


STP 1189 

Fracture Mechanics: 
Twenty-Third Symposium 

Ravinder Chona, editor 

ASTM Publication Code Number (PCN) 
04-011890-30 

AsT  
1916 Race Street 
Philadelphia, PA 19103 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



ASTM Publication Code Number (PCN) 04-011890-30 
ISBN: 0-8031-1867-8 
ISSN: 1040-3094 

Copyright �9 1993 AMERICAN SOCIETY FOR TESTING AND MATERIALS, Philadelphia, PA. All 
rights reserved. This material may not be reproduced or copied, in whole or in part, in any printed, 
mechanical, electronic, film, or other distribution and storage media, without the written consent of the 
publisher. 

Photocopy Rights 

Authorization to photocopy items for internal or personal use, or the internal or personal use of 
specific clients, is granted by the AMERICAN SOCIETY FOR TESTING AND MATERIALS for users 
registered with the Copyright Clearance Center (CCC) Transactional Reporting Service, provided that 
the base fee of $2.50 per copy, plus $0.50 per page is paid directly to CCC, 27 Congress St., Salem, 
MA 01970; (508) 744-3350. For those organizations that have been granted a photocopy license by 
CCC, a separate system of payment has been arranged. The fee code for users of the Transactional 
Reporting Service is 0-8031-1867-8/93 $2.50 + .50. 

Peer Review Policy 

Each paper published in this volume was evaluated by three peer reviewers. The authors addressed 
all of the reviewers' comments to the satisfaction of both the technical editor(s) and the ASTM 
Committee on Publications. 

The quality of the papers in this publication reflects not only the obvious efforts of the authors and the 
technical editor(s), but also the work of these peer reviewers. The ASTM Committee on Publications 
acknowledges with appreciation their dedication and contribution to time and effort on behalf of ASTM. 

Printed in Baltimore, MD 
September 1993 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



Foreword 

The Twenty-Third National Symposium on Fracture Mechanics was held on 18-20 June 
1991 in College Station, Texas. ASTM Committee E24 on Fracture Testing was the sponsor. 
Ravinder Chona, Texas A&M University, presided as symposium chairman and is the editor 
of this publication. 
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Overview 

The National Symposium on Fracture Mechanics has evolved, since its beginnings in 1965, 
into an annual forum for the exchange of  ideas related to the fracture of  engineering materials. 
The Twenty-Third National Symposium carried on this tradition and was held in College Sta- 
tion,Texas, on 18-20 June 1991. The symposium was sponsored by ASTM Committee E24 
on Fracture Testing, with the cooperation and support of the Department of  Mechanical Engi- 
neering at Texas A&M University. 

The diversity of interests and the wide range of  problem areas in which fracture mechanics 
can play a role in ensuring structural integrity was reflected in the topic areas that were 
addressed in the 63 papers that were presented at the symposium. The symposium drew I l0 
attendees from 18 countries around the world, highlighting the strong international flavor that 
the National Symposium and ASTM's fracture-related activities have acquired over the years. 

The efforts of  the authors of  the manuscripts submitted for publication and the diligence of  
the persons entrusted with the task of peer-reviewing these submittals have resulted in the com- 
pilation of  papers that appear in this volume. These papers represent a broad overview of the 
current state of the art in fracture mechanics research and should serve as a timely recording 
of  advances in basic understanding, as a compilation of  the latest test procedures and results, 
as the basis of  new insights and approaches that would be of  value to designers and practitio- 
ners, and as a stimulus to future research. 

The volume opens with the paper by Dr. John M. Barsom, who delivered the Second 
Annual Jerry L. Swedlow Memorial Lecture at this symposium. Barsom's presentation 
addressed the need for a better understanding of the basic issues involved in several different 
structural applications of fracture mechanics technology. As such, it serves as a road map for 
future directions and is a highly appropriate tribute to the memory of the individual who 
played a very important  role in shaping the National Symposium into the forum that it is 
today. 

Following the Swedlow Lecture are forty-five papers that have been broadly grouped into 
seven topical areas, based on the main theme of  each paper. These groupings are, however, 
only intended as an aid to the reader, since no classification can ever be absolute. Topics of  
interest to a particular reader will therefore be found throughout this volume, and the reader 
is encouraged to consult the Index for the location of  topics of  specific interest. 

The groupings that have been adopted are detailed next and are similar to the broad cate- 
gories that were used to divide the presentations into coherent topical sessions at the sympo- 
sium itself. The first group of  nine papers addresses analytical and constraint-related issues in 
elastic-plastic fracture mechanics, with much of  the emphasis being on topics related to tran- 
sition range behavior. The next section of  seven papers also deals with elastic-plastic fracture, 
but emphasizes applications. Following this are two sections that both address linear-elastic 
fracture mechanics, with a group of three papers emphasizing analytical aspects, and a group 
of  four papers that are more applications oriented. Subcritical crack growth and nondestruc- 
tive evaluation methods are the joint  themes of  the next group of  eight papers. Following this 
are eleven papers addressing the fracture of composites and nonmetals, a topic area that is 
receiving increasing attention from the fracture community and which had significant repre- 
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2 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

sentation at a National Symposium for the first time. Finally, a grouping of three papers deal- 
ing with probabilistic and dynamic issues closes out this volume. 

In addition to the technical program, a highlight of the symposium was the presentation by 
Dr. George R. Irwin of the 1991 medal named in his honor to Dr. Hugo A. Ernst of the Georgia 
Institute of Technology, and the presentation by Dr. C. Michael Hudson, Chairman of Com- 
mittee E24, of the 1991 Award of Merit and designation of Fellow of ASTM to Dr. Richard 
P. Gangloff of the University of Virginia. 

The Symposium Organizing Committee consisting of Prof. T. L Anderson, Prof. R. Chona, 
Dr. J. P. Gudas, Dr. W. S. Johnson, Jr., Prof. V, K. Kinra, Prof. J. D. Landes, Mr. J. G. Merkle, 
Prof. R. J. Sanford, and Mr. E. T. Wessel are pleased to have been a part of this very significant 
technical activity. The committee and the symposium chairman in particular would like to 
express their appreciation of the support received from the authors of the various papers pre- 
sented at the symposium; of the thoroughness of the peer-reviewers who have played a major 
role in ensuring the technical quality and archival nature of the contents of this publication, 
of the efforts by various ASTM staffto help make the symposium and this volume a success, 
particularly Mr. P. J. Barr, Ms. L. Hanson, Ms. H. M. Hoersch, Ms. M. T. Pravitz, Ms. D. 
Savini, and Ms. N. Sharkey; and of the support, encouragement, and assistance extended by 
Prof. W. L. Bradley, Head of the Department of Mechanical Engineering at Texas A&M Uni- 
versity. Finally, the symposium chairman would like to especially thank Ms. Katherine A. 
Bedford, Staff Assistant at Texas A&M University, for all her contributions during the plan- 
ning of the symposium and the preparation of this volume. 

Ravinder Chona 
Department of Mechanical Engineering, Texas 

A&M University,College Station, Texas; 
symposium chairman and editor. 
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John M. B a r s o m  I 

Structural Problems in Search of Fracture 
Mechanics Solutions* 

REFERENCE: Barsom, J. M., "Structural Problems in Search of Fracture Mechanics Solu- 
tions," Fracture Mechanics: Twenty- Third Symposium, ASTM STP 1189, Ravinder Chona, Ed., 
American Society for Testing and Materials, Philadelphia, 1993, pp. 5-34. 

ABSTRACT: This second Jerry L. Swedlow Memorial Lecture presents a few significant devel- 
opments in fracture mechanics that occurred over the past 25 years and some unresolved prob- 
lems relating to materials and design and to technology transfer and education. Examples of 
some accomplishments and problems needing solutions are presented in areas of fracture tough- 
ness, including elastic, elastic-plastic and short cracks, and of environmental effects. 

Professor Jerry L. Swedlow was an educator and a researcher who devoted his career to the 
transfer of technology to his students and to scientists and engineers. Thus, the lecture appro- 
priately concludes with a few observations, needs, and recommendations concerning technology 
transfer. 

KEY WORDS: fracture mechanics, fatigue (materials) 

It is an honor and a privilege to present the second Swedlow Memorial Lecture. Jerry was a 
colleague with whom I worked closely on several projects. He was a neighbor whose children 
and mine spent several years playing and growing up together. Above all, Jerry was a friend 
whom I think of frequently and I miss terribly. I thank the National Symposium Committee 
for inviting me to make this presentation. 

Although Jerry Swedlow's publications were concentrated in the analytical aspect of frac- 
ture mechanics, his interests spanned all facets of the technology. He was very interested in 
applying fracture mechanics to practical problems and toiled hard as a professor and as chair- 
man of the National Symposium on Fracture Mechanics to transfer the available knowledge 
to others. Jerry and others' contributions to the analytical aspects of fracture and some of the 
unresolved analytical problems have been presented by M. L. Williams [ 1] in the first Jerry L. 
Swedlow Memorial Lecture. This second lecture presents a few significant fracture mechanics 
developments that occurred over the past 25 years and some unresolved problems relating to 
materials and design and to technology transfer and education. 

Materials and Design Considerations 

The application of national and international specifications results in safe and reliable engi- 
neering structures. These specifications are continually being updated and should reflect the 
most current knowledge in a given field. Incorrect use and violation of the requirements of the 
specifications may result in failure of a component or an entire structure. Also, because spec- 
ifications present min imum requirements, the need for additional requirements must be 

1 Senior consultant, Metallurgical Services, U.S. Steel, Pittsburgh, PA 15219-4776. 
* Second Annual Jerry L. Swedlow Memorial Lecture. 
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6 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

investigated for new and improved designs, for use of new materials, for use of common mate- 
dais in new and unique applications, and for any other nontraditional situation. Such an 
investigation should occur early in the design process, at which time the responsible engineer 
should obtain and incorporate the needed additional requirements. 

Technical developments during the past 20 years resulted in significantly improved char- 
acterization of the behavior and performance of steel structures. These developments include 
understanding and prediction of the effects of temperature and rate of loading on fracture 
toughness, the fatigue crack initiation and propagation behavior of fabricated components 
under constant and variable amplitude loading, and corrosion fatigue crack initiation and 
propagation behavior of constructional steels in aqueous environments [2]. Some of these 
developments have been incorporated in specifications for bridges [2,3]. 

Although significant progress has occurred during the past 25 years, further technical 
accomplishments are needed to improve the safety, reliability, and economy of steel struc- 
tures. Predictive models are needed to identify fatigue-crack initiation sites and unstable crack 
extension in weldments where large variations in mechanical properties and microstructure 
occur in neighboring small regions. Analytical and experimental procedures are needed to 
characterize the fatigue and fracture, behavior of short cracks where traditional fracture 
mechanics analyses for deep cracks are not valid. Plant-life extension methodologies should 
be developed to predict the remaining life of plant components. Other problems exist for 
which solutions are needed and where fracture mechanics technology can contribute signifi- 
cantly. The following sections present some accomplishments and problems needing solutions 
in the areas of fracture toughness, including elastic, elastic-plastic, and short cracks and of 
environmental effects. 

Linear Elastic Fracture-Toughness Characterization 

Most constructional steels can fracture either in a ductile or in a brittle manner. The mode 
of fracture is governed by the temperature at fracture, the rate at which the load is applied, and 
the magnitude of the constraints that prevent plastic deformation. The effects of these param- 
eters on the mode of fracture are reflected in the fracture-toughness behavior of the material. 
In general, the fracture toughness increases with increasing temperature, decreasing load rate 
and decreasing constraint. Furthermore there is no single unique fracture-toughness value for 
a given steel even at a fixed temperature and loading rate. 

The increase of fracture toughness with temperature is shown in Fig. 1 for Charpy V-notch 
(CVN) specimens and in Fig. 2 for plane-strain critical stress intensity factor, Kxc, specimens 
[2,4]. The data in Fig. 2 also show the shift of the fracture-toughness transition curve to higher 
temperature as the rate of loading increases. 

From a failure analysis point of view, the fracture-toughness value for the material may be 
used to calculate the critical crack size at fracture under a given applied stress, or the magnitude 
of the stress at fracture for a given critical crack size. However, it is essential that the fracture- 
toughness value be determined at the fracture temperature and at the appropriate loading rate 
for the structural component of interest. A low dynamic fracture toughness [7 J for example, 
(5 ft. lbf)] at the fracture temperature does not necessarily mean that the steel did not possess 
adequate fracture toughness under slow loading conditions, Similarly, cleavage features at a 
short distance from the initiation site do not necessarily mean that the steel was brittle under 
slow loading conditions. Unfortunately, misunderstanding these simple and basic observa- 
tions has resulted in erroneous analyses of fractures. 

The Charpy V-notch impact specimen continues to be the most widely used specimen for 
characterizing the fracture-toughness behavior of steels. These specimens are. routinely tested 
for many failures regardless of the relevance of the test results to the particular investigation. 
Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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FIG. 1--Charpy V-notch test results for a low-carbon steel. 

Furthermore, the steel is usually characterized as brittle and not having sufficient fracture 
toughness for its intended application if it exhibits Charpy V-notch values below about 20 J 
(15 ft. lbf) at the fracture temperature. The characterization is made without regard for the 
difference in loading rate between the test and the structure. 

The static and dynamic (impact) fracture-toughness behavior for constructional steels can 
be understood by considering the fracture toughness transition curves, Fig. 3 [2,4,5]. The shift 
(that is, distance along the temperature axis) between the static and impact fracture-toughness 
transition curves depends on the yield strength of the steel, Fig. 4 [2,4,5]. Thus, the static and 
impact fracture-toughness transition curves are represented by a single curve for steels having 
yield strengths higher than about 897 MPa (130 ksi). On the other hand, the shift between these 
curves is about 71 ~ (160~ for a 248 MPa (36 ksi) yield strength steel. 

The fracture-toughness curve for either static or dynamic loading can be divided into three 
regions as shown in Fig. 3. In Regions I, and Ia for the static and dynamic curves, respectively, 
the steel exhibits a low fracture-toughness value. 

In Regions II, and IIa, the fracture toughness to initiate unstable crack propagation under 
static and dynamic loading, respectively, increases with increasing temperature. In Regions 
Ills and Ilia, the static and dynamic fracture toughness, respectively, reach a constant upper- 
shelf value. 
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FIG. 4--Effect of yield strength on shift in transition temperature between impact and static plane-strain 
fracture-toughness curves. 

In Region Is, the static and the dynamic fracture-toughness values are essentially identical. 
Thus, the same low fracture-toughness values would be expected regardless of  the loading rate 
used to fracture the specimens. In Regions IIs, the static fracture toughness increases to an 
upper-shelf value while the dynamic fracture toughness remains low. Therefore, the specimen 
may exhibit a high fracture-toughness value under static loading but a low fracture-toughness 
value under impact loading. Depending on the yield strength of  the steel and the correspond- 
ing shift between the static and impact curve, this behavior may extend well into Region III,. 
Within this temperature zone, the steel may have a high fracture-toughness value under static 
and intermediate loading rates yet exhibit a 7 J (5 ft.lbf) impact Charpy V-notch fracture- 
toughness value. Many constructional steels in actual engineering structures operate within 
this temperature zone. Consequently, a 7 J (5 ft-lbf) Charpy V-notch value at the fracture 
temperature does not necessarily mean that the steel did not possess sufficient fracture tough- 
ness for its use in a slowly loaded structure. This mistake has been made often in failure anal- 
yses despite the various documents that have been published on this subject. 

In Region IIId, the static and dynamic fracture toughnesses are on the upper shelf. In this 
region, the mode of  fracture is shear deformation that is governed by the yield strength and 
strain-hardening characteristics of  the material. Because the dynamic yield strength for steels 
is about 172 MPa (25 ksi) higher than the static yield strength [2], the dynamic fracture tough- 
ness in Region IIId is higher than the static fracture toughness. 

Fracture Surface Characteristics 

An6ther error frequently made in failure analyses of steel components is caused by misin- 
terpr&ation of  the visual and fractographic observations on the fracture surface. Fractures of  Copyr ight  by  ASTM Int ' l  (a l l  r igh ts  reserved) ;  Wed Dec  23  19:12:57  EST 2015
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constructional steels usually exhibit flat cleavage surfaces in the crack-propagation zone. In 
many cases, this fracture surface feature is incorrectly assumed to reflect low fracture-tough- 
ness characteristics for the steel without regard for the crack-initiation behavior for the mate- 
rial, the temperature at the time of fracture, or the loading rate under which the fracture 
initiated. 

The features of fracture surfaces for steels can be understood by reexamining the fracture- 
toughness transition behavior under static and impact loading, Fig. 3. The static fracture- 
toughness transition curve depicts the mode of crack initiation and the features of the fracture 
surface at the crack tip. The dynamic fracture-toughness transition curve depicts the mode of 
crack initiation under impact loading and the features of the crack propagation region under 
static or impact loading. 

In Region Is, for the static curve, Fig. 3, the crack initiates in a cleavage mode from the tip 
of the fatigue crack. Figure 5 is a scanning electron micrograph of an ABS-C steel specimen 
statically loaded to fracture in Region I,. 

In Region II,, the fracture toughness to initiate unstable crack propagation increases with 
increasing temperature. This increase in crack-initiation toughness corresponds to an increase 
in the size of the plastic zone and in the zone of ductile tearing (shear) at the crack tip prior to 
unstable crack extension. In this region, the ductile-tearing zone is usually very small and dif- 

FIG. 5--Scanning-electron micrograph of static fracture initiation Region Is. 
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ficult to delineate visually. In Region IIIs, the static fracture toughness is quite high and some- 
what difficult to define, but the fracture initiates by ductile tearing (shear). 

Once a crack initiates under static load, the features (cleavage or shear) of the fracture sur- 
face for the propagating crack are determined by the dynamic behavior and degree of plane 
strain at the temperature. Regions Id, IId, and IIId in Fig. 3 correspond to cleavage, increasing 
ductile tearing (shear), and full-shear crack propagation, respectively. Thus, at Temperature 
A, the crack initiates and propagates in cleavage. At Temperatures B and C, the crack exhibits 
ductile initiation but propagates in cleavage at Temperature B and in a mixed mode (cleavage 
plus ductile dimples) at Temperature C. The only difference between the crack initiation 
behaviors at Temperatures B and C is the size of the ductile-tearing zone, which is larger at 
Temperature C than at Temperature B. At Temperature D, cracks initiate and propagate in 
full shear. 

Figure 6 presents a light micrograph of a fracture profile and scanning electron micrographs 
of static fracture initiation and subsequent propagation for an ABS-C steel specimen tested at 
a temperature between Points B and C in Fig. 3. Figure 7 presents similar micrographs for an 
identical specimen of the same ABS-C steel plate tested dynamically at the same temperature 
as the one presented in Fig. 6. A comparison of Figs. 6a and 7a shows more plastic deformation 
in the vicinity of the fatigue crack front under static loading conditions than under dynamic 
loading. Figure 6b shows a region of ductile dimpling crack-initiation zone at the tip of the 
fatigue crack front followed by cleavage propagation. The metaUographic features for the ini- 
tiation and the propagation regions of this statically loaded specimen are shown at higher mag- 
nification in Figs. 6c and 6d, respectively. Figure 7b shows that the crack initiation and prop- 
agation for this dynamically fractured specimen were by cleavage. Thus, under identical test 
conditions, the ABS-C steel exhibited high fracture toughness and ductile crack initiation 
under static loading, but low fracture toughness and cleavage initiation under dynamic load- 
ing. However, both specimens exhibited cleavage crack propagation. These examples dem- 
onstrate that a cleavage crack initiation may occur either because the steel has low static frac- 
ture toughness at the fracture temperature or because the steel was subjected to dynamic 
loading. Moreover, cleavage crack propagation can occur even for a material having a high 
crack-initiation fracture toughness sufficient for a structure that is loaded slowly or at an inter- 
mediate loading rate. 

Figure 8 [2,4] shows the fracture surfaces and fracture-toughness values (CVN and Kc) for 
an A572 Grade 50 steel. The specimen tested at -41.1 ~ (-42~ exhibited a small amount 
of shear initiation at a temperature slightly below B in Fig. 3. The specimen tested at 3.33~ 
(38~ exhibited increasing shear initiation (between B and C). The specimen tested at 22"C 
(72"F) exhibited full shear initiation (Temperature C) and, despite the high fracture toughness 
[67 J (49 ft. lbf) and 490 MPa V ~  (445 ksi Vq-m.)], still exhibited a large region of cleavage 
propagation. Thus, ductile crack propagation should only be expected at Temperature D, 
which is essentially dynamic upper-shelf, Charpy V-notch impact behavior. 

Most constructional steels exhibit adequate initiation fracture toughness at the temperature 
and loading rates for common engineering structures. However, once this fracture-toughness 
level is exceeded, the crack may propagate unstably exhibiting a fiat, cleavage, brittle fracture 
surface. 

Elastic-Plastic Fracture Toughness 

A thorough understanding of material and structural performance awaits further develop- 
ments in elastic-plastic fracture mechanics. Despite the excellent progress that has occurred 
over the past several years [6-9], better understanding of testing, interpreting, and applying 
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FIG. 6cand d--X625. 
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FIG. 7--Light micrograph of fracture profile and scanning:electron micrographs of dynamic fracture 
initiation in Region Hs (a) X 250 and (b) X625, 
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FIG. 8--Fracture surfaces of  38 mm (1.5-in.)-thick compact-tension specimens ofA572 Grade 50 steel, 

elastic-plastic fracture toughness is urgently needed. A few of the several areas that should be 
investigated are presented in the following discussion, 

Most low- and medium-strength constructional steels have insufficient thickness to main- 
tain plane strain conditions under slow and intermediate loading at normal service tempera- 
tures. Thus, for many structural applications, the linear-elastic analyses used to calculate K~c 
values are invalidated by the formation of a large plastic zone along the crack front prior to 
fracture. Consequently, test methods and fracture-toughness parameters have been developed 
to characterize the elastic-plastic and plastic fracture-toughness behavior of metals. The most 
commonly used elastic-plastic fracture-toughness parameters are the crack-tip opening dis- 
placement (CTOD) and the J-integral. The CTOD parameter is a measure of the critical dis- 
placement, or strain, at the tip of a crack. Standard test methods for determining the critical 
CTOD value at a fracture have been published in ASTM Test Method for Crack-Tip Opening 
Displacement (CTOD) Fracture Toughness Measurement (E 1290-89) [10] and in the British 
Standard BS5762 Method for Crack Opening Displacement (COD) Testing [ 11], 

In general, the CTOD value for structural steels, like CVN test results, increases with 
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increasing test temperature. Beyond a given test temperature, the rate of increase in CTOD 
values accelerates until the CTOD values reach a constant value resulting in an upper-shelf 
behavior similar to CVN test results. An example of this behavior is shown in Fig. 9 [2,12]. 
The significant increase in CTOD values with an increase in the amount of visually observable 
ductile (fibrous) stable-crack extension is seen prior to fracture. The behavior at temperatures 
corresponding to the CTOD upper-shelf is an indication of  the ability of  the material to exhibit 
ductile crack extension prior to fracture rather than the inherent resistance to crack initiation. 

The CTOD fracture-toughness curve in Fig. 9 may be divided into four regions as shown 
schematically in Fig. 10 [2,13]. The four regions have been designated lower-shelf, lower-tran- 
sition, upper-transition, and upper-shelf fracture-toughness behavior. The load-displacement 
records for each of these regions is shown in Fig. 11 [12]. 

The lower-shelf region is characterized by linear-elastic fracture mechanics where fracture 
toughness is represented by K~c. The plastic zone along the crack tip is extremely small and, 
visually, the fracture surface exhibits brittle cleavage features with no visible ductile fracture 
zone in the vicinity of  the crack tip. 

Visual observation of  the fracture surface of  specimens tested in the lower-transition region 
shows negligible, if any, ductile (fibrous) fracture zones at the crack tip. However, the plastic- 
zone size at the crack tip becomes larger than permitted by ASTM Test Method for Plane- 
Strain Toughness of  Metallic Materials (E 399-83) for linear-elastic analyses to be applicable. 
This deviation from linearity is usually reflected in the load-displacement curve, Fig. 11. 
Finite-element analysis [14] shows that in this region a plastic hinge develops in a three-point 
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bend test specimen that demonstrates that the lower transition region is definitely a region of  
elastic-plastic fracture behavior. Consequently, elastic-plastic fracture-mechanics analysis is 
required to characterize the fracture-toughness behavior in this region. 

The upper-transition region is characterized by ductile crack initiation followed by ductile 
stable-crack extension prior to unstable crack extension in a brittle manner, The ductile stable- 
crack extension is recognized by a fibrous "thumbnail" that is detectable by unaided visual 
observation of  the fracture surface. The load-displacement curves exhibit significant plasticity 
(deviation from linearity) prior to unstable-crack extension, Fig. 11. 

The upper-shelf region is characterized by ductile crack initiation and ductile crack propa- 
gation. The entire fracture surface is often fibrous, and the load-displacement record is a 
round-house curve, Fig. 11. 

CTOD values measured at elevated test temperatures where the steel behaves plastically are 
at least an order of  magnitude larger than the values measured at low temperatures. Thus, a 
CTOD-versus-temperature plot for a steel tested at low temperatures, where the crack prop- 
agates brittlely [CTOD _< 0.025 mm (1 mil)] and at elevated temperatures, where the crack 
propagates partially or fully in a ductile mode [CTOD >_ 0.25 mm (10 mil)], masks the plane- 
strain K,c fracture-toughness transition behavior [CTOD _< 0.25 mm (1 mil)] discussed earlier. 
Consequently, a better understanding of the fracture toughness transition behavior for steels 
from low temperatures to high temperatures may be obtained by studying the change in the 
critical stress intensity factor at various temperatures. This study is presented in a later section. 

Variability 

Elastic-plastic fracture-toughness data in the temperature transition zone exhibit large scat- 
ter, Fig. 12 [13]. A systematic investigation and a thorough understanding of  the cause of  data 
scatter has been hindered by conveniently relegating the scatter to material inhomogeneities. 
Most materials including steels are not homogeneous or isotropic, and therefore, do contribute 
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partially to the observed fracture-toughness data scatter. However, fracture-toughness test 
results even for a homogeneous isotropic steel would exhibit large data scatter in the transition 
zone. This behavior is inherent in the change in the microscopic fracture processes at the crack 
tip as a function of  temperature. Thus, at very low temperatures, the crack initiates and prop- 
agates in cleavage and the steel exhibits low fracture toughness values with small data scatter. 
At very high temperatures, the crack initiates and propagates by ductile tearing and the steel 
exhibits high fracture toughness values with small data scatter. Thus, the transition zone is 
bound at the low temperature end by cleavage crack initiation and propagation and at the high 
temperature end by ductile crack initiation and propagation. In the hypothetical case, where 
the fracture toughness transition occurs in a very small temperature zone, half the specimen 
would exhibit cleavage crack initiation and propagation and the other half would exhibit duc- 
tile crack initiation and propagation. This hypothetical example suggests that a significant por- 
tion of  data scatter in the transition zone may be caused by the unstable equilibrium charac- 
teristic of  the crack-tip fracture mechanisms. The magnitude of variability is a function of  the 
rate of change of  the fracture mechanisms as a function of temperature with the narrower tran- 
sition zones producing larger data scatter. 

It has long been known that fracture toughness transition is influenced by the constraint at 
the crack tip. For example, plane stress, Kc, test results exhibit transitions at lower tempera- 
tures than Kfc test results for the same material. Consequently, a better understanding of  the 
causes of  fracture toughness variability in the transition zone and the effects of  constraint on 
variability may help explain the increased scatter in the elastic-plastic fracture-toughness val- 
ues as the specimen size and crack size change, Fig. 13 [ 13,14]. 

Correlations of Various Fracture-Toughness Parameters--Several theoretical and empiri- 
cal relationships have been developed to correlate various fracture-toughness parameters. The 
following are useful relationships that are available for analyzing material behavior and struc- 
tural performance. 

Relationships for K, J. and CTOD [2] - -The  equations used to estimate K from J a r e  

K = ~ plane stress (1) 

The equation used to estimate K from CTOD is 

K = ~ , . ,  6 (2) 

where m is a constant factor that varies from 1 to 2 depending on the degree of through-thick- 
ness constraint, that is, plane strain or plain stress. 

Equations 1 and 2 indicate that J c a n  be related to CTOD by the following relationship 

J = M%s 6 (3) 

Finite-element analysis [15] of  three-point bend specimens having different sizes and from 
five materials indicated that J a n d  CTOD are linearly related over the entire range of  behavior 
from linear elasticity to the limit load. In addition, for the range of  material and specimen sizes 
investigated, the finite-element analysis provided a consistent correlation of  J with CTOD 
using the flow stress, anow, instead of  the yield stress and using m = 1.6 for the plane strain and 
m = 1.2 for plane stress. The flow stress is the algebraic average of the yield strength and the 
tensile strength of  the material. However, the best correlation between J and CTOD for both 
plane-strain and plane-stress test results is given by the equation 

J = 1.7trnow 6 (4) 
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This equation is based on extensive data obtained by testing 13 steel grades having yield 
strengths of  228 to 924 MPa (33 to 134 ksi), Fig. 14 [16], and three-point bend specimens 
having different sizes and crack-length to specimen-width ratios, Fig. 15 [15]. 

Correlation of K,d. Kt~, and Charpy V-Notch (CVN) Impact Energy Absorption--The 
Charpy V-notch impact specimen is the most widely used specimen for material development, 
specifications, and quality control. Moreover, because the Charpy V-notch impact energy 
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absorption curve for constructional steels undergoes a transition in the same temperature zone 
as the impact plane-strain fracture toughness (Kid), a correlation between these test results has 
been developed for the transition region and is given by the equation [2,4] 

(K,~) 2 
- 5(CVN) (5) 

E 

where K~d is in psi/in, j/2, E is in psi, and CVN is in ft. lbf. The validity of this correlation is 
apparent from the data presented in Fig. 16 [4,17] for various grades of steel ranging in yield 
strength from about 248 (36) to about 966 (140) MPa (ksi) find in Fig. 17 [4,17] for eight heats 
of SA 533B, Class 1 steel. Consequently, a given value of CVN impact energy absorption cor- 
responds to a given Kxd value (Eq 5), which in turn corresponds to a given toughness behavior 
at lower rates of loading. The behavior for rates of loading less than impact are established by 
shifting the KId value to lower temperatures by using the data presented in Fig. 4 that show 
that the shift between static and impact plane-strain fracture toughness curves is given by the 
relationship 

Tshi~ = 215 --  1.5trys 

for 

248 MPa (36 ksi) < cry, _%< 130 ksi 

and 

Tshift ~ 0 

1~176 t90 . . . . .  �9 
: = 5 (CVN) == 
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FIG. 16--Correlation of plane-strain impact fracture toughness and impact Charpy V-notch energy 
absorption for various grades of steel. 
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for 

cry,, > 896 MPa (130 ksi) 

where Tis temperature in ~ and ay, is room-temperature yield strength. The temperature shift 
between static and any intermediate or impact plane-strain fracture-toughness curves is given 
by [21 

T s h i f  t = (150 -- ays)~ ~ (6) 

where 

T = temperature, ~ 
a~,s = room temperature yield strength, ksi; and 

= strain rate, s -t. 

The strain rate is calculated for a point on the elastic-plastic boundary for the crack tip accord- 
ing to 

- -  20"ys 

tE (7) 

where t is the loading time and E is the elastic modulus for the material. 
For a desired behavior at a minimum operating temperature and a maximum in-service rate 

of  loading, the corresponding behavior under impact loading can be established by using Eq 
6 and the equivalent Charpy V-notch impact value can be established by using Eq 5. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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Barsom and Rolfe [2] suggested a relationship between Ktc and upper-shelfCharpy V-notch 
impact energy absorption. This upper-shelf correlation was developed empirically for steels 
having room temperature yield strength, ~r~.s, higher than about 759 MPa (I I 0 ksi) and is given 
by the equation 

2 

%,, / = ,7,--~ 20 J (8) 

where KIc is in ksi/in, v2, %.s is in ksi, and CVN is energy absorption in ft-lbf, for a Charpy V- 
notch impact specimen tested in the upper-shelf( 100% shear fracture) region. 

The K~c calculated by using the upper-shelf correlation with CVN appears to correspond 
closely to the maximum critical K-value for crack initiation prior to stable ductile crack exten- 
sion. Thus, the upper-shelf correlation appears to define the critical stress intensity factor at 
the boundary between the lower transition and the upper transition behavior. 

Fracture-Toughness Transitions--Elastic Through Plastic Behavior--Fracture toughness 
characterization by using CTOD masks the elastic plane-strain fracture-toughness transition 
for constructional steels, Fig. 9 [2,12]. This masking occurs because the CTOD value corre- 
sponding to the upper limit of plane-strain elastic fracture-toughness behavior is less than 
about 0.025 m m  ( 1.0 • 10 -3 in.), which is between 1 and 5% the CTOD value at the upper- 
shelf plastic behavior. One may overcome this masking first by recognizing the existence of 
and testing for the plane-strain fracture-toughness transition then by plotting the data on a 
scale that shows this behavior. The use of  the critical stress intensity factor presents an inter- 
esting insight into the various fracture toughness transition regions for steels. 

Figure 18 [2,12] presents the critical stress intensity factor for A36 steel throughout the frac- 
ture toughness behavior regions. This figure includes critical K-values calculated by using the 
J, CTOD, and CVN correlations that were presented in the preceding section. 

Region S~, Fig. 18, represents the plane-strain fracture-toughness transition under slow load- 
ing. For most steels, this transition occurs at very low temperatures, less than 43"C (110*F), 
where the yield strength decreases significantly with increasing temperature [2] and the frac- 
ture toughness increases by about 100% from a low value of 27.5 MPa V m  (25 ksi V/~.) to 
over 55 MPa V/m (50 ksi ~ . ) .  

The increase in fracture toughness is characterized by an increase in the crack-tip strain at 
fracture manifested by an increase in the stretch zone, plastic zone, and a ductile dimpling 
zone at the crack tip. Once the crack initiates, it extends unstably in a brittle manner across 
the entire specimen cross section. 

in Region S., Fig. 18, the crack initiates ductilely and the fracture occurs at essentially con- 
stant critical crack-tip strain. This critical strain may increase slowly as the test temperature 
increases depending on the rate of  change of the yield strength and the strain hardening. In 
this region, the crack tip exhibits a negligible, if any, visible subcritical ductile crack extension 
and the stored energy at fracture is sufficient to propagate the initiated crack brittlely across 
the specimen. The fracture toughness in this region appears to correspond closely to the value 
obtained from Jt~. 

In Region SIH. the fracture toughness increases significantly principally due to increasing 
stable ductile crack extension with increasing test temperature. Thus, in this region, cracks 
initiate ductilely and exhibit increasing amounts of  stable crack extension with increasing tem- 
perature. Also, this transition seems to occur in the same temperature zone as the impact 
Charpy V-notch fracture toughness transition that is also related to increasing amounts of  duc- 
tile crack extension measured as percent fibrous fracture on the specimen fracture surface. 

In Region S~v, the crack initiates and propagates ductilely. 
Short Cracks--Most engineering structures contain small stress raisers and crack-like 

imperfections that are either material related or fabrication induced. Various codes and stan- Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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FIG. 18--Ke-CFN-CTOD-J correlations for an A36 steel. 

dards impose limits on the size of allowable imperfections. Fracture mechanics analyses of 
these imperfections invariably assume them to be planner discontinuities whose fracture 
behavior is similar to large cracks. In most applications this assumption is unrealistically con- 
servative and, based on the available data, technically unjustified. Thus, one of the most sig- 
nificant anticipated technical developments is understanding apd characterizing the behavior 
of short cracks and the application of this knowledge to engineering structures. 

The plastically deformed zone in the vicinity of a short crack is larger than for a deep crack 
when both cracks are subjected to identical, elastically calculated, stress intensity factors. 
Increased plastic deformation increases metal damage under fluctuating loads and increases 
the metal's resistance to fracture under static loads. Consequently, fatigue crack growth rates 
for short cracks differ from those for deep cracks subjected to the same, elastically calculated, 
stress intensity factor range. Similarly, the fracture toughness of short cracks is higher than for 
deep cracks at the same test temperature, Fig. 13b. 

The data in Fig. 19 [18] show the increase in CTOD at a given temperature with decreasing 
a~ W. The data correspond to the transition behavior between Regions S. and Sm where an 
appreciable amount of plasticity occurs prior to fracture. These differences are the result of 
change in constraint and plastic deformation and would not occur in an ideal elastic brittle 
material. The available data suggest that the fracture toughness value is governed by yield 
strength, strain hardening, and inherent fracture toughness of the material and by the absolute 
value of the crack length and the specimen dimensions. 

The data in Fig. 19 [18] indicate that the CTOD for the material tested increased by 2.5 
times when a / W  increased from 0.5 to 0.15. This increase is significant when analyzing the 
safety and reliability of actual structures with shallow cracks. Until recently, most investiga- 
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FIG. 19--Comparison of A36 steel test results for specimens having different a/W ratios and the ASME 
Section XI reference curves. 

tions into the fracture behavior of shallow cracks concentrated on deriving the behavior of 
highly cgnstrained deep cracks from the behavior of less-constrained shallow cracks. Fortu- 
nately, the recognition of the importance of predicting short crack behavior from deep crack 
data is increasing. Such information should lead to a better understanding of structural per- 
formance and failure analyses, and to safe and economical designs. 

Analytical and experimental investigations [12-15,19-25] carried out over the past few 
years have increased our understanding of the behavior of short cracks. However, numerous 
investigations are needed to better characterize short cracks. Further analytical solutions are 
needed to relate the fracture behavior of short cracks to material properties and constraint. 
Also, simple standardized test methods should be developed to measure the fracture toughness 
that is characteristic of short cracks. The simple adoption or adaptation of present test methods 
for deep cracks may not be adequate to properly characterize short crack behavior. Finally, 
the application of this knowledge to material selection and to design and analysis of engineer- 
ing structures and equipment is essential. 

Environmental Effects 

Research is urgently needed to increase fundamental knowledge of environmental effects 
on the behavior of steels under static loads and under constant- and variable-amplitude fluc- 
tuating loads. A primary objective of such an effort should be the prediction of the behavior 
of any material-environment system from basic properties and characteristics of the material 
and the environment, or from short-duration tests, or both. 

Figure 20 [2] presents corrosion-fatigue crack-initiation data for four steels (A36, A588 
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Grade A, A517 Grade F, and V 150) under full-immersion conditions in a room-temperature 
3.5% solution of  sodium chloride in distilled water. These steels represent large variations in 
chemical composition, thermo-mechanical processing, microstructure, and mechanical prop- 
erties (tensile strength, yield strength, elongation, strain hardening, fracture toughness, etc.). 
The combined data encompass frequencies of  1.2 to 300 cycles per minute (cpm) and stress 
ratios from - 1.0 to 0.5 and span four orders of  magnitude in corrosion-fatigue crack-initia- 
tion life between about 104 and 10 s cycles. 

Considering the large variation in materials and test conditions, the data fall within a sur- 
prisingly narrow scatter band. The data show significant environmental effects well below the 
fatigue limits in air for steels tested. Also, the data indicate that a corrosion-fatigue crack-ini- 
tiation limit does not exist for steels even in a mild aqueous environment. The data and the 
correlating equation presented in Fig. 20 are very important for equipment and structural 
design. However, the same data generate more questions than answers. For example, what is 
the corrosion-fatigue crack-initiation mechanism that is essentially independent of steel com- 
position, microstructure, physical properties, cyclic frequency, and immersion time? What are 
the synergistic mechanisms that occur below the fatigue limit in air between cyclic stress fluc- 
tuation and the environment resulting in the initiation of corrosion-fatigue cracks even when 
the localized stresses are elastic? Finally, are the observations and conclusions derived from 
this set of  data applicable to other material-environment systems? Answers to these and other 
questions can lead to better designs in various materials and environments and can save exten- 
sive time and money needed to generate corrosion-fatigue crack-initiation data, especially at 
low frequencies and stress fluctuations. Some of the test results in Fig. 20 required a machine 
dedicated for one year to obtain a single datum point at 120 cpm. Time and expense for low- 
frequency tests that better simulate actual structures are prohibitive. 

Observations and conclusions derived from corrosion-fatigue crack-initiation test results 
cannot be extended to corrosion-fatigue crack-propagation behavior. Once a corrosion-fatigue 
crack initiates and becomes a propagating crack, whose plane is perpendicular to the applied 
stress, the significance of  the various test parameters changes. For example, unlike corrosion- 
fatigue crack initiation, test frequency, Fig. 21 [2,26], stress ratio, Fig. 22 [2,2 7], and load path 
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FIG. 21--Corrosion fatigue crack growth data as a Junction of test frequency. 

in a cycle, Fig. 23 [2,28], can have s;gnificant influences on the corrosion-fatigue crack prop- 
agation behavior. Also, compressive stress fluctuations are as damaging as tensile stress fluc- 
tuations for corrosion-fatigue crack initiation where they have negligible effect on the rate of 
corrosion-fatigue crack propagation. 

Corrosion-fatigue crack-propagation data show that the environment at the tip of the crack 
is different from the bulk environment, that the environmental damage does occur below the 
stress-corrosion-cracking threshold under static loading, and that this damage occurs only dur- 
ing transient deformation that increases the crack-tip opening. The data indicate the existence 
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FIG. 23--Corrosion fatigue crack growth rates in 12Ni-5Cr-3Mo steel in 3% solution of sodium chloride 
under various cyclic stress fluctuations with different stress-time profiles. 

of a cyclic frequency that is unique for the material-environment system at which the com- 
bined mechanical fatigue damage and the environmental damage are at a maximum. Corro- 
sion-fatigue crack extension occurs less at frequencies above or below this unique cyclic fre- 
quency. Based on the available information, a schematic representation of  the corrosion- 
fatigue crack-propagation behavior for steels subjected to different sinusoidal cyclic-load fre- 
quencies has been constructed, Fig. 24 [2]. This figure is an oversimplification of  a very com- 
plex phenomenon. 

At this point in time, there are no procedures or models available to predict a priori the 
corrosion-fatigue crack-propagation behavior of  any material-environment system. The only 
available tool is to conduct tests on the material in the environment of  interest under condi- 
tions that simulate the actual structure. Tests at low cyclic-load frequencies are difficult, time 
consuming, and very costly in the propagation region and are prohibitive for the threshold 
behavior. Fundamental understanding of  the corrosion-fatigue mechanisms are urgently 
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FIG. 24--Schematic of  idealized corrosion fatigue behavior as a function of cyclic load frequency. 

needed.Predictive models that are based on basic characteristics of the material and the envi- 
ronment are badly needed for various material-environment systems. 

Technology Transfer and Education 

Professor Jerry Swedlow was an educator and a researcher who devoted his career to the 
transfer of technology to his students and to scientists and engineers. Consequently, it is appro- 
priate to end this presentation with a few comments concerning technology transfer. 

Historically, safety, reliability, and economy of engineering structures have been accom- 
plished by pursuing fundamental scientific and engineering knowledge and from extensive 
field experience. Although further improvements can be achieved by conducting research on 
specific topics, immediate improvements can be achieved by transferring existing knowledge 
to present and future scientists and engineers. 

The transfer of fracture mechanics technology should occur in different environments and 
at various levels. The transfer is needed in classrooms, within the fracture mechanics com- 
munity, and to other scientists and engineers. Each of these environments involves conditions 
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and requirements that are unique. Despite the significant technological development during 
the past 25 years in understanding material behavior under complex loading conditions, a neg- 
ligible number of  institutions of higher learning have incorporated them into their curriculum 
and very few material scientists, engineers, and designers are aware of  these developments. 

There is an urgent need to transfer available technologies to present and future scientists 
and engineers. For the future generations in science and engineering, this technology transfer 
should be addressed in the classroom and formally incorporated in the curriculum. Given the 
over-crowded nature of  the present four-year curriculum, this will require imaginative rethink- 
ing of  the courses in mechanical behavior of  materials and design of  structural components 
and equipment. 

Very few material scientists, engineers, and designers are aware of the available technical 
developments. Consequently, the need for additional requirements beyond the minimums 
dictated by the applicable codes may not be recognized by designers and practicing engineers. 
Material scientists rarely appreciate the design and fabrication requirements that materials 
must satisfy to be fit for their intended application. 

Technology transfer among the material scientists and engineers and the design engineers 
suffers from lack of  understanding of each other's capabilities and needs. At times, they appear 
to exist as distinct cultures who, for all practical purposes, have ceased to communicate. Tech- 
nology transfer for current practitioners can be accomplished by conducting short courses and 
seminars and by publications aimed at the uninitiated rather than at peers. Technology trans- 
fer between scientists, engineers, and practitioners can be accomplished only by breaking the 
cultural barriers separating them and by a sincere desire to communicate and understand each 
other's technical strengths and needs. 
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ABSTRACt: A method for estimating the decrease in crack-initiation toughness, from a refer- 
ence plane-strain value, due to positive straining along the crack front of a circumferential flaw 
in a reactor pressure vessel, is presented in this study. This method relates crack initiation under 
generalized plane-strain conditions with material failure at points within a distance of a few 
crack-tip-opening displacements ahead of a crack front, and involves the formulation of a micro- 
mechanical crack-initiation model. While this study is intended to address concerns regarding 
the effects of positive out-of-plane straining on ductile crack initiation, the approach adopted in 
this work can be extended in a straightforward fashion to examine conditions of macroscopic 
cleavage crack initiation. Provided single-parameter dominance of near-tip fields exists in the 
flawed structure, results from this study could be used to examine the appropriateness of apply- 
ing plane-strain fracture toughness to the evaluation of circumferential flaws, in particular to 
those in ring-forged vessels that have no longitudinal welds. In addition, results from this study 
could also be applied toward the analysis of the effects of thermal streaming on the fracture resist- 
ance of eircumferentially oriented flaws in a pressure vessel. 

KEY WORDS: crack-initiation toughness, generalized plane strain, fracture toughness, micro- 
mechanics, slip-line theory, reactor pressure vessel, ring-forged vessels, thermal streaming, cir- 
cumferential flaw, fracture mechanics, fatigue (materials) 

For U.S. pressurized-water reactor (PWRs), use of plane-strain fracture toughness data to 
evaluate the potential for initiation of longitudinal flaws in the reactor pressure vessel (RPV) 
is appropriate when the RPV is subject to loading situations in which the total axial strain is 
close to zero. However, this approach may not be appropriate for circumferential flaws. In the 
case of a circumferential crack, the strain parallel to the crack front produced by the pressure- 
induced hoop stress is positive (Fig. 1). It is well-known from small-specimen testing that a loss 
of plane-strain constraint results in a ligament contraction along the crack front and an asso- 
ciated increase in resistance to crack initiation [1,2]. For some structural materials, the ele- 
vated toughness can be on the order of two to five times the plane-strain value. Because a neg- 
ative strain parallel to the crack front has been demonstrated to be associated with a greater 
resistance to crack initiation, it is reasonable to suppose that a positive strain parallel to the 
crack front may be associated with an enhanced tendency toward crack initiation. 

The point to be made is that transverse strain is not necessarily a cause of toughness devia- 
tion from a reference plane strain value. Rather, available experimental data suggest the pos- 
sibility of correlating the magnitude of the crack-initiation toughness with the magnitude of 
the transverse strain. Issues thus arise relative to the application of plane-strain fracture tough- 
ness to the evaluation of circumferential flaws, particularly to those in ring-forged vessels that 
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FIG. t--Configuration of circumferential flaw in weld of ring-forged reactor vessel showing positive ten- 
rile hoop strains parallel to the crack front. 

have no longitudinal welds [3]. The need for early resolution of  these issues is accentuated by 
the fact that four out of five reactor vessels that currently violate the minimum Charpy upper- 
shelf requirement given in Ref 4 are of  ring-forged construction [5]. 

Current fracture analysis methods do not provide a straightforward procedure to estimate 
the effects of  positive out-of-plane straining on crack-initiation toughness by extrapolating 
existing plane stress to plane strain crack-initiation data. Current capability to estimate crack- 
initiation toughness under conditions of  minor relaxation from plane strain is empirical, and 
methods such as Irwin's/3~c approach [6, 7] are physically plausible only for limited deviations 
from plane-strain toward plane-stress conditions. Without a better understanding of the cor- 
relation between a critical value of  K or J at crack initiation and the associated through-thick- 
ness straining conditions in the vicinity of  a crack front, it is difficult to justify the use of  an 
extrapolation scheme to estimate effects of  positive out-of-plane straining on crack initiation. 

Objective and Scope 

The objective of  this paper is to describe the development of  a method for estimating the 
decrease in crack-initiation toughness, from a reference plane-strain value, due to positive 
straining along the crack front of  a circumferential flaw in a reactor pressure vessel (RPV). This 
paper will present the first phase of  this work, which focuses on the development of a slip-line 
description of  the near-tip region based on a generalized plane-strain version of  the Rice-John- 
son model of  a blunting crack under plane-strain conditions. In addition, the scope of the 
investigation is limited to crack front constraint conditions that can be described in terms of  
the conventional one-parameter in-plane K-fields and the transverse strain. Preliminary esti- 
mates on the change in crack-initiation toughness associated with either negative or positive 
straining along a crack front will be presented. It is anticipated that results from the slip-line 
analysis will be used to guide the development of  a finite-element description of the near-tip 
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region in the next phase of  this study, at which time the effects of  the higher order T-stress on 
crack initiation under generalized plane-strain conditions will also be examined. 

While this study is intended to address concerns regarding the effects of  positive out-of-plane 
straining on ductile crack initiation, the approach adopted in this work can be extended in a 
straightforward fashion to examine conditions of  macroscopic cleavage crack initiation. Pro- 
vided single-parameter dominance of  near-tip fields exists in the flawed structure, results from 
this study could be used to examine the appropriateness of  applying plane-strain fracture 
toughness to the evaluation of circumferential flaws, in particular, to those in ring-forged ves- 
sels that have no longitudinal welds. In addition, results from this study could also be applied 
toward the analysis of  the effects of  thermal streaming on the fracture resistance of circumfer- 
entially oriented flaws in a pressure vessel [8-10]. 

Micromechanical Approach to Crack-Initiation Prediction 

The crack-initiation prediction adopted in this study relates crack initiation under gener- 
alized plane-strain conditions with material failure at points in the vicinity of a crack front and 
involves the formulation ofa  micromechanical crack-initiation model. A micromechanical or 
near-tip approach to crack-initiation prediction involves not only a proper description of  the 
near-tip stresses and strains at the onset of  crack initiation but also considers the microscopic 
mechanisms through which a macroscopically sharp crack initiates from its original position. 
While a comprehensive understanding of  these aspects of crack initiation is not yet available, 
qualitative understandings of  crack initiation have been available for some time. Examples of  
crack-initiation models using a micromechanical approach can be found in the literature [11- 
19]. In principle, the micromechanical approach can be validated using plane-strain to plane- 
stress crack-initiation data so reasonable confidence in its validity can be established. 

The starting point of  the micromechanical crack-initiation model involves a description of  
the stress and strain distributions within a distance of  two to three crack-tip-opening displace- 
ments (t~,) directly ahead of  a two-dimensional crack front. The essential difference between 
this formulation and traditional small-geometry-change (SGC) linear-elastic and elastic-plas- 
tic fracture mechanics formulations [20-22] is that large-geometry-change (LGC) effects in 
the vicinity of  the crack tip are considered. Consideration of  LGC effect means that the tra- 
ditional mathematically sharp crack is now replaced with a blunted notch under load, which 
is the physically more meaningful crack-tip representation when one is interested in events 
within a distance of  a few ~, from the deforming crack tip. 

The near-tip model of  a blunted notch employed in this study is a modified version of the 
Rice-Johnson (RJ) model of a blunted notch under plane-strain conditions [12,23,24]. The 
modified RJ model presented here is formulated to analyze a blunted notch under generalized 
plane-strain conditions and is identical to the RJ model under plane-strain conditions. Both 
the RJ and the modified RJ models investigate LGC effects by examining the near-tip stress 
and strain fields using slip-line theory. Use of  slip-line theory is properly limited to a rigid, 
perfectly plastic material. However, methodologies exist within the context of  both the RJ and 
the modified RJ models to take into account elastic-plastic and strain-hardening material 
response in an approximate fashion. Note that the near-tip analysis could be carried out using 
a finite-element description of  the near-tip region, and such a description is planned for the 
next phase of  this work. The simplicity and "analytic" nature of  the slip-line near-tip formu- 
lation, as opposed to the "numerical" nature of  a finite-element description make the slip-line 
formulation well suited to revealing qualitatively the effects of generalized plane strain on 
crack initiation. Essential features of  the problem can be highlighted readily and trends in 
results established. For the purpose of  providing preliminary estimates of  the effects of trans- 
verse straining on fracture toughness, the present methodology is deemed to be adequate 
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for the first phase of  this work. Nevertheless, the probable limitations of  one-parameter ap- 
proaches are recognized. 

G e n e r a l i z e d  P l a n e - S t r a i n  R i c e - J o h n s o n  (R  J )  M o d e l  

The modified or generalized plane-strain RJ model follows closely the development of the 
RJ model. However, instead of  using plane-strain slip-line theory, a generalized plane-strain 
description of  the slip-lines has been employed. A general derivation of  the slip-line equations, 
for arbitrary values of  the uniform out-of-plane strain component, e~, is a formidable task. 
Fortunately, in considering the effects of  positive out-of-plane straining on crack initiation of  
circumferential flaws in RPVs, one is interested in values of  cz that are usually less than, and 
at most on the order of  a few times, the yield strain. Within a region of dimensions comparable 
in magnitude to a few 6, ahead of a blunted notch and over the range of values of cz of interest 
in this study, it is anticipated that the out-of-plane stress component, ~r~, analogous to its plane- 
strain counterpart, will remain the intermediate principal stress component. This is because, 
near the crack tip, the value of e= is small compared to cx and e r. Development of  the governing 
equations for generalized plane-strain slip-line theory, subject to the stipulation that a~ 
remains the intermediate principal stress component, is much more tractable and is presented 
in Ref 25. While the generalized plane-strain equations given in Ref 25 reduce to their plane- 
strain counterparts when ez = 0, they cannot be used to analyze plane-stress problems where 
~r: = 0 for reasons already stated. Associated with the class of  generalized plane-strain prob- 
lems examined in Ref 25 are limitations on the forms of  the generalized plane-strain equa- 
tions, and these limitations have been made explicit in Ref 25. Let the degree of out-of-plane 
straining at a material point be characterized by the value of the function, f, that takes the 
form 

/ /  2 

\~:e} 
(i) 

In Eq 1, ee is the Mises effective plastic strain defined by the relationship 

~e = ~ j C i j  (2) 

where eu is the strain tensor. The stipulation that 0: remains the intermediate principal stress 
imposes limitations on the allowable range of  values for c~/ee. Specifically, e_./ee must obey the 
inequality 

1 
~z < 2 (3) 

such that the ~" function assumes values in the range 

1 > ~" > -  (4) 
- -  - -  2 

A state of  plane strain exists when the ~" function takes on the value of  unity. The generalized 
plane-strain, slip-line relationships appropriate to both the sharp crack and the blunted notch 
problems are developed in Ref 25 and summarized in the following sections. 
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Small-Geometry-Change Solution 

Under generalized plane-strain conditions, the plane-strain Prandtl stress field indicated in 
Fig. 2a is modified as follows. Within Regions A and B, the slip-lines gradually deviate from 
the indicated 45* and l 35* inclination with respect to the crack plane as one moves away from 
the plane of  symmetry. This deviation is dependent on the degree of  out-of-plane straining, ~'. 
This deviation from "straightness" also applies to the radial slip-lines within the centered fan, 
C. However, the asymptotic nature of the present problem (that is, the small size of  the crack- 
tip zone being analyzed as compared to 6,) permits one to regard the sharp-crack slip-lines as 
"straight." 

Following Ref 12, a deformation theory of  plasticity is used to describe the strains, so that 
the path independent J-integral [23] can be used to obtain simple relationships between J, 

/ --z:E -n-ro 

A 

(a) 

C 

A 

(e) 

/ 

\ 
FIG. 2--(a) Prandtl slip-fine construction of near-crack-tip stress state for contained yielding of an 

ideally plastic material. This slip-line field corresponds to singular strains in the fan region and results in 
a nonzero value of  the crack-tip-opening displacement. (b) Slip-fine construction fbr the blunted notch 
region assuming a smooth bhmted notch tip profile. (c) Sfip-line construction for the bhmted notch region 
assuming sharp vertices exist along the notch tip. 
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R . . . .  and 6, Specifically. these relationships subject to plane-strain, small-scale-yielding con- 
ditions are given in Ref 12 and take the form 

02,7( )2 Rm~x - 4 V ~ ( 2  - ~ - ~ )  

6t = 

(5a) 

2(1 -- v 2) K 2 K 2 ~ro 
2 + ~- Er0 = 0.613 Eff--~ = 2 " 8 7  Rm~x (5b) 

where r0 is the yield stress in shear. The quantity, Rm~, may be regarded as a very approximate 
measure of the maximum distance to the elastic-plastic boundary along a radial line within 
the fan. In Eqs 5a and b, Poisson's ratio is taken to be v = 0.3. In addition, the Mises shear- 
tension yield relationship is used such that a0 = roV r~, where a0 is the yield stress in tension. 
The coefficients in Eqs 5a and b are probably slightly large, and discussions concerning more 
refined elements can be found elsewhere [12,16,26-29]. For the purpose of  this study Eqs 5a 
and b are entirely adequate because it is the functional form of these relationships that is of  
interest. 

An important approximation in the RJ model concerns the manner in which the sharp 
crack SGC solution provides the appropriate boundary conditions for evaluating the near-tip 
fields of the blunted notch LGC problem. According to slip-line theory, it is known that 
straight slip-lines transmit a uniform velocity parallel to themselves. From Eq 5b, it is seen 
that 6, is of  the order ao/E times the maximum extent, Rm,~, of the plastic zone. Therefore, 
Region D in Fig. 2b is typically 2 orders of  magnitude smaller than Rm~ such that when viewed 
on the larger size scale of  the plastic zone in Fig. 2a, Region D still appears as a point. It is 
therefore argued in Ref 12 that the velocities on the boundary of Region D are known in terms 
of  velocities in the fan far away from the boundary, and these velocities are then assumed to 
be given by the velocities in the centered fan of  the SGC solution. 

The crack-tip-opening displacement, when viewed on the scale of  Fig. 2b, is the relevant 
measure of  loading that determines the stress and strain distributions within Region D. Con- 
ceptually, this is equivalent to taking 6, as a measure of"t ime," so the velocities mentioned in 
the previous paragraph are defined as the rate of change of  displacement quantities with 6,. 
From Ref 12, the radial velocity, V,, within the centered-fan region takes the form 

(6) 

Large-Geometry-Change Solution 

Introduce a set of  characteristic ~,3 coordinates into Region D as indicated in Fig. 3 [12], 
where lines of  3 = constant and a = constant are the first and second principal shear direc- 
tions, respectively. The coordinate origin is located at the apex of Region D and is defined such 
that a = 0 and 3 = ~ - r /4  on the upper boundary of  Region D and 3 = 0 and a = ~ - r /  
4 on the lower boundary. The first principal shear angle is denoted as ~. The scaling arguments 
presented in the last section imply that the constant displacement rate, V~, along each straight 
a line of  the LGC noncentered fan, can be approximated by the radial displacement rate, V,, 
of  the SGC centered fan, with the shear angle, ~, of the noncentered a lines replacing the polar 
coordinate, 0 (which coincides with the shear angle), for the radial or a lines of the centered 
fan. Consequently, the velocity normal to the boundary of  Region D, V~, now takes the form 
[12] 
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a = O  
B = ~ ' / 2  
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a - 0  

a=-Tr/2 
B = O  

FIG. 3--Schematic illustrating the definition of the slip-line coordinate system (ad3) in the neighborhood 
of the blunted notch. The first principal shear angle is denoted as 4>. 

 E os(0 4)  os(. (7) 

Evaluation of the stress and strain distributions within Region D is thus formulated in terms 
of a boundary value problem with the velocities as unknowns. 

The present generalized plane-strain study also assumes the validity of a single-parameter 
description of the near-tip stress and strain fields. Consequently, relationships of the type 
shown in Eqs 5a and b also hold in the present case. However, it is not known if the numerical 
coefficients under generalized plane strain are the same as those in Eqs 5a and b. For the pur- 
pose of comparing crack-initiation toughness values under varying degrees of out-of-plane 
straining, the plane-strain relationship, Eq 5b, is assumed to hold under generalized plane- 
strain conditions. 

Finite-element results in Ref 25 indicate that generalized plane-strain loading introduces 
modifications to the plane-strain velocity fields (Eq 6) within the centered fan. A rigorous 
finite-element treatment of the present problem, for an elastic-plastic material, would entail a 
Poisson's effect correction of the "remote" boundary conditions in Eq 7, and the effects of this 
correction were examined for the SGC problem in Ref 30. However, it is unclear how this 
correction could be incorporated into the present slip-line model. 

In addition, the stipulation of remote elastic K-fields in Eqs 5a and b properly limits the 
allowable range of the out-of-plane strain to less than the yield strain. Within the framework 
of a slip-line approach and the intent of this study, it is necessary to consider values of the out- 
of-plane strain that are on the order of a few times the yield strain. 
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As discussed in Ref25, the perturbations to Eq 7 due to nonzero values ore.  are accounted 
for in this study using an empirical relationship. The velocity normal to the boundary of  
Region D. I,'~, under generalized plane-strain conditions now takes the form 

V,(4~) - ( 1 2 _ X / ~ - 2 e : ) [ c o s ( ~ _ 4 ) _ c o s ( 2 0 _ 2 ) t  (8) 

The in-plane velocities within Region D, along the characteristic directions, are determined 
by the solutions to the equations 

Oa + ~ - 2 0 a  (9a) 

and 

or .  ~, osa 
- -  + V~ - (9b)  
03 2 03 

where ~2 is the uniform "strain rate" along the out-of-plane direction, and S, and Sa are dimen- 
sional distances along the characteristic coordinate directions. Because ~, serves as a measure 
of" t ime"  in this problem, the uniform strain rate, +~, is defined according to the relationship 

d•z ~z 
~ - d 6 ,  ~, (10)  

An interpretation of  Eq 10 is that the magnitude of  the out-of-plane strain component, e~, 
is reached when the crack-tip-opening displacement attains the reference steady-state value, 
~,, such that the generalized plane-strain loading situations examined in this study can be con- 
sidered proportional in nature. Therefore, the quantity, e_./6,, in Eq 10 should be regarded as 
"constant" during an analysis. Because the derivatives, OS~/Oa and OSJ03, in Eqs 9a and b are 
unknowns themselves, Eqs 9a and b need to be evaluated in an iterative manner for the 
unknown velocities within Region D. For the range ofe~ values considered in this study, an 
efficient iterative scheme is found by using the logarithmic spiral solution associated with a 
semicircular notch profile as an initial guess for evaluating the derivatives, OS,/Oa and OSJ83. 
In all cases considered, less than ten iterations of  Eqs 9a and b were required to achieve a con- 
vergent solution. 

Strain Distribution Direct ly  Ahead o f  a Blunted Notch  

Following Ref 12, solution for the strain distribution directly ahead of  the blunted notch tip 
begins by associating all quantities along the x-axis, directly ahead of  the notch tip, paramet- 
rically in terms of  the tangent angle, ~, of  the point on the notch tip intersected by the 3 slip- 
line drawn from the point of  interest on the x-axis, as schematically shown in Fig. 4. Hence, 
~b = ~r/2 represents the point on the x-axis at the outer extremity or apex of  Region D. The 
point at the deformed notch tip on the x-axis corresponds to ~b = 0. From the velocity solution, 
the dimensionless x-direction velocity component directly ahead of  the blunted notch, Vx, is 
known and can be expressed via ~b in the form 

Vx(X,y)l,=o = v(~,) (i l) 
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u  W=rd4 ~=rd2 

FIG. 4--Schematic illustrating the definition of the tangent angle, Lk, associated with location along the 
x-avis directly ahead of the blunted notch tip. The point at the deformed notch tip on the x-axis corresponds 
tor = O. 

Let the deformed .x-coordinate of a material point corresponding to Angle ~ be written in 
terms of  the nondimensional function, F(6). defined by the relationship 

x = 6tF(~) (12) 

In the RJ model, the distortions occurring ahead of  Region D, in the neighborhood of the apex, 
are considered small. As a result, the y-direction or "opening" strain, e'~;, ahead of the blunted 
notch takes the form 

f ,a V'(u) 
e,,bk) = - dr/ (13) 

. , ~  F(,7)- V(n) 

A significant difference between the plane-strain RJ model and the modified RJ model used 
in this study arises from the assumption concerning the state of strain at the apex. The mag- 
nitudes of the strains in the constant stress regions, A and B, in Fig. 2a are on the order of the 
yield strain, and hence the state of  strain at the apex in Fig. 3 can be expected to be of similar 
magnitude. Let e,a denote the shear strain components along the characteristic directions 
ahead of  the blunted notch. In the plane-strain RJ formulation, e,a = ey along the crack plane, 
so that use ofEq 13 within Region D implies zero strain at the apex. Evidently, this assumption 
was deemed acceptable in view of  the large strain that develops adjacent to the blunted notch 
tip. However, it is clear from Eq 3 that the state of strain must have nonzero values of the in- 
plane strain components for a state of  generalized plane strain to exist at the apex (and 
throughout Region D). Therefore, inclusion of  the small, but nonzero, state of strain at the 
apex is crucial toward a proper consideration of generalized plane-strain effects. For the pur- 
pose of comparing the difference in initiation toughness due to nonzero values of  the out-of- 
plane strain, ez, the assumption is made that a nonzero value ofe~  = ea exists at the apex and 
that the magnitude of  this shear-strain component at the apex is independent of  the magnitude 
of  ez. The condition governing e~a at the apex employed in this study is admittedly arbitrary. 
However, within the context of both the RJ and the modified RJ models, the state of strain at 
the apex is not quantitatively defined. 
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Associated with the assumption ofe~o = e~ at the apex, Eq 3 provides the "reality condition'" 
governing the admissible values ofez as a function of the assumed state of  strain at the apex of 
the form 

I__[e~ < 2 (14) 
3 I ~  a 

The y-direction strain at the apex, eya, is related to e a via the relationship 

~ z  

ey~ = ea 2 (15) 

The x-direction strain at the apex, ex~, can then be found via the condition of plastic strain 
incompressibility. The y-direction strain directly ahead of the blunted notch takes the form 

f ./2 V'(n) 
ey(ff) = e ~ -  dn (16) 

.,~ F ( n ) -  V(n) 

By formally setting the apex shear strain, ea = 0, the modified RJ relationship Eq 16 can be 
reduced to its plane-strain RJ counterpart Eq 13. 

In presenting numerical results, both the magnitude of  the out-of-plane strain, e,, and the 
apex shear strain, ca, are normalized with respect to the uniaxial yield strain, e0. The strain 
distribution normal to the crack plane within Region D of Fig. 3 is shown in Figs. 5a and b as 
a function of  the normalized undeformed distance, X/b,, for ca/e0 = 4 and three values ofez/ 
e0 = - 2 ,  0, 2. Figures 5a and b represent the same strain distribution drawn to two different 
strain scales for clarity. For the values of  ca/e0 and ez/e0 indicated in Fig. 5, the strain distri- 
bution is fairly insensitive to the input parameters except in the immediate neighborhood of 
the apex. 

As first demonstrated by the plane-strain RJ model [12], large strains are predicted directly 
ahead of  the blunted notch when LGC effects near the blunted notch tip are considered in a 
consistent near-tip formulation. However, these large strains exist only within a distance of 
less than three 6, from the blunted tip. A consequence of the limited extent of the large strain 
region is that in situations where crack initiation involves ductile mechanisms requiring large 
strains, the opening displacement at initiation must be such that Region D incorporates char- 
acteristic microstructural dimensions relevant to the fracture process [ 12]. 

Note that a strain singularity is predicted as X approaches zero in the present analysis due 
to the assumption of a smoothly blunted notch. Plane-strain finite-element calculations based 
on a blunted notch profile (Fig. 2c) that has included vertices suggest that the magnitude of 
the opening strain is large but finite as the tip is approached [31]. 

Stress Distribution Directly Ahead of a Blunted Notch 

Solution for the stress distribution directly ahead of  the blunted notch tip in Fig. 3 follows 
closely the procedures employed in the plane-strain RJ model, and therefore only the key steps 
will be discussed here. Following Ref 12, the uniaxial true stress-strain relationship is assumed 
to take the form 

o = f (e")  (17)  
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whereJ(e 'r ) is the uniaxial hardening relationship. The equation for the )'-direction "opening" 
stress directly ahead of the blunted notch, within the intense strain Region D in Fig. 2b, then 
takes the form 

(18) 

where 

M ( r  1 -- 1 e. (19a) 

~-e(r = V~'2y -~- C'2z -~- C>Ez (19b) 

and G is given by Eq 16. Under  plane-strain conditions such that e~ - 0, M(~b) = 1, and ee(~) 
= G' and the corresponding RJ expression is recovered. Numerical evaluation ofEq 19 is based 
on a uniaxial power-law stress-strain relationship of  the form 

N N 

Oo \ e0 / \ Oo / 
(20) 

In Fig. 6, the effect of  the magnitude of  the apex shear strain on the opening-stress distri- 
bution is indicated for input parameter values N = 0.2, oo/E = e0 = 0.0025, cz/c0 = 0, and 
five values of the apex shear strain G/e0 = 0, l ,  2, 3, and 4. The RJ prediction [12] assumes 
e,~ = 0 within Region D (Fig. 3) and corresponds to the case ea/e0 = 0. Detailed finite-element 
near-crack-tip results obtained by assuming K-dominated far-field conditions [16] and from 
various compact-tension specimen geometries [32] indicate that the apex shear strain, Ca, is 
on the order of a few times the yield strain, c0. 

Note that there is actually a stress singularity predicted in the hardening cases at X = 0, 
although the singularity is weak and dominates over a very small distance relative to 6, as 
shown in Fig. 6. Physically, this upturn in stress as X approaches zero can be disregarded for 
two reasons: (1) this upturn in stress is a consequence of  the continuously hardening stress- 
strain relationship adopted in Eq 20, and the stress would saturate i f a  limiting flow stress is 
imposed on Eq 20; and (2) the region of dominance of the singular stress is much less than one 
6, so that its physical relevance can be questioned. 

Disregarding the stress singularity, it is seen that a stress maximum is predicted at a finite 
distance ahead of  the blunted notch tip when LGC effects are considered, in contrast to SGC 
sharp crack analyses. This stress maximum occurs either within the large-strain region, or at 
the location where the large-strain stress solution intersects the small-strain solution. Note that 
both the value and the location of  the stress maximum are strongly dependent on the assumed 
apex strain state. The concept of a maximum achievable stress suggests the possibility of  
abrupt toughness transitions with temperature or loading rate in materials susceptible to stress- 
controlled cleavage failure [12]. This observation has important  consequences with regard to 
the application of  conventional cleavage failure models, which consider cleavage failure to be 
possible when the maximum achievable stress exceeds a material failure stress over a micro- 
scopically significant distance, generally on the order of  a few grain diameters. 

In Fig. 7, the effect of out-of-plane straining on the opening stress distribution is indicated 
for input parameter values N = 0.2, ode = 0.0025, e,/e0 = 4, and three values of  the out-of- 
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FIG. 6--Distribution of the "opening" stress, Oy, normal to the crack plane as a function of normalized 
undeformed distance, X/fit. Disregarding the spurious stress singularity, it is seen that a stress maximum 
that is strongly dependent on the value of the apex shear strain, ca, is predicted at a finite distance ahead 
of the blunted notch tip. 

plane strain ez/e0 = --2, 0, and 2. It is seen that deviation from plane-strain constraint results 
in either minimal change or a decrease in the value of  the opening stress ahead of  the blunted 
notch. While a decrease in oy under less than plane-strain conditions appears consistent with 
observed cleavage toughness trends, the rather pronounced reduction in oy due to positive out- 
of-plane straining is counter-intuitive. Discussions on the observed trends for oy can be found 
in Ref 25. Implications of  the present results regarding (ductile) toughness predictions under 
generalized plane-strain conditions are presented in the next section. 

Material Failure Criteria and Crack-Initiation Toughness Prediction 

A number of  material failure criteria exist in the literature, all of  which seek to correlate the 
attainment of  a critical value of  the macroscopic fracture parameter, such as K or J, with more 
fundamental material properties such as limiting stresses and strains. Because fracture param- 
eters involve a length dimension, an empirical microscopic length parameter--such as mean 
grain size or mean void spacing--is usually associated with these material failure criteria. In 
situations where the material failure process is ductile in nature, it is commonly accepted that 
the failure strains are sensitive to the associated stress state. 

A simple ductile failure criterion is adopted in this study to estimate the decrease in crack- 
initiation toughness, from a reference plane-strain value, due to positive straining along the 
crack front. This material failure criterion assumes that crack initiation can be expressed in 
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FIG. 7--Distribution of the "'opening" stress, oy, normal to the crack plane as a function of normalized 
undeformed distance, X/fit. Note that deviation from plane-strain constraint results in either minimal 
change or a decrease in the value of ay ahead of the blunted notch. 

terms of  critical values of global or macroscopic stress and strain parameters and is similar to 
the simpler of  the two failure criteria used in Ref 12. Specifically, the Mises effective strain 
directly ahead of  the blunted notch is assumed to be the limiting strain parameter, and the 
critical value of  this strain parameter at failure is assumed to be a function of the associated 
triaxial stress rate at the material point. Following Refs 14 and 15, the material failure criterion 
is assumed to take the simple form 

3 o m 

= a e  ( -z  %) (21) 

where o~ is the mean stress, ee and oe are the Mises effective stress and strain, and a is the value 
of  the failure strain as the triaxial stress ratio, om/o~ approaches zero. Motivation for the func- 
tional form of Eq 21 comes from various theoretical analyses [ 11,33] that suggest that the 
growth of  voids is strongly dependent on the state oftriaxial stress in the vicinity of  these voids. 
In Fig. 8 (taken from Ref 15), the experimentally determined material failure curves are shown 
for a wide variety of  materials. The failure curves are strong functions of  the materials of inter- 
est, and thus application of  Eq 21 to toughness prediction requires the generation of  a failure 
curve appropriate to the material under investigation. Two curves corresponding to a = l and 

= 2 have been included in Fig. 8 for comparison with other experimentally generated failure 
c u r v e s .  

In the first phase of  this work, a hypothetical failure curve corresponding to a -- 1 in Eq 21 
is used to examine the influence of out-of-plane straining on the deviation from plane-strain 
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failure curves are strongly dependent on the material o f  interest. Material failure curves corresponding to 
a = I and ~ = 2 in Eq 21 are indicated for comparison. 

crack-initiation toughness. Note that, in general, the results to be presented based on a = 1 
will not be quantitatively correct for RPV grade materials such as A533-B at a given temper- 
ature. The limiting values ofee associated with the a = 1 curve and various values ofez are 
determined as the intersection ofthe a = I curve with the calculated stress-strain distributions. 
The corresponding critical values of the normalized distance parameter, X/6,, ahead of  the 
blunted notch tip can be related to a critical value of  the fracture parameters, K o r  J, via rela- 
tionships of  the type indicated in Eq 5b. Prediction of the absolute magnitude of  the fracture 
parameter  at initiation (K = Kc) requires that a definite value of  the characteristic distance 
variable, X = X,., be available. Previous attempts at fracture toughness predictions based on 
definite values of Xc can be found in Refs 12 and 14. In determining the relative change in 
initiation toughness due to e=, it is only necessary to assume Xc is independent ofe~. With the 
further assumption that the numerical coefficient in Eq 5b is also independent of  e~, an 
assumption that appears to be well supported by the finite element results [25], the relative 
change in initiation toughness can be determined from the relationship 

where (Ko 6,.) are the critical values of  K a n d  6, associated with a nonzero value ofe~, and (K,c, 
6[c) are the critical values of  K a n d  6, associated with the plane-strain conditions corresponding 
to ez = 0. Toughness predictions based on this procedure are summarized in Table 1 for input 
parameters oo/E = 0.0025, ca/e0 --- 4, N = 0, 0.1 and three values ofeJe0 = - 2 ,  0, and 2. 

Results in Table 1 indicate minimal change in the initiation toughness for the given choice 
of  input parameters. It should be reemphasized that the material failure curve associated with 
a = 1 is chosen merely to illustrate the manner  in which the present analysis method could 
be used to predict crack-initiation toughness. In addition, the results in Table I are strongly 
dependent  on the assumed form of  the material failure criterion. The implication of  these cal- 
culations is that the decrease in crack-initiation toughness from a reference plane-strain value 
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TABLE l--Toughness predictions based on yield strain Oo/E = 
0.0025 and apex strain eJeo = 4 as a function of the degree of 
strain hardening, N. and the degree of out-of-plane straining, 

,~/E O. 

N c~/eo ~ X/bt Kc/Klc 

0 - 2  0.108 1.232 1.011 
0 0 O. I 01 1.260 1 
0 2 0.092 1.292 0.988 
O. 1 -- 2 0.059 1.465 1.026 
0.1 0 0.049 1.542 1 
0.1 2 0.040 i .625 0.974 

due to a moderate degree of out-of-plane straining is minimal,  provided the stress and strain 
states in the vicinity of  the crack tip can be characterized by a one-parameter K field. Obvi- 
ously, this observation must be considered tentative, and much more work remains to validate 
the assumptions and to improve the approximations used in the present analysis. 

Discussion 

Limited biaxial studies on part-through, surface-cracked plates [34,35] indicate that the 
crack-initiation toughness expressed in terms of the stress intensity factor, K, is rather insen- 
sitive to the range of  biaxial loading examined in those studies under "cleavage" crack-initi- 
ation conditions. However, it is significant that the implications from the present near-tip 
analysis stand in contrast with wide-plate results presented in Refs 36 and 37. As discussed in 
Ref25, it is believed that a two-parameter approach is needed to characterize crack initiation 
in some of  the wide-plate tests. Use of  the present approach to predict crack initiation under 
positive out-of-plane straining conditions for a circumferential flaw awaits the determination 
of  the near-tip stress and strain fields appropriate to pressure vessel applications. 
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ABSTRACT: The applicability of fracture mechanics data generated from standard fracture 
toughness specimens in predicting structural integrity is often a concern. For elastic-plastic con- 
ditions, a second parameter identified as "constraint" (hydrostatic stress divided by the equiva- 
lent stress) is being used to link different specimen/flaw configurations, thus providing a mech- 
anism for using data generated from standard fracture toughness specimens to predict structural 
integrity. Much of the literature is concerned with the difference in constraint between specimens 
and a structure, while little effort is being given to investigating the sensitivity of the crack initi- 
ation process to constraint for a given material. This paper presents experimental results relating 
crack initiation processes to constraint for a ferritic steel and an aluminum-based alloy. 

KEY WORDS: tension tests, equivalent plastic strain, constraint, crack initiation, fracture 
mechanics 

This paper addresses one of  the concerns associated with using small, standard fracture 
toughness specimens to accurately predict structural integrity. The concern is the effect on 
fracture of  the difference in constraint between the fracture toughness specimen and the struc- 
tural component  that arises from their different configurations. A major part of  this concern 
is the material 's fracture sensitivity to constraint, which has not been quantified. Previous 
work [1 ] used specimens containing surface cracks to simulate structural components for 
comparison with crack-tip opening displacement (CTOD) measurements associated with ini- 
tiation of  crack growth in single-edge notch bend, SE(B); compact tension, C(T); and middle 
crack tension panels M(T). These specimens exhibited different values of  constraint. 

These results [1] established that the apparent correlation between constraint and CTOD 
associated with crack growth initiation depends on the definition of  crack growth initiation. 
Constraint was defined as the hydrostatic stress divided by the equivalent stress, where the 
latter is based on the yon Mises yielding criterion. The variation in the correlations between 
constraint and CTOD was due to the substantial ranges observed in the slopes of the CTOD 
versus crack growth (An) plots for the different specimen geometries tested. Hancock et al. [2] 
concluded that crack growth initiation in the A7 l0 steel used in this work is sensitive to con- 
straint. This conclusion is based on defining crack initiation as crack growth of 200 #m. 
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Because crack initiation was a dimple rupture event, tension specimens were tested to quantify 
the sensitivity to constraint of crack initiation. Given the uncertainty of  the relationship 
between constraint and initiation of  cracking for A710 steel, a second material (606 I-T6 alu- 
minum) was studied to examine possible differences in crack initiation sensitivity to con- 
straint. Sensitivity to constraint is related to microstructural features associated with initiation 
of  holes (voids) and their subsequent coalescence. The significant difference in the volume 
fraction of  second-phase particles, as well as the particle sizes, between the two materials was 
expected to produce differences in sensitivity of  the crack initiation process to constraint. 

Metallurgical factors associated with particle size and shape, as well as the strength of the 
particle and of  the bond between the particle and matrix, will affect the sensitivity of  crack 
initiation to constraint. For example, Cox and Low [3] suggested that stress triaxiality does 
not have a significant effect on void formation. In their work, the AISI 4340 contained man- 
ganese sulfide (MnS) inclusions and the 18-Ni, 200 grade, maraging steel contained titanium 
carbonitride inclusions. They concluded that the degree oftriaxiality had no discernible effect 
on fracture, and that void nucleation was dependent on the level of applied tensile stress. 

These conclusions contrast with observations of  Hirth and Froes [4] who suggested that tri- 
axiality primarily influenced hole nucleation by particle/matrix decohesion. Recent work by 
Harvey and Jolles [5] showed differences in microvoid density as a function of  constraint. 
These observations suggest that it is necessary to quantify how a specific material's fracture 
behavior is affected by constraint. This may be done by testing different fracture toughness 
specimens that include surface cracks or tension specimens with varying degrees of constraint. 
The tension specimens used in this study were similar to those used by Hancock and Mac- 
Kenzie [6]. 

Experimental Procedures 

Tests were conducted at 20~ on specimens fabricated from as-rolled ASTM A710 steel and 
from 606 I-T6 aluminum. Their chemistry and mechanical physical properties are presented 
in Table 1. 

Specimen Configuration and Constraint 

Three axisymmetric tension specimen configurations (Fig. 1) were used to measure the crit- 
ical strain for initiation of dimple rupture as a function of constraint. Finite-element models 
were developed to predict the stress and strain fields during tensile loading of  these specimens. 
Figure 2 shows the initial computational  mesh for a sample notch configuration. Because of 
symmetry, only a portion of each specimen was modeled. Axisymmetric quadratic elements 
were employed, with the mesh refined in the notch region where large stress and strain gradi- 
ents were observed. Geometric nonlinearity effects were included in the analyses. Loading 

TABLE l--Chernistry and mechanical and physical properties. 

A710 
0.05 C, 0.47 Mn, 0.010 P, 0.004 S, 0.25 Si, 0.74 Cr, 0.85 Ni, 0.21 Mo, 1.20 Cu, 0.038 Cb, and balance 

Fe 
#~,s = 470 MPa, ~,,t = 636 MPa, E = 208.4 GPa, v = 0.256 

606 I-T6 ALUMINUM 
0.64 Si, 0.6 Fe, 0.33 Cu, 0.13 Mn, 1.1 Mg, 0.23 Cr, 0.23 Zn, 0.10 Ti, and balance AI 
(rys = 228 MPa, (r~ = 290 MPa, E = 69 GPa, v = 0.33 
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FIG. l--Schematic of  notched tension specimens. Four integration points were used in each element for 
which solutions were calculated. 

resulted from the application of a uniform displacement along the top boundary of  the spec- 
imen. Material response was simulated assuming elastic-plastic behavior based on a yon Mises 
yielding condition and isotropic hardening. The true stress-true strain plots for both the steel 
and a luminum materials, provided in Fig. 3, were used for these calculations. 

Constraint is defined as the hydrostatic stress ( #  = ~A~rkk) divided by the yon Mises equiva- 
lent stress 

(1) 

where 

crkk = the trace of  the stress tensor, and 
S~j -- the components  of  the stress deviator tensor. 
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Point~ ,,o~ . . . .  
constraint calculation 

FIG. 2--Mesh plot for notched tension specimens. 

The constraint was quantified at the center of  the small diameter (Do) and at the surface of  the 
notch root, see Fig. 2. The ABAQUS finite-element computer code [ 7] was used to quantify 
the constraint, the local stress, and the equivalent plastic strain 

(2) 

where ~ are the components of  the plastic strain tensor, as a function of  applied strain as mea- 
sured by the ratio of  the original small diameter (Do) to the instantaneous small diameter (D). 
All stress results reported from ABAQUS are in terms of  the Cauchy stress definition. Figure 
4 shows plots of  the equivalent plastic strain and constraint versus Do/D for the three A710 
specimen geometries. Changes in notch root radii were included in the calculations of  con- 
straint as a function of plastic flow. 
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FIG. 3--True stress-true strain plots for A 710 steel and 6061-7"6 alurninum. 

Techniques Used to Locate Cracks 

Measurements of void size, shape, and location were made using both metallographic and 
microtopographic techniques. In the metallographic examinations, a longitudinal section 
through the gage region of the tension specimen was examined using light microscopy; mate- 
rial was removed from the sample in nominally 0.64-mm (0.025-in.) increments between 
examinations. The microtopographic technique was used on specimens tested to failure. The 
topography of the fracture surface was measured and various software was used to reconstruct 
the void initiation and growth process. The magnitude and location of dimple formation was 
measured by each technique as a function of applied strain (Do/D) to estimate the local plastic 
strain required for void initiation as a function of constraint. These two techniques provided 
complementary results. Crack initiation was arbitrarily defined as the local stress, strain, and 
constraint associated with a crack having a length of nominally 0.05 mm, which is about two 
grain diameters for A710 and one grain diameter for 606 l-T6 aluminum. 

Reconstruction o f  Crack Growth Process 

Microtopography allows reconstruction of the crack growth process. This provides a basis 
for identifying the crack initiation location and determining the relative crack growth (given 
at least a small amount of plasticity) in test specimens loaded to failure. The microtopographic 
data collection system is analogous to systems used to develop topographic land maps. The 
area of interest on the two mating fracture surfaces must be exposed completely to give access 
to the high-resolution laser range finder. Then, local height measurements over the area of 
interest on the two mating fracture surfaces are made. By maintaining registration between the 
two surfaces and using a common height reference plane, mathematical operations can be per- 
formed on the raw data that result in a "topographic map" of the height difference, that is, the 
void volume, at the instant of fracture. Various aspects of the fracture process can be investi- 
gated by using this technique with selective specimen loading schemes, including periods of 
fatigue, monotonic loading, and cleavage. 
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FIG. 4--Numerical  results for equivalent plastic strain and constraint versus Do/D. 

From the void volume map generated by the microtopography system, three things can be 
determined. First, the areas of  crack initiation can be identified. Second, the direction and 
(qualitatively) relative amount  of crack extension from initiation sites can be determined; and 
third, the degree of  plastic deformation associated with onset of crack growth can be assessed. 
These determinations are based on the fact that as a ductile crack grows, the fracture surfaces 
in the wake have continuously increasing separation as a function of crack growth. The actual 
amount  of separation is dependent upon, at a minimum, the von Mises stress in the crack-tip 
process zone, the material 's constitutive behavior (amount  of hardening), and the instanta- 
neous crack shape, both locally and globally. The general premise is that the fracture surface 
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FIG. 4--Continued. 

61 

coinciding with larger separations (void "height") at the instant of  failure actually separated 
earlier in the fracture process than points with less separation at failure. Constant void height 
contour lines thus show the initiation sites and subsequent growth when successive contours 
are viewed in sequence. Potential errors of  this process and the methodology used to manage 
these errors are presented in the Appendix. 

As noted in Fig. 1, a "local" specimen displacement (extension) was measured over a 12.7- 
mm gage length, axially spanning the entire reduced (notch) section of the test specimens. As 
a first approximation, it was assumed that this displacement had a 1 : 1 correlation with instan- 
taneous crack opening, that is, an increment of  remote displacement corresponds to an equal 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



62 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

50 

40 

�9 ---- 3O 
Z 

v 

,,o 20 

10 

Local Disp lacement  (mi l )  
0 15 30 45 60 75 90 

J . - ~  I I i I I 

/ \ 
] , /  ~ - .  X 

_1/ "-  X 

- - -  Type A \ 
. . . . .  Type B \ 
- - -  T},pe C \ 

\ 

- 1 0  

- 8 

- 4 

- 2 

0 I I I I 0 
0.0 0.5 1.0 1.5 2.0 2.5 

Local Disp lacement  ( m m )  

--r I 
0 

6 ~  

-8" 

60 

50 

4O 

u~ 3O 

20 

10 

OC 
5 o.o 

J i J i ~ l i J I l i J i I l J ~ ~ I i i l 

- -  Experiment 
ooooo FEM Dote 

J J J J } I J J J } I I I [ I I i I I I I I I 

0.5 1.0 1.5 2.0 2.5 
Local Displacement (mm) 

(a) Representative curves for specimen Types A, B, and C. 
(b) Type A specimens. 

FIG. 5--Force versus local displacement. 
Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



REUTER ET AL. ON EQUIVALENT PLASTIC STRAIN 63 

60 

50 

4O 

�9 30 
8 
0 

LI_ 

20 

10 

I I I I I i I I I I i I I t i I I I t I t t I I t t t i t 

Experiment 
ooooo  FEM Data 

r 
2 

i l l l l l l l l l  

0.5 
Local Displacement (mm) 

O ~  i t t t i t  I t l l l l i l t t  

O.O 1.0 1.5 r 

6O 

oo- -oo 
50 - o o 

2O 

10 

o 
d o.o 0.5 1.0 1.5 

Local Displocement (ram) 
(c) Type B specimens. 
(d) Type C specimens. 

FIG. 5--Continued. 
Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



64 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

increment of crack opening at the initiation point or points. For the later stages of crack 
growth, just before final specimen failure, this is probably not unreasonable. However, there 
are errors in this approach when extrapolating back to the point of crack initiation from the 
displacement at failure. Some of these are discussed later. 

Results 

Tension Tests 

For the three different specimen configurations and two materials, there was good agree- 
ment between load-load point displacement plots for replicate specimens. 

A 710--Figure 5a shows representative load-load point displacement plots for notched ten- 
sion specimens tested at 20"C. Figures 5b, c, and d show variations in load-load point displace- 
ment plots for specimen Types A, B, and C, respectively. Also included are predictions based 
on numerical analysis techniques. Many of the specimens that were loaded and then unloaded 
weer examined metaUographically. Some of the specimens that failed during the test were 
examined by microtopography. All of the Type A specimens failed by dimple rupture. All of 
the Type B and C specimens failed by cleavage after experiencing some ductile (dimple) rup- 
ture. Figure 6 shows the fracture surface of Type B and C specimens where ductile fracture 
initiated on the central region and at the perimeter, respectively. 

6061- T6--Specimen test results were similar to those shown in Fig. 5. Some of the speci- 
mens that were loaded and then unloaded were examined metallographically, and some of the 
specimens that failed during the test were examined by microtopography. 

Metallography 

A 710 Steel--The specimens that were tested are listed in Table 2 with a summary of the 
results. Those specimens designated "microscopy," for posttest examination, were mounted 
and examined at each of several polishing steps, as explained earlier, to locate the source of 
cracking and identify the nominal values of Do/D associated with crack initiation. For this 
evaluation, cracks/holes of nominally 0.05 mm long were defined as initiation. Figure 7 is a 
summary plot of the equivalent plastic strain versus constraint. Closed symbols denote where 
cracking was detected and the open symbols designate results where cracking was not detected. 
A substantial trend of decreasing equivalent plastic strain with increasing constraint for crack 
initiation is evident. The microstructural features associated with this trend were not identi- 
fied. Figures 8, 9, and l0 show the extent of cracking in Specimens A-2, B-l. and C-4, respec- 
tively. For Type A specimens, cracking initiated in the central region and continued in a dim- 
ple rupture process until final fracture by shear. For Type B specimens, the crack generally 
initiated in the central region. Cracking was just starting to initiate at the surface for Specimen 
B-5, but the extent of cracking at the surface was nominally 0.008 to 0.030 mm at only a few 
locations, well short of the 0.05 mm defined as initiation. This specimen configuration expe- 
rienced some dimple rupture followed by cleavage fracture. For Type C specimens, the crack- 
ing initiated next to the tip of the notch. This specimen configuration experienced dimple rup- 
ture around the perimeter before failing by cleavage. 

6061- T6--Similar to the approach used for A710, cracks/holes nominally 0.05 mm long 
were defined as crack initiation. Figure 11 is a summary plot of the equivalent plastic strain 
versus constraint; again, closed symbols denote cracking. Here also a trend of decreasing 
equivalent plastic strain with increasing constraint for crack initiation is evident. Figures 12 
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FIG. 6--Fracture surfaces of specimens where ductile fracture initiated (a) at the central region (Type 
B specimen) and (b) at theperimeter (Type Cspeeimen;) ~ = t ram. 

and 13 show the extent o f  cracking in Specimens A-4 and C-2, respectively. Because the as- 
polished surfaces of  the aluminum contain many particles, making it difficult to separate 
cracks from artifacts, the local cracks are circled in these figures. 

A comparison~between Figs. 7 and 11 shows a similar trend, as expected, but the A710 
results are to the right of  the 606 l-T6 results--the equivalent plastic strain required to initiate 
a crack is somewhat smaller for 606 l-T6 than for A7 l0 at the same constraint. Obviously, it 
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TABLE 2--Summary of tension test results for A 710. 

Maximum Final Final 
Specimen Stress, S t r e s s ,  Elongation, Posttest 
Number MPa MPa mm Do/D Exam 

A- l 291 291 0.44 1.061 MT ~ 
A-2 291 173 1.81 1.35 MC b 
A-6 297 222 1.66 1.43 
A-7 295 295 0.46 1.06 IVIT 
A-8 294 192 1.80 1.37 
A-9 294 227 2.20 1.48 IVI'T 
B-1 352 309 1.01 1.198 MC 
B-3 351 290 1.09 . . .  
B-4 339 290 1.02 MT 
B-5 340 293 1.02 112i4 MC 
B-6 342 289 1.09 Mr  
B-7 346 346 0.44 11(J68 MT 
B-8 355 311 1.00 1.195 
B-9 343 343 0.47 1.071 MC 
B-10 350 288 1 . 1 2  . . . . . .  
C- 1 387 387 0.50 1.068 MT 
C-2 389 377 0.84 1.115 MT 
C-3 383 383 0.50 1.072 MT 
C-4 384 374 1.58 1.123 MC 
C-5 389 336 1.05 1.172 . . . 
C-6 380 312 1 . 0 7  . . . . . .  
C-7 372 282 1.19 
C-8 382 382 0.50 11667 M'T 
C-9 381 327 1.07 

111"68 C-10 379 341 1.03 MC 
C-3X . . . . .  ". . . . . . .  MT 

a MT = microtopography. 
b MC -- sectioned and microscopy. 

is possible to say that the 606 l-T6 is more brittle than the A710. But additional work relative 
to identifying particles that initiated dimples, and their distribution and location, and the con- 
ditions required to initiate a void and coalescence will be required to provide an explanation. 

Microlopography 

A710- -For  specimens tested to failure, it was observed that Type B and C specimens all 
failed by cleavage after some dimple rupture. Therefore, microtopography could quantify only 
the extent of dimple rupture prior to cleavage failure. Figure 6 shows that dimple rupture ini- 
tiated in the central region for Specimen B-4 and at the surface for Specimen C-3. The micro- 
topography results for Specimen A-9, shown in Figs. 14a through e, are profiles similar to those 
found in topographic maps. Figure 14a shows the portion of the specimen that had the largest 
separation; this is the region where dimples were first initiated. Figures 14b and c show addi- 
tional dimple formations and subsequent coalescence. Finally, Figs. 14d and e show the frac- 
ture process just prior to failure. The small squares observed in the figures are most likely due 
to bad data, as discussed in the Appendix. 

The microtopography results are summarized in Table 3. These data were used to estimate 
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FIG. 7--Equivalent plastic strain versus constraint for A 710 steel. 

115 

1.50 

the stress, strain, and constraint associated with each initiation event. These results are 
included in Fig. 7. It is obvious that the microtopography results agreed well with the micros- 
copy data in that the closed symbols with a tail (denoting microtopography) are adjacent to 
the other closed symbols. In Fig. 14, it is evident that cracking initiated in the central 
region and that initiation occurred at nominally 0.80 to 0.90 mm surface separation prior to 
failure. 

6 0 6 1 - T 6 - - T h e  microtopography measurements revealed that fracture of  the tension spec- 
imens was influenced significantly by texturing that occurred during rolling of  the plate. The 
present technique did not provide useful information for these specimens. 

TABLE 3--Summao'  of A 710 microtopography results. 

Notch Location of Plastic 
Configuration Initiation Displacement 

A center 0.43 (0.96) a 
B center 0.085 (1.37) 
C surface 1.25 (0.53) 

a Constraint is provided in parentheses. 
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FIG.  1 O--Photograph o f  cracking at notch tip in a C-notch A 710 specimen; ~ = 100 um; and 
= 25 urn. 
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FIG. 1 l--Equivalent plastic strain versus constraint for 6061-T6 aluminum. 

Summary  

A 7 1 0 - - T h e  test data summarized in Fig. 7 shows a significant trend between equivalent 
plastic strain and constraint associated with initiation of  cracking. This observation is in agree- 
ment with work by Hancock et al. [2], Hirth and Froes [4], and Harvey and Jolles [5]. The 
constraint in Hancock et al. [2] is based on the ratio of  T/ao where T is the T-stress, see Eq 3, 

K 0 (3) 

and a0 is the yield strength. Rice [8] suggested the T-stress term for the second term of the 
Williams' expansion [9]. Obviously, this constraint term is not quantified in the same manner 
as constraint is in this paper. Hancock et al. [2] included a plot relating T/ao to constraint, as 
defined here, showing that constraint ranged from 2 to 3. The constraint term in Reuter et al. 
[1], defined in the same manner as in this paper, shows values ranging from nominally 1.8 to 
2.8. These values are considerably larger than the maximum of 1.5 used in Fig. 7. Figure 7 
shows that the equivalent plastic strain, associated with initiation of  cracks, ranges from 1.4 to 
0.20 for constraint ranging from 0.5 to 1.5. But, when constraint exceeds 1.5, the critical value 
of  equivalent plastic strain is limited to 0.20 or less. Therefore, for fracture toughness speci- 
mens, where constraint typically ranges from 1.8 to 2.8, there is only a limited amount of  
equivalent plastic strain available for initiation of  a crack. The observation that crack initia- 
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tion, for a tension specimen, is associated with decreasing equivalent plastic strain for increas- 
ing constraint is in agreement with the observation, from fracture toughness specimens, that 
crack growth initiation is associated with decreasing CTOD for increasing constraint. A more 
complete comparison is not possible because the constraint values for the two types of tests 
did not overlap, nor is it possible to provide a quantitative comparison between equivalent 
plastic strain and CTOD. 

The microtopography system provided useful test data for the three notch configurations, 
suggesting that it was possible to accurately reconstruct the fracture process in these specimens. 
Verification of the reconstruction process was based on comparison of the location of crack 
initiation and the constraint/equivalent plastic deformation associated with crack initiation 
as measured using both microtopography and metallography. Successful development of 
microtopography will considerably reduce the cost of obtaining data on the crack growth 
process. 

6061- T 6 - - T h i s  material was used to obtain a measure of the sensitivity of crack initiation 
to specific materials. As was noted earlier, Fig. 11 showed a significant trend between con- 
straint and equivalent plastic strain associated with initiation of cracking for this material. The 
comparison of the relationships between constraint and equivalent plastic strain for the two 
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materials (Figs. 7 and I l) shows a significant difference between them. The additional work 
required to identify the particles that initiated dimple rupture, as well as their distribution and 
location, and the conditions required to initiate void formation andcoalescence has not yet 
been performed. 

C o n c l u s i o n s  

The relationships between constraint and equivalent plastic strain at crack initiation for ten- 
sion specimens fabricated from A710 and from 606 I-T6 were identified. The observed sensi- 
tivity of  equivalent plastic strain for crack initiation to constraint for the tension specimens 
fabricated from A710 is consistent with the conclusions of  Reuter et al. [ 1 ] and Hancock et al. 
[2], who observed that crack growth initiation occurred at decreasing CTOD with increasing 
constraint. The constraint ranged from 0.5 to 1.5 for the tension specimens and from 1.8 to 
2.8 for the fracture toughness specimens. From the tension test data, it is apparent that the 
equivalent plastic strain can range to a maximum of 0.2 for constraint in excess of  1.5. A quan- 
titative relationship between equivalent plastic strain and CTOD is not available at this time. 

The 606 l-T6 showed a similar trend to the A710 in the relationship between equivalent 
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G 

2.74 

plastic strain and constraint, but the A710 data were shifted to a higher constraint. A definitive 
study relating microstructural features, for each material, to the crack initiation process as a 
function of constraint has not been performed. 
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APPENDIX 

Potential Error Sources and Error Management for Microtopography 

The laser-point range sensor (PRS), which makes the actual height measurements, is some- 
what sensitive to the reflective nature of the surface being measured. For irregular, specular 
surfaces, the PRS may have difficulty making a valid height reading; this is the case with a 
typical cleavage fracture in the A710 steels being measured. While Type A specimens failed 
solely by dimple rupture and Type C specimens showed mainly ductile fracture prior to ulti- 
mately failing by cleavage, the Type B specimens failed primarily by cleavage. Although it has 
not yet been used, a thin, diffusely reflecting coating may improve the PRS's ability to measure 
cleavage fracture surfaces. 

Given that a certain percentage of locations in the scanned area will have a bad data flag on 
the height reading, some way of managing bad data points must be devised. The software and 
analysis techniques require data at regularly spaced intervals over the fracture surface. For this 
reason, scan points yielding bad data cannot be discarded nor ignored during data collection. 
Because of high measurement sensitivity, small spatial resolution, and (typically) highly irreg- 
ular surface heights, extrapolation of surrounding "good" data to the point having a bad read- 
ing is not deemed (at present) an acceptable solution. 
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The current technique for managing bad data is to identify it as bad by adding a constant 
value to a selected decimal position that is higher than the resolution of  the PRS. For example, 
i f  the PRS can measure to 0.1 ~m, a constant can be added to the second decimal place to 
identify the reading as potentially bad, for example, xxx.x5. This height value can always be 
identified as bad in subsequent analyses, by checking for the nonzero value in the appropriate 
decimal position. For  the purpose of  graphing the data in topographic form, the bad data posi- 
tions are set to a constant value lower than the min imum of  the good values so that bad data 
areas appear as isolated points of low height on the contour maps. They are easy to identify 
visually and can be ignored in the qualitative interpretation of  the "void height" contour 
maps. Other methods of  managing bad data should be examined. 
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A Comparison of Weibull and/3,c Analyses of 
Transition Range Data 

REFERENCE: McCabe, D. E., "A Comparison of WeibuU and B~c Analyses of Transition Range 
Data," Fracture Mechanics: Twenty-Third Symposium, ASTM STP 1189, Ravinder Chona, 
Ed., American Society for Testing and Materials, Philadelphia, 1993, pp. 80-94. 

ABSTRACI': Specimen size effects on Kjc data scatter in the transition range of fracture tough- 
ness have been explained by extremal (weakest link) statistics. In this investigation, compact 
specimens ofA533 Grade B steel were tested in sizes ranging from ~TC(T) to 4TC(T) with suf- 
ficient replication to obtain good three-parameter Weibull characterization of data distributions. 
The optimum fitting parameters for an assumed Weibull slope of four were calculated. Extremal 
statistics analysis was applied to the ~TC(T) data to predict median Kjc values for 1TC(T), 
2TC(T), and 4TC(T) specimens. The distributions from experimentally developed ITC(T), 
2TC(T), and 4TC(T) data tended to confirm the predictions. However, the extremal prediction 
model does not work well at lower-shelf toughness. At -- 150"C, the extremal model predicts a 
specimen size effect where in reality there is no size effect. 

Another model that has potential for dealing with data scatter effects in the transition range is 
the Irwin fl~-/~ic relationship. This model uses breakdown in constraint as the argument for spec- 
imen size effects and suggests that data sets can be transposed from one size to another by oper- 
ating on each individual datum with the following equation 

Both models predict about the same distributions for specimens larger than ITC(T), and only 
the extremal statistical model can predict correctly the smaller specimen distribution. With the 
~c-fl~c relationship, the limitation appears to be that ~c --< r must not be exceeded. Therefore, 
both the statistical and ~k models have limitations for their use. This study explores these limi- 
tations and makes specimen size requirement recommendations on Kjc data. 

KEY WORDS: transition temperature, Weibull analysis, size effects, constraint, cleavage frac- 
ture, size requirements, fracture mechanics, fatigue (materials) 

The fact that section size has an effect on the transition temperature of ferritic steels has been 
known for several decades, but aside from empirical observations of constraint effects [ 1,2], 
no rationale in the form of analytically based models had been forthcoming until recently. 
Early application of statistical practices lacked a physical concept that could serve as the basis 
needed to contribute to an improved understanding of what had already been known empir- 
ically. Recently, Weibull fitting of data has been used to characterize data distributions, and 
the principle ofextremal statistics (weakest link theory) has been shown to provide the needed 
size effect model. The accuracy of determinations requires considerable replication of tests, 
however. In the current project, over 120 compact specimens of A533-B base metal in sizes 
ranging from gTC(T) to 4TC(T) and A533-B weld metal ranging from ITC(T) to 8TC(T) have 
been tested in the transition range with sufficient replication at some of the test temperatures 

' Senior engineer, Metals and Ceramics Division, Oak Ridge National Laboratory, Oak Ridge, TN 
37831-615 I. 
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for viable statistical analysis. Hence, the new methods that are used to predict trends in median 
toughness values due to specimen size can be effectively tested. The toughness parameter to 
be used herein is Ksc that is defined as Ks at onset of cleavage instability, and it is derived by 
conversion from J-integral at instability, Jc. This paper will evaluate Weibull fitting methods 
and extremal statistics that are used to predict specimen size effects, An alternative predictive 
model, the/31c fracture toughness factor, that is derived from measured values of K~c and that 
uses a constraint based argument will also be reported. 

T e s t  D a t a  

The test temperatures and numbers of  specimens for the various specimen sizes-of A553-B 
steel are given in Table 1. All specimens were proportionally dimensioned compacts with rel- 
ative initial crack size, a/W, nominally at 0.5, Data scatter observed here is shown in Fig. 1, 
The dependence of  data scatter on specimen size is most evident at - 75~ Specimens of  small 
thickness tend to lose constraint earlier when entering the transition range because the volume 
of  cross-slip type of  plastic deformation relative to the material thickness controls the transi- 
tion toughness development rate. Larger specimens require more ductility for proportional 
cross-slip, and essentially similar data scatter characteristics are delayed to higher tempera- 
tures. It can be noted also that specimen size effects do not exist on the lower shelf and tend to 
vanish again at high toughness levels on the transition curve. To add evidence for the data 
scatter characteristics of  large specimens at high toughness, test data from the Fifth Irradiation 
Series at Oak Ridge National Laboratory (ORNL) [3] were added herein. There were two weld 
metals of  identical chemistries, except for copper content, see Table 2. Extremal statistics had 
been applied in that project because there was a need for making specimen size predictions. 

E x t r e m a l  S t a t i s t i c s  

An application of  extremal statistics to transition temperature behavior was developed in 
1979 by Landes and Shaffer [4]. Using a two-parameter Weibull model, they demonstrated 
how data from 1T compact  specimens, ITC(T), could be used to characterize the fracture 
toughness distribution of  larger 4T compact specimens, 4TC(T). The scatter in fracture tough- 
ness between replicate specimens was proposed to be governed by occasional weak points or 
sources for brittle cleavage crack initiation that are distributed randomly throughout the 
microstructure. Specimens with through-thickness cracks have zones of  concentrated stress at 
the crack tip, the volumes of  which are proportional to the specimen thickness. Therefore, the 
probability for imperfections of  critical size to cause cleavage fracture is relatable to specimen 
thickness. The mean fracture toughness was projected to be lower and the standard deviation 

TABLE l--Test conditions and number of replicate specimens used in statistical analysis. 

Test Number of Specimens 
Temperature, 

Material *C ~_TC(T) ITC(T) 2TC(T) 4TC(T) 6TC(T) 8TC(T) 

A533-B Plate 13A -- 150 18 17 12 _ . . . . . .  
- 75 20 26 12 6' . . . . . .  
--18 ... 6 2 . . . . . . . . .  

24 ... 5 . . . . . . . . . . . .  
A533-B welds 

72W 10 . . . . . .  4 2 2 2 
73W --5 . . . . . .  4 2 2 2 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



82 FRACTURE MECHANICS:  TWENTY-THIRD SYMPOSIUM 

400 

350 

~. 3oo 

'r 250 
d 
W 
z 200 
112 

~ t 50 
Ul 

i -  t00 
r 

LL 
50 

I I I 

-I 8~ 
2T, tT 

-I 50~ 
2T, t T,'I/,zT 

I 
- t  50 

- 75 *C 
41,2T, IT, VzT 

I 

II 

I I I 

24"C 
IT 

HSST PLATE t3A 
A533B-  i 
LT ORIENT 

o I I I I I I 
-200 - t 0 0  - 5 0  0 50 t 0 0  t 50 200 

TEMPERATURE ('~:~) 

FIG. l--Data scatter of Kjc values of A533-B Class I steel. 

smaller for larger specimens. The fracture toughness was expressed in terms of  Jc, and the dis- 
tribution for the baseline data was fitted to the following two-parameter Weibull model 

P/, = 1 - exp [-(J/O,) b] (1) 

where Pit is the probability that an arbitrarily chosen ITC(T) specimen will have Jc < J, 0, is 
a scale parameter (Jc = ~ when P/~ = 0.632), and b is the Weibull slope. 

The fitting constants determined from the data are #, and b. In using this model, it is 
assumed that the constraint is equal over all specimen sizes. Prior experience indicated that 
constraint does not vary sufficiently in compact specimens when the remaining ligament 
length is equal to or less than the specimen thickness [5]. Then if one were to test 4TC(T) 
specimens, the probability for Jc instability prior to reaching the toughness level, J, is given by 

P/4 = 1 - exp [-(J/e4)bi (2) 

where #4 = ~(N) ~/b and N = (4/1). 
The preceding two-parameter model had predicted mean Jc for 4TC(T) specimens of ASTM 

A471 steel quite accurately at two of  three test temperatures [4]. The WeibuU slope (on Jc) was 
determined to be b = 5. Later experience suggests that they had an insufficient amount of  data 
replication to obtain accurate Weibull slopes. Also a weakness not recognized was that the two- 
parameter extremal model will tend toward zero fracture toughness as the specimen size tends 
to infinity. Therefore, in a later publication [6], the weakness was corrected by introducing a 
three-parameter Weibull model. This has a lower-bound toughness value, Jm~,, that defines a 
lower limiting toughness for specimens of  infinite thickness. The toughness parameter is 
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TABLE 2--Materials. 
(a) YieM and tensile strengths of test materials. 

83 

Strength, MPa (ksi) 

Material Yield Ultimate 

A533-B 444 (64.4) 600 (87.0) 

A533-B SA weld 
72W 499 (72.4) 608 (88.2) 
73W 490 (71.1) 600 (87.0) 

(b) Nominal chemical compositions. 

Composition, % by Weight 

Material C Mn P S Si Cr Ni Mo Cu V 

A533-B a PLATE 13A 
0.25 1.34 0.35 b 0.040 b 0.29 0.55 0.52 

A533-B a WELDS 
72W 0.093 1.66 0.006 0.006 0.044 0.27 0.60 0.58 0.23 0.003 
73W 0.098 1.56 0.005 0.005 0.045 0.25 0.60 0.58 0.31 0.003 

a ASTM specifications for A533 Class 1. 
b Maximum. 

expressed as (Jc - -  ffmin) and the denominator  in Eq I becomes (0, - Jmi,). Figure 2 was used 
to illustrate the trial-and-error procedure used to identify an opt imum Jm~, value on ~TC(T) 
specimens of  A508 steel. The general form is 

PI,,2 = 1 - exp ~ ~ ~ (3) 

Seven examples of  three-parameter determinations gave four apparently reasonable Jmin 
results for lower-bound toughness predictions. The three poor predictions were from data sets 
that had only four to seven data, and these were far too few to expect a good measure of  the 
nonlinearity of  a data population. 

In current publications, it is more common to see three-parameter Weibull fitting to Kjc 
data, where Jc is first calculated and then converted to Kjc using 

Kj, = J ~  (4) 

Weibull Constant Fitting Methods 

Wallin [ 7] has performed Weibull analyses, using Kjc data on numerous similar material 
data sets, large and small, and has concluded that toughness distributions generally show a 
fixed Weibull slope of  4 and that Kmin also tends to be constant at about 20 MPa ~/m, inde- 
pendent of  test temperature. Implicit in this argument is that all Jc distributions should have 
a slope o fb  --- 2; noting that Kis  proportional to the square root of the J-integral. Brought into 
question is the initial finding of  Landes and Shaffer where slope, b, was 5 for their Jc data on 
A471. The Wallin observation has been generally supported by the work of  others [8, 9] who 
have shown that a slope of  4 on K data has a basis in micromechanics theory. The assertion 
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FIG. 2--Example of the effect of minimum toughness parameter on data linearity and slope. 

that grain is constant is less secure from a fundamental standPoint. Assuming Kin,. has physical 
meaning as a lower-bound toughness, some have suggested that lower bound Klc or Kia values 
obtained from ASME Code regulations could be used [10]. On the other hand, the best fits to 
the Weibull model  are usually obtained with Km~. values considerably lower than those indi- 
cated by the code curves. Figures 3 and 4 are representative of  what results from seeking the 
best Kmi. values using the base metal data from the test matrix of  Table 1. There are four spec- 
imen sizes and four test temperatures represented. The two fitting techniques used were (1) 
adjusting all three Weibull constants to get an opt imum linear fit to the data and (2) setting 
the Weibull slope to 4 and then finding Km~n for opt imum fit. Table 3 lists the fitting constants 
and correlation coefficients of  the two methods, and it appears that the fundamentally justified 
Weibull slope of  4 can provide a suitable representation of  the distributions in most cases. One 
rule that was used, however, is that Kmi. was never allowed to be a negative value. Because of  
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FIG. 3--Example of best linearity with three variable parameters versus fixed slope and two variable 
parameters," 1 TC(T) specimens tested at - 150"C. 

TABLE 3--Comparison of Weibull fitting parameters for best correlation coefficient. 

Three Fitting Parameters 
Fixed Slope, Two Fitting 

Parameters 
Test 

Temperature, Size, Correlation Correlation 
*C C(T) Slope Kmi, ~ Coefficient Slope Kmln b Coefficient 

- 150 hT 1.7 25 0.991 4 10.5 0.975 
-- 150 IT 1.6 34 0.993 4 24.5 0.961 
- 150 2T 3.0 24 0.990 4 19.0 0.998 

- 75 �89 1.1 89 0.991 4 42.5 0.933 
- 7 5  1T 3.3 0 0.993 4 0 0.993 
--75 2T 4.7 0 0.983 4 13.5 0.983 
- 75 4T 1.8 44 0.986 4 6.0 0.982 
- 18 IT 0.9 109 0.988 4 0 0.914 

24 IT 3.2 0 0.913 4 0 0.913 

Km~. for best fit with b, K0, and Kmin variable. 
b Kmi, for best fit with/Co and Kmin variable. 
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FIG. 4--Example of  best linearity with three variable parameters versus fixed slope and two variable 
parameters," 4 TC(T) specimens tested at - 75"C. 

this, a few slopes were only near to 4. There were two cases where good linearity and a Weibull 
slope of  4 were not entirely compatible, and these are shown in Figs. 5 and 6. Both cases had 
some data at relatively high toughness conditions for the size of  specimen used, and their Wei- 
bull plots suggest bilinearity with an apparent break point at 125 MPa ~/m for ~ATC(T) and 
192 MPa ~ /m for ITC(T). 

Prediction of Size Effects 

The density function for the ~T compact  specimens was used to predict median Kjc values 
for the Weibull fits to 1 T, 2T, and 4T compact specimen data generated at the same test tem- 
perature ( - 7 5 o c ) ,  see Fig. 7 and Table 4. There are two sets of  determinations in Table 4. In 
both cases, a fixed Weibull slope of  4 was used, with Kmi. variable in one case and fixed at 20 
MPa~/m in the other case. The magnitude of  median shift predicted for increased specimen 
size was reasonable in both cases. 

The same exercise applied to tests made at --  150~ (Table 4) was not as satisfactory. A spec- 
imen size effect was expected, but  the distributions fitted to real data indicated no effect. The 
scatter bands of  data for all tests made on A533-B plate on all specimen sizes and for all test 
temperatures was shown in Fig. 1. Note that at -150~ the smallest specimens tested, 
�89 had both the highest and lowest Ksc toughness values. Extremal statistics erroneously 
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TABLE 4--Size effect predictions using extremal statistics (Weibull slope of four, comparing best K,,i, 
versus fixed Kmi, 

Median Kjc, MPa ~,/m 

Extremal Predictions from 
Test Fit Actual Data ~TC(T) 

Temperature, Size 
*C C(T) Best Kmin Kmi n = 20 Best Kmin Kmin = 20 

-- 75 )6T 122.4 124.8 
--75 IT 102.4 98.6 1()9.9 1()8.2 
- 7 5  2T 102.6 102.1 99.3 94.1 
- 7 5  4T 86.4 85.3 90.4 82.3 

- -  150 ~T 40.6 39.8 
-- 150 1T 43.4 43.7 33.9 36.7 
- -  150 2T 44.8 44.8 31.9 34.0 
- 1 5 0  aT . . . . . .  28.5 31.8 
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FIG. 6--Apparent bilinear slope development for 1TC(T) specimens tested at - 18~ 

predicted a size effect because of  a breakdown in the weakest link model. This will happen 
when the size of  the imperfection needed to cause cleavage initiation becomes very small such 
that many cleavage sources exist at all points along the crack tip. Hence, there is a need to 
identify a lower toughness limit below which extremal statistics will not apply. A suggested 
approach will be addressed in the Discussion. 

There can be some difficulty with the application ofextremal statistics at the high toughness 
end of the material transition curve. This was experienced in the Heavy-Section Steel Irradi- 
ation Program in the Fifth Irradiation Series [3]. The objective of  the experiment was to estab- 
lish lower-bound Kic curves on two A533-B weld metals of  different copper contents. Of special 
interest was the shift and potential change in shape of the lower bound due to irradiation dam- 
age. Four 8T compact specimens (two of each copper content) were to be tested at the highest 
possible toughness level that would be consistent with the ASTM validity requirements on Kic. 
It was determined that the maximum Kgc would be a valid Kit at 150 MPa ~/m, and a tem- 
perature where this was likely to happen was chosen using smaller specimens. The sequence 
used was to first test four 2TC(T) specimens at the selected temperature to provide a baseline 
Weibull distribution for predicting the 8TC(T) distribution. One of  the two plots made is 
shown in Fig. 8. Because median Kjc was predicted to be 150 MPa ~/m, it was presumed that 
the chance of obtaining valid Kit should be one in two for each large specimen tested. Never- 
theless, none of  the four large specimens gave valid Ktc. The trend indicated with 4TC(T) and 
6TC(T) specimens gave no evidence that there might have been a breakdown in the extremal 
assumption, but the high toughness position on the transition curve evidently had broadened 
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FIG. 7--Densi ty  fimctions predicted from ~. TC(T) specimens tested at - 75"C. 

PREDICTED DISTRIBUTION FUNCTIONS 
FROM ~'2TCT DATA AT -75"C 

- -  I/2TCT Kme d = t 22 .40  s"% 
t - - ~  tTCT PREDICTED Kme d =109.9 I 

I t 
t - - 2TCT PREDICTED Kmed =99.32 

! t 
-- t 4TCT PREDICTED Kmed =90.44 

I / ! ~ ,  

2OO 

the scatter-band width for large specimens enough to make it difficult to assure an aim value. 
Hence, the utility of these predictions of  size effects may be limited to a transition temperature 
window in the lower transition range. 

#c-B~c Fracture Toughness Correlation 

Another perspective on the Kjc data scatter phenomenon is to consider that the early (lower 
temperature) increase in Kjc data scatter of  small specimens is due to the lower constraint. 
Smaller specimens tend to respond nonlinearly with less crack-tip plastic deformation, readily 
losing constraint in the crack-tip region. Larger specimens require proportionately more cross 
slip, and similar data scatter is delayed to higher temperatures. To relate high and low con- 
straint toughness, Irwin [111 had developed a semiempirical relationship based on the behav- 
ior of  high-strength metallic materials. Merkle has investigated the potential of  this relation- 
ship for use with the structural steels that are used in pressure vessels. It is as follows 

#c = ~,c + 1.4#L (5) 

where #c = ( I /B)(KJ(r , )  2 and/~,c = (I /B)(K,#a,)  2. 
The #c value determined for each individual datum is 19icked out of  a family of  replicate tests. 

An estimate of  K~c is made on each one, thereby establishing a family of  Kic distributions. The 
procedure is to use/3c in Eq 5 and to determine the corresponding #,c either by iteration or by 
using a preformulated solution of  the cubic equation. Then K,c is determined using 
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FIG. 8--Example of extremal statistics used on 2TC(T) Kjc data to predict median toughness for 
8TC(T) specimens tested at the same temperature. 

K, = K,~ \ //'~-- ~ 
V ~ 

(6) 

The three-parameter Weibull can then be fitted to the Kxc distribution or to interpolated 
values for intermediate specimen sizes. Equation 5 is used to interpolate in all cases. Figure 9 
shows K~c data selected at three toughness levels from within the actual data sets for 1TC(T), 
2TC(T), and 4TC(T) specimens (A533-B base metal tested at - 750C). These are the solid data 
points in Fig. 9. The interpolation and extrapolation by Eq 5 of  the three specifically selected 
toughness levels are shown as open data points. The solid line represents the toughness trend 
over varied thicknesses that is implied by Eq 5. Irwin had cautioned that the semiempirical 
relationship should not be used when ~3c is greater than 7r, and this limit is denoted in Fig. 9 as 
a dashed line. This limitation required that for the toughness of  A533-B at -75~ data from 
1T or larger compact specimens must be used to develop the baseline Weibull plot. Figure l0 
shows predictions of  density functions from use of  the 1TC(T) baseline data. Table 5 compares 
the predicted size effect on median Kjc obtained from the density functions to those from the 
extremal statistical model. Again, this is using the 1TC(T) specimen data as baseline. Note that 
the beta method projects essentially the same result except for ~TC(T) where most of the pro- 
jected values have/~c much greater than ~r. 
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FIG. 9--Fracture toughness trends for selected positions in Kjr data scatter bands. Trend lines are from 

the Irwin/3c-/31r relationship. 

TABLE 5--Predicted specimen size effect, comparing extremal statistics and beta methods. 

Median Ksc, MPa ~/m 

Predictions from ITC(T) 
Test Temperature, Size, Fit Actual 

*C C(T) Data Extremal Beta 

--75 �89 122.4 121.3 159.8 
- 7 5  IT 102.4 
- 7 5  2T 102.6 85.8 8"i.1 
--75 4T 86.4 72.1 74.2 

-- 150 �89 40.6 48.2 47.2 
- 150 IT 43.7 
- 150 2T 44.8 39.9 42.6 
- 150 4T ... 36.8 42.4 
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FIG. lO--Distribution fimctions for t~TC(T), 2TC(T), and 4TC(T) specimens predicted from 1TC(T), 
Kjc data and size effect prediction by constraint effects assumption. 

Discussion 

The practical application for this work is to learn how data taken from small fracture- 
mechanics-type specimens can be used to infer the fracture toughness performance in full- 
scale structures. The general format of data development limitations is illustrated schemati- 
cally in Fig. 11. This is for ~4T compacts made of A533-B. From evidence in Figs. 5 and 6, it 
appears that constraint is controlled sufficiently for Weibull fitting and extremal statistics pre- 
dictions for Bc up to 27r. The low toughness limitation for extremal statistics has not been deter- 
mined, but a practical lower limit might be where/~< = 0.4. These limits would apply to dis- 
tributions where a high percentage of the Ks< values within the baseline distribution would 
satisfy the suggested criteria. Figure 11 indicates that the semiempirical ~-B,~ relationship 
might be suitable for toughness where Bc is equal to r or less. This model tends to plateau along 
with test data at the lower plateau of transition toughness, and median Ktc can be more rea- 
sonably determined with this model. 

If it can be established with reasonable confidence that the Weibull slope is almost always 
four for most structural steels, and thz/t K m i  n = 20 MPa V'm is a reasonable compromise value, 
then the number of small specimens needed to establish a reasonable baseline Weibull distri- 
bution is highly reduced because only the scale parameter need be determined. Perhaps only 
a half-dozen specimens would suffice. Such a practice would only be suitable for establishing 
trends in mean toughness, however, because the tails of the fitted distribution curves would be 
quite unreliable and not usable to estimate lower-bound values. The utility would be for the 
determination of median transition curve shifts due to irradiation damage effects. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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FIG. I l--Zone of application for predictive models for Kjc data from ~. TC(T) specimens. 

C o n c l u s i o n  

This paper has used selected data from two projects that were designed to study the fracture 
mechanics aspects ~ f  transition temperature behavior of  structural steels. It is concluded that 
statistical methods and a constraint-based model can be incorporated into an overall plan to 
deal with size effects. Transition temperature shifts can be predicted for materials that are used 
in large structures using small-surveillance-size specimens. The establishment of  lower-bound 
Kjc curves by testing just a few small specimens is not suggested at the present time. 
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Near-Crack-Tip Transverse Strain Effects 
Estimated with a Large Strain Hollow Cylinder 
Analogy 

REFERENCE: Merkle, J. G., "Near-Crack-Tip Transverse Strain Effects Estimated with a 
Large Strain Hollow Cylinder Analogy," Fracture Mechanics: Twenty-Third Symposium, 
ASTM STP 1189, Ravinder Chona, Ed., American Society for Testing and Materials, Philadel- 
phia, 1993, pp. 95-114. 

ABSTRACT: In order to study effects of constraint on fracture toughness, it is reasonable to 
study the region of large strains close to the crack tip within which the microscopic separations 
that lead to fracture often take place. The first step in this direction was taken in 1950 by Hill, 
who postulated that close to a circular notch tip the principal stress directions would be radial 
and circumferential, so that the plastic slip lines (maximum shear stress trajectories) would be 
logarithmic spirals. The resulting equation for stress normal to the notch symmetry plane, 
neglecting strain hardening, was identical to that for the circumferential stress near the bore of 
an ideally plastic thick-walled hollow cylinder under external radial tension, because the relevant 
geometries are identical. Hill's hypothesis was extended algebraically by Merkle to include strain 
hardening with a generalized-plane-strain small-strain hollow cylinder analogy, and numerically 
in a more general way geometrically for plane strain and large strains by Rice and Johnson. Large 
strain finite element analyses have shown that a wedge-shaped zone ahead of a blunting crack 
tip deforms like a hollow cylinder. This paper extends the generalized plane strain hollow cyl- 
inder analogy to large strains. The strain equations are derived by analyzing the constant volume 
deformation of a differential cylindrical element. The circumferential strain is singular at the tip 
of an initially sharp crack. With the strain distribution determined, the stresses are obtained by 
integrating the equation of radial equilibrium. An approximation is developed for the first incre- 
ment of radial stress near the strain singularity. Calculations show that the in-plane stresses are 
only slightly sensitive to transverse plastic strain. 

KEY WORDS: fracture mechanics, crack-tip blunting, transverse strain, constraint effects, large 
strains, fatigue (materials) 

Nomenclature 

b, bo 
c 
E 
ez 
F(e) 
h 
1 
N 
R 
r, ri 

Crack-tip opening,  current  and  initial, respectively, m m  
Radial  displacement  of  point  located at initial  infinitely sharp crack tip, m m  
Elastic modulus ,  MPa  
Engineering strain in axial direction, dimensionless  
Func t ion  of  strain that is l inear  in distance from crack tip, dimensionless 
Const ra in t  factor, dimensionless  
Height o f  ring element,  m m  
Strain hardening exponent ,  dimensionless 
Original distance from crack tip, m m  
Radial  distance from coordinate origin, current  and  initial, respectively, m m  
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S 
U, lit 

Uo 

U 

W 

X 

Xo 

X, ) '  

El,  C2, if'3 

CO, Er, Ez 

Ca 

C0 

c~ 

0 

P 

p 
ff 

O'1, if2, 03 

O'0~ ffm O'z 

Oy 

O" 0 

0-e 

O- m 

x 

Stress parameter defined by Eq 46, MPa 
Radial displacement, mm 
Circumferential displacement, mm 
Displacement defined by Eq 57, mm 
Axial displacement, mm 
Undeformed horizontal coordinate, mm 
Horizomal offset of hollow cylinder analogy coordinate origin from original crack 
tip, mm 
Deformed coordinates, mm 
Crack-tip-opening displacement, mm 
Principal strains, dimensionless 
Circumferential. radial, and axial strains, respectively, true strain unless otherwise 
noted, dimensionless 
Shear strain between characteristic directions at apex of large strain region, 
dimensionless 
Power law reference strain, dimensionless 
Effective plastic strairi, dimensionless 
True crack opening strain, dimensionless 
Maximum shear strain, dimensionless 
Angle measured from the crack plane, radians 
Strain function defined by Eq 6, dimensionless 
Poisson's ratio, dimensionless 
Blunted crack or notch root radius, mm 
Stress, MPa 
Principal stresses, MPa 
Circumferential, radial, and axial stresses, MPa 
Yield stress, MPa 
Power law reference stress, MPa 
Effective stress, MPa 
Mean (hydrostatic) stress, MPa 
Distance from blunted crack tip, mm 

Fracture mechanics is a collection of  material testing and analysis procedures applied for 
the purpose of  preventing fracture due to cracks in structures. It is recognized that yielding can 
and does occur near the tips of cracks, the result being lower stresses and higher strains per- 
pendicular to the crack plane than would otherwise exist. However, yielding does not neces- 
sarily prevent the buildup of  hydrostatic stresses relative to shear stresses in the crack-tip plastic 
zone but, in fact, can amplify this buildup. This is because of the restraint of attempted trans- 
verse contractions resulting from enforced compatibility with the adjacent regions subjected 
to lower stresses. 

Existing fracture mechanics procedures are based on the premise that, by following pre- 
scribed methods, precracked laboratory specimens can be tested under conditions of effective 
maximum constraint and the results transferred conservatively to structures in terms of a 
material property called "'fracture toughness." It has been demonstrated repeatedly that below 
the upper shelf, fracture toughness values measured with small laboratory specimens tend to 
develop increased upward scatter as specimen size decreases. In the smallest specimens, dim- 
ples are visible on the specimen surfaces at the crack ends, thus demonstrating the powerful 
tendency for transverse contraction to occur along a crack front. This is the inevitable conse- 
quence of  the constant plastic volume condition, which is one of the physical condition~ gov- 
erning yielding. Realizing that cracks oriented circumferentially in a pressure vessel are sub- 
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jected to a nominal transverse strain condition more severe than plane strain, it is prudent to 
consider the possibility that a positive out-of-plane strain condition can have an effect on 
toughness opposite to that of  transverse contraction, namely, lowering the toughness. 

To study the effects of  constraint on fracture toughness, it is important to select the right 
location within the crack-tip stress and strain field for investigation. Despite the success 
achieved by treating K and J as single parameters that can be conveniently determined away 
from the crack-tip region but still assumed to control near-crack-tip behavior, understanding 
constraint effects has thus far not become amenable to this approach. Thus, it seems beneficial 
to select as a location for study the region of  large strains close to the crack tip within which 
the microscopic separations that lead to fracture actually take place. This approach is not a 
new one. In fact, it predates linear-elastic fracture mechanics. However, without a mathemat- 
ical or a computational connection with global structural behavior, there is no obvious way to 
transfer information from laboratory specimens to structures. Nevertheless, important infor- 
mation about the basic physical parameters governing fracture, including the nominal stress 
state at the flaw location, can be developed by this approach. 

The first step applicable to studying the stress and strain distributions in the plastic zone 
immediately bordering a blunting crack tip was taken by Hill [ 1 ] in 1950. Considering a notch 
with a circular tip, Hill postulated that close to the notch tip the principal stress directions 
would be radial and circumferential and that the plastic slip-lines (maximum shear stress tra- 
jectories) would therefore be logarithmic spirals. The resulting equation for stress normal to 
the notch symmetry plane, neglecting strain hardening, is 

(i) 

where x is distance from the notch tip, p is root radius, and ar  is yield stress. Equation 1 is 
identical to the expression for the circumferential stress near the bore of an ideally plastic 
thick-walled hollow cylinder under external radial tension because the relevant geometries are 
identical. 

Hill's analysis did not consider strain hardening nor attempt to relate the notch root radius 
to the remotely applied load. In 1969, Rice and Johnson [2] developed a near-crack-tip, plane 
strain, large-strain, rigid-plastic analysis considering strain hardening and assuming an infi- 
nitely sharp initial crack. Although the geometry analyzed was approximately a field of loga- 
rithmic spirals, the boundary displacement loading based on a singular shear strain distribu- 
tion did not produce a perfectly circular-blunted crack tip, so the slip-lines were not exactly 
log spirals [3]. One strain distribution on the plane of  symmetry was determined for ideally 
plastic conditions, and the stresses were then determined for various strain-hardening expo- 
nents by integrating the equation of  equilibrium and applying the flow rule. The strain at the 
apex of  the slip-line field was assumed to be zero [3] and, for strain hardening, a stress singu- 
larity occurred very close to the tip of  the blunting crack. Because the calculated stresses at the 
apex of  the slip-line field were finite, but the plastic strains were assumed zero and the elastic 
strains neglected, a state of  pure hydrostatic tension was implied at that location. This result 
is not physically realistic enough to use in evaluating constraint effects, but the results are easily 
improved by assuming a finite strain at the apex, as explained in Ref3. 

Assuming that the conditions of  stress and strain near the apex of the near-tip slip-line field 
are only mildly sensitive to the exact shape of  the blunted crack tip, Merkle [4], following Hill's 
suggestion [ 1]. proposed an analysis of the stresses and strains ahead of  a blunted crack tip on 
the plane of  symmetry based on a circular-blunted crack tip. It was reasoned that, on the plane 
of  symmetry, the equilibrium and strain-displacement equations should be identical to those 
for an axisymmetrically loaded thick-walled hollow cylinder. Actually, this is only true if 
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Ouo/Oo = 0, because uo changes sign at 0 = 0. However, as will be discussed later, numerical 
calculations show that this condition is approximately satisfied close to the plane of symmetry. 
Consequently, the hollow-cylinder analogy has the potential for illustrating details of near- 
crack-tip behavior without requiring complex or expensive analytical procedures. This is espe- 
cially true with regard to the effects of  transverse strain, because stress analysis solutions for 
thick-walled hollow cylinders under conditions of generalized plane strain include explicitly 
the effect of  e:. The original hollow-cylinder analogy calculations [4] were based on small 
strain theory and therefore gave strain distributions that did not agree well with the Rice and 
Johnson results near the blunted crack tip. However, the original hollow-cylinder analogy did 
include the elastic strains, which the Rice and Johnson analysis neglected, and these strains 
may turn out to be important, especially the transverse (out-of-plane) elastic strain near the 
point of  peak stress. 

Basis for the Hollow-Cylinder Analogy 

The basis for the hollow-cylinder analogy is Hill's approximation [1] that immediately 
ahead of a round-tipped notch, the slip-lines arc orthogonal logarithmic spirals. Because these 
lines cross every radial and circumferential line at 45 ~ , the principal directions of stress (and 
implicitly also of  strain) are radial and circumferential, just as they are in an axisymmetrically 
loaded thick-walled hollow cylinder. The basic concept is thus illustrated in Fig. 1, showing 
that within the overall plastic zone there is a much smaller flame-shaped zone immediately 

(t) BLUNTED CR?CK / ~ ~ = ~ ( 3 )  OUTER PLASTIC ZONE: 
T,~ t ~ ~- .  / REGION OF TRANSITION 

'" ~ - I  I -  / FROM PLASTIC TO ELASTIC 
I (__ BE.AV,OR 

' -- -- - - '  -- -- "~'-'PLs OF SYt~METRY 
,NNER PLAST,C ZONE: _5 \ 
ZONE OF INTENSE PLASTIC 
DEFOR~,,~.~TION, WITHIN WHICH 
CtJ, AX, E~,~A.X, AND INITIAL 
SEPARATION PROBABL~ 

(4) ELASTIC REGION: STRESS AND STRAIN 
DESCRIBED BY EQUATIONS OF LINEAR- 
ELASTIC FRACTURE MECHANICS; THIS 
ZONE CONTROLS STRAINS AND 
STRESSES IN BOTH PLASTIC ZONES 

FIG. l--Schematic diagram of near-tip plastic zones of blunting crack (source: Ref 4). 
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MERKLE ON CRACK-TIP BLUNTING 99 

ahead of  the blunting crack tip within which the slip-lines are approximately logarithmic spi- 
rals. Hill's model of  the region immediately ahead of  a circular notch tip did not consider strain 
hardening, and thus nothing was said explicitly about strains. Merkle [4] extended Hill's 
hypothesis to include strain hardening, reasoning that stress analysis solutions for axisym- 
metrically loaded thick-walled hollow cylinders should be applicable on the plane of  symmetry 
ahead of  a blunting crack tip as long as the through-thickness stress remains the intermediate 
principal stress. Using cylindrical coordinates and recognizing that the principal directions of  
stress and strain in the logarithmic spiral slip-line region are radial and circumferential, it fol- 
lows that all the equilibrium and conventional strain-displacement equations reduce to those 
for an axisymmetrically loaded thick-walled hollow cylinder except the circumferential strain- 
displacement equation, which for small strains is 

10uo u, 
e0 = + -- (2) 

r "Oa r 

For the hollow cylinder analogy to hold, Ouo/Oo must be shown to be negligible or zero on the 
plane of symmetry. In Ref 4, symmetry was used as an argument for setting Ouo/Oo = 0 on O 
= 0". However, because uo changes sign while passing through zero at O = 0", Ouo/Oo theoret- 
ically does not have to be zero on the plane of  symmetry. Thus, additional information must 
be used to determine if OUo/Oo is actually small enough to neglect on the plane of symmetry. 

Two separate studies of  the stresses and strains very close to a blunting crack tip by the finite- 
element method have produced results that support the hollow-cylinder analogy. As indicated 
in Fig. 2, McMeeking [5] performed near-crack-tip, elastic-plastic large-strain calculations 
showing that the variation of  effective plastic strain with polar angle, 0, near the plane of  sym- 
metry is very small. Needleman and Tvergaard [6] performed similar calculations, observing 
the details of  deformation immediately surrounding the blunting crack tip. Figure 3 shows the 
existence of  a wedge of  finite elements bisected by the plane of  symmetry that continues to 
subtend the same 22* angle as deformation proceeds. Together, Figs. 2 and 3 imply that, within 
a finite angular sector ahead of  a blunting crack tip, material points displace only in the radial 
direction and circular arcs remain approximately circular. Consequently, within a finite angu- 
lar sector ahead of  a blunting crack tip, ug = 0. For these conditions, Eq 2 reduces to 

Ur 
= - -  (3) ~o r 

thus providing an empirical basis for the hollow-cylinder analogy. 

Derivation of  Strain-Displacement  Equations for Large Strains 

The original hollow-cylinder analogy [4] was developed using the conventional small-strain, 
elastic-plastic stress and strain equations for a thick-walled hollow cylinder. However, com- 
paring the calculated near-crack-tip strain distribution with the results obtained by Rice and 
Johnson [2] showed a discrepancy, the most likely cause of  which appeared to be the existence 
of  large strains very close to the blunted crack tip. The Rice and Johnson analysis [2] was based 
on large strain theory, so a large strain version of  the hollow-cylinder analogy is necessary for 
a valid comparison between the two analytical models. 

Consider a ring element within a thick-walled hollow cylinder with original inside radius, r~, 
thickness, dr, and height, e. Let the radial displacements corresponding to r~ and r~ + dr, be u 
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FIG. 2--Effective plastic strain near a blunting crack tip (source. Ref 5). 

0 

and  u + du, and  the un i form increase in height of the ring element  be w. Neglecting elastic 
strains, the vo lume of  the ring must  remain  constant.  Thus  

2rr,dr, e = (2rr)(r, + u)(dr, + du)(e + w) (4) 

Define 

e.. g (5) 

and  

e~ 
x - (6) 

1 + e ~  

Then  

d(r,u) + udu + ~rAr, = 0 (7) 
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(a) b,~ 0 = 1.49 (b) b/b 0 = 1.79 

b = CRACK-TIP OPENING 
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I -  ~ - - - - - ~ S ~  11" / -  ~ ~  11" 

(c} b/b o = 2.O5 (0) b/b o = 2.27 

FIG. 3--Deformed l~nite-element mesh diagrams for blunting crack tip (based on Ref 6). 

so t h a t  

u 2 + 2rgu - (c  2 - X~) -- 0 (8) 

w h e r e  c 2 is a c o n s t a n t  o f  in t eg ra t ion .  F r o m  E q  8, it  fo l lows t h a t  

u = x / ( 1  - x ) ~  + c ~ - r, ( 9 )  

Se t t ing  r, = 0 gives  u = c, so  c is t h e  rad ia l  d i s p l a c e m e n t  o f  a p o i n t  or ig inal ly  l o c a t e d  at  rg -- 

0. In  t e r m s  o f  t h e  C T O D  

6t 
c - (10) 

2 
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102 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

For large strains, the circumferential strain is defined by 

,, ,n(, 

so that, using Eq 9 

(11) 

From Eqs 11 and 17, it follows that 

and by using Eq 14 

Combining Eqs 17 and 9 gives 

e ,=  - ~ l n  ( 1 -  X)+ -eZ (16) 

The foregoing equations agree with those published by McGregor et al. [ 7] in 1948, 
For applications, it is useful to have the strain-displacement equations also expressed in 

terms of the deformed radius, r, defined by 

r = ri + u (17) 

so that, from Eq 6 

so that, by using Eqs 9 and 14 

e z =  - I n ( 1  - X) 

For large strains, the radial strain is defined by 

, 

? - c a  
g -  1---s-~x (18) 

fl,. = ( ?  -- ca)e ~z (19) 

e0= l n ( ~ )  (20) 

(14) 

(15) 

1 ln.[(1 -- X) + ~i ] e8 = ~ (12) 

Note that a singularity in strain occurs for r/-- 0. For large strains, the axial strain is defined 
by 

ez = In (1 + ez) (13) 
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MERKLE ON CRACK-TIP BLUNTING 103 

so that, by using Eqs 19 and 20 

1( 
eo = -- ~ In 1 -- 2 (21) 

In Eq 21, e0 becomes singular at r = c. By substituting Eq 18 into Eq 16 and using Eq 14 

e , = ~ l n  l - 2 (22) 

Note that the preceding strain-displacement equations do not include the elastic strains, which 
are assumed small, and also that their algebraic forms are independent of  the shape of  the 
stress-strain curve. This observation agrees with the finite-difference results obtained by Rice 
and Johnson [2] wherein, for plane strain, the same near-tip strain distribution was found to 
exist independent of  the yield strain and the strain-hardening exponent. 

The form ofEqs 21 and 22 can be examined by using Mohr's circle of  strain. For generalized 
plane strain and constant plastic volume, if the maximum shear strain is denoted by n and 

e2 = ez (23) 

then el and e3 must be given by 

~z 
el = ~ 2 (24) 

and 

e3 = - r /  2 (25) 

Comparisons with Numerical Calculations 

Because the basis for the hollow-cylinder analogy is partly empirical and direct experimental 
verification is not possible, it is important to establish its accuracy by means of comparisons 
with other independently performed analyses. The quantity of  most interest is the maximum 
principal tensile strain, e0, acting normal to the plane of  symmetry. Because the near-crack-tip 
strain distribution is highly nonlinear, it is convenient to construct a function ofee that is linear 
with distance from the crack tip. This is possible because there is only one term containing r, 
in Eq 12. Thus, by rearranging Eq 12, for plane strain 

1 r, 
k/e 2~o - 1 - c - F(eo) (26) 

Figure 4 shows the near-crack-tip strain distribution for 0 = 0* based on undeformed posi- 
tions, X, for small-scale yielding and fully plastic conditions, as calculated by Rice and John- 
son [2] using the finite-difference method. Figure 4 also shows the plots of  F(e'~3, constructed 
for each case by scaling values from the strain curves and calculating F(e~'). Substantial lin- 
earity is observed. An added advantage of  the linear plot is that no distance origin has to be 
assumed. While Fig. 4 shows that the calculated values of  F(e~) plot close to a straight line, the 
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FIG. 4--Near-crack-tip strain and linearized strain fimction plots for finite-difference analysis results 
( f  Rice and Johnson (based on Re/'2). 

distance origin is not at the original crack tip, but slightly ahead of it. This is qualitatively con- 
firmed by Fig. 5 from Rice and Johnson [2] which shows that the curved portion of the blunted 
crack profile meets a horizontal segment of the crack profile slightly ahead of the original crack 
tip. Thus, in this case, the coordinate origin of the approximately logarithmic spiral slip-line 
region lies ahead of the original crack tip. A second comparison is shown in Fig. 6 using the 

a FOR SMALL-SCALE YIELDING 
b FOR FULLY PLASTIC 

b 

\ ~ . ~ - -  BLUNTED SHAPE ~ 
\ ' ~  O FCRACKTIP ~ 

a b 

o o , , ..... , \ \ .  
0.5 1.0 1.5 2.0 2.5 

xlst 
FIG. 5--Deformed crack-tip and slip-fine zone boundary results obtained by Rice and Johnson (source: 

Ref2). 
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FIG. 6--Linearized strain function plot for finite-element analysis results of McMeeking (based on 

Ref5). 

effective plastic strain values for 0 = 0 ~ from Fig. 2 as calculated by McMeeking [5] using the 
finite-element method. Again F(e0) is nearly linear over a substantial range of R/b, where R is 
the original distance from the crack tip and b is CTOD. Again, the curve intercept is slightly 
ahead of  the original crack tip. Thus, two near-crack-tip analyses, the first being Rice's and 
Johnson's finite-difference analysis [2] and the second being McMeeking's finite-element 
analys~s, [4] have both produced near-crack-tip strain distributions having forms close to that 
predicted by the hollow-cylinder analogy based on large strains. 

Two other available strain distributions, calculated by the finite-element method by Nee- 
dleman and Tvergaard [6] and by Goldthorpe, [8] produce plots of F(e0) (not shown) that are 
linear until very close to X = 0 but then seem to approach a finite value of  strain at X = 0. 
Both the latter analyses were begun with finite initial notch radii, as were McMeeking's, so the 
reason for the difference in result is not obvious. Because both Rice and Johnson [2] and 
McMeeking [5] clearly recognized and demonstrated the existence of  a strain singularity for 
sharp cracks, preference is given here to their results because they are believed to be more accu- 
rate very close to the blunting crack tip. 

Because a real material cannot stand infinite strain and the blunting crack surface is free of 
normal stress, and therefore under low triaxial constraint, shear fracture should tend to occur 
very close to the blunting crack tip. This is a possible explanation for the occurrence of  stretch 
zones. 

An additional comparison can be made between the strain distributions calculated by the 
Rice and Johnson slip-line analysis method and the hollow-cylinder analogy discussed in this 
chapter. In Ref 3, two modifications were made to the Rice and Johnson slip-line analysis 
method to make it more useful and more realistic. The analysis was rederived for generalized 
plane strain, and the maximum principal tensile strain at the apex of  the slip-line field was 
made nonzero. It is easily shown that for a nearly plane strain degree of  constraint and v = 
0.3, the elastically calculated maximum principal tensile strain at a distance of two times the 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



106 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 
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FIG. 7--Comparison of near-crack-tip strain distribution curves obtained by Rice and Johnson method, 
as described in Re f  3, assuming ea = 0.01, and by hollow-cylinder analogy based on large-strain theory, 
assuming Xo/% = 015. 

CTOD from the crack tip is ~ 1%. Thus, the total tensile strain at this location must equal or 
exceed this value. Assuming a total shear strain at the apex of  1%, the comparison between the 
modified slip-line analysis method results of  Ref 3 and the hollow-cylinder analogy results are 
as shown in Fig. 7. Overall, the hollow-cylinder analogy is a good approximation. The assumed 
horizontal offset, X0, for the hollow-cylinder analogy governs the accuracy of  the strain 
approximation near the blunting crack tip but has no effect near the apex of the log spiral slip- 
line zone. The closeness of  the hollow-cylinder approximation near the apex of  the slip-line 
zone depends on the assumed value of  the shear strain at that location in the modified slip- 
line analysis model. Because the hollow-cylinder analogy provides a satisfactory strain esti- 
mate, the next step is to calculate the stresses on the plane of  symmetry. 

S t r e s s  C a l c u l a t i o n s  

For radial and circumferential principal stress directions, the equation of  radial equi l ibr ium,  
written in terms of current radii, has the familiar form 

d~r ~a -- ~r 
- - -  ( 2 7 )  

dr r 
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In this analysis, the elastic strains are neglected. Thus, the usual superscript, p, on strain 
symbols indicating plastic strain is not used. The general equation for the yon Mises effective 
plastic strain is 

= ~ V ( e ,  - c2) 2 + (e2 - e3) 2 + (c3 - e , )  ~ ( 2 8 )  

Using Eqs 21 through 25 

r/ = e9 + c~ ( 2 9 )  
2 

and 

2 3 
(30) 

Eliminating n from Eq 30 gives 

2 ez ez 
E =- - -~eo  1 + - +  -- 

V3 Co \ co / 
(31) 

The general equation for the von Mises effective stress is 

1 
= - ~ _  V(o- ,  - o-~) ~ + (o-~ - o-3): + (o-~ - o-,) ~ (7 e 

V 2  
(32) 

For deformation theory, the principal plastic strains are given by the flow rule, which can b e  

written in the form 

1 ~ O ~  ( 3 3 )  
Ci - -  2 O" e Otri 

Using Eqs 32 and 33 

(o'0 - -  o-,.) -- - - ~  o-, 1 - -  (34) 

as found by McGregor et al. [ 7]. From Eq 31 

e0 \ e0 / 

(35) 
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so that substituting Eq 35 into Eq 34 gives 

,+ ~§ l(,)- 
(36) 

From Eq 27 

dar = ( ~ o -  #,) dr (37) 
r 

Therefore, the radial stress can be calculated incrementally, starting at the free surface of the 
blunted crack tip and using Eq 36 and the effective stress-strain relationship, which is general. 
In this analysis, the effective stress-strain relationship is assumed to be a pure power law, 
according to which 

(~0)" ~e = aO (38) 

Thus, substituting Eq 31 into Eq 38, the result into Eq 36. and then using Eq 37 gives 

d~r 

O" 0 

2,2, f l/z211/2 t 1 + ~ + ~ , ) j  dr 
8 [3 2 ~ ( I  5/1/2 r 

Also, by again using Eq 37 

~, .+2 2 -{ [,+~z+,(::) 
- -  ~--- - -  2 ( I - N } / 2  

[ l  + e - : + ( - e z l ]  
eo ke0/ J 

(39) 

(40) 

The stresses are calculated for the deformed radii. For calculating dar from Eq 39, the strain 
at the average radius over an increment of distance is used. For calculating ao from Eq 40, the 
strain at the point of interest is used. 

An equation for the transverse stress, cry, can be obtained by using the flow rule, Eq 33, and 
the effective stress-strain relationship. The result is 

(41) 
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A constraint factor [9], h, defined by 

h = --~ (42) 
ae 

where am is the hydrostatic stress, is sometimes used for comparing the severity of  different 
stress states with regard to the possibility of fracture. The quantity, h, can be calculated from 

1 aal ) 
(43) 

Effects of the Strain Singularity 

The strain singularity that exists at the surface of  the blunting crack tip, in the case of  an 
infinitely sharp initial crack, has an effect on the stresses for strain-hardening material. The 
effect is to cause a singularity in the crack-opening stress, which in turn can cause a minimum 
to occur in that stress as a function of  r, as the effects of  the singularity decrease and the effects 
oftriaxial constraint begin to dominate. Because the in-plane strains are large compared with 
the out-of-plane strain very close to the blunting crack tip, an analysis of the effects of  the 
singularity for the case of  plane strain should be adequately descriptive. 

Solving the equation of radial equilibrium, Eq 27, for a0 and differentiating gives 

d{d 4 
dao 2da~ ~ dr ] 
d--7 = dr + r---ff~r (44) 

For plane strain, Eq 39 gives 

dr - V'3 r  V%oJ 
(45) 

Let 

S =  --~ ~o (46) 

Then substituting Eq 46 into Eq 45 gives 

dar _ _  Se~  
dr r (47) 

and substituting Eq 47 into Eq 44 leads to 

dao Se~ 
dr r 

+ SNe~ '-I de__2 
dr (48) 
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For daddr = 0, either e, = 0 or 

d In e0 1 
d i n  r N 

(49) 

Thus, stationary values of  a0 occur at infinity and when Eq 49 is satisfied. If there are two sta- 
t ionary points and the curve of  ao is positive singular at r = c, then the first stationary point 
must be a local min imum because a local maximum would require three stationary values 
between r -- c and r -- oo. It is also possible to show that the first stationary value is a local 
min imum by using Eqs 48 and 49 to develop the expression for d2ao/d(ln r) 2 at the first sta- 
t ionary point. The result is 

d2tr6 d 2 In e0 
d(ln r) 2 - NSe~ d(ln r) - -- ' - --- i  (50) 

which gives a positive quantity. 
For plane strain, the location of  the local min imum can be calculated by applying Eq 49 to 

Eq 2 l, which gives 

N 
E;9 ---~ 2 (51) 

Using Eq 19 for plane strain 

2 2 

(52) 

so that substituting Eqs 21 and 52 into Eq 51 gives 

= 2 N  (53)  

The limit of  the left side of Eq 53 as (c/r~) approaches zero is unity. Thus, there is no local 
min imum for values of Nexceeding 0.5. Equation 53 is plotted in Fig. 8, from which locations 
of  the local min imum can be determined graphically. 

Calculating the first increment of  the radial stress very close to the blunting crack tip requires 
an approximation because of  the singularity in the circumferential strain. For plane strain, Eq 
39 reduces to 

N 
dar 2 [ 2 ~ u dr 
ao V~ ~ ff-3eo] r 

(54) 
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FIG. 8--Curve for determining location o f  local minimum in crack-opening stress as a function o f  the 
strain-hardening exponent, N. 

Also, for plane strain, Eq 21 can be written in the form 

1 

Near the singularity,  r ~ c so that 

_ 1 

Let 

Then noting that 

(55) 

(56) 

(57) 

(58) 
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substituting Eq 57 into Eq 56 and the result, plus Eq 58 into Eq 54, gives 

( i n  _ 1 / u  

(59) 

Integrating by parts, neglecting the second term as small, and using Eq 57 gives, for the first 
increment of  radial stress 

21 - IE 'n21  ,11 
r ~ 

~ro 3 I~ + u~/zc~ 
(60) 

Effects of Transverse Strain 

The foregoing equations were used to calculate the in-plane and transverse stresses for three 
example problems. The example problems were identical except for the values of  transverse 
plastic strain, which were -- 1, 0, and + 1%, respectively. The other parameters used were Co 
= 0.0025, N = 0.2, and c = 0.5 6t. The results are plotted in Fig. 9, which shows that the effect 
of a given amount  of  transverse plastic strain of  either algebraic sign is to reduce the circum- 
ferential stress from its plane strain value by the same relatively small amount. The same is 
true for the radial stress. This result was not anticipated because the elastic-plastic, small- 
strain, hollow-cylinder analogy equations [4] implied that positive transverse strain would 
increase the in-plane stresses and that negative transverse strain would do the opposite. Nev- 
ertheless, in retrospect, it is clear that the results obtained here are a direct consequence of Eqs 
2 l, 29, 30, 34, and 37, because, from Eqs 21 and 29, n is independent ofez, only the square of 
e~ appears in Eqs 30 and 34, and ez does not appear in Eq 37. Furthermore, the present results 
agree qualitatively with the more exact results obtained in Ref 3. In the case of the transverse 
stress, also plotted in Fig. 9, positive transverse strain increases the transverse stress, and neg- 
ative transverse strain does the opposite. Furthermore, the transverse stress is more affected by 
the transverse strain than are the in-plane stresses. The effect of  increasing transverse strain is 
to increase the constraint factor, h, because of  the increase in transverse stress, thereby poten- 
tially decreasing the fracture toughness. 

Discussion 

In comparing analyses, those presented here and in Ref 3 neglect elastic strains, therefore 
assuming that all the transverse strains are plastic strains. In contrast, the small-strain, hollow- 
cylinder analogy equations from Ref 4 were based on the Tresca yield criterion, which predicts 
no plastic strain in the direction of  the intermediate principal stress, thus forcing the total 
strain in that direction to be completely elastic. It appears that transverse elastic and plastic 
strains may have different effects on the in-plane stresses, and therefore including the elastic 
strains in a near-tip analysis would be beneficial. It has also been estimated recently [ 10] that 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



MERKLE ON CRACK-TIP BLUNTING 1 13 

7 l aMt~^ __..-- .4P ---" ez = 0 
6 o u \ .  ~ , q t . - - ~ e z = x , . O . 0 1  

[ ~ ~ "qk"" e-z = +0-01 
5 " ~ - - - e z  = 0 

(~/a .~,~ "dF"-'Sz = ? "01" 
Z 0 ~______eZ= 

4 Cz = i-0.01 

3 

2 

1 

,,  [ 0 
2 3 4 5 6 

r/c 
FIG. 9--Stresses near a blunting crack tip, with transverse plastic strain as a parameter, as calculated 

by the hoUo*~o'linder analogy for  large strains for  N = 0.2 and neglecting elastic strains. 

somewhat beyond the near-crack-tip large-strain region, positive and negative total transverse 
strains do not necessarily have either opposite or identical effects because the total strains are 
partitioned differently into elastic and plastic parts in the two cases. The present analysis does 
not explain the observed significant effects of  geometrical constraint on cleavage fracture 
toughness, evidently because of what it omits; namely, elastic strains in the large-strain region 
and constraint-induced in-plane stress variations beyond the large-strain region. The effects of  
transverse strain on the latter, for three-dimensional problems, is presently not known. 
Despite their approximations, the analyses developed here and in Ref 3 have provided valu- 
able new information about near-crack-tip stresses and strains, especially about their magni- 
tudes at both ends of  the large-strain region and the effects of  transverse strain, and further 
developments appear feasible. 

Conclusions 

Large-strain finite element analyses have shown that a wedge-shaped zone ahead of a blunt- 
ing crack tip deforms like a cylinder. Therefore, a hollow cylinder stress analysis analogy is 
valid in this region. Applications of this analogy based on large-strain theory have produced 
results in good agreement with those of  Rice and Johnson, and McMeeking. Furthermore, 
they reveal that the stresses in the large-strain region ahead of a blunting crack tip are only 
mildly sensitive to transverse constraint, if elastic strains are neglected. Therefore, constraint 
effects on fracture toughness are likely to be caused by some combination of  elastic strain 
effects in the large-strain region and constraint-induced stress variations just beyond the large- 
strain region. 
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ABSTRACT: The geometry dependence of several potential criteria for the onset of ductile frac- 
ture in tension tests was investigated for a modern tremethylcyclopentanone (TMCP) line pipe 
steel using an experimental/numerical approach. Large-strain finite-element simulations were 
used to estimate the state of stress and strain in highly instrumented notched and smooth tension 
tests of various geometries. The softening effect of void growth became significant only after the 
specimens had undergone extensive necking and had lost most of their load-carrying capacity. 
Therefore, for this steel, a practical fracture criterion can be based on the conditions at the onset 
of significant void growth, eliminating the need for void-growth modeling. At the onset of sig- 
nificant void growth, the maximum principal strain, the effective strain, and the strain energy 
density were independent of the tension-test geometry. 

KEY WORDS: ductile fracture, steels, tension tests, large-deformation analysis, finite-element 
method, necking, fracture mechanics, fatigue (materials) 

When materials fail in a brittle manner  without exhibiting much plastic strain, the inter- 
pretation of tension test results is straightforward. However, when the specimen is loaded in 
displacement control and there is significant ductility, the plastic strain typically localizes in a 
way that is dependent on the specimen boundary conditions, geometry, and the associated 
stress state. Only the average stress and strain distributions can be inferred from the experi- 
mental data. Therefore, it is not clear how the tension test results should be used to predict the 
plastic behavior and failure (defined as actual separation) of  components with other 
geometries. 

A more complicated but possibly related problem is predicting ductile failure of cracked 
components.  If the structure or component  is subjected to load control, it is sufficient to make 
a prediction of  the fracture load. It is not difficult to get a lower-bound estimate of the limit 
load [1-3], which corresponds to the yield strength. If brittle fracture and low-energy ductile 
fracture are avoided, the collapse load can be reached. The collapse load is usually estimated 
from the limit-load equations using the flow stress (usually defined as the average of the yield 
and engineering ultimate strength) in place of the yield strength. Because of  the relatively flat 
slope of  the load-deformation curve characteristic of steel components after yielding, the error 
in terms of  the actual and predicted collapse loads is usually small. However, for structures 
that are loaded in displacement control (most structures with redundancy) or for localized 
failure regions restrained from collapse by surrounding elastic material, it would be useful to 
have a means of  predicting stable extension of a crack. 
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The ductile fracture mechanisms and models have been reviewed recently in a book by 
Thomason [4] and an article by Wilsdorf [5]. The ductile fracture process involves void 
growth that is generally thought to be controlled by a function of  the stress and strain, for 
example, see Ref 6. (This is contrasted with cleavage fracture that is thought to be controlled 
primarily by the stress [ 7,8].) Because these local fracture criteria are very difficult to observe 
in the laboratory and calculate in the structural application (a large-strain numerical simula- 
tion is required), an indirect means of  analyzing fracture has been developed, that is, fracture 
mechanics. Fracture mechanics has given us a methodology to relate the failure conditions in 
objects with various geometries containing discrete cracks [9]. 

Elastic-plastic fracture mechanics, based on the J-integral [10,11], allows a prediction of 
tearing. Under special conditions, the crack-tip stress and strain fields in a region within a 
radius of about six times the crack-tip opening displacement (CTOD) can be predicted as a 
function of  J, the stress-strain law, and the spatial coordinates [12]. These conditions include 
a stationary crack loaded monotonically in bending with an uncracked ligament greater than 
about 30 times the CTOD. There are also very limited conditions under which the stress and 
strain fields of  a growing crack may be similarly characterized [13-17]. Crack initiation and 
growth are controlled by the stress and strain, but since under these special circumstances the 
stress and strain fields are charactelized by J, crack initiation and possibly a small increment 
of  crack growth may be indirectly J-controlled. 

Modern low-alloy steels in the upper-shelf of  the toughness/temperature transition (such as 
the steels considered in this paper) typically exhibit too much plasticity during tearing to meet 
the requirements for J-controlled fracture in the available thicknesses. Consequently, the crit- 
ical J-values measured from different specimens will exhibit specimen geometry dependence 
[ 18-21]. While this ductility is good for structural integrity, it unfortunately precludes the abil- 
ity to analyze tearing with the J-integral. 

If the J-integral approach will not work, it is logical to try to use the stress and strain directly 
as fracture criteria, as has been done for the case of  crack initiation [22-24]. Because of  the 
steep strain gradients and heterogeneous features of  the material in the fracture process zone 
at the crack tip, the local criteria must be used in conjunction with a characteristic distance or 
area. If  sufficiently general criteria could be found that governed the final separation of  a mate- 
rial in tension tests of  various geometries and stress states, these criteria should also apply to 
the same material ahead of  a tearing crack. The unfortunate consequence of using these local 
fracture criteria is that simple relationships based on the load, displacement, and crack length 
(fracture mechanics) no longer can be used for tearing analysis. Rather, complex large-strain 
numerical analyses of the cracked body are required to determine the stress and strain fields 
ahead of the crack. 

Micromechanical models have been developed to rationalize such fracture criteria, such as 
void nucleation, growth, and coalescence models [4,5]. However, these models are not prac- 
tical for use in structural-scale models for failure prediction. A more practical model should 
be based on the history of  variables that can be calculated from continuum mechanics, such 
as the stress and strain [6]. 

The major objection is using continuum mechanics to analyze ductile fracture is that the 
void growth process is not explicitly treated and therefore many important behaviors that lead 
to the final separation of material cannot be simulated [4]. Notwithstanding this objection, 
continuum mechanics can be used to simulate the conditions prior to these noncontinuum 
effects becoming significant. 

For discussion purposes, a distinction will be made between two events leading to ductile 
fracture. These "events" are actually continuous processes that may be taking place simulta- 
neously [4, 5]. The first is void nucleation and the onset of significant void growth. Rather than 
try to detect these microscopic events, the first event will be defined as the onset of signifitant 
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non-continuum effects, and referred to as damage initiation. The actual void nucleation may 
significantly precede what will be called "damage initiation." (As will be shown later, the onset 
of  significant noncontinuum effects can be detected by a break in slope in the force-versus- 
displacement curve from a tension test.) After damage initiation, the effective (pseudocontin- 
uum) yield surface contracts, which is called softening. 

As shown later for a very clean (that is, lack of  inclusions) X70 pipeline steel, at the time of 
damage initiation, the specimens have undergone extensive necking and have therefore lost 
most of  their load-carrying capacity. (This may not be the case for "dirtier" steels with more 
inclusions that could cause earlier void nucleation and larger voids.) If  it is possible to make 
geometry-independent predictions of damage initiation, this could constitute a conservative 
engineering approach to ductile fracture. Perhaps this approach is not satisfying on the micro- 
mechanical scale, but it is useful over a far greater range of  conditions than the J-integral that 
is limited by the onset of  gross plasticity. 

The second and final event in the ductile fracture process is void coalescence, during which 
the material between voids necks and fractures. This event immediately precedes the actual 
separation of  fracture surfaces. Predicting the behavior of the material between damage initi- 
ation and fracture is significantly more complex, for it requires equations for the rate of  soft- 
ening as a function of  the stress and strain, that is, damage evolution equations. Also, it is in 
this phase that continuum mechanics is not strictly valid. 

Accepting a continuum approach, failure criteria could be developed from experiments 
with various geometries and stress states. The histories of  macroscopic stress and strain at 
material points on the failure plane are needed for this development. Because direct observa- 
tion of  the stress and strain distribution on the failure plane is not possible, an approximation 
of  the history of  the stress and strain must be obtained from a finite-element simulation of  the 
experiments. This simulation must necessarily use accurate constitutive models and include 
the effect of  large strains. The finite-element program, VISCRK, developed at Southwest 
Research Institute [25,26] is well suited for this purpose. 

With this experimental/numerical approach in mind, an experimental program was con- 
ducted to investigate the conditions at failure in tension tests and tearing tests of various geom- 
etries. In addition to load and displacement, measurements were made in the experiments to 
determine the distribution of  the large plastic strains on the specimen surfaces. The extra mea- 
surements were made to facilitate comparisons of  the experiments to simulations performed 
with VISCRK. 

This paper describes the tensile experiments and the results of  numerical simulations of  fail- 
ure in tension tests. The focus is on the development and usefulness of  the tools that can be 
used to investigate the failure criteria. The theory of  the large-strain implementation, plastic- 
ity, and fracture simulation are presented in other papers [25,26]. The experimental tearing 
test data and simulations for the tearing tests are presented elsewhere [21]. Work is underway 
to develop consistent fracture criteria based on the experimental/numerical data. There are 
preliminary indications that something as simple as the maximum principal strain can be used 
as a damage initiation criteria for these modern clean steels. 

Materials 

Two line pipe-steels were selected for the ductile fracture experiments. The chemistry of 
these steels is given in Table I. Both materials are clearly on the upper shelf of  the Charpy 
toughness-temperature transition at room temperature and should therefore exhibit fully duc- 
tile behavior at all but the highest strain rates. The 27-J transition temperatures for the X46 
and the X70 steel are 0*C and - 128"C, respectively. 

The material of  primary interest is a "clean" (that is, low impurities and inclusions that serve 
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TABLE 1 --Chemical analysis for the pipefine steels (all values in percent by weight). 

Material C Mn Si P S Ni Cr Mo Cu Ti AI V Cb B 

X46 0.24 1.20 0.26 0.020 0.022 0.02 0.04 0.01 ~ 0.02 0.0t a 0.01 a 0.05 0.01 a 0.0005 
X70 0.06 1.50 0.30 0.013 0.008 0.24 0.02 0.01 a 0.29 0.04 0 .01 0.06 0.02 0.0005 

Less than 0.01%. 

as void initiators) ultra-low carbon microalloyed thermo-mechanically controlled process- 
grade X70 steel. This steel has an acicular ferrite microstructure with islands of a second phase 
(probably bainite) and is among the toughest and most ductile steels available today. 

This X70 steel has the fracture appearance referred to as a "'shear fracture.'" Although shear 
fractures are still the result of void nucleation, growth, and coalescence under the influence of  
tension [4], the voids in these extremely ductile materials do not initiate until relatively late 
in the deformation process. At failure, the voids are still very fine, and hence the lack of  the 
visibly "dimpled"  failure appearance typical in ductile fracture and characteristic of  the X46 
steel. 

The more conventional but still extremely tough X46 steel has a ferrite-pearlite microstruc- 
ture. The X46 steel has a greater number  of  impurities and inclusions and therefore a lower 
fracture strain. Thus, the two steels represent different types of  behavior in ductile fracture. 

Test Specimen Geometries 

For each material, two flat tension specimens with a 38-mm width and 9.4-mm thickness 
were tested. Also, round tension specimens with a nominal  6.4-mm diameter were prepared. 
Several of  these were tested smooth, and two were tested with each of  the three notch geom- 
etries shown in Fig. 1. These different notch geometries are known to produce different 
amounts  of  triaxial stress or pressure, thus these tests give a range of stress states during the 
evolution of  plastic strain. For example, the flat specimens produce the lowest constraint. 
Round specimens initially provide uniaxial conditions but, after necking, significant triaxial 
constraint is developed. Notched specimens provide more consistent constraint throughout 
the deformation process. 

The tension specimens were taken from the pipe such that the loading axis is parallel to the 
circumferential direction of  the pipe, that is, transverse to the rolling direction. Flat tension 
specimens were taken from sections of pipe that had been flattened. Previous work showed an 
insignificant effect of  flattening on the yield strength of these steels [27]. This observation was 
confirmed by comparing the yield stress from these tests to the yield stress from the round 
tension specimens that were not flattened. 

Test Procedures 

The round tension tests were performed in a 45-kN closed-loop servohydraulic testing 
machine under crosshead displacement control at a rate that gives a nominal strain rate of  l 0-4 
s -~. Simulations show that the strain rates increase during necking, reaching a maximum of  
about 0.006 s- ~. (During the final separation of  material, the rates probably rapidly increase, 
however, for the reasons given in the introduction, it not necessary to understand this final 
behavior.) In order to investigate the effect of  global strain rate, several of the tests were per- 
formed at a nominal  strain rate of  approximately 1 s -I. Only the maximum load could be 
measured from these higher rate tests, and it did not seem to differ significantly from the quasi- 
static tests. 
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The procedures were in accordance with the ASTM Test Methods and Definitions for 
Mechanical Testing of  Steel Products (A 370-89). The time, load, and displacement in a cen- 
tered 25-mm-gage extensometer and crosshead displacement were digitally recorded. The 
round tests were photographed periodically from one side and a video recording was made at 
a right angle from the line of  the photographs. The diameters during necking were measured 
from the photographs and from the video. In addition, calipers were used to measure the 
necked diameter during the tests. Although some anisotropy is evident in the shape of  the frac- 
ture at the neck, it was not significant enough that different diameters could be observed during 
the necking. Due to the lights used for the photography, the test temperature was 40~ 

The fiat tension tests were also conducted in accordance with ASTM A 370-89 in a 450-kN 
closed-loop servohydraulic testing machine under crosshead displacement control at a rate 
that gives a nominal strain rate of  10 -4 S - t .  Grids with 0.64-mm circles were photoetched on 
the front and back surfaces of  the fiat specimens. The fiat specimens were photographed peri- 
odically and a continuous video recording was made; again the lights brought the test specimen 
temperature to 40~ The time, load, and displacement in a centered 25-mm-gage extensom- 
eter and crosshead displacement were recorded digitally. The change in diameter of  the grids 
was used to estimate the strain on the surface of  the specimens. In addition, an automated 
stereoimaging machine [28] was used to compare before and after photographs, calculate the 
displacements, and make contour plots of  the shear and in-plane displacement gradients (engi- 
neering strain). 

R e s u l t s  o f  t h e  T e n s i o n  T e s t s  

Complete test data are available in the original report [21]. The conventional engineering 
stress-strain data from duplicate unnotched specimens shows up to 10% variation in the 0.2% 
yield strength and up to 5% variation in the ultimate strength. The difference between fiat and 
round specimens is within the range of  the scatter. The ultimate strength of the fiat specimens 
seems to be consistently lower than the round specimens. 

The notched round tension-test data cannot be reduced in the conventional manner 
because the gage length is not known. However, taking the reduced areas into account, the 
average or apparent true axial stress can be determined. The stress is termed "average" because 
it is known that the stress distribution varies across the midplane, for example, Bridgman 
[29]. The stress determined from the load and current area (the apparent true stress) is affected 
by constraint. For example, the smaller the notch in the round tension tests the higher the 
apparent true axial stress. 

It is commonly assumed that plastic flow is incompressible. Therefore, for a small disc- 
shaped element of  the material at the neck and neglecting elastic compressibility, the engi- 
neering strain, e, can be determined from the relationship 

A0 L 
- - 1 + e ( 1 )  

A Lo 

where A0 is the original, A is the current cross-sectional area, L0 is the original, and L is the 
current length of the small element. 

The average axial true strain at the neck (called the natural reduction) can be determined 
from the ratio of  the original area, A0, to the reduced area, A 
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The notched round specimen data were first reduced in terms of  the apparent true stress and 
the natural reduction. Specimen-dependent stress-strain curves are obtained from this pro- 
cedure. The smaller the notch in general, the higher the average axial stress and the smaller the 
fracture strain. The apparent true axial stress contains the hydrostatic component  (which does 
not cause plastic flow) and the deviatoric component.  If the stress state were already known, 
these could be separated and an underlying effective Mises true stress-strain curve that is inde- 
pendent of  the tension specimen geometry could be determined. 

As shown later, the Bridgman analysis (and other similar analyses [30]) of  the stress state 
are not accurate for very large strains. Therefore, it is necessary to perform simulations of  the 
tension tests in an iterative manner using trial curves of  effective true stress versus effective 
natural strain until the load-displacement curves match. The resulting effective stress-strain 
curve exhibits a saturation stress (much higher than the engineering ultimate strength) that is 
constant (660 MPa for the X70 steel) for the large strain region. 

The fracture strains based on Eq 2 are dependent on the specimen geometry and the stress 
state. However, as will be shown later, Eq 2 is not valid for strains much larger than 50%: and 
it turns out that when properly modeled, the critical strain at the initiation of  damage (about 
225% for X70 steel) is specimen geometry independent. 

For the flat tension specimens, the average axial engineering strain was determined from 
strain contours generated by stereoimaging photographs before and after the deformation. 
Examination of these strain maps shows consistent results between duplicate specimens. Also, 
the strain mapping system gave results consistent with the stretching of  the grids on the surface. 
The results from the last photograph before fracture typically show the center contour is about 
10 mm wide and 3 mm high and encloses an area where axial strains are greater than 84%. 
The strains are not uniform across the midplane but rather peak in the center. 

Results of the Tension Test Simulations 

The objective of  this work was to develop the computational  simulation tools and to dem- 
onstrate their use in simulation of  ductile fracture. The large-strain formulation and details of 
the implementation are given in Refs 25 and 26. The objective stress rate suggested by Dienes 
[31] known as the Green-Naghdi rate was used in the computations. The large-strain analyses 
require significant computational  experience to perform. There are several parameters to 
select that have an impact on the accuracy and feasibility of  the simulation. 

The simulations require an effective stress-strain curve as input, but the curve cannot be 
determined directly from an experiment. A first guess of  the effective stress-strain curve 
included the average axial true stress and natural reduction up to the engineering ultimate 
strength, that is, up to the onset of  localization. The first trial curve was assumed to be flat, that 
is, a saturated effective flow stress was assumed. Adjustments of the effective stress-strain curve 
were then made until agreement with the measured force-versus-displacement curve was 
obtained. Usually, the adjustments were relatively minor, for example, if the maximum load 
was underpredicted, the saturated flow stress was increased or, if the load peaked to quickly, 
the point of saturation was adjusted to greater strain. 

This iterative process involved some compromise because error between the measured and 
predicted force-versus-displacement curve from several specimens was minimized simulta- 
neously. This process involved only judgment,  although a more formal optimization could be 
employed. There is a strong cause-and-effect relationship between the adjustments and 
changes in the resultant predictions that builds confidence in the result, although it is not 
proven that the effective stress-strain curve arrived at by this process is unique. In view of  the 
natural variation of  the material properties of  steel, this error is not thought to be significant. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



122 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

Figure 2 shows an example of a result arrived at by this process. One curve was generated 
using the effective stress-strain curve shown in Fig. 3 that remains at a saturated flow stress, 
that is, without damage. The result is good except that it predicts continuous straining past the 
point where the experiment failed. The force decrease in this case comes entirely from the 
geometric effects of  the necking. 

The larger decrease in force toward the end of  the experiment is due to a combination of  
this geometric effect and material softening or damage that sets in toward the end of  the test. 
The point where the material softening effects become apparent, that is, where the slope of the 
force-versus-displacement curve changes, is defined as damage initiation. The apparent effect 
of  damage evolution was included in the analysis in a very simple way. The effective stress- 
strain curve was altered such that at 133% strain the flow stress drops offas shown in Fig. 3. 
The effect of  this damage evolution gives better agreement with the measured data as shown 
in Fig. 2. In this case, the initiation and evolution of  damage were fixed to produce a given 
effect in a given specimen. For more general application, constitutive equations that include 
criteria for the initiation and evolution of  this damage would be required. 

Numerous micromechanical models have been developed to characterize the void growth 
or damage process. Atkins and Mai [32,33] and Cliff et al. [34] have recently reviewed most 
of  the published models. Basically, the useful models are variations on an integral that is pos- 
tulated to be a controlling factor in void growth. The integrand is usually given as the incre- 
ment of  effective plastic strain multiplied by some nonlinear function of  the ratio of  the mean 
stress to the effective stress or other derivable stress quantities. This ratio is the ratio of  the stress 
quantity that affects the dilatational growth of voids with respect to the stress quantity that 
affects their distortion [33]. 

An often-used void-growth model is an approximation for relatively high constraint factors 
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to the results of  an analysis by Rice and Tracey [35]. The Rice and Tracey analysis represents 
the growth of the average diameter of  an isolated two-dimensional void in an infinite medium. 

In (R/Ro) = 0.283 * D (3) 

where 

R = average radius of  the void, 
Ro = original average radius of  the void, and 

D = foCeexp ( l'5~rm] de, 
\ fie / 

The integral, D, often appears in the form of a hyperbolic sine or hyperbolic cosine (with an 
appropriate change in the constants) rather than the exponential and is postulated to be a mea- 
sure of  damage [6,36]. Local failure is predicted when this level of  damage reaches a critical 
value associated with void coalescence. The fracture criterion is stated as an integral that 
depends on the history of  the deformation. As a fracture criterion, the critical value should 
therefore be independent of  the history. For example, the critical value of the integral should 
be the same for an experiment with high constraint resulting in low fracture strains, and an 
experiment with low constraint resulting in high fracture strains. 

There are many reasons why this may not be true in certain cases. For example, during the 
growth of  voids from inclusions under high constraint, voids at smaller particles like carbides 
may be initiated that lead quickly to failure [37]. In this case, the void growth is terminated 
earlier than it would be under low constraint conditions. Despite the possible problems, many 
investigators have been able to correlate fracture using such simple void growth models to pre- 
dict ductile fracture, even without explicit consideration of  nucleation and coalescence [38- 
40]. 

Gurson [41] incorporated void growth equations like Eq 3 into constitutive equations such 
that the yield stress (corresponding to the unvoided cross-sectional area) is decreased according 
to the current volume fraction of the voids. The softening effect in the Gurson model causes 
localization of  plastic flow that in effect is a prediction of  void coalescence. Various modifi- 
cations of  the Gurson model (basically adding new fitting parameters) have been proposed, for 
example, Tveergard and Needleman [42,43]. 

The strain-energy density (SED) has been used by Sih [44,45] and Nemat-Nasser [46] as a 
fracture criterion. Often, this criterion has been employed as simply a critical plastic-work den- 
sity [47-51]. This criterion is readily calculated and can be related to macroscopic fracture 
criteria as discussed later. Gillemot [52] has suggested that a critical SED of plain carbon steels 
is from 500 to 700 MJ/m 3 and for vacuum-remelted steels is from 1000 to 1050 MJ/m 3. As 
shown later, the critical SED for the X70 steel was 800 MJ/m 3, which is in approximate agree- 
ment with Gillemot considering that the steel is cleaner than most plain carbon steels. 

fO l SED (t) = erode o ~ W e the plastic work density 

fo' Jo' Jot m P = oodt=P = ~rgtee~ a: de p = a~ p 

(4) 

where 

2 p p e" ~/-~?~0 for proportional straining, and 
ay = flow stress ~ engineering ultimate stress. 
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Atkins and Mai [33] show that for the special case of  the constant constraint factor or pro- 
portional loading, all of  the integrated functions of  stress and strain reduce to a constant 
(reflecting the hydrostatic stress term) times the critical plastic work per unit volume (WP). 
This relationship may be approximately correct for loading that is nearly proportional. There- 
fore, for loading that is nearly proportional, there is approximately a one-to-one correspon- 
dence between the damage integral, the plastic-work density, and the effective plastic strain. 
For nearly proportional loading, it is therefore approximately equivalent to specify a critical 
value of  a damage integral, the critical plastic-work density, or the critical effective plastic 
strain. The simulations of  necking, discussed here, are highly nonproportional, however. 

As shown in Fig. 2, the softening effect of  void growth became significant only after the spec- 
imens had undergone extensive necking and had lost most of  their load-carrying capacity. 
Therefore, for this steel, a practical fracture criterion can be based on the conditions at the 
onset of  significant void growth (damage initiation), eliminating the need for void-growth or 
damage modeling. In the following discussion, various parameters are compared at the onset 
of  damage initiation, that is, at the break in the slope of  the force-versus-displacement curves. 
Since these results are at the initiation of  damage, they are unaffected by the treatment of  the 
end of  the stress-strain curve. 

Figure 4 shows profiles of  the axial stress, the axial strain, the effective plastic strain, the SED, 
and the Gurson damage parameter for the 1.6-mm notch round specimen in X70 steel. The 
Gurson damage parameter, that is, D in Eq. 3, is essentially the same as the Rice and Tracey 
or McClintock parameters. The profiles in Fig. 4 are at damage initiation, that is, where the 
decreasing slope of  the force-displacement curve changes. Similar profiles at damage initiation 
are shown for the 3.2-mm notch round specimen for the same material in Fig. 5. One obser- 
vation that can be made is that the Bridgman [29] or Davidenkov [30] analyses that predict a 
maximum axial stress of  1.4 times the flow stress for the 1.6-mm notch and less for the 3.2- 
mm notch are clearly not applicable. Also, note that the plastic strain increases slightly toward 
the outside surface of  the specimen. The Bridgman analysis predicts a uniform strain. 

The profiles of  the SED also increase slightly toward the outer radius, as does the strain nor- 
mal to the fracture plane. The radial and circumferential strain components are not shown but 
are fairly constant across the fracture plane, about -40%.  The large axial strain exceeds the 
sum of  these other components. Therefore, the isochoric condition (that is, that the trace of  
the plastic rate of deformation tensor is zero) does not imply that the trace of the plastic strain 
tensor is zero, except at moderate strains. Note that this results from differences between the 
definition of  strain and the deformation gradient in updated coordinates and has no implica- 
tions with respect to volume change. This result is one reason that Eq 1 is not a valid way to 
estimate failure strain. 

The effective plastic strain is computed by integrating the increments of the effective plastic 
strain rate in each time interval. This integral also tends to lose its meaning as the strain 
becomes large. The effective plastic strain is the internal variable upon which the constitutive 
model (an effective stress-strain curve) is based, therefore, the use of  such a constitutive model 
is questionable at very large strains. However, the effective stress-strain curve used for these 
calculations is fiat at large strains and is therefore not sensitive to the precise value of  the effec- 
tive strain. 

The round smooth tension specimen for X70 steel was also simulated. Necking under fixed- 
grip conditions is naturally resisted by hardening that forces the straining to be uniform. The 
strain at which necking occurs is therefore controlled by saturation of  the hardening in the 
effective stress-strain curve. The location at which necking occurs is another matter. At first, 
necking was predicted to occur at a location about one third of  the height of the gage length, 
which was consistent with the experimental result for three out of  four of  these tests. (One test 
specimen necked at the midplane.) Although this prediction was quite pleasing, the simulation 
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was repeated with some slightly different tolerances and necking was predicted at the mid- 
plane. It is concluded that the location of necking in round specimens with long gage length- 
to-diameter ratios is sensitive to small perturbations in the analysis. In other published simu- 
lations of  necking in such specimens, a great deal of  significance was placed on the predicted 
location of necking [51]. In view of the sensitivity of  such a result, it is not clear whether these 
other results may have been fortuitous. Because of  the long displacement history and associ- 
ated expense, these simulations were not carried out until final separation was imminent. 

The flat specimen exhibited necking at the midplane consistent with the experiment. The 
profiles of the results at damage initiation for the flat specimen of X70 steel are shown in Fig. 
6. The strain normal to the fracture plane in Fig. 6 compares favorably to the measured strains. 
It is important  to note that completely erroneous results would be obtained in any of  these 
analyses if small-strain analysis were used, for example, necking would not occur. 

A similar simulation of a flat specimen, done with a three-dimensional Eulerian finite-dif- 
ference hydrodynamics code by Wilkens et al. [53], did not exhibit the axial strain gradient 
from a peak at the centerline of the specimen (obvious in Fig. 6b) when the Mises yield surface 
was used. Wilkens'  calculations required an unusual yield surface with corners in order to 
exhibit this gradient of  axial strain from the centerline to the sides of the specimen. In the 
plane-stress Iagrangian finite-element analysis with VISCRK, the strain gradient was properly 
accounted for with the Mises yield surface. The difference could be that the three-dimensional 
analysis will more accurately pick-up the through-thickness stress that will develop after 
necking. 

The maximum value of  the effective plastic strain and the SED only vary as much as 12% 
between specimens. Even better agreement is obtained between the maximum values of the 
strain normal to the fracture plane, which just exceeds 225% prior to failure. At this time, based 
on these preliminary results with only one material, it appears that either the effective plastic 
strain, the SED, or the axial strain could be used as geometry-independent damage initiation 
criteria or, conservatively, as fracture criteria. 

This conclusion is contrary to the widely accepted notion that the effective strain at fracture 
in notched tension specimens is strongly geometry dependent, for example, see Ref54 or the 
preliminary reduction of  the tension test data in this project. However, these reports were 
based on the use of  Eq 2 and analyses such as Bridgman's and Davidenkov's [29,30] that 
assume that the trace of  the plastic strain tensor vanishes and that the effective strain is con- 
stant across the radius. Our computer simulations have shown that these assumptions are not 
valid for strains greater than about 50%. 

From comparing the profiles of the stress and the Gurson damage variables in the various 
tension specimens, it is clear that they are strongly dependent on the geometry and are there- 
fore not suitable as damage initiation criteria. This is contrary to the results in Refs 38 through 
40. A possible explanation for this difference is the failure mode. As discussed earlier, the 
X70 steel is very clean and therefore void nucleation is delayed until very late in the defor- 
mation process. The results in Refs 38 through 40 were obtained with dirtier steels, and void 
nucleation probably occurred earlier, playing a more significant role in the fracture process. 
Equation 3 is more suitable as a damage-evolution equation than as a damage-initiation 
criterion. 

Conclusions 

1. This work has demonstrated the experimental and simulation techniques that may be 
useful in the process of  investigating potential criteria for ductile fracture. 

2. The large-strain analysis capability is essential for these simulations. 
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3. The damage criteria commonly attributed to Rice and Tracey or to Gurson are depen- 
dent on the test specimen geometry. 

4. The Bridgman analysis of notch tension specimens is only valid for moderate strains, 
that is, less than 50%. 

5. There are preliminary indications that for the very clean X70 pipeline steel, the maxi- 
mum principal strain (normal to the fracture surface), the maximum effective strain, and 
the maximum strain-energy density at fracture all appear to be geometry independent 
within 12% at damage initiation. 

6. Based on the latter conclusion, a predictive analysis is possible where material softening 
is rapidly induced after the strain exceeds the critical damage initiation strain. This 
diminishing load-carrying capacity would then cause failure in tension specimens and 
could be used (in combination with a critical distance or area parameter) to advance the 
crack in fracture simulations. 
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ABSTRACT: The method of normalization is used in a new inverse way to develop JoR curves 
from test records that contain only load-versus-crack length values with no measure of displace- 
ment. These data may represent a special case where measui'ement of crack length is easier exper- 
imentally than the measurement of displacement. The method of normalization uses the prin- 
ciple of load separation to relate the three variables of load, displacement, and crack length. This 
relationship is expressed by a functional form so that, given any of the two variables, the third 
can be determined. Previously, the method of normalization has been used to determine crack 
length when given only load and displacement; however, it can also be applied to determine dis- 
placement when given only load and crack length. 

In this new way of applying normalization, some problems arise; namely, the calibration 
points needed to evaluate the functional form of normalized load are not available. A major 
thrust of this paper is to solve the problem of how to determine these calibration points. To do 
this, the method is first applied to data for which all of the three variables have been already 
determined. The displacement is assumed to be missing and the J-R curves are determined from 
only the load and crack length values; these J-R curves are then compared with the ones gener- 
ated for the data with all of the variables available. Three methods of determining calibration 
points were used in the comparison. Of the three, an approach called the power law fit is the best 
for determining the calibration points. The method is then applied to data for which there are 
only load-versus-crack length data. The results of this study show that the method of normaliza- 
tion works well for developing J-R curves from load-versus-crack length data. 

KEY WORDS: fracture mechanics, fatigue (materials), J-R curve, normalization, fracture 
toughness, displacement, loads, crack length, empirical formula, power law 

J-R curves are used to measure  fracture toughness in ductile materials. The  A S T M  Method  
for De te rmin ing  the J-R Curves  (E 1152-87) requires a s imultaneous measurement  of  load, 
load-line displacement ,  and crack length. The  crack length measu remen t  is made  by an on- 
line crack length moni to r  like the elastic unloading compl iance  system [1,2]. The method  of  
normal iza t ion  was developed as an alternate way to determine crack length without  the need 
for an on-l ine crack moni to r ing  system [3-5]. This method  uses the relationship between the 
three variables o f  load, displacement,  and crack length that comes  f rom the principle o f  load 
separation [6-8]. These three variables are functionally related so that, given any two of  the 
three, the third can be de te rmined  from the function. To  date, the me thod  of  normalizat ion 
has been used only to de te rmine  crack length, given the values o f  load and displacement.  How-  
ever, in principle, it could be used to predict any one  o f  the three when given the other  two. 

For  some fracture toughness test situations, it may  be easier to measure  crack length than 
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134 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

to measure displacement. Examples of this could be high-temperature testing where a conven- 
tional displacement gage may not operate or tests in a hot cell where the placement of  a gage 
may be difficult. For the latter case, this may be especially true for some of the nuclear sur- 
veillance specimens that are small and do not have the correct design to accommodate the 
load-line displacement gage suggested by the standard test method. For these cases, the test 
could be conducted with a load-versus-crack length measurement rather than load versus dis- 
placement. The method of  normalization would be used to determine the displacement when 
given load and crack length. 

In this paper, the method of  normalization is used to develop J-R curves from data that are 
given only as load-versus-crack length pairs. The procedure is developed in two steps. First, 
data from standard elastic unloading compliance tests are used. These data have the standard 
set of  measurements: load, load line displacement, and crack length. The displacement is con- 
sidered to be missing, and the method of  normalization is used to determine the J-R curves 
from only the load-versus-crack length values. After this analysis is completed, the results 
developed with displacement measurement are used for comparison. This step is done to 
determine the best method for developing the calibration points needed in the separation func- 
tions. The second set of  results have only load-versus-crack length data with no displacement 
measurement available. These data are analyzed to illustrate the application of the method. 
These data were supplied from Dr. Randy Nanstad of  Oak Ridge National Laboratory. He 
actually has the full set of  results from elastic compliance; however, the displacement data were 
never made available to the authors. 

This paper begins with a review of  the method of  normalization and discusses some of the 
special problems involved in using it to develop J-R curves for the case of no displacement 
measurement, namely, the problem of  developing calibration points to get the constants in the 
load separation functions. The data that have all the compliance measurements available are 
used to evaluate three different ways to get calibration points; these are labeled the Handbook 
method, an empirical formula, and a power law fit. Finally, the data for which there are actu- 
ally no displacement measurements available are analyzed to illustrate the application of  the 
method. 

Method of Normalization 

The method of  normalization is based on the principle of load separation as developed orig- 
inally by Ernst et al. [6, 7] and confirmed experimentally by Sharobeam and Landes [8]. This 
principle has been demonstrated to work for all test geometries and for the growing crack as 
well as the stationary crack [9,10]. The principle represents load as a function of two separate 
variables, crack length and displacement, that are multiplied together. 

P = G(a/W)H(vp,/W) ( l)  

where the displacement is given by its plastic component  and both variables are normalized 
by a dimension parameter; here specimen width, W, is used. This format assumes that the total 
displacement can be represented as the sum of  an elastic component  and a plastic component 

V = Vel-~- Upl (2) 

When the load is divided by the crack length function, G(a/W), a normalized load, P~, results. 

P~ -- P/G(al W) = H(vo~l IV) (3) 
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The function in Eq 3 gives the plastic flow character of  the material and specimen geometry. 
It represents the load-versus-plastic displacement for a stationary crack at any crack length. 
The elastic component  of  displacement is given by load and a compliance function C(a/W) 

oo1 = PC(a/W) (4) 

The function, H(vp~/W), in Eq 3 combined with the elastic compliance relates the three test 
variables of  load, displacement, and crack length. When this function is known, it can be used 
to determine one of  these variables when given the other two. In the past, this has been used 
to determine crack length when given the corresponding values of load and displacement 
[4,5]. In this way, the method can be used to develop J-R curves without an on-line crack 
length monitor. Since compliance calibrations are available for most geometries and G(a/W) 
is related to the J calibration that is known for test geometries, the important  part of  using 
normalization is to determine the H(opl/IV) function. The original key curve method, which 
was used as a model for the normalization procedure, assumed that a universal "key curve" 
could be developed for a given material and specimen type [7,11]. That assumption is the 
same as choosing a universal H(vp~/W) function for all common specimens of the same mate- 
rial. Although this is nearly true, it was found that small specimen-to-specimen differences in 
this function could greatly influence the resulting J-R curve. The only way to use normaliza- 
tion to develop accurate J-R curves was to develop an individual H(vp~/W) function for each 
test specimen. This function could be obtained from the details of the test itself [3]. 

To determine H(vp~/W) for a given specimen, a functional form was assumed that had 
unknown fitting constants. These constants could be determined from calibration points in 
the test where load, displacement, and crack length are known simultaneously at the calibra- 
tion point. Tests that do not use on-line crack length monitors have essentially two calibration 
points, one associated with an initial crack length and one associated with a final crack length. 
The crack lengths can be measured on the specimen fracture surface after the test is complete. 
Originally, a power law function with two constants was used for the H(vp~/IV) function [3]. 
This function was taken from the idea that stress and strain would approximately follow a 
power law and also from the power law format used by the Electric Power Research Institute- 
General Electric (EPRI-G.E.)  Handbook [12]. This form was convenient because it had two 
unknown constants and the two calibration points were sufficient to evaluate these constants. 

However, in studying most test records, it was found that the deformation behavior did not 
follow a power law, especially for the more ductile materials that had extensive plastic defor- 
mation. The deformation seemed to have a combined power law and straight line character 
[4,5] that could be best fit by an equation suggested by Orange [13]. It has the form 

L + M{Op!I 

PN= H ~ ,  - N +  vpl \ W]  
I'V 

where L, M, and Nare  the unknown constants. This function has a power law character when 
Vpl is of  the order of  N. For vp~ >> N, it follows a straight line. This function very closely approx- 
imates the deformation behavior observed for many steels [5]. The fact that there are three 
constants in this equation causes some problem in applying the method of normalization 
because there are two rather than three calibration points from which these constants can be 
evaluated. To use this function, a third calibration point must be invented. The development 
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136 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

of calibration points for the previous use of  normalization to analyze J-R curves is discussed 
in Ref 5. The three calibration points are illustrated in Fig. 1. These are labeled first point, 
corresponding to the point of  final load, displacement, and crack length; second point, which 
are points employing a forced blunting assumption; and third points, which are an interme- 
diate set of  points that are used to optimize the fit of  Eq 5. Figure I shows a PN that is nor- 
malized by ao and is used to get the calibration points and the subsequent fit of  the these points 
to get the Pu function of Eq 5. 

Given these three sets of  calibration points, the normalization procedure for determining 
the J-R curve is as follows. A load-versus-displacement record for a given test specimen is the 
starting point. Figure 2 shows an example for an HSLA-80 steel. For this test, the initial and 
final crack lengths must be known as well as the other specimen dimensions. The final crack 
length along with the final load and displacement are used to provide the first calibration point. 
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FIG. 1 --Normalized load versus displacement showing all calibration points. 
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FIG. 2--Load versus displacement.for HSLA-80 steel, compact specimen. 

14  

For this point, the displacement must be divided into elastic and plastic components and the 
load normalized with the final crack length. The second set of calibration points will consist 
of  several points chosen between the first deviation from linearity and maximum load to which 
the forced blunting has been added. These points are separated into elastic and plastic dis- 
placement components and then the load is normalized using the initial crack length with a 
blunting addition. The third calibration is taken as a Series of points at one-third of  the final 
plastic displacement; no eiastic displacement component is needed. The first of  these points is 
taken at the normalized maximum test load, the others are higher. 

The constants in Eq 5 are determined for the three sets of  calibration points by selecting the 
first calibration point and one each in the second and third sets of calibration points. The fit- 
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ting is done until an optimum fit is reached as described in Ref5. This procedure defines the 
L, M, and N constants. The normalized load-versus-displacement curve for the data in Fig. 2 
is shown in Fig. 3. From this curve, values of  crack length can be determined using Eqs 2, 3, 
4, and 5. The functional form of  G(a /W)  used is 

G(a/W) = Bw( b )  "" (6) 
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FIG. 3--Normalized load versus plastic displacement for HSLA-80 steel, compact specimen, 
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These equations cannot be solved explicitly so an iteration process is usually used. Once the 
crack length is known, the values o f  J e a n  be determined by using the formula in ASTM E 
1152-87 and the entire J-R curve can be determined. The J-R curve for the test record in Fig. 
2 is given in Fig. 4. 

Normalization With No Displacement Measurement 

The idea of applying the method of  normalization to the case of no displacement measure- 
ment  was proposed because sometimes it may be easier to measure crack length than to mea- 
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FIG. 4--J-R curve for HSLA-80 steel, compact specimen. 
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sure displacement. The crack length would likely be measured by a potential drop system: the 
elastic compliance method would not work when the displacement is not measured, The 
method works in principle the same way as before; two of  the three variables are known so the 
third can be predicted from the normalization equations. However, in this case there are a few 
differences. The first calibration point cannot be determined when there is no final displace- 
ment  measurement; in fact, there are no calibration points available when the displacement is 
not measured. As an alternative, the key curve method could be used; a universal "key curve" 
would be determined from a calibration specimen and used for all of  the tests. Again, this 
seems to give too much scatter in the results. It appears to be important to develop a normal- 
ized PN versus vpJ Wcurve for each test. To get a calibration point corresponding with the final 
load and crack length, a plastic displacement can be measured from the permanent plastic set 
of  the specimen at the end of  the test. To do this, a length measurement is needed before and 
after the test at two points in the load line. This gives a final plastic displacement. The final 
elastic displacement can be determined from the final load, final crack length, and elastic com- 
pliance equation. 

To determine the second set of  calibration points, some additional consideration was 
needed. There is no initial portion of the load-versus-displacement curve to which a blunting 
correction could be added. A study was made to evaluate three alternative methods for getting 
the second calibration points. These are labeled (1) the Handbook method, (2) the empirical 
formula, and (3) the power law fit. The study of  these points was made for the case where 
complete test information (load, displacement, and crack length) was known and J-R curves 
could also be developed from both the compliance and regular normalization method for 
comparison. The J-R curves were first generated for these data assuming that the displacement 
measurements were missing. Then the J-R curves were generated with the complete infor- 
mation so that the three alternatives for choosing a second set of  calibration points could be 
evaluated. Note that the third calibration point is chosen arbitrarily and is evaluated from the 
fitting procedure for L, M, and N. Therefore, it does not depend on calibration values from 
the test and is not a problem to evaluate for this case. 

The second calibration points correlate an initial crack length with an initial load and dis- 
placement. For the method to work well, these points must be chosen after some measurable 
plastic displacement but before any significant crack growth. Even for the regular normaliza- 
tion method it is sometimes difficult to define these points. When displacement is not being 
measured, it becomes even more difficult to define them. Three methods were used to try to 
establish these points; the Handbook method, an empirical formula, and a power law fit. 

Handbook Method 

The first method used to obtain the second calibration points used the equation in the 
EPRI-G. E. Handbook [12] that calculates plastic displacement from load. It has a general 
form that can be normalized and used as an H(vr function. Usually, it would not be very 
accurate because it has the wrong functional form, a power law. However, the beginning part 
of  the load-versus-displacement curve, the portion before the maximum load is reached, may 
fit a power law well enough so that this function could be used to develop the set of second 
calibration points. The entire calibration curve can then be redefined using all three sets of  
calibration points. To look at the definition of  second calibration points, four steels were stud- 
ied: AI06,  A508, A533-B, and HSLA-80 steels. Work on these steels has been reported pre- 
viously [ 14-16]. For each of  these steels, there exists full test information to develop the J-R 
curves by compliance or by the regular normalization procedure so that the methods for devel- 
oping calibration points can be evaluated by how well they work for the J-R curve as well as 
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the P~r curve. To illustrate the development of  the second calibration points, only the A 106 
and A508 steel results will be reported. 

The set of  second calibration points using the Handbook equation for o,~ is evaluated for 
each material. The examples for the two steels are given in Figs, 5 and 6. On each plot, the 
normalized load-versus-plastic displacement determined from the Handbook formula is com- 
pared with one determined from the on-line elastic compliance crack length measurement. 
Also included is the final point as determined from both methods. The Handbook fit looks 
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FIG. 6--Normalized load versus plastic displacement." Handbook method, A508 steel. 

okay in some cases; it is best for the materials that do not have so much plastic displacement 
such as the A508 steel in Fig. 6. For the A l06  steel (Fig. 5), the fit is not very good. 

Empirical Form ula 

The second method used to obtain the second calibration points was labeled the empirical 
formula. This method used the tensile properties of  the material to develop the constant, L, 
in Eq 5. This approach, in effect, eliminated the need for a set of  second calibration points; 
however, the same format of  evaluation was used. The expression used for L is 
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L = - 2 0 4 +  8.58or - 0 . 1 0 8 ~ r + 0 . 0 0 0 4 7 2 ~  (7) 

where err is the effective yield or flow stress usually taken as the average of  the yield and ulti- 
mate tensile strengths. An average value of  Nwas  chosen, 0.0006, for all materials so it did not 
depend on the material properties. This procedure defined two of  the three constants in the 
calibration equation. All that is needed to find M i s  one more calibration point. Therefore, the 
point taken at at, the final crack length, where plastic displacement as defined by the perma- 
nent set provides the needed calibration point. The example plots of  the initial part of  the Pu 
calibration curves are shown for the two steels in Figs. 7 and 8. The same information and 
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0.06 

format that was used for the Handbook method was used here. In general, the empirical for- 
mula  method seems to work befter than the Handbook method. 

Power Law Fit 

The third method used to obtain second calibration points was labeled the power law fit. 
Although a power law is generally not a good fit over the entire range of plastic displacement, 
it could work well for the initial part of  plastic displacement where the deformation is con- 
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trolled more by the spread of the plastic zone than by the material deformation behavior:The 
form of the power law used was 

P~= u(vpJW) ~ (8) 

where u and K are fitting constants. The value of ~, the exponent, was taken to be a constant 
equal to 0.13, a value determined by trial and error. The value ofu was related to the material 
property, ~r, by the expression 
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# = 107.37 -- 2.176ar + 0.0197o~ (9) 

The evaluation of the two steels for the initial part of the PN curve is given in Figs. 9 and 10. 
Again, the same information and format used for the other two cases was used here, This fit 
also appears to work well. It is interesting to note that the Handbook approach that used a 
power law approach did not appear to work as well as the power law used here. In this case, 
the exponent was fixed and the Handbook fit used the power law from the stress-strain prop- 
erty. It does not appear that the stress-strain power law exponent is appropriate for the pre- 

300 

Q.. 

D.. 

2 5 0  

200 

150 

100 

5 0  

I o  

Qo 

o 
o.oo 

A508 Steel (1T-CT) 

o �9 

o �9 
0 0 

oe 

o Compliance 

�9 Power Law Fit 

m m u m l 

0.01 0 .02  0 .03  0 .04  0.05 0.06 

Vpl/W 
FIG. 1 O--Normalized load versus plastic displacement. power law fit, A508 steel. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



LEE AND LANDES ON NORMALIZATION 147 

cracked specimen, especially when they are loaded in bending [ 17]. For bend-type loading, 
there is spreading plasticity that gives a nonlinear behavior that is not particularly a function 
of  the material property. Therefore, a constant exponent may be more appropriate. 

U s i n g  N o r m a l i z a t i o n  for  J-R Curves 

The three methods of  generating sets of second calibration points were used to obtain the 
L, M, and N values for Eq lO. This procedure gives the H(vpJ W) function needed to evaluate 
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the unknown, in this case, displacement, from the two known quantities, load and crack 
length. The load-versus-crack length pairs were then used to obtain values of  displacement so 
that J could be calculated and the J-R curve developed. This calculation was done for the 
twelve cases presented in the last section. They included four steels, A 106, A508, A533B, and 
HSLA, and three methods of  analysis to fit the early part of the normalized load-versus-plastic 
displacement curve, Handbook method, empirical formula, and power law fit. Examples of 
the J-R curves are plotted in Figs. 11 through 18. Again, only results fromthe AI06 and A508 
steels are presented. 
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The Handbook method was the first approach applied to the data. The results are presented 
in Figs. I l and 12. This method did not work so well, especially for the A106 steel, Fig. I I. 
Here the two conventional methods, elastic unloading compliance and standard normaliza- 
tion, are also used to evaluate J-R curves, and the results are plotted with open symbols. The 
results of  the method with no displacement measurement are all plotted using closed symbols. 
This format for plotting is used in all of the J-R curve comparisons. The Handbook method 
was used here only to get the initial points used for establishing the normalized calibration 
curve from Eq 10 and is not used in the J-R curve evaluation. The J-R curve was evaluated 
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FIG. 14--J-R curve for A508 steel comparing standard methods with the empirical formula. 

completely from normalization principles. For some of the other examples, the Handbook 
method works fairly well but overall it was judged to be inferior because it did not work for all 
of the materials. 

The method using the empirical formula that takes its calibration from Eq 8, is plotted in 
Figs. 13 through 15. This method was better than the Handbook method but had a slight sen- 
sitivity to the material tensile properties. Compared with the Handbook method, the example 
for the A106 steel is much improved by the empirical formula, Fig. 13. The example showing 
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poor agreement came from the A508 steel where two cases, a IT-CT ( W = 50.4 mm) and a 
4T-CT ( W  = 203 mm), are analyzed, Figs. 14 and 15, respectively. There is a difference in 
flow properties for these two cases, even though they are the same steel. This difference was 
enough to influence the method that bases the early calibration points on an empirical equa- 
tion that is based on flow stress. 

The power law fit was the last method used to analyze the J-R curves. It worked well for all 
four materials. Results are presented in Figs. 16 through 18. Comparing the two different 
examples for the A508 material, Figs. 17 and 18, the power law fit works well for both. Based 
on these results the power law fit was chosen as the best method for developing the early cali- 
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FIG. 16--J-R curve[hr.4106 steel comparing standard methods with the power law fit. 

bration points and was chosen for all subsequent analyses. In particular, it was used to evaluate 
the cases for which data were not available to evaluate the J-R curves from standard methods. 
These results are presented in the next section. 

J-R Curves for Blind Specimens 

In the previous section, the J-R curves were determined with no displacement measurement 
for specimens that originally had the full load, displacement, and crack length measurement 
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FIG. 17--J-R curve for A508 steel comparing standard methods with the power law fit. 

available. The assumption was first made that the displacement was missing, and then the J- 
R curve was calculated by one of the three methods. After the J-R curve was calculated, the 
original displacement information was used to calculate J-R curves by the compliance and 
regular normalization methods for comparison. It was from this procedure that the power law 
fit was judged to be the best method to get the early calibration points. 

The next step in demonstrating the method is to analyze data for which the displacement 
measurement is not available to us. These data were supplied by Randy Nanstad of Martin 
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Marietta for an A533-B steel in the form of only load-versus-crack length pairs. Also, the orig- 
inal and final crack lengths as measured on the fracture surface and final plastic displacement 
were provided. The set of  data included eight specimens of  an A533-B nuclear-grade pressure 
vessel steel. The analysis was done as described in the previous section using the power law fit 
to obtain the set of  second calibration points. The final load, final plastic displacement, and 
final measured crack length were used to obtain the first calibration point, and the interme- 
diate set of calibration points were used as the third points. From these points, the L, M, and 
N constants in Eq 5 could be determined. The load-versus-crack length pairs were then sub- 
jected to the method of  normalization so that the plastic displacements could be determined 
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for each load and crack length pair. Once displacement was determined, the values of Jcould 
be calculated at each point and the J-R curves could then be plotted. 

The raw data were supplied as load-versus-crack length data; examples are given in Figs. 19 
and 20. Also the initial and final crack lengths and the final plastic displacement were given. 
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FIG. 19--Load versus crack length for A533-B steel specimen, K54B. 
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FIG. 20--Load versus crack length for A533-B steel specimen, K53C. 

The J-R curves resulting from this analysis had two types of  general characteristics. One type 
looked nearly correct, hut the second type did not look correct near the end. Examples are 
given for four of  the eight curves in Figs. 21 through 24. In Figs. 21 and 22, the J-R curves 
looked nearly correct. In Figs. 23 and 24, the end of  the J-R curve did not look correct. The 
problem appeared to be related to this closeness of  match between the final crack length given 
as a part of  the load and crack length pairs and the final crack length measured on the fracture 
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FIG. 2 I--J-R curve for A533-B steel, K54B, analyzed with no displacement measurement. 

surface. For  the first two cases, the match is fairly good. When the crack lengths supplied as 
data underestimate the measured crack lengths, the end of the J-R curve rises; when the oppo- 
site happens, it falls. In Fig. 2 l,  a 2% difference causes an almost indistinguishable rise. In Fig. 
22, a 6% overestimate causes a small final drop. For the latter two cases in Figs. 23 and 24, the 
final measured crack length and the final crack length from the crack length monitor  had 
greater mismatch and the corresponding jumps  in the end of the curves were greater. It is obvi- 
ous that these trends near the end of the J-R curve are not correct. The method of  normaliza- 
tion gives a result that terminates at the final physically measured crack length; however, when 
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FIG. 22--J-R curve for A5 3 3-B steel, K5 3A, analyzed with no displacement measurement. 

the crack length from the data monitor is not compatible with the physically measured crack 
length, the J -R  curve will follow the monitored crack length until near the end and then jump 
to the physically measured crack length at the very end. 

A correction scheme was devised to change the final trend of  the J-R curve. This correction 
was accomplished by adjusting the plastic displacement to fall in line with the crack length 
data values given rather than the final measured crack length. The correction scheme was 
based on an empirical relationship between crack extension and normalized plastic displace- 
ment that was observed to be nearly linear after the maximum load point was passed. This 
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FIG. 23--J-R curve for A5 33-B steel, K52C. analyzed with no displacement measurement. 

relationship is illustrated for the steels used previously, AI06 and A508 in Figs. 25 and 26. A 
linear adjustment was taken for plastic displacement from the point of  maximum load to the 
final point. It had the general form 

(vp,IW)i = (v,~lW)m,x + [ ( A a i -  iXam~,)l(Aal- Aa~, )] l (vpdW)s-  (vpdW)~] (l 1) 

where the subscript, i, refers to the current value of  the term, f, to the final value and the sub- 
script, max, refers to the value at maximum load. The correction in Eq 11 adjusts the nor- 
malized value of the plastic displacement to fall in line with the monitored values of  crack 
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FIG. 24--J-R curve for A533-B steel, K53C, analyzed with no displacement measurement. 

length rather than the physically measured values. These adjusted values of  plastic displace- 
ment  are then used with the load and the calibration function to get new values of  crack exten- 
sion. From all of  these, the J values are calculated and the J-R curve is plotted. 

This adjustment was given to the A533-B steel data in each of the eight cases and new J-R 
curves were evaluated. The results for the four cases previously shown are plotted in Figs. 27 
through 30 where, for each example, the J-R curves determined before and after the adjust- 
ment  are plotted. The effect of  the adjustment is to shift the J-R curve so that it has a contin- 
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FIG. 25--Normalized plastic displacement versus crack length showing linear relationship after max- 
imum load, A 106 steel. 

uous trend that ends at the final physically measured crack length rather than the trend that 
goes toward the final crack length supplied in the data pairs. When the final crack lengths sup- 
plied as data agree well with the final measured crack length, there is not much difference in 
the two J-R curves, but when this agreement is not good, the R-curve difference is significant. 
This difference is similar to the one observed between J-R curves measured by the regular nor- 
malization and the compliance method, when the final compliance estimated crack does not 
agree well with the physically measured crack length. 
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FIG. 26--Normalized plastic displacement versus crack length showing linear relationship after max- 
imum load, A508 steel. 

Summary 

The method of  normalization is used here to develop J-R curve fracture toughness data from 
tests where only load-versus-crack length is measured, and where no measurement of displace- 
ment is available. Two major problems were solved to obtain good R-curve results from these 
data. First, when no displacement measurement is available, there are no standard calibration 
points available from which to determine the normalized load-versus-displacement function 
that is necessary in the method of  normalization. Calibration points were developed using a 
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FIG. 27--J-R curve for A533-B steel, K54B, with no displacement measurement comparing adjusted 
versus unadjusted 

physical measurement of  the final plastic displacement to obtain one point. Three fitting 
assumptions were tried in order to get a second set of calibration points; the Handbook 
method, an empirical formula, and a power law fit. From these calibration points the nor- 
malized load function could be determined. 

A second problem was that the crack length measured during the test did not always match 
the physically measured crack length at the end of  the test. When this happened, an adjustment 
was made to the plastic displacement so that the predicted plastic displacement would be con- 
sistent with the one that is correct for the physically measured crack length. After solving these 
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FIG. 28--J-R curve for A5 33-B steel, K5 3A, with no displacement measurement comparing adjusted 
with unadjusted. 

problems, the method of normalization works well for determining J-R curves from the load- 
versus-crack length data. 
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ABSTRACT: This paper presents a simple technique to determine dynamic J-R curves from a 
single, precracked Charpy-type specimen by means of an instrumented Charpy testing machine. 
This technique is based on the normalization method proposed originally by Landes and Her- 
rera. This method eliminates the need for crack length monitoring that makes it particularly 
suitable under dynamic loading conditions. 

The method used to generate J-R curves consisted of conducting precracked Charpy tests 
using a stop block. This simple device allows interruption of the test before the specimen is com- 
pletely broken, furnishing the two calibration points necessary for applying the normalization 
method. J-R curves obtained with the normalization method were compared with values cal- 
culated following the multiple specimen technique. 

KEY WORDS: dynamic fracture testing, J-R curves, normalization method, eta factor, instru- 
mented Charpy test, fracture mechanics, fatigue (materials) 

In the late 1960s, Rice [1,2] proposed the J-integral as a new parameter that characterized 
crack-tip singularity in elastic-plastic fracture behavior of  metals. Since then, great effort has 
been directed towards the development of  successful experimental procedures to evaluate J. 
The first approach was done by Landes and Begley [3,4], based on the energy rate interpre- 
tation of  J. Despite the reliability and theoretical basis of  this technique, it was not very suc- 
cessful because of  the rising cost and time required for specimen preparation and testing. A 
new technique that required the testing of  only one specimen was then proposed and widely 
accepted. It was based on the assumption that the load could be represented as the product of  
two separate functions; a crack geometry dependent function and a material deformation 
function (principle of  normalization). This separable form, which was first proposed by Rice 
et al. [5], brought a new definition o f J a s  a factor, defined later as 7, times the area under the 
load-displacement record per unit of  uncracked ligament area. Hence, J can be evaluated by 
testing one specimen, if this factor is known for the specimen configuration. 

Recently, Sharobeam and Landes [6, 7] studied the load displacement records of  previously 
tested specimens of  different geometries, materials, and constraints. They demonstrated the 
load separation in the plastic region under quasi-static loading conditions. In the present 
paper, the validity of  the principle of normalization under impact loading coiiditions is ana- 
lyzed and a value for 71 is reported for Charpy-type specimens. Consideratiofi was first given 
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to the applicability of the J-integral parameter under dynamic loading conditions, since it 
makes no provision for the kinetic energy contribution. According to Refs 8 and 9, if time to 
fracture exceeds a certain value, T (transition time), the kinetic energy component is much 
smaller than the deformation energy component, thus making the J-integral concept appli- 
cable. Transition time depends on the speed of sound in the material and on the specimen 
configuration. For Charpy-type specimens, the calculated value of T was about 30 us, which 
is much smaller than typical maximum load times that were about 500 us. The value obtained 
for the transition time in Charpy-type specimens was similar to the effective specimen oscil- 
lation period introduced by Ireland [10] that concerns the transition from a response domi- 
nated by individual stress waves to a response dominated by the fundamental structural mode. 
For low toughness materials, the time to fracture during Charpy testing can be significantly 
lower than 500 ~s, thus precluding the application of J as a fracture characterizing parameters 
under dynamic loading conditions. Finally, dynamic J-R curves are obtained from precracked 
Charpy impact tests using the normalization method suggested by Landes and Herrera [11- 
131. 

Principle of Normalization and ,1 Calculation 

Sharobeam and Landes [6] have introduced a new method to evaluate ~7~ from experimental 
data using the normalization principle. This principle states that the load can be expressed as 
the product of two separate functions; functions of the crack length and plastic displacement, 
respectively 

P = G(a/W)H(vpd IV) 

where 

(l) 

P = applied load, 
a = crack length, 

opt = plastic component of displacement, and 
W = specimen width. 

If the load is separable, the ratio, S o = P(ai)/P(aj), corresponding to two identical specimens 
with different stationary crack lengths, ai and aj, respectively, must remain constant when the 
loads are determined for the same amount of plastic displacement. Figure 1 illustrates this 
principle for two test records of different stationary crack length. Mathematically, this prin- 
ciple can be explained as 

P(ai____) ~'pt G(ai/W)H(vpd I4,') [ 
S~ = P(aj) = G(aJ W)H(vpU t I4,') ~,p~ 

G( a,/ W) 
G(aJ W) (2) 

= constant 

for Stationary cracks. 
As mentioned before, this principle has been found to hold for a wide range of materials, 

configurations, and constraints under quasi-static loading conditions. As an example, Figs. 2 
and 3, respectively, show the test record and the separation parameters for blunt notched HY 
130 steel CT specimens [14]. 
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FIG. 1--Load separability in the plastic region. 

In order to analyze the existence of load separability under impact loading conditions, 
blunt-notched Charpy-type specimens were tested in an instrumented Charpy impact testing 
system. Figure 4 shows typical specimen dimensions. Tables l and 2 present the chemical 
composition and mechanical properties of the low alloy steel tested. The specimens were tested 
at an impact speed of 1.7 m/s at room temperature. Load-versus-time records were obtained 
and translated into load-versus-displacement records using dynamic and kinematic consid- 
erations described in Ref 15. 

In order to obtain the plastic component of the displacement, a compliance expression was 
evaluated directly from experimental data. Figure 5 compares the calculated values with those 
reported by Kobayashi et al. [ 16]. The experimental values were closely fit by 

TABLE l--Chemical composition of low alloy steel tested (% by 
weighO. 

C = 0.21 Si = 0.30 Mn = 1.33 
P = 0,008 S = 0.007 Cr = 0.13 
Mo = 0,54 Ni = 0.76 A1 = 0.025 
Cu = 0.08 V = 0.01 Sn = 0.006 
Co = 0.13 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



HERRERA ET AL. ON DYNAMIC FRACTURE TESTING 171 

200 

150 

Z v 

r 
o I 0 0  

-,I 

50 

CT Specimen 
HY130 Steel 

a/y/.O.45 
~ r  0 . 5 0 . .  

e/w 0.55 
a/W-O.60 
o ZW-O.65 
a/3t/-0.70 
a/VJ-0.75 
a/W-O.O0 
a~lV-O.85 

0 I I I I 
0 .00  ! .00 2 .00 5 .00  4 .00 5 .00  

Displacement, mm 
FIG. 2- -  Test records of blunt-notched CT specimens [ 14]. 

CsEB -- 32.35 - 159.2(a/W) + 479.05(a/W) 2 (3) 

where 

C, = specimen compliance, 
B = specimen thickness, and 
E = Young's modulus. 

The use of  this expression yields slightly higher compliance values than those obtained by 
Kobayashi. 

Figure 6 shows the test records corresponding to blunt-notched specimens, and Fig. 7 pre- 
sents the corresponding separation parameters. As can be seen, load separability exists except 

TABLE 2--Mechanical properties. 

Yield Stress, Ultimate Tensile Reduction of Area, 
MPa Strength, MPa % 

450 640 45 
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for a small region at the beginning of  the plastic behavior. This fact indicates the load sepa- 
rability under impact loading conditions. 

The existence o f  77 allows J determination as a direct function of  the work supplied to the 
specimen 

J = - ~  P dv (4) 

where b = W - a. 
Combining this expression with the energy rate expression 

1 d U  J = - B--~a (5) 

provides an expression for 

,7= b(-dV/da)/( f P av) (6) 
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FIG. 6--Blunt-notched specimens test records. 

In the case of n~ evaluation instead of n, only the plastic area under the test records has to 
be included and v must be replaced by opt. Substituting Eq 1 into Eq 6 results in 

G '( al W) . . . .  
rlpl = ~ t o / w  ) (7) 

where 

G' (a /W)  = dG(a/W)  _ dG(b/W)  (8) 
d(a /W)  d(b /W)  

The method of calculating n proposed by Sharobeam and Landes [6] is based onthe pro- 
portionai relationship that exists between the separation parameter, S0, and the geometry 
dependent function, G(ai/W) 
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So. = A �9 G ( a t W )  (9) 

where A is a constant. 
This expression indicates that constructing the So versus bJ W fit will establish the relation- 

ship G(bi/W) versus b t  W eventually. Then np~ can be evaluated using Eq 7. Sharobeam and 
Landes demonstrated that under quasi-static loading conditions So-b1 W pairs were ade- 
quately fitted by a power law. Therefore, the geometry function becomes a power law function 
and can be represented as 

G(b/W) ffi C(b/W) ~ (10) 

where C is a constant. 
Hence, Eq 7 yields 

~p~ = m ( 1 1 )  
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J Calculation 

The method of  normalization was proposed as a technique to develop J-R curves from test 
specimen load-versus-displacement records without the need for automatic crack-length mon- 
itoring equipment [ 11,12]. It was based on the key curve approach [ 17], but rather than using 
a universal key curve for a given material, the method develops individual normalized cali- 
bration curves for each specimen based on some details of  the test itself. 

When the load, as written in Eq 1, is divided by the crack length function, a normalized 
load, Ps, is defined that is a function only of  the plastic displacement 

P 
P~ - u vv)~/'~'a " ~  - H(vp,/IV) (]2) 

In the method of  normalization, the H(vpd W) function is assumed to have a form with 
unknown constants that can be determined if enough calibration points are available where 
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Figure 8 shows a power law fit on Sir-bi/Wpairs obtained from impact tests. As can be seen, 
the power law closely represents the experimental points. The value o f  rtpl was found to be 2.08, 
close to the theoretical value for a deep crack in bending. 
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load, displacement, and crack length are known simultaneously. Therefore, a value of  crack 
length, a, can be equated directly for each P - vp~ pair from Eq 12. Under quasi-static loading 
conditions, two points, one corresponding to an initial crack length and the other to a final 
crack length, can be determined easily. Unfortunately, during conventional impact testing the 
specimen is broken completely, leaving only one calibration point. In order to study the evo- 
lution of  plastic deformation and crack growth during the test, several specimens were tested 
up to different displacement levels. The striker was stopped using an adjustable block, Fig. 9. 
Figure l0 shows examples of typical load displacement records. 

The next step in using the normalization method is to define a functional form for H(ov~ / 
W). The power law is an example where two constants are used. However, Sharobeam et al. 
[14] showed that materials that experience extensive plastic deformation do not follow a 
power law throughout the entire load-versus-displacement history. 

Knowing that normalized blunt-notch and precrack records will be represented by the same 
H(vpt/IV), the different fits were tried on normalized blunt-notched test records. Figure I l 
shows a power law fit on a typical blunt-notch test record. As can be seen, the fit follows closely 

Striker < 

S p ec lmel amine r 

Calibrated Blocks 

Stop Block 

FIG. 9--Stop block device. 
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the experimental values. For this reason, in a first approach, the following P~vpt/Wrelation- 
ship was adopted 

vpd W = BP~ (I 3) 

Figure 12 shows PN versus %~/Wcurves obtained from the normalization method for the stop- 
block tests. They collapse into a unique scatterband indicating a good crack length estimation. 

Knowing the values of  a, P, and v during the test, direct determination of the J-R curve 
becomes possible. J-values were calculated, according to ASTM Test Method for Determining 
J-R Curves (E 1152-87), as 

J ( i )  = J e l ( i )  -~- J o l ( i )  (14) 

where (assuming plain-strain conditions) 

Jel( i )--  K~o/E', 
E' = effective Young's modulus = E/(1 - ~2), and 

v = Poisson's ratio and 
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0 .5  

{ () { r}i Apl(i) -- hpl(i-1)] X I -- "/i 
J,l., = J,,(,-, + ~ B~; J b, J 

where 

~, = ~ = 2 . 0 ,  

3'~ = 3' = 1.0, and 
Apl(i) = Apl(i-i) + (P i  + Pi-i)(Vpl(i) - -  I)r, l t i - l )) /2.  

Figure 13 shows the J-R curves corresponding to stop-blocked specimens obtained with the 
normalization method. Solid symbols correspond to the last point of the test, where the crack 
length was measured directly from the fracture surface (multiple-specimen technique). There 
is a good agreement between solid points and predicted curves. 

Figure 14 compares J-R curves from Fig. 13 with two other curves obtained with the nor- 
malization method when the striker was not stopped. Constants ~ and # were obtained directly 
by fitting on the initial portion of  the normalized load-displacement record, Fig. 15. Values of  
PN and vp~/W were calculated using the value of crack length that results by equating 

J = 2aoAa 
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FIG. 12--Normalized test records of precracked specimens. 

and 

J = - ~  P d v  

where 

a0 -- dynamic flow stress = (% + amA/2, 
%, = dynamic yield stress, and 

a.~ = dynamic maximum stress. 

Following the procedure described in Ref 18, ay and a.~ were obtained for a calculated strain 
rate at the elastic-plastic boundary [19] of 1021/s. 

Conclusions 

A simple technique was developed to determine dynamic J-R curves from a single pre- 
cracked Charpy-type specimen for the steel used in the present work. �9 
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FIG. 13--J-R curves Corresponding to stop-blocked specimens. 

Load separability was demonstrated to exist under impact loading conditions. For Charpy- 
type specimens, a value ofn = 2.08 was found, This estimation is close to the theoretical value 
of 2.0 for a deep crack under pure bending. 

An expression approximating the elastic compliance of the Charpy-type specimens was 
obtained by means of blunt-notched testing. The expression found closely matches the exper- 
imental results. 

J-R curves were obtained with the normalization method using precracked Charpy-type 
specimens and a simple mechanical device: a stop block that allows the striker to stop before 
the specimen is broken completely. The power law offered a good representation ofH(opj/HI). 
For the material used in this work, adequate power law fittings were obtained in the initial 
portion of the normalized load-displacement records, as was shown for the specimens tested 
without interrupting the striker movement. 
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ABSTRACT: In this paper, asymptotic crack-tip fields of steady-state crack extension in mate- 
rials with linear plastic hardening under combined in-plane (Mode I) and anti-plane shear (Mode 
lit) loading conditions are investigated. Only the power singularity form of the in-plane and the 
anti-plane shear stresses is assumed, and the coupled differential equations are solved by means 
of the perturbation method. The governing equations of the asymptotic crack-tip field are for- 
mulated from two groups of angular functions: one for the in-plane mode and the other for the 
anti-plane shear mode. All stresses and deformations are of variable-separable forms of r and t9 
that represent the polar coordinates centered at the actual crack tip. Perturbation solutions of 
the governing equations have been carried out. The perturbation solutions predict that, regard- 
less of the mixity of the crack-tip fields and strain-hardening, the in-plane stresses under the com- 
bined Mode l and Mode IIl loading conditions are generally more singular than the anti-plane 
shear stresses. The anti-plane shear stresses perturbed from the plane-strain Mode I field lose 
their singularity for small strain hardening, whereas the angular variation of stresses perturbed 
from the plane-stress Mode I behaves quite similarly to the pure Mode Ill solution. An obvious 
deviation between the perturbed and the unperturbed solutions can be observed under combined 
plane-strain and anti-plane Mode III loading conditions, but not under the plane-stress and 
Mode IlI conditions. The results imply that there exist no uniformly singular crack-tip fields 
under combined in-plane Mode I and anti-plane Mode III loading conditions. 

KEY WORDS: asymptotic analysis, mixed-mode loading conditions, crack-tip field, plane- 
strain Mode I, plane-stress Mode I, anti-plane Mode III, steady-state crack extension, perturba- 
tion analysis, fracture mechanics, fatigue (materials) 

Asymptotic solutions of stationary cracks of pure Mode [ and pure Mode lII in power-law 
materials in Refs 1 and 2 have provided a theoretical basis for nonlinear fracture mechanics. 
Compared with the asymptotic analysis of the stationary cracks under the deformation theory 
of plasticity [ 1,2], solutions of growing cracks is more complicated due to difficulties in the 
equation formulations and the inconsistency between the elastic and the plastic strain incre- 
ments. Under the assumption of quasi-static crack growth and the small-strain elastic-perfect 
plasticity, asymptotic solutions have been found for the anti-plane mode in Ref 3. For the 
plane-strain Mode I case, a complete near-tip solution for incompressible elastic-perfectly 
plastic solids has been generated in Ref 4. Recently, a more general solution for a growing 
crack throughout the range from small-scale yielding up to general yielding has been reported 
in Ref 5. However, little progress has been achieved in elastic-plastic solids with strain-hard- 
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ening since the solution with the power singularity in linear hardening materials has been pre- 
sented in Ref 6. Based on this analysis, plastic reloading has been introduced in Ref 7, similar 
to solutions for elastic-perfectly plastic materials, and it has been predicted that some stress 
components (~rr: for the Mode III case and ,r, for the Mode I case) become unbounded as the 
crack flank is approached (0 --~ ~r). These solutions of  crack-tip fields for linear strain-hard- 
ening materials are expressed in the variable-separable form of r and 0, which are the polar 
coordinates centered at the crack tip. All works of asymptotic analyses of  steady-state crack 
growth just mentioned are restricted to pure Mode I, pure Mode II, or Mode III. 

Experimental results show that ductile crack extension occurs often under steady-state 
mixed-mode conditions. Observations in Ref 8 confirm that material points undergo thilure 
under Mode I and Mode III conditions, especially, for thin specimens where the crack-tip field 
is turned from pure Mode I (normal stress failure) to combined Modes I and III (shear stress 
failure) immediately after crack initiation. From this observation, it is desirable to generate a 
study of the crack-tip field under the mixed-Mode I and III loading conditions. Recently, both 
asymptotic analysis [9] and finite element computations [10] for stationary crack-tip fields 
under combined anti-plane shear and in-plane modes for power-law hardening materials have 
been performed. It has been pointed out in Refs 9 and 10 that the singular behavior of  the in- 
plane stresses differs from that of  the anti-plane shear stresses, and these stresses generally can- 
not be expressed in a uniform variable-separable functional form of r and O. The correspond- 
ing angular stress distribution can be changed from pure in-plane to anti-plane modes 
drastically. 

To improve understanding of the crack-tip field under the combined Mode I and III loading 
conditions, we use for the first time the perturbation technique to analyze the steady-state 
crack growth in elastic-plastic materials. We are going to use the scheme proposed by Ref 7 
and formulate the problem in terms of a system of first-order ordinary differential equations 
(ODEs) in the angular variations of  all the components of  the stress tensor and the velocity 
vector, instead of  two higher-order equations in the stress functions as was done in Ref 9 for a 
stationary crack problem. We assume that the singularity of the in-plane stresses may differ 
from that of  the anti-plane shear stresses. The subsequent differential equation systems are 
generally coupled with the coordinate, r, that cannot be solved as in Ref 7. Following Ref 9, 
the governing equations are perturbed for pure Mode I or Mode III, and numerical solutions 
of  the perturbed equations are obtained. In this work, we will include the possibility of  plastic 
reloading on the crack flanks of  the linear-hardening J2-flow theory problem. We will consider 
plane-strain Mode I and plane-stress Mode I combined with anti-plane shear mode (Mode III). 

Assumptions and Governing Equations 
Let x, (i = 1,2,3) be a Cartesian coordinate system of fixed orientation traveling with the 

crack tip such that the x3-axis coincides with the straight crack front and the xl-axis is in the 
direction of  crack advance, see Fig. I. Also let e, be the unit vector corresponding to the xi 
direction. Similarly, let r and 0 be polar coordinates corresponding to xi (i = 1,2) and e,, e~ 
be the corresponding unit vectors. The crack tip moves with a velocity, W = We,  with respect 
to the stationary coordinate system, X,. In our steady-state analysis, the crack-tip velocity is 
constant so that the material derivative is given by 

�9 d ( O0 sinO0) 
( ) ~ - ~  = W - c o s  Or + -r O0 (1) 

where r represents the time. Furthermore, the material derivatives of a vector, V~, and a tensor, 
A~a (a,/3 = r, 0), in the polar coordinates are given through 
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I)'~ = W{--cos  OVa., + r- '  sin o(V . . ,  + Gee j}  (2) 

A.a = W { - c o s  OA.a,, + r -~ sin O(A~,~,o + A.~aG,, + A,~Ga)} (3) 

where aft and 3, denote coordinates r, O, respectively; and the two-dimensional permutation 
symbol is defined through e~a = fl - a by assuming r -- l and 0 = 2. Also, in the following 
context, we take the summation convention that all duplicated indices in one term mean sum- 
mations of  all in-plane components.  

The stresses concerned in the in-plane field are a,,, a0~, ar~, and a= (for the plane stress case, 
az~- = 0), and the nonzero and anti-plane shear stresses are ar~ and a~z. Assume all components 
do not depend on the coordinate, z. The relevant deformation velocity components are v,(r,O), 
vo(r,O), and uz(r,O). The equilibrium equations require 

(ra~),r "b a,~,o -- aoo = 0 

(4) 

(ra,,),, + r = 0 

The constitutive equation in the plastic loading zone, taking into account strain-hardening 
characterized by the ,/2 flow theory and a bilinear effective stress-strain curve, is 

E~ o = (1 + v)&~j - v&,k 6u + %(a_ -~ - l )a~ 'bdu  (5) 

where ~,j is the strain-rate tensor, b0 is the stress-rate tensor, 6 o is the Kronecker &symbol, s o is 
the stress deviator, v is the Poisson's ratio, and_a is either a or unity, depending on whether the 
given material point is in an active plastic zone or in an elastic unloading zone. Here, a --- E,/  
E, the ratio of  the tangent modulus (E,) to the elastic modulus (E), is the hardening parameter. 
The effective stress is defined as 

2 + ~ )  (6) 2 ~ [ ( a , , -  a~o) 2 + (r a=) 2 + (a= - a,,) 21 + 3(a,2~ + a,z O" e = 

where for the plane-stress case, a= = 0. It can be seen that Eqs 4 and 5 form two systems with 
nine first-order partial differential equations (PDEs) under the plane-strain conditions, or eight 
PDEs under the plane stress conditions, in which the first system has three equations (two 
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stresses and one velocity) deduced from anti-plane shear mode and the second has six equa- 
tions for the plane strain cases (four for stresses and two for velocities) or five for plane-stress 
cases from the in-plane mode. The two systems of PDEs are coupled through the plastic dis- 
sipation terms, that is, only for the elastic case, the anti-plane shear and the in-plane fields can 
be solved separately. On the other hand, although some of  the equations are nonlinear 
(namely, the constitutive equation), all equations are homogeneous in the radial measure, r, 
which suggests that we may look for solutions of  the form 

v= = H W a o  r_ ' z , (O) /E  ] 

Crrz = H~or 'z,(O) 

~ :  = H ~ o r  'z3(O) 

for anti-plane shear mode (7) 

vr = K W a o ( y ~ ( O ) / E  -" 

v,~ = KWoo_f  yz (O) /E  

o-,, = K~or~y3(O) 

~oo = K ~ o ( y . ( O )  

trro = K~o(}'s(O) 

or= = K~ro_r~),'6(O) 

for in-plane modes (8) 

where r is nondimensionalized with respect to some measure of  the plastic zone size. H and K 
are two stress amplitude factors for the anti-plane shear and the in-plane stresses, respectively. 
The eigenvalues of  the homogeneous equations, s and t, characterize the singularities of  the 
in-plane and the anti-plane shear crack-tip field. 

Based on the observations of the stationary crack-tip fields in Refs 9 and 10, we assume that 
the anti-plane shear and the in-plane stresses have different singularities. As indicated in Refs 
9 and 10, under the combined anti-plane shear and in-plane loading conditions, the singular 
behavior of  the in-plane stresses is different from that of  the anti-plane shear stresses. Actually, 
if we supposed t = s, we did not find a solution for c~ < l in our numerical investigations with 
multiple shooting techniques [ l l ]. Only for the perfectly elastic case (a = 1) did the governing 
equations become uncoupled and the pure mode elastic solutions were found. Consequently, 
when we seek solutions of  the singular crack-tip fields in the form of  Eqs 7 and 8 under the 
combined anti-plane shear and in-plane loading conditions, the values of  s and t are assumed 
to be different. Since we are seeking singular solutions in the immediate vicinity of the actual 
crack tip, we are interested in the solutions with both s and t being in the interval ( - 0 .5 ,  0). 
As r approaches 0, in-plane mode will dominate for s < t, whereas anti-plane shear mode will 
dominate for t < s. On the other side, the dominance of  the crack-tip can be influenced 
strongly by either of  the stress amplitude factors K and H. 

As mentioned earlier, the coupling of the anti-plane shear and in-plane plastic deformation 
velocity is caused by the effective stress, ae, in the constitutive Eq 5. Substituting Eqs 7 and 8 
into Eq 6, the effective stress is then expressed as 

a~ = (K*of )2Ti  + (Ho'or ')2To (9) 
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where 

T, = '~((y~ - y.)~ + (y .  - y~)~ + (y ,  - y~y) + 3 ~  (lO) 

To = 3z~ + 3 ~  (11) 

Note T~ and To are functions of 0 only. More importantly, since we assume that s is not equal 
to t, ~e cannot be expressed as a separable function of  r and 0, such as those stresses in Eqs 7 
and 8. We can define the magnitude of  the 0 variation, 7",- and To, to be in the order of unit. 
Then, K and H represent the singularity amplitude of the in-plane stresses and the anti-plane 
shear stresses, respectively. In the next two sections, we will perturb the two ODE sytems with 
the assumption of  either H/K << 1 or K/H << 1, although the final ODE systems obtained are 
independent of  the intensity factors. The higher-order system has the same form of either pure 
Mode I or pure Mode III, whereas the lower-order system is strongly influenced by the higher- 
order solution. 

Boundary Conditions and the Solution of Elastic Zone 

We consider a material point in the crack-tip field, P, that moves along a line, L-L, with h 
= "constant" during crack growth, see Fig. 2. Due to the steady-state condition, the point goes 
through the plastic loading zone, then the elastic unloading zone, and last to the plastic reload- 
ing zone, if it exists. This corresponds to the loading history of  any material particle in the 
crack-tip field discussed here, since the crack grows in the homogeneous medium with the 
velocity, I#; and the crack-tip field does not change. It is important to note that the loading 
history of each material point can be described through this motion and therefore is deter- 
mined only by the polar angle, 0, since, for any given material point, h is constant. It is com- 
mon in asymptotic analysis of  steady-state crack growth to assume that the elastic unloading 
and the plastic reloading angles are constant and are determined by the given material param- 
eters and the loading configuration. The crack-tip field consists of  angular sectors. Actually, 
this is a direct consequence of  the general solution form assumed in Eqs 7 and 8. The elastic 
unloading occurs at Op when the effective stress-rate of  the material point vanishes, or when 

( l ) 
-sTi(O,)  cos Op + ~ T',(Op) sin 0p 

( , ) + r 2~'-') --tTo(Op) cos O, + ~ T'o(O,) sin O, = 0 (12) 

where ( )' = didO. 
In the elastic unloading zone, a material point retains the plastic strain state that it had in 

the plastic loading zone. Thus, it is expected that when the point is deep into the unloading, 
its associated effective stress can reach another yielding stress state, especially for some mate- 
rials with small strain-hardening [ 7]. The plastic reloading occurs at some critical value of 0 
if the effective stress of  the particle regains its unloading value, that is 

2 

(Zt(Oe) Sin-2S tge - T,(Op) sin 2SL~p)-{-(n)t2tt-S)(To(Oe)Sin-ZtOe 
--  To(Op) sin -2'0p) = 0 (13) 
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/ L 

crack 

FIG. 2--Angular sectors at the crack-tip field. 

Note that the effective stress must become singular at the crack flanks if  the plastic reloading 
occurs, regardless of  what kind of  singularities will be assumed here and how the ODEs will be 
formulated [ 12]. 

Anti-plane symmetry ahead of  the crack-tip for anti-plane shear mode reduces to two inde- 
pendent  conditions 

z,(0) --- z2(0) -- 0 (14) 

and Mode I symmetry of  the in-plane mode requires 

y~(O) = y~(o)  = yi(O) = o ( 1 5 )  

~(0) -- 0 for plane-strain case (16) 

Furthermore, we have vanishing tractions on the free crack surface and it requires 

z3(r) = 0 (17) 

y4(Tr) = ys(Tr) = 0 (18) 

Thus, we have nine homogeneous boundary conditions for the plane-strain case and eight 
for the plane-stress case to be satisfied by two ODE systems. As in pure Mode I or pure Mode 
III analysis, the strength of the singularities, s and t, will be determined as eigenvalues of  the 
problem for each given a, and the stress amplitude factors, K and H, will be left undetermined 
in this asymptotic solution. Without  loss of generality, we can set 

y , ( o )  = 1 

z3(O) = 1 

(19) 

Next, we need to connect the solutions in the different zones through appropriate continuity 
conditions. Let [ ] denote the j ump  in a quantity as 0 increases infinitesimally across such a 
boundary. Then it follows from equilibrium that the traction components of  the stress tensor 
must be continuous 
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[ ~ 0 j  = 0 
( 2o )  

[~.1 = [ ~ 1  = o 

and displacement fields must also be continuous 

[ u j  = o 
(21) 

[u,] = [uo] = 0 

The latter is consistent wi th the plastic rule to assume that the plastic strain tensor is contin- 
uous, and it follows from Eq 21 

From Eqs 21 and 22, we have 

[~rz] = 0 

[ ~ . ]  = 0 

[ ~ ]  = 0 

and also 

[e,~] = 0 

[~ . l  = 0 
(22) 

for plane-strain case 

(23) 

[~r~] = (Kaor-S)2[T,(O)] + (H,ror-t)2[To(O)] = 0 (24) 

Thus, all strain-rate components are continuous and therefore 

[vz] = 0 
(25)  

[oJ  = [oo] = o 

Summarizing all continuity conditions, for the plane-strain case only, nine (for the plane-stress 
case, eight) of  them are independent and they lead to the convenient form 

[z , ]  = [z2] = [z3] = 0 

[ Y~] = . . .  = [ Ys] = 0 (26) 

[ )'6] = 0 for plane-strain case 

We have to solve two ODE systems subject to boundary conditions and continuity condi- 
tions discussed earlier. We selected a semi-implicit extrapolation integrator to perform the 
numerical integration. The boundary value problems are solved by using the multiple shoot- 
ing techniques of  Ref I 1. In order to get started, we need to provide the values of zi(0), yi(0), 
s, and t for every given a and v. 
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We have already shown in Eqs 14 and  15 that z~(O) = z2(O) = 0, y_,(0) = y~(O) = 0, and 
z3(0) = 3'4(0) = 1. F rom Eqs 15 and  16 and  making  use of the implicit  ODE systems in the 
Appendix,  one obtains finally 

3'6(0) = (v + ),/2s)(y3(O) + y4(0))/(1 + h/s) 

y,(0) = --(1 + ),/s)y3(0) + (v + X/2s)(y4(O) + )'6(0)) 
(27) 

where 

[ ;  ~_ (H)2r2{,_,,] (28) 

It follows that X = - - s (1 / a  - 1) for the in-plane dominance ,  or H / K  = 0, and X = - t ( l / a  
-- 1) for the ant i-plane shear stress dominance ,  or K / H  = 0. According to Eq 19 only one 
stress component ,  y3(03, and  both eigenvalues, s and t, must  be guessed before integrating. 

Note that z2(03, 3'3(0), and  )'5(0) obtain singular solutions in the form (sin 0) -x. To overcome 
the consequent  numerical  difficulty in integration, the corresponding sine-function is set to 
approach a very small finite value for 0 ~ 7r. Since all other variables are well behaved near 
the crack flanks, this approximat ion yields fine results. 

In the elastic zone, both ODE systems are uncoupled for integration. One can solve the 
ODEs as pure Mode I and  pure Mode III, and  the result is for the ant i -plane shear field 

z, = - 2 ( 1  + v)(Mcos tO + N s i n  tO) 

z2 = M c o s ( t  + l)O + N s i n ( t  + l)O - L sin t 0 cos 0 (29) 

z3 = - M s i n ( t  + l)O + Ncos( t  + l)O + L sin '+' 0 

and  for the in-plane field 

Y3 = - A  cos(s + 2)0 -- B sin(s + 2)0 -- C(s - 2) sin sO - D(s  - 2) cos sO 

+ F s i n  5 0 c o s 0  

3'4 = ,4 cos(s + 2)0 + B sin(s + 2)0 + C(s + 2) sin sO + D(s + 2) cos sO 

+ F sin s+`' O 
(30) 

3'5 = A sin(s + 2)0 -- B cos(s + 2)0 -- Cs cos sO + Ds sin sO + F s i n ' + '  O cos 0 

3'6 = 4vC sin sO + 4v D cos sO + G sin" 0 

1 
)'1 = S (.~3 //[3'4 -}- ) '6])  

l 
y, = - - ( 2 y s - y ~ )  

s -  1 

(31) 
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where A, B, C, D, G, F, L, M, and N are arbitrary constants that will be determined through 
the continuity conditions and the boundary conditions; and .f'3, 3'4, )"s, and )"6 in Eq 31 represent 
the angular functions of  the stress-rate tensor that can be calculated according to Eq 3. Note 
that the stress components,  ar_-, o',.,., and ~r~, or correspondingly, z2, Y3, and Y6, generally become 
soon unbounded as 0 ~ 7r, since generally s < 0. It can be proven that these stresses are 
unbounded as 0 ~ ~r, regardless of  plastic reloading. 

Perturbation from Dominant  In-Plane  M o d e s  

Formulation of  Perturbation ODEs 

First, we consider the cases where the contribution of  the anti-plane shear stresses to the 
effective stress is small compared to that of  the in-plane stresses (or H / K  << 1). Equation 9 can 
be rewritten as 

a~ = (Kao()2~r~ (32) 

where 

2 

t (33) 

The asymptotic analysis and finite-element computations for a stationary crack-tip field in 
Refs 9 and I0 show that the singularities of the in-plane stresses and the anti-plane shear 
stresses are different slightly. For small r, r 2~t-s) in Eq 33 is finite with an order of unit. There- 
fore, be does have a weak dependence on r. Since T, and To are defined to have the order of  
unit, (H/K) determines the order of  magnitude for the second term on the right-hand side of  
Eq 33. In fact, (H/K)2r 2"~ s) can be regarded as a mixed factor of in-plane mode and anti-plane 
shear mode [9]. This mixed factor depends upon r. The plastic dissipation term in the consti- 
tutive Eq 5 can be written in the form 

2 ( , 
1 ~ T~ sin 0 + r z"-" --tTo cos  ,9 + 2 To' sin O 

O ' e  I ~re = 2 (34) 
r ( H )  

T, + r2~ 

Substitute Eq 34 together with Eqs 7 and 8 into the constitutive equation, one obtains nine 
ODEs of angular functions for the plane-strain case or eight for the plane-stress case. Note 
again, since 3-e is a nonseparable function of r and 0 when t is not equal to s, all ODEs become 
dependent on r. The ODEs commonly cannot be solved as pure Modes I and III in Refs 6 and 
7. Assuming (H/K) << 1, and all terms from the anti-plane shear stresses in Eq 34 are smaller 
than unity, we can perturb these ODEs from in-plane modes using 

T S .  ) 
~-~e  = --1 --S COS '9 + - -  sm '9 

r 2T, 

{(  ) (  )} 1 T i  . T~ . 
+ -  r2"-S~To 1 - - s c o s O  + - - s i n 0  1 + t c o s 0 - - - s l n 0  (35) 

r 2T, 2To 
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194 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

The unperturbed equation from in-plane modes is the same as the ODEs derived in Ref 7, see 
Appendix. The lower-order perturbed equations for anti-plane mode are, however, coupled 
through Ti with the in-plane solution, see Appendix. Correspondingly, the elastic unloading 
condition (Eq 12) becomes 

-sTt(Op) cos Op + ~T',(Op) sin Op = 0 (36) 

and the plastic reloading condition (Eq 13) becomes 

T,(O~) s i n  -~ O~ - T~(Op) s i n  -2~ Op = 0 (37) 

Note that the perturbed equations are homogeneous in unknown functions�9 In fact, we are 
now seeking the solutions for anti-plane shear mode perturbed from an in-plane mode. We 
first solve the unperturbed equations for an in-plane mode with the start values discussed in 
the last section. The eigenvalue, t, is set equal to s at the beginning to integrate the perturbed 
governing equations for anti-plane shear mode. 

Numerical Resuhs Perturbed from the Plane-Strain Mode I Solutions 

As noted in Refs 6 and 7, the dependence of  the singularity and angular variations of the in- 
plane stresses on the Poisson's ratio, v, is weak. It follows that the perturbed solutions of anti- 
plane shear mode are slightly affected by different v values; whereas in pure Mode III anti-plane 
cases, influences of  v can be included in the strain-hardening factor. Thus, we will only show 
results for v = 0.3 in the following text. 

To give a better understanding of  the curves, we use the conventional symbols for stresses 
and velocities in all figures. All stresses and velocities are normalized through Eq 19, as men- 
tioned before. Figures 3a and b show the angular variation of the Mode III solutions perturbed 
from the plane-strain Mode I for large strain-hardening (a = 0.50) and for moderate strain- 
hardening (a = 0.15), respectively. For smaller strain-hardening, the singularity of  the crack- 
tip field vanishes when the stress distribution becomes uninteresting, as predicted in Table 1. 
For comparison, the corresponding pure Mode III solutions are also plotted in the figures. In 

TABLE l--Mode IHperturbedfromplane-strainModel ~ = 0.3). 

a - t  - t "  Ov 0 7 Oe 0~* 

1.0 0.5000 0.5000 88.0347 90.0000 
0.75 0.38809 0.44909 91.2272 87.4825 
0.67 0.34012 0.43018 92.8671 86.4588 
0.50 0.22039 0.38389 97.8070 83.7364 
0.40 0.14461 0.35125 101.9540 81.6195 
0.35 0.10787 0.33281 104.4891 80.3445 
0.30 0.07353 0.31250 107.3818 78.8707 
0.20 0.01935 0.26394 114.2134 75.0194 
0.15 0.00310 0.23352 118.4430 72.3412 
0.10 --0.00758 0.19587 123.9320 68.6905 
0.05 --0.01754 0.14403 1 3 1 . 0 8 3 8  62.9029 
0.01 --0.03245 0.06857 135.3640 52.0822 

176.'1456 
173.7774 
161.1481 
145.6069 

179 561 
179.7582 

"Results from the pure Mode III solutions�9 
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FIG. 3--Angular stress distribution in the out-of-plane crack-tip field: (a) for large strain-hardening (a 
= 0.50) and (b)for moderate strain-hardening (c~ = O. 15). 
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Figs. 3a and b, variations of  the angular function from pure Mode III curves depend signifi- 
cantly on the strain-hardening factor, whereas the shear stress component, ~r,., has always an 
unbounded value for O ~ ~r, similar to the pure Mode III case. As a becomes smaller, the stress 
level of a,.- perturbed from plane-strain Mode I approaches a flat distribution, clearly below 
the pure Mode III curves. The material points near the crack flanks obviously undergo plastic 
reloading earlier than those in pure Mode III cases. The amplitude of the angular deformation 
velocity, v~, around the crack tip shows a much more significant variation from the pure Mode 
III solutions, see Fig. 5a for the large strain-hardening case, whereas the curve features are 
hardly changed. The perturbed angular velocity generally does allow normalization through 
its corresponding field singularity, as it does in Ref 7. 

The values of  the shear stress singularity, t, are listed in Table 1 for various a. For compar- 
ison, we also list the values of  pure Mode III. Note that the elastic unloading angles and the 
plastic reloading angles are determined by the dominant crack-tip field, that is, the plane-strain 
Mode I solutions in this case. For perfectly elastic materials, both shear stress fields singularities 
are the same, though the unloading angles are different due to different unloading conditions, 
comparing Eqs 36 and 41. The agreement of  our solutions for a = 1 serves as a check for our 
numerical procedure. As indicated in the table, the strength of  the anti-plane shear stress sin- 
gularity is generally weaker than those of  the pure Mode III solutions and the dominant crack- 
tip fields. This characteristic was also observed in asymptotic analysis in Ref 13 for dynamic 
crack growth and Refs 9 and 10 for a stationary crack-tip field. 

The most interesting features of  the solution are that the singularity perturbed from plane- 
strain Mode I is reduced drastically, compared to the pure Mode III solutions, and t becomes 
positive for a further reduction of the strain-hardening factor. The singularity of the Mode III 
anti-plane shear stresses disappears for a _< 0.1. This result predicts that under the near plane- 
strain Mode I and III conditions in small strain-hardening materials the anti-plane shear 
stresses will not affect the fracture process dominated by plane-strain Mode I. 

Numerical Results Perturbed from the Plane-Stress Mode I Solutions 

In comparing the solutions perturbed from plane-strain Mode I, the perturbation from 
plane-stress Mode I brings no substantial changes into the anti-plane shear stress distribution, 
see Figs. 4a for the large strain-hardening (a = 0.50) and 4b for the very small strain-hardening 
case (a = 0.0001), respectively. Whereas for a stationary crack the perturbed tip field feature 
differs drastically from the pure Mode III stress solution, as discussed in Refs 9 and 10, the 
figures show a nearly uniform agreement of  the angular stress distribution with the pure Mode 
III solution for all linear-hardening and even nearly perfectly plastic materials. It implies that 
the crack-tip field combined by plane-stress Mode I and Mode III has the same stress distri- 
bution features as the pure plane-stress Mode I and Mode III (see the discussion of the plane- 
stress Mode I solutions perturbed from anti-plane mode in the next section). 

The distribution of  the deformation velocity shows, however, a large sensitivity again to the 
perturbation, see Fig. 5b. The figures show that, as a decreases to 0.0001, the angular variations 
of  the stresses and velocity undergo significant changes and they start taking the general shape 
of  the perfectly plastic solution, see Ref3. This is a remarkable result because even the radial 
dependence of  the velocity of  the small a-problem, see Eq 7, does not approach that of  the 
perfectly plastic problem (In r), the angular variation of  the velocity of  the small a-problem 
does seem to approach the correspondent perfectly plastic distribution [ 7]. For this reason, 
one can assume that the anti-plane velocity of combined plane-stress Mode I and Mode III in 
perfectly plastic materials has a similar distribution feature as that in the pure Mode IIl 
solution. 
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TABLE 2 Mode 111perturbed from plane-stress Mode I (p = 0.3). 

199 

a - t  - t" Op Op* Oe Oe" 

1.0 0.5 0.5 79.9177 90.0 . . . . . .  
0.75 0.43652 0.44909 80.7812 8 7 . 4 8 2 5  . . . . . .  
0.67 0.41053 0.43018 80.9016 86.4588 . . . . . .  
0.50 0.34418 0.38389 80.7629 83.7364 . . . . . .  
0.30 0.24447 0.31250 79.3434 78.8707 . . . . . .  
0.20 0.18553 0.26394 77.5098 75.0194 . . . . . .  
0.10 0.11919 0.19587 73.6462 68.6905 . . .  
0.05 0.07576 0.14403 69.5308 62.9029 179.7561 
0.01 0.03418 0.06857 61.0908 52.0822 180.000 179.7582 
0.005 0.02410 0.04940 58.2177 48.539 179.9999 179.7594 
0.001 0.01080 0.02279 53.2020 42.4546 1 7 9 . 9 9 9 9  179.7565 
0 .0001 0.00342 0.00739 49.0017 37.4571 179.999 179.7450 

* Results from the pure Mode III solutions. 

In Table 2, the values of singularity perturbed from plane-stress Mode I and the values of 
pure Mode III are summarized under t and t*, respectively, for various a. As mentioned before, 
the unloading and the reloading angles are found in the analysis of the in-plane crack-tip fields, 
since we seek the solutions perturbed from plane-stress Mode I. Similar to those in Table 1, 
for each a less than 1, the value of t  listed in Table 2 is smaller than the value oft*. This indi- 
cates that the singularity of the anti-plane shear stresses under the combined plane stress and 
Mode III conditions is just slightly weaker than that of pure Modes III. Compared with the 
results perturbed from plane-strain Mode I, however, the values of t and t* are much closer to 
each other. Table 2 shows no lower-limit of strain-hardening for vanishing anti-plane shear 
stress singularity, which is given in the plane-strain case of Table 1. 

Perturbation from Dominant Anti-Plane Mode 

The same procedure discussed in last section can also be used to analyze the cases where the 
contribution of the in-plane stresses to the effective stress is much smaller than that of the anti- 
plane shear stresses, or K/H << 1. Now we consider a crack-tip field dominated by the anti- 
plane shear stresses. 

Formulation of Perturbation ODEs for the In-Plane Crack-Tip Field 

We can rewrite Eq 9 as follows 

where 

= (Hao_r ')2b~ (38) 

2 

-2 I (39) 

As stated in the last section, under the condition, K/H << 1, one can assume the magnitude of 
the second term, which is indeed determined by the K/H, is small enough to deduce the per- 
turbation equations. Thus, the plastic dissipation can be expressed as 
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~r;' ~e = - t cos 0 + ~ sin 0 

2 

+-r t z` "T, 1 - - t c o s O + ~ o s i n O  1 + s c o s 0 - ~ s i n O  (40) 

The unperturbed equations for anti-plane shear mode are identical to the ODEs for pure Mode 
III, see Appendix. Therefore, the eigenvalue, t, should be the same as that in Ref 7. The lower- 
order perturbed equations for in-plane modes are however coupled through 7",, with the anti- 
plane solution, see Appendix. Correspondingly, the elastic unloading angle will be determined 
by the anti-plane shear stresses as follows 

-tTo(Op) cos O~ + ~T'o(O,) sin 0, = 0 (41) 

and the plastic reloading will be found under the condition 

To(tge) sin -2s 0~ - -  To(Op) sin -2' 0p = 0 (42) 

As the cases perturbed from in-plane modes, the equations for in-plane modes are homoge- 
neous in unknown functions. We first solve the unperturbed equations for an anti-plane shear 
mode with the start values discussed before. The eigenvalue, s, is set equal to t at the beginning 
to integrate the perturbed governing equations for in-plane modes. 

Numerical Results of Perturbed Plane-Strain Mode I Solutions 

It has been shown that the value ofv very slightly changes the perturbed solutions of in-plane 
modes, as in pure in-plane modes [6, 7]. Thus, we restrict our discussions only in cases with v 
= 0.3. 

To give a better understanding of  the curves, we also use the conventional symbol for stresses 
and the velocity in the following figures. All stresses and velocities are normalized through Eq 
19, as mentioned before. Figures 6a and b show the plane-strain Mode I solutions perturbed 
from Mode III for larger strain-hardening (a = 0.50) and small strain-hardening materials (c~ 
= 0.01), respectively. For comparison, the pure Mode I solutions are also plotted in the figures. 
For the large strain-hardening case, the curve feature of the angular stresses is not changed 
drastically from the pure Mode I. Figure 6a shows a good agreement of  both solutions for large 
strain-hardening materials. However, a great difference between pure Mode I and the per- 
turbed solution can be found in small strain-hardening materials, see Fig. 6b. The effective 
stress ahead of  the crack tip under the plane-strain conditions (Eq 19) is several times larger 
than that in pure Mode I, and all normal stress components develop a very distinct curve fea- 
ture. In Fig. 6b, the stresses from the pure Mode I start to take the general shape of the Prandtl 
field and all normal components  fall together behind the crack tip for a large angular sector, 
whereas stresses of the perturbed solution obtain a totally different distribution. 

In Table 3, the values of  the perturbed and the pure mode solutions are summarized for 
various strain-hardening values, a, under s and s*, respectively. We seek solutions perturbed 
from Mode III, and the corresponding singularities of  Mode III can be found in Table 1. For 
a = 1, since the coupling term of  plastic dissipation vanishes, the governing ODE systems 
become separable. It follows that numerical solutions of s are equal to the pure plane-strain 
Mode I value and the angular functions are identical to the linear elastic solution (Eq 30). As 
indicated in the table, the eigenvalue, s, is only slightly less than the corresponding pure Mode 
I value for each a less than 1. That is, also in Mode III dominance, the perturbed stresses of  
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TABLE 3--Plane-strain Mode I perturbed from Mode 111 (u = 03)  

,~ - s  -s" o,, o ;  o~ o; 

1.0 0.5 0.5 90.0 88.0347 
0.75 0.49164 0.47824 87.4825 91.2272 
0.67 0.48901 0.46894 86.4588 92.8671 
0.50 0.48331 0.4414 83.7364 97.8070 
0.30 0.47581 0.37429 78.8707 107.3818 
0.20 0.47101 0.30294 75.0194 114.2134 
0.10 0.46362 0.20010 68.6905 123.9320 
0.05 0.45587 0.14360 62.9029 131.0838 
0.01 0.43068 0.08045 52.0822 135.3640 
0.005 0.41449 . . .  48.5390 . . .  
0.001 0.35897 . . .  42.4546 . . .  
0.0001 0.24037 . . .  37.4571 . . .  

179.7561 
179.7582 
179.7594 
179.7565 
179.7450 

173.7774 
161.1481 
145.6069 

" Results from the pure plane strain Mode I solutions. 

plane-strain Mode I are generally more singular than those of  the predominant  pure Mode I 
crack-tip field. From this characteristic combining with the results in Table 1 it is predicted 
that the crack-tip field is dominated generally by the plane-strain field regardless of the mixity 
of  the field. This is an important  conclusion for characterization of  cracks under the general 
Mode I and III loading conditions. The stress singularity decreases with reduction of  a much 
more slowly than in pure Mode I cases. This result is also consistent with the variation of the 
singularities of  the anti-plane shear stresses in Table 1. Comparing with Table 1, one can find 
that the perturbed singularity is stronger than that of  the dominant  part of  the crack-tip field. 
This characteristic has been demonstrated in the analysis of  a stationary crack [9,10]. 

Numerical Results o f  Perturbed Plane-Stress Mode I Solutions 

Similar to results of  the plane-stress Mode I dominance, the perturbation from Mode III has 
almost no influence to the angular stress fields, see Figs. 7a for the large strain-hardening and 
7b for the small strain-hardening materials, respectively. The stress curve behavior ahead of  
the crack tip is independent of  the mixity of  combined anti-plane shear and in-plane stress 
loading. Following Figs. 4 and 7, one can assume the stress distribution under combined plane- 
stress Mode I and Mode III conditions is not significantly affected by the mode mixity ahead 
of  the crack-tip field. One may use the pure Mode I and the pure Mode III solutions to estimate 
the stress distribution of  the mixed mode. 

As discussed for the plane-strain Mode I cases, though the stress angular distribution is not 
changed, the stress field under combined plane-stress Mode I and Mode III is generally more 
singular than those under the pure Mode I and the dominant  Mode III conditions, see Table 
4. As shown in the table, the singularities of  the in-plane crack-tip stress field of pure Mode I 
and the perturbation solution are identical only in the elastic material, in which the governing 
ODE systems become separable due to the absence of  the plastic dissipation term. Comparing 
the plane-strain analysis in Table 3, the singularity of  plane-stress fields decreases less quickly. 
Because mixed-mode reduces the singularity of  the anti-plane shear stresses, the combined 
Mode I and III loading conditions cause a stronger singularity of  the in-plane stresses. 

Discussions and Conclusions 

In this paper, we present for the first time a systematic analysis of  the asymptotic crack-tip 
stresses in steady-state crack growth based on the perturbed governing equations. In the whole 
analysis, only the power singularity form solutions in the crack-tio fields are assumed. These Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.
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FIG. 7--Angular stress distribution in the plane-stress Mode I crack-tip field: (a) for large strain-hard- 
ening (e~ = 0.50) and (b) for small strain-hardening (a = 0.0001). 
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TABLE 4--Plane-stress Mode I perturbed from Mode III (~ = 0 .3 ) .  

c~ - s  - s *  op o~* o~ 0* 

1.0 0.5 0.5 90.0 79.9177 
0.75 0.47508 0.4684 87.4825 80.7812 
0.67 0.46588 0.45519 86.4588 80.9016 
0.50 0.44307 0.41971 83.7364 80.7629 
0.30 0.40562 0.35708 78.8707 79.3434 
0.20 0.37683 0.30959 75.0194 77.5098 
0.10 0.32752 0.23722 68.6905 73.6462 
0.05 0.27686 0.17787 62.9029 69.5308 
0.01 0.12530 0.08629 52.0822 61.0908 
0.005 0.16491 0.06226 48.539 58.2177 
0.001 0.06131 0.02866 42.4546 53.2020 
0.0001 0.02051 0.00925 37.4571 49.0017 

179.7561 
179.7582 
179.7594 
179.7565 
179.745 

. ~ 1 7 6  

186obo 
179.9999 
179.9999 
179.999 

* Results from the pure plane stress Mode I solutions. 

perturbation solutions are approximately valid in the ranges of  small r where either in-plane 
mode or anti-plane shear mode is much smaller than the other. They provide a partial picture 
of  the near-tip fields under combined anti-plane slaear and in-plane conditions. But these per- 
turbation solutions do provide a correct understanding of the combined-mode near-tip field 
in steady-state crack extension problems. 

According to the perturbation solutions, under combined Mode I and Mode llI conditions, 
the singularity of  the Mode I stresses is always stronger than that of  the Mode III shear stresses 
when the contribution of  either of  the crack-tip stresses to the effective stress is smaller than 
that of  the other. A combined mode will increase the in-plane stress singularity and decrease 
the anti-plane stress singularity. Similar results are also observed in the dynamic crack growth 
crack analysis in Ref 13. A very interesting feature is the singularity of  the anti-plane shear 
stresses in small strain-hardening materials that disappears under combined near-plane-strain 
Mode I and Mode III, but not under plane-stress Mode I and Mode III conditions. From the 
variation of  the singularity, it may be assumed that the dominance zone of  the solutions per- 
turbed from the in-plane Mode I cases will be larger than those perturbed from the anti-plane 
shear field. 

Variation of  the stress angular functions under combined plane strain Mode I and Mode III 
is much more sensitive to the strain-hardening factor than that under combined plane-stress 
Mode I and Mode III. Whereas the stress angular distribution under plane-stress Mode I and 
Mode III is only very slightly changed from the pure Mode I or pure Mode III solutions, plane- 
strain Mode I exerts a large influence on the anti-plane shear and the in-plane stress singular 
distributions, especially for small strain-hardening materials. 

APPENDIX 

The Governing Ordinary Differential Equations 

The homogeneous ODEs can be written generally as follows 

Ao~ + Bikz~ + Ci = 0 i =  1 . . . .  9 (43) 

where A,j ( j  = 1 , . . . ,  6) and B,k (k = 1 , . . . .  3) are two coefficient matrices that will be defined 
in the following text. We suppose that all matrix components undefined in the following text 
are equal to zero. To simplify the formulation, we introduce following symbols Copyright by ASTM Int ' l  (all  rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement.  No further reproductions authorized.



YUAN AND CORNEC ON ASYMPTOTIC SOLUTIONS 205 

S .  = - s y 3  cos 0 - 2y5 sin 0 
S~o = - s y 5  cos 0 - sy3 sin 0 
S~, = - t z 2  cos 0 - z3 sin 0 

1 
X3 = .]"3 - -  ~ (Y, + Y6) 

1 
X6 = Y6 - -  ~ (Y3 -}- Y4) 

Soo = - s y 4  cos 0 -- sy5 sin 0 
Szz = - - S y 6  COS O 

So~ = - t z 3  cos 0 - tz2 sin 0 
1 

x~ =y,-~(y3+f6) 
1 

R~ = - s  cos 0 + ~ (1 - -  S ) y 4  - -  S + 2 Y3 + S + 1 Y6 

3 
Ro = --tCOS 0 -- ~ o ( t  + l)zzz3 sin 0 

sin 0 

For plane-stress cases, Y6 vanishes and  Eq 43 has only eight ODEs. In the following formula- 
t ions the last three equat ions describe the anti-plane,  shear crack-tip field and  the other equa- 
t ions define the in-plane mode.  Note that all perturbed equat ions  are linear to the u n k n o w n  
eigenfunctions.  

Perturbation f rom the Plane-Strain Mode  I 

1 
A22-- - I  A3t = - - -  

2 

A,3-- 1 + w  sinO A,6-- - v+w- - - -~ - - ] s inO 

3 x3 3 x6 
= = w - -  Ys sin 0 A33 ~ w ~ . y ,  sin 0 A36 ~ T~ 

( x3xr] ( oJ ~ ] s i n 0  A4~= - - v + o ~  T~ js in'5  A , z =  - - v +  T~} 

Ass--  1 A64 = 1 
3 x3 3 X6 

A73 = ~ w ~,, z2 sin 0 A76 -- ~ w --Ti z2 sin 0 

3 x3 3 x6 
As3 = -~ w -~, z3 sin 0 As6 = -2 w --T, z3 sin O 

1 
B72 = (1 + v) s i n 0  Bat = - 

B93 = 1 
Cl = S~ -- v(Soo + S~,) + wx3R, - s)'t Cz = 3 0 0  - -  I ] (Sr r  21- Szz) -~- (.ox, R, - -  Y l  

3 l - s  
G = (1 + .)S.o + ~ ,o),~R, + - - - ~  Y2 6'4 = S~z - v(Sr. + Soo) + ,oxrR, 

C~ = Y 4 - ( s +  1)3,3 C 6 =  - ( s + 2 ) y s  
3 1 3 

c7 = ( 1 + .)St= + ~ ,oz2n, - ~ tz, c8 = (1 + ~)soz + -~ .oz.~, 

Co = - ( t  + l)z2 

Perturbation f rom the Plane-Stress Mode I 

1 
A22 = -- 1 A~ = 2 

AI3 = 1 + w s i n  O A23 --~ - v  + 60 -'-~'-t J sin 0 
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3 x 3 
A33 = ~ w ~,, )'5 sin 0 

As4 = 1 

3 x3 
AT. = ~ , z 3 s i n 0  

B6z = (1 + v) s i n 0  

B83 = 1 
C I = S r  r - -  I ISo  0 -[- oox3Ri- S y l  

3 l - s  
C3 = ( l  + v)gro -3c ~ o~ysR, + ~ Y2 

C5 = - ( s  + 2)y5 

3 
C~ = (I + .)So~ + -~ o, z3R~ 

A45 ~-- 1 

3 x3 
A 6 3 = ~ w ~ z 2 s i n 0  

1 
B71 ~ - -  - 

2 

C2 = Sao - vS~r + wx4R, - Yl 

(74 = Y 4 -  (s + l)y 3 

3 1 
C 6 = (1 + v)grz + ~ ooz2R i - ~ tz, 

C8 = - ( t  + l)z2 

Perturbation f rom the Anti-Plane Mode  (Plane-Strain Case) 

A 2 2  ~ - 1 

Al3 = s in  0 

A23 = - v s i n 0  
A43 = - - v s i n 0  

A55 = 1 
3x3 

B~2 = W--T-~o z2 sin O 

9y5 
B32 = co ~oo z: sin 0 

( B72 = 1 + v + ~ o ~ o o z 2  s i n 0  

1 
2 

C, = S~, - v(Soo + Sz~) + wx3Ro - syl 
3 1 - - s  

c3 = (t + Osro + ~ ,~y, Ro + ---s y2 

G = y ,  - ( s  + l)y3 
3 1 

C7 = ( l  -~- p ) g r :  --F -~ o o z 2 R  o - ~ t z ,  

C 9 = - - ( t  -~- 1)z2 

1 
A31 = --  

Ate ----- - - v  s in  0 

A26 = - - v s i n 0  
A46 = sin 0 

A64 = 1 
3x4 

Bzz - W ~ o  Z2 sin 0 

3x6 
B42 -- w T o  z2 sin 0 

92" 3 
Bs2 = 60 ~ o o  2.2 sin 0 

B 9 3 =  1 

C2 = Sod - v(S,~ + Szz) + oox4Ro - Yl 

C4 = S= - v(Sr. + Soo) + wx6Ro 

C6 = - ( s  + 2)y5 
3 

G = (1 + .)Soz + -~ ooz3Ro 

Perturbation f rom the Anti-Plane Mode  (Plane Stress Case) 

1 
A22 = - -  1 A3t - 2 

Al3 = sin 0 Az3 = - v  sin 0 

A45 = 1 A54 = 1 
3x3 3x4 

Bl2 = 6o ~ _72 sin 0 B22 = w ~lo z2 sin 0 
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9y__~5 
B3z = W 2 T o Z 2 S i n 0  

9z3 
B72 = 60 ~ o o  Z2 sin 0 

B83 = 1 
C I = S r r -  pSoo -~ wx3Ro -- Syl 

3 l - s  
G = (l + ")Sr,, + ~ ,.,,.V~go + - - 2 - -  y' 

Cs = - ( s  + 2)y5 

3 
C, = (1 + ~)So~ + ~ oaz3Ro 

9ys ) 
B62 = 1 + v + w ~ z2 sin 0 

1 
B71 ~ - -  - 

2 

C2 = Soo - ,S,, + wx4Ro - y~ 

C4 = Y4 - (s + l)y3 

3 1 
C6 = (1 + v)S,: + ~ oaz2Ro - ~ tz~ 

C8 = - ( t  + l)z2 
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An Asymptotic Analysis of Static and Dynamic 
Crack Extension Along a Ductile Bimaterial 
Interface/Anti-Plane Case 

REFERENCE: Yuan, H. and Schwalbe, K.-H., "An Asymptotic Analysis of Static and Dynamic 
Crack Extension Along a Ductile Bimaterial Interface/Anti-Plane Case," Fracture Mechanics: 
Twenty- Third Symposium, ASTM STP 1189, Ravinder Chona, Ed., American Society for Test- 
ing and Materials, Philadelphia, 1993, pp. 208-226. 

ABSTRACT: In the present paper, the asymptotic near-tip stress and velocity fields of a quasi- 
statically and dynamically growing crack under steady-state conditions along an interface 
between two ductile materials are presented. The ductile materials are characterized by J2-flow 
theory with linear plastic hardening. Only the antiplane strain case is considered in the present 
paper. The linear hardening solutions are assumed to be of variable-separable form with a power- 
law singularity in the radial distance to the crack tip. Results are given for the singularity and for 
the distribution of the stress and velocity fields as functions of the hardening parameter and the 
crack propagation velocity. It is found that an interface between two ductile materials with large 
plastic hardening only slightly affects the angular distributions of stress and deformation velocity, 
whereas the singularity in this case is determined by both strain-hardening factors. Ifa crack is 
lies along on an interface with a small strain hardening, the singularity is dominantly determined 
by the lower strain-hardening material and the angular variation of stress and deformation veloc- 
ity fields in the higher hardening material will be changed drastically. Differences of the elastic 
shear moduli will mainly influence the deformation velocity distribution, the stress variation will 
hardly be affected. Increasing the elastic modulus in the small strain-hardening material can slow 
down the appearance of the plastic reloading. The crack propagation velocity can enlarge the 
plastic loading zone and diminish the singularity. 

KEY WORDS: asymptotic analysis, bimaterial interface, plastic linear-hardening materials, 
anti-plane Mode III, quasi-static crack growth, dynamic crack growth, fracture mechanics, 
fatigue (materials) 

Interfacial crack problems are present in many important inhomogeneous materials (for 
example, in composite materials, cements, and in weldments) and it is often the case that such 
materials fail by growth and coalescence of preexisting or nucleated cracks along these inter- 
faces. Many previous works on interfacial cracks [1-4] have shown that the stress and defor- 
mation fields around a stationary crack tip between two elastic-plastic materials are strongly 
influenced by the existing interface. Thus, one may assume that the growth of microscopic 
and macroscopic cracks along the interfaces can be an important factor in determining the 
overall strength, toughness, and reliability of such inhomogeneous materials. 

Due to the analytical difficulties involved, the bulk of the research on the near-tip asymp- 
totic field has been associated with homogeneous materials, characterized by the infinitesimal 
flow theory with either linear hardening or perfect plasticity for both quasi-static and dynamic 

t Research engineer and head, respectively, Institute of Materials Research, GKSS Research Center, 
W-2054 Geesthacht, Germany. 
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crack growth problems. The successful assembly of the near-tip fields for the anti-plane shear 
case in a Mises elastic-perfectly plastic material was given in Ref 5 for quasi-static and in Refs 
6 and 7 for dynamic crack growth. The corresponding linear-hardening problems were con- 
sidered in Ref 8 for quasi-static and in Ref 10 for dynamic crack growth, and these solutions 
are extended to include plastic reloading in Refs 9 and 11. All works on quasi-static and 
dynamic crack growth mentioned here are restricted to homogeneous materials. 

Recently, quasi-static stable crack growth along an interface between an elastic material and 
an elastic-plastic one has been considered in Ref 12, whereas most of the published papers on 
interfacial cracks deal with the stationary case, see Refs I through 4. In Ref 12, the interfacial 
crack-tip fields are treated as elastic-plastic crack growth under mixed-mode conditions by 
means of  known elastic solutions, so that only one half of the crack-tip field has to be solved 
numerically. 

The main objective of the present paper is to understand the asymptotic singular crack-tip 
fields of  a steadily, quasi-statically, and dynamically growing anti-plane Mode II! crack along 
an interface between two different elastic-plastic materials with linear strain hardening under 
steady-state conditions. Note, it is of course possible that a given crack at the interface would 
branch off the interface and penetrate into either material. But if the interface is assumed to 
be inherently weaker than both materials, then the crack would most likely propagate along 
the interface. This assumption is implicitly made in this work. In investigations of  stationary 
interfacial in-plane cracks, it was shown that the near-tip asymptotic stress and deformation 
fields are oscillatory in nature leading to interpenetration of the crack faces, unless contact is 
enforced near the crack tip [13], whereas in the anti-plane shear mode, no stress and defor- 
mation oscillations are expected, regardless of  the material behavior. 

We are going to use the scheme proposed by Ref 9 and formulate the problem in terms of  a 
system of  first-order ordinary differential equations (ODEs) in the angular variations of all 
stress components and the anti-plane shear deformation velocity. In this work, both materials 
joining at the interface are assumed to be bilinear elastic-plastic. Both quasi-static and 
dynamic crack propagation are considered. Effects of  different material parameters are inves- 
tigated. The possibility of  the plastic reloading on the crack flanks under the J2-flow theory is 
included. We will consider only anti-plane shear mode (Mode III). 

Formulation of Crack-Tip Fields 

Governing Equations 

Let x, (i = 1,2,3) be a Cartesian coordinate system of fixed orientation traveling with the 
crack tip such that the x3-axis coincides with the straight crack front and the xt-axis is in the 
direction of  crack advance. Figure 1 refers to a two-dimensional crack propagating steadily 
and dynamically along the interface between two ductile materials (abbreviated as Materials 
I and II in the following text). Let e, be the unit vector corresponding to the x, direction. Sim- 
ilarly, let r and 0 be polar coordinates corresponding to xi (i = 1,2) and er, e0 be the corre- 
sponding unit vectors. The crack tip moves with a velocity, W = we~, with respect to the sta- 
tionary coordinate system, X,. In our steady-state analysis, the crack-tip velocity is constant so 
that the material derivative is given by 

( ) - = ~  = w - -coSO~r  + -r (1) 

The undetermined variables under consideration are two anti-plane shear stresses, rr and 
ro, and an antiplane shear deformation velocity component, v3 that are functions of  the in- 
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FIG. 1 - - L o c a l  coordinate systems at a crack tip moving along a bimaterial interface. 

plane coordinates, x,, only. In terms of  the polar components of the stress vector, r, and the 
velocity. 03, the equation of  motion requires 

(rr,),, + ~,~ = p~ (2) 

where p denotes the mass density of the material considered, which takes the value of  fl for 
the material point in Material I or pH in Material II. 

Taking into account the strain-hardening characterized by J2 flow theory and a bilinear 
effective stress-strain curve, the constitutive equations in the plastic loading zone are 

G'~ = ~ + (Os  - 1  - -  1)y~-]~'e'r~ a ----- r, 0 (3) 

where 5"o is the engineering anti-plane shear strain-rate vector, § is the shear stress-rate vector, 
and_a is either a or unity, depending on whether the given material point is in an active plastic 
zone or in an elastic unloading zone. Here, a is equal to a '  = G't/G ~ for the material point in 
Material I or a" = GI,'/G 'I for the point in Material II, the ratio of the tangent shear modulus 
to the elastic shear modulus, see Fig. 1. The elastic shear modulus, G, in Eq 3 takes the value 
o f G  x in Material I or G Ix in Material II. re = ~/(r 2 + r 2) is the effective stress. 

It can be seen that Eqs 2 and 3 form a system with three first-order partial differential equa- 
tions (PDEs) in the two stress components and the single velocity component for each mate- 
rial. Summarizing the equations for both materials, we have six PDEs for the whole crack-tip 
field. Regardless of the material behavior, all equations are homogeneous in the radial mea- 
sure, r, which suggests that we may seek solutions of  the form 

v3 = K w r o r ~ ( O ) / G  I 

r, = K r ~  i for Material I (4) 

re = Kr0r~(0)  

C o p y r i g h t  b y  A S T M  I n t ' l  ( a l l  r i g h t s  r e s e r v e d ) ;  W e d  D e c  2 3  1 9 : 1 2 : 5 7  E S T  2 0 1 5
D o w n l o a d e d / p r i n t e d  b y
U n i v e r s i t y  o f  W a s h i n g t o n  ( U n i v e r s i t y  o f  W a s h i n g t o n )  p u r s u a n t  t o  L i c e n s e  A g r e e m e n t .  N o  f u r t h e r  r e p r o d u c t i o n s  a u t h o r i z e d .
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v3 = Kwrof ~l(O)/G" 

rr = KTof~I(O) ~ for Material II 

ro = KT0r~fl31(O) 

(5) 

where r is nondimensionalized with respect to some measure of the plastic zone size. K is a 
stress amplitude factor for the antiplane shear stresses, which cannot be determined in the pres- 
ent asymptotic analysis, z0 = (z~ + r~o~)/2 denotes the mean yield stress of  the two materials 
that will not influence the asymptotic solutions here. The single eigenvalue of  the homoge- 
neous equations, s, characterizes the singularity of  the anti-plane shear stresses and the defor- 
mation velocity. Comparing with analyses of  a crack tip in a homogeneous material [8-10], 
the difference is that we have a sole eigenvalue for two analogous ODE systems. 

Substituting Eqs 4 and 5 into 2 and 3, along with Eq l, results in two analogous systems of  
six first-order ODEs such that 

A~ O 'y~;M"s'a') d~ ~( 0 ) = Bi( O,fl;M',s,a') for Material I (6) 
j = 1,2,3 

d Au(O,fl';M",s,a" ) --~ ~'(0) = Bi(O,~t;MIl,s,  ot It) for Material II (7) 
J =  1,2,3 

j = 1,2,3 

where M ~ = w/~/(G~/p I) and M n = w/N/ (Gn /p  II) denote the Mach numbers for the dynamic 
crack growth in Materials I and II, respectively, which vanish for the quasi-static cases. The 
coefficient matrices, Atj, and the coefficient vector, Bj, are analogous for different materials, 
which are summarized in Appendix A. 

Boundary Conditions and Continuity Conditions 

We imagine a material point in the crack-tip field, P, which moves along a line, L-L, with 
h = "'constant" during crack growth, Fig. 2. Due to the steady-state condition, the point goes 
through the plastic loading zone and then the elastic unloading zone, and finally to the plastic 
reloading zone, if it exists. This corresponds to the loading history of  a material particle in the 
crack-tip field discussed here, since the crack grows along a bimaterial interface with a constant 
velocity, w, and the crack-tip field does not change. It is important to note that the loading 
history of  each material point can be described through this motion and therefore is deter- 
mined only by the polar angle, 0, since for any given material point, h is constant. The elastic 
unloading occurs at 0p when the effective stress-rate of  the material point vanishes, or when 

--sT(O v) cos Op + T'(Op) sin Op = 0 (8) 

where ( )' = d/dO and T = (~  + ~)~/2 defines the angular function of  the effective stress. 
In the elastic unloading zone, a material point retains the plastic strain values it had in the 

plastic loading zone. Thus it is expected that when the point is deep into the unloading, its 
associated effective stress can reach another yielding stress state, especially for some materials 
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FIG. 2--Angular  sectors al the crack tip. 

with small strain hardening [ 9,11 ]. The plastic reloading occurs at some critical value of  O, 0~, 
if the effective stress of  the particle regains its previous value at unloading, that is 

T(Oe) sin -~ 0% - T(O A sin -~ Op = 0 (9) 

Note that the distribution of  the effective stress in Materials I and II can be different; conse- 
quently, the elastic unloading angle and the plastic reloading angle can also be different in the 
materials. They must be independently determined for both halves of  the crack-tip field 
according the conditions in Eqs 8 and 9. 

Unlike the anti-plane strain crack-tip field in a homogeneous material in Refs 8 through 11, 
the interfacial fields have no anti-plane shear symmetry ahead of  the crack-tip. We can only 
assume that all stress components  and the deformation velocity are regular as 0 ~ 0. It follows 
that the ODE systems will be bounded if and only if  the conditions 

j~,(o) + ~ (o ) / ,~  ~ = o ( lO) 
~ ' (o)  + j,~'(o)/,~" = o 

are satisfied (see ODEs in Appendix I for more details). 
As mentioned earlier, there exist no stress oscillations in the interracial anti-plane shear 

mode, although it is well known for the in-plane modes [1-4] .  Thus, as no contact zone is 
expected in such a case, we can simply suppose vanishing tractions on the free crack surface, 
which requires 

)~(~) = 0 (11)  
J~(~) = 0 

As in the analyses in homogeneous materials [8-11] ,  the strength of  the singularity, s, will 
be determined as an eigenvalue of  the problem for each given material and each given crack 
propagation velocity. Hence, the stress amplitude factor, K, however, will be left undeter- 
mined in this asymptotic analysis. Without loss of generality in solving the eigenvalue prob- 
lem, we can set 

y~(o) = 1 (12) 

Next we need to connect the solutions in the different zones and in different materials 
through appropriate continuity conditions. Let [ ] denote the jump in a quantity as 0 increases 
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infinitesimally across such a boundary. Then it follows from equilibrium that the traction 
components of  the shear stress must be continuous 

[to] = 0 (13) 

and displacement fields must also be continuous 

[u3] = 0 (14) 

According to the analyses in Refs 14 and 15, all stress components in elastic-plastic materials 
must be continuous across a moving surface. From this follows the second continuity condi- 
tion for the unloading and the reloading boundary 

[rr] = 0 (15) 

Substituting Eqs 13 and 15 into the constitutive equations and combining with Eq 14, one 
finds that the velocity must also be continuous across the elastic unloading and the plastic 
reloading boundary, that is 

[v3] = 0 (16) 

Summarizing all conditions just mentioned, for the elastic unloading and the plastic reloading 
boundary, three continuity conditions are independent and they lead to continuous angular 
functions in each material, that is 

[ y , ]  = [y2]  = [y31 = 0 (17) 

These conditions must be satisfied along each unloading and reloading boundary. 
The second set that requires the continuity of  the traction stress and the displacement across 

the interface ahead ofl~he crack tip, see Eqs 13 and 14, reduces to 

34(0+) = ~/fl~x(0-) (18)  
)4(0 +) = f i ' (O-)  

where n = G[/G II defines the ratio of  the elastic shear moduli in the crack-tip field. 

Numerical Solution Strategy 

The Mode III solution for the elastic unloading zone in both quasi-static and dynamic crack 
growth can be deduced analytically, see Ref 16. As a reference, both solutions are listed in 
Appendix II. It is to see that the elastic solutions contain generally three undetermined inte- 
gration constants. To improve convergence of  the numerical iteration procedure used in the 
present work, the elastic solutions are implemented in the numerical procedure directly. The 
loading plastic zones will be connected with the plastic reloading zones through the elastic 
solution. 

Note that ~2(v ~) and k~(0) get singular solutions near 0 = ~r in the form (sin 0)' with s < 0. 
To overcome the consequent numerical difficulties in integration, the corresponding "sine-" 
function is set to approach a very small finite value for 0 ~ r. Since all other variables are well 
behaved near the crack flanks, this approximation yields very fine results. 

We have to solve two ODE systems subject to boundary conditions and continuity condi- 
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tions as discussed earlier. The boundary value problems are solved by the shooting techniques 
making use of  a semi-implicit  extrapolation integrator. As discussed in Ref 12 for a combi- 
nation of  an elastic material with a plastic one, we have only one variable to be assumed in the 
beginning; the eigenvalue will be assumed such that the boundary condition at the free crack 
flank is satisfied. Using the elastic solution provided in Appendix II, one can find that the 
boundary values for the combination of an elastic material (a ~ = 1) and a plastic one are 

n cot(sTr) y,(0-) -- ( l  -- M 2) 

r/or I[ 
y2(O-) - (1 -- M2---~ cot (s t )  

y 3 ( 0 - )  = 1 

(t9) 

Thus one guesses the value o f s  for given a", M u, and n, and hence determine the initial values 
of  y(0) for 0 < 0 --< ~r, checking to determine when unloading and reloading occur in order 
to make use of  the appropriate value o f a  ~t. Once one has angular values at 0 = ~-, one checks 
whether ~(Tr) is zero, and iterates in his guess for s until convergence is achieved by means of 
an appropriate numerical scheme. 

For cases in which the crack-tip field consists of  two elastic-plastic materials, by means of  
continuity conditions discussed earlier, one has two variables to be assumed at the beginning, 
the eigenvalue, s, and the angular velocity, y~(0). Making use of  Eqs 10, 12, and 18, one has 

(20) 

yI2(0) ---~ --y~l(O)/o/I 

~ ( 0 )  = l 

~ ( 0 )  = ~(0) / '7  
~21(0) ---~ ~11(0)/0/II 

~' (0 )  = l 

One can take an analogous technique discussed earlier for the elastic/elastic-plastic interface 
to solve the cases with two elastic-plastic materials. Here, one must guess two initial values. 

It is worth mentioning that the case of an interface on a rigid border, that is, n -- 0, corre- 
sponds exactly to the case of  crack propagation in a homogeneous linear hardening material. 
This is due to the anti-symmetries ahead of  the crack tip in the Mode III problem. Based on 
this reason, our further discussions are restricted to two elastic-plastic materials or an elastic- 
plastic material combined with an elastic one. The latter has been discussed in Ref 12 for quasi- 
static crack propagation. 

Results for Quasi-Static Crack Propagation 

Our numerical solutions for an interfacial crack between an elastic material and a plastic 
one for quasi-static crack growth along an interface have confirmed results in Ref 12. The 
numerical solution procedure shows rapid convergence in iterations. In the present paper, two 
groups of  numerical results will be discussed. We set the strain-hardening factor of  Material II 
in the interracial crack-tip field, see Fig. 1, equal to a" = 0.5 for a large strain-hardening case 
and a" = 0.0 1 for a small strain-hardening case. Furthermore, we consider the influences of 
the difference of  the elastic shear modulus: 71 = 0.2, n = 1, and n = 5. The shear stress sin- 
gularity, s, and the elastic unloading and reloading angles, O, and O~ are summarized in Tables 
1 and 2, correspondingly. 

In cases with a~i = 0.5, the stress singularity distribution is affected only if a I is larger than 
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TABLE l--Strength of the singularity, unloading, and reloading angles versus hardening in quasi- 
static crack growth with a n = 0.5. 

~ = 0 . 2  n =  1 n = 5  

1.0 0.4777 90 ... -88.339 0.4393 90 ... -86.486 0.40794 90 -85.007 
0.75 0.4431 87.535 ... -86.670 0.4218 87.099 ... -85.656 0.4008 86.741 -84.779 
0.67 0.4296 86.637 ... -86.023 0.4145 86,217 ... -85.314 0.4008 85.850 -84.678 
0.50 0.3944 84,385 ... -84.385 0.3944 84.385 ... -84.385 0.3944 84.385 -84,385 
0.30 0.3344 80,461 ... -81.792 0.3550 81.952 ... -82.644 0.3799 83.751 -83,729 
0.20 0,2893 77,236 ... -80.153 0.3204 80,081 ... -81.249 0.3644 84,005 -83,048 
0.10 0.2207 71.574 ... -78.614 0.2588 76.310 ... -79.287 0.3282 84.291 -81,546 
0.05 0.1649 66,020 -78.819 0.2005 71.828 -78.497 0.2803 83.212 -79,873 
0.01 0.0798 54,955 179196 -82,971 0.1007 61,126 179199 -81.504 0.I599 75,389 -78.925 
0.005 0,0577 51.200 179.93 -84.777 0.0731 57,144 179.97 -83.494 0.1188 71,222 -80.456 
0.001 0.0267 44.660 179.86 -87.560 . . . . . . . . . . . . . . . . . . . . .  

o r  nea r ly  e q u a l  to  a H a n d ,  in t he  sma l l  h a r d e n i n g  reg ion  ( ~  << a") ,  t he  s ingu la r i ty  is d e t e r m i n e d  

m a i n l y  by  t h e  sm a l l e r  h a r d e n i n g  fac tor ,  a ~. It is obse rved ,  as  p o i n t e d  o u t  in  a s y m p t o t i c  ana lyses  
in  h o m o g e n e o u s  ma te r i a l s  in Refs  8 a n d  9, tha t  - s  is a p p r o x i m a t e l y  p r o p o r t i o n a l  to at/2, Fig. 
3, w h e r e  t h e  s t r e n g t h  o f  t he  s ingu la r i ty  versus  t h e  squa re  roo t  o f  t h e  h a r d e n i n g  p a r a m e t e r  is 
p lo t t ed .  T h e  va r i a t i on  o f  t he  ra t io  o f  e last ic  shea r  m o d u l i  (n = 0.2)  l eads  to  dev i a t i on  o f  t he  
d i s t r i b u t i o n  o f  s ingular i ty .  W h e r e a s  rt > l for  a ~ < a ~t y ie lds  a s t r onge r  s t ress  s ingular i ty ,  n < 
1 leads  to  r e d u c t i o n  o f  t h e  s ingu la r i ty  c o m p a r e d  to  t h e  u n i f o r m  elast ic  s h e a r  m o d u l u s  cases.  
S i m i l a r  b e h a v i o r s  c a n  a lso  be  o b s e r v e d  in  t h e  d i s t r i b u t i o n  o f  t he  e las t ic  u n l o a d i n g  ang le  for  
t h e s e  t w o  ser ies  o f  results .  B o t h  ser ies  s h o w  m o r e  o b v i o u s  d e v i a t i o n  f r o m  the  h o m o g e n e o u s  
ma te r i a l  ana lys i s  in t h e  c o m b i n a t i o n  wi th  w e a k e r  s t r a i n - h a r d e n i n g  ma te r i a l s  (c~ ~ < a" )  t h a n  
w i t h  stiffer m a t e r i a l s  ( a  I >_ c(t). T h e  in t e r face  en la rges  t h e  plas t ic  l oad i ng  z o n e  in b o t h  series 
a n d  s lows  d o w n  t h e  a p p e a r a n c e  o f  t h e  p las t ic  r e load ing  n e a r  to  t he  c r ack  flanks.  

T h e  shea r  s t ress  s ingu la r i ty  is d r a m a t i c a l l y  c h a n g e d  by  Mate r i a l  II w i t h  a smal l  s t r a in -ha rd -  
e n i n g  Tab le  2. T h e  s t r eng th  o f  t h e  s ingu la r i ty  is d e t e r m i n e d  p r i m a r i l y  by  the  smal l e r  s t ra in-  
h a r d e n i n g  m a t e r i a l  a lone .  T h e  v a r i a t i o n  o f  t he  ra t io  o f  t h e  elast ic  s h e a r  m o d u l i  c h a n g e s  the  
s ingu la r i ty  fu r the r .  T h e  d i s t r i b u t i o n  o f  t h e  s ingu la r i ty  has  a fea tu re  s i m i l a r  to  tha t  in Tab le  1. 
It is i n t e r e s t i ng  to  see  t ha t  t he  s ingu la r i ty  a t t a ins  a m a x i m u m  va lue  n e a r  t h e  elastic l imi t  case,  

TABLE 2--Strength of the singularity, unloading, and reloading angles versus hardening in quasi- 
static crack growth with a tl = 0.01. 

~ = 1  ~ = 5  

1.0 0.09937 90 ... --60,761 --179.990 0.07933 90 ... -54.801 -179.961 
0.75 0.10018 87.138 ... -60,988 -179.990 0.07960 87.671 ... -54.883 --179.961 
0.67 0.10040 85.768 ... -61.050 - 179.989 0.07968 86.548 ... -54.909 - 179.961 
0.50 0.10067 81.504 ... -61.126 -179.990 0.07983 82,971 ... -54.955 -179.962 
0.30 0.10011 72.071 ... --60.971 -179.990 0.07981 74.241 -54.951 -179.962 
0.20 0.09900 64,556 --60.656 -179.989 0.07959 65.980 1791997 -54.880 -179.961 
0.10 0.09638 56.261 1791972 --59.909 -179,987 0.07901 55.963 179.963 -54.700 -179.960 
0.05 0.09251 53.271 179.954 --58.789 -179.982 0.07822 50.867 179.933 -54.452 -179.958 
0.01 0.07325 52,874 179.947 --52.874 -179.947 0.07325 52.874 179.947 -52.874 --179,947 
0,005 0.06043 48.643 179,908 --52.308 --179,940 0.06805 55,264 179.961 -51.182 --179.932 
0.001 0,03205 48,646 179,903 --38,922 --179,795 . . . . . . . . . . . . . . .  
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FIG. 3--Strength of the singularity as a function of the strain-hardening factor in quasi-static crack 
propagation. 

but not in the elastic material, which have not been observed anywhere else. The elastic 
unloading angle in Material I is reduced due to a smaller elastic shear modulus of  Material lI 
and an increment of  the elastic modulus results in an enlarged unloading angle. The combi- 
nation with a small hardening material enforces a larger plastic reloading zone. Whereas the 
reloading occurs only for a _< 0.05 in homogeneous crack-tip fields, in the interracial analysis 
with a" = 0.0 l, the material point will undergo plastic reloading if a ~ _< 0.1 for n = l and 
even i f a  ' ~ 0.2 for n = 5. 

As a consequence of  the continuity conditions in Eq 18, the shear stress component,  r ,  loses 
it continuity across the interface, Fig. 4. Actually, if one summarizes the continuity condition, 
Eq 18, and the boundary conditions ahead of  the crack tip, it follows 

.~2(0 +) - -  .~2I(0 - )  = (0~ l -  o~ll/~)Jfll(O+ ) (21) 

It is to show that ~ (0  +) vanishes only in homogeneous materials, that is, in crack extension 
along an interface the discontinuity of the stress component  r,, is not avoidable. 

Figure 4 shows the angular distribution of shear stresses and deformation velocity around 
the crack tip; herein, the velocity angular function, y~(O), is multiplied by the corresponding 
singularity, s, so that the velocity angular variation remains bounded as a ~ 0, as suggested 
in Ref 9. To study the effects of the interface, the solution of a homogeneous material with 
= 0.005 is also plotted in the figure. It can be seen that in the material with a = 0.005 stress 
and velocity distributions are almost unchanged by the existence of  the interface. The stress 
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FIG. 4--Angular variation of the stress and deformation velocity fields in quasi-static crack extension 
withal = 0.5, a n =  0.005, and n = 1. 

level ahead of  the crack tip approaches a flat distribution and a tiny reloading zone appears on 
the crack flank. In the other material, however, the angular stress functions show a totally dif- 
ferent behavior as compared to a homogeneous material, whereas the velocity distribution is 
only slightly affected by the interface. The angular variation of  stress and velocity fields around 
an interracial crack in two large hardening materials is shown in Fig. 5. Only a very slight dif- 
ference from the homogeneous solution can be seen. The interface between two large strain- 
hardening materials yields little contribution to the angular distribution. Influences of the ratio 
of  elastic shear moduli on the angular variation, n, are shown in Fig. 6, where results for an 
interfacial crack between an intermediate (a I = 0. l) and a small strain-hardening material (an 
= 0.0 l) are plotted. It is confirmed that the n yields a large variation in velocity distribution, 
but not in stresses. Changes of  stress distribution are much more strongly dependent on the 
difference of  two plastic hardening factors than that o f  elastic shear modulL This feature can 
also be seen in Fig. 5 where the variation of  the velocity distribution is not so obvious due to 
large strain hardening. 

Variations of  the effective stress of  a material point in the crack-tip field are shown in Fig. 
7, which shows the effective stress distribution along a horizontal line with fixed x2 = h, see 
Fig. 2. The positive and the negative polar angle denotes Materials I and lI of the tip field, 
respectively. One can simultaneously find influences of  material parameters assumed on the 
singularity and the angular functions. Similar to Fig. 4, the stress variation in Material I (a ~ = 
0,5) shows a large deviation from that in Material II. Interesting to note is that the stress vari- 
ation in Material II (a '~ = 0,005) also shows a clear difference from the homogeneous solution 
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FIG. 5--Angular variation of the stress and deformation velocity fields in quasi-static crack extension 
with ~ = 0.2. 

due to different strengths of  the singularity, whereas in Fig. 4, nearly no difference between 
them can be recognized. Again, for large strain-hardening materials, the interface brings only 
a slight influence on the stress distribution. 

Results for Dynamic Crack Propagation 

In our numerical investigations, we can simply set the Mach number in the ODE system for 
dynamic crack propagation to zero, in order to obtain the quasi-static solution. Thus, in the 
anti-plane shear mode of the present work, there is no problem with evaluating the dynamic 
solution due to the decrease of  the crack propagation velocity. It is also observed that the 
dynamic solutions are numerically more difficult to obtain than the static ones, especially for 
cases with very small strain-hardening factors. The solution procedure is very sensitive to the 
initial input values. We use simply the static solutions as initial values for the dynamic cases 
and let the crack propagation velocity increase. With Ot m --~ O~ I! and ~ = 1, we have a crack-tip 
field problem in a homogeneous material. The solution for homogeneous materials in Ref 11 
is confirmed in the present work. Similar to analysis of  quasi-static crack cases discussed ear- 
lier, we set the strain-hardening factor, a~i = 0.5, for the large strain-hardening case and an = 
0.05 for the small strain-hardening case. Furthermore, we consider the influences of the dif- 
ference of  the elastic shear moduli and the Math  number, The shear stress singularity, s, and 
the elastic unloading and reloading angles, 0p and 0,, are summarized in Tables 3 and 4, 
correspondingly. 
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F I G .  6--Angular variation of  the stress and deformation velocity fields in quasi-static crack extension 
with cd = 0.I and d I = 0.01. 

Similar to the quasi-static cases, for a" = 0.5, the stress singularity ahead of  the crack tip is 
determined by both hardening factors if a ~ is larger than or nearly equal to ~t~. For a t << o~ ti, 
the singularity is mainly determined by ~ alone. Figure 8 shows that the variation of  singu- 
larity with a t/2 is affected by both the elastic shear moduli and the Mach number, wherein the 
different Mach number for a crack growth process is caused by distinct mass densities and 
distinct elastic moduli. Increasing the Mach number will weaken the stress singularity, whereas 

T A B L E  3--Strength o f  the singularity, unloading, and reloading angles versus hardening in dynamic 
crack growth with a n = 0.5. 

= I , M  l = M II = 0 . 1  rt = I , M  I ffi M n = 0.3 
rt = 5 ,  M I = 0.02, 

M u = 0.1 

1.0 0.4393 90.00 ... - -86 .49  0.4307 92.47 ... - -89 .13 0.4077 91.086 - 8 5 . 3 1  
0.75 0.4214 87.39 ... - - 8 5 . 9 5  0.4178 89.67 ... - -88 .30  0.4025 87.920 - 8 5 . 0 8  
0.67 0.4141 86.510 ... - -85.61 0.4102 8 8 . 8 1  ... - -87 .97 0.4003 87.053 - 8 4 . 9 7  
0.50 0.3939 84.683 ... - -84 .68  0.3891 87.04 ... - -87 .04  0.3936 85.636 - 8 4 . 6 7  
0.30 0.3543 82.263 .... - -82 .94  0.3472 84.73 ... - -85 .28 0.3785 85.072 - 8 3 . 9 9  
0.20 0.3194 80.408 ... - -81 .55  0.3098 83.02 ... - 8 3 . 8 5  0.3621 85.403 --83.28 
0 .10 0.2571 76.084 __. - -79 .58  0.2394 79.87 __. - 8 1 . 8 1  0.3229 85.988 --81.68 
0.05 0.1977 72.300 180.00 - -78.81 0.1661 77.461 180.00 - 8 1 . 1 1  0.2681 85.791 - -79.86 
0.01 0.0919 63.05 179.99 - -82 .29  . . . . . . . . . . . . . . . . . . . . .  
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F I G .  7 - - V a r i a t i o n  of the effective stress of a material particle (x2fixed) in quasi-static crack extension. 

variations of  n cannot change the singularity distribution uniformly, as pointed out in the 
quasi-static analysis. The series with n = 5, M ~ = 0.2, and M II = 0.1 in Table 3 confirms this 
prediction further. Generally, one can also find that the crack propagation velocity can enlarge 
the plastic loading zone and increase the elastic unloading angle, as observed in solutions for 
homogeneous materials [11]. It is interesting to note that the crack propagation velocity does 
not change the plastic reloading behavior, and increasing the elastic shear modulus will slow 
down the plastic reloading, which can also be seen in Table 4. 

Table 4 shows results of  the numerical analysis for an interface combined with a small 

T A B L E  4--Strength of the singularity, unloading, and reloading angles versus hardening in dynamic 
crack growth with c~ tl = 0.05. 

rt = I , M  l = M II = 0.I r t =  5, M I = 0 . 2 , M  l l = 0 . 1  

I --S 0~ 0~ 0K ~ --S ~ ~ 0 K ~ 

1.0 0.2012 90.168 ... --72.85 __ 0.3039 90.917 ... --87.075 ... 
0.75 0.2005 85.642 ... - -72.738 --180.000 0.29455 86.451 .... " 8 5 . 9 2 5  . . .  
0.67 0.19993 83.735 ... - -72.646 --180.000 0:29029 84.831 ... --85.393 ... 
0.50 0.19774 78.812 --72.300 --180.000 0.27804 81.144 ... --83.831 ... 
0.30 0.19203 71.871 18(Jlb00 --71.390 --179.999 0.25319 76.420 ... --80.511 ... 
0.20 0.18592 68.500 179.999 --70.402 --179.999 0.23065 73.687 _ . _ _  --77.310 
0.10 0.17136 65.744 179.999 --67.991 --179.999 0.18778 69.754 180.000 --70.703 --180.00 
0.05 0.15049 64.405 179.906 --64.405 --179.906 0.15297 63.979 179.999 --63.979 --179.999 
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FIG. 8--Strength of the singularity as a function of the strain-hardening factor in dynamic crack 
propagation. 

strain-hardening Material II. As in the quasi-static analysis, small a ~I results in great differences 
of  the singularity distribution versus a u2, see Fig. 8. The strength of  the singularity is almost 
exclusively determined by the smaller strain-hardening material alone. Increasing the crack 
velocity and changes of  the elastic shear moduli affect the variation of the singularity more 
clearly than in Table 3. Comparing the two series of  numerical results, one can see that increas- 
ing the elastic shear modulus in the material with less strain-hardening will diminish the plastic 
reloading zone, and an increase of the stress singularity can also occur. 

A similar behavior as plotted in Figs. 4 and 5 is also observed in the dynamic analysis, that 
is, the large strain-hardening materials produce only slight deviations in the angular variation 
of stress and deformation velocity fields, but can cause large variations in an interface with a 
small hardening material. Figure 9 shows the effects of  the crack propagation velocity on the 
angular variation of the stress and deformation velocity field. Due to the large difference 
between the two strain-hardening factors, the discontinuity of  the stress component, zr, is very 
large, as pointed out in Eq 2 l, the discontinuity of  the stress is linearly proportional to the 
difference of the two hardening factors. Figure 9 displays only a slight deviation due to different 
crack extension velocities. Effects of different elastic shear moduli on the dynamic solution of 
two intermediate hardening materials are plotted in Fig. 10. It is confirmed that only the defor- 
mation velocity shows a large sensitivity to the crack velocity, as pointed out in the correspond- 
ing quasi-static analysis in Fig. 6. The angular stress functions are nearly independent of  the 
increment, though the stress singularity is obviously changed. That means the stress distribu- 
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FIG. 9--Angular variation of the stress deformation velocity fields in dynamic crack extension with a 1 
= 0.5. a n --- 0.05. andn = 1. 

tions of a material point in these two crack-tip fields can be quite different, although their angu- 
lar functions are rather similar; the corresponding static behavior is shown in Fig. 7. 

Discussion and Conclusions 

In the present paper, the asymptotic near-tip stress and velocity fields of a quasi-statically or 
dynamically growing crack under steady-state conditions along an interface between two duc- 
tile materials are presented. The ductile materials are characterized by JE-flow theory with lin- 
ear hardening. Only the anti-plane strain case is considered in the present paper. The linear- 
hardening solutions are assumed to be of variable-separable form with a power-law singularity 
in the radial distance from the crack tip. 

Analyses of both quasi-static and dynamic crack extensions show, for an interface with two 
very different hardening materials, that the stress singularity is mainly determined by the 
smaller hardening material, and the angular variation of stress and deformation velocity fields 
in the material with a smaller strain-hardening factor will be slightly changed; but in the mate- 
rial with a large hardening factor, the stress distributions can be changed drastically. For the 
interface with two similar strain-hardening factors, the stress singularity is affected by the prop- 
erties of both materials, and the angular variation is close to that of the homogeneous material 
solution. 

The difference in the elastic shear moduli can cause large variations in the deformation 
velocity distribution, whereas the angular stress function is hardly affected by this difference. 
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FIG. lO--Angular variation of  the stress and deformation velocity fields in dynamic crack extension 

withal= 0.2, a u =  0.1, andM I=  M It= 0.3. 

Changes of the elastic shear moduli, however, can result in different stress singularities and, 
consequently, the stress state of a material point in the crack-tip field will be changed. Increas- 
ing the elastic modulus in the material with less strain hardening can decrease plastic 
reloading. 

In dynamic propagation problems, the crack velocity can change the variation of the stress 
singularity much more clearly than the angular distribution of the stress and deformation 
velocity. Increasing the crack velocity will diminish the stress singularity and enlarge the plas- 
tic loading zone ahead of the crack tip. 

APPENDIX I 

The Governing Ordinary Differential Equations 

To simplify the terminology in formulations of the governing equations, we omit the indices 
for Materials I and II. Actually, the equation forms for the upper and the lower material are 
the same. One needs only to substitute the correspondent material parameters into the 
equations. 
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The homogeneous ODEscan  be written generallyasfollows 

Ao(O,y;M,s,a)~(O ) = B,(O,y;M,s,a) 
i=1,2,3 

i =  1,2,3 (22) 

where A u and Bi = 1,2,3 are coefficient matrices that will be defined in the following text. We 
suppose that all matrix components  undefined in the following text are equal to zero. 

Dynamic Crack Propagation 

2 

All = r (~MTT)y2y3sin2 0 

( '~fl33/sin 2 0 - 1 A21 = M 2 ~1 + T2 ] 

A31 = M 2 sin 0 

At2 = 1 + T2 } sin 0 

F2V3 . 
A22 = x ~ s l n  b9 

A33--  1 

K~ I M2 xsy, y2y3 B~ = s),~ + s ( l  +x)) ,2cosO + 1 + ( 1  + s )  T 2 ] y 3 s i n O  + T2 

(M2sy, cos 0 (s l)y2) B2 = s(l  + K ) y 3 c o s O - - y 2 s i n 0  + I + T2 ] + + sin o 

B3 = - ( 1  + s)y2 - M2sy~ cos 0 

- - c o s  0 sin 0 

whereK = ( l / a  - 1). 

Quasi-Static Crack Propagation 

A t 2 -  1 + T 2 ] s i n O  A2t--  --1 

Y2 Y3 
A22 ----- r T sin 0 A33 = l 

/ 

B~ = sy~ + s(1 + ~)y2cos 0 + (1 + (1 + s )KY~y3s inO T 2 ) 
k 

B2--  s(l  + K ) y 3 c o s O - y 2 s i n O  + ( s +  1) i + T2 ]y2s inO 

B 3 -- - ( 1  + s)y2 

APPENDIX II 

Solution of Elastic Unloading Zone 

To simplify the terminology in deductions of  the solutions for the elastic unloading zone, 
we omit  the indices for Materials I and II. Actually, the solutions are valid for both elastic 
unloading zones in the upper and the lower material. One needs only to substitute the corre- 
sponding material parameters into the equations. 

Dynamic Crack Propagation 

The Mode III solution for the elastic unloading zone in the dynamic crack propagation case 
follows from a slight generalization of  Achenbach and Bazant [15]. It is possible to derive a 
solution of  the form 
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u3(r, O) = Kror~+'a(M, O)/G (23) 

where M = w/(G/p) '/2 denotes the Mach number due to dynamic crack extension and the 
angular deformation, ~(M, 0), may be written as [15] 

a(M, 0) = (1 -- M 2 sin 20y'+W2[A sin{(s + l)(w - w)} + Bcos{(s + l)(w - ~r)}] (24) 

with 

tanw = (1 - M Z )  m t a n O  (25) 

where 0 _< w _< 7r if0 --< 0 --< ,r and 0 > w _> - r  if0 > 0 > -Tr. In Eq 24, A and B are two 
integration constants that will be determined by the boundary conditions or the continuity 
conditions. Comparing with Eqs 4 and 5, if the displacement velocity in the elastic unloading 
zone is defined as 

ft3 =- v3 = KwroFyt(M, O)/G 

then follows from Eqs 23 and 24 

(26) 

Yt = - ( s  + l)t~ cos 0 + t~' sin 0 (27) 

Substituting Eq 23 into the constitutive equations (Eq 3), in which the plastic dissipation van- 
ishes, we have 

Y2 = ( s +  l)t~-- C s i n * 0 c o s 0  
Y3 = a ' +  C s i n  ~ §  

where C is the third integration constant to be determined. 

(28) 

Quasi-Static Crack Propagation 

In a similar way, one can formulate the quasi-static solution for the elastic unloading zone. 
The solution can be written explicitly 

yt = - A c o s s 0 - -  B s i n s O  
Y2 = A c o s ( s +  1)0 + B s i n ( s +  1 ) 0 -  Cs in  sOcosO 
Y3 = - A  sin(s + 1)0 + Bcos(s + 1)0 + CsinS+t 0 

(29) 

Similar to the dynamic solutions, the integration constants, A, B, and C, must be determined 
by the boundary conditions or the continuity conditions. 
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ABSTRACT: A ductile fracture methodology is presented here that takes the load-versus-dis- 
placement data from a precracked laboratory test specimen, such as a compact specimen, and 
through a series of analysis steps that will allow direct prediction of the load-versus-displacement 
behavior of a structural component containing a crack-like defect. This is based on a ductile 
fracture methodology originally presented by Ernst and Landes that was used to evaluate max- 
imum load in a structure under complex loading. The load versus displacement from the test is 
analyzed by using the methodology in reverse so that it can be divided into two outputs, calibra- 
tion functions, and fracture toughness. The calibration functions used here are based upon the 
load separation principle; the fracture toughness is given in terms of the J-R curve. The calibra- 
tion functions and fracture toughness are then transferred from those relevant for the test spec- 
imen to those for the structure to be analyzed. Having done this, the methodology is used to 
predict the load-versus-displacement behavior of the structural component. 

A critical step in the methodology is the transfer of the calibration functions and fracture 
toughness from those for the specimen to those for the structure. The fracture toughness transfer 
must be made knowing the effects of three categories on toughness; size, geometry, and thickness 
constraint. Presently, the data in the literature show conflicting trends for the effect of size and 
constraint. Therefore, a transfer based on known principles is not possible. The approach used 
here is to try to get a conservative value of the fracture toughness. Fortunately, for many struc- 
tural components, the fracture toughness is not the controlling input, and the calibration func- 
tions have more influence on such things as maximum load prediction. 

A procedure for transferring the test specimen calibration function to the structural calibration 
functions has been developed. Two important things must be addressed for this transfer. A func- 
tional form for the calibration function is needed for the structure. This form can be based on 
the J-calibration equation and is known for common geometrical shapes. For more complex 
geometries, this form must be determined. 

In this paper, several example structural components are taken to illustrate the methodology. 
A compact specimen is used for the laboratory specimen geometry and six structural component 
models are analyzed to illustrate how well the method works and to evaluate the importance of 
the various steps in the method. From these examples, suggestions are made for further work 
that could improve the overall method. 

KEY WORDS: ductile fracture mechanics, applications, methodologies, calibrations, tough- 
ness, predictions, structural components, fracture mechanics, fatigue (materials) 

A major  goal o f  the fracture mechanics  approach has been the predict ion of  fracture behav- 
ior in structural componen t s  conta ining defects f rom the results o f  laboratory tests. In the past, 
the approaches that  have often been suggested are very l imited in scope. For  example,  KIc was 
used to predict a failure load for linear elasticity plane-strain condit ions;  the K-R curve was 
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used for linear elastic, plane stress conditions; J1c and tearing modulus, T, were applied to elas- 
tic-plastic conditions; and limit load was used for fully plastic conditions. These approaches 
were used to predict instability loads under fixed conditions of  structural stiffness. 

A methodology suggested by Ernst and Landes [1,2] and further developed by Link et al. 
[3] used two inputs, a set of  calibration curves, and a fracture toughness result to predict the 
load-versus-displacement behavior of a structural component  during the fracture process. This 
approach gave a more complete description of  the structural behavior in terms of  parameters 
like load and displacement that are easier to work with in a structural design. The result could 
be combined with the overall structural stiffness to determine instability. The calibration func- 
tions describe relationships between load, displacement, and crack length for the nongrowing 
crack and represent the deformation behavior of the structural component.  The fracture 
behavior gives a method for keeping track of crack length during the loading process. This 
method represented both the deformation and fracture behavior as a linear sum of  elastic and 
plastic components.  As such, it can be used across the range ofdeforrnation behavior and is 
not limited to either linear-elastic or elastic-plastic behavior. The fracture behavior was gen- 
erally taken as ductile and characterized by a J-R curve. However, unstable brittle fracture can 
be viewed as an interruption of  a ductile fracture process [4]. When the instability toughness 
can be identified for the structure, it can be predicted on the ductile load-versus-displacement 
record. In this way, the method can be used to predict the overall behavior of  the structural 
component  for both linear elastic or elastic deformation and for ductile or brittle fracture 
behavior. 

To use the method, inputs are needed for both calibration functions and for fracture tough- 
ness. In the past, the demonstrations of  the method have been restricted mostly to minor dif- 
ferences between structural component  and test specimen because the inputs for the structural 
component  were not easy to develop. Very often, the behavior of a compact specimen was 
predicted from another and perhaps smaller compact specimen. For components of a different 
geometry, the calibration curves were often developed numerically. 

Using the method described in this paper, the calibration functions for most two-dimen- 
sional geometries can be developed from the compact specimen calibration function, at least 
in principle. The fracture toughness behavior for a structural component is more difficult to 
determine from the compact  specimen test because many of  the factors that influence tough- 
ness have not been resolved [5]. However, a conservative estimate of toughness is often 
sufficient. 

This paper describes a complete fracture methodology that can be used to predict the load- 
versus-displacement behavior of  a structural component  directly from the load-versus-dis- 
placement record of  a laboratory test specimen. The major emphasis is on the procedure to 
transfer the calibration function. To illustrate the method, six examples of  structural compo- 
nent models are analyzed. 

Background 
The method uses the load-versus-displacement behavior for a laboratory test specimen, here 

the compact  geometry is used to predict the load-versus-displacement behavior of  a structural 
component.  The basic steps in the process are illustrated in Fig. I. The load-versus-displace- 
ment record for the compact  specimen is reduced to provide two pieces of information, 
the calibration function and the fracture toughness for the compact specimen. These 
two are transferred to develop calibration functions and fracture toughness for the struc- 
ture. The methodology then combines these two to get load versus displacement for the 
structure. 
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FIG. 1 Flow chart o f  component model Ioad-versus-displacement prediction from test specimen. 

The overall method assumes that the load separates into multiplicative functions of crack 
length, a, and plastic deformation, vp~ 

P = G ( a / g O H ( v p l / g O  (1) 

for all of the geometries and that this function depends on current values of a and Vpl, not on 
the path taken to arrive at these values. The separation assumption [6,7] has been demon- 
strated for many two-dimensional geometries, and the path independence has been verified 
for a few cases involving compact geometries [8,9]. 

The first step for developing calibration functions and fracture toughness for compact spec- 
imens has been described previously as a method primarily to develop J -R  curves directly from 
load-versus-displacement records without the need for online crack monitoring equipment 
[ 10-12]. It is labeled the method of normalization. The latest approach assumes a deformation 
function H(Vpl/W) in the format 

L ~ M Vp l 

H(vp , /W)  - (2) 
N + vp~ 

W 
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where L, M, and N are constants [ 12]. This has been shown to describe the deformation results 
for most metals better than other functional forms such as the power law. The fracture tough- 
ness is given in the format of  the J-R curve. 

The resulting calibration function and J-R curve from this step are the ones appropriate for 
compact  specimens. If they are used in the methodology to predict load versus displacement 
for a structural component,  they would work only when the structure is another compact spec- 
imen. To apply the method to a structure of  another geometry, the calibration functions and 
J-R curve must be transferred to ones relevant for that geometry. 

The calibration functions are often the most important  in determining structural behavior, 
particularly in determining a maximum or failure load. Previously, these functions were devel- 
oped from tensile properties of  the material. Approaches using numerical analysis, for exam- 
ple, the GE-EPRIHandbook [13], would use properties of  the material to be developed from 
a tension test to obtain calibration functions. These were generally inaccurate because the 
numerical solution would be developed from a two-dimensional analysis that was either plane 
stress or plane strain, neither of  which was correct for the actual structural component.  Other 
approaches could estimate calibration functions from a limit load solution that did not incor- 
porate the strain-hardening aspects of  loading the structure [ 14,15 ]. These solutions could pro- 
vide an estimate of  the calibration function; however, it was found that the test specimen itself 
gave a better estimate of  the deformation character of  a cracked body than the tension test 
[ 16]. Therefore, an approach that could develop the calibration functions for the structure 
directly from those of  the fracture toughness test specimen would give a more accurate result. 

The fracture toughness of  the structure could be obtained from the J-R curve of  the test 
specimen, if the influence of  geometry and constraint were well understood. Many of the 
results reported in the literature do not follow consistent trends, so these influences cannot be 
incorporated quantitatively [5 ]. Therefore, in this work, the J-R curve from the compact spec- 
imen was used directly as a lower bound estimate. It will be shown later that the behavior of 
the structure is often more sensitive to the calibration curve than to the J-R curve, and the 
lower bound given from the test works very well. 

When the calibration curve and J-R curve toughness for the geometry have been deter- 
mined, they can be recombined using the ductile fracture methodology [ 1-3] to give the load- 
versus-displacement behavior of  the structure. This has been illustrated in the past and will be 
demonstrated only briefly in this paper. 

Calibration Functions 

The structure of the calibration function comes from the principle of  load separation. What 
is needed is a relationship between the primary variables load, displacement and crack length, 
and a separate relationship between these variables and a fracture parameter. Since the fracture 
toughness is given in the format of  the J-R curve, J is the fracture parameter  used here. I f tbe 
load separates, as expressed by Eq 1, what is needed for the calibration function is the G(a/W) 
function that expresses the functional relationship between load and crack length and the 
H(vp~/W) function that expresses the relationship between load and plastic deformation. 

The G(a/W) function is fixed for a given geometry. Therefore, for the geometry of  the struc- 
tural component,  this function must be determined. This can be done e~perimentally by test- 
ing blunt-notched specimens or numerically; here blunt-notch finite element models can be 
used for this as will be shown later. The J-value can be determined as a sum of  an elastic and 
a plastic component  

J = J~l + Jot (3) 

K 2 ~pl ~0 ~ 
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where E '  is an effective modulus, K is the linear elastic crack-tip stress intensity factor, np, is a 
coefficient for the plastic area, B is thickness, and b is an uncracked ligament length ( W - a). 
From the separation equation 

b G'(a/W) 
~pl - W G(a/W) (4) 

where G '  is the derivative of  G with respect to a~ W. Therefore G(a/IV) can be determined if 
the npl coefficient is known or vice versa. Since Op, is known for many common geometries, 
G(vpd W) is also known for these geometries. In some cases, the G(a/W) from a simple geom- 
etry can be used to estimate the one for a more complex geometry. 

The total displacement is also written as a sum of  elastic and plastic components 

v = vo, + v~, (5) 

and re, 

re, = C(a/W)P (6) 

where C(a/W) is a compliance function. Therefore, the calibration functions needed for a new 
geometrical shape, not regarding material, are the compliance C(a/W), the K solution, and 
the G(a/W) function or np,- All of  these calibration functions can be obtained with a knowledge 
only of  the cracked geometry. The elastic modulus comes into the compliance solution in the 
relationship between K and Je,, but  in a linear manner, so that it really does not need to be 
known in determining the functions. 

When a specific material is considered, the H(vp,/IV) must be determined for that material 
and the specific geometry. This is the function that incorporates the material plastic defor- 
mation characteristics. By the approach used here, this function can be determined from the 
laboratory test of  the compact  specimen. The transfer of calibration function from test speci- 
men to structural component  in Fig. 1 then involves the determination of  the new H(vp,/I40 
function. 

The determination of  this new H(vpJ IV) function for the structural component  is an impor- 
tant step and is a major focus of  this paper. The procedure presented in this paper is only one 
of  many possible. It is essentially empirically based and could be a topic for further work and 
is explained in the next section. 

Transfer of Calibi'ation Function 

The material calibration function from the test Of a compact specimen has the functional 
character given in Eq 2. This has been shown to fit many steels and some other metals 
[ 12,15]. The same functional form can be used for the geometry of  the structural component.  
Let us assume that is has the form 

I + m vp~ 

n -t- - -  
W 

(7) 
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FIG. 2--Normalized load-versus-plastic displacement for A5 33-B compact specimen. 

Then, given L, M, Nfrom the laboratory test, the 1, m, n of  the structure must be determined. 
The following procedure is a suggestion for doing this. This is illustrated for an A533-B steel 
[ 17]. Figure 2 shows the calibration curve for the A533-B compact specimen. It is expressed 
here as Pu versus vpJ Wwhere 

P ~ -  6 r  - H - ~  (8) 
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is a normalized load. To make the transformation from the L, M, N of the compact test result 
to the new structure, both axes of Fig. 2 are normalized. The PN axis becomes p, where 

p~ = P f f  (9) 

and f i s  a factor that is the ratio of  limit load for the structure to limit load for the compact 
specimen. The abscissa, vpJ W, is divided by vd  Wso that it becomes v,dvc,. The limit-load ratio 
factor, f, could be taken from a number of  sources, but they must have a consistent format. 
Here, the limit load expressions in the Handbook [13] are used. They are based on a combi- 
nation of  rigid plastic models with some numerical modifications. 

The normalized elastic displacement, v d  W, would be a function of load. 

vr = C(a /W)P  
= C(a/W)G(a/W)H(v~d I4/) 

(1o) 

The product of  compliance and G(a/I4/) function, CG, is used at a given v j  W (where H(vpd 
IV) has a known value.) This is dependent upon a / W b u t  is not a strong function of a/W. 
Therefore, for a changing crack length, an average value can be used. The normalized calibra- 
tion function, p,, versus Vpl/Ve~ is shown in Fig. 3 for the A533-B compact. The structural com- 
ponents used in this example are three specimen types: the double-edge-notched tension, 
DENT (ASTM DE(T)); center-cracked tension, CCT (ASTM M(T)); and single-edge-notched 
tension, SENT (ASTM SE(T)). Their calibration functions in the form offPN versus vp~/v~ are 
also given in Fig. 3. The factor, fP,, is the desired normalized load, p,, for the structural com- 
ponent so the abscissa must be converted back to vr  by multiplying Vpl/Vel of Fig. 3 by vet/ 
W for the structural component. The same approach of using an average CG product is used. 
The resulting p, versus Vpt/Wis given in Fig. 4. This represents the calibration function for the 
structures, that is, the three specimen types DENT, CCT, and SENT. This plot can be fit to 
obtain Constants l, m, n by fitting the points. This set of  calibration functions along with the 
appropriate J-R curve can then be recombined to develop the load-versus-displacement 
behavior of  the structure [1-3]. In this paper, no procedure has been developed for the transfer 
of  the J-R curve for the test specimen to the structural component. It is hoped that the J-R 
curve from a bend-type test specimen like the compact will provide a lower bound. Examples 
are given in the next section to show how the complete method is applied and to show the 
relative success of  the prediction, despite the fact that the J-R curve is not always the appro- 
priate one. 

Examples 

Examples of  the application of the method are given here, starting with the simple case for 
predicting the load versus displacement of  one compact specimen from another. The second 
example is given for the DENT, CCT, and SENT specimen types in Figs. 2, 3, and 4. These 
have different loading modes from the compact specimen and are a good test to see how well 
the method can handle changes in both geometry and loading mode. All of  these are predicted 
from a compact specimen of  the same material. An example is then given for a circumferen- 
tially through-cracked pipe in four-point bending. For all of  these examples, a complete load- 
versus-displacement behavior of  the component is available from a test for comparison with 
the prediction. A more complex geometry is then analyzed, that is, the three-holed specimen 
from a predictive round robin [18]. For this, only maximum failure loads are available. This 
example is used to illustrate an alternative method for obtaining calibration functions based 
on simple numerical calculations. 
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Compact from Compact Prediction 

The compact from compact prediction illustrates the method without the transfer step in 
the middle of  Fig. 1. The Pu function for one compact specimen is the same as the p, for the 
second. All of  the other calibration functions, K, C(a/w), and G(a/W), also remain the same. 
Given a test record for an A508 steel, 25-mm-thick compact specimen (IT-CT), Fig. 5; the 
method of  normalization is used to obtain the calibration curve, Pu versus up~/HI, in Fig. 6 and 
the J-R curve in Fig. 7. These are now direct inputs for predicting the behavior of  another 
compact specimen of  a different size. An example is given for a 10T-CT ( W = 508 mm) of  
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254 m m  thickness. The load versus displacement for this is solved by choosing an independent 
variable to increment, for example, vpz/W. For a given value of this v~/W, Eqs 1, 3, and 5 must 
be satisfied as well as the J-R curve that could also be represented functionally 

J = C,(Aa) c2 (11) 

These equations usually cannot be solved directly, and an iterative approach must be used. A 
suggested approach is given in Ref 3. The resulting load-versus-displacement prediction is 
given in Fig. 8 where the test result is included for comparison. 
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FIG. 6--Normalized load-versus-plastic displacement for A508, 1 T-CT. 
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SENT, CCT, and DENT from Compact Prediction 

The second example uses the geometry transfer step of  Figs. 2, 3, and 4. The SENT, CCT, 
and DENT geometries with different loading modes, Fig. 9, are predicted from a compact 
specimen. In this case, all have the same constraint, that of plane stress. The load versus dis- 
placement for a compact specimen of A533-B steel, Fig. 10, is subjected to the normalization 

Compact Geometry 

Calibration Test Result 

Double Edge Notched Tension 

Single Edge Notched Tension 

Center Cracked Tension 

FIG. 9--Schematic offour component geometries used in calibration curve transfer. 
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FIG. lO--Load versus displacement for A533-B steel compact specimen. 

procedure to obtain the calibration curve, Fig. 2, and the J-R curve, Fig. 11. The calibration 
curve in Fig. 2 is not correct for any of  the other geometries and must be transferred, in each 
case, to the one for the new geometry. The J-R curve for this material has been shown to also 
have geometry dependence, with the compact result in Fig. 11 being a lower bound [5]. Since 
the J-R curve transfer has not been developed, this lower bound curve will be used. 

Using the procedure from the previous section, the calibration curve in Fig. 2 is transferred 
to one for the CCT and DENT, Fig. 12. The calibration curves of  Fig. 12 and the J-R curve of  
Fig. 11 are combined to predict load versus displacement for the two cases, that is, CCT in Fig. 
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13 and DENT in Fig. 14. The predicted results are compared with the test results [ 17]. The 
fact that the J-R curve is not correct for that geometry does not greatly influence the prediction. 
This is often the case when the ductile fracture occurs on the relatively fiat part of the P~ cal- 
ibration curve. This would not be correct in all cases, especially where the ductile crack 
advance occurs on the steeply rising part of this curve. 

The SENT tests have a range of a~ W values so that they also have a range of loading mode. 
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FIG. 13--Load versus displacement for A5 33-B steel CCT: prediction versus test data. 
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FIG. 14--Load versus displacement for A533-B DENT specimen. prediction versus test. 

The prediction is given in Fig. 15 for a / W  ranging from 0.4 to 0.7. The test result is also 
included [ 17]. The prediction is very good in this example for the longer a~ I4I, but not as good 
for the shorter a~ W. This may reflect an effect of  the variation in J-R curve or could indicate 
that the calibration function transfer procedure cannot handle such a range of loading mode. 

In all of  the preceding cases, the geometry calibration function, K, J, C(a/I4/), and G(a/I4/), 
are well known. The next example illustrates a case where it is not as well known. 
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Pipe from Compact Prediction 

A circumferentially cracked pipe of  Type 304 stainless steel was tested in four-point bend 
loading, Fig. 16 [19,20]. For this case, the test result used for prediction is again a compact 
specimen. The load versus displacement is given in Fig. 17. This result was taken from a test 
in the literature of  a similar Type 304 stainless steel material and not that of  the pipe [21]. This 
result was normalized to give the Px calibration, Fig. 18, and the J-R curve, Fig. 19. The Pu 
curve in Fig. 18 must then be taken through the transfer steps to go from the compact PN func- 
tion to the pipe p,  function. To do this, the geometry calibration functions are also needed. 

The K calibration and elastic compliance for the pipe were given in the literature [19,20]; 
however, the G(a/W) function and out were not available. In order to solve this, a limit-load 
estimation procedure was used. Since the format of most limit-load solutions is 

Pt = F(a/W)av (12) 

where the F(a/W) can be used as a G(a/14O calibration function and rlpt is given by Eq 4. In 
using this approach, it was found that the four-point bending load for the pipe gave a G(a/IV) 
function similar to that of  a four-point loaded, single-edge-cracked bend specimen when the 
circumferential crack is treated as a two-dimensional edge crack. So, in this case, n,~ = 2 was 
used. This example illustrates a case where the substitution of  a similar geometry can be used 
to estimate G(a/W). 

The predicted p, function for the pipe is given in Fig. 20. From the results presented in the 
literature, a p, could also be estimated from the test data; this is also presented in Fig. 20. It 
can be seen that prediction and test result differ by approximately 10%. The prediction of  load 
versus displacement is given in Fig. 21. Despite the error in the p, prediction, the prediction 
of  maximum load has much less error. Considering that the calibration and J-R curves came 
from another material, this result is either not very sensitive to material differences or is for- 
tuitous. In this case, errors in calibration and fracture toughness could be offsetting. 

FIG. 16--Circumferentially through-notched pipe in four-point bend loading. 
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Three-Hole Specimen 

A final example is given for a three-hole tension loaded specimen, shown schematically in 
Fig. 22. This specimen was used in an analytical round robin to see how well failure loads of 
test specimens could be predicted starting from given compact specimen tests, the same objec- 
tive as this paper. In the round robin, only maximum loads were predicted so those are the 
only test results available, however, the analysis here will predict full load-versus-displacement 
results. 

For this specimen geometry, the K solution was given [18]; however, none of the other cal- 
ibration solutions were available. The compliance function could be estimated from the K- 
solution [22], however, the G(a/W) or r/p~ are more difficult to obtain. To illustrate an alter- 
native method for obtaining these values, a finite-element analysis of  blunt-notched specimens 
was conducted and a load separation analysis was applied [ 7]. 

The finite-element analysis was conducted for blunt-notched three-hole specimens using a 
nonlinear version of  the COSMOS program with the Macintosh II computer. All that is 
needed are the plots of load versus displacement for a range of  notch lengths. The notch lengths 
analyzed ranged from a~ W = 0.05 to a~ W -- 0.4. Eight cases in a~ Wincrements  of  0.5 were 
run corresponding to the range ofprecracked specimens tested. Three examples of  these results 
are given in Fig. 23. The material properties that were used as input came from the tensile 
results in Ref 18 for the Type 304 stainless steel material. 

t Load 

W = 2 5 4  m m  

~, a o j ~ ,  b 

Load 
FIG. 22--Schematic of three-hole specimen. 
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FIG. 23--Load versus displacement for three-hole specimen blunt-notch finite element, Type 304 stain- 

less steel. 

The load separation procedure divides the load for a crack length, a,, by the load for crack 
length, ap at fixed values of  Opl/I4,: This ratio is called the load separation parameter, Sij. It is 
plotted for some of  the examples in Fig. 24. If  the separation parameter is constant as a func- 
tion of  o~0 / W, the Jr, expression of  Eq 5 can be used. If not, a J-calibration is more difficult. 
The result of  Fig. 24 shows reasonable separation for higher values ofopd IV. Based on this, the 
procedure used in Ref 7 was followed to obtain the G(a/W)  function. A log-log plot was first Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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made of  Sis as a function of  b/IF, Fig. 25. This gives a power law format for G(a/W) when the 
results can be fit by a straight line. Figure 25 shows that the straight line fit is not very good, 
suggesting that another functional form could be used. However, as a first attempt, the power 
law was used. It had an exponent of  0.43, which is also the value of  rlp~. The G(a/IV) function 
is successful if  it collapses the calibration curves when plotted as P~ versus vp~/W. This was tried 
and had reasonable success, Fig. 26. This result represents the calibration function that can be 
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I I I 

-0.60 -0.40 -0.20 

log (b/W) 
FIG. 25--Log-log plot of  separation constant, Sij, versus normalized remaining ligament for three-hole 

blunt-notch finite element result. 

used for the analysis of  the precracked specimen. The J-R curve was taken from Ref 18. The 
resulting load-versus-displacement predictions are given in Fig. 27. Again, eight examples 
were analyzed corresponding to the eight initial values of  crack length tested. Only four of the 
eight results are shown for clarity. The test results in Ref 18 measured only the maximum 
Copyright  by ASTM Int ' l  (a l l  r ights  reserved);  Wed Dec 23 19:12:57 EST 2015
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failure load. To compare the predicted maximum load with the failure toad, the ratio of pre- 
dicted-to-test failure load is plotted for each of the eight specimens in Fig. 28. The results show 
some variations but fall within a _+ 10% scatterband. This is a better result than most reported 
by the round-robin participants [18]. 
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FIG. 28--Comparison of predicted maximum load with test results for Type 304 stainless steel three- 

hole specimen. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



262 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

Discussion 

The methodology presented in this paper is a fairly simple procedure but gives a more 
detailed prediction of  structural behavior than most procedures. In this approach, the entire 
load-versus-displacement behavior of  the structure is predicted rather than simply an insta- 
bility load or some other more obscure parameter. The method is essentially a complete pre- 
diction of the failure behavior for structural components in that it covers the range from linear 
elastic to fully plastic behavior because it uses a sum of  elastic and plastic components. This 
has been illustrated here for ductile fracture; however, if brittle fracture is viewed as an event 
that interrupts the ductile fracture process, the point of  brittle fracture could be determined as 
the end point of  the load-versus-displacement curve. To do  this, the uncertainty in determin- 
ing a brittle fracture point  for a structure would need to be resolved. 

In some structures load and displacement are not parameters that can be related to struc- 
tural behavior. In these cases, other parameters involved in the set of  calibration functions 
could be used. For example, a pressure vessel has neither load or a clearly identifiable displace- 
ment. However, in this case, the pressure analyzed as a function of  J c a n  identify a maximum 
failure pressure. 

The transfer approach here did not specifically consider the effect of constraint. Although 
these effects are well known for their effect on the J-R curve, they also affect the calibration 
functions. One approach might be to use the geometry transfer approach incorporating limit- 
load solutions that reflect the difference between plane strain and plane stress. These may work 
for extremes of  constraint but would probably not be very accurate for the general case. 

To make the method work better, more effort could be given to the development of  the G(a/ 
W) function for complex geometries. For  the three-hole specimen, the power law function for 
G(a/W) was not correct, but it still gave reasonable predictions. For other complex geometry 
shapes, a transfer from the compact to the structural component  could be done using a pro- 
cedure that may be better than the one given in Figs. 2, 3, and 4. However, for a first attempt, 
this procedure of  calibration curve transfer works reasonably well. 

The other procedure that needs to be developed is the transfer of  the J-R curve from that 
for the compact  specimen to one for the structural component  geometry. This procedure will 
require more study of  the effects of size geometry and constraint on the J-R curve before it can 
be completed. For now, using a conservative J-R curve works well when the fracture process 
is occurring on the flat part of  the calibration curve. This illustrates the point that getting cor- 
rect calibration curves is often more important  than getting correct J-R curves. 

The procedure used here was applied to two-dimensional geometries. Obviously, the three- 
dimensional part-through crack is often the one more encountered in an application, and a 
procedure to develop calibration curves for three-dimensional cases is needed. 

Summary 

A ductile fracture methodology is presented here that takes the load-versus-displacement 
behavior measured on a compact specimen in a laboratory test and uses this result to directly 
predict the load-versus-displacement behavior of  a structural component containing a crack- 
like defect. Six examples of  structural component  models were used to demonstrate the meth- 
odology. The important  new result presented here is a procedure to transfer calibration func- 
tions from that for the compact test specimen to one for the structural component.  In one case, 
a simple finite-element analysis of a blunt-notched geometry is used to develop the calibration 
functions. In all of  the cases presented here, there were test results for the structural models 
that were compared with the predicted load versus displacement. In most cases, the entire 
load-versus-displacement record may not be predicted exactly but the maximum load, cor- 
responding to failure under a soft loading, was predicted within a few percent. 
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ABSTRACT: Thin Inconel 718 plates with deep elliptical surface flaws are subjected to large 
loading cycles under both load and displacement control. Closed-form estimates of the J-integral 
for surface flaws in finite thickness plates are derived with a modified reference stress method 
and compared with recent elastic-plastic finite element results. A J-resistance curve for the sur- 
face-cracked configuration is developed and compared with data from thick compact tension 
specimens. Special attention is given to the apparent relationship between ductile tearing and 
tow-cycle fatigue crack growth mechanisms and rates. 

KEY WORDS: elastic-plastic fracture mechanics, J-integral, resistance curves, surface cracks, 
fatigue crack growth, ductile tearing, range marking, crack shape, crack closure, fracture 
mechanics, fatigue (materials) 

Fracture mechanics is often a very powerful tool for ensuring the structural reliability of  
critical engineering components and structures. There is frequently a tension, however, 
between the idealized world of  fracture mechanics laboratories and textbooks and the real 
world of  engineering applications. One good example of an engineering application that chal- 
lenges the current limits of  accepted fracture mechanics practice is the Space Shuttle Main 
Engine (SSME). The SSME is subjected to exceptionally severe temperature and stress cycles 
during repeated missions, and component failure can have catastrophic implications. Flaws 
of  potential concern include complex weldment defects such as porosity, lack of penetration, 
and microfissures. Flaw geometries are often three-dimensional and typically intersect only 
one surface (that is, part-through configurations rather than two-dimensional laboratory 
through-cracks). Due to the high toughness of many SSME materials, small defect sizes, thin 
component sections, and severe stresses, flaw growth is associated typically with significant 
plasticity (that is, elastic-plastic fracture mechanics). 

Conventional nondestructive evaluation (NDE) methods are the preferred approach to 
crack detection in the SSME, but NDE techniques alone are occasionally inadequate due to 
geometric complexities of  the component or structure. Under these conditions, proof testing 
has been utilized as a supplement to NDE for various SSME components and structures. The 
design and interpretation of  these proof tests is complicated, however, by the complex fracture 
mechanics issued involved, most notably the elastic-plastic nature of  the problem. Traditional 
proof testing logic is based on "brittle" linear elastic fracture mechanics: loading of  a cracked 
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structure results in either unstable crack growth to failure (for cracks larger than the critical 
size) or zero crack growth (for cracks smaller than the critical size.) Elastic-plastic fracture 
mechanics admits a third possibility, stable crack extension without failure. 

The current SSME subcontractor, Rocketdyne, utilizes a modified version of conventional 
single-cycle proof testing (SCPT) involving multiple proof cycles. This approach has been 
motivated by failures of components that had survived an initial single-cycle test and were 
subsequently re-tested, often failing at pressures significantly less than the initial proof. 
Although this phenomenon is consistent with the earlier observation about stable elastic-plas- 
tic crack extension during a proof cycle, there is not yet a well-established theoretical basis to 
establish the superiority of multiple-cycle proof testing (MCPT), in comparison to conven- 
tional SCPT, or to optimize MCPT parameters. The primary justification for current MCPT 
protocol is experience: the successful record of performance of Rocketdyne engines whenever 
the procedure has been implemented. 

The ultimate goal of the current research program is to develop a rigorous understanding of 
crack growth behavior during SCPT and MCPT in order to optimize proof testing procedures 
for SSME and related applications. This paper reports on some of the first steps towards that 
goal. A series of experiments and analyses are conducted to characterize the crack driving force 
and material resistance associated with surface-cracked plates under single-cycle loading con- 
ditions, based on a J-R curve approach, and the relationship between this ductile crack exten- 
sion and low-cycle fatigue crack growth is explored. 

Experimental Procedures 

Material Characterization 

Due to its wide application in SSME components, Inconel 718, a precipitation hardenable, 
nickel-base superalloy, was chosen for the experimental investigations. Age hardening in this 
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FIG. 1--Specimen geometry showing location of surface flaw for fatigue and resistance curve testing. 
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TABLE l--Chemical composition of the Inconel 718 test material, Heat 6L9364. 

267 

C Mn Si S P Cr Ni Mo Co 

0.044 0.09 0.12 0.001 0.006 18.5 52.3 3.03 0.31 

Cu AI Ti Cb + Ta Mg Pb Sn Fe 

0.05 0.53 0.99 5.17 23 ppm 0.8 ppm 25 ppm balance 

alloy is achieved through precipitation o fa  columbium-rich intermetallic phase that results in 
good corrosion and oxidation resistance, as well as good mechanical properties which permit 
its use to temperatures of  649"C (1200~ 

To ensure that the results generated were applicable to SSME components, the test material 
was purchased according to Rockwell Specification RB0170-153 in the form of  31.8-mm 
(1.25-in.) diameter round bars. The Inconel 718 was machined into center-cracked tension 
specimens, shown in Fig. l, and then heat treated according to the following procedures: 

1. Vacuum solution treat at 1038"C (1900~ for 10 to 30 min. 
2. Argon back fill, cool to room temperature. 
3. Age in vacuum at 760*C (1400*F) for 10 h. 
4. Furnace cool to 6490C (1200~ and hold for a total t ime at 760"C (1400*F) plus furnace 

cool plus hold time at 649~ (1200~ of  20 h. 
5. Argon back fill, cool to room temperature. 

This particular heat treatment is used in SSME components to achieve opt imum resistance to 
hydrogen embrittlement. 

The chemical composit ion of  the lnconel 718 material used is given in Table 1, and the basic 
mechanical properties are given in Table 2. These tension test results are in conformance with 
the RB0170-153 specifications. Analysis of  the load-displacement records from these tension 
tests produced a relationship between stress (in ksi) and plastic strain of the form 

a = 248.4e ~176 (1) 

The elastic modulus is 204.7 GPa (29.69 • 103 ksi). The stress-total strain relationship may 
also be written in the general Ramberg-Osgood form 

e = o + a (2) 
E o o" 0 

where e0 = 0.006, or0 = 1240 MPa(179.8 ksi), a = 1, and n = 15.8. 

TABLE 2--Mechanical properties of the lnconel 718 test material 

0.2% Yield Ultimate Tensile 
Strength, ksi Strength, ksi Elongation, % Reduction in Area, % 

161.2 205.5 22.2 33.3 
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Fatigue Crack Growth Testing and Range Marking Procedure 

Fatigue crack growth (FCG) rate tests were conducted on through-thickness cracked panels 
to determine both baseline fatigue data and information regarding fatigue range marking [1 ]. 
The range marking technique is based on the fact that the topography of the fatigue fracture 
surface is altered with changes in loading variables. The cyclic stress ratio, R" -- K,,i,]K,~,~, and 
the cyclic stress intensity factor range, AK, can be changed to place a coarse mark on a fine 
surface, or vice versa, leaving a dark band on the fracture surface. The production of  a well- 
defined range mark depends on prior knowledge of the fracture surface appearance. The crack 
growth rates correlated with the fracture surface morphology were used to select loading levels 
for the range marking necessary for the crack shape studies. Metallic materials exhibit a general 
fracture morphology trend of coarse-to-fine-to-coarse that occurs with transitions at crack 
growth rates of  about  1.27 • 10 -5 and 1.27 • 10 -3 mm/cycle (5 • 10 -7 and 5 • 10 -s in./ 
cycle), respectively [ 1]. 

Figure 2 provides a summary of the resulting crack growth rate data (da/dN) plotted as a 
function of  AK for three specimens. Two tests were run on 5-ram (0.2-in.) thick specimens to 
provide data over a wide range of growth rates. Crack lengths for these through-crack speci- 
mens were measured by optical inspection at the surface. As indicated by the figure, the data 
obeyed a power law above 20 MPa V ~  (/XK = 18 ksi 1V~-~.), with good agreement in the mid- 
range where results from the two specimens overlapped. The third test was conducted on a 
12.7-mm (0.5-in.) thick specimen. Results from the two thicknesses were in excellent agree- 
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FIG. 2--Fatigue crack growth rate data for Inconel 718. 
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ment, except in the region near 71 MPa V ~  (~K = 65 ksi iV]-n..). The deviation in this region 
was believed to be due to the occurrence of noticeable crack branching in the 5-mm (0.2-in.) 
thick specimen, which apparently resulted in retardation of the growth rates in this specimen. 

Visual examination of the fracture surfaces of the preceding experiments revealed signifi- 
cant differences in the fracture surface morphology at high and low growth rates. This obser- 
vation provided verification that range marking could be employed successfully to mark crack 
extension in the following experiments on surface-cracked specimens. Fatigue range marking 
bands were used to verify changes in the crack shape and to monitor the crack growth during 
the resistance curve testing. 

The crack shape study experiments were conducted on surface-flawed 5-mm (0.2-in.) thick 
specimens. All specimens were first polished down to a l-urn diamond polish to provide easy 
viewing of the crack during the test. Electro-discharge machining (EDM) slots were introduced 
into the surface of the specimens to provide a starter for the crack. The slot sizes for the 5-mm 
(0.2-in.) thick specimens were 1.27-mm (0.05-in.) deep by 0.100-in. (2.54-mm) long, and, in 
the 12.7-mm (0.5-in.) thick specimens, they were 3.18-mm (0.125-in.) deep by 6.35-mm (0.25 
in.) long. Prior to the precracking, the specimens were prepared with photographic grids, hav- 
ing 0.254-mm (0.010-in.) spacing, to provide reference lines for the visual crack length mea- 
surements. Three specimens were then precracked and tested under fatigue loading at a stress 
ratio of 0.1 using a closed-loop, servohydraulic testing machine. 

The shape of the growing crack was recorded periodically using fatigue range marking. On 
the first attempt at range marking, fine marks were applied to the fracture surface. When the 
specimen was broken open, these marks were indistinct, indicating that a coarser marking was 
necessary. For the second attempt, a coarse-on-fine scheme was employed to produce the 
marker band. The stress ratio needed to produce a marker band (R~,~k) was estimated from 
the following empirical relationship [2] 

(da/dN)m~k - R~,~kj (3) 

where (da/dN)R~r is the reference crack growth rate at R~,r = 0. l and (da/dN)m~k is the crack 
growth rate at the stress ratio chosen to produce the marker band (RL,k). Based on the fracture 
surface morphology, (da/dN)~=k was chosen to be 2.54 • 10-6 mm/cycle ( 1 • 10 -7 in./cycle) 
and R~,=k was determined from Eq 3. In FCG testing, R~,ark varied as (da/dN)Ref increased, 
whereas in R-curve testing, Rm=k was fixed at 0.8. Prior to marking the specimen, the load was 
dropped 30%. This drop in maximum load is desirable during the resistance curve testing, so 
that only small crack extension will occur during the marking. 

A range-marked part-through fatigue crack fracture surface is shown in Fig. 3. Note that the 
crack shape was nearly constant throughout the growth of the crack, varying from 0.493 to 
0.549 at the seven marker bands (Fig. 4). The aspect ratio, a/2c, appears to drop off only 
slightly as the deepest point of the crack approaches the back face of the specimen. 

Surface Crack J-Resistance Curve 

In order to develop resistance curves for part-through crack configurations, crack growth 
tests were conducted with surface-cracked panels oflnconel 718 under both load and displace- 
ment control. Initial crack depths ranged from a/t = 0.36 to 0.73, and initial crack aspect 
ratios were typically around a/2c = 0.5. 

In the load control experiments, the applied load was used as the feedback signal for the 
servohydraulic test machine. During these tests, a crack opening displacement (COD) gage 
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FIG. 3--bYacture su~ace of range-marked FCG specimen. 

with a gage length of  5 mm (0.20 in.) was placed across the crack mouth, the gage pins located 
in diamond indentations on the front surface of the plate. Two methods were attempted to 
monitor crack extension during loading: changes in elastic compliance during periodic 
unloading of the specimen, and fatigue marker bands introduced by periodic cyclic loading at 
a high R ratio. However, due to the small amount of  crack extension that occurred in the 
experiments, crack extension could not be reliably detected with either of these techniques. 
Nevertheless, it was possible to generate a resistance curve by testing multiple specimens. In 
each case, the specimen was loaded to produce different amounts of  crack extension as deter- 
mined by postmortem analysis of  the fracture surface. The initial crack length was marked 
following fatigue precracking by heat tinting. The final crack length at the end of  the R-curve 
loading was distinguished by growing the crack to final fracture under high stress ratio cyclic 
loading, which created a distinctively different fracture surface morphology. 

Only small amounts of  crack extension (less than 0.2 mm (0.008 in.)) were obtained in the 
load control tests. In addition, the low strain hardening behavior o f  the material, when coupled 
with the large loads required to initiate crack growth, made control of  the experiment difficult. 
The crack mouth displacement tended to run rapidly as yielding spread throughout the net 
section, and fast fracture occasionally intervened before the loading could be interrupted. 

In response to these experimental difficulties, a series of displacement control tests were con- 
ducted. During these tests, the specimen was driven to a set crack mouth displacement (and 
at a fixed rate of  crack mouth displacement), allowing the load to increase as necessary to reach 
that displacement. In this case, the COD gage was modified to obtain a gage length of 1.27 mm 
(0.05 in.). By conducting the test in this manner, it was possible to achieve virtually any dis- 
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placement (and thus any amount of crack growth), since the applied Jdecreased as the crack 
extended. Larger Aa values were thus obtained in the displacement-controlled tests than in the 
load-controlled tests. No significant changes in crack aspect ratios were observed with crack 
growth. Crack growth increments reported for both load and displacement control tests were 
measured at the deepest point of the surface crack. 

Analytical Procedures 

Due to the high toughness of this material and the small absolute sizes of the flaws, all spec- 
imens exhibited significant yielding before the onset of instability. This phenomenon required 
the use of elastic-plastic analysis techniques to establish the resistance curve. The J-integral 
was selected as the correlating parameter for crack growth. 

J-integral estimation schemes for compact tension specimens, edge-cracked plates, and 
many other "standard" specimen and component geometries are readily available. Closed- 
form estimates for surface or embedded cracks in finite thickness plates or shells, however, 
have not been developed. A limited number of finite element results for specific crack and 
specimen geometries and materials have been published, but these have not yet led to gener- 
alized analytical expressions. 

An alternative approach to J estimation is the reference stress approach developed by Ains- 
worth and colleagues at the Central Electricity Generating Board (CEGB) of the United King- 
dom [3]. This technique requires only three basic pieces of information: (l) a complete solu- 
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tion for the linear elastic stress intensity K factor; (2) a description of the elastic-plastic 
constitutive material response (which does not have to be of the Ramberg-Osgood form); and 
(3) an estimate of  the plastic collapse limit load for the cracked member, assuming an elastic- 
perfectly plastic material. All three of  these are available for the surface-cracked plate and the 
Inconel 718 material. A remaining ambiguity for the surface-cracked plate is whether the limit 
load should represent the local limit load for break-through to the back surface or the global 
limit load for failure of the entire plate. Investigations by Miller of the CEGB [4] suggested 
that the global limit load provides better J estimates, and his comparisons of reference stress 
estimates with the limited number of  "exact" solutions available at that time found the esti- 
mate to be acceptable. 

The general form of the reference stress estimate for J used here was given by the expression 

2 2 

I c~f 
J -- K2 / 1 + ~ \Ee~f/ j (4) 

~ref I. \ O'ys/ 

This equation includes an effective crack length term to approximately account for plasticity 
in the intermediate yielding regime [5]. The reference stress for a surface-cracked plate was 
calculated as 

O'oo 

a ~ f  = 1 - -  O r a c ) / ( 2 t W )  (5) 

where t and W are the thickness and width of the specimen and ~ is the nominal applied 
stress. The reference strain, e~r, was calculated from the constitutive relationship as the uni- 
axial strain corresponding to ~r. The linear elastic stress intensity factor, K, for the surface 
cracks was calculated from the expressions of Newman and Raju [6]. 

These reference stress estimates for surface cracks in finite thickness elastic-plastic plates are 
compared with recent finite element results published by Parks and Wang [ 7] in Fig. 5, where 
J is normalized by a0e0t and the applied stress is normalized as ~o/a0. The material constants, 
~0 and e0, are based on the Ramberg-Osgood description of  the elastic-plastic constitutive rela- 
tionship, Eq 2. The reference stress Jestimate was found to be significantly low for both crack 
shapes, and this prompted additional analysis. 

Dowling [8] has previously studied J estimates for semicircular flaws in infinite bodies. He 
derived an equation of  the general form 

K 2 { Jz E' a(o'/o'o)" / 
J = E - ;  l + ~ + h ~  ~ ] (6) 

where E '  = E for plane stress, E '  = E l (  1 - u 2) for plane strain, J J J e  is an effective crack length 
(plastic zone) correction term, and h0 is a function o f  the strain hardening exponent. Dowling 
found an equation of  this form to give very similar results to the elastic-plastic finite dement  
analysis of  Trantina et al. [9]. 

For infinite bodies, the reference stress is equal to the applied stress, and so we may rewrite 
the previous equation (for plane stress) as 

t h0c .  ,)} J = g  l + g +  
\ ~ref 

(7) 
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Ignoring for the moment the effective crack length term, Jz/J~, this equation differs from the 
basic CEGB reference stress equation only by the h0 factor, which the CEGB estimate for an 
infinite body would set equal to 1. An arbitrary modification to the reference stress J estimate 
can then be made by applying this last equation to the general case of a finite body, where the 
reference stress and strain will be higher than the nominal applied values. These new estimates 
are compared with the Parks and Wang results in Fig. 6, and the agreement is clearly much 
improved. These results are promising, although further study is needed to confirm this mod- 
ified estimation procedure. 

A second method of estimating J for the surface crack tests is an "equivalent energy" 
approach suggested by McCabe et al. [10]. They proposed that J could be calculated as 

(KR) 2 
J =  E (8) 

where KR is a plasticity-modified stress intensity factor given by 

K~ = Kx~ A~r (9) 

Here, Ar and Ae are the total and elastic areas under the load-displacement curves and K~e is 
the linear-elastically determined stress intensity factor; see Fig. 7. Since this method requires 
experimental information about local displacements, it is not entirely suitable for engineering 
applications to actual structures. Nevertheless, it serves as a useful independent check on the 
modified reference stress technique for the experiments reported in this paper. 

Actually, of course, the value of the J-integral varies around the perimeter of the crack [7], 
and the specific variation of J along the crack front changes with the crack aspect ratio, a/c, 
the applied stress, aoo/ao, and the strain hardening properties of the material. At lower applied 
stresses, this angular variation largely mirrors the well-documented variation in K around the 
perimeter, although this is less true at applied stresses on the order of the flow stress. In view 
of the relatively uniform crack growth around the perimeter observed in the experiments dis- 
cussed earlier, and in view of the relatively uniform analytical values of Jaround the perimeter 
for semicircular cracks at applied stresses of interest, variations of J around the perimeter were 
ignored in the development of simple J estimates for the current research. In the modified 
reference stress estimate, the K-solution used corresponded to the deepest point of the crack, 
and the resulting J-estimate was assumed to correspond to this location as well (the finite ele- 
ment results shown in Figs. 5 and 6 also correspond to the deepest point of the crack). Further 
studies are required to determine if the reference stress approach can adequately address more 
significant variations in J around the perimeter. A more complete treatment of the surface 
crack ductile fracture problem must address not only variations in driving force around the 
perimeter but also variations in crack growth resistance (with stress state, for example) around 
the perimeter. These issues are beyond the scope of the present work. 

Results and Discussion 
Resistance Curves for Surface-Cracked Plates 

The resulting resistance curves for the surface-cracked Inconel 718 are shown in Fig. 8. Note 
that the modified reference stress and equivalent energy estimates gave similar values for J, 
typically differing by about 10%. The primary exception to this agreement is the data point 
corresponding to the displacement-controlled test with the greatest amount of crack extension. 
Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



McCLUNG ET AL. ON GROWTH OF SURFACE CRACKS 275 

"3  

3.5 

2.5 

1.5 

0.5 

o n = 10 (Parks and Wang FEM) 

A n = 5 (Parks and Wang FEM) 

- -  Medilied CEGB Reference Stress Estimate 

o 

n=10  

Semi-circular Surface Crack j 
a/c = 1.0, a/~t = 0.5 

i i i i i i i i 

~ =5 

0.2 0 , 4  0.6 0.8 1 

o. Ioo 

1.2 

30 

28 

26 

24 

22 

2O 

18 

% 16 

" ~  14 

12 

10 

8 

6 

4 

2 

0 

O n = 10 (Parks and Wang FEM) n = 10'c'/ / ~ 
= 

z~ n = 5 (Parks and Wang FEM) 

- -  Modified CEGB Reference Stress Estimate 

Semi-elliptical Surface Crack / / ~  
= . , = . 

i I 

0.2 0.4 0.6 0.8 1 

G. / ~0 

1.2 

FIG. 6--Comparison of modified reference stress method for J estimation with finite element results of 
Parks and Wang [7] for surface cracks in finite plates. 
Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



276 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

PA 
A 

i i i i  I I / I 

Ic l l  I B / I 
// I 

t 

Crack Mouth Opening Displacement 

KR = (Kle,) A ~A,~.~ 

Where (K~e)A is the l inear- elastic K at load PA 
A T = Total Area ( O - A - B )  
A o = Elastic Area ( C - A - B )  

FIG. 7--Schematic of equivalent energy method for estimating J for surface cracks (adapted from Ref 
10). 

This discrepancy may reflect the uncertainty associated with J following large amounts of  
crack advance with associated elastic unloading in the wake of the crack. It may also indicate 
differences in J for stationary cracks under load control (the basis of  the analysis) and growing 
cracks under displacement control (the conditions of  the experiment), differences that would 
be magnified with extensive crack advance. 

Also shown in this figure for comparison are resistance curve data obtained by Rocketdyne 2 
from relatively thick (B = 15.24 mm (0.6 in.)) compact tension (CT) specimens of  a similar 
Inconel 718. These CT data meet the specimen size validity requirements of ASTM Test 
Method for J1c, a Measure of  Fracture Toughness (E 813-89). The resistance curve for surface 
cracks is clearly different from the CT resistance curve. The initial slope (associated with the 
blunting line and early crack growth) appears to be about the same, but the critical J value at 
which large amounts of crack extension begin to occur is much higher. This indication of  
higher toughness is consistent with a possible change from high constraint in the thick-section 
CT tests to lower constraint in the thin-section, deeply-cracked surface flaw tests. Other factors 
may also be involved, including the loss of  J-dominance (discussed further later). Similar sur- 
face crack behavior has been previously observed by others [11-13]. Furthermore, there 
appears to be a more gradual change in the slope of  the surface crack resistance curve in the 
vicinity of  the "knee.'" It is difficult to evaluate the possible changes in the tearing slope with 
specimen geometry in this case, since only a few points are available to calculate this slope for 
the surface crack tests. It is possible that the tearing modulus remains unchanged with the spec- 
imen geometry, but it is also possible that the tearing modulus increases (perhaps due also to 
loss of constraint) for the surface crack. Both phenomena have been reported in the literature 
for other materials. Additional tests would be needed to better characterize the tearing slope, 
particularly for small amounts of  crack extension. 

2 K. A. Garr, unpublished data. 
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This difference in the resistance curves for CT and surface-cracked geometries is consistent 
with recent research on constraint effects in fracture. Shih et al. [14] and Hancock et al. [15] 
have both recently presented rigorous numerical frameworks to explain the geometry depen- 
dence of  J< values in terms of  the elastic T-stress [15], the nonsingular stress term parallel to 
the crack [16], or its elastic-plastic analog, the so-called Q-stress [14]. The nondimensional 
biaxiality parameter,/3 -- TV/-~/K~ [17], is relatively low, around/3 -- -- 1, for low constraint 
geometries such as the center-cracked plate and the deep surface crack, while/3 is positive for 
CT and deeply cracked single-edge-notch configurations. Jc typically reaches a constant min- 
imum value for normalized T-stresses greater than zero, while Jc increases at progressively 
more negative T-values. 

These changes in apparent fracture resistance with geometry/constraint have also been 
shown to be related to the loss of rigorous J-dominance (the failure of  J t o  adequately describe 
the crack-tip fields). J-dominance is lost more quickly under low constraint configurations. 
Conventional fracture mechanics wisdom would question even the use of  J under such low 
constraint (and large applied stress) conditions. The ongoing work on constraint effects seems 
to suggest, however, that a two-parameter approach (J  and either T or Q ) may provide a 
means of  explaining some geometry effects on ductile fracture and perhaps even correcting R- 
curve data to some geometry-independent representation of  material resistance. Further work 
is clearly needed. 
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Relationship Between Ductile Fracture and Fatigue Crack Growth 

The engineering application that is motivating this research (multiple-cycle proof testing of  
SSME hardware), however, requires a more difficult problem to be addressed. Crack growth 
behavior must be characterized not only for single monotonic loadings (traditional ductile 
fracture) but for multiple large load-unload cycles. Crack growth during these cycles can con- 
ceivably occur by several different mechanisms, including (1) rupture mechanisms such as 
ductile tearing; (2) true fatigue mechanisms, such as those associated with striation formation; 
and (3) interactions between rupture and fatigue. Potential contributions due to creep mech- 
anisms do not appear to be significant, since these proof tests and experiments are conducted 
at room temperature. 

Perhaps the most common approach to estimating crack growth during large load-unload 
cycles is an independent linear summation of contributions from fatigue and ductile tearing 
[ 18,19]. No interaction between the two crack growth mechanisms is considered. Other [20] 
have suggested that some acceleration in the fatigue crack growth rate may occur as ductile 
fracture instability is approached, similar to the increase in da/dN in linear elastic systems 
subject to cleavage fracture as Kmax approaches K~c. Kobayashi et al. [21] have recently pro- 
posed more direct relationships between monotonic and cyclic elastic-plastic crack growth 
behavior. 

An important first step in characterizing crack growth during large load-unload cycles, then, 
is to investigate the relationship between crack growth during fatigue (da/dN) and ductile tear- 
ing (R-curve) experiments. In order to study this relationship, data from the earlier fatigue 
crack growth tests on Inconel 718 (which belong to the small-scale yielding regime and hence 
were originally correlated with ,XK) were re-expressed in terms of the more general elastic- 
plastic parameter, ,._X J, according to the usual relationship, J = K2/E. An estimate of the crack 
closure level was made by noting that the original FCG tests satisfied plane strain conditions, 
for which ao~./a,,~ -- 0.2 has been shown to be a reasonable approximation at R -- 0 [22]. 
The FCG data were then expressed as da/dN versus AJe~ values, and the central tendency line 
(in log-log space) was identified via least-squares regression. 

Data from the J-resistance curves were superimposed on the FCG plot by recognizing that 
for one "cycle" of  monotonic loading with no previous history, Jm~ = /xJe~ and Aa ---- da/dN. 
Both types of R-curve data were included in this exercise: CT specimens with through-cracks 
and plate specimens with surface cracks. Jvalues for the surface cracks were estimated by both 
equivalent energy and reference stress methods. 

The FCG and R-curve data are shown together in Fig. 9 on the traditional log-log FCG 
graph. Note that the R-curve data are entirely consistent with the latter stages of  FCG. The 
form of  these data is similar to the usual upturn in da/dN-AKdata near instability (for exam- 
ple, near KTc or plastic collapse). This upturn occurs at a lower value for the CT specimen, 
where constraint is higher. The upturn occurs at a considerably higher value for the surface- 
cracked plates, where deep flaws and high stresses cause a reduction in constraint, and many 
of  the R-curve data points are shown to lie directly on the FCG central tendency line. The 
FCG line must be extrapolated beyond the region of  the FCG data to pass through the region 
of  the R-curve data, of  course, but previous experience with AJindicates that this should be a 
reliable extrapolation. Dowling, for example, found that the linear Paris law form of the AJ- 
da/dN relationship was consistent over five orders of magnitude in crack growth rates [23]. 

The relationship between FCG and R-curve data is shown from a different perspective in 
Fig. 10, which superimposes the central tendency FCG line on the traditional J-resistance 
curves. The central tendencies of  the R-curve data are also identified with empirical fits of the 
data to an exponential form proposed by Orange [24]. For the surface crack data, the modified 
reference stress and equivalent energy estimates were averaged to obtain a "best estimate" of 
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FIG. 9--Fatigue crack growth (lata for Incone! 718 with superimposed resistance curve data. 

Ja t  each Aa value for the least squares regression. Note that the FCG curve corresponds almost 
exactly to the "blunting line" portion of the R-curve, but that as additional ductile tearing 
begins to occur at higher J values, the R-curve line begins to deviate from the baseline FCG 
curve. 

This apparent coincidence of the R-curve blunting line and low-cycle FCG curve should not 
be surprising in view of the crack growth mechanisms involved. The so-called blunting line of 
the R-curve, as its name implies, is thought to describe the crack extension during initial load- 
ing that occurs due to crack-tip blunting alone, before the initiation of ductile tearing (or brittle 
cleavage) [25]. On the other hand, the mechanism of Stage II crack growth during low-cycle 
fatigue is widely believed to be a progressive plastic blunting process [26]. The broadening of 
slip zones at the crack tip and the associated blunting of the crack tip during the tensile loading 
excursion in low-cycle fatigue define the extent of crack advance during that particular cycle, 
before the application of reversed loading (locally compressive) causes a reversal of slip direc- 
tions and a crushing/folding of the new crack surfaces. The point to be made is that the basic 
mechanism of crack extension is apparently initially the same in both "ductile fracture" and 
"low-cycle fatigue crack growth" processes. In fact, the material at the crack tip is largely 
unaware of whether initial blunting will be followed by further loading to tearing or by unload- 
ing. The primary difference in the two processes is the more complex residual stress/defor- 
mation field that develops in the vicinity of the fatigue crack tip due tO previous load/unload 
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and crack growth histories. Consideration of  crack closure effects, as we have done earlier, 
represents a first-order compensation for this difference. 

Wilhem and Ratwani [27] previously suggested a similar relationship between fatigue and 
fracture data as described by the linear elastic stress intensity factor (AK and KR), based on 
their empirical observations of  crack growth in 2024-T3 aluminum. They proposed a "full 
range resistance curve" that was a continuous, monotonically increasing function of crack 
extension and that was composed of both fatigue (da versus Km~) and fracture (~a versus KR) 
data. Their primary goal was apparently to reconcile thickness effects in FCG rate data by 
relating them to thickness effects on the R-curve. Wilhem and Ratwani went on to suggest that 
there may not be a smooth transition between fatigue resistance and fracture resistance por- 
tions of  the curve, based on their supposition that the crack-tip plastic zone in fatigue was 
different in size from that developed during static (monotonic) loading. Actually, however, the 
size of  the "forward" plastic zone has been shown to be essentially the same under monotonic 
and cyclic loading [28]. Any apparent discontinuities between fatigue and fracture data may 
instead be due to uncompensated differences in crack closure behavior. 

This line of  thinking is consistent with the ideas of Kobayashi et al. [21], who suggested that 
the Paris law (striation mechanism) portion of  the FCG curve was parallel to the blunting line. 
The difference between the two lines was attributed to plasticity-induced crack closure. The 
specific data generated by Kobayashi et al. to evaluate these ideas are somewhat difficult to 
interpret, however, due in part to the wide range of stress ratios (R = - 1.5 to +0.5) and 
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applied loads (elastic to elastic-plastic) considered. Crack closure levels (which were not mea- 
sured) are certain to change considerably with both stress ratio and applied load, and the CT 
geometry employed was not an ideal choice for load histories with large compressive excur- 
sions. The present investigations were simplified by considering only a single stress ratio for 
all tests (R = 0). 

A final consideration addresses the conditions for final instability from the FCG perspective 
(Fig. 9). It was noted earlier in discussions of R-curve behavior that the onset of tearing was 
influenced by constraint, which in turn was influenced by specimen or component geometry. 
The value of J ~ ,  which might be used to characterize the latter stages of crack growth in a 
FCG equation [20], then, will change with specimen geometry and also, in some cases, with 
applied load and crack length. It should be possible, in theory, to  predict this value of Jm~ 
(which is related to J,.) based on the apparent functional relationship between Jc and a measure 
of constraint such as the T-stress [ 15]. The gradual transition of crack growth rates near Jc is 
likely to be further complicated by gradual changes in crack closure behavior as net section 
yield is approached [29]. 

Experimental investigations are currently underway to evaluate further the issues associated 
with crack growth during large load-unload cycles. Surface-cracked specimens identical to 
those used earlier to generate the resistance curve are being subjected to repeated loading cycles 
under displacement control with various minimum and maximum loads and displacements. 
Crack growth behavior during these cycles is being measured and compared to expectations 
from both fatigue and ductile fracture perspectives, with the ultimate goal of developing an 
analytical model for MCPT. A preliminary model of crack growth during MCPT based only 
on a resistance curve approach was developed previously [30] as an aid to designing and inter- 
preting the MCPT experiments. But the observations made earlier in this paper about the rela- 
tionship between fatigue and ductile fracture crack growth processes suggest that it should be 
possible to develop a model of crack growth during multiple cycle proof testing that incorpo- 
rates both fatigue and fracture information on a unified basis. This model must also address 
several complicating issues, such as the effects of constraint and control mode (load versus 
displacement) on crack behavior during not only loading (as discussed earlier) but also 
unloading. 

Conclusions 

1. A modified reference stress estimate of the J-integral has been developed for semiellip- 
tical surface cracks in finite thickness plates. This simple closed-form estimate compares 
favorably with available three-dimensional finite element solutions for several different 
applied stresses, strain hardening exponents, crack shapes, and crack depths. 

2. A J-resistance curve has been developed for semicircular surface flaws in finite-thickness 
Inconel 718 plates. The blunting line of the surface crack R-curve is coincident with the 
blunting line for resistance curve data from thick compact tension specimens, but the 
onset of stable tearing occurs at much higher apparent J values in the surface-cracked 
configurations. The difference is apparently due to loss of constraint in the severely 
loaded surface crack configuration. 

3. A comparison of resistance curve data with fatigue crack growth data for Inconel 718 
suggests that the blunting line of the R-curve is coincident with the fatigue crack growth 
curve in the low-cycle regime when plasticity-induced crack closure is taken into 
account. This phenomenon is consistent with the similarity in proposed crack growth 
mechanisms for low-cycle fatigue crack growth and the initial blunting process in ductile 
fracture. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



282 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

Acknowledgments 

V. D. Aaron of the Southwest Research Institute provided invaluable assistance in con- 
ducting the crack growth experiments. D. A. Russell and K. A. Garr  of the Rocketdyne Divi- 
sion, Rockwell International Corporation, are thanked for their cooperation and, especially, 
for providing the resistance curve data from Inconel 718 compact tension specimens. Finan- 
cial support for this program was provided by the NASA-George  C. Marshall Space Flight 
Center, Contract  NAS8-37451. The continuing interest and encouragement of G. C. Faile, H. 
M. Lee, and R. Stallworth of NASA-MSFC is gratefully acknowledged. 

References 

[1] Wilhem, D. P., FitzGerald, J. H., Carter, J., and Dittmer, D., "An Empirical Approach to Deter- 
mining K for Surface Cracks," Advances in Fracture Research, Proceedings, Fifth International Con- 
ference on Fracture, 1981, pp. 11-22. 

[2] FitzGerald, J. H., "Empirical Formulations for the Analysis and Prediction of Trends for Steady- 
State Fatigue and Crack Growth Rates," Journal of Testing and Evaluation, Vol. 5, 1977, pp. 343- 
353. 

[3] Ainsworth, R. A., "'The Assessment of Defects in Structures of Strain Hardening Material," Engi- 
neering Fracture Mechanics, Vol. 19, 1984, pp. 633-642. 

[4] Miller, A. G., "'J Estimation for Surface Defects," TPRD/B/0811/R86, Central Electricity Gener- 
ating Board, U.K., July 1986. 

[5] Ainsworth, R. A., "Approximate Non-Linear Fracture Mechanics Calculations Using Reference 
Stress Techniques," Innovative Approaches to Irradiation Damage and Fracture Analysis, PVP- 
Vol. 170, American Society of Mechanical Engineers, New York, 1989, pp. 13-20. 

[6] Newman, J. C., Jr., and Raju, I. S. "An Empirical Stress Intensity Factor Equation for the Surface 
Crack," Engineering Fracture Mechanics, Vol. 15, 1981, pp. 185- 192. 

[ 7] Parks, D. M. and Wang, Y.-Y., "'Elastic-Plastic Analysis of Part-Through Surface Cracks," Analyt- 
ical Numerical, and Experimental Aspects of Three Dimensional Fracture Processes, AMD-Vol. 
91, American Society of Mechanical Engineers, New York, 1988, pp. 19-32. 

[8] Dowling, N. E., "J-Integral Estimates for Cracks in Infinite Bodies," Engineering Fracture Mechan- 
ics, Vol. 26, 1987, pp. 333-348. 

[9] Trantina, G. G., deLorenzi, H. G., and Wilkening, W. W., "Three-Dimensional Elastic-Plastic 
Finite Element Analysis of Small Surface Cracks," Engineering Fracture Mechanics, Vol. 18, 1983, 
pp. 925-938. 

[10] McCabe, D. E., Ernst, H. A., and Newman, J. C., Jr., "Application of Elastic and Elastic-Plastic 
Fracture Mechanics Methods to Surface Flaws," Fracture Mechanics: Twenty-Second Symposium 
(Volume I), ASTMSTP 1131, H. A. Ernst, A. Saxena, and D. L. McDowell, Eds., American Society 
for Testing and Materials, Philadelphia, 1992, pp. 495-518. 

[11] White, C. S., Ritchie, R. O., and Parks, D. M., "Ductile Growth of Part-Through Surface Cracks: 
Experiment and Analysis," Elastic-Plastic Fracture: Second Symposium. Volume L" Inelastic Crack 
Analysis, ASTM STP 803, C. F. Shih and J. P. Gudas, Eds., American Society for Testing and Mate- 
rials, Philadelphia, 1983, pp. 1-384, 1-409. 

[12] H•du•ak• •. ``Gr•wth •f Surface Cracks Under Fatigue and M•n•t•nic •ncreasing L•ad••• Surface- 
Crack Growth: Models, Experiments, and Structures, ASTM STP 1060, W. G. Reuter, J. H. Under- 
wood, and J. C. Newman, Jr., Eds., American Society for Testing and Materials, Philadelphia, 1990. 
pp. 315-332. 

[13] Bauschke, H.-M., Read, D. T., and Schwalbe, K.-H., "Crack Growth Resistance at Surface Cracks 
in Three Aluminum Alloys," Defect Assessment in Components--Fundamentals and Applications, 
ESIS/EGF 9, Mechanical Engineering Publications, London, 1991, pp. 749-769. 

[ 14] Shih, C. F., O'Dowd, N. P., and Kirk, M. T., "A Framework for Quantifying Crack Tip Constraint," 
Constraint Effects in Fracture, ASTM STP 1171, E. M. Hackett, K.-H. Schwalbe, and R. H. Dodds, 
Eds., American Society for Testing and Materials, Philadelphia, 1992, pp. 2-20. 

[15] Hancock, J. W., Reuter, W. G., and Parks, D. M., "Constraint and Toughness, Parameterized by 
T," Constraint Effects in Fracture, ASTM STP 1171, E. M. Hackett, Schwalbe, and R. H. Dodds, 
Eds., American Society for Testing and Materials, Philadelphia, pp. 21-40. 

[16] Larsson, S. G. and Carsson, A. J., "Influence of Non-Singular Stress Terms and Specimen Geometry 
on Small-Scale Yielding at Crack Tips in Elastic-Plastic Materials," Journal of the Mechanics and 
Physics of Solids, Vol. 21, 1973, pp. 263-277. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



McCLUNG El- AL. ON GROWTH OF SURFACE CRACKS 283 

[17] Leevers, P. S. and Radon, J. C., "Inherent Stress Biaxiality in Various Fracture Specimen Geome- 
tries," International Journal of Fracture, Vol. 19, 1982, pp. 311-325. 

[ 18] Kaiser, S,, "On the Relation Between Stable Crack Growth and Fatigue," Fatigue of Engineering 
Materials and Structures, Vol. 6, 1983, pp. 33-49. 

[19] Marshall, C. W. and Wilkowski, G. W., "Effect of Cyclic Loads on Ductile Fracture Resistance," 
Advances in Fracture and Fatigue for the 1990"s, Vol. I: Load History Effects of Fracture Resistance, 
PVP-Vol. 166, American Society of Mechanical Engineers, New York, 1989, pp. 1-13. 

[20] Mogami, K., Hayashi, T., Ando, K., and Ogura, N., "Elastic-Plastic J-R Curve and Tearing Insta- 
bility Characteristics Under Cyclic Load," Advances in Fracture and Fatigue for the 1990"s, Vol. I: 
Load History Effects of Fracture Resistance, PVP-Vol. 166, American Society of Mechanical Engi- 
neers, New York, 1989, pp. 71-76. 

[21] Kobayashi, H., Kusumoto, T., and Nakazawa, H., "Cyclic J-R Curve and Upper Limit Character- 
istic of Fatigue Crack Growth in 2-~ Cr-Mo Steel," Advances in Fracture and Fatigue for the 1990"s, 
Vol. I." Load History Effects of Fracture Resistance, PVP-Vol. 166, American Society of Mechanical 
Engineers, 1989, pp. 55-63. 

[22] McClung, R. C., Thacker, B. H., and Roy, S., "Finite Element Visualization of Fatigue Crack Clo- 
sure in Plane Stress and Plane Strain," International Journal of Fracture, VoL 50, 1991, pp. 27-49. 

[23] Dowling, N. E., "Geometry Effects and the J-Integral Approach to Elastic-Plastic Fatigue Crack 
Growth," Cracks and Fracture (Ninth Conference), ASTM STP 601, American Society for Testing 
and Materials, Philadelphia, 1976, pp. 19-32. 

[24] Orange, T. W., "Methods and Models for R-Curve Instability Calculations," NASA TM 100935, 
National Aeronautics and Space Administration, Washington, DC, 1988. 

[25] Rice, J.R.,"Elastic-PlasticFractureMechanics," The Mechanics of Fracture, AMD-Vol. 19,Amer- 
ican Society of Mechanical Engineers, 1976, pp. 23-53. 

[26] Laird, C., "The Influence of Metallurgical Structure on the Mechanisms of Fatigue Crack Propa- 
gation," Fatigue Crack Propagation, ASTM STP 415, American Society for Testing and Materials, 
Philadelphia, 1967, pp. 131-168. 

[27] Wilhem, D. P. and Ratwani, M. M., "Application of the R-Curve Concept to Fatigue Crack 
Growth," Journal of Engineering Materials and Technology, Transactions, ASME, Vol. 100, 1978, 
pp. 416-420. 

[28] McClung, R. C., "Crack Closure and Plastic Zone Sizes in Fatigue," Fatigue and Fracture of Engi- 
neering Materials and Structures, Vol. 14, No. 4, 1991, pp. 455-468. 

[29] McClung, R. C., "The Influence of Applied Stress, Crack Length, and Stress Intensity Factor on 
Crack Closure," Metallurgical Transactions A, Vol. 22A, 1991, pp. 1559-1571. 

[30] McClung, R. C., Hudak, S. J., Jr., and Russell, D. A., "Towards an Analysis of Multiple-Cycle Proof 
Testing Based on J-Resistance Curves," Fatigue, Degradation, and Fracture, PVP-Vol. 195, Amer- 
ican Society of Mechanical Engineers, 1990, pp. 57-65. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



Stig Berge, 10ddvar L Eide, 2 and Masahiko Fujikubo 3 

Level-3 Crack-Tip Opening Displacement 
(CTOD) Assessment of Welded Wide Plates in 
Bending Effect of Overmatching Weld Metal 

REFERENCE: Berge, S., Eide, O. I., and Fujikubo, M., "Level-3 Crack-Tip Opening Displace- 
ment (CTOD) Assessment of Welded Wide Plates in Bending--Effect of Overmatching Weld 
Metal," Fracture Mechanics: Twenty-Third Symposium, ASTM STP 1189, Ravinder Chona, 
Ed., American Society for Testing and Materials, Philadelphia, 1993, pp. 284-309. 

ABSTRACT: Butt-welded wide plates with semi-elliptical surface cracks along the fusion line 
were tested in four-point bending. The material was normalized low-carbon microalloyed steel 
that conformed to offshore specifications. The testing temperature was in the range of --40* to 
0*C. The test results were analyzed by the crack-tip opening displacement (CTOD) Level-3 
method that compared different assumptions for the reference strain in order to assess the effect 
of overmatching weld metal. The original Level-3 plane stress model and a proposed plane strain 
model with a modified definition of effective primary stress were compared. Consistent results 
were obtained by the latter method. A detailed finite-element method (FEM) model was vali- 
dated, and results from comprehensive analyses of welded and nonwelded models are presented. 

KEY WORDS: crack-tip opening displacement, elastic-plastic fracture mechanics, weldments, 
wide plate tests, fracture mechanics, defect assessment, structural analysis, fatigue (materials) 

Nomenclature 

a Depth of surface crack 
a~ Effective a with plastic zone correction 

Half length of equivalent through-thickness crack 
c Half length of surface crack 
E Young's modulus 
J J-integral 
K Stress intensity factor 
K~ e Stress intensity factor due to primary stresses 
K s Stress intensity factor due to secondary stresses 
m J-CTOD proportionality constant 
P Applied load 
Po Characteristic load 
PL Plastic limit load 

Crack-tip opening displacement (CTOD) 
~c CTOD at unstable fracture with no prior crack extension 
&~ CTOD at maximum load (no fracture) 
~,, CTOD at unstable fracture after stable crack extension 
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eL Local strain in cross section of  crack 
eN Nominal strain not influenced by crack 
e e Strain in parent plate material 
e w Strain in weld 
eys Yield strain, o':,.s/E 
u Poisson's ratio 
ab Nominal bending stress 
at, Effective primary stress 
ar~f Reference stress 
as Effective secondary stress 
ays Yield stress 
,I, Nondimensional CTOD 

In offshore structures, fracture mechanics is used regularly in two areas: 

1. Materials characterization and selection when evaluating welding procedures. 
2. Fitness for purpose evaluation of  structures in the as-built condition. 

Fracture mechanics is less frequently applied in the design stage because, in the field of  off- 
shore structural steels and technology, fracture can be avoided by the proper selection of  mate- 
rials and fabrication procedures. Thus, design criteria are based on ductile material behavior. 

In more optimized structures, particularly with the increased use of high-strength steels, 
fracture mechanics evaluations become more important, and may gradually become an inte- 
gral element of  structural design [ 1 ]. 

In present-day design practices, there is a need for fracture mechanics-based criteria. Off- 
shore structures are designed for accidental and abnormal loads in a progressive collapse limit 
state (PLS) design. According to the Norwegian Petroleum Directorate regulations [2], a two- 
step procedure is followed. First, the design analysis should demonstrate that the structure 
experiences purely local damage when exposed to abnormal load effects. Second, after assess- 
ment of  calculated or specified local damages, the structure must have a proved capacity to 
resist defined environmental conditions without collapse. The procedure implies structural 
analysis with nonlinear effects associated with yielding and buckling, that is, large deflections 
and strains. Due to the built-in redundancy of  offshore structures, plastic capacity is impo'r- 
tant, and the contribution from strain hardening effects may be significant. Whereas the ulti- 
mate limit state design (ULS) is essentially a check of" load" (stress) capacity, the PLS design 
is, in many cases, a check of"ductili ty" (strain) capacity. 

In Fig. 1 (schematic), the design of a tubular structure subjected to falling objects or collision 

FIG. l--Design case (schematic)for falling object or collision against an offshore structure. 
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FIG. 2--Stress versus stram curves for smooth and notched tension specimen (schematic). 

is shown. This is a relatively common structural damage, and the structural integrity following 
local damage due to impact loading must be checked. Here, the load effect is defined in terms 
of  impact energy, and the corresponding capacity criterion is energy absorption by plastic 
deformation of  structural elements (represented by the area under the curves shown in Fig. 2). 
The implication for material properties is that ductility is a design parameter as equally impor- 
tant as strength. 

In current PLS design procedures, the ductility of a structural component is deduced from 
tension test data for the base material, where strains to fracture are typically in the 0.1 to 0.2 
range. For a dynamically loaded and welded structure with possible weld defects and fatigue 
cracks, this could be over-optimistic. Figure 2 shows schematically the load/deflection curves 
for smooth and notched tension specimens, respectively. For ductile materials, the load capac- 
ity is generally unaffected by defects, provided these are not excessive. The ductility and the 
capacity for energy absorption may, however, be strongly affected, even for small defects. It 
has been shown that a rational approach to the analysis of  ductile behavior for welded struc- 
tures should include the interaction between cracks and ductile behavior, that is, fracture cri- 
teria for large strains in strain,controlled load cases [3]. 

In this study, butt-welded wide plates with surface cracks along the fusion line were tested 
to failure. The objectives of  the tests were twofold: 

1. To investigate the application of  the CTOD Level-3 (reference strain) method for frac- 
ture assessment of  welded structures at large strains. 

2. To assess the effect of  overmatching weld metal on fracture. 

The experimental work was supported by numerical analysis through which a proposed plane 
strain CTOD Level-3 method was validated. 

i~ 
FIG. 3--  Wide-plate specimen with crack. 
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TABLE 1--Tensile properties for steel. 

Yield Ultimate Tensile 
Strength, MPa Strength, MPA 

Parent plate 377 507 
Weld metal 480 580 

287 

Experimental 

The work reported here is based mainly on tests with butt-welded plates conforming to off- 
shore specifications, described later. In the analysis section, reference is also made to tests on 
an unwelded bridge steel, reported in Ref4. The reader is referred to Ref4  for details of  those 
tests. 

Materials and Welding 

Butt-welded wide-plate specimens were produced by manual metal arc welding. The spec- 
imens are shown in Fig. 3. The material was normalized low-carbon microalloyed steel that 
conformed to offshore specifications [5]. 

Welding was done manually with covered electrodes according to a prequalified procedure 
for offshore structural welding. The electrodes were in compliance with ASME BPV-Code-IIc 
SFA-5.5:E7018-G (1983), and the mechanical properties are shown in Table 1. No post-weld 
heat treatment was applied. 

CTOD Testing 

CTOD testing was performed according to British Standards Institution BS 5762:1979 using 
B X B specimens as shown in Fig. 4. The notch was located in the weld metal (WM series) and 
at the fusion line (FL series). No attempt was made to sample specific features of the micro- 
structure [6]. 

The CTOD values are shown in Table 2 and-in Fig. 5. From the values listed in Table 2, it 
is apparent that the material was very tough, even at a temperature of  -40"C.  Ductile crack 
extension prior to fracture was typically 1 mm or less. For higher temperatures, only ~m values 

_1 b 2ram 

48 x 48 (rnm) 

WELD METAL 

"f U 

FUSION LINE 
FIG. 4--CTOD specimens, B X B geometry. 
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TABLE 2 - - CTO D  values, B X B specimens. 

Specimen Temperature, ~ CTOD, mm Comment 

WM- 1 0.5 0.87 6,n 
WM-2 -20 .0  1.26 6m 
WM-3 - 39.5 1.26 a, 
WM-4 -40 .0  1.36 G 

FL-1 -41 .0  0.69 ao slag 
FL-2 - 20.0 > 1.4 6,,, 
FL-3 - 39.5 1.38 6, 
FL-4 -- 20.0 > 1.4 6., 
FL-5 - 40.0 1. l 2 G 

were obtained.  In two cases, the deflection l imi ta t ion o f  the fixtures was reached before max- 
i m u m  load was at tained (run-outs). 

As shown in R e f  4, C T O D  at fracture in nonwelded wide-plate specimens tends to fall on 
the lower bound  tempera ture  transi t ion curve f rom small-scale tests, which in Re f  4 was based 
on 15 tests. For  the welded plates, a much  smaller  n u m b e r  o f  C T O D  tests were carried out, 
and the assessment o f  a lower bound  curve for materials  characterizat ion was somewhat  uncer- 
tain. Wi th  more  tests, lower values o f  C T O D  would  undoubtedly  have come  in. With  this 
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FIG. 5- -CTOD data from B X B tests, temperature transition curve. 
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consideration in mind, a temperature transition curve was drawn on the following basis, 
Fig. 5: 

1. The fracture surfaces ofFL- 1 revealed the presence of  slag at the crack initiation site. Due 
to the slag, the crack profile was in violation of  the requirements of  BS5762, and the result 
was discarded. 

2. The ~m value for the weld metal tested at 0*C was taken as a ductile collapse criterion for 
the specimen, and not relevant for fracture design, that is, considered as a run-out. 

The curve shown in Fig. 5 is used as a reference for the fracture toughness of  the weldments 
in the ensuing fracture assessments. Admittedly, the basis for this curve is somewhat meager. 
A main point for discussion is the relevance of  the CTOD test procedure for materials with 
toughness properties in this range, and the use Of Sm value for fracture characterization. 

Wide-Plate Specimens 

Cracks were produced with spark erosion. The spark-erosion electrodes were made from l- 
mm copper sheet formed to the desired semi-elliptical crack shape. The cracks were located 
along the fusion line as shown in Fig. 6 where fatigue cracks are most likely to develop, sim- 
ulating typical fatigue crack geometries. The cracks were oriented at a 5* angle relative to the 
fusion line, sampling material along the crack tip through the heat-affected zone, fusion line, 
and weld metal. Thus, fractures would be initiated from the weakest link of  the weldment 
[7]. 

The spark-eroded cracks were extended by fatigue precycling. The length o f  the fatigue crack 
and the applied stress intensity during precycling were according to the specifications for 
CTOD testing (BS 5762:1979). Fracture testing was performed in a four-point bend fixture as 
shown in Fig. 7. 

Strain Measurements 

The leading load parameter entered into CTOD Level-3 design is a reference strain, esf, cal- 
culated from the applied loading and the uniaxial stress/strain curve for the material [8]. As 
shown by the authors [9], this stress-based reference strain, e s is highly sensitive to the flow 
properties of  the material and carries along significant uncertainties. Therefore analysis was 
based on a strain-based reference strain, e~, either measured on the specimens or calculated 
by the finite-element method (FEM), hereafter denoted c~f. 

I 

I 
I 
I 

FIG. 6--Crack location for the wide-plate tests. 
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FIG. 7--Four-point  bend f ix ture  (schematic). 

It has been shown that the definition of  a characteristic strain in wide-plate tests may have 
a major influence on the interpretation of  test data, even with nonwelded plate material [4]. 
In the presence of  a weld with nonmatching properties, the definition of strain brcomes even 
more difficult. Strain was measured with strain gages at three locations, denoted as follows, see 
Fig. 8: 

e~ = local strain in parent plate material, 10 m m  from fusion line; 
e w = local strain in weld material; and 
c~ = nominal  strain in parent plate material. 

The strain measurements were made on both sides of  the plate. The differences were generally 
within 10% and average values are plotted. The welds were locally machined for attachment 
of  the strain gages. 

Local strain was measured in the cross section of the crack, and would be influenced by the 
overmatched weld metal and by any hinge mechanism developing from the crack. Nominal 
strain was measured outside the strain shadow of  the crack [4], but within the span of the 

I 

E N 

FIG. 8- -Loca t ion  o f  strain measurements .  
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FIG. 9--Strain measurements, Specimen BP9. 

constant bending moment, and was a measure of  the strain of  the plate material in an 
uncracked section. For the current CTOD Level-1 design, this would be the design strain 
[10]. 

In Figs. 9 through 11, the three measures of  strain are compared by graphs showing eL e and 
e ~v as functions ofe~. At small strains, all strains were essentially equal. At a strain exceeding 
approximately 0.2%, that is, above the elastic limit, significant differences developed, due to 
the yield strength overmatching of  the weld metal, and the development of  a hinge for large 
cracks. 

In Fig. 9, the strains in Specimen BP9 that had a very large initial crack are shown. The crack 
is also shown drawn to scale. The local strain in the weld and the nominal strain were approx- 
imately equal, whereas the local plate strain increased to more than five times the nominal 

s 
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FIG. 1 O--Strain measurements, Specimen BPI. 
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FIG.  l l - - S t r a i n  measurements, Specimen BP4. 

strain, reflecting the hinge development. Due to the hinge, fracture took place at a very small 
nominal strain. 

The initial crack in Specimen BP1 was comparatively small, Fig. lO. In this case, the strain 
in the weld did not develop much beyond yield. An interesting feature is that eN was larger 
than e~. This was apparently because the plastic flow in the parent material was constrained 
by the weld that remained in an essentially elastic stress state. This means that for cracks that 
are small compared to the cross section, an overmatching weld could provide strain shielding 
for cracks at the fusion line. This plate did not fracture, and the test was stopped at maximum 
deflection of the rig. 

Figure 11 shows strains for Specimen BP4 that had an intermediate size crack compared to 
SpecimensBP1 and BP9. There was some hinge development, and the strain in the weld went 
beyond yield. 

The data shown in Figs. 9 through 11 clearly underline the problem of assessing a relevant 
strain for fracture analysis of welds. 

Wide-Plate Fracture Appearance 

Plates that had cracks with an aspect ratio, a/2c = 0.2 (Fig. 10), did not fracture, even at a 
temperature of -40"C. The tests had to be stopped due to the deflection limitations of the 
fixtures. At this point, the nominal strain of the specimens was more than ten times yield,'and 
the local plate strain was around six times yield, see Table 3. 

Plates with larger cracks failed by fracture at a temperature of -40~ and, in one case, at 
- 20~ Contrary to the small-scale specimens, the fracture surfaces indicated that fracture was 
initiated with no prior ductile crack growth. The same discrepancy between small- and large- 
scale tests was observed with nonwelded plates [4]. This may indicate that for ductile mate- 
rials, the small-scale B • B specimen isnot fully representative of the conditions of constraint 
in wide plates. 

The fracture surfaces indicated that fracture initiation took place in the deepest part of the 
cracks that coincided generally with the region of the fusion line. There appeared to be no 
preferential path for crack propagation with respect to microstructure. From the initiation 
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TABLE 3-- Wide-plate test data at fracture/end-of test. 

293 

Temperature, a, 2c, P, 
Test *C mm mm MN Ee~'/a~" Ee~J%,P e EeNfire 

BPI Nva 0 14 70 0.832 2.0 7.0 12.0 
BP2 NF -40  15 70 0.902 2.6 6.2 12.3 
BP3 r~v - 40 16 70 0.877 2.1 5.9 11.2 
BP4 vb - 4 0  20 174 0.818 1.7 5.9 5.3 
BP5 NF - 20 18 175 0.861 3.0 7.8 8.4 
BP6 ~ -40  20 173 0.937 3.8 13.3 3.2 
BP7 F - 2 0  27 360 0.726 3.0 13.3 3.2 
BP8 NF - 20 20 340 0.858 2.8 l 1.5 8.8 
BP9 v --40 21 320 0.816 1.5 8.1 4.6 

"NF ffi no fracture, data at end of test. 
b F = fracture. 

point, the crack had propagated around the perimeter of the precrack and from there into the 
plate material in a direction normal to the stress axis; that is, the crack ran partly through the 
weld metal, partly through the plate material, with crack surfaces at an angle reflecting the 
location along the front of the initial crack from where the crack propagation ran off, Fig. 12. 

Based on these observations, the fracture behavior was analyzed in terms of mechanistic 
models. Microstructure was assumed to have a less important role relative to the stress and 
strain field in the characterization of the fracture limit state [6]. Test data are summarized in 
Table 3. 

C T O D  F r a c t u r e  A s s e s s m e n t  

The crack-tip opening displacement (CTOD) approach to assessment of elastic-plastic frac- 
ture has been expanded recently to a three-tier approach, referred to as Levels 1, 2, and 3. 
These methods have been extensively reviewed in the literature [11-13], and only the basic 
equations will be given here. 

Level-I is the conventional CTOD design by the so-called CTOD design curve [I0]. For 
large strains, this curve is essentially empirical, derived from wide-plate tests with through- 
thickness cracks. It has been shown that for strains approaching yield, the curve may become 

A ~ "  I B ~ - I  
- - - T  F - - - - -  

I I 
I I 

A - A  

FIG. 12--Typicat crack path. 

\ \  
\ 

B - B  
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unconservative. For  this reason, the validity range for Level-1 method has been restricted to 
c / e ,  _< 0.8 [13]. 

Level-2 is based on the Dugdale strip-yield model for plane stress conditions. Ductile col- 
lapse is implied, due to the fact that for aneday, = 1.0 the model predicts an infinite CTOD, 
that is, failure regardless of  toughness properties of the material. For a strain hardening mate- 
rial, this is clearly conservative. Furthermore, for a strain-controlled situation, that is, a col- 
lapse analysis of  a redundant  structure in which member loads may exceed gross yielding, the 
model cannot readily be used. 

Level-3, also called the reference strain method, includes strain hardening and is concep- 
tually valid for very large strains. Hence, this model was chosen for analysis of the results. It 
should be noted that the purpose of  the analysis is to investigate the mechanistics of the frac- 
ture assessment model, and not to evaluate specific fracture design procedures. 

C T O D  Level-3 Method  

The governing equation of  the Level-3 CTOD method proposed by Anderson et al. [11,12] 
is given by 

,,2 

r a esa O'ref 

Here, the effective crack length, a,, is 

2 / , 
ae = a + ~ \ ay,/ 1 + (trreda~) 2 

(2) 

Equation 1 is derived for a through-thickness crack. Effects of crack geometry are accounted 
for by an effective primary stress 

Kf 
(3) 

Equation 1 was derived from the following expression of  the J-integral proposed by Ainsworth 
[s] 

J = _----7-- + -- 1 (4) 
\ O'ref 

where E '  = E, ~ = 1 in plane stress, E '  = E( 1 - v2), u = 0.75 in plane strain, and the reference 
stress 

P 

ro 

where a0 is a reference point  on the materials stress/strain curve (usually ay,), P is the remotely 
applied load, and P0 is a characteristic load, for example, the plastic limit load, Pv e~r is the 
point on the uniaxial stress-strain curve for the material corresponding to a~r. 
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Assuming plane stress and expressing Kin terms of  an effective primary stress, Eq 4 may be 
written as 

a27ra ( Ee,,, ) 
J =  \ a  + -  1 ~rref (6) 

The relationship between CTOD and J-integral is 

J = m a . 6  (7) 

where m in the elastic-plastic range depends on the plastic constraint factor, accumulated plas- 
tic strain, and work hardening rate of  the material [14]. In plane stress with an ideal plastic 
material m = l, in plane strain m --~ 2. 

Equating Eqs 6 and 7, setting m = l, and introducing the contribution of the secondary 
stress (o2rra/E) to J, Eq 1 can be derived. Level-3 method is thus derived for plane-stress 
conditions. 

Plane Strain C T O D  Level-3 Method  

As shown by the authors [9], Eq 1 can be modified into a CTOD equation for plane strain 
by combining Eqs 4 and 7 

7rtr~a'E _ ml {a~ I~ E--/sr--~ q- //" \( EerefO.ref -- [ ) -~- O's 2 (8) 

where m = 2, u = 0.75, E '  = E/(1 - vz), and 

2 

ae = a + -~r ~rys/ 1 + (a,day,) 2 
(9) 

In Eq 8, the contribution of  secondary stress to the J-integral was assumed as a~Tra/E'. 

Numerical Analysis 

Finite-Element Model  and Verification 

Three-dimensional elastic-plastic finite-element analyses were performed using the ABA- 
QUS finite-element code [ 15 ]. The plate model was partitioned into a solid part near the crack 
plane and a shell part, Fig. 13. By preliminary analysis, it was shown that the stress in the shell 
part was little affected by the presence of  a crack. 

In Fig. 13, a model is shown with a crack in the center of  the weld, where only one quarter 
of  the plate was modeled. With a crack at the fusion line, symmetry along the weld was lost, 
and one half of  the plate was modeled. 

The load was applied as uniformly distributed forced displacements, shown in Fig. 13, sim- 
ulating the actual experimental conditions. The flow characteristics of  the material were input 
from uniaxial stress-strain curves with piecewise linearization. Nonlinear material behavior 
was evaluated by the incremental theory of  plasticity with the von Mises yield criterion, asso- 
ciated flow rule, and isotropic strain hardening. 

The solid part consisted of  20-node isoparametric brick elements. For crack-tip modeling, 
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uniformly distributed 
forced displacement ~ 

~ simply supported 
shell part 

solid part 
FIG. 13--FEMmodelofsurface-crackedplatewith thecracklocatedinthecenterofthe weld. 

this element was degenerated into a wedge shape as shown in Fig. ! 4a. The nodes at the crack 
tip, which were given the same initial coordinates, were allowed to displace independently. 
CTOD was extracted from the nodal displacements at Point A as shown in Fig. 14b. This was 
shown to correspond within 1% of the 90* intercept method [16]. The model was verified by 
calculations simulating the wide-plate tests reported in Ref 4, showing good agreement with 
CTOD at fracture measured by scanning electron microscopy by the 90* intercept method 
[9]. 

The J-integral was calculated using the virtual crack extension method [ 17,18]. For this pur- 
pose, a focused mesh shown in Fig. 14c, Was employed along the crack front. Three J-integral 
paths were selected, and a satisfactory path independence was established. The J-integrals cal- 
culated along each path were averaged. Stress intensity factors were calculated from the aver- 

�9 ; nodal point 6 R ; 90-deg intercept CTOD 
o; quarter point node ~ ; present definition of CTOD P 

b 

~ 3 r d  

pith - 

FIG. 14--Finite-element represe~i~ation of the crack-tip region: (a) collapse node and quarter-point 
node, (b) definition of CTOD, and (C) fOcused mesh. 
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age value of J-integrals assuming plane strain conditions. Good agreement with the Newman- 
Raju solutions [ 19] was found except at the free surface, which was clearly not in plane strain. 
Further details about the modeling and the actual computations are given in Ref 20. 

Three plate models were analyzed, see Fig. 15; unwelded with two crack geometries (WA, 
WB), welded with a crack in.the center of the weld (SA), and welded with a crack at the fusion 
line (SB). The lattercorresponds to the tests reported herein. 

CTOD Level-3 P~dictions for Unwelded Plate 

The purpose of discussing results for unwelded plate is to establish some basic relationships, 
and to utilize the data for verification of the fracture mechanics model, without the additional 
complication of an overmatched weld. 

For unwelded plate, the relationship between CTOD and J-integral at the crack bottom 
obtained by finite-element analysis is shown in Fig. 16. Calculations were performed for two 
crack geometries, a/2c = 0.1 (WA) and 0.2 (WB), respectively. The CTOD/J relationship of 
Eq 7 is shown for two values ofrn; 2,0 and 2.5. The analysis shows that the value ofm is around 
2.0 for both models, implying plane strain. For large strains, the value of m appears to 
approach 2.5, indicating inaccuracies in the model in this region. 

In Fig. 17, CTOD calculated by Level-3 for plane stress (Eq l) and plane strain (Eq 8) for a 
surface crack with a/2c = 0.1 are shown. The data are plotted on the Level-1 CTOD format 
with an effective cracklength, see Eq 3 [10] 

(lO) 

Local strain calculated by FEM was assumed as reference strain. Also shown is CTOD cal- 
culated directly by FEM, and experimental values from two tests [4]. The data are plotted on 
the CTOD design curve (Level-l) format. Also shown is the plane strain calculation using 
experimentally measured local strain as input. The plane strain equation is seen to give very 

(a) 

.,1, ~"weld metal 1 ffarentmetal 

i~crack 
Cv::,) 

~"crack 

(c) 
FIG. 15-TFEM models of (a) nonwelded (model WB), (b) crack in center of weld (model SA), and (c) 

crack at fusion line (model SB). 
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300 ~ i a y s ~ 2 . 5  
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CTOD 6 (ram) 

FIG. 16--Relationship between J and CTOD at crack bottom for nonwelded model, calculated by FEM 
model. 
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Plane-stress Level-3 
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/ /  . . .o 

/ ...o ~" FEM 
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FIG. I ?--CTOD estimates by Level 3-methods for nonwelded plate, calculated by FEM mode/, exper- 
imental data from Ref 4. 
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accurate predictions, whereas the plane stress solution is overpredicting applied CTOD by a 
factor close to three. Similar results were obtained with a model with a/2c = 0.2. 

Conclusions of  the analyses for parent plate models were that the FEM model was well 
behaving and gave results in good agreement with tests. With this model, the plane strain 
CTOD model was verified for surface-cracked plates in bending. 

C T O D  Predictions for  Overmatched Weld 

For the welded plate analysis, a crack geometry with a/2c = 0.2 was modeled, correspond- 
ing to Specimens BP l through BP3. Analysis was performed for a crack at the fusion line (SB) 
corresponding to the test conditions, and for a crack at the center of  the weld (SA) for 
comparison. 

In Fig. 18, CTOD calculated by FEM for unwelded plate (WB), welded with crack in center 
(SA), and welded with crack at fusion line (SB), are shown. For the latter, the CTOD is split 
into two contributions: from the weld and from the plate side of  the crack tip. All CTOD 
curves are plotted on the basis of  nominal strain in the plate and parent plate yield strength. 
For the model SA, CTOD is separated into ae and aw, and the contribution, ae, from the plate 
materials is seen to be dominating. CTOD for a crack in HAZ (SB) is about half the size of  
CTOD for the same crack in nonwelded plate (WB). With the crack in the middle of  a weld 
(SA), the CTOD is even less. 

For model SA, CTOD was replotted on the basis of  the local strain in the weld (dotted line 

ep CP : 6 Design curve ~W 2~gt~S 
~W = 6 / 

4 2.gcU S 

a/2c = 0.2 
: 6.o9 

model WB 

CL/eYS model SB of model SA 
1 ~ . _ ~ model SA 

6 P 

model SB 

weld~ p~arent metal~etal  

6 W " J ~  6p 

6 

~N/r - ~P 

0 1 2 3 4 5 6 7 
P W W 

r162 %/CYS 
FIG. 18--CTOD from FEM analysis, plotted on the design curve format: WB = nonwelded parent 

plate, SA = crack in weld, and SB = crack at fusion line. see Fig. 15. 
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in Fig. 18). CTOD and strain were nondimensionalized by the weld metal properties. For this 
crack geometry, the nominal strain was much larger than the local strain, see Fig. 10. The 
CTOD curve then appears to follow closely the curve for nonwelded plate, giving support to 
the proposal that the reference strain in a CTOD assessment should be the local strain, taking 
into account the effect of  an overmatching weld and of  a crack. 

In Fig. 19, this idea is pursued in more detail. CTOD calculated by FEM is plotted without 
nondimensionalizing the parameters. Models SA and SB (crack in the middle of the weld) and 
Model WB (nonwelded plate) show a similar behavior on an absolute strain scale. If this behav- 
ior is assumed as a reference then CTOD of the model SB (crack at fusion line), which samples 
from plate and weld material, is overpredicted when plotted versus weld properties, underpre- 
dieted when plotted versus plate material. 

In Fig. 19, applied CTOD increases markedly for eL around 0.25%, particularly for the 
welded models. This was found to coincide with the onset of  gross section yielding of  the plate, 
causing a change of  the applied bending moment distribution along the welded line in the 
following mechanism. 

In the analysis, bending loading is applied as incremental force displacements uniformly 
distributed in the width direction of the plate, see Fig. 13. In the elastic state, the corresponding 
bending moment increment applied to the weld metal is larger in the intact part of  the plate 
than in the cracked part, as illustrated in Fig. 19b, owing to a smaller bending stiffness in the 
cracked part. In the design equation, this effect is accounted for by the effective primary stress 
term, Eq 3, that is based on the linear-elastic fracture mechanics (LEFM) theory. After onset 
of  gross section yielding, which tends to take place in the cracked section, the applied bending 
moment  is redistributed as depicted by the dashed line in Fig. 19b, because of the reduction 
of  stiffness in the plastic hinge relative to the adjacent sections. As a result, the rate of  plasti- 
fication of  the crack ligament increases and the CTOD increases markedly. With an over- 
matched weld at the cracked section, this effect would be enhanced as shown in Fig. 19. This 
effect of  load redistribution is not taken into account in the CTOD design equations. 

Fracture Assessment of Welded Plate 

The procedure for fracture assessment using the CTOD Level-3 method may be summa- 
rized as follows: 

(a) Calculate stress intensity factor, K~e due to primary stress. 
(b) Calculate effective primary stress, ae, from K~t, Eq 3. 
(c) Calculate reference stress, a~r, by Eq 5. 
(d) Obtain reference strain, e~f, corresponding to a~f. 
(e) Calculate effective crack length, ae. 
(i9 Calculate applied ~ from Eqs 1 or 8. 

KI e was calculated from the Newman-Raju solutions [ 19], assuming linear elastic distribu- 
tion of  the nominal bending stress. 

~ was calculated from Eq 5. PL was calculated assuming elastic-perfectly plastic material, 
recategorizing the surface cracks as rectangular surface flaws with equal depth and area and 
computing the value of  P that would balance the resisting bending moment [ 12]. (In the anal- 
ysis of  the FEM data, a different recategorization scheme was applied, with essentially the same 
results [9]). As explained earlier, eref was measured experimentally, or calculated by three- 
dimensional FEM, see Fig. 8. 

The analyses were aimed at load cases that would give gross section yielding, and residual 
stresses were neglected [13]. 
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FIG. 19--Relationship between CTOD and local strain from F E M  analysis; WB = nonwelded parent 
plate, SA = crack in weld, and SB = crack at fusion line, see Fig. 15: (a) CTOD/local strain relationship 
and (b) distribution o f  applied bending moment increment along welded line. 
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CTOD Level-3 Predictions from FEM Analysis 

In Fig. 20, applied CTOD calculated by Level-3 plain stress (Eq 1) and plain strain (Eq 8) 
methods for the model SA (crack in the middle of  the weld) are shown. Also shown is CTOD 
calculated with FEM. The calculated CTODs were compared with direct FEM calculations. 
Computed strain in the weld metal was assumed for e~f. Also shown is the Level-1 design 
curve. Assuming the FEM model to give accurate predictions, the plane stress model is over- 
predicting applied CTOD by a factor in the 2 to 3 range. The plane strain model gives reason- 
able predictions. However, at strains above gross section yielding, the model is underpredict- 
ing CTOD, due to the neglected effect of  load redistribution over the crack ligament. 

For the model SB (crack along fusion line), there is no clear definition ofc~r, which may be 
taken in the weld metal or in the parent plate. In Fig. 21, the same curves are shown for the 
model SB (crack along fusion line), e~r in the weld. The curves are quite identical to the curves 
in Fig. 20, with a somewhat more pronounced underprediction of  the plane strain method for 
large strains. The reason appears to be the dominating contribution to the CTOD from the 
parent plate side of  the crack, re, in combination with the load redistribution, see Fig. 18. 

The same data, again for the model SB, are plotted in Fig. 22, with e~r taken in the parent 
plate close to the fusion line. This strain samples more of  the gross yielding of the plate that 
was constrained by the weld, and the steep increase in CTOD due to load redistribution does 
not appear. In this case, due to the contribution of, 6w, from the weld side of  the crack being 
smaller than predicted by the Level-3 method, the plane strain method overpredicts CTOD 
compared to FEM. The plane stress method appears to be overconservative. 

It should be noted that the FEM model of a crack along the fusion line is much idealized. 
In a real weld, there is no abrupt transition in material properties at the fusion line, due to 
intermixing of  parent and weld material and effects of  local thermal cycling during welding. 
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FIG. 20--CTOD estimates with Level-3 method for the model SA (see Fig. 15), reference strain in weld 
metal. 
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FIG. 2 I - -CTOD estimates with Level-3 method for the model SB (see Fig. 15), reference strain in weld 
metal. 
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FIG. 22--CTOD estimates with LeveL3 method for the model SB (see Fig. 15), reference strain in par- 
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TABLE 4--CTOD (6) of wide pla~es at fracture~end-of-test calculated by plane strain Level-3 method 
(Eq 8)for three measures of reference strain. 

Temperature, Ee~"/a~r, EeLe/a~f, Ee~/a~f, 
Test *C a/2c 6 (mm) 6 (ram) /~ (mm) Comment 

BP 1 0 0.20 0.1 0.2 0.3 no fracture 
BP2 --40 0.21 0.1 0.2 0.4 no fracture 
BP3 - 40 0.23 0.1 0.2 0.3 no fracture 
BP4 - 4 0  0.11 0.1 0.3 0.2 fracture 
BP5 --20 0.11 0.2 0.4 0,4 no fracture 
BP6 --40 0.11 0.3 0.4 0.4 fracture 
BP7 -- 20 0.08 0.3 0.6 0.2 fracture 
BP8 - 20 0.06 0.3 0.7 0.5 no fracture 
BP9 - 40 0.06 0.1 0.4 0.3 fracture 

Wide-Plate Tests--Comparison with Small-Scale CTOD Data 

Evaluation of the CTOD Level-3 procedures from the experimental values was based on the 
assumption that fracture in a wide plate takes place at the same critical CTOD as in small-scale 
specimens [4]. Level-3 CTOD at fracture (or end of test) of the wide plates was calculated, 
using measured values of erer and other parameters that enter Eqs 1 and 8. The resulting 
CTODs were compared to the temperature transition curve from small-scale tests, Fig. 5. 

Whereas in the FEM study only one crack geometry was analyzed, the wide plate tests had 
three different crack geometries, causing very different behavior with regard to hinge devel- 
opment, see Figs. 9 through 11. For this reason, the analysis was carried out using all three 
measured strains as e~, namely, eL e, e~', and e~, see Fig. 8, using the plane stress as well as the 
plane strain models (Eqs 1 and 8). The results of the calculations are shown in Tables 4 and 5. 

The purpose of this exercise was to investigate which model and set of input parameters 
would give the best predictions of Level-3 CTODs in the wide plates. The evaluation of the 
goodness of the predictions was based on two criteria: 

1. Best fit to the temperature transition curve established from a small-scale test (Fig. 5) and 
2. Consistency in that CTOD values at fracture should generally be larger than CTOD at 

the end of a test for plates that did not fracture. 

TABLE 5--CTOD (6) of wide plates at fracture~end-of-test calculated by plane stress Level-3 method 
(Eq 1)for three measures of reference strain. 

Temperature, Ee~e/~r~f, Ecedcr~f, Ee~/a~f, 
Test *C a/2c 6 (mm) 6 (mm) 6 (mm) Comment 

BPI 0 0.20 0.3 0.5 0.9 no fracture 
BP2 - 40 0.21 0.3 0.5 1.0 no fracture 
BP3 - 4 0  0.23 0.3 0.4 0.8 no fracture 
BP4 - 4 0  0.11 0.3 0.7 0.6 fracture 
BP5 --20 0.11 0.6 0.9 1.0 no fracture 
BP6 - -  40 0.11 0.7 1.1 1.0 fracture 
BP7 -- 20 0.08 0.7 1.7 0.4 fracture 
BP8 - -  20 0.06 0.8 1.9 1.5 no fracture 
BP9 - -  40 0.06 0.4 1.1 0.7 fracture 
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In Fig. 23, CTOD values a fracture/end-of-test calculated on the basis of nominal strain, eu, 
are shown. The difference between plane stress (Eq 1) and plane strain (Eq 8) predictions is 
evident. It is also apparent that with this definition of c=f the results become inconsistent, 
because the "no fracture" values of  CTOD are generally above the values at fracture. The rea- 
son is that hinge effects are not accounted for by eN. 

In Fig. 24, the results calculated with e=f = e w are shown. The plain strain model gives in 
this case unrealistically low values of  CTOD. Even the values calculated by the plane stress 
model, which according to the FEM analysis is overpredicting CTOD, appear to be on the low 
side compared to the temperature transition curve. For cracks along the fusion line, design 
based on strain in the weld would therefore be unconservative. 

In Fig. 25, the results are shown using e~ = eL e, which in the FEM analysis was shown to 
give the best agreement. The resulting CTOD values appear to be more consistent than in the 
two preceeding figures. The plane stress model is overpredicting CTOD values, whereas the 
plane strain model appears to be underpredicting. The latter is somewhat in disagreement with 
the FEM results. One reason could be the neglect of  the Level-3 design equation to account 
for the increase in applied CTOD due to load redistribution following gross section yielding, 
see Figs. 20 and 21. 

As a simple approximation, the load redistribution may be modeled by assuming a / 2 c  ---, 0 

at the onset of  gross section yielding, that is, substituting the Newman-Raju solution for KIP in 
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FIG. 24--CTOD estimates by Level-3 method from test data, local strain in weld metal. Temperature 
transition curve from Fig. 5. 

Eq 2 by the edge crack solution 1.12ab k/0ra). The resulting CTOD values, Table 6, are shown 
in Fig. 26, with the same definition ofe~fas in Fig. 25. The results of  Fig. 26 show an improved 
consistency, and the agreement with the temperature transition curve is very good. It is inter- 
esting to note that the same exercise was carried out in the analysis of  fracture tests on girth- 
welded tubulars with a similar improvement [21]. The results may indicate that the derivation 
of  an effective primary stress where crack geometry is accounted for by LEFM (Eq 3) is not 
valid in the regime of  gross yielding. 

C o n c l u s i o n s  

Butt-welded plates of  low-carbon microalloyed and normalized steel that conform to off- 
shore specifications with surface fatigue cracks along the fusion line were tested in bending. 
Plate thickness was 50 mm, and the crack fronts sampled material in HAZ, fusion line, and 
weld metal. 

The material was found to have excellent toughness properties for temperatures down to 
- 40"C. In B • B tests of  the material, there was some ductile crack extension prior to fracture. 
In the wide plates, there was no evidence of  ductile tearing, indicating that the B • B tests did 
not reproduce the conditions of  constraint in wide plates. Data were insufficient for a further 
exploration of  this issue. 
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FIG. 25--CTOD estimates by Level-3 method from test data, local strain in parent plate close to weld. 
Temperature transition curve from Fig. 5. 

A three-dimensional  elastic-plastic F E M  model  for the wide plates was validated. For  a non- 
welded plate model ,  the plane-stress Level-3 C T O D  m e t h o d  was found to overest imate 
applied C T O D ,  whereas a proposed plane strain model  gave good predictions when the local 
strain in the parent  plate was assumed to be a reference strain. For  plates with an overmatched 

TABLE 6--CTOD (6) of  wide plates at fracture/end-of-test calculated by plane strain Level-3 method 
(Eq 8) assuming Kp = 1.12 ab ~/(rca) in Eq 3, for three measures of reference strain. 

Temperature, EeW/a,ef, Eee,#r~f, Ee~/~f, 
Test *C a/2c ~ (mm) 6 (ram) ~ (mm) Comment 

BP1 0 0.20 0.3 0.6 1.0 no fracture 
BP2 - 4 0  0.21 0.4 0.6 1.2 no fracture 
BP3 -- 40 0.23 0.4 0.6 1.1 no fracture 
BP4 - -  40 0.11 0.3 0.6 0.6 fracture 
BP5 - 20 0.11 0.5 0.8 0.8 no fracture 
BP6 --40 0.11 0.7 1.1 1.0 fracture 
BP7 --20 0.08 0.5 1.2 0.3 fracture 
BP8 - -  20 0.06 0.5 1.0 0.8 no fracture 
BP9 - 40 0.06 0.3 0.7 0.4 fracture 
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FIG. 26--CTOD estimates by Level-3 method from test data, local strain in parent plate close to weld, 
effect of plastic load redistribution included. Temperature transition curve from Fig. 5. 

weld, a load redistribution effect not accounted for in the CTOD design equation was found 
to significantly enhance CTOD after gross section yielding. 

Based on experimental data, applied CTOD at fracture/end-of-test in the wide plates was 
calculated by the Level-3 CTOD method and compared with the temperature transition curve 
from B • B tests. The results of the FEM analysis were generally confirmed. For assessment 
of surface defects in the heat-affected zone of overmatching welds subjected to bending, the 
following conclusions were drawn: 

1. For a material with good toughness, assessment of characteristic values of/it by standard 
test procedures is difficult and leads to large uncertainties in the corresponding temper- 
ature transition curve. 

2. The reference strain should be measured in the parent plate material, taking into account 
hinge effects and effects of constraint from the overmatching weld. 

3. The plane stress Level-3 CTOD method appears to overpredict applied ft. 
4. A proposed plane-strain Level-3 CTOD method with the conventional definition of a 

primary stress that takes into account the linear-elastic effects of crack geometry appears 
to underpredict applied ft. 

5. A proposed plane-strain Level-3 CTOD method with a primary stress corrected for plas- 
tic load redistribution gave results for the wide-plate tests with good consistency and good 
agreement with small-scale CTOD tests. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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Limit Pressure Analysis of a Cylindrical Vessel 
with Longitudinal Crack 
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drical Vessel with Longitudinal Crack," Fracture Mechanics: Twenty- Third Symposium, ASTM 
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ABSTRACT: This paper presents equations for the limit pressure of a cylindrical vessel with a 
longitudinal crack. The calculations are based on a log-spiral slip-line and plane-strain condi- 
tions. The calculated limit pressure is compared with the pressure measured in the Pressurized- 
Thermal-Shock Experiment No. 2, PTSE-2, performed at the Oak Ridge National Laboratory. 
It was found that in the PTSE-2A test the short crack extended in a region of thermal tensile 
stress at a measured pressure lower than the calculated limit pressure. However, in the PTSE-2B 
test, the long crack extended in a region of decreasing temperature gradient at a pressure about 
equal to the calculated limit pressure. The vessel collapsed when the pressure exceeded the limit 
pressure. In comparison, the crack in compact specimens [C(T)] fabricated from the same steel 
as the vessel extended at the limit load calculated on the basis of the flow stress. The differences 
in fracture behavior likely resulted from differences in degree of constraint in the C(T) specimens 
and the vessel. 

KEY WORDS: limit pressure, cracks, fracture (materials), slip line, pressure vessels, thermal 
shock, fracture mechanics, fatigue (materials) 

The present study evolved from observations that (1) cracks in many compact tension, C(T), 
specimens extended at loads greater than the limit load calculated on the basis of yield stress, 
and (2) J versus crack extension (JR -- Aa) data from C(T) specimen tests poorly predicted 
crack extension in a thick-wall cylindrical vessel. 

Regarding the first observation, Hu et al. [ 1,2] have shown that the limit load predicted well 
the load versus crack extension behavior of 0.5 Tand  1 TC(T) specimens fabricated from A7 l0 
steel, A533-B steel, A508 steel, HY 80 steel, A302-B steel, and CS 19 aluminum. All specimens 
were tested at room temperature or higher. The limit load also predicted well the data for 2T, 
4T, and 10T C(T) specimens of A508 steel. The predictions were generally better for small 
specimen sizes and long cracks. 

In their work, Hu et al. have emphasized the need to clearly distinguish between elastic- 
plastic and plastic fractures. Crack extension is controlled in the former case by a crack-tip 
singularity parameter such as the J-integral and in the latter case by plastic hinge rotation at 
limit load. 

Regarding the suitability of JR - Aa data, Oak Ridge National Laboratory (ORNL) 
researchers concluded that [3] 

Posttest analysis of the four distinct phases of stable ductile tearing in PTSE-2 (pressurized-thermal- 
shock experiment No. 2) failed to demonstrate quantitative agreement between JR -- Aa data and 
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tearing in the experiment. JR curves that fit the early phases of the experiment were poor fits for the 
later phases and vice versa. 

Also, 

The tearing analysis of both experiments indicate that the quantitative effect cannot be predicted well 
from JR - Aa data. This experience and the imprecision of similar tearing predictions for the iso- 
thermal hydrostatic test of intermediate test vessel V-8A suggest that it would be useful to investigate 
the applicability of other theoretical procedures based on tensile properties. 

Based on the findings just  cited, the authors were asked to calculate the limit pressure of the 
PTSE-2 vessel during Transients A and B. The result was to serve as a test of the utility of slip- 
line analysis in predicting the strength of a pressurized vessel, 

PTSE-2 Vessel 

Dimensions  

The cylindrical vessel that was tested in the PTSE-2 had an inner radius ofRi = 343.0 mm, 
outer radius ofRo  = 490.6 mm, and wall thickness of W = 147.6 m m  (Fig. 1). The 2160-mm- 
long cylindrical portion was capped with spherical ends. 

A longitudinal, full-thickness insert was welded into the cylindrical portion of the vessel. It 
contained a longitudinal crack of initial depth, a = 14.5 mm, and surface length, L = 1000 
mm, on the front wall. 

Tensile Properties 

The insert piece was made of 2�88 Cr - 1 Mo steel of low tearing resistance, designated Mate- 
rial A in Refs 3 and 4. 

The tensile properties of Material A were measured with two sets of specimens. The Set 5 
specimens were machined from a piece of material that was cut from the insert before the 

FIG. 1--Cylinder with a longitudinal outer crack. 
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Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



312 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

insert was welded into the vessel. This characterization piece had a yield strength of 255 MPa 
and a tensile strength of  518 MPa. The Set 7 specimens were cut from the insert after the com- 
pletion of  the PTSE-2 vessel test. This posttest piece had a yield strength of  375 MPa. Its tensile 
strength was not reported. 

The yield strength of  the posttest piece, ay = 375 MPa, was about the same as the flow stress 
of  the characterization piece, a0 = 386 MPa. The flow stress was calculated as the mean of  the 
measured yield and tensile strengths. Evidently, the insert steel strain hardened during the 
pressurized-thermal-shock event. 

The vessel itself was made of  A533-B steel, designated Material B in Refs 3 and 4. It had a 
yield strength of  430 MPa. Its tensile strength was not reported. 

Elastic Compliance Data 

The ORNL staff also performed elastic compliance tests of  two sets of  1 T C(T) specimens 
fabricated from the insert Material A. Similar to the tensile specimens, the Set 5 C(T) speci- 
mens came from the characterization piece and the Set 7 C(T) specimens from the posttest 
piece. 

The authors reanalyzed the elastic compliance data in terms of  load versus crack length. The 
measured loads were compared with the limit load of  the 1 TC(T) specimen, calculated as [ 1,2] 

2 ( R )  
PL = - ~ B c r o  2 . 5 7 2 ~ - -  1 b (l) 

where the radius of  the circular segment of the slip-line in the C(T) specimen is (see Fig. 2 in 
Ref  1) 

R = ~/0.699a 2 + 0 .409W 2 - 1~052a (2) 

and 

B = specimen thickness, 
W = specimen width, and 
b = W -  a = ligament width. 

Figures 2 and 3 show typical results for the Set 5 and 7 specimens. Both were 20% side 
grooved. For ease of  comparing the data, the load and the crack length were normalized. Two 
predicted limit load curves were plotted, one based on the yield strength and the other on the 
flow stress of Material A. The latter accounts for strain hardening. 

The load in the Set 5 specimens reached the limit load calculated on the basis of the flow 
stress after a crack extension of  about Aa/W = 0.03. Thereafter, the crack extended at loads 
higher than the flow stress limit load. 

The load in the Set 7 specimens reached the limit load calculated on the basis of the yield 
stress. The yield strength of  the Set 7 specimens was much higher than that of the Set 5 spec- 
imens, on average % = 375 MPa versus ar = 255 MPa. It was comparable to the flow stress 
of  the Set 5 specimens (a0 = 386 MPa). It is believed that the prestrain to which the posttest 
piece was subjected during the PTSE-2 test kept the Set 7 specimens from strain hardening 
further in the elastic compliance tests. 
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C y l i n d e r  W i t h o u t  C r a c k  

To determine the limit pressure of  a cracked vessel, it is necessary to first obtain the stress 
distribution through the wall thickness of  a cylindrical vessel without a crack. As a first step 
towards calculating the limit pressure of a cracked vessel, equations were obtained for the 
internal pressure as well as the elastic, elastic-plastic, and plastic stresses in the cylindrical por- 
tion o fa  noncracked vessel. Knowledge of these stresses provides guidance on the location and 
formation of  the plastic hinges that are needed for an upper-bound mechanism analysis, and 
the stress diagrams for a lower-bound static analysis. 

Elastic Solution 

The elastic solution for stresses in the wall of  an axisymmetric cylinder subjected to internal 
pressure can be found in the literature [5]. The solution of interest in this study assumes that 
the cylinder wall is thick; the material is homogeneous, isotropic, and linear elastic; and the 
moment  at the cylinder to cap junction does not significantly affect the stresses in the cylinder 
wall away from the ends. Under  those conditions the circumferential and radial stresses 
through the wall thickness, Fig. 1, are given by [5] 

2 

§  

= ( 3 )  o0 p(Ro/  l 
\Ri] 

= (4)  

-p(Ro)2 l 
\RiJ 

where 

Ri = inner radius, 
Ro = outer radius, 

r = radial location between R, and Ro, and 
p = internal pressure. 

The stress component,  az, in the longitudinal direction of  the cylinder is 

1 
= + Ee0 2 p(Ro)2_l 

\Ri] 

(5) 

where 

E = modules of  elasticity, 
v --- Poisson's ratio, and 

e0 = longitudinal strain. 

The preceding equations are valid until the yield condition is reached at the inner surface 
of  the cylinder, where the circumferential stress is highest. 
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Yield Criteria 

The yield condition in this study is based on the von Mises yield criterion written in the form 

1 x / ( . ,  - o-2) 2 + ( ~ 2  - *~)2  + (o- .  - o-,)2 = o-. 
(6) 

where 

o-, o-2, o-3 = principal stresses, and 
o-~, = tensile yield stress. 

Since the directions of  the principal stresses do not change during loading, one can assume 
that a2 is the longitudinal stress, at. Thus, a~ = o-0, a2 = az, o-3 = O'r. Also, one can show that a~ 
= (o-r + o-0)/2. For plane strain (Eo = 0) and rigid-perfectly plastic material behavior, the von 
Mises yield criterion has the form 

or, - o-3 = 2k (7) 

where k = o - y / ~  is the shear yield stress. Equation 7 is valid at first yielding as well as during 
rigid-perfectly plastic deformation, because for both cases o-~ = (o-, + ~0)/2. 

Elastic-Plastic Solution 

The cylinder begins to yield when the difference between the circumferential and radial 
stresses, Eqs 3 and 4, is equal to two times the shear yield stress. The corresponding pressure 
at first yielding, p .  is given by 

,[ p,  = ~ 1 - 2k (8) 
\RoJ 

A cylinder subjected to a pressure greater than the yield pressure (Eq 8) develops elastic- 
plastic stresses thrcugh the wall thickness. The cylinder can be thought of  as a two-ring com- 
posite. The radius to the boundary between the elastic and plastic rings is labeled ry. 

The stresses in the " inner  plastic ring," Rj --< r ~ ry, are 

o-o= - p + 2 k ( l  + l n ~ )  (9) 

r 
o-r = - -P + 2k In R~ (10) 

The stresses in the "outer  elastic ring," ry <--- r <-- Ro, are 

( l l )  

or  2k(, ,12, 
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Plastic Solution [7] 

The noncracked cylinder fully yields through the wall thickness when ry = Ro. The limit 
pressure of  the noncracked cylinder then becomes 

PL ---- 2k In --R~ Ri (13) 

Substituting the limit pressure, PL, from Eq 13 into Eqs 9 and 10 gives the following expres- 
sions for the circumferential and radial stresses of the  fully yielded cylinder, with Ri <--- r < Ro 

a 0 - - 2 k ( l  + ln~oo) (14) 

r 
ar = 2k In - -  ( 1 5 )  

Ro 

Application to Vessel Without Crack 

The stresses in the wall of  a pressurized cylinder of dimensions equal to those of the PTSE- 
2 vessel were calculated for two conditions: a cylinder made entirely of  the insert Material A 
(characterization piece, Set 5); and a cylinder made entirely of  the vessel Material B. 

The fight part of  Fig. 4 shows the circumferential and radial stress distributions for a non- 
cracked cylinder made entirely of  the insert Material A, with yield strength of  ay = 255 MPa. 
The circumferential stress is shown for three pressures, the radial stress only for the limit pres- 
sure. The three curves represent: (a) elastic stresses at the yield pressure, py = 75.3 MPa, caus- 
ing first yielding of  the steel on the inner surface of  the wall; (b) elastic-plastic stresses at an 
intermediate pressure, p = 98.9 MPa; and (c) plastic stresses at the limit pressure, PL = 105.4 
MPa. 

The stresses are shown for the front wall section of  the cylinder (where the insert is located 
in the PTSE-2 vessel) at an angle, 0 = 0, from the x-axis. As Fig. 4 shows, the wall of  the non- 
cracked cylinder yields from the inside out as the pressure is increased. Indeed, the value of 
the elastic circumferential stress induced by the yield pressure decreases from or0 = 219.1 MPa 
at the inner surface to ae = 144.0 MPa at the outer surface. At the limit pressure, the value of 
the plastic circumferential stress increases from ~0 = 2~y/V~ - PL = 189.0 MPa at the inner 
surface to or0 = 2ay/V~ -- 294 MPa at the outer surface. The radial stress is much smaller than 
the circumferential stress. It varies from ar = - P  at the inner surface to zero at the outer 
surface. 

Similarly, the left part of  Fig. 4 shows the circumferential and radial stresses for a non- 
cracked cylinder made entirely of  the vessel Material B, with yield strength of  ~, -- 430 MPa. 
They are shown for the back wall section of  the cylinder at a counter-clockwise angle, O -- rr, 
from the x-axis (Fig. 1). The curves represent: (a) elastic stresses at the yield pressure, p~. = 
126.9 MPa, causing first yielding of  the steel on the inner surface o f  the back wall; (b) elastic- 
plastic stresses at an intermediate pressure; and (c) plastic stresses at the limit pressure, PL = 
177.7 MPa. The back wall stresses for the higher yield strength Material B are much higher 
than the corresponding front wall stresses for the lower yield strength Material A. 

The implication of  the results for a crack-free PTSE-2 vessel is that the back wall remains 
elastic even as the front wall fully yields. This suggests a failure mechanism, in which a plastic 
tensile link forms in the front wall (Fig. 5a) followed by a plastic hinge in the back wall (Fig. 
5b). The vessel would then collapse. 
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a 

Plastic 
hinge 

Plastic 
link 

Back Front 
wall wall 

FIG. 5 - -  Vessel with plastic link in front wall and plastic hinge at back wall: (a) plastic region and (b) 
circumferential stress. 

Cylinder with Outer Crack 

The l imit  pressure is calculated with the slip-line method at the different crack lengths that 
were measured dur ing the PTSE-2A and  PTSE-2B tests. The governing equat ions are sum- 
marized briefly in the following section. The reader should refer to Ref 6 for a detailed analysis. 

Plastic Link in Front Wall 

Equations for Slip-Line Field--The plane strain condi t ion is the ma in  assumpt ion  made in 
developing the slip-line solution. With this assumption,  the basic equat ions for the stress corn- 
ponents  are 

or0 = cr,. + k sin[2(a - 0)] 

(7 r = o" m - k sin[2(a - 0)] 

r,e = k cos[2(a - 0)] 

(16) 

(17) 

(18) 
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where a - O is the angle between the a-line and the x-axis in Fig. 6. Equations 16 through 18 
are solved for the tangential stress 

---~ 2 ao a , •  (19) 

hydrostatic stress 

2 (20) ~m = , , ,  + _ V ~ - -  ~-,~ 

and angle of the slip-line angle 

1 Tr0  
a = 0 _+ ~ arccos-~- (21) 

The shear stress, rre, in the wall of a pressurized cylinder is assumed to be zero. Thus, the 
tangent on the a-line is sloped at an angle, a = 0 + ~r/4, from the x-axis. The equations for 
the a- and 3-lines then take the form 

/ ,  

0 = -- 0o + I n -  
R, 

F 
O = + O 0  - l n - -  

Ri 

(22) 

Oo 

line 

FIG. 6--Log-spiral slip line in pressurized cylinder with longitudinal outer crack. 
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Limit  Pressure--The pressure when a plastic link forms in the front wall is loosely called 
the limit pressure in this study, even though the vessel does not collapse until a plastic hinge 
forms in the back wall. This pressure is assigned the symbol, PLy, in which the numeric sub- 
script stands for the first cross section to fully yield. To calculate the limit pressure, the circum- 
ferential stress, as, must be known in the front and back walls of the vessel. The stress in the 
back wall is still elastic when the front wall fully yields, because the yield strength of  the vessel 
Material B is much higher than that of  the insert Material A. 

The circumferential stress in the front wall is calculated first at Point A, a0n, and then at other 
points along the x-axis, a0-0 (Fig. 6). Using the basic slip-line equation for the a-line, &r,, = 
2k 6c~, and knowing the hydrostatic stress at Point D, o- m = - -p  -t- k ,  the hydrostatic stress at 
Point A can be obtained. Inserting the resulting expression, f f m A  = --p -~- k + 2k In(r/R,), into 
Eq 16, leads to the equation for the circumferential stress at Point A. 

a0A= - p +  2 k ( l + l n ~ , )  (23) 

Since the boundary conditions for all points on the inner surface between the x-axis and D 
(Fig. 6) are the same as those for Point D, one can show that the circumferential stress at all 
points on the x-axis between the inner surface and the crack tip must be equal to the circum- 
ferential stress at the crack tip. In other words, Eq 23 is valid for all other points along the x- 
axis, that is 

~010=0 = ~0A ( 2 4 )  

The limit pressure is obtained by writing an equation of  force equilibrium for one half of  
the cylinder. 

PLI = 2 k i n  Ro -- a (25) 
Ri 

Figure 7 shows, as an example, the circumferential and radial stresses in the front and back 
walls, at a pressure ofpLt = 96.5 MPa and initial crack length of a = 14.5 mm (Eq 25), as 
calculated with the von Mises shear yield stress, k = ay] k/3. 

Plastic Hinge in Back Wall 

As the pressure is further increased, the plastic link elongates at constant resistance, and the 
lower and upper halves of  the cylinder are assumed to rotate about a point in the back wall. 
The vessel eventually collapses when a plastic hinge forms in the back wall under combined 
tension and bending. The increment in pressure between the formation of the plastic link in 
the front wall and the plastic hinge in the back wall is equivalent to a pressure resisted by a ring 
split at the front wall. 

The pressure at the time of  collapse is assigned the symbol PL2 in which the numeric sub- 
script stands for the second cross section to fully yield. Similar to the deviation of pLy, the limit 
pressure, PL2, is obtained from the equations of  force and moment  equilibrium for a unit length 
of  one half of  the cylinder. The circumferential stress in the front wall is given by Eq 23. 

Equations for  Stress Fie ld- -The  circumferential stress distribution for combined tension 
and bending of  the back wall is assumed in such a way that the stress satisfies the yield criterion 
at all points. According to Eq 14, this stress is in the region under tension 
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FIG. 7--Stresses in cracked cylinder at formation of plastic link in front wall. 

450 500 

a0= 2 k n ( l + l n ~ o o )  (26) 

and in the region under compression 

~0= - - 2 k B ( l + l n ~ o o )  

The shear yield strength, ke = ~,n/V~, is that of the vessel Material B. 
Limit Pressure--The force equilibrium equation is then 

(27) 

~F~,= 2pL2R,-- ~ ~odr- :~ r 
oat wall ck wall 

(28) 

where PL2 is the limit pressure when the plastic hinge forms. The stress state in the front wall 
does not change as the pressure is increased from PLI to PL2, meaning that the plastic link elon- 
gates at constant resistance. Therefore, the integral of the circumferential stress in the front 
wall remains equal to PL tR, according to the plastic link calculations. Substituting this value 
for the first integral in Eq 28, along with the expression for the circumferential stress in the 
back wall (Eqs 26 and 27), gives 

2pL2R,-- P L I R , -  2kB 1 + In d r +  2kn 1 + I n  r dr - -  0 (29) 
i A 
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FIG. 8--Stresses in cracked cylinder at formation of plastic hinge in back wall. 

Moment  equilibrium about the axis of  the cylinder requires that 

~"M~ -"~ ffront wall ~sr d r -  f~r ~t aor dr = O (30) 

Substituting the front wall stress from Eq 24 and the back wall stress from Eqs 26 and 27 leads 
to 

i 

- 2kB 1 + l n  r d r +  2kB 1 + I n  r r d r = O  
i 

(31) 

The term, rNA, is the radius to the plastic neutral axis in the back wall. The position of  the 
neutral axis was calculated by solving the moment  equilibrium Eq 31. The result was then 
substituted into the force equilibrium Eq 29 giving the limit pressure, PL2. Both equations were 
solved numerically with MathCAD. 

Figure 8 shows, as an example, the circumferential and radial stresses in the front and back 
walls at the l imit  pressure, PL2 = 100.4 MPa, and initial crack length o f a  = 14.5 ram. The 
stresses in the front wall are the same as those plotted in Fig. 7, because in both cases a plastic 
link has formed in the front wall. 

Resul ts  

Table 1 summarizes the fracture events during the PTSE-2A and PTSE-2B tests, their t ime 
of  occurrence, and the measured pressure and crack length at each event. This information 
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Table 2 lists the values of the limit pressure, PLI, when the plastic link forms in the front wall 
and the values of the limit pressure, PL2, when the plastic hinge forms in the back wall. The 
von Mises shear yield stress is k = ,y/V~, where %A = 255 MPa for the insert Material A in 
the front wall and cryB = 430 MPa for the vessel Material B in the back wall. 

The limit pressure, PL2, is higher than PL~ by an amount  varying from 4% at 14.5-mm crack 
length to 7% at 78.8-mm crack length. This difference is not significant, and, for practical pur- 
poses, the limit pressure, PLy, at the formation of the plastic link in the front wall could be taken 
as the collapse pressure. 

Completing the calculations, Table 2 also lists the limit pressures, PLI and PL2, calculated 
with the von Mises shear flow stress for the insert Material A in the front wall, k = cr0A/V~ = 
386/V~ = 223 MPa, and the shear yield stress for the vessel Material B in the back wall, k = 
r = 430/V~ = 248 MPa. The flow stress was chosen for the insert Material A, because 
the tension tests of specimens from the posttest piece showed evidence of strain hardening 
during the PTSE-2 tests. The yield stress is the appropriate value for the vessel Material B. 
Since the hinge in the back wall is the last to form and does not have to rotate for the vessel to 
collapse, the yield stress of the vessel material should not be raised to the level of the flow stress. 

Figures 9 and 10 compare the calculated limit pressure with the pressure measured during 
the PTSE-2A and PTSE-2B tests, respectively. The limit pressure was calculated at all mea- 
sured crack lengths and was plotted at the corresponding times from scan start (Tables 1 and 
2). The limit pressure was calculated for the following cases: formation of the plastic link in 
the front wall, based on the yield stress of the insert material; formation of the plastic hinge in 
the back wall, based on the yield stresses of the insert and vessel materials; and formation of 
the plastic hinge in the back wall, based on the flow stress of the insert material and the yield 
stress of the vessel material. The measured pressure was plotted at all elapsed times listed in 
Tables 10.10 and 10.1 l of Ref 3. Table 2 of the present study gives only the data at the times 

TABLE l--Measured pressure and crack lengths during PTSE-2A and PTSE-2B tests (adapted frorn 
Tables 9.1, 10.10, 10.11, and 10.12 of Ref3). 

Crack Measured Crack-Tip 
Measured Length, Pressure, SIF, K~ Temperature, 

Event Time, s Position a (mm) p (MPa) (MPa V/-m) T (*C) 

PTSE-2A 
Initiation of thermal shock ~ 112 a 14.5 ~60.0 
Onset of initial tearing <184.6 b 19.6 62.8 195.7 
First maximum Kn 184.6 c 19.6 62.8 171.0 
Minimum Ku, onset of 241.8 c 19.6 ~ 13. l 171.0 

precleavage tearing 
Initial cleavage propagation 361.4 d 22.5 47.7 198.9 
Cleavage arrest 361.4 e 39.3 47.7 261.4 
End of posteleavage tearing 365.6 f 42.4 52.1 278.7 

(second maximum/(i) 

Initiation of thermal shock ~ 155 
Onset ofprecleavage tearing >575.8 
Initial cleavage propagation 575.82 
Interruption of cleavage by 575.82 

ductile tearing and 
cleavage reinitiation 

Final cleavage arrest 575.82 
Onset of postcleavage tearing 576.2 
Rupture of vessel wall 576.7 

PTSE-21] 
g 42.4 2.7 
h 42.4 66.6 
i 46.1 66.6 248.1 
j 69.2 66.6 361.6 

302.8 
128.0 
77.0 
77.0 

80.7 
130.6 
138.0 

274.9 

102.4 
146.8 

k 78.8 66.6 419.3 162.9 
1 78.8 64.3 406.5 162.9 

147.6 62.3 216.4 
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TABLE 2--Comparison of measured pressure and calculated limit pressure. 

Limit Pressure Based on 
Measured Limit Pressure Based on Combined Flow and Yield 

Crack Length Yield Stress Stresses 

Plastic Link a Plastic Link c 
Measured in Front Plastic Hinge b in Front Plastic Hinge d 

Crack a a /W Pressure, Wall, PL~ in Back Wall, Wall, PLI in Back Wall, 
Position (mm) (MPa) p (MPa) (MPa) PL2 (MPa) (MPa) PL2 (MPa) 

PTSE-2A 
a 14.5 0.098 60.0 96.5 100.4 146.1 147.0 
b 19.6 0.133 62.8 93.4 97.2 141.3 142.1 
c 19.6 0.133 13.1 93.4 97.2 141.3 142.1 
d 22.5 0.152 47.7 91.6 95.3 138.6 139.3 
e 39.3 0.266 47.7 80.8 84.3 122.3 122.9 
f 42.4 0.287 52.1 78.8 82.2 119.2 119.8 

PTSE-2B 
g 42.4 0.287 2.7 78.8 82.2 119.2 119.8 
h 42.4 0.287 66.6 78.8 82.2 119.2 119.8 
i 46.1 0.312 66.6 76.3 79.8 115.5 116.2 
j 69.2 0.469 66.6 60.6 64.2 91.8 92.9 
k 78.8 0.534 66.6 53.8 57.6 81.5 83.0 
1 78.8 0.534 64.3 53.8 57.6 81.5 83.0 

147.6 1.000 62.3 

a Yield stress of Material A (insert material). 
b Yield stresses for both insert and base materials. 
c Flow stress of Material A. 
d Flow stress of Material A and yield stress of Material B. 

when the crack length was measured. The comparisons in Figs. 9 and 10 suggest that the mea- 
sured pressure exceeded the limit pressure during the second half of crack extension in the 
PTSE-2B test. 

Interpretation 

An alternate way of comparing pressures is to plot them against crack length instead of time. 
This was done in Fig. 11 for the same three cases cited in the previous paragraph. As the legend 
in the figure indicates, the crack extended alternately under cleavage and tearing in both the 
PTSE-2A and PTSE-2B tests. Yet, the measured pressure was always lower than any of the 
three calculated limit pressures in the PTSE-2A test (Points a through f) and changed from 
being lower to falling within the range of calculated limit pressures in the PTSE-2B test (Points 
g through 1). Beyond Point 1, the crack extended through the remaining ligament of the vessel 
wall in ductile tearing at a pressure equal to and greater than the calculated limit pressure. In 
the end, slip-line analysis correctly predicted plastic collapse. 

PTSE-2A Test 

A more detailed interpretation must consider two important factors, namely, the plastic 
zone size and the temperature gradient that was induced in the test by applying a thermal 
shock (cooling) to the outside wall of the vessel. The temperature gradient induced a self-equil- 
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ibrated stress field in the vessel wall t h a t - - i n  the absence of  internal pressure--would change 
from tension at the crack tip to compression at the inner surface of  the wall. 

The plastic zone size along the line of  crack extension can be estimated from the results of 
the elastic-plastic finite-element analysis performed in Ref 3. In that analysis, the vessel was 
subjected to the internal pressure and the measured temperature gradient. The results reported 
in Table 10.12 of Re f3  show K~ values of  196 MPa V m  for a crack length o f a  = 19.6 mm 
(a/W = 19.6/147.6 --- 0.13, Point b in Fig. I 1 ). The corresponding plastic zone size, calculated 
approximately with Irwin's equation for small-scale yielding 

2r__lf KI )2 (32) 

is 2ry = 63 mm, which corresponds to 49% of  the remaining ligament [2ry/(W - a) = 63/ 
(147.6 - 19.6) = 0,49]. This plastic zone size implies large-scale plasticity and suggests the 
vessel is near or even at collapse. Yet, according to Table 2, the measured pressure is only 67% 
of  the calculated limit pressure, PLy, when the plastic link forms in the front wall (P/PL~ = 62,8/ 
93.4 = 0.67 in Table 2). 

The discrepancy may be attributed to the steep temperature gradient in the vessel wall. 
According to calculations based on the data reported in Fig. A. l of Ref 3, the temperature 
gradient in the vicinity of  the crack tip was 4.8~ at onset of  initial tearing (Point b in Fig. 
1 l)  and 3.5~ at initiation of cleavage propagation (Point d). The stress field induced by 
the temperature gradient increased the crack-tip opening displacement, adding to the driving 
force and causing the crack in the PTSE-2A test to extend at a pressure lower than the limit 
pressure predicted by slip-line analysis. 

It is emphasized that slip-line analysis cannot account for temperature gradients. Also, it 
was not an objective of  the present study to determine the contribution of  temperature gra- 
dients to crack extension. 

PTSE-2B Test 

The temperature gradient in the vicinity of the crack tip was much smaller in the PTSE-2B 
test than in the PTSE-2A test. For example, the gradient was 1.9*C/ram at initiation of  cleav- 
age propagation (Point h in Fig. 11 ) and 1.6~ at onset of  postcleavage tearing (Point 1). 

The predicted value of  K~ at the onset of  postcleavage tearing (Point 1) was 406 MPa k / ~  
[3]. The corresponding plastic zone size is 2(,, = 125 ram, a value nearly twice as large as the 
remaining ligament, b = W - a = 147.6 - 78.8 = 68.8 mm, suggesting that the vessel was 
at collapse as shown in Fig. 11. So both the small-scale yielding estimate of  plastic zone size 
and the slip-line analysis predict full yielding of the remaining ligament. Indeed, the crack sud- 
denly tore through the vessel wall after reaching Point 1. 

Conclusions 

In conclusion, limit pressure analysis was performed for an externally cracked, thick walled, 
cylindrical pressure vessel made of two materials. The calculated limit pressure corresponded 
well with the measured pressure for the long cracks in the PTSE-2B test, but not for the short 
cracks in the PTSE-2A test. Limit pressure analysis predicted the observed collapse of the ves- 
sel in the PTSE-2B test. 

Calculations based on K~ imply that the remaining ligament was predominantly plastic in 
both the PTSE-2A and PTSE-2B tests, and the vessel should have failed at a pressure near the 
limit pressure. The discrepancy in the PTSE-2A test, in which the crack extended at a pressure 
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lower than the limit pressure, seems to result from the steep temperature gradient at the crack 
tip. The effect of this gradient cannot be modeled with slip-line analysis. 

In the authors'  opinion, the resistance to crack extension in a vessel made of  ductile material 
should be characterized in terms of  a global limit load analysis as well as a local crack-tip sin- 
gularity parameter. Designers need to know how close the pressure is to the limit pressure in 
assessing the safety of  a cracked vessel. The R6-diagram approach, for example, calls for such 
a dual analysis [8, 9]. 
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ABSTRACT: The primary purpose of this work is to develop analytical solutions that could be 
used to assess the safety of irradiated nuclear reactor pressure vessels against unstable fracture 
during thermal shock events with repressurization present. This methodology makes use of a 
constraint straight beam model under combined tension and bending for simplicity. It will be 
shown that this model can represent the deep part-through circumferential crack in a cylindrical 
vessel under pressure and thermal load. The thermal load can be treated as an induced equivalent 
bending moment. Elastic and fully plastic solutions are presented for such deep cracks at the 
inner surface of the wall. The results show that such a crack would be stable under pressurized 
thermal shock load. 

KEY WORDS: fracture mechanics, pressurized thermal shock, elastic-plastic fracture mechan- 
ics, pressurt . essel, part-through flaw, fatigue (materials) 

Pressurized thermal shock (PTS) in pressurized water reactor nuclear vessels has been a 
problem of concern for the safety of nuclear power plants. This type of event could occur if 
emergency core cooling water is required after a loss of coolant accident (LOCA). When this 
water is injected into a reactor core, it causes a sharp drop in temperature and, in some cases, 
repressurization may occur inside the reactor vessel. A result of the rapid temperature change 
and the possibility of also sustaining high pressure is that a very large tensile stress may occur 
at the inside surface of the vessel wall. Rapid crack growth from small flaws in welds or base 
materials at the reactor beltline region, where irradiation damage is greatest, might occur. If 
the growth of the flaws is not arrested, it may result in unstable crack propagation at the ends 
of the crack around the vessel. Therefore, such a flaw may become an all-around part-through 
circumferential crack, as a worst case. Then it becomes appropriate to consider whether such 
a crack may propagate through the wall. 

The application of fracture mechanics analysis for evaluating the structural integrity of 
nuclear vessels under PTS events has been attempted for many years. In most of the studies, 
linear elastic fracture mechanics (LEFM) is used alone as a crack propagation and arrest cri- 
terion. However, the materials used for nuclear reactors display a very high fracture toughness 
in the operating temperature range, and the application of elastic fracture analysis can result 
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in an erroneous failure prediction where substantial plasticity can occur. In particular, the 
validity of  LEFM is restricted to situations where the size of  the plastic zone occurring at the 
crack tip must be small compared to the other significant dimensions. The plane-strain plastic 
zone size is estimated by 

,(ff r~--~ (1) 

where K is the stress intensity factor of the crack tip and ay is the yield stress of the material. 
Substituting K-solutions for a shallow circumferential crack in a cylindrical vessel subjected 
to thermal load [ 1] into Eq 1, the extent of  the plasticity normally approaches one half of  the 
remaining ligament, b, when the crack depth reaches only 30% of the wall thickness. Thus, the 
situation rarely remains linear elastic even with no appreciable pressure present during a 
LOCA. Moreover, if the repressurization is taken into account, the plastic zone will become 
even larger. Hence, for such conditions, a linear elastic analysis is not appropriate. As a con- 
sequence, there is a clear need for plastic fracture mechanics solutions that can establish the 
real response of  a thermally shocked and repressurized reactor vessel with a deep postulated 
flaw. 

With the preceding objective in mind, this analysis shall proceed to development of  a fully 
plastic solution that recognizes the plasticity associated with the ductile nature of nuclear ves- 
sel materials; but, first, a deep crack elastic solution is developed for comparative purposes. 

Development of the Elastic Solution 

Although the elastic approach is not by itself appropriate for PTS analysis, it is felt that the 
availability of  an accurate elastic solution can be of  considerable importance for assessing elas- 
tic-plastic failure behavior over the full range of  elastic to fully plastic fracture behavior. 
Indeed, a plastic zone corrected elastic solution can be viewed as a bound on the complete 
elastic-plastic analysis. Thus, the elastic solution will be developed before starting an elastic- 
plastic approach. 

Consider a cracked straight beam subjected to a bending moment and an axial force both 
at its fixed ends as shown in Fig. 1. This model can represent the deep part-through all-around 
circumferential crack in a cylindrical vessel subjected to combinations of  thermal and pressure 
loads. The thermal load can be treated as an induced equivalent bending moment. The pres- 
sure load is treated as an axial force. The superposition principle is then used to determine the 
stress intensity factor solution under these combined loads. 

Figure 2 schematically shows the principle. In the figure, the axial force per unit thickness 
(circumference) and the moment per unit thickness on the uncracked section of  the shell are 
denoted by Psh and Msh, respectively. The axial force per urfit thickness and the moment per 
unit thickness on the remaining ligament are denoted by P,,g and ML~e, respectively. The ther- 
mally induced moment is remotely applied and denoted as M,. Considering the eccentricity 
between the axial force, P,h, on the shell and the axial force, PL,e, on the ligament, the total 
moment on the ligament is 

ML~ = M, + P, he (2) 

where 

M, = thermally induced bending moment per unit thickness, 
P,, = axial force on uncracked shell, 
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FIG. l - -The equivalent constrained beam that represents the shell effect on the cracked section. 

e = h /2  - 0.736b [2], 
h = wall thickness of  the shell, and 
b = remaining ligament. 

The axial force on the uncracked shell, P,h, and the axial force, including the effects of  pressure 
on the crack surface on the remaining ligament, PL,g, are given respectively by 

P" Ri (3) 
P~h-- 2 

p[~c( R~ + gl) 2] n 
PLug = ~ -~ (Ro - 1.264b) (4) 

2~r(Ro --  h /2  + e) 

where 

p = internal pressure, 
R, = inner radius of  shell, and 
Ro = outer radius of shell. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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Furthermore, the restraint effect of  actual geometry of  pressure vessel should be considered 
since stress intensity factors are very sensitive to the degree of  restraint of  the structure. From 
the configuration shown in Fig. 1, the total angle of  rotation between fixed ends under com- 
bined tension and bending (without a crack) is 

(M, + P~e)L 
0 ,o~  - ( 5 )  

E1 

where 

L = length of  the beam, 
E = Young's modulus of elasticity, and 
I = h3/12. 

P~ 
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TM~ 

p~ P~g 

A 

P:. g 
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FIG. 2--Determination of stress intensity factor by means of super-position principle. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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The total angle of  rotation, 0tot~, and the angle of  recovery, 0R, are related by 

Oto~ - -  OR --  MLigL 
E1 

(6) 

where the recovery angle, OR, is given [2] by 

16(1 -- v2)ML,g 
OR = Eb 2 (7) 

The u is the Poisson's ratio o f  the elastic shell material. Combining Eqs 5, 6, and 7, the total 
moment  on the ligament can then be expressed by 

1 
ML,g = (Mr + Pshe) 16(1 -- v 2) I (8) 

1 +  
b 2 L 

Now, from the configuration shown in Fig. 2, the stress intensity factor can be deduced by the 
superposition principle 

K~ = (K~)~'~,~ + (K~)~',~ (9) 

The (Kl)Mt.ig is the stress intensity factor for a deeply notched plate subjected to bending that 
is given [2] by 

( Ki)~,Lig _ 4MLig 
bm ( 1 O) 

Substituting Eq 8 into Eq 10, the result is 

(KOUL, _ 4(M, + &he) 1 (l 1) 
b m 16(1 - v 2) I 

1 +  
b 2 L 

Moreover, the stress intensity factor of  a cylindrical shell having a part-through circumferen- 
tial crack can be regarded as being represented by an equivalent length, Le~, of  a fixed-ended 
straight beam as shown by Fig. l for which Eq 11 applies or 

(KOML,g = 4(Mr + P~he) 1 (12) 
b m 16(1 - v 2) I 

l +  
b 2 Laf 

In Eq 12, the effective length of the fixed beam equivalent for the cylindrical shell under 
bending load can be determined by the fundamentals of  elasticity. Now, consider a shell sub- 
ject to a bending moment  (Mth + P, he) as shown in Fig. 3. The end rotation angle,/9, on the 
shell [3] is 

dw 2 
0 -  ~. .  - o ,~" (M,h + e ,h )  ( 1 3 )  

C o p y r i g h t  b y  A S T M  I n t ' l  ( a l l  r i g h t s  r e s e r v e d ) ;  W e d  D e c  2 3  1 9 : 1 2 : 5 7  E S T  2 0 1 5
D o w n l o a d e d / p r i n t e d  b y
U n i v e r s i t y  o f  W a s h i n g t o n  ( U n i v e r s i t y  o f  W a s h i n g t o n )  p u r s u a n t  t o  L i c e n s e  A g r e e m e n t .  N o  f u r t h e r  r e p r o d u c t i o n s  a u t h o r i z e d .
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0 R 
h 

FIG. 3--Schematic representation of the shell with the angle of rotation. 

where 

w = radial displacement, 
3 = (Eh/4R2D)�88 

D = Eh�90 - v2), 
R --- mean radius of  the shell, and 
h = thickness of  the shell. 

Equating Eq 13 to 5, the effective length of  the shell, Le~, is obtained 

Le~ = 1.52 �9 (1 - v2)3/'k/~ (14) 

Substituting Eq 14 into 12. the stress intensity factor for the deeply cracked shell subject to the 
moment due to a thermal load and an eccentrical axial load is 

4(M,h + P~h " e) 1 
g~,d = b3/2 2 ~ (15) 

1 + 0 . 8 8 ( 1 - - v 2 ) ' " ( ~ )  

Another contribution to the elastic solution is the stress intensity factor due to the pressure 
load as described in Eq 9. Also from Ref 2, the (Kl)Pug for a deeply notched plate subject to 
tension load is given by 

2PLig (16) (KOeLig = 1.297. k / ~  

Substituting Eq 4 into 16, it becomes 

0732 1264/  (17) 
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Combining Eqs 3, 15, and 17, the stress intensity factor for a shell under both thermal and 
pressure load is 

K~ = 

4 I M t h +  p 

+ 0 . 7 3 2 .  p ( ~ _ e _  1.264) V~ (18) 

The stress intensity factor presented in Eq 18 is for a deep part-through all-around circum- 
ferential crack in a cylindrical vessel subject to thermal and pressure loads. The stress intensity 
factor profile through the wall is then determined by varying the ligament length, b, in Eq 18. 
The same procedure can be repeated at various time intervals during the pressurized thermal 
shock transient. For elastic conditions, it is noted that J may be obtained from K by 

(1 - -  v2)K~ 
J = (19) 

E 

T h e  S tre s s  B l o c k  M o d e l  

In this section, plastic fracture mechanics techniques will be used to develop a more accurate 
fully plastic solution for a shell with a deep part-through circumferential crack under com- 
bined bending and tension. A plasticity model for determining the limit load of an edge- 
notched plate under combined tension and bending is proposed. It assumed that plasticity has 
fully developed over the remaining ligament ahead of the crack. Further assume no strain 
hardening for the material. Figure 4 shows the model. The shell wall is subjected to a combined 
limit load, PL and ML, at the midpoint of remaining ligament. The combined limit loads car- 
ried by the ligament, PL and ML, can be expressed by 

PL = ao" C (20) 

2 

where a is about 0.36 for plane strain and 0.25 for plane stress. The limit load, PL is caused by 
internal pressure that is 

PL P (Ro -- 0.5 �9 b) --5 (22) 

By equating Eq 20 to Eq 22, the ratio of c to b is 

If this is introduced in Eq 21, the plastic limit moment can be written as 

M z  = a �9 t r o b  2 1 -- \aoJ \ 2 b  - 

(24) 
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FIG. 4--  The stress block model. 

1.44~o 

1.44~o 

From Eq 24, it is important to note that the condition to avoid plastic tensile instability at the 
remaining ligament is 

~ ~-("~-4) ~o (~,, 
The two reference quantities, Po and Mo, are further defined as 

Po = ~rob (26) 

Mo = acrob 2 (27) 

Nondimensionalization of  Eqs 20 and 21 by using Eqs 26 and 27 leads to 

P~ c 
Po b 

(28) 

(29) 

From Eqs 28 and 29, the (MffMo)  can be expressed in terms of(Pf fPo)  

l _ ( ~ )  2 g o  - \ ~ /  (30) 
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FIG. 5--1nteraction diagram for stress block model. 

Z% 

Equation 30 maps as a parabola on the interaction diagram as shown on Fig. 5. This will be 
used for computing J, which is discussed in the next section. 

The Fully Plastic Solution for J 

The fully plastic solution for a circumferentially cracked shell subject to combined bending 
and tension is carried out by using the following relationship [4] 

O" o S t 
J = (31) 

3" 

where 

6, = crack opening stretch and 
3' ~ 0.7 for plane strain and 1.0 for plane stress. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015

Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



CHEN ET AL. ON CIRCUMFERENTIAL CRACKS IN CYLINDRICAL VESSELS 339 

In evaluating 6,, the geometrical relationship in Fig. 6 is considered 

d = --6P (32) 
Ou 

where d is the distance from the load point to the actual plastic hinge location, 6p is the load 
point displacement, and 0M is the final angle of rotation of the shell. Since the interaction dia- 
gram in Fig. 4 can be regarded as a yield surface, and the "strain" (displacement, 6p, and angle, 
0M) is normal to the yield surface, the relationship between hinge distance and loading becomes 

AML 

d =  A r ,  = _ A M L  = _ Mo . M ~  (33) 
A0M APL APL Po 

eo 

Differentiating Eq 30 leads to 

AML 
Mo c 

- -  - -  2 �9 - 

APL b 

Po 

(34) 

Substituting Eqs 23 and 34 into Eq 33, the hinge distance, d, becomes 

(35) 

 Cl-- 

b =] 

FIG. 6 - - T h e  configuration o f  stress block model. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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The corresponding crack opening stretch is given through 

where 0rcan be determined by 

L 
0,~ = ( M , h  - M , h )  �9 -e____~ 

E1 

(36) 

where Msh is the recovery moment of elastic shell. From Fig. 2, the moment on ligament, MLig, 
and on shell, M~h, can be related by 

ML~ --- Msh + P,h " e (38) 

When fully plastic behavior is assumed, the M~h can be obtained by equating Eq 39 t o  Eq 24 

M,h=aaob2[l - (P )Z (2 f f -~ - l ) 2  ] -P--~R4 ( h - b )  (39) 

Noting the Psh and e in the fully plastic case are 

pR 
Psh = ~ (40) 

h b 
e -  2 2 (41) 

Finally, combine Eqs 14, 36, 37, and 39, and then substitute into Eq 3 l, the result leads to 

J = 2 6  �9 (1  - 2~3/4 O'o 
v , Eh 2 

where d is hinge distance from the midpoint of the remaining ligament in the shell wall that is 
defined in Eq 35. This model presented is for a deep part-through all-around circumferential 
crack in a cylindrical vessel subject to local fully plastic bending and tension load at the 
uncracked ligament. 

It is noted that Eq 42 used to estimate J is applicable only for large-scale yielding. In order 
to ensure fully plastic behavior, the ratio of elastic moment to plastic moment must be greater 
than 1, that is 

M'el 
- -  > 1 ( 4 3 )  
M . ,  

(42) 

(37) 
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Met can be obtained by substituting Eqs 14 and 3 into Eq 8, and using Le~ instead of  L, thus 
leading to 

hR.. 
M,h + ~ (h -- 1.472b) 

Mel = 2 (44) 
- T  

Then substituting Eqs 44 and 24 into Eq 43, the condition for fully plastic action is obtained 

Met M,h + P4 R~ (h -- 1.472b) 1 

1 o~trob z 1 -  t r o ) ( R b - ~ )  1 + 0 . 8 8 ( 1 - u z ) ' / 4 ( ~ )  

The general applicability of  Eq 42 requires satisfying the condition given by Eq 45 to ensure 
fully plastic behavior. 

Analysis and Discussion 

For a postulated LOCA, it is assumed that the wall at the inside surface is subjected to sud- 
den chilling and its temperature equals the minimum coolant temperature from the emer- 
gency storage tank (ambient). Thus, the thermal stress transient follows the simple heat con- 
duction equations. The solution to the heat conduction and corresponding thermal stresses 
can be determined analytically from Ref5 and will not be discussed here. However, it is noted 
that assuming the temperature of the wall at the inside surface equals the minimum coolant 
temperature of  the emergency tank is very conservative. The actual wall temperature will be 
greatly increased by mixing the reactor coolant from the cold leg with the cooling water from 
the emergency storage tank. 

The geometric dimensions of  a reactor vessel used in this analysis are ~ 2413 mm (95.24 
in.) for outer radius and ~ 2 2 0  mm (8.844 in.) for the wall thickness. The flow stress, a~, of  
the material varies with neutron fluence and temperature. It can be adjusted to each point 
along the wall thickness and is averaged to obtain conservative results. Then using the thermal 
stress transient as described earlier and assuming a constant repressurization pressure [ 15 858 
kPa (2300 psi)], the ranges of  J for elastic to fully plastic solutions were calculated using Eqs 
18 and 42. Figure 7 shows the J profile obtained at various time intervals during a transient. 
It is apparent in Fig. 7 that the applied J-curve reaches a maximum and then decreases (d J~ 
da < 0) with increasing crack length. A negative slope of  the applied J-curve would indicate 
stability, considering the fact that the material in the deep crack region has both high temper- 
ature and toughness. For such behavior, the material properties can best be shown for the sta- 
bility analysis by making use of  a J versus T diagram, as considered in Ref 6. Therefore, the 
stability of  a deep circumferential crack under a PTS transient can be expected. 

Conclusions 

1. For the case of  combined bending and axial tension acting on a deeply circumferentially 
cracked cylindrical vessel, explicit formulas have been derived for J for elastic and fully plastic 
behavior. 

2. A deep part-through all-around circumferential crack would be stable during a postulated 
loss of  coolant accident even with reactor repressurization. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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FIG. 7--J-integral profi/es (1 in./b/in. = O. 17512 k J/m2). 

3. An advantage of the present approach is that it leads to a simple new closed-form crack 
stability criterion for pressurized thermal shock of  nuclear pressure vessels. 
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ABSTRACI': The computer-assisted moire technique was used to measure displacements and 
strains in the neighborhood of a crack tip. An aluminum 6061-T6 compact tension specimen 
was utilized to perform the measurements. The u (parallel to the crack direction) and v displace- 
ment fields (perpendicular to the crack direction) were determined, as well as the corresponding 
strains. Tension and fracture tests were performed to obtain the properties of the material. The 
stress-strain curve was fitted with a Ramberg-Osgood type of constitutive law. The stresses were 
computed from the strains using a two-dimensional generalization of the Ramberg-Osgood con- 
stitutive equation. The J-integral was computed along several paths. Good agreement was found 
between the K~ computed from the J-integral with the K~ obtained from the application of the 
ASTM Test Method for Plane-Strain Fracture Toughness of Metallic Materials (E 399-83) stan- 
dard polynomial. The HRR solution was compared to the experimental results. Some important 
conclusions can be obtained: 

1. In small-scale yielding, the HRR field can only be observed very close to the crack tip. 
2. The region dominated by the HRR field is only a few crystalline grains in size. 
3. The HRR field models the radial stresses very poorly but gives a good estimate of the tan- 

gential stresses. 
4. The experimental results support the view point that in small-scale yielding, the J-domi- 

nance is independent of the validity of the HRR solution. 

KEY WORDS: linear fracture mechanics, small-scale yielding, J-integral, HRR stress field, plas- 
tic zone, plastic radius, crack opening, fracture mechanics, fatigue (materials) 

The  discrepancy between observed and theoretical  strengths o f  materials led to the consid- 
erat ion o f  cracks to provide  a n  explanat ion for this difference. The  work of  Griffith on glass 
laid down the foundat ions  for the generalization o f  this mode l  to the process o f  fracture of  
o ther  materials. Aside f rom brittle materials, all o ther  materials must  develop a region of  plas- 
tic deformat ions  in the neighborhood of  the tip o f  a crack. Consequently,  the process o f  frac- 
ture must  take place in this region o f  intense plastic deformations.  This is true whether these 
deformat ions  correspond to the condit ions referred to in the li terature as small-scale yielding 
or  generalized yielding, as in the case o f  elasto-plastic fracture mechanics.  The concept  of  
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small-scale yielding is an essential feature of linear elastic fracture mechanics. However, in 
spite of  the vast amount  of  literature (analytical, numerical and experimental) accumulated 
over the years, there are some fundamental issues concerning the strain and stress fields near 
a crack tip that have not been settled completely. These problems have been studied through 
numerical methods, particularly under Mode I loading in the plane-strain model of  fracture. 
These studies [ 1-3] provided support to the asymptotic analysis of  Hutchinson [4,5], Rice and 
Rosengren [6] (HRR). The HRR theory gives a rational basis for the use of  the J-integral as a 
fracture parameter both in the linear and nonlinear regimes and to the work of  Begley and 
Landes [ 7,8]. The fact that equivalent Ktc can be computed from J~c specimen measurements 
led Paris [9] to the following speculation. For identical J-values, identical stresses and strain 
values should be present at the onset of  crack growth. 

The fully plastic solution is applicable if the J-field dominates over a certain length scale that 
is large compared to the process zone or zone where the actual fracture process takes place. 
Since the introduced theories do not model the process zone and do not merge with the exist- 
ing elastic fields away from the crack tip, scale factors are missing and have been estimated 
from numerical results and from speculative assumptions. However, the actual scale factors 
are vital for a complete understanding of  the phenomena involved. Numerical fracture 
mechanics studies have dealt mainly with plane-strain conditions, although the actual prob- 
lem is three dimensional. Parsons, Hall, and Rosakis [ 10] conducted an elastic finite-element 
investigation of  the strain and stress fields near an edge crack and concluded that the condi- 
tions of  generalized plane stress are reached at a distance from the crack-tip equal to half of  
the thickness of  the plate, and no region was found where pure plane-strain exists. Lately, in 
a number of  experimental papers, the J-integral has been computed from displacement data 
[11-15]. In Refs 13 and 15, it has been pointed out that only one of  the displacement field 
components agrees with the HRR prediction. 

The purpose of  this investigation is to observe experimentally the surface displacement field 
in the neighborhood of  a crack tip under conditions of  small-scale yielding. 

Experimental Method 
The computer-assisted moir6 method [16-18] was used to determine the surface displace- 

ment fields. The details of  the experimental aspects of  the study are given in Ref 19. A compact 
specimen with the dimensions indicated in Fig. 1 was used. The specimen material is 606 I- 
T6 aluminum alloy. Three round specimens were manufactured from the same plate and were 
used to perform tension tests. A compact specimen was also manufactured to measure the 
critical stress intensity factor. The mechanical properties of  the aluminum alloy are shown in 
Table 1. Figure 2 shows the stress-strain curve together with the fitted curve using a Ramberg- 
Osgood stress-strain relationship. 

The displacements were measured at a load 60.6% of the critical load obtained from the 
measurement of  Kit. A 12.5 #m pitch metallic grating was applied to the specimen surface after 
the specimen was precracked by fatigue loading. 

Measurements were performed with a microscope focused on the crack tip oftbe specimen 
while the load was applied by a servohydraulic testing machine. Different magnifications were 
used to observe different regions of  lengths 30 to 1800 #m in the direction oftbe crack length. 
Figure 3 shows the u and v displacement patterns (u parallel to the x-axes, v parallel to the y- 
axis). Each fringe corresponds to a displacement of  0.416 ~m. Figure 4 shows the u and v dis- 
placements obtained from the fringe pattern analysis. From the displacements, the Ex, ~, and 
~x~ strains were obtained. Using the corresponding tensor equations, the principal strains were 
obtained and the results are shown in Fig. 5. 
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346 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

FIG. l--Dimensions (in millimeters) o f  the compact specimen. 

Data Analysis 

From the strains, stresses can be obtained by adopting constitutive laws. In the region near 
the crack tip, it is assumed that proportional loading exists, so that the deformation theory of 
plasticity can be applied. The material is modeled as an elasto-plastic material obeying the 
generalized Ramberg-Osgood law 

1 + 1 - 2 u  3 { c r )  "-~ t, s 6 
-- -- a~y s _ _  I (1) '0 E so + ~ akk 6U 4- 2 ~ r , , )  a, ,  

TABLE 1--Mechanical properties o f  the 6061-T6 a luminum 
sample. 

aos, a a,, Kit, MPa E, MPa MPa Vr~ GPa n b ac ~Ys'd ~'ys'e MPa 10 -3 

280 410 32.9 69.3 5 1 272.2 2.915 

a 0.2% yield limit. 
b Hardening coefficient. 
~,d,e Constants in the Ramberg-Osgood Law. 
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where v is the Poisson 's  ratio; sjj = ~0 - ~&rkk 6U is the deviatoric  stress; a = (3J2) m = 
(~s~js0) v2 is the effective stress; and  (rye, ~,, a,  and  n are constants  ob ta ined  by fitting the Ram-  
berg-Osgood relat ionship to the tension test data. For  a biaxial  field, the corresponding equa- 
t ions  are 

1 1 acy~ 
(2) 

_ 1 + v 3 cy, ( 3 )  

( ) (:;-' 1 1 aEy~ ,~=~(~,-~x)+ ~ - ~ .  ~,, (4) 

where 

2 ":I 2 ~i12 = (~] + ~x ~x~ + -- ~Txy I (5) 

In Eqs 2 to 4, ~x, %, and  ~xy are known values, and  ax, ay, and r~y are unknowns.  We have a 
system of  three nonl inear  equat ions  with three unknowns.  This system can be solved by using 
the Newton-Rapson  me thod  to min imize  the funct ional  

(6) 
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FIG. 2--Stress-strain curve and Ramberg-Osgood fitted values. 
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FIG. 3--Moir~ pattern o f  the u and v displacements in the neighborhood o f  the crack tip. Fringes cor- 
respond to 0.42 um displacements. 
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in ax, a~, and rxr. In Eq 6, ~x, ~y, and ~r are the measured strain values and ~xc, ~r, and ~ are 
the calculated values resulting from Eqs 2 to 4. For minimization,  an iterative procedure was 
followed using Eq 7 

O2F c92F O2F OF 

Oaegax OaeOa~ Oaegr~r 

%, = ~r, -- PJ+t Oa~ay OayO~, OayOrx, -- 1 &r,, (7) 

"G,, +, r x ~  O Z F O 2 F O 2 F  , O F  

Oa.Orx~ O~yOr~y OrxyOr~y 

where P is a parameter  that is optimized for the ith step of  the iterative process by the one- 
dimensional Newton-Rapson procedure, expressed as 

OF 
OP 

P,+, = 1:', O~ F (8) 

Op 2 

This method of computat ion was applied to a grid of  points containing the strain tensor infor- 
mation and, from this grid, three new grids were generated corresponding to the three com- 
ponents of the stress tensor. From these data, the principal stresses and the principal directions 
were computed, Figs. 6 to 8. The isostatic lines were drawn on the basis of isoclinic lines 
obtained from the stress tensor data. 

The plastic zone was obtained by applying the von Mises yield condition. Several lines are 
shown in Fig. 9, corresponding to increasing permanent  plastic strains up to the conventional 
limit of  0.2%. As anticipated, the dimensions and shape of  the plastic zone depend on the 
amount  of  permanent  plastic deformation used to define the yield limit. 

Values of  the J-integral were computed using a technique similar to that introduced in Ref 
12. The path of  integration is separated into vertical and horizontal components as indicated 
in Fig. 10, and J i s  computed from 

J = Jv + Jn (9) 

The vertical component  is equal to 

Jv=  ,, w -  ~ x ~ + ~ x y ~  d y -  ~ w -  ~x~+~x, ,~x dy (10) 

where 

2 
2 2vaxa,,) + r__~ 

W = (a~ + ay - 2G ( l l )  

and the horizontal component  is equal to 

f (oo 0u) L(oo ou) s . = -  , ~ y ~ + ~  dx+. ~ . ~ + ~ . ~  dx 

The contours and the positive sense are indicated in Fig. 10. 

(12) 
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The values of J-integral are given in Table 2 as well as the equivalent Ks. The value of K~ 
computed by applying the polynomial provided by ASTM Test Method for Plane-Strain Frac- 
ture Toughness of Metallic Materials (E 399-83) is K~ --- 20 MPa k/m. The equivalent stress 
intensity value for the surface was computed using the method introduced in Ref 20. The 
method was applied to elastic displacement values taken from a region located at x - 0.4 mm 
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TABLE 2--Contour coordinates and J-integral vahtes. 

x-position, )'-position, J-integral, Kx, MPa 
Contour mm mm Pa m V m KdKIE399 

P~ 1.20 0.50 5663 19.8 0.99 
P2 0.90 0.45 5189 19.0 0.95 
P3 0.70 0.40 4661 18.0 0.90 
F4 0.40 0.35 4148 17.0 0.85 
s 0.15 0.20 2917 14.2 0.71 
s 0.05 0.10 2783 14.0 0.70 

from the crack tip to x = 0.9 mm; the resulting value was Kx = 18.05 MPa "v/-~. The average 
of the K values resulting from the J-contours ending at the previously indicated coordinates is 
Km= 18.0 MPa 'x/m. 

One of the foundations of  the current theories on fracture mechanics is the predominance 
of  the HRR field in the neighborhood of  the crack tip. The stress and strain fields correspond- 
ing to the HRR field are 

I / n +  I 

~r, = ~rr, L aG.,G,,--~" (13) 

and 

~0 %s L ~vs~,.sI.---------~ J ~(0,n) (14) 

Equations 13 and 14 were applied using the values of  a, a~,s, ~y~, and n obtained by fitting the 
Ramberg-Osgood stress-strain relationship to the experimental stress-strain curve and taking 
the dimensionless constants, ~(0,n)  and ~(#,n), from the tabulated values for plane stress 
given in Ref 21. The J-value was taken as the average of  s P5, and P6 contours that are 
within the plastic region. 

The HRR field has been computed for the plane stress case, because the experimental values 
correspond to the surface stresses of the three-dimensional problem. Therefore, differences 
exist between the numerical values of both cases. To compare the shapes of  the in-plane fields 
corresponding to the two solutions, a normalization procedure was used, The HRR values 
have been matched to the experimental values by using the following procedure. A 50 by 50 
~m region with its centroid along the crack length at a distance of  150 um from the crack tip 
was selected. The tangential stresses of  the points located in the matching area were averaged. 
The average of  the theoretical values was equated to the average of the experimental values, 
and the resulting number was used to match the two fields. This procedure was motivated by 
an observation from finite-element results. These results show that for the strain-hardening 
exponent, n = 5, the HHR and numerical radial stresses start to agree at a dimensionless dis- 
tance from the crack tip of the order of  2 • lO-4J/atrrs~rs. This distance corresponds to the 
selected zone. Figure 11 shows the radial components and Fig. 12 shows the tangential com- 
ponents. Figure 13 shows a plot of the radial and tangential components  along the x-axes. 
Figure 14 shows the field of  isostatics near the crack tip and Fig. 15 shows the lines of maxi- 
mum shear. The region at the crack tip where the field features are not indicated, are regions 
where the deformations are predominantly out of  plane (dimple region). 
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Two other quantities are of  interest, the plastic radius (generally interpreted as the extension 
of the plastic zone in the direction of the crack length) and the crack-tip opening displacement. 
The plastic radius can be expressed 

rp = b ~o~ (15) 

where b is a constant. The crack-tip opening displacement can be computed from 
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where c is a constant. Table 3 contains the experimental values and values coming from either 
theoretical analysis or numerical results [22-25]. The experimental values have been com- 
puted using the following values; K = 19.8 MPa Vm, and J = 5663 Pa m. The values given 
in Table 3 correspond to the plane-strain condition. 

Another quantity that was measured, was the crack opening load. The measurement was 
performed at three points (A, B, and C) within 30 pm of the crack tip (A the farthest away, C 
the closest). The load was increased and the crack opening at these three points was measured. 
The result of  the measurements is given in Fig. 16. According to this graph a load of  1348 N 
is necessary to cause a crack opening at Points B and C. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



SClAMMARELLA ET AL. ON SMALL-SCALE YIELDING 359 

Discussion and Conclusions 

The experimental results that have been presented in this paper provide some answers to 
the questions that arise in small-scale yielding fracture problems. 

One of  the first observations that we must make is the fact that we are measuring values 
corresponding to the surface of  a three-dimensional problem. If  we look at the finite element 
solution presented in Ref 10, we can see that the deformations and stresses in the neighbor- 
hood of  the crack tip on the surface are smaller than in the center of the specimen where they 
have their maximum. A similar picture comes from the results of  a three-dimensional, finite 
element elasto-plastic analysis presented in Ref 26. This picture is consistent with the fact that 
the J-integral values computed in the present investigation are decreasing as the circuits of 
integration become closer to the crack tip. This reduction in value is a consequence of  the 
decreasing stress and strain fields in the neighborhood of  the crack tip as the surface of  the 
specimen is approached. A similar drop of  the J-integral towards the surface is shown in Ref 
26 for a definition of  J-integral consistent with a three-dimensional field. 

We will discuss the following points: (a) scale factors, (b) J-dominance and the HHR field, 
and (c) ParAs' conjecture. 

We can see (Table 3) that the plastic radius in the direction of  the crack is very close to the 
value coming from a numerical analysis and from an approximated method, resulting from 
applying the von Mises yield criterion to the Mode I elastic stress field. However, there is a 
considerable difference from the more commonly used value of the plastic radius in plane 
strain, rp = %7r. The experimental value has been obtained on the surface of  the specimen. 
Although the surface is in a plane-stress condition, it reflects the three-dimensional state of  the 
specimen stresses. The experimental evidence obtained in Ref 27 by etching sections parallel 

600  

D 
0_ 
~E 
v 

f~ 
b9 
G) 
b 

03 

500  

400 

300  

200  

I 00  

D.. O(~r-HRR D (~t-HRR D, 
o.. A (~r-Exp. ~ (~t-Exp. "D.. 

"[~].. 

.... "'--o. D 

........... ~ .  0 " " " 0 - - - -  D . . . . . . . .  

. . . . . . . . . . .  ~ . . . . . . . . . . . . . . . . .  ~ _ u . . . . .  [ 1  . . . . . . .  1 3 -  .......... ~ ............ ~ ........ r._.:r.~.~O______~ ~ 

O- O 
" 0 ,  O 

~ O"O" - - - - -~C ,_ .__ ,_~O~ 0 . _ . . . _ O _ _ _ _ _ _ O _ _ _ ~ 0 _ _ _ _ _ ~  O___,__c ~ 

A . . A  ....A--- A ........ A ..................... A ................ A ........... A .......... A .......... A .......... A .................... 

/ 
/ 

0 10 20 30 40 50  
X P o s i t i o n  ( m i c r o m e t e r )  

FIO. t3--Experiment~ radialandtangent~l~ressescomparedtothe HRR valuesalongthecrack 
~rectmn. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



360 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

to the plate surfaces shows that for constrained plastic deformations, plastic zone sizes remain 
practically invariant through the thickness. 

The crack-tip opening displacement provided by the HRR field [25] agrees in order of  mag- 
nitude with the experimental value (3 #m versus 6 #m). The factor, c, in Eq 16 is a function 
of  the mechanical properties of  the material. In the H R R  solution, c is a function of the hard- 
ening coefficient and of  the ratio, ao,/E. We can see from Table 3, that the crack-tip opening 
is of  the order of  magnitude predicted by theoretical and numerical results, but the experi- 
mental values are about one half of  the predicted values. 

The difference between predicted and measured values of  the crack-tip opening can be 
partly due to the presence of residual stresses caused by the precracking fatigue loading. 

Let us look at the practical consequences of the scale factors. The region that shows predom- 
inant out-of-plane deformation has an approximate size twice the crack-tip opening, about 6 
#m, and can be equated to the process zone, where the fracture process will take place. The 
blunting of  the crack tip creates a notch and at the same time local necking occurs. It is in this 
region of high localized plastic deformations that the crack will propagate. It is also in this 
region where the necessary conditions for the nucleation of  a crack will be met, and the local 
tensile stress will reach the theoretical cohesive stress, triggering (in the case of  brittle materials) 
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the sudden fracture of the specimen. The region where the damage is concentrated has the size 
of, roughly, 10 ttm at about 60% of the Critical K~c. Within this region, there may be a secondary 
crack where the conditions for crack instability will be met at failure. From the preceding dis- 
cussion, it is clear that the corresponding dimensions are of the order of magnitude of a crys- 
talline grain, and, at most, few crystalline grains will be involved in the failure process, 

Concerning J-dominance and the validity of the HRR solution, the following observations 
can be made. As pointed out in the introduction, a number of experimental papers have shown 
discrepancies between observed and HRR-predicted displacement fields. Dadkhah and 
Kobayashi [13] indicate that in their investigation only the v-displacement field seems to be 

TABLE 3--Plastic radius and crack opening displacement. 

rp 6t 

aos, Exp, b = b = 0,032 b = 0.0255 b = 0.106 Exp, c = c = 0.49 c = 0.341 
MPa 0.022, um [22], um [23], um [24], um 0.149, um [22], um [25], um 

280 112 159.9 127 530 3 9.9 6.9 
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following the trend corresponding to the HRR field while the u-field does not. This discrep- 
ancy can be explained as follows. At the elastic-plastic boundary, the plastic and the elastic 
fields must be matched and, therefore, the plastic field must evolve inside the plastic zone 
before the effect of  the boundary is no longer noticeable. Consequently, to observe the HRR 
field, one must look at a region very close to the crack tip. This conclusion is supported by the 
experimental results obtained in this paper. Near the crack tip, a second effect takes place. 
Figure 11 shows the field of  the radial stresses near the crack tip. The experimental field is 
completely different from the HRR field. This difference is to be expected since the singular 
solution predicts an infinite radial stress at the crack tip while the experimental values show a 
decreasing field that goes to zero at the crack tip. We can conclude that the singular solution 
is a poor model to approximate the radial stresses near the crack tip. Since the u-displacement 
is highly influenced by the radial stresses, the observations of  Dadkhab and Kobayashi [13] 
and Kang [14] concerning this field are explained. If we look at the tangential stresses, a dif- 
ferent picture emerges. Although not identical, the two fields approximately agree in shape and 
in magnitude. Figure 13 shows the plot of the radial and tangential fields along the crack direc- 
tion. The HRR solution provides a good estimate of  the tangential stresses in a region that is 
about five times the size of  the process zone. This region is well within the plastic field. Since 
the v-field depends on the tangential stresses, this explains the observations of  Kobayashi and 
Kang. In the neighborhood of  the crack tip, the radial stresses are low, hence, the stress field is 
very closely uniaxial and the HRR solution gives a good estimate of  the tensile stresses. There- 
fore, the J-integral is a good predictor of  the onset of  the crack instability under the conditions 
of  small-scale yielding. We can look at the Mode I prediction of  crack instability as a modern 
version of  the maximum tensile stress theory of  fracture for brittle materials. Indeed, the spec- 
imen breaks in the direction of  the maximum principal tensile stress and follows the trajectory 
of  the isostatic orthogonal to it (crack axis). 
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Returning to the scale factors, there are only few crystalline grains in the direction of  the 
crack that are affected by the H R R  field. Of course, along the crack front there are many grains 
that are involved in the fracture process. 

From a different approach, Anderson [28] reaches a similar conclusion; the HRR singular- 
ity is a special case of  a more general relationship that can be derived on the basis of  dimen- 
sional analysis. This relationship shows that J is the controlling factor of  the principal stress 
perpendicular to the crack direction. He concludes also that the crack-tip stress field need not 
to agree with the HRR solution for J-controlled fracture. 

We can also see that the conjecture of  Paris [9] (that linear elastic fracture mechanics is just 
a special case of  J-controlled fracture) is supported by the findings of  this research work. Under 
small-scale yielding conditions, the critical stress causing the onset of  crack instability is J- 
controlled, independent of  the mechanism of  failure. 

The two previous observations can be summarized by the following quote from Anderson 
[28]: "Thus there is a very limited region were the HRR applies; crack tip stress fields in finite 
specimens should be compared to complete small scale yielding solutions rather than the HRR 
singularity." 
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ABSTRACT: The mechanical properties of ASTM A508 Class 2 pressure vessel steel quenched 
and tempered to simulate the effects of irradiation have been measured. The tensile, Charpy 
impact, fracture toughness, and crack arrest properties were measured as a function of temper- 
ature. The fracture toughness was measured using l T, 2T, and 4T compact specimens. The max- 
imum dimensions of the 4T specimens exceeded the test cylinder thickness, so compound spec- 
imens were successfully fabricated by electron-beam welding arms to the material. Compact 
crack arrest specimens were used to determine the arrest toughness. Two sizes of specimens were 
tested: 150 by 150 by 32 mm and 75 by 75 by 25 mm. The larger specimens used a brittle weld 
bead and notch as the crack starter. Two different notches (blunt and fatigue precracked) were 
used with the smaller specimens. The blunt notch was not successful, but the fatigue-precracked 
specimens provided valid data without the need for warm prestressing. The results from the small 
fatigue-precracked specimens were consistent with the data from the larger weld-embrittled 
specimens. 

KEY WORDS: fracture toughness, crack arrest toughness, ductile-to-brittle transition temper- 
ature, Charpy specimen, compact crack arrest specimen, electron beam welding, fracture 
mechanics 

One of the postulated accident conditions for nuclear pressure vessels involves the sudden 
quenching of  a heated vessel. The resultant thermal shock will produce large tensile stresses in 
the inner portion of  the vessel wall and this, in conjunction with radiation embrittlement, may 
result in the propagation of  existing flaws in the vessel. It is of  critical interest to determine 
whether the flaws will extend and, if so, whether the running cracks will be arrested, as well as 
to determine the possible beneficial effects of cladding applied to the inner surface of the vessel. 
Recent work at Oak Ridge National Laboratory has studied this problem with large cylinders 
subjected to severe thermal shocks. The results of  these experiments are presented 
elsewhere [1,2]. This paper reports on some of the materials characterization work done in 
support of this thermal shock program. 
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Experimental Procedure 

Material and Heat Treatment 

The material used for this program was typical light-water reactor pressure vessel material, 
conforming to ASTM A508 Class 2 chemical composition specifications. The actual compo- 
sition is given in Table 1. 

The test cylinder used for the thermal shock experiments was given a heat treatment 
intended to simulate the properties of  an irradiated vessel; therefore, it was quenched and only 
slightly tempered. The test cylinder was normalized at 888"C (1630"F) for 9 h, then austeni- 
tized at 86 I*C (1580"F) for 7 h, and water quenched to room temperature. Several different 
tempering heat treatments were given to different pieces of  material used in this study. The 
test cylinder was given a tempering treatment that was described as 7 h at 62 I*C (1150*F). 
However, examination at a later date of  the temperature record from thermocouples attached 
to the test cylinder indicated that this treatment was more accurately described as 10 h at 
62 I*C. The t ime-temperature history of  the test cylinder is shown in Fig. 1, and is called 
CYLINDER. 

An initial heat treatment was performed on specimens that already had been machined in 
the as-quenched condition. This included Charpy, tension, and drop weight specimens, as well 
as two blocks of  material. These specimens were sealed inside evacuated cans and tempered 
for 7 h at 621"C, to match the apparent heat treatment of  the vessel. This heat treatment has 
been designated CAN in Fig. 1. Another heat treatment of  four blocks cut from a piece of  the 
test cylinder prolongation is identified as BLOCKS in Fig. 1, and matches the test cylinder heat 
treatment quite well. The possible effect of  these various heat treatments must be kept in mind 
when evaluating the results of  the mechanical testing. 

Charpy Testing 

All Charpy testing was conducted on a 407-J (300-ft. lb) pendulum-type impact tester 
equipped with a semiautomated transfer device [3] that held the specimen in a chamber until 
the desired temperature was reached, and then quickly transferred it from the chamber to the 
anvils where it was positioned and then broken. Heating of  the specimens was provided by a 
hot air gun system, and cooling was provided with vapor from liquid nitrogen. A thermocou- 
ple mounted in the specimen holder was used to moni tor  the temperature. Specimens were 
either overcooled or overheated, as required, and then tested as they drifted back through the 
target temperature. 

Following the testing, the data were analyzed with the help of  a computer program that fitted 
the data to a hyperbolic tangent function, and allowed the temperature at specified levels of  

TABLE l--Chemical composition for ASTM A508 Class 2 material. 

Composition, % by weight 

C Mn P S Si Cr Ni Mo V 

Heat analysis a 0.22 0.59 0.008 0.010 0.28 0.35 0.76 0.64 <0.01 
Check analysis 0.21 0.57 0.007 0.012 0.24 0.35 0.74 0.66 <0.01 
ASMEspecificationA508 Class2 b 0.27 0.50 0.012 0.015 0.15 0.25 0.50 0.55 0.05 

1.00 0.40 0.45 1 .00 0.70 

a Bethlehem Steel Heat 122S238. 
b Single values are maxima. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



ALEXANDER AND CHEVERTON ON PRESSURE VESSEL STEEL 367 

HEAT TREATMENTS 

700 i i I I 

- 1200 

- S / 
6 0 0  l /, I -,ooo _ 

6 soo ; o ~ 

w I 8 0 0  L,J 
cz: 4 0 0  ,~ 
t -  ~t +.-- 
< ~ 6 0 0  < r'r' 300 
IJJ ~ ~" CAN ~\ 

9" S \ \  4 0 0  LO W 200 ~ 
I - -  ~ I - -  

-]'('-CYLINDER ", 
1o0 1 "" 200 

0 I I I i 
o 5 1o 15 2 0  2 5  

TIME (hr) 

FIG. I - -A compartson of the different tempering treatments. CYLINDER shows the treatment of the 
actual test cylinder; BLOCKS shows the treatment for large blocks of materiak CAN shows the treatment 
for specimens sealed in evacuated cans. The curves have been plotted with a common end of time-at- 
temperature. 

energy, lateral expansion, or amount  of  ductile fracture, to be evaluated. The lateral expansion 
was measured from the broken specimens using a dial gage, and the percent of  ductile fracture 
was estimated from the dimensions of  the cleavage region, in accordance with procedures in 
ASTM Methods for Notched Bar Impact Testing of  Metallic Materials (E 23-86). 

Several sets of  specimens were tested; the results are given in Table 2. A set of  specimens 
(designated as series CAN in Table 2) was machined from material in the as-quenched con- 
dition, and then tempered in evacuated cans for 7 h at 621 ~ (heat treatment CAN). Another 
set (designated series BLOCK in Table 2) was machined after the material had undergone the 
same heat treatment. This set was designed to evaluate any possible effect of  machining before 
rather than after heat treatment. Seven sets of  22 to 24 Charpy specimens were machined and 
tested to determine the azimuthal variation in the impact properties of the material in the test 
cylinder. The material was sampled every 60 ~ around the cylinder. Testing was conducted 
according to a test matrix that was designed to emphasize behavior in the transition region. 
Therefore, five specimens were tested at each of  - 101 and - 4 6 " C  ( -  150 and -50~ three 
each at - 18, 10, 38, and 660C (0, 50, 100, and 150~ and the remainder at 93~ (200~ 
This resulted in only a few data points on the upper shelf. Therefore, the values of  the upper- 
shelf energies given in Table 2 for these seven sets of  specimens must be considered as rough 
estimates only. 

All of  these specimens were notched to simulate the crack propagating through the thickness 
of  the vessel, with the crack plane parallel to the vessel axis of  symmetry (C-R orientation3). 

3 The nomenclature used for specimen orientation is according to ASTM Terminology Relating to 
Fracture Testing (E 616-89). 
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368 FRACTURE MECHANICS:  TWENTY-THIRD SYMPOSIUM 

TABLE 2--Charpy impact properties. 

Transition Temperature a, ~ 

Specimen 40.7 J 67.8 J 0.89 mm Upper-Shelf 
Series To (30 ft-lb) (50 ft-lb) (35 mil) 50% Shear Energy, J 

5 b 36 11 28 27 44 164 
11 b 30 4 23 14 40 157 
15 b 28 4 21 21 40 157 
16 b 28 2 22 15 40 150 
17 b 42 19 37 37 45 152 
24 b 24 2 24 16 41 134 
26 b 36 13 31 26 41 153 
BLOCK c 28 14 27 26 45 133 
CAN a 50 5 49 59 70 135 

To = transition temperature at average of upper- and lower-shelf energies; 30 ft-lb = transition 
temperature at 30-ft-lb energy level; 50 ft. lb -- transition temperature at 50-ft. lb energy level; 35 mils 
= transition temperature at 35-mils lateral expansion; and 50% shear = transition temperature at 50% 
ductile fracture. 

Heat treated for 10 h at 621 ~ ( 1 [ 50~ before machining. 
c Heat treated for 7 h at 621 ~ (1150~ before machining. 
d Heat treated for 7 h at 621 ~ (1150*F) after machining. 
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FIG. 2--Typical energy versus temperature transition curve from one o f  the azimuthal variation data 
sets (Series 17), showing scatter commonly found in impact testing. Note that very few specimens were 
tested at higher temperatures, so the upper shelf  indicated is only a rough estimate. 
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FIG. 3--A comparison of the impact energy versus temperature curves of the various Charpy test sets. 
The azimuthal specimen sets are represented by the band of data; BLOCK indicates specimens machined 

from material after tempering for 7 h at 621"C; CAN refers to specimens machined from as-quenched mate- 
rial and then tempered in evacuated cans. The CAN treatment results in a wider transition region and a 
higher 67.8-J transition temperature than for the other series. 

The results for all the specimens are similar, despite the slightly different histories of  each 
set of specimens. The data are presented in Table 2, and a typical data set is shown in Fig. 2; 
there is considerable scatter in the data, as is frequently observed for impact testing. A com- 
parison of  the curve fits for all the data sets is shown in Fig. 3. The azimuthal sets are shown 
by the band of  data. The specimens machined from the tempered block fall within this band, 
but  the specimens machined and then tempered show a wider transition region and a higher 
67.8-J (50-ft. lb) transition temperature. 

Tensile Properties 

The tensile specimens were machined and then tempered for 7 h at 621 ~ (heat treatment 
CAN). All of  these specimens had a reduced section length of  31.8 m m  (1.25 in.), a diameter 
of  4.5 m m  (0.18 in.), and were oriented in the C (circumferential) direction. The specimens 
were tested at a crosshead speed of  8.5 • 10 -3 mm/s  (0.02 in./min), corresponding to an initial 
strain rate of  3 • 10 -4 s-L 

Almost all of  the specimens were tested on a mechanically screw-driven machine. The spec- 
imens were held in a frame that was fastened beneath the machine crosshead. This assembly 
was immersed in a bath contained in a vacuum dewar that was raised to cover the specimen 
and maintain the desired test temperature. For low temperature testing near room tempera- 
ture, a bath of  propylene glycol cooled with granulated dry ice was used, while for lower tem- 
peratures, isopentane cooled with liquid nitrogen was necessary, Tests above room tempera- 
ture were conducted with a bath of  light mineral oil, heated with an electric immersion heater. 
In all cases, a stirrer was used to agitate the bath to obtain an even temperature distribution. 
The vacuum dewar maintained the temperature very well. A thermocouple wire was wound 
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around the gage length of  the specimen and monitored continuously throughout the test. Load 
was recorded during the test as a function of  time, corresponding to crosshead motion. This 
record was analyzed to determine the specimen's stress-strain curve. In addition to the load 
versus time record, the specimens were tested with an extensometer fastened to the gage length 
that was used to measure the specimen elongation directly. 

Two specimens were tested on a servohydraulic machine at high temperature. A box furnace 
with resistance heater elements was used to maintain the test temperature. The results of  the 
tensile tests on the base metal are given in Table 3 and are shown in Fig. 4, 

Drop- Weight Testing 

Drop-weight testing was performed in accordance with ASTM Method for Conducting 
Drop-Weight Test to Determine Nil-Ductility Transition Temperature of  Ferritic Steels 
(E 208-87) on a vertical drop tower. Specimen blanks for P3-type specimens were machined 
in the as-quenched condition and then sealed in evacuated cans and tempered for 7 h at 62 I*C 
(heat treatment CAN). A single-pass weld bead was deposited on the specimens after they had 
been machined to size. 

Considerable scatter in the behavior of  the material required that 12 specimens be tested to 
determine the nil-ductility temperature (NDT). The lowest temperature at which two no- 
break specimens were tested was 70"C (158"F). Therefore, NDT = 65"C (149"F). The tests 
conducted are listed in Table 4. 

Fracture Toughness 

Static crack initiation and crack arrest fracture toughness measurements were made as an 
aid in the design of  the thermal shock experiments, for which cleavage fracture was of  domi- 
nant interest. It had been demonstrated previously that valid small specimen data accurately 
represented the effective fracture toughness of  the test cylinder for flaw depths >-- 12mm [4]. 
Thus, this was not an intent of the more recent thermal shock experiment. Furthermore, for 
these latter experiments, the initial flaws were three dimensional in shape and behavior, mak- 
ing a determination of  critical values of  the stress intensity value (K0 corresponding to the 
initiation (K~c) and arrest (K~a) events very uncertain. 

TABLE 3--Tensile properties, specimens machined and tempered 7 h at 621"C (1150*F). 

Specimen 

Elongation, % 
Temperature, Yield Strength, Ultimate Strength, 

*C (*F) MPa (ksi) MPa (ksi) Uniform Total 
Reduction 
of Area, % 

KDI02 
K D I l l  
KDI04 
KD116 
KDII0 
KD113 
KD100 
KDI03 
KDI07 
KD105 
KD114 
KDI08 
KDI01 

- 129 (-200)  720 (104) 843 (122) 11.7 21.9 
778 (113) 913 (132) 10.6 18.2 

--73(--100) 563 (82) 726(105) 11.7 21.4 
585 (85) 740 (107) 12.0 23.7 

- 1 8  (0) 524 (76) 681 (99) 9.4 17.6 
518 (75) 671 (97) 9.9 18.4 

20 (68) 558 (81) 701 (102) 9.4 17.6 
495 (72) 647 (94) 7.7 14.8 
577 (84) 734 (107) 8.3 16.4 

38 (100) 579 (84) 712 (103) 8.l 17.7 
523 (76) 653 (95) 8.4 17.0 

93 (200) 507 (74) 644 (92) 6.1 13.2 
491 (71) 631 (92) 6.6 12.8 

55.6 
38.6 
64.1 
63.7 
61.0 
63.2 
61.7 
59.3 
62.5 
62.1 
64.8 
61.8 
53.6 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



ALEXANDER AND CHEVERTON ON PRESSURE VESSEL STEEL 371 

n 

o~ 

Ld 
n ~ 

-200 
I000 I 

9 0 0  0 

[] 

800 
0 

o 8 
7 O O  

6 0 0  - 

5 0 0  - 

4 0 0  I 
-150 - IO0 

TEMPERATURE (OF) 

-I00 0 I00 200 300 

I I I I 
140 

0 YIELD STRENGTH 
0 ULTIMATE TENSILE STRENGTH 

[3 
[3 n 

B 
n n 

8 8 ~ 
@ o 

0 

I I I 
- 5 0  0 5 0  

T E M P E R A T U R E  (~  

120  

x."  

r,,O 
- 1oo 03 

w 

B a: F-- 

80 

8 

I - 6 0  

1oo 15o 

FIG. 4--Tensile data for specimens machined in the as-quenched condition and then tempered 7 h at 
621~ in evacuated cans. 

Because of  restrictions on material availability and costs, specimen size was such that much 
of the data (particularly the initiation data) were invalid in accordance with ASTM Test 
Method for Plane-Strain Fracture Toughness of  Metallic Materials (E 399-83). In the previous 
thermal shock experiment program, however, it was determined that the lower bound of  a 
"large" set of  data was sufficient for experiment design purposes, and that is the approach 
taken in the most recent program. A comparison of  the new data included here is limited to a 
comparison with the ASME Section XI Appendix A lower-bound K~a curve. 

Initiation Toughness--Compact specimens were used to measure the initiation fracture 
toughness of the test cylinder material. Several different batches of  specimens were fabricated. 
Twenty 1T specimens were machined in the as-quenched condition and then sealed in evac- 

TABLE 4--Drop-weight testing. 

Test Result 

KD206 0 (32) X ... 
KD200 20 (68) X ... 
KD202 50 (122) X 
KD203 75 (167) ... 
KD201 65 (149) ... X 
KD204 60 (140) ... X 
KD205 55 (131) X 
KD207 60 (140) X ... 
KD208 65 (149) X 
KD209 75 (167) ... 
KD210 70 (158) ... X 
KD211 70 (158) ... X 

Temperature, 
Specimen ~ (*F) Break No Break 
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uated cans and tempered for 7 h at 621 ~ (heat treatment CAN). Ten 2T compact specimens 
were also machined from material tempered for 10 h at 621 ~ (heat treatment BLOCKS). 

Five sections for 4T compact  specimens were cut from the test cylinder. Because the vessel 
thickness was only nominally 150 m m  (6 in.), it was necessary to attach stubs to these sections 
to achieve the desired width of 250 m m  (10 in.). Pieces ofA533 Grade B steel from an earlier 
test program were used for this purpose. Electron beam (EB) welding was used for the fabri- 
cation to achieve a narrow heat-affected zone (HAZ) that would not alter the mechanical prop- 
erties of  the base metal. Figure 5 shows a section through a successful trial piece used for devel- 
opment  of  the welding technique. Complete penetration was achieved. The sections were 
ground and etched to reveal the HAZ. It is apparent that the HAZ is quite narrow, and the 
material at the final crack-tip location, approximately 50 m m  from the fusion line, would not 
be altered by the welding procedure. Figure 6 shows the welded blanks. 

All compact specimens were precracked and tested in accordance with ASTM Test Method 
for J~c, a Measure of  Fracture Toughness (E 813-87)? The 1T specimen tests were performed 
on a 20-kip MTS servohydraulic system, while the 2T and 4T specimens were tested on a 220- 
kip Instron servohydraulic machine. In all cases, the test machine was computer-controlled 
using a clip gage mounted on knife edges screwed to the specimen. The specimens were loaded 
until the slope of  the load-displacement trace had decreased by 5%, as determined by the com- 
puter. Small unloadings were then applied at regular intervals to those specimens that had not 
yet fractured. This allowed the J-integral to be calculated for those specimens that did not frac- 
ture with sufficiently low plasticity for a K~c determination. 

The toughness values calculated at the onset of  cleavage are given in Table 5 and shown in 
Fig. 7. Note that the data for the 4T specimens have been plotted displaced to slightly lower 
temperatures for clarity. These results were checked to determine whether they were valid 
according to ASTM E 399-83. For the 1T specimens, five of  the results at - 7 3 ~  ( -  100~ 
and two results at - 18~ (0~ are valid. These are the lowest values in each data set. 

Nine 2T compact specimens were tested, four at - 18~ (0~ and five at 10~ (50~ No 
valid tests were achieved at -- 18QC, but there was one valid test at 10~ 

All five of  the 4T specimens were tested at - 18~ (0~ Four of the specimens fractured 
during their initial loading cycle. One specimen had a significant popin during the first cycle. 
Since this changed the specimen compliance, the computer test program caused the specimen 
load to be cycled, as for a J -R  type test. The specimen received three cycles, and then fractured. 
However, the load-displacement record indicated that the specimen was still behaving elasti- 

FIG. 5--Ground and etched section through a successful trial for the EB welding process. Full penetra- 
tion has been achieved. The heat-affected zone is quite narrow. 
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FIG. 6--View of the EB-welded blanks for the 4T compact specimens, showing the base metal on the 
upper part of the specimen, the welded stubs below, and the EB weld and run-off tabs. The curved surface 
is the outer surface of the cylinder. 

cally. The stress intensity at which the popin occurred was 50 MPa x/m (45 ksi x/in.), the 
lowest value for the 4T specimens. Notice, however, that the next lowest value, 54 MPa x/m 
(49 ksi x/in.), represents a specimen that fractured with no popin, and the next higher value, 
59 MPa x/m (54 ksi x/in.), is the stress intensity at final fracture for the pop-in specimen, 
determined from the final load and the estimated crack length after the popin, based on the 
specimen compliance. The other 4T tests were valid according to ASTM E 399-83. The yield 
strength of this material is 524 MPa (76 ksi) at -- 18~ so the maximum allowable toughness 
that could be measured with a 4T specimen is 106 MPa x/m (96 ksi x/in). 

Crack-Arrest Toughness--Crack-arrest testing was conducted to determine the arrest 
toughness of the test cylinder. Testing was conducted in accordance with ASTM Test Method 
for Determining the Plane-Strain Crack Arrest Fracture Toughness K~ of Ferritic Steels 
(E 1221-88). In order to mark the crack front after arrest, the specimens were heat tinted by 
placing them on a hot plate until they became discolored. The specimens were cooled in liquid 
nitrogen and then broken open by driving a wedge into one end of the specimen. 

Several different batches of specimens were made. Eight 6 • 6 compact crack-arrest (CCA) 
specimens (150 by 150 by 32 mm) were machined from material that had been tempered for 
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TABLE 5--Fracture toughness results. 

Specimen Temperature, ~ (~ KSc, MPa x/m (ksi x/in.) Validity b 

IT SPECIMENS 

KB04 -73  ( -  100) 104 (95) N 
KBI7 54 (49) Y 
KB02 39 (36) Y 
KB09 102 (93) N 
KB20 100 (91) N 
KB19 117 (106) N 
KBI2 46 (42) Y 
KB03 77 (70) N 
KB07 40 (36) Y 
KBI4 48 (44) Y 
KB05 - 18 (0) 70 (63) N 
KBI0 91 (83) N 
KBI3 53 (49) Y 
KB01 91 (83) N 
KBI5 79 (72) N 
IZB08 82 "(75) N 
KB18 51 (47) Y 
KB06 130 (118) N 
KB11 95 (87) N 
KBI6 107 (97) N 

2T SPECIMENS 

KR03 -18  (0) 101 (92) N 
KR01 102 (93) N 
KQ04 155 (141) N 
KR05 102 (93) N 
KQ05 10 (50) 63 (57) Y 
KR04 122 (111) N 
KQ03 202 (184) N 
KQ01 105 (96) N 
KR02 102 (93) N 

4T SPECIMENS 

10-1 -18(0)  65 (59) Y 
20-1 c 50 (45) N 

59 (54) N 
20-2 --18 (0) 77 (70) Y 
30-1 54 (49) Y 
30-2 68 (62) Y 

a Modified J-integral value calculated at cleavage onset. 
b Valid K~c values per ASTM E 399-83; Y = yes, N = no. 
c This specimen exhibited pop-in. The first toughness value is for the pop-in and the second is for the 

final fracture. 

10 h at 62 I*C (heat treatment BLOCKS). The crack orientation in these specimens matched 
the axial flaw of the test cylinder, running from the inner surface toward the outer surface. A 
brittle weld deposit was used to initiate the running crack. 

Ten 3 • 3 CCA specimens (75 by 75 by 25 mm) were machined from material that had been 
tempered for 10 h at 62 I*C (heat treatment BLOCKS). These smaller specimens were used to 
determine whether this small size of specimen could generate valid arrest data. Five of these 
specimens had a blunt notch and side grooves while five had a chevron notch and were pre- 
cracked in fatigue and then side-grooved 25% (Fig. 8). The fatiguing was started at 40 kN 
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(9000 lb) maximum load, and finished at 26.7 kN (6000 lb), with the final a / W  = 0.3. The 
final maximum stress intensity was estimated to be about 27.5 MPa ~/m (25 ksi ~/in.), assum- 
ing that the equation for a compact specimen could be used. Although the geometry of the two 
specimens is not identical, they are similar enough to justify this approach as a first approxi- 
mation. In any case, the exact value of  the stress intensity does not matter as long as it is fairly 
low at the end ofprecracking. Following the precracking, the specimens were side-grooved and 
then tested. 

Tests with the 3 • 3 blunt notched specimens were unsuccessful, as the initiation loads were 
so great that no crack arrest occurred. The first fatigue precracked specimen was warm pre- 
stressed, as it was expected that the crack initiation would need to be suppressed to achieve 
valid crack jump lengths. This specimen was prestressed to a stress intensity of  approximately 
90 MPa ~ /m at 80~ and then tested at - 18~ The stress intensity factor at initiation was so 
large that the crack j ump  exceeded the allowable limits, giving an invalid test. The second 
specimen was tested at - 18"C without any prestressing, and gave a valid result. The third spec- 
imen was tested at --73*C (--  100*F) without any prestressing and also gave a valid result. 
Based on these results, it was apparent that 3 • 3 CCA specimens could be successfully tested 
after fatigue precracking without any prestressing. Therefore, an additional ten specimens 
were machined. 

Successful tests were conducted at - 18 and - 7 3 ~  (0 and - 100*F). One specimen was 
tested at 38~ (100*F), but stable crack growth rather than cleavage occurred. Apparently, this 
type of  specimen will only work at relatively low temperatures where ductile crack extension 
is unlikely. 

The 6 • 6 CCA specimens were tested at 38 and 66"C ( 100 and 150*F). The results of all the 
crack arrest tests are given in Table 6 and are shown in Fig. 9. The data were analyzed for 
validity according to the criteria in ASTM E 1221-88. The validity of each test is indicated in 
Table 6. and any reason for invalidity is indicated. 

Discussion 

The majority of the material characterization specimens were machined from test cylinder 
prolongation material in the as-quenched condition and were subsequently scaled in evacu- 
ated cans and tempered for 7 h at 62 Ioc. The IT compact, tensile, and drop weight specimens 
were prepared in this manner. The Charpy specimens in the azimuthal  study were machined 
from the test cylinder material (tempered 10 h at 62 I~ Examination of  Table 2 indicates 
that there is appreciable scatter in the transition temperatures for the azimuthal material alone. 
The 67.8-J (50-ft. lb) transition temperature ranges from 21 to 37~ (70 to 98~ a difference 
of  16~ (28~ An even greater difference is observed for the 35 mils lateral expansion tran- 
sition temperature. 

The data in Table 2 show that there is also a significant effect of  the fabrication or heat treat- 
ment  history or both on the mechanical properties of  the material. In general, the test cylinder 
material is noticeably tougher than the prolongation material. For instance, the 67.8-J tran- 
sition temperature for the CAN material, typical of the IT compact and drop weight speci- 
mens, is 49~ (120"F), much higher than even the highest of  the test cylinder material (Series 
l 7), which has a transition temperature of  37~ (98~ The average 67.8-J transition temper- 
ature for the seven series of  specimens from the test cylinder material is 26~ Thus, there is 
roughly 23~ difference between the vessel material and the CAN series material. The differ- 
ence in the 0.89-ram (35 mil) transition temperature is even greater. Furthermore, the upper 
shelf for the cylinder material is higher than that of  the CAN material, by about 20 J. This may 
be due, in part, to the small number of  specimens from the azimuthal sets that were tested on 
the upper shelf. Thus, the estimates of  the upper-shelf energy are not very accurate. 
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TABLE 6--Crack arrest toughness results. 

377 

Arrest Toughness, 
Specimen Size Temperature, ~ (*F) MPa x /m (ksi x/in.) Validity ~ 

KT07 3 •  --73 (--100) 26.4 (24.0) Y 
KT09 31.6 (28.8) Y 
KTII  38.1 (34.7) Y 
KTI2  30.7 (27.9) Y 
KT16 39.4 (35.8) Y 
KT19 39.8 (36.2) Y 
KT03 3X3 - 18 (0) 56.8 (51.7) L 
KT06 60.6 (55.1) L 
KT08 46.1 (41.9) Y 
KTI0  40.8 (37. l) Y 
KT13 117.9 (107.3) L,T 
KT14 78.6 (71.5) L 
KTI5 43.7 (39.8) Y 
KT17 49.2 (44.8) Y 
KT20 54.8 (49.9) L 
KS01 6 •  38 (100) 80.6 (73.3) Y 
KS03 108.5 (98.7) Y 
KS04 59.8 (54.4) Y 
KS05 89.8 (81.7) Y 
KS02 6 X 6  66 (150) 87.1 (79.2) Y 
KS06 194.7 (177.2) J,L,T 
KS07 160.7 (146.2) L,T 
KS08 77.3 (70.3) Y 

a y = yes, test was valid; L = not valid due to insufficient remaining ligament; T = not valid due to 
insufficient thickness; and J = not valid due to insufficient crack jump. 
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FIG. 9--Crack arrest toughness data for the 6 • 6 weld-embrittled CCA specimens and the 3 X 3 fatigue- 
precracked CCA specimens. The filled symbols indicate valid K~a data. 
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Figure 10 shows both the crack arrest data and the initiation data from the compact speci- 
mens for comparison. Note that the data for the 3 • 3 CCA specimens have been plotted dis- 
placed to slightly higher temperatures for clarity. The K~ curve from the ASME Boiler and 
Pressure Vessel Code, Section XI, given by 

K~a --- 29.4 + 1.344 exp[0 .0261(T-  NDT + 89)] 

where K,a is in MPa x/m, T is in *C, and NDT = 65"C, is also shown for comparison. It is 
evident that the ASME g,a c u r v e  is a reasonable lower bound, with only a single K~a value 
below the curve. 

It is interesting to compare the fracture toughness values from the 4T specimens to those 
from smaller specimens. As Fig. 10 shows, the range of  values from the 4T specimens is con- 
siderably less than for the 1T specimens at the same temperature, although there is still a spread 
of  over 50% in the results (from 50 to 77 MPa ~/m). Notice also that the lowest values obtained 
from the 4T specimens are very similar to the lowest values from the 1T specimens, suggesting 
that if enough IT specimens are tested, the same lower bound can be found. 

No problems were encountered with the precracking or testing of  the compound 4T com- 
pact specimens. The electron beam welding of  stubs to the vessel material proved to be a sat- 
isfactory method of obtaining larger specimen dimensions. The fracture surface from one of  
the 4T specimens is shown in Fig. 11. All of the fracture surfaces were similar. The shape of  
the fatigue precrack is very interesting. The crack front is fairly uniform, but does contain a 
noticeable undulation, similar for all of  the specimens. The variation in crack length is within 
the limits prescribed by ASTM E 399-83 and does not affect the test validity. It is not clear 
whether this crack length variation is a result of  residual stresses from the electron beam weld- 
ing or is due to the material itself. The crack front is nearly 50 mm from the weld, so residual 
stresses seem an unlikely explanation. However, none of  the other unwelded fracture tough- 
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FIG. 10--A comparison of all the toughness data. The K~ curve is shown for reference. 
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ALEXANDER AND CHEVERTON ON PRESSURE VESSEL STEEL 379 

FIG. 1 l--Typical fracture surfaces j m m  a 4T compact specimen. The EB weld is located at the tip of 
the chevron. Note the undulation in the fatigue precrack. 

ness specimens showed any tendency toward crack front curvature. The curvature may be due 
to the chevron notch. Perhaps if the precracking had been extended further from the notch, 
the undulations would have disappeared. Again, the notch geometry was similar for all of  the 
specimen sizes, and none of  the smaller specimens showed such undulations. In any case, the 
curvature is not believed to be significant. 

The test results from the 3 • 3 fatigue precracked CCA specimens compare very favorably 
with the results from the larger 6 • 6 CCA weld-embrittled specimens. For this material, at 
least, the smaller specimens provided a viable alternative for the generation of crack arrest 
toughness data, although only at lower temperatures. The fatigue precracking is a simple pro- 
cedure, and the total specimen cost is less than for a similar weld-embrittled specimen, as there 
are fewer fabrication steps. Further effort is needed to determine whether other materials 
would allow successful crack arrest testing with these smaller fatigue precracked specimens. 
Other materials may require warm prestressing, although it was not necessary in this case. 
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Conclusions 

The mechanical properties of  a specially heat-treated quenched and tempered ASTM A508 
Class 2 pressure vessel steel have been measured. These tests showed there was significant vari- 
ability in the vessel material, with considerable scatter in the Charpy, drop-weight, and fracture 
toughness tests. The 1T compact specimens showed a great deal of  scatter, but the lower bound 
was similar to that measured with larger specimens. Large 4T compact specimens were suc- 
cessfully fabricated by electron-beam welding stubs to the vessel material to allow the neces- 
sary specimen dimensions to be attained. Small fatigue-precracked CCA specimens gave val- 
ues in good agreement with larger standard CCA specimens without requiring warm 
prestressing. Further work is needed to determine whether these smaller specimens can be suc- 
cessfully used for other materials. 
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ABSTRACT: In this study, the problem of an infinite elastic strip that contains a crack perpen- 
dicular to its boundaries and subjected to a nonsymmetric transverse loading is considered. The 
problem is a coupled crack-contact problem in which the distribution of the transverse loads is 
not known and is dependent on the geometry of the crack as well as the stamp. The effect of 
friction that may exist at the punches is taken into consideration in formulating the problem by 
prescribing the tangential as well as the normal tractions on the boundaries. 

The solution of the problem is given for two stamp geometries, namely, a rigid fiat-ended 
stamp with sharp corners and a curved elastic stamp. 

To solve the problem, the stress and displacement fields of the strip were obtained by using 
Fourier transforms and then crack solution was added. As a result, three singular integral equa- 
tions were obtained. 

These singular integral equations are solved for the discrete values of contact stresses at certain 
collocation points, and stress intensity factors are obtained and tabulated for various geometries 
and material combinations. 

KEY WORDS: contact stresses, cracked strip, integral transform techniques, fracture mechan- 
ics, fatigue (materials) 

Today, as in the past, there has been considerable interest in cracked strip problems and 
rolling contact problems involving strips. Some of these studies are listed in Refs I through 7. 
In all of these studies, either the contact stresses under the stamp or the dislocation densities 
are not known. 

In this study, plane elastic contact between a thin strip, which contains a crack perpendicular 
to its boundaries, and symmetric stamps are considered (Fig. 1). Similar to Ref8, the problem 
differs from the standard cracked strip problems considered, because it is a coupled crack-con- 
tact problem where the distribution of the transverse load is not known and is dependent on 
the geometry of the crack as well as that of the stamp. 

When solving the contact problems, a point of practical interest is the estimation of the effect 
of friction that may exist at the punches. This effect is taken into consideration in this problem 
by assuming that the tangential as well as the normal tractions are prescribed on the 
boundaries. 

The results are given for a rigid flat stamp with sharp edges and for an elastic curved stamp 
for various crack and strip geometries. 

Professor and graduate student, respectively, Mechanical Engineering Department, Middle East 
Technical University, 06531 Ankara, Turkey. 
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+ 

R 
FIG. l--An elastic strip containing a crack that is loaded through stamps. 

Formulation of the Problem 

Consider the plane elasticity problem for an infinite strip as in Fig. 2. Let y = h be a plane 
of symmetry. For the purpose of deriving the integral equations, one may express the stress 
state at a point (x,y) in the cracked strip as follows 

atj(x,y)  = al , j (x ,y)  + a2u(x,y), (iJ  = x,y) (m) 

where the stress components, al,j are associated with an infinite plane containing two cracks 
along (x = 0, c < y < d, 2h - d < y < 2h - c), and a20 are associated with an infinite strip. 

First, by integrating the solutions given in Ref 7 for a pair of point dislocations wi thfand  g 
densities located at some point (0,yo) and defined by 

~9 
~v [v(O,yo + o) - o(O,yo - o)] = f ( y o ) ~ ( y  - yo) 

O 
y0--[u(0,yo + 0) -- u(O,yo --  0)] = g(yo)6(y  --  Yo) 

(2a) 

(2b) 

RIx} 

h 

IR(x) 

FIG. 2 - -Ex t e rna l  loads actin 

Q 

r on the elastic strip. 
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where b is the Dirac delta function, and the stress components, i]llj, can be found as 

a~x~(x,y) - - -  

a,,,r(x,y) - i 

~r~(x,y) - i 

21z { a [ 3 x ~ + ( 2 h _ t _ y ) 2 ]  
7r(K + 1) - f~ g(t)(2h - t - y) [--~-~ ( ~ - -  t~ S y)~2j dt 

Ix ~-(2h-t-y)2] 
+ f ~t)x [~ ~ ~ - t -  ~1 ~] at 

[ 3x2__+_( t S-_y) 2 ] 
+ ~ a  g(t)(t - y) L [x 2 + (t - y)212j dt (3a) 

- o o < x < o o  O < y < _ 2 h  

[ f/ 2# _ g(t)(2h - t - y )  [x 2 + ( 2 h _ t _ y ) 2 ] 2 j d t  r(K + l)  
d I x  2 +  3 ( 2 h -  t - y ) Z ]  

+ ~ f ( t ) x  t x 2 + ( ~  - t  - y - ~ 2 j d t  
__ __ y)Z __ X 2 ] 

+ f a g (  t)(t Y' [ [ x ~  ~-__- y'~2J dt (3b, 

x 2 + 3(t - y)2 ] dt} ,  

- -  o o  < x < o o  O < y < 2 h 

,,-(,, + l )  - gU)x  [.,7- -,7 ~ -- t - y)2]~ 
" [ , , -  .e ] 

+ f f ( t ) (2h - t - .v) I_ I:~ ~- ~z-h- - -  7 :c -~7]~ j at 

+ f f g < t , x [ [ ~ + ~ t - - Y Y  ]dr  ,3c, y)212 j 
a [ ( t _ y ) 2 _ _ ~ x  2 ] } 

+ f~ f ( t ) ( t - -  y) [x 2-~ ( t _  y)2]21dt , 
- - o o < x < o o  O < y < 2 h  

where u is the shear modulus and r = 3 - 4v for plane strain and K --- (3 - v)/(l + u) for 
plane stress, v being the Poisson's ratio. 

Finally, by using Fourier transforms, the stresses in an infinite strip 0 < y < 2h, - o o  < x 
< oo may be expressed as 

cr2,~(x.y) = ~ c~ 2 (A, + Bty)e -I"Jy + a2(A2 + B2y)e I~y 

-- 2 I~l Bte -I"lr + 2 la l  B2e I~ly} e . . . .  da  (4a) 

a2..(x.y) = - - ~ f ; a 2 { ( A , + B , y ) e - t ~ l ~ + ( A 2 + B 2 y ) e ' ~ l Y } e - i ~ d a  (4b) 

a2~,.(x,y) = ~ ia - Ic~l (A~ + Bly)e -t"t~' 

+ lal (A2 + B2y)e I~ly + B~e -i"ir + B2e I~ e - ~ d a  (4c) 
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In these equations, At, A2, Bt, and B2 are all unknown functions of  a and they should be 
determined from the following symmetry and boundary conditions 

v(x,h) = O, a.y(x,h) = O, - oo < x < oo (Sa,b) 

a.,(x,O) = - R ( t ) 6 ( x -  t) (6a) 

a.,,(x.O) = - P ( t ) ~ ( x  -- t) + Q6(x + L )  (6b) 

By substituting Eqs 4a through c and 3a through c into Eq I and then by substituting the result- 
ing equations into Eqs 5 and 6, by taking Fourier inverse transforms, four simultaneous linear 
algebraic equations in terms of  the unknown functions, A ~, A2, Bt, and B2, can be obtained 
[9]. By solving these simultaneous equations, all unknowns of the problem can be expressed 
in terms of  contact stresses, P(t) and R(t),  and dislocation density functions, g(t) andf(t). 

Now let us assume that the strip is loaded by stamps on the y = 0 and y = 2h boundaries, 
and the coefficient of  friction, #:, on the contact, area is constant, that is, P(x) = uzR(x).  

To complete the formulation of  the problem, the contribution of  the elastic stamp has to be 
incorporated into the integral equations. Considering only ct~rved elastic stamps that are in 
"smooth" contact with the strip and assuming that they have relatively large local radii of cur- 
vature and they are under the P(x)  and R(x )  tractions, the derivative o f  the normal displace- 
ment in the stamp may be expressed as [8] 

0 VAx,-O) = + x ' -  1 1 K.+ I f  R(t)  dt (7) 
ox ~ ?(x) - -  7r 4#s  J M t - -  x 

Where the subscript, s, refers to the quantities in the stamp. The integral equation giving the 
contact pressure, R, may then be obtained from [8] 

0 [ v ( x , + 0 ) -  Vs(x,-0)] d Ox -dx Vo(x), a <-- x <__ b (8) 

where Vo(x) describes the profile of  the stamp. 
The other integral equations are obtained by assuming that the crack surfaces are traction 

free, that is 

a~(0,y) = 0, c _< y __< d (9a) 

ax~(0,y) = 0, c _< y ~ d (9b) 

Now expressing axx(O,y), axy(0,y), and (O/Ox)v(x, +0)  in terms of  the unknown functions, R, 
f, and g, and using Eqs 8, 9a and b after a lengthy but straightforward analysis (details of which 
can be found in Ref 9) the following singular integral equations can be obtained 

Y, s ;: /3,R(x) + /3~ ~ R(t)  dt + C~ k . ( x , t )R ( t )  dt + C2 [k~2(t,x) - k~2(2h - t,x)]g(t) art 
zr t - x 

f j  " + C2 [k,a(t,x) + k,3(2h - t ,x)]f(t)  dt = C ,M, (L ,x )Q  + dx  Vo(x), a < x < b 

(10a) 
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[ g(t) 
~aL t - -_ -y  

2h - t - y -~ k21(t,y)R(t) dt + [k22(t,y) 

- k22(2h - t,y)]g(t) dt - M2(L,y_.. ) Q, c < y < d (lOb) 
c~ 

f(~) ] dt + 1 ~bk31(t ,y)R(t)dt  + ~d[k32(t,y) 
2 h - - -  y -G3 

M3(L,y) Q, c < y < d (10c) + k32(2h - t ,y)]f(t)dt - C3 

If the strip contains a single symmetrically located crack, that is, for d = h, c > 0, by using the 
symmetry of the problem and by observing thatf( t)  = f i2h - t), g(t) = - g ( 2 h  - t), (Eqs 
1 0a through c) may be expressed as 

- -  R(t) dt + C, k,,(t,x)R(t) dt + C2 k,2(t,x)g(t) dt 
7r t -- X 

~ 2 h - c  d 

+ C2 k,3(t,x)f(t) dt = ~ Vo(x) + C,M,(L,x)Q, a <-- x <-- b (1 la) 

f f h - c  / ( t )  dt ~ f f  k2,(t,y)R(t)dt + g(t)k22(t,y) dt 

_ Mz(L,y) Q , c < y < 2 h _  c ( l l b )  
C3 

~2h_c f( t  ) d t +  1 ~ b  ~2,-~ t - y -~3 k3t(t,y)R(t) dt + fit)k32(t,y) dt 

= + M3(L,x_______~) Q, c < y < 2h - c (1 lc) 
C3 

where 

'(K--1 
- 1  - 1  2# 

C I  - -  8~s C2 = 2r( r  + 1)'  C3 = 
' r q - I  

(12a-c) 

and the kernels, k . ,  kl2, k~3, k21, k22, k3t, k32, and functions, M .  M2, and M3, are given in 
Appendix C of Ref 9. 

Equations 1 la, b, and c are three singular integral equations that can be solved simulta- 
neously to determine the unknown contact force, R, and the dislocation densities, g(t) and 
fit). 

The contact force, R, is subjected to the following equilibrium equation 

fa 
b 

Q = ~/ R(t) dt (1 3) 

Also referring to the definition of  the density functions,fit) and g(t) must satisfy the follow- 
ing single-valued conditions 
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~ 2h-r dt = 0 (14a) 

fc 2h-C~l) dl -- 0 (14b) 

After determining the unknown functions, R(x), g(t), andf(t), all physical quantities of  the 
problem can be found by substituting these functions into the stress and displacement 
expressions. 

In the integral Eqs 11 a through c, k 0 values are Fredholm kernels whereas the others are 
Cauchy kernels. 

The k o values are technically bounded in the respective closed domains of  definition of their 
arguments and hence may be evaluated numerically without any ditticulty. In this problem, 
the Gauss-Quadrature formula is used to evaluate the related infinite integrals. However, since 
the integrands have a singularity at a = 0, considered individually, most of  these integrals are 
divergent. Expanding the integrands around a = 0, the divergent part of  the integrals can be 
separated. By using the equilibrium condition (Eq 13), it can then be shown that the sum of  
the divergent parts of  the kernels is zero. Even though somewhat lengthy, this procedure is 
necessary for the accurate evaluation of  the kernels. 

Numerical Solution and Stress Intensity Factors 

After normalizing the intervals, (a,b) and (c,2h - c), through the transformations 

b + a  b - a  b + a  b - a  
x =  2 + - - - - ~ n , t  - 2 + - - - - f - - r , a < t < b  (15a, b) 

y =  h + (h - c)3,,t = h + (h - c)e,c  < t  < h -  c (15~d) 

the singular integral Eqs 11 a through c may be solved numerically by using the Gauss-Che- 
byshev integration formulas [ 10]. 

Refering to Ref 10, for example, it is known that the solution of  the system of singular inte- 
gral equations may be expressed as 

R(r) = f~(r)(l -- r)"(l -- r) a, --1 ~ r ~ 1 

G(e) = g(h + (h - c)e) = 0(e)(1 - e2) - 'a ,  - 1 __< e __< l 

F(e) = f ( h  + (h - c)e) = r - e2) -u2, - 1  < e <  1 
S = - ( a  + 8) 

(16a) 

(16b) 

(16c) 

2~i ( a - b i l  = log \ a  + bi} + N (17a) 

where the functions, ~2(r), #(e), and r are all bounded and unknown in the closed domain 
[ -  1, 1] and S is the index of  an integral equation. 

The singular integral equation in Eq 1 la  is the second kind and the values of a and/3 can 
be found as follows [10] 
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1 l o g ( a - b i l  
13 - 2 r i  \ a  + biJ  + M ,  S = - - ( N  + M )  (17b) 

In order to get integrable singularities, S must be restricted to - l, 0, I, and S -- I represents 
sharp, S = 0 represents smooth-sharp, and S = - l represents smooth contact at the end 
points of  the contact region under the indenter [ 10]. 

Therefore, N and M are selected according to the singular behavior at the end points of  the 
contact region [ 10]. 

After a, 3 are determined, using Gauss-Chebyshev and Gauss-Jacobi integration formulas 
and using the quadrature formula for singular integral equations of  the second kind as given 
in Ref 10, the problem can easily be solved in terms of  discrete values of  the unknown 
functions. 

For a flat rigid stamp (that is, S = 1) and an elastic curved stamp (that is, S = - 1), the 
integral equations (Eqs 1 1 a through c) are valid with V(x)  = 0, 3~ = #i(r - 1)/4/~, 32 = (K + 
1)/4~, and V(x)  = - x / R ,  respectively. 

Here it should be noted that for the fiat rigid stamp the contact zone is known and the inte- 
gral equations (Eqs 1 1 a through c) subject to the conditions (Eqs 13, 14a, and b) can be solved 
easily. The position and the magnitude of  the load, Q, contact width of  the stamp, (that is, a 
and b) can be prescribed freely. 

On the other hand for the elastic curved stamp, neither a nor b is known and they should 
be evaluated. For this case, collocation points in Eq 1 la outnumber integration points by one, 
so there is an extra equation. On the other hand, contact width that is dependent on the total 
load exerted by the stamp is an additional unknown. Then, limits of  contact region, a and b, 
can be prescribed and a solution can be obtained by solving n ofn  + I equations. The equation 
that is disregarded in the solution may be used to find the exact contact width by a trial-error 
procedure. 

After obtaining the limits of  the contact region, the total load on the stamp can be found by 
using Eq 13. 

For the problem under consideration and for similar fracture mechanics problems, the main 
concern is the evaluation o f  the stress intensity factors that are defined as follows 

k~(c) = Lim [2(c - y)]~/2 a~(0,y) (18a) 
y ~ C  

k,,(c) = Lim [2(c - -  y)]l/2 a ~ ( 0 , y )  (18b) 
y - ' c  

After solving the integral equations, ki(c) and kH(c) may be evaluated as 

2~ 
k,(c) = - - -  k / h  - c 0 (+ 1) (19a) 

r + l  

and 

k[i(c) - - - ' -  X/rh - c ~ ( +  l) (19b) 
K + I  
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TABLE l--Material constants used in numerical examples. 

Steel Aluminum 

80.77 GPa 26.32 GPa 
0.30 0.36 

Then normalized Mode I and Mode II stress intensity factors can be defined as 

8(+ l) 2~ 
~ ( c )  - (20a) 

Q/h K + I  

and 

if(+ 1) 2~ 
~ ( c )  = (20b) 

Q/h K + I  

Results and Conclusions 

The stress intensity factors,/c~(c), k~l l(C), obtained by using the materials shown in Table 1 
are given in Figs. 3 through 6 and Tables 2 through 4. 

2 0  

k I 

1.8 

1.6 

1.4 

2i / I 0  t ~ I 
0 2 

( b - a ] / 4 h = O  01 
- - - -  ( b - o ) / 4 h = 0 . 2 5  
- - - -  ( b - a ) / 4 h =  5.0 

FIG. 3--First mode stress intensity factors in a steel strip with an internal crack loaded by a rigid flat 
stamp; (h - c)/h = 0. 7. 
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FIG. 4--Second mode stress intensity factors in a steel strip with an internal crack loaded by a rigid flat 
stamp; (h - c ) /h  = 0. 7. 
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FIG.  5--First  mode stress intensity factors in an aluminum strip with an internal crack loaded by a 
rigidflat stamp; (h - c ) /h  = 0.7. 
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0 2  I 
kll o.o!/ 

-0.2 

-0.4 

-0.6 

-0.8 I I I 
0 2 4 6 8 10 

--(b-o)14h=O.Ol 

----ib- o)14h =0.25 
-----{b-a}14 h = 1.00 

I i i 

o / h  

FIG. 6--Second mode stress intensity factors in an aluminum strip with an internal crack loaded by a 
rigidflat stamp; (h - c)/h = 0.7. 

Figures 7 and 8 give the pressure distribution under the rigid flat stamp for a fixed crack 
length and for selected values of  the stamp width (b - a). In these figures, the abscissa ~ is the 
normalized distance from the center of  the stamp. The pressure distribution is approximately 
symmetric except in the case where the stamp width is equal to ten times of  width of  the strip. 
F rom the analysis of  Fig. 7, if the width of  the stamp is equal to ten times the width of  strip, 
then separation begins when the edge of  the stamp is just  above the crack. 

If  the strip is made of  a luminum (Fig. 8), then separation begins when the contact width is 
equal to two times the strip width and pressure distribution under the stamp is more sensitive 
to the change of  the contact width than that of  steel strip. Here it should be noted that when 
separation begins (for a given crack length and stamp width greater than a certain critical 
value), the solution would not be applicable as outlined in this paper. 

TABLE 2--Stress intensity factors in an infinite steel strip with 
an internal crack loaded by a rigid flat stamp; a/h = 0, 

(b - a)/4h = 0.25, andre = 0.4. 

(h - c)/h k~(c) k*l(c) 

0.9 2.287 -0.164 
0.7 1.093 --0.084 
0.5 0.709 --0.049 
0,3 0.481 --0.024 
0. l 0.262 -0.005 

Copyright by ASTM Int ' l  (all  r ights reserved);  Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement.  No further reproductions authorized.



YAH,Sl AND DEMIR ON CRACKED STRIP PROBLEMS 393 

T A B L E  3--S tress  intensity factors in an infinite steel strip with 
an internal crack loaded through a steel curved stamp; 

a / h  = 0.05, (b - a ) / 4 h  = 0.125 • 10 -~, and  uf = 0.4. 

(h - c)/h ~ ( c )  IcTI(c) 

0 .9  2 . 7 0 0  - 1 .254  
0 .7  1 .758 - 0 . 2 7 4  
0 .5  1 .375 - 0 . 1 0 5  
0 .3  1 .120 - 0 . 0 4 4  
0 . I  1 .125 - 0 . 0 1 3  

T A B L E  4- -S t ress  intensity factors in an infinite a luminum strip 
with an internal crack loaded through a steel curved stamp," 

a / h  = 0.05, (b  - a ) / 4 h  = 0.125 • 10 -3, a n d u r  = 0.3. 

( h - c) /h lcT( c) kTx( c) 

0 .9  3 . 1 3 5  - 1.751 
0 .7  2 . 0 9 4  - 0 . 3 7 7  
0 .5  1 .634  - 0 . 1 4 6  
0 .3  1.421 - - 0 . 0 6 3  
0.1 1 .332 - -  0 . 0 1 8  

RI• 7 
R/(b-o) - -b-o/4h=0.01 TRR 

----b- o/.4 h =0.25 / 
----b-o/4 h =5.0 

0 

2- 

h I J 
R 

0 - - - - -OD-  

O 

- -Q8 -0.6 -0 .4  -0.2 0 0.2 0.4 0.6 0.8 

q 
FIG. 7 - - N o r m a f i z e d  pressure distribution under a f lat  rigid s tamp with sharp edges in a steel strip, with 

an internal crack," a/h = 0.0, (h  - c ) / h  = 0.7, a n d r e  = 0.4. 
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strip, with an internal crack; a / h  = 0.0, (h - c ) /h  = 0.7, and #r = 0.3. 
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FIG. 9--Normalized pressure distribution under a curved steel stamp in an aluminum and steel strip 

with an internal crack; (h - c)/h = 0.7, a/h = 0.0, and #f = 0.4. 
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Figure 9 gives the stress distribution for steel curved s tamp and steel strip and steel s tamp 
and a luminum strip combinations. From the analysis of  Fig. 9, it is clear that as the strip mate- 
rial gets weaker the pressure in the mid portion of  the contact area decreases. 

Stress intensity factors for a cracked strip loaded by a flat rigid stamp are shown in Figs. 3 
through 6. 

Figures 3 through 6 show that as expected the first mode of  stress intensity factor is the dom- '  
inant stress intensity factor. As the crack moves away from the stamp, the second mode of  
stress intensity factor goes to zero. The largest first mode stress intensity factor is obtained 
when the stamp width is equal to 4% of  the half strip width and the edge of  the stamp is just 
above the crack. Since the contact zone is very small, this case can also represent the point load 
on the strip. As the stamp moves away from the crack, the first mode of  stress intensity factor 
first decreases and then increases and finally converges to a value. This convergence is due to 
the decreasing effect of  the stamp as it moves away from the crack and, finally, the effect of  
s tamp disappears. 

Contrary to the point load cases, as the width of  the stamp increases, the largest stress inten- 
sity factors are found when the edge of  the stamp is away from the crack. 

For the a luminum strip when the stamp width is two times larger than the strip width for 
certain values of  crack length, separation begins. For  this typical "receding contact" problem 
in which the contact area is not known, the solution would not be applicable as outlined in 
this paper. The effect of  crack length on stress intensity factors is shown in Table 2, and, as 
expected, stress intensity factors increase as the crack length increases. 

The calculated results obtained for the loading by a curved stamp are summarized in Tables 
3 and 4. From the analysis of  these tables, similar conclusions are valid for these cases. 
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Stress Intensity Factor Solutions for Partial 
Elliptical Surface Cracks in Cylindrical Shafts 
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Partial Elliptical Surface Cracks in Cylindrical Shafts,'* Fracture Mechanics: Twenty-Third 
Symposium, ASTM STP 1189, Ravinder Chona, Ed., American Society for Testing and Mate- 
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ABSTRACT: Pump shaft cracking has become an emergent issue recently in power industry. 
Prediction of residual life for a cracked shaft relies on accurate stress intensity factor calculations. 
Because of the three-dimensional nature of the cracked shaft problem, it is prohibitively expen- 
sive to obtain a complete stres.s intensity factor solutions library with three-dimensional finite- 
element method. 

The expensive task of performing the three-dimensional fracture analyses can be alleviated by 
using an alternating analytical procedure. The alternating analytical procedure utilizes two ana- 
lytical solutions: (a) the solution for an elliptical crack embedded in an infinite domain and (b) 
the solution for an infinitely long, uncracked cylinder subjected to arbitrary surface loadings. 
Because no finite-element mesh is required in the alternating analytical technique, the efforts to 
accomplish this study has been reduced significantly. 

Cracked shafts under tensile, bending, and torsional loads are studied in this paper. Ksolutions 
for a wide range of crack geometries are presented. The K solutions can be applied in shaft resid- 
ual life studies. 

KEY WORDS: alternating technique, stress intensity factor, shaft residual life, three-dimen- 
sional crack analysis, mixed-mode fracture, partial elliptical cracks, fracture mechanics, fatigue 
(materials) 

Many fracture mechanics problems associated with structural components,  such as cracks 
in pump shafts or pipes, can be idealized as an elliptical or partial elliptical crack in a cylin- 
drical shaft (Fig. l). Numerical methods, such as the finite-element method (FEM) and the 
boundary integral evaluation (BIE), have been used by many researchers, for example, Raju 
and Newman [1], to obtain the three-dimensional fracture mechanics solutions. However, 
such conventional numerical methods as FEM and BIE often require not only a lengthy com- 
putation time, but also a large amount  of  manpower in preparing the numerical model. Worst 
of  all, for problems involving different geometries, the previously mentioned labor-intensive 
numerical procedure has to be repeated for each case. 

Until 198 l, analytical solutions for an elliptical crack embedded in an infinite space were 
available only for polynomial  crack surface loads up to the sixth order. A general solution for 
an embedded elliptical crack in an infinite space subjected to polynomial crack surface loads 
of  any order was first obtained by Vijayakumar and Atluri [2] and then by Nishioka and Atluri 
[3]. This solution has often been referred as the VNA solution, which is the abbreviation of  
the first letters of  Vijayakumar, Nishioka, and Atluri. By applying the VNA solution, Nishioka 

' Senior engineer, associate, and engineer, respectively, Structural Integrity Associates, Inc., San Jose, 
CA 95118. 
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FIG. 1 - - G l o b a l  r - 0 - z coordinate system and crack x l  - x 2  - x 3  coordinate system of a cracked 
shaft. 

and Atluri [3] have successfully demonstrated the concept of an alternating finite-element 
method for the problem of an elliptical crack in a structural component of any shape. With 
this alternating finite-element method, the computation time and the modeling effort can be 
reduced dramatically relative to the usual numerical methods, since only an uncracked struc- 
ture needs to be analyzed in the alternating finite-element analysis. However, the alternating 
Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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finite-element method still requires the three-dimensional FEM mesh preparation for the 
uncracked structure. 

Presented in this paper is an analytical alternating procedure (AAP) for an elliptical or par- 
tial elliptical crack in a pump shaft. Because of  the simple geometry associated with the pump 
shaft, the finite-element analysis of  an uncracked shaft in the alternating finite-element 
method can be replaced by a Fourier series analysis. Kuo and Shvarts [4] had presented a sim- 
ilar analytical alternating procedure for cracked fiat plates. The cracked shaft is assumed to be 
subjected to arbitrarily distributed crack surface tractions. Availability of  this analytical alter- 
nating method enables the user to simply enter shaft radius, crack location, and orientation 
relative to the shaft, crack dimensions, and crack surface loads and obtain Ki, Ki, and g l l  I 

solutions at the crack front, without going through the previously mentioned tedious numer- 
ical procedures. 

Assumptions  

The following assumptions were made to simplify the analysis: 

1. As shown in Fig. 1, the shaft of  the diameter, D, extends infinitely in the z-direction, that 
is, the shaft is infinitely long. 

2. The shaft material is assumed to be isotropic, homogeneous, and linear elastic. 
3. It is assumed that the stress singularity at the free edge vicinity is still --~ [ 5 - I 0 ] .  

Boundary Conditions 

As shown in Fig. 1, boundary conditions for the three-dimensional crack problem are: 

1. on r = D / 2  

a r , . ( D / 2 , 0 , z )  = ~,o(D/2,0,z)  = a , , (D/2 ,0 , z )  = 0 

2. on the crack surfaces 

x3 = 0, ( x l / a l )  2 + (x2/a2) 2 --< 1, (al > a2) 

the tractions are prescribed in the following form [11] 

~.m- . . . .  ~ ~2 (1) 

where a = 1, 2, 3, ~,m-.,.A"J} are known constants of  the prescribed crack surface loading; and 
xt - x2 - x3 is a Cartesian coordinate system. As illustrated in Figs. 1 and 2, the Cartesian 
coordinate system is attached to elliptical crack surface and is related to the global cylindrical 
coordinate system, r - 0 -- z, by three translations and three rotations. In the preceding equa- 
tions, a~ and a2 are lengths of  the major and the minor axes of the bounding ellipse of the crack, 
respectively. 

Alternating Analytical  Procedure (AAP)  

The AAP is composed of  two fundamental analytical solutions: (1) an elliptical crack in an 
infinite space and (2) an uncracked shaft with arbitrary surface loads. By applying three stress 
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FIG. 2--Definition of crack coordinate system and crack front angle, O. 

functions in the Trefftz's formulation [12,13], the VNA solution can provide stresses at any 
location of  an infinite domain with an elliptical crack subjected t ~ arbitrary crack surface 
loads. Stress intensity factors along the crack front can also be evaluated. Detail formulations 
have been provided in Vijayakumar and Atluri's paper [2], and thus are not repeated in this 
paper. 

In general, stress solutions resulting from the VNA solution do not satisfy the stress-free 
boundary conditions at the outside surface o f  the shaft, even though they do satisfy the gov- 
erning equations and the crack surface loading conditions. That is, a,,, crre, and g,~ derived from 
the VNA solution do not, in general, satisfy Eq 1 on the shaft surface, r = D/2. To cancel out 
the nonzero stresses, era (r = r, 0, z), on the boundary surfaces of  the shaft, another analytical 
solution is required. 
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The second fundamental problem is an uncracked, infinitely long shaft of  outside diameter, 
D, subjected to arbitrary tractions on the boundary surfaces [3,4]. Stress solutions to the sec- 
ond fundamental problem can be expressed in terms of  three Papkovich-Neuber stress func- 
tions, q,o, ,I,,, and 4'o. Once the residual boundary traction is known (from the VNA solution), 
the stress functions, ~I,i (i = o, r, 0), can be expressed in terms of  modified Bessel functions. 
Since the complete formulation of  the uncracked shaft solution has been presented in a rele- 
vant paper [14], detail derivation will not be repeated here. 

The stress solutions to the elliptical (or partial elliptical) crack problem in a circular shaft 
can be obtained by summing a series of the two analytical solutions according to the following 
procedure until a convergence condition is met: 

(a) Fit the crack surface loads into polynomials in the crack surface coordinate (x, - x2 - 
x3). Calculate stress intensity factors at crack fronts and stresses at r = D/2 by the VNA 
solution. 

(b) Fit negatives of  the stresses resulting from the VNA solution at r = 1)/2 into a Fourier 
series and calculate stresses at the fictitious crack location for an uncracked shaft by the 
second analytical solution. 

(c) Check if convergence is achieved. I f "no ,"  go back to (a). If"yes," continue to the next 
step. 

(d) Output K, (i = I, II, III) at different crack front locations. 

Several different convergence conditions, such as percentage change of  residual crack sur- 
face stresses and percentage change of  K-values, can be applied. A relative K-value change less 
than 1% was chosen as the convergence criterion in the present study. 

Stress Intensity Factor for Various Cracked Shafts 

To account for shafts o f  different size, normalized stress intensity factors will be presented. 
A normalized stress intensity factor, F, can be defined as follows 

F~ = Kt(S~k/~ff /Q) (2) 

where i = I, II, or III for the three fracture modes, S -- S, (maximum tensile stress), So (max- 
imum bending stress), or Sq (maximum torsional stress) as defined in Fig. 3, and 

Q = 1 + 1.464(2a2/L) TM (3) 

where L is also defined in Fig. 3. 
To examine the validity of  the analytical alternating procedure, two different surface crack 

cases were studied and the F-factors at the deepest crack fronts were compared against Raju 
and Newman's (R-N) solutions [ 1]. The comparisons are as follows 

Case 1: 2adL  -- 0.6, affD = 0.2 
tension: 

F1 -- 1.316 (R-N) 
F~ = 1.336 (AAP) 

bending: 
F~ = 0.985 (R-N) 
F~ -- 0.998 (AAP) 
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FIG. 3--Loadings applied to the shaft and dimensions for surface crack. 

Case 2: 2 a J L  -- 0.6, a J D  -- 0.35 
tension: 

F~ = 1.835 (R-N) 
F~ --- 1.762 (AAP) 

bending: 
FI = 1.056 (R-N) 
F~ = 0.999 (AAP) 
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The AAP results were found to fall within a 5% error band of  the reference solutions. Tradi- 
tionally, for the three-dimensional linear elastic fracture mechanics problem, the 5% discrep- 
ancy is considered acceptable. 

Figure 4 shows the geometries and loading conditions of  various cracked shafts that were 
chosen to be the second example. Normalized stress intensity factors at the deepest point of  a 

T 

I 

E) 

X 2 

e=o ~ 

X2 XI 

= 45 ~ 

X I 

x 2 ~  90' 

M 

T 
FIG. 4--Definition of orientation of surface cracks. 
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particular crack geometry (a2/D = 0.15, a2/L = 0.25) at three crack orientations (0 = 0", 45*, 
90*) subjected to three different loading conditions (tension, bending, and torsion) have been 
calculated as shown in Table 1. 

Figures 5 through 16 show the variation of  the normalized stress intensity factors, F, of  the 
surface cracks as a function of  the crack front angle (0) at a particular crack orientation angle, 
O = 0". Curves in different figures represent different combinations of  crack shapes (a2/a,), 
crack sizes (a2/D), and loading conditions (tension, bending, or torsion). The following obser- 
vations can be drawn: 

(a) According to Figs. 6, 8, 10, 12, 14, and 16, Mode III fracture dominates the deepest 
crack point  under the torsional loading while Mode II fracture dominates surface 
region. 

(b) According to Figs. 5, 7, 9, 11, 13, and 15, F~s near the free surface for curved cracks (a2/ 
a, = 0.8) are larger than F~s for straight cracks (a2/a, = 0.3). This probably explains 
why curve cracks tend to propagate into straight curves in pump shafts. 

(c) For  shallow curved cracks (a2/a~ -- 0.8, a J D  <_ O. 1), the maximum F~s under tension 
loading occur at the deepest crack point (Figs. 5, 7, and 9). However, for deep curved 
cracks (aJa~ = 0.8, a2/D > 0.1), the larger F~s occur near the free surface (Figs. 11, 13, 
and 15). 

(d) Discrepancies of  F~s between tension and bending loading are more profound for deep 
cracks (a2/D -- 0.25, Fig. 15) than for shallow cracks (a2/D = 0.025, Fig. 5). 

Conclusions 

A broad range of  stress intensity factor solutions for cracked shafts under tensile, bending, 
and torsional loads have been presented in this paper. An analytical alternating procedure has 
been developed for this catalog of  problems. With the AAP approach, the three-dimensional 
crack problem can be solved with great ease, in shorter computer time, and more importantly, 
with no FEM model preparation. Of  course, AAP's shortcoming with respect to the conven- 
tional FEM [1] or the alternating FEM [2,3] is that it can only handle a specific (cylindrical 
shaft) geometry. 
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TABLE l--Normalized stress intensity factors of various crack 
orientations and loading conditions. 

O = 0* O =  45* O =  90* 

Tension FI = 1.22 FI = 0.87 NA a 
Fii I = 0.65 

Bending Fi = 0.99 FI = 0.69 NA 
FIII = 0.51 

Torsion Fnl = 0.75 F, = 0.75 Fnl = 0.79 
FIII= 0.56 

a NA = not available. 
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Analysis of Circumferential Cracks in Circular 
Cylinders Using the Weight-Function Method 

REFERENCE: Mettu, S. R. and Forman, R. G., "Analysis of Circumferential Cracks in Circular 
Cylinders Using the Weight-Function Method," Fracture Mechanics: Twenty-Third Sympo- 
sium, ASTMSTP 1189, Ravinder Chona, Ed., American Society for Testing and Materials, Phil- 
adelphia, 1993, pp. 417-440. 

ABSTRACT: Circumferential cracks in hollow circular cylinders are often used as idealizations 
of flaws in weldments caused by lack of penetration. The most common cases occur for butt 
welds in pipes, nozzles, and cylindrical pressure vessels. The objective of the present work is to 
develop a methodology to compute accurately values of stress intensity factor for the entire range 
of radius ratio, RdRo (inner to outer), from 0 to 0.9999 and crack-depth-to-thickness ratio, a/t, 
from 0 to 1.0 for general loading using the weight-function approach. The p-version of the finite- 
element method was used to obtain stress intensity factors and crack face displacements for the 
reference loading of uniform tension. The reference solution was obtained for selected values of 
the geometrical parameters, Rt/Ro and a/t, covering their whole range. Both internal and external 
cracks were treated. Piecewise cubic Hermite interpolation techniques were then used to com- 
pute the quantities corresponding to intermediate values of the geometrical parameters. The 
derivatives of crack face displacements needed in the weight function method were obtained 
numerically from a three-term Williams series fit to the displacements obtained from the finite- 
element analysis. The results obtained were compared to existing solutions for uniform tension 
loading and excellent agreement was found. Results for uniform tension loading obtained from 
the weight function method were compared with those from finite-element analysis and error 
bounds were established. 

KEY WORDS: fracture mechanics, circumferential cracks, hollow cylinder, pipes, weight func- 
tion, stress intensity factor, p-version finite element, axisymmetric loading, fatigue (materials) 

Circumferential cracks in hollow circular cylinders are often used as idealizations of flaws 
in weldments caused by lack of penetration. The most common cases occur for butt welds in 
pipes, nozzles, and cylindrical pressure vessels. The flaws could be present either internally or 
externally. The idealization referred to is performed usually during the assessment of struc- 
tural integrity of the pressure vessels or pipelines Using fatigue and fracture mechanics con- 
cepts. Current work is motivated by the need to perform safe-life and fracture control analyses 
of critical hardware used in the Space Shuttle, the Space Station, and associated payloads. In 
particular, accurate values of the stress intensity factors are essential for any such assessment. 

The available stress intensity factors for these crack cases are limited to uniform tension and 
bending loading [ I ]. In these solutions, the ratio of crack depth to thickness (a/t) is also limited 
to 0 to 0.6, and extrapolated values are shown by Tada [1] for the deeper cracks. Moreover, 
for the case of very thin cylindrical parts, where the ratio of internal to external radius (Ri/Ro) 
is more than 0.9, no solution is available in the open literature. Residual stresses with arbitrary 

t Advanced systems engineering specialist, Lockheed Engineering and Sciences Company, Houston, 
TX 77058. 

2 Senior materials engineer, NASA Lyndon B. Johnson Space Center, Houston, TX 77058. 
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variation across the thickness occur quite often in these cylindrical vessels and hence stress 
intensity factor solutions for this type ofaxisymmetric loading are desirable. Labbens et al. [2] 
derived influence functions for various planar crack cases including the internal crack in an 
axisymmetric body subjected to general loading, but the numerical results were presented for 
only one ratio of R Jr. Another attempt at obtaining a somewhat general solution for the cir- 
cumferential crack in a cylinder was made by Buchalet and Bamford [3] who used the con- 
ventional finite-element method to compute the stress intensity factors when the cylinder is 
subjected to constant, linear, quadratic, and cubic variations of load. These component solu- 
tions were then used in a superposition type of fit for a general applied stress. The results were 
again presented only for one ratio of t/Ri. 

In the present work, the weight function approach [4] was used to provide the desired solu- 
tion by specializing it to the axisymmetric case from the three-dimensional formulation. The 
key to the success of the approach is the ability to compute accurately stress intensity factors 
and crack surface displacements for a reference loading such as uniform tension. Once a ref- 
erence solution is known, the weight function method provides solutions for arbitrary 
through-the-thickness stress distribution such as thermal or bending stresses by way of numer- 
ical quadrature. In order to provide a solution for any given value of the geometrical param- 
eters, R,/Ro and a/t, it is apparent that the reference solution should be obtained for selected 
values of these geometrical parameters covering their whole range. Interpolation techniques 
can then be used to obtain the solution for the desired values of the parameters. 

In order to generate the reference solution, use of the general-purpose finite-element pro- 
grams CSA/NASTRAN [5] and MSC/PROBE [6] was considered. NASTRAN uses the more 
common h-version of the finite-element formulation whereas PROBE uses the p-version for- 
mulation. It was evident from a few trials that for the present problems, MSC/PROBE was 
more accurate and efficient than NASTRAN. PROBE also has a solution-extraction facility 
including computation of the strain energy release rate. Axisymmetric loading was considered 
in all cases, and solutions were obtained for the entire range of radius ratio and crack-depth 
ratio for the reference case of uniform tension. The weight-function approach was used to gen- 
eralize the solution for arbitrary axisymmetric loading. The following sections present the 
details of the finite-element analysis, the method of weight function for axisymmetric bodies, 
and a discussion of the results. 

Finite-Element Analysis 

In order to obtain the stress intensity factors and crack face displacements for arbitrary geo- 
metrical parameters of the hollow cylinder with an internal or external crack, numerical finite- 
element methods seemed to be the only choice. The general-purpose finite-element software 
CSA/NASTRAN was considered initially, and trial runs were made. Two meshes were con- 
structed, one having 48 elements along the plane of symmetry and the second having 96 ele- 
ments along the plane of symmetry. Figure 1 shows the geometry of the cracked hollow cyl- 
inder and Fig. 2 shows the meshes used. The same configuration was analyzed using MSC/ 
PROBE by using a much coarser mesh as shown in Fig. 3. Comparison of the results for these 
pilot cases is summarized in Table 1. The ease of preparing the mesh and the efficiency as well 
as accuracy of PROBE compared to CSA/NASTRAN for this class of problems weighed heav- 
ily in favor of PROBE. All subsequent analyses were conducted using the axisymmetric mod- 
ule of PROBE, 

It may be noted that the detailed view of the mesh in Fig. 3, where very small elements 
around the crack tip rapidly increased in size away from it, was the mesh pattern that yielded 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



METTU AND FORMAN ON CIRCUMFERENTIAL CRACKS 419  

R t  ~1 

0 

r x 

R i  , . l ~  
r I 

Z 

~ r  

Ro [ 

Rt 

p -  

X 
> 

"-F Ro 
Z r l  

- - ~ r  

FIG. l - -Geometry  o f  cracked hollow cylinders: internal and external. 

TABLE l--Comparison o f  results, N A S T R A N  versus PROBE," internal crack, R~/Ro = 0.5, a/t = 0.5, 
and t = 1 m. 

Degrees of Strain energy, CMOD, ~ 
Software Used Mesh or p Elements Freedom N-m m 

CSA/NASTRAN M-48 2408 2678 0.31984586E-5 0.4352E-6 
CSA/NASTRAN M-96 3320 3652 0.31985511E-5 0.4411E-6 
MSC/PROBE CYL5, p = 6 22 845 0.31995647E-5 0.4583E-6 
MSC/PROBE CYL5, p = 7 22 1129 0.31996307E-5 0.4588E-6 
MSC/PROBE CYL5, p = 8 22 1 4 5 7  0.31996421E-5 0.4589E-6 

a CMOD--crack mouth opening displacement from Ref 1 = 0.4625E-6 m. 
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FIG. 2 - - N A S T R A N  models o f  the cylinder. 

good results. For convenience in modeling, the thickness of  the cylinder was set to unity, so 
that the same mesh could be used for various ratios of the inner to outer radii. In order to cover 
the entire range of  crack lengths, three meshes w e r e  used, as shown in Figs. 3, 4, and 5. Two 
local coordinate systems were defined, one with the origin at the inner wall (Sl)  and the other 
at the crack tip ($2). The S1 system was redefined for each ratio o f  RJRo.  The $2 system was 
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FIG. 3--PROBE model of the cylinder for a/t = 0.15 to 0.85. 

20.0 

redefined for each crack length to thickness ratio (a/t). For the internal crack case, the mesh 
in Fig. 3 was used for shallow cracks, that is, with a/t ratios of  0.02, 0.05, and 0.1. The same 
mesh was used for deep external cracks, that is, a/t ratios of  0.9, 0.95, 0.985. The mesh in Fig. 
4 was used for the midrange of  a/t ratios from 0.15 to 0.85 for both internal and external 
cracks. Similarly, the mesh in Fig. 5 was used for deep internal cracks and shallow external 
cracks. Thus, just these three meshes were used repeatedly for generating the entire spectrum 
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FIG. 4--PROBE model of the cylinder for a/t = 0.02 to O. 1. 

0.0 

of solutions by simply redefining the local coordinate systems. Table 2 shows a sample set of  
results including the error in energy norm for a radius ratio of  RyRo -- 0.5. The error in the 
energy norm is computed by PROBE as part of  the solution whenever three successive values 
of  the polynomial  order (p, used for defining element shape functions) are specified. In the 
current work, all solutions were obtained for Orders 6, 7, and 8 that are the three highest pos- 
sible with PROBE. Values from Order p = 8 were taken to be the  most accurate and used in 
subsequent analysis. Table 2 also shows a comparison of  strain energy release rates obtained 
by two methods with those from results found in Tada [1 ]. The column showing G calculated 
from U is obtained by a central difference method on successive values of  the total strain 
energy given in the second column. PROBE also directly gives values of  the strain energy 
release rate, using the stiffness derivative method internally. The results show excellent agree- 
ment  with those of  Ref  1. Table 3 lists the stress intensity correction factor,/7,.,,, as defined in 
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Ref I for each of  the parameters, Ru/Ro and a/t, for the internal crack. The stress intensity 
factor is defined by 

K, = ~oFok/~-a (1) 

where *o is the applied uniform tensile stress. The correction factors listed in Table 3 are 
defined as 

F~., = Fo~/l - a/ t  (2) 

Table 4 lists similar results for the external crack. Here, the stress intensity factor is defined as 
in Eq 1 but the correction factors are defined as 

Fext = Fo~/l  -- a/t/(1 + R d R ,  (3) 
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TABLE 2--Strain energy release rates; internal crack, RdRo = 0.5. 

Energy Release Rates 
Total  Strain Energy 
f rom PROBE, U/27r Error in G f rom U, G-PROBE,  G-Tada,  

Crack Length (N-M) U, % N / m  N / m  N / m  

0.02 0.500011898602E-6 0.04 0.231E-8 0.245E-8 
0.05 0.50007433721 IE-6 0.08 0.569E-8 0.56 IE-8 
0.10 0.500298633244E-6 0.09 0.110D-7 0.109E-7 0.1()9E-7 
0.15 0.500678639535E-6 0.06 0.161D-7 0.160E-7 
0.20 0.501224824881E-6 0.06 0.212E-7 0.21 IE-7 0.2i3E-7 
0.25 0.501952678092E-6 0.07 0.265E-7 0.263E-7 
0.30 0.502882231740E-6 0.09 0.321E-7 0.319E-7 0.322E-7 
0.35 0.504038927616E-6 0.10 0.381E-7 0.378E-7 
0.40 0.505454734349E-6 0.10 0.447E-7 0.444E-7 0.45"iE-7 
0.45 0.507170530015E-6 0.10 0.522E-7 0.518E-7 
0.50 0.509238881717E-6 0.10 0.608E-7 0.603E-7 0.6i7E-7 
0.55 0.511728752117E-6 0.10 0.709E-7 0.703E-7 
0.60 0.514733435320E-6 0.10 0.832E-7 0.823E-7 0.836E-7 
0.65 0.518382319681E-6 0.11 0.985E-7 0.974E-7 
0.70 0.522863665248E-6 0.13 0.119E-6 0.117E-6 0.1 i9E-6 
0.75 0.528465995935E-6 0.16 0.146E-6 0.144E-6 
0.80 0.535667611660E-6 0.19 0.188E-6 0.183E-6 0.18'iE-6 
0.85 0.545355901859E-6 0.24 0.258E-6 0.247E-6 
0.90 0.559506750351E-6 0.22 0.41 IE-6 0.372E-6 0.36"iE-6 
0.95 0.584370634122E-6 0.40 0.705E-6 0.741E-6 
0.985 0.628214014703E-6 0.62 ... 0.245E-5 0.24"iE-5 

TABLE 3--Stress intensity correction factors," internal crack, Fire. 

Crack Values of Ri/Ro 
Length, 

a/t 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95 0.99 0.995 0.999 0.9999 

0.02 0.997 1.050 1.071 1.082 1.089 1.094 1.098 1.101 1.103 1.105 1.106 1.106 1.105 1.166 
0.05 0.891 0.976 1.017 1.042 1.058 1.070 1.080 1.088 1.095 1.099 1.103 1.104 1.105 1.107 
0.10 0.792 0.887 0.944 0.983 1.013 1.037 1.057 1.076 1.094 1.105 l d l 7  1.120 1.124 1.133 
0.15 0.733 0.823 0.887 0.935 0.975 1.009 1.040 1.071 1.103 1.124 1.148 1.153 1.164 1.168 
0.20 0.688 0.773 0.839 0.893 0.941 0.984 1.026 1.069 l . l l9  1.151 1.191 1.202 1.220 1.226 
0.25 0.654 0.732 0.799 0.857 0.911 0.962 1.014 1.070 1.139 1.185 1.246 1.265 1.292 1.298 
0.30 0.625 0.698 0.764 0.825 0.883 0.942 1.004 1.073 1.162 1.225 1.313 1.340 1.383 1.386 
0.35 0.601 0.670 0.734 0.797 0.859 0.923 0.993 1.076 1.185 1.269 1.390 1.429 1.492 1.500 
0.40 0.580 0.645 0.708 0.771 0.836 0.905 0.983 1.078 1.210 1.315 1.477 1.533 1.624 1.634 
0.45 0.560 0.622 0.684 0.748 0.815 0.888 0.973 1.078 1.233 1.362 1.575 1.651 1.782 1.797 
0.50 0.543 0.603 0.664 0.727 0.795 0.871 0.961 1.076 1.253 1.407 1.677 1.786 1.974 1.996 
0.55 0.528 0.585 0.645 0.708 0.777 0.855 0.948 1.071 1.267 1.447 1.793 1.936 2.208 2.239 
0.60 0.514 0.569 0.628 0.690 0.759 0.838 0.933 1.062 1.274 1.479 t.908 2.102 2.499 2.547 
0.65 0.502 0.555 0.612 0.674 0.742 0.820 0.916 1.047 1.271 1.498 2.019 2.279 2.868 2.944 
0.70 0.491 0.543 0.599 0.659 0.725 0.802 0.897 1.027 1.255 1.499 2.114 2.456 3.347 3.474 
0.75 0.481 0.532 0.586 0.644 0.709 0.783 0.875 1.001 1.225 1.474 2.171 2.611 3.987 4.219 
0.80 0.473 0.523 0.575 0.631 0.692 0.763 0.849 0.966 1.176 1.417 2.161 2.701 4.873 5.334 
0.85 0.467 0.514 0.565 0.618 0.676 0.741 0.819 0.924 1.108 1.324 2.047 2.649 6.123 7.191 
0.90 0.462 0.508 0.555 0.605 0.658 0.717 0.785 0.872 1.019 t.187 1.789 2.354 7.756 10.887 
0.95 0.458 0.502 0.546 0.592 0.640 0.690 0.745 0.811 0.910 1.012 1.371 1.733 8.347 21.728 
0.985 0.456 0.498 0.540 0.583 0.626 0.670 0.715 0.764 0.823 0.869 0.996 1.118 4.274 61.478 
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TABLE 4--Stress intensity correction factors; external crack, Fext. 

425 

Crack Values of RJRo 
Length, 

a/t 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95 0 .99 0.995 0.999 0.9999 

0.02 0.102 0.186 0.258 0.319 0.371 0.418 0.458 0.494 0.526 0.541 0.552 0.554 0.555 0.566 
0.05 0.101 0.186 0.257 0.318 0.370 0.416 0.456 0.492 0.524 0.539 0.551 0.553 0.554 0.577 
0.10 0.101 0.185 0.256 0.316 0.369 0.415 0.455 0.492 0.526 0.542 0.557 0.560 0.563 0.560 
0.15 0.101 0.184 0.255 0.315 0.368 0.414 0.456 0.495 0.533 0.553 0.572 0.576 0.582 0.579 
0.20 0.101 0.184 0.254 0.314 0.367 0.415 0.458 0.500 0.543 0.567 0.594 0.600 0.610 0.607 
0.25 0.102 0.184 0.254 0.314 0.367 0.416 0.461 0.507 0.556 0.586 0.622 0.632 0.646 0.646 
0.30 0.103 0.185 0.254 0.314 0.367 0.417 0.465 0.514 0.570 0.607 0.655 0.670 0.691 0.695 
0.35 0.104 0.187 0.256 0.315 0.368 0.418 0.467 0.521 0.585 0.631 0.694 0.714 0.746 0.748 
0.40 0.107 0.190 0.257 0.316 0.369 0.419 0.470 0.527 0.600 0.655 0.738 0.766 0.812 0.817 
0.45 0.110 0.193 0.260 0.317 0.370 0.420 0.472 0.532 0.615 0.680 0.787 0.826 0.891 0.898 
0.50 0.114 0.197 0.264 0.320 0.371 0.421 0.473 0.536 0.627 0.705 0.841 0.893 0.987 0.997 
0.55 0.119 0.203 0.268 0.323 0.373 0.421 0.474 0.539 0.637 0.726 0.897 0.969 1.104 1.119 
0.60 0.125 0.210 0.274 0.327 0.375 0.422 0.473 0.539 0.643 0.744 0.956 1.052 1.250 1.273 
0.65 0.133 0.218 0.281 0.332 0.377 0.422 0.472 0.536 0.644 0.755 1.012 1.141 1.434 1.472 
0.70 0.143 0.229 0.289 0.337 0.379 0.421 0.468 0.530 0.638 0.756 1.059 1.230 1.674 1.737 
0.75 0.156 0.242 0.299 0.344 0.383 0.421 0.463 0.521 0.625 0.745 1.088 1.307 1.994 2.109 
0.80 0.173 0.258 0.312 0.352 0.386 0.419 0.457 0.508 0.602 0.717 1.083 1.352 2.438 2.667 
0.85 0.197 0.279 0.327 0.361 0.390 0.418 0.448 0.490 0.570 0.670 1.026 1.326 3.063 3.596 
0.90 0.232 0.306 0.346 0.373 0.395 0.415 0.438 0.468 0.527 0.603 0.897 1.178 3.880 5.444 
0.95 0.288 0.345 0.372 0.389 0.401 0.413 0.425 0.442 0.474 0.516 0.688 0.868 4.175 10.865 
0.985 0.358 0.386 0.397 0.403 0.408 0.412 0.416 0.421 0.432 0.445 0.500 0.560 2.138 30.741 

Weight-Function Method 

The basic formula t ion  o f  the weight- funct ion me thod  was given by Rice [4]. Specializing 
the th ree-d imens iona l  fo rmula t ion  given in the appendix  o f  R e f  4, one  can write the stress 
intensi ty  factor for an ax isymmetr ic  body in the  following fo rm 

1 f r2 h(r,a)~r(r)21rrdr (4) 
K, - 27rRl i 

Here,  r~, r2 are two radii be tween which the stress, ~(r) (arbitrary stress distribution),  is applied 
at  the locat ion o f  the crack across the th ickness  o f  the cylinder.  Referring to the coordinate  
system shown in Fig. 1 and  changing the variable o f  integrat ion to x, (noting r = R, + cx, dr 
= cdx, etc.) one  gets 

1 a 
1(i - 2~R, fo h(x,a)a(x)2~r(R, + cx)dx (5) 

where  the weight funct ion,  h(x,a), is given by 

H Ou(x,a) 
h(x,a) = (6) 

Kref Oa 

where  R, is crack t ip  radius,  H = E/( 1 --  v 2) is a material  parameter ,  E b e i n g  Young ' s  modulus,  
and  v being Poisson 's  ratio. The  constant ,  c, should be set to - 1 for an internal  crack and 
+ 1 for an external  crack so that  the radial coordinate  is measured  f rom the center  to a typical 
point ,  whereas  the coordinate ,  x, is always measured  f rom the crack tip towards the open end 
o f  the crack. The K~f quant i ty  is the stress intensi ty  factor and  the u(x,a) quant i ty  is the crack 
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face displacement for the reference loading case. The usual factor 2 in the denominator of the 
fight-hand side of  Eq 6 is omitted due to the symmetry about the crack plane and integration 
is performed on only the upper crack face. 

In order to proceed with the numerical integration, one needs the crack-face displacements 
expressed in a convenient equation form. Approximate equations describing the crack surface 
displacement profile were proposed by Orange [7] and Petroski and Achenbach [8]. Orange 
used a two-parameter conic section form for the displacement whereas Petroski and Achen- 
bach used a two-parameter form based on stress intensity factor alone. In the present work, 
crack surface displacements obtained from PROBE for the reference loading case were curve- 
fitted using a three-term Williams series. The equation for the displacement normal to the 
crack face is assumed to be of  the form 

u(x,a) = A l ( a ) x  1/2 + A2(a)x + A3(a)x 3/2 (7) 

for any given crack length. The crack length-dependent A 1, A2, A 3 coefficients were determined 
from the finite-element displacement solution as follows. The first term represents the domi- 
nant singular term (in stresses) directly related to the stress intensity factor. Hence the con- 
stant, A t, is given by 

4K~r 
A, - HV~-~r (8) 

The remaining two coefficients were determined by making Eq 7 satisfy the displacement val- 
ues at distances x = (9/19) a and x = a. Figure 6 shows that the present three-term approach 
fits the finite-element results well. A trial-and-error method of  fitting is necessary to obtain the 
conic-section parameter, m, if one uses the method of  Ref 5. Hence, the three-term method 
was used to fit the displacements from the finite-element results, as shown in Fig. 7 for the 
internal crack and Fig. 8 for the external crack at one of  the radius ratios (0.5). Similar good 
fits were obtained for all the radius ratios. Minor deviations were observed for very deep cracks 
in relatively thick cylinders. A table of the three fitting coefficients for the chosen discrete val- 
ues of  RJRo and a/t were prepared and used in conjunction with an interpolation scheme to 
determine values for arbitrary geometric parameters. Since there are 1764 (2 • 3 • 14 • 21) 
values of  these fitting coefficients, and they cannot be tabulated in hardcopy with good accu- 
racy, they are not presented in this paper. However, they can be supplied electronically to 
interested users. The stress intensity solution was also tabulated (as in Tables 3 and 4) for the 
reference loading in a two-dimensional array form for similar use with the weight-function 
method. The partial derivative of  the displacement is given by 

l 112 Ou(x,a) _ B~(a)x, a + B2(a)x + B3(a).~/2 + ~ A,(a)x- + A2(a) + A3(a)x ~/2 (9) 
Oa 

The coefficients in the first three terms, B~(a), B~(a), and B3(a), are a result of direct numerical 
differentiation o f  the A f(a), A2(a), and A3(a) coefficients with respect to a. The latter three 
terms arise from the fact that the radial coordinate, x, measured from the crack tip varies with 
the crack length. This may be seen by rewriting Eq 7 in terms of  a distance coordinate, z, of  a 
generic point on the crack face such that x = (a - z), differentiating with respect to a and 
changing the (a - z) back to x. 

The equation for the stress intensity factor was then applied for determining the solution for 
an arbitrary stress distribution across the thickness of  the cylinder. The arbitrary stress can be 
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FIG. 6--Comparison of displacement fit equations. 

D 
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expressed numerically as a function of nondimensional position along the crack face. The 
resulting stress intensity factor was computed by numerical quadrature. Since the integrand is 
singular at the crack tip, the singular term was dealt with separately. It was transformed into a 
nonsingular integrand by a change of variable (setting y = V~). Both the singular and the 
nonsingular parts were integrated using Simpson's rule. It was found that about 500 points 
were adequate for an accurate evaluation of the integral. FORTRAN routines were developed 
for these calculations and were incorporated into the NASA/FLAGRO software [9] used for 
fracture control analysis of Space Shuttle, payload, and Space Station structures. 
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Discussion 

The stress intensity factors from finite-element analysis agreed to within 1% with known 
solutions [ 1]. The trends for very thin cylinders also appear to be reasonable. Solutions for the 
internal crack case are shown in Fig. 9, where the dashed line corresponding to the ratio, R J  
Ro = 0.9999, approaches the limiting solution of an edge crack in a plate. Similar results are 
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1 .0  

also shown for the case of an external crack in a cylinder in Fig. 10 where excellent agreement 
is found with the existing results. Assessment of  errors in the weight-function approach was 
done as follows. For  the uniform tension case, stress intensity factors were calculated using the 
weight function approach in order to compare them with the results obtained directly from 
PROBE. Figures 11 and 12 show these comparisons for internal and external cracks, respec- 
tively. In these two plots, the solid curves are the direct PROBE results, while the symbols 
denote results obtained from the weight-function method. The errors for each of  the data 
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1 . 0  

points were calculated and plotted as in Figs. 13 and i 4. It is found that the errors for the most 
part are less than about 2%. The exceptions are for very shallow (a/t = 0.02) internal cracks 
in thick cylinders where the error could be up to about 9% and deep(a/t > 0.8) cracks in both 
internal and external cases where the errors could be even higher. In order to establish the 
source of  the error, the numerical integration was verified by a closed-form integration pro- 
cedure for selected polynomial equations for the stress distribution (up to a cubic). Table 5 
shows a sample of  stress-intensity-factor values for a cylinder subjected to nonuniform loading 
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with a ratio ofRyRo = 0.5 having an internal crack of depth a/t = 0.5. It was found that the 
numerical integration agrees very well with closed-form values for about 500 integration 
points. This indicates that the source of error is the deviation in the displacement fits, as shown 
in Figs. 7 and 8 and the numerical differentiation of the A~, A2, A3 coefficients to obtain BI, 
B2~ B3 values. Hermite polynomial fits were used both for interpolating a particular quantity, 
as well as obtaining its derivative. In particular, piecewise cubic fits were used for obtaining a 
smooth curve fit through any given set of data. Plots of the A ~, A2, A3 coefficients and their Bt, 
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FIG. 11 Correction factors. PROBE versus weight function for an internal crack. 

B2, B~ derivatives are shown for one radius ratio, Ro/Ro = 0.5 in Figs. 15, 16, and 17. These 
figures show rapid changes in the derivatives near a/t -- 1.0, indicating an increase in error for 
very deep cracks. Since most practical situations would have crack lengths in the range o fa / t  
-- 0.0 to 0.8 where the errors are minimal, the level of  accuracy achieved was considered sat- 
isfactory. For arbitrary distributions of  stress, the accuracy may vary and the only way to ascer- 
tain the actual error in the weight-function solution is by obtaining an accurate finite-element 
solution for the stress distribution of  interest. 
Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



METIU AND FORMAN ON CIRCUMFERENTIAL CRACKS 433 

O 

o 

, , J  

,...Z 

o 

+ 

I 

, , J  

41, 

3.0  

2 . 5 -  

2.0  

1 . 5 -  

1 . 0 -  

I I I 

Symbols: 

// 
Weight Function ! I / ~  

Finite Element, R~/Ro= .1,.2,.3,.4,.5,.6,.7,.8, 
.9,.95,.99,.995,.999 

Finite Element,/~/Ro= .9999 l / [ I 

v I I I I I 
0 0.2 0.4 0.6 0.8 1.0 

Crack Length, a/t 

FIG. 12--Correction factors, PROBE versus weight function for an external crack. 

C o n c l u s i o n  

A methodology was established for obtaining stress intensity factor solutions for general axi- 
symmetric loading based on the weight-function method. Numerical finite-element solutions 
for the stress intensity factor were obtained for the whole array of geometrical parameters for 
the reference loading case of uniform tension. New solutions are provided for the practically 
important case of very thin cylindrical vessels. The stress intensity solution for uniform ten- 
sion was established to be within 1% via direct interpolation and within about 2% via the 
weight-function method for most practical crack geometries (0.02 < a/t  < 0.8). 
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TABLE 5--Stress intensity factors for nonuniform loading," internal crack, Ri/Ro = 0.5, a/t = 0.5, 
t = l m .  

Number of Weight Function Method 
Distance Integration 

Loading Type (r - ri)/t Stress Points Numerical Closed Form 

Uniform 0.0 1.0 
1.0 1.0 

Linear 0.0 0.5 
1.0 1.0 

Quadratic 0.0 0.25 
0.5 0.5625 
1.0 1.0 

Cubic 0.0 0.125 
0.25 0.2441 
0.5 0.4219 
0.75 0.6667 
1.0 1.0 

51 1.3903 1.4160 
101 1.4032 1.4160 
201 1.4096 1.4160 
501 1.4136 1.4160 

51 0.9125 0.9255 
101 0.9190 0.9255 
201 0.9223 0.9255 
501 0.9242 0.9255 

51 0.6108 0.6132 
101 0.6141 0.6132 
201 0.6157 0.6132 
501 0.6126 0.6132 

51 0.4083 0.4114 
101 0.4099 0.4114 
201 0.4108 0.4114 
501 0.4112 0.4114 
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inder," Fracture Mechanics: Twenty-Third Symposium, ASTM STP 1189, Ravinder Chona, 
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ABSTRACI': A through-wall, 1.7-m-long crack grew suddenly from an outer diameter (OD) 
notch in a 285-mm-OD A723 steel overstrained tube that was undergoing plating operations 
with no externally applied loads. A description is given of the fracture mechanics tests and anal- 
yses and the fractography that were performed to characterize the cracking. Key mate._~fial, resid- 
ual stress, and environment information are: 1200 MPa yield strength; 150 MPa Vm fracture 
toughness; composition typical of air-melt A723 steel; tensile residual stress at the OD of about 
600 MPa; and electro-polishing bath of sulfuric and phosphoric acids at 54"C. 

The bolt-loaded test for threshold stress intensity factor for environmentally controlled crack- 
ing described by Wei and Novak was used here with two significant modifications. Some tests 
included only a notch with radius matching that of the tube, and a new expression for K in terms 
of crack-mouth displacement was developed and used. Scanning electron microscopy (SEM) 
fractography and energy dispersive X-ray spectra were used to identify cracking mechanisms. 

Results of the investigation include: (a) a__measured threshold of hydrogen stress cracking for 
the material/environment below 20 MPa Vm, (b) da/dt versus Kbehavior typical of classic envi- 
ronmental control, (c) an improved K/u expression for the bolt-loaded specimen and associated 
criteria for determining plane strain test conditions in relation to the Irwin plastic zone. 

KEY WORDS: environmental cracking, test methods, hydrogen stress cracking, thick-wall cyl- 
inder, K analysis, scanning electron microscopy, residual stress, fracture mechanics, fatigue 
(materials) 

"Postmortem" studies of crack-growth-induced structural failure are often prompted by an 
unanticipated failure that also has economic significance. Such is the case here. In August 
1990, a nearly finished cannon tube suffered an unexpected and complete failure. A crack grew 
from a notch in the 285-mm outer diameter (OD) ofthe tube, down the tube axis for a distance 
of 1.7 m, and through to the 157-mm inner diameter (ID) over most of the 1.7-m length, 
thereby ruining the tube. Figure 1 shows some aspects of the configuration. At the time of the 
failure, the tube was undergoing chrome plating operations with no externally applied 
mechanical loads. The plating baths were above the tube ambient temperature, which could 
result in applied transient thermal stress, but as will be shown in upcoming analysis, these 
thermal stresses would be of too low a level to have been a primary cause of the failure. 

The unique residual stress state of the tube was considered from the start to be a significant 
factor in the failure. Prior work showed the important and deleterious effects of overstrain 
residual stresses on crack growth from a similar notch and tube configuration [1]. However, 

Materials engineer, mechanical engineer, chemical engineer, physical science technician, and metal- 
lurgist, respectively, Army Armament RD&E Center, Benet Laboratories, Watervliet, NY 12189. 
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FIG. l--Sketch of overstrained tube configuration. 

unlike the previous work that involved fatigue loading, this failure involved only the sustained 
loads due to overstrain residual stresses and the low-level thermal stresses mentioned previ- 
ously. Thus, environmentally controlled cracking was the suspected cause of the failure, par- 
ticularly upon consideration of  the acids commonly  used in plating operations. 

The objective here is to describe the tests and analyses used to identify the specific cause of  
the cracking and related failure and to describe both the overall macrofailure process of  the 
tube as a structure as well as the micromechanisms of  the cracking that led to the failure. As 
the investigation proceeded, some of the available fracture test and analysis methods from the 
technical literature were modified in order to broaden their usefulness or improve their accu- 
racy. Thus, a secondary object of  the work became the development of  modified and new test 
and analysis procedures for use in the investigation and for general use in fracture testing. 

Materials and Environments 

The tube that failed was machined from an A723 steel forging with mechanical properties 
and chemical analysis as shown in Table 1. The tension and fracture test results were the mean 
of  two circumferential orientation samples from a location near the failure. The circumfer- 
ential orientation is critical in most pressurized tubes and was the orientation of  the failure, 
see again Fig. 1. The chemical analysis was from direct reading emission spectrometer results 
from specimens near the failure location. In general, the Table 1 results meet the requirements 
ofA723,  Grade 1, Class 4. The only exceptions are the molybdenum content of  0.51%, which 
is somewhat above the 0.40% upper limit of  Grade 1, and the Charpy energy of 25 J at -40~  
which is not the same as the 27 J at + 5~ requirement of Class 4. However, these differences 
are not considered to be significant. There appears to be no deficiency with the tube based on 
material properties. 
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TABLE 1--Properties of steel and chemical environment. 

445 

A723 STEEL: MECHANICAL PROPERTIES 
Circumferential C-R Orientation 

Tensile Charpy Fracture 
Yield Strength Strength Energy Toughness 

Measured 1207 MPa 1282 MPa 25 J 157 MPa ~,/m 
--40"C +20~ 

Specified 1105 MPa min 1205 MPa min 27 J . . .  
+5"C 

CHEMICAL ANALYSIS, % BY WEIGHT 
C Mn Mo Si Cr Ni V P S 

Measured 0.33 0.60 0.51 0.13 1.03 2.11 0.11 0.010 0.009 
Specified 0.35 0.90 0.40 0.35 0.80 to 1.50 to 0.20 0.015 0.015 

max max max max 2.00 2.25 max max max 

ACID SOLUTION 
Test Temperature 

Concentrated H2504 Concentrated H3PO4 
(98% by weight) (85% by weight) Cylinder Specimens 

50% by volume 50% by volume 54"C 20 to 54"C 

The chemical baths that were used with the tube are those typically used in chrome plating: 
NaOH in H20 for electrocleaning; concentrated HESOa + H3PO4 for electropolishing; CrO3 
+ H2SO4 in H20 (water) for plating; and NaOH in H20 for stripping of  the plated chrome, if 
necessary. The prime suspect environment for this failure was the electropolish bath, because 
it was a mixture of concentrated acids including sulfuric acid, which is known to be highly 
aggressive toward steels. The concentrations and test temperatures used for the electropolish 
solution with the tube (and the subsequent modeling tests) are shown in Table 1. 

Failure Details and Modeling Tests 

The sequence of  critical events of  the failure are the following. The tube was subjected to 
the plating baths mentioned previously, including the stripping bath, which was required to 
remove uneven plating products. The sequence of  baths was repeated and the failure was noted 
as the tube was removed from the stripping bath, which was again required to remove uneven 
plating. The fact that the failure was noted following exposure to the NaOH stripping bath 
placed the initial attention on this environment. However, attention quickly shifted to the 
H2SO4 + H3PO4 environment,  because the latter is so much more aggressive. The electrolytic 
cleaning, polishing, plating, and stripping operations were performed with an electrode 
inserted in the ID of the tube and with the entire tube subjected to the baths. Therefore, the 
failure, which was initiated at the OD of the tube, was considered to be controlled by chemical 
environment and not by any electrochemical process. 

The crack extended 1.7 m along the tube axis and into the ID surface, as mentioned previ- 
ously. It initiated from and was guided by a 9.8-ram-deep, 24-ram-wide, 1.7-m-long notch in 
the OD surface, (shown skematically in Fig. l) with notch root radii of  I. l mm. The maximum 
opening of  the crack at the notch root was I 1.7 mm, at a location about midway along the 1.7- 
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m length of  the crack. The fracture surface was removed and examined and showed two dis- 
tinct regions. The first was a dark-colored region emanating from one of the notch roots at the 
approximate middle of  the 1.7-m-long overall fracture surface, and is believed to be an area 
of  environmentally controlled fracture. This region was generally covered with corrosion 
product and had a length of  430 mm, an average depth (from the notch root) of  5.6 mm, and 
a maximum depth of  11.9 ram. The corrosion-covered region included two distinct areas, one 
near the notch root having thinner, more uniform, and adherent corrosion, and an area further 
from the notch having darker, thicker, and more brittle and porous corrosion. The nature of  
these two areas is consistent with the two complete plating cycles that were applied, with the 
second cycle removing some of  the corrosion product near the notch. The second region of  
the fracture surface had no corrosion and made up the remainder of  the fracture surface. It is 
believed to be an area of  fast fracture. 

To be sure that the understanding of the failure was correct--that residual stress and the 
presence of  the acids caused environmental cracking that led to fast cracking--the following 
modeling tests and analysis were performed. Environmental cracking threshold tests and plain 
strain fracture toughness tests were performed using samples of  the failed tube and samples of 
the acid bath used in electropolishing the tube. Scanning electron fractographs and energy dis- 
persive X-ray spectra of the tube fracture surface were compared with like results from the 
controlled laboratory tests. Stress intensity factor relationsips were developed for the tube con- 
figuration and residual stress conditions, and comparisons were made between the experi- 
mental and analytical results. 

Subsequent sections of  this report describe the tests and analyses and their results and 
implications. 

Test Procedures 

The most important test results required to model and understand the tube failure are a 
demonstration of  environmental cracking in the suspect environment and a measurement of 
a threshold K value for cracking. Bolt loaded specimens have clear advantages of  simplicity 
for environmental testing, and the work of  Wei and Novak [2] provides a comprehensive basis 
for this type of  test. Reference 2 describes a bolt-loaded compact specimen with generic "arm" 
height-to-depth ratio, H/W, of 0.486 and the detailed test procedures for environmental 
cracking tests with this specimen. Figure 2 shows the specimen used here, as suggested in 
Ref2. 

Several aspects of  the Wei and Novg& procedure for environmental cracking tests should be 
emphasized. One recommendation found to be critical in interlaboratory tests of  environ- 
mentally assisted cracking [2] is believed to be equally important in these tests, that is, the 
application of  the test environment "before" application of  the load. As will be shown by the 
test results, had not this recommendation been followed, the fast environmental cracking may 
not have been observed, and it was this fast cracking that led to the failure of  the tube. The 
recommendation to apply environment before load allows breakage of  protective layers at the 
notch tip and thereby the exposure to environment of fresh metal, a mechanism often pro- 
posed for environmental cracking. 

Two aspects of  the procedure [2] were modified in the tests here. First, in two of  the tests, 
the usual fatigue precrack was omitted in order to duplicate the 1. l-ram notch root radius of 
the tube that failed. Other tests used a precrack, as shown in Table 2. A second modification 
of  the Wei and Novak procedure was the development and use of  a different expression for 
the ratio of  applied stress intensity to applied crack mouth opening, K/v. The expression from 
Ref 2 is 
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FIG. 2--Bolt-loaded compact specimen for environmentally controlled fracture tests. 

KW~/2( a/ W)~/2/ Eu = f~( a/ W)/f2( a/ HI) (1) 

f~ = 3 0 . 9 6 ( a / W )  - 195 .8 (a /W)  2 + 730.6(a/W) 3 
- l 1 8 6 . 3 ( a / W ) '  + 7 5 4 . 6 ( a / W )  5 

f2 "= exp [4.495 - 1 6 . 1 3 0 ( a / W )  + 6 3 . 8 3 8 ( a / W )  2 

--  8 9 . 1 2 5 ( a / W )  3 + 46.815(a/I404] 

for X / W  = 0.255, H / W  = 0.486,  a n d  0.3 >--- a / W  >_ 0.8; where  E is elastic modu lus  a n d  the  
o the r  symbols  are def ined in Fig. 2. Equa t i on  1 was fitted to reliable numer i ca l  results [3], bu t  
it is relatively complex ,  and,  as s tated in Ref  2, " the re  are uncer ta in t i e s  associated wi th  the  K 

TABLE 2--Specimens and test conditions. 

Notch Conditions Initial Load Application 

U0, 
Test ao/W Precrack In mm Ko, MPa ~/m Test Duration, h 

3 0.39 none air 0.62 100 120 

10 0.45 2 m m  acid 0.70 114 4 

7 0.44 2 m m  acid 0.66 1 |0  2400 
15 0.44 2 m m  acid 0.50 82 1540 
16 0.44 2 m m  acid 0.33 54 1540 

17 0.40 none acid 0.93 168 0.1 
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calibration which have not been fully addressed." Therefore, a different K expression was 
developed, as shown in Fig. 3. A much lower order polynomial  was used to fit a parameter that 
included the ratio, K/v, of prime importance for the bolt-loaded compact specimen, but also 
including the functional form of the deep crack limit of  K/v for the specimen. This limit can 
be obtained from two limit solutions for remotely applied moment,  M, available from Tada, 
Paris, and Irwin [4], in a manner  similar to that from prior work [5] 

lim K = 3.975 M / B ( W  -- a) 3/2 (2) 
a ~ w  

lim 0 -- 15.8 M / E B ( W  - a)  2 (3) 
a ~ w  

combined with the limit relationship for crack opening angle, 0 

lim 0 = v/( W + x)  (4) 
a ~ w 

The general result for compact specimens (independent of  H / W )  is 

lira [KWUZ/Ev(l  - a / W )  '/z] = 0 .2516 / (1  + X / W )  
a ~ w  

(5) 

and for the X / W  = 0.255 of  interest here 

lim [KVV'/Z/Eo(1 - alVV) '/z] = 0.2005 
a ~ w  

(6) 

11| I l R  

K W  / E v ( l - a / W )  

0 . 3 0  

0 . 2 5  

0 . 2 0  

0 . 1 5  

0 . 1 0  

0 . 0 6  

0 .00  
0 . 2 0  

K W  / E v ( 1 - a / W )  

[] Newman; in [31 

--F- Wei & Novak; [2l 

~ Tada et al; [4l 

0 . 4 0  

LIMIT SOLUTION 

, 

�9 0 . 8 5 4  - 1 . 8 8 ( a l W )  H- x 
\ 

2 8 \ 

* 2 . 6 6 ( a / W )  - 1 . 2 3 3 ( a / W )  

I I 

0 . 8 0  0 . 8 0  

CRACK DEPTH, a/W 
FIG. 3--Comparison of K/v analyses for bolt-loaded compact specimen. 
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TABLE 3--1540-h threshold values for K.for A 723 steel in HeSO 4 q- H~PO4 acid environment at 
54~ 

Crack Depth, Initial Load, Threshold, 
Test a/W Ko (MPa ~/m) Test Duration, h K~h (MPa x/m) 

7 0.98 110 1588 18.6 
15 0.96 82 1540 19.0 
16 0.94 54 1540 16.2 

Mean 17.9 
Standard Deviation 1.5 

This is the limit shown in Fig. 3 and used in a cubic polynomial fit, resulting in the following 
K/v expression 

KWt/21Ev(I - all4") ~/~- = 0.654 - 1.88(a/W) + 2.66(a/I43 z - 1.233(a/W) 3 (7) 

for X /W = 0.255, H / W =  0.486, and0.3  _> a/W>_ 1.0. 
This expression fits the numerical results of Newman [3] over the range 0.3 >-- a / W  >_ 0.8 

within 0.6% and the deep crack limit within 0.2%. Note that the fit of the Wei and Novak 
expression to Newman's results is not as good. Also, for a / W  > 0.8, crack lengths of impor- 
tance in these tests and in general for displacement-loaded compact specimens, the Wei and 
Novak expression does not approach the deep crack limit. Equation 7 was used for all calcu- 
lations of applied K in the bolt-loaded tests. 

Two K~c tests were done using the arc tension specimen of ASTM Test Method for Plane- 
Strain Fracture Toughness of Metallic Materials (E 399-83) with a thickness of B -- 38 mm. 
The results, 156 and 159 MPa ~/m, had a mean Km~x/K~< value of 1.03, well within the l. l0 
requirement, but had a mean 2.5 (Klc/a~) 2 value of 43 ram, somewhat larger than B. Since 
only one of these basic test requirements was not met, and by a relatively small margin, the 
test results are believed to give a good measure of fracture toughness. 

Referring again to Table 2, the general test procedure was to precrack (except for Specimens 
3 and 17) at a maximum K o f a b o u t  50 MPa x/m, apply a few drops of the acid solution at 
laboratory ambient temperature (20~ and immediately (within 1 min) apply an initial dis- 
placement, v0, and then immerse (within about 5 min) in the acid solution held at a temper- 
ature of 54~ The total test durations are listed in Table 2. The mean crack depth was deter- 
mined from microscope measurements on both surfaces, with various inspection frequencies, 
based on growth rates observed. The first sample listed in Table 3 was not subjected to the few 
drops of acid solution before load application, and the results were quite different, as discussed 
in the next section. 

Results and Discussion 

Least Severe Mode/Test  

Of the six specimens tested, the first, Specimen 3, had a notch of the same radius as the tube, 
no precrack, and was loaded in air to K0 = 100 MPa x/m. These test conditions were intended 
to model the least severe conditions that could have been present in the tube, that is, no sharp- 
ening of the notch and no acid present as the stress was applied. The K0 value of 100 MPa 
k/m was selected based on the following. The circumferential direction residual stress, aR, at 
the tube OD was calculated using [6] 

,~R/,~>,, = 1 - 2 in (~I~)I[(~I~) 2 - 1] (8) 
Copyright by ASTM Int ' l  (all  r ights reserved);  Wed Dec 23 19:12:57 EST 2015
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where/3 and 6 are the outer and inner radii of the tube, as in Fig. 1. Equation 8 gives the stress 
for a 100% overstrained tube, that is, one in which the plastic straining has proceeded com- 
pletely through the tube wall due to application of  overpressure or mandrel expansion to the 
tube. The failed tube was 100% overstrained, as verified by a destructive slitting test of a ring 
from the tube. The result from Eq 8, aR = 578 MPa, used with the expression for Kfor  a short 
edge crack under remote tension 

K~ = 1.12crR(Tra) m (9) 

gives a calculated value of  KR -- 1 14 MPa x /m for a 9.8-mm-deep notch. This value may be 
only an estimate of  the effective K in the tube, because Eq 9 assumes a sharp crack and the 
tube contained a notch, and because the equation ignores the stress gradient through the tube 
wall. Nevertheless, Eq 9 does give a reasonable estimate of  K for a cracked tube with residual 
stress, based on the following comparison of  KR with K~c. Using ~R = 578 MPa, as before, and 
the average and maximum total crack depths, 15.4 and 21.7 mm, gives KR values of  142 and 
169 MPa x/m, respectively, that bracket the measured K~c, 157 MPa x/m.  Note that a in these 
calculations is the total depth of  the notch (9.8 mm) plus the crack depth. 

The results of  the Specimen 3 test of the least severe conditions that could have been present 
in the tube were essentially negative. Although small cracks were noted in the disturbed area 
near the machined surfaces of the notch, no crack growth was observed by optical or electron 
microscopic examination following 120 h of acid exposure at 54~ This indicates that the 
conditions were more severe in the failed tube. Although no large inclusions were noted on 
the tube fracture surface, manganese sulfide inclusions are always present to some extent in 
this type of  steel and could have effectively sharpened the notch. 

Precracked Tests 

The next four specimens were precracked (about 2 mm extension of  notch), subjected to a 
few drops of acid, and then loaded, two specimens to a high load that corresponded to the tube 
loading and one each to an intermediate and low load. The high load tests were dramatically 
different in result than Test 3. Cracking was noted almost immediately upon loading of  Spec- 
imens 10 and 7; about 5 min after applying drops of  acid to the notch and crack area and about 
3 min after applying the load, several millimetres of  crack growth could be seen with the 
unaided eye on both sides of  the specimen. The tests were continued in the 54"C acid bath as 
described previously; Test 10 was ended at 4 h, in an attempt to obtain a fracture surface rel- 
atively unaffected by corrosion products, and Test 7 continued for 2400 h to obtain a K thresh- 
old for cracking in this environment.  

Figure 4 is a plot of  crack depth and applied K versus exposure time for the two high-load 
precracked tests. The fast "'three minute" cracking noted earlier has occurred very near the left 
ordinate; for Specimen 7, the first two points show crack growth from 21 mm (the total depth 
of  notch plus precrack) to 28 ram, while Kchanges from K0 = 110 MPa ~/m to K = 88 MPa 
~/m, after 0.05-h exposure. This "three minute" cracking is followed by a region of steadily 
increasing crack depth and decreasing K, and finally by a region of  relatively constant crack 
depth and K. 

The nature of  the cracking in this tube is essentially the same as hydrogen stress cracking 
described by Uhlig and Revie [7]. They describe cracking of martensitic steels that occurs 
within a few minutes upon exposure to acid solutions and an applied or residual tensile stress. 
All of  these conditions are met in the case of this cylinder, and, as already noted, both the acid 
environment and the tensile stress are particularly severe. 

The three regions of  behavior in Fig. 4 can be explained by a plot of crack growth rate versus 
Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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applied K (Fig. 5). A five-point floating average procedure was used to calculate da/dt, in a 
manner similar to the secant method of ASTM Test Method for Constant-Load-Amplitude 
Fatigue Crack Growth Rates Above 10-Sm/Cycle (E 647-83). The crack depth and time values 
for the n + 2 and the n - 2 data points were used to calculate Aa/At, which was plotted versus 
the K of  the middle data point of  the set of  five. Had the n + 1 and n -- 1 data points been 
used in Fig. 5, the result would have been similar but with more scatter. It is interesting to note 
the similarity of  the trend of the data with the classic three regions of  environmental crack 
growth rate behavior [ 7]: Region I at low K approaching a threshold; Region II at intermediate 
K and a constant da/dt; and Region III at high K approaching the critical K for fast fracture. 
This similarity to the classic behavior gives further verification that environmental effects con- 
trolled the tube failure. 

Figures 6 and 7 compare results of  crack depth and applied Kversus exposure time for three 
levels ofinitialload, K0. The intermediate and low initial K0 tests, Tests 15 and 16, respectively, 
showed no initial fast cracking, but otherwise the three sets of  results were generally similar. 
Note in Fig. 7 that the applied K after about 1500-h exposure approached a relatively constant 
K value for very deep cracks in the three tests. These results are a useful measurement of  a 
threshold K for cracking for these tests and are summarized in Table 3. One of  the three tests 
(Test 7) was continued further, to a total of  2404-h exposure. There was no significant change 
in a/W(still  0.98) or applied K (18.0 MPa ~/m). 

Plane-Strain Limit  

One aspect of  concern in the apparent threshold values under discussion in Fig. 7 and Table 
3 was the notably deep cracks in the tests. Even though the expression used to calculate K, Eq 
7, was shown to be accurate for a/W---" 1, there is still the concern that the Irwin olastic zone 
Copyright by ASTM Int ' l  (all  rights reserved); Wed Dec 23 19:12:57 EST 2015
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FIG. 7--Applied K for A 723 steel exposed for 1500 h to 50% H2S04/50% H3P04 at 54"C with various 
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may become significant in size relative to the remaining uncracked ligament as a / W  ~ 1. If  
this were to occur, the threshold values would be suspect due to loss of  plane-strain constraint. 
The following analysis was performed to develop specimen size and crack depth criteria for 
the displacement-loaded compact specimen that would ensure small enough plastic zones to 
maintain plane-strain conditions. Starting with the relationship for adequate specimen size 
relative to plastic zone size used in ASTM E 399 

( W  - a) >_ 2.5(K~c/oy,) 2 (1o) 

and combining Eq 10 with Eq 5, gives an expression for a dimensionless factor that defines the 
ratio of v0 to W required for plane-strain conditions 

3qc = Evo/~r,W <-- 2.51 (1 + X / W )  (11) 

For a material with given values of  ay, and E, if the factor that could be called a plane-strain 
limit factor, 3qc, is less than the specified value, then the test results are valid with respect to 
plastic zone size. Note the simplicity of  the expression, particularly that valid results can be 
predicted for the deepest of  cracks. However, considering the similar form of Eqs 5 and 10, 
specifically the fact that ( W - a) varies as K 2 in both expressions, the simple result is not 
surprising. A physical interpretation is that the plastic zone size and the remaining ligament 
size have a constant ratio for the displacement-loaded specimen. Therefore, for cracks deep 
enough that the limit solution ofEq 5 controls K/v, Eq 11 can be used and cracks of any depth 
can give valid results. And it is clear from the nearly constant values in Fig. 3 for 0.6 _< a / W  
_< 1 that the limit solution controls K/o over this range. 
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Expressions for the plane-strain limit factor for two commonly used displacement-loaded 
specimens follow directly from Eq 1 I. For the bolt-loaded compact specimen, the expression 
is 

7~c = Evo/aysW ~ 3.15 (12) 

for X / W  = 0.255. 
Referring to Table 2, the first five listed tests met this criteria, which includes all the tests 

with deep cracks. For the wedge-loaded compact specimen of  ASTM Test Method for Deter- 
mining Plane-Strain Crack Arrest Fracture Toughness K~a of  Ferritic Steels (E 1221-88) the 
expression is 

"rlc = Evo/gr, W <- 3.14 (13) 

for X / W  --- 0.250. 

Notched Test and Thermal  Stress 

One further crack growth test was performed, Test 17 listed in Table 2. The sample had the 
1. l - ram radius notch with no precrack and was subjected to acid in the notch (at 20"C) and 
then bolt-loaded to a v0 about 50% higher than Test 3. Since Specimen 3 had shown no crack 
growth from a notch when loading preceded the application of  the acid, this further test 
explored the application of  acid before loading and loading to a higher level. The displacement 
was increased gradually so that Kincreased from 100 to 168 MPa ~/m in about 2 rain, where- 
upon cracking began. After about 3 min, the crack had grown 16 mm and the specimen was 
broken apart for fracture surface examination. 

The results of  Specimen 17 suggest that a precrack is not required for fast environmental 
cracking in this material and environment, but environmental contact before loading does 
seem to be required. A question can arise as to a source of  loading in the tube that would have 
occurred after contact with the acid. The following answer is proposed. Transient thermal 
stresses caused by the sudden entry of  the tube into the hot acid would reach their maximum 
level several seconds after entry of the tube. The magnitude of these stresses can be approxi- 
mated by the steady-state stresses in a tube with the OD held at the higher temperature, 54"C, 
and the ID at ambient, 20"C. An expression for the stress at the tube OD under these condi- 
tions [8] and concentrated by the stress concentration factor, k, of  the notch is 

~rr = k A T a E [ I  - 2 In (~/~)/(~2/~z _ 1)]/[2(1 - ~) In (/316)] (14) 

Using Eq 14 with A T = 34"C, k = 6 from prior work [ 1], ~ = 12/*C [ 9], and Poisson's ratio, 
u = 0.3, a compressive thermal stress at the notch tip of 293 MPa is predicted. If the effect of  
the loading following environmental contact is to break brittle protective films and thereby 
expose fresh metal to the acid, it should not matter whether the stress is compressive or tensile, 
particularly when it is concentrated at the notch tip. Following this reasoning, thermal loading 
could have provided the critical loading that followed acid contact in the tube failure process. 

Fractography and Spectra 

This final section gives fractographic results corresponding to some of  the crack growth 
results already presented. The objective was to corroborate (or refute) the belief that hydrogen 
stress cracking was the cause of  the tube failure and to show other important features of the 
tests. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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Figure 8 shows low-magnification views of two fracture surfaces with corrosion products 
present. In the optical photo, Fig. 8a, the corrosion did not obscure the area near the fatigue 
precrack (bottom) nor the area near the last ligament that was broken in air after removal from 
the acid (top), both of which showed that the crack from was quite straight. The light-shaded 
corrosion product has the appearance of a nonstraight crack front, but careful examination 
showed the crack to be straight in this area as well. A straight crack is an important requirement 
for the deep crack tests here, in complement to the proposed K/v expression and plane-strain 
requirements already discussed. The scanning electron microscope (SEM) photo, Fig. 8b, is a 
portion of the fatigue precrack (bottom) and the subsequent environmental crack. Secondary 
cracking can be seen in the environmentally affected area of the fracture surface. 

A few areas could be found on the environmental cracking fracture surfaces that were rel- 
atively free of corrosion products. Figure 9 shows high magnification SEM fractographs that 
compare a corrosion-product free area from the tube with an area ahead of the environmental 
cracking. Figure 9a, from an area just ahead of the notch, shows areas of secondary cracking 
and intergranular cracking, both of which have been associated with environmental cracking. 
Evidence of manganese sulfide stringers is also clear, aligned with the tube axis (horizontal in 
the photo). Immediately ahead of the area of environmental cracking, the appearance is typical 
dimpled rupture, as would be expected for fast, K~:type fracture, see Fig. 9b. Figure 10 shows 
relatively corrosion-free areas of two specimens that were believed to be areas of environmen- 
tal cracking, and the clear indications of secondary cracking and intergranular cracking con- 
firm this belief. Note the similarity of the fracture appearance in the modeling specimens of 
Fig. 10 and that from the tube in Fig. 9a. 

Energy dispersive X-ray spectra were taken at many of the areas of SEM study. Figure 11 is 
a presentation of key results from areas believed to be areas of environmental cracking, two 
from the failed tube and two from a test specimen. The results were obtained using a relatively 
low voltage for this process, 10 kv, in order to focus more on the surface layers of the sample 
than on the metal substrate. Spectra a and b are from the tube in areas comparatively free of 

FIG. 8iOpticat and SEM fractographs of A 723 steel exposed for 1600 h to 50% H2S04/50% HjP04 at 
54~ (a) macrophoto of Specimen 7 at • 3.2 original magnification and (b) SEM fractograph of Specimen 
10 at )<44 original magnification. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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FIG. 9 - - S E M  fractographs of failed A 723 steel tube exposed to 50% I12S04/50% H3P04 at 54~ and 
other environments; X 1000 original magnification: (a) area of apparent environmental cracking, 2 mm 
ahead of notch; and (b) area of apparent fast cracking, 7 mm ahead of notch. 

FIG. 10--SEMfractographs of A 723 steel exposed to 50% H2S04/50% H~PO~ at 54~ �9 X 1000 original 
magnification: (a) Specimen 10, area near the end of apparent environmental cracking, and (b) Specimen 
17, area adjacent to notch. 
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corrosion and covered with corrosion, respectively, (Spectrum a is from near the area of  the 
SEM photo of  Fig. 9a). In Spectrum a, the sulfur and phosphorous indications are consistent 
with the sulfuric and phosphoric acid mixture being the cause of  the cracking. Spectrum b is 
consistent with the presence of  all the chemicals applied to the tube, which were H2SO4, H3PO4, 
NaOH, and CrO3. This indicates that identification of  the most obvious and heavy corrosion 
product does not necessarily identify the specific cause of  cracking. 

Spectra c and d are from Specimen l0 in areas comparatively free of  corrosion and covered 
with corrosion, respectively (Spectra c is from near the area of  the SEM photo of Fig. 10a). In 
Spectrum c, a phosphorous indication can be seen, and perhaps a sulfur indication, although 
it has not been designated. Spectra d, of a heavy corrosion area, includes clear indications of  
phosphorous, sulfur, and oxygen. The presence of  oxygen is evidence that the corrosion prod- 
uct includes an oxide of  sulfur or phosphorous or perhaps iron. 

hnplications 

The results suggest, as in any study of environmental cracking, that cracking could be 
avoided by eliminating the aggressive environment or by eliminating or reducing the tensile 
stress. Neither the acid nor the residual stress could be eliminated without significant changes 
in the design and manufacturing process of the component. However, the concentration of  
the stress by the notch can be reduced with relatively little bother. Referring to a compendium 
of stress concentration factors [ 10], if the 9.8-mm depth of the notch remained the same and 
the notch radii were increased to a significant portion of the depth, say 8 mm, the result would 
be k = 2.16. Thus, by replacing the nearly square-cornered notch with one approaching a 
semicircle, the maximum stress would reduce to 36% of its former value. This would signifi- 
cantly reduce the likelihood of environmental cracking and failure of  the tube by reducing 
both the concentrated residual stress that initiates and drives the cracking and the thermal 
stress that may accelerate the initiation process. An added bonus would be improved nonde- 
structive inspection access to cracking, should it occur. 

Summary and Conclusions 

The key results and conclusions of  the work regarding the environmental cracking in the 
tube and associated modeling tests are the following: 

1. Hydrogen stress cracking was identified as the cause of  the cracking of  the tube and was 
modeled in bolt-loaded compact specimen tests of  the same material and environment. Over- 
strain residual stress, concentrated at an OD notch, provided the sustained tensile stress, and 
a mixture of concentrated sulfuric and phosphoric acids at 54"C was the aggressive 
environment. 

2. Modeling tests showed fast environmentally controlled cracking, with several millimetres 
of  growth occurring typically in 3 min at applied K levels above 80 MPa ~/m. A threshold of  
environmental cracking was observed following 1540 h of  acid exposure; three tests at different 
initial K levels resulted in threshold values of  16 to 19 MPa ~/m. A da/dt versus K plot of 
results showed the classic Phase I-III environmental cracking behavior. 

3. Scanning electron fractography and energy dispersive X-ray spectra of tube and model 
specimen fracture surfaces corroborated the fracture mechanics test results. Secondary crack- 
ing and intergranular cracking were observed in the few areas of the fracture surface that were 
not obscured by corrosion product. Spectra of tube and modeling surfaces showed clear sulfur 
and phosphorous indications in the areas in which secondary and intergranular cracking were 
observed. 
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4. Thermal stresses concentrated by the notch were proposed as the source of the critical 
loading that followed environmental  contact and broke the protective layers and thereby 
accelerated the environmental  cracking of  the tube. 

The key results here with regard to the development of  new test and analysis procedures for 
environmental  cracking studies are the following" 

1. A new K expression was developed for the H / W  = 0.486 bolt-loaded specimen that is 
simpler, a better fit to Newman's  numerical results, and fits a wider range of  a/W, including 
the deep crack limit solution for this specimen. 

2. A new criterion was developed for the specimen size required to maintain plane-strain 
constraint for displacement-loaded compact  specimens. The similar form of  the relationships 
for the Irwin plastic zone and the K limit  for the specimen resulted in a simple size criterion. 

3. A floating five-point average da/dt calculation procedure was shown to give a good 
description of  environmental  crack growth for a bolt-loaded specimen. 
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ABSTRACT: This paper summarizes Boundary Element Method Stress Intensity Factor solu- 
tions, obtained by the authors and presented elsewhere, for internally pressurized thick cylinders 
having a single longitudinal, semicircular erosion on the internal bore with radial straight-fronted 
and elliptical cracks emanating from the deepest point of the bore erosion. 

A ratio of external to internal cylinder radii (Ro/Rt) of 2.0 is employed and a range of semi- 
circular erosion depths varying from 0 to 40% of the wall thickness. Care is taken to determine 
accurate stress concentration factors for the various erosion depths in order to accurately quan- 
tify limiting values of stress intensity factor at very short crack lengths. 

Employing a standard fatigue crack growth law, lifetime calculations are presented for cyclic 
pressurization of the bore. The results indicate that the presence of a modest semicircular erosion 
at the bore serves to reduce the fatigue lifetime by an order of magnitude. A similar reduction in 
lifetime results from the elimination of the autofrettage residual stress field. 

KEY WORDS: crack growth, fatigue cracks, cylinders, erosion, fracture (materials), fracture 
mechanics, residual stress, stress intensity factor, fatigue (materials) 
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a Crack depth, bore to crack tip 
a* Crack depth,  erosion to crack tip 
2b Surface crack length 
C Coefficient in Paris '  crack growth law 
K Stress intensity factor 
AK Stress intensity factor range 
m Exponent  in Paris' crack growth law 
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min  M i n i m u m  
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R0 Tube outer radius 
W Wall thickness (R0 - R~) 

Fatigue crack growth arising from the cyclic pressurization of thick-walled cylinders tends 
to produce radial fatigue cracks emanating from the bore. A knowledge of the crack-tip inten- 
sity factor, K, is necessary in order to predict the fatigue crack growth rate, critical length, and 
lifetime of such cracks. I t  is common practice to produce an advantageous stress distribution 
by autofrettage (overstrain) of the cylinder in order to slow or prevent crack growth. This auto- 
frettag e process may involve plastic strain throughout the wall thickness ( 100% overstrain), or 
any lesser proportion of the wall thickness, depending upon the degree of overstrain applied 
to the cylinder by over pressure or by an over-sized mandrel swage process. 

Reference I provides background on stress intensity solutions for a single, straight-fronted 
radial crack in a thick cylinder with an external to internal radius ratio (Ro/RI) of 2.0, Fig. 1 a. 
Solutions are provided for internal pressure (on bore and crack face) and for any proportion 
of overstrain from 0 to 100%. Reference I also proposes and employs a "crack shape correction 
factor" to account for the fact that cracks are frequently semi-elliptical in shape, Fig. 1 b. The 
total crack depth (that is, semiminor axis) is a and the major axis is 2b. Subsequent work, 
particularly that due to Tan and Shim [2] has provided more accurate solutions, based on the 
boundary element method (BEM) for the problem of a semi-elliptical crack in a pressurized, 
autofrettaged thick cylinder. 

There are clear indications in Ref I that the presence of the autofrettage residual stress field 
may enhance fatigue lifetimes in typical materials and operating conditions by up to an order 
of magnitude. 

Erosion at Bore 

The purpose of this paper is to extend the types of analyses and predictions referred to earlier 
to a modified form of the geometry illustrated in Fig. 1. The modification is illustrated in Fig. 
2 and consists of a single additional, longitudinal, semicircular erosion with a crack of depth 

b 

Ro 

f z._._ 

RI 

FIG. 1--(a) Thick cylinder with single internal radial through crack. (b) Thick cylinder with intern 
radial semi-elliptical crack. 
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Crack Length Non-Eroded Cylinder 

! af 
a* 

Crack Length Eroded Cv!inder 

FIG. 2--Schematic of cylinder bore showing semicircular erosion groove and associated radial crack. 

a* (whether straight-fronted or semi-elliptical) emerging radially from the deepest point of  the 
erosion. The reason for the concern over such geometries is that, under certain operating con- 
ditions, it is possible to produce a long, semicircular erosion groove in thick-walled tubes early 
in the fatigue lifetime of  such tubes. It is further noted that such grooving effects appear to be 
associated with a reduction in fatigue lifetime of  around one order of  magnitude. 

The authors have determined stress intensity factors for the eroded geometries referred to 
earlier with both straight-fronted and radial cracks by use of BEM employing quadratic ele- 
ments. These results are reported in full in Refs 3 and 4 where the extensive use of  superpo- 
sition techniques is also explained. Where comparison is possible with the two-dimensional 
results reported in Ref I and the three-dimensional results reported in Ref 2, agreement is 
generally within 0.5 and 2%, respectively. Examples of  the solutions obtained for the two- 
dimensional and three-dimensional noneroded cases are presented in Figs. 3 and 4, respec- 
tively. For two-dimensional cases (Fig. 3), the minimum crack depth was 2.5% of wall thick- 
ness, while for three-dimensional cases (Fig. 4), it was 10% of wall thickness. These figures 
present normalized stress intensity solutions for a pressurized, autofrettaged thick cylinder 
having 100% overstrain and a ratio of  yield strength/internal pressure of  3.55, a figure typical 
of  certain high-pressure applications. Such pressure produces a hoop stress at the bore of 1.66 
p (where p is internal pressure), while such autofrettage produces a compressive hoop stress at 
the bore amounting to 85% of the yield strength of  the material. 

Stress intensity factor solutions were obtained for various locations on the curved crack 
front from a = 0 (deepest point) to a -- 90* (bore surface). Results for a -- 0, 45, and 90* are 
presented in Fig. 4. In all subsequent lifetime calculations, the stress intensity factor employed 
is that for the deepest point on the crack front. 

Referring to Figs. 3 and 4, a feature of  high levels ofautofrettage is noted, namely, the reduc- 
tion of  K below zero at short crack lengths. The implication of  this result is that short cracks 
will be held closed, even at the peak of  the pressure cycle, and no fatigue crack growth will 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



464 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

2 

.'N 
~. 0 

Parker et al [1983] 
I B.E. 

7 O = 2.0 

I 

-I I I I 

0.0 0,2 0.4 0.6 
a 

t RO - RI ) 

0.8 

FIG. 3--Stress intensity factors, normalized using p V'--~, for a through-cracked pressurized, fidly-auto- 
frettaged thick cylinder radius ratio, Ro/R~ = 2.0. 

occur. In practice, even in cylinders subjected to 100% overstrain, it is unlikely that the ide- 
alized residual stress field will be achieved. The most straight forward indication of this effect 
is the opening of  cut, autofrettaged tubes. Reference 1 reports work on this aspect and, for the 
purposes of  fatigue calculations in this paper, it is assumed that only 0.7 of the magnitude of  
the idealized, 100% overstrain residual stress field is obtained, and hence only 0.7 of the asso- 
ciated negative contribution to stress intensity is available. 

Stress Concentration Effects 

It is important to appreciate the stress concentration effects arising from the introduction of  
the erosion. This is illustrated for the case of  5% erosion (that is, the depth of  the erosion is 5% 
of  the wall thickness) and internal pressure in Fig. 5. Here the familiar Lame's hoop stress 
distribution is increased dramatically near the erosion. This emphasizes two points, first, the 
stress concentration effect itself and, second, the impact on stress intensity factor at very short 
crack lengths. By this method, it is possible to determine, very accurately, limiting values of  K 
as the crack length approaches zero. The range of  erosion depths studied is between 5 and 40% 
of the wall thickness. The limiting value as erosion depth tends to zero is obtained from stan- 
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FIG. 4--Stress intensity factors, normalized using p ~ a ,  for a pressurized, fully-autofrettaged thick 
o'linder radius ratio, Ro/Rt = 2.0, with semi-elliptical crack of eccentricity, a/b = 0.8. 

dard limit solutions for edge-notched plates. The associated stress concentration factors are 
relatively constant varying over the range of  4.25 to 3.6 when calculated as the ratio hoop stress 
erosion t ip /hoop stress at bore without erosion, Fig. 6. The limiting value as erosion depth 
approaches 0% is 4.30. Equivalent calculations were performed for the case of the semicircular 
erosion within the autofrettage field. 

A problem does, however, arise when considering the stress concentration effects resulting 
from erosion within the residual stress field. The stress at the deepest point of the erosion is 
approximately three times that at the bore of  the equivalent (100% overstrain) cylinder. Such 
an overstrained cylinder already contains hoop stresses near the bore that are very close to the 
compressive stress level for reversed yielding, and, therefore, this increased level of  compres- 
sive stress will cause plastic flow at the tip of  the erosion and a new, stable residual stress field 
to be created. All the analyses referred to earlier are linear-elastic, and it is therefore necessary 
to make some assumption as to the form of  the new stress field. For the purposes of  this work, 
it is assumed that the new stress field created ahead of  the erosion is essentially the same as that 
adjacent to the bore in the noneroded cylinder, and that the stress intensity factors determined 
for the noneroded autofrettaged cylinder may be employed. While it is appreciated that such 
an assumption is, indeed, approximate, it is argued that it is pragmatically justified and that 
available evidence on the level of  residual stress achieved in autofrettaged cylinders (and hence 
the associated negative contribution to stress intensity factor) is consistently lower than that 
predicted by the normal elastic/perfectly plastic analysis. 

Typical stress intensity factor solutions for the case of the cracked, 5% eroded thick cylinder 
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FIG, 5--Pressurized thick cylinder: hoop stress at distance r ' f rom tip o f  5% erosion normalized with 
hoop stress at bore for noneroded case. 

with a semi-elliptical crack are presented in Fig. 7. The presentation adopted (namely, nor- 
malization of  K with respect to p V~-a) permits comparison with the equivalent set of  results 
for the non-eroded cylinder and makes clear the asymptotic nature of  the convergence of the 
eroded and noneroded solutions, The reader is cautioned that this presentation gives the 
"appearance" of  lower stress intensity for the eroded cylinder. This is caused by the nature of  
the normalization at short crack lengths, the actual stress intensity for the eroded case is higher, 
in proportion to the stress concentration effect, than in the noneroded case. 

Life Calculations 

The fatigue growth rate of  cracks subjected to cyclic loading may be expressed in terms of 
Paris' law [ 1] 

da 
- - ~  = C ( A K )  m (1) 

where d a / d N  is the fatigue crack growth per loading cycle, C and m are empirical constants, 
and AK is the range of  stress intensity defined by 
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FIG. 6--Pressurized thick cylinder: stress concentration factors for various erosion depths. 
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FIG. 7--Stress intensity factors for pressurized thick cylinder with elliptical crack with and without 
erosion. 
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~XK = K=~ -- Kmi,,, (Kmi. >--- O) (2) 

AK = Km~x,, (groin < 0) (3) 

where Kma~ and Km~n are the maximum and min imum values of stress intensity during the load- 
ing cycle, respectively. Note that the possibility of "overlapping" or touching of the crack sur- 
faces at some point on the crack line remote from the crack tip is not considered in this paper 
[5]. During the lifetime of  a particular cracked cylinder, the crack will propagate from some 
initial depth, a,, after Ni cycles to some final depth, a: after Nccycles, where afis the total wall 
thickness of  the cylinder, R0 -- R~ or such shorter length that is required to attain a critical 
value of  stress intensity. In order to predict the propagation life, Eq ! is rearranged to give 

v da 
, C(~K: - N:- N, (4) 

Crack growth (a versus N) predictions are made for both straight-fronted cracks and for 
semi-elliptical cracks. In the case of  the semi-elliptical cracks, the eccentricity, a/b, is 0.8. The 
predictions are based on cylinders with an internal radius of  R~ of  50 mm and a ratio Ro/Rj 
of 2.0. The cyclic pressurization is 0 to 344 MN m -2. The cylinder material is assumed to have 
a yield strength of  1221 MN m 2; this property can be slightly different after overstrain, due 
to the plastic strain, which can be up to I% at the inner radius of  100% overstrained cylinders. 
Considering this small amount  of  plastic strain relative to reduction in area, no significant 
effect on fatigue life is expected as a result of  the material property changes due to the over- 
strain process. 

In general the integral of  Eq 4 was evaluated numerically using Simpson's rule. A typical 
value of  C = 2.209 • 10 -u  and m -- 2.75 for crack growth in metres per cycle and ,XK in 
MN m ~3/_,~ are employed. In all cases where the crack reaches a critical length, the critical crack 
length was calculated on the basis of  a fracture toughness value of  150 MN m -~3m. 

Lifetimes have been calculated for the following load and geometry conditions for both two- 
and three-dimensional cases: 

(a) internal pressure, 
(b) internal pressure and autofrettage, 
(c) internal pressure with erosion, and 
(d) internal pressure and autofrettage with erosion. 

In each case, the erosion occupies 5% of  the wall thickness. Because the erosion is taken to 
occur early in the lifetime, it is assumed that cracks of  a specific initial crack length (0.125, 
0.25, 0.5, or 1 mm) exist in each of  Configurations a to d listed earlier, that is, for the non- 
eroded case the initial crack size is the same as that for the eroded case. The smallest straight- 
fronted crack (0.125 mm) produces a min imum stress intensity of 4.5 MN m-13m in the non- 
eroded, autofrettage tube and of  17.4 MN m-lm~ in the equivalent eroded tube. In the case of 
semi-elliptical crack of  depth 0.125 mm, the min imum stress intensities are 3.5 MN m -(3/2) 

and 13.5 MN m ~3m, respectively. 

Two-Dimensional Case, Straight-Fronted Cracks 

Results for each of  the cases just listed are presented in Figs. 8 to 11 for the range of initial 
crack lengths listed earlier. 
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In all cases where autofrettage is present, it is assumed that 0.7 of K due to idealized 100% 
overstrain has been achieved. 

Three-Dimensional Case, Semi-Elliptical Cracks 

Equivalent results are presented in Figs. 12 to 15 for the range of initial crack lengths just 
listed. Again the proportion of K due to overstrain achieved is 0.7 of that due to 100% 
overstrain. 

D i s c u s s i o n  a n d  C o n c l u s i o n s  

Life predictions for cracked tubes require an accurate knowledge of stress intensity factor at 
short and medium crack length. In this paper, two-dimensional straight-fronted cracks and 
three-dimensional semi-elliptical crack solutions obtained by use of the Boundary Element 
Method were presented. These represent the problem of pressurized thick cylinders with 
cracks emanating from the bore or from a single longitudinal, semicircular erosion groove in 
tubes with and without autofrettage. 

Lifetime predictions for all two- and three-dimensional configurations generally conform to 
the following pattern: 

(a) The combination of zero autofrettage, erosion, and internal pressure produces the 
shortest lifetimes. 

(b) Lifetimes in (a) may be improved by an order of magnitude by autofrettage. 
(c) Lifetimes in (a) may be improved by an order of magnitude by elimination of the 

erosion. 
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FIG. 15--Fatigue crack growth, semi-elliptical crack, initial depth O. 125 ram. 

(d) Lifetimes in (a) may be improved by between two and three orders of magnitude by 
inclusion ofautofrettage and elimination of the erosion. 

The reader is cautioned not to treat the predictions as a precise representation of real-life 
effects. The two major  caveats relate to the possibility that full pressure does not infiltrate the 
cracks [ 1 ] and that it is not possible to achieve the predicted (ideal elastic/plastic) residual stress 
field as evidenced by experimental work on cut, autofrettaged tubes [ 1 ]. 

A ckno wledgments 

The authors wish to acknowledge support from a UK Ministry of Defence research contract, 
and the advice and support of  Mr. B. D. Goidthorpe. 

References 

[1] Parker, A. P., Underwood, J. H., Throop, J. F., and Andrasic, C. P., "Stress Intensity and Fatigue 
Crack Growth in a Pressurized Autofrettaged Thick Cylinder," Fracture Mechanics: 14th Sympo- 
sium, Volume 1: Theory and Analysis, ASTM STP 791, J. C. Lewis and G. Sines, Eds., American 
Society for Testing and Materials, Philadelphia, 1983, pp. 1-216-I-237. 

[2] Tan, C. L. and Shim, M. L., "Stress Intensity Factor Influence Coefficients for Internal Surface Cracks 
in Thick Walled Cylinders," International Journal of Pressure Vessels and Piping, Vol. 24, 1986, pp. 
49-72. 

[3] Becker, A. A., Plant, R. C. A., and Parker, A. P., "Axial Cracks in Pressurised, Eroded, Autofrettaged 
Thick Cylinders," in preparation. 

[4] Plant, R. C. A., Becker, A. A., and Parker, A. P., "Three Dimensional Semi-Elliptical Cracks in Pres- 
surised, Eroded, Autofrettaged Thick Cylinders," in preparation. 

[ 5 ] Parker, A. P. in Residual Stress Effects in Fatigue, ASTM STP 776. American Society for Testing and 
Materials, Philadelphia, 1982, pp. 13-31. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



Julie A. Henkener,  1 Victor B. Lawrence, 1 and  Royce  G. Forman  2 

An Evaluation of Fracture Mechanics 
Properties of Various Aerospace Materials 

REFERENCE: Henkener, J. A., Lawrence, V. B., and Forman, R. G., "An Evaluation of Frac- 
ture Mechanics Properties of Various Aerospace Materials," Fracture Mechanics: Twenty- 
Third Symposium, ASTMSTP 1189. Ravinder Chona, Ed., American Society for Testing and 
Materials, Philadelphia, 1993, pp. 474-497. 

ABSTRACT: This paper presents results from a series of fracture mechanics tests that used a 
variety of aerospace materials, including 6063 aluminum in the T5 and T6 tempers, 2014-T651 
aluminum welded with a 4043 filler material, Inconel 718, A286 steel, superalloy MP35N, beryl- 
lium SR-200E, magnesium AZ-31 B-H24 and ZK-60A-T5, beryllium-copper CDA 172, and alu- 
minum-bronze CDA630. The fatigue crack growth data for these materials were curve fit using 
the crack propagation and other related equations that will be incorporated into an updated ver- 
sion of the NASA/FLAGRO computer program. This program will help achieve more reliable 
fracture mechanics assessments of space systems hardware. 

KEY WORDS: crack propagation, fatigue (materials), fracture mechanics, toughness, aerospace 
materials, fatigue crack growth 

Nomencla ture  

a 

r 

f 
n , p , q  
t 
14' 

to 
Ao, AI, A2, A3 
Ak, Bk 
G 
C 
K,~ 
K,, 
gle(a) 
gle(c) 
6Ko 
A K, h 
N 
R 
S raax 

Depth, length, or half length of crack 
Width or half width of crack 
Crack opening function, Eq 2 
Exponents in Eq 1 
Thickness of plate, sheet, or forging 
Specimen width 
Thickness to meet plane-strain condition, Eq 9 
Coefficients for crack opening function, Eqs 3 through 6 
Fit parameters in Eq 8 
Fit parameter in Eq l0 
Growth rate coefficient 
Plane strain fracture toughness 
Effective fracture toughness for surface or elliptically shaped crack 
Kte evaluated in the thickness direction 
Kre evaluated in the width direction 
Threshold stress intensity factor range at R -- 0 
Threshold stress intensity factor range 
Number of applied fatigue cycles 
Stress ratio 
Maximum applied stress 
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13/ 

a0 
~'ys 

Plane stress/strain constraint factor 
Flow stress 
Tensile yield strength 

The need for a method of performing safe life analyses for Space Shuttle payloads and, in 
the future, for the Space Station Freedom, has prompted the development of the NASA/FLA- 
G R O  computer  program [1,2]. In support of  this program, an extensive database of  fracture 
mechanics properties, surveying a variety of  materials that are used for aerospace applications, 
is required. Fracture toughness data are especially important and should include plane strain 
fracture toughness (K~c) values, part-through fracture toughness (K~e) values, and any other 
available fracture toughness (Kc) values as a function of thickness. This paper investigates the 
role of  fracture toughness in curve fitting fatigue crack growth data to the equations included 
in NASA/FLAGRO. In addition, the results from a series of  fracture mechanics tests, using 
a luminum alloys, high-strength bolt alloys, and other alloys used for specialized aerospace 
applications, are presented with the resultant fatigue crack growth curve fits. 

Theoretical Background 

Crack growth rate calculations in the next release of the NASA/FLAGRO computer pro- 
gram will use the NASGRO 2.0 crack growth relationship [3], which is given by 

aK~l" 
C(l -- f)"AK" (1 -- AK J 

da/dN = ( AK_ )q (1) 

( l - - R ) "  1 (1 - - R ) K c /  

where 

N = number  of applied fatigue cycles, 
a = crack length, 

R = stress ratio, 
AK = stress intensity factor range, 

AK~ = threshold stress intensity factor range, and 
C. n, p, q = empirically derived constants. 

The crack opening function, f, for plasticity-induced crack closure has been defined [4] as 

Kop [ Ao + AIR + A2R 2 + A3R 3 R >->-0 
f =  Km~, = ~ Ao + AtR - I - - < R < 0  (2) 

and the coefficients are given by 

Ao -- (0.825 -- 0.34c~ + 0.05a 2) cos 2S~/~o 

AI -- (0.415 - 0.071a)SmJ~o 

(3) 

(4) 

A2 = I - - A o - - A z - A 3  (5) 

A 3 ~ 2A 0 -~- A I - I (6) 
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In these equations, a, which is a plane stress/strain constraint factor, is treated as a constant 
for the purposes of curve fitting the crack growth data for a particular material system. Values 
range from l, which would indicate a plane stress condition, to 3, which would indicate a con- 
dition of  plane strain. Materials, such as high-strength steels, for which the K~Jars ratio is rel- 
atively low, are usually assigned relatively high a values, while materials with higher Ktc/ar~ 
ratios usually have a values ranging from 1.5 to 2.0. While better correlation with experimen- 
tal results may be obtained by allowing a to vary with K ~  [4], reasonable agreement has been 
obtained by using it strictly as a fitting parameter. In addition, S,~x/ao, the ratio of the maxi- 
mum applied stress to the flow stress, is assumed to be constant. All materials that are being 
fit for NASA/FLAGRO use an average value of  SmJaO = 0.3. Since the effect of S~Ja0  on 
the crack opening function is relatively small for positive stress ratios, using this parameter as 
a constant has been shown to produce acceptable results [3]. It should be noted that the crack 
opening function was derived from an analysis of  center-cracked panels, subjected to a con- 
stant load amplitude condition, in which the crack front advances through a zone of  plastically 
deformed material. Johnson Space Center is currently sponsoring research where elastic-plas- 
tic finite-element techniques are used to investigate the effects of  thickness and combined ten- 
sion/bending loads on the three-dimensional closure behavior of  through-cracks. Also, the 
validity of  applying the crack opening function (Eq 2) to part-through-cracks is not clear at 
this time. Future elastic-plastic finite-element work on part-through-crack configurations will 
be required to adequately address this question. 

The threshold stress intensity factor range, AKth, is approximated as a function of the stress 
ratio, R, and the threshold stress intensity factor range at R = 0, AK0, by the following equa- 
tion [3] 

AK~.= AK0 [ 4  a r c t a n ( l - - R ) ]  (7) 

A comparison of  ~Kt, versus R data for several aluminum alloys with a curve fit according to 
Eq 7, indicates good agreement in Fig. 1. 

The following relationship has been adopted to describe the Kc versus thickness behavior of 
various materials [ 1 ] 

Kc/K,c = 1 + Bke -~Ak'/'o~2 (8) 

where 

to = 2.5(K~d,r~.,) 2 (9) 

For through-crack geometries, these equations are used by NASA/FLAGRO to calculate a Kc 
value for Eq I. On the other hand, for calculations using part-through-crack geometries, Kc in 
Eq 1 is set equal to a constant value of  Kte (evaluated in the thickness direction). Surface- 
cracked toughness data often show a high degree of  scatter and are known to vary greatly with 
crack size. However, using a constant value of Kte simplifies crack growth predictions and is 
justified since gle values do not show a significant thicknesseffect. It may be shown that Kle is 
related to Ktc according to 

K~e = K,~(1 + CkK, J,~.) (to) 

where Ck is an empirical constant with units of length-m. This relationship holds for a variety 
of  materials (Fig. 2), and may be used to approximate K~e for materials that have insufficient 
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FIG. l--Comparison of AK,h/~Ko versus R data for several aluminum alloys with curve fit relationship. 

surface-cracked toughness data. For materials that have a very high Ktda~ ratio, Kte values 
calculated by this equation are limited to 1.4 times the K~c values in NASA fracture control 
analyses. 

Experimental Details 

Fracture toughness tests were performed according to ASTM Test Method for Plane-Strain 
Fracture Toughness of Metallic Materials (E 399-83) [5] using C(T) (compact tension) speci- 
mens machined in both the C-L and C-R orientations from beryllium-copper alloy CDAI72. 
In addition, toughness tests were conducted in the L-C orientation using beryllium-copper 
M(T) (center-cracked) and PS(T) (surface-cracked) specimens of varying thickness. Details 
regarding these tests may be found in Ref6. 

Constant-load-amplitude fatigue crack growth tests were conducted according to the pro- 
cedures in ASTM Test Method for Measurements of Fatigue Crack Growth Rates (E 647-88) 
[ 7]. All crack growth tests were performed in laboratory air conditions in a frequency range of 
1 to 50 Hz, using an automated data acquisition system. The crack length during each test was 
monitored using an indirect d-c potential method [8]. The materials tested were beryllium- 
copper (Be-Cu) alloy CDA 172 [6]; aluminum 2014-T651 and aluminum 2014-T651 welded 
with a 4043 filler material [9]; aluminum 6063 in the T5 and T6 tempers, beryllium SR-200E, 
aluminum-bronze CDA630, and magnesium alloys AZ-3 IB-H24 and ZK-60A-T5 [10]; and 
A286 steel, Inconel 718, and MP35N. Table 1 presents information regarding the specimens 
used for the crack growth tests for each material type. 
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Discussion of Results 

Fracture Toughness Results 

The Kic values obtained in the C-L and C-R orientations from the Be-Cu C(T) specimens 
were found to be comparable, producing an average toughness of 28.0 MPa V~.  Average K,e 
values from the PS(T) specimens were determined to be KI,~,) = 30.1 MPa V ~  and K,~cj~_~ 
27.2 MPa V~.  This average K~j  was in good agreement with a K~e value of 32.5 MPa Vm, 
which was calculated from Eq 10. For the materials in this study, average K,c values and the 
K~e values calculated from Eq 10 are listed in Table 2. 

Fracture toughness values from both the through- and part-through-crack geometries are 
plotted as a function of thickness in (Fig. 3). Using the constants Ak = 0.35 and Bk = 0.5, the 
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TABLE l- -Summary of fatigue crack growth tests. 
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Material Specimen Type Orientation w, mm t, mm Number of Tests 

6063-T5 C(T) T-L 76.20 12.70 10 
6063-T6 C(T) T-L 76.20 12.70 5 
2014-T651 C(T) T-L 76.20 12.70 6 
2014-T651 GTA C(T) parallel to weld 76.20 12.70 13 

welded 
[nconel 718 STA SE(B) L-R 30.48 15.24 12 
lnconel 718 STCWA SE(B) L-R 30.48 15.24 10 
A286 (950 MPa) SE(B) L-R 27.94 13.97 7 
A286 (1100 MPa) SE(B) L-R 27.94 13.97 10 
A286 (1375 MPa) SE(B) L-R 25.40 12.70 8 
MP35N SE(B) L-R 19.05 8.89 2 
Al-bronze DC(T) C-R 76.20 12.70 11 
Be SR-200E C(T) unknown 50.80 1.98 8 
Be SR-200E M(T) unknown 50.80 1.98 7 
AZ-31 B-H24 C(T) T-L 76.20 12.70 8 
ZK-60A-T5 C(T) T-L 76.20 12.70 9 
Be-Cu CDA 172 C(T) C-R 50.80 8.89 12 
Be-Cu CDAI72 C(T) C-L 50.80 8.89 10 
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data were fit according to Eq 8. While the C(T) specimen data show a consistent K,c value liar 
all thicknesses tested, the M(T) data indicate a shallow transition from plane stress to plane 
strain, and PS(T) data indicate a fairly constant KRe value, slightly higher than K~c. The to 
parameter (Eq 9) is often used to define the minimum thickness for obtaining plane strain 
behavior, and is required explicitly by ASTM E 399-83 for a valid K~c test. This relationship 
works well for describing the plane strain limit for Be-Cu C(T) data, but using to to define the 
limit of  this behavior for M(T) data is problematic. This discrepancy between C(T) and M(T) 
data at thicknesses equal to or greater than to has been reported previously (for example, for 
high-strength maraging steel [11]), but no explanation for this behavior has yet been 
developed. 

Fatigue Crack Growth Results 

Fatigue crack growth data and curve fits for the aluminum materials are shown in Figs. 4 
through 7, crack growth data and curve fits for the high-strength bolt materials are shown in 
(Figs. 8 through 13), and the data and curve fits for the other miscellaneous aerospace materials 
are shown in (Figs. 14 through 18). The curve fit constants for Eq 1 and 8 are listed for all the 
materials in Table 2. 

The aluminum crack growth data agreed well with the curve fits. An a value of  1.9 rather 
than 1.75, which was used previously, was chosen for fitting the aluminum alloys. This was 
due to evidence that variable amplitude life predictions, using an a of  1.9, agreed better with 
experimental results than predictions that used 1.7 for a [12]. In addition, the fatigue crack 
growth data for the welded 2014-T651 indicated a very high AK0 that made correlation with 
the curve fit difficult at R = 0.1. It is possible that this high threshold was caused by the pres- 
ence of  compressive residual stresses in the weld. Stress relieving the welds at 400"C for 2 h 
reduced AK~ at R = 0.1 by approximately 5 MPa V ~  [9]. 

The high-strength bolt materials agreed fairly well with their respective curve fits. However, 
these materials generally exhibit high toughness in addition to high strength. For this reason, 
it was especially difficult to obtain valid toughness data that are crucial for accurate curve fits 
and life predictions. The high-strength A286 steels (Figs. 11 and 12) did not exhibit a large 
stress ratio effect, and the curve fits do not agree with the data points at a stress ratio of  0.7. 
Some of  this difference may be attributed to the fact that the crack closure behavior in the 
analytic solution was derived for the M(T) specimen geometry, while the data points were gen- 
erated using SE(B) specimens. These curve fits are acceptable for fracture mechanics calcula- 
tions, however, since they are conservative to the data. 

The crack growth data from the miscellaneous aerospace materials also compared favorably 
with the curve fits. However, for some materials, agreement was more difficult to achieve at 
higher crack growth rates. This may be caused by plastic hinging of  the C(T) specimens and 
the fact that the net section stress approaches the yield stress at high crack growth rates. 

Summary 

Fracture toughness and fatigue crack growth data were obtained for a variety of aerospace 
materials. The data were curve fit to the empirical equations that will be used by the next 
release of  NASA/FLAGRO. Fracture mechanics analyses of  aerospace structural materials are 
made feasible by a procedure of  selecting conservative curve fits for the fatigue crack propa- 
gation data with these equations that incorporate the effect of plasticity-induced fatigue crack 
closure. 
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FIG. 4--Curve fit offatigue crack growth data for aluminum 6063-T5 (T-L) at R = O. 1, 0.4, and O. 75. 
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Leak-Before-Break and Fatigue Crack Growth 
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phia, 1993, pp. 498-511. 

ABSTRACT: Fracture-mechanics methods have been used to provide a basis for assessing the 
structural integrity of the all-steel (AISI 4130 grade, 31 HRC) compressed natural gas cylinders 
used as storage fuel tanks on vehicles. A leak-before-break (LBB) failure mode of the cylinders 
in the event of fatigue crack growth has been established from the cylinder tests as well as from 
the analysis. Results indicated a safety factor of 1.3 on the materials' fracture toughness for the 
LBB performance in the worst operating condition. Length of the leaks varied from 2.6 to 3.5 
times the cylinder wall thickness for the single-crack-initiated fatigue cracks. Average growth for 
internal cracks, pressurized with water, was found to be 1.5 times faster than that of external 
cracks. Flaws shallower than the 30% of wall thickness were not critical for the subsequent five- 
year service period. 

KEY WORDS: compressed natural gas, steel on-board cylinders, leak-before-break failure, 
fatigue crack growth, crack shape development, fracture toughness, allowable flaw size, fracture 
mechanics, fatigue (materials) 

Compressed natural gas (CNG) is becoming increasingly attractive as a vehicle fuel. Natural 
gas is economical and its combustion products are less harmful compared with conventional 
liquid petroleum fuels (as an example, 85% reduction in carbon monoxide (CO) and 23% 
reduction in carbon dioxide (CO2). However, for the widespread acceptance of natural gas 
vehicles (NGV), a critical issue is the safe on-board storage of  this fuel. The use of CNG as a 
vehicle fuel involves on-board storage in cylinders at a service pressure of  20.6 MPa. At pres- 
ent, various types of  on-board NGV cylinders are available in the market, that is, all-steel, 
filament wound on steel or a luminum alloy liner, and all-composite cylinders. The design 
burst pressure of  a typical steel or metal-lined fiber-reinforced plastic (FRP), hoop-wrapped 
cylinder is equal to 2.5 times the service pressure. These cylinders are subjected to cyclic pres- 
sure during refueling operations. The ratio of min imum to maximum pressure during this 
operation is about 0.1. The maximum refueling frequency could be as high as 25 times a week. 

Although a stringent quality assurance procedure is followed at the fabrication step, defects 
can be introduced in NGV cylinders during their design life, arising from manufacturing pro- 
cesses, mechanical damage, and service operations. Currently, all steel as well as metal-lined 
FRP cylinders are required to be tested hydrostatically after a five- and three-year interval, 
respectively, for recertification purposes. These hydrostatic tests are conducted at a pressure 
of  34.5 MPa, which is about 1.67 times the design service pressure. Steel cylinders are consid- 

t Fracture mechanics specialist, Powertech Labs, Surrey, British Columbia, Canada V3W 7R7. 
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ered acceptable for further service if the permanent volume expansion is less than 10% of the 
total expansion at the pressure of  34.5 MPa. This acceptance criterion is not rationally based, 
because one may or may not obtain a detectable permanent volume expansion during a hydro- 
static retest for a cylinder containing a critical defect. Since sharp discontinuities in the NGV 
steel cylinders are bound to be introduced during service, the requalification procedure should 
be based on fracture-safe design principles. In order to achieve this, knowledge of  wall stress 
distribution, fatigue crack growth and crack shape development in the cylinder wall, and the 
failure behavior of  cylinders during service is essential. This paper addresses these aspects with 
reference to all steel NGV on-board cylinders. 

Cylinder Specification 

The most commonly used material for the all-steel NGV cylinders is a modified form of �9 
quenched and tempered low-alloy AISI 4130X steel. Fabrication of the cylinder tube is done 
by a deep drawing process with intermittent annealing. The open end is then hot spun to close 
it. An opening is bored through the closed neck. The cylinders are quenched and tempered to 
the desired hardness. The size and capacity of  the cylinders analyzed here are given in Table 
1. It was found from the stress analysis [1] that the midsection of  the cylinder would start to 
yield at an internal pressure of 41.4 MPa. Magnitudes of  the hoop stress at the midsection, 
upper transition, and neck area of the cylinder (Fig. 1) under the service pressure are about 56, 
46, and 24% of the yield strength, respectively. 

Material Properties 

Tension specimens were machined from a steel cylinder. The yield strength, ultimate tensile 
strength, and elongation were found to be 822 MPa, 948 MPa, and 20%, respectively. The 
average value of hardness was found to be 31 HRC. The chemical composition of  the steel is 
given in Table 2. 

Fracture Toughness 

The material's Charpy impact energies at different test temperatures were obtained (shown 
in Fig. 2) from the subsized specimen tests. All the specimens were prepared from a cylinder 
and fracture plane orientation was in C-R direction. An upper self charpy V-notch (CVN) 
energy value of  80 J was obtained. A transition temperature of --27"C, for ductile-to-brittle 
fracture, was observed. 

The toughness of  the material near the onset of crack extension (J~c) was obtained by testing 
specimens, in C-R direction, in accordance with ASTM Test Method for J1c, a Measure of 
Fracture Toughness (E 813-89), using a multiple-specimen technique. A power law regression 
curve, defined by Eq 1, was fitted to the valid data points obtained at 20"C. 

J = 345.3(Aa) ~ (1) 

TABLE 1 --Dimensions of the NGV on-board steel cylinders. 

Outside Wall 
Capacity, Diameter, Thickness, Length, 

L mm T(mm) mm 

60 316.6 7.5 972.8 
50 316.6 7.5 835.0 
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FIG. 1PPhotograph of a typical all-steel on-board NGV cylinder. 

A J~c value of 54 N/mm,  corresponding to the intersection of  the regression curve with the 
blunting line, was obtained. The corresponding plane-strain fracture toughness value at 20"C 
is 105 MPa k/m. K e values of  82 MPa x/m and 78 MPa k/m were obtained from the plane- 
strain fracture toughness tests, conducted according to ASTM Test Method for Plane-Strain 
Fracture Toughness of  Metallic Materials (E 399-83) at - 4 0 " C  and -50"C,  respectively 
(shown in Fig. 2). 

TABLE 2--Chemical composition and mechanical properties of  
the steel." 

Chemical Analysis, Percent by Weight 

C Mn P S Si Cr Mo 
0.33 0.61 0.026 0.018 0.4 1.1 0.28 

a Mechanical properties: yield strength = 822 MPa, ultimate 
tensile strength = 948 MPa, and elongation = 20.1%. 
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FIG. 2--Charpy impact energy as well as fracture toughness of the cylinder material at different 
temperatures. 

Fatigue Crack Growth Rate in Air 

Fatigue crack growth rates in air at room temperature are measured on three-point bend 
specimens with C-R and C-L crack orientations. Tests were conducted at a load ratio of  0.1 at 
two loading frequencies (5 and 10 Hz) according to ASTM Test Method for Measurements of 
Fatigue Crack Growth Rates (E 647-88a). Data were obtained over a stress intensity range 
(AK) of  12 to 55 MPa V/m. A best regression line, defined by Eq 2 and also shown in Fig. 3, 
has been fitted to the air data using the Paris equation. 

da 
- 1.58 )< 10-"(AK) 2"67 (2) 

dN 

where da/dN is expressed in metres/cycle and AK in MPa X/m. A slight increase of  crack 
growth rate in the length direction (C-L), compared to the growth rate in the thickness direc- 
tion (C-R), was observed at the low stress intensity factor range. This anistropic behavior of 
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FIG. 3--Small-scale-specimen fatigue crack growth rate data, in air, at a load ratio of O. 1. 

the material could be attributed to the deep drawing process used for the manufacture of the 
cylinder. 

Corrosion Fatigue Crack Growth Rate 

Knowledge of the corrosion fatigue crack growth rate in the natural gas environment is 
essential to assess the flaw tolerance of the on-board steel cylinders. Small-scale specimens (C- 
R orientation) were tested in a modified National Association of Corrosion Engineers envi- 
ronment test (NACE TM-01-77) at 1.0 and 0.1 Hz. This solution was prepared by bubbling a 
90% COz plus 10% hydrogen sulfide (H2S) gas in the NACE environment. The H2S gas in the 
NACE environment was refreshed continuously. Tests were conducted at a load ratio of 0.1. 
Corrosion fatigue crack growth rates at 0.1 Hz were increased by 6.8, 8.9, and 13.0 times the 
air growth rate, at AKvalues of 40, 30, and 20 MPa ~/m, respectively (Table 3). Corresponding 
growth rate increases were 1.4, 2.4, and 5.1 times for a loading frequency of 1.0 Hz. Details of 
the test results have been reported in Ref 2. 
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TABLE 3--Magnification factor for corrosion-fatigue crack 
growth rate in a modified NACE solution. 

Magnification Factor with 
Respect to the Growth Rate in 

Air 

Loading Frequency, Hz 
AK, MPa 

~/m 1.0 0.1 

20 5.1 13.0 
30 2.4 8.9 
40 1.4 6.8 

503 

Cylinder Tests 

Two sets of cylinder tests were carried out. In the first set of testing, axially orientated semi- 
elliptical flaws were introduced on the external surface of the cylinder, at the midsection, using 
an electric-discharge-machining (EDM) process. Then the cylinders were pressurized with 
water from 2.4 to 24.1 MPa, to initiate fatigue cracks from the EDM cuts. The maximum 
pressure of 24.1 MPa, instead of the design service pressure of 20.6 MPa, was used to account 
for the temperature compensation during refueling operations. Cylinders were pressure cycled 
at a rate of four times a minute (or at a loading frequency of 0.07 Hz). Surface fatigue crack 
growth in the axial direction was monitored using the Fractomat-Krak-Gage instrumentation, 
while the crack depth was monitored using an a-c potential drop system. In the second set of 
experiments, cylinders were pressure cycled without introducing any artificial defect. Natural 
fatigue cracks from the inside surface of the cylinder were developed. Crack growth in one of 
the cylinders was monitored by the heat tinting process. All the cylinders were cycled to failure. 
The size of the EDM cuts and the final crack sizes at the failure, for tested cylinders, are shown 
in Table 4. 

TABLE 4--Results of cylinder tests. 

Initial Flaw 
(external or 

internal) Final Flaw Applied 
Maximum 

Cylinder Depth, Length, Depth, Length, Hoop Stress, Type of Failure 
Identification mm mm mm mm MPa Loading Mode 

1 2.3 a 9.6 a 4.3 12.3 945.9 monotonic rapture 
3 internal b 7.5 24.2 509.4 cyclic LBB 

1.32 512 1.57 5.2 
5 2.8 9.1 7.5 19.8 509.4 cyclic LBB 
8 internaF 7.5 44.4 506.8 cyclic LBB 
9 internal 7.5 26.0 506.8 cyclic LBB 

10 internal 7.5 31.0 506.8 cyclic LBB 
11 internal 7.5 22.0 506.8 cyclic LBB 
12 internal 7.5 26.0 506.8 cyclic LBB 

a Fatigue precrack initiated from an EDM cut of 1.5 mm by 8.7 mm. 
b Crack initiated from two silicate inclusions (2.1 mm by 0.1 mm deep and 2.3 
c Nine small crack coalesced to form a large crack. 

mm by 0.06 mm deep). 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



504 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

FIG. 4--Photograph of the fracture surface of Cylinder 1 that failed in the rupture mode at a monotonic 
pressure of 45.5 MPa. Fracture surface shows the final crack (4.3 mm deep and 12.3 mm long) that was 
initiated from an EDM cut (1.5 mm deep and 8.7 mm long) by fatigue cycling. Wall thickness is 7.5 mm. 

Details of  the test results have been reported in Ref I .  Figure 4 shows the fracture surface of  
Cylinder 1. This cylinder failed in the rupture mode at a pressure of  45.5 MPa under mono- 
tonic loading. Cylinder 3 began to leak from a natural crack initiated from the inside surface 
before a through-thickness growth occurred at the EDM cut. It was found that a leak was due 
to a fatigue crack originating in the area of  two silicate inclusions near the inside surface. A 
fatigue crack, initiated from the EDM cut (9.1 mm long and 2.8 mm deep) of Cylinder 5, 
became a through-thickness crack (Fig. 5). For Cylinder 8, nine small cracks originated at the 
midsection of  the cylinder, and coalesced to form a single crack that eventually grew into a 
through-thickness crack. 

Leak-Before-Break Analysis 

From the defect tolerance standpoint, the leak-before-break (LBB) performance of  the cyl- 
inders is considered a desirable fracture characteristic. The significance of the LBB concept is 
that a flaw in the cylinder can penetrate through the wall thickness (T) and allow stored gas to 
be discharged without rupturing the vessel. 

The maximum applied stress intensity factor (K0 for the final cracks at the failure condition, 
under the maximum service pressure of 24.1 MPa, was calculated using Eq 3. 

/s = ~rhk,/'~TF (3) 

FIG. 5--Photograph of the fracture surface of  Cylinder 5 that leaked during the fatigue cycles. The leak, 
19.8 mm long at the outside surface, was initiated from an EDM cut (2.8 mm deep and 9.1 mm long). Wall 
thickness is 7.5 mm. 
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where ah is the hoop stress. Factor F was calculated using Raju and Newman's equation [3] 
for the internal surface cracks, and this factor includes the influence of the internal pressure 
acting on the crack surface. Since the actual cylinder wall thickness of  7.5 mm is less than the 
plane-strain limit thickness requirement of  38 mm according to ASTM E 399-83, the cylinder 
section experiences a plane stress fracture state at the leak condition. In order to compare the 
applied stress intensity factor, Kt, with the measured plane-strain fracture toughness, K~<, of  
the material at the testing temperature as well as at the minimum possible operating temper- 
ature ( -50~ KI was converted to K*~ using the following relationship (Eqs 4 through 6) 
between plane-strain and plane stress fracture toughness, proposed by Irwin et al. [4]. 

Kt = K*c(l + 1.4~<) '/2 

~Ic = ( I l T ) ( K * < I a , , )  2 

~< = ( 1 / T ) ( K I / ~ , , )  2 

(4) 

(5) 

(6) 

The accuracy ofEq 4 is sufficient if/3~< < l and/7< < r. 
If K*~ exceeds the measured fracture toughness of  the cylinder material at a particular tem- 

perature, then the cylinder could fail in the rupture mode. The ratio of K~< (measured)/K*c 
translates into a safety factor for the LBB performance of the cylinder. These safety factors, at 
the testing temperature (20~ and at the minimum operating temperature ( -  50"C), were cal- 
culated and are given in Table 5. The most significant observation from this table and also 
from Fig. 6 is that in all tests the required fracture toughness to initiate fracture, when the crack 
penetrates the wall of  the cylinder, are significantly less than the measured KI< value of 105 
MPa ~/m. The average values of  K*c under the maximum service pressure are about 58 and 
79% of the measured material's toughness at 20 and -- 50~ respectively. This results in the 
cylinder design having a safety factor of  1.3 in terms of  fracture toughness for the worst oper- 
ating condition. Figure 6, which shows the extrapolation line for the average K*</Kx< (mea- 
sured) value at the testing temperature for a pressure of  34.4 MPa, also suggests that the cyl- 
inders with through-the-wall thickness axial cracks will not have unstable crack propagation 
under the hydrostatic test pressure. 

Crack Shape Development 

In order to assess the integrity of  the on-board steel cylinders, it is necessary to understand 
the fatigue crack shape development through the cylinder wall. The amount of  the crack 

TABLE 5--Leak-before-break (LBB) analysis results. 

Factor of Safety for LBB Performance, K~c 
(measured)/K*c 

Cylinder At Testing At Worst Operating 
Identification Temperature, 20~ Temperature, - 50"C 

3 1.75 1.30 
5 1.89 1.40 
8 1.45 1.07 
9 1.75 1.30 

10 1.67 1.23 
11 1.82 1.35 
12 1.69 1.26 
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growth (for an external crack) in both cylinder surface and thickness directions (that is, Ac and 
Aa) between certain numbers of refueling cycles (N) were estimated using Eqs 7 and 8. 

N 

Aa = ~ 1.58 • 10 H(0.9KL4,) z'67 (7a) 
i=l 
N 

Ac = ~ 1.58 )< 10-"(0.9K[8,) -'67 (7b) 
t= l  

Kui = ,rh ~/~ra, F, (8a) 

KIB i = tTh ~ai~a i F~ ( 8 b )  

where Kta, and K~B, are the applied stress intensity factors at the maximum depth and the sur- 
face of a crack front, respectively, for the ith refueling cycle; trh is the hoop stress corresponding 
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to the maximum service pressure of 24.1 MPa; ai is the instantaneous crack depth; and Factors 
F, and F',, which depend on the cylinder dimensions, crack aspect ratio, were calculated using 
the Raju and Newman equation [3]. 

Crack growths were calculated for initial crack aspect ratios (depth/half length), a/c, of 1.0, 
0.67, 0.5, and 0.4. These predicted crack shape development for the external cracks compared, 
in Fig. 7, with the experimental results obtained from the cylinder tests. It can be seen from 
this figure that with increasing crack depth the crack shape changes asymptotically towards a~ 
c ~ 0.75. The predicted crack shape development for an initial crack aspect ratio of 0.5 com- 
pares well with the experimental data obtained from the Cylinder 5 test; and these shape 
changes can be described by Eq 9 

log(a/c) = --0.141 -- 0.137 log(a/T)  - 0.942 [log(a/T)] 2 (9) 
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where T is the cylinder wall thickness. At the leak condition, the observed aspect ratio (a/c) of 
the cracks varied from 0.77 to 0.57. It should be noted that data shown for Cylinders 3, 8, 10, 
11, and 12 were obtained from internal cracks for which the growth rates could be different. 
Moreover, coalescence of  multiple cracks into a single crack at the initial stage (which was the 
case for Cylinder 8) is not considered in the present prediction scheme. 

Cylinder Crack Growth 

The fatigue crack growth rates in the wall thickness direction (da/dN) as well as in the surface 
direction (dc/dN) were calculated as a function of stress intensity factor ranges, AK, from the 
data obtained from three cylinder tests with external cracks. These calculated (growth rate ver- 
sus AK) data for cylinders are compared, in Fig. 8, with the three-point-bend specimen test 
results from Fig. 3. 
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FIG. 9--Photograph of the fracture surface of Cylinder 11 that leaked after 44 600 cycles. The leak (26 
mm long) was initiated from the inside surface. The crack was O. 9 mm deep and 2 mm long (shown as dark 
region) at 31 456 cycles. Wall thickness is 7.5 ram. 
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FIG. 1 O--Fatigue crack growth behavior of the internal cracks for Cylinder 11. Predicted growths are 
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The cylinder data are reasonably represented by the small specimen data. The higher sus- 
ceptibility for crack initiation and growth of  the internal surface crack compared with the 
external surface crack requires a better determination of  the fatigue crack growth behavior of 
internal surface cracks. Figure 9 shows the fracture surface of  Cylinder 11 at the main crack 
that became a leak after 44 600 cyles. The size ofthe crack at the end of the heat tinting process 
(31 456 cycles) was 0.9 mm deep and is shown as a dark region in the figure. Fatigue crack 
growth behavior (crack versus number of  pressure cycles) of Cylinder 11 was initially predicted 
using the crack growth rate equation (Eq 2) that represents the actual growth behavior reason- 
ably well for the external surface crack. But the predicted crack depths were higher than those 
actually observed for the main and secondary cracks through the heat tinting process. This 
overestimation of crack depths is due to the exclusion of the environmental effect on the inter- 
nal surface crack growth. Using the same slope of  the Paris equation (Eq 2), that is, 2.67, but 
increasing the intercept to successively higher values, crack growth curves were generated until 
the predicted data fit the observed through-wall defect at 44 600 cycles and a 0.9 mm crack 
(heat tint) at 31 456 cycles (Fig. 10). The crack growth rate for the internal surface crack in the 
presence of water turned out to be 1.5 times higher than those for the external surface crack. 
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FIG. 1 l--Effect of the size of axial internal defects on the residual fatigue life of the cylinder. 
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This 1.5 times magnification in the growth rate is half of  the observed average crack growth 
magnification factor of  3.0 in the modified NACE solution (Table 3) at the similar loading 
frequency and the stress intensity factor ranges. 

The number  of times the steel cylinder could be refueled was predicted as a function of ini- 
tial starter internal defect depth, a, and shown in Fig. 11. An initial crack length/crack depth 
of  4 was used for the calculation. Crack shape change during the growth was accounted for in 
the analysis. Residual life of  the cylinder, having a crack that is about 30% of  wall thickness 
(2.25 m m  deep), is 6800 cycles. This number of  cycles is slightly more than the maximum 
number of times (6500) an on-board cylinder could be subjected to the refueling operation 
during a 5-year period. 

Conclusions 

Structural integrity of  an all-steel compressed natural gas on-board cylinder is assessed based 
on fracture mechanics methods. Based on the results, the following conclusions can be drawn: 

(a) The on-board steel cylinders will leak before break, should the fatigue crack growth 
occur in service. 

(b) The cylinder has a safety factor of  1.3, in terms of  the fracture toughness for the LBB 
failure mode, at the worst operating condition. 

(c) The average crack growth for an internal surface crack in the cylinder, pressurized with 
water, is about 1.5 times faster than the growth of an external surface crack. 

(d) Fatigue cracks, with depths less than 30% of  the cylinder wall thickness, would not 
become leaks during a 5-year service period. 
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ABSTRACT: The influence of aging and grain morphology on the fracture behavior of an AI- 
2.6Li-0.09Zr alloy was investigated by varying the extrusion parameters that affect grain struc- 
ture; namely, extrusion ratio and product geometry. Fracture specimens were partially fractured 
and serially sectioned to characterize crack progression into the plastic zone and to assess the 
interaction between the crack front and the grain structure. Fracture in the higher toughness, 
underaged condition is characterized by crack tunneling and grain boundary microcracking in 
a zone surrounding the continuous crack surface. The fracture process for the overaged material 
is distinguished by large, intergranular delamination cracks perpendicular to the main fracture 
surface and extending deep into the plastic zone. This delamination cracking phenomenon was 
investigated using linear, two-dimensional finite-element simulations of the delaminations at the 
crack tip. The results indicate that when a delamination crack is longer than one half of the sec- 
tion thickness, the stress intensity factor (KI) for the delamination crack is independent of crack 
length. Furthermore, a section with multiple delamination cracks has a higher load carrying 
capacity than a section with only one crack, assuming that failure is K~ dependent. This delam- 
ination formation reduces through-thickness constraint and hastens development of plane-stress 
conditions. The effect of this delamination cracking on the toughness of aluminum-lithium (AI- 
Li-X) alloys is in accordance with the functional form of the Bilby, Cottrell, and Swinden model 
developed for plane-stress fracture and defined by Kc ~ (B~Eaf) where Bt is delamination spac- 
ing, E is Young's modulus, and afis the flow stress. 

KEY WORDS: fracture behavior, fracture toughness, delamination, aluminum-lithium alloys, 
grain morphology, delamination toughening, plane-stress fracture, thickness effect, finite-ele- 
ment modeling, fracture mechanics, fatigue (materials) 

A luminum- l i t h ium (Al-ki) alloys are appealing to the aerospace industry since they typi- 
cally exhibit  lower densities and higher elastic modul i  when compared  to convent ional  alu- 
m i n u m  alloys. The  property tradeoffs associated with these gains include increased anisotropy 
and low ductil i ty levels. A c o m m o n  fatigue and fracture behavior  characteristic of  these alloys 
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thickness for near peak-aged AI-2.6Li-O.O9Zr C(TJ specimens evaluated at room temperature [6]. 

is the formation of highly nonplanar, branched, and deflected crack profiles that result in ben- 
eficial fatigue crack growth properties [1,2] and generally higher fracture toughness values 
[3,4] as a consequence of mixed-mode loading. Metallographic study of the fracture surfaces 
of AI-Li alloys indicates a strong propensity for short-transverse delamination independent of 
the expected crack advance direction [2,5]. 

Studies investigating fracture toughness as a function of specimen thickness have shown that 
Al-Li-X alloys do not exhibit the classical behavior of higher toughness in thin plane-stress 
sections and lower toughness in thick plane-strain sections. In fact, the toughness is relatively 
high through a wide range of specimen thicknesses [5,6] as can be observed in Fig. 1 for an Al- 
Li-Zr alloy in various extruded forms. Rao and Ritchie [5] and McKeighan et al. [6] have 
suggested that this is a consequence of a thick, nominally plane-strain specimen behaving 
as if in plane-stress due to through-thickness constraint relaxation. This mechanism is 
termed thin sheet toughening [ 7] or crack-divider delamination toughening [8] and occurs 
in AI-Li-X alloys as a result of intergranular delamination through the thickness of the 
specimen. 

The objectives of this investigation were to investigate the degree of intergranular delami- 
nation in an A1-Li-X alloy for different aging conditions and, in the extreme case of severe 
grain boundary delamination, to model the corresponding affect on toughness. Conventional 
Jz~ K~, and Kma, fracture toughness measures were used to quantify the toughness of rod and 

TABLE 1--Chemical composition of the AI-Li-Zr alloy as 
determined by speetrophotometry and listed in percent by weight. 

Li Zr Cu Mg Si Fe Ti B, Na, Ca AI 

2.6 0.09 0.1I 0 .07 0.04 0.03 0.0l <0.00l ha! 
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TABLE 2--Parameters for each of the extrusion geometries considered. 

517 

Extrusion Dimensions and Extrusion Aspect Approximate 
Product Shape Ratio Ratio Extruded Length 

0.64 by 8.9 cm (bar) 36:1 14:1 9.3 m 
5.33 cm diameter (rod) 9:1 1:1 2.3 m 

bar extrusions of  an AI-2.6Li-0.09Zr alloy aged to various conditions. The extrusion geometry 
(round rod and fiat bar) and extrusion ratio (9: i and 36:1) affected the size and shape of  the 
unrecrystallized grains. The fracture behavior of  sharp-notched and fatigue precracked spec- 
imens was characterized with elastic-plastic Jic evaluations. Metallographic characterization 
of  the fracture mode was performed with particular attention directed toward the interaction 
between the crack path and the grain structure of the material. Finite-element modeling was 
employed to investigate the phenomena of Mode I delamination cracking in the direction of  
the applied load. These numerical simulations examined the stress intensity factor for a delam- 
ination crack, its effect on stress levels in the ligament, and the interaction between two delam- 
ination cracks. 

Mater ial  and Methods  

Material 

A 2250-kg ingot, with the chemical composition listed in Table 1 and nominally described 
as AI-2.6Li-0.09Zr, was cast. 4 Once formed, it was preheated in a gas furnace for 8 h at 482 to 
538~ followed by 12 h at 527 to 538"C. The ingot was then sectioned and machined into 
cylindrical billets suitable for extrusion? The extrusion parameters for the material considered 
in this study are listed in Table 2. The extruded products include a bar with an extrusion ratio 
o f  36:1 and a round rod with an extrusion ratio of  9:1. The extrusion ratio (ER) is defined as 
the ratio of the original billet cross-sectional area to the final product cross-sectional area and 
can be considered as a relative measure of  the homogeneous strain required to form the 
extruded shape [9]. The aspect ratio is a measure of  the axisymmetry of the extruded shape 
and is defined by the ratio of  the length to the width of  the cross section. 

The alloy was solution heat treated (SHT) for 1 h at 550~ stretched 2 to 3%, and isother- 
mally aged at 185~ The thermal operations, SHT and aging, were carded out in molten 
sodium nitrate salt. A near-peak aging time of  48 h has been determined with this material in 
various unstretched, extruded forms [ 9]. Furthermore, this near-peak aging time of 48 h is not 
affected by any post-SHT stretch processing of  the alloy [10]. In this investigation, at least two 
underaged (UA), the peak-aged (PA) and one over-aged (OA), conditions were evaluated using 
the rod and bar geometries detailed in Table 2. 

5 f  echanical Testing 

All monotonic tension testing was performed in accordance with the ASTM Method ofTen- 
sion Testing Wrought and Cast Aluminum- and Magnesium-Alloy Products (Metric) (B 
557M-84) specifications [ 11]. Either round or rectangular specimens were used with the geom- 

4 ALCOA Technical Center, Alcoa Center, PA. 
5 ALCOA Lafayette Extrusion Works, Lafayette, IN. 
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etry of  the specimen reflecting the original bar or rod extrusion form. The specimen dimen- 
sions correspond to the standard subsize specimen except that the grip length was reduced to 
limit the specimen length to 88.9 mm. The algorithm used to analyze the tension test data is 
described in detail in Ref 12. The percent of elongation at failure, or, was measured from an 
extensometer mounted on the gage length of the specimen. Although the tensile behavior of 
this alloy has been extensively studied in detail [10,13] for a variety of  aging and processing 
parameters, in this study only the conditions evaluated in the fracture toughness testing part 
of  the program are presented. 

Fracture toughness testing was performed using the Jic procedure detailed in ASTM Test 
Method for Jic, a Measure of Fracture Toughness (E 813-89) [10] with all testing performed 
under computer control [14]. The single specimen procedure [11] was utilized with crack 
extension derived from unloading compliance. Single-edge-notched specimens with a nomi- 
nal width of 19.1 mm and thickness of 6.4 mm were loaded in three-point bending. The nom- 
inal width-to-normalized crack length ratio at the onset of  toughness testing was 0.6 a~ I4: 
Specimens from the 36:1 ER bar were tested in the L-T orientation whereas the 9:1 ER rod 
product was tested with rectangular cross-section specimens in the L-R orientation. 

Specimen precracking was either formed by fatigue loading the specimen in the conven- 
tional manner or by machining a notch into the specimen with a well-lubricated, single-point 
cutter operating at a low speed. The measured root radius of  the machined V-notch was less 
than 25 urn. The fracture tests performed on these V-notch specimens were interrupted when 
the load had dropped to 70 to 80% of its maximum value. These partial fracture tests yielded 
a complete set of  fracture data while the specimen remained in one piece. This facilitated post- 
test metallographic investigation. 

The fracture test data were analyzed using several different techniques. First, the standard 
Jq analysis described in the ASTM E 813-89 test procedure was used to characterize the tough- 
ness of the material. It should be noted that the inclusion of a K~q parameter is not intended 
to suggest that elastic conditions dominate the fracture behavior but rather is utilized for com- 
parison purposes with other toughness measures. The load-displacement data recorded during 
testing were also used to generate the K-R curve by applying the secant method outlined in 
ASTM Recommended Practice for R-Curve Determination (E 561-86) [11]. Consequently, 
the Kc fracture toughness describing the instability condition and defined by the tangency 
point between the K-R curve and specimen K-curve was also determined. Finally, a Kin, 
toughness measure was calculated based upon the maximum sustained load and the pre-frac- 
ture crack length. 

Fracture Specimen Sectioning 

Metallographic work was performed to characterize how the crack progressed into the plas- 
tic zone and the interaction between the crack front and the grain structure. Crack progression 
was evaluated by serially sectioning the plastic zone through the specimen thickness ahead of 
the crack and normal to the crack plane. The initial section was close to the precrack tip with 
subsequent sections deeper into the specimen. This technique was particularly useful with the 
partially fractured specimens since both halves adjacent to the fracture surface remained 
attached. 

The sections were mechanically polished and then electropolished or etched with Keller's 
reagent to show the grain structure. The electropolish was applied with a 30-s exposure at 18 
V in an electrolyte of 948-mL H.,O, 55-mL HBF4, and 7-g H3BO3. The sample was viewed 
under bright-field or polarized light conditions. UA, PA, and OA specimens from the 36:1 ER 
bar and 9:1 ER rod were studied using this serial sectioning technique. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



McKEIGHAN ET AL. ON AGING AND GRAIN MORPHOLOGY 51 9 

Finite-Element Simulations 

A finite-element model of  a 2 T by 6 T plate with a centrally located delamination crack, as 
illustrated in Fig. 2a, was studied using the ANSYS 6 finite-element code. The quadrant mod- 
eled is illustrated in Fig. 2b. Different constraint boundary conditions were applied to the x / T  
= 1 edge depending on the problem analyzed. Three specific problems were investigated to 
access the following: 

1. the influence o f a  delamination crack on the local transverse stress, ~rx, in the plate; 
2. the variation of the Mode I stress intensity factor (/s for a delamination crack subjected 

to various degrees o f x  constraint along the x / T  = 1 edge; and 
3. the variations in Kt for delamination cracks at x / T  = 0 and x / T  = �89 as a function of  the 

length of each crack. 

These linear elastic analyses were compared to the stress state results from a simple baseline 
model of  a fully constrained infinite plate. In this model, the x / T  = 0 and x~ T = 1 edges were 
constrained in the x-direction, and the y = 0 edge was constrained in the y-direction. A con- 
stant displacement boundary condition in the y-direction was applied along the y = 3 Tedge. 
This same boundary condition was used in all the finite-element analyses performed in these 
studies. The component  stresses are designated by and bx. 

The "modified crack closure integral" described by Rybicki and Kanninen [15] was used to 
calculate the strain energy release rate, G, from the finite-element load and displacement data 
in the vicinity of  the crack tip. This method uses the theory that i f a  crack extends by a small 
amount,  Aa, the energy absorbed in the process is equal to the work required to close the crack 
to its original length. One advantage of this method is that a relatively coarse mesh will yield 
accurate results. Sun and Jib [16] have reported less than 10% error between this method and 
theoretical stress intensity factors for a mesh with Aa]a = 0.1 or less. This guideline was strictly 
adhered to in these analyses. The elements utilized in the mesh were two-dimensional, 8 
degree-of-freedom, isoparametric solids. Models with higher order elements yielded virtually 
the same results as that of  a more refined mesh of lower order elements. 

Results 

Fracture Toughness 

The different toughness measures and tensile properties as a function of aging time and 
extrusion geometry are shown in Table 3. In general, the Km~x fracture toughness for both 
extrusions exhibits a 5 to 10% increase as aging progresses. The Km~ values are approximately 
the same for both the rod and bar extrusions. These observations of a fairly constant Km~x are 
not surprising since Kma, does not account for the effect of  plasticity and slow stable crack 
advance that are both theoretically accounted for in Kc and Kjq. Furthermore, the general trend 
of  Kc and Kjq as a function of  aging shows higher values in the UA condition, a decrease until 
near the PA condition, followed by a slight increase with further aging. Though there is no 
directly comparable strength condition, the difference in toughness magnitude between the 
two extrusions appears minimal. 

This AI-Li-Zr alloy exhibits considerably less sensitivity to precrack sharpness when com- 
pared with a reference 7075-T6511 material. The fracture toughness of the 7075 specimen 
with a machined V-notch was observed to increase by approximately a factor of  two when 

6 Copyright by Swanson Analysis Systems, Inc. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



520 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

Delamination 
Crack 

Uncracked 
Ligament 

y@ 
I 

Applied 
Displacement 

/ / / / / / / ; / / / /  
i 

Thickness ~ ~ 

x 

T 
6T 

l 
(a) 

, I Delamination 
Crack Length, a 

y@ 

Thickness 

J 

x/T=1 
Edge 

x 

l 
3T 

1 
(b)  

FIG. 2--Schematic of(a) the section with a delamination crack and (b) the finite-element model for this 
section. 
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TABLE 3--Fracture properties as determined from SEN(B) specimens nominally 6.2 mm thick. The 
prefiacture crack was a machined V-notch unless otherwise noted. 

Material Tensile Properties Fracture Properties 
Extrusion Aging 
Ratio and Time, ~rs, ~'s, Km~, MPa K~, MPa Jq, K~q, MPa 

Form h MPa MPa e,~ % ~ m  ~ kPa m Vm 

36:1 

9:1 

Bar 1 366 274 6.9 29.0 48.2 33.4 54.6 
12 406 309 2.6 31.0 43.5 24.2 46.4 
48 430 333 3.3 33.8 50.4 . . . . . .  

225 425 334 4.2 32.4 50.2 36.1 56.7 
Rod 1 395 365 1.3 32.2 a 59.3 34.7 55.3 

30.4 51.2 41.5 60.4 
2 410 389 0.8 32.5 a 57.8 27.5 50.8 

30.3 42.6 30.8 53.9 
12 447 433 0.5 32.2 a 37.7 17.7 41.3 

32.2 42.3 20.7 44.6 
32.6 47.2 24.1 48.3 

48 475 434 3.0 37.5 a 49.2 14.0 35.6 
31.6 39.7 18.6 41.0 

96 462 405 5.1 36. I a 50.0 . . . . . .  
35.9 45.8 24.7 46.7 

a Fatigue precracked specimens. 

compared to a fatigue-cracked specimen. For the A1-Li-Zr alloy, the V-notched specimen/(max 
or K, toughness in Table 3 decreases 10 to 20% when compared to similar fatigue-cracked 
specimens while Kjq increases 5 to 10%. The specimen compliance recorded during testing 
indicates that this difference is a consequence of  slightly more slow, stable crack growth for the 
fatigue-cracked specimens (l  to 4% of  the initial crack length) compared to the V-notch spec- 
imens (0.3 to 2%). Notch sharpness may be less critical in this alloy since during fracture, spec- 
imens exhibited a high net section stress exceeding yield (undoubtedly accompanied by sig- 
nificant crack-tip blunting) and a crack path morphology that was globally rough and tortuous. 

Fracture Specimen Sectioning 

The three-dimensional grain structures for the rod and bar extrusions are illustrated in Fig. 
3. The grain structures shown in Fig. 3 are unrecrystallized as a consequence of the zirconium 
addition to the alloy [17]. In general, an unrecrystallized grain structure is associated with the 
highest combination of strength and toughness although properties tend to be more aniso- 
tropic [18]. The highly elongated grains observed in Fig, 3 are typical for unrecrystallized alu- 
minum alloys and have been described as resembling a deck of  cards or stack of pancakes. The 
longitudinal grain length was approximately 1 to 5 ram. The through-thickness grain width 
was found to be a function of  the extrusion considered. For the 9:1 ER rod, the mean measured 
grain width was approximately 65 urn, whereas for the 36:1 ER bar, it was 15 um. These values 
should be considered approximate since the grain size varied significantly in a given section. 

A through-thickness section of the crack in the underaged 36:1 ER bar is shown in Fig. 4. 
This section of a partially fractured specimen is 1.52 mm in front of the notch tip (measured 
on the specimen surface). The photomicrograph illustrates crack tunneling in this section since 
the crack is not completely through the specimen thickness. Tunneling was apparent in vir- 
tually al! of  the specimens examined. Evidence of  ~ m o t e  microcracking in the direction of  
the applied load was observed to be confined to a 500-urn zone surrounding the continuous 
Copyright by ASTM Int ' l  (all  r ights reserved);  Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement.  No further reproductions authorized.



522 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

FIG. 3--Grain structure of the (a) 9:1 ER rod and (b) 36:1 ER bar. 

crack. This microcracking in the L-direction was also observed in the as-polished condition of  
the sample and therefore was not a consequence of  the electropolish. The majority of this 
microcrack damage consisted of short intergranular delaminations approximately 20 to 50 um 
in length. Little damage was observed outside the 500-urn zone surrounding the main, contin- 
uous crack. It is theorized that crack formation in this UA condition is a result of a joining or 
coalescing of microcrack damage remote from the continuous crack. 

FIG. 4--  Thickness section at 1.52 mm from the notch tip into the plastic zone for the 36.1 ER bar extru- 
sion aged for I h (UA). The tunneled crack is approximately in the midthickness of the specimen. The crack 
growth direction (T) is into the paper. 
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A considerably different fracture profile is shown in Fig. 5 for an overaged specimen of  the 
same 36:1 ER bar product. Three major longitudinal grain delamination cracks can be 
observed in each section shown in Fig. 5. These three cracks effectively split the specimen into 
four nearly equal ligaments. The delamination in the midthickness is the longest, whereas the 
flanking delaminations are each shorter. Additional delaminations are evident in each of  the 
four major ligaments in all of  the three sections. Furthermore, transgranular failure has 
resulted in a crack through the entire thickness in the shallowest 0. l 3-mm section as shown in 
Fig. 5a. There is little evidence of microcracking separate from the main fracture surface in 
this condition. Evidence of crack tunneling can be observed in this specimen as the amount  
of  through-thickness transgranular cracking is reduced for the sections deeper into the process 
zone. 

Specimen sections for aging conditions between the UA (Fig. 4) and OA (Fig. 5) exhibit 
behavior with characteristics of  both UA and OA conditions. For instance, microcracking sep- 
arate from the continuous crack is less evident and is confined to a much narrower region 
around the main crack for the PA condition. Furthermore, there is less evidence of  major 
delaminations splitting the thickness, though some were observed. It should also be noted that 
the observed nature of the crack progression and the fracture mode appearance were indepen- 
dent of  position in the plastic zone (that is, the distance from the notch tip). Thickness sections 
deeper in the plastic zone did exhibit crack tunneling as evidenced by material separation con- 
fined to the midthickness portion of  the specimen. 

Average delamination spacings measured from the photomicrographs are listed in Table 4 
for the peakaged and overaged specimens. This delamination spacing, Bt, appears to decrease 
as the alloy is aged. Although the measured variation (quantified with + 2 standard deviations) 
also increases. Furthermore, the delamination spacing is 20 to 30% greater for the coarser 
grained rod product compared with similarly aged bar extrusion. The delamination spacing is 
not a linear function of grain size since the grain size of the rod is over four times greater than 
that for the bar. 

Specimens fabricated from the round rod extrusion exhibited behavior similar to that 
described for the b~tr extrusion. A thickness section 1.91 mm deep into the plastic zone for an 
OA 9:1 ER rod specimen is depicted in Fig. 6. Delamination behavior similar to that of  the 
bar can be observed even though the macroscopic grain structure for the rod, Fig. 3a, is much 
coarser than that for the bar, Fig. 3b. 

Finite-Element Simulations 

The component  stresses in the fully constrained baseline model, denoted by and k,, are used 
as the reference condition for all the finite-element results. Recall that the loading for all the 
models was fixed. The stress state in the fully constrained model was observed to be constant 
in each direction and in accordance with the fundamental theory that ~x = ~5,, where ~ = 
Poisson's ratio. 

TABLE 4--Measured delamination spacing, BI, ./'or various-aged 
fracture specimens from both extrusions. 

ER and Shape Aging Condition B~, mm 

36:1 [] 48h(PA) 0.67 + 0.12 
225 h (OA) 0.51 + 0.06 

9 : 1 0  48 h (PA) 0.88 _+ 0.31 
96 h (OA) 0.61 + 0.24 
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FIG. 5--Thickness sections at (a) 0.13 ram, (b) O. 76 mm, and (c) 1.65 mm from the notch tip into the 
plastic zone for the 36:1 ER bar extrusion aged for 225 h (OA). The crack growth directions are into the 
paper. 

The first series of  finite-element analyses examined the influence of  a delamination crack at 
x / T  -- 0 on the ax stress state along y = 0 in the ligament. The ax stress, normalized with the 
reference ~x, is shown in Fig. 7 for four different delamination crack sizes, (a /T) .  The decrease 
in ~x with decreasing x / T  is indicative of  the constraint relaxation due to free crack surface. 
The decrease in normalized ax as a / T  increases is caused by the greater constraint relaxation 
of  a longer delamination crack. 

The symmetry of  this model as a consequence of the lateral constraint applied along the 
x / T  = 1 edge means the geometry also models the case of  an array of delamination cracks 
positioned at x / T  = O, x~ T = 2, x~ T = 4, etc. Considering the results in this manner suggests 
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FIG. 5--Continued. 

FIG. 6 - -  Thickness section at 1.91 mm from the notch tip into the plastic zone for the 9:1 ER rod extru- 
sion aged for 96 h (OA). The crack growth direction is into the paper. 
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FIG. 7- -The  effect o f  delamination crack size, a/T. on local ax stresses at y .-~ O. The delarnination 

crack is located at x/T = 0 and the edge at x/T = I is constrained in the x-direction. 

that the center of  the 2 T ligament at x~ T = 1 is the position of  maximum ax stress along the 
lower y = 0 edge. 

The second finite-element simulation evaluated the Mode I stress intensity factor, K[, of a 
delamination crack located at x / T  = 0 in the presence of  a second delamination crack of var- 
ious lengths located along the x / T  = 1 edge (Fig. 8). For the fully constrained case, the K] 
follows the expected ~ a  behavior for short crack lengths ( a / T  < 0.25) but remains at a con- 
stant value for longer cracks ( a / T  > 0.5). This crack length, independent stress intensity factor 
behavior was initially unexpected. Further review of the literature showed that similar behav- 
ior has been reported for other delamination studies [19,20]. Furthermore, it can also be 
inferred from Tada et al. [21] who presented the solution KI = ~r ~ which applies for an array 
of  parallel cracks spaced 2 T apart and subjected to a remote Mode I stress, ,r. For K~ to be 
independent of  crack length means that as the crack grows, the remote stress driving it also 
decreases. For a delamination crack, this is a consequence of  the constraint relaxation along 
the crack surface causing a,  to decrease in the uncracked ligament (see Fig. 7). 

As a delamination crack grows in a plate of finite size, some constraint relaxation along the 
x / T  = I edge seems reasonable, especially for longer crack lengths. The effect of  this relaxation 
on K~ is shown in Fig. 8 for three relaxation levels, each a function of  crack length. Constraint 
relaxation is achieved in the finite-element model by allowing both x and y displacements 
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KI 
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o Fully constrained x/T = 1 edge 
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FIG. 8--Finite element results indicating Kl for a delamination crack plotted as a Lhmction of crack 
length. The crack is located at x/T = 0 and the edge constraint at x/T = 1 is reduced in the x- and y- 
directions by releasing nodes (see Fig. 2). 

along the M T  -- 1 edge to be nonzero (that is, simply releasing the nodes previously con- 
strained in the x and y directions). As the relaxation along the edge increases, K~ for the delam- 
ination crack decreases. The smallest constraint relaxation (0 .Sa /T  or corresponding to a 
length of  0 . 5 a / T  beginning at y = 0) has little effect on K~ because the trx levels in the model 
for y < 0 . 5 a / T  are relatively low. Conversely, K~ decreases to the point of crack arrest for the 
most severe constraint relaxation ( l . 5a /T) .  Furthermore, KI decreases as crack length 
increases only when the constraint relaxation is equal to, or greater than, the length of the 
delamination crack. 

The final series of  finite-element analyses examined K[ for two delamination cracks, one 
located at the midthickness ( x / T  = 0) and the other at one quarter thickness ( x / T  = 1~). 
Results are plotted in Fig. 9 for two fixed lengths of  the midthickness crack. Whereas symmetry 
dictates no K.[ for the midthickness crack, the ligament (quarter thickness) crack is subject to 
a Mode lI effect. The results from Fig. 8 clearly indicate that the K, effect is negligible for the 
crack lengths considered. Furthermore, as the ligament crack grows, K~ for the midthickness 
crack decreases. The plots for the two Kt values intersect when the a~ T for the ligament crack 
is 5 to 10% shorter than the midthickness crack. The magnitude of K~ at this intersection is 
approximately 60% of the initial K~ for the fixed crack. 

The applicability of these linear, two-dimensional finite-element approximations to the 
crack-tip region can be questioned since plasticity dominates locally. Furthermore, the nature 
of  the actual physical problem dictates that a highly complex, three-dimensional solution 
would be required for accurate analysis. Nevertheless, these models provide insight into the 
influence of  the delamination cracks. 
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FIG. 9--Variation of Kx for two sizes of a delamination crack at x/T = 0 when an x/T = ~ crack is 
introduced and allowed to grow. The applied load is fixed for all conditions and the edge at x/T = 1 is 
constrained in the x-direction. 

D i s c u s s i o n  

Quantifying Fracture Toughness 

The fracture surface crack profiles depicted in Figs. 4 through 6 clearly illustrate the three- 
dimensional nature of  the fracture process. The delaminations occurring in the material as 
fracture progresses will inevitably result in some degree of  constraint relaxation through the 
thickness of  the specimen. Accompanying this constraint change, from an initial more plane- 
strain condition to a final more plane-stress dominant  condition, is an increase in compliance. 
For  the limiting case, the compliance increase can be described with the factor 1/( 1 - v 2) that 
predicts approximately a 10% compliance increase. This compliance increase will be reflected 
subsequently in a flattening of  the load-displacement behavior recorded from a specimen 
undergoing delaminations during a fracture test. 

Analysis of  the load-displacement behavior is a crucial characteristic of  the conventional 
fracture toughness measures; namely, K~c, Kc from the K-R curve and J,c from the J-R curve. 
Clearly any compliance variation not resulting from plasticity or stable crack advance (in the 
conventional sense, not delamination formation) will have a deleterious effect on the mea- 
sured toughness. This implies that an accurate fracture toughness measurement using the typ- 
ical testing methods may not be possible for these alloys which exhibit large, intergranular 
delaminations. Of the toughness measures used in this study, the Kc and Kjq parameters that 
rely more heavily on accurate compliance measurement could be largely affected by these 
delaminations. 
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The Delamination Fracture Process 

Though the photomicrographs in Fig. 5 are from a single, partially fractured OA specimen, 
they can be considered a sequential illustration of the fracture process. For example the planar 
view closest to the notch, Fig. 5a, depicts a fully broken section in the latest stage of  fracture. 
Conversely, the deepest section, Fig. 5c, illustrates the fracture process in its earlier stages. As 
such, it is clear from these planar sections that material separation is driven by the formation 
of through-thickness delaminations. This is the conceptual basis for the mechanistic-based 
approach to fracture described in this discussion. 

Two possible mechanical criteria for delamination initiation include 

1. exceeding a through-thickness, grain boundary strength (the fracture stress criteria), and 
2. exceeding an S-T  fracture toughness at a pre-existing flaw (the fracture mechanics 

criteria). 

A necessary condition for grain delamination for either of  these criteria is the buildup of 
through-thickness stress, ax. This will occur only if some degree of  plane-strain constraint is 
initially present in the specimen. 

The stress state in the thickness section must be estimated to apply these criteria. It is 
assumed that the crack or notch is sharp enough to cause crack-tip stress levels to at least locally 
exceed the yield strength of the material. The maximum stress in the plane-strain plastic zone 
perpendicular and parallel to the crack face will exceed the uniaxial yield stress and can be 
estimated by the product of  ~rrs and the plastic constraint factor (PCF), defined as the ratio of  
the maximum sustained stress to the yield stress. The Irwin estimation of  PCF = 1.68 [22] 
will be assumed due to the absence of  reported experimentally measured values for AI-Li-X 
alloys. Consequently, the through-thickness stress with plane-strain conditions globally pre- 
vailing is a.~ = 2Vtrmax or a~ ----- 2v(PCF)ars ~ ~rrs. 

The best estimate available for tensile grain boundary strength is the S-T yield strength. A 
survey of  tensile properties for the commercial A1-Li-X alloys 2090, 8090, and 8091 in various 
tempers indicates that the ratio of S-T strength to L strength ranges from 0.76 to 0.89 with a 
mean value of 0.8 [2,23,24]. Since this value is less than '~rs, the local through-thickness stress, 
~r~, would be high enough to cause grain delamination. Hence the local ~r~ stress is of  the 
approximate magnitude to cause delamination based upon a relatively high tensile grain 
boundary strength. The extensive delamination observed in the photomicrographs of  Figs. 4 
through 6 may imply that the grain boundary strength is significantly lower than the 0.76 to 
0.89 estimate. 

A grain boundary fracture toughness must be known to apply the fracture mechanics criteria 
to delamination initiation in this material. Grain boundary fracture toughness can be esti- 
mated from the S-L or S-T  toughness range of 8 to 20 MPa V ~  reported in the literature 
[2,5,23.24] for AI-Li-X alloys. Furthermore, assume that K~ for a delamination crack can be 
represented by K~ = ~r  xr ~/~a, where ~3 = 1 for a crack of  half-length a and/3 = ~r/2 ~ 1.5 for 
a circular internal crack of radius a. The predicted initiation flaw size based upon a mean 
toughness of 14 MPa ~-~ and ~r = ars ~" 500 MPa is between 100 and 250 um with the range 
of/3 values noted. A finite flaw of  this size consequently must exist in the material for this 
fracture mechanics criteria to apply. Based upon a review of the macroscopic thickness profiles 
in Figs. 4 through 6, there is no clear evidence of initiation sites of this size. In fact, some micro- 
structural features expected to introduce discontinuities or flaws; namely, slip band width and 
spacing, are 2 to 3 orders of magnitude smaller, 0.1 to 2 ~m [25]. This argument appears to 
favor the fracture stress criteria for delamination initiation. 

The arrest of  a delamination that has formed is probably a consequence of  two factors: 
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growth out of  the highly stressed fracture zone and global constraint relaxation. The first factor 
is more important  for the initially appearing, longer delaminations. For example, the half 
length of  the midthickness delamination in Figs. 5b and c is approximately 1.7 mm. For this 
specimen, the plane-strain plastic zone radius at fracture from Irwin's well-known expression 
is 0.5 ram. Hence, the delamination has extended beyond the plastic zone and into the less 
highly stressed material. 

The finite-element results in Fig. 9 indicate that when a midthickness delamination crack 
extends beyond 0.25 to 0.5 a/T, K~ at the tip o f a  delamination crack is no longer a function 
of  crack length. This corresponds to 0,8 to 1.6 mm for the specimen in Fig. 5 that compares 
well with the measured delamination length of  1.7 mm. The fact that K~ is no longer a function 
of crack length does not in itself result in crack arrest. Rather, crack arrest may occur because 
of subsequent constraint relaxation that causes K~ to decrease since it is no longer increasing 
with crack length. This was numerically verified in the finite-element results detailed in Fig. 9 
for the higher levels of  constraint relaxation. 

The discussion so far has been limited to the formation and arrest of the first largest delam- 
ination, the delamination process is speculated to continue in each of  the one-half thickness 
ligaments adjacent to the first midthickness delamination. Delaminations in these ligaments 
are evident in Fig. 5c. Recall that-the finite-element study assessing the influence of a delam- 
ination crack on ligament ~, stress state indicates that the region of highest stress is in the center 
of  the ligament. This is reasonably close to where the ligamental delaminations in Fig. 5 
appear. 

The delamination lengths in the one-half thickness ligaments in Fig. 5r are 47 and 29% of  
the major midthickness delamination length. Since each adjacent ligament is approximately 
one half of  the original specimen thickness, it is expected that these delaminations lengths 
would be 50% of  the midthickness delamination. Furthermore, the lengths of these same 
delaminations can be measured in the shallower thickness section in Fig. 5b. These measured 
values of  46 and 57% agree more closely with the expected 50% because in this section the 
delaminations are mature and fully arrested. The evidence for this is the initial appearance of  
transgranular failure in Fig. 5b. Whereas intergranular failure is denoted as vertical lines in the 
photomicrographs, the transgranular fracture feature is slanted at an angle measured from the 
horizontal that is typically in excess of  30*. 

The delamination size and spacing appears to support the idea that fracture progresses by 
sequential ligament splitting. This splitting continues until the remaining ligament widths are 
too thin to build up sufficient through-thickness stress, ax, to cause delamination. Further- 
more, the finite-element results in Fig. 9 indicate that for the case of  multiple delamination 
cracks, the stress intensity factor for each of  these cracks is less than i fa  single crack existed in 
the section. If unstable delamination fracture is assumed to occur when the stress intensity 
factor exceeds a toughness level, the obvious implication is that a section with multiple delam- 
ination cracks has a higher load-carrying capacity than a section with only one crack. 

Plane-Stress Fracture 

The fracture process described in the previous section suggests that fracture in A1-Li-X alloys 
occurs in primarily a plane-stress constraint condition since the delaminations lead to stress 
relaxation through the thickness. This is also evident in Fig. 5b by the plane-stress type, trans- 
verse contraction of  the ligament remaining between the delamination. The sequential delam- 
ination process simply transforms a thick, constrained section into a series of thin, uncon- 
strained sheets each of  which fails in plane-stress. If this is indeed the case, a fracture model 
for plane-stress failure should be able to predict the toughness of  AI-Li-X alloys. This concept, 
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originally suggested by Rao and Ritchie [5], was used in this work to assess the toughening 
effect associated with the slant fracture that occurs in the less constrained ligaments. Rao and 
Ritchie [5] also used the Bilby, Cottrell, and Swinden [BCS] theory [26] to describe this tough- 
ening behavior. The BCS theory treats plane-stress failure by modeling the plastic relaxation 
around the crack tip by the motion of  screw dislocations. It assumes that the plane-stress mate- 
rial separation, even though in nominal  Mode I loading, is driven by an antiplane Mode III 
shear mechanism. The BCS model simulates the plastic zone and crack-tip discontinuity with 
a distribution of  dislocations from which a critical sliding displacement can be defined. This 
critical sliding displacement, 6~.~, is the length of  the plane-stress failure and can be defined by 

4a r t s  In sec (1) 
6 c r i t  - -  rrG 

where 

r rs = shear yield stress, 
G = shear modulus, 
a = crack length, and 
rc = critical shear stress for fracture. 

Using only the first term of the Taylor series expansion for the exponential-trigonometric func- 
tion in Eq 1 yields an expression of  the form 

7rat 2 
~n~ = (2) 

2Grrs  

Further simplification can be made by following a procedure outlined by Knott [27]. For a 
pure slant 45 ~ plane-stress failure, 6r = X/2B, where B is the thickness of the ligament. Fur- 
thermore, the shear stresses can be transformed to axial stresses with rc = ~c/2 and rrs = ~rrs/ 
2. If these substitutions and E = 2G(I + v) are made in Eq 2, the resulting expression is 

. / 2 ~ B ~ y s E  
(3) 

where ac is the remote applied stress for a ligament to fail in plane-stress at 45*. This stress can 
be transformed into a stress intensity by assuming Kc = crcX/~-a. The final result is 

= 1.48 Bk/-BE~avs 
(4) 

for v = 0.3. 
This BCS model for fracture can be used to predict toughness based upon flow strength, al, 

and ligament size, Bx. provided plane-stress conditions dominate. The functional form of  this 
model, namely, Kc ~ B~jEa~, is evaluated in Fig. 10 for the AI-Li-Zr material and other com- 
mercial AI-Li-X alloys using reported toughness values and ligament thicknesses, B,, in the 
delamination region [5,28]. Kmax is plotted as the toughness measure for the AI-Li-Zr alloy 
because it is less dependent on accurate compliance measurements that are difficult to obtain 
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FIG. lO--Experimentally measured fracture toughness plotted against the fitnctional form of the BCS 
plane-stress fi'acture theory with data from this study (AI-Li-Zr) and data from the literature for two com- 
mercial AI-Li-X alloys [5,28]. 

in the presence of intergranular delaminations. The alloys included in Fig. 10 exhibit a flow 
strength range of 380 to 575 MPa. The flow strength is utilized instead of the yield strength to 
partially account for the strength increase associated with work hardening. The horizontal 
error bars on the data points in Fig. 10 account for the variability in the reported delamination 
size, B~ [5,28]. The line through the data in Fig. 10 is a linear least squares fit passing through 
the origin. However, the slope of this line, 0.213, is lower than the expected value of 1.48. 

There are several potential explanations for the difference between the BCS model and the 
experimental results. First, the BCS model does not account for the influence of slow, stable 
crack advance, section necking, nor section thinning. Also, it does not account for the influ- 
ence ofdelamination cracks that will inevitably create a slip initiation site at the delamination 
crack tip. Furthermore, the applicability of the dislocation distribution assumed in the BCS 
model to AI-Li-X alloys conducive to planar slip is unknown. Whereas the BCS model 
assumes plane-stress conditions at the beginning of the fracture process, this alloy achieves a 
plane-stress condition only after delamination cracks have initiated. The formation of these 
delamination cracks will inevitably introduce damage and slip paths into the microstructure 
that would effectively lower the strength of the material. 

The magnitude of the difference between the experimental and theoretical responses in Fig. 
10 may indicate that the micromechanics of failure in AI-Li-X alloys may be different than 
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that considered with the BCS model. Nevertheless, the functional form for the BCS model for 
plane-stress fracture predicts the experimental trend for these alloys since the observed behav- 
ior in Fig. 10 is nearly linear. Assuming that toughness decreases with increasing flow strength, 
this model predicts that delamination spacing must also decrease as strength increases. A 
decrease in ligament width suggests less ability to sustain through-thickness stress or a weak- 
ening in the S- Tdirection. This implies that S- Tstrength is sacrificed in order to achieve higher 
strength AI-Li-X alloys. 

The specific mechanical conditions or material characteristics that cause a slant-type frac- 
ture to occur in the ligaments have not been analyzed in this investigation. It could be either 
{ 111 } slip plane fracture, shear deformation fracture, or a combination thereof. Furthermore, 
the existence of slant fracture and the dominance of plane-stress conditions, both presupposed 
in the BCS model, may not be sufficient conditions to utilize the model to predict toughness. 
Nevertheless, the trend of the data suggests that the functional form of the model is in accor- 
dance with the experimental trends. This implies that the BCS model provides a first-order 
indication of the toughness changes observed with specimens exhibiting various ligament sizes 
and alloy strength levels. 

Concluding Remarks 

1. Fracture of this AI-2.6Li-0.09Zr alloy in the underaged condition is characterized by 
crack tunneling and significant grain boundary microcracking. This microcracking is 
separate from the continuous crack and confined to a zone surrounding it. It is believed 
that crack formation results from a linking of the microcrack damage. 

2. The fracture profile of the alloy in the overaged condition is distinguished by large, inter- 
granular delamination cracks perpendicular to the main fracture surface and extending 
deep into the specimen. The delamination spacing results in ligaments 0.5 to 0.9 mm 
thick that then fail by transgranular slant fracture. 

3. A mechanistic-based fracture process is described for the alloy in the overaged condition 
whereby fracture appears to be driven by the formation of the through-thickness delam- 
inations. This delamination process continues until the uncracked ligaments in the spec- 
imen behave in a plane-stress manner. Furthermore, this alloy and other AI-Li-X alloys 
appear to follow the functional form of the BCS model for plane-stress fracture with Kc 

V~Ecr i. 
4. The notch sensitivity of the alloy, as measured by fracture testing with machined- 

notched and fatigue-cracked specimens, is less than that observed with 7075 aluminum 
alloy. For the AI-Li-Zr alloy, the fracture toughness for specimens with these two types 
of notches was essentially the same whereas for 7075 the machined notch nearly doubled 
the measured toughness. 

5. The complexity and irregularity of the fracture surface and the changes in constraint 
caused by delamination cracking leads to serious questioning of the validity of conven- 
tional fracture toughness measures and test procedures for this class of alloys. 
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ABSTRACT: The objective of this paper is to develop a computational model and a software for 
predicting the fatigue propagation ofcollinear multiple surface cracks under constant-amplitude 
and variable-amplitude loading. After examining fatigue crack growth rate data for compact ten- 
sion (CT) specimens and single surface crack specimens, an empirical equation is proposed for 
the prediction of fatigue life in a multiple surface crack geometry. The accuracy of the proposed 
model is verified using a life prediction computer program. The predictions are compared with 
the results from several case studies to check the accuracy of the proposed model and to verify 
the usefulness of the developed program. Good agreement is observed between the numerical 
results based on the proposed model and the published experimental data. 

KEY WORDS: surface crack, fatigue (materials), life prediction, interaction effect, crack closure, 
random loading, fracture mechanics 

In machine components  subjected to severe temperature gradients, small surface cracks are 
formed that can coalesce before developing as a main crack. It is therefore important to assess 
the growth of  multiple surface cracks to ensure the integrity of a structural component under 
fatigue loading. Life prediction of  multiple surface cracks is difftcult because of problems in 
using the Paris' power law type material constants (C and m) for compact tension (CT) and 
center-cracked tension (CCT) specimens, variation of  crack aspect ratio, and an interaction 
effect of  multiple cracks. 

Some analyses [ 1- 7] and experiments [5-10] have been carried out for interacting and coa- 
lescing coplanar surface cracks. Soboyejo and Knott  [11] also performed an experimental 
investigation of  the fatigue growth of  noncoplanar surface cracks. However, such studies were 
limited to idealized geometries because of  inherent complexities involved in modeling the 
problem. 

In order to predict crack growth behavior more conveniently, various computer programs 
have been developed. Peterson and Vroman [12] developed a fatigue life prediction program 
for a single surface crack under constant-amplitude loading and Chang [13] reported ASTM 
round-robin prediction results for CCT specimen behavior under random amplitude loading. 
Forman et al. [14] developed a general-purpose fatigue life prediction program for single sur- 
face crack behavior. Yuuki and Yoshida [15] developed a computer program for predicting 
the fatigue growth behavior of multiple surface cracks under constant-amplitude loading. 
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The objective of this paper is to propose an improved life prediction model for multiple 
surface cracks under constant-amplitude and variable-amplitude loading. Accordingly, a 
computer program based on the proposed model is developed, and various case studies are 
performed to check the usefulness of the proposed life prediction method. 

Life Prediction Method 

Fatigue growth behavior of a surface crack can be predicted by applying the Elber's crack 
closure model [16] for a through-thickness crack to the deepest point and the surface point of 
a surface crack, respectively. Information such as stress intensity factor, crack opening ratio, 
and material constants for a surface crack are required for fatigue life prediction. 

Stress Intensity Factor 

The stress intensity factor for a semi-elliptical surface crack (depth, a, and length, 2c) in a 
plate subjected to membrane stress, am, and bending stress, ab, can be expressed as 

gi  = (M,, �9 ~r m "~ Mb �9 a b ) k / ~ a  (1) 

where Q is the shape factor, and M,, and Mb are the correction coefficients for stress intensity 
factor. In this paper, the Fett equation [17] that is the modified form of the Newman-Raju 
equation [18] is used. 

The stress intensity factor for multiple surface cracks can be obtained by multiplying the 
interaction coefficient and the stress intensity factor for a single surface crack. In this paper, 
the following Yuuki-Yoshida equation [15] is adopted 

M,. = {1 + r ~ ( F -  1)}-(M,,,)._, 

Mb -- {1 + r b ( F -  1)}- (Mb).-, 

(2a) 

(2b) 

where (Mm),_, and (Mb),-, are the correction coefficients for a single surface crack proposed 
by Fett [17], and F is the interaction coefficient for a through-thickness crack. In addi- 
tion, the values of the correction coefficients, rm and rb, which are introduced to account 
for the effect of crack aspect ratio, are 0.8 and 0.4, respectively, as obtained by Yuuki and 
Yoshida [ 15]. 

Crack Opening Ratio 

Crack closure, which has a significant effect on the shape change during surface crack 
growth, varies along the surface crack front and can be explained by the difference in crack 
opening ratio between the deepest point and the surface point of a surface crack. After exam- 
ining fatigue crack growth rate data obtained from various fracture mechanics specimens [9- 
10,19-20], The following relationship can be established between the crack opening ratio at 
the deepest points (U~) and those at the surface points (UB): 

Aluminum Alloys 

1.1 UB f o r R ~ 0 . 5  
UA = Us for R > 0.5 (3) 
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Stainless Steels 

1.21 UB fo rR  < 0.5 
U.4 = Us for R > 0.5 (4) 

Since the crack opening ratio, U, for a through-thickness crack is obtained by measuring at 
the specimen surface (approximately plane stress state), the following assumption can be 
justified 

u - -  uB (5) 

Determination o f  Material  Constants 

By considering the crack-closure phenomenon,  the fatigue crack growth behavior of fracture 
mechanics specimens can be expressed as 

d a / d N  = Ceff" (AKou) m (6) 

where Ce~ is a material constant. Also, the fatigue crack growth behavior at the deepest point 
and at the surface point of a surface crack can be respectively expressed as 

d a / d N  = C'eu" (AK~rf)~' 

de /dN = C',u. (AK~tf)~' 

(7a) 

(7b) 

where C'~ is the material constant obtained by analyzing the fatigue crack growth data in terms 
of  AK,e. Since the difference in the slope of  the two lines in Eqs 6 and 7 is negligible, m is 
assumed to be constant. 

Figure l shows the relationship between the fatigue crack growth rate and range of effective 
stress intensity factor for a through-thickness crack and a surface crack. Since the material 
constants, C~,C'~, and m, are independent of  the stress ratio, R, the distance between the two 
lines can be regarded as a material property. In this paper, the material constant correction 
factor, MFACTOR,  is proposed for crack growth in the Paris regime as 

MFACTOR = C'~ff/C.~r (8) 

Ce~ = C / U  z (9) 

where C is the material constant obtained by analyzing the fatigue crack growth rate data in 
terms of-XK. 

L f e  Prediction Model  

Based on the preceding crack closure model, the fatigue crack growth model under constant- 
ampli tude loadings is proposed as 

d a / d N  = C ~ "  (AKee)]' 
= MFACTOR �9 Cr (UA " AKA) m 

= MFACTOR �9 Celt" (7 " Us"  AKA) m 

= MFACTOR �9 Ce~- (3' ' U .  AK~)" 

= MFACTOR �9 C .  (~, �9 AKA)" 

(lOa) 
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FIG. l--Relationship between crack growth rate and range of effective stress intensio' factor for through- 
thickness crack and surface crack [20]. 

dc/dN = C~r" (AKaO'; 
= M F A C T O R  �9 Car" (UB" AKB)" 

= M F A C T O R  �9 Ce~r" (U"  ~Ke)" 
= M F A C T O R  - C - ( A K n ) "  

(lOb) 

where 3' is the opening ratio that is defined as UsIUA. 
By combin ing  the preceding life prediction model  for a surface crack under  constant-ampli-  

tude loading with Socie's model  [21] for through-thickness cracks under  variable ampli tude 
loading, the following equat ion is proposed for a surface crack subjected variable ampli tude 
loading 

,..ka ~r 
- -  = M F A C T O R  �9 Cr ~ (3 ' '  U -  'XK4)" 
.3B , (1 la)  

N 

= M F A C T O R  . C - ~  (3 ' '  ,xK,)" 
l 

~ C  N 

,..kB - M F A C T O R  �9 Ce." ~ ( U .  aK~) m 
I 

N 

= M F A C T O R  �9 C .  ~ (AKB)" 
I 

( l i b )  

C o p y r i g h t  b y  A S T M  I n t ' l  ( a l l  r i g h t s  r e s e r v e d ) ;  W e d  D e c  2 3  1 9 : 1 2 : 5 7  E S T  2 0 1 5
D o w n l o a d e d / p r i n t e d  b y
U n i v e r s i t y  o f  W a s h i n g t o n  ( U n i v e r s i t y  o f  W a s h i n g t o n )  p u r s u a n t  t o  L i c e n s e  A g r e e m e n t .  N o  f u r t h e r  r e p r o d u c t i o n s  a u t h o r i z e d .
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where the unit loading block is defined as the period of load history in which the characteristics 
of idealized, representative load appear repeatedly, AB is the increment of loading block, and 
N is the total number of cycles of variable amplitude loading within a unit loading block. 

Determination of Mr'ACTOR 

From Eqs 9 and 5, the MFACTOR value can be defined respectively as the following 
expressions 

(13) 

Appropriate U~4 and UB values are given in Eqs 3 and 4. Therefore, in order to predict the 
fatigue crack growth using the MFACTOR value, the relationship between CA and C is 
required. As shown in Fig. 2, several researchers [9,18] have predicted the fatigue lives of sur- 
face crack configuration by assuming that CA "---- C. However, as shown in Fig. l, the values of 
CA and C are clearly different in the range where the stress ratio, R, is greater than 0.5 (no crack 
closure) range. Therefore, the assumption that CA --" C is limited to cases where R > 0.5. 

The newly proposed material constant MFACTOR can be determined in the ParAs regime 
from the following expressions for stress ratios in the range where CA - C 

(u,/m 
MFACTOR = \ ~ ] 

(14) 

Since the material constant MFACTOR value is independent of R, this value can be applied 
in the range ofR > 0.5 as well. 

Computer Program Development 

In order to predict the fatigue life of multiple surface cracks more efficiently, a computer 
program based on the proposed method has been developed. As shown in Fig. 3, the program 
consists of three parts: an input section, an analysis section, and an output section. For the 
convenience of computer graphics, C language was used for programming purposes. 

Input Subroutines 

The input portion of the program consists of two sections: an input section and an a-Ndata 
processing section. In the input section, required input information such as analysis model 
geometry (width and thickness of the model, crack geometry, and location), loading condi- 
tions (constant and variable, membrane and bending), and material constants (AKth and Kc, 
C and m) are provided. The a-N data processing section is used to obtain C (or Cerr) and m 
values when material constants are not given. After obtaining the graphical output of da/dN 
- AK(or AKin) relationship from the a-Ndata by the seven-point incremental method, mate- 
rial constant values are determined by curve fitting of the specified data points. 
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FIG. 2--Relationship between crack growth rate and range of stress intensity factor in thickness and 
surface direction [9]. 

Analysis Subroutines 

In the analysis subroutines, the crack growth simulation is performed based on Eq 10, and 
the onset of  crack coalescence is established using one of the following three methods [15] 

I. ASME Sec. XI Code 

2. BSI PD 6493 Code 

3. Coalescence of  Surface Points 

60 = min(al,a2) • 2 

50 = Cl + C2 

5 0 = 0  
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FIG. 3--Flow chart of life prediction program for rnultiple surface cracks�9 

where 

6o -- separation between two adjacent surface cracks for coalescence condition, 
a, and a2 - crack depth values, and 
c~ and c2 = half crack lengths. 

Coalescence occurs when the separation between two adjacent surface cracks reaches 60, and 
the crack length is recomputed after coalescence. The semi-elliptical crack dimensions 
assumed at the point of coalescence are given by Copyright by ASTM Int'l  (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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a = max(a,a2) 

2c = 2(G + C2 + 6/2) 

The crack length and crack depth are recomputed when the coalescence occurred. If the 
recomputed crack depth exceeds the plate thickness, a decision on through-thickness is made 
and the program is terminated. If the recomputed crack length exceeds the plate width, a deci- 
sion on through-width is made and the program is terminated. In the next phase of the anal- 
ysis, the stress intensity factor for multiple surface cracks is computed. Crack growth simula- 
tion is performed if the maximum stress intensity factor range (AKmad is larger than the 
threshold stress intensity factor range (AK~h), and a decision on unstable fracture is made by 
comparing the maximum stress intensity factor (Kmax) against the fracture toughness (K~c). 
Subsequently, both the amount  of crack extension and the number of cycles required to reach 
to the new crack location are computed based on the stress intensity factor and the crack 
growth model. 

Output Subroutines 

In the output subroutines, analysis results that are stored in a file format can be displayed 
on the screen, printer, and plotter for the user's convenience. Currently, the following infor- 
mation is available: 

1. crack aspect ratios, 
2. a/c -- all diagrams, and 
3. Km~, - Ndiagrams. 

Case  Studies  

In order to verify the proposed life prediction method and the developed computer program, 
several case studies were conducted. The predicted results were compared with published 
experimental data (SUS Type 304L stainless steel plates and cylinder) by Shibata et al. 
[9,10]. As summarized in Table 1, Cases I, II, and III are surface crack plates under tensile 
loading and Case IV is straight pipe under internal pressure. Crack length measurements were 
made by beach mark and ultrasonic methods [ 9,10]. 

TABLE l--Test conditions of SUS Type 304L stainless steel plates and cylinder [9,10]. 

Items/Case No. Case I Case II Case III Case IV 

Number of cracks 
Crack spacing 
Membrane stress range 
Bending stress range 
Stress ratio 
Geometry of test section 

Geometry of crack 

Material constants .(s 
m/cycle-MPa Vm) 

l 2 2 3 
�9 42 mm 60 mm 57.3 mm 

2.~O" m = 137 MPa Ao,~ = 115.6 MPa 
Aab = 0 MPa Aab = 13.7 MPa 

R =0.05 R =0.1 
t = 24mm t = 35mm 

2w -- 200 mm 2w = 400 mm 
a = 5 m m  a = 8 m m  

2c= 12mm 2c= 24mm 
C = 1.73 • l O  - 1 2 a  C -- 4.63 • 10 12b 
m = 3.26 m = 2.98 

a Material constants obtained from CCT specimen. 
b Material constants obtained from CC (center-cracked) cylinder specimen. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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Constant-Amplitude Loading 

Case I involves a single surface crack in a plate. By substituting "r -- 1.21 and m = 3.26 
(obtained from a CCT specimen) into Eq 14, the material constant MFACTOR value for 
stainless steel is computed as 0.537. As shown in Fig. 4, good agreement is observed between 
the predicted crack growth curves and the experimental data. 

Cases II and III deal with the problem of twin surface cracks (in a plate) with different initial 
crack separations. The MFACTOR value of  0.537 obtained from Case I is used. Figures 5 and 
6 show respective predicted results from the second and third case studies. Good agreement 
between the predicted crack dimensions and the experimental results is observed for preco- 
alescence and postcoalescence ranges. The life prediction model proposed in this paper 
is therefore shown to simulate the interaction effect of  a twin surface crack problem in a 
plate. 

Case IV deals with triple, identical surface cracks located at the inner wall of  a cylinder. By 
substituting y = 1.21 and m = 2.98 (obtained from a center-cracked cylindrical specimen) 
into Eq 14, the material constant MFACTOR value is computed as 0.566. 

Figure 7 shows that the maximum crack depth versus number of  cycles diagram, and the 
predicted maximum depths are in good agreement with the experimental data within 2%. The 
life prediction model proposed in this paper can therefore appear to be applicable also to cylin- 
drical geometries. 

Figure 8 shows the progressive shape change with increasing the number of  cycles. Coales- 
cence occurs between 6.64 • 105 and 6.70 • l0 s cycles. 

Variable Amplitude Loading 

It is difficult to obtain crack growth data for surface cracks subjected to random loading 
hysteresis. Therefore, the predicted results are shown here for demonstration purposes only. 

70 

60 

i 4O 

20 

I �9 a 

�9 c 

Prediction 

3O 

20 

0 
0 2OO 

I I I I 

400 600 

Crack depth 

Crack length 

I I 
800 1000 

- 3 0  

- 2 0  

- 1 0  ~ 

1200 0 

Number of cyeles, N ( l 0  s c y c l e s )  
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FIG. 5--Comparison of  crack growth curves between predicted results and experimental ones (Case II). 

The input conditions are identical to those employed in Case II. Instrumentation and Navi- 
gation Mission spectra from an ASTM round robin [13] are utilized for this demonstration. 

Figure 9 shows the crack shape change and Fig. 10 shows the a-N and c-N diagrams, the 
variation in crack opening ratio is not significant when the unit loading block is approximately 
500 cycles and the load variation is gradual. Therefore, it is still possible to make an approxi- 
mate prediction of life using the proposed life prediction model. 
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Conclusions 

Based on the current life prediction study on multiple surface cracks, the following conclu- 
sions are made. 

1. The newly proposed crack growth model that accounts for both multiple crack interac- 
tion and crack closure results in good predictions of the fatigue propagation of multiple 
surface cracks in plate and cylindrical geometries. 

2. Reliable predictions of the propagation of multiple surface cracks in a plate or a cylinder 
can be achieved by using the computer program developed. 
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ABSTRACT: The fatigue crack growth rate of an orthorhombic + beta titanium aluminide, 
nominally Ti-25A1-25Nb, was studied as a function of temperature (25 to 750~ environment 
(air and vacuum), frequency (0.001 to 1.0 Hz), and superimposed hold times ( 1 to 1000 s) under 
computer-controlled constant gmax testing conditions. In addition, fatigue crack growth rates 
from the near-threshold region to rates greater than approximately 10 -7 m/cycle were deter- 
mined at room and elevated temperatures. Results show that the fatigue crack growth rate exhib- 
its a combination of cycle- and time-dependent behavior and is sensitive to environment over 
the entire temperature range. At elevated temperature, crack growth per cycle is found to 
increase with decreasing frequency in both laboratory air and vacuum, suggesting a contribution 
from environmentally assisted crack growth. Growth rates in vacuum are as much as an order 
of magnitude lower than those obtained in air. Further, hold times of increasing duration are 
found to slightly decrease and then increase the crack growth rate at elevated temperature. At 
elevated temperatures, crack growth behavior appears to be a complex interaction of environ- 
mental degradation at the crack tip, crack-tip blunting due to creep, and cyclic fatigue 
(resharpening of the crack tip). An attempt was made to correlate the observed fatigue crack 
growth rates with the mechanism, or mechanisms, of fracture. The crack growth characteristics 
were compared with those of the alpha-2 titanium aluminide, Ti-24AI- 11Nb, and a conventional 
high-temperature titanium alloy, Ti-1100. 

KEY WORDS: crack growth, environmental effects, fractography, frequency, hold times, inter- 
metallic materials, temperature, titanium aluminide, fracture mechanics, fatigue (materials) 

Advanced aerospace applications d e m a n d  high-strength, light-weight, damage-tolerant  
materials that are capable of surviving in high-temperature environments .  For a number  of 
years, the t i t an ium a luminide  intermetallics based on  the alpha-2 phase, Ti3Al, have been the 
subject of  intense investigation for such applications. Improvements  in gas turbine engine per- 
formance and  the development  of  hypersonic flight rely heavily on these lower density struc- 
tural materials with high-temperature capability [ 1,2]. Development  of  the alpha-2 t i tanium 
aluminides  would extend the service temperature of t i tanium-base  materials beyond that of  
convent ional  alpha-beta alloys and would allow subst i tut ion for nickel-base superalloys in 
some applications. The alpha-2 t i t an ium aluminides  are being considered both as a monoli thic 
material  as well as the matrix material for cont inuous  fiber-reinforced composites. 

To date, much  of  the research conducted on alpha-2 t i t an ium aluminides  has used the Ti- 
2 4 A l - l l N b  (atomic percent) composit ion,  a two-phase alloy containing alpha-2 and beta 
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phases. The composition was identified in 1977 by Blackburn and Smith as one that had a 
good combination of room-temperature ductility and elevated-temperature creep rupture 
properties [3]. Since that time, a significant database has been generated for this alloy both in 
monolithic and metal-matrix composite form [4,5 ]. However, from a design engineering point 
of view, this alloy suffers from limited room-temperature ductility and toughness. A number 
of investigations have been undertaken to improve the low ductility and toughness at room 
temperature through alloying and thermomechanical processing while trying to retain ele- 
vated-temperature strength and creep resistance in the same alloy [6-8]. Blackburn and Smith 
and other researchers have found that the tradeoff between low-temperature ductility and 
toughness with elevated-temperature creep resistance is a most difficult one. Recent progress 
in the understanding of microstructure-property relationships has resulted in alloys with 
microstructures having an improved balance of low- and high-temperature properties. During 
these investigations, titanium aluminide alloys with compositions near Ti-25AI-25Nb (atomic 
percent) were studied. The microstructure of these high-niobium alloys contains the ordered 
orthorhombic phase (O), ordered beta phase (B2), and the alpha-2 phase. The ordered ortho- 
rhombic phase was first identified by Banerjee as a distorted alpha-2 ordered structure with 
niobium occupying an additional sublattice [ 9]. The volume fraction and morphology of these 
three phases are strongly dependent on thermomechanical processing and heat treatment. 
Rowe has reported that these O + B2 titanium aluminide alloys have higher specific strength 
up to 760"C than the alpha-2 + beta titanium aluminides, such as Ti-24AI- 11Nb, even though 
the O + B2 alloys have a higher density due to their higher niobium content [10]. They also 
possess higher fracture toughness (27.5 MPa x/m (25 ksi x/in.)) while retaining creep resist- 
ance competitive with alloys such as Ti-24AI-11Nb. The tradeoffs among strength, ductility, 
toughness, and creep properties are strongly dependent on heat treatment. Much of the data 
on the Ti-25A1-25Nb class of alloys is preliminary, and much work needs to be done on the 
phase relationships, microstructural stability, minor alloying effects, and processing of these 
alloys. 

The Ti-25AI-25Nb titanium aluminides have generated considerable interest as a mono- 
lithic material because of their higher specific strength and higher room-temperature ductility 
and fracture toughness without the major debit in creep resistance normally associated with 
increases in room temperature properties of the titanium aluminides. These characteristics 
appear to be a result of the large volume fraction of the more ductile orthorhombic phase and 
the ordered beta phase in the microstructure with only minor amounts of the more brittle 
alpha-2 phase [ 10]. Conversely, Ti-24A1-11Nb consists of predominantly the alpha-2 phase 
with little disordered beta phase. The Ti-25AI-25Nb alloys are also being considered as a 
matrix material for metal-matrix composites because of their higher ductility and toughness. 
Evidence has shown that a matrix microstructure that contains a high volume fraction of duc- 
tile, tough phases, for example, beta or orthorhombic or both, may be more effective in blunt- 
ing cracks that initiate at the fiber/matrix interface in a metal-matrix composite [ 11 ]. In addi- 
tion, the high niobium content appears to reduce the reaction zone and beta phase depleted 
zone that typically form around the silicon-carbide fibers that have been used as continuous 
reinforcement in titanium aluminide materials. 

Preliminary mechanical properties generated on the orthorhombic + B2 titanium alumi- 
hide alloys have been predominantly under monotonic loading. Cyclic properties such as 
fatigue life and crack growth have not been investigated in any detail. This investigation was 
undertaken to determine the effects of environment, temperature, frequency, and superim- 
posed hold times on the fatigue crack growth rate of a representative orthorhombic + B2 tita- 
nium aluminide, nominally Ti-25A1-25Nb. An attempt was made to correlate the observed 
fatigue crack growth rates with the mechanisms of fracture. Also, the crack growth character- 
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istics were compared to those of  the widely studied alpha-2 titanium aluminide Ti-24AI- 11Nb 
and a conventional high-temperature titanium alloy, Ti-1100. 

Experimental 

The material used in this study was an orthorhombic + B2 titanium-aluminide interme- 
tallic, nominally Ti-25Al-25Nb (atomic percent). Table l gives the analyzed alloy composi- 
tion. The subject material was vacuum induction melted and cast into an ingot 6.99 cm in 
diameter and 81.28 cm in length (2.75 by 32 in.). The ingot was subsequently cut into 12.7- 
cm (5-in.) long sections. An ingot section was then forged after a 2 h soak at 1038"C (1900*F) 
to a pancake nominally 15.24 cm (6.0 in.) in diameter and 2.54 cm (1.0 in.) thick (80% reduc- 
tion). The forged pancake was given a two-step heat treatment consisting of a direct salt 
quench to 816"C (1500*F) after forging, hold for 30 rain, and an air cool to room temperature. 
The forged pancake was then aged at 649"C (1200*F) for 100 h and air cooled to room tem- 
perature. The resulting microstructure is shown in Fig. 1. The microstructure appears to con- 
sist of three phases. These phases include globular primary alpha-2 particles contained in a 
fine transformed matrix of  orthorhombic (dark contrast) and beta (light contrast) phases. The 
forging and heat treatment produced an equiaxed prior beta grain structure with no preferred 
orientation. The prior beta grain size was approximately 1.5 mm in diameter. Specimens used 
in this study were electro-discharge machined (EDM) from the forged pancake with the crack 
growth direction perpendicular to radial lines of  the pancake. Mini compact tension, C(T), 
specimens (B = 5 mm, W -- 20 mm) were used for all fatigue crack growth tests. 

Fatigue crack growth tests were conducted under either load shedding/constant load or con- 
stant Kr~ conditions using a computer-controlled servohydraulic test machine according to 
ASTM Test Method for Measurements of  Fatigue Crack Growth Rates (E 647 88a). For the 
constant Kmax tests, the fatigue crack growth rates reported in this paper were determined by 
fitting a linear equation to a-versus-N (crack length versus number of  cycles) data after steady- 
state growth was established at each experimental test condition. Crack length was computed 
using a compliance measurement from an extensometer. This calculated crack length was 
periodically verified by optical measurements using a traveling microscope, and both results 
were within _+ 0.0005 (a/w). Closure measurements were also made by compliance. Closure 
load levels were determined based on the first deviation from linearity in the load-versus-dis- 
placement curves. All specimens were precracked under identical conditions, and the final 
Km~x from precracking was always kept lower than the initial Km~ for starting the subsequent 
testing. In laboratory air, heating was done using a clamshell resistance furnace. Fatigue crack 
growth tests in vacuum were conducted at a vacuum level of 1.3 • 10 -4 Pa  (10 -6 tor t ) .  The 
vacuum chamber was mounted on a computer-controlled servohydraulic test machine. A 
resistance furnace was used to heat the test specimen inside the vacuum chamber. 

Fatigue crack growth rates from the near threshold region (less than 10 -9 m/cycle) to rates 
greater than approximately 10 -7 m/cycle were determined at room temperature, 550, and 
650~ at a cyclic loading frequency of  1.0 Hz in laboratory air. A stress ratio, R, of 0.1 was 
used for all tests conducted in this study. These tests were conducted under decreasing AK 

TABLE l--Composition of titanium atuminide. 

Ti AI Nb C O N 

%by weight balance 12.35 41.25 0.024 0.099 0.009 
Atomic% balance 24.40 23.66 0.107 0.330 0.034 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



554 FRACTURE MECHANICS:TWENTY-THIRDSYMPOSIUM 

FIG. 1--Microstructure of Ti-25Al-25Nb. 

conditions (at a load shedding rate of  c = - 2) until a threshold was established (threshold 
defined when crack length, plotted as a function of the number of cycles, asymptotically 
reached a constant value). The cracks were then grown under constant load conditions until 
specimen failure. 

In addition, constant Kmax fatigue crack growth rate tests were conducted at a gmax = 11.1 
MPa ~ /m (10 ksi ~/in.) and a stress ratio o fR = 0.1. These Constant/<max tests were conducted 
at room temperature and at 100~ intervals from 150 to 750"C at cyclic loading frequencies 
of  0.01 and 1.0 Hz to determine the effects of  temperature and frequency. Tests were con- 
ducted in both laboratory air and 1.3 • 10-4 Pa vacuum to investigate the effects of  
environment.  

Testing at various frequencies and with superimposed hold times was conducted to inves- 
tigate the contribution of  environmentally-assisted crack growth to the overall fatigue crack 
growth rate. At 650 and 750~ constant Kmax fatigue crack growth rate tests were conducted 
at frequencies in the range from 0.001 to 1.0 Hz to define the regions of fully cycle-dependent 
and fully t ime-dependent crack growth. Superimposed hold times ranging from 1 to 1000 s 
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were used to evaluate creep-fatigue-environment interactions at 650 and 750~ in laboratory 
air. 

Results and Discussion 

da/dN versus AK Behavior 

Figure 2 shows the fatigue crack growth rate (FCGR) of Ti-25A1-25Nb at room temperature, 
550, and 650~ The da/dN-AK crack growth rate curve is very steep at room temperature, 
exhibiting a AKth of approximately 5 MPa ~/m and an apparent Kc (Km~ at the point of spec- 
imen failure) of approximately 11 MPa k/m. This apparent value of room-temperature Kc 
determined by extrapolating the crack growth rate curve is lower than the previously reported 
actual K~c value of 27.5 MPa ~/m [ 10]. The data indicate that AK~ varies with increasing tem- 
perature from a AK~h value of approximately 5 MPa ~/m at room temperature to 7 MPa ~/m 
at 550~ and back to 5 MPa k/m at 650~ (if the data are indeed outside typical experimental 
scatter). Closure load levels were very low and did not vary significantly with temperature, and, 
therefore, it is difficult to discern to what degree closure affects the observed threshold values: 

FIG. 2--Fati~,ue crack ~rowth behavior of Ti-25AI-25Nb. 
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The FCGR increases with increasing temperature, and the slopes of  the crack growth rate 
curves decrease with increasing temperature, resulting in a crossing of  the curves at the higher 
growth rates. Changes in the slope of  the curves are most likely a result of  the higher ductility 
and toughness at elevated temperatures. At 650~ the da/dN-AK crack growth rate curve 
exhibits a better defined inflection in the curve from the threshold region to steady-state crack 
growth. The data indicate a higher apparent Kc at 650~ as compared to room temperature, 
but extrapolation of  the data to a Kc value is tenuous at best. 

Figure 3 shows two distinct regions of  fracture topography exhibited at room temperature. 
At low magnification, Fig. 3a shows a series of steps andridges on the fracture surface typical 
of  growth rates in the lower half of  the FCGR curve. The large steps appear to be the result of  
cracking that occurs along multiple crack planes ahead of  the main crack. As these multiple 
cracks link up with the main propagating crack, large steps form on the fracture surface. In 
many instances, ligaments of material linking the cracking on multiple crack planes remain 
intact well behind the propagating crack front. These ligaments similarly occur at elevated 
temperature and when viewed with the naked eye, are clearly heat tinted differently from the 
surrounding fracture surface. Fracture in regions of  the surface between the steps, as shown at 
the higher magnification in Fig. 3a, occurs predominantly by transgranular cleavage. This 
transgranular fracture appears to occur in sheaths parallel to the crack growth and shows a 
series of  much smaller ridges on the fracture surface. Fracture in these regions exhibits little 
ductility as evidenced by the large, flat cleavage surfaces. However, the large steps produced 
by the fracture of  bridging ligaments joining multiple cracks are much finer in fracture detail, 
exhibiting a more ductile fracture on the step faces than surrounding regions. The cause of  this 
fracture behavior is unclear at this time. No features in the bulk microstructure, such as inho- 
mogeneity or segregation, have been identified that might account for such fracture behavior. 
Local chemical analyses and precision-sectioning metallography need to be conducted to fur- 
ther investigate this phenomenon. 

Figure 3b shows the fracture surface typical of growth rates at room temperature in the 
upper half of the FCGR curve. The fracture surface is predominantly very flat, transgranular, 
and exhibits little ductility. In this region of  crack growth, the large steps resulting from the 
fracture of  bridging ligaments at low growth rates are not present. However, the regions of  
transgranular cleavage appear to fracture in sheaths parallel to the crack growth as in the low 
growth rate case, and the small ridges in the regions of  cleavage fracture are also present. 
Although the relative roughness of  the fracture surfaces suggest that high levels of crack closure 
would be present, measurements of  crack closure as a function of  crack length yielded very 
low crack closure loads under all the test conditions that were employed in this study. Similar 
results have been observed in Ti-24A1-l I Nb by Aswath and Suresh using notched four-point 
flexure specimens [ 12]. 

Figure 4 shows the fracture surface of  a specimen tested in laboratory air at 650~ At ele- 
vated temperature, there is no distinction between the fracture in the low growth rate and high 
growth rate regimes. The fracture surface is flat, transgranular, and exhibits little ductility. The 
large steps that were present on the fracture surface at room temperature are not as prominent 
at elevated temperature. Features similar to the ridges observed at room temperature in the 
regions of transgranular cleavage are present on the fracture surfaces at elevated temperature, 
although they are somewhat obscured by the oxidation debris on the fracture surface. The 
cleavage fracture appears to be smaller in scale at elevated temperature than at room temper- 
ature and does not appear to occur in the large sheaths typical at room temperature. The faces 
of  the shallow steps present on the fracture surface exhibit finer fracture features while typically 
appearing more ductile in nature. 

Figure 5 compares the FCGR of Ti-25Al-25Nb to the widely studied alpha-2 titanium alu- 
minide, Ti-24A1- t 1Nb, and a conventional high-temperature titanium alloy, Ti- 1100 (Ti-6Al- 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



BALSONE ET AL. ON CRACK GROWTH OF TITANIUM ALUMINIDE 5 5 7  

FIG. 3--Fracture surface of specimen tested in laboratory air at room temperature." (a) low growth rates 
and(b) high growth rates. 
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FIG. 4--Fracture surface of specimen tested in laboratory air at 650~ 

2.8Sn-4Zr-0.4Mo-0.45Si). The FCGR data for Ti-24A1-llNb are from a beta heat-treated 
microstructure consisting of  acicular alpha-2 platelets separated by thin films of  beta phase in 
a basketweave, Widmanst~itten morphology. The heat treatment included a solution at 
1149~ (2100~ for 1 h and an age at 760~ (1400~ for 1 h [13]. The FCGR data for Ti- 
1100 are from a beta-processed microstructure that was beta forged at 1093~ (2000~ and 
given a direct stabilization age at 593~ (1100~ for 8 h [14]. At room temperature, the crack 
growth behavior of Ti-25AI-25Nb is very similar to that of  Ti-24AI-I 1Nb. Ti-25A1-25Nb 
exhibits slightly higher growth rates over the entire range of AK presented, presumably a result 
of  its finer microstructure. While the growth rate data tend to converge in the threshold regime, 
the FCGR of Ti-25A1-25Nb is significantly higher than that of  Ti-I 100, diverging to greater 
than an order of  magnitude at the higher growth rates. At 650"C, the FCGR of Ti-25A1-25Nb 
is lower than that of Ti-24A1-11Nb. At high growth rates, the data are comparable but diverge 
as threshold is approached. The apparent AK~ value for Ti-25A1-25Nb is approximately 5 
MPa ~/m as compared to a value of 3 MPa ~/m for Ti-24A1-11Nb. The FCGR of Ti-25A1- 
25Nb at 650~ is higher than that of  Ti- 1100 over the entire range of  AK presented. The appar- 
ent AKth value for Ti- 1100 is approximately 7 MPa ~/m. 

Effect of Temperature 

Figure 6 shows the FCGR of  Ti-25A1-25Nb as a function of  temperature from 25 to 750~ 
in laboratory air at a Kmax = 11.1 MPa ~/m (10 ksi ~/in.). The FCGR at room temperature is 
relatively high and is almost equal to that observed at 650"C. Note also that the da/dN-2xK 
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FIG. 6--Effect of temperature on the fatigue crack growth rate of Ti-25Al-25Nb. 

crack growth rate curve is very steep at room temperature (Fig. 2). As temperature increases, 
the FCGR decreases until a min imum is reached at approximately 250 to 350"C depending 
on the test frequency. This min imum in FCGR at intermediate temperatures is consistent with 
the slightly higher AK~ at 550"C suggested by the da/dN-AKcrack growth data shown in Fig. 
2, although a direct correlation would not necessarily have to be true. Further increases in 
temperature result in increased growth rates as shown in Fig. 6. The initial decrease in FCGR 
from room temperature to 250 to 350"C is attributed to a gradual increase in the ductility and 
toughness of  the Ti-25A1-25Nb with temperature or to the elimination of  a moist environment 
at the crack tip or both (see discussion in the following paragraph). Further increase in tem- 
perature from 250 to 350"C results in an increase in growth rate that can be attributed to a 
gradual decrease in material strength with temperature, coupled with an increase in environ- 
mentally-assisted crack growth. Because closure load levels were very low and did not change 
significantly with increasing temperature, the effect of  crack closure on the trends in crack 
growth rate as a function of  temperature remains undetermined. Similar crack growth behav- 
ior with temperature has been reported for Ti-24A1-l 1Nb [13]. 

Effect of Frequency 

Figure 6 shows that at 150 and 250~ there is essentially no effect of  frequency from 0.01 
to 1.0 Hz on growth rates obtained in laboratory air. However, at room temperature there does 
appear to be a frequency effect, that is, higher FCGR at lower frequency. This finding is con- 
sistent with that of  Aswath and Suresh who reported that for Ti-24AI- 1 INb, a decrease in fre- 
quency from 20.0 to 1.0 Hz led to an order of magnitude increase in the FCGR at room tem- 
perature over the range of  ~XK values from 5 to 20 MPa x /m [12]. They hypothesize that the 
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acceleration in FCGR due to the reduction in test frequency could be attributed to a delete- 
rious environmental attack from a moist environment in the highly stressed region of the crack 
tip. It would then follow that at 150 and 250"C, the heating of  the test specimen may result in 
the evaporation of moisture from the crack tip, thus reducing the effect of  frequency. At tem- 
peratures greater than 250"C, growth rates tend to diverge, and this results in as much as a 
factor of  5 increase in growth rate at 0.01 Hz than at 1.0 Hz. Therefore, at temperatures greater 
than 250"C, crack growth per cycle increases with decreasing test frequency, suggesting a con- 
tribution from environmentally-assisted crack growth to the overall FCGR. At lower test fre- 
quencies, the crack tip is exposed for longer times under load to the degrading effects of  the 
environment. 

Figure 7 shows FCGR as a function of  frequency at 650 and 750~ The data clearly show 
that the crack growth per cycle increases as the frequency decreases over the range from 1.0 to 
0.001 Hz. As shown in Fig. 8, Weerasooriya defined three regions of  fatigue crack growth in 
nickel-base superalloys, that is, (a) at low frequencies, fully time-dependent crack growth; (b) 
at high frequencies, fully cycle-dependent crack growth; and (c) a region of  intermediate fre- 
quency exhibiting a mix of  both time- and cycle-dependent behavior [ 15]. If FCGR is plotted 
versus frequency as shown schematically in Fig. 8, the corresponding slopes would range from 
- 1 to 0 on a log-log plot. When the data for Ti-25A1-25Nb, as shown in Fig. 7, are approxi- 
mated by a straight line, the slope of  the least squares regression is - 0 . 3 4  indicating that the 
fatigue crack growth is in the region of  mixed time- and cycle-dependent behavior. For Ti- 
25AI-25Nb at a frequency of  1.0 Hz, Fig. 7 shows that the FCGR is not yet fully cycle depen- 
dent. One would expect as test frequency is increased, the FCGR would eventually reach a 
constant value indicating fully cycle-dependent crack growth. Under the conditions used in 
this study, fully cycle-dependent crack growth occurs at frequencies greater than 1.0 Hz. Con- 
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FIG. 7--Effect of cyclic frequency on the fatigue crack growth rate of Ti-25Al-25Nb. 
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FIG. 8--Schematic showing three regions of fatigue crack growth as a function offrequency. 

versely, at frequencies as low as 0.00 l Hz, the data show that the fatigue crack growth had not 
yet reached a fully t ime-dependent condition. It is clear that over the frequency range of 0.001 
to 1.0 Hz, Ti-25A1-25Nb exhibits a mixed mechanism of  both time-dependent and cycle- 
dependent  crack growth at 650 and 750~ Note that a data point at 0.001 Hz and 750~ is 
not included in the plot of  Fig. 7. Crack growth at these conditions was arrested due to creep 
deformation at the crack tip and subsequent crack-tip blunting. However, at frequencies 
higher than 0.001 Hz at 750~ stable crack growth was achievable due to cyclic resharpening 
of  the crack tip. Note also that additional tests are needed at the lower frequencies at 650"C to 
reduce the apparent scatter in the data at these test conditions. 

Fractographic analyses of  the fracture surfaces at 650 and 750~ showed remarkably similar 
features at all the frequencies examined and revealed no significant changes in fracture mech- 
anisms as a function of  frequency. As shown in Fig. 4, fracture at elevated temperatures occurs 
by transgranular cleavage. The fracture surface exhibits little evidence of ductility. As a result, 
there are no clear effects of  frequency on the fracture mechanisms over the range of frequencies 
examined in this study. 

Effect o f  Em,ironment 

As shown in Fig. 6, vacuum test results for Ti-25A1-25Nb show a trend in growth rate with 
temperature similar to that obtained in laboratory air, but at significantly lower growth rates 
over the entire temperature range 25 to 750"C. Testing in a vacuum environment apparently 
reduces the contribution of  environmentally assisted crack growth to the overall FCGR. One 
might have expected that as temperature decreases, the data for FCGR in laboratory air and 
vacuum would converge at the lower temperatures approaching room temperature. While 
environmental  contributions to crack growth can occur at room temperature, greater differ- 
ences would be expected at elevated temperatures where interactions occur at greater rates. 
However, Fig. 6 clearly shows that the data do not converge at the lower temperatures. Similar 
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results have been observed in Ti-24A1-11Nb tested in vacuum and under controlled humidity 
conditions [ 13]. FCGR at room temperature under these conditions increases with increasing 
humidi ty levels and is an order of  magnitude higher in laboratory air with 55% relative humid- 
ity than in a vacuum environment.  The lower FCGR at room temperature in a vacuum envi- 
ronment  suggests that the Ti-25AI-25Nb alloy is also sensitive to the moisture content of  the 
environment.  This is consistent with the frequency effect on FCGR at room temperature in 
laboratory air as shown in Fig. 6 and discussed earlier. This is most probably a result of hydro- 
gen interaction with the material in a moist environment at the highly stressed region of the 
crack tip under fatigue loading. 

Figure 7 shows FCGR of Ti-25AI-25Nb as a function of  frequency in laboratory air and a 
vacuum environment at 650*C. The growth rates obtained in vacuum at 0.1 and 1.0 Hz are 
significantly lower than corresponding rates obtained in laboratory air. However, the depen- 
dence of  FCGR on test frequency is still present in the vacuum environment. If the frequency 
dependence is a result of  a contribution from environmentally-assisted crack growth to the 
overall FCGR, then no frequency effect would be expected in vacuum testing where the del- 
eterious effect of the environment is presumably removed. As shown in Fig. 7, this is clearly 
not the case. The FCGR of  the Ti-25AI-25Nb alloy appears to be sensitive to environment 
even at the 1.3 X 10 -4 Pa vacuum level. At a vacuum of this level, either the partial pressure 
of  the aggressive species remains great enough to cause degradation at the crack tip, or there 
exists a strain rate effect on crack growth where at higher strain rates, that is, higher frequencies, 
the FCGR is lower (yield strength is higher). Further investigation of  these effects is needed. 

Figure 9 compares the fracture surfaces of  specimens tested at 650~ in laboratory air and 
vacuum. The fracture surface of the specimen tested in vacuum does not show the large, fiat 
regions of transgranular cleavage exhibited by fracture in laboratory air. The fracture surface 
in vacuum reveals a slightly higher degree of  ductility, and the scale of the fracture features is 
on the order of  the primary alpha-2 particle size and distribution in the microstructure. The 
fracture in vacuum does not occur in the large sheaths as demonstrated in laboratory air but 
appears to occur by a more ductile failure of  the O + B2 matrix around the primary alpha-2 
particles. Clearly, environment plays an important  role in the fracture by transgranular cleav- 
age in laboratory air. 

Effect of Hold Time at Elevated Temperatures 

Figure 10 shows the influence of superimposed hold times at maximum load on the cyclic 
crack growth rate ( 1.0 Hz) at 650 and 750"C. Growth rate is plotted as a function of total cycle 
time, that is, the 1.0 Hz cycle ( 1 s) plus the hold time at maximum load. Therefore, the data 
plotted at a total cycle t ime of  1 s are the results with no applied hold time. At 650~ hold 
times ranging from 1 to 1000 s are shown to first decrease and then increase the growth rate 
per cycle with increasing hold times. At small hold times, crack-tip blunting occurs, and the 
growth rate per cycle decreases. At larger hold times, crack-tip blunting still occurs. However, 
the crack tip is now held open to the environment for a longer time that degrades the material 
ahead of  the crack tip resulting in higher growth rates upon subsequent cycling (a resharpening 
of  the crack tip). No sustained-load creep crack growth during the hold times was observed. 
The increase in FCGR as a result of  the larger hold times is greater in the Ti-25AI-25Nb alloy 
than that reported for Ti-24AI-1 I Nb at the same test conditions [13]. The smaller increase in 
FCGR of  Ti-24AI-I INb is due to its poorer creep resistance resulting in greater crack-tip 
blunting during hold times at elevated temperature. In addition, Nicholas and Mall showed a 
decrease in growth rate in Ti-24A1-11Nb by a factor of  3 when a 48-s hold time is superimposed 
on a 0.0 l Hz cycle and attribute the effect to creep blunting at the crack tip [16]. 

At 750~ the same trend of a decrease and then an increase in FCGR of  Ti-25AI-25Nb with 
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FIG. 9--Fracture surface of specimens tested at 650~ in (a) laboratory air and (b) vacuum. 
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FIG. lO--Effect of hold time on the fatigue crack growth rate of Ti-25Al-25 Nb. 

increasing hold times was observed. Experiments by Mall et al. on Ti-24AI-I INb involving 
the addition of hold times to a 0.1 Hz, R = 0.3, cycle showed similar trends at 750"C [17]. In 
these tests, the addition of 30- and 120-s hold times resulted in a doubling of the cyclic growth 
rate while hold times of 300 and 600 s tripled the rate. However, an analysis of those data 
showed that the increase in growth rate in Ti-24AI-11Nb due to the addition of a hold time 
was less than predicted from a linear summation model based on cyclic- and sustained-load 
data. Therefore, at both 650 and 750~ it appears that the growth rate under fatigue cycles 
with superimposed hold times results from a combination of competing phenomena involving 
both environmental and creep effects. Blunting of the crack tip due to creep during the hold 
at maximum load results in a decrease in subsequent crack growth rates, while environmental 
degradation ahead of the crack tip during the hold time accelerates the crack growth during 
subsequent fatigue cycling. No sustained-load creep crack growth data for Ti-25AI-25Nb has 
been generated. Therefore, a prediction of the FCGR under fatigue cycles with superimposed 
hold times resulting from a linear summation model (based on cyclic- and sustained-load data) 
cannot be made at this time. However, Ti-25AI-25Nb appears to behave in an analogous man- 
ner to Ti-24A1-11Nb [ 13]. 

Summary  and Concluding Remarks 

The results of this study show that environment plays an important role in the fatigue crack 
growth of the orthorhombic + B2 titanium aluminide Ti-25AI-25Nb. The data support the 
notion that laboratory air (oxygen, nitrogen, and hydrogen in moist air) degrades the material 
in the highly stressed region ahead of propagating fatigue crack resulting in greater crack 
advance per cycle. The contribution from environmentally-assisted crack growth to the overall 
fatigue crack growth is significant in the titanium aluminide materials and can result in much 
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higher fatigue crack growth rates. At elevated temperatures, crack growth behavior appears to 
be a complex interaction of  environmental  degradation at the crack tip, crack-tip blunting due 
to creep that simultaneously tends to retard the growth rate, and cyclic fatigue (resharpening 
of  the crack tip). Specific findings in this study include: 

(a) The fatigue crack growth rate of  Ti-2"5A1-25Nb exhibits a combination of cyclic- and 
t ime-dependent behavior. 

(b) The fatigue crack growth rates of  Ti-25AI-25Nb determined at a constant Km~ of 11.1 
MPa x /m as a function of  temperature show a minimum in growth rate at approxi- 
mately 250 to 3500C. 

(c) A frequency effect on FCGR is observed at temperatures greater than approximately 
250~ At 650 and 750~ crack growth per cycle is found to increase with decreasing 
frequency, suggesting a contribution from environmentally assisted crack growth. The 
effect of frequency at elevated temperature in a vacuum environment is similar to that 
observed in laboratory air, but the growth rates are lower than those obtained in labo- 
ratory air. In addition, there appears to be a frequency effect on FCGR at room tem- 
perature. Vacuum testing shows growth rates to be sensitive to environment over the 
entire temperature range from room temperature to 750~ 

(d) Hold times of  increasing duration are found to decrease and then increase the cyclic 
crack growth rate of Ti-25A1-25Nb. During small hold times, crack-tip blunting occurs, 
and the subsequent growth rate per cycle decreases. During large hold times, the crack 
tip is held open to the environment for a longer period. This appears to degrade the 
material ahead of the crack tip, resulting in higher growth rates upon subsequent cycling 
(a resharpening of the crack tip). 

(e) For the microstructural conditions examined in this study, the fatigue crack growth rate 
of Ti-25A1-25Nb is slightly higher than that of Ti-24A1-11Nb at room temperature but 
slightly lower than that ofTi-24Al-11Nb at 6500C. The fatigue crack growth rate of Ti- 
25A1-25 Nb is significantly higher than that of the conventional high-temperature tita- 
nium alloy, Ti-1100, at both room temperature and 6500C. 
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ABSTRACT: An investigation to determine the causes of increased variability in fatigue crack 
growth (FCG) rate measurement in aerospace aluminum forgings compared to that observed in 
aluminum flat rolled plate was conducted. Fatigue cracks were grown at constant applied AK, 
consistent with ASTM Test Method for Measurements of Fatigue Crack Growth Rates (E 647- 
88a), through regions of rapidly changing grain-flow direction within thin 7075-T73 precision 
forgings and large closed-die 7050-T74 forgings. The local grain flow in each specimen was cor- 
related subsequently with measured crack growth rates so that the contribution of grain-flow 
variability to the scatter in measured crack growth rates could be determined. These results were 
found to be comparable to FCG results from 7075-T7351 and 7050-T7451 plate, once residual 
stress biases were removed by means of closure measurement. Hence, it is concluded that the 
effects of microstructural features such as grain flow on FCG rate are minimal, and the inherent 
FCG resistances of aerospace aluminum forgings and plate are comparable. Consequently, the 
analytical fracture mechanics framework applicable to damage tolerance verification of plate 
product should extend equally to forging product forms. However, the results indicate that fail- 
ure to account for residual stress effects in interpretation of forging test results can lead to erro- 
neous conclusions about the material performance. 

KEY WORDS: fatigue crack growth, forgings, flat-rolled plate, residual stress, grain flow, dam- 
age tolerance, fracture mechanics, fatigue (materials) 

Qualification of  damage-tolerant  critical airframe components  requires crack growth anal- 
ysis. The fracture mechanics tools employed for this purpose have been developed largely for 
plate, while experience in forgings is more limited. Since plate prototype parts involve shorter 
lead t ime and  are more  cost efficient to initiate than forging prototype parts, initial componen t  
testing and  damage-tolerant  qualification are usually done on parts machined from plate. In 
certain cases, it may be attractive to consider a forging as an  alternative to a part machined 
from plate, provided that the cost an d  t ime required for the forging qualification be relieved 
with the help of  analytical tools largely proven on plate. 

One  barrier to the qualification of  forged parts using plate testing is that data in the literature 
indicates that variability in fatigue crack growth (FCG) measurements  of  thick a l u m i n u m  
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aerospace forgings is greater than that observed in thick aluminum plate [ 1-3]. This increased 
variability has been attributed to large thickness variations within a given forging, variations 
in process history, unrelieved residual stresses in forgings and the complex and variable nature 
of  the grain flow of  forged products. However, there have been no systematic studies that quan- 
tify the relative contributions of these factors to the observed variability. 

Three of  the four potential causes of  variability in FCG measurements just mentioned alter 
the intrinsic properties of  the material via changes in microstructure. The single exception is 
unrelieved residual stresses, whose magnitude and orientation within a forging are extrinsic to 
the material. Their presence in FCG test specimens results in a significant internal stress sys- 
tem that alters the local crack driving force (AK). 

Because of the difference in the intrinsic and extrinsic natures of the potential sources of  
scatter in aluminum forging FCG data, it is important to understand the relative contributions 
of  each factor to the scatter. This is particularly important for fracture critical airframe 
applications. 

The objectives of  this paper are threefold. First, it seeks to determine the contributions of 
grain flow and residual stress to excessive FCG rate variability often encountered in thick alu- 
minum aerospace forgings. Second, it seeks to comment on problems associated with FCG 
rate measurement in forgings and to suggest methods to generate valid data representative of 
the material. Lastly, it will briefly comment on the applicability of  using plate data for damage 
tolerance qualification of  forged parts. 

Background 

One can imagine several scenarios by which variable grain flow might introduce scatter into 
FCG measurement. Among these scenarios would be the grain flow changing direction within 
a single FCG specimen. Another example might involve removing FCG specimens from the 
same location within several nominally identical forgings, which in reality do not have iden- 
tical grain-flow patterns. In both cases, the scatter results from assuming an incorrect specimen 
orientation with respect to the grain flow. A change in grain-flow orientation in a forging is 
nominally equivalent to changing the fracture specimen orientation in plate. It has been doc- 
umented that fracture toughness and fatigue crack growth rates differ with specimen orienta- 
tion (that is, L-T versus S-L) in plate products [4]. Thus, an estimate of the scatter introduced 
by uncertainty in grain-flow orientation can be obtained from plate specimens tested in a vari- 
ety of orientations. 

The effects of  residual stresses on experimental FCG rate measurement and analytical life 
prediction for welded structures are well known [5]. However, it is not as widely appreciated 
that residual stresses due to nonuniform cooling during rapid quenching of thick aerospace 
forgings may also play a significant role in the FCG behavior of parts fabricated from forgings. 
Mechanical stress relief by stretching as done for fiat rolled plate is not practical for forgings. 
Hand forgings are stress relieved by compression, which is less effective than stretching, and 
die forgings generally can not be effectively stress relieved due to their complex shapes. Con- 
sequently, forgings possess internal residual stress variations that often exceed those of plate. 

Bucci has discussed the distribution of residual stresses produced during quenching and the 
effects that these residual stresses have on FCG measurements [6]. A short summary of  his 
findings follows. Because the last portion of a part to cool is generally left in residual tension, 
it follows that the outer surfaces of quenched aluminum products are left in residual com- 
pression while the interiors are in residual tension. In nonstress-relieved product forms, the 
residual stresses can create problems during testing. Residual stress patterns in isolated cou- 
pons may show little resemblance to those of the original parent metal. Through-thickness 
residual stress variations in specimens can cause excessive crack front curvature rendering the 
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test invalid. Residual stresses parallel to the crack plane in compact tension (CT) specimens 
create clamping or opening moments about the crack starter notch that can retard or accel- 
erate crack growth respectively depending on the position of  the specimen within the original 
piece. During testing, the residual stresses are relieved as the crack grows and their effects on 
the FCG measurements are reduced as the test progresses. Therefore, crack growth rates mea- 
sured at short crack lengths and low applied loadings are most adversely affected. The presence 
of  these in-plane residual stresses can be detected by measuring relative displacement across 
the crack starter notch before and after machining of the notch. Yet another indication of a 
residual stress bias is a combination of  falling closure loads as the test progresses and excessive 
scatter in duplicate specimens. Finally, the residual stress bias can be removed by measuring 
crack closure and plotting crack growth rate as a function of  effective AK. 

In addition to the question of  the relative significance that each factor contributes to vari- 
ability in forging FCG measurements, there is the question of  how to properly characterize 
forging FCG behavior, given the complications mentioned earlier. Experimental measure- 
ment of  FCG behavior in stress-relieved plate, using ASTM Test Method for Measurements 
of  Fatigue Crack Growth Rates (E 647-88a), is relatively straightforward due to well-defined 
grain flow and relief of  residual stresses during the stretching operation. However, while the 
test method used to measure FCG performance of  material from forged products is identical 
to that employed for plate, sufficient care must be given to specimen placement and design to 
avoid generation of  spurious results. The effects o f  complex grain flow may be circumvented 
by removing test coupons from areas with well-behaved grain flow. Through-thickness resid- 
ual stresses can be minimized by selecting the thickness-to-width ratio of the specimen to be 
small. Effects of  in plane residual stresses acting parallel to the crack growth direction can be 
minimized by selection of a symmetrical specimen configuration such as the M(T). In some 
cases where the region of  interest does not allow the utilization of  one or more of the preceding 
precautionary measures, it is prudent to check for the effects of  grain flow and residual stresses 
to verify that the data accurately characterize the material FCG performance. 

The following investigation documents the relative effects of grain flow direction and resid- 
ual stresses on experimentally measured FCG rates using CT specimens excised from 7075- 
T73 thin precision forgings and 7050-T74XX hand and die forgings. These results are then 
compared to FCG results from stress-relieved 7075-T7351 and 7050-T7451 plate to determine 
whether the observed differences in FCG results are due to intrinsic material variability, extrin- 
sic residual stress effects, or a mixture of both. 

Testing Approach 

Thin 7075-T73 Precision Forgings 

The thin 7075-T73 precision forging used for this study is illustrated in Fig. 1. Quenching 
residual stresses in this part were expected to be minimal, providing an opportunity to measure 
FCG rates in a situation where the influence of  residual stress in a forging was minor. The area 
immediately adjacent to and beneath the ribs of  the forging provides a small region of  rapid 
grain-flow direction change that was utilized to quantify effects of  grain flow direction on FCG 
rates. This is illustrated schematically in Fig. 2, which shows the specimen locations with 
respect to the ribs and the principal grain-flow direction in the starting stock. All specimens 
were full-thickness CT specimens. The T-L and L-T specimens were taken from open web 
areas that contained well-defined and constant grain-flow direction. The S-L and S-T orien- 
tations were approximated by removing specimens from beneath the ribs. Mixed grain-flow- 
direction specimens spanned the ribs. Cracks were grown normal to the ribs such that the crack 
grew initially in either an L-T or T-L orientation, propagated through a region of  rapidly 
changing grain flow and then back through the original orientation. 
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FIG. 1 --7075-T73 precision dieJbrging. 
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FIG. 2 - -  70 75- T73 thin precision forging test specimen layout. 
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Residual stress screening was performed by measuring the relative displacements between 
reference scribe marks about the crack starter notch before and after machining. 

Constant AK fatigue crack growth tests were performed in accordance with ASTM E 647- 
88a at stress intensity ranges of  6.6, 11.0, and 19.8 MPa ~/-m. After testing, fractographic 
examination of  the fracture surfaces and macroetching of the specimens to reveal the grain- 
flow directions were performed. The grain-flow changes were then compared to the crack 
growth rate results to determine whether any systematic change in growth rates coincided with 
changes in grain-flow direction. 

More traditional, constant-load-amplitude FCG tests were performed using CT specimens 
from the precision forging and 7075-T7351 plate in the L-T orientation to provide full-range 
da/dn versus ,XK curves for the two product forms. 

7050-T74 Closed-Die Forgings 

The thick 7050-T74 closed-die forging evaluated was chosen because it contained areas of  
rapidly varying grain-flow direction and was expected to contain quenching residual stresses 
great enough to alter crack growth rates determined by coupon tests. Several nominally S-T 
orientation CT specimens were removed from regions of constant and rapidly changing grain 
flow and from areas of  different thickness within the forging. Examples of specimen location 
shown against the grain-flow backdrop are illustrated in Fig. 3. Screening for residual stresses 
was performed in the same manner as for the specimens from the thin precision forging. These 
specimens were tested at constant AK ranges of  6.6, 11.0, and 19.8 MPa V ~ .  Other specimens 
from the L-T, T-L, S-L, and L-S orientations were tested at a constant AK range of I 1.0 MPa 
k/-m, only, for comparison to the S-T results. After testing, the specimens were macroetched 
to verify the expected grain-flow patterns. 

Constant-load-amplitude FCG tests were performed using CT and M(T) specimens in the 
L-T orientation from a thick section of  a 7050-T74 closed-die forging. Macroetching con- 
firmed the well-behaved nature of  the grain flow in the region from which the specimens were 
taken. This data was compared to FCG data of thick 7050-T7452 hand forgings and several 
thicknesses of  7050-T7451 plate. 

All FCG tests were performed in air with a relative humidity of  95% and at a stress ratio of 
+ ~. Crack closure measurements were made during all tests on forgings. The crack opening 
stress intensity was determined by compliance using a variable offset technique. 

Results 

Thin Precision Forgings 

Constant AK Testing--Crack growth rate versus crack length results from T-L specimens 
at three levels of  AK are presented in Fig. 4. These specimens were from an open web area of 
the forging and hence the grain flow was well controlled. Variation of  the crack growth rates 
within any one test is on the order of  + 15%, indicating that the tests were well controlled. The 
lack of significant residual stresses in the specimens is indicated by the horizontal slopes of  the 
curves. Consequently, the behavior is expected to be comparable to that of 7075-T7351 plate. 

The results from a T-L, T-S, T-L specimen (see Fig. 2) cycled at a AK range of 6.6 MPa 
V ~  are presented in Fig. 5. This figure consists of  three parts, which are from top to bottom: 
(1) a macroetching of  the test specimen showing the grain flow, (2) a low magnification pho- 
tograph of the specimen fracture surface, and (3) the crack growth rate plotted versus crack 
length. A vertical line drawn at any point in the figure will intersect the macroetching, fracture 
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FIG. 3--Example offatigue crack growth ~specimen placement on 7050-T74 closed-die forgings. 

surface, and plot at the same crack length, such that the crack growth rate at any point can be 
related directly to the corresponding fracture surface features and grain-flow direction. The 
vertical dashed line denotes the center of  the flange. The grain-flow direction is changing most 
rapidly on either side of this line. However, the crack growth rate curve remains horizontal 
despite crack growth through changing grain flow. The same general results can also be 
observed at 2xK values of  11 and 19.8 MPa " ~  in Figs. 6 and 7. 

The results for all six fracture specimen orientations are shown in Figs. 8 and 9, at AKranges 
of  6.6 and 11 MPa ~ using an expanded crack growth rate scale. The center of all traversed 
flanges are indicated to show the insensitivity of crack growth rate to changes in grain flow. 
The fatigue crack growth rates are comparable for all six orientations, and the horizontal 
curves again indicate the absence of  residual stress bias in the data. 

Despite the lack of  any difference in crack growth rates at identical driving forces (AK range) 
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FIG. 4 7075-T73 thin precision forging crack growth rate versus crack length constant AK test ,'R = 
0.33, f = 25 Hz, high humidity air). 

TABLE 1 7075-T73 precision forging effect o f  test orientation on crack propagation path. 

Test Orientation AK, MPa ~ Crack Angle, f~~ 

T-L 6.6 0.0 
T-L 11.0 0.0 
T-L 19.8 10.0 a 

S-L 6.6 0.0 
S-L 11.0 5.0 
S-L 19.8 3.0 

T-L, T-S, T-L 6.6 1.0 
T-L, T-S, T-L 11.0 3.0 
T-L, T-S, T-L 19.8 3.0 

L-T 6.6 1.0 
L-T 11.0 12.0 b 
L-T 19.8 9.0 a 

S-T 6.6 20.0 b 
S-T 11.0 16.0 b 
S-T 19.8 3.0 

L-T, L-S, L-T 6.6 7.0 a 
L-T, L-S, L-T 11.0 10.0 a 
L-T, L-S, L-T 19.8 14.0 b 

�9 
/ 

/ f l  

(3 

5* to 10 ~ out-of-plane cracking. 
b Greater than 10" out-of-plane cracking. 
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FIG. 5--Correspondence of fatigue crack growth rate to grain flow and fracture surface in a 7075-T73 
precision die forging (AK = 6.6 MPa "v~--m). 

among crack orientations, there was a propensity for cracks propagating in the L direction to 
remain in the plane of the starting notch and for cracks growing in the T direction to veer out 
of the notch plane. Supporting data for this observation is presented in Table 1, in which the 
specimen orientation and the angle that the crack made with the starting notch are tabulated. 
The second letter of the specimen orientation indicates the intended crack growth direction. 
The crack remained inside the + 5 ~ envelope, specified in ASTM E 647-88a, in eight of nine 
tests in which the crack growth direction was longitudinal. Whereas in seven of nine specimens 
in which the crack growth direction was transverse, the crack deviated from the envelope. 

This observation is not unique to forgings, but can also be observed in plate. Figure 10 illus- 
trates tested 7050-T7451 CT FCG specimens taken from plate. The specimen orientations are 
S-L plus 0, 10, 20, and 30*. The test parameters include a constant AKof 3.3 MPa k/~, a stress 
ratio of 0.7, and an environment of air at a relative humidity of 95%. In all four cases, the crack 
growth direction is within 4* of the longitudinal direction. 
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FIG. 6--Correspondence of fatigue crack growth rate to grain flow and fracture surface in a 7075-T73 
precision die forging (LxK = 11.0 MPa V m). 
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FIG. 7--Correspondence of fatigue crack growth rate to grain flow and fracture surface in a 7075-T73 
precision die forging (LxK = 19.6 MPa Vm). 
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FIG. 8--7075-T73 thin precision forging, crack growth rate versus crack length, constant 2xK = 6.6 
MPa ~ (R = 0.33, f = 25 Hz, high humidity air). 

Constant-Load-Amplitude- Testing--A comparison of constant-load-amplitude test results 
from 7075-T7351 plate and a thin 7075-T73 precision forging in the L-T orientation is shown 
in Fig. 11. The plate and thin precision forging show comparable FCG rate response. 

Large 7050-T74 Closed-Die Forgings 

Constant-Load-Amplitude Testing--Constant-load-amplitude FCG results for various 
thicknesses of 7050-T7451 stress-relieved plate in the L-T orientation are shown in Fig. 12. 
This plot represents four lots of material and seven tests on material from 25.4 mm to 152.4 
mm thick. The plate data are well behaved and reproducible with the greatest amount of scat- 
ter lying in the threshold regime below 4 MPa ~/m. For comparison, Fig. 13 illustrates the 
FCG behavior of material from a 115-mm-thick rib section of a 7050-T74 closed-die forging 
plotted against a backdrop of the scatter bands for 7050-T7451 plate and 7050-T7452 152.4 
and 190.5-ram-thick hand forgings. Residual stress screening indicated that residual stresses 
parallel to the fracture plane in the die forging specimens were negligible. Hence, the resulting 
FCG is well-behaved and reproducible. In contrast, while the FCG measurements of the hand 
forgings are comparable to those of the plate and die forgings at higher 2xK values, scatter below 
AK values of about 5 MPa V ~  increases. 

Similar behavior can be observed in Fig. 14 that compares FCG results in the S-L orienta- 
tion of multiple lots of thick 7050-T7451 plate and a single 7050-T7452 hand forging. The 
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FIG. 9-- 70 75- T73 thin precision forging, crack growth rate versus crack length, constant AK = 11 MPa 
(R = 0.33, f = 25 Hz, high humidity air). 

scatter at low values of/XK in the hand forging data is much greater than that of the plate data, 
while at larger values of AK the results from both product forms are essentially identical. How- 
ever, when the data sets of Fig. 14 are corrected for closure and replotted against effective AK 
rather than applied AK in Fig. 15, the differences disappear. The wide scatter band of the hand 
forging data collapses into a narrow scatter band that is indistinguishable from that of the plate 
results. Thus implying that after closure correction to remove residual stress bias, the intrinsic 
FCG responses of forgings and plate are revealed to be the same. 

Cons tant  A K  T e s t - - E x p e r i m e n t a l l y  measured crack growth rates are plotted in Fig. 16 
against crack length for seven nominally S-T orientation CT specimens taken from two thick 
7050-T74 closed-die aerospace forgings and tested at a constant/XK of 6.6 MPa ~/~. Due to 
the increased thickness of these forgings compared to the 7075-T73 precision forgings, it would 
be expected that the magnitude of the quenching residual stresses would be greater in the thick 
die forgings. This assumption is supported by the increase in crack growth rates with increasing 
crack length and by the relative crack mouth displacements that occur during notch prepa- 
ration, shown in Table 2. Both of these results suggest that residual stresses parallel to the frac- 
ture plane are producing clamping moments that in turn are biasing the coupon test results. 
The scatter in these data is similar to that observed in the hand forging FCG data in Figs. 13 
and 14. Likewise, as was the case for the hand forgings, when the constant AK data of Fig. 16 
are corrected for closure (to remove residual stress bias) and plotted at an effective AK of 6.6 
MPa ~ in Fig. 17, the scatter is greatly reduced and the crack growth rate becomes inde- 
pendent of crack length. 
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FIG. l O--Effect of specimen orientation on crack propagation path of  7050-T7451 plate (constant A K 
= 3.3Mea "~/-m, R = 0.7). 

TABLE 2--7050-T74 die-forging relative displacement 
measurements for residual stress screening. 

Specimen ID AK, MPa ~ Notch Width Difference, mm 

2554ST1 6.6 
2554ST2 11.0 

2555ST1 6.6 
2555ST2 11.0 

2536ST1 6.6 
2536ST2 11.0 

2537ST1 6.6 
2537ST2 11.0 

7631 ST 1 6.6 
7631 ST2 11.0 

7632ST1 6.6 
7632ST2 11.0 

7633ST1 6.6 
7633ST2 11.0 

Loo=ioos,ord p, . . . . . .  t 
measurements in CT FCG 

_Li specimens O 

0.065 
0.040 

0.050 
0.000 

0.040 
0.040 

0.040 
0.040 

0.050 
0.050 

0.065 
0.040 

0.025 
0.025 
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FIG. 1 l--Constant-load-amplitude fatigue crack propagation data for 7075- T7351 plate and 7075- T73 
precision forging: L-T  orientation, R-ratio = + 0.33, high humidity (RH > 90%) air. 

At a larger constant AK of  1 1.0 MPa V ~ ,  the experimentally measured crack growth rate 
of  seven nominally S-T specimens are tightly grouped and independent of  crack length. This 
is shown in Fig. 18. The crack length independence of the FCG rates implies that in-plane 
residual stresses have little effect on these measurements. This is consistent with the previous 
results that showed that the scatter in measured FCG rates diminishes with increasing mag- 
nitudes of AK. 

The data of Fig. 19 reveal that crack growth rates at constant AKof  1 1.0 MPa ~ are also 
insensitive to grain-flow orientation as well. The FCG results from five of  the six possible grain- 
flow orientations are plotted as a function of  crack length. All the data fall into a narrow band, 
thus indicating no major impact of  grain-flow orientation on FCG behavior at intermediate 
levels of  AK. 

Discussion 

The initial assertion that the complex grain flow of  die forgings may contribute significantly 
to the greater amount of  scatter sometimes observed in the FCG data of  die forgings is not 
supported by the results of  this study. In both 7075-T73 and 7050-T74 forgings, changes in 
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FIG. 12--Constant-load-amplitude fatigue crack propagation data for various thicknesses of  7050- 
T7451 plate: L-T orientation, R-ratio = + 0.33, high humidity (RH > 90%) air. 

crack growth rate as the crack grows through changing grain-flow direction are typical of the 
variability observed in materials with simple well-behaved grain flow. Therefore, over the/XK 
and growth rate ranges studied in this report (predominantly Region II), the grain flow has, at 
most, only a minor influence on FCG behavior. 

The assertion that the scatter in experimentally measured FCG rates of thick aluminum die 
forgings is an extrinsic effect caused by unrelieved residual stresses is supported by this study. 
In the absence of significant quenching residual stresses, measured FCG rates of thin (2 to 3 
mm) 7075-T73 precision forgings are comparable to those rates obtained from stress-relieved 
7075-T7351 plate. 

The FCG measurements for 7050-T7452 and T74 hand and die forgings in Figs. 13, 14, and 
16 showed all the signs associated with residual stress bias discussed earlier. Scatter in Figs. 13 
and 14 is greatest at short crack lengths and low stress intensities, where residual stress bias is 
accentuated. Similarly, in the constant AKtests of Fig. 16, the crack growth rates increase with 
crack length as the residual stresses (clamping forces) are relieved by crack extension. The 
group of two tests in Fig. 16 with the lowest crack growth rates came from the two specimens 
from the center of the thickest portions of the die forgings. Tensile residual stresses would be 
expected to be at a maximum at those locations. Hence, it is reasonable that these specimens 
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FIG. 13--Constant K-gradient fatigue crack propagation data for thick 7050-T74XX closed-die forg- 
ings, hand forgings, and plate: L- T orientation, R-ratio = +0.33, high humidio' (RH > 90%)air. 

should also have the maximum clamping bending moments tending to retard crack growth. 
This hypothesis is supported by the data in Table 2 where it is shown that these two specimens 
also had the largest relative displacements when machining the crack starter notch. Further- 
more, when the residual stress bias is removed by means of  closure measurement and the crack 
growth rates are plotted versus &K effective in Figs. 15 and 17, the observed scatter is reduced 
to the level expected in FCG measurements for stress-relieved plate. Once the residual stress 
bias is removed, the intrinsic crack growth response of  the forgings and the plate, as plotted in 
terms of  :XK effective in Fig. 15, is the same. 

It should be emphasized that all the tests performed in this study are valid according to 
ASTM E 647-88a with the exception that some of  the cracks veered out of  the + 5* envelope 
about the plane of  the crack starter notch. However, there is no correlation between the scatter 
and out-of-plane cracks. Despite the apparent validity of  the tests, the specimens containing 
excessive residual stresses may not be representative of the material behavior for the following 
reasons. First, the act of excising the specimen from the forging alters the residual stress state 
in the specimen material. Hence, the residual stresses in the specimen may not be represen- 
tative of  those in the parent metal or the final part. Second, the characterization of  FCG behav- 
ior utilizes low loads to propagate long cracks in CT specimens. Under these circumstances, 
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FIG. 14--Constant-load-amplitude fatigue crack propagation data for various thicknesses of 7050- 
T7451 plate and 7050-T7452 hand forgings: S-L orientation, R-ratio = +0.33, high humidity (RH > 
90%) air. 

relatively small residual stresses can have substantial effects on crack growth behavior. In an 
actual structure, the cracks are more likely to be smaller with respect to the component size 
and the applied loads are more likely to be higher. This concept can be also expressed in terms 
of  stress intensity as follows. It is more likely that the ratio of  residual stress-induced stress 
intensity to the stress intensity produced by remote loading (K~JKappfiea) is greater in the spec- 
imen than in a structural part. Therefore, the residual stresses may have less of an impact on 
FCG behavior in the structure than in the coupon. 

The results of this investigation show that the mean intrinsic FCG performance of  forged 
and flat-rolled plate products are comparable to one another. Residual stresses present in thick 
a luminum forgings produce increased variability in FCG coupon test data, which may not be 
representative of actual parent material or part performance and have the potential for pro- 
ducing a flawed FCG data base in the literature. In the absence of significant residual stresses, 
such as in the case of thin precision and thin die forgings, components  fabricated from any of 
the aforementioned product forms should exhibit comparable FCG behavior. Hence, in these 
situations qualification of forgings for damage-tolerant critical applications should be no dif- 
ferent than for parts machined from plate. When significant residual stresses are present, such 
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FIG. 15--Closure-corrected fatigue crack propagation data for various thicknesses of 7050- T7451 plate 
and 7050-T7452 hand forgings: S-L orientation, R-ratio = +0.33, high humidity (RH > 90%) air. 

as in the case of  thicker closed-die forgings, some method must be used to account for the 
residual stresses during component  qualification. Component  testing could be used to esti- 
mate the scatter that the residual stresses produce, or knowledge of  the behavior of  the com- 
ponent in conjunction with an estimate of  the residual stresses could be used to analytically 
assess the damage-tolerant capabilities of a thick forged component.  

Conclusions 

Based on the results of  this study the following conclusions are justified: 

1. Grain flow does not contribute significantly to the observed scatter in FCG data of 7075- 
T73XX or 7050-T74XX aluminum forged or plate products. 

2. When specimen residual stress effects are small, such as in the case of the thin forging 
examined in this study, the FCG rate behaviors of  7075-T73 precision forgings and 7075- 
T7351 plate are comparable. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



586 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

FIG. 16--7050-T74 closed-die forging crack growth rate versus crack length constant A K  = 6.6 MPa  
(S-T  orientation, R = 0.33, f = 25 Hz, high humidity air). 

3. Quenching residual stresses found in thick nonstress-relieved aluminum die and hand 
forgings are the primary cause of scatter observed in FCG data from those product forms. 
However, the mean intrinsic FCG response of thick 7050-T74 cl0sed-die forgings and 
thick 7050-T7451 plate is comparable. 

4. Forgings are amenable to fracture mechanics analysis, but reliable interpretation 
requires awareness of possible confounding residual stress influences. 

5. Crack closure concepts are useful for separating extrinsic testing effects from intrinsic 
material behavior. 
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FIG. 17--7050- T74 closed-die forgings crack growth rate versus crack length closure corrected constant 
AKeff= 6.6 MPa ~ (S-T orientation, R = 0.33, f = 23 Hz, high humidity aiO. 
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FIG. 18--7050-T74 closed-die forging, crack growth rate versus crack length constant LxK = 11 MPa 
V ~  (S-T orientation, R = 0.33, f = 25 Hz, high humidity air). 
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Fatigue Crack Growth Analysis of Structures 
Exposed to Fluids with Oscillating 
Temperature Distributions 
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Fluids with Oscillating Temperature Distributions," Fracture Mechanics: Tweno'-Third Sym- 
posium, ASTM STP 1189, Ravinder Chona, Ed., American Society for Testing and Materials, 
Philadelphia, 1993, pp. 590-597. 

ABSTRACT: This investigation considers amplitudes and frequencies of the oscillating temper- 
ature distribution as parameters for crack propagation studies. The alternating stresses produced 
by the temperature distribution are used to determine the ranges of stress intensity factors for a 
particular crack geometry using the principles of linear elastic fracture mechanics. The crack 
growth is then studied using a crack growth law for the material relating the crack growth per 
cycle to the number of cycles. 

The analysis predicts that the number of cycles required to drive a crack of a specified initial 
size is dependent on the frequency of temperature cycling. The model also predicts that as the 
frequency increases, larger amplitudes of temperature variation can be permitted for the same 
number of cycles to failure. A design curve relating the temperature amplitude with the number 
of cycles to failure (a specified crack length) is obtained for various frequencies of temperature 
oscillations. 

KEY Vr analysis, fatigue crack growth, oscillating temperature, thermal stresses, fracture 
mechanics, fatigue (materials) 

Thermal transients in metal structures exposed to fluid undergoing temperature oscillations 
are encountered in many fields. The oscillating temperature distribution produces alternating 
stresses in the structure leading to the possibility of fatigue damage. In Ref 1, the thermal 
response of the plates immersed in a fluid with oscillating temperature has been addressed. 
Oscillatory transients can take place in internal combustion engine cylinder walls, rotary 
regenerators, and pipelines in which two fluid streams at different temperatures are mixed. In 
the nuclear industry, such fluid temperatures are encountered. In pressurized water reactor 
steam generators, the mixing of cold inlet water with hotter water introduces oscillatory tem- 
perature distribution in the feedlines. This introduces alternating stress fields leading to the 
likelihood of propagation of surface cracks in the steam generator feedlines. In boiling water 
reactor pressure vessels, mixing of the cold inlet stream with hotter water in the vessel can 
cause oscillatory fluid temperatures at the walls adjacent to the nozzle. This leads to initiation 
and growth o f  surface fatigue cracks. 

The purpose of this investigation is to develop a model for the assessment of the amplitudes 
and frequencies of the oscillating temperature distribution on fatigue parameters for crack 
propagation. The temperature distribution in the metal exposed to the oscillating fluid tern- 
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perature is determined first. The alternating stresses produced by this temperature variation 
are used to determine the ranges of  stress intensity factor for a particular crack geometry using 
the principles of linear elastic fracture mechanics. The crack growth is then studied using a 
crack propagation law for the material relating the crack growth per cycle to the number of  
cycles. The number of  cycles required to extend a crack to a certain depth, as influenced by 
the temperature amplitude as well as the frequency of the temperature oscillations, can be 
determined readily by this procedure. 

Thermal Response Under Oscillating Fluid Temperatures 

Referring to Fig. 1, we assume the fluid temperature adjacent to the metal to vary harmon- 
ically, or 

m 
T~. = T + Ta cos wt (1) 

where 

T = mean temperature, 
To = amplitude, 

= frequency of  the temperature variation, and 
t = time. 

With the assumption of  an infinite heat transfer coefficient between the fluid and the adja- 
cent metal, the quasi-steady temperature distribution in a semi-infinite solid occupying the 
region, x >-- 0 (Fig. 1), is given by [2] 
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( T  - T ) / T ~  = e - ~  cos (w t  - 3 x )  (2) 

where 3 = ~k / '~k  and k = thermal diffusivity. 
Although the assumption of an infinite film coefficient may not be truly representative of  

all of  the actual conditions in service, the crack propagation characteristics will not be altered 
significantly. The finite heat transfer coefficient causes a delayed transient response as inves- 
tigated in Ref 1. The typical value of  heat transfer coefficient in a pressurized water reactor 
steam generator is about 30 kW/m2K. 

From Eq 2, the limiting values of  the temperature response can be written as 

I T -  -T l /Tam,x  = e -ax (3) 

The thermal response of  the metal adjacent to fluid is thus enveloped by an exponential decay 
function that gives us an upper bound on the thermal gradient. This temperature gradient will 
provide us an upper-bound estimate of stresses. 

Stress Intensity Factors 

As outlined in Ref 3, the stress intensity factor for a continuous semicircular surface crack 
in a semi-infinite body is given by 

 f0" K = 2 a ( x ) d x / V ~  - x 2 (4) 

where a is the crack depth (see Fig. 2) and a ( x )  is the applied nonuniform stress field. 
The stress at a point in the metal is given by 

a ( x )  = E a  A T ( x ) / ( I  - -  v) (5) 

where 

A T = T - - T ,  

E = elastic modulus, 
v = Poisson's ratio, and 
a --- coefficient of  thermal expansion. 

Substituting the maximum value of  AT = T -- T from Eq 3 into Eq 5 and observing from 
Fig. 1 that To = ~ T , , / 2 ,  where ATm is the maximum temperature range for thermal oscilla- 
tions, we obtain the maximum stress range as 

'..~o'(r = E a  A T m e  ex/2(1 -- v) (6) 

The stress distribution in Eq 6 is highly nonlinear. This is a very unique feature for oscillat- 
ing temperatures. The stress decays exponentially away from the surface. For high frequencies 
of  fluid temperature oscillations, characterized by high values of  3, this decay is very rapid. 

Substituting AT from Eq 6 into Eq 4, we obtain the maximum range of stress intensity factor 
a s  

~0 a A K  = "v/-~TrEo~ A T , , I ( I  - -  v) e -OX/~/a  2 - -  x 2 d x  (7) 
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FIG. 2--Continuous surface crack in semi-infinite body. 

As outlined'in the Appendix, Eq 7 may be approximated as 

.XK = Ecr AT.~/(L -- u)k/'-~ e - ~  (8) 

This expression for AK will be used for crack growth studies. This expression is based on a 
simplification of  the actual function in the integral to obtain the stress intensity factor range 
as shown in Fig. 3. 

Crack Growth 

The growth of  a crack per loading cycle is dependent on the range of  applied stress intensity 
factor, xK, by the following 

d a / d N  = Co AK"  (9) 

where d a / d N  represents the crack growth per cycle and Co and n are material parameters. We 
assume that the temperature excursions are small, thereby validating the use of  constant tem- 
perature material properties. We also neglect the creep and creep fatigue interactions that can 
occur in thermal cycling. We then have, when integrating Eq 9 
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F I G .  3--Comparison offunctions. 

N = [Co(AK)"] (10) 

where ai and alare the initial and final crack sizes, respectively, and Nis the number of cycles. 
Using the substitution, x = V ~  and AK from Eq 8, Eq l0 takes the following form 

N = 2ayCo(AKo)"](3a3 "a-* ~V~-;I (l 1) ,Jv'~, e~V x" - '  d x  

where 

a K o  = E .  ~ T , d ( 1  - . )  (12) 

Equation 11 gives the number of  cycles, N, required to extend a crack of a depth, a,, to a depth, 
a I. as a function of ATm and fl, which is related to the frequency of  the temperature cycling, ~. 

Numerical Results 

For the purpose of illustrating the effects of  frequency and temperature amplitude, we use 
typical initial and final flaw sizes. The typical values ofai  and alare taken as 2.5 mm and 2.8 
ram, respectively. 
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TABLE l--Material properties used in fatigue crack growth 
analyses. 

Property Value 

Young's modulus, GPA 
Density, kg/m 3 
Thermal conductivity, W/mK 
Specific heat capacity, J/kgK 
Coetficient of thermal expansion,/K 
Poisson's ratio 

186 
7750 
40.45 
564.3 
4.0 X 10 -5 
0.3 

595 

Three different frequencies of oscillating temperature distribution are considered, namely, 
1, 5, and 10 Hz. The integral in Eq 11 is evaluated numerically for different limits character- 
ized by fl, which is related to the frequency. 

Table 1 shows the various material properties used in fatigue crack growth analyses. The 
properties are for the SAI06 Grade B material at 560 K. 

Using these properties and noting that a, -- 2.5 mm, we obtain the following numerical 
relationship from Eq 12 

0.09635 ATm MPak/-m (13) 

where A Tm is the temperature amplitude in K. 
Using the crack growth law of the following form [4] 

da/dN = 0.92 • 10 -5 (ATm) TM mm/cycle (14) 

we have Co = 1.2 )< 10 -5 and n = 5.95. 
Using the numerical values in Eq 14 and the expression for K0 in Eq 13, as well as Eq 11, 

we have the number  of  cycles, N, required to propagate a crack from 2.5 mm to 2.8 mm, as 

7.053 • 10 t~ (1.8 ATm) -5'95 for f = 1 Hz 

N = 2.838 • t0 t2 (1.8 AT, n) -5"95 for f =  5 Hz 

2.338 • 10 ~3 (1.8 ATm) -59~ for f =  I0 Hz 

(15) 

Figure 4 shows the temperature amplitude, A Tm, as a function of  the number of  cycles for three 
different frequencies of  l, 5, and l0 Hz. These values have been obtained from Eq 15. 

Conclusions 

The number  of  cycles required to propagate a crack exposed to the fluids with oscillating 
temperatures is predicted to be strongly dependent on the frequency of  temperature cycling 
(Fig. 4). Whether a crack of  a particular geometry and under a particular loading condition 
will grow or not depends on the threshold value of  the reference stress intensity factor, '~Kth , 
that is, of  course, a function of  the R-ratio and crack size. As long as the stress intensity factor 
exceeds ~Kth (a material property), the procedure outlined in this work can be applied readily 
to crack growth studies in structures exposed to fluids with harmonically varying temper- 
atures. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



596 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

8 0 -  

60. 

4 0 -  

a o  

2O-" 

, ; , , , , , I  , i i i i i i i  I i iii11111 J 1 , , i , , ,  I ~ i i l l l l l [  I r I1111[~ [ I I 11 [ [1 [  [ I I1[1111 I I I I l l l l [  I I I I r l l l  I i i r l l l l l  I 

1 0  1 0  2 1 0  ~ 1 0  4 1 0  5 1 0  6 1 0  ~ 1 0  a 1 0  9 1 0 ' ~  1 0  " 
No. of Cycles, N 

FIG. 4--Temperature amplitude as a function of  number of  cycles. 

APPENDIX 

Evaluation of  the Integral to Determine the Stress Intensity Factor 

The integral f ~ ( e - ~ X / ~ a  2 - x 2) dx, f rom Eq 7 can be writ ten as 

~0 a e dx ~o a dx  = e -'x I s i n - '  x / a  18 + r e ,x sin -~ x / a  dx  (16) 

The  integral J~e b: sin-~ z dz, has been evaluated in R e f 5  and is given by 

fo t e -b: s i n - '  z dz  = lr/2b [Io(b) - Lo(b)] 

where Io(b) and Lo(b) are the modif ied Bessel and Struve functions of  zeroth order, respec- 
tively. 

Wi th  the substi tutions,  z = x / a  and  b = aS, Eq 16 gives us the required integral as 

e - -  B x  d 

~o a ~ X ---- r / 2 e  -Ba + r/2[Io(fla) -- Lotfla)l (17) 
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The numerical  values on  the r ight-hand side of  Eq 17 obtained from Ref6  are plotted in Fig. 
3. Also shown is the plot o f  a simplified expression, ~re- ~,aa. Because of the closeness of the two 
functions,  for all practical purposes 

f o  a e -ax  dx ~-- ~re -~'~ (18) 
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ABSTRACT: A new experimental approach developed by fatigue crack growth rates can be 
determined for multiple specimens tested in series. This involves a geometry such that the 
response to cyclic loading in each specimen is mutually independent. Relationships between the 
stress intensity factor, compliance, and crack length and between direct-current potential drop 
and crack length have been analytically evaluated for the proposed specimen geometry. An 
appropriate side-groove depth that avoided crack deviation from the intended plane of extension 
was determined experimentally, and an analytical expression that accounted for reduced thick- 
ness in the crack plane was verified. Calibration curves between crack length and compliance 
and between crack length and potential drop were experimentally verified as well, and the stress 
intensity-crack length characteristics for the specimen were confirmed by comparing da/dN-AKi 
curves with those for conventional C(T) specimens. A customized, five specimen frame was 
designed and fabricated in conjunction with a 98-kN MTS actuator and interfaced with a com- 
mercially available control system, the hardware and software of which were modified to accom- 
modate multiple-specimen control and data acquisition. The utility of the proposed specimen 
and test procedure is discussed within the context of threshold and near-threshold crack growth 
rate determinations where long test times are normally required for data development, particu- 
larly for low cyclic frequency applications such as nuclear and offshore. 

KEY WORDS: multiple-specimen testing, fatigue crack growth, stress intensity factor, compli- 
ance, tapered specimen, elastic analysis, finite element method, direct-current potential drop 
technique, side grooves, fracture mechanics, fatigue (materials) 

The mechanical response characteristics of the compact tension, C(T), specimen, one of the 
two types recommended by ASTM Test Method for Measurement of Fatigue Crack Growth 
Rates (E 647-88a) [1 ], have been investigated extensively during the past two decades through 
analytical, numerical, and experimental analyses. These studies focused on relating the stress 
intensity factor and the compliance to crack length [2-5], three-dimensional determination 
of the stress and displacement fields in the vicinity of the crack tip [6-9], crack closure effects 
[ 10,11 ], crack path stability criteria [12], and the influence of side grooves on crack growth 
character [6,7,9]. Different stress-strain laws were considered, such as purely elastic, elastic- 
perfectly plastic, strain-hardening, and time-dependent responses. In addition, within the 
framework of the direct current potential drop technique (DCPD), whereby the electrical 
potential drop across the crack plane in association with a constant current flow in the speci- 
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men is measured and related to crack length, relationships between crack length and potential 
drop for different-current input and potential lead locations have been published [13,14]. 
Based on the information obtained thus far, it is apparent that the C(T) specimen has evolved 
as one of  the most commonly employed tools for fatigue crack growth rate testing. This has en- 
abled the da/dN properties of  numerous metallic materials to be characterized in the power- 
law regime (Region 2). However, data are more limited in Region 1 (near-threshold); and 
crack growth mechanisms are less understood, particularly in corrosive environments at low 
frequency. As an example, in a corrosive environment, the influence of frequency in the near- 
threshold regime remains controversial, whereas it is well established in Region 2 [15]. This is 
not only due to the complexity of crack growth processes but also to the time consumed by 
any corrosion fatigue experiment performed at low frequency. For example, at a crack growth 
rate of 10 -7 mm/cycle and a cycling frequency of 0. l Hz, more than three years is required for 
a crack to extend l mm; and this provides only four da/dN-AK~ data points according to the 
minimum crack extension analysis criterion [ 1 ]. 

For this reason a new experimental technique has been developed that involves concurrent 
fatigue crack-growth-rate testing of multiple specimens in series using a single actuator and 
frame. This approach is particularly appropriate for low-frequency, near-threshold situations, 
where determination of  a single da/dN-AK~ curve might otherwise require a minimum of sev- 
eral months. The use of  multiple C(T) specimens for accomplishing this is inappropriate, since 
the stress intensity factor range increases with increasing crack length (constant load amplitude 
or range); this dictates load shedding according to the specimen for which crack propagation 
is most rapid. The stress intensity factor range for the remaining specimens (smaller crack 
length) consequently decreases to low values and may even fall to below ,XK~,h, such that little 
or no information is obtained from them. To overcome this difficulty, a specimen geometry, 
for which the stress intensity factor decreases with increasing crack length at constant load, has 
been developed. Load shedding is, therefore, not necessarily required to reduce AKt during the 
test: therefore, the specimens respond to cyclic loading in a manner that is mutually indepen- 
dent. Also, if the crack in one specimen extends to a length exceeding that for the others, its 
growth rate decreases to a lower value such that stability is maintained. The purpose of the 
present paper is to present this specimen design and test procedure and to provide experimen- 
tal data that substantiate the approach. 

Specimen Design 

Background 

The following description addresses only Mode I crack propagation, and, consequently, the 
index, I, has been omitted. Mostovoy et al. proposed a side-grooved, tapered, double-cantile- 
ver-beam specimen geometry of  gross thickness, B, and net crack plane thickness, B, = 0.8B, 
for plane-strain fracture toughness determination [16]. This specimen was reported to have a 
crack-length-independent stress-intensity factor over a prescribed interval. It was anticipated 
by the present authors that this geometry could be modified to provide a decreasing stress 
intensity factor specimen. More specifically, an analysis was performed that focused on the 
role of  different geometric parameters for the tapered specimen on the K-versus-a profile. Fig- 
ure 1 illustrates these as: 

a = taper angle, 
1~ = neck width, 
12 = taper width, and 
W = total width. 
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FIG. l--Generalized representation of one-half of the proposed specimen. 

The dimensions employed by Mostovoy et al. for their specimen were It = 25.4 mm ( 1.00 in.), 
12 = 84.6 mm (3.33 in.), I4 ~ = 139.7 mm (5.50 in.), and a taper angle that varied between 20.4* 
and 31.0". For the present analysis, the arm height was 25.4 mm (1.00 in.), and the loading 
hole diameter was 10% larger than the pins to minimize friction and allow rotation of  the spec- 
imen during testing. In an initial design, the specimen was ungrooved and B was 12.7 mm 
(0.50 in.). In a K-versus-a profile determined for a particular set of  a, 1~, 12, and Wvalues and 
presenting a decreasing region, the highest and lowest stress intensity factors (SIFs) bounding 
this region were termed SIFh~o and SIF]oow and the corresponding crack lengths, ah~ and ajow. 
Based on the different tapered specimen geometries that were studied and that provided infor- 
mation on the role of  each of  the four geometric parameters on the decreasing-K character, a 
particular set of  a, It, 12, and W values were selected such that the load-shedding ratio 

D(a, 1,,/2, /4;') = (SIFhr - SIF,ow)/SlFh,~ (1) 
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was at least 0.5, thereby minimizing or eliminating the necessity for externally controlled load 
reduction during any fatigue crack growth test in the near-threshold regime, and that the crack 
length range 

Aa(a, It,/2, W) = ato~ -- a ~  (2) 

over which K decreased was sufficiently wide to provide an acceptable number of  data points. 
The MARC two-dimensional finite element program was used to determine K(stiffness deriv- 
ative technique). In the case studied, B, = B. One half of  the specimen was modeled by plane- 
stress second-order isoparametric eight-node elements, and, around the crack tip, triangle- 
shaped elements with side nodes placed at the one-quarter rather than the midpoints were used 
to reproduce numerically the l/x/r singularity [17]. Young's modulus, E, was taken as 
205 GPa and Poisson's ratio, ~ was 0.3. To model the undersized pin, a radial load, P, of  1000 
N acting uniformly over a 45* arc was applied to the hole faces [3]. Displacement in the y- 
direction was set to zero along the unbroken ligament. Displacement in the x-direction was 
taken as zero at the crack tip to avoid a rigid body motion solution in the x-direction. 

Results 

Kwas first computed for a specimen with the s a m e  Ii , /2,  /~; and base height as proposed by 
Mostovoy et al. (constant taper angle = 24.3*). Subsequently, a smaller taper angle (a = 10") 
and four higher angles (30, 40, 55, and 70*) were considered (ll, 12, and Wunchanged). Figure 
2a illustrates the effect of  taper angle, a, on the KB/P-versus-a profile. Correspondingly, Fig. 
2b shows the relationship between D and a and Fig. 2c between Aa and a. This verifies the 
constant-K characteristic predicted by Mostovoy et al. with crack lengths between approxi- 
mately 30 and 50 mm. Comparison of these different curves demonstrates that the value for 
K a n d  the K-gradient at a given a is dependent sensitively on a when a is small and that the K 
gradient changes from positive to negative with increasing a. Based upon this, as a of  70* was 
selected that provided a load-shedding ratio (Eq 1) of about 0.25. Next, the effect of  specimen 
width, I4/, on the K-versus-a profile was investigated. Figure 3 shows the influence of  Won  the 
KB/P-versus-a relationship (lj = 25 mm (1.00 in.), 12 = 85 mm (3.33 in.), and a = 70*). This 
reveals width to be an important contributor to the decreasing stress intensity character of  the 
specimen. Thus, SIFto~ varies inversely with I4I, whereas SIF~h is not affected. A value of 216 
mm (8.50 in.) was adopted for the total specimen width, which provided a decreasing K 
between a ~  = 20 mm and ato~ -- 67 mm, and a load-shedding ratio of about 0.45. However, 
this value of  I41, in association with a taper angle of  70* and a taper width of  85 mm (3.33 in.), 
results in a large specimen size. Consequently, the effect of  reduced 12 on the K gradient was 
investigated in order to possibly reduce specimen height, h (see Fig. 1). Figure 4 illustrates the 
significance of  12 on stress intensity for a -- 70", l, = 25 mm (1.00 in.), and W -- 216 mm 
(8.50 in.). This reveals little or no influence o f  this parameter on Kas long as (ll +/2)  is greater 
than atow (previously determined for/2 = 85 mm). Consequently, 12 was set to 38 mm (1.50 
in.) so that atow was approximately equal to (ll + 12), and a was increased slightly to 73.3* to 
adjust the specimen height to 305 mm (12.00 in.). 

Figure 5 presents curves of KB/P versus a for different values of  Ii and the influence oflt on 
D and Aa. This reveals higher K-values and steeper K-versus-a gradients as It increases. The 
D-versus-ll graph exhibits a maximum of  0.62 at It -- 72 mm (2.80 in.), for which Aa is equal 
to 46 mm, whereas the Aa-versus-lt plot shows a maximum of 48 mm at It = 53 mm (2.10 
in.). where D is 0.61. As D for both cases (ll = 72 mm and It = 53 mm) was above 0.50 
(considered to be the minimum load-shedding ratio necessary for complete determination of  
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fatigue crack growth rates in the near-threshold regime), the configuration providing the max- 
i m u m  crack length range was adopted; and  l~ was therefore set to 53 m m  (2.10 in.). 

Based upon  these results, a specimen geometry with a -- 73.3", l~ = 53.3 m m  (2.10 in.), 12 
= 38.1 m m  (1.50 in.), and  W = 2 l 5.9 m m  (8.50 in.) was chosen. A V-notch was added, and  
this extended by electro-discharge mach in ing  (EDM) using a 0 .50-mm-diameter  wire to give 
an  initial crack length of  37 m m  and  a tip radius of  approximately 0.25 mm,  as recommended 
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FIG. 5--Effect  o f  neck width on (a) K versus a, (b) load-shedding ratio, and (c) crack length range over 
which dK/da < 0 (a = 73.3", 12 = 38 mm, a n d W  = 216 mm). 
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by ASTM E 647-88a for the particular case of high-strength steels [1]. Figure 6 presents the 
proposed specimen geometry, and Fig. 7 gives the corresponding relationship between K B / P  

and a as recomputed considering the presence of  the V-notch. No significant difference was 
found in the K-versus-a relationship when the V-notch was taken into account. A load-shed- 
ding ratio of  0.61 between ahi~h = 44 mm and alp, = 91 mm is inherent to this geometry, and 
this was considered sufficient to provide near-threshold d a / d N - A K  information independent 
of  externally imposed load shedding. This is not to preclude, of  course, the possibility of 

152.4  ! 

I 
73.3 deg.  , 

All Dimensions are in mm. 

Thickness B=12.7 mm 

e 1 4 . 0  
12.7 

FIG, 6--Proposed specimen geometry (a = 73.3", l i = 53.3 ram, 12 = 38.1 mm, and W = 215.9 ram). 
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FIG. 7--Relationship between stress intensity .factor and crack length for the proposed specimen 
geometJ3". 

including load shedding in a test protocol. While the preceding analysis has not determined 
the explicit, optimized maximum values for D and ,Xa, the specimen geometry in Fig. 6 does 
provide acceptably large values for these parameters in view of other limitations (width, for 
example). 

Side-Groove Effects 

Mostovoy et al. reported for the tapered specimen they designed that, in the absence of side 
grooves, the crack might deviate from the desired plane of extension and fracture one of the 
specimen arms, but that side-grooves of B, = 0.8B thickness and included angle, 0 -- 45 ~ 
maintained the crack in the center plane [16]. Even if analytical crack stability criteria were 
developed based on comparisons between nominal bending stresses in the arm and the liga- 
ment computed by the beam theory [ 12,16,18], side-groove depth determination is essentially 
an experimental task. Consequently, one ungrooved specimen and six specimens of various 
side-groove depths and included angles were fabricated from a 12.7-ram (0.50 in.) thick plate 
of cold-rolled 1018 steel, according to the dimensions in Fig. 6, and fatigue loaded in air at 
constant maximum load, Pm~, and load ratio, R, to determine an appropriate side-groove con- 
figuration. The side-groove geometry and test results presented in Table 1 show that crack 
deviation occurred from the outset for the ungrooved specimen that led to breaking offofone 
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the specimen arms. It was also observed that for relatively shallow side grooves (Specimens 2 
to 4) the crack propagated straight, initially, but then deviated from the side-grooved plane at 
some critical length (see Table 1). However, for the more severe side-groove geometries (Spec- 
imens 5 to 7), crack propagation remained straight until a length of  at least a~ow (91 mm). This 
demonstrated that a normalized side-groove depth, B,/B, of 0.70 and an included side-groove 
angle of 45" were adequate to maintain the crack in the intended orientation, and these values 
were employed in the final specimen design. 

Because of  the reduction in thickness in the crack plane when side-grooves are present, the 
stress intensity factor is larger than for an ungrooved specimen. Assuming that specimen com- 
pliance is not affected by the presence of  side grooves, the stress intensity factors without and 
with side grooves are expressed, respectively, by 

K2 _ 2E'e o c ,  (3) 
2B Oa 

and 

K, 2 _ E 'P  20Cp (4) 
2B, Oa 

where 

K = stress intensity factor at a given crack length for a specimen without side grooves; 
K'  -- stress intensity factor for the same specimen and crack length but with side grooves; 
E '  = E in-plane stress and E/(I  - u 2) in-plane strain; 
Ce = specimen compliance measured along the load line, m/N; and 
E = Young's modulus, Pa. 

K '  is then related to K by the relationship 

K B. 
K ' -  ~ =  1.195K if --~ = 0 . 7  (5) 

Experimental results are presented subsequently that confirm the appropriateness of Eq 5, 
where the main assumption is that the side groove-independent character of the proposed 
specimen compliance is maintained when B, /B -- 0.70. 

TABLE 1--Side-groove depths and included angles, loading conditions, and critical crack lengths. 

Specimen Critical Crack Length for Deviation 
Number BJB, 0 Pm~x, R from Groove Plane 

1 1.00,/ 7 kN, 0.35 no straight crack propagation 
2 0.92, 60 ~ 7 kN, 0.35 52 mm 
3 0.88, 60 ~ 7 kN, 0.35 60 mm 
4 0.80, 60 ~ 8 kN, 0.30 65 mm 
5 0.72, 45 ~ 11 kN, 0.50 >91 mm 
6 0.64, 45* 11 kN, 0.50 >91 mm 
7 0.58, 45* 11 kN, 0.50 >91 mm 
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Determination of Crack Length by the DCPD Technique 

Consistent with historical experimental and analytical approaches [14], the crack length of  
the proposed specimen was evaluated in terms of current leads that were centered along the 
load line and potential leads across the notch. This arrangement was assumed to provide, as 
in the case of  the standard C(T) specimen, both good reproducibility and sensitivity. A current, 
I, of  I0 A was applied, and material conductivity, k, was assumed to be 0.2 ~t2. m, which rep- 
resents an average value found in the literature for low carbon steel [19]. The potential field 
in the proposed specimen was evaluated in two dimensions by employing the MARC-HEAT 
finite element heat-flow program. Both heat and current flow conform to the same steady-state 
equation; and heat-flow programs can, therefore, be used to determine the potential field in a 
specimen with a current flowing into it. As for the previous analysis, only one half of the pro- 
posed specimen was studied and eight-node isoparametric elements were employed. Because 
of  the two-dimensional character of  the analysis, side grooves were not considered. Temper- 
ature (potential) was set to zero along the unbroken ligament plane, and Current I was applied 
as a heat flux on the area of  the specimen in contact with the current input wire. This area was 
assumed to be a rectangle of  size 10.0 mm • 12.7 mm. 

The initial potential drop corresponding to the EDM machined crack (37 mm) was termed 
V0. Figure 8 presents a schematic of  the DCPD instrumented specimen with the current and 
potential lead locations and plots crack length-versus-normalized potential drop, V/Vo, for the 
proposed specimen along with the published calibration curve for two C(T) specimens, one of 
total width, W = 100 ram, and the other of  the same total width as the proposed specimen 
(216 mm). The calibration curve for the proposed specimen geometry was patterned after Ref 
14 and may be approximated by a third-degree polynomial according to 

a 0 . 4 0 3 5 9 +  1~1115 (~o)  (~o)  2 (~o) 3 - ~  = - - 0.75815 + 0.22024 (6) 

or in reverse notation 

2 3 

V 2.9572 1 0 - 2 +  6 . 8 0 3 2 ( ~ )  6 . 9 6 8 3 ( ~ ) +  1.8274(-~)  (7, 
Vo 

where 37 mm _< a _< 102 mm. It is observed from Fig. 8 that the curvature of  the a-versus-V~ 
V0 curve for the proposed specimen is reversed compared to the classic C(T) specimen. Con- 
sequently, the sensitivity dependence of  the DCPD technique on a is different for the two spec- 
imens. If the absolute and relative sensitivities, respectively, for the a-versus- V~ Vo trend are 
defined by 

AV 

Vo 
Abs (a) -- - -  

Aa (8) 

and 

AV 

V 
Rel (a) = - -  Aa (9) 
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FIG. 8--Relationship between crack length and normalized potential drop for the proposed specimen 
and two C(T) specimens. 

where Aa = change in crack length (ram) and A V = corresponding change in potential drop 
(V), then Fig. 9 shows the dependence of  Abs and Rel on a for the proposed specimen geom- 
etry and the C(T) specimen geometry with two different widths. The general trend is one of  
better sensitivity for the proposed specimen than for the C(T) specimen having the same width 
to approximately 90 ram, as far as absolute sensitivity is concerned, and 78 mm for relative 
sensitivity. This is due to the fact that for small crack lengths the tapered specimen height, h, 
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FIG. 9--Relationship between (a) absolute sensitivity and (b) relative sensitivity and crack length for 

the proposed specimen and two C(T) specimens. 
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is smaller than the 216-mm-wide C(T) specimen (height 1.2 W = 259 mm), whereas the oppo- 
site is true for long cracks. Another effect of  the tapered height is that both functions, Abs and 
Rel, decrease progressively with increasing crack length, whereas Abs increases and Rel first 
decreases and then increases when C(T) specimens are considered. 

Experimental Verification of the Analytical Expressions C p  = f(a), a = f ( V / V o ) ,  and 
K = f ( a )  

To confirm the calculated K-versus-a and V/V0-versus-a trends, two specimens, one with 
side grooves (BJB = 0.70 and 0 = 45 ~ and the other ungrooved, were machined according 
to the geometry in Fig. 6 from the same cold-rolled steel plate mentioned earlier. These were 
progressively saw-cut to different crack lengths in 5 mm increments. Maximum and minimum 
loads were applied in the range 0 to 9 kN, and deflection was measured with a clip gage placed 
at the front of the specimen arms across the notch. In addition, potential drop was measured 
as described earlier. In this manner, compliance was measured as a function of crack (actually, 
saw-cut) length. Potential drop measurements were corrected for temperature variations by 
using a reference specimen, and measurements were taken while reversing the current flow to 
account for thermal electromotive forces. 

Effect of Side-Grooves on Specimen Complmnce 

Figure 10 presents compliance data as a function of  crack length for both the smooth and 
side-grooved, tapered specimens along with plane stress compliance obtained through the 
finite element analysis of  the stress intensity factor. A good correlation between predicted and 
experimental data to about a 70 mm crack length was observed, beyond which compliance 
determined by the finite element analysis was lower. This difference could be a consequence 
of  the amount  of material removed by saw-cutting the specimen, which would lead to a larger 
arm deflection than expected compared to when an actual crack is present. In addition, the 
computed curve assumes a plane stress state with a Young's modulus of 205 GPa, which is not 
necessarily an exact value for the tested steel plate. However, no difference was observed 
between ungrooved and side-grooved specimen compliances, and so the principle assumption 
on which Eq 5 is based was verified. As a consequence, valid da/dN-AKdata can be generated 
with this side-grooved specimen, as it demonstrated subsequently. 

During fatigue crack growth testing with the proposed side-grooved, tapered specimen, 
crack bowing was observed with the through-thickness curvature of the crack in the direction 
of  propagation. Figure 11 schematically compares this crack curvature with the one usually 
observed for ungrooved C(T) specimens. This was due to the stress singularity developed by 
the side-grooves at the outer edges of  the crack tip that curved the crack front so that the local 
stress intensity factor was constant along it [6-9]. The crack curvature correction recom- 
mended by ASTM E 647-88a was used to account for the larger crack length near the side- 
grooves than at the specimen center (a difference of about 1 mm was observed for B,/B = 
0.70), and K was calculated at this average crack length. A more appropriate procedure may 
be, however, to base the analysis on the crack length at the midthickness. 

Crack Length versus Potential Drop 

Figure 12 presents the experimental values for V/Vo as a function of  normalized crack 
length, a/I4; for both the smooth and side-grooved specimens along with the calibration rela- 
t ionship previously presented in Fig. 8. A good correlation of  V~ Vo for the finite element anal- 
ysis compared to the experimental results is apparent with no side-groove influence. However, 
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FIG. lO--Relationship between compliance (numerically and experimentally determined) and crack 
length for the proposed specimen geometry. 
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FIG. 1 l - - S c h e m a t i c  representation of crack bowing for an ungrooved and a side-grooved specimen. 
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mined) and crack length for the proposed specimen geometry. 

because the midplane of  the specimens employed for DCPD measurements was saw-cut, the 
cut surfaces were not in contact. During actual crack propagation, electrical contact occurs 
between the two crack surfaces, and this may lead to an underestimation of crack length by 
the DCPD technique. To quantify this shorting effect, beach marks were made during crack 
growth testing on tapered Specimens 3 to 7 (see Table l) by decreasing the maximum load 
during a crack length increment of  I mm. When the experiments were completed, the crack 
length (avis.a]) corresponding to these marks was measured and compared to that determined 
from the DCPD technique, as shown in Table 2. Underestimation by approximately 0 to 4.6 
mm was confirmed depending on crack length, load ratio, and side-groove configuration. A 
technique involving post-test calibration must, therefore, be included to accurately project 
crack growth rate as a function of stress intensity factor range. In the present experiments, a 
classic linear interpolation based upon optical measurements on the crack faces was used to 
correct DCPD determined crack length, and then the crack growth rate and the stress intensity 
factor range were calculated from this. 

Stress Intensity Factor versus Crack Length 

The relationship between the stress intensity factor and the crack length (Fig. 7) and Eq 5 
was verified by comparing, under the same loading conditions, crack growth rates obtained 
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TABLE 2--Comparison between crack length measured by the 
DCPD technique during crack propagation and crack length 

visually observed by marking the crack surface. 

al~pD, avisual, Error  (avisual - -  aDCPD), 
N u m b e r  m m  m m  m m  

3 44.9 47.8 2.9 
4 48.2 52.8 4.6 
5 55.1 57.6 2.5 

58.5 62.2 3.7 
65.8 69.1 3.3 

6 59.7 60.6 0.9 
63.3 64.2 0.9 
71.4 71.5 0.1 

7 62.2 63.6 1.4 
65.0 66.2 1.2 
73.2 73.5 0.3 

from tapered Specimens 5 through 7 and from a conventional C(T) specimen 102 mm wide 
and fabricated from the same cold-rolled steel plate. Specimens 5 through 7 were simulta- 
neously tested in series. Figure 13a plots the shorting effect of  uncorrected da/dN-AKdata for 
Specimens 5 through 7 compared to those for the C(T) specimen and shows specimen-to-spec- 
imen differences at low AK. In this figure, AK was computed according to Eq 5. Figure 13b 
shows the same data with tapered specimen results corrected for the shorting effect, but with- 
out using Eq 5 to take into account the side-groove presence. Relatively large differences are 
apparent due to stress intensity factor underestimation for the tapered specimens. Finally, Fig. 
13c shows the same results corrected for the shorting effect and considering the presence of  
side grooves (Eq 5). On this basis, all data conform to a single band. Comparing of  these results, 
it appears that the linear interpolation, used to correct the DCPD data for the shorting effect, 
and Eq 5, used to consider the presence of side grooves, provides a satisfactory approach to 
fatigue crack growth rate testing using the proposed specimen and that valid da/dN-AK data 
can be generated. 

Experimental Setup for Multiple Specimen Testing 

The experimental approach developed for corrosion fatigue testing of  multiple specimens 
loaded in series is based on a specially configured, multiple-station frame and a DCPD data 
acquisition system. The frame was operated in conjunction with a 98-kN MTS actuator, 
closed-loop servo-hydraulic control system, and a DCPD data acquisition system. The control 
and data acquisition system hardware and software, initially developed by Fracture Technol- 
ogy Associates for three specimens, were modified to test a maximum of six specimens in series 
by adding a three-channel multiplexer to switch back and forth between two specimens. A 
schematic of  the overall testing system is shown in Fig. 14. This specific system could be 
expanded to accommodate six additional specimens. A constant current (10 A) supplied by 
the d-c source passes through six specimens, five of  which are under fatigue loading and one 
is a reference specimen. Current flow is reversed every five cycles to account for thermal elec- 
tromotive forces, and measurements made on the reference specimen are used to correct the 
potential drop for temperature fluctuations on the active specimens. Figure 15 shows 
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FIG. 13--Comparison of da/dN-AK relationships obtained from three tapered specimens and one C(T) 
specimen (a) without shorting effect correction but with considering the side grooves, (b) with shorting effect 
correction but without considering the side grooves, and (c) with both corrections. 

five tapered specimens loaded in series for corrosion fatigue crack-growth-rate testing in 
seawater. 

Conclusion 

1. Specimen characteristics relevant to crack growth rate testing have been determined for 
a constant taper, side-grooved, compact-tension geometry designed to present a negative 
K-gradient at constant load over a prescribed crack length interval. 
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FIG. 14--Schematic representation of the experimental setup for multiple-specimen testing. 

2. Compliance-crack length, DCPD-crack length, and stress intensity factor-crack length 
expressions numerically determined by two-dimensional finite element analysis were 
experimentally verified. 

3. The same da/dN-AK curve was obtained for the proposed specimen and for a standard 
C(T) specimen loaded in air under the same conditions after correcting the tapered spec- 
imen data for the presence ofside grooves and DCPD shorting that occurred due to con- 
tact between the crack surfaces. 

4. The proposed, tapered-type specimens tested in series (multiple specimen testing) 
responded tO cyclic loading in a manner that was mutually independent. This is partic- 
ularly advantageous for low-frequency long-life testing, where determination of a single 
da/dN-AK curve might otherwise require a minimum of several months. 
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FIG. 15--General view of the loading frame with five specimens under test. 
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ABSTRACr: The characterization of fatigue crack closure is an important objective because of 
its influence on fatigue crack propagation, particularly under conditions of variable amplitude 
loading. This paper describes a nontraditional technique for characterizing closure, in which 
ultrasonic scattering measurements are used to obtain estimates of the number density and size 
of asperities bridging the crack faces, with subsequent estimates of the crack-tip shielding being 
based on those geometrical parameters. The paper first reviews the experimental configuration 
and the basic elasto-dynamic theory underlying the technique. It then presents recent results 
obtained in studies of the influence of block overloads and load shedding on the growth of fatigue 
cracks in aluminum alloys. In both cases, the change in the closure state after the overload can 
be seen unambiguously even in the raw data. Moreover, data analysis suggests that it may be 
possible to predict when the crack will reinitiate based on more subtle changes in the ultrasoni- 
cally inferred closure state. In the case of load shedding, a massive closure region is observed, 
whose characteristics appear consistent with the notion that threshold phenomena can be 
explained in terms of crack closure. 

KEY WORDS: asperities, contact topology, crack closure, crack-tip shielding, dynamic crack- 
opening displacement, fatigue cracks, load shedding, overloads, through transmission, ultrasonic 
scattering, fracture mechanics, fatigue (materials) 

The growth of a fatigue crack is modeled generally in terms of empirical rules such as the 
Paris law [1], which states that da /dN  = a(AK)  m where a is the crack length, Nis  the number 
of fatigue cycles, AKis the stress intensity range, and a and m are material constants. Over the 
last decade, a mounting body of evidence has established that the full excursion of the applied 
load does not drive the crack tip forward due to a variety of phenomena that are referred to as 
crack-tip shielding [2,3]. In one class of shielding, contact is assumed to develop along the 
crack faces at plastically deformed asperities, dislodged oxide particles, or other geometrical 
features that prevent a perfect mating of the fracture surfaces when the applied load is released. 
Since these contacts bear load, they modify the stress distribution in the vicinity of the tip, 
thereby altering the crack growth rate. 

Figure 1 schematically sketches such a situation. Compressive internal stresses, ao, are cre- 
ated on either side of the partially contacting crack surfaces. In reaction, opening loads, P,, 
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FIG. 1--The stresses, normal to the crack plane, in the vicinity of the crack tip (schematically). + cry 
and - ~ry are the tensile and compressive yield stresses, respectively. 

ariseproducing a stress intensity factor, K,h, which shields the crack tip from the variations of 
the externally applied stress intensity factor, as indicated in Fig. 2. This shielding occurs below 
a stress intensity factor, Kc~, at which the first contact during unloading occurs. Thus, a con- 
sequence of asperity contact is that the applied stress intensity range, AK = K~m~x -- K~mi,, 
which is usually considered to provide the driving force for fatigue crack propagation, has to 
be modified to include the effects of  crack-tip shielding. By using information from acoustic 
transmission and diffraction experiments [4], we have succeeded in determining the size and 
density of  contacting asperities in the closure region of  a fatigue crack, grown under constant 
AK conditions, as well as an estimate of the shielding stress intensity factor, K~, due to the 
contacting asperities. The present paper reports on the extension of our earlier work [4,5] in 
~itl at tempt to determine and quantify the effects of  a variable AKon fatigue crack propagation 
by iasing acoustic experiments. In conclusion, it appears that the acoustic measurements assist 
in predicting future crack growth rate behavior. 

Experimental Configuration 

The experimental configuration for the ultrasonic measurements is shown in Fig. 3. A pla- 
nar fatigue crack, grown in a c0tnpact tension specimen, is illuminated by a longitudinal wave 
incident perpendicular to the crack face and focused in the plane of  the crack. The longitudinal 
wave transmitted directly past the crack can be picked up by a coaxial receiver placed on the 
opposite side of  the specimen. Alternatively, as discussed in detail elsewhere [5], by changing 
the angular orientation of  the receiver and translating it so that it is still directed towards the 
illuminated spot, longitudinal or transverse waves diffracted from the crack tip or contacting 
asperities can be detected. 

By deconvolving these signals with those observed in a reference experiment in which the 
beam is directly transmitted through the uncracked portion of the specimen, most of  the influ- 
ence of the measurement system, such as the efficiency of the transducers, is eliminated from 
the data. This deconvolved information is thus characteristic of  the crack itself. By spectral 
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analysis, translation of  the sample, or rotation of  the receiver, one can respectively monitor 
the frequency and spatial dependence of  the crack transmissivity. 

Modeling and Evaluation of the Contact Topology 

Ul t rason ic  S c a t t e r i n g - G e n e r a l  F o r m a l i s m  

The theory for the scattering of  elastic waves from fatigue cracks is based on the electro- 
mechanical reciprocity theory of Auld [6] that states that the flaw-induced change in the signal 
transmitted from an illuminating to a receiving transducer,/iF, is given by 

/ir -- - ~  ( u f ~ -  uf-~)n, dA (1) 

where u~ and r~ are the displacement and stress patterns that would be produced if the receiv- 
ing transducer irradiated a flaw-free material; U r and r~ are the displacement and stress fields 
produced when the flaw is irradiated by the transmitting transducer, P is the electrical power 
incident on the transmitting transducer, and integration is performed over the surface of the 
scatterer, which has a normal n~. A time dependence of  the form exp ( jolt)  has been assumed. 
Noting that r r, r R, and u R must be continuous in the plane of  the crack (assuming the non- 
contacting regions to have infinitesimal volume), one concludes that 

j w  f Au~ 'r~nf  d A  /iF = 4-fi JA + (2) 

where A + is the illuminated face of  the crack, nf  is its normal, A u  r, -- u, + --  u7 is the dynamic 
crack-opening displacement (DCOD), since u, + and u ,  are the displacements on either side of  
the crack. 

In an experimental situation, one does not measure/iI" but rather F = I'R +/ iF  where FR is 
the reference signal that would be observed with no crack present. For the experimental geom- 
etry illustrated in Fig. 3, the reference signal may be estimated by applying Eq 2 to a perfect, 
planar crack (that is, no contacts). In that case,/iF = -- FR and Eq 2 becomes 

PR = "-~ + 2u,  run  i d A  (3) 

where u~ is the displacement field of  the incident illumination and it is assumed that the dis- 
placement is approximately doubled at the stress-free crack surface during the reflection of  a 
normally incident beam. Combining Eqs 1 through 3 leads to the final result 

= § - -  A u ~ r u n  j d d  (4) r ~ (2u~ ~ + 

Computation of  the crack scattering now requires three sets of fields to be known. One must 
know the stress radiation pattern of  the receiver, 7~, the displacement radiation pattern of  the 
transmitter, u~, and the DCOD, Au, r. All three fields are schematically shown in Fig. 4. As 
reported previously, a scalar Gaussian beam approximation [ 7] has been employed to estimate 

g and u~. This model includes such effects as diffraction-induced beam the radiation fields, % 
spread, but does not include the full tensor character of  the elastic fields. For beams whose 
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FIG. 4- -  The fields, important in acoustic scattering. 

widths are several wavelengths in extent, the scalar approximation should be reasonable since 
the direction of polarization does not substantially vary over the beam cross section. 

The Dynamic Crack-Opening Displacement and Contact Topology 

The major problem in evaluating Eq 4 is in selecting an appropriate description of  the 
DCOD ~u r, which depends mainly on asperity contact spacing, c (or areal contact density, 
N), and the contact diameter, d, or, in other words, on the contact topology. Thus, if I' in Eq 
4 has been determined experimentally, Eq 4 provides the means to determine the information 
on the contact topology depending on the specific model chosen. 

The simplest model to represent a contacting fatigue crack is a spring model [8], in which 
the partially contacting interface, in the z = 0 plane, is represented by the modified boundary 
condition 

~;, = o35 (5) 

a~ = K,(u + - uf) (6) 

where the superscripts, " + "  and " - , "  refer to the two sides of  the interface. The matrix, Ko, 
may be thought of  as representing a set of  massless springs joining the two sides of  the interface. 
For  simple interface topographies, this matrix will be diagonal, with Klj and K22 representing 
the contact-induced resistance to shear and K3~ representing the resistance to compression. The 
properties of the interface are assumed to be linear. This requires that there be resistance to 
tension as well as compression, which is true when the dynamic stresses of the ultrasonic wave 
are small with respect to the static stresses associated with the contact. Baik and Thompson 
[9] have developed a quasi-static model relating K33, hereafter abbreviated as r, to solutions of  
static deformation problems for a variety of  crack topologies. K is found to be a function of  
both the contact density and dimensions. For sparse, penny-shaped contacts, x = N~rE'd/8, 
where N is the contact density, d is their diameter, E '  = E/(1 - u2), E = static Young's mod- 
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ulus, and u = Poisson's ratio. In this case, Au r in Eq 4 is an averaged value Sff, .r. The model 
was found to work well for through-transmitted signals. However, this model does not predict 
strongly diffracted signals observed experimentally [ 10]. This deficiency has been suggested to 
be a consequence of  the absence of  discrete contacts in the model. Several discrete contact 
models have therefore been developed [ 10,11 ], and the general formalisms established. The 
details are beyond the scope of  this paper. It should be mentioned, however, that preliminary 
evaluation of  these formalisms have shown that the areal density of  the contacts, N, strongly 
influences the strength of the diffracted signals [5] with specific details still to be worked out. 

Crack- Tip Shielding by Asperity Contact 

The acoustically obtained information on the average distance, c, between asperities and 
their size, d, can now be used to estimate the crack-tip shielding stress intensity factor, Ksh, for 
an unloaded specimen. Consider first a loaded specimen with a fully open crack. The stress 
intensity factor, Km,~, is then determined by the externally applied load, Qm~, and the crack 
depth. As the load decreases, the stress intensity factor assumes the value Kcl [2] as the first 
row of  asperities (parallel to the crack front) contacts the opposite fracture surface. Assuming 
that the average distance, c, between contacting asperities does not change on further unload- 
ing, the average diameter, d, of  the asperities increases as does the load, Q,, carried by each 
individual contact. As unloading continues, additional rows of  asperities come into contact 
with the opposite fracture surface so that a shielding stress intensity factor, Ks,, builds up, 
which is determined by Q~ and c. Therefore, K~, is at a maximum when the external load is 
fully removed or, in other words, a s  grain  = 0. If  this shielding effect is taken into account, the 
"effective" stress intensity range should then be considered as 

AK~fr = Km~ - K~ (7) 

rather than 

A K  = K.~x - -  groin (8 )  

or, as was suggested by Elber [2] 

AK = /(max -- Ko, (9) 

The following paragraphs are devoted to an estimation of  Ksh. Each individual asperity contact 
in the wake of the crack carries its individual load, Q. and, therefore, produces a stress intensity 
factor, K. given by [12] 

2 ./2 1 
K~ - (~rc)m Q, 1 + (z/c) 2 (10) 

where c is the nearest distance between the contact and the crack front and assumed to be equal 
to the average distance between contacts, and z is the coordinate along the crack front with its 
origin at the closest point to the contact. Superposition of  a series of  contact points along the 
crack front, as shown in Fig. 5, yields the stress intensity factor shielding contributions [5,13] 

Bcl; 2 ( l l )  

C o p y r i g h t  b y  A S T M  I n t ' l  ( a l l  r i g h t s  r e s e r v e d ) ;  W e d  D e c  2 3  1 9 : 1 2 : 5 7  E S T  2 0 1 5
D o w n l o a d e d / p r i n t e d  b y
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FIG. 5--Crack-tip shielding by individual contacts. 

where B is the specimen thickness and AQ is the load carried by the row of contacts. On aver- 
age, the load, AQ, carried by the contacts can be related to the static stress, a0 (an internal 
stress), across the partially closed crack by 

AQ = B~odx (12) 

where x is the coordinate perpendicular to the crack front. Based on earlier work by Haines 
[14] and Thompson et al. [9,15], connecting a0 to the acoustic transmission coefficient, it has 
been shown [16] that 

ao = ~ -~  ~ P , ,  (13) 

where K is the interface stiffness, discussed earlier, k* ~ 2 (depending on the precise shape of  
the contact). E is the elastic modulus, N is the areal contact density (related to c) and Pm is the 
"flow pressure" of  the material (usually about three times the ultimate tensile strength). Under 
the assumption that N is a constant, which is determined by factors related to microstructure 
and the mechanisms producing closure, then all the quantities in Eq 13 are independent of  x, 
except for r. For a fatigue crack grown at constant AK, r was found to be an exponential of the 
form 

= K0 exp(--/3x) (14) 

by a best fit analysis of  the frequency-dependent transmission data [5]. Using Eqs 1 ! through 
13 under the constraint that the separation between the strips is much less than/3 -~, c can be 
replaced by x, yielding 

2 

dKsh = (2~r)1/2 ( ~ E )  Pm exp(--2~x) N X ja dx (15) 
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As indicated in Fig. 5, the total contribution of the closure zone will therefore be 

dKsh = Ks~ = rc N31/2 (16) 

with N ~ c -z. Thus, the acoustically determined parameters. ~0,/~, and N(requiring two inde- 
pendent measurements), are sufficient to estimate Ksh, assuming the "materials parameters" 
E and P,, are known. Using a compact tension specimen of  Al 7075-T651, we found for the 
unloaded crack, grown under constant AK conditions, K,h ~ 6.8 MPa m m a value that was 
roughly 40% of Kmax [5]. In this study, the experimentally observed and deduced values were 
K0 ~ 5.3 • 108 MPa m-l ;  N ~ 2.3 • 108 m 2; and 3 ~ 2.5 • 10 ~ m-~; and furthermore the 
"materials parameters" P,, ~ three times the ultimate tensile strength ~ 1.7 • 10 3 MPa: E 

7 • 104 MPa; and k* ~ 2 from Kendall  and Tabor's work [17]. 
Evidence for the validity of  this theory may be obtained from an experimental determina- 

tion of  the internal stress, ~r0, in the wake of  the crack. Using X-ray diffraction, Welsch et al. 
[18] determined the internal stress distribution in 4140 steel in the wake of  the crack in plane 
stress. Their data indicate a maximum compressive stress of  about 60% of  the yield stress, in 
good agreement with the present calculation, using Eq 13. They also observed a decay of the 
internal stresses along the closure region, as expected from Eqs 13 and 14. Lastly. one may 
consider if the acoustically obtained numerical values for the contact topology (c and d)  are 
reasonable. We found, near the crack tip, d ~ 35 um and c -~ 70 um (on the order of  the grain 
size) for AI 7075-T651. Note that d decays exponentially with increasing distance from the 
crack tip. Independent acoustic measurements on copper-copper diffusion bonds [19,20] pro- 
vided information on the interface stiffness, and thus on the contact topology that, in this case, 
can be confirmed by fractography of  the bondline. We noted that for medium quality bonds 
the topology is quite similar to that for the contact in the wake of  a crack in AI 7075-T651. We 
view these observations as additional evidence for the validity of our assumptions. 

Effects o f  a Variable ~ K  on Crack-Tip Shielding 

We have extended earlier work [4,5,21], studying the effects of '~K-changes on the acoustic 
transmission signal and its effects on crack-tip shielding. In an experiment [5,21] in which the 
crack first was grown at a constant 5 K  = 12.2 MPa k/-~, an overload block of 21 cycles at a 
stress intensity range of  2~K -- 24.4 MPa k / ~  was applied to retard the crack. Immediately 
after the overload block, cycling at the original ~ K  continued. Crack growth resumed after a 
retardation period of about 120 000 cycles. Even after an additional growth of  over 4 mm, the 
growth rate was found to be about 50% slower than before application of  the overload. It was 
noted [5] that this lower growth rate can be quantitatively explained by a strip of contact due 
to the overload block that produced shielding in addition to that due to the exponentially 
decaying ~. Quantitatively, K~ increased from 6.8 to 8.0 MPa '~-m. Using Eq 7 therefore 
reduced the crack growth rate by roughly 50%. We did not succeed, however, in calculating 
K,h for the crack immediately after the overload. 

We therefore repeated the experiment at a constant AK -- 10.0 MPa k / ~  with an overload 
block of  10 cycles at 2~K = 20.0 MPa V ~ .  Crack mouth opening results of  this experiment 
on the length of  the fatigue crack as a function of fatigue cycles are shown in Fig. 6, using a 
calibrated clip-on gage. The application of  the overload block at A retarded the crack growth 
for roughly 70 000 cycles. Transmission data were taken at A, immediately after the overload 
block (B), during the retardation period and after crack growth resumed (C). The interface 
stiffnesses, K, at A and B are shown in Fig. 7. The effect of the overload on B is quite obvious. 
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Also plotted in Fig. 7 is the spring stiffness, K3, once crack growth resumes (C). K3 is no longer 
a simple exponential. As before [21], K3 can be described basically by the sum of an exponential 
and a peak as 

K t 

(17) K(X)=~~ l + I2(X----6)} 4 

where 6 is the distance of  the crack tip to the position where the overload was applied, and 3' 
is the width of  the overload region, taken as the width at half the amplitude of the K-peak. At 
x = & the ampli tude of  the spring constant due to the overload is #. 

The change in/3 as a consequence of  the overload block is shown in Fig. 8. We note that/3 
increases by about a factor of  four due to the overload. It slowly returns to the level prior to 
the overload as crack growth resumes, as in the previous experiment [21]. Trends in K0 are not 
as clear as the observed changes in ~. However, as indicated in the center of  Fig. 7, it appears 
as if K0 increases by as much as a factor of ten  immediately after the overload. In that case, K~h, 
as calculated from Eq 16, increases strongly after the overload. Also unclear remains the area 
contact density, N, during the retardation. However, as crack growth resumed, we noted (see 
Fig. 7) the same strip of  contact appearing as before [21] at a location slightly ahead of the 
position of  overload application. 

Therefore, we are still unable to demonstrate quantitatively the validity of  Eq 7 for a 
retarded crack. We have demonstrated, however, that for a retarded crack the closure region 
is smaller (due to the larger/3) than for the propagating crack. We believe that this observation 
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tion of the overload; (center) immediately after the overload (retardation); (right) after crack growth 
resumes. 

is of  significance to the nondestructive evaluation community that, at the present time, can 
not distinguish between a retarded and a propagating crack. Further experiments to evaluate 
the K0 and N parameters, important to determine shielding, are in progress. 

Results of  a second experiment, in which the applied aKwas  dropped continuously, on the 
resulting crack propagation rate are shown in Fig. 9. The a K d a t a  (full line) indicate that the 
growth regime changed from the Paris to the near-threshold regime. Acoustic transmission 
data at various acoustic frequencies with no load applied to the specimen were taken in both 
propagation regimes as shown in Fig. 10. The top half of  Fig. 10 shows the frequency-depen- 
dent transmission data in the Paris regime (D) and the bottom half in the near-threshold 
regime (E). As before, the dropoffin the transmission data indicates a frequency-independent, 
exponentially decaying K with a closure region typical for that of  a crack grown under AKcon- 
ditions in the Paris regime. Remarkably different is the spatial variation of  the transmission 
data in the near-threshold regime. As seen in the bottom half of  Fig. 10, at large distances away 
from the crack tip, the transmission coefficient stays at a relatively high and almost constant 
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FIG. 10-- Through transmission: (top) in the "Paris '" regime; (bottom) in the "threshold" regime. 

level. This indicates to us that the closure region is extended with respect to that in the Paris 
regime and the resulting K,, is about 45% larger. A conversion of  da/dN versus AK in Fig. 9 
to da/dNversus AKee (dashed line) then provides a new correlation for the data shown in Fig. 
9 that has a slope close to that in the Paris regime. Thus, it appears that the "threshold" behav- 
ior, seen in Fig. 9, has been created artificially by the extensive closure, shown in the bottom 
half of  Fig. 10, in agreement with earlier observations [22]. 
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Conclusion 

Acoustic measurements on fatigue cracks provide some detailed information on the state of 
the crack due to its past history. Any change in the load spectrum applied to the crack affects 
the crack face contact and consequently the "shielding" of the crack from the external driving 
force. Because they can characterize this contact, acoustic measurements indicate that they 
are able to assist in predicting future crack growth rate changes. Elastodynamic theories of 
wave scattering play a crucial role in making these interpretations quantitative. 
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ABSTRACT: The force necessary to break the adhesive bond of a single fiber from a multilayer 
composite is investigated. An important application of this analysis is the determination of the 
force required to pull the wire-guided fiber from the wound spool of a missile as it deploys the 
control fiber in flight. Deformations of the pulled fiber include bending, stretching, and torsion. 
The equilibrium equations are similar to the equation that governs a beam on an elastic foun- 
dation except that the three equations are coupled. A closed-form solution to the equilibrium 
equations is obtained with the constants of integration evaluated by carefully applying the appro- 
priate boundary conditions. Results obtained include the variation of debonding force with the 
pulling angle, the transition of the governing failure mode of the adhesive layers, and the stress 
distributions in the adhesive layers. Results obtained for a special case of the double-cantilever 
beam are in excellent agreement with results in the literature. 

KEY WORDS: adhesive, adherend (substrate), adhesive failure, debonding force, debonding 
angle, singly-bonded zone, doubly-bonded zone, double-cantilever beam, failure condition, 
maximum failure stress, stress intensity factor, stress energy release rate, fracture mechanics, 
fatigue (materials) 

In this research, the force necessary to debond a fiber from a composite body when pulled 
at an arbitrary angle is analyzed. Figure l shows that a fiber on the top of  the body is bonded 
to its neighboring fiber in the top layer and to the fibers in the layer below it by an adhesive 
with a long portion of  the fiber unbonded. Obviously, the debonding force depends on the 
strength of  adhesives and the mechanisms of  failure including adhesive failure and cohesive 
failure. The analysis of debonding force to break the adhesive bond of  a single fiber in a mul- 
tilayer composite has not appeared in the literature. 

Nevertheless, most of  the basic studies of adhesive bonding can serve as a very useful back- 
ground for the research on debonding problems. Two simple models, double-cantilever-beam 
(DCB) specimens and cracked-lap-shear (CLS) specimens, are commonly used experimentally 
to obtain properties of  the adhesives and to determine the accuracy of  theories developed for 
calculating the stresses in the adhesive joints. ASTM standards, [ 1 ], such as T-peel test (ASTM 
Test Method for Peel Resistance of  Adhesives (T-Peel Test) (D 1876-72)), pure tensile test 
(ASTM Recommended Practice for Preparation of  Bar and Rod Specimens for Adhesive Tests 
(D 2094-69)), and pure shear test (ASTM Test Method for Strength Properties of Adhesives 
in Shear by Tension Loading (Metal-to-Metal) (D 1002-72)), can be consulted for the details 
of  such test methods. The analytical approach and the finite-element method have been 
employed to determine the stress distribution in many adhesive joints. Of particular interest 
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to designers are the magnitude and the distribution of stresses in such joints that can be used 
to assess their ultimate strength and performance under service conditions. In the works of 
Malyshev and Salganik [2], Lubkin and Lewis [3], Williams [4], and Roberts [5], analytical 
approaches of plane stress problems for adhesively bonded joints are studied. Investigations, 
using the finite-element method, that consider DCB specimens and CLS specimens have been 
performed by Anderson et al. [6], Bennett et al. [7], Adams and Peppiatt [8], Dattaguru et al. 
[9], Johnson [10], Yamada [11], and Amijima et al. [12]. Their general idealizations to the 
analysis of adhesive joints are important in dealing with the formulation of the mathematic 
model for this debonding problem. 

The fracture energy of the adhesives is commonly used to represent the strength of adhesive 
joints; consequently, the failure criteria have been studied recently for dissimilar composite 
materials. The dissimilar materials are modeled usually as a beam on an elastic foundation. 
That approach is found in assessing a stress-intensity factor of Kanninen [13], stress energy 
release rates of Yamada [ 11], and peel adhesion of Gardon [ 14]. This model will be modified 
as a beam bonded to two elastic foundations, one at its side and another at the bottom, for use 
in this debonding study of composite body with multiple adhesive layers. If adhesive failure is 
being considered, the energy balance approach is always adopted as one of failure criteria, from 
which another criteria, stress intensity factors, can be inferred. Williams [15] has elucidated 
the similarity of adhesive and cohesive failure from the standpoint ofa  Griffith energy balance 
analysis. Also, several researchers show special interest in peel mechanics, whenever debond- 
ing problems are discussed. Hellan [16,17] and Williams [18], considering the debonding of 
an elastic strip from a rigid substrate, assumed that dissipative processes involved in the break- 
ing of adhesive bonds are confined to the geometrical surface of contact between strip and 
substrate, with Griffith's energy balance governing the separation. However, not a great deal 
of literature of adhesive failure can be followed as a failure criterion for mixed-mode fracture 
in this debonding problem. In this research, the criteria of maximum stresses similar to that 
in the uniaxial material test are used. 

The objective of this study is to investigate debonding behavior of a single fiber from a com- 
posite body. An example of this is a missile control wire being pulled from a multiple-glued 
layer spool. Because of the nonhomogeneous nature and the geometrical complexity of the 
composite model, an exact analysis regarding the debonding force, in general, is complicated 
even for a linear, elastic material. Under several simplifying assumptions of materials and 
geometry, this paper investigates the two-dimensional debonding force in a single fiber that is 
parallel to and adhesive-bonded with other fibers. 

Problem Formulation 

In the simplest model of a multilayer fiber composite body, a fiber, acted upon by the 
debonding force, is parallel to and adhesive-bonded with other fibers, on the side and on the 
bottom, as shown in Fig. 1. The structural response u, u, and 4,, due to bending, stretching and 
twisting is considered. In Zone I, the fiber is constrained by layers of adhesives on the side and 
on the bottom, whereas in Zone II the side layer has been debonded. Zone I is very long while 
Zone II is just the region between the side layer failure point and the point at which the failure 
is completely free of the body. Coordinate systems (O 1 X 1 yj ZD) and (02 x2 Y2 z2), are located at 
the beginning of each of Zone I and Zone II with their respective origins (o~, 02) located at the 
undeflected position of the center of the pulled fiber. The width and thickness of the side and 
bottom adhesive layers are b~ and taj and b2 and ta2, respectively. 

To simplify the analysis, the following assumptions are made: (a) the composite body, con- 
sisting of fibers and adhesives, behaves as Hookean body; (b) the fibers considered are suffi- 
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ciently long and of  uniform cross sections; (c) except for the pulled fiber and adhesive around 
it, the rest of the composite body is considered rigid; (d) adhesive layers are isotropic, homo- 
geneous and of  uniform thickness; (e) the diameter of  fiber is large compared to the thickness 
of  adhesive; ( f )  static debonding force is independent of debonding rate; (g) pure adhesive 
failure, rather than the cohesive failure, is assumed; (h) operating temperature remains con- 
stant through-out the entire loading period, and (i) body force of  the pulled fiber is not 
important. 

Based on the preceding assumptions, a free-body diagram of the pulled fiber element with 
a length of,.Xs is shown in Fig. 2. The element is acted upon by axial force, T, bending moment, 
M, shear force, ~, torsional moment, To,, and five stress components that are ~o., r~x, and r,r 
in the side adhesive layer, and r2x and r2, in the bottom adhesive layer. The derivation of  the 
governing differential equations begins with the conditions of  static equilibrium. Summing 
moments about a line parallel to the z-axis through the center of  the element yields Eq 1 

V =  M '  - r l ~ b l q  (1) 

where the prime (') indicates differentiation with respect to x. and rfis the radius of  the pulled 
fiber. Retaining linear terms in the sum of forces in the ),-direction yields Eq 2 

Substitution ofEq 1 into Eq 2 gives 

V' + r2,b2 + au, bl = 0 

M "  - r ~ b , r  r + r2~b2 + a,,,b~ = 0 

Summing forces in the x-direction produces 

T '  - r2,b2 - r l ,b ,  = 0 

Finally, the sum of moments about the x-axis through the center of  the element yields 

T'or + (rzrbl - r 2 r b 2 ) r f  = 0 

(2) 

(3) 

(4) 

T =  ArEru '  (6) 

M = E f l f v "  (7) 

To, = - G J ~ '  (8) 

E r = Young's modulus of the fiber material, 
G I --- shear modulus of  the fiber material, 

Iy = 7rr}/4 = moment of  inertia of  the fiber cross section, 
JI  = rcr}/2 = polar moment  of  inertia of  the fiber cross section, 

A f = ~-r~ = area of the fiber cross section, and 
Subscriptf  = pulled fiber. 

where 

Equations 3, 4, and 5 constitute the differential equations of equilibrium that govern the inter- 
nal axial force, T, and the internal moments, M a n d  To,. 

The internal axial force and moments are related to the displacements u, v, and the rotation, 
4~, by the usual definitions from mechanics of  materials as follows 

(5) 
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FIG. 2- -Equi l ibr ium o f  the f iber element. 

The stress components, alj ~ "/'lz, Tlr, in the side adhesive layer and r2,, r2~ in the bottom adhe- 
sive layer are related to the displacements u, v, and 4~ by first expressing the strain components 
in the two layers. In the side adhesive layer, the normal strain, *,. is assumed to be 

The shear strain in the x-direction is 

Ely = v / t . ,  (9) 

and in the z-direction is 

~Ix "~" (• JU rfDt)/tal (10) 

71r = rrC/tal (1 l) 

In the bottom adhesive layer, the shear strain in the x-direction is 

VEx = u/ta2 (12) 

and the shear strain in the y-direction is given by 

"/2, = (v - -  r#) / ta2 (13) 

Hook's law for the assumed linear elastic behavior of  the adhesives yields the stresses as 
follows 

a l y  = Eae,r = EaV/tal (14) 
Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



640 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

r ,x  = Ga'Ytx = Ga(u  + rfo ' ) / lat  

rt, = Gdv,, = G.rFk/t~, 

*2x = G~'y2x = G~u/t~2 

(15) 

(16) 

(17) 

T2r = Ga'Y2r = Ga(v - -  rj~)]ta2 (18) 

where 

E. = Young's modulus of  the adhesives, 
Ga = shear modulus of  the adhesives, and 

Subscript a = adhesive materials. 

The final equations that govern u, v, and r are obtained by substituting Eqs 6, 7, 8, 14, 15, 
16, 17, and 18 into Eqs 3, 4, and 5 and are given here 

O~ m + AilV~ + A~2Vi + Ai3u~ + A,4r = 0 (19) 

U'~' + BilUi + B~2v~ = 0 (20) 

r + C,  Oi + Cizvi = 0 (21) 

The displacements, u and o, and the distance, x, have been nondimensionalized by dividing 
them by the fiber radius, r# A subscript, i, has been added to u, v, and r to indicate that Eqs 
19, 20, and 21 must apply in Zone I (i = l) where both the side and bottom adhesive layers 
are bonded to the fiber and in Zone lI (i = 2) where the side adhesive layer has been debonded. 
The physical nondimensionalized constants for Zone I and Zone lI are given in the Table I. 

The system of governing equations is linear and homogeneous. The response (deformation) 
vectors can be expressed in the form of Eq 22. The double subscripts denote quantities related 
to the fh eigenvalue of  the ith coordinate system for singly-bonded zone and doubly-bonded 
zone referred to in Fig. I. 

[Vi, Ui, dp i] T =  [ao, bo, co]r e ~'~ (22) 

where 

[oi, u.ep,] r = a response vector, 
[ao, bo, co] r = a coefficient vector, 

a0 = an eigenvalue, and 
x, = a nondimensional spatial coordinate. 

Determining the eigenvalues and eigenfunctions give rise to the following solution. 

l I+m 

[ vi'ui'~Ji]T = S Kij[V'u] eta'~'~ + ~ Kij[Vij] xsi-'-' 
J=l j= /+ l  
l+m+n 

+ ~ {K,.zs-t-.,-,{[U,.zs-,-.,-,] cos(o:,?ci) 
j=l+m+l 

+ [Uias-t-m] sin(co~,x3}e tS~i) (23) 
+ Ki.v-l-m{[ I"i,2j-t-,,,-,] cos(w/?c3 
+ [ Vi.v-t-m] sin(widci)}e tn~')} 
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TABLE l - - P h y s i c a l  cons tan t s  o f  the  e las t ic  adhes ives .  

641 

Zone I Zone II 

A , , = - ( Gabl r~)/( E f l fG ,  ) 

A 12 = (Eablr~) /Ef l f ta l )  + (Gabzr})/(Efl f t~2) 

A 13 = - (Gab,  r~)/( Ef l f ta  1) 
A 14 = - -  (Gab2r4f)/(Eflfta2) 

BI1 = - ( Gab f f } ) /A fE/ laO - ( Gab2r})/( AfEfta2) 

B 12 = - (Gab I r}) / (AfEf ta  l) 

C t~ = - (Gab,  r~)/(GfJfta 1) - ( Gab2 r})/(GfJfta2) 

Cl2 = (Gab2r~)/(GJrla2) 

h21 ~ 0 

A22 = (Gab2r~)/Eflfta2) 
A23 = 0 
A24 ---- AI4 
B 21 = - ( Gab2r~)/ AIEIta2) 

B22 = 0 
C21 = - (Gab2r})/(GfJfta2) 

C22 = C12 

where the first term represents the l eigenfunctions corresponding to the l real eigenvalues, the 
second term represents the m eigenfunctions corresponding to the m repeated zero eigenval- 
ues, and the last term represents the 2n pairs of eigenfunctions corresponding to n pairs of  
complex conjugate eigenvalues (ms = flu + i~ The K~j are the eight constants of  integration 
for the i 'h coordinate system. 

P o s s i b l e  F a i l u r e s  

The failure occurs in the side and the bottom adhesive layers of the pulled fiber. The side 
adhesive layer in Zone I fails by the normal mode for large pulling angles, 0p, and by the shear 
mode for small 0p. The failure of  the side layer happens prior to the failure of  the bottom layer 
and creates Zone II of  length x2z in which the fiber is bonded only by the bottom layer. Max- 
imum stress criteria are used so that when the normal stress reaches a specified maximum 
normal stress (am~,) the adhesive layer is assumed to fail in the normal mode. Similarly, when 
the shear stress reaches the maximum stress (r ,~) ,  the layer is assumed to fail in the shear 
mode. It is assumed that a.~x and rm~x are known material properties of  the adhesive. 

The first possible failure condition is named Case-NS for large pulling angles. The side adhe- 
sive layer fails due to  the normal mode but the bottom layer fails due to the shear mode. This 
condition is expressed as follows 

0" 1 ~-~ O'ma x (24 )  

re1 = V~r2~ + r~, < rm~ (25) 

"re2 = ~r220 + "r2r ----" rmax (26 )  

For the small pulling angles, the second failure condition is called Case-SS. In this case, both 
adhesive layers fail in the shear mode. This condition is expressed as follows 

(27) 

O" 1 < O'max (28 )  

re2 = V~r2~ + r2,  = rmax (29) 

The combined shear stresses, rcl and re2, are at failure points in the side adhesive layer and 
bot tom layer, respectively. 
Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



642 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

Boundary Conditions 

The length of  Zone I is large compared to the diameter of  the fiber and is modeled as the 
semi-infinite region defined by 0 --< xt < or. The solution in Zone I remains finite as x~ 
approaches oo so the constants of integration, K, j, that are coefficients of  the solutions that 
correspond to eigenvalues with positive real parts must be zero. For reasonable values of the 
physical parameters, it is found that the characteristic equation for Zone I has two pairs of  real 
roots with opposite signs and two pairs of  complex roots with real parts of  opposite signs. Thus, 
four of  the eight roots have positive real parts and so the four corresponding constants, K,j ,  
are set to zero. In Zone II, the roots are similarly classified as four real and four complex roots 
but due to the limited length of  Zone II, none of  the constants K2.j are required to be zero. 

The long free port ion of  the fiber that has been torn free from the composite body is modeled 
as an elastica that is pulled at Angle ap, far removed from the complete failure point at x2 = 0 
by an unknown debonding force, P. The elastica solutions of  Gardon [14] and Gent and 
Hamed [19] have been modified to give the following relationships 

Mo = ~ / 2 P E f I I (  I - cos(Op -- Oo))(bending) ) 
To P cos(0p - 00) (tension) 
Iio P sin(0p - 00) (shear) (30) 
Tom = 0 (torsion) 

where M0, To, V0, To, and 0o are values of  bending moment ,  axial force, shear force, torque, 
and slope at x2 = 0, respectively. 

For  either failure condition Case-NS or Case-SS, the unknowns are twelve K,.j, XEt (length 
of  Zone II), 00, and P, for a total of  fifteen. Continuity of  the solutions in the free length, Zone 
II, and Zone I requires t h a t  the following matching conditions be satisfied. 

At x2 = 0 

vi(0) = - t a n  0o ) 
~ ( o )  -- 0 
v~(O) -- ~/P*(I - eos(Op -- 0o)) 
v'~'(O) = 0 . 5 P *  sin(Op - 0o) 
ui(O) = O. 1 2 5 P *  eos(~p - ~o) 

(31) 

where P* = 2Pr~l(EylI).  
At x2 = x2t or x~ -- 0 

v,(0) -- v2(x2~) 
01(0) = v'i(x2~) 
ep ~( O ) = e~2( x2t) 
u,(0) = u2(x21) 

v~(O) = vl(x2t) I 
v m [ O ~  - -  U m t X  X 1~ ] -  2 I, 211 

i _ / 
4 ~ , ( 0 )  - 4~2(x21) 
u~(O) = ui(x~) 

(32) 

For Case-NS (large 0p), the normal stress, a~, in the side layer at x~ -- 0 satisfies 

al = ~m~ = Earfvt(O)/tal (33) 

For  Case-SS (small 0p), the combined shear stress, zc~, in the side layer at xt = 0 satisfies 

re, = rma x = (Garf/tai)~/(Ut + v~) 2 + r (34) 
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FIG. 3--Model  o f  the DCB specimen. 
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Section A-A 

In both cases, the combined shear stress, re2, in the bot tom layer at x2 = 0 satisfies 

re2 = rma, = (Gar:/G2)~/(oz -- (a2) 2 + u~ (35) 

Numerical R e s u l t s  

To establish the validity of the preceding method, the standard double-cantilever beam 
(DCB) specimen was analyzed. The DCB specimen as shown in Fig. 3 is one of the most well- 
defined specimens for evaluating the constitutive behavior and peel properties of the adhesive 
layer. The specimen consists of two parallel beams joined together with an adhesive layer. The 
DCB test could be treated as a special case of  the doubly-bonded composite body by removing 
the bottom adhesive layer. Using physical properties and the equation of  the free beam in 
Yamada 's  [11] analysis for modification of  an opened crack, the stress energy release rate 
(SERR) from the present study is found in excellent agreement with Yamada's  results on elas- 
tic materials. The physical properties are shown in Table 2. For crack lengths (CKL) of  0.76, 
1.27, 1.78, and 2.29 cm, the values of  the SERR are shown in Figs. 4 and 5 with respect to the 
applied force and to the load line deflection for two cases: (a) assuming the crack is extended 

TABLE 2--Physical  properties o f  DCB specimen. 

DCB Adhesive Crack Length, cm 

E r = 117 (GPa) Ea = 27.6 (GPa) 0.76 
tf = 1.02 (mrn) ta~ = 0.254 (mm) 1.27 
bl = 0.64 (mm) ~,,~ --- 34.5 (MPa) 1.78 
If = 0.057 (ram 4) 2.29 
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TABLE 3--Physical properties of  the fiber bonded with two 
adhesive layers. 

Glass Fiber Epoxy Adhesive 

Ef = 100 (GPa) 
Gf = 33 (GPa) 
r s -- 1.0 (mm) 
I I = 0.785 (mm 4) 
J / =  1.571 (mm 4) 

E= = 3 (GPa) 
Ga -- 1 (GPa) 
ama~ = 60 (MPa) 
rm~ = 20 (MPa) 
tal = t=z = 0.1 (ram) 
b~ = b2 = l.O(mm) 

645 

at constant displacement, and (b) assuming the crack is extended at constant load. This is 
important evidence confirming the validity of  this investigation. 

For the doubly-bonded fiber, the debonding behavior for an arbitrary pulling angle (0p) is 
the primary objective of  this investigation. Numerical results are presented for a glass fiber 
doubly bonded to the remainder of  the composite body with adhesive epoxy. Important phys- 
ical parameters for the glass fiber and the epoxy adhesive are listed in Table 3. The force nec- 
essary to break the bonds of  the side and bottom adhesive layers (debonding force, P) is shown 
in Fig. 6 as a function of  the pulling angle, 0 r For small pulling angle (less than about 6"), the 
pulling angle varies greatly from being more than 100 N for 0p = 1" down to about 7.8 N at 0p 
= 6*. Beyond 0p -- 6", the debonding force decreases gradually to an asymptotic value of  0.43 
N for pulling angle more than 30*. The debonding angle, 00, as shown in Fig. 6 is very small 
(less than 0.2*). 

1 2 0  

t 

1 0 0 -  

gao-I 
Oo 

m p 

c ~ 40-  C Case-NS 

n ~ 

t I I I I I I l 

0 5 10 15 20 25 30 35 4 0  

Pulling Angle (deg) 

FIG. 6--Debonding force and debonding angle versus pulling angle. 
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The large variation ofdebonding force for pulling angles between 0, = 1 ~ and Op -- 6 ~ is due 
to the transition of  the failure mode of  the side adhesive layer in Zone II changing from shear 
mode (Case-SS) for 0p < 6 ~ to normal mode (Case-NS) for 0p > 6 ~ The length of Zone II, x2t, 
varies as a function of Op as shown in Fig. 7. Figure 7 shows a distinct change in the behavior 
ofx2t with 0p because the failure mode in the side layer changes from the shear mode to normal 
mode. 

The stress distributions in the adhesive layers are shown in Fig.-8 for 0p = 90*. Two sets of  
stresses, o-iF ~ fix, fir, and r2x, r2~, correspond to stresses in the side and bottom layers, respec- 
tively, are shown. Zone I and Zone II are marked to show that there are only two shear stresses 
in Zone II and all five stresses act on the adhesive layers in Zone I. Note that all components 
of  stress decrease as the distance from the complete failure point (at x2 = 0) increases. 

Conclusion 

The theory of  a beam-on-elastic-foundation was employed to investigate stress distribution, 
debonding angle, and  debonding force in a composite body with multiple adtiesive layers. The 
model was used to consider the DCB specimen and yielded an excellent agreement with 
Yamada 's  results. 

The criteria of  adhesive failure are vital in debonding force calculations. In this paper, sim- 
ple maximum stress criteria are adopted. Other failure criteria may be more appropriate for 
the mixed-mode conditions in the debonding of  a fiber from a composite body. We found no 
references reporting experimental research on failure criteria for situations similar to ours. 
Future work could include such fundamental experimentation and modification of this anal- 
ysis if alternate failure criteria are more applicable. 
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A Finite-Element Analysis of Nonlinear 
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ABSTRACT: A finite-element analysis has been developed to evaluate the J-integral for the end- 
loaded split laminate specimen (ELS) used to characterize Mode II delamination fracture tough- 
ness of composites. The analysis includes the use of nonlinear beam theory to evaluate the J- 
integral from typical output data obtained using nonlinear beam elements. The beam elements 
include large deflections and rotations, midplane straining, and the effect of shear deformations. 
Several composite laminates going from unidirectional to multidirectional layups have been 
studied. The path independence of the J-integral using this analysis has been verified except for 
paths very close to the crack tip where the complex state of stress that develops at the crack tip 
invalidates beam theory approximations. For all the layups studied, midplane straining from the 
development of large rotations shows no significant effect on J. Furthermore, J has been found 
to be independent of shear deformations even when shear deformations are no longer negligible 
in the load-deflection response of the ELS. The effect of limited inelasticity on J, as is typical of 
multidirectional layups, has also been studied. This analysis illustrates the feasibility of evalu- 
ating the J-integral from simplified finite-element analyses, where global quantities away from 
the complex state of stress at the crack tip are used instead of local stresses and strains near the 
crack tip. 

KEY WORDS: J-integral, composite materials, nonlinear finite-element analysis, Mode II 
delamination, shear deformation, inelasticity, damage, fracture mechanics 

One of  the most commonly used specimens in the study of Mode II delamination behavior 
of  fiber-reinforced composite materials is the end-loaded split laminate specimen (ELS) [ 1-5] 
depicted in Fig. 1. This specimen configuration was originally proposed by Vanderkley [3] 
assuming linear elastic composite behavior and linear beam theory, with the strain energy 
release rate, G, as the fracture parameter. A finite-element analysis by Corleto et al. [6] also 
showed that indeed a pure Mode II loading condition develops at the crack tip. An extension 
to nonlinear beam theory was later done by Williams [ 7]. Recently, Corleto [8] and Goetz [9] 
have introduced a J-integral approach for the ELS including a more generalized material and 
geometric response. Corleto derived equations for J with the ELS under linear beam theory 
assumptions but with distributed damage developing in the cracked legs of the specimen [8]. 
Goetz extended the theory to nonlinear beam theory with midplane straining and large strains 
[9]. An experimental assessment of  these analyses [9] has shown the feasibility of  using J as a 
fracture parameter  even for composite laminates with limited inelasticity. Limited inelasticity 
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2 P  
FIG. 1 --End-loaded split laminate (ELS) test used for Mode H delamination fracture characterization 

of composites. 

refers herein to inelastic effects due to damage in the form of microcrack formation away from 
the crack tip. 

The evaluation of  the J-integral using finite-element analyses has been done traditionally 
using continuum elements refined locally to model an explicit crack tip. This approach usu- 
ally requires a relatively large number of elements, and the J-integral is calculated from 
stresses along paths within the interior of the structure or body in the region near the crack 
tip. Furthermore, if nonlinear material or geometric behavior is added to the analysis, com- 
puting time and storage requirements are increased significantly making the analyses very 
costly. In the approach presented in Refs 8 and 9, the integration paths for calculating J 
have been taken to be far away from the complhx state of  stress at the crack tip. This allows 
the J-integral to be expressed in terms of  global quantities. Under these circumstances, the 
evaluation of  J using finite-element analysis can become significantly easier, since localized 
mesh refinement is not needed and simpler element types and mesh configurations can be 
used. 

The purpose of  this investigation has been to develop a finite-element analysis to evaluate 
the J-integral of  the ELS as proposed in Refs 8 and 9 using standard nonlinear beam elements. 
The approach includes the use of  nonlinear beam theory to evaluate the J-integral from typical 
output data for beam elements. The effects of midplane straining, shear deformation, and dis- 
tributed damage in the legs of  the ELS on J have been investigated. Also, the path indepen- 
dence of  J as proposed in Refs 8 and 9 for the ELS has been assessed. The results illustrate the 
feasibility of  evaluating the J-integral from simplified finite-element analyses, where global 
quantities away from the complex state of  stress at the crack tip are used instead of local stresses 
and strains near the crack tip. 

Analysis 

The J-Integral Approach for the ELS  

The J integral expression for the ELS developed by Goetz [ 9] is given by 

2 ~oo M~ 2 l ~oo Mu 2 J,, = -B K*dM + -B P sin~c - ~ K*,dM - -B P sin~, (1) 

In this expression, P is the load applied to each leg (Fig. 2), and B is the width of the ELS. The 
angles, 4c and ~., refer to slope angles at the path locations in the cracked and uncracked seg- 
ments of  the ELS, respectively. Similarly, Mc and M. are moments at these locations, and 
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2P 

ap > 

FIG. 2 - - E L S  specimen under large deformation conditions. 

K* and K*~ are the curvatures of  the planes of  zero strain. The relationship between K* and K, 
the midplane curvature, is given by 

K* = (1 + r (2) 

where r is the midplane strain [9]. Using nonlinear beam theory, it can also be shown that 

K* - 0r 
Ox (3) 

and 

(o4~/ax) 
K - (OuOlOx--~) sinq~ (4) 

where q~ is the slope angle, x and y are the undeformed configuration coordinates, and Uy~ is" 
the deflection of  the midplane in the y-direction. When no midplane straining occurs, K* can 
be replaced by K in Eq 1. 

The derivation ofEq 1 assumes negligible effects of  shear deformation and friction between 
the cracked legs. A graphical representation of  the moment-curvature relationships in Eq 1 
can be seen in Fig. 3. Note that Eq 1 allows for geometric nonlinearities (large deflections and 
rotations) as well as nonlinear elastic or inelastic (different loading and unloading paths) mate- 
rial behavior. It also accounts for the development of  midplane straining through K*. In addi- 
tion, if the paths used to evaluate the J-integral are taken very close to the crack tip and linear 
elastic material behavior is assumed, the moment-curvature relationships can be approxi- 
mated using beam theory to obtain 

Ju 6(M~P)2 6P 2a2 
= BEl l lm,  - B E J m ,  (5) 
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K 

FIG. 3--Moment curvature relationships for (a) cracked and (b) uncracked portions of  ELS. Note the 
effect of  limited inelasticity. 

where M,~o is the moment at the crack tip for each cracked leg of the ELS, E,, is the elastic 
modulus in the x-direction, Ira, is the moment of inertia of the uncracked portion of the beam, 
and a is the crack length. This result is the same as that obtained by Vanderkley [3] using the 
energy release rate approach, G, and linear beam theory, which confirms the equivalence of G 
and J under linear elastic material conditions. Furthermore, since Ju in Eq 5 depends only on 
the moment at the crack tip, provided shear deformation can be neglected, this expression can 
be valid for geometric nonlinearities (large deformations and rotations). In this case, the 
moment arm distance for calculating the crack-tip moment becomes the load-line to crack- 
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tip distance, ap, instead of  the undeformed configuration crack length, a (see Fig. 2). Williams 
[ 7] reached the same conclusion with a nonlinear beam theory analysis. 

Shear  Deformation Effect o n  J u 

In the derivation of  the J-integral for the ELS [9], shear deformation effects o n  Jll were 
assumed to be negligible, since ELS specimens are typically long and slender, making defor- 
mations due to bending significantly larger than shear deformation. However, it is not known 
quantitatively to what extent this assumption is valid. In addition, for orthotropic laminates, 
the ratio of  the tensile modulus to shear modulus also governs the potential significance of  
shear deformations. Therefore, the effect of  shear deformations on J ,  for the ELS needs to be 
examined. 

Assuming linear elastic material behavior and linear beam theory, Castigliano's Theorem 
can be used to calculate the deflection at the loaded end of  the ELS with shear deformation 
included. The result is given by 

2P 2PL 
6 - 3E . Im,  (3a3 + L3) + r2G~2A------~ (6) 

where A, is the cross-sectional area of the uncracked segment of  the ELS, and K 2 is a shear 
correction factor, which is dependent upon the cross-sectional shape. For a rectangular cross- 
section, K s can be calculated directly from the strain energy term for shear based upon the par- 
abolic distribution of  shear stress through the thickness of  the beam. In this case, K s = %. The 
first term in Eq 6 is the deflection due to bending and the second term contains the contribu- 
tion due to shear. Equation 6 is given in dimensionless form by 

e ( a  3 + L 3) = 3 + 6K ----i \G,2J 3 ( a / ~  3 + 1 (7) 

where h, is the thickness of  the uncracked beam. From Eq 7, it can be seen that at shorter crack 
lengths, the thicker the specimen, and the larger the ratio of  longitudinal modulus to shear 
modulus, the greater the effect of  shear deformations on 6. Once 6 has been determined with 
shear deformations included, the effect of  shear deformations on Jn can be assessed using the 
energy release interpretation of  the J-integral. I f  Wis the strain energy and A is the area created 
by crack extension (where A -- Ba), then J i s  given by 

O W  l O W  
J - - -  - (8) 

0.4 B O a  

The strain energy is first expressed in terms of  the deflection, t~, and the total load, 2P, to get 

2P 2 
W = (2P) (6 ) -  3E-~t/m. 

2P2L 
- -  (3a 3 + L ~) + K2GI2A-------~ (9) 

Finally, substituting Eq 9 into Eq 8 and evaluating the derivative with respect to the crack 
length, a, yields 

6P2a 2 
J .  - - -  (lO) 

BEt  lI,.~ 
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As can be seen, Jtt is independent of  shear deformations even if beam displacements contain 
significant shear deformation contributions. The significance of  this result is that using thick 
composite laminates to evaluate the J-integral for the ELS will not introduce "error" or require 
"correction" due to shear effects. The advantage of  thick specimens is that they are more likely 
to maintain geometrically linear behavior that simplifies the measurement of J , .  Using finite 
elements, these findings can be verified and confirmed. A valid finite-element model can also 
be used to determine if the shear independence of  JH holds for large deflections and rotations. 
In addition, finite-element modeling can be used to address the possible effects of  other impor- 
tant factors, such as midplane straining and inelastic material behavior. 

Finite-Element Procedures 

A finite-element model of the ELS is shown in Fig. 4. The model consists of 63 nodes and 
62 elements with a crack-to-length ratio, alL, of 0.5. However, the number of  nodes and ele- 
ments varied as the a/L ratio was changed from 0.4 to 0.8. The total beam length, L, was 25.4 
cm and the height of  the beam was 2.54 cm. The beam elements include large deflections and 
rotations, midplane straining, and shear deformation. Rigid beam elements were used at the 
crack tip to offset the elements comprising each leg of  the cracked portion of the ELS. The 
ANSYS 2 finite-element package has been used for this investigation. Geometrically nonlinear 
analysis procedures have been employed throughout in order to model large displacement and 
large rotation deformation. Material nonlinearity is included as well for the cases studying lim- 
ited inelasticity in the legs of the ELS specimen. Each problem was therefore solved incre- 
mentally with the load applied in load steps (ranging from 15 to 31). A DEC VAX 8650 main- 
frame computer  was used to run the ANSYS finite-element package. Several composite 
materials with different material properties were modeled in order to create a wide range of  
composite layups for studying the effect of  midplane straining, shear deformation, and limited 
inelasticity. These material systems are summarized in Table I. 

The J-integral for the ELS was evaluated using the results from the finite-element analysis 
along with Eqs 1, 3, and 4. Since the finite-element modeling included geometric nonlineari- 
ties, the problem was solved incrementally. Moments,  slopes, and displacements at each node 
for each load step were recorded. Next, a particular "path" for evaluating the J-integral was 
chosen. This simply amounted to selecting a single node in the uncracked portion of the model 
and a pair of  nodes (equidistant from the crack tip) in the cracked portion. Data from the first 
node was used to evaluate the last two terms in Eq 1 and results from the other two nodes were 
used to evaluate the first two terms. In order to evaluate the two integral terms in Eq 1, a series 
of  values for K* were first approximated according to Eq 3. To do this, the slope (4) was plotted 
versus unreformed location (x) at every node in the model for each load step and a polynomial 
curve was fit to this data. Next, the resulting curve-fit expression was differentiated at each of  
the nodes on the path to generate an estimate of  K* for these points for each load step. These 
curvatures (K*) were plotted subsequently as a function of  corresponding moments (M) and 
then integrated numerically. With each of the integrals in Eq I thus determined, an approxi- 
mate value for J ,  was calculated. 

Values for Jii were also computed using K instead of K* for the integral terms of Eq 1. In 
this case, a series of  values for K were determined for each load step in a similar manner as for 
K*, but using Eq 4. The additional information required was the denominator  term in Eq 4, 
which was estimated by plotting the deflection of  the midplane in the y-direction (u~) versus 
undeformed location (x) for each load step, fitting a polynomial curve, and then differentiating 
at the nodal locations of interest. 

2 Registered trademark of Swanson Analysis Systems, Inc., Houston, PA. 
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E) 
1 

FIG. 4--Finite-element model of ELS. Model consists 0,/63 nodes and 62 elements. (Not to scale." ver- 
tical offset exaggerated.) 

The results generated from these calculations were summarized by plotting Jn, using both 
K* and K, as a function of  crack-tip moment  for the cracked portion of  the ELS. For com- 
parison purposes, G,  was also calculated using the actual moment  at the crack tip from the 
finite-element nonlinear analysis and in conjunction with the linear expression for GH (Eq 5 
or 10). To verify the effect of  geometric nonlinearities, Gn was also calculated under entirely 
linear assumptions, that is, using the load, P, and the underformed crack length, a, in Eq 10. 
In this case, the differences between Jn and GH could only be demonstrated by plotting them 
as a function of  the load, P, rather than the crack-tip moment.  

The path independence of the proposed J-integral for the ELS was determined by compar- 
ing J1~ evaluated at various path locations along the beam length. The distance from these paths 
to the crack tip ranged from 0.635 cm to 11.43 cm. The effect of  midplane straining was stud- 
ied by comparing J ,  using K* and K in Eq 1. Composites representing a wide range of  stiff- 
nesses were examined. 

In order to assess the analysis presented in the previous section for JH with shear effects 
included, several finite-element runs were performed for a l l  ratios ranging from 0.4 to 0.8 
with and without shear deformation. The resulting load versus ~ curves were compared with 
the theoretical model (Eq 6). The curves were also used to numerically evaluate J .  from the 
fundamental definition presented previously in Eq 8, that is, as the derivative ot~ the strain 
energy with respect to cracked area. The purpose was to determine whether the predicted inde- 
pendence of  J~l with shear deformation for the case of  linear deformations could be extended 
to nonlinear deformations. The procedure for calculating JH this way began by selecting a par- 
ticular load level (2P) and then numerically integrating each 2P versus ~ curve (for each alL)  
up to that load to get the strain energy, W. This created a dataset of  strain energies and cor- 
responding crack lengths that was curve-fit and then differentiated at each crack length value 
of  interest. 

TABLE l--Material properties for composites studied 

Composite Layup Eta, GPa G~2, GPa 

AS4/3502 [6] (graphite epoxy) 
B(4)/5505 [10] (boron/epoxy) 
Scotehply [10] (glass/epoxy) 

T300/5208 [10] (graphite/epoxy) 

0 ~ 136 7.1 
0 ~ 204 5.6 
0 ~ 38.6 4.1 

+45* 25 (Ex) a 46.6 (Gxy 

a Laminate properties with x parallel to the 0 ~ direction. 
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The effect of limited inelasticity on Jii, which typically occurs in multidirectional layups in 
the form of microcracking, was modeled by using the stress-strain curve shown in Fig. 5 to 
describe the material response in the finite-element model. This material behavior was 
assumed for the cracked legs only with the uncracked leg rerriaining linear elastic. The slope 
of the linear portion of this stress-strain curve was the same as the axial modulus of the T300/ 
5208 + 45* graphite/epoxy composite. The nonlinear portion was generated to simulate the- 
oretically the actual development of inelasticity in the form of damage. The formation of dam- 
age in the form of microcracking in the ELS has been observed to occur mainly in the cracked 
legs for _+45* and _+ 30* layups [8,9]. The stress-strain curve for the finite-element analysis 
(Fig. 5) limits the study to monotonic loading with no unloading allowed since a real material 
would unload along a different path due to permanent damage. However, this is sufficient for 
the evaluation of J ,  using Eq l. It should be pointed out that Eq 1 is actually valid for different 
loading and unloading paths for "steady state crack growth" [8]. The present study was limited 
to monotonic loading to simplify the computational procedures for demonstrating the effect 
of limited inelasticity. 

Modeling off-axis layups using beam finite elements neglects stretch-twist and bend-twist 
coupling, and this should be noted as a limitation of the present approach. This case has been 
included here as a real example of a type oflayup for which significant inelasticity develops in 
the form of microcracking in the cracked legs of the ELS. The practical usefulness of the pres- 
ent analysis is not seriously compromised in many cases. Coupling effects can be minimized 
using off-axis layups with negligible stretch-twist and bend-twist coupling, or when 0* plies 
bound the delamination crack plane with the rest of the layup being multidirectional. The 
critical issue is whether the crack loading remains predominantly Mode II even in the presence 
of potential coupling. This could be verified experimentally to ensure the applicability of the 

80 

70 

60 

u) 
(1) 13- 50 

40 

30 

20 

0.000 

// js 
I I I I I 

0.001 0.002 0.003 0.004 0.005 

Strain 
(m/m) 

FIG. 5--Stress-strain cltrve used to model limited inelastic material response in the cracked legs of ELS  
specimen. 
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current analysis. The motivation for this part of the study was simply to demonstrate the use- 
fulness of the method in including inelastic effects. 

Results and Discussion 

Verification of the Finite-Element Approach for J,  

Figure 6a shows JH and GH plotted as a function of MtCp, the moment at the crack tip for 
either of the cracked beam portions, The particular specimen modeled was a unidirectional 
layup of AS4/3502 graphite-epoxy composite with a/L = 0.5 and h,/L = 0.0125. JII has been 
calculated using the proposed method to evaluate the J-integral for the ELS (Eq 1). Large 
deformations and rotations, midplane straining, and elastic material conditions were 
assumed. Both K* and Kwere used in evaluating the integral terms in Eq 1, and the paths were 
at + 6.35 cm from the crack tip. G, was calculated from Eq 5 by using the actual moment at 
the crack tip (g~p) directly from the finite-element output data. When calculated this way, GH 
is valid for nonlinear beam deflections and rotations but not midplane straining. As these 
results show, the proposed procedure to evaluate JE~ using the finite-element output coincides 
with GH in the geometrically linear and geometrically nonlinear range of deformations. Note 
that J ,  calculated using K* and K are the same indicating no significant midplane straining. 
Thus, GH and JH should be equivalent since linear elastic material behavior has been assumed. 

Figure 6b shows a comparison of JH with GII calculated from purely linear beam theory 
assumptions. As mentioned previously, the plots must be presented as a function of the total 
load, 2P, rather than the crack-tip moment, M~p, in order to show the nonlinear effect. Note 
from Fig. 6b that JH corresponds very well with Gu at the lower loads since the response is still 
in the linear range. As the load increases, however, the two curves deviate substantially with 
the linear theory greatly overpredicting the fracture energy. 

Figure 7 shows the results for JH evaluated at several path locations for the same model ana- 
lyzed in Fig. 6a. The path locations ranged from + 0.635 to + I 1.43 cm away from the crack 
tip. Except for the path location very close to the crack tip (Path l), the curves are nearly iden- 
tical, thereby confirming the path independence of the J expression for the ELS (Eq l) calcu- 
lated using the current procedures. The deviation for the path closest to the crack tip is most 
likely due to the complex state of stress that develops at the erack tip and for which beam 
theory approximations are no longer valid. Note again the equivalency of G and J. 

These results clearly demonstrate the feasibility of the approach developed to evaluate the 
J-integral for the ELS from simplified finite-element analyses where global quantities away 
from the complex state of stress at the crack tip are used instead of local stresses and strains 
near the crack tip. 

Effect of Midplane Straining on J n 

The results presented previously in Figs. 6a and b suggest that midplane straining has no 
significant effect on JH, but this is only for one particular composite material system. In order 
to more comprehensively study the possible effects of midplane straining on J., three other 
composite systems were examined as well. In addition to the AS4/3502 graphite/epoxy of Fig. 
6a, 0 ~ unidirectional layups of two other materials (boron/epoxy and glass/epoxy).were mod- 
eled. The same specimen dimensions were retained (a/L = 0.5 and h,/L -- 0.0125), and linear 
elastic material behavior was again assumed. Figure 8a shows the results for the unidirectional 
boron/epoxy material with JH calculated using K* and K in Eq 1. Once again, no significant 
midplane straining is observed in J~. This is not unexpected, however, since the axial modulus 
of this composite is very high (204 GPa compared to 136 GPa for AS4/3502). 
Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



658 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

=E 
,v, 

~ "  J c e l c u l e l e d  u s i n g  K" 
--t"-- J c e l c u l e l e d  u s i n g  K 
- - k -  . G n o n l i n e a r  b e a m  c o r r e c t i o n  

/ 
AS4/3502 =~ 

0 unidirectional / 
alL = 0.5 

hulL = 0.0125 ~l, 

I I I ] I I 

2 4 6 8 10 12 

M c r a c k  t ip  

(N-m) 

a 

i 

14 

4 

E - ; 5 3  
v' 

2 

--"(~'-'- J c a l c u l a t e d  u s i n g  K *  

-- "l--- G l i n e a r  b e a m  I h e o r y  
,+ 

i t 

i ! 

"1"///III ( ) / C ) ~  

�9 / AS4/3502 
/ /  / 0 unidirectional =l- ~J / alL = 0.5 

~ , , ~  hulL = 0.0125 

I I I 

100 200 300 400 

2 P 
(N) 

FIG. 6--(a)  Jr1 as a function of crack-tip moment for ELS calculated using K* and K in Eq I and using 
G u (Eq 5) with nonlinear beam correction�9 (b) Jll and Gn as a function of actual load (2P) with G u computed 
using linear beam theory (that is, Eq 5 with P and the undeformed crack length, a). 
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FIG. 7--Path independence o f  J tl as a function o f  crack-tip moment. Path I is located at +_ 0.635 cm 

from crack tip," Path 2 at +_ 2.54 cm; Path 3 at +_6.35 cm," and Path 4 at ++_ 11.43 cm. 

Figure 8b contains similar results for the 0* unidirectional glass/epoxy material. This mate- 
rial represents the other extreme in axial modulus since its stiffness is much lower (only 38.6 
GPa). J ,  is again seen to be unaffected by midplane straining, however. Taken as a whole, the 
results of  Figs. 6 and 8 seem to suggest that the magnitude of  the midplane strains developed 
from the effect of  large rotations (which introduce an axial load component) are significantly 
smaller than the strains developed due to bending. Therefore, their effect on J ,  is negligible. 

Effect o f  Shear  De format ion  on J ,  

Figure 9 shows a plot of  2P as a function of ~ for a 0 ~ layup of a boron/epoxy composite. 
The graph compares the effect of  shear deformation on 3 using finite element results with and 
without shear deformations included, and also computed using the linear beam theory anal- 
ysis derived previously (Eq 6). An a l L  ratio of  0.4, a h , / L  ratio of 0. l, and a E. /G~2 ratio of 
36 were used to generate these graphs. With this combination of  specimen geometry and mate- 
rial properties, shear effects would be expected to be significant. Indeed, the analysis without 
shear effects deviates significantly from the other two curves for the entire load range and rep- 
resents a stiffer response as would be expected. The linear beam theory analysis (with shear 
deformations included) and the finite-element model (with shear deformations) correspond 
quite closely at the lower end of the load range. This confirms the accuracy of the linear beam 
theory analysis in the absence of  geometric nonlinearities. For higher loads, the finite-element 
results deviate from the linear analysis by showing a stiffer response due to geometric nonlinear 
effects. In addition, a comparison of  the actual data revealed that the percent difference 
between/5 due to bending and fi due to shear deformations for the geometrically linear and 
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FIG. 9--2P as a function of 6 showing the effect of shear deformations on ~ using finite elements and 
linear theoretical prediction (Eq 6). 

nonlinear range was the same. This indicates the effect of  shear deformations is the same for 
linear and nonlinear deformations, at least for the aspect ratios studied in this paper. 

Several 2P versus 6 curves with and without shear deformation are shown in Fig. 10 for a/L 
ratios of  0.5, 0.6, 0.7, and 0.8. The h~/L and EJGI~ ratios used for these cases were the same 
as those used for the results shown in Fig. 9. As can be seen, the effect o f  shear deformations 
on the load-deflection response decreases as the crack length increases. This is consistent with 
the predictions of  Eels 6 and 7. Similar to the case in Fig. 9, the effect of  shear deformations 
for the geometrically linear and nonlinear range for these cases is the same. 

Using these load-deflection curves, the effect of  shear on J ,  for the ELS has been determined. 
Since J is proportional to the change in strain energy with respect to crack length (see Eq 8), 
the analysis is presented in terms of  O W/Oa. Figure 11 a shows a graph of  (9 W/Oa plotted as a 
function of  crack length for a fixed load level. This load level falls in the range of  linear defor- 
mations. The plots were generated by first integrating the load-deflection curves in Figs. 9 and 
10 to obtain plots of  Wversus a at the chosen load level with and without shear deformations. 
The derivative of  the strain energy with respect to cracked length was then calculated at each 
crack length. The results in Fig. 11 a show that (9 W/Oa is the same whether shear deformation 
develops or not, despite the fact that shear deformation alters the load-deflection response (Fig. 
10). Therefore, using the energy interpretation of the J-integral, Eq 8, it can be concluded that 
J ,  is also independent of  shear deformation. Note also the agreement between the curves using 
the load-deflection results from the finite-element analysis and the theoretical prediction. The 
theoretical results were obtained by differentiating the expression in Eq 9. 

Figure 11 b shows a plot of  0 W/Oa versus crack length but at a load level within the range of  
nonlinear deformations (see Fig. 10). Similar to the linear range results, 0 W/Oa is independent 
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FIG. 10--2P as a function of 6 showing the effect of shear deformations on 6for different a/L ratios. 

of shear deformations. Therefore, J .  is independent of  shear deformations also under nonlin- 
ear beam theory assumptions (that is, large deformations and rotations undergone by the 
ELS). 

Effect o f  Limited Inelasticity in the Legs of  the E L S  on J ,  

The effect of  limited inelasticity in the cracked legs of the ELS on J .  can be seen in Fig. 12. 
Recall that the limited inelastic response was obtained by using the stress-strain curve shown 
in Fig. 5 for the elements of  the cracked legs and for linear elastic material behavior for the 
elements of  the uncracked leg. J .  has been plotted as a function of crack-tip moment and com- 
pared to the case where elastic material behavior is assumed throughout the ELS. At the 
smaller moments in Fig. 12, J .  is the same for both cases. At the higher moments, however, 
J .  becomes significantly higher for the case when inelasticity develops in the cracked legs. Lim- 
ited inelasticity has been observed experimentally to develop in the cracked portion of the ELS 
for _+ 35 ~ and + 45 ~ layups due to the progression of  damage in the form of microcracking 
[8,9]. 

Figures 13 through 15 provide additional insight into the effect of  limited inelasticity. Fig- 
ures 13 and 14 show the moment-curvature response of the uncracked and cracked portions 
of  the ELS for the elastic and limited inelastic cases. Note in Fig. 13 how the moment-curva- 
ture response is the same for both cases since it was assumed that the uncracked portion 
remained elastic even when inelasticity develops in the cracked legs. However, as seen in Fig. 
14, the moment-curvature responses are different where damage development makes the spec- 
imen more compliant. As a result, the integral of the moment-curvature relationship (the first 
term in Eq 1) is larger when damage develops compared to the totally elastic response. There- 
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fore, J~ is likewise larger, which confirms the result shown in Fig. 12. Finally, Fig. 15 shows 
the load-deflection record when damage forms compared to the elastic case. For smaller deflec- 
tions, both cases are the same. At higher deflections, however, the specimen is more compliant  
for the inelastic case. Note also the irregularity of  the curve at the higher moments as a result 
of  a competing process between the effect of  large deformations (which tend to stiffen) and 
softening due to damage formation. 

Conclusions 

The major conclusions o f  this investigation can be summarize as follows: 

1. A finite-element procedure has been developed and demonstrated for evaluating the J- 
integral for the ELS specimen used to study Mode II delamination of composite mate- 
rials. The procedure uses nonlinear beam theory to evaluate the J-integral from typical 
output data obtained using nonlinear finite elements. The beam elements used include 
large deflections, midplane straining, and the effect of shear deformations. 

2. The path independence of the J-integral using this approach has been verified except for 
paths very close to the crack tip where the complex state of  stress that develops at the 
crack tip invalidates beam theory approximations. 

3. For a l lo f the layupss tud ied ,  midplane straining from thedeveiopment  oflarge rotations 
shows no significant effect on Jr~. 

4. J .  for the ELS has been found to be independent of  the effect of  shear deformations for 
the aspect ratios studied under elastic conditions for geometrically linear and nonlinear 
deformations. 

5. J .  has been found to be higher when limited inelasticity in the form of  damage develops 
in the ELS compared to the elastic case. 

6. Finally, the finite-element approach developed to approximate the J-integral for the ELS 
illustrates the feasibility of  evaluating the J-integral from simplified finite-element anal- 
ysis where global quantities away from the complex state of  stress at the crack tip are used 
instead of  local stresses and strains near the crack tip. 
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ABSTRACT: In this study, the local fracture behavior and damage state near the crack tip in a 
particulate composite material were investigated through the use of precracked sheet specimens. 
The specimens were subjected to a simple incremental strain history at room temperature. Dur- 
ing the test, a high-energy real-time X-ray system was used to record the X-ray data and the frac- 
ture process near the crack-tip region. The experimental data were analyzed and the results are 
discussed. 

KEY WORDS: particulate composites, damage, crack opening, failure process zone, fracture 
mechanics, fatigue (materials) 

In recent years, a considerable amount  of  work has been done in studying crack growth 
behavior in highly filled polymeric materials [1-7]. The importance of  these studies stems 
from the fact that the crack growth behavior in the material can significantly affect the integrity 
of  the structure made of that material. The basic approach used in characterizing the crack 
growth behavior in the particulate composite material is based on linear elastic or linear vis- 
coelastic fracture mechanics. According to theories developed by Schapery [8] and Knauss 
[9], failure occurs in a small region when the work done on the small region by the surrounding 
material is equal to the fracture energy of  the material. This small region, located at the tip of  
a crack, is known as the failure process zone. In this zone, the material may be highly nonlinear 
or suffer extensive damage. The size of  the failure process zone strongly influences how a crack 
grows and is a key parameter in viscoelastic fracture mechanics. Therefore, in order to obtain 
a fundamental  understanding of crack growth behavior in a highly filled polymeric material, 
a detailed knowledge of  the characteristics of  damage mechanisms and local fracture behavior 
near the crack tip is required. 

In this study, the local fracture behavior and damage state near the crack tip were investi- 
gated through the use of  precracked sheet specimens. The specimens were subjected to a sim- 
ple incremental strain history at room temperature. During the test, Lockheed Research 
Laboratory's  high-energy real t ime X-ray system was used to record, simultaneously, the X- 
ray data and the fracture process near the crack-tip region. The recorded X-ray data were pro- 
cessed to create a visual indication of  the energy absorbed in the material. A region of  high 
absorption (that is, a high-damaged area) will be shown as a dark area, whereas a region of  low 
absorption will produce a light or white area, with 254 shades of  gray in between. The X-ray 
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image at a given applied global strain level was plotted in the form of isointensity contours of  
the transmitted X-ray energy to enhance the resolution of  the damaged field. 

In this paper, in addition to investigating the damage characteristics, the local fracture 
behavior in the immediate neighborhood of  the crack tip was also investigated. Experimental 
data revealed that the material in a small region, known as the failure process zone, in the 
immediate vicinity of  the crack tip was highly damaged. It was found that the crack growth 
behavior was closely related to the characteristics of  the failure process zone that, in turn, was 
closely related to the microstructure near the crack tip. The results of  these analyses were used 
to explain some of  the important phenomena that were observed during the crack propagation 
test. 

Specimen and Testing 

In this study, the local fracture behavior and damage state near the crack tip were investi- 
gated through the use of  edge-cracked and center-cracked sheet specimens. The specimen 
geometries are shown in Fig. 1. As indicated in Fig. 1, a circular cutout was made at the vertical 
edges of  the center-cracked specimen and the left-side vertical edge of  the edge-cracked spec- 
imen in order to minimize the stress concentration at the corners of  the specimen. During the 
tests, a special fixture was used to prevent the specimen from rotating, and the specimen was 
loaded incrementally at intervals of  5% strain at 50.8 mm/min (2 in./min) crosshead speed. 
Prior to testing, cracks with different crack lengths were cut through the thickness of  the spec- 
imens with a razor blade. For the edge-cracked specimen, the crack length was 8.13 mm (0.32 
in.), whereas for the center cracked specimen, the crack length was 38 m m (  1.5 in.). An inert 
solid propellant, which was a highly filled polymeric material and manufactured by Morton 

L 

L al-  203 

9 -  
51 

A 2~ B --Fs, 

I I ALUM,NUM 
[ GRIPS CEMENTED b 205 , TO SPECIMEN 

FIG. 1--Specimen geometry (dimensions in millimetres): (a) edge-cracked specimen (a = 8.31 mm) 
and (b) center-cracked specimen (2a = 38 mm). 
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FIG. 2--Crack opening and growth in the cast ~pecimen. 

Thiokol Inc., was used to fabricate the specimens. The edge-cracked specimen was machined 
and the center-cracked specimen was cast. The cast specimen had a polymeric rich layer of 
material on the surface. Therefore, the microstructure of  the cast specimen is different from 
that of  the machined specimen. 

In this study, the Lockheed Research Laboratory's high-energy real-time system (HERTS) 
was used to investigate the characteristics of  the damage field near the crack tip. During the 
test, the specimen was placed between the X-ray radiation source and the X-ray camera. The 
X-ray image exits from the specimen and strikes the screen that is in front of  the X-ray camera. 
The screen converts the X-ray image into a light image. This image is reflected into a low-light- 
level television camera by a mirror placed at 45 ~ to the beam in the back of  the camera. The 
isocon TV camera then converts the light image into an electronic signal that can be routed 
into the main monitor and into the video tape recorder. A detailed description of  the HERTS 
can be found in Ref 10. The recorded X-ray data were processed to create a visual indication 
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of the energy absorbed in the material. A region of  high absorption (that is, a high damage 
area) will be shown as a dark area, whereas a region of low absorption will produce a light or 
white area, with 254 shades of gray in between. The X-ray image at a given applied global strain 
level was plotted in the form of isointensity contours of  transmitted X-ray energy to enhance 
the resolution of  the damaged field. 

Before giving a detailed discussion of the experimental results, I will briefly discuss the basic 
damage mechanism in highly filled polymeric materials such as solid propellants. 

For a highly filled polymeric material that consists of  a large number of  fine particles, on the 
microscopic scale, it can be considered nonhomogeneous. When this material is stretched, the 
different sizes and distribution of  the filler particles, the different crosslinking density of  poly- 
mer chains, and the variation of  bond strength between the particles and the binder can pro- 
duce highly nonhomogeneous local stress and strength fields. Because of  the particle's high 
rigidity relative to the binder material, the magnitude of  the local stress is significantly higher 
than that of  the applied stress, especially when the particles are close to each other. Since local 
stress and strength vary in a random fashion, the failure site in the material also varies ran- 
domly and does not necessarily coincide with the maximum stress location. In other words, 
the location and degree of damage will also vary randomly in the material. The damage may 
appear in the form ofmicrocrack and microvoid in the binder, or in the form of particle/binder 
separation known as dewetting. When the particle is dewetted, the local stress will be redis- 
tributed. With time, additional particle/binder separation and vacuole formation takes place. 
This time-dependent process of  dewetting nucleation, or damage nucleation, is due to the 
time-dependent processes of stress redistribution and particle/binder separation. Depending 
on the formulation of  the material and testing conditions, damage growth may take place as 
material tearing or by successive nucleation and coalescence of the microvoids. These damage 
initiation and evolution processes are time-dependent, and are the main factor responsible for 
the time-sensitivity of  the strength degradation as well as the fracture behavior of the material. 

Having discussed the damage mechanisms in particle-filled polymeric materials, I will now 
discuss the results of  fracture and real-time X-ray tests. 

Results and Discussion 

Typical sets of photographs showing the crack surface profile and local damage near the tip 
of  a crack in the cast and the machined specimens are shown in Figs. 2 and 3, respectively. 
From these two figures, we note that the crack-tip-blunting phenomenon is different for the 
two specimens. For the machined specimen, the magnitude of blunting prior to crack growth 
is much larger than that after crack growth. For the cast specimen, the magnitude of  blunting, 
during crack growth, varies irregularly with the position of the propagating crack tip. The mag- 
nitude of blunting may be smaller or larger than that prior to crack growth. In addition to the 
different blunting behaviors during crack growth, the local damage mechanisms near the crack 
tip are different for the two types of specimens. This is discussed in the following paragraphs. 

Figures 2 and 3 show the local damage near the tip of  the crack in the cast specimen and the 
machined specimen, respectively. According to Figs. 2 and 3, the highly damaged region, or 
the failure process zone, at the crack tip has a cusp shape that is consistent with that predicted 
by Schapery in his study of  fracture of  viscoelastic materials. Although the shape of the failure 
process zone is similar for the two different types of  specimens, the failure mechanisms inside 
the failure process zone are different. For the cast specimen, when the local strain reaches a 
critical value, a small void is generated in the failure process zone. Because of the random 
nature of  the microstructure of  the material, the first void is not necessarily formed in the 
immediate neighborhood of  the crack tip. As the applied strain is increased with time, addi- 
tional voids are generated; both on the surface and in the interior of  the specimen. Conse- 
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FIG. 3--Crack opening and growth in the machined specimen. 

quently, there are a large number of strands that separate the voids and are essentially made 
of  the binder material formed inside the failure process zone. The coalescence of the voids in 
the failure process zone, as well as that of  the main crack tip with the large void near the crack 
tip, leads to crack growth to a distance that is approximately equal to the length of  the failure 
process zone. This kind of time-dependence of  the failure mechanisms is one of  the contrib- 
uting factors to the time-sensitivity and discontinuous crack growth behavior in highly filled 
polymeric materials such as solid propellants. 

Experimental findings reveal that the local microstructure affects not only the damage 
mechanism but also the crack growth direction. For the cast specimen, the direction of the 
developed process zone shows a relatively largevariation. Prior to crack growth, depending 
upon the local microstructure, the failure process zone can be developed either above, below, 
or along the crack plane. After crack growth, the successively developed failure process zone 
at the tip of  the propagating crack undulate about the crack plane, resulting in a relatively large 
zig-zag shape of  crack growth as shown in Fig. 2 .  
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The preceding discussion is centered on the damage mechanisms and crack growth behavior 
in the cast specimen. For the machined specimen, the magnitude of  crack-tip blunting, the 
shape and size of  the failure process zone prior to crack growth are compatible with that 
observed in the cast specimen. However, during crack growth, the size of  the failure process 
zone and the variation of  the crack growth direction in the machined specimen are much 
smaller than that in the cast specimen. However, the basic crack growth behavior (including 
crack-tip blunting, resharpening, and zig-zag crack growth) in the two different types of  spec- 
imens is qualitatively the same. But, it should be pointed out that the basic damage mecha- 
nisms in the failure process zone in the machined specimen are quite different from the cast 
specimen. For the machined specimen, experimental data indicate that microcracks are gen- 
erated in the failure process zone as shown in Fig. 3. The number of  microcracks increases 
with increasing applied strain level. The basic damage evolution process is coalescence of  the 
microcracks. The coalescence of  a large microcrack with the main crack tip leads to the grow- 
ing of  the main crack. Depending upon the severity of  the damage in the failure process zone, 
the main crack can grow a short distance in the failure process zone or it can grow a distance 
that is approximately equal to the failure process zone length. 

The preceding paragraphs discuss the basic near-tip damage mechanisms and crack growth 
behavior in the two types of  specimens with different microstructures. In order to determine 
the damage intensity and the damage fields near the crack tip, real-time X-ray test data are 
analyzed. The results of the analyses are discussed in the following paragraphs. 

To determine the size and the damage intensity in the damage zone, isointensity contours 
of  the transmitted X-ray energy,/,, were plotted and are shown in Figs. 4 and 5. In Fig. 4, the 
number between two contour lines is the minimum intensity level of  a range of  I, between the 
minimun intensity level and the next intensity level. The small number indicates that the 
intensity of  the transmitted X-ray energy is low or that the damage level is high. The nonuni- 
form distribution of  I, in the virgin specimen is an indication of  the material's nonhomogene- 
ity. A number of  factors, such as the existence of  a cluster of  filler particles in a small region, 
undercure of  the binder material in a local area, and large voids in the material, may contribute 
to the nonuniform distribution of  It in the specimen. When the specimen is strained, the high 
intensity of the stress near the crack tip will induce high damage near the crack tip as shown 
in Fig. 4. This figure reveals that the size of the damage zone and the intensity of damage in 
the damage zone increase with increasing applied strain level. It also reveals that the magnitude 
of  blunting at the crack tip prior to crack growth and in the earlier crack growth stage is much 
larger than that in the later crack growth stage. In addition, during the blunting stage, the dam- 
age gradient near the crack tip is very steep. The region that has a steep damage gradient is 
restricted to a very small area in the immediate neighborhood of the crack tip. When the 
applied strain level is low, the damage intensity outside the steep damage gradient area is neg- 
ligible. As the applied strain level is increased, the damage gradient is decreased and the size 
of  the high damage region is increased as shown in Fig. 4. However, the damage intensity out- 
side the high damage region remains small until a critical applied strain level is reached; then 
the damage intensity outside the highly damaged region also increases with increasing applied 
strain level. These experimental findings, obtained from real-time X-ray data, are consistent 
with experimental findings reported by Smith et al. [11] and Liu [12] in their study of local 
strain distribution near the tip of  a crack in a composite solid propellant. As pointed out by 
Liu and Smith, the intense strain zone ahead of the crack tip is much smaller and the strain 
level outside the intense strain zone is approximately equal to the applied strain level. Under 
this condition, it is expected that if the applied strain level is below a critical value it can be 
assumed that no damage will develop outside the intense strain zone. 

The preceding discussion was centered on damage characteristics near the tip of a crack in 
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FIG. 4--lsointensity contour plots of X-ray image near the crack tip of the edge crack (machined spec- 
imen). (a) 0% strain, (b) 3.7% strain, (c) 5.9% strain. (d) 7.8% strain, (e) 11% strain, and (f) 14% strain. 
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FIG. 4--Continued. 
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FIG. 4 Continued 
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FIG. 5--1sointensity contour plots of X-ray image near the tip of the center crack (cast specimen): (a) 
3% strain and (b) 6% strain. 
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the machined specimen. In the following paragraph, the results of  real-time X-ray data of the 
cast specimen are discussed. 

Figure 5 shows the isointensity contours near the tip of  a crack in the cast specimen. From 
this figure, it can be seen that the crack tip is highly blunted. Under this condition, the high 
stress region changes from the crack tip to the upper and the lower corners of  the blunted crack 
tip. Consequently, the high damage fields also shift to the two corners of  the blunted crack tip 
as shown in Fig. 5. When the applied strain level is increased from 3 to 6%, two small regions 
with relatively high damage intensity are developed at small distances away from the corners 
of  the blunted crack tip. With increasing applied strain level, voids are developed in the highly 
damaged regions. The conclusion from these experimental findings is that the damage initia- 
tion and evolution processes are closely related to the crack-tip geometry and the local 
microstructure. 

Conclusions 

The local fracture behavior and damage characteristics near the crack tip in the machined 
and the cast specimens were investigated. Experimental results indicated that the basic crack 
growth behavior (crack-tip blunting, resharpening, and zig-zag crack growth) in the two dif- 
ferent specimens is qualitatively the same. However, due to the different microstructures, the 
basic damage mechanisms in the failure process zone for the machined specimen are quite 
different from the cast specimen. In addition, during crack growth, the size of  the failure pro- 
cess zone and the variation of  crack growth direction in the machined specimen are much 
smaller than that in the cast specimen. 
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ABSTRACf: A continuum-damage-mechanics-based mode/is proposed for the analysis of the 
progressive failure process in laminated composite structures. The laminate's response is deter- 
mined by nonlinear constitutive equations that account for each type of matrix-dominated dam- 
age through strain-like internal state variables. Evolution of these internal state variables is gov- 
erned by the damage-dependent ply-level stresses. The updated damage state and the ply-level 
stresses are then employed in the local-global evaluation of component failure. This model is 
incorporated into a finite-element analysis code to facilitate the examination of structures with 
spatially varying stress fields. The stress and damage distribution obtained from the analysis at 
various points in the loading history provide information about the progression of events leading 
to the failure of the component. The progressive failure of fatigue-loaded rectangular crossply- 
laminated plates containing a centered circular cutout has been examined with the model. Most 
of the predicted damage is localized in a region near the cutout. Rather than propagating out- 
ward, the damage intensifies in this region until failure occurs. The feasibility of modeling the 
evolution of each type of subcritical damage is demonstrated with the current framework. This 
ability to simulate the progressive failure process at this level of detail will assist in the design of 
safer and more efficient composite structures. 

KEY WORDS: laminated composites, progressive failure, matrix damage, continuum damage 
mechanics, finite-element analysis, damage accumulation, fracture mechanics, fatigue 
(materials) 

The accumulation of subcritical damage in laminated composites is of major concern espe- 
cially in light of the increased use of these advanced material systems in critical engineering 
applications. Although in some instances distributed damage can retard the failure process in 
a component by redistributing load away from the high stress region, it is still the primary 
contributing factor to the eventual catastrophic failure. While efforts can be made to delay the 
development of damage by modifying the laminate stacking sequence or the component 
design, distributed damage is present throughout the life of the component. Even before enter- 
ing service, damage is inflicted on the component by the manufacturing process. 

To produce safe and reliable laminated composite components, it is essential to know how 
such damage affects the performance and failure of these components. Experimental 
approaches are not economical due to the large numbers of parameters that can be varied by 
the designer. Thus, much effort has been placed on the development of analytical methods to 
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supplement the designer's database. To accomplish this task requires a thorough knowledge 
of the failure characteristics of laminated composites as well as the ability to analytically model 
this failure process. 

The progressive nature of the failure process in laminated composites has been well docu- 
mented in the published literature [ 1-4]. This process involves the accumulation of several 
types of damage. Generally, the first type of damage to appear is matrix cracking in regions of 
high stress gradients. Along the free edges and at the intersection of matrix cracks from adja- 
cent plies, delaminations are propagated by large intralaminar stresses. The stress redistribu- 
tion resulting from these two types of damage in turn assist in the development of damage in 
the surrounding areas. As matrix-dominated damage accumulates, the loads are transferred to 
the plies with fiber orientation aligned closest to the direction of the applied loads. The bonds 
between the fibers and matrix are fractured in these plies. This is accompanied by the fracture 
of the fibers. Since the reinforcing fibers are the primary load-carrying component of the lam- 
inate, their fracture signifies the imminent failure of the structure itself. This failure process is 
in contrast to that observed in conventional homogeneous materials where failure can be 
traced to the propagation of a single flaw. In composites, each flaw in the laminate will not 
greatly affect the overall response of the structure; instead, it influences the development of 
other flaws. It is the cumulative effect of the subcritical damage that results in the failure of the 
structure. Thus, any attempt to predict the residual strength and life of laminated composite 
structures must address the damage accumulation process as well as its effect on the response 
of the material. 

Most analyses have not adequately accounted for this history-dependent subcritical damage 
accumulation process. Some linear elastic fracture mechanics based approaches replace the 
distributed damage with a single equivalent macrocraek [5,6]. When the stress intensity factor 
or the strain energy release rate is equal to the fracture toughness, failure occurs. Other 
approaches calculate the stress field with the assumption of no accumulated damage. To com- 
pensate for the stress redistribution, the failure criteria are either evaluated at a distance away 
from the stress concentrator or are evaluated using the stresses that are averaged within this 
region [7-9]. A limitation of these approaches lies in the determination of the equivalent 
macrocrack size or the evaluation zone. Analytical expressions are not provided to relate the 
distributed damage to the equivalent geometric properties. Instead, these values are selected 
to correlate with experimental data and thus are restricted to similar geometries and loading 
histories [10]. Often these values that are supposed to describe the evolving damage state are 
assumed to be constant throughout the failure process. Furthermore, in light of the increasing 
inhomogeneity with damage accumulation, these indirect approaches to the accounting of 
subcritical damage do not provide sufficient information to predict accurately the evolution 
of the damaged region and the eventual failure of the component. 

Ply discount methods have also been used in conjunction with the aforementioned 
approaches to model the stress redistribution process, but the abrupt loss of stiffness does not 
reflect the gradual degradation that occurs with subcritical damage accumulation. Recent 
efforts have explicitly modeled each flaw in the damaged region to capture the conditions lead- 
ing to failure. Elasticity solutions are available for idealized component geometries and sparse 
damage states. However, numerical computational approaches such as the finite-element 
method have to be employed for typical damage configurations [11-16]. To obtain accurate 
stress fields, each flaw is modeled by a large number of elements. The stress fields are then used 
in the failure criterions to determine the initiation and propagation of each flaw. It is necessary 
to update the finite-element model as the damage state evolves. This type of analysis, unfor- 
tunately, can rapidly become computationally untenable since a component may accumulate 
many interacting flaws before failure occurs. 

The requirement for information concerning the subcritical damage accumulation and the 
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desire for a tractable analysis scheme have prompted the use of the continuum-damage- 
mechanics approach in the analysis of  progressive failure in laminated composite structures 
[17-20]. The size and distribution of  the subcritical damage found in laminated composites 
enable the selection of  a representative volume element (RVE) of material that is small in scale 
relative to the structure, but is of  sufficient size to characterize the damage contained within 
by statistically averaged quantities. These averaged quantities, known as internal state vari- 
ables, describe the physical attributes of  each mode of  damage. The resulting effects of the 
distributed damage are then reflected in the constitutive relationship through the internal state 
variables. Therefore, a medium containing a multitude of small internal cracks can be ana- 
lyzed as a continuum without internal boundaries. Due to the nonlinear nature of the consti- 
tutive equations, this type of analysis is approached numerically by methods such as finite 
elements. This homogenization of the subcritical damage eliminates the task of  modeling indi- 
vidual flaws; but since the homogenization is performed at a scale that is small with respect to 
the structure, the results are of sufficient resolution to provide an indication of the damage 
accumulation and stress redistribution. 

A progressive failure model incorporating the continuum-damage-mechanics approach to 
model-matrix-dominated damage has been under development by the authors [21-26]. The 
model's capability to predict the development of matrix cracks under tension-tension fatigue 
loading conditions is used to examine the development of  damage in composite laminates. 
The information obtained is then used to predict the failure of the component. 

Progressive Failure Model 

The proposed progressive failure model consists of three components. The first is the non- 
linear constitutive relationships derived using continuum damage mechanics. Next is the 
structural analysis algorithm incorporating the aforementioned constitutive relationships, 
and, finally, failure criteria to indicate the catastrophic failure of  the structure. Due to the pro- 
gressive nature of  the failure process, these components are employed in a time-stepping man- 
ner to evaluate the stress state and damage evolution throughout the loading history. The 
results obtained at each step are then used to update the model for the next step in the loading 
history. The following sections will first present the essential aspects of  each component of the 
progressive failure model. These components will then be assembled in an analysis scheme to 
form the progressive failure model. More in-depth discussions on these components can be 
found in the published literature [21-26]. 

Damage-Dependent Constitutive Relationships 

The damage-dependent constitutive relationships form the foundation of  this progressive 
failure model. These relationships determine the stress-strain response in the presence of inter- 
nal damage as represented by the internal state variables. Within the framework of continuum 
damage mechanics, the rate of  change of  these internal state variables is calculated from his- 
tory-dependent damage-evolution laws. Thus, in the course of the analysis, both the changes 
in the stress state as well as in the damage state are determined. The probable location and 
mode of failure can then be inferred from these results calculated at sequential points in the 
loading history. The principles of continuum damage mechanics further require the selection 
of  local volume elements in which homogenization is performed. For matrix cracking, this 
volume can be specified at the ply level. This selection of the local volume serves as the logical 
building block in this analysis. The model of a composite laminate can then be formed by 
assembling these building blocks together. By also developing damage evolution laws and fail- 
ure functions to be applicable at the ply level, the formulation becomes independent of the Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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lamination geometry. The relative scale and location of occurrence of  delamination damage 
preclude its specification at the ply level; it is instead introduced at the laminate level. To main- 
tain the geometric independence of the model, a set of damage-dependent lamination equa- 
tions with modifications to accommodate the effects of the delamination damage is employed. 

The kinematic effects of  the matrix cracks and delaminations are quantified by the internal 
state variables used in this model. Matrix cracking is measured by the volume averaged dyadic 
product of the crack face displacement, u,, and the crack face normal, nj, as proposed by Vak- 
ulenko and Kachanov [27] 

M =  1 f~ a,j -~L u,n f l S  ( 1 ) 

where a',~ is the second-order tensor internal state variable, VL is the local representative vol- 
ume in the deformed state, and S is the crack surface area. This product represents the aver- 
aged kinematics of the crack faces and can be interpreted as additional strains incurred by the 
material as a result of the internal damage. Since the internal state variable is a second-order 
tensor, it is capable of modeling all three kinematic modes of  crack face displacement. From 
micromechanics, it has been found that the effects of  the matrix cracks can be introduced into 
the ply-level constitutive equations as follows [28] 

{aL} = [Q]{eL - c~f} (2) 

where c,L are the locally averaged components of  stress, [Q] is the ply-level transformed stiff- 
ness matrix, eL are the locally averaged components of  strain, and a~ are the components of 
the internal state variable for matrix cracking. Since interlaminar delaminations are not sta- 
tistically homogeneous through the laminate thickness, their effects cannot be homogenized 
at the ply level like the matrix cracks. The effects of  the delamination are modeled instead 
using an RVE at the laminate level. The presence ofinterply delaminations in a laminate intro- 
duces jump discontinuities in the displacement and rotation of  the normal line to the mid- 
plane of  the plate. The Kirchhoff-Love hypothesis is thus modified to account for these dis- 
continuities at the damage interfaces as shown here [29] 

u ( x , y , z )  = u ~  - z [/30 + H ( z  - z,)/3f] + H ( z  - z , ) u ,  ~ (3) 

v ( x , y , z )  = v ~  --  z [o  ~ + H ( z  - -  z,)r/~ + H ( z  --  z,)vi ~ (4) 

w ( x , y , z )  = ~ ( x , y )  + H ( z  - z , ) ~  (5) 

where u ~ v ~ and ~o are the midplane displacements; /3 ~ and rt ~ are the ply rotations; 
u0. v0, and **~, are the ply jump displacement due to delaminafion;/3 ~ and rff are the ply jump 
rotations due to delaminations; and H ( z  - z~) is the Heavyside step function. These displace- 
ment equations are averaged over a local area to produce locally averaged displacements. The 
results are then used in the calculation of  the average strains via the ply level constitutive rela- 
tionship shown in Eq 2. Integrating these ply stresses through the thickness of the laminate will 
produce the following damage-dependent lamination equations 

l [ a ] , ( z~  - ~ - , ) ( 4 }  + ~ ' .  [&],t,{,~~ {N} = [Qlk(zk -- zk-,) {e~_} -- ~ k=, 
k = l  i = l  

d 

+ ~ .  [O_~],(z,- z,_,){o,o}, - ~ .  [ O ] ~ ( ~  - z , , _ , ) { , ~ %  
t = l  kffil 

(6) 
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{M} = 5 [alk(z~ - z~_,){e~.} - ~ [Q]k(Z~ -- z.~_,){r~_} --I- ~ [(~3]t/~{ot~ 
kffil ffi iffil 

d 1 
-[- ~ . .  [04]i(Z~/ - -  Z~/--I){o/D}i - -  2 ~ tQ]~(~ - ~ - , ) { - %  (7) 

/ffil ffi 

where N is the component of  the resultant force per unit length; M is the component of  the 
resultant moments per unit length; ~ is the number of  plies in the laminate; e~ and K~ are com- 
ponents of  the midplane strains and curvatures; [Q]~ is the elastic modulus matrix for the k th 
ply in laminate coordinates; {aM}k contains the matrix cracking internal state variables for the 
k 'h ply; d is the number of  delaminated interfaces; and [Qj]i are the weight-averaged stiffness 
matrices of  the sublaminate associated with the i ~ delaminated interface [26]. This sublami- 
nate is composed of  the ply directly above and below the delaminated interface, ti is the thick- 
ness of this sublaminate. {a~ are components of  the delamination damage internal state vari- 
able, which includes components for crack face displacements and rotations, for the i ~ 
delaminated interface. These delamination internal state variables are defined in a similar 
manner as for matrix cracking. However, the local volume is now specified at the sublaminate 
level. The effects of  the internal damage are accounted for by the last three terms on the right- 
hand side of  Eqs 6 and 7, the first two representing the contribution from delamination and 
the last term from matrix cracking. These terms can be viewed as "damage induced" forces 
and moments whose application to the undamaged material will produce midplane strain and 
curvature contributions equivalent to those resulting from the damage-induced compliance 
increase. If no damage were present, these equations would reduce to the elastic lamination 
equations. 

The internal state variables for the matrix cracks and delaminations can be determined 
either from experimental data [22,28] or damage evolution equations [30]. The former 
method requires prior knowledge of  the damage state in the structure. Since the objective of 
this research effort is to predict the accumulation of  damage and its effect on the structure, 
damage evolution equations are used in this model. These relationships describe the rate at 
which the internal state variables are changing in the RVE and are functions of only the current 
state at each locally averaged material point. The damage state at any point in the loading 
history is then found by integrating the damage evolutionary laws. For symmetric crossply 
laminates subjected to uniaxial loading conditions, the predominant type of  damage is the 
Mode I opening intraply matrix crack. It is assumed that all the crack surfaces are oriented 
perpendicular to the plane formed by the ply. Thus, matrix damage in each ply can be char- 
acterized by only one component of  the damage tensor. This component, aM, is associated 
with the displacement of  the crack face in a direction parallel to the crack face normal. Based 
on the observation that the accumulation of  matrix crack is related to the strain energy release 
rate, G, in a power law manner [31], the authors have proposed the following evolutionary 
relationship for this component of the damage tensor when the load is applied cyclically [30] 

M 
dooM = da~2 I~G~dN (8) 

dS 

where the term daM/dS reflects the changes in the internal state variable with respect to 
changes in the crack surfaces. This term is calculated analytically from a relationship describ- 
ing the average crack surface displacements in the pure opening mode (Mode I) for a medium 
containing alternating 0* and 90 ~ plies [28]. It has been found that for typical brittle graphite/ 
epoxy material systems dar/dS varied little with damage when subjected to fatigue at constant 
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load levels. Therefore, da~ddS is assumed to be independent of the number of matrix cracks 
in the ply. This approximation leaves the component of the far-field load normal to the crack 
surface and the layer thickness as the determining factor for the value ofda~:ffdS. G is the strain 
energy release rate calculated from the ply-level damage-dependent stresses. The material 
parameters,/~ and ri, are phenomenological in nature and must be determined from experi- 
mental data. For the present model,/~ and ~ are determined from the damage history of a [02/ 
902], AS4/3502-6 graphite/epoxy laminate fatigue loaded at a maximum stress amplitude of 
296.5 MPa and a cycle ratio of 0.1 as reported by Chou et al. [31]. The parameters have been 
found to be 

/r = 4.42, h = 6.39 (9) 

for this material system. Because/~ and tJ are assumed to be material parameters, the values 
determined from one laminate stacking sequence should be valid for other laminates as well. 
This has been found to be accurate for crossply laminates with varying numbers of transverse 
plies and stress amplitudes [32]. Further investigation of other laminate stacking sequences 
will be required to determine whether this assumption is valid for noncrossply layups. Since 
the interactions with the adjacent plies and damage sites are implicitly reflected in the calcu- 
lation of the ply-level response through the laminate-averaging process, Eq 8 is not restricted 
to a particular laminate stacking sequence. Thus, both the transverse matrix cracking and axial 
splits in a crossply laminate subjected to tensile cyclic loading conditions can be modeled with 
the same equation. 

Structural Analysis Algorithm 

To incorporate the damage-dependent laminate constitutive relationship into a finite-ele- 
ment formulation, the damage-dependent force and moment resultants, Eqs 6 and 7, are sub- 
stituted into the plate equilibrium equations. The restriction to symmetric laminate stacking 
sequence is taken to simplify the formulation. This assumption produces a zero coupling stiff- 
ness matrix and results in uncoupled governing differential equations. These governing differ- 
ential equations are integrated against variations in the displacement components to produce 
a weak formulation of the damage-dependent laminated plate equilibrium equations. The cur- 
rent algorithm uses a three-node triangular element with five degrees of freedom at each node; 
this consists of two in-plane displacements, one out-of-plane displacement, and two out-of- 
plane rotations. This element is formed by combining a constant strain triangular element and 
a nonconforming plate bending element. Corresponding displacement interpolation func- 
tions are substituted into the weak formulation of the plate equilibrium equations to produce 
the following equilibrium equations in matrix form [33] 

K 2' K 22 0 = "[F]~" + F ~  + F~ 

0 0 K 3~ { F ~ J  F3MJ F3oJ 
(lO) 

where [K] is the element stiffness matrix, {~} contains the out-of-plane displacement and rota- 
tions, {FA} is the applied force vector, and {Fu} and {Fo} are the "damage-induced" force vec- 
tors resulting from matrix cracking and delamination, respectively. The effects of the internal 
damage now appear on the right-hand side of the equilibrium equations as damage-induced 
force vectors. This representation eliminates the need to recalculate the elemental stiffness 
matrices each time the damage state evolves, thus saving much computational time. 
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Failure Criteria 

The objective of the failure criteria is to evaluate the structural integrity of the component 
using the current stress and damage states calculated by the model. This entails the examina- 
tion of the failure process at both the local material level and the global structural level because 
the failure at one material point may create stress redistributions that can cause simultaneous 
failure in the surrounding regions. Typical failure during tensile conditions is signaled by fiber 
fracture in the principal load carrying plies of  a multidirectional laminate. This is evaluated 
by the following criterion 

e,l ~> e , /  (11) 

where c ,  is the average ply level strain in the fiber direction and Cllfis the tensile failure strain 
measured from a unidirectional laminate. After failure has been declared, the ply no longer 
can support additional load. The current analysis considers this condition as the failure of  
component.  In situations where the failure process is permitted to progress beyond the first 
fiber failure, the stability of  the failure process is evaluated at the global level. The stress state 
for the entire structure with the updated damage is recalculated using the current loading con- 
dition. Local laminate failure is evaluated once again in the structure. If it has been determined 
that additional laminate failure has not occurred, then the failure process is stable and the 
analysis is continued to the next increment of  loads. On the other hand, new local laminate 
failure would indicate an unstable fracture process and signals the initiation of global failure. 
This local-global procedure forms the failure evaluation of  the progress failure model. Other 
modes of  failure can be included in the evaluation by the application of the appropriate criteria 
at the local level of the analysis. 

Progressive Anal3'sis Scheme 

The aforementioned components  are assembled together as shown in Fig. 1 to form the pro- 
gressive failure model. In a typical analysis, the applied loads and initial damage state are 
entered into the damage dependent constitutive relationships to determine the effective dam- 
age-induced forces. These resultant damage forces along with the applied forces are used in the 
structural analysis algorithm to calculate the global structural response. The results are once 
again sent to the constitutive relationships where the local stress/strain response is obtained. 
The changes in the damage state are also determined at this stage by the damage evolutionary 
relationships using the local ply stresses. The failure criteria are evaluated locally with the 
updated damage state; if failure has occurred, global failure is examined. Next, the entire pro- 
cess is repeated for the next load step. This model is coded into a computational program to 
facilitate the analysis of  engineering structures. 

Numerical Results and Discussion 

The proposed progressive failure model is employed to examine the residual life ofa  crossply 
laminated plate subjected to fatigue loading conditions. A circular cutout is placed at the cen- 
ter of the plate to produce stress gradients that are conducive to the growth of subcritical dam- 
age. This configuration is similar to those used to model fastener holes found in many com- 
posite structures. Thus, by examining how the stresses are redistributed and damage 
accumulates near the fastener hole, information can be gathered to determine the merits of a 
particular design. The dimensions of the rectangular plate used" in this study are 25.4 by 50.8 
ram. The circular cutout has a diameter of  6.4 mm. A cyclic tensile load is applied at the nar- 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



LO ET AL. ON CONTINUUM DAMAGE MECHANICS 687 

l 
I Increment 

Load or 
Cycle 

Current Damage State / 
Loading Condition / 

I Effective Damage ~ 
~! Induced Forces and 

I Moments 

L 
I -~o~  Struc~u ral7 
[ Analysis j 

I PlY Level Elemental 
Response I 

I Damage Evolution I 

NO / ~ 
< Laminate > 

..Failure/ 

Y ~ Y e s  ~ 

F'I 

NO / ~ 
Global -. 

< .Failure. i ,_.,I--1 

es  i - ' 1  

I _  .I 

FIG. 1--ProgressA'efailure analysis melhodo/ogy. 

D&mage 
Dependent 
Constitutive 
Relationships 

Structural 
Analysis 
Algorithm 

Failure 
Criterions 

row end of the plate. Due to symmetry about the length and width of the plate, the finite- 
element mesh represents a quarter of the plate. It is discretized into 90 three-node triangular 
elements, as shown in Fig. 2. The plate has a [0/902]~ laminate stacking sequence. The material 
properties, shown in Table l, for AS4/3501-6 graphite/epoxy have been used in the calcula- 
tion. The fatigue load is applied at a cycle ratio of 0. l and follows the maximum stress history 
shown in Fig. 3. The first 50 cycles consist of the ramp up to the test load. This is done in part 
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to control the incremental changes to the damage state during the initial portion of  the loading 
history. In this simulation, matrix cracking is assumed to be the only form of damage mode 
and because o f  the crossply stacking sequence, component  failure is assumed to occur at the 
first fiber fracture in the 0* plies. 

The predicted accumulation of  matrix crack damage in the 90 ~ plies of  a panel loaded at a 
maximum stress of  184.0 MPa is shown in Fig. 4. The amount  of  damage is expressed in terms 

TABLE 1--Ply-level material properties for AS4/3501-6 used in 
simulation. 

Ell 146.9 GPa 
E2z 10.4 GPa, 
Gjz 4.3 GPa 
vl2 0.26 
vz3 0.42 

0,128 mm 
t_tlyo 15 000 ustrain El Ir 

GROWTH LAW PARAMETERS 
/~ 4.42 
ri 6.39 
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of the volume-averaged crack face displacement as defined by Eq 1. At the end of  the load 
ramp up, matrix damage has developed throughout the plate. The greatest damage being 
located near the notch. This region of high damage gradient expands outward after 1550 
cycles. The amount of damage also increases in the rest of  the plate. However, after 7550 
cycles, much of  the damage evolution emanates from the region adjacent to the notch. This 
shift in the damage evolution reflects the load redistribution occurring inside the laminate. The 
corresponding axial stress history for the 0 ~ plies is shown in Fig. 5. The effects of  the damage 
growth that occurs between 50 and 1550 cycles can be seen by the increase in stress near the 
notch. The interesting changes in the stress distribution beyond this point in the loading his- 
tory are not discernible from the stress contour plots; but examination of the numerical data 
indicates load transfer taking place in a confined area adjacent to the notch. This decelerated 
change in the stress distribution is in part due to the small fraction of  the total load initially 
carried by the 90 ~ plies. Any loss in the load carrying capability in the 90 ~ plies will translate 
to small changes in the stress state in the 0 ~ plies. The accumulation of  damage further reduces 
the load available for transfer. However, a sufficient amount of  load is transferred to the 0 ~ 
plies to cause fiber fracture and component failure after 7634 cycles. During the life of the 
plate, the greatest accumulation of  matrix damage is located at a region adjacent to the notch. 
Rather than expanding outward, the damage intensifies in this region until first fiber failure in 
the 0 ~ plies. This behavior has also been predicted by Chang et al. [34] in crossply laminates 
subjected to monotonically increasing tensile loading conditions. 

The predicted cycles to first fiber failure at various maximum fatigue stress levels are shown 
in Fig. 6. At the higher stresses, the load redistribution progresses rapidly from the formation 
of  the high-damage gradient zone to the failure of  the first fiber. This indicates a sufficient 
amount of  energy was available after the formation of this zone to produce this result. At lower 
applied stresses, a large portion of  the available energy is expended during the formation of  the 
damage zone. Therefore, the intensification stage spans over a relatively high number of 
fatigue cycles. The increase in the number of  cycles to failure from decreasing the applied stress 
at the lower stress levels is large. Decreasing the applied stress from 185.7 to 183.4 MPa 
increases the cycles to failure by more than 100 000 cycles. A possible cause for this response 
is related to the amount of  load redistribution taking place inside the laminate. Recall that 
these predictions are based on the assumption that matrix cracking is the only type of  matrix- 
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FIG. 6--Predicted cycles to first fiber failure offatigue-loaded plate with a circular cutout. 

dominated damage present. The inclusion of  delamination damage into the analysis will alter 
the stress redistribution and damage accumulation. Its effects will be most apparent at the 
lower stress levels where the delamination damage can initiate and accumulate before fiber 
failure occurs. The number  of  fatigue cycles required for first fiber failure at these stress levels 
will decrease due to the additional source of  load redistribution. Since the stress redistribution 
and damage formation are coupled, additional analysis and experimental verification would 
be required before any quantitative conclusions can be drawn about effects of including 
delamination damage. However, it would enable the current progressive failure analysis 
framework to capture a more complete picture of  the complex interactive process and enhance 
the model  predictions. 

The type of information obtained from the simulation could be potentially very useful to 
the designer or analyst. The ability to locate critical regions and to track the evolution of dam- 
age in these regions would allow designers to create safer and more efficient components. Alter- 
nately, a damaged region detected in a component  can be characterized and then entered into 
the model to determine its effect on the residual responses so that it can be removed from 
service at the appropriate time. The proposed model demonstrates the feasibility of  the con- 
t inuum-damage-mechanics approach. Further developments are in progress to achieve the 
capabilities for analyzing more complex damage states. 

The current analysis assumes component  failure to occur at the first fracture of fibers in the 
principal load carrying plies. This assumption is valid in narrow specimens where there is not 
sufficient area to redistribute the tensile loads within these plies. In wider specimens, global 
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fracture can be stable; thus, the progressive failure process extends beyond the first fiber failure. 
Therefore, the full implementation of  the matrix-dominated damage evolution laws and the 
introduction of  fiber fracture internal state variables and growth laws are future objectives of  
the research effort. This will be followed by the modeling of  compressive failure modes. 

Conclusion 

The use of cont inuum damage mechanics in the progressive failure model provides an effi- 
cient means of  modeling distributed damage found in laminated composites. Each type of 
damage is represented by a set of  strain-like internal state variables. The internal state variables 
evolve with the accumulation of  damage at each material point. These values are predicted by 
damage evolution relationships that are functions of  the current state of the material including 
all the damage present. Since the formulation permits the gradual accumulation of damage 
and the concurrent growth of  different damage types, the analysis reflects the events occurring 
inside the laminate. The current framework operates in a time-stepping manner where the 
stress distribution and damage accumulation predicted at each step are employed in the local- 
global structural integrity evaluation. This ability to simulate the progressive failure process 
will enhance the design and maintenance of  laminated composite structures by reducing the 
dependence on experimental support. 

Even though cont inuum damage mechanics is suited for the examination of  damages that 
are distributed in nature and fracture mechanics is applicable for the evaluation of  well-defined 
macrocracks, there are situations that require the incorporation of  the two approaches. One 
such case is the existence of  a sharp notch in a composite laminate. In this instance, a damage 
zone containing many distributed microcracks will develop ahead of  this notch when load is 
applied. To account for the stress redistribution in this zone, continuum mechanics can be 
used to determine the state of the material. These results can then be evaluated on the global 
scale using fracture mechanics. Thus, rather than choosing one method over the other, they 
should be viewed as integral units in the failure analysis of  laminated composite structures. 
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ABSTRACF: Two specimen configurations of a [0/9012s SCS-6/Ti-I 5-3 laminate were tested 
and analyzed: a center-hole (CH) specimen and a double-edge-notched (DEN) specimen. The 
two specimen configurations failed at similar stress levels in spite of the large difference in the 
stress concentration factors for the two geometries. Microscopic examinations of the failure sur- 
faces indicated more fiber-matrix debonding at the notch tip in the DEN specimen than in the 
CH specimen. Based on the experimental results, it was hypothesized that the radial stresses that 
developed at the fiber-matrix interface ahead of the notch tip in the DEN specimen caused fiber- 
matrix debonding in the 0* plies, thus lowering the stress concentration in the DEN specimen to 
a level comparable to that of the CH specimen. 

Two analytical techniques, a three-dimensional finite-element analysis and a macro-micro- 
mechanical analysis, were used to predict the overall stress-deformation behavior and the notch- 
tip fiber-matrix interface stresses in both configurations. The micromechanical analysis pre- 
dicted radial stresses next to the notch in the DEN configuration that were nearly seven times as 
large as those predicted for the CH configuration. The overall stress-deformation response of 
both configurations was predicted accurately when debonding of the 90* plies was included. Pre- 
dictions of the axial stress in the notch-tip 0* fiber correlated well with the specimen static 
strength when fiber-matrix debonding of 0 ~ plies was included for the DEN specimen. The results 
shown indicate that a first fiber failure criteria based on the axial stress in the first intact 0* fiber 
can predict the static strength of notched specimens when interfacial damage is modeled. 

KEY WORDS: micrographs, fracture mechanics, finite element analysis, micromechanics, fiber 
stress, fatigue (materials) 

Fiber-matrix interfaces can play a key role in the mechanical  behavior of  cont inuous  fiber- 
reinforced metal-matr ix composites (MMCs) [1]. Interfaces govern the mode and  extent of 
load transfer between the fiber and  matrix. When  the interfaces are strong and t ransmit  all 
loads fully, isolated fiber fractures tend to spread more rapidly to other fibers, and hasten fail- 
ure [2]. Con t inuous  fiber-reinforced composites can often be made more damage tolerant by 
decoupling fractured fibers from their neighbors through controlled interfacial failure. It may 
be possible to tailor the strength and toughness of  the interface to decouple broken fibers from 
their surroundings.  To accomplish such a feat, it is first necessary to unders tand interracial 
behavior  and  debonding  in MMCs. Early work with b o r o n / a l u m i n u m  (B/AI) MMCs showed 
that in this low-yield matrix, the interface was not a critical factor. Instead extensive yielding 
of  the matrix occurred at the notch tips, such that specimens with sharp notches and center 
holes failed at similar stress levels [3]. In brittle polymeric matrix composites, similar notch- 
insensitive results have been observed for quasi-isotropic laminates  [4]. However, in poly- 
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meric composites, the notch insensitivity was caused by extensive matrix cracking and delam- 
inations near the crack tip that significantly reduced the local stress concentration [5]. The 
fiber-matrix interface can play a particularly significant role in MMCs with a matrix having a 
high yield strength, such as the SCS-6/Ti- 15-3 system currently being investigated. Debonding 
of  the fiber-matrix interface is a primary damage mechanism in SCS-6/Ti- 15-3 composites 
[1 ]. Proper modeling of  interfacial debonding is needed to accurately predict composite frac- 
ture behavior. To study the stress state governing fiber-matrix debonding, a micromechanics 
analysis is required. 

The objective of  the present work is to predict the static strength of  notched SCS-6/Ti- 15-3 
composites. Two specimen configurations of  a [0/9012s SCS-6/Ti-15-3 laminate were tested 
and analyzed: a center-hole (CH) specimen and a double-edge-notched (DEN) specimen. 
Microscopic examinations of  the failure surfaces in both configurations were made. Two ana- 
lytical techniques, a three-dimensional finite-element analysis (PAFAC) and a macro-micro- 
mechanical analysis (MMA), were used to analyze the behavior of both the DEN and CH spec- 
imens. The MMA was used to analyze the stresses in the notch-tip element in the interior 0* 
ply in both the DEN and CH specimens to determine the fiber-matrix interface stress state for 
perfectly bonded fibers. PAFAC was used to predict the global stress-deformation response 
with interracial debonding in the 90* plies. PAFAC was also used to predict the fiber axial 
stresses in the first 0* fiber next to the notch for the two configurations with interracial debond- 
ing in the 90* and 0* plies. The static strengths of  each specimen were compared to the predic- 
tions of  first fiber failure in the 0* plies. 

Materials and Test Procedures 

hlaterials and Specimens 

The Ti-15-3 alloy, a shortened designation for Ti-15V-3Cr-3AI-3Sn, is a metastable beta- 
strip alloy [6]. The composite laminates were made by hot-pressing Ti-I 5-3 foils between uni- 
directional tapes of  silicon-carbide fibers held in place with molybdenum wire. The manufac- 
turer's designation for these silicon-carbide fibers is SCS-6. The fiber diameter is 0.14 mm. 
Two specimen configurations of  the SCS-6/Ti-15-3 material were tested: a CH specimen and 
a DEN specimen. The two specimens were cut from a panel of  [0/90]2, material. Each speci- 
men consisted of  eight plies and was approximately 1.67 mm thick. The fiber volume fraction 
was approximately 39% for both specimens. 

Each specimen was 19.1 mm wide and 152.4 mm long. One specimen (CH) had a circular 
hole with a diameter of  6.35 mm cut in the center of  the specimen. The other specimen (DEN) 
had two edge notches cut on the sides of the specimen using electro-discharge machining. Each 
notch had a length of  3.18 mm with a width of  0.25 mm and a notch tip radius of0.125 mm. 
The two specimen configurations are shown in Fig. 1. No surface damage due to the machining 
of  the notches or hole was observed in either specimen. Both specimens were tested in the as- 
fabricated condition. 

Testing Techniques 

The tests were conducted on an 89-kN servohydraulic test stand. Load control was used with 
a quasi-static loading rate of  approximately 0.89 kN/s. Both specimens were pulled statically 
in tension to failure. An extensometer with a 25.4-mm gage length was mounted in the center 
of  each specimen to record the deformation. An X-Y recorder was used to record the load- 
deformation response of  the specimen using the load cell and extensometer output. Global 
strains o f  the specimens were calculated from the extensometer output. 
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FIG. 1--Specimen configurations and loading: [ 0/9012s SCS-6/Ti-15-3 (all dimensions in millimetres). 

Analytical Techniques 
Two analytical techniques were used to model and predict various aspects of the specimen 

and material behavior. The first, a three-dimensional finite-element analysis (PAFAC [ 7]), was 
used to analyze the global behavior of both notched SCS-6/Ti- 15-3 specimens with interracial 
debonding and yielding. The second, a macro-micromechanical analysis (MMA) [8], was used 
to analyze notch-tip stress states in both the DEN and CH specimens with perfectly bonded 
fibers. Both analytical techniques are based on constituent properties. The fiber and matrix 
properties [ 1] used in both analyses are given in Table 1. The two techniques will be described 
in more detail in the following sections. 

Three-Dimensional Analysis, PAFAC 
The three-dimensior~al finite-element analysis, Plastic and Failure Analysis of Composites 

(PAFAC), was used to analyze the overall behavior of both specimens. The analysis uses the 
vanishing-fiber-diameter material model [9] to account for the elastic-plastic behavior of the 
matrix and the elastic behavior of the fiber. PAFAC uses an eight-noded hexahedral element; 
each element represents a unidirectional composite material whose fibers are arbitrarily ori- 
ented in the structural coordinate system. Using this material model, the analysis calculates 
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TABLE 1--Constituent properties for SCS-6/Ti-15-3 [ 1 ]. 

E, 
Pa 

MATRIX (AS-FABRICATED) 

9.239E10 

E, 
Pa 

FIBER 

0.36 

3.93E 11 0.25 
MATRIX STRESS-STRAIN CURVES (AS-FABRICATED) 

Strain Stress, Pa 

0.0 0.0 
0.0076 6.8948E8 
0.0082 7.4119E8 
0.0088 7.8428E8 
0.0094 8.2737E8 
0.0098 8.4461E8 
0.0106 8.7908E8 
0.0113 8.9632E8 
0.0118 9.0494E8 
0.0124 9.1356E8 
0.0132 9.2217E8 
0.0146 9.3079E8 
0.0168 9.3941E8 
0.0208 9.4803E8 
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the fiber and laminate stresses and predicts when yielding occurs in each element of  the finite- 
element mesh. The PAFAC analysis does not account for the thermal residual stresses that are 
present in this material due to the fabrication process. 

Figure 2 shows a plan view of each of  the finite-element meshes that were used to model the 
DEN and CH specimens. In both cases, only one-eighth of  the specimen was modeled due to 
symmetry through the thickness, as well as in the plane. The mesh for the DEN specimen 
contained approximately 2600 nodes and 1600 elements; the notch was modeled as a rectan- 
gle. The mesh for the CH specimen contained approximately 1500 nodes and 1040 elements. 
Each ply of  the [0/9012s laminate was modeled with one layer of  elements. Thus, each mesh 
contained four layers of  the elements through the thickness (Z-direction). The smallest ele- 
ments, located next to the notch, were sized to represent one fiber spacing. This fiber spacing 
was calculated using the fiber volume fraction (v /=  39%), the fiber diameter (d s -- 0.14 mm), 
and the ply thickness (t = 0.209 mm). A uniform stress was applied to the end of each speci- 
men to simulate loading. A convergence study [3] was done to evaluate the accuracy of the 
finite-element models. 

Earlier work with unnotched SCS-6/Ti-15-3 laminates [ 1] indicated interfacial debonding 
in 90* plies at very low load levels. To model this phenomenon, PAFAC was modified to 
include a failure criterion to approximate interfacial debonding in the 90* plies. Using the dis- 
crete fiber-matrix model described in the Appendix, the transverse modulus of a unidirectional 
laminate with a completely debonded fiber-matrix interface was calculated. When the trans- 
verse stress in the elements in the 90* plies reached a specified critical value, the material prop- 
erties of  the 90* plies were modified to represent an isotropic material with an elastic modulus 
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FIG. 2--Plan view of the finite-element meshes used for the CH and DEN specimens. 

equal to the transverse modulus of  a unidirectional laminate with a completely debonded 
interface. The effect of  modeling an orthotropic layer with an isotropic material model was 
examined and is discussed in the Appendix. The critical transverse stress was chosen to be 155 
MPa based on experimental observations of  unnotched [90]8 laminates [1]. The predicted 
stress-deformation curves with debonding of the 90* plies will be compared to the experimen- 
tal data for both the DEN and CH specimens. 

The PAFAC analysis was also modified to account for interface debonding in the 0* plies at 
the notch tip in the DEN specimen; the approximation used is shown schematically in Fig. 3. 
The original mesh at the notch tip for the DEN model is shown in Fig. 3a, where the mesh 
contains one layer of  elements per ply and the elements at the notch tip are one fiber spacing 
wide. The fibers are shown for reference only; since the material model in PAFAC is homo- 
geneous, it cannot model  the fibers discretely. The elements next to the notch tip, which were 
one fiber spacing wide, were each divided into two elements. Then additional layers of  ele- 
ments were added such that each 0* ply was modeled with three layers of  elements, as opposed 
to one layer used previously. The material properties of  the additional elements were specified 
so that the elements next to the notch and between each layer were isotropic with the material 
properties of the matrix. The isotropic elements added between the 0* and 90* plies were 
0.0345 m m  thick. The remaining elements in the 0* plies were modeled as composite elements 
with appropriately higher fiber volume fractions. Adding the isotropic layers does not affect 
the overall stress-deformation response of  the laminate. To model the effects of fiber-matrix 
debonding of the 0* fiber next to the notch, the elastic modulus of  the isotropic elements in 
both 0* plies indicated by the shaded areas in Fig. 3b was reduced. Poisson's ratio was 
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FIG. 3--Schematic view of approximation used to model notch-tip interfacial debonding of the O'plies 
in the [0/9012s DEN specimen: (a) original mesh and (b) modified mesh. 

unchanged. Predictions of  the notch-tip 0* fiber stress were made reducing the elastic modulus 
by a factor of  10, 100, and 1000 to determine the sensitivity of  fiber stress to the reduction 
factor. 

In the PAFAC analysis, it was also possible to vary the number of  elements with the reduced 
modulus in the longitudinal direction (parallel to the 0* fibers). The effect on the 0 ~ fiber stress 
due to varying the number of  elements in the longitudinal direction with reduced moduli was 
also examined. Varying the number of  elements in this direction would be equivalent to mod- 
eling different debond lengths for the 0* fiber at the notch tip. 

Macro-Micromechanical Analysis (MMA) 

The second analytical technique, the macro-micromechanical analysis (MMA) developed 
by Bigelow and Naik [8], was used to analyze notch-tip stress states in both the DEN and CH 
specimens. The MMA combines the three-dimensional homogeneous, orthotropic finite-ele- 
ment analysis (PAFAC) of  the notched specimen and a discrete fiber-matrix (DFM) micro- 
mechanics model of  a single fiber. The MSC-NASTRAN finite-element code [10] was used to 
analyze the DFM model. An eight-noded, hexahedral element was also used in the MMA 
models. The MMA was used to calculate the stresses in the notch-tip element in the interior 
0 ~ ply of  the [0/9012s laminate assuming a perfectly bonded fiber-matrix interface. The interior 
0 ~ ply was the location of  the highest axial fiber stress predicted by the PAFAC analyses of the 
specimens. As mentioned, in both specimen configurations, the finite-element mesh was 
designed so that the dimensions of  the elements next to the notch corresponded to a single 
fiber spacing. A plan view of  the finite-element mesh, and its dimensions, that was used to 
model the notch-tip element for both configurations is shown in Fig. 4. A convergence study 
of  the MMA mesh refinement was done in Ref8. A schematic view of the macro-micro inter- 
face used in the MMA for the DEN specimen is shown in Fig. 5. Displacement boundary con- 
ditions f rom the macro-level analysis are applied to the micro-level DFM mesh to simulate 
the stress state next to the notch. A similar concept was used for the CH specimen, where the 
element next to the hole was defined to be identical to the element used next to the notch in 
the DEN specimen. The micro-level model shown in Fig. 4 was used for both the DEN and 
CH configurations, Thermal residual stresses were not included in this analysis. 
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FIG. 4 I p l a n  view of DFM finite-element mesh used to model notch-tip element. vr  = 39%. 

F I G .  5iSchematic representation of the macro-micromechanical interface for the DEN specimen. 
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Results and Discussion 

Experimental  Observations 

The two specimen configurations failed at similar stress levels in spite of  large differences in 
their stress concentration factors. The elastic stress concentrations, Kr, are 3.7 for the CH spec- 
imen and 5.7 for the DEN specimen. These values of Kr were calculated, assuming perfectly 
bonded fiber, at the element centroids using the PAFAC analysis and the meshes shown in Fig. 
2. The Kr for the DEN is roughly one and one half times that of  the Kr of  the CH configuration. 
The static strength of the DEN specimen was 520 MPa, and was 501 MPa for the CH speci- 
men. These strengths were unexpectedly close given the difference in the K~s. 

The failure surfaces next to the notch were examined microscopically for both specimen 
configurations i n order to identify the failure mechanisms. The surface of each specimen was 
polished to reveal the first layer of 0 ~ fibers. Typical photographs for each configuration are 
shown in Fig. 6. In these photographs, the light-gray area is matrix and the darker-gray areas 
are fibers. In Fig. 6a, the carbon core in the SCS-6 fiber and the molybdenum wire are visible. 
Figure 6a shows the area just ahead of  the notch for the DEN specimen. The first fiber ahead 
of  the notch was damaged during the machining of  the notch; thus, this fiber probably failed 
rather early in the loading history. The next fiber failed away from the plane of  the notch, 
exhibiting fiber pullout; this type of  behavior would be expected if fiber-matrix debonding had 
occurred over that length of  the fiber. In this case, the fiber-matrix debond length is three to 
four fiber diameters in length. Figure 6b shows an area next to the hole for the CH specimen. 
Minimal fiber pullout is seen next to the hole, indicating that significant fiber-matrix debond- 
ing was not present prior to specimen failure. 

Based on the experimental results, it was hypothesized that tensile radial stresses at the fiber- 
matrix interface ahead of  the notch tip in the DEN specimen were large enough to cause exten- 
sive fiber-matrix debonding in the 0* plies, thus lowering the stress concentration in the DEN 

FIG. 6--Photomicrographs of the failure surface for the DEN and CH [0/9012s SCS-6/Ti-15-3 speci- 
mens: vr = 39%. 
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specimen. Both analytical techniques, PAFAC and the MMA, were used to examine the 
hypothesis. The MMA was used to analyze the stresses in the notch-tip element in the interior 
0* ply in both the DEN and CH specimens to determine the fiber-matrix interface stress state. 
PAFAC was used for two analyses. First, the global stress-deformation response was predicted 
including matrix yielding and interfacial debonding in the 90* plies. Second, the fiber axial 
stresses in the first 0* fiber next to the notch were predicted for the two configurations. The 
effects of modeling interfacial debonding in the 90* and 0* plies on the axial stress in the notch- 
tip 0* fiber were examined. 

Inter face Stresses 

For a unit applied stress (S = 1 MPa), the MMA predicted the stresses shown in Figs. 7 and 
8 for the DEN and CH specimens, respectively. The stresses shown do not include the thermal 
residual stresses that would be present due to the fabrication of the composite. The stresses 
presented are the stresses in the matrix at the fiber-matrix interface calculated at the finite- 
element nodal points. For comparison, the matrix stresses in the interior 0* ply in an 
unnotched [0/9012s specimen due to a unit applied stress are shown in Fig. 9". The stresses are 
presented with respect to the cylindrical coordinate system shown. Stresses are shown for the 
plane of symmetry on the X Z  plane, that is, through the center line of the riotch or hole. Due 
to symmetry, the shear stresses are zero on this plane; thus, only the three normal stress com- 
ponents will be presented. For the two notched configurations, O = 180" is the side of the fiber 
next to the notch. 

In all three configurations, the peak values of the normal stresses occur at 0 = 180*. In the 
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FIG. 7--Matr ix  stresses at the fiber-matrix interface in O* ply next to the notch for the [0/9012s DEN 

spectmen due to unit applied stress (S = 1 MPa): SCS-6/Ti-15-3, vf = 39%. 
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DEN and CH configurations, the stresses are nearly symmetric at about 0 = 180*. This is 
expected since the stresses were calculated for an interior ply. In the unnotched laminate (Fig. 
9), the stresses are symmetric at about 0 = 0* and 180*. In fact, for the unnotched laminate, it 
was sufficient to model only a quarter of the fiber. However, results are presented for 0* ---< 0 
--< 360* for comparison with the notched laminate results in Figs. 7 and 8. 

All three stress components shown are the largest for the DEN specimen and the smallest 
for the unnotched laminate. The gradient in the stress distribution is also much larger for the 
DEN specimen than the CH specimen. Consider, for example, the axial component.  The axial 
stress in the DEN specimen ranges from a peak value of 5.2 MPa to a minimum of 2.2 MPa, 
whereas in the CH specimen, the axial stress only ranges from 2.2 to 1.6 MPa. This is due, of 
course, to the higher stress concentration of the DEN specimen. Likewise, the peak value of  
the radial stress component  is much larger relative to the hoop and axial stress components in 
the DEN specimen compared to the CH specimen. In the DEN specimen, the maximum 
radial stress is 1.67 times the hoop stress and 0.87 times the axial stress. In the CH specimen, 
the maximum radial stress is 1.24 times the hoop stress and only 0.25 times the axial stress. It 
is also interesting to note that the radial stresses for the DEN configuration (Fig. 7) are tensile 
for all values of O, whereas for the CH configurations, the radial stresses are tensile only from 
approximately 1100 to 250 ~ (Fig. 8), and for the unnotched laminate, the radial stresses are 
compressive for all values of 0 (Fig. 9). 

For interfacial failure, the stress component  of  primary concern is the radial stress. The peak 
values of  the radial matrix stresses due to a remote stress of  I MPa are 4.5 and 0.67 MPa for 
the DEN and CH specimens, respectively. The peak value of  the radial stress for the unnotched 
laminate is --0.17 MPa. Thus, for a given interracial strength, the interface in the DEN spec- 
imen will debond much earlier in the loading history than in the CH specimen. Conversely, 
for a given load, the 0 ~ fibers next to the notch in the DEN specimen are more likely to have 
debonded than in the CH specimen. Since an interfacial strength is not available, it is not pos- 
sible to predict when the interface will debond. Based on the stresses shown in Figs. 7 and 8 
and the evidence of  a weak interface in the SCS-6/Ti-15-3 material [1], it is likely that much 
more debonding of the 0 ~ plies occurred in the DEN than in the CH specimen. In fact, based 
on the mierographics presented in Fig. 6, the 0 ~ plies probably did not debond in the CH 
specimen. 

Calculations with Interface Debonding 

The predicted and experimental stress-deformation curves for both specimens are shown in 
Fig. 10. The PAFAC predictions were made including interfacial debonding in the 90* plies. 
From the DFM analysis described in the Appendix, the transverse modulus of a unidirectional 
laminate with a completely debonded interface was found to be 50.1 GPa. As described pre- 
viously, a simplistic failure criterion was incorporated in the PAFAC analysis to simulate a 
debonded interface in the 90 ~ plies. After the critical transverse stress (155 MPa) was reached 
in any finite element with an orientation of  90 ~ that element was then modeled as an isotropic 
material with an elastic modulus of  50.1 GPa. By modifying the material properties of  the 90* 
plies to simulate the failed interfaces, the predicted stress-deformation behavior agreed quite 
well with the experimental results for the CH specimen and reasonably well for the DEN 
specimen. 

The PAFAC analysis was then used to determine the effect ofdebonding in the 0 ~ plies on 
the notch-tip fiber stress concentrations. The axial fiber stresses in the element next to the 
notch in the interior 0* ply were predicted for both the DEN and CH specimens using the 
modified material properties for the 90* plies (that is, debonded 90* fiber-matrix interfaces) as 
described earlier. Figure 1 l shows the predictions of  the 0 ~ fiber stress in the first element next 
to the notch as a function of applied stress for the DEN and CH specimens assuming no Copyright by ASTM Int'l  (all rights reserved); Wed Dec 23 19:12:57 EST 2015

Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



BIGELOW AND JOHNSON ON FIBER-MATRIX DEBONDING 707 

CH (pred.) 

800  DEN ( ~ ) / ~ ,  ," 

500  

S t r e s s  400  ,,~ CH (exp.) 

(MPa) 300 

200 

100 

0 I I I I 

0 . 0 0 0  0 . 0 0 2  0 . 0 0 4  0 . 0 0 6  0 . 0 0 8  

D e f o r m a t i o n  ( m m / m m )  
FIG. I O--Predicted and experimental stress-deformation behavior of the DEN and CH specimens with 

inter(ace debonding in 90 ~ plies: SCS-6/Ti-15-3 [0/90]2,, vr = 39O/o. 

debonding of the 0* plies. The horizontal dashed line indicates an assumed fiber strength of 
4200 MPa, and the two vertical dash-dotted lines show the experimental strengths of the two 
specimens. The fiber strength was calculated from the strain to failure of an unnotched [0/ 
90]2, coupon (E,~t = 0.0105 mm/mm). The solid and dashed lines indicate the predicted 0* fiber 
stress with no debonding in the 0 ~ plies for the DEN and CH specimens, respectively. If the 
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FIG. 1 l--Notch-tip O* axial fiber stress as a function of  applied stress for the DEN and CH specimens 
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strength of the first 0* fiber is used as a failure criteria, the analysis predicts the strength of the 
CH specimen quite well. However, the strength of the DEN specimen is significantly under- 
predicted. Earlier work with boron/aluminum [3] indicated that a first 0* fiber failure criteria 
accurately predicted the static strengths of a variety of notched specimens. 

Based on the earlier hypothesis of debonding at the notch tip in the DEN specimen, the 
approximation shown in Fig. 3 was used to model the effects of debonding in the 0* plies in 
the DEN configuration. As shown in Fig. 3b, the elastic modulus of the elements indicated by 
the shaded areas was reduced by a factor of 10, 100, and 1000 to approximate the interface 
debonding of the notch-tip 0* fiber in the DEN specimen. Little difference in the 0* axial fiber 
stress (less than 1%) was seen whether the modulus was reduced by 10, 100, or 1000, so results 
are shown for a reduction factor of 1000. The number of elements parallel to the 0* fiber direc- 
tion with a reduced modulus was varied to represent different debond lengths. This is shown 
schematically in Fig. 12 for the various numbers of elements modified. 

The axial notch-tip 0* fiber stress in the interior 0* ply for both configurations is shown in 
Fig. 13. The fiber stresses shown in Fig. 13 were calculated with interfacial debonding of the 
90* plies. In addition, the calculations for the DEN specimen include the interfacial debonding 
of the notch-tip elements in the 0* plies. The two solid lines are the predictions made for no 
debonding of the 0* plies repeated from Fig. 11. Reducing the modulus of only one element 
(dashed line) reduced the fiber stress in the DEN specimen considerably, as shown in Fig. 13. 
Reducing the modulus of only two elements caused the 0* fiber stress to drop nearly to the 
level of the CH configuration. A two-element length is equivalent to a debond length of 3.5 
fiber diameters. This debond length is in good agreement with the micrographs showing a 
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FIG. 12-- Various notch-tip debond lengths simulated with reduced modulus elements in the O* plies in 

the DEN predictions: [ 0/9012s SCS-6/Ti-15-3, Vr = 39%. 
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FIG. 13--Notch-tip O* fiber stress as a function of applied stress for the CH and DEN specimens with 
interface debonding in the 90* plies and in the O'plies at the notch tip of the DEN specimen: [0/9012s SCS- 
6/Ti-15-3, vf = 39%. 

debond length of three to four fiber diameters (Fig. 6a). By reducing the modulus of four or 
more elements, the 0* fiber stress in the notch-tip element in DEN specimen was reduced to a 
level below that of the CH configuration. The results shown in Fig. 13 agree with predictions 
made using a two-dimensional shear lag model of a unidirectional composite [11 ] showing 
that any damage will bring the solutions for a notch and a hole closer together. From Fig. 13, 
a first fiber failure criteria based on the axial stress of the notch tip 0* fiber would predict the 
strength of the CH specimen to be 490 MPa and the strength of the DEN specimen to be from 
320 to 560 MPa, depending on the debond length modeled in the 0* plies of the DEN speci- 
men. For a debond length of 3.5 fibers (two elements) in the 0* plies next to the notch, the 
PAFAC analysis predicts a strength of 500 MPa for the DEN configuration. The strength pre- 
diction correlates reasonably well with the experimental strengths of 520 MPa observed for the 
DEN specimen. As mentioned earlier, the thermal residual stresses that are present in this 
material due to the fabrication process were not accounted for in the analyses. A compressive 
axial stress would be present in the 0* fibers due to the temperature change during the fabri- 
cation process. However, the same thermal residual stress state would be present in both the 
CH and DEN specimens, and in the unnotched specimen used to determine the fiber strength. 
The results shown indicate that the axial stress in the first intact 0* fiber may dictate the static 
strength of the specimen, and a first fiber failure criteria would predict specimen strengths 
when interfacial debonding is modeled. 

Concluding Remarks 

The static notched strengths of [0/90]2, SCS-6/Ti-I 5-3 laminates were predicted based on 
the stress in the notch-tip 0* fiber. Two specimen configurations of a [0/90]2+ SCS-6/Ti- 15-3 
laminate were tested and analyzed: a center-hole (CH) specimen and a double-edge-notch 
(DEN) specimen. The two specimen configurations failed at similar stress levels in spite of the 
large difference in the stress concentration factors for the two geometries. Microscopic exam- 
inations of the failure surfaces for both configurations showed fiber pullout for the DEN spec- 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



710 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

imen, indicating fiber-matrix debonding had occurred. Minimal fiber pullout was seen in the 
CH specimen. Based on the experimental results, it was hypothesized that the radial stresses 
that developed at the fiber-matrix interface ahead of  the slit tip in the DEN specimen were 
large enough to cause fiber-matrix debonding in the 0 ~ plies, thus lowering the stress concen- 
tration in the DEN specimen to a level comparable to that of the CH specimen. 

Two analytical techniques, a three-dimensional finite-element analysis (PAFAC) and a 
macro-micromechanical  analysis (MMA), were used to predict the overall stress-deformation 
behavior and the notch-tip fiber-matrix interface stresses in both configurations. The MMA 
predicted radial stresses next to the notch in the DEN configuration that were nearly seven 
times as large as those predicted for the CH configuration. Thus, fiber-matrix debonding in 
the 0 ~ plies will occur much earlier in the loading history for the DEN specimen, and, for a 
given stress level, more fiber-matrix debonding will occur in the DEN specimen than in the 
CH specimen. The overall stress-deformation response of  both specimens was predicted accu- 
rately when interracial failure of  the 90 ~ plies was included in the analysis. The modulus of  the 
90 ~ ply with failed interfaces was determined using a discrete fiber-matrix (DFM) model con- 
taining gap elements. By reducing the modulus of elements at the notch tip to simulate 
debonding next to the notchjn  the 0 ~ plies, predictions of  notch-tip 0 ~ fiber stress for the DEN 
configuration were reduced to a level comparable to that of  the fiber stress in the CH config- 
uration, indicating that fiber-matrix debonding in the DEN specimen could reduce the notch- 
tip stress sufficiently so that both configurations would have similar strengths. When the inter- 
facial debonding of  the 90 ~ plies and the notch-tip 0 ~ plies ( i n t h e  DEN specimen) was 
modeled, the axial stress in the first intact 0 ~ fiber correlated well with the specimen static 
strength for both specimen configurations. The analyses assumed no significant debonding in 
the 0 ~ plies in the CH specimen. The analyses also did not account for thermal residual stresses 
in the material. However, the same thermal residual stress state would be present in both the 
CH and DEN specimens, and in the unnotched specimen used to determine the fiber strength. 
The results shown indicate that a first fiber failure criteria based on the axial stress in the first 
intact 0 ~ fiber can predict the static strength o f  notched specimens when interfacial damage is 
modeled. 

APPENDIX 
Interfacial Debonding of a Unidirectional Laminate 

In tests of  unnotched laminates of  the SCS-6/Ti- 15-3 material, a knee was seen in the stress- 
deformation response. This knee occurred weU below the yield strength of  the matrix material 
and was found to be due to debonding of  the fiber-matrix interface in the 90 ~ plies [ 1 ]. A DFM 
model assuming an infinitely repeating rectangular array of  fibers was used to analyze debond- 
i ng of  a unidirectional laminate. MSC/NASTRAN [ 10] was used for the finite-element anal- 
ysis. The ply thickness (0.194 mm), the fiber volume fraction (32.5%), and the fiber diameter 
(0.14 ram) were used to calculate the dimensions of the model. The ply thickness, the fiber 
volume fraction, and the fiber diameter are typical for the SCS-6/Ti-15-3 material tested in 
Ref  1. A plan view of  the DFM model, composed of  eight-noded, hexahedral elements, is 
shown in Fig. 14. The same mesh refinement was used here as in the MMA shown in Fig. 4. 
In the DFM model, the debonded interface was modeled using the gap elements available in 
MSC-NASTRAN. Gap elements are nonlinear elements that may have significant compres- 
sion and shear forces only if the gap is closed. The gap elements were placed between the fiber 
and matrix and given a zero length. Upon loading, the gap elements have zero stiffness when 
the gap opens and the same stiffness as the fibers if the gap remains closed, thus modeling a 
failed interface. With the completely debonded interface, the modulus of  the unidirectional 
laminate was calculated by loading the DFM model with the gap elements with a uniform 
stress applied in the transverse direction, as shown in Fig. 14. The modulus was calculated Copyright by ASTM Int'l  (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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FIG. 14--Discretefiber-matrix model used to model the debonded interface in unidirectional laminate, 
vf = 32.5%. 

from the slope of the stress-deformation curve. The stress-deformation curve was nearly linear 
for the loading range analyzed. The transverse modulus of a unidirectional laminate with a 
debonded interface was calculated to be 50.1 GPa. This value of the transverse modulus is 
lower than the experimental value (66 GPa) given in Ref 1. The discrepancy may have been 
caused by the effects of the friction between the fiber and matrix when the interface is 
debonded. The model used assumed a perfectly smooth, frigtionless interface between the fiber 
and matrix, which may not be realistic. Additionally, the analysis assumes that all the fiber- 
matrix interfaces are completely debonded, whereas, in actuality all the fibers may not be 
debonded throughout the specimen. 

When the transverse stress in the elements in the 90* plies reached a specified critical value, 
the material properties of the 90 ~ plies were modified to represent an isotropic material with 
an elastic modulus equal to the transverse modulus of the unidirectional laminate with a com- 
pletely debonded interface. This, in effect, models the 90* plies with a bilinear stress-strain 
curve. The critical transverse stress was chosen to be 155 MPa based on experimental obser- 
vations ofunnotched [90]s laminates [1]. Thermal residual stresses, which were present in the 
experimental observations, were not included in the analyses. 

The material model used in PAFAC is based on constituent properties; thus the material 
properties required are the elastic modulus and Poisson's ratio for the fiber and matrix, and a 
stress-strain curve for the matrix. It is not possible, for example, to reduce the transverse mod- 
ulus of one constituent to model interfacial failure. Nor is it possible to reduce the transverse 
modulus (E22) of an orthotropic material to model interfacial debonding of a 90 ~ ply. Thus, in 
order to simulate interfacial debonding with the PAFAC analysis, the 90* plies with a 
debonded interface were modeled as isotropic plies with an elastic modulus equal to the trans- 
verse modulus of a unidirectional laminate with a completely debonded interface. This gave 
the debonded 90* plies in the [0/90]2, laminate an unrealistically low modulus in the axial fiber 
direction. The effect of this low modulus was found to be negligible (less than 2.5%) on the 
stress-deformation response of the laminate. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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The unnotched laminate data presented in Ref 1 and used in this appendix are for a fiber 
volume fraction of 32.5%. The notched laminate data presented in the body of the paper are 
for a fiber volume fraction of 39%. The transverse modulus predicted for the debonded fiber- 
matrix interface in the v I = 32.5% laminate is higher than would be predicted for a v I = 39% 
laminate. However, it was felt that this discrepancy would not have a significant effect on the 
predictions. 
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ABSTRACT: The evolution of notch-tip damage during static loading in center-notched uni- 
directional boron/aluminum and silicon carbide/titanium composites was characterized 
through a two-prong investigation involving experiments and analysis. The effects of heat treat- 
ment on the failure process in boron/aluminum were addressed. In the experimental phase, the 
notch-tip damage initiation and prbgression was monitored and recorded in real time through a 
high-magnification (X 150) closed-circuit television system, acoustic emission, and load-defor- 
mation responses. Fracture surface morphologies were examined via a scanning electron micro- 
scope in order to identify the microfailure mechanisms. 

In the analytical phase, a numerical technique was employed to predict the failure process in 
the materials studied without specifying the crack path a priori. The predictions elucidated the 
failure mechanisms and their interaction in the evolution of damage ahead of an existing crack. 
Correlations were made with experimental results in terms of the observed failure process and 
load-deformation responses. Good agreement was obtained between the observed failure process 
and predictions. The computational predictions captured the salient features in the observed fail- 
ure processes. 

Notch-tip damage progression was quite different in the various materials studied. A complex 
state of damage developed in the vicinity of the notch-tip consisting of several dominant failure 
mechanisms. The various failure mechanisms were identified, and the development of the notch- 
tip damage zones was determined. 

KEY WORDS: damage initiation, damage progression, failure mechanisms, failure process, 
fracture surface examinations, deformation characteristics, acoustic emission, damage predic- 
tions, fracture mechanics, fatigue (materials), metal-matrix composites 

Metal-matrix composites (MMCs) reinforced with cont inuous  fibers have excellent poten- 
tial for use in aerospace and aircraft pr imary structures [1-4]. Metal-matrix composites 
exhibit superior performance compared with other engineering materials. When compared 
with resin-matrix composites, MMCs  have higher shear modulus  and shear strength, larger 
ranges of operating temperatures,  and  better resistance to moisture absorption and delami- 
nat ion.  In addition, MMCs have higher stiffness-to-weight and  strength-to-weight ratios and 
better fatigue and fracture tolerances compared with convent ional  metals. 

In spite of these advantages, the failure process is of  major  concern in MMCs. The failure 
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process is a complicated evolution involving the combination and interaction of several modes 
of damage. The primary mechanisms of damage in MMCs are fiber breakage, matrix plastic 
deformation, matrix cracking, and fiber-matrix interface debonding. A thorough understand- 
ing of the failure process is warranted before MMCs can be considered for advanced aerospace 
applications. 

Results of a comprehensive experimental and analytical investigation on the failure process 
in several MMC systems have been reported in Ref5. The major objective of that research was 
to gain a rational understanding of damage initiation and progression in MMCs during quasi- 
static loading. In this paper, highlights of the results from Ref 5 obtained for two material sys- 
tems, namely, as-received boron/aluminum (B/A1-AR) [0]8 and silicon carbide/titanium 
(SCS-6/Ti-6A1-4V) [0]4 are presented. In order to determine the effect of matrix 
properties on the failure process, solution-treated and aged boron/aluminum (B/A1-T6) [0Is 
was studied as well. Experimentally, several techniques have been used to study notch-tip 
damage growth, including optical observations, laser interferometric displacement gage, 
acoustic emission, and scanning electron microscopy. 

In the analytical phase, detailed numerical predictions were performed to gain a better 
understanding of the failure process in the materials studied. The procedure formulated in 
Refs 5 and 6 was employed to numerically predict damage initiation and progression in three 
representative center-cracked monolayer MMCs. Highlights of these predictions are given 
here; additional details are reported in Refs 5 and 7. The numerical predictions were compared 
with experimental results in terms of the observed failure process, load-deformation charac- 
teristics, and notched strength. An excellent qualitative agreement between the optically 
observed damage and the numerical prediction was established. The salient features observed 
in the sequential failure process in these composites were captured and reflected in the 
predictions. 

Materials and Test Procedure 

Two unidirectional MMC systems have been investigated in this research: (l) B/AI-5.6/ 
6061 [0]8 fabricated by D.W.A. Composite Specialties and (2) SCS-6/Ti-6AI-4V [0]4 fabricated 
by AVCO Corp. using hot isostatic pressing (HIPing). The range of fiber volume fractions of 
the B/A1-5.6/606 l and SCS-6/Ti-6AI-4V were 0.48 to 0.53 and 0.33 to 0,37, respectively. The 
B/A1-5.6/606 l laminates were studied under two conditions, namely, as-received (B/AI-AR), 
and solution-treated and aged (B/AI-T6) conditions. All plates were machined using electro- 
discharge machining (EDM) into parallel-sided coupons having a width of 25.4 mm. Center 
notches 1.27, 2.54, 5.08, 10.16, and 12.70 mm long by 0.25 mm wide were produced by EDM. 
All notches were perpendicular to the loading direction. Aluminum end tabs were installed on 
all specimens following a procedure similar to that used in strain gage bonding so that slippage, 
tab failure, and unwanted acoustic emission from the tab ends were minimized. 

All tests were performed on a closed-loop servohydraulic Instron testing machine (Model 
1331). Damage progression was monitored continuously during quasi-static loading condi- 
tions under stroke control mode at a rate of 0.05 mm/min. The fixtures used were standard 
25.4 mm-wide wedge-action friction grips. The development of notch-tip damage at various 
stages of static tensile loading were studied and recorded on a high magnification (• 150) 
closed circuit television system (CCTV). This provided a clear view of the macrofailure modes 
and processes in the notch-tip region. In addition, notch-tip damage progression was moni- 
tored through acoustic emission and load-deformation responses. A laser interferometric dis- 
placement gage was used to measure accurately the crack opening displacement (COD) [8]. 
This method is highly sensitive to notch-tip damage, evident from the nonlinearities in the 
load-COD curves, sudden jumps in COD, and permanent COD upon unloading. In addition, 
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global displacements were measured using an extensometer having a gage length of  25.4 mm. 
Finally, fracture surface examinations via a scanning electron microscope (SEM) were con- 
ducted in order to identify the microfailure mechanisms. 

Notch-Tip Damage Progression in Unidirectional MMCs 

It was demonstrated [5, 9-11 ] that heat treatment and constituent properties significantly 
affect the failure process, mechanical performance, and the fracture behavior of MMCs. In this 
study, notch-tip damage in three material systems was investigated in terms of optical obser- 
vations, fracture surface examinations, acoustic emission signatures, and load-deformation 
responses as discussed in the following sections. 

Optical Observations 

Notch-tip damage extension was optically monitored in real time via a CCTV system that 
allows magnification up to • 150. Primary emphasis was placed on determining the extent of  
matrix plastic deformation, matrix splitting, fiber-matrix interfacial debonding, and the num- 
ber of fiber breaks ahead of  the notch-tip, all as a function of  applied load. The observed notch- 
tip failure process at various loading stages is shown in the photographs of  Figs. 1, 2, and 3 for 
B/AI-AR, B/A1-T6, and SCS-6/Ti-6AI-4V, respectively. Damage from only one notch tip is 
shown. The effects of  heat treatment and constituents on the observed failure process can be 
seen clearly in these photographs. 

In the B/A1-AR specimens, matrix plastic deformation initiated at the notch tips at a rela- 
tively low load level (23% of notched strength) and grew towards the first intact fiber, Fig. la. 
Matrix plastic deformation is seen as the white zones emanating from the notch tips. These 
white zones are the reflection of  light from the specimen's surface due to the out-of-plane dis- 
placements caused by matrix plastic deformation. As the load level increased, the plastic zones 
progressed along the fiber direction, Fig. lb. Eventually, the load level became high enough 
(79% of notched strength) to fracture the first intact fiber as seen from the lateral extension of 
notch-tip damage, Fig. 1 c. This lateral damage extension was abruptly arrested in the next 
matrix bay due to the rapid formation and progression of  plastic deformation in the second 
matrix bay, Fig. ld. At 89% of the static notched strength, the second intact fiber fractured, 
and the formation and progression of  a third matrix plastic zone developed along the next 
(third) intact fiber, Fig. I e. An additional increment in load was required to fracture the third 
intact fiber, Fig. I f  As fibers break, the bridging matrix bays fail in a ductile manner transverse 
to the fibers. In summarizing, a sequential failure process was evident involving matrix plastic 
deformation, matrix cracking, and fiber breakage. These major modes of  damage occurred 
progressively in that sequence until a state of damage prior to catastrophic fracture was reached 
as shown in Fig. ,Ig. Here, four matrix bays were plastically deformed and three fibers were 
broken. In addition, some of  the matrix bays fractured in a ductile manner. This is evident 
from the fractographs of  the fracture surface of  the aluminum matrix as discussed later. 

The characteristics of  the notch-tip damage progression in the solution-treated and aged 
specimens (B/A1-T6) were considerably different than those in the as-received specimens, Fig. 
2. In the B/A1-T6, matrix plastic deformation did not initiate until approximately 69% of 
notched strength (compared with 23% in the B]AI-AR), Fig. 2a. As the applied load increased, 
the plastic zone remained confined to the notch-tip region ahead of the first intact fiber. Matrix 
cracking occurred at approximately 86% of the notched strength, Fig. 2b. At 99% of the static 
notched strength, the first intact fiber fractured. The damage propagated through the first 
intact fiber and into the next matrix bay where it became momentarily blunted, Fig. 2c. Lateral 
damage extension then occurred very rapidly leading to catastrophic fracture, where the 
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FIG. l--Development of notch-tip damage in as-received B/Al-5.6/6061 [0]8 consisting primarily of 
longitudinal matrix plastic deformation and fiber breakage. Following each fiber break, a matrix plastic 
zone is formed along the next intact fiber. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



BAKUCKAS ET AL. ON NOTCH-TIP DAMAGE 717 

FIG. 2--Development of notch-tip damage in solution-treated and aged B/Al-5.6/6061 [0]8. Matrix 
plastic deformation is confined to the notch centerline resulting in rapid, self-similar damage progression 
(2a/W = 0.5, ar = 394.0 MPa). 

notch-tip damage zone remained within a narrow-banded region flanking the plane of the arti- 
ficial notch, Fig. 2d. 

The ductile matrix in the B/AI-AR specimens permitted substantial matrix plastic defor- 
mation that alleviated the local stress concentrations [9,10]. The plastic zones diffused the con- 
centrated stresses requiring an additional increment in load to recommence crack growth. 
Such cracks may progress in different directions depending upon the local material properties 
and the existing state of damage. Hence, the lower yield strength and more ductile matrix in 
the as-received specimens created an effective crack arrest mechanism permitting a slow fail- 
ure process and a meandering macroscopic crack. 

In the higher yield strength matrix specimens (B/AI-T6), damage initiation occurred at a 
significantly higher load. Following damage initiation, a rapid failure process took place. The 
higher yield strength 606 l-T6 matrix permitted little matrix plastic deformation to relieve the 
crack-tip stress concentrations [9,10]. The concentrated stress field therefore remained within 
a narrow-banded region about the notch centerline. Eventually, this buildup of energy in the 
vicinity of the notch tip produced stresses sufficient to fracture fibers along the notch centerline 
resulting in a self-similar crack extension. The absence of an effective crack arrest mechanism 
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FIG. 3--Development of notch-tip damage in as-received SCS-6/Ti-6Al-4 V[O]4 consisting primarily of 
matrix cracking, fiber breakage, and interfacial debonding. Matrix cracking remains within the notch 
width. 

(that is, matrix plastic deformation) resulted in a strength reduction when compared with the 
as-received specimens. 

The development of the notch-tip damage progression in the SCS-6/Ti-6A1-4V specimens 
was completely different than that in the B/A1-5.6/6061 specimens, Fig. 3. The vertical lines 
in the figure are the fibers that were exposed by partially removing the outer layer of matrix 
material. Damage initiated at extremely high load levels in the SCS-6/Ti-6A1-4V specimens. 
At approximately 90% of the static notched strength, fiber breakage occurred, Fig. 3a. The 
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subsequent damage progression revealed that as many as 16 fibers ahead of the notch-tip frac- 
tured, while the matrix bays remained intact, Fig. 3b. Here, five fibers fractured ahead of the 
notch tip while matrix cracking was observed in the first two matrix bays. In addition, the fibers 
appeared to fracture at locations above and below the plane of the artificial notch, within a 
span of 0.5 mm, while the matrix plastic deformation and matrix cracking occurred along the 
notch centerline, Fig. 3c. With increasing applied load, fibers fractured ahead of the matrix 
cracks. In addition, interfacial debonding was observed to initiate at the ends of the broken 
fibers, resulting in fiber pullout, Fig. 3d. Generally, an intermittent failure sequence was 
observed. The damaged zone was confined to the plane of the original notch, and thus crack 
extension could be considered, macroscopically, as self-similar, Fig. 3e. 

Fracture Surface Morphology 

Scanning electron micrographs of the fracture surface in the vicinity of the notch tip where 
slow damage development transpired are shown in Fig. 4 for the three materials tested. The 
fracture surface examinations reveal fiber shattering that is indicated by the fragmented wedge- 
shaped pieces at the fractured fiber ends in the B/AI-AR and B/AI-T6, shown in Figs. 4a and 
b, respectively. The appearance of these fragments indicates a good fiber-matrix bonding. 

FIG. 4--Scanning electron micrographs of the fracture surface near the notch tip where stable damage 
progression took place in the three materials studied. (a) B/Al-5.6/6061 [ 0]8 as-received. 
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FIG, 4 (continued)--(b) B/Al-5.6/6061, [ O]s solution-treated and aged. 

FIG. 4 (continued)--(c) SCS-6/Ti-6AI-4 I1, [0]4 as-received. 
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Fiber shattering was less prevalent in the SCS-6/Ti-6AI-4V specimen, in which a significant 
amount of interfacial debonding occurred, Fig. 4c. 

Fiber breakage did not necessarily occur on the plane of the fracture surface. As a result, 
fibers were pulled out of the matrix, evidenced by the cylindrical cavities that previously 
housed the fibers. Fiber pullout was observed in varying degrees in the three material systems 
and was more pronounced in the notch-tip vicinity where slow damage progression took place. 
Only a few fibers were pulled out in the B/AI-5.6/6061 specimens. All pullout fibers in these 
specimens were coated with a thin layer of aluminum, indicating that the fiber-matrix bond 
strength was higher than the shear strength of the matrix, Figs. 4a and b. This aluminum coat- 
ing exhibited a shear-like dimpled texture resulting from voids coalescing in an elongated man- 
ner (due to the shear stresses along the interface). The pullout fibers in the SCS-6/Ti-6AI-4V 
specimens appeared to be relatively clean of matrix material indicating a weak interface, Fig. 
4c. This micrograph shows a significant amount of interracial debonding between the fiber 
coating (two carbon-rich C/Si layers) and the SiC fiber. Debonding also occurred between the 
fiber coating and the titanium matrix. In addition, carbon core pullout was observed. 

A ductile-type fracture of the aluminum matrix was evident in the B/AI-AR and B/A1-T6 
specimens where microvoid coalescence took place, Figs. 4a and b. Matrix cracking also 
occurred in the B/AI-T6 specimen. In the SCS-6/Ti-6AI-4V, fracture of the matrix was by duc- 
tile rupture, Fig. 4c. Additional details of the fracture surface morphology are given in Ref 5. 

Acoustic Emission 

The conventional monitoring of damage via optical observations reveal only surface dam- 
age. Investigations of internal damage through fracture surface examinations provides key 
information only after catastrophic fracture has occurred. Although these experimental tech- 
niques are vital in the study of damage, they do not provide a means to monitor the accu- 
mulation of internal damage in real time. The acoustic emission (AE) technique can serve as 
an important tool for this purpose. 

The application of the AE technique to monitor and identify the major modes of damage 
in real time has been addressed in Refs 11 and 12 for various MMCs during static tensile load- 
ing. The three major modes of damage (namely, fiber breakage, matrix plastic deformation, 
and fiber-matrix interfacial failure) generate AE events of three different amplitude ranges 
[12]. It was concluded that the high amplitude events (>90 dB) are caused by fiber fracture, 
the middle range amplitude events (65 to 90 dB) could be caused by matrix plastic deforma- 
tion, while the low range amplitude events (40 to 65 dB) could be caused by fiber-matrix inter- 
facial failure or matrix shear deformation along the fibers or both. 

The major differences in the modes of damage discussed previously for the three materials 
studied are depicted by the differences in the acoustic emission event amplitude. Figure 5 
shows the amplitude distribution histograms (ADH) of all the events accumulated during 
quasi-static monotonic loading to failure for the three MMC systems studied. In these three- 
dimensional figures, the number of events having distinct values of amplitude are shown as a 
function of the applied stress. In B/AI-AR, high-amplitude events associated with fiber break- 
age were detected already at 20% of ultimate, Fig. 5a; while in the B/A1-T6 specimen, they 
occurred only at 50% of ultimate, Fig. 5b. Optical observations also revealed that fiber break- 
age occurred at a lower percentage of the notched strength in the B/AI-AR compared with the 
B/A1-T6. It should be noted that the AE technique is much more sensitive in detecting fiber 
breakage than are the optical observations mentioned earlier. 

The number of high-amplitude events is much greater for the B/A1-AR specimen than for 
the B/A1-T6 specimen. This agrees with the observations of slow crack growth in the B/A1-AR 
composite compared to the rapid crack growth in the B]A1-T6 composite. In the latter mate- 
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FIG. 5--Three-dimensionalplots of amplitude distribution histograms of events accumulated through- 
out loading to failure of the three materials studied. The ADH shows the rate of emission within different 
amplitude ranges associated with the dominant modes of  damage. 
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FIG. 5--Continued, 

rdal, catastrophic crack growth occurred soon after the breakage of the first intact fiber ahead 
of notch tip. In the B/AI-AR composite, the number of middle-range amplitude events, which 
are associated primarily with matrix plastic deformation, is much greater than in the B/AI-T6 
specimen. As shown in Fig. 5a, the majority of middle-range amplitude events occur in the B/ 
AI-AR during the initial stages of loading. This corresponds to the observed slow development 
of the notch-tip matrix plastic zone (in the first matrix bay) prior to the breaking of the first 
intact fiber, Figs. 1 a and b. Subsequent fiber breaks are accompanied by rapid initiation and 
progression of matrix plastic deformation in the adjoining matrix bays, Figs. 1 c to g. The AE 
data acquisition system is not capable of acquiring all the AE events generated during this 
rapid formation of the matrix plastic zones. Hence, at the higher load levels, the number of 
events recorded is smaller than that actually occurring. 

In the B/A1-T6 specimen, the middle-range amplitude events occurred at a relatively high 
load range, that is, with the occurrence of fiber breakage (high-amplitude events), Fig. 5b. 
These AE results again correspond very well with the observations where in the B/A1-T6 spec- 
imen the plastic deformation was limited primarily to the first matrix bay, was highly localized, 
and initiated at high load levels, Fig. 2. Furthermore, the notch-tip damage in the B/AI-T6 
specimen extended beyond the first matrix bay only when catastrophic fracture was imminent, 
Fig. 2d. Therefore, the amount of the middle- and low-range amplitude events was very lim- 
ited, Fig. 5b. 

In the SCS-6/Ti-6A1-4V specimen, the initiation of high-amplitude events occurred at 
approximately 70% of the static notched strength, Fig. 5c. In addition, the relative number of 
middle-range amplitude events was similar to that generated for the B/A1-AR specimen. 
Although, in the SCS-6/Ti-6AI-4V specimen, plastic deformation and cracking in the matrix 
bays are limited to the notch-line region, a much larger number of matrix bays were plastically 
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deformed as compared with the B/A1-AR. Therefore, the relative number of events of middle- 
range amplitude events can still be large. 

The ADH of events also show that a relatively large number of events are of the low-ampli- 
tude range (40 to 65 dB). These events could be caused by interfacial failure, fretting among 
the fracture surfaces, fiber pull-outs, or a combination thereof. The number of low-amplitude 
events in the B/AI-5.6/6061 specimens were very limited. This agreed with the fact that no 
matrix splitting and only a relatively small number of fiber pullout appeared; thus, only a lim- 
ited amount of friction emission was expected. A significant number of low-amplitude events 
were generated in the SCS-6/Ti-6AI-4V composite, Fig. 5c. This is expected since in this mate- 
rial system extensive amounts of matrix cracks, fiber-matrix debonding, and fiber pullout 
occurred. Thus, emission was generated by the grating among the fracture surfaces along the 
interface and during fiber pullout. It is of interest to note that in all cases the ADH showed that 
the majority of low-amplitude events are generated after the occurrence of high-amplitude 
events (>90 dB), which were caused by fiber breakage. This should be expected since fiber 
pullout occurs subsequent to fiber breakage. 

Deformation Characteristics 

Notch-tip damage initiation and propagation is an evolutionary process that is clearly 
revealed in the deformation characteristics. Divergence of the load-displacement response 
from linearity signifies damage progression that takes place in the proximity of the notch tip. 
In this section, notch-tip damage initiation and propagation in the three materials is studied 
in terms of composite deformation characteristics. 

The effect of heat treatment on the load-global displacement response (measured using an 
extensometer with a 25.4-mm gage length) of center-notched (2a/W = 0.2) B/A1-5.6/6061 
specimens is shown in Fig. 6. In the B/AI-AR specimen, jumps in global displacement are 
apparent. These jumps are associated with fiber breakage and indicate a slow failure process 
with several fibers breaking prior to catastrophic fracture. In the B/AI-T6 specimen, the load- 
global displacement response was nearly linear up to failure with an ultimate strength approx- 
imately 27% less than that recorded for the.B/AI-AR specimen. No jumps in global displace- 
ment were evident for the B/AI-T6 specimen indicating a rapid failure process with very few 
fiber breakages prior to catastrophic fracture. The strength reduction in the B/AI-T6 specimen 
is attributed to the foregoing observed failure process. 

The load-crack opening displacement (COD) curves for B/A1-AR and SCS-6/Ti-6AI-4V 
specimens containing a center notch, 2a/W = 0.3, are shown in Fig. 7. From this figure, it is 
clear that the B/AI-AR specimen displays a larger amount of nonlinearity in the load-COD 
response compared with the SCS-6/Ti-6AI-4V specimen. The damage process zone in the B/ 
AI-AR specimens was wide spread consisting of long longitudinal matrix plastic zones along 
the fibers that essentially blunt the notch. On the other hand, damage was more confined to 
the center-line of the notch in the SCS-6/Ti-6A1-4V specimens resulting in less displacement 
in the longitudinal direction. Consequently, the COD in the B/AI-AR was larger than that in 
the SCS-6/Ti-6AI-4V specimens. 

Numerical Approach 

A novel technique to numerically predict the onset and growth of damage in monolayered 
composites was formulated in Refs 5 and 6 and was used in this research to study the individ- 
ual failure mechanisms and their interaction in the evolution of the failure process ahead of 
an existing crack. This numerical scheme is capable of predicting the occurrence and sequence 
of the major modes of damage that occur in MMCs including fiber breakage, matrix plastic 
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deformation, matrix cracking, matrix splitting, and fiber-matrix interracial debonding. The 
primary feature of this numerical technique is that the crack path does not have to be selected 
a priori. Furthermore, any combination of  fiber, matrix, and interface constituent properties 
can be used. A brief description of  the major  features of  the damage growth prediction tech- 
nique formulated in Refs 5 and 6 is provided here. 

This technique employs a displacement-based incremental elastic-plastic finite-element 
method. A node-splitting and nodal force relaxation algorithm was formulated to create new 
crack surfaces. The dominant  modes of  damage that exist in MMCs are incorporated using 
node-splitting mechanisms in conjunction with appropriate failure criteria. Predictions of 
fiber breakage, matrix cracking, and fiber-matrix debonding are accomplished by determining 
the sequence and direction of  nodal splitting using the maximum normal and shear strength 
criteria. For each node, the dominant  mechanism and mode of  failure are determined. The 
parameters that dictate local material separation are the normal and shear strength values for 
the matrix, fiber, and interface. The material properties and critical values for the constituents 
are listed in Table 1. When the condition for a particular failure mechanism is satisfied at a 
node, a crack is created by introducing a double node at that location. At that stage, the nodes 
are reassigned to the appropriate elements, boundary conditions are updated, and the stresses 
are redistributed. Using the node-splitting and nodal force relaxation algorithm, the failure 
mechanisms and the crack path can be predicted at each stage of damage evolution without 
preselecting the crack path. 

A hybrid material model was employed in the prediction. A local heterogeneous region is 
used to model the vicinity of the crack tip that is contained within a homogeneous continuum. 
The numerical predictions of the failure process are conducted within the heterogeneous 
region where the fiber and matrix occupy distinct zones. Within this region, the fibers are mod- 
eled as elastic, the matrix modeled as elastic-plastic using an incremental J2 flow theory with 
isotropic hardening, and the interface is assumed to be well bonded. The outer homogeneous 
cont inuum has the actual structural dimensions and geometry to which the external loading 
is applied. The homogeneous cont inuum is modeled as an elastic material. The rule of 
mixtures was used to obtain the effective properties of the homogeneous region where the fiber 
volume fraction was 0.53. 

The specimen geometry, loading conditions, hybrid regions, and finite-element mesh are 
shown in Fig. 8. The finite-element mesh consisted of  2729 elements and 11 087 nodes. Nine- 

TABLE l--Constituent properties and critical strengths. 

Matrix Fiber 

6061-AR [5] 6061-T6 [5] Ti-6A1-4V [13] . Boron SCS-6 

ELASTIC PROPERTIES 

E0, GPa 72.1 72.1 125.4 400.0 [5] 385 [5] 
v 0.33 0.33 0.33 0.21 [14] 0.25 [15] 

STRENGTHS a 

Normal, MPa 160 360 1055 2800 [16] 3800 [17] 
Shear, MPa b 107 240 703 NA c NA 

a Critical values for the interface are assumed to be the same as those of matrix. 
b Assuming the shear strength is 1.5 times less than normal strength based on typical ratios of normal 

strength to shear strength for metallic materials given in Ref 18. 

c NA = not applicable. 
Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



BAKUCKAS ET AL. ON NOTCH-TIP DAMAGE 727 

A 

iT. ~ 

,4., 

o ~  

o u o C 0 Q Q ~ O C o C 
r y / / / / / / / / •  , /,,,, <, / /  ~ ~ ~ 

~.~ 

EEE m~: ~ 
EE~ I -  
~ ~ lJJ ~ 

T t ,,,,,, ~ o ~  
oe~ 

Copyr igh t  by  ASTM In t ' l  ( a l l  r i gh t s  r e se rved) ;  Wed  Dec  23  19 :12 :57  EST 2015
Downloaded /p r in t ed  by
Unive r s i ty  o f  Wash ing ton  (Un ive r s i ty  o f  Wash ing ton)  pu r suan t  t o  L icense  Agreemen t .  No  fu r the r  r ep roduc t ions  au tho r i zed .



728 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

noded isoparametric elements with 3 by 3 Gauss numerical integration were used. Note, the 
finite-element mesh used in the numerical predictions allows four fiber breakages ahead of  the 
notch tip. The damage growth predictions can allow for as many fiber breakages as desired. 
However, because of the extensive computing time required, only four fiber breakages were 
considered. The predicted notched strength was assumed to be the far-field stress after the 
fourth fiber fractured. 

Comparisons Between Experiments and Predictions 

Predictions of  the crack-tip damage process at various stages of quasi-static monotonic load- 
ing were conducted in the materials studied. It should be noted here that the fiber volume 
fractions in the actual B/A1-AR, B/A1-T6, and SCS-6/Ti-6AI-4V laminates ranged between 
0.48 to 0.53, 0.48 to 0.53, and 0.33 to 0.37, respectively. For the purpose of comparing among 
the three material systems, it was decided to use the same fiber volume fraction of  0.53 and 
the same mesh in the predictions for all three material systems. 

The nodal displacements of  the mesh within the heterogeneous region were plotted at pro- 
gressive states of  damage in Refs 5 and 7. From the displaced meshes, the failure mechanisms 
(namely, fiber breakage, matrix plastic deformation, matrix cracking, matrix splitting, and 
interface debonding) could be easily identified. Matrix plastic deformation was revealed by 
extreme distortions of  the matrix elements and by the numerical values of the equivalent plas- 
tic strain. In general, the numerical predictions were in good agreement with the optical obser- 
vations for the three materials in terms of  capturing the occurrence and sequence of  the dam- 
age modes in the development of  a macroscopic crack [5, 7]. Highlights of the these findings 
are presented for the three materials studied. 

Boron/Ahtminum-5.6/6061-AR 

The numerical prediction of  the crack-tip damage state at the final stage of quasi-static load- 
ing is shown in Fig. 9 for a B/AI-AR monolayer and compared with the optical observation. 
In this figure, the nodal point displacements of  the elements in the vicinity of the crack tip 
have been magnified ten times. The failure events leading up to the state of  damage shown 
here consisted of: (1) initiation and progression of  matrix plastic deformation; (2) sudden fiber 
breakage leaving behind intact matrix bridges; (3) fiber crack arrest in the next matrix bay; and 
(4) slow and stable crack growth through the matrix ligaments. This failure cycle was repeated 
after each fiber break (up to four). This accurately predicted the sequential failure process 
observed in this material, Fig. 1. The distorted elements in the matrix bays and numerical 
values of the effective plastic strain (not shown) reveal extreme shear deformation of  the matrix 
bays, Fig. 9. This corresponds quite accurately with the observed longitudinal matrix plastic 
zones shown in the same figure. 

A comparison between the measured and predicted load-COD curves is shown in Fig. 10. 
Both the predicted and measured load-COD curves are characterized by a nonlinear response 
followed by jumps in COD. Details of the measured jumps in COD are shown in the figure. 
The characteristics of  the predicted curve are qualitatively similar to the experimental curve. 

The predictions and observations show that prior to the breakage of the first intact fiber, 
matrix damage in the form of plastic deformation (transverse and along the fibers), matrix 
cracking, and matrix splitting take place in the first matrix bay, In the predictions, these dam- 
age events only cause a slight increase in the COD, The load must be continuously increased 
in order to develop new damage (that is, node splitting). Hence according to the predictions, 
the initial nonlinear region in the load-COD curve is attributed to these damage modes. This 
point is further verified by the experiments. According to observations, the first fiber fails at 
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FIG. 9--Comparison between optical observations and predictions in as-received B/Al-5.6/6061. The 
deformed mesh in the crack-tip region is shown where the nodal displacements were magnified ten times. 
The prediction reflects the optically observed modes of damage (2a/W = 0.5, ~f = 568.1 MPa). Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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FIG. lO--Comparison between the measured and predicted stress-crack opening displacement 
responses in as-received B/Al-5.6/6061. Characteristics of the predicted curve qualitatively agree with those 
of the measured curve. 

approximately 79% of the ultimate strength, Fig. lc. The experimental load-COD response is 
typically continuous up to that point. In addition, most of the AE events generated in the ini- 
tial stages of loading are of the middle-amplitude range that corresponds to the formation of 
matrix plastic deformation and matrix cracking, Fig. 5a. 

Both the predictions and experiments verify that the jumps in COD in the load-COD curves, 
Fig. 10, are associated with fiber breakage. The predictions revealed that there is a substantial 
increase in COD and a slight reduction in the global stress following each fiber break. The 
jumps in the experimental COD were typically accompanied by audible levels of acoustic 
emission and sudden surges in the notch-tip damage (observed via CCTV). 

The numerical prediction agreed with the experimental load-COD curves, Fig. 10, in the 
initial loading range. However, the agreement was not as good in the later stages of loading. 
In addition, the figure indicates that the predicted notched strength is approximately 60% of 
that obtained experimentally (the predicted notched strength was the far-field stress after the 
four-fiber breakage). This difference could be attributed to the difference between the actual 
in situ fiber strength and that used for the numerical predictions. There is large scatter in the 
strength of fibers (2 to 4 GPa for boron fibers [16]). Clearly, the predictions of the load-COD, 
and notched strength will dbpend strongly on the proper selection of fiber strength (2.8 GPa 
was chosen as the fiber strength in the predictions, Table 1). In addition, the characteristics of 
the load-COD curve (for example, the loads at which jumps in COD occur, the load range 
between consecutive jumps in COD, etc.) depend on the actual fiber strength and the distri- 
bution of the fiber strength within the specimen, which were not accounted for in the predic- 
tion. Also, it should be noted that the experimental load-COD curves were obtained for [0]8 
specimens, while the predictions were made for a monolayer. Finally, the predictions were 
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made for a specimen containing a center crack whereas the experiments were performed with 
a specimen containing a blunted center notch having a width of 0.25 ram. 

Boron~Aluminum-5.6~6061- T6 

Figure 11 shows the predictions and observations of the final state of damage in B/AI-T6 
where the nodal point displacements of the elements in the vicinity of the crack tip have been 
magnified ten times. The numerical predictions revealed a completely different failure process 
compared to the B/AI-AR monolayer. In the B/AI-T6, the major modes of damage observed 
and predicted numerically were limited matrix plastic deformation, matrix cracking, and fiber 
breakage. These failure modes were repeated following each fiber break. The distortion of the 
elements in the matrix bays is significantly smaller compared with those in the B/AI-AR, Fig. 
9. Damage growth occurred quite rapidly and in a self-similar manner where the notch-tip 
damage zone remained within a narrow-banded region flanking the plane of the notch as 
shown in both the predictions and the optical observations, Fig. 11. 

Both the experimental observations and the numerical predictions demonstrated the influ- 
ence and importance of matrix plastic deformation in the failure process in B/A1-5.6/6061. In 
the B/AI-AR, the ductile matrix undergoes substantial plastic deformation that diffuses and 
alleviates local stress concentrations. Lateral damage extension (due to fiber fracture) is 
abruptly arrested by the formation and progression of matrix plastic zones (along the fibers) 
in the vicinity of the broken fibers. Typically, fibers fracture ahead of the matrix leaving behind 
connecting "bridges." These ligaments fail in a ductile manner. A continuous increase in the 
applied load is required to propagate a crack through the matrix. Hence, the lower yield 
strength and more ductile matrix in the B/A1-AR laminate creates an effective crack arrest 
mechanism permitting a slow microscopic failure process. 

The higher yield strength and less ductile matrix in the B/AI-T6 provided limited matrix 
plastic deformation to relieve the concentrated stresses and therefore the damage remained 
confined to the crack-tip vicinity. Eventually, the buildup of stress became high enough to 
initiate matrix cracking'and fiber fracture within the plane of the existing crack resulting in a 
rapid self-similar crack propagation. Consequently, the ultimate notched strength in the B/AI- 
T6 was considerably reduced compared to the B/AI-AR. 

A comparison of the predicted load-COD curves for the B/AI-AR and the B/A1-T6 is shown 
in Fig. 12. Similar trends in the predicted load-COD curves are seen when compared to the 
experimental data of the load-global displacement curves, Fig. 6. That is, B/A1-AR exhibited 
higher notched strength and underwent substantially larger deformation compared with the 
B/A1-T6. The predicted and actual notched strengths of the B/A1-AR were approximately 47 
and 27% greater than that of the B/A1-T6, respectively. 

Silicon Carbide/Titanium-SCS-6/Ti-6Al-4 V 

The numerical prediction and the optical observation of the crack-tip damage progression 
in the SCS-6/Ti-6AI-4V prior to catastrophic fracture is shown in Fig. 13. The nodal point 
displacements of the elements in the vicinity of the crack tip have been magnified ten times. 
Here, a totally different failure process was predicted compared to the B/A1-5.6/6061 mono- 
layers. The predicted damage progression consisted primarily of matrix cracking and fiber 
breakage. The optical observations revealed fiber-matrix interfacial failure. Examinations of 
the fracture surfaces, Fig. 4c, also indicated a significant amount of fiber-matrix interfacial 
debonding. Since the interface strength used in the predictions were higher than the actual 
values, interface failure could not be predicted. Interfacial failure will cause a deflection in 
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FIG. 11--Comparison between optical observations and predictions in solution-treated and aged B/Al- 
5.6/6061. The deformed mesh in the crack-tip region is shown where the nodal displacements were mag- 
nified ten times. Both observations and predictions reveal a macroscopically self-similar damage progres- 
sion (2a/W = 0.5, ~f = 394.0 MPa). 
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crack path and appears to be the dominant crack arrest mechanism in SCS-6/Ti-6AI-4V. In 
the absence of available interfacial strength data, this process could not be accurately quanti- 
fied in the predictions. Without interfacial failures, the numerical predictions displayed a more 
unstable and rapid damage progression compared with the experimental observations. 

The experimental and predicted load-COD curves are shown in Fig. 14. The numerical sim- 
ulation accurately predicted the initial stages of the load-COD curves; however, a poor agree- 
ment was obtained in the later stages. In addition, the figure indicates that the predicted 
notched strength is approximately 25% of that obtained experimentally. As discussed previ- 
ously for the B/AI-AR case study, these differences could be attributed to the following reasons: 
(1) the difference in actual in situ fiber strength; (2) the distribution of fiber strength within the 
actual specimen; (3) the thickness effect (that is, monolayer versus [0]4 laminate); and (4) the 
difference in the geometry of the discontinuity (that is, crack versus notch). 

In the SCS-6/Ti-6A1-4V, an additional issue should be considered. It was shown that during 
quasi-static loading of a SCS-6/Ti-6AI-4V specimen, as many as 16 fibers broke ahead of the 
notch tip prior to catastrophic fracture, Fig. 13. However, the numerical prediction conducted 
here accounted for only four fibers ahead of the notch tip. If more fibers were considered in 
the model, a higher predicted notched strength and a better correspondence with experiments 
could be anticipated. Note, the numerical predictions can allow for as many fiber breakages 
as desired; however, because of the extensive computing time required, only four fiber breaks 
were modeled. The agreement between the predicted and experimental notched strength in 
the B/AI-AR case was much better than that in the SCS-6/Ti-6A1-4V case, since in the former, 
three to five fiber breakages occurred prior to catastrophic fracture, Fig. 9. 
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FIG. 13--Comparison between optical observations and predictions in as-received SCS-6/Ti-6A1-4 I~ 
The deformed mesh in the crack-tip region is shown where the nodal displacements were magnified ten 
times. Both observations and predictions reveal macroscopically, selflsimilar damage progression (2a/W 
= 0.4, af = 667.2MPa). 
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Summary and Conclusions 

Notch-tip damage initiation and progression in unidirectional B/A1-5.6/6061 and SCS-6/ 
Ti-6Ai-4V were investigated. Two conditions of B/A1-5.6/606i were tested, namely, as- 
received and solution-treated and aged conditions. In the B/A1-AR specimen, notch-tip dam- 
age progression was characterized primarily by extensive matrix plastic deformation along the 
fibers that serve as a crack arrest medium. Instantaneous jumps in the COD were associated 
with a sudden increase in notch-tip damage extension due to fiber breakage. Subsequent to 
each fiber break, damage extension abruptly ceased due to the initiation and progression of 
matrix plastic deformation along the next intact fiber. The matrix plastic deformation allevi- 
ated and dispersed the concentrated stresses. Following crack arrest, an additional increment 
in applied load was required to recommence fiber breakage. As observed optically, and man- 
ifested in the load-COD curves, this process was repeated several times resulting in a relatively 
stable failure process and higher notched strength when compared to the B/A1-T6 specimens. 

An effective crack arrest mechanism was not observed in the B/A1-T6 specimens. The high 
yield strength matrix material in the B/Ai-T6 laminate underwent very localized and confined 
plastic deformation that provided little relief of the stresses at the crack tip. These stresses were 
high enough to fracture fibers within the plane of the existing notch resulting in rapid and 
unstable self-similar crack extension. The specimen failed catastrophically shortly after the 
first fiber fractured as was illustrated in the limited jumps in displacement in the load-global 
displacement curve. 

A completely different failure process was exhibited in SCS-6/Ti-6A1-4V specimens�9 Exper- 
imental observations indicated a relatively large number of fiber breaks prior to catastrophic 
fracture. These fiber breaks apparently occurred on planes approximately 0.25 mm on either 
side of the notch centerline. Matrix cracking lagged behind fiber breaks and occurred primarily 
along the notch centerline. As the matrix cracks progressed, interfacial failures were noticed 
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along the fiber ends associated with fiber pullout. Fiber-matrix debonding appears to be the 
primary crack arrest mechanism in the SCS-6/Ti-6AI-4V. 

Acoustic emission event amplitude ranges were correlated with the failure process in the 
three material systems. The large number of  high-amplitude events ( >  90 dB) associated with 
fiber breakage in the B]AI-AR and SCS-6/Ti-6AI-4V agreed with the slow failure process and 
large number  of  observed fiber breaks. A significantly smaller number of  high-amplitude 
events were recorded for the B/AI-T6 that corresponds with the rapid and sudden catastrophic 
fracture. 

The occurrence and sequence of the damage events leading to a macroscopic crack were 
accurately predicted. A qualitative agreement between the observations and the numerical 
predictions was obtained where the prominent  features of  the notch-tip damage progression 
were captured. The analysis combined with experimental data provided a better understand- 
ing of  the notch-tip damage evolution. 
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ABSTRACT: This paper presents an experimental verification of a new two-parameter fracture 
model based on the equivalent remote biaxial stresses (ERBS) developed by the authors. A 
detailed comparison is made between the new theory and the constant, Kk, approach of linear 
elastic fracture mechanics (LEFM). Fracture is predicted through a failure curve representing the 
change in a variable fracture toughness, Kc, with the ERBS ratio, B. The nonsingular term, 7", in 
the series expansion of the near crack-tip transverse stress is included in the model. Experimental 
results for polymethyl methacrylate (PMMA) show that the theory can account for the effects of 
geometry on fracture toughness as well as indicate the initiation of crack branching. It is shown 
that the new criterion predicts failure for PMMA with a 95% confidence zone that is nearly three 
times smaller than that of the LEFM K~c approach. 

KEY WORDS: fracture (materials), failure criterion, T-stress, biaxial loading, fracture tough- 
ness, linear elastic fracture mechanics, fracture mechanics, fatigue (materials) 

For many years the concept of a constant fracture toughness (Kxc), from linear elastic frac- 
ture mechanics (LEFM), has been used to predict failure in cracked bodies. Recently, however, 
researchers have pointed out that some of the basic assumptions of LEFM may not be accurate 
[ 1 ]. Others have found inconsistencies in predicting fracture for some materials, both isotropic 
and anisotropic, from test results that satisfy the LEFM requirements for brittle plane-strain 
behavior [2,3]. The purpose of this paper is to present some of the experimental test results 
from Ref 4 that show the limitations of the constant Ktc failure criterion and support the new 
equivalent remote biaxial stress (ERBS) fracture model proposed in Ref 4. 

The ERBS concept is based on the fact that the near-crack-tip stresses in any arbitrary cou- 
pon subjected to Mode 1 loading with a load-free crack surface may be equated to those in an 
infinite biaxially loaded center-cracked panel of the same material and thickness and with a 
fixed crack length, c* (Fig. 1). This is done by requiring that the stress intensity factors (K0 
and the constant terms (T) in the series expansion of near-crack-tip stresses for both geome- 
tries be equal. For coupons of anisotropic material 

e e  

/ q  = ~,. x /g- /*  

T = ~x + e,,{s,s2} 
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FIG. l - -Comparison o[an arbitrary cracked coupon with an infinite center-cracked panel. 

Solving for a7 and %~? gives 

- -KI  Re{stsz} + T 
~ x  - -  

KI 
O'y ~ / ~ ,  

From these equivalent remote biaxial stresses (ERBS), the ERBS ratio (B) is defined as 

B - ~ ~ - T ~ r c *  - Re{s,s2} (1) 
o'y KI 

This ratio plays an integral role in the failure criterion. Here, s~ and s2 are the positive roots of  
the characteristic equation [5]. For an isotropic material, both roots are positive i (i = 
vrz-T). 

The basic assumption of  the ERBS fracture model is that failure in any planar arbitrary 
Mode I coupon with an unloaded crack surface will be the same as that found in an "equiva- 
lent" infinite biaxially loaded center-cracked panel of  the same material with a fixed crack 
length, c*. The failure of  the infinite cracked panel with different remote loadings (Fig. 1) is 
characterized through an ERBS curve, a graph representing the change in fracture toughness, 
Kc, with the ratio of  the remote biaxial stresses, B (aT/a~). Kc is a variable fracture toughness 
as opposed to the LEFM concept of  a constant fracture toughness, KI~. 

To predict fracture in an arbitrary cracked coupon,/s and T must be found. The ERBS 
ratio (B) is then determined through Eq 1, and from the ERBS curve, Kc may be obtained for 
that particular coupon. Kc can be used to predict crack growth initiation just as Kic in the 
LEFM approach. Because fracture toughness (Kc) is used in the failure criterion, this theory is 
applicable for any material that does not exhibit any large amounts of crack-tip anomolies 
(large plastic zones, extensive fiber pullout, etc.). Since higher order terms are used, the theory 
is more accurate than the conventional LEFM approach. 
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Even though the ERBS curve represents failure of  an infinite cracked panel, the curve need 
not be generated by fracture testing very large biaxially loaded cracked panels. Indeed, if this 
were the case, the theory would have little practical use. The ERBS curve may be generated by 
testing a variety of  relatively simple, but different, coupon geometries (for example, pin-loaded 
edge-notched coupons) at various crack lengths. Configurations are chosen to vary Kt and T 
in such a manner as to provide coupons with a wide range of  B values (see Eq 1). Each coupon 
that is tested provides only one point on the failure curve. A curve fit for a series of  test results 
gives a mathematical expression for the shape of  the ERBS curve. 

Testing 

To illustrate the similarities and differences between the LEFM and the ERBS failure cri- 
terions, and to demonstrate the accuracy of  the ERBS approach, a series of  fracture tests were 
conducted on various coupons of  polymethyl methacrylate (PMMA). The 12.7-mm-thick 
PMMA used in this study meets the plane-strain thickness requirement specified in the ASTM 
Test Method for Plane-Strain Fracture Toughness of  Metallic Materials (E 399-83) that thick- 
ness be greater than 2.5 Kic/~rys).2 2 

After numerically analyzing a number of  geometries [4], four basic coupons were selected 
to be used for generating an ERBS curves for PMMA. These included the half-dogbone tension 
coupon (HDT), the elongated compact-tension coupon (76.2 mm CT), the standard compact- 
tension coupon (CT), and the wide compact-tension coupon (CT-50.8 mm) (Fig. 2). The 
results of the numerical analysis (seen in Tables 1 through 4) show that testing of  these geom- 
etries over a wide range of  crack lengths can give fracture results that may be used for creating 
ERBS curves with B values ranging from - 1.56 to +2.81. 

To evaluate the effectiveness of the ERBS curve for predicting failure in arbitrary coupons, 
various other specimen geometries were tested. These coupons included the single edge- 
notched coupon (SENT), the elongated compact-tension coupons (44.5 mm CT), and the 
delta coupons (DT = xx), seen in Fig. 3. 

An MTS 880 test machine was used for the testing of  all coupons. A clip gage was employed 
to measure the crack opening displacements (COD), and crack lengths were approximated 
through compliance equations. The load during precracking was reduced continuously to 
maintain a constant stress intensity factor, KI. 

In general, the test procedures specified in ASTM E 399-83 were used to find Kc for each 
geometry. Most coupons were fatigue precracked such that the maximum stress intensity of  
each cycle was less than 60% of the fracture toughness, Ko for the last 2.5% of the precrack 
growth (as specified by ASTM E 399-83). Any test that exceeded this limit significantly was 
considered invalid. During fatigue precracking, the loading ratio was chosen to be 0.1, and the 
frequency was typically 30 Hz. 

Just as in ASTM E 399-83, the critical stress intensity, Ko, was calculated for each coupon. 
If the test results for a particular coupon met the validity requirements, the K o value was con- 
sidered to be the fracture toughness, Kc. All PMMA results met the ASTM E 399-83 require- 
ment that P u / P  o should be less than 1.1. 

For each coupon, five crack length measurements were made as described in ASTM E 399- 
83 (cl at the center, c2 and c3 at the midpoints between the surfaces and the center, and c4 
and c5 on the surfaces). The crack length, c, used for the analysis, was the average of  the three 
inner measurements (cl to c3). According to ASTM E 399-83, for valid test results the 
crack front measurements must satisfy the following length, roundness, and symmetry 
requirements: 

1. 0.45 < c /W< 0.55, 
2. max( Ic l  - c21, Icl - c31, Ic2 - c31) < 0.1c, Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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FIG. 2--The four basic coupon geometries used in the test program (HDT, 76.2 mm CT, CT, and CT- 
50.8 mm). 

TABLE l--Numerical results for the H D T  coupon. 

Crack Length, m m  KI, MPa ~ /m T, MPa B 

5.6444 0.13033 -- 1.18194 -- 1.56441 
6.3500 0.15825 -- 1.33618 -- 1.38765 
7.7612 0.22429 -- 1.64921 -- 1.07926 
9.1722 0.30225 -- 1.96480 --0.83818 

10.5834 0.39867 --2.28238 --0.61883 
11.9944 0.51105 --2.58969 --0.43292 
12.7000 0.57496 --2.74090 --0.34801 
14.8166 0.79819 --3.16687 --0.12190 
15.8750 0.93305 --3.35393 --0.01644 
16.9334 1.09308 --3.53321 0.08599 
17.9916 1,28062 --3.68965 0.18530 
19.0500 1.48455 --3.79873 0.27643 
21.1666 2.02281 --3.89809 0.45508 
22.2250 2,34955 --3.81376 0.54101 
23.2834 2.77288 --3.64435 0.62836 
24.3416 3.24088 --3.28312 0.71354 
25.4000 3.86518 --2.73711 0.79976 
26.8112 4.91022 -- 1.45940 0.91596 
28.2222 6.34130 0.76555 1.03414 
28.9278 7.23913 2.56218 1.10008 
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TABLE 2--Numerical  results,/br the 76.2 mm CT coupon. 

Crack Length, mm Kl, MPa ~/m T, MPa B 

9.1722 3.3665 -4 .09949 0.65566 
10.5834 3.8699 -3 .30567 0.75846 
11.9944 4.4585 -2 .34954 0.85099 
12.7000 4.7875 - 1.78884 0.89434 
13.8544 5.4176 --0.71963 0.96244 
15,5865 6.5019 1.35032 1.05873 
16,7409 7.4254 3.14419 1.11974 
17.8956 8.5501 5.43802 1.17985 
19.0500 9.9321 8.41259 1.23951 
20.2044 11.6741 12.38811 1.30007 
21.9365 15.3615 21.20585 1.39035 
23.0909 18.8228 30.45101 1.45746 
24.2456 23.6158 44.31368 1.53060 
25.4000 30.6717 66.96727 1.61739 

TABLE 3--Numerical  results for the CT  coupon. 

Crack Length, mm Kt, MPa ~/m T, MPa B 

9.1722 3.6579 17.92279 2.38549 
10.5834 4.2664 11.97951 1.79399 
ll .9944 5.0112 9.15973 1.51686 
12.7000 5.4073 8.91255 1.46607 
13.8544 6.0901 10.82356 1.50255 
15.5865 7.3235 16.04473 1.61951 
16.7409 8.2298 20.16374 1.69281 
17.8956 9.2943 24.42892 1.74322 
19.0500 10.5982 28.77470 1.76774 
20.2044 12.2550 33.30189 1.76840 
21.9365 15.8405 41.45598 1.74003 
23.0909 19.3329 49.25306 1.72039 
24.2456 24.2719 61.30503 1.71421 
25.4000 31.7734 83.52465 1.74333 

TABLE 4--Numericalresu#s for the  CT-50.8 mm coupon. 

Crack Length, mm Kt, M P a ~ / m  T, MPa B 

11.9944 4.6684 10.41614 1.63091 
12.7000 4.9711 10.41476 1.59242 
13.8544 5.4530 12.79540 1.66351 
15.5865 6.2254 18.95601 1.86102 
16.7409 6.6594 23.86884 2.01351 
17.8956 7.0641 28.99782 2.16075 
19.0500 7.4497 34.16783 2.29691 
20.2044 7.8258 39.20276 2.41652 
21.9365 8.4127 46.57400 2.56545 
23.0909 8.8217 51.20131 2.64120 
24.2456 9.2519 55.64975 2.70085 
25.4000 9.6869 59.93216 2.74947 
26.9113 10.2874 65.38004 2.79710 
28.1686 10.8253 69.60158 2.81808 
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FIG. 3--  The SENT, D T = xx, and 44.5 mrn CT coupons. 

mm 

3. min (cl,c2,c3,c4,c5) > (c + 1.3 mm), 
4. max(Ic4 - cl, Ic5 - cl) < 0.15c, and 
5. Ic4 - c5 I < 0.1c. 

where Wis the width of the coupon. 
For this study, however, to obtain fracture results for a wide range of B values, coupons with 

crack lengths shorter than c / W  -- 0.45 and longer than c~ W = 0.55 were tested (contrary to 
Requirement 1). As can be seen, Guidelines 2, 4, and 5 are based on percentages of the crack 
length. These requirements are too restrictive for short cracks and too loose for long cracks for 
coupons of the same geometry. For example, consider Requirement 2 which states that the 
maximum difference between any two of the inner crack length measurements must be less 
than 10% of the average crack length. For a short crack, c = 5 mm, the maximum allowable 
difference would be 0.5 mm, whereas for a long crack, c = 20 mm, this maximum allowable 
difference would be 2 mm. It is recognized that these requirements are adequate for the 
restricted crack lengths required by ASTM E 399-83. However, if coupons with longer and 
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shorter cracks are to be tested, it is recommended that the requirements be changed to be based 
on the fixed width of  the coupon and not on the variable crack length. This would make the 
requirements equal for small and large cracks in coupons of  the same geometry. For this study, 
the test was considered valid if the differences in Guidelines 2, 4, and 5 were less than 0. l 
(W/2), 0.15 (W[2), and 0. l (~72) ,  respectively. 

Because nonstandard crack lengths were used in the test, it was necessary to ensure that the 
damage zone did not extend to the coupon boundary. The predicted plastic zone size for a 
plane-stress coupon is approximately 0.3 mm. The remaining ligament size of  all test coupons 
was significantly larger than 0.3 mm. 

Both K~ and the constant term, T, for each coupon were calculated using a modification of  
a numerical code written by Raju and Fichter [6]. The accuracy of  this code was demonstrated 
in Ref 4. F rom the numerical work, Kc and B were determined for each coupon geometry. In 
this study, c* was chosen to be 25.4 m m  as described in Ref4.  

Experimental Results 

The results of  the experimental test program for PMMA will be presented using two different 
approaches. First, to demonstrate the limitations of  the LEFM theory, the data will be ana- 
lyzed using the assumption that K~ is a material constant. Next, the ERBS failure criterion will 
be presented and analyzed. To illustrate the similarities and differences between both theories, 
each fracture model will be discussed in detail. 

LEFM 

Assume that an accurate prediction of fracture toughness is required for the coupon geom- 
etries (with a range of  crack lengths) seen in Figs. 2 and 3. These coupons, constructed of 12.7- 
mm-thick PMMA, fulfill the LEFM requirements for brittle plane-strain fracture (as pointed 
out earlier). Therefore, according to LEFM, failure should be predicted by a constant K~c, inde- 
pendent of  crack length and geometry. 

To find Ktc, several tests were conducted using the guidelines specified in ASTM E 399-83. 
For each test, a critical load, Po, was found. This load (and the coupon geometry) was used to 
determine the critical stress intensity factor, K o. If  the test conformed to the validity require- 
merits specified in the standard, KQ was then considered to be an accurate measure of the frac- 
ture toughness Kic. For this study, the fracture toughness of  PMMA was found to be 1.018 
MPa ~/m (from fracture tests using CT coupons). 

To evaluate the LEFM prediction that all planar PMMA cracked bodies of the same thick- 
ness should fail at KTc = 1.0 l 8 MPa x/m, coupons of  the geometries in Figs. 2 and 3 were next 
tested. The results of  the tests are plotted in Fig. 4, where the horizontal line represents the 
predicted fracture toughness (l .018 MPa ~/m). Note the wide amount  of  scatter in the data. 
There is over 35% difference between the highest and lowest measured fracture toughness val- 
ues. Some extreme cases of  error in the failure predictions may be seen in the HDT and the 
SENT coupons. The HDT coupons have errors ranging from 23% below to 13% above the 
predicted K~c. The fracture toughness of  the SENT coupons is 15% higher than the predicted 
toughness. 

A statistical analysis of the results shows that the standard deviation (or standard error) is 
= 0.1 l0 MPa x/m.  By using the Student t distribution, it can be shown that the test results 
have a 95% confidence level within a range of  _+ 0.181 MPa ~/m from the predicted value. 
This means that  the LEFM K~c approach predicts fracture 95% of  the time to within + 18% 
error for this material. 
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FIG. 4--Fracture results of the PMMA coupons using the LEFM approach. 

Note that a wide range of  crack lengths were tested for each coupon. This explains why there 
is so much scatter in the data. For  the characterization of  Kt ,  ASTM E 399-83 restricts the 
crack length to fall with the range 0.45 < c~ W < 0.55. If  tests were conducted on the geom- 
etries specified earlier with such a limited range of  crack lengths, the scatter would not be as 
large. 

It is interesting to note that during fracture of  the CT-50.8 m m  coupons, the crack initially 
propagated at a small angle from the horizontal (0" < a < 5", Fig. 5). As fracture progressed 
in these coupons, the crack continued to turn until arm breakage occurred. This initial small- 
angle crack turning was also noted in some CT and DT coupons. The arm breakage was, how- 
ever, found exclusively in the CT-50.8 mm coupons. These differences in crack propagation 
direction cannot be predicted by the single parameter  K~c. 

�9 

�9 

fracture / 

\ 
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FIG. 5--Crack turning in CT-50.8 mm coupons. 
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E R B S  

Now consider the ERBS approach for predicting failure in the PMMA coupons of  Fig. 3. 
To make such predictions, it was necessary to generate the ERBS curve for PMMA. This 
required the testing of  various coupons of different geometry (as opposed to one coupon geom- 
etry for LEFM). For  this study, the specimens shown in Fig. 2, with a wide range of  crack 
lengths, were chosen for generation of  the ERBS curve. Tests of  these coupons gave fracture 
results for --0.57 < B < 2.81. Each fracture test represented only one "calibration" point on 
the ERBS curve. Polynomial  curve fits were made to these "calibration" data to give a math- 
ematical expression for the ERBS curve. 

The tests were conducted following the procedures specified by ASTM E 399-83 for K~c 
determination; however, nonstandard coupons were used, and the crack front validity require- 
ments were altered as discussed in the previous section. From each test, a load-versus-COD 
curve was obtained, and the critical load, Po, was determined. If the results from a particular 
test were valid, K o was considered to be the fracture toughness, Kc, for the ERBS ratio, B, cor- 
responding to the particular coupon geometry. 

For clarity, first consider the test results of  the HDT and the 76.2 mm CT coupons shown 
in Fig. 6. This region of  the ERBS curve will be called Zone I. As seen in the figure, a second- 
order polynomial curve fits closely to these "calibration" data. A statistical analysis shows that 
a polynomial of  this order gives the best fit to the data (the standard error, a, is minimum). 

Now consider the fracture results of the CT-50.8 mm coupons shown in Fig. 7. This part of 
the ERBS curve will be called Zone III. There are two points that seem to indicate that the 
failure mechanism in Zone III is different from that in Zone I. First, as seen in the figure, the 
shape of  the ERBS curve within Zone I is dramatically different from the shape of  the curve 
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FIG. 7--  The Zone HI ERBS curve for PMMA. 

inside Zone III. Second, the crack propagation direction appears to be different. Apparently, 
a crack-turning fracture mechanism occurs in Zone III, while Zone I exhibits a more stable 
transverse crack growth mechanism. Within Zone III, the critical stress intensity, Kc (because 
of  crack branching Kc is not referred to as the fracture toughness), appears to be nearly constant 
(1.160 MPa ~/m). Therefore, an approach similar to that of  LEFM for predicting fracture 
behavior may be used within this zone; however, a proper Kc must be found. Obviously, the 
fracture results from Zone I may not be used to predict accurately failure in Zone III (compare 
Figs. 6 and 7). 

Zone II is a transitional region between Zone I and Zone III. This region is determined by 
the fracture results of  the standard CT coupon. Within this zone, there is a considerable 
amount of  scatter in the fracture results. It is interesting to note that small amounts of crack 
turning were seen in some, but not all of  these coupons. The failure of  coupons within Zone 
lI may be predicted by an average critical stress intensity of 1.100 MPa ~/m. 

These results support the conclusions of  Betegon and Hancock [ 7] that J~c may be influ- 
enced by the constant term, within the region, T < 0 (B < l). Note that Zone I falls within 
this region. They also hypothesized that J~c would be nearly constant for T > 0 (B > l). This 
behavior was seen in Zone III. Betegon and Hancock did not present any experimental work 
to verify their predictions. 

With the characterization of  the fracture behavior of  PMMA through the ERBS curve, a 
verification of  the failure theory was made by predicting failure in the coupons of Fig. 3. The 
stress intensity factor, K~, and the constant term, T, for each coupon geometry were deter- 
mined numerically. From these parameters, B was calculated using Eq I. The fracture tough- 
ness, K,  for each B value was read from the ERBS curve. It was predicted that failure, in these 
coupons, would initiate when K~ reached this critical stress intensity factor, Kc. The major dif- 
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748 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

ferences between this method for predicting fracture from the LEFM approach is that B is 
calculated and that the fracture toughness, Kc, is not a constant but changes with B. 

When analyzed numerically, it was found that the SENT coupons and the 44.5 mm CT 
coupons have B values that fall within Zone I. The results of  the fracture tests for these coupons 
are plotted in Fig. 8 along with the ERBS curve for Zone I. Note how closely these "verifica- 
t ion" data fit the ERBS curve. The maximum percent error is 7% for one SENT coupon. All 
other results have error below 5.5%. 

A statistical analysis for this zone determined that the standard error for this prediction is a 
= 0.0362 MPa ~/m. This can be interpreted statistically to say that 95% of  all Zone I fracture 
toughness test results will be predicted by the ERBS curve to within 6% error. The region of 
95% confidence for the ERBS approach is nearly three times smaller than that for the LEFM 
method. 

The DT = 6.4 mm and DT = 12.7 mm coupons have B values that fall within Zone III 
(Fig. 9). The maximum percent error is 6%. Statistically, the ERBS theory predicts the critical 
stress intensity factors within this region with the same amount  of  accuracy as seen in Zone I. 
As expected, these coupons exhibit small amounts  of crack turning at initiation as did the CT- 
50.8 m m  coupons. 

The DT = 25.4 mm coupons fall within Zone II. Because of  the scatter in this region, the 
accuracy of the ERBS theory, within this zone, is little better than that of  the LEFM approach. 
Figure 8 is a plot of  the complete ERBS curve along with all the fracture data. This figure 
clearly shows the transitional zone. 

As can be seen from the results presented earlier, through the use of  the ERBS curve, one 
can predict fracture behavior in PMMA more accurately than with the LEFM Kit approach 
(except within Zone II where they are nearly equal). Also, it seems that the curve may be used 
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FIG. 8--Fracture predictions within Zone I for PMMA. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



RICHARDSON AND GOREE ON A TWO-PARAMETER FRACTURE MODEL 749 

t.c~O 

t .00 

0.60 

0.'40 

0.~ 

o 
0 ~  0 j ~- 

7 ZONE I! 

ZONE I 

r 

0 
t 
@ 

ZONE III 

o - Calibration data 

�9 - Verification data 

0.00 
-o.6o 2.io 3.;o 

B 

FIG. 9 - -  The complete ERBS curve and all PMMA fracture results. 

to predict the initiation of crack turning (Zone III). It should be noted that most of the testing 
procedures and many of the numerical analyses are simple extensions to the current LEFM 
approach. 

It is interesting to note that the crack path stability criterion proposed by Cotterell [8] is not 
completely accurate for the coupons tested in this study. It is true that for values of T < 0.0 
(B < 1.0) that no branching (Class I fracture) occurs. However, for T > 0.0 (B > 1.0), branch- 
ing (Class II fracture) does not always occur. This is illustrated by the fracture behavior of the 
76.2 mm CT specimens. These coupons exhibited no branching behavior although, in most 
cases, B was greater than 1.0 ( T > 0.0). 

Conclusions 

It has been demonstrated clearly through the experimental results of this study that the 
LEFM assumption that fracture toughness is a constant material property may lead to inac- 
curate predictions of fracture behavior. As seen in the testing results, Kc can be strongly depen- 
dent on the geometry of a cracked body. Also, the LEFM approach cannot be used to predict 
differences in crack propagation direction at initiation. 

This study has shown that the ERBS curve predicts fracture initiation with a 95% confidence 
zone that is nearly three times smaller than that of the LEFM approach. The experimental 
results also show that the theory does predict changes in fracture behavior due to differences 
in geometry. The ERBS concept also has the potential to predict crack branching. A major 
advantage of this theory is that many of the procedures and methods of analysis are the same 
as those used in the LEFM method. 
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Because the ERBS theory can account for differences in fracture behavior, these results ver- 
ify the conclusions of various researchers, summarized by Eftis et al. [ 1 ], that the T-stress plays 
a significant role in fracture. The experimental results have also shown that the crack path 
direction stability criterion, suggested by Cotterell [8], may not be accurate in all cases. 
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ABSTRACT: The strength of three notched graphite/epoxy laminates has been shown experi- 
mentally to be a function of laminate thickness. The notched strength of the [0/+ 45/90]n, and 
[0/90]n~ laminates decreased toward asymptotic values with increasing laminate thickness. Con- 
versely, the notched strength of the [0/+ 45],s laminate increased toward an asymptotic value 
with increasing laminate thickness. For all three laminate types, the notched strength decreased 
with increasing notch size, regardless of thickness. The fracture of the thick laminates were essen- 
tially uniform and self-similar with the notch. The "universal" value of the general toughness 
parameter, Qc/Etur = 1.5 vrm-mm (0.30 ~ ) ,  developed by Poe successfully predicted the notched 
strength of the thick laminates. The strength &specimens with surface cuts was predicted using 
a linear elastic, homogeneous, isotropic fracture mechanics solution. 

KEY WORDS: notched laminates fracture, composite materials, thick laminates, fracture 
toughness, fracture mechanics, fatigue (materials) 

Nomenclature 

a 

a0 
B 
C 
COD 
d 
do 
En 
E22 
Ex 
E,, 
F 
G~2 
K 
Ko 
P 

Crack half-length in center-cracked specimen 
Crack depth in surface-notched specimen (semi-elliptic cut) 

Characteristic distance for average stress model 
Half width of surface-notched specimen 
Half of surface crack length of semi-elliptic cut 
Crack opening displacement measured at notch centerline 
Characteristic distance for inherent flaw model 
Characteristic distance for point stress model 
Elastic modulus of 0 ~ ply 
Elastic modulus of 90* ply 
Laminate engineering modulus in loading (0" fiber) direction 
Laminate engineering modulus in transverse (90 ~ fiber) direction 
Boundary correction factor for surface-notched specimen (semi-elliptic cut) 
In-plane shear modulus of 0 ~ ply 
Stress intensity factor 
Stress intensity factor at failure 
Load at catastrophic failure 
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Q 
Q~ 
S 
t 
W 
Y 
OL 

dr o 

af 
Vxy 
VI2 

~tuf 

Shape factor for an elliptic crack 
General [fracture] toughness parameter 
Far-field uniform tensile stress 
Thickness of laminate and test specimens 
Width of center-cracked specimen 
Finite width correction factor for center-cracked specimen 
Fiber angle measured from the x-axis (loading direction) 
Unnotched laminate strength 
Notched laminate strength 
Poisson's ratio of laminate 
Poisson's ratio of 0 ~ ply 
Tensile ultimate fiber failing strain 
Elliptic angle for semi-elliptic surface cut 

The damage tolerance of laminated composite structures has been the subject of research 
for many years. A thorough review of notched strength prediction methodology, written by 
Awerbuch and Madhukar in 1985, is documented in Ref 1. In spite of this extensive effort by 
the research community, rigorous mechanics-based damage tolerance prediction methodol- 
ogy still does not exist. Currently, there are extensive research efforts underway to develop 
finite-element-based progressive failure methodologies. However, the structural designer is 
still using the empirical notched strength models developed over a decade ago. In 1989, ASTM 
Committee E24 established a subcommittee on translaminate fracture. The increased empha- 
sis on this topic by ASTM has provided the motivation for this paper. 

A large comprehensive experimental program [2] was conducted in which the primary 
objective was the study of the effect of laminate thickness on the strength of notched laminated 
composites. A machined crack-like slit was selected for study. This notch simulates the dam- 
age produced by an engine blade penetrating a composite airframe structure such as the fuse- 
lage. The first phase of the research showed that laminate thickness affects both the type of 
fracture as well as the value of the notched strength. 

There are several well-known macromechanical models that predict the strength of a lam- 
inate as a function of notch size. The inherent flaw model of Waddoups, Eisenmann, and 
Kaminski [3] and the point stress and average stress models of Whitney and Nuismer [4,5] 
are well known and have received considerable attention in the literature. The usefulness of 
the models to predict the notched strength of thin laminates with a variety of notch sizes and 
shapes has been investigated by Yeow, Morris, and Brinson [6]. The general toughness param- 
eter model of Poe [ 7,8] was also successful in predicting the notched strength of thin laminates 
with a variety of laminate stacking sequences and material systems. 

The purpose of this paper is to make an assessment of the applicability of several empirical- 
based failure criteria to predict the notched strength of thick laminates. The emphasis of this 
paper is not to evaluate the previously mentioned models with regard to predicting the notched 
strength of thin laminates. Rather, the objective is to utilize the thin laminate test results to 
determine the material property data required for the models and then use the models to pre- 
dict the fracture strength of thick laminates. After a brief description of the failure models, the 
test program will be described along with the pertinent test results. This is followed by the 
predictions of strength as a function of notch size for both the thin and thick laminates of this 
study. Finally, a value of fracture toughness for thick laminates along with a linear elastic frac- 
ture mechanics approach will be used to predict the strength ofa quasi-isotropic laminate with 
a surface cut. It is to be noted that the models are used only to predict notched strength. No 
attempt is made to model damage development and growth. 
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Notched Laminate Failure Models 

Model Descriptions 

The inherent flaw model [3] and the point and average stress models [4,5] are two parameter 
models utilizing a characteristic distance and the unnotched laminate strength to predict the 
notched laminate strength. A schematic of  each model is shown in Fig. 1. The inherent flaw 
model is based on linear elastic fracture mechanics and uses an Irwin-type adjustment to the 
original crack length. The point stress and average stress models are strength criteria and pos- 
tulate that fracture occurs when the stress at the characteristic distance from the notch tip 
equals the unnotched laminate strength. The Irwin-type adjustment (d) and the characteristic 
distances (do and a0) are computed from experimental values of  notched and unnotched lam- 
inate strength as follows (see Refs 3, 4, and 5). 

a 

d-: o12 

"o -- o { E a I 121 -''2 - ' 

(i) 

(2) 

t &,~o ,, 
ao--2o I , . ,  (3) 

Equation 1 is for the inherent flaw model, and Eqs 2 and 3 define the point stress and average 
stress models, respectively. For these equations, a is the crack half-length, al is the far-field 
uniform stress at failure (notched strength), Yis a finite-width correction factor, and ~0 is the 
unnotched laminate strength. The finite-width correction factor is necessary since crlis found 
experimentally for finite-width plates, and the theoretical development of  Eqs 1, 2, and 3 is for 
an infinitely wide plate. Thus, the term Y~rlis for a plate of  infinite width. The three equations 
are for a uniaxially loaded tension specimen with a centrally located through-the-thickness 
crack that is perpendicular to the applied load. 

The general fracture toughness parameter model [ 7,8] is based on a strain failure criterion. 
Laminate failure is postulated to occur whenever the fiber strains in the principal load carrying 
laminae reach a critical value. Using the plane stress, Mode I linear-elastic fracture mechanics 
expressions for strain in a singular zone at a crack tip of  an orthotropic material, and the pos- 
tulated strain failure criterion, a general fracture toughness parameter, Qc, was defined as 

Q c -  KQ(~)i (4) 
Ex 

where K e is the stress intensity factor at failure, and for the i th principal load-carrying ply 

( ~ , ) ,  = 1 - ~,, 
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FIG. l--Schematic oJ two-parameter models for predicting notch strength. (a) inherent flow model, (b) 

point stress model, and (c) average stress model. 

In Eq 5, v.. is Poisson's ratio; Ex and Ey are the laminate stiffnesses (where x is the loading 
direction, Fig. 2); and a (measured from the x-axis) locates the fibers of  the principal load- 
carrying laminae. For example, a is zero for a [0/_+ 45/90], laminate, and a is 45 ~ for a 
[ + 45], laminate. Poe [ 7,8] showed that Qc is independent of laminate orientation, and when 
Qc was divided by the ultimate tensile strain of  the fibers, ~,,f, the resulting ratio, Qc/ftuf, w a s  

equal to 1.5 ~ (0.30 i ~ . ) .  This value of the ratio was based on a statistical analysis of 
extensive experimental data for laminates of various laminate orientations, types of fibers, and 
matrix materials. The value, 1.5 V~--mm (0.30 ~r was applicable to all the laminates inves- 
tigated except those that split extensively at the crack tips or had other deviate failure modes 
than essentially self-similar crack growth. A more precise value of  Qc/~t,f for a given laminate 
could be obtained by using Eqs 4 and 5 along with experimentally determined values of  K o. 

Notched Strength 

Once the values of the Irwin-type adjustment, the characteristic distances, or the ratio, Qc/ 
e,.r have been determined, the notched laminate strength for any notch size can be predicted 
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FIG. 2--Geometry of the center-cracked tension specimen. 

using the following equations for the inherent flaw model, the point stress model, the average 
stress model, and the general fracture toughness parameter model, respectively. 

t r  0 
oy - ,/2 ( 6 )  ,] 

O" 0 /2 2 if2 

(7) 

~o[ ao / '/~ 
o-~ = -~ L 22-a-+-~ J (8) 

O" o 
a i = -~ {1 + rra[(~,),~ro/Q~Ex]Z} 'a (9) 

The determination of the finite-width correction factor will be discussed in a later section. 
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Notched Strength for Semi-Elliptic Surface Cuts 

Fracture toughness behaves much like a material property for the thick laminates [2]. To 
determine if this fracture toughness could be used to solve a problem of practical significance, 
a study of  the fracture behavior of  a thick laminate with a surface cut was undertaken. The 
specimen geometry is shown in Fig. 3. The quasi-isotropic [0/+ 45/90]t0, laminate with a semi- 
elliptic surface cut was selected since stress intensity factor solutions exist for an isotropic 
material with this notch geometry [9]. 

For finite-geometry plates with semi-elliptic surface cuts, subjected to remote tensile loading 
(S), the stress intensity factor (K) solution of Newman and Raju [9] is 

K = SVr(r-a/Q F(a/c, a/t, c/2B, 4~) (10) 

where a is the depth of  semi-elliptic cut, c is the half of  surface crack length, t is the specimen 
thickness, 2B is the specimen width, q~ is the elliptic angle, Q is the shape factor for an elliptical 
crack, and Fis  a boundary correction factor. At failure, the stress intensity factor is the fracture 
toughness, K e, and the remote stress (S) is as, the notched strength. To find the notched 
strength, Eq 10 is recast in the form 

af = Ko/ FV'-~-~O (11) 
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FIG. 3--Geometry of the surface-notch test specimen. 
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The boundary correction factor, F, is a function of  r and thus the stress intensity factor 
varies along the border of  the flaw. The maximum value ofF ,  which occurs at r -- 0* or 90 ~ 
was used in all calculations when predicting strength, just like in metals. Analytical expressions 
for Q and Fare  given by Newman and Raju [9]. 

Experimental Program 

Material Properties 

Graphite/epoxy (T300/5208) panels were prepared by a prepreg tape layup and autoclave 
curing process. The laminate stacking sequences were [0/•  45/90]. ,  [0 / •  45]~ and [0/90]., 
where ns means multiple layers with the same repeated sequence and is symmetric about the 
midplane. Laminate properties were computed from basic lamina properties by standard lam- 
inate equations [ 10]. The following basic lamina properties were experimentally measured 

Ell = 20.1 • 138.6 GPa (10 6 psi) 

E22 = 1.56 • 10.76 GPa (10 6 psi) 

vl2 = 0,318 

G~2 = 0.867 • 5.98 GPa (106 psi 

Subscript 1 refers to the fiber direction and Subscript 2 is the direction perpendicular to the 
fibers. The laminate stiffness values in the loading direction (0 ~ fiber direction) were computed 
to be [2] 

[0 /+ 45/90]., E~ = 8.06 • 55.6 GPa ( 106 psi) 

[0/• E~ = 8.95 • 61.7 GPa (106 psi) 

[0/901,, E~ = ! 1.07 • 76.3 GPa (106 psi) 

Specimens were not available for determining the unnotched strength of  the three lami- 
nates. However, since the stress-strain relationship for the laminates is essentially linear to fail- 
ure, the unnotched laminate strength can be estimated by multiplying the stiffness in the load- 
ing direction by the failing strain. For similar laminates, the failing strain was approximately 
1.0% [11]. Thus, the unnotched laminate strength (a0) values are 

[0 / •  45/90].s a0 = 556 MPa (80.6 ksi) 

[0/•  a0 = 617 MPa (89.5 ksi) 

[0/901,~ cr 0 = 763 MPa (110.7 ksi) 

This approach does not result in precisely determined values of  unnotched strength. However, 
the approach is considered to be acceptable because these values are only used herein in a 
relative fashion to normalize the notched laminate strength. 
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The value of  fracture toughness to be used in Eq 11 to compute the notched strength of  the 
surface cut specimens was determined to be 1043 MPa ~ (30 ksi iv~m.) [2]. 

Test Matrix 

All tests using center-cracked tension specimens (Fig. 2) were 50.8 mm (2 in.) wide and 203 
mm (8 in.) long. The center cracks and surfaces cuts were machined slots of  width 0.406 mm 
(0.016 in.) cut by an ultrasonic vibration technique. No attempt was made to sharpen the ends 
of  the slot. 

The specimen thickness and crack length-to-width ratio, 2a/W, were test variables. For the 
[0 /+ 45/90],s and [0/90].s laminates, the thicknesses were 8, 32, 64, 96, and 120 plies. The 
thicknesses were 6, 30, 60, 90, and 120 plies for the [0/_+ 45],, laminate. The per-ply thickness 
was approximately 0.127 mm (0.005 in.). However, the measured thickness was used in all 
calculations. At the six- or eight-ply thickness for each laminate type the 2a/W values were 
0.25, 0.375, 0.50. and 0.625. These same values were used for the [0/_+ 45/90] 120-ply lami- 
nate, the [0/90] 96-ply laminate, and the [0/+ 45] 90-ply laminate. Otherwise, the 2a/Wratio 
was 0.50. Four replicate tests were conducted at each test condition. 

Fracture Test Procedure 

The tests were conducted at a constant crosshead displacement rate of  0.02 mm/s (0.05 in./ 
min). The specimen ends were held in 50.8 mm (2 in.) wide, wedge-action friction grips such 
that the specimen length between grips was approximately 127 mm (5 in.). End tabs were not 
used; sandpaper was placed between the grips and specimen. The thin specimens, six or eight 
plies, were supported with an antibuckling device to prevent out-of-plane displacements. 
Recorded test data included a plot of  the crack-opening displacement (COD) at the crack cen- 
terline measured by a split ring gage versus applied load. 

Determination of Notched Laminate Strength 

In order to compare experimental strength values of  notched finite-width specimens to ana- 
lytically predicted values for infinite-width plates, the effect of the finite width of the specimens 
must be taken into account. The notched laminate strength is normally expressed as Y~I, 
where Yis the finite-width correction factor and alis the far-field failure stress for a finite-width 
specimen. A finite-element stress analysis [2] yielded anisotropic stress intensity factors that 
did not differ significantly (less than 8%) from the isotropic values. Therefore, the following 
isotropic expression for Y was used for the center-cracked tension specimen [12] 

Y = 1 + 0.1282(2a/W) - 0.2881(2a/W) 2 + 1.5254(2a/W) 3 12) 

where 2a = crack length and W = specimen width. 
The failure stress was computed using the equation, al = P~ Wt, where P is the load at cat- 

astrophic failure and t is the specimen thickness. 

Test Results 

The Thickness Effect 

The load-COD record of  a [0 /+ 45/90], specimen is shown in Fig. 4. This record is typical 
for thin laminates and exhibits several discontinuities. These "COD jumps" correspond to the 
formation of  subcritical crack-tip damage [2]. For example, the X-ray radiograph in Fig. 5 
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FIG. 4--Typical load versus COD for a center-cracked tension specimen under stroke control. 

FIG. 5--X-ray radiograph of the crack-tip damage just after a large COD discontinuity. 
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shows the crack-tip damage state associated with the large COD jump shown in Fig. 4. All three 
laminate types exhibited substantial crack-tip damage prior to fracture. (The nature of the 
damage was studied using the nondestructive enhanced X-ray technique [13] and the destruc- 
tive deply technique [14].) 

The crack-tip damage resulted in natural crack-tip blunting and increased the resistance to 
crack growth. This was especially the case in the [0/90]2, laminate where long axial matrix 
splits formed in the 0 ~ plies adjacent to the crack tip. These splits, shown in Fig. 6, significantly 

FIG. 6--Crack-tip damage in the eight-ply [0/9012s specimen at 92% offailing load. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.
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reduced the strength of the crack-tip singularity and elevated the fracture strength. The final 
fracture surfaces shown in Figs. 7 through 9 for the [0/+ 45/90],, [0/9012,, and [0/+ 45], lam- 
inates, respectively, exhibit the effects of ply uncoupling due to delamination and substantial 
matrix cracking. This is especially evident in the fracture of the [0/+ 45]s laminate, Fig. 9. The 
two interior -45* plies are uncoupled completely from the adjacent +45* plies by delami- 
nations at the + 45"/-45* interface. Laminate failure occurred more-or-less simultaneously 
with the development of sublaminate damage. The 45* plies failed by a matrix crack extending 
from the notch to the specimen edge. Broken fibers in the outside 0* plies extended in a + 45* 
line from the crack tip parallel to the matrix crack in the adjacent +45* plies. 

The effect of laminate thickness on the fracture strength of the three laminate types is illus- 
trated in Fig. 10, for 2a] W = 0.50. Notched strength is affected by thickness, and exhibits 
nearly asymptotic behavior with increasing thickness. Because of the thickness direction con- 
straint in the thicker laminates, the substantial delamination and matrix splitting described 
earlier for the thin laminates were confined to a surface boundary layer in the thick laminates. 
Deply examinations of the thick laminates [2] confirmed the absence of dclaminations and 

FIG. 7--Photograph of the fracture surface of an eight-ply [0/• 45/90]s specimen. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.
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FIG. 8--Photograph of a fractured eight-ply [0/9012s specimen. 

matrix splitting in the specimen interior that would lead to substantial natural crack tip blunt- 
ing. The final fracture of the thick laminates, shown in Figs. 11 through 13, is characterized 
by a fairly uniform fracture in the specimen interior that is practically collinear with the orig- 
inal notch. The surface boundary layer effect is illustrated dearly by the nonself-similar dam- 
age at the surfaces. 

The notched strength of the quasi-isotropic laminates, [0/_+45/90],,, decreased with 
increasing laminate thickness but approached a lower bound asymptotic value. This trend is 
very similar to the effect of specimen thickness on the fracture of homogeneous metals. Also, 
both the thin and thick laminates fractured in a self-similar manner as illustrated in Figs. 7 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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FIG. 9--Photograph of a fractured six-ply [0/+_ 45], specimen. 

and 11. This suggests that a fracture mechanics approach may be useful to predict the residual 
strength of quasi-isotropic laminates. 

In the case of the [0/90],, laminates, Figs. 8 and 12, axial splitting at the crack tip in the 0 ~ 
plies was confined to the surface ply. These splits had no effect on the fracture of the thick 
laminates, whereas they dominated the fracture of the thin laminates by diminishing the 
strength of the crack-tip singularity. This resulted in the dramatic reduction in notched 
strength with increased thickness shown in Fig. 10. 

The thickness constraint in the interior of the [0/+ 45]., specimens prevented the delami- 
nation' and uncoupling mechanism from taking place in the thick specimens, as illustrated in 
Figs. 9 and 13. Fibers broke in all the plies of the thick specimens rather than just the two 0 ~ 
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FIG. 11--Photograph of the final fracture surface of a 120-ply [0/+_ 45/90115s specimen. 
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FIG. 12--Photograph o/the /?acture surfitce oja 120-pI.v [0/90]30.3 specimen. 

surface plies as was the case for the [0/•  45]s laminate. This would require greater fracture 
energy and is believed to be the reason the notched strength initially increased with increasing 
laminate thickness, as shown in Fig. 10. A more complete description of  the laminate thickness 
effect can be found in Ref 2. 

The Notch-Size Effect 

The effect of notch size on laminate strength is shown in Figs. 14 through 16 for the [0/ 
• 45/90]ns, [0/•  45],s, and [0/90]ns laminates, respectively. The experimental values of the 
strength were adjusted for finite-width effects and normalized by the unnotched strength, 
which was assumed independent of thickness. (The strength models shown in these figures will 
be discussed in the next section.) The reduction in strengths with increasing notch size is sim- 
ilar for the thin and thick laminates of the [0/•  45/90]., and [0/_+ 45]., types. 

The strength data for the [0/9012s laminate exhibit the influence of  the axial splits that 
Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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FIG. 13--Photographs of the fracture supface of several 120-ply [0/+ 4512os specimens: (a) edge view, 
(b) oblique view, and (c) oblique view. 

formed at the crack tip. Specimens with longer cracks were more susceptible to axial splitting 
than those with shorter cracks. Therefore, the strength of the laminates with the longer cracks 
are somewhat more elevated than would otherwise be the case. The influence of the axial splits 
is easily visualized by comparing the experimental values of strength (shown in Fig. 17) that 
were computed using the load at the onset of splitting, and the critical load (as shown sche- 
matically in Fig. 4) to those of Fig. 16 that were computed using the failing load. (The strength 
at the onset of splitting was determined from the load at the first COD discontinuity.) By taking 
out the influence of the axial splits, the strength of the [0/90]~, laminate decreases with increas- 
ing crack size just like the other two laminate types. 
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FIG. 14--Experimental and analytically predicted values of  residual strength versus crack size for the 
[0/+ 45/90],s laminate. 
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FIG. 15--Experimental and analytically predicted values of  residual strength versus crack size for the 
[0//_+ 45],,s laminate. 
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HG. 16--Experimental and analytically predicted values of  residual strength versus crack size for the 
[0/90],, laminate at the maximum test load. 

Prediction of Notched Laminate Strength 

Predicted Strength o f  Thin Laminates 

The experimental values of the notched strength of thin laminates, along with Eqs 1, 2, and 
3, were used to compute the characteristic distances for the inherent flaw, the point stress, and 
the average stress failure models. Shown in Table 1 are the average values of characteristic 
distance for the four notch sizes for the thin laminates. Using these values and Eqs 6 through 
8, one can determine the strength as a function of notch size. 

There was no significant distinction between the prediction curves of the inherent flaw, 
point stress, and average stress models. Therefore, they are represented by the solid line in Figs. 
14 through 16 for the [0/+ 45/90]s, [0/+ 45]s, and [0/9012s laminates, respectively. (These three 
models are collectively referred to hereinafter as the "strength models.") The strength models 
accurately predicted the strength of the eight-ply [0/+ 45/90] and six-ply [0/+ 45] laminates. 
Because of the influence of axial splitting in the eight-ply [0/90] laminate, the predicted 
strength is not in good agreement with the experimental values. However, as Fig. 17 illustrates, 
the strength at the onset of splitting in the [0/90]2, laminate is accurately predicted by the 
strength models when using the appropriate values of characteristic distance. This distance was 
determined using Eqs 1 through 3 and the stress, ~ at the load at the onset of splitting. It 
should be noted that the "general toughness parameter" model does not apply to predict the 
onset of splitting. Therefore, the good agreement shown in Fig. l 7 is fortuitous. 
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FIG. 17--Experimental and analytical predictions of the residual strength versus crack size for the [0/ 
90],s laminate at the critical load. 

The thin laminate data were also used to calculate values of  the general toughness parameter 
using Eqs 4 and 5. The average values of  Oc/et,f computed for the four notch sizes were 1.72, 
1.00 and 2.00 ~ (0.341, O-198, and 0.397 k/~.) for the [0/+ 45/90],, [0/+ 45]s, and [0/ 
90]2, laminates, respectively. Strength as a function of  notch size was computed using these 
values of  ac/~tufand Eq 9. These predictions are represented by the "dot-dashed" lines in Figs. 
14 through 16. Also shown for comparison purposes is the predicted strength using the average 
general toughness value of  1.5 ~ (0.30 k/~.) from Ref 7. The average value did not yield 

TABLE 1--Average values of characteristic distances. 

Characteristic [0/+ 45/90]~, [0/_+ 45]~, [0/90]~ [0/90]~s, 
Distance mm (in.) mm (in.) mm (in.) mm (in.) 

Inherent flaw 2.39 1.20 1.93 1.04 
model, d (0.094) (0.047) (0.076) (0.04 l) 

Point stress 1.12 0.58 0.91 0.51 
model, do (0.044) (0.023) (0.036) (0.020) 

Average stress 4.75 2.39 3.86 2.06 
model, a0 (0.187) (0.094) (0.152) (0.081 ) 

a Evaluated at failing load (total fracture). 
b Evaluated at onset of splitting. 
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accurate predictions of  strength for the thin laminates. When the average values of Qfl~,ofdeter- 
mined from the experimental data were used, the general toughness parameter model accu- 
rately predicted the strength of the [0 /+ 45/90]~ and [0/_+ 45]~ laminates. The strength of  the 
[0/90],~ laminate was not accurately predicted because of the crack-tip splitting. 

Predicted Strength o f  Thick Laminates  

As was stated earlier, the approach employed herein was to determine the parameters of  the 
failure models from the thin laminate data (previous section) and utilize those values to predict 
the strength of  the thick laminates. Because the strength models (inherent flaw, point stress, 
average stress) are not explicitly a function of  laminate thickness, there are no available mod- 
ifications in form to account for the thickness effect. Furthermore, in the absence ofunnotched 
strength as a function of  thickness, it does not seem appropriate to compute characteristic dis- 
tances from the thick laminate data. Therefore, no modifications to the strength models are 
available to account for the thickness effect. The experimental strength values for the thick 
laminates are shown in Figs. 14 through 16. The strength models overestimate the strength of  
the [0 /+ 45/90]~5s and [0/90130~ laminates and underestimate the strength of  the [0/_+ 45],5s 
laminate. 

The general toughness parameter model is based on a strain criterion and was developed for 
a homogeneous, orthotropic laminate in a condition of  plane stress. An obvious modification 
to account for the thickness effect is to modify the form of Eqs 4 and 5 for a plane-strain con- 
stitutive relationship. Assuming that plane-strain conditions do exist in the thick laminate, this 
modification to the value of  Qc/etuf would be 5.7%, 3.5%. and 9.2% for the [0/_+ 45/90] Jss, [0/ 
90124s, and [0/-+ 45]j5~ laminates, respectively. This alone would not account for the total thick- 
ness effect. However~ a review of the data presented in Figs. 14 through 16 reveals that the 
"average" value of  the general toughness parameter results in an equation that quite closely 
predicts the strength of  the thick laminates. The strengths of  the [0/+_ 45/90],~ and [0/90],~ 
laminates are reduced by the thickness effect toward the 1.5 V mr--~ (0.30 ~m.)  prediction 
curve. The converse is true for the [0/+_ 45].s laminate. This is not just a fortuitous occurrence. 
The fracture of the thick laminates of all three laminate types was essentially uniform and self- 
similar with the notch. Likewise, the average value of Qc/E~ur -- 1.5 m ~ m  (0.30 V~n.) was a 
statistical mean to a large database [ 7] in which those laminates that fractured in a nearly self- 
similar manner had values of  QJ~,uf very close to 1.5 ~ (0.30 i~/~.). Those laminates that 
failed in a deviate manner, such as the [0/9012s or [0/+ 45]~ laminates, had values of Qc/~,f 
considerably different from 1.5 ~ (0.30 V~n.). Therefore, the basis for using Q~/~,,,. = 
1.5 V m m  (0.30 " ~ . )  is consistent with the fracture mode of  the thick laminates. 

The self-similar fracture surfaces exhibited by the thick laminates, Figs. t l through 13, sug- 
gests that a fracture mechanics approach for homogeneous materials may be used to predict 
notched strength. An additional indicator of this approach may be obtained by plotting the 
notched-to-unnotched strength ratio versus the crack length-to-width ratio on a log-log plot. 
The data will fall along a line with a slope of  - 0 . 5  for a linear elastic material. (This approach 
was first taken by Mar and Lin [15].) The data for the subject study are plotted in Fig. 18. The 
slope of  the line through the thick laminate data is very nearly - 0 . 5  for each stacking 
sequence. This is obviously not the case for the [0/9012, and [0/_+ 45]s thin laminates. 

The fracture mechanics approach was more fully investigated by studying the behavior of 
specimens with semi-elliptic surface notches. A schematic of a surface-notched test specimen 
is shown in Fig. 3. The specimens were gripped in the same manner as the through-the-thick- 
ness test specimens. Figure 19 is a comparison between experimental and predicted values of  
strength. For a/t  greater than about 0.3, the experimental and predicted values are in good 
agreement. A more detailed discussion of  these results may be found in Ref 16. 
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FIG. 18--Log-logplot of  strength versus crack length. 
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Discussion of Results 

The effect of notch size on residual (or notched) strength can be effectively predicted by the 
two-parameter strength models when the characteristic distances are determined from exper- 
imental data for the exact laminate of interest. However, it is not obvious that the character- 
istic distance is a material property because it is a strong function of the laminate stacking 
sequence and thickness. The comparisons given in Figs. 14 through 16 are excellent for the 
thin laminates but poor for the thick laminates. If the characteristic distances had been deter- 
mined from the thick laminate data rather than the thin laminate data, the quality of  the com- 
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FIG. 19--E.rperimental and analytical predictions of the residual strength versus notch depth fi~r the 

surface notch specimens in the [0/+__ 4 5 /90],~ laminate. 

parisons would have been just the opposite. However, the values of the characteristic distances 
for the thin and thick laminate data sets would be significantly different. 

The fracture mechanics approach of Poe is also quite accurate when the value of the general 
toughness parameter is determined specifically for the laminate of interest. However, the aver- 
age value, 1.5 mV'm-m, may be used accurately for any laminate and material system that exhib- 
its self-similar fracture. This is why the average value was successful in predicting the fracture 
of the thick laminates. On the other hand, the average value gave poor results for the [0/ 
_ 45]~ and [0/9012~ laminates that did not fail in a self-similar manner. It was also obvious from 
the results of the surface-cut specimens that fracture mechanics can be used to predict the 
notched strength of thick laminates when the stacking sequence is selected to produce a homo- 
geneous laminate. 

Summary and Conclusions 

The effect of thickness on the through-the-thickness notched strength of three graphite/ 
epoxy laminates was studied. The [0/+ 45/90],, and [0/90],, laminates had thicknesses of 8, 
32, 64, 96, and 120 plies. At 8 and 120 plies, crack length-to-width ratios of 0.25, 0.375, 0.50, 
and 0.625 were test parameters. For both of these laminates, the fracture strength decreased, 
but exhibited asymptotic behavior, with increasing thickness. The [0/_+ 45],, laminate had 
thicknesses of 6, 30, 60, 90, and 120 plies, with the preceding crack sizes being varied for lam- 
inates of 6 and 90 ply thickness. The fracture strength of this laminate increased with increas- 
ing thickness, but also exhibited asymptotic behavior. 

The [0/+ 45/90]s laminate exhibited some delamination but fractured in a more-or-less self- 
similar manner. Long axial splits developed in the 0 ~ plies of the [0/9012s laminate at the tip of 
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the crack. These splits reduced the strength of the crack tip singularity and, thereby, elevated 
the fracture strength. The [0 /+  45], laminate failed by an uncoupling mechanism where the 
two interior - 4 5  ~ plies completely delaminated from the adjacent + 45* plies. The thick lam- 
inates of  all three laminate types exhibited essentially self-similar fracture that was practically 
uniform in the interior of  the specimen. 

Several macromechanical models that predict through-the-thickness notched strength as a 
function of  notch size were evaluated. Only the general toughness parameter  model accurately 
predicted the fracture strength of  the thick laminates. The average value of Qc/Et,f = 1.5 

(0.30 i ~ . )  was equally applicable to all three thick laminates, in spite of the dramat- 
ically different notched strength-thickness behavior of  these laminates. 

The strength of  the surface-notched specimens was predicted using an asymptotic value of 
fracture toughness and a linear elastic, homogeneous, isotropic fracture mechanics solution. 
The predicted and experimental values were in close agreement when a/t is greater than 0.3. 

The macromechanical models were used to predict only strength. No attempt was made to 
model the damage development in the three laminates. 
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ABSTRACT: After briefly reviewing the results of a series of constant head rate tests on center- 
cracked "biaxial" test specimens of a particulate composite at room temperature, a second test 
series utilizing edge-cracked "biaxial" specimens of a particulate composite with a different par- 
ticulate gradation at ambient and elevated temperatures and low and moderately high head rates 
is discussed. Results show different near-tip mechanisms for crack opening and growth for the 
two materials and, while changes in head rate and temperature produced quantitative differences 
in near-tip fields of displacement and strain for both materials, they did not affect the basic near- 
tip mechanisms of each material qualitatively. 

KEY WORDS: fracture mechanics, particulate composites, crack opening, crack growth, near- 
tip fields, dominant eigenvalues, fatigue (materials) 

Nomenclature 

x, Cartesian coordinate axes 
u2 Displacement component normal to crack plane 
~2 Normal strain component normal to crack plane 
Y~2 Shear strain component in x~x: plane 
32 Global strain normal to crack plane 32 = Ah/h where h is specimen height 

X, Dominant  displacement eigenvalue 

Generally speaking, composite materials may be defined as a combination of two or more 
materials into a polyphase material wherein each of the constituents retains its separate prop- 
erties. In recent years, structural analysis of composite materials has been dominated by fiber- 
reinforced materials and their laminates. It is interesting to note, however, that enormous vol- 
umes of particulate composites are used annually. These composites may consist of soft par- 
ticles in hard matrices, as with a number of metal alloys, or hard particles in soft matrices, as 
with gaskets, seals, solid propellant, etc. Particulate composite structures may also be subject 
to failure by fracturing but the processes involved may be complex. 

The present paper reports on the extension of a study initiated in 1985 that was directed 
towards the development of an understanding of the mechanisms involved in the opening and 
growth of cracks in "biaxial" test specimens and an effort to describe associated crack param- 
eters in terms of a cont inuum theory. 
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Review of Prior Work 

Center-cracked "biaxiar'  specimens (Fig. la), so-called because such specimens without 
cracks exhibited biaxial tension at their center, were made from a particulate composite con- 
sisting of  polybutadiene rubber embedded with polyhedral particles of  potassium chloride 
ranging in size from 0.01 to 0.50 mm and occupying about 75% of the volume of the specimen 
material. A specially-prepared coarse cross grating (0.2 by 0.2 mm) of  negligible stiffness was 
deposited on one side of  the specimens in the near-tip zone and was photographed at various 
times during constant head rate tests at ambient temperature. Rigid grips fixed against in-plane 
rotation were used in all tests. 

Typical photographs are shown in Figs. I b through e and show that the crack grows by coa- 
lescing with large ovalized voids ahead of the crack. Moreover, damage, as reflected by break- 
down of the grating is confined to a more or less fan-shaped region emanating from the crack 
tip. These photographs were then digitized and both displacement and engineering strain fields 
were obtained in the neighborhood of  the crack tip. Typical results for u2, ~2, and 3'12 are shown 
in Fig. 2. Moreover, the displacement field, u2, was used to estimate the value of the dominant 
eigenvalue, X, (see Appendix) near the crack tip at the free surface using an algorithm based 
upon Benthem's continuum theory [1]. Good agreement was obtained with Benthem's The- 
ory for the early stages of  crack opening and growth, suggesting that, despite significant blunt- 
ing that occurs at the crack tip due to the presence of  the hard particles, the process can be 
considered to be embedded in a singularity-controlled zone, though not with the conventional 
inverse square root stress singularity at the free surface. 

It was concluded that the local blunting process resulted from a stretching of the matrix 
ahead of the crack tip that moved the larger hard particles above and below the crack tip while 
ovalized voids with long dimension normal to the crack plane developed in the stretch zone, 
as described pictorially in Fig. 3. These voids then coalesced to produce crack extension, fol- 
lowed by temporary resharpening of  the crack tip. Thus, the growth process proceeded as a 
blunt-growth-blunt process that appeared highly nonlinear. In tests on the matrix material 
without particles, the growth process appeared to be smooth and steady without severe 
blunting. 

All of  the preceding discussion dealt with observations at the surface of the specimens. In 
addition to the observations, a black powder was fired into the open cracks for specimens 5. l 
and 15.3 mm thick. In both cases, the growing crack front marked by the black powder 
remained essentially straight for both thicknesses, with no thumbnailing, suggesting an 
absence of  internal transverse constraint. This can be interpreted to mean that voiding in the 
process zone resulted in fiber bundles of matrix loaded essentially in uniaxial tension with neg- 
ligible transverse connections, and this interpretation was confirmed by backlighting the 
cracks during crack growth. 

Finally, although varying the head rate by an order of  magnitude from 2.5 to 25.4 mm/min 
did increase the slope of  the load versus time curve for the cracked specimens, and quantita- 
tively altered the near-tip displacement and strain fields, it did not produce qualitative differ- 
ences that would indicate the presence of  different local crack opening and growth mecha- 
nisms. Results of  the studies summarized here are found in Refs 2 and 3. 

The Experiments 

The experiments described in the sequel were conducted to quantify the near-tip behavior 
of  a similar particulate composite at elevated temperature, 74"C (165~ In the present pro- 
gram, edge cracked "biaxial" specimens (Fig. 4) were used, all of  which were 2.5 mm thick. 
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FIG. l - - (a)  Center-cracked biaxial specimen (dimensions in millimetres, initial crack length (2a) = 38 
mm and specimen thickness = 15.25 mm; (b) early stage of crack opening, (c) development of stretch zone 
ahead of crack with tip blunting, (d) increased blunting with void formation ahead of crack, and (e) Crack 
extension by void coalescence (resharpening of crack follows). 
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FIG. 4--Edge-cracked specimen dimensions (dimensions in millimetres, a = 25.4 mm). 
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However, since the near-tip analysis of medium-length edge cracks differs little from center 
cracks [4-6], and prior tests showed no thickness effect, the present approach was deemed 
comparable to prior work. There were, however, many more fine particles as small as 0.001 
m m  in the edge-cracked specimens. 

The same size of grating was used as before and was applied as follows: 

1. Lightly sand surface. 
2. Spread black powder evenly over surface. 
3. Apply silicone grease mixed with black powder. 
4. Embed a screen in the surface. 
5. Sprinkle on white powder (titanium oxide). 
6. Remove excess powder and then the screen. 

The resulting black grating on a white background adhered to the surface but provided negli- 
gible stiffness. The matrix modulus was ~0.78 MPa (112 psi). 

Control tests were run at room temperature at head rates of  2.5 and 12.7 mm/min and tests 
at 74~ (165~ were conducted at 0.25, 2.5, and 12.7 mm/min.  Photographs were again taken 
at various time intervals during extension, and  these photographs were digitized to obtain 
near-tip displacement and engineering strain contour maps as before. 

Figure 5 shows that the global specimen responses at room temperature and at 74"C (165~ 
were similar with the load rising faster for the room temperature tests as expected. Figure 6 
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FIG. 6- -Load  and global strain versus time at 74~ (165~ 

compares the elevated temperature responses for two different head rates, again showing 
expected global effects. Figure 7 shows a sequence of  photographs revealing how surface micro- 
cracks develop ahead of  the main crack covering a fan angle of  nearly 180* from the crack-tip 
vertex, some of  which coalesce with the main crack to produce irregular growth patterns. Fig- 
ure 8 shows a typical set of  contour maps at elevated temperature that were similar to room 
temperature patterns qualitatively. 

Altogether, a total of  12 edge-cracked biaxial specimen tests were conducted. Three tests 
were run at 22~ (72~ and nine at 74"C (165"F). One of  the tests at 72~ was run at a head 
rate of  12.70 m m / m i n  and two tests at 2.54 mm/min.  At 74~ (1650F), the following tests were 
conducted: 

1. two tests at 0.25 mm/min ,  
2. four tests at 2.54 mm/min ,  and 
3. three tests at 12.70 mm/min.  

Displacement and strain fields were obtained by digitization of the deformed grating data 
using a 0.025-mm digitizer. In digitizing the data, no account was taken of  the presence of the 
multiplicity of  surface flaws ahead of  the main crack. That is, the additional separation 
between adjacent points due to a microcrack opening in between them was recorded as part 
of  the overall relative displacement. 
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FIG. 7--Crack opening and growth at 74"C (165"F): (a) early stage of crack opening, (b) tip blunting 
and microcrack formation ahead of tip, (c) microcrack opening with continued blunting, and (d) crack 
extension and resharpening by coalescence with microcrack. 

D i s c u s s i o n  of  Resu l t s  

Globally, at room temperature and at 74~ (1650F), the load-versus-time curves (Figs. 5 and 
6) differed in shape from those from prior studies in one particular respect, namely, a plateau 
of  nearly constant load at about 50 to 80 N for several seconds. At this level, a large number 
of  surface microcracks appeared over a large area ahead of  the main crack, some of which 
subsequently intersected the main crack (Figs. 7b and c). These cracks first appear at the onset 
of  the plateau in Figs. 5 and 6 and there follows a small growth at the specimen surface of the 
main crack by coalescence with the near-tip surface microcracks. It is conjectured that the 
opening of  these cracks allow continued global specimen extension without increase in load 
for several seconds. This may also imply that these cracks, likely resulting from separation of  
matrix from particles, may also be found inside the body but, at this load level, are not con- 
nected to one another through the thickness. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



SMITH ET AL. ON PARTICULATE COMPOSITE MATERIALS 783 

~ 

i 

a 

,.-. 

_I~ 

~.~~ 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



784 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

As the main crack opened under increasing load, these microcracks proliferated and opened 
further, and resulted in a "flattened" e2 contour pattern outside a larger local stretch zone 
(compare Fig. 2b with Fig. 8b). However, the 3't2 contour patterns were of  similar shape and 
slightly lower intensity (compare Fig. 2c with Fig. 8c). Moreover, the opening of the micro- 
cracks apparently eliminated the stretch zone seen ahead of  the cracks in previous work and 
idealized in Fig. 3. Instead, the surface microcracks that are parallel to the main crack coalesce 
with the main crack and lead to crack extension without significant blunting. 

Using the algorithm in the Appendix, In-In plots of u2-u2o versus r were plotted by a com- 
puter routine and values of the dominant eigenvalue for ambient and elevated temperature 
were obtained for the various head rates and typical results are found in Table 1 in the 
Appendix. 

The microcracks produced some irregularities in the displacement contours that, in some 
cases, precluded accurate determination of X, (see Appendix). However, for relatively smooth 
u2 patterns, ~, values were obtained, but with more scatter than in Refs 2 and 3. By identifying 
common linear zones in specimens with smooth u2 contour patterns, this scatter was mini- 
mized as much as possible. Typical results are found in Table 1 (see Appendix). Their diver- 
gence from the Benthem result is attributed directly to the influence of  the presence and dis- 
tribution of  multiple surface flaws. Thus, despite the presence of surface microcracking, the 
continuum algorithm extracted from Benthem's analysis still yields reasonable results where 
smooth u2 contour patterns existed or can be used to establish the location of the dominant 
eigenvalue zone, but not necessarily comparable to the Benthem solution. The authors con- 
jecture that the multiple surface flaws are due to poor gradation at the hard particles. 

Comparisons with Prior Studies [2,3] 

It is clear from the preceding discussion that the near-tip behavior in the present material 
was somewhat different from that studied in Refs 2 and 3. The former material developed a 
matrix-rich stretch zone (Fig. 3) with severe crack-tip blunting, and the crack grew by coalesc- 
ing with ovalized voids with a start-stop blunt-growth process, resharpening at the beginning 
of  each growth phase. On the other hand, extensive surface (and perhaps internal) microcrack- 
ing occurred during loading of  the edge-cracked specimens and crack opening began at the 
first plateau in Figs. 5 and 6 and, after further microcracking, began to grow in a start-stop 
manner by coalescing with sharp near-tip microcracks, meandering about the plane of  the ini- 
tial crack (Fig. 7) without severe blunting. Since auxiliary isotropic analysis [4-6] indicates no 
significant differences between stress intensity factors for the center-cracked and edge-cracked 
biaxial specimens near the crack tip, and auxiliary tests indicated no thickness effects, one is 
led to conjecture that the previously noted differences in the crack opening and growth pro- 
cesses described herein are likely related to the differences in particle gradation and to bond 
characteristics between the matrix and the hard particles in the two materials. Moreover, when 
comparing test results for the current material at room and at elevated temperature, and at low 

TABLE l - - Te s t  data. 

Test Temperature, Head Rate, Global Linear Zone, Pmax Experimental 
Test No. ~ (*F) mm/min Strain, % mm N Value of X, 

1 74 (165) 2.54 3.8 0.42 < r < 3.40 178 0.49 
6 74 (165) 12.70 4.2 0.55 < r < 3.00 231 0.62 

12 22 (72) 2.54 4.2 0.50 < r < 1.94 249 0.67 
13 22 (72) 12.70 4.2 0.51 < r < 1.54 300 0.45 
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and high head rates (Figs. 5 and 6, respectively) together with local displacement and strain 
fields, only quantitative differences were observed. No qualitative differences suggesting dif- 
ferent near-tip mechanisms due to head rate or temperature for either material were observed. 

Summary 

After reviewing a series of tests on center-cracked biaxial specimens with center cracks at 
various head rates and ambient temperature, results from a second test series employing edge- 
cracked specimens of  a different material were presented for both ambient and elevated tem- 
perature and low and moderately high head rates. Comparison of  results from the two 
programs revealed differences in the near-tip crack opening and growth processes, that the pro- 
cesses for each material were the same for both low and moderately high head rates, and that 
the current material showed the same qualitative near-tip behavior for both ambient and ele- 
vated temperature. Moreover, it was found that the dominant eigenvalue could be extracted 
in both cases from a continuum-type algorithm, yielding results in reasonable agreement with 
Benthem's Theory. However, for the current material, multiple surface cracks ahead of the 
main crack apparently produced irregularities in the u2 distribution that led to substantial scat- 
ter in X, values. 
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APPENDIX 

Benthem [ I ] ~mployed a variables separable series eigenfunction analysis to obtain a three- 
dimensional solution for a quarter infinite crack in a half space (Fig. 9) for the vertex singu- 
larity at the point of  intersection of  the crack with the free surface of  the half space. He assumed 
that 

u, = ~ rX~h,(o,4~)k (1) 
k = l  

and a corresponding set of equations for a 0 for an elastic material. Truncating Eq 1 for u2, one 
may write for • = ~r/2, 0 = r /2  (Fig. 9) 

u2 = D2r ~" (2) 

therefore 

lnu2= I n / ) 2 + ~ . l n r  (3) 

The crack-tip profiles were sharp when measured during the early stages of  opening and 
growth but were somewhat blunted in between these stages. In order to approximately account 
for blunting, a blunt height of  u20 was arbitrarily introduced into Eq 3, yielding 

In (~/2--U20) = In D 2 q- Xu In r (4) 
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FIG. 1 l--Determination o f~:  Specimen 13, linear zone (0.51 < r < 1.54 ram). 

The value of u20 was taken to be equal to the grating size of 0.20 mm so as to avoid interpo- 
lations within the intense strain zone. 

Thus, by plotting In (u2-u2o) versus In r along 0 = 7r/2, a linear zone should result, the slope 
of which is ~,,, the dominant  displacement eigenvalue. In linear elastic fracture mechanics, X, 
= ~/-;, but Benthem's results showed that, for an incompressible material X, -- 0.67. Since the 
matrix of the current material is nearly incompressible, we would expect a similar result. Use 
of Eq 3 with a set of typical test data for u2 on the current material (Fig. 10) is illustrated in 
Fig. 11. In this example, the u2 displacement contours are not smooth due to microcracking, 
and ;% (the coefficient of X i n  the equation at the top of Fig. 11) is 0.45, which is well below 
Benthem's value of 0.67. However, when the u2 contours were smooth, results closer to Ben- 
them's result were obtained as in Tests 6 and 12. By using specimens with the smoothest u2 
contours to locate the zone of the dominant  eigenvalue, and then fitting the algorithm to data 
in that region for less smooth data, typical results are shown in Table t. 
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ABSTRACT: An approximate model is presented for the effect of crack-tip shielding due to dila- 
tant zone toughening on subcritical crack growth in ceramics. This model relies on estimating 
the transformed zone from the applied stress intensity factor. Slow crack growth can be predicted 
with this model in ceramics toughened by the stress-triggered martensitic transformation in zir- 
conia-bearing ceramics, if the slow crack growth data for the same ceramic with the transfor- 
mation either already completed by thermal aging or suppressed by stabilizers is known. 

KEY WORDS: transformation-toughened ceramics, static fatigue, subcritical crack growth, 
magnesia-stabilized zirconia, zirconia-toughened alumina, fracture mechanics, fatigue 
(materials) 

High-performance ceramics such as partially stabilized zirconia (PSZ) and alumina con- 
taining a dispersion ofzirconia particles (ZTA) exhibit R-curve toughening characteristics due 
to the shielding of  the crack tip [1-9]. In these ceramics, the resistance to fracture increases 
with crack growth, which greatly improves crack tolerance and reliability [10,11 ]. Since envi- 
ronmentally assisted subcritical crack growth depends on the state of stress at the crack tip, 
shielding in these ceramics also decreases the rate of  crack growth [12-18]. 

By comparing the behavior of PSZ as-fired with that for the same material after annealing, 
so that the tetragonal phase was transformed to monoclinic thus preventing any transforma- 
tion toughening during crack growth, it has been found that the crack growth rate in the low 
applied stress intensity factor regime (Region I) is decreased by some six orders of magnitude 
by the presence of  an R-curve [15]. Other researchers have found similar reductions in the 
crack growth rates [ 16]. The shielding of  the crack tip can also, at higher applied stress intensity 
factors, produce a pseudo diffusion-limited crack growth regime (Region II) that is actually the 
result of  transformation toughening [ 12,13]. 

Reductions in crack growth rates in ZTA have also been observed. Two versions of  an alu- 
mina  toughened by 20% zirconia by volume were tested by Becher [ 14]: one containing i mol 
% yttria to partially stabilize the zirconia and the other 3 mol % yttria that completely stabilizes 
the zirconia and prevents any transformation toughening. In Region I, the crack growth in the 
alumina with partially stabilized zirconia was some seven orders of  magnitude less than that 
for the completely stabilized ceramic. 

There have been few quantitative analyses of  the effect of  crack shielding on the slow crack 
growth of  ceramics. Our earlier work showed that the results of Becher [14] for ZTA could be 
predicted from the crack growth data for alumina with the completely stabilized zirconia if it 
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was assumed that the crack growth rate depended solely on the actual stress intensity factor at 
the crack tip [19]. Dauskardt et al. [20] have suggested that the actual stress intensity factor at 
the crack tip can be estimated if the transformed zone is assumed to depend on the stress due 
to the applied or far-field stress intensity factor. Although no experimental confirmation of  
this approach was given for a creep situation, they did obtain good agreement for the effect of  
an overload for magnesia-stabilized zirconia (Mg-PSZ) subjected to alternating load by assum- 
ing that the crack growth rate was solely a function of  the stress intensity factor level, that is, 
there was no true cyclic fatigue effect. This method, which is similar to the approximate 
method used by Budiansky and others [21,22] for the analysis of  steady-state toughening, 
overestimates the transformation zone size [23,24]; but at the lower stress intensity factors 
used in static fatigue, this overestimate is probably not very significant. The algorithm for crack 
growth, assuming that the transformation zone can be estimated from the applied stress inten- 
sity factor, is very simple since no iteration is necessary. 

An Approximate Crack Growth Resistance for Transformation-Toughened Ceramics 

The crack tip of  a transformation-toughened ceramic is shielded by the transformed region 
that undergoes a dilatant transformation, 0 r. The effect of  the dilatation can be obtained by 
integrating the expression obtained by Hutchinson [25], and for a Mode I crack under plane 
strain the expression for the actual stress intensity factor at a crack tip, K~p, is given by 

EOr f a f  r-~ cos ~ 4~dA (1) 
/(tip = ga -[- 3 V ~ ( 1  -- v) 

where K~ is the applied or far-field stress intensity factor, E is Young's modulus, and v is Pois- 
son's ratio; and the integral is taken over the transformed region. Usually it is assumed that 
the martensitic transformation occurs when the hydrostatic stress reaches a critical value 
[2,21], though the maximum principal stress has also been used as a criterion [26]. The hydro- 
static stress, assuming the crack tip is in a state of  plane strain, is given by 

. +.> ),,2 f a,. - ~ \~-~ cos ~/2 + F(z,zo) dxodyo (2) 

where z = (x + iy) and 

F(z, Zo) -- ~ [ 1 - vJ Re (~/~o)[.v/- ~ + (~/~0)]2 + (~/~o)[V~ + ~/~0] 2 (3) 

where R and 4~ are defined in Fig. l, and the integral is taken over the transformed region. 
Because Eq 2 does not give the transformed zone explicitly, Budiansky et al. [21,22] have 

assumed that the hydrostatic stress can be approximated by the first term. This assumption 
leads to an overestimate of  the transformed region as has been shown by their later work that 
includes the second term [23,24]. However, it is necessary to solve a nonlinear integral equa- 
tion to determine the "exact" shape of the transformed zone. The R-curve based on the 
"'exact" shape of  the zone has been calculated using a multivariable iterative procedure by 
Stump and Budiansky [24] in Fig. 2 where L is the characteristic length related to the critical 
hydrostatic stress for transformation, a~, and the fracture toughness, K~c by 
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For applications to static fatigue, it is desirable to have a simpler algorithm. Here we assume 
that the hydrostatic stress can be approximated simply by the first term in Eq 2 and the trans- 
formation zone, R(~), may be calculated from either the applied stress intensity factor, Ka, or 
the crack tip stress intensity factor,/(tip, that is 

R ( $ ) =  (1 + v )  z ~ cos2(~b/2) (5) 

where K = Ka or K~io. The R-curves based on these two K values (Ko and K~ip) are also calculated 
and shown in Fig. 2 along with the "exact" R-curve predicted by including the second term in 
Eq 2. The approximate R-curves fail to predict the high toughness values above the steady- 
state toughness, K~ in the range of Aa/L values between 2 and 20. However, for Aa/L < 2, 
these R-curves are overestimated, although the curve based on Ka in Eq 5 agrees reasonably 
well with the exact R-curve. Unfortunately, the exact R-curve has not yet been matched with 
the experimental data. Indeed, the approximate methods give R-curves that are consistent 
with test results [9]. As mentioned in the beginning of  this paper, we prefer to analyze slow 
crack growth in the transformation-toughened ceramics using Ka rather than Kup in estimating 
R($) from Eq 5. This avoids the iterative calculations that would otherwise be required, and 
the predicted R-curve is in reasonable agreement with the exact R-curve other than in the 
region where the toughness values are above the plateau value. For steady-state crack growth 
in this case, the crack-tip stress intensity factor, Kt~p, is equal to the fracture toughness, K~ of 
the equivalent nontoughened ceramic and the ratio of K~ to the R-curve plateau value of the 
stress intensity factor, K}~, can be written as [21] 

K~Ic/KI~ = I - w/4~/3 7r (6) 

where ~ = (l + v)EOrfir~(1 - v) is a nondimensional parameter that defines the transfor- 
mation toughening process. 

Approximate Theory for Slow Crack Growth in Transformation-Toughened Ceramics 

It is assumed that the power law 

da 
dt AK~ip (7) 

describes environmental crack growth in the stress-controlled regime (Region I), where da/dt 
is the crack growth rate, and A and n are constants. The value of the crack-tip stress intensity 
factor, K, ip, depends on the applied stress intensity factor, Ka, and the amount of crack growth, 
Aa, as given in Eq 1. Hence, the rate of  crack growth is not strictly a unique function of the 
applied stress intensity factor, but apart from the initial period of  crack growth at higher crack 
growth rates before the transformed shielding zone is well established, the dependence of crack 
growth on the initial starting conditions is slight. 

The applied stress intensity factor, Ka, can be expressed in terms of a nondimensional geo- 
metrical factor, Y(a), by 

Ko = a.YV~ (8) 

where a, is a nominal stress independent of  the crack size, a. The crack-tip stress intensity 
factor, K,ip, at first decreases with crack growth due to the shielding of  the crack tip. The crack 
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growth can arrest if the applied stress intensity factor is small and shielding reduces the crack- 
tip stress intensity factor to the threshold value of the stress intensity factor. I f /~c < K~ < 
K~, the crack will grow instantaneously until the shielding of the crack tip reduces the crack- 
tip stress intensity factor to K~ the crack-tip stress intensity factor will then still further be 
reduced during the initial slow crack growth. Eventually, the shielding effect will reach a max- 
imum, and thereafter the crack-tip stress intensity factor and the crack growth rate will 
increase with the applied stress intensity factor. 

As a crack grows, the material ahead of the crack tip will be transformed as the hydrostatic 
stress increases to the critical stress for transformation that is calculated approximately from 
the applied stress intensity factor, Ka. The crack length is increased incrementally, and the 
applied stress intensity factor for the new crack length is calculated. The region at the crack tip 
with a hydrostatic stress greater than the critical value is estimated. Straight lines with common 
tangents to the new transformed zone and the zone at the previous crack position are found 
(see Fig. 1). The crack-tip stress intensity factor, K.p, is then calculated from Eq 1. If Ktip > 
K~ the crack growth rate is infinite until the shielding reduces the crack tip stress intensity 
factor to K~ When Kti p ~ K~ the crack growth rate is given by Eq 7. 

Comparison of Theoretical and Experimental Crack Growth Rates 

Becher [15] has obtained subcritical crack growth data on magnesia (7.2 mol %) partially 
stabilized zirconia both as-fired and after aging at 1400~ in air for 8 h. After aging, most of 
the tetragonal zirconia have transformed to monoclinic, and there is very little shielding of the 
crack tip due to phase transformation. However, in this as-fired PSZ, only a small fraction of 
the tetragonal zirconia have transformed on cooling and, during crack propagation, the crack 
tip is shielded significantly by the transformation. Figures 3 and 4 give the slow crack growth 
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FIG. 3--Subcritical crack growth in air for Mg-PSZ with 7.2 mol % MgO (experimental results taken 
from Ref lS). 
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FIG. 4--Subcritical crack growth in water for Mg-PSZ with 7.2 mol % MgO (experimental resutts taken 

from Ref  15). 

behavior of  the Mg-PSZ in the two conditions in air and water at 22~ Linear regression has 
been used to fit lines to Region I for the curves for the aged PSZ; since there is little shielding 
of  the crack tip in this material, it is assumed that the slope and intercepts of these lines give 
the crack growth rate as a function of  the crack-tip stress intensity factor as defined in Eel 7. 
The fracture toughness o f  the aged material, which was 6.0 MPa V/-~, is identified with K~tc, 
and the critical stress intensity factor for the as-fired material (8.5 MPa k/~)  is identified with 
the plateau fracture toughness, K~. The shielding parameter, w = 6.4, has been calculated 
from Eel 6 using the ratio, K~ Using a range of  initial values of the applied stress intensity 
factor, K ~ the crack growth rates for the as-fired materials have been calculated as described 
earlier. The theory initially predicts a period of  high decelerating crack growth. However, the 
crack extension in this region of high crack growth is very small, and it would be difficult to 
detect. Decelerating crack growth has been reported for very small natural cracks < 200 um 
in Mg-PSZ, in these tests the negative slope decreased with the initial value of the stress inten- 
sity factor [17,18]. The theory predicts approximately the correct shift in K~ for the tests per- 
formed in air, though it does not model the increase in the slope of the crack growth data. For 
the tests performed in water, the shift in K, is overestimated and the theory again fails to predict 
the increase in slope. 

Swain [16] has shown some static fatigue data for a Mg-PSZ (with 9 mol % MgO) ceramic 
subjected to different heat treatments giving an as-fired (AF) material with a fracture toughness 
6.5 MPa '~/m, a maximum strength (MS) grade with a toughness of 10 MPa V ~ ,  and a ther- 
mal shock resistant (TS) grade with a toughness about 13.5 MPa k/-~. These slow crack growth 
results are shown in Fig. 5. Since the tetragonal zirconia precipitates in this AF material are 
cooled rapidly, they are smaller than the critical size required for the stress-induced t ---- m 
transformation. Its higher toughness than the cubic stabilized zirconia is merely caused by the 
presence of the stable tetragonal zirconia phase, and there is little transformation toughening 
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FIG. 5--Subcritical crack growth in air for Mg-PSZ with 9.4 mol % MgO (experimental results taken 
from Ref l6). 

available. Using the AF material data as the reference curve and the shielding parameter, oa = 
8.3 for MS-PSZ and ~o = 10.9 for TS-PSZ obtained from Eq 6, we can predict the slow crack 
growth d~ta for both MS and TS materials as shown in Fig. 5. Quite clearly, the predictions 
from the proposed model agree quite well with experimental data in Region I where there is 
little change in the slopes with increased toughness. 

Becher [14] has also given slow crack data on ZTA. The theory given in this paper cannot 
be applied strictly to such ceramics because some 30 to 40% of the shielding of this toughened 
ceramic comes from the reduction in the Young's modulus in the transformed region due to 
the microcracking [27]. Becher tested two alumina ceramics containing 20% by volume zir- 
conia at 22"C and 65% relative humidity: one partially stabilized with 1 mol % of yttria and 
the other completely stabilized by 3 mol % ofyttria (Fig. 6). It is assumed that there is no crack- 
tip shielding in the stabilized alumina, though there will be some toughening due to micro- 
cracking and crack bridging, and its fracture toughness of 4.5 MPa ~ can be identified with 
K~ The plateau value of the stress intensity factor, K~, for the partially stabilized version is 
8.5 MPa k/~.  Ignoring the effect of the reduction in the Young's modulus, we have again used 
Eq 6 to obtain an estimate of the toughening parameter (00 = 10.2). Having obtained the con- 
stants, A and n, in Eq 7 from the crack growth data for the stabilized ceramic, we have esti- 
mated the crack growth rates for the partially stabilized ceramic. Although the present theory 
is not strictly applicable to the ZTAs, it does predict the crack growth data for the toughened 
ceramic quite well for a range of initial applied stress intensity factor values, K~, as given in 
Fig. 6. 

Conclusions 

An approximate theoretical model has been given for predictions of the subcritical crack 
growth in dilatant-zone-toughened ceramics. By using the stress field due to the applied stress 
intensity factor to calculate approximately the transformed region, rather than calculating the 
exact region, iteration is avoided. The theory predicts an initial region where there is a rapid Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.
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HG. 6--Subcritical crack growth in air for Y-ZTA (experimental results taken from Ref  l 4). 

deceleration in the crack growth. This decelerating crack growth has only been reported for 
very short cracks [17,18]; for the long cracks, the deceleration predicted is so rapid that, if 
present in the tests, it would not be detected. Apart from this initial crack growth, the crack 
growth rate is virtually independent of  the initial stress intensity factor or specimen geometry. 
The theory predicts the crack growth curve is shifted to lower growth rates with little change 
in slope, that is, A of  the slow crack growth Eq 7 is substantially reduced but n remains rela- 
tively constant. The Mg-PSZ tests of  Becher [15 ] do show a reduction in slope as well as a shift. 
However, his results for ZTA [14] and Swain's results for MgoPSZ [16] show no change in the 
slope; hence these data are reasonably predicted by the approximate theory. 

The theory presented does not precisely predict the experimental results, but refinement of  
the theory to more accurately estimate the transformation zone based on Eq 2 with the second 
term would not increase the accuracy of  the predictions of  the crack growth rates. Not all of 
the toughening observed is due to transformation, and the estimation of  the toughening 
parameter, o~, from the KR-curve is not precise. The prediction of  crack growth from the crack- 
tip stress intensity factor is reasonably accurate. 
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ABSTRACT: Moir6 interferometry was used to determine the crack opening displacements 
(COD) along a stably or dynamically propagating crack in three-point-bend concrete specimens. 
For stable crack growth studies, the measured COD together with applied loading was input to 
a finite element model of the specimen to determine directly the crack closure stress (CCS) versus 
COD relationship along the fracture process zone (FPZ) that trailed the crack tip. For dynamic 
crack growth studies, the COD data together with three strain gage data taken along the crack 
path were used in an inverse analysis to extract the CCS versus COD relationships using a 
dynamic finite element model of the fracturing specimen. Variations in energy release and dis- 
sipation rates with crack extension were determined and the FPZ was identified as the major 
energy sink in concrete fracture. 

KEY WORDS: concrete fracture, fracture process zone, energy release rate, energy dissipation 
rate, moir6 interferometry, fracture mechanics 

The concept of  a fracture process zone (FPZ) that trails an advancing crack tip and retards 
crack opening through aggregate bridging has been attributed generally to Hillerborg [1]. 
Visual inspection of the tortuous fracture surface, which is unique to concrete fracture, has 
lent credence to the cotacept of aggregate bridging without experimental quantification at that 
time. Of  the score of  papers published after Hillerborg, most involved an inverse analysis with 
a maximum tensile strength criterion for crack extension. Modeling of the FPZ was considered 
complete when the computed and measured remote loading parameters, which unfortunately 
were insensitive to the small changes in the FPZ, coincided. An exception to the preceding is 
the two-parameter fracture criterion that involved a critical stress intensity factor, K~c, and a 
critical crack tip opening displacement, CTODc, proposed by Shah and his colleagues [2]. The 
existence of  a crack-tip singularity in the Jenq-Shah model was later verified from crack open- 
ing displacement (COD) studies of concrete specimens using holographic interferometry [3]. 

The authors and their colleagues unknowingly traced this same history in their studies of  
the fracture process zone in concrete. At the onset of  our studies, we matched the experimen- 
tally and numerically determined remote loading parameters in concrete fracture specimens 
using a postulated FPZ, without the crack tip singularity. This FPZ modeling approach, that 
is, a nonsingular FPZ, was later contradicted by the existence of  a parabolic crack tip opening 
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798 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

profile that was unambiguously shown by moir6 interferometry studies of the COD in concrete 
fracture specimens [4]. The parabolic crack tip opening profile, according to linear elastic frac- 
ture mechanics, implies the existence of a 1/V~ stress singularity and resulted in the devel- 
opment of an FPZ model that incorporated a stress singularity and was referred to as a singular 
FPZ model [5]. This model also provided the size effect necessary for using the same linear 
elastic fracture mechanics analysis for large concrete structures, such as a dam, as well as for 
small concrete fracture specimens. At one of these two extremes, a fully developed singular 
FPZ, which is material dependent, would have a negligible effect on the driving force, that is, 
the stress intensity factor, of a long crack in a large concrete structure. However, the same 
singular FPZ will reduce the stress intensity factor in a laboratory fracture specimen while 
retaining the same critical stress intensity factors for stable and unstable crack growths. 

In this paper, the Singular FPZ model is used to study the fracture energy dissipation mech- 
anism of concrete fracture specimens that are undergoing stable and rapid crack growth. 

Procedure 

The singular FPZ in a three-point bend, concrete fracture specimen was determined by a 
hybrid experimental-numerical procedure. The crack opening displacements (COD), deter- 
mined by moire interferometry, were incorporated into a static/dynamic finite-element model 
of the fracture specimen, and the various fracture parameters were computed, either directly 
or by an inverse analysis. Details of the inverse and the direct analyses are found in Refs 6 and 
7, respectively. 

Experimental Analysis 

Specimens 

Figure 1 shows the threevpoint-bend, concrete fracture specimens used in this study. High 
early strength portland cement, an ag~ -gate of 6.4 mm maximum size and a local Seattle sand 
were used in the mix that is shown in Tables 1 and 2. The tensile strengths of the statically 
loaded concrete specimens were varied by removing each specimen from the constant humid- 
ity storage room at different times and then leaving them to cure in the laboratory. For most 
of the specimens, stable or rapid crack growth was initiated from a saw-cut notch. 

P 

Load Cell 1 

• 
12.7 --i L 

l Initial Notch 
12.7 (dynamic) 
19.05 (static) 

v I 

406.4 

tt~ 
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FIG. 1--Geometry and strain gage locations for three-point-bend specimen. 
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TABLE l--Static properties. 

799 

Displacement-Controlled Bend Tests 

Average of Five Tests TPB-02 TPB-04 TPB-05 

Mix design (by weight) Cement:Gravel:Sand:Water 
( 1.0:3.4:2.9:0.6)( 1.0:2.0:2.5:0.4 to 0.5) 

Static compression 35.4 . . . . . . . . .  
strength, MPa 

Elastic modulus tension 29.6 37.9 40.5 42.5 
compression, GPa 29.6 - - - 40.5 42.5 

Maximum length of 96.6 60 45 60 
FPZ, mm 

Experimental Procedure 

Two-beam moir6 interferometry was used to measure the COD of  the propagating crack. 
For  the dynamic study, three strain gages were located as shown in Fig. l, and used to deter- 
mine the position of  the tip of  the rapidly extending crack. 

The test procedure for stable crack growth study consisted of  recording the load and the 
moir6 fringes associated with an incremental increase in applied displacement loading. Frac- 
ture was initiated by drop-weight for the dynamic crack propagation study. Four frames of 
transient moir6 fringe patterns were recorded by a specially configured IMACON 790 image 
converter camera. The strain-gage data and load-line displacement were also recorded using 
oscilloscopes. 

Numerical Analysis 

The early portion of  the static fracture analysis and all of  the dynamic analysis were con- 
ducted using an inverse procedure where the assumed crack closure stress (CCS) versus COD 
relationship was varied to best fit both the measured COD distribution along the stably or rap- 
idly extending crack and other remote loading parameters, such as the load and the load-line 
displacements. In addition, iri the dynamic analysis, the modulus of  elasticity and the residual 
stress due to shrinkage in the vicinity of  the notch tip were varied so that the computed and 
measured t ime histories for the three strain gages matched [4,5 ]. In later static analysis, a direct 
procedure was used where a curve of  best fit to the measured COD and applied load data were 

TABLE 2--Dynamic properties. 

Drop-Weight Bend Test, 
Average of Four Tests 

Mix design (by weight) Cement:Gravel:Sand:Water 
(l.0:2.0:2.5:0.4 to 0.5) 

55.1 Static compression 
strength, MPa 

Elastic modulus tension, 
compression, GPa 

Maximum length of 
FPZ, mm 

34.5 
41.4 
50.8 
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800 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

used as input boundary conditions to the finite element model of the fracture specimen 
[6,7]. 

For both static and dynamic analyses, energy release rates were computed directly by incre- 
menting the crack tip by one finite element node. The energy dissipation rate was computed 
from the work rate in the FPZ. The stress intensity factor was computed directly from a cali- 
brated crack tip state of stress. 

Results 

Experimental Results 

Figure 2 shows typical moir6 fringe patterns corresponding to the displacement field vertical 
to the crack. The variations in the measured COD with stable crack growth are shown as 
unbroken lines for a typical test in Fig. 3. Figure 4, which is a composite figure of the results 
for four tests, shows the variations in COD with rapid crack extension. 

Numerical Results 

Figure 5 shows the final CCS versus COD relationships, that is, the relationship that controls 
the FPZ used in matching the CODs, transient strains, and remote load parameters where 
applicable, for these three-point-bend, concrete fracture specimens. The four different rela- 
tionships for the static tests are due to the varying curing conditions to which each specimen 
was subjected and which therefore affected the shrinkage stresses at the crack tip. 

Figure 6 shows the measured and computed strains along the crack path as well as the load 
history in the specimens fractured by drop weight loading. The experimental results are aver- 
ages of four test results. 

Table 1 shows the static and dynamic mechanical properties gleaned from the numerical 
analysis. These mechanical properties are categorized in terms of curing conditions, that is, 
moist air curing, laboratory air curing, and loading conditions. Thus, the mechanical prop- 
erties for moist air curing are averaged values of several tests while those of laboratory air cur- 
ing are for single tests for Specimens TPB-02, TPB-04, and TPB-05. 

Figure 7 shows the energy released and the energy dissipation rates for the different fracture 
specimens. This energy dissipation rate relates only to the FPZ and thus does not include those 
due to other energy sinks, such as microcrackings ahead of the crack tip and aggregate-mortar 
debonding in the stressed specimen. The energy dissipation rates of the TPB-02 and TPB-04 
specimens were omitted in Fig. 7, since they overlapped with those of TPB-05. The energy 
rates for the earlier displacement-controlled and the present specimens (TPB-02, TPB-04, and 
TPB-05) differ considerably. The possible difference is attributed to the extreme brittleness of 
the TPB-02, TPB-04, and TPB-05 specimens as evidenced by their lower energy release rates 
prior to the onset of unstable crack growth. This brittleness is attributed to the shrinkage stress 
generated during the extended laboratory air curing process prior to final testing. The parallel 
but increasing energy rates prior to reaching a fully developed FPZ are attributed to the gradual 
development of the FPZ with crack extension. After the FPZ is fully developed, the energy 
rates remain constant during subsequent crack extension. The constant differences between 
the energy release and the FPZ dissipation rates throughout the entire crack extension is attrib- 
uted to the energy dissipated at the frontal process zone due to microcracking at the crack 
tip. 

Figure 8 shows the resistance curves in terms of the stress intensity factor for the five groups 
of tests. As is to be expected, the resistance curves for the specimens with the FPZ remains 
relatively constant throughout the crack growth. 
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FIG. 3--COD variations for an extending crack in a statical/), loaded specimen. 
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FIG. 5--Crack closure stress versus crack opening displacement relationships in three-point-bend 
specimens. 
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Conclusions 

1. While CCS versus COD relationship varied with concrete strength and loading condi- 
tion, it remained invariant throughout crack extension for a given specimen. 

2. The singular FPZ model for concrete fracture provides a flat resistance curve, that is, a 
flat KR, which is consistent with the behavior for other brittle materials, such as ceramics. 

3. The dominant  energy dissipation mechanism during concrete fracture is crack bridging 
in the fracture process zone (FPZ). 
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ABSTRACr: The engineering significance of local brittle zones in multipass, HSLA-80 steel 
weldments that might be subjected to large strains (such as the straining that occurs during explo- 
sive bulge testing) was evaluated through the use of probabilistic fracture mechanics. The heat- 
affected zone of HSLA-80 was modeled as containing only two distinct types of material along 
the fusion line, local brittle zones, and the gaps between them. The local brittle zones have a lower 
toughness than gap material, and both have toughness properties that are lower than those of the 
base plate. The model calculated the failure probability of weldments as they are plastically 
strained to various levels by simulating the growth of preexisting crack-like weld defects that are 
distributed along the fusion line and within the weld metal. Failure was considered to occur if 
weld defects link up and grow through the entire plate thickness. The model incorporates the 
statistical variation of the toughness for the base metal, weld metal, local brittle zones, and gap 
materials to model the tearing resistance along the fracture path. The probabilistic fracture 
mechanics r0odeling of typical HSLA-80 weldments indicates that the distribution and tough- 
ness of local brittle zones and gaps have a small effect on the failure probability at large plastic 
strains typical of explosive bulge tests. The calculated failure probabilities agree with a limited 
number of actual explosive bulge tests. At the large strain levels considered, the simulations 
showed that the failure probabilities are nearly equal to the existence probability of welding 
defects. 

KEY WORDS: probabilistic fracture mechanics, welds, heat-affected zones, local brittle zones, 
HSLA-80 steel, A710 Grade A Class 3 steel, explosive bulge tests, weld defect distributions, elas- 
tic-plastic fracture mechanics, ship plate welds, fracture mechanics, fatigue (materials) 

Many  high-strength low-alloy steel (HSLA) weldments  contain a microstructural  feature 
known as local brittle zones (LBZs). These LBZs are contained within the heat-affected zone 
(HAZ)  of  the weldment ,  usually at or  near the weld fusion line. These LBZs have been shown 
to have a m u c h  lower toughness than other  regions in the weldment.  The objective o f  this 
paper  is to describe a probabilistic fracture mechanics  (PFM) model  to calculate the increase, 
if  any, in the probabili ty o f  service failure caused by the presence of  local brittle regions in the 
H A Z  of  typical HSLA-80 steel multipass weldments.  
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Background 

HSLA-80 is the name used to designate ASTM A710 Grade A Class 3 steel that has been 
modified to a military specification that, along with other requirements, specifies a minimum 
yield strength of  550 MPa [1 ]. The Navy's certification of HSLA-80 for use in surface ship hull 
construction occurred in February 1984 and provided shipbuilders with their first new steel 
since the mid 1950s [2]. This steel has been used as a replacement for martensitic HY-80 steel 
in the construction of  U.S. Navy ships beginning with cruisers of  the Ticonderoga class 
[2-5]. The low carbon content of  HSLA-80 makes it much less sensitive to hydrogen-assisted 
HAZ cracking, and therefore it is able to be welded without the expensive preheat and process 
controls required for HY-80 [2-5]. 

During the certification process, the Navy conducted an intensive testing program to char- 
acterize HSLA-80 base plate and weldment properties, as well as the appropriate welding 
parameters [2,4]. Research conducted at David Taylor Research Center (DTRC) on HSLA- 
80 base plate and HAZ microstructures and mechanical properties after the certification pro- 
gram for HSLA-80 had been completed [3,6, 7] showed that the fracture properties of certain 
small grain-coarsened regions of  the HAZ were much lower than those of the base plate mate- 
rial. This raised the issue of  whether these locally brittle zones could significantly increase the 
probability of  fracture of  welded plates. FigiJre 1 shows a macrograph of  the material structure 
near a weld. Weld metal, base metal, and HAZ are shown. The LBZs in the HAZ are indicated. 
The presence, size, and location of  the LBZs vary widely along a weld and from weld to weld. 
The size and location of LBZs are treated deterministically in this paper. 

Large-scale (mostly explosive bulge) tests, conducted by the Navy during and after the cer- 
tification program, indicated that welded plates with LBZs can withstand considerable 
mechanical strain before failure [8]. However, three weldments made from thick plate failed 
the explosive bulge test. Of these failures, only one showed a strong tendency for fracture to 
follow the weldment's HAZ. 

The purpose of  this paper is to describe a probabilistic fracture mechanics (PFM) analysis 
that was performed to quantify the influence of  LBZs on the reliability ofweldments in HSLA- 
80. In addition to the considerable variability in LBZ location, size, and toughness, other weld 
defects can be present with wide variability in frequency and size. Figure 2 schematically shows 
the types of  weldments and weld defects considered. The heat-affected zone (HAZ) is consid- 
ered to consist of  local brittle zones and gap material (that is, material in the HAZ that is not 
LBZ). 

In order to quantify the influence of  LBZs on weld reliability, while accounting for the con- 
siderable scatter in material properties and defect characteristics, a PFM model was con- 
structed and implemented by use of Monte Carlo simulation [9]. The computer code for the 
Monte Carlo simulation was called WREC, an acronym for Weld Reliability Evaluation Code. 
Figure 3 presents a schematic of  the components of  the code and their interrelationships. 

The PFM model is based on an underlying deterministic fracture mechanics foundation. 
That is, a conventional deterministic fracture mechanics model of  crack behavior is con- 
structed, and then some of  the inputs to the model (such as size and location of  crack-like 
defects) are considered to be distributed randomly. Once the statistical distribution of  the 
input random variables is defined, the weld reliability can be evaluated by successive (deter- 
ministic) calculations of  strain to failure using a set of inputs drawn randomly from their 
respective distributions. 

The remainder of  this paper describes the deterministic fracture mechanics model, selection 
of  deterministic inpms and distribution of  random inputs, and generation of  weld reliability 
results using the probabilistic model. 
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FIG. 1--Macrostructure of HSLA-80 weldment cross section (weldment: C37, 19-mm thick, single-V, 
90* equivalent total included angle). LBZs indicated by cross-hatching. 

Fracture Mechanics Model 

The fracture mechanics model for treatment of the growth and arrest of cracks at various 
locations in the vicinity of a weld is described in this section. Cracks are considered to be either 
a buried crack in an infinite body or a surface crack in a semi-infinite body. The crack driving 
force is considered to be described by the value of the J-integral [10-12]. For a given crack size 
(and orientation), the only difference between weld metal, base metal, and the two types of 
HAZ material (LBZ and gap) is in the fracture toughness, which is described by J~c [10]. If J- 
applied exceeds the local value of Jic, the crack is considered to grow unstably. If J-applied 
subsequently decreases below the local value of J~c, or the crack grows into a region with a Jic 
higher than J-applied, the crack is considered to arrest. 

The plane-strain-elastic and fully plastic J-solutions for buried and surface cracks for 
unbounded media from He and Hutchinson [I 1 ] are used. The stress-strain relationship is the 
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conventional Ramberg-Osgood, which for uniaxial tension is 

E ----- ~e-~- ~p = ~ - ' ~ -  (1) 

The conventional interpolation scheme [10,12] for estimation of the elastic-plastic value of J 
is employed. 

11o I?~r This simple treatment has three complicating factors (l) mixed-mode loadJ cracks on 
cracks the weld fusion line; (2) the effects of  strain gradients near the weld, which in . . . . . .  undercut 

effects; and (3) transitioning from subsurface to surface cracks 
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Cracks on the weld fusion are constrained to grow along the weld fusion line. Such cracks 
are at an angle to the applied strains, which constitutes mixed-mode loading. Erdogan and 
Sih's [ 13] linear elastic treatment of the affects of  mixed-mode loading on crack stability was 
used for mixed-mode elastic-plastic loading. This allows the critical value of  Jl-applied to be 
calculated in terms of  crack orientation, 0 and J~c. 

A rigorous treatment of  the effect of  strain gradients on applied values of  J is beyond the 
current state of  the art of  elastic-plastic fracture mechanics. The idealized strain gradient 
shown in Fig. 4 was used to describe the strains through the thickness of  the weld fusion line. 

Once K,, h,, Kb, and hb are specified, the value of  ~m t o  preserve net section stresses in the 
plate is defined. The value of K, is intended to reflect the effect of  the weld crown, but not the 
undercut. Values of  the parameters describing the strain gradient are inputs to the code and 
are functions of  the remotely applied strain. A default table to these parameters was estimated 
from engineering judgment and incorporated into the code. They are described in Ref 14. 

The value of J-applied was calculated using the local value of the strain at the location of 
the crack tip (prior to introduction of  the crack). Subsurface cracks transition to surface cracks 
when J-applied exceeds local J~c and no intervening arrest occurred. The stability of the result- 
ing surface crack is then checked, again using the local value of  strain at the crack tip location 
in the J-solution. 

Deterministic Input Variables 

Values of  the deterministically defined input parameters are defined in this section. The 
temperature of  the weldment is defined by the user and is considered to be fixed. The remotely 
applied strain is the independent variable, and plate thickness and weld angle are user defined. 

The spatial distribution of  microstructure zones along a crack path was considered to be 
fixed and also is defined by the user. In the HAZ, all microstructural zones were modeled as 
either LBZs (in which thermal cycles to high peak temperatures near the fusion line produced 
grain-coarsened microstructures) or gaps (in which the thermal cycles caused by subsequent 
weld passes refined the grain-coarsened microstructures). The gaps and LBZs have different 
statistical distribution of  toughness, each of which are temperature dependent. The location 
and size of  LBZs was determined for two weldments by microstructural examination. 

X 

I Y 
[I 

ht 

't 
I 

hb 
FIG. 4--Idealized strain gradient. 
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Figure 1 shows a low-magnification cross section of  a 19-mm-thick, single-V, 90* weld, 
which is also shown schematically in the upper portion of  Fig. 2. The LBZs were identified at 
• 100, which is required to identify the coarse-grained microstructure. The LBZs were then 
photographically reduced and superimposed on the lower magnification ( • 9) composite pho- 
tomicrograph shown in Fig. 1. 

The other HSLA-80 weldment modeled was a 5 l-mm-thick plate, double-V, 60* total-inclu- 
sive angle weld, which is shown schematically in the lower part of  Fig. 2. The 19- and 5 l-mm- 
thick weldments had 4 and 6 LBZ regions, respectively, distributed along the fusion line 
representing 89 and 73% of the fusion line strength, respectively. Further details regarding 
weldment parameters, how the measurements were made, and the results of  the LBZ and gap 
measurements are reported in Ref 7. 

Random Variables 

In the model, the initial defect distribution at the fusion line, and the mechanical properties 
of  the base plate, weld metal, and HAZ, are treated as random variables. The following dis- 
cussion considers only cracks at the fusion line. These cracks can be considered to be a result 
of  lack of  fusion, hot tearing, slag inclusions, or weld porosity. Reference 14 includes a more 
complete treatment that also considers defects in the weld metal and base material. 

Defect Distributions--The distribution of  initial cracks is one of  the key inputs to any PFM 
analysis. In fact, uncertainties in the initial crack size are often the reason for resorting to prob- 
abilistic techniques. Cracks are considered to be very long relative to their depth, so that only 
the depth, a, is required to describe their size. There are three major aspects to describing the 
random nature of  initial cracks: the probability of  cracks existing (crack or undercut existence 
probability), the size distribution of a crack or undercut, and the location distribution (surface 
connected crack or distance from plate surface to center of  internal cracks). 

Distribution of Weld Cracks--The crack size distribution provides the description of the 
probability of  having a crack in a given depth increment (given that a crack exists). Little infor- 
mation exists that completely characterizes the frequency and size distribution of welding 
defects that are typical of  Navy ship fabrication practices. 

After an extensive literature search, the results of  Bokalrud [15] were selected to define the 
frequency and size distribution of  defects in ship weldments. His data are from the results of 
ultrasonic inspection, and therefore, contain uncertainty due to nondetection of some cracks 
and errors in sizing of  detected cracks. Two depth distributions were therefore developed: (1) 
a Weibull distribution based on his reported defect data, and (2) an exponential distribution 
based on his two largest crack depth histogram cells. The treatment leading to the exponential 
distribution is felt to represent an upper bound on the number and size of  weld defects. 

The following depth distributions were obtained using Bokalrud's data: 

Weibull 

P ( > a )  -- exp [ - ( a / a )  ~1 (2) 

where a = 3.90 mm (0.154 in.) and n = 2.49. 

Exponential 

P ( > a )  = exp [ - (a /B)]  (3) 

where B -- 0.930 mm (0.037 in.). 
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These depth distributions, which are conditional on a crack being present, are considered 
to be applicable to weld metal and HAZ material. The location through the thickness was 
taken to be uniformly distributed. 

The weld defect existence frequencies were also estimated from the data of  Bokalrud [15]. 
As described in Ref 14, the following estimates were made to go along with the depth distri- 
butions discussed earlier. The frequency of  weld defects per unit area of fusion surface corre- 
sponding to the two preceding crack depth distributions were estimated to be 

Weibull: 7.6 • 10-4/infl = 1.2 • 10 6/mm 2 
Exponential: 2.1 • 10-2/in. 2 = 3.3 • 10 5/mm2 

These crack existence frequencies combine with the (conditional) crack depth distribution to 
describe the overall probability of  having a crack of  a given depth in a weld. 

Material Property Distributions 

The material properties that enter into the criterion for final failure are random. The scatter 
in these properties results in a distribution of  the critical crack sizes, even when the applied 
loads and strains are considered to be deterministic. This distribution of critical crack sizes will 
influence the failure probability, which in homogeneous materials is simply the probability of 
having a crack of  a size larger than the critical size. In this model, the distribution of  critical 
crack sizes gives the probability of  crack growth initiation. If the crack is growing in the HAZ, 
the crack still has the possibility of  arresting if  it grows into a region with a toughness that is 
sufficiently high. 

In ductile materials, such as HSLA-80 weldments, the crack driving force may be taken to 
be the J-integral. J-integral solutions depend on the yield strength, strength coefficient, and 
stress exponent distributions for each weldment region. These values were used as random 
variables that are a function of  temperature. 

The material property that enters into the final failure criterion in elastic-plastic fracture 
analysis is J~c. For  steels, toughness usually undergoes a transition from ductile to brittle frac- 
ture at a temperature related to the Charpy fracture appearance transition temperature 
(FATT). Existing experimental data on HSLA-80 were used to estimate the distributions of 
FATT values for the base plate, weld metal, LBZs, and gaps. The temperature dependence of  
J~c was expressed through the excess temperature (T-FATT), for the weld metal and base plate 
LBZs, and gaps. 

The required mechanical property and fracture toughness data were collected from a wide 
variety of  sources. In the case of  base plate data only HSLA-80 or A710 data for Grade A, Class 
3 steel and only data for plates with thicknesses between 13 and 33 mm was used. For the weld 
metal most of  the available data was used since plate thickness and welding process were con- 
sidered to be second order effects for this material. However, the data from flux cored arc welds 
were excluded since this material appears to have had some problems meeting toughness 
requirements in the past. All the data on the properties of regions of  the HAZ have come from 
Scoonover's extensive experiments on HSLA-80 steel, which was Gleeble heat-treated to sim- 
ulate actual welding thermal cycles [3, 7]. 

Yield Strength 

The average yield strength of  the base plate at room temperature was found to be 609 MPa 
with a standard deviation of  24.5 MPa calculated from data on many heats of HSLA-80 and 
A710 [16-19]. The yield strength at a given temperature was assumed to be distributed nor- 
mally. The temperature dependence of the average yield strength from tension tests was Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015

Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



EISELSTEIN ET AL. ON PROBABILISTIC FRACTURE MECHANICS 817 

obtained from Ref 18 and described by 

ln(~ys(T)) = 6 4 . 2 6 ( 1 ) + 6 . 1 9 4  for base metal (4) 

/ 1 \  
ln(~,,,(T)) = 6 4 . 2 6 ~ )  + 6 . 2 5 6  for weld metal (5) 

ln(~,.s(T)) = 6 4 . 2 6 ( 1 ) + 6 . 2 1 6  for LBZ metal (6) 

where 

~.s = average yield strength (MPa) and 
T = temperature (K). 

The gap material average yield strength, standard deviation, and temperature dependence 
of  the mean yield strength were taken to be the same as the base plate, since no tensile data 
were available and since the gap material microhardness was similar to the base plate material 
[7]. The room temperature base metal standard deviation of 24.5 MPa for the yield strength 
was assumed to be applicable to all materials at all temperatures. 

Strain Hardening 

The strain hardening response of  these materials was modeled as 

n 

,7, 

where 

Ep = true plastic strain, 
a = true flow stress, 

D = strength parameter, and 
n = stress exponent. 

The average stress exponent, n, at room temperature for base metal was calculated from data 
in Refs 3 and 19 and was found to be 8.3 with a standard deviation of 1.21. The stress exponent 
was assumed to be distributed normally and have a constant standard deviation, of 1,2 l, over 
the temperature range of interest ( -  17 to 20"C). The temperature independence of n over the 
temperature range of  interest was confirmed by reviewing data on similar materials reported 
in Refs 17 through 19. 

The values of  n and D can not be treated independently. The following relationship was 
developed to describe the variation of  the strength parameter (D) with temperature and stress 
exponent for the base plate metal. 

ln[D(T,n)]= 6 4 . 2 6 ( 1 ) + 4 , 7 9 3 +  6 .215 (1  - 1 )  (8) 

where 

D(T,n) = temperature and stress exponent dependence of the strength parameter and 
= mean stress exponent at room temperature. 

Since n is a random variable, so is D. Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
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The strain hardening response of  the weld metal was assumed to be the same as that of the 
base plate since no relevant data could be found for weld material. 

The average stress exponent,  n, of grain coarsened HSLA-80 (LBZ) was found to be 13.5 
with a standard deviation of  1.57 as determined from tension tests on HSLA-80 that had been 
given an LBZ-producing thermal cycle [3, 7]. The stress exponent was assumed to be distrib- 
uted normally and have a constant standard deviation, of  1.57, over the temperature range of  
interest. The temperature and stress exponent dependence of  the LBZs strength parameter was 
assumed to have the same form as was determined for the base plate material, with, of  course, 
the appropriate constants. 

The strain hardening response of the gap material was taken to be identical to that of  the 
base plate since relevant data could not be found. 

Base Plate Toughness Properties 

The fracture toughness of  a material has an important  influence on the critical crack size, 
and its value must be estimated in order to estimate when a flaw will grow. The value of the 
fracture toughness in steels is highly temperature-dependent and subject to considerable vari- 
ation. The temperature dependence is generally expressed through the "excess temperature," 
which is denoted as T'  and is equal to (T-FATT). FATT is the temperature at which the frac- 
ture surface o f a  Charpy specimen exhibits 50% fiat fracture (cleavage). FATT was estimated 
by using the temperature corresponding to the midpoint  between the upper and lower CVN 
energies. The FATT for the base plate (A710 or HSLA-80) data from Refs 7, 16, 18, and 19 
was found to have an average value of  - 72"C with a standard deviation of  18.6"C. FATT was 
assumed to be distributed normally and is, by definition, independent of  temperature. 

For this analysis, J~c is needed to determine when cracks extend. There were limited JJc data, 
and they were used when available. However, when they were not available, CVN or K~c data 
were converted to J~c. When CVN data were used, procedures described by Rolfe and Barson 
[20] were employed by converting them to J~c. Figure 5 provides a plot of  all of the available 
Jic data for base metal as a function of  excess temperature. 

The statistical distribution of  the fracture toughness at a given excess temperature for the 
data set of  Fig. 5 was characterized by use of  a maximum likelihood estimation technique [9] 
to estimate the temperature dependence of  the parameters of  a shifted Weibull distribution 
that describes the scatter in the fracture toughness at a given excess temperature. This proce- 
dure assumes that at a given excess temperature (T')  the probabili ty density function is a one- 
sided Weibull distribution with parameters that depend on the excess temperature. The 
parameters of  the distribution (J0, a, n) are fit to vary as a function of  excess temperature 
(T') ,  as outlined in Ref  21. 

This assumed temperature variation has a lower plateau at small T', an upper plateau at 
large T', with a transition of  variable location and abruptness. Figure 5 presents plots of the 
resulting zero, first, tenth, fiftieth, and ninety-ninth percentiles of  the distribution of toughness 
as a function of  excess temperature for the base plate. 

Weld Metal Toughness 

The FATT for the weld metal  was found to have an average value of  - 33.2"C with a stan- 
dard deviation of  18.8" C [ 7,18]. The FATT data were estimated from CVN data using the 
same method deseribed earlier for the base plate. 

The same probability distribution function used to describe the temperature dependence of 
toughness of  the base plate was also assumed for the weld metal, but  different parameters were 
determined to describe weld metal toughness distribution. 
Copyright by ASTM Int ' l  (all  rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.



EISELSTEIN ET AL. ON PROBABILISTIC FRACTURE MECHANICS 819 

1500 

t400 

t300 

i200  

t t 0 0  

lO00 

9o0 
X 
Z 

BOO 

700 

Base Meta l  Toughness 

, , + . &  . 
600 :§ L~ ~ * 

+ f#l ~ ~"  + 
500 ~ i' "+§ . ~ -  ~ -  . . . . . . . . . . . . . . . . . . .  

, o o  : 
,+ _,_+__+ . . . . . . . . . . . . . . .  , . . . .  

~oo ,~'~2 ~ "  
loo ~ _ _ ~ _ ~ _ _ + : -  " ' .- 

�9 I , '  , , . i . . . .  ! . . . .  

~- . . . . . . . . . . . . . . . . . . . . . . . . .  99Y* 

+ 

+_ . . . . . . . . . . . . . . . . . . . . . . . . . .  90~* 
14" / 

i I" § 

j~ 

50X 

Ig 

o -30~ -200 - l o0  0 too 200 300 
T-FATT [C] 

FIG. 5--Base metal fracture toughness versus excess temperature for HSLA-80 Grade A, Class 3, show- 
ing selected percentiles of distribution. 

L B Z  Toughness Properties 

The FATT for the LBZs was estimated from CVN energy data to have an average value of 
- 6.7~ with a standard deviation of  I I*C [ 7]. The FATT data were estimated from CVN data 
using the same method described for the base plate. 

The same probability distribution function used to describe the temperature dependence of 
toughness of  the base plate was also used for the LBZs. However, the parameters for the LBZ 
toughness distribution were different. Figure 6 presents plots of the resulting zeroth, first, 
tenth, fiftieth, and ninety-ninth percentiles of  the distribution of  LBZ toughness as a function 
of  excess temperature along with data points estimated from CVN values [ 7]. 

Gap Toughness Properties 

The statistical distribution of  gap material toughness for a given excess temperature (T')  was 
assumed to be identical to that of  weld metal, since very little gap CVN data are available. Gap 
metal FATT was found to have an average of  -- 34"~ with a standard deviation of 1 l ' C - -  
based on estimations from CVN data [ 7]. 

Results and Discussion 

The underlying deterministic elastic-plastic fracture mechanics treatment described here 
was combined with Monte Carlo simulation using the statistical distributions of  random input 
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variables to evaluate me Ianure prooaollity as a tuncuon oI strain Ior a g~ven temperature. 
Calculations were performed for many sets of  inputs and are reported in Ref 14. Selected 
results are presented here. Monte Carlo simulation results reported in Ref 14 indicate that the 
crack depth distribution employed (Weibull or exponential) has a large affect on the calculated 
failure probabilities. Alternatively, these simulations show the strain concentration has only a 
small influence at appreciable plastic strain levels. The size and location of LBZs in the two 
welds considered was deterministically defined, based on microstructural observations of  rep- 
resentative welds. 

The probabilistic model described in Ref 14 considered inclusions and weld undercuts as 
additional types of defects. It was found that failure due to inclusions has a very low probability 
at the strain levels considered, and a distribution of  undercut depth and root radius based on 
data from Bokalrud [15] had a minimal influence on predicted weld failure probability. 
Hence, this paper concentrates on crack-like weld defects. Undercut  defects may be more 
influential in fatigue, but the present discussion is limited to monotonic straining. 

Figure 7 presents typical results, which are for the two welds depicted in Fig. 2. Results are 
presented as a function of applied plastic strain for two different temperatures. (The length of  
weld fusion line is twice the length of weld.) The Weibull depth distribution of Eq 2 was 
employed, and results are for a weld fusion line length of 25.4 mm. The exponential depth 
distribution results are not presented since it represents an upper bound and over predicts fail- 
ure rates as based on explosive bulge tests. 

The results of  Fig. 7 can be extended to other lengths of weld by considering each segment 
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FIG. 7--Effect of  plastic strain on the fusion line failure probabilities of  19- and 5 l-ram-thick plate with 
25.4 mm (1 in.) of weld interface. 

of weld fusion line to be independent. For a length of  weld, L ,  (which gives 2L,. length of fusion 
line), the failure probability, in terms of the values shown in Fig. 7, are 

P(Lw) = 1 - (1 -- PRer) aL~cLRef (9) 

where PRef is in Fig. 7, with LRer being 25.4 mm. 
The failure probability in Fig. 7 is higher for the thicker weld, primarily because of the higher 

probability of  having a weld defect in a given length of thicker weld. The failure probabilities 
"plateau out" independent of  temperature at higher plastic strains. This plateau is largely con- 
trolled by the probability of  having a weld defect. 

Figure 8 presents results showing the effect of  toughness o f H A Z  microstructure on the fail- 
ure probability of  the weld fusion line for 19-mm-thick plate subjected to 1% plastic strain. 
Results were generated using the Weibull crack depth distribution for 25.4 mm of fusion line 
length. The lines labeled base, gap, and weld consider all the metal on the weld fusion line to 
have the toughness of base, gap, and weld metal, respectively. Results for gap and weld metal 
are nearly the same, because the toughness distribution at a given T'  is the same for both mate- 
rials and the distribution o f  FATT is only slightly different. The detrimental effect of  LBZs on 
weldment performance is shown by including regions of LBZ and base or gap toughness dis- 
tributed along the fusion line as shown in Fig. 1. This detrimental effect is shown in Fig. 8. The 
presence of  LBZs increase the weld failure probability by a factor of  2 to 10, depending on the 
temperature. 
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Comparison with Explosive Bulge Test Results 

The accuracy of predictions made of  the influence of  LBZs on weldment failure can be 
checked qualitatively by comparing these predictions with the results of explosive bulge tests. 
These tests were developed around 1950 to investigate the factors that determine the perfor- 
mance of  weldments in large structures [22], and consist of  either an explosive crack starter or 
explosive bulge test. 

Table 1 summarizes the results of  some explosive bulge tests on HSLA-80 steel. The results 
are for a standard 254 m m  (10 in.) length of  weld (508 mm of weld fusion line) subjected to 
about 10% strain at - 17"C. The results show zero failures out of ten specimens of 19 mm 
thickness and two failures out of two specimens for 51 mm thickness. Table 2 summarizes the 
observations and predicted failure probability at the weld fusion line calculated by use of Eq 
9 and information from Fig. 7. Also included in Table 2 are corresponding predicted failure 
probabilities in the weld metal based on results from Ref 14. The thicker plate is predicted to 
have a higher failure probability, which agrees with the observations. Also, the failure proba- 
bility in the weld metal is predicted to be higher than at the weld fusion line, which points out 
the minimal effect of  LBZs on weld reliability. The number of  samples is very small, so no 
quantitative comparison can be made. 
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TABLE l--Summary of results of explosive bulge tests (~10% strain at -17"C, 254 mm of weld 
length). 

Heat Input, Inclusion Thickness, Test Number of Number of 
Producer Weld Type kJ/cm Control mm Type Tests Failures 

GMAPW 18 yes 19 starter 2 0 
Phoenix 

bulge 2 0 

Lukens SAW . . . . . .  19 starter 2 0 
bulge 4 0 

Phoenix GMAW 22 yes 51 starter 1 1 
bulge 1 1 

Armco GMAW 22 yes 33 starter 1 0 
33 bulge 1 1 

Results for 33-mm-thick  plate included in Table 1 show a failure at higher heat input. This 
is consistent with observations o f  thicker and more  cont inuously distributed LBZs when 
higher weld heat  inputs are used. 

Conclusions 

Probabilistic fracture mechanics  model ing  o f  HSLA-80 steel weldments  has shown: 

I. The  failure probabilit ies of  these weldments  are domina ted  by the distr ibution o f  weld 
metal  defects. 

2. The  WeibuU representation o f  defect distributions appears to give failure probabilities 
that are in reasonable qual i ta t ive agreement  with large-scale tests performed by the Navy. 

3. The  effect o f  size, distribution, and toughness of  LBZs and gaps in the H A Z  on failure 
probabili t ies at the 10% strain level is small because failure is mainly  control led by the 
presence o f  defects. At lower strain levels, the failure probabilit ies are more  sensitive to 
these H A Z  choracteristics and show a greater temperature  dependence,  but  this effect is 
not  large. On  this basis, one concludes that the measured H A Z  characteristics do not 

TABLE 2--Summary of observed failure during explosive bulge 
tests and corresponding predicted failure probabilities. 

Thickness, mm 19 51 

Samples 10 2 
Failures in fusion line 0 0 
Failures in weld metal 0 2 

PRef, fusion line a 8.0 • 10 -4 1.75 • 10 -3 
P~f, weld b 3.3 • 10 -3 8.80 X 10 -3 

Pt~t, fusion line c 1.6 • 10 -2 3.4 • 10 -2 
Ptest, weld d 3.3 X 10 -2 8.4 X 10 -2 

a From Fig. 7. 
b From Ref 14, Table 6. 
c Pt~t = 1 - (1 - PRa) 2L~/LRet where LRef = 25.4 m, Lw = 

254 ram. 
a p ~  = 1 - (1 -- PRef) s where weld results are per unit 

length. 
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have a significant influence on large strain failure probabilities. For high-cycle fatigue 
failures, where strains are in the elastic region and concentrated at the toe and root of  the 
fusion line, HAZ characteristics may have a greater significance. 

4. The model predicts that thick plates will have higher failure rates, primarily due to the 
increased probability of  weld defects. However, metallurgical factors can also cause the 
toughness to be lower in thick plates, and this may be one cause of the explosive test 
failures of  the two weldments made from 5 l -mm-thick plate. 

5. Since predicted failure probabilities are higher in the weld metal than in the HAZ, the 
presence of  LBZs in the HAZs of  HSLA-80 steel weldments should not significantly 
increase the probabili ty of  weldment failure under conditions of  large plastic strains. 
However, this conclusion is not valid for very high heat-input, single-pass weldments 
where LBZs form a more continuous path along the fusion line. 
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ABSTRACT: Pressurized pipelines of extruded ductile polyethylenes can, under severe condi- 
tions, fail by brittle rapid crack propagation (RCP). Critical pressures, below which RCP always 
arrests, have been measured for grades of medium-density (MDPE) and modified high-density 
polyethylene (HDPE) pipe, using a small-scale test. For 180- to 250-mm-diameter pipe of I 1- to 
24-ram wall thickness, HDPE performs much better than MDPE; but both materials show tem- 
perature, crack velocity, and thickness-promoted ductile-brittle transitions, beyond which their 
behaviors converge. Instrumented Charpy impact tests reflect the transitions, but only qualita- 
tively. High-speed double-torsion tests for dynamic crack resistance across a spectrum of crack 
velocities yield only plane-strain data, even at 0*C and for specimens only 6 mm thick. They 
therefore do not help to locate the thickness-dependent fracture transition, but more efficiently 
characterize the worst case of a highly constrained crack in a thick pipe. 

KEY WORDS: rapid crack propagation, polyethylene, pipelines, crack arrest, brittle fracture, 
Charpy test, dynamic crack resistance, fracture mechanics, fatigue (materials) 

Full-scale field tests on pressurized plastic pipelines have shown that above a critical pres- 
sure, Pc, a crack initiated at sufficient velocity in the axial direction can continue to propagate 
indefinitely. Rapid crack propagation (RCP) is characterized by speeds of about 100 to 350 
ms-  ~, and by the brittle response of materials that may be very ductile under quasi-static con- 
ditions. The critical pressure falls with increasing diameter and decreasing temperature, and 
is strongly material dependent  [1]. 

Similar experiments show that for gas pressurization, Pc is much lower than for water [2]. 
For reasons that are not obvious, the threat that RCP could pose to the gas distribution indus- 
try is perceived differently in the United States and in Europe. In the United States, RCP was 
investigated in depth following early failures in gas-pressurized steel pipelines in the early 
1960s; a more recent overview of  research is provided by papers in A S T M  STP 711 [3,4]. The 
Charpy test proved to provide an effective pass-fail index for ductility in pipeline steels, and 
service failures became rare. The problem regained attention when unplasticized polyvinyl 
chloride and polyethylene grades entered widespread use for local distribution networks and, 
despite some research effort [5], has not been satisfactorily solved; nor has it been pushed fur- 
ther up the agenda by the occurrence of  service failures. 

Within Europe, pipe sizes are larger and RCP is more widely acknowledged as a critical fail- 
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ure mode. Individual national standards have been set, notably by British Gas (which certifies 
pipe for service only up to a proportion of the full-scale test critical pressure) and in Belgium, 
within which the small-scale test developed by Vancrombrugge has been standardized. It has 
now been proposed to an International Standards Organization (ISO) Subcommittee that fol- 
lowing the forthcoming revision of ISO 4437 [6], a small-scale RCP test on pipe should 
become mandatory. Forthcoming European standards, too, will include an RCP test. 

Full-scale tests must serve as the ultimate reference, but they are extremely expensive. In 
work at Imperial College, we have sought a Pc prediction methodology that can minimize the 
need for them. To be reliable and economically feasible--for material developers as well as for 
gas utilities and pipe manufacturers--this methodology must embody several interlocking 
elements. 

First, we will discuss reference data for critical pressure, pc, from full-scale tests. We regard 
the British Gas full-scale test method [ 1, 7] as definitive, and a systematic correlation with our 
results is currently being pursued via a collaborative project. 

Second, a "model" of RCP in pipelines, which can relate Pc to pipe dimensions and material 
properties and to the properties of the contained fluid (for example, gas or water), will be cov- 
ered. The simplest model, assuming that crack propagation completely and instantaneously 
releases strain energy stored in the pipe wall, leads to the Irwin-Corten equation 

(1) 

where D and t are the pipe diameter and thickness (often related by a standard dimensional 
ratio, SDR = D/t), and E and GD are the dynamic tensile modulus and dynamic crack resist- 
ance of the pipe material, respectively. This equation serves a useful normalizing role, but the 
model neglects the influences of crack velocity, of the properties of the contained fluid, and of 
decompression ahead of the crack tip. More sophisticated modeling is discussed later. 

Third, we will investigate small-scale laboratory "material tests" for geometry-independent 
properties that, according to the model, control Pc. For the Irwin-Corten model underlying 
Eq 1, these are E and Go. This paper reviews the use of Charpy and of high-speed double- 
torsion tests [8] for generating Go data relevant to RCP. 

Finally, a "small-scale pipe test" for RCP is needed. This must be abstract enough to model, 
so that correlations with the full-scale test are feasible; but realistic enough to reflect the fact 
that extruded pipe is not simply a set of dimensions enfolding an isotropic and homogeneous 
material, but records (for example, as residual stress and crystallinity profiles) its production 
history. We have developed the small-scale steady-state ($4) test [ 9,10] that has already shown 
encouraging correlation with full-scale test results [ 7,11]. 

Full-Scale and Small-Scale Pipe Tests: Material Dependence 

Crack Propagation and Arrest in Pressurized Pipes 

Medium-density polyethylene (MDPE) is currently the most widely used material for gas 
and water distribution systems. Most MDPE grades yield broadly similar Pc results in full-scale 
tests. For MDPE-1, a typical resin, the critical pressure for 250-mm-diameter SDR 17.6 pipe 
is 6.1 bar at 0*C. Recently introduced "third-generation" grades based on high-density poly- 
ethylene (HDPE) perform much better, with RCP effectively unobtainable in full-scale tests 
at any statically sustainable pressure at 0~ 

These results are reflected by the $4 test [8, 9] whose standardization has been recommended 
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to the International Standards Organization. This method tests a seven-diameter-long speci- 
men of  as-extrnded pipe (Fig. 1). An axial crack is initiated near one end in wedge opening by 
radial impact from a chisel-ended projectile. This crack runs into a second, isolated "gage sec- 
tion," within which, depending on the controlled pressure, it either arrests promptly or settles 
into steady propagation at a uniform velocity. 

The transition from arrest to propagation at the critical pressure, termed pcs4, defined within 
the draft standard as crack propagation to a length of  less than one diameter from the end of 
the gage section, is very sharp. Figure 2 compares Pcs4 results for 180-mm pipe of MDPE- 1 and 
HDPE-2 (a third-generation gas pipe grade) over a range of  temperatures. To promote rapid 
settling to steady-state crack propagation in the $4 test, internal baffles throttle flow along the 
pipe and thus retard transient decompression of  the specimen during fracture. In a full-scale 
test, however, flaring of  the separated flaps allows free exhaust of  the pressurizing gas, greatly 
extending the length of  axial crack propagation required for settling to a steady state. One- 
dimensional modeling has shown [ 12] that the minimum possible pressure at a fixed point in 
a long air-filled pipe freely and steadily exhausting by choked axial outflow is 28% of the 
upstream value. Thus, while the crack-tip region in an $4 test is maintained at almost the full 
initial pressure, in a full-scale test it may have been unloaded to 28% of this level but no less. 
Results for similar materials tend to confirm that the $4 test identifies a critical pressure, pcs4, 
that is only 28% of the full-scale Pc value. 

The Ductile-Brittle Transition: Minimum Crack Speed 

In fracture mechanics terms, crack arrest can be explained as an inequality between the gen- 
eralized force driving a crack, G, and the frictional force, Go, with which the material resists 
it. Crack arrest does not necessarily reflect a transition in the response of  the material, but may 
result from an insufficient energy release rate. Fracture surfaces from full-scale and $4 tests, 
however, do suggest that crack arrest in polyethylene (PE) is associated with a ductile-brittle 
transition (DBT). 

Figure 3 shows that as the $4 test pressure is reduced from an initial value well above pcs4, 
the average axial crack velocity through the gage section also falls. Stress whitened "tear lips" 

Initiation zone Gauge length 
,~ I~ >4,5 D 

~ q l "  Diameter D 
Test I~ece 

Anvil Isolating Decompression 
seal cage rings baffles 

FIG. l--Schematic diagram of the small-scale steady-state ($4) test for rapid crack propagation resist- 
ance of pipe. 
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at the free boundaries of  the fracture surface grow in width, the overall fracture surface rough- 
ness increases, and arrest is associated with a minimum sustainable crack velocity of about 
150 ms- ~ at - 150C. At 0*C, the minimum crack speed is lower: about 70 ms- ' .  

Although arrest clearly follows a rate effect on the material resistance, crack driving force is 
also crack speed dependent. The velocity independent crack driving force implied by Eq 1, 

7r  D s 
(70 = ~---~-7- f (2) 

originates in strain energy released from the pipe wall by circumferential relaxation. Kanninen 
[ 13] has shown that this deformation mode has a propagation velocity 

Co=- c, (3) 

where Ct is the longitudinal wave velocity 

(4) 

in a pipe material of  density, p. At high crack speeds--approaching C0--the deforming pipe 
wails acquire significant kinetic energy, which must be deducted from the energy'release rate, 
Go, to the crack tip; thus, as for waveguide-type systems in general, G may have the form 

E ( 0;1 G = Go 1 - (5) 

Above Co, no energy can flow to the crack tip. For MDPE-1 of  dynamic modulus, E = 2.32 
GPa, and density, p = 940 kgm -3, this implies a limiting crack velocity of  400 ms -1, which is 
well supported by the data. 

At low crack speeds, decompression by axial backflow and radial outflow becomes signifi- 
cant even in the $4 test, due to leakage around each baffle. As a result, as Kanninen [14] has 
demonstrated using a coupled elastodynamic/fluid-dynamic numerical model of  a freely 
decompressing pipeline, the crack driving force, G, has the general form shown in Fig. 4. The 
peak crack driving force, at intermediate crack velocities, may be several times greater than 
Go as predicted by Eq 2. The additional crack driving force is applied directly, by gas expansion 
against the released pipe walls, as they flare behind the crack front. 

Superimposed on Fig. 4 is an assumed Go(d) characteristic for PE, in which the observed 
brittle-ductile transition is reflected in inverse rate dependence at low crack speeds. Points at 
which the curves intersect on the stable branch 

d 
~-~ (G - GD) < 0 (6) 

represent stable rapid crack propagation conditions and are therefore limited, as shown, by a 
minimum sustainable velocity "independent" of  the ductile-brittle transition (DBT). 
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FIG. 4--Schematic of driving force and resistance for rapid crack propagation in a pressurized pipeline. 

The Ductile-Brittle Transition: Temperature Effects on Critical Pressure 

$4 pipe testing at varying temperatures, highlights ductile-brittle transitions in MDPE- 1 and 
HDPE-2 (Fig. 2), emphasizing that these materials differ less in their RCP resistance on the 
lower plateau than in their DBT temperatures: around - 5 " C  for MDPE-1 and - 3 0 " C  for 
HDPE-2. There is insufficient data to quantify the difference in lower-shelfpcs4, but it is clearly 
less than 50%. 

A significant feature of  Fig. 2 is the lack of  thickness effects in MDPE on the ascent from the 
lower shelf: SDR 11 and SDRI7.6 pipes show similar Pcs4 values despite their 60% thickness 
difference. According to Eq 1, this would imply that a thicker wall exhibits lower dynamic 
toughness, for a material in which a lower temperature has the same effect. This equivalence 
of  decreasing temperature and increasing thickness in their effect on the DBT is common in 
polymers. The data here are incomplete: tests are needed to show that Eq 1 yields formally 
correct predictions for the dependence of  lower-shelf Pcs4 on geometrical parameters. Data 
from British Gas full-scale tests [ 7] suggest that it will. 

Thus, two parameters seem to be crucial to characterizing pipe performance: the lower-shelf 
critical pressure and the characteristic temperature of the DBT. We have considered two can- 
didates for material property tests that could be used to index the distinction between MDPE 
and HDPE in a geometry-independent way: 

1. The notched Charpy "impact" test--This widely accepted classical test can be used to 
identify a DBT temperature or, using fracture mechanics analysis, to estimate crack ini- 
tiation resistance. 

2. The high-speed double-torsion (HSDT) test--This has been developed at Imperial Col- 
lege over the last few years as a method for determining dynamic fracture toughness, Go, 
as a function of  crack speed. 
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Charpy Impact Tests 

Notched Charpy impact tests were carried out, over a range of  temperatures, using a CEAST 
instrumented pendulum machine. The 5-mm-wide by 10-mm-deep by 40-mm-span speci- 
mens were machined from the pipe wall, with the notch running parallel to the pipe axis and 
the crack initiation direction oriented radially outwards. For most temperatures, the initial 
razor-notch depth was 2 mm in all tests, but at three temperatures ( -  15~ 0~ and 23"C) in 
each material, tests were carried out using notch depths of  2, 4, and 6 ram. Tests were carried 
out at 1.6 ms -~. 

The fracture surfaces (Fig. 5), arrayed according to test temperature, manifest the DBT as a 
"nil-ductility temperature:" stress whitening in the least constrained areas appears above 
about - 5~ in MDPE- 1 and - 55~ in HDPE-2. 

Figures 6 and 7 show impact energy release rate results from a fracture mechanics analysis 
[ 15 ] of  both peak load and total energy data. Each individual data point represents the average 
for three or four tests. Plotting both peak-load and total-energy results on the same graph 
shows, for each material, the temperature at which the "tail" of  the force-time trace begins to 
absorb substantial energy. As expected, this point corresponds closely to the phenomenolog- 
ical DBT. 

The energy release rate calculated from peak load during impact, Go,, can be interpreted as 
a dynamic crack initiation resistance. The lower shelf Gd value for HDPE-2 is very well defined 
at 11.5 kJ m-5; but for MDPE- l, Gci is still apparently falling with temperature even at - 60~ 
at which it is 3.8 kJ m -2. Unfortunately, increased scatter with decreasing toughness is to be 
expected from Charpy data analyzed from the BD,~ method, since Gci is evaluated as a small 
difference between larger energy release rates subject to random and dynamic errors [15]. 

High-Speed Double- Torsion Tests 

While the Charpy impact test measures the resistance of a material to crack "initiation" 
under rapidly increasing load, the high-speed double-torsion (HSDT) test [4] is a dynamic 
fracture test: it provides data for resistance to steady dynamic crack "propagation," GD, as a 
function of  crack velocity. The HSDT specimen resembles a wide-span (100-mm) and 
extremely broad (200-mm) Charpy specimen, four-point loaded by impact of a projectile 
opposite one end of  the V-notch. Having initiated in impact, however, the crack continues to 
run along the length of the specimen, guided by the V-notch, at an almost constant velocity 
controlled by that of  the projectile. Behind the crack front, the specimen deforms in torsion. 
Although the specimen is only 6 to l0 mm thick, and the crack path even narrower, the tor- 
sional deformation mode makes the crack front long and curved [16], providing high con- 
straint. Any possibility of  ductile tearing and hinging at the free surface opposite the V-notch 
is suppressed by cutting a second, shallow, very sharp sidegroove. 

A maximum crack velocity is imposed by that of  the torsional wave that propagates along 
the specimen from the initiating impact, and the torsional wave velocity is a fraction, deter- 
mined by specimen thickness and span, of  the material shear wave speed. This provides a 
direct method for measuring an appropriate dynamic shear modulus for the material. An 
HSDT test is carried out on a specimen that has already been separated along its crack path, 
and rejoined only at the end furthest from impact. In such a test, the specimen exerts a resisting 
force induced by inertial "dynamic impedance" alone [ 17], from which the dynamic modu- 
lus, E, can be measured at appropriate shear strains. 

Figures 8 and 9 show dynamic crack propagation resistance as a function of crack velocity 
for MDPE-1 and HDPE-2. Although these materials are known to be very resistant to low- 
speed tearing, the data show remarkably low- and velocity-independent crack resistance above 
some characteristic velocity. Below this velocity (about 160 ms- ~ for MDPE- l and 130 ms- 
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FIG. 5--Notched Charpy impact test specimens showing welt-defined ductile-brittle transitions in (a) 
MDPE-1 and (b) HDPE-2. Each specimen cross-section is 5 by 10 ram. 

for HDPE-2), stick-slip crack growth occurs, indicating an inverse velocity dependence, Go, 
that may reflect the DBT. A minimum viable crack speed is also observed in pipe tests, but in 
both tests it is too poorly defined to serve as a measurable characterizing parameter. The max- 
imum observable crack velocity in the HSDT test corresponds closely to the torsional wave 
speed, underpinning the analysis used to compute GD from displacement data using a one- 
dimensional torsional wave model [17]. 
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The Go data show some scatter (less significant when it is used in Eq 1, due to the square 
root). Since the focus of  interest is low velocities, reflecting proximity to the DBT, the two 
materials could be characterized by the average Go (3 kJ m -2) for MDPE-I and a minimum 
velocity "intercept" value of  6 kJ m -2 for HDPE-2, whose gently falling characteristic is not 
so well characterized by its average. 

Figure 10 shows data for another MDPE grade, in which tests were conducted on specimens 
of  two thicknesses, both with and without an upper razor-cut sidegroove. All of  the data fall 
on a single characteristic, confirming the absence of  intrinsic thickness effects and suggesting 
that the ductile layer near the upper plate free surface has relatively minor influence on mea- 
sured Go. 

Thickness Effects in the $4 Test 

RCP Behavior of Notched Pipes 

The low values and crack-speed independence of  Go data generated using the HSDT test 
suggest that if the crack front in a pipe were highly constrained, either by low temperature or 
by a very thick pipe wall, the performance of  MDPE- 1 and HDPE-2 would be more similar 
than the 180-mm $4 pipe test data for SDR l I and 17.6 (Fig. 2) suggest. In particular, we 
would expect to see RCP in HDPE-2 at 0*C. 

Fracture surfaces created by RCP in PE pipe normally show more ductility at the bore than 
at the outside diameter. To suppress this, $4 tests were carried out on 180-mm SDR11 speci- 
mens of  MDPE-I and HDPE-2 modified by a l-ram-deep axial razor cut along the entire 
length of  the bore. The intention was to generate RCP in the minimum toughness state. 

These specimens showed remarkably low critical pressures. For MDPE-I Pcs4 at 20"C 
dropped to 1.0 bar; while for HDPE-2, in which RCP had been previously impossible even at 
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0*C, Pcs4 at 20"C was just 1.5 bar. Fracture surfaces bore a striking resemblance to those in 
HSDT specimens: glassy throughout the full thickness, showing only quasi-brittle surface fea- 
tures. For HDPE-2, Pcs4 continued to fall at lower temperatures (0.8 bar at 0*C, 0.75 bar 
at - 15"C), while MDPE pipes fragmented, making tests impossible. 

Table 1 compares these measured $4 critical pressures to those predicted by the Irwin-Cor- 
ten analysis (Eq 1, using E and Go data from the HSDT test). For conditions under which the 
underlying theory should be most realistic (that is, minimal reduction of  the driving force by 
decompression, increase of  the driving force by flaring, or increase of  the crack resistance by 
surface plane-strain deformation), the critical pressures predicted from the strain-energy 
release theory are an order of  magnitude too high: that is, the driving force due to strain energy 
(Eq 2) is two orders of  magnitude too small to pay for the crack. 

It is interesting to estimate the radial distance by which the pressurized fluid would need to 
expand at the critical pressure to provide all of the work absorbed by the fracture surface 

Go t 
re - (7) 

Pc ~rD 

This is just 0.87 mm for MDPE-1 and 1.16 mm for HDPE-2, which is considerably less than 
even the limited pipe wall flaring allowed by the $4 test. These results lead to the overall con- 
clusion that crack arrest in a gas-pressurized polyethylene pipeline is little affected by the 
release rate of  elastic strain energy from the pipe wall. It is primarily determined by the point 
at which a crack driving force generated primarily by pipe wall flaring, and thus depleted by 
gas decompression at low crack speeds, is overwhelmed by the increased crack resistance of 
the material at its DBT. 

RCP Behavior o f  Thin- Walled Pipes 

The way in which decreasing thickness affects the DBT was studied more closely by reducing 
the wall thickness of  $4 specimens in a series of one-diameter-long steps. A fast crack was gen- 
erated in the usual way, penetrating the gage section at full wall thickness. Crack propagation 
velocity measurements showed that each subsequent reduction in thickness quickly (within 
0.2D) decelerated the crack to a new steady velocity. Finally, the crack reached its minimum 
viable speed and arrested. 

There seem to be two (possibly synergistic) effects at work here: at each reduction in thick- 
ness, the level of  constraint falls and the fracture surface shows a concomitant increase in stress 
whitening. Perhaps as a result of  local softening (decreasing E) compounded by reduction of  
the limiting wave speed with thickness (Eq 3), the crack decelerates, reducing strain rates and 
further promoting flow. This precipitates an instability by which ductility arrests the crack. A 
number of  experiments have indicated that instability is expressed as an effectively constant 
"critical thickness" below which RCP is not viable at any pressure. 

TABLE l--Comparison of HSDT test crack resistance data w#h pipe performance. 

$4 Test Critical Pressure P~s4 for 180-mm 
SDR 11 Pipe, bar 

Dynamic Crack 
Modulus, Resistance at V'E-GD, 0~ - 15"C, 0*C, 20~ 

Material E (GPa) 0*C, Go MPa m ~/2 Eq 1 Unnotched Unnotched Notched 

MDPE-1 2.32 3.0 2.64 9.02 2.05 2.25 1.0 
HDPE-2 3.19 6.0 4.37 14.9 10.0 very high 1.5 
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Experiments on 180-mm pipe have shown that for MDPE- 1 at 0~ the critical thickness, to, 
is about 6 mm; while for HDPE-2, it exceeds the thickness o fSDR I 1 pipe (17.6 mm). Figure 
11 presents the results of  a series of  $4 tests designed to estimate tc for HDPE-2 by extrapolation 
from data at lower temperatures. Starting at -30"C,  the critical thickness was measured by 
testing a sequence of  specimens tapered in successively finer steps. Increasing the temperature 
to introduce ductility in a controlled way showed that simple linear extrapolation to 0*C yields 
a satisfactory (and almost certainly conservative) estimate for tc of  20 mm. 

Of  equal interest here is the temperature at which tc for HDPE-2 falls to 6 mm, that of 
MDPE-1 at 0*C. This is about -35~ reflecting the difference in DBT temperatures seen in 
$4 test data for full thickness pipe (Fig. 2). However, this correspondence does not carry over 
into the Charpy data, which, for specimens of  similar thickness, would have indicated a DBT 
temperature of -- 55*C for HDPE-2 (Fig. 7). 

Conclusions 

$4 pipe tests on as-received pipe highlight the distinction between conventional MDPE and 
high-performance HDPE grades, both in terms of a critical pressure at 0*C and as a transition 
temperature from a lower plateau. Charpy tests on small specimens at varying temperatures 
reflect qualitatively, but not quantitatively, differences in $4 test transition temperature. 
Lower-shelf crack initiation resistance values for HDPE are three times higher than for MDPE. 

High-speed double-torsion tests show that GD varies little with crack velocity, above a min- 
imum velocity below which continuous RCP cannot be sustained. G~ data represent a thick- 
ness-independent lower plateau value and are still twice as high for HDPE as for MDPE. $4 
tests on pipe specimens internally notched to give maximum constraint yield very low critical 
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FIG. 11 --Variation o f  critical thickness with temperature, from $4 tests on 180-ram HDPE-2 pipes with 
step-tapered wall thickness. 
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pressures, proportional,  as expected, to k/EGD measured from the HSDT test. Practical char- 
acterization of  pipe-grade polyethylenes can most usefully focus on predicting the tempera- 
ture-dependent min imum thickness below which RCP is effectively impossible. 
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ABSTRACT: The measurement and understanding of the fracture toughness of ductile irons 
(DI) are critical to the analysis of nuclear transportation casks made from these alloys. Cask con- 
tainment must be assured for all loading events from normal handling to accidents during which 
high loads can be delivered at elevated rates. Cask walls are commonly in the range of 20 to 50 
cm thick (or greater) in order to provide requisite nuclear shielding, and this requires that asso- 
ciated mechanical constraint effects must be considered. At elevated temperatures (that is, in the 
vicinity of ambient), DI behaves in an elastic-plastic manner, even for large section sizes (thick- 
ness > 20 cm) and moderately high loading rates. However, as the temperature is lowered or the 
loading rate is increased, ferritic DI alloys exhibit a relatively sharp transition to linear elastic 
behavior, with a significant decrease in the fracture toughness. 

The fracture toughness of a DI alloy has been measured using linear elastic and elastic-plastic 
experimental techniques. Measurements have been made as a function of temperature, loading 
rate, and section size. The loading rates span the range that a cask could experience during nor- 
mal transport and handling, as well as accident events. Specifically, the stress intensity rate,/s 
was varied between 10 -3 to > l0 § MPa ml/2/s. The range in section size that was examined was 
restricted to moderate thicknesses ( ~  l to ~ 4  cm) because of the limitations of available hydrau- 
lic test frames. For static testing rates, it was found that increasing specimen thickness appears 
to shift the transition behavior to slightly higher temperatures. The effect of increased specimen 
thickness during elevated rate testing was more pronounced. As the thickness was increased from 

l to ~ 2 cm, the fracture toughness was decreased by roughly 25% at 25~ and 40% at - 29~ 
(the fracture toughnesses of both thicknesses were the same at -- 50~ where fracture was essen- 
tially all cleavage). Initial fractographic results show that the amount of brittle cleavage (at ini- 
tiation) was larger for the thicker specimens in the ductile-brittle transition region. The decrease 
in fracture toughness with increasing section size (in the transition region) occurred even though 
all specimens met the size criteria of the ASTM Test Method for Jlc, A Measure of Fracture 
Toughness (E 813-87). Measurements also showed that the temperature range of the transition 
region for this DI alloy increased with increasing loading rate and extended up to room temper- 
ature. A consistent explanation for the measured behavior seems to be that increased constraint 
(from increased specimen thickness) can cause an increase in cleavage if the test temperature (for 
a specific loading rate) is close to the transition region. The extent of this effect has an obvious 
impact on the analysis of the fracture resistance of transportation containers. 

KEY WORDS: fracture (materials), J-integral, elastic-plastic behavior, linear-elastic behavior, 
ductile-to-brittle transition, specimen size, loading rate, transition temperature, fracture tough- 
ness, fracture mechanics fatigue (materials) 
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Ferritic ductile iron (DI) alloys are being considered for use in nuclear transportation casks 
that have wall thicknesses of  40 cm or more and a total mass of  100 metric tons or more. The 
primary concern in using DI alloys for this application is the safety issue of  the resistance of  
the cask to brittle fracture during all normal and accident conditions. Alloys of this type can 
exhibit a shift from ductile tearing behavior to a brittle mode of  fracture. This transition occurs 
with a change in fracture appearance (from ductile tearing to cleavage) and a decrease in the 
energy required to initiate cracking from a preexisting flaw. Under certain conditions, this ini- 
tiation energy can be measured as an intrinsic materials property known as fracture tough- 
ness. The fracture toughness can be used to quantify the resistance of  the cask to fracture 
under a range of  loading conditions [ 1]. From an engineering standpoint, it is the decrease in 
the measured fracture toughness in the ductile-to-brittle transition that is of major impor- 
tance. 

A transportation cask that carries high-level radioactive material must be able to survive the 
series of  hypothetical accident conditions that are specified in the Code of  Federal Regulations 
(10 CFR 71) [2]. In terms of  the potential for failure by fracture, the primary event that must 
be considered is the requirement that the cask survive a 9 m (30 ft) drop onto an unyielding 
target. This drop test must be conducted at a temperature of  - 29"C ( -  20~ This test, which 
combines the effects of  high loading rate and low temperature, is intended to determine 
whether a specific alloy (such as DI) in a particular cask geometry can be driven to fail by 
fracture. However, even ira prototype cask successfully passes the drop test (and the other tests 
required in 10 CFR 71), a proper method has heretofore not been specified by international 
regulatory authorities that will guarantee that all other casks of  nominally the same design and 
material will behave similarly. Such a guarantee depends on a rigorous fracture mechanics 
assessment. The behavior of  each serial cask is related to the results of  the prototype cask 
drop test through fracture toughness measurement. Determination of  the fracture toughness 
(either by direct measurement or assessment of  a suitably related property or feature) is the 
essential basis for the quality assurance plan necessary to guarantee adequate resistance to 
fracture. 

A research program at Sandia has been developed to demonstrate how a fracture mechanics 
approach can be used to quantify the fracture resistance of transportation casks. One portion 
of  the overall program is an effort to establish laboratory methods (specifically for high rate 
loading) for measuring the fracture toughness values used in the fracture mechanics assess- 
ment. The influence of  temperature, loading rate, and size on fracture toughness is of  obvious 
importance in assessing transportation casks, since such casks are massive and must withstand 
elevated rate loadings at low temperatures (during accident conditions). The laboratory testing 
described in this report is part of  an on-going effort to obtain a fundamental understanding of  
the effects of  temperature, loading rate, and size on the fracture toughness of  DI. This under- 
standing will allow the properly conservative evaluation of specific transportation casks (that 
is, particular design and material combinations). 

Experimental Methods 

Material 

The material used in this study is a fully ferritic DI alloy that has been described previously 
[3-5]. The composition of  this material is reported in Table !, and the mechanical properties 
are listed in Table 2. Microstructural measurements pertaining to this alloy are presented in 
Table 3. All of  the testing was conducted on as-cast material; that is, no heat treatment was 
conducted on the DI alloy. 
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842 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

TABLE l--Composition (percent by weight) of  the ductile iron 
used in this study. 

C Si Ni S Cu Cr Mn Fe 

3.60 1.91 0.03 0.006 0.05 0.07 0.24 bal. 

TABLE 2--Mechanical properties (at room temperature) of  the ferritic ductile iron used in this study. 

Static Static ~ = 10 z k--  102 
Static Yield Ultimate Tensile Static Young's Yield Ultimate 

Strength, Strength, Elongation, Reduction Modulus, Strength, Strength, 
MPa MPa % in Area, % MPa MPa MPa 

239 369 21 23 1.83 • 105 348 419 

Static Rate  Fracture Toughness Measurements  

Standard test methods exist that can be applied to the measurement of  the fracture tough- 
ness in two regimes. Materials that exhibit a limited amount of  plastic deformation prior to 
crack extension (from a pre-existing crack) can ordinarily be measured by following the meth- 
ods covered in ASTM Test Method for Plane-Strain Fracture Toughness of  Metallic Materials 
(E 399-81). The fracture toughness of  alloys that display extensive plastic deformation prior 
to crack extension, and stable crack extension with ductile tearing can be determined by the 
methods described in ASTM Test Method for J~c, A Measure of  Fracture Toughness (E 813- 
87). There is substantial commonality between the data required to determine the fracture 
toughness by either of  the two standard methods. An essential requirement for both methods 
is a load-displacement record that can be generated from the same type of  precracked speci- 
men. The elastic-plastic testing requires additional information concerning the crack length 
at various points during the test. The commonality of required data between the two methods 
can be used to advantage by presuming that a sample will behave as an elastic-plastic material. 
If  the sample does indeed behave in an elastic-plastic fashion, the data (load, load line displace- 
ment, and intermediate crack length measurements) can be used to determine the elastic-plas- 
tic fracture toughness. On the other hand, if the sample behaves in a linear elastic manner (as 
evidenced by a linear load-displacement test record), the linear elastic fracture toughness can 
be determined directly from the load-displacement record. The two types of fracture toughness 
measurements can be related through the equation 

J,c = K~JE (1) 

where Jic is the elastic-plastic fracture toughness, Kic is the linear elastic fracture toughness, 
and E is the Young's modulus. Great care must be exercised ifEq 1 is used to generate fracture 

TABLE 3--Microstructural measurements for the ferritic ductile iron used in this study. 

Nodule Graphite 
Nodule Count, Spacing, Ferrite Grain Volume Pearlite Volume 
Number/mm 2 mm Nodule Type Size, mm Fraction, % Fraction, % 

105.0 0.049 100% Type I [4] 0.042 13.2 < 1 
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TABLE 4--Important dimensions of the compact specimens (with side grooves) used in this study. 

Nominal Thickness, Gross Thickness, Net Thickness, 
cm Bg (mm) B, (ram) Width, mm ao/W 

1 11.4 10.3 25.4 ~0.605 
2 21.6 19.4 50.8 ~0.605 
4 43.2 38.9 101.6 --0.605 

toughness values used in engineering calculations (Refs I and 6 provide some guidance and 
caveats in this regard). Equation 1 is nonetheless very useful for providing a means of directly 
comparing fracture toughness values from the ductile regime (upper shelf) to those of the more 
brittle region (lower shelf). 

Since the data requirements for linear elastic testing can be considered to be a subset of those 
required for elastic-plastic testing, all static rate testing was based on a single-specimen J~c tech- 
nique that complies with the standard test method for determining the fracture toughness of  
elastic-plastic alloys. Testing was conducted on compact  specimens that allow direct measure- 
ment of  the displacement along the load line. All specimens were grooved on each side, so that 
the net specimen thickness was 90% of  the gross thickness (note that ASTM E 399-81 does not 
specifically allow specimens with side grooves for linear elastic testing). Three different speci- 
men sizes were used and are nominally referred to as having thicknesses, B, of 1, 2, and 4 cm. 
The exact sample dimensions are listed in Table 4. Precracking was performed in accord with 
the requirements in ASTM E 813-87, and the precracking stress intensity was maintained 
below 20 MPa m ~/2 for all specimens (tested at either static or elevated rates). Testing was per- 
formed on a computer-controlled servohydraulic load frame. The loading rate (measured at 
the load line of  the sample) for the static testing was held constant for each sample size at 5 • 
10-4 cm/s. A detailed description of  the test technique can be found elsewhere [3]. A chamber 
that controls temperature to + I*C was used for testing over the range of  - 150 to § 30"C. 
Specimens that exhibited extensive plastic deformation prior to crack extension were analyzed 
according to elastic-plastic procedures [3,4, 7]. Those specimens that displayed a suitably lin- 
ear elastic test record were analyzed according to the methods of  ASTM E 399-81, and the 
values were converted into elastic-plastic fracture toughness units according to Eq 1. Speci- 
mens that behaved in a linear elastic fashion in general did not meet the sample size require- 
ments for a valid planezstrain result, but always met requirements concerning linearity, and 
the critical load used to calculate the fracture toughness was always within 10% of the maxi- 
mum load. 

An intermediate region between these two types of  behavior is not covered by either stan- 
dard. When crack extension in the intermediate regime is accompanied by too much plastic 
deformation, a direct measurement of  fracture toughness under the guidance ofASTM E 399- 
81 is not possible. 2 The methods o f A S T M  E 813-87 are limited strictly to alloys that exhibit 
only stable tearing, and this usually does not occur in the transition region. Thus, an alloy (in 
the transition region) may exhibit too much plasticity to be evaluated by linear elastic meth- 
ods, and yet failure by unstable crack extension precludes meeting essential requirements of  
elastic-plastic methods. 

The progression to larger and larger specimens in order to increase the constraint and limit the extent 
of the plastic deformation can require such massive specimens that testing is di~cult to perform and inter- 
pret. Specimens of greater than 25 cm in thickness are indicated (from ASTM E 399-83 methods) as being 
required for testing of ferritic ductile iron in the upper transition region. Such a large specimen would have 
a significant microstructural variation, and since the ductile fracture has been shown previously [4] to 
depend on the nodule spacing, the interpretation of test results would be extremely ditiicult. 

Copyright by ASTM Int'l (all rights reserved); Wed Dec 23 19:12:57 EST 2015
Downloaded/printed by
University of Washington (University of Washington) pursuant to License Agreement. No further reproductions authorized.
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Although an alloy in the transition region can display a behavior that does not comply with 
either linear elastic or elastic-plastic standard test methods, the data can be dealt with in a 
straight-forward manner. Most of  the ferritic DI alloy specimens used in this research, when 
tested in the transition region, did not exhibit stable crack tension. However, the test records 
showed that significant amounts of  plastic deformation preceded the catastrophic extension 
of  the crack. Under such conditions the energy related to the initiation of crack extension (for 
that specific specimen) is appropriately calculated by applying the methods of  ASTM E 813- 
87. This method is reported elsewhere [3, 7], and the fracture toughness values calculated in 
this manner are generally called Jc (C for cleavage). Values of  Jc are reported as initiation 
toughness values for those cases where essentially no ductile tearing occurred prior to cleavage, 
The point at which cleavage crack extension occurs is distinctly evident on the test record, and 
the associated area under the load-displacement curve is used in the ASTM E 813-87 equations 
to calculate the Jc value. Even though there is little or no ambiguity in the determination of 
the energy associated with the cleavage crack extension, it must be emphasized that the value 
determined "may not be independent of  sample size." The importance of this will become 
evident following the presentation of  the data. 

Elevated-Rate Fracture Toughness Testing 

When the effect of elevated loading rate on the fracture toughness is to be investigated, only 
the behavior at or near the lower shelf (that is, brittle fracture) is covered by the currently 
approved standards. The standard for elastic-plastic fracture toughness does not allow for test- 
ing beyond slow loading rates. Thus, the potential for reporting data that fully complies with 
recognized standard test methods for determining the fracture toughness for elevated loading 
rates is even more limited than for static rate testing. 

An approach for high loading rate testing of  alloys that displays elastic-plastic behavior has 
been reported on elsewhere [5,8]. A multiple-specimen method is employed in which four to 
five specimens are used to generate the J-Aa record (where Aa is crack extension). This test 
technique complies with all of  the measurement requirements listed in the standard static rate 
method with the exception that testing is performed at higher-than-recommended loading 
rates. A special set of fixtures is used to control precisely both the amount of  displacement and 
the time duration of  the loading to a precracked specimen. The intercept between the speci- 
men J-Aa curve and an offset line (parallel to the blunting line) defines the initiation fracture 
toughness in a manner analogous to the procedure described in ASTM E 813-87. 

As with static rate testing, there is a transition region behavior at elevated loading rate that 
is not covered by either linear elastic or elastic-plastic testing methods. The data (in the tran- 
sition region) are treated similarly to the static rate data: the energy to cleavage (for a specific 
specimen thickness) is calculated as an ASTM E 813 J value. At even lower temperatures, the 
material can behave in a completely linear elastic manner. Linear elastic behavior is captured 
by the same test configuration. The load-displacement record needed to calculate the K~c frac- 
ture toughness is automatically captured during the multiple-specimen sequence used to gen- 
erate the crack growth resistance curve (R-curve) for elastic-plastic behavior. All experiments 
were set up with the presumption that the material would behave in an elastic-plastic manner 
but, if a specimen failed by unstable crack extension, the load-displacement record was used 
to calculate either the linear elastic fracture toughness or the J-value at cleavage. The addi- 
tional specimens that would have been required to determine the R-curve are not required. 
This test practice is similar to that described previously for the static rate tests in which the 
data required to calculate linear elastic toughness or the J-value at cleavage (load-displacement 
plus other requirements) can be considered a subset of  that needed to determine the 
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elastic-plastic toughness (load-displacement plus instantaneous crack length plus other 
requirements). 

A high-rate servohydraulic test system (MTS Frame 318.25 and Controller 458.20) was used 
for the high loading rate tests (see Refs 5, 8, and 9 for more experimental details). The actuator 
rate was approximately 63 cm/s, which (in linear elastic units) translated into a stress intensity 
loading rate of  greater than 3 • 105 MPa ml/2/S for each specimen. Actuator rates below 100 
cm/s do not introduce significant inertial effects, and thus static J formulations were used [ 7, 
10]. The capacity of  the machine (as well as the availability of  material) limited the testing to 
the specimens with the nominal thicknesses of  I and 2 cm (see Table 4 for complete specimen 
dimensions). All other aspects of  specimen geometry and preparation were identical to those 
described for the static rate testing. 

E x p e r i m e n t a l  R e s u l t s  

Static-Rate Fracture Toughness Measurements 

As a function of  temperature, the load-load line displacement (P-LLD) records showed that 
the DI alloy can act as an elastic-plastic material, a linear elastic material, or as an intermediate 
material that displays some aspects of  both behaviors. The P-LLD curves displaying the full 
range of  transition behavior for the 2-cm-thick specimen are shown in Fig. 1. The sample 
tested at - 120~ had a linear elastic behavior that was reflected in both the P-LLD record and 
in the fracture surface that exhibited 100% cleavage. When the temperature was raised to 
- 100~ the sample had a significant increase in plasticity prior to failure by cleavage (the 
fracture surface was still essentially 100% cleavage). As the temperature was raised to -90~ 
the material exhibited stable tearing for a significant amount  of  displacement, before failing 
by unstable crack propagation (that is, cleavage). However, even during the portion of the test 
that was predominated by stable tearing, there was some evidence of  instability (see the "pop- 
in"  events at displacements of  ~ 5 and 8.5 mm). The fracture surface for this sample showed 
a mixed-mode fracture (ductile fracture with ~ 10 to 20% cleavage) occurred prior to a shift 
to 100% cleavage at the end of the test. As the testing temperature was raised still further (to 
- -  80~ or higher), the specimens that were tested displayed only stable (100%) ductile tearing 
throughout the entire loading sequence. All fracture surfaces for specimens (with B = 2 cm) 
tested at or above -800C showed no evidence of  cleavage. 

The specimens that were different in thickness (B = 1 or 4 cm) were tested in the same 
fashion and displayed a similar transition behavior. The B = I cm specimens matched the 
behavior of  the B -- 2 cm specimens quite closely. At -90~  for example, the I-era-thick 
sample showed a similar instability at the end of  the test, in which the sample failed unstably 
by cleavage. At lower temperatures, the crack extension was predominated by cleavage, while 
for all temperatures above - 80~ crack extension resulted from ductile tearing. Thus, there 
seemed to be no measurable effect of  size between B = 1 and B = 2 cm specimens. However, 
the larger (B = 4 cm) specimens seemed to promote brittle behavior at higher temperatures. 
At -90~  for example, very little deviation from linear elastic behavior was seen prior to the 
onset of  unstable tearing (Fig. 2a), for the B = 4 cm specimen compared to the substantial 
plastic deformation displayed by the thinner specimens. When the temperature was raised to 
- 80~ (Fig. 2b), the P-LLD record showed significant deviation from linear elastic behavior, 
but  the specimen failed in a brittle manner when a displacement of  ~0 .8  mm was reached. 
The B = 1 and 2 cm samples (at - 80~ showed no evidence of  cleavage or pop-in events. 
The fracture surface for the B = 4 cm specimen tested at - 80~ demonstrated that the crack 
extension occurred by cleavage. The test conducted at - 6 0 " C  for the B = 4 cm specimen 
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FIG. 2--Static loading rate load-displacement records for compact specimens (B = 1, 2, and 4 cm) at: 
(a) - 90~ and (b) - 80"C. 

showed fully plastic behavior, despite the fact that the initiation fracture toughness remained 
approximately constant for the tests at - 80 and - 60~ (that is, Jc at - 80 is approximately 
equal to Jzc at -- 60"C). Recall that Jc is termed "initiation" toughness if the stable tearing that 
preceded cleavage was negligible. 

The initiation fracture toughness values for all of the specimens tested at static loading rates 
are shown in Fig. 3. A dashed line has been drawn through the data to estimate the transition 
behavior for the B = 1 and 2 cm specimens. The data from the thicker specimens (that is, B 
--- 4 cm) suggests a shift in the transition behavior to somewhat higher temperatures. 
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FIG. 3--The measured fracture toughness behavior of a ferritic ductile iron alloy as a function of tem- 
perature (loading rate and specimen thickness are noted in the legend). 

Elevated-Rate Fracture Toughness Measurements  

The multiple-specimen testing at elevated loading rate produced material behavior that 
ranged from linear elastic to fully plastic. Figure 4 shows the P-LLD records for B = 2 cm 
specimens at temperatures of  - 5 0 ,  --29, and +25"C. At --50"C, the 2-cm-thick specimen 
behaved in a linear elastic fashion; this was corroborated by the fracture surface that was 100% 
cleavage. At a temperature o f - -  29"C, the B = 2 cm specimens behaved as elastic-plastic mate- 
rial and displayed a mixed-mode fracture surface. Figure 5a is a fractograph that shows the 
fracture surface in the vicinity of the precrack for a specimen tested at --29"C. The fracture 
initiated in cleavage, but then shifted to ductile tearing, which allowed some stable crack 
growth to occur. It should be noted however, that the P-LLD record at - 29"C did not indicate 
any pop-in behavior. The B = 2 cm specimens tested at room temperature displayed essen- 
tially full elastic-plastic behavior as shown by the fracture surface (Fig. 5b) in which greater 
than 95% of the fracture from the high rate loading was ductile tearing. 

The behavior of  the thinner specimens (B = 1 cm) was similar, in that the samples tested 
at - 29~ exhibited stable tearing. The fracture surface showed that there was cleavage during 
initial crack extension that then shifted to ductile tearing. Pop-in behavior (associated with the 
early cleavage) was not indicated by the P-LLD record at --29"C. The B = 1 cm specimens 
tested at 25~ displayed fracture surfaces in which crack extension occurred only by ductile 
tearing; there was no evidence of cleavage. 

Although the specimens of  two different thicknesses were nominally similar (that is, based 
on the appearance of  the fracture surfaces as well as the P-LLD behavior), the multiple-spec- 
imen analysis [5] used to produce a J-~a  plot revealed a significant difference between the two 
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850 FRACTURE MECHANICS: TWENTY-THIRD SYMPOSIUM 

FIG. 5--Fracture surface of specimen (B = 2 cm) tested at elevated loading rate (a) at -29~ and (b) 
at +25"C. 

thicknesses. Figure 6 displays the J-Aa (or JR) curves for the B = I and 2 cm specimens at 
temperatures of - 2 9  and + 25"C. The intersection of  the power law fit through each set of 
data and the 0.15-mm offset line (as shown in Fig. 6) defines the initiation fracture toughness. 
Not only are the initiation values different for each on these specimen thickness-temperature 
combinations, but there is a difference in the "slope" of the data taken at +25~ versus that 
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FIG. 6--The measured J-Aa behavior of a ferritic ductile iron alloy at high loading rate (K ~ 4 • 10 +5 
MPa mt/2/s) is shown for two temperatures and two specimen thicknesses. 

taken at -29~  The initiation fracture toughness and the "level" of  the J R  curve seem to be 
dependent on the specimen thickness even though both specimens exceed the minimum 
dimension requirements specified by the ASTM E 813-87 (for static rate testing). The influ- 
ence of  specimen thickness seems to be more pronounced at the lower (that is, - 29"C) tem- 
perature than it does for the room temperature testing. However, on the "lower shelf" where 
the fracture occurred in an entirely linear elastic manner, the B = 1 and 2 cm specimens 
yielded the same value of  initiation fracture toughness (as defined by ASTM E 399). There was 
no measurable effect of  increasing the specimen thickness from 1 to 2 cm when the fracture 
was entirely brittle cleavage. The transition behavior for the B = 1 and 2 cm specimens is 
shown in Fig. 3. The points for the specimens at --29"C and above are developed from mul- 
tiple-specimen tests in which several individual samples are used to produce the single initia- 
tion fracture toughness value (see Fig. 6). 

The fracture surfaces from 1- and 2-cm-thick specimens tested at - 29~ were examined in 
more detail to characterize any differences that in turn might explain the change in measured 
initiation fracture toughness. Complete montages o f  the fracture surface in the vicinity of  the 
end of  the fatigue precrack, across the thickness of  B -- I and 2 cm specimens were assembled. 
This is shown schematically in Fig. 7. Cleavage was found predominantly at the beginning of  
initiation (that is, immediately adjacent to the end of  the fatigue precracked region) and the 
average length of this initial cleavage region was established. The measurements to date indi- 
cate that the thicker specimen has a longer length of  initial cleavage crack growth region than 
does the thinner specimen (for example, the average initiation cleavage length in the B = 2 
cm specimen is ~0 .27  mm, compared to ~0 .20  m m  for the B = I cm specimen). The average 
length of  the ductile tearing region depends on the total amount  of  crack growth (which varies 
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FIG. 7--Montage of  Jhacture surface ofB = 2 cm specimen tested at elevated rate at - 29"C. Fracture 
initiated in cleavage then changed to ductile tearing. 

from sample to sample in a multiple-specimen test). These are preliminary results based on 
detailed measurements of  selected specimens. These measurements must be extended to all of  
the specimens tested at - 29~ to determine whether this difference (that is, different amount 
of  cleavage at initiation) is always present. 

Discussion 

The experiments reported in the previous section demonstrate a clear effect of temperature 
and loading rate on the initiation fracture toughness. In addition, there seems to be an effect 
of  size on the fracture toughness behavior in the vicinity of the transition region. 

The effects of  temperature and loading rate are clearly shown in Fig. 3. Considering first only 
a single loading rate (and constant specimen size), there is a narrow temperature range through 
which the initiation fracture toughness undergoes a significant decrease with decreasing tem- 
perature. This decrease in toughness is accompanied by a change in fracture mechanism from 
ductile tearing to (brittle) cleavage. For the slow loading rate tests, the transition between high 
and low toughness takes place in the - 9 0  to - 120"C range (Fig. 3). For the high rate testing, 
the change occurs over the range of  > 2 5  to - 40~ (Fig. 3). Comparing curves for static load- 
ing rates with the high loading rate curves indicates that the major effect of  increased loading 
rate is to cause the ductile-brittle transition range to occur at higher temperatures. The increase 
in loading rate may also broaden the temperature range between fully ductile and fully brittle 
behavior. The effect of  loading rate on the level of  fracture toughness on either the upper- or 
lower-"shelf" regimes seems to be minimal. There was no measurable effect on the toughness 
level o f  the lower shelf, while there may be a slight enhancement in the upper-shelf toughness 
(for the high loading rate) once fully ductile tearing is attained (see for example, the data for 
the 1-cm-thick specimen at + 25~ The small increase in toughness with increased loading 
rate may be expected because of  an increase in yield strength as the loading rate is raised. The 
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effects of  temperature and loading rate on the fracture toughness of  this ferritic DI alloy are 
similar to those that have been commonly observed in other iron-based alloys [ 11]. 

The observations associated with sample size that are reported in this paper are not as 
straight forward to describe as the rate and temperature effects. In static rate testing, the B = 
1 and 2 cm specimens show that transition behavior takes place in the - 90 to - 120~ range. 
There is no evidence of cleavage instability (from the load displacement record) at - 80"C. 
However, as the specimen thickness is increased to 4 cm (at -80"C) ,  the sample exhibited 
considerable plastic deformation, but failed by cleavage. This significant change in behavior 
took place despite only a minimal  decrease in initiation fracture toughness. At a somewhat 
lower temperature ( - -  90~ the 1- and 2-cm-thick specimen showed plasticity and (semi-)sta- 
ble crack extension that was accompanied by some instability (that is, small "pop-ins" that 
were arrested) in the P-LLD record. After a limited amount  of  crack extension, these speci- 
mens ultimately became unstable and failed by cleavage at the end of the test. The fracture 
surface showed that ductile tearing preceded cleavage failure. In contrast, at a specimen thick- 
ness of  4 cm, just  a minor  amount  of  plastic deformation was seen at - 9 0 " C  (in the P-LLD 
record) before unstable crack initiation. Only cleavage was noted on the fracture surface of  the 
B -- 4 cm specimen at - 90~ Although the number  of  measurements is small, the effect of  
size does not seem to be caused by the "statistical effect" reported elsewhere [12,13]. If statis- 
tically occurring weak links dominate  the fracture toughness behavior, small specimens should 
show a large variatiQn in toughness from sample-to-sample. Large specimens on the other 
hand would be more likely to exhibit a lower toughness since "weak links" are more likely to 
be present. However, in the current experiments, smaller specimens (B = 1 and 2 cm) did not 
display the scatter in toughness behavior that would be expected if the statistical appearance 
of  microstructural weak links was a dominant  factor. Further, the presence of some cleavage 
(for example, pop-in instabilities) indicates that there were sufficient initiation sites or "weak 
links," but insufficient constraint to propagate a cleavage failure [14]. The data are thus con- 
sistent with the contention that the apparent size effect is caused by an increased constraint 
that in turn increases the stored energy that can extend the crack once it has initiated. Addi- 
tional experiments will need to be performed to determine whether or not "constraint" can be 
proven conclusively as the cause of  the size effects observed during toughness testing of DI in 
the transition region. 

At elevated loading rates, there is an effect of size between the B --- 1 and 2 cm specimens 
at - 2 9  and +25~ The B = 1 cm specimens exhibit a higher initiation toughness as well as 
higher overall J-&a curves. At -- 29"C both the B = 1 and 2 cm specimens initiate in cleavage, 
but then shift into stable ductile tearing. The reason for the shift into ductile tearing is not 
presently understood. The displacement versus time records do not show any decrease (until 
the displacement limiter is contacted) that might be associated with a decrease in the loading 
rate caused either by the capacity of  the load frame or some aspect of  the experimental setup. 
Additional experimental work is required to determine if any aspects of  experimental tech- 
nique (for example, specifics of  the precracking procedure) may cause the specimen to initiate 
in cleavage, while retaining the capability to revert to ductile tearing (after, for example, the 
crack has extended beyond a "zone" damaged during precracking). The samples tested at 
- 29~ seemed to show a slightly different amount  of  cleavage, which might explain the lower 
initiation toughness for the B = 2 cm specimen compared to the B = 1 cm specimen. An 
additional set of  detailed measurements will be required to determine whether a statistically 
meaningful difference in the amount  of cleavage between the two specimens is, in fact, present. 
For the specimens tested at room temperature, there was a minor  amount  of cleavage noted 
in the B = 2 specimen, while none was found in the B = 1 cm specimen. Again, additional 
testing will be required to determine if the small difference in cleavage can consistently be 
observed between the two different-sized specimens. 
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The J-Aa curves (for the B = 1 and 2 cm specimens) were each the result of measuring 
several specimens at - 29"C. Each individual specimen behaved in a consistent manner, and 
thus the data (taken as a whole) strongly suggest that the differences shown in Fig. 3 (for high 
rate tests of  different specimen thicknesses) are not due to experimental error, but are repro- 
ducible changes in the way each type of  specimen behaves. 

A recently published paper by Anderson and Dodds [15] describes suggested size criteria for 
size independent results for specimens in the transition region where the specimen fails by 
cleavage, but also exhibits enough plasticity to make measurement by linear elastic techniques 
essentially impractical. The size criteria that they developed (using finite-element modeling) 
is 

B, b, a > 200(Jc/ay) (2) 

where B, b, and a are specimen-specific dimensions reflecting the specimen thickness, the 
length of  the remaining ligament, and the (initial) crack length, respectively. The flow strength, 
a r, of  the alloy is equal to ~ (yield strength plus ultimate strength). The value of  J at unstable 
crack extension (cleavage), Jc, is calculated as described previously. The 200 multiplier used 
in Eq 2 compares to a value of  25 required to meet the criteria set in ASTM E 813-87 for testing 
fully plastic alloys. For linear elastic testing, the relevant equation is 

B, b, a > 2.5(Kxdar,) 2 (3) 

where K~c is the linear elastic fracture toughness and ~rys is the yield strength of  the alloy. For 
the current alloy, the different size criteria (at room temperature, quasi-static loading, rates, 
and using the highest values of  J~c measured for the B = 1 and 2 cm specimens) are: (1) for a 
direct measure of  the linear elastic fracture toughness (that is, if large-specimen dimensions 
alone could cause the material to behave in a linear elastic manner), B, b, a > 51 cm; (2) for 
a specimen size independent measure ofJc (Eq 2), B, b, a > 4.7 cm; and (3) for a fully elastic- 
plastic alloy, B, b, a > 0.59 cm (the specimen size requirements in (1), (2), and (3) are calcu- 
lated for descriptive purposes on ly- -more  exact values should be calculated using the tough- 
ness values (Kl~, Jc, or Jic) and the ays or ay measured at the appropriate temperature and load- 
ing rate). 

Using the criteria of  Eq 2 and noting that the specimen failed by cleavage, the B = 4 cm 
specimen meets the validity requirement for Jc measurements at - 80"C (and lower temper- 
atures). If the arguments promulgated in Ref 15 are applicable to the ferritic DI alloy tested 
here, the B -- 4 cm specimen should be sufficient to measure the size independent fracture 
toughness at temperatures that cover a large portion of  the transition region. Increasing the 
specimen dimensions will not appreciably lower the initiation fracture toughness, nor will 
there be any further change in the fracture mechanism (since the specimens failed by cleavage). 
The results for the B = 4 cm specimens that were tested at - 6 0  and +25"C also met the 
requirements of  Eq 2, even though these specimens did not exhibit any cleavage crack growth. 
An extension of  the arguments presented by Anderson and Dodds [ 15] suggest that testing 
even larger specimens is not likely to induce a cleavage-type failure. 

Equation 2 can also be applied to the high rate measurements. The B = 1 cm specimen 
should provide a valid Jc for values of  ~ 19.5 kJ/m 2 and below, while the B = 2 cm specimen 
can be used to measure directly Jc values up to ~37  kJ/m 2 (these values were calculated using 
the actual values for Bnet (Table 4) and strength values measured from high rate tension tests 
(Table 2)). The results from the B = 1 cm specimens at - 4 0 * C a n d  below shouldthus provide 
valid Jc, while the larger specimen (B --- 2 cm) should allow the valid Jc measurement at 
- 29"C. Experiments should be conducted, however, to verify that increased size will not cause 
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the toughness to be lowered further even though the size criteria of  Eq 2 were met. Results 
from the B = 1 cm specimen at -- 29~ and the B = l and 2 cm specimens at + 25~ do not 
meet the validity requirements of  Eq 2. Using the results from the B = 2 cm specimen at 
+ 25~ Eq 2 suggests that a specimen of  B = 3.0 cm should be tested to determine whether 
cleavage failure (at + 25~ can be induced in this alloy by the effects of  increased constraint. 

Using the validity guidelines presented by Eq 2, the data presented in Fig. 3 can be used to 
begin to provide a rational basis for selecting an appropriate value of  fracture toughness for 
fracture mechanics assessments of  very heavy-walled DI nuclear transportation casks. The 
lowest temperature that must be considered for accident conditions is - 20~ (-- 29~ which 
is very conservative considering the heat loading provided by contents such as spent nuclear 
fuel. The loading rate applied during the high-rate fracture toughness tests surpassed that mea- 
sured during actual drop tests conducted without impact limiters [16,17]. For example, the 
time to peak load in the high-rate laboratory tests was ~0.75 ms, while the time to peak load 
during an actual drop test [16] was ~ 1.4 ms. The effects of  loading rate on the increase in the 
ductile-to-brittle transition behavior should be captured conservatively by the laboratory mea- 
surements (assuming verification of  the lack of  further size effects as discussed previously). The 
high rate toughness at - 29~ (with suitable error bars that should be provided by additional 
testing) can thus be used as a conservative estimate for the minimum toughness to assess cask 
safety from a fracture mechanics perspective. The initiation J-value at - 2 9 ~  from Fig. 3 is 
35.2 kJ/m 2 and compares well to previous high rate measurements [9] for similar samples 
from other ferritic DI alloys (at -29~  that range from 32.9 to 34.5 kJ/m 2 (in every case, the 
specimen dimensions exceeded those required by Eq 2). It is also important to note that each 
reported initiation fracture toughness value was determined from a multiple-specimen tech- 
nique, and that of  the total of  18 specimens that have been tested (at - 29~ none have failed 
at an unexpectedly low toughness value (thus, specimen dimensions seem to be adequate to 
ensure that the lowest fracture toughness behavior will be measured). 

In comparing the values of  high-rate fracture toughness of DI as determined by others, it is 
important to note the broad range of  techniques used. The precracked Charpy techniques gen- 
erally provide a loading rate that is comparable to the loading rate used in this study (that is, 
/~ ~ 105 MPa ml/E/s). The upper-shelf dynamic fracture toughness values determined from 
such studies [18,19,20] are generally lower (that is, they range from 12 to 25 kJ/m 2) than the 
values determined by the technique used for this work. Other high rate methods that use pre- 
cracked specimens that are larger than the standard Charpy [ 19,20,21] have produced esti- 
mates of  fracture toughness that range from 37 to 53 kJ/m 2. This level of  toughness is in general 
agreement with the measurements reported in this paper. It is emphasized, however, that these 
other methods generally do not directly control or measure the crack extension. 

Conclusions 

1. The effects of  temperature and loading rate on the fracture toughness of ductile iron are 
generally consistent with the behavior observed in many ferritic steels. Namely, as the tem- 
perature is lowered, the alloy can undergo a transition from (high toughness) ductile tearing 
to (low toughness) cleavage failure. Increasing the loading rate causes the ductile-to-brittle 
transition temperature range to be shifted to higher temperatures. 

2. Even though all specimens that were tested exceeded the specimen size requirements with 
respect to elastic-plastic testing, there appears to be an effect of  specimen size (that is, thick- 
ness) near the transition temperature range for a specific loading rate. Static rate testing dem- 
onstrated that increasing the specimen dimensions caused the fracture mechanism to change. 
The change in fracture mechanism could be accompanied by either a minimal change in ini- 
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t iation toughness (at - 8 0 ~  or a quite significant decrease (at --90"C). For  specimens that 
were tested at high loading rate, an increase in size caused a decrease in initiation toughness. 
This occurred without a dramatic change in the fracture appearance. 

3. The results of  all tests were examined with respect to size criteria suggested by Anderson 
and Dodds [14]. The results from the largest specimens tested at static loading rate should be 
sufficient to establish the size-independent fracture toughness of  the material. Similarly, the 
largest specimen tested - 2 9 ~  for the high loading rate, should be large enough to provide a 
valid toughness value (that is, an increase in specimen dimensions should not cause a change 
in fracture mechanism, nor a dramatic decrease in the level of toughness). 

4. If the fracture toughness measured at high loading rate at - 2 9 ~  is, in fact, size indepen- 
dent (as suggested by the Anderson and Dodds criteria), this value can be used in the fracture 
mechanics based evaluation of  the fracture resistance o f  heavy-walled nuclear transport casks. 
The high loading rate tests were performed at a rate that exceeds that applied during regulatory 
(9 m) drop tests and in that respect can be considered conservative. Additional testing is 
required to verify the size independence. 
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Fracture process zone, 797 
Fracture resistance of ferritic ductile iron 

alloys for nuclear transportation 
casks, 840 

Fracture surface examinations, 713 
Fracture testing, 168 
Fracture toughness 

aerospace materials, 474 
delamination, 515 
displacement measurement, 133 
ductile fracture mechanics, 229, 840 
fracture model, 738 
graphite/epoxy laminates, 751 
plane-strain conditions, 37 
pressure vessel steel, 365 
small-scale yielding conditions, 344 
steel on-board natural gas cylinders, 498 
transverse strain effects, 95 

Fracture toughness specimens, 55, 229 
Frequency, 551 

G 

Grain flow, aluminum alloy forgings, 568 
Grain morphology, 515 

H 

Heat affected zones, 809 
High-strength low alloy steel, 809 
Hold time, 551 
Hollow cylinder, 417 
HRR (Hutchinson, Rice, and Rosengren) 

stress field, 344 
Hydrogen stress cracking, 443 

Inelasticity, 649 
Instrumental Charpy test, 168 
Integral transform techniques, 383 
Interaction effect, 536 
Intermetallic materials, 551 
Irradiated nuclear reactor pressure vessels, 

safety analysis, 330 

J-integral, 649, 840 
J-R curves, 133, 168, 265, 344 

K 

K analysis, 443 

L 

Laminated composites, 680, 751 
Large deformation analysis, 115 
Large strains, 95 
Leak before break failure, 498, 505 
LEFM (see Linear elastic fracture 

mechanics) 
Life prediction, 536 
Limit pressure, 310 
Linear elastic fracture mechanics (LEFM), 

738, 840 
Linear fracture mechanics, 344 
Lithium, aluminum-lithium-zirconium 

alloys, 515 
Load displacement, 168, 229 
Load shielding, 619 
Loading conditions 

axisymmetric, 417 
circular cylinders, 417 
cracked strip problem, 265 
ductile fracture mechanics, 229, 383, 

840 
ductile iron alloy for nuclear 

transportation casks, 840 
elastic plastic materials, 185 

Loads, 133, 396 
Local brittle zones, 809 

M 

Magnesia-stabilized zirconia, 788 
Materials 

AI-2.6Li-0.09Zr alloy, 515 
A533-B steel, tensile strength tests, 83 
7050-T74, residual stress screening, 580 
metal matrix composites, 713 
titanium aluminide, Ti-25A1-25Nb, 551 
titanium metal matrix composites, 696, 

699 
Matrix damage, 680 
Maximum failure stress, 635 
Metal matrix composites, 713 
Methodologies 

ductile fracture mechanics, 229 
pressurized thermal shock, 310, 330 

Micrographs, 696 
Micromechanics, 37, 69 
Microphotography 

error sources and management, 77 
Mixed mode fracture, 396 
Mixed mode loading conditions, 185 
Mode II delamination, 649 
Moir6 interferometry, 797 
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N 

NASA/FLAGRO computer program 
aerospace materials testing, 474, 480 

NDE (see Nondestructive evaluation) 
Near tip fields, 775 
Necking 

ductile fracture in tension tests, 115 
Nonlinear fracture mechanics, 185 
Nondestructive evaluation (NDE), 265 
Nonlinear finite element analysis, 649 
Normalization, 133, 168 
Notched laminates, 751 
Nuclear reactor pressure vessels, safety 

analysis, 330 
Nuclear transportation casks, 840 

O 

Oscillating temperature, 590 
Overloads, 619 

P 

p-version finite element, 417 
Partical elliptical cracks, 396 
Part-through flaw, pressure vessel, 330 
Particulate composites, 668, 775 
Perturbation analysis, 185 
Pipeline steel, chemical composition, 

118 
Pipelines, 826 
Pipes, 417 
Plane strain, 37, 474 
Plane strain, Mode I, 185, 202, 204 
Plane strain, test conditions, 443 
Plane stress fracture, 515 
Plane stress, Mode I, 185 
Plastic deformation, 344 
Plastic linear hardening materials, 208 
Plastic radius, 344 
Plastic strain, 55 
Plastic zone, 344 
PMMA (see Polymethyl methacrylate) 
Polyethylene pipes, 826 
Polymethyl methacrylate (PMMA), 738 
Power law, 133 
Predictions, 229 
Pressure vessels 

autofrettaged thick cylinders, 461 
cracks in circular cylinders, 417 
limit pressure analysis, 310, 323-324 
thermal shock, 330 

INDEXES 865 

Pressure vessel steel, 365 
Pressurized plastic pipelines, 826 
Pressurized thermal shock, 330 
Pressurized water reactors 

oscillating temperature distributions, 590 
plane-strain fracture toughness, 37 

Probabilistic fracture mechanics, 809 
Progressive failure analysis methodology, 

680 
Pump shaft cracking, 396 

Q 

Quasi-static crack growth, 208, 215 

R 

Random loading, 536 
Range marking, 265 
Rapid crack propagation, 826 
Reactor pressure vessel, 37 
Residual stress, 443, 46 l, 568 
Resistance to crack initiation, 37, 265 
Ring-forged pressure vessels 

circumferential flaws, 37 
Ring-forged vessels, 37 

S 

Safety analysis, nuclear reactor pressure 
vessels, 330 

Scanning electron microscopy, 443 
Shaft residual life, 396 
Shear stresses, 185, 649 
Singly bonded zone, 635 
Size effects of specimens, 80, 87, 91 
Size requirements of specimens, 80 
Slip-line, 37, 3 l0 
Small-scale yielding, 344 
Space shuttle main engine (SSME), 265 
Space system hardware, 474 
Specimen size, 840 
SSME (see Space shuttle main engine) 
Static fatigue, 788 
Steady-state crack extension, 185 
Steam generator feedlines, 590 
Steel 

aerospace materials, 474 
AISI 4130 grade 31 HRC compressed 

natural gas cylinders, 498 
A508 class 2 pressure vessel steel, 365 

charpy impact properties, 368 
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Steel--continued 
chemical composition, 366 
fracture toughness results, 374, 377 
tensile properties, 370 
A533 grade B, transition range data, test 

conditions, 8 l 
A710 grade A class 3, brittle zones in 

weldments, 809 
A7 l0 tension tests, 66-67 
A723 fracture, 443,445,449 
HSLA-80, brittle zones in weldments, 

809 
low-alloy pipe steel, chemical 

composition, and mechanical 
properties, 170-17 l 

natural gas cylinders, 498 
on-board cylinders, 498 
storage fuel tanks for vehicles, 498 
tremethylcyclopentanone (TMPC) line 

pipe steel, I 15 
Storage fuel tanks for vehicles, 498 
Strain, 95, 115 
Strength of materials, 344 
Stress 

crack initiation, 55 
cracked strip problem, 383, 392-393 
deformation behavior, 696 
ductile bimaterial interface, 208 
elastic plastic materials, 185 
energy release rate, 635 
fiber-matrix debonding, 696 
laminated composites, 680 
near crack tip effects, 95 
thick wall cylinder, 443 
welded wide plates, 284 

Stress-intensity factor 
solutions, 396, 417, 424-425, 435,461, 

635 
Structural analysis, 284 
Structural components, 229 
Structural failure/integrity, 55,443 
Structural problems, fracture mechanics, 5 
Subcritical crack growth, 788 
Surface cracks, 265, 536 
Swedlow memorial lecture, 2nd, 5 

T 

T-stress, 738 
Temperature, 551 
Temperature oscillations, 590 
Tensile stress, 310 
Tension tests, 55 

crack initiation, 66-67 
ductile fracture, 115 
transition range data, 83 

Test methods, 265, 284, 443, 474 
Thermal shock, pressure vessels, 310, 330 
Thermal streaming, 37 
Thermal stresses, 590 
Thermal tensile stress, 310 
Thermal transients in metal structures, 590 
Thick laminates, 751 
Thick wall cylinder, 443 
Thickness effect, 515 
Titanium aluminide, Ti-25AI-25Nb, 551 
Titanium metal matrix composites, 696 
Three dimensional crack analysis, 396 
Through transmission, 619 
Toughness, 5, 37, 229, 474 
Transformation-toughened ceramics, 788 
Transition temperature, 80, 840 
Translaminate fracture, 751 
Transverse strain, 95 

U,V, W 

Ultrasonic scattering, 619 
Variable amplitude loading, 619 
Weight function, 417 
Weibull analysis, 80, 85, 87 
Weld defect distribution, 809 
Welding, electron beam, 365 
Weldments, 284, 417, 809 
Wide plate tests, 284 

Z 

Zirconia toughened alumina, 788 
Zirconium, aluminum-lithium-zirconium 

alloys, 515 
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