates subjected to thermal cycles 
from 24 to 177~ in the unconstrained, fully constrained, and overconstrained conditions. 

Predicted ply stress distributions are significantly different for the various degrees of 
constraint and are highly sensitive to temperature-dependent lamina properties and laminate 
stress-free temperature. Predictions of laminate response correlate well with experimental 
results. However, deviations are apparent at elevated temperature that are attributed to the 
effects of  time-dependent deformation. Time-dependent deformation is not considered in the 
present analytical model. 

Changes in laminate response are observed during thermal cycling of IM6/BT3008 
laminates in the unconstrained and fully constrained conditions. The changes are attributed 
to time-dependent deformation in the 90 ~ plies, which leads to changes in the ply stress 
distribution and ultimately to transverse microcracking. Microcracking initiates more rapidly 
for fully constrained laminates due to higher 90 ~ ply stresses that result in more time- 
dependent deformation per cycle. With continued cycling, microcrack densities for un- 
constrained and fully constrained laminates appear to converge and become equivalent after 
1000 cycles. The ply stress distribution in overconstrained laminates is substantially differ- 
ent. Time-dependent deformation in the 90 ~ plies results in changes in the ply stress 
distribution but does not significantly alter the laminate response. Therefore, the initiation of 
microcracks is not traceable to a specific point in the test. The microcrack density in 
overconstrained laminates is equivalent to that in unconstrained and fully constrained lami- 
nates after 1000 cycles. However, extensive fiber/matrix debonding is observed in the 
overconstrained laminates. This additional damage is accompanied by a small but significant 
reduction in compressive strength. 

IM7/5250-4 laminates are unaffected by 1000 thermal cycles in the unconstrained and 
fully constrained conditions. A small amount of transverse ply microcracking is observed 
after 1000 thermal cycles in the overconstrained condition. However, this damage does not 
result in a statistically significant reduction in compressive strength. The superior perform- 
ance of  IM7/5250-4 is attributed to the higher glass transition temperature of the 
bismaleimide resin. 

The results of this research indicate that the level of constraint can have a significant 
effect on the response of polymer matrix composites during thermal cycling. However, 
longer-term testing is required to determine if the observed changes in response will 
ultimately affect the final failure mode and fatigue endurance of the materials. 
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ABSTRACT: The effects of minimum stress on cumulative damage and fatigue lifetime 
were assessed for an angle-plied nylon-cord-reinforced elastomer composite that represents 
the bias aircraft tire carcass. The S-N curves were established under constant minimum stress 
rather than constant R-ratio. The trends of longer fatigue life at a given stress range and higher 
fatigue endurance limit of the composite were clearly observed with a higher level of 
minimum stress. These trends stem from the fact that the stress and strain are not linearly 
related to each other. The stress-strain curve of the elastomer matrix composite exhibits strain 
stiffening. As a result, in a stress-controlled fatigue test, a shorter strain range or a smaller 
amount of strain energy is experienced for the same stress range when the level of minimum 
stress is raised. However, it should be noted that the levels of minimum stress used in the 
study happened to be safely below a critical level for the initiation of fiber-matrix debonding 
under static tension. As in other structural materials, the increase of applied stress level in 
elastomers can be regarded as an increase of the damage potential. Therefore, when the 
minimum stress exceeds a critical level, the damage potential effect may become dominant 
and a shorter fatigue life at a given stress range could be observed with a higher level of 
minimum stress in S-N curves. In the stress-controlled fatigue tests, the role of damage 
potential could be assessed more clearly when the fatigue life data were plotted directly 
against the damage parameters, such as strain range, dynamic creep rate, dissipated strain 
energy, and stored strain energy. The fatigue life curves based on the damage parameters at 
midlife showed a clear trend of a shorter fatigue life with a higher level of minimum stress. 
This trend could be established at a given strain range, dynamic creep rate, or dissipated strain 
energy. The results are in striking contrast to the trend of the S-N curves. The trend of a 
shorter fatigue life with a higher level of minimum stress was less obvious at a given stored 
strain energy. The values of dynamic creep rate, dissipated strain energy, and stored strain 
energy at midlife were found to have a power law relationship with the fatigue life of aircraft 
tire carcass composite. 

KEYWORDS: cord-rubber composites, aircraft tires, elastomers, life prediction, fatigue 
damage, delamination, minimum stress 

As described in previous papers [1-3] ,  the angle-plied cord-reinforced elastomer compos-  
ite specimens, which represent the material elements of  the bias aircraft tire carcass, exhibit  
a large interply shear strain under uniaxial tension. Interply shear strain develops in angle- 
ply laminates when the constituent plies exhibit  in-plane shear deformation of  opposite 
direction but the action is prevented by mutual constraint due to interply bonding [1,2,4-9]. 
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Fiber-reinforced elastomer composites exhibit unusually high levels of interply shear strain 
that result from the load-induced change of reinforcement angle allowed by the extreme 
compliance of an elastomer matrix. Above a critical value of interply shear strain, these 
composite specimens undergo localized failure initiated in the form of fiber-matrix de- 
bonding around the cut ends of fibrous cord reinforcements at the edge of the finite width 
coupons. It was found that the described critical load for the onset of fiber-matrix debonding 
constitutes a threshold level for infinite fatigue life, i.e., fatigue endurance limit, of the 
composites [1,2]. Under cyclic tensile stresses exceeding the endurance limit, fiber-matrix 
debonding was found to propagate and develop into the matrix cracking and delamination 
leading to gross failure of the composites. 

The phenomena of debonding, matrix cracking, and delamination of elastomer matrix 
composites has been studied by a number of investigators [9-22]. Lake et al. [9-11] and 
Kawamoto and Mandell [12] tried to correlate delimination growth rate of  angle-plied 
composite laminate with crack propagation characteristics of matrix elastomer (with no cord 
reinforcement). Pullout of fibrous cord reinforcement from the elastomer matrix and the 
resulting failure modes were examined in detail by Gent et al. [13-15]. Also related to the 
issue of debonding, Kendall et al. [16-18] studied the bonding strength and interfacial 
cracking of elastomer composites. Huang and Yeoh's work [19,20] confirmed the formation 
of penny-shaped cracks under cyclic tension at the edges of the laminate specimen, which 
was covered with strips of matrix elastomer. The growth rate of  penny-shaped cracks at the 
cord ends could be correlated with the crack propagation characteristics of matrix elastomer. 
Related to the issue, there exists a considerable amount of information on elastomer fracture 
[11,23-31]. 

In examining the modes of damage accumulation and establishing the fatigue lifetime 
profile of tire materials, the authors of this paper [1,2] utilized specimens of steel wire cable- 
reinforced model composite as well as a nylon-cord-reinforced composite representing 
typical bias aircraft tire carcass. For both material systems, the S-N data were obtained under 
cyclic tension with constant amplitude of stress, which allows more realistic representation 
of footprint loading for tires. Under cyclic loading with constant amplitude of stress, the 
damage accumulation was accompanied by a steady increase in temperature and local strain. 
At a given cyclic stress range (i.e., 2 times amplitude), the use of higher frequency was 
found to significantly affect strain response and heat build-up characteristics of composites, 
thereby reducing the fatigue lifetime [3]. Aside from the frequency effect, another interest- 
ing observation was that with a higher level of minimum cyclic stress, the model composite 
with steel cable reinforcement exhibits a longer fatigue life at a given stress range [2]. This 
puzzling result has provoked current investigation on the effect of minimum stress on the 
fatigue behavior of nylon-cord-reinforced elastomer composites. 

For metals, plastics, and fiber-reinforced composites with rigid matrices, the effects of 
minimum-stress-to-maximum-stress ratios (R-ratio) or mean stress on the fatigue behavior 
have been the subject of numerous investigations. Normally, the R-ratio or mean stress is 
kept constant in each set of experimental evaluation. As a result, the minimum stress will 
not be the same in each S-N curve for tension-tension fatigue. However, it should be noted 
that, in real fatigue-loading sequences for a given footprint area of fire, the minimum stress 
is constant due to the presence of inflation pressure. The minimum stress in fatigue is 
basically a static stress and therefore may be considered as a creep stress. For the case of 
metal, the creep effect is normally small and negligible. On the other hand, for materials 
with distinct viscoelastic properties, such as elastomers and elastomer matrix composites, 
the creep effect may not be negligible. Surprisingly few studies have been documented for 
the effect of minimum stress on the fatigue behavior of elastomers or elastomer matrix 
composites. 
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Although the S-N curves presented previously [1-3] were based on a fixed value of 
minimum stress, the level of minimum stress was chosen rather arbitrarily. In this study, the 
question of the creep effect on the fatigue damage and lifetime of the elastomer composites 
was investigated in detail by generating a series of S-N curves with the minimum stresses 
kept constant at various levels. Three different levels of minimum stress utilized were up to 
20% of static tensile strength of angle-plied, nylon-cord-reinforced composite laminate. In 
addition to the measurement of fatigue life, the following parameters were monitored: strain 
range, the rate of increase in cyclic strain, dissipated strain energy, stored strain energy, and 
gross failure strain. 

Experiments 

Materials and Specimen Preparation 

Flat laminate panels of a cord-reinforced elastomer composite representing bias KC-135 
aircraft tire carcass were supplied by the Goodyear Tire and Rubber Co. (Akron, OH). The 
composite laminate was made of carbon-black-filled proprietary compound matrix and 
1260/2 nylon cord reinforcement laid at an angle of + 38 ~ (Table 1). To avoid tension- 
bending coupling, the laminates were constructed with a symmetric ply layup. Coupon 
specimens 19 mm in width were cut from these panels, and edges were polished on a sand- 
belt machine. The specimen had free edges, with the cut ends of reinforcing cords exposed. 

Mechanical Testing 

To establish the S-N data, fatigue testing of composite specimens was carried out under a 
broad range of stress amplitude but with fixed values of minimum stress. Three different 
levels of minimum stress were employed: 1.38, 3.45, and 5.17 MPa. A low frequency of 1 
Hz was used to minimize hysteretic heating [3]. Cyclic loading mode was based on a sine 
wave function. Fatigue life was defined at the catastrophic failure of the specimen in the 
form of gross delamination. Throughout the testing, the force-displacement data were re- 
corded and the hysteresis loops were generated. The areas inside and under the hysteresis 
loop were measured to define dissipated strain energy and stored strain energy, respectively. 

TABLE 1--Specifications of aircraft tire carcass composite specimen; 
reinforcement 1260/2 nylon cord; matrix--proprietary elastomer 

compound. 

Composite Specimen Specifications 

Reinforcement angle 
Cord modulus 
Matrix modulus 
Cross-sectional area of cord 
Specimen width 
Specimen thickness 

+38 ~ , -38  ~ , -38  ~ , +38 ~ 
2.07 GPa (300 X 103 psi) 
5.51 MPa (800 psi) 
0.342 mm 2 (5.3 X 10 4 in.2) 
19.05 mm (0.75 in.) 
6.35 mm (0.25 in.) 
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Results and Discussion 

Minimum Stress Effects on the S-N Relationship 

Confirming previous observations [1-3], the angle-plied laminate of nylon cord-rein- 
forced elastomer composite used in this study exhibited a normal failure sequence of cord- 
matrix debonding developing into delamination under cyclic tension. Debonding was initi- 
ated around the cut ends of reinforcing cords at the edge of the coupons. Although 
debonding was observed in the very early stage of fatigue life, the extent of  debonding was 
found to increase gradually. In the meantime, some matrix cracks formed around the 
debonded area, apparently due to the stress concentration. Matrix cracks widened and 
eventually developed into the delamination, leading to gross failure of the specimen. One 
unique feature of the aircraft tire carcass composite was a relatively long lifetime sustained 
after the onset of  delamination. This tendency was more pronounced at lower stress ranges. 

The S-N curves generated under three different levels of minimum cyclic stress (1.38, 
3.45, and 5.17 MPa) were found to be linear on a logarithm scale, allowing the determina- 
tion of a power law relationship (Fig. 1). A trend of longer fatigue life was clearly observed 
at a given stress range with a higher level of minimum stress, although the difference 
between the data sets for the two highest levels of minimum stress tested, 3.45 and 5.17 
MPa, was relatively small (Figs. 1 and 2). As shown in the semi-log plot of Fig. 2, the use of 
a higher level of minimum stress also raised the fatigue endurance limit of  the composite. 
The occurrence of a longer fatigue life for a given stress range with a higher level of 
minimum stress was previously observed in the case of model composites [2]. The current 
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FIG. 1--Stress range versus fatigue life for nylon-cord-reinforced elastomer composite 

on a logarithm scale (minimum stress: 1.38, 3.45, and 5.17 MPa; frequency: 1 Hz). 
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FIG. 2--Stress range versus fatigue life for nylon-cord-reinforced elastomer composite 

on a semi-logarithm scale (minimum stress: 1.38, 3.45, and 5.17 MPa; frequency: 1 Hz). 

investigation indicates that the following two factors are involved in the effect of minimum 
stress on the fatigue life of nylon-cord-reinforced elastomer composite: (a) the nonlinear 
stress-strain relationship, and (b) the change of damage potential. 

Stress and strain are mutually dependent variables. The change of the stress in a material 
therefore involves change of the strain. For the case in which the stress and strain are not 
linearly related to each other as in elastomers or elastomer composites, the problem may not 
be well described by using stress or strain only. As shown in Fig. 3, a typical cyclic stress- 
strain curve of nylon-cord-reinforced elastomer composite has a tendency of strain 
stiffening. The slope of the curve will continuously increase as the strain increases. Under 
this type of stress-strain curve that reflects general characteristics of rubber-like material, 
one can readily see that a shorter strain range is always generated for the same stress range 
placed on a higher level of the stress-strain curve (Fig. 3). Thus, in stress-controlled fatigue 
testing, a shorter strain range is experienced for the same stress range applied when the level 
of minimum stress is raised (Fig. 4). This could also mean a smaller amount of strain energy 
to be generated under the higher level of minimum stress. In fact, a smaller amount of 
dissipated energy (the area inside the hysteresis loop) under the higher level of minimum 
stress has been observed in this research (Fig. 5). 

As discussed so far, the trend of a longer fatigue life of elastomer matrix composite with a 
higher level of minimum stress stems clearly from the fact that a shorter strain range or 
smaller amount of strain energy is experienced for the same stress range tested at the higher 
level of minimum stress. However, it should be noted that the test results reported so far are 
restricted to minimum stress levels up to 20% of static tensile strength of aircraft tire carcass 
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FIG. 3--Typical tensile stress-strain curve for  nylon-cord-reinforced elastomer compos- 
ite with expected strain response at a given stress strange. 

composite. These levels of  minimum stress are safely below a critical level for the initiation 
of fiber-matrix debonding under static tension [1,2]. When the minimum stress exceeds the 
critical level, its effect on the fatigue life of elastomer matrix composite could be quite 
different. As in other structural materials, the increase of applied stress level in elastomers 
leads to an increase of stored energy (the increase of the area under the stress-strain curve). 
Since the stored energy will act as a damage parameter in a potential form, the increase of 
stress level can be regarded as an increase of damage potential. Therefore, when the 
minimum stress reaches a critical level, this damage potential effect may become dominant 
and a shorter fatigue life at a given stress range could be observed with a higher level of 
minimum stress. One can think about an extreme case as the minimum stress reaches the 
ultimate tensile strength of the material. 

As a result of the combination of these two contradicting factors, the S-N curve is 
expected to move gradually to the longer life region up to a certain point but eventually will 
shift back to the shorter life region with the increase of  minimum cyclic stress. Further 
fatigue testing of aircraft tire carcass composite with even higher levels of minimum stress is 
planned to confirm this speculation. The existence of these two contradicting trends was 
partly confirmed in the preliminary results of model composite that will be published 
elsewhere. Related to this issue, it can also be foreseen that, for the strain-controlled fatigue 
testing, consistently shorter fatigue life can always be expected with the increase of mini- 
mum strain at a given strain amplitude. This is due to the following two factors. First of all, 
again due to the strain-stiffening response, a larger stress range will always be generated for 
the same strain range tested at a higher level of minimum strain (Fig. 6). As a consequence, 
more strain energy can be generated with the increase of minimum strain. Secondly, the 
increase of minimum strain also means the increase of damage potential. 
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FIG. 4--Strain range versus the fraction of  fatigue life for  nylon-cord-reinforced elasto- 

mer composite (stress range: 1.38 to 6.21, 3.45 to 10.0, and 5.17 to 12.76 MPa). 

Back to the current issue of minimum stress effect in stress-controlled fatigue loading, the 
role of damage potential can be assessed more clearly when the fatigue life data are plotted 
directly against damage parameters such as strain range, strain increase rate, dissipated 
strain energy, or stored strain energy. Since the fatigue process involves the change of both 
stress and strain, which are not linearly related, the damage parameters based on the strain 
energy may be able to describe the cause-effect relationship more accurately. Within this 
context, the effect of minimum stress on the damage parameters was first examined in 
stress-controlled fatigue tests, and then the fatigue life curves were reconstructed based on 
the damage parameters. The results are described in the ensuing two sections. 

Minimum Stress Effects on Damage Parameters 

The stress-controlled fatigue testing of elastomer matrix composites normally involves a 
distinct change of cyclic strain. Consequently, the strain-related damage parameters become 
obvious variables from which the cumulative damage of the composites may be estimated. 
As in the case of model composites [1,2], the process of damage accumulation in the aircraft 
tire carcass composite was accompanied by a continuous increase of cyclic strain. The 
change of cyclic strain (either maximum or minimum) was found to undergo three stages 
after an initial stepwise increase (Fig. 7). At first, the strain increased rapidly but at a 
progressively lower rate. In the second region, the strain increased at a constant rate (steady- 
state). Throughout the first and second regions, which consumed a major part of the fatigue 
life, the damage occurred in the forms of cord-matrix debonding and matrix cracking. 
Towards the end of the second region, partial delamination appeared at the specimen edge. 
In the final third region, the cyclic strain increased rapidly at a progressively higher rate with 
the delamination growth eventually leading to catastrophic failure. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



74 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

150 

i 125 

100 

75, 

t ~  

Frequency: 1Hz 

50 

25 

m ra [ ]  m m 
m 

[ ]  1.38-6.21MPa 
�9 3.45-10.00MPa 
+ 5.17-12.76MPa 

m 

+ 4. �9 �9 4. @ 4- 

0 , I i I i I , I . 

0.0 0.2 0.4 0.6 0.8 1.0 
Fraction of Fatigue Life 

FIG. 5--Dissipated strain energy versus the fraction of  fatigue life for nylon-cord- 
reinforced elastomer composite (stress range: 1.38 to 6.21, 3.45 to 10.0, and 5.17 to 12.76 
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FIG. 6--Typical tensile stress-strain curve for nylon-cord-reinforced elastomer compos- 
ite with expected stress response at a given strain range. 
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FIG. 7--Relationship between the resultant maximum strain and the number of cycles for 

nylon-cord-reinforced elastomer composite. 

Along with the observed change of  cyclic strain as a function of  time, the cyclic stress- 
strain relationship in the form of a hysteresis loop provided insightful damage parameters. 
Cyclic stress-strain data were used to define the levels of strain energy throughout the 
fatigue fife. As stated earlier, the following two energy-related variables were examined: the 
dissipated strain energy defined as the area inside the hysteresis loop and the stored strain 
energy as the area under the hysteresis loop (Fig. 8). Since most of the fatigue life of 
elastomer composite was spent in the steady-state region of maximum strain versus time 
curve (Fig. 7), the rnidlife (approximately one-half of  the fatigue life) values of  the damage 
parameters such as strain range, dissipated strain energy, and stored strain energy were 
found to be more reliable damage parameters than the values at the beginning or unstable 
final region. Thus, the effect of minimum stress on these damage parameters were examined 
in detail in the current study. The rate of increase in maximum strain (so-called "dynamic 
creep rate") in the steady-state region and the gross failure strain of the composite speci- 
mens were also measured to assess the cumulative fatigue damage at each combination of  
stress range and minimum stress. 

As shown in Fig. 9, a linear relationship between the strain range at midlife and the 
applied stress range was observed for all three levels of minimum stress tested. Also 
apparent was the influence of  minimum stress on the midlife strain range. At a given stress 
range, a clear trend of shorter strain range at midlife was associated with a higher level of 
minimum stress, which is consistent with the previous observation of strain-hardening 
behavior of elastomer composites (Fig. 3). The dynamic creep rate in the steady-state region 
was found to exhibit a power law relationship with the applied stress range (Fig. 10). 
Although the difference between the data sets for the two highest levels of minimum stress 
(3.45 and 5.17 MPa) was small, a trend of lower dynamic creep rate at a given stress range 
could be observed with a higher level of minimum stress. On the other hand, there was no 
obvious difference in the gross failure strain (initial maximum strain plus total dynamic 
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FIG. 8--Typical hysteresis curve for  nylon-cord-remforced elastomer composite under 

cyclic tension. 

creep) for the three levels of minimum stress tested so far (Fig. 11). The failure strains under 
the minimum stresses of 1.38, 3.45, and 5.17 MPa all averaged around 70%. 

In addition to the midlife strain range and dynamic creep rate, the strain energy values at 
midlife were clearly affected by the level of minimum stress at a given stress range. As 
shown in Fig. 12, a linear relationship was found to exist between the dissipated strain 
energy at midlife and the applied stress range. A trend of a smaller amount of dissipated 
strain energy at a given stress range was clearly observed with a higher level of minimum 
stress. Figure J2 also shows that the dissipated strain energy became relatively small when 
the level of minimum stress was high. At a given stress range, the dissipated strain energy 
for the lowest level of minimum stress tested so far (1.38 MPa) was about four times that for 
the highest level of minimum stress (5.17 MPa). The relationship between the stored strain 
energy at midlife and the applied stress range is shown in Fig. 13. A linear relationship 
could be observed between the two variables. The stored strain energy at a given stress 
range became smaller with the increase of minimum stress. However, the differences be- 
tween these sets of data were not so obvious as in the case of the dissipated strain energy. 

Fatigue Life Curves Based on Damage Parameters 

As discussed in the previous sections, the midlife values of the damage parameters, such 
as strain range, dynamic creep rate, dissipated strain energy, and stored strain energy, were 
all found to decrease with the higher minimum stress at a given stress range. The results 
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were consistent with the observed trend of  longer fatigue life of  elastomer matrix composite 
with higher level of minimum stress. Therefore, the fatigue life data were plotted directly 
against the above-listed damage parameters to clarify the role of damage potential. Figure 14 
shows the fatigue life curves based on the strain range at midlife. An obvious trend of 
shorter fatigue life with a higher level of  minimum stress could be established at a given 
strain range. The result is in striking contrast to the trend of the S-N curves in Figs. 1 or 2. 
As shown in a semi-log plot of Fig. 14, the midlife strain range had a linear relationship with 
the fatigue life in a log value. The fatigue life data plotted against the dynamic creep rate is 
shown in Fig. 15. Interestingly, the data fell into a power law relationship. A trend of  shorter 
fatigue life with a higher level of minimum stress was also observed at a given dynamic 
creep rate, although the difference between the data sets for the two highest levels of 
minimum stress (3.45 and 5.17 MPa) was relatively small. 

When the fatigue life data were plotted against the dissipated strain energy at midlife, the 
same trend of shorter fatigue life was observed with a higher level of  minimum stress (Fig. 
16). A power law relationship could be established between the dissipated strain energy and 
fatigue life. The identical data in a semi-log plot (Fig. 17) indicated the presence of an 
endurance limit. The endurance limit of the dissipated strain energy decreased with an 
increase of minimum stress. Again it should be noted that the results reported here were 
from the fatigue tests in which the level of minimum stress was below 20% of the ultimate 
tensile strength of the composite. As mentioned before, an increase of the minimum stress 
can be considered as an increase of damage potential. When the minimum stress reaches a 
critical level, the effect of  the damage potential may become dominant. The material will 
fail at any stress range. In this case, there will be no fatigue endurance limit for the applied 
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stress range or for the dissipated strain energy. Finally, the fatigue life curves based on the 
stored strain energy at midlife are shown in Fig. 18. A power law relationship could be 
established between the stored strain energy and fatigue life. However, a trend of shorter 
fatigue life with a higher level of minimum stress was less obvious at a given stored strain 
energy. 

The damage parameters discussed so far, including the strain range, dynamic creep rate, 
dissipated strain energy, and stored strain energy, appear to be major variables that control 
the fatigue life of aircraft tire carcass composite. Their dependence on minimum stress at a 
given stress range is not straightforward due to the strain-hardening behavior of elastomeric 
materials. However, at a given level of these damage parameters, shorter fatigue life of 
elastomer composite can be associated with higher minimum stress. This observation indi- 
rectly demonstrates the increase of damage potential at a higher level of minimum stress. 

Concluding Remarks 

The effects of minimum stress on the cumulative damage and fatigue lifetime were 
assessed for an angle-plied nylon cord-reinforced elastomer composite that represents the 
bias aircraft tire carcass. The composite laminate specimens exhibited a normal failure 
sequence of fiber-matrix debonding developing into the delamination under cyclic tension. 
The S-N curves were established under constant minimum stress rather than constant R- 
ratio. The trends of longer fatigue life at a given stress range and higher fatigue endurance 
limit of the composite were clearly observed with a higher level of minimum stress. These 
trends stem from the fact that the stress and strain are not linearly related to each other. The 
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FIG. 15--Dynamic creep rate in steady-state region versus fatigue life for nylon-cord- 

reinforced elastomer composite (minimum stress: 1.38, 3.45, and 5.17 MPa). 
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FIG. 16--Dissipated strain energy at midlife versus fatigue life for nylon-cord-reinforced 

elastomer composite on a logarithm scale (minimum stress: 1.38, 3.45, and 5.17 MPa). 
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FIG. 17--Dissipated strain energy at midlife versus fatigue life for nylon-cord-reinforced 

elastomer composite on a semi-logarithm scale (minimum stress: 1.38, 3.45, and 5.17 MPa). 

Minimum Stress: 

[] 1.38MPa 
[] �9 3.45MPa 

§ 

[] 

B 

m 

�9 m 

stress-strain curve of  the elastomer matrix composite exhibits strain stiffening. As a result, 
in a stress-controlled fatigue test, a shorter strain range or a smaller amount of strain energy 
is experienced for the same stress range when the level of  minimum stress is raised. 

However, it should be noted that the current test results are restricted to the case of  having 
minimum stress up to 20% of  static tensile strength of  aircraft tire carcass composite. The 
levels of minimum stress happened to be safely below a critical level for the initiation of 
fiber-matrix debonding under static tension. As in other structural materials, the increase of 
applied stress level in elastomers can be regarded as an increase of the damage potential. 
Therefore, when the minimum stress exceeds a critical level, the damage potential effect 
may become dominant, and a shorter fatigue life at a given stress range could be observed 
with a higher level of  minimum stress in S-N curves. Related to this issue, it can also be 
foreseen that, for the strain-controlled fatigue testing, consistently shorter fatigue life can 
always be expected with the increase of  minimum strain at a given strain amplitude. Here a 
larger stress range will always be generated for the same strain range tested at a higher level 
of minimum strain. In addition, the increase of minimum strain means the increase of 
damage potential. 

In the stress-controlled fatigue tests, the role of damage potential could be assessed more 
clearly when the fatigue life data were plotted directly against the damage parameters, such 
as strain range, dynamic creep rate, dissipated strain energy, and stored strain energy. The 
fatigue life curves based on the damage parameters at midlife showed a clear trend of a 
shorter fatigue life with a higher level of minimum stress. This trend could be established at 
a given strain range, dynamic creep rate, or dissipated strain energy. The results are in 
striking contrast to the trend of the S-N curves. The trend of a shorter fatigue life with a 
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FIG. 18--Stored strain energy at midlife versus fatigue life for nylon-cord-reinforced 
elastomer composite (minimum stress: 1.38, 3.45, and 5.17 MPa). 

higher level of minimum stress was less obvious at a given stored strain energy. The values 
of dynamic creep rate, dissipated strain energy, and stored strain energy were found to have 
a power law relationship with the fatigue life of elastomer matrix composite. At a given 
minimum stress, the strain range, dissipated strain energy, and stored strain energy exhibited 
a linear relationship with the applied stress range. 

Acknowledgments 

We are grateful to the Flight Dynamics Directorate of Air Force Wright Laboratory for 
sponsorship of this research. We sincerely appreciate continuing support and encouragement 
for our research program from M. Chawla, A. H. Mayer, P. C. Ulrich, and A. V. Petersons at 
the Vehicle Subsystems Division of Flight Dynamics Directorate. We would also like to 
thank our colleagues at the Landing Gear Systems Group of Vehicle Subsystems Division, 
J.P. Medzorian and P. M. Wagner, for the discussion of this research work. Finally, our 
sincere thanks should go to A. G. Causa, Y. M. Huang, and R. Burgan at The Goodyear Tire 
and Rubber Company for providing composite specimens. 

References 

[1] Lee, B. L., Medzorian, J. P., Fourspring, P. M., Migut, G. J., and Ulrich, P. C., "Study of Fracture 
Behavior of Cord-Rubber Composites for Laboratory Prediction of Aircraft Tire Durability," 
Paper 901907, Proceedings, SAE International AeroSpace Technology Conference, Society of 
Automotive Engineers, Warrendale, PA, 1990. 

[2] Lee, B.L., Medzorian, J.P., Hippo, P.K., Liu, D.S., and Ulrich, P.C., "Fatigue Lifetime 
Prediction of Angle-Plied Fiber-Reinforced Elastomer Composites as Pneumatic Tire Materials," 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



84 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

Advances in Fatigue Lifetime Predictive Techniques (2nd Conference), ASTM STP 1211, 
American Society for Testing and Materials, West Conshohocken, PA, 1993, p. 203. 

[3] Lee, B. L., Smith, J. A., Medzorian, J. P., Chawla, M., and Ulrich, P. C., "Fracture Behavior of 
Fiber-Reinforced Elastomer Composites under Fatigue Loading," Proceedings, 9th International 
Conference on Composite Materials, Vol. 2, University of Zaragoza, Spain & Woodhead 
Publishers, Cambridge, England, 1993, p. 821. 

[4] Walter, J. D., "Cord-Reinforced Rubber," Mechanics of Pneumatic Tires, S. K. Clark, Ed., U.S. 
Department of Transportation, Washington, DC, 1982. 

[5] Stalnaker, D.O., Kennedy, R.H., and Ford, J.L., "Intedaminar Shear Strain in a Two-Ply 
Balanced Cord-Rubber Composites," Experimental Mechanics, Vol. 20, 1980, p. 87. 

[6] Ford, J.L., Patel, H.P., and Turner, J.L., "Interlaminar Shear Effects in Cord-Rubber 
Composites," Fiber Science and Technology, Vol. 17, 1982, p. 255. 

[7] Rothert, H., Nguyen, B., and Gall, R., "Comparative Study on the Incorporation of Composite 
Material for Tyre Computation," Composite Structures, Proceedings of 2nd International 
Conference on Composite Structures, Applied Science Publishers, London, 1983, p. 549. 

[8] Cembrola, R.J. and Dudek, T.J., "Cord/Rubber Material Properties," Rubber Chemistry and 
Technology, Vol. 58, 1985, p. 830. 

[9] Breidenbach, R.F. and Lake, G.J., "Mechanics of Fracture in Two-Ply Laminates," Rubber 
Chemistry and Technology, Vol. 52, 1979, p. 96. 

[10] Breidenbach, R.F. and Lake, G.J., "Application of Fracture Mechanics to Rubber Articles 
Including Tyres," Philosophical Transactions of the Royal Society of London, Vol. A299, 1981, 
p. 189. 

[11] Lake, G.J., "Application of an Energetics Approach to Fatigue and Fracture in Elastomers," 
Paper A, Proceedings, 145th Spring Technical Meeting of Rubber Division, American Chemical 
Society, Chicago, IL, 1994. 

[12] Kawamoto, J., "Fatigue of Rubber Composites," Ph.D. thesis (Advisor: J.F. Mandell), 
Massachusetts Institute of Technology, Cambridge, MA, 1988. 

[13] Gent, A.N., "Detachment of an Elastic Matrix from a Rigid Spherical Inclusion," Journal of 
Materials Science, Vol. 15, 1980, p. 2884. 

[14] Gent, A. N., "Failure of Cord-Rubber Composites by Pull-Out or Transverse Fracture," Journal 
of Materials Science, Vol. 16, 1981, p. 949. 

[15] Gent, A. N. and Lai, S.M., "Interfacial Bonding, Energy Dissipation and Strength," Paper D, 
Proceedings, 145th Spring Technical Meeting of Rubber Division, American Chemical Society, 
Chicago, IL, 1994. 

[16] Kendall, K., "The Adhesion and Surface Energy of Elastic Solids," Journal of Physics D: 
Applied Physics, Vol. 4, 1971, p. 1186. 

[17] Kendall, K., "Crack Propagation in Lap Shear Joints," Journal of Physics D: Applied Physics, 
Vol. 8, 1975, p. 512. 

[18] Kendall, K., "Interfacial Cracking of a Composite--Part 1. Interlaminar Shear and Tension," 
Journal of Materials Science, Vol. 11, 1976, p. 638. 

[19] Huang, Y.S. and Yeoh, O.H., "Crack Initiation and Propagation in Model Cord-Rubber 
Composites," Rubber Chemistry and Technology, Vol. 62, No. 4, 1989, p. 709. 

[20] Yeoh, O.H., "Model Studies of Failure Phenomena in Tires," Paper C, Proceedings, 145th 
Spring Technical Meeting of Rubber Division, American Chemical Society, Chicago, IL, 1994. 

[21] Schijve, J., "Prediction Methods for Fatigue Crack Growth in Aircraft Material," Fracture 
Mechanics, ASTM STP 700, American Society for Testing and Materials, West Conshohocken, 
PA, 1979, p. 3. 

[22] Clark, S. K., "Loss of Adhesion of Cord-Rubber Composites in Aircraft Tires," Tire Science and 
Technology, Vol. 14, No. 1, 1986, p. 33. 

[23] Rivlin, R. S. and Thomas, A.G., "Rupture of Rubber--I. Characteristic Energy for Tearing," 
Journal of Polymer Science, Vol. 10, 1953, p. 291. 

[24] Gent, A. N., Lindley, P. B., and Thomas, A. G., "Cut Growth and Fatigue of Rubbers--I. The 
Relationship between Cut Growth and Fatigue," Journal of Applied Polymer Science, Vol. 8, 
1964, p. 455. 

[25] Lake, G. J. and Lindley, P. B., "The Mechanical Fatigue Limit for Rubber," Journal of Applied 
Polymer Science, Vol. 9, 1965, p. 1233. 

[26] Lake, G. J. and Thomas, A. G., "The Strength of Highly Elastic Materials," Proceedings of the 
Royal Society of London, Vol. A300, 1967, p. 108. 

[27] Gent, A.N., "Strength of Elastomers," Chapter 10, Science of Technology of Rubber, F.R. 
Eirich, Ed., Academic Press, New York, 1978. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



LIU AND LEE ON CUMULATIVE FATIGUE DAMAGE 85 

[28] Stacer, R.G., Yanyo, L.C., and Kelley, F.N., "Observations on the Tearing of Elastomers," 
Rubber Chemistry and Technology, Vol. 58, 1985, p. 421. 

[29] Young, D.G., "Fatigue Crack Propagation in Elastomer Compounds: Effects of Strain Rate, 
Temperature, Strain Level, and Oxidation," Rubber Chemistry and Technology, Vol. 59, 1986, p. 
809. 

[30] Lee, R.F. and Donovan, J. A., "J-Integral and Crack Opening Displacement as Crack Initiation 
Criteria in Natural Rubber in Pure Shear and Tensile Specimens," Rubber Chemistry and 
Technology, Vol. 60, 1987, p. 674. 

[31] Stevenson, A., "Fatigue and Fracture of Rubber in Engineering Applications," Paper B, 
Proceedings, 145th Spring Technical Meeting of Rubber Division, American Chemical Society, 
Chicago, IL, 1994. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



Chi L. C h o w  1 and Yong W e i  2 

A Fatigue Damage Model for Crack 
Propagation 

REFERENCE: Chow, C. L. and Wei, Y., "A Fatigue Damage Model for Crack Propaga- 
tion," Advances in Fatigue Lifetime Predictive Techniques, 3rd Volume, ASTM STP 1292, 
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ABSTRACT: This paper presents a fatigue damage model for crack propagation in charac- 
terizing the fatigue crack growth behavior of cracked structures. Special emphasis is placed on 
the numerical simulation of cyclic loading and the dependence of the numerical results on the 
finite element mesh discretization. A practical method for predicting fatigue crack propagation 
in engineering structures is proposed, The predicted results are compared favorably with those 
measured experimentally from fatigue testing a center cracked panel of 2024-T3(Alclad) 
aluminum plates. 

KEYWORDS: damage mechanics, fatigue, crack propagation, aluminum alloy, finite ele- 
ment analysis 
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B, B(wv) 
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CeP 

C s 
d 
de 
dp 
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Df 
ap 

E 
Ffd 
F~ 

K 
K,c 

Crack length 
Damage compliance tensor 
Transformation matrix 
Initial plastic damage threshold 
Increment of  plastic damage threshold 
Elastic compliance tensor of virgin material 
Effective elastic tensor of damaged material 
Effective instantaneous tangent modulus tensor 
Symmetric form of ~ep 
Independent component of  damage tensor 
Independent component of fatigue damage 
Independent component of plastic damage 
Damage tensor 
Fatigue damage tensor 
Plastic damage tensor 
Young's modulus 
Fatigue damage surface 
Plastic damage surface 
Finite element stiffness 
Critical stress intensity factor 
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Ko 

K(w) 
J,o 
AJ  
M 
N 
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Wf 
Wp 

Y 

r'ed 
rp~ 

Ol 

p, 
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,,/ 

O" 

% 
Ormax 

Ortmn 
Aor 
o- o 

O'ac t 

or + 

o r -  

Aor + 
Aor- 

Stress intensity range 
Fatigue constant 
Fatigue coefficient as function of overall damage 
Critical J-integral 
J-integral range 
Damage effect tensor 
Number of cycles 
Overall fatigue damage 
Critical overall fatigue damage 
Overall fatigue damage 
Overall plastic damage 
Damage energy release rate 
Independent components of Y 
Defined in Eq 5 
Defined in Eq 4 
Material constant varying between 0 and 1 
Independent component of damage tensor 
Poisson's ratio 
Damage evolution coefficient 
Stress 
Yield stress 
Maximum stress corresponding to Ypd 
Minimum stress 
Stress range 
Minimum stress corresponding to minimum Ypd 
Defined in Eq 19 
Positive part of stress tensor 
Negative part of stress tensor 
Positive part of stress range in a cycle 
Negative part of stress range in a cycle 

Introduction 

Since the inception of the Pads law for fatigue crack propagation (FCP) based on the 
application of fracture mechanics, this global approach has become popular among engi- 
neers for the prediction of fatigue failure in engineering structures [1,2]. Generally, the 
fatigue crack propagation rate is governed by a crack tip parameter such as the stress 
intensity factor, the crack tip opening displacement, or the J-integral. Thus, a generalized 
law is expressed as 

da 
- f ( e )  (1) 

dN 

where P is a general crack tip parameter. By integrating Eq 1 from the initial to a certain 
crack length, we can compute the resulting number of cycles. Therefore, it is important to 
establish a proper function f (P)  under complex loading conditions. A large number of FCP 
models have been proposed empirically to describe the crack behavior in their respective 
crack growth phases [3-10]. Due to the complex nature of fatigue damage, the process of 
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fatigue crack growth is artificially divided into several phases, such as microcracks, short 
macrocracks, and long macrocracks. Consequently, many experimental tests need to be 
carried out to determine the material constants for each FCP formulation. Furthermore, there 
often exist ambiguities in the transition between the phases due to restricted applicability of 
each formulation. Another anomaly in the FCP formulation is the expression of f(P) in Eq 1 
in terms of AK or AJ. Unlike Kic and Jic, both AK and AJ are not intrinsic material 
properties. Consequently, Eq 1 is simply a form of fatigue data reduction exercise and 
should not therefore be used indiscriminately for structural fatigue design analysis. In 
addition, the most severe drawback of the conventional fracture mechanics approaches is 
their inability to take into account the microcracks/voids in a real-life material. From the 
physical point of view, fatigue damage is caused by material degradation due to the 
nucleation, growth, and coalescence of the inherent microcracks/voids under cyclic loading. 
Any design conclusions drawn from a fatigue analysis without the consideration of these 
inherent material imperfections would therefore be suspect. 

A method to overcome these difficulties and therefore a simpler design methodology for 
engineers can be provided by the emerging theory of damage mechanics. The application of 
this local approach to fracture has made significant progress in the design of engineering 
components and structures [11-16]. By combining the damage mechanics theory with the 
finite element method, we can analyze the whole process from the threshold condition of 
material degradation and damage evolution to the formulation of a macrocrack and then 
final failure. 

This paper applies a fatigue damage model proposed recently by the authors [17,18] to the 
characterization of the fatigu e crack growth process in a 2024-T3 Alclad plate containing a 
center crack. The model is in essence based on the theory of damage mechanics, which takes 
into account the presence of microcracks/voids in real-life materials. The distribution of 
these microdefects is introduced through a set of internal state variables known as damage 
variables such that the constitutive equations of elasticity and plasticity are developed 
coupled with damage effects. The nucleation, growth, and coalescence of the microdefects 
under cyclic loading are introduced in the model through a set of damage evolution 
equations. A material element is postulated to have been ruptured after the accumulated 
damage within the element reaches a critical value, which is considered an intrinsic material 
property and determined experimentally. The model has been applied successfully to charac- 
terize fatigue damage process not only in smooth but also notched specimens [16-18]. This 
paper applies the fatigue model to crack growth process at the crack tip, which extends 
incrementally after damage accumulation due to load application as depicted in Fig. 1. 
Methods of simulating cyclic loading and the dependence of the numerical results on the 

CRACK 

CRACK TIP 

PROSPECTIVE 

MATERIAL ELEMENTS UNDER 
FIG. 1--Material elements at the crack tip under fatigue damage. 
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finite element mesh discretization are investigated, and a simplified predictive procedure is 
proposed for the fatigue damage analysis. Finally, the accuracy of  the predicted results is 
discussed and found to be satisfactory in comparison with the measured fatigue data. 

Fat igue  D a m a g e  M o d e l  

During the fatigue loading, the microstructure of  a material element changes due to 
nucleation and growth of microcracks or defects. It is difficult to describe this change in fine 
detail by a mathematical model in view of the complexity of the random distribution and 
size of  the microcracks and the irreversible physically induced fatigue microcracking pro- 
cesses. To establish a damage model that can be used to predict fatigue failure in engineer- 
ing structures, it is necessary to introduce a set of proper internal state variables for 
characterizing the averaging effect of gradual material deterioration under cyclic load 
application. The averaging process is assumed to be carried out on a material element that is 
small enough to he taken as a "mathematical point" to define mechanical variables, such as 
stress, strain, damage, etc., but large enough so that the elementary mechanisms of the 
material are well represented by the continuous state variables within the context of classical 
continuum mechanics theory [13]. 

According to the fatigue damage model [16-18], the damage accumulation under cyclic 
loading D is divided into two processes, fatigue damage Df and plastic damage Dp, or D = 
Df + Dp. The plastic damage refers to the damage that occurs during the first quarter cycle 
when the material is stressed beyond elastic limit or during a plastic overload condition in 
fatigue spectrum loading. These two damage processes are identified by two damage sur- 
faces, a fatigue damage surface corresponding to the fatigue endurance limit, and a plastic 
damage surface corresponding to the initiation of plastic damage, as follows 

where Ypd, Yfd are defined as 

Ffd(Yfd,1, y~]n) = 0 (2) 

F,,,,(V, B) = r '~ = - [Bo + B(w,.)] = 0 (3) 

r ' ~  = ,/2 (r '~ + 2.vr',~y,. + r '~)  (4) 

Yfd = 1/2 (y2,f  -F- 2~/Yd,fY/x,f -~- y2,f)  (5) 

where Yea,1 is the critical value of  Yea on the fatigue damage surface, y~n is the minimum 
value of Ypd over a cycle, B o is the initial plastic damage threshold, B is the increment of 
plastic damage threshold, Wp is the overall plastic damage, and y is the damage evolution 
coefficient. Yd and Y~. are two independent components of plastic damage energy release 
rate, Y. Ya,f and Y.,e are two independent components of  fatigue damage energy release rate, 
Yf. These components of the damage energy release rate are expressed as [18] 

1 1 
Yo= - - - o ' r : C - 1  :o  - Y~= - ~ o - r : A - I  : cr (6) 

1 - d  1 - d  

Yd.~or, D) = Yd(o-~r D) Y,.,e(o', D) = Y~(o-.~ t, D) (7) 

where C - 1 is the elastic compliance tensor of virgin material, and A -  ~ is expressed in the 
matrix form as 
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1 
A - 1  - -  m 

E(1 - at) 

A 1 A 2 A 2 0 0 0 

A 2 A 1 A 2 0 0 0 

A 2 A 2 A 1 0 0 0 

0 0 0 2(A 1 - A 2 )  0 0 

0 0 0 0 2 ( A l - A 2 )  0 
0 0 0 0 0 2(A 1 - A 2 )  

(8) 

A 1 = 2/x(1 - v) - 2v A 2 = (1 +/x)(1 - v) - 2/xv 

where d and/~ are two independent components of damage variable D, respectively, in x and 
y directions; E is Young's modulus of virgin material; v is Poisson's ratio of virgin material; 
and tr is the true stress tensor, tract as defined in Eq 19 is the active stress, which is designed 
to account for the difference between the fatigue damage accumulation under tension and 
compression. Therefore, there may be three cases of damage accumulation under any 
complex loading condition: 

1. If  the stress state is inside the fatigue damage surface, there is no damage accumula- 
tion. 

2. If the stress state is between two damage surfaces, the resulting damage is defined as 
fatigue damage. 

3. If the stress state is outside the plastic damage surface, the resulting damage is defined 
as plastic damage. 

The total damage (D) is postulated to be the linear summation of fatigue damage (De) and 
plastic damage (Dp). It can be written as 

D = Of + Dp (9) 

or equivalently as 

W = Wf -[- Wp (10) 

where w is the total overall damage, We is the overall fatigue damage, and Wp is the overall 
plastic damage. When the total overall damage w reaches a critical value we, the element of 
material is said to be ruptured. Therefore, the entire process of damage initiation, damage 
evolution, crack initiation, and propagation leading to final rupture can be simulated by this 
local approach, which would not otherwise be possible using the fracture mechanics ap- 
proach. 

By postulating that the damage state in an element of material can be characterized by a 
macroscopic state variable M(D), 

1 
M -  

1 - d  

-1 /~ tz 0 0 0 
/~ 1 /.L 0 0 0 
/~ /~ 1 0 0 0 
0 0 0 1 - / .L  0 0 
0 0 0 0 1 - t z  0 
0 0 0 0 0 1 - / ~  

(11) 
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the evolution equation of damage is expressed based on the damage mechanics theory as 
follows [18] 

~/f = )tfd(Yd,f + "YY~t,f) ~ f  = hfa('YYa,f + Y~,f) ( 1 2 )  

2Yfld/2 OVU2 ~ f d  

l~f = •fd = Yd'f]Zd'f "~ "YYd,f~,f -[- vY/z.flZd,f + Y / t , fL , f  

2Y~ZK(w) 
(13) 

,~, = x,,,~(v,~ + vv,,) Xpd(vVd + V,,) (14) 
2Y~  JJ'P = 2Y~ 2 

2Y~ff dB 
dwp 

where the function K(w) may be expressed to a first approximation as 

(16) 

where de and p,f are two independent components of  fatigue damage De, dp and p,p are two 
independent components of plastic damage Dp, hfd and hpd are Lagrange multipliers, w c is 
the critical value of w, and Ko is a material constant. 

In order to consider the difference between the damaging process under tensile and 
compressive loading condition, the effective stress range is introduced in the fatigue damage 
model and has been successfully used to predict the effect of mean stress on the fatigue life 
of  a smooth specimen [18]. The stress range in a cycle may be decomposed into two parts as 
follows: 

AO -+ = O'ma x --  O" 0 A 0 r -  = O" 0 --  O'mi n (17) 

where O'ma x and o, o are the stress tensors corresponding to the maximum and minimum value 
of Ypd in a cycle, respectively, and Crm~, is the stress tensor at the instant half a cycle after (or 
before) O'ma x appears. Under uniaxial cyclic loading, there are two distinct phases of damage: 

1. For tension-compression loading, the minimum stress is negative. The minimum value 
of Yod is zero so that (r o equals 0. That means the positive part is the tensile stress, and 
the negative part is the absolute value of the compressive stress. 

2. For tension-tension loading, the minimum stress is positive. So the value of Ypa 
increases monotonically as the loading increases, and the value of (r o is equal to the 
minimum stress. Therefore, the positive part is the total stress range, and the negative 
part is zero. 

Accordingly, the effective stress range may be written as a first approximation as follows 

Ao'ef f = A t r  + + aAtr -  (18) 
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and the active stress O'ac t is introduced as [18] 

O" - -  O" 0 "{- (9/(0" O - -  Ormin) , if Ypd(Oro) > Ypd(Ormax) 

(Tact = O~(0 r - -  O'min) , if  Ylxl(O'min) < Ypd(O'o) (19) 

where a is a material constant and varies usually from 0 to 1. If  c~ is zero, there is no 
contribution from the negative part to the damage accumulation. Otherwise, the effect of  the 
negative part is the same as that of the positive part when ct is 1. 

Finite Element Analysis 

Due to damage accumulation, the local rigidity in a material element decreases during the 
loading process. This change should be included in the numerical analysis to achieve an 
accurate assessment of stress distribution near the crack tip. Although the constitutive 
equations of damaged material are more complex than that of undamaged material [18],  the 
conventional finite element method can be conveniently modified to include the effect of  
deterioration of material properties. By deriving a new effective instantaneous tangent 
modulus matrix, C~P, which includes the effect of damage, the element stiffness matrix can 
be computed as [16] 

I; 1 
[Kul = [Bul ~ : [c~] : [BuI d V  C ~ = _ ((~ ~ + ~ . ~  (2O) 

2 

where [Bu] is the transformation matrix, and C s, a symmetric matrix, is used to evaluate the 
element stiffness in an iteration procedure to overcome the difficulties caused by the 
asymmetric matrix (~ep. It should be emphasized that C s is only used to evaluate the element 
stiffness matrix in an iteration procedure, as the relationship between the incremental true 
stress and strain is ultimately determined by CeP. Consequently, the accuracy of the results 
obtained by this approach is the same as that by the conventional FEM analysis. 

The following numerical analysis was performed using a general purpose finite element 
program known as NFAP, which was modified to incorporate the fatigue damage model. 
The overall damage at each integration point is calculated by integrating Eqs 11 to 14. It is 
postulated that rupture of an integration point takes place when the total overall damage in a 
particular material element reaches its critical value, we. This rupture state is simulated in the 
FEM analysis by reducing the rigidity and strength of this point to zero. The aggregation of 
ruptured points is interpreted as a part of  the global crack. In order to simulate the crack 
closure, the ruptured points may recover the capability of sustaining the stress to the value it 
has attained at its critical state whenever the strain component perpendicular to the crack 
propagation direction at these points are found to be negative. Therefore, the whole process 
of  fatigue crack propagation from the initiation of damage, damage evolution, and formation 
of  a macrocrack to the final failure of a component can be analyzed by the proposed unified 
method of fatigue damage analysis. 

Crack Growth Analysis 

The behavior of a fatigue crack growing in a cracked plate is studied in this paper in order 
to demonstrate the applicability of the damage model discussed above. The material chosen 
for the investigation is an as-received A1 alloy 2024-T3 Alclad plate with a thickness of 
3.175 mm. The true stress-strain curve and the increment of plastic damage threshold- 
overall plastic damage curve B(Wp) are shown in Fig. 2 and Fig. 3, respectively. 
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The dimensions of the specimen used for fatigue damage analysis are shown in Fig. 4. 
The experimental tests were carried out on an AMSLER high-frequency vibrophore ma- 
chine. The loading was 45 _ 16.5 MPa with the loading direction normal to the specimen's 
rolling direction at about 100 Hz. A total of five specimens was used to measure the crack 
growth results under the specified loading. The material constants in the fatigue damage 
model were measured by a series of  uniaxial tension tests and uniaxial fatigue tests on 
smooth specimens described in Ref 18 as follows 

3J = 0.7 Bo = 0.7413MPa we = 0.245 E = 74300MPa 
v = 0 . 3 3  Cry=330MPa c~=0.45 Ko=423500MPa 

The plate is assumed to be in a state of plane stress in the numerical analysis. Only a 
quarter of the specimen needs to be analyzed due to the symmetry of  the geometry and the 
loading condition. The first computational question to be examined relates to the choice of 
cycle numbers used to compute the damage accumulation in a loading process. It is 
impracticable to calculate the damage accumulation every cycle, especially for constant 
amplitude high-cycle fatigue. A step-wise procedure needs to be devised to reduce the 
computing time within a practical limit [16]. Consequently, the whole loading process is 
divided into several steps. The damage accumulation in a cycle is assumed within each 
computational step to remain the same. To check the effect of the number of  cycles AN 
chosen for a step on the convergence of the numerical results, a numerical experiment was 
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FIG. 2--Relationship between true stress and true strain. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



94 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

4.00 

1.00 

3.00 

2.00 

0.00 
0.00 

I 

0.05 0.10 0.15 0.20 0.25 

overall  plast ic  damage wp 
FIG. 3--Relationship between B and Wp. 

~- 110 -- 

Unit: mm 

I- 28-.4 

/ 
initial crack ( 2a ) 

FIG. 4--Center cracked plate. 

1 4 0  

O 

O 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



CHOW AND WEI ON FATIGUE DAMAGE MODEL 95 

I 

crack tip ~On~n2 

0.!2 
i n t o  

i 
0.08 m 

--1 
0.96 mm - _, 

FIG. 5--Fin i te  element mesh construction at the crack tip. 

performed. A total of 90 eight-noded isoparametric plane stress elements with 306 nodes 
was used. The element area integrations were performed with a two-by-two Gaussian 
numerical integration scheme. The finite element mesh near the crack tip is shown in Fig. 5. 
The dimensions of the elements ahead of the macrocrack are 0.08 mm (height) by 0.32 mm 
(length). Three different cyclic increments, i.e., &~/of  1000 cycles, 500 cycles, and 250 
cycles, in each step were selected for the investigation. The cycles predicted for the crack 
growth process for each ~xN are shown in Fig. 6. No sign of convergence can be observed 
from the figure. A larger number of steps should be taken to attain a consistent result. 
However, if we first calculate the damage accumulation with a larger ~N until the overall 
damage at the integration point near the crack tip has attained its critical value and then 
choose a smaller ~ N  r = 50 cycles for the release of rigidity and strength at this point, more 
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accurate results can be obtained as shown in Fig. 7. It can be observed from the figure that 
there is almost no difference to the choice of zL~Y less than 500 cycles. For the problem under 
investigation, it has been found from the computed numerical results that the number of 
cycles to cause a crack to propagate from one integration point to its ensuing point is about 
1500 to 2000 cycles. 

It may be concluded from the numerical experiments that it is appropriate to divide a 
loading process into three computational procedures, i.e., zkN to attain the overall damage 
close to its critical value, ~ r  to cause rupture of an integration point, and then ZLV to yield 
crack incremental growth. It is of interest to note that there is only about 10% discrepancy 
even if the procedure adopting a constant 2ffV throughout the entire loading process is 
employed. This is evident by comparing the results shown in Figs. 6 and 7 using AN = 250 
cycles from which a discrepancy of about 10% can be observed. Therefore, for the rupture 
of second integration point after the first one, this particular loading process should be 
divided into at least six steps in order to achieve a satisfactory result when z~V in each step is 
kept constant. 

Another computational question to be resolved in this paper is the dependence of numeri- 
cal results on the finite element size. Four different dimensions of finite element mesh 
shown in Fig. 5 ahead of the crack tip along the crack propagation direction are selected. 
The horizontal lengths of 0.16, 0.24, 0.32, and 0.48 mm were selected, while the element 
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height remained constant at 0.08 mm. The computational procedure with AN = 500 cycles 
and AN r = 50 cycles discussed above to simulate a loading process was adopted. It can be 
observed from Fig. 8 that there is no marked difference on the choice of element sizes 
except for the case of the horizontal element length of 0.48 mm. The maximum difference in 
the predicted fatigue life between the first three cases is about 22%. 

It can be concluded from the above numerical experiments that satisfactory predictions 
can be achieved using the computational procedures described above in comparison with the 
data scatter normally observed in fatigue testing. The dependence of numerical results on 
finite element mesh size remains, however, an open problem [19]. 

To check the accuracy of the predicted results, a numerical analysis was performed for an 
incremental crack growth of 15 man. A total of 171 elements with 541 nodes was chosen. 
The mesh discretization near the crack tip is shown in Fig. 5 employing several 0.08 by 
0.32-mm elements along the crack growth direction. The cyclic loading simulation was 
carded out by employing a constant AN = 250 cycles for the entire loading process. 
Comparison between the experimental results and the predicted ones is found to be satisfac- 
tory as shown in Fig. 9. 

Conclusions 

The application of a fatigue damage model to predict constant amplitude fatigue crack 
growth in a 2024-T3 Alclad plate containing a center crack under uniaxial constant ampli- 
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FIG. 9--Fatigue crack grow~ under cyclic loading of 45 • 16.5 MPa. 

tude loading is presented. The analysis on fatigue crack propagation was carded out both 
experimentally and numerically. Two main computational questions are examined and 
discussed: 

1. The simulation of cyclic loading is performed in a step-wise procedure rather than 
cycle by cycle to reduce the computing time within a practical limit for engineering design 
analysis. The effect of the number of cycles chosen for each step on the accuracy of the 
numerical results is examined, and a simple computational procedure is recommended to 
achieve satisfactory convergence and accuracy in the numerical solution. 

2. The dependence of the numerical results on the finite element mesh size is investigated. 
Satisfactory results have been obtained in comparison with the data scatter normally ob- 
served in fatigue testing if an appropriate choice of mesh size is made. 
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ABSTRACT: A general numerical method has been developed to predict fatigue crack 
initiation and fatigue crack propagation under cyclic loads. Finite element technique is 
employed to model specimen geometry. The method requires uniaxial stress/strain material 
data only; empirical fatigue constants are not required. It determines the number of load 
cycles for crack initiation or for crack propagation based on fracture energy, W, and dissipated 
energy per cycle, E. Fracture energy is the plastic-strain energy contained in a Dugdale-type 
cohesive stress zone located near an initial defect. The size of the cohesive zone of a specimen 
is established by a computational procedure that simulates elastic-plastic fracture under static 
loading. Dissipated energy per cycle is the plastic-strain energy in a hysteresis loop that 
exhibits cyclically stable behavior after "shake-down." The number of cycles to initiate a 
crack or to propagate a crack to a finite amount is obtained by dividing the fracture energy, W, 
by the dissipated energy per cycle, E. 

Verification examples showing stress amplitude versus number of cycles (S-N diagram) are 
compared with experimental results. Also, experimental crack growth rate as a function of 
stress intensity factor (Pads-type equation) is compared with calculated results based on this 
method. Fatigue constants based on experimental data were not required in the computations. 
Limited comparison of predicted cycles to experimental results indicates good correlation. 
This work is significant in that it suggests a new and improved approach to problems of 
fatigue. Since fatigue behavior can be predicted using only uniaxial material tensile data, it 
holds out the promise of a reduced need for experimental work in the future. 

KEYWORDS: fatigue prediction, fracture mechanics, testing 

Introduction 

Background 

Fatigue failure is the consequence of cumulative cyclic damage induced by repeated 
fluctuating loads. Fatigue crack initiation or fatigue crack propagation occurs only when 
there is plastic strain or yielding. For constant amplitude cyclic loadings, fatigue life can be 
represented by the number of load cycles, N. After a certain number of load cycles, the 
accumulated cyclic damage in the form of irreversible plastic-strain energy causes the 
initiation and subsequent propagation of a crack. Crack initiation life for cyclic loadings can 
be represented by the number of cycles, Ni, required to initiate a crack. The number of 
cycles, Np, required to propagate a crack to component failure may be considered as the 
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fatigue propagation life. Total fatigue life, N, is the sum of the fatigue initiation and fatigue 
propagation lives. 

Specimen fatigue behavior is often represented by a diagram of fluctuating stress ampli- 
tude, S, versus load cycles, N. A typical S-N diagram, as shown in Fig. 1, may be divided 
into three regions. Above a certain cyclic stress amplitude, the number of cycles to reach 
component failure is very small. This region may be considered as the low-cycle region. 
Region II is classified as the crack propagation region. In this region the number of load 
cycles, N, is a function of applied stress amplitude, S. The fatigue behavior in the third 
region exhibits an applied cyclic amplitude threshold below which cracks do not initiate. 
The proposed method in this paper may be employed to study fatigue behavior in all three 
regions. 

A widely used method to study fatigue behavior is the strain-life method, which is based 
on the observation that the response of components with notches depends on the strain and 
deformation history near the notch. Experimentally generated parameters are required to 
represent material fatigue properties. Applications [1,2] of this method are mostly for low- 
cycle fatigue problems. The proposed computational method in this paper, like the strain-life 
method, predicts fatigue behavior based on strain history near a crack or notch. Unlike the 
strain-life method, the present approach is based on fracture mechanics considerations and 
may be applied to both high-cycle and low-cycle fatigue problems. 

For crack propagation, Pads and Erdogan [3] proposed a semi-empirical power-law 
equation to represent fatigue behavior for metals. In the governing equation, the change of 
crack length with respect to number of cycles (da/dN) is assumed to be a function of the 
difference in the stress intensity factors (AK) evaluated at the maximum and minimum 
applied cyclic loads. Material fatigue data are required with this approach. 

To explain differences in fatigue behavior due to the ratio between fluctuating maximum 
load and minimum load, Elber [4] introduced the concept of crack closure. The prediction of 
crack growth is based on a correlation of crack growth rate data with the "effective" stress- 
intensity factor at the crack tip similar to a Pads-type equation. Newman [5] developed a 
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FIG. 1--A typical S-N diagram. 
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computational procedure based on finite element technique to simulate crack closure. The 
method has been shown by Newman [6] to be particularly useful for predicting crack growth 
behavior under spectrum loadings. Drew [7] and Dexter [8] have demonstrated that the 
method can be applied to cases with overload and underload. Dowling and Begley [9] used 
the J-integral value and applied the concept to cases with small-scale plasticity. Recent 
applications of the concept were provided by de Koning [10], Keyvanfar [11], Dawicke 
[12], Ranganathan [13], and Kumar [14]. All these applications require a known power-law 
equation that has at least two experimentally determined material fatigue properties. 

Overview of Proposed Method 

In this paper a computational method is proposed to predict component fatigue life 
without prior knowledge of its fatigue behavior. The only material data required in the 
computational procedure is the uniaxial stress/strain diagram. Geometric dependencies such 
as thickness, specimen size, and initial crack length are automatically incorporated into a 
finite element model. The computational method may be used to predict threshold load 
cycles to crack initiation as well as the number of cycles for crack propagation. The number 
of fluctuating load cycles is determined by the fracture energy, W, and the dissipated energy 
per cycle, E. Fracture energies that cause crack initiation, Wi, or crack propagation, Wp, are 
contained in a cohesive stress zone located in front of a crack or flaw. The amount of 
dissipated energy per cycle, E, under fluctuating loading is determined by a method similar 
to the "shake-down" concept [15]. Component fatigue lives are determined by dividing the 
combined energies (Wi and Wp) by the dissipated energy per cycle, E. 

Major Assumptions of Proposed Method 

1. An initial sharp defect such as a crack exists. This means plastic strain is always 
present in the component. 

2. Material cyclic compressive yield strength is the same as the cyclic tensile strength. 
3. The dissipated energy per cycle, E, is a function of the plastic dissipation in a fatigue 

process zone created by cyclic loading. 
4. If there is a material cyclic hardening or softening effect, a number of cycles are 

required to achieve a stable "shake-down" hysteresis loop. It is assumed that this 
number of cycles is small compared to the total number of cycles to failure. 

5. The fracture energy, W, may be determined by an elastic/plastic static fracture 
analysis performed by a computational procedure [16]. The procedure simulates the 
size of the cohesive stress zone in front of  the crack and the stable crack growth as a 
function of monotonically increasing applied load. 

6. The number of cycles to initiate a crack or advance a crack may be found by dividing 
the fracture energy, W, by the dissipated energy per cycle, E. 

7. The amplitude of the cyclic load is constant. Different cyclic loads must be studied 
separately and their effects combined. 

Limitations of Proposed Method 

1. Material properties should be represented by cyclic stress/strain data. If there is 
substantial strain hardening or softening during cyclic loading, different stress/strain 
data should be employed depending on the range of the cyclic loadings. 

2. If  the specimen is subjected to only a few cycles with a very high strain range, the 
transition effects from one cyclic stress/strain curve to another cyclic stress/strain 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



CHANG ET AL. ON FATIGUE PREDICTION 103 

curve may not be neglected. This could have an effect on the accuracy of the 
dissipated energy per cycle, E. 

3. If the plastic strain developed at the crack tip is very low, it is difficult to refine the 
finite element mesh sufficiently so that the dissipated energy per cycle, E, may be 
calculated accurately. 

4. Examples studied so far involve two-dimensional specimens modeled by plane-stress 
or plane-strain finite elements. A change in thickness (necking) due to high strain at 
the crack tip may require three-dimensional analysis. 

Computational Procedure for Elastic/Plastic Fracture 

The computational procedure for elastic-plastic fracture predicts load versus stable crack 
growth behavior and is employed to determine the required fracture energy, W, for fatigue 
crack growth. Finite element technique is employed to represent the specimen. Planar 
elements are used to model flat panel specimens. Material stress/strain data and material 
strain hardening are included. The finite element mesh has duplicate grid-point pairs along 
the free crack surfaces and along the direction where damaged surfaces develop. The 
duplicate grid-point pairs operate under one of the following three modes: 

1. They are constrained to have the same displacement before the flow stress, defined as 
the average between yield strength and ultimate strength, is reached. 

2. They are used to model relative displacement between grid-point pairs once the flow 
stress is reached and an equivalent cohesive force, Fc, is inserted between the grid- 
point pairs. 

3. They are used to model crack growth when critical crack tip opening displacement 
(CTOD) values are reached. 

When grid-point pairs are in the second mode, they create a Dugdale-type cohesive stress 
zone in front of the crack. For computational convenience, the cohesive stress is equated to 
the flow stress so that strain-hardening effects are included in an approximated manner. This 
cohesive stress zone serves three purposes: (1) to represent the crack front stress distribution 
without special crack tip finite elements, (2) to indicate the size of the cohesive zone, and (3) 
to provide nodal displacements in the cohesive stress zone. 

Two assumptions are introduced to simulate static fracture: one for crack initiation and 
another one for crack propagation. The first assumption is that crack initiation occurs when 
the load versus crack mouth opening displacement (CMOD) curve deviates by 5% from its 
linear elastic slope. This assumption is consistent with the ASTM Test Method for Plane- 
Strain Fracture Toughness of Metallic Materials (E 399-83) for testing of plane-strain stress 
intensity factor K~c under brittle fracture conditions. Figure 2a illustrates the ASTM testing 
procedure. This can be compared with Fig. 2b, which shows the load versus the CMOD 
curve of a simulated example and the crack initiation criterion. Deviation from the initial 
tangent line in both curves is proportional to the amount of plastic strain near the crack tip. 
At the 5% deviation point, a sufficient amount of irreversible plastic strain has been 
introduced into the specimen to cause crack initiation. The size of the associated cohesive 
zone is the critical value, rp, and the corresponding CTOD is the critical CTOD, Vi. At crack 
initiation, the crack advances a distance equal to half of the distance to the next finite 
element node. 

For subsequent crack growth, it is assumed that the governing fracture parameter is the 
critical CTOD value that is generated during the computational process. A one-element size 
crack growth occurs when the CTOD at any nodal location " j "  reaches its critical value, 
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Vp4. The critical VRj value is determined from the CTOD at crack initiation, Vi, and the 
CTOD of node " j "  immediately after the crack advanced past the last node, " j  - 1." By 
designating this plastic-wake CTOD as Vpwj, the critical CTOD of node " j "  may be 
calculated by 

vRj = v, + Vpwj (1) 

In the above equation, V~ represents the CTOD at crack initiation, and the other term, Vpwj, 
may be considered as the effect of plastic wake on the critical CTOD. In most cases, the 
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effect of plastic wake, Vpwj, gradually dominates the critical CTOD value as the crack 
advances. Equation 1 may be used to generate a critical CTOD curve as a function of crack 
growth. 

The computational process consists of a series of load step increases and changes in 
cohesive stress zone size. At each load step, nodal forces are compared with the equivalent 
flow force and CTOD is checked against critical VRj. The computational steps are repeated 
until the cohesive zone extends through the component ligament (stable crack growth 
followed by plastic collapse) or until critical VRj values are reached simultaneously at all 
grid-point pairs in the damage zone (stable crack growth followed by unstable crack 
growth). 

Fatigue Prediction 

Fatigue prediction relies on the assumptions that the number of  load cycles required for 
crack initiation can be obtained from 

Ni = ~ / E  (2) 

and the number of cycles for crack propagation is 

Np = WifE (3) 

where E represents the dissipated energy of each fluctuating cycle, and Wi and W v are the 
fracture energies obtained from the plastic-strain energies in the cohesive stress zone. 

The static fracture simulation procedure is used to establish the size of the cohesive stress 
zone and nodal displacements within this zone. The fracture energy, Wi, at crack initiation is 
calculated by 

w~ = JO-o3 d4 (4) 

where tr o is the flow stress, and 3 represents displacements in the cohesive zone at crack 
initiation. This integration is performed along the critical cohesive stress zone, rp, and is the 
plastic-strain energy generated within the zone by the static crack initiation load. In a similar 
manner as Eq 4, the fracture energy, Wp, required to reach a certain crack growth size is 
computed based on its corresponding cohesive stress zone. 

If IV, and W2 are fracture energies required to reach two different crack sizes a, and a2, 
the number of propagation cycles, Np, to advance a crack from a, to a2 under an applied 
fluctuating load with dissipated energy per cycle, E, is 

Np = (W2 - WI) /E  (5) 

When a crack grows from an initial size, ai, to a crack length of a2, the strain energy, W,, in 
the above equation is the Wi of Eq 4. The total number of cycles to reach a2 can then be 
simplified as 

N = W2/E (6) 

If  the crack length a2 is much larger than a~, the computation of the above equation should 
be divided into a number of smaller steps with different crack growths because the growing 
crack length affects the value of the dissipated energy, E. 

The dissipated energy per cycle, E, is caused by a cyclic load fluctuating between maxi- 
mum load level, Lmax, and minimum load level, Ln~n. It is calculated in two steps. First, the 
number of nodes, n, in the cohesive stress zone that contributes to energy E is determined 
from an elastic-plastic analysis of the specimen without cohesive zone. The specimen is 
initially loaded to load level Lmax, and a damaged plastic zone, demonstrated in Fig. 3a, 
develops. The specimen is then unloaded to load level Lm~,. Under this load level, elastic 
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FIG. 3--Fatigue fracture process zone. 

material surrounding the damaged zone forces material in some portion of the plastic 
damage zone into compressive yield. The length of this portion represented by n number of 
nodes may be considered as a fatigue fracture process zone as shown in Fig. 3b. In this 
fatigue process zone, nodal strains had gone from plastic tensile strain under maximum load, 
Lm~x, to plastic compressive strain under minimum load, Lmi.. During subsequent cyclic 
actions, work at these nodes produces cyclic plastic strain that generates fatigue crack 
growth. Only nodes in the fatigue process zone contribute to the strain energy per cycle, E. 
Nodal strains Ema x at load level Lm~x and ~mi. at load level Lm~n in the fatigue process zone are 
used to determine the value of E. 

Once the size and nodal strains of the fatigue process zone are determined, the second 
step is to find the value of the dissipated energy per cycle, E. E is the summation of nodal 
dissipated energies, ei, in the fatigue fracture process zone. The load-displacement relation- 
ship at each node between load level Lma x and load level Lm~. can be idealized in the form as 
shown in Fig. 4. Displacement, dmax, of a node in the fatigue fracture process zone under 
load level L~x is calculated by the elastic-plastic fracture simulation. The nodal displace- 
ment, dm~., under load, Lm~., is approximated by 

drnin = dmax(Emin]Emax) (7) 

where ~max and Emi. are nodal strains under load levels Lm~x and Lmin obtained in the "shake- 
down" analysis. This leads to a nodal dissipated energy in the form 

ei = 2Fcdmax(1 - E m i n ] E m a x )  (8) 
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FIG. 4--Schematic of dissipated energy of a node. 

where Fc is the nodal force corresponding to the flow stress. Summation of dissipated 
energies of all n nodes in the fatigue fracture process zone leads to the dissipated energy per 
cycle 

E = Ze i (9) 

Since the determination of dissipated energy per cycle depends on the size of the fatigue 
fracture process zone that is a fraction of the cohesive stress zone, there has to be a large 
number of finite element nodes in the cohesive stress zone to achieve acceptable accuracy. 

Validation Examples 

Three experimental examples from the literature are presented and compared with compu- 
tational results. In the first example, the total number of cycles for crack initiation and for 
crack growth were compared with measured data for specimens with sharp cracks. The 
second example demonstrates the application of the fatigue prediction method in cases with 
notched flaws. Again, the total numbers of cycles were compared. In the third example, the 
fatigue prediction method was applied to a specimen with known fatigue propagation 
properties. These results were computed using material data from a monotonically loaded 
tension specimen. Cyclic stress-strain data, if available, would have been preferred. 
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As mentioned before, a fine mesh is needed in front of a crack tip in order to have 
sufficient nodes to properly represent the fatigue fracture process zone. To minimize the 
need for small-sized elements, flow stress was replaced by yield strength as the material 
failure criteria in the computed examples. This resulted in larger cohesive stress zones and 
larger fatigue fracture process zones than would have occurred using the flow stress. To be 
consistent, both dissipated energy per cycle, E, and fracture energy, W, were calculated 
based on yield strength. All numerical computations were performed using the general 
purpose finite element program ABAQUS [17]. 

Example 1: Predicting Crack Initiation Cycles 

Jack and Price [18] performed fatigue tests on edge-notched mild steel specimens and 
measured electrical potential drop to determine crack initiation under load cycles. The mild 
steel had a yield strength of 239 MPa and ultimate strength of 420 MPa. The form and 
dimensions of the specimen are shown in Fig. 5. The specimen has a uniform thickness of 
5.1 mm. All fatigue tests were done under zero-tension load condition (load ratio R = 0). It 
was estimated that the specimen thickness was not sufficient for the plane-strain condition to 
dominate fracture behavior, therefore the specimen was modeled by plane-stress elements. 
The smallest element size was 0.051 mm. Two different notch depths were studied by the 
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present prediction method: 1.27 and 3.81 nun. For the case with 3.81-mm notch depth, the 
load versus the crack-mouth-opening-displacement curve was generated and is shown in 
Fig. 2b. Although there is a notch root radius given as 0.051 mm, it was assumed to be small 
enough to be considered as a sharp tip in the finite element model. The critical CTOD at 
crack initiation was found to be 1.48 x 10 -3 ram, and the corresponding critical cohesive 
zone size was 1.83 mm. 

The dissipated energy per cycle, E, was calculated according to the procedure given. 
Under some load amplitudes, crack growth is predicted. Effects of crack growth were 
neglected in the calculation of dissipated energy per cycle, E. Results are summarized in 
Table 1. 

The fracture energy, Wi, required for crack initiation of the two selected cases was 
determined by Eq 4. Numbers of cycles to reach crack initiation according to Eq 2 were 
found to be much smaller than measured results. It was concluded that minute quantities of 
crack growth associated with theoretically declared crack initiation cannot be observed 
experimentally. Therefore, the measured cycles for crack initiation must be associated with a 
specific amount of crack growth that is experimentally measurable. Since Ref 18 did not 
state the criteria for crack initiation, it was assumed that the crack initiation is associated 
with crack growth sizes in the range of 0.28 to 0.33 mm, consistent with experimental 
equipment for measuring crack growth at the time these experiments were conducted. 

Based on these initial crack growth assumptions, the fracture energies, W, were calcu- 
lated, and numbers of cycles depending on load amplitudes were determined. The resulting 
load versus number of cycles is shown in Fig. 6. Measured data were found to be between 
results obtained from the two assumed crack growth sizes. Also, cyclic behavior of the 
1.27-mm notch depth case with 0.28-mm crack growth is given in Fig. 6. Not knowing the 
exact amount of crack growth of the experimental results, it is difficult to assess the quality 
of the calculated predictions. However, they do reflect the dependency between load ampli- 
tudes and number of cycles. 

Example 2: Generating S-N Diagram 

Extensive fatigue crack tests of double-edged-notched specimens are described in Ref 19. 
Specimens were machined from 25.4-mm-thick HY-130 steel plate and tested over a range 
of fluctuating stresses between zero and a maximum amplitude. Nine starting crack-tip radii 
ranging from zero to infinity were studied. The number of cycles required to generate a 
0.25-mm crack was recorded. The specimen configuration is shown in Fig. 7. 

The prediction of crack initiation in the present method relies on the 5% criteria, which is 

TABLE 1--Dissipated energy per cycle. 

Notch Depth, Load Amplitude, Dissipated Energy per Cycle, E, 
mm MPa N/mm 

1.27 0.0689 8.27 X 10 3 
1.27 0.1034 5.05 X 10 -2 
1.27 0.1379 9.82 X 10 -2 
1.27 0.1724 2.29 X 10 1 
1.27 0.2069 4.53 x 10 -~ 

3.81 0.1034 3.94 X 10 1 
3.81 0.1379 8.09 x 10 -~ 
3.81 0.1724 1.7289 
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valid only when a sharp crack tip exists. In this example with finite notch root radius, there 
are two possible modified approaches. In the first approach, crack initiation is determined by 
a specimen of the same configuration but with the notch assumed to have a sharp crack tip. 
Crack initiation of the specimen with finite notch radius is thus assumed to take place when 
the cohesive stress zone size matches the one obtained by the sharp crack tip specimen. 
Once the crack has initiated, the procedure to simulate crack growth remains the same. The 
second modified approach assumes a certain amount of  surface imperfection at the notch 
root radius. The imperfection reflects the quality of the surface finish and can be represented 
by the ratio a/r, where a is the length of the maximum surface crack and r the notch root 
radius. Specimens with different a/r ratios have different cohesive stress zone sizes at crack 
initiation. Both approaches lead to similar results in terms of the total number of cycles to 
reach a certain crack size. For this example, the first approach was selected. 

Starting with an elastic-plastic fracture analysis of the specimen, sizes of the cohesive 
stress zone and their fracture energies were determined for different load amplitudes. The 
associated fracture process zone and dissipated strain energy per cycle were calculated 
according to the procedure given above. The total number of cycles required to reach a crack 
growth of 0.025 mm was found by Eq 6. Results for two notch-tip radii are compared to 
experimental data in Fig. 8. For both cases, the computer prediction did not do well at lower 
load amplitudes. The cause of  the inaccuracy is the need for very fine meshes to accurately 
calculate the size of a small fatigue fracture process zone. This is particularly noticeable in 
the case with the larger root radius. 

Example 3: Generating the deddN Curve 

According to Pads and Erdogan [3], crack propagation may be represented by a power- 
law equation in the form 

daMN = A(AK) m (10) 

where a is the crack length, N is the number of cycles, and AK is the stress intensity factor 
fluctuation. The constants A and m are parameters determined by curve-fitting of material 
test data. In Fig. 9, a typical set of experimental material data [20] is shown. The fatigue 
crack growth rate, da/dN, is plotted as function of the difference between the maximum and 
minimum stress intensity factor AK for six aluminum alloys. The yield strength of these 
alloys ranges from 234.4 to 379.2 MPa. 

To demonstrate the application of the present fatigue prediction method to crack propaga- 
tion problems, an arbitrary specimen configuration shown in Fig. 10 was chosen. The mesh 
distribution for one quarter of the specimen is also shown in Fig. 10. The initial crack length 
was 25.4 mm, and the fracture energy, AW, to reach a crack growth of  0.51 mm was found 
to be 0.045 N/m. Using two different maximum load amplitudes (zero to tension), L1 and L2, 
two different dissipated energies per cycle, E1 and E2, were calculated. Employing Eq 6, two 
cyclic lives, AN 1 and AN 2, were determined for the same amount of crack growth. The stress 
intensity factor, AK, under the two loads, L1 and L2, were calculated by standard linear 
elastic fracture mechanics. Results are given in Table 2. 

The computed results that plot as a straight line are also shown in Fig. 9. Notice that the 
computed results fall close to the scatter band of the experimental data. If desired, the 
constants A and m in Eq 10 may be determined. In such a case the constants A and m will, in 
general, depend on the specimen geometry chosen to do the simulation. In other words, 
since elastic-plastic fracture is, in general, geometry dependent, so will the fatigue constants 
A and m be specimen geometry dependent. 
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Conclusions 

The fatigue prediction method presented in this paper is designed to simulate fatigue 
behavior from crack initiation through crack propagation to ultimate rupture. Although not 
enough examples have been studied, the proposed method has the basic mechanisms for 
being consistent with experimental observations. Reasons for the different fatigue behavior 
in the three regions of a typical S-N diagram can be explained by parameters used in the 
present method. With high-cycle loadings, fatigue behavior is mostly governed by load 
amplitudes. With the proposed method, the calculation of number of cycles at high-cycle 
fatigue is dominated by the dissipated energy per cycle, E, which depends on load ampli- 
tude. In an extreme case where the fatigue process zone is very small under fluctuating 
maximum and minimum load levels, the value of E approaches zero, resulting in essentially 
infinite fatigue life. At low-cycle fatigue, with larger load amplitudes, fatigue behavior 
according to the proposed method is governed largely by fracture energy, W, for both crack 
initiation and crack propagation. This is consistent with expectation because both fracture 
energy and low-cycle fatigue behavior depend on static fracture behavior. 

Another indication that the basic approach of the present method is correct can be found 
in the following observation. Under large load amplitudes (low-cycle fatigue), the crack 
growth rate per cycle, da/dN, becomes very high. Experimental data indicate that this phase 
of accelerated crack-growth rate occurs at a constant value of crack-tip opening displace- 
ment (CTOD). This is consistent with the present approach, which determines the fatigue 
behavior in this region of high-load amplitude by the maximum fracture energy, W, value 
associated with a constant CTOD. 

The proposed method also reflects the mean load (R ratio) effects of the loading. This 
effect is represented in the dissipated energy per cycle, E. When calculating this energy, the 
maximum load level determines the size of the damage zone near the crack. Upon unload- 
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FIG. 9--Plot  of  da/dN versus AK for six aluminum alloys. 

ing, the size of the fatigue process zone depends on the amount of unloading associated with 
the minimum load level. With a lower minimum load level, more of the damage zone will be 
forced into compressive yield by the surrounding elastic stresses. This leads to a larger E 
value or a less number of load cycles, which is consistent with expectations. 

A commercial finite element code, ABAQUS, was employed to perform all computations. 
In the calculation of fracture energy, W, progressive nodal damage or release (crack growth) 
due to increased loading was tracked manually. At the occurrence of an event, boundary 
conditions of the finite element model were altered to reflect either nodal damage or node 
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release. After inserting the changes into the finite element model, the program was restarted 
including the strain distribution generated by the previous load step. Load steps between 
restarts were held small. For each restart, typically one to four equilibrium iterations were 
required. ABAQUS default tolerance, which requires the residual force vector to be less 
than 0.5% of the force vector, was employed. Numerical iteration problems were not 
encountered. 

In summary, a computational procedure to predict cyclic fatigue behavior using only 
uniaxial tensile stress/strain data has been developed. Comparison with experimental results 
shows acceptable correlation. Like most finite element solutions, the quality of the computer 
simulation depends on the refinement of the finite element mesh. This is particularly critical 
for the determination of the fatigue fracture process zone and the associated dissipated 
energy per cycle, E, for small load amplitudes. The implication in terms of accuracy requires 
future investigation. Another important effect that must be studied is the implication of 
using noncyclic stress/strain data. Other work not discussed here shows wider applicability 

TABLE 2--Stress intensity factor. 

Load, MPa AK, MPak/mm da/dN, mm/cycle 

78.6 16.48 1.09 • 10 _3 
104.8 21.98 2.79 • 10 -3 
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of the proposed approach, including problems of corrosion fatigue and high-temperature 
creep fatigue. 
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ABSTRACT: Newman's Dugdale strip-yield model for crack closure was used to estimate 
the crack-closure behavior of cracks emanating from notches. The estimated effective stress- 
intensity ratio U(a) = AK~n(a)IAK(a) obtained using Newman's model did not exhibit the 
frequently observed "dip" presumably caused by the notch plasticity. To incorporate the 
effects of notch plasticity into the Newman model, the plastic stretches caused by the notch 
were superposed on the plastic stretches caused by the crack tip. A finite element procedure 
was used to calculate the magnitude of the notch plastic stretches. It was found that the 
magnitude of the notch plastic stretches was much larger than that of the crack-tip plastic 
stretches and that the notch plastic stretches were the main source of the plastic wake when 
the crack tip was within the notch plastic zone. The validity of the proposed modification of 
Newman's Dugdale strip-yield model was verified by comparing the predicted results with the 
published experimental data for various notched components. The effects of the notch-plastic 
zone on U(a) were found to be significant for stress ratio R --> 0 but to be unimportant for R ----- 
- -1 .  

KEYWORDS: plasticity-induced crack closure, notches, crack propagation, Newman's 
modified Dugdale strip-yield model 
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Material constants for modified Pads law 
Notch depth 
Crack growth rate 
Weight  function 
Stress-intensity factor of the reference crack system 
Stress-intensity factor caused by remote stress and strip-yield load 
Stress concentration factor 
Transit ion crack length 
Stress ratio 
Notch radius 
Crack-tip and notch plastic zone size 
Maximum and min imum remote stress 
Crack opening stress and stress-intensity factor 
Elastic notch-stress distribution 
Crack-face contact stresses 
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~o 
t 

U 
UnA, UnB 

t/r 

Ul 

U2 

W 
x~ 

AK, AK~ff 
s,,su 

Flow stress 
Plate thickness 
Effective stress-intensity factor ratio 
Crack-face displacement of the two notched plates 
Elastic crack-face displacement of the reference crack system 
Elastic crack-face displacement caused by remote stress 
Elastic crack-face displacement caused by strip-yield load 
Plate width 
Distance from the crack tip 
Stress-intensity range and effective stress-intensity range 
Yield and ultimate strength of material 

Introduction 

Linear elastic fracture mechanics (LEFM) and the Paris power law are commonly used to 
predict the growth of fatigue cracks. However, these simple models do not always success- 
fully model short crack behavior. Recently, the concepts of crack closure, the effective stress 
intensity factor, Keel, and the stress intensity ratio, U(a), have been used to rationalize the 
behavior of (mechanically) short cracks and to improve the modeling of crack growth 

U(a) - AK~ff(a__. ) _ area x - -  Sop~,(a) (1) 
AK(a) area x -- Smi n 

In the past, FEA has been used to simulate plasticity-induced crack closure (PICC) [I]. 
The advantage of FEA is that it can be applied to any crack geometry and loading condition. 
However, it is difficult to apply FEA to short cracks propagating under plane strain 
conditions because the element size has to be small enough to capture the very small crack- 
tip plastic zone. Moreover, the calculated crack-opening stresses are affected by the mesh 
element size and the crack-tip node-releasing scheme used [2]. Therefore, for the problem at 
hand, FEA methods are laborious, costly, and too slow. Thus, one must find a more efficient 
method of estimating the stress intensity ratio as a function of crack length U(a) in order to 
include the growth of small cracks in fatigue life simulation models for notched compo- 
nents. 

An alternative and potentially rapid numerical method for estimating U(a) is Newman's 
Dugdale strip-yield model [3,4]. Newman's model estimates the crack-face contact stresses 
by calculating the magnitude of the plastic wake left behind the crack tip, and allows one to 
estimate the crack-opening stress (Sope,) and U(a) from this information. However, as will 
be seen, Newman's model does not capture all the subtleties of crack closure behavior for a 
crack emanating from a notch. In the present study, a variation of Newman's model was 
developed that simulates the development of PICC for cracks emanating from notches and 
includes the effects of notch root plastic deformation on the crack closure of small cracks 
located within the notch's plastic zone. 

Newman's Modified Dugdale Strip-Yield Model for Crack Closure of Notched 
Components 

Dugdale-Type Crack 

As shown in Fig. la, a Dugdale-type crack in a plate subjected to remote load contains 
two regions: plastically deformed material ahead of the crack tip (darkly shaded area), and 
regions other than this region that remain elastic. The crack-tip plastic zone size, Pc, which 
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FIG. 1- -A Dugdale-type crack and the crack-tip plastic stretches. 

controls the crack-closure phenomenon, can be calculated by assuming a fictitious crack of 
length a + Pc loaded by two load systems: the remote load S (Fig. lb) and the uniformly 
distributed flow stress, tr o, extending from a to a + Pc (Fig. lc). These two loading 
conditions produce stress-intensity factors Ks and K~ at the fictitious crack tip. Because the 
stress intensity experienced at the fictitious crack tip must be zero, the value of Pc can be 
obtained from the relation 

Ks + K~ = 0 (2) 

The permanent deformations (parallel to the loading direction) produced by the crack-tip 
stress field are termed the "crack-tip plastic stretches" (or CTPS, see Fig. la). During the 
fatigue process, fatigue cracks propagate and sever small regions ahead of the crack tip. 
These severed regions become a part of the "plastic wake" behind the crack tip, and the 
magnitude of that region's CTPS determines the nature of their (new) contribution to the 
plastic wake and the intensity of the contact stresses that develop if the crack closes when 
the remote stress is minimum. These contact stresses are related to the crack-opening stress 
of  next load cycle (Fig. 2). Newman [3] estimated the crack-opening stress and thus 
simulated PICC by calculating the magnitude of  CTPS, the height of plastic wake (at any 
time), and, finally, the contact stresses along crack faces at minimum load. 

Figure 3 shows the calculated crack-closure levels for cracks emanating from various 
radii circular notches using Newman's method. All the predicted closure levels reach the 
same stable state after cracks grow a sufficient distance. This distance increases as the notch 
size increases. This notch size effect results from the fact that the (elastic) notch-induced 
stresses extend greater distances for larger notches. 

Difficulties with the Newman's Model When Applied to Notched Components 

Experimental studies of  U(a) (as will be seen, particularly those carded out with R = 0) 
frequently show a "d ip"  (Fig. 4). Many researchers suggest that this dip is due to the 
plasticity induced by the notch. 

Shin and Smith [5] measured the Sope, of high-stress concentration specimens using the 
compliance method with a crack-tip clip gauge. Significant dips were found in the measured 
U values. Verreman et al. [6] measured the Sopen of stress-relieved cruciform joints using 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



HOU AND LAWRENCE ON BEHAVIOR OF NOTCHED COMPONENTS 119 

S 

v 

oo(x) 

 !iiiSiiiiiiiiiiiiiil 

x 

Contact stresses ~ (x) induced by 
plast ic  wake 

S 

�9 -... H Open 

Sop.. 

Sop.. = f (~(x))  

U = ~r~tr _ Sm~x- Sop~- 
~K S ~ -  Smi. 

FIG. 2 - -An  illustration of  the strip-yield model for crack closure. 

strain gauges. They claimed that the error of the measured Sopen was --- 6 MPa with the crack 
opening level monitoring system they used. This value was approximately 3 to 6% of the 
Sma • they applied on the specimens. They reported that through-width cracks were systemat- 
ically observed. Their data also showed dips for R = 0 cases. They stated that the increase 
of  the U values from the minimum location of the dip was due to the monotonic notch 
plasticity. Tao et al. [7] measured Sops, emanating from circular notches. A mild dip could 
also be found if their reported Sopen values were converted to U values. 

McClung and Sehitoglu [8] used finite element techniques to study the opening stresses of 

1 / ' / 
I r = 0.25 m m  I 

0 . 9 ~ -  ..................... .g ....................... i' ................. 1 - - r - - l m m  | " 1  
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Crack length, a (ram) 

FIG. 3--The  calculated U(a) of various notch radii using Newman's strip-yieM model: 
(S,,~/~o = 0.5, R = O, E = 200 GPa, ~r o = 400 MPa). 
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Crack length from notch root 
FIG. 4--The effects of the notch plastic zone on crack-closure behavior. 

notches with K~ = 3 and 5. No significant dips were found when the So~, values were 
converted to U values. An explanation for this discrepancy is that when FEA is used for 
crack closure analysis, the load is applied step by step from Sn~, to Sm~x during a load cycle. 
The crack opening stresses are determined by observing the conditions of the crack faces. 
For instance, if the load is 0.2 Sm~ and the calculated crack faces are found to be fully open, 
the Sope, is 0.2 Sm~x- If the load increment is 10% of Sm~x, the calculated Sopen would be 0.3 
Smax even if the correct Sopen is 0.21 Sm,x, that is, the calculated U values would have 9% of 
error for R = 0 cases. This error is close to the difference between the minimum U value of 
the dip and the stabilized U value for a mild stress concentration (see Fig. 4). Hence, the 
error might obscure the dip. 

Finally, it is well known that a fatigue crack is retarded when it propagates in an overload 
plastic zone. The measured U values always show a significant dip. It is reasonable to expect 
that a similar phenomenon should result when a crack propagates in a notch plastic zone. 

The above mentioned "d ip"  in U(a) is not and cannot be predicted by Newman's strip- 
yield model in its original form. 3 This inability arises because the strip-yield model accounts 
for crack-tip plasticity but does not consider the plastic deformation contributed by the 
notch itself during first application of  load. This notch plasticity must be added to the crack- 
tip plasticity, and hence it must affect the closure levels for cracks propagating within the 
notch plastic zone. As will be discussed below, Newman's model was modified to include 
the plastic deformation contributed by the notch during the first load application in an 
attempt to simulate more realistically the growth of cracks emanating from notches. 

Modification of  Newman's  Model to Include the Effects of  the Notch Plasticity 

Notch Plastic Stretches 

Since the crack-tip plastic deformations parallel to the loading direction (CTPS) are the 
key concept of  Newman's model, a crude but simple way of including the effects of  the 
notch plastic zone is to calculate the notch plastic stretches (NPS) generated during the first 
application of load and linearly add these to the crack-tip plastic stretches (CTPS), that is, to 
superpose the NPS on the CTPS. 

3See Appendix for details of the formulations of the strip-yield model for notched components in this 
study. 
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FIG. 5--The notched plate for u,.A (aA, X). 

The procedure developed in this study for estimating the NPS is as follows: First consider 
a hypothetical notched plate loaded by a remote load S that produces a notch plastic zone 
(Fig. 5a). A crack of length a A is introduced into the loaded plate (Fig. 5b). The introduction 
of this crack results in crack-face displacements UnA(aA,X) (Fig. 5c). Second, consider a 
hypothetical notched plate having a preexisting crack of the same length as the crack in the 
previous notched plate (Fig. 6a). This second notched plate is then loaded by a remote 
stress, S, and a second, different set of crack-face displacements, UnB(aA,X), will result (Fig. 
6b). FEA 4 was used to calculate U,A(aA,X) and U,B(aA,X) (Fig. 7). Figure 8 shows typical 
crack-face displacements U,A(aA,X) and UnB(aA,X) obtained from FEA. 

The one half of the difference between U.A(aA,X) and U,B(aA,X) is taken to be the notch tip 
plastic stretch (NPS) generated during the first application of the remote load in a notched 
component 

NPS(x) 
--  UnB(aA,X ) -- U.A(aA,X) (3) 

4The commercial software PATRAN was used to generate the finite element mesh, and the 
ABAQUS was used for the elastic-plastic FEA. The plate was 100 mm wide, having a circular notch 
with radius r = 5 mm. The constant strain triangle element was chosen, and the mesh around the notch 
is shown in Fig. 7. The material was assumed to have an elastic-perfectly-plastic stress-strain relation- 
ship with a flow stress tr o = 400 MPa. Young's modulus was 200 GPa. The isotropic hardening rule 
and the Von Mises criteria were employed in the calculations. The crack-face displacements UnA(an, X) 
and UnB(aA, X) were calculated at load levels of S/tro = 0.38, 0.5, and 0.63 for the plane stress 
condition. Since the hypothetical crack coincided with the boundary conditions (no displacement in the 
loading direction), which were located at the symmetrical line of the plate, the hypothetical crack in the 
first plate was introduced by releasing the constrained nodes up to an arbitrary chosen node that was 
located beyond the monotonic notch plastic zone. 
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FIG. 6--The notched plate for u,8 (aA, X). 

The key idea is that both the NPS and the CTPS are the sources of the plastic wake left on 
the crack faces as cracks propagate from notches. As seen in Fig. 9, the size of the CTPS is 
dependent on the crack length, but the size of the NPS is not dependent on crack length. 

To assess the relative contribution of the NPS and CTPS to the plastic wake, the size of 
the CTPS at any crack length, a, was compared with that of the NPS at a corresponding 
distance, x, from the notch root NPS (x = a). Consider a moving coordinate system with its 
origin located at the crack tip. The magnitude of the CTPS at any distance, xr from the crack 

FIG. 7--The plate and the notch geometry considered and the mesh around the notch in 
FEA. 
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hypothetical crack tip 

FIG. 8--The exaggerated crack-face displacements of the two notch plates. 

tip is CTPS (xc). Figure 9a shows the CTPS as a function of distance from the crack tip. The 
NPS as a function of distance from the notch root is also shown in Fig. 9a. The CTPS 
(xc = 0) was chosen as an index of the size of CTPS for a crack of length a and is compared 
with the value of the NPS at x = a, that is, NPS (x = a). 

The strip-yield model was used to calculate the values of CTPS (xc) for a crack emanating 
from the 5-ram-radius circular notch previously considered in Fig. 3. The ratios of CTPS 
(xc = 0) to NPS (x = a), that is, CTPS/NPS, are plotted versus the ratio of the crack length 
to the notch plastic zone size, alp,, in Fig. 10. The results show a similar trend at various 
load levels. The values of the ratio CTPS/NPS vary from 10 - 2  at a/pn "~ 0 tO over 5 10 at 
alpn = 1. The value of the ratio CTPS/NPS becomes unity for crack lengths about 15 to 
30% of the notch plastic zone size. When the crack length is less 10% of the notch plastic 
zone size, the ratio decreases drastically and the NPS becomes dominant. 

These results suggest that for very small cracks (alp, < 0.05) the entire crack-tip plastic 
zone is embedded within the notch plastic zone and the CTPS are much smaller than the 
NPS. Hence, at this stage, the plastic wake left behind the crack tip is controlled mainly by 
the NPS. As the crack becomes larger, the size of CTPS becomes comparable to that of the 
NPS, and the CTPS contributes an important part to the plastic wake. Finally, when the 
crack propagates beyond the notch plastic zone, the plastic wake left behind the crack tip is 
controlled solely by the CTPS. 

Incorporating the NPS into Newman's Model 

To apply the strip-yield model for the crack closure in a notch plastic zone, the total 
plastic stretches (TPS) ahead of the crack tip caused by the interactions of the CTPS and the 
NPS must be estimated. However, the TPS cannot be calculated directly from a relationship 
like Eq 2 in the strip-yield model since the NPS cannot be collapsed into an infinitesimally 
narrow strip on the crack plane as in the Dugdale model, that is, the Dugdale-type crack 
cannot be placed in a notch plastic zone. 

In spite of the fact that Newman's  model was based on a Dugdale-type crack, his model 

~The values of the ratio CTPS/NPS should be infinite when alp. = 1, but the numerical errors in the 
FEA have yielded finite values. 
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FIG. 9--The CTPS and the NPS. 

calculates the crack-opening stresses if the plastic zone size and the magnitude of plastic 
stretches are given. It is not important that the stretches be calculated using the theory of a 
Dugdale-type crack: the NPS calculated from FEA may be used with the CTPS calculated 
from a Dugdale-type crack to estimate the TPS in a notch plastic zone and to calculate crack 
closure using the strip-yield model. 

Thus, the effects of the NPS were incorporated into Newman's  Model by simply su- 
perposing the calculated CTPS and NPS to obtain a total plastic stretch (TPS) for each 
location in the plastic zone (ahead of the crack tip at any time) 6 

TPS(xc) = NPS(a + xc) + CTPS(xc) (4) 

6Note that the NPS shown in Eq 4 is calculated based on the coordinate system located at the notch 
root, and the TPS and the CTPS are based on the moving crack-tip coordinate system. 
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FIG. lO--Comparison of  the CTPS with the NPS. 

This approach for incorporating the NPS into the strip-yield model will hereafter be referred 
to as the strip-yield model for notched components or SYMNC model. 

Figure 9 shows three cases encountered in the strip-yield model for a crack propagating in 
a notch plastic zone. Figure 9a is the case in which the calculated crack-tip plastic zone, Pc, 
is fully embedded in the notch plastic zone, O,. The NPS and the CTPS located behind the 
crack tip have become the plastic wake; hence, the plastic zone size should be p, - a. 
Figure 9b shows a case when the notch and crack-tip plastic zones overlap. Since the 
boundary of the crack-tip plastic zone is located beyond the notch plastic zone, the proper 
plastic zone size for this case is Pc. Figure 9c shows the case when the crack has propagated 
well out of the notch plastic zone. In this case, the plastic zone size is 9c and the TPS(xc) = 
CTPS(xc) because the NPS(a + xc) equals zero. 

Comparison of Predicted Results of the SYMNC Model with Experimental Data 
Two sets of notch crack closure data reported in the literature were compared with the 

analytical results of the SYMNC model. The crack growth rate was predicted using the Paris 
power law written in terms of  the effective stress intensity factor 

da/dN = C'(AKeff) m = C'(UAK) m (5) 

The U(a) was calculated from an initial crack length of 0.01 ram. All the calculations were 
performed using HP-UX workstations. The CPU time was 5 to 25 min for an entire U(a) 
curve excluding the separate FEA analysis of the NPS. 

Sharp, Single-Edge Notch in a BS4360 50B Steel Plate 

Shin and Smith [5] measured the crack closure behavior of cracks emanating from two 
types of edge-notched BS4360 50B steel specimens (see Fig. 11 and Table 1). The two types 
of specimens had a notch depth, D, of 35 mm, notch radii, r, of 0.4 and 1.4 mm, and stress 
concentration factors of 29 and 16.8, respectively. A remote stress range of 90 MPa was 
applied at stress ratio R = 0.05. Because large plastic zones were produced at the notch root 
of  such high-stress concentration notches, the crack-closure behavior was largely affected by 
notch plasticity. An unnotched specimen having an initial crack length of 35 mm was also 
tested. It is obvious in Fig. 12 that the crack closure behavior of the unnotched specimen 
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Single, sharp-edge notch 
r = 0.4, 1.4, Kt = 29, 16.8 
t = 2  

BS4360 50B Steel 

units: nun 

Blunt center notch 

r=3 .81 ,  K t = 4  
t = 5 . 7  

1020 Steel 

FIG. 11--The plastic strains in the crack-tip plastic zone and in the notch plastic zone. 

TABLE 1--Material properties for model predictions. 

Flow Stress, 
Material o'0, MPa C' * m 

BS4360 50B steel [5] 436 3.88 • 10 -8 2.6 
1020 steel [10] 325 8.03 • 10 9 3.2 

�9 These C' values are appropriate for da/dN in mm/cycle. 

(which was influenced only by crack-tip plasticity) was different from the behavior of the 
notched specimens. 

The results of FEA based on the plane stress condition gave the notch plastic zone sizes 
approximately 5.2 mm for both notches. For both notched specimens, the calculated Sopen 
values started from 0, gradually increased to maximum values of approximate 0.2 Smax, and 
then decreased. Figure 12a shows the measured U values and the predicted results of 
converting Sop~n to U using Eq 1. The tested data of the radius 1.4-mm notch and those of the 
notch-free crack cluster together and were given by a scatter band. The test data of the 
smaller root radius notch (r = 0.4 mm) showed a significant "d ip"  but merged with the 
scatter band at a crack length of approximately 8 mm, implying that the NPS no longer exert 
any influence at crack lengths greater than 8 mm. 

Smith et al. [9] estimated the transition crack length, 7 (lt) , as 0.13X/Drr. The transition 
crack lengths of the two notches using Smith's estimation were approximately 0.9 and 0.5 
mm for a notch radius of 1.4 and 0.4 mm, respectively. If one adopts Smith's transition 
crack length as the furthest spatial extent of notch influence, the behavior of the notched and 
unnotched specimens should converge when a > 0.9 mm. In Fig. 12a, it is obvious that the 
U(a) curves converge at a distance greater than 0.9 nun and at approximately the distance of 

7The crack length at which the stress-intensity factor is not affected by the notch-stress field. 
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FIG. 12--The specimens and the material considered in the model predictions. 
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the plastic zone size, as is the expectation based on the results of the SYMNC model. Figure 
12b shows the measured and predicted crack growth rates using the SYMNC model. 

Blunt Center Notch in a 1020 Steel Plate 

Sehitoglu [10] studied the behavior of cracks emanating from center-notched panels 
containing a blunt notch (Kt = 4, see Fig. 11). The material considered was 1020 steel Sy = 
325 MPa. Predictions made using the SYMNC model were compared with Sehitoglu's 
results at four stress levels (Sma~ = 96, 117, 146, and 166 MPa). The stress ratio in 
Sehitoglu's tests was R = - 1. 

For simplicity, the plane-stress condition was used in the FEA despite the fact that the 
plate thickness was 5.7 mm. The results showed that no notch plastic zone was developed at 
the notch root for the cases of Smax = 96 and 117 MPa. The notch plastic zone sizes were 
0.7 and 1.2 mm for the other two stress levels. 

The calculated Sopen values developed from S~n, i.e., -S~n~x to a maximum value of 
approximately 0.2 Smax for Sm~ = 96 MPa and of 0 for Sm~ = 166 MPa. This predicted 
crack-opening behavior confirmed Newman's  results [4] that Sope, developed from negative 
values for R = - 1 cases. When the Sop~n values were converted to U values using Eq 1, 
because the denominator Smax - Sr~n = 2S . . . .  the calculated minimum U values reduced to 
approximately 0.4 to 0.5 despite the fact that calculated maximum Sopen values were close to 
those in the previous R = 0.05 cases. 

The predicted U(a) curves are shown in Fig. 13a. For all load levels, the U(a) curves first 
decreased and then increased as crack length became longer. It seems that this trend is a 
notch plastic zone induced dip. However, there are two reasons to reject this proposition: (1) 
the minimum values of U(a) of all load levels take place beyond the notch plastic zones, and 
(2) if an infinite plate (W = ~)  was used in the calculations, the U(a) would stabilize. Since 
the predicted U curves showed no " d i p "  attributable to the notch plastic zone, it seems that 
the crack closure levels are not affected by the notch plastic zone for the cases considered. 
Figure 13b shows the predicted crack growth rate, which compared favorably with the test 
data. 

Discussion 

Validity of the Method of Estimating the Total Plastic Stretches 

The interaction of crack-tip plasticity with the plastic field of a notch must certainly be a 
nonlinear process, and thus the simple superposition of NPS and CTPS to obtain the TPS 
(Eq 4) is open to question. As shown in Fig. 14, a crack-tip plastic zone is created in the 
plastic zone of a preexisting notch. At any location, x,y, the plastic strain parallel to the 
loading direction caused by the notch stress is denoted as Epn(x,y ). The plastic strain caused 
by the crack-tip stress without the effects of the original notch plasticity is denoted as 
%~(x,y). According to plasticity theory, if a crack-tip stress field is introduced that is more 
severe than that of the existing notch, the yield surface at (x,y), which was activated by the 
original notch plasticity, would be moved to a new state, and the new state of the yield 
surface would be identical to the state in which the material is yielded solely by the crack-tip 
stress without the effects of original notch plasticity. In other words, the plastic strain at 
(x,y), i.e., ep(X,y) is either Epn(X,y ) or Epc(X,y ). 

When a crack-tip plastic zone is fully embedded in a notch plastic zone (see Fig. 14), the 
NPS, CTPS, and the NPS can be calculated by 
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NPS(x) = 2 %~(x, y) dy (6) 
J O  s 

CTPS(x) = 2 ~r~(X, y) dy (7) 

fy l  fyy2 TPS(x) = 2 %~(x,y)dy + 2 %.(x,y)dy = CTPS(x) + NPS(x)IY~ 
- , o  , ( 8 )  

Error = 100% tCTPS(x-) +  PS(x)l;J (9) 

The plastic stretches at the crack tip are used to discuss the error of Eq 4 since the magnitude 
of the plastic stretches ahead of the crack tip is largest at this location; furthermore, that 
plastic stretch will become plastic wake after the next crack growth increment and will 
affect the calculated crack closure. 

In comparing the results of NPS + CTPS with the TPS, it is found that the difference is 
the integration of the ep,(X,y) from 0 to the boundary of the crack-tip plastic zone. Hence, it 
is evident that the accuracy of Eq 4 depends on the relative size of the crack-tip plastic zone 
to the notch plastic zone. The smaller the crack-tip plastic zone is, the more accurate are the 
estimates made using Eq 4. This condition occurs when the crack begins growing from a 
notch root. 

As the crack grows, the value of the NPS(x)I y' increases and that of the NPS(x)I~, ~ 
decreases; thus, the error predicted by Eq 9 would increase. If part of the crack-tip plastic 
zone boundary is coincident with that of the notch plastic zone, that is, Yl = Y2, the value of 
the crack-tip plastic zone should be zero; and NPS(x)I y' = NPS(x). When the crack length is 
0.3 Pn, the magnitude of the CTPS (Xc = 0) is comparable with that of the NPS(x) (see Fig. 
10), and the error would be close to 100% since CTPS (xc = 0) = NPS(x). When the crack 
becomes longer, the numerator in Eq 9 becomes less important than the denominator since 
the CTPS are larger than both the NPS(x)]~' and NPS(x)IY~. Hence Eq 4 might result in large 
errors for certain values of crack length. The largest difference between the NPS + CTPS 
and the correct TPS probably would be the order of NPS. However, when one considers the 
complex theoretical stress analysis or the amount of elastic-plastic FEA work required to 
calculate the TPS, it would seem that Eq 4 is an attractive and adequate simplification. 

Lack o f  Sensitivity to NPS  When R = - 1 

For the cases of the blunt center-notched specimens, it was seen that the experimentally 
observed crack-closure "d ip"  in a notch was not predicted by the SYMNC model for R = 
- 1 (see Fig. 13a). Studies were made to understand the reason for this unexpected result, 
and the findings are discussed below. 

As illustrated in Fig. 2, the strip-yield model predicts the crack-closure effects from the 
contact stresses along the crack faces at the minimum load of a loading cycle. The sharp 
single-edge-notched specimens with a notch radius of 0.4 mm was used to compare the 
contact stresses calculated from the model with and without the NPS incorporated. Figure 15 
shows the contact stress distribution 8 on crack faces at minimum stress for the case of R = 
0.05. The contact stresses at a distance away from the crack tip are higher for the case with 
the NPS incorporated. This increase is a result of the fact that the addition of the NPS to the 
CTPS produces a larger size plastic wake. Since larger contact stresses result, the calculated 

8These results correspond to a crack length of 2.33 mm (entirely embedded in the monotonic notch 
plastic zone). 
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FIG. 13--The test and the predicted results for the sharp, single-edge notch: (a) the U(a) 

curves; (b) the crack growth rate. 
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FIG. 14--The predicted results for the center blunt notch: (a) the U(a) curves; (b) the test 

and predicted crack growth rate. 

U(a) curve in Fig. 12a indicates a value of U at that crack length of 0.78. Recalculation of 
the U(a) curve without the NPS incorporated gives a value of U is 0,86 at that crack length. 
Since the value of U is smaller when the NPS is incorporated, the " d i p "  appears in the 
predicted U(a) curve. 

For the case of R = - 1, the calculated results of both the strip-yield model and the 
SYMNC model show that the plastic wake always yields at minimum load. Because elastic- 
perfectly-plastic material properties are assumed, the contact stress distributions calculated 
by both Newman's  and the SYMNC models are the same, i.e., O'c,wNPS(X ) : O'c,w/oNPS(X ) = 
- t ro .  Therefore, the calculated U(a) curve of the strip-yield model curves are not influenced 

O 

0 

- I  

-3 
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. . . .  Without the NPS incorporated 

crack face~-----  

_/ 
plastic zone 

i i i t i i 
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FIG. 15--The calculated contact stresses with and without incorporating the NPS. 
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by incorporating the NPS in calculations, and hence the " d i p "  of the U(a) curve predicted 
in R = 0.05 cases will not occur in the R = - 1 case. 

The above discussion leads to the conclusion that the notch plastic deformations should 
not increase crack-closure effects for R = - 1 or more negative values. Many researchers 
have measured the U values for cracks emanating from notches. Those measured U values 
that show significant " d i p "  are always those tests performed at R -- 0 [5-7]. There are also 
measured data that show no "d ip . "  However, when one checks the loading conditions of 
these latter experiments, it is not surprising that the applied stress ratios are always R = - 1 
or more negative values [6,11,12]. 

Obviously, the effects of load ratio on the crack-closure behavior in notch plastic zones 
are similar to the crack-growth retardation caused by a tensile single overload. Most 
research work on the overload effects was performed for an overload followed by R = 0 
constant amplitude loading. This condition is similar to the discussed notch components 
subjected to R = 0 loading, and the " d i p "  of U(a) curves is related. However, when a 
single, tensile overload is followed by constant amplitude loads with R --< - 1, the dip of the 
U(a) would be diminished since the condition is similar to the notched components that are 
subjected to R -< - 1 loading. Hence, crack-growth retardation effects should be insignifi- 
cant for this condition. This observation may explain the experimental results of Stephens et 
al. [13], which showed that negative stress ratios reduce crack retardation effects. 

Concluding Remarks 

Analyses of notch and crack-tip plastic stretches suggest that notch plasticity is the main 
source of the plastic wake when the crack length is small compared with the notch plastic 
zone. As the crack length increases, crack-tip plasticity increasingly contributes to the 
plastic wake and thus to crack-closure behavior. A model termed the Strip-Yield Model for 
Notched Components (SYMNC) was developed that considers the effects of notch plastic 
deformations on the crack-closure behavior in the vicinity of a notch. When the notch plastic 
deformations were considered, the predicted results showed different crack-closure behavior 
from those predicted by Newman's  original strip-yield model for R -> 0 cases. The SYMNC 
model predicted the dip of U(a) curves that were observed in some experimental data for R 
- 0 .  
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APPENDIX 

Mathematical Formulation of the Strip-Yield Model for Notched Components 

The equations below outline the adaptation of Newman's  original strip-yield model to 
notched components. Newman's  original formulation is only for cracks in smooth speci- 
mens or cracks in circular notches. Because the following equations are used, the model can 
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be applied to various notched components if the elastic notch stresses are known. The details 
of the model and the significance of these equations are discussed in Ref 3. 

The weight function derived by Petroski et al. [14] for a single-edge crack was used to 
calculate notch stress-intensity factor K(a) 

- : o  a K(a) = K ~  r (A.1) 

A single-edge crack in a smooth-plate-subjected remote stress S was the arbitrarily chosen 
reference system (Fig. A.la). Because the corresponding ur(a,x) is not readily available from 
stress-intensity factor handbooks, an approximate equation for ur(a,x) given in Ref 14 was 
used. The u,(a,x) was calculated by the approximate equation 

~ o I )o x:]  u,(a,x) = S [ 4 F , ( ~ ) a  (a--x)1~2+ a _~/~ 
nx/~ 

where 

2 3 

F a r(~) = 1.12--0.231(~) + I0.55(~) --21.72(~) +30,39(~) 4 (A.3) 

G a , ( ~ ) = [ I , ( a ) - 4 F , ( ~ ) a ' / 2 ~ ( a ) ] a ' / 2 / ~ ( a )  

ca I a \2 
l~(a) = %/2wS~ ~ [ ~ ) a ~  

(A.4) 

(A.5) 

S 

L!iiiiiiiiiiiiii!iiiiiiii ii~iii~iiiii~iii~i~i~iiiii~!iiiiiiii~iiiiiiiiiiiiiii!iiiiiiij 

S 

Kr(a),ur(a,x) 
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S 

[i~iiiiiiiiiiiiiiiiiiiiiiiiiii!iiiiii~iiiiiiiiiiiiiii!iiiiiiiiiii!iii!iiiiii~!! 
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K(a), ul (a+po, x) u2(a+Po, x) 

(b) (c) 

P ! 

FIG. A. 1--The required information in the strip-yield model for crack closure: (a) the 
arbitrarily chosen single-edge crack system; (b) the notch-stress intensity and the crack-face 
displacement caused by remote load; (c) the crack-face displacement caused by the strip- 
yield load. 
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12(a) = o'(x)(a - -  X)1/2 dX (A.6) 

s I3(a) = o'(x)(a - x) 3/2 dx (A.7) 

In a Dugdale-type crack, the CTPS are calculated from two sets of elastic crack-face 
displacement of the fictitious crack: (1) the crack-face displacement caused by remote load 
S, i.e., ul(a d- Pc, x) (Fig. A.lb) and (2) the crack-face displacement caused by the uniformly 
distributed flow stress, tr o, extending from a to a + Pc, i.e., uE(a + Pc, x) (Fig. A.lc). 

The required notch-elastic, crack-face displacement functions were obtained using the 
following procedure: Since Ur(a,x) was calculated based on Kr(a) using Eq A.2, the same 
procedure can be applied to calculate the notch crack-face displacement (caused by remote 
stress, see Fig. A.lb) ul(a,x). Therefore, after the notch stress-intensity factor K(a) is 
calculated, the u1(a,x) was obtained using Eq A.2 and Eq A.3 through A.7 with the Fr(a/W) 
and Gr(a/W) replaced by F(a/W) and G(a/W). The F(a/W) was calculated 

F(W)  - K(a) (A.8) 
sx/g~;, 

Note that K(a) was obtained by Eq A.1 using the notch stress distribution o-(x). It is 
important to replace the crack length a by a + Pc in Eq A.2 through A.8 during calculations 
because all the equations are applied to the fictitious crack of crack length a + Pc- Since 
erroneous results were reported [15] for crack-face displacement caused by yield-strip load 
using Eq A.2, the u2(a + Pc, x) (caused by the strip-yield load ahead of the crack tip, see 
Fig. A.lc)  was calculated using a double integral equation 

u2(a 4- pc, x) = or 0 h(c, a')h(x,a')da'dc (A.9) 
1 

a, = max(c, x) 

where h(c,a') and h(x,a') are the weight functions derived by Bueckner for single-edge 
cracks [16] 

h(a,x)= ~ a ~ _ ~ I I + m , ( 1 - x )  + m 2 ( 1 - x ) 2 1  (A.10) 

( ; )  6 
ml = 0.6147 + 17.1844 + 8.7822 

rr~ = 0.2502 + 3.2889 + 70.0444 

(A.11) 

(A.12) 

According to Newman's strip-yield model, the crack-tip plastic zone (from x = a to x = a 
+ Pc) is divided into ten elements. The magnitude of CTPS at the center of the element is 
calculated by 

CTPS(xi) /2  • ul(a + pc,  Xi) - u2(a "}- pe, Xi) a<xi<a  + Pc (A.13) 
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In the SYMNC model, the value of a + Pc is compared with that of Pn" If a + Pc is larger 
than Pn, the magnitudes of CTPS, NPS are calculated at the center of the elements following 
Newman's  approach. If a + Pc is smaller than p,, which indicates that the crack-tip plastic 
zone is entirely embedded in the notch plastic zone, the range from x = a to x = p,  is 
divided into ten elements. The CTPS(xi) and the NPS(xi) are then calculated at these 
elements, and the TPS(xi) are calculated using Eq 4. 

When the TPS are calculated, the remaining algorithm to calculate crack closure is 
identical to Newman's  approach. 
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ABSTRACT: The kinetics of short cracks at notches were studied in 2014-T6511 A1-Cu 
alloy extruded bar stock under modified versions of FALSTAFF and TWIST load spectra. 
Experiments were conducted on test coupons of different thickness and at different stress 
levels. The effects of these and other parameters on the density and growth rate patterns of 
multiple cracks were investigated. The quality of fractographic crack growth rate measure- 
ments was found to be superior to surface replica technique. It was also observed that 
artificially initiated fatigue cracks grow slower than naturally initiated ones. Interaction of 
naturally initiating multiple cracks was quantified. 

KEYWORDS: short cracks, notch root fatigue, spectrum loading, multiple cracks, thickness 
effect, replica, fractography 

The so-called "short crack effect" attracted much attention in view of apparent devia- 
tions from well-established fracture mechanics concepts that relate crack growth rate 
uniquely with the stress intensity factor. Most research on the short crack effect has been 
restricted to constant amplitude loading and near-threshold loading conditions, which accen- 
tuate the effect of microstructure, residual stresses, crack extension mode, etc. Most fatigue 
failures, on the other hand, occur under random service load conditions and are initiated at 
stress raisers like holes, fillets, and fasteners. Recent research suggests that provided notch 
root inelasticity and short crack closure effects are accounted for, fracture mechanics (FM) 
can be extended to cover cracks as small as 10 to 50 /xm [1]. Reference 2 considers the 
possibility of FM-based endurance prediction by integrating the progress of initial defects 
from Cycle 1 to failure. 

This paper attempts to summarize observations made in the course of a three-year 
research program dedicated to notch root short crack growth under spectrum loading. The 
work was performed on L168 (equivalent of 2014-T651 l) AI-Cu alloy extruded bar stock, 
which is used to fabricate primary airframe load-carrying components. Early work was 
under a modified FALSTAFF load spectrum using 6-mm-thick coupons with a 6-mm central 
hole to study the growth of naturally initiating short fatigue cracks [3]. This was followed by 
experiments on additional thicknesses and also using a different load spectrum. The goal 
was to investigate the influence on short crack kinetics of a number of variables including 
stress level, material thickness, multiple crack interaction, and natural versus artificial crack 

1Structural Integrity Division, National Aerospace Laboratories, Bangalore 560 017, India. 
2Presently with Biss Research, 99, 14A Cross, Malleswaram, Bangalore 560017, India. 
3Visiting scientist from Kiev Institute for Strength Problems, Timiryazevskaya, 2, Kiev 252 014, 

Ukraine. 
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initiation. The research was motivated by the possibility that one or more of these variables 
are likely to affect the mechanics of crack growth in a way that may not be significant in the 
case of long cracks. 

Experimental Procedure 

Specimens 

The material used was L168 (2014-T6511) extruded bar stock of  a 70 by 200-ram section. 
Figure 1 shows the different specimen geometries used in testing. Initial tests were con- 
ducted on 6-mm-thick specimens with a central hole. Later, the single edge hole specimens 
of  12.5 and 3.5-mm thickness were included in testing. These specimens provided access for 
replica application to track the formation and growth of notch surface cracks. A single test 
was conducted on a 12.5-mm edge-notched coupon with artificial crack initiators introduced 
through electrical discharge machining (EDM). This test was aimed at studying the interac- 
tion of two coplanar cracks. All other tests involved naturally initiating cracks. A total of 
twelve specimens were tested as part of the experimental program. All the test coupons were 
cut along the extrusion direction from the same batch to ensure similarity of mechanical 
properties. These were determined through standard laboratory coupon testing for tensile, 
low-cycle fatigue, and fatigue crack growth properties [1]. A summary of these properties 
appears in Table 1. 

Load Sequences 

The testing was performed under modified versions of the FALSTAFF [4,5] and TWIST 
[6] load spectra (Fig. 2). The modifications were required to ensure the possibility of 
determining crack growth rates through fractography of  the fatigue failures, which was the 
main goal of the study. No other technique is available to investigate the formation and 
growth of part-through cracks of  small dimensions. The results reported in this paper were 
obtained under the programmed sequence FalstaffUp, which was arranged with smaller load 
cycles arranged to fall on the rising half of larger cycles. Reference 5 describes how 
modified FALSTAFF was derived and validated for similarity to the original randomized 
FALSTAFF in terms of identical fatigue crack growth rates. It also shows that 
fractographically determined (long) crack growth rates correspond with surface as well as 
computerized compliance-based estimates. 

The modified TWIST sequence was derived in the same way as FALSTAFF [5]. No 
validation tests were performed to demonstrate its equivalence to the original randomized 
version. The modified FALSTAFF spectrum had been validated against the original random- 
ized version [3]. 

The majority of tests were performed under the FALSTAFF spectrum. The volume of 
testing under TWIST was restricted. The bulk of damage in TWIST is caused by the smaller 
cycles [7]. As a consequence, duration of testing at a given reference stress is about 15 times 
longer than in the case of FALSTAFF. 

Testing 

Testing was performed on 50 and 100-kN computer-controlled servohydraulic load 
frames equipped with hydraulic grips to hold the specimens. Average test frequency was 
about 15 Hz. During tests on edge notch specimens, loading was held periodically at about 
50% of maximum load to apply the replication tape. This process required a few minutes for 
the acetone-soaked cellulose acetate tape to dry completely. No effect by way of discontinu- 
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FIG. 1--Specimen geometries: (a) coupon with central hole, (b) edge-notched coupon, 

12.5 mm thick, (c) hourglass coupon with edge notch, and (d) edge-notched coupon with two 
electrical discharge machined crack initiators. 
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TABLE 1--Material properties of L168 (2014-T6511). 

(a) MECHANICAL PROPERTIES 

0.2% Yield Stress, MPa UTS, MPa E, GPa % Elongation 

420 480 73.65 10.0 

(b) Low-CYCLE FATIGUE CONSTANTS 

K', MPa n' o'j, MPa E~ 

602.32 0.0526 850 0.28 

(c) FRACTURE MECHANICS CONSTANTS 

C, mm/MPa~mm m Kc, MPaV mm 

1.0 x 10 -7 3.27 60.0 

ity in crack growth kinetics was detected, however, that could have been attributed to the 
test interruption. 

Stress Levels 

Three stress levels were used in the tests: a r e  f : 275, 225, and 190-MPa gross reference 
stress. The reference stress corresponds to the highest load level in the spectrum. Other 
levels are proportionately scaled as defined in the Rainflow count table for the load spec- 
trum. Gross stress was computed over the plane of expected crack growth assuming absence 
of  the notch. For the material studied, Sref = 275 MPa causes cyclic yield at the notch root, 
while 225 and 190 MPa cause monotonic yield. These conditions apply to both the 
FALSTAFF and TWIST spectra. However, testing at 190 MPa under the TWIST load 
spectrum did not result in fatigue failure even after 100 million cycles, and this case had to 
be discarded from the study. 

Fractography 

Fatigue crack growth rates were measured through optical fractography of the fatigue 
failures. Reference 3 provides details on the procedures used. The fractographic technique 
provided clear pictures of programmed load striation formation down to a crack size of 10 to 
20/xm. Initial fractography was carried out on a Neophot-2 microscope. Subsequently, an 
Olympus BH2 microscope with digital imaging capability was used. Software on the latter 
also assisted in the determination of striation spacing. The notch surface replicas collected 
during testing were also observed under the optical microscope. These revealed crack 
formation sites and their progress including merger after intervals of cycling. In the course 
of the study, the quality of surface-replica-based growth rate estimates was compared with 
fractographic evidence. 

Data Processing 

Average growth rate from replica records was estimated as the ratio of crack increment to 
cycle interval. Growth rates obtained from optical fractography were not processed in any 
manner because striation spacing by itself represents crack growth rate. Short crack growth 
rate data obtained in this fashion showed remarkable consistency in continuity, much like 
long crack growth rates. However, growth rates of multiple cracks were seldom similar in 
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view of their interaction. To avoid data cluttering when multiple cracks were tracked, 
growth rates for individual cracks were approximated by a least square fit straight line. The 
correlation coefficient in most cases exceeded 0.97. Replica-based growth rate measure- 
ments, however, did not show this consistency. They yielded correlation coefficients ranging 
from 0.6 to 0.8, which are not adequate to justify a least square fit. 

To reconstruct the interaction of  multiple cracks from fractographic evidence, growth 
rates were integrated "backward from failure" in the direction of  individual crack formation 
sites on the notch surface. The integration is based on the premise that the crack was never 
arrested at any point, which would have been revealed by robbing marks and retarded crack 
growth immediately preceding and following the crack arrest point. 

For consistency, growth rates were computed as mm/flight. The FALSTAFF spectrum 
covers 200 flights, while the TWIST spectrum covers 4000 flights. Though flight duration in 
terms of both number of cycles as well as damage content varied significantly in the original 
spectrum, it was assumed for the convenience of data comparison that crack growth per 
flight can be estimated as crack growth over a full block (spectrum duration) divided by 
number of flights in the spectrum. 

Fractographic Versus Surface Measurements of  Crack Growth Rate 

The empirical results presented below appear to suggest that surface measurements of  
crack growth may be responsible for the perceived scatter in short crack growth rates. 

Short Crack Growth Rates Do Not Exhibit More Scatter Than Long Cracks 

This was observed in the early stages of this program [3] and appears to be confirmed by 
fractographic measurements on all subsequent failures. The consistency in the evolution of 
crack shape by way of its even progress across the entire front was in fact useful in 
obtaining growth rate estimates for regions that did not provide clear pictures because of  
local damage to the failure surface. This is illustrated by the data in Fig. 3 for a quarter 
elliptical comer crack on a 3.5-ram-thick edge-notched specimen subject to the FalstaffUp 
sequence at a stress level of  190 MPa. A schematic of the crack front progress appears on 
the figure with lines showing two different radials from the crack origin. The fractographic 
growth rate estimates for the two directions fall into a single narrow band. Similar observa- 
tions were made on other failures and are in contrast to surface-replica-based crack-growth- 
rate measurements that suggest considerable scatter in data [8]. 

Surface-Replica-Based Measurements of Fatigue Crack Growth Exaggerate Scatter in 
Fatigue Crack Growth Rate 

This is illustrated by data in Figs. 4a through 4f. Figures 4a and 4b show crack growth 
rate under FalstaffUp versus (surface) crack length at 275 and 225 MPa, respectively, 
measured on the 3.5-mm-thick coupons using optical fractography (symbols) and surface 
replication (lines). Figures 4c and 4d show similar data obtained on the 12.5-ram-thick 
specimens. The data are for multiple naturally initiating cracks (shown as different symbols 
and lines), down in depth to 20 to 40/xm. Figure 4e compares crack growth rate estimates 
from the 12.5-mm-thick specimen with two artificial crack initiators 250/xm deep. These 
data were obtained at a stress level of 225 MPa. 

In all the cases shown in Fig. 4, the replica-based data exhibit considerable "scatter," that 
is, of  the same order as reported in the literature [8]. On the other hand, fractographic 
measurements appear to indicate the same scatter as for long cracks at similar crack growth 
rate [3]. 
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FIG. 3--Crack growth rate data from two different locations on the crack front. 

, r  - 
g 

Clearly, surface replica technique appears to introduce error into measurements that 
creates an impression of scatter in crack growth rate. A number of factors may contribute to 
errors. The human element involved in replication of the notch surface may contribute to 
errors in crack size estimation as the extent to which true crack length is transferred will 
depend on the pressure applied. The notch surface experiences plane stress conditions that 
allow considerable cyclic deformation at the crack tip. Under these conditions, it is difficult 
to identify the tip of the fatigue crack due to the transverse contraction of the plastic zone, 
which can be misinterpreted as an extended crack. Finally, while inner points on the crack 
front are forced by crack tip opening constraints to move "in step" with each other, such a 
constraint does not exist on the notch surface that can actually behave as a stretchable 
ligament subject to extensive deformation and tear. The fatigue crack as observed on the 
surface may thus appear to grow discontinuously, a phenomenon often observed through a 
traveling microscope during experiments. These observations point to fractographic mea- 
surements as a preferred choice where practical. However, many materials may not exhibit 
the clear striation patterns obtained in our experiments. Besides, it may not be always 
possible to engineer load sequences suitable for fractography. Finally, the replication 
technique provides vital information on (multisite) crack formation over the entire fatigue 
critical notch surface. Fractographic measurements only cover the plane over which fatigue 
failure finally occurred. Fatigue cracks that initiated on other planes are not accessible for 
examination. 

In summary, the fractographic technique offers distinct advantages by way of consistency 
in measurements and the possibility of tracking subsurface multiple crack kinetics along the 
primary fracture surface. The test data described further in this paper refer only to 
fractographic crack growth rate measurements. 
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FIG. 4- -Crack  growth rates obtained using replica technique and from optical 

fractography under modified FALSTAFF: (a) - 275 MPa, t = 3.5 mm, (b) - 225 MPa, t = 
3.5 mm, (c) - 2 7 5  MPa, t = 12.5 ram, (d) - 2 2 5  MPa, t = 12.5 ram, (e) - 2 2 5  MPa, t = 
12.5 mm, specimen with artificial initiators. 
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FIG. 4--Continued. 

Mechanics of Multiple Crack Formation and Growth 

The Stress Intensity for Artificially Initiated Fatigue Cracks Can Be Different from That 
for  Naturally Initiating Ones 

Figure 5 shows growth rate data (lines) for the two artificially initiated cracks under 
FalstaffUp loading at Sref = 225 MPa. Figure ld  shows the specimen and crack starter 
details. Data obtained at the same stress level for naturally initiating cracks are shown as 
symbols. Different symbols are used to designate individual cracks that formed on the notch 
surface. 

The naturally initiating cracks show a wide variation in growth rates (almost over an order 
of  magnitude). This is attributed to the influence of existing crack(s) on the accelerated 
formation and growth of new cracks. Obviously, a large part-through crack at the notch will 
significantly increase stress levels over the uncracked section of the notch root, leading to 
early formation of new cracks and their accelerated growth to merge with the existing 
one(s). 

The two artificially initiated cracks started growing simultaneously and more or less at the 
same rate. At a depth of about 1.7 ram, the two merged as indicated by the same line beyond 
this depth. As no rapid acceleration follows the merger, one may be led to believe that the 
two cracks grew relatively independent of each other. A similar conclusion was reached in 
Ref 9 in experiments on a pair of coplanar cracks. This conclusion is questionable because it 
can be argued that the two cracks did influence each other. But because they did so in equal 
proportion, the effect was unnoticed. One may suggest that the influence of the two cracks 
on one another increased gradually to the point of merger, explaining why there was no 
apparent acceleration after merger. It may also be noted that the initial growth rate of the 
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FIG. 5--Comparison of growth rate of artificially initiated cracks with data for multiple 

naturally initiating cracks. 

artificially initiated cracks is lower by a factor of  two than that of  the slowest naturally 
initialized crack. Obviously, the EDM crack starter behaves as a "notch-in-a-notch."Small 
cracks growing from it will no doubt see a much greater stress concentration than the 
semicircular edge. However, their initial size will be effectively reduced by the EDM notch 
depth. This effect is schematically described in Fig. 6. One may concliJde that to be of  
practical value, experiments on short, part-through cracks must involve naturally initiating 
cracks. Alternately, an FEM analysis of  the "notch-in-a-notch" may be required. 

Number of Naturally Initializing Fatigue Cracks Increases with Stress Level 

Figure 7 shows a bar chart summary of observed crack initiation sites as a function of 
stress level. Crack origins were detected by retracing the crack path at different points along 
the specimen thickness. The normal to the crack front leads to its origin. All observed 
origins were on the notch surface. At S~f = 275 MPa under FalstaffUp, as many as 31 
initiation sites were detected on the fracture from the 12.5-ram-thick specimen. On the 
3.5-mm-thick specimen, fewer sites were observed. Though there appears to be no strict 
correlation between thickness and number of  sites, the density of sites on the thinner 
coupons appears to be consistently higher. This may be related to the domination of  plane 
stress conditions on the thinner coupon, which enhances cyclic slip activity and associated 
fatigue crack formation. 

As shown in Fig. 7, a combination of  the type of load spectrum, stress level, as well as 
material thickness appear to affect the density of  naturally forming cracks. Further study of 
these effects is likely to enhance residual life prediction capability through a more precise 
definition of crack-driving force. 
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- ~  I 

J A 
FIG. 6--Schematic of the "notch-within-notch" effect in the case of artificially initialized 

cracks. 

Natural Cracks Do Not Initiate Simultaneously 

The dominant crack that formed first accelerates the formation and growth of subsequent 
cracks. During the modeling effort, it was noted that predicting the growth of the dominant 
crack alone (ignoring the effect of newly forming cracks) would provide a fairly accurate 
estimate of residual fatigue life [2]. It was also noted [1] that when non-coplanar cracks 
merge, there is no sudden acceleration in crack growth. In this study, acceleration was 
noticed at the merger of coplanar cracks, but is restricted to the transition region for crack 
shape to settle from two semicircles into one. Figure 8 shows typical fractographs from 
testing under the TWIST spectrum at a r e  f = 275 MPa. Four of the 22 detected crack origins 
are shown. Figures 8a and 8b show a semielliptical and quarter elliptical crack in their early 

FIG. 7--Summary of number of observed crack initiation sites versus stress level. 
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stage of growth. A steady acceleration is noticed with the application of a new spectrum 
block. Striations show crack extension in a single step of the spectrum. Spectrum duration is 
covered by 18 steps. As the severe overloads that control growth rate through crack closure 
are extremely rare (occurring only a few times over the 400 000 cycle block), striation 
spacing shows a stepwise increase after each block. This increase is marginal compared to 
the acceleration that is noticed at the merger of two cracks (Fig. 8c). Growth rate versus 
crack depth for these two cracks appears on Fig. 8d. Once the cracks merge into a single 
front, crack growth rate stabilizes with the formation of the new semielliptical front. In the 
intermediate points preceding this, crack growth is clearly accelerated. Clearly, in this 
region, the two crack fronts actually move towards each other, rapidly cracking the highly 
stressed ligament between them. This is analogous to acceleration observed along the 
surface ligament when a part-through crack turns into a through crack. 

The Influence of Larger Cracks on the Stress Intensity of Smaller Cracks Is Noticeable 

This was established by retracing the growth process of individual cracks backwards from 
the point of failure--a procedure often used in failure analysis [10]. The study was per- 
formed on a failure under the FALSTAFF load spectrum at Sref = 275 MPa. The growth 
rates for individual cracks appear in Fig. 9 [11]. Figure 10 shows crack formation maps 
reconstructed for different load block intervals. For simplicity, all cracks were assumed to 
be semicircular. Ignoring variations in crack closure stress between the different stress, a 
unique relationship was assumed between crack growth rate, da/dF, and reference stress 
intensity, Krof. Using the slope of this relationship for the dominant crack as a reference (and 
ignoring the effect on the dominant crack of newer cracks), an equivalent gre  f w a s  estimated 
for the other cracks and appears as an "F i"  multicrack "influence" factor versus crack 
depth for individual cracks in Fig. 11. 

FIG. 8--(a,b) Optical fractographs of naturally formed semielliptical and quarter ellipti- 
cal cracks under TWIST at Sref = 275 MPa; (c) two semielliptical cracks merging; (d) pre 
and post merger crack growth rate transition for the two cracks in (c). 
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FIG. 8--Continued. 
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FIG. 8--Continued. 

The data in Fig. 11 present only a qualitative picture and cannot be used readily in 
engineering practice for lack of an explicit relationship accounting for the influence of 
number and size of preexisting flaws. 

As shown by the values for Fi inserted at individual crack fronts in Fig. 11, this factor can 
in some cases exceed the ratio of through-crack to part-through-crack stress intensity. While 
noting that there is much scope for analytical simulation of multiple crack interaction, it may 
be observed that future work in this area should be directed at simulating the interaction of 
dissimilar cracks so that real conditions are taken into account. For purposes of predicting 
residual life of a component, consideration of a single dominant crack may be adequate. The 
Fi factor becomes significant when assessing residual life for the purpose of assigning 
inspection periods where access for inspection is limited. This may, for example, be a load- 
carrying member that is exposed on one side only or a lug joint with a bush fitting that 
covers the entire notch surface. In such cases, while considering that a small crack can be 
detected at the point of access, it may have to be assumed that one or more cracks of larger 
noninspectable size is already present elsewhere. Thereby, the crack subject to detection is 
likely to grow much faster than if it had been the dominant one. 

From the viewpoint of design approach, the dominant crack determines safe life. It also 
determines inspection interval if accessibility for inspection is assured. In the event of 
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FIG. 9--Summary of growth rates for multiple cracks [11]. Data for FALSTAFF spec- 
trum from a 12.5-mm-thick specimen at 275 MPa. 

restricted access for inspection, the crack subject to detection will determine inspection 
interval. In this case, the possibility of accelerated growth cannot be discounted, and, as 
shown in Fig. 11, assumption of a through crack may not be conservative enough. 

Thickness Variation Between 3.5 and 12.5 mm Does Not Appear to Significantly Influence 
the Envelope of Short Crack Growth Rates 

Figures 12a, 12b, and 12c show the envelope of crack growth rates for multiple cracks 
under FalstaffUp at Sree = (a) 275, (b) 225, and (c) 190 MPa. In all three figures, it is clear 
that the lower bound growth rates differ very little, indicating that dominant cracks in the 
two thicknesses grew at the same rate. This is significant from the modeling angle as it 
would follow that a short crack prediction model validated for one thickness is likely to give 
good predictions for other thicknesses. It had been suggested earlier that plane stress 
conditions in thinner specimens contribute to early crack formation due to enhanced cyclic 
slip. Similar growth rates for dominant cracks in Figs. 12a, 12b, and 12c appear to suggest 
that the crack tip cyclic stress state for short cracks may not be affected by specimen 
thickness. 

In case of the data for 275 and 225 MPa, it is clearly seen that the upper bound tends 
towards the lower bound with an increase in crack depth as crack merger progresses. The 
two bounds are, however, parallel in case of lower stress of 190 MPa, indicating that 
disparity in growth rates will continue to greater crack depth. At lower stress levels, more 
cycling (and more crack extension) is required before an existing (dominant) crack can force 
the formation of a new crack at the notch root. For the same reason, the density of cracks at 
a r e  f = 190 MPa was about 10 to 30% of that at a r e  f m_ 225 and 275 MPa (see Fig. 7). 
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FIG. lO--Crack  formation maps reconstructed from fractography and data in Fig. 9. 

Consequently, even as the dominant crack approaches a large size, the density of smaller 
coplanar cracks on the notch surface is not sufficiently large to force early merger, thereby 
extending the envelope of  accelerated growth rates. 

The data in Figs. 12a through 12c for the three stress levels are combined in Fig. 12d to 
provide an interesting summary. To avoid clutter, the data are restricted to 12.5-mm thick- 
ness. In the case of the lower bound growth rates that represent dominant crack behavior, 
there is a consistent stress level effect related to higher stress intensity at a given crack 
depth. The three lines are parallel and spaced in proportion to stress increment as would be 
estimated by an analytical model. The upper bounds, however, are not proportionately 
spaced because of the effect of crack density noted previously. In fact, the three curves 
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FIG. 11--Empirically determined influence factor, F i, for  multiple cracks using data from 

Figs. 9 and 10. 

appear to merge at the right, misleadingly suggesting that upper bound growth rates did not 
depend on stress level (while, in fact, the phenomeon was caused by the difference in crack 
density). 

S u m m a r y  

The availability of a wide variety of data for a single batch of material provided a unique 
opportunity to characterize the influence of a number of variables on short crack growth 
under aircraft spectrum loading. While some of the observations made may not apply to 
other materials, the empirical evidence suggests that fracture mechanics can be extended to 
spectrum-load notch-root short-crack-growth analysis. As indicated in previous work on the 
same material, reasonable predictions of short crack growth behavior can be made down to a 
crack size around 50/xm [1,2]. Empirical evidence provided in this study and others shows 
that cracks down to 10/xm in size behave in a consistent and repeatable manner that can be 
modeled. Two additional inputs are required to extend long crack laboratory test data to 
notch root short cracks [1]: the influence of notch root cyclic inelasticity on crack driving 
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force and hysteretic crack closure behavior, whose significance also increases with notch 
root inelasticity. 

The significance of the "short crack" effect under spectrum loading can be judged from a 
comparison of  crack growth rates versus reference stress intensity for long and short cracks 
made in Fig. 13. The short crack effect appears to have substantial influence on crack 
growth rates and obviously cannot be disregarded. As the short crack extends, its growth 
rate falls into a single scatter band with data for other stress levels including the low elastic 
stress levels for long cracks. Considering that short cracks grow faster than long cracks at a 
given stress intensity, their consideration may be essential in design. MilSpec 83444A on 
airframe damage tolerance and durability call for consideration of an initial defect size of 
125 /~m for fracture-mechanics-based endurance estimates. The empirical evidence col- 
lected in the course of this study covers much smaller crack sizes and appears to confirm the 
possibility of performing the required analysis. At the same time, it may also be noted that 
analysis for life between inspections involves much larger crack sizes that may be handled 
adequately by long crack relationships. The exception may be the case of  multiple crack 
formation, which is likely to require estimates of influence factor, Fi. While much work has 
been devoted to the development of analytical techniques to handle coplanar and non- 
coplanar multiple cracks of identical size [12-14], the interaction of cracks of unequal size 
appears to be of greater practical significance. 
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FIG. 13--Comparison of crack growth rate trends for short and long cracks. 
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Conclusions 

The following conclusions may be drawn from the study of short crack formation and 
growth in notched coupons from L168 (2014-T6511) extruded bar stock under modified 
FALSTAFF and TWIST load spectra: 

1. Fractographic measurements of crack growth rate show considerably less scatter than 
surface replica measurements of crack extension. 

2. Artificially initiated notch root cracks grow at a rate slower than naturally initiated 
cracks of the same size. Growth rate appears to stabilize after some crack extension, whose 
magnitude may exceed the interval of short crack behavior. To be of practical value, 
experiments on short, part-through cracks must involve naturally initiating cracks. 

3. The interaction of multiple cracks can be substantial if they are allowed to initiate 
naturally with inherent random variation in life to formation of a crack of particular size. 
This interaction is reflected in the accelerated growth of cracks that form later. The associ- 
ated influence factor on stress intensity can exceed a factor of two, and the assumption of a 
through crack in design applications may therefore not always be conservative. 

4. The density of naturally initiating multiple cracks depends on spectrum type and 
increases with stress level. It affects the envelope of crack growth rates for multiple cracks. 
However, the (lower bound) growth rate for the dominant crack appears to be thickness 
independent. 

5. Available empirical evidence suggests that fracture mechanics can handle the growth of 
naturally initiating notch root small cracks. 
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Fatigue Crack Propagation in IN-718 
Material under Biaxial Stress Bending 

REFERENCE: Zamrik, S.Y. and Ryan, R.E., "Fatigue Crack Propagation in IN-718 
Material under Biaxial Stress Bending," Advances in Fatigue Lifetime Predictive Tech- 
niques: 3rd Volume, ASTM STP 1292, M. R. Mitchell and R. W. Landgraf, Eds., American 
Society for Testing and Materials, 1996, pp. 161-187. 

ABSTRACT: The effect of biaxial stress cycling on the crack growth process in 1N-718 
plate specimens was investigated using a semielliptical surface flaw as a crack starter. The 
method of anticlastic bending was used to generate the biaxial stress field. This bending 
method generates two bending stresses: a tensile stress normal to the crack surface and a 
compressive stress transverse to the tensile stress at the tip of the crack. In a biaxial stress 
field, the linear elastic fracture mechanics (LEFM) theory predicts that the stress parallel to 
the crack direction has no effect on crack growth rate. However, in the past two decades, 
experimental studies have shown that a stress parallel (transverse) to the crack tip influences 
crack growth rate. In this investigation, the effect of biaxial stress ratio (/3 = - cr2/cr 0 of - 1 
on fatigue crack growth is presented. At a constant cyclic load, a crack growth transition from 
Mode I to Mode II was observed to take place when AK reached the value of 17.5 ksi X/~n. 
(19.2 MPa Xfmm). Also, an acceleration in the fatigue crack growth rate was observed due to 
the compressive transverse stress. 

KEYWORDS: fatigue, crack growth, anticlastic bending, biaxial stress cycling 

Nomenclature 

A, B i 
a 

b 
C 

D 
E 
F 

Fo 
I 

K 
AK 

L 
ML 

Mx, My 
N 
n 

P 
p, q, m 

Material constants 
Fatigue crack depth 
One-half  diagonal length of plate specimen 
Fatigue crack half length 
Plate stiffness 
Young ' s  modulus of elasticity 
Total load on plate under anticlastic bending 
Load required to initiate yielding 
Moment  of inertia 
Stress intensity factor 
Stress intensity factor range 
Length of section taken through plate specimen parallel to diagonal 
Bending moment  per unit  length 
Bending moment  per unit  length about referenced axes 
Number  of cycles 
Number  of test data points 
Load applied at each comer  of plate under  anticlastic bending 
Numerical  exponents 
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Flaw shape parameter 
Plate thickness 
Displacement of neutral plane of plate from unloaded middle plane 
Cartesian coordinates 
Semielliptical surface crack aspect ratio: crack depth divided by crack length 
Angle measured from minor axis of semielliptical surface crack in the plane of the 
crack 
Maximum displacement between adjacent comers of the plate perpendicular to 
the plane of the plane of the plate 
Deflection required to initiate yielding 
Strain 
Tensile yield strain 
Dimensionless magnification factor which accounts for crack geometry and type 
of loading on stress intensity factor 
Poisson's ratio 
Normal stress 
Effective stress 
Tensile yield stress 
Stresses along reference axis 
Maximum stress at crack tip 
Principal stresses 
Elliptical integral of the second kind 

A number of experimental techniques are used to generate data under multiaxial stress 
cycling: combinations of  axial load and torsion, reversed bending of  wide plate specimens, 
and pressurized thin-walled tubes. From an academic point of view, combined axial and 
torsion fatigue loading of thin-walled tubes has the advantage since the occurrence of stress 
and strain gradients are practically eliminated. However, from the standpoint of simplicity 
and economy, reversed bending of plate specimens seems to be a more practical method to 
use in biaxial fatigue experimental studies. In particular, the reverse bending technique 
requires less complicated test equipment because good alignment of the test apparatus is not 
as critical as for axial-torsion tests. Also, since fatigue cracks are generally initiated on the 
surface of the plate specimen, they can be easily detected and observed as the cracks grow. 

Several types of reversed plate bending methods have been developed, including cantile- 
ver bending of wide specimens [1], pulsating hydrostatic pressure applied to the surface of 
the plate [2], and anticlastic bending [3]. Anticlastic bending is a case of pure biaxial 
bending of a plate in which two principal curvatures are opposite in signs. The state of stress 
on the surface of the specimen is biaxiai tension-compression. When a simple beam theory 
is used as a first approximation [4] of  anticlastic bending, it is found that the square plate 
constitutes beams of uniform strength along its two diagonals, giving a distribution of 
uniform stress and strain over all the specimen surface. Thus, any effect of an area or 
volume of highly stressed or strained material in the specimen is eliminated. This feature is 
the main advantage of this type of reversed bending testing over others and was the basis for 
developing the anticlastic testing procedure for fatigue as well as for crack propagation 
studies. 

For crack propagation studies, a semielliptical crack starter slot was induced at the center 
of  the plate. Experience gained from service failures indicates that a semielliptical-shaped 
crack with a length-to-depth ratio of 3 to 5 reasonably characterizes the type of flaw found in 
failed components. 
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The material selected for crack growth analysis was 1N-718, a turbine blade material 
where biaxial fatigue failures have been found to occur in actual application. Turbine blades 
in gas turbines experience a tension-compression biaxial stress field at the blade root due to 
the action of high bending, shear, and centrifugal forces. IN-718 is a high-strength nickel 
base superalloy used primarily in a high-temperature environment. 

Analysis of Anticlastic Bending Method 

In the experimental program, theoretical relationships between the parameters of  load, 
deflection, stress, and strain were needed to assess crack growth. A schematic of a rhombic 
plate under anticlastic bending is shown in Fig. 1. The middle plane of  the plate, before 
bending, is taken as the x - y  neutral plane. The deflection of the plate surface, w, is measured 
from the middle plane. The displacement, 8, is designated as maximum displacement be- 
tween adjacent comers of the plate perpendicular to the plane of the plate. The bending 
moments, Mx and My, are defined as moments per unit length. For the special case of 
bending a square plate, the moments about the principal axes are equal and opposite (Mx = 
My = ML),  resulting in the following expression for deflection, w 

w(x,y)  = - ML(x 2 -- y2)/2 D(1 - /*) (1) 

where D a n d / ,  are the plate stiffness and Poisson's ratio, respectively, and ML, shown in 
Fig. 2, is transmitted along section L, which is cut at a distance x from the diagonal BC and 
can be expressed in terms of the applied load as 

ML = P(b  - x ) lL  (2) 

b A l P  b 

- - - - 7  

t 

FIG.  1 - - R h o m b i c  p l a t e  u n d e r  an t i c la s t i c  bend ing .  
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FIG.  2 - - S q u a r e  p l a t e  u n d e r  an t i c las t i c  bend ing .  M o m e n t  ML is g e n e r a t e d  by  c o n c e n -  

t r a t e d  l oads  a t  c o m e r s .  

where P is the applied load at each corner of  the square plate, and b is one half of the 
diagonal length of the plate. Since the diagonals are equal, using similar triangles a relation 
between x, b, and L is obtained as 

(b - x ) lL  = bl2b = 1/2 (3) 

L = 2(b - x) (4) 

Therefore, the moment per unit length at any section parallel to diagonal BC in terms of the 
external applied load, F, is 

M L = FI4 (5) 

The total load of  the plate F is used since this is the quantity measured. By symmetry, Eq 5 
is also the moment at any section parallel to diagonal AF. 

The deflection at any point of the plate surface can then be expressed in terms of applied 
load F as 

w(x,y)  = - F ( ~  - y2)18 D(1 - ix) (6) 

The displacement, 8, between the adjacent corners of the square plate is equal to twice the 
maximum deflection, w 

8 = 2Wma x = Fb214D(1 - I,r (7) 

or 

8 = 3(1 + i~)b2FlEt 3 (8) 
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The strain across the surface of the plate for a strain ratio of ex/Ey = - 1 can be expressed 
a s  

= (1 + IX)trlE = 3(1 + /x)FI2Et 2 (9) 

resulting in 

= ~tl2b 2 (10) 

The von Mises yield condition was used as the basis for establishing the maximum 
allowable load, given as 

O'2xx -~- O~y - -  O'xO'y = 0~0 (11) 

where tro is the yield stress. For anticlastic bending of a square plate trx = try results in 

trx = ~,o/X/3 (12) 

or in terms of the maximum allowable load, Fo 

fo = 2t2tro/3X/3 (13) 

Theoretical values of critical deflection and strain can be obtained as 

~o = 2(1 + ix)b2trolV~3et (14) 

% = 3(1 + ~)tro/2V'3e (15) 

Stress Intensity Factor for  Surface Flaw in Bending 

The semielliptical surface flaw has long been recognized as a close approximation to an 
actual flaw that may initiate the fatigue and fracture process. The stress intensity factor 
expressed as 

K = "0tr (16) 

will be used for the biaxial fatigue crack growth where "0 is a coefficient that reflects the 
correction factors required to account for crack geometry and type of  loading on the surface 
flaw. Q, the flaw shape parameter, is defined as 

Q = �9 2 - 0.212(tr/tro) 2 (17) 

and the elliptical integral, ~ ,  is defined by 

fo~/g [ (c2_a2 ~ ],/2 qb = 1 - ~ - - - - - - ~ ]  sin 2 t~ d~b (18) 

The dependence of the elliptical integral on the crack geometry is shown in Fig. 3. The 
stress parameter in Eq 16 was controlled in the fatigue test and maintained at a constant 
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FIG. 3--Elliptical integral of the second kind as a function of aspect ratio. 

value. The correction factor, Q, is expressed as a function of the surface crack aspect ratio of  
a/2c, the material yield stress and the outer fiber bending stress, all of which are known 
quantities. However, the coefficient ~ was determined from Grandt and Sinclair's results [5] 
on surface cracks in bending for various aspect ratios and crack depth-to-plate thickness 
ratios (a/t) for positions on both the major and minor axes of the semielliptical surface flaw. 
Figure 4, used in the experimental study, is an illustrative example for ~ at the tip of a 
surface crack with an aspect ratio of a/2c = 0.3. 

Assuming a constant aspect ratio throughout the fatigue test, K (used in Eq 16) was 
related to the crack length as 

K = "0tr ~/'tr(2c)c~ Q (19) 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



ZAMRIK AND RYAN ON CRACK PROPAGATION 167 

1.4 

1.2 

a/2c=0.3 

1.0  

o 
cJ 0 .8  

(J 0 . 6 ~  - -  Y=O* a/2c=O. 3 

0.4 

0.2 

2 c  

u 

0 ! I I I 
0 0 .1  0 .2  0 . 3  0 .4  0.S 

Crack Depth to  P l a t e  Thickness  Rat io ,  a / t  

FIG. 4--Correlation of dimensionless magnification factors for semielliptical surface 
flaws in bending [5]. 

where a = a/2co is constant. This assumption is consistent with the Grandt and Sinclair 
findings that, under load control tests, although crack growth into the plate lagged behind the 
growth along the plate surface, the difference in rates was only on the order of 2 to 3%. 
Since no practical method of detecting fatigue crack growth through the thickness of the 
biaxial plate specimens exists, results rely on surface crack measurements that are easily 
obtained. 

Test Procedure  

Anticlastic bending method [7] was used in the experimental study of biaxial fatigue 
crack propagation. When a rhombic plate is subjected to this type of bending, the diagonals 
of the plate are the principal curvatures that are equal for a square plate but with opposite 
signs. The resulting elastic stress and strain distributions are uniform all across the plate 
surface with a principal stress and principal strain ratio of 1 : - 1. 

The testing program was divided into two series. The first series was performed to 
determine strain and loading data for various values of static displacement. This series was 
necessary to verify the theoretical analysis of a rhombic plate under anticlastic bending, to 
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show the validity of a constant biaxial strain distribution across the surface of the plate, and 
to provide reference data to show any variation in the load-deflection relationship during the 
cyclic test. The second series of testing determined the fatigue crack propagation character- 
istics of IN-718 plate specimens in a biaxial stress field. Crack growth data were obtained 
from the specimen that had a small slot machined in the surface at the center of one side of 
the specimen. The slot represented the initial crack size in the plate, and the total crack 
length was measured optically as the fatigue crack propagated from each side of the slot 
under cyclic loading. All tests were conducted at room temperature. 

Specimen Configuration and Apparatus 

The material used was IN-718 rolled plate with a nominal thickness of 0.25 in. (6.35 
ram). Mechanical properties are presented in Table 1. All of the plate specimens tested were 
square shaped, having diagonal lengths of 3.0 in. (76.2 ram) as shown in Fig. 5. The 
specimen diagonals were oriented longitudinally and transversely to the rolling direction. 
The plate specimen comers were widened and extended to provide for the attachment of a 
0.5-in. (12.7-mm)-diameter cylindrical roller at each comer. Ideal anticlastic bending is 
done by applying concentrated forces at the four comers, perpendicular to the plane of the 
plate. Rollers were required so that the forces could be applied to the plate without causing 
unnecessary stress concentration and to avoid applying a mean strain in the specimen (which 
could be caused by a more rigid connection between the plate and the loading mechanism). 

The surface flaw (slot) was induced into the plate surface by an electro discharge 
machining (EDM) process, sometimes referred to as "electrospark" machining, that re- 
moves metal through the action of high-energy electric sparks upon the surface of the 
workpiece). The semielliptical EDM slot had dimensions 0.017 in. (0.432 ram) deep by 
0.0528 in. (1.341 nun) long by 0.004 in. (0.102 mm) wide with the plane of the slot parallel 
to the plate rolling direction. The specimen surface was polished to a mirror luster image so 
that fatigue cracks would be distinguished easily when viewed under a microscope. All 
polishing strokes were made perpendicular to the slot (and plate rolling direction). 

Measuring Instruments 

Measurements of  all fatigue cracks were done optically. The length of the fatigue crack 
was measured by a linear optical comparator. A high-intensity lamp was used in conjunction 
with the comparator to illuminate the specimen surface. The lamp was equipped with a filter 
and an adjustable lens that could focus the filtered light at any desired focal distance. The 
lamp was positioned so that the angle of incidence of the light beam on the crack was 
approximately 60 ~ . Another microscope was also used when measurements of the propagat- 
ing crack were required in an x-y coordinate frame of reference. 

TABLE 1--Mechanical properties of IN 718. 

1N 718 

Yield strength (0.02%) 
Yield strength (0.2%) 
Ultimate stress 
Modulus of elasticity 
Poisson's ratio, Ix 
Tensile elongation 

132 ksi (910 MPa) 
145 ksi (1000 MPa) 
187 ksi (1290 MPa) 
30.4 • 103 ksi (210 GPa) 
0.29 
20% 
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FIG. 5--Dimensions of a square plate biaxial fatigue specimen, in. (mm). 

Calibration Tests 

Calibration tests were carried out to establish the null (zero) position of the specimen 
loading fixture and to obtain specimen load-deflection calibration, specimen load-strain 
calibration, and specimen deflection-strain calibration. 

A deflection-controlled test system was employed. The controlling parameter in the crack 
propagation tests was the stress intensity factor at the root of the EDM slot. Since the stress 
intensity factor was load dependent, the relation between load and deflection was required so 
the stress intensity factor could be determined for any corresponding loading mechanism 
deflection setting. The specimen loading fixture was placed in a monotonic compression 
machine, and, by applying incremental load values to the notched specimen, the correspond- 
ing deflection was recorded. The resulting load-deflection curve is shown in Fig. 6. The 
linear relationship between the applied load and resulting deflection was fitted to 

F = 52 174 8 

where F is measured in pounds and 8 in inches (N, mm). 
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FIG. 6 - -Load  versus deflection for  notched fatigue specimen. 

From this curve, the initial stress intensity factor for the cyclic tests could be determined 
for any deflection by finding the corresponding load and using the relationship between load 
and linear elastic stress intensity factor for the particular slot and stress field. 

The relationship between the stress intensity factor and load can be found by using the 
bending stress in the rhombic plate in terms of the applied load F and plate thickness t as 

o-= 3FI2t 2 (20) 

Substituting this expression into Q and the elliptical integral relations 

1.5rIF [ .Tr(2c)ot ] ,/z 
,= -  (o.4 7vq / 

~, ~ t  ~ I J  

(21) 

Using the EDM slot dimensions, and with the aspect ratio as a/2co = 0.321, the correspond- 
ing d~ from Fig. 3 is 1.31. The dimensionless magnification factor, rl, is obtained from Fig. 4 
as rl = 0.95. Therefore, K is calculated as 

I 0.0534 ] t/2 
K = 22.8F 1.716 - 5.81 X 10-9F 2 (22) 
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The stress intensity factor can also be expressed in terms of the measured experimental 
deflection from the load-deflection relation 

8 ~ 0.0534 ] ,/z 
K = 1.19 • 106 L1.716-~ ]5.8a z (23) 

A plot of the theoretical stress intensity factor versus deflection is shown in Fig. 7. 
The relation between both the load and deflection to strain on the specimen surface was 

determined so that during the test program, when either of  these parameters were measured, 
the resulting applied strain would be known. It was important to establish the upper limits of 
both the applied load and resulting deflection as the applied strain approached its yield 
value. Strain measurements were obtained in the load-strain and deflection-strain calibration 
test by using foil strain gage rosettes mounted on the surface of the specimens at the center 
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FIG. 7--Stress intensity at tip of EDM slot versus plate deflection. 
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FIG. 8--Location of strain gages mounted on specimen used for static deflection tests, in. 
(mm). 

of each plate. Two of the gage elements were aligned with the diagonals and one oriented 
45 ~ to the diagonals, as shown in Fig. 8. Calibration curves are shown in Figs. 9 and 10, 
respectively. The calibration tests verified that the strains along the specimen diagonals were 
nearly equal in magnitude but opposite in sign, and that these were the principal strains since 
the strains at a 45 ~ angle to the diagonal were nearly zero. Strain distribution across 
specimen surface versus plate deflection is shown in Fig. 11. The strains in directions 
parallel to the plate diagonals at various points across the surface were approximately 
constant. The strain readings were quite close to one another at low deflections with 
increasing variance as the deflection was increased. The maximum discrepancy occurred at 
the largest deflection and was less than 8%. Based on data shown in Fig. 11, it is reasonable 
to assume that uniform distribution of stresses and strains exists across the surface of the 
plate. Figure 12 shows the experimental values for deflection versus strain using Eq 10. 
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FIG. 9--Load versus strain for notched fatigue specimen. 

A final series of static tests were made to determine the effect of the EDM slot and fatigue 
crack on the load-deflection relationship of the specimen. Static load and deflection data 
were obtained both prior to and at intermittent intervals during cyclic tests. The results are 
shown in Figs. 13, 14, and 15. The data plotted in Fig. 13 were taken from the initial loading 
of two square IN-718 plate specimens of the same size and thickness with one plate having 
the EDM slot. The notched specimen deflected more than the solid specimen under the same 
load. Also, Fig. 14 shows the load deflection characteristics of the notch specimen as a 
function of cyclic life. Once the fatigue crack began to propagate from the ends of the EDM 
slot, a static load-deflection test was run about every 30 000 cycles. This set of curves shows 
that at a constant deflection the load-carrying capacity of the plate was reduced as the crack 
increased in size. For this reason, the deflection amplitude was continually increased during 
the fatigue test so that the load on the specimen could be considered constant. It was 
necessary to compensate for the permanent deformation that occurred with increasing crack 
length and cyclic life. Figure 15 shows the amount of permanent deformation experienced 
by the specimen as a function of cyclic life. Intermittent adjustments were made by using the 
calibration tests to ensure constant load throughout the fatigue tests. 
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FIG. 12--Comparison of experimental and theoretical results (deflection versus strain). 

Test Results and Discussion 

Crack Propagation Tests 

The general objective of this portion of the test program was to observe the fatigue crack 
growth characteristics in a biaxial stress field and to correlate the growth rate to an 
analytically derived stress field parameter in terms of K by using the general form of 

dc/dN = B o ( A K )  m (24) 

The initial load applied to the specimen was chosen to be 3000 lbs (13 350 N). This value 
was an estimate of  the load required to be above the threshold value needed to initiate crack 
growth from the starter slot and yet low enough to be below the yield load. The threshold 
value was unknown, but the upper limit was determined from Eq 13, expressed as 

F o = 2~ot2/3%/'3 = 2(145 000)(0.25)2/(3%/3) = 3490 lb (15 500 N) 

Knowing the applied load, the initial stress intensity factor can be calculated using Eq 22, 
resulting in 

K = 12.25 ksi~/~n.(13.47 MPa~mm) 

The initial load was maintained for the first 41 500 cycles of the test. However, when no 
fatigue crack was observed at either tip of the EDM slot, the load was increased to 3300 lb 
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FIG. 13--Effect of EDM slot on load-deflection relationship of plate specimen. 

(14 700 N). The outer fiber stress and stress intensity factor calculated for the increased load 
were 79.2 ksi (550 MPa) and 13.5 ksi~n~m. (14.9 MPa ~-mm), respectively. The testing was 
resumed, and after an additional 21 100 cycles were applied, a 0.006-in. (0.152 mm) crack 
was observed at each tip of the EDM slot. The crack propagated in the plane of the EDM 
slot, which was perpendicular to the applied tensile stress. The load was maintained at 3300 
lb (14 700 N) from 41 500 cycles until testing was terminated at 206 000 cycles. At 86 000 
cycles the fatigue crack propagating from one end of the slot began to deviate from plane 
growth, and at 92 000 cycles the crack end of the slot began to deviate from plane growth, 
and at 92 000 cycles the crack propagating from the opposite end began to grow out of the 
plane of the slot in a similar manner. When it was determined that this type of growth was 
steady state and not just a small excursion from plane growth, the method of measurement 
was revised. 

Rather than measuring the total length of the curvilinear crack, the location of each crack 
tip was recorded in an x-y coordinate frame of  reference. The initial fatigue crack is shown 
in Fig. 16. Figure 17 shows the history of the fatigue crack propagation by showing the 
positions of the advancing crack fronts identified with their corresponding number of cycles. 
Also shown is the final crack configuration at the time the fatigue test was stopped at 
206 000 cycles. It should be noted that crack growth rates are based on changes in the total 
crack lengths. Since the same conditions should exist at both crack tips, it would be 
expected that the cracks propagate in a similar manner. However, this was not necessarily 
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FIG. 16--Fatigue crack at tip of  EDM slot at 62 600 cycles. 

the case, as seen in Fig. 17. Figure 18 shows a comparison of the crack growth from each 
end. The crack at the top deviated from plane growth earlier and grew to a greater length; 
however, once the cracks turned, both grew at approximately a 45 ~ angle to the plate 
diagonals, indicating that they were propagating along the direction of maximum shear 
stress. 

Figure 19 presents the experimental results of crack length versus number of cycles. It is 
from these data that crack growth rates and stress intensity factors were determined. The 
data show that fatigue cracks began growing slowly from the tips of the slot and that total 
crack length increased at an increasing rate up to 115 000 cycles. After that point, the crack 
length increased in a linear fashion with the number of cycles. The rate of growth was 
dependent on the instantaneous length of the crack until the cracks turned and began 
growing along the plane of maximum shear, where it then became independent of crack 
length. 

Figure 20 shows the individual growth rates at each end of the slot despite the fact that 
both crack tips in the plate specimen experienced the same stress intensity factor. The 
specimen exhibited the peculiar behavior within one crack first grew at a slower rate than 
the other and subsequently propagated at a rate somewhat faster. Further, it can be noted 
from the two curves that one crack tip counterbalances the behavior of its companion crack 
tip by propagating rapidly when the latter moved slowly and then slowed down when the 
latter accelerated. Consequently, the overall average crack growth rate tended to remain 
constant. This behavior of crack growth might be attributed to possible changes in local 
microstructure such as grain orientation or other forms of anisotropy. 

The data plotted in Fig. 19 are examined more closely in Figs. 21 and 22. Figure 21 shows 
the crack length versus number of cycles for the initial portion of the curve up to and during 
the fracture mode transition from failure perpendicular to the applied tensile stress to shear 
fracture at 45 ~ to the applied stress. Figure 22 shows the remainder of the growth, which is 
completely by shear failure. The discontinuity in the initial portion of the curve was due to a 
change in the method of measuring crack length. Originally, the length measurements were 
made linearly and then changed to the curvilinear method. 

The fracture mode transition began at about 85 000 cycles, but it was 115 000 before the 
method of measurement was revised. This left a range of 20 000 cycles where the curvilin- 
ear crack was being measured with a linear device. The actual crack length is estimated in 
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FIG. 17--Experimentally measured crack tip positions during fatigue testing. 

Fig. 21 by a smooth fit curve between the data prior to 85 000 cycles and after 115 000 
cycles. The estimated values of the crack lengths were used in calculating crack growth 
rates. The crack growth rate from 115 000 cycles to the conclusion of the test indicates that 
the mean growth rate is d(2c)/dN -- 4.9 • 10 -6 in. per cycle (1.245 X 10 -7 m/cycle). It 
can therefore be concluded that, after the mode of failure had transformed to that of pure 
shear, the crack growth rate was constant and the stress intensities at the tips of the fatigue 
crack were not a function of  the increasing crack length. This is due to the fact that the crack 
growth is now a function of  the state of  stress where the crack grew along the maximum 
shear plane. The original aspect ratio of a/2Co = 0.321 was assumed to be constant during 
the growth of the fatigue crack in Mode I. This assumption is made at least for the range of 
data up to the point where fracture mode transition had been completed. The crack growth 
rates d(2c)/dN, dc/dN, and da/dN are therefore interchangeable and have the relationships 

d(2c)/dN = 2 dc/dN = ( l/0.321)(da/dN) 
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coordinates. 

The corresponding AK values are computed from the applied load, F, and respective 
crack lengths using the stress intensity expression given by Eq 21 where the parameters are 
"q = 0.95, tr o = 145 ksi (1000 MPa), and �9 = 1.31. Figure 23 shows the correlation on the 
basis of 

AK = 58 756%/2c (25) 

Since the value of AK is associated with zero to maximum loading, the stress intensity range 
used in the test was numerically equal to the maximum stress intensity factor. 

Fracture mode transition, indicated on Fig. 23, began at about 85 000 cycles. At this point 
the fatigue crack was 0.0886 in. (2.25 m m_m) long, and the corresponding stress intensity 
factor from Eq 25 was AK = 17.5 ksiN/in. (19.2 MPa~/m). Values of dc/dN were plotted 
against corresponding AK values up to the point at which the fracture mode transition had 
been completed. This occurred at about 115 000 cycles when the crack was 0.1639 in. 
(4.163 ram) long with a corresponding AK = 23.8 ksiN/in. (26.2 MPa~/m). After the 
transition, Fig. 22 shows that crack length is a linear function of the number of cycles and 
hence the growth rate is independent of the instantaneous values of the crack length and is 
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constant. This is shown in Fig. 23 as a straight line parallel to the abscissa at a crack growth 
rate of  dc/dN = 2.45 • 10 -6 in. per cycle (0.62 X 10 -7 m/cycle). 

The data prior to and during the transition to failure along the maximum shear plane 
indicate that there is also a linear relationship between log dc/dN and log AK values in this 
range. Using a least-squares linear regression analysis of the data, the slope was found to be 
m = 4.76. Once the slope was known, the constant Bo was determined from the best fit 
straight line passed through the mean values of the n number of data points defined by 

logdd-~N= ~l~logdd-~N=-6.164 (26) 

1 
log AK = - ~] log AK = 4.253 (27) 

n , 

These mean values can therefore be used to solve for Bo from 

dc/dN 6.85 X 10-7 
I i - -  

Bo ( A K ) 4 . 7 6  (17 907) 4`76 3.94 X 10 -z7 
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FIG. 20--Comparison of fatigue crack growth from each end of EDM slo~ crack length 
versus number of cycles. 

Fracture Mode Transition 

During the biaxial fatigue test, the crack propagation showed that there were two separate 
modes of fatigue crack growth with a transition range of growth between the two. The first 
mode consisted of a crack propagating along a plane normal to theapplied tensile stress and 
occurred until AK reached a value of  17.5 ksi%/in. (19.2 MPa%/m). The second mode was 
initiated when AK reached a value of 23.8 ksi~v/in. (26.2 MPa%/m) and was characterized 
by crack growth along the maximum shear plane. 

Based on the Irwin analysis [6], the fracture mode transition may be a function of the size 
of the plastic zone ahead of the crack. When the plastic zone size was small relative to the 
specimen thickness, the crack progressed along a plane normal to the loading direction. For 
a small plastic zone, the tensile stress perpendicular to the crack surface is zero at the 
specimen surface but approaches/x(( L + try) in the interior. This is due to the constraints 
caused by the restriction of strain in the specimen thickness direction leading to a plane 
strain condition. When a large plastic zone occurs at the tip of the crack, the fracture path 
shifts to a plane oriented 45 ~ to the loading direction and through the thickness direction. For 
a large plastic zone, the restriction of strain in the thickness direction is removed, the stress 
in this direction is approximately zero, and crack growth along the inclined plane is 
considered to be a plane stress crack propagation. Therefore, it is reasoned that when the 
plastic zone at the advancing fatigue crack reaches a critical size, the transition from fiat to 
shear failure would occur. 
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FIG. 21--Fat igue  crack length versus number of cycles showing fracture mode transition. 

Wilhem [8] established the transition point for many materials including IN-718. His 
results show that the transition to shear fracture occurred at AK = 14 ksi~/~. _ 5 ksi~n. .  
(15.46 + 5.5) M P a v ~ .  In comparison with the biaxial crack growth study, the initial stress 
intensity factor, based on the EDM slot dimensions and initial loading of 3300 lb (14 700 
N), was AK = 13.53 ksiV'~. (14.9 MPa V~) .  Thus, the fatigue crack had only to grow a 
small distance from each tip of the starter slot to increase the stress intensity to the critical 
point required for mode transition at AK = 17.5 ks iv '~ .  (19.2 MPa V ~ )  and to be 
completed at AK = 23.8 ks iV~.  (26.2 MPa V ~ .  

If the initial stress intensity for the starter slot placed the crack tip stress intensity value 
above the transition value, the crack growth would occur as shear mode cracking throughout 
the fatigue life. This has been found to be true in other biaxial fatigue tests under anticlastic 
bending [8]. 

Summary and Conclusions 

Fatigue crack propagation characteristics of a high-strength nickel base alloy were inves- 
tigated under a biaxial stress field. Anticlastic bending of  square plate specimens was used 
to impose the biaxial stress field across the surface of the plate specimen with a principal 
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FIG. 22--Fatigue crack length versus number of-.cycl~s showing remaindei" of crack 
growth by shear failure. 

stress ratio of 1 : - 1. A semielliptical EDM crack starter was induced at the center of the 
specimen surface. Several types of calibration tests were conducted to ensure proper data 
interpretation. 

During the biaxial fatigue test, the length of the propagating fatigue crack was measured 
at intervals o f  2000 cycles of applied load. Initially, the crack grew along the plate diagonal 
perpendicular to the applied tensile stress and parallel to the applied compressive stress. 

The fatigue crack growth occurred in three separate stages. The first stage of crack growth 
consisted of propagation along a plane normal to the applied tensile load and occurred until 
the stress intensity factor reached a value of 17.5 ksiV'in. (19.2 MPa N/mm). The second 
stage was a transition stage in the crack growth that was characterized by continuous change 
in the orientation of the plane of crack growth until steady-state growth occurred along the 
maximum shear plane, which was 45 ~ to the_principal stresses. The stress intensity factor 
had a value of 23.8 ksi%/in. (26.2 MPa ~/m) upon completion of the transition growth. 
Once the steady crack growth in the second mode of fatigue crack propagation along the 
maximum shear plane was achieved, the crack growth rate was found to no longer be a 
function of the stress intensity factor, but rather a function of the state of stress that existed 
on the plate surface. The crack growth rate became constant under load control. 
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ABSTRACT: Low-cycle fatigue is the greatest potential cause of failure in critical aero- 
engine components. To prevent premature failure, the fatigue life of these components needs 
to be predicted accurately. This requires knowledge of crack nucleation and growth under 
fatigue loading. Initial crack propagation is not continuous as a result of obstacles such as 
grain boundaries. Laboratory observation has shown that cracks decelerate rapidly as they 
approach these boundaries. Further growth may be impeded for a considerable number of 
cycles if there is a significant difference in orientation between the cracked and adjacent 
grains. This behavior effectively disappears at longer crack sizes. A detailed quantitative 
appraisal of crack growth rates is vital for component life predictions based on fracture 
mechanics. Cracks that nucleate during engine operation experience very high stresses that 
may exceed the material yield stress. Established linear elastic fracture mechanics may not be 
applicable due to loss of similitude caused by violation of the small-scale yielding criterion. 
These concepts are also based on continuum fracture mechanics and therefore cannot describe 
the early stages of crack growth. This paper considers an empirical model for short crack 
growth in a /3 heat-treated near-ct titanium alloy at room temperature. Crack growth rate 
equations are expressed in terms of crack length and effective stress range and were derived 
from experimental crack length versus cycles data. These data were generated at constant 
peak stress and various stress ratios. The expressions are shown to give an excellent represen- 
tation of experimental crack growth rate versus crack length data. In producing the model, 
procedures have been established to determine crack opening loads and critical crack sizes 
above which continuum fracture mechanics apply. 

KEYWORDS: low-cycle fatigue, fracture mechanics, short fatigue cracks, titanium alloys 

Nomenclature 

a 

ao 
ac~it 

af 

as 
A 
B 

C, m 
Ci 

C F M  
d 

Crack length 
Initial crack size 
Crack growth sensitive to microstructure at crack lengths < acrit 
Crack size leading to component  or specimen failure 
Size of  a flaw required for crack growth after Cycle  1 
Constant in Eq 11 
Parameter in Eq 9 
Parameters in Eq 1 
Parameter in Eq 6 
Cont inuum fracture mechanics  
Slip band distance f rom crack nucleation site to microstructural obstacle 
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Crack growth rate 
Strain range 
Elastic and plastic strain range 
Maximum stress intensity factor 
Stress intensity factor range 
Linear elastic fracture mechanics 
Microstrnctural unit size, i.e., in this case, a-colony size 
Microstructural crack growth, i.e., crack growth sensitive to microstructure 
Cycles 
Crack propagation life in MCG and CFM regimes 
Stress ratio defined as tr~n/trm~x 
Monotonic crack tip plastic zone size 
Minimum and maximum stress 
Crack opening stress 
Material yield stress 
Stress range defined as O'ma x - -  Ormi n 
Stress range defined as trmax - trop 
Ao-eff/Ao- 

Introduction 

Low-cycle fatigue is the greatest potential cause of failure in critical aero-engine compo- 
nents. To prevent catastrophic failure in-service, the fatigue life of these components must 
be predicted accurately. Fatigue life can be calculated by integration of fracture mechanics 
expressions from an initial flaw size to a crack size responsible for burst. This procedure 
reties on the accuracy of crack growth models and requires a detailed characterization of 
crack growth rates. At present, the stress intensity factor range (AK) is used to describe 
crack growth rates (da/dN) via the following power law expression proposed by Paris [1] 

da/dN = CAK" (1) 

where C and m are experimentally determined parameters. This expression is applicable to 
conditions of linear elastic fracture mechanics (LEFM) [2,3], i.e., to long cracks growing 
under low alternating stress. However, long cracks and low loads are not typical of many 
aero-engine components. Cracks that nucleate in compressor and turbine disks between 
inspection intervals must be physically small and are certainly shorter than 0.75 mm in size. 
Such cracks experience very high stresses as operating conditions in current aero-engines 
subject components to stresses approaching the material yield stress so that local plasticity 
does occur [4]. The crack sizes and stresses involved are therefore likely to violate the 
small-scale yielding criterion [5] necessary for LEFM. 

The power law expression also assumes continuum mechanics. This assumption is inap- 
propriate, however, for the initial stages of crack growth due to microstrnctural obstacles 
such as grain boundaries or inclusions. Observation has shown that crack growth drastically 
decelerates as crack tips approach these obstacles [6]. It has been argued that this occurs in 
response to diminishing plasticity [7]. Further crack propagation may be impeded for a 
significant number of cycles if there is a significant difference in orientation between the 
cracked and adjacent grains. This discontinuous behavior effectively disappears at longer 
crack sizes. 

The intention of this work is to empirically model the behavior of artificially initiated 
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short fatigue cracks in a/3 heat-treated near-a titanium alloy at room temperature under high 
stresses. 

Material 

IMI 829 (Ti-5.5A1-3.5Sn-3Zr-lNb-0.25Mo-0.3Si) [8] is a/3 heat-treated near-a titanium 
alloy used for rotating components in the hotter compressor stages of aero-engines [9]. 
Blanks, 22 mm in diameter and 100 mm long, were cut from extruded bar 50 mm in 
diameter and solution treated in the/3 phase field at 1050~ for 45 min. Once removed from 
the furnace, they were air cooled and then annealed at 625~ for 2 h before a final air cool. 
Figure 1 shows the resulting microstructure that consists of aligned a-colonies in large prior 
/3 grains. There are also regions of coarse basketweave, a. This microstructure will be found 
in thicker component sections [9] and is likely to offer the least resistance to crack 
nucleation and growth [10]. 

The distribution of a-colony sizes in Fig. 2 was produced from over 1000 a-colony 
measurements [11]. It shows that most of the colonies are between 25 to 125 /xm. 

Experimental Procedure 

Cracks were grown from a 250-/xm starter slit in 10 by 10-ram square section comer 
crack specimens [12]. All tests were performed at room temperature in laboratory air under 
constant amplitude cyclic loading at a frequency of 1 Hz using a closed loop servohydraulic 
machine. A triangular waveform was used throughout. The test program was designed to 
investigate the effect of stress ratio on short crack growth at a peak stress of 650 MPa, which 
is above the material cyclic yield stress and is 74% of the 0.2% proof stress [13]. Stress 
ratios, R, of 0.05, 0.3, 0.5, 0.6 and 0.7 were examined. 

The growth of cracks was monitored using an automated pulsed d-c potential drop system 
[14]. Fine platinum wires, 63 /~m in diameter, served as electrical probes that were spot 

FIG. 1--Microstructure of lMI 829 after heat treatment. 
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welded to the specimens following AGARD guidelines [12]. An expression for crack length 
from the measured potential is given elsewhere [14]. Crack growth at the surface was also 
recorded by two 35-mm cameras attached to microscopes placed perpendicular to two 
adjacent specimen surfaces. These surfaces were carefully polished and etched to examine 
the influence of microstructure on crack growth. The camera system is linked to the 
computer data collection routine so that a frame is taken during each voltage measurement. 
Actual surface crack lengths were measured from magnified images projected onto paper. 

Results 

Test data are presented in Fig. 3 as applied stress range versus crack propagation lives for 
crack growth of 0.25 to 3.0 mm beyond the starter slit. As different stress ratios were used at 
a constant peak stress, a series of S-N curves is produced. A Basquin expression has been 
shown to describe the S-N behavior of IMI 829 at room temperature for the range of lives 
given in Fig. 3 [13]. However, the R of 0.05 and 0.3 data in Fig. 3 do not obey the Basquin 
relationship of high R data. This suggests that, at low R ratio, cracks grow only for a fraction 
of the applied stress range as a result of crack closure. The reduced stress range, Ao'eff, and 
therefore the crack opening stress, gop, can be determined in these tests by forcing data onto 
the line defined by high R points. The crack opening stress values are plotted as a proportion 
of the maximum stress (Crop/trm~x) in Fig. 4. It must be assumed from these data that crack 
opening stress does not vary with crack size. The m e a n  Orop/O'ma x and AOref f values for the R 
of 0.05 and 0.3 tests are 0.32, 438 MPa, and 0.48, 338 MPa, respectively. 

The above procedure used crack-length data obtained from the potential drop system. 
These data relate to the whole crack front and as such are less affected by local variations in 
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growth due to material microstructure. Optical crack length measurements are better able to 
detect such variations and are therefore more appropriate for modeling short crack behavior. 

The influence of microstructure on crack growth can be illustrated on a plot showing the 
natural logarithm of actual surface crack length versus cycles (Fig. 5). For cracks smaller 
than a critical crack size acnt, crack growth periodically accelerates and decelerates. Close 
inspection of etched specimen faces with these data has shown that the growth rate of a 
crack decreases as it approaches an a-colony boundary. Beyond acrit, crack growth appears 
to be more continuous. 

Modeling the Behavior of Short Fatigue Cracks 

The modified Kitagawa-Takahashi diagram [2,15] in Fig. 6 suggests that the growth of 
cracks in highly stressed aero-engine components predominantly falls into two short crack 
growth regimes [16]. The first, for crack lengths below acrit, is microstructure dependent and 
can be termed microstructural crack growth (MCG). The second regime, for cracks greater 
in size than acrit, can be modeled using elastic-plastic continuum fracture mechanics (CFM). 
The two lines that separate propagating cracks into MCG, CFM, and LEFM regimes were 
derived from Lankford's two criteria for rapid short crack growth 

rp _> 0.05 (2) 
a 

0 

o 

CFM crack growth regime 

acrit 

MeG regime 

i I ' I ' I ' I ' I ' I i I ' I 

8 9 10 11 12 13 14 15 

Thousands of cycles 
FIG. 5--Natural logarithm of crack length versus cycles data from R of 0.05 test. Data 

are separated by at,it into microstructural (MCG ) and continuum fracture mechanics ( CFM) 
crack growth regimes. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



194 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

short crack growth r�9 
'" --~ - F - F T "  . . . . . . . .  ~ . . . . . . . .  U-TS. ,ooo EPFM 

/ ~ ' . , " /  / / / . M e G  / / / "f'--J / / / Continuum 
- ' / / -_l.lll . .ooh,,,. 

/ i / / t /  / / / / / / 

~ Regime of eta�9 in discs ~ LI~.FM 

~'~ 1 0 0  
m 

i AK t h - - - - - ' - ~ ~  

NON-PROPAGATING CRACKS 

10 ' ' ' ' ' ' " 1  ' ' ' ' ' ' " 1  ' ' ' ' ' ' ~  

.01 .1 I 10 
Crack length (ram) 

FIG. 6--Kitagawa-Takahashi diagram for IMI 829 at room temperature showing that 
cracks nucleating in disks during engine operation lie in short crack regimes. 

rp<-I (3) 
M 

where rp is the monotonic crack tip plastic zone size (--0.15(Km~x/Cry)2), a is the crack size, 
and M is the microstructural unit size [17]. Larsen et al. [18] expressed both equations in 
terms of the peak cyclic stress and the material yield stress by substituting in expressions for 
rp and K. A simplified version of Pickard's stress intensity factor solution for cracks with 
circular and elliptical fronts [19] has been substituted into the expression for rp so that Eqs 2 
and 3 become 

~r"~x -> 0.44 (4) 
% 

O'max ~ O'y ~/ M~- 
2.32 0.15a (5) 

where M is the a-colony size in/3 heat-treated near-a titanium alloys. 
The second criterion suggests that the MCG regime is dependent on peak stress, crack 

length, and a-colony size. Determination of acrit from logea versus N data has shown that the 
critical crack length is not constant for a peak stress of 650 MPa [11]. This was attributed to 
the variation in a-colony sizes and was not due to the difference in stress range. Good 
agreement with acre was found when appropriate M values were used in Eq 5. 

Microstructural  Crack Growth 

As demonstrated in Fig. 5, the growth rate of a crack smaller than aerit decreases as it 
approaches an a-colony boundary. Hobson [20,21] empirically derived the following ex- 
pression for this behavior 
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daMN = Ci(d - a) (6) 

where d is the distance from the nucleation point to the first microstructural obstacle, and Ci 
is a function of aitemating stress or strain. The model assumes that slip, responsible for 
Stage I crack growth, extends across the microstructural unit but is blocked by the obstacle. 
These ideas were originally proposed by Morris et al. [7,22] to explain discontinuous short 
crack behavior. The terms d and (d - a) represent the slip band length and the remaining 
slip band plastic zone size, respectively. It follows, therefore, that crack arrest (da/dN = O) 
occurs when a = d. 

Since more than one microstructural barrier is encountered before the crack grows to the 
critical size ac~it, several expressions are required, each specific to growth within an a-  
colony. The approach has been used successfully by Yates and Grabowski [23] for modeling 
Stage I crack growth in a nickel base superalloy. In the present study, MCG expressions 
were derived by fitting curves to groups of logea versus N data corresponding to crack 
growth within individual a-colonies. Colony boundaries were defined-on these plots through 
examination of surface crack photographs and specimen fracture surfaces. Curves were then 
used to produce da/dN versus d - a data such as those in Fig. 7. 

Figure 7 illustrates that Eq 6 does describe the behavior of microstructure-dependent short 
cracks. It also shows that there is a large variation in Ci that appears to be independent of 
colony size. This may result from the differences in crack length, stress range, and c~-colony 
orientation. The influence of a pseudo crack length, given by the cumulative microstructural 
unit sizes d on Ci is shown in Fig. 8. There is significant scatter in C~ that increases with R 
and decreasing stress range. Scatter in Ci for high R data will influence fatigue life 
predictions, but variations in fatigue life for low stress ranges is expected as the majority of 
life is spent in crack nucleation. Despite the varying degrees of scatter, Ci shows a power 
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law increase with crack length. The exponent of this relationship is given by the gradients of 
lines through the various R data in Fig. 8. These were found to lie between 0.2 and 1. 
Similarly, Fig. 9 shows that for approximately constant pseudo crack sizes, Ci is dependent 
on effective stress range, A~ef f. Curves fitted to various crack size data in Fig. 9 show that 
the Atref~ exponent lies between 1 and 5. 

It is likely that the orientation of an a-colony will determine its resistance to slip, crack 
nucleation, and growth [24,10]. This resistance will be reflected in the crack length and 
stress range exponents controlling Ci. Consequently, a-colonies with the least resistance to 
crack growth may be expected to have Ci values determined by the most pessimistic 
exponents, i.e. 

Ci = 4 • 10-'SAo~ffa (7) 

The constant, 4 • 10 -18, was obtained from a least squares curve fit on Ci versus Ao-~ffa 
data. Substituting Eq 7 into Eq 6 gives the following expression for microstructural crack 
growth in IMI 829 at room temperature (all length dimensions in/xm, stress range in MPa, 
and crack growth rate in ~m/cycle) 

da/dN = 4 • 10-18Ao'~ffa(d - a) (8) 

where a < ac,t and d is the size of  a-colonies encountered by cracks smaller than acrit. The 
variation in a-colony sizes may hinder the application of the crack growth rate formula for 
life prediction of  IMI 829 components. A random d generator, based on the distribution of  
a-colony sizes (Fig. 2), is required for further progress to be made. 
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C o n t i n u u m  F r a c t u r e  M e c h a n i c s  

The following expression was initially proposed to describe crack propagation under high 
strain fatigue [25,26] 

da/dN = Ba (9) 

where B is a function of strain range Ae or Atr. It has since been used to model the behavior 
of short fatigue cracks for both LEFM and EPFM conditions [21]. The choice of using Ae or 
Atr in Eq 9 depends on the testing conditions. For stresses (given in MPa) above the cyclic 
yield in IMI 829 at room temperature [13] 

Ao" -~ 3217Ae ~ (10) 

where A~p is the plastic strain range given in percent. The results of strain control tests on 
plain LCF specimens suggest that the macroscopic AEp is less than 1% of the elastic strain, 
Ae~, for a peak shakedown stress of 650 MPa [13]. Stress range is therefore an appropriate 
parameter to describe the experimental crack growth rate data in this study. Integration of 
Eq 9 yields 

logea = BN + A (11) 

where A is a constant. This shows that B can be determined from the gradient of lines fitted 
to CFM crack growth data in log~a versus N plots (Fig. 5). The stress dependence of B is 
illustrated in Fig. 10 and is described by 

B = 3.2 • 10-16[A~eff] 4"5 (12) 
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Substituting Eq 12 into Eq 9 yields the following crack growth rate expression (all length 
dimensions in/xm, stress range in MPa, and crack growth rate in/~m/cycle) 

da/dN = 3.2 X 10-16[AOreff] 4"5. a (13) 

Values of B, determined from surface comer crack specimen data and produced at 
maximum stresses of 350, 400, 450, and 500 MPa and R of 0.1 by Spence [27] on identical 
material, are included in Fig. 10. The end of MCG occurs at greater crack sizes in these 
tests, which makes definition of the CFM crack growth line more difficult. However, a 
reasonable agreement with 650 MPa data is apparent. It should also be noted that a curve of 
U (A(&ff/Atr) versus R, generated from Fig. 3, was used to calculate Ao'ef f and carries the 
assumption that U is independent of (rmax. 

Equation 13 may be used to predict crack propagation lives without considering micro- 
structure-dependent crack growth assuming that an imaginary flaw exists after the first 
cycle. The size of this starter flaw, as, is given by the exponential of constant A in Eq 11 plus 
the specimen slit size. Data presented in this study show scatter in as, suggesting that the 
calculated starter flaw size may be dependent on microstructure and stress [11]. 

Life P r e d i c t i o n s  

Fatigue lives may be calculated by the separate integration and then addition of expres- 
sions for MCG and CFM crack growth or simply by integration of the latter alone, assuming 
an initial starter flaw size. For MCG a series of expressions of the form given in Eq 8 are 
evaluated between an initial crack size ao to acrit such that 
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1(I; 
NMC6 = ~ a(c/~---- a) 

_ _ + f d 2  da .+fao", da 
a, a(d2 - a) J a i - ,  a(d-i- a)) (14) 

where Q is the product 4 • 10 -~8 �9 A~ee. The use of ao assumes that crack nucleation 
occurs immediately after the first cycle. Its size is controlled by the engineering surface 
finish of  the component [28] or the material processing route. Microcrack sources may be 
submicron surface discontinuities produced during machining operations or geometrical 
discontinuities created at the interface of slip bands and stronger matrix material on smooth 
polished surfaces. In polished IMI 829 specimens, cracks were found to nucleate at c~- 
colony boundaries [15]. 

The CFM crack propagation life N c ~  can be determined through integration of Eq 13 
between acd t and the crack size, af, leading to burst, i.e. 

fNM dg=--I f a ' d a  (15) 
cc B J acrit a 

where B is given by Eq 12. The final crack size is dependent on stress and component design 
and can be measured from failed test parts. Total fatigue life is simply the sum of NMcc and 
N c ~  or is calculated by the integral in Eq 15, replacing acrit with as and NMcc with N equal to 1. 

Experimental crack growth rate versus crack length data are compared in Fig. 11 with 
curves generated from the model. An excellent correlation is observed despite the limited 
data in the MCG regime. The ability of the model to describe MCG would be more severely 
tested if cracks were inspected more frequently. 
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Conclusion 

Two empirical growth rate expressions describing the behavior of short fatigue cracks in a 
near-a titanium alloy have been formulated in terms of crack length and effective stress 
range. The first expression describes microstructure-dependent crack growth. The second 
describes the propagation of cracks under LEFM or EPFM conditions assuming continuum 
fracture mechanics. In generating these expressions, procedures were established to deter- 
mine crack opening stress and the critical crack length above which continuum fracture 
mechanics apply. 
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The Impact of Microstructural Interactions, 
Closure, and Temperature on Crack 
Propagation Based Lifing Criteria 

REFERENCE: Evans, W. J., Nicholas, P. J., and Spence, S.H., "The Impact of Micro- 
structural Interactions, Closure, and Temperature on Crack Propagation Based Lifing 
Criteria," Advances in Fatigue Lifetime Predictive Techniques: 3rd Volume, ASTM STP 
1292, M. R. Mitchell and R. W. Landgraf, Eds., American Society for Testing and Materials, 
1996, pp. 202-219. 

ABSTRACT: This paper addresses the problem of predicting crack development at a stress 
concentration feature from simple laboratory crack growth data. It uses a specifically designed 
double edge notch geometry as a test vehicle and growth rates generated on standard comer 
crack and compact tension specimens. A coarse-grained, near-alpha titanium alloy is em- 
ployed to emphasize any microstmctural interaction effects. The bulk of the work is at 
ambient temperature with a small amount of data obtained at 300~ It is shown that at low 
stress (350 MPa), conventional fracture mechanics, without an allowance for crack closure, 
can correctly predict both crack shape development and cyclic life. The only significant errors 
occur when the crack front is retarded by prior beta or alpha colony boundaries. These tend to 
lead to pessimistic predictions. At 550 MPa, however, there is significant notch root plasticity 
that induces crack closure. An allowance for notch closure in the numerical procedures 
permits a more accurate prediction of crack shape and cyclic life at this stress level. To 
support the computer models, a detailed assessment of closure is made using potential 
difference (PD), strain gage, and replica techniques. 

KEYWORDS: damage tolerance, database lifing, notch root closure, closure measurement, 
crack shapes, small crack growth, microstructural interactions, life predictions 

Increasingly, fracture mechanics techniques are being used to establish service lives for 
critical engineering components. "Damage tolerant design" and "retirement for cause" are 
well-documented approaches for the aerospace industry [1-3]. In both cases, the number of 
cycles for propagation from an initial flaw to a maximum critical crack size is established 
using laboratory growth rate data and a knowledge of stress conditions in the component. 
The starting defect size, however, introduces a not insignificant level of uncertainty in the 
calculated lives. NDI threshold values are used, but in many cases these provide dimensions 
greater than the flaws typically present. Consequently, the calculations tend to be pessimis- 
tic. The database lifing [1], or equivalent initial flaw size approach, has been introduced to 
minimize this limitation. It effectively applies the fracture mechanics method retrospectively 
to laboratory specimen failures and component test data. Knowing the cyclic life, the flaw 
size responsible for the observed number of cycles can be established. By evaluating a large 
database, a statistical assessment of  these pseudo flaws can be made, thereby allowing an 
appropriate maximum size for component lifing to be established. 

1Reader and senior research assistants, respectively, IRC, Materials Engineering, University of 
Wales Swansea, Singleton Park, Swansea, Wales SA2 8PP, UK. 
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The use of  specimen and component test results introduces additional difficulties. Service 
components largely operate under essentially elastic conditions with only limited plasticity 
at some stress concentration features. In contrast, laboratory tests tend to concentrate on the 
more highly stressed/lower life end of the S - N  curve, while component tests are often 
"overstressed" to minimize the testing time. Database lifing carries the assumption that 
conditions are the same for the input data and the component operating in service, which 
clearly is not always the case. Plasticity and associated effects, for instance, do not ratio 
linearly with applied stress. Clearly, it is essential to quantify the scale of these differences 
to minimize errors. The present program was set up to address this need. The paper details 
some of the more significant findings. 

Experimental Program 

The objective of the research scheme was to use data generated on conventional crack 
propagation specimens to predict crack development at a notch using state-of-the-art analy- 
sis methods. It was argued that this approach should provide a realistic assessment of current 
technology and should highlight areas where further development is necessary. 

The material selected for the exercise was the titanium alloy Ti 5331 (Ti, 5.5A1, 3.5Sn, 
3Zr, 1Nb, 0.25Mo, 0.35Si). 2 It is a near-alpha alloy that has seen service applications in gas 
turbine engines. From the point of view o f  this program, it has the advantage of a coarse 
microstructure with a prior beta grain size of approximately 0.5 mm that facilitates the 
characterization of small crack growth response. The specimens were taken from barstock 
material that had been given a beta solution treatment at 1050~ for 30 min followed by air 
cooling and "ag ing"  at 625~ for 2 h. The resultant microstructure consisted largely of 
basketweave alpha with some small regions of  alignment. The room temperature stress- 
strain characteristics of the alloy are recorded in Table 1. 

The base data at room temperature and 300~ were obtained from part-through cracks in 
comer crack (CC) specimens and through cracks in compact tension (CT) specimens. The 
CC design was an industry standard, as illustrated in Fig. 1. Crack growth measurements 
were made over a range of stresses from 450 to 600 MPa. The starter slit was 0.25 mm deep 
by 0.1 mm thick, and cracks were allowed to develop to a depth of 4 mm. The CT 
specimens were 12.5 mm thick with the overall dimensions as shown in Fig. 2. The data 
obtained at 20 ~ and 300~ respectively, are presented in Figs. 3 and 4. In both cases there 
are two regimes, each of which can be described by a power law relationship of the form 

da 
- C A K  m (1) 

d N  

with parameters C and m recorded in Table 2. 
The notch specimen was a double edge notch (DEN) configuration as shown in Fig. 5. 

The dimensions at the base of the notch root were the same as the CC geometry. The notch 
radius was 3 mm, which gives an elastic stress concentration factor, Kt, of  1.9 with respect 
to the net section. Although freely initiating cracks were studied, the bulk of  the work 
involved crack growth from a machined starter flaw in a similar way to the CC specimen. 
The DEN was tested over a range of stresses at a frequency of 1 Hz, which is consistent with 
the base data. The numerical assessment, however, focused on two stress levels: 350 and 
550 MPa. A finite element stress analysis based on cyclic stress-strain behavior showed that 
the former is essentially an elastic condition, while the latter displays substantial plasticity at 

2Weight percentage concentrations. 
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TABLE 1--Monotonic and cyclic properties for 
IM1829. 

Material Properties 

Elastic modulus 1.2 • 10 ~ MPa 
Monotonic yield stress 820 MPa 
Monotonic yield strain 6 X 10 -3 

Tensile strength 926 MPa 
Cyclic yield stress 620 MPa 
Cyclic yield strain 5.17 • 10 3 

SLIT D E T A I L / / ~  

Slit opening approx. 0.1 
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TABLE 2--Growth rate parameters at R = 0.l. 

Regime, AK, Temperature, 
Specimen MNm -3/2) m C, MN/m ~ 

CC 6.1 < AK --< 23 3.6 1.4 X 10 -~z 20 
CT 14.4 --< 23AK --< 35 6.1 6.8 X 10 -16 20 
CC 5.8 --< AK < 16 2.4 4.8 X 10-" 300 
CC 16 ~< AK < 37 3.5 2.2 X 10 -j2 300 
CT 12.3 --< AK --< 26.3 3.5 2.4 X 10 -12 300 
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FIG. 6--The variation of axial stress with distance in the DEN specimen from the FE 
analysis. 

the notch root. The difference is evident from Fig. 6, which demonstrates how the axial 
stress varies with distance from the root for a range of applied stresses. This demarcation is 
consistent with the cyclic lives for freely initiating cracks at these stress levels (Table 3). 

A finite element package, which had been developed in-house, was used to analyze both 
uncracked and cracked double-edge notch geometries. The 3-D program is based on stan- 
dard 20-noded bricks and employs reduced integration methods for plasticity. Stress-strain 
response is modeled using Von Mises effective stress-strain criteria and a piecewise seg- 
mentation of the material hardening curve to allow for a nonlinear hardening response. In 
the case of cracked geometries, meshes were set up for the individual elliptical shapes 
measured on tested specimens. The program then calculated J integral values by means of 
the surface integral suggested by Murakami and Sato [4]. The J integral values were used to 

TABLE 3--Cyclic response. 

Stress, MPa Life to First Crack 

350 >500 000 
550 22 000 
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establish stress intensity values, K, around the crack fronts. The validity of this package was 
established by comparing its predictions for a number of standard elastic and elastic-plastic 
cracked geometries with known analytical solutions. 

Crack growth for both CC and DEN specimens was monitored by computer-controlled 
optical and potential difference (PD) techniques. The PD system used a 30-A pulsed d-c 
supply that permitted resolution of crack length to better than 0.01 mm. A full finite element 
calibration of the PD facility for part-through cracks within the influence of the notch was 
carried out prior to the test program [5]. Characterization of the crack shapes that developed 
was aided by a heat-tinting technique. The typical variation in crack length along the notch 
root (a) with length down the side face (b) is shown for DEN tests at 350 MPa in Fig. 7. The 
PD system was also used to monitor crack closure. This involved the application of a single 
triangular waveform of 100-s duration at intervals during crack development in selected 
tests. For some tests, strain gages were also used to monitor closure. In a few cases, acetate 
replicas were applied at specific stress points during the cycle to gain a visual interpretation 
of the other methods. 

N u m e r i c a l  P r o c e d u r e  

The computer program applied the combined small and long crack data from the CC and 
CT measurements to predict not only cyclic lives for the notches but also to simulate crack 
shape development. The algorithm used is based on the work of Pickard [6]. Provided the 
growth rate data are consistent with the power law relationship of Eq 1, the number of 
cycles for a crack to grow an increment Aa = (a2 - a0  is given by 

1 { a~2]-m,'z) _ a~'--m/2) ] 

~ Y  = CY"F(Af f ) "w "~  1" ---- ~n/--2 J (2) 

with the stress intensity factor given by 

K = M~MsMBF(Acr)~(qra) I/2 (3) 
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FIG. 7 - - C r a c k  shape  deve lopment  a t  350  M P a  in the DE?~spec imen  (a = notch root, b 

= side face) .  
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208 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

where MG, Ms, and MB are general, side-face, and back-face corrections factors, respec- 
tively, and tk accounts for crack shape ellipticity. The Y factor in Eq 2 is (McMsMB ~h). The 
stress function, F(Atr), describes how the elastic stress field changes with distance from the 
notch root. 

In the present work, F(Atr) is a polynomial function. For an applied stress of 1 MPa, the 
axial stress field along the outside surface has the form 

try(X) = 1.712 - 1.400x + 1.121x 2 - 0.614x 3 + 0.227x 4 - 0.053x 5 + 0.007x 6 - -  0 . 0 0 0 4 X  7 (4) 

where x is the distance from the notch root. It was assumed that the stress in the notch root is 
constant. 

Predictions for Elastically Stressed Notch 

The numerical procedures assume elastic behavior and should, therefore, be effective for 
crack development at 350 MPa. The validity of this statement has been clearly demonstrated 
in a number of previous publications [7,8]. For convenience, the main considerations are 
reiterated here. 

A sensitive indicator of the effectiveness of the calculation method is the crack shape that 
develops at the notch. The optical measurements made during fatigue tests together with the 
heat-tinting exercise on cracked specimens provided an accurate picture for each of the 
stress levels considered. The pattern of behavior at 350 MPa is reproduced in Fig. 8. The 
lines represent the macroscopic crack front. On a finer scale, it was evident that the profile 
was serrated due to local microstructural interactions. These perturbations are not taken into 
consideration in the present work. Figures 7 and 8 demonstrate that, for this essentially 
elastic state, the crack fronts are strongly elliptical. Figure 8 also includes shapes predicted 
by the computer program. It is evident that these are consistent with the measurements. 
Figure 9 emphasizes that not only are the correct shapes predicted but that each is achieved 
at the right cyclic life. It was found that the only factor to significantly upset this correlation 
was a strong microstructural interaction [7]. These interactions involved arrests for extended 
periods of time, usually as a result of  the crack interacting with a prior beta grain boundary, 
probably as a consequence of the adjacent grain being unfavorably orientated. Figure 10 
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FIG. 8--Measured and predicted crack shapes at 350 MPa in the DEN specimen. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



EVANS ET AL. ON MICROSTRUCTURAL INTERACTIONS 209 

4 , , , I  . . . . . . .  , I  . . . .  I . . . .  I . . . .  
Predicted a / 

......... Predicted b / ( ~  
O Measured a / 

~ 3 [ A Measuredb 

I , , , , I , , , , I , , , , I , , , , 
0 ~ ~ J I ' I ~ a i I I I 

0 10000 2 0 0 0 0  3 0 0 0 0  40000 50000 60000 

Cycles 

FIG. 9- -Measured  and predicted growth curves at 350 MPa in the DEN specimen. 

clearly demonstrates an arrest of 16 550 cycles at one of these microstmctural barriers for a 
crack growing along the side face of a DEN specimen. 

In Fig. 11, the same analysis is applied to crack shape development at 550 MPa. Clearly, 
the measured crack shapes are less elliptical than those at 350 MPa (Fig. 8). This is 
presumably due to some restraint along the notch root. The computer program does not take 
the restraint into consideration and hence predicts more elliptical crack shapes. The pre- 
dicted lives are also considerably shorter than the actual measurements (Fig. 12). This 
suggests that it is restraint along the notch and not acceleration at the side face that causes 
the discrepancies. 

The discrepancies at 550 MPa were attributed to plasticity-induced closure at the notch 
root. The fact that it was not due simply to plastic redistribution of notch root stresses is 
testified by tests at high R (0.6) and a maximum stress of 550 MPa. The high R removes the 
closure influence, but the high stress maintains notch root plasticity. Consequently, the crack 
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FIG. lO--Crack  arrest for  side face growth in a DEN specimen. 
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FIG. 11--Predicted and measured shapes at 550 MPa in the DEN specimen. 

shape returns to the elliptical form observed at 350 MPa, confirming the role of closure at R 
= 0.1 (Fig. 13). On this basis, a detailed study was made of notch-root-induced closure, 
which subsequently led to modification of the numerical lifing package. 

Characterization of Crack Closure 

The fact that the notch response at 350 MPa can be predicted well from the base CC and 
CT data suggests a similar degree of crack closure in each situation. This is consistent with 
the essentially elastic response of the notch and with the work of McClung, who states that 
closure levels at notches are simply in proportion to the elastic stress magnification [9]. The 
CC tests involved stresses in the range from 450 to 600 MPa, while the peak elastic stress 
for the notch is 665 MPa. The contrasting response for notch tests at 550 MPa suggests a 
closure influence over and above the conventional crack tip effects operating in the uni- 
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FIG. 12--Measured and predicted growth curves for 550 MPa in the DEN specimen. 
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FIG. 13--Elliptical crack shape that developed at 550 MPa and R .= 0.6. 

formly stressed CC specimens. The closure studies set out to quantify this additional 
contribution. 

The closure investigation employed three techniques: PD monitoring, strain gages, and 
replicas. Each provides a slightly different view of the closure process, but these differences 
can be rationalized and together help to characterize the events taking place. Figures 14 and 
15 compare strain gage and PD response at similar crack sizes for a given test. The strain 
gage is bonded at the crack tip and slightly offset from the crack path (Fig. 14). It monitors 
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FIG. 14--Strain gage closure curve for  the plain-surface o f  a DEN specimen at 350 
MPa. Inset illustrates the gage position. 
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FIG. 15--PD closure curve for DEN specimen at 350 MPa. 

changes in local deformation conditions as the degree of opening and the compliance varies. 
The PD variations are due to changes in resistance as the area of crack in contact alters. Both 
graphs can be subdivided into three regimes. At high load there is a linear region that is 
almost horizontal in the case of the PD signal. This gives way to an intermediate zone in 
which the slope changes continuously. Finally, there is a further linear region at low loads 
with a much higher slope than that at high load. The upper transition point from linearity for 
the strain gages correlates reasonably well with the lower PD transition point. This is 
apparent from a visual comparison of Figs. 14 and 15 and confirmed by measurements from 
both techniques over a range of crack lengths (see Fig. 16). 

Replicas applied at fractions of the peak load provided information on the different 
closure conditions associated with each PD regime. During the upper linear region, the 
surface profile demonstrated that the crack was fully open. At the point of change to the 
intermediate regime, the crack tip first comes into contact. The length in contact then 
continues to increase until, at the onset of the lower linear regime, about 100 to 200/xm of 
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crack has closed. As the load continues to decrease, the closed region increases at a 
significant rate. Referring back to the strain gage record in Fig. 14, it is important to realize 
that the measurement is being made adjacent to the crack path and at the point when the 
crack tip has just passed the gage. Thus the strain gage still sees an open crack, even though 
the first 100 to 200/zm of crack length away from the tip has closed. In contrast, the PD 
signal senses this contact. This difference could account for the correlation of  upper and 
lower transition points from the gage and PD records, respectively. It is argued, on the basis 
of the correlation and the information reported below, that the lower PD transition point is a 
valid measurement of crack closure and the most appropriate value for establishing an 
effective driving force. The fact that it relates to about 100 to 200 /xm of closed crack 
suggests that an area relating to this dimension is required for the closure to become 
effective. It is this value that is reported below for both CC and notch specimens. 

Closure in Comer Crack Specimens 

The measured PD closure response for the CC specimens is summarized in Fig. 16. The 
graph includes data for applied stresses of 450 and 600 MPa. It plots the ratio of opening 
load (Pop) to maximum applied load (Pmax) against crack length. It is evident that eop]Pmax is 
independent of both stress and crack length within the ranges studied. The line drawn 
through the CC results suggests an average Pop/Pmax "~ 0.22. Figure 17 demonstrates that by 
using AKeff = (Kmax - Kop) for this value, a good correlation is achieved between growth 
rate data at R = 0.1 and 0.6 with m = 3.6 and C = 2.3 • 10 -12 (MN/m). 

Closure in the Presence of Notch Plasticity 

The closure response of the notch specimens is more complex, particularly at 550 MPa. 
The part-through cracks experience a higher level of closure at the notch root than along the 
side face for the larger cracks. Figure 16 presents the eop[Pmax values for PD measurements 
on the DEN at 550 MPa. It also includes strain gage values for the notch root. The PD and 
strain gage data correlate well, confirming the dominance of  the notch root closure. It is 
evident also that the closure level along the notch root is considerably greater than that 
observed in CC specimens. The average Pop[Pmax is approximately 0.4. 
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FIG. 17--Dependdnce of growth rate on effective stress intensity f actor for CC specimen. 
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The dominance of the notch root meant that the PD method could not be used to establish 
closure for crack tip regions away from the root. To explore the likely variation along the 
side face, a 2-mm-thick version of the DEN was made in which through-thickness cracks 
were grown from a 0.25-mm-deep starter slit. To maintain a range of AK similar to the thick 
DEN tests, a much smaller load and hence stress was applied. The results of PD measure- 
ments on this geometry are reported in Fig. 18. The dropoff in Pop/Pn~ax with distance from 
t h e  notch root is evident. At approximately 2 mm, the values become consistent with those 
for the unnotched CC specimens. A more limited evaluation using strain gages on the side 
face of thick DEN specimens at 550 MPa confirmed this pattern of behavior. 

M o d e l i n g  C r a c k  D e v e l o p m e n t  a t  P l a s t i c a l l y  D e f o r m e d  N o t c h  

On the basis of the experimental observations it was assumed that the degree of closure 
along the entire notch root at 550 MPa was consistent with the relationship Pop/Pmax : 0.4. 
For the side face, three phases of closure were modeled. For crack lengths up to 0.75 mm 
~from the notch root, a constant value consistent with Pop/P~,~ = 0.4 was specified. Beyond 
this crack length, growth is outside the influence of the notch root plastic zone. At crack 
lengths in excess of 2 mm, the closure level appears to fall to a value typical of plain 
specimens, i.e., Pop/P~,~x = 0.22. In between these extremes, it was assumed that closure 
decreased linearly with distance in a way similar to Fig. 18. The numerical package was 
modified to account for these closure values. 

Confidence in the assumed notch closure levels was gained from the elastic plastic finite 
element analysis of the cracked specimens. The package does not model crack closure but 
provides information on peak stress intensity factors at any crack position. Figure 19 shows 
how the stress intensity factor varies with position around the crack front for a range of side 
face crack lengths. The crack shapes are based on the idealized forms derived from the 
optical measurements along the notch root and down the side face. The important positions 
in the present context are 0 = 0 ~ (side face) and 0 = 90 ~ (notch root). It is evident that 
0 = 0 ~ and 0 = 90 ~ have similar peak stress intensity factors for the smallest crack, a = 0.5 
mm. They then show an increasing deviation as the crack length increases to 2.5 mm. 
However, if the above notch closure relationships are used to determine effective stress 
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FIG. 19--FE calculated stress intensity factors for elliptical cracks at 550 MPa in the 
DEN specimen. Inset defines positions along the crack front. 

intensity factors, it is found that AKeff is virtually the same at the notch root and side face. 
Typical values for three crack lengths are given in Table 4. 

The closure levels modeled lead to the scientifically satisfying result that the cracks are 
attempting to take up a shape that has a constant driving force around the crack front. 
Similar observations have been reported previously [10]. The full implications of  Fig. 19 
will be discussed elsewhere [11]. It is sufficient to point out at this stage that only the 0 = 
90 ~ and 0 = 67.5 ~ positions are within the notch root plastic zone for the full range of crack 
lengths studied. The relatively high level of closure associated with this plasticity would 
account for their different response from the 0 = 0 ~ 22.5 ~ and 45 ~ positions in Fig. 19. 

The results of the closure corrected modeling of  crack development in the DEN at 550 
MPa are presented in Figs. 20 and 21. For the calculation, the growth behavior of CC and 
CT specimens was re-expressed in terms of AKeff to be consistent with the modified analysis 
of the DEN. Figure 20 compares the revised prediction of crack shapes with the measured 
values. Referring back to Fig. l l ,  it is evident that the degree of agreement between 
predicted and measured shapes has been much improved. Furthermore, Fig. 21 demonstrates 

TABLE 4--Dependence of AK~ on crack front position. 

Kmax, a Opening/Maximum Age f f ,  a Crack Size 
Position MPa;~mm Ratio MPa:~m (side face), mm 

Notch root (0 = 90 ~ 0.041 0.4 0.024 0.5 
Side face (0 = 0 ~ 0.035 0.4 0.021 
Notch root (0 = 90 ~ 0.070 0.4 0.042 1.5 
Side face (0 = 0 ~ 0.056 0.28 0.040 
Notch root (0 = 90 ~ 0.092 0.4 0.055 2.5 
Side face (0 = 0 ~ 0.072 0.22 0.056 

aThe K values are for unit remote stress (i.e., per MPa). 
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FIG. 20--Shape prediction for the DEN at 550 MPa with closure correction. 

a much closer correlation between predicted and measured propagation lives when closure is 
taken into consideration, as a comparison with Fig. 12 will confirm. 

Temperature Effects 

The increase in temperature can introduce further difficulties with respect to predicting 
the life of stress concentration features. In addition to notch root plasticity and microstruc- 
tural interactions, oxidation effects can affect behavior and can lead to further closure 
effects. Experimental difficulties also arise in attempting to measure closure loads at 
temperature. A detailed program is underway at Swansea to characterize these influences. 
Preliminary studies have focused on notch effects at stress levels where notch root plasticity 
is not significant, i.e., the stress/cyclic yield stress ratio, ~Arcv s = 0.42 to 0.53. Once again, 
it was found that the uncorrected data presented in Fig. 4 accurately predict both the 
elliptical crack shapes and notch cyclic lives at 300~ Some typical data are presented in 
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FIG. 21--Life prediction for the DEN at 550 MPa with closure correction. 
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TABLE 5- -Pred i c t ed  lives at 300~C. 

217 

Measured Predicted 
Stress, MPa a, mm b, mm Propagation Life Propagation Life o'/trcr s 

200 4.5 2.8 227 700 194 000 0.42 
250 1.6 1.5 80 700 76 000 0.53 

Table 5. To place the information in context, it is worth pointing out that O'/O'cy S a re  0.56 
and 0.89, respectively, for the 350 and 550 MPa tests at room temperature. 

Discussion 

This paper has explored the effectiveness of the type of fracture mechanics analysis used 
in state-of-the-art component life prediction procedures. In particular, it has covered micro- 
structural influences through the choice of a test material with a coarse unit size and has 
assessed the role of plasticity by evaluating a specifically designed notch over a range of 
stress conditions. A limited amount of data on temperature effects is also included. On the 
basis of this work and previously published information [7], it is clear that both crack shape 
and life to a specific crack size are well predicted provided there is not a marked microstruc- 
tural influence and there is not significant notch root plasticity. 

It has been reported previously [7] that microstructural interactions occur when the cracks 
address major features such as prior beta grain boundaries and alpha colony boundaries. The 
consequence is a retardation in growth rates leading to longer lives than the computer model 
predicts. In terms of establishing component lives, this might be considered acceptable albeit 
rather pessimistic. For the database approach, however, the retrospective use of fracture 
mechanics to establish starting flaw sizes might run into difficulties. The calculated maxi- 
mum flaw size from a test extended by microstructural interactions could be underestimated 
with obvious implications for subsequent component life prediction. In practice, a large 
database should minimize this risk. 

Plasticity has far wider reaching consequences. This influence is dominated by the 
resultant generation of notch root closure rather than through modification of the general 
stress field [8]. The notch root closure is in addition to closure induced by crack tip 
plasticity. This is evident from the modeling work at 350 MPa. For this stress, plasticity at 
the notch root is limited. Consequently, crack development can be predicted simply by 
applying laboratory data that have not been closure corrected. At 550 MPa, however, a 
markedly different response is evident. The cracks are less elliptical and take a larger 
number of cycles to grow to a given size than the simple numerical model suggests. Notch 
root closure is adding to the crack tip condition. Now it is essential to build closure into the 
numerical analysis. This again is particularly relevant for database lifing methods. These 
rely on laboratory tests at stresses where plasticity can be significant together with compo- 
nent test bed information, which is likely to be overstressed in comparison to service 
operating conditions. In a similar way to the microstructural interactions, failure to allow for 
such geometry-dependent closure will lead to pseudo flaw size values that are not appropri- 
ate for service components. 

In the course of this paper it has been shown that a viable picture of closure within the 
DEN studied can be constructed through application of a range of experimental techniques. 
The PD method provides a global view of the phenomenon and has the advantage of 
allowing continuous monitoring. It indicates when first contact is made and provides 
information on when sufficient crack closure has occurred to support the compressive loads 
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and hence determine the effective driving force. This view contradicts earlier closure studies 
[12] that criticized the effectiveness of PD monitoring systems. Important differences here, 
however, are the use of comer crack specimens, the close proximity of the PD probes to the 
crack plane and tip, and the part-through crack geometry. The previous work tended to focus 
on remote monitoring of large through cracks. The replica technique is more limited from an 
experimental point of  view but does provide information on surface effects and a visual 
interpretation of the PD signals. The work to date suggests that about 100 to 200 /~m of 
surface crack length has closed at the critical Pop load level. The strain gage method is also 
dominated by surface and near-surface effects. It will, however, also be affected by the 
general compliance of the system and, as such, can be related directly to the PD measure- 
ments. It is argued that all three techniques are important for a full appreciation of 3-D 
closure, as in the case of part-through cracks at notches. The present analysis shows that it is 
possible to quantify this closure, although the small inaccuracies evident in the analysis 
suggest that our understanding is not complete. These limitations are currently being tackled 
by combining more specific experimental evaluations with 3-D finite element modeling. 

Conclusions 

1. Conventional fracture mechanics together with growth rate data from simple specimen 
geometries can be used to predict part-through crack development at notches without an 
allowance for closure provided the stress level is not sufficient to cause significant notch 
root plasticity (fatigue lives of 105 to 106 cycles). 

2. The simple analysis has been shown to be in error if there is a major interaction 
between the crack front and the microstructure. Such interactions tend to result in pessimis- 
tic life predictions. 

3. At stress levels where there is general yield at the notch root (lives of  <105 cycles), the 
simple analysis predicts the wrong crack shape (too elliptical) and lives that are too short. 
Numerical procedures that allow for notch root closure predict the crack development 
correctly. 

4. The 3-D crack closure at notches can be characterized by means of combined PD, 
strain gage, and replica techniques. At 550 MPa, Pop/Pmax -- 0.4 along the notch root. Down 
the side face, Pop/Pm~, = 0.4 within the notch plastic zone (a ~ 0.75 mm); which then 
decays linearly until a = 2 mm when it becomes constant with a value of 0.22, Pop/Pmax = 
0.22 is typical of unnotched CC specimens. 
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ABSTRACT: The methods used to predict crack initiation life (durability) and crack growth 
life (damage tolerance) of the United States Air Force/Northrop Grumman B-2 Bomber are 
discussed. The test matrix used to verify the methodologies is presented, followed by a 
discussion of each method and the results of the verification tests. 

Durability analysis on the B-2 is based on a notch strain analysis method. The method uses 
the cyclic stress-strain properties of a material combined with the Neuber equation for strain 
concentration at a notch to predict crack initiation lifetimes. The method results in a design- 
allowable curve for durability. 

Damage tolerance analyses must account for the effects of crack retardation due to overload 
cycles in a flight spectrum. The methods used for crack growth analysis rely on empirical 
parameters that are dependent on material; however, they are also often dependent on the type 
of spectrum. If the spectrum changes drastically, it is often necessary to recalibrate the crack 
growth model. A model based on phenomenon of crack closure has been developed that 
overcomes the need to recalibrate the model for each new spectrum. The model, referred to as 
the "constant closure model," was used for crack growth life prediction of metallic compo- 
nents in the B-2. In the constant closure model, the closure factor (CF) is the only empirical 
parameter. The other parameters needed to use the constant closure model are obtained from 
the load spectrum. 

KEYWORDS: metal fatigue, aircraft fatigue, aircraft structural integrity, notch strain analy- 
sis, strain life analysis, fatigue crack growth, fatigue crack closure, constant closure model 

Prediction of structural life and prevention of fatigue failures are critical to the design of 
new aircraft. Components subject to fatigue loading must be identified and steps taken to 
ensure that they are properly designed. The United States Air Force categorizes the critical 
parts into two categories: (1) durability critical parts--those parts whose replacement would 
not be economically feasible, and (2) fracture critical parts--those parts whose failure could 
result in the loss of the aircraft. 

Durability critical parts must meet the design life of the aircraft without suffering any 
cracks or damage that would impair the function of the part. Fracture critical parts are 
designed assuming that a "rogue flaw" is present from the initial manufacture of the 
component. A crack growth analysis is performed using the assumed rogue flaw geometry, 
and this crack must not grow to failure during the life of the aircraft. 

Analysis methods to predict fatigue and fracture or damage tolerance lives for metallic 
structures have been continuously improved with each new aircraft design. As more is 
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understood about the basic mechanisms of fatigue crack initiation and fatigue crack growth, 
models have been developed that incorporate the physical processes involved. Such physical 
processes include the relationship of applied strain range as the important factor controlling 
low-cycle fatigue life and crack closure as one of the important factors influencing crack 
growth. 

Although composite materials are used extensively on the B-2, a significant number of 
critical components are fabricated from metallic materials. These components include pres- 
sure bulkheads, control surface fittings, fuselage frames, and spar and rib caps. A test 
program was therefore performed to verify that the durability and damage tolerance methods 
used were accurate. The durability analysis method used was a notch strain analysis method. 
The damage tolerance analysis method used on the B-2 incorporated the concept of crack 
closure. In the following sections, the methods used to predict structural life of the metallic 
components on the B-2 will be presented along with experimental verification results. 

Experimental Methods 

An experimental program was designed to validate the durability and damage tolerance 
methods over a wide range of materials subjected to different loading spectra. The durability 
and damage tolerance methods described herein were coded into FORTRAN programs. 
Experimental test results were compared to the predictions of the computer codes. The 
experimental program involved 20 materials (various forms and heat-treat conditions of 
aluminum, titanium, nickel, and steel alloys). Eleven different flight spectra were employed. 
A previous study of the notch strain analysis method was utilized to increase the experimen- 
tal database for this work [1]. Porter reported experimental work using F/A-18 fighter 
aircraft spectra. The spectra used in Ref 1 were obtained and analyzed using the current 
methods. These additional data increased the number of random flight spectra analyzed in 
the current work to 23. The experimental program permitted us to study the accuracy of the 
models from the following standpoints: 

�9 Effects of materials, product form, and heat treatment. 
�9 Effects of different notch geometries. 
�9 Effects of different types of spectra. 
�9 Effects of spectrum variables such as truncation. 

Specimen Geometry 

Figure 1 shows the nine specimen designs used to experimentally verify the durability 
analysis method. These specimens represent a range of side grooves and hole geometries. 
The load on all notch strain analysis specimens was applied uniaxially along the specimen 
centerline. The stress severity factors shown in Fig. 1 for each geometry are based on 
calculations of the elastic stress concentration factor for the notch or hole. 

Crack growth specimens used to verify the constant closure model were 4-in. (102-mm)- 
wide panels with a central hole. A quarter elliptical flaw was initiated from one side of the 
hole. The procedure to introduce the flaw was to first drill a 3.2-ram (0.125-in.)-diameter 
hole. Using a fine tooth saw or razor knife, a corner notch was introduced on one side of the 
hole. The specimen was fatigue cycled until the induced flaw grew to a nominal surface 
length of 2.9 mm (0.I 13 in.) from the edge of the hole. The 3.2-ram-diameter hole was then 
enlarged to 6.4 mm (0.250 in.) in diameter. The end result was a sharp quarter-elliptical 
crack with a nominal surface length of 1.3 mm (0.050 in.) at the edge of the hole. The 
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fatigue cycling used to precrack the specimen was a load-shedding scheme to minimize the 
residual plastic zone at the crack tip. Figure 2 shows the crack growth specimen geometry. 

Spectra 

The spectra used in the current test program are representative of flight mission profiles 
for long-range bomber aircraft. The spectra obtained from Ref 1 are representative of 
fighter/attack aircraft. The mission profiles represented stress histories at specific aircraft 
locations such as control surfaces, wing stations, and landing gear. Figures 3a to 3e show the 
exceedance curves for the bomber spectra, and Table 1 gives a description of each spectrum. 
Figure 4 shows airframe locations represented by the spectra. 

Figure 3a shows a wing-bending spectrum for which the largest number of tests were 
performed. This spectrum is a symmetric spectrum in that it contains an equal number of 
compression and tension exceedances. Figure 3b shows the exceedance curves for five 
separate spectra. These spectra are also for wing bending, and all five are from the same 
location. The five spectra were subjected to different levels of truncation and bumping. 
Truncation is a technique that eliminates low-amplitude loads to reduce analysis time and to 
reduce test costs. Bumping refers to the "bumping up" of maximum load levels to increase 
fatigue damage of truncated spectra. However, it is important that the truncation and 
bumping levels do not affect the life calculations. Figure 3c shows exceedance curves for 
the B-2 control surfaces. Two of these spectra are dominated by tension loads and the flap 
spectrum shown is a constant amplitude spectrum. An engine mount spectrum is shown in 
Fig. 3d and a landing gear spectrum in Fig. 3e. 

These spectra permit the testing of the effects of several load variables on the prediction 
capability of the models. The variables include spectrum truncation level, spectra dominated 
by positive loads (R > 0), and spectra with fully reversed loading (R = - 1). 

, - -  102 - ,  - - ,  I,-6.35 
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FIG. 2--Specimen geometry used for verification of damage tolerance analysis method. 
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FIG. 3a--Wing-bending exceedance Curve A used for spectrum fatigue test correlations. 

Material 

Twenty material forms were tested. These material forms were different alloy and heat- 
treat conditions of aluminum, titanium, and steel. All  alloys tested were commercially 
available products conforming to the appropriate military and commercial standards. Table 2 
lists the materials tested. These materials are representative of materials commonly used for 
primary aircraft structures. 

Test Procedures 

The notch strain analysis specimens were polished to ensure a smooth initial condition. 
The specimen holes were deburred to ensure a smooth initial condition around the hole. 
Loading was applied uniaxially using a servohydraulic test system controlled by computer. 
The load spectrum was written to magnetic disk that the computer read as a sequence of 
peak and valley loads. A digital to analog converter then transferred these values to the load 
controller on the test system. 

Tests were monitored visually using a traveling microscope. For the notch strain analysis 
specimens, the microscope was used to monitor the appearance of a detectable crack. This 
crack (or cracks) was then monitored to obtain a curve of cycles versus crack length. These 
data were then used to extrapolate back to a crack size of 0.762 mm (0.030 in.). The number 
of cycles at which the crack attained this length was used to define crack initiation life. The 
traveling microscope was used on the crack growth tests to continuously monitor crack 
length versus cycles. 
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FIG. 3b--Wing-bending exceedance Curve B used for determining effects of spectrum 

truncation and bumping on spectrum fatigue test correlations. 

All stress calculations reported herein are based on gross area stress. The stress reported 
for each test is the maximum stress for that spectrum. 

Notch Strain Analysis Model 

Complete reviews of the notch strain analysis methods have been presented elsewhere 
[2-4]. This discussion will only briefly summarize the important equations of the method 
and then will focus on the application of the method to flight spectrum analysis for the B-2. 
The work of Coffin [5] and Manson [6] demonstrated the relationship between applied strain 
and low-cycle fatigue life. The Coffin-Manson relationship relates applied strain to fatigue 
life. This relationship is commonly presented as the summation of two exponential expres- 
sions [3] 

-~- = (2N) b + ~,~(2N) ~ (]) 

where 2N is the life to initiate a fatigue crack, E is Young's modulus, tr~ is the fatigue 
strength coefficient, e~ is the fatigue ductility coefficient, and b and c are material-dependent 
exponents. In addition to the Coffin-Manson relationship, the cyclic stress-strain curve is an 
important material parameter for notch strain analysis. Materials cycled at constant strain 
amplitudes demonstrate a hysteresis loop in stress and strain. Connecting the tips of hys- 
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FIG. 3c--Control surface exceedance curves used for correlation of R ratio effects on 
spectrum fatigue correlations. 

teresis loops for several strain amplitudes results in a cyclic stress-strain curve. A common 
empirical fit for this curve is [3] 

A~_  A(r + (Ao ' / " '  (2) 
2 2E \~-71 

where Ae is the strain range, A(r is the stress range, K' is the cyclic strength coefficient, and 
n' is the cyclic strain-hardening exponent. Values for K' and n'  are determined empirically. 

The notch strain analysis methods relate the applied stresses to localized plastic strains 
occurring at discontinuities near notches. The applied stresses are related to the notch root 
strains by means of Neuber's rule. An implied assumption in the use of Neuber's rule is that 
the stresses and strains away from the notch remain elastic. For most good airframe designs 
this assumption is reasonable. Neuber's rule is given by 

(SSFAS) 2 _ Act A~ (3) 

4E 2 2 

where S S F  is the stress severity factor, AS is the applied stress range, Act is the notch stress 
range, and A~ is the notch strain range. Equation 3 is a hyperbola in stress-strain space as 
shown in Fig. 5. Application of the notch strain analysis requires a cyclic stress strain curve, 
and a curve of the form given by Eq 2 is also shown in Fig. 5. 

As presented, the application of the Coffin-Manson Equation, the cyclic stress-strain 
curve, and Neuber's rule are valid for constant amplitude cycling. To apply these relation- 
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FIG. 3d--Engine mount exceedance curve used for spectrum fatigue test correlations. 

ships to spectrum fatigue loading, it is necessary to convert fatigue data from multiple R 
ratios to a single curve at R = - 1. This is done by using an equivalent strain formula. 
Several investigators have proposed equivalent strain equations. For application to the B-2, 
an equation similar to equations used in Ref I was employed 

A o -  

~ -  =[161 2 -  ' 
2O'o 

Ao-I J' 1 -  - < - - < 0  eq A O "  

~ 2 o> 0 
-T 1 + A ~ ] '  A~ 

where a is the equivalent strain exponent, (A~/2)~q is the equivalent strain range, and % and 
Acr are the stabilized mean stress and the stabilized stress range for a fatigue test conducted 
at a strain range of Ad2. The exponent a is determined for each material. 

The cyclic stress strain curve and the Neuber hyperbola shown in Fig. 5 intersect. The 
Neuber hyperbola represents the state of stress and strain at the notch due to an applied 
stress AS. The cyclic stress strain curve represents the relation between stress and strain after 
cyclic hardening (or softening) has stabilized. The intersection of the Neuber hyperbola and 
the cyclic stress-strain curve represent the closure of a hysteresis loop. If it is then assumed 
that these hysteresis loops can be a measure of fatigue damage, the intersection of the 
Neuber hyperbola and the cyclic stress strain curve represents the level of  fatigue damage 
incurred by application of a stress level AS. The strain levels computed by the intersection of 

0, 2 ~ ~  - 2 I~ 
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TABLE 1--Description of random flight spectra used for analysis verification. 

Spectrum 
I.D. Spectrum Description 

A 
B 

B1 
B2 
B3 
C 
D 
E 
F 
G 
H 
I 

Wing Bending, Lower Surface, 12% Truncation 
Wing Bending, Lower Surface, 15% Truncation 
Wing Bending, Lower Surface, 24% Truncation 

Wing Bending, Lower Surface, 24% Truncation, Bumped 6% 
Wing Bending, Lower Surface, 24% Truncation, Bumped 13% 

Wing Bending, Upper Surface, 24% Truncation 
Engine Mount Nz 

Control Surface, Inboard Elevon Hinge Moment 
Control Surface, GLAS Hinge Moment 

Control Surface, Flap Hinge Moment (Constant Amplitude) 
Control Surface, Rudder Hinge Moment 

Landing Gear 

the two curves is related to life by referring to a strain life curve. A key development in the 
application of the method was accurate cycle counting methods that can identify the closing 
of hysteresis loops [4]. The methods used for the B-2 incorporated cycle counting within the 
same computer routine used for the notch strain analysis. This permitted the calculation of 
fatigue damage as soon as a closed hysteresis loop was identified. The advantage of this 
approach is the preservation of sequence effects on fatigue life calculations. 

Integral to the application of this method is the stress, severity factor (SSF). The concept 
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FIG. 5-- Intersect ion o f  Neuber  hyperbola and cyclic stress strain curve. 

of the stress severity factor was proposed by Jarfall [7]. It has been discussed and refined 
elsewhere [8]. As presented by Niu [8], it is analogous to a fatigue notch factor. The 
maximum stress at a joint is the summation of the stress due to the bypass load and the stress 
due to the fastener load: 

O'max = ~ t  gtpin -~- ebP x Wt topen (4) 

where P p i n  is the portion of the load carried by the fastener, Pbp is the bypass load carded 
through the joint, D is the fastener diameter, W is the joint width, and t is the thickness of  the 
component. The stress severity factor accounts for the magnification of the stress at the 
fastener hole (or other notch) relative to a reference stress 

S S F  _ 0 "  . . . .  1 ~epingin ebpgt . . . .  / 

Ore f O're f ~ Dt ~ + Wt " ] 
(5) 

In addition to notch effects, the stress concentration factors may include effects of hole 
countersink and adjacent hole shadow effects. The stress severity factor is also used to 
incorporate the effects of material processing variables on fatigue. The equation for SSF 
then becomes 

SsF = FjFF~ ( Ppin K 
i~ + o%f ~Dt tp Wt ~- ] 

(6) 

where Fj is a factor accounting for material form, and FFT , the life improvement factor, is a 
factor to account for beneficial processing effects such as cold working. If  complete fatigue 
data are available for the precise material condition in question, then F i will be set equal to 
1. As an example, material data are often obtained for the long transverse (LT) grain 
orientation, but in some situations loading may occur in the short transverse (ST) direction. 
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In such cases F~ will be set to a value greater than 1 to account for the difference in product 
form. The life improvement factor, FFr, reduces the SSF to account for the beneficial effects 
of  certain fastening systems such as the cold working of fastener holes to improve fatigue 
life. The life improvement factors for certain systems are: 

1. Split sleeve cold work: F~T = 0.85. 
2. Interference fit fasteners: FFr = 0.85. 
3. Hole filling solid rivets: F r r  = 0.90. 

The stress severity factor concept is a value calculated by the stress analyst, and it forces the 
analyst to be cognizant of good fatigue design practice (i.e., large radii fillets are better than 
sharp radii, etc.). It provides opportunities to incorporate reasonably conservative assump- 
tions such as the case of cold-working fastener holes. The life improvement factors noted 
above would reduce the stress severity factor; however, this improvement is seldom ac- 
counted for in design analysis. By setting the life improvement factor equal to 1, the analyst 
makes the calculations more conservative and leaves room for unexpected events such as 
needed repairs. 

Figure 6 shows a flow chart of the notch strain analysis method as applied to the B-2. 
Keys features of the method are: 

1. The simplicity of the output. Figure 7 shows a sample output fatigue allowable curve. 
It is presented as stress severity factor times the reference stress (SSF*trrof). The 
analyst can use the calculated stress to establish the life margins for a component. If a 
part does not meet specified life requirements, design changes are recommended. The 
design changes can focus on either reducing the stress or improving the fatigue notch 
detail and can hence reduce the stress severity factor. 

2. The accounting for sequence effects of fatigue spectrum analysis. Rather than cycle 
counting the entire spectrum and setting up range-mean statistics for later damage 
calculations, the damage fraction is computed as soon as the cycle count identifies a 
closed hysteresis loop. This permits the assessment of changes in usage on the 
structural fatigue life, a feature that is useful when the aircraft becomes operational. 

3. The influence of geometry and processing variables on fatigue life are accounted for 
in the stress severity factor. The analyst computes the stress severity factor during the 
life assessment of the component. Computation of the stress severity factor as part of 
the analysis is straightforward, yet it forces the analyst and the designer to be 
cognizant of good fatigue design practice. 

Notch Strain Analysis Verification Results 

A simple method to evaluate the accuracy of the model is to plot the test data onto an 
allowable curve generated by the analysis method. Such a plot is shown in Fig. 8. The B-2 
was designed for four lifetimes of durability loading, i.e., all components had to be shown 
"good"  for four times the 10 000-h design life. This is equivalent to a scatter factor of + 4  
on fife. Plots such as Fig. 8 indicate a general trend that the method is accurate within this 
scatter factor; however, it is difficult to quantify the degree of scatter in the life data from 
these plots. All of the test results are plotted on Fig. 9 as predicted life versus test life. Lines 
representing a scatter factor of 4 are also shown, and most of the data fall within this bound. 

To statistically quantify the data scatter, ratios of test life to calculated life were com- 
puted. If the prediction correlated perfectly with the test data, the value of this ratio would 
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FIG. 6--Flowchart for notch strain analysis method. 
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FIG. 7--Allowable curve generated by analysis program. Curves at higher load transfer 
values are used for analysis of joints. 

be 1. The minimum allowable value would be 0.25 since this would represent the scatter 
factor of 4 applied to the design life 

test life 10 000 h 

calculated life 40 000 h 

This ratio was plotted on log-normal probability coordinates to assess the correlation of the 
model to test data. 

The log-normal probability plot for the entire population of test data is shown in Fig. 10a. 
The data correlate well with the log-normal distribution. About 79% of the tests fall within 
the values 0.25 to 4. Twenty percent of the test-life/calculated-life ratios were greater than 4, 
which is conservative. Only 1% of the tests indicated an unconservative value of less than 
0.25, The 1% of unconservative results is tolerable because additional conservative assump- 
tions would be factored into the calculation of the reference stress. 

The statistical evaluations can be used to assess some of the effects of the various test 
parameters. Figures 10b through 10d are log-normal plots of the data plotted as functions of 
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FIG. 8--Test results for A17050-T7451 plate shown for the Wing Bending A spectrum. 

material, spectra truncation, and specimen type. Figure 10b shows the correlation as a 
function of material type. The aluminum alloys and the PH13-8Mo steel had a narrower 
scatter band than did titanium, yet even the titanium was well behaved in terms of a 
conservative prediction on durability life. The high-strength cobalt steels were very well 
behaved in terms of a narrow scatter band, and the predictions were conservative for this 
alloy. The small amount of data for Inconel 718 or the 9Ni-4Co-0.20C steel preclude 
conclusive inferences. 

Figure 10c shows the effects of spectrum manipulation on the prediction of  durability life. 
It is notable that the spectrum with the highest level of truncation is the spectrum that had 
the least scatter and best correlation. As the truncation level increases, the spectrum 
becomes more like a constant amplitude spectrum. The other spectrum manipulations did 
not change the overall correlation of the model. 

Figure 10d shows the data broken down by specimen type. Some of the specimen types 
demonstrated bilinear behavior when plotted in terms of the statistical log-normal model. 
One feature that does stand out from this data is a trend for specimens with the highest stress 
concentration values to have less scatter. The notch strain model assumes a high strain level, 
and the specimens with the low stress concentrations may not have achieved this strain. 
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Fatigue analysis of airframe structures involves loaded joints that have high stress concen- 
tration factors, so this assumption of the notch strain analysis method is not a limitation. 

Constant Closure Model 

The purpose of  crack growth calculations is to establish the safe life of structures that 
contain growing fatigue cracks. These safe life calculations use constant amplitude crack 
growth data as input; however, aircraft flight spectra seldom approach a constant amplitude. 
The approach of  most cycle by cycle analysis methods is to perform incremental summation 
of a crack growth rate data. For example, a common crack growth equation is the Paris- 
Erdogan equation 

da 
- CAK" (7) 

dN 

where a is the crack length, N is the cycles, AK is the stress intensity range, and C and n are 
curve fit constants. For each load level of  a random flight spectrum, AK is calculated and 
substituted into Eq 7 

t~a = C(AKapplied) n ~ ( 8 ~ l j  

= 1 cycle 

Each crack growth increment ~a is calculated and summed until a critical crack size is 
attained. Simple application of this summation to aircraft flight spectra results in life 
estimates that are too conservative (i.e., the structure is too heavy). This conservatism is due 
to the phenomenon of crack growth retardation. The occurrence of tension overload cycles is 
known to retard crack growth after the application of subsequent load cycles. Under some 
conditions, these retardation effects can be offset by compression overloads. Aircraft spectra 
are sequences of tension and compression overload cycles; therefore, effects of crack growth 
retardation and acceleration must be accounted for in order to design aircraft structures that 
are optimized for flight safety. 

The types of models used to correlate retardation/acceleration effects tend to fall into two 
categories. The first category of  crack growth models are yield zone models such as the 
models proposed by Wheeler [9] and Willenborg et al. [10]. The second type of model is 
crack closure such as those proposed by Bell and Creager [11], de Koning [12,13], and 
Newman [14,15]. Yield zone models assume that an overload plastic zone at the crack tip 
controls retardation, and as long as the crack tip remains within the overload zone, a 
retardation factor is applied to the crack growth rate equations. Closure models utilize the 
concept of crack closure to explain retardation. Elber first described plasticity-induced 
retardation where residual stresses in the wake of the crack tip exert closing forces on the 
crack [16]. Since Elber's work, many other closure mechanisms have been identified as 
summarized by McEvily [17]. 

A common feature among the referenced crack growth models is the need for a "mem- 
ory." The yield zone models must track the size of plastic zones and the occurrences of  
overloads that increase this plastic zone size. These models must also memorize the location 
of the crack tip relative to the plastic zone. Likewise, closure models that have been 
discussed need to memorize the closure level of a prevailing overload and when the effects 
of that overload have decayed. The closure model proposed herein dispenses with the need 
for a memory by assuming a constant closure level. 

The closure models derive their name from the fact that forces acting behind the crack tip 
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240 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

close the crack faces before the applied load reaches a zero level. Therefore, it is necessary 
to compute the crack opening stress level. Elber defined an effective stress intensity range, 
AKeff, that defines the portion of the load cycle where the crack is open 

AKeff = K m ~ x -  Kopen (8) 

where Kmax is the maximum stress intensity, and Kopen is the stress intensity at the crack 
opening load. To measure the magnitude of the closure level, Elber suggested the ratio 

U - AKeff - Kmax - K~ (9) 

AK Km~ x -- Kmi n 

Experiments on constant amplitude data have shown a variation of U with the fatigue load 
ratio R. A number of empirical equations have been proposed to describe the functional 
relationship between U and R, and a number of these equations are summarized in the 
review by Schijve [18]. Typical of  the equations is a second order polynomial from 
Schijve's work for 2024-T3 aluminum 

U = 0.55 + 0.33R + 0.12R 2 (10) 

Elber 's  closure parameter U has been widely used to correlate constant amplitude data; 
however, for random spectra, it has been more convenient to define the closure factor as the 
proportionality constant between the crack opening load Kop~, and the maximum load Kmax 

Kope. = CF . Km~x (11) 

Substitution of Eq 11 into Eq 9 and noting that Km~n = R Kma x leads to 

U = (1 - C F )  (12 )  

(1 - R )  

and thus the factors CF and U are equivalent definitions of the closure factor. Newman has 
proposed equations for the closure factor that account for maximum stress level and crack 
tip constraint, as well as R ratio [19] 

and 

CF = Ao + AIR + AzR z + A3 R3 for R --> 0 (13a) 

CF = A o + A~R for R < 0 (13b) 

where the effects of  constraint and Smax are accounted for in the definitions of the coeffi- 
cients 

Ao = (0.825 - 0.34t~ + 0.05c~2)[cos ('lrSmax]2tro)] 1/'~ 

Aj = (0.415 - 0.071c0(Smaxhro) 

A2= 1 - A  o - A  I - A  3 

A3 = 2Ao + A1 -- 1 
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where a is the constraint factor. For plane stress (x = l ,  and for plane strain a = 3. The 
term (r o is an al lowable strength term interpreted by Newman as the average of  the yield and 
ultimate strengths for the material. 

The closure factor is used to compute the opening stress level (Eq I l).  In crack growth 
calculations, it is assumed that the crack growth rate for a random load cycle in a spectrum 
is equal to the growth rate for the equivalent constant amplitude load: 

and since da/dN = f(AKeff) it follows that 

AKeYfSpE c = AKeffDAT A (14) 

where the subscripts SPEC and DATA refer to values for the random amplitude spectrum 
and the constant amplitude data. Since AKeyy = UAK and U = (1 - CF)/(1 - R), both 
sides of this equality become 

AKsPEC (1 - CFsvEc ) _ AKDATA (1_ _~ CFDATA ) (15) 
(1 - RSPEC) (1 -- RDATA) 

and solving for AKDATA 

AKDATA = AKsPEc (1 ~ CFsPEc) (1 -- RDATA) 
(1 - RSPEC ) (']" S CF--~ATA) (16) 

The spectrum stress intensity range can be expressed in terms of  the stress intensity at the 
peak load level 

AgsPEC = Kma x SPEC(1 -- RSPEC ) (17) 

where KmaxSPE C is the peak stress intensity of the current cycle in a random amplitude 
spectrum. Substitution gives 

(1 -- RDATA ) 
AKDATA = Kma x SPEC(1 -- CFspEc ) (~ _- ~ )  (18) 

or since Kop~. = CF Kmax 

AKDATA = (Kmax SPEC -- Kopen SPEC) 
(1 - RDATA ) 

( 1 -  CFDATA ) 
(19) 

The value of Kopen SPEC might be expected to change with each cycle. However, if  it can be 
assumed that the closure load is constant for a spectrum or a portion of the spectrum, the 
calculations become much simpler. By assuming that there is a "controlling overload" that 
occurs often enough to keep the residual stresses in the crack tip wake constant, the equation 
for the constant closure model becomes 

(1 - RDATA ) 
AKDATA = (gmax SPEC - -  CFsPEcKcoL) (20) 

( 1 -  CFDATA ) 
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where Kcol is the stress intensity factor at the defined "controlling overload level" for the 
spectrum. 

The simplicity of this model is that it involves only a single parametric value, i.e., the 
closure factor. The assumption that the overload value and the closure factor are constant for 
a given spectrum simplifies this equation to a single variable quantity, KmaxSPEO TO compute 
crack growth rates, it is then only necessary to track the maximum stress levels. From the 
maximum stress level of each cycle KmaxSPE C is computed for each cycle using an appropri- 
ate stress intensity formula. This value is then substituted into Eq 20 to compute AKDATA. 
Once AKDATA is known, the AK versus daMN data curve for the appropriate material is 
referenced to obtain the growth rate for that cycle. This procedure is repeated for each 
maximum load level, and the crack growth increments are summed until a critical crack size 
is reached at which point failure occurs. 

In order for the assumption of the constant closure model to be valid, it is necessary for 
spectrum overloads and underloads that control the residual plastic zone to be repeated 
periodically throughout the life of the component. The R ratio of the spectrum is defined by 
establishing a controlling value for the spectrum overload and for the underload. The R ratio 
of the spectrum is thus 

/~ 
RSPEC -- 

PCOL 

where PcoL and PCUL are the spectrum "controlling overload" and "controlling 
underload," respectively. For the B-2 these values were defined as the load levels that were 
exceeded 20 times during the life of the aircraft. The spectrum exceedance curve in Fig. 11 
shows how these values are obtained. The value of RSVEC is then used to enter a curve of CF 
versus R (Fig. 12) to detetmine CFseEo 

Closure factor data for aluminum and titanium derived from the constant closure model 
are plotted on Fig. 12. These points were derived by iteration. Equation 20 was used to 
predict the results of crack growth tests, and the value of  CFspec was iterated until life 
predictions from the model correlated with test results. Each data point on Fig. 12 represents 
the correlation of CF with one spectrum fatigue test. The R ratio of the spectra were 
determined as shown in Fig. 11. The closure equations of Newman (Eq 13) are plotted as a 
comparison. The scatter shown in the CF data is due in part to the scatter in spectrum crack 
growth data and in part to the dependence of closure factor on Sr~x that the constant closure 
model ignores. 

For damage tolerance analysis on the B-2 airframe, CF versus R curves were experimen- 
tally established for negative R ratios. These curves were established by linear regression of 
data such as that shown in Fig. 12. For positive R ratios, the CF versus R curves were 
derived from constant amplitude da/dN data. The end result was a closure factor curve 
similar in form to the curve shown in Fig. 12. These curves were established for a number of 
different materials and were included in the material database referenced by the FORTRAN 
program. 

The calculation steps in the constant closure model are 

1. Determine RSPEC from PCOL and PCtJL that are obtained from an exceedance curve as 
shown in Fig. 11. 

2. Enter a curve of CF versus R with the value of  RseEc obtained in Step 1. Compute the 
corresponding value of CFsPEC. 

3. Determine the R ratio at which the available da/dN data was obtained. This value is 
RDATA. 

4. Use RDAVA to determine CFDATA. 
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5. Use Eq 20 (and an appropriate stress intensity solution) to compute AKDATA for the 
current load cycle. 

6. Use computed value of AKDATA to interpolate da/dN for the current cycle. 
7. Repeat Steps 5 and 6 and sum the increments of  growth until a critical crack size is 

attained. 

The advantage of this method is fast and efficient computations. The retardation parameters 
are constant during life calculations, so the calculation steps required are reduced. 

Constant Closure Model Verification 

The damage tolerance life requirement on the B-2 was two times the design life. Figure 
13 is a curve of  damage tolerance allowable stress versus life for the wing bending 
spectrum. Shown on this plot are test data points for the same spectrum. The test data points 
fall within a scatter factor of 2 of the predicted lifetime. The allowable curve shown in Fig. 
13 is valid for the specimen geometry shown in Fig. 2. The curve would change for different 
stress intensity geometries. Designs often do change significantly and therefore require the 
generation of  a new damage tolerance allowable curve. This aspect of  the design-analyze- 
redesign process points back to the advantage of computational efficiency for the constant 
closure model. The simplicity of the model allows for analysis of complex spectra with fast 
turnaround time for the results. 

The predicted life versus test life is shown in Fig. 14 for the aluminum alloys tested. The 
points fall within the life factor. A limitation of many crack growth models is the require- 
ment to recalibrate the models for each new application. This can be a costly limitation if 
actual usage deviates significantly from the usage assumed for the design because it would 
be necessary to recalibrate the retardation parameters and perform the damage tolerance 
analysis again. 

The constant closure model assumes that the closure factor curve is valid for all types of 
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10 

I--- 

0.1 
0.1 1 10 

Predicted Life 
FIG. 14--Correlation of  constant closure model to test data. (Note: units for  life are 

aircraft lifetimes where 1 life = 10 000 h.) 

spectra, assuming that a controlling overload can be properly defined. To test this assump- 
tion test, data were obtained from an F-20 fighter spectrum [20]. The test results and 
constant closure model predictions are shown in Fig. 15. The correlation of the model with 
these tests is quite satisfactory even though the model was not calibrated for these spectra. 

Conclusions 

The notch strain analysis method was used for life prediction analysis for durability 
critical parts on the B-2 aircraft. The constant closure model was used for life prediction 
analysis of  fracture critical parts. Both models were subject to extensive test verification. 
The key advantages of these models are: 

1. The notch strain analysis method decreases the redesign time by generating a geome- 
try-independent allowable curve. 

2. The constant closure model is a computationally simple model that minimizes analysis 
time. 

3. The notch strain analysis method was reliable within the desired factor of 4 on life. 
4. The constant closure model was accurate within the desired factor of 2. 
5. The constant closure model keeps the retardation parameters constant for the entire 

analysis, which substantially reduces computation time. Although the constant closure 
model assumptions were developed with long-range bomber applications of  the B-2 in mind, 
the model has been checked against fighter spectra and cargo type spectra from other test 
programs. 
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fighter spectrum (Ref 20). 
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ABSTRACT: Optical fractography and special load sequencing were used to characterize 
the growth of naturally initiating fatigue cracks under FALSTAFF spectrum loading in lugs 
with bushes fitted to varying degrees of interference. The same technique was used to obtain a 
stress intensity calibration under constant amplitude loading. This calibration, combined with 
crack growth analysis using the hysteretic closure concept and the rainflow cycle count, 
correlated well with experimental observations of growth rate down to a crack depth of 400 
/xm. Available analytical stress intensity solutions do not appear to explain observed high 
crack growth rates, particularly as crack size diminishes to part-through dimensions. 

KEYWORDS: lugs, fatigue crack growth, crack closure, spectrum loading, part-through 
cracks, bush-lug interference, stress intensity factor, fractography 

Nomenclature 

C, m 
D 
K 

K~ 
gt 
R 
S 

W 
a 

da/dN 
da/dF 

ncy 
nfl 

t 
A 

Material constants in crack growth rate expression 
Lug hole diameter 
Stress intensity factor, MPax/m 
K due to unit stress, MPaX/-m 
Critical stress intensity (fracture toughness), MPax/m 
Theoretical stress concentration factor 
Stress ratio 
Applied stress, MPa 
Specimen width 
Crack length, nun 
Crack growth rate, mm/cycle 
Crack growth rate, mm/flight 
Number of cycles in load spectrum 
Number of flights in load spectrum 
Specimen thickness, nun 
Prefix denoting range, as in AK 

Subscripts 

cl Associated with the onset of crack closure (in major cycle if subscript i is 
absent) 

~Presently with Biss Research, 99, 14A Cross, Malleswaram, Bangalore 560003, India. 
2Scientist, Structural Integrity Division, National Aerospace Laboratories, Bangalore 560 017, India. 
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eft 
i 

m a x  

min 
op 

overscore 

Effective (as a consequence of fatigue crack closure) 
In ith cycle 
Maximum, as in Sm~ (highest in a sequence if without subscript i) 
Minimum, as in S~ ,  (lowest in a sequence if without subscript i) 
Associated with crack opening (in major cycle, if without subscript i) 
Indicates entity nondimensionalized with respect to maximum, e.g., Sop = 
Sop/Smax, synonymous with ~J~op = Kop/Kmax 

Lug joints are widely used in airframe structures. Their application ranges from large 
wing root joints down to the smaller control system linkages. Typically, airframe lug fittings 
are made from aluminum alloys with an interference fit steel bush. The application of 
fracture mechanics to assess endurance and residual strength requires the stress intensity 
function versus crack size and shape. While analytical techniques have been able to deliver 
this input for most crack geometries, this is not the case for lugs with naturally initiating 
part-through cracks, particularly in the presence of an interference fit bush. Analytical 
solutions for stress intensity have been validated against experimental data obtained on lugs 
with through or part-through cracks from mechanically cut crack initiators [1-5]. On the 
other hand, it has been shown that the high growth rates observed in naturally initiating part- 
through cracks cannot be explained by analytical solutions for stress intensity [6, 7]. 

This paper describes an effort to estimate fatigue crack growth in a lug under FALSTAFF 
spectrum loading [8] using an empirically derived stress intensity calibration. A specially 
designed constant amplitude loading block was used for stress intensity versus crack length 
calibration down to a crack depth of 10/~m. Experiments were conducted to characterize the 
formation and growth of naturally initiating small, part-through fatigue cracks on lugs with 
different degrees of interference in the bush-lug interface. Spectrum load tests were per- 
formed under specially designed program loading that permitted growth rate measurements 
on the fracture surface using optical fractography. 

Experimental Procedure 

The study was performed on HE-15A ST (equivalent of L168 and 2014-T6511) A1-Cu 
alloy extruded bar stock, which is used to fabricate lugs for aerospace applications. Fatigue 
and fracture properties for the same batch of material were obtained in previous studies from 
tests on standard laboratory coupons [9]. 

Test coupons were cut along the extrusion direction as per the drawing shown in Fig. 1. A 
1.5-mm-thick 4340 steel bush was inserted into the hole. The lug at either end of the coupon 
was loaded by a steel clevis-pin assembly. The clevis was in turn mounted onto the 
hydraulic grip on the testing machine. This method of testing essentially provides two 
fatigue failures for each coupon. When the first lug fails, the clevis is removed and the failed 
end of the coupon is sliced. The remaining end is mounted directly on the hydraulic grip, 
with fatigue cycling continued until failure of the other end. 

Bush-Lug Interface 

To examine the effect of interference fit on spectrum load fatigue, three different types of 
bush fit were used in the spectrum load testing: snug fit, 0.12-mm interference fit (with 
oversize bushes), and 0.24-ram interference fit. Further, the interference fits were made in 
two ways: using liquid nitrogen to ease insertion and by pressing the bush into the hole on a 
hydraulic press (mechanical press fit). Two specimens each were tested under a total of five 
different bush-lug interface conditions. This gave up to four fatigue failures per case to 
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FIG. 1--Specimens used in tests. Lug bush interface was introduced by increasing bush 
outer diameter. Bush-pin interface was always a snug fit. 

introduce a statistical element into the study. However, some of the failures were discarded 
in view of damage to the fracture surface that came in the way of fractographic measure- 
ments. The calibration testing under constant amplitude loading was restricted to two 
coupons, both with snug fit bush-lug assembly. Thus a total of a dozen test coupons were 
used in the experiments. 

Calibration Testing for Stress Intensity Estimates 
The objective of the calibration testing was to obtain an empirical stress intensity factor 

(SIF) versus crack depth function for naturally initiating (part-through) fatigue cracks in the 
lug. The technique has been used successfully to obtain SIF calibrations for lugs [7]. The 
basis for the calibration is the assumption that a similar stress intensity range will produce a 
similar crack growth rate. Then, the SIF versus growth rate relationship estimated from 
laboratory testing of a standard crack geometry (for which the SIF function is known) can be 
used to estimate SIF for a nonstandard geometry, provided crack growth rate versus crack- 
size relationship for the new geometry can be obtained. 

There are, however, some riders to the similarity criterion. Crack closure stress in both 
cases must be identical. This is a crucial requirement considering the power relationship 
between the crack growth rate and the effective stress intensity range. The requirement was 
satisfied by performing the calibration at a high stress ratio of R = 0.7, where crack closure 
is absent, particularly in thicker materials. The second requirement is that the growth rates 
must be desirably in the linear segment ("Paris  regime")  of the log da/dN versus log AK 
relationship. Threshold conditions may not be similar as there is no evidence to confirm that 
threshold stress intensity is constant across specimen geometries (concentrated versus dis- 
tributed loading, thickness effects), crack geometry (through versus part-through cracks), 
and mode (the possibility of single versus multiple mode due to local crack plane orientation 
and constraints). Near critical conditions also may not meet similarity criteria because 
fracture toughness values are unlikely to be identical if material thickness is below the 
requirements for plane-strain fracture toughness. 

The constant amplitude tests were performed under a two-step load program consisting of 
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ten cycles at Smax = 150 MPa, R = 0, followed by 1000 cycles at Smax = 140 MPa, R = 
0.7. The stress levels listed refer to gross section at the lug (along the expected plane of 
fracture). It was estimated that the ten larger cycles contributed about 5% of total crack 
extension. They were included largely to introduce markers on the fracture surface that were 
required for fractographic crack growth rate estimates. The zero minimum stress in these 
cycles also ensured that the crack would be fully open (no fatigue crack closure) in the 
following 1000 cycles at a high stress ratio, which contributed to 95% of crack growth. 
Thus, it was assumed that applied and effective stress intensity would be similar. 

Spectrum Load Testing 

Tests were carried out under a modified FALSTAFF load spectrum (Fig. 2). The modifi- 
cations were introduced to enable easy estimates of crack growth rate from fractography, 
while at the same time retaining elements of the original randomized load sequence and also 
the damage equivalence to the original FALSTAFF spectrum [8]. Reference 10 provides a 
detailed description of the modified FALSTAFF spectrum and the procedure for its deriva- 
tion. 

All the spectrum load tests were performed at a maximum gross section stress of 150 
MPa, which coincides with the maximum stress in the constant amplitude calibration tests. 

The testing was performed on a 100-kN computer-controlled servohydraulic load frame 
under ambient conditions. The computer was used to download the test load sequence onto 
the test controller and to monitor loading. The test frequency was 10 Hz under constant 
amplitude and about 15 Hz (average) under spectrum loading. Operator activity during 
testing was restricted to monitoring loading and specimen failure. As most failures initiated 
from semicircular cracks forming at the bush-lug interface, failure would occur with little or 
no warning by way of crack penetration to the specimen surface. 

Fractography 

Crack growth rates under constant amplitude as well as spectrum loading were deter- 
mined through optical fractography of the fatigue fracture surface. This work was performed 
on an Olympus optical microscope with a digital camera attached to a personal computer. 
Software for image analysis assisted in sizing, including determination of striation spacing. 

The first requirement was to determine the one or more origins of fatigue cracks on the 
fatigue fracture surface. In the present test series, there was usually one and sometimes two 
crack origins. Growth rate was determined for the dominant crack only on the assumption 
that this crack determines residual life and that its growth is not affected by the appearance 
of new cracks [11]. Crack growth rate was determined wherever possible along the depth 
direction perpendicular to the specimen thickness and the plane of loading. Where this was 
not possible, the adjacent area was chosen, assuming that growth rate at the same radius 
from the origin would be similar. 

Results 

Figures 3a and 3b show two of the fracture surfaces from the calibration tests. The origin 
and growth profile of the semielliptical crack is clearly visible. Figures 3c and 3d show 
typical enlarged optical fractographs from the constant amplitude calibration tests. The 
marker bands produced by the low stress ratio cycles are clearly visible. Due to the poor 
depth of focus associated with optical fractography, it was not possible to obtain quality 
photographs, particularly at the higher magnification required for smaller crack sizes. Yet 
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FIG. 3--Typical fractographs from constant amplitude stress intensity calibration tests: 
(a,b) macro photograph of fracture surface; (c,d) optical fractographs. 

unambiguous and repeatable measurements of crack growth rate were possible down to a 
crack size of  20/xm. Of the four fatigue failures studied, two resulted from the formation of 
semicircular cracks in the interior, while the other two had origins close to the surface 
leading to corner cracks. Three of  the failures resulted from cracking on one side of the lug 
with the other side failing due to static overload. 

Figure 4a shows a quarter elliptical crack profile from the failure of  a snug fit lug joint 
under modified FALSTAFF. Figure 4b shows a semicircular crack in the 0.24-ram interfer- 
ence mechanical press fit joint, and Fig. 4c shows a quarter elliptical crack in the joint with 
0.24-ram interference fit made with liquid nitrogen contraction of the bush. Figure 4d shows 
a typical enlarged optical fractograph from the 0.12-mm interference fit with liquid nitrogen. 
" A "  and " B "  mark the two largest loads in the programmed FALSTAFF sequence that 
space the 18 steps as a combination of  10 + 8 (refer to Fig. 2). The observed striation 
pattems are similar to those observed in a previous study [11] on short cracks at notches 
with the same material and load spectrum. However, it was consistently observed that the 
interference fits produced failures with clearer patterns than in the case of snug fits. This 
may be attributed to the inhibition of the Mode II crack opening component (which can rub 
out striations) by the steel bush bearing against the lug surface. 

As in the case of constant amplitude loading, there was a mix of corner and semi-elliptical 
cracks. Of the five fits studied under spectrum loading, the exception was the snug fit joint, 
where all failures were from corner crack formation. Crack depth-to-length ratio was close 
to I in most cases, with semielliptical cracks sometimes showing a ratio as low as 0.7. This 
effect was ignored in subsequent analysis. 
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FIG. 4--Typical fractographs from spectrum load testing: (a) quarter elliptical crack 
profile from snug-fit failure; (b) semicircular crack profile from a 0.24-mm mechanical 
interference fit failure; (c) quarter elliptical crack profile from a 0.24-mm interference fit 
made with liquid-nitrogen-cooled bush; (d) typical optical fractograph showing striations 
from modified FALSTAFF. "A" and "B" mark the two severe overloads in the sequence 
(see Fig. 2). 

Constant Amplitude Crack Growth Rates 

Figure 5 shows a summary of all the constant amplitude crack growth rate measurements 
versus crack depth. While calculating growth rate to represent the action of only the high 
stress ratio component (1000 cycles), a block size of 1050 cycles was used on the estimate 
that the 10 larger cycles were equivalent to 50 small ones. 

The data in Fig. 5 clearly indicate a steady and consistent increase of crack growth rate 
with crack depth. Crack growth rate is high even at the smallest discernible crack size of 
about 20 ~Lm. Up to a crack depth of a little over 100 /~m, growth rate either remains 
constant or increases marginally. Crack growth accelerates with further growth. Similar 
observations have been reported in the literature: Mann et al. [6] reported a steady increase 
in growth rate without any discernible "short  crack effect" from a crack size below 15 ~m 
in tests on lugs under constant amplitude loading. Similar observations were reported by 
Moon [7]. 

From the data in Fig. 5, it is difficult to observe any pattern that could be attributed to 
effects such as single versus double cracking and quarter versus semielliptical cracks. All 
the growth rates fall into a factor-of-two scatter band, which is larger than what one would 
observe (in the case of long crack growth) in laboratory coupons. The data in Fig. 5 served 
as inputs for stress intensity calibration. 
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FIG. 5--Summary of  constant amplitude crack growth rate measurements versus crack 

depth. Different graphical symbols are used to identify data from individual fractures. These 
data were used to calibrate stress intensity versus crack depth. 

S t r e s s  I n t e n s i t y  C a l i b r a t i o n  

Previous work on the same material indicated that crack growth rate versus effective 
stress intensity range is described by the equation [9] 

da AKen~f 
- c ( 1 )  

dN [ 1 -  (Kmax/Kc) 2] 

where C = 10 -7 mrn/(cycle �9 MPa/m), m = 3.27, and Kc = 60 MPa/m for 2014-T6511 [9]. 
The growth rate band covered by the data in Fig. 5 falls strictly into the Paris regime for 

this material [9], suggesting that the nonlinearity at the high and low end of the da/dN versus 
AK relationship will not affect stress intensity calibration. Also, in consideration of the high 
stress ratio, R = 0.7, a fully open crack was assumed (AK = AKeff). Therefore, stress 
intensity due to the unit stress, K, could be estimated for each data point from the expression 

- -  - -  ( 2 )  k =  as 

The results of this analysis appear in Fig. 6 as the stress intensity versus crack depth 
calibration. An upper and lower bound fit along with a mean fit were made through least 
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FIG. 6--Calibrated stress intensity versus crack depth from growth rates in Fig. 5. 
Different graphical symbols are used to identify data from individual fractures. Also shown 
are the results of the approximation and analytical solution. 

square analysis using a fourth order polynomial. The three curves also appear on the figure, 
with very few data points falling beyond the upper and lower bound envelope. 

Also shown in Fig. 6 is the Newman solution for stress intensity for a crack growing out 
of a hole in a lug. Below a crack size of about 100 /xm, the Newman solution [12] 
underestimates crack driving force. It has been observed that other solutions from the 
literature also cannot explain the high growth rates of small cracks in lugs [6, 7]. The value 
of the geometry correction factor given by different solutions for near zero crack length is 
between 5 and 8 [5], while the data in Fig. 6 indicate a value in excess of 15. At a crack size 
in excess of 100/xm, the Newman solution gives estimates closer to empirical estimates if a 
through crack is assumed. If a correction factor of 0.65 is imposed to reflect the constraint 
imposed by the part-through nature of (all) the cracks for which data are shown in Fig. 6, 
even lower estimates of stress intensity follow. 

Spectrum Load Crack Growth Analysis 

A detailed description of the procedure used for crack growth rate estimates is given in 
Ref 9. Briefly, crack growth analysis is based on the Rainflow cycle count from the 
Modified FALSTAFF load spectrum. The minima in the spectrum were truncated for the 
purpose of analysis to zero load, considering that the fatigue critical area in the lug joint will 
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not see compressive loads. It is assumed that the largest counted cycle determines crack 
opening stress for small cycles embedded either on the rising or falling half of the major 
cycle. 

It was estimated that the notch root will experience monotonic yield (but not cyclic yield), 
given a gross stress of 150 MPa, a net stress of 321 MPa, and Kt = 2.4 [13] (the yield stress 
of the material is 420 MPa). For these conditions, Sop = 0.25 and S c l =  0.47 were 
determined in a previous study at R = - 0 . 3  [11]. These values were corrected to Sop = 
0.275 a n d  Scl ~ 0.495 in consideration of stress ratio R = 0 (no negative loads)_The values 
were arrived at by interpolating with the next available data for R = 0.1 (Sop = 0.3). 
Experimental data indicate that the slope of the Sop versus the R curve at negative stress ratio 
is much less than at a positivestress ratio in the case of aluminum alloys and other materials 
as well [14]. The two levels (Sop = 0.275, Scl = 0.495) form an envelope into which crack 
opening stress for individual load cycles will fall. As the programmed FALSTAFF sequence 
is arranged in a lo-hi sequence of steps following the cyclic stress-strain response of the 
material, it turned out that smaller cycles are superposed on the rising half of larger cycles. 
Such an arrangement provides lower opening stress values and higher associated crack 
growth rates for smaller cycles than if the cycles were to be arranged as a hi-lo sequence. 
The precise value of Sop.~ in individual cycles lying on the rising half of a major cycle 
follows from the hysteretic crack closure model [9] and is given by 

Smax i - 
Sm~,,i ~ Sop (3) 

Smin i 

, �9 , \ S c l , i  - -  

Smin,i ~ Scl,i 

The crack growth rate over each of the Rainflow counted cycles in the spectrum is 
summed up assuming a stationary crack of given size. The total is divided by the number of 
flights in the spectrum to give an average crack growth rate per flight at the given crack size 

dF ne ~=l [1 - (Smax " K" S . . . .  i/Kc) 2] 
(4) 

For modified FALSTAFF, ncy = 1242 cycles and n F = 200. 
The upper-bound, lower-bound, and mean stress intensity calibrations shown in Fig. 6 

were used to calculate lower bound, upper bound, and mean crack growth rate curves for 
spectrum loading. Integrating the inverse of these curves over a given interval of crack 
growth provided the crack propagation life interval. This was done over two intervals: from 
l0 to 100/xm and from 100 ~m to failure. Failure was computed to occur at a 5-mm depth, 
where critical stress intensity is reached under maximum stress. The 10-/xm initial crack size 
was chosen in consideration of observations of fatigue crack growth at that size. Similar 
crack size (10 to 15 /~m) has been suggested as a starting point for fracture analysis in 
previous studies [15]. The 100-/~m intermediate mark in the crack growth interval was 
selected for two reasons (refer to Fig. 5): (1) the constant amplitude growth rate data gave an 
indication that this mark appears to divide the crack growth curve into two qualitatively 
different areas, and (2) the growth rate below this size remains fairly constant or marginally 
increases with size. 

Mil Spec 83444A [16] suggests an initial crack size of 125 /~m for fracture mechanics 
analysis of lug joints. Selected 100-p~m intermediate crack size is close to this value. As 
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shown below, spectrum load crack growth rate and associated residual life did not appear to 
depend greatly on the type of fit beyond this crack size. 

Experimental and Calculated Crack Growth Rates 

Crack growth rates under spectrum loading are consolidated in Fig. 7. Data from all the 
fatigue failures are included in the figure. Also shown in the figure are the upper and lower 
bound as well as mean crack growth rates calculated using the analysis described above. 
Growth rates vary by up to an order of magnitude at crack size below about 200/~m. These 
variations are across different levels of interference and far exceed the variation observed in 
the calibration tests. Interestingly, growth rates within a data set show negligible variation 
even over crack extension from 10 to 200/~m. This appears to underline a systematic effect 
rather than random scatter in data. 

At a higher crack size (above 400/xm), the upper and lower bounds of calculated crack 
growth rates appear to almost totally encompass experimental observations. The exception 
to this observation are data from the 0.12-mm mechanical interference fit test, which fall 
well above the calculated upper bound up to a crack size of about 400 tzm. The reasons for 
this exception are not clear, but it is possible that extensive wear (in excess of 100/xm) of 
the lug surface may be responsible for this observation. This is supported by the noticeably 
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L i I ' ' I I " ' ' " I I I 
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FIG. 7--Crack growth rates under spectrum loading. Different graphical symbols are 

used to identify data from individual fractures. Also shown are average values, along with 
results of calculations based on the prediction model. 
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larger life to crack formation for this particular fit (see Fig. 8) when compared to other fits, 
which does not tie up with high initial growth rates, suggesting that material could have 
been removed during as well as after crack formation, leaving evidence of higher growth 
rates that actually relate to a larger crack. 

At a crack size exceeding 400 p~m, the calculated mean growth rate curve correlates well 
with the mean growth rate curve fitted through empirical data. The calculated mean growth 
rate as well as the predicted envelope clearly demonstrate the viability of  applying empirical 
stress intensity derivations to spectrum loading and also validate the extension of  hysteretic 
crack closure and Rainflow-based analysis [9] to crack growth at lugs. 

In view of the fluctuations in crack growth rate and the intersection of some growth rate 
curves, it was not possible to draw clear conclusions on the effects, if any, of the type of fit. 
In an attempt to overcome this problem, the fractographically determined crack growth rate 
curves were integrated to get the crack growth curve. The integration was performed over 
the crack growth interval from 10/zm to failure. For cases where growth data could not be 
obtained at certain crack lengths, interpolation/extrapolation of  data was resorted to with due 
consideration to trends observed in other failures. This provided more relevant data for 
comparisons as shown by the bar charts of total life and crack growth life intervals shown in 
Fig. 8. 

Fatigue Life Intervals 

The total life to failure was recorded during the test. Integration of the growth rate curve 
from 10 /xm to failure provided an estimate of crack propagation life. The difference 
between total life and this estimate gives life to formation of a 10-/~m crack, which is 
referred to as crack initiation life. As indicated on Fig. 8, estimated crack initiation life 
varied between 2600 and 13 000 flights, largely depending on the type of fit. 

Fatigue life estimates for the FALSTAFF load spectrum using the local stress-strain 
approach with Neuber conversion and the Manson-Coffin equation with mean stress correc- 
tion after Morrow give an estimate of about 4500 flights for the applied stress level and Kt at 
the lug-bush interface [17]. Though this value is very close to the observed experimental 
average, its validity may be questioned. Low-cycle fatigue data that form the basis for 
calculations often refer to either life to failure or at least to 0.1 to 0.5-mm crack size (as 
opposed to the 10-~m size in the present case). Crack initiation in the lug joint may be 
fretting dominated, and the effect of interference-induced residual stresses must be consid- 
ered. These possibilities are supported by the sensitivity of crack initiation life to the type of 
fit. In fact, of the different life intervals shown in Fig. 8, life to formation of a 10-/xm crack 
appears to be the only component that is clearly sensitive to the type of fit and, to a large 
extent, contributes to variation in total fatigue life. 

Crack propagation life over the interval from 10 to 100/xm varies by a factor of about 4. 
The 0.12-mm interference mechanical press fit and snug fit cases showed low lives of 
approximately 400 flights. All the others fell into the 800 to 1800 flight range, which was 
also predicted by analysis. 

Residual life over the crack growth interval from 100 p~m to failure does not appear to be 
influenced by the type of fit. The variation in this life interval is about a factor of 2 and 
largely random in nature, pointing to the insensitivity of crack growth over this interval to 
the type of fit. 

Discussion 

The fractographic technique for crack growth rate measurements used in this study had 
been developed earlier to study short crack growth at notches under spectrum loading [9]. 
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Results from the present study confirm the viability of this cumbersome but reliable 
technique to characterize the growth of naturally initiating fatigue cracks in lugs. It has been 
pointed out that artificially initiated cracks from saw cuts, etc., can distort the fatigue crack 
growth process in lugs [7]. 

The stress intensity calibrations obtained in this study are qualitatively similar to those 
reported in the literature [6, 7], indicating much higher stress intensity for small, part-through 
cracks than would be given by analytical solutions. Obviously, the action of fretting and 
high contact loads from particles, debris, and machining undulations on SIF of small part- 
through cracks in lugs requires further study. This effect is sustained and repeatable. 
However, the scatter band in the SIF versus crack depth calibration (between individual 
cracks) appears to be much wider than what one would see in the case of long through 
cracks in standard laboratory coupons. The factors that may be responsible deserve further 
study. 

Moon has reported that stress intensity calibration may be sensitive to lug and bush 
material and their interactioh [7]. However, while the calibration experiments in this study 
precluded the effect of crack closure by testing at a high stress ratio and by selecting a 
loading level to ensure all data fall within the "Paris regime," the same cannot be said of 
the loading conditions reported in Ref 9. In an SIF calibration exercise, it may be important 
to ensure that the effect of parameters like fracture toughness, threshold stress intensity, and 
particularly fatigue crack closure are minimized to negligible proportions. 

The crack propagation lives that were obtained fall within the bandwidth of residual life 
requirements for combat aircraft, indicating that the fixed maximum stress of 150 MPa used 
in testing was realistic. This stress caused monotonic yield at the lug-bush interface during 
peak loading. This would have neutralized any residual stress effects from the interference 
fits and may explain why crack growth life from about 100/xm to failure in all the cases 
falls into a single scatter band. The same observation may not remain valid under fully 
elastic loading conditions. On the other hand, the extent and type of interference (liquid 
nitrogen contraction of bush or mechanical press fit) did appear to significantly affect life to 
formation of a small crack. As indicated by Mann et al. [7] and in a recent analysis by Raju 
[18], there is an optimum interference for maximum benefit in terms of crack initiation life. 

The mechanical press fits produced greater resistance to fatigue than the liquid nitrogen 
fits. This may be due to the "cold working" action of  the forced insertion and also due to 
better "locking" of the two surfaces through the grooves that form in the process. The 
liquid nitrogen fits may in fact leave microcavities for accumulation of fretting debris. 
Surface finish may appear to be influential, though studies of this aspect have at best thrown 
up the possibility that a coarse finish may, in fact, increase fatigue resistance [6]. Stress 
analysis of interference fit joints would have to simulate details of.the technological process 
and associated material transformations while modeling fastener response to external load. 

Interestingly, the effect of interference on crack formation was noticeable even though 
applied stress was high. However, the effect becomes negligible once a crack even tens of 
microns in size is formed. Let us consider why this is so, while noting that the effect of an 
interference fit may extend to a larger crack size at lower applied stress levels. Figure 9a 
shows a schematic of the lug-bush interface. The crack formation process occurs through 
irreversible slip at the lug surface. This is schematically illustrated by the hole contour 
distortion along the plane of loading. The presence of considerable interference gives rise to 
large radial bearing load (enough to cause local yield [19]) from the hard bush surface that 
acts both as a barrier enforcing plane strain by inhibiting surface contraction/expansion 
across thickness) and perhaps as a corrector of slip ("ironing and trimming effects") on the 
lug surface (Fig. 9b). The radial bearing loads along the Y-axis (the axis of loading) will 
relax due to the high applied load causing yield along the plane of highest net stress, but the 
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"L 
X 

(e) 
FIG. 9--Schematic of the influence of bush-lug interference on the formation of fatigue 

crack through-cyclic slip band accumulation. 

beating loads against the X-axis are unlikely to decrease. They will either obstruct crack- 
forming reversible slip or "c l ip"  resulting protrusions (Fig. 9b). Thus, the extent and type 
of interference (mechanical press fit or liquid nitrogen fit) will influence the rate of accumu- 
lation of  irreversible slip bands. With prolonged cycling, wear, fretting, and accumulation of 
irreversible slip, microcracks form on multiple planes, which intersect at some depth (Fig. 
9c). The intersection of these cracks leads to material disintegration and debris formation 
that migrates either to the surface or to cavities of lower bearing stress. The hole expands in 
this manner (thin line along circumference), reducing interference. As a consequence, resis- 
tance to further slip-band formation is eliminated. So is resistance to Mode II fatigue crack 
growth. This may explain why crack growth life from 100/xm to failure in the present study 
was unaffected by the extent and type of interference fit. 

It must be noted that data from the present study on early crack growth (up to a size of 
100 to 200/~m) cannot be considered very reliable. These dimensions are of the same order 
as the extent of  interference and dimensions of surface features due to machining and 
abrasion, particularly during forced mechanical interference fit. Considerable wear leading 
to removal of material may have distorted crack depth estimates over the small crack 
interval in Fig. 7. This aspect could not be verified due to a change in dimensions at fracture. 
The associated ambiguity in crack size estimates may not be critical as both the literature 
data [6, 7] and the results from this study indicate a negligible crack size effect on growth 
rate over the affected interval of crack growth. 

Finally, the results of this study suggest that it is possible to make predictions of  lug 
residual life assuming an initial defect size of 0.125 mm suggested by Mil Spec 83444A on 
Damage Tolerance and Residual Strength for Airframes. Apart from fatigue design, the 
procedure is also applicable to inspection intervals and schemes for condition monitoring. 
There is, however, a requirement for improvements in computation of stress intensity of 
naturally initiating part-through cracks in lug joints with interference fit bushes. An experi- 
mental study examining this aspect is currently under progress. 

Conclusions 

Lugs with various interference fits were tested under a modified FALSTAFF load spec- 
trum to characterize the growth to failure of naturally initiating (part-through) cracks. A 
stress intensity calibration was obtained from constant amplitude testing of a lug joint. 

1. The calibrated stress intensity function differed noticeably from estimates given by 
available analytical solutions. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



SUNDER AND PRAKASH ON FATIGUE CRACK GROWTH 263 

2. While the effect of type and extent of interference is sizeable in the early stage of crack 
formation, there appears to be no systematic effect on residual life after a size of about 100 
/~m. It is suggested that the resistance to slip-band formation (on the lug surface) by the 
bearing action of the bush may determine life to crack formation. 

3. Initial crack growth rates appeared to vary by as much as an order of magnitude 
between different cases studied. However, the variation could not be linked to the extent or 
type of interference fit and appeared to diminish considerably after a crack depth of about 
400/xm to fall into a narrow scatter band. 

4. Calculated residual life in the presence of a 100-/xm defect correlates well with 
experimental observations. The calibrated stress intensity function obtained under constant 
amplitude loading was used in predictions. 
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ABSTRACT: The overall objective of this research is to develop a general model of fatigue 
crack propagation in resistance spot-welded joints. An important feature of this development 
is that the model and accompanying methodology should be accessible to designers evaluating 
fatigue response of structures containing multiple welds. This objective is achieved by 
examining the stress state around a resistance spot weld. A general expression for the 
structural stress around the weld is formulated that is dependent only on the loading immedi- 
ately surrounding the weld; as such, it is specimen independent. 

In previous work [1] it was found that structural stress could be successfully used to 
estimate life for crack initiation and growth to a length of 0.01 in. (0.254 mm) in resistance 
spot welds, and that this period represents less than 30% of the total life in as-welded joints. It 
is important to note that estimation of this period is highly dependent on fatigue-related 
material properties. In Ref 2 it was shown that structural stress can be related to crack 
propagation life through linear elastic fracture mechanics. Using the resulting relationship 
between structural stress and life, life estimations were made for a variety of HSLA steel 
specimens (e.g., tensile-shear, coach peel) in a number of conditions (e.g., as-welded, pre- 
stressed) and were compared with experimentally measured lives. Life estimations were 
within a factor of 3 of measured lives. 

In the current work, the methodology developed in Ref 2 for estimating propagation life is 
extended by explicitly considering the effects of axial loading and of load ratio on life 
estimates. In addition, issues related to creating an appropriate finite element model are 
addressed, and a number of modeling guidelines are established. Total life estimations are 
made and compare favorably with experimentally measured lives of welds in mild steels in a 
variety of specimen configurations. 

KEYWORDS: fatigue, resistance spot weld, structural stress, finite element analysis, life 
prediction 

The work presented here builds upon a vast amount  of fatigue-related research on 
resistance spot welds (RSW) that has been carried out over the last 40 years. Researchers 
have studied the effects of various parameters (e.g., R-ratio, specimen geometry, material) 
on fatigue performance. References 3 - 5  contain good summaries of many of these data. 
Unfortunately, until  recently it has not been possible to make quantitative comparisons 
between most of these results because no common basis/parameter had been identified that 
correlates with fatigue performance. For example, it was not possible to compare alternating 
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266 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

load or nominal stress versus life for tensile-shear and coach peel samples. In general, it has 
only been possible to compare data from various researchers in a qualitative manner. 

In an effort to consolidate empirical data and to develop life prediction capabilities for 
designers, a number of techniques have been proposed for estimating fatigue life in resis- 
tance spot-welded joints. They can be broadly classed as: 

Techniques that characterize the intersection of the faying surface at the nugget as a 
crack tip and use the stress intensity factor (SIF) or J-integral range as a parameter that 
can be related to life. Cooper and Smith [6] propose relating the SIF range of a crack 
growing through the sheet to the crack growth rate using a Paris law relationship; they 
never actually make fatigue life estimations. Pook [7], Kurath [8], Swellam et al. 
[9,10], Wang and Ewing [11], Kardomateas [12], and Davidson and Imhof [13] have 
all posed relationships of a form 

mglmax = A(N) -b  (1) 

where Aglmax is an equivalent Mode I SIF range before crack growth through the 
sheet, N is the number of cycles to failure (assumed to be through the sheet thickness), 
and A and b are material parameters. All of these approaches are based on the 
empirical data of Cooper and Smith [14] that show that the rate of crack growth 
through the sheet thickness is approximately constant; therefore, AKI is approximately 
constant. 

Various solutions (e.g., Radaj [15] and Pook [16]) have been given for the stress 
intensity at a spot weld. Swellam et al. [9,10] give relationships between the Mode I 
and Mode II SIFs, and the loads (Q, T, M, as defined in Fig. lc) transferred through 
the nugget of the form 

AKI = T/c + 3Ml(rc) (2) 

2. 

. 

AK n = Q/c (3) 

where c = 2r(~-r) ~ and r is the nugget radius. Furthermore, they define 

aKima, = (aK~ +/3* a~)~ (4) 

where/3* is a material parameter, and G is a geometrical correction factor; AKimax is 
then related to fatigue life through a relationship such as Eq 1. 
Techniques that relate the forces (such as Q, T, M in Fig. lc) directly to fatigue 
response without going through an SIF, as proposed by Okuno et al. [17] and Mabuchi 
et al. [18]. This approach requires an explicit mapping between a specimen of similar 
design and so is of limited generality. 
Techniques that consider the laying surface at the nugget to contain a finite radius and 
so act as a notch. The resulting local strain range is related to life through, for 
example, a Smith-Watson-Topper (S-W-T) model [19]. Oh [20] and Kan [21] have 
posed strain range-life models of fatigue behavior in resistance spot welds. Strain 
range at the faying surface is used in these models and has been found by Kan, as well 
as by Tanaka et al. [22], to correlate well with fatigue life. 

More recently, strain-based life-prediction techniques have been proposed that use 
finite element representations of the specimen or structure as the map between outer 
strain (which can be physically measured or predicted with rather crude finite element 
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FIG. 1--Nomenclature for weld geometry and local loads: (a) layout of a tensile-shear 
resistance spot weld specimen; (b) section through spot weld showing various regions; (c) 
free body diagram with laying surface cut (as shown in (b)); (d) various loading modes 
considered in this work. 
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(FEM) representations and has been found to not correlate directly with fatigue life) 
and faying surface strain (which does correlate directly with fatigue life, Simon and 
Krause [23]). Examples of this approach are given in Refs 24-26. A drawback of this 
general approach is that it requires a high level of detail in the finite element 
representation over all or part of the specimen/structure and so may be prohibitive in 
terms of necessary computational resources for a general structure containing multiple 
welds. 

4. Techniques based on the idea that structural stress is an indicator of weld performance. 
In Refs 15 and 27 Radaj defines three relatable characterizations of the region around 
the nugget, namely, nominal structural stress (Crns), notch stress, and stress intensity 
factor. Structural stress is the stress linearly distributed over the sheet thickness, with 
the singularity at the spot weld edge being completely suppressed. When the nominal 
structural stress is multiplied by a stress concentration factor, it is equal to the notch 
stress. Radaj also formulates values of KI, Kn, and KII~ for the as-welded joint (i.e., no 
crack formation in the through sheet direction) based on structural stress and the 
square root of the sheet thickness. 

Using the same conceptual definition of structural stress proposed by Rahaj [15,27] 
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but with a different mathematical representation between the various loads (this point 
will be discussed further in the subsequent section), Sheppard and Strange [l] made 
estimates of  the portion of  fatigue life spent initiating and growing a fatigue crack 0.01 
in. (0.254 mm) long in resistance spot-welded specimens of  HSLA steel. The work 
used the idea of structural stress and a Smith-Watson-Topper [20] model of initiation. 
It is interesting to note that the early crack growth considered by Sheppard and 
Strange represents growth through approximately 40 grains (the average size of a 
grain in the heat-affected zone was 6 p~m). They concluded that it might be appropri- 
ate to describe crack growth from a smaller crack size until it becomes visible using 
fracture mechanics. Sheppard developed this idea in Ref 2, where it was shown that 
structural stress could be related to crack propagation life through linear elastic 
fracture mechanics. 

In the current work, the methodology developed in Ref 2 for estimating propagation life is 
extended by explicitly considering the effects of  axial loading and of  load ratio on life 
estimates. In addition, issues related to creating an appropriate finite element model are 
addressed, and a number of modeling guidelines are established. 

Structural Stress 

Basic Definition of Structural Stress 

The basic premise of the approach used here is that the structural stress at a distance of  
half the diameter of the weld nugget from the center of a weld can be related to fatigue crack 
propagation. This assumes that fatigue failure is via crack initiation and growth through the 
sheet thickness, as opposed to through the nugget (i.e., growth is in the z-direction, as shown 
in Fig. 1, Ref 2, not in the x-direction). This is generally the case for fatigue of a thin sheet 
with welds of reasonable size, as used in the automotive industry. Structural stress is the 
linearly distributed stress through the sheet thickness with the stress concentration and/or 
notch singularity suppressed. Note that total fatigue life (Nt) in this work is defined as the 
sum of the number of cycles for crack initiation (NI) and growth through the sheet thickness 
(Np). N~ includes initiation and growth of  a crack to a length of 5 to 10 grains. Crack growth 
through the width of the sheet is not included in this definition. 

The structural stress range, AS, for the two-dimensional problem shown in Fig. 2 is 
derived by considering the stress developed at the edge of the weld at locations D~j, i = 1,2, 
and j = 1,2, where i refers to the sheet (first or second) and j refers to the leg in that 
particular sheet. These particular locations were selected based on observed fatigue crack 
behavior in resistance spot welds (for example, see Fig. lb from Ref 2], or the work of 
Wang and Lawrence [28], which talks extensively about weld fatigue morphology). Nugget 
rotation is assumed to be negligible. The result is 

ASij = APiJ(totl) + 6AM~/(fl~/3) + APA/~; i,j = 1,2 (5) 

where AP~j is the membrane load range at the edge of the nugget (see Fig. 2c), AM* is the 
bending moment range, as defined in Table 1, and ~ a i  = meail "~- meai2, as shown in Fig. 
2c) is the axial load range in the nugget. The third term in Eq 5 represents a "cupping" 
deformation mode that results from a transverse load applied to the sheet; the form was 
suggested in Ref 29. Note that this term represents a refinement and extension of the 
definition of structural stress given in Refs 1 and 2; Eq 5 is a more general expression for 
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FIG. 2--Discussion of element nodal reactions in a resistance spot weM joint: (a) a 
resistance spot weld specimen (edge view); (b) enlarged view of the elements around circled 
area in (a); (c) schematic showing element reactions. All directions are positive as shown. 
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TABLE 1--Definition of AM,*, as used in Eq 5. a 

271 

Case APa, AM* AM* 

AM,, > 0. AMa > 0. APA, > 0 
l~kMd > z~mi2 APAi Amil -- AM,2 0 
AM. < AMa AP.  0 Z~dVla -- ~ .  

APa, > 0 or APa, < 0 
AM a > 0, AMi2 < 0 0 AM a 0 
AM a < O, AM,2 > 0 0 0 AM a 
AMa < 0, AM a < 0, tbd b tbd tbd 

AM a > 0, AM~2 > 0, APa, < 0 tbv ~ tbv tbv 
0 AM,, AM a 

"This table is used to find values of AM* and AM* based upon the relative values of AM, and AMa, where 
AM, is the elemental moment reaction load at Da, as defined in Fig. 2c, and AM a is the elemental moment 
reaction load at D,2, as defined in Fig. 2c. 

Otbd = to be determined. This particular case has never been exhibited by any of the specimens studied to 
date. 

Ctbv = to be verified. This particular case has never been exhibited by any of the specimens studied to date, 
but the author postulated these values of loading. 

structural stress. Furthermore, r is the effective width and is defined as 7rd/3 based on the 
work of Wang and Lawrence [28], d is the diameter of the weld,/3 is the width of the piece, 
and ti is the thickness of the sheet. In reality /3 will saturate at a finite width, as was 
discussed in Ref 2. It is likely that co will saturate for a given sheet thickness as well. The 
deformations resulting from the three loading modes represented in Eq 5 are shown in Fig. 
ld. 

There are a number  of similarities and differences between the definition of structural 
stress used in the current work (and in Refs 1 and 2) and expressions presented by Radaj 
[15,27]. Radaj gives expressions for structural stress in several specific specimen designs 
both in terms of the load traveling through the nugget (loads Q, T, and M in Fig. lc)  and in 
terms of the "running- through tensile force and bending m o m e n t "  (here assumed to be the 
same as P/j and Mij in Fig. 2c). His work does not contain a general expression for structural 
stress (such as Eq 5) based upon the loads traveling into the nugget. A more complete 
discussion on various expressions for structural stress is contained in the Appendix. 

Equation 5 is a general statement of the structural stress range at the edge of the weld in 
the presence of bending, axial, and membrane loadings. The application of Eq 5 to calculate 
structural stress is relatively straightforward if based on appropriate and accurate finite 
element representations of the weld joint.  The appropriate results are the reaction forces in 
the elements surrounding the weld connection, as shown in Fig. 2c. The issue of accurate 
finite element results is discussed later in this paper. 

Relat ionship  be tween  Structural  Stress  and  Propagat ion  Life 

The following development describes fatigue crack growth through the sheet thickness to 
the point when the crack just  becomes visible on the outer surface. The starting point for this 
development is identical to that presented in Ref 2 except  that the crack growth rate 
description proposed by Forman et al. [30] is used as it explicitly includes the effect of  the 
load ratio, R 

da/dNp = AI(AK)b/[(1 - R)K~ - AK] (6) 
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where 

da/dNp = the crack growth rate (change in crack length/cycle), 
a = the crack depth or length, as shown in Fig. l ,  Ref  2, 

Np = the number  of  load cycles spent in propagating a crack, 
K = the Mode I stress intensity factor, 

AK = the stress intensity range, 
R = the load ratio and is defined as PmJPm~x, 

P ~ x  = the maximum applied load, 
P ~ ,  = the m i n i mu m applied load, 

Kc = the fracture toughness of the material under consideration, and 
b and AI = material constants. 

Note that AK considers only Mode I effects from membrane,  axial, and bending loadings, 
which is reasonable when the physical evidence of fracture is considered. 

If the assumptions listed in Table 2 and the assumption that AK strictly increases with 
crack depth are applied (as was clone in Ref 2) to Eq 6, the following relationship between 
structural stress and propagation life results 

Np/[(1 - R)] = A2(ASm~) -b (7) 

where A2 = 2a(o-b+2v21((b - 1)Aid'b/2), ao is the crack length at which initiation ends and 
crack propagation begins, Np is the total life spent propagating the crack through the sheet 
thickness t, and AS~ax is defined as 

ASmax( = max [ASI~,ASlz,AS21,ASzz]) (8) 

Equation 7 depicts the total propagation life, Np, as being related to nominal  stress range in a 
log-linear relationship. 

If the assumptions listed in Table 2 and the assumption that AK remains constant with 
crack depth (as was suggested by the work of Cooper and Smith [14]) are applied to Eq 6, 
the following relationship between structural stress and propagation life results 

NrC[t(1 - R)] - -  A3(ASmax) - b  (9) 

where A 3 ~- A l la(o-b/2), a 0 is the crack length at which initiation ends and crack propagation 
begins, and Np is the total life spent propagating the crack through the sheet thickness, t. 

TABLE 2--Basic assumptions in development of Eqs 7 and 9. 

Assumptions 

l .  

2. 
3. 
4. 

5. 

6. 
7. 

8. 

Crack growth is described using linear elastic fracture mechanics and provides the basis for a 
relationship between structural stress and propagation life. 
Crack growth is through the thickness, t, and not through the nugget diameter. 
The crack aspect ratio is such that 0.33 < a/c < 1. 
The crack length, a0, at which initiation ends and crack propagation begins is 1 to 5 grains in 
size and is much less that the sheet thickness, t. 
No crack closure effects are considered in welds in the as-welded condition. Prestressing or stress 
relieving the specimens prior to fatigue testing creates some degree of crack closure. 
Crack growth is due to Mode I effects. 
Crack initiation and early growth represent a small fraction of total life, and therefore it is 
reasonable to assume that Np ~ N,. 
K~ > AK for materials being considered in this work (K~ is likely to be in excess of 252 
MPa(m) ~ for the low-carbon steels under consideration, while the values of AK will be less than 
22 MPa(m) ~ s). 
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Equation 9 depicts the quantity Np/t as being related to nominal  stress range in a log-linear 
relationship. 

Modeling Issues 

Sheppard and Strange [1,2] and Radaj [31] have identified some of  the issues related to 
creating a finite e lement  model  of  resistance spot-welded joints. In Refs 1 and 2, five types 
of  finite element  models that al low for various output data about the weld joint  are 
discussed. Furthermore, it was reported that a Type IV model  (shown in Fig. 2b), in which 
plate elements are used to model  the sheets and a single beam or rigid element  is used to 
represent the weld, is generally less stiff than models where the finite footprint of  the weld 
nugget is explicitly incorporated into the analytic model.  

None of  the works cited above discusses the role of  mesh density on structural stress 
values. In order to address this issue, a study was undertaken that looked at the influence of  
mesh density on: (1) overall  joint  stiffness, and (2) load distribution around the weld and the 
value of  structural stress. 

The discussion below is based upon the work done with the finite element  models defined 
in Table 3. Each model  considered sheet 1.19 m m  thick. 

Related to Item (1)--Overall joint  stiffness decreases with increasing mesh density (this 
is to be expected). For  example,  the joint  stiffness of  Model  F-1W is approximately 26% 
less than that of  Model  C-1W. Note that the model ing approach represented by Model  C - l W  
is more desirable from an applications standpoint because it represents less modeling effort 
and fewer degrees of  freedom (and therefore lesser computing time). 

Related to Item (2)--Consider the max imum value of  structural stress calculated using Eq 
5 for the models described in Table 3. For the same applied load, Model  C-1W resulted in 
values of  max imum structural stress that were 50% higher than in Model  F - l W .  The reason 
for this difference in the values of  structural stress stems from how the input load travels 
through the weld connection, as summarized in Table 4. Model  C-1W predicts that 77% of  

TABLE 3--Definition of models in mesh-refinement study. 

Model Name Description 

Model S- 1W 

Model C-IW 

Model F-1W 

Model S-3W 

Model C-3W 

Model F-3W 

A solid model of a tensile-shear specimen with a single weld. Attachment between the 
sheet is along the faying surface and reflects the entire weld nugget footprint. 

A plate model of a tensile-shear specimen with a single weld. The weld is modeled as a 
single beam. Each plate element is roughly square in layout, measuring w/2 X w/2, where 
w is the width of the specimen. Mesh density is coarse. 

A plate model of a tensile-shear specimen with a single weld. The weld is modeled as a 
single beam. Each plate element is roughly square in layout, with dimensions that of the 
weld nugget radius (e.g., 3 ram). The density is approximately ten times greater than with 
Model C-1W. Therefore, mesh density is described as fine. 

A solid model of a tensile-shear specimen with three welds in series. 

A plate model of a tensile-shear specimen with three welds in series. Each weld is modeled 
as a single beam. Each plate element is roughly square in layout, measuring w/2 • w/2, 
where w is the width of the specimen. Mesh density is coarse. 

A plate model of a tensile-shear specimen with three welds in series. Each weld is modeled 
as a single beam. Each plate element is roughly square in layout, with dimensions that of 
the weld nugget radius (e.g., 3 mm). The density is approximately ten times greater than 
with Model C-3W. Therefore, mesh density is described as fine. 
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T A B L E  4--Dis tr ibut ion  o f  a IO0-N input load through a spot weld(s), a 

W 1  (weld  1) W 2  (we ld  2) W 3  (we ld  3) 

DI  l b Di2b DH b DI2 o DN b Dtzb 
M o d e l  PII  PI2 P11 P l :  PN P~2 

M o d e l  S - l W  + 66  - 33 . . . . . . . . . . . .  
M o d e l  C - 1 W  + 77 - 23 . . . . . . . . . . . .  
M o d e l  F - l W  + 55 - 45 . . . . . . . . . . . .  
M o d e l  S - 3 W  + 4 9  c + 10 + 2 8  + 7  + 2 6  - 9  

M o d e l  C - 3 W  + 58 " + 22 + 39  + 12 + 28 - 9 
M o d e l  F - 3 W  + 25 c - 9 + 20  - 10 + 20  - 16 

"+ means that tension is being created at that edge; - means that compression is being created at that edge. 
bSee Fig. 2c. Directions shown in Fig. 2c are all considered to be positive. 
'Major difference in modeling. 

the applied load goes through DH (and therefore 23% of the input load travels as compres- 
sion through D12), whereas Model F-1W predicts a more even distribution at 55 and 45%, 
respectively. The solid model predicts that the distribution is 66 and 33%. 

The results from studying a three-weld tensile shear specimen are even more enlightening 
(the three-welds are in series). Model C-3W resulted in values of maximum structural stress 
50% higher than those in Model F-3W. Again, the reason for the differences in the values of 
structural stress stems from how the input load travels through the weld connection, 
summarized in Table 4. All three models predict that the distribution of the input load 
through the three-weld nuggets themselves is approximately 36, 28, and 36% (it is expected 
that more of the load will travel through the two end welds that are closer to the input load). 
This is in sharp contrast to the predicted distribution of the load Pij around the weld, as 
shown in Table 4. 

The major conclusions that can be drawn from the work [1,2] and from the results shown 
in Table 4 are: 

1. Selective thickening allows models that represent each weld as a single beam or rigid 
connection (Type IV models) to attain the same overall joint stiffness as a solid 
representation that explicitly includes the finite footprint of each weld (from Refs 1 
and 2). 

2. The amount of selective thickening necessary for attaining equivalent stiffness de- 
creases as the number of welds in the "structure" increases. One could postulate that 
at some limiting number, no selective thickening may be necessary (from Refs 1 and 
2). 

3. Coarse meshes (where there are only two plate elements through the specimen/flange 
width, and a single beam or rigid connection is used to represent each weld) ade- 
quately and accurately represent the distribution of input loads through and around the 
spot weld. In fact, finer meshes may incorrectly distribute the load. This is certainly an 
issue needing further exploration. 

Estimations 

Using the ideas developed above related to structural stress and crack propagation life, a 
procedure is now defined for estimating total fatigue life. Experimentally measured and 
estimated fatigue lives are then compared for a variety of specimens. 
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Procedure 

The following steps were followed in order to determine the applicability of Eqs 7 and 9 
and the definition of  AS~ax in Eq 8 for estimating fatigue life. Based upon the findings in Ref 
2, it is assumed that Np ~ Nt: 

1. A body of well-documented experimentally generated fatigue life data on resistance 
weld performance was gathered. Each configuration (load ratio, specimen geometry/ 
dimensions, material, weld treatment) was considered to be a data set. Loads repre- 
senting low, medium, and long fatigue lives were selected, along with the correspond- 
ing lives (Np)exp. 

2. For each data set, a finite element representation of  the weld specimen using the ideas 
developed in Refs 1 and 2 and in the previous section was built. Four-noded quadrilat- 
eral shell elements measuring w/2 by w/2 and a rigid connection between the sheets 
were used in each model. The load ranges discussed in Step 1 were applied to each 
model to determine values of  AS~,x, as defined in Eqs 5 and 8. 

3. Curve fit values of ASm~, data to (Np)exp/(1 - R) and (Np)exp] [ t (1  - R)] to determine 
constants A2 and b for Eq 7 and A3 and b for Eq 9. In Ref 2, A2 and b were determined 
from material constants A1 and b and an estimate of at. In general, AI and b are 
difficult to obtain for the heat-affected zone materials where crack growth occurs. 
Also, results are very sensitive to the value of  at. In order to circumvent these 
difficulties, log-linear curve fitting was done to all empirical fatigue data. 

4. Use the values of A2 and b for Eq 7 and A 3 and b for Eq 9 determined in Step 3 to 
check on the quality of the fit. 

Results 

The ability of the procedure outlined above to estimate fatigue life in resistance spot weld 
specimens in mild steel is now evaluated. Tensile-shear specimen data in a variety of 
thicknesses and widths, as summarized in Table 5, were considered. The nominal yield 
strength of all of these specimens is 207 MPa (30 ksi). In addition, specimen data of  mild 
steel with a 25% greater yield strength are summarized in Table 6. Henceforth, the data in 
Table 5 will be referred to as the "low-strength mild steel data" and that in Table 6 as the 
"medium-strength mild steel data." 

Figure 3a shows the two bounding data sets from Table 5 for R = 0, plotted in terms of 
load range versus life. All of the other data sets in Table 5 fall in between the two limits. Nt 
used in this figure is defined as the total number of cycles for a fatigue crack to just appear at 
the outside surface. Figure 3b shows the consolidation of  the data when plotted in terms of 
ASm~x. The equation of the curve shown in this figure is 

Np/(1 - R) = A2(ASmax) -3"5609, CC = 0.83 (lO) 

where Np is in cycles, A2 = 5.929 • 1 0  TM if ASma x is given in MPa (and is equal to 6.126 • 
101~ if AS~x is given in ksi) and b = 3.5609. Note that this value of b is in the expected 
range for this particular material [32]. If this curve is then used to estimate values of Np, all 
estimated values are within a factor of 4 of experimentally measured lives. This factor is 
greater than for the HSLA predictions made in Ref 2; this is to be anticipated as initiation 
life, Ni (which is not accounted for here), is likely to represent a greater portion of life in 
mild steel than in HSLA steel (as discussed in Ref 10). The "f i t"  resulting from the data set 
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TABLE 5--Summary of low-strength mild steel weld fatigue data. a 

Data 
Set Researcher R t, mm D, mm /3, mm Configuration b 

1.1 [10] 0 0.90 6.10 38.1 TS, as-welded 
2.1 [10] 0 0.90 4.79 38.1 TS, as-welded 
3.1 [10] 0 2.70 8.60 38.1 TS, as-welded 
4.1 [10] 0 1.40 6.10 38.1 TS, as-welded 
5.1 [10] 0 1.40 4,79 38.1 TS, as-welded 
6.1 [10] 0 2.70 7.59 38.1 TS, as-welded 
7.1 [10] 0.5 0.90 6.10 38.1 TS, as-welded 
8.1 [10] 0.5 1.40 6.10 38.1 TS, as-welded 
9.1 [10] 0.5 1.40 4.79 38.1 TS, as-welded 

10.1 [10] 0.5 2.70 8.60 38.1 TS, as-welded 
11.1 [10] -0.2 0.90 6.10 38.1 TS, as-welded 
12.1 [10] - 0.2 1.40 4.79 38.1 TS, as-welded 
13.1 [10] -0.2 1.40 6.10 38.1 TS, as-welded 
14.1 [10] 0 1.40 4.79 22. TS, as-welded 
15.1 [34] - 1 c 1.09 5.59 38.1 TS, as-welded 
16.1 [34] - 1 c 1.09 5.59 38.1 TS, prestressed d 

arty, (MPa) is approximately 207 MPa. 
~TS is a tensile-shear specimen with a single weld. 
OLives reported in this work included growth through the width. As-welded lives were reduced by 30% per 

tensile-shear results of Swellem et al. [10,34]. 
dEflect of prestressed was included by reducing AS~x by the yield strength, as was done in Ref 2. 

in Table 5 based upon Eq 9 was much poorer than that obtained with Eq 7, having a 
correlation coefficient (CC) of 0.71. 

Figure 4a shows some of the original fatigue life data for the medium-strength mild steel 
considered in this study, as summarized in Table 6. Specimen types have been labeled. Nt 
used in this figure is defined as the total number of cycles for a fatigue crack to just appear at 
the outside surface. Figure 4b shows the consolidation of the data (Data Sets 1.2 through 
12.2 from Table 6 were used) when Np/(1 - R) is plotted in terms of ASm,x- The equation of 
the curve shown in this figure is 

Np/(1 - R) = A2(ASmax) -2"4155, CC = 0.91 (11) 

where Np is in cycles, Az = 1.363 x 1011 if &Sma~ is given in MPa (and is equal to 1.287 X 
109 if ASr, ax is given in ksi and b = 2.4155. Note the excellent correlation coefficient, CC. If 
this curve is then used to estimate values of Np, all estimated lives are within a factor of 3 of 
experimentally measured lives. As with the low-strength mild steel results, the correlation 
coefficient was significantly lower when the data were fit via Eq 9. Data from Wang and 
Ewing [11] (Data Sets 13.2 and 14.2) are shown in Fig. 4b but were not included in the data 
fit of Eq 11; the lives reported in Ref 11 for these two coach peel designs included initiation 
and life to propagate a crack through the sheet thickness, plus life for the crack to grow 
through the specimen width. As this later stage of life is not included in the current work, it 
is not possible to compare predicted lives from Eq 11 with the experimental data reported in 
Ref 11. 

Discussion and Condusions 

Using Forman's relationship between crack growth rate and stress intensity range, an 
expression between total propagation life and the structural stress range was derived. Crack 
growth through the sheet thickness was explicitly considered. The relationship between 
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TABLE 6--Summary of medium-strength mild steel weld fatigue data. a 
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Data 
Set Researcher R t, mm D, mm /3, nun Configuration b 

1.2 Current work 0 0.91 6.35 34.9 TS, as-welded 
2.2 Current work 0 0.91 6.35 34.9 CT, as-welded 
3.2 Current work 0 0.91 6.35 34.9 MCP, as-welded 
4.2 Current work 0 0.91 6.35 34.9 ACP, as-welded 
5.2 Current work 0 1.20 6.35 34.9 TS, as-welded 
6.2 Current work 0 1.20 6.35 34.9 CT, as-welded 
7.2 Current work 0 1.20 6.35 34.9 MCP, as-welded 
8.2 Current work 0 1.20 6.35 34.9 ACP, as-welded 
9.2 Current work 0 1.47 6.35 34.9 TS, as-welded 

10.2 Current work 0 1.47 6.35 34.9 CT, as-welded 
11.2 Current work 0 1.47 6.35 34.9 MCP, as-welded 
12.2 Current work 0 1.47 6.35 34.9 ACP, as-welded 
13.2 [11] (Y 1.27 5.84 38.1 CP, as-welded 
14.2 [11] 0 d 1.27 5.84 38.1 CP, as-welded 

"try~ (MPa) is approximately 275 MPa. 
bWhere: 

TS is a tensile-shear specimen with a single weld. 
CP is a coach peel specimen. 
MCP (modified coach peel) contains a single L piece welded to a horizontal member. The horizontal 

member is gripped at both ends in the tension testing machine. 
ACP (angled coach peel) contains a single angled-L piece welded to a flat member. The fiat member is 

gripped at both ends in the tension testing machine. 
CT is cross-tension. 
CP is coach peel. 

Ce, as defined in Ref 11, is 16.13 mm. 
de, as defined in Ref 11, is 32.26 mm. 

propagation life (Np) and the structural stress range was then used to describe fatigue in 
resistance spot-welded joints. In this work it was assumed that N v ~ Nt for both steels, 
where N t is defined as the number of cycles to a crack to become visible. 

It is necessary to determine the coefficient and exponent in Eq 7 or Eq 9 for specific 
materials in order to estimate propagation life. This was done by fitting a log-linear curve to 
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the experimental data listed in Table 5 for low-strength mild steel and in Table 6 for 
medium-strength mild steel. Note that the correlation coefficients in Eqs 10 and 11 are both 
very high when structural stress is related to Np (as results from assuming that AK increases 
with crack depth); the fit is not nearly as good when made based upon Np/t (as would be 
suggested by assuming that AK is constant with crack depth). The relationships in Eqs 10 
and 11 were then used to estimate Np. All estimated fatigue lives were within a factor 4 of 
experimentally measured lives. 

The method developed here has several advantages over other proposed techniques. Some 
of these are: 

1. An explicit expression for the SIF range as a function of crack depth is not needed. 
This is even though the method is based on the Forman relationship for crack growth (Eq 6) 
through the sheet thickness. 

2. Fatigue life evaluation is based upon local information; the local reaction forces into 
the weld nugget are considered. Applied loads and their eccentricity relative to the weld 
nuggets need not be considered. This point is particularly critical when considering joints 
containing multiple welds, where the idea of load offset may have less meaning. 

3. The weld can be represented in a simple fashion in finite element simulations of 
structures. This is particularly important when considering resistance spot-welded structures 
containing multiple welds. The current work has shown that mesh layout is an important 
factor in coming up with accurate estimates of the structural stress. A number of modeling 
guidelines have been presented. 

In the near future there will be additional verification of the structural stress approach to 
life estimation by applying it to mixed thickness, single-weld specimens and to a T-pillar 
section containing multiple welds. This program is a joint experimental-analytical effort. 
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APPENDIX 

Expressions for Structural Stress 

Summarized in Table A-1 are various expressions for structural stress as proposed by 
Radaj in Refs 15 and 27 (Rows 2 and 3) and by Sheppard and Strange [1,2] (Row 1). It is 
possible to compare these expressions in restricted cases. For example, compare the terms in 
Column C for "cross-tension" response; the form of structural stress in Box 1C is very 
similar in form to that posed by Radaj in Box 2C (one expression is fer simply-supported 
boundary conditions, the other for fixed). 

The structural stress expression given in Box 2A/B for the tensile-shear specimen is based 
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TABLE A- 1--Comparison of various expressions for structural stress." 

A A/B B C 

Membrane Value of Bending Value of Axial Value of 
Row Structural Stress Tensile-Shear Structural Stress Structural Stress 

Row 1 [1,2] 1A. lB.  1C. 
(see Eq 5) Pj/(tot) 6MJ(t2/3) T/t 2 

Row 2 b [15,27] 2A/B. 2C. 
1.27 Q/(td) 0.69T/teln(D/d) 

1.03T/t21n(D/d) 
Row 3 b [27] 3A. 3B. 

1.54 P,l(~t) 9.24 gjl([3t 2) 

aQ and Tare defined in Fig. lc. Furthermore, Pj = P21,  M~ = M21. Note that in comparing Figs. lc and 2c, Q 
= pf, T = PA2" D is the diameter of two disks being "pulled apart" due to pressure loading. In Ref 27 Radaj 
takes the ratio of D/d to be 25. In some ways D is analogous to the specimen width. 

bThe symbols to represent loads have been changed from the original works to be consistent with the current 
work. 

on the membrane load traveling through the weld nugget (load Q in Fig. lc  and load pf in 
Fig. 2c) and the assumptions that the applied load P ( =  Q for a single spot weld) is 
uniformly distributed around the weld circular periphery and that there is an amplification 
factor of 4 caused by the presence of a bending load (see Ref 31 for the complete develop- 
ment). How does this expression for a tensile-shear specimen compare with structural stress 
as defined in Eq 5? To make this comparison, one needs to convert Eq 5 (or the sum of 
Boxes 1A and 1B), which is stated in terms of the loads traveling into the weld into a form 
based upon the loads traveling through the nugget of  a tensile-shear specimen. Based upon 
the fact that Pij = 0.70 Q (scaling factor is approximately 0.7 for a tensile-shear specimen, 
as shown in Table 4), Mo = Pu(t/2) = 0.70 Q(t/2), and T is approximately zero, it is 
possible to rewrite Eq 5 for structural stress, S, for a tensile-shear specimen as 

Stensile_shea r = (0.7Q)/[~rdl3t] + 6[0.70Q(t12)l(fl/3)] = 2.1Q/t[(crd) -1 + (/3)-'1 (12) 

This is only the same as the expression given for structural stress by Rahaj in Box 2A/B if/3 
= 3.5 d. A curious feature of the expression in Box 2A/B is that it implies that the structural 
stress in a tensile-shear specimen is independent of  width (physical evidence by Lawrence et 
al. [10] shows that fatigue response of tensile-shear specimens is affected by specimen 
width). 

A similar comparison can be made with Eq 5 and the expressions for membrane and 
bending structural stress given in Boxes 3A and 3B (these were proposed by Radaj in Ref 
27; he called the force Pu and moment M U the "running-through" tensile force and bending 
moment, respectively). In this case there is equivalence between Eq 5 and the sum of Boxes 
3A and 3B only i f /3  = 3.31 d. A curious feature of the expression in Box 3A is that it 
implies that the structural stress in a tensile-shear specimen is independent of nugget 
diameter. 
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ABSTRACT: Coiled tubing is being used increasingly in the oil well drilling and servicing 
industry. Continuous steel tubing of structural dimensions (up to 89 mm or 3.5 in. in diameter) 
is wound onto a large-diameter reel for repeated deployment into and out of a well bore. The 
bending strain range associated with each wrap-unwrap cycle can exceed 3% with lives well 
below 100 cycles. During constant internal pressure fatigue testing, tubing has been observed 
to grow in diameter by as much as 30%. 

This paper describes an analytical model to predict the fatigue behavior of coiled tubing 
subjected to variable pressure service conditions. The approach utilizes standard low-cycle 
fatigue data but requires additional experimental results from constant pressure fatigue testing. 
The algorithm is based on estimates of biaxial ratcheting from an incremental plasticity model 
using a hybrid associated flow rule, a modified kinematic hardening rule with multiple von 
Mises yield surfaces, and a specialized limit surface concept. An empirical damage parameter 
was formulated based on constant pressure fatigue data using mean and fluctuating von Mises 
equivalent strain components occurring throughout the life of a section of tubing. This 
parameter is used with the Palmgren-Miner definition of cumulative damage to track damage 
that is accumulating nonlinearly under constant or variable pressure histories. Modifications to 
standard incremental plasticity components and implementation assumptions used to apply 
the model are presented and discussed. The predictive capability of the model is demonstrated 
relative to data generated under constant and variable pressure histories. 

KEYWORDS: cyclic plasticity, biaxial ratcheting, circumferential growth, variable ampli- 
tude, low-cycle fatigue, multiaxial fatigue, coiled tubing, fatigue life prediction 

The use of coiled tubing (CT) in the oil field industry is increasing rapidly in quantity and 
scope [1]. The operational concept of CT involves running a continuous string of steel 
tubing into a well to perform specific operations (such as pumping, acidizing, or electric 
wireline logging) without disturbing existing completion tubulars or equipment. When 
servicing is complete, the tubing is retrieved from the well and spooled back onto its reel for 
transport to the next work location. Initially, tubing diameters were below 50.8 mm (2 in.), 
but recently tubing as large as 78.9 mm (3.5 in.) in diameter has been used for open-hole 
drilling operations. The use of even larger tubing is being explored. Fatigue is the single 
major factor controlling the working life of CT. The strain levels imposed on tubing as it is 
deployed and retrieved from a well are enormous, on the order of 2 to 3%. Combined with 
internal pressures that impose hoop stresses on the order of 60% of the material's monotonic 
yield stress, tubing has been observed to fail in fewer than ten bending-straightening cycles. 
There are essentially no other applications involving structural engineering alloys where 
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284 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

cyclic loading of this magnitude is intentionally imposed. Thus, CT operates beyond the 
domain of conventional fatigue life prediction models [2]. 

In addition to the large magnitude of imposed strain, other factors complicate the analysis 
of CT fatigue behavior. The loading is variable amplitude and multiaxial. A "gooseneck"  
arch guides the tubing into an injector unit, which drives the tubing into and out of a well 
bore. The gooseneck radius of curvature typically differs from the radius imposed by the 
spool on a given section of tubing, as shown in Fig. la. Tubing is often pressurized during 
its use. When it is wrapped and unwrapped with an internal pressure, it grows incrementally 
in diameter. Growth on the order of 30% has been observed routinely during constant 
pressure fatigue testing. This ratcheting is caused by hoop stress levels well below 50% of 
the material's monotonic yield stress. Bending events imposed with high internal pressure 
cause fatigue damage to develop at a greater rate than cycles imposed with low internal 
pressure. Furthermore, the bending and pressure history of the tubing appear to be impor- 
tant, as damage accumulates nonlinearly. In other words, a cycle imposed on a section of 
tubing later in its life consumes a larger proportion of the total working life than a cycle 
imposed earlier in life. This is particularly important when the pressure varies from cycle to 
cycle, as it invariably does in field situations [1-5]. 

A number of conventional multiaxial fatigue life prediction approaches were investigated 
for use in describing the behavior of CT [2,3]. The approaches are adequate for very little or 
no internal pressure (essentially, a uniaxial strain-controlled situation) but cannot correlate 
higher pressure data points. There are three main reasons that conventional parameters fall 
to correlate: 

1. Most parameters are based primarily on stress and/or strain fluctuations, which are 
unaffected by a static mean hoop stress. 

2. Mean loading is usually accounted for with stress quantities. However, equivalent 
mean stresses are relatively unaffected by the hoop stress magnitude since plastic 
deformation is so extensive. 

3. Critical plane approaches tend to ignore "noncritical" stress and strain components 
(such as the relatively small hoop stress). In general, no conventional approach is able 
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FIG. 1--Schematic illustrations of (a) full-scale deployment equipment and (b)fat igue 
testing machine concept and associated bending strain histories. 
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to adequately characterize the detrimental effect of circumferential ratcheting induced 
by hoop stress. 

A life prediction algorithm designed specifically for CT is described in this paper. The 
approach was developed as a part of two separate projects. During the first project [2-4], a 
model was developed and validated for tubing diameters up to 44.5 mm (1.75 in.). Data 
were generated using full-scale deployment equipment. The second project involved the 
enhancement of the analytical model and its validation for diameters up to 88.9 mm (3.5 
in.). Also, a CT fatigue testing concept and prototype machine, shown schematically in Fig. 
lb, were developed as a part of this project [6]. A section of  tubing 1.68 m (66 in.) in length 
was used as a specimen by sealing it at each end and alternately bending and straightening it 
over an arcuate and straight form, respectively. Guided rollers were used on the end of a 
hydraulic actuator to transfer the bending and straightening loads to the tubing, avoiding the 
imposition of external axial loading. In order to ensure the validity of the test machine 
concept, sets of data were generated for tubing of three different materials: modifed A606 
steels, one normalized to a nominal yield strength of 483 and the other to 552 MPa (70 and 
80 ksi, respectively) and a modified A607 steel quenched and tempered to a yield strength of 
690 MPa (100 ksi). Specimen diameters ranged from 31.75 to 88.9 mm (1.25 to 3.5 in.), and 
wall thicknesses ranged from 2.2 to 5.2 mm (0.087 to 0.203 in.). Bending forms were used 
with two different radii of curvature: 1.22 and 1.83 m (48 and 72 in.). The machine data 
correlate well with data from full-scale tests conducted with field deployment equipment [6]. 
This confirmed that the bending-straightening cycle is the primary source of  fatigue damage 
imposition, with other factors (e.g., contact forces from rollers or injector blocks) being 
negligible. Another important consideration for validation of the test machine concept 
pertains to the location of failure sites. From 88 tests, failure sites along the specimen length 
were distributed with no apparent influence from the clamping forces at the base of the 
tubing [5,6]. 

The CT life prediction algorithm described in the remainder of this paper is based on 
standard low-cycle fatigue data (generated in accordance with the ASTM Practice for 
Constant-Amplitude Low-Cycle Fatigue Testing (ASTM E 606) using special specimens 
extracted from tube walls [2,4]) and constant pressure data sets collected using the testing 
machine. The approach is based on a specialized CT fatigue damage parameter and the local 
multiaxial stress and strain history in the tube wall, as computed from an incremental 
plasticity model. This paper demonstrates the ability of the model to deal with variable 
bending strain amplitude loading and variable pressure history data. 

Coiled Tubing Stress-Strain State 

The life prediction model is based on the estimated state of stress and strain at the outer 
surface of the tensile side of the tubing. The stress and strain components for a section of 
tubing in the testing machine under constant internal pressure are depicted schematically in 
Fig. 2. At this location, the strain along the axis of the tubing, % is considered to be 
controlled by the amount of curvature imposed by bending (assuming plane cross sections 
remain plane). When straightened, the axial strain is considered to return to zero. This 
characterization of bending strain control in the axial direction has been supported experi- 
mentally [4]. The stress in the hoop direction, ah, is computed as the average stress 
according to thin-walled pressure vessel relations, and the radial stress, ~r r, is taken as zero. 
For the smallest diameter to wall thickness ratio examined in this study (D/t = 11.2), Fig. 3 
shows the hoop and radial stress distributions, normalized by internal pressure, as computed 
from Lam~ (thick-walled cylinder) relations, versus normalized through-thickness location 
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FIG. 2--Schematic state of stress and strain in pressurized coiled tubing. 
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(zero at the inner wall and one at the outer wall). The average hoop stress is shown for 
comparison. At the outer surface, the average hoop stress is within 10% of the Lam6 hoop 
stress. For larger diameter to thickness ratios, up to the maximum in this study, D/t = 18.4, 
the difference is as small as 6%. 

With axial strain, hoop and radial stress as input (ex, ~h, and cr r, respectively), the 
plasticity algorithm computes the corresponding axial stress, hoop, and radial strain compo- 
nents (Crx, eh, and e,, respectively). The axial stress fluctuates uniformly between a tensile 
peak and compressive valley. The hoop and radial strains ratchet as shown in Fig. 2. This is 
indicative of the fact that the tubing diameter increases (e h increasing) and the wall thickness 
decreases (er decreasing) at the points of maximum strain fluctuation. The rate at which this 
ratcheting occurs is dependent on the internal pressure and the bending strain range. Since 
hoop strain growth rates could not be measured during fatigue machine testing, a relation 
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FIG. 3--Normalized hoop and radial stress distributions through the normalized wall 
thickness of the tubing with the greatest D/t ratio used in this study. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



TIPTON ON MULTIAXIAL PLASTICITY 287 

will be described later in this paper for approximating localized hoop strain from measure- 
ments of tubing outer dimensions. This facilitates comparison with hoop strain growth rates 
estimated by the incremental plasticity algorithm. 

As a final note, the axial stress due to internal pressure is neglected in this approach. This 
decision was made since the axial pressure stress magnitude is relatively small, about 30% 
of the material's monotonic yield stress in the worst case. Furthermore, CT operators 
indicate that changes to the length of CT following routine use are not discernable, implying 
the absence of appreciable net axial plasticity. 

Fatigue Damage Model 

Fluctuating and mean equivalent strain components were used to formulate a coiled 
tubing fatigue damage parameter 

Ea,ef f = Ea,eq(1 + Ern,eq) S (1) 

where 

e~.eff = coiled tubing fatigue damage parameter, 
IEa,eq = equivalent von Mises strain amplitude, 
em.eq = equivalent yon Mises peak strain, and 

S = coiled tubing exponent. 

The CT fatigue damage parameter is considered an effective, fully reversed strain amplitude 
that can be used directly with the low-cycle fatigue strain-life data for the material, 
generated per ASTM E 606. The strain-life relation is characterized by a Manson-Coffin 
relation [7-9] 

O -t 
% = ~,s (2N/)b + r (2) 

where 

E'  = cyclic modulus of elasticity (measured at 50% life), 
~r~ = fatigue strength coefficient, 
b = fatigue strength exponent. 

e~ = fatigue ductility coefficient, 
c = fatigue ductility exponent, 

ea = strain amplitude, and 
N s = cycles to failure. 

A cycle of loading is considered complete when the tubing goes from a bent condition (a 
peak) to a straight condition (a valley). Damage for a cycle is computed as follows. From Eq 
1, the yon Mises equivalent strain amplitude, ea.eq, is computed based on half of the range of 
each strain component from a peak to a valley. The values of the three strain components at 
the peak of the cycle are used to compute the corresponding yon Mises equivalent peak 
strain [7], Em.eq. The effective strain amplitude, e,.eff, is taken as ~ in Eq 2. The correspond- 
ing number of cycles to failure, N s, is used to compute damage per cycle, D i, according to a 
traditional Palmgren-Miner [7-9] approach 

D, = (3) 
i 
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Damage is summed each cycle and failure is considered to occur when accumulated damage 
equals unity. However, from the hoop and radial ratcheting apparent in Fig. 2, em,eq increases 
as cycles are applied with internal pressure. Thus, ea,eff will increase from Eq 1 such that a 
cycle applied later in life results in a greater damage estimate than a cycle applied earlier in 
life. In other words, damage accumulates nonlinearly. 

The CT exponent, S, is identified for a particular constant pressure test result from the 
following procedure. A test at a particular internal pressure consists of bending and 
straightening a tubing specimen until it fails, defined as a loss of internal pressure from a 
through-thickness crack, The histories of all strain components, for the number of cycles to 
failure, are computed using the plasticity model with the bending strain in the axial direction 
and the hoop stress caused by internal pressure. Damage for each cycle is computed using 
Eqs 1 through 3, and S is adjusted iteratively until damage equaled unity at the cycle count 
corresponding to failure observed in the test. For the 483-MPa (70-ksi) yield strength 
material (the material for which the most data were gathered), S is plotted versus hoop 
stress, normalized by the cyclic yield stress, Sy, in Fig. 4. The variation in S at low values of 
hoop stress is not significant. It results from scatter common to higher cycle data and the 
attempt of the model to fit these data. In general the value of S increases with hoop stress 
but, as seen in Fig. 4, the hoop stress alone cannot be used to correlate the CT exponent. 
Figure 5 shows the improved correlation when S is plotted against the product of the 
normalized yield stress and the square root of the bending strain range. A curve through the 
data of the form 

S = QLSy .d 
(4) 
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FIG. 4--Coiled tubing exponent versus normalized hoop stress for tests on 483-MPa 
(70-ksi) yield strength material. 
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FIG. 5--Coi led tubing exponent versus normalized hoop stress for  tests on 483-MPa 

(70-ksi) yield strength material. 

also is shown in Fig. 5. This relation (defined by the parameters Q and m) is considered a 
characteristic of the material. For complex applied loading histories, Eq 4 can be used with 
the hoop stress and axial strain range to define the CT exponent for a particular cycle. Notice 
that the value of S is zero for zero hoop stress, and the coiled tubing parameter reduces to the 
von Mises equivalent strain amplitude. 

Incremental Plasticity Model 

The incremental plasticity model used in this algorithm consists of the following compo- 
nents: 

1. The von Mises description of yielding. 
2. A Mr6z-type field of plastic moduli [10]. 
3. A hybrid normality flow rule [11,12]. 
4. The Garud hardening rule [13,14]. 
5. A modified supplemental hardening rule. 
6. A specialized limit surface. 

Additional details concerning the model are available in Refs 14-16. Individual components 
are described in the remainder of this section. 

Field of  Plastic Moduli 

Figure 6 depicts a field of eight kinematic von Mises yield surfaces on axes of axial 
versus hoop stress. The surfaces shown are numbered one through eight. The outermost 
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FIG. 6--Illustration describing how the cyclic stress-strain relation is used to define the 
field of plastic moduli. The plastic modulus for each kinematic yield surface is associated 
with the slope of the linearized cyclic stress-strain curve. 

surface, Number 8, is the limit surface, described later. The size of each surface is deter- 
mined from a piece-wise linearization of the cyclic stress-strain curve for the material 
(defined from the cyclically stable stress-amplitude versus strain-amplitude data collected 
during low-cycle fatigue testing and characterized by a Ramberg-Osgood relation). Because 
the radial stress is taken as zero, the surfaces may be considered to translate in axial-hoop 
stress plane. The translation of each is dictated by consistency and compatibility require- 
ments and prescribed by hardening relations. A separate plastic modulus, (Cj, j = 1 to the 
number of yield surfaces) is associated with each interior yield surface and is computed 
based on the slope of each segment of the stress-strain curve [14-161. 

Hybrid Normality Flow Rule 

The normality flow rule, also called the Prandtl-Reuss relation [11,12], is based on the 
concept that the plastic strain increment caused by an applied stress increment is coincident 
with the yield surface normal at the current state of stress. Usually, this flow rule is depicted 
in terms of a relation between incremental strain and stress tensors. For instance, an 
increment of stress, Atrij, is related to the total strain increment, Aeij, by the isotropic relation 

[ V AEkk~ij 2Gc(A%nu)nu] (5) Atru = 2G A% + (1 -- 2----~ 2G + j 

where G is the elastic shear modulus, v is Poisson's ratio, 8~j is the Kronecker delta, nij is the 
exterior normal to the active (jth) yield surface at the current stress state, and double 
subscripts imply summation. In this problem, principal stress and strain can be dealt with 
directly since the orientation of their axes remains invariant and is assumed to intersect 
mutually orthogonal symmetry planes (i.e., axial, hoop, and radial directions). This facili- 
tates the consideration of stress and strain as three-dimensional vectors 
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g = crh (5) 
O" r 

['] _~ = eh (6) 
Er  

A set of closed-form equations are presented in the Appendix, expressing output increments 
(denoted by A) in terms of input increments as follows 

s,h I = t a t ]  lS ./ <7> 
aE,.j La ,.j 

The 3 X 3 matrix, aij, consists of  expressions based on elastic constants, the yield surface 
normal and the active plastic modulus. The relations are deemed "hybr id"  since stress and 
strain increments are input with corresponding strain and stress increments as output. 

In this study, the radial stress increment, A~r r, is always taken as zero since the outer 
surface of the tubing is being considered. However, the relations represented by Eq 7 and 
presented in the Appendix are suitable for use with nonzero radial stress increments. For 
instance, the effect of normal stress caused by internal pressure at the inner surface could be 
examined with these relations. 

Hardening Rules 

The Garud hardening rule [13,14] defines the yield surface translation caused by a 
particular stress increment. However, it is necessary to modify the hardening rule to avoid a 
numerical problem that will be referred to as an initial path dependency. This refers to the 
sequence of loading initially applied to the tubing prior to the application of alternating 
bending-straightening cycles. 

To simulate flexural cycling under constant internal pressure, initially straight tubing must 
be wrapped onto a spool. Thus, a positive axial strain increment, + A~ X, is input to the 
model. Next, the pressure increase must be supplied ( + A~rh) to the plasticity model. This is 
followed by alternate applications of straightening (tubing coming off the arch, - Aex) and 
bending (tubing being rewrapped, + Aex). Analytically, it is possible to apply the initial 
wrap and pressure increase to the model, simultaneously (+Aex, + ACrh), referred to as 
"one-s tep" initial loading. The separate application of an initial wrap, followed by a hoop 
stress increase, is referred to as a " two-step" initial loading. Given the large magnitude of 
applied plastic straining imposed by bending ( _  Aex), it is unreasonable to expect that the 
initial path would significantly influence the ensuing plasticity behavior. However, the use 
of conventional hardening rules (e.g., the Garud rule used in this model or the translation 
rule proposed by Mr6z [10]) result in the computation of a much higher predicted ratcheting 
rate following a two-step initial path relative to a one-step initial path. The reason for this is 
that the two-step path tends to impinge upon yield surfaces at points whose exterior normals 
have greater hoop direction components. Since the direction of the exterior normals dictate 
the plastic strain increment, more hoop strain growth results from subsequent flexural 
cycling. This problem became apparent whenever bending cycles followed a large pressure 
application that had been applied to bent tubing. 

Conventional plasticity routines tend to overpredict ratcheting rates [17]. Therefore, to 
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avoid additional overprediction from the initial path effect, a modified hardening rule was 
developed and is invoked only when a positive hoop stress change is applied to tubing that 
has been wrapped (e, is positive). Yield surface translations are dictated according to limit 
surface image points. The image point on the limit surface corresponding to the updated 
stress point is used to define the exterior normal of the active yield surface. The modified 
hardening rule predicts ensuing hoop strain growth rates following a two-step initial loading 
path that are essentially identical to those predicted by the conventional hardening rules with 
a one-step initial loading path. 

Limit Surface 

The limit surface is depicted schematically in Fig. 6 as the bold, outermost yield surface. 
It remains stationary and centered at the stress space origin. Its purpose is to keep the 
equivalent stress value within a reasonable upper limit as defined asymptotically from 
inspection of cyclic stress-strain data. Several two-surface models from the literature have 
utilized limit surfaces in this manner [18-21]. Typically, their implementation is based on a 
"radial return" whereby a stress increment that attempts to exceed the limit surface is 
returned to the surface along a line radial to the origin of stress (of deviatoric) space. 
However, in this study, two of the three stress components are considered controlled inputs. 
Therefore, the return to the yield surface must occur along a path of constant hoop stress. 

Results 

The overall predictive approach is summarized in terms of an input-output flowchart in 
Fig. 7. An important aspect of this approach is that the same incremental plasticity program 
is used to identify the CT exponent relation (Q and m in Eq 4) as is used to model the 
behavior of  the tubing in service. This is important given the difficulty of exactly modeling 
biaxial ratcheting behavior. It was not possible to monitor hoop strain growth rates at the 
tensile side of the tubing during fatigue testing. However, a technique to estimate the strain 
rate is presented, thus providing a comparison to the predictions from the plasticity routine. 
Tube walls tend to decrease in thickness at the tension and compressive sides, indicative of 
negative radial strain ratcheting (Fig. 2) while the horizontal and vertical dimensions of the 
tubing (Dx and Dy, respectively in Fig. 8) increase. These values were measured near the 
failure site for each specimen tested. For several tests, intermittent measurements of these 
dimensions indicated approximately linear growth rates. Therefore, assuming that (1) the 
internal and external surfaces of the tubing can be approximated by concentric ellipses, (2) 
the cross-sectional area of the tubing remains constant, (3) the wall thickness along the 
neutral axis of the tubing is unchanged from its initial dimension, to, and (4) the rate of 
thinning developed linearly over tubing life, it is possible to estimate the average rate of 
radial strain accumulation through the wall. It is then assumed that the hoop strain at this 
location is equal and opposite to the estimated radial strain based on a constant volume 
approximation valid for severe plastic deformation. Referring to Fig. 8, the reduced wall 
thickness, t', is computed from the original tubing outer diameter and wall thickness, Do and 
t o , respectively, and the final horizontal and vertical dimensions according to the relation 

t' = 2t~ (Do - to) - Dyto 
D. - 2t o 

(8) 

To assess the validity of Eq 8, several samples were sectioned and measurements were 
taken as presented in Table 1. The wall thickness at the tension and compression sides of the 
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FIG. 7--Schematic overview input-output for the coiled tubing life prediction algorithm. 
The plasticity routine used in the algorithm also is used to formulate the coiled tubing 
exponent. With the material data set, nonlinear fatigue damage can be monitored for 
complex fieM loading. 

FIG. 8--Tubing dimensions before and after loading, used to approximate the average 
radial and hoop strain. 
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T A B L E  1--Tube growth dimensions and percentage difference between estimated thickness and average 
measured thickness (dimensions in millimetres). 

D o t o D~ Dy t '  tcomp /tens t a v g  Dif ference ,  % 

60.3 3.96 69.6 65.8 3.01 3.18 3.20 3.19 5.5 
60.3 3.96 74.0 70.2 2.55 2.34 2.67 2.50 - 2.1 
60.3 5.16 69.1 64.1 4.05 3.89 3.96 3.92 - 3.3 
60.3 5.16 73.9 68.5 3.39 3.23 3.61 3.42 0.6 
31.76 2.21 36.4 34.4 1.71 1.73 1.78 1.75 2.6 
31.75 277 36.8 34.7 2.07 1.98 2.03 2.01 - 3 . 0  

tubing (/tens and tcomp , respectively) were averaged (tavg) for comparison to the estimated 
thickness. In each case the estimated wall thickness is within 5.5% of the measured 
thickness. 

With the estimate of wall thickness, the average through-thickness hoop strain is given by 

t o - -  t '  
eh = --er-- (9) 

to 

Dividing the estimated hoop strain by the number of cycles to failure for that test provides 
an estimate of the hoop strain growth rate. Figure 9 shows a plot of the estimated hoop strain 
growth rate, normalized by the applied axial strain range versus normalized hoop stress for 
all of the tests conducted with normalized A606 tubing. The data are shown with estimates 
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FIG. 9--Hoop strain growth per cycle, normalized by bending strain range, 
normalized hoop stress for 483 and 552-MPa (70 and 80-ksi) yield strength material. 
predictions are shown for axial strain ranges of I and 3.1%. 
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from the plasticity model generated with axial strain ranges of  3.1 and 1%. As previously 
mentioned, the hoop strain growth rates are overpredicted from the model. The model could 
be modified through the use of empirically determined anisotropic yield surfaces [22]. 
However, the decision was made to limit empiricism in the algorithm to the CT exponent 
parameters, Q and m in Eq 4. The lack of direct correlation with estimated ratcheting rates is 
assumed to be compensated for by using the same plasticity routine to formulate the CT 
parameter as is used to predict the response of the tubing to more complex loading. 

Use of Low-Cycle Fatigue Data 

Before comparing predictions with experimental data, a unique use of standard low-cycle 
fatigue data is described. "Failure" during a strain-controlled test can be defined as either 
the number of  cycles to complete fracture or until the peak load drops a discernable amount 
below the cyclically stable (or half-life) value. A 10% drop in the stabilized peak stress is 
commonly used, as indicated in Fig. 10. This usually corresponds to the occurrence of  
macroscopic cracking in the gage section (cracks on the order of 1 mm in length). Therefore, 
a single data set could be considered to define two separate curves: one corresponding to the 
life to crack "initiation" and the other to "fracture." The two strain-life curves for the 
483-MPa (70-ksi) yield strength material are shown in Fig. 11. The relations defining the CT 
exponent (Eq 4) for each material were formulated in terms of fracture properties. This was 
intended to account for cycles required to propagate through the wall thickness, as must 
occur to cause a pressure drop in the test machine. However, when the routine is implemen- 
ted in the field, the initiation properties are utilized. This is done to build a reasonable 

drop J 

Crack "Imtiation" ~ Cycles  
Cycles t~ Complete',tlF~a~ ~ ]  
Cycles to re" 

FIG. lO--Definition of ''failure" during an axial low-cycle fatigue test. 
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FIG. 11--Strain amplitude versus cycles to "initiation" and cycles to "fracture" for 
483-MPa (70-ksi) yield strength material. 
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amount of  conservatism into the approach since it would be unacceptable to operate CT after 
the development of macroscopic cracks. 

Predictions from the model are compared to three separate data sets: (1) full-scale 
constant pressure test results from the initial phase of this project, (2) full-scale test results 
from Ref 23, and (3) variable pressure data from the initial full-scale tests and the test 
machine. Full-scale tests differ from test machine results in that the bending strains vary in 
amplitude corresponding to the spool and gooseneck (Fig. 1). One spool cycle and two 
gooseneck cycles correspond to a "tr ip" into and out of a well for a full-scale test, with the 
gooseneck bending strains generally smaller than those corresponding to the spool. 

Constant Pressure Data 

The initial full-scale tests were conducted on 483-MPa (70-ksi) yield strength material CT 
of 30.6, 36.8, and 42.9 mm (1.25, 1.5, and 1.75 in.) in diameter with varying wall thick- 
nesses, a spool diameter of 2.35 m (96 in.), gooseneck curvatures of 1.76 and 1.23 m (50 
and 72 in.), and pressures from 1.7 to 34.5 MPa (250 to 5000 psi). Figure 12 is a plot of 
predicted life to fracture versus observed life for this data set. Points falling above the line of 
perfect correlation are nonconservative (failed earlier than predicted), while points below the 
line are conservative. Based on "life to fracture," the predictions show excellent correlation 
with data: over 70% of the points are predicted within 20%, and only 6 of the 22 tests are 
predicted nonconservatively. In Fig. 13, life to "crack initiation" predictions are compared 
to data. All but one of the results are predicted conservatively. 

Additional full-scale test results, generated with field deployment hardware, were pub- 
lished in Ref 23 for 30.6 by 2.13 mm (1.25 by 0.087 in.) tubing made from 483, 552, and 
690 MPa (70, 80, and 100 ksi) yield strength materials. The 483 and 690 MPa yield strength 
materials were identical to those used in this research. Life to "fracture" predictions 
correlate well with the data, as presented in Fig. 14, while the "crack initiation" predictions 
in Fig. 15 are excellent and slightly conservative. 

Variable Pressure Data 

A more severe and realistic test for an analytical model is its application to variable 
pressure histories. Eight such data points were generated using the test machine and two 

Initial Full-Scale Data 
250 o m . ~  
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~ iii ii?.iiiiiiiiiii. i:. ??i N 

�9 ~ 50 ~ ]1130.6mm --36.8mm A42.9mm[ 
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0 50 100 150 200 250 300 
Observed "II"ips to Failure 

FIG. 12--Estimated trips to "fracture" versus experimental results from initial full-scale 
testing using 483-MPa (70-ksi) yield strength material. 
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FIG. 13--Estimated trips to "initiation" versus experimental results from initial full- 
scale testing using 483-MPa (70-ksi) yield strength material. 

other points during the initial full-scale tests. Figure 16 depicts the pressure profiles used. 
Fracture and initiation predictions from the algorithm described in this paper and predictions 
from a more simplistic, linear model [23] are presented in Fig. 17. As for the constant 
pressure tests, the life to fracture predictions fall on either side of the perfect correlation line 
with the majority of the predictions conservative. The initiation predictions are all made 
with a reasonable amount of conservatism. On the other hand, all but three of the predictions 
from the linear model are nonconservative. 

It appears from Fig. 17 that a simple linear damage model (one that computes damage 
based only on the pressure during the cycle, independent of  the previous loading history) is 
not adequate to characterize fatigue behavior under general, variable amplitude pressure 
histories. This is particularly important since variable pressure histories are routinely en- 
countered by tubing in the field. Additional data should be generated to better understand the 
pressure history (load sequence) effect. 

Publ ished D a t a  
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FIG. 14--Estimated trips to "fracture" versus experimental results from Ref 23 full- 
scale testing using 483 and 690-MPa (70 and lO0-ksi) yield strength materials. 
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Published Data 
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FIG. 15--Estimated trips to "initiation" versus experimental results from Ref 23 full- 
scale testing using 483 and 690-MPa (70 and lO0-ksi) yield strength materials. 
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FIG. 16--Variable pressure profiles investigated during machine (cycles) and full-scale 
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FIG. 17--Predicted lives to crack initiation and fracture and predictions from a more 
simplistic linear model [23] versus observed life for  variable pressure machine and full- 
scale tests. 

D i s c u s s i o n  

A number of simplifying assumptions are required to facilitate implementation of the 
algorithm described in this paper. The analysis is based on the state of stress/strain at the 
outside wall on the tension side of the tubing. However, the majority of the failures occur at 
the compression side of the tubing and the majority of these initiate at the inside wall. To 
conduct the analysis at the compressive tube wall would involve using compressive axial 
strain fluctuations as input to the plasticity model instead of tensile strain increments. Some 
sample analyses were conducted in this manner, using average and maximum pressure- 
induced radial compressive stress. Slightly higher hoop and radial strain ratcheting rates are 
predicted by the plasticity routine for the compressive wall relative to the tensile wall. 
Therefore, this modification to the implementation procedure predicts greater damage on the 
compressive wall rather than the tensile wall. The tube wall thickness measurements in 
Table 1 confirm the prediction of a slightly higher rate of thinning at the compressive wall 
than at the tensile wall. However, the difference between the two approaches is not 
significant. This is confirmed by observations of broken CT specimens: in the vast majority 
of all specimens, cracks are visible along the tensile and compressive walls of the tubing. 

Constant pressure fatigue data are required from the test machine to formulate the CT 
exponent. Similar data can be generated from any other test fixture capable of constant 
pressure cycling. The important point is to apply the plasticity algorithm to identify the CT 
exponent in a manner consistent with its application to general pressure loading. 

Tubing ovality is not considered in this analysis. This is based on previous work [2,4] and 
on test machine results. Major and minor axes remained within 8% of each other for every 
specimen tested. 

The fact that hoop strain growth rates are overestimated by the plasticity algorithm is 
assumed to be compensated for by using the same routine to both formulate the CT fatigue 
damage parameter and monitor damage imposed by complex pressure histories in the field. 
Future work should address the more precise characterization of biaxial ratcheting, as this 
could help to identify a less empirical damage parameter. Unfortunately, the only models 
capable of predicting circumferential strain development are themselves empirical in nature. 
Therefore, they hold only limited promise of eliminating the need for full-scale constant 
pressure fatigue data to supplement low-cycle fatigue data. 

A more accurate plasticity model offers the additional advantage of predicting diametral 
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growth and localized wall thinning, which are not explicitly considered in this analysis. The 
original tube dimensions are used to compute input strains and stresses throughout the life of 
the specimen. An increase in diameter and decrease in wall thickness would result in a 
correspondingly greater estimated axial strain range and hoop stress, respectively, after 
some biaxial ratcheting had occurred. The implications of this assumption are more impor- 
tant academically than for CT users since tubing is typically retired if diametral growth on 
the order of 6% is detected. 

Conclusions 

An analytical model is presented to predict the fatigue behavior of coiled tubing subjected 
to variable pressure service conditions. The approach utilizes standard low-cycle fatigue 
data with additional constant-pressure, full-scale results from an experimental test fixture. 
The algorithm is based on estimates of circumferential and radial strain ratcheting from an 
incremental plasticity model using a hybrid-associated flow rule, a modified kinematic 
hardening rule with multiple von Mises yield surfaces, and a specialized limit surface 
concept. An empirical damage parameter is formulated based on constant pressure fatigue 
data using mean and fluctuating von Mises equivalent strain components occurring through- 
out the life of a section of tubing. This parameter can be used with the Palmgren-Miner 
approach to monitor damage that is accumulating nonlinearly under constant or variable 
pressure histories. Predictions from the model correlated well with constant pressure, vari- 
able bending strain range data generated with full-scale field deployment hardware, and with 
variable pressure data from field and fixture testing. 
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APPENDIX 

Derivation of Hybrid Normality Flow Rule 

This derivation pertains to the estimated state of stress-strain at the tension side of a 
section of tubing wrapped about a specific radius of curvature. At this location, the material 
is assumed to possess three mutually orthogonal symmetry planes, and a set of Cartesian 
coordinates is defined along the intersection of these planes. These axes are designated x, h, 
and r, (axial, hoop, and radial) as depicted in Fig. A1. In this case, stress, strain, and their 
increments (denoted by A) may be considered as three-dimensional vectors, as depicted in 
Eqs A1 to A4. The total strain vector, E, and the total strain increment, AE, are considered 
the sum of their 

I z = (A1) a Z  = (A3) 
01 r LAo-r_]  
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h 

FIG. A 1 - - C a r t e s i a n  coordinate system f o r  coiled tubing stress element. 

_~ = eh (A2) = (A4) 

'r ka,rJ 
elastic and plastic components.  Assuming isotropic material, the Prandtl-Reuss relation may 
be used to express an increment of stress in terms of a total strain increment  as follows 

(Ae . / ) I  Cj (A~ J 
V 2G ] 

Ao" = 2G A_e + (I -- 2v---~ - - - 2G + �9 n)n (A5) 

where 

G = elastic shear modulus,  
v = elastic Poisson's  ratio, 

Cj = plastic modulus of the active (jth) yield surface, 

I -- the identity vector, , and 

n = exterior normal to the active yield surface at the current state of stress, 
[nx] 

n h . 
nr 

Since stress and strain are three-dimensional quantities, the equations represented in A5 may 
be expressed as 

A~x = 2G[AEx + ~ 

Ao- h = 2GE AE h + - -  

Atr r = 2G[Aer  + 
L 

( 1 -  2v) 
(Ae~ + Ae h + AEr) -- Gc(Ae~nx + Aehnh + Ae,n~)nx] 

( 1 -  2v) 
(Aex + Aeh + Ae~) -- Gc(Ae~nx + AEhn h -I- AErnr)nh] 

(1 - 2v) (Aex + Aeh + mEr)  - -  Gc(Aexnx + AEhn h d- AErnr)n r 

(A6) 

(A7) 

(A8) 
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where 

2G 
a c  - -  _ _  

2 G +  C i 
(A9) 

Omitting algebra, the three expressions in A6 to A8 may be manipulated to yield 

1Ao_x+ ( v G~nxnh ) Aeh + ( v ) ( ~ -- v 
2G 1 - 2v 1 - 2v G~nrn~ A~r 2~ - -  - G~n 2) Aex 

(A10) 

- 2 ~  1 2v  1 2v  

1 
G c n x n  h A E  x -'1- - ~  Aor h 

(All) 

( v G~nhn,.)Aeh+ ( l l - - v  ~) ( v 1 - 2 v  ---2-v G~n A E r = -  - 1 2v 

1 - -  - G~n,.nx Aex + -~ AtL. 

(A12) 

Making the following substitutions, 

1 
A - (A13) 

2G 

x= _ - ~  U = 1 --2v Gcn~nh (A17) 

) Y = -- 2~ G~n2 (A 15) V= (1 2v v_ Gcnhnr) (A18) 

(v ) Z G~n (A16) W 1 2v 1 - 2v = - G~nrn x (A19) 

Equations A9 through A 11 may be written in matrix form as 

r / a , h / =  - U - A  0 /A,,d 
v La,d - W  0 - A  Lao-d 

(A20) 

Matrix manipulations are used to reduce Eq A20 to the following format 

FA,xl 
a,. I = [aii] / ao-d 
a,rJ Lao-rJ 

(A21) 

where 
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[( ) ] 1 (ZU-- 
all= ~ W i~  ~ ~ + U ~ yz  _ vZ I a,2 --~ a,3 --~ 

- A Z  

a3i = _ ( l ~ _  ~__V) 

With Eq A21, axial stress, hoop, and radial strain increments are computed directly from 
input increments of axial strain (from bending) and hoop and radial stress (from internal 
pressure). 
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can Society for Testing and Materials, 1996, pp. 305-327. 

ABSTRACT: Engineering structures often work under operating conditions in which the 
character of a load undergoes permanent change (different service-loading regimes). Such an 
operation is very frequent for transportation equipment, earthmoving machines, airplanes, etc. 
Considering that the service-loading process (time history of o'(t) stress or e(t) strain) at 
particular operating regimes exhibits in a majority of cases the stochastic nature, the question 
arises as to how to estimate the fatigue resistance of the structure under such service 
conditions. For this reason, a method was developed to evaluate such service from the 
viewpoint of fatigue reliability and to estimate the resulting fatigue lifetime in terms of 
probability interpretation. 

The result of life calculation is the distribution function (DF) of the residual fatigue lifetime 
for the given loading regime. This DF reflects the loading history (sequence and nature of the 
previous loading regimes) and the random character of the interacting material and loading 
parameters. The DF obtained is in a good agreement with the experimental results. Finally, 
illustrative examples that reflect practical applications of this theory are presented. 

KEYWORDS: random loading process, fatigue life distribution function, probability, reli- 
ability, residual fatigue life, mean stress, hysteresis energy, fatigue damage accumulation 
hypothesis 

Satisfactory resistance against fatigue still remains among the most important require- 
ments a reliable structure should fulfill. Estimation of this property, either during the 
component design stage or during operation of the structure, can be formulated as the task to 
estimate the fatigue endurance in an assumed service or to compare the estimated fatigue 
life, with life under loading conditions differing from those that were considered during its 
design. Estimation of the fatigue life should include a whole chain of requirements that 
reflect the cyclic material properties, the representative loading characteristics, easy applica- 
tion, etc. Nevertheless, in order to estimate the reliability of the structure from the fatigue 
point of view, it is necessary to emphasize, first of all, the probabilistic approach, which 
makes it possible to estimate the fatigue resistance in terms of failure probability. In our 
case, this means determining the probability of premature fatigue fracture occurrence. This 
is of primary importance when dealing with a load of random character and with a material 
showing a large scatter in mechanical properties. The distribution function of  life, reflecting 
the stochastic nature of both the loading process and the material properties, should be the 
result of fatigue life estimation. Such an approach to life estimation can be found in Ref 1. 

JPrincipal research scientist, senior research engineer, and research engineer, respectively, Institute 
of Materials and Machine Mechanics, Slovak Academy of Sciences, Ra~ianska 75, P.O. Box 95, 
830 08 Bratislava 38, Slovak Republic. 
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FIG. 1--Operation under variable random load parameters. 

However, engineering structures are often subjected to severe service conditions in which 
the character of  a load undergoes permanent change. Such an operation is very frequent in 
the service of transportation equipment, earth moving machines, airplanes, etc., schemati- 
cally shown in Fig. 1. When considering that the service-loading process (time history of 
~r(t) stress or E(t) strain) at particular operating regimes (1 . . .  j) exhibits in a majority of 
cases the stochastic nature, the question arises as to how to estimate the fatigue resistance of 
the structure under the described operating conditions. 

In this article the major emphasis is on the above-mentioned field of concern, and a way is 
presented as to how to evaluate such an operation from the viewpoint of fatigue reliability 
and how to estimate the resulting fatigue life, tF, in terms of probability interpretation. 
Finally, illustrative examples reflecting practical applications of this theory are presented. 

Problem Formulation 

Various formulated tasks concerning the fatigue reliability under structure loading condi- 
tions (see Fig. 1) can be characterized in general as a question of the residual life assessment 
regarding the previous history of loading. Let us assume that the structure is subjected to a 
random loading process, tr(t), or strain-loading process, E(t), expressed by the statistical 
characteristics of this process, namely by: the mean value, the standard deviation, s,~.~, the 
probability density function, PDF, and the power spectral density, PSD. Let us also assume 
that the service loading is alternating so that the process ~(t)~ acts for the time t], the process 
o-(t)i acts for the time ti, and the loading process o'(t)j will act until the fatigue fracture 
initiates, which corresponds with the residual life, tj .... (Fig. 1). It is evident that the total 
fatigue life, tF, will differ from the life, tf.j, which would correspond with only tr(t)j, the 
loading process. Our goal is to estimate the residual life, tj.~s. 

Life Definition 

The approach to life estimation depends on the real component function. From this point 
of view components can be divided into two classes. The first represents components that 
can continue to operate even when containing an initiated fatigue crack. For this class, the 
fatigue life is defined by the crack length that is still acceptable from the viewpoint of a 
reliable component operation. Such a situation is handled by fracture mechanics, and in a 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



KLIMAN ET AL. ON RESIDUAL OPERATING FATIGUE 307 

majority of cases the analysis is aimed at determining the residual life when the initial crack 
length (e.g., detected during in-service inspection) is known. 

To the second class of components belong those for which: 

1. The crack occurrence is a priori inadmissible under service conditions (components 
cannot be allowed to operate in-service with cracks). 

2. The major part of their service life is represented by the time required to initiate the 
crack. 

3. The service fatigue life estimation requires an analysis that is not based on crack 
propagation (e.g., in the design stage). These situations are analyzed by local stress- 
strain methods. 

Our analysis is related to the second group of components. In such a case, the life will be 
defined as the time required to initiate a crack about 0.5 to 1 mm in length, i.e., the time 
required for the so-called engineering initiation of the fatigue crack. Then the life of a 
complex structure is expressed by the fatigue strength of the small volume of the material at 
critical points (the points of stress concentration). 

A schematic representation of the generally accepted model for life estimation under 
random loading conditions for this group is given in Fig. 2. It employs an adequate 
hypothesis covering the fatigue damage accumulation, correlating both the material and 
loading characteristics resulting in the life to be found. 

Residual Life Estimation 

Our derivations of the respective relations stem from the so-called "energy criterion." 
According to this criterion, fatigue damage can be expressed by hysteresis energy, i.e., by 
plastic strain energy, and the fatigue fracture will occur when the material has absorbed a 
certain amount of hysteresis energy, We. The value of energy to fracture, We, is not a 
constant as originally expected, but is a function of the cyclic loading amplitude, ~r a [2]. 
With decreasing amplitude, i.e., with an increasing number of cycles to fracture, Nf, the Wf 
value increases. This dependence for the loading with ~r a = const, in logarithmic coordi- 
nates is expressed by a line (1) in Fig. 3b. 

The absorbed energy increment under the random loading process, ~r(t), can be plotted in 
this dependence as well. It is evident from Fig. 3 that the value of energy to fracture, W~,  
corresponding with the random loading process, cr(t), can be obtained also via the harmonic 

real operation 
eq. ( 12 )  

O(t), elt) ~ macroblock t f [ h ]  

time 

FIG. 2--Layout of fatigue life estimation under random loading. 
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FIG. 3--Random and equivalent harmonic processes. 
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ffal ~ 1 3 a  = 13i(2Nf) b 

Nfe 2Nf 

process (the equivalent harmonic process--EHP) with (re amplitude, i.e., WFR = AWdVf~ 
(where AWe is the area of the hysteresis loop--the energy of the plastic strain amplitude per 
one cycle). In other words, the ~(t) random process can be substituted by EHP with ~e 
amplitude. However, it must oscillate with such frequency, re, that the energy value, WFR, is 
attained within the same time (time to fracture tf) as by the random loading process, f~ = 
Nfe]t f. The mean value of fatigue damage induced by the (r(0 process for 1 s is then 
characterized by the We value correlated with the WF~ energy. 

The following relation is valid for loading only by the (r(t)j process 

where 

tfd = time to fatigue fracture initiation under loading by a(t)j process, s, 
fj = EHP frequency for o~(t)j process, Hz, 

AWj = area of the hysteresis loop of the EHP, MPa, and 
WFR.j = hysteresis energy to fracture under loading by ~(t)j process, MPa. 

For the loading by several processes of different characteristics according to the sche- 
matic representation in Fig. 1, the following equation can be derived (see Fig. 3b) 

w ~ =  w, + w 2 + . . .  + w~+ % =  WFR,j (2) 

where 

WVR = the total hysteresis energy to fracture for the loading by ~(t)~ . . .  ~(t)j random 
processes, MPa, and 

Wi = the hysteresis energy absorbed by the material during ~t)/  process loading 
acting on the section i for the time t~, MPa. 

and with regard to Eq 1 

WFR = A W l t l f  1 + AW2t2 f  2 + " ' "  + A W i t i f  i + AWjtj,resf j = WFR,j (3)  
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Equations 2 and 3 are valid only on the precondition that no fatigue fracture occurs during 
load on the segments t~ to t~_ ~ (Fig. 1), i.e., the limit energy value (represented by the line l 
in Fig. 3b) is not achieved when the processes tr(t)~ up to tr(t)j_ ~ are taking place. Then the 
total energy to fracture, WFR (for the loading by the o'(0l �9 �9 �9 o-(t)j processes), is equal to the 
WFRj energy (related only to the loading by the tr(t): process) due to the fact, as evident in 
Fig. 3b, that the attainment of the limit curve (l) depends solely on the parameters of the last 
acting loading process, i.e., of  tr(t)j. 

The following relation can be derived for the residual life based on Eqs 1 and 3 

1 i = j -  1 

tj . . . .  = tf, j - -  A ~  ,=, ~ t~AW'fi (4) 

and altered according to Eq 1 

I i=j-- ! 1 ~ fi 
tj, res= tej 1 7 ~ - - W F ~ i |  

WFR.j i= 1 tf, i " ] 
(5) 

where 

WFR,i = the hysteresis energy to fracture under loading only by the o ' ( t ) i  process, MPa, 
tf,, = the time to fatigue fracture under loading only by the o'(t)~ process, s, and 
ti = the time of  the o'(t)i process duration over the i section, s. 

To calculate the residual life employing Eq 5, it is necessary: 

1. To define the scheme of loading by the particular random processes or(t) i for i = 1 . . .  
j in relation to Fig. 1. 

2. To assess the fatigue lives, tf,i, for the cr(t)i random loading processes. 
3. To assess the hysteresis energies to fracture WFR,i for the <r(t)~ random loading 

processes. 

Fatigue Life Estimation Under Conditions of Random Process Loading 

To estimate the life, tf, under conditions of ~r(t) random process loading, the method 
referred to in Ref 1 is employed. This method modifies the generally accepted procedure to 
estimate the life under conditions of  random loading (Fig. 2) so that the calculation results in 
the fatigue life distribution function (FLDF). This function takes into consideration the 
stochastic nature of both the loading and mechanical properties. The modification consists in 
such a processing of the material and loading characteristics that a set of feasible combina- 
tions of material and loading parameters represent the input to the fatigue damage accumula- 
tion hypothesis (FDAH), while a set of feasible fatigue lives serving for the distribution 
function (DF) calculation represent the output of  the FDAH. The schematic representation 
of the mentioned calculation is given in Fig. 4. The following activities are necessary in 
order to realize the calculation of FLDF. 

Process ing  o f  Loading Characteris t ics  

Due to the stochastic nature of loading, each new implementation (realization) of  the o-(t) 
process would lead to a different value of  the fatigue life. Hence this principle in Ref i was 
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substituted so that the sufficiently long and representative record of  the o-(t) random loading 
process was divided by appropriate means into j of  mutually overlapping segments (Fig. 4). 
Each segment represented one realization of the ~(t) random loading process. It should be 
noted here that each random loading process must have an identical time length, and the 
value of  overlapping A must be kept constant. This guarantees that the tr(t) process is 
uniformly represented in the life calculation, i.e., none of  the process parts of the entire 
loading history is counted more times than the other. 

The term "representative and sufficiently long" means that the process must include all 
significant service operations and that the record length must provide a sufficient number of  
segments (process realizations o-(t)) to obtain the sufficient calculated set of lives to 
calculate the DF. Each process segment, tr(t), must be then transformed on a macroblock of 
harmonic cycles, which then enter the calculation as a loading characteristic. The 
macroblock consists of a set of harmonic cycles with different t r~  amplitudes with the 
appropriate mean values, trm--this represents a random process of t~ length equal to the 
segment length. The rain-flow method should be employed for transformation. The appro- 
priate algorithm is indicated in Refs 3 and 4. The result of the loading processing is thus a 
set o f j  macroblocks. 

On actual application of this procedure, it is necessary to determine the size of  the 
segment overlapping A and the minimum length of  the segment required to obtain the 
representative calculation of  the FLDF. The details are presented in Ref 1; however, the 
following facts should be considered: 

1. The overlapping A should be as large as possible (typically 95% is employed). 
2. The minimum segment length had to be assessed separately for each loading process 

type. 

To ensure these conditions, the initial length of  the segment of  the g(t) process is selected, 
followed by the FLDF calculations for increasing length values. The standard deviation of 
the calculated FLDF varies with segment length. The stabilized value of the life standard 
deviation determines the minimum required length of the o-(t) process segment. The FLDF 
calculated for the segment length greater than its minimum value is representative for the 
~r(t) process. 

In this way the FLDF, respecting the stochastic nature of  loading, can be obtained from 
one representative record of the random loading process. 

Processing of Material Characteristics 

The following fatigue life curves under harmonic loading conditions are considered as the 
representative material characteristics 

tr a = tr~(2Nf) b (6) 

and 

where 

I~ap = ~(2Nf)  c (7)  

r = fatigue strength coefficient, MPa, 
b = fatigue strength exponent, 
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312 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

E~ = fatigue ductility coefficient, and 
c = fatigue ductility exponent, 

Inhomogeneity of the material mechanical properties is manifested in the scatter of cry, b, 
~ ,  and c values. If this scatter is omissible, it is sufficient to employ only the parameters of 
Eqs 6 and 7 corresponding to the regression curve to calculate the life. In such a case, the 
calculated FLDF represents only a random nature of loading. 

Conversely, the experimental dependence of ~, = f(2Nf) and Cap = f(2Nf) for various 
values of the confidence interval (CI) and the prediction interval (PI) should be evaluated. In 
the case of the selected constant value of interval change (it is recommended to grade the 
interval limit by 1%), a set of curves (interval limits) is obtained comprising the cry, b, E~, 
and c parameters representing the cyclic material properties for various occurrence proba- 
bilities. 

Fatigue Damage Accumulation Hypothesis (FDAH) 

The set of lives from which the required FLDF will be calculated (Fig. 4) is obtained by 
combining the material and loading parameters processed in the described procedure. The 
actual procedure lies in combining each evaluated macroblock with material parameters for 
1 up to 99%, i.e. (j.99) combinations enter the FDAH (see also Fig. 10). The FDAH 
presented in Ref 5 is employed to calculate the life. According to this FDAH, the fatigue 
damage D (characterized by plastic strain energy) from one macroblock, i.e., induced by one 
segment of the tr(t) process, is 

where 

ni = number of cycles at Crai amplitude (in the macroblock), 
O'a max = maximum amplitude in the macroblock, MPa, 
Nf  rnin = number of cycles to fracture under loading with era . . . .  Eq 6, and 

r = number of loading levels in the macroblock (Fig. 4). 

Effect of Mean Stress 

Equation 8 is in this form derived for the macroblock of amplitudes showing zero mean 
value. In the macroblock obtained by the rain-flow method from the or(t) process segment, 
the mean value of stress tr m is allocated to each cycle. Therefore, in the life calculation 
according to Eqs 8 through 12, it is necessary to proceed in such a way that each macroblock 
of amplitudes with the mean values will be first transformed to the macroblock of ampli- 
tudes with zero mean values in accordance with a method of considering the effect of tr m. 
Equal fatigue life is considered as the transformation criterion. 

In considering the effect of o" m according to Morrow [6] (reduction of the ~ coefficient by 
the o" m v a l u e ) ,  employing Eq 6, the transformation relation between the loading amplitude ~r a 
(at cr m = 0) and the Cr,m amplitude (at o- m ~t~ 0)  (F ig .  4 )  will be as follows 

O'am = O'a ( 1 -- Or~-~ ) (9) 
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and modified [1] on the basis of the energy criterion 

c + |  

= ' c + '  
(lO) 

According to this equation, the transformation relation is also a function of the material 
constants b and c. It should be noted that, with the aid of the energy criterion, the other 
models (reviewed and compared in Ref 7) can also be modified. 

Life Calculation 

Fatigue life expressed in the number of macroblocks repetition is then 

Nb~O = 1 d Nbl = O -~ (11) 

For the life transformation into time region 

tf = D-lt~ (12) 

where 

t~ = time length of the process segment ~r(t) from which the macroblock was obtained. 

In this way, the life for each segment is calculated, resulting in a set of (j.99) random life 
values. By a statistical processing of this set, the FLDF is obtained (Fig. 4) and the result 
defined probabilistically. 

Estimation of Hysteresis Energy to Fracture Under Conditions of Random Loading 

It is evident from Fig. 3b that the total hysteresis energy to fracture under conditions of 
random loading is a random quantity (similar to the fatigue life), and it is necessary to 
determine its distribution function (DF) for the given type of random process. 

The segmentation method applied in the FLDF calculation is also applicable to the 
calculation of the DF energy to fracture. The tr(t) process processing by the segmentation 
method results in the set of (j.99) macroblocks with o" m = 0. It is shown in Ref 5 that the 
energy to fracture under repeated loading by one macroblock of this kind can be substituted 
with satisfactory accuracy by the energy to fracture corresponding with the harmonic 
loading with Oramax maximum amplitude in the macroblock. The hysteresis energy to 
fracture under loading by one ~r(t) process realization represented by ith segment and/or ith 
macroblock is then determined according to the formula 

WFR,, = AWiNf,  , (13) 

while the energy per one cycle (with O'amax stress amplitude and plastic strain ~apmax 

amplitude) can be determined with satisfactory accuracy [8] according to 

AW/= 3o" a ...... iEap . . . .  i (14) 
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considering Eqs 6 and 7, it takes the form 

3 E t 
__ f (b*,+ 1)/b (15) WFR.i 20w~-~l)/bOr_f~ . . . .  i 

For j realizations, i.e., for j segments of the ~r(t) process (taking the scatter in material 
properties into consideration), this procedure ensures obtaining the set of values era ma~.i (for i 
= 1 up toj.99) and employing Eq 15 to obtain the set of corresponding values of energies to 
fracture. It is then possible to calculate the DF from this set, thus determining for the given 
o-(t) process the energy to fracture, W w~~ for the required probability of occurrence. 

Procedure of Residual Fatigue Life Calculation 

Regarding the random nature of both te fatigue life and W~ energy to fracture, the tj.r~s 
(Fig. 1) residual life is the random quantity as well, and Eq 5 will take the following form 

I "= " W(P%) 1 t~ e%) "(P%) 1 -- ~ ti FRj 
-j  .... = ~fd i = l  t(P%) 

(16) 
f,i vr FR,j ...I 

The variables denoted with (P%) express the values for P% occurrence probability. When 
evaluating the life according to Eq 16 for loading 1 to j  by random processes, it is necessary 
to carry out calculations step by step so that the residual life is calculated gradually for each 
level up to the searched-for t (e%) life. The reason for this procedure lies in the possibility of ~ 
finding out whether at the given order of acting random processes the fatigue life is already 
exhausted at a certain i level, i.e., earlier than the initiation of the a(t) j  loading process (Fig. 
1). The above procedure enables one to judge the acceptability of particular random 
processes in a given operation. 

In the calculation employing Eq 5, ti .... expresses the residual life value immediately after 
crossing from the (i - 1) level to the ith level. However, it is more convenient to define the 
residual life at the i level after expiration of the required, ti time of action. For this purpose 
Eq 5 is modified into the form of Eq 16 so that i varies from i = 1 up to i = j. 

The total life to fatigue fracture tF under acting 1 up to j regimes of random loading is 

i=j 
= t (e~) (17) t(F P%) Z ti + -j,res 

i=1 

Experiment 

The procedure of residual life estimation has been verified on steel specimens 15 nun in 
diameter subjected to loading corresponding with the scheme in Fig. 5, employing an MTS 
computer-controlled fatigue testing machine under a stress-controlled loading mode. The 
obtained experimental results of residual life are presented in Table 1. 

Characteristics o f  the Material  Examined 

Material constants, parameters of Eqs 6 and 7, were obtained by statistical processing of 
experimental dependencies (Fig. 6) r = f(2Nf) when ~a = const, and Cap = f(2Nf) under 
strain-controlled tests employing the linear regression method. The characteristics of the 
applied material are given in Table 1 and Fig. 9. 
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i = 1 -  

i = 2 -  

i = 3 -  

i = 5 -  

i = 4 -  

~(t) 1 

c,(t)2 

~(t)3 
t3 

~(t) 4 

t4  

1 10 10 10 

FATIGUE 
~(t)5 FRACTURE 

t 5,res TIME h 

FIG. 5 - -Scheme o f  loading by ov(t)l �9 �9 �9 ov(t)5 random processes (their characteristics are 
in Fig. 7). 

TABLE 1--The characteristics of the test material and the result of fatigue life tests. 

Experimental residual fatigue life, h (see Fig. 5) 35.5; 42.9; 47.5; 55.5; 62.2; 82.3; 83.8 

Material parameters, regression line b = - 0.05295 c = - 0.52179 
o-~ = 592.34 MPa e~ = 0.3448 

C Cr Ni Mn Si P S 

Chemical analysis, in wt% 0.242 0.19 0.06 0.44 0.2 0.028 0.012 

0r000  ..  

10 4 10 5 10 6 10 7 10 B 10 3 10 4 10 5 

NUMBER OF CYCLES 
FIG. 6--Experimental  dependencies or a = f ( 2 N )  and Eap = f ( 2 N ) .  

Characteristics o f  Applied Loading Processes 

The o(t) l  . . .  ov(t)5 processes  were  genera ted  in the control  compute r  of  the pulsator,  and  
for life calcula t ion purposes  their  real courses  at the output  of  the d y n a m o m e t e r  of  the test  
mach ine  were  recorded on  a magnet ic  tape. The  character is t ics  of  proper  processes  evalu-  
ated for one representa t ive  segment  are presented in Fig. 7. Such  a ov(t) segment  exhibi ts  a 
s ta t ionary course,  and  the OVm, So. PDF,  and  PSD are evaluated  f rom the process  centered to 

its m e a n  value. 
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FREQUENCY, Hz 

I 

~ ( t ) ~  1 2 3 4 I 5 6 

(rm [ MPa ] 14.63 16.64 29.24 12.50 I 17.92 -22.9 

scr [ MPa ] 144.19 104.14 96.46 68.21 92.13 113.84 

FIG. 7--Statistical characteristics of the applied random loading processes evaluated for 
one representative process segment. 

Actually, the whole process record needn't be stationary. By evaluation of these charac- 
teristics for each segment from the sufficiently long record of the ~(t) process, a set of 
values (~m, So. PDF, and PSD) can be obtained and the DF from these values calculated. It 
should be noted here that this procedure enables employment of the "segmentation of the 
process with overlapping" for the assessment of nonstationary process characteristics (ran- 
dom process parameters express a time function) in the form of distribution of its parame- 
ters. 

Figure 8 represents the distribution of o" m mean values and standard deviations, So. 
calculated via the above-described procedure for ~r(t)~... ~(t)5 processes. It is evident from 
the figure that the scatter of ~,1, and s,~ in particular processes is small. It is therefore possible 
to treat them as stationary processes with the appropriate mean value of the whole process. It 
should be, however, emphasized that this is valid only in terms of engineering because these 
processes do not strictly meet the mathematical conditions for stationarity tests. 

Estimation of the Distribution Function of CP~~ Residual Life ~5,res 

To calculate the ,(P~~ under loading according to Fig. 5, Eq 16 is applied, i.e., the FLDF * 5 , r e s  

and the DF of energy to fracture should be determined for the ~( t )~ . . .  ~r(t)5 processes first. 

FLDF Calculation for Loading by ~(t) i Processes 

Processing of Material Characteristics--The experimental dependencies plotted in Fig. 6 
were processed for 1 up to a 99% occurrence probability over the confidence interval of the 
regression line and over the prediction interval. The curves represented by Eqs 6 and 7 were 
put across the points corresponding with limits of confidence intervals, thus obtaining the set 
of 99 combinations of parameters (~r~, b, ~ ,  and c). It is obvious here that ~r~ and b or El  
and c are the random dependent variables because, in the set of curves, the b(c) value is 
attributed to each ~r~ ( ~ )  value explicitly. Then the combinations (~r~, b, G~, c)i for i = I up 
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FIG. 8--Functions of the mean stress and standard deviation of the or(t)i probability 
density processes. 

to 99% were created so that the E~, c values were allocated to the try, b values for an 
identical percent of  the confidence interval. The ~ ,  b, or E~, c values were obtained for the 
limits of the confidence interval with a correlation coefficient that always exceed 99%. The 
graphical representation of the described processing of material parameters is given in Fig. 
9. 

Processing of Loading Characteristics--The records of tr(t)~ . . .  ~(t) 5 processes were, 
after spectral analysis, digitalized at the sample frequency of 256 Hz, resulting in the records 
of 614 000 ordinates in length (40 min). The processes were segmented at A = 95% 
overlapping with the initial length of the segment t+ = 3000 of ordinates. At the segment 
length ts --- tsmin = 140 000 of ordinates, the stabilized value of the calculated FLDF 
standard deviation was found out. The segment length of 170 000 of ordinates (11 min) was 
employed for the representative calculation of the FLDF for all processes. In this way the set 
of  53 segments has been obtained from the original record. Using the rain-flow method, 53 
macroblocks were obtained from these 53 segments. 

Calculation of t~ e~> Life--The effect of tr m mean value was considered according to Eq 
10, and the FDAH presented in Eq 8 was applied to calculate the life. The application of Eqs 
8, 10, and 12 resulted in a set of 5247 lives after statistical processing in the obtained FLDF. 
The actual procedure for the FLDF calculation is shown in Fig. 10. Figure 11 shows the 
calculated DF lives for the individual processes. There are also the experimental results of 
life for the tr(t)2 and tr(t)5 processes. 

Estimation of DF for Total Energy to Fracture under Loading by cr(t)i Processes 

The procedure of DF calculation for total energy to fracture for particular processes is 
equal to that applied to FLDF calculation (Fig. 10) until the stage when the set of 5247 
macroblocks transformed to or m - -  0 is obtained. Then, using Eq 15, we proceed by 
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FIG. I 1--Calculated FLDFs for the o'(t) i random loading processes�9 Mean value: 1-19�9 

h, 2-17.5 h, 3-721�9 h, 4-20 877 h, 5-116.5 h, 6-10 283 h. Standard deviation: 1-3�9 h, 2-2�9 
h, 3-120.5 h, 4-17514 h, 5-20.2 h, 6-1656 h. Experimental results under loading: �9 = 
t-(t)5 process; O = tr(t)2 process. 

transformation of the set of 5247 maximum amplitudes obtained from the particular 
macroblocks into the set of 5247 energy to fracture values�9 After statistical processing, the 
required DF of energy to fracture is obtained. Figure 12 shows the calculated DFs of energy 
to fracture for the o-(t)~ up to o'(t)5 processes. 

Comparison with Experiment and Analysis of Results 

The DF of residual life ts,r~ calculated using Eq 16 together with obtained experimental 
results are shown in Fig. 13. 

The calculation indicates that up to the occurrence probability value of P = 4% (for PI it 
is 25%), no t5 .... life will really exist because the fatigue life is exhausted already at the i = 
2 level (Fig. 5) during the action of the ~r(t)2 process. For example, considering 1% risk of 

= t ( 1 % )  greater damage at each level in comparison with calculation, ,(1~ 10.5 h and ~2 .... = 
- 1.43 h. The calculated - 1.43 h value represents the residual life after 10 h acting of the 
o-(t)z process required and after acting of the o-(t)~ process for 1 h. It means that exhaustion 
of fatigue life occurred 1.43 h prior to termination of the required 10 h action time. When 

,(x~) 2159 h, and ,~1~) = 25.39 h. we continue the calculation, *3,rest(l%) : 370.28 h; ~ 4  . . . . .  = " 5 , r e s  

,,~,(1%) 25.39 h will not However, with respect to the fact that ~2.res'(~) = -- 1.43 h, the value ~,,5 .... = 
really exist. Consequently, the total life, considering 1% risk, will be according to Eq 17 

t~ ~) = (1 + 10) + (-1 .43)  = 9.57h 

It also follows from this calculation that the i = 2 level is critical�9 By allowing the higher 
risk at this level (P2 = 5% is sufficient, while for i = 1, 3, 4, and 5, P = I%), this level is 
overcome and the particular steps result in t~lr~e~ = 10.54 h; ,(set) = 0.438 h; "~1~~ = 373.4 �9 t 2 , r e s  t 3 , r e s  

h; '(]%) = 2 201�9 h; and t (~) = 27�9 h. However, the same result of t ~  can be obtained ~ 4 , r e s  5 , r e s  , , 
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FIG. 12--Distribution functions of total hysteresis energy to fracture for o'(t)i random 
loading processes. Mean value: 1-20270 MPa, 2-11 097 MPa, 3-80 946 MPa, 4-110 030 
MPa, 5-23 332 MPa, 6-508 950 MPa. Standard deviation: 1-2553 MPa, 2-1340 MPa, 
3-10 785 MPa, 4-68 798 MPa, 5-3236 MPa, 6-86 325 MPa. 

by modified ti time at particular levels, e.g., at t~ = 1 h, t2 = 7 h, t 3 = 21 h, t4 = 10 h (at P 
= 1% at all levels) and the value of residual life will also be " ~ )  = 27.45 h. Considering + 5 , r e s  

the risk above 4% (Fig. 13), the fatigue fracture, under acting or(t)1.. .  ~(t)4 processes, will 
not occur, and the residual life, t5 ..... is determined by the distribution function, (KL)c, in Fig. 
13. 

This analysis also suggests the application of this theory to service fatigue life evaluation. 
This method easily and quickly verifies the suitability of the arbitrary service loading regime 
(or combinations of different operational loading regimes) with respect to the required 
fatigue life of structure. Such a situation can occur, e.g., in the case of considering 
employment of  the structure in loading conditions different from those that were considered 
at the design stage. The above-mentioned analysis shows how to make eventual corrections 
in proposed loading in order to respect the requirement upon the service life of the structure 
(see the illustrative example based on the processes in Fig. 5). 

Example of Application 

The actual application of the presented method depends on the task formulation. 

Example 1 

The structure was designed for operation under conditions of service loading represented 
by the g(t)4 random process. The required service life is 1000 h at an allowed 5% probabil- 
ity of premature fatigue fracture occurrence. It is evident from the FLDF for the o'(t)4 
process in Fig. 11 and/or Fig. 14A that the life for P = 5% is 4100 h, i.e., the structure is 
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RESIDUAL FATIGUE LIFE, h 
FIG. 13--Distribution functions o f  residual life t 5 . . . .  calculated for loading by o'(t)i 

processes according to scheme on Fig. 5. PM(KL)-DF calculated based on Palgren-Miner 
(Kliman [5]) FDAH. Mean value: (KL)c = 73.8 h, (KL)p = 101.3 h, (P-M)r = 270.1 h. 
Standard deviation: (KL)~ = 21.5 h, (KL)p = 113.2 h, (P-M)r = 57 h; �9 experimental life 
(Table 1); c(p)-for confidence (prediction) interval. 

designed with sufficient reserve with regard to the required life. However, it is necessary to 
judge this structure service by two users for loading during one day (cycle), as presented in 
Fig. 14B and to meet the original requirement for 1000 h total life at 5% risk of fracture 
occurrence. 

In calculation, Eq 17 is applied for P = 5%, and for the material constants due to CI of 
the regression line. It follows from the calculation that the total life at this loading is only 
tF (5~) = 56 h. This would happen at the third cycle (3.c) at the second user (2.u) at the i = 4 
level, while ,(5~> = - 4 . 2 7  h, i.e., at the moment of  beginning of  ~(t)2 process action: ~4,res 
(Point II). The result ,(s~) = _ 4.27 h (at the third cycle) represents the residual life value ~4,res 

under the condition of ~r(t)z process acting at third cycle at the i = 4 level for 2 h, i.e., in 
Point III. Because the residual life is in absolute value higher than the time of action 
( I -  4.271 > 2), the fatigue fracture would happen at the moment of beginning of the ~r(t)2 
process action. It can be observed that at Point I at the i = 3 level (Fig. 14B) the residual life 
is at third cycle t (5~~ = 435.7 h, and, at the same time, tv, the residual life at the third cycle 3.re~ 
at Point II and at the i = 4 level, is t,(5~o) + 2 h) = - 4.27 + 2 = - 2.27 h. Therefore, at \~4,res 

repeated loading, the fracture should be classified at the moment of the beginning of the 
t-(t)2 process action at the third cycle, i.e., at Point II. This situation varies with the amount 
of P%, and the value tF = 56 h is changed (i.e., at such P%) when the condition ~4.rest(P%) < 

2 h is met. It is at the same time the explanation to the cases where the DFs of the total life 
in Fig. 14 exhibit shape showing the total life remaining unchanged with changing P%. 
Because t~ 5~) = 56 h < 1000 h, the loading according to Fig. 14B is not acceptable. 

Next we omit the operation mode at i = 4, i.e., the o'(02 process, and the loading is 
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changed to the scheme shown in Fig. 14C. As evident from the DF of total life, this loading 
does not meet the requirement of the total life t~F s~) = 1000 h. In this case the mode at i = 1 
represented by the tr(t)~ process proved to be critical, showing t(s~) = _ 1.7 h at the 1 ,res 

seventh cycle. 
Employing the identical procedure, i.e., the gradual omitting of "critical modes," it can 

be found out that only the case shown in Fig. 14E is acceptable. It means that, from 
originally five required modes in Fig. 14B, only the modes represented by the ~(t)4 and 
~r(t)3 processes are acceptable. An attempt to include the ~(t) 5 process for as short as 0.5 h 
to 2.user at i = 3 (Fig. 14D) failed because even for P = 99% at i = 3, the tF = 647.5 h < 
1000 h. 

In order to keep the utilization of the structure for 21 h per day, once again employing Eq 
17, we find it possible to prolong the t~(t)4 mode from l0 to 17 h; however, the tr(t)3 mode 
is prolonged from only 3 to 4 h (Fig. 14F). 

Example 2 

Another example may be represented by the evaluation of the effect of loading non- 
stationarities or the so-called inhomogeneities in the loading process. In Fig. 15 the various 
waveform of the mean value is simulated, and the DF of lives of particular processes are 
compared. The FLDFs were calculated by considering PI when processing the material 
characteristics. It is evident from Fig. 15 that the effect of "nonstationarities" can be 
expressed by the change of probability of failure occurrence in relation to the required life 
value and that the presented method reflects their occurrence with sufficient sensitivity. 

For instance, comparing the FLDFs shown in Figs. 15/1 and 15/5, one can conclude that 
the mean value loading nonstationarity in the tr(t)5 process has practically no influence on 
resulting fatigue life when the period of its repetition is larger than 11A (probabilities of 
fatigue failure are practically the same). 

In this way it is possible to assess the majority of nonstationarities occurring in real 
practice. 

Discussion and Conclusions 

Based on the compared theoretical and experimental results either in Fig. 11 or Fig. 13, it 
can be stated that the presented method of life estimation based on the probability approach 
offers good results. From a practical point of view, it is important that the DF of the life is 
calculated in the interval of physically possible values, i.e., there are maximum and mini- 
mum values of the set. In other words, it is possible to determine the life also for zero 
probability of failure, which is impossible to estimate by means of theoretical distributions. 
It depends on the designer or the user as to which risk of premature fracture initiation is 
acceptable in relation to reliable and safe service. For practical applications the DF calcu- 
lated for PI should also be considered because the material properties at the critical point of 
the structure (notch root) can actually be represented by an arbitrary experimental point in 
PI. 

The calculation results and thus agreement with the experiment are affected by many 
factors. The most important factors include the following. 

Material Characteristics and Loading Mode 

The following criteria should be fulfilled: 
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1. 

2. 

3. 

When determining the experimental points of the dependence Ora(Eap ) = f(2Nf), it is 
necessary to stop the experiment when the fatigue crack on the specimen achieves the 
length corresponding with the component life definition. In our case this occurs when 
the crack is of 1 to 2 mm in length on the specimen surface (circular specimens). 
A sufficient number of experimental points is required (Fig. 6), and these should be 
uniformly distributed. 
It is necessary to follow the mode of test control. This means that if the service 
process shows the nature with controlled force, then the material parameters should be 
obtained at this loading mode as well. If the service loading shows the nature with 
controlled strain, then the tests should be carried out at the mode with constant strain 
amplitude. Such a case can also arise when the loading process is recorded in the form 
E(t), but obtained in the mode with controlled force. Reference 1 describes the 
procedure for FLDF estimation at the E(t) process, and it can also be employed for 
calculating the DF of residual life. 

FDAH and Effect of Amplitudes Below Fatigue Limit 

The results presented in Fig. 13 prove undoubtedly that the DF of residual life, (KL)c, 
calculated on the basis of FDAH according to Eq 8 shows better correlation with experimen- 
tal results than the DF calculated by the Palmgren-Miner hypothesis. Modification of Eq 8 to 
the form suitable for the E(t) process is given in Ref 5. 

Various considerations concerning ~ai amplitudes below the fatigue limit cr c really exist, 
e.g., Heuler [9] moves the limit of damage to 0.5 ~r c for certain cases, and in Ref I it is even 
0.8 ~r c based on considerations of safe energy. The omitable difference between the life 
considering all amplitudes below ~c and the life considering amplitudes only up to 0.8 ~r c is 
also outlined. The specimens were loaded by the Gaussian process with peaks of approxi- 
mately 300 MPa 0rc ~ 236 MPa), i.e., it was the case of loading with a considerably large 
portion of ~ra~ < ~r c. Taking this into consideration we have included in the calculations all 
amplitudes in the macroblock, i.e., also ~ra~ < crc. In calculations according to Eqs 8 through 
12 and Eq 15, these had allocated the parameters of life curves, Eqs 6 and 7, which were 
prolonged below the fatigue limit. In log-log coordinates it is a line prolonged (extended) up 
to the zero value of the amplitude. Such a procedure leads the calculation to the right side. 

Effect of Mean Stress 

The method of ~r m consideration can significantly affect the results of life calculations. In 
our calculations, the concept by Morrow [6] modified into the form of Eq 10 has been 
accepted. Though this form includes the material parameters (cr~,b,c), it seems to be conve- 
nient to apply it in the following form 

KO.m/(c + I)/(b +c + 1) 
, to. ,  = ~ .  1 - - - ~ - - !  ( 1 8 )  

where the constant K would consider the individual sensitivity of material to or m. It was 
documented in the results in Fig. 16 where DFs of the residual life are calculated for loading 
according to Fig. 5. Equation 18 was applied in calculation for different K values. For the 
purpose of better visual comparison, the experimental points were approximated (despite 
low numbers) by theoretical DF for log-normal distribution. It is evident from Fig. 16 that 
the estimated DF of residual life for the material constant K = 1.3 nearly ideally corre- 
sponds with the experimental DF. It should be noted, however, that this result should be 
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FIG. 16--Residual fatigue life (loading according to Fig. 5) calculated for  different K 

values in Eq 18. E = experimental DF. 

validated by the experimentally verified relation (Eq 18) under loading with tr, = const, for 
v a r i o u s  or m values. 

R e f e r e n c e s  

[1] Kliman, V., "Prediction of the Random Load Fatigue Life Distribution," Fatigue Design, ESIS 
16, J. Solin, G. Marquis, A. Siljander, and S. Sipil~i, Eds., Mechanical Engineering Publications, 
London, 1993, pp. 241-255. 

[2] Halford, G. R., "The Energy Required for Fatigue," Journal of Material, Vol. 1, No. 1, 1966, pp. 
3-18. 

[3] Hong, N., "A Modified Rainflow Counting Method," International Journal of Fatigue, Vol. 13, 
1991, pp. 465-469. 

[4] Downing, S. D. and Socie, D. F., "Simple Rainflow Counting Algorithms," International Journal 
of Fatigue, Vol. 4, No. 1, 1982, pp. 31-40. 

[5] Kliman, V., "Fatigue Life Prediction for a Material under Programmable Loading Using the 
Cyclic Stress-Strain Properties," Materials Science and Engineering, Vol. 68, 1984, pp. 1-10. 

[6] Morrow, J. D., "Fatigue Properties of Metals," Fatigue Design Handbook, Section 3.2, Society of 
Automotive Engineers, Lancaster, PA. 

[7] Nihei, M., Heuler, P., Boller, C., and Seeger, T., "Evaluation of Mean Stress Effect on Fatigue 
Life by Use of Damage Parameters," International Journal of Fatigue, Vol. 8, 1986, pp. 119-126. 

[8] Kliman, V. and Bfl3~, M., "Hysteresis Energy of Cyclic Loading," Materials Science and 
Engineering, Vol. 68, 1984, pp. l l -18 .  

[9] Heuler, P., "A Criterion for Omission of Variable Amplitude Loading Histories," International 
Journal of Fatigue, Vol. 8, No. 4, 1986, pp. 225-230. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



Sreeramesh Kalluri, 1 Gary R. Halford, 2 and Michael  A. M c G a w  2 

Prestraining and Its Influence on 
Subsequent Fatigue Life 

REFERENCE: Kalluri, S., Halford, G.R., and McGaw, M.A., "Prestraining and Its 
Influence on Subsequent Fatigue Life," Advances in Fatigue Lifetime Predictive Tech- 
niques: 3rd Volume, ASTM STP 1292, M. R. Mitchell and R. W. Landgraf, Eds., American 
Society for Testing and Materials, 1996, pp. 328-341. 

ABSTRACT: An experimental program was conducted to study the damaging effects of 
tensile and compressive prestrains on the fatigue life of nickel-base, Inconel 718 superalloy at 
room temperature. To establish baseline fatigue behavior, virgin specimens with a solid 
uniform gage section were fatigued to failure under fully reversed strain control. Additional 
specimens were prestrained to 2, 5, and 10% (engineering strains) in the tensile direction and 
to 2% (engineering strain) in the compressive direction under stroke control and were subse- 
quently fatigued to failure under fully reversed strain control. Experimental results are com- 
pared with estimates of remaining fatigue lives (after prestraining) using three life prediction 
approaches: (1) the linear damage rule (LDR), (2) the linear strain and life fraction rule 
(LSLFR), and (3) the nonlinear damage curve approach (DCA). The Smith-Watson-Topper 
parameter was used to estimate fatigue lives in the presence of mean stresses. Among the 
cumulative damage rules investigated, the best remaining fatigue life predictions were ob- 
tained with the nonlinear damage curve approach. 

KEYWORDS: prestraining, metal fatigue, cumulative fatigue damage, mean stress, life 
prediction, nickel-base superalloy 

Nomenclature 

al, a2 
b , c  

et 
ein 
nl 
?12 

A 1, A2 
B , C  

E 
N1 
N2 
N, 

%RA 
A 

Exponents in the Smith-Watson-Topper parameter-life relation 
Exponents of axial elastic and inelastic strain range-life relations 
Total prestrain 
Inelastic strain offset after prestraining 
Number of applied cycles at the first load level in a two-load-level fatigue test 
Number of remaining cycles at the second load level in a two-load-level fatigue 
test 
Coefficients in the Smith-Watson-Topper parameter-life relation 
Coefficients of axial elastic and inelastic strain range-life relations 
Elastic modulus 
Fatigue life at the first load level in a two-load-level fatigue test 
Fatigue life at the second load level in a two-load-level fatigue test 
Cycles to failure 
Percent reduction in area in a tensile test 
Denotes range of the variable 
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~e, Gin 

Gin, P 

Ef 
et 
1.' 

or 

O" m 

O'rnax 

O'mi n 
try 
o- u 

Elastic and inelastic strain amplitudes 
True inelastic strain offset after prestraining, In (1 + ein ) 

Ductility or true fracture strain in a tensile test, - I n  (1 - %RA/100) 
Total strain amplitude 
Frequency 
Stress amplitude, ( O ' r n a  x - -  O'min)/2 

Mean stress, (trm.x + ~rrm.)/2 
Maximum stress in a cycle 
Minimum stress in a cycle 
0.2% offset axial yield strength 
Ultimate tensile strength 

Engineering components are commonly subjected to prestraining due to manufacturing 
processes (forming operations, straightening, etc.), unintentional overstrains (misuse, acci- 
dents, under designs, etc.), and intentional overstrains (proof testing or autofrettage). All 
prestraining operations can potentially damage an engineering component due to surface 
roughening and microcracking and thus reduce the subsequent fatigue life of the component 
during actual service. However, prestraining operations can be beneficial to the component 
and increase its subsequent fatigue life because of cold working (or hardening) within the 
critical regions of the component and the generation of residual stresses with a sign opposite 
to that of service loading. For accurate fatigue life estimation of engineering components, 
the damaging and beneficial effects of prestraining should be properly considered by the 
fatigue life prediction models. 

The influence of prestraining on the fatigue behavior of the nickel-base superalloy, 
Inconel 718 (IN 718), was investigated by conducting fatigue tests at ambient laboratory 
conditions. Inconel 718 is used extensively as a structural material in the aerospace and 
power generation industries [1-4]. The baseline fatigue behavior of IN 718 was determined 
by performing strain-controlled fatigue tests. Fatigue tests were subsequently conducted on 
specimens prestrained either in tension or compression. In all the prestrained tests, develop- 
ment of significant mean stresses was observed. The fatigue lives of the prestrained speci- 
mens were estimated with three cumulative damage approaches, both with and without 
consideration of the effect of mean stress on fatigue life. For each of the six sets of life 
predictions, the estimated fatigue lives of the prestrained specimens were compared with 
those observed in the experiments. 

Experimental Details 

Material and Specimens 

Wrought bars of IN 718 (Aerospace Material Specification 5663D) with a diameter of 
31.8 mm were purchased from the vendor. The composition of the superalloy is shown in 
Table I. The following heat treatment was given to the superalloy by the manufacturer: (1) 
solution annealing at 954~ for 1 h and water quenching, (2) aging at 718~ for 8 h followed 
by furnace cooling to 621~ and (3) aging at 621~ for 10 h. The as-received material 
contained equiaxed grains with an average grain size of 10/~m. The microstructure and the 
different phases observed in the as-received material were previously reported [5]. IN 718 
derives its strength mainly from an intermetallic phase, 3'", which precipitates coherently in 
the face-centered-cubic matrix with a volume fraction of about 15 to 20% [6-8]. Two other 
intermetallic phases commonly observed in IN 718 are 7' (~  4% volume fraction) and 
[6-9]. The 7' phase is also a coherent phase and contributes to the strength of IN 718 [8]. 
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TABLE 1--Composition of lnconel 718. 

Element Weight, % 

S 0.002 
B 0.004 
P 0.006 
C 0.034 
Cu 0.05 
Si 0.07 

Mn 0.12 
Co 0.39 
A1 0.57 
Ti 0.95 
Mo 2.87 

Nb+Ta 5.19 
Cr 17.52 
Ni 53.58 
Fe Balance 

Solid, uniform gage section specimens with a diameter of 6.3 mm were manufactured 
from the IN 718 bars. All  the specimens were polished, with the final polishing marks in the 
longitudinal direction. The following average room temperature tensile properties were 
exhibited by the as-received IN 718: (1) ~ry, 1140 MPa; (2) ~ru, 1410 MPa; and (3) %RA, 
43.3 (or ~f, 0.567). At room temperature, IN 718 has high strength as well as moderate 
ductility, and both properties contribute to the fatigue resistance of the alloy. 

Test System and Procedures 

All the specimens were tested at room temperature under ambient laboratory conditions. 
The test system consisted of  a computer-controlled [10], servohydraulic test frame and an 
axial extensometer with a gage length of 12.7 mm. Baseline fatigue tests were conducted 
under total axial strain control. Fully reversed sinusoidal waveforms with frequencies rang- 
ing from 0.1 Hz (at higher strain ranges) to 1.0 Hz (at lower strain ranges) were used in 
these tests. In the baseline tests, before applying the full amplitude of the strain, a small fully 
reversed elastic strain cycle (mE  t = 0.25%) was used to obtain the elastic modulus of IN 
718. The full amplitude strain was then applied beginning with the tensile direction. Cyclic 
data in the baseline fatigue tests were acquired at logarithmic intervals, and fatigue tests 
were continued until each specimen separated into two pieces. 

Fully reversed fatigue tests were also conducted on specimens prestrained either in 
tension (to 2, 5, or 10%) or in compression (to 2%). Only the lowest prestrain level was used 
in compression to avoid buckling, which is possible (and was observed) at the higher 
magnitude prestrains in compression. Each specimen was prestrained under stroke control 
with a limit imposed on the strain. After reaching the required strain limit, the specimen was 
unloaded to zero load under stroke control and the extensometer was removed and 
remounted on the specimen. Before starting the fatigue portion of the test, the extensometer 
was zeroed to reestablish the gage length. In all the tests on prestrained specimens, cross- 
sectional areas of the specimens after prestraining were used to calculate stresses during the 
subsequent fatigue portions of the tests. Similar to the baseline fatigue tests, for all the 
prestrained specimens, the fatigue portion of the test was always initiated in the tensile 
direction. The cyclic data acquisition scheme and failure definition in these tests were the 
same as those employed in the baseline tests. 
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Fa t igue  Behav ior  

Baseline Tests 

The baseline fatigue data o f  IN 718 obtained from the near half-life hysteresis loops are 
shown in Table 2. The average value of  the elastic modulus,  obtained from the initial elastic 
strain cycle data of  the baseline tests, for IN 718 is 216 GPa. The total strain range in each 
test was separated into elastic and inelastic strain ranges by using elastic modulus and the 
stress range (Eq 1). 

mE t = AEe "-~ Ae in  

AG = AtrlE 
A e i n  = A E  t - -  Atr/E 

(1) 

In all the baseline fatigue tests, IN 718 developed compressive mean stresses. However ,  
magnitudes of  these mean stresses were relatively small in comparison to the stress ranges in 
the baseline tests (Table 2). After  the second cycle, cyclic softening was observed at all 
strain ranges in the baseline fatigue tests. Softening continued until failure in all the IN 718 
specimens [11]. The observed cyclic softening was due to "mechanica l  scrambl ing"  of  3/' 
precipitates by dislocations in the deformation bands [5]. Serrated flow was observed in the 
inelastic regions of  the hysteresis loops in the high-strain range tests. The observed serrated 
flow in IN 718 was attributed to a repetit ive mechanism in which dislocations that initially 
piled up at the grain boundaries were rel ieved by the onset of  plastic flow in the neighboring 
grains or twins [12]. 

Basquin [13] and Manson-Coffin [14,15] types o f  elastic and inelastic strain range versus 
fatigue life relations were computed by treating the logarithms of  AG and A~in, respectively, 
as independent variables and the logarithm of  N r as the dependent variable (Eq 2). The total 
strain range versus fatigue life relation was obtained by adding the elastic and inelastic life 
relations (Eq 3). 

AE e = B(Nf) b = 0.0146 (Nf) -0"0547 
AEi, = C(Nf) C = 1.30 (Nf) -0.629 (2) 

A~ = 0.0146(Nf) -0"0547 + 1.30(Nf) -0'629 (3) 

TABLE 2--Baseline Inconel 718fatigue data. 

Specimen 
Number v, Hz Atr, MPa O'm, MPa Ace, % Aem, % Act, % Nf 

IN31 0.1 2168 - 20 1.005 1.225 2.230 1 227 
IN35 0.1 2122 -23  0.984 1.148 2.132 1 700 
IN34 0.1 2049 - 32 0.950 0.882 1.832 3 115 
IN33 0.1 2000 - 29 0.927 0.690 1.617 4 208 
IN32 0.1 1888 - 32 0.875 0.528 1.403 7 845 
IN29 0.1 1888 - 28 0.875 0.398 1.273 11 686 
IN26 0.2 1830 - 8 0.848 0.277 1.125 16 040 
IN28 0.2 1757 - 43 0.815 0.205 1.020 34 483 
IN24 1.0 1680 - 53 0.779 0.105 0.884 95 430 
IN23 1.0 1627 - 14 0.754 0.036 0.790 363 452 
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The elastic, inelastic, and total strain range versus fatigue life relations are shown in Fig. 1. 
The slope of the elastic life line for IN 718 ( -0 .0547)  is very shallow when compared to 
that exhibited by most engineering alloys ( -0 .12) .  The fatigue life relation from the 
baseline tests was used to evaluate the influence of prestraining on the fatigue behavior of 
IN 718. 

Tests on Prestrained Specimens 

The prestrains imposed on the IN 718 specimens and data from the fatigue portions of the 
tests, obtained from near half-life hysteresis loops, are shown in Table 3. As in the case of 
the baseline tests, the total strain range was separated into elastic and inelastic parts by using 
Eq 1. All the prestrained specimens developed significant mean stresses. In general, near 
half-life, the specimens prestrained in tension exhibited tensile mean stresses, and the 
specimens prestrained in compression developed compressive mean stresses with a few 
exceptions. In all tests on prestrained specimens, the mean stresses persisted until failure of 
the specimens [11]. 

Fatigue data on the prestrained specimens and the baseline fatigue life relation are plotted 
in Fig. 2. Prestraining has a detrimental effect on the fatigue life of IN 718 with a few 
exceptions. The detrimental effect of prestraining is larger at the lowest strain range tested 
and progressively decreases at higher strain ranges. At the lowest strain range, tensile 
prestraining reduced the life substantially, whereas compressive prestraining did not signifi- 
cantly influence fatigue life. Since specimens prestrained in tension and compression devel- 
oped different mean stresses, some of the observed differences in fatigue lives might be due 
to mean stress effects. The role of mean stress on fatigue life of Inconel 718 is addressed 
later in the paper. 
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FIG. 1--Baseline fatigue life relations for Inconel 718 superalloy. 
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TABLE 3--1nconel 718 fatigue data on prestrained specimens. 

333 

Specimen 
Number 

Prestrain Fatigue 

e,, % el., % v, Hz Ao-, MPa o" m, MPa Ae e, % AEi,, % A t ,  % Nf 

IN43 
IN44 
1N45 
IN52 
IN39 
IN46 
IN40 
IN41 
IN51 
IN36 
IN47 
1N37 
IN20 
IN38 
IN21 
IN50 
IN59 

10.01 9.111 0.1 2299 74 1.066 0.969 2.035 
5.011 4.252 0.1 2308 48 1.070 0.945 2.015 
2.017 1.427 0.1 2111 - 9  0.979 1.037 2.016 

-2.017 - 1.415 0.1 2073 - 5 3  0.961 1.096 2.057 
10.01 9.209 0.1 2031 - 148 0.942 0.315 1.257 
10.03 9.190 0.1 2042 175 0.947 0.313 1.260 
5.011 4.264 0.1 2038 72 0.945 0.340 1.285 
2.011 1.379 0.1 2014 73 0.934 0.358 1.292 

- 1.998 - 1.434 0.1 1958 - 9 4  0.908 0.392 1.300 
10.03 9.087 1.0 1427 - 147 0.662 0.099 0.761 
10.03 9.166 1.0 1497 93 0.694 0.082 0.776 
5.029 4.222 1.0 1493 133 0.692 0.083 0.775 
5.005 4.205 1.0 1452 540 0.673 0.077 0.750 
2.004 1.403 1.0 1554 100 0.720 0.063 0.783 
2.014 1.379 1.0 1470 274 0.682 0.052 0.734 

-2.023 - 1.397 1.0 1508 -217  0.699 0.077 0.776 
- 2.017 - 1.415 1.0 1518 -427  0.704 0.071 0.775 

1 321 
1 303 
1 776 
1 632 

14 648 
5 984 
5 644 
5 969 
4 578 

75 027 
35 145 
30752 
20 273 
34 684 
29 600 

252 363 
424 538 
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FIG.  2--Fatigue data of  prestrained Inconel 718 superalloy:. 

Li fe  E s t i m a t i o n  

Cumulative Damage Models 

Three  cumula t i ve  d a m a g e  m o d e l s  w e r e  u sed  to es t imate  the  fa t igue  l ives o f  the 

p res t ra ined  spec imens .  T h e y  are: (1) the l inear  d a m a g e  rule (LDR) ,  (2) the l inear  s train and  

life f rac t ion  rule (LSL FR ) ,  and  (3) the d a m a g e  cu rve  app r oac h  (DCA) .  T h e  L D R  of  

Copyr ight  by  ASTM Int ' l  (a l l  r igh ts  reserved) ;  Wed Dec  23  19:34:53  EST 2015
Downloaded/pr in ted  by
Univers i ty  of  Washington  (Univers i ty  of  Washington)  pursuant  to  License  Agreement .  No fur ther  reproduct ions  au thor ized .



334 FATIGUE LIFETIME PREDICTIVE TECHNIQUES 

Palmgren [16], Langer [17], and Miner [18] is used widely in estimating fatigue life under 
variable amplitude fatigue loading and assumes that fatigue failure occurs when the summa- 
tion of life fractions from different loadings reaches unity. For a two load-level test, the 
LDR is shown in Eq 4. 

The LSLFR is similar to the rule proposed by Burgreen [19] for thermal ratchetting during 
temperature cycling. This rule assumes that failure occurs in a prestrained specimen when 
the summation of the strain fraction and life fraction reaches unity (Eq 5). 

~f / N2 = 1 (5) 

The DCA was developed by Manson and Halford [20,21] to overcome the load-ordering 
effect commonly observed in cumulative fatigue damage tests. This rule assumes that the 
accumulation of fatigue damage occurs in a nonlinear fashion, and the degree of nonlinearity 
is a function of the ratio of fatigue lives corresponding to the lowest and the highest load 
levels. The DCA for a two-load-level fatigue test is shown in Eq 6. 

-NI 04 t (nl) (~z) + ( n2 ~ = 1 (6) 

All the variables in Eqs 4 through 6 are defined in the nomenclature section. Note that in Eqs 
4 through 6, the accumulation of fatigue damage is completely independent from the life 
relation necessary to establish the fatigue life at each load level. 

Fatigue Life Estimation without Mean Stress Effects 

In estimating the fatigue lives of the prestrained IN 718 specimens, the effect of mean 
stress on the fatigue life was not initially considered. In the case of the LDR and DCA, the 
prestraining portion of the test was considered as a quarter cycle (n~ = 0.25) with a strain 
range equal to twice the magnitude of the prestrain. Therefore, N~ corresponding to this 
strain range was calculated with Eq 3. In the case of the LSLFR, the true inelastic strain 
offset after prestraining was used to compute the strain fraction in Eq 5. In all the life 
prediction methods, N2 corresponding to the fatigue portion of the tests was computed from 
Eq 3 by using the A~, values listed in Table 3. The fatigue lives of the prestrained specimens 
(n2) were then estimated with Eqs 4 through 6. The results are shown in Fig. 3 for all the 
cumulative damage models. The fatigue lives predicted by the LDR and the LSLFR were 
very similar and were unconservative by up to a factor of 20 compared to the experimentally 
observed fatigue lives. These unconservative predictions occurred mainly at the lowest 
strain range in tensile prestrained specimens, most of which developed large tensile mean 
stresses during the subsequent fatigue loading. The fatigue lives predicted by the DCA were 
significantly better than those by either the LDR or the LSLFR. 

Fatigue Life Estimation with Mean Stress Effects 

The quantitative effect of mean stress (either tensile or compressive) on the fatigue life of 
the heat of IN 718 investigated in this study has, as yet, not been characterized. However, 
consideration of mean stress is necessary because tensile mean stress is usually detrimental 
to fatigue life, whereas compressive mean stress might be beneficial. Korth [4] investigated 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:34:53 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



KALLURI ET AL. ON P R E S T R A I N I N G  335 

a 
i,i 
n, 
o_ 

r 
v 

q; 
q.. 
i I  

~ 
0 

b.. 

O~ r 
~ r 
~ 
0 
E 

r~ 

10 s 

lO 5 

10 4 

10 ~ 
10 3 

/ / /  / /  

/ / /  / /  

/ / /  / /  

/ / /  / /  

/ / /  / /  

/ / /  / /  

10 4 10 5 0 6 

(a) 

�9 - -2% P r e - S t r a i n  
zx 2 ~  P r e - S t r a i n  
[] 5 ~  P r e - S t r a i n  
O 1 0 ~  P r e - S t r a i n  

- - -  Factors  of 2 on 
fa t igue  life 

Remain ing  Fat igue Life, (n2)0B s 

t,z,I n,,' 
0,,. 

z"- 
v 

~ 
,--I 
t~ 

0 t, 

C ~ 
t- 
o- 
0 
E 

n.,, 

10 e 

10 5 

10 4 

10 3 
10 3 

n A I // ,//I 

~  
// I / . / f  / 

j r /  ff 
/ / /  /" 

/ / /  // 
, ' b / 9  " 

/ I I 

10 4 10 s 10 6 

(b) 

�9 - 2 ~  P r e - S t r a i n  
zx 2 ~  P r e - S t r a i n  
o 5 ~  P r e - S t r a i n  
O 1 0 ~  P r e - S t r a i n  

- - -  Factors  of 2 on 
fa t igue  life 

Remaining Fatigue Life, (n2)OB $ 
FIG. 3--Fatigue life estimation of prestrained Inconel 718 without considering mean 

stress effects: (a) linear damage rule, (b) linear strain and life fraction rule, and (c) 
nonlinear damage curve approach. 
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Fig. 3--Continued. 

the applicability of three mean stress models to IN 718 and reported that the parameter 
proposed by Smith, Watson, and Topper [22] most accurately described the behavior of his 
alloy. Therefore, an attempt was to made to include the effect of mean stress on fatigue life 
with the Smith-Watson-Topper parameter (SWT). A twin power-law relation was estab- 
lished between SWT and Nf with the baseline fatigue data (Table 2) for IN 718 (Eq 7). 

Ormax(tE = AI(Nf)  at + A2(Nf) a2 
O'maxEtE = 2.52 • 106(gf) -OA14 q- 2.14 • 108(gf) -O683 (7) 

Equation 7 and the baseline fatigue data are shown in Fig. 4. The SWT was then employed 
to estimate the fatigue life, N2, corresponding to the fatigue loading after prestraining. The 
computed N2 values contain the influence of mean stresses because in SWT the mean stress 
effect is included through the maximum stress in the hysteresis loop (Eq 7). 

Fatigue lives of the prestrained IN 718 specimens were computed with Eqs 4 through 6. 
For all the life prediction models, the damage from the prestraining was estimated as 
described earlier. Comparisons of the predicted and observed fatigue lives are shown in Fig. 
5. As noted earlier, predictions by the LDR and LSLFR were very similar. At the lowest 
strain range, the predicted fatigue lives by these two models were unconservative by up to 
two orders of magnitude compared to the observed fatigue lives. All methods overestimated 
the fatigue lives of the lowest strain range tests on compressively prestrained specimens. 
Among the cumulative damage methods investigated, the best predictions were obtained 
with the DCA method. 

Discussion 

The fatigue life of IN 718 was influenced by both the magnitude and direction of 
prestraining (Fig. 2). In general, tensile prestraining was detrimental at all the strain ranges 
investigated. Compressive prestraining reduced fatigue lives marginally at the higher strain 
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ranges, whereas at the lowest strain range it did not affect the fatigue life. While investiga- 
ting the deformation and damage mechanisms in IN 718, Kalluri et al. [5] noted that in the 
10% tensile prestrained specimen fatigued subsequently at the lowest strain range, deforma- 
tion was very inhomogeneous and was confined to a few well-defined slip bands. At the 
lowest strain range, deformation during the fatigue loading was confined to the deformation 
bands activated during the tensile prestrain, whereas at the higher strain ranges additional 
deformation bands were activated during fatigue. The inhomogeneous deformation noted at 
the lowest strain range can increase stress concentration at the intersections of slip bands and 
grain boundaries and can lead to microcrack initiation. In addition, tensile prestraining can 
induce microscopic slip steps on the surface of the specimen, and these slip steps can also 
serve as microcrack initiation sites during the subsequent fatigue loading. Both of these 
mechanisms tend to lower the fatigue lives of  prestrained specimens due to a reduction in 
the crack initiation portion of their cyclic lives. Even though the proposed mechanisms can 
explain the observed reduction in fatigue life due to tensile prestraining, they cannot explain 
the apparent lack of influence of compressive prestraining on the fatigue life at the lowest 
strain range. The deformation and damage mechanisms in specimens subjected to compres- 
sive prestraining followed by fatigue remain to be investigated. 

The observed fatigue lives of  the prestrained specimens indicated that significantly detri- 
mental effects of tensile prestraining were experienced mainly in the low strain range, high- 
cycle-fatigue regime (Fig. 2). Fatigue life predictions by the nonlinear DCA, when the effect 
of mean stress on fatigue life was not considered, were more accurate than those by the LDR 
or the LSLFR, especially in the low strain range, high-cycle-fatigue regime (Fig. 3). These 
results suggest that the damages due to prestraining and the subsequent fatigue loading 
accumulate in a nonlinear manner. In the low strain range, high-cycle-fatigue regime, tensile 
prestraining substantially lowers the subsequent fatigue life because N~ and N2 in Eq 6 are 
significantly different in this regime. In the high strain range, low-cycle-fatigue regime, N1 
and N2 are of the same order of magnitude, and as a result tensile prestraining does not have 
a significant influence on the subsequent fatigue life. At the lowest strain range, among the 
tensile prestrained specimens, the highest and lowest average fatigue lives were observed for 
the 10 and 5% tensile prestrained specimens, respectively, with the average fatigue life of 
2% tensile prestrained specimens in between the highest and lowest average lives (Fig. 2). 
The observed ordering in the average fatigue lives of the tensile prestrained specimens can- 
not be predicted from cumulative damage models because they would estimate the highest 
and lowest fatigue lives for the 2 and 10% prestrained specimens, respectively, with lives of 
the 5% prestrained specimens in between the two extremes. Further investigation is needed 
to establish the reasons behind the observed ordering in the fatigue lives of the tensile 
prestrained specimens. 

As mentioned earlier, all the prestrained specimens developed mean stresses of  substantial 
magnitude. The influence of mean stresses on fatigue life is significant in the low strain 
range, high-cycle-fatigue regime, where the ratio of  inelastic strain range to elastic strain 
range in the hysteresis loop is less than 0.1 [23]. As a result, mean stresses are not expected 
to significantly influence the fatigue lives of prestrained specimens at the highest and 
intermediate strain ranges (Fig. 2). However, at the lowest strain range, mean stresses can 
influence the fatigue lives of  prestrained specimens because tensile mean stresses are usually 
detrimental and compressive mean stresses can be beneficial to fatigue life. The observed 
reduction in the fatigue lives of tensile prestrained specimens, at least to some extent, is due 
to the tensile mean stresses developed by most of these specimens (Table 3). For instance, in 
the low strain range, high-cycle-fatigue regime, the predicted fatigue lives of the tensile 
prestrained specimens showed improvement for all the cumulative damage models when the 
effect of  mean stress on fatigue life was taken into consideration by the SWT parameter 
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(Figs. 3 and 5). However, in the same life regime, the predicted lives of the compressively 
prestrained specimens, which developed compressive mean stresses, deteriorated for all the 
models when the effect of mean stress on fatigue life was taken into consideration by the 
SWT parameter. This observation suggests that the SWT parameter overestimated the 
beneficial effect of compressive mean stress on the fatigue life of IN 718. Note also that the 
SWT parameter is inapplicable for fatigue life estimations when ~max is negative. These 
results clearly indicate that it is necessary to characterize the effects of both tensile and 
compressive mean stresses on the fatigue life of  IN 718 to facilitate accurate estimation of 
fatigue life under mean stress conditions. 

Summary 

Fatigue behavior of Inconel 718 superalloy was investigated by conducting fully reversed 
fatigue tests at room temperature. In addition, fatigue tests were also conducted on speci- 
mens prestrained either in tension or compression to characterize the influence of 
prestraining on fatigue life. Fatigue lives of the prestrained specimens were estimated by the 
linear damage rule, the linear strain and life fraction rule, and the nonlinear damage curve 
approach. The Smith-Watson-Topper parameter was used to determine the effects of mean 
stresses on the fatigue lives of the prestrained specimens. 

In general, prestraining reduced the fatigue life of Inconel 718. The reduction in life was 
significant in the low strain range (or high-cycle-fatigue regime) for the specimens 
prestrained in tension. At the same strain range, compressive prestraining did not signifi- 
cantly influence the fatigue life. In general, tensile prestraining resulted in the development 
of tensile mean stresses during fatigue loading, which are detrimental to fatigue endurance, 
whereas compressive prestraining resulted in the development of compressive mean 
stresses, which might be beneficial to fatigue endurance. 

Fatigue life predictions of the prestrained Inconel 718 by the linear damage rule and the 
linear strain and life fraction rule, when the effect of mean stress on fatigue life was not 
considered, were essentially similar and were unconservative in the high-cycle-fatigue re- 
gime by up to a factor of 20 compared to the experimentally observed fatigue lives. Life 
predictions by the nonlinear damage curve approach were more accurate than those by the 
linear damage rule and the linear strain and life fraction rule. 

All the cumulative damage rules overestimated the fatigue lives of the compressively 
prestrained Inconel 718 specimens in the high-cycle-fatigue regime when the effect of mean 
stress on fatigue life was included through the Smith-Watson-Topper parameter. Fatigue 
lives of some of the tensile prestrained specimens were also overpredicted by the linear 
damage rule and the linear strain and life fraction rule. 

Among the cumulative damage rules investigated, the best fatigue life predictions were 
obtained by using the nonlinear damage curve approach irrespective of whether the effect of 
mean stress on fatigue life was considered or disregarded. 

This investigation indicated that it was necessary to experimentally characterize the effect 
of mean stress on the fatigue life of Inconel 718 for accurate fatigue life estimation under 
cumulative fatigue loading conditions. 
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