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Foreword 

This publication, Advances in Multiaxial Fatigue, contains papers presented at the Sym- 
posium on Multiaxial Fatigue, which was held in San Diego, California, 14-16 Oct. 1991. The 
symposium was sponsored by ASTM Committee E-9 on Fatigue. David L. McDowell, Geor- 
gia Institute of Technology, and Rod Ellis, NASA Lewis Research Center, presided as sym- 
posium co-chairmen and were editors of this publication. 
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Overview 

The effect of the multiaxial stress state on cyclic deformation and fatigue life has emerged 
over the last two decades as one of the most rapidly developing areas of fatigue research. The 
intense focus on this subject may be attributed to the general recognition of its importance in 
the fatigue design of components as well as the relatively recent widespread availability of high- 
quality multiaxial testing equipment. Marked advances in understanding the influence of both 
material structure and multiaxiality of loading have been made in the past two decades. This 
is the second symposium of its type sponsored by ASTM since 1980. The first, the Symposium 
on Multiaxial Fatigue, was held in San Francisco 15-17 Dec. 1982, with a resulting ASTM 
special technical publication (Multiaxial Fatigue, ASTM STP 853). The results of the more 
recent Symposium on Multiaxial Fatigue, held in San Diego 14-15 Nov. 1991, forms the basis 
for this special technical publication. 

This symposium was conceived and planned within ASTM Subcommittee E09.01 on 
Fatigue Research, a subcommittee of ASTM Committee E09 on Fatigue. The purpose of the 
symposium was to communicate the most recent international advances in multiaxial cyclic 
deformation and fatigue research as well as applications to component analysis and design. 
Reflective of the continuing yet incomplete development of the subject, this volume will be of 
considerable interest to researchers and industrial practitioners of fatigue design. The papers 
herein predominately reflect a concern with stress state effects on cyclic deformation and 
fatigue of a wide range of monolithic metals, with applications ranging from power plant pres- 
sure vessel components to hot section jet engine components to automotive assemblies. The 
understanding of multiaxial loading effects on fatigue life has proven to be a very challenging 
and somewhat elusive pursuit; this volume provides insight into some important advances of 
our understanding during the last ten years. 

The collection of 24 papers published in this volume has been grouped into five categories. 
Each category reflects the most fundamental area of contribution of its papers, although a cer- 
tain degree of overlap is unavoidable. These categories are multiaxial fatigue life models, 
experimental multiaxial fatigue studies, multiaxial stress-strain behavior, multiaxial micro/ 
macro crack growth studies, and multiaxial fatigue of notched components. 

Multiaxial Fatigue Life Models 

Prior to the 1960s, most multiaxial fatigue life prediction schemes concentrated on high- 
cycle fatigue applications. Effective stress, maximum shear stress, or modified schemes involv- 
ing tensile mean stress and/or hydrostatic stress were most applicable in the HCF regime. With 
increasing concern for low-cycle fatigue applications following the  1960s, multiaxial fatigue 
approaches adopted strain-based methodologies. The decade of the 1970s witnessed the intro- 
duction of so-called critical plane approaches which made connections between fatigue crack 
initiation on specific planes at the surface of the material and the maximum shear strain range 
and/or normal strains on these planes. The first paper in this volume reviews these approaches 
and offers significant experimental insight into the relative role of microcrack nucleation and 
propagation in multiaxial fatigue. Extensive data sets including microcrack sizes and shapes 
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2 ADVANCES IN MULTIAXIAL FATIGUE 

over a wide range of stress states are considered. The key conclusions are (1) each material has 
a potentially distinct mode of resistance to fatigue crack initiation, and (2) the critical plane 
model selected should always reflect the actual physics of microcracking, either shear-based or 
normal stress/strain-based. The second paper provides an application of these critical plane 
principles to constant and variable amplitude fatigue of SAE notched shaft specimens; a novel 
computational scheme for multi-surface plasticity theory is used to predict the stress-strain 
histories which are essential for fatigue life analyses. The third and fourth papers in this section 
deal with promising hysteretic energy-based approaches with provision for mean stress effects. 
The fifth paper employs a triaxiality factor to correlate fatigue data over a range of stress states. 

The final two papers in this section employ incremental damage approaches to the multiax- 
ial fatigue problem, permitting consideration of quite arbitrary loading histories. The first of 
these two papers uses a thermoviscoplasticity theory to determine incremental inelastic 
strains; then creep and fatigue damage increments are determined and summed to assess total 
damage. The last paper considers the prediction of the high-cycle fatigue response using micro- 
mechanical techniques and a shakedown approach to assess the possibility of persistent cyclic 
plastic strains. 

Experimental Multiaxial Fatigue Studies 

Much of our collective knowledge regarding multiaxial fatigue has developed by virtue of 
experimental studies of various materials. In this section, the papers consider, among other 
things, effects of complex loading and material anisotropy. The first paper presents a high- 
temperature tension-torsion experimental study of the in-phase and out-of-phase fatigue 
behavior of a superalloy. Several fatigue theories are examined in terms of their correlative 
capability. 

In the second paper, the effects of anisotropy of initially cold-worked A1-606 I-T6 on ten- 
sion-torsion fatigue behavior are studied and correlated using an anisotropic generalization of 
a critical plane theory. The third papers reports results of high-temperature fatigue tests con- 
sisting of sequences of uniaxial and torsional loading of tubular specimens; strongly nonlinear 
interaction effects are observed for tension-torsion loading and are attributed to oxide-induced 
cracking and differences of microcrack initiation and growth between uniaxial and torsional 
cyclic loading. The last paper presents a unique, relatively low-cost test method which may 
achieve a wide range ofbiaxiality ratios using only uniaxial testing equipment. 

Continued experimental examination of microcracking and effects of complex multiaxial 
loading paths, as reported in this section, will prove to be an essential tool in further advancing 
our understanding of the fatigue process. 

Multiaxial Stress-Strain Behavior 

It is increasingly evident that any successful multiaxial fatigue life prediction methodology 
invariably relies on accurate multiaxial cyclic stress-strain relations for input, In turn, devel- 
opment of constitutive equations for cyclic inelastic material behavior depend on carefully 
conducted combined stress state experiments. The first two papers in this section deal with 
such experimental studies on advanced metallic alloys. The first paper considers the appro- 
priateness of using a J2-based constitutive model to correlate both uniaxial and pure torsional 
thermomechanical test results. The second paper reports the behavior of a single crystal super- 
alloy under tension-torsion loading of thin-walled tubular specimens. 

The next two papers in this section study the performance of cyclic inelasticity theories. In 
the third paper, the concept of an irreversible component of cyclic inelastic strain is introduced 
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OVERVIEW 3 

to model the path-dependent cyclic hardening behavior of an austenitic stainless steel. The 
fourth paper examines the predictive capability of two rate-independent multisurface plastic- 
ity models for nonproportional loading paths and introduces a modified integration scheme 
for near neutral loading conditions. 

The final paper in this section addresses the problem of predicting cycle-dependent plastic 
strain accumulation for nonproportional loading paths typical of pressure vessel and piping 
components with steady primary stresses and alternating secondary stresses. Using a multi- 
surface plasticity theory, the author introduces a ratchet assessment diagram as a graphical 
presentation of results and discusses these results in terms of ASME code considerations. 

Multiaxial Micro/Macro Crack Growth Studies 

There has been a growing emphasis during the 1980s on applying fracture mechanics prin- 
ciples to fatigue, including growth of very short cracks which have conventionally fit within 
the so-called "fatigue crack initiation" regime. Numerous recent studies have considered the 
details of crack growth for microstructurally short cracks and the transition to long crack 
behavior. The first two papers in this section examine experimentally the propagation behav- 
ior of microcracks in low-cycle fatigue under tension-torsion loading of thin-walled tubular 
specimens. Results are correlated using critical plane concepts as a basis for microcrack prop- 
agation laws. 

The last two papers in this section consider macrocrack propagation under mixed mode 
conditions in a biaxial stress field. The third paper examines self-similar crack propagation as 
a function of mode mixity for a high-strength steel; several mixed mode theories are unsuc- 
cessful at correlating mixed mode results based on constants determined using Mode I data. 
The final paper deals with curvature of the growth of initially longitudinal cracks in thin pres- 
surized and independently axially loaded cylinders. 

Multiaxial Fatigue of Notched Components 

The preceding sections of this volume present much of the latest research regarding mul- 
tiaxial cyclic deformation and fatigue. Ultimately, the application of these concepts to life pre- 
diction of notched structural components is the primary driving force for this research. In this 
section, four papers are included which represent a variety of applications. 

The first paper presents a method of estimating the local cyclic strains given the autofrettage 
history of pressurized components and compares the results with finite element analyses. The 
second paper presents a method to estimate notch root stresses and inelastic strains, including 
plastic and creep strains, based on two linear finite element analyses per point on the load 
versus notch root strain curve. 

The third paper compares the ASME Boiler and Pressure Vessel Code multiaxial low-cycle 
fatigue approach with a local stain approach and the Japanese MITI Code, including a study 
of a pressure vessel component. The final paper in this section presents a methodology for 
correlating the fatigue life of composite hip prothesis components with the progressive deg- 
radation of stiffness. 

The papers briefly outlined in this overview should provide a glimpse into the advances 
made in the subject of multiaxial fatigue from the 1982 ASTM symposium to the present. We 
should also acknowledge the very dynamic and important activities and symposia elsewhere 
on this subject which have contributed so greatly to this volume and the state of the art in 
multiaxial fatigue. The editors of this volume gratefully acknowledge the extremely dedicated 
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4 ADVANCES IN MULTIAXIAL FATIGUE 

efforts of  the authors, reviewers, and ASTM personnel who have made this publication 
possible. 
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Darrel l  Socie  I 

Critical Plane Approaches for Multiaxial 
Fatigue Damage Assessment 

REFERENCE: Socie, D., "Critical Plane Approaches for Multiaxial Fatigue Damage Assess- 
ment," Advances in Multiaxial Fatigue, ASTM STP 1191, D. L. McDowell and R. Ellis, Eds., 
American Society for Testing and Materials, Philadelphia, 1993, pp. 7-36. 

ABSTRACT: This paper reviews the evolution of the critical plane damage models and traces 
their origins from the early work such as that of Guest. Physical justification in the form of 
detailed observations of crack nucleation and early growth are provided for the models. A com- 
mon feature of all successful models is that they consider both cyclic stresses and strains. Mate- 
rial-dependent failure models are needed to account for the differences in crack nucleation and 
early growth. Shear strain-based models are appropriate for materials that have substantial 
Mode II growth. Tensile strain-based models are needed for materials that have predominantly 
Mode I growth. Problems and inconsistencies in interpreting the damage models for variable 
amplitude nonproportional loading are discussed. Critical experiments for evaluating and dis- 
criminating between proposed damage models are suggested. 

KEY WORDS: fatigue, multiaxial, biaxial, damage models, cyclic deformation, critical planes 

Fat igue damage is best described as the nucleat ion and growth o f  cracks to final failure. In 
1903 Ewing and Humf rey  [ 1], mot ivated  by the work o f  Wohle r  and Bauschinger, published 
their  classic paper, " T h e  Fracture o f  Metals under  Repeated Alternat ions of  Stress." Their  
descript ion of  the fatigue process follows: 

The course of the breakdown was as follows: The first examination, made after a few reversals of 
stress, showed slip-lines on some of the crystals . . . . .  the slip-lines were quite similar in appearance 
to those which are seen when a simple tensile stress exceeding the elastic limit is applied . . . .  After 
more reversals of stress additional slip-lines appeared . . . .  After many reversals they changed into 
comparatively wide bands with rather hazily defined edges . . . . .  As the number of reversals increased 
this process of broadening continued, and some parts of the surface became almost covered with dark 
markings . . . .  When this stage was reached it was found that some oftfie crystals had cracked. The 
cracks occurred along broadened slip-bands: in some instances they were first seen on a single crystal, 
but soon they joined up from crystal to crystal, until finally a long continuous crack was developed 
across the surface of the specimen. When this happened a few more reversals brought about fracture. 

These authors also noted that: "Once  an incipient  crack begins to form across a certain set 
o f  crystals, the effect o f  further reversals is mainly  confined to the neighborhood of  the crack." 
Later  work using the electron microscope, X-ray, and other  powerful  tools has confirmed these 
concepts  o f  the basic cause o f  fatigue crack nucleat ion and early growth. Fine [2] provides an 
excellent  review of  the fatigue damage process. 

These slip lines, more  c o m m o n l y  called persistent slip bands, are caused by the m o v e m e n t  
o f  dislocations. The  crystals are individual  grains in the material.  Somet imes  features called 
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8 ADVANCES IN MULTIAXIAL FATIGUE 

intrusions and extrusions are formed on the surface. Slip occurs more readily along certain 
crystal directions and planes than along others. Dislocations move only on their crystallo- 
graphic slip planes under an applied shear stress. In a FCC metal such as aluminum there are 
four slip planes and three slip directions for a total of twelve slip systems. When the critical 
resolved shear stress in a grain is exceeded, the dislocations move and result in plastic shear 
strains. During tensile loading, shear stresses are produced on planes that are oriented at 45* 
to the tensile axis. Grains whose crystallographic slip planes and directions are also oriented 
at 45* to the tensile axis will have the highest critical resolved shear stress and plastic strains 
and will be the first to form slip bands and cracks. A dislocation model proposed by Fine and 
Ritchie [3] is shown in Fig. 1 a. Paired dislocation pileups against an obstacle on a metal sur- 
face are imagined to grow with cyclic straining until they reach a critical size. An avalanche 
then occurs, giving an intrusion or extrusion depending on the sign of the dislocation. 

Given this description of the process, it is clear that the macroscopic cyclic shear stress and 
strain are the driving forces for crack nucleation and should be the appropriate parameters for 
correlating test data for various states of stress such as tension/compression and torsion. Equal 
cyclic shear stress or strains should result in equivalent fatigue damage. Unfortunately, this is 
not always observed. A more complete understanding requires consideration of how small 
cracks grow from the slip band that forms in a single grain. In some materials and loading 
conditions, the majority of the fatigue life is consumed in growing small cracks from the order 
of the grain size to a length of a few millimeters. Hence, their growth is more important than 
their nucleation. A mechanism for crack extension in metals has been described by Laird [4] 

(a) (b) 

1 

(n) ~ Z  

(/) 
Applied 

Load 

t I I 3 
3 

(~i) (iv) 

(v) (vi) 4 

Applied 
Load 

FIG. 1--Dislocation Fatigue Models: (a) crack initiation; (b) crack growth. 
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that is consistent with Ewing and Humfrey's observations that after a dominant crack forms, 
damage is confined to the region surrounding the crack tip. An illustration is given in Fig. 1 b. 
Growth occurs by local shear processes at the crack tip. Slip acts on two intersecting slip planes 
at the crack tip. Unloading or compressive loading relaxes the stresses or dislocations on the 
slip planes. This process continues with an increment of  crack extension on each loading cycle 
that is often related to the formation of striations. This model suggests that macroscopic crack 
growth will occur on a plane perpendicular to the maximum principal stress even though the 
local growth at the crack tip is a shear strain-controlled process. Viewed on a macroscale that 
is on a scale larger than the grain size, tensile stresses are responsible for the growth of fatigue 
damage and should be an appropriate damage parameter. 

Early multiaxial fatigue researchers such as Gough et al. [5] proposed empirical relation- 
ships that reduce to shear stress for ductile materials and principal stress for brittle materials. 
Gough's ellipse quadrant is often cited and given here as an example. 

( r J r l )  2 + ( a J o - i ) z ( a J r i -  1) + O-a/~V(2 - o-dr=) = 1 (1) 

The applied tension and shear stresses are given by o-a and ra. Fatigue limits in tension and 
torsion are denoted a/and rl in Eq 1. No physical interpretation was ascribed to this equation. 
When the ratio of  fatigue limits in torsion and bending equals 0.5, the expression reduces to 
the maximum shear stress criterion. Similarly, the maximum principal stress criterion is 
obtained when the ratio is equal to 1. 

Stulen and Cummings [6] proposed a model that considered the interaction of  the ranges 
of  maximum shear stress and normal stress on the maximum shear stress plane 

( 0 "  1 - -  o'3)/2 + g((o-~ + a3)/2) = constant (2) 

where ~r~ and ~r3 are the maximum values of  the largest and smallest nominal principal stress 
during a loading cycle. Constant fatigue lives are a function of  the maximum shear stress range 
modified by the normal stress range on the maximum shear stress plane. The effect of  the nor- 
mal stress is included through the constant g. If  the constant g was selected to be equal to 0, 
the criterion will be the maximum shear stress. Similarly, g = 1 will give the maximum prin- 
cipal stress. Here again a single criteria can be made to fit both cracking modes described above 
by a suitable choice of  an adjustable constant. It is not surprising that these theories consis- 
tently fit the data. 

Based on physical observations of  the orientation of  initial fatigue cracks in steel and alu- 
minum, Findley [ 7] discussed the influence of normal stress acting on the maximum shear 
stress plane. A critical plane model was introduced [8] 

ra + kan,max = constant (3) 

For a constant fatigue life, the allowable alternating shear stress, ra, decreases with an increase 
in the maximum normal stress, o- . . . . .  on the plane of the critical alternating shear stress. Here, 
the maximum normal stress was formulated as the sum of the normal stress resulting from the 
amplitude and mean stress. A constant k is used to fit the experimental data. These shear cri- 
teria could be made into a principal stress theory by setting the constant to 1. 

McDiarmid [9] conducted an extensive literature survey on multiaxial fatigue in the high- 
cycle regime in 1972. He showed that the ellipse quadrant proposed by Gough can be divided 
into components of  maximum shear stress amplitude and the normal stress acting on the plane 
of maximum shear stress amplitude similar to Findley's model. McDiarmid argued that his 
proposed model is based on physical observations on the effect of  normal stress on the maxi- 
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10 ADVANCES IN MULTIAXIAL FATIGUE 

mum shear stress orientation, whereas the Gough ellipse quadrant is empirical. The most 
recent formulation of  his work [1 O] results in the following model 

Case A r a / r f ,  A + tr ..... /2au = 1 (4) 
Case B ra/rss + trn, max l2 t r  u = 1 

This failure criterion is also based on the shear stress amplitude and the maximum normal 
stress on the plane of  maximum shear stress amplitude. The model considers two types of shear 
cracking modes. Case A cracks growing along the surface have a shear fatigue limit, r:A, and 
Case B cracks growing into the surface have fatigue limit r:B. Case A cracks are found in torsion 
loading, and Case B cracks occur under biaxial tension loading. The tensile strength is denoted 
O'tt. 

Brown and Miller [11] provide a comprehensive review of  the literature in terms of  strain. 
They considered the nucleation and growth of  fatigue cracks and suggested the terms Case A 
and Case B cracks. Case A cracks are illustrated in Fig. 2a for torsion loading. The shear stress 
acts on the free surface in a direction parallel to the length of  the crack. There is no shear stress 
acting perpendicular to the free surface along the crack depth. As a result, these types of cracks 
tend to be shallow and have a large aspect ratio. In biaxial tension (Case B), the shear stress 
acts to cause the cracks to grow into the depth as shown in Fig. 2b. These types of cracks will 
always intersect the surface at an angle of  45*. Case B cracks are the type described by the 
intrusion extrusion model. Tension loading has the same shear stress for both Case A and Case 
B and can display either mode of  cracking. Combined tension/torsion loading always has Case 
A cracks. Brown and Miller then proposed a separate criterion for each type of  cracking 

Case A el -- es = f(ei + es) 
Case B el - es = constant 

(5) 

Here , f  represents a function of the principal strains, which are denoted ~l and Ea. They present 
test data to show that the fatigue life depends on both shear and normal strain amplitudes for 
Case A cracks. 

Much work has been done during the last 15 years and will not be referenced here. Three 
international symposia have been held [12-14]. The critical plane approaches evolved from 
considering how cracks nucleate and grow. Details of  the damage models continue to be 
improved but the focus remains the same: The nucleation and subsequent growth of  cracks. 
This paper focuses on detailed observations of  the nucleation and growth of small cracks 
( <  1 mm) under multiaxial loading. Appropriate damage models are then suggested based on 
these observations. 

Many investigators have contributed to the literature describing the nucleation and growth 
of  cracks. In this paper, the author makes extensive use of  his own students' work because he 
is more familiar with it and has a more complete understanding of  the experiments. Detailed 
crack observations have been made on three materials, AISI 304 stainless steel, Inconel 718, 
and normalized SAE 1045 steel. These materials exhibit different regions of  cracking behavior 
and represent extremes in the behavior observed in initally isotopic metals during tensile and 
torsional fatigue testing. Experimental data and observations can be found in earlier papers by 
Hua and Socie [15], by Socie et al. [16], and by Bannantine and Socie [17]. 

The behavior of  the three materials subjected to tension and torsion is summarized in Figs. 
3-5. In these figures, the vertical axis is in terms of the life fraction N/Ns, and the horizontal 
scale is presented in terms of  fatigue life N:in cycles. The solid line represents the first obser- 
vation of  a surface crack length of  100 #m and serves as a demarcation between crack nucle- 
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(a) Case A 

11 

(b) Case B 

FIG. 2--Crack nucleation and growth planes: (a) Case A; (b) Case B. 

ation and growth. It could be argued that nucleation occurs much earlier, say for example 10 
/~m long. This would simply shift the line downward without changing the qualitative phe- 
nomena represented by the plots. The broken line represents the demarcation between crack 
growth on planes of maximum shear strain amplitude and crack growth on planes of maxi- 
mum principal strain amplitude. Cracking behavior is categorized into three general regions: 
Regions A, B, and C. Region A denotes a failure mode that is dominated by shear crack 
growth. In Region B, shear crack nucleation is followed by crack growth on planes of maxi- 
mum principal strain (Stage II growth planes). The fatigue life represented in Region C is dom- 
inated by crack nucleation. Materials may exhibit cracking behavior that is representative of 
one, two, or all three of these regions. The cracking behavior of each of the three materials is 
discussed below in detail. 

AISI 304 stainless steel (yield strength, 325 MPa) was tested in tension and torsion. The type 
of cracking behavior exhibited is summarized in Fig. 3a for the stainless steel tested in torsion. 
Cracking behavior could be categorized into two regions: Regions A and B. Region A behavior 
was observed at short lives. Microcracks initiated on shear planes. Once initiated, the cracks 
became more distinct but showed no significant increase in length. At failure, a large density 
of small, coarse cracks dominated the surface of the specimen. A small amount of branching 
onto tensile planes (Stage II planes) was observed. Failure cracks grew on either shear planes 
(Stage I planes) or tensile planes (Stage II planes) by a slow linking of previously initiated shear 
cracks. Region B is characterized by shear crack nucleation followed by crack growth on planes 
of maximum principal strain amplitude (Stage II planes). Shear crack growth consumes a 
small fraction of the fatigue life. Region C behavior was observed at the longest lives in torsion. 
The fraction of life spent growing the crack on shear planes was reduced, as was the crack 
density. A small number of cracks initiated on shear planes but quickly branched to Stage II 
planes. Growth on these planes occurred by the propagation of the main crack rather than by 
a linking process. 
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FIG. 3--Cracking behavior observed in 304 stainless steel: (a) torsion," (b) tension. 
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Surface replicas and scanning electron examination of fracture surfaces ofAIS1304 stainless 
steel specimens tested in tension showed no perceptible evidence of Stage I growth. As a result, 
no Region A behavior is shown in Fig. 3b. The fracture surfaces appeared tobe almost entirely 
dominated by Stage II growth. Plumbridge [18] also reported that, at low strain amplitudes, 
up to 90% of the fatigue life may be taken up in initiation and Stage I growth while at high- 
strain amplitudes a similar fraction may be spent in Stage II crack growth. 

The behavior oflnconel 718 (yield strength, 1160 MPa) is summarized in Fig. 4. The behav- 
ior of Inconel 718 tested in torsion is presented in Fig. 4a. Unlike the stainless steel that dis- 
played a mixed behavior, the results of the Inconel 718 torsion tests showed that cracks initi- 
ated and remained on the maximum shear planes (Region A behavior) at all values of the shear 
strain investigated. Even at the lowest strain amplitude, in which the normal stress-strain 
response was essentially elastic, cracks initiated and remained on shear planes throughout the 
life. The crack density decreased with increasing fatigue life as it did in AISI 304 stainless steel, 
but no branching onto tensile planes was observed. 

Under tensile loading, cracks remained on shear planes for the majority of the fatigue life, 
and a large zone of Region A behavior was observed (Fig. 4b). Final failure in all tension tests 
was in a macroscopic tensile direction consisting of large portions of microscopic shear growth. 
Large amounts of shear growth were observed at failure for short and intermediate fatigue 
lives. Growth on Stage II planes occurred only late in life. 

Damage accumulation in Inconel 718 appears to be shear dominated. This is attributed to 
localized shear deformation bands developed during cyclic loading. Reversed movement of 
dislocations progressively shears precipitates in these bands. Crack propagation then occurs 
along the bands with extensive shear crack growth exhibited throughout the fatigue life. 

Two types of cracking system have been observed in the hot-rolled and normalized SAE 
1045 (yield strength, 380 MPa). A high density of microcracks are observed at high strain 
amplitudes, with the final failure occurring by a very rapid linking of these cracks. This type 
of damage has been termed the R system by Marco and Starkey [19]. Alternatively, the S sys- 
tem, which dominated crack behavior at low strain amplitudes, exhibited one dominant crack 
that grew until failure. 

In torsion, at high amplitudes, the R system crack behavior was characteristic of Reg;.on A 
as shown in Fig. 5a. Two common features were observed. First, the number of microcra~ks 
increased with increasing number of loading cycles. Second, the surface length of microcracks 
which appeared in the early stages remained almost unchanged during the fatigue life. Dark- 
ness and clarity of the microcracks substantially increased with progress of fatigue cycles. 
These observations indicate that the crack opening and hence the crack depth increased. 
Cracks initiated on the surface and propagated into the surface, while the surface crack length 
remained nearly constant. Also, crack orientations were developed equally on both planes of 
maximum shear. These multimicrocracks were almost uniformly distributed over the entire 
gage length. The failure was similar to that observed in the stainless steels at high amplitudes 
except that the linking of microcracks and final failure in SAE 1045 steel occurred over a very 
few cycles, while the growth of the Region A failure crack in stainless steels occurred progres- 
sively throughout the fatigue life. At lower amplitudes, progressive growth of a single crack 
occurred by a linking process on the shear plane. 

Region B behavior was observed only at long lives. At the lowest strain amplitude 0.26%, 
the crack branched and growth occurred on the tensile plane by a linking of previously initi- 
ated shear cracks. After a period of tensile growth, the crack linked with a large shear crack 
which had been developing simultaneously. Final failure occurred by a mixture of Region A 
and Region B behavior. 

In tension (Fig. 5b), failure occurred in both the R and the S systems on Stage II planes. 
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FIG. 4--Crackin~ behavior observed in lnconel 718: (a) torsion." (b) tension. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



SOCIE ON CRITICAL PLANE APPROACHES 15 

FIG. 5--Cracking behavior observed in normalized 1045 steel: (a) torsion; (b) tension. 
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16 ADVANCES IN MULTIAXlAL FATIGUE 

Microcracks initiated on shear planes at high amplitudes in a manner representative of the R 
crack system. A very rapid linking of these microcracks occurred immediately prior to failure 
such that the failure crack was on tensile (Stage II) planes. At low strain amplitudes, cracks 
initiated on shear planes but progressive growth occurred on Stage II planes. 

In Region C, crack nucleation plays the dominant role. This region has been extensively 
studied by others. Nisitani [20] and Nisitani and Kawano [21] made extensive observations 
of long-life fatigue failure in low-carbon steels. They concluded that, at the fatigue limit, cracks 
formed within single grains but were unable to propagate into neighboring grains because of 
the differences in crystallographic orientation. This long-life region should be controlled by 
cyclic shear stress. Tensile crack growth consumes a small portion of the total fatigue life. For 
low-ductility materials containing flaws, nonpropagating cracks should be considered and the 
maximum principal stress and flaw size are the controlling parameters. 

Fatigue Models 

Once the failure mode has been identified, an appropriate life estimation model can be 
selected. Each region requires a separate damage model based on the observed failure mode. 
The following damage models are proposed, although it is important to note that alternative 
models could have been chosen. The models selected, however, must incorporate the domi- 
nant or controlling parameters for each region, as those below do, such as shear strain for 
Region A, tensile strain for Region B, and shear stress or strain for Region C. 

Region A 

This region is dominated by plastic shear strains. Shear strains alone will not correlate the 
results from tension and torsion tests. Torsion tests have longer lives when compared to ten- 
sion tests cycled with the same shear strain. The conceptual basis for a damage model is shown 
schematically in Fig. 6. During shear loading, the irregularly shaped crack surface results in 
frictional forces that will reduce crack tip stresses, thus hindering crack growth and increasing 
the fatigue life. Normal stresses and strains will separate the crack surfaces and reduce fric- 
tional forces. Fractographic evidence for this behavior is shown in Fig. 7 from tests on Inconel 
718. The torsion test fractograph shows extensive rubbing and is featureless in contrast to the 
tension test fractograph where individual slip bands are observed on the fracture surface. The 
following damage model may be interpreted as the cyclic shear strain modified by the normal 
stress to include the crack closure effects described above. 

3,(1 + ka.,mday) = T'I/G(2N) b + ~,~(2N) ~ (6) 

This model was first proposed by Fatemi and Socie [22]. The right-hand side is the description 
of the strain-life curve generated from torsion testing with the following nomenclature: ~,} is 
the shear fatigue ductility coefficient, c the fatigue ductility exponent, r} the shear fatigue 
strength coefficient, b the fatigue strength exponent, G the shear modulus, and 2Nthe reversals 
to the formation of a surface crack 1 mm long. The terms on the left-hand side represent the 
loading parameters defined on the plane experiencing the largest range of cycle shear strain 
and have the following definitions: 3, is the maximum shear strain amplitude, a,.~, the max- 
imum tensile stress perpendicular to plane of the maximum shear strain amplitude normal- 
ized by ay, the yield strength, to preserve the dimensionless features of strain; constant k is 
usually equal to unity. 
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FIG. 6--Schematic illustration of the effect of normal stress on shear cracks. 

Region B 

Cracks nucleate in shear and then grow on a plane perpendicular to the maximum principal 
stress and strain. Many models have been proposed for this type of behavior. A model such as 
the one originally proposed by Smith et al. [23] for mean stress effects during uniaxial loading 
is appropriate. It has subsequently been successfully used for multiaxial loading by Socie 
[24], i.e. 

am~e = a'fZ/E(2N) 2b + e~(2N) ~ (7) 

The right-hand side is a description of the uniaxial strain-life curve generated from uniaxial 
testing with the following nomenclature: e} is the tensile fatigue ductility coefficient, c the 
fatigue ductility coefficient, a} the tensile fatigue strength coefficient, b the fatigue strength 
exponent, E the elastic modulus, and 2N the reversals to the formation of a surface crack 1 
mm long. The terms on the left-hand side represent the loading parameters and have the fol- 
lowing definitions: e is the maximum principal strain amplitude and amx the maximum stress 
on the maximum principal strain plane. 

Region C 

This region is typically called high-cycle fatigue. The majority of the fatigue life is consumed 
in crack nucleation on planes of maximum shear stress or strain for ductile materials. Findley's 
model can be combined easily with a description of the materials fatigue resistance to describe 
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18 ADVANCES IN MULTIAXlAL FATIGUE 

FIG. 7--Comparison of fracture su([aces in tension and torsion. 

fatigue damage in the finite life region. McDiarmid 's  model could also be formulated for the 
finite life region. 

ra + k# .... .  = r~(2N) ~ (8) 

The right-hand side of  the equation is the elastic portion of  the strain-life curve with the 
nomenclature the same as that given for Eq 6. The terms on the left-hand side of the equation 
represent the loading parameters defined on the plane experiencing the largest range of  cyclic 
shear stress and have the following definitions: ra is the maximum shear stress amplitude and 
a . . . .  the maximum normal stress on the plane of  maximum shear stress amplitude. 

For low-ductility materials such as grey cast iron that are dominated by flaws, a shear model 
is inappropriate and consideration of the principal stress and flaw size is needed. Fracture 
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mechanics approaches are suggested. This will require consideration of small crack effects and 
fatigue-crack-growth threshold stress intensities. 

A common feature of these damage models is that they are evaluated on a critical plane for 
crack nucleation and growth. They can easily be extended to complex nonproportional load- 
ing by evaluating the damage parameter on all planes to determine the plane experiencing the 
greatest fatigue damage and shortest expected fatigue life. 

Influence of Mean Stress 

Several sets of test data are reviewed to demonstrate the effect of mean stress. Inconel 718 
specimens were tested with six loading histories that are shown in Fig. 8. The loading histories 
are shown in terms of the applied shear and axial strains on tubular specimens. Details of the 
testing are given in Ref25. They were designed to have the same maximum shear strain ampli- 
tudes. Histories D, E, and F have cyclic proportional straining with a static mean strain and 
would not be classified as nonproportional straining for purposes of fatigue analysis. The 
experiments resulted in nearly the same maximum shear stress amplitudes, equivalent stress 
and strain amplitudes, and plastic work. The major difference between the loading histories is 
the normal stresses and strains across the plane of maximum shear strain. Observations of the 
specimens showed that all of the tests had cracks on the plane of maximum shear strain ampli- 
tude. Mohr's circle of strain, Fig. 9, shows that two perpendicular planes experience the same 
maximum shear strain amplitude. The maximum principal strain is observed on only one 
plane. If fatigue damage was determined by shear strain alone, the two maximum shear strain 
planes would be damaged equally since the strain state is the same. Recall that the sign of the 
shear strain has no physical meaning and is used only as a sign convention. Figure 10 shows 
the cracks that are formed for these histories. The orientation of the crack pictures is the same 
as the shear planes shown in Fig. 9. Except for loading history C, cracks form on only one of 
the two maximum shear strain planes. History C represents compression loading where cracks 
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FIG. 8--Loading histories for mean stress tests. 
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FIG. 9--Mohr's circle of strain. 

form on both shear planes. The compressive normal stress inhibits growth of  the initial cracks, 
which allows more t ime for cracks to form on the second shear plane. The shear plane for 
History E is - 2 0  ~ rather than 20 ~ because the loading direction is reversed from the other 
histories. Fatigue lives are given in Fig. I I. Even in a proportionally strained test, the stresses 
do not pass through zero at the same t ime since the principal axes of stress and strain are not 
coincident. Thus, mean stresses on the two shear planes are not equal. The open symbols in 
Fig. I 1 represent the maximum normal  stress on the shear plane, and the solid symbols rep- 
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FIG. lO--Crack observations for the histories in Fig. 8. 
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resent the lower normal stress on the other shear plane. Pairs of symbols at the same lives cor- 
respond to perpendicular planes for the same test. These data clearly show that, for materials 
that crack in Mode II, the normal stresses determine the preferred maximum shear strain 
amplitude plane for crack nucleation and early growth as well as the fatigue life and distribu- 
tion of  cracks. 

The results of  monitoring the failure crack lengths for two decades of  length are shown in 
Fig. 12. The effect of  normal stress across the plane of  the crack is evident from the differing 
rates of growth for the tests with positive and negative mean stress. Crack surfaces are irregu- 
larly shaped (see Fig. 6) as the crack grows through adjacent grains. This mechanical inter- 
locking allows the crack surface to transmit shear loads. Tensile mean stresses reduce this effect 
and result in a higher growth rate. 

Mean stress affects not only the growth rate but also the distribution of  cracks. Two tests, 
zero to tension (see Figs. 8b and 10b) and zero to compression (see Figs. 8c and 10c), are con- 
sidered here. In the compression test, the normal mean stress on both shear planes is com- 
pressive. Multiple cracking is observed on both shear planes. Many cracks nucleate but have 
difficulty growing. Fatigue lives are greater so that more cracks have an opportunity to nucleate 
in grains that have crystallographic slip planes oriented near the maximum shear plane. 
Finally, a dominate crack forms on the shear plane that has the lowest compressive mean stress 
and grows to failure. In the tension loading case, cracks are observed on only one of the two 
shear planes. The first cracks to nucleate can easily grow to failure. Little secondary cracking 
is observed. Extensive observations have been made for these tests. Mean stresses have a lesser 
influence on the initiation of  a crack if crack initiatiOn is defined on the order of  10 urn, which 
is the size of  the smaller grains in the material. 

The stress and strain ranges as well as the equivalent stress and strain ranges are the same 
for all six loading histories. Mean stress effects have been demonstrated even in the life regime 
controlled by plastic strain. Energy-based approaches such as plastic work and strain 
approaches that do not consider mean stresses predict that all the loading histories will have 
the same fatigue life. This is clearly not the case, and the use of  these approaches must be 
restricted. Hydrostatic stress corrections for the strain theories have been proposed. Hydro- 
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FIG. 12--Crack growth data showing mean stress influence. 
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static stress represents the average mean stress on the shear planes. This implies that the effects 
of a tensile mean stress on one shear plane could be eliminated by a compressive mean stress 
of the same magnitude on the other shear plane. The photographs in Fig. 10 show a clear pref- 
erence for cracks to nucleate and grow on one of the two shear planes. This is the plane with 
the maximum tensile mean stress. An additional discussion of this topic will be given in the 
next section of the paper. 

Two loading cases that result in the same shear and normal stresses and strains are shown 
in Fig. 13. On the top left, consider a tubular specimen loaded in strain control from zero to 
some maximum tensile strain denoted Case T. This type of loading results in a mean axial 
stress of a0 denoted with a single-ended arrow and a cyclic strain, AE/2, that is denoted by a 
double-ended arrow. Now consider a second test, not shown in Fig. 13, that is loaded with the 
same axial strain amplitude as the first but in completely reversed loading, Case R. No mean 
stress is present in the axial direction. This test will have a longer life than the test with the 
mean stress, Case T. A third test is then performed, Case H, where the axial strains are again 
completely reversed. The mean stress observed in the first test is now applied as a hoop stress 
to the tubular specimen. Both Case T and Case H result in the same shear damage parameter 
even though in one case the mean stress and cyclic stress are in the same direction and in the 
other the mean stress is oriented 90* from the cyclic stress. Tensile damage parameters for the 
two tests are shown in the bottom half of the figure. The maximum stress in Case T is higher 
than Case H. The mean stress for Case H would not influence the fatigue life in a tensile dam- 
age model. Results for these tests are given in Table 1. At higher strains, the fatigue lives for 
Case T and Case H are nearly the same and differ significantly from Case R, indicating that 
mean stresses applied in the hoop direction are just as damaging as mean stresses in the loading 
direction. This is consistent with the shear damage model where both the tension and hoop 
mean stress have the same resolved normal stress on the shear plane. The tensile mean stress 
is more damaging than the hoop mean stress at lower strain amplitudes. The fatigue lives for 
Case H are nearly the same as Case R. This behavior may be expected if the fatigue damage 
map shown in Fig. 4 is considered. A transition from shear-dominated behavior to tensile- 
dominated behavior occurs at about 106 cycles in tension loading. The failure crack is shown 
in Fig. 14 where the arrow indicates the start of the crack. The transition suggested by the 
fatigue damage map is observed from shear to tensile cracking. 

With this background, we are now in a position to suggest a series of critical or descrimi- 
nating tests to clearly establish the influence of mean stresses. Consider a tubular specimen 
that can be loaded in tension, torsion, and internal pressure. The baseline test will be torsion. 
Materials that exhibit extensive Mode II shear cracking are expected to have a distribution of 
damage as shown in Fig. 15. The cyclic strains are shown as double-ended arrows. Both shear 
and tensile strain planes are indicated by dashed lines. Expected cracking directions are also 
indicated. Adding static tension would introduce a tensile stress on only one of the two shear 

TABLE 1--Mean stress results. 

Fatigue Life, cycles 

0.005 270 4 425 6 735 14 420 
9 768 7 221 17 430 

0.0025 517 47 530 142 100 187 791 
65 960 165 100 237 702 

Case T, Case H, Case R, 
Ae/2 a0, Mpa R~ = 0 RE = --1 + or0 R~ = --1 
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FIG. 14--Failure crack for mean stress test. 

planes indicated by a single-ended arrow in Fig. 16 and be expected to reduce the fatigue life 
from the case of  torsion alone. Static tension will not influence the stress on the vertical shear 
plane, and no damage is expected on this plane. Static tension will result in increased stresses 
on both tension planes. The addition of  static tension will be detrimental for both materials 
that fail in shear and for materials that fail in tension. Now consider the case of  static com- 
pression with cyclic torsion given in Fig. 17. The horizontal shear plane will have a compres- 
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FIG. 16--Torsion with static tension. 

sive stress, but this beneficial compressive stress will not increase the fatigue life because the 
material will fail on the vertical shear plane. Both tensile planes will see the beneficial effect of 
the compressive stress. This critical test suggests that the compressive stress will not have an 
influence on the fatigue life for materials that fail in shear and have a large influence for mate- 
rials that fail in tension. Finally, the fourth test case is presented in Fig. 18. Internal pressure 
is added to produce a hoop tension stress and a compression stress generated by the axial load. 
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FIG. 17--Torsion with static compression. 
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FIG. 18--Torsion with static compression and internal pressure. 

In this case the tensile stress on the vertical shear plane is detrimental and the compressive 
stress on the horizontal plane is beneficial. Naturally the expected fatigue life will be reduced 
and failure will be on the vertical plane. The two stresses will combine and cancel each other 
on the tension plane. In this critical test, the shear damage material is expected to show a large 
influence of  the static stresses and the tensile material should be unaffected. This is exactly 
opposite to the loading case presented in Fig. 16. Fatigue models must  be able to distinguish 
between these two loading cases and materials. Results for tests conducted on Inconel 718 are 
given in Table 2 and confirm the discussion above  for materials that fail in shear. Unfortu- 
nately, no test data are yet available for materials such as cast iron that fail in tension. 

A series of  mean stress tests has been reported by Ei-Magd and Mielke [26] for a low-carbon 
St 60 steel with a tensile strength of  765 MPa. Tests were conducted on tubular specimens 
subjected to tension and static internal pressure to introduce a tensile mean hoop stress. 
Results are shown in Fig. 19. Tests were conducted to establish the influence of mean stress 
on the fatigue limit. The vertical scale is presented as the alternating axial stress, aA, normalized 
by the fatigue strength, aw. The horizontal scale is the hoop mean stress, ~H,,, normalized by 
the ultimate strength. Data are presented for axial mean stresses, a~m, normalized by the tensile 

TABLE 2--Torsion with static mean stresses. 

Load 
Case A3,/2 O'hoop , MPa a~x~, MPa Nfi cycles 

Figure 15 0.0054 0 0 41 400 
0.0054 0 0 45 200 

Figure 16 0.0054 450 0 10 300 
Figure 17 0.0054 0 --500 50 000 
Figure 18 0.0054 450 - 500 11 200 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



28 ADVANCES IN MULTIAXIAL FATIGUE 

1.0 

0.8 

0.6 

~ 1.0 

~  

~. 0.8 

< 

~ 0.6 

< 1.o 

0.8 

0.6 

ISlAm =0 

Ou 

~ = 0.1 
O u 

OAm =0. 2 
O u 

0 0.2 0.4 0.6 0.8 

Hoop Mean Stress OHm/ O 

FIG. 19~Fatigue strength with a hoop mean stress. 

strength of 0, 0.1, and 0.2. The test data show that there is a decrease in the fatigue limit or 
alternating stress with increasing tensile mean stresses. The test data show little influence of 
the hoop mean stress until the stresses exceed the monotonic yield strength of the material. In 
this case, plastic deformation occurs in the hoop direction in these stress-controlled tests, and 
cyclic ratcheting must be considered. The damage map given in Fig. 5 suggests that a tensile 
failure mode is likely in this material so that these test results would be expected to be the same 
as those for Inconel 718 at long lives. 

N o n p r o p o r t i o n a l  L o a d i n g  

It has been reported [27] that in-phase loading is more damaging at low-strain amplitudes 
and out-of-phase loading is more damaging at high-strain amplitudes. Strain histories for these 
two cases are given in Fig. 20. These statements are usually made by comparing the amplitude 
of the applied torsion and tension or bending strains. Both maximum shear strain range and 
maximum principal strain range are proportional to the diameter of the circle for 90* out-of- 
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FIG. 20--1n-phase and out-of-phase loading examples. 

time 

phase loading and to the length of the line for in-phase loading. To achieve the same strain 
range, the applied tension and torsion strains for nonproportional loading, ~ and ~,~, must be 
increased relative to the proportional loading case, ~e and ~p. Out-of-phase loading is expected 
to be less damaging if the comparison is based on applied strains because the maximum strains 
are smaller. Comparisons should be based on the basis of the same maximum strain rather 
than on the basis of the applied strains. This will show that out-of-phase loading is always 
equally or more damaging. For higher strains where plastic strains are large, out-of-phase load- 
ing is more damaging than in-phase loading even if the comparison is made on the basis of 
maximum strain. Results for 304 stainless steel are given in Table 3 for in-phase and out-of- 
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FIG. 21--Axial and torsional stress strain response for in-phase and out-of-phase loading. 
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TABLE 3--1n-phase and out-of-phase results. 

31 

Load Case Ae/2 A-r/2 Act/2, MPa At/2, MPa Nh cycles 

Proportional 0.002 5 0.0043 184 109 53 000 
0.002 5 0.0043 176 101 52 900 
0.001 45 0.0023 161 89 440 000 
0.001 45 0.0023 157 90 356 000 

90* out of phase 0.003 5 0.0061 477 267 3 560 
0.003 5 0.0061 457 256 3 730 
0.002 0 0.0035 300 168 50 000 
0.002 0 0.0035 307 176 45 000 

phase loading. Out-of-phase loading reduces the fatigue lives by more than a factor of ten. 
Axial and torsional stress strain response for these two tests are shown in Fig. 2 I. The stabilized 
stress for the out-of-phase loading is increased by about a factor of  two as shown in the von 
Mises effective stress strain curves in Fig. 22 for the two loading cases. Note that the in-phase 
loading test has the larger plastic strain as indicated by the width of the hysteresis loop than 
the out-of-phase test. It also has a longer fatigue life which conflicts with the widely held notion 
that plastic strain alone is responsible for fatigue damage. Cyclic stress amplitude plays an 
important  role and cannot be neglected. These test data have been successfully correlated with 
Eq 7 [24]. The cracking behavior observed for this material, Fig. 3, indicates that a tensile 
strain damage model is appropriate. Nonproport ional  hardening is included in the damage 
model  by means of  the maximum stress term. The nucleation and early growth of  small cracks 
will be enhanced when the cyclic stresses are doubled. 

The variation in strain amplitude on each plane is shown in Fig. 23 for the 90* out-of-phase 
loading history. The 0 ~ plane is perpendicular to the axis of  the specimen. Note that the tensile 
strain range is nearly the same for all planes in the material. The damage parameter is nearly 

lOOO 

I 

O.Ol 

Effective Strain 

FIG. 22--Effective stress-strain curve. 

90 ~ 

0 ~ 
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FIG. 23-- Variation of strain amplitude and damage parameter. 
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constant for all planes ranging from - 2 0  to + 20* and reaches a maximum on the 0* plane. 
Cracks would be expected to form on any of these planes. 

Materials such as the 300 series stainless steels show a large amount of nonproportional 
cyclic hardening. The flow stress can increase by a factor of two. Low-carbon steel such as the 
1045 steel reported here has nonproportional hardening of about 20%. Aluminum alloys have 
not exhibited the additional cyclic hardening found in the other materials. This behavior is 
related to the slip characteristics of the deformation [28]. Nonproportional softening has not 
been observed in any material. 

A second type of nonproportional loading involves cases where the cyclic strains are pro- 
portional with static stresses and/or strains in a different direction. An example would be the 
torsion tests with static axial strain shown in Fig. 16. The strain history is plotted in Fig. 24. 
The maximum shear strain direction changes from + 22.5* at the maximum applied torque 
to -22.5* at the minimum applied torque. A plot of the cyclic shear strain, however, shows 
that the maximum range occurs on the 0 and 90* planes. These planes have the greatest fatigue 
damage. This loading history may be considered proportional cyclic straining. Additional 
cyclic hardening is not observed. Therefore, these types of loading histories should be treated 
as proportional straining for purposes of fatigue analysis. 

Variable Amplitude Loading 

Variable amplitude multiaxial loading is essentially an issue of how cycles will be identified 
and damage computed for a complex loading history. Stress strain behavior can be modeled 
for variable amplitude loading with existing nonproportional cyclic plasticity models. Inter- 
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FIG. 24--Difference between maximum shear strain and maximum shear strain amplitude direction. 

pretation of  the damage parameter  for complex loadings poses some problems. For simple 
short loading histories such as the out-of-phase tests, the maximum value of the tensile strain 
ampli tude and the damage parameter  are usually on the same plane. Similarly, the maximum 
shear strain ampli tude and damage parameter are also on the same plane. For complex loading 
the maximum shear strain ampli tude and maximum value of  the damage parameter may be 
on different planes. Should damage be calculated on the planes that experience the maximum 
strain amplitudes or should it be computed on the basis of the maximum value of  the damage 
parameter? A simple example shows the need to compute damage based on the maximum 
value of the damage parameter. Consider a few large torsion cycles applied to a tubular spec- 
imen followed by a large number  of  tension cycles at a smaller strain range. The plane expe- 
riencing the largest range of  strain would be at 0 and 90 ~ from the torsion cycles. Failure, how- 
ever, would be expected to occur on the 45 ~ planes from all of  the tension cycles. 

While this interpretation is useful and leads to reasonable life estimates, it is inconsistent 
with some of  the experimental observations. Consider the case of simple torsion loading and 
the shear damage parameter  given in Eq 6. The critical plane is predicted to be 10 ~ rather than 
0 and 90 ~ as expected. Mohr 's  circle for this loading is given in Fig. 25. The shear strain on the 
10 ~ plane is 6% less than the maximum. The normal stress on the 10 ~ plane is increased from 
0 to 35% of  the maximum stress. As a result the damage parameter  reaches a maximum on 
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FIG. 25--Mohr's circle for torsion. 

o 

the 10" plane. Experimental observations show that cracks form on the 0 and 90* planes in 
torsional loading. Perhaps the exact form of the damage parameter needs to be modified to 
account for this difference. 

Hayhurst et al. [29] and McDowell et al. [30] have conducted these experiments with alter- 
nating tension and torsion loading. Tests were conducted on 304 stainless steel. Forty cycles 
of axial strain were followed by 40 cycles of shear strain of the same equivalent strain ampli- 
tude. At failure, two distinct crack systems were observed, one for the axial strains and one for 
the shear strains. The fatigue life for this combined test was the same as that for an axial strain 
only test. No interaction between the damage systems was observed. This suggests each plane 
accumulates damage independently from the others. This leads to the conclusion that damage 
should be tracked on each plane by considering the maximum value of the damage parameter. 

Two-level tension and torsion testing has been conducted by Robillard and Cailletaud 
[31]. Torsion cycles followed by tension cycling to failure followed a linear damage summa- 
tion. Shear cracks nucleate on planes parallel and perpendicular to the specimen axis. These 
cracks can then grow in Mode I when the tension cycles are applied. Tension cycles followed 
by torsion cycling resulted in damage summations that are greater than one. Here, the cracks 
that nucleated on 45* planes during the tension cycling do not propagate during the subse- 
quent torsion loading. Damage should be tracked on each potential failure plane. These exper- 
iments clearly demonstrate that the interaction and growth of the damage systems must be 
tracked on each potential failure plane. Few models exist for tracking the growth of damage. 

Summary 

Observations have been presented to support the hypothesis that cracks nucleate and grow 
on critical planes in materials. Depending on the material, these critical planes may be planes 
of either shear strain or tensile strain. Stresses play an important role and cannot be ignored. 
Tensile mean stresses normal to the critical plane enhance crack growth and reduce fatigue 
life. Additional cyclic hardening during nonproportional loading increases the stress ampli- 
tude during strain-controlled testing and reduces the fatigue life. This work has identified and 
quantified the important loading variables. Damage models for multiaxial fatigue have been 
developed for simple loading histories. Future work should be directed towards developing 
models for the growth and interaction of damage. 
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DISCUSSION 

Y. S. Garud ~ (written discussion)--One of the main conclusions of  this presentation was 
that the maximum normal stress, and not the hydrostatic (or volumetric) stress, on the critical 
plane of fatigue damage (or cracking) affects the fatigue life. Since this is in direct contrast to 
the observations, also based on a set of  systematic and critical experiments, made by Prof. 
Sines, 2 it would be of  interest if the author can offer some comparative comments or thoughts. 

For the  test material of 606 l-T6 (61 S-T6) a luminum alloy, Sines observed that "the for- 
mation of  a longitudinal crack was delayed by a longitudinal compressive stress, although it 
has no Component on the plane of  the crack"; the delay was consistently of  the order of  2 to 
3.5 times the life without compression. These and other prior observations led him to conclude 
with his "support  to the criterion which states that it is the sum of  the orthogonal components 
of  the normal static stress that is effective." It is apparent that the hydrostatic stress can be an 
influencing factor in determining the fatigue response. 

D. Socie (author's closure)--The observations that a longitudinal compressive stress would 
increase the fatigue life in torsion is consistent with the tensile damage given in Fig. 17. In this 
case, both hydrostatic stress and critical plane stress predict an increase in life. This is in con- 
trast to the data given in Table 2 for Inconel 718, which fails in shear where the compressive 
stress does not increase the life. This shows the importance of describing the failure mode in 
reporting the experimental data. 

S. Levy Inc., 3425 S. Baseom Avenue, Campbell, CA 95008-7006. 
2 Sines, G., Failure of Materials under Combined Repeated Stresses with Superimposed Static Stresses, 

NACA TN-3495, 1954. 
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Multiaxial Stress-Strain Modeling and Fatigue 
Life Prediction of SAE Axle Shafts 

REFERENCE: Chu, C.-C., Conle, F. A., and Bonnen, J. J. F., Muitiaxial Stress-Strain Mod- 
eling and Fatigue Life Prediction of SAE Axle Shafts," Advances in Multiaxial Fatigue, ASTM 
STP 1191, D. L. McDowell and R. Ellis, Eds., American Society for Testing and Materials, Phil- 
adelphia, 1993, pp. 37-54. 

ABSTRACT: A three-dimensional stress-strain model with an isotropic-kinematic hardening 
rule has been successfully applied to obtain estimated stress histories from the rosette strain his- 
tories. The strains are measured on surface elements near the notch root of SAE axle shafts sub- 
jected to variable-amplitude multiaxial service loading conditions. The critical plane approach 
is adopted to predict fatigue lives by examining the detailed stress and strain states on all potential 
critical planes of an element. Several commonly used damage criteria as well as a work-based 
criterion proposed here are evaluated by comparing the predicted and experimentally observed 
fatigue lives for a wide range of tests. The encouraging results demonstrate the current model's 
capability of simulating complex tests and predicting fatigue lives. 

KEY WORDS: multiaxial stress-strain model, isotropic-kinematic hardening, critical plane 
approach, damage criteria, variable amplitude test, proportional loading, fatigue life prediction 

One of  the major obstacles in the area of  multiaxial fatigue analysis has been the unavail- 
ability of reliable material models that can predict the complex elastic-plastic stress-strain 
behavior occurring in many cyclically loaded elements. The last few years have seen the devel- 
opment  and application of  new stress-strain models that can simulate multiaxial cyclic behav- 
ior. For  example, Refs 1 and 2 used a model  based on a two-surface theory. Chu [3] generalized 
from Mrrz ' s  discrete yield surface field concept [4] a model using a continuous field of work- 
hardening moduli. There are also theories such as kinematic hardening rules and endochronic 
theories which have not been widely used because of  various difficulties involved in their 
implementation.  Since Chu's model, like Mr6z's, is a superset of  earlier successful one-dimen- 
sional models used in uniaxial fatigue analysis [5] and has been shown to efficiently reproduce 
many important  features of  experimentally observed biaxial cyclic stress-strain behavior [6], 
it will be used in this analysis. 

With  the new multiaxial stress-strain model  it is now possible to simulate the three-dimen- 
sional stress-strain behavior of a critical element in components subjected to variable-ampli- 
tude multiaxial fatigue loading. This capability offers a unique opportunity to examine old and 
new multiaxial fatigue damage criteria in great detail. 

Damage criteria for materials subjected to multiaxial loading generally utilize parameters 
which transform the multiaxial stress and strain states into equivalent uniaxial quantities 
directly related to the standard uniaxial fatigue characterization curves. These equivalent 
parameters can be categorized into two types: criteria based on general stress (strain) state vari- 
ables, such as the equivalent stress and the major principal stress; and criteria based on stress 

1 Research staff, Ford Motor Company, Scientific Research Laboratories, Dearborn, M148121-2053. 
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(strain) acting on specific critical planes. Comprehensive reviews can be found in, for example, 
Ref 7. 

In this paper a variety of fatigue criteria are evaluated by applying the multiaxial plasticity 
model of Ref 3 in conjunction with the critical plane approach to predict the fatigue lives of 
the extensive SAE constant amplitude [8] and multiaxial variable amplitude [9,10] test of 
shafts under bending and/or torsion. 

Analysis 

M u l t i a x i a l  S t ress -S tra in  A n a l y s i s  

Although the method presented here is general enough to be applied to any three-dimen- 
sional problem, the equations are specifically derived for surface elements in which plane stress 
conditions prevail and where surface strains are given by strain gage measurements. As 
sketched in Fig. 1, for an element on the top surface of an axle shaft adopting the x - y - z  coor- 
dinate system, the plane stress conditions are 

~r i~ =- O i = x ,  y, z 

~z  =- O a = x ,  y 

Given a time history of rosette strains, e~(t), eE(t), e3(t), the history of surface strains can be 
derived by 

.~x(t) = ez(t) 

E~(t) = ~[-e,( t )  + e3(t)] 
~ . ( t )  = e , ( t )  - e2(t) + e3(t) 

An isotropic-kinematic hardening model generalized from Mrrz's yield surface field con- 
cept [3,6] is adopted to follow the strain history and calculate the corresponding stress history. 
The material model, utilizing two commonly adopted assumptions that (a) during an elastic- 
plastic deformation the total strain increment is the sum of the elastic and the plastic incre- 
ment and (b) the plastic strain increment obeys the normality rule, can be summarized here 
by the following set of equations describing the incremental stress-incremental strain 
relationship. 

dao = Lukt d~kt 

- 1 + u ~ ?)o d ~ ,  H &kt (la) 

with 

r U =  s o -  a i j =  ( a o - -  ~ 5 0 a m ) - -  ao (lb) 
-~2 = ~A ror o (lc) 

{ i  ) if~_<~y H = ( 2(1 + u) -1 (ld) 
\3(E~, (~j  1) + 1 if~ > ~r 

In Eqs la through ld, L is used to denote the instantaneous modulus matrix, E is Young's 
modulus, v is Poisson's ratio, 6 is the Kronecker delta, E,(~) is the instantaneous tangent mod- 
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+M a 

FIG. 1--SAE biaxial specimen and strain rosette placement. 

+M T 

ulus at equivalent stress level ~, and ~r denotes the initial yield stress which is a material con- 
stant. The center of  the active yield surface in the deviatoric stress (s0) space is denoted by a, 
which during a plastic loading process moves in a direction toward the center of the previously 
active yield surface at the last load reversal. In the above equations and hereafter, Roman sub- 
scripts i through l take values that range from x to z and Greek subscripts a through ~ take 
values that range from x t ~ y. Repetition of  these subscripts implies summation. 

The plane stress conditions mentioned earlier can be expressed by 

dai~ = Li~,,a d~,,a + Li=, d~= --- 0 

which can be used with Eq 1 to give the incremental stress-strain relationship on the x-y plane 

drr~ a = L~a,~ d%~ + L,,a~ dr= 

L~zzLzz,5 
(2) 

The basic equivalent stress-strain equation of  the material used in this analysis is a modified 
power law type 

= [~y(n (-~/-~y)l/n' __ n '  + 1) i f ~  > ~ (3) 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



40 ADVANCES IN MULTIAXIAL FATIGUE 

The function of  tangent modulus used in Eq 1, E/E,(-~), is then obtained as 

E E _ J 1 if ~ _< ~y 
Et - d-~/d~ [(-~/-~y)l/"'-I i f~  > ~y 

Here n '  is the strain-hardening exponent of  the material. It is important to note that the mate- 
rial constants, n'  and ~y, should be determined from fitting the above stress-strain relation to 
the cyclically stabilized stress-strain data instead of the initial monotonic curve. The present 
initial yield stress, ~y, corresponds more to a cyclic proportional limit than the 0.2% offset yield 
stress of  the material. The modified power law, Eq 3, is used mainly to give a smooth curve 
with continuous slope change at the yield point, # = ~y. 

The Critical Plane Approach 

Most of  the fatigue analyses performed to date were in either uniaxial or multiaxial propor- 
tional loading cases. For proportional loadings, i.e. where the input loads are related by scalar 
constants, even if the amplitude variation is random and complex, the most critical plane, for 
example the plane on which shear or normal stress are maximized, remains fixed relative to 
the loading axis throughout the history. The critical plane is thus relatively easy to define. For 
a general multiaxial cyclic problem, however, the principal axes of  the stress and strain matri- 
ces vary with time, and features such as the maximum shear plane assume an instantaneous 
rather than a constant definition. In consequence it becomes necessary to individually study 
a set of potentially critical planes that will locate the eventual fatigue crack. This so-called "crit- 
ical plane approach" is adopted here. 

As sketched in Fig. 2, the potentially critical planes examined are defined by two angles, 0 
and 6. Angle 0 is between the plane-surface intersection and the x-axis, and it has the physical 
significance that it indicates the orientation of  the eventual surface crack. Angle r is the rota- 
tion of  the plane's normal from the z-axis, and it indicates the inclination of  the plane the 
fatigue crack will propagate on. 

The stress and strain matrix on the new x ' - y ' - z '  coordinate system based on the potentially 
critical plane, with z'-axis in the plane's normal direction, can be obtained by the following 
matrix transformation 

with 

cos0 - c o s C s i n 0  - s i n C s i n 0 ~  
{Fk,} = | s i n 0  COS4~COS0 sin q~cos0 J 

\ 0  --sin q~ cos 6 // 

The normal and shear components of  the traction acting on such a potentially critical plane 
are then defined as 

O" n = O'~z'  , T I I  I = O"~(z' , and rn = a'cz, 

Here notations TII 1 and r .  are respectively used for the shear stress parallel and perpendicular 
to the x'-axis because they contribute to Modes III and II types of  crack openings on the critical 
plane in the linear elastic fracture mechanics sense. 
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42 ADVANCES IN MULTIAXIAL FATIGUE 

The search for the most critical plane in specimens subjected to a general multiaxial history 
can be very time consuming. Fortunately, for the surface elements of  concern here, it can be 
shown that the plane stress conditions make the planes with 4, = 90* always the worst ones for 
the Mode I or Mode III type damage criteria, and the planes with q~ = 45 ~ the worst if the 
Mode II shear component is used as the damage parameter. Therefore, only planes of various 
0 (with two specific angles of  q~ mentioned above) need to be examined. In cases where the 
loading does not allow such simplified determinations, the calculations will take more time, 
usually in equal proportion to the number of planes specified for examination. 

Damage Criteria 

The objective of  multiaxial fatigue research is to find a key parameter which will unify 
fatigue results from multiaxial tests with those from uniaxial tests. The latter tests are generally 
used to characterize the deformation and fatigue behavior of the material. The applicability of  
a number of  damage criteria that have been proposed in the literature will be evaluated in this 
study. In this section and in the Appendix the stabilized stress-strain relation, Eq 3, and the 
fatigue stress-life equation are used with the critical plane approach to derive the various 
parameter-life relationships. 

First, it is assumed that the fully reversed tension/compression test is the baseline test and 
that the material's fatigue behavior is characterized by the Basquin's stress-life relationship 
[111 

aa = o"f(2N/) ~ (4) 

where aa is the stress amplitude of  a hysteresis loop, ~)and b are both material constants, and 
Nj is the number of  closed hysteresis loops, or cycles, to failure. 

The amplitude of  the stress and strain matrices for the baseline uniaxial test conditions are 

( 0i) ( 00) 
{O'U} a = 0 and {'ij}a = (~2)a 0 , 

0 0 (E3) a 

where 

O" a 
E a = " ~  "~  (Ep) a 

(E2) a = (E3) a _ PiT a 1 

E 2 (~p)a 

(5) 

Using Eq 3, (~p)a = 0 for ~ _< ~y and (Ep) a = ~ y ( n ' ( ( T a / ~ y )  l/n" - -  n '  --~ l )  - -  aa/E for ~ >_ ~r. 
To adopt the critical plane approach here, let us consider a plane whose normal makes an 

angle of~b with the loading axis. The normal stress and the Mode II or III shear stress can be 
found to be 

O'a 2 O'a " (~r.L = ~ + cos 2r and (Zn)a = (rlUL = ~ sm 2ff (6) 

Similarly, the normal and shear strains are 

(En) a = (Era) a "3 t- (Ed) a COS 2~k and (')Zll)a = ( 'Ylll)a = (~d)a sin 2 i f ,  ( 7 )  
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CHU ET AL. ON MULTIAXIAL STRESS-STRAIN MODELING 43 

with 

(~-m)a ~" l~(~'a -~- ('2)a) and (+d)a = ~(Ifa - -  (+2)a) 

If  the normal strain on a potentially critical plane is assumed to be the damage parameter, 
then from Eq 7 it can be seen that the most critical plane will be r = 0 ~ a plane where the 
normal strain, and hence the fatigue damage parameterized by it, is maximized. Combining 
Eqs 4, 5, and 7, the parameter-life equation can therefore be obtained as 

(P).. = (E.). 

[~ya~(ZNf) b 
= [~y[n'(a 7 )'/"'(2N:) ~  n '  + 11 

if (P),. _< ~y 
if(P),. > 3.  (8) 

where 

"'; = 'r 

Note that here and below (P)emerion, followed by the definition of  the parameter, is simply used 
for convenient referencing purpose. 

If  the Smith-Watson-Topper criterion [ 12] is applied to the normal stress and normal strain, 
the most critical plane is again found to be o f r  = 0* where the parameter [(a.)m.x(~.)a] is max- 
imized. The parameter-life equation is then derived as 

(P)swr = (a.)m~x(e.)~ 
lafiy(a~ )2(2N:) 2b 

-- [ay~y[r/ t (a~ ) '+v"'(2N:) b/"'+b " ')  " C  ~r )~, + (1 -- n o'f &1,f I 
if (P)swr < ~_y~_y (9) 
if(P)swr > a : r  

Note that ( )max here and below denotes the maximum value of  a quantity during a hysteresis 
loop. For the fully reversed tension/compression test considered here ( )max is of  the same value 
as(  ).. 

If  the shear strain based criterion proposed by Brown and Miller [13] is used, then the 
parameter on a potentially critical plane of  angle r is 

(P)BM = 7.  + g(~n)a  

= (ed)a sin 2r + K(f .m) a -~- g(~d) a COS 2r 

where Kwas proposed a material constant. A value o f K  = 0.5 has been used in earlier studies 
for SAE 1045 steels. (Note that the shear strain used here is the tensoral shear strain, which is 
half the more commonly used engineering shear strain. Therefore, the material constant, K, 
here is also half the  previously proposed value.) By differentiating the above equation with 
respect to angle r the most critical plane in the completely reversed uniaxial tension/com- 
pression test is found to be of  2r -- tan-l(1/K). Applying Eqs 3 and 4 to the most critical plane, 
the parameter-life relationship is derived as 

(P)BM = ~ + 1 (ee). + K(e,.). 
[ C,~ya~(ZU:) b 

= [~~y(C2(n'(a'} )l/n'(2N/)b/"'-- n' + 1) + C3a~(ZNI) ~ 
if(P)Bu--< C,~y (10) 
if (P)BM > Cl~y 

with 
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44 ADVANCES IN MULTIAXIAL FATIGUE 

( ) ( 
G ~(K+3v~T1)  
G = ( S - ~ ) ( K ' ~ + I )  

It is worth pointing out that in the last example the most critical plane obtained by maxi- 
mizing the parameter (P)BM is different from the originally proposed "maximum shear plane" 
of~b --- 45* for simple tension/compression test conditions. When the critical plane approach 
is adopted it should be consistently applied to both the complicated multiaxial analyses and 
the simple uniaxial baseline tests. Therefore it is the "maximum-parameter plane" in the base- 
line test on which the material's parameter-life curve should be calculated with the critical 
plane approach. 

Besides the above three criteria, this paper also includes the following parameters in the 
investigation to study their applicability to multiaxial fatigue problems: normal stress [(P),, = 
(an)a] with Morrow's mean stress correction [14]; shear strain [(P), -- "r~]; Lohr and Ellison's 
parameter [15] [(P)ur = (~'H)a + 0.2(~,)a]; Socie, Waill, and Dittmer's parameter [16] [(P)s0 
= ~'a + 0.5(e,)a + (an)dE]; Fatemi and Kurath's parameter [17] [(P)Fx = ~'a(l + 0.6(an)a~ 
~y)]; plastic work [(P)wp = ~fhy,,e~-~, toov dW]. Finally, one new parameter, (P)cswt = 2Zmax3'a + 
(an)m~(en)a, is proposed here. The parameter-life equations for these criteria can be derived as 
illustrated above, and a summary of them are included in the Appendix. 

Computation Procedures 

In the present case strain histories taken from rosette gages on the component were first 
translated into parallel stress histories by the three-dimensional stress-strain model. Both the 
stress and strain histories are transformed to create histories of  the normal and shear stress and 
strain components on each of  the candidate critical planes specified by the user for examina- 
tion. Each plane's stress and strain component history is then scanned to delineate the closed 
hysteresis loops using a rainflow-type counting procedure. It is worth pointing out here that 
for a general multiaxial problem the normal and shear strain components are often out-of- 
phase. I fa  combined normal and shear type of  criterion is adopted, using (P)BM as an example, 
while counting the hysteresis loops of  the primary variable, % the variable, ~,, which was pro- 
posed to have an adverse effect on shear damage and hence named as the secondary variable 
below, may see many more (or less) reversals than the primary variable does. As a result, the 
mean value and the amplitude of  the secondary variable, required by some parameters, may 
be difficult to determine. In the current study, the mean and maximum of the secondary com- 
ponent are monitored throughout the occurrence of each primary variable hysteresis loop and 
the amplitude is taken to be the difference between the mean and the maximum. 

It is assumed that each individual force-deformation hysteresis loop delineated on a plane 
is a damaging event, and the amount of  damage that it contributes to the whole can be 
obtained from the parameter-life relationship. By summing up the damage caused by each 
hysteresis loop within the loading block, the block life can then be predicted. 

After damage on all the potentially critical planes are calculated, the most critical plane can 
be determined as the one which gives the maximum damage and thus the lowest fatigue life. 

Results 

Some recently published biaxial tests of  variable amplitude on SAE 1045 steel axle shafts are 
the major focus of  the current analysis. They include two sets of  biaxial histories from the 
Society of  Automotive Engineers Fatigue Design and Evaluation (SAE FD&E) Committee: 
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the cable log skidder history and a phase-shifted transmission history. Detailed description of 
the testing procedures can be found in Refs 9 and 10. The rosette strains measured at the notch 
root and recorded for a stabilized block are used as the history input to the analysis. Only six 
material constants are used in the analyses: E = 204 000 MPa, v = 0.33, n '  = 0.329, ~y = 
165.4 MPa, a~ = 3553.4 MPa, and b --- -0 .1416.  (Here E, n', and ~, are obtained from fitting 
Eq 3 to the observed cyclic stress-strain curve, and ~ and b are obtained by fitting Eq 4 to the 
observed stress amplitude-life curve.) 

The intermediate stress and strain results for two biaxial tests, Test 1 of Ref 10 and Test 
DP55 of  Ref 9, and one essentially proportional bending-only test, Test 2 of  Ref 10, are shown 
in Figs. 3 through 5. Plots a through d in these figures show the input strain history and the 
corresponding stress history obtained from the multiaxial stress analysis. The circumferential 
strain and stress were not influential and hence omitted. Plots e and f a r e  the same results 
presented in stress-strain coordinates for bending and torsional component. Figure 4e illus- 
trates the convergence of  the current multiaxial model to uniaxial stress-strain behavior when 
applied to proportional loadings, in this case a bending-only shaft history. Figures 3e and 3f  
and 5 e and 5f, on the other hand, show complexities attributable to interactions between bend- 
ing and torsion. Plot g in Figs. 3 through 5 is yet another way to look at the loading history. 
Taking advantage of the current condition that ayy ~ O, it can be shown that the major prin- 
cipal stress axis of  any stress state in Plot g makes an angle ~ = ~A tan -~ (2axy/ax~) with the 
loading x-axis, as demonstrated in Fig. 3g for one peak loading state as an example. Unfor- 
tunately, the instantaneous major principal axis easily visualized here does not generally cor- 
relate with the critical direction determined in the fatigue analysis except in cases of  propor- 
tional loading. Nevertheless Plot g in Figs. 3 through 5 does show the degree of multiaxiality 
of  the tests. 

Illustrated in Fig. 6 is an example of the computer's printout of the life predictions for the 
most severe biaxial tests, Test 1 of  Ref 10. The predicted lives expressed in base 10 logarithms 
are arranged in columns by damage criteria and in rows by the planar angle, 0. Note that the 
planar angle is arbitrarily chosen 15* apart here. The planar angle which gives the lowest life 
prediction of  each column defines the most critical plane. The last row repeats the lowest life 
found by each criterion. 

The complete results on all eight tests with variable amplitude histories reported in Refs 9 
and 10 are summarized in Fig. 7 where the predicted life is plotted against the observed initi- 
ation life: Fig. 7a groups the results from uniaxial type of  criteria, and Fig. 7b groups the results 
from combined normal and shear type of  criteria. These figures clearly indicate that damage 
parameters accounting for both shear and normal contributions do better than those with only 
a shear or normal term. 

The fatigue analysis results for the constant amplitude bending/torsion shaft tests, for which 
the strain data are available from Ref 8, are graphically compared in Figs. 8a and 8b. These 
comparisons suggest that all but (P),, with Morrow's mean stress correction seem reasonable 
(within a factor of  3 except for very long lives). For the very long-life constant amplitude tests, 
all criteria underestimate fatigue life significantly. These conservative predictions were also 
found by Tipton and Fash [8] and require further research. 

Discussion 

The study shows that the advent of  good multiaxial plastic deformation models has pro- 
vided a tool for detailed estimation of  the stress and strain states at a critical location at all 
instances of  time in a complex multiaxial strain or stress history. In developing a complete 
multiaxial fatigue program to analyze the extensive test data sets provided by the SAE Fatigue 
Design and Evaluation Committee, this study also emphasizes how the critical plane approach 
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TEST ID: Test 1 

0 Pr PSWT Po,~ PLE P'Y DBM Pso PFK PCswT Pw 

90 3.52 3.06 3.21 3.51 3.20 3.13 2.66 3.17 2.70 

75 3.42 3.01 3.17 3.48 3.35 3.22 2.53 3.21 2.76 

60 3.41 3.12 3.50 3.51 3.60 3.00 2.51 3.21 2.57 

45 3.51 3.38 3.99 3.65 3.61 3.32 2.79 3.47 2.91 

30 3.84 3.96 5.00 3.93 3.41 3.35 3.11 3.46 3.06 

15 4.61 5.00 6.46 4.52 3.23 3.32 3,24 3.45 3.16 

0 5.61 7.15 7.85 6.20 3.21 3.38 3.34 3.57 3.31 

-15 4.45 5.50 7.01 5.02 3.35 3.32 3.34 3.41 3.37 

-30 3.90 4.42 5.46 4.14 3.60 3.44 3.45 3.46 3.35 

-45 3.71 3.91 4.55 3.84 3.61 3.41 3.17 3.55 3.13 

-60 3.66 3.52 3.91 3.67 3.41 3.15 2.83 3.33 2.81 

-75 3.63 3.22 3.47 3.58 3.23 3.11 2.68 3.20 2.69 

3.41 3.01 3.17 3.48 3.20 3.00 2.51 3.17 2.57 1.95 
FIG. 6--Predicted fatigue lives (in base 10 logarithms)for Test 1 of Ref lO). 

can be consistently applied both to the baseline test in the derivation of parameter-life rela- 
tionships and to the other tests analyzed. 

Critical planes have been determined for a variety of damage parameters, and fatigue dam- 
age has been calculated for the prediction of test life. Constant amplitude bending/torsion test 
life prediction comparisons show that most of the parameters evaluated in this paper seem 
reasonable except for very long lives. Simulations of most recent variable amplitude service 
histories reduce the list of more promising parameters to those with combined normal and 
shear effects. The new energy-based parameter, introduced in this study (in the Appendix), 
appears to be very promising for life prediction. It also offers the advantage of simplicity and 
is an extension of concepts that have worked well for uniaxial predictions. 

While the fatigue life predictions from this study appear very encouraging, it has implicitly 
adopted the following assumptions whose validity warrant further research. 

1. The rosette strains from the various test histories were assumed to be representative of 
the strains at the critical location. For the SAE axle shafts tested in Ref 10, however, it 
was observed that the failures occurred slightly away from the rosette, further up the 
radius. Without careful analysis it is not clear how to account for both the potential 
stress-strain amplification due to possible notch factor and stress-strain attenuation due 
to section size increase, and, in consequence, strain histories were used without modifi- 
cation in this study. 

2. The damage caused by each hysteresis loop is assumed to accumulate linearly. There 
have been many uniaxial studies of phenomena such as sequence effects and large-small 
cycle interaction effects which call this assumption into question. 
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FIG. 7--Comparison between predicted and observed fatigue lives for variable amplitude tests." (a) 
according to uniaxial type of criteria, and (b) according to combined normal and shear type of criteria. 

3. The rainflow counting scheme used in this analysis is the same as those applied to the 
uniaxial fatigue analysis. As mentioned earlier, when the normal and shear components 
on a specific plane are not cycling in phase, cycle or event counting becomes difficult and 
needs clarification. 

APPENDIX 

Equivalent Damage Parameter-Life Relationships 

Normalstress ampli tude--Normal  stress amplitude as the damage parameter but with Mor- 
row's mean stress correction is calculated as follows 

(~,) .  = ( , ~ -  (~,)o)(2Ni) ~ 

where (an)o is the mean value of the a, cycle. 
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FIG. 7--Cont inued.  

Shear strain amplitude--Shear strain amplitude as the damage parameter is calculated as 
follows 

(P)-, = 3'~ 

I I  + v _  ,, b 1 + v _  
~yai(2Ni) if'v. < - - 2  % 

l ~, + v ~I(2NI)  + (1 -- n') + (~)l/"'(2Nf)b/"' if3', > ~, 

Lohr and Ellison's criterion--This criterion has the same form as that of  (P)nM in the text 
except that K = 0.2. This is because Mode II and Mode III shear strains in a uniaxial tension 
test are identical. 

Fatemi and Kurath's parameter--Fatemi and Kurath's parameter as the damage criterion 
is calculated as follows 

o'y ] 
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FIG. 8--Comparison between predicted and observed fatigue lives for constant amplitude tests: (a) 
according to uniaxial type of criteria, and (b) according to combined normal and shear type of criteria. 

The parameter-life equation for this criterion is extremely complicated and hence omitted 
here. 

Socie, Waill, and Dittmer's parameter as the damage criterion--This parameter is Brown 
and Miller 's parameter  with an additional term accounting for the mean stress effect due to 
the normal  stress component.  Since there is no mean stress in the fully reversed uniaxial 
test, the right-hand side of  the parameter-life equation is the same as that for (P)nM in the 
text 

(P)so = 3'a + (~n)a "~- (o,)0/E = (the right hand side of(P)sM). 

Plastic work--Plastic work as the damage parameter is calculated as follows 

1 - -  n t 

(P)w = W = 4 ~ -~y[ 1 + n'(~"/)l/"'+'t2N) ~ -- (1 + n')~r'~(2N/) b] 

There are two major  difficulties associated with the application of  this work criterion: (1) it is 
a scalar and thus shows no preference for any plane on which final failure may occur, and (2) 
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FIG. 8--Continued. 

the criterion seems to be more prone to error in the long-life region because of the increased 
difficulty of decomposing the total strain into its elastic and plastic portions. 

A work-based new criterion--This criterion in concept parallels that of the combined shear 
and normal criterion, but instead of using strain amplitude as the parameter form, it uses the 
Smith-Watson-Topper type of work form. 

(P)q~, = 2rma~% + (~.)m~(E.)o 

4 7 [ ( , , 2 ,  + v ) ( ~  n' J l + v  _ 
+ $ ( a , )  / (2N,) / + ~ a~(2N,) e if(P)c~w, > 4 a,~y 

Note that the work form is proposed here because the summation of work terms has more 
physical significance than the summation of strain amplitudes in two different directions does. 
The factor of 2 used in the shear portion of the parameter is to put the contributions from 
simple shear and simple tension on an equal basis. 
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ABSTRACT: An energy-based criterion for multiaxial fatigue which includes the influence of 
mean stress in an explicit form is presented. The criterion is applicable to fatigue lives up to ini- 
tiation of a small size crack and could be classified as a criterion for the initiation of macroscopic 
cracks. The appropriate fatigue damage variable is defined as a function of the mechanical input 
of the distortion energy per reversal of loading, the level of tensile mean stress, and the nature of 
the imposed constraint. A fatigue failure criterion is obtained by plotting the damage variable 
versus number of reversals to failure to produce a "master" life curve. The effect of mean stress 
on fatigue life is described in a consistent manner for both high- and low-cycle fatigue. The pre- 
dictions of the proposed criterion are compared with experimental data, and the agreement is 
found to be good. 

KEY WORDS: biaxial and multiaxial fatigue, distortion strain energy, principal strain ratio, 
mean stress, constraint factor, in-phase cyclic loading 

Most engineering components/structures are subjected to multiaxial stress states during 
their service life. This multiaxial stress state complicates the manner  of assessing the accu- 
mulation of fatigue damage during a component life. The search for a continuum damage 
variable which could describe the damage process under multiaxial loading condition is still 
under active investigation. 

Experimental observations have confirmed the significant role that plastic deformation 
plays in the fatigue damage process. However, in contrast to the yield criterion (e.g., von 
Mises), the fatigue process is sensitive to superimposed tensile mean (hydrostatic) stress in both 
the high-cycle fatigue [1-4] and low-cycle fatigue [5-6] regimes. 

The fatigue failure is generally a multi-stage process involving initiation of cracks and their 
subsequent propagation. Ideally a separate multiaxial criterion has to be developed for both 
of these phases. However, the demarcation between crack initiation stage and that of propa- 
gation is not easily defined. Instead the life to achieve a crack of a certain length, e.g. of the 
order ofa millimetre, is taken to represent the "fatigue life" of a smooth specimen. Sometimes 
this is also referred to as the life-to-crack initiation in the case of large components. 

It is the objective of this paper to present an energy-based criterion for multiaxial fatigue 
which includes the influence of mean stress in an explicit form. The proposed criterion is appli- 
cable to fatigue lives defined in terms of a crack length of a small size. It is thus a criterion for 
the initiation of macroscopic cracks. The crack propagation beyond this phase will not be dealt 
with herein. 

i Professor and 2research associate, Department of Mechanical Engineering, University of Alberta, 
Edmonton, Alberta, Canada T6G 2G8. Daniel Kujawski is on leave from the Institute of Machine Design 
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Previous Investigations 

A large number of  theories of multiaxial fatigue have been proposed in the past and many 
are reviewed in the literature, for example see Refs 7-12. These theories may be divided into 
four categories, viz: equivalent-stress and -strain, energy-based criteria, and the critical plane 
approaches. 

The equivalent-stress and -strain approaches (e.g., extensions of the static von Mises yield 
criterion to fatigue) are insensitive to the hydrostatic pressure and fail to account for the path 
dependency of  the cyclic plastic deformation. This essential interaction between stress path 
and plastic strain is inherently included in the energy approach [13]. However, most of  the 
energy criteria are based on the plastic part of  the strain energy and thus are also insensitive to 
the hydrostatic pressure effect. 

The critical plane theories are claimed to be motivated by a physical interpretation of  the 
fatigue damage mechanism. This is based on the assumption that the maximum shear stress 
(strain) amplitude and the mean or maximum normal stress (strain) on the critical plane are 
the controlling fatigue damage variables. 

It should be noted, however, that any fatigue criterion which is insensitive to the tensile 
mean stress would be of  limited use. Let us now discuss more specifically some multiaxial 
criteria which have bearing on the particular aspect of  the mean stress effect. 

The Mean  Stress Effect 

Sines [14] proposed a criterion in the form 

"Ca,oct q- O~p,n = r (1) 

where ra,oc t is a shear stress amplitude, and Pm is a corresponding normal mean stress given by 

~7' + ~i ~ + e~' 
Pm -- 3 (2a) 

in which a? is the mean value of  principal stresses (i -- 1,2,3), and a and/3 are parameters. 
Crossland [ 1] has suggested a criterion similar to that of Sines except the maximum value 

of  hydrostatic pressure 

Pm.x = 3 (2b) 

is considered instead of  the mean value pro. 
Dang Van [15] has put forward a criterion which uses local variables based on the cyclic 

steady state material response for a constant amplitude test; these variables are the shear stress 
amplitude acting on the plane of maximum shear, r . . . . .  and the maximum hydrostatic pres- 
sure/)max. 

Using the Pm~x instead of  the Pm provides a means to differentiate between fully reversed 
torsional and axial (or bending) fatigue tests, i.e., Pm.x = 0 a n d p ~  = am,x~3 in pure alternating 
torsion and axial (or bending) loading, respectively. It can be seen from Eq 2a that the mean 
value of  pressure, Pro, would be equal to zero in both cases. 

An interesting concept of  differentiating between different cracking systems, observed 
experimentally, i.e. Case A--cracks propagate along the surface, and Case B--cracks propa- 
gate away from the surface, was suggested by Brown and Miller [ 7]. According to them, failure 
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under multiaxial fatigue is governed by the maximum amplitude of shear strain, 3' . . . . .  and 
the amplitude of normal strain, e., acting on the plane where the former occurs. The criterion 
of multiaxial fatigue failure proposed in Ref 7 is given by 

f ( 7  ..... e.) = constant (3) 

In Eq 3 a specific functional form for Case A and Case B cracking have to be found. In a 
uniaxial loading, the two separate contours corresponding to Case A and Case B coincide. The 
criterion expressed mathematically by Eq 3 is represented graphically by contours called "F- 
plots" in coordinates 3'a.m~ -- en. Unfortunately, the functional relationship, f is difficult to 
specify since it may vary with life and because the shape of the F-plots is dependent on the 
Poisson's ratio. 

Most of the above criteria, however, are applicable only to low- or to high-cycle fatigue 
regimes, separately. Moreover, experimental results [16-19] indicate different ratios of ten- 
sion-to-torsion fatigue strength from the ones predicted by most of the classical approaches. 
For example, the von Mises criterion predicts a single ratio equal to V~ which is independent 
of the fatigue life. 

An extensive experimental and analytical program was carried out by Grubisic and Sim- 
biirger [20] which indicated that irrespective of the change of direction of the principal axes 
(proportional or nonproportional loading) slipping on all planes (not only the critical plane) 
influences fatigue failure. 

More general representation of the multiaxial failure criteria as a surface in six-dimensional 
stress (or strain) space for constant life was proposed by Krempl [21]. For an isotropic material 
and in-phase constant amplitude loading (proportional loading), the surface may be repre- 
sented by a quadratic form of the stress (strain) tensor, Tu, i.e. 

aT.  + b,(T.) 2 + b2TuTj~ = 1 (4) 

where a, b~, and b2 are constants. 
It has been shown that Eq 4 contains von Mises, Sines, and Gough criteria as special cases 

and indicates that the axial-torsion ratio must be less than 2. Krempl points out that when 
permanent changes of plastic deformation occur (e.g., due to strain hardening, strain soften- 
ing, or mean-stress) the fatigue failure surface cannot be constructed on the basis of the con- 
trolling variable alone. In such cases the surface must be modified according to the history that 
the material has undergone. 

In order to treat in a coherent way the history that the material has experienced during mul- 
tiaxial loading, we propose to utilize the strain energy input per reversal, a W, as an essential 
variable which controls fatigue damage. The severity of the input energy depends on the level 
of tensile mean stress and the nature of the imposed constraint. This new damage variable is 
motivated by experimental observations which indicate that for the same input energy a par- 
ticular cracking system and the rate of fatigue damage are influenced by a state of multiaxial 
strain and mean stress. 

Ellyin's result in Ref22 and more recent extension of the work in Refs 23 and 24 has led to 
the development of a criterion which will be described in the next section. 

A New Damage Variable 

In general, the fatigue damage process, associated with dissipation of strain energy, takes 
place as a localized phenomenon on a scale of a material's microstructure. Thus, the fatigue 
crack initiation criterion should be written in terms of the current microscopic stress and strain 
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variables in an idealized situation. However, at this microscopic scale, the local material 
response can differ significantly from the macroscopic values due to inhomogeneity and 
anisotropy of  individual grains. For this reason a direct approach based on the current micro- 
scopic variables would be a difficult task. Therefore, a phenomenological approach based on 
experimental observations of  macroscopic variables (bulk stress and strain) will be used in this 
development. 

It was pointed out in the last part of the previous section that an appropriate damage func- 
tion, if, would have the following form 

= ~(AW, ~, am) (Sa) 

where A W is the strain energy input per reversal, and a., is a measure of  tensile mean stress 
given by 

a,. = a~' + a~' + a~' (5b) 

where aT, a~", aT are the principal static stresses, and b is a measure of the multiaxial constraint. 
The b and am provide indices of equal damage for different multiaxial stress/strain conditions. 

Earlier it was mentioned that the fatigue damage is governed by the plastic deformation. For 
an elastic-plastic isotropic material, the von Mises yield condition is equivalent to a constant 
value of  the distortional component of  the strain energy density, i.e. 

Wd = f So deo = constant (6) 

where 

s o = a~j -  Crkk ~d3 (7a) 

and 

e o = e~j - e~ ~d3 

are the deviatoric stress and strain tensors, respectively. 
Thus, Eq 5a can be written as 

= q,(A Wa, ~, a..) (8) 

where A Wd stands for the distortional component of  the strain energy density "range" per 
reversal of  loading (Fig. 1). The form of Eq 8 reflects experimental observations that fatigue 
cracks are closely aligned with the plane where shear is predominant. Therefore, the distortion 
component of  the strain energy range per reversal, A Wd, is the principal input quantity which 
governs the crack initiation in ductile materials. Consequently, the process of  fatigue crack 
initiation will take place at a critical location with the highest density of"total," i.e. dissipated 
and nondissipated distortion energy. 

In the early stage of  fatigue process, i.e. crack initiation and growth of  a small engineering 
crack, the localized dissipation may be neglected at the level of  macro-scale. Therefore, the 
damage variable, if, defined by Eq 8 in terms of  the bulk (macroscopic) material response, can 
be used to correlate fatigue life. A fatigue failure criterion is obtained by plotting the damage 
variable, if, versus number of reversals to failure, 2Nf, to produce a "master" life curve. In 
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FIG. l--Definition of AWd and ranges of equivalent stress and equivalent total strain. 

doing this, it is assumed that the material degradation does not affect appreciably the material 
response before failure. 

Ellyin [22] has shown that for the proportional loading, the total distortion energy input, 
a Wff, may be calculated from the following relation 

(9) 

where ~" At/x~ = A Wd is the distortion strain energy range, with the coefficient ~" depending 
on the stress level when material response is inelastic (for an explicit relationship, see Ref 22, 

�9 

e.g. forauniaxia l loadingandMasingtypeofbehavior ,  ~" - 2(1 + n'~) 1 - ~ ,and 

At = (~6aeuaeo) q2 (lOa) 
A~ -~ (%AsoAsij) 1/2 (lOb) 

are equivalent total strain and stress ranges, respectively. The prefix symbol, A, means that 
At (or A~) represents "peak-to-peak" change in equivalent strain (or stress). The ~m stands for 
equivalent mean stress 

~,~ = ( ~  + ~ ) / 2  (lOc) 

where ~v and ~L are the upper and lower limits of  effective stress, respectively. 
The essential step in the determination of  the controlling damage variable, ~, is the speci- 

fication of Eq 8. In general, a particular form of it may be deduced from the experimental data, 
or a postulate can be put forward. 

Let us assume the following form ofEq  8 

-- f (~)  (11) 
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in which ~ = A~/2 is the effective stress amplitude, the coefficient a characterized the material 
sensitivity to mean stress, and f(~) is a multiaxial constraint function (MCF) to be specified 
later on. Note that for ~ = ~A~" andf(~)  = 1, Eq 11 is similar to Eq 9, which was put forward 
by Ellyin in 1974. 

Specification of the Multiaxial Constraint Function (MCF) 

The MCF reduces the multiaxial fatigue life data for various combinations of  the imposed 
strain ratios on a unique (master) life curve. However, before specifying MCF, the constraint 
factor ~ has to be defined. 

The definition proposed in Ref 24 will be adopted here, i.e. 

~max 
= (1 + ~)7-- -  (12) 

"Ymax 

with 

~max ~-~ max[ca o r  c t ]  , 

~/max = max[lea -- crl or l e , -  crl], 

and ~, the effective Poisson's ratio, is calculated from 3 

Pp(1  - -  II e)(C a Ju Ct) -~- (1) e - -  Itp)(cea -~- C~) "~ Ca ~ - -Ct  

= (1 - -  Ve)(C a -~- Ct) -~- (v  e - -  IIp)(Cea Ju c~) 
(13) 

In the above the peak values of  Ca and e, are principal in-plane strains (axial and transversal) 
parallel to the "free" surface, subscripts (or superscripts) e and p stand for elastic and plastic 
values, respectively, and Cr is radial strain (perpendicular to the "free" surface) given by 

m ~  

cr - 1 -- F (ca + c,) (14) 

Equations 13 and 14 were obtained assuming that the radial stress, a ,  perpendicular to the 
"free" surface, is negligible in comparison with the in-plane principal stresses, aa and at. 

The multiaxial constraint factor, ~, defined by Eq 12, demonstrates the importance of the 
orientation of  the "free" surface with respect to the imposed principal strains. Note that in this 
context a "free" surface may be the surface of  a smooth specimen as well as the new surface 
created by a crack or even the internal surface of  a defect or porosity. 

A further examination of  Eq 12 reveals that ~ has an important  physical interpretation 
regarding the fatigue damage process. Using the ~ provides a means to differentiate between 
fully reversed torsion (ca = --e,) with ~ = 1 + ~ and equibiaxial loading (C a = Ct )  with ~ = i 
- ~, i.e. in the terminology of  Brown and Miller [ 7] between Case A and Case B loading, 
respectively. The factor (1 + ~) in Eq 12 is included so that for an isotropic material under a 
uniaxial stress condition, ~ = 1 since er = ct ---- - - Y e a .  This denotes the transition from Case 
A to Case B loading. 

Since Case B loading gives lower fatigue strength than Case A, then 1/~ indicates the severity 
of  a particular multiaxial loading with reference to the uniaxial stress condition. The actual 

3 For fully reversed torsion (e~ = -e t )  Eq 13 becomes indeterminate since both the numerator and 
denominator are equal to zero. In this case a limit calculation must be performed. 
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"driving force" of a fatigue damage accumulation is accounted through an appropriate form 
of the multiaxial constraint func t ionf  A simple functional form would be a power law form, 
i.e. 

where n ~ 0 is a parameter. 
Substituting Eq 15 into Eq 11 we get 

f (~ )  = (~)" (15) 

r = (~). (16) 

For test conditions with O-m = 0, Eq 16 reduces to 

Zxer 
~ /=  - -  = (AWd)uniaxia] (17) (~)" 

In the case of  a high-cycle fatigue regime when bulk material response is essentially elastic, Eq 
17 can be written in terms of  amplitudes of  the stress components O-a and at. A convenient way 
to present the predictions of  Eq 17 is to plot the amplitudes of  alternating principal stresses 
(e.g. O-a and O-i) which cause fatigue failure after a certain number of  reversals. The predictions 
of  Eq 17 are compared in Fig. 2 with biaxial experimental data o f  the fatigue limit (i.e. 2N:>_ 
5 • 10 6 reversals) for three different steels. The results are shown in terms of  a normalized 
stress amplitude through division of the fatigue strength for alternating push-pull or bending 
loading, a-l, where subscript - 1 refers to R = O-min/o-raax = - -  1. 

Figure 2 indicates the effect of the exponent n on the shape of  the criterion. The values of  
the exponent n ranging from 0 to 1 result in a fair correlation with experimental data. Note 
that for n = 0 the damage parameter given by Eq 17 will be independent of~ and equivalent 
to the distortion strain energy parameter. For the sake of  convenience in the subsequent cal- 
culation, n = 1 will be used. 

Note that the shape of the proposed criterion (Eq 16) depends on the multiaxial constraint 
function, (~)". This then indicates that the tension-torsion fatigue strength ratios are not con- 
stant but depend on the applied strain levels since the ~ (see Eq 12) is a function of the effective 
Poisson's ratio ~ (Eq 13). 

Comparison with Experimental  Results  

Consider first the correlation of mean-stress data obtained from tests of  uniaxial smooth 
specimen in high-cycle regime. In the case of  uniaxial loading ~ = 1, Eq 16 can be written in 
terms of  the normalized stress amplitude, aa/o--t, v e r s u s  normalized mean stress, O-m/o-a. For a 
particular life and with a = ~A, Eq 16 reduces to 

O-a 1 
- -  \ 1/2 for O-m~x --< O-u, and [ O-rain I - ~  I O-c I (18) 

where amax = O-m + O-, and O'rain = O-m - -  O-a are maximum and minimum stresses, respectively, 
and O-, (or O-c) is the ultimate tensile strength (or a critical buckling or crushing stress). Obvi- 
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z~ Steel [Sawert, 1943] 
+ Cr-Va Steel [Gough, 1951] 
o Low-carbon Steel [Rotvel, 1970] 

FIG. 2 Comparison of multiaxial experimental data with proposed failure criterion for the fatigue 
limit (2Nr >-- 5 X 10 6 reversals). 

ously the O'ma x (or 0"rain) cannot exceed the au (or ac), otherwise a "failure" will occur at the first 
reversal of  loading. 

For most engineering alloys the ratio a_dtru is the range of~ ~ ~. Assuming that I ac I = a, 
3a-1 will limit the applicability of the Eq 18 to the following range - 1.06 _< am/aa <-- 4.4. 

Since am/aa could not reach a ratio of --2, therefore a=/a_, in Eq 18 cannot exhibit a singular 
behavior. 

The graphical interpretation of  Eq 18 is shown in Fig. 3 together with experimental results 
taken from the literature [14,26,27] for several steels and aluminum alloys. It is interesting to 
note that a good fit to experimental results is obtained with a = ~. 

Next, consider the use of Eq 16 to correlate low-cycle biaxial fatigue data with zero mean 
stress obtained from a cruciform specimen by Pascoe and de Villiers [28]. Figure 4 shows 
experimental data for three different strain ratios of  a mild steel in coordinates of log (A Wd~) 
versus log 2N? It is evident from Fig. 4 .that the variable A Wd/-~ provides a fairly good corre- 
lation independent of  experimentally applied biaxial strain ratio p = Ae,/A~~ 

In the case of  multiaxial loading, the calculations of  A Wd and ~ were clone using a recently 
developed rate-independent constitutive model [29]. The stable cyclic stress-strain response 
of  the relevant steel was approximated by the Ramberg-Osgood type of  relation 
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l/n' 

4 ,  &cr (/x~ / (19) 
-2  = 2--E + \2K'}  

The data used in the calculation were: E = 200 GPa, K '  = 1008 MPa, n '  = 0.2, and Poisson's 
ratio v = 0.265. 

A further correlation between experimental results and predictions of  Eq 16 is shown in Fig. 
5. In this figure A Wa/-p is calculated using the constitutive model in Ref 29. The number of 
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FIG. 4--Correlation of multiaxial experimental data in low-cycle regime using the proposed energy 

criterion. 
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FIG. 5--Correlation between the proposed criterion and multiaxial data of ASTM A-516 Gr. 70 carbon 

steel [24]. 

reversals to failure are taken from Table 3 of Ref 24, and the cyclic stress-strain coefficient of 
Eq 19 were taken from Table 1 of the same reference. 

Note that despite the material anisotropy of data (in terms of fatigue lives) used in Fig. 4 and 
the inevitable bending stresses due to misalignment of both loading systems of Refs 24 and 28, 
the scatter band in Figs. 4 and 5 is well within the acceptable range. 

Conclusions 

A fatigue damage variable is introduced based on the governing physical phenomenon. The 
following general form for the damage variable, ~, is suggested 

_ A W ~ h ( ~ )  
f (~)  (20) 

where A Wd is the distortion strain energy range andf(~) and h(am) are appropriate functions 
of multiaxial constraint and tensile mean stress measures, respectively. Explicit functional 
forms of f and h are given in Eq 16. It is shown that the present phenomenological approach 
unifies both the high- and low-cycle regimes. 

The proposed criterion is based on the premise that the damage caused by cyclic loading is 
a function of the mechanical input of the distortion energy into the material at each reversal 
of loading. The proposed criterion includes the effect of mean stress and imposed multiaxial 
constraint. It indicates that the ratio of axial-torsional fatigue strengths is not constant but 
changes with the applied strain levels. 

The predictions of the proposed criterion are compared with the experimental results, and 
the agreement is found to be fairly good. The constitutive relations used in the present analysis 
are time independent, and thus phenomena such as strain-rate sensitivity and creep are 
excluded. 
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The method developed herein is limited, however, to predicting lives defined in terms of  the 
initiation of  macroscopic cracks, i.e. those cases where the life associated with the crack prop- 
agation stage is negligible. When the crack propagation stage cannot be neglected, this 
approach is to be supplemented by a crack growth law, e.g. such as that given in Ref 30. 

An extension of the present approach to the out-of-phase loading will be described in the 
forthcoming paper [31]. 
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A Method Based onVirtual Strain-Energy 
Parameters for Multiaxial Fatigue Life 
Prediction 

REFERENCE: Liu, K. C., "A Method Based on Virtual Strain-Energy Parameters for Mul- 
tiaxial Fatigue Life Prediction," Advances in Multiaxial Fatigue, ASTM STP 1191, D. L. 
McDowell and R. Ellis, Eds., American Society for Testing and Materials, Philadelphia, 1993, 
pp. 67-84. 

ABSTRACt: A new method is proposed for multiaxial fatigue life prediction using correlation 
parameters based on virtual strain energy as a measure of fatigue damage on critical planes of 
fracture. The virtual strain-energy parameters are physically associated with two different modes 
of fatigue fracture planes. The critical plane leading to Mode I fracture is driven by the principal 
stress and strain, and the other, leading to Mode II fracture, is driven by the maximum shear 
stress and strain. The mode of crack initiation and propagation depends on material, tempera- 
ture, strain range, and stress and strain histories, but not on the relative magnitude of the virtual 
strain-energy parameters. Biaxial fatigue data obtained from the literature were analyzed for 
Type 304 stainless steel tested at room and elevated temperatures and for SAE 1045 steel tested 
at room temperature under in-phase and 90* out-of-phase loading conditions. Comparisons are 
made between experimental data and theoretical predictions to show the effectiveness of the pro- 
posed method. 

KEY WORDS: multiaxial fatigue, cyclic fatigue, life prediction, stress, strain, virtual strain 
energy, fatigue fracture, in-phase loading, out-of-phase loading 

Fatigue is an  impor tan t  considerat ion in the design of  structural components  subjected to 
cyclic loading. To unders tand  fatigue behavior,  a wealth of  uniaxial  cyclic fatigue data have 
been generated for m a n y  structural materials. One  approach used to characterize fatigue 
behavior  is to establish the relationship between applied stress (or strain) and  fatigue life in 
terms of  n u m b e r  of  cycles to failure (Fig. 1). Manson  [1] and  Coffin [2] have independent ly 
proposed the life relat ion expressed in a two-term power law equat ion 

Axe = Axep + Ace = A N  f "  + B N f  t~, (1) 

in  which 

Axe,, = A N / " ,  (2) 
Axee = B N f  ~ (3) 

where 

Ae = total strain range per cycle, 
Ace = elastic c o mp o n e n t  of Ae, 

Metals and Ceramics Division, Oak Ridge National Laboratory, Oak Ridge, TN 37831-6155. 
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Nf, Cycles to Failure (Log scale) 

FIG. 1--Schematic of  uniaxial fatigue behavior represented by the two-term power law relationship in 
a log-logplot of  Ae versus Nf. 

Aep = plastic component of  Ae, 
N I -- fatigue life, cycles to failure, and 

A, B, a, # = material constants. 

Fatigue behavior of  many structural metal alloys has been shown to obey the two-term power 
law equation. 

Since the state of  stresses in structural components is usually complex during service life- 
time, it is apparent that an extension to multiaxiality is necessary if the method is to be used 
in practical design. Accounting for the multiaxiality in Eq 1 is usually accomplished by sub- 
stituting the uniaxial strain with an equivalent strain inferred from von Mises' strain formu- 
lation. This subtle scheme is based on the observation that the von Mises equivalent strain 
reduces to uniaxial strain under uniaxial loading. However, this approach often fails to bring 
test data into the single curve represented by Eq 1. Another deficiency is that the von Mises 
equivalent strain cannot be rationally divided into elastic and plastic equivalent strain com- 
ponents for identification with the terms given in the right-hand side of Eq 1. This is not a 
serious deficiency if Eqs 2 and 3 are not mandatory requirements. 

A dozen or more methods for multiaxial fatigue life prediction have been proposed to date. 
Some are based on philosophical approaches, such as that discussed above, while others are 
based on physical approaches [3-6], which have shown some success. However, no single 
approach has demonstrated to be superior to the others when applied to general situations. 
Excellent survey studies on multiaxial fatigue have been made, and results are reported else- 
where [ 7,8]. In general, fatigue life predictive methods are based on stress, strain, or energy as 
a correlating parameter. 

Fatigue criteria based on the concept of  damage in terms of  energy have been proposed and 
evaluated with experimental fatigue data generated under uniaxial as well as biaxial loading 
conditions [9-12]. Most of  the energy-based methods utilize plastic energy of  stress-strain hys- 
teresis loops as a correlating parameter. Limited success has been made in predicting fatigue 
life in low-cycle fatigue regime where the plastic energy of  the hysteresis loops is well defined. 
However, it is difficult to estimate the plastic hysteresis energy in high-cycle fatigue regime 
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where the stress-strain behavior is practically elastic. Failure to adequately predict high-cycle 
fatigue life is an obvious shortcoming of  the plastic energy-based method. 

Although not following the same concept of  energy in the classical sense, two parameters 
expressed in terms of virtual strain-energy (VSE) are introduced here as a measure of fatigue 
damage and have shown to be effective in correlating with multiaxial cyclic fatigue life. The 
VSE parameters are physically associated with two different modes of  fatigue fracture occur- 
ring on respective critical planes; one is associated with the maximum vector product of  nor- 
mal stress and strain and the other with that of  shear stress and strain. The mode of fatigue 
fracture varies depending on material, temperature, strain range, and loading history. Based 
on observations of  crack formulation for a number of  materials tested in biaxial modes [13], 
Socie [5] presented a shear strain model and a tensile strain model based on the critical plane 
for crack nucleation and growth. The former uses a strain-based correlation parameter con- 
sisting of  three strain components, and the latter uses the Smith-Watson-Topper (SWT) 
parameter [14]. 

Biaxial fatigue data were analyzed for Type 304 stainless steel [5,15-18] and SAE 1045 steel 
[ 19-21] subjected to in-phase and 90* out-of-phase tension/torsion loading at room and ele- 
vated temperatures. Comparisons were made between the experimental data and theoretical 
predictions to show the effectiveness of the new approach. 

Preliminaries and Concept 

The proposed method is a straightforward generalization of  the uniaxial fatigue life predic- 
tion method based on Eq 1, which has been widely studied and accepted. The total strain range 
of  a typical cyclic stress-strain hysteresis loop is divisible into two parts,/xee and Aep (Fig. 2). 
A virtual strain-energy quantity, A W, can be defined as the product of  Ae and Aa as 

AW = 2xa �9 Ae = EAee �9 (Aep +Aee)  (4) 

where 

/xcr = E2xee (5) 
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/ / / / / / / ~  
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FIG. 2--Definitions of ~W, ~Wp, and ~W~. 
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where E = Young's modulus. Equation 4 is equivalent to the SWT parameter. Substituting 
Eqs 2 and 3 into Eq 4, one obtains 

A W  = A Wp + A W e  = E A B N 7  ("+t~) + E B 2 N f  2a (6) 

Figure 2 shows that A Wp is slightly greater than the actual plastic hysteresis energy, and A We 
is the sum of the two shaded wedges representing the virtual elastic strain energy. It should be 
noted that Eq 6 retains the characteristics of  the two-term power-law expression. As the cyclic 
strain range decreases and A Wp decreases to a negligible quantity, A We becomes the dominant 
factor in Eq 6. This explains why a fatigue damage parameter, which lacks the key ingredient 
equivalent to the elastic component of  the VSE, correlates poorly with fatigue data in the high- 
cycle fatigue regime. 

Since biaxial loading in tension and torsion is usually performed using a tubular specimen, 
cylindrical coordinates are employed, using subscripts, r, 0, and z, to indicate the radial, cir- 
cumferential, and longitudinal directions, respectively, as shown in Fig. 3a. The numerical 
subscriptsofa~and c~(i -- l, 2, and 3) represent the three principal direct stress and strain axes, 
as shown in Fig. 3b. The stress-free surfaces are perpendicular to axes "r"  and "2" as indicated. 

To facilitate discussions on the VSE parameters under multiaxial loading conditions, a 
Mohr representation ofbiaxial stress (Points P and Q) and strain states (P' and Q') is illustrated 
in Fig. 4a, in which ~r, r, e, and 3' are normal stress, shear stress, normal strain, and engineering 
shear strain, respectively. 

Uniaxial loading is a special case ofbiaxial loading in the absence of  torsion, represented by 
the strain biaxiality ratio, ~, = 3"/e, being equal to zero. The Mohr representation of  uniaxial 
loading is shown in Fig. 4b. In the absence of  axial loading on the other extreme, the condition 
of  pure torsion is arrived at with X = 0% as shown in Fig. 4c. Any axial/torsional combined 
loading is shown in Fig. 4a. Note that the principal stress and strain directions are determined 
by angles Go and ~ ,  respectively, and generally are not the same unless X = 0 or oo. cI,, and ~, 
are the angles between the z-axis and the vectors normal to the critical planes associated with 
Stress Points A and B (Fig. 4a), respectively. 

Modes of Failure 

A tubular specimen subjected to tension-torsion loading is considered here. To facilitate 
general understanding, a method of  presentation similar to those of  Brown and Miller [3] and 
Lohr and Ellison [4] will be employed. The crack driven along the surface of the specimen 
(Fig. 3a) is defined as Type A, and the crack acting through the thickness of  the specimen is 
defined as Type B (Fig. 3b). The crack that propagates in the tension-dominated critical plane, 
indicated as Ia-plane (sanded as shown in Fig. 3a) is defined as Mode I fracture. With the aid 
of  Fig. 4a, the VSE parameter for Mode I fracture, A W~, can be calculated as follows 

AWl = {2(OA) �9 2(O'A')}mx 

or decomposed in two vector products as 

(7) 

~xw, = (aw.).~x + AW, (8) 

where the tensile components, AW,, is maximized. The vector, na, normal to the Ia-plane 
makes the angle, ~,, with the z-axis. 

In contrast to Mode I fracture, the crack that propagates in a shear-dominated critical plane 
(hatched as shown in Fig. 3a) is defined as Mode II fracture. The VSE parameter for Type A/ 
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STRESS CIRCLES STRAIN CIRCLES 
1: y/2 

~,,/,,'_~/_LS~\~ / "//:"/l'X~*~ I ~ 1  I l l /  I ~ \ \ 

(a) Biaxial Loading 

"~zO/2 

1; 

(b) Uniaxial, X = 0 

1~/2 

~ P - - - z  
E 3 ~  ~1 <~3 

1; "YI2 

(c) Torsional, X = oo 
FIG. 4--Mohr's stress and strain circles: (a) biaxial loading, (b) uniaxial loading, and (c) pure torsion. 
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Mode II fracture, A WH,A (simplified as A Wn since the discussion here is focused on Type A 
fracture), can be calculated as 

~Wli  = 2 ( 0 8 )  - 2 ( 0 ' 8 9  = z~w. + (AW3m= (9) 

where the shear component of  A WlI is maximized as indicated by (A W,)m~, and A W, is the 
associated tensile component of AWH. The vector, nb, normal to the shear-dominated critical 
plane, indicated as IIb-plane in Fig. 3a, makes the angle, ~,, with the z-axis. A second Mode II 
fracture plane, which is about 90* apart from the IIrplane, can be inferred from the symmetry 
of Mohr circles with respect to the axes, a and ~. Stress Points D, E, D', and E' are the mirror 
images of  Stress Points B, C, B', and C', respectively. The vector, ha, normal to the second 
shear-dominated critical plane, indicated as IIa-plane in Fig. 3a, makes an angle of r + 2~, 
with the z-axis. 

The VSE parameter for Mode II fracture in Type B critical planes (IIc- and IIe-planes as 
shown in Fig. 3b) can be calculated with the aid of  Fig. 4a as 

AWII,B = 2(OC) �9 2(O'C') = AW. + (AWs),.~x (lO) 

where the shear component, A W,, is maximized. 
It is important to note that A WILB is equal to A Wn,a under uniaxial loading (~, -- 0) or just 

slightly lower than A Wn~ under biaxial loading with a low biaxiality ratio (;~ _< 1.7). The rea- 
son is that a specimen under biaxial loading with a low value of k may have actually initiated 
microcracking in Type B/Mode II but appears to have fractured in Type A/Mode I due to the 
synergistic effect of  both failure modes. 

Under uniaxial loading, the maximum VSE occurs in the plane normal to the uniaxial load- 
ing axis. This leads to ~, = ~, = ~, = 0 and ~s = 7r/4. In the absence of AW~ in Eq 8, AW~ 
becomes 

AI.V~ = AW. = (2a~)" (2c.) = (2a,)" (2e,) (11) 

When a tubular specimen is subjected to pure torsion (Fig. 4c), the values of  A WI and AWI, 
are the same. 

Evaluations of Proposed Method 

Evaluations Based on In-Phase Biaxial Fatigue Data of Type 304 Stainless Steel 

Zamrik [15] conducted in-phase tension-torsion fatigue tests on Type 304 stainless steel at 
538~ and showed that the von Mises equivalent strain range, Ae~, correlated poorly with the 
fatigue data obtained (Fig. 5). The curve shown in Fig. 5 represents the best fit of the uniaxial 
data. Test data for the same type of  material, but obtained from a different supplier, from tests 
at room temperature (RT) and 650~ by Ogata et al. [16], and from tests at 550~ by Nitta 
et al. [ 17] showed about the same degree of  scatter from the uniaxial data (Figs. 6 through 8). 
In all cases, fatigue life was shown to be a function of  biaxial strain ratio. Out-of-phase (90 ~ 
data were shown to have fallen far below the in-phase data, indicating a serious deficiency in 
using AE~ as a correlating parameter to predict multiaxial fatigue behavior. 

The use of A IV, and AWI, as correlating parameters was studied with existing data reported 
in the open literature. Effectiveness of  correlating A W, to Zamrik's data into a single curve is 
well illustrated (Fig. 9). Numbers attached to the data points indicate Ac~ in percent of strain. 
The curve represents the two-term power law expression determined by the least-squares-fit 
method. 
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10 

Type 304 Stainless Steel, 5380C (Zamrik) 
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Cycles to Failure 
FIG. 5 - - A  fatigue life correlation based on von Mises equivalent strain range for Type 304 stainless 

steel tested at 538"C [ 15]. 

Type 304 Stainless Steel, R. T. (Ogata et ah) 
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FIG. 6 - - A  fatigue life correlation based on yon Mises equivalent strain range for Type 304 stainless 

steel tested at room temperature [ 16]. 
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Type 304 Stainless Steel, 550~ (Nitta et al.) 
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FIG. 7 - -A  fatigue life correlation based on yon Mises equivalent strain range for Type 304 stainless 

steel tested at 550~ [ 17]. 

Type 304 Stainless Steel, 650~ (Ogata et al.) 
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FIG. 8 - -A  fatigue life correlation based on yon Mises equivalent strain range for Type 304 stainless 

steel tested at 650"C [ 16]. 
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FIG. 9--A fatigue life correlation based on ~ W t for Type 304 stainless sleel tesled a15 38"C [ 15]. 

Data obtained by Ogata et al. [16] show that/~ WI correlates well with RT fatigue life data, 
and A W. does well with those obtained at 650"C (Fig. 10). They reported that all specimens 
tested at RT initiated crack in Mode I independent of strain ratio and strain range. The mode 
of fracture at 650"C was more complex due to surface oxidation. However, observations 
showed that the microcracking in the grain boundary region occurred on the maximum shear 
plane for specimens tested at 650"C. These findings explain why AWI and a WII correlate well 
with RT and 650~ data, respectively. 

Figure 10 also shows that AW~ correlates well with RT test data obtained by Socie [5] as an 
independent set of test data by itself. Fatigue life data obtained in low-cycle regime (below 10 4 

cycles) by Ogata et al. [16] and those by Socie are in good agreement. However, in high-cycle 
regime, Socie's data will probably fall above those ofOgata et al. Some discrepancies in fatigue 
lives at different levels of cyclic strain ranges are expected due to the differences in supply 
sources, batch variation, stress and strain measurements, the definition of fatigue failure, and 
other factors. Socie reported that Mode II shear failures were observed at high strain ampli- 
tudes, and Mode I failures were observed at low strain amplitudes for specimens tested in tor- 
sion. Despite the change in failure mode, the above correlation between A I,F~ and Socie's tor- 
sion data remained effective because the value of n W. and that of AWI are the same under 
pure torsion, as mentioned previously. 

A study shows that in-phase biaxial fatigue data obtained at 550"C by Nitta et al. [17] and 
Takahashi [ 18] correlate well with A W. (Fig. l 1), but correlate poorly with n WI. The opposite 
was observed in Zamrik's case, although Zamrik's tests were performed just 12"C lower than 
the test temperature used by Nitta et al. They reported that initial cracks occurred on the max- 
imum shear plane under in-phase tests at 550"C with ~, > 1.7. However, tests under k _< 1.7 
showed Mode I fracture. A plausible reason is that when a specimen is subjected to biaxial 
loading with a low value of X, fracture may be facilitated by synergistic damage due to Type 
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Type 304 S/S (Ogata et al. + Socle) 
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F I G .  10--A fatigue life correlation based on the proposed method for Type 304 stainless steel tested at 

room and elevated temperatures [5 ,16] .  
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B/Mode II fatigue coupled with Type A/Mode I fatigue. Based on the reported observations 
[I 7], it appeared that initial cracks were actually initiated in Type B/Mode II, but the final 
failure occurred on the plane in Type A/Mode I fracture. 

Agreement between data obtained by Zamrik [ 15] and those by Nitta et al. [17] is respect- 
able (Fig. 11) despite the fact that two different batches of the material were used. Generally, 
Nitta's data fell slightly below Zamrik's. It is logical to assume that less energy was required to 
fatigue the material at higher temperature. These two sets of data further hinted that the cross- 
over of fracture mode from Mode I to Mode II occurred at temperatures in the range from 538 
to 550~ 

Evaluations Based on In-Phase Biaxial Fatigue Data o f  SAE 1045 Steel 

Biaxial fatigue data obtained by Kurath et al. [19] and Fatemi and Stephens [20,21] for SAE 
1045 steel were used to evaluate the proposed model. Results (Fig. 12) illustrate that the von 
Mises equivalent strain range correlates well with both sets of in-phase fatigue data, which 
interestingly are in good mutual agreement also. Reasons for the good correlation will be cited 
later. However, most of the out-of-phase data fell below the in-phase data as a whole. 

The quality of correlation between AWI and 1045 steel data are poor. Results of the analysis 
show strong dependency to biaxiality ratio. However, z~ W. correlates superbly with all 1045 
steel data combined (Fig. 13). Comparisons between predicted and observed lives (Fig. 14) 
showed that only few data points fell slightly outside the upper and lower limit bounds of factor 
two. Results of the good correlation demonstrated in Fig. 13 are not fortuitous. Studies [22] 
revealed that 1045 steel was sensitive to crack initiation on the maximum shear strain plane 
under biaxial loading. Since the von Mises strain range ~ is equivalent to the octahedral 
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FIG. 12--A fatigue life correlation based on von Mises equivalent strain range for SAE 1045 steel tested 

at room temperature [ 19,20]. 
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1045 Steel ,  R. T. (Kurath et al. + Fatemi/Stephens) 
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FIG. 13--A fatigue life correlation based on the proposed method for SAE 1045 steel tested under in- 

phase and out-of-phase loading conditions at room temperature [20]. 
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shear strain and A WH is related to the VSE on the maximum shear plane, both parameters 
should correlate well with the in-phase 1045 steel data. 

Evaluation Based on 90* Out-of-Phase Fatigue Data 

Stress and strain histories are usually more complex for specimens tested under out-of-phase 
(O/Ph) loading conditions (nonproportional loading) compared to those observed under in- 
phase loading conditions (proportional loading) [21]. The situations are further complicated 
by loading waveforms, control mode (stress or strain), and the phase differential between the 
maximum stress and strain states. In what follows, the discussion will be limited only to the 
cases dealing with 90*-O/Ph loading conditions due to the complexity of the problems. 

As stated earlier, both A W~ and A Wn are virtual quantities. Although the physical meaning 
of the VSE can be explained rationally, discussions will be deferred to the future paper since 
the subject is beyond the scope of this paper. A direct application of the two VSE parameters 
to correlation in O/Ph loading situations is difficult since the stress and strain paths for in- 
phase loading are linear in their respective coordinate systems, whereas those for O/Ph load- 
ings are complex. To simplify the matter, an independent set of VSE parameters A IP~ and 
A l~j will be introduced here and used to correlate with O/Ph multiaxial fatigue life data. The 
relationship between both sets of the VSE parameters has not been fully explored and remains 
weak at this time. However, a summary of analysis results based on in-phase data combined 
with O/Ph data strongly hints that both sets of the VSE parameters appear to be related. 

When a specimen is subjected to 90*-O/Ph sinusoidal strain histories in biaxial loading with 
X other than 0 or ~ ,  the stress and strain loci are elliptical (Fig. 15a). As ~ approaches null, 
both of the elliptical loci will be flattened into a line which represents a uniaxial cyclic loading 
path. Analogously, as ~ approaches the other extreme, both loci will be compressed again into 
a vertical line which represents a torsional cyclic loading path. Therefore, it is not unreasonable 
to postulate that completing a cycle of the elliptical strain path in the biaxial strain space is 
equivalent to the sum of completing a cycle each of fictitious uniaxial and pure shear loading 
along the major and minor diameters of the elliptical strain locus, as shown in Fig. 15a. The 
VSE parameter A I~  for Mode I fracture on the critical plane is assumed to be the sum of the 
A W~ due to the fictitious uniaxial loading path and the VSE on the same critical plane due to 
the torsional loading path. The VSE parameter A l~l for Mode II fracture is assumed to be the 
maximum sum ofA WHS on the critical plane due to both of the fictitious loading paths. In the 
case of uniaxial loading or pure torsion, A I~, and A I~n reduce to A W~ and A W., respectively. 

When a specimen is subjected to O/Ph sinusoidal strain histories in biaxial loading wit h a 
phase lag other than 90", the stress and strain loci will be tilted from the axial coordinate axis 
with an angle (Fig. 15b). The loci will remain elliptical when sinusoidal strain histories are 
employed. It is postulated analogously that completing a cycle of the elliptical strain path is 
equivalent to the sum of completing a cycle each of two fictitious loading pathsalong themajor 
and minor diameters of the elliptical strain locus. The VSE parameters, A W~ and h W,, for 
this loading condition can be computed analogously as the case discussed above for the 90*- 
O/Ph loading conditions. When the pha~  lag between the axial and torsional loading paths 
decreases to null, i.e., in-phase loading, A Wr and A l~n, reduce to A W~ and A W~, respectively. 
Testing under O/Ph loading with a phase lag other than 90* has been reported [17]. However, 
incomplete information precludes effective evaluations of the proposed method for general O/ 
Ph biaxial loading conditions. 

When a specimen is subjected to 90* O/Ph trapezoidal strain histories, the stress locus in the 
biaxial stress space is usually neither symmetric with respect to the stress axes nor rectangular 
in shape (Fig. 15c). Because the peak stress and strain states are also out of phase in this situ- 
ation, the method of VSE calculation employed in the previous cases appears to be somewhat 
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FIG. 15--Methods used in estimating A "~r i and A ~V n under out-of-phase cyclic loading conditions. 

inappropriate. Therefore, an ad hoc rule is used to estimate the values of the VSE parameters. 
It is assumed that completing a cycle of rectangular strain path is equivalent to the sum of 
completing a cycle each of fictitious loading paths along the two fictitious diagonal strain paths 
(Fig. 15c). The VSE parameters, A ffr and/x I~u, for this loading situation were then computed 
analogously as described above. In the absence of either of the fictitious loading paths, A ~'~ 
and/x Wll also reduce to A Wx and a WH, respectively. 

Ninety-degree-O/Ph fatigue data obtained by Ogata et al. [16] for Type 304 stainless steel 
tested at RT and 650"C were analyzed. By fortuity, both the RT and high temperature O/Ph 
data correlate well not only with a I~i and A 1~., respectively, but also blend well with the fam- 
ily of in-phase fatigue data based on a W~ and A W., as shown in Fig. 10. A limited number of 
O/Ph test data obtained by Socie [5] were also analyzed and compared with in-phase data in 
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Fig. 10. Good agreement between the two families of data was again demonstrated. These 
observations hint that there may exist a close relationship between the two sets of the VSE 
parameters. It should be noted that the fatigue curve shown in Fig. 10 was determined from 
the in-phase data but represented the O/Ph lifetimes as well. Comparisons are made between 
observed and predicted lives (Fig. 16). The information published by Nitta et al. [ 17] and Socie 
[5 ] was insufficient for predicting fatigue lifetimes of Type 304 stainless steel tested under other 
types of O/Ph loading conditions. 

Out-of-phase fatigue data obtained by Fatemi and Stephens [20] were analyzed and com- 
pared with the in-phase data, as shown in Fig. 13. Good correlations among the data as a whole 
illustrated in Fig. 13 further suggest that both sets of the VSE parameters may be closely 
related. Predicted and observed lifetime data of 1045 steel tested under O/Ph loading condi- 
tions are included in Fig. 14, which further illustrates the effectiveness of the proposed method. 

Conclusions 

1. The proposed VSE-based method for multiaxial fatigue life prediction is a rational exten- 
sion of the well established power-law fatigue criterion that has successfully predicted the uni- 
axial fatigue behavior of many materials tested under various temperatures. 

2. The concept of the proposed method is physically based. Results of careful analyses com- 
bined with reported information concerning fatigue fracture modes indicate that multiaxial 
fatigue life correlates well with either AWI (and A I~i) or A W. (and A I~.), depending on the 
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critical plane along which the crack propagates in Mode I or Mode II fracture. The mode of  
crack initiation and propagation depends on the material and temperature. 

3. Successful correlations between the VSE parameters and biaxial fatigue lives have been 
demonstrated for Type 304 stainless steel at RT and elevated temperatures and for SAE 1045 
steel at RT under both in-phased as well as out-of-phase loading conditions. 

4. Comparisons between predicted and observed fatigue lives indicate the proposed method 
is highly effective for multiaxial fatigue life predictions. 

5. Results of  correlation analyses suggest that the VSE parameters A Wx and/x Wn for in- 
phase multiaxial fatigue and A I~l and A WII for 90*-O/Ph multiaxial fatigue are closely related. 
In particular situations, A I~  and A [/~rll also reduce to A W 1 and A W., respectively. Further 
studies are needed to clarify their relationship and expand the concept to establish a set of  
unified VSE parameters for general loading conditions. 
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A Proposed Model for Biaxial Fatigue Analysis 
Using the Triaxiality Factor Concept 
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Fatigue Analysis Using the Triaxiality Factor Concept,"Advances in Multiaxial Fatigue, ASTM 
STP 1191, D. L. McDowell and R. Ellis, Eds., American Society for Testing and Materials, Phil- 
adelphia, 1993, pp. 85-106. 

ABSTRACT: A biaxial fatigue model for axial-torsion strain cycling is proposed which includes 
elastic and plastic strain life regimes at elevated temperatures. The biaxial fatigue model is based 
on the concept that the transition from the plastic strain region to the elastic strain region on the 
bilinear fatigue life curve occurs at a cycle at which the elastic and plastic strain components of 
the total applied strain are equal. This transition corresponds to the intersection of the elastic 
and plastic strain lifelines of either a uniaxial or a torsional strain cycling condition. The tran- 
sition point can combine the fatigue strength and fracture ductility coefficients of the material. 
The von Mises yield criterion was modified by using the Davis and Connelly triaxiality factor 
(TF) to account for the effects of the stress state and strain rate on the fracture ductility at elevated 
temperatures, which decreases as TF increases. Experimental data by the authors as well other 
available data were analyzed on the basis of the proposed model. 

KEY WORDS: biaxial fatigue, triaxiality factor, transition cycle, Z-parameter 

Nomenclature 

B Elastic fatigue strength material  constant  
b Axial fatigue strength exponent  

b0 Torsional  fatigue strength exponent  
C Plastic fatigue strength material  constant  
c Axial fatigue ductil i ty exponent  

co Torsional  fatigue ductili ty exponent  
CTF Triaxiali ty constant  

E Young ' s  modulus  of  elasticity 
G Shear modu lus  
11 Hydrostatic stress 

M F  Multiaxiali ty factor 
Nf N u m b e r  of  cycles to failure (cont inuous  cycling) 

Nr  Fatigue t ransi t ion cycle 
T F  Triaxiality factor 

Z Z-parameter  
x, y, z Reference axes, x is along specimen's  longi tudinal  axis 

Ae Axial strain r ange  
A*e Modified axial strain range 
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A3, Shear strain range 
Aa Axial stress range 
Ar Torsional shear stress range 

e Axial strain 
eso Tensile ductility (tensile elongation) 
e s Effective ductility 
e s Axial fatigue ductility coefficient 
7 Shear strain 
�9 s Torsional fatigue ductility coefficient 
3_ Ductility parameter 

Biaxiality strain ratio (A~,t/Ae t) 
v Poisson's ratio 
4) Principal strain ratio (smaller/larger) 
a Normal stress component 

a~ Normal stress amplitude 
a s Axial fatigue stength coefficient 
r Torsional stress component 
~'s Torsional fatigue strength coefficient 

Superscripts 

e Elastic component 
in Inelastic compontent 
p Plastic component 
t Total 

Subscripts 

eq von Mises equivalent 
x, y, z Axes components 
1, 2, 3 Principaldirection (1 > 2 > 3) 

Life prediction of  engineering components experiencing multiaxial loading conditions 
requires a multiaxial fatigue theory that indicates which stress or strain parameter(s) best mea- 
sure the severity of  the fatigue damage. The validity of  the multiaxial fatigue theory can only 
be assessed relative to its agreement with experimental data. It is highly desirable for the theory 
to make life prediction possible with a minimum of test data. Due to the complexity of  mul- 
tiaxial fatigue testing under a triaxial state of stress, multiaxial fatigue theories are commonly 
developed by conducting biaxial fatigue tests, where stresses or strains are measured and con- 
trolled in two principal directions. 

Multiaxial fatigue analysis can be carded out by defining an equivalent strain, such as the 
von Mises yield criterion, which has frequently been used to determine the equivalent strain. 
There is considerable experimental evidence suggesting that, at room temperature, the von 
Mises (octahedral shear strain) theory is valid over a wide variety of  materials and stress states 
[1-4]. However, experimental results show that the greatest shortcomings of  the yon Mises 
theory when used for fatigue analysis occur in correlating torsional fatigue data with test data 
obtained at other stress states [5-9]. Blass and Zamrik [6] showed that the biaxial (axial-tor- 
sion) fatigue data on Type 304 stainless steel, when correlated using von Mises equivalent 
strain range, were lower bounded by the uniaxial fatigue data and upper bounded by the pure 
torsion fatigue data. The pure torsion fatigue life was greater by a factor of  two, and the differ- 
ence was attributed to the effect of  the stress state on ductility. 
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The Triaxiality Factor Concept 

A number 0finvestigators have used the triaxiality factor (TF) concept to show the effect of  
stress state on ductility. The early development of  the concept is due to Davis and Connelly 
[ 10], who showed that the ductility decreases as a result oftriaxial tension. They proposed that 
an effective ductility, "~:, under multiaxial loading conditions may be obtained by 

ejo (1 )  
E : -  T F  

where e:0 is the tensile ductility (tensile elongation), and 

TF = (al + a2 + a3) - Ii (2) 
1 

= [(,~, - o '9 ~ + ( ,~  - ,~3)~ + (o-~ - ,~,)21'/2 '~'~ 
V2 

The triaxiality factor (TF) is equal to one for the uniaxial case, zero for pure torsion, and two 
for the biaxial case. Their view was that the effective ductility decreases as TF increases. Man- 
son and Halford [11] analyzed the test results of  Blass and Zamrik [6] on Type 304 stainless 
steel at room temperature and at 1100*F (593"C) and 1200*F (650"C) and showed that the 
octahedral shear strain theory could not correlate the experimental fatigue results. Blass and 
Zamrik showed that pure torsional fatigue life was consistently greater than uniaxial fatigue 
life at both room and elevated temperatures for the same equivalent octahedral strain range. 
In fact, the pure torsional data were less damaging by a factor of  two in comparison with the 
uniaxial data. Based on this observation, Manson and Halford proposed a modified von Mises 
equivalent plastic strain range (Ae p) by introducing a multiaxial factor (MF) such that 

A*e~ = MF Ae~ (3) 

where 

MF = TF for TF >__ 1 (4) 
1 

MF - 2 -- T-----F for TF _< 1 (5) 

Manson and Halford correlated the data of  Blass and Zamrik for the uniaxial case (MF -- 1) 
and the pure torsion case (MF = ~). Using the MF procedure, an excellent correlation was 
obtained between axial and torsional fatigue data when plotted versus cyclic life (N:). Blass 
and Zamrik, in reply, showed that on a specific set of  data for TF _< 1, a good correlation exists 
using the MF factor. However, for TF > 1, the MF procedure does not predict a good corre- 
lation between axial and torsional fatigue data. 

Manjoine [12] and Marloff[13] have applied the concept of  triaxiality factor to explain the 
effect of  stress state on ductility at elevated temperatures under monotonic loading. The mea- 
sured reduction in ductility for a number of  materials versus triaxiality factor is shown in Fig. 
1. Manjoine's experimental results indicated that for a given temperature and strain rate, duc- 
tility decreases as triaxiality factor increases. The data correlated well with a triaxiality constant 
(C~F) when expressed as 

CTF = 2 I-TF (6) 
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FIG. 1-- Triaxiality factor, TF = I z//~r eq. 

Marloffet al. [14] proposed that in multiaxial low cycle fatigue a strain life equation, similar 
to the Coffin-Manson relation, maybe  expressed in terms ofvon Mises equivalent total strain 
range as 

ae~ = BN7 b + 21-rFCN7 < (7) 

The plastic strain component is modified by a triaxiality factor and the constants B and C are 
found from uniaxial fatigue data. The TF can be expressed as a function of  Poisson's ratio 

l + v  
TF -- (1 - /1 + /12) 1/2 ( 8 )  

where for the plastic condition (/1 = 0.5), TF = 1.732. Using the TF concept, they reported 
good agreement using Eq 7 with the experimental results. 

Marloffet al. [ 14] also examined published biaxial fatigue data on Cr-Mo-V steel conducted 
at room temperature by Lohr and Ellison [15] and Liddle and Miller [16] and at room tem- 
perature and 1050*F (565"C) by Brown and Miller [ 17]. The Brown and Miller data were from 
combined axial-torsion tests conducted at fixed ratios of  shear to axial strain ranges. Such 
stress states produced triaxiality factors between 0 and 1. The materials used in these investi- 
gations were similar in chemical composition and tensile properties to materials used by Mar- 
loft et al. 

The predicted life was based on Eq 7 using the appropriate uniaxial constants. The Lohr and 
Ellison [15] data were from biaxial fatigue tests on tubular specimens subjected to the com- 
bined axial loading and internal pressure at a fixed ratio r (ratio of surface principal strains, 
smaller/larger). Four different stress states resulted in triaxiality factors of TF -- 1 for the uni- 
axial case, TF = 1.73 for the plane strain case, TF = 2 for the equal biaxial case, and TF = 0 
for the pure torsion case. The worst case of  @ --- 1 (equal biaxial case) predicted the life to be 
65% of the actual experimentally observed fatigue life. Life prediction of  room temperature 
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test results by Lohr and Ellison [ 15], Liddle and Miller [ 16], and Brown and Miller [ 17], were 
within the factor of + 1.5 in life. The correlation of  the elevated temperature test results in 
terms of  measured versus predicted life was within a factor of  + 2 in life. Since Marloff et al. 
[13] modified the von Mises equivalent plastic strain by a triaxiality factor, they suggested a 
factor of  2 (vv-l) for - 1 --< TF --< + 3, and Marloff noted that the multiaxiality factor (MF) 
defined by Manson and Halford and 2 ~ differ very little from each other. From a practical 
standpoint, this range of  TF covers most of  the loading conditions of  interest so that either 
factor may be employed. For much larger values of  the TF, however, the two factors differ 
significantly. 

Bonacuse and Kalluri [ 18] conducted a series of  strain-controlled, in-phase combined axial- 
torsion fatigue tests on Type 304 stainless steel at room temperature. Three multiaxial fatigue 
life prediction models were examined by using Type 304 stainless steel uniaxial fatigue mate- 
rial constants reported by Bannantine and Socie [19].The Socie [20] and Smith, Watson, and 
Topper (SWT) [21] and Manson and Halford [11] models were used for comparison. The 
predictions by the Manson-Halford model and the SWT model were closer to the experimen- 
tal results than those obtained by the Socie shear strain model [20]. This difference was attrib- 
uted to the tensile mode of  cracking exhibited by Type 304 stainless steel at room temperature. 

Proposed Fatigue Model Using the Triaxiality Factor Concept 

Inclusion of  the triaxiality factor (TF) in the von Mises criterion is significant in that it rec- 
ognizes the effect of hydrostatic pressure via the parameter I,. This allows the proposed model 
to distinguish between fatigue life under multiaxial tension (I, > 0) and compression (Ii < 
0), thus reflecting proper fatigue behavior of  material under superimposed hydrostatic pres- 
sure. Ideally, triaxiality factor (TF) can vary from + ~ (under pure hydrostatic tension), where 
materials become brittle, to - co (under pure hydrostatic pressure), where most brittle mate- 
rials become ductile. Practically, however, the triaxiality factor has been limited to experi- 
mentally attainable values which are within the range 0 < TF < +6 ,  as shown in Fig. 1. 

The proposed biaxial fatigue model, to be discussed in the sections that follow, was initially 
developed for LCF using the triaxiality factor and was based on the Coffin-Manson relation- 
ship. However at a later date, by examining the strain transition from low cycle fatigue (LCF) 
to high cycle fatigue (HCF), the model was extended to cover the total strain range region by 
using a modified von Mises equivalent strain. 

Fatigue Transition Cycle 

The strain transition from LCF to HCF could be considered to occur at a cycle where the 
elastic and plastic components of  the total strain are equal. The transition cycle corresponds 
to the intersection of  the elastic and plastic strain life lines. This transition point may be used 
to relate the fatigue strength and ductility coefficients of  the material. This relation will be dis- 
cussed under uniaxial and pure torsion cycling for the purpose of  correlating fatigue data 
obtained under the following loading conditions: uniaxial, pure torsion, and combined axial- 
torsion (biaxial). 

Uniaxial 

Under uniaxial total strain range cycling, the fatigue transition cycle (2Nr) occurs when the 
elastic and plastic components of the total strain range are equal. It follows that 

O• b t c (2Nr)~ia = ek(2Nr)~i~ (9) 
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and the ratios of  Nr become 

( 2 N r ) ~  - ~r'//E e~ (10) 

The right-hand side of  Eq 10 represents the ratio of  the elastic and plastic strain life intercepts 
at 2NT = 1. 

Pure Torsion 

Under pure torsion loading, the total shear strain-life relationship is analogous to the uni- 
axial case and can be written as 

1 t 1 1 _~ A,xy = ~ A , ~  + ~ A,~y = (2N:)bo + ,~(2N:)co (11) 

By equating the two shear strain components at the transition cycle, the transition cycle ratio 
is 

oo-~o _ ~ ' / 6  (2Nr)to~io. 3,) (12) 

where ,~ is the torsional fatigue ductility coefficient defined by the strain intercept at one load 
reversal (2N: -- 1), b0 is the torsional fatigue strength exponent, and co is the torsional fatigue 
ductility exponent. 

Combined Axial- Torsion (Biaxial) 

In order to make a comparison between uniaxial and pure torsion loading, the von Mises 
equivalent strain is used. Under combined axial-torsion loading, the state of strain is as follows 

ex v ~ 0 

ey -- e, -- --vex (13) 
,,~ 4= 0 

,yz = 3'= -- 0 

The von Mises criterion reduces to 

[ 3 , 2 ]  ./2 (14) 
e~a : e] + 4(1 + v) -------------~ 

where v is the Poisson's ratio. For the pure torsion case, the von Mises equivalent elastic strain 
is 

or in terms of  cycles 

x/5 ~ (2N::. (16) 
Ae~ to.on -- 2(1 + : )  

C o p y r i g h t  b y  A S T M  I n t ' l  ( a l l  r i g h t s  r e s e r v e d ) ;  W e d  D e c  2 3  1 9 : 1 6 : 2 0  E S T  2 0 1 5
D o w n l o a d e d / p r i n t e d  b y
U n i v e r s i t y  o f  W a s h i n g t o n  ( U n i v e r s i t y  o f  W a s h i n g t o n )  p u r s u a n t  t o  L i c e n s e  A g r e e m e n t .  N o  f u r t h e r  r e p r o d u c t i o n s  a u t h o r i z e d .
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and the plastic shear strain component  is 

= - ~  (2Ni) c~ (17) 

At the fatigue transition cycle 

! 

2(1 ~ v e) (18) 

Hence, the transition cycle ratio is given by 

( 2 N r ) ~  - 3 rj____G (19) 
2(1 + v e) ~'} 

The right-hand side of  Eq 19 represents the ratio of  the elastic and plastic strain life intercepts 
at 2N~ = 1. 

Figure 2 is a schematic representation of the von Mises equivalent elastic, plastic, and total 
strain versus fatigue life for uniaxial and pure torsion. From Fig. 2, the pure torsional and 
uniaxial fatigue ductility coefficients, ~,j ~ and e}, respectively, are located at the intercept of  
Lines(l)  and (2) with 2Nz = 1. Subsequently, the normalized pure torsion and uniaxial fatigue 

~/3 r'JG , 
strength coefficients, (~2-~] -~_ ~,-~ , a J E )  , respectively, are located at the intercept of Lines (3) 

and (4) with 2N I = 1. The fatigue transition cycle for pure torsional strain cycling is located at 
the intercept of  Lines (1) and (3) and is identified by Line (5) in Fig. 2. Similarly, the fatigue 
transition cycle for uniaxial strain cycling is located at the intercept of  Lines (2) and (4) and is 
identified by Line (6). Although it has been shown experimentally [9,22,23] that the stress state 
has a minor effect on the fatigue exponents of  the Coffin-Manson relationship, there is a def- 
inite effect on the fatigue ductility and fatigue strength coefficients. This can be seen in Fig. 2 
by the nearly parallel lines of  the elastic component  of  the uniaxial and pure torsion cases, and 
the plastic component  of  the uniaxial and torsion curves. Depending on the state of stress, the 
transition fatigue cycle will shift to the right of  the uniaxial transition point, indicating higher 
life for the same equivalent strain, or to the left, indicating lower life for the same equivalent 
strain. Therefore, if the equivalent strain, based on the von Mises yield criterion, correlates the 
fatigue data regardless of  stress state, the torsional transition cycle should coincide with the 
uniaxial transition cycle and should also be stationary. However, if the von Mises criterion 
cannot correlate the fatigue data under different stress states, then it is assumed that a shift in 
the transition cycle is caused by the state of  stress. 

The proposed biaxial fatigue model is based on the relationship between the fatigue transi- 
tion cycle in uniaxial and pure torsion. This is derived by dividing Eq 19 by Eq 10, which 
results in 

( 2 N r ) ~  _ 3 r'JG e' I 
c - b  ( 2 N r ) ~  2(1 + v ~) ~ / E  ~"I (20) 

The right-hand side of  Eq 20 is a constant determined by the fatigue properties under uniaxial 
and pure torsion conditions and is defined as the "Z-parameter"  expressed as 

3 r'J___GG e'f (21) 
Z = 2 (1  + v e-~) ~ / E  7'I 
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The Z-parameter will now be used to modify the Coffin-Manson strain-life relationship to 
develop a criterion for biaxial fatigue life prediction. 

It is proposed that the Coffin-Manson strain-life relationship can be extended to the mul- 
tiaxial in-phase strain control conditions by using the von Mises equivalent elastic and equiv- 
alent plastic strain-life relationship as 

1 t 1 ~ 1 p 

= B(2N/) -b + C(2N:) -~ 
(22) 

where B and C are material constants which are a function of  the metallurgical state, strain 
rate, temperature, and stress state {f(Ms, ~, T, cru) }. Under multiaxial stress conditions, C is 
related to the uniaxial fatigue ductility coefficient (e~) and with the state of  stress (a0) through 
the triaxiality factor (TF) as 

C = (M-rF)e~ (23) 

where A is a ductility parameter. Based on experimental data [22], A was found to be 1.8; 
hence, the value of  2 was chosen. It should be noted that A may change from material to mate- 
rial depending of  the ductility of  the material being tested. This is the reason why Eq 23 spe- 
cifically was chosen to reflect the variation of  the fatigue ductility coefficient. The fatigue duc- 
tility coefficient has been shown to be an effective parameter for describing ductility under 
multiaxial stress conditions [12] and has been used to correlate multiaxial fatigue data when 
the applied strain is well within the plastic regime [ 13,11,18]. Similarly, it is assumed that the 
material constant, B, is a function of  the stress state at a given temperature and its variation 
with the state of  stress can be expressed through the Z-parameter and TF as 

B = (Z '-TF) ~ (24) 
E 

Therefore Eq 22 becomes 

1 , 1 1 
5 Ae,,q = -~ Ae~ + -~ Ae~ = Zl-~d--g(2N:)bE + A'-r%)(2N:)C (25) 

Equation 25 can be rewritten in terms of  a modified von Mises equivalent strain, A*e~, by 
rearranging the elastic component t ~ the following form 

l ! ZTF - ,  = ~rZ (2N:)b Ae~ 
E 

(26) 

The left-hand side of  Eq 26 can now be expressed as a modified von Mises equivalent elastic 
strain component as 

1 1 e A*e~ = Z rv-l ~ Ae~ d--'I (27) 

Similarly, for the plastic strain component, the modified von Mises equivalent plastic strain 
component can be expressed as [ 14] 

A*e~ = A av-~ ~Ae~ = e~(2N/) c (28) 
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94 ADVANCES IN MULTIAXIAL FATIGUE 

Therefore, the modified von Mises equivalent total strain can be written as 

1 (Z w-l) ~Ae~ + (A w- ' )  IAe~ (29) 

When TF = 1, the modified von Mises equivalent strain reduces to the simple uniaxial strain 
case given by 

= A e  = E (2N: :  +  X2N:y (30) 

A n a l y s i s  o f  Fat igue  T e s t  Resu l t s  

Fatigue tests were conducted on thin-walled, tubular annealed Type 316 stainless steel (Heat 
8092297) specimens at an elevated temperature of 1150~ (621 ~ under continuous cycling 
at a frequency often cycles per minute to minimize the creep effect. The tests were conducted 
under uniaxial, pure torsion, and combined in-phase axial-torsion (biaxial) strain cycling. The 
following four aspects of the experimental results are discussed: 

1. Uniaxial continuous cycling fatigue data using the Coflin-Manson strain-life rela- 
tionship. 

2. Pure torsion continuous cycling fatigue data using the Coffin-Manson strain-life rela- 
tionship. 

3. Analysis of uniaxial, pure torsion, and combined axial-torsion continuous cycling 
fatigue data using von Mises equivalent strain. 

4. Analysis of uniaxial, pure torsion, and combined axial-torsion fatigue data using von 
Mises equivalent strain modified by the proposed Z-parameter. 

Uniaxial Continuous Cycling Fatigue Data 

The Coffin-Manson strain-life relationship was used to analyze the uniaxial fatigue data. 
The plastic and elastic components of the total strain range were measured at mid-life from a 
stabilized hysteresis loop and were fitted to the plastic strain-life relationship. Failure was 
defined as a 10% drop in the applied load from the stabilized cycle load range identified from 
the strip chart record. Uniaxial fatigue data of Wareing [24] on similar Type 316 stainless steel 
at 1150*F (62 l 'C) were included in the regression analysis. The magnitude of uniaxial fatigue 
constants at the applied temperature were determined from regression analysis and are given 
in Table 1. On the basis of total strain amplitude, in unit percent, th,  uniaxial fatigue data is 
described by the following equation 

1 , 1 ~ 1 
= + 

= 0.53(2Nf) -~ + 37.77(2Nf) -~ 

The fatigue lives are plotted as a function of strain amplitude in Fig. 3. 

(31) 

Pure Torsion Continuous Cycling Fatigue Data 

Similar to the uniaxial fatigue data expressed by Eq 31, pure torsion fatigue data were ana- 
lyzed using the following total shear strain-life relation 

1 t 7t  
A3' = L/(2N/)b0 + 3,~(2N:)C0 (32) 

Lit 
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TABLE 1--Fatigue data at l I50*F (621"C). 

95 

Fatigue Data 

Axial fatigue strength coefficient, cr~ 
Young's modulus, E, (mid-life cycle) 
Ratio of ~r~/E 
Axial fatigue strength exponent, b 
Axial fatigue ductility coefficient, ~ 
Axial fatigue ductility exponent, c 
Uniaxial fatigue transition reversals, 2Nr 
Torsional fatigue strength coefficient, (z~) 
Shear modulus, G, (mid-life cycle) 
Ratio of r~/G 
Torsional fatigue strength exponent, b0 
Torsional fatigue ductility coefficient, 7) 
Torsional fatigue ductility exponent, Co 
Torsional fatigue transition reversals, 2Nr 

104.70 ksi (721.9 MPa) 
19 750 ksi (136.2 GPa) 
0.0053 
-0.13 
0.3773 
-0.63 
5079 cycles 
73.37 ksi (505.9 MPa) 
6670 ksi (45.99 GPa) 
0.011 
-0.13 
0.6381 
-0.563 
11 820 cycles 

The failure in pure torsion fatigue was also defined by a 10% load (torque) drop from the sta- 
bilized cycle load range. The pure torsion fatigue constants in Eq 32 at the applied temperature 
of  1150*F (62 l 'C)  were also determined from the regression analysis and are given in Table I. 
It should be noted that the value for G in Table 1 determined by the regression analysis is less 
than that which would be calculated using the E value in Table 1 and a Poisson's ratio u e = 
0.3. However, the discrepancy is small and should not affect the proposed concept and for 
simplicity the value o f :  = 0.3 was used. The coefficients are numerical numbers fitted to the 
data and are used to illustrate the computat ional  scheme. Substituting the coefficients given 

1 0  

v 

, d  
e ~  

z; --lea 

10_1 

0 Total 

,~ Elastic 

0 Plastic 

Dark Symbols Wateing [24] 

AE t = 0.53 (2Nf) "~ + 37.77 (2Nf) " ~  

1 ~  2 ~ 1  I I I I l l l  I I I 1 1  I t I I 1 I 1 I I I  I I I I I I I I  

10 ~- 1 0  3 10 4 10 5 10 6 

REVERSALS TO FAILURE, 2N f 

FIG. 3--Axial strain amplitude versus number of  reversals to failure in uniaxial fatigue at cyclic fre- 
quency of l O cpm. Annealed Type 316 stainless steel material (Heat 8092297) tested at l I 50~ (621"C). 
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96 ADVANCES IN MULTIAXIAL FATIGUE 

in Table 1 into Eq 32, the pure torsional fatigue data are described by the following 

1 t ~A'r = I.l(2N:) -~ + 63.81(2N:) -~ (33) 

Fatigue cycles as a function of  shear strain amplitude are shown in Fig. 4 up to 1 • 105 
reversals. 

Combined In-Phase Axial- Torsion Strain 

Biaxial fatigue experiments using Type 316 stainless steel were conducted under combined 
in-phase axial-torsion strain using a frequency of  10 cpm and at 1150*F (62 l'C). In these com- 
bined tests, the strain biaxiality ratio, (~, -- A~//Aetx), is defined as the ratio of the total shear 
strain range to the total axial strain range. However, in all these combined tests tAex was kept 
at a constant value of  approximately 0.4 to 0.5%. The fatigue data were analyzed by measuring 
both the elastic and plastic shear and axial strains from their respective stabilized hysteresis 
loops recorded at mid-life. The failure criterion was also defined by a 10% load drop of either 
the axial or torsional load from their respective stabilized cycle load range level. 

Analysis of Fatigue Data Using the von Mises Equivalent Strain Criterion 

Fatigue data under uniaxial, pure torsion, and combined axial-torsion (biaxial) tests were 
analyzed using von Mises equivalent strain defined by 

E 1 3 ~,2 
e~ = e2x+ 4(1 + v) 2 ~ (14) 

The von Mises total equivalent strain was then calculated by summing the von Mises equiv- 
alent elastic and plastic strain components. Comparison of  the fatigue data on the basis of  
elastic, plastic, and total von Mises equivalent strains versus 2N:are shown in Figs. 5, 6, and 
7, respectively. As can be seen, the von Mises equivalent strain cannot correlate the torsion 
and the combined axial-torsion fatigue data to that of  the uniaxial data. Moreover, the fatigue 
life in torsion is considerably greater than in the uniaxial case for the same equivalent strain. 
The results also indicate that combined axial-torsion fatigue data are somewhat bounded 
between uniaxial and pure torsion. 

Analysis of Fatigue Data Using a "Modified" von Mises Equivalent Strain Criterion 

The concept of triaxiality factor (TF) and the proposed Z-parameter are used to modify the 
von Mises equivalent strain to analyze fatigue data under continuous strain cycling. The Z- 
parameter value was determined by substituting uniaxial and pure torsional fatigue constants 
into the Eq 21, which resulted in a value of  1.42. Using this value for the Z-parameter, the data 
obtained from all fatigue tests can be reanalyzed on the basis of  the modified von Mises equiv- 
alent strain as shown in Fig. 8. The von Mises equivalent plastic strain-life relationship, when 
modified by (A TF-') [ 14], yields 

l p "IF 1 ~Ae~A - = e)(2N:) c (28) 
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FIG.  4--Shear strain amplitude versus number of reversals to failure in pure torsion fatigue at cyclic 
frequency of l O cpm. Annealed Type 316 stainless steel material (Heat 8092297) tested at 1150*F (621"C). 

.J 

< 

u 
p 
< 
.J 

> 

c, 

7" 
O > 

= ~ 1o-i 

--AE: = = ' -  (2.aN f } be 
I2 ~homon 20+v ) G 

[ = 0.733 12NI'}" 0.13 

= o . s s ( : N f )  - ~  

I 21 1 ,'2 

[ 4{I+Ve}" J 

zo-2 ~ 
lO 2 10 3 10 4 

O 0.0 
A 3.62 
r"l 2.5 

2.0 
O Lo 

"-.--- Pure Torsion 

Uniaxiul - -  

~e 

Ex 

V == 0 .3  

10 S 10 6 

REVERSALS TO FAILURE., 2N f 
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steel material (Heat 8092297) tested at 1150"F (621"C). 
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FIG. 6--yon Mises equivalent plastic strain amplitude versus number of reversals to failure in uniaxial, 
pure torsion, and combined axial-torsion fatigue at cyclic frequency of l 0 cpm. Annealed Type 316 stainless 
steel material (Heat 8092297) tested at l150*F (621"C). 
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FIG. 7--yon Mises equivalent total strain amplitude versus number of reversals to failure in uniaxial, 
pure torsion, and combined axial-torsion fatigue at cyclic frequency of l O cpm. Annealed Type 316 stainless 
steel material (Heat 8092297) tested at 1150"F (621~ 
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FIG. 8--Analysis of uniaxial, pure torsion, and combined axial-torsion fatigue data at cyclic frequency 
of l O cpm using yon Mises equivalent elastic strain modified by proposed Z-parameter. Annealed Type 316 
stainless steel material (Heat 8092297) tested at l l SO~ (621~ 
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FIG. 9--Analysis of uniaxial, pure torsion, and combined axial-torsion fatigue data at cyclic frequency 
of lO cpm using yon Mises equivalent inelastic strain modified by triaxiality factor, TF. Annealed Type 
316 stainless steel material (Heat 8092297) tested at 1150*F (621"C). 
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100 ADVANCES IN MULTIAXIAL FATIGUE 

which, as shown in Fig. 9, is in good agreement with the experimental results. Therefore, the 
modified von Mises equivalent total strain-life relationship can be written as 

1 (ATF_I) 21 ' ( Z  Tv-') ~ Ac~ + Ae~ = ~ (2N/) ~ + e}(2N/) ~ (29) 
E 

Discuss ion 

The correlation of  pure torsion and combined axial-torsion from uniaxial fatigue based on 
the modified yon Mises equivalent total strain amplitude is shown in Fig. I0. As can be seen, 
excellent agreement is achieved using the proposed criterion where data from individual tests 
collapse to the uniaxial fatigue curve. Based on the proposed model, any TF value can be used 
to predict fatigue life from the uniaxial fatigue curve as illustrated in Fig. 1 I. The success of 
the proposed model is in the incorporation of  stated material properties, which are essential 
factors in fatigue analysis. 

The proposed biaxial fatigue model is based on the concept of the fatigue transition cycle, 
which corresponds to the intersection of the elastic and plastic strain life lines. This point of 
intersection can be used to combine the elastic and plastic material fatigue constants. The pro- 
posed Z-parameter is based on the ratio of the torsional fatigue transition cycle properties to 
that of the uniaxial fatigue transition cycle properties. If the value of  the proposed Z-parameter 
based on the von Mises yield criterion is unity, then the fatigue transition cycle is stationary. 
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Hence, the von Mises equivalent strain criterion should correlate the biaxial fatigue data. The 
von Mises criterion has been shown to correlate the biaxial fatigue data for some materials, 
especially at room temperature. 

Figure 12 shows a reasonable correlation of pure torsion fatigue data ofAISI 1045 steel with 
those of uniaxial fatigue data at room temperature using von Mises equivalent strain criterion 
[22] in which the experimental value of Z-parameter was found to be unity. However, the 
majority of the experimental results indicate that the von Mises criterion cannot predict biax- 
ial fatigue data from that of the uniaxial fatigue response, and that the torsional fatigue life is 
consistently higher than that of uniaxial fatigue life at the same von Mises equivalent strain. 
This indicates that the transition cycle in torsional fatigue is higher than the transition cycle 
in uniaxial fatigue, leading to a value greater than one for the Z-parameter. 

The uniaxial and pure torsional fatigue data reported by Bonacuse and KaUuri [25] on 
Haynes 188 material (a cobalt-base alloy) conducted at 1400*F (760"C) are shown in Figs. 13 
and 14, respectively. The Haynes 188 uniaxial and pure torsion fatigue data, based on the von 
Mises equivalent total strain, are shown in Fig. 15: Using the proposed Z-parameter concept 
for this material (the Z-parameter was found to be 1.23), the pure torsion and uniaxial fatigue 
data of Fig. 15 combined into a simple curve as shown in Fig. 16. Figure 17 shows a good 
prediction of pure torsion fatigue life from uniaxial fatigue properties using the von Mises 
equivalent plastic strain modified by TF and the equivalent elastic strain modified by the pro- 
posed Z-parameter. As seen in Fig. 17, excellent agreement is achieved using the proposed 
model. 
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S u m m a r y  a n d  C o n c l u s i o n  

The triaxiality factor, TF, wlrich accounts for the effect of  stress-state on ductility has been 
used to correlate multiaxial fatigue data by modifying the von Mises equivalent strain range. 
A fatigue model that relates uniaxial, pure torsion, and combined axial-torsion (biaxial) 
fatigue data has been proposed. It is based on a transition point on the fatigue curve, which 
combines the fatigue ductility and strength coefficients of  the material through the Z- 
parameter. 
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ABSTRACT: An incremental multiaxial life prediction law (IMLP) is proposed which consists 
of the three-dimensional thermoviscoplasticity theory based on overstress (TVBO) combined 
with a multiaxial damage accumulation law (MDA) to compute the life-time or cycles-to-crack 
initiation. Crack growth is not considered in this paper but is needed to ascertain the useful life 
of a component. The method is intended for application to high-temperature low-cycle fatigue 
with and without hold times and for triangular and trapezoidal waveforms when creep-fatigue 
interaction takes place. 

The deformation behavior is determined by solving the coupled differential equations of 
TVBO for the strain variation of interest, i.e., continuous cycling, hold times, or fast/slow or 
slow/fast loading. Only the cyclic neutral version of TVBO is used here, although cyclic hard- 
ening and recovery of state formulations are available. 

The incremental damage accumulation law consists of a fatigue and a creep damage rate equa- 
tion. When the sum of creep and fatigue damage reaches 1, crack initiation is said to occur. The 
damage accumulation equations assume that the combined actions of stress and inelastic strain 
rate contribute to damage and that damage evolution does not influence the constitutive equa- 
tion. Fatigue damage always accumulates, but a negative creep damage rate is possible to allow 
for healing (creep damage is, however, always positive). In accordance with scarce experimental 
evidence, the maximum inelastic shear strain rate, a hydrostatic pressure-modified effective 
stress, as well as a parameter which depends on the multiaxiality of loading are used in each 
damage rate equation. The multiaxiality loading parameter depends on maximum inelastic 
shear strain rate for fatigue damage, while it is a function of maximum principal stress for creep 
damage. 

All material constants for TVBO and MDA are determined from isothermal tests on Type 304 
Stainless Steel (SS) at 538"C using data of Zamrik [1], Blass and Zamrik [2], and Blass [3]. The 
damage accumulation law correlates fatigue life under biaxial (tension-torsion) cycling with and 
without hold times. Only the results of one biaxial test series were available to compare the gen- 
erally favorable predictions (correlations) with experiments. 

KEY WORDS: thermoviscoplasticity, multiaxial creep-fatigue interaction, thermomechanical 
loading, 304 stainless steel, thermal fatigue 

The  design o f  machines  and devices for appl ica t ion  in severe loading conditions, such as 
variable temperature,  mult iaxial  stress state, variable frequency, and hold t imes with creep and 
relaxation, is a p roblem of  growing importance.  The  interrelationships between the thermal  
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and the mechanical deformation, between creep and fatigue, and between the multiaxial stress 
state and the failure mode are very complicated and need to be modeled. 

Creep-fatigue interaction is a problem occurring in high-temperature nuclear vessels, jet 
engines, and steam and gas turbines due to temperature changes arising from startups and 
shutdowns and has been widely studied. In simulated service testings, components are sub- 
jected to periodic sawtooth, trapezoidal, and other thermomechanical loadings to study the 
time-dependent low-cycle fatigue damage development. Significant time(rate)-dependent 
effects are found. The analysis of the low-cycle fatigue life of these structural components must 
not only account for the time (rate) dependency but also for multiaxiality of the stress state. 

Most of the creep-fatigue interaction problems were investigated at isothermal, uniaxial 
conditions. The approaches range from algebraic to incremental formulations. The former 
must assume a typical cycle, whereas arbitrary loading histories can be considered using the 
incremental laws. 

Coffin [4] introduced the frequency-modified Coffin-Manson equation with redefined fre- 
quency for hold-time fatigue tests to describe the low-cycle fatigue behavior under uniaxial 
trapezoidal waveform loadings. To account for slow-fast, fast-slow wave form effects Coffin 
[5] proposed the "frequency separating method," in which the tension-going frequency plays 
a major role in the fatigue life computation. Manson et al. [6] developed the "strain range 
partitioning" method to calculate the low-cycle fatigue life under uniaxial creep-fatigue inter- 
action. This method is then extended to the analysis of multiaxial creep-fatigue interaction 
conditions [ 1, 7]. 

Majumdar and Maiya [8] introduced an incremental life prediction law for uniaxial creep- 
fatigue interaction. Later Majumdar extended it to a multiaxial version and correlated the 
biaxial time-dependent fatigue life of 304 SS at 1000~ [9]. Krempl et al. [10] modified 
Majumdar and Maiya's [8] law. Essentially, plastic strain was replaced by stress. This new law 
was combined with the viscoplasticity theory based on overstress (VBO) [ 11 ] to correlate and 
predict the low-cycle fatigue lives under uniaxial creep-fatigue interaction conditions. 

Usually isothermal life prediction laws are applied to thermal fatigue by considering only 
the highest temperature (usually the worst). Unfortunately, thermomechanical fatigue exper- 
iments [12] can exhibit a much lower fatigue life than those found at the highest temperature 
of the cycle under the same mechanical loading. Extension of life prediction to variable tem- 
perature conditions requires that material properties be introduced as a function of tempera- 
ture and that the effects of thermal expansion be properly recognized. One such approach will 
be presented below. 

Life prediction laws which lend themselves naturally to the evaluation of the life spent under 
variable loading are those formulated in incremental form [8,10,13]. By virtue of their incre- 
mental nature they can be integrated for any stress or strain path and give an indication of the 
life used up under such paths. In the case of periodic steady-state cycling, only one cycle needs 
to be considered as in the case of algebraic laws. 

Due to the path dependence of the inelastic deformation of metals, material models for the 
prediction of deformation must also be formulated in an incremental fashion. Such an incre- 
mental formulation couples naturally with an incremental life prediction law. However, it is 
also possible to integrate the constitutive equation for a certain typical cycle, to plot the results 
in terms of stress versus strain, and to determine the quantities of interest for algebraic 
life prediction laws from the calculated hysteresis loops instead of from the experimental 
ones. 

The purpose of this paper is to introduce an incremental multiaxial life prediction law 
(IMLP) for multiaxial creep-fatigue interaction under thermomechanical loading. IMLP con- 
sists of the three-dimensional thermoviscoplasticity theory based on overstress (TVBO) [14] 
and a multiaxial damage accumulation law (MDA). Time-dependent thermomechanical 
behavior and temperature-dependent material properties are modeled by TVBO, and the mul- 
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tiaxial creep-fatigue damage is determined by integrating two temperature-dependent damage 
rate equations using the inelastic strain rates and stress computed from TVBO. The calculated 
cycles to failure are compared with the observed values and the results are discussed. 

Theory 

Thermoviscoplasticity Theory Based on Overstress (TVBO) 

The theory developed by Lee and Krempl [14] is for infinitesimal strain and orthotropy. It 
is of  unified type and does not use a yield criterion and loading/unloading conditions. The 
elastic strain is formulated to be independent of thermomechanical path and the inelastic 
strain rate is a function ofoverstress, the difference between stress a, and the equilibrium stress 
g; it is a state variable of  the theory. 

The long-term asymptotic values of stress, equilibrium stress, and kinematic stress rates, 
which can be obtained for a constant mechanical strain rate and ultimately constant temper- 
ature, are assumed to be independent of  thermal history as are the ultimate levels of  the rate- 
dependent overstress and of  the rate-independent contribution to the stress, see Yao and 
Krempl [15]. Therefore, the material functions and constants can in principle be obtained 
from isothermal tests within the temperature range of  interest. 

All material constants can be functions of  temperature. This dependence is not explicitly 
displayed. The temperature dependence can be the usual Arrhenius relation or can deviate 
from that model. 

For the representation of  the equations, the usual vector notation for the stress tensor com- 
ponents ~r and the small strain tensor components e are used. Boldface lower and upper case 
letters denote 6 X 1 and 6 • 6 matrices, respectively. 

Flow Laws--In the context of  an infinitesimal theory, the total strain rate, de/dt, is consid- 
ered to be the sum of elastic, dcet/dt, inelastic, de~'/dt, and thermal strain rates, ddh/dt, 

= ~et+ U, + uh (1) 

A superposed dot represents the total time derivative, d/dt. 
For each strain rate, a constitutive equation is postulated. The elastic strain is assumed to 

be independent of  thermal history, therefore, 

d ~el = ~ ( c - l o . )  = c - l ~ . . . ~  ~ - I  O. (2) 

where C-1 is the compliance matrix. The additional term (?-~a contributes to the total strain 
rate for temperature-dependent elastic material properties. It insures that the elastic behavior 
is path-independent, see Lee and Krempl [ 16]. 

The inelastic strain rate is only a function of  the overstress x. It denotes the difference 
between the stress ~ and the equilibrium stress g, a vector state variable of the theory. 
Accordingly, 

~i. = K-Ix  (3) 

The viscosity matrix K -t controls the rate dependence through the positive, decreasing vis- 
cosity function k[F]. 

The thermal strain rate is given by 

~'~ = ~ [ ~ ] ~  (4) 
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110 ADVANCES IN MULTIAXIAL FATIGUE 

with a[  T] the temperature-dependent coefficient of  thermal expansion vector. T is the tem- 
perature difference from some datum temperature. 

Growth Laws for the State Variables--In addition, growth laws for the two state variables 
of  TVBO [14], the equilibrium stress g, and the kinematic stress f, are modified and are given 
a s  

= q [ r ]  b +  x + ~ -  

f _  E t  x 

E, Ek[r] 
1 - - -  

E 

(5) 

(6) 

respectively, with 

1,2 = x t H x ,  ~ z  = (~ / , , yQ~/ , , ,  x = o- - g ,  a n d  z = g - f (7) 

In the above F is the overstress invariant, and ~ is the rate of  inelastic strain path length. The 
dimensionless modified shape functions q controls the shape of  the stress-strain diagram. E, is 
the tangent modulus at the maximum strain of  interest and can be positive, zero, or negative. 
The vector z represents the difference between the equilibrium stress g and the kinematic stress 
f, and the value A is the difference between g~ andf~ in the asymtotic state. H and Q are dimen- 
sionless matrices representing orthotropy. For isotropy, their components are chosen to yield 
the von Mises effective stress and inelastic incompressibility, respectively. Asymptotic analyses 
for the uniaxial isothermal case in Refs 15 and 17 show that i' determines b ultimately. The 
purpose ofEq 6 is to set this slope, which can be positive, zero, or negative. The representations 
of  the material matrices for isotropy are given in the Appendix. 

The theory given above represents cyclic neutral behavior. Rate sensitivity, relaxation, and 
creep are modeled. Since no recovery of state is included, the creep behavior is controlled by 
the sign ofE,. IfE, > 0 the equations can only represent primary creep. Primary and secondary 
creep may be modeled for E, = 0; primary, secondary, and tertiary creep can be represented 
in principle if E, < 0. Note also that E, sets the slope of  the stress-inelastic strain curve of  the 
maximum inelastic strain of  interest through Eq 6, see the discussion of  VBO in Refs 11,15,17. 

When recovery of  state is included in the model [18-20], the creep behavior is no longer 
completely controlled by the sign of E, and secondary creep can be reproduced at stress levels 
which are in the linear region of  the stress-strain diagram. Also, the isothermal formulation of 
VBO has been extended to cyclic hardening [21-22]. It is possible to include this property as 
well as recovery of state in the TVBO theory. 

The Incremental, Multiaxial Damage Accumulation Law 

The multiaxial damage accumulation law (MDA) is proposed based on the modification of 
the incremental life prediction law for uniaxial creep-fatigue interaction [13]. The model 
includes the effect of hydrostatic stress on creep and fatigue damage. 

The importance of hydrostatic stress on the low-cycle fatigue life has been acknowledged 
[23-24]. Ductile materials can become brittle under hydrostatic tension, while brittle mate- 
rials may become ductile under hydrostatic pressure. To model the hydrostatic effects the tri- 
axiality factor TF ( = akk/aee) is used in the model, where akk is the first stress invariant and a~ 
is the yon Mises effective stress. (Tensor notation is used in this part of  the paper.) 

The present law is intended for the prediction of  crack initiation, which is assumed to occur 
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YEH AND KREMPL ON MULTIAXIAL LIFE PREDICTION LAW 111 

along the plane of  maximum inelastic shear strain rate [25]. The creep damage is assumed to 
be cavity type, which initiates on grain boundaries normal to the maximum principal tensile 
stress direction [9,26]. The proposed incremental multiaxial damage accumulation law con- 
sists of  a fatigue and a creep damage rate equa t ion / ) :  and/)~, respectively. Damage is only a 
counter and its evolution does not influence the constitutive equations. Fatigue and creep 
damage are set to be zero initially (for a virgin or fully annealed material), and crack initiation 
occurs if the sum of  fatigue and creep damage reaches 1. The incremental law is then given as 

+ ~reff mf _ 

19~ L +  "es" n~ aeff mc M f  c 

(8) 

( 9 )  

where 

M F f  = { 1 + a( 1 -- TF)} m/ 

MFc  = { 1 + b( l - TF)}"~ 

(10) 
(11) 

Failure is said to occur when 

D : + D c =  1 (12) 

Lfi is the fatigue loading function which models the effects of  multiaxial loading and temper- 
ature T. It is assumed to be controlled by the ratio of eT. and ~i s, where ~I. is the value of  the 
normalized maximum inelastic shear strain rate, and where ~,". is the value of normalized 
inelastic strain rate perpendicular t o the plane on which ~;~. acts [9,25]. The word "normal-  
ized" denotes that the multiaxial inelastic strain rates reduce to the uniaxial value for uniaxial 
loading�9 Accordingly, 

"~ -- ~le,~.- (13) ein el3.1 

eT. = 2(el. + c,.) (14) 

w h e r e ' l  .2 .3 .1 > .2 > .3 e;., e;., and e;. are the principal inelastic strain rates with e;. _ e;. _ e/.. For the case 
considered here (axial and torsional loadings), ~7. = e/. and e~. = [(~;.)= + %(+;.)=]1/2, where 
~;. and +;. are the inelastic axial strain rate and inelastic engineering shear strain rate, respec- 
tively. L~ + is the creep loading function which represents the effects of  the multiaxial loading 
and temperature, it  is a function of  the ratio of  maximum principal stress ~ and the von Mises 
effective stress #e: [9]. We define 

+ ~L~-[T], ~o >~ 0 (15) 
L~ ~--- Ly[o~, 7] = I L l [ T ] ,  o~ < 0 

+ [L+[T] ,  5 > 0 (16) 
L + ~ L ; [ 3 ,  T] = ILl- [T] ,  3 < 0 

where 

e'7, ~l 
~0 - -  e ~ , 3  - -  - -  

~ey 
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112 ADVANCES IN MULTIAXlAL FATIGUE 

L f  > 0 is postulated and the fatigue damage always accumulates, but a negative creep dam- 
age rate is allowed (creep damage is, however, always positive) through L~. For instance, L~ + 
= 1 and L c  = - 1 are assumed for the uniaxial case in tension and compression, respectively 
[13]. MF: and MFc are two multiaxiality factors, which are used to model the hydrostatic 
effects on fatigue and creep damage, respectively. Constants T:, To, ~:, and Q in Eqs 8-9 are 
introduced for dimensional considerations. They are set equal to 1 in the appropriate units. 
The other constants, n~ m~ ~ no, me, ac, a, and b, must  be determined from appropriate axial, 
torsional, and biaxial tests with and without hold time. 

Numerical Experiments 

Evaluation of Constants 

To model the multiaxial thermal t ime-dependent fatigue behavior, the material properties 
of  TVBO and MDA must be known as a function of  temperature. For  a complete determi- 
nation of the viscoplastic properties, strain rate change and relaxation tests are needed. Since 
such results are generally not available, the present analysis uses whatever data are available 
augmented by "educated guesses" of  the behavior to arrive at the material constants. The tem- 
perature-dependent material properties of TVBO and MDA are found from isothermal con- 
ditions and are interpolated for variable temperature. For  instance, a decrease in modulus and 
flow stress with increasing temperature has been assumed in Fig. 1 for an A 1 alloy of Ref 28. 

TVBO together with Eqs 8-16 constitute the incremental multiaxial life prediction law and 
must now be applied. The boundary conditions and the material properties must be specified 
for calculation. The integration of the coupled set of  differential equations is performed on a 
SUN 3 work station. 

The steady-state hysteresis loops under tension, torsion, and proportional biaxial loading 
with and without hold time for 304 SS at 538"C [1] are used to approximately determine the 
material constants of  TVBO at 538"C. The constants are listed in Table 1. 

Using TVBO and MDA lifetime at 538"C can be calculated. Experimental failure points of  
uniaxial, torsional, and biaxial low-cycle fatigue tests with and without hold time for 304 SS 
at 538"C [2,3] are used to identify the material constants of  MDA. Using uniaxial low-cycle 
fatigue tests with and without hold time, the constants n~ a:, and m:, and no, ac, and mc are 
determined assuming 

+ I L l  = 1, +,. >_ 0 (17) 
L :  = [L 7 O, e i .<O 

[L:= 1,.>_0 
L+ = [ L ;  - 1 ,  a < 0 (18) 

and MF: = MFc = 1. 

TABLE 1--Material properties of TVBO for AIS1304 SS. 

E(MPa) = 155000 v -- 0.29 
q[r] = ~,[rl/E 

Viscosity function: k[rl = kl 1 + ~ - k3 

kl -- 314 200 (s), k2 = 60 (MPa), k3 = 28 
Shape function: ~[r]  -- c~ + (c2 - c~) exp(-c3r) 
cl -- 79500 (MPa), c2 = 151 900 (MPa), c3 -- 0.18 (MPa -l)  
E1 = 2460 (MPa), A = 236 (MPa), inelastic Poisson's ratio: e -- 0.5 
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TABLE 2 Material properties for damage accumulation law. 

Fatigue Damage Creep Damage 

Tf= 1 (s) Tc-- 1 (s) 
~/= 1 ( l / s )  ~c = 1 ( l / s )  
nf = 0.83 nc = 0.27 
af = 1000 (MPa) ac = 1021.6 (MPa) 
my = 1.835 m~ = 5.5 
a = -0.3146 b = -0.1184 

113 

For torsion L f  = L f  is postulated since the direction of  shear should have no influence on 
crack initiation, and L~- = 0 because no healing was reported in Ref 9. Then M F / =  MFc = 
0.5 is assumed for torsion which enables " a"  and "b"  to be calculated. L f  and L ~+ for torsion 
are then determined using the data for torsional tests with and without hold time. 

For proportional biaxial loadings L~- -- 0 is also assumed since no healing was found in Ref 
9. L f  and L ~+ can be evaluated from biaxial tests with and without hold time using the cal- 
culated values of MF/and  MF~ according to Eqs 10 and 11, respectively. Iteration between 
axial, torsional, and biaxial data using Eqs 8-12 yields refined values of  the above constants. 
The material properties for MDA are shown in Table 2. 

The dependence of  the fatigue loading function L~ on I~ol is shown in Fig. 1, where I o~1 is 
determined at the max imum strain of the cycle. In Fig. 1, L 7 increases from 0.17 to 1 as I ~o I 
increases from 0 (pure torsion) to l (uniaxial), while the opposite is true for L f ,  which 
decreases from 0.17 to 0 while J ~o I increases from 0 to 1. For  biaxial loading 0 --< r ~01 -< 1. 
The creep loading function L~ + versus/3 is shown in Fig. 2./3 is determined at the maximum 
strain of  interest. Lc + increases from 0.3 to 1 as/3 increases from 0.577 (pure torsion) to 1 (uni- 
axial). For  biaxial cases/3 is between 0.577 and 1. L~- is assumed to be equal to - 1 for the 
uniaxial compression to account for the healing effect observed in the experiments [13,27]. 
For the torsional case and biaxial cases (/3 < 0), L~- is postulated to be zero since no healing 
was reported in Ref 9. 

0.50 

1.00 . . . .  I . . . .  I ' ' +' I / ~ '  I . . . .  

304 SS 538~ f + / / / /  - 

0.75 - L 

0.25 
L; 

0.00 . . . .  I . . . .  I . . . .  I . . . .  
0.00 0.25 0.50 0.75 1.00 

iml 
FIG. 1--Fatigue loading functions versus I ~ol for 304 SS at 538~ 
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1 . 0 0  
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+ 
Q 0.50 

0.25 

304 SS 538~ + f  

0 . 0 0  . . . .  I . . . .  I . . . .  I . . . .  I . . . .  
0 .5  0 .6  0 .7  0 .8  0 . 9  1 .0  

FIG. 2--Creep loading function versus r for 304 SS at 538~ 

Deformation Behavior 

Deformation behavior computed using TVBO are shown in Figs. 3 and 4. In Fig. 3 two 
hysteresis loops fo r completely reversed strain-controlled loading at a strain amplitude of 
+ 0.5% at steady state at 538"C are shown. Tensile and symmetric holds of 600 s are intro- 
duced. The inelastic strain range of the symmetric hold test is slightly larger than that of the 
tensile hold test. Steady-state hysteresis loops for slow-fast and fast-slow tests are shown in Fig. 

. 300 
. . . .  I . . . .  I . . . . . . . .  

_ Steady State ..~ [ 
200 H.T. = 600s .....J / 

'~" ~= 104 1 
~kq 100 I / f : ' / ' }  

0 

~[~ -100 

~oo il / I~oo~,,o,,o,~ 
_3oo . . . .  , ~ . ~ , . , . ,  " ; 7 ; i T i  , 

-1 .O -0.5 O.0 0.5 1.0 

S train (%) 
FIG. 3--Strain-controlled steady-state hysteresis loops of 304 SS at 538~ under tensile hold and sym- 

metric hold loadings. 
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300 . . . .  I . . . .  I ' ' '  '....1 . . . .  
304 SS 538~ ~ ,  

200 S teady  State f k' - 
e , =  10-3 1/s / p" 

r 100 E, = 1 0  

-100 

-200 

-300 . . . .  I'-- . . . .  I . . . .  I . . . .  
-1.0 -0.5 0.0 0.5 1.0 

S train (%) 
FIG. 4--Strain-controlled steady-state hysteresis loops of 304 SS at 538"C under slow/fast and fast~slow 

loadings. Near-vertical drops are at the transitions from fast to slow loadings. 

4. A near vertical drop is observed in the transition of  changing from the fast strain rate 10 -3 
1/s to the slow strain rate 10 -6 1/s. 

Life Prediction 

The calculated and observed biaxial low-cycle fatigue lives together with two lines indicating 
a deviation of  a factor of  2 in life are shown in Figs. 5 and 6 for the cases without and with hold 
time, respectively. Because of  the scarcity of the experimental data, only the data points for 
strain ratio R -- 2 (R = A3,/A~) are predictions in Fig. 5. The predicted lives in Fig. 5 are within 
the bounds and are acceptable. The results of the uniaxial, torsional, and biaxial hold-time 
tests are shown in Fig. 6. Although three points are outside of  the bounds, the trend is correct 
and is thus acceptable. 

D i s c u s s i o n  

IMLP, which consists of  the thermoviscoplasticity theory based on overstress (TVBO) and 
the multiaxial damage accumulation law (MDA), is applied to correlate and predict the low- 
cycle fatigue lives of  304 SS at 538~ under biaxial creep-fatigue interaction. The material 
constants of  TVBO and MDA for 304 SS at 538"C are identified using the experimental data 
ofRefs ] and 2-3, respectively. In TVBO theory used here, effects of recovery, aging, and cyclic 
hardening are neglected. There are some indications that recovery and aging are important at 
538"C in 304 SS. A quantitative assessment of  these effects, however, cannot be obtained from 
the available low-cycle fatigue data. They are consequently not modeled. 

If  IMLP is applied to thermal fatigue, both Eqs 1 and 5 have additional terms. These addi- 
tional terms influence not only the elastic but also the inelastic behavior [ ]6] and consequently 
affect the predicted low-cycle fatigue lives. The temperature-dependent material properties of 
TVBO and MDA can be determined from isothermal tests at different temperatures. 

Although the calculated lives in Fig. 6 do show three points which are beyond the limits of 
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/ 
* R=O / / ~ / / "  

o R=0.5 / f ~ / / "  

1 0 ,  - I" R=I / a / / ; / "  __ 

1 0 3 -  / " # * / "  -~ 
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10: " / ~ J ' / / / /  I , , I . . . . . . . .  I . . . . . .  
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Nf (Observed) 
FIG. 5- -Observed  fat igue lives versus calculated fatigue-lives using the I M L P  for  different biaxial  load- 

ings. The data for  R = 2 are predictions. 

a factor of  + 2 on life, the trends of  the computed lives are in the proper direction. The three 
points are a uniaxial hold-time test, a biaxial R = 1 hold-time test, and a symmetric hold-time 
test in torsion. It can be seen from Table 2 in Ref 9 that the fatigue life of  the uniaxial test with 
0.5% strain range and 60 min tensile hold time (the first out-of-bound point) is unusually short. 
The biaxial test has the smallest effective strain range of  all the tests, and the deformation 
behavior shows very little inelasticity. In this region small deviations of the predicted stress- 
strain behavior from the real one can play an important role in the life calculation. It should 
be further considered that a complete data set was not available for determination of  the con- 
stants. Some properties had to be assumed. Deviations have to be expected. The final unusual 
point is for the torsional test with 0.55% effective strain range and 6 min symmetric hold time. 
The calculated value is much lower than the observed value. We have no explanation for this 
behavior. 

Conclusions 

The present paper intends to show the capabilities of  modeling the time-dependent mul- 
tiaxial thermal fatigue behavior using the thermoviscoplasticity theory based on overstress 
(TVBO) and the multiaxial damage accumulation law (MDA). The trends are encouraging. 
For the complete evaluation of  the predictive capability, a consistent set of data is necessary. 
Some will be used to determine the needed material constants, others should be used to check 
on the predictive capability of  the theory. Variable amplitude and thermal fatigue tests should 
be included in the latter set. Finally, MDA is not restricted to periodic loadings due to its incre- 
mental formulation; it can in principle be applied to arbitrary deformation histories which 
include proportional and nonproportional loadings. 
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FIG. 6--Observed fatigue lives versus calculated fatigue lives using the IMLP for different biaxial hold 

time loadings. 
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A P P E N D I X  

M a t r i c e s  for  I s o t r o p y  

The nonzero components  of  the symmetr ic  elastic modulus  matrix C-1 and  the symmetric 
viscosity matrix K -  1 are represented by 

(C-1)11 = ( C  1)22 = ( C  1)33 = l IE 
(C-1)44 = (C-1)55 ~-~ (C-1)66 = 1/G 
(C-1)ij = - v / E ,  i , j  = 1, 2, 3, and  i v~ j (A-l)  

and  

(K-l ) , j  -- (K-1)22 = (K-1)33 = 1/Ek[r] 
( K - 1 ) 4 4  = ( K - 1 ) 5 5  = (K-1)66 = 3 / E k [ r ]  

(K-I)~j = - -~Ek[F] ,  i , j  = 1, 2, 3, and  i # j (A-2) 

where inelastic incompressibil i ty is assumed and  G = 
E 

2(1 + v)" 
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The positive decreasing viscosity function k[I~], dimension of  time, controls the rate depen- 
dence. H and Q are dimensionless matrices; the nonzero components are given by 

n i l  = H22 = H33 = 1 , / / 4 4  = H55 = H66 = 3 
Hij = - 0 . 5 ,  i , j  = 1 ,2 ,3 ,  a n d i  ~ j ,  (A-3) 

and 

Q,t  = Q22 = 033 = 1, Q44 = Q55 = Q66 = ~A 
Qi~ = -0 .5 ,  i , j  -- 1,2, 3, and i 4=j, (A-4) 

respectively. 
The coefficient of  thermal expansion vector is a 

or' = [o~ a a 0 0 0 ]  ( A - 5 )  

All components are material properties which must be identified for a given material. 
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ABSTRACT: An original methodology for fatigue resistance of mechanical structure is pre- 
sented. Our approach relies on a "macro-micro" analysis. Here micro stresses in misoriented 
elements are evaluated when the macroscopic loading path is known. Multiaxial fatigue criteria 
are then proposed. Some industrial applications are shown. 

KEY WORDS: multiaxial fatigue criterion, high-cycle fatigue, fatigue limit, macro-micro 
approach, micro stress evaluation 

Nomenclature 

Aijhk(M,m) Elastic localization tensor 
c Kinematic hardening modulus 

E 0 Macroscopic strain tensor 
k Actual yield limit 

/d ~m Elastic shakedown limit of  k* according to Papadopoulos theory 
k* Radius of the stabilized hypersphere surrounding the loading path 

L(t) Loading path 
m Current point  of  V(M) 
M Point of  the structure where the fatigue analysis is made 
p Microscopic hydrostatic tension 
P Macroscopic hydrostatic tension 
s Microscopic deviatoric stress tensor 
S Macroscopic deviatoric stress tensor 
t Time 

V(M) Characteristic macroscopic volume surrounding Point M 
Microscopic strain tensor 

~e Microscopic elastic strain tensor 
E p Microscopic plastic strain tensor 

~q Microscopic equivalent plastic strain 
~t Shear modulus 
p Microscopic residual stress tensor 

p* Stabilized microscopic residual stress tensor 
a Microscopic stress tensor 

Macroscopic stress tensor 
r Shear stress 

1 Laboratoire de Mecanique des Solides, CNRS URA 317, Ecole Polytechnique, 91128 Palaiseau, 
France. 
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Introduction 

During the last four decades, most research efforts have been devoted to low-cycle fatigue. 
Most industrial applications, however, involve high-cycle fatigue. Many multiaxial fatigue cri- 
teria exist. However, the design of structures which have to resist fatigue is still a problem; 
engineers have to perform difficult, expensive, and time-consuming experiments to find the 
fatigue limit of  a mechanical component. Generally, this is done on the structure itself. 

The origin of  multiaxiality comes from different factors: 

1. External loading. 
2. Geometry ofthe structure: it is well-known that in the vicinity of  notches, the stress state 

is multiaxial even if the loading is uniaxial. 
3. Residual stresses which are multiaxial by nature. 

For example, the stress cycles on the critical loading of  a crankshaft are represented in Fig. 
1. They are a combination of out-of-phase torsion and bending. Figure 2 shows the evolution 
over one revolution of the stress tensor E in the critical zone of  an integrated ball bearing. From 
these individual examples, it can be seen that multiaxial loading paths are often encountered. 
The degrees of  complexity of multiaxial loadings were discussed in Ref 1. An original mul- 
tiaxial fatigue limit criterion is reviewed in this paper based on a macro-micro approach whose 
latest developments are presented. 

Presentation of the "Macro-Micro" Method in High-Cycle Fatigue 

For constant stress or strain range, the concept of fatigue limit corresponds to a stress or 
strain "level" (amplitude and stress level) just enough to produce the initiation and the prop- 
agation of  a crack. In this paper, we assume that a fatigue limit exists for complex loadings, 
too. For homogeneous materials, the initiation of  fatigue cracks takes place in critical zones 
of  stress concentration such as geometric discontinuities, fillets, notches . . . .  There are still 
discussions on the concept of initiation itself, depending on the scale at which the phenome- 
non is observed; it is sometimes considered a micropropagation problem. Care should be exer- 
cised when using fracture mechanics at the grain scale because the local stress a is different 
from the macroscopic applied stresses ~. The first fatigue phenomena are microscopic and 
local and usually occur in grains which have undergone local plastic deformation in charac- 
teristic intracrystalline bands. The local (or microscopic) parameters (~, ~) are different from 
the macroscopic parameters derived by classical engineering computations (Z, E). The differ- 
ent steps of the calculations are described in Fig. 3. Step 2 corresponds to the macroscopic-to- 
microscopic passage. This problem is solved by distinguishing two scales: 

d 

300 

-~0 

Torsion stress 

~ h A n A r l ~ n  ~ n  . 
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FIG. 1--Stress cycles on the critical zone o f  a crankshaft. 
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FIG. 2--Evolution over one revolution of  the wheel of the components of the stress tensor of a ball bear- 
ing. ~ = angle of rotation of the wheel. 

1. A macroscopic scale characterized by an elementary representative volume V(M) sur- 
rounding the point M where the fatigue analysis is made and representing, for instance, 
an element of  a finite element mesh or corresponding to the dimension of  a strain gauge. 
This is the usual scale considered by engineers; mechanical macroscopic variables 
Z(M,t), E(M,t) are assumed to be homogeneous in V(M) at any time, t. 

2. A microscopic scale of  the order of  the grain size (or some grain sizes) corresponding to 
a subdivision of  V(M); the microscopic quantities a and ( are not homogeneous and dif- 
fer from Z and E; even if the mean value of a equals ~, the local stress a can fluctuate. 

More precisely, a and Z are related by the following exact relation 

%(m,t )  = Aoh~(M,m)Zhk(M,t) + pij(m,t) (1) 

In the above equation Aijhk(M,m) is the elastic localization tensor and P is the local residual 
stress field�9 Let us note that A~hk could be correlated with the microstructure of the material. 
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FIG. 3--Different steps of the proposed fatigue calculations, macroscopic and microscopic scale. 

This point, however, is not addressed here. Aijhk c a n  be obtained in theory by solving six elastic 
boundary value problems on volume V [one for each (hk) component]. Near the fatigue limit, 
the applied stresses are rather low, and it is reasonable to suppose that a tends toward a pseudo- 
shakedown state (pure shakedown corresponds to no damage). Then Melan's theorem states 
that beyond a certain time, t, a time-independent residual stress field p*j(m) exists such as 

cru(m,t) = Aijhk(M,m)Zhk(M,t) + p*j(m) (2) 

that never violates the local plastic criterion. 
For example, in the case of  an inclusion submitted to uniform plastic strain ~,~ and embedded 

in an elastic matrix, both having same elastic coefficients, one has 

aij(t) = ~o(t) - 2#4(t) (3) 
po(t) = -2/~,~(t) (4) 

These relations can be obtained if the total strain of  the matrix and inclusion are supposed 
to be the same, i.e. 

E = ~e + d (5) 

Then, multiplying both sides by the common elastic compliance one obtains Eq 3. (There 
is no volume change under plastic deformation c~ ~ 0.) 

The fatigue criterion is then expressed by means of  the microscopic stress tensor ~, which is 
known at each time, t, if p is known. It is possible to describe quite precisely the loading path 
because the local microscopic stress tensor in the stabilized state is known at each time; t, of  
the cycle. From Eq 2, the computation of  a0(t) is limited to the computation of p*, which is 
independent of  time when shakedown occurs. 

Evaluation of the Microscopic Residual Stress 

The principle of  the method given in Ref I is recalled. This method is based on: 

1. Generalized Melan's theorem as given by Mandel et al. [2] studying elastic shakedown 
of  elastoplastic structures with combined kinematic and isotropic hardening. 

2. A minimum assumption detailed below. 
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The elastic domain of  the material is defined by 

g(~ - c~ p) = k2(Egq) (6) 

where ~P is the plastic strain tensor, and c is a positive constant characterizing linear kinematic 
hardening, and 

E~q = ~ ( e ~  �9 c,~) (7) 

k is supposed to be a strictly increasing function of  the considered plastic strain range. Then a 
necessary condition for elastic shakedown is that a certain time t~, a certain fixed (i.e., inde- 
pendent of  t) residual stress field 0 *(x) and plastic strain field EP(x) exist such that 

x/ t > t~, g[a'l(x,t) + p.(x) _ ceqx)] < k2(e~q) (8) 

where a el is the stress obtained if pure elastic behavior is assumed. 
In our case the representative volume V(M) represents the elastoplastic structure, and get 

corresponds to A �9 Y, of  Eq 1,2 or to Z ifA could be taken equal to identity. (This simplification 
is possible when the matrix and the inclusion are of  the same nature.) 

For the sake of  simplicity, the von Mises norm is chosen so that only the deviatoric part of 
stress intervenes. Splitting the stress tensor ~ (resp. a) in deviatoric part dev Z = S (resp. s) 
and hydrostatic part P = trace Z/3 (resp. p) 

Zij -- Sij + P 60 

Equation 8 is rewritten (A is supposed equal to identity) 

V t > t ~ , J z [ S ( t ) -  z] < ~ w i t h z =  - d e v p + c ~  p 

(9) 

(to) 

z is thus the center and k the radius o f  an hypersphere which sould contain all the loadingpath 
L(t)for any t ime t > h. However, this condition is not enough to determine z, so that another 
hypothesis is needed. We make the assumption that the z solution corresponds to the smallest 
hypersphere that contains all the loading path L(t). Then for a given stress cycle L(t) corre- 
sponds to a given z. This point is illustrated in Fig. 4; H, corresponds to a possible hyperspbere 
and H2 is the smallest one. Dev(p*) can be taken approximately equal to z. 

It is important to notice that the precise knowledge of  the local elastoplastic constitutive 
equations, which are impossible to obtain, is not necessary. The proposed method gives an 
approximate way to characterize the local stress tensor in the pseudo-stabilized state. 

The case of an inclusion embedded in an elastic matrix is important for a better understand- 
ing of  the method because it is based on the following image: crack initiation near the fatigue 
limit happens in some critically oriented grains which have undergone plastic deformation. In 
that case, z = --(2# + c)~ p ~ -2~EP; shakedown hypothesis means that ~P becomes indepen- 
dent of  the time, t. In this example, the local residual stress is directly related to the local plastic 
strain ~P, so that trace (p*) = 0. Thus the macroscopic and lhe microscopic hydrostatic tension 
are equal (P = p). If the inclusion can be considered as spherical or ellipsoidal, it can be proved 
by Eshelby's method that the plastic strain is uniform in the inclusion. The local residual stress 
is then also uniform. Outside the inclusion, the stress pattern is more complex. As fatigue 
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FIG. 4--Evolution of the local residual stress: construction of the smallest hypersphere He containing 
the loading path L(t). 

cracks appear very often at the surface, it is also interesting to examine surface inclusions. In 
this case, the residual stress inside an hemispherical inclusion is in general no more uniform 
even if plastic strain is supposed uniform [3]. However, this variation is not very important 
and one can neglect it at first approximation. In Fig. 5, the ~ stress pattern is represented in 
the case of  an inclusion embedded in an infinite media (because of  symmetry only half the 
figure is represented) and in the case of  a hemispheric surface inclusion. The uniform plastic 
strain tensor of  the inclusion corresponds to Type B after the terminology of M. Brown and 
K. Miller [4]. 

Let us return to the general problem of determination of local residual stress in the pseudo- 
stabilized state. Knowing the stress cycle Shk(t), t ~ [t,t + T], [(h,k) must be relative to the 
fixed axis relative to the material], one discretizes in N tensors Si associated with N different 
times, re. Variations (Si§ - Si) are considered as infinitesimally small. Then there are two 
ways to find p*. 

The first way is to use a mathematical method based on the theorem of Karatheodory as 
suggested by Papadopoulos [5]. The second way is based on the following "physical" algo- 
rithm [1] represented in Fig. 6. The initial elastic domain Co is featured by the circle of  radius 
R0 (R0 corresponds to the initial value o fk  from Eq 6), the center of  which coincides with M. 
The stress state can be represented by MS. As MS follows the loading path represented by F, 
let ~ be the first point outside Co; plastic strain has to occur. As a result, the elastic domain is 
now Cj. The translation from O to Oj corresponds to kinematic hardening. The growth of  the 
radius from R0 to R~ is for isotropic hardening. As the load keeps varying, active parts of  the 
loading path will keep the elastic domain changing in the way described above. Numerical 
simulations on examples show that after some cycles, a limit convex Ct with center Or, radius 
Rt which encloses the whole curve r is found. Ot M corresponds to the stabilized z, which 
corresponds approximately to the local residual stress tensor. Details of  the algorithm to define 
the state (i + 1) characterized by Si+t and R~+~ from i characterized by S i and R~ is given in 
Ref 1. The precision of the method is improved as the radius R grows slower (weak isotropic 
hardening). Thus the isotropic hardening coefficient x defined by 

Ri+l ffi Ri + X~q (11) 

should be small. On the other hand, speed of  convergence varies in the same way as • There- 
fore, a compromise between precision and duration of  the calculation has to be found. 
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FIG. 5--Qualitative stress pattern trxx in the neighborhood of  a spherical inclusion in an infinite medium 
and of a hemispherical surface inclusion in a semi-infinite medium and submitted to uniform plastic of  
Type B. 

Fatigue Limit Criteria 

As % is approximatively known at any time, t, it is natural to try (as in plasticity) to take the 
loading path into account. Thus a reasonable fatigue criterion could be stated as follows: crack 
initiation will occur in a critically oriented grain of  volume V(M) which has undergone plastic 
strains, if, for at least one time, t, of  the stabilized cycle, one has 

f [~(m, t )]  > O for m e V(M)  (12) 

In such a criterion the current stress state is considered and damage happens at a precise 
instant of the loading path. As cracks usually occur in transgranular slip bands, the local shear 
acting on these planes is an important parameter. In the same way the hydrostatic tension 
accelerates damage formation (this parameter is preferred to normal stress because it is easier 
to use, being an invariant; furthermore, it can be interpreted as the mean value of normal 
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FIG. 6--I l lustrat ion o f  the scheme to compute  the stabilized residual stress and the local shear stress. 

stress). Taking these remarks into account, one can choose forf(a) a relation between the local 
shear stress r and the local hydrostatic tension p. The simplest criterion is a linear relationship 
between these parameters 

f o r )  = r + ap  - b (13) 

The safety domain is delimited by straight lines. This domain can be determined by uniaxial 
experiments of tension and torsion on classical fatigue machines. For example, the endurance 
domain and two typical loading paths are represented in Fig. 7. In this figure, r is the algebric 
shear acting on an oriented direction. 

No damagi 
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T 
b 

age  

~ age 
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FIG. 7- -Endurance  domain  o f  two typical loading paths: LP1 = no damage; LP2  = damage. 
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To check automatically the fatigue resistance of  a structure can be rather difficult because 
at each point one has to consider the plan on which the loading path (r, p)(t) is "maximum" 
relative to the criterion. From Ref 1, this computation can be simplified as follows: ~-(t) = 
Tresca [a(t)] is calculated over the cycle period. For this, it is important to note that 

Tresca [a(t)] = Tresca [s(t)] = Maxis I at(t) - as(t) l (14) 

where r as are principal microscopic stresses. 
Evaluate the quantity d, defined by 

d =  max b - a p ( t ) J  (15) 

The maximum is to be taken over the cycle (0 < t < T). I f d  > 1, fatigue failure will occur. 
Working this way, all couples (z, p) are situated in the positive part o f t  (Fig. 8). All facets which 
could be involved by the crack initiation are automatically reviewed. Couples (z, p) verifying 
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FIG. 8--Application of the proposed method to predict the fatigue resistance of the ball bearing in Fig. 

2: (A) no crack initiation predicted and found; (B) crack initiation observed. 
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FIG. 9--Prediaion of fatigue behavior of a crankshaft. 
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condition d > 1 are associated with defined facets and so the criterion also gives the direction 
of the crack initiation. 

This method of fatigue computation is widely used in France to predict the fatigue behavior 
of mechanical structures. For instance, prediction on an integrated ball beating is recalled in 
Fig. 8. Prediction on fatigue behavior of a crankshaft by a similar procedure is represented in 
Fig. 9. 

Another alternative is to use the octahedral shear J2(a(t)) instead oft(t). This method, how- 
ever, does not give the critical facets. 

Alternatively Papadopoulos recently proposed another method based on the macro-micro 
approach and an original interpretation of fatigue limit [5]. 

Following Papadopoulos, the fatigue resistance corresponds to stabilization of microscopic 
strain, i.e.: 

1. Elastic shakedown of grains corresponds to endurance. 
2. Plastic shakedown will induce damage and fracture because of subsequent cyclic 

softening. 
3. The shakedown analysis as presented (in particular in Eq 10) is used to derive z* and k*. 

Then Papadopoulos assumes that the grains will shakedown elastically if k* is less than some 
limit value/d im , which depends of the local hydrostatic tension. For instance 

kJ i m =  f l  - (9/ - p (16) 

The fatigue criterion will be 

k * - F a  . p < / 3  (17) 

a and fl are two constants which can be identified by two different tests. 
By this method, it is not necessary to again describe the whole local loading path once k* is 

determined. In many cases, the obtained predictions are very similar to the first methods. 
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Final Remarks 

From a metallurgical point of  view, cracks initiations have in general many possible origins 
depending on the nature of  the material. For instance, in an homogeneous metal free of resid- 
ual stresses, cracks initiation in many experiments is observed to occur in persistent slip bands 
near surface grains. In many other cases they occur near metallurgical singularities like hard 
inclusions. So it seems difficult to give simple fatigue criteria based on "plastic" analysis. How- 
ever, in all cases, local plastic deformations are observed, so that the associated microscopic 
residual stress can modify in an important  way the stress pattern in the critical representative 
volume V (see, for instance, Fig. 5). The proposed methods correspond to attempts to take 
into account a mean value of the microscopic residual stresses to gain a better description of  
the local stress state. Thus volume V corresponds more to a "mean"  grain than to a precise 
misoriented grain. 

As crystal plasticity is considered, the yield function should be based on resolved shear stress 
rather than on the von Mises function. However, in relation to the "mean"  grain, it is natural 
to use a mean resolved shear stress, which is known to be equal to J2. 
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Fatigue Behavior of Haynes 188 Superalloy at 7600C," Advances in Multiaxial Fatigue, A S T M  
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ABSTRACT: Isothermal, in-phase and out-of-phase axial-torsional fatigue experiments have 
been conducted at 760"C on uniform gage section, thin-walled tubular specimens of a wrought 
cobalt-base superalloy, Haynes 188. Test control and data acquisition were accomplished with 
a minicomputer. Fatigue lives of the in- and out-of-phase axial-torsional fatigue tests have been 
estimated with four different multiaxial fatigue life prediction models, a majority of which were 
developed primarily for predicting axial-torsional fatigue lives at room temperature. The models 
investigated were: (1) the von Mises equivalent strain range, (2) the modified multiaxiality factor 
approach, (3) the modified Smith-Watson-Topper parameter, and (4) the critical shear plane 
method of Fatemi, Socie, and Kurath. In general, life predictions by the von Mises equivalent 
strain range model were within a factor of 2 for a majority of the tests, and the predictions by the 
modified multiaxiality factor approach were within a factor of 2, while predictions of the mod- 
ified Smith-Watson-Topper parameter and of the critical shear plane method of Fatemi, Socie, 
and Kurath were unconservative and conservative, respectively, by up to factors of 4. In some 
of the specimens tested under combined axial-torsional loading conditions, fatigue cracks initi- 
ated near extensometer indentations. Two design modifications have been proposed to the thin- 
walled tubular specimen to overcome this problem. 

KEY WORDS: axial-torsional fatigue, elevated temperature, life prediction, multiaxiality, in- 
phase loading, out-of-phase loading, cobalt-base superalloy 

Nomenclature 

b, c 
b,, ct 

k 
n, n t 

nt~ nit 
B , c  

B,,C, 
E , G  

K,K' 
K,,K', 

Exponents of axial elastic and plastic strain range-life relations 
Exponents of torsional elastic and plastic strain range-life relations 
Constant in Fatemi-Socie-Kurath parameter 
Monotonic and cyclic axial strain-hardening exponents 
Monotonic and cyclic torsional strain-hardening exponents 
Coefficients of axial elastic and plastic strain range-life relations 
Coefficients of torsional elastic and plastic strain range-life relations 
Young's and shear moduli 
Monotonic and cyclic axial strength coefficients 
Monotonic and cyclic torsional strength coefficients 
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MF, TF 
Uz 

%RA 
A 

T,  E 
,,yt, 

"Y max 

3"x~ Tyz, 3'zx 
el 

f'e, ~p 

~-eq 

~x.x, f-YT, ~zz 

Pe, Pp 

//eft 

ff~ "/" 

frO, 1"0 

O" b 0"2, 0" 3 
a~ ~x 

0"~,6 
0"max 

fly, 7"y 

o- u 

Multiaxiality and triaxiality factors 
Cycles to failure 
Percent reduction in area 
Denotes range of the variable 
Engineering shear and axial strain amplitudes 
Torsional and axial fatigue ductility coefficients, C,/2 "§ and C/2 "§ 
Maximum engineering shear strain amplitude 
Orthogonal engineering shear strains 
First principal strain amplitude 
Axial elastic and plastic strain amplitudes 
von Mises equivalent strain amplitude 
Orthogonal normal strains 
Proportionality constant, 3'/~ 
Elastic and plastic Poisson's ratios 
Effective Poisson's ratio 
Axial and shear stress amplitudes 
Mean axial and shear stresses 
Principal stresses 
Maximum stress on the maximum principal strain plane 
Axial and torsional fatigue strength coefficients, BE~2 "§ and BtG/2 ~247 
Maximum normal stress on the maximum shear strain plane 
Axial and shear yield strengths 
Ultimate tensile strength 
Phase angle between axial and engineering shear strain waveforms 

Introduction 

Fatigue lives under cyclic multiaxial loading conditions can differ significantly from those 
observed under "equivalent" cyclic uniaxial loading conditions. This can be attributed to the 
additional damage and deformation mechanisms that are activated under multiaxial loading 
conditions [1-4]. In order to develop and verify multiaxial fatigue life prediction models, it is 
imperative that fatigue tests be conducted under multiaxial loading conditions. Thin-walled 
tubular specimens are used to investigate the fatigue behavior of engineering alloys under com- 
binations of: (1) axial and torsional; (2) axial and internal/external pressure; and (3) axial, tor- 
sional, and internal/external pressure loading conditions. 

Numerous investigations have been conducted over the last two decades on thin-walled 
tubular specimens to characterize the fatigue behavior of several engineering alloys under 
combined axial and torsional loading conditions [5-19]. These investigations involved both 
in-phase, ~ = 0* [5-19], and out-of-phase, ~ ~ 0* [5, 7, 8,11-17,19], strain-controlled, axial- 
torsional fatigue tests and were performed with various values of ~ [5- 7,10,13-17]. The types 
of engineering alloys studied included an aluminum alloy [ 5 ], low alloy steels [ 7,11,13-15 ], 
stainless steels [6,10-12,16,18,19], and nickel-base superalloys [8,9,11,13,14,17]. A great 
many of these investigations were conducted at room temperature [ 5 - 15,17-19 ] with only a 
few studies conducted at elevated temperatures [6,16]. This can be primarily attributed to the 
added complexity of performing axial-torsional fatigue tests at elevated temperatures. How- 
ever, the development of minicomputers during the last decade and the subsequent applica- 
tion of these minicomputers to fatigue test control and data acquisition have reduced the dif- 
ficulties in conducting elevated temperature axial-torsional fatigue tests. 

In this study, fatigue behavior of a wrought cobalt-base superalloy, Haynes 188, has been 
investigated at 760~ by subjecting thin-walled tubular specimens to combined cyclic axial 
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and torsional loads. Strain-controlled, in-phase as well as out-of-phase axial-torsional fatigue 
tests have been conducted, in air, with different proportionality constants. Fatigue lives of the 
elevated temperature in- and out-of-phase axial-torsional tests have been estimated with four 
different multiaxial fatigue life prediction models. A majority of these models were originally 
developed for room temperature applications. Constants for the multiaxial fatigue life predic- 
tion models were obtained from previously generated axial and torsional fatigue data of 
Haynes 188 [20]. Fatigue crack initiation occurred near the extensometer indentations in 
some of the specimens tested under combined axial and torsional loads. To alleviate this prob- 
lem, it is proposed that either an hourglass or a straight section detail be machined within the 
uniform gage section of the thin-walled tubular specimen. 

Material Description 

The wrought cobalt-base superalloy, Haynes 188, was supplied by a commercial vendor in 
the form of hot-rolled, solution-annealed, round bars with a nominal diameter of 50.8 mm. 
The chemical composition of the superalloy in weight percent is as follows: <0.002 S; 0.002 
B; 0.012 P; 0.1 C; 0.4 Si; 0.034 La; 0.75 Mn; 1.24 Fe; 13.95 W; 21.84 Cr; 22.43 Ni; and the 
balance is cobalt. The grain size of the supplied material ranges from 45 to 65 urn. 

Experimental Details 

Specimen 

All the fatigue data and properties presented in this paper have been generated by using 
uniform gage section, thin-walled tubular specimens (Fig. 1) that were fabricated from a single 
heat of Haynes 188. The outer surface of each tubular specimen was polished such that the 
final polishing marks were parallel to the longitudinal axis of the specimen. The cylindrical 
bore of each specimen was finished with a honing operation to inhibit fatigue crack initiation 
from the inner surface. The prescribed surface roughness average values for the inner and outer 
surfaces of the tubular specimen were 0.2 and 0.4 urn, respectively. 

0.8x45 * ~/ 
Chamter 

g4.0 t I | 

- -  22.00 

" / "  - ~ ,  I ~-0"i3 cll~ 
- 

' 41.0 I 

114.S III 

§ 
49.23 dlam 

-0.05 

• 

All d i m e n s i o n s  a r e  In  m I l l i m e l e r s .  

FIG. l--Geometry of the thin-walled tubular fatigue specimen. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



136 ADVANCES IN MULTIAXIAL FATIGUE 

Test System and Extensometer 

All the fatigue tests were conducted on a servohydraulic axial-torsional test system. A com- 
mercial high-temperature extensometer was used to measure and control axial and engineer- 
ing shear strains. Two indentations were pressed into the outer surface (within the uniform 
section) of  the thin-walled tubular specimen with a fixture that allowed the indentation force 
to be precisely controlled. These indentations were 80 um deep and 25 mm apart and were 
used to mount  the quartz probes of  the extensometer on the specimen. The indentations pre- 
vented slippage of  the extensometer during a fatigue test. Additional details on the test system 
and extensometer are available in Refs 18 and 21. The tubular specimens were inductively 
heated to the required test temperature. Chromel-alumel thermocouples, spot-welded just out- 
side the gage section, were used to monitor and control the specimen temperature. Variation 
of  temperature along the uniform section of the specimen was within 1% of the nominal test 
temperature. Additional details on the heating system and on the temperature profile deter- 
mination are provided in Ref 20. 

Test Control and Data Acquisition 

All in- and out-of-phase axial-torsional fatigue tests have been conducted at 760"C in air, 
under strain control, and at a frequency of  0.1 Hz. Fully reversed triangular waveforms with 
the required values of X and r were generated to control axial and engineering shear strains. 
Computer software developed specifically for axial-torsional fatigue testing and a 16-bit mini- 
computer were used for dual waveform generation and data acquisition [21]. Engineering 
shear strain was controlled at the mean radius of  the thin-walled tubular specimen in all the 
fatigue tests. Because the outer diameter-to-thickness ratio for the tubular specimen is 13 (Fig. 
1), uniform distribution of  shear stress through the thickness of  the tubular specimen has been 
assumed. In each fatigue test, cyclic stress-strain data were acquired at logarithmic intervals 
until failure of  the specimen. Failure was defined as a 10% reduction in either the axial or the 
torsional peak load from the last recorded cycle. 

Fatigue Database 

Baseline Axial and Torsional Properties 

Monotonic axial and torsional, axial fatigue (~ = 0), and torsional fatigue (~, = ~ )  tests 
were conducted previously [20] on thin-walled tubular specimens of  Haynes 188 (Fig. 1) at 
760"C. In Ref 20 a Ramberg-Osgood type stress-strain relation was used to describe the mono- 
tonic and cyclic stress-strain curves under axial and torsional loading conditions. The relations 
for the monotonic axial and engineering shear stress-strain curves are as follows 

~ -- ~ + for monotonic axial test (1) 

o r  

] l/nt 
z I_ 

3' = ~ + LK, J 
for monotonic torsional test 

The relations for cyclic axial and engineering shear stress-strain curves can be obtained by 
replacing n, n,, K, and Kt in Eq 1 by n', n~, K', and K~, respectively. The fatigue life relations 
used in Ref 20 to describe the axial and torsional fatigue data are as follows 
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a ,  = B(Nz)  ~ + C(Ns) c (2) 

A7 = Bt(Nf) b' + Ct(Ny) c' (3) 

Monotonic  and cyclic, axial and engineering shear stress-strain properties, and axial and tor- 
sional fatigue properties for Haynes 188 at 760~ [20] are listed in Table 1. 

Combined Axial- Torsional Fatigue Data 

In this program, in- and out-of-phase axial-torsional fatigue tests have been conducted at 
760"C on thin-walled tubular specimens of  Haynes 188 (Table 2). In-phase fatigue tests (4 = 
0") were conducted with nominal  k values of  0.86, 1.73, and 3.46. Out-of-phase tests were 
conducted with k = 1.73 and 4~ = 30", 60", and 90*. These test conditions were selected to 
investigate different proportionality constants and phase angles for Haynes 188. Two out-of- 
phase fatigue tests (~ = 1.73 and 4~ = 90*) have also been conducted with 0.1-Hz sinusoidal 
waveforms for axial and engineering shear strains to study the effect of  waveform on fatigue 
life. The axial and shear stresses and axial and engineering shear strains reported in Table 2 
were obtained from near half-life hysteresis loops for all the tests. There were two specimens, 
one in-phase test and one out-of-phase test, that did not fail, and these tests have been classified 
as runouts. In all the in- and out-of-phase axial-torsional specimens that developed fatigue 
cracks, the fatigue crack that caused failure occurred nearly perpendicular to the maximum 
normal strain direction. 

For similar values of  controlled axial and engineering shear strain ranges, the out-of-phase 
tests exhibited significantly more hardening than the in-phase tests. For  example, in Table 2, 
two specimens (HY26 and HY65) have been tested under similar axial and engineering shear 
strain ranges. Specimen HY65 tested under an out-of-phase loading condition (4 = 90*) 

TABLE 1--Mechanical properties of  Haynes 188 at 760"C. 

Axial Shear 
Mechanical Property Property ~ Property a 

Monotonic stress-strain properties: 
Elastic modulus, E, G (GPa) 
Elastic Poisson's ratio, ue 
Plastic Poisson's ratio, up 
Yield strength, 0.2%, % ry (MPa) 
Strength coefficient, K, Kt (MPa) 
Strain hardening exponent, n, nt 
Percent reduction in area, %RA 
Ultimate tensile strength, cr, (MPa) 

Cyclic stress-strain properties: 
Strength coefficient, K', K~ (MPa) 
Strain hardening exponent, n', n~ 

Fatigue properties: 
Elastic exponent, b, bt 
Plastic exponent, e, G 
Elastic coefficient, B, Bt 
Plastic coefficient, C, Ct 
Strength coefficient, ~r~, r~ (MPa) 
Ductility coefficient, ~, 3'~ 

170.2 64.4 
0.321 �9 �9 - 
0.5 - . .  

268 163 
512 264 

0.093 0.083 
55.1 �9 �9 �9 

490 - �9 �9 

891 589 
0.113 0.142 

-0.082 3 --0.100 
-0.730 --0.715 

0.009 13 0.0184 
0.590 2.17 

823 635 
0.489 1.78 

a Data from Ref 20. 
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exhibited 44% more axial and 52% more torsional hardening than specimen HY26, which was 
tested under an in-phase loading condition (q~ -- 0~ 

For cyclic lives less than 6000, no significant difference was observed in the fatigue lives of  
in- and out-of-phase axial-torsional fatigue tests with similar values of  the applied axial and 
engineering shear strains. However, for cyclic lives greater than 6000, the out-of-phase tests 
exhibited cyclic lives that were greater than the corresponding in-phase fatigue lives by factors 
of  1.5 to 3 or more (Table 2). The fatigue lives of  specimens tested with the sinusoidal wave- 
forms were slightly lower than those tested with triangular waveforms (compare HY38 with 
HY68 and HY56 with HY46 in Table 2). However, these fatigue lives were within a factor of  
2 and the cyclic hardening under these two types of waveforms was almost identical. 

Specimen failure in both the in- and out-of-phase axial-torsional fatigue tests (with the 
exception of  one datum) was caused by a crack at an extensometer indentation whenever N s 
exceeded 6000 cycles. In one out-of-phase test, HY66 in Table 2, specimen failure due to 
indentation cracking was observed at N I = 1088. However, this specimen actually lasted 
slightly longer than another specimen, HY65 in Table 2, that did not crack at an indentation 
under the same loading condition. Failure of  specimens due to a crack at the indentation was 
also observed in the case of  axial (k = 0) and torsional (~, = co) fatigue tests [20]. However, 
the number of such specimens was relatively small (compared with the number of  specimens 
that failed due to a crack at an indentation among the in- and out-of-phase tests) and the data 
corresponding to those specimens were omitted in computing the axial and torsional fatigue 
properties listed in Table 1. 

Life Prediction 

Many life prediction models have been proposed to estimate fatigue life under combined 
cyclic axial-torsional loading conditions [ 1,2, 5, 6, 9,11,13,14,16, 20, 22, 23]. Some of these mod- 
els include parameters based on the yon Mises equivalent strain range [2,22], the yon Mises 
equivalent strain range modified with a multiaxiality factor [20,23], the principal strains and/ 
or stresses [5,11], and on a combination of maximum shear strain and the normal stress and/ 
or normal strain acting on the maximum shear plane [ 1,6, 9,11,13,14,16]. Most of  these fatigue 
life prediction models were verified with room temperature axial-torsional data. In this study, 
four models have been chosen, one from each of  the above categories, to evaluate their appli- 
cability to the high temperature in- and out-of-phase axial-torsional fatigue data of  Haynes 
188. 

The models investigated are: (1) the von Mises equivalent strain range [22], (2) the modified 
mulfiaxiality factor approach [20], (3) the modified Smith-Watson-Topper parameter [11], 
and (4) the critical shear plane method of  Fatemi, Socie, and Kurath [13,14]. The first three 
models require only axial fatigue data to predict fatigue lives under combined axial-torsional 
loads, whereas the fourth model requires both the axial and torsional fatigue data. The pre- 
dictive capabilities of  the same four models were previously investigated [20] with the elevated 
temperature torsional fatigue data of  Haynes 188 at 760~ It was found in Ref 20 that for 
estimating the torsional fatigue (k = ~ )  lives with the axial fatigue (~, = 0) properties of 
Haynes 188 at 760~ the von Mises equivalent strain range model was conservative by up to 
a factor of  3, predictions by the modified multiaxiality factor approach were within a factor of  
2, while the modified Smith-Watson-Topper parameter was unconservative by up to a factor 
of  6. The critical shear plane method of Fatemi, Socie, and Kurath correlated the axial (~, = 
0) and torsional (k = ~ )  fatigue data to within a factor of  2.5. 

In the following sections, brief descriptions of  the models and their fatigue life predictive 
capabilities for the in- and out-of-phase axial-torsional fatigue tests of Haynes 188 are 
presented. 
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The von Mises Equivalent Strain Range Model 

This model reduces a given cycle of multiaxial strains to a uniaxial equivalent strain range 
as shown in Eq 4 [2,22]. 

] 1/2 [ 3 
(A~x~ -- A~.y + ( ~ .  -- A~=)~ + ( ~ .  -- A~=)~ + ~ (A~,~. + ~ + A ~ )  J 

(4) 

Implementation of  this model requires knowledge of  all six components of strain throughout 
the cycle [22]. For the in- and out-of-phase tests, an extreme condition in the cycle, the time 
at which a maximum or a minimum of  a strain component occurs is selected as the reference 
time for all the strain components. The range for each strain component (the difference 
between the strains at the reference time and the current time) is then computed at each point 
in time for that cycle. At each point in time the equivalent strain range is computed using Eq 
4. The maximum equivalent strain range computed over a cycle is then used in the axial 
fatigue life relation (Eq 2) for life prediction. 

The von Mises equivalent strain range for the in-phase tests has been computed with the 
maximum axial strain as the reference because in an in-phase test the axial and engineering 
shear strains reach their respective maxima simultaneously. However, in an out-of-phase test 
the axial and engineering shear strains reach their respective maxima at separate points in a 
cycle. Therefore, for each out-of-phase axial-torsional fatigue test, the equivalent strain range 
has been computed twice: once with the maximum axial strain as the reference, and a second 
time with the maximum engineering shear strain as the reference. The larger of the two values 
was used for fatigue life prediction. For a given cycle, ue~ was computed with the following 
equation by using the near half-life axial hysteresis loop. 

Aeev e + ACpvp] 
Peff ---- A~ (5) 

w h e r e  A~ e ---~ A o - / E ,  and AEp = Ae -- A~e. 
Another way of calculating the equivalent strain range is to compute the equivalent strain 

at each point in a multiaxial loading cycle and then obtain the range from the computed val- 
ues. However, determination of the sign (positive or negative) for the equivalent strain at each 
point in a general multiaxial loading cycle is a difficult task and can be erroneous if it is not 
properly linked to the dominant strain component. Note that the method described for com- 
puting the yon Mises equivalent strain range with Eq 4 is the preferred method because it elim- 
inates the ambiguity involved with the sign determination for the equivalent strain. In a gen- 
eral multiaxial loading cycle, if it is difficult to determine the extreme conditions in a cycle, 
the von Mises equivalent strain range can be computed with Eq 4 by taking each point in the 
cycle as a reference point. The largest value of  the computed equivalent strain range can then 
be used for life prediction. For the triangular waveform in- and out-of-phase fatigue tests on 
Haynes 188 at 760"C, computation of the equivalent strain range by the maximum strain 
point reference method and the individual point reference method yielded identical results. In 
the case of  sinusoidal waveform out-of-phase tests, the difference between the equivalent strain 
ranges computed by the maximum strain point reference method and the individual point 
reference method was less than 0.8%. Since the difference is small and the maximum strain 
point reference method is simpler to implement, it was used for computing the von Mises 
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FIG. 2--Life prediction by the yon Mises equivalent strain range model. 

equivalent strain range for all the combined loading axial-torsional fatigue tests on Haynes 
188. 

The life prediction curve obtained by the von Mises equivalent strain range method and the 
in- and out-of-phase axial-torsional fatigue data are shown in Fig. 2. Data points correspond- 
ing to specimens that failed due to a crack at an extensometer indentation are marked with a 
slash (/). Constants for the life prediction curve were obtained from the axial fatigue properties 
of  Haynes t 88 at 760~ (Table 1). In general, fatigue lives of  the in-phase tests were underpre- 
dicted and fatigue lives of  the out-of-phase tests were overpredicted by this model. However, 
with the exception of a few data points, the predicted fatigue lives of  both the in- and out-of- 
phase tests were within a factor of two of  the observed fatigue lives (Fig. 3). 

Modif ied Mult iaxial i ty  Factor Approach 

Manson and Halford [23], in their discussion of  the work by Blass and Zamrik [6], proposed 
a multiaxiality factor that was based on the triaxiality factor of  Davis and Connelly [24] to 
account for the effect of  stress state on the ductility of  a material. The original proposal of 
Manson and Halford required that the von Mises equivalent inelastic strain range under mul- 
tiaxial conditions be multiplied by the multiaxiality factor. Bonacuse and Kalluri [20] 
extended the approach to the total von Mises equivalent strain range as shown in the following 
equation�9 

Ae~q = ~ (NI) b + (NI) c (6) 

where 

1 
M F  = 2 -  T F '  TF  <--- 1 

(7) 
M F  = TF; TF  >_ 1 
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FIG. 3-L-Comparison of the observed and predicted lives by the von Mises equivalent strain range model. 

and 

TF = (~rl + ~r2 + a3) (7) 
[ ~v'/(O'I - 0"2)2 -~- (0"2 - 0"3)2 "~ (0"3 - 0"1)2 ] 

In the case of  combined axial-torsional loading, M F  assumes values between 0.5 (torsional 
loading; TF = 0) and 1,0 (axial loading; TF = 1). For the in- and out-of-phase axial-torsional 
fatigue tests, the total equivalent von Mises strain range has been computed as described pre- 
viously, and the M F  has been computed at the maximum axial strain and at the maximum 
engineering shear strain in the cycle. Note that for an in-phase test only one such computation 
is necessary. For an out-of-phase test the larger of  the two computed values of the MFwas used 
for life prediction (Eq 6). Note that each combined axial-torsional fatigue test, either in phase 
or out of  phase, has a different value of  M F  (between 0.5 and 1.0) depending upon the control 
conditions (~ and 4). Thus, depending upon the value o f M F,  Eq 6 describes a separate life 
prediction curve for each combined axial-torsional fatigue test. Lower and upper bound life 
prediction curves for the combined axial-torsional fatigue tests were obtained with M F  = 1.0 
and M F  = 0.5, respectively (Fig. 4). Constants for these curves were obtained from axial 
fatigue properties of  Haynes 188 at 760"C (Table 1). Most of  the in- and out-of-phase axial- 
torsional fatigue data were within the lower and upper bound curves predicted by this model 
(Fig. 4). Fatigue life predictions obtained by accounting for the M F  of  each combined axial- 
torsional fatigue test were within a factor of  2 of the observed lives (Fig. 5). 

Comparison of  Figs. 3 and 5 shows that life predictions by the modified multiaxiality factor 
approach are better than those by the von Mises equivalent strain range model for in-phase 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



KALLURI AND BONACUSE ON FATIGUE BEHAVIOR 143 

0.1 c 

rr" 

._= 
P 

4-J  
Or) 

._> 
"-I 

111 

._~ 

0.01 

A ~. = 0.87, d~ = 0 o 

V ~. = 1.73, 4~ = 0 ~ 
--. 0 Z = 3.46, d~ = 0 ~ 

" \ \  �9 Z = 1.73, ~b = 30 ~ 
~ \  �9 ~, = 1.73,  ~b = 60  ~ 

\ \  �9 ~, = 1.73, d~ = 90  ~ 
�9 ~ ~>"~ �9 L = 1.73 ~ = 90 ~ s ine  

� 9  
�9 ~ ~  - -  Pred ic t ion ,  M F  = 1.0 

~ . ~  - - -  Prediction, MF = 0.5 

r- 0"00~02 >o 10 3 10 4 10 s 10 8 

C y c l i c  L i f e ,  N f 
FIG. 4--Lower and upper bound life prediction curves by the modified multiaxialityfactor approach. 

tes ts  (q5 = 0") a n d  for  o u t - o f - p h a s e  tes ts  for  w h i c h  4~ v~ 90". T h e  life p r e d i c t i o n s  by  the  m o d i f i e d  
m u l t i a x i a l i t y  f ac to r  a p p r o a c h  do  n o t  s h o w  a n y  i m p r o v e m e n t  o v e r  t h e  v o n  Mises  e q u i v a l e n t  
s t r a in  r ange  m o d e l  for  o u t - o f - p h a s e  tes ts  w i t h  q5 = 90* b e c a u s e  MFis  very nea r ly  equa l  to  o n e  
fo r  t h e s e  tests .  

1 0  6 / 

o / A Z, = 0.87, ~b = 0 / /  " /  
o / / V k =  1 . 7 3 , * = 0  / //:: 
o / / g = 3 . 4 6 , ,  = 0 / .,,,,4fi---~: 

CD �9 ~, = 1 .73 ,  ~b = 3 0  ~ / - / / / ~ ' ~ ' ~  
_j I05 �9 ;L=1.73, •= 60 ~ // / /: 

# ~, = 1 .73 ,  ~b = 90 ~ .i~=/ :: 0 
�9 ,,~ o �9 7 / �9 Z = 1 .73 ,  ~b = 9 0  s i n e  / ~ / , 7 " - ~  
O 

0 1 0  4 /"flft'/~//~ ~ Factors of 

" 0  / ,/ .g'/ / 

0 1U 7~/// . ~  7 /  / 7  

o~ . - 3  / : / 

I0~02 ....... i'03 .... i'04 ...... i'05 ...... iO 6 

Observed Cyclic Life 
FIG. 5--Comparison of the observed and predicted lives by the modified multiaxialityfactor approach. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



144 ADVANCES IN MULTIAXIAL FATIGUE 

Modified Smith- Watson- Topper Parameter 

Smith, Watson, and Topper [25] proposed a stress-strain function to account for the effect 
of mean stress on the fatigue life of metals. Socie [I 1] argued that larger stresses (due to the 
extra hardening) in out-of-phase axial-torsional loading would have an effect on fatigue life 
that is similar to the effect of tensile mean stress on axial fatigue life and extended usage of the 
Smith-Watson-Topper parameter to axial-torsional fatigue life prediction. 

0.~2 
AE---22 a ~  = a) ~)(2Ny)b+~ + ~ (2Ny)2b (8) 

The modified Smith-Watson-Topper parameter was successfully used to predict the room 
temperature fatigue life under in- and out-of-phase axial-torsional loading conditions for 
materials that crack in a tensile mode, i.e., cracks initiate and propagate perpendicular to the 
maximum principal strain direction [ 11,12]. 

In this model, the magnitude and the plane of the maximum principal strain amplitude are 
determined first for a given cycle of axial-torsional loading. The maximum principal strain 
amplitude is then multiplied by the maximum normal stress that occurs on that plane. The 
constants for life prediction (Eq 8) were obtained from the axial fatigue properties of Haynes 
188 at 760"C (Table 1). For the in- and out-of-phase axial-torsional fatigue tests on Haynes 
188, which exhibited a tensile mode of cracking, life predictions by this model were uncon- 
servative by up to a factor of four with the largest deviations occurring for the out-of-phase 
tests (Figs. 6 and 7). Other investigators have reported unconservative fatigue life predictions 
by the modified Smith-Watson-Topper parameter for materials that exhibit a shear mode of 
failure, i.e., initiation and propagation of cracks parallel to the maximum shear plane [14]. 

The Critical Shear Plane Method of FatemL Socie, and Kurath 

The importance of the plane of maximum shear for crack initiation in multiaxial fatigue 
loading was recognized by Brown and Miller [1], Blass and Zamrik [6], and Kanazawa et al. 
[ 7]. Their work indicated that parameters based on the maximum shear strain and the normal 
strain acting on the plane of maximum shear strain should be considered for prediction of 
fatigue failure under multiaxial stress-strain conditions. Socie and his coworkers [9,11] pro- 
posed the addition of a normal stress term to the shear and normal strain terms. The critical 
shear plane method developed by Fatemi and Socie [13] and Fatemi and Kurath [14] consid- 
ers the maximum shear strain and the normal stress on the plane of maximum shear strain: 

Tmax (1 + k a ~ ' x ] - - ( 1  + ve) a'Y(2Nf)b + k a'-~a r a r / E ~ (1 + v,) (2Nf) 2b 

k 
+ (1 + vp)~(2Nz) c + ~(1 + ,9)raf(2Nf) ~ (9) 

O'y 

The Fatemi-Socie-Kurath model was successfully used to predict room temperature in- and 
out-of-phase axial-torsional fatigue lives for materials that exhibit a shear mode of failure 
[13,14]. Application of this model to the in- and out-of-phase, axial-torsional, Haynes 188 
fatigue data has yielded very conservative life predictions (Fig. 8). The material property con- 
stant k (Eq 9) was determined in Ref 20 by using both the axial (), = 0) and torsional 
(~ = co) fatigue data of Haynes 188 according to the procedure described by Fatemi and Kur- 
ath [14]. The value of k was equal to 1.0 for the fatigue life regime of interest in this study 
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[20]. Other constants for predicting the combined axial-torsional fatigue lives with Eq 9 were 
obtained from the axial fatigue properties of Haynes 188 at 760"C (Table 1). Life predictions 
by this method were conservative by up to a factor of four or more for the combined axial- 
torsional fatigue tests (Fig. 9). 

D i s c u s s i o n  

Cyclic Hardening 

For Haynes 188 at 760"C, as mentioned earlier, the out-of-phase axial-torsional fatigue tests 
exhibited more cyclic axial and torsional hardening than the corresponding in-phase tests. 
Similar hardening behavior was observed in out-of-phase axial-torsional tests for a low alloy 
steel [13], stainless steels [11,12,16,19], and a nickel-base superalloy [17]. For Haynes 188 at 
760"C, the axial stress-strain curves exhibited less hardening under in-phase loading (X = 1.73 
and ~ = 00) and more hardening under out-of-phase loading (X = 1.73 and q~ --- 90*) com- 
pared to the cyclic stress-strain curve obtained from axial fatigue tests (h = 0). Similar behav- 
ior was observed even for the cyclic engineering shear stress-strain curves under these com- 
bined axial-torsional loading conditions. For out-of-phase tests with ~ = 1.73 and q~ = 90 ~ 
both the triangular and sinusoidal waveform tests exhibited similar hardening behavior which 
implies that the wave shape effects at the test frequency of 0.1 Hz are not very significant. 

Indentation Cracking 

In this study thin-walled tubular specimens that exhibited cyclic lives greater than 6000 
cycles under combined axial-torsional loads typically failed due to a crack at an extensometer 
indentation (Table 2). No such cracking was observed in previously conducted room temper- 
ature studies on 304 and 316 stainless steels even though the cyclic lives were as high as 37 000 
cycles [ 18,19]. This observation indicates that Haynes 188 at 760~ is a notch-sensitive mate- 
rial. Note from Table 2 that indentation cracking occurred in seven out of twelve out-of-phase 
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FIG. 9--Comparison of the observed and predicted fives by the Fatemi-Socie-Kurath model. 

axial-torsional tests, whereas such a cracking occurred in only two out of  the ten in-phase tests. 
Also, indentation cracking was noticed at a low cyclic life of  1088 in the out-of-phase tests, 
whereas it was not noticed in the in-phase tests until a cyclic life of 6261. The additional hard- 
ening occurring in the out-of-phase axial-torsional fatigue tests may have increased the notch 
sensitivity of the material, which may be the reason for the frequent and early occurrence of 
indentation cracking under out-of-phase loading conditions compared to the in-phase loading 
conditions. 

As mentioned earlier, between the two out-of-phase axial-torsional tests that had similar 
loading conditions (HY65 and HY66 in Table 2), the specimen that exhibited cracking at the 
indentation (HY66 with N I = 1088) actually lasted slightly longer than the one that did not 
crack at an indentation (HY65 with N: = 944). Thus, the effect of  indentation cracking on the 
observed fatigue lives may not be very large. In any case, the life predictions by the four models 
used in the study are valid because they were based on cyclic life data from those axial and 
torsional fatigue specimens which did not exhibit any indentation cracking [20]. In the 
absence of  indentation cracking, if the fatigue lives of  the specimens that exhibited indentation 
cracking were to increase, the life predictions by the von Mises equivalent strain range model 
and the modified multiaxiality factor approach would be conservative, the life predictions by 
the modified Smith-Watson-Topper parameter would be less unconservative, and the predic- 
tions by the Fatemi-Socie-Kurath model would be more conservative compared to the respec- 
tive life predictions shown in Figs. 2 through 9 by these models. 

Alternative Tubular Specimen Designs 

Design of  the thin-walled tubular specimen can be modified for notch-sensitive materials to 
prevent cracking at extensometer indentations. The modifications proposed involve machin- 
ing of  either a uniform cylindrical detail (Fig. 10) or an hourglass cylindrical detail (Fig. 11) 
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FIG. 1 O--Thin-walled tubular specimen with a uniform cylindrical detail in the gage section. 

within the gage section of the specimen. The indentations for mounting the extensometer 
would be pressed outside the cylindrical details in both of these designs. These designs greatly 
reduce the chances of cracking at the indentations because: (1) the highly stressed region is 
confined to the center of the tubular specimen and is removed from the indentations; and (2) 
the depth of indentations (80 #m) is smaller than the depth of the cylindrical details (130 + 
10 tzm). However, these modified designs require additional computations, which are not 
required for the uniform gage section design (Fig. 1), to estimate the axial and engineering 
shear strains at the minimum section of the specimen. In addition to the extra machining that 
is required, either of the proposed cylindrical details may introduce a temperature gradient 
within the gage section. Specimen designs containing similar cylindrical details have been used 
for multiaxial fatigue testing. Some of these thin-walled tubular specimen designs were sum- 
marized by Lefebvre [26]. 
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FIG. 11--Thin-walled tubular specimen with an hourglass cylindrical detail in the gage section. 
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Conclusions 

In-phase and out-of-phase axial-torsional fatigue tests have been conducted at 760~ on 
thin-walled tubular specimens fabricated from a wrought cobalt-base superalloy, Haynes 188. 
In-phase fatigue tests with nominal engineering shear to axial strain ratios of 0.87, 1.73, and 
3.46 and out-of-phase fatigue tests with a nominal engineering shear to axial strain ratio of 
1.73 and with phase angles of  30 ~ 60 ~ and 90 ~ have been conducted. Fatigue lives of  the ele- 
vated temperature:in- and out-of-phase axial-torsional tests were estimated with four multiax- 
ial life prediction models, and the predicted cyclic lives were compared with the observed 
cyclic lives. The following conclusions were drawn from this study. 

1. More cyclic axial and torsional hardening occurred under out-of-phase axial-torsional 
loading conditions than under in-phase axial-torsional loading conditions for Haynes 188. 

2. Some ofthethin-walledtubularspecimensofHaynes 188 tested under combined axial- 
torsional loads failed due to a crack at an extensometer indentation. The number of such spec- 
imens was greater in the out-of-phase tests than in the in-phase tests. This phenomenon, in 
general, was attributed to the notch sensitivity of  Haynes 188 at 760~ The additional hard- 
ening that occurred in the out-of-phase tests might have increased the degree of notch sensi- 
tivity of  the material. 

3. For cyclic lives less than 6000 (when compared on the basis of  applied axial and engi- 
neering shear strain ranges), no significant difference was observed between the fatigue lives of  
in- and out-of-phase axial-torsional tests, while for cyclic lives greater than 6000 cycles, out- 
of-phase tests lasted factors of 1.5 to 3 or more longer than the in-phase tests. 

4. Fatigue life predictions of  the in-phase and out-of-phase axial-torsional tests were: (1) 
within a factor of  2 for a majority of  tests for the von Mises equivalent strain range model, (2) 
within a factor of  2 for the modified multiaxiality factor approach, (3) unconservative by up 
to a factor of  4 for the modified Smith-Watson-Topper parameter, and (4) conservative by up 
to a factor of  4 for the Fatemi-Socie-Kurath model. 

5. Two design modifications were proposed to prevent specimen failure due to a crack at 
an extensometer indentation. These modifications add either a uniform cylindrical detail or 
an hourglass cylindrical detail within the gage section of  the thin-walled tubular specimen. 
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ABSTRACT: Anisotropic cyclic stress-strain curves (CSSCs) and fatigue lives were obtained 
from fully reversed fatigue tests in strain control on two orientations of an AI-606 l-T6 plate 
(along the rolling direction and the transverse direction). The experiments were conducted at 
room temperature in air under three loading conditions: tension/compression, torsion, and com- 
bined tension/torsion in-phase. Based on the CSSCs data, the anisotropic constitutive relations 
of the material were obtained by using Hill's anisotropic plasticity theory. Yield loci and flow 
behavior were determined and compared to theoretical predictions. Two anisotropic effective 
stress-effective strain criteria were evaluated. During the fatigue tests, fatigue cracking behavior 
was observed. The damage mechanism of the material was shear dominated. Four multiaxial 
fatigue life prediction models representing three different concepts were used to correlate the 
anisotropic fatigue life data of the plate under the biaxial loadings. A new shear cracking model 
incorporated with material anisotropy coefficients is proposed and correlated with the fatigue life 
data very well. 

KEY WORDS: cyclic stress-strain curves, anisotropic constitutive relations, biaxial fatigue 
cracking behavior, biaxial fatigue life prediction models, material anisotropy effects, AI-606 l-T6 
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Anisotropic coefficients in the yield function by Shih and Lee 
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The material anisotropic coetficients in the new fatigue life prediction 

model: Ai('rm~ + Bi~.) by Lin and Hashemi 

Introduction 

Fatigue life predictions represent one aspect of the durability assessments of engineering 
structures. Two approaches have been used in fatigue analysis: local stress-strain and fracture 
mechanics. In the local stress-strain approach, stresses and strains in critical locations of the 
structures are assumed to control the fatigue life. Cracks are assumed to initiate and propagate 
in the structures in the same manner as they do in the smooth laboratory specimens. A number 
of multiaxial fatigue life prediction models have been proposed by applying the local stress- 
strain approach [ 1-3]. Three general concepts have been recognized, which are effective stress/ 
strain, plastic work, and critical plane. Although extensive research has been conducted on 
multiaxial fatigue, no single model can correlate the test data of a variety of materials and 
loading conditions. This is due to the fact that fatigue cracking behavior depends on loading 
conditions, material microstructure, and strain amplitude. 

Most engineering materials exhibit some degree ofanisotropy in their mechanical behavior. 
Extremely anisotropic materials like composites and single crystals are becoming more prom- 
inent nowadays. It is important to include the material anisotropy effects in multiaxial fatigue 
life prediction models to improve the reliability in the design as well as in the safety evaluation. 
However, until now, the material anisotropy effect has not been accounted for in any mul- 
tiaxial fatigue life prediction models, although its importance has been noticed [3,4]. To inves- 
tigate the effect of material anisotropy on multiaxial fatigue life prediction, both the aniso- 
tropic constitutive relations of the subject material and its fatigue cracking behavior under 
multiaxial loading conditions should be studied. Anisotropic constitutive relations, which 
include a yield function, a flow relation, and a hardening rule, are the basis to calculate the 
correlating parameters in multiaxial fatigue life prediction models. Moreover, for anisotropic 
materials, the fatigue cracking behavior may depend on its orientations and loading histories. 
The life prediction model should be proposed according to the actual fatigue cracking behav- 
ior. The parameters in the model must be evaluated based on the anisotropic constitutive rela- 
tions of the subject material. 

In the present research, strain-controlled fatigue tests are conducted on two orientations of 
an orthotropic AI-606 l-T6 plate under three loading conditions: tension/compression, tor- 
sion, and combined tension/torsion in-phase. The anisotropic constitutive relations of the 
plate are obtained based on its cyclic stress-strain curves (CSSCs). Fatigue cracking behavior 
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is studied during the fatigue tests. A new multiaxial fatigue life prediction model incorporated 
with material anisotropy effects is proposed and correlated with the fatigue test data. 

Background 

CSSCs and Anisotropic Constitutive Relations 

The cyclic stress-strain curve concept was introduced in the 1960s to characterize the cyclic 
behavior of  a material [5,6]. There are three experimental methods available to measure the 
CSSC of a material: constant strain amplitude (CSA), multiple step test (MST), and incre- 
mental step test (IST). The detailed description and comparison of these three methods can be 
found in Ref 7. CSSCs depend on the microstructures of  materials. Depending on the initial 
state of  a material, the strain hardening of the material under cyclic loading may increase 
(cyclic hardening), decrease (cyclic softening), or remain the same (cyclic stability). In many 
cases, the three phenomena may occur and the sequence may vary. The effect of the micro- 
structure of  a material on its CSSC has been reviewed [8,9]. Any microstructural feature that 
causes inhomogeneous distribution of  plastic strains will result in higher strain hardening and 
shorter fatigue life. CSSCs also depend on the loading conditions. Usually, the CSSC of a mate- 
rial is obtained from the laboratory uniaxial tests on smooth specimens. However, structures 
are often subjected to multiaxial loading conditions, and multiaxial stress states often exist at 
some critical locations of  the structures such as notches, geometric discontinuities, etc. There- 
fore, correlation between uniaxial and multiaxial CSSC test data becomes important. Two 
effective stress-effective strain criteria have been used to correlate multiaxial test data: the 
Tresca type, rmax -- 3' .... and the von Mises type, ~ -- ~ [10-12]. 

In most studies of  CSSCs of  materials, the subject materials were assumed to be isotropic. 
Anisotropic effective stress-effective strain criteria for the correlation ofanisotropic multiaxial 
CSSCs data are rarely investigated. To obtain the anisotropic constitutive relations of  an aniso- 
tropic material which are needed to obtain the anisotropic effective stress-effective strain cri- 
teria, the sources of the anisotropy have to be identified and modeled. There are at least two 
sources of anisotropy in metals, and they may not be completely independent of each other. 
One is largely due to preferred orientation of  grains and nonrandom distribution of  second 
phase particles and/or inclusions. This source is termed material anisotropy in this study, 
which gives rise to the dependence of  yield strength and strain-hardening property on material 
orientation. Another source is related to the development of  back stress or internal residual 
stress caused by prior plastic deformation such as the Bauschinger effect. This is termed plastic 
deformation anisotropy and is a loading history dependent phenomenon, and the anisotropy 
is observed upon subsequent load reversal. 

Research on anisotropic constitutive relations of  metals has been extensive [12-21]. Two 
different approaches, i.e. the crystallographic approach [16,17] and the macroscopic contin- 
uum approach [ 13,15,18-21], have been applied to model the yield behavior of anisotropic 
metals. In the macroscopic continuum approach, no reference is made to the orientations of  
individual grains. The yield surface of  the polycrystal under consideration is described by an 
assumed analytical yield function, the parameters of  which are determined experimentally. 
The anisotropic behavior of  the polycrystal is thus accounted for only through the character- 
istics of  the assumed yield function, not by.means of  the crystallographic texture of the mate- 
rial. In 1948, Hill proposed a generalization of  the von Mises yield function for the state of 
anisotropy possessing three orthogonal planes of  symmetry. His yield function is expressed as 
[13]: 

2f  = F(ay -- ~)2 + G(a~ - ~)2 + H(ax - ay)2 + 2Lr~ + 2Mr~ + 2Nr~y (1) 
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where F, G, H, L, M, N are constants depending on the yield stresses in the three principal 
material anisotropic directions. Hill's yield function and an associated flow rule are the most 
widely used formulations for the constitutive relations of anisotropic materials [I 2, 20, 21]. 

Shih and Lee [ 18] proposed another anisotropic plasticity theory which extended Hill's the- 
ory. Their yield function was expressed as: 

3 f  = M 0 ( ~ , -  ,~,)(~j - . j )  - k ~ = 0 (2)  

where Mij describes the variation of the yield stresses with material orientations, and a~ and aj 
describe the strength difference between the tensile and compressive yield stresses. The size of 
the yield surface is given by the parameter k. 

Multiaxial Fatigue Life Prediction Models 

Successful multiaxial fatigue life prediction modeling requires understanding the fatigue 
cracking behavior of the subject material. Extensive research on smooth specimens under uni- 
axial fatigue condition has shown that fatigue crack nucleation usually occurs at stress con- 
centrations on or immediately below the specimen surface. These stress concentrations may 
result from surface roughness, grain boundaries, or inclusions. Besides these sources of crack 
nucleation, cracks can be nucleated from persistent slip bands (PSBs) formed during fatigue 
loading [22,23]. For most materials, the formation of PSBs first occurs in those grains whose 
slip planes are most closely aligned with the plane of maximum shear. Crack nucleation 
depends on the shear stress acting on the slip planes rather than the normal stress. Forsyth 
defined crack nucleation and early growth on shear planes as Stage I growth (Mode II) and 
crack propagation on the planes normal to the maximum tensile stress as Stage II growth 
(Mode I) [24]. Materials which form slip bands under uniaxial loading also produce slip bands 
under torsion. As early as the 1920s, Gough [25] reported that shafts subjected to torsional 
fatigue could fail in two general modes. In one mode, cracks propagated in the axial or circum- 
ferential directions of the shaft, i.e. on the maximum shear planes. In the second mode, cracks 
propagated along a 45* direction to the axis of the shaft, i.e. on maximum tensile planes. Since 
then, increasing research has been conducted on torsional fatigue, and the two general failure 
modes are observed repeatedly [26-30]. Recently, Bannantine and Socie [31] studied the 
cracking behavior of several materials under tension/torsion biaxial fatigue conditions. The 
fatigue cracking behavior was found to depend on loading mode, strain amplitude, and mate- 
rial microstructure. 

A large number of multiaxial fatigue life prediction models have been proposed. Three con- 
cepts have been generally recognized: effective stress/strain, plastic work/energy, and critical 
plane. The effective stress/strain concept was proposed at the early stage of multiaxial fatigue 
research and still remains popular [32-35]. According to this concept, the two- or three- 
dimensional stress/strain state is reduced to an effective scalar parameter, usually by using 
either the Tresca criterion or the von Mises criterion. An effective parameter-fatigue life rela- 
tionship may then be obtained similar to the S-Ncorrelation. The plastic work/energy concept 
was proposed in the 1960s [36,37]. The hysteresis energy was used to correlate fatigue life. 
Recently, Garud [38] and Ellyin et al. [39-41] continued to investigate in this direction. 

The critical plane concept requires that the failure plane be identified and the load spectra 
with respect to that plane be analyzed. In his early research on high cycle fatigue, Eindley used 
maximum shear stress modified with the normal stress acting on the plane of maximum shear 
to correlate fatigue life data [42,43]. McDiarmid also proposed a critical plane model for high 
cycle multiaxial fatigue in the early 1970s [44,45] based on the maximum shear stress and 
maximum normal stress on the plane of maximum shear. In low cycle fatigue research, strain 
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FIG. 1--The Cartesian coordinates of  the Al-6061- T6 plate, which coincide with the principal axes of  
the material anisotropy. X is in the TD direction, Y is in the RD direction, and Z is in the through-thickness 
direction. 

parameters instead of  stress parameters are usually used in fatigue life prediction models. 
Brown and Miller proposed a general function I'(3'm~, E,) for the correlation of  shear damage 
fatigue data [46]. Socie et al. [47] proposed another shear cracking model, 7 ,~  + ~, + 
a,o/E, which simplified the 1" function by Brown and Miller. In the model by Socie et al., a 
mean stress parameter, g,0, was introduced to account for the mean stress effect. Recently, 
Fatemi and Socie [48] proposed another shear cracking model, ~',,~x(1 + na'~'fir~), to corre- 
late the shear cracking fatigue data for both in-phase and out-of-phase loadings. In this model, 
the additional hardening caused by out-of-phase loading was taken into account by gm~x. More- 
over, a tensile cracking parameter, al~l, 2 was proposed by Smith et al. during uniaxial fatigue 
[49] and has been successfully used by Socie [50] for the correlation of multiaxial fatigue data 
of  tensile cracking behavior. 

Although a large number of multiaxial fatigue life prediction models have been proposed, 
all are obtained based on research treating the subject materials as isotropic. To the best of our 
knowledge, the effect of  material anisotropy has not been accounted for in any model. The 
purpose of  this research is to conduct biaxial fatigue tests on the orthotropic AI-606 l-T6 plate 
and to propose a new biaxial fatigue life prediction model incorporating material anisotropy 
effects. 

Experimental Procedure 

Material 

The material selected for this investigation is AI-606 I-T6 plate cold rolled in one direction. 
The A1-6061 alloy is a lightweight, medium-strength, corrosion-resistant material for general 
structural usage. After the T6 temper treatment, it retains the material anisotropy, but the plas- 
tic deformation anisotropy due to prior plastic work is eliminated. The nominal chemical 
composition of  the material is: Mg: 1.0%, Si: 0.6%, Cu: 0.25%, Cr: 0.25%, Fe: 0.7%, Mn: 0.15%, 
Zn: 0.25%, Ti: 0.15%, AI: balance. The nominal monotonic mechanical properties are: E = 
69 000 MPa, ~y = 276 MPa, ~, = 310 MPa, and elongation in 50 mm = 12%. The plate has 
three orthogonal planes of  symmetry, and the Cartesian coordinates axes are taken to coincide 
with the principal axes ofanisotropy as shown in Fig. 1. The etched microstructure along both 
the rolling direction and the transverse direction of  the plate is shown in Fig. 2. The material 
anisotropy of  the plate is caused by the presence of  elongated grains and the alignment of  the 
precipitates along the rolling direction, as shown in Fig. 2. 

2 The original notation was a~ ~ A~--21 
2 
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FIG. 2--Photomicrographs showing the etched microstructure of the Al-6061-T6 plate." (A) in the XZ 
plane perpendicular to RD direction, and (B) in the YZ plane. The grains were elongated, and the precip- 
itates were aligned along the RD. 

Specimen Configuration 

Solid cylindrical specimens 9.5 mm in diameter were prepared from the plate along two 
orientations: (1) along the rolling direction (RD), and (2) along the transverse direction (TD) 
in the plate plane. The specimen configuration is shown in Fig. 3. The surface of the specimens 
was polished successively with finer grits to a mirror-like finish. 

Testing System 

Fully reversed fatigue tests were conducted on the two orientations of  specimens in strain 
control at room temperature under three loading conditions: tension/compression (~, -- -y/~ 
= 0), torsion (~, = oo), and combined tension/torsion in-phase (k --- 0.8, ;~ = 2). Tests were 
performed on a servo-hydraulic close-looped Instron 1322 biaxial testing system with strain 
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FIG. 3--A schematic diagram of the specimen configuration. 

~ 

rates between 10 -3 and 10 -4 1/s. Strains were measured by an Instron biaxial extensometer of 
10 mm gage length. Load-elongation and torque-twist data were recorded by X-Y recorders. 

Results 

Monotonic Stress-Strain Curves 
The monotonic stress-strain curves of  RD and TD specimens under both tension and tor- 

sion are shown in Fig. 4, which are the averages of  multiple-specimen tests. From the mono- 
tonic stress-strain curves, it is found that the material is elastically isotropic, but plastically 
anisotropic. The stress responses of  the two orientation specimens in the plastic regime are 
different. The TD specimens show higher stress response than the RD specimens under mono- 
tonic tension. Under torsion, the RD specimens show higher stress response. The plastic defor- 
mation behavior of  a material depends on its microstructure, which can be changed by heat 
treatment. For the A1-606 l-T6 plate used in the present study, the grains have been elongated 
and the second phase particles have been aligned along the rolling direction, which causes the 
observed anisotropy in plastic regime. 

Cyclic Stress-Strain Curves (CSSCs) 
Cyclic stress-strain curves are obtained by using both CSA and MST methods. Results of  

the two methods are the same. Cyclic stresses on the specimen surface under proportional 
biaxial loading were calculated by using the following equations: 

l (3T + O OT ) 
r = 27ra----- 3 - ~  , (3) 

I (2P+oOP ) 
o = 2a.a----- 5 - ~  , (4) 

These equations were derived in detail in [51], which was an extension of the derivation by 
Nadai [52]. All specimens showed small initial hardening at the beginning of  loading. After 
several cycles, small softening occurred, then the hysteresis loops saturated. This cyclic behav- 
ior has been explained previously [53]. The initial hardening may be caused by the increase 
in dislocation density and their interactions. This process does not last long because of  the 
interaction between dislocations and particles. When the interaction of  dislocations and par- 
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FIG. 4 - -  Typical monotonic stress-strain curves in the RD and TD directions showing elastic-isotropic, 

but plastic-anisotropic behavior: (a) under tensile loading, and (b) under torsional loading. 

ticles becomes dominant, subsequent softening begins. The anisotropic CSSCs of the two ori- 
entations of specimens are shown in Fig. 5, which is in agreement with the monotonic stress- 
strain responses shown in Fig. 4. Under tension/compression, TD specimens show higher 
cyclic stress responses; however, under torsion, RD specimens show higher cyclic stress 
responses. 
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A nisotropic Constitutive Relations 

Shih and Lee [ 18] extended Hill 's macroscopic cont inuum formulation ofanisotropic con- 
stitutive relations of solids. Their formulation is used in this study and is expressed as: 

Yield function: 

3 f =  Moa & - k  a = 0 (5) 

Effective stress: 

Flow relation: 

Stress deviator: 

a; = M : , a j  (6) 

3 di  p Si (7) 

2 
s, = 3 M : j  (8) 

The anisotropic coefficients, M~j, represent the dependence of  yielding stresses on the prin- 
cipal orthotropic directions of  the material. Based on the cyclic stress-strain curves of the plate, 
M U was determined in detail in Ref 51. The results are as follows: 

Mn = 1, M22 = 1.127, M33 = 1.375 

Ml2  ---- --0.376, Ml3 = --0.624, M23 = --0.751 

M66 = 3.13, M55 = 3.02, k = 292 MPa 

compared with the isotropic case, where 

M . = M a = M 3 3 =  1 

Ml2 = MI3 = M23 = --0.5 

M44 = M55 = M66 = 3 

The plate does exhibit some degree of  anisotropy. Yield surface depends on the definition 
of yielding. For  small offset strain yielding definitions (50 t*0, the Bauschinger effect is more 
prominent.  In this study, a big offset strain of  0.2% is used as the definition of yielding, as we 
intend to model  the material anisotropy rather than plastic deformation anisotropy. By using 
the 0.2% offset strain yield criterion, the test data show a negligible Bauschinger effect. As a 
result, the ai and aj terms in the original formulations by Shih and Lee are taken as zero as 
shown in Eqs 5 through 8. 

The yield loci are then established for the two orientations under combined tension/torsion 
loading. 
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Yield loci: 
TD: 

a2 + 3.13r 2 = 2922 (9) 

RD: 

1.127a 2 + 3.02r 2 = 2922 (10) 

compared with the isotropic case: 

a 2 + 3r 2 = k 2 (11) 

The experimental data are plotted together with the above yield functions in Fig. 6. Using 
Levy and von Mises's assumption, dff/& -- constant, and using yield functions as the plastic 
potential functions, the flow relations can be obtained for the two orientations under biaxial 
loadings. In this formulation, the flow rules are obtained based on the isotropic hardening 
assumption, i.e. the initial yield surface can only expand. From the comparison between 
experimental data and theoretical prediction on the flow relations (see Fig. 7) and the effective 
stress-effective strain modeling (see Fig. 8a, ~ -- i), the isotropic hardening assumption seems 
appropriate. Hecker [14] and Stout et al. [54] also concluded that if yielding is defined by a 
big offset strain (0.2%), then the yield loci usually expand isotropically. Moreover, variation 
of  the anisotropic parameters M U with strain levels and the inclusion of  a~ and aj terms into 
the yield functions can also be done to enable translation and distorsion of yield surfaces. The 
discussion of this topic is beyond the scope of  this paper. 

Test of  normality rule for biaxial loading can be done by comparing the experimental data 
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FIG. 6--Yield loci in the RD and TD directions under cyclic tension~torsion loading using 0.2% off-set 
strain yield definition. 
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FIG. 7--A plot of plastic strain ratio d~p/d% versus stress ratio r/cr under the biaxial loading in the RD 
and TD directions. 

to the prediction of the flow relation. The flow relations of the two orientations under the biax- 
ial loading conditions can be expressed as: 

TD: 

d~/p M66 r r 
- - 3 . 1 3 -  ( 1 2 )  

d% Mn a 

RD: 

d~p Ms~ r 
- - -  - 2.68-r (13) 

d% M22 ~ a 

compared with the isotropic case, where 

d% = 3 _r (14) 
dep 

The experimental data are plotted together with the above flow relations as shown in Fig. 7. 
The prediction of the anisotropic constitutive equation formulation and the experimental data 
is in reasonable agreement. 

Effective Stress-Effective Strain Criteria 

The concept of effective stress-effective strain is used to reduce multiaxial stress-strain 
responses to a universal stress-strain curve, generally the one measured in uniaxial tension. An 
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effective stress-effective strain criterion of  the von Mises type, ~ -- ~, could be obtained from 
the following anisotropic constitutive relations. 

~2 = Mq~i~y (15) 

3d'/p 
d~ = ~--ff-S; (16) 

ge = Ve 2 + ct3,~ (17) 

= ~e -t- ~p (18)  

where a is a constant depending on Poisson's ratio of  the material [55]. The correlation of  the 
-- ~ criterion with the experimental data is shown in Fig. 8a. It is apparent that this criterion 

correlates the test data of  the plate very well. Brown and Miller [10] used rm~x - 3'm~x as the 
effective stress-effective strain criterion for the test data of 1% Cr-Mo-V steel. This criterion 
can also be obtained from the anisotropic constitutive relations. 

The correlation of the rm~x -- "Ymax criterion with the test data of  the plate is shown in Fig. 
8b, which is poor. Stout et al. [12] also evaluated anisotropic effective stress-effective strain 
criteria for A1-2024-T6. They found that a nonquadratic Hill's criterion gave the best corre- 
lation and that the Tresca-type rm~x - "rmx criterion did not correlate with the test data. 

Fatigue Failure Criteria 

In the local strain approach, the criterion of  fatigue failure is not definite. Although the final 
rupture of  the specimen is a natural choice, Nn.,, (fatigue life at the final rupture) is rarely used 
as a failure criterion. Most researchers use some arbitrary load or torque drops (usually 10% 
load or torque drop) as their failure criteria, and some also tried to relate their load/torque 
drop criteria to physical damage behavior [30,56-58]. Other researchers used a crack length 
as the failure criterion [47,59]. In Ref 47, a crack length of  1.0 mm was used as the failure 
criterion. 

In the low cycle fatigue tests of  a given material, the number of  initiated cracks, their length, 
their depth, and the stage of  initiation depend on the loading condition and specimen geom- 
etry. For the solid cylindrical specimens and the strain ranges applied in this study, under 
cyclic torsion , cracks initiated on the specimen surface very early. The rate of crack growth 
along the specimen axis was much faster than the rate of crack growth into the specimen thick- 
ness. At the 10% torque drop point, the length of  the visible cracks could be several centimetres 
long. As a result, Ni.0 mm (fatigue life at a visible crack of  1.0 mm) was much less than N~0~ 
(fatigue life at 10% load/torque drop). Moreover, in torsional fatigue tests, even Nlo~ can be 
significantly smaller than Nn,~. However, under tension/compression, cracks appeared on the 
specimen surface quite late, at about 70 to 90% of Nn.~. NL0 ram, N~o~, and Nn.~ were almost 
the same in tension/compression fatigue tests. In other words, under torsion, N~ 0 ,,m does not 
reflect the actual failure of  the specimen at all, but in tension/compression tests, it does. In 
addition, as crack initiation and the early crack growth depends on the loading condition and 
specimen geometry in low cycle fatigue tests, it is not always easy to measure the crack lengths 
and to record their initiation accurately. 

The load/torque drop failure criterion relates the failure definition directly to the load/ 
torque carrying capacity of  the specimen, and it is very convenient to apply this criterion in 
fatigue test experiments, which are the two major advantages of this failure criterion. However, 
this failure criterion lacks a physical damage basis in terms of  crack length. The ambiguity of  
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the failure criterion is an inherent feature of the local strain approach, which needs further 
research and collaboration among researchers. Similar to the well-accepted 0.2% offset strain 
yield definition, the 10% load or torque drop failure criterion can be a feasible criterion at 
present. As a result, the 10% load or torque drop is used as the fatigue failure criterion in this 
study. 

Fatigue Cracking Behavior 

Fatigue cracking behavior was observed during the biaxial fatigue tests of the two orienta- 
tions of specimens. After the fatigue tests, specimens were inspected using the liquid penetrant 
method to manifest the cracks and their orientations. Photographs of the cracks on the spec- 
imen surface are shown in Figs. 9 through 11. The orientations of the planes of maximum 
shear under the three loading conditions, i.e. pure torsion, tension/compression, and com- 
bined tension/torsion, are also shown in Figs. 9 through 11. Under torsional loading, cracks 
initiated and propagated along the specimen axis, i.e. on the planes of maximum shear (PMS). 
Both RD and TD specimens displayed the same shear cracking behavior, as shown in Fig. 9. 
Cracks initiated early, at about 10 to 20% of N~0~. Some cracks linked and became major 

Axis 

FIG. 9--Photographs showing the cracks, their orientations, and the planes of maximum shear on the 
specimen surface under pure torsion: (a) a TD specimen, and (b) an RD specimen. 
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Axis 

I E 3 

FIG. l O--Photographs showing cracks, their orientations, and the planes of maximum shear on the 
specimen surface under tension/compression: (a) a TD specimen, and (b) an RD specimen. 

cracks at later stages of growth. The final length of the major cracks were as long as several 
centimetres. All cracks were along the specimen axis; no cracks initiated and propagated along 
the circumferential direction (another PMS). This phenomenon has been observed repeatedly 
during torsional fatigue tests [26,30,60]. 

Under tension/compression loading, the RD and TD specimens also displayed similar shear 
cracking behavior. Cracks initiated and remained on the planes 45* to the specimen axis (PMS) 
for the majority of the fatigue life (Fig. 10). Cracks initiated late, and only a couple of cracks 
were visible on the specimen surface at the 10% load drop point, which was true for all speci- 
mens tested under tension/compression. Under combined tension/torsion loading conditions, 
cracks also initiated early and remained on the maximum shear planes for both the RD and 
the TD specimens (Fig. 11). The number of visible cracks under biaxial loading seemed to be 
more than that under tension/compression loading, but less than that under torsional loading. 
The fatigue cracking behavior of this material appeared to be shear dominated. The material 
anisotropy seemed to have a negligible effect on the fatigue cracking behavior. 
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FIG. 11--Photographs showing the cracks, their orientations, and the planes of maximum shear on the 
specimen surface under combined tension~torsion in-phase: (a) a TD specimen, and (b) an RD specimen. 

Fatigue Life Prediction Models 

The biaxial fatigue test results of the TD and RD specimens are given in Table 1, which 
includes the specimen identification number, the applied strain amplitude, and the corre- 
sponding fatigue life. 

The anisotropic fatigue life data of the RD and TD specimens under both tension/com- 
pression and pure torsion loading conditions are shown in Fig. 12, which are in agreement 
with the anisotropic cyclic stress-strain responses of the material. Under tension/compression, 
higher cyclic stress and shorter fatigue life data were obtained from the TD specimens. Under 
torsion, however, higher cyclic stress and shorter fatigue life data were found from the RD 
specimens (see Fig. 5 and Fig. 12). In order to correlate the fatigue life data of the RD and TD 
specimens under the three loading conditions, a multiaxial fatigue life prediction model is 
needed. The successful model should be proposed based on the actual physical cracking behav- 
ior observed during the fatigue tests and evaluated based on the anisotropic constitutive rela- 
tions of the A1-606 l-T6 plate. 
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TABLE 1--The biaxial fatigue test results of  the TD and RD 
specimens. 

Identification Number A~/2, % A'r/2, % N,0~ 

TD-21 0.672 6100 oo 
TD-12 0.81 3450 ~x~ 
TD- 19 1.008 1850 oo 
TD-18 1.12 1600 oo 
TD-29 1.34 1330 oo 
TD-8 1.58 570 oo 
RD-35 0.77 2350 oo 
RD-20 0.882 1725 
RD-16 0.994 1400 
RD-4 1.01 1130 oo 
RD-34 1.148 880 oo 
RD-5 1.232 600 co 
TD- 13 0.48 2420 0 
TD-35 0.59 1230 0 
TD-24 0.66 800 0 
TD-22 0.76 650 0 
TD-17 0.86 380 0 
RD-9 0.56 2150 0 
RD-33 0.65 1400 0 
RD-19 0.74 1050 0 
RD-30 0.85 530 0 
RD-6 0.96 340 0 
TD-34 0.4 0.81 1060 2 
TD-23 0.45 0.9 850 2 
TD-27 0.5 1.01 720 2 
TD-31 0.5 0.41 1310 0.8 
TD-5 0.55 0.45 900 0.8 
RD-27 0.38 0.76 1230 2 
RD-21 0.43 0.86 1050 2 
RD-26 0.475 0.95 800 2 
RD-28 0.525 0.425 1960 0.8 
RD-32 0.58 0.46 1140 0.8 

For isotropic materials, the following multiaxial fatigue life prediction models have been 
proposed representing three different concepts: the shear cracking model by Socie et al. [47], 
"Ym~x + ~, + a,o/E, and the tensile cracking model (SWT) [49], a~Cl. In these two models, the 
critical plane concept and the observed actual cracking behavior were taken into considera- 
tion. The other two models are: the effective strain, ~, and the plastic work [39], ~p-~. Based on 
the anisotropic constitutive relations of the A1-606 I-T6 plate (Eqs 5 through 8), these four 
models are evaluated and correlated with the fatigue life data of the RD and the TD specimens. 

Figures 13 through 16 show the correlation of the four models with the fatigue test data of 
the TD and RD specimens. From Figs. 13 and 14, it is obvious that the tensile cracking model 
and the plastic work model cannot correlate the test data of either RD or TD specimens. From 
Fig. 15, it is found that the effective strain model, ~, offers good correlation for the data of RD 
specimens, but poor correlation for the data of TD specimens. The parameter appearing in 
Fig. 16, 3'm~x + E,, is from the model 3'm~ + E, + a,o/E proposed by Socie et al. [47,50]. Since, 
in our fully reversed fatigue tests, the mean stress term, a,0, is zero, only "Yro~x + E, is shown in 
Fig. 16. Figure 16 shows that the shear cracking model, 3'm~x + ~,, gave better correlations for 
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both RD and TD specimens than the plastic work and tensile models, but the correlations are 
still not satisfactory. 

The fatigue cracking behavior of  both RD and TD specimens under the biaxial loading con- 
ditions has been observed to be shear cracking dominated. For the shear cracking damage 
mechanism, two parameters on the PMS are found to control fatigue life: 3'm~ and c,. There- 
fore, it is not surprising that the tensile cracking model did not correlate with the test data 
because it cannot reflect the actual shear cracking behavior observed during the tests. The 
effective strain and the plastic work models treat all planes similarly and average the stress/ 
strain responses across multiple planes. As a result, the relationship between the correlating 
parameters and the fatigue life lacks physical interpretation with respect to multiaxial fatigue 
failures occurring usually on some definite planes. 

Among the four models, the shear cracking model, "/'max "~- En, is SUpposed to show the best 
correlation as it represents the actual shear cracking behavior. But its correlation with the test 
data of  both TD and RD specimens is not satisfactory (Fig. 16). This is due to the fact that this 
model was originally proposed for the fatigue damage evaluation of  an isotropic material 
[47]. For anisotropic materials, the model has to be modified in order to take the material 
anisotropy effect into consideration. 

A new multiaxial fatigue life prediction model is proposed here in order to predict the aniso- 
tropic multiaxial fatigue life of the A1-606 l-T6 plate: 

A~(3'm~ + Bi~,) = f ( N )  (19) 

where ')/max and ~, are the fatigue life controlling parameters on the plane of  maximum shear, 
and Ai and Bi are material anisotropy coefficients whose values depend on the material ori- 
entation. The right-hand side is the torsional fatigue life baseline data. A~ is introduced to 
reduce the two torsional fatigue life baseline data obtained from TD and RD orientations into 
one. B~ is needed to correlate the data under tension/compression with those under pure tor- 
sion. According to the Cartesian coordinates shown in Fig. 1, for the transverse direction (TD), 
i = 1; for the rolling direction (RD), i = 2; and for the normal direction, i = 3. 

From the pure axial and the pure torsional fatigue test data of  the TD and RD specimens, 
the values of A~ and B~ were determined as follows: 

TD: 

AI = 0.8, Bm = 2.0 

RD: 

A2 = 1, Bz = 0 . 2  

Compared with the isotropic model, ")/max -~- ~n: 

AI =A2  = A3 = 1, Bl = B 2  = B~ = 1 

The values of  Bi were obtained from the correlation between the data of  pure axial fatigue 
tests and the data of  pure torsional fatigue tests. In the modeling of the biaxial fatigue data of 
shear cracking behavior, the torsional fatigue life data are used as the baseline data. Although 
7max is the major controlling parameter for the shear damage, ~, plays an important role. Under 
pure torsion, E, = 0, mechanical interlocking occurs, and high friction forces are developed 
between crack surfaces which are irregularly shaped as the cracks propagate through the indi- 
vidual grains. However, under tension/compression loading, e, ~ 0. ~, and the resulting nor- 
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mal stress, a~, tend to open the crack surfaces and reduce the friction forces between them and 
finally increase the crack growth rate. Recognizing the significance of~,, Brown and Miller [46] 
proposed a general function for the fatigue data of  shear cracking behavior: 1'(3, .... ~,). The 
simplest form of  this P function is "Ym~ + ~,, which has been used by Socie et al. to model the 
test data of  an isotropic material [47]. 

In our model A~(3'max + B~E,), Bi represents the amount of contribution of~, to fatigue dam- 
age. For a material with a higher ay, ~, will cause higher stress response, a,, and consequently 
more fatigue damage. As a result, a larger value of  Bi should be obtained from the correlation 
of  the experimental data. We see from the data of  the A1-606 I-T6 plate, along the TD orien- 
tation, that ay = 292 MPa and Bt = 2.0. Along the RD orientation, ay = 275 MPa and B2 = 
0.2. The correlations of'Ymax + Bi~n with the fatigue test data of  both TD and RD specimens 
are shown in Fig. 17 and are very good. 

The values of  A~ were obtained by reducing the two torsional fatigue life data of the TD and 
RD orientations (see Fig. 12b) into one single baseline data. Without A~, the torsional fatigue 
life data o f  the two orientations are still distributed along two separate lines (see Fig. 17), even 
though B~ has been introduced to model the multiaxial loadings. When finding A~, we used the 
torsional fatigue life data of  the RD orientation as the baseline data, which means A2 = 1 for 
RD orientations. Then the torsional fatigue data of  the TD specimens were correlated with 
those of  the RD specimens, which resulted in A~ -- 0.8 for the TD orientation. A plot of  this 
new model, A,('rm~ + B~E,), with the fatigue life data of both TD and RD orientations under 
the biaxial loading conditions is shown in Fig. 18 and is remarkably good. 

Ai and B, are the material anisotropy coefficients in the fatigue life prediction model, in a 
sense similar to that of  M~j in the yield function. The values of  A~ and B, depend on the material 
orientation, and they can be obtained by conducting pure axial and pure torsional fatigue tests 
along the principal anisotropic directions of an anisotropic material only. Physically, A~ and 
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FIG. 17--A plot of  the shear cracking parameter with one material anisotropy factor Bi: 3'max "1- Bi~a 

versus fatigue life, N, for both TD and RD specimens under the three loadings. TD orientation: BI = 2.0, 
RD orientation: Be = 0.2. 
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under the biaxial loading conditions:for TD orientation: A1 = 0.8; BI = 2.0;for RD orientation: A z = 1; 
B2 = 0.2. 

B~ must depend on the microstructure of the plate, i.e. grain size, spacing among the second 
phase particles, etc. Further research is needed to relate these constants quantitatively to the 
microstructure of the material. 

Discussion 

As shown in Figs. 4 and 5, the stress responses in the plastic range of  the two orientations 
are different under either axial loading or torsional loading. However, the differences are not 
significant. In order to verify that the differences are due to the material anisotropy rather than 
the experimental scatter, both monotonic and cyclic tests were conducted on multiple com- 
panion specimens. The same plastic anisotropy behavior was obtained from the multiple spec- 
imen tests, i.e. the TD specimens showed higher stress responses under axial loading, but the 
RD specimens showed higher stress responses under torsional loading. Figures 4 and 5 were 
the averages of the multi-specimen tests. Statistical analysis was also performed to evaluate t h e  
differences between the TD and RD stress responses and the experimental error involved in 
the stress measurement [51]. It was found that the expected uncertainties in the stress mea- 
surement were less than the differences between the TD and RD stress responses and that the 
TD and RD stress responses were statistically different. Finally, the observed anisotropy in 
stress responses was in good agreement with the observed anisotropy in fatigue lives, as shown 
in Figs. 5 and 12. Under  axial loading, the TD specimens not only showed higher stress 
responses, but shorter fatigue lives as well. However, under torsional loading, the RD speci- 
mens showed higher stress responses and shorter fatigue lives. As a result, we believe that the 
differences between TD and RD stress responses are indeed due to the material anisotropy, 
even though this is not significant. 

The constitutive relations of  the material were obtained based on the cyclic stress-strain 
responses of  TD and RD orientations and the measured plastic strain ratios, R and P. Detailed 
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discussion on this topic can be found in Ref 51. The values of  the Mij matrix reflect the mag- 
nitude of  the material anisotropy. Since M ,  ~ M22 ~ M , ,  the A1-606 l-T6 plate is definitely 
an orthotropic material, which is expected from the one direction cold roiling process. There- 
fore, in order to model its fatigue damage, it is necessary to obtain its anisotropic constitutive 
relations rather than simply assuming it is isotropic. 

For the solid cylindrical specimen used in this work, under torsional or axial-torsional load- 
ing conditions, there is a shear stress gradient across its cross section, while in a thin-wall tube 
specimen, the most commonly used specimen configuration in multiaxial fatigue experi- 
ments, the shear stress, is approximately uniform across the thickness. In the present study, all 
the shear stresses and shear strains are for the specimen surface rather than the average across 
the cross section. Therefore, the shear stress-shear strain responses obtained in this work do 
represent the true material responses, and they should be the same as those obtained from the 
thin-wall tube specimens. Similarly, since crack initiation usually occurs on the specimen sur- 
face for both solid and thin-wall tube specimens, crack initiation and the orientations of  the 
cracks on the specimen surface depend on the stress-strain state on the specimen surface only. 
However, the specimen geometry difference will affect the fatigue life. In a solid specimen, the 
rate of the Mode III crack growth from the surface into the elastic core must be slower than 
that in a thin-wall tube specimen with the same applied shear strain because the stress gradient 
exists in the solid specimen. As a result, the solid specimen will have a longer torsional fatigue 
life than a thin-wall tube specimen with the same applied shear strain. Moreover, this speci- 
men geometry's effect on fatigue life depends strongly on the definition of  fatigue failure. If  
fatigue failure is defined as the final rupture, this geometry effect can be very large. We used 
the 10% torque drop as the failure criterion in our torsional fatigue tests. Cracks were relatively 
shallow in our torsional fatigue tests, so the geometry effect is also relatively small for our 
results. 

Our extensometer gage length is 10 mm, and our specimen gage length is 50 mm. Generally, 
fatigue life may depend on the extensometer gage length if the two gage lengths are different 
and the failure criterion is defined by load/torque drop. In this work, the 10% load/torque drop 
was used as the fatigue failure criterion, and the fatigue tests were stopped before the final rup- 
ture of  the specimens. In the pure axial fatigue tests, all the visible cracks were inside the exten- 
someter gage length. In the pure torsional and axial-torsional biaxial fatigue tests, the density 
of  cracks were approximately uniform through the entire specimen gage length, and almost 
every specimen developed a few major cracks which nucleated inside the extensometer gage 
length initially but grew outside later. Since we stopped the fatigue tests before the final rupture 
of  the specimens and no failure cracks were outside the extensometer gage length, we believe 
that the extensometer gage length has a negligible effect on our fatigue life results. 

The multiaxial fatigue life prediction of an anisotropic material is a new and difficult 
endeavor. In this work, we demonstrated that, in order to model the multiaxial fatigue damage 
of  anisotropic materials, the following methodology should be followed. First, the anisotropic 
constitutive relations of  the material should be obtained. Secondly, the fatigue cracking behav- 
ior of  the material under the multiaxial loading conditions should be investigated. Finally, a 
multiaxial fatigue damage model must be proposed based on the observed cracking behavior 
and evaluated from the anisotropic constitutive relations. This methodology was successful 
for the modeling of  the orthotropic A1-606 l-T6 plate, and it should be applicable for the mod- 
eling of  other materials with more significant anisotropy. 

In the anisotropic constitutive relations and the multiaxial fatigue damage model of  an 
anisotropic material, many material anisotropic coefficients may appear, such as the M 0 in the 
yield function and Ai,B~ in the fatigue damage model in this work. These material coefficients 
are the basic information needed to model an anisotropic material, and they usually represent 
the dependence of  some specific mechanical properties on the material orientations. For iso- 
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tropic materials, these material coefficients have fixed values, but for anisotropic materials 
they have to be determined by testing the material along its principal anisotropic directions 
under pure uniaxial loading conditions. Eventually, these material coefficients will be incor- 
porated into a model for the prediction of  material responses under multiaxial loading con- 
ditions [ 13,18,51,61]. One should not think of  these material coefficients as curve-fitting con- 
stants. In Curve fitting, all of  the available experimental data from different material 
orientations under every loading path must be analyzed to find the curve-fitting constants. But 
to obtain the material coefficients, only the experimental data of  principal anisotropic direc- 
tions under pure uniaxial loading conditions (pure axial, pure torsional, etc.) are needed. Once 
they are found, the resulting model incorporated with them can be used to predict the material 
responses in the principal orthotropic directions as well as other directions under more com- 
plicated multiaxial loading paths. In this work, for example, Mij was obtained from pure axial 
and pure torsional tests along TD and RD orientations, but the yield function and the flow 
relations can predict the yielding and plastic flow of  the material under multiaxial loading con- 
ditions. Similarly, in our fatigue damage model, Ai and B~ were found from pure axial and pure 
torsional fatigue test data, but the model can predict the fatigue life of  the material under biax- 
ial loading conditions. The present theoretical and experimental investigation was limited to 
the principal orthotropic directions TD and RD under fully reversed proportional axial-tor- 
sional loading conditions; however, further investigation is being performed on other material 
orientations and more loading paths [51]. 

Conclusions 

Low cycle fatigue tests were conducted on TD and RD specimens made from an orthotropic 
A1-606 l-T6 plate under three loading conditions: tension/compression, torsion, and com- 
bined tension/torsion in-phase. The following conclusions were obtained: 

1. The CSSCs and fatigue lives along the RD and TD directions ofthe anisotropic A1-606 l- 
T6 plate were obtained under biaxial loading conditions. Under torsion, higher cyclic stress 
responses and shorter fatigue lives were obtained for the RD specimens. Under tension/com- 
pression, however, the TD specimens gave higher cyclic stress responses and shorter fatigue 
lives. 

2. The anisotropic constitutive relations of  the AI-606 l-T6 Plate were obtained using Hill's 
anisotropic plasticity theory. Based on the evaluation of  yield loci and flow relations, the con- 
stitutive relations agreed with the test data reasonably well. 

3. The yon Mises-type effective stress-effective strain criterion obtained from the aniso- 
tropic constitutive relation correlated with the CSSCs test data very well, but the Tresca-type 
rmax -- ~'m~ criterion did not correlate with the CSSCs test data. 

4. The fatigue cracking behavior of the TD and RD specimens was observed during the 
fatigue tests. Cracks were initiated and propagated on the maximum shear planes for both the 
TD and RD orientations under biaxial loading conditions. The fatigue damage of the material 
appeared to be shear dominated. The material anisotropy seemed to have no effect on fatigue 
cracking behavior, although it did have effects on fatigue life. 

5. Four multiaxial fatigue life prediction models of  three different concepts were evaluated 
employing the anisotropic constitutive relations. These models were used to correlate the 
fatigue life data. The tensile cracking model, the plastic work model, and the effective strain 
model gave poor correlations. The shear cracking behavior of  the material could not be 
reflected by these three models. A new shear cracking model incorporating material anisotropy 
effects was proposed, Ai(3'm~ + Bi~,), and it correlated with the fatigue life data of TD and RD 
orientations under biaxial loadings very well. The dependence of  the anisotropic coefficients 
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Ai and Bi on the material orientation was shown, and suggestions were made concerning their 
physical significance. Further research is needed to relate them to the microstructure of the 
material. 
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DISCUSSION 

R. J. DiMelfi I (written discussion)--You evaluated a set of  correlation parameters associ- 
ated with one specific rolling process and consequent grain morphology. It would be interest- 
ing to see how these parameters depend on grain aspect ratio, for example. Do you have any 
idea or model for how this dependence would appear? 

H. Lin and H. N. Hashemi (authors' closure)--We have not obtained any quantitative 
model  relating the anisotropic coefficients M,> Ai, and Bi to the microstructure of  the one- 
direction cold-roiled AI-606 l-T6. Further research is needed to relate these coefficients to the 
material microstructure, such as grain aspect ratio and/or  precipitates' spacing. The well- 
known Hall-Petch relationship [ 1] might be helpful when attempting to relate them. The cor- 
relation between material microstructure and the macroscopic properties of  the material, i.e. 
yield stress, endurance limit, or fracture toughness, has been a subject of  considerable interest 
and importance for many years. The effect ofmicrostructure factors such as grain size, precip- 
itates, inclusions, etc. on cyclic deformation and fatigue behavior has been investigated and 

1 Argonne National Laboratory, RE-207, Argonne, IL 60439. 
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reviewed [1-4], but the subject is not yet fully understood and only a few simple explanations 
are presented. 
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Continuous and Sequential Multiaxial Low- 
Cycle Fatigue Damage in 316 Stainless Steel 
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Fatigue Damage in 316 Stainless Steel," Advances in Multiaxial Fatigue, ASTM STP 1191, D. 
L. McDowell and R. Ellis, Eds., American Society for Testing and Materials, Philadelphia, 1993, 
pp. 183-203. 

ABSTRACT: Tension and torsion low-cycle fatigue tests were carded out on thin tubular spec- 
imens of 316 stainless steel, tested at both room temperature and 600"C. Two types of experi- 
ments were performed: (1) conventional continuous isothermal tests, and (2) isothermal sequen- 
tial tests with different sequences of tension/compression and torsional loading. Most of these 
tests were carried out under air environment at the equivalent total strain amplitude of Aed2 = 
+ 0.80% in tension or A%/2 = +0.80x/-3%intorsion. Opticalandscanningelectronmicroscopy 
were used to analyze the failure modes, the orientation of microcracks and macrocracks which 
lead to failure, and crack density. 

Continuous tests show two main results: (1) it is confirmed that, for the same equivalent von 
Mists strain, the fatigue lives in torsion are larger than those observed in tension; (2) detailed 
examinations of the microcracks' orientation showed that Stage I initiation followed by Stage II 
growth occurs only at room temperature or at elevated temperature under vacuum. At 600"C, 
however, Stage I crack initiation is bypassed due to the formation of external hematite (Fe203) 
and internal (Fe-Cr rich) oxides. 

These results are used to explain qualitatively the significant deviations observed in the 
sequential tests from the Miner linear cumulative damage rule. A quantitative model based on 
a Monte Carlo simulation is developed to account for the results of sequential tests in which 
crack initiation and crack growth were coplanar. This model includes three fatigue damage laws: 
(1) a nucleation rate equation; (2) a push/pull or torsion crack growth law; and, (3) a criterion 
for crack coalescence. It is shown that this model is able to reproduce with good accuracy the 
results of sequential push/pull ~ torsion tests carded out at 600"C. 

KEY WORDS: multiaxial fatigue, sequential tests, damage measurements, oxidation, Monte 
Carlo-type simulation 

Nomenclature 

A, B, C, BI, B2, a, 3, a', wl, w2 
a 

c 
Co 
CF 
D 

N 
N~ 

Constants  
Ha l f  crack length on surface 
Crack depth 
Initial crack length 
Crack length at failure 
Damage  parameter  (D = N/Ne = number  o f  applied cycles 
for a given loading m o d e / n u m b e r  o f  cycles to failure for the 
same loading) 
N u m b e r  o f  cycles 
N u m b e r  of  cycles to failure 
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Subscripts 

t total 
p plastic 

N,. 
RI, RH 

Number of cycles necessary to initiate the first microcrack 
Length of the influence zone for coalescence in Mode I and 
Mode II, respectively 

3' Shear strain 
e Tensile strain 
n Linear density ofmicrocracks 
0 Angle of the influence zone for coalescence 

X' Strain ratio (X' = A3",/Ae,) 
Tensile stress 

*R Tensile strength to failure 
r Shear stress 

rR Shear strength to failure (rR = *R/V~) 
X Surface density ofmicrocracks 

Introduction 

Many components and structures are subjected to complex loading conditions which lead 
eventually to fatigue crack initiation and crack propagation. For a long time most of the stud- 
ies dealing with fatigue damage have been limited to uniaxial, mainly tensile situations. More- 
over, most of the multiaxial fatigue studies have been carried out in the regime corresponding 
to the fatigue limit. In the past two decades, the regime associated with low-cycle fatigue (LCF) 
has received increased attention. It is usually observed that at room temperature in the absence 
of any pronounced environmental effects for the same applied yon Mists equivalent plastic 
strain amplitude, the fatigue life under torsion loading is larger than that determined under 
push/pull conditions (see, for example, Ref I). It is also usually observed that the most dam- 
aging loading is that corresponding to 90 ~ out-of-phase multiaxial low-cycle fatigue. Typically 
in austenitic stainless steel it has been shown that the fatigue life may be reduced by a factor 
as large as I0 (see, for example, Ref2). A limited number of studies have been devoted to the 
multiaxial LCF behavior of materials tested at elevated temperature, this in spite of the fact 
that it is well accepted that oxidation can significantly modify the fatigue damage microme- 
chanisms (see, for example, Ref 3). 

A wide variety of correlations between the mechanical loading parameters and the fatigue 
life have been proposed (see, for instance, recent studies on austenitic stainless steels [4,5]). 
For many investigators, however, it is now clear that the most promising way of tackling the 
problem of life prediction is to take into account the directional aspect of fatigue damage 
instead of fitting endurance curves with any kind of an equivalent loading parameter. One of 
the best methods to study the directional aspect of fatigue damage is to carry out sequential 
LCF experiments. For instance, push/pull loading followed, during the second part of the 
sequence, by torsional loading (or the opposite) can be extremely detrimental to fatigue life 
and can thus lead to a cumulative damage much different from that expected by considering 
each loading type separately (see, for example, Ref 6). An understanding of this type of behav- 
ior lies in the knowledge of the orientation and shape aspects of cracks which differ from one 
stress state to another. Qualitatively it is easily understood that shear cracks nucleated during 
the torsion loading can easily propagate by Mode I growth during the push/pull loading when 
applied as the second part of the sequence. At elevated temperature, however, the situation 
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may be quite different because of  the presence of  an oxide film at the free surface of the spec- 
imen. This temperature influence is one of  the reasons why, in the present work, an attempt 
is made to investigate in detail the directional aspect of fatigue damage in a widely used mate- 
rial, i.e., 316 L stainless steel, at both room temperature and 600"C. 

The aims of  the present work are: (1) to study the effects of  sequential multiaxial LCF load- 
ing on damage behavior; (2) to study the influence of  multiaxial loading on the fatigue damage 
mechanisms, in particular in relation to the effect of  stress-assisted oxidation; (3) to develop a 
model based on a Monte Carlo-type simulation to account for the effect of  sequential LCF 
loading by using the results of  quantitative metallography concerning crack density, length, 
and orientation. 

Material and Experimental Procedures 

The material investigated is a 316 stainless steel with a low carbon content and a controlled 
content of  nitrogen. The chemical composition is given in Table 1. This heat is very similar to 
another 316 stainless steel which was thoroughly investigated in a previous study [ 7]. An 
annealing treatment was applied at 1100*C for 90 min, followed by water quenching. This 
produced an average grain size of  50 t~m. Tubular specimens with an outer diameter of 19.5 
m m  and a wall thickness of 1.5 mm were mechanically polished using 3-#m diamond paste. 
Details of specimen preparation are found in Refs 8 and 9. 

Fatigue tests were carried out using a servohydraulic tension-torsion machine under strain- 
control conditions with a sinuso'idal fully reversed waveform at a frequency of  0.05 Hz. Axial 
and shear strain amplitudes were measured with a biaxial mechanical extensometer. A radi- 
ation furnace was used for the tests carried out at 600"C. The longitudinal temperature gra- 
dient along the gage length of the specimens was maintained at less than 2"C. Data acquisition 
was performed on X-Y recorders and by microcomputer. Further data processing permits the 
calculation of  the von Mists equivalent stress and strain amplitudes. The method used to cal- 
culate these amplitudes for out-of-phase loading is described elsewhere [8,9]. 

Both continuous and sequential fatigue tests were performed. Sequential tests included two 
independent successive phases with different types of loading. During the first phase a variable 
percentage of  the fatigue life is applied with a given loading mode (for example, push/pull), 
followed by another type of  loading (for example, fully reversed torsion) applied to failure. 

Both optical and scanning electron microscopy (SEM) observations were made on the free 
surface of  the specimens on longitudinal sections and on fracture surfaces. Microprobe anal- 
ysis was also used to determine the composition of  the oxides formed at the free surface 0fthe 
specimens tested at elevated temperature. 

Results of Mechanical Tests 

Figures 1 and 2 show that, at both room temperature and 600"C, the fatigue life of specimens 
tested under fully reversed torsion is much larger than that of specimens tested under push/ 
pull conditions. These results confirm those which were obtained previously on the same 
material at room temperature [ 10,11 ]. Figure 1 also includes the results of  two additional tests 
which were carried out in order to determine the effect of  oxidation. In the first test, the spec- 

TABLE 1--Chemical composition of the investigated steel (wt%). 

C S P Si Mn Ni Cr Mo N B Co Cu AI 

0.021 0.007 0.033 0 .41  1 .74  12.27 17.18 2.40 0.080 0.0032 0 .21 0 .15 0.040 
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FIG. 1-- Tension-compression and torsional fatigue life at room temperature. The results offurther tests 

are indicated: (1) torsional life of a preoxidized specimen and (2) push/pull life of a specimen tested at 
600~ under vacuum. 

imen was preoxidized at 600"C without any applied strain for 4 h before being tested under 
fully reversed torsion at room temperature. It is observed that this high-temperature exposure 
produced no significant effect on the fatigue life, thus suggesting that air environment and 
mechanical deformation have to be applied simultaneously in order to generate a detrimental 
environmental effect. In the second test, the material was tested at 600"C under push/pull load- 
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FIG. 2--Fatigue life at 600~ under air environment. Comparison between various types of loading: 
tension-compression~ torsion, in-phase tension-torsion (Lx'yt/~et = V/-3) and 90 ~ out-of phase tension-tor- 
sion ( A ' y t / A e  t = V3). 
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ing (Aep/2 = _+ 0.55%) and vacuum (5 �9 10 -0 torr) [12]. Under these conditions, the fatigue 
life is found to be the same as that determined at room temperature. This clearly indicates that 
the reduction in fatigue life observed when the test temperature is increased from room tem- 
perature to 600"C is essentially due to an environmental effect, as already reported in a pre- 
vious study [12]. 

Figure 2 shows the results of multiaxial tests carried out at 600"C under both in-phase and 
90* out-of-phase loading and with ~' = /x-rp/Aep = V~. It is observed that in-phase tension- 
torsion loading has no significant difference to the uniaxial fatigue life. This observation is 
similar to that found at room temperature on a ferritic steel [9] and a 13% Cr steel [13]. On 
the other hand, as observed by other investigators (see, for example, Ref 2), the fatigue life is 
greatly decreased when 90* out-of-phase tension-torsion loading is applied. 

The results of  sequential LCF tests carried out at room temperature and at 600"C are given 
in Figs. 3 and 4, respectively. In these tests the total strain amplitude, Aet/2 was + 0.80% (A%/ 
2 = + 1.38%), which corresponds to a plastic strain amplitude, AeJ2 of ___ 0.55% (A3"p/2 = 
+ 1.02%). Large deviations from the Miner linear cumulative damage rule are observed in 
Figs. 3 and 4. At room temperature, the remaining push/pull fatigue life is significantly 
reduced by initial torsional fatigue. This result is similar to that observed by other investigators 
(see, for example, Ref 6). On the other hand, prior cycling under push/pull conditions has 
much less effect on the remaining torsional life, a behavior similar to that observed by other 
investigators (see, for instance, Refs, 6, 13, and 14). Figure 4 shows that at 600"C an opposite 
behavior is observed since Dl + D2 is much lower for push/pull ---- torsion sequence loading 
than for torsion ---- push/pull. In particular, it is worth noting that the torsional remaining life 
is almost negligible when the damage introduced during the first sequence loading reaches a 
value close to 0.50. Here it should be mentioned that the damage parameters, D~ and D2, were 
calculated by using the results shown in Figs. 1 and 2 as base lives in terms of  plastic strain 
amplitudes. These base lives were taken as follows. At room temperature, NF = 3250 for A~p/ 
2 = +0.58%,andNF = 9600for A3"p/2 = + 1.10%. At 600*C, Ne = 300 for Aep/2 = +0.56%, 
and NF = 2000 for A3,J2 = _+ 1.02%. 
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FIG. 3--Cumulative fatigue damage at 25*C for tension ~ torsion and torsion ---, tension sequential 
loadings. 
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FIG. 4__Cumulative fatigue damage at 600*C for tension ~ torsion and torsion ~ push/pull sequential 
Ioadings. 

It is well known that, in stainless steel tested in particular at room temperature, prior strain 
cycling under given conditions can have a significant effect on the stress response measured 
during the second cycling sequence when the material is tested under different conditions (see, 
for example, Ref 10). It was also observed that small-strain-history effects exist, especially dur- 
ing the first few cycles of the second cyclic loading. A detailed description of  these effects is 
beyond the scope of  the present paper. In all tests, the stabilized cyclic stress-strain curves asso- 
ciated with the second cycling were not noticeably affected by prior cyclic deformation, such 
that damage calculations in terms of  stress instead of  plastic strain lead to conclusions similar 
to those shown in Figs. 3 and 4. 

Microstructural Observations 

Fatigue damage is associated with a population of  transgranular microcracks nucleated at 
the free surface of  the specimens. These microcracks coalesce and propagate as a main crack. 
Detailed observations were made to characterize the orientation of  these microcracks and their 
density in order to model the results of  mechanical tests. 

Microcrack Orientation at Crack Initiation 

In order to determine the statistical distribution of  microcrack orientation, observations 
were made both on the free surface (inner and outer diameter of tubular specimens) and on a 
longitudinal section of  continuously cycled specimens, as indicated in Fig. 5. The results of 
these observations made on microcracks which have a length on the order of  one grain size 
( ~ 5 0  #m) are given using the representation shown in Figs. 6, 7, and 8, where the ratio of  the 
number of  microcracks measured in various directions is drawn. This is useful to define the 
relative orientation of  the fatigue microcracks observed on both surfaces. 
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FIG. 5--Sketch showing the orientations of  fatigue microcracks measured on a specimen free surface 
and on a longitudinal section. 

At room temperature, microcracks initiate on maximum shear planes (Figs. 6a and 8a) 
which correspond to Stage I crack initiation, while, at elevated temperature under air environ- 
ment, the situation is completely different since microcracks nucleate under opening mode 
(Figs. 6b and 8b). Furthermore, Fig. 7 shows that, at 600~ under vacuum, crack initiation 
under push/pull conditions occurs under shear mode loading since both Types A and B ori- 
entations (using the terminology introduced by Brown and Miller [15]) are observed. Thus, 
at elevated temperature, Stage I crack initiation is bypassed due to environmental effects. 

In the absence of  any deformation, at elevated temperature under an oxidizing environment 
like air, a very thin protective [chromite (Cr203)] oxide layer is formed at the free surface of  
austenitic stainless steels. The growth of  this protective layer is described by a parabolic kinet- 
ics law [16,17]. The presence of  this Cr203 oxide film seems to have no effect on crack il, itia- 
tion when the material is tested at room temperature. Figure I shows the result of  a test carr;ed 
out on a preoxidized specimen. A number of  observations were made on the free surface of 
LCF specimens tested at elevated temperature which show that, under cyclic deformation, the 
situation is altered significantly. It was observed that the nature of  the oxides was different and 
that the kinetics of  oxidation were also markedly modified by cyclic deformation. The present 
study concentrates only on the types of  oxides which were observed as films with a thickness 
typically as large as 20 to 30 ~tm. 

Two types of  oxide, different from Cr203, were identified on the LCF specimens: (1) an exter- 
nal layer of  Fe203 oxide (hematite) (Figs. 9 and 10); (2) internal oxidation leading to the for- 
marion of  complex Fe-Cr oxides (Fig. 10). Atomic compositions of both types of  oxide deter- 
mined by microprobe analysis are given in Table 2. It is worth noting that nickel does not 
appear to be oxidized. Preferential internal and external oxidation often takes place close to 
microcracks, as shown in Fig. 9, but not exclusively. In a number of  circumstances oxide flakes 
are observed independent of  the formation ofmicrocracks. Actually, internal and external oxi- 
dation processes seem to occur before microcrack formation and not the reverse. The impor- 
tance of cyclic plasticity on oxide formation is clearly illustrated in Fig. 10, where preferential 
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FIG. 6--Orientations o f  microcracks determined on specimen free surfaces and on longitudinal sections 
for push~pull tests (Lxep/2 = 0.55 %) at room temperature (a) and at 600"C (b). 
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FIG. 7--Orientations c f microcracks measured on an LCF specimen tested under tension-compression 
(Aep/2 = 0.50%) at 600"C under vacuum. 
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FIG. 8--Microcracks orientations observed on torsional LCF specimens (~3, p/2 = 1.05%) tested at 
room temperature (a), or at 600"C (b). 

growth of the internal Fe-Cr oxide is observed to take place along intense slip bands acting as 
diffusion short circuits for iron and chromium [18]. 

The relatively thick ( ~  30 um) external layer of Fe-Cr oxide is brittle, as indicated by Schiitze 
[19,20]. It can therefore break under opening mode, as shown in Fig. 9 for a torsional test, 
leading to the formation of a microcrack which eventually propagates into the metal. This 
interpretation is in good agreement with the results of microcrack orientations reported in 
Figs. 6b and 8b. 

Preferential Crack Orientation during Crack Propagation 

The initiation stage of fatigue damage, associated with the nucleation of microcracks, is not 
drastically dependent on loading type because it is essentially controlled by shear modes. It is, 
however, strongly dependent on temperature through environmental effects as described in 
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FIG. 9 - - S E M  observation showing oxide formation at the free surface of a torsional LCF specimen 
(A~/ p/2 = 1.05%) tested at 600"C. Crack initiation along the directions corresponds to maximum principal 
tensile stress. 

FIG. IO--SEM observation of a longitudinal section of a torsional LCF specimen (A'~t/2 = +_ 1.38%) 
tested at 600~ showing preferential internal oxidation along intense slip bands. 
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TABLE 2wOxide chemical analysis determined by microprobe 
analysis (atomic %). 

O Fe Cr Ni Mn Mo 

External oxidation 58.9 40.0 0.6 0.4 0.1 
1 Internal oxidation 53.5 13.0 29.0 3.1 . . . . 4  

193 

the previous section. The situation is opposite for the stage of  fatigue damage corresponding 
to macrocrack propagation. It is now well established that for proportional loadings the pref- 
erential orientation of  macroscopic cracks depends only on the strain ratio ~' = A%/Aep. Mac- 
roscopic cracks propagate along maximum shear planes only for large values of the ~' ratio. 
Otherwise they propagate essentially under opening Mode I (see, for example, Ref 21). Hence, 
in a number of  circumstances microcracks have to bifurcate between their initiation and their 
subsequent growth. This is the situation observed for continuous push/pull fatigue at room 
temperature and continuous torsional LCF at 600"C. At the present time, there is no theory 
that models in a comprehensive manner all the details related to the crack bifurcation phe- 
nomenon. However, these remarks on the existence of  easy crack propagation planes can be 
used, in addition to our observations on microcrack orientation, to explain qualitatively the 
results of  sequential multiaxial LCF tests reported in Figs. 3 and 4. 

At room temperature, it is not surprising to observe that prior torsional LCF produces a 
large detrimental effect on the subsequent push/pull fatigue life (Fig. 3) since shear micro- 
cracks due to torsional loading (Fig. 8a) are located in the plane corresponding to easy prop- 
agation for tensile cracks. Similarly, at elevated temperature, microcracks initiated during 
push/pull fatigue are located along preferential propagation planes for shear cracks (Fig. 6b). 
This explains qualitatively the fact that, in both cases, D~ + D2 is lower than 1. On the other 
hand, at elevated temperature, Mode I torsional microcracks observed in Fig. 8b have to bifur- 
cate or a new population of  Mode I microcracks has to be initiated corresponding to tensile 
loading when the torsion ---- push/pull sequence is applied. This explains also, at least quali- 
tatively, the fact that after this type of  sequence (or after the push/pull ---- torsion sequence at 
room temperature) D1 + D2 is larger than 1. 

A Quantitative Model for Sequential Multiaxial LCF Life 

The model which will be described in detail in this section is based on a simulation of  crack 
initiation, subsequent crack growth, and crack coalescence. It applies only to situations in 
which no crack bifurcation between initiation and macroscopic propagation is observed, that 
is, the push/pull ~ torsion sequence at elevated temperature and the torsion -o push/pull 
sequence at room temperature. This limitation, as explained earlier, is related to the difficulties 
encountered when crack extension is no longer coplanar. The laws for crack initiation and for 
crack growth are derived from the results ofmetallographical observations which are presented 
first before describing the numerical simulation used in the model. 

Crack Initiation Laws 

These laws were derived from the measurement of the linear density, n, of  secondary cracks 
observed on polished longitudinal sections of specimens. This linear density is converted into 
a surface density, x, by using simple stereological relations. Additional details are given in the 
Appendix. The surface density, • of  microcracks which are larger than 50 um is written as 
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x(N) = x o x ( N -  N~) (1) 

where N is the number  of  applied cycles and N, is the number  of cycles necessary to initiate 
the first 50-um crack. At 600~ it was assumed that Ni = 0, which is probably a conservative 
assumption but  which may not be too far from reality because of  the strong environmental 
effect discussed earlier. At room temperature, a relationship obtained previously for 316 stain- 
less steel and based on an experimental correlation between Ni and the number of cycles to 
failure, NF, was used [11]. In Eq 1, the factor • was found to be an increasing function of  
plastic strain amplitude, A%/2, for push/pull  tests and was expressed as 

x0 = B(Aep/2)" (2) 

where B is a constant equal to 8 �9 10 7 (units: AEp in %, x0 in #m-2). This expression applies 
to tests carried out at 600"C. For shear mode loading at room temperature, it was found that 

x0 = constant - 8 �9 1 0  - 9  (3) 

independent of  the applied plastic shear strain amplitude, A3,p/2, at least in the relatively small 
range of  A3,p/2 values which was investigated (0.80% < A3,p/2 < 1.40%). Further work is nec- 
essary to investigate the effect of plastic shear strain ampli tude on the nucleation rate of shear 
microcracks. 

Crack Growth Laws 

Two methods described elsewhere [ 7] were used to derive crack propagation laws. The first 
one, which applies essentially to push/pull  LCF tests, relies upon measurements of  striation 
spacings on the fracture surfaces as a function of  the depth of  the main crack, c. In this method 
it is assumed that the striation spacing is equal to the macroscopic crack growth rate, dc/dN. 
Tests at various plastic strain amplitudes, AeJ2, led to the following expression 

dc]dN = A(Aep/2)"c ~ (4) 

where a = 1.5,/3 = 1.45, A = 6.8 �9 10 -4 at 25"C, and A = 3.1 �9 10 -3 at 600~ (units: c and 
dc/dN in ~m, Aep in %). 

The second method was applied to torsional tests since no striations were observed for shear 
loading. This method is based, as described in the Appendix, on measurements of crack depth 
histograms on longitudinal sections. The observation of  secondary cracks showed that the 
crack front can be considered to adopt a semi-elliptical shape with an aspect ratio q = small 
axis length/large axis length = c/a equal to 1 for push/pull  conditions and equal to 0.5 for 
shear mode loading. These determinations of  crack depth were used for the assessment of  the 
in-depth crack growth rate, dc/dN, under pure torsion, which was expressed as 

dc/dN = C(A'yp/2)~'c ~" (5) 

where a '  = 3.7,/3' = 2.6, and C = 5.8 �9 10 -8 at room temperature, with the same units as 
those used in Eq 4 (Fig. 11). 

A Two-Dimensional Simulation of Sequential Multiaxial LCF Damage 

A simplified 2D Monte Carlo-type simulation was developed to model sequential LCF tests 
in which no crack bifurcation effect was observed between both phases of  the sequence, that 
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FIG. 1 l--Results of crack growth rate measurements under shear mode loading at room temperature 
using histograms of secondary cracks lengths. 

is, those which produced a cumulative damage lower than 1. A 2D representation was adopted 
for the sake of  simplicity. In this model, the "matrix" is represented by a set of  grains with a 
mean size of  50 gm. The grain size can easily be changed. Simulations were made with 
matrixes of  1250 grains and 16 �9 103 grains. This method can therefore be used to investigate 
size effects on fatigue life. In the present paper, only preliminary results are presented. A larger 
account of  the results are given elsewhere [22]. 

In this simulation, microcracks of 50-t~m length are nucleated randomly with a nucleation 
rate given by Eq 1, then propagate according to Eq 4 for tensile loading or Eq 5 for shear load- 
ing, and eventually coalesce to form a macroscopic crack leading to final fracture. Note that 
our simulation is different from the calculations presented by Hoshide and Socie [23]. These 
authors used a dislocation model to compute the nucleation of cracks within individual grains. 
Moreover, in their model, both Mode I and mixed mode growth were simulated using the 
concept of  an equivalent strain-intensity factor. In our simulation, the only stage of fatigue 
damage which is unknown is that corresponding to crack coalescence, since crack nucleation 
and crack growth are simulated using experimental laws. In our model, an "influence zone" 
was associated with each crack tip to simulate crack coalescence. This zone was modeled as a 
triangular sector of  angle 0 (30"), with the apex located at the crack tip and with a height R 
measured in the direction parallel to the crack plane. Coalescence is assumed to take place 
when the influence zones corresponding to two neighboring cracks are intersecting. It was 
assumed that the length of  the influence zone, R, was proportional to the length of  each indi- 
vidual crack, a, and to the square of  the applied stress. This type of expression was adopted 
because it corresponds to the Dugdale-Barenblatt plastic zone size. Thus, under Mode I load- 
ing, the influence zone, RI, was written as 

RI = ~,a(~/~R) 2 (6) 
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where a is the applied tensile stress, aR is the strength to failure (aR = 1500 MPa), and to1 is a 
constant which was taken as equal to 0.42. This value was adopted to fit, with reasonable accu- 
racy, the results of  continuous push/pull  tests at 600"C. Similarly, the influence zone for shear 
mode loading, R . ,  was expressed as 

RII = toza(z/rR) 2 (7) 

where rR is the shear strength to failure (rR = 1500/V~ = 870 MPa). It was observed that, in 
order to represent with good accuracy the results of  torsional LCF tests at room temperature, 
the value of  to2 should be taken much larger than tot and equal to ~ 14tot = 5.88. This strongly 
suggests that crack coalescence occurs much more easily under shear mode loading than under 
tensile loading. An example of  the dramatic effect of  crack coalescence under shear mode load- 
ing is given in Fig. 12. This micrograph shows the damage at failure observed on the surface 
of  an LCF specimen tested at 600"C under sequential push/pull  (AcJ2 = + 0.55%) --- torsion 
(A-yJ2 = + 0.95%) loading. The specimen which was initially subjected to Nl = 150 cycles 
of  tensile LCF (DI = 0.50) was able to tolerate only N2 = 25 cycles under torsional loading, 
leading to an extremely low value for the second damage, D2 of  the order of 1%. Analytical 
and numerical calculations similar to those published recently for monotonic loading would 

FIG. 12--Sequential push/pull ~ torsion test carried out at 600"C: (a) macroscopic aspect o f  the main 
shear crack, (b) Details observed on the specimen surface. 
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be useful to understand this localization of  plastic deformation in shear due to the presence of 
microcracks [24]. 

Examples of  the results obtained from this 2D simulation are given in Fig. 13 where the 
effect of  the number of  microcracks initiated by push/pull loading applied at elevated tem- 
perature on the propagation and the subsequent coalescence of  shear cracks is clearly 
observed. The application of  this simulation to continuous push/pull tests at 600"C and con- 
tinuous torsion tests at 25"C is shown in Fig. 14 where good agreement between the experi- 
mental and the simulated fatigue life is observed. This agreement is partly due to the choice of 
the parameters co, and ~02, which can be considered as adjustable parameters at this stage. The 
application of  the model to sequential LCF tests is more convincing. This is illustrated in Fig. 
15 for the push/pull (Aep/2 = 0.55%) -~ torsion (A3,J2 = 0.95%) sequence, which was shown 
to produce a large deviation from the Miner linear cumulative damage rule (Fig. 4). Figure 15 
shows that our simulation also reproduces reasonably well the observed behavior. A similar 
conclusion was reached for the torsion --- push/pull sequence loading applied at room tem- 
perature [22,25 ]. More details are given elsewhere, where the scatter in the results of  numerical 
simulations and the size effect associated with the number of  simulated grains is analyzed 
[25]. 

Conclusions 

1. For the same equivalent von Mists strain, the life under continuous cyclic torsion is larger 
than that of  the push/pull loading at both room temperature and 600~ At elevated temper- 
ature, the in-phase tension-torsion life is similar to the push/pull life, whereas 90 ~ out-of-phase 
tension-torsion loading with X' = A3,t/Act = V~ produces a significant reduction in fatigue 
life. 

2. At room temperature, sequential torsion --- tension-compression tests lead to fatigue lives 
much lower than those calculated using the simple Miner linear cumulative damage rule, 
while sequential tension-compression -" torsion tests are much less damaging. At 600~ the 
opposite is observed. 

3. At elevated temperature, oxide formation at the free surface of  specimens is considerably 
altered by cyclic deformation. An external layer of Fe203 oxide is formed. An internal layer of 
Fe-Cr rich oxide is observed to grow preferentially along intense slip bands acting as diffusional 
short circuits. 

4. Observations of  the orientation of  the microcracks initiated from the free surface of the 
specimens show that Stage I crack initiation is bypassed by stress-assisted oxidation. 

5. The results of sequential LCF tests are explained qualitatively by considering the orien- 
tations of the planes associated with crack initiation and crack growth. Sequential tests pro- 
duce fatigue lives much lower than those calculated using the Miner linear cumulative damage 
rule when the extension of  the fatigue cracks is coplanar from crack initiation to crack 
growth. Otherwise, fatigue lives larger than those expected from the same rule are 
observed when crack bifurcation takes place from crack initiation to macroscopic crack 
propagation. 

6. A two-dimensional quantitative model based on a Monte Carlo-type simulation repro- 
duces with good accuracy the results of tests in which no crack bifurcation is taking place 
between crack initiation and crack growth. In this model, a nucleation law and a crack growth 
law established from the results of quantitative metallography are introduced. Crack coales- 
cence is simulated with a technique based on the concept of plastic zones associated with the 
tips of  each microcrack. The results of these simulations suggest that crack coalescence occurs 
much more easily under shear than under tension. 
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FIG. 13--Monte Carlo-type simulation o f  a sequential push/pull (Aet/2 = +_ 0.80%) ~ torsion (~3q/ 
2 = + 1.38%) LCF test. The specimen axis is vertical. The number o f  cracks andlength of  the longest crack 
after various cycling sequences are indicated. 
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FIG. 13--Continued. 
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APPENDIX 

Determination of Crack Densities Law and Crack Growth Laws From the Analysis of 
Histograms of Crack Depth on Longitudinal Sections 

In LCF specimens tested at elevated temperature, direct measurement of  the surface density 
of  microcracks from surface observations is not easy because of the presence of an oxide layer 
on the free surface. On the other hand, secondary microcracks can be observed on a longitu- 
dinal polished section. The size distribution of  these cracks can be characterized by histograms 
representing the linear density, n, as a function of  crack size, as explained in a previous study 
[7]. The linear density is defined as the number of  cracks per unit length on a longitudinal 
section along the specimen axis. These histograms can be used to determine the fatigue crack 
growth rate. 

The depth of  each microcrack is measured at high magnification ( ~  • 400). The results are 
reported using class interval A (A = 50/zm). Linear densities, m, are calculated for each class. 
The crack fronts are assumed to have a semi-elliptical shape with an aspect ratio q -- c/a, 
where a is the semi-length of  the long axis of  the ellipse at the external surface. The surface 
density, x, is then determined from linear density using a simple stereological relation [26], 
i.e. 

x = n/a (Al) 

Thus for the class corresponding to the interval, i, the surface density is given by 

Xi = qrh/C~ (A2) 

It can be assumed that the total surface crack density, • increases linearly with the number of 
fatigue cycles, i.e. 

x(N) = •  Ni) (A3) 

where N~ is the number of  cycles necessary to initiate the first microcrack which has a length 
of  50 um. This assumption was verified in a previous work devoted also to 316 stainless steel 
[2 7]. In the present study, the validity of this assumption was verified by: (1) measurements 
of  crack densities on a number of  interrupted tests, and (2) the existence of a good correlation 
between crack growth rates derived from the analysis of  crack length histograms and crack 
propagation rates inferred from striation spacing measurements carded out on tension-com- 
pression LCF specimens. It can easily be shown that the crack growth rate, dc/dN, can be 
expressed as [25] 

dc/dN = XoA/xi (A4) 

Equation A4 was used to determine crack growth laws for both push/pull and torsional fatigue. 
Examples of  results for shear mode loading are given in Fig. 11, where the intervals corre- 
sponding to this method are shown for a test carded out at A%/2 = + 1.10%, while only the 
mean values for two other tests (A%/2 = 0.80 and 1.40%) are indicated. These results show 
that, for a given plastic strain amplitude, the crack growth rate can be expressed as a power 
function of  crack depth, i.e. 
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d c / d N =  BIc ~ = B2Xo& (AS) 

The constant • is calculated by integrating Eq A4, which leads to 

• = ( N r  - -  N , ) B :  
(A6) 

where cr(= 5 mm) is the final crack length at failure, and Co (=  25 #m) is the initial crack 
length. In Eq A6, N, was taken as equal to zero for tests carded out at 600"C because it is felt 
that crack initiation occurs easily under these conditions due to strong environmental effects. 
At  room temperature, iV,. was determined from the results of  a previous study devoted to 316 
stainless steel [ 11,2 7]. 
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DISCUSSION 

R. J. DiMelfi ~ (written discussion)--As we know, in 316 stainless steel, when high-temper- 
ature cycling involves tensile hold periods or a slow-fast sawtooth loading, fatigue cracks can 
nucleate and grow intergranularly. In your Monte Carlo-type simulations of  multiple crack 
development and coalescence, would it be possible to modify your crack nucleation and 
growth laws to address the transition to intergranular fracture under these loading conditions? 
For  example, could you include a physically based weighting factor from energy consider- 
ations that reflects the relative ease ofintergranular versus transgranular crack propagation as 
loading conditions change or grain boundaries become more environmentally sensitive? 

J. Weiss andA. Pineau (author's closure)--Yes, in our simulations, in principle it is possible 
to modify crack nucleation and growth laws to take into account the transition to intergranular 
fracture. In particular for crack growth we have proposed a law which takes into account the 
accelerating effect of  intergranular damage on fatigue crack propagation [1]. Further work is 
presently being carried out to include this effect. 
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ABSTRACT: A simple method and unique test apparatus are presented for conducting fatigue 
and fatigue crack growth studies using plate-type specimens under biaxial bending. The test 
method and apparatus design make use of the concept of anticlastic bending of a plate with a 
rhombic configuration. The simplicity and uniqueness of the test apparatus are that with one 
constant load amplitude, a wide variety of stress or strain biaxial ratios can be attained by varying 
only the lengths of the rhombic plate diagonals. The test apparatus and rhombic plate specimens 
have been used for low cycle fatigue, cumulative fatigue damage, and mixed-mode fatigue crack 
growth studies of engineering materials under biaxial bending. Some results from these previous 
research studies will be discussed in this present paper to illustrate the utility of the test method 
and apparatus. 

KEY WORDS: biaxiality, multiaxiality, low-cycle fatigue (LCF), rhonSbic plate, anticlastic 
bending, fatigue crack growth 

Nomenclature 

a, b Min imum and maximum rhombic plate half diagonals, respectively 
D Plate stiffness 
E Modulus of  elasticity 
F Applied lateral load at rhombic plate corners 
h Plate thickness 
L Length along section JK of  the specimen (Fig. 2) 

Mr  Moment  per unit length along length L 
Myy, Ml Maximum bending moment  
M~, 3/2 Min imum bending moment  

P Total applied single load 
Pmax Maximum applied load ampli tude 

Pr  Yield load 
w(x, y) Middle surface thin rectangular plate deflection 

x, y In-plane coordinates 
/3 Crack orientation to max imum principal stress direction 

el Maximum in-plane principal strain 
e2 Min imum in-plane principal strain 
, Poisson's ratio 

Biaxial ratio 

Professor and associate professor, respectively, The Pennsylvania State University, Department of 
Engineering Science and Mechanics, University Park, PA 16802. 
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a~ Maximum in-plane principal stress (stress normal to crack tip) 
~2 Minimum in-plane principal stress (stress parallel to crack tip) 
~r Material yield strength 
O0 Crack fracture angle 

Introduction 

A simple method and unique test apparatus for conducting fatigue studies using plate-type 
specimens under biaxial bending have been developed. The test method, specimen design, and 
fatigue loading apparatus make use of the concept of anticlastic bending of a rhombic plate 
whereby the state of stress and strain biaxiality at the plate surface is dependent only on the 
surface curvatures. In anticlastic bending of a plate with a rhombic configuration, one surface 
curvature is in tension while the other surface curvature are in compression [ 1 ]. The simplicity 
and uniqueness of this test method and test apparatus is that with only a single constant load 
amplitude, a great number of stress or strain biaxial ratios can be attained by simply changing 
the diagonal dimensions of the rhombic plate specimen. Although the test apparatus and 
rhombic plate specimen were developed in the 1960s, detailed descriptions of either have 
never been published in the literature. Because of recent interest on the part of researchers in 
industry and academia in multiaxial fatigue, the authors decided to publish a description of 
this simple test method and apparatus for conducting biaxial fatigue and crack growth studies 
under anticlastic bending. 

The impetus to develop test methods and apparatuses for multiaxial fatigue studies origi- 
nated in the pressure vessel industry where fatigue design life data of pressure vessel steels were 
in great need. In application, these steels are subject to biaxial stress states that result mainly 
from thermal cycling and mechanical bending loads. Typically, in vessel and piping walls the 
states of stress are biaxial tension and]or biaxial compression. Some of the earliest experimen- 
tal efforts to develop specimens and fixtures for simulating biaxial fatigue loadings were in the 
1950s. Stout et al. [2-4] developed a wide cantilever beam reverse bending specimen in which 
different states of stress or strain biaxiality could be attained by varying the width-to-thickness 
ratios. A biaxial stress ratio (1 :~ = 17"2/o-1) of 2:1 (for ideal plastic material) could be attained 
by designing the specimen with a width-to-thickness ratio of 5. This stress ratio is encountered 
in pressure vessel and piping walls. However, the 2:1 stress state was limited to the central 
region of the width of the cantilever beam specimen. Fatigue life data under this biaxial stress 
state were expressed in terms of cycles to fracture. Sachs et al. [5] and Weiss et al. [6] modified 
this technique to produce a wider range of stress ratios from 1:0 to 2:1. These stress ratios 
correspondingly produced in-plane principal strain biaxial ratios (1 :q~ -- ~2/~) from 2: - 1 to 
1:0. Blaser et al. [7] and Bowman and Dolan [8-10] developed test rigs to fatigue rectangular 
plate and circular plate-type specimens. Different biaxial stress states could be produced at the 
plate surface by varying ratios of the lateral dimensions to the plate thickness. In these test rigs 
the cyclic loading was generated by applying a pulsating pressure on one lateral side of the 
simply supported plate specimens. Ives [11] modified this method to obtain completely 
reversed bending by subjecting simply supported circular plate specimens to pressure alter- 
nating on one of the two lateral surfaces. Shewchuk et al. [12] modified this method by devel- 
oping oval plate-type specimens which could attain stress ratios from l: 1 to 2: l, with the cor- 
responding surface strain ratios ranging from l : l to 1:0. Pascoe et al. [13,14] conducted low 
cycle fatigue tests using cruciform specimens of steel materials at room temperature. The tests 
were conducted at principal strain ratios q~ = - 1, - �89 0, ~, + 1. The test data were plotted in 
terms of maximum principal strain range versus cycles to failure on logarithmic coordinates. 
For a given strain range the equal biaxial loading resulted in the shortest fatigue life. Within 
recent years most biaxial fatigue studies have been conducted using thin-walled cylindrical (or 
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tubular) specimens: The different cyclic loading conditions used in these studies included com- 
pletely reversed torsion, combined axial-torsion, combined torsion-bending, and either of  the 
latter two combined loading cases with either internal or external cyclic pressure loadings. 
Some of  these studies, conducted at both room and elevated temperature environments, can 
be found in a number of recent publications [15-18]. For combined axial-torsion (biaxial) 
fatigue testing using thin-walled cylindrical specimens, as an example, stress ratios from 
1 : - 1 to 1:0 and the corresponding principal strain ratios from 1: - 1 to 2: -- 1 can be attained 
[191. 

Most of  the previously described methods for biaxial fatigue testing produce positive stress 
ratios, whereas, at discontinuities such as welds at nozzle-pressure vessel shell junctures and 
at turbines blade root junctures, negative stress ratios are encountered principally due to bend- 
ing loads. To produce these types of  biaxial stress states in bending, Zamrik and Goto [20,21] 
developed the anticlastic bending testing apparatus and rhombic plate specimen in the mid- 
1960s. They used the apparatus and specimens for biaxial low cycle fatigue studies of  an alu- 
minum plate material. Since that time, Zamrik and colleagues [22-26] have used the testing 
apparatus and rhombic plate specimen for the conduct of  a number of  studies on biaxial 
fatigue and mixed-mode fatigue crack growth of  engineering materials. For example, Zamrik 
and Tang [22] used the anticlastic bending testing apparatus and rhombic plate specimen to 
study cumulative damage theories under multiaxial fatigue. Also, the test apparatus and rhom- 
bic plate specimen have been used for biaxial fatigue crack initiation and propagation studies 
of  engineering materials under bending [23-26]. What follows in this paper is a discussion of  
the advantages and disadvantages of  the anticlastic bending method in comparison with some 
other methods for biaxial fatigue testing. A description of  the rhombic plate specimen and 
anticlastic bending fatigue test apparatus designs are given. This paper will also discuss results 
from some of  these previous publications [2!-26] as examples of applications of the anticlastic 
bending test apparatus and rbombic plate specimen in biaxial fatigue research. In Appendix 
A, equations are developed which relate the single constant applied load amplitude (P) to the 
stress biaxial ratio. 

Features of Anticlastic Bending Applied to the Rhombic Plate Specimen Design 

A schematic of  the rhombic plate specimen and loading configuratidn for anticlastic bend- 
ing is shown in Fig. 1. Two bending moments (M~, M . )  are produced. One moment M~ is 
positive and the other moment My is negative. As a result, one surface curvature will be in 
tension while the other surface curvature will be in compression, as shown in Fig. 2. Since the  
stresses are proportional to the radii of  surface curvatures, a great number of stress and strain 
biaxial ratios can be produced by simply changing the length of  the diagonals (2a, 2b) of the 
specimen while maintaining a single constant loading amplitude (F) applied at the corners. 
The principal stress ratios that can theoretically be attained with the rhombic plate specimen 
design are between 1 : -  1 and 1:0 or 2:1. The choice of  the ratio 1:0 or 2:1 depends on the ratio 
of the most narrow diagonal of  the specimen to the specimen thickness (h). The stress ratios 
1:0 and 2:1 may be difficult to attain merely using the rhombic plate specimen. A more likely 
biaxial fatigue specimen for attaining these stress ratios (1:0 and 2: l) would be a cantilever 
beam type specimen as discussed previously [2-6]. Also, the corresponding principal strain 
ratios that can theoretically be attained using the rhombic plate specimen are between 1 : - -  1 
to 2: -- 1 or 1 "0. The stress ratios from 1 : -- 1 to 1:0 and the corresponding strain ratios 1 : - 1 
to 2: - 1 also agree exactly with the stress and strain ratios that can be attained from combined 
axial-torsion fatigue testing using thin-walled cylindrical specimens. Figures 3a and 3b show, 
respectively, the regions of  stress and strain ratios that can be attained for biaxial fatigue load- 
ings when using a wide cantilever beam, circular and oval plate-type, or a rhombic plate-type 
specimen. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



ZAMRIK AND DAVIS ON CRACK GROWTH STUDIES 207 

fa 

y 

FIG. 1--Schematic of rhombic plate specimen loading system under anticlastic bending. 
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FIG. 2--Schematic of rhombic plate surface curvature under anticlastic bending. 
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17 

i:0 
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~ 0" 2 
0:- 0:i 

FIG. 3a--Stress ratios attained by: (A) wide cantilever bending beam specimen, (B) pressured oval plate 
specimen, (C) rhombic plate specimen. 

A unique feature of the anticlastic bending method when applied to the rhombic plate 
design is the uniform stress and strain distribution over a wide area of the specimen surface. 
This is because the rhombic plate can be assumed to be constituted of beams of uniform 
strength along its two diagonals by a simple beam theory approximation [27]. Whereas, for 
both the wide-cantilever beam and the pressured-plate specimens, only a limited area in the 
central portion of either specimen is subject to the maximum stress or strain state. As a com- 
parison to the pressured-plate techniques, the anticlastic bending of a rhombic plate method 
is more convenient for detecting and observing the initiation and growth of cracks on the sur- 
face of the specimen. The fact that the stress-strain distribution over the rhombic plate surface 
is uniform under cyclic loading also provides an advantage in easily obtaining the magnitude 
of the stresses and strains at the specimen surfaces. Even though there is a continuous change 
in the stress-strain relation for the material as the number of cycles increases, the varying stress- 
strain relation is the same over the entire surface of the rhombic plate. Therefore, the strain- 
deflection relation at the beginning of the test remains unchanged throughout the test as far as 
the assumption of linear distribution of strain in the direction of the thickness holds. Hence, 

A 

2:-1 

0:-i 

E 1 

B 

0:i 2 

FIG. 3b--Strain ratios attained by: (A) wide cantilever bending beam specimen, (B) pressured oval plate 
specimen, (C) rhombic plate specimen. 
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once the strain-deflection relation is initially calibrated, before testing begins, the only required 
measurement needed during the testing is the deflection of the plate. 

From the viewpoint of economy and ease in conducting biaxial fatigue testing, reverse bend- 
ing of plate specimen has a great advantage over other methods such as completely reverse 
torsion, combined axial-torsion loading of cylindrical specimens, and internal-external pres- 
surization of tubular (cylindrical) specimens. In reverse bending fatigue testing there is far less 
concern in maintaining good alignment of the test machine as required in combined axial- 
torsion fatigue testing. Biaxial fatigue testing methods using tubular specimens are prone to 
buckling problems due to large plastic deformation involved in a unit strain cycle. Testing 
tubular specimens under internal-external pressure cycling has led to problems of highly 
stressed spots outside the specimen gage section. Both of these problems could cause a pre- 
mature failure of the specimen. However, from an academic point of view, there are several 
advantages for using combined axial-torsion (biaxial) fatigue testing with thin-walled tubular 
specimens over reverse bending fatigue testing methods. The thin-walled cyclindrical speci- 
mens practically eliminate the influence of through-thickness stress-strain gradients. Also, the 
stress-strain responses in low cycle fatigue tests can be measured directly from the hysteresis 
loop; whereas in plate bending there are some ambiguities in the computation of the plastic 
strain range from the total strain range and load measured in low cycle fatigue testing. The 
difficulty lies in determining the stress range under plastic deformation. Also, there is a dis- 
advantage associated with the through-thickness stress or strain gradients in reverse bending. 
However, if the criterion for fatigue failure is crack initiation or growth of a surface crack to a 
certain length, then this disadvantage can be tolerated to some extent because the primary 
interest becomes the influence of the biaxial stress state on crack initiation or growth rather 
than to determine the absolute values of low cycle fatigue life under various states of biaxial 
stresses. 

Rhombic Plate Specimen and Test Equipment Designs for Biaxial Fatigue Testing Under 
Anticlastic Bending 

Specimen Design 

Drawings ofa  3 by 3 and 2 by 3 rhombic plate specimens are shown in Figs. 4a and b. For 
the half diagonal dimensions shown, the specimens will have biaxial stress ratios of r = - 1 
and -0.45,  respectively. In Appendix A, Eq A8 defines 4~ -- -- [a2/b2], where a is the rhombic 
plate's minimum diagonal length and b is the maximum half diagonal length. The rhombic 
plate specimens are designed with widened corners. A hole is drilled through each of the cor- 
ners such that rollers can be fixed over the corners and held in place by pins (Fig. 5). Ideally, 
a point load would be applied at the specimen corners, as shown in Fig. 1; however, the stress 
concentrations due to the point loading could cause premature failure. Applying the loads to 
the specimen through low contact friction rollers will distribute the load more uniformly over 
the specimen surface and also reduces mean stress and in-plane normal stress effects. The sur- 
faces and edges of the specimen should be polished to eliminate any defects that could cause 
premature failure. To better ensure a thin plate behavior, specimen thickness should be less 
than 10% of the minimum diagonal length. 

Test Equipment and System 

The test equipment and system consists of the anticlastic bending fatigue loading apparatus 
and the fatigue testing system. 

Fatigue LoadingApparatus--Basically, the test apparatus consists of four holders, four shel- 
ters, and the upper and lower connectors to the die sets. The apparatus with the specimen 
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FIG. 4a--3 by 3 rhombic plate specimen (all dimensions in cm). 

0.3175 R (4-Holes) 

__~--  0.794 

,~- 0.15875 

installed is shown schematically in Fig. 6, and all the major components are identified. The 
apparatus is basically designed to simply support the rhombic specimen at its comers by the 
use of four holders and to apply the cyclic bending loads. Two of the holders in the apparatus 
are attached to the stationary die set through the lower connectors. Two opposite corners of 
the rhombic plate specimen with the attached rollers are inserted in these two holders. The 
other two holders are connected to the moving part of the die set, and the other two opposite 
comers of the specimen with attached rollers are in these holders. During fatigue testing these 
latter two holders, along with the two inserted opposite comers of the specimen, are cycled by 
the moving die set, which is connected to the fatigue machine load train. The two opposite 
corners of the rhombic plate specimen connected to the lower holders remain stationary dur- 
ing fatigue testing. The specimen with rollers (Fig. 5) is held in place and aligned within the 
holders by four shelters. By loading the rhombic plate specimen as described above, anticlastic 
bending can be produced as shown schematically in Fig. 2. Hence, the two cyclic bending 

i 7.62 

0.3175 R (4-Holes 
.794 

~.15875 

Z ~  0'15875 

0.9525 R 
FIG. 4b--2 by 3 rhombie plate specimen (all dimensions in cm). 
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FIG. 5--Rhombic plate specimen with roller supports. 

moments, M~ and Myy, generated in the rhombic specimen loading system can be in general 
of equal or different magnitudes, but will be opposite in signs. A photograph of the loading 
apparatus with installed specimen is shown in Fig. 7. The dial gage shown is attached to mea- 
sure the relative displacement between the moving and stationary die sets. The dial gage read- 
ings can also be used to easily monitor the applied load on a specific specimen type during 
fatigue testing if pretest load-displacement calibrations were made. 

The present fatigue loading apparatus is designed to hold a rhombie plate specimen with a 
shorter diagonal at a minimum of 2.0 in. (5.08 cm) and a longer diagonal at a maximum of 
4.0 in. (10.16 em). The test apparatus has a maximum deflection amplitude of + 1.0 in. 
( + 2.54 cm). 

Fatigue Testing System--The fatigue loading apparatus with the rhombic plate specimen 
is designed to be installed in the load assembly of a standard closed-loop servohydraulic fatigue 
testing machine for uniaxial loading. The test machine should have a capacity of at least 10 
kips (44 kN). The apparatus (Fig. 8) is shown in a fatigue testing system in the Fatigue and 
Fracture Laboratory at The Pennsylvania State University. The consoles are equipped with 
modules containing electronics to control, monitor, and provide readouts of the magnitude 
and waveform of the loading functions applied to the specimen. 

Some Examples of Biaxial Fatigue Studies Using the Anticlastic Bending Method 

What follows are results from several previous studies on low cycle fatigue and fatigue crack 
growth using the anticlastie bending fatigue loading apparatus and rhombic plate specimens. 
The objective in presenting these studies in the present paper is to illustrate the utility of the 
test method and apparatuses. The test method and apparatus have principally been used by 
Zamrik and colleagues at The Pennsylvania State University. In the future, as the test method 
and apparatus gain wider usage, improved methodologies will certainly be developed for 
studying fatigue and crack growth mechanisms in materials. 
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FIG. 7--Photograph of anticlastic bending loading apparatus with specimen installed. 

In the initial work, Zamrik and Goto [20,21] conducted a series ofbiaxial fatigue tests using 
the rhombic plate specimen and fatigue loading apparatus at strain biaxial ratios ~ = - 1, 
- 0 .9 ,  -0 .8 ,  and -0 .5 .  The material was a 7075-T56 aluminum plate. Fatigue life from the 
test results were plotted in terms of  maximum strain range, the maximum shear strain range, 
and the octahedral shear strain range. The evaluation showed that the octahedral shear strain 
theory is a good failure theory for multiaxial strain low-cycle fatigue at room temperature. 
Using the octahedral shear strain range theory, Zamrik and Goto compared biaxial fatigue 
data from tests conducted using the anticlastic bending test apparatus and rhombic plate spec- 
imens to fatigue data on a similar aluminum alloy by Sacks and Weiss [5,6,28], who used 
cantilever beam specimens. They found that the Sacks and Weiss biaxial fatigue data corre- 
lated well with their data, resulting in a curve that fit a Coffin-Manson type relation for the low 
cycle regime. 

Zamrik and colleagues [24-26] have also employed the anticlastic bending method for con- 
ducting biaxial fatigue crack growth studies Using an aluminum alloy and a stainless steel. The 
rhombic plate specimens were dimensioned for several biaxial ratios (q~ -- - 1, -0 .7 ,  -0 .45) .  
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214 ADVANCES IN MULTIAXlAL FATIGUE 

FIG. 8--Photograph of anticlastic bending loading apparatus in a fatigue testing machine. 

In these studies a starter crack with these approximate dimensions, length (2c0) = 0.1 in. 
(0.254 cm), depth (a0) = 0.025 in. (0.6 cm), and width = 0.006 in. (0.015 cm), was machined 
into the surface of  one side of  the rhombic plate specimens by an electrical discharge machin- 
ing (EDM) method. In the Zamrik and Shabara study [24], using 6061-T651 aluminum and 
304 stainless steel, it was found that the state of  stress biaxiality affects not only the rate of  crack 
growth but also the mode of  crack propagation. Under biaxial fatigue crack propagation, it is 
presently accepted that if the stress component parallel to the crack direction is tensile, little 
effect is observed on crack growth; however, if the parallel stress component is compressive, 
the crack propagation rate is enhanced [29-31]. Theoretical work by Shah and Kobayashi [31] 
and Miller and Kfouri [32] indicated that the stress intensity factor and the crack tip displace- 
ment is greatest for $ = - 1. The Zamrik and Shabara study on both the aluminum and stain- 
less steel materials found that at the same stress intensity factor the crack growth rate in spec- 
imens with ~ - - 1 was greater than those at ratios ~ = - 0 . 7 0  and -0 .45.  Zamrik and 
Shabara also observed the mode of  crack propagation. At biaxial stress ratios of  ~ = -0 .45  
and -0 .7 ,  crack propagation was by an open mode in the original direction of the EDM slot 
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FIG. 9a--Crack opening fracture mode of rhombic plate under anticlastic bending. 

215 

orientation as shown in Fig. 9a. Only at a stress biaxial ratio $ = -- 1 did the crack abandon 
its propagation path from the initial EDM slot direction and assume a new propagation mode 
in shear along the surface at a path 45* to the original slot direction (Fig. 9b). This phenome- 
non of  transition from opening to shear mode under biaxial bending at a stress biaxial ratio 
4~ = - 1 is uniquely observed under anticlastic bending. 

More recently Zamrik et al. [26] investigated the effects of  initial surface flaw (EDM slot) 
orientation (/3) and the state of  stress biaxiality on crack fracture angle (00) using a 6061-T651 
a luminum material. Rhombic plate specimens, as illustrated by Fig. 10, dimensioned for two 
stress biaxial ratios (4~ = - 0 . 4 5  and - 1) were used. For the first case ($ -- -0 .45) ,  an EDM 
slot was machined on one surface o f a  rhombic plate specimen each at an initial orientation 
angle/3 = 30, 45, or 60* to the maximum principal direction. For  the second case (r = - 1), 
an EDM slot was machined into one surface of  a rhombic plate specimen each at an initial 
orientation angle/3 = 0, 45, 60, 75, or 90*. The loading cycle was from zero to P=~x = 850 lb 
(3.8 kN). This value of  Pma, chosen would yield a stress intensity factor at the crack tip greater 
than the threshold value, while at the same time, the yield stress of  the 6061-T651 aluminum 
material would not be exceeded. A model  was proposed by Zamrik  et al. [24] for predicting 
O0 (average value of  OoA and OoB) versus/3, and it was compared with a published approach by 
Woo and Ling [33]. As shown in Fig. 11, the proposed model [24] is in close agreement with 

FIG. 9b--Shear fracture mode of rhombic plate specimen at 4~ = - 1 under anticlastic bending. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



216 ADVANCES IN MULTIAXIAL FATIGUE 
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FIG. lO--Schematic for rhombic plate specimen with EDM slot precrack. 
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Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



ZAMRIK AND DAVIS ON CRACK GROWTH STUDIES 21 7 

the Woo and Ling [33] model. However, there are discrepancies between both theoretical 
models and the experimental measurements obtained from the anticlastic bending fatigue 
crack growth tests. The discrepancies can be attributed to the fact that the theoretical models 
consider only two dimensional stress problems achieved by using thin sheet specimens, 
whereas the rhombic plate specimens used in this investigation were relatively thick with 
respect to the limits of these theoretical models. 

Summary and Conclusions 

In this paper the design and application of a unique test apparatus were presented for con- 
ducting biaxial low cycle fatigue studies under a method of anticlastic bending using a plate 
specimen with a rhombic configuration. The design of the fatigue loading apparatus is unique 
in that with a constant load amplitude a great number of stress or strain biaxial ratios can be 
generated by changing only the diagonals of the rhombic plate specimen. Another unique fea- 
ture of the fatigue loading apparatus and rhombic~plate specimen design is that there is a uni- 
form distribution of the biaxial stress-strain state over a wide surface area of the rhombic plate 
specimen. Hence, mixed-mode fatigue crack initiation and growth studies under biaxial bend- 
ing can be ideally conducted. Several mixed-mode fatigue crack growth and low cycle fatigue 
studies for engineering materials have been conducted over the years using the rhombic plate 
specimen and the anticlastic bending fatigue loading apparatus. 
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APPENDIX A 

Relationships Between the Applied Load (P), Stress Biaxial Ratio, and Yield Strength 

To derive the relation between the applied load (P) and the stress biaxial ratio (r reference 
will be made to Fig. 2. For a rhombic plate (b > a), the bending moment per unit length along 
section JK of length L taken a distance x from the diagonal BC is 

ML = F(b - x) /L  (A1) 

where F is the load applied at each corner. By using similar triangles 

L = 2(b - x)[a/b] (A2) 

Substituting Eq A2 into Eq A 1 yields 

ML ffi (F/2)[b/a] (A3) 

The applied load (P) is equal to 2F, and therefore 

ML = (P/4)[b/a] (A4) 
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Since Eq A4 is independent of  the distance x, ML will be the same along the diagonal AD 
and ML = Myy = M~. The maximum in-plane principal stress is then 

combining Eqs A4 and A5 yields 

a~ = 6Mt /h  2 (A5) 

aL = (3P/2hE)[b/a] (A6) 

Similar derivations can obtain expressions for M~x = M~ and min imum in-plane principal 
stress (a2), where 

a2 = - (3P/2h2)[a/b]  (A7) 

Hence, the stress biaxial ratio (~) can be defined in terms of  the plate diagonals as 
r ,  

= - [ a 2 / b  2] (A8) 

and then specimens of  different stress biaxial ratios can be tested without changing the loading 
ampli tude (P). Finally, by applying Eqs A6 and A7 to the von Mises yield criterion for the 
plane stress condition, for example, the yield load (Py) can be determined as 

Pr = [2h2aay]/[3b(1 - ~ + ~2)1/2] (A9) 

where ay is the material 's yield strength. Then for P = Pm~x < Pr, fatigue testing would be in 
the high cycle regime, and for P = Pm~ > Pr  fatigue testing would be in the low cycle regime. 
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Thermomechanical Loading in Pure Torsion: 
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Pure Torsion: Test Control and Deformation Behavior," Advances in Multiaxial Fatigue, ASTM 
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ABSTRACT: An investigation of thermomechanical testing and deformation behavior of tubu- 
lar specimens under torsional loading is described. Experimental issues concerning test accuracy 
and control specific to thermomechanical loadings under a torsional regime are discussed. A 
series of shear strain-controlled tests involving the nickel-base superalloy Hastelloy X were per- 
formed with various temperature excursions and compared to similar thermomechanical uni- 
axial tests. The concept and use of second invariants of the deviatoric stress and strain tensors as 
a means of comparing uniaxial and torsional deformations is presented and critiqued for its 
applicability to the present data. The hardening behavior of the torsional specimens is also briefly 
presented and discussed in light of previous thermomechanical tests conducted under uniaxial 
conditions. 

KEY WORDS: thermomechanical testing, deformation, torsion, Hastelloy X, deviatoric invar- 
iants, elevated temperature 

In most high-temperature engineering applications, components are subjected to complex 
combinations of  thermal and mechanical loadings during service. Such thermomechanical 
loadings have long been identified as limiting factors in the design of  structural components. 
In addition, certain structural alloys display unique deformation behaviors under specific ther- 
momechanical  paths, behaviors which are not experienced under more commonly investi- 
gated isothermal conditions [1-3]. This potential for life-limiting behavior and unique defor- 
mation response under thermomechanical loading is clearly sufficient to warrant careful 
consideration and investigation. 

Despite the demonstrated need for closely controlled thermomechanical deformation 
(TMD) experiments, such experiments are seldom performed due to numerous experimental 
complexities introduced (e.g., phasing between the mechanical component  of loading and 
temperature, dynamic temperature gradients, and cyclic temperature control). Many of  these 
issues are further complicated in axial strain-controlled tests in which thermal strains have a 
first order effect on the test control variable, the specimen's total strain [1,4-6]. I r a  specific 
mechanical strain range is desired, an accurate account of  and compensation for the thermal 
strain component  must be maintained throughout the test. Even with digital test control, this 
remains a complex task. 
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One approach to minimize or potentially eliminate the coupling between mechanical and 
thermal strains is to perform thermomechanical strain-controlled tests under torsion. Under 
such conditions, the strain in the loading direction (pure shear) is theoretically not affected by 
temperature excursions. Thus, there is no need to account for thermal strain effects and, as a 
result, test control is greatly simplified [ 7,8]. Moreover, a torsion test enables the measurement 
of the entire mechanical strain tensor with a single measurement, whereas two or three mea- 
surements are required to measure the full mechanical strain tensor in a uniaxial test. Typi- 
cally, however, only the strain in the loading direction is measured in a uniaxial test. The trans- 
verse strains are dependent upon the temperature and relative amounts of elastic and plastic 
deformation and are therefore difficult to predict. 

The objectives of this investigation were, first, to develop testing capabilities and investigate 
testing issues concerning closely controlled TMD experiments in torsion, and second, to make 
comparisons between uniaxial and torsional TMD based on equivalent effective stresses and 
strains. The second objective was accomplished by conducting torsional and uniaxial TMD 
experiments with equivalent effective strain limits based on the second invariant of the devia- 
toric strain tensor. The effective strain limits were calculated from the first cycle of the uniaxial 
TMD response and subsequently used to dictate the imposed strain values for the analogous 
test in torsion. By forcing the second invariant of the deviatoric strain tensors to be identical 
during the first cycle of deformation, appropriate data comparisons could be made in a second 
deviatoric stress-strain space. Such comparisons were designed to address the validity of the 
sole use of this scalar quantity for the purposes of comparing and predicting TMD behavior. 

Experimental Details 

Specimens 

The material used for this study was Hastelloy X 4, a nickel-base solid-solution-strengthened 
alloy commonly used in high-temperature power generation applications. The torsional and 
uniaxial specimens were fabricated from separate heats ofmaterial. All of the material used in 
this investigation was produced in accordance with Aerospace Material Specification 5754H 
and was solution heat treated. The chemical compositions of each heat are shown in Table 1. 

The specimen geometries are shown in Fig. 1. Smooth shank ends were used to allow grip- 
ping with hydraulically actuated collet grips. Earlier investigations with both geometries 
[4,9] have shown the specimens to be well suited for axial and torsional deformation studies 
on monolithic materials. 

Torsional Test Apparatus 

All experiments were conducted in an air environment. Heating was provided by an audio 
frequency induction heater outfitted with the coil fixture partially shown in Fig. 2 and 
described completely in Ref 10. This fixture supports three coil segments which are indepen- 
dently adjustable in the transverse and axial directions. The three coil segments were wired in 
series, thereby enabling the use of a single, closed-loop temperature controller. Since no forced 
cooling was employed, conduction through the water-cooled grips served as the major mech- 
anism for specimen cooling. An enclosure was used around the test frame to minimize the 
effects of air currents. 

A triangular waveform was used for both shear strain and temperature control. This allowed 

4 Hastelloy X is a trademark of Haynes International, Inc., Kokomo, IN. 
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TABLE l--Chemical composition of the material heats of 
Hastelloy X. 

Torsion Heat Uniaxial Heat 

Element Composition, wt. % 

C n 0.084 0.069 
Mn 0.55 0.58 
Si 0.64 0.48 
S 0.001 0.001 
P 0.021 0.022 
Cr 20.83 21.11 
W 0.37 0.40 
Ni Balance Balance 
Mo 8.74 8.46 
Co 1.65 1.72 
Cu . . .  0.09 
A1 . . .  0.06 
Ti <0.02 
Fe 18142 18.88 
B 0.0036 0.0040 

225 

a constant shear strain rate to be maintained throughout the cycle. Cycle periods were dictated 
by the ability to cycle the specimen's temperature and maintain close control over the desired 
waveform. This resulted in a 4-min cycle period. The uniaxial TMD tests used for comparison 
in this study were conducted with an 8-min cycle period due to limitations related to accurate 
thermal strain compensation [1,4]. Such limitations did not arise in the torsional TMD exper- 
iments as no thermal strain compensation was required. Previous work on Hastelloy X indi- 
cated that a factor of  two difference in strain rates should have a negligible effect on the mater- 
ial 's deformation response in the temperatures of interest [1,11]. Therefore, in an effort to 
expedite testing, the torsional cycle times were maintained at 4 min. Load in the axial direction 
was maintained at zero in load control. Shear stress in the gage length was assumed nearly 
constant through the wall thickness and, as such, was based upon the mean radius (r) in the 
following manner  

2Tr 
r - ~ ' (go-  ~) (1) 

where T is the torque, ro is the outer radius, and ri is the inner radius. This approximation is 
considered reasonable since the mean radius is six times the wall thickness. 

The temperature and shear strain waveforms were time phased with a value of either 0 
degrees (in phase) or 180 degrees (out of  phase). Therefore, given that all the tests were initiated 
at the mean temperature of  the temperature range, the in-phase (IP) and out-of-phase (OP) 
torsional tests corresponded to the cases of  initial temperature increase and decrease, respec- 
tively. For  example, an IP test with a temperature range of  400 to 600"C would initiate at 500"C 
and begin loading with temperature increasing towards 600"C. Note that the mechanical 
effects of positive or negative strain are identical in pure shear-type loading and the sign is 
strictly an issue of  convention. Thus, the difference between IP and OP deformation in this 
study rests exclusively on the condition of  initially loading towards the hot (IP) or cold (OP) 
extreme of  the temperature range. This is not the case for the uniaxial TMD experiments 
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FIG. 2--Torsional test apparatus showing instrumented specimen in place. 

where IP or OP implies that the maximum temperature coincides with the maximum tensile 
or compressive mechanical strain, respectively [4]. 

A minicomputer was used to command the temperature and shear strain control signals. 
Temperature, torque, axial strain, and shear strain were digitally recorded at a rate of  one sam- 
ple point per second (with each sample point representing the average of  100 measurements 
over the previous second). Axial and shear strains were measured with a water-cooled exten- 
someter utilizing quartz probes with a gage length of  25 mm. The probes were spring loaded 
against indents of 250 t~m nominal depth indented on the outside diameter of  the specimen 
(Figs. 2 and 3). The extensometer provided an output which was proportional to the lateral 
displacement, s, of the lower probe relative to the upper probe. It was assumed that s -- rq~, 
where r is the mean radius and q~ is the angle of  twist in the gage length. The shear strain, % 
was then calculated as follows 

s 

- lo ( 2 )  

where 10 is the nominal gage length of  the extensometer (25 mm). Additional details of  the 
axial/torsional testing facility, including additional figures, are given in Refs 12 and 13. 
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FIG. 3--Extensometer indents and thermocouple locations on a torsional specimen (dimensions in 
mm). 

Dynamic Temperature Distribution 

An early goal of the investigation was to obtain a uniform dynamic temperature response 
over the specimen's gage length during the 200~ temperature excursions. The temperature 
distribution was monitored by spot welding 13 K-type thermocouples at 12.5-ram intervals 
along the central portion of the specimen as shown in Fig. 3. Nine of the thirteen thermocou- 
pies were located within the specimen's gage section (the central 25-mm parallel section), and 
the remaining four were located in the constant radius transition region. Dynamic tempera- 
ture extremes in the gage length were generally within +_ 1% of the target absolute tempera- 
tures. Figure 4 shows the triangular temperature profiles measured by the six gage-section ther- 
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FIG. 4--Triangular temperature waveforms measured by gage-section thermocouples during the first 
two thermal cycles. 

mocouples during the first two cycles. All thermocouples were initially at the same 
temperature and are separated here for convenience of presentation. Thermocouples 2 and 7 
were near the top extensometer probe, 3 and 8 were at the middle, and 4 and 9 were near the 
bottom extensometer probe. Cycle times less than 4 min resulted in excessive deviations from 
the intended time-temperature profiles near the peaks and valleys because of limitations on 
the thermal response time of the system. In general, the linearity of the temperature waveforms 
improved at upper positions on the specimen (i.e., Thermocouples 2 and 7) due to quicker 
thermal responses. As a result of this condition, temperature control was improved by locating 
the controlling thermocouple at an upper-gage-section location. Additional details of the 
method of obtaining accurate, well-controlled temperature distributions and phasing for tubu- 
lar specimens are given in Ref 4. 

Sources of Apparent Shear Strain Measurements 

In this study, apparent or artificial shear strain measurements are defined as shear strains 
detected or indicated by the extensometer that have no real counterpart in the specimen. Two 
potential sources of apparent shear strain were identified. The first is promoted by mechanical 
crosstalk existing in the extensometer, and the second is a result of an axial misalignment of 
the extensometer indentations. 

Many axial-torsion extensometers indicate a small apparent strain along one axis as a result 
of straining along the other axis. This mechanical coupling effect is commonly referred to as 
mechanical crosstalk. The shear strain output registered during a purely axial deformation is 
the component of particular interest for the present investigation. This component of apparent 
shear strain was a consequence of the axial strains resulting from thermal expansion during 
temperature cycling. The axial strains (thermal strains) during the 200~ temperature excur- 
sions ranged from 0.004 to 0.006 mira peak to peak, depending on the average coefficient of 
thermal expansion in a particular temperature regime. On a calibration fixture supplied by the 
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manufacturer of  the extensometer, axial strains of this magnitude resulted in apparent shear 
strains of  about 10 um/m. Relative to the shear strains of 0.005 m/m envisioned for a typical 
torsional TMD test, the mechanical crosstalk on the shear strain measurement due to axial 
thermal strains was deemed negligible (see additional analysis and discussion of this topic in 
Ref 14). 

Apparent shear strains due to the axial misalignment of the extensometer indentations can 
result from both an initial offset (due to indentation placement) and mechanical twist of the 
specimen. With changing temperature, the specimen will undergo expansion (or contraction) 
in the longitudinal, radial, and circumferential directions. If the indents are not in exact align- 
ment along the longitudinal axis (as would normally be the case during any non-zero shear 
strain applied during a torsion test) the circumferential change will result in a relative indent 
displacement and, thus, an apparent shear strain. 

Investigations of  the effects of  indentation misalignment were carried out for cyclic tem- 
perature variations of _+ 100*C at various applied torques. However, given the resulting mag- 
nitudes of  the apparent shear strains relative to the mechanical shear strains, this source of  
error was determined to be secondary. A more detailed discussion of  the apparent strain effects 
of  indentation misalignment is given in Ref 14. 

Torsional Test Parameters and Data Interpretation 

S e c o n d  Deviator ic  Invar iants  

One common method of  relating the deformation behavior of  materials subjected to mul- 
tiaxial loads is based on the second invariants of  the deviatoric strain and stress tensors, J2' and 
J2, respectively [15] 

J2' = ~[(~x - ~)2 + (~x - ~z) 2 + (~y - ~3 21 + ~( - r~  + -dz + -r~z) (3) 

2 _]_ 2 2 J2 = �88 - ay) 2 + (Crx - az) z + (a, - az) 21 + z~ r rx~ + ryz (4) 

Use of  the deviatoric component as a basis for yield (von Mises criterion) and inelastic behav- 
ior is very common, as the hydrostatic part of  the stress is assumed to be unimportant for the 
onset of  inelastic behavior of isotropic, polycrystalline metals. Assuming that the deformation 
behavior is similar in tension and compression (for mathematical convenience), use of  the 
third invariant of  the deviatoric stress tensor (J3) is eliminated. Consequently, many yield and 
general viscoplastic constitutive theories are based exclusively on the are and Jz' components 
of  the stress and strain tensors, respectively. 

One of  the objectives of  this study is to investigate the appropriateness of  these assumptions 
under thermomechanical loading conditions. Through the use of  existing uniaxial TMD data, 
parameters can be selected for the torsional TMD test which allow direct comparisons in a J2' 
-J2 stress-strain space. For example, conducting strain-controlled biaxial and uniaxial tests at 
the same J2' limits and J2' rate should result in similar trends in J2 if the material has a visco- 
plastic flow surface well Characterized by these parameters. 

Unified viscoplastic constitutive theories developed to describe a material's viscoplastic 
behavior often involve complex mathematical frameworks. The functional forms of such the- 
ories frequently incorporate multiple internal state variables (tensors and scalars) evolving as 
functions of  internal state, stress, and temperature. As a result, a predicted deformation 
response corresponding to a specific loading condition is not straightforward or obvious. 
Given a viscoplastic constitutive theory where the stress is introduced through an effective 
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value of  only the J2 component, it is obvious that by enforcing identical J~ values for two dif- 
ferent stress states (axial or torsional), the resulting J2' values would be identical. However, it 
is not obvious that by enforcing identical ,12' values for two different strain states, the resulting 
J2 values would be identical. Therefore, a representative J2-based viscoplastic theory proposed 
by Robinson [16,17] was used to examine this condition and result. We note here that in this 
viscoplastic formulation the flow and evolutionary laws are taken as functions of the effective 
(external stress minus internal stress) J2 components. 

Two loading paths were used to examine the equivalence of the total ,/2 paths theoretically 
predicted by equating the limits and rates of  J2', namely, uniaxial and torsional states. When 
the deformations (for any characterized material) were calculated and graphed in J2'-J2 space, 
the dual loops representing one fully reversed load cycle fell exactly on top of  one another (Fig. 
5). As the magnitudes of  the invariants are irrelevant to the objective of  the example, the invar- 
iants were normalized to their respective maximum values. Since both invariants are quadratic 
functions, they are always positive. Consequently, there are two J2'-J2 loops for every one 
stress-strain loop- -one  for the first strain-half of  the cycle (3" > 0), and one for the second 
strain-half of  the cycle (3' < 0). The results of  this example demonstrate that indeed the ,/2 
paths predicted are equivalent for the two J2' strain states imposed. It is reasonable to conclude 
that other J2-based theories will predict identical responses in terms of J2 when equivalent lim- 
its and rates of  J2' in uniaxial and torsional states are applied. 

Based on the outcome of the above exercise, it was decided to conduct the torsional exper- 
iments at the limits of ,/2' dictated by the existing uniaxial TMD database for Hastelloy X 
[ 1 ]. Here the goal was to determine whether or not the resulting deformations in the two types 
of  tests could be correlated in a J2'-J2 space. The uniaxial TMD tests were conducted with fully 
reversed constant mechanical strain amplitudes. The expression for J2' under a uniaxial state 
of  stress is given by 

~_ E2 /~eff)2 
J2' ~ (1 -4- (5) 
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FIG. 5--Predicted viscoplastic deformation in JI-J2 space of  a hypothetical material which obeys Jr  
based constitutive laws during either shear or uniaxial loading at common limits and rate of J2'. 
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where ~ is the corresponding axial strain component and v eer is the effective Poisson's ratio. Full 
strain tensor measurements for uniaxial TMD tests were not available; therefore, the rule of 
mixtures expression for v ~ was used to estimate the missing transverse strains required to cal- 
culate J2' 

/ill,el 7t_ /)pl~pl 
var - (6) ~el + Epl 

In Eq 6, superscripts "el" and "pl" refer to elastic and plastic components, respectively. The 
temperature dependent values used for v e~ were taken from Ref 18. These values were gener- 
ated from the same heat of  material used for the torsional specimens in this study. The 
assumed value for v pl was ~. In calculating the JS values for any given uniaxial TMD cycle, 
two values for veff were used: one for ~ > 0 and a second for ~ < 0. These two values ofvefrwere 
calculated based on the temperatures and ~e~/,pl ratios existing at the maximum and minimum 
strain limits of the cycle, respectively. This method closely approximated a point-by-point cal- 
culation ofv e~. Note that as the material experiences a change in the ,el#p~ ratio (i.e., the uniaxial 
cyclic stress increases or decreases) under fully reversed constant mechanical strains, v e~ will 
change and, hence, the J2' limits for each cycle will change during a constant uniaxial strain 
test. 

The value of  J2' in a torsion test is given by the expression 

,)/2 
J2' --- ~ -  (7) 

Clearly, there is no dependence on any unmeasured strains in the above expression. Hence, 
there is a simple, proportional relationship between J2' and the applied shear strain, % Fur- 
thermore, unlike the uniaxial case, a constant shear strain amplitude test implies a constant 
J2' amplitude test. 

It was not desirable (or trivial) to conduct the torsional TMD experiments with variable J2' 
limits to mimic the uniaxial J2' limits throughout the course of  the test. Therefore, the torsional 
TMD J2' limits were chosen to match those found in the first cycle of  the uniaxial TMD data. 
Because the J2' limits are matched only during the first deformation cycle, the forthcoming 
comparisons of  J2 and J2' in torsional and uniaxial TMD tests are restricted to include only 
the first cycle. 

A question remains concerning the equivalence o f  J2' rates in the uniaxial and torsional tests 
due to the variation in the Poisson's ratio in the uniaxial tests over the course of  the cycle. That 
is, does the triangular axial mechanical strain waveform used in the uniaxial test correspond 
to a triangular shear strain waveform in the torsion test if we are trying to maintain identical 
J2' values throughout the cycle? The question can be addressed bytaking uniaxial stress-strain 
data for a given cycle and computing the corresponding equivalent shear strains on a point- 
by-point basis. The result of  such a calculation is shown in Fig. 6. Superposed on the discrete 
values of  equivalent shear strain is a triangular waveform representing the actual control 
variable during a torsional test. It is clear that the equivalent shear strains fall quite closely 
to the triangular waveform. This indicates that the triangular shear strain waveform 
will closely approximate the variation of J2' resulting from the triangular uniaxial strain 
waveform. 

In summary, it has been shown that if we can measure or calculate limits of J2' for a partic- 
ular cycle from a strain amplitude-controlled uniaxial TMD test, we can easily duplicate these 
values of  J2' in a strain-controlled torsion test, such that the applied J2' waveforms, rates, and 
limits are nearly identical for that cycle in both tests. 
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FIG. 6--Fariation of  equivalent shear strain ~om a uniax~l test and actual shear strata from a to~ 
sional t~t. 

Test Matrix 

The test matrix showing the limits and sequences of  temperature and strain for torsional 
and uniaxial specimens is given in Table 2. Because the shear strain limits of the torsional 
experiments were chosen to match the J2' limits experienced on the first cycle of  the strain- 
controlled uniaxial TMD tests, the shear strain limits in Table 2 are not necessarily fully 
reversed. The uniaxial mechanical strain limits were fully reversed. 

The temperature ranges for the torsional test matrix were selected based on previous expe- 
rience with uniaxial T M D  of  Hastelloy X [1 ], which revealed that the 400 to 600"C temper- 
ature regime results in increased hardening because it maximizes the combined strain aging 
effects of  carbide precipitation and solute drag. The 600 to 800"C temperature range also pro- 
vokes significant hardening at 600"C, but strong thermal recovery mechanisms at 800"C lessen 
the hardening at the cold extreme of  the cycle (relative to that at either extreme of  the 400 to 
600"C temperature regime) and induce softening at the hot extreme of  the cycle. Hastelloy X 

TABLE 2--Test  matrix. 

Engineering Shear Corresponding 
Torsional TemperatureS/ Temperature Strain Limits, Max/ Uniaxial 
Specimen Strain Sequence Range, *C Min (m/m) Specimen 2 

ATHX 10 H, C/+,  - 400-600 0.005 2 0 / -  0.005 17 UHX458 
ATHX 11 C, H/+ ,  - 400-600 0.005 16 / -  0.005 20 UHX448 
ATHX6 H, C/+,  - 600-800 0.005 37/-0.005 38 UHX467 
ATHX15 C, H/+ ,  - 600-800 0.005 19/-0.005 12 UHX484 
ATHX9 H, C/+,  - 800-1000 0.005 34/-0.005 23 UHX459 
ATHX12 C, H/+ ,  - 800-1000 0.005 17/-0.005 30 UHX491 

H and C correspond to hot and cold temperature limits. 
2 All uniaxial specimens were cyclically loaded at + 0.0030 m/m mechanical strain. 
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saturated immediately in the 800 to 1000~ temperature regime in the previous uniaxial 
experiments and therefore exhibited no softening or hardening. 

R e s u l t s  a n d  D i s c u s s i o n  

Initial cyclic stress-strain loops (up to the third strain reversal) for the in-phase and out-of- 
phase torsional tests are shown in Fig. 7. By the third strain reversal, the 400 to 600"C loop is 
nearly symmetric about zero stress, while the deformation responses at higher temperatures 
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exhibit notable mean stresses. Note the significant loss of load-carrying capability (stress relax- 
ation) of the 800 to 1000*C TMD specimens, particularly at the 1000*C limit. Also evident is 
the decreasing slope of the unloading path with increased temperatures. Technically, one can- 
not infer a shear modulus from such slopes due to the time-dependent deformation and chang- 
ing temperature during the loading cycle. However, for a fixed thermomechanical loading 
regime, cycle-dependent changes in the slope of the unloading path would qualitatively indi- 
cate a metallurgical change and/or damage development in the material being tested. This 
occurrence will be pointed out subsequently. 
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FIG. 8--Stress-strain loops during torsional TMD tests in the 400 to 600*C temperature range: (A) in- 
phase, (B) out-of-phase. 
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Substantial cyclic stress hardening is evident in the stress-strain loops shown in Fig. 8 for the 
400 to 600~ IP and OP tests, particularly at the 400"C temperature limit as evidenced best by 
the longer duration in-phase test. Specimens tested in the 600 to 800"C range revealed sub- 
stantial hardening at the 600"C limit and softening at the 800"C limit (Fig. 9). An interesting 
feature in the IP and OP 600 to 800"C tests that was not observed in the uniaxial tests is the 
decreasing slope of the unloading path from the 800"C limit with respect to cycles. The slope 
of the unloading path in the cooler half of the cycle remained essentially constant, however. 
An additional 600 to 800~ test not included in this paper displayed similar behavior, sup- 
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porting the repeatability of  this result. A detailed microstructural investigation would be 
needed in order to determine whether or not physical changes in the alloy promoted this phe- 
nomenon. No sequential stress-strain loops for the 800 to 1000*C tests are included herein 
because the material was essentially cyclically neutral throughout both the IP and OP tests. 

As evidence of  the repeatability of  the hardening trends, duplicate 400 to 600~ IP tests are 
shown in Fig. 10 (ATHX 1 was prematurely terminated due to a heater malfunction and there- 
fore excluded from the test matrix). The shear stress values have been normalized with respect 
to their first cycle values. Normalized shear stresses in this comparison were measured at the 
point of  shear strain reversal. The agreement between the two data sets is exceptionally good. 
Also clearly evident by the hardening trends is the initially higher rate of hardening at the 
600"C temperature limit up to about 100 cycles, followed by an accelerated hardening rate (on 
a log scale) at the 400~ temperature limit beginning at about 500 cycles. This behavior is 
similar to that observed during the uniaxial TMD testing of Hastelloy X in this temperature 
range where a greater degree of  hardening was found to result from the combined effects of  
solute drag and precipitation hardening [ 1,11]. 

An interesting axial-torsional interactive effect observed in the torsional tests is axial Strain 
ratchetting. This phenomenon is often referred to as the Poynting-Swift effect [19-21]. The 
maximum and minimum axial strains of  select cycles are shown in Fig. 11 for two extreme 
examples. The first example is a 800 to 1000*C IP test in which 0.0018 m/m axial strain accu- 
mulated within 40 cycles; the second is a 600 to 800"C IP test in which -0 .0018 m/m axial 
strain accumulated after 2700 cycles. In all tests but one, axial strain ratchetted in the positive 
direction. A comprehensive investigation of  the room-temperature axial ratchetting phenom- 
enon by Wack [22] with several metallic materials in torsion led to the following conclusions: 
the sign of  the axial ratchet is theoretically positive; and the amount of  ratchet per cycle seems 
material dependent, is highly influenced by axial forces, and is sensitive to the loading history. 
Since the present experiments were conducted at elevated temperatures at which viscous 
effects are significant, the relative influence of  the factors cited by Wack may differ. For exam- 
ple, the average rates of  axial ratchetting in the 800 to 1000*C tests were up to two orders of  
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FIG. 11--Examples of axial strain ratchetting in torsional TMD tests: (A) 800 to 1000"C, in-phase; (B) 
600 to 800~ in-phase. 

magnitude greater than those seen in the lower temperature regimes. As the ratchetting 
required at least several cycles (in the extreme case) before it accumulated to a measurable 
quantity, it was felt to have no influence on the first-cycle deformation and corresponding 
values of  J2'. 

Comparisons of  first-cycle thermomechanical deformations in the J2'-Jz space are given for 
the three temperature ranges in Figs. 12-15. In these figures, coincidental zero values of both 
J2' and J2 exist only at the start of  the test. Overall, the correlations of the uniaxial and torsional 
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FIG. 12--First cycle JI-J2 loops for torsional and uniaxial tests in 800 to 10000C temperature range: 

hot/cold temperature sequence. 

data were excellent in the 800 to 1000*C temperature range (Fig. 12). The only portion of this 
loop where the data did not agree exceptionally well is the initial loading. This may be a result 
of the slight error introduced in the uniaxial J2' calculations based on the assumptions of using 
re% The 600 to 800~ data also resulted in fairly good agreement (Fig. 13). This result clearly 
suggests that the multiaxial TMD behavior of Hastelloy X is well characterized by the scalar 
parameter J2 at these temperatures. 
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FIG. 13--First cycle J/-J2 loops for torsional and uniaxial tests in 600 to 800"C temperature range: hot/ 

cold temperature sequence. 
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FIG. 14--First cycle J 2'-J 2 loops for torsional and uniaxial tests in 400 to 6000C temperature range. hot/ 
cold temperature sequence. 

In contrast to the higher-temperature correlations, the 400 to 600"C IP and OP correlations 
(Figs. 14 and 15, respectively) were not good, particularly during the second strain half of  the 
cycle. Note that the Bauschinger effect was much more pronounced in the IP and OP uniaxial 
loading cases. Unfortunately, because of  the thermomechanical nature of  the cycle (i.e., the 
continually changing elastic modulus) it is difficult to isolate or quantify this effect. 

Recall that the 400 to 600"C temperature range is where the most hardening occurs due to 
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FIG. 15--First cycle J/-J2 loops for torsional and uniaxial tests in 400 to 600~ temperature range: cold/ 
hot temperature sequence. 
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the interaction of carbide precipitation and solute drag [ 1,11 ]. Considering that the hardening 
is greatest in this temperature range, the results suggest that the hardening mechanisms active 
in torsional TMD are significantly different from those in uniaxial TMD. Deformation behav- 
iors may be slightly influenced by the heat of material from which the specimens were fabri- 
cated, but this is not a likely explanation for the significant differences seen here. In the 400 to 
600"C temperature range, a J2-based description of the viscoplastic deformation does not 
appear capable of collapsing the axial and torsional TMD. In similar fashion, other investi- 
gators have also seen increased isothermal hardening (with a cobalt-base superalloy) in tor- 
sional deformation versus axial deformation when the tests are compared with von Mises-type 
stresses and strains [23]. 

Conclusions 

Techniques developed under uniaxial conditions to control mechanical strain/temperature 
phasing were effectively transferred to torsional TMD conditions. The TMD tests were con- 
ducted in strain control without compensation for thermal strains. This is the primary advan- 
tage of torsional, strain-controlled TMD testing over uniaxial, strain-controlled TMD testing 
where thermal strain compensation introduces control complexities. However, with the exten- 
sometry employed in this study, secondary sources of error may arise under TMD conditions 
relating to apparent shear strain measurements promoted by indent misalignment and exten- 
sional strain ratchetting. A simple analysis revealed that the magnitudes of these errors are 
negligible. 

Based on the limited amount of data generated, the following conclusions can be made con- 
cerning the hardening of Hastelloy X during TMD in torsion: (a) the 400 to 600~ tests 
resulted in the most hardening, particularly at the 400~ temperature limit; (b) the 600 to 
800~ tests resulted in hardening at the 600~ temperature limit and softening at the 800~ 
limit; and (c) the 800 to 1000~ tests resulted in a saturated material response at both temper- 
ature limitsl All temperature ranges investigated resulted in non-zero mean shear stresses. 

First-cycle thermomechanical torsional and uniaxial deformations were compared. The 
experiments were based on forcing identical values for the second invariant ofdeviatoric strain 
tensor (J2') and comparing the resulting values for the second invariant of the deviatoric stress 
tensor (J2). The following results were obtained: (a) excellent correlation was exhibited in the 
800 to 1000*C TMD tests; (b) fairly good correlation was obtained in the 600 to 800~ TMD 
tests; and (c) fair to poor correlations were experienced in the 400 to 600~ TMD tests. The 
results suggest that the deformation of Hastelloy X is well described by a classical J2-based 
viscoplastic theory in the upper temperature ranges where reduced kinematic hardening takes 
place and recovery effects are dominant. In those temperature ranges involving substantial 
kinematic hardening (e.g., 400 to 600~ the hardening mechanisms active in uniaxial and 
torsional loadings appear significantly different: the Bauschinger effect in the 400 to 600"C 
uniaxial TMD was consistently stronger. In these cases, the deformation loops did not agree 
in the J2'-J2 state space. 
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ABSTRACT: A thin tube made in single crystal is submitted to tension-torsion loading. The axis 
of the tube coincides with the (001 ) material axis. Local strain measurements made by means 
of strain gages experimentally demonstrate that the deformation is mainly localized in the (110) 
type zones. This is confirmed by microstructural observations of replicas. An experimental load- 
ing surface in these soft zones is derived. An analysis of the experimental data is successfully 
made through the Schmid law, involving both cube and octahedral slip. 

KEY WORDS: multiaxial loading, superalloy single crystal, loading surface, slip traces, Schmid 
law 

The use of  single-crystal superalloys for new generations of  turbine blades needs the devel- 
opment of  constitutive equations that are able to properly predict the cyclic behavior of  these 
anisotropic materials. To this end, several experimental studies were conducted on various 
single-crystal superalloys, but mainly under uniaxial loadings following different crystallo- 
graphic orientations, typically: (0017, ( 1117, (0117, and ( 1237. 

Another way to investigate the anisotropy is to perform tension-torsion tests on thin-walled 
tube specimens grown in the (001 ) direction. In that case, the sample is no longer a "material 
element," and the analysis of  the experiment requires a precise determination of  local quan- 
tities. The present paper deals with the experimental study of  this "structure," which is detailed 
in the following sections. The first results, obtained at 950"C, have led to the definition of  a set 
of  new tests at room temperature in order to have access to local strain measurements by the 
use of  strain gages. Due to the cubic symmetry, two areas corresponding to ( 1007 and ( 1107 
require special attention. Various loading paths are explored such as tension, torsion, and in- 
phase tension-torsion. The yield domain is also explored in the axial stress-shear stress plane 
for these two orientations. Experimental results are interpreted on the basis of  Schmid law 
predictions. The last section discusses activated slip systems. The analysis of the slip traces is 
made by a replica technique. Both octahedral and cube slips are present for torsion. Only octa- 
hedral slip is activated in tension. The relative amount of  slip is studied for tension-torsion 
cases. The ( 1107 regions are more deformed than the ( 1007 ones. The last result concerns the 
rotation of  the normal during plastic flow. It is shown that for tension-torsion loading with 
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dominant torsion the initial yield direction is in pure shear. The flow in the tension direction 
occurs only for increasing load. The stress at which the axial plastic strain flow starts depends 
on the slip system interactions. This type of  test allowed us to get information on the interac- 
tion matrix for micromechanical models. 

Testing Machine, Material, and Specimen 

The installation is a tension-torsion fatigue machine consisting of  two hydraulic jacks with 
hydrostatic levels. The force and torque measurements are made by a load cell. A PID (pro- 
portional, integral, differential) regulation loop slaves each actuator to the programmed force, 
torque, angle, displacement, and deformation components. Under a maximum frequency of  
25 Hz, the capacities of  the machine are: force = + 63 000 N, torque = + 500 N. m, displace- 
ment --- + 20 mm, and angle = + 60*. 

The system is connected to a computer so that it can be controlled in real time while the 
tension and torsion data are being acquired. Various loading paths can be imposed, and a spe- 
cific program for the detection of yield surfaces has been written. 

For the tests at high temperature, the specimen is heated by a medium-frequency induction 
system carrying an inductor specially designed for it. This inductor heats the specimen iso- 
thermally, producing a very good temperature distribution [1] (+  3"C along the gage length). 
The temperature is regulated in time by a PID measurement made with an infrared sight. 

At high temperature, the strains are obtained from displacement measurements by using an 
equivalent length depending on the specimen geometry [2,3]. At room temperature, strain 
gage measurements are used. 

The shear stress r is evaluated on the outside surface of  the specimen by using a viscoplas- 
ticity correction [4] so that finally the chosen value lies between the elastic and perfectly plastic 
calculations. 

The material is the CMSX2 single-crystal nickel base alloy. Tubes are manufactured by 
SNECMA by the directional solidification process, and the (001 ) orientation of  each tube is 
taken with respect to the dendritic growth direction. The composition range in weight percent 
is given in Table 1. Appropriated thermal treatment TR l is applied (Table l) in order to get a 
homogeneous distribution of  cuboidal 3" precipitates of a size of  about 0.5 t~m. The high-vol- 
ume fraction of 3" (~65%) gives the alloy its excellent creep resistance. An R2 treatment is 
applied (Table 1) after final precision rectification and polishing of  the specimens. 

Due to the impossibility of  manufacturing a tubular single-crystal longer than 14 cm, the 
ends of  the thin-walled tube specimen are made in Hastelloy X and brazed on the useful single- 
crystal part. The inside and outside diameters are 14 and 16 mm, respectively, and the gage 

TABLE 1--CMSX2 composition and thermal treatments, %. 

Ni C Cr W TA Co A1 

Base 0 .001 7 . 7 7  8.06 6.00 4.64 5.5 

Ti Mo Fe Mn Si Hf S P 

1.00 0.61 0.02 0 .001  0.005 0 .01 0.0001 0.001 

Heat Treatments 

T = 1315"C/3 h/vacuum 
R1 -- 1100*C/10 h/argon 
R2 = 870"C/16 h/argon 
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length is 24 mm. For the tests at room temperature, the crystallographic orientations (100) 
and (110) are checked by the Laii X-ray back reflection method, and two rosette microstrain 
gages are stuck on these precise orientations as illustrated in Fig. I. 

Assuming that the only mechanism responsible for the plastic deformation is the crystal- 
lographic slip, all the test results will be interpreted using Schmid's law. The potential slip sys- 
tems are given in Fig. 2 for torsion loadings. In tension, only octahedral slip can occur since 
the specimen is oriented in (001) direction, and eight systems contribute to the plastic defor- 
mation with the same Schmid factor of 1/V~. In torsion, two cases have to be considered, 
assuming either cube (Fig. 2a) or octahedral slip (Fig. 2b) and for both situations: (100) and 
(110). In either case, the yield stresses in shear predicted by Schmid law are lower for (110) 
than for (100) and are in the ratio of ~ (r~00 = V~ r.0). 

An illustration of the resulting behavior under tension-shear loading is given in Fig. 3. The 
diagram represents the theoretical surfaces obtained from the Schmid criterion in the axial 
stress (~r33)-shear stress (o23) plane; for the first two cases (Figs. 3a and 3b), the coordinate sys- 
tem corresponds to the crystallographic directions ( 100 ), (010 ), ( 001 ); and for the other ones 
(Figs. 3c and 3d), the coordinate system corresponds to the directions (110), (110), (001). 
Only octahedral slip is introduced for Fig. 3a and Fig. 3c; both cube and octahedral slip are 
involved for Fig. 3b and Fig. 3d. The diagram is made with a reference stress in tension equal 
to 1000 MPa (i.e., a critical resolved shear on octahedral planes of 408 MPa). The critical 
resolved shear stress is also chosen equal to 408 MPa for the cube slip systems. Such an exercise 
shows that the results obtained are far from a quadratic criterion like von Mises [5] or Hill 
[6]~ In Figs. 3a and 3c, due to the lack of available slip systems, the material is quite rigid in 
shear; it can be noted, for instance, that the yield in pure shear should only be reached for a 
1000-MPa stress in the region around (100), and that this yield remains high in the region 
around (110) ( 1 0 0 0 / ~  MPa). The changes in shape relating to the occurrence of cube slip 

[001] 

[lOO] g-, 

[0!0] 

FIG. 1--Schematic location o f  the strain gages on the thin tube specimen. 
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can be checked in Figs. 3b and 3d, where the polygons previously obtained are truncated by 
the new slip activation. The resulting values in shear are then 1000/V~ MPa in the region 
around (100), and 1000/k/6 MPa in the region around (110). It can be concluded that the 
presence of  cube slip strongly decreases the yield limit in shear, and that, for any kind of  slip, 
the (110) regions are softer than the (100) ones. 

Tension-Torsion Test at 950~ 

Several tension-torsion tests were conducted, which are detailed elsewhere [ 7,8]. The main 
features observed at this temperature are the following: 

1. The hardening is mainly kinematic. 
2. The mechanical behavior is highly strain-rate dependent. 
3. No extra hardening occurs during 90* out-of-phase tension-torsion loading. 
4. The subsequent torsion is not affected by the initial tension-compression loading and 

vice versa, which indicates there is no interaction between octahedral systems (activated 
in tension) and cube systems (activated in torsion). 

5. Deformations are heterogeneous in torsion. 

We limit ourselves here to the presentation of  one test to illustrate this last point, which is 
the purpose of  the present paper. The specimen is loaded in cyclic torsion with increasing lev- 
els. The angle is imposed under a sinusoidal wave form signal corresponding to a strain rate 
of about l0 3 s ~. The only measurement in the test is the "mean value" of the plastic shear 
strain by using the equivalent length in torsion. At this temperature, the isotropic hardening 
is negligible, and only two or three cycles are needed to reach the mechanical steady state. 
Figure 4 shows the slip traces observed on the outside surface of the specimen at the end of  the 
test. Horizontal and vertical traces, characteristic of  cube slip, are not evenly distributed along 
the circumference. They are localized on four zones only, each 90", and are then the indication 
of  a strong heterogeneity of  the deformation in torsion. A Latie control has localized these 
traces in the neighborhood of  type (110) areas, which are then the more deformed zones, 
which is in good agreement with the remarks made in the previous section. 

This heterogeneity is also confirmed by a finite element computation of  the specimen. In 
the F.E. code ZEBULON [9] developed at School of  Mines of Paris and used for this appli- 
cation, the plastic strains are calculated through a crystallographic model based on slip theory 
[ 10], in which octahedral and cube slip systems are taken into account. The material constants 
were identified from uniaxial data on (001 ) and ( 111 ) oriented specimens at 950"C [ 11 ]. The 
applied load is an angular displacement of 2.26* on one end of  the specimen, the other end 
being enchased. The loading rate is directly taken from the experimental recording. Figure 5 
presents the mesh of  the specimen (1024 twenty-node elements, 21 984 degrees of  freedom). 
A detail of the central part is shown in Fig. 5B with the accumulated plastic strain contours, 
which are maximum in (110) areas and minimum in the (100) zones. The value of  the shear 
strain in the (110) region is twice the value of  the shear strain in the ~ 100) region. In the 
model, the cube systems are activated. As there are no local strain measurements, the com- 
parison was restricted to the torque-angle curves; a good agreement was found between exper- 
imental data and the simulation [12]. 

Tension-Torsion Tests at Room Temperature 

This set of  results, experiments, and calculations has led to the determination of  a new 
experimental program at room temperature, which is detailed in the present section. Three 
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FIG. 3--  Theoretical yield surfaces predicted by Schmid law (stresses in MPa): (a) Octahedral slip only, 
coordinate system (100), (010), (001); (b) Octahedral and cube slip, coordinate system (100), (010), 
( 001 ); (c) Octahedral slip only, coordinate system (100), (710), (001); (d) Octahedral and cube slip, coor- 
dinate system (100), (110), (001). 

tests are performed under angle and displacement control, with a low plastic straining in order 
to save the specimen for a subsequent microstructural observation. Additional tests under 
torque and force control are specially designed to deliver the shape of  the yield domain in the 
shear stress-axial stress plane. For all the tests, the secondary orientations are checked, and 
strain gages are located in the (100) and the (110) regions. They allow us to get local mea- 
surements of the strain and to quantitatively confirm the observations made at high 
temperature. 

The specific tests for yield surface exploration are actually running on virgin and strain- 
hardened states. We limit the presentation to one of the first results, which corresponds to the 
initial domain in (110) area. The surface is determined by following radial stress paths away 
from the origin. The loading path always returns to the origin, and the opposite direction is 
then explored. Twelve search lines are followed. A small von Mises equivalent offset of yielding 
corresponding to 10 -4 m m / m m  has been selected. Preliminary tests on the offset influence 
have shown that there is no difference in the resulting stress diagram with a smaller offset (5 �9 
10 _5 mm/mm) .  

C o p y r i g h t  b y  A S T M  I n t ' l  ( a l l  r i g h t s  r e s e r v e d ) ;  W e d  D e c  2 3  1 9 : 1 6 : 2 0  E S T  2 0 1 5
D o w n l o a d e d / p r i n t e d  b y
U n i v e r s i t y  o f  W a s h i n g t o n  ( U n i v e r s i t y  o f  W a s h i n g t o n )  p u r s u a n t  t o  L i c e n s e  A g r e e m e n t .  N o  f u r t h e r  r e p r o d u c t i o n s  a u t h o r i z e d .
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FIG. 4--Slip traces observed on the specimen alter a torsion test. 

FIG. 5--Finite element analysis of the torsion specimen (specimen axis: (001)): (A) mesh; (B)plastic 
shear strain contours predicted by a micromechanical model (%). 
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252 ADVANCES IN MULTIAXIAL FATIGUE 

In the tension-torsion test, we have analyzed the stress response, and a microstructural study 
has also been made to determine the slip traces. The imposed loading paths, under angle and 
displacement control, are the following: 

Sp 1. Monotonic reference tensile curve. 
Sp2. Symmetrical cyclic torsion (five cycles). 
Sp3. In-phase repeated tension-torsion (Sequences l, 2, and 3) followed by single torsion 

(Sequence 4). The corresponding loading in the axial stress (~3a)-shear stress (#23) plane 
is given in Fig. 6. 

All the tests are performed at the same rate of 10 -3 s -~. The heterogeneity of shear strains is 
confirmed experimentally by the strain-gage measurements. Figure 7 shows the recorded 
torque-shear strain curves in the (110) and in the (100) regions. At the first cycle, the plastic 
strain is much greater in (110) than in (100) (more than a factor of 10). After five cycles, the 
plastic strain amplitude is reduced due to the presence of a significant isotropic hardening, and 
the behavior tends to become elastic in (100) region. However, if the yield shear stress for 
(110) is lower than for (100), the ratio is greater than predicted by Schmid law. One could 
suspect the effect of a stress redistribution in the specimen due to the nonhomogeneous plastic 
strain flow. No precise answer to this question can be found without a finite element analysis 
at room temperature. 

Table 2 summarizes the main results in terms of stresses for the three tests Spl (tension), 
Sp2 (torsion), and Sp3 (in-phase tension-torsion). For this last test, several values are reported: 
(1) the yield stress in torsion--in this case, the behavior is still elastic in tension and the con- 

100 

J 

J 
I" 

% (Mpa) 

/ . . " . f t . / 3  

...17"/" 

~ ' / 1 ~  .- "'~:~/" O (Mpa) 

..-..~. 

j" 

FIG. 6--Loading path in the stress plane in the in-phase tension-torsion test. 
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a - < 1 1 0 >  
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/ 0.2 ~~/~.  ~ (%) 

b - <I00> C (N.m) 
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~ 0.2 

(%) 
2 

i. 

FIG. 7 - - S h e a r  curves recorded in a torsion test (torque versus shear strain): (a) < 110) area; (b) < 100> 
area. 

current value o f ,  is listed; (2) the yield stress in tension (after hardening in torsion), together 
with the concurrent value oft; (3) the saturated value in torsion for this first cycle; (4) the yield 
stress and saturated stress for the subsequent pure torsion. Except for the case of the tension 
loading, for which all the points of the surface are equivalent from a crystallographic point of 
view, the yield first occurs in the ( 110> regions. Nevertheless, the difference between the two 
regions (soft zones (110) and hard zones (100)) does not correspond with the expected factor 
from Schmid theory. Instead of V~, we respectively obtain for the ratio r<,00>/r<,m>: 1.08 in 
pure torsion, 1.06 on the shear component of the in-phase test, and 1.08 on the axial com- 
ponent of the in-phase test. There is not a clear explanation of this fact up to now; again, it 
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TABLE 2 - - T h e  various experimental  stress states (MPa).  

Orientation 
Tension 
Cyclic torsion 
In-phase tension torsion (Cycle l) 

Subsequent torsion (or = - 112) 

(100) (110) 
ayield = 8 0 0  to 950 

7yield = 522 "ryield = 485 
ryietd = 391 (a = 410) "ryietd = 370 (or = 375) 
cry,eta = 512 (r = 485) tryield = 476 (r = 460) 
r~t. = 482 r,,t. = 486 
ryiela = 5 2 5  7"yield = 525 
"rsat. -~" 5 6 0  "rsat. = 5 6 0  

could be related to stress redistribution in the specimen. At least it can be shown that the results 
of the first three tests are consistent with the data coming from the surface evaluation. This is 
illustrated for the (110) region in Fig. 8. The chosen reference stress in tension is 920 MPa; 
the points corresponding to the pure torsion test and to the in-phase test are plotted in the 
diagram, together with the measured yield surface. As the measurement of the yield surface 
has been generally made twice, two points are present on most of the search lines. The shape 
is in good agreement with the theoretical observations; for instance, it can be seen that the yield 
level in shear is not seriously affected by the superposition of a tension component. This is due 
to the fact that the critical mechanism in this case is cube slip, which is confirmed by the value 
of the yield (with octahedral slip only, the yield value in shear should be equal to 920/k/2 MPa, 
i.e., 650 MPa). Two yield surfaces have been plotted on the diagram. The continuous line cot- 

sig23 
750 F (MPa) 

I 
I 

sig33 

1000 

, _,. , �9 I 

-750 t- 

O In-phase tension-torsion test [] Pure torsion test 
| First plastic flow in shear �9 Yield surface test 
@ First plastic flow in tension 

FIG. 8--1ni t ia l  y ie ld  surface in the ( 11 O) region. 
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responds to the assumption that the cube slip has the same critical resolved shear stress as that 
of  the octahedral slip (920/V~ MPa, i.e., 375 MPa); this appears to be generally not verified 
excepted for the incipient flow for shear in the in-phase test. The dotted line is obtained by 
supposing that the critical resolved shear stress on cube systems is equal to 490 MPa. The 
assumption that cube slip is more difficult than octahedral slip is likely at room temperature. 
As a matter of  fact, it seems that this last value is an upper limit obtained with hardening. Due 
to their particular deformation mechanisms, single crystals have a different behavior during 
the first loading and subsequent ones, so that the evaluation of  the yield surface probably does 
not represent a true initial yield in each direction. That explains why the yield surface obtained 
is consistent with the asymptotic value in pure shear for Test Sp2 and for Test Sp3. In the last 
case, one can verify that during the imposed angle-displacement loading, the representative 
point is attracted to the corner in the stress plane. 

An essential feature of the behavior confirmed with the experimental research ot  the yield 
surface is that the plastic flow is in pure shear for radial tension-torsion loading with a small 
amount of  tension. This confirms the existence of  a horizontal zone in the yield criterion. The 
plastic flow in tension is found only with high values of  the axial stress component. From a 
theoretical point of  view, the corner corresponds to a loading path defined by an angle of  40.5 ~ 
with the horizontal axis in the (Cr33)-(O'23) plane if we consider 490 MPa as the critical value for 
the cube-resolved shear stress. Additional search lines, which are not shown in Fig. 8 for the 
sake of  clarity, have shown that no axial flow occurs with an angle of 55 ~ and a very low flow 
is observed for a value of 45 ~ The observed incipient tensile flow is consistent with the theo- 
retical value. 

Observation of the Slip Traces 

The comparison of  the traces on the specimens tested in pure torsion demonstrates that the 
localization of  the shear bands in the (110) regions is more pronounced at high temperature 
(950~ than at room temperature; in the first case (Fig. 4), the slip seems to be restricted to 
the (110) areas, and in the second case, very thin traces prependicular to the specimen axis 
can be seen all around the specimen. In both cases, the slip traces correspond to cube planes. 
The amount  of shear strain corresponding to cube systems is not easy to evaluate due to the 
fact that the slip direction of  the dominant system becomes parallel to the outside surface of 
the specimen in the critical (110) region. A detailed study of  the traces on the specimen Sp2 
has been made by means of replicas and interferometry. This technique has been recently used 
to characterize the slip bands on fatigue specimens [ 13]. Typical results are given in Fig. 9; Fig. 
9a shows the horizontal slip lines taken with a scanning electron microscope at low magnifi- 
cation. The corresponding picture obtained by interferometry is shown in Fig. 9b; it confirms 
the presence of  slip bands at the surface of  the specimen, with very low steps (0.8 um). The 
same microstructural study has been made on the Sp3 specimen. The microstructure is much 
more complex; due to the combined tension-torsion loading, both octahedral and cube slips 
are present. A general view of  the slip bands is given in Fig. 10. The four octahedral planes 
were found to be active, together with the cube ones. The traces of  the octahedral planes have 
a sinusoidal form, while the cube traces appear as fine horizontal lines. In fact, they were likely 
not active at the same time (octahedral planes during the tension-torsion loading, cube planes 
during the subsequent pure torsion loading). As we did not see any influence of  the first loading 
on the torsion loading, it can be concluded that there is no significant hardening effect from 
the octahedral planes on the cube planes. This result is consistent with the observations at high 
temperature. A more detailed illustration of the surface is given in Fig. 11. The first view (Fig. 
11 a) shows that cube and octahedral systems are simultaneously present. Figures 11 b and 11 r 
correspond to an increasing magnification; they reveal the 3'' structure and also the fact that 
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FIG. 9--Shear bands in pure torsion in the < 110 > area (Test Sp2); (a) SEM view of the surface; (b) image 
obtained by interferometry CA = 548 nm). 

T E N S I L E  A X I S  ,~- < 0 0 1 >  d i rec t ion  

~ <110>  d i r e c t i o n  
[71o3 [lOO3 
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FIG. 1 O--General view of the specimen for in-phase tension-torsion (Test Sp3) ; scheme of the slip bands 
on the surface replica (back scattered electron image). 
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FIG. 11--Shear bands for in-phase tension-torsion in the (110) area (Test Sp3): (a,b,c) SEM views of 
the surface; (d) Image obtained by interferometry (~ = 548 nm). 
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several bands can be seen inside a large one. The interferometry (Fig. 1 ld)  demonstrates that 
the step corresponding to the octahedral plane is much higher than the step of the cube one 
(2.5 um). 

Conclusions 

The main experimental results of this study are the following: 

1. Cube slip is predominant  for pure torsion loading, at high temperature, and at room 
temperature. 

2. A strong strain localization occurs at 950"C and at room temperature in the four (110) 
zones; in the first case, it was visible to the naked eye on the specimen, and the computed ratio 
(plastic shear strain for ( 110)/plastic shear strain for (100)) was around 2; in the second case, 
the measured ratio by means of strain gages was about 10. 

3. The yield surfaces determination was made with strain gages on a single-crystal tube; the 
shape corresponds to the theoretical response evaluated from Schmid law for a given area of  
the specimen, but the relation between the yield stress values collected in two regions ((100) 
and (110)) should be further investigated, essentially by means of  structural calculations. 

References 

[1] P•1ice••a• H. and Pac•u• D.• ``High Temperature Tensi•n-T•rsi•n Testing Machine••• La Recherche 
A~rospatiale, No. 5, 1988, pp. 39-49. 

[2] Cailletaud, G., "Remarques sur l'Essai de Traction Compresion Torsion," ONERA Report, RT No. 
42, 1982. 

[3] Cailletaud, G., Kaezmarek, H., and Policella, H., "Some Elements on Multiaxial Behaviour of 316 
L Stainless Steel at Room Temperature," Mechanics of Materials, Vol. 3, No. 4, 1984, pp. 333-347. 

[4] Delobelle, P., Oytana, C., and Mermet, A., "Appareillage pour l'Etude des Proprirt~s Rhrologiques 
des Matrriaux," Revue de Physique Appliqu~e, No. 14, 1979, p. 933. 

[5] Mises, von R. v., "Mechanik der Plastischen Form~nderung von Kristallen," ZeitschrififiirAnge- 
wandteMathematik undMechanik, Vol. 8, 1928, p. 161. 

[6] Hill, R., "A Theory of the Yielding and Plastic Flow of Anisotropic Metals," Proceedings of the 
Royal Society of London, Series A, Vol. 193, 1948, pp. 281-297. 

[7] Policella, H., Paulmier, P., and Pacou, D., "Mechanical Behaviour of the Single-Crystal Alloy 
CMSX2 at High Temperature. Experimental Results," La RechercheA~rospatiale, No. 4, 1990, pp. 
47-63. 

[8] Nouailhas, D., "Anisotropic Constitutive Equations for Cyclic Viscoplasticity: Application to the 
Case of Materials with Cubic Symmetry," La RechercheAOrospatiale, No. 3, 1990, pp. 11-28. 

[9] Mrric, L. and CaiUetaud, G., "Single Crystal Modeling for Structural Calculations: Part II: Finite 
Element Implementation," Journal of Engineering Materials and Technology, Vol. 113, 199 l, pp. 
171-182. 

[10] Mrric, L., Poubanne, P., and Cailletaud, G., "Single Crystal Modeling for Structural Calculations: 
Part I: Model Presentation," Journal of Engineering Materials and Technology, Vol. 113, 199 l, pp. 
162-170. 

[ 11 ] Nouailhas, D. and Freed, A. D., "A Viscoplastic Theory for Anisotropic Materials," Journal of Engi- 
neeringMaterials and Technology, Vol. 114, 1992, pp. 97-104. 

[12] Mrric, L., "Une Modrlisation Mrcanique du Comportement des Monocristaux," doctoral thesis, 
Ecole Des Mines, Paris, 1991. 

[13] Hanriot, F., Fleury, E., and Rrmy, L., "Orientation Dependence of the Cyclic Stress-Strain Behav- 
iour of Nickel-Base Superalloy Single Crystals," Proceedings of High Temperature Materials for 
Power Engineering, E. Bachelet et al., Eds., Kluwer Academic Publishers, Dordrecht, The Nether- 
lands, 1990, pp. 997-1006. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



Seok Hwan Choi ~ and Erhard Krempl 2 

Viscoplasticity Theory Based on Overstress: 
The Modeling of Biaxial Cyclic Hardening 
Using Irreversible Plastic Strain 

REFERENCE: Choi, S. H. and Krempl, E., "Viscoplasticity Theory Based on Overstress: The 
Modeling of Biaxial Cyclic Hardening Using Irreversible Plastic Strain," Advances in Multiax- 
ial Fatigue, ASTM STP 1191, D. L. McDowell and R. Ellis, Eds., American Society for Testing 
and Materials, Philadelphia, 1993, pp. 259-272. 

ABSTRACT: Cyclic hardening behavior of stainless steel under various loading paths is modeled 
by using the small-strain, isotropic theory of viscoplasticity based on overstress. The cyclic hard- 
ening is modeled by postulating a growth law of an internal variable which is equivalent to iso- 
tropic hardening of yield surface plasticity. The growth of the hardening variable is formulated 
in a discrete way by using changes in the direction vector of the inelastic strain rate and the con- 
cept of irreversible plastic strain. The irreversible plastic strain is given as a function of variables 
representing amplitude, nonproportionality, and the history of the loading path. This formula- 
tion does not use separate growth laws for proportional and nonproportional loading. They are 
handled by a difference of the direction vectors of inelastic strain rate before and after it changes 
its direction. The capability of the model is demonstrated by numerical experiments for various 
loading conditions. 

KEY WORDS: viscoplasticity, numerical experiments, cyclic hardening, path dependence, irre- 
versible plastic strain, cross hardening, extra hardening 

It is well known that annealed Type 304 stainless steel exhibits significant hardening under 
cyclic loading with load or strain reversal. The hardening behavior can be characterized by 
ampli tude dependence [ 1-3], path dependence [4-9], history dependence [ 10,11 ], and com- 
binations of  all three. During the last decade various theories [2,10-22], t ime-independent or 
t ime-dependent,  have been developed to model the observed cyclic hardening behavior for 
proportional and nonproportional loading paths. Most of  the models, however, have difficul- 
ties in representing all the observed complicated features, especially cross hardening and the 
mean strain effect. Also, some of the theories apply only to cyclic loading but not to any arbi- 
trary loading path with continuously changing direction of  the deformation. 

Previously the cyclic hardening behavior had been modeled with the theory of viscoplastic- 
ity based on overstress (VBO) by Yao and Krempl [23,24], in which separate measures for 
proportional and nonproportional  loading paths were used, and by Krempl and Choi [25], in 
which the strain memory surface [10] was combined with Yao's formulation. The formula- 
tions, however, were not successful in representing the cross-hardening effect and the mean 
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strain effect for all values of mean strain. In this paper, an attempt is made to model the cyclic 
hardening behavior in a simple way for any arbitrary loading path by using changes of the unit 
vector representing the direction of the inelastic strain rate and the concept of irreversible plas- 
tic strain. 

The growth of the isotropic hardening variable of VBO is triggered by the direction change 
of inelastic strain rate. It, therefore, grows in a discrete manner under uniaxial or proportional 
cyclic loading and grows continuously under a deformation in which the inelastic strain rate 
changes its direction continuously. The amount of the growth is determined by the irreversible 
plastic strain which has been accumulated since the last direction change of the inelastic strain 
rate to the current state at which the direction of the inelastic strain rate changes again. The 
irreversible plastic strain accumulates with the cyclic loading, and the hardening stops when 
the irreversible strain is saturated. The definition of the irreversible plastic strain used here is 
based on the concept given in Ref 26. For uniaxial loading, the irreversible plastic strain is 
obtained by subtracting reversible plastic strain from the accumulated plastic strain when the 
loading direction is reversed. The reversible plastic strain is the strain component which does 
not contribute to work hardening, e.g. the plastic strain in a stable hysteresis loop. This concept 
is extended here to a three-dimensional case by using the direction change of the inelastic 
strain rate. The concept of cyclic nonhardening range developed by Ohno [12,18,19], 
which is a modification of strain memory surface introduced by Chaboche [10], becomes 
equivalent to the concept of reversible plastic strain, the difference between the plastic 
strain and the irreversible plastic strain, under the uniaxial or biaxial proportional cyclic 
loading. 

This formulation is fundamentally able to represent all the complicated phenomena 
observed experimentally and is indeed simple in structure. For the demonstration of the model 
capability, numerical experiments are performed on various loading paths in the axial-shear 
strain space. Included are uniaxial cycling for fixed amplitude with or without mean strain, 
axial cycling with increasing or decreasing two-step amplitude, proportional cyclic loading, 
step loadings for various numbers of steps, square loading, 90* out-of-phase loading, and cyclic 
loading alternating between the axial and shear directions. 

Viscoplasticity Theory Based on Overstress (VBO) 

The viscoplasticity theory based on overstress is a "unified" theory which considers the plas- 
ticity and creep in a unified way and does not use yield or loading/unloading conditions. The 
uniaxial and three-dimensional versions of VBO are given in Refs 27 and 28 for isotropy and 
in Refs 29 through 31 for anis0tropy. The total strain rate is postulated to be the sum of the 
elastic and inelastic parts. The inelastic strain rate is given as a function of overstress, the dif- 
ference between the stress and the equilibrium stress, which is a state variable of the theory. It 
is assumed that at an asymptotic state or in the fully inelastic region, the total stress is com- 
posed of rate-dependent, rate-independent, and kinematic stress contributions. 

The small-strain, standard isotropic theory of VBO which models cyclic neutral behavior 
[27,28] is presented here. A set of coupled nonlinear differential equations representing VBO 
for isotropy is given by 

l + v  3 1 
d~ = 4z + ~] - E sO + ~ Ek[F-~ (&j - ~ )  (1) 

1 2 ) 1 
(2) 
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fd  __ 2 __EEd E ~] 'J 3 1 (3) 

1 - -  2 P .  
e~ - ~ akk (4) 

A superposed dot indicates a time derivative, square brackets [] enclosing a symbol denote 
"function of," and the superscript, d, denotes the deviator of  the tensor, a0 and e 0 designate 
the stress and strain tensors, respectively, with s 0 and e 0 as the corresponding deviators. E and 
v are the elastic constants, E, is the tangent modulus at asymptotic state, and inelastic incom- 
pressibility is assumed. The state variables, g0 andS,  are the equilibrium stress and the kine- 
matic stress tensors, respectively, k and ~ are called viscosity function and shape function, 
respectively, and they are positive, decreasing functions of  an invariant F defined as 

1/2 

is the effective inelastic strain rate given by 

(6) 

The quantity, A, dimension stress, in Eq 2 is the rate-independent contribution to the stress in 
the asymptotic state (see Fig. 1 of  Ref 28) and can be expressed as 

A = { g - f }  (7) 

The braces { }denote the value at asymptotic state. 
The above formulation models cyclic neutral behavior. The hardening due to the cyclic 

loading has been modeled with isotropic hardening in the context of  yield surface rate-inde- 
pendent plasticity [16]. Also it is shown [4] that the cyclic hardening of  304 stainless steel is 
predominantly rate-independent. As a consequence, the cyclic hardening within VBO is 
implemented through the growth of A, which is equivalent to isotropic hardening variable of 
other plasticity theories. 

Cyclic Hardening Formulation 

The growth of  the quantity, A, is triggered by the direction change of  the inelastic strain rate. 
The direction of  the inelastic strain rate can be represented by a unit tensor, n, defined as 

no = I1~;11 (8) 

The tensor; n o, can be expressed in a vector form for biaxial loading in the axial and shear 
direction. 

n = n,e, + n2e2 (9) 

where e, and e2 are the unit vectors in the direction of  axial strain and shear strain, respectively, 
in the e - -r/Vf3 space, nl and n2 are the components o fn  in the respective directions. 
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When the direction of  the inelastic strain rate changes, the magnitude of  a difference tensor 
of  the unit tensors before and after the change can be computed as 

IIAnll = Ilnl, -- hi,011 (10) 

The symbol II II denotes the magnitude of  the tensor, to is the time at which the last direction 
change of  the tensor n occurred, and t is the current time at which the tensor n changes its 
direction again. A segment is designated to be the loading path from time to to time t. II An II -- 
0 when the inelastic strain rate does not change its direction, and IP An II = 2 for the completely 
reversed loading path. For any other case, II an  II is between 0 and 2. For computational pur- 
poses a lower bound II An II,h of II An II has to be stipulated; values smaller than this threshold 
value do not create a segment. 

In an initial trial, the growth of  A is assumed to be function of  the accumulated irreversible 
plastic strain for one segment, Aft, as 

AA = a5 sign (Afl)(l] mfll) a6 (1 la) 

with A computed as 

A = ~ A A i + A o  (llb) 
i = l  

where A0 isthe initial value of  A. 
Aft in Eq 1 la is computed from 

Aft  ---- A~b - -  al(A~b)a2(ll  An II)a3(f) a4 (12a) 

where f is the total accumulated irreversible plastic strain from the virgin state of  the material 
and computed as 

fl = ~ Aft, + /30 (12b) 
i = l  

where fo is the initial value. A~ is the accumulated inelastic strain for one segment and is com- 
puted as 

A~ = ~ dr (13) 

A~, Aft, and A,4 are computed only when II An II is not zero. The formulations are expressed in 
discrete form in Eqs 10 through 13 and can be handled numerically by implementing a 
II An II,h below which no changes occur for loading paths with the continuously changing ten- 
sor n.  

The total irreversible plastic strain, r, accumulates and finally saturates in cyclic loading. 
Then Af  stays at zero for the following segments and the hardening stops unless Aq~ or [I An [1 
changes. When Aq~ or II An II changes, Aft becomes nonzero (see Eq 12a), and A changes again 
(it may decrease or increase). For given Aq~ and l[ An II, the saturated value o f f  can be calculated 
by setting Af = 0 in Eq 12a as 
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1 (A4~),_a2(llAnll)_a3} '/a' (14) 

Subscript s denotes "saturation." The material hardens under a cyclic loading when/70 is 
smaller than/Ts and softens when/70 is larger than/Ts. It is, therefore, possible to say that/70 is 
zero at the annealed state, and/70 can be larger than/7, after cold work leading to cyclic 
softening. 

A total of  six constants, a~ through a6, are employed in the above equations. The constants 
need to satisfy the following conditions to have the desired features 

0 < a2 < 1 (15a) 

a 3 >  0 (15b) 

a4 > 0 (15c) 

Equation 15a is required for nonlinear amplitude-dependence, Eq 1 5b for path-dependence 
(extra hardening for nonproportional loading), and Eq 1 5c for a proper saturation. The deter- 
mination of  the constants, a~ through ar, under the constrictions of  Eqs 15a through 15c 
requires trial and error procedures to match real experimental data quantitatively. Since/Ts can 
be calculated by Eq 14, it is recommended to work with/3, in determining the constants. It 
should be noticed that the total hardening amount of  A is proportional to (/7 -/30) when a6 = 

1.0 (see Eq 1 la). 

Numerical Simulation 

For the demonstration of  the model capability, numerical experiments are performed for 
various cyclic loading paths on axial-shear strain space (e - 3'/V~ space). The loading paths 
adopted here are, for comparison, based on the work given in Ref2. The purpose of the numer- 
ical experiments is the demonstration of  the advantages and disadvantages of this new model. 
It is not intended to match the data precisely, and only the trend will be compared. 

The material constants employed here are listed in Table 1. The constants required by cyclic 
neutral, isotropic VBO for 304 stainless steel are from Ref 24. The only difference is that the 
initial value, A0, is set to 120 MPa instead of  I 15 MPa. With the given constants, the nonlinear, 
coupled ordinary differential equations of  VBO with cyclic hardening are integrated numeri- 
cally by using the IMSL routine DGEAR on a Sun 3/60 work station. Due to the discrete 
growth law of  A, the subroutine DGEAR is modified for convergence check at each time step 
which is determined inside the DGEAR program. 

In the simulations, the effective strain rate, ~,, and the effective strain amplitude, e,, as well 
as the effective stress amplitude, ~e, are used to compare the data obtained for various loading 
conditions. They are defined as 

/'2 . . ]~/~ 
e,= t eoeo] (16a) 

ee = e0e0) (16b) 
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[3  ~1/2 
O" e = ~2  SijSij) (16c) 

U n i a x i a l  B e h a v i o r  

Figure 1 shows the stress-strain curve with unloading  and  reloading under  strain control. 
The dotted line is the stress-strain curve for mono ton ic  tensile loading. A small hardening 
occurred dur ing the unloading/re loading procedure since the direction of the inelastic strain 
rate changed twice in an opposite direction. The plastic flow is cont inued with the constant  
slope, Et. In Fig. 2 the hysteresis loop for the step-up two-ampli tude cyclic loading is depicted. 
The further hardening after a change in ampl i tude  is demonstra ted well. The step-down two- 
ampl i tude  test is shown in Fig. 3. His tory-dependent  softening after a change in ampli tude is 
observed. The softening rate is relatively small, and  the final stress value at the small ampli tude 
is, for the given n u m b e r  of cycles, higher than  the stress level obtained in Fig. 2. The stress level 
at the larger ampl i tude  in Fig. 2 is almost  the same as that in  Fig. 3. It should be noted that, 
when a6 -- 1.0, the final stress level will be identical regardless of  the prior history. The effect 

where 

where 

TABLE 1--Material constants. 

MATERIAL CONSTANTS 
E = 195 000.0 MPa 
Et -- 2000.0 MPa 
Ao = 120.0 MPa 
So = 0.0 

VISCOSITY FUNCTION 
( -r l-K3 

k[rl = K, 1 + K2] 

Kl = 314 200.0 s 
/(2 = 60.0 MPa 
K3 = 21.98 

SHAPE FUNCTION 
r = Cl + (C2 - Cl) exp (-C3P) 

Cj = wl + w2A 
wl = 74 740.0 MPa 
w2 = 37.04 
6"2 -- 182 500.0 MPa 
(73 = 0.0783 MPa -l  

CONSTANTS FOR HARDENING 
al = 0.20 a2 = 0.48 
a3 = 0.67 a4 -- 0.57 
a5 = 2000.0 MPa a6 = 1.10 
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FIG.  1 --Stress-strain diagram with unloading and reloading at 1.0% strain for an effective strain tensile 

loading. 

of the mean strain is simulated in Fig. 4. The strain amplitude is the same as the small ampli- 
tude in Fig. 2. The hardening amount and the stress amplitude are not affected by the fairly 
large mean strain. This property is maintained at any mean strain value. However, no mean 
stress relaxation is modeled by the theory. The inclusion of  a recovery form in the growth law 
for the kinematic stress could model mean stress relaxation. This is not done here. 
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200 

0 

[-~ -200 
r.t) 

-400 

-600 
-1.6 -1.2 -0.8 -0.4 0.0 0.4 0.8 1.2 1.6 

S T R A I N  (%) 
FIG.  2--Completely reversed strain-controlled, two-amplitude step-up test. Effective strain ranges are 

1.5 and 3.0%. Effective strain rate is 3.0 X 10 -4 s -J. 
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~t3 

f~ 

-1.6 - 1 . 2  - 0 . 8  - 0 . 4  0 . 0  0 . 4  0 . 8  1 .2  1 .6  

STRAIN (%) 
F I G .  3--Completely reversed strain-controlled, two-amplitude step-down test. Effective strain ranges 

are 1.5 and3.0%. Effective strain rate is 3,0 • 10 _4 s -1. 

Biaxial Cycling 

Various loading paths including proportional loading and the 90* out-of-phase loading are 
simulated. Figure 5 shows the axial and shear stress trajectory for 90* out-of-phase loading 
along with the nearly stabilized stress ranges for axial, torsional, and Proportional cycling. The 
extra hardening in out-of-phase loading is well demonstrated in the figure. In Fig. 6 the path- 
dependent hardening is presented for various loading paths. The square loading and the one- 

6 0 0  

4 0 0  

2 0 0  

- 2 0 0  

- 4 0 0  

- 6 0 0  I , I , I , t , I , I , I , I , I 
0 . 0  0 . 4  0 . 8  1 .2  1 .6  2 . 0  2 . 4  2 . 8  3 . 2  

STRAIN (%) 
FIG. 4--Completely reversed strain-controlled cyclic loading with mean strain ofl.5%. Effective strain 

range is 1.5%, and effective strain rate is 3.0 • 10 -4 s -1. 
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or two-step loading produced more hardening than 90* out-of-phase loading, which is not in 
accordance with experiments reported [2]. The step loadings with 32 and 128 steps produced 
extremely small hardening, which is even lower than that obtained from the proportional 
loading. 

For the illustration of  the cross-hardening effect, the cyclic loading alternating between axial 
and shear directions reported in Ref 4 is simulated in Fig. 7. When the loading direction is 
changed to shear after a given number of  cycles in the axial direction, an abrupt increase in 
stress level which is followed by gradual softening is well reproduced by the theory. However, 
the increase of  the stress continues for several cycles after the direction change from axial to 
shear, whereas the stress increases only for the first cycle in experiments [4]. The reason is 
thought to be that the axial component of  the inelastic strain rate is changing for a while due 
to the axial stress relaxation process. The changing of  the axial inelastic strain rate causes the 
direction change of the tensor n. A similar behavior will be modeled from shear to axial 
loading. 

Step Loading with Step Return Path 

The step loadings simulated in Fig. 6 are for the straight (or proportional) return path. The 
difference between step return and the straight return is depicted in Fig. 8. Figure 9 shows the 
simulation results for 1-, 2-, and 32-step loadings with step return. The hardenings for 1- and 
2-step loadings are almost same as those appearing in Fig. 6, but almost no hardening is pro- 
duced for the 32-step loading. In this case ~ is extremely small but the value of rl An II is V~, 
which is a fairly large value. Then Lx/3 and/3s also become small (see Eqs 12a and 14), and 
consequently almost no hardening is modeled. The hardening observed for the step loadings 
with straight return in Fig. 6 is thought to be due to the straight (or proportional) return loading 
path. Since no experimental data for the step loading with step return path are available to the 
authors, it is not possible to make a comparison. 
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el3 

I~ 200 

r 0 < 

~Z 
r/~ -200 

-400 

CY 
~3 -600 , I , I , I , I , I 

-600 -400 -200 0 200 400 

AXIAL STRESS (MPa) 
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FIG. 5--Strain-controlled 90 ~ out-of-phase loading at an effective strain amplitude of + O. 75% and an 
effective strain rate of 3.0 • 1 0  - 4  S -1. The graph of  ~v/3 * shear stress versus axial stress ~ depicted. The 
diameters represent the stabilized stress ranges under axial (*) and torsional (*) cycling and under propor- 
tional cycling (*). 
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FIG. 6 - - E f f e c t  o f  s train pa th  on the  cyclic harden ing  behavior.  T h e  effective strain range is 1.5% ana 

the effective s train rate is 3 .0  • 10 -4 s -1. 

D i s c u s s i o n  

G e n e r a l  

The previous cyclic hardening formulation using VBO given in Refs 2 5  and 3 2  modeled 
many hardening phenomena but cross hardening could not be modeled, and the modeling of  
the mean strain effect did depend on a parameter  used for the strain memory surface. The 
formulation presented here is simple in structure and is fundamentally capable of  representing 
all the observed cyclic hardening phenomena, including cross hardening. The amplitude- 
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FIG. 7 - - C r o s s - h a r d e n i n g  effect. T h e  loading  condi t ion  is changed  to shear  after 30 cycles in ax ia l  direc- 

tion. The  effective s train a m p l i t u d e  is + O. 75% a n d  the effective s train rate is 3.0 • 10 -~ s -z.  

Copyright by ASTM Int 'l  (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



CHOI AND KREMPL ON VlSCOPLASTICITY THEORY 

,y l q-~ 

269 

~ E  E 

(a) (b) 
FIG. 8--(a) Diagram of step loading with straight (proportional) return path," (b) diagram of step loading 

with step return path. 

dependent hardening is implemented through the dependence on A~/and A4~, the path depen- 
dence through I[ An II and the history dependence through 8. Also, the contributions of the three 
measures are coupled through the growth law (Eq 12a). Cross hardening observed by the cyclic 
loading alternating between axial and shear directions is modeled as shown in Fig. 7. 

It is shown in Fig. 4 that the mean strain effect is modeled well except for the absence of 
mean stress relaxation. For the given number  of cycles, the theory, however, produced more 
hardening under a square loading path than under 90* out-of-phase loading as shown in Fig. 
6. It is observed that the inelastic strain rate is changing its direction at every instant not only 
for circular loading, but also for square loading. It is expected that the final hardening under 
90* out-of-phase loading is still the highest because the saturated value of accumulated irre- 
versible plastic strain, ~s, is larger for 90* out-of-phase loading than for square loading due to 
the difference of  A~ for the two cases (the same II An II is assumed). 

The cyclic step loading produced very small hardening (the effective stress is even lower than 
for the proportional cyclic loading) when the number  of  steps is large (the step size becomes 
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FIG. 9--Hardening effect of step loading with step return path. The effective strain amplitude is + 0.75 % 

and the effective strain rate is 3.0 X 10 -4 s -1. 
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smaller as the number of steps increases). When the number of steps is small, the loading path 
becomes similar to the square loading and consequently produced extremely large hardening 
for the reason mentioned earlier. It is worthwhile to mention that the hardening under step 
loading with the step return path is different from that with the straight (proportional) return 
path. Step loading with the step return path produces almost no hardening when the number 
of steps is large. 

The simple formulation presented here has shown encouraging modeling capabilities of 
observed cyclic hardening phenomena. Certain discrepancies are present which are discussed 
above. It is believed that the concept of irreversible plastic strain is valid, but that the specific 
implementation given in Eq 12a could be improved upon. It represents the simplest possibil- 
ity, and more complicated expressions can be found which might improve the correlation 
between theory and experiment. 

The cyclic hardening of 304 stainless steel is implemented through the isotropic hardening 
variable here. The possibility of modeling the nonproportional cyclic plasticity with a multiple 
kinematic hardening rule was discussed in Ref 33. It is still not clear if the cyclic hardening of 
304 stainless steel under nonproportional loading is due to isotropic hardening or kinematic 
hardening. Systematic experimental investigations on cyclic hardening behavior need to be 
done. 

C o m m e n t s  on II An II 

It is necessary to discuss the numerical implementation of [I An II. The simulations above 
were done with the condition of IlAnl[ --> 1.0 X 10 -5. When II•nll < 1.0 x 10 -s, the program 
does not compute zkA by presuming no direction change of the inelastic strain rate. Figure 10 
shows the cross-hardening effect with the limit value of 1.0 • 10-~0 for II An rl. As shown in the 
figure, the stress increase after the direction change from axial to shear is much larger than the 
increase appearing in Fig. 7. However, the limit value of 1.0 • 10 -~~ does not produce any 
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tude is + O. 75%, and the effective strain rate is 3.0 X 10 -~ s -z. 
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remarkable difference for other loading conditions. Therefore it seems that the limit value of 
1.0 • 10-5 for II~Xn II in numerical implementation of the theory is acceptable for usual loading 
conditions. 
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ABSTRACr: The inelastic stress-strain response of a material subjected to complex loading 
must be known or estimated in order to predict the fatigue life of a component using many cur- 
rent multiaxial fatigue damage models. This paper presents stress-strain predictions obtained 
using two incremental plasticity algorithms for several nonproportional loading paths. 

The two algorithms both employ von Mises yield surfaces with kinematic hardening. How- 
ever, one algorithm translates a single yield surface within a stationary limit surface using the 
hardening rules specified by Mrrz and invokes a radial return for neutral loading. The other 
algorithm translates multiple yield surfaces (or a field of plastic moduli) according to a modified 
Mrrz hardening rule proposed by Garud with no neutral loading provision: The algorithms are 
used to predict stress histories that are compared with measured responses from strain-controlled 
tests on normalized 1045 thin-walled tubes. A variety of nonproportional load paths were inves- 
tigated. In general, relatively good agreement between predicted and measured stress-strain 
response for the two algorithms was observed for application to multiaxial fatigue evaluation. 
Strengths and weaknesses of each model are discussed. 

KEY WORDS: nonproportional loading, multiaxial fatigue, kinematic hardening, two-surface, 
multisurface, von Mises yield surfaces, normality flow rule, cyclic plasticity, cyclic stress-strain 
stability, neutral loading 

An increasing number  of strain-based multiaxial fatigue damage parameters have been pro- 
posed over the last 20 years [1-4]. One popular approach combines stress and strain compo- 
nents to account for mean stress effects [5] under uniaxial loading. This approach has been 
extended conceptually to deal with multiaxial fatigue by considering the maximum principal 
stress/strain direction [6, 7]. More recently, many parameters have been developed that utilize 
various combinations of  stress and strain components (e.g., maximum shear strain amplitude 
and stress normal to the maximum shear plane) to correlate multiaxial fatigue life [6-10]. 

Recent advances in strain gage technology have contributed to the ability to conduct strain- 
based fatigue analyses. Miniature rosettes with gage lengths as small as 0.75 m m  facilitate the 
measurement of  localized states of  multiaxial strain for many complex loading histories. 
Under  repeatable cyclic load applications, strains in regions of  interest (notches) often exhibit 
a transient response, but  stabilize over a number of  cycles. With the stabilized strain history 
in hand, an analyst is still left with the task of  estimating the corresponding stress and unmea- 
sured strain components before many multiaxial fatigue damage parameters can be 
implemented. 

l Associate professor, The University of Tulsa, 600 S. College Ave., Tulsa, OK 74104. 
2 Staffengineer, IBM, 5600 Cottle Rd., San Jose, CA 95193. 
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274 ADVANCES IN MULTIAXIAL FATIGUE 

For nonproportional load paths, an incremental plasticity analysis is required to make a 
valid estimation of  a material's stress-strain response to a set of strain-controlled inputs. A 
number of  incremental plasticity algorithms have been developed to deal with path-dependent 
constitutive material behavior [I0-17]. More sophisticated models are under development 
that attempt to estimate detailed nonproportional responses, including transient hardening. 
However, these models require significant testing to characterize input parameters and are not 
appropriate for general, engineering use at the current time. Furthermore, for multiaxial 
fatigue life prediction, Very accurate predictions in the transient portion of  the deformation 
history are not as critical as the characterization of  the cyclically stable response. Therefore, in 
this paper, two relatively simple models are described that utilize somewhat standard numer- 
ical components. Both models are capable of dealing with complex nonproportional loading, 
but neither provide a mechanism for dealing with transient behavior or initial material anisot- 
ropy. The algorithms are presented in terms of their similarities and differences. Their predic- 
tions are compared to the measured stress response of  normalized 1045 steel thin-walled tubes 
under axial-torsional strain-controlled loading, generated by Subramanian [18]. 

Incremental Plasticity Algorithms 

Incremental plasticity algorithms receive as input applied incremental strain and/or stress 
components and compute the corresponding remaining incremental components of the stress 
and strain tensors. All incremental plasticity models consist of  the following major 
components: 

1. Yield criterion. 
2. Flow rule. 
3. Hardening rule. 

Both algorithms examined in this paper utilize the same yield criterion and flow rule, but 
employ different kinematic hardening rules. The two models will be referred to as "Model A" 
and "Model B" throughout the rest of  this paper. Model A uses a Mr6z hardening rule [13], 
and Model B uses a modified Mr6z hardening rule proposed by Garud [10,19]. The two algo- 
rithms differ further in that Model A is a two-surface model with avon  Mises kinematic yield 
surface and a fixed von Mises limit surface, similar to that proposed in Refs 14-17, while 
Model B utilizes a field of  von Mises yield surfaces (or plastic moduli, as proposed by Mr6z 
[13]). Each component is described briefly below, followed by a description of how both mod- 
els deal with transverse normal stress and strain components. 

Yield Criterion 

The yield criterion defines the conditions at which plastic flow occurs. The models under 
investigation in this paper utilize the von Mises yield criteria. This can be described in terms 
of  principal stress components by 

f = ~[(al -- a2) 2 + (a2 - a 3 )  2 + (a3 - O'l) 2] - 3 2 ~- 0 (1) 

where ai (i = 1, 2, 3) are the principal stresses, and Sy is the yield strength (or flow stress) 
defined by axial testing. Both models are capable of  more general multiaxial loading, but in 
this paper, all analyses are conducted in axial-torsional stress space. On axes defined by aver- 
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sus r, Eq 1 defines an ellipse and can be characterized as a circle on axes of  ~ versus k/3r. In 
this case, the yield surface may be expressed as 

f =  [a2 + 3rq -- S~ = 0 (la) 

F l o w  R u l e  

The normality flow rule, also called the Prandtl-Reuss relation [20,21], is utilized in both 
algorithms. The flow rule relates the plastic strain increment to (1) the existing state of  stress, 
and (2) the applied stress increment. This approach can be stated most concisely by 

a~ ~ = x n  (2) 

or that plastic strain increment (/xF) is colinear with the exterior normal (n) to the yield surface 
at the current stress state. Drucker [22] also developed and validated this relation with ther- 
modynamic definitions of  work hardening. For the remainder of  this paper, a A is used to 
denote an incremental quantity, and an overbar is used to denote a four-dimensional vector 
representing an abbreviated form of stress and strain tensors. In this study, stress and strain 
vectors may be expressed by their four nonzero components, and the total strain, ~, may be 
separated into elastic and plastic components as given by 

[1 El Eel O'x ~x ~x 
e 

= cry a n d T =  ~Y where~ = 7  e + F ;  V =  ~Ye ," F =  ~ (3) 
(Tz s s E~ 

r xy "l xy "t~y "l~ 

With this convention, stress and plastic strain may be thought of  as parallel (in this case, 
four-dimensional) spaces, with the plastic strain increment always colinear with the yield sur- 
face normal at the current stress state. The yield surface normal may be expressed as 

~ f  

f i -  (4) 

The constant of  proportionality, k, in Eq 2 is defined by considering the plastic strain incre- 
ment to be directly proportional to the projection of  the stress increment onto the yield surface 
normal, as follows 

( ~ a .  n)n 
AF - C (5) 

where C is the generalized plastic modulus. Equation 5 can also be expressed as 

A ~ "  AF 
C -  AF"  A~ - - - - - ~ p  (6) 
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For uniaxial loading this reduces to 

C - 2 s 2 
3 AeP~ or C = ~ Ep (7) 

where Eu is the slope or the uniaxial stress-plastic strain curve (or the plastic modulus). Both 
models utilize the uniaxial cyclic stress-strain curve. Model A uses an expression for C which 
is a function of the distance from the current stress point on the yield surface to the point on 
the limit surface with the same outward normal. The expression for C is developed in terms 
of  the cyclic strength coefficient, K', and the cyclic strain hardening exponent, n', obtained 
from uniaxial stress-strain data (for details, refer to Eq 3.46 in Ref 23). Model B uses a piece- 
wise linear approximation of  the cyclic stress-strain relation, as depicted in Fig. 1. When the 
state of  stress has impinged upon a particular yield surface, f ,  and subsequent loading moves 
the surface, this surface is considered active, and the active plastic modulus is given by 

2 (Ri+t - -  Ri) 
C = - ( 8 )  

3 ( , / + ,  __,i)__(Ri+TRi ) 

where R~ and ~ are the segment endpoints (as shown in Fig. 1), and E is the elastic modulus. 

Hardening Rule 

Both of the hardening rules discussed in this paper are kinematic rules. This means the yield 
surfaces translate in stress space, without changing size or shape. The hardening rule dictates 
how the translation occurs. In Model A, the Mr6z rule is applied to a single yield surface that 
translates relative to a stationary limit surface, as shown in Fig. 2. Stress increments that 
attempt to move outside the limit surface are returned radially to the surface. Model B used 
the Garud hardening rule to specify the motion of  active yield surfaces within the field of  plas- 
tic moduli. 

Figure 3 illustrates how the Mrrz and Garud rules differ in prescribing yield surface trans- 
lation. In this figure, f represents the yield surface, fr, and f +  ~ representsfL for the two-surface 
model. The current state of  stress, ~, is on the active yield surface,f, whose center is located at 
~i. A stress increment, A~, is attempting to proceed outside the yield surface. The Mrrz rule 
states that the yield surface center, ~ ,  is to move along the direction that joins exterior normal 
on the active yield surface, ~ ..... at the current state of  stress, ~, with the geometrically similar 
point on the next yield surface,f+ 1. This movement is defined by A~i.mo= in Fig. 3. However, 
the Garud rule utilizes the exterior normal on the next yield surface, n~,~d, defined by the direc- 
tion of  the stress increment, A~. The Garud rule then states that the yield surface motion 
should occur along a line joining the geometrically similar points on both surfaces, defined by 
identical exterior normals, n~d.  For both rules, the magnitude of  the motion is defined by 
ensuring that the updated state of stress, ~ + AT, will lie exactly on the yield surface in its new 
position. It is this consistency requirement that partially motivated the development of  the 
Garud rule. Although, theoretically, the Mrrz kinematic hardening rule does not result in an 
intersection of  yield surfaces [24] during implementation with a small but finite stress incre- 
ment, a crossover or intersection may occur. Garud noticed that for nonproportional loading 
(A~ is not colinear with ~mro~), as yield surfaces approach, the Mr6z rule can cause them to 
come into contact at a point on f/+~ with dissimilar exterior normals, such that the yield sur- 
faces overlap. The Garud approach eliminates this discrepancy. 
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FIG. 1--Field of plastic moduli and discretized cyclic stress-strain curve for normalized 1045 steel 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



278 ADVANCES IN MULTIAXIAL FATIGUE 

a 

- fL  

,53 

FIG. 2--  Two-surface Mr6z model consisting of a mobile yield surface and a stationary limit surface. 

Transverse Stress and Strain Components 

It was stated earlier that, in this paper, stress and strain are being considered as four-dimen- 
sional vectors (Eq 8). However, in terms of input and output, both of  the algorithms under 
investigation essentially operate as follows 

input: A~x, Aa .  Aa~, A~xy 
output: Atrx, A~y, Ae~, Ar~ 

The transverse stress increments, hay and Aa= (and the transverse stresses themselves), 
remain zero in this investigation. This is accomplished in each algorithm by imposing the 
requirement that 

AE~ = A~ = --vAe~ or (A~y-  Ae~) = (A~ -- Ae"~) ---- --u(AE~- AE~) (9) 
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. . . . . .  
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A ~ / g a r u d ~  

fim, oz 
/A~i m~ oz 

FIG. 3--Illustration of how the Mr6z and Garud hardening rules specify the translation of yield surface, 
f~, based on the stress increment, A-~, and the current state of stress, -6. 

where v = Poisson's ratio, thus requiring only axial and torsional strain increments as input. 
The transverse strain is computed to ensure that transverse stress remains zero. It should be 
noted that transient behavior and initial material anisotropy are not considered by either 
approach. Further details may be found in Refs 23 and 25. 

Specimens, Material, and Input Load Histories 

Subramanian [18] tested thin-walled tubes of normalized 1045 steel (machined from hot 
rolled bar stock) on a tension-torsion servohydraulic load frame with a processor/interface. 
Tests were run in strain control with an internal extensometer described in Ref 26 used to 
monitor axial and torsional strains. Specimen gage sections had an internal diameter of 25.4 
mm and a wall thickness of 2.54 mm and were polished to a 0.5 ~m surface finish. 
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The normalized 1045 steel was also utilized in the SAE Fatigue Design and Evaluation 
Committee Notched Shaft Round-Robin Program. Detailed data about the material's met- 
allurgical and mechanical properties may be found in Ref 27. The cyclic stress-strain curve for 
the material is shown in a piecewise linear form in Fig. 1. This curve was generated from an 
elastic modulus of 207 GPa, a cyclic strength coefficient, K', of 1258 MPa, and a cyclic strain 
hardening exponent, n', of 0.208. The eight linear segments illustrated in Fig. 1 were used to 
define the generalized plastic moduli (Eq 8) in Model B. 

Five nonproportional load histories, generated by Subramanian [18], were investigated. 
Only nonproportional cases were examined in this paper since the two models under investi- 
gation yield identical results for proportional multiaxial stress states. The five cases are 
depicted in Figs. 4a through 4c and designated by 

1. The 0.0015 triangle path. 
2. The 0.0027 triangle path. 
3. The 0.0015 right angle path. 
4. The 0.0027 triangle path. 
5. The 0.0015 circle path. 

In general, the tests were run at equivalent von Mises equivalent strain amplitudes. The 
maximum shear strain was a factor of V~ times the maximum axial strain. The 0.0015 paths 
actually used an axial strain amplitude of 0.001 54, and the 0.0027 paths used axial strain 
amplitudes of 0.002 68. These paths are particularly challenging to incremental plasticity 
codes since each represents (to varying degrees) neutral loading, or stress paths approximately 
tangent to the yield surface. The stress-strain response for each tube is reported in this paper 
at the stable half-life. 
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Stress-Strain Predictions and Experimental Results 

The predictions from both algorithms and the measured thin-walled tube response are pre- 
sented in Figs. 5 through 9 for the five loading cases, respectively. Each of these figures shows 
three plots: (a) the shear stress versus axial stress, (b) the axial stress versus axial strain, and (c) 
the shear stress versus shear strain. It is clear from these figures that Model A agrees more 
closely with the experimental results than does Model B. This is discussed in the next section 
along with a summarized comparison of the two models and details about their 
implementation. 

Discussion 

As is apparent in Figs. 5 through 9, Model A more closely predicts the material response 
than does Model B in terms of estimated peaks and valley values important to a fatigue anal- 
ysis. Model A considerably out-performed Model B for the right angle paths. To explain the 
relative behavior of the two models, several apparent points are considered: (1) the inconsis- 
tency in the implementation of the Mr6z hardening rule that is eliminated by the Garud mod- 
ification , (2) the necessity for small increment size by both models, (3) the elastic neutral load- 
ing clause used in Model A and not in Model B, and (4) the fact that the Mr6z rule specifies 
the direction of yield surface translation based only on the current state of stress while the 
Garud rule also utilizes the direction of the applied stress increment. Table 1 summarizes the 
two models and further guides this discussion. 

The first point pertains to the primary motivation behind the modification of the Mr6z 
hardening rule proposed by Garud. Since the target point on the next yield surface has a dif- 
ferent outward normal than the current stress point (for a nonproportional load path), then a 
stress increment that causes two surfaces to converge will cause them to do so at geometrically 
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FIG. 7b--Axial stress versus axial strain for the 0.0015 right angle path. 

111 1 

j j r  1 

s S �9 
" I"  J 
i i J / s  

1 i S J 

I "  ' I SS 

f l  S f ~ 7  ~ 

r  S ~ J  

,,'r #p~  I 

0.( )2 

ra~ 

O 

250 

200- 

150. 

100- 

50- 

. . . . . . . .  

-50- 

-100- 

-150- 

-= 86o3 -0.602 -0.601 0 0.601 0.602 0.003 
Shear Strain 

Measured . . . . .  Model A - -  Model B ] 
f 

FIG. 7c--Shear stress versus shear strain for the 0.0015 right angle path. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



TIPTON AND BANNANTINE ON INELASTIC STRESS-STRAIN 287 

300- 

200" 

~" 100- 

~ O- 
r ~  

-~ -100- 

-200- 

=300 
-500 -4bo -3bo -2bo -lbO 0 160 260 360 

Axial Stress (MPa) 

Measured . . . . .  Model A - -  Model B ] 
I 

FIG. 8a--Shear stress versus axial stress for the 0.0027 right angle path. 
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TABLE 1--Summary of two incremental plasticity models. 

Model A Model B 

Yield criterion 
Flow rule 
Hardening rule 
Neutral loading clause 
Increment size control 

von Mises 
Normality 
Two-surface (Mrbz) 
Elastic with radial return 
Automatic discretionary increment sizing 

von Mises 
Normality 
Multisurface (Garud) 
No provision utilized 
Manually controlled 

dissimilar points, resulting in yield surface overlap. In theory this inconsistency does not exist 
since theoretical stress increments are infinitesimal. However, in the actual implementation 
of  the Mr6z translation of a kinematic yield surface using finite stress increments, special pro- 
visions are necessary to avoid the overlap problem. In Model A, the problem is avoided by 
using a refined step size and by simply forcing the contact point on the outer yield surface to 
define the location of  the updated yield surface center, should the limit surface be exceeded. It 
has been recognized [28] that, once a stress reaches the next yield surface, f+~, in a field of 
plastic moduli, it is not necessary to establish the position o f f  until elastic unloading occurs 
(A~ �9 ~ < 0). For most stress-strain paths of  engineering importance (including the histories 
examined in this paper), the limit surface is never encountered. Its purpose is to keep the stress 
values at reasonable upper limit values as defined by cyclic stress-strain data. In addition, in 
Model A the limit surface (outer surface) defines the plastic modulus, C, in the flow rule and 
the direction of  yield surface translation in the hardening rule. 

The second point must be examined carefully. The use of the Garud rule can apparently 
avoid implementation difficulties associated with large, nearly neutral stress increments 
(nearly tangent to the yield surface). The rule ensures that surfaces will contact correctly. How- 
ever, what could be perceived as an implementation "advantage" can result in input incre- 
ments that are not small enough to produce a numerically stable response. In fact, the predic- 
tions from Model B presented in Figs. 5 through 9 were made by breaking each linear segment 
of  the input strain paths into ten divisions and successively inputting those increments. Larger 
increments were tried initially, but the use often increments satisfied numerical convergence. 
This means that, although Model B was physically capable of  operating with larger increments, 
caution was required in the specifying the size of  input strain increments, as with any incre- 
mental plasticity algorithm. Smaller divisions resulted in a stable response, but this solution 
represents indiscriminate discretization, which can produce unreasonably large output files for 
long stress histories and is unnecessary for simpler loading cases. In general, the algorithm 
could not be applied without a convergence study. 

As mentioned previously, the Mrrz rule (and any other hardening rule) must be carefully 
applied when load paths are neutral or near neutral. For these cases, the stress increment is 
tangent to the yield surface. This is described mathematically by 

A ~  �9 n = 0 ( 1 0 )  

Model A utilizes a unique discretionary routine that automatically decreases the size of  the 
input increment in proportion to: (1) the cosine of  the angle between the stress increment and 
the yield surface normal 

(A~. ~) 
c o s  (o)  - ~ ,  ( 1 1 )  

C o p y r i g h t  b y  A S T M  I n t ' l  ( a l l  r i g h t s  r e s e r v e d ) ;  W e d  D e c  2 3  1 9 : 1 6 : 2 0  E S T  2 0 1 5
D o w n l o a d e d / p r i n t e d  b y
U n i v e r s i t y  o f  W a s h i n g t o n  ( U n i v e r s i t y  o f  W a s h i n g t o n )  p u r s u a n t  t o  L i c e n s e  A g r e e m e n t .  N o  f u r t h e r  r e p r o d u c t i o n s  a u t h o r i z e d .
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and (2) the distance that the stress increment extends outside the yield surface. This routine, 
described in detail in Ref 23, avoids the use of excessive input increments for small, propor- 
tional strain changes yet automatically provides increment size refinement for nonpropor- 
tional loading or oversized strain increments. The model recognizes when Eq 10 is true (or 
very nearly true) and invokes a clause that updates stress and strain increments elastically and 
executes a radial return to the yield surface. Explicitly, the neutral loading clause was invoked 
when 

IA~ �9 nl ~ e (12) 

where ~ = 0.033 Ry, and Ry is the yield surface radius. This criterion was rather arbitrarily 
selected on the basis of experience and should be studied in future investigations. 

The neutral loading clause in Model A, with the fourth point listed above, can explain some 
of the significant differences in the predictions made by the two algorithms. The need for spe- 
cial considerations with regards to neutral loading has been noted in the literature [29]. It 
appears that the neutral loading clause may be necessary to ensure that a reasonable stable 
response is attained. Referring to Figs. 9a through 9c, the response predicted by Model B may 
be considered only quasi-stable for the circle path. In Fig. 9a, the oval experimental response 
and Model A prediction are matched qualitatively by the Model B prediction for individual 
cycles, but the repeated, stable response predicted by Model B only becomes apparent over 
three full cycles of loading. This numerical consequence is not considered reasonable and 
could possibly have been avoided through the use of a neutral loading clause in the algorithm 
to prevent unwarranted yield surface shifting. Another factor that would have affected the 
results is the number of yield surfaces utilized. The quantitative effect of this parameter on 
multisurface plasticity models has not been investigated. 

The fourth point listed above further explains the different behavior exhibited by the two 
algorithms. In Model B, the normal vector defined by the Garud rule for neutral loading cases 
can be substantially different from the Mrrz normal vector. Referring to Fig. 10 (BEFORE), 
a yield surface is shown translated along the axial stress axis. At this point, the same exterior 
normal is defined by each model. In Fig. 10 (AFTER) the yield surfaces are schematically 
shown translated as prescribed by the two hardening rules. Notice that the two yield surface 
normals that define plastic straining for the next stress increment are considerably different. 
This could explain why the nearly neutral 0.0015 circular path causes Model B to exhibit more 
hardening than Model A. For the other paths (the triangle and right angle paths), where neutral 
loading occurs at varying degrees along the cycle, Model B predicts less hardening to occur. A 
considerable shift that occurs in the position of the stabilized response is predicted between 
the two approaches for the triangle input paths. However, it should be kept in mind that there 
are a number of differences between Models A and B, and the degree to which each influences 
the predicted response cannot be conclusively determined in this study. 

Another factor that was observed to influence the stabilized response paths predicted by 
both models is the direction taken to initially reach the controlled strain input path. Note in 
Figs. 4a through 4c that the directions utilized in this study are given by dashed arrows. Taking 
a different direction can considerably shift the position of the predicted response. This is not 
surprising in light of the path-dependent nature of cyclic plasticity, but is not expounded upon 
further here, since experimental data is not available for comparison. 

A final point should be noted pertaining to the ability of two-surface and multisurface mod- 
els to predict "material memory." An advantage ofa multisurface, kinematic model is its abil- 
ity to "remember" a yield stress after a previous load increment caused strain hardening, as 
depicted in Fig. 11 a. The technique used by the two-surface model to estimate a plastic mod- 
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FIG. 1 O--Demonstration of the difference in outward normals resulting from the Mr6z and Garud hard- 
ening rules. 

ulus causes an underestimation of the reloading yield stress, as shown in Fig. 11 b. Since the 
plastic modulus is taken to be a function of the distance from the current stress state to the 
limit surface, the fixed limit surface causes the underestimation to occur. However, for 
the strain paths investigated, this did not appear to adversely affect the peak and valley esti- 
mates from the two-surface model, as good correlation was observed with experimental data. 
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FIG. 11--The material memory capability of(a) a multisurface, kinematic model and (b) the two-sur- 
face model. 

The effect of the "material memory" problem could be more influential for other input load 
histories. 

The two models examined in this study represent solid foundations from which to launch 
more detailed investigations. A number of unresolved issues pertaining to the implementation 
of incremental plasticity theory have been identified. Future investigations should include 
more systematic studies on the effects of strain increment size and the number of multiple yield 
surfaces, the specification of yield surface translation, and the effect of a neutral loading clause. 

Conclusions 

I. Nonproportional stress responses predicted by Model A (a two-surface, kinematic algo- 
rithm utilizing a Mr6z hardening rule and an elastic radial return clause for near neutral load- 
ing) more accurately agree with experimental results than do the predictions made by Model 
B (a mulfisurface, kinematic algorithm, utilizing the Garud hardening rule). 

2. The degree to which the predicted responses of the two models differ cannot be attributed 
to any single difference between the two algorithms. 

3. The importance of an adequately refined incremental step size was highlighted with 
regards to the detrimental effect of neutral loading on the implementation and stability of 
incremental plasticity algorithms. 

4. The two-surface model avoids practical implementation problems regarding the necessity 
of small incremental inputs (and correspondingly large amounts of output information) 
through the use of a discretionary routine that automatically reduces input strain increment 
sizes when necessary. 

5. A "neutral loading clause" (such as elastic stress-strain increment updating with radial 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



294 ADVANCES IN MULTIAXIAL FATIGUE 

return) is recommended to avoid superfluous numerical behavior induced by undue yield sur- 
face shifting during near-neutral loading. 

6. For the loading paths investigated, the "material  memory"  shortcoming of  the two-sur- 
face model did not appear to diminish the ability of  the model to estimate peak and valley 
quantities important  to multiaxial fatigue damage analysis. Future investigations should 
include variable ampli tude load histories. 

7. This investigation has emphasized the need to conduct systematic studies to discern the 
effects of  strain increment size, number  of multiple yield surfaces, the specification of  yield 
surface translation, and the effect and form of  a neutral loading clause in evaluating generally 
applicable incremental plasticity algorithms. 
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DISCUSSION 

]I. S. Garud ~ (written discussion)--The author(s) presented cyclic stress-strain response for 
a steel under five special strain paths in combined tension-torsion. The material response pre- 
dictions were generated by two algorithms constructed and used independently by the two 
authors. The term algorithm refers to the computer  code for numerical implementation of the 
plasticity theory; as such, it includes all assumptions of  the theory, not just the hardening rule 
assumption, and also all the numerical approximations and logic needed for the computer 
cede. Therefore, I will refer to these two algorithms by the letters A and B. Algori thm A uses 
a multi-linear (segmented) generalization of  the uniaxial cyclic stress-strain curve while Algo- 
ri thm B uses a continuous function for the generalization. Also, A incorporates Garud's  hard- 
ening rule while B is based on the hardening rule of  Mrrz.  

First, I would like to emphasize three aspects of  Garud's  hardening rule which appeared to 
be not well conveyed, if  not misinterpreted: (1) the rule was developed to avoid the mathe- 
matical inconsistency in other rules (as explained previously 2) and not to enable large load step 
sizes in the solution procedure," nor was it ever suggested by this discusser that the rule's ability 
to generally handle, in many cases, large steps be viewed as an advantage, let alone be imple- 
mented (and depended upon) in an algorithm. Incremental plasticity calculations must be 
treated in small enough steps to be generated internally within the code (based on the relative 
sizes of  the yield surfaces and on the amount  of  deviation from the radial stress path); (2) it is 
not a requirement of  the hardening rule that the equivalent stress-strain generalization (of the 
input uniaxial curve) be discretized in more than two linear segments; and (3) the hardening 
rule, which has nothing to do with the neutral loading, should not be applied to stress incre- 
ments identified as causing no plastic strain. 

i S. Levy Inc., 3425 S. Bascom Avenue, Campbell, CA 95008-7006. 
2 Garud, Y. S., "Prediction of Stress-Strain Response under General Multiaxial Loading," Mechanical 

TestingforDeformation ModelDevelopment, ASTMSTP 765, R. W. Rohde and J. C. Swearengen, Eds., 
American Society for Testing and Materials, Philadelphia, 1982, pp. 223-238. 
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Second, very little is known (or shown) about the numerical approximations and the logic(s) 
followed independently in the two algorithms. However, it appears that Algorithm A did not 
address the condition of neutral loading (the usual way to handle this is to treat it elastically 
with radial return method andusing small step size) and attempted to use large step size in the 
incremental solution. On the other hand, it is important to note that Algorithm B has a built- 
in (mathematical) requirement that the load increment must be sufficiently small (to avoid the 
case when updated stress cannot lie on the shifted yield surface, no matter how much the shift 
is). 

Third, from the comparisons shown between the experimental stress-strain loops and the 
model predictions (based on the kinematic hardening) it seems that the difference may be 
attributable, at least in part, to the apparent increase in the elastic range (or additional hard- 
ening) not accounted for in the purely kinematic assumption. Also, the predictions are made 
for a material point response under uniform stress condition and material isotropy. Actual test 
data are obtained under some structural constraints and nonuniform stresses whose influence 
is not necessarily easy or obvious to discard. 

For the above reasons, it is very difficult to judge and categorize the differences in predicted 
responses and the experimental observations on the basis of the hardening rules alone. 

The maximum equivalent strain was limited to 0.15% in three of the five strain paths exam- 
ined in this paper. What was the uniaxial cyclic stress-strain material data below 0.15% strain 
which they used to determine the model parameters needed for predicting the material 
response? 

To appreciate the generality of their conclusions would the author(s) provide their views on 
how typical they consider the strain histories examined in this paper to be representative of 
engineering applications? 

The only figure shown to illustrate (for the uniaxial loading case) the "material memory" 
shortcoming of the two-surface model also suggests that, if one were to impose cyclic strain 
with some fixed mean value, the final (stable) peak tensile stress and the resulting mean stress 
will actually be less than that predicted by the multi-surface model. 

The conclusions and general applicability of this work must be examined carefully with the 
above considerations. 

In the two-surface model (of Algorithm B) the definition of neutral loading changes when 
the yield surface and the limit surface (assumed to be fixed) are in contact (i.e., on the limit 
surface, plastic flow occurs only under tangential stress increment while, at the same time, the 
same stress increment on the yield surface would otherwise be treated as neutral). It is only an 
interesting observation upon which the author(s) may want to comment if it poses any con- 
ceptual and/or computational difficulties. 

Finally, I would like to offer a possible physical explanation of why one should expect some 
instability in the solution of the nonlinear plasticity problem, independent of the hardening 
rule or the numerical difficulties. Suppose an initial loading in tension is applied to make the 
material yield; then the real material (as well as plasticity models) is known to show or exhibit 
a fast rate of stress relaxation when the loading is changed from tension to torsion (or from 
torsion to tension) even when the strain in the initial direction o f  tension (or torsion) is held 
constant. This relaxation is aided if, in addition to the change of load direction, there is applied 
strain reduction in the initial direction At the same time the material exhibits strain hardening 
when in the plastic state. Thus, there are two opposing tendencies which come into effect and, 
depending on the rate characteristics of the two, the actual behavior will show typical regions 
of transient, stable, quasi-stable, or unstable response--I think. 

J. M. Tipton and J. A. Bannantine (authors'closure)--In order to avoid confusion, it should 
be clearly emphasized here that the Model A presented in the paper (which employs two-sur- 
face Mrrz kinematic hardening) corresponds to Algorithm B in the above discussion. Simi- 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



DISCUSSION ON INELASTIC STRESS-STRAIN 297 

larly, Model B in the paper (which employs multi-surface Garud kinematic hardening) cor- 
responds to Algorithm A in the discussion above. 

The numerical inconsistencies associated with the implementation of  the Mr6z hardening 
rule (and how they are avoided by the Garud modification) are discussed in detail in the paper. 
The authors agree that no one has ever advocated the ability of  the Garud rule to generally 
handle larger numerical stress increments as "an advantage," but it can in fact do so. For non- 
proportional stress paths, there is always an incentive to utilize the smallest possible increment 
size to adhere to plasticity theory as closely as possible and avoid numerical difficulties asso- 
ciated with yield surface overlap. However, from a practical standpoint, smaller increment 
sizes increase run times and the quantity of  output information, providing incentive to avoid 
the use on unnecessarily small step sizes. Balancing these two forces is critical to the imple- 
mentation of  incremental plasticity theory, and few studies exist in the open literature as to 
the optimization of  increment size. The paper intended to make the point that, although the 
Garud rule can handle larger increment sizes, caution must be exercised. In general the dis- 
cretionary routine used in Model A of  this paper and described in Ref 23 could be considered 
a mechanism to avoid the standard, time-consuming convergence study needed to insure a 
valid solution. Further work on the discretionary routine is warranted to optimize its use for 
general applications. 

When load increments are "neutral" or "near neutral," the Mrrz rule is most susceptible to 
the numerical inconsistencies the Garud rule avoids. Since increment sizes are always finite, 
the "numerical robustness" of an algorithm employing the Mrrz rule can be severely com- 
promised without extremely small step sizes and/or a neutral loading provision (e.g., radial 
return with elastic update). However; the tendency for neutral loading increments to cause 
numerical difficulties to the Garud hardening rule is much less. Therefore, the paper intends 
to make the point that guidance is needed to prescribe a reasonable neutral loading clause and 
the conditions that invoke its use. Very few attempts have been made to address this problem. 

The details of  each code are fully available in Refs 23 and 25 of the paper. Model B did not 
address neutral loading, as just described. 

The models were evaluated using stabilized experimental stress-strain data. No attempt is 
made to account for the extra hardening induced by cross-slip during nonproportional loading 
or material anisotropy in either model. Also, the authors are not aware of  any studies on the 
influence of  constraint imposed by specimen geometry (especially for thin-walled tubes) 
although that effect is believed to be negligible at the strain levels investigated. 

It has been noted in the paper that several differences exist between Models A and B, and a 
more detailed study is needed to quantify the influence of  components embedded in each. 

The material properties at the strain levels investigated are described by uniaxial, cyclic 
stress-strain data, collected over the range of  interest. 

The authors do not believe that the engineering generality (or lack of  it) of the strain paths 
has a significant influence on the conclusions drawn in the paper. The paths are intentionally 
severe in terms of  nonproportionality and neutral loading, but no less severe than those 
endured by many engineering components. 

The point of Fig. 11 was to emphasize points exactly like the one made in the discussion. 
Future work on two-surface models should address the "material memory" behavior. The 
conclusions are intended to highlight several unanswered questions pertaining to the imple- 
mentation of  incremental plasticity theory. 

As pointed out in the paper, the limit surface is not encountered by the strain paths exam- 
ined. Increments that attempt to extend beyond the limit surface are radially returned, and 
the yield surface is moved to satisfy consistency at the updated stress point. The authors do 
not believe that this poses any conceptual or numerical difficulties. 
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ABSTRACT: This paper presents a study of the phenomenon of cycle-dependent strain accu- 
mulation (ratcheting), especially under multiaxial steady and cyclic loads. The practical signifi- 
cance of ratcheting has become more apparent in recent years in dealing with the design/analysis 
of pressure-retaining components and structures which may be subjected to certain (reversed) 
thermal or seismic (dynamic) cyclic loads. A review of experimental observations on the fatigue 
and ratcheting response of such components suggests that the likely mode of failure (under the 
noted load combinations) is different from the plastic collapse (as assumed for design basis); this 
provides an opportunity to reduce the over-conservative safety margin requirements. Based on 
a brief survey of prior material test data and theoretical evaluations of the ratcheting under m ul- 
tiaxial stress conditions, it is concluded that a proper accounting of the material strain hardening 
and yield behavior (the Bauschinger effect) under multiaxial stresses is needed and can serve a 
useful purpose. 

The nonlinear strain hardening and the Bauschinger effect are taken into account in this work 
by using the full implementation of incremental plasticity based on the generalized kinematic- 
type hardening proposed previously by the author. It is shown that, under certain combined 
stress conditions, the incremental plasticity predicts continued strain accumulation in each 
(half) cycle even for a kinematic-type hardening assumption. A number of characteristic obser- 
vations on ratcheting under multiaxial loads are also predicted. 

The case of triaxial steady stress with imposed cyclic strain is analyzed in detail; this is similar 
to typical loads on a pipe section. For such a case the theory predicts conditions of(local) wall 
thinning and circumferential growth (in the pipe section) that is limited mainly by the structural 
considerations. For Type 304 stainless steel and A333 Grade 6 carbon steel a graphical represen- 
tation is developed showing allowable load combinations for various rates of strain accumula- 
tion. A simple relation is proposed between the (steady) primary stress and the (cyclic) secondary 
stress for a specified total ratchet strain as a criterion which is discussed with reference to the 
ASME Code. The extent of over-conservatism associated with the neglect of material strain hard- 
ening and with the (change in) mode of failure canbe better judged by means of the results pre- 
sented here. The paper is concluded with a discussion of related issues and the future direction. 

KEY WORDS: cyclic strain accumulation, nonlinear strain hardening, rachet assessment dia- 
grams, multiaxial stresses, carbon steel, stainless steel, ASME Code 

Al though the p h e n o m e n o n  of  cycle-dependent  (as opposed to time dependent)  strain accu- 
mulat ion,  especially under  mult iaxial  combina t ions  o f  steady and cyclic loads, has been 
known and well documen ted  for many  decades, its practical significance has become more  
apparent  in recent  years in at least three areas: (1) identification and evaluat ion o f  the mode 
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of failure in pressure retaining components, particularly under infrequent reversed dynamic 
loads (such as due to a seismic event); (2) possible impact on fatigue life of the component 
undergoing strain accumulation; and (3) related safety margins and design/analysis within 
Code procedures [ 1 ]. 

For instance, the experimental work on pipes and piping components [2-6] demonstrates 
that the expected (typical) mode of failure is that of continued strain accumulation (ratcheting) 
or fatigue with ratcheting (as opposed to the plastic collapse). There are indications [3,4] that 
the fatigue life (or fatigue usage) may be adversely affected under some ratcheting conditions. 
Both these can have significant Code implications [ 7,8] since some of the basic premises are 
challenged; for example, in the treatment of seismic-type loads, opportunities exist to reduce 
the over-conservatism imposed by the (Code) assumption of a limit load (plastic collapse) type 
of failure. 

Clearly, there exists the need to develop and improve upon methods of design/analysis to 
deal with the complex problems of combined static and cyclic multiaxial loads, including 
shakedown and strain accumulation phenomena. This need is further emphasized by a survey 
of prior experimental and theoretical works summarized in the next section; the survey also 
suggests the significance of, and the need to account for, the material strain hardening and 
yield behavior (Bauschinger effect) under multiaxial stresses in the evaluation of these 
phenomena. 

This paper deals with a new theoretical evaluation of cycle-dependent ratcheting which 
explicitly accounts for the strain-hardening and the multiaxial Bauschinger effect through the 
use of a complete set of material constitutive relations in the form of an incremental plasticity 
with a generalized kinematic hardening. It is shown that, under combined states of stress, the 
incremental plasticity predicts continued strain accumulation in each (half) cycle even for a 
kinematic-type strain-hardening material. The case of triaxial steady stress with imposed 
cyclic strain is analyzed in detail; this is similar to typical loads on a pipe section. For such a 
case the theory predicts (local) wall thinning and circumferential growth (in the pipe section) 
which is limited mainly by structural considerations. 

From results of the analysis (for Type 304 stainless steel and A333 Grade 6 carbon steel) a 
graphical representation, called the ratchet assessment diagram (RAD), is developed showing 
load combinations for various rates of strain accumulation (on a per cycle basis). A simple 
relation is proposed (between stress allowables) for a specified total ratchet strain as a criterion, 
which is discussed in relation to the ASME Code considerations. Results under other com- 
bined multiaxial primary (steady) and secondary (cyclic) loads are also presented and dis- 
cussed in relation to experimental observations. 

Survey of Cycle-Dependent Ratcheting 

Some of the recent work on cycle-dependent ratcheting (under multiaxial stresses) is briefly 
summarized here to  illustrate significant observations; an exhaustive and critical review is 
beyond the scope of this paper. In an earlier work [9] it has been reported that relatively uni- 
form cumulative axial extensional deformation, up to about 20%, can be obtained before local 
instabilities disrupt the uniform strain accumulation in the case of a hollow tube subjected to 
steady axial load with superimposed cyclic torsion. Yamanouchi et al. [10] have reported sig- 
nificant (progressive) diametral change of thin tube specimens (of Type 316 stainless steel) 
under steady pressure when cyclic axial strain is superimposed. Clement et al. [11 ] have 
recently reported that steady compressive--as opposed to tensile--axial loading when applied 
with cyclic torsion (on thin tubes of austenitic Type 316L steel and of annealed copper) 
resulted in nearly uniform progressive shortening of tubular specimens (before reaching insta- 
bility in the buckling mode). Lebey and Roche [12] observed axial elongation of thin tubes (of 
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Type 304L stainless steel) under steady axial stress when cyclic torsion was applied. Likewise, 
a recent experimental work by Asada [3] on carbon steel tubes shows considerable (progres- 
sive) diametral growth from ratcheting under cyclic axial or torsional strain with a steady inter- 
nal pressure. Also, Williams [13] reported tenfold strain accumulation in the circumferential 
direction (as compared to the axial strain accumulation) in pressurized specimens (of A333 
carbon steel and A358 austenitic steel) when cyclic bending was superimposed. 

Similar observations have been reported by others [2,4,14,15]. Important common factors 
suggested by these results are: (1) strains continue to accumulate on per cycle basis, (2) the 
accumulation can be limited (but not necessarily eliminated) by material hardening and 
mostly by structural constraints, and (3) significant changes in the yield response under mul- 
tiaxial (nonradial) changes in the stress state following some prior yielding under a different 
stress state (i.e., the Bauschinger effect under multiaxial stresses). 

Much of the early theoretical work is known to be restricted to idealized nonworkhardening 
[9,16] (or simple isotropic hardening) material behavior and simplified loads (e.g., uniaxial 
simplification or two-bar simulations for thermal cycling with steady multiaxial stress condi- 
tions) [9,17]. These simplifications introduce gross deviations in predicted ratcheting behavior 
compared to the observations; indeed, many investigators [9,11,12,14,15] have noted the fail- 
ure of classical isotropic or kinematic hardening assumptions in reproducing the above sig- 
nificant observations under multiaxial stresses. In the following sections it is shown that a gen- 
eralized kinematic hardening-based incremental plasticity approach can reproduce these 
observations and can make use of the inherent strain-hardening characteristics. 

Plasticity Theory and Its Implementation 

The type of structural and material deformation phenomena addressed under this investi- 
gation is assumed to be such that only time-independent response will be of dominant concern 
(notwithstanding the fact that it takes a finite time to apply any loading and to observe the 
response). That is, time-dependent phenomena, such as creep and stress relaxation, are 
excluded from consideration because either their contribution (to the total deformation) is 
relatively small or their impact can be assessed independently. Therefore, a suitable formula- 
tion of time-independent plasticity is selected. 

The main focus of this work was to be able to investigate any type ofmultiaxiality and any 
combination of static plus cyclic multiaxial components of loading; as such, a full implemen- 
tation of the plasticity theory was needed--however, details of all the transient (cycle-to-cycle 
changing) material properties need not be explicitly accounted for. Also, as noted above, it was 
considered important that the strain-hardening characteristics and the Bauschinger effect be 
accounted for (under the complex loads of interest). These two taken together significantly 
influence the material hardening (or softening) response under general multiaxial loading, 
including, especially, the change in yield characteristics in the direction of a shear component, 
for instance, as a result of prior yielding in the direction of a normal component (of the stress 
tensor). 

The above requirements were sufficiently met by the formulation proposed earlier by the 
author [18] and shown to be promising for complex multiaxial loads [18-20]. These earlier 
applications dealt with the fully reversed type of loading, although, in principle, the (plasticity) 
formulation is also applicable in the presence of nonzero mean loads as well. Therefore, the 
same theory is used in this work. 

Very briefly, the formulation utilizes the framework of classical (incremental) plasticity the- 
ory with three main components: 

1. An initial yield condition (as a multiaxial generalization of the elastic limit) that deter- 
mines whether or not plastic strains will be induced during an increment of loading (start- 
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ingfrom a stress-free state). The material is assumed to follow the elastic stress-strain 
relations prior to exceeding this condition. Here, von Mises yield criterion is used. 

2. A flow rule that relates the increment of plastic strain to the increment of stress. For met- 
als, the most commonly used rule is the normality condition (or the assoc(ativeflow rule) 
according to which the (tensor) components of plastic strain increment are proportional 
to the corresponding (tensor) components of  the unit normal to the yield surface at the 
current state of stress. The constant of  proportionality is, in general, a nonnegative func- 
tion of  the stress, stress-increment, and the loading history. The normality condition is 
used in this work with the proportionality constant being defined by the concept of field 
of plastic moduli [21], which is essentially a multilinear generalization of the uniaxial 
stress-strain curve. 

3. A hardening rule that specifies changes in the yield condition and in the field of plastic 
moduli as a result of the prior plastic deformation. Many such rules have been proposed 
over the years, and this area of  research can at best be characterized as very dynamic," 
selection and justification of  a particular rule is beyond the scope and need of  this paper. 
On the basis of familiarity and useful predictive capabilities of  earlier work [18, 20], the 
hardening rule as described in these papers is adopted here. It differs from the previous 
commonly known rules (e.g., Prager-Ziegler and Mrrz) mainly in that the direction of 
(kinematic) translation of  a yield surface is made to depend on the direction (in the 
pseudo-space of stress tensor) of  the stress increment itself, in addition to being depen- 
dent on the current state of  stress and the loading history. Its implementation is such that 
the consistency condition is correctly satisfied for proportional as well as any nonpropor- 
tional stressing [20, 22]. 

In this work it is assumed that only the generalized (multilinear) kinematic hardening is 
operative. Also, the usual assumptions of  incompressibility of  plastic flow and the initial isot- 
ropy of material properties are maintained. The basic governing relations of incremental plas- 
ticity, including the generalized kinematic hardening rule, were documented in prior publi- 
cations [18-20]. 

Based on the above formulation, a computer code named IPCRES (for Incremental Plas- 
ticity Calculations and Ratcheting Evaluation System) was developed [23]. It performs the 
needed computations by following a specified loading (of steady stresses plus cyclic strains) in 
small increments simulating the materialpoint response. The code development and its imple- 
mentation were carried out using an IBM-PC compatible microcomputer. 

Material Properties Data 

The above plasticity formulation requires two elastic constants (Young's modulus and Pois- 
son's ratio) and a number of  pairs of  stress-strain values (e.g., from uniaxial cyclic strain tests) 
so as to fit a multilinear curve defining the (field of) plastic moduli. In this work two materials 
were investigated: Type 304 stainless steel and A333 Grade 6 carbon steel. For each material 
two idealizations were employed for the stress-strain curve (as input to the IPCRES code): (1) 
a multilinear fit to the actual uniaxial cyclic stress-strain tests data [13], and (2) a trilinear fit 
based on the Code minimum values of  yield and ultimate strengths [1 ]. These idealizations 
are shown in Fig. 1. This selection (of the basic input parameters) allows us to compare or 
assess, in a limited way, the dependence of  ratcheting on: (1) material properties, as examined 
here for the two materials, and (2) the flow stress curve variability, for a given material, within 
the range of  a typical material curve and the curve based on the Code minimum properties. 
Note that the Sm value is same (137.9 MPa or 20 ksi) for both materials, where Sm is the Code 
design stress intensity value [1], a convenient reference value. 
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FIG. 1--Multi/inear approximations to uniaxial cyclic stress-strain data and to the Code-based mini- 
mum properties for a stainless steel and a carbon steel. 

Results and Discussion 

The primary objective of this paper is to present the results of theoretical analysis (for ratch- 
eting under multiaxial primary plus secondary type loads), which takes into account the mate- 
rial strain hardening and the Bauschinger effects, and to discuss these in relation to simplified 
Code evaluations; also, it is of interest to compare these results with those of the earlier analysis 
based on the deformation theory of plasticity, which does not account for these effects. These 
results and discussion are presented at the end of this section after comparing the IPCRES 
predictions of ratcheting response with the experimental observations under complex mul- 
tiaxial loading conditions. 

Steady Axial Load Plus Cyclic Torsion 

Continued cyclic axial strain accumulation has been observed [9,11,12] on metal tubes sub- 
jected to steady axial load with cyclic torsional strain. This case of combined loading is very 
complex to analyze because the principal stress directions are not fixed. IPCRES predictions 
for the ten-cycle ratcheted strains for three values of steady axial stress are shown in Fig. 2 using 
the input uniaxial stress-strain characterization for Type 304 stainless steel as given in Fig. 1 
(for the actual material curve). In this case, the secondary stress amplitude is equal to the mod- 
ulus of elasticity in shear, G, times the (tensorial) torsional strain amplitude. These predictions 
are compared with the experimental data of Lebey and Roche [12] on thin tubes of Type 304L 
stainless steel; note that the uniaxial stress-strain properties for their specific material were not 
available to the author. However, the 0.2% offset yield strength for their material was given as 
244 MPa (versus 282 MPa for the material used here in obtaining the predictions); therefbre, 
only the steady axial stress values were normalized by the respective yield strengths in com- 
paring the IPCRES predictions with the experimental curves also shown in Fig. 2 for the three 
steady axial stress ratios. 

This comparison shows good qualitative agreement between the predictions and experi- 
mental observations. Although the difference can be attributed in part to likely differences in 
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FIG. 2--IPCRES predictions for material ratcheting response under steady axial stress plus cyclic tor- 
sional strains and comparison with experimental observations on tube specimens. 

the elastic and strain hardening properties of the actual test material and that used in the anal- 
ysis, the overprediction of ratcheted strain is to be expected on at least two accounts: (l) the 
analysis is done for totally uniform states of stress and strain while the test specimen is subject 
to stress gradients, despite a uniform gage section, structural constraints, and nonuniform 
strains; and (2) the test material is likely to show continued isotropic hardening not fully 
accounted in the analysis. 

Steady Internal Pressure Plus Cyclic Torsion 

Figure 3 illustrates IPCRES results for the case of steady internal pressure stress and cyclic 
torsional strain; the continued growth in the hoop direction is seen to far exceed that in the 
axial direction as has been observed [3]. For a tube specimen of carbon steel (0.2% offset yield 
of 334 MPa) subjected to internal pressure (giving the primary hoop stress to yield stress ratio 
of 0.3265) and the (engineering) shear strain amplitude of 1.1%, the ratcheted hoop strain of 
about 1.5% was observed in the first ten cycles [3]. The corresponding IPCRES prediction 
(using the carbon steel input properties shown in Fig. 1, again, since the material specific prop- 
erty data for the test material were not available) shows the accumulated strain to be 5%. The 
above comments regarding the overprediction apply here, too. Indeed, the same report [3] 
shows that the actual shear stress amplitude goes from about 152 MPa in the first cycle to 192 
MPa in the tenth cycle (to 238 MPa at the end of test), suggesting the continued isotropic hard- 
ening; the IPCRES calculation yields the fixed amplitude of 146 MPa. 

Steady Internal Pressure Plus Cyclic Axial Strain 

Continued cyclic hoop strain accumulation has also been observed in the case of tubes sub- 
jected to steady internal pressure and cyclic axial strains for Type 316 stainless steel [10] and 
for a carbon steel [3] at room temperature. Similar to the above analysis of other load corn- 
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FIG. 3--Stress-strain-ratcheting response predicted by IPCRES for the case of steady internal pressure 
(hoop stress = 0.6 Sin) with superimposed cyclic torsion (+_ 1% engineering shear strain). 

binations, the IPCRES predictions for the material point response for this case of combined 
loading are also in qualitative agreement with these data. 

Two other related points of interest are: (1) for equivalent loading, the axial strain cycling 
produced more ratcheting, 0.547%, than the torsional cycling, 0.389% (during 20th cycle). 
This is qualitatively in agreement with the earlier reported experimental observation [14] for 
which the authors have already offered the suggestion that in some situations the sustained 
stresses may share common slip planes with the cyclic stresses and in others they may not; (2) 
when only hoop stress is used, the IPCRES predictions of strain accumulation were less than 
if all stress components were present in the case of superimposed axial cycling; however, the 
opposite was found with torsional cycling (at least for Fig. 3 specifics). 

From the above analysis of experimental data under multiaxial ratcheting it may be con- 
cluded that, in agreement with reported observations and unlike the earlier implementations 
of kinematic hardening [14,21], the IPCRES results suggest the continued accumulation of 
strain, at least for a uniform stress condition (as evaluated here for a material point response 
excluding any structural constraint or stress gradient effects). Although the agreement is qual- 
itative, thus leaving room for further analysis and possible improvements for better accuracy, 
the predicted strains are consistently overestimated, thus providing some safety margin useful 
for simplified design analysis and Code calculations for combined multiaxial loads. 

Ratchet Assessment Diagrams (RAD) 

The case of steady triaxial stress state (simulating an internally pressurized straight pipe sec- 
tion) with superimposed cyclic axial strains (simulating the elastically calculated large second- 
ary loads) is examined in detail. Here, the primary stress refers to the steady stress in the hoop 
direction; the secondary stress is equal to the (axial) strain amplitude multiplied by the mod- 
ulus of elasticity. For each of the four material idealizations (Fig. 1), about 400 combinations 
of the primary and the secondary stresses were used to predict the material response (using 
IPCRES); each load case was run for 20 cycles of triangular-shaped strain wave. Results of 
these simulations were analyzed and are presented in the form of  ratchet assessment diagram 
or RAD (analogous to the Bree diagram) as shown in Figs. 4 and 5; in these diagrams the (per- 
cent) strain value (as a contour label) corresponds to the total (hoop) strain at the end of tenth 
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FIG. 4--IPCRES results for the ratchet assessment diagrams showing fines of constant accumulated 
percent strain (ten cycles) for Type 304 stainless steel with typical and Code-based minimum properties�9 

cycle. The iso-strain lines show the corresponding allowable combinations of the primary and 
secondary stress levels. As might be expected, due to the lower yield (flow) stress, the allowables 
based on the Code minimum properties are less than those for the typical material. The pre- 
dicted material response for more than ten cycles is such that the rate of strain accumulation 
(on a per cycle basis) is constant; therefore, the same diagrams also represent very nearly the 
corresponding rates of strain accumulation. 

Code Considerations 

A few comments are offered in the following, with only a limited discussion, to interpret the 
above results from the viewpoint of Code considerations. Notwithstanding the assumption of 
time-independent behavior, the above results are likely to be conservative since, as noted ear- 
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FIG. 5--IPCRES results for the ratchet assessment diagrams showing lines of constant accumulated 
percent strain (ten cycles)for A333 Grade 6 carbon steel with typical and Code-based minimum properties. 
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lier: (1) the possible (additional or transient) isotropic hardening, excluded from the formu- 
lation, is most likely to reduce the material strain accumulation; and (2) structural aspects of  
real applications (involving stress gradients and constraint conditions) are also likely to resist 
the uniform strain accumulation. 

In general, for large allowable cumulative strains (above 2%), much larger values of second- 
ary stress (Q)  can be traded with smaller values of  the primary stress (P) without exceeding 
the allowable total strain in a specified number of  cycles. Thus, a simple (linear) criterion for 
limiting the total ratcheted strain can be expressed as follows 

P + F . Q < ~ M . S , ,  

where F ( <  1) and M ( >  1) are constant multiples, and P < Sin. 
For example, from the ratchet diagram for Type 304 steel based on the Code minimum 

properties, for limiting total strain to 5% (maximum) in ten (or more) cycles the following 
three linear z relations between P and Q are suggested by the IPCRES results 

P +  (S)- Q = 1.5 x Sm (1) 

P + ( � 8 8  Q =  2 . 0 x S , ,  (2) 

P +  Q =  5 . 0 X S m  (3) 

(To use the first two relations one has to identify P and Q as separate quantities.) That is, if 
strain accumulation is the critical mode of  failure, then the corresponding allowable stresses 
are larger than those for the plastic collapse (P + Q __< 3Sin). 

Comparison with Other Analysis 

Edmunds and Beer [16] explored some theoretical aspects of incremental collapse in pres- 
sure vessels with simplifying assumptions of the deformation theory of plasticity, elastic-per- 
fectly plastic material, and zero axial and radial steady stresses, Interestingly, for the case of  
internal pressure and axial cyclic straining, their results are qualitatively not too different from 
this study; however, there are differences of details. Both the studies suggest continued strain 
accumulation, even in presence of  the generalized kinematic hardening as modeled in 
IPCRES, whenever the elastic limit is exceeded during any part of the multiaxial cyclic 
loading. 

Figure 6 illustrates some points of  comparison for the case of  primary (hoop) stress equal to 
Sm and ten cycles. Figure 6a shows that the Edmunds and Beer analysis is sensitive to the 
choice of  elastic stress value needed for their ratcheting evaluation, and that an arbitrary choice 
(here, flow stress equals average of  the yield and ultimate strengths) can underpredict the strain 
accumulation (compared to IPCRES). At the very low stress levels, even the choice of  0.2% 
yield stress can underpredict the strains. Figure 6b compares the predictions of allowable stress 
combinations for 5% strain accumulation in ten cycles. Since IPCRES takes into account the 
(nonlinear) material strain hardening, the IPCRES allowables are higher than the correspond- 
ing Edmunds-Beer prediction based on ~y -- elastic limit (not shown) or on the 0.2% yield 
stress (as shown in Fig. 6b). 

2 Perhaps a nonlinear relation involving the product of primary and secondary stress components may 
be more satisfactory and can be easily deduced from these plots. 
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FIG. 6--Comparison of lPCRES results with the analysis of Edmunds and Beer: (a) ratcheted strain at 
the end of tenth cycle as a function of the secondary stress amplitude (for steady hoop stress equal to Sin), 
and (b) allowable stress combinations for 5% strain accumulation in ten cycles. 

Conclusions and Future Work 

Results of a theoretical exploration of cycle-dependent material ratcheting response under 
multiaxial steady and cyclic loads (similar to those anticipated in pressure retaining compo- 
nents) were presented. The theory used was an implementation of the incremental plasticity 
based on the author's model limited to the kinematic-type hardening [18-20]. This allowed 
for the inclusion of strain hardening and Bauschinger effects and the complete set ofmultiaxial 
state of stress in estimating the ratcheting. 

The relatively large and uniform strain accumulation in the circumferential direction, as 
observed by many, for a tube (or a thin pipe) under internal pressure and cyclic axial or tor- 
sional strain, was predicted by the model. Also, progressive elongation (or shortening) in the 
axial direction, as observed for a tube under steady axial tension (or compression) and cyclic 
torsion, was predicted. For a few cases examined, the IPCRES results appear to confirm the 
effect of directionality of steady stressesrelative to the direction of cyclic straining (for equiv- 
alent load intensities) in determining the strain accumulation. 

Compared to the simplified analysis based on perfectly plastic response, it is shown that the 
use of strain-hardening characteristics reduces the over-conservatism related to strain accu- 
mulation criteria. The IPCRES results were presented in the form of ratchet assessment dia- 
grams for two typical steels and were also expressed in terms of simple linear relations for 
allowable stresses which may prove to be useful estimates; in particular, since only a homo- 
geneous state o f  stress was considered in these results, the structural considerations of stress 
gradients and constraints are likely to provide enough additional margins. For better utiliza- 
tion of the formulation and more accurate comparison with component/specimen tests data, 
it is preferable that the theory be incorporated in the framework of a finite element code. Pre- 
liminary work in this direction [23] has shown some encouraging results. 

The main focus of this work was to investigate the t ime independent material response to 
multiaxial load combinations likely to cause cycle dependent strain accumulation; as such, 
several time-dependent (visco-plasticity) phenomena were not included: stress relaxation 
[24], creep [25], and strain-aging [26]. Significance of these phenomena, as observed for cer- 
tain experimental loads and material conditions, needs further critical examination, especially 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



308 ADVANCES IN MULTIAXIAL FATIGUE 

in relation to the type, intensities, and rates of loads and materials employed in service appli- 
cations. The dynamic/seismic loads with a short duration of  application may not allow enough 
time for significant impact. For other applications, the lower bound response predictions based 
on the use of  Code min imum stress-strain data may be considered to reflect some margin 
against additional strain accumulation from such phenomena; however, this aspect needs fur- 
ther evaluation. 
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304 Stainless Steel Under Biaxial Low-Cycle Fatigue at Elevated Temperature," Advances in 
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ABSTRACT: To investigate the initiation and propagation behavior of small cracks and the rela- 
tionship between crack propagation and fatigue life, strain-controlled in-phase and 90 ~ out-of- 
phase axial-torsional fatigue tests were conducted at 550~ using tubular specimens of 304 stain- 
less steel with and without surface notches. Each test was interrupted at frequent intervals to 
make a film replica of the outer surface of the specimen for examination with an optical micro- 
scope. Most of the fatigue life was spent in the propagation of small cracks less than 2 mm long. 
Regardless of loading conditions, the crack propagation rate correlated well with the equivalent 
shear strain range defined as a function of shear strain range and normal strain range on the plane 
of maximum shear strain range. The biaxial low-cycle fatigue life could be estimated from the 
relationship between the crack propagation rate and the equivalent shear strain range. 

KEY WORDS: 304 stainless steel, biaxial low-cycle fatigue, high temperature, crack initiation, 
crack propagation, fatigue life prediction 

Structural components  are usually subjected in service to multiaxial low-cycle fatigue in 
regions of  stress concentration. Particularly in high-temperature power-plant components, 
where mechanical and thermal stresses are superimposed, loading conditions are often non- 
proportional.  Although life predictions of components under multiaxial stress conditions are 
necessary for design or remaining-life assessments, an appropriate fatigue-life assessment 
method has not been established because limited amounts of data have been obtained due to 
the complexity of the test techniques and equipment. 

To investigate low-cycle fatigue mechanisms and life characteristics of  304 stainless steel, 
widely used as a structural material, under biaxial loading conditions, axial-torsional fatigue 
tests of  tubular specimens have been conducted under proportional and nonproportional 
loading conditions at high temperatures [1-3]. From observations of macrocrack-growth 
directions and failure surfaces, failure modes were found to be distinctly separated into either 
Mode I or Mode II cracking under proportional loading, whereas mixed-mode cracking was 
observed under nonproportional  loading. As a result, by taking the failure mechanism into 
account, a new biaxial fatigue criterion was proposed based on modification of the F-plane of 
Brown and Miller [4]. In addition, surface-crack observations during a limited number of 
fatigue tests indicated that the initiation of  small cracks had taken place at an early stage in the 
fatigue life [2]. 

J Central Research Institute of Electric Power Industry, Tokyo, Japan. 
2 Oak Ridge National Laboratory, Oak Ridge, TN 37831-8051. 
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Since it has also been reported that most of  the low-cycle fatigue life was spent in the prop- 
agation of  small cracks under uniaxial fatigue conditions [5], microcrack propagation under 
biaxial low-cycle fatigue should be studied to understand the crack-propagation behavior and 
to assess the applicability of  the biaxial fatigue-life criterion. Most of  the crack-propagation 
studies under biaxial stress fields have been conducted using cruciform specimens with 
through-wall center notches to investigate the effect of stress biaxiality on macrocrack propa- 
gation under Mode I loading conditions [6-8]. The propagation behavior of small surface 
cracks has been investigated by Socie et al. using alloy 718 and 1045 steel at room temperature 
[ 9]. However, fatigue-crack initiation and propagation behaviors under proportional and non- 
proportional loading conditions at high temperatures have not been investigated before. 

In this study, crack initiation and propagation were observed during biaxial low-cycle 
fatigue tests at high temperature by interrupting each test at frequent intervals and making a 
film replica of the specimen surface for examination with an optical microscope. The propa- 
gation behavior of  small cracks and the relationship between the crack-propagation law and 
the fatigue-life criterion were investigated. 

Experimental Procedure 

As in previous biaxial low-cycle fatigue tests [1-3], the material used in this study was 304 
stainless steel, solution treated for 10 min at 1050"C and water quenched. The chemical com- 
position (wt%) was 0.05 C, 0.041 N, 0.47 Si, 0.83 Mn, 0.03 P, 0.009 S, 9.11 Ni, and 18.63 Cr. 
The test specimen was a thin-walled cylinder with inside and outside diameters of 10 and 13 
mm, respectively, as shown in Fig. 1. The inner surface was lapped and the outer surface was 
sanded with successively finer grades of  emery paper, ending with 1000 grit, then polished 
lightly with alumina powder. Both smooth specimens and surface-notched specimens were 
used. Each of  the latter had a hole with a diameter of 0.1 mm and a depth of 0.1 mm at mid- 
length on the outer surface produced by electro-discharge machining after polishing. 

The tests were conducted in air using a servohydraulic axial-torsional fatigue machine with 
high-frequency induction heating. The temperature distribution over the gage length of 12.5 
mm was controlled to within + 3~ of the test temperature. The axial and torsional strains 
were simultaneously and independently measured by a high-temperature biaxial strain trans- 
ducer as reported previously [2]. 

All tests were conducted under strain control with sinusoidal strain waveforms at 550"C. 
Values of  the strain ratio, ~o, defined as the ratio of  the torsional strain range, zX3,0,, to the axial 
strain range, A~z, were 0, 1.7, 3.7, and ~ for in-phase tests, and 1.7 for 90* out-of-phase tests. 
For each strain ratio, tests were performed at several values of  maximum principal strain 
range,/x~l, at a maximum principal strain rate of  10-3/s. Initiation and propagation of  small 
cracks were observed by interrupting each test at predetermined numbers of cycles. After the 
specimen had cooled, the outer surface of  the gage length was lightly polished with diamond 
paste to remove the oxide layer. A 0.038-ram-thick triacetate cellulose film was soaked in 
methyl acetate for 3 to 4 s and applied to the entire gage length for 180 s to replicate the surface. 
The film replica was transferred to a glass slide for subsequent examination with an optical 
microscope. 

Results and Discussion 

Observation of Surface Cracks 

During in-phase tests of  smooth specimens, small cracks about 50 to 100 #m long were 
observed to initiate mainly on grain boundaries approximately aligned with a direction of  
maximum shear strain range, A~m~x, for all values of the strain ratio, ~o. After initiation, the 
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FIG. I--Specimen geometry. 

growth of  small cracks alternated between the direction normal to A~, and the A'ym x direction 
for ~ = 0, while microcracks grew in the A3,m~x direction for ~o -- 1.7, 3.7, and co. Although 
cracks propagated in the/x3~,,~x direction to lengths of  5 mm or more for ~o = 3.7 and o% the 
direction of  growth changed to the direction normal to Ac~ at a length of  2 mm for ~o = 0 and 
1.7. 

During in-phase tests of  surface-notched specimens, small cracks initiated at the notch in 
the direction normal to Ae~ for all strain ratios and grew in the same direction as the cracks 
longer than 0.2 m m  in smooth specimens. Linkage of  small cracks was generally not observed 
in smooth and surface-notched specimens for A~l ~< 1.0%, while linkage of small cracks 
occurred in some specimens for A,~ > 1.0%. 

Typical results of  crack observations during in-phase tests of  smooth and surface-notched 
specimens for given values of~o and AEI are shown in Fig. 2. Although there is a difference in 
crack-initiation direction between smooth and surface-notched specimens, main cracks prop- 
agated in the A'ym~ direction in both types of  specimens for all values of~o. During 90" out-of- 
phase tests of  smooth and surface-notched specimens with ~o = 1.7, microcracks initiated and 
grew in the circumferential direction, i.e., on the A3,.~x plane with the larger value of  normal 
strain range. The growth directions of  the main macrocracks observed in this study are con- 
sistent with those observed in biaxial fatigue tests at 550"C reported previously [2]. 

Crack Propagation Behavior 

Figure 3 shows the relationship between the crack length, 2l, and the cycle ratio, defined as 
the ratio of  the cycle number N, corresponding to a crack length of 2l, to the cycle number 
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FIG. 3--Crack length versus cycle ratio for in-phase tests of smooth specimens. 

Nt=5, corresponding to a crack length 2l = 10 mm, for in-phase tests of  smooth specimens. 
Although some variation depending upon ~ was observed in the 2/versus N/Nt=5 relationship, 
small cracks about 0.1-mm long initiated as early as NINth5 of about 0.2, and most of the cycles 
required for cracks to grow to a length of  10 m m  were spent in propagation of small cracks up 
to about 2 m m  in length. In other words, most of  the low-cycle biaxial fatigue life was con- 
sumed by microcrack propagation, as observed in uniaxial low-cycle fatigue tests [5]. 

It is evident from Fig. 3 that a crack length of  about 2 m m  was reached at N/Nz=5 of about 
0.7 for ~ = 0% and A~ --< 1.0%. The period of  propagation of  cracks from 2 to 10 m m  in length 
was longer for ~ = oo than for other values of~o. To investigate the reason for this difference, 
failure surfaces of  all specimens were examined with a scanning electron microscope (SEM). 
Typical failure surfaces for ~ = 0 and oo are shown at low and high magnification in Fig. 4. 
For  ~o -- 0, marks indicative of  rubbing or sliding contact were observed where the crack ini- 
tially grew on the ATmax plane. Striations were clearly visible where the crack subsequently grew 
in the direction normal to A~,. The failure surfaces for ~ = 1.7 were similar to those for ~ = 
0. For  both ~o = 0 and 1.7, the aspect ratio of  the crack, the ratio of  the depth to the surface 
half length, was estimated as 0.8 to 1.0 at crack lengths of  1 to 10 mm. For ~ = 3.7 and 0% 
rubbing marks were observed on the entire fracture surface, as shown in Fig. 4b, where the 
crack grew on the a3'm~x plane, and the aspect ratio was about 0.2 to 0.3 at a length of  about 
10 ram. Socie et al. [9] reported aspect ratios of  0.14 in 1045 steel and 0.3 to 0.6 in alloy 718 
with crack growth on the A%,~x plane under axial and torsional fatigue at room temperature. 
Thus the aspect ratios of  main cracks that propagated on the A3'r,~x plane were smaller than 
those that propagated in the direction normal to A~,. They appear to have propagated along 
the surface, rather than through the wall, until they became relatively large. Hence the period 
of  propagation of  cracks from 2 to l0 mm in length was longer for ~o = oo than for ~ = 0 and 
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FIG. 4 - -  Typical SEM failure surfaces for given values of ~. 

1.7, as indicated in Fig. 3. However for ~o = 3.7, this tendency is not evident in Fig. 3 because 
values of  Ac1 were greater than 1.0% and linkage of small cracks occurred. 

Crack propagation rate at a given crack length was determined from the tangent to the curve 
of  crack length versus number  of  cycles. Figure 5 shows the relationship between the crack 
propagation rate, dl/dN, and the crack half  length,/,  obtained from in-phase tests with ~o = 
1.7 and ~ ,  and from 90* out-of-phase tests with ~o = 1.7. The crack propagation rate is pro- 
port ional  to crack half length for values of  crack half length less than about 1 mm, i.e. 

dl/dN ~ l (1) 
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This relationship holds for relatively larger crack lengths with ~o = oo. This seems to be asso- 
ciated with smaller aspect ratios for ~o --- co as mentioned above. 

Nishitani et al. reported that crack-propagation behavior could be studied effectively using 
test specimens with a small hole or surface notch [10]. Likewise in this biaxial fatigue study, 
crack-propagation behavior in surface-notched specimens was very similar to that in smooth 
specimens for crack half-lengths larger than 0.1 mm. Henceforth crack-propagation behavior 
will be discussed without distinction between smooth and surface-notched specimens. 

In view of the influence of the max imum shear strain range, A'rm~, on crack-propagation 
behavior, as discussed above, the relationship for crack propagation rate should include A~'m~ 
as a control parameter. A possible form is 

d l / d N  = D(A3,m~2)"I (2) 

where D and m are material constants, depending upon the strain conditions. The constants 
can be estimated from the relationship between d l / d N  and n3'mJ2 for a given value of  L 
Although it is difficult to obtain precise values due to limited data, m is approximately 2.0, as 
shown in Fig. 6. 

For  the in-phase tests in Fig. 6, at a given value of  a ~ m J 2 ,  the crack propagation rate 
increases as the strain ratio decreases or as the normal strain range, A~,, on the A3,m~ plane 
increases. Furthermore, the crack propagation rate is significantly greater for the 90* out-of- 
phase tests with ~, = 1.7, in which the ratio of  Ac, to A'rm~x is much larger than for in-phase 
tests. 

In Fig. 7, crack propagation rate is plotted versus (A3'm~d2)ml for m -- 2. Although the crack 
propagation rate data for each strain ratio are well correlated by (A'ymJ2)21, a unique corre- 
lation applicable for all values of strain ratio has not been achieved. 

-6 2 
>, 16 

E 
E 

z u t -  
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" O  
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1.7 _.//// 
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I 0  ~ tO I 
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FIG. 6--Crack propagation rate versus A'r,,ox/2 for 1 = 0.5 mm and given test conditions. Symbols are 
consistent with those o f  Fig. 7. 
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FIG. 7--Crack propagation rate versus (A'Ymax/2)el for given test conditions. 

Equivalent Shear Strain Range Criterion 

The influence of  Ac, on crack propagation rate, as shown in Fig. 6, should obviously be taken 
into account. Both AX3',,,. and AXe, were already found to be controlling factors on biaxial fatigue 
life, based on analysis of strain-range versus life results and fractographic observations [1,2]. 
An equivalent shear strain range, A--~7, defined as a function of  AX3'~x and Axe,, was proposed as 
a fatigue-life criterion. This definition of  A3, was established by constructing contours of con- 
stant fatigue life, N5 on the modified F-plane. Biaxial fatigue lives under proportional and non- 
proportional loading were well correlated with this A~/. To establish a similar definition of  
S-~ based on crack propagation rate, contours of  constant dl/dN at a given crack half length 
were constructed on the modified r-plane. 

These iso-dl/dN contours, obtained from the dl/dN versus AX'r~=/2 relationship at l = 0.5 
mm, are shown in Fig. 8. Similarly shaped iso-dl/dNcontours can be obtained for 0.05 ~< l --< 
1.0 m m ,  within the range of  linear proportionality between dl/dN and l. For in-phase tests, 
each of  the iso-dl/dN contours is represented by a segment of an ellipse similar to the iso-N I 
contours obtained in previous studies [1-3]. For out-of-phase tests, although only r -- 1.7 and 
a phase angle of  90* were included in this study, the iso-dl/dN contours are represented by 
straight lines, since straight lines were obtained previously as iso-Nscontours for out-of-phase 
tests with several values of  strain ratio and phase angle [1-3]. The special case o f r  -- ~ ,  for 
which AXe, = 0, is considered common to both in-phase and out-of-phase strain conditions. 
The definition of  A3, for each condition is given by the following equations based on the iso- 
dl/dN contours 

A--T ----- [(A-ymax/2)2 -t - 10.5A~2] 1/2 ( I n - p h a s e )  (3a )  

A--~ = (A3,mJ2) + 1.2Ae. (Out-of-phase) (3b) 
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FIG. 8--1so-dl/dN contours on the modified F-plane for 1 = 0.5 mm and given test conditions. 

The values of the material constants in these equations, given the limitation and scatter of  the 
data, are nearly the same as the values in the fatigue-life criterion. This implies that the influ- 
ence of  ~o or AE, on the propagation of small cracks is also reflected in the fatigue life. 

The relationship between d l /dN  and ~--~2l is illustrated by the data for in-phase tests plotted 
in Fig. 9. All data, including those for 90* out-of-phase tests not plotted in Fig. 9, are contained 
within a narrow band because Eq 3 accounts for the influence of  Ae, on propagation of  small 
cracks. Since the data band is approximately linear with a slope of  unity, the crack propagation 
rate can be represented by following equation 

d l /dN = C~-~2l (4) 

where Cis a material constant. Integration ofEq 4 results in the following equation for fatigue 
life 

N I -- N~ + [log~ (ll/lg)]/(C-~--~ 2) (s) 

where Ni is the number of  cycles required to initiate a crack of  half length .1,., and 11is the final 
half length. With the assumptions Ni = 0.2N I, li = 0.1 mm and / I = 2.0 mm, based on the 
data in Fig. 3, and with values for C from Eq 4, corresponding to the upper and lower limits 
of  the data band in Fig. 9, Eq 5 was used to estimate limits on fatigue life. The predictions are 
plotted as A3' versus Niin Fig. 10 for comparison with biaxial low-cycle fatigue data obtained 
previously [3]. Although there is a noticeable difference in slope, agreement between the pre- 
diction band and the data band in Fig. 10 is considered good, given the simplified forms of Eq 
4 and the expression assumed for Nj, which implies that crack initiation and propagation have 
the same dependence on strain range. 

The above results demonstrate that A3' is an effective parameter for describing both crack 
propagation and fatigue life under biaxial loading. Once a formulation of  A m such as Eq 3 has 
been established based on i so-dl /dN or iso-N icontours and limited biaxial data, crack propa- 
gation rates and fatigue lives under biaxial loading can be estimated based on more abundant 
uniaxial data. 
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Summary and Conclusions 

Tests of  304 stainless steel were conducted at 550"C under biaxial low-cycle fatigue condi- 
tions, including proportional and nonproportional  loading. Each test was interrupted at fre- 
quent intervals for observations of  crack initiation and propagation to investigate the relation- 
ship between crack propagation and fatigue life. The results are summarized, and conclusions 
are drawn in the following: 

1. Small cracks (about 50 to 100 t~m in length) initiated mainly on grain boundaries approx- 
imately aligned with a plane of  maximum shear strain range for all values of the strain ratio, 
~. Crack growth alternated between the direction normal to the maximum principal strain 
range and the direction of  the maximum shear strain range for ~o -- 0. Cracks grew on the plane 
of  maximum shear strain range for ~ = 1.7, 3.7, and ~ .  These observations indicate that the 
maximum shear strain range strongly influences crack propagation in biaxial low-cycle 
fatigue. 

2. Most of  the fatigue life was spent in propagation of  small cracks less than 2 mm in length, 
where the crack propagation rate was linearly proportional to the crack length. For ~o -- ~ ,  
the linear relationship between the crack propagation rate and the crack length held at crack 
lengths greater than for ~o = 0 and 1.7 because cracks grew as stable surface cracks with small 
aspect ratios. 

3. In addition to the maximum shear strain range, the normal strain range on the plane of 
maximum shear strain range influenced the crack propagation rate in biaxial fatigue. That is, 
for a given maximum shear strain range, the crack propagation rate increased as the normal 
strain range on the plane of maximum shear strain range increased. The crack propagation 
rate was significantly greater for 90* out-of-phase strains because the ratio of normal strain 
range to shear strain range on the plane of maximum shear strain range was much larger. 

4. Regardless of  strain conditions, crack propagation rates were correlated well by the equiv- 
alent shear strain range, defined as a function of  the shear strain range and the normal strain 
range on the plane of maximum shear strain range. Biaxial low-cycle fatigue life could be esti- 
mated from the relationship between the crack propagation rate and the equivalent shear 
strain range. Thus the equivalent shear strain range is considered useful for describing both 
crack propagation and fatigue life under biaxial loading. 
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ABSTRACT: Low-cycle fatigue tension-torsion tests were performed on a low-carbon steel. The 
formation of microcracks as a function of orientation and state of stress was studied. Quantita- 
tive measurements of microcrack density and length showed that microcracking occurred in the 
maximum shear direction for various stress states. Transgranular microcracks were mostly 
observed. An increasing amount ofintergranular microcracks was observed for out-of-phase ten- 
sion-torsion loading. A shear-based microcrack propagation approach incorporating a normal 
stress effect was shown to provide a better correlation of the damage distribution of a pure torsion 
test. 

KEY WORDS: multiaxial fatigue, damage, damage anisotropy, crack initiation, metal fatigue 

The nucleation and growth of  fatigue cracks in structural components  is of enormous 
importance. Much of the life of  structural components  is spent in developing microcracks of  
engineering size. Therefore, damage development during multiaxial fatigue is of most practi- 
cal interest. An understanding of  the physical processes associated with multiaxial fatigue is 
necessary to correctly model and perform fatigue life predictions. Damage can be defined as 
the nucleation and early propagation of  microcracks. Using multiaxial fatigue experiments, 
pr incipal  strain and stress directions can be easily changed so that the directional aspect of  
fatigue damage can be studied. The objective of  this paper is to study the relationship between 
the physical damage and the state of  stress. The directional aspect of  fatigue damage is pre- 
sented and analyzed for a low-carbon steel used in the automotive industry. 

Experimental Procedure 

Material and Heat  Treatment 

The material used in this study was a hot-worked low-carbon steel supplied by USINOR- 
SACILOR (France). The material was forged into a bar  with a cross section of  55 by 55 m m  
for the biaxial (tubular) specimens and into a bar of  25 by 25 mm for the uniaxial specimens. 
After forging, a heat treatment was performed to homogenize the structure. Heat treatments 
and the chemical composition are given in Table 1. 
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2 Professor, Georgia Institute of Technology, the George W. Woodruff School of Mechanical Engi- 
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3 Professor, Georgia Institute of Technology, School of Materials Engineering, Atlanta, GA 30332. 
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TABLE 1--Chemical composition (wt%) and heat treatments, a 

Designation: French standards (NF): ES finish X. 
U.S. standards: A620 finish Class 1. 

C Mn AI Ni Cr 

0.036% 0 . 1 9 8 %  0 . 0 4 6 %  0 .024% 0.023% �9 �9 �9 
Cu P Si S N 

0.017% 0 . 0 1 1 %  0 . 0 0 8 %  0 .009% 0.003% �9 �9 �9 

a Heat Treatment after Forging." 

Uniaxial Specimens 
925~ for 30 min air cooling 
720~ for 2 h air cooling 

Biaxial Specimens 
925"C for 1 h 30 min air 

cooling 
720"C for 3 h air cooling 

Specimens 

Following heat treatment, uniaxial and biaxial specimens were machined to the dimensions 
shown in Figs. 1 and 2. The reference axis attached to the specimen as well as the convention 
used for designating the orientation of planes in the specimen wall are presented in Fig. 3. 
Biaxial specimens were electropolished to facilitate observations of surface cracking. 

Test Procedure 

The tests were performed in the Mechanical Properties Research Laboratory (MPRL) at the 
Georgia Institute of Technology using a closed-loop tension-torsion servohydraulic machine. 
The tests were carried out at room temperature under axial strain and shear strain control. For 
the pure torsion test, the axial load was controlled to zero, which ensured no axial constraint. 
The strain was controlled and measured with a calibrated biaxial extensometer. All the tests 
were carried out under computer control that generated the strain path and acquired data. 

A B C D 

,• 
R=I 4 t ~  ~ 

, - -  

~ 47.5 14 - -  I ~ 
1179 

I lalc I O I 
-I 

1-1002 IAIBIcl D I 
FIG. 1--Uniaxial fatigue specimen (all dimensions in mm). 
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FIG. 2--Biaxial fatigue tubular specimen (all dimensions in mm). 

During the tests, the effective von Mises strain rate was maintained at 10-3 s-i by dividing each 
cycle into a number of linear segments. The actual strain path was piecewise linear. Since the 
material exhibited a sharp yield point, the strain range was slowly increased in the vicinity of 
the yield point to avoid the formation of Liiders bands within the specimen and to ensure 
homogeneous plastic deformation across the gage length. 
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FIG. 3--Reference axis and plane rotation convention. 
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Metallurgical Evaluation Techniques 

Cellulose acetate tape replicas of  the gage sections were made during testing at periodic inter- 
vals. These were observed with an optical microscope equipped with a 35-mm camera to doc- 
ument microcrack initiation and growth and other surface-related phenomena. Repliqas were 
examined after the tests to track crack nucleation and growth. Large areas away from the main 
crack were photographed at a magnification of  • 260 to document damage development. 
From these photographs, montages of  the surface were assembled. Using a computerized dig- 
itizing tablet, individual microcrack length and orientation measurements were performed. 
Care was taken to differentiate between transgranular and intergranular microcracks. 

Results 

Microstructure 

Both longitudinal and transverse directions were observed and are shown in Fig. 4. No sig- 
nificant size or morphology differences were found optically. The structure was ferritic with 
some pearlite at the grain boundaries. The amount of  pearlite, determined by quantitative 
metallography, was 3%. The average grain size was 20 um as determined by the linear intercept 
method. The presence of  spherical impurities was noted, but no hard inclusions were present. 
The hardness was measured as 75 HB. 

Mechanical Tests 

The test matrix and test results are given in Table 2. 
Uniaxial Cyclic Stress-Strain Behavior--The uniaxial monotonic and cyclic behavior of  the 

material was previously reported in Ref 1 and is summarized in Table 3. The following rela- 
tion, shown in Fig. 5, described the cyclic behavior 

0.34 

where Act/2 is the axial cyclic stress amplitude in MPa and AeP/2 is the axial plastic strain 
amplitude. 

FIG. 4--Material microstructure (nital etchant) ferritic matrix with pearlite at grain boundaries. 
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TABLE 2--Test results for XES steel. Ni is the number of cycles needed for a 1-mm surface crack. 

Strain Ratio, 
ID Path Type Ae/2, % Ao/2, MPa A3,/2, % At~2, MPa X - - - -  A3'/Ae Ni 

A Tension 0.5 240 0 4 650 
1 90 ~ out-of-phase 0.25 253 0.43 i31) 1.7 4 400 
2 Torsion . . . . . .  1.0 154 oo 1 500 
3 Torsion . . . . . .  0.4 120 oo 34 000 
4 Torsion . . . . . .  0.7 134 oo 5 500 
6 Torsion 1.5 165 oo 900 
7 Proportional 0.35 i79 0.61 94 1.7 6 000 

Torsional Cyclic Stress-Strain Behavior--The torsional cyclic behavior was studied with a 
series of  pure torsion tests. The torsional tests results are given in Table 3. The stresses reported 
are the Stresses at half  the fatigue life. Mean  shear stress and mean  shear strain were used 
because they represented an  average behavior across the wall thickness. The shear stress versus 
the plastic shear strain was plotted in Fig. 5. A power law relation was determined as 

.0 .22 

Ar=2 4 4 4 ( ~  -~ ) (2) 

where At~2 is the mean  cyclic shear stress ampl i tude  in MPa and  A3,P/2 is the mean  cyclic 
plastic shear strain ampli tude.  

m 
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Z~ 
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0 Torsion 
Tension 

�9 In-Phase Tension-Torsion 
�9 90 ~ Out-of-Phase Tension-Torsion 

0,004 0,006 

A' p/2 
FIG. 5--Multiaxial cyclic stress-strain behavior. Data are presented in terms of yon Mises equivalent 

quantities. 
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TABLE 3--Baseline material properties, XES steel. 

MONOTONIC TENSILE PROPERTIES 

E Elastic modulus 205 000 MPa 
cry 0.2~ 0.2% offset yield strength 219 MPa 
a, Ultimate strength 317 MPa 
af True fracture strength 447 MPa 
% RA % reduction in area 85 
K Strength coefficient 580 MPa 
n Strain-hardening exponent 0.25 
HB Brinell hardness number 75 HB 

AXIAL CYCLIC PROPERTIES 

E Elastic modulus 205 000 MPa 
cr~ Fatigue strength coetficient 1086 MPa 
b Fatigue strength exponent --0.15 
e~ Fatigue ductility coetficient 0.18 
c Fatigue ductility exponent -0.44 
K' Cyclic strength coetficient 1753 MPa 
n' Cyclic strain hardening exponent 0.34 

TORSIONAL CYCLIC PROPERTIES 

G Elastic shear modulus 78 000 MPa 
K6 Cyclic strength coefficient 444 MPa 
n6 Cyclic strain hardening exponent 0.22 

331 

Von Mises equivalent stress and plastic strain, normalized with respect to uniaxial values, 
were used to compare the axial and torsional cyclic behavior. The use of the von Mises equiv- 
alence gave a fair correlation between the axial and the torsional data. 

Multiaxial Cyclic Stress-Strain Behavior--Under in-phase tension-torsion loading, the 
stress amplitude was of the same order as that of the equivalent uniaxial case as shown in Fig. 
5. Nonproportional tension-torsion loading affected the cyclic stress response of the material. 
An extra 30% cyclic hardening was observed compared to the uniaxial reference curve This 
extra hardening may be explained by the increase in the number  of active slip systems, which 
thereby increase the slip system interactions. It is not as pronounced as has been observed for 
some low-stacking fault materials where the extra hardening under nonproportional loading 
can be as high as 100% of the uniaxial reference curve [2-3]. 

Uniaxial Fatigue Behavior--The uniaxial  tension-compression fatigue response of the 
material was studied in Ref 1. A strain-life relation of the form 

Act 1086 
- - -  (2/Vi) -~ + 0.185(2Ni) -~ (3) 

2 E 

where Act~2 is the total strain amplitude, Ni is the number of cycles for crack initiation, E is 
the Young's modulus, provided a good fit of the experimental data. Initiation is defined as the 
number  of cycles needed for the fatal crack to reach 1 mm. 

Torsional Fatigue Behavior--To correlate pure torsion fatigue tests, shear stress and strain 
values at the outer fiber were used since crack initiation occurred there. For shear strain, a 
linear correction was used to transform mean radius shear strain into outside radius shear 
strain. The shear stress on the outer fiber was then computed as 

. . 0 . 2 5  
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where 2xr/2 is the shear stress amplitude in MPa, A%12 is the total shear strain amplitude. This 
relation was obtained with the cyclic data on the mean radius. The number of  cycles for crack 
initiation for different tests are summarized in Table 3. The von Mises equivalent plastic strain 
ampli tude and equivalent stress amplitude is defined as 

2 - + 3 \ 2 , /  
(5) 

2 + 3  (6) 

The von Mises equivalent plastic strain ampli tude versus the number of  reversals for crack 
initiation is shown in Fig. 6. There is no significant difference between tension and torsion 
results with the initiation criterion used ( l - m m  surface crack). This result agrees with the 
results from Socie et al. on Inconel 718 [4]. Of course, the authors recognize that this result is 
somewhat different from what is generally reported in the literature [5] where the results are 
analyzed in terms of  a torque drop. For Test 2 (A7/2 = 1%), a 10% torque drop was reached 
at Cycle 2700. In this case, almost half of  the life was spent in the propagation of  microcracks. 
No sufficient data are available yet to assess if  this result is amplitude and stress state indepen- 
dent. Obviously, this approach (1-mm surface crack) can be seen as conservative when one is 
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FIG. 6--Coffin-Manson relation for tension, torsion, and tension-torsion data. The plastic strain ampli- 
tude is presented in terms of the yon Mises equivalent value. 
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trying to predict a component life from laboratory specimen test results. Another problem 
related to failure definition using the torque drop criterion is the possible specimen size depen- 
dence. Two specimens of different diameters having the same surface crack would show a dif- 
ferent change in torque. A torsion fatigue specimen can be seen as a component in itself. 

For this material, the equivalent von Mises approach seemed to provide sufficient correla- 
tion of both tension and torsion loading if the life to a given crack length (e.g., 1 mm) is used. 
During the torsion tests, no torque decrease was observed before the cracks were about l0 mm 
in length along the surface. The use of a change in torque peak value, therefore, does not seem 
to be a useful technique to detect crack initiation as pointed out by Ref 5. 

The definition of crack initiation is a critical issue for multiaxial fatigue correlation. Many 
researchers have used a change in compliance to define the point of crack initiation. This tech- 
nique, although sensitive for uniaxial tension loading, lacks sensitivity for torsional loading. 
When different loading cases and different states of stress are compared, the same surface crack 
length and the same crack aspect ratio should be used. This approach was demonstrated by 
Beer [6] on Inconel 718. Crack depth and length for a series of mixed mode axial-torsional 
experiments were studied. It was found that up to 1 mm, all cracks had about the same aspect 
ratio. 

Multiaxial Fatigue Behavior--For in-phase tension-torsion loading, lives were very similar 
to uniaxial tests (Fig. 6). The equivalent von Mises plastic strain amplitude was used for com- 
parison. The strain-life relation provided a good life prediction. For out-of-phase tension-tor- 
sion loading, the life was shorter (by a factor of 3) than for uniaxial loading (Fig. 6), based on 
the same equivalent plastic strain amplitude. The cyclic stress amplitude was higher than for 
a comparable uniaxial test based on the equivalent plastic strain amplitude. For this type of 
test, a strain-based fatigue parameter shows some limitation, since the stress amplitude depen- 
dence is not taken into account. There was also increased slip activity with nonproportional 
loading; the density of slip traces on the specimen surface increased with nonproportional 
loading. Under strain-controlled conditions, the cyclic stress amplitude reflects the deforma- 
tion substructure that develops. An important question to be answered is whether the differ- 
ence in life can be explained based only on higher cyclic stress amplitude. From the data gen- 
erated by Socie and coworkers on Inconel 718 and 1045 steel and analyzed by Brrard in Ref 
7, models which explicitly incorporate the cyclic stress amplitude accurately predict the lives. 
Although the predictions were correct, this did not necessarily mean that the analysis or under- 
lying philosophy was correct. Microstructural observations should be performed to provide 
the physical basis [8]. If the dislocation structures are the same in nature, then classical analysis 
techniques incorporating the cyclic stress amplitude dependence should apply. 

Observations 

Damage Development--Microcracks propagated in the shear mode for all the loading cases 
(i.e., Mode II). This was observed by Fash [9] and Hua [10] on 1045 Steel. Figure 7 shows the 
damaged surface of one tested specimen under proportional loading conditions. Microcracks 
are preferentially oriented along the maximum shear strain range directions (~70" and 

- 20*). The main cracks were observed in one of the maximum plastic shear strain directions 
(~, 70* relative to the specimen axis; close to the specimen axis). These two planes experienced 
the same plastic shear strain amplitude and normal stress amplitude. If there was a normal 
stress effect on initiation, cracks would initiate on planes which experience higher normal 
stress amplitude. From the photomicrograph, this is not what was observed and was confirmed 
by quantitative measurements discussed below. The initiation process is apparently only shear 
governed for this material. 

Figure 8 shows the damaged surface of a specimen tested under pure torsion loading (A3,/2 
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FIG. 7--Photograph from replica of  the damaged surface of  Specimen 7 (in-phase tension-torsion). 
Specimen axis is vertical. Ae/2 = 0 .35%- Ay/2 = 0 .61%- Ni = 6000 cycles. 

= 1%). Microcracks were present on both maximum plastic shear strain directions (0 and 
90~ Since there was no normal stress, one would expect to see as many dominant cracks in 
one direction as in the other. There were always more cracks in the 90* direction (along the 
specimen axis). The crack which caused fracture was always oriented along the specimen axis. 
In that respect, the proportional loading test presented before appears very much like a torsion 
test. No explanation has yet been given as to why long macroscopic torsion cracks are always 
observed along the specimen axis. De Los Rios et al. [11] tested 316 stainless steel at high 
temperature and reported damage accumulation. Microcracks were observed to have formed 
on planes perpendicular to the maximum principal stress. Crack initiation was caused by the 
maximum tensile stress for 316 stainless steel. Very interestingly, the microcracks under tor- 
sion loading which first propagated normal to the principal stress direction (45* relative to the 
specimen axis) eventually linked to form macrocracks oriented parallel to the specimen axis. 

FIG. 8--Photograph from replica of the damaged surface of Specimen 2 (pure torsion). Specimen axis 
is vertical. A.r/2 = 1 % - - N i - -  1500cycles. 
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FIG. 9--Photograph from replica of the damaged surface of Specimen I (90 ~ out-of-phase tension-tor- 
sion). Specimen axis is vertical. Ae/2 = 0.25% -- 43,/2 = 0.43% -- Ni = 4400 cycles. 

A similar result was observed by Jacquelin et al. [12] for 316L stainless steel at room temper- 
ature where the fatigue cracks under torsion loading were oriented along the specimen axis. 

The damaged surface from a nonproportional loading test is shown in Fig. 9. There was no 
evidence of  preferred cracking orientation. Here the range of  shear strain is more uniformly 
distributed among planes in all possible in-plane orientations. In this case, there was a signif- 
icant increase in the number of  intergranular microcracks which were seldom observed for 
proportional loading. 

Crack Orientation Distr ibut ion--Fatigue damage can be characterized by the observation 
of  microcracks. It is often observed that fatigue damage is anisotropic, So that crack orientation 
is an important parameter. A texture measurement was performed. A (110) pole figure was 
determined which did not show any preferred orientation. The material was initially isotropic 
so that the fatigue anisotropy was only mechanically induced. Two different types of mea- 
surements were made. In the first, microcrack density was measured as a function of the crack 
orientation. This measure should be closely related to the fatigue crack nucleation process 
since every individual crack was counted, regardless of its length. For the second, cumulative 
crack length was computed as a function of  the crack orientation from the previous measure- 
ment. This measure should be more related to both the nucleation and the propagation phases. 
Both measurements are necessary to fully characterize the nucleation and microcrack propa- 
gation phases of  the fatigue process. When conducting these measurements, it is essential to 
differentiate transgranular from intergranular cracking. Completely different mechanisms are 
involved for these cracking modes, and they would be expected to have different dependencies 
on the mechanical loading parameters. In this study, the major focus was on transgranular 
cracking. This was the dominant cracking mechanism for the temperature and strain ampli- 
tudes studied, except for 90* out-of-phase tension-torsion tests where both types were equally 
present. 

1. Torsion Tests 

The density of  transgranular microcracks versus orientation is presented in Fig. 10 for a 
torsion test (A~,/2 ---- 1%). The peak values corresponded to the maximum plastic shear strain 
orientations at the surface (0 and 90*). The crack nucleation process is related to the cyclic 
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FIG. lO--Transgranular microcrack density versus orientation and cumulative microcrack length ver- 

sus orientation for a torsion test (A.y/2 = 1%). Replica was taken at Cycle 1500. 

plastic shear strain because of  the slip process associated with the formation and development 
of  persistent slip bands. The cumulative crack length versus orientation is given in Fig. 10 for 
the same torsion test (A3,/2 = 1%). The peak values corresponded to the maximum plastic 
shear directions (0 and 90*). Both distributions showed a cos" a type of nature. The value of 
the exponent n was computed by a log-log linear regression. For the density distribution as 
well as for the cumulative crack length distribution, the value of n was between 4 and 5. 

The density ofintergranular microcracks for this torsion test was much less than transgran- 
ular microcracks. There was no particular orientation with a higher density. Intergranular 
cracking is a complex process. There is no simple correlation between the cracking orienta- 
tions and the mechanical loading parameters. This result agrees with what is generally 
observed for this type of  material, which fails predominantly by transgranular cracking. The 
intergranular microcracks density increased with increased strain amplitude. For pure torsion 
loading, the cracking behavior was similar to the behavior under tension loading. 

2. In -Phase  Tens ion-Tors ion  Test  

The density of  transgranular microcracks versus orientation and the transgranular cumu- 
lative crack length versus orientation are shown in Fig. 11 for an in-phase tension-torsion test 
(he/2 = 0.35% -- A3,/2 = 0.61%). The peak values were observed in the direction of maxi- 
mum plastic shear strain range (73 and 163*). The two sets of  planes corresponding to these 
two peaks experienced the same shear strain amplitude and normal stress amplitude. Planes 
with higher normal stress amplitudes did not show more cracking. This observation implies 
that the normal stress influence on cracking behavior was minimal. This material seems to be 
governed by pure shear for the strain biaxiality ratio studied. The density distribution of  inter- 
granular microcracks was relatively uniform and much less than the transgranular one. 
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FIG. 1 l--Transgranular crack density versus orientation and cumulative crack length versus orienta- 

tion (in-phase tension-torsion tes t - -~e/2  -- 0.35% - A'V/2 = 0.61%). Replica was taken at Cycle 6000. 

3. Out-of -Phase  Tens ion-Tors ion  Test  

The density of  transgranular microcracks versus orientation and the cumulative crack 
length versus orientation are shown in Fig. 12. There was a well-defined peak around the 0* 
orientation. The phase difference between tension and torsion distributed the maximum shear 
strain on planes among all directions. On a plastic shear strain basis, all orientations should 
be equivalent. The 0* orientation experiences the highest normal stress range. Under out-of- 
phase loading, the normal stress effect may become more important. 

There were practically no direction; without cracking. A similar result was obtained by 
Kanazawa et al. [13] on a Cr Mo steel, k significant increase in intergranular microcracks was 
observed as shown in Fig. 13. There we~ ~, almost as many intergranular microcracks as trans- 
granular microcracks. Under nonproportional loading, the cyclic stress amplitude was higher. 
On a cyclic stress amplitude basis, this situation should be equivalent to a uniaxial test with a 
much higher strain amplitude. For high amplitude uniaxial tests, intergranular microcracking 
was observed [ 1]. The presence ofintergranular cracking should be dependent on cyclic stress 
amplitude. If one considers the cumulative crack length versus orientation, there were slightly 
higher values for 0 and 180* than for 90*. There may be an influence of  the normal stress across 
the plane of maximum shear strain amplitude. If  this difference existed, it was only a second 
order effect. 

D i s c u s s i o n  

Various studies have focused on the fatigue life under different stress states. Some of  the 
more recent studies have clearly demonstrated that the definition of failure strongly affects the 

correlation of  any fatigue theory [14]. It has also been demonstrated that the range of stress 
states which can be achieved in axial-torsional loading is not sufficient, in general, to judge a 
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fatigue failure theory [15-18]. In spite of this lack of generality afforded by axial-torsional 
tests, the information regarding crack density and cumulative crack length reported in the pre- 
vious sections is useful in more fundamentally understanding the nature of fatigue damage 
evolution. Brrard [ 7] has shown that microcrack propagation in the material of this study can 
be correlated with the relation 

da 
d N -  C(A-~A~Pa)"' (7) 

for cracks on the order of the grain size up to a few mm in length, where Cis a constant. More- 
over, Eq 7 was shown to be superior to a purely strain-based crack growth law. Correlation was 
achieved for torsion, in-phase tension-torsion, and out-of-phase tension-torsion of thin-walled 
tubular specimens. Referring to Figs. l0 and 11 for the pure torsion and in-phase tests, it is 
clear that the transgranular fatigue microcracks lie principally along maximum shear strain 
planes for torsional and in-phase tension-torsion loadings. However, there is also a significant 
density of transgranular fatigue cracks along planes intermediate to the two maximum shear 
planes. The first important conclusion from such observations is that fatigue damage has a 
directional character. For this material, the orientation of maximum fatigue microcracks on 
the order of 1 mm clearly follows the maximum shear strain planes for in-phase loading and 
torsion. This feature has been observed for other ductile alloys as well [5,19]. However, the 
damage in orientations intermediate to the maximum shear planes is considerably less. Thus, 
the interpretation that Eq 7 is equivalent to a plastic work or hysteresis energy approach is 
misleading; it holds for microcrack growth on maximum shear planes for in-phase loading, 
which never changes character. However, if the loading changes its biaxial character, then a 
new directional damage evolution will result, interacting with the existing state of damage. 
This has been pointed out by Bannantine and Socie [20], Doquet and Pineau [21], etc. Clearly, 
fatigue damage is anisotropic, and the driving force for fatigue damage evolution should reflect 
anisotropy, in general, after accumulation of damage. Isotropic driving forces for fatigue dam- 
age, such as hysteresis energy, are inadequate descriptors of the fatigue damage distribution. 
The fatigue damage evolution rate may be represented adequately by an isotropic tensor func- 
tion F [22], i.e., 

F = F(Ao'mn, Ae.kl, aoni, alninj, �9 �9 �9 ) (8) 

where the n/are the unit normal vectors to the maximum shear planes (planes of maximum 
damage), for example. Function F may depend on the invariants and joint invariants of its 
arguments. The a0, a~, etc. represent damage intensity. Essentially, critical plane fatigue the- 
ories address the identification of the appropriate set ni, representing the anisotropy of fatigue 
damage evolution [18-19]. It should be emphasized that the assignment of the function F in 
Eq 8 as an isotropic tensor function should not be confused with material isotropy; this pro- 
vision ensures material frame indifference of damage evolution, a requirement of continuum 
mechanics, while permitting arbitrary anisotropy of the fatigue damage field. Indeed, fracture 
mechanics is based on the concept of critical planes and crack growth is idealized accordingly. 
As shown by McDowell and Brrard [18], the hysteresis energy or plastic work approach is 
furthermore a very special case even for proportional loading, since uniaxial and torsional 
experiments do not generally exhibit the same plastic work per cycle for the same life with the 
same physical failure definition, notwithstanding the anisotropy of fatigue damage. 

The fatigue damage measured intermediate to the maximum shear planes for torsional load- 
ing (Fig. 10) provides a means of examining damage anisotropy. Since these plots represent 
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transgranular fatigue damage, the microcrack propagation approach in Eq 7 is especially rel- 
evant. From Eq 7, we may write 

da 
- 1.92 • 10-4(ArAy~)Ha L* (9) 

dN 

for the pure torsional fatigue, where C is a specific value based on experimentally observed 
propagation of  the failure crack in a torsion test. Assuming that microcracks on other than 
maximum shear planes are also subjected to predominantly Mode II, Stage I growth, we may 
write 

da(.) 
- 1.92 X 10-4(ArA'y p cos 2 2c0LlaH (10) 

dN 

for an arbitrary plane at angle a shown in Fig. 3 under pure torsional fatigue. Assuming an 
initial crack size a0 for all a, we may integrate Eq 10 to get 

a(a) = { -  1.92 • 10-5(zXrA3, p cos 2 2a) '"Ni + ao~ -10 (11) 

where Ni is the number  of cycles considered. 
Alternatively, we may employ the A J-based microcrack propagation model of  McDowell 

and Brrard [18], which reduces to Eq 7 in either pure tension or pure torsion. The ratio of  
normal stress range to shear stress range on each plane under consideration is used to modify 
the cyclic crack opening behavior. On the maximum shear planes, for axial-torsional loading 
[7,18] 

= G B e \ A t , / 2 ]  + 1 a m (12) 

Transforming to intermediate planes at an angle a for pure torsional fatigue, we may write 

da( ,~) 
dN 

- 1.92 • 10-4[�89 tan 2 2~ + I]L~(ArA~/v COS 2 2a)Ha H (13) 

where ~p = ~ and Jp = 1 are assumed. The value r --- ~ corresponds to a v o n  Mises normal- 
ization of tension and torsion as observed for this material (i.e.,/x~/xEp is constant for a given 
life); the Jp value of  unity is also representative of  other ductile materials studied [7,18]. The 
distribution of  crack length which arises from Eq 13 for pure torsional fatigue is given by 

a(a) = { -  1.92 • 10-5[�89 tan 2 2a + I]~I(ArA3 'p cos: 2a)HN, + ao~ -x~ (14) 

The angular distribution in Eqs 11 and 14 are very similar. However, the growth law (Eq 
12) contains a normal stress effect which contributes to a higher microcrack propagation rate 
for planes intermediate to the maximum shear planes. For  the shear strain amplitude of  1% 
shown in Fig. 10, using Eq 2 and the torsional fatigue data in Table 3, Eqs 11 and 14 are plotted 
in Fig. 14. Initial crack length a0 = 25 a m  was selected corresponding to a value close to the 
grain size as shown in Fig. 4. Also appearing in Fig. 14 is the average transgranular crack length 
angular distribution away from the site of the failure crack after 1500 cycles, the life at which 
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FIG. 14--Average transgranular microcrack length versus orientation for a torsion test with theoretical 

predictions. A3,/2 = 1%. Replica was taken at Cycle 1500. 

a 1-mm crack was first observed. This Ni value was also used in Eqs 11 and 14 to produce Fig. 
14. All microcracks in the montage of  replicate photographs used to determine the experi- 
mental crack distribution in Fig. 14 were less than 400 pm, with approximately 10 to 30 cracks 
in each 10 ~ orientation. Hence, the distribution is regarded as a statistically significant repre- 
sentation of  the average crack length as a function of  orientation. This average crack length 
distribution, obtained by dividing cumulative crack length by crack density for each 10 ~ range, 
is considered as the logical baseline comparison for the nominal crack length distribution pre- 
dicted by Eqs 11 and 14, even though the crack growth law constants in Eqs 9 and 13 were 
determined from tracking replicas of  the 1-mm failure crack only. The actual failure crack 
away from the region considered had a larger initial crack length than the 25-pm value 
assumed in these calculations, as borne out by replica observation; the initial crack length for 
the failure crack is estimated from Ref 7to be 220 pm. Several points can be made with regard 
to Fig. 14: 

1. The microcrack propagation approach is able to capture the essence of the angular dis- 
tribution of  average crack length. 

2. The formulation with additional normal stress dependence in Eq 12 appears to provide 
a better prediction for intermediate angles. 

3. Both formulations somewhat underpredict microcrack growth in the maximum princi- 
pal stress range orientations (a = 45", 135"). 
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A very important consequence of this study is that microcrack propagation concepts can 
evidently be used to correlate damage evolution not only on maximum shear planes as in Ref 
7, but also on intermediate planes with higher Mode I/Mode II mixity. In this sense, such an 
approach is a "critical plane" approach if a plane or set of planes can be identified as having 
either the highest cyclic driving force or the largest initial defect or perhaps both. Other critical 
plane theories, with the exception of fracture mechanics for macrocracks, tend to incorporate 
knowledge of only the driving force into the definition of critical planes. In the microcrack 
propagation approach, at least three factors can contribute to this definition: 

1. Cyclic driving force. 
2. Material resistance (e.g., Cp and m functions of a). 
3. Initial defect size. 

These three factors are directionally dependent. For an initially isotropic material with a 
uniform angular distribution of initial defects, the cyclic driving force alone may govern the 
critical plane definition. Otherwise, all the possibilities defy treatment by a model which con- 
tains only the driving force and, perhaps, variation of material resistance. An important impli- 
cation of the foregoing is that cumulative damage for a sequence of multiaxial loading (e.g., 
torsion followed by tension) cannot be treated in general fashion using parametric cycle frac- 
tion concepts [23-26] unless these concepts are linked to microcrack distribution. Microcrack 
propagation approaches offer a means of doing this; in fact, they form the basis for a logical 
treatment of anisotropic fatigue damage mechanics analogous to that of creep damage 
mechanics [27-29]. The angular crack distribution that arises from one kind of cyclic loading 
condition may be employed as the initial defect distribution for subsequent loading of a dif- 
ferent multiaxial character. The foregoing discussion has related primarily to proportional 
loading. A more complex issue that deserves further consideration is that of the microcrack 
distribution during highly nonproportional cyclic loading. It was shown earlier that the distri- 
bution ofintergranular microcracks was fairly uniform for 90* out-of-phase loading, possibly 
due to exposure of more grain boundary precipitates (or phases) to high tensile stress. From 
the plot in Fig. 12, it appears that the distribution is biased towards the 0* (hoop) orientation 
of the tube, the orientation with the highest normal stress amplitude. All orientations in this 
case have essentially the same shear stress and strain ranges. 

Conclusion 

Physical damage was observed for different states of stress under tension-torsion loading. It 
consisted of an array of microcracks showing preferential orientations with respect to the load- 
ing directions. Microcracks initiated and propagated along directions of maximum shear 
strain. The material can be considered as a shear damaging material. Quantitative measure- 
ments of microcrack density and average length were performed. Transgranular microcrack- 
ing was dominant for all states of stress except nonproportional tension-torsion loading where 
there was a significant number of intergranular microcracks. Fatigue damage approaches 
which do not consider the anisotropy of the fatigue damage evolution cannot describe the 
experimental observations. A shear-based microcrack propagation approach is discussed 
which can correlate the damage in critical orientations (maximum shear planes) for each load- 
ing condition considered. However, as shown here, it captures the trend but not the details of 
fatigue microcracking in other orientations. Neglect of the role of normal stress on these inter- 
mediate planes is a possible reason for this deficiency. The need for a fully anisotropic fatigue 
damage evolution model based on microcrack propagation is highlighted by the results. 
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Mixed Mode Fatigue Crack Growth Behavior 
in a High-Strength Steel 

REFERENCE: Link, R. E., "Mixed Mode Fatigue Crack Growth Behavior in a High-Strength 
Steel," Advances in Multiaxial Fatigue, ASTM STP 1191, D. L. McDowell and R. Ellis, Eds., 
American Society for Testing and Materials, Philadelphia, 1993, pp. 345-358. 

ABSTRACT: Most of the currently available methods for predicting fatigue crack growth in 
structures do not consider effects due to mixed-mode loading. This is partly due to the limited 
information available concerning the fatigue crack growth under mixed mode loading. Previous 
investigations of mixed mode effects on fatigue crack growth have shown that under combined 
opening and in-plane shear loading, the cracks turn abruptly so that the in-plane shear mode is 
eliminated [ 1-3]. Very little data are generated before the crack curvature eliminates the mixed 
mode loading. The changing orientation of the crack during the test makes analysis of the prob- 
lem difficult and may cloud the intrinsic fatigue crack growth rate behavior under mixed mode 
loading. Situations can exist in engineering structures in which cracks may grow in a self-similar 
manner even under the influence of mixed mode loading. Examples of such situations are radial 
cracks in bearing races [4] and transverse cracks in rotating shafts under shear and bending loads. 
The cracks may not change orientation because the in-plane shear component is fully reversed. 
It is necessary to understand the effects of mixed mode loading on fatigue crack growth in order 
to properly predict the behavior of these components. 

This paper presents the results of an investigation to measure the fatigue crack growth rate of 
a high-strength steel under various ratios of mixed mode loading while maintaining self-similar 
crack growth. A primary objective of this investigation was to generate data for relatively large 
amounts of crack growth under a wide range of mixed mode ratios. Several models for predicting 
the mixed mode fatigue crack growth rate from opening mode data are evaluated based on the 
data generated in this investigation. 

KEY WORDS: fatigue crack growth, mixed mode fatigue, predictive models 

The majority of research on the topic of fatigue crack growth has been concerned with open- 
ing mode loading of a crack. Relatively little work has been conducted in the area of combined 
or mixed mode loading. One of the earliest investigations into mixed mode fatigue crack 
growth was conducted by Iida and Kobayashi [1 ]. They tested center-cracked panels of alu- 
m inum with the crack oriented at various angles with respect to the tensile axis of the specimen 
to generate mixed mode loading. The amount  of data generated was limited, but they reported 
increases in crack growth rate by a factor of two over that measured for Mode I loading at the 
same AK, level. Tanaka [5] employed a similar specimen to investigate the threshold condi- 
tion under mixed mode loading. He developed several models for calculating an equivalent 
stress intensity factor range, AKeq, to correlate opening and mixed mode fatigue crack growth 
rate data. The equivalent stress intensities were based on fatigue crack growth models proposed 
by Weertman [6] and Lardner [7]. The Weertman model assumes that the crack advances 
when the sum of the absolute value of displacement at the crack tip reaches a critical value, 

Senior mechanical engineer, Fatigue and Fracture Branch, David Taylor Research Center, Annapolis, 
MD 21402. 
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and the Lardner model assumes that the growth rate is equal to the amount of reverse dis- 
placement at the crack tip. The crack tip displacements were calculated from the Bilby, Cot- 
trell, and Swinden model for plastic yielding ahead of a crack. Tanaka generalized the models 
to the case of mixed mode loading and cast the fatigue crack growth law in the form 

da/ d N  = C( AK,,q)" (1) 

The equivalent stress intensity for the Weertman model was given as 

hK~q = (AK~ + 8AK41) t/4 (2) 

and for the Lardner model 

AK~ = (AK~ + 2AK~3 m (3) 

An approach utilizing the strain energy density factor range was proposed by Sih and Barthe- 
lemy [8] and later modified by Lam [9]. This theory was used to predict the results reported 
by Pustejovsky [10] for fatigue crack growth in titanium from an inclined center crack. The 
crack growth law is expressed as 

A a / A N  = C(ASp,e~')" (4) 

where ASp.e,f is 

ASp.ea" = 2/Tr[a.(O)AK~,e~ + alz(O)AKl,eff~Kn,eff + az2(O)AK~l,elr + a33(O)AK2i.xir] (5) 

and the coefficients, a0(0), are functions of the elastic constants and the crack growth direction 
relative to the original crack plane, 0, and AKegis the stress intensity range corrected for crack 
closure [8]. The crack is assumed to grow in the direction of the minimum strain energy den- 
sity, Smi n. 

More recently, Li [ 11] has described a general parameter, the vector crack tip displacement, 
CTD, to describe mixed mode fatigue crack growth. The vector CTD is the vector sum of crack 
tip displacements associated with the opening and sliding modes of loading (CTOD and 
CTSD,~ respectively). The direction of the component vectors is in the direction of crack 
growth that each mode of loading produces (45* to the maximum shear stress). The fatigue 
crack growth law is 

d a / d N  = c(ACTD)" (6) 

where 

ACTD = 4/(r~rsE)[(AK 2 + 3AKI20(AK 2 + 2AK~ + 2AKIAKu) '/2 (7) 

A common observation made in all of the previous investigations was that the crack would 
kink immediately upon initiation and tend to grow in a direction that minimized or elimi- 
nated the KH component. Consequently, the majority of the mixed mode data in the literature 
has only a very small KH component associated with it. Only Tanaka reported data for self- 
similar crack growth along the direction of the inclined crack. It was noted that self-similar 
growth was only seen when AKe~was greater than 1.6 times the threshold stress intensity mea- 
sured under mixed mode loading [5]. Furthermore, because the cracks kinked, the analyses 
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had to incorporate either an approximation or calculation of  the stress intensity factor for a 
kinked crack, possibly clouding the intrinsic mixed mode crack growth behavior. More 
recently, Bold, Brown, and Allen [ 12] were able to achieve self-similar crack growth by sequen- 
tially loading a crack in pure Mode I followed by pure Mode II to simulate the loading history 
of  shallow surface cracks subjected to rolling contact fatigue. They reported an increase in 
crack growth rate up to an order of  magnitude over pure Mode I loading. Otsuka et al. have 
conducted several investigations of  fatigue crack growth under Mode II loading and mixed 
mode loading. They reported that the conditions for generating self-similar crack growth 
under mixed mode loading are very material sensitive [13,14]. 

The objective of  this investigation was to measure the fatigue crack growth rate for several 
mixed mode ratios while avoiding the added complexity of  a kinked crack. By decoupling the 
problem into separate issues of  mixed mode growth rate and crack kinking, it may be possible 
to develop a more complete understanding of  the general mixed mode problem. 

Details of Testing 

Material Investigated 

The material used in this study was a quenched and normalized Ni-Cr-Mo steel produced 
to MIL-S-23284, Class 2 [15] from a 406-ram-diameter forging. The chemical composition 
and material properties (designated GOH) are listed in Table 1 together with the specification 
requirements. The microstructure consisted of  ferrite and spheroidized carbides and was uni- 
formly fine-grained. The fatigue cracks were oriented in the L-R orientation. 

Specimen Details 

The specimen utilized in this investigation was a compact shear specimen developed by 
Richard and used in earlier studies of brittle fracture and fatigue crack growth under mixed 
Modes I and I I loading [ 16,17]. The specimen and loading grip dimensions are detailed in Fig. 
1. The Modes I and II stress intensity factors, K~ and KI~, were determined by Richard using 
finite element analysis and the results were reported in the form of graphs in Ref 16. By fitting 

TABLE 1--Chemical composition and mechanical properties of 
Class 2 steel used in this investigation and specification 

requirements. (Elements values in weight percent.) 

Actual MIL-S=23284, 
Analysis Class 2 

Carbon 0.22 
Manganese 0.35 
Phosphorous 0.002 
Sulfur 0.005 
Silicon 0.23 
Nickel 2.91 
Chromium 0.38 
Molybdenum 0.56 
Vanadium 0.05 
0.01% yield strength, MPa 517 
0.2% yield strength, MPa 490 
Ultimate tensile strength, MPa 621 
Elongation in 51 mm, % 28 
Reduction of area, % 69 

0.26 max 
0.15-0.45 
0.020 max 
0.020 max 
0.35 max 
2.75-3.50 
0.50 max 
0.25-0.60 
0.05 max 
379 min 

552-689 
22 min 
45 min 
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FIG. 1--Continued. 

polynomial  expressions to the graphical results of  Richard, the stress intensity factors can be 
expressed as 

KI = P(~ra)t/ZFd( WBe~) (8) 

Kn = P(Tra)l/ZFn/( WBe~) (9) 

where 

FI(a/W, 0) --- [ - 5 . 0 5  + 85.60(a/W) - 442.79(a/W) 2 + 1122.8(a/W) 3 - 1358.4(a/W) 4 
+ 651.37(a/W) 5] cos0, 

Fn(a/W, 0) -- [0.369 + 2.0663(a/W)] sin0, 
a = crack length, 

W = specimen width, 
Be: = (BBN) I/2, 

B = specimen gross thickness, 
BN ---- specimen net thickness, and 

0 = angle between crack plane and loading axis. 

As the crack length increases, the ratio of Kn/K~ varies as shown in Fig. 2 for several discrete 
values of  0. In general, the KH/K~ ratio decreases by a factor of  2 from the initial value at a~ W 
= 0.4 to 0 . 7 .  

The tests were conducted in a computer-controlled, servo-hydraulic testing machine. The 
computer  continuously monitored and periodically recorded load, crack length, number of  
cycles, and closure levels online. Crack length was monitored using reversed polarity d-c 
potential drop with a reference specimen connected in series. The current was maintained at 
20 A. The use of  reversed current and a reference specimen made it possible to compensate 
for voltage changes due to temperature fluctuations and thermal EMFs [18]. A photograph of  
the specimen, grips, and reference specimen is shown in Fig. 3. 
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FIG. 2--~K~/~Ku as a function of crack length for several values of the loading angle, O. 

FIG. 3--Photograph of the specimen in the grips. The reference specimen is visible in the lower left por- 
tion of the photograph. 
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Mode I fatigue cracks were initiated by cyclic loading at an angle 0 = 0. The Mode I cracks 
were grown for a short distance at a constant AK~, and then AK was gradually decreased to 
maintain C within the range --0.08 mm -~ _< C --< - 0 . 0 4  m m  -~, where C = (1/K)(dK/da), 
in accordance with the requirements of  ASTM Test Method for Measurements of  Fatigue 
Crack Growth Rates (E 647). During the decreasing AKportion,  fatigue crack growth rate data 
under the pure Mode I condition were recorded. Following precracking, the grips were reori- 
ented in the testing machine at an angle, 0, and mixed mode testing commenced with constant 
ampli tude loading, stress ratio of  0.1 using a sinusoidal waveform at a frequency of 5 Hz. 

In order to promote self-similar crack growth, side grooves were machined into the speci- 
mens. Initially, each side groove was 5% of  the specimen thickness. These generally proved to 
be ineffective in maintaining control of the crack plane, as shown in Fig. 4. The side grooves 
only restrained the crack path at the specimen surface and only for a very short distance. Very 
deep side grooves of 30% of  the specimen thickness (total reduction of  60%) were used to see 
if it would be at all possible to restrict the crack path to the specimen centerline. The deeper 
side grooves were partially successful in controlling the crack path. At the start of  mixed mode 
loading, the crack would try to deviate from the intended plane. In most cases, the crack would 
abruptly reorient itself and start growing out of  the side groove. This tendency was strongest 
at the mid-thickness point. After a small amount  of  crack growth, the crack would arrest, prob- 
ably as a result of  the reduced driving force due to the greater thickness as the crack grew out 
of  the side groove. This behavior was observed for a number of  tests, with Kn/K~ ratios varying 
from 0.5 to 2. Results from these tests were discarded. However, for three tests, the crack stayed 
nominally along the intended plane for a considerable distance. This behavior was only 
observed at relatively fast growth rates ( >  l0 -7 m/cycle). At longer crack lengths the 30% side 
groove was no longer capable of  controlling the crack path and the crack would grow out of 
the side groove. A typical fracture surface from a mixed mode specimen with 30% side grooves 
is shown in Fig. 5. The AKH/AK~ ratio in this test varied from 1 to 2. 

For one of  the mixed mode tests, a single element strain gage was located on the back face 
of  the specimen and used to detect crack closure and calculate an effective stress intensity. The 
automated technique discussed by Donald [19] was employed, except that the strain gage sig- 
nal was utilized instead of  a clip gage. The opening loads were on the order of 20% of the max- 
imum load. The closure was primarily due to the irregular fracture surface resulting from the 

FIG. 4--Photograph of the fracture surface of a specimen with 5% side grooves showing the crack devi- 
ating from the side groove. 
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FIG. 5--Fracture surface from specimen which exhibited self-similar mixed mode fatigue crack growth. 

nonplanar crack growth. There was evidence of fretting damage at many locations on the frac- 
ture surface as indicated by the dark areas in Fig, 5. It may well be possible that the closure 
levels for the Modes I and II components are different, but no independent measurements of 
individual closure levels was attempted. For purposes of calculation, it was assumed that the 
closure measured using the back face strain gage had an equal effect on reducing both the 
Mode I and Mode II stress intensities. 

Results 

The results for three tests with Kn/K~ ratios between 0.3 and 2 are presented in Fig. 6. The 
crack growth rate is plotted as a function of the opening mode stress intensity, AK~. Also shown 
in the figure for reference is the fatigue crack growth rate measured under pure opening mode 
using a center-cracked specimen for the slow growth rates, and a Richard specimen with 0 -- 
0 ~ was used for the higher growth rates. Closure-corrected data are plotted with open symbols. 
Data from the mixed mode tests were restricted to portions of the test where the crack growth 
was nominally "steady-state." At the beginning of mixed mode loading when the crack tried 
to grow out of the side groove, the data showed excessive scatter (several orders of magnitude) 
and was not included in the evaluation of the predictive models. It would appear that the intro- 
duction of shear loads increases the fatigue crack growth rate, but AK~ alone underestimates 
the driving force on the crack in the mixed mode case. In order to more accurately represent 
the crack growth behavior, various driving force parameters have been utilized. 

The various models for mixed mode fatigue crack growth were assessed by comparing the 
growth rate measured under mixed mode loading with the opening mode data, plotted as a 
function of the various "effective" driving force parameters. The crack growth rate is plotted 
as a function of an effective stress intensity factor developed by Tanaka, Eq l, assuming that 
crack growth occurs according to the Weertman model, in Fig. 7. The model adjusts the mixed 
mode data so that it is nearly in line with the opening mode data for AKtl/AKt > l, but under- 
estimates the growth rate for AKtI/AKt < 0.5. The slopes of all of the mixed mode growth rate 
curves are consistently higher than that of the opening mode curve. The Lardner model of 
crack growth, Eq 2, tends to underpredict the growth rate more than the Weertman model, as 
shown in Fig. 8. 

The results from using the strain energy density criterion, Eq 4, are plotted in Fig. 9, and the 
data are plotted as a function of the CTD criterion proposed by Li [10], Eq 5, in Fig. 10. Again, 
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FIG. 6--Fatigue crack growth rate as a function of opening mode stress intensity for several ratios of 
mixed mode loading. (Open symbols denote closure-corrected data.) 

there is a distinct difference in the slopes of the mixed mode results relative to the opening 
mode results. 

D i s c u s s i o n  

It proved difficult to conduct replicate tests that would add confidence to the experimental 
results, Several attempts were made to reproduce the data for the case of  AK./AKI = 0.3 to 
0.5, but the crack always left the side groove immediately. From the limited data available 
from this investigation, it is difficult to make definitive statements about the applicability of 
the existing theories. 
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FIG. 7--Fatigue crack growth rate as a function of AK~f~ developed by Tanaka using the Weertman 
model of fatigue crack growth. (Open symbols denote closure-corrected data.) 

An implicit assumption in all of  the theories is that the micromechanism of fatigue crack 
growth is the same under mixed mode loading as it is under opening mode loading. This is a 
necessary assumption if opening mode data is used to predict mixed mode behavior. Referring 
to Figs. 7 to 10, the mixed mode growth rate data has a higher slope regardless of  the model 
used. It is quite possible that the steeper slope of  the mixed mode data is indicative of a different 
or additional mechanism leading to an increased growth rate. 

It was assumed that the presence of  side grooves could be accounted for by using an effective 
thickness, B ~  There may be higher order effects associated with the presence of deep side 
grooves that were not considered. A 3-D finite element analysis would probably be required 
to address this issue. It was observed that the ,side grooves led to reversed tunneling at the higher 
growth rates (Fig. 11). This behavior was also observed by Otsuka et al. [14] on smooth-sided 
specimens under cyclic Mode II loading, although to a much smaller degree. It was also 
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FIG. 8--Fatigue crack growth rate as a function of Aider developed by Tanaka using the Lardner model 
offatigue crack growth. (Open symbols denote closure-corrected data.) 

assumed that the closure levels determined using a back face strain gage were equal for both 
the Mode I and Mode II components. It is quite possible that the Mode II opening loads were 
higher than the Mode I opening loads because the rough fracture surfaces may interlock, thus 
preventing relative sliding between the two surfaces. If the Mode II opening loads were indeed 
higher than assumed, then the calculated effective driving force would be lower, further reduc- 
ing the correlation between the opening and mixed mode data. 

It has been shown previously that fatigue crack growth rate is a function of the size cyclic 
plastic zone at the crack tip [20] and that mixed mode fatigue crack growth rate thresholds are 
lower than opening mode thresholds because of enhanced plasticity at the crack tip under 
mixed mode loading [21]. In order to correlate the mixed mode and opening mode data, it 
may be necessary to perform elastic-plastic finite element analyses of mixed mode crack tip 
fields to determine the size and shape of the cyclic plastic zones. 
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S u m m a r y  

Fatigue crack growth rate tests were conducted on a Ni-Cr-Mo steel under mixed mode load- 
ing. Deeply side-grooved specimens were used in order to restrict the crack path in an attempt 
to force self-similar crack growth. The objective was to eliminate the added complexity of  
crack kinking from the mixed mode problem. This objective was only realized in a limited 
number  of  tests and was not generally reproducible. Rather than attempt to draw hard con- 
clusions from the limited test results, the following observations were made regarding self-sim- 
ilar mixed mode fatigue crack growth in this steel: 

1. The cracks generally tried to grow out of  the side groove in an at tempt to maximize the 
opening component  and minimize the shear mode. The side grooves were only partly suc- 
cessful in restricting the crack path. In those cases where the crack stayed in the side groove, it 
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was possible to collect data for much greater amounts of  crack growth than had been previ- 
ously reported in the literature. It was difficult to reproduce data at any given mixed mode 
ratio because in replicate tests, the crack would sometimes grow out of  the side groove. 

2. Various theories to predict the mixed mode fatigue crack growth rate from opening mode 
data were applied to the experimental data. None of  the theories were able to predict the mixed 
mode behavior from opening mofle data. In all cases, the mixed mode data had a consistently 
higher slope than the pure opening mode data. 
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ABSTRACT: An investigation was conducted on the role played by different factors on the direc- 
tional stability of cracks in pressurized thin-walled cylinders under fatigue loading conditions. 
In addition to internal cyclic pressure, the test system was designed to allow axial loads to be 
applied independently. Fractional factorial design techniques were used to determine the inter- 
action between a number of different parameters which could possibly control the crack path 
direction. 

This statistical analysis shows the importance of the key experimental parameters and the 
interaction of these parameters on the crack path. It also serves to show that, although crack 
length and pressure control the bulge characteristics, a symmetric bulge in itself only plays a part 
in determining the stability of the crack path but not the direction. Another aspect of the study 
was examining the possible mechanisms which control the direction taken by an inherently 
unstable crack and the effect these mechanisms could have on the K=dKI ratio associated with 
the theoretical models of crack growth direction. 

KEY WORDS: fatigue (materials), crack stability, thin cylinder, factorial design, fracture 
mechanics 

With the average age of commercial aircraft steadily increasing, greater attention is being 
paid to timely inspection and crack growth control. If cracks do escape early detection during 
in-service inspections, they may reach a critical length during a flight, resulting in fast unstable 
crack growth with catastrophic results. On the other hand, the curving of a crack limits the 
extent of the damage to a much smaller portion of the fuselage skin. When a crack curves 
sufficiently to allow the internal pressure to cause a shell to open in a small area, we have a 
condition in which controlled decompression occurs by flapping [ 1]. In a cylinder, a phenom- 
enon which causes longitudinal cracks to turn in a circumferential direction may ensure rapid 
pressure relief with continued structural integrity. In aircraft, this type of crack also makes 
fuselage pressurization difficult and results in a drop in cabin pressure; thus, an early warning 
about impending structural failure is built into the system. However, the mechanisms that 
control crack curving in a thin, pressurized cylinder have not as yet been completely identified, 
and the research outlined in this paper was mainly concerned with identifying those factors 
that have the greatest influence on crack growth. 

It has been known for sometime that bulging [2,3], which occurs when a pressurized cyl- 
inder has a longitudinal crack, plays an important role in crack growth. However, this has 
mainly been considered in relation to growth stability rather than directional stability. 
Although the number  of papers on fatigue crack propagation is very extensive, studies of crack 
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growth in pressurized thin cylinders is quite limited. This fact is not too surprising since a pres- 
surized cylinder is expected to have a sizeable leak before the fatigue crack has propagated any 
significant distance. In an aircraft fuselage, where the pressure is quite low, two conditions exist 
which could allow significant undetected crack growth, these being that air loss is reduced 
because of  insulating blankets and that minor air loss can be compensated for by the air con- 
ditioning system. Of the papers on this subject, the work of  Catanach and Erdogan [4] and 
Crichlow and Wells [5] are typical. Both studies were mainly concerned with crack growth 
rate, but the latter examined residual strength in cracked titanium cylinders; however, in nei- 
ther case was the crack curving problem addressed. 

It was demonstrated by Kibler and Roberts [6] and later by Radon [ 7] that in a fiat plate if 
the ratio of  remote stress parallel to the crack to that normal to it, ~ / ~ .  is less than unity, a 
stable straight crack growth can be expected. When this ratio, RA, is greater than 1, crack tra- 
jectory becomes increasingly curved into an antisymmetric S-shape centered on the initial 
straight notch. In cylindrical shells subjected to internal pressure, all elements are normally in 
equilibrium under tensile hoop stress, ahoop- However, in the presence of  a longitudinal crack 
of  length 2a, any element along the crack edge has lost one component of  ahoop, as shown in 
Fig. 1. Since equilibrium of the element must be maintained, the shell bulges and the element 
is placed in equilibrium along the crack edge by a stress, a~,,~e. It was suggested by Swift [1] 
that the axial stress, ~b,tge, ahead of  the crack could exceed the magnitude of  the hoop stresses 
if the crack length was long enough, and so a quasi-staticaUy pressurized thin cylinder is unsta- 
ble under these conditions. However, the criterion in Refs 6 and 7 is defined in terms of  the 
far-field stress levels, and the ab.lg~ quickly decays in value as the distance from the crack tip 
increases, and so this criterion would be difficult to apply or define as it relates to the cylinder 
configuration. 

Another criterion more closely associated with the crack tip stresses was proposed by Cot- 
terell [8] and Streit and Finnie [9], where, if a compressive stress parallel to the plane of the 
crack exists, then the crack propagation will be directionally stable. This latter stability crite- 
rion is concerned with the sign of the first nonsingular term of ~ in the crack tip solution. 
The appropriate conditions for this type of  instability can be more readily reached in a thin 
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FIG. 1--Bulging in a cylindrical shell with a crack subjected to internal pressure [ 1 ] 
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cylinder because, even at relatively small internal pressures and crack lengths, a~u~ will be 
tensile. 

The crack path in the quasi-static burst failure of thin cylinders clearly shows that the crack 
growth is directionally unstable, but in the fatigue configuration the pressures are usually quite 
small and bulge stress may not be large enough to allow RA to exceed 1, even if the ratio is 
defined as being between the local values of axial and hoop stresses. 

The stress conditions ahead of the crack are examined to determine if the conditions that 
cause the directional instabilities at burst pressure also apply at the pressures associated with 
fatigue crack growth. The crack curving response to a variety of loading parameters which 
could contribute to directional instability are statistically analyzed to determine their impor- 
tance in the crack curving process. 

Experimental Equipment and Procedures 

The experimental system and procedures described in this section were designed to allow 
both fatigue and burst tests to be conducted with the same specimen configuration. It was also 
configured to allow axial stresses to be applied independently of the internal pressure. 

Thin Cylinder Testing System 

The schematic diagram of the hydraulic system used for direct pressure testing is shown in 
Fig. 2. The system was designed to have two major load applying components, one to produce 
the cyclic pressure inside the specimen cylinder and the other to apply the axial load. Pressure 
is provided by a hydraulic power supply system which, by means of the servovalve, can be 
directly applied to the cylinder. The electrohydraulic servovalve in turn is controlled by a func- 
tion generator. The feedback signals from the pressure transducer make this a closed-loop 
system. 

To apply the axial tension or compression to the cylinder, a two-way valve is used to control 
an actuator, while a regulator is used to reduce the pressure to the proper value for the desired 
axial loading. 

As shown in Fig. 3, the specimen is supported by two holding plates which are used to trans- 
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FIG. 2--MTS direct pressure testing system. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



362 ADVANCES IN MULTIAXIAL FATIGUE 

venting 
cap 

Fixed 
frame 

pressure 
cell 

test 
cylinder 

:poxy/swaglng 

PVC 
sleeve 

olding 
late 

pull ing 
plate 

~ressure 

;upply 

ta~ 

)lston 

Pl 
FIG. 3--The thin cylinder loading frame. 

fer the axial loading caused by internal pressure to external supports, so that the axial load is 
imposed only by the actuator. Rings attached at each end of the cylinder allow axial tension 
and compression to be applied independently. 

Two different methods are used to prevent leakage from the crack. In one configuration a 
PVC sleeve inside the specimen is used to contain the oil, while the other is a mylar patch. The 
PVC sleeve expands naturally with the cylinder, while the mylar patch is folded to allow for 
expansion. 

Crack Path Parameters 

As one of the main objectives of this research was to determine the factors responsible for 
crack curving in thin cylinders, it is particularly desirable to estimate their relative significance, 
and in this study factorial design techniques were used. A number of parameters or factors 
were considered to have a possible influence on the direction of crack propagation. These are 
the radius of the cylinder, thickness of the liner used to prevent leakage through the slot, axial 
compression which would influence the bulge shape, the frequency, the internal pressure level, 
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and a combination of two factors, the hoop stress and crack length, 2a, which for identification 
purposes is called the stress intensity term - a~oop (V~-~ra). As changing one factor at a time is 
not only costly but also does not give information on the interaction between the factors, a 
factorial experimental design method, as described by Box, Hunter, and Hunter [ 10], was cho- 
sen instead. This technique provides increased precision in the estimation of factor effects by 
a statistical analysis of the data. Additionally, with this method it is possible to create a design 
that contains only one half or one quarter of the total number of runs needed to cover all the 
possible factor combinations. The method also provides an estimate of the interactions among 
factors. 

In the factorial design method used, the factors were studied at two different levels, a high 
(+ )  and a low (--)  setting. These levels can be quantitative (continuous) or qualitative (dis- 
crete), but it is assumed that the effects are linear over the range of the factor levels chosen. 
Experiments of this type are referred to as 2 k factorial designs, where the 2 indicates the num- 
ber of levels at which a factor is being studied and the k indicates the number of factors being 
studied; also, the total number  of experiments that need to be performed to fully and conclu- 
sively determine the effect of all "main effects" and their interactions is 2 k. 

To obtain a relative measure of crack curvature, the deviation from the vertical per unit 
length of crack was used, but it is essential that the test responses be more or less normally 
distributed if they are to be plotted on a normal probability plot. 

The responses were a measure of the deviation of the upper and lower crack from the initial 
slot direction and as such are a relative measure of crack curvature. In this study, the larger 
the response the straighter the curve. 

Factorial Design Matrix 

The statistical analysis associated with factorial design deals only with the responses to the 
different levels of the parameters under consideration. Two steps are required to provide input 
for the analysis program (SQC) used. The first step determines which factor combinations to 
run, and the second step determines (through randomization) in what order to run them. 
These data are assembled in matrix format as shown in Table 1. The input is referred to as the 
design matrix where each row represents a single experimental configuration and gives the 
factor settings (high or low, i.e., + or - )  for each of the three experimental factors being con- 

TABLE 1--Sample fractional factorial design matrix. 

Variable - + 

Cylinder radius, mm 12.7 19.0 
Stress intensity, MN/m 3/2 10.10 15.14 
Stress ratio 0 1 

Specimen Cylinder Stress Stress Ratio, 
Number Radius Intensity RA Response 

1 -- -- + 0.515 
-- -- + 0.465 

2 + -- -- 0.515 
+ -- -- 0.515 

3 -- + -- 0.375 
-- + -- 0.334 

4 + + + 0.194 
+ + + 0.273 
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sidered, along with the response. The design matrix thus provides a blueprint of the factor 
combinations and the experimental order. Each combination of  factor settings, i.e., each row 
of  the design matrix, was run only once without replication, but by assuming that the path of  
the upper crack was independent of  the lower, it was possible to record the responses of  the 
top and bot tom crack tip as two separate sets of data giving a replication of two for each test. 
This is shown in Table 1 as if  each configuration was run twice. 

Factorial Analysis 

The analysis module of  the SQC program performs the statistical operations associated with 
the full 2 k and fractional design and resolution. A description of  the factorial design process is 
beyond the scope of  this paper, and the reader is referred to the many references in this area 
of  which Ref 10 is a classic example. The program gives as output graphs indicating the influ- 
ence of  the main factors, as well as the interactions between different factors. The program also 
provides numerical estimates of  the relative influence of  the parameters on crack curving 
through an analysis of variance (ANOVA) table, and it is this feature that is used in this study. 
This table is composed of  six columns (see Table 2) where the first indicates the factor being 
considered the next three are statistical information where the "Sum Squares" represent the 
squared deviations about a mean due to a particular factor, the "DF"  is the degrees of  Freedom 
defined by k - 1, and the "Mean Square" is an estimate of the variance obtained by dividing 
the "Sum Squares" by the degrees of  freedom "DF."  With only one degree of freedom in this 
two-level study, the "Sum Squares" and "Mean Square" are identical. The two most impor- 
tant columns are the last two, where the larger the " F  Statistic," or the smaller the "P  value," 
the greater the influence of  this parameter on the crack path curvature. The F-statistic com- 
pares the variation in responses due to the effect with the variation due to error and is obtained 
by dividing the "Mean Square" for each factor by the "Mean Square" error at the bottom of 
the column. The corresponding " P  value" is the probability that the " F  Statistic" is as large as 
it is simply by chance. 

Results and Discussion 

The experimental program was conducted in two parts. The first was concerned with the 
directional stability requirements and the second with the direction taken by an unstable 
crack. The cylindrical specimens for both experimental phases were identical 6061-T4 alu- 
minum cylinders with a wall thickness of 0.711 mm. The diameter, which was one of  the 
parameters considered, varied between 25.4 and 38.1 mm, and the length parameter varied 
between 114.3 and 228.6 mm. The pressure varied from zero to the burst pressure, but for the 
fatigue tests the maximum pressures varied between 0.69 and 1.38 MPa, with the cycle ratio 
equal to zero. 

TABLE 2a--Statistical analysis (ANOVA) by SQC. 

Degrees of 
Source Sum Square Freedom Mean Square F Statistic P value 

Liner thickness 1.33 1 1.33 41.964 0 
Axial compression 0.123 1 0.123 3.878 0.0593 
Geometric intensity 0.108 1 1.108 3.408 0.0759 
Crack tip condition 0.007 1 0.007 0.223 n/s 
Error 0.856 27 0.032 . . . . . .  

C o p y r i g h t  b y  A S T M  I n t ' l  ( a l l  r i g h t s  r e s e r v e d ) ;  W e d  D e c  2 3  1 9 : 1 6 : 2 0  E S T  2 0 1 5
D o w n l o a d e d / p r i n t e d  b y
U n i v e r s i t y  o f  W a s h i n g t o n  ( U n i v e r s i t y  o f  W a s h i n g t o n )  p u r s u a n t  t o  L i c e n s e  A g r e e m e n t .  N o  f u r t h e r  r e p r o d u c t i o n s  a u t h o r i z e d .
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TABLE 2b--Statistical analysis (ANOVA) by SQC. 

365  

Degrees of 
Source Sum Square Freedom Mean Square F Statistic P value 

Stress intensity 1.089 1 1.089 3.667 n/s 
Applied stress ratio 5.281 1 5.281 27.779 0.0135 
Cylinder radius 1.421 1 1.421 4.785 0.094 
Error 1.188 4 0.297 
Corrected total 8.98 7 

Directional Stability 

A series of  tests were run in which the pressure was increased monotonically, and the hoop 
and axial strains were measured at discrete pressure intervals, with strain gages located at a 
distance r = 2a ahead of the crack tip. The pressure was increased until unstable crack growth 
occurred. The axial and hoop stresses obtained from these measurements are plotted as a func- 
t ion of  the internal pressure in Fig. 4a where the applied axial stress rat io was RA -- 0. With 
the axial stress due to bulging increasing as the internal pressure increases and exceeding the 
hoop stress at failure, directional instability is to be expected. At the lower pressures associated 
with fatigue testing this is not the case, in that the stress ratio requirements for instability sug- 
gested in Refs 6 and 7 are not met. However, as the axial stress is tensile, the criterion suggested 
in Refs 8 and 9 is applicable. If  a compressive axial load is applied, the axial stresses ahead of 
the crack could be compressive, and so, even with the latter criterion, crack directional stability 
might then be expected. However, in all the fatigue tests run in this study, the crack path was 
unstable, even with a wide range of  axial loads ( -  1.5 < RA < 1.25). The axial and hoop 
stresses ahead of  a crack, at r = a and r --- 2a for RA = -- 1, are shown in Fig. 4b. A comparison 
of  the axial stresses at these two points shows the tendency of  the stress to decrease as the crack 
tip is approached and leads one to believe that even though the axial hoop stress ratio might 
be less than unity the axial stress is almost certainly in tension in the immediate region of  the 
crack tip. This possibility was reinforced by the results from both a finite element analysis and 
a Moir6 interferometry experiment. 

The complexity of  conditions at the crack tip are illustrated by the fringe patterns shown in 
Fig. 5, which illustrates not only the presence of  the dimple but also its extent. The out-of- 
plane displacements obtained from Fig. 5a, together with the finite element analysis values 
obtained using the ABAQUS program, are presented in Fig. 6. The normalizing displacement, 
Cw, is defined in Ref 3 and has the form 

~/12( 1 - v 2) a2pR 
Cw = 2Eh2 

where p is the internal pressure, R is the cylinder radius, and h is the thickness of the cylinder 
wall. 

Figure 5b shows the propagation of  a slant crack from the corner of  a thin, 0.38-mm slot. 
The fact that this propagation is straight indicates an unusual biaxial stress condition which, 
according to the results from biaxial loading of  plates [11], would require an axial loading 
approximating that of  the hoop stress. 

These results show that directionally unstable axial crack growth is inherent in the thin cyl- 
inder configuration even in cases with axial compressive loads and low pressures. 
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FIG. 4--Axial and hoop stresses as a function of internal pressure: (a) r = 2a, RA = 0, (b) ~ r = 
a, ---o--- r -- 2a, RA = -- 1. 

Parameter Variation 

The factorial design portion of  the study was carried out in four phases, one for a static burst 
configuration and the other three for fatigue crack growth. In the burst test four factors were 
examined: liner thickness, axial compression, crack tip condition, and a geometric intensity 
(a/V~(Rh)). The ANOVA results are given in Table 2a. It can be seen that the cylinder liner 
was very important  in controlling crack curvature, but that the crack tip condition was not. 
The statistical examination of  these results through the "main effect" plots of  SQC, which give 
an average response of  a factor at the two levels, determined that the crack path would be much 
straighter with a thicker liner, a larger radius, and no axial compression. The result, which 
indicates that the initial crack tip condition was of  no significance as far as crack curvature is 
concerned, must be qualified in that the curvature was very sensitive to any deviation of  the 
initial crack direction from the axial. 
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FIG. 5--MoirE fringe dimple pattern at the crack tip, f = 2.7 lines/mm, (a) straight crack, (b) slant 
crack. 
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In the first of the fatigue tests, five factors were considered: pressure, applied stress ratio, 
initial crack length, cylinder length, and frequency, where the applied stress ratio is the ratio 
of applied axial stress to hoop stress. Within the range of levels considered, none of these 
parameters had a significant effect on the curvature of the crack path. However, there was a 
significant interaction between the pressure and the crack length, which is not too surprising 
in that they both control the degree of bulging. The interaction between pressure and initial 
crack length as calculated by the SQC program is shown in Fig. 7a, where the difference of the 
slopes is a measure of the interaction effect. Figure 7a reflects the change in bulge shape con- 
trolled by these two factors and the nonlinear aspects introduced by the dimple. 

In the second fatigue phase three factors were considered: cylinder radius, stress intensity 
[ahooo~/(~ra)], and the applied stress ratio. In this phase, the stress ratio range was changed to 
extend the range of RA from 0 to 0.5 to 0 to 1. The ANOVA results for a half factorial 2 k with 
a replicate of 2 are given in Table 2b. It can be seen from these results that as far as crack 
curving is concerned that a change in the intensity, at least in the range considered (10.0 to 
15.0 MN/m3/2), had little effect on the crack path curvature. The cylinder radius result again 
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indicated that the larger the radius the straighter the crack path. The stress ratio factor was also 
found to be significant, indicating that an applied tensile load of  RA = 1 would result in a 
straighter crack. 

The final factorial design experiment consisted of  the same parameters considered earlier, 
but in a different mix and over different ranges. The four factors were liner thickness, pressure, 
applied stress ratio, and frequency. As an example of  the changes in this phase, the applied 
stress ratio was varied only in the range from 0 to 0.5, as it was suspected that over the earlier 
range the assumption of a linear variation might be invalid. The results for this experiment, 
again for a full factorial 2 k with a replicate of 2, indicated that none of  the parameters over the 
ranges considered had a significant effect on the crack curvature. In this case both the liners 
used were thin and flexible, while for the results shown in Table 2a one liner was more rigid 
than the other. 

A final series of  fatigue tests were run in which the applied stress ration, R~, alone was varied. 
The results agreed with the factorial design tests by showing that the axial load effect was 
indeed nonlinear and that there was a tendency for the crack path to be straighter with the 
higher applied stress ratios (RA + 1 ). However, the scatter in these results and the lack of  inter- 
action with the other variables indicate that some other feature of  the failure process is 
involved. The difficulty in applying a uniform axial load could contribute to the scatter, but 
the earlier tests indicated that even though the larger axial loads do not change the instability 
characteristics, they do alter the bulge configuration by reducing either the bulge or its unsym- 
metric deformations. However, further tests would be required to confirm the importance of  
the axial load. 

Crack Direction Mechanisms 

In thin plates, cracks are assumed to change direction under the influence of Mode II defor- 
mations or, in fracture mechanics terms, the greater the ratio K./K~ the greater the change in 
the crack direction. An expression for this direction change can be obtained from the theory 
proposed by Erdogan and Sih [13] that a crack will propagate in a direction perpendicular to 
the maximum circumferential stress. This relation has the form 

tan00 1 KI + 1 ~ ( K ~ )  2 
2 - 4 K . - 4  ~ + 8  (1) 

where 00 is the angle of crack extension. In the tests discussed above, the cracks always curved 
despite the essential symmetry of  the loading conditions. In a thin cylinder, Mode II defor- 
mations can be introduced by an unsymmetric bulge, which is to be expected if a constraint 
such as a stringer is located near the crack. However, the earlier results, which indicate that 
fatigue crack growth in this configuration is inherently unstable, allows small unsymmetric 
conditions to grow even though the general loading conditions are symmetric. This type of  
crack propagation has a built-in lack of symmetry at the crack tip, one due to the shear lip and 
the other to the location and initial direction of the crack growth. 

The conditions that lead to crack curvature initiated by the shear lip are caused by the inter- 
nal pressure allowing the two sides of the shear lip to move relative to each other, which in 
turn causes an unsymmetric bulge and a Mode II deformation. This type of  deformation is 
shown schematically in Fig. 8. That the pressure contributes to this lack of  symmetry was con- 
firmed by the factorial design experiments, where a thicker liner resulted in a straighter crack, 
a condition created in part by the inability of  the thicker liner to follow the bulge contours. In 
addition, the larger the radius the less the movement of  the two shear lips by virtue of  the lower 
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FIG. 8--Shear lip fracture plane in a pressurized thin cylinder. 

internal pressures. In the factorial design analysis this was reflected in the strong interaction 
shown between the hoop stress intensity and the cylinder radius, as in Fig. 7b. 

When a crack originates at the corner of the thin slot, even this small unsymmetric condition 
quickly leads to the unsymmetric bulge and the attendant Mode II deformations, as seen in 
Fig. 5b. As the shear lip planes and slight deviations in crack direction are essentially a matter 
of chance, the resultant cracks were thus either S or C shaped depending on these microscopic 
conditions. Examples of the fatigue crack growth from a thin slot can be seen in the specimens 
shown in Fig. 9. 

The value KI in Eq 1 could also be affected by the shear lip. In the Stress Intensity Factors 
Handbook [ 14], the definition of/(1 in relation to a 45* shear plane is discussed, and it is sug- 
gested that such a condition results in a K~ which would be approximately one half of the value 
were the fracture plane perpendicular to the surface. As K. is not affected to the same extent 
by this coordinate transformation, greater curvature can result with relatively low values of 
KH. This correction for the shear lip would greatly improve the experimental results reported 
in Ref 12, but it also suggests that the hypotheses used to derive the expression in Ref 13 may 
not apply in the plane stress ductile case where crack closure is greatly complicated by the 
motion shown in Fig. 8. 

The appropriate theory to calculate the stress intensity factor KI for the configuration used 
in this study was developed in Ref3 and has the form 

K = (Am + Ab)(pR/h)~rap (2) 

w h e r e  A m and A b a r e  the correction factors for cylinder bulging. Using the above expression, it 
was possible to compare the value of the critical K for crack growth with results for a similar 
set of tests conducted in Ref 3. Using the values appropriate to the burst test of this study (p, 
R, 2a, h, Am, and Ab had values of 3.27 MPa, 14.3 mm, 14.3 mm, 0.711 mm, 2.85, and 0.1, 
respectively) resulted in a value ofKc = 44.8 MN/m 3/2 for Aluminum 6061-T4, which is in 
close agreement with the value reported by Erdogan and Ratwani [3] for a very similar con- 
figuration. Using Eq 2 at the lowest cyclic pressure which produced crack growth, which in this 
study was 0.69 MPa, results in a threshold stress intensity ofKx = 9.44 MN/m 3/2, considerably 
above the threshold value given in Ref 3. If values in the neighborhood of the threshold are 
used for KI, then for the crack directions compatible with those shown in Fig. 9 the K. should 
be on the order of 0.4 MN/m 3/2 for a 10" change in angle. 

Conclus ions  

The results from this study indicate that the parameters which control the direction of prop- 
agation of a longitudinal fatigue crack in a thin-walled pressurized cylinder are those that also 
apply to a burst test. The crack growth in both cases is inherently directionally unstable, a 
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FIG. 9--Examples of fatigue specimen configuration. 

condition caused by the bulge which results from the presence of the crack, with the bulge 
causing the tensile axial stress that satisfies the criterion for instability proposed in Ref 9. 

Of the different factors considered, the pressure and crack length both affect the size of the 
bulge in the region of the crack, but as these parameters did not directly influence the crack 
path curvature, it appears that the bulge itself does not play a direct role. The tests also con- 
firmed that the larger the cylinder radius, the straighter the crack. It was also shown that a thin 
liner has little effect on the crack direction, but a lack of  flexibility in that liner can result in 
straighter crack growth. This result could be quite significant in fatigue testing of pressurized 
cylinders or panels, where a patch is required to reduce leakage. Nonlinear effects were obvi- 
ously present, and a more sophisticated center point, or 3 k, design should replace the simple 
two-level design used. 

The deformations required to allow the crack to change direction in a cylinder can be a 
combination of  internal pressure acting on the shear lip near the crack tip. As this combination 
exists in all thin-walled cylinders under internal pressure, the necessary unsymmetrical defor- 
mations required for a direction change in a crack are also inherent to the system. External 
constraints, such as a stringer, also introduce deformations similar to that introduced by the 
shear lip, but it has yet to be determined how sensitive the crack path is to these two different 
loading conditions, as each may react differently to crack closure effects and subtle changes in 
crack direction. 
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Application of a Multiaxial Load-Notch Strain 
Approximation Procedure to Autofrettage of 
Pressurized Components 
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Notch Strain Approximation Procedure to Antofrettage of Pressurized Components," Advances 
in MultiaxialFatigue, ASTMSTP 1191, D. L. McDoweU and R. Ellis, Eds., American Society 
for Testing and Materials, Philadelphia, 1993, pp. 375-396. 

ABSTRACT: Theoretical approaches to predict the effect of autofrettage on the formation of 
residual stresses have been limited to tubes. This paper presents a new procedure to calculate 
approximately the residual stresses in pressurized components of any shape--with and without 
notches. The procedure developed can account very precisely for changes in the deformation 
behavior of metals during the first load cycles, e.g. the Bauschinger effect. An extension of the 
constitutive model of Mrrz to cyclic hardening and softening was developed to verify the approx- 
imation with finite element analyses. Very good agreement between the results of both 
approaches was found. Through application of the procedure it was found that maximum resid- 
ual stresses were usually generated by the pressure, producing a fully plastic net section. Only in 
a special case did the pressure, which gave maximum residual stresses, coincide with the lowest 
pressure, producing reversed yielding, which in the past often has been regarded as optimal 
pressure. 

KEY WORDS: autofrettage, residual stresses, notch strains, cyclic hardening, cyclic softening, 
constitutive equations 

Nomenclature  

Abor~ 
Aw~l 

E 

K ,~ 
n ~ 

P 
p 

P..t 
Pp 

q 

r 

R~ 
Ro 

R'~.2 

Area of bore 
Area of a cross-section through the wall perpendicular to the bore 
Young's modulus 
Subscript denoting "elastic" 
Cyclic-hardening coefficient 
Cyclic-hardening exponent 
Pressure 
Subscript denoting "plastic" 
Maximum pressure during autofrettage 
Pressure at fully plastic limit state 
Subscript denoting equivalent stress or strain 
Radial coordinate 
Radius of bore 
Outer radius of tube 
Cyclic 0.2% proof stress 
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$ 

Wk = Ro - R, 
w, 

Z 

ol 

~., f. 

p 

pt 

~RS 

~F 

Deviatoric part of  stress tensor 
Smallest wall size of  nonuniform components 
Largest wall size of  nonuniform components 
Longitudinal coordinate 
Translation coefficients of  yield surfaces 
Strain, strain tensor 
Poisson's ratio 
Effective Poisson's ratio in Hencky's equations 
Circumferential coordinate 
Stress, stress tensor 
Residual stress 
Flow stress 

Introduction 

A process called autofrettage can be applied to pressurized components, whereby favorable 
residual stresses are induced by a single high overpressure. The resulting plastic deformation 
near the bore will be constrained by the surrounding elastic material, thus leading to com- 
pressive residual stresses at the bore after unloading. If  the service pressure of  the component 
is significantly smaller than the autofrettage pressure, fatigue cycling will take place under 
compressive mean stresses at any possible crack initiation location at the bore, thus increasing 
fatigue life. 

Autofrettage has been applied to uniform thick-walled tubes fo r many years. Suitable auto- 
frettage pressures for this simple system can be chosen with the help of  several analytical solu- 
tions. Other, more complex-shaped, pressurized components, e.g. injection pumps of diesel 
engines, could benefit from autofrettage as well. In such nonuniform components, fatigue 
cracks often start from small notchqike regions, e.g. shoulders, or at cross bores as shown in 
Fig. 1. In those cases an affordable procedure is needed to determine a relationship between 
applied autofrettage pressure and resulting residual stresses. 

Generally such a procedure is required for three reasons: 

1. The plastic collapse load has to be accurately estimated to prevent bursting of the com- 
ponent during autofrettage. 

2. It should be possible to determine an "optimal" autofrettage pressure (see section enti- 
tled "Optimal Autofrettage Pressure"). 

3. Fatigue life of  the component could be evaluated numerically by the local strain 
approach provided the relationship between pressure and local stresses and strains could 
be used for service loading as well as for autofrettage. 

As there is only one load component, a single scalar quantity such as the von Mises equiv- 
alent residual stress g~s is sufficient to determine the pressure producing maximum compres- 
sive residual stresses for a fixed critical location in a given component of  a given material. This 
is regardless of  the influence of different mean stress components (~s,  o ~  on fatigue damage 
because their ratio cannot be individually adjusted. Therefore a function ~ s  = tip) could be 
sufficient to determine this pressure. 

For application to fatigue calculations, additional quantities are required. If  the selection of  
fatigue damage parameters is not to be restricted, full stress and strain tensors have to be 
known at possible crack initiation sites, i.e. a,j = ~(p), ~0 = ho(P). Also, changes of  the material 
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i 
FIG. 1--Fatigue crack at a cross bore o f  a fuel  injection pump. 

response from the initial (static) to the cyclically stabilized stress-strain curve have to be 
accounted for and relaxation of the compressive residual stresses has to be considered. 

This paper deals only with the determination of plastic limit loads and residual stresses, but 
the presented method does supply full stress and strain tensors and can therefore be extended 
to fatigue life calculation. The numerical determination of an "optimal" pressure can greatly 
reduce the number of experiments needed. It will usually be accompanied by a subsequent 
experimental determination of fatigue life for a given "optimal" autofrettage pressure to over- 
come problems with the modeling of the influences of mean stress relaxation, surface rough- 
ness, and fatigue damage accumulation. 

Analytical Solutions for Uniform Tubes 

Assuming linear elastic material, an analytical solution for uniform tubes under internal 
pressure can be found in many textbooks [1,2]. Because it is assumed that the sections of the 
long tube remain plane during deformation, the radial and hoop stresses across the sections 
are independent of the end conditions 

~ = P R  2 -  2 l - 
o - R i  

a* = P R2o - -  R ~  + l 

(1) 

(2) 
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whereas the constant longitudinal stress depends on them 

R~ 
= (closed ends) (3) 

az p RZo_ RZ i 

a= = 0 (open ends) (4) 

R~ 
2 -- 2 (plane strain) a= = 2V P R o -  R i  (5) 

The largest stresses will always be found at the inner radius Ri. Many analytical solutions 
exist for tubes of elastic-plastic materials. They differ in their assumptions: type of stress-strain 
curve (elastic perfectly-plastic, hardening), yield criterion (von Mises, Tresca), compressibility 
of the material and end conditions [1-9]. Most solutions depend on Hencky's flow rule. If the 
flow rule of Prandtl-Reuss is used, a system of differential equations has to be solved 
numerically. 

The fully plastic limit pressure for an elastic perfectly-plastic material is given by 

Pp= tre ~33 In (R~) (VON MISES, plane strain) 

Pp= ~F In (R~~ (TIn,SeA) 

(6) 

(7) 

where the solution for the yield criterion of Tresca (Eq 7) is valid for open and closed tubes 
and for the case of plane strain, hut subject to restrictions regarding tube radii (valid for Ro/Ri 
~< 5, see Ref 2). 

In Fig. 2 the maximum stress components at the bore, based on the theory of elasticity (Eqs 
1,2, and 5, and the fully plastic limit load (Eq 6), are depicted for different tube radii. For small 
ratios Ro/Ri -~ 1 the elastic stresses are high, but the limit load is low. A problem with the 
general applicability of autofrettage can already be seen: for small wall sizes high residual 
stresses are required, but the autofrettage pressure has to be low to prevent bursting of the 
component. Several solutions describe the development of residual stresses by purely elastic 
unloading. Only a few of these also include a way to calculate their limit of applicability, i.e. 
the occurrence of reversed yielding. Often it is assumed that the maximum residual stress is 
produced by the lowest pressure, causing reversed yielding [8]. While this assumption is true 
for elastic perfectly-plastic material behavior on unloading, it does not hold for materials 
exhibiting the Bauschinger effect. The high-strength steels, which are typically used in high- 
pressure applications, exhibit only a small amount of hardening during first loading. They are 
cyclically softening in the small strain region and develop a cyclic stress-strain curve much 
steeper than the one during first loading. This behavior is already significantly present during 
first unloading, so that the Bauschinger effect cannot simply be modeled by kinematic hard- 
ening based on the monotonic a-e curve. The only published analytical solution known to the 
authors, which incorporates changes in flow stress ae and hardening during first unloading in 
autofrettage, was obtained by CnEN [10]. Most of the recent papers on the subject, e.g. Refs 
8,11,12, however agree that the Bauschinger effect is significant in autofrettage. This is why 
residual stresses can still increase in spite of reversed yielding. The procedure developed here 
includes the Bauschinger effect. 
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Approximation Procedure for Stable Stress-Strain Curves 

Hoffmann and Seeger have developed a procedure to estimate multiaxial elastic-plastic 
notch stresses and strains under proportional loading [ 13,14,15 ], which can be applied to pres- 
surized components with and without notches. In the following, all equations have been writ- 
ten for locations at the bore. Different from the original papers, the equations include the spe- 
cial boundary conditions of  a pressurized notch. 

The material's response to deformation is described by a uniaxial stress-strain curve 

, = g(~) (8) 

which is assumed to be stable during the examined time period. It exhibits Masing behavior, 
i.e. hysteresis path segments can be calculated as 

Ae = 2 �9 g(A~/2) (9) 

and it follows the memory rules [ 16,17]. Multiaxial stress-strain response is based on the uni- 
axial stress-strain curve for any monotonic proportional loading path by employing equivalent 
stresses ~o and strains ~ 

eq = g(aq) (10) 

which can be determined by any flow criterion. In the following, the criterion by von Mises is 
used. As pressurized components are seldom loaded in torsion, existence of  a fixed principal 
stress state at the bore perpendicular to the radial (r), circumferential (~o), and longitudinal (z) 
directions can be assumed throughout the loading. Therefore the von Mises equivalent stress 
for a crack initiation location at the pressurized bore is given by 

aq = x/~ [(p + ~.)2 + ( ~  _ az)2 + (~z + p)~] (ll) 

In a second step it is assumed that, for any location where yielding begins, any appropriate 
conventional load-notch strain approximation formula can be applied if it is written in terms 
of  equivalent stresses and strains. In the following, Neuber's rule in the generalized form [ 18] 
allowing for nonlinear net section behavior is used 

E -  e "*�84 with p* - p "  OF., e* = g(p*) (12) E .  oq. eq = (ae,q) 2" p .  Pv 

Here ae,q is the local equivalent stress at the examined location based on theory of elasticity, 
e.g., Eqs 1,2,5 or finite element analysis. It is proportional to the applied pressure p. Note that 
in order to account for net section yielding the fully plastic limit load for elastic perfectly-plas- 
tic material behavior pp has to be known from Eq 6 or estimated. Combining the stress-strain 
curve and Neuber's rule as for uniaxial conditions, curves relating pressure to local elastic- 
plastic equivalent strains ~q(p) and stresses ~q(p) are obtained for a monotonic loading segment 
starting from zero stresses, strains, and pressure. In the next step those equivalent stresses and 
strains have to be decomposed into principal stresses and strains. Here, validity of  deformation 
theory is assumed so that plastic strain components are proportional to their deviatoric stress 
counterparts 

3 ev, q (13) 
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In total strains Hencky's equations can be written as a generalized form of Hooke's law for 
the examined location at the bore 

e, = eq ( _ p  _ V ( a ~  + r ( 1 4 )  
O'q 

~q 
~ = - ( ~  - . ' ( ~ z  - p ) )  ( 1 5 )  

O'q 

e= = - -  ((r: - v'((r~ - p ) )  ( 1 6 )  
O'q 

where u' = ~ -- -- v E,--qq 

There are four equations, 14, 15, 16, and 11, to determine the five unknown quantities E,, ~,, 
~z, am, g=(ar ---- --P)- The missing equation will in many cases be a boundary condition; some- 
times an additional assumption is necessary. For cylindrical tubes with open or closed ends, 
Eqs 3 and 4, which are based on equilibrium conditions, still apply. For straight cylindrical 
bores in uniform noncylindrical components, e.g. bores in a rectangular parallelepiped, Eq 4 
still describes open end conditions, while closed end conditions have to be formulated more 
generally than Eq 3 

Abore 
(r: = p Aw., (18) 

For cylindrical and noncylindrical components under plane strain conditions, Eq 5, which 
has been derived by the theory of  elasticity, has to be replaced by the more general formulation 
~= --- 0. If  the examined point is located at the intersection of  crossing bores, the appropriate 
boundary condition is 

~= = - p  ( 1 9 )  

If  az is known from boundary conditions at the examined location, the decomposed stress 
components are 

a= from Eqs 3,4,18, or 19 
,~,, = ~(,r~ - p) + ',/,r~ - ~(p + ,r~) 2 (20) 

If  the examined location deforms in a state of plane strain, the stress components can be cal- 
culated from 

) ;, ~ = ~ I pZ +b~q_ (21)  

r  = .,(r - p )  

witha  = 1 + 2 . ' - - 2 .  '2 
b = 2(1 - . ' + . ' 2 )  

(22) 
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382 ADVANCES IN MULTIAXIAL FATIGUE 

Still, some notch-like situations at bores remain where none of  the boundary conditions 
described above are valid. Extensive studies have shown that the ratio of  ~z/~, remains almost 
constant in notches throughout plastic deformation, forced by the surrounding elastic material 
[13,14]. Therefore, in the remaining cases it will be assumed that this ratio stays the same as 
under purely elastic conditions 

E~ e~,~ (23)  - -  = - -  

% ~ e , r  

Note that this condition is satisfied exactly in plane strain and that in most thick-walled 
components ez remains very small under all kinds of  end conditions. The stress components 
then read as 

~ [ ( m )  2 l + e +  e 2 ] p 2 +  1 2 _  m 
a~'= ~n n n ag ~n p 

(24) 

~z=  d ~  + ep 
with m = d + 2de - e + 1 

n =  1 - d + d  2 

( 2 5 )  

d = ~e'z/~e'r + lit 

1 + li%,z/~e~, 
l i ' ( ~ , . ~ / ~ , . ~ -  1 )  

e = 

1 + li'~e,~/~e,~ 

(26) 

In all three cases the corresponding strain components can then be determined from Eqs 
14,15,16. 

Now full stress and strain tensors as a function of  applied pressure have been determined 
for a monotonic loading segment starting from zero; au(p), ~ij(p). Similarly, curves for unload- 
ing can be obtained by this procedure for Masing behavior (Eq 9): A%(Ap), A~j(Ap). In a last 
step these curves are combined following the memory rules [ 16,17], which for a simple loading 
and unloading sequence as in autofrettage can be reduced to 

RS 
'~o = o i j (p  = PR.J  - A,~o(ap = p.. ,)  (27) 

Rs A,,j(zXp Eo = ~ o ( P  = P . . , )  - -  = P .u , )  (28) 

The major assumptions of  this approach are 

1. Masing behavior of  the material. 
2. Applicability of  Neuber's rule. 
3. Hencky's flow rule. 
4. Memory rules applied to multiaxial stress and strain components. 
5. For some cases, lateral constraint at notches (~/~ = constant). 

In Fig. 3 numerical calculations for a relatively thin tube (Ro/Rj = 1.3) under plane strain 
conditions are shown. The stress-strain curve of  the material is of  the Ramberg-Osgood type 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



KOTTGEN ET AL. ON PRESSURIZED COMPONENTS 383 

500  

p, O~o, Oz 
H P a  

400  

300  

2 0 0  

100 

0 

--100 

........ I ......... I ......... I ......... I ......... I ......... I ........ '. 

- - -  approximation procedure .. --~ 
..... FEM, deformation theory J , " " ~ " ' 7  ] 
. . . . . .  FEM, Mr'6z / ] I 

/ // 
_/ 'l 

i 7' 

~-- ~.31~/' ~. ~_~i-., ,, ,' 
'~ \ ~ /  / , '  
plane s f r o i n ~  

, , i , t t i ~ l , i  . . . . . . .  I . . . . . . . . .  I . . . . . . . . .  l . . . . . . . . .  I . . . . . . . . .  I . . . . . . . . .  

0 0 . 2  0 .4 .  0 . 6  0 . 8  1 1 . 2  

-Er ,  Eko, % 
FIG. 3--Stress-strain path at the bore for stable material behavior. 

Pp 

1 . 4  

( ~ I  ~I"' 

= 7E + \K-;] (29) 

with E = 210 000 MPa, K '  = 1337 MPa, n '  = 0.207 

The tube is loaded up to p = 1.3pp(R~o.2 = 377 MPa). In finite element analyses [ 19,20] defor- 
mat ion theory and kinematic hardening modeled by the multi-surface approach of Mr6z [21] 
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384 ADVANCES IN MULTIAXIAL FATIGUE 

and by Prandtl-Reuss equations were used. As pure deformation theory cannot be used for 
unloading, the procedure described by Eqs 27 and 28 was used for the unloading segment of  
the curves. Comparison of  the two finite element analyses deafly shows that Hencky's flow 
rule and the memory rules applied to components fit very well in this situation. This may be 
surprising as the ratios of  the deviatoric stress components sds, and Sz/Sr are not constant dur- 
ing loading (Fig. 4). Integration of  the Prandtl-Reuss equations leads to Hencky's flow rule if 
the ratios of  the deviatoric stress components stay constant. This does not necessarily mean 
that there will be significant deviations between the two theories if the ratios are not constant. 
This can be seen in Fig. 4, where those ratios change in a similar way for both approaches. The 
results shown here for one component geometry have been found for others as well, e.g. Figs. 
7 and 8. They are in agreement with the results of  other investigators [4]. 

Comparison with the approximation procedure shows a slight overestimation of  strains. It 
has to be attributed solely to Neuber's rule, which exhibits this behavior for different geometric 
situations with relatively smooth notches as well [22]. It could be reduced using other load- 
notch strain approximation formulas [22,23], but as almost no deviations exist for the residual 
stress components, this is thought to be unnecessary for the shown cases. For very large ratios 
between onset of  yielding and fully plastic state, however, Neuber's rule will not be 
appropriate. 

Extension of the MROZ Model to Transient Material Behavior 

The Mr6z model [21] has been found to describe stable cycle behavior of  metals well. In 
uniaxial stress states, identical results to the Masing plus memory approach are obtained. Mul- 
tiaxial conditions are modeled by a set of  discrete yield surfaces, which may move in stress 
space. These yield surfaces only move during plastic deformation. They never intersect, but 
can consecutively contact each other. The yield surfaces are concentric about the zero stress 
state for materials free of  residual stresses. 

Each yield surface corresponds to a point on the uniaxial cyclic stress-strain curve specifying 
a flow stress as well as a plastic hardening modulus. If  the yield function of  von Mises is used, 
those surfaces are described by 

~(s - a(/)):(s - a (I)) - ((r(ot)) 2 = 0 (30) 

where s is the deviatoric stress tensor, a (t) is the center of  each yield surface l, and (r(o t) is the 
stress at point l of  the uniaxial a-~ curve. 

In the original model of  Mr6z [21], purely kinematic hardening is assumed, i.e. yield surface 
radii a(0 t), were kept constant. To extend this model to transient material behavior, a very sim- 
ple approach was used which is analogous to the multilinear description of  the a-~ curve in the 
original model. Experimental data on cyclic hardening or softening can be derived, for exam- 
ple, from plastic strain controlled constant amplitude tests. In these tests the number of cycles 
Nis  proportional to the accumulated plastic strain f de~.q = f~(2/3)(d~p:d~p). If such tests are 
conducted with different amplitudes, stress-strain curves corresponding to different accumu- 
lated plastic strains can be constructed. These changing a-~ curves can be used to specify the 
evolution of  cr(0t) for ~(/) --- constant as a piecewise linear approximation of  experimental data 

~rto ') = f ( f  d~p,q) = f ( N )  (31) 

These data can also be gathered from single specimen tests by constructing a-~ curves from 
hysteresis segments through Eqs 8 and 9. Figure 5 gives a sketch of  the process. 
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FIG. 4--Path of deviatoric stress components for stable material behavior. 
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To fulfill the kinematic constraints of  the Mrrz  model, yield surface radii ag t~ of currently 
activated surfaces are changed to their interpolated values after finishing the usual Mrrz pro- 
cedure for each incremental load change. Their center points a u~ are moved so that all cur- 
rently activated surfaces remain in contact at the current stress point, also retaining their nor- 
mal vectors at that point. Yield surfaces not currently activated are not changed, but after 
activation they are immediately switched to their current value of  at0t~ --- f (f d%.~) as if they 
had been activated throughout the whole process. This means that changes of  the a-~ curve do 
not affect monotonic segments ofproportionalloading, but become obvious immediately after 
load reversal. Also in proportional loading the stress-strain path will return to the initial (static) 
curve exceeding prior maximum stresses (Memory 1 or 3), but the ranges of  stresses and strains 
of  subsequent cycles with the same amplitude will only be determined by the current ~-, curve. 
In other words, form and size of hysteresis segments, but not their position, are a function of  
accumulated plastic strain only, not of  the distribution or sequence of high and low load ampli- 
tudes. While this approach may still not model all aspects of  cyclic hardening or softening [24- 
26], it is compatible with many approaches in treating accumulated plastic strain as the pri- 
mary variable to describe changes in stress-strain behavior [27,28]. A multilinear approxi- 
mation of experimental evolution data that is different from other approaches was used here 
because the mathematical form of the underlying a-~ equation in two-surface models, e.g. Ref 
27, and the evolution equations in both two- and multi-surface models, e.g. Refs 27 and 24, 
could not be fitted to data taken from uniaxial tests during the first cycles. 

The current model does not include cyclic creep or mean stress relaxation, but it can easily 
be combined with the respective extension of  the multi-surface model of  Chu [29]. In the con- 
text of  this paper the extended Mrrz  model was used for the verification of the developed 
approximation procedure. For autofrettage the most important feature of  the extension of  the 
Mrrz  model is that the a-E curves during unloading will depend on the maximum plastic strain 
during loading just like experimentally obtained curves. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



KOTTGEN ET AL, ON PRESSURIZED COMPONENTS 387 

Approximation Procedure for Transient Material Behavior 

The procedure of  Hoffmann and Seeger [ 13,14,15], which has been described in the section 
entitled "Approximation Procedure for Stable Stress-Strain Curves," can easily be extended 
to transient material behavior if the basic stress-strain curve is not kept constant as in the orig- 
inal approach. Different stress-strain curves have to be used for loading by autofrettage ~(c), 
unloading from autofrettage pressure A~(~)(A~(~>), and for fluctuating service pressure Aa(A~). 
Here ~(E) is the static stress-strain curve, A~(~)(A~ ")) is the hysteresis segment during first 
unloading after a static tension test, and A~(A~) has to be derived from the cyclic ~-E curve 
assuming MASING behavior (Eq 9). 

Starting with these different curves, the rest of  the procedure remains as outlined in the sec- 
tion entitled "Appropriate Procedure for Stable Stress-Strain Curves" and as shown in Fig. 6. 
As autofrettage and subsequent fluctuating service pressure do not provoke the more difficult 
types of  material memory (return on to the static curve), simple superposition of  the stress and 
strain components can still be used (Eqs 27 and 28). In the absence of  an experimentally deter- 
mined a-~ hysteresis segment for first unloading, a conservative estimation of  cyclically soft- 
ening materials is given by the stabilized curve and for cyclically hardening materials by the 
static curve. Figure 7 shows stress-strain paths calculated by the finite element approach as 
described in the section entitled "Extension of  the Mrrz Model to Transient Material Behav- 
ior" and by the approximation procedure for a tube (Ro/R~ --- 2) under plane strain. The autof- 
rettage pressure was Pa,t = 0.95 pp. A high-strength steel, 42 Cr Mo 4 (similar to AISI 4140), 
was modeled using the cyclic a-E curve for unloading to show the effects more deafly. During 
loading a bilinear ~-~ curve with a yield stress aF = 1000 MPa, Young's modulus E = 210 000 
MPa, and a plastic tangent modulus Er = 1400 MPa was used; during unloading for the 
approximation procedure, a Ramberg-Osgood type of  stress-strain curve was used (Eq 29) with 
K '  = 1370 MPa and n '  = 0.1. In the finite element analysis the same unloading curve was 
used for integration points exceeding accumulated plastic strain f d~p.q = 0.8%; for all other 
points it was linearly interpolated between this curve and the loading segment. Therefore in 

stress-sfroin curve 
AE: 

" ~ A o  

Cq ~ -E i j  
= NLaJoer's rule p decomposition 
AEq AEij 

Ap 

a~ 

J 'Aaz 

stress-stroin l~th 

FIG. 6--Approximation procedure for transient material behavior. 
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the finite element analysis most parts of the structure did not exactly follow the unloading 
curve of  the approximation. Still, the approximation procedure yields very good results. As in 
the approximation for the stable material behavior, the small deviations in strains have to be 
attributed to Neuber's rule. 

Figure 8 shows the path of  the deviatoric stress components for loading as well as for unload- 
ing using a Aa0/2 coordinate system as in Fig. 6 for the unloading segment. It can be seen that, 
in spite of  significant changes in the deviator ratios, the Prandtl-Reuss equations of  the 
extended Mr6z model and Hencky's flow rule as part of the approximation yield similar 
results. 

Although autofrettage pressure had almost reached the limit pressure pp so that most of the 
tube's wall had yielded, significant residual stresses were produced. 

Optimal Autofrettage Pressure 

For components with only one notch, the pressure producing the maximum compressive 
residual stresses is also the optimal pressure giving the highest fatigue strength because even 
with mean stress relaxation it produces the lowest mean stresses for service loading. The pro- 
cedure described above can be used in a straightforward manner to predict influences ofauto- 
frettage pressure, component geometry, and material behavior on the formation of  residual 
stresses--the only equations which cannot be solved directly are the set of  two nonlinear equa- 
tions implementing Neuber's rule (Eqs 13 and 8). 

In Fig. 9 the influence of  four different types of  stress-strain curves on resulting residual 
stresses is shown for a tube with Ro/Ri -- 2. For the loading segment of  the ~-E curve, elastic 
perfectly-plastic and bilinear hardening materials were assumed. For unloading, a purely elas- 
tic and a cyclic stress-strain curve were looked upon. It can be seen in Fig. 9 that regardless of 
the type of  stress-strain curve the residual stress ~ s  increases monotonically with autofrettage 
pressure P,u, until the fully plastic limit load pp is reached, assuming elastic perfectly-plastic 
material. For this type of  material, that point marks the collapse load, so these curves stop 
there. For hardening materials, the other curves show a drastic reduction of residual stresses 
forpa,Jpp > 1. 

TO produce high residual stresses it is necessary on one hand to have high plastic strains 
during loading, because otherwise unloading would be almost elastic, but on the other hand 
to retain a maximum tensile stress as low as possible, otherwise the unloading segment' will 
not be able to achieve highly compressive stresses. This explains why the optimal autofre,tage 
pressure occurs at the start of  net section yield, producing high plastic strains but not yet aigh 
stresses due to hardening. This effect is independent of  the type of  material examined an I of 
the component geometry as can be seen in Fig. 10. There is only one exception to this ruh7 if 
elastic perfectly-plastic behavior is assumed on unloading, the function ~S(p,ut) remains con- 
stant for all pressures, causing reversed yielding. However, even for this material behavior, the 
fully plastic limit load is reached earlier than reversed yielding for tube radii Ro/Ri <~ 3 . . .  5, 
depending on end conditions and flow criterion (see Fig. 2 for max % = p~). Of course, to 
prevent bursting, Paut will have to be smaller than pp. Assuming Pa,, = 0.85 pp the tube wall will 
have yielded approximately halfway for common tube radii, explaining an often-cited rule of  
thumb which relates optimal pressure to extending the plastic zone to Ro~ = 0.5(Ro - R~). 

Figure 10 also shows that the maximum residual stresses can be quite low for relatively thin- 
walled tubes due to their low plastic limit load. Here, due to small stress gradients across the 
tube wall, compressive residual stresses lead to residual stresses of  a similar size at the outer 
radius r = Ro, which will be in tension, reducing fatigue strength there. In thick-walled com- 
ponents, the residual stresses at the outside are also in tension, but because of  steeper stress 
gradients residual stresses as well as local stress and strain amplitudes under service pressure 
are so much smaller and therefore not critical. 
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Notches on the outer side of a tube, however, might become critical under autofrettage 
because significant tensile residual stresses may develop if plastic deformation occurs at these 
notches. Such situations can be checked by the approximation procedure replacing Eqs 
20,21,22, or 24,25 with the equations originally developed by Hoffman and Seeger [13-15] 
for pressure-free components 

1 
a* -- VII - d + d 2 ~q (32)  

~rz = d .  ~ (33) 

with d defined in Eq 26. In complex components all locations with a local maximum of equiv- 
alent stress will have to be checked with the help of  the outlined procedure, adding service 
loading as the third segment to the calculated stress-strain path. In a few cases it will not be 
possible to evaluate the influences of  different multiaxial mean stresses and multiaxial strain 
amplitudes under service loading without performing damage calculations for the calculated 
paths because in general the optimal autofrettage pressure for a given component with more 
than one possible crack initiation site does not have to be the pressure producing the maxi- 
mum residual stresses. 

Appl icat ion to Components  

One problem for the general application of  the outlined approximation procedure has not 
been discussed yet: the knowledge of  the fully plastic limit load pp for a given component. Fig- 
ure 11 shows the development of plastic zones for four different parallelepipeds with bores. It 
can be seen that in one case (Ro/Ri -- 1.3, with wall size ratio WJWk = 2, Fig. 12) yielding 
even starts at the outside. Still it has been found that the plastic limit load can be estimated 
extremely well by inscribing a tube into the examined component with a wall size equal to the 
thinnest wall size of  the component, pp can then be determined from Eqs 6 or 7. As sketched 
in Fig. 12, this approach has been successfully tried for different geometries of  parallelepipeds 
with one bore, parallelepipeds with co-linear rows of  bores, tubes with interior shoulders, and 
for crossbores. The cases in Fig. 11 were analyzed by finite elements for plane strain conditions 
and von Mises flow criterion. For Ro/Ri = 1.3 the estimated pp = 0.303 was only 0.3% offthe 
finite element results, for Ro/R~ -- 2 (Eq 6) gave pp -- 0.800, which was only 2% too low. 

There is one common geometry where pp cannot be estimated this way. It is a closed cylin- 
drical tube yielding through the top instead of  the cylinder walls. Dead end bores with thin 
caps are in the same category. For these cases currently no estimation ofpp can be given. 

Conclus ion 

The multiaxial load-notch strain approximation procedure of  Hoffmann and Seeger has 
been extended to pressurized components exhibiting transient material behavior. It has been 
shown that the results from this procedure agree very well with finite element analyses; based 
on deformation theory, the pure Mrrz model and a Mrrz  model extended to transient material 
behavior. This procedure can predict full residual stress and strain tensors as a function of 
applied autofrettage pressure for any type of  stress-strain curve during loading and unloading 
and for nonuniform components provided the stress components based on the theory of elas- 
ticity at the examined locations are known. 

In addition, it was found that deformation theory yields very accurate results when applied 
to common pressurized components, although the ratios of  the deviatoric stress components 
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FIG. 12--Estimation offully plastic limit loads for different component geometries. 

were found to change during loading. These computations were for proportional loading only, 
as is typical for autofrettage. This confirms numerically the use of  deformation theory in many 
analytical solutions for tubes and may be exploited for faster finite element analyses of  such 
components.  
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Notch Root Inelastic Strain Estimates Using 
GLOSS Analysis 

REFERENCE: Seshadri, R. and Kizhatil, R. K., "Notch Root Inelastic Strain Estimates Using 
GLOSS Analysis," Advances in Multiaxial Fatigue, ASTM STP 1191, D. L. McDowell and R. 
Ellis, Eds., American Society for Testing and Materials, Philadelphia, 1993, pp. 397-411. 

ABSTRACT: Inelastic strains in notched mechanical components and structures can be pre- 
dicted with reasonable accuracy using the generalized local stress strain (GLOSS) method of 
analysis. The GLOSS diagram is essentially a normalized stress-strain plot of a "local" region 
that is subjected to greater inelastic strains as compared to the "remaining" region. Inelastic 
response of the local region due to plasticity and creep is simulated by artificially lowering the 
stiffness of the nominally inelastic region. Thus, inelastic strains at the root of a notch can be 
estimated on the basis of two linear elastic finite element analyses per point on the load-notch 
strain curve. 

The theory underlying GLOSS analysis essentially relates the inelastic multiaxial stress redis- 
tribution in the local region to the uniaxial stress relaxation process. The varying degrees of inter- 
action between the local and remaining regions, which are characterized by the "constraint 
parameter," enable the determination of inelastic strains when used in conjunction with the 
cyclic stress strain curve. 

The GLOSS method of analysis can be used to estimate inelastic effects for realistic notch 
geometries and component loadings. The method can be applied in a routine manner to a range 
of inelastic zone sizes. The incorporation of an Irwin's type of correction to the plastic zone 
enables reasonably accurate determination of the inelastic notch strains for the purpose of low- 
cycle-fatigue evaluations. The GLOSS method is applied in this paper to several geometric con- 
figurations of practical interest. 

KEY WORDS: low-cycle fatigue, strain concentration, relaxation modulus, constraint param- 
eter, follow-up 

Nomenclature 

Ak Area of  the kth d e m e n t  in a finite e lement  discretization scheme 
E0 Modulus  o f  elasticity o f  local region 
E '  Secant modulus  o f  softened elements  in the second l inear elastic finite e lement  analysis 

E"~ Secant modulus  o f  the softened elements  in the second linear elastic finite e lement  anal- 
ysis with plasticity correction 

Es,, Secant modulus  o f  a point  on the Neuber  locus 
E, Relaxat ion modu lus  
K' Cyclic strength coefficient 

2N: Reversals to failure 
n' Cyclic s t rain-hardening exponent  
ec Creep strain 
eel Elastic strain 
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e, Total strain 
e~ Fatigue ductility coefficient 
r Time 

ae Equivalent stress (yon Mises) 
aei Equivalent initial stress 
~ Fatigue strength coefficient 

gm Mean stress 
ay Yield stress 
g~ Modified yield stress 
~y Normalized yield stress (= gy/ae~) 

/xe ~ Total local strain range 
A~ Local stress range 

0 Follow-up angle 
3' Constraint parameter 

Superscripts 

o Local region 
r Remainder region 

Introduction 

The strain-life approach has been used widely in evaluations pertaining to fatigue crack ini- 
tiation and related life estimation. Fatigue life estimates of notched mechanical components 
and structures can be performed on the basis of a knowledge of the notch root strain history 
and smooth specimen fatigue data for fully reversed constant amplitude loading [1,2]. Total 
fatigue life of notched components can be estimated by procedures which combine the strain- 
life approach with fracture mechanics methods [3,4]. The total life is assumed to be made up 
of the initiation and propagation phases. 

Central to the strain-life approach is the determination of the notch root inelastic strains. 
The common techniques that have been used in this regard are strain gage measurements, 
inelastic finite element analyses, and approximate analytical methods. While strain gaging and 
inelastic finite element modeling can be implemented in principle, they can be time consum- 
ing and expensive. Approximate analytical methods such as the Neuber rule [5], its variations 
[6, 7], and the energy-based methods [8,9], while useful and simple to implement, generally 
lead to an overestimation or an underestimation of the notch root inelastic strains. Quite 
understandably, it would be difficult to accurately predict notch root strain fields using the 
approximate methods for a wide range of geometric configurations and material behavior. 

The GLOSS method of analysis, which is the subject of this paper [10,11], is a practical 
compromise between the elaborate methods (such as the inelastic finite element technique and 
strain gaging) and the approximate analytical techniques. The GLOSS method offers useful 
insights into the nature of the local deformation field and constraints. The method possesses 
an aspect of"robustness," i.e., an ability to provide acceptable results on the basis of a con- 
ceptual insight and the availability of a less than ideal material data. 

The GLOSS method of analysis is applied to several notched component configurations in 
this paper. Specifically, examples of a plate with a circular hole subjected to a tensile load, a 
Bridgman notch specimen in tension, and a pressurized cylinder with an internal circumfer- 
ential notch are considered. The results obtained by GLOSS analysis are compared with 
inelastic finite element results and predictions made by the use of the Neuber rule. 
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The Generalized Local Stress Strain (GLOSS) Analysis 

In the GLOSS method, described by Seshadri [ 10], the mechanical component or structure 
is divided into the local and remainder regions (Fig. 1). The local region typically experiences 
the largest inelastic effect and is often of interest from a design standpoint. The size of the local 
element, such as the notch root, would depend on the finite element discretization scheme 
used in the analysis. The GLOSS theory essentially relates the multiaxial stress distribution in 
the local region to the uniaxial redistribution process. The varying degrees of interaction 
between the local and remainder regions are characterized by a "constraint parameter" which 
can be used in conjunction with the uniaxial model to generate inelastic results. 

Key to GLOSS evaluations is the determination of the local region relaxation modulus. This 
can be accomplished by studying the relaxation locus on the GLOSS diagram, which is essen- 
tially a plot of the normalized equivalent stress and the normalized equivalent strain. For 
small-to-moderate plastic zone sizes, the relaxation locus is almost linear in many practical 
component configurations. In other words, the local region relaxation modulus is dependent, 
to a first approximation, on the response of the remainder region. The local region response 
would therefore appear to be insensitive to the precise nature of the local region nonlinearity 
and the material constitutive relationship. The implication is quite significant in that the relax- 

• 
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FIG. l--One-dimensional idealization of systems experiencing follow-up. 
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400 ADVANCES IN MULTIAXIAL FATIGUE 

ation modulus can be determined using any convenient constitutive relationship that allows 
progressive relative softening of  the local region. Therefore, GLOSS analysis can be used to 
predict inelastic response whether the inelasticity arises due to first stage creep, steady state 
creep, or even time-independent plasticity. Local region softening by systematically reducing 
the elastic modulus, for instance, is therefore an attractive prospect. 

On account of  the foregoing aspect of the approximate dependence of  the behavior of  the 
local region on the response of  the remainder system, which for small-to-moderate plasticity 
is almost linear, it is possible to theoretically derive the local region relaxation modulus on the 
basis of  creep constitutive equations, which can then be used to determine plastic strains, say 
at the notch root. 

The theory of  GLOSS analysis is developed next on the basis of a comparison between mul- 
tiaxial and uniaxial stress relaxation processes. The equivalent uniaxial strain distribution of  
the local region, which actually represents a multiaxial strain distribution, can be expressed as 
[lO] 

R 
"o Eel 71" ,.y ~o _~ 0 ( 1 )  

where ~ is the constraint parameter. Since the total local strain ~ is the sum of elastic, plastic, 
and creep contributions, and if the plastic strains are time invariant, then 

Combining Eqs 1 and 2 

-o  "o "o  E, = + (2) Eel 6c 

o 
Ee/ ~ E t 

Recognizing that J~ = (1/Eo)(daffdr), the relaxation-modulus (Er) can be defined as 

dae lIdae ~ (__~)  
E ,  - a - a ,  j = e o  

(3) 

(4) 

The relaxation modulus is the slope of  the stress relaxation locus in the local region ae versus 
E~ plot, i.e., the GLOSS diagram. 

Introducing the nondimensional quantifies, 

~ E ,  
O'e - o  Et E r  = - -  ( 5 )  ~___ - -  6 t I ae, (adEo) Eo 

the normalized relaxation modulus can be expressed as 

E, = - ( 6 )  
3 , - 1  

or 

E r  

- ~ ~ -  1 (7) 
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The constraint parameter ~ can therefore be expressed in terms of  the relaxation modulus, 

Equation 1 can now be written as 

(Er - -  HUt + EA ~ = 0 (8) 

The above equation expresses the strain redistribution process in the local region in terms of 
the relaxation modulus. 

Determination of Relaxation Modulus, E, 

The insensitivity of  the local region response to the precise nature of the local region non- 
linearity and material constitutive relationship enables the determination of  the relaxation 
modulus by systematically adjusting the modulus of  elasticity in the inelastic region. The soft- 
ening of  the local region is relative to the remainder region; the actual material is not neces- 
sarily undergoing a cyclic softening process. This aspect of  insensitivity of the local region 
response offers considerable simplifications. 

The GLOSS diagram is a plot of  the normalized equivalent stress versus the normalized 
local equivalent total strain that can be generated on the basis of  two linear elastic finite ele- 
ment analyses. The first finite element analysis is carried out for a component configuration 
with the various mechanical and thermal loadings prescribed. The entire component is 
assumed to be linear elastic. The second finite element analysis is carried out next after arti- 
ficially reducing the elastic modulii of  all elements that exceed the yield stress as follows 

= ( 9 ,  
\ aeJ 

It is assumed that the redistribution is deformation controlled and that the material is elastic- 
perfectly plastic, although the foregoing softening process can be carried out for any other 
material constitutive relationship. The elastic properties of all other elements are left 
unchanged in the second finite element analysis. On the basis of  the two finite element anal- 
yses, the relaxation line AC (Fig. 2)can be located. 

The relaxation modulus (L'r) can be expressed as 

d~ A~ 
E" = d ~  o - -  z X ~  (10) 

The angle 0 is a measure of  the extent of  the multiaxiality and local follow-up. The term follow- 
up refers to the inability of  the remainder system to force the local region response along/~ = 
0 (the uniaxial reference case). In other words, follow-up is the deviation from pure defor- 
mation control action. 

The triaxiality factor (TF) is defined as [ 12] 

3 0 "  m 
TF = - -  ( l l )  

O" e 

Positive 0 is indicative of  a stress state that has a larger triaxiality factor than the uniaxial case 
for which TF = 1, and a negative 0 implies a state Of stress with a smaller triaxiality factor. 
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FIG. 2--Determination of notch root inelastic response. 

For constitutive relationships other than elastic-perfectly plastic, E~ can be obtained by locat- 
ing the point of  intersection of  the relaxation line with the material stress-strain curve either 
graphically or analytically. 

Plastic Zone  Correction Factors 

In the foregoing section, the elastic modulus of  all elements in which the equivalent stress 
exceeded the yield stress was artificially reduced in a systematic manner. With reference to Fig. 
3, this would correspond to a plastic zone (Rp) that lies within the contour r~. The portion o f  
the stress distribution that is in excess of the yield stress is not accounted for in the determi- 
nation of  the plastic zone size, i.e., the actual size of  the plastic zone (R~) which lies within the 
contour F2 is larger than R e. An approximate estimate of  actual plastic zone size can be 
obtained by invoking a procedure similar to Irwin's crack-tip plastic zone correction technique 
[13]. The larger plastic zone will essentially increase the inelastic strains at the notch location. 

With reference to the finite element discretization shown in Fig. 4, a typical element (k) of 
area Ak is considered. The unbalanced force due to the stresses in excess of  yield is given by 

N 

F..ba..~ = ~..  ( ~ -  ay)kAk (12) 
k=l  

where Nis  the number of  elements in the finite element mesh that exceed yield and Ak is some 
fictitious area over which the equivalent stress acts. It would be awkward in the present com- 
putational scheme to make adjustments to the size of  the plastic zone. Instead of  attempting 
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FIG. 3--Plastic zone redistribution around a notch. 

to determine the actual size of  the plastic zone (R~), the yield stress of  each element within the 
nominal plastic zone (Rp) can be lowered artificially for the purpose of  inelastic strain concen- 
tration estimates so that additional inelastic strains can be induced at the notch root. There- 
fore, for every individual element in which the equivalent stress exceeds the yield stress 

leading to 

( , ~ e -  , ~ ) H ,  ( , ,~ ' - = - oy)~A~ (13) 

o~ = 2 a t -  ae (14) 

The above equation can also be obtained on the basis of  energy considerations. For well- 
designed components and structures, a~ > 0. However, for acute notches or larger plastic zone 
sizes ae could be greater than 2ay. In such cases it would suffice if a~ is specified as a small 
quantity, say Eo/1000, without loss of  accuracy in strain-concentration estimates. The secant 
modulus for the second linear elastic analysis can be expressed as 
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(15) 

For small to medium amounts of follow-up (0 < 60), for which the proportional loading 
assumption is not seriously violated, the inelastic strain estimates would constitute an upper 
bound [14] which from the standpoint of low cycle fatigue assessment is conservative. 
Although a rigorous method for estimating the proximity of the bound to the exact solution 
is required, the several GLOSS-based analyses of common component configurations have 
repeatedly shown the estimates to be reasonably good for small to medium amounts of follow- 
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up. However, without plasticity correction the inelastic strains would be underestimated, and 
the correct value would lie between the foregoing estimate and the upper bound estimate of 
inelastic strains based on plasticity corrections. In this sense, the magnitude of error bounds 
on the estimate can be obtained. 

The method can be extended to include creep effects by invoking the concept of"isochro- 
nous yield surfaces [15]." In effect, the creep active zone is used instead of  the plastic zone by 
identifying all elements that exceed the time-dependent allowable stress S,,(r). This allowable 
stress for isothermal components and structures can be established on the basis of specified 
creep deformation in a given time or the rupture life. The secant modulus of all the elements 
in the creep-active zone can be modified as 

\ tre / 
(16) 

Marriott [16] has proposed a similar adjustment procedure in a different context. 

Multiaxial Constraints and Local Region Follow-up 

Load and Deformation Control 

The concepts of  load and deformation control can be illustrated on the GLOSS diagram. 
For deformation control action, the angle 0 is zero, TF = 1, and the constraint parameter 3' 
= 1. The implication is that a highly localized inelastic zone is surrounded by an entirely elas- 
tic remainder. It is precisely due to this reason that "shakedown" action occurs in mechanical 
components and structures. For the load control action, the angle 0 is 90" and y = 0. This 
situation is usually associated with a statically determinate action such as incipient collapse or 
net section yielding. 

Local region yielding in most components involve both load and deformation control 
actions in varying proportions. The angle 0 for such situations is less than 90". Incidentally, an 
angle 0 of  45" on the GLOSS diagram corresponds to the initial slope of  the Neuber locus. For 
the more general component configurations, the angle 0 can be calculated by the following 
expression (Fig. 2) 

71" 
0 = ~ -- arctan ( -  ~W) (17) 

Positive 0 is indicative of  a triaxial state of stress at the notch root which is greater than the 
uniaxial reference case (0 = 0), whereas negative 0 implies a lower triaxiality. The smooth 
specimen configuration would then correspond to the "reference case" of 0 = 0 degrees. 

A constant value of ~ implies that the principal stress ratios are invariant along the relax- 
ation line. For small to medium amounts of follow-up, the stress ratio changes are not signif- 
icant. The assumption of  proportional loading is implied along a relaxation line for which 
is constant, although in reality some departure from this is expected. 

The Neuber Locus on the GLOSS Diagram 

Neuber's rule states that the theoretical stress concentration factor is the geometric mean of 
the actual stress and strain concentration factors. Although this approximation holds only for 
a specific notch and component geometry, it is commonly used as an analytical approximation 
for a variety of  configurations. 
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The Neuber locus can be described by the normalized equation 

a ~  = l 

With respect to Fig. 2, the strain at point G is given by 

g l ~  = - -  
ay 

i.e., the relaxation-modulus (Tgr) can be obtained as 

(18) 

(19) 

7~r = g (20) 

m 

The relaxation modulus has the same magnitude as the secant modulus (E,..) of a given point 
on the Neuber locus, but is of the opposite sign. Using Eq 7, the constraint parameter, ~, which 
characterizes the interaction between the local and remainder regions, can be expressed as 

l + ~'s,,, (21) 

It can be seen that the constraint parameter varies along the Neuber locus. 

Inelastic Strain Concentration Factors--The Critical Location Method (Fig. 5) 

Monotonic stress-strain curves have been commonly used to obtain design parameters for 
limiting stresses in mechanical components and structures that are subjected to static loading. 
For repeated !oadings, however, cyclic stress-strain curves are relevant for assessing the design 
adequacy. 

On the basis of the knowledge of the cyclic stress-strain curve, estimation of the stabilized 
hysteresis loop for materials that exhibit symmetric behavior in tension and compression is 
possible by using Massing's hypothesis [ 17]. By doubling the stress and strain values from the 
stabilized cyclic stress-strain curve, a corresponding point on the hysteresis loop can be 
obtained. The general hysteresis curve is given by the equation 

~o- ( Ao/('/"') 
/x~ = ~oo + 2 \~ -~ /  (22) 

The strain-life relationship is commonly, expressed as 

a~ Z = o5- (2N,,)" + ~)(2_,V.,.) '~ 
2 Eo 

(23) 

AE~ can be obtained by the GLOSS method of analysis described in this paper, and the 
fatigue life can be obtained from Eq 23. While an elastic-perfectly plastic constitutive equation 
is assumed for the numerical examples presented in this paper, the GLOSS method is not nec- 
essarily restricted to this type of material behavior. For strain-hardening materials, ae~ is 
obtained by simply locating the intersection of the relaxation line with the prescribed material 
stress-strain curve. 
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~ NEAR ELASTIC APPROXIMATION 
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I DEFORMATION c ,J 0L 
0 

NOTCH ROOT TOTAL STRAIN 

FIG. 5--The critical location method. 

The effect of mean stress can be introduced by modifying the elastic term in the strain-life 
equation, i.e., 

A~' _ ~ -  o,. (2Ns)~ + ,~(2N~y 
2 E0 

(24) 

Other forms of equations have been reported in the literature [18,19] which also take into 
account the effect of mean stress. 

Numerical Examples 

Inelastic strains at the notch root are evaluated by the GLOSS method, without and with 
plastic zone corrections, for the following assuming an elastic-perfectly plastic material. 

Plate with a Circular Hole Subjected to a Tensile Load (Fig. 6) 

Material: 24S-T3 Aluminum alloy 
Radius of the hole = 0.6375 X 10 -z m 
Width of the plate = 0.3819 • 10 -1 m 
Length of the plate = 0.7620 X 10 -1 m 
Yield stress, oy = 363.20 MPa 
Modulus of elasticity, E0 = 7.2368 X 104 MPa 

Bridgman Notch Bar in Tension (Fig. 7) 

Material: Cr-Mo S tee l  
J 

Maximum diameter -- 2.6416 X 10-2m 
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FIG. 6--Plastic strain concentration in a plate with a circular hole. 
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FIG. 7--Plastic strain concentration for a Bridgman notch. 
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Minimum diameter = 2.1082 • 10 -2 m 
Notch radius = 0.6858 • 10 -2 m 
Yield stress, ay = 200.00 MPa 
Modulus of elasticity, E0 = 1.90 • 105 MPa 

4 0 9  

Pressurized Cylinder with a Circumferential Notch on the Inside Surface (Fig. 8) 

Material: Stainless steel 
Outer radius = 0.6350 m 
Inner radius -- 0.4064 m 
Notch radius = 0.0254 m 
Yield stress, ar = 200.00 MPa 
Modulus of  elasticity, E0 --- 1.896 • 105 MPa 

It can be seen from the figure that the GLOSS method without plasticity correction consis- 
tently underestimates the magnitude of  notch root inelastic strains. The incorporation of  plas- 
tic zone corrections improves the estimate considerably as can be seen from the comparisons 
with inelastic finite element analysis results. 
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FIG. 8--Plastic strain concentration in a closed cylinder with a circumferential circular notch. 
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The inelastic strain estimates using Neuber's rule are also plotted in Figs. 6, 7, and 8. It can 
be seen that the Neuber-type inelastic strain estimates depend on the type of  constraint, i.e., 
the predictions are better for plane stress geometric configurations. 

For  small to moderate amounts of  plasticity, i.e., follow-up angles below 60", the GLOSS 
method with plasticity corrections leads to accurate to marginally conservative values of  
inelastic strains at the notch root that would underestimate low cycle fatigue life predictions. 

Conclusions 

The GLOSS method of  analysis that incorporates plastic zone corrections provides reason- 
ably good estimates of  the notch root inelastic strains. The relaxation modulus of the notch 
root, which characterizes the constraint effect, can be obtained on the basis of  two linear elastic 
finite element analysis per point on the load-notch strain curve. The inelastic strains at the 
notch root can be computed for any given component  configuration, loading description, and 
material stress-strain relationship. 

The GLOSS method has been applied in this paper to several geometric configurations, and 
the inelastic strain estimates compare favorably with the results of inelastic finite element anal- 
ysis. The method can be extended to problems involving notch creep strain concentrations in 
mechanical components  and structures. 
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DISCUSSION 

R. J. DiMelfi ~ (written discussion)--As I understand your analysis, you artificially lower the 
elastic stiffness in the local region of  a notch to account for inelastic flow in this region. During 
fatigue cycling, when you reverse load, do you allow the local region to unload in accordance 
with this lower stiffness or do you have it change back to be compatible with the stiffness of  
the "remaining" region? Also, regardless of  the artifice that you use to model cyclic hardening, 
is there a physical justification in this alloy for the consequent hardening that you show for the 
local region while the remaining region flows perfectly plastically? 

R. Seshadri and R. K. Kizhatil (authors' closure)--The GLOSS method discussed in this 
paper, intended for use in conjunction with the strain-life method, enables determination of  
the equivalent total strain range on the basis of  two linear elastic finite element analyses. The 
artificial stiffness adjustment of the nominally plastic region is carried out in order to assess 
inelastic action in the local region. 

The equivalent total strain range can be determined by locating the intersection of  the relax- 
ation line and the cyclic stress-strain curve (obtained from stable hysteresis loops for a family 
of  constant strain amplitudes). In the context of  the method outlined in this paper, no further 
adjustments to the stiffness are prescribed for dealing with fatigue load reversals. 

During the unloading part of  the fatigue cycle, the remainder region will still control the 
response of  the local region for small to medium amounts of  follow-up. The authors do wish 
to point out that further refinements to the method are indeed possible. 

Argonne National Laboratory, RE-207, Argonne, IL 60439. 
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ABSTRACT: In this paper analytical methods to evaluate multiaxial low-cycle fatigue lives for 
pressure vessel components have been appraised and the sources of conservatism highlighted. 
For this purpose, a sample design problem involving a pressure vessel component fabricated 
from a coded structural alloy subjected to a specified set of loading conditions has been evaluated 
for fatigue. The local strain approach has been used as a basis for assessing two methods of fatigue 
evaluation in the low-cycle fatigue regime: (1) the ASME Code, and (2) the Japanese MITI 
Code. A possible extension of the code procedures to include hydrostatic effects has been 
recommended. 

KEY WORDS: low-cycle fatigue, ASME code, MITI code, multiaxiality, elastic plastic analysis, 
strain concentration factor, peak stresses, linearized stresses 

Nomenclature 

Ao Material parameter  (MITI code) 
b Fatigue strength exponent 
c Fatigue ductility exponent 

E Young's modulus, MPa 
Ae Nominal  stress range 
K Ratio ofYoung ' s  moduli  

K '  Cyclic strength coefficient 
Ke Low-cycle fatigue strain enhancement factor 
K, Elastic stress concentration factor (Neuber) 

K~ Surface strain concentration in mathematical model  
m Material parameter  in the code expression of  Ke factor 
n Strain-hardening exponent in the code expression of  Ke 
ni Actual number  of cycles for ith combination 
n '  Cyclic strain-hardening exponent 
N, Allowable number  of  cycles for ith combination 
N I Number  of  cycles to failure 
Se Effective stress, MPa 
Sm Code design value of  the stress intensity, MPa 
S. Linearized stress over the thickness, MPa 
Sp Surface peak stress, MPa 

AS Nominal  stress range, MPa 
TF Triaxiality factor 

l Department of Mechanical Engineering, The University of Vermont, Burlington, VT 05405-0156. 
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U Cumulative fatigue usage factor 
~I Uniaxial strain 

~Im Multiaxial strain 
~ Fatigue ductility coefficient 

Ar Local total strain range 
A~, Local elastic strain range 
Aep Local plastic strain range 

ai Principal stresses, i -- 1,2,3 
a~ Fatigue strength coefficient 
p Ratio of the linearized stress to the peak stress 

Introduction 

Simplified inelastic analyses are used in fatigue evaluations during inelastic strain cycling. 
Both the Japanese Code MITI Modification 501 [1] as well as the ASME Boiler and Pressure 
Vessel Code Section III [2] contain rules for simplified elastic-plastic analyses. These evalua- 
tions are based on applying fatigue enhancement factors to the elastically computed strain 
range when the stress range exceeds a certain limiting value, usually twice the nominal yield 
strength (low-cycle fatigue region). These low-cycle fatigue enhancement factors have been 
computed for a structural alloy using the cyclic stress-strain characteristics and Neuber's rule. 
The computed values of these enhancement factors have been compared with the correspond- 
ing values in the various code procedures [1,2]. 

Furthermore, the conservatism of a typical code procedure, namely the ASME Code, has 
been assessed by comparing the fatigue evaluations using the code as well as the local strain 
approach. The local strain approach is based on crack initiation as the criterion for service life. 
This method requires loading history imposed on the component in service as well as the mate- 
rial property data. Additionally, local plastic deformation is assumed at stress concentrations. 
This method has been used extensively in the automotive industry [3]. 

For the purpose of comparison of the fatigue evaluation by the two procedures, an example 
problem involving a typical pressure vessel component subjected to a specified set of loading 
conditions has been analyzed. For the ASME Code evaluation, the stress ranges for different 
loading conditions have been used to obtain the allowable number of cycles from the code 
design fatigue curve. For the evaluation using the local strain procedure, the stress ranges have 
been converted to strain ranges and allowable number of cycles determined from the contin- 
uous cycling fatigue curve for the material. For both methods, the cumulative fatigue usage, 

Hi 
U, is determined using Miner's rule, U = E ~ ,  where ni and Ni are the actual number of cycles 

and the allowable number of cycles, respectively. 

Implication of the K, Factor 

As defined by the ASME Code [2], primary stress is any stress developed which is necessary 
to satisfy the laws of equilibrium. Should a stress of this type exceed the yield strength of the 
material by a substantial amount, gross distortion and possible failure of the component will 
result. A secondary stress, as defined by the ASME Code [2], is a stress developed by the con- 
straint of adjacent material or by the self-constraint of the structure. The basic characteristic 
of the secondary stress is that it is self-limiting. The stress intensity (not to be confused with 
the stress intensity factor in fracture mechanics) is defined by the ASME Code [2] as the largest 
absolute magnitude of the difference of the principal stresses. The design value of the stress 
intensity is denoted by Sin, which typically gives a design factor of safety of 1.5 with respect to 
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the nominal yield strength. When the primary plus the secondary stress intensity range (line- 
arized through the section) is close to 3S,, (typically twice the nominal yield strength), there 
will be small plastic zones well contained by the remainder of  the structure, which is assumed 
to stay elastic. The ASME Code then ignores the contribution of  the localized plastic zone as 
long as the range of  the stress intensity is less or equal to 3S,,. But even when the stress intensity 
is linearized through the section, S, equal to 3Sin, the surface peak stress intensity, S~, can 
exceed 3Sin, thus enhancing the potential to initiate surface cracks. This aspect is apparently 
recognized by the MITI Code [1] where a correction is introduced at S, = 3S,, to account for 
plastic strain, especially when Sp exceeds S,. This correction is extended beyond 3Sin to a 
slightly greater stress. 

When the stress intensity range, S,, exceeds 3S,,, the strict shakedown limit is exhausted and 
there will be cycles of  alternating yielding in the zones of  stress concentration. Therefore it is 
necessary to perform a low-cycle fatigue analysis. For such situations, the elastic-plastic strain 
range must be calculated because it is an important parameter in the initiation of low-cycle 
fatigue cracks. The Ke factor essentially gives the elastic-plastic strain ranges from the strain 
ranges calculated by purely elastic means. Alternatively, it can be stated that the equation for 
Ke in both the ASME and the MITI codes provides for decay in fatigue lives when cycling in 
the plastic range. The MITI Code applies the strain enhancement factor at S. = 3Sin, where 
values typically exceed unity and progressively increase with increasing ratios of Sp/S,. 

Code Expressions for K~ 

The equations for Ke in both the MITI as well as the ASME codes are provided in three 
different regions of  stress intensity ranges: (1) S, <--- 3Sin, (2) 3S,, <-- S, <-- 3mS,., and (3) S. >-- 
3mSm, where m is a material parameter. The expression of  the K~ factor in the MITI and the 
ASME codes are essentially identical in Regions 1 and 3. For Region 1, the Ke factor is unity, 
and for Region 3, the factor is 1/n where n is the strain-hardening exponent. In Region 2 there 
is a significant difference between the two codes as outlined below 

Ke= 1 + Ao(3~m -~p) (la) 

) Ke = 1 + n(-m2 - -1) -- 1 (lb) 

In Eqs la  and lb, A0 is a material parameter. The greater of  the two expressions, Eqs la and 
1 b, is used for determining Ke in the region of  stress intensities, 3S,, <-- S, ~ 3mSm in the MITI 
Code. 

For the ASME Code there is only one expression for Ke in the region of  stress intensities, 
3Sin <-- S, <-- 3mSm, which reads 

m 
Ke = 1 + n ( m - - 1 )  ~ - -  1 (2) 

Note that Eqs 1 b and 2 are identical. Equation 1 a introduces the parameter, S, ISp, which 
causes a discontinuous behavior of  Ke at S, equal to 3Sin for situations where the peak stress, 
S~, exceeds the linearized stress, S,. 

When the peak stress is below the linearized stress, the ASME and the MITI codes provide 
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identical expressions for Ke. Figure 1 shows the variation of  Ke as a function of S,/3S,, for both 
the ASME and the MITI codes. For comparison purposes, the Ke expressions for austenitic 
stainless steels and high nickel alloys in Ref2  have been used. The material parameters in Eqs 
1 and 2 are: m -- 1.7, n = 0.3, and A0 -- 0.7. Figure 1 shows the region from S,/Sm equal to 
unity to a higher value where the MITI Code is different from the ASME Code. Table 1 high- 
lights the difference between the two codes. 

Proposed Technique to Address Peak S t r e s s e s  

Figure 2 illustrates a typical stress distribution through a vessel wall. Only one stress com- 
ponent, namely a radial, circumferential, or axial component,  has been considered. This stress 
distribution could be a result of  internal pressure or temperature gradients or a combination 
of  both. From this stress distribution, an equivalent linear distribution is calculated which 
gives the same bending moment  as the actual distribution. The actual peak stresses at the 
inside and outside surfaces are used for fatigue evaluation. The Ke factors in the ASME Code 
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FIG. 1-- Variation of the K~ factor in the ASME and MITI codes. 
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TABLE 1--Comparison of Ke factors. 

Region MITI 501, Article 14 ASME NB3228.3 

Sn <--3Sin Ke = 1.0 Ke = 1.0 
3Sm<__S.<--3mS., The greater of l - n  (3__~m ) 

l -- n ( Sn ) Ke = 1 + n(-m----l ) - 1 
Ke = 1 + n(m----1) "~m-- 1 

Sn > 3mSm Ke = l/n Ke = 1]n 

are based solely on the range of stress intensity, S~, obtained for the equivalent linear distri- 
bution. For the MITI Code, however, the Ke factor depends on S~ as well as the peak stress 
intensity range, Sp. 

As long as the linearized stress intensity range, S,, is within the 3Sin limit of the material, it 
is implicitly assumed that there is no plastic action. For S, above the 3S,, limit, a plasticity 
correction needs to be introduced. The ASME Code provides the enhancement factor, K~, 
which increases linearly with the linearized stress intensity range, S, (see Fig. 1), up to a certain 
value. However, when the surface peak stress range, Sp, exceeds S~, an additional strain con- 
centrator is introduced at the surface. Denoting Kp~ as the strain concentration at the surface 
for computing the local strain, or 

Kp~ = ~ .  (3) 

From Neuber [4] the corresponding elastic stress concentration, K~, is given by using Eq 3 

K z  ̀ _ S p  (4) 
S~ 

Here the local stress concentration factor has been assumed to be unity. For situations where 
Sp exceeds S,, the Ke factors are calculated using the local strain approach by simulating the 
situation with that of a notched member having a stress concentration factor, K,, as given by 
Eq 4. This idealization is depicted in Fig. 3. 

Computation of the K, Factors 

The application of this procedure requires the knowledge of the local stress-strain behavior. 
Since these data are based on uniaxial tests, the elastic stresses intensified by K, will be used for 
the computation of the Ke factors. 

If AS represents the nominal stress range, with a value of  K~S,, then the nominal elastic strain 
range, Ae will be given by 

K~S. 
A e -  E (5) 

where E is Young's modulus, and the elastic stress concentration factor, K, is given by Eq 4. 
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To determine the local strain range, the cyclic stress-strain curve is used since under the 
influence of cyclic loads, the material will soon approach the stable cyclic condition. The cyclic 
stress-strain curve can be computed by calculating A~/2 from the ASTM Recommended Prac- 
tice for Constant-Amplitude Low-Cycle Fatigue Testing (E 606) 

Aa/2 = K'(A~J2)" (6) 

where 

Aa = true stress range, 
n~p = true plastic strain range, 
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FIG. 3--Notch idealization of the peak stress effects. 
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K'  = cyclic strength coefficient, and 
n '  = cyclic strain hardening exponent. 

The true elastic strain range,/x~e, is 

/x~____~ Aa (7) 
2 2E 
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and the total strain range, Ar can be calculated from 

AE = A~ + A~p (8) 

According to Neuber's rule [4] and using Eq 5 

A o . A (  ~ 2 2 = K , S . E  (9) 

From Eqs 4, 5, and 6 

Ao. ( Ao- ~ l]n" 

/% = - ~  + ~,2'-"'K'J 
(10) 

Substituting Aa in Eq 8 

2 2 

= E2A-------~ ~21_. ,K,Ej  (11) 

Therefore the true strain range, A~, is related to the nominal stress range, S,, by Eq 11. Equa- 
tion 11 requires an iterative solution to obtain A~. 

The cyclic stress-strain data (Eq 6) for Ni-Cr-Fe Alloy 600 are obtained from Ref 5 as 

0.2% offset yield = 236 MPa 

Young's modulus, E = 214 GPa 

K'  = 766MPa 

n '  = 0.1323 

The cyclic stress strain curve for Alloy 600 is shown in Fig. 4, which is obtained from ASTM 
E 606. With these numerical values, Eq 11 becomes 

2 2 .1/0.1323 

- E2Ar \ 1398EAE] (12) 

For different values of Sp, the inelastic strain ranges, A~, are computed using Eq 12. The low- 
cycle fatigue strain enhancement factor, K,, is defined as 

Inelasticity computed strain 
Ke = Elastically computed strain (13) 

which gives 

K e -  Ae (14) 

with Ae and/xE obtained from Eqs 5 and 12, respectively. 
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FIG. 4--Cyclic stress-strain curve for Alloy 600 [5]. 
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Figure 5 shows the values of Ke for Alloy 600 computed using Eq 14 for two values of the 
ratio Sp/S,. The corresponding values as recommended by the MITI Code are shown as two 
parallel lines. The variation of Ke as given by the ASME Code is also indicated in the same 
figure. The computed values of the Ke factors seem to follow the same trend as the ones spec- 
ified by the Japanese Code [ 1]. 

F a t i g u e  E v a l u a t i o n  U s i n g  th e  L o c a l  S tra in  P r o c e d u r e  

The approach pursued in this paper for evaluation of fatigue life makes use of the elastically 
computed stresses for a pressure vessel structural component subjected to a specified set of 
loadings, Generally the evaluation using the Code approach involves working with the stress 
intensity which is the largest absolute magnitude of the difference of the principal stresses. An 
equivalent procedure could involve the use of the effective stress, S~, which is defined as 

1 
X~ = ~ ~ -  [(~ - ~2)2 + (~2 - ~3)2 + (~3 - ~,)2] 

V 2  
(15) 
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2.0 

where 0-1, 02, 03 are the principal stresses. In most situations, the stress intensities and the effec- 
tive stresses are not too different from each other. 

For  various loading conditions, the stress ranges measured in terms of  the stress intensities 
(or alternatively effective stresses), S,, are assumed to be known by elastic calculations. Based 
on the values of  S,, the local true strain ranges, A~, are obtained from Eq I 1. From the local 
strain range, the number of  cycles to failure, N/, is obtained using ASTM E 606. 

A~ 
- --' (2N/) b + E)(2N/) ~ (16) 

2 E 

where 

= fatigue strength coefficient, 
e~ = fatigue ductility coefficient, 
b = fatigue strength exponent, and 
c = fatigue ductility exponent. 

Copyright by ASTM Int ' l  (all  r ights reserved);  Wed Dec 23 19:16:20 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement.  No further reproductions authorized.



4 2 2  ADVANCES IN MULTIAXIAL FATIGUE 

Equation 16 effectively divides the total strain range into elastic and plastic parts. An iterative 
solution is required to obtain N: from Ac in Eq 16. 

The low-cycle fatigue data for Alloy 600 are obtained from Ref 5 as follows 

~ = 819 MPa 

~ = 1.655 

b = -0.0841 

c = -0.6356 

The cyclic stress-strain curve for Alloy 600 is shown in Fig. 4, and the strain range versus 
life curve is shown in Fig. 6, both obtained from Ref 5. With these numerical values, Eq 16 
transforms to 

A~ 
_ = o.o038t2N,~-0os,, + 1.655(2N/) -o-635~ (17) 2 

The procedure o f  fatigue evaluation using the local strain approach involves finding 
the number of cycles to failure by first converting the stress ranges for different pairs of 
loading conditions to local strain ranges using Eq 12 and then finding the number of cycles 
to failure from Eq 17. The cumulative fatigue usage, U, is then determined by Miner's 
rule. 
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FIG. 6--Strain range versus life plot for Alloy 600 [5]. 
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Recommendation for the Incorporation of Hydrostatic Effects 

As a result of  the thermomechanical  loads, the state of  stress may be hydrostatic sensitive. 
The role of  the state of  stress on ductility can be represented by the triaxiality factor [6] defined 
a s  

TF - {Yl "~- 0"2 "~ ~3 
Se (18)  

where Se is the effective stress as defined in Eq 15. The strains for the multiaxial (~im) and uni- 
axial (~I) situations can be related as a ratio given by Ref 7 as 

~ym_ 2,_ m (19) 
~y 

This approximate relationship was obtained in Ref  7 based on experimental results for TF 
> 0. For  cases involving extrusion of  ductile metals under high compressive fields, the ratio 
goes to unity for TF = - 1. The ratio monotically decreases from unity for larger negative 
values than TF = -- 1 [6]. 

However, if the loadings are such that - 1 < TF < + l, then it is possible to write 

efm ---- 21-1TFI (20) 
q 

Conceptually the hydrostatic effects could influence the elastically calculated stresses which 
are used to compute the local strain range in Eq 11 as well as the strain-life relationship given 
by Eq 17. For a conservative assessment, it seems worthwhile to use an intensifier, K=a, to be 
applied on the elastically calculated stress intensity ranges, S., in Eq 11 to account for mul- 
tiaxiality as 

gma-~- 2 t'-ITFI)n' (21) 

where n '  is the cyclic strain-hardening exponent, as in Eq 6. The elastically calculated stress 
intensity ranges, S,, are to be multiplied by the intensifier, Kma, to reflect multiaxiality. The 
stress intensity ranges so intensified that Kma an should be used in place of  S, in Eq 11 to deter- 
mine the local strain ranges. The revised strain ranges, hE, should be used in the modified 
strain-life relationship (modified Eq 16) as 

- -  = ~ (2NI) + ~'21--fTF'(2NI) c 
2 

(22) 

The rest of  the fatigue evaluation remains the same as outlined before. 

Numerical Example of a Design Problem 

In order to determine the conservatism of  the ASME Code procedure for fatigue evaluation, 
a sample design problem was studied as shown in Fig. 7. This shows a thermal liner welded to 
a nozzle. The loading conditions for the nozzle-to-liner weld are characterized by internal pres- 
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FIG. 7--Pressure vessel nozzle fatigue analysis section locations. 

sure, as well as temperature and flow excursions of the fluid entering the nozzle. The temper- 
ature distribution through the thickness of the weld has been calculated using a finite element 
model for a number  of loading transients. The transient analyses involve specification of 
appropriate heat transfer coefficients at the fluid-solid interface. In order to provide peak stress 
conditions for fatigue evaluations, the times during the transient analysis have been identified 
by investigating the conditions when the shock and bending stresses are maximized. The ther- 
mal solutions at these instants of time have been used for subsequent finite element elastic 
stress analyses. The calculated stresses at the outside surface of the Analysis Section 11 (Fig. 
7) associated with various loading conditions are listed in Table 2. 

Based on the principal stresses reported in Table 2, the stress intensities and the effective 
stresses are computed. The stress intensity is the largest absolute magnitude of the difference 
of the principal stresses, while the effective stresses are given by Eq 15. Although the ASME 
Code procedure [2] does not require the effective stresses for fatigue evaluation, these have 
been nonetheless calculated for comparison purposes. The stress intensities and the effective 
stresses are listed in Table 3 for all included loading conditions. A sign has been applied to 

TABLE 2--Loading condition and principal stresses. 

Principal Principal Principal 
Number of Stress 1, Stress 2, Stress 3. 

Condition Transient Cycles MPA MPA MPA 

1 Load 500 194 - 126 122 
2 Normal 200 203 - 105 - 97 
3 Upset 1 770 190 -20  32 
4 Upset 2 20 249 - 171 163 
5 Upset 3 30 364 - 134 123 
6 Upset 4 30 265 - 195 185 
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Condition Stress Intensity, MPA Effective Stress, MPA 

1 319 318 
2 308 304 
3 --170 --165 
4 420 416 
5 498 492 
6 461 456 

Sm = 160 MPa 

each of  the stresses based on an inspection of  the state of  stress associated with the particular 
loading condition in Table 2. From Table 3, it can be noted that the stress intensities and the 
effective stresses are nearly the same for all loading conditions considered in the problem. 

The material for the thermal liner as well as the liner to nozzle weld is Incone1600, with the 
following material properties obtained from the Code [2]. 

10 3 

~) 1Q 2 

> 

Yield strength --- 1.5S~ = 240 MPa 

Young's modulus, E -- 207 GPa 

The design fatigue curve for the material is obtained from Ref2 and is shown in Fig 8. This 
figure is based on an elastic modulus of 180 MPa. Therefore the alternating stresses have to be 
multiplied by the factor K = 180/207 = 0.87 to perform the fatigue evaluation. 

Table 4 shows the fatigue evaluation using the ASME Code procedure. A cumulative fatigue 
usage factor of 0.303 results from this evaluation. 

For the purpose of  fatigue evaluation by the local strain approach, a distinction needs to be 
made regarding the surface and the linearized stresses. The ASME Code employs the linearized 
stresses to evaluate the enhancement factors, K~, when the linearized stress ranges exceed the 
3S~ limit. For the particular problem under consideration, the ratio, p, of  the linearized stress, 
S,, to the surface peak stress, S~, is greater than unity (typically 1.4, see Table 3). Therefore for 

CHATTOPADHYAY ON LOW-CYCLE FATIGUE EVALUATIONS 

TABLE 3--Stress intensities and effective stresses. 
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FIG. 8--ASME Code design fatigue curve for Alloy 600. 
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TABLE 4--Fatigue evaluation using the ASME Code. 

Stress 
Stress Intensity Amplitude c, All 

Combo Range, MPA Ratio a Ke b Cycles MPA Cycles Usage 

5-3 668 1.41 3.33 3 0  971 450 0.067 
6-3 632 1.35 3.33 30 918 534 0.056 
4-3 591 1.36 3.20 20 825 747 0.027 
1-3 490 1.37 2.32 500 501 4345 0.115 
2-3 479 1.40 2.31 190 483 4994 0.038 

0.303 

a The ratio of the linearized stress intensity over the outside surface stress intensity. 
b Ke factors are based on stress intensity ranges linearized through the section thickness. 
c Stress amplitude = 1/2 (stress intensity range) K K~ where K = 0.87. 

comparing the ASME Code and the local strain approaches, the plastic strains for the local 
strain method should be based on the peak stresses which are obtained by multiplying the lin- 
earized stress intensity ranges by the ratio, o- From Neuber 's  rule, this corresponds to an ampli- 
fication of  k/pp on elastically computed stress. For the example problem, the local strain ranges, 
A~, have been iteratively computed using Eq 12 with the stress intensity ranges amplified by 
V/-pp. The cycles to failure have been calculated by iteratively solving Eq 17. The fatigue eval- 
uation results, using the local strain method, are shown in Table 5. A cumulative fatigue usage 
of  0.0023 results from this evaluation. However, there are sources of  conservatism in the 
ASME Code design fatigue curve. To account for the conservatism involved in the fatigue 
evaluation alone, the ASME Code fatigue usage calculation must be based on identical fatigue 
curve as in Ref5.  Such an evaluation is shown in Table 6. A cumulative fatigue usage of  0.019 
is then obtained which is greater than the 0.0023 calculated using the local strain approach. 

Conclusions 

Analytical methods for evaluating multiaxial low-cycle fatigue life exist in various design 
codes. The low-cycle fatigue evaluation is performed by multiplying the elastically calculated 
stresses by enhancement factors in both the ASME and MITI Codes. The MITI Code pre- 
scribes a low-cycle fatigue enhancement factor, Ke, which is somewhat different than what 
appears in the ASME Code. 

The singular behavior of the K~ factor in the MITI Code has been appraised for a structural 

TABLE 5--Fatigue evaluation using local strain approach. 

Effective Peak Stress a, Strain 
Combo Stress, MPA MPA Range Cycles All Cycles Usage 

5-3 657 780 0.0047 30 66 182 0.0005 
6-3 620 721 0.0041 30 101 442 0.0003 
4-3 580 689 0.0039 20 131 889 0.0002 
1-3 482 564 0.0029 500 500 870 0.0010 
2-3 469 555 0.0028 190 571 250 0.0003 

0.0023 

a For each load combination, the peak stress range is obtained by applying a factor (equal to the square 
root of the ratio obtained from Table 4) to the effective stress range. 
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TABLE 6--ASME fatigue evaluation using Ref  5 curve. 

427 

Stress Amplitude a, Strain 
Combo MPA Range b Cycles All Cycles Usage 

5-3 971 0.0094 30 10 102 0.003 
6-3 918 0.0089 30 11 500 0.003 
4-3 825 0.0080 20 14 808 0.002 
1-3 501 0.0048 500 58 872 0.008 
2-3 483 0.0047 190 66 370 0.003 

0.019 

a Obtained from Table 4. 
b Calculated as 2 (stress amplitude)/E; E is the Young's modulus taken as 207 GPa. 

material using the local strain approach. The ratio of  the peak stress to the linearized stress has 
been introduced as a strain concentration in a mathematical model. The resulting computed 
values of  the Ke factors follow the same trend as the ones prescribed in the MITI Code, as 
shown in Fig. 5. However, for different ratios of  the peak stress to the linearized stress, the 
mathematical model proposed in this paper predicts Ke factor to increase linearly at different 
rates (Fig. 5). The Ke factors given in the MITI Code (Fig. 5) increase linearly with the stress 
level at the same rate for all ratios of  the peak stresses to the linearized stresses. 

Nevertheless, there seems to be some justification in the Japanese approach, which accounts 
for additional strain concentration caused by surface peak stress exceeding the linear stress as 
developed in this paper. The singular behavior of  the Ke factor in the MITI Code needs further 
clarification. However, this singularity stems from the fact that for values of  linearized stress 
ranges, S,, less than the 3Sin limit, the structure is assumed to shake down to an elastic con- 
dition and K~ reduces to unity. The multiaxiality is incorporated in the ASME and MITI codes 
through stress intensity which addresses the three-dimensional state of  stress without specifi- 
cally addressing the hydrostatic effects. 

In this paper recommendations have been provided to incorporate the hydrostatic effects 
through the triaxiality factor. The triaxiality factor is shown to introduce additional strain con- 
centration to that already present due to inelasticity. Furthermore, the triaxiality is shown to 
modify the strain-life relationship. Both effects must be adequately addressed in the fatigue 
design procedures. 

A numerical example of  a sample design problem demonstrates the conservatism of the 
code procedure for fatigue evaluation when compared with the local strain approach. This 
conservatism stems partly from the safety factors in the code design fatigue curves and partly 
from the estimation of  low-cycle fatigue enhancement factors as shown in Fig. 5. Although the 
example problem shows the code approach to be fairly conservative, for stress ranges in the 
vicinity of  3Sin (typically twice the nominal yield), noneonservative evaluations could result. 
For those loading situations, the MITI Code seems to be more conservative than the ASME 
Code. Further research is needed in the low-cycle fatigue evaluations which employ only elas- 
tic analysis. Research is also needed to properly address hydrostatic effects. 
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Multiaxial Fatigue and Life Prediction of 
Composite Hip Prostheses 
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ABSTRACT: The fatigue behavior of hip prostheses made from laminated fiber-reinforced poly- 
meric composite material under biaxial loading was investigated. Two types of prototype spec- 
imens with different layups were cyclically tested at several different load levels. X-ray radiog- 
raphy and surface replication were used to record fatigue damage development in the specimens 
tested. Internal damage features were also examined after sectioning of selected specimens. Dam- 
age mechanisms in the composite prostheses are discussed in association with results of the non- 
destructive and destructive tests. A life prediction model that is capable of predicting the residual 
strength and life of a composite prosthesis was developed based on a critical-element model for 
composite laminates. An example is provided to illustrate the application of the life prediction 
model. 

KEY WORDS: composite material, hip prosthesis, biaxiai loading, compression-compression 
fatigue, fatigue damage, critical-element model, life prediction 

The metallic hip prosthesis now used in hip arthroplasty has at least two disadvantages. 
First, the stiffness o f  the implant material is relatively high compared to the cortical bone (load- 
carrying tissue of  the human femur). This mismatch in mechanical properties causes a stress 
shielding effect, resulting in bone loosening and fracture of  the prosthesis [ I ]. Second, patients 
may experience hypersensitivity as a result of the release of metallic ions from the prosthesis 
caused by wear [2]. With advances in materials science, hip prostheses made of fiber-rein- 
forced polymeric composite materials are under development. Such prostheses possess some 
advantageous characteristics that their metallic counterparts do not: the stiffness of  polymeric 
composite materials is more compatible to the cortical bone compared to materials such as 
titanium alloys and stainless steel, which are widely used for making hip prostheses; the 
strength and stiffness of  a composite prosthesis can be tailored according to service loads, and 
they are inert to harsh human body environments [1-4]. A plot of  the stiffness of the cortical 
bone of  the human femur and three implant materials is shown in Fig. I. It is seen that the 
stiffness of  the quasi4sotropic composite laminate made from C/PEEK [carbon fiber rein- 
forced poly(ether ether ketone)] is much closer to that of the cortical bone than the other two 
implant materials, namely, 316L stainless steel and Ti-rAI-4V ELI. 

Since composite hip prosthesis is still in its developmental stage, many problems need to be 
well studied before clinical application become a reality. Among many performance-related 
concerns, the fatigue behavior of  the implant structure is a fundamental one. Although a large 
amount of  fatigue data have been obtained on many types of filamentary composite materials, 
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FIG. 1--A comparison of the elastic modulus between the cortical bone and three implant materials. 

to the authors' knowledge, investigation of  the compression-compression fatigue behavior of  
thick-sectioned, complex-shaped structures under biaxial loading is rare, if not nonexistent, in 
the literature to date. In this paper, results of  an investigation on the fatigue behavior of com- 
posite hip prostheses under biaxial mechanical loading condition are presented. Fatigue dam- 
age process is discussed in association with results of  several nondestructive and destructive 
tests. A life prediction model for the composite prosthesis was developed based on a mecha- 
nistic, cumulative damage model for composite laminates. 

Experimental 

Specimens 

The prototype composite prostheses used in this investigation were manufactured from 
C/PEEK prepreg by a plate-cut process wherein a prosthesis was cut from a cured composite 
laminate and its contour machined according to design (Fig. 2). Nomenclatures of  the hip 
prosthesis are shown in Fig. 3. The laminate consisted of  approximately a hundred individual 
plies at its thickest section (shoulder). The head of  the prosthesis is a hollow stainless steel ball 
inserted on the neck of  the prosthesis. 

hip prosthesis 

/ .--/  
composite laminate 

FIG. 2--Schematic diagram of the plate cut process. 
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FIG. 3--Nomenclatures of a hip prosthesis. 
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Three specimen groups consisting of a total of nine specimens were cyclically tested in com- 
pression-compression. Group 1 consisted of three specimens with a stacking sequence here- 
after referred to as the L 1 layup. Groups 2 and 3 each consisted of three specimens with a 
different stacking sequence from the L 1 layup, hereafter referred to as the L2 layup. Due to 
the proprietary nature of these layups, they will not be reported here. To facilitate subsequent 
discussion, individual plies are identified according to the following scheme (Fig. 4): 
L1 layup: 

A 1--Plies with lowest positive angle of incident (PAl) to the prosthesis axis (first quadrant). 
B1--Plies with second lowest PAI to the prosthesis axis (first quadrant). 
C1--Plies with highest PAI to the prosthesis axis (second quadrant). 

L2 layup: 
A2--Plies with lowest PAI to the prosthesis axis (first quadrant). 
B2--Plies with second lowest PAI to the prosthesis axis (first quadrant). 
C2--Plies with third lowest PAI to the prosthesis axis (second quadrant). 
D2--Plies with highest PAI to the prosthesis axis (second quadrant). 

prosthesis axis 

( ~ . , ~  positive angle of inc idence 

prosthesis axis .1~ ] 
medial 

FIG. 4--Ply identification scheme for a composite hip prosthesis. 
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Loading and Test Fixture 

Hip loading usually occurs in two planes of the prosthesis (that is, the anterior/posterior and 
the medial/lateral plane) during various activities. By inclusion of the abductor muscle forces, 
Gavens et al. [5] found that peak amplitude of hip loading during gait can be reproduced with 
a 0 ~ in-plane and 10 ~ out-of-plane load, as shown in Fig. 3. Here, in-plane force (moment) 
refers to force (moment) parallel to the anterior/posterior plane, and out-of-plane force 
(moment) refers to force (moment) perpendicular to the anterior/posterior plane. This kind 
of loading imposes in-plane and out-of-plane bending, compression, and torsion on the pros- 
thesis. The aforementioned load angles were used in all the cyclic tests performed. 

A test fixture was designed to perform cyclic tests on the prostheses under a simulated in 
vivo mechanical loading condition, as illustrated in Fig. 5. The fixture consists of a thick- 
walled, metallic sleeve (with two small circular holes at the bottom) sitting on an l 0 ~ inclined 
metallic platform. The inclined platform produces out-of-plane moment and force on the 
prosthesis. This structure (the sleeve and the platform) is adjustable in position to a supporting 
ball-and-socket-type structure, which is gripped in the lower grip of the servohydraulic testing 
frame. The sleeve is filled with a solid insert made from a polymeric material reinforced by 
chopped short fibers. The stiffness of the reinforced polymeric insert is close to that of the 
human bone structure. The hip prosthesis is secured in the polymeric insert by hammering on 
its shoulder using a plastic hammer. A small metallic bar with two knobs is placed between 
the bottom of the insert and the metallic sleeve to prevent rotation of the prosthesis. During a 
cyclic test, the polymeric insert was replaced several times as a result of damage and defor- 
mation. The upper load fixture consists of a metallic cylinder with a acetabular cup to apply 
load to the head of the prosthesis. 

Fatigue Tests 

Group 1 specimens (L1 layup) were cyclically loaded to failure at maximum applied loads 
(R -- 10) of 53, 61, and 75% of the mean ultimate quasi-static load of the L1 specimens (at 
the same load angles), respectively. Group 2 specimens (L2 layup) were cyclically loaded to 
failure at maximum applied loads of 59, 69, and 84% of the mean ultimate quasi-static load 
of the L2 specimens, respectively. All Group 3 specimens (L2 layup) were cyclically tested at 
maximum applied load of 47% of the mean ultimate quasi-static load of the L2 specimens. 
The quasi-static data were obtained from a separate investigation [6]. For all the Group 3 spec- 
imen s, tests were stopped at the end of6E6, 10E6, and 15E6 cycles. It should be mentioned 

acetabular cup 
metallic head 
hip prosthesis 

,nSee  

metallic bar and knobs 

I I 

~ [ ]  ball and socket support 

FIG. 5--Schematic diagram of the test fixture. 
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TABLE 1--Test matrix and results. 

433 

Maximum Frequency, Life, 
Group Specimen Load, % GSS a . Hz Cycles Failure Site 

1 (L1 layup) 3Q 53 2 265E3 Midstem 
5G 61 1 9.4E3 Midstem 
2N 75 1 1.2E3 Midstem 

2 (L2 layup) BD 59 2 398E3 Midstem 
BB 69 1 10.4E3 Neck 
BF 84 1 0.6E3 Neck 

3 (L2 layup) FA 47 6 15E6 N/A 
FB 47 6 10E6 N/A 
FC 47 6 6E6 N/A 

a Quasi-static strength. 

here that the lowest chosen load levels (53% ultimate load for L1 specimen, 47% ultimate load 
for L2 specimen) well exceeded expected peak jo int  load during gait, which is about six times 
body weight [3]. All the cyclic tests were carried out in an MTS 880 servohydraulic testing 
frame using a load-controlled mode wherein a specimen was loaded by a sinusoidal load of  
constant amplitude. The loading frequency was determined by the magnitude of the applied 
load. As a result of  high compliance of  the polymeric insert, only lower frequencies can be used 
to achieve the required load amplitude. The test matrix is shown in Table 1. 

X-Ray Radiography 

X-ray radiography was used at intervals to examine all nine specimens tested using a Hew- 
lett Packard 43805N cabinet X-ray system. The energy level and exposure time were set at 50 
kV and 2.3 min, respectively. Zinc iodide penetrant was applied to the medial surface of the 
specimen for about an hour before taking the radiograph. When taking the X-ray, the pros- 
thesis was positioned with its posterior/anterior side parallel to the horizontal lead plate under- 
neath. The target-specimen distance was about 100 cm. 

Surfi~ce Replication 

A surface replication technique was used to record surface-related damage development in 
all of  the specimens tested. Replications of the medial neck surface and medial midstem sur- 
face of  each of the nine specimens was made at intervals throughout the cyclic test using ace- 
tone and acetyl cellulose film. 

Destructive Tests 

Two Group 1 specimens (3Q and 5G) were sectioned at the neck region after failure (in the 
midstem) to examine internal damage features. All Group 3 specimens were sectioned at the 
same location at the end of  their cyclic tests. The sectioned necks were polished and examined 
under  a Nikon EPIPHOT inverted microscope. 

Results and Discussion 

Results of  the cyclic tests are summarized in Table 1 and Fig. 6. In general, damage and 
failure modes depend on the layups of  the specimens. 
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FIG. 6--Fatigue test results. 

X-Ray Radiography 

Selected results of the X-ray radiography of specimens 2N (L 1 layup) and BD (L2 layup) are 
shown schematically in Fig. 7. These drawings represent damage development in a portion of 
the medial neck and medial midstem region of the prosthesis and are typical of the L 1- and 
L2-type specimens. For all three groups of specimens, thin penetrant lines in fiber directions 
were observed in the neck region, which are believed to be caused by matrix cracking along 
fiber directions. These penetrant lines all initiated from the medial surface and extend to the 
lateral side. The density and area covered by these thin penetrant lines both increased with an 
increase in applied cycles, indicating damage progression. For Group 1 specimens, more pen- 
errant lines were seen in A 1 and B 1 plies than other plies. The orientation of A 1 and B 1 plies 
were closest to the neck axis. For specimens with L2 layup, most of the neck damage occurred 
in A2 plies and B2 plies. There were also plies with orientations closest to the neck axis. Only 
a few penetrant lines were seen in other plies in specimens with either L 1 or L2 layups. A few 
delaminations were also observed. 

In the midstem region, thin penetrant lines along fiber directions initiated from the medial 
surface for both types of specimens. They later developed into thick penetrant lines (though 
fewer in number), extending to the lateral side. These thick penetrant lines joined to form a 
wide penetrant band at late life. Within the penetrant band, thin penetrant lines in fiber direc- 
tions were not recognizable. This is an indication of severe damage. For Group 1 specimens, 
these penetrant bands were about 135* (or -45*) to the prosthesis axis (Fig. 7a). For Group 2 
specimens, the penetrant bands were more or less perpendicular to the prosthesis axis (Fig. 
7b). For Group 3 specimens, only a few penetrant lines were observed in the medial midstem 
region at the end of each cyclic test. 

Surface Replication 

Selected results of surface replication are shown in Fig. 8. A detailed discussion for each of 
the Group 1 and 2 specimens can be found in Ref4. In general, in the neck region of all three 
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FIG. 8a--Surface replica of medial neck region of specimen 5G at 53% life. Arrow indicates an down- 
ward pop-out ply. 

FIG. 8b--Surface replica of medial neck region of specimen 5G at 88% life. 

FIG, 8c--Surface replica of medial neck region of specimen BB at 50% life. Square indicates an upward 
pop-out ply. 

FIG. 8d--Surface replica of medial neck region of specimen BB at 96% life. Square indicates an upward 
pop- out ply. 

groups of  specimens, damage was observed in form of pop-out plies. These damaged plies may 
protrude from the surface in two directions, downward (that is, toward the distal end) and 
upward (that is, toward the head). Only downward pop-out plies were observed in Group 1 
specimens (Figs. 8a and 8b), while both downward and upward pop-out plies were observed 
in both Group 2 and 3 specimens (Figs. 8c and 8d). Aided by X-ray radiographs, the down- 
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FIG. 8e--Surface replica of medial midstem region of specimen 3Q at 25% life. 

FIG. 8f--Surface replica of medial midstem region of specimen BD at 4% life. Arrows indicate in-plane 
microbuckling damages;filled triangle indicates an out-ofiplane microbuckling damage. 

ward pop-out plies in the neck region for Group 1 and Groups 2 and 3 specimens were iden- 
tified to be A1 and A2 plies, respectively. These were plies with orientations closest to the neck 
axis. The upward pop-out plies in Groups 2 and 3 specimens were identified to be the plies 
with the next closest orientation to the neck axis. Pop-out plies first appeared in medial-pos- 
terior corner, extending their distribution toward the anterior side and along the medial sur- 
face with an increase of applied cycles. Pop-out plies were also observed in the midstem region 
of all three groups of specimens, as shown in Figs. 8e and 8f In addition, some microbuckling- 
type damages were observed in Group 2 specimens (Fig. 8f). 

Destructive Tests 

Results from sectioning of specimen 3Q (LI layup) are shown in Fig. 9. Similar results were 
found in other specimens subjected to sectioning [ 7]. Figures 9a and 9b were taken near the 
medial surface and center of the cross section, respectively. Matrix cracks like those shown in 
Fig. 9a were observed near both the medial and the lateral surface. More such cracks were 
observed near the posterior-medial surface since this region sustained highest compressive 
stress. For Group 1 specimens, these matrix cracks mainly occurred in AI plies, which are the 
plies with lowest angle of incidence to the neck axis. It is seen from Fig. 9a that a piece of 
damaged ply was separated from the medial surface by a through-the-thickness lamina matrix 
crack, forming a pop-out ply. Some delaminations were also developed in the neck region, 
although only a few were observed, such as the one shown in Fig. 9b. It was verified by the 
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FIG. 9a Micrograph of a section of neck region of specimen 3Q near medial surface. 

destructive tests that the penetrant lines observed in the X-ray radiographs indeed resulted 
from matrix cracking, and delaminations did occur in the neck region. 

Based on the results of X-ray radiography, surface replication, and destructive tests, a brief 
discussion of the fatigue damage process in the prostheses is presented as follows. For the two 
types of prostheses tested, L 1 and L2 specimens, damage occurred exclusively in both the neck 
and the midstem region. Subsequently, failure occurred in either of the two regions, depending 
on the layup. The medial-posterior corner of the mid-neck region is under the highest local 
compressive stress as a result of a combination of in-plane and out-of-plane bending moment, 
as well as axial compressive force normal to the neck axis. Under applied cyclic load, a gap 

FIG. 9b--Micrograph of a section of neck region of specimen 3Q near the middle of the cross section. 
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was gradually developed between the prosthesis and the polymeric insert as a result of damage 
and deformation of the latter. This causes the initially fully supported portion of the specimen 
to gradually recede to its midstem region, resulting in higher bending moments and thus higher 
compressive stress on the medial side of the midstem region. Usually, initiation of neck dam- 
age precedes that of the midstem damage. This is evident from the fact that for specimen 2N 
no midstem damage was seen from either X-ray radiographs or surface replication images at 
47% life, while some neck damage was observed (Fig. 7a). Damage process in the neck and the 
midstem region are discussed separately in the following. 

Damage Development in the Neck Region 

Damage in the neck region initiated from the medial-posterior corner, a region under high- 
est compressive stress, in the form of matrix cracking along the fiber directions. This kind of 
damage first occurred in plies with orientations closest to the neck axis, sometimes as early as 
4% life (specimen BD), followed by plies next closely oriented to the neck axis, and so on. Plies 
with other orientations were also subjected to damage, but usually after midlife or in late life. 
Delaminations may also develop in some of the specimens. In one of the specimens (specimen 
BD), a delamination was detected at 10% life; in other specimens delaminations were detected 
after midlife. The damaged region expanded with an increase of applied cycles. Matrix cracks 
were found distributing from the posterior surface toward the anterior side. At the same time, 
these cracks also extended (in length) toward the lateral side of the prosthesis, as indicated 
schematically in Fig. 10a. 

From surface replication, it is seen that the transverse section of the pop-out plies were 
angled, as illustrated in Fig. 10b (see also Figs. 8a through 8d). Those plies close to the anterior 
side popped out at an angle of about 120", those close to the posterior side popped out at an 
angle around 55", and those close to the middle of the laminate were V-shaped or blunted. 
This phenomenon was observed in all of the specimens tested, with the effect more pro- 
nounced (that is, a more recognizable pattern of angled pop-out plies) in the LI specimens. It 
is believed that this pattern of pop-out plies is an indication of the effect of the biaxial stress 
state. 

a b 

~ pplied load 

• damage~ region 

m osterior 
, / ~ ' p l a n e  plane ~ 

arrows represent 
direction of damage 
development 

pop-out plies 

~ pplied load pop-out plies 

pop-out plies 
FIG. 10--(a) Schematic diagram of damage progression in the neck region; (b) schematic diagram of 

patterns of damaged plies in the neck region. 
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Schematic drawings of the six failed specimens are shown in Fig. 11. Two out of three of the 
Group 2 specimens (specimens BB and BF) failed at the neck region, one (specimen BD) failed 
at the midstem region. Specimens BB and BF were loaded at higher load levels than specimen 
BD. The failure surface of BB and BF, when viewed from either the medial or the lateral side, 
both showed a similar V-shaped cross section. When viewed from the top of the failure sur- 
faces, a crushed region around the medial-posterior side was seen, with the one under higher 
load level (BF) more recognizable than the one under lower load level (BB), but smaller in size. 
These crushed regions are indications of compressive failure. When one examines the lateral 
side of specimen BB and BF, through-the-ply matrix cracks in D2 plies were seen. These cracks 
were all more or less separated from each other, indicating tensile failure. The cracks in spec- 
imen BB (under lower load level) were more dispersed through the thickness of the specimen 
than those in specimen BF (which was under higher load level). This indicates that more dam- 
age had been introduced to the specimen under lower load level than the one under higher 
load level at the time of failure. A similar phenomenon was reported previously on notched 
composite laminates by Razvan et al. [8]. In general, the failure process in the neck initiated 
from the medial-posterior corner due to compression, leaving a crushed compressive failure 
surface. The lateral side failed by tension, as indicated by matrix cracks in D2 plies in L2 spec- 
imens. The overall inverted V-shaped failure surface suggests a dominant shear-type failure 
due to compression. 

Damage Development in the Midstem Region 

For Group 1 specimens, damage initiated in the medial-posterior corner of the midstem 
region, first in the form of matrix cracks along fiber directions in all plies. Between midlife and 
late life, local failures involving several plies occurred, as indicated by several thick penetrant 
lines. They extended into the lateral side and joined together to form a larger local failure zone, 
as indicated bY even thicker penetrant band, where all midstem failures had occurred. All the 

group 1 l I all failed 
at mid-stem 

2N 5G 3Q 

( ~  neck ( ~  (~ 
group2 ~ failure ~ ~ ~ids~em 

Cr reUgShed.,~ 

BF BB BD 
FIG. 11--Schematic diagram o f failure patterns of Group 1 and 2 specimens. 
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Group 1 specimens failed at the midstem region at about 9 cm from the distal end of the pros- 
thesis. The inverted V-shaped failure surface suggested that these specimens failed by shear 
(Fig. 11). 

All of the Group 2 specimens showed midstem damage, although only one of them (speci- 
men BD) failed in that region. Matrix cracks along fiber directions initiated from the medial 
surface and extended toward the lateral side. Local microbuckling-type damage was developed 
within a distance of 8.9 to 10.2 cm from the distal end in the major load-carrying plies. These 
microbuckling-type damages gradually developed into a global shear failure zone (as indicated 
by a wide penetrant band), causing structural failure in specimen BD (Fig. 11). 

The apparent inconsistency of the failure mode of the L2 specimens can be explained by the 
difference in applied load levels. Specimen BD was tested at the lowest load level among Group 
2 specimens, which implies that a substantial amount of damage had been developed in the 
specimen before it failed. The residual strength in the midstem region was exceeded by the 
applied load while the residual strength of the neck still exceeded that of the local applied load, 
resulting in midstem failure. 

Life Prediction Model 

In developing the composite prosthesis, it is almost impossible to produce a complete phe- 
nomenological database of stress and life, associated with such factors as complex loading con- 
ditions, required testing time, as well as cost. Hence, a life prediction model is desirable in 
making inquiry predictions for the long-term behavior for various designs. Such a model 
should represent, mechanistically and physically, property evolution in the composite pros- 
thesis. A life prediction model for the composite prosthesis is developed based on a mecha- 
nistic, cumulative damage model for composite laminates known as the critical-element 
model [ 9]. A brief discussion of the model is presented as follows. 

Stress Analysis 

A stress analysis model for the composite prosthesis was first developed using a strength of 
materials approach. The structure of the composite prosthesis, which consists of more than a 
hundred individual plies with different ply orientations, is highly anisotropic. Large compu- 
tation times would be required to analyze such a structure if a finite element method (FEM) 
was used to evaluate the stress state of each individual ply along the prosthesis. This is a major 
obstacle to the use of the FEM as an effective design tool. For this reason, a strength of mate- 
rials approach was chosen. 

The general approach for the stress analysis model is shown in Fig. 12. The basic assumption 
of this model is that the prosthesis is simply supported at its distal end, a worst case scenario 
compared to expected loadings. The geometry of the structure is first defined. This includes 
description of the longitudinal profile of the prosthesis by polynomial equations and calcula- 
tion of cross-sectional geometric properties such as the area moment of inertia. In-plane and 
out-of-plane applied loads are defined next. Under the applied loads, global stress and moment 
distributions on each arbitrary chosen section along the prosthesis are determined. The curved 
beam theory is u~ed in this model to account for curved geometry of the prosthesis. Global 
stress and moment components determined are then transformed into the laminate coordi- 
nate system at three locations of a section, namely, an element on the lateral, center, and 
medial curve. Laminate analysis is performed at each of these three locations to determine 
stress components of each individual ply at that particular location. General failure functions 
(Tsai-Hill, maximum stress, and maximum strain) are computed in association with the stress 
state of each individual ply to predict the strength of the structure by means of a first ply failure 
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FIG. 12--Flow chart of the stress analysis model. 

scheme, meaning the failure of  the structure is defined when the failure function of any ply 
exceeds unity. The quasi-static strength predictions of  the model are in very good agreement 
with experimental results. A detailed discussion of the stress analysis model can be found in 
Ref4. 

The Critical Element Model 

A life prediction model for the composite prosthesis was developed based on the concept of  
the critical-element model, a mechanistic, cumulative damage model for predicting the resid- 
ual strength and life of  composite laminates subjected to arbitrary cyclic loading [9]. A con- 
ceptual chart of  the model is shown in Fig. 13. The failure mode of a component is first estab- 
lished. Based on the failure mode and .the associated damage mechanisms, a representative 
volume that controls damage and failure and hence the life of the laminate or component is 
identified. It is often assumed that the mechanical response of  the representative volume is the 
same as the bulk material, such as in the case of  unnotched coupons. In some cases, the rep- 
resentative volume depends on the structural geometry and the stacking sequence, for 
instance, in notched coupons where the representative volume is around the notch. For a com- 
posite prosthesis, the representative volume is identified experimentally to be within either the 
medial neck or medial midstem region where structural failure usually occurred. Analytically, 
the location of  the representative volume is at a point on the medial surface under maximum 
compressive stress as determined by the stress analysis model discussed previously. It is the 
process of continuous property degradation to this representative volume (as a function of  
applied cycles) which causes reduction of  strength and eventually the structural failure that is 
to be described in the model. 

Once the representative volume is established, it is subdivided into two types of  elements, 
critical and subcritical. Critical elements are defined as those parts of  the representative vol- 
ume whose failure causes failure of  the component. Since critical elements are the last part of  
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FIG. 13--Flow chart of the critical-element model. 

a component to fail (after the failure of subcritical elements), the strength of a component is 
dominated by the response of the critical element to applied stress. Subcritical elements are 
defined as those parts of a component or laminate which sustain damage during the fatigue 
loading process, but only cause redistribution of internal stress because of fatigue damage 
(such as matrix cracking). The response of subcritical elements is determined by mechanics 
analysis, while the response of the critical elements is represented by phenomenological infor- 
mation and constitutive equations. As shown in Fig. 13, once the subcritical elements are 
defined and information regarding the damage modes and the extent of damage is obtained, 
a damage analysis can be conducted to establish the state of stress in the interior of the com- 
ponent, i.e., the stress state in both the critical and the subcritical elements as functions of the 
number of applied cycles. Damage modes and damage mechanisms can be accessed using 
NDE and destructive test methods. The local state of stress in the criticalelement, the element 
load history, obtained at a given number of applied cycles, may be used to determine the con- 
stitutive behavior of the element in some cases, that is, the state of the material. If the state of 
stress and the state of the material have been determined for the critical elements, then one 
should be able to use some phenomenological strength philosophy (such as Tsai-Hill) to deter- 
mine the residual strength of the critical elements and therefore of the component. Detailed 
derivation of the associated equations can be found in Ref 9. The resulting general residual 
strength equation is 

S~(n) = 1 - ~ (1 - F~(n))i \-U--~j a ~ - ~  (1) 

where 

S, = residual strength of the critical element, 
n = applied cycles, 

FL = failure function, 
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i = nonlinearity parameter, and 
N = life of the critical element at current applied stress. 

The residual strength, St(n), can be evaluated at any applied cycle by numerically integrating 
Eq 1. Note that St, FL, and N are all functions of applied cycles, n. Detailed computational 
procedures for a composite hip prosthesis are described in the following section. 

Application to a Composite Prosthesis 

The ultimate goal of the modeling effort is to transform the critical-element model concept 
into an operating computer code for design purpose. A flow chart of the computer model is 
shown in Fig. 14. To begin, global stress state in the prosthesis is first determined. The global 
stresses are then transformed into local stresses at the ply level using laminate analysis. These 
computations are accomplished using the stress analysis model. After the stress state in each 
individual ply at each chosen point along the prosthesis has been determined, the stresses are 
compared so that the location of the critical element and the subcritical elements can be iden- 
tified: a ply with the highest stress in the fiber direction, a=,, is identified as the critical element; 
all the other plies are identified as subcritical elements. Since it is known from experimental 
results that the prosthesis failed by compression, only the stress state and residual strength in 
the medial surface are evaluated. 

As the number of applied load cycles (mechanical and environmental) increases, damage 
development in the subcritical elements results in degradation of material properties. For 
instance, creep and moisture effects cause reduction in transverse and shear modulus [10- 
20]; matrix cracking due to mechanical loading produces the same consequence [21-25]. 
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FIG. 14--Flow chart of the life prediction mode~for composite hip prosthesis. 
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Property degradation in the material is determined by damage analysis, wherein evolution of  
material properties is represented as functions of  applied cycles. 

Characterization of  fatigue damage in composite materials has been the subject of numer- 
ous investigations [21-25 ]. In general, fatigue damage in composite materials consists of  var- 
ious combinations of  matrix cracking, fiber-matrix debonding, delamination, void growth, 
and local fiber breakage. These damage mechanisms are complex and very difficult to describe 
in a general way. Reifsnider et al. [23] suggested the characteristic damage states (CDS) for 
matrix cracking in composite laminates having off-axis plies during long-term fatigue loading. 
These matrix cracks play an important role in controlling the life and residual strength of  the 
laminate. Indeed, it has been found that matrix cracking is a dominant damage mode in the 
neck region of  the prosthesis, as discussed in the experimental section. To represent transverse 
cracking in the matrix material during fatigue, it is required that the ply transverse and shear 
moduli, F2 and GI:, decrease as transverse crack density increases with the number of applied 
cycles. Such a stiffness reduction relation may be represented in terms of  applied cycles, n, in 
polynomial form 

E~ - ~ Cm (2) 

where Cm are coefficients, E ~ and E2 are initial and current ply transverse stiffness, respectively, 
n and N are the same as in Eq 1. The same type of  equation also applies for ply shear modulus, 
G12. The effects of  creep and moisture on stiffness changes of  the material are also considered 
in the model. Detailed analysis can be found in Ref 4. 

As discussed earlier, damage in the subcritical element causes internal stress redistribution. 
Assume that the initial transverse modulus of  the subcritical element is E ~ At some applied 
cycle, n, the transverse modulus becomes E2, such that E ~ > E2 as a result of  damage devel- 
opment caused by either mechanical, or environmental, or both types of  loadings. Analyti- 
cally, from laminate theory, this reduction in transverse stiffness causes alternations in the A, 
B, and D matrices of  the laminate, which in turn causes alternations in the stress state of all 
plies. 

For the critical element at 0 applied cycles, no degradation in strength and stiffness has taken 
place. At this moment, the failure function FL(n) = FL(0). The element response is determined 
by phenomenological data, which may be represented by a S-N curve 

o r  

a'-A~ = a + b log (N) (3) 
X~ 

N= log-l I(all/X~-- a) ] (4) 

where 

aJl = instantaneous compressive stress in the fiber direction, 
Xc = unidirectional compressive strength, 

a, b = constants, and 
N = life of  the critical element at a,l. 

Note that al~ and Xc are both functions of  the number of  applied cycles, n, so that life, N, is 
also a function of n. 
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Having calculated the failure function FL(O) and element response N(0), we skip the step 
"strength reduction" for now and go back to the step "ply stress" in Fig. 14, as no damage is 
introduced to the element initially. Assuming that the number of  applied cycles is increased 
to n, stress redistribution occurs in the interior of  the laminate as a result of  damage develop- 
ment in the subcritical elements. Usually this suggests that the critical elements are under 
higher stress than before. Moreover, environmental effects may cause a reduction in the com- 
pressive strength, Xc, of  the critical element. Increase in applied stress, ~11, and reduction in 
strength, Xc, of  the critical element cause an increase in the failure function, such that FL(n) 
> FL(O). The element response is also changed by the stress redistribution. Since all,Xc is no 
longer the same at n cycles when compared to 0 cycle, N(n) is different from N(0). Usually, 
N(n) < N(0). Now FL(O), FL(n), N(O), N(n), and n are all known. These quantities enter the 
residual strength equation (Eq 1), and the equation is evaluated by numerical integration. For 
each increment of applied cycles, ply stresses, failure functions, and element response are 
recalculated and enter the strength reduction equation so that the reduction in strength and 
residual strength can be evaluated. 

Example 

A sample calculation obtained from the life prediction model is provided here for illustra- 
tion. The result is shown in Fig. 15, where the residual strength (represented by Eq l) of  a L2 
prosthesis under a load of  0.77 Nl and 0.63 Nl, and at load angles of  0* in-plane and 10* out- 
of-plane, is plotted against log of  applied cycles. Here N!is a normalization force unit such that 
the quasi-static ultimate load of  the Ll specimens is 1.05 Nl. The calculation is based on a 16- 
ply laminate with thickness the same as the prototype specimens. The representative volume, 
a point under highest compressive stress, is found to be located on the medial surface at the 
middle of  the neck region. The critical element is the ply with the lowest angle of  incidence to 
the neck axis. For simplicity, the failure function, FL(n), is represented by the maximum strain 
ratio 

ell(n) FL(n) = - -  ( 5 )  
13 F 

where 

e,~(n) = strain in the fiber direction (a function of  applied cycles), and 
eF = failure strain in the fiber direction. 

The residual strength is calculated based on the maximum strain ratio since the local failure 
function, FL, is represented by that ratio. Hence, failure of the prosthesis occurs when the resid- 
ual strength of  this point is exceeded by the instantaneous maximum strain ratio. The unidi- 
rectional S-N curve used is 

trl---2 -- 1.0 -- 0.12 log N (6) 
x c  

The coefficient 0.12 is typical of  polymeric matrix unidirectional material. This value is 
obtained by adjusting the residual strength curve to Data 1. Damage due to mechanical load- 
ing is represented by a linear degradation functions for the ply transverse and shear modulus. 
The ordinates of  the experimental data points are taken to be the maximum strain ratio of  the 
critical element at their respective load levels, as determined by the stress analysis model. It 
should be mentioned that the linear degradation functions for the ply transverse moduli and 
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FIG. 15--Example of application of the life prediction model. 

the unidirectional S-N curve were chosen for their simplicity, and that more exact represen- 
tations of these functions are not available for the particular material system used for the pros- 
thesis at present. 

Summary 

Two types of composite hip prostheses with different layups were cyclically tested under 
biaxial loading conditions. Fatigue damage was studied using X-ray radiography, a surface 
replication technique, and sectioning of the specimens. Damage in the neck region is predom- 
inantly in the form of matrix cracking along fiber directions. These cracks initiated from the 
medial-posterior corner, extended to the lateral side, and distributed toward the anterior side. 
Damage in the midstem region of Group 1 specimens was predominantly in form of matrix 
cracking. Damage in the midstem region of Group 2 specimens was in form ofmicrobuckling 
following some matrix cracking at the medial surface. Structural failure in these specimens 
was caused by accumulation of local failures. In general, failure modes of the two types of 
specimens tested depend on their stacking sequence. 

A life prediction model for a composite prosthesis was developed based on a critical-element 
model for composite laminates. Due to a lack of supporting data, however, it is recognized 
that some of the damage analyses presented here are still in an incomplete form. However, the 
present results suggest that the model can be used to make inquiry predictions for the remain- 
ing strength and life of various designs of a composite prosthesis. 
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