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Preface

If a mathematician were asked to name the great epoch-making
works in his science, he might well hesitate in his decision concerning
the product of the nineteenth century; he might even hesitate with
respect to the eighteenth century; but as to the product of the sixteenth
and seventeenth centuries, and particularly as to the works of the
Greeks in classical times, he would probably have very definite views.
He would certainly include the works of Euclid, Archimedes, and
Apollonius among the products of the Greek civilization, while among
those which contributed to the great renaissance of mathematics in the
seventeenth century he would as certainly include La Géométrie of
Descartes and the Principia of Newton.

But it is one of the curious facts in the study of historical material
that although we have long had the works of Euclid, Archimedes,
Apollonius, and Newton in English, the epoch-making treatise of Des-
cartes has never been printed in our language, or, if so, only in some
obscure and long-since-forgotten edition. Woritten originally in French,
it was soon after translated into Latin by Van Schooten, and this was
long held to be sufficient for any scholars who might care to follow
the work of Descartes in the first printed treatise that ever appeared
on analytic geometry. At present it is doubtful if many mathemati-
cians read the work in Latin ; indeed, it is doubtful if many except the
French scholars consult it very often in the original language in which
it appeared. But certainly a work of this kind ought to be easily access-
ible to American and British students of the history of mathematics,
and in a language with which they are entirely familiar.

On this account, The Open Court Publishing Company has agreed
with the translators that the work should appear in English, and with
such notes as may add to the ease with which it will be read. To this
organization the translators are indebted for the publication of the
book, a labor of love on its part as well as on theirs.

As to the translation itself, an attempt has been made to give the
meaning of the original in simple English rather than to add to the dif-
ficulty of the reader by making it a verbatim reproduction. It is
believed that the student will welcome this policy, being content to go
to the original in case a stricter translation is needed. One of the
translators having used chiefly the Latin edition of Van Schooten, and
the other the original French edition, it is believed that the meaning
which Descartes had in mind has been adequately preserved.
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The Geometry of René Descartes
BOOK I

ProBLEMs THE CoNSTRUCTION OF WHICH REQUIRES ONLY STRAIGHT

LiNEs AND CIRCLES

NY problem in geometry can easily be reduced to such terms that

a knowledge of the lengths of certain straight lines is sufficient
for its construction.™ Just as arithmetic consists of only four or five
operations, namely, addition, subtraction, multiplication, division and the
extraction of roots, which may be considered a kind of division, so in
geometry, to find required lines it is merely necessary to add or subtract
other lines; or else, taking one line which I shall call unity in order to
relate it as closely as possible to numbers,” and which canin general be
chosen arbitrarily, and having given two other lines, to find a fourth
line which shall be to one of the given lines as the other is to unity
(which is the same as multiplication) ; or, again, to find a fourth line
which is to one of the given lines as unity is"to the other (which is
equivalent to division) ; or, finally, to find one, two, or several mean
proportionals between unity and some other line (which is the same

U Large collections of problems of this nature are contained in the following
works: Vincenzo Riccati and Girolamo Saladino, Institutiones Analyticae, Bologna,
1765; Maria Gaetana Agnesi, Istituzioni Analitiche, Milan, 1748 ; Claude Rabuel,
Commentaires sur la Géométrie de M. Descartes, Lyons 1730 (herea fter referred
to as Rabuel) ; and other books of the same penod or earlier.

1 Van Schooten in his Latin edition of 1683, has this note: “Per unitatem
intellige lineam quandam determmatam, qua ad quamvis reliquarum linearum talem
relationem habeat, qualem unitas ad certum aliquem numerum.” Geometria a
Renato Des Cartes una cum notis Florimondi de Beaune, opera aique studio
Francisci a Schnoten Amsterdam, 1683, p. 165 (hereafter referred to as Van
Schooten).

In general, the translation runs page for page with the facing original. On

account of figures and footnotes, however, this plan is occasionally varied, but not
in such a way as to cause the reader any serious inconvenience.
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LA

GEOMETRIE.

LIVRE PREMIER.

Des problefmes qion peut conftrusre [ans
_y employer que des cercles ¢g* des
tgnes drostes.

, , ftre lalongeur de quelques lignes droites,
8O 4 pour les conftruire.

Et comme toute I' Arithmetique n'eft compofée, que comme:
de quatre ou cinq operations, qui font I'Addition, lal¢ il
Souftra&ion, la Multiplication, la Diuifion, & I'Extra- thmeti-
ion des racines, qu’on peut prendre pour vae efpece 9% ©

” . . rapporte
de Diuvifion : Ainfi n'at’on autre chofe a faire en Geo- auxope-

metrie touchant les lignes qu'on cherche , pour les pre- ré:;:,s:c
pareraeftre connués, que leur en adioufter d’autres , ou te.
enofter, Oubien en ayant vone, que 1e nommeray ['viuté.
pour la rapporter d’antant mieux aux nombres , & qui
peutordinairement eftre prife a difcretion, pus en ayant
encore deux autres, en trouuer voe quatriefme, qui foit
al'vnede ces deux,comme l'autre eft alvnité, ce quieft
le mefine que laMultiplication ; oubien en trouuer vne
quatriefme, quifoital'vne de cesdeux, comme Pvnite

Pp elt

3



298 La GEOMETRIE.
eft al'autre, ce qui eft le mefme que la Dinifion; ou enfin
trouuer vne,ou deux ,ou plufieurs moyennes proportion-
nelles entre I'vnité, & quelque autre ligne ; ce quieftle
mef{me que tirer la racine quarrée, on cubique,&c. Etie
ne craindray pas d'introduire ces termes d’Arithmeti-
que en la Geometrie , affin de me rendre plus intel-
ligibile.
La Mulsi- Soit par exemple
plication. » ABUlvnité, & qu'il fail-
E .
le multiplier BD par
c B C, ien’ay qu'aioindre
/ les poins A & C, puisti-
rer DE paralleleaCA,
& BEeft le produit de
cete Multiplication.
La Divie Qubiens’il faut divifer BE par BD, ayant ioint les
fion. poins E & D, ie tire A C parallele a DE, & B Ceftle
vExeea. Produit de cete divifion.

D A

&ion dela Ous'il faut tirer la racine
quarrée. ! quarréde de GH , ie luy ad-

ioufte en ligne droite FG,
qui eft Pvnite, & divifant FH
- H en deux parties efgales au
point K, du centre K ie tire
le cercle FIH, puis eflenant du point G vne ligne droite
iufquesa I,a angles droits fur FH, c’eft GI laracine
cherchée. le nedisrienicyde laracine cubique, ny des
autres, 2 canfe que i'en parleray plus commodement cy

_, aprés.
e Mais founent onn’a pas befoin de tracer ainfi ces li-
gne




FIRST BOOK

as extracting the square root, cube root, etc., of the given line.” And
I shall not hesitate to introduce these arithmetical terms into geometry,
for the sake of greater clearness.

For example, let AB be taken as unity, and let it be required
to multiply BD by BC. I have only to join the points A and C, and
draw DE parallel to CA ; then BE is the product of BD and BC.

If it be required to divide BE by BD, I join E and D, and draw AC
parallel to DE ; then BC is the result of the division.

If the square root of GH is desired, I add, along the same
straight line, FG equal to unity; then, bisecting FH at K, I describe
the circle FIH about K as a center, and draw from G a perpendicular
and extend it to I, and GI is the required root. I do not speak here of
cube root, or other roots, since I shall speak more conveniently of them
later.

Often it is not necessary thus to draw the lines on paper, but it is
sufficient to designate each by a single letter. Thus, to add the lines
BD and GH, I call one a and the other b, and write a 4+ b. Then a—b
will indicate that b is subtracted from a; ab that a is multiplied by b;

a

3 that a is divided by b; aa or a® that a is multiplied by itself; a® that
this result is multiplied by a, and so on, indefinitely.”? Again, if I wish
to extract the square root of a?+4b% I write Va?4-b2; if I wish to

extract the cube root of a®—b34ab? I write ¥a*—b3+ab?, and sim-
ilarly for other roots.! Here it must be observed that by a?, b?, and
similar expressions, I ordinarily mean only simple lines, which, how-
ever, I name squares, cubes, etc., so that I may make use of the terms
employed in algebra."

BI' While in arithmetic the only exact roots obtainable are those of perfect
powers, in geometry a length can be found which will represent exactly the square
root of a given line, even though this line be not commensurable with unity. Of
other roots, Descartes speaks later.

I Descartes uses a3, a*, a5 a®, and so on, to represent the respective powers
of a, but he uses both aa and a? without distinction. For example, he often has

3a?

aabb, but he also uses TS

©1 Descartes writes : 4/C.a® — 4%+ abb. See original, page 299, line 9.

1 At the time this was written, a> was commonly considered to mean the sur-
face of a square whose side is a, and b3 to mean the volume of a cube whose side
is b; while b4, b5, ... were unintelligible as geometric forms. Descartes here says
that a? does not have this meaning, but means the line obtained by constructing a
third proportional to 1 and @, and so on.

5



GEOMETRY

It should also be noted that all parts of a single line should always
be expressed by the same number of dimensions, provided unity is not
determined by the conditions of the problem. Thus, @* contains as
many dimensions as ab? or b?, these being the component parts of the

line which I have called Wa>—b*f-ab® It is not, however, the same
thing when unity is determined, because unity can always be under-
stood, even where there are too many or too few dimensions; thus, if
it be required to extract the cube root of a®b* —b. we must consider the
quantity a?b? divided once by unity, and the quantity b multiplied twice
by unity."™

Finally, so that we may be sure to remember the names of these lines,
a separate list should always be made as often as names are assigned
or changed. For example, we may write, AB=1, that is AB is equal
to 1:" GH=a, BD=1", and so on.

If, then, we wish to solve any problem, we first suppose the solution
already effected,” and give names to all the lines that seem needful for
its construction,—to those that are unknown as well as to those that
are known."" Then, making no distinction between known and unknown
lines, we must unravel the difficulty in any way that shows most natur-

1l Descartes seems to say that each term must be of the third degree, and that
therefore we must conceive of both @2b2 and b as reduced to the proper dimension.

®I'Van Schooten adds “seu unitati,” p. 3. Descartes writes, AB201. He
seems to have been the first to use this symbol. Among the few writers who fol-
lowed him, was Hudde (1633-1704). It is very commonly supposed that 20 is a
ligature representing the first two letters (or diphthong) of “aquare.” See, for
example, M. Aubry’s note in W. W, R. Ball's Recréations Mathématiques et Prob-
lémes des Temps Anciens et Modernes, French edition, Paris, 1909, Part III, p. 164.

) This plan, as is well known, goes back to Plato. It appears in the work of
Pappus as follows: “In analysis we suppose that which is required to be already
obtained, and consider its connections and antecedents, going back until we reach
either something already known (given in the hypothesis), or else some fundamen-
tal principle (axiom or postulate) of mathematics.” Pappi Alexandrini Collectiones
quac supersunt ¢ libris manu scriphs edidit Latina interpellatione et commentariis
wmstruxit Fredericus Hultsch, Berlin, 1876-1878 ; vol. II, p. 635 (hereafter referred
to as Pappus). See also Commandinus, Pappi Alexandrini Mathematicae Collec-
tiones, Bologna, 1588, with later editions. .

Pappus of Alexandria was a Greek mathematician who lived about 300 A.D.
His most important work is a mathematical treatise in eight books, of which the
first and part of the second are lost. This was made known to modern scholars
by Commandinus. The work exerted a happy influence on the revival of geometry
in the seventeenth century. Pappus was not himself a mathematician of the first
rank, but he preserved for the world many extracts or analyses of lost works, and
by his commentaries added to their interest.

19l Rabuel calls attention to the use of a, b, ¢, ... for known, and x, v, z, ...
for unknown quantities (p. 20).



LivRe PREMIER. 299
gnes furle papier, & il fuffift de les defigner par quelques .., 4.
lettres, chafcune par vnefeule. Comme pour adioufter chiffiesen
laligne B DaGH, ie nomme I'vne @ & l'autre b,& efcris .
a=+ b;Eta-- b,pour fouftraire 4d’ a; Et 2 b,pour{es mul-
tlpherl’vne par ['autre; Et 7, pour diuifer aparb ;Et aa,

ou a, pour multipliera par foy mefme; Eta pour le
mulnpller encore vne fois par a, &amﬁ a lmﬁm ; Et

' 2 2 2
Va+b, pour tirer la racine quarrée d’' 4 —+ 4 ; Et

- 3 3
7 C.4--b'abb, pour tirer la racine cubique d’ 4 -5
-+abb, & ainfidesautres.

Ouilefta remarquer que par o ou b ou femblables,
ie ne congoy ordinairement que des lignes toutes fim-
ples,encore que pour me feruir des noms vfités enl'Al-
gebre, ie les nomme desquarrds ou des cubes, &c.

lleftaufly a remarquer que toutes les partiesd'vne
mefme ligne,fe doiuent ordinairement exprimer par au.
tant de dimenfions I'vne que 'autre, lorfque I'vnite'n’eft

3
point déterminée en la queftion, comme icy 2 en con-~

tient autant qu’ 254 ou 5 'dont fe compofe la ligne que

i'ay nommée V'C. a-- b + abb: mais que ce n’eft
pas de mefme lorfque I'vnit€ eft déterminée, a caufe
qu’elle peut eftre foufentendue par toutou il y a trop ou
trop peude dimenfions : comme s'il faut tirer la racine
cubique de zabb--b , il fauc penfer que la quantité
a abb eft dinifée vne fois parI'vnit€, & que l'autre quan-

tité b eft multiplice deux fois par la mefme.
Ppa Au
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Au refte affin de ne pas manquer a fe fauuenir des
nomsde ceslignes, il en faut roufiours faire vn regiftre
fepar¢’ , a mefure qu’on les pofe ouqu’onleschange,
efcriuant parexemple.

AB 1, ceftadire,ABefgala .

GH >«

BD 2 &, %c.

Cemmée Ainfivoulant refoudre quelque problefme, on doit d’a-
‘;5‘:‘;: ¢ bord le confiderer comme defia fait, & donner des noms
Equatiés atoutes les lignes, quifemblent neceflaires pour le con-
i L grire, aufly bien a celles qui font inconnués , qu'aux
foudre les queres, Puis fans confiderer aucune difference entre ces

ﬁf:slf " lignes connués, & inconnués, ondoit parcounr Ja diffi-
culté,felon l'ordre qui monftre le plus naturellement
de tous enqu’elle forte elles dependent mutuellement.
les vnes des autres, iufques a ce qu'on ait trouu¢ moyen
‘d’exprimer vne mefme quantitéen deux fagons: ce qui
fenomme vne Equation; car lestermes de I'vne de ces
deux fagons font efgaux aceux de l'autre. Et on doit
trouuer autant de telles Equations,qu’ona fuppof¢ de li-
gnes, quieftoientinconnués. Oubiens’il nes’en trouue
pas tant, & que nonobftant on n‘ometteriende ce qui eft
defirden la queftion celatefmoigne qu'elle n’eft pasen-
tierement determinée. Et lors on peut prendre a difcre-
tion des lignes connués, pour toutes lesinconnués auf-
qu’elles ne correfpond aucune Equation. Aprés celas'il
enrefte encore plufieurs , il.fe faut feruir parordrede
chafcune des Equations qui reftent aufly , foit enla con-
fiderant toute feule,{oit en la comparant auec lesautres,
pour expliquer chafcune de ceslignes inconnués; & faire
ainfi
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ally the relations between these lines, until we find it possible to express
a single quantity in two ways." This will constitute an equation, since
the terms of one of these two expressions aie together equal to the
terms of the other.

We must find as many such equations as there are supposed to be
unknown lines ;" but if, after considering everything involved, so many
cannot be found, it is evident that the question is not entirely deter-
mined. In such a case we may choose arbitrarily lines of known length
for each unknown line to which there corresponds no equation."”

If there are several equations, we must use each in order, cither con-
sidering it alone or comparing it with the others, so as to obtain a value
for each of the unknown lines; and so we must combine them until
there remains a single unknown line" which is equal to some known
line, or whose square, cube, fourth power, fifth power, sixth power,
etc., is equal to the sum or dlfference of two or more quantities,"! one
of which is known, while the others consist of mean proportlonals
between unity and this square, or cube, or fourth power, etc., multiplied
by other known lines. I may express this as follows:

s =b,
or z*=—as+b?,
or s*=az*+4b%z—c*,
or z*=az*—c*z+d*, etc.

That is, 2, which I take for the unknown quantity, is equal to b, or,
the square of z is equal to the square of b diminished by a multiplied
by z; or, the cube of z is equal to @ multiplied by the square of z, plus
the square of b multiplied by 2, diminished by the cube of ¢; and sim-
ilarly for the others.

141 That is, we must solve the resulting simultaneous equations.

12l Van Schooten (p. 149) gives two problems to illustrate this statement. Of
these, the first is as follows: Given a line segment AB containing any point C,
required to produce AB to D so that the rectangle AD.DB shall be equal to the
square on CD. He lets AC=a, CB=b, and BD=2x. Then AD=a+ b+,

b2

and CD =b + , whence ax + bx+ 22 = b2+2bx + 22 and ="

U3l Rabuel adds this note : “We may say that every indeterminate problem is an
infinity of determinate problems, or that every problem is determined either by
itself or by him who constructs it” (p. 21)

(4 That is, a line represented by =, x- x" xd,

31 Tn the older French, “le quarre ou le cube oule quarré de quarré, ou le sur-
solide, ou le quarré de cube &c.,” as seen on page 11 (original page 302).

9
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Thus, all the unknown quantities can be expressed in terms of a sin-
gle quantity," whenever the problem can be constructed by means of
circles and straight lines, or by conic sections, or even by some other
curve of degree not greater than the third or fourth."”

But I shall not stop to explain this in more detail, becausz I should
deprive you of the pleasure of mastering it yourself, as well as of the
advantage of training your mind by working over it, which is in my
opinion the principal benefit to be derived from this science. Because,
I find nothing here so difficult that it cannot be worked out by any one
at all familiar with ordinary geometry and with algebra, who will con-
sider carefully all that is set forth in this treatise.™

1191 See line 20 on the opposite page.

07 Literally, “Only one or two degrees greater.”

18 In the Introduction to the 1637 edition of La Géométrie, Descartes made
the following remark: “In my previous writings I have tried to make my mean-
ing clear to everybody; but I doubt if this treatise will be read by anyone not
familiar with the books on geometry, and so I have thought it superfluous to repeat
demonstrations contained in them.” See QOeuwres de Descartes, edited by Charles
Adam and Paul Tannery, Paris, 1897-1910, vol. VI, p. 368. In a letter written
to Mersenne in 1637 Descartes says: “I do not enjoy speaking in praise of myself,
but since few people can understand my geometry, and since you wish me to
give you my opinion of it, I think it well to say that it is all I could hope for,
and that in La Dioptriqgue and Les Météores, I have.only tried to persuade people
that my method is better than the ordinary one. I have proved this in my geom-
etry, for in the beginning I have solved a question which, according to Pappus,
could not be solved by any of the ancient geometers.

“Moreover, what I have given in the second book on the nature and properties
of curved lines, and the method of examining them, is, it seems to me, as far
beyond the treatment in the ordinary geometry, as the rhetoric of Cicero is beyond
the a, b, ¢ of children. . .

“As to the suggestion that what I have written could easily have been gotten
from Vieta, the very fact that my treatise is hard to understand is due to my
attempt to put nothing in it that I believed to be known either by him or by any
one else. . . . I begin the rules of my algebra with what Vieta wrote at the
very end of his book, De emendatione acquationum. . . . Thus, I begin where
he left off.” Oeunwvres de Descartes, publiées par Victor Cousin, Paris, 1824, Vol.
VI, p. 294 (hereafter referred to as Cousin).

In another letter to Mersenne, written April 20, 1646, Descartes writes as
follows : “I have omitted a number of things that might have made it (the geom-
etry) clearer, but I did this intentionally, and would not have it otherwise. The
only suggestions that have been made concerning changes in it are in regard to
rendering it clearer to readers, but most of these are so malicious that I am com-
pletely disgusted with them.” Cousin, Vol. IX, p. 553

In a letter to the Princess Elizabeth, Descartes says: “In the solution of a
geometrical problem I take care, as far as possible, to use as lines of reference
parallel lines or lines at right angles; and I use no theorems except those which
assert that the sides of similar triangles are proportional, and that in a right
triangle the square of the hypotenuse is equal to the sum of the squares of the
sides. I do not hesitate to introduce several unknown quantities, so as to reduce the
question to such terms that it shall depend only on these two theorems.” Cousin,
Vol. IX, p. 143.

10
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ainfi enles demeflant, qu’il n’en demeure qu'vne feule,
efgalea quelque autre, qui foit connué, oubien dont le
quarré, oule cube, oule quarréde quarré, oule furfoli-
de, oule quarréde cube, &c. {oit efgal a ce, qui fe pro-
duift par I'addition, ou fouftraction de deux ou plufieurs
autres quantités , dont I'vne foit connué , & les autres
foient compof¢es de quelques moyennes proportions
nellesentrel'vnité, & ce quarré, ou cube , ou quarré de
quarré,&c. multiplices par d’autres connués. Ce quei’e-
fcris en cete forte.

z 2 b. ou

-{m--a z +bb. oun
{,:70 a3 +bby- ¢ ou

4

{::o a {’ - c;{—l- d. &c.

Ceftadire, 3, que ie prens pour la quantit¢ inconnué,
eftefgal€ad, oule quarr¢ de z eft efgal au quarré de &
moinsa multipli¢ par z. ou le cube de 3 eft efgala 2
multipli€'par le quarre de g plus le quarré de & multiplié
par  moins le cube de ¢. & ainfi des autres.

Eton peut toufiours reduire ainfi toutes les quantités
inconnués a vne feule, lorfque le Problefme fe peut con-
ftruire par des cercles & des lignes droites, ou auffy par
des fections coniques,ou mefme par quelque autreligne
qui ne foit que d'vn ou deux degrés plus compofée. Mais
ie ne m'arefte point a expliquer cecy plus en detail, a
canfe que ie vous ofterois le plaifir de I'apprendre de
vous mefme, & L'vtilité de cultiuer voftre efprit en vous
y exerceant, qui eft a mon auis la principale,qu’on puifie

Pp 3 tirer

11



302 LA GEOMETRIE.

urer de cete fcience. Auflyqueienyremarque rien de
fidifficile, que ceux quiferont vn peuverfes en la Geo-
metrie commune, & en'Algebre, & qui prendront gar-
deatout ce quieft ence traité, ne puiffent trouuer.
C’eft pourquoy ie me contenteray icy de vous auer-
tir, que pourvii quen demeflant ces Equations on ne
manque point a feferuir detoutesles diuifions, qui fe-
ront poflibles, on aura infalliblement les plus fimples
termes,aufquels la queftion puiffe eftre reduite.

8}:}; Et que fi elle peut eftre refolue par la Geometrie ordi-

problet- naire, c'eft a dire, en ne fe feruant que de lignes droites

mesplans g circulairestracées fur voe fuperficie plate , lorfque la
derniere Equationaura efté entierement démeflée,iln’y
refteratout auplus qu'vn quarréinconnu, efgal a ce qui
fe produift de I’Addition, ou fouftrattion de faracine
multipli¢e par quelque quantité connue, & de quelque
autre quantite anfly connue

C°‘F'l' Etlors cere racine, ouligne inconnue fe trouue ayfe-
ment ils .
fe refol-. ment. Car fii'ay par exemple

ueat. P xVaz4+bb
iefais le triangle reGtan-
' gle N L M, dont le co-
fteL M eft efgal 2 fra-
cine quarrée de Ja quan-
tité connue 44, & l'au-
S w treLNeft 4, lamoi-
ti¢ de l'autre quantité
connue, qui eftoit multiplice par z que ie fuppofe eftre la
ligneinconnue. puis prolongeant M N labaze de ce tlri-
angle,

ey O
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I shall therefore content myself with the statement that if the stu-
dent, in solving these equations, does not fail to make use of division
wherever possible, he will surely reach the simplest terms to which
the problem can be reduced.

And if it can be solved by ordinary geometry, that is, by the use of
straight lines and circles traced on a plane surface,"™ when the last
equation shall have been entirely solved there will remain at most only
the square of .an unknown quantity, equal to the product of its root
by some known quantity, increased or diminished by some other quan-
tity also known.”™ Then this root or unknown line can easily be found.
For example, if I have 22=az+ b%"" I construct a right triangle NLM
with one side LM, equal to b, the square root of the known quan-
tity b% and the other side, LN, equal to }a, that is, to half the
other known quantity which was multiplied by 2z, which I supposed to
be the unknown line. Then prolonging MN, the hypotenuse®™ of this
triangle, to O, so that NO is equal to NL, the whole line OM is the
required line z. This is expressed in the following way :'*

= lap [Lovs
2 4 '

But if I have y* = —ay 4 b?, where y is the quantity whose value
is desired, I construct the same right triangle NLM, and on the hypote-

1% For a discussion of the possibility of constructions by the compasses and
straight edge, see Jacob Steiner, Die geomctrisc_hen Constructionen ausgefiihrt
mittelst der geraden Linie und eines festen Kreises, Berlin, 1833. For briefer
treatments, consult Enriques, Fragen der Elementar- Geometrie, Leipzig, 1907;
Klein, Problems in Elementary Gcomctrv, trans. by Beman and Smith, Boston,
1897; Weber und Wellstein, Encyklopidic der Elementaren Geometrie, Lelpzlg,
1907. The work by Mascheroni, La geometria del compasso, Pavia, 1797 is inter-
esting and well known.

) That is, an expression of the form 22 = az * b. “Esgal a ce qui se produit
de I'Addition, ou soustraction de sa racine multiplée par quelque quantité connue,
& de quelque autre quantité aussy connue,” as it appears in line 14, opposite page.

12 Descartes proposes to show how a quadratic may be solved geometrically.

2] Descartes says “prolongeant MN la baze de ce triangle,” because the hypote-
nuse was commonly taken as the base in earlier times.

] From the figure OM.PM =LM? If OM =23 PM=2z—a, and since

LM = b, wehave z (z—a) = b2 or 22 = az+b2. Again, MN = \/i-a2+b2, whence
OM=2=0ON-+MN = ,1;a+ \' ;»a=+ b2, Descartes ignores the second root, which
is negative.

13



GEOMETRY

nuse MN lay off NP equal to NL, and the remainder PM is y, the
desired root. Thus I have

y=- %rt +\/%a’ s
In the same way, if I had
X = —ax® 4 07

PM would be #2 and I should have

~J Lo JLe g
2 4 + 45
and so for other cases.

Finally, if I have 2* = az—b? I make NL equal to § a and LM equal
to b as before;. then, instead of joining the points M and N, 1
draw MQR parallel to LN, and with N as a center describe a circle
through L cutting MQR in the points Q and R ; then z, the line sought,
is either MQ or MR, for in this case it can be expressed in two ways,

J[24]
_l 1 2 2
Z—Z“+\/—a — b3,

namely :
1 1 .
Z—za—\/aa — 0

121 Since MR.MQ = LM?, then if R=2 we have MQ=a—z and so
2(a—2)= b2 or 22=as—b

If, instead of this, MQ = 2, then MR = a — 2, and again, 22 = asz — b2. Further-
more, letting O be the mid-point of QR,

MQ = OM —0Q = }a—\/§ae__be,

and

and

MR=MO+OR= +a+ \/% a— b2,
Descartes here gives both roots, since both are positive. If MR is tangent to the
circle, that is, if b = i) a, the roots will be equal; while if b> %a, the line MR

willnotmeetthe circleand both roots will be imaginary. Also, since RM.QM:LMQ,
s,2,=b% and RM+QM =z +2z,=a.

14
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- angle, iufquesa O, en fortequ’N O foitefgaleaN L,
latoute OM eft g laligne cherchée. Et elle s’exprime
en cete forte

2032+ 7V m.

Quefiiayyy - ay + bb, & qu'y foit la quantité
qu’il faut tronuer , ie fais le mefme triangle rectangle
NL M, &defabaze MNiofte NPefgalea NL, &le
refte P M eft y la racine cherchée. De fagon que iay

y:o--ia+1/ aa+bb Ettout de mefme fi-i'a-
uois x 0 -- ax + b PM feroxtx & i'aurois

x0 V. satv Laa=+bb &ainfi des autres.
Enfin fii'ay

\ R 30 ag --bb:
ie fais NL efgale 2 § 2, & LM
efgale 25 c6me deuar, puis,au lieu
N deioindre les poinsM N, ie tire
M QR parallelea L N. & du cen-
tre N par L ayant defcrit vn cer-
cle qui la couppe aux poins Q &
L xR, laligne cherchée 3 eft MQ
oubie M R, carencecaselle s’ex-
prime en deux fagons,afauoirg 0 g2+~ faa--bé,
&3z0ia--73% aa--éb
Etfile cercle, qlll ayant fon centre au point N, paffe
par le point L, ne couppe ny ne touche la lxgne droite
MQR, iln’yaaucune racine en’Equation, de fagon
quon peut affurer que la conftruction du problefme
propofé eft impoflible. A
u

Q

15
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Au refte ces mefmes racines fe peuvent trouuer par
vne infinité d’autres moyens , & i'ay feulement veulu
mettre ceuxcy,commefort fimples, afin de faire voir

» qu'on peut conftruire tousles Problefmes de la Geome-
trie ordinaite, fansfaire autre chofe que le peu qui eft
comprisdans les quatre figures que 'ay expliquées. Ce
queie ne croy pas quelesanciens ayent remarqué. car
autrementilsn’euflent pas prisla peine d’en efcrire tant
degrosliures, ou le feul ordre de leurs propofitions nous
fait connoiftre qu’ils n’ont point eu lavraye methode
pourlestrouuer toutes,mais qu'ils ont feulement ramaf-
fecelles qu'ilsont rencontrées.

5:5-";!;“ Et on le peut voir auffy fort clairement de ce que Pap-

Pappus. PUS amis aucommencement de fon feptiefme liure, ou
apres s'eftre arefté quelque tems a denombrer tout ce
qui auoit eft¢ efcrit en Geometrie par ceux qui l'auoient
precedd, il parle enfin d vne queftion , qu’ildit que ny
Euclide, ny Apollonius, ny aucun aotre n’auoient {ceu
entierement refoudre. & voycy fes mots,

Ie cite RQuem autemdicit ( Apollonius) in tertio libro locum ad
‘,’,),l::;{l,,lz, tres, & quatuorlineas ab Euclide perfeltum noneffe , neque
sineque le jpfe perficere poterat ,neque aliquis alius: [ed neque pau-
;};}:,ﬁ;ﬂ lulum quid addereiss, que Euclides [cripfit,per ea tantum
;ﬁf’{:’;’;e conica , que ufque ad Euclidis tempora premonftrata
plous ﬂ]fe-/ﬂl!l‘, &e.

s Et vn peu aprés il explique ainfi quelle eft cete que-
ftion,

At locus adtres, &S quatuor lineas , in quo ( Apollonius)
ma gnifice [e iattat, & oftentat ,nulla habita gratia ei , qui
prius feripferar , eft hujufmods.  Sipofitione datss tribus

reftes
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And if the circle described about N and passing through L neither
cuts nor touches the line MQR, the equation has no root, so that we
may say that the construction of the problem is impossible.

These same roots can be found by many other methods,”™ I have
given these very simple ones to show that it is possible to construct
all the problems of ordinary geometry by doing no more than the little
covered in the four figures that I have explained.”™ This is one thing
which I believe the ancient mathematicians did not observe, for other-
wise they would not have put so much labor into writing so many books
in which the very sequence of the propositions shows that they did not
have a sure method of finding all,”" but rather gathered together those
propositions on which they had happened by accident.

This is also evident from what Pappus has done in the beginning of
his seventh book,™ where, after devoting considerable space to an
enumeration of the books on geometry written by his predecessors,™
he finally refers to a question which he says that neither Euclid nor
Apollonius nor any one else had been able to solve completely;™ and
these are his words:

“Quem autem dicit (Apollonius) in tertio libro locum ad tres, &
quatuor lincas ab Euclide perfectum mon esse, neque ipse perficere
poterat, neque aliquis alius; sed neque paululum quid addere iis, que

] For interesting contraction, see Rabuel, p. 23, et seq.

21 Tt will be seen that Descartes considers only three types of the quadratic
equation in z, namely, 2+as—Db?=0, s* —as —b2 =0, and 2? —az+b2 =0.
It thus appears that he has not been able to free himself from the old traditions
to the extent of generalizing the meaning of the coefficients, — as negative and
fractional as well as positive. He does not consider the type z2+az+b2=0,
because it has no positive roots.

=1 “Qu’ils n'ont point eu la vraye methode pour les trouuer toutes.”

1] See Note [9].

21 See Pappus, Vol. II, p. 637. Pappus here gives a list of books that treat
of analysis, in the following words: “Illorum librorum, quibus de loco, 'avaXvéuevos
sive resoluto agitur, ordo hic est. Euclidis datorum liber unus, Apollonii de pro-
portionis sectione libri duo, de spatii sectione duo, de sectione determinata duo, de
tactionibus duo, Euclidis porismatum libri tres, Apollonii inclinationum libri duo,
eiusdem locorum planorum duo, conicorum octo, Aristaci locorum solidorum libri
duo.” See also the Commandinus edition of Pappus, 1660 edition, pp. 240-252.

1 For the history of this problem, see Zeuthen: Die Lehre von den Kegel-
schnitten im Alterthum, Copenhagen, 1886. Also, Adam and Tannery, Oeuvres de
Descartes, vol. 6, p. 723. .
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Euclides scripsit, per ea tantum conica, que usque ad Euclidis tempora
premonstrata sunt, &c.” ™
A little farther on, he states the question as follows:

“At locus ad tres, & quatuor lineas, in quo (Apollonius) magnifice
se jactat, & ostentat, nulla habita gratia ei, qui prius scripserat, est
hujusmodi.®™ Si positione datis tribus rectis lineis ab uno & eodem
puncto, ad tres lineas in datis angulis recte linee ducantur, & data sit
proportio rectanguli contenti duabus ductis ad quadratum relique:
punctum contingit positione datum solidum locum, hoc est unam ex
tribus conicis sectionibus. Et si ad quatuor rectas lineas positione datas
in datis angulis line@ ducantur; & rectanguli duabus ductis contenti ad
contentum duabus reliquis proportio data sit; stmiliter punctum datum
coni sectionem positione continget. Si quidem igitur ad duas tantum
locus planus ostensus est. Quod si ad plures quam quatuor, punctum
continget locos non adhuc cognitos, sed lineas tantum dictas; quales
autem sint, vel quam habcant proprietatem, non constat: earum unam,
neque primam, & que manifestissima videtur, composuerunt osten-
dentes utilem esse. Propositiones autem ipsarum he sunt.

“Si ab aliquo puncto ad positione datas rectas lineas quinque ducantur
recte line@ in datis angulis, & data sit proportio solidi parallelepipedi
rectanguli, quod tribus ductis lineis continetur ad solidum parallelepipe-
dum rectangulum, quod continetur reliquis duabus, & data quapiam
linea, punctum positione datam lineam continget. St autem ad sex, &
data sit proportio solidi tribus lincis contenti ad solidum, quod tribus
reliquis continctur; rursus punctum continget positione datam lineam.
Quod si ad plures quam sex, non adhuc habent diccre, an data sit pro-
portio cujuspiam contenti quatuor lineis ad id quod reliquis continetur,

@l Pappus, Vol. II, pp. 677, et seq., Commandinus edition of 1660, p. 251.
Literally, “Moreover, he (Apollonius) says that the problem of the locus related
to three or four lines was not entirely solved by Euclid, and that neither he him-
self, nor any one else has been able to solve it completely, nor were they able to
add anything at all to those things which Euclid had written, by means of the
conic sections only which had been demonstrated before Euclid.” Descartes arrived
at the solution of this problem four years before the publication of his geometry,
after spending five or six weeks on it. See his letters, Cousin, Vol. VI, p. 294,
and Vol. VI, p. 224. '

21 Given as follows in the edition of Pappus by Hultsch, previously quoted:
“Sed hic ad tres et quatuor lineas locus quo magnopere gloriatur simul addens ei
qui conscripserit gratiam habendam esse, sic se habet.”
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reltss lineds abuno & eodempunile, adtreslinens in datss an-
ulis refte linee ducantur , & data fit proportio reltanguli
contenti duabus duétis ad quadratum relique: punSlum con-
tin gz't pofitione datum [olidum locum , hoc eft unam ex tribus
contcis [eftionibus. Et Ji ad quatuor reflas lineas pofitione
datasindatis an gulz'.r linex ducantur; ¢ reélanguli duabus
dulis conzenti ad contentum duabus reliquis propertio data
fit: fimiliter punétum datum coni [eltionem pofitione contin-
get. Siquidemigitur ad duas tantumlocus planus oftenfus
eft. Quodfiadplures quam quatuor, punéum continget lo-
cos non adhuc cognitos, [ed lineas tuntum dilas ; quales au-
tem fint, vel quam habeant proprietatem, non conftat: earum
unam, neque primam, & que manifeftiffima videtur, compo-
[uerunt oftendentes utilemefle. propofitiones antemipfarum
he [(unt.

Siabaliquo puntlo ad pofitione datas reflas lineas quin-
que ducantur refle linew in datis angulis , & data fit propor-
tio [alidi parallelepipedi reangulls quod tribus dullis lineis
contine tur ad folidum parallelepipedum reflangulum , quod
contineturreliquis duabus, € data quapiam linea, punitum
pofitione datam lineam continget. Siantem adfex, data
fit proportio folidi tribus lineis contenti ad (olidum , quod
tribus reliquis continetur; rurfus punétum continget pofitione
datam lineam. Quod fiad plures quam fex, non adbuc habent
dicere,an datafit proportio cuiu(pié contenti quatuor linets
ad id quod reliquis continetur, quoniam non eft aliquid cone
tentum pluribus quam tribus dimenfionibus.

Ou ie vous prie de remarquer en paffant, que le fcru-
pule, que faifoient les anciens d'vfer.des termes del’A-
rithmetique enla Geometrie, quine pouunoit proceder,

Oq que

19



306 Ls GEOMETRIE,

que de ce qu'ils ne voyoient pas afl¢s clairement leus
rapport, caufoit beaucoup d’obfcurité, & d’embaras, en
lafagon dontils s'expliquoient. car Pappus pourfuit en
ceteforte.,

Acquie[cunt autem his, qui parlo antetalia interpretati
[unt. neque unum aliquo patto comprehenfibile fignificantes
quodhis continetur. Licebit auté per coniuntas proportiones
hac, & dicere, & demonftrare univerfein diftis proportioni-
bus, atque hisin hunc modum. St ab aliquo puntto ad pofi-
tione datasreélas lineas ducantur refle linew in datis an gu-
lis, & data [it proportio coniunia ex ea, quam habet una du-
&arumadunam, & alteraadalteram,e3 alia ad aliam,&3 re-
ligua ad datam lineam, fi fint [eptem; fivero ofte., & reliqua
ad reliquam: punétum continget pofitione datds lineas. E
fimiliter quotcumque fint impares vel pares multitudine,
eum hacy ut dixi,loco ad quatuor lineas refpondeant, nullum
Ygitur pofuerant ita ut linea not a fit, &c.

Laqueftiondonc qui auoit efté commencée a refous
dre par Euclide, & pourfuiuie par Apollonius, fans auoir
eltéacheuée parperfonne, eftoit telle. Ayant trois on,
quatre ou plus grand nombre de lignes droites donnees
par pofition; premierement on demande vn point, .du-
quel on puiffe tirerautant d’autres lignes droites, vae fux
chafcune des données, qui fagent auec elles des angles
donnés, & que le reGtangle contenu en deux de celles,
quiferont ainfitirées d'vn mefme point, ait 1a propor-
tion donnéeauec le quarré de la troifiefme, s’iln’yena
que trois; oubienauec lerectangle des deux autres, s'ily
enaquatre;oubien,s’il y ena cing,que le parallelepipede
compofdde trois aitla proportion donnee auec le parals

lelepipede
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FIRST BOOK

quoniam non est aliquid contentum pluribus quam tribus dimensioni-
bus.” ®

Here I beg you to observe in passing that the considerations that
forced ancient writers to use arithmetical terms in geometry, thus mak-
ing it impossible for them to proceed beyond a point where they could
see clearly the relation between the two subjects, caused much obscur-
ity and embarrassment, in their attempts at explanation.

Pappus proceeds as follows:

“Acquiescunt autem his, qui paulo ante talia interpretati sunt; neque
unum aliquo pacto comprehensibile significantes quod his continetur.
Licebit autem per conjunctas proportiones hac, & dicere & demonstrare
universe in dictis proportionibus, atque his in hunc modum. Si ab
aliquo puncto ad positione datas rectas lineas ducantur recte linee in
datis angulis, & data sit proportio conjuncta ex ea, quam habet una
ductarum ad unam, & altera ad alteram, & alia ad aliam, & reliqua ad
datam lineam, si sint septcm; si vero octo, & rcliqua ad reliquam:
punctum continget positione datas lineas. Et similiter quotcumque sint

] This may be somewhat freely translated as follows: “The problem of the
locus related to three or four lines, about which he (Apollonius) boasts so proudly,
giving no credit to the writer who has preceded him, is of this nature: If three
straight lines are given in position, and if straight lines be drawn from one and
the same pomt making given angles with the three given lines; and if there be
given the ratio of the rectangle contained by two of the lines so drawn to the
square of the other, the point lies on a solid locus given in position, namely, one
of the three conic sections.

“Again, if lines be drawn making given angles with four straight lines given
in position, and if the rectangle of two of the lines so drawn bears a given ratxo
to the rectangle of the other two; then, in like manner, the point lies on a conic
section given in position. It has "been shown that to only two lines there corre-
sponds a plane locus. But if there be given more than four lines, the point gen-
erates loci not known up to the present time (that is, impossible to determine by
common methods), but merely called ‘lines’. It is not clear what they are, or
what their properties. One of them, not the first but the most manifest, has been
examined, and this has proved to be helpful. (Paul Tannery, in the Oeuvres de
Descartes, differs with Descartes in his translation of Pappus. He translates as
follows: Et on n’a fait la synthése d’ aucune de ces lignes, ni montré qu’elle servit
pour ces lieux, pas méme pour celle qui semblerait la premiére et la plus indiquée.)
These, however, are the propositions concerning them.

“If from any point straight lines be drawn making given angles with five
straight lines given in position, and if the solid rectangular parallelepiped contained
by three of the lines so drawn bears a given ratio to the solid rectangular paral-
lelepiped contained by the other two and any given line whatever, the point lies
on a ‘line’ given in position. Again, if there be six lines, and if the solid con-
tained by three of the lines bears a given ratio to the solid contained by the other
three lines, the point also lies on a ‘line’ given in position. But if there be more
than six hnes we cannot say whether a ratio of somethmg contamed by four
lines is given to that which is contained by the rest, since there is no figure of
more than three dimensions.”
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GEOMETRY

impares vel pares multitudine, cum hec, ut dixi, loco ad quatuor lincas
respondeant, nullum 1gitur posuerunt ita ut linea nota sit, &c.""

The question, then, the solution of which was begun by Euclid and
carried farther by Apollonius, but was completed by no one, is this:

Having three, four or more lines given in position, it is first required
to find a point from which as many other lines may be drawn, each
making a given angle with one of the given lines, so that the rectangle
of two of the lines so drawn shall bear a given ratio to the square of
the third (if there be only three) ; or to the rectangle of the other two
(if there be four), or again, that the parallelepiped"” constructed upon
three shall bear a given ratio to that upon the other two and any given
line (if there be five), or to the parallelepiped upon the other three (if
there be six) ; or (if there be seven) that the product obtained by mul-
tiplying four of them together shall bear a given ratio to the product
of the other three, or (if there be eight) that the product of four of
them shall bear a given ratio to the product of the other four. Thus
the question admits of extension to any number of lines.

Then, since there is always an infinite number of different points
satisfying these requirements, it is also required to discover and trace
the curve containing all such points."" Pappus says that when there
are only three or four lines given, this line is one of the three conic
sections, but he does not undertake to determine, describe, or explain
the nature of the line required™ when the question involves a greater
number of lines. He only adds that the ancients recognized one of
them which they had shown to be useful, and which seemed the sim-

‘®1 This rather obscure passage may be translated as follows: “For in this are
agreed those who formerly interpreted these things (that the dimensions of a
figure cannot exceed three) in that they maintain that a figure that is contained by
these lines is not comprehensible in any way. This is permissible, however, both
to say and to demonstrate generally by this kind of proportion, and in this man-
ner: If from any pomt straight lines be drawn makmg given angles with straight
lines given in position; and if there be given a ratio compounded of them, that
is the ratio that one of the lines drawn has to one, the second has to a second
the third to a third, and so on to the given line if there be seven lines, or, if there
be eight lines, of the last to a last, the point lies on the lines that are given in
position. And similarly, whatever may be the odd or even number, since these,
as I have said, correspond in position to the four lines; therefore they have not
set forth any method so that a line may be known.” The meaning of the passage
appears from that which follows in the text.

1 That is, continued product.

917t is here that the essential feature of the work of Descartes may be said
to begin.

15 See line 19 on the opposite page.
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LivrRe PREMIER. 307
lelepipede comnpofédes deux quireftent, &d’'vneautre
ligne donnée. Ous’ily enafix, que le parallelepipede
c6pofé de trois ait la proportion donnée auecle paralle-
lepipede des trois autres. Ous'ily enafept,que ce quife
produift lorfquon en multiplic quatrel'vne par lautre,
aitla raifon donnée auec ce qui fe produift par fa multi-
plication des trois autres, & encore d’vne autre ligne
donnée; Qus’ilyenahuit, que le produit de la multi-
plication de quatreait la proportion donnée auec le-pro-
duit des quatre autres. Et ainfi cete queftion fe peut
eltendre a rout autre nombre delignes, Puis a caufe qu'il
y a toufiours vne infinite de diuvers poins qui peunent fa-
tisfaireace qui eft icy demandé, il eft aufly requis de
connoiltre, & detracer laligne,dans laquelle ils doiuent
tous fe trouuer. & Pappus dit que lorfqu’il n’y a que
trois ou quatre lignes droites données, c’eft en vne des
trois fections coniques. mais il n’entreprend point de la
determiner, nyde la defcrire. non plus que d'expli-
quer celles ou tous ces poins fe doiuent trouuer, lorfque
la quetion eft propofée envn plus grand nombre de li-
gnes. Seulement ilaioufte que les anciens en auoient
imagindvne qu’ils monftroient y eftre vtile , mais qui
fembloit la plus manifefte, & quin’eftoit pas toutefois Ia
premiere. Ce qui m’adonn€ occafion d’effayer fi par la
methode dontieme fers on peut aller auffy loin qu’ils
ontefte.

Etpremierementi‘ay connu que cete queftion n'eftant Refponte
Propofe’e qu’en trois, ou quatre,ou cinqlignes , on peut ﬁ}zg“j;
toufiours trouuerles poins cherchés par la Geometrie Pappus.
fimple; c’eft a dire en ne fe feruant que dela reigle & du

Qq 2 compas,
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compas, ny ne faifant antre chofe, que ce qui adefiaefte
dit; exceptcfeulement lorfquil y a cinq lignes données,
fi elles fonttoutes paralleles. Auquel cas, comme aufly
lorfque la queftion eft propofee en fix,ou 7, ou 8, ou g
lignes, on peuttoufiours trouuer les poins cherchés par
la Geometrie des folides; c’eft a dire en y employant

quelqu’vnedestrois feCtions coniques. Excepté feule-

ment lorfqu’ily a neuf lignes donneés, fielles font toutes

paralleles. Auquelcasderechef, & encore en10,11,12,

ou 13 lignes on peut trouver les poins cherchés par le

moyen d’vne ligne courbe qui foit d’vndegre plus com-

pofée que lesfections coniques, Except¢ entreize fiel-

les font toutes paralleles, auquelcas, & en quatorze, 1y,

16, &171ily faudra employer vne ligne courbe encore

d'va degre plus compofe que la precedente & ainfi

al’infini.

Puisiay trouué aufly, que lorfqu’il nyaquetrois ou
quatre lignes données, les poinscherchés fe rencontrent
tous , non feulement en I'vne des trois feGtions coni-
ques, mais quelquefois auffy en la circonference d'va
cercle, ou en vneligne droite. Et que lorfqu'il yena
cinq, ou fix, oufept, ou huit, tous ces poins {e rencon-
trent en quelque vne des lignes, qui fontd’vndegré plus
compofées que les fections coniques , & il eft impoffible
d’enimaginer aucune qui ne foit vtile a cete queftion;
mais ils peunent aufly derecheffe rencontrer en vne fe-
&tion conique, ou envncercle, ou en vne ligne droite.
Ets’ily ena neuf, ou zo,0u11, 0u 12, ces poins fe ren-
contrent en vne ligne, qui ne peut eftre que d’'vndegré
plus compofée que les precedentes ; mais toutes celles

qui
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FIRST BOOK

plest, and yet was not the most important.” This led me to try to find
out whether, by my own method, I could go as far as they had gone.™

First, I discovered that if the question be proposed for only three,
four, or five lines, the required points can be found by elementary
geometry, that is, by the use of the ruler and compasses only, and the
application of those principles that I have already explained, except
in the case of five parallel lines. In this case, and in the cases where
there are six, seven, eight, or nine given lines, the required points can
always be found by means of the geometry of solid loci,"” that is, by
using some one of the three conic sections. Here, again, there is an
exception in the case of nine parallel lines. For this and the cases of
ten, eleven, twelve, or thirteen given lines, the required points may be
found by means of a curve of degree next higher than that of the conic
sections. Again, the case of thirteen parallel lines must be excluded,
for which, as well as for the cases of fourteen, fifteen, sixteen, and
seventeen lines, a curve of degree next higher than the preceding must
be used; and so on indefinitely.

Next, I have found that when only three or four lines are given, the
required points lie not only all on one of the conic sections but some-
times on the circumference of a circle or even on a straight line."

When there are five, six, seven, or eight lines, the required points
lie on a curve of degree next higher than the conic sections, and it is
impossible to imagine such a curve that may not satisfy the conditions
of the problem; but the required points may possibly lie on a conic
section, a circle, or a straight line. If there are nine, ten, eleven, or
twelve lines, the required curve is only one degree higher than the pre-
ceding, but any such curve may meet the requirements, and so on to
infinity.

3 See lines 5-10 from the foot of page 23.

I Descartes gives here a brief summary of his solution, which he amplifies
later.

1 This term was commonly applied by mathematicians of the seventeenth cen-
tury to the three conic sections, while the straight line and circle were called plane
loci, and other curves linear loci. See Fermat, Isagoge ad Locos Planos et Solidos,
Toulouse, 1679.

1l Degenerate or limiting forms of the conic sections.
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Finally, the first and simplest curve after the conic sections is the
one generated by the intersection of a parabola with a straight line 1n
a way to be described presently.

I believe that I have in this way completely accomplished what
Pappus tells us the ancients sought to do, and I will try to give the
demonstration in a few words, for I am already wearied by so much
writing.

Let AB, AD, EF, GH, ... be any number of straight lines
given in position,"” and let it be required to find a point C, from which
straight lines CB, CD, CF, CH, ... can be drawn, making given angles
CBA, CDA, CFE, CHG, ... respectively, with the given lines, and

M1 Tt should be noted that these lines are given in position but not in length.
They thus become lines of reference or codrdinate axes, and accordingly they
play a very important part in the development of analytic geometry. In this con-
nection we may quote as follows: “Among the predecessors of Descartes we
reckon, besides Apollonius, especially Vieta, Oresme, Cavalieri, Roberval, and
Fermat, the last the most distinguished in this field; but nowhere, even by, Fermat,
had any attempt been made to refer several curves of different orders simultane-
ously to one system of codrdinates, which at most possessed special significance
for one of the curves. It is exactly this thing which Descartes systematically
accomplished.” Karl Fink, A Bricf History of Mathematics, trans. by Beman and
Smith, Chicago, 1903, p. 229.

Heath calls attention to the fact that “the essential difference between the
Greek and the modern method is that the Greeks did not direct their efforts to
making the fixed lines of a figure as few as possible, but rather to expressing
their equations between areas in as short and simple a form as possible.” For fur-
ther discussion see D. E. Smith, History of Mathcmatics, Boston, 1923-25, Vol. 11,
pp. 316-331 (hereafter referred to as Smith).
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LivrRe PREMIER. 309
qui font d'vndegréplus compofées y penuent feruir, &
ainfi al'infini.

Au reftelapremiere, &la plus fimple de toutes aprés
les feCtions coniques, eft celle qu'on peut defcrire par
I'interfection d’vne Parabole, & d’vneligne droite, enla
fagon qui fera tantoft expliquce. Enforte que ie penfe
auoir entierement fatisfait a ceque Pappus nous dit auoir
eft¢ chetchéen cecy parles anciens. & ie tafcheray d’en
mettre lademonftration en peu de mots.car il m’ennuie
defiad’entantefcrire.

.'.p"

Soient AB, A D, EF, G H, &c. plufieurs lignes don-
nees par pofition, & qu'il faille trouuer vn point, comme
C, duquel ayant tir¢ d'autres lignes droites fur les don-
nées,comme CB,CD, CF, &CH, en forte que les
anglesCB A,C D A, CFE, CH G, &c, foient donnés,

Qq 3 &
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& que ce qui eft produit parla multiplication d’vne par-
tic de ces lignes, foit efgala ce qui eft produit par la mul-
tiplicationdes autres, oubien qu'ils ayent quelque autre
proportion donnée, car cela ne rend point la queftion
plus difficile.

Premierement ie fuppofe la chofe comme defiafaite,
& pour me demefler de la cofulion de toutes ces lignes,
ie confidere I'vne des donnees, & I'vne de celles qu'il
fauttrouuer, parexemple A B, & C B, comme lesprin-
cipales, & aufquelles ie tafche de rapporter ainfi toutes
lesautres. Quelefegmentdelaligne A B, qui eftentre
les poins A & B, foit nommé x. & que B C foit nommé
y. & quetouteslesautres lignes données foient prolon-
gdes, iufques a ce qu'elles couppent ces deux, aufly pro-
longees s'il eft befoin, &fielles neleur font point paral-
leles. comme vous voyesicy qu'elles couppent la ligne
ABauxpoins A, E, G, & BC aux poinsR,S, T. Puis a
caufequetous les angles du triangle A R B font donnés,
la proportion,qui eft entre les coftés A B, & B R, eft auf-
fy donnée, & ie lapofe commede b, defagonqu’ A B

b bx
eftantx, R Bfer —:’ &latoute CR feray + - >acaufe
que le point Btombe entre C & R; carfiR tomboit en-

b
tre C & B,C R feroit y-- —:5& fi Ctomboitentre B&R,

CRferoit -- _y—l—b—;f' Tout de mefme les trois angles

du triangle DR C font donne$ , & par confequent auffy
laproportion qui eft entre les coftés CR, & CD, queie

pofe comme de 32 ¢: de fagon que C Reftant y - lff’
CD



FIRST BOOK

such that the product of certain of them is equal to the product of the
rest, or at least such that these two products shall have a given ratio,
for this condition does not make the problem any more difficult.

First, I suppose the thing done, and since so many lines are confus-
ing, I may simplify matters by considering one of the given lines and
one of those to be drawn (as, for example, AB and BC) as the prin-
cipal lines, to which I shall try to refer all the others. Call the segment
of the line AB between A and B, .r, and call BC, y. Produce all the
other given lines to meet these two (also produced if necessary) pro-
vided none is parallel to either of the principal lines. Thus, in the
figure, the given lines cut AB in the points A, E, G, and cut BC in the
points R, S, T.

Now, since all the angles of the triangle ARB are known,"" the ratio
between the sides AB and BR is known."! If we let AB :BR=2z:b,

(48]

. 1 . .
since AB = x, we have RB =’Z—x; and since B lies between C and R™,
we have CR=7y+ /’Tx (When R lies between C and B, CR is tqual

b
toy — b7x' and when C lies betwcen B and R, CR is equal to—y + ; )

(40]

and there-
fore the ratio between the sides CR and CD is determined. Calling this

Again, the three angles of the triangle DRC are known,

)

. . bx o hx .
ratio z :¢, since CR=y+g, we have CD= - + —- Then, since

z
"1 Since BC cuts AB and AD under given angles.
" Since the ratio of the sines of the opposite angles is known.

1) Tn this particular figure, of course.
I Since CB and CD cut AD under given angles.



GEOMETRY

the lines AB, AD, and EF are given in position, the distance from A
to E is known. If we call this distance k, then EB =k + «; although
EB =k —x when B lies between E and A, and E=—% + x when E
lies between A and B. Now the angles of the triangle ESB being
given, the ratio of BE to BS is known. We may call this ratio z :d.

dk 4 dx
¥4

Then BS =

/-3
and CS = z}'—+lz*+dx.“" When S lies between B

and C we have CS —

— —d.
zy—d:;fx, and when C lies between B and S

— dk 4 d: .
we have CS=—£+z—+x. The angles of the triangle FSC are
known, and hence, also the ratio of CS to CF, or z:e. Therefore,

CF_2+ rle;f + dex )

Likewise, AG or [/ is given, and BG=1[1—u.
Also, in triangle BGT, the ratio of BG to BT, or = :f, is known. There-

fore, BT =ﬂ_Tf" and CT=M‘. In triangle TCH, the ratio

of TC to CH, or 2 : g, is known," whence CH IRCOR Y/ ¥/ .

7
17 We have
CS=y+BS
dk+-d.
_ey+diktdx

2

and similarly for the other cases considered below.

The translation covers the first eight lines on the original page 312 (page 32
of this edition.

11 Tt should be noted that each ratio assumed has s as antecedent.
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CDfera? + —. Aprcs celapourceque les lignes A B,
AD,&E F font données par pofition, ladiftance qui eft
entre lespoins A & E eft auflydonnée, & fi onlanom-
me K, onaura E Befgal a £ +x; mais ce feroit £ -- x, fi
le point B tomboit entre E & A;& -- &k + «,fi E tomboit
entre A & B. Et pourceque les angles du triangle ES B
font tous donnés, la proportionde BE a BS eft auffy
donnde, & ie la pofe comme zad , fibienque BS eft

dbfds z -l-dl»pd‘c
, & li toute C S eft A

1y-- d/e

; mais ce feroit

,ﬁ le point S tomboitentreB & C;& ceferoit

-z d x .
___}'_’*‘_ii_i, fi Ctomboit entre B & S. De plus les

trois angles du triangle F S Cfont donnés, & en fuite Ia
pro-
31
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proportionde CS2 CF, quifoitcomme de 32 ¢, &la
toute CF fera eid‘i”—i&‘. En mefme fagon A G

que ie nomme /eft donnée, &BGeft /-- x', & acaufe
dutriangle BG T laproportionde BGa BT ef‘r aufly

donnée, quifoit comme de 32 . &B T fera {f » &

CTo Y=/ 'Pf % Puisderechef Ia proportionde TCa

CHetft donnce ,acaufedutriangle T CH, & lapofant

gzykfel--fax
comme de 32 g,onaura CH > -—g—];fg—&— .

Etainfi vous voy¢s, qu'entel nombre de lignes don-
nées par pofition qu’on puiffe auoir, toutes les lignes ti-
rées deflus du point C aangles donnes fuivant la teneur
de la queftion , fe peuuent toufiours exprimer chafcune
partrois termes; dont I'vn eft compofe'de la quantité in-
connue y, multipliée , ou diuifee par quelque autre
connue; & l'autre de la quantite’ inconnue x, auffly mul-
tiplice oudiuifée par quelque autre connué, & le trofief-
me d’vne quantité toute connué. Excepté feulement fi
elles font paralleles; oubienalaligne AB, auquel cas le
terme compof¢de la quantité x feranul ; oubienalali-
gne C B, auquel cas celuy qui eft compof¢de la quantite
y{eranul; ainfi qu’il eft trop manifefte pour que ie m'are-
fteal'expliquer. Et pour lesfignes+, & --, quife ioi-
gnent a ces termes, ils.peuuent eftre change’s en toutes
les fagonsimaginables.

Puisvous voyésaufly, que multpliant plofieurs de
ceslignesl'vne par l’autre, les quantités x &y, qui fe
trouuent dans le produit, n’y peunent avoir que chafcu-
ne autantde dimenfions, qu'ily aeu delignes, al’expli-

cation
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And thus you see that, no matter how many lines are given in posi-
tion, the length of any such line through C making given angles with
these lines can always be expressed by three terms, one of which con-
sists of the unknown quantity y multiplied or divided by some known
quantity ; another consisting of the unknown quantity x multiplied or
divided by some other known quantity; and the third consisting of a

[49]

known quantity.”” An exception must be made in the case where the
given lines are parallel either to AB (when the term containing x van-
ishes), or to CB (when the term containing y vanishes). This case is
too simple to require further explanation.™ The signs of the terms

may be either 4+ or — in every conceivable combination."”

You also see that in the product of any number of these lines the
degree of any term containing x or y will not be greater than the num-
ber of lines (expressed by means of x and y) whose product is found.
Thus, no term will be of degree higher than the second if two lines
be multiplied together, nor of degree higher than the third, if there be
three lines, and so on to infinity.

U1 That is, an expression of the form axr = by ¢, where a, b, c, are any real
positive or negative quantities, integral or fractional (not zero, since this exception
is considered later).

1) The following problem will serve as a very simple illustration: Given three
parallel lines AB, CD, EF, so placed that AB is distant 4 units from CD, and CD
is distant 3 units from EF; required to find a point P such that if PL, PM, PN

P

e __|R N_F
c_3 M ]
aA_d 8

be drawn through P, making angles of 90° 45° 30° respectively, with the
parallels. Then PM’= PL.PN.

Let PR = y, then PN =2y, PM = V2(y+3),PL=y+7. 1f PM °=PN.PL,
we have [\/‘_‘3(3""3)]2 =2y(y+7), whence y =9. Therefore, the point P lies on

the line XY parallel to EF and at a distance of 9 units from it. Cf. Rabuel, p. 79.
*] Depending, of course, upon the relative positions of the given lines.
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Furthermore, to determine the point C, but one condition is needed,
namely, that the product of a certain number of lines shall be equal to,
or (what is quite as simple), shall bear a given ratio to the product of
certain other lines. Since this condition can be expressed by a single

[s2).

equation in two unknown quantities,”" we may give any value we please

to either x or y and find the value of the other from this equation. It
is obvious that when not more than five lines are given, the quantity x,
which is not used to express the first of the lines can never be of degree
higher than the second.™

Assigning a value to y, we have 1?== =+ ax + b* and therefore x
can be found with ruler and compasses, by a method already explained."™
If then we should take successively an infinite number of different
values for the line y, we should obtain an infinite number of values for
the line x, and therefore an infinity of different points, such as C, by
means of which the required curve could be drawn.

This method can be used when the problem concerns six or more
lines, if some of them are parallel to either AB or BC, in which case

] That is, an indeterminate equation. “De plus, 3 cause que pour determiner
le point C, il n'y a qu'une seule condition qui soit requise, 4 sgavoir que ce qui est
produit par la multiplication d’un certain nombre de ces lignes soit égal, ou (ce qui
n’est de rien plus mal-aisé) ait la proportion donnee, 3 ce qui est produit par la
multiplication des autres; on peut prendre A discretion 'une des deux quantitez
inconnués x ou y, & chercher l'autre par cette Equation.” Such variations in the
texts of different editions are of no moment, but are occasionally introduced as
matters of interest.

1) Since the product of three lines bears a given ratio to the product of two
others and a given line, no term can be of higher degree than the third, and there-
fore, than the second in x.

1] See pages 13, et seq.
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cation defquelles elles feruent, qui ont efte ainfi multi-
plices: enforte qu’elles n’auront iamais plus de deux di-
menfions, en ce qui ne feraproduit que par la multipli-
cation de deux lignes; ny plus de trois , ence qui ne fera
produit que par la multiplicationdetrois, & ainfi al'in-
fini . ;
De plus, a caufe que pour determiner le point C, il Sommec
n’ya qu'vne feule condition qui foit requife , 2fgauoir que ce
que ce qui eft produit par la maultiplicationd’vn certain fn‘:i’f‘ff‘
nombre de ces lignes foit efgal, ou (cequi n'eft de rien plar, 19[{{
plus malayf€) ait la proportion donnée , a ce qui eft pro- ggi‘n;‘ €
duitparla multiplication des autres; on peut prendre a proploféd
difcretionI'vne des deux quantitésinconnuesxouy, & :"hl; us de
chercher l'autre par cete Equation. en laquelle il eft eui-
dent que lorfque la queftion n’eft point propoféeen plus
decinq lignes, la quantité x quine fert point a I'expref-
fion de la premiere peut toufiours n'y auoir que deux di-
menfions. defagon que prenant vne quantité connué
poury,ilnerefteraque xx 0 +ou--ax—+ou--b4. &
ainfi onpourra trouuer la quantité x auec la reigle &le
compas, en lafacontantoft expliquée. Mefme prenant
fuccefliuement infinies diuerfes grandeurs pour laligne
J> onen trounera auffy infinies pourlaligne x,8zainfion
aura vne infinité'de diuers poins , tels que celuy qui eft
marqué C, par le moyen defquels on defcrirala ligne
courbe demandée.
1l{fe peut faire aufly, la queftion eftant propofce enfix,
ouplus grand nombre delignes; s'ily en a entre les don-
nées, qui foient paralleles a B A, ou BC, quel'voe des
deux quantités £ ou y n’ait que deux dimenfions en
Rr 'Equa-
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I’Equation, & ainfi qu’o n puiffe trouuuer le point C auec
lareigle & le compas. Mais aucontraire fi ellesfout tou-
tesparalleles , encore que laqueftion ne foit propofée
qu’encingq lignes, ce point C ne pourra ainfi eftre trou-
ué, a caufe que la quantité x ne fe trounant point en tou-
te ’Equation, il ne fera pluspermis de prendre vne quan-~
tité connué pour celle qui eft nommeéey , mais ce fera
elle quil faudra chercher. Et pource quelle aura trois di-
menfions,on ne lapourra tronuer qu’en tirant la racine
d'vne Equation cubique. cequi ne fe peut generalement
faire fans qu’on y employe pour le moins vne fetion co-
nique. Etencorequ’il y ait iufques a neuf lignes don-
nées,pourviiqu’elles ne foient point toutes paralleles, on
peut toufiours faire que 'Equation ne monte que iufques
auquarréde quarré. aumoyendequoy on la peut auffy
toufioursrefoudre parles fections coniques, enlafagon
quei’expliqueray cyapres. Etencore qu’il yenait iuf-
ques atreize , on peut toufiours faire qu’elle ne monte
que iufquesau quarré de cube. en fuite de quoy on la
peutrefoudre parle moyen d'vne ligne , qui n’eft que
d'vndegréplus compofie que les feGtions coniques, en
lafagon que i’expliquerayaufly cy aprés. Et cecy eftla
premiere partie de cequei'auoisicy ademonftrer; mais
anant que ie paffe ala feconde il eft befoin que ie die

quelque chofe en general de la nature des lignes cour-
bes.
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either x or y will be of only the second degree in the equation, so that
the point C can be found with ruler and compasses.

On the other hand, if the given lines are all parallel even though a
question should be proposed involving only five lines, the point C can-
not be found in this way. For, since the quantity x does not occur at
all in the equation, it is no longer allowable to give a known value to y.
It is then necessary to find the value of ¥."™ And since the term in y
will now be of the third degree, its value can be found only by finding
the root of a cubic equation, which cannot in general be done without
the use of one of the conic sections.™

And furthermore, if not more than nine lines are given, not all of
them being parallel, the equation can always be so expressed as to be
of degree not higher than the fourth. Such equations can always be
solved by means of the conic sections in a way that I shall presently
explain.™

Again, if there are not more than thirteen lines, an equation of degree
not higher than the sixth can be employed, which admits of solution by
means of a curve just one degree higher than the conic sections by a
method to be explained presently.™

This completes the first part of what I have to demonstrate here, but
it is necessary, before passing to the second part, to make some general
statements concerning the nature of curved lines.

=] That is, to solve the equation for y.

1*] See page 84.

7] See page 107.

1% This line of reasoning may be extended indefinitely. Briefly, it means that
for every two lines introduced the equation becomes one degree higher and the
curve becomes correspondingly more complex.
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Geometry
BOOK 1I

ON THE NATURE oF CURVED LINES

HE ancients were familiar with the fact that the problems of geom-

etry may be divided into three classes, namely, plane, solid, and linear
problems.™ This is equivalent to saying that some problems require
only circles and straight lines for their construction, while others
require a conic section and still others require more complex curves."™
I am surprised, however, that they did not go further, and distinguish
between different degrees of these more complex curves, nor do I see
why they called the latter mechanical, rather than geometrical."™
If we say that they are called mechanical because some sort of instru-
ment"™ has to be used to describe them, then we must, to be consistent,

1 Cf. Pappus, Vol. I, p. 55, Proposition 5, Book III: “The ancients consid-
ered three classes of geometric problems, which they called plane, solid, and linear.
Those which can be solved by means of straight lines and circumferences of circles
are called plane problems, since the lines or curves by which they are solved have
their origin in a plane. But problems whose solutions are obtained by the use of
one or more of the conic sections are called solid problems, for the surfaces of solid
figures (conical surfaces) have to be used. There remains a third class which is
called linear because other ‘lines’ than those I have just described, having diverse
and more involved origins, are required for their construction. Such lines are the
spirals, the quadratrix, the conchoid, and the cissoid, all of which have many impor-
tant properties.” See also Pappus, Vol. I, p. 271.

1l Rabuel (p. 92) suggests dividing problems into classes, the first class to
include all problems that can be constructed by means of straight lines, that is,
curves whose equations are of the first degree; the second, those that require curves
whose equations are of the second degree, namely, the circle and the conic sec-
tions, and so on.

01 Cf. Encyclopédie ou Dictionnaire Raisonné des Sciences, des Arts et des
Metiers, par une Société de gens de lettres, mis en ordre et publiées par M. Diderot,
et quant & la Partie Mathematique par M. d’Alembert, Lausanne and Berne, 1780.
In substance as follows: “Mechanical is a mathematical term designating a con-
struction not geometric, that is, that cannot be accomplished by geometric curves.
Such are constructions depending upon the quadrature of the circle.

The term, mechanical curve, was used by Descartes to designate a curve that
cannot be expressed by an algebraic equation.” Leibniz and others call them
transcendental.

13 “Machine.”
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LA
GEOMETRTIE.
LIVRE SECOND.

De la nature des bgnes conrbes.

LE s anciens ont fort bien remarqué , qu’entre les
Problefmes de Geometrie, les vns font plans , les au- Quelles
tres folides,& lesautres lineaires, c’eft a dire,que les vns ﬁ‘g’:c:s
peuuent eftre conftruits, ennetragant que des lignes courbes
droites, &descercles; au lieu que les autres ne le peu- lo re.
uent eftre, qu'on n’y employe pour le moins quelque fe- ceuoir en
¢tion conique; ni enfin les autres , qu’onn’y employe ﬁi‘f‘“""
quelque autre ligne plus compofee. Mais ie m’eftonne
de cequ'ilsn’ont point outre cela diftingu¢ diuers de-
grés entre ces lignes plus compofées , & ie ne fgaurois
comprendre pourguoy ils les ont nommées mechani-
ques, plutoft que Geometriques. Carde dire que ¢ait
efte] a caufe qu'il eft befoin de fe feruir de quelque ma-
chine pour lesdefcrire, il faudroit reietrer par mefme
raifon les cércles & les lignes droites;vii qu’on nelesde-
fcrit furle papier qu’auec vn compas, & vne reigle, qu'on
peut aufly nommer des machines. Ce n’eft pas non plus,
acaufe que lesinftrumens, quiferuentales tracer,eftant
pluscompof€s que lareigle & le compas , ne peunent
eftre fiiuftes;car il faudroit pour cete raifon les reietter
des Mechaniques, ou laiufteflfe des ouurages qui fortent
delamain eft defirée; plutoft que dela Geometric , on
c’eft feulement la inftefle duraifonnemét qu'onrecher-
Rr 2 che,
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che, & qui peut fans doute eftre aufly parfaite touchant
ceslignes, que touchant les autres. Ie ne diray pas auffy,
que ce foit a caufe qu'ils n’ont pas voulu angmenter le
nombre de leurs demandes., & qu'ils fe fontcontentés
qu’onleur accordaft, qu’ils puffent ioindre deux poins
donnés par vneligne droite , & defcrire vncercled’vn
centre donné, qui paffaft par vn point donné.carils n’ont
point fait de fcrupule de fuppofer outse cela,pour traiter
desfe&ionsconiques , quon puft coupper toutcéne
donnéparvnplandonné. &iln’eft befoin de rien fup-
pofer pour trager toutes les lignes courbes, queie pre-
tens icy d'introduire; finon que deux ou plufieurs lignes
puiffent eftre meu€s I'vne par autre , & que leursinter-
fections en marquent d'autres ; ce quine me paroift en
rien plusdifficile. 1l eft vray qu'ilsn’ontpas aufly entie-
rement receu les fe&ions coniques en leur Geometrie,
& ie ne veux pas entreprendre dechanger les noms qui
ont eft€appromucs par I'vfage; mais il eft, ce me femble,
tresclair , que prenant comme on fait pour Geometri-
que ce quieft precis & exat , & pour Mechanique
ce quinel’eft pas ; & confiderantla Geometrie comme
vne fcience, qui enfeigne generalement a connoiftre les
mefures de tous les cors,on n’endoit pas plutoft exclure
les lignes les plus compofees que les plus fimples, pourvii
qu’on les puiffeimaginereftre defcrites par vn mouve-
ment continu, ou par plufieurs quis’entrefuinent & dont
tes derniers foient entierement reglés par ceux qui les
precedent. carpar ce moyen on peut toufiours auoir
vne connoiflance exacte de leur mefure. Mais peuteftre
que ce qui aempefché les anciens Geometres de rege-

uoir
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reject circles and straight lines, since these cannot be described on
paper without the use of compasses and a ruler, which may also be
termed iustruments. It is not because the other instruments, being
more complicated than the ruler and compasses, are therefore less
accurate, for if this were so they would have to be excluded from
mechanics, in which accuracy of construction is even more important
than in geometry. In the latter, exactness of reasoning alone™ is
sought, and this can surely be as thorough with reference to such lines
as to simpler ones.”™ T cannot believe, either, that it was because they
did not wish to make more than two postulates, namely, (1) a straight
line can be drawn between any two points, and (2) about a given center
a circle can be described passing through a given point. Id their treat-
ment of the conic sections they did not hesitate to introduce the assump-
tion that any given cone can be cut by a given plane. Now to treat all
the curves which I mean to introduce here, only one additional assump-
tion is necessary, namely, two or more lines can be moved, one upon
the other, determining by their intersection other curves. This seems
to me in no way more difficult."™

It is true that the conic sections were never freely received into

[ec)

ancient geometry,”™ and I do not care to undertake to change names

confirmed by usage; nevertheless, it seems very clear to me that if we
make the usual assumption that geometry is precise and exact, while

.e7]

mechanics is not;"" and if we think of geometry as the science which

furnishes a general knowledge of the measurement of all bodies, then
we have no more right to exclude the more complex curves than the
simpler ones, provided they can be conceived of as described by a con-
tinuous motion or by several successive motions, each motion being
completely determined by those which precede; for in this way an exact
knowledge of the magnitude of each is always obtainable.

%1 An interesting question of modern education is here raised, namecly, to what
extent we should insist upon accuracy of construction even in elementary geometry.

1 Not only ancient writers but later ones, up to the time of Descartes, made
the same distinction; for example, Vieta. Descartes's view has been universally
accepted since his time.

! That is, in no way less obvious than the other postulates.

1] Because the ancients did not believe that the so-called constructions of the
conic sections on a plane surface could be exact.

'] Since it is not possible to construct an ideal line, plane, and so on.
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Probably the real explanation of the refusal of ancient geometers to
accept curves more complex than the conic sections lies in the fact that
the first curves to which their attention was attracted happened to be

[%0)

the spiral™ the quadratrix,"’ and similar curves, which really do
belong only to mechanics, and are not among those curves that I think
should be included here, since they must be conceived of as described
by two separate movements whose relation does not admit of exact
determination. Yet they afterwards examined the conchoid,™ the
cissoid,”™ and a few others which should be accepted ; but not knowing
much about their properties they took no more account of these than
of the others. Again, it may have been that, knowing as they did only

72)

a little about the conic sections,”™ and being still ignorant of many of
the possibilities of the ruler and compasses, they dared not yet attack
a matter of still greater difficulty. I hope that hereafter those who are
clever enough to make use of the geometric methods herein suggested
will find no great difficulty in applying them to plane or solid problems.
I therefore think it proper to suggest to such a more extended line of
investigation which will furnish abundant opportunities for practice.
Consider the lines AB, AD, AF, and so forth (page 46), which we

may suppose to be described by means of the instrument YZ. This
instrument consists of several rulers hinged together in such a way that
YZ being placed along the line AN the angle XYZ can be increased or
decreased in size, and when its sides are together the points B, C, D,
E, F, G, H, all coincide with A ; but as the size of the angle is increased,

) See Heath, History of Greek Mathematics (hereafter referred to as Heath),
Cambridge, 2 vols., 1921. Also Cantor, Vorlesungen iiber Geschichte der Mathe-
matik, Leipzig, Vol. I (2), n. 263, and Vol. IT (1), pp. 765 and 781 (hereafter
referred to as Cantor).

®] See Heath, I, 225; Smith, Vol. II, pp. 300, 305.

") See Heath, I, 235, 238; Smith, Vol. II, p. 298.

"™ See Heath, I, 264; Smith, Vol. II, p. 314.

") They really knew much more than would be inferred from this statement.

In this connection, see Taylor, Ancient and Modern Geometry of Conics, Cam-
bridge, 1881.
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uoir celles qui eftoient plus compofeées que lesfeGions
coniques, c’eft que les premieres qu'ils ont confiderdes,
ayant par hafard efté la Spirale, la Quadratrice , & fem-
blables, qui n"appartienent veritablement quaux Me-
chaniques, & nefont point du nombre de celles que ie
penfe deuoiricy eftrereceues, a caufe qu'on lesimagine
defcrites par deux mouvemens fepares, & quin’ont en-
treeux aucun raport qu'on puiffe mefurer exactement,
bienqu'ils ayent aprés examiné la Conchoide , 1a Ciffoi-
de, & quelque peud’autres qui en font, toutefois a cau-
fe qu'ils n'ont peuteftre pas aflés remarque leurs pro-
prietés, ils n'en ont pas fait plus d’eftat que des premie-
res. Oubienc’eft que voyant , qu’ils ne connoiffoient
encore , que peu de chofes touchant les fe@ionsconi-
ques, & qu'illeur enreftoit mefme beaucoup, touchant
_ce qui fe peut faire auec la reigle & le compas , qu'ils
ignoroient,ils ont creu ne deuoir point entamer de ma-
tiere plusdifficile. Mais pourceque i'efpere que d’orena-
uant ceux qui auront I'adreffe de fe feruirdu calcul Geo-
metrique icy propof¢, ne trouueront pas aflés dequoy
s‘arefter tonchant les problefines plans, ou folides; ie
croy qu'il eft a propos que ie lesinuite a d’autres re-

cherches, oiils ne manquerantiamais d’exercice.
Voyésleslignes AB,A D, AF, & femblables queie
fuppofe auoir efté defcrites par I'ayde de l'inftrument
Y Z, qui eft compof¢ de plufieurs reigles tellement ioin-
tes, que celle qui eft marquée Y Z eftant areftée furla
ligne A N,on peut ouurir & fermer I'angle XY Z; & que
lorfquilet tout fermé ,les poins B, C, D, F, G, H font
tous affemblés au point A ; mais qu'a mefure qu'on
Rr 3 I'ouure,
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N
Fouure, lareigle B C, qui eft iointe a angles droits auec
XY aun point B, pouflevers Z lareigle C D, qui coule
furY Z enfaifant toufiours desangles droits avec elle,8
C Dpouffe D E, qui coule tout de mefme fur Y X en de-
meurant parallelea B C,D E poufle E F,EF poufle FG,
cellecy poufle G H. & onenpeutconceuoir vne infinite
d’autres’, qui fe pouffent confequutivement en me{me
facon, 8z dont les vnes facent roufiours les mefmes an-
glesauec Y X, & les autres avec Y Z. Or pendant qu’on
ouureainfil'angle XY Z le point B defcrit la ligne A B,
quieftvncercle, &les autres poins D,F, H, ou fe font
les interfections des autresreigles, defcrinent d’autres
lignes courbes AD, AF, A H ,dont les dernieres font
par ordre plus cépofces que la premiere, & cellecy plus
quele cercle. mais ie ne voy pas ce qui peut empefcher,
qu'on ne concoiue aufly netctement , & auffy diftincte-
ment la defcription de cete premiere,que du cercle, ou

du
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the ruler BC, fastened at right angles to XY at the point B, pushes
toward Z the ruler CD which slides along YZ always at right angles.
In like manner, CD pushes DE which slides along YX always parallel
to BC; DE pushes EF; EF pushes FG; FG pushes GH, and so on.
Thus we may imagine an infinity of rulers, each pushing another, half
of them making equal angles with YX and the rest with YZ.

Now as the angle XYZ is incrcased the point B describes the curve
AB, which is a circle; while the intersections of the other rulers,
namely, the points D, F, H describe other curves, AD, AF, AH, of
which the latter are more complex than the first and this more complex
than the circle. Nevertheless I see no reason why the description of
the first™ cannot be conceived as clearly and distinctly as that of the
circle, or at least as that of the conic sections; or why that of the sec-
ond, third,™ or any other that can be thus described, cannot be as
clearly conceived of as the first: and therefore I see no reason why
they should not be used in the same way in the solution of geometric

problems.™

%) That is, AD.
") That is, AF and AH.
™1 The equations of these curves may be obtained as follows: (1) Let

. 2
YA=YB=g4q, YC=2x, CD=y, YD=1_; then z: r = : a, whence z=%-

Also z2=x2+4 y?; therefore the equation of AD is x*—=a2(x2+y2). (2) Let
YA=YB=4q, YE=2 EF=3, YF=23: Then z:x—=ux:YD, whence

2
YD=%. Also
z

2 : YD=YD : YC, whence YC:;—:‘;+:::?2.
But YD : YC=YC : g, and therefore

2 2 o
ﬂz(ij) or 2= A2
z z 2

Also, z2 = 22+ 32 Thus we get, as the equation of AF,

\ f:,ﬁ’%—yz, or 8 =a2(x2+y2)3,
a

(3) In the same way, it can be shown that the equation of AH is

r?=a?(x2+49y2)5,
See Rabuel, p. 107.
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I could give here several other ways of tracing and conceiving a

series of curved lines, each curve more complex than any preceding
one,™ but I think the best way to group together all such curves and
then classify them in order, is by recognizing the fact that all points of
those curves which we may call “geometric,” that is, those which admit
of precise and exact measurement, must bear a definite relation™ to

all points of a straight line, and that this relation must be expressed by

(78]

means of a single equation. If this equation contains no term of

higher degree than the rectangle of two unknown quantities, or the
square of one, the curve belongs to the first and simplest class,”™ which
contains only the circle, the parabola, the hyperbola, and the ellipse;

but when the equation contains one or more terms of the third or fourth

(80]

degree™ in one or both of the two unknown quantities™ (for it

requires two unknown quantities to express the relation between two
points) the curve belongs to the second class; and if the equation con-
tains a term of the fifth or sixth degree in either or both of the unknown
quantities the curve belongs to the third class, and so on indefinitely.

"1 “Qui seroient de plus en plus composées par degrez a l'infini” The French
quotations in the footnotes show a few variants in style in different editions.

™1 That is, a relation exactly known, as, for example, that between two straight
lines in distinction to that between a straight line and a curve, unless the length
of the curve is known.

™ Tt will be recognized at once that this statement contains the fundamental
concept of analytic geometry.

"1 “Du premier & plus simple genre,” an expression not now recognized. As
now understood, the order or degree of a plane curve is the greatest number of
points in which it can be cut by any arbitrary line, while the class is the greatest
number of tangents that can be drawn to it from any arbitrary point in the plane.

%] Grouped together because an equation of the fourth degree can always be
transformed into one of the third degree.

"1 Thus Descartes includes such terms as x2y, #2y2, . . as well as »:3, y% .....

48



Livrve SEcoND. 3lo

du moins que des feGtions coniques; ny ce qui peut em-
pelcher, qu'on ne concoiue lafeconde, & la troifiefme,
& toutes lesautres, qu'on peut defcrire , aufly bien que
lapremiere; ny par confequent qu'on ne les recoiue
toutes en mefme fagon, pour feruir aux fpeculations de
Geometrie.

Ie pourroismettre icy plufieurs autres moyens pourLa ficon
tracer & congeuoir des lignes courbes, qui feroient de 4 diftiv-

plus en plus compofées par degrés a linfini. mais pour§cusc§ersoﬂ:
comprendre enfembletoutes celles, quifont en la natu- {250
re , & les diftinguer par ordre encertains genres ; ie ne cerrains
{gache rien de meilleur que de dire que tous les poins, de Zrlr:,i'_Et
celles quon peut nommer Geometriques , c’eft a dirgnoiftre le
quitombentfous quelque mefure precife & exacte, ont.;i,”'z(,’:
neceffairement quelque rapport a tous les poins d’vne-“;‘;:?:“
ligne droite, qui peut eftre exprimé par quelque equa- ccuxdes
tion, entous par vne mefme, Et que lorfque ceteequac 387
tion ne monte que iufques au rectangle de deux quanti-
tésindeterminées, oubien au quarré.d’vne mefme, la li-
ygne courbe eft du premier & plus fimple genre, dans le~
quelilny a quele cercle, la parabole, I'hyperbole , &
I'Ellipfe qui foient comprifes. mais que lorfque I'equa-
tion monteijufques ala trois ou quatriefme dimenfion
des deux,oude I'vne des deux quantitesindeterminées,
car il en faut deux pour expliquer icy le rapport d'vn
point a vo autre,elle eft du fecond:& que lorfque I'equa-
tion monte iufques a la 5 ou fixiefme dimenfion, elle
eX dutroifiefme; & ainfi desautres al'infini.

Comme fiieveuxfgauoir de quel genre eft la ligne
E C, quei'imagineeftre defcrite par Finterfetion de Ia

reigle-
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reigle G L, & duplanreiligne CN K L, dontle cofté
KN eftindefiniement prolongé vers C , & qui eftant
meufurleplan de deflons enligne droite, c’eftadire en
telle forte que fon diametre KL fe trouue toufiours ap-
pliquéfur quelque endroit delaligne B A prolongée de
part & d’autre, fait mouuoir circulairement cete reigle
G L autour du point G, a caufe quelle luy efttellement
iointe quelle paffe toufiours par le point L. Ie choifis
vneligne droite,comme A B,pour rapporterafes diners
poins tousceux de cete ligne courbe E C, & en cete li-
gne A Biechoifis vn point, comme A, pour commencer
par luy ce calcul. Iedis queie choifis & I'vn & l'autre, a
caufe qu'il eft libre de les prendre tels qu'on veult. car
encore qu’il y ait beaucoup de choix pour rendre I'equa-
tion plus courte, & plusayf€e; toutefoisen quelle fagon
qu’on les prene, on peut toufiours faire que la ligne pa-
roifle de mefme genre, ainfi qu'il eft ayfe’a demonftrer.

Aprés
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Suppose the curve EC to be described by the intersection of
the ruler GL and the rectilinear plane figure CNKL, whose side
KN is produced indefinitely in the direction of C, and which, being
moved in the same plane in such a way that its side'™ KL always coin-
cides with some part of the line BA (produced in both directions),
imparts to the ruler GL a rotary motion about G (the ruler being
hinged to the figure CNKL at L)."™ If I wish to find out to what
class this curve belongs, I choose a straight line, as AB, to which to
refer all its points, and in AB I choose a point A at which to begin the

84]

investigation.™ I say “choose this and that,” because we are free to

choose what we will, for, while it is necessary to use care in the choice
in order to make the equation as short and simple as possible, yet no
matter what line I should take instead of AB the curve would always
prove to be of the same class, a fact casily demonstrated."

#2 “Diametre.”

18] The instrument thus consists of three parts, (1) a ruler AK of indefinite
length, fixed in a plane; (2) a ruler GL, also of indefinite length, fastened to a
pivot, G, in the same plane, but not on AK; and (3) a rectilinear figure BKC, the
side KC being indefinitely long, to which the ruler GL is hinged at L, and which
is made to slide along the ruler GL.

81 That is, Descartes uses the point A as origin, and the line AB as axis of
abscissas. He uses parallel ordinates, but does not draw the axis of ordinates.

%] That is, the nature of a curve is not affected by a transformation of
colrdinates.
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Then I take on the curve an arbitrary point, as C, at which we will
suppose the instrument applied to describe the curve. Then I draw
through C the line CB parallel to GA. Since CB and BA are unknown
and indeterminate quantities, I shall call one of them y and the other x.
To the relation between these quantities I must consider also the known
quantities which determine the description of the curve, as GA, which
I shall call ¢; KL, which I shall call b; and NL parallel to GA, which
I shall call c. Then I say that as NL is to LK, or as ¢ is to b, so CB, or

9, is to BK, which is therefore equal to gy. Then BL is equal to
éy—b, and AL is equal to » + ? y—>b. Moreover, as CB i5 to LB,
that is, as y is to é y—b,so AGoraisto LA or x4 ? y—b: Multi-
plying the second by the third, we get aT/,y— ab equal to

xy+ ? ¥y —by,

which is obtained by multiplying the first by the last. Therefore, the
required equation is

" cx
y=cy—5y+tay—ac
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Aprés cela prenant vn point a difcretion dans lacourbe,
comme C, furlequel ie fuppofe que I'inftrument qui fert
aladefcrire eft appliqué, ie tire de ce point C-laligne
CBparalleleaG A, & pourceque CB & B A fontdeux
quantités indetermindes & inconnués , ie les nomme
I'vney &l'autre x. maisaffin de tronuer le rapport de
I'vneal'autre; ie confidere aufly les quantités connués
qui determinent la defcription de cete ligne courbe,
comme G A que ienomme ¢, KL que ie nomme 4, &
N LparalleleaG A queienommee. puis ie dis, comme
NLeftaLK;oucab,ainfiCB,ouy, eftaBK, quieft

parconfequent-f_y: &B Leﬁ:—i— y--b,8& A L'eftx+
—f— y --b.de pluscomme C BeftaL B, ouya -:;_y--b, ainfi

a,00GA,etd LA,oux —l--‘éy -- b.de fagon que mul-
St tipliant
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tipliant lafeconde par la troiffefme onproduit 5;] -ab,

qui eftefgaleaxy +%y y -- by qui fe produiten multi-
pliant lapremierepar la derniere. & ainfi I'equation qu'il
falloittrouvereft |

yy®ey--Gy+ay--ac.
delaguelle on connoift quelaligneE C eft do premier
genre , comme en effect elle n’eft autre qu'vne Hy-
perbole.

Que fi en linftrument qu: fert a la defcrire on fait
quaulieu delalignedroite CN K, ce {oit cete Hyper-
bole, ou quelqueautre ligne courbe du premier genre,
quiterminele plan C NKL; linterfeGtion de cete ligne
&delareigle G L defcrira, aulieu de 'Hyperbole E C,
vne autre ligne courbe, qui feradu fecoad genre. Com-
me fiC N Keft vncercle, dont L {6it 1é centre, on de-
{crirala premiere Conthoide des anciens; & fi ceft voe
Parabole dont lediametre foit K B, oridefcrira la ligne
courbe, que i‘aytantoft dit eftre Ja premiere, & laplus
fimple pourla queftion dePappus,lorfqu’il n’y aquecing
lignes droites donnces par pofition. Mais fiau lieu d'vne
deceslignes courbesdo premier genre , c’en eft vne du
fecond, quitermineleplan CN KL, onen defcrira par
fon moyen vne du troifiefme, oufi c’en eft vne du troifi-
cfine, o en defcrira vne du quatriefine, &ainfia infini.
comme il et fortayf¢a connoiftre par lecalcul. Et en
quelque autre fagon, qu'on imagine la defcription d’vne
ligne courbe , pourviiqu’elle foit du nombre de celles
qucic nomme Geometriques,, onpourratoufiourstrou-

uer
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From this equation we see that the curve EC belongs to the first class,
it being, in fact, a hyperbola."™

If in the instrument used to describe the curve we substitute for the
rectilinear figure CNK this hyperbola or some other curve of the first
class lying in the plane CNKL, the intersection of this curve with the
ruler GL will describe, instead of the hyperbola EC, another curve,
which will be of the second class.

Thus, if CNK be a circle having its center at L, we shall describe
the first conchoid of the ancients,”™ while if we use a parabola having
KB as axis we shall describe the curve which, as I have already said,
is the first and simplest of the curves required in the problem of Pappus,
that is, the one which furnishes the solution when five lines are given
in position.™

%] Cf, Briot and Bouquet, Elements of Analytical Geometry of Two Dimen-
sions, trans. by J. H. Boyd, New York, 1896, p. 143.

The two branches of the curve are determined by the position of the triangle
CNKL with respect to the directrix AB. See Rabuel, p. 119.

Van Schooten, p. 171, gives the following construction and proof: Produce
AG to D, making DG = EA. Since E is a point of the curve obtained when
GL coincides with GA, L with A, and C with N, then EA = NL. Draw DF
parallel to KC. Now let GCE be a hyperbola through E whose asymptotes

are DF and FA. To prove that this hyperbola is the curve given by the instru-
ment described above, produce BC to cut DF in I, and draw DH parallel to AF

meeting BC in H. Then KL : LN=DH : HI. But DH = AB = x, SO we may
cx - cx _ cx
> IB-a-i-c—T, IC_a-l-c—T—y.

But in any hyperbola IC.BC = DE.EA, whence we have (a+¢— % —9y)y=oc,

write b : ¢c=wx : HI, whence HI =

cx; .. . .
or y’:cy—%+ay—ac. But this is the equation obtained above, which is

therefore the equation of a hyperbola whose asymptotes are AF and FD.

me Schooten, p. 172, describes another similar instrument: Given a ruler
AB pivoted at A, and another BD hinged to AB at B. Let AB rotate about A
so that D moves along LK; then the curve generated by any point E of BE will
ReBan ggpse whose semi-major axis is AB+ BE and whose semi-minor axis is

7] See notes 59 and 70.

) For a discussion of the elliptic, parabolic, and hyperbolic conchoids see
Rabuel, pp. 123, 124. 55
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If, instead of one of these curves of the first class, there be used a
curve of the second class lying in the plane CNKL, a cyrve of the third
class will be described ; while if one of the third class be used, one of
the fourth class will be obtained, and so on to infinity."? These state-
ments are easily proved by actual calculation.

Thus, no matter how we conceive a curve to be described, provided
it be one of those which I have called geometric, it is always possible
to find in this manner an equation determining all its points. Now I
shall place curves whose equations are of the fourth degree in the same
class with those whose equations are of the third degree; and those
whose equations are of the sixth degree™ in the same class with those
whose equations are of the fifth degree™ and similarly for the rest.
This classification is based upon the fact that there is a general rule for
reducing to a cubic any equation of the fourth degree, and to an equa-
tion of the fifth degree"™ any equation of the sixth degree, so that the
latter in each case need not be considered any more complex than the
former.

It should be observed, however, with regard to the curves of any
one class, that while many of them are equally complex so that they
may be employed to determine the same points and construct the same
problems, yet there are certain simpler ones whose usefulness is more
limited. Thus, among the curves of the first class, besides the ellipse,
the hyperbola, and the parabola, which are equally complex, there is
also found the circle, which is evidently a simpler curve; while among
those of the second class we find the common conchoid, which is
described by means of the circle, and some others which, though less

®] Rabuel (p. 125), illustrates this, substituting for the curve CNKL the semi-
cubical parabola, and showing that the resulting equation- is of the fifth degree,
and therefore, according to Descartes, of the third class. Rabuel also gives (p. 119),
a general method for finding the cul:ve, no matter what figure is used for CNKL.
Let GA=a, KL=b, AB=4s, CB=y and KB=12; then LB=2—0b, and
AL=x+2z—b. Now GA: AL=CB:BL, or g:2+z—b=y:2—0b,
ry—by+ab

a—y

This value of z is independent of the nature of the figure CNKL. But given
any figure CNKL it is possible to obtain a second value for s from the nature of
the curve. Equating these values of s we get the equation of the curve.

190} “Celles dont I'équation monte au quarré de cube.”

] “Celles dont elle ne monte qu'au sursolide.”

182 “Ay sursolide.”

whence z =
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vervne equation peur déterminer tous fes poins en cete
forte.

Au refte ie mets les lignes courbes qui font monter
cete equation iufques au quarre’de quarre , au mefme
genre que celles qui ne la font monter que iufques aun
cube. & cellesdontl’equation monte au quarré de cu-
be,au mefine genre que celles dont elle ne monte qu'au
furfolide. & ainfidesautres. Dontlaraifoneft, quily a
reigle generale pour reduire au cube toutes les difhcul-
tés qui vont au quarrdde quarré, &au furfolide toutes
celles qui vont au quarré de cube, de fagon qu’on neles
doit pointeftimer plus compofées.

Mais il eft aremarquer qu’entre les lignes de chafque
genre, encore que la plus part foient efgalement compo-
{fées , en forte qu'ellespeuuent feruir a déterminerles
mefmes poins, & conftruire les mefmes problefmes,,il y
enatoutefoisaufly quelques vnes, qui font plus fimples,
&qui n’ont pastant d’eftendue en leur puiffance. com-
meentre celles du premier genre outre I'Ellipfe 'Hyper-
bole & la Parabole qui font efgalement compofées,le
cercle y eft aufly compris, qui manifeftement eft plus
fimple: & entre celles du fecond genre il y ala Conchoi-
de vulgaire, qui afon origine ducercle; & il y ena en-
core quelques autres, qui bien qu'elles n’ayent pas tant
d'eftendue quela plus part de celles du mefine genre,
ne peuuent toutefois eftre mifes dans le premier. .

Or aprés auoir ainfi reduit toutes les lignes courbes a f;‘;;“,,‘j:
certains genres, il m'eft ay1¢ de pourfuiure en la de- tion de la
monftration de la refponfe,que i'ay tantoftfaite ala que- ﬂ“mo"

R 1 ¢ Pappus
ftion de Pappus. Car premierement ayant fait voir cy mife au
1urc pree
Sf 2 deffus, cedenm
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324 LA GEOMETRIE,
deflus , quelorfqu’il n’y a que trois ou 4 lignes droites
données, 'equation qui fert a determiner les poins cher-
chés, ne monte quciufques au quarré; il eft enident,que
la ligne courbe ou fe trouuent cespoins, eft neceflaire-
ment quelqu vne de celles du premier genre:a €aufe que
cete mefne equation explique le rapport, qu'ont tous
les poins des lignes du premier genre a ceux d'vne ligne
droite. Et quelorfqu’il 0’y a point plasde 8 lignesdroi-
tesdonnées , cete equation ne monte que tufques au
quarréde quarré toutauplus,, & que par confequent la
ligne cherchee ne peut eftre que dufecond genre, ouau
deflous.Et que lorfqu’il n’y a point plus de 12 lignes don-
nées , Fequation ne monte que iufques au quarré de cu-
be, & que par confequent laligne cherchee n’eft que du
troifiefme genre, ouandeflous. & ainfi des autres. Et
mefme a canfe que la pofition deslignes droites donnees
peut varier en toutes fortes, & par confequent faire cha-
ger tant les quantités connués, queles fignes + & -- de
I'equation, entoutesles fagons imaginables ; il eft eui-
dentquiiln’ya aucune ligne courbe du premier genre,
qui ne foig vtilea cete queftion, quand elle eft propofee
en 4 lignes droites; ny aucunedufecond qui n yfoit vti-
le, quand elle eft propofee en huit ; ny du troifiefme,
quand elle eft propofée en douze: & ainfi desautres. En
forte qu’iln’y a pas vneligoe courBe quitombe fous le
solution calcul & puiffe eftre receiie en Geometrie , quin’y{oit
;ﬁf&fgn vtile pour quelque nombre delignes.
quandelle  Maisil faut icy plus particulierement queie determi-
::&cp “*" ne, & donnelafagon de trouuer laligne cherchee ; qui
2:’:‘;;_ fert en chafque cas, lorfqu'il nya que 3 ou 4lignes droi-
goes.. tes
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complicated™ than many curves of the same class, cannot be placed
in the first class.™

Having now made a general classification of curves, it is easy for me
to demonstrate the solution which I have already given of the prob-
lem of Pappus. For, first, I have shown that when there are only three
or four lines the equation which serves to determine the required
points™ is of the second degree. It follows that the curve containing
these points must belong to the first class, since such an equation
expresses the relation between all points of curves of Class I and all
points of a fixed straight line. When there are not more than eight
given lines the equation is at most a biquadratic, and therefore the
resulting curve belongs to Class II or Class I. When there are not
more than twelve given lines, the equation is of the sixth degree or
lower, and therefore the required curve belongs to Class III or a lower
class, and so on for other cases.

Now, since each of the given lines may have any conceivable posi-
tion, and since any change in the position of a line produces a corre-
sponding change in the values of the known quantities as well as in
the signs + and — of the equation, it is clear that there is no curve
of Class I that may not furnish a solution of this problem when it
relates to four lines, and that there is no curve of Class II that may not
furnish a solution when the problem relates to eight lines, none of
Class III when it relates to twelve lines, etc. It follows that there is
no geometric curve whose equation can be obtained that may not be
used for some number of lines."™

It is now necessary to determine more particularly and to give the
method of finding the curve required in each case, for only three or

B «Pas tant d’étendué.” Cf. Rabuel, p. 113. “Pas tant d’étendue en leur
puissance.”

™) Various methods of tracing curves were used by writers of the seventeenth
century. Among these there were not only the usual méthod of plotting a curve
from its equation and that of using strings, pegs, etc., as in the popular construc-
tion of the ellipse, but also the method of using jointed rulers and that of using
one curve from which to derive another, as for example the usual method of
describing the cissoid. Cf. Rabuel, p. 138.

%) That is, the equation of the required locus.

] “En sorte qu'il n’y a pas une ligne courbe qui tombe sous le calcul & puisse
étre receué en Geometrie, qui n'y soit utile pour quelque nombre de lignes.”
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four given lines. This investigation will show that Class I contains

only the circle and the three conic sections.

Consider again the four lines AB, AD, EF, and GH, given before,
and let it be required to find the locus generated by a point
C, such that, if four lines CB, CD, CF, and CH be drawn through it
making given angles with the given lines, the product of CB and CF

is equal to the product of CD and CH. This is equivalent to saying

that if
CB=y,

czy + bex
cD="4 L

ez dek + dex
CF = Lf j"g’

and CH— 92y £ fgl—fgx
z )
then the equation is

. (cfglz— dckz?*)y — (dez* + cfgz — begz) vy + befgly — befga®
y= ez’ —cgz? )
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tesdonnées; & onverra par mefme moyen que le pre-
mier genre des lignes courbes n’en contient aucunes au-
tres, que les trois fections coniques, & le cercle.

Reprenonsles 4lignes AB, AD, EF, & GH don-
nees cy deflus, & qu'il faille-trouner vne autre ligne , en
laquelleilfe rencontre vne infinit¢ de poins tels que C,
duquel ayanttireles 4 lignes CB,CD,CF,& CH, a
angles donnés, fur les données, C B multipliée par CF,
produift une fomme efgale a C D, multipliée par C H.

c bex,
c’eft a dire ayant fait CB y,C D EyECCE

ey dek kdex, g2y kfgl--fex,, .~
CF> T"&CH&) ———;————lequatnoeﬁ

--dekzz ] —-dezzx Fbefgle
Yy +ocfglz }.y --cfgax }.y --bcfgxx
Fbegzx

zZ

e{X% --(gzz.
St 3 au
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au moins en fuppofant e zplus grand que ¢ g.cars'il eftoit
moindre, il faudroit changer tous les fignes +- & --. Et
fila quantité y fe trouuoit nulle, ou moindre querienen
cete equation, lorfqu’on afuppof¢ le point C en I'angle
D A G, il faudroit le fuppoferaufly en'angle DA E , ou
EAR,ouRAG,enchangeantles lignes + &-- felon
qu'ilferoit requisa ceteffect. Ertfien toutesces 4 po-
fitionslavaleurd’y fe trouuoit nulle, la queftion feroit
impoflible au cas propofé. Mais fuppofons la icy eftre

poflible, & pour en abregerlestermes, au liea des quan-
., cfglz--dePzz . .
titds =——,— -~ efcrivons 2m , & au lien de
€x--cg2x

dezzfcfgr--begy

. 2 .
efcrivons —; & ainfi nous au-

¢z.3--tgz.{
rons
1n dbefgle--befgxx  dont la raci-
yyOzmy-- "Xy ; '
ez--cgzz
ne eft
nx v’ , wmnx maxxepbcfglx--befgrx,
yom-- ~—+ mm--—z—-l——;‘( _,—Z—
ex--cgxz
& derechefpourabreger, au lieude
mn befgl . . nn  .-be
g fx efcriuonso,&au lieu de—, fe
F4 3 ZR
€x-cgzz €--cgrz

. 14 .o 2
efcrivons ;. car ces quantités eftant toutes donnees,

nous les pounons nommer comme il nous plaift. &
ainfi nous auons

et

¥y mm--i&x +V mm—+ ox-- ,Sxx, qui doit eftre la
longeur delaligne B C, en laiffant A B, ou x indeter-
minée.
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It is here assumed that ez is greater than cg; otherwise the signs +
and — must all be changed.™ If y is zero or less than nothing in this
equation,”” the point C being supposed to lie within the angle DAG,
then C must be supposed to lie within one of the angles DAE, EAR,
or RAG, and the signs must be changed to produce this result. If for
each of these four positions y is equal to zero, then the problem admits
of no solution in the case proposed.

Let us suppose the solution possible, and to shorten the work let us

ctlgz —dekz a’ekzi and L instead of dez’ + cfgz— bcga
ez —cg? z ez — cgz?

write 27 instead of

Then we have

2 — 2
¥ —2my _;’_t 2+ befgly — befgx

ez® —cgzt
of which the root"™ is
2,.2 . 2
y—m— = + \/ 2mmx 42' bcfgl;r bcfzgx .
z ezt —cgz
. . 2mn befgl
Again, for the sake of brevity, put —— toa g7 equal to o, and

n? befg 2 . . .
a2 m equal to po for these quantities being given, we can

(100}

represent them in any way we please. Then we have

— Zx 2 p 2
y=m—_ X+ |m* 4 ox 4 petar
This must give the length of the line BC, leaving AB or & undeter-

™ When ez is greater than cg, then ¢z® — cgz? is positive and its square root
is therefore real.

%] Descartes uses “moindre que rien” for “negative.”

] Descartes mentions here only one root; of course the other root would fur-
nish a second locus.

1% Tn a letter to Mersenne (Cousin, Vol. VII, p. 157), Descartes says: “In
regard to the problem of Pappus, I have given only the construction and demon-
stration without putting in all the analysis; . . . in other words, I have given the
construction as architects build structures, giving the specifications and leaving
the actual manual labor to carpenters and masons.”
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mined. Since the problem relates to only three or four lines, it is obvi-

ous that we shall always have such terms, although some of them may

vanish and the signs may all vary."™

After this, I make KI equal and parallel to BA, and cutting off on
BC a segment BK equal to m (since the expression for BC contains
—+ m; if this were — m, I should have drawn IK on the other side of
AB,™ while if m were zero, I would not have drawn IK at all). Then
I draw IL so that IK : KL = z : #; that is, so that if IK is equal to x,

KL is equal to ;—’x. In the same way I know the ratio of KL to IL,
which I may call » :aq, so that if KL is equal to ;x, IL is equal tov
;x. I take the point K between L and C, since the equation contains

- g.r; if this were + gx, I should take L between K and C;™ while if

Zx were equal to zero, I should not draw IL.

This being done, there remains the expression

LC=\/m2 -|—04‘-}—7%x2,
from which to construct LC. It is clear that if this were zero the point

U1 Having obtained the value of BC algebraically, Descartes now proceeds to
construct the length BC geometrically, term by term. He considers BC equal to
BK+KL+LC, which is equal to BK — LK+ LC which in turn is equal to

m—;—lx+\/m2+ax+£x2-
m

9?21 That is, take I on CB produced.
U191 That is, on KB produced. C is not vet determined.
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minée. Et il eft euident que la queftion n’eftant pro-
pofée qu'en trois ou quatre lignes, on peut toufiours
auoir de tels termes. excepfe que quelques vns d’eux
peuuent eftre nuls, & que les fignes 4- & -- peuuent di-
uerfement eftre.changés.

Apréscelaie fais KI efgale & parallele aB A, en forte
qu’elle couppede BC lapartie BK efgale 2 m, a caufe
quil y a icy +- m; & ie l'aurois adiouftée entirant cete
ligne I K del’autre cofté, s'il y quoiteu--m; &ienel'au-
rois point dutouttirée, fi la quantit€ m euft eft¢ nulle.
Puisietire auflyl L, en forte que laligne I KeftaKL,
comme Zeftaz. c’eft adire que IK eftantx, KL eft

‘7‘ I: {- . . . ﬂn l .
zi\. t par melme moyen i€ connois au y ia Pl‘OpO!‘thﬂ

qui
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quieftentreKL, & IL, queie pofe comme entrez & a:

fibienque K Leftant f{x,l Left %x, Et ie fais quele
point K foit entre L & C, a caufe qu'il y aicy -- -’i x5
aulieu que i'aurois mis Lentre K & C,fi i’eufle en - Sx,-
& ie n’eufle point tiré'cete ligne IL,GZ x euft eft¢'nulle.

Orcelafait,ilne merefte pluspour laligne L C, que

cestermes, L C 0 v

que s'ils eftoient nuls, ce point C fe trouueroit en la li-
gnedroite I L;& que s'ils eftoient tels que laracine s’en

P 2 \
mm—- ox -~, xx. d'oliievoy

pufttirer,c’efta dire que m m &;ix x eftant marqués
d’vnmefme figne —-ou--, oo fuft efgala 4 p m, oubien

que fes termes mm & o x,0u0 x &;f; xx fuflent nuls, ce
point C fe trouueroit en vne autre ligne droite qui ne fe-
roit pas plus malayfée a trouner qu’ IL. Mais lorfque
celan’eft pas, ce point C eft toufiours enl'une des trois
{e&ions coniques, ou en vn cercle , dont I'vn des dia-
metres eftenlaligne IL,&laligne L CeftI'vne de cel-
les qui s’appliquent par ordre 2 ce diametre; ouau con-
traire L C eft parallele au diametre , auquel celle qui eft
enlaligne I L eft appliquée par ordre. A fgavoir file ter-

me = x x, eft nul cete fe@ionconique eft vne Parabole;

& s'ileft marqué du figne + , c’eft vne Hyperbole; &
enfin’s’il eft marquéddu figne -- c’eft vnie Ellipfe. Excepte
feulement i la quantit€ aam eftefgalea p3z & que I'an-
gle 1L C foit droit : anquel cas on 2 vncercleau lien
d'vne
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C would lie on the straight line IL ;" that if it were a perfect square,
that is if m? and% #® were both +" and 0® was equal to 4pm, or if

m? and ox, or ox and % x%, were zero, then the point C would lie on

another straight line, whose position could be determined as easily
as that of IL."

If none of these exceptional cases occur,"” the point C always lies
on one of the three conic sections, or on a circle having its diameter
in the line IL and having LC a line applied in order to this diameter,"
or, on the other hand, having LC parallel to a diameter and IL applied
in order.

?

In particular, if the term ;x’ is zero, the conic section is a parabola;

if it is preceded by a plus sign, it is a hyperbola; and, finally, if it is
preceded by a minus sign, it is an ellipse."™ An exception occurs when

. . n
%] The equation of IL is y=m — s
%1 There is considerable diversity in the treatment of this sentence in differ-

ent editions. The Latin edition of 1683 has “Hoc est, ut, mm & %xx signo +

notalis.” The French edition, Paris, 1705, has “C’est a4 dire que mm et ;‘%xx étant

”»

marquez d’'un mdme signe + ou —.” Rabuel gives “Clest a dire que mm and

’%xx étant marquez d’'un méme signe +.” He adds the following note: “Il y a
dans les Editions Francoises de Leyde, 1637, et de Paris, 1705, ‘un meme signe +
ou —’, ce qui est une faute d’impression.” The French edition, Paris, 1886, has
“Etant marqués d’'un meme signe + ou —.”

1%l Note the difficulty in generalization experienced even by Descartes. Cf.
Briot and Bouquet, p. 72.

071 «“Mais lorsque cela n’est pas.” In each case the equation giving the value
of y is linear in 2 and y, and therefore represents a straight line. If the quantity

under the radical sign and ;x are both zero, the line is parallel to AB. If the

quantity under the radical sign and m are both zero, C lies in AL.

Dot «An ordinate.”” The equivalent of “ordination application” was used in the
16th century translation of Apollonius. Hutton’s Mathematical Dictionary, 1796,
gives “applicate,” “Ordinate applicate,” was also used.

%1 Cf. Briot and Bouquet, p. 143.
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a*m is equal to pz? and the angle ILC is a right angle,"™” in which case
we get a circle instead of an ellipse.™"

. . . . . 0z
If the conic section is a parabola, its latus rectum is equal to " and

its axis always lies along the line IL."*¥ To find its vertex, N, make

2
IN equal to %, so that the point I lies between L and N if m? is posi-

tive and ox is positive; and L lies between I and N if m? is posi-
tive and ox negative; and N lies between I and L if m? is negative and
ox positive. It is impossible that m? should be negative when the terms’
are arranged as above. Finally, if m? is equal to zero, the points N and
I must coincide. It is thus easy to determine this parabola, according
to the first problem of the first book of Apollonius™*.

If, however, the required locus is a circle, an ellipse, or a hyper-
bola," the point M, the center of the figure, must first be found. This

9 Rabuel (p. 167) adds “If a®m = ps2 or if m = p the hyperbola is equi-
lateral.”

M Tn this case the triangle ILK is a nght tnangle whence IK? = LK? 4 IC?;
but by hypothesis IL : IK: KL=a: z: n; then a>+n2=22 Now the equa-
tion of the curve is

s jd
—m— = 2 2
y=m z+~1’\/m —{-az—mx’,
and therefore the term in 22 is
n P
(?+;, =
?

a’ . .
and if a?m = pz2, then il and this term in 22 becomes

a*+-nt
22

al=at,

Therefore, the coefficients of 22 and 92 are unity and the locus is a circle.
1 This may be seen as follows: From the figure, and by the nature of the

parabola LC= LN.p and LN =IL+IN. Let IN =¢; then since IL = - ;% we
have LN = —x+¢ and LC=y —m+ x; whence (y—m+ r)2—= (-x+¢)p
But (y—m+ -2-.1')2 = m?+ox from the equation of the parabola; therefore
2 .rp +ép=m2+ox. Equating coefficients, we have % p=o; p= %z; op = m?;

0z_ . am?
¢ m2; ¢ —— 05 *

31 dpollonii Pergacii Quae Graece exstant edidit L L. Heiberg, Leipzig, 1891.
Vol. I, p. 159, Liber I, Prop. LII. Hereafter referred to as Apollonius. This
may be freely translated as follows: To describe in a plane a parabola, having
given the parameter, the vertex, and the angle between an ordinate and the corre-
sponding abscissa.

14 Central conics are thus grouped together by Descartes, the circle being
treated as a special form of the ellipse, but being mentioned separately in all cases.

68



LIVRE SECOND. 329

d'vne Ellipfe. Que ficete fe@ion eft vne Parabole , fon

cofté droit eft efgal 2 07{, & fon diametre eft toufiours en.
laligne 1L. & pour trouuer le point N, qui en eftle

fommet, il faut faire I N efgale 3 ~—; & que le point I

foit entre L & N, fi les termesfont = m m-1- o x; oubien
quele point L foit entre I& N, s'ils font + mm -- o x;
oubien il faudroit qu’'N fuft entre I & L,s'il y auoit
--mm-+ ox. Maisil ne peut iamais y auoir
--m m, enlafagon que les termes onticy efte pofes. Et
enfin le point N feroit le mefme que le pointI {i la quan-
tité mm eftoitnulle. Au moyen dequoy il eft ayf¢ de
trouuer cete Parabole parle r¢. Problefme du 1¢v. liure
d’Apollonius.

Tt Que
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Que filaligne demidée eft vn cercle,ou vne ellipfe,ou
vne Hyperbole , il faut premierement chercherle point
M, quieneftle centre, &qui eft toufiours en laligne
ire
forte que fi la quantit€ o eft nulle,ce centre eft iuftement
aupoint I. Et fila ligne cherchce eft vn cercle, ouvne
Ellipfe; ondoit prendre Ié point M du mefme cofté que
le point L, au refpect du point I, lorfqu'on a + ox; &
Iorfqu'on 2 -- 0, on le doit prendre de l'autre. Mais
tout au contraire en I'Hyperbole, fiona --ox, ce centre
M doit eftre versL; & fion a+ o, il doit eftredel’au-
tre cofté. Aprés celale coft¢ droit de lafigure doit eftre

Y003z 4mpzz,
—_
aR RA

droite 1 L, ou onle trouue en prenant pour IM. en

lorfqu'on a + m m, & que la ligne
cherchéeeft vn cercle, ou vne Ellipfe ; oubien lorfqu'on
2--mm, & que c’eft vne Hyperbole. & il doit eftre

Y oozz 4MPR 2 . ,
— —-— fila ligne cherchée eftant vn cercle,

ou vne Ellipfe, ori 2 - mm; oubien fi eftant vne Hyper-
bole & la quantitéa o eftant plusgrande que 4 mp, on 2
+mm. Quefilaquantitémmeft nulle, ce coftédroit

eft '%, 8 fio xeft nnlle,il eft ¥ *ZLZL Puis pour le cofté

aa

traverfant , il faut trouuer vne ligne ; qui foita ce cofté
droit, come aamefta p 2z, {gauoir fi ce cofte droit eft

3
YV o0o0zz  4mpz YV asoomm 4aam
— —— letraverfanteft i T em

Et en tous ces cas le diametre de la feGtion eft enlaligne
I M, & L Ceft I'vne de celles qui luy eft appliquee par
ordre. Sibienque faifant M N efgale ala moitié du cofté

trauers
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will always lie on the line IL. and may be found by taking IM equal to
a4 1y
2pz”

is a circle or an ellipse, M and L must lie on the same side of I when
the term o4~ is positive and on opposite sides when ox is negative. On
the other hand, in the case of the hyperbola, M and L lie on the same
side of I when ox is negative and on opposite sides when ox is positive.

The latus rectum of the figure must be

242 4 2
\/03+_”‘1’£

a? a?

If o is equal to zero M coincides with I. If the required locus

if m? is positive and the locus is a circle or an ellipse, or if m? is nega-
tive and the locus is a hyperbola. It must be

\/azz’ 4mpz?
p e
if the required locus is a circle or an ellipse and 2 is negative, or if it

is an hyperbola and o? is greater than 4mp, m* being positive.

e o . 03 e .
But if m? is equal to zero, the latus rectum is 2 ;and if oz is equal to

zero™”, it is
dmpz*

aZ

For the corresponding diameter a line must be found which bears
. a2m . . .
the ratio —3 to the latus rectum; that is, if the latus rectum is

y 24
0%z dmpz?
\/? + @

the diameter is

a2o*m®  4am?
2,2 + 2 °
p*z Pz
In every case, the diameter of the section lies along IM, and LC is one
of its lines applied in order."™ It is thus evident that, by making MN
equal to half the diameter and taking N and L on the same side of M,
1 Cf, Briot and Bouquet, p. 156.
18] Some editions give, incorrectly, ox for os.
1 See note 108.
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[18)

the point N will be the vertex of this diameter. It is then a simple
matter to determine the curve, according to the second and third prob-
lems of the first book of Apollonius.™

When the locus is a hyperbola™ and m? is positive, if 0? is equal to
zero or less than 4pm we must draw the line MOP from the center M

parallel to LC, and draw CP parallel to LM, and take MO equal to

\/ . O'm,
me— ———;
47
while if ox is equal to zero, MO must be taken equal to m. Then con-

sidering O as the vertex of this hyperbola, the diameter being OP and
the line applied in order being CP, its latus rectum is

\/4(1‘”1‘ ado?n®
p? z4 - pazl

\/ o ot
7

18 1f the equation contains — m? and +nx, then #? must be greater than
4mp, otherwise the problem is impossible.

9l Cf. Apollonius, Vol. I, p. 173, Lib. I, Prop. LV: To describe a hyperbola,
given the axis, the vertex, the parameter, and the angle between the axes. Also
see Prop. LVI: To describe an ellipse, etc.

121 Cf, Letters of Descartes, Cousin, Vol. VIII, p. 142,

18 “Coté traversant.”

and its diameter™™ is
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trauerfant & le prenant du mefme coft¢ du point M,
qu'eftle point L, on ale point N pour le fommet de ce
diametre.en fuite dequoy il eft ayf¢'de trouuer la fection
parlefecond & 3 prob. du rer, liu.d’Apollonius.

Mais quand cete fection eftant vne Hyperbole, on 2
-+ mm; & que la quantité o o eft nulle ou plus petite que
4p m,on doit tirer du centre M laligne M O P parallele a
LC, & C P parallele 2 LM: & faire MO efgale a

v mm - -n-:—;” ; oubien la faire efgale a mfila quantite ox

eftnulle. Puis confiderer le point O, cdme le fommet
de cete Hyperbole; dont le diametreeft OP, & CP la
Tt 2 ligne
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lignequi luy eft appliquée par ordre, & fon coftédroiref

¢ ———————— .
‘3 A4mi¢ Yoom?d - dom,
v —ﬁ-;; - “PT,_,‘& fon coftétrauersitef ¥ gmm-—=

Exceptequand o« eft nulle.car alors le cofte droit efo

Xaanrm

S & le traverfant eft 2 m. & ainfi il eft ayf¢ de la
trouuer par le 3 prob.du 1¢..liu. d’Apollonius.
Pemon

mnion  Etles demonftrations de tout cecy font euidentes.car
deroutce compofant vn efpace des quantites que iay aflignées
Feme " pourle cofte droit, & Je trauerfant, & pour lefegment
expliqué, du diametre NL ,ou OP fuinat lateneurdel'11,dur2,&
du 13 theorefimes du z<t. liure d’Apollonius, on trouuera
tous les mefmes termes dont eft compofé le quarré de
laligne C P, ou C L,qui eft appliquée par ordre a ce dia-
metre. Comme en cet exemple oftantI M, qui eft

:-_;_’;:, deNM, quieft {;’?’ 00—+ qmp,iayI N, alaquel-

leaiouftant 1L, quieft :—x, rayNL ,quieft %x --

a om

—_—
1p-z

+ =¥ o0+ 4 mp, & cecy eftant multipli¢ par

2p%
;1/0 o+ 4m p, qui eft le cofté droit de lafigure, il vient

2V 004-4mp '-:431/' oo—i-4mpA+”§ +2mm
pour le retangle. duquel il faut ofter vn efpace qui foit

auquarréde N L commele coft¢droit eft an trauerfant.

as asom
& ce quarré de N L eft 5 ow-- 55 x
A A M ——— AR OOMII anm;
+ =z x 7V 00 +4mp + i+ oy
AROM IV
- pPprZ.
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An exception must be made when ox is equal to zero, in which case the

a*m? . .
Py and the diameter is 2m. From these data the

curve can be determined in accordance with the third problem of the

latus rectum is
first book of Apollonius."™

The demonstration; of the above statements are all very simple, for,
forming the product"™ of the quantities given above as latus rectum,
diameter, and segment of the diameter NL or OP, by the methods of
Theorems 11, 12, and 13 of the first book of Apollonius, the result will
contain exactly the terms which express the square of the line CP or
CL, which is an ordinate of this diameter.

In this case take IM or from NM or from its equal

21’
o ‘fo’+4mp

To the remainder IN add IL or ;x, and we have

a aom am
NL =% =g +igps YO+

Multiplying this by
Z Nor-+4mp,

the latus rectum of the curve, we get

x w/o’+4mp-——— \/o’+4mp+ +2m’

for the rectahgle, from which is to be subtracted a rectangle which is
to the square of NL as the latus rectum is to the diameter. The square
of NL is

a? g a”om W a?tm? a m®  alom? NFE o
7% T ” Tl gy + T B NP

U= See note 113.
=] “Composant un espace.”
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Divide this by a*m and multiply the quotient by pz?, since these terms
express the ratio between the diameter and the latus rectum. The result is

2

;xﬁ —ox 4 x \o? + dmp 4 Lo

on
"2 N dup 4w

(]
This quantity being subtracted from the rectangle previously obtained,
we get

CL =m2+ox_:%x2.

It follows that CL is an ordinate of an ellipse or circle applied to NL,
the segment of the axis.

Suppose all the given quantities expressed numerically, as EA=3,

AG=5, AB=BR, BS=% BE, GB=BT, CD=%CR, CF=2CS,CH=

%CT, the angle ABR=60° ; and let CB.CF=CD.CH. All these quan-
ties must be known if the problem is to be entirely determined. Now

let AB=x, and CB=y. By the method given above we shall obtain

y=2y—xy+5r—x*;
1 3
J’=1—§x+\/1+4x—%x";

whence BK must be equal to 1, and KL must be equal to one-half KI;
and since the angle IKL = angle ABDR = 60° and angle KIL (which is
one-half angle KIB or one-half angle IKL) is 30°, the angle ILK is a
right angle. Since IK=AB=ux, KL=%x, IL=x \/ Z—, and the quantity

represented by z above is 1, we have “=\/§’ m=10=4% p=‘%, whence

IM=\/E, NM=\/%; and since a*m (which is 2) is equal to pz?, and
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BRO M M

=~V 00+ 4mp quil fant diviferparaam&
multiplier par pzz,a caufe que cestermes expliquent la
proportion qui eft entre le cofté trauerfant & le droit, &
B — : P '
"07.": 7 00+ 4mp—+ mm.cequ'il faut ofter da rectangle

A
precedent, & on trouue mm 0% -->- xx pourle quar-

il vicnt;f,xx--ox—f—xT/ 00—+ 4 mp

réde CL, qui par confequent eft vne ligne appliquee
par ordre dansvne Ellipfe,ou dans vn cercle,aufegment
dudiametre N L.

Et ionvent expliquer toutes les quantités données
parnombres, en faifant parexemple EA 03, AG o,
AB»BR,BS®2i{BE,GB» BT,CDx ;CR,CF
©2CS,CH»;CT, & quelangle ABR foit de 60
degrés; & enfin que le retangle des deux CB, & CF,
foit efgal au rectangle des deux autres C D & C H; caril
faut auoir toutes ces chofes affin que la queftion foit en-
tierement determinée. & auec cela fappofant A B >0 x;
& CBy, ontrouue par la fagon cy deflus expliquée
yy ®2y--xy +55% ~xXx&y DI --3x5+4
Vidgx--Sxx: fi bienque B K doit eftre 1,& KL
doiteftre lamoitiéde KI, & pourceque Iangle IKL
ou ABReft de sodegres, & KIL qui eft la moiti¢de
KIBoulKL,deso, 1 LKeftdroit. Et pourceque IK
su ABeftnommex, KLeft 3x, & IL eft xV 3,&la
quantité qui eftoit tantoft nommée g eft 1, celle qui
eftoit a eft 2, cellequieftoit meft 1, celle quieftoito
eft 4, & celle qui eftoit p eft ,de fagon qu'on & ¥ *§

Tt 3 pour:
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pourIM, & 7/ '3 pour N M, & pourceque azm qui
eft efticy efgal 2 pzz & quel anglel L C eft droit, on
trotiue que la ligne courbe N C eft vn cercle, Et on
peut facilement examiner tousles autres cas en mefme
forte.

Aurefte acaufe que les equations, qu ne montent
que iufques au quarré, font toutes comprifes en ce que ie
viens d’expliquer; non feulement le problefme des an-
ciens en 3 & 4 lignes eft icy entierement acheu¢; mais
auffy tout ce qui appartient A ce qu’ils nommoient la
compofition des lieux folides ; & par confequent auffya
celle des lieux plans, a caufe qu’ils font compris dans les
folides. Car ceslieux ne font autre chofe, finon que lors
qu’il eft queftion de trouuer quelque point auquel il

manque
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the angle ILC is a right angle, it follows that the curve NC is a circle.
A similar treatment of any of the other cases offers no difficulty.

Since all equations of degree not higher than the second are included
in the discussion just given, not only is the problem of the ancients
relating to three or four lines completely solved, but also the whole
problem of what they called the composition of solid loci, and conse-
quently that of plane loci, since they are included under solid loci."
For the solution of any one of these problems of loci is nothing more
than the finding of a point for whose complete determination one con-

11%) Since plane loci are degenerate cases of solid loci. The case in which
neither 22 nor y2 but only ry occurs, and the case in which a constant term occurs,
are omitted by Descartes. The various kinds of solid loci represented by the equa-

?

. ” 7’ .
tion y=*m = o + P + \/i‘ m? * oy +—x may be summarized as follows:

. 7? .
(1) If all the terms of the right member are zero except o) the equation repre-

. n .
sents an hyperbola referred to its asymptotes. (2) If ~ s not present, there are
several cases, as follows: (a) If the gquantity under the radical sign is zero or a

perfect square, the equation represents a straight line; (b) If this quantity is not

a perfect square and if ﬁxﬂ =0, the equation represents a parabola; (c) If it is
?

" 22 is negative, the equation represents a circle or an

not a perfect square and if

ellipse; (d) If %x'-‘ is positive, the equation represents a hyperbola. Rabuel, p. 248,
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dition is wanting, the other conditions being such that (as in this exam-
ple) all the points of a single line will satisfy them. If the line is
straight or circular, it is said to be a plane locus; but if it is a parabola.
a hyperbola, or an ellipse, it is called a solid locus. In every such case
an equation can be obtained containing two unknown quantities and
entirely analogous to those found above. If the curve upon which the
required point lies is of higher degree than the conic sections, it may

U* and so on for other

be called in the same way a supersolid locus,
cases. If two conditions for the determination of the point are lacking,
the locus of the point is a surface, which may be plane, spherical, or
more complex. The ancients attempted nothing beyond the composition
of solid loci, and it would appear that the sole aim of Apollonius in his
treatise on the conic sections was the solution of problems of solid loci.

I have shown, further, that what I have termed the first class of
curves contains no others besides the circle, the parabola, the hyperbola,

and the ellipse. This is what I undertook to prove.

%) “Un lieu sursolide.”
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manquevne condition poureftre entierement determi-
né, ainfi qu’il arrive en cete exemple,tous les poins d'vne
mefime ligne petruent eftre pris pour celuy qui eft de-
mandé. Etficete ligneeft droite,ou circulaire , onla
nomme vn lieu plan. Mais {i c’eft vne parabole, ou vne
hyperbole, ouvnecllipfe, onlanommevnlieu folide. Et
toutefois & quantes que celaeft, on peut venira vne E-
quation qui contient deux quantités inconnués, & eft
pareillea quelqu’vne de celles que ie viens de refoudre,
Quefilalignequi determineainfile point cherché, eft
d'vndegréplus compofée queles fections coniques, on
la peut nommer, en mefme fagon , vnlieu furfolide, &
ainfides autres. Ets’il manquedeux conditions a la de-
termination de ce point, le lieu ou il fe trouue eft vne fu-
petficie, laquelle peut eftre tout de mefme ou plate, ou
fpherique , ouplus compofée. Mais le plus haut but
quayent eulesanciens en cete matiere a efté de parue-
uiralacompofition des lieux folides: Et il femble que
toutcequ’Apollonius aefcrit des fections coniques n'a
eftéqu’a deflein de la chercher. Quellcctt
De plus on voiticy que cequeiay pris pour le premier 12 premic-
genredeslignes courbes,n’en peut comprendre aucunes l;;u? fim-

autres quelecercle, laparabole, 'hyperbole,&ellipfe. *t’fu‘::s les

qui eft tout ce quei’auois entreprisde prouuer. lignes
ue {1 U ion 1 Z, : . courbes
Que fila queftion des anciens eft propofce en cinq li- qui er-

gnes, qui foient toutes paralleles ; il eft envident que le ucntenla
point cherchéferatoufioursen vne ligne droite . Maisfi 3‘:‘:“:“

clle eft propofee en cinq lignes, dont il y enait quatre ciens
qui foient paralleles, & que la cinquiefme les couppe a bt p:o:

angles droits, & mefme que toutes les lignes tirées du pofée en
cingitl-

pOintgncs.
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point cherchéles rencontrent auffy a angles droits, &
enfln que le parallelepipede compofé de trois deslignes
ainfi tirées fur trois de celles qui font paralleles,{oit efgal
au parallelepipede compof€ des deux lignes tirées I'vne
fur la quatriefme de celles qui font paralleles & l'autre
{ur celle quiles couppe aanglesdroits, & d’vne troifief-
me ligne donnée. ce qui eft ce femble le plus fim-
ple cas quon puifle imaginer aprés le precedent ; le
point cherché fera en la ligne courbe, quieft defcrite
parle mouuement d'vne parabole en lafagon cy deffus
expliquce.

Soient
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If the problem of the ancients be proposed concerning five lines, all
paralle], the required point will evidently always lie on a straight line.
Suppose it be proposed concerning five lines with the following condi-
tions:

(1) Four of these lines parallel and the fifth perpendicular to each
of the others;

(2) The lines drawn from the required point to meet the given lines
at right angles;

(3) The parallelepiped"™ composed of the three lines drawn to meet
three of the parallel lines must be equal to that composed of three lines,
namely, the one drawn to meet the fourth parallel, the one drawn to
meet the perpendicular, and a certain given line.

This is, with the exception of the preceding one, the simplest pos-
sible case. The point required will lie on a curve generated by the
motion of a parabola in the following way:

1261 That is, the product of the numerical measures of these lines.
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Let the required lines be AB, IH, ED, GF, and GA, and
let it be required to find the point C, such that if CB, CF, CD, CH, and
CM be drawn perpendicular respectively to the:given lines, the paral-
lelepiped of the three lines CF, CD, and CH shall be equal to that of
the other two, CB and CM, and a third line AI. Let CB=y, CM=u,
AT or AE or GE=a; whence if C lies between AB and DE, we have
CF=2a—y, CD=a—y, and CH=y+a. Multiplying these three to-
gether we get y*—2ay*—a*y+2a® equal to the product of the other
three, namely to axy.

I shall consider next the curve CEG, which I imagine to be described
by the intersection of the parabola CKN (which is made to move so
that its axis KL always lies along the straight line AB) with the ruler
GL (which rotates about the point G in such a way that it constantly
lies in the plane of the parabola and passes through the point L). I
take KL equal to a and let the principal parameter, that is, the par-
ameter corresponding to the axis of the given parabola, be also equal to
a, and let GA=2a, CB or MA=y, CM or AB=ux. Since the triangles
GMC and CBL are similar, GM (or 2a—y) is to MC (or ) as CB
(or ) is to BL, which is therefore equal to Zz%} Since KL is ¢, BK

xy 2 —ay—x
2a—y oo, i_'y =
of the axis of the parabola, BK is to BC (its ordinate) as BC is to a
(the latus rectum), whence we get y*—2ay*—a*y4-2a°>—a.vy, and there-

is a— Finally, since this same BK is a segment

fore C is the required point.
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Soient par exemple leslignes cherchées AB,IH,ED,
GF, & GA. &quondemandele point C, enforte que
tirant CB, CF,C D, C H, & C M aangles droits fur les
données, le parallelepipededestrois CF, CD, & CH
foitefgal a celuy des 2 autres C B, & C M, &d'vne troi-
fiefme quifoit AT. IepofeCB»y. CMx. Al ou
AE, ou GE »a,defagon que le point C eftant entre les
lignesA B, &DE, iayCF2024--y,C D> a -y, &
CH> y +a & multipliant ces trois I'vne par l'autre,

1ay _y --28yy--aay -+ 2a efgal au produit des trois
autres qui eft a x y. Aprés celaie confidere laligne cour-
be CE G, que i'imagine eftre defcrite par I'interfection,

de la Parabole CK N, qu’on fait mouuoir en telle forte
que fon diametre K L eft toufiours fur la ligne droite
A B, & delareigle G L quitourne cependant autour du
point G en telle forte quelle paffe toufiours dans le plan
decete Paraboleparlepoint L. EticfaisKL 2, &le
coftédroit principal, c’eft adire celuy qui fe rapporte a
laiffieudecete parabole, aufly efgala e, 8 GA 20 24, &
CBouMA0y,& CMouA B> x. Puis a caufe des
trianglesfemblablesGMC & CBL,GM quielt2a-y,
efaMCquieftx, comme CBquiefty,eft aBL quieft

« Etpourceque LK elts, BKeft 2

ka8 ‘_f“___f_f
+a5»oubien — = Et cofin pourceque ce mef-

me BK eftant vn fegment du diametre de la Parabole,

efta BC quiluy eft appliquée par ordre, comme cel-
fecyeft au cofté droit qui eft 2, le calculmonﬁ:e que

y--2ayy--aay 4+ 24, eft efgal 2 axy, &par confe:
Vv quent
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quent que le point C eft celay qui eftoitdemandé. Etil
peut eftre pris en tel endroir de la ligne CEG qu’on ve-
uille choifir, ou aufy en fon adiointe ¢ E G ¢ qui fe de-
fcrit en mefme fagon,excepté quele fommet ds laPara-
bole eft tourn¢'vers I'autre coft¢ , ou enfin en leurs con-
trepofces N 1o, 21 O,qui font defcrites par l'interfe@&ion
que fait la ligne G L en l'autre coft€ de la Parabole
KN.
Or encore que les paralleles données A B, 1H, ED,
& G F ne fufent point efgalement distantes, & que G A
ne les couppaft pointaangles droits, ny aunfly les lignes
tirdes
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The point C can be taken on any part of the curve CEG or of its
adjunct cEGe, which is described in the same’ way as the former, except
that the vertex of the parabola is turned in the opposite direction; or
it may lie on their counterparts"™ NIo and nIO, which are generated
by the intersection of the line GL with the other branch of the para-
bola KN.

Again, suppose that the given parallel lines AB, IH, ED, and GF are
not equally distant from one another and are not perpendicular to GA,
and that the lines through C are oblique to the given lines. In this case
the point C will not always lie on a curve of just the same nature. This
may even occur when no two of the given lines are parallel.

(#1 «En leurs contreposées.”
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Next, suppose that we have four parallel lines, and a fifth line cutting
them, such that the paratlelepiped of three lines drawn through the
point C (one to the cutting line and two to two of the parallel lines)
is equal to the parallelepiped of two lines drawn through C to meet the
other two parallels respectively and another given line. In this case
the required point lies on a curve of different nature,"™ namely, a
curve such that, all the ordinates to its axis being equal to the ordinates
of a conic section, the segments of the axis between the vertex and
the ordinates"™ bear the same ratio to a certain given line that this
line bears to the segments of the axis of the conic section having equal
ordinates.”™

I cannot say that this curve is less simple than the preceding; indeed,
I have always thought the former should be considered first, since its
description and the determination of its equation are somewhat easier.

I shall not stop to consider in detail the curves corresponding to the
other cases, for I have not undertaken to give a complete discussion of
the subject ; and having explained the method of determining an infinite
number of points lying on any curve, I think I have furnished a way
to describe them.

It is worthy of note that there is a great difference between this
method™ in which the curve is traced by finding several points upon

02 The general equation of this curve is axry— xy?+2a2x = a%y —ay?.
Rabuel, p. 270.

021 That is, the abscissas of points on the curve.

1120 The thought, expressed in modern phraseology, is as follows: The curve is
of such nature that the abscissa of any point on it is a third proportional to the
abscissa of a point on a conic section whose ordinate is the same as that of the
given point, and a given line. Cf. Rabuel, pp. 270, et seq.

030 That is, the method of analytic geometry.
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tirées du point C verselles, ce point C ne laifferoit pas
de fetrouuer toufiours en vne ligne courbe, qui feroit
de cete mefme nature. Etils'y peut auffy trouner quel-

uefois, encore qu'aucune des lignes données nefoient
paralleles. Mais fi lorfqu'i' y ena 4 ainfi paralleles,& vne
cinquiefme qui les trauerfe: & que le parallelepipede de
troisdes lignes tirées du point cherché, I'vne fur cete
cinquiefme, &lés zautres fur 2 de celles qui font paral-
leles; foit efgalaceluy, des deux tirces fur les deux au-
tres paralieles , & d’vne autre ligne donnée. Ce point
cherchéeften vne ligne courbe d’vne autre nature, a
{gaunoir en vne qui eft telle, que toutesles lignes droutes
appliquées par ordre a fon diametre eftant efgales a cel-
les d'vne fection conique, les fegmens de ce diametre,
qui fontentre le fommet & ces lignes , ont mefme pro-
portiona vne certaine ligne donnée, que cete ligne dou-
née a aux fegmens du diametre de la fection conique,
aufquels les pareilles lignes font appliquees par ordre. Et
ie ne fgaurois veritablement dire que cete ligne foit
moinsfimple que la precedente, laquelle iay creu toute-
fois deuoir prendre pour lapremiere, a caufe que la de-
feription, & le calcul en font en quelque fagon plus
faciles.

Pour les lignes qui feruent aux autrescas, ienc m’are-
fteray point ales dittinguer par efpeces. car ie n’ay pas
entrepris de dire tout ; & ayant expliqué la fagonde
trouuer voe infinit€ de poins par ou elles paffent,ic penfe
auoir aflés donné le moyen de les defcrire.

Mefme ileft a proposde remarquer, qu'il ya grande
difference entre cete fagon de trouuer pluficurs poins

Vv 2 pour
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fontls  pourtracer viie ligne courbe, & celle dont on fe fert pour
‘:g{l‘:gcs lalpirale, & fesfemblables. car par cete derniere on ne
won de- trouue pasindifferément tous les poins de la ligne qu'ory
troumse cherclie, maisfenlement ceux qui penuent eftre deter-
pluficuss mines par quelque mefure phus fimple, que celle quieft
poins,qui T€quife pour lacompefer, & ainfi a proprement parler
peusent | O NE LFOHE Pas vl de fes poins. cCleft a dire pas v de
ceucsen CEUX quiluy font tellement propres, quiils ne puiffent
Geome- - eftre trouucs que parelle: Au lieuquil ny a aucun point
" dansleslignes quiferuenta la queftion propofee, quine
fe puiffe rencontrer entre ceux qui fe determinent par la
fagontantoft expliqueé. Et pourceque cete fagon de
tracerune ligne courbe, en trouvantindifferément plu-
fieursde fes poins , ne s'eftend qu'a celles qui peuunent
aufly eftre defcrites par vn mouuement regulier & con-
tinu, on ne ladoit pas enticrement reietter de la Geo-
metrie.
%:Hu?fy Etonn’en doit pas reietter non plus, celle ouon{e
clles ~ fertd'vnfil, oud'vne chorde repliée, pour determiner
on de egalité ou la difference de deux ou plufieurs lignes
vne ;tlgr- droites quipeuuent eftre tirdes de: chafque point de la
peanene  €OUrbe quon cherche, a certainsautres poins , ou fur
yeftre - certainesautres lignes a certains angles. ainfi que nous
T4 anons fait en la Lioptrique pour expliquer I'Ellipfe &
I'Hyperbole. car encore quon n’y puiffe regeuoir au-
cunes lignes qui femblent a des chordes , c’eft a dire quj
devienenttantoft dreites & tantoft courbes, a caufe que
laproportion, qui eft entre les droites & les courbes,
n’eftant pas connu€, & mefme ie croy ne le pounant eftre
pat leshommes, on ne pourroit rien conclure de la qui

fuft
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[182]

In the latter not
any point of the required curve may be found at pleasure, but only such

it, and that used for the spiral and similar curves.

points as can be determined by a process simpler than that required for
the composition of the curve. Therefore, strictly speaking, we do not
find any one of its points, that is, not any one of those which are so
peculiarly points of this curve that they cannot be found except by
means of it. On the other hand, there is no point on these curves which
supplies a solution for the proposed problem that cannot be determined
by the method T have given.

But the fact that this method of tracing a curve by determining a
number of its points taken at random applies only to curves that can
be generated by a regular and continuous motion does not justify its
exclusion from geometry. Nor should we reject the method™® in which
a string or loop of thread is used to determine the equality or difference
of two or more straight lines drawn from each point of the required

(134]

curve to certain other points,”™ or making fixed angles with certain

other lines. We have used this method in “La Dioptrique” ™ in the
discussion of the ellipse and the hyperbola.

On the other hand, geometry should not include lines that are like
strings, in that they are sometimes straight and sometimes curved, since
the ratios between straight and curved lines are not known, and I

[130]

believe cannot be discovered by human minds,"™ and therefore no con-

clusion based upon such ratios can be accepted as rigorous and exact.

0321 That is, transcendental curves, called by Descartes “mechanical” curves.

115231 C£, the familiar “mechanical descriptions” of the conic sections.

™1 As for example, the foci, in the description of the ellipse.

11351 This work was published at Leyden in 1637, together with Descartes’s
Discours de la Methode.

(%] This is of course concerned with the problem of the rectification of
curves. See Cantor, Vol. II (1), pp. 794 and 807, and especially p. 778. This
statement, “ne pouvant étre par les hommes” is a very noteworthy one, coming as
it does from a philosopher like Descartes. On the philosophical question involved,
consult such writers as Bertrand Russell.
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Nevertheless, since strings can be used in these constructions only to
determine lines whose lengths are known, they need not be wholly
excluded.

When the relation between all points of a curve and all points of a
straight line is known,"™ in the way I have already explained, it is easy
to find the relation between the points of the curve and all other given
points and lines; and from these relations to find its diameters, axes,
center and other lines"™ or points which have especial significance for
this curve, and thence to conceive various ways of describing the curve,
and to choose the easiest.

By this method alone it is then possible to find out all that can be
determined about the magnitude of their areas,!™ and there is no need

for further explanation from me.

151 Expressed by means of the equation of the curve.

38 For example, the equations of tangents, normals, etc.

0] For the history of the quadrature of curves, consult Cantor, Vol. II (1),
pp. 758, et seq., Smith, History, Vol. 11, p. 302.
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fuft exa& &affuré. Toutefoisa caufe qu'om ne fe fert
de chordes en ces conftrucions, que pour determiner
deslignes droites, dont on connoift parfaitement la lon-
geur, celane doit point faire qu'onlesreiette.

Ordecelafeul qu'onfgaitle rapport, qu’ont tousles Que pour
poins d’vne ligne courbe a tous ceux d’vne ligne droite, roduer
en lafagon queiay expliquée; il eft ayf€ de trouuer aufly propric-
le rapport qu'ils ont a tousles autres poins, & lignes don- g‘:e‘i“ Ji-
nees: & enfuite de connoiftreles diametres, les aiflieux, cousbes,
les centres, & autres lignes, ou poins, a qui chafque li- i.{ﬁ-fiffoi,.
gne courbe aura quelque rapport plus particulier , ou lerappore
plus fimple, qu'aux autres: & ainfi d'imaginer diuers Susleuss
moyens pour lesdefcrire, & d’en choifirles plus faciles, poins 2
Et mefme on peut aufly par cela feul tronuer quafi tout fig:xxcs “
cequi peut eftre determing touchant la grandeurde Fe- droites:
fpace quelles comprenent, fans qu'il foit befoin que i'en decirer
donne plus d’'ouuerture. Etenfin pour cequieft de tourﬁ’“l‘]’;‘s
tes les autres proprietes qu'on peut attribuer aux lignes q§1 les
courbes, elles ne dependent que de la grandeur desan- ¢ b2
gles qu'elles font auec quelques autres lignes. Mais lorfe ces poins
qu’on peuttirer des lignes droites quiles couppent a an- erﬁil,c )
gles droits, aux poins ou elles font rencontrées par cel-
lésauec qui elles font les angles qu’on veut mefurer, o,
cequeie prensicy pour le mefme, qui couppent leurs
contingentes; la grandeur de cesangles n’eft pas plus
malayfée a trouuer, que s'ils eftoient compris entre deux
lignes droites. C’eft pourquoyie croyray anoir mis isy
tout ce qui eft requis pour les elemens des lignes cour-
bes, lorfquei’auray generalement donné' lafagon de ti-

rerdes lignes droites, qui tombent a angles droits fur

Vv.3 tels
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342 LA GEOMETRIE.
tels deleurs poins qu’on voudra choifir. Eti’ofe dire
quec'eft cecy le probléfine le plus vtile, & le plus gene-
ralnon feulement queiefgache, mais mefme que 1’aye
iamais defir¢ de fgauoir en Geometrie.

Soit C E

laligne courbe,

R & qu'il faille ti-

E rer vne ligne

F A M P — g droite par le

point C, qui fa-
ce auec elle desangles droits. Ie fuppofe lachofe defia
faite, & que lalighecherchéeeft C P, laquelle ie pro-
longciufques au point P, ou elle rencontre la ligne droi-
te G A, queie fuppofe eftre celle aux poins de laquelle
onrapporte tous ceuxdelaligne C E : en forte que fai-
fantM A ouC B2y, & CM, ou BA 2 x, iay quelque
equation, qui explique le rapport, qui eft entre x & .
PuisiefaisPC20rs, & PAov, uPM DV v -y, &a
caufe du triangle re¢tangle P M C iay ss, quieft I2 quar-
ré de la baze efgal 2 xx =~vv--2vy-yy, quifont
les quarrés des deux coftés. ceft a dire iay x 2
Vss--00+ 20y.5yy, oubien y Do+ ¥ s5--2%,&
parlemoyen de cete equation, i'ofte de l'autre equa-
tion qui m'explique le rapport qu’ont tous les poins de la
courbe C Eaceuxdeladroite G A,I'vne des deux quan-
tités indeterminées x ou y. ce qui eft ayf€ a faire en
mettant partout 7 ss--vv—+2vy-- yy au lieu d'x, &
le quarré de cete fomme au lieu d'x &, & fonr cube au lien

» ’ . . .
d'x, &aiofi desautres,fic’eft ¥ queie veuilleofter; ou-
bien
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Finally, all other properties of curves depend only on the angles
which these curves make with other lines. But the angle formed by
two intersecting curves can be as easily measured as the angle between
two straight lines, provided that a straight line can be drawn making
right angles with one of these curves at its point of intersection with
the other."*? This is my reason for believing that I shall have given
here a sufficient introduction to the study of curves when I have given
a general method of drawing a straight line making right angles with
a curve at an arbitrarily chosen point upon it. And I dare say that
this is not only the most useful and most general problem in geometry
that I know, but even that I have ever desired to know.

Let CE bc the given curve, and let it be required to draw
through C a straight line making right angles with CE. Suppose the
problem solved, and let the required line be CP. Produce CP to meet
the straight line GA, to whose points the points of CE are to be
related."” Then, let MA—CB—y; and CM=BA—ux. An equation
must be found expressing the relation between » and y."? I let PC=s,
PA=v, whence PM=v—y. Since PMC is a right triangle, we see that
s2, the square of the hypotenuse, is equal to x#2+2*—2vy-+y?, the sum

of the squares of the two sides. That is to say, x= Vs’—2’ 420y —3?

or y=v+4 Vs*—2%. By means of these last two equations, I can elimi-
nate one of the two quantities » and y from the equation expressing
the relation between the points of the curve CE and those of the straight
line GA. If x is to be eliminated, this may easily be done by replacing

x wherever it occurs by Vs*—2?+2vy—3?, 2° by the square of this ex-
pression, x° by its cube, etc., while if y is to be eliminated, y must be
replaced by v+ \/sg—x’, and %, 5%, . . . by the square of this expres-

491 That is, the angle between two curves is defined as the angle Letween the
normals to the curve at the point of intersection.

1141 That is, the line GA is taken as one of the codrdinate axes.
141 This will be the equation of the curve. See also the figure on page 97.

95



SECOND BOOK

sion, its cube, and so on. The result will be an equation in only one
unknown quantity, x or y.

.For example, if CE is an ellipse, MA the segment of its
axis of which CM is an ordinate, r its latus rectum, and ¢ its trans-
verse axis," then by Theorem 13, Book I, of Apollonius,"*! we have

v o e o . . o
x’:ry—;yg. Eliminating a? the resulting equation is

7
s’—v2+2vy—y2=m'—;y’, or 4+

qry—ngy«}-qﬂ’—qs’mo
g—7 e

In this case it is better to consider the whole as constituting a single

expression than as consisting of two equal parts.™

If CE be the curve generated by the motion of a parabola (see pages
47, et seq.) already discussed, and if we represent GA by b, KL by ¢,
and the parameter of the axis KL of the parabola by d, the equation

14 “Le traversant.”

41 Apollonius, p. 49: “Si conus per axem plano secatur autem alio quoque
plano, quod cum utroque latere trianguli per axem posita concurrit, sed neque basi
coni parallelum ducitur neque e contrario et si planum, in quo est basis coni,
planumque secans concurrunt in recta perpendiculari aut ad basim trianguli per
axem positi aut ad eam productam qualibet recta, qua a sectione coni communi
sectioni planorum parallela ducitur ad diametrum sectiones sumpta quadrata zqualis
erit spatio adplicato rectee cuidam, ad quam diametrus sectionis rationem habet,
quam habet quadratum rectz a vertice coni diametro sectionis parallele ductz usque
ad basim trianguli ad rectangulum comprehensum rectis ab ea ad latera trianguli
abscissis, latitudinem rectam ab ea e diametro ad verticem sectionis abscissam et
figura deficiens simili similiterque posita rectangulo a diametro parametroque com-
prehenso; vocetur autem talis sectio ellipsis.” Cf. Apollonius of Perga, edited by
Sir T. L. Heath, Cambridge, 1896, p. 11.

11481 That is, to transpose all the terms to the left member.
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bienfic'cfty, en mettanten fonlien ¥ 4 ¥s s—E%, &
le quarré, ou le cube, &c. de cete fomme, aulieud’y y,ou

y ;&c. De fagon qu'il refte toufiours aprés celavne equa-
tion, enlaquelleil ny aplus qu'vne feule quantité inde-
terminée, x,0u y.

Comme fi CE eft vue Ellipfe , & que M A foit le
fegment de fon diametre, auquel CM foit appliquée par
ordre, & qui ait rpour fon cofté droit , & 4 pour le tra-
uerfant,on2 parle 13 th.
du 1 lin. &’Apollonius.

xx0ry --%yy , d'on
oftant xx, il refte ss-~

- z/v—l—zv_y-_yy 0 r.y-'-; yYy-
oubien,

. e is - . . .
vy * a7y 1;‘3"*‘ T efgal arien. caril eft mieux en

cet endroit de confiderer ainfi enfemble toute la fom-
me, que d’en faire vne partie efgale al’autre.

x  Tout de mefme fi C
E eft la ligne courbe

. defcrite par le mou-
uement d'vne Parabole

en la fagon cy deflus

1B expliquée, & qu'onait
pofé bpour GA, cponr
KL, & d pour le coftd
droit du diametre KL
A enlaparabole:'equatif
qui explique le rapport
qur
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qui eﬁqntrex&y.eft);;--by._y-- cdybed==dxy00

dod oftant ¥ , on a y - byy--cdy + bed 4+ dy
vV ss--vv-+2vy--yy. & remetrant en ordre ces
termes par le moyen de lamultiplication, il vient

2cd ~2bbed
¥°-- ziyﬂ;;:}d:p:j;:} L2 ccd‘}yy -2bccddyubbecddoo.
*ddv
Etainfidesautres.

Mefmeencore que les poins de la ligne courbe nefe
rapportaflent pasenla fagoti que iay ditte a ceux d'vne
lignedroite, maisentouteautre quon fgauroit imagi-
ner, onne laiffe pas de pouuoir toufiours auoir vne telle
equation. Comme fiC E eftvaeligne, qui ait tel rap-
port aux trois poins F, G, & A, queleslignes droites ti-
réesde chafcun defespoins comme C, iufques au point
F, furpaflent laligne F A d'vne quantité, qui ait certaine
proporti6 don-
nceavoe autre
quantit¢ dont
AT GA furpafleles
F A M P G lignes tirées
des mefmes

poinsiufques 2G. FaifonsG A4, AF ¢, & prenant
adifcretionle point C dans lacourbe, que la quantité
dont CF furpafle F A, foit A celle dont G A furpafle
G C, comme¢da e, en forte que fi cete quantité qui eft

indererminée fe nomme z,FCeft ¢+ 3,&GCeft b --;{.

PuispofantM A0y, G Meftb--y, &K FM eft c+y, &
a caufe du triangle re(tangle CM G, oftant le quarré
de
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expressing the relation between x and y is y*—by*—cdy+bcd+dxy=0.
Eliminating #, we have

VP —by P —cdy +bed+dy Vsz—v’—!—-?‘uy—y’:o.

Arranging the terms according to the powers of y by squaring,™ this
becomes

y*—2by*+ (b*—2cd4-d*) y*+ (4bcd—2d%v) y?
+ (c?d*—d?s’-d*v? —2b%cd) y* —2bc*d*y+-b2c*d* =0,

and so for the other cases. If the points of the curve are not related
to those of a straight line in the way explained, but are related in some

[147]

other way,"" such an equation can always be found.

Let CE be a curve which is so related to the points F, G, and A.
that a straight line drawn from any point on it, as C, to F exceeds
the line FA by a quantity which bears a given ratio to the excess of GA
over the line drawn from the point C to G."*' Let GA=b, AF—c, and
taking an arbitrary point C on the curve let the quantity by which CF
exceeds FA be to the quantity by which GA exceeds GC as d is to e.

Then if we let z represent the undetermined quantity, FC=c+z and

GC=b-52. Let MA=y, GM=5—y, and FM=c+y. Since CMG is a

right triangle, taking the square of GM from the square of GC we have
48] “En remettant en ordre ces termes par inoyen de la multiplication.”

471 “Mais en toute autre qu'on saurait imaginer.”
U4 That is the ratio of CF — FA to GA — CG is a constant.



GEOMETRY

left the square of CM, or% 2—%z+2by—y’. Again, taking the
square of FM from the square of FC we have the square of CM
expressed in another way, namely: 2°42cz—2cy—y? These two expres-
sions being equal they will yield the value of y or MA, which is
d?z*4-2cd?z—e*z*4-2bdez
2bd*+-2cd? :

Substituting this value for ¥ in the expression for the square of CM,
we have

i bd?z24-ce?2?+-2bcd*z—2bcdez
= bd?+-cd? -

2

If now we suppose the line PC to meet the curve at right angles at C,
and let PC=s and PA=wv as before, PM is equal to v—y; and since
PCM is a right triangle, we have s2—2?+42vy—y? for the square of
CM. Substituting for y its value, and equating the values of the square
of CM, we have
2 +2b£d’z —2bcdez —2cd vz — 2b€1eﬂz— bd%s? + bd*v? —cd’s? +cd? _
bd*+cé* +fv—dy

0

for the required equation.
Such an equation having been found

[148]

it is to be used, not to deter-
mine #, v, or 2, which are known, since the point C is given, but to
find v or s, which determine the required point P. With this in view,
observe that if the point P fulfills the required conditions, the circle
about P as center and passing through the point C will touch but not
cut the curve CE; but if this point P be ever so little nearer to or far-
ther from A than it should be, this circle must cut the curve not only

9] Three such equations have been found by Descartes, namely those for the
ellipse, the parabolic conchoid, and the curve just described.
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deGM duquarréde G C,onale quarréde CM, qui eft

b
Z{{ e by--yy. puis oftant le quarré de F M
du quarréde F C,ona encore le quarréde C M end’au-
tres termes, afgavoir gz 4-2¢3--2cy -y y, & cester-

mes eftant efgaux auxprecedens, ilsfont connoiftre y,

. ddzz 2 cddz -~ cezz e 26deg, .
ouMA, quieft oAl o =& fubftituanc ce-

te fomme au lieu d’y danslequarréde C M, on.trouue
qu'il s’exprime ences termes.

bddzz v ceezz v 2 beddz -- 2 bedex
bdd v cdd ==y

Puis fuppofant que la ligne droite P C rencontre la
courbe aangles droits au point C, & faifant P C 20+, &
P Ao v comme deuant, PMeftv--y ; & a caufe du
trtangle rectangle PCM,ond ss-- vv +- 2 vy-- y y pour
le quarré de C M, ouderechefayant au lieud’y fubftitué
lafomme quiluyeftefgale, il vient

2 beddz --2 bedez - 2 cddvz - 2 bdevz - bddss ok bddvv --

X1 bdd fcee eev--ddv
- cddss & cddve. 30 ¢ pour 'equation que nous cherchions.

Orapres qu'on atround vnetelle equation , aulieu
des’enferuir pour connoiftre les quantites x,0uy, ou 3,
qui font defia données, puifquele point C eft donng, on
ladoit employeratrouuerv,ou s, qui determinent le
point P, qui eft demande! Eracet effect il faut confide-
rer,que fice point P eft telqu’on le defire, le cercle dont
ilferale centre, & qui paffera par le point C,y touchera
laligne courbe C E, fans lacoupper: mais que fi ce point
P, eft tant foit peu plus proche, ou plus efloigné du point.

X x A,quil

101
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A, qu'ilne doit, ce cercle couppera la courbe , non feu-
lement av point C, mais auffy neceflairement en quel-
que autre. Puisilfaut aufly confiderer, que lorfque ce
cerclecouppe laligne courbe CE, I'equation par laquel-
le on cherche la quantitéx,ouy, ou quelque avtrefem-
blable, en fuppofant P A & P C eftre connués, contient
neceflairement deux racines, qui font inefgales. Car par
exemple fice cercle couppe la conrbe aux poins C & E,
ayant tiréE Qparallele a CM, les noms des quantités
indeterminées x & 5, conuiendront aufly bien aux lignes
EQ, &QA,quaCM, & MA; puis PE eft efgale a
P C,acaufeducercle, fi bien que cherchant les lignes
EQ & QA, par PE &
P A qu’on fuppofe com-
me donnees , on aura la
mefme equation, que fi
on cherchoit C M &
M A par PC,PA. dou
s il fuit evidemnment,quela
P LA valeurd’x, ou d’y, ou de
telle autre quantité qu’on aura fuppofee , fera doubleen
ceteequation, c’eft adirequ'il y aura deux racines inef-
galesentreelles; & dont I'vne feraCM, l'autre EQ,, fi
c'eft xqu'on cherche; oubienl'vne fera M A, & l'autre
QA ficefty. &ainfi des autres. Il eft vray que fi le
point Ene fe trouue pas du mefme cofté de la courbe
que le point C; il n’y auraque I'vne de ces deux racines
qui foit vraye, & 'autre fera renuer{ee, ou moindre que
rien: mais plus ces deux poins, C, & E, font prochesl'vn
de l'autre, moinsily a de differenceentre ces deux raci-

nes;
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at C but also in another point. Now if this circle cuts CE, the equation
involving » and y as unknown quantities (supposing PA and PC
known) must have two unequal roots. Suppose, for example, that
the circle cuts the curve in the points C and E. Draw EQ paral-
lel to CM. Then x and y may be used to represent EQ and QA respec-
tively in just the same way as they were used to represent CM
and MA; since PE is equal to PC (being radii of the same circle),
if we seek EQ and QA (supposing PE and PA given) we shall get the
same equation that we should obtain by seeking CM and MA (suppos-
ing PC and PA given). It follows that the value of #, or y, or any
other such quantity, will be two-fold in this equation, that is, the equa-
tion will have two unequal roots. If the value of x be required, one of
these roots will be CM and the other EQ; while if y be required, one
root will be MA and the other QA. It is true that if E is not on the
same side of the curve as C, only one of these will be a true root, the
other being drawn in the opposite direction, or less than nothing.™ The
nearer together the points C and E are taken however, the less differ-

usel “Et Pautre sera renversée ou moindre que rien.”
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ence there is between the roots; and when the points coincide, the roots
are exactly equal, that is to say, the circle through C will touch the
curve CE at the point C without cutting it.

Furthermore, it is to be observed that when an equation has two
equal roots, its left-hand member must be similar in form to the expres-
sion ,obtained by multiplying by itself the difference between the
unknown quantity and a known quantity equal to it;" and then, if the
resulting expression is not of as high a degree as the original equation,
multiplying it by another expression which will make it of the same
degree. This last step makes the two expressions correspond term by
term.

For example, I say that the first equation found in the present dis-

cussion,™

namely
7y —2qU. ?_gs?
y2+7 Y —2q1y+qv —gs :
g—7r

must be of the same form as the expression obtained by making e=y

and multiplying y—e by itself, that is, as y*—2ey-+e2. We may then

compare the two expressions term by term, thus: Since the first term,

92, is the same in each, the second term,"™ ﬂ__zri”)l’ of the first is
q—

equal to —2ey, the second term of the second; whence, solving for v,

r 1 .
or PA, we have v=¢— }t’-’ré 7; or, since we have assumed ¢ equal to ¥,

1 .
v=y—§y+§ 7. In the same way, we can find s from the third term,

(81 That is, the left-hand member will be the square of the binomial #+ —a
when x = a.

082 See page 96. The original has “first equation,’
equation.”

U] That is, the second term in y.

’ not “first member of the
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nes; & enfin elles font entierement efgales, s'ils font tous
deuxioins envn; c’eft adirefile cercle,qui paffe parC,
y touchela courbe C E fans la coupper.

De plusil faut confiderer, que lorfqu’ily a deux raci-
nes cfgales en vne equation, elle a neceflairement la
mefine forme,que fi on multiplie par foy mefme la quan-
titequ’on y fuppofe eftre inconnué moins la quantité
connue qui luy eft efgale, & qu'aprés cela fi cete derniere
fomme n’apas tant de dimenfions que la precedente,
onla multiplie par vne autre fomme qui en ait autant
qu’il luy en manque; affin qu'il puiffe y auoir feparement
equation entre chafcun des termesdeI'vne , & chafcun
destermes de l'autre,

Commeparexemple ie dis que la premiere equation
trouuee cy defus, afgauoir

qry--2qvykquuv--gss . .
yy=2 _;_{ 2221 doitauoir lamefine forme que

celle qui fe produift enfaifant e efgalay, & multipliant
y=-epar foy mefme,d’oiril vient yy -- 2 ey - ee,en forte
qu’on peut comparer feparement chafcun de leurs ter-
mes, & dire que puifque le premier quiefty yeft toutle
mefme énl'vne qu’enl'autre, le fecond qui eft enl’vne
qr’q—-—:—:—i—u" eft efgalanfecsd delautre quieft--2ey,d’olt

cherchant la quantit¢ v qui eft la ligne P A, on 2

r ' -
v0e--oe+ 37, oubie
a caufe que nous auons
fuppof€ eefgalay ,ona

r
20y --;]—I-'E r. Et
Xx 2 ainfi
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ainfi on pourroit trouuer s par le troifiefme terme

quv-- q 55,
ee 0 mais pourceque la quantltc v determine

affésle pomt P,qui eft le feul que nous cherchions,onn’a
pas befoin de paffer outre.

"Tout de mefime la feconde equation trouuée cy def-
fus, afgauoir,

—-2¢d . --2bbed
..:.I:y’r[abb} "'{446cd} 30k ccdd s
Y  dd Y eI ddesery rheeddy mbbecdd.
wddv
doit auoir mefme forme, quela fomme quife produift
loquu on multiplie jy --2¢e)—+eepar

¥ +f7+gg77+b7—l—k, quieft

3 4
Y f{e ;’-i-:gugf ¥ -:le:gg}y -'?zkt hs }/y ;’;:IZ }7 ookt

Fee, Toeef deegg $

defagon que de ces deux equationsi’entire fix autres,
quiferuent a connoiftre les fix quantites f, g, b, &,v,& s:
Drouileft fortayf¢ a entendre, que de quelque genre,
que puifle eftre la ligne courbe propofée, il vient tou-
fiours par cete fagon de proceder autant d’equations,
quoneft ablig¢ defuppofer de quantités, qui font in-
connyes. Mais pour demefler par ordre ces equations,
& trouuer enfinla quantitév, quieftla feule dontona
befoin, & al'occafion de laquelle on cherche les autres:
1l faut premierement parlefecond termechercher £, la
premiere des quantites inconnués de la derniere fom-
me, & ontrouuef 0 2e--24.
Puis par le dernier il faut chercher £ la derniere des
quan[tllbt::[s ;2connues de lamefme fomme, & on trouuc

+wh~
ce

Puis
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2 _—as
q—r
required, it is not necessary to go further.

; but since » completely determines P, which is all that is
[184]

(155]

In the same way, the second equation found above,”™ namely,

¥ —28°+ (6 —2cd+d?)y* + (4bcd — 2d%v) y°
+(2d* —28%cd+d*" — d*s?) y* — 262 d %y + 6 3d°,

must have the same form as the expression obtained by multiplying

y—2ey+c® by y*+fy*+g'y*+hPy1-k,
that is, as

Vit (f—2e)y°+(g°—2ef +c2)y*+ (B —2eg*+-ef) y°
+ (k' —2eh*+-eg*) y*+ (e°h* —2ek*) y+-e*k*.

From these two equations, six others may be obtained, which serve to
determine the six quantities f, g, h, k, v, and s. It is easily seen that
to whatever class the given curve may belong, this method will always
furnish just as many equations as we necessarily have unknown quan-
tities. In order to solve these equations, and ultimately to find @, which
is the only value really wanted (the others being used only as means
of finding v), we first determine f, the first unknown in the above
expression, from the second term. Thus, f=2¢—2b. Then in the last
terms we can find k, the last unknown in the same expression, from

030 That is, to construct PC we may lay off AP = and join P and C. If
instead we use the value of e, taking C as center and a radius CP —=¢, we con-
struct an arc cutting AG in P, and join P and C. Rabuel, p. 309. To apply
Descartes’s method to the circle, for example, it is only necessary to observe that
all parameters and diameters are equal, that is, ¢ = 7; and therefore the equation

1

P

1 .
v= y—gy-i—?r becomes v = _ ¢= % diameter. That is, the normal passes

through the center and is a radius of the circle. Rabuel, p. 313.
%] See page 99. As before, Descartes uses “second equation” for “first mem-
ber of the second equation.”

107



GEOMETRY

2,2 72
which k‘=b ;d . From the third term we get the second quantity

g*=3e*—4be—2cd}-b2}dz2.

From the next to the last term we get &, the next to the last quantity,

which is"*®
o 20E 2l
==

€

In the same way we should proceed in this order, until the last quantity
is found.
Then from the corresponding term (here the fourth) we may find
v, and we have
288 36 bl 2ce 2bc bt B,

EETE YT gt gt g
or putting y for its equal ¢, we get

Z_y” 36y | Oy 2y 26c b B

EE T gt T Pty e

for the length of AP.

(%] Found from.
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Puispar le troifiefme terme il faut chercher glafeconde
quantité, &onagg 0 g ee--4 be--2 cd -+ bb-1-dd.

Puispar le penultiefme il faut chercher 5 la penultiefme
2b6bccdd 2 beedd.
quantité, quiefth’s0—;— - —— Etainfi il fau-
droit continuer fuiuant ce mefme ordre infquesa lader-
niere, 'ily en auoit d’auantage en cete fomme ; car c’eft
chofe qu’on peut toufiours faire en mefme fagon.
Puis parle terme qui {uit en ce mefme ordre, quieft

icy le quatriefme, il faut chercherla quantite v, &on a

rel 3bee bbe 2ce 2 be bee bbeg
O gy et e -
ou mettanty au liend’e quiluy eft efgalon a
2y, ,b]y bby 2cy. 2bc  bec bbeo.

WdT da T aamTd “"7'*‘"_’*“7“ I

v
pourlaligne A P,
Et ainfilatreifiefme equation, qui eft

Xx 3 3%
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F2bcddz-- 2bedex--2cddvz ~2bdeve -- bddss i bddvv-
bdd Jceoeev-

--cddssucddvv,
~ddv
2%--2f3+ff, en fuppofant fefgal a g, fi bienque il

y a derechef equation entre--2f, ou--2%, &

Wwarbcdd--2bcde -2 cddv--2bdev. , .
T i heekeevddo d’ot ou connoift que

bedd--bcde i Bddz v ceex
cAdbde.-eex kddg

ala mefme forme que

la quantite v eft

C'eft pourquoy
compofant la
ligne AP, de
Y cete fommeef-
F A M P G gale 2 v dont
toutesles quan.
tités font connués, & tirant du point Painfi trouué, vne
ligne droite vers C, elle y couppe la courbe CE a an-
gles droits. quieft ce qu’il falloit faire. Et ie ne voy rien
qui empefche, qu'on n’eftende ce problefme en mefme
fagona toutes les lignes courbes,quitombentfous quel-
que calcul Geometrique.

Mefmeileft aremarquer touchant la derniere fom-
me, quon prent a difcretion, pour remplir le nombre
desdimenfionsdel'autre fomme , lorfqu'il y en man-
que , comme nous auons pris tantoft
y*A-fy 4gg yy=+h*y—+ k*; quelesfignes + & --
y peuuent eftre fuppofcs tels, qu’on veut, fans que la li-
gune v, ou A P, fe trouue diuerfe pourcela, comme vous
pourresayfemenc voir par experience. cars'il falloit que
ie m’areftaffe ademonftrertous les theorefmes dontfie
ais
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Again, the third™" equation, namely,

2bcd?z —2bcdez — 2cd vz — 2bdevz — bd?st + bd* v —cd?s* 4 cd*?
bd* y et +lv—dy

22 )
is of the same form as z*—2fz+f* where f==z, so that —2f or —2z
must be equal to
2bcd® —2bcde —2cdy — 2bdev
bd*+cé* +e'v—d*v

whence
_ bed? —bede+ bdz+cc 2
cd* +bde—z+dz

Therefore, if we take AP equal to the above value of v, all the
terms of which are known, and join the point P thus determined
to C, this line will cut the curve CE at right angles, which was required.
I see no reason why this solution should not apply to every curve to
which the methods of geometry are applicable.”™
It should be observed regarding the expression taken arbitrarily to
raise the original product to the required degree, as we just now took
Y 1y gty Ry -k,
that the signs + and — may be chosen at will, without producing dif-
ferent values of v or AP."™ This is easily found to be the case, but if
I should stop to demonstrate every theorem I use, it would require a
197 First member of the third equation.
o8l et us apply this method to the problem of constructing a normal to a para-

bola at a given point. As before, s2=22+722—2py+1y2 If we take as the
equation of the parabola #2 = ry, and substitute, we have

s2=ryt+tv2—2vy+y2 or 12+ (r—20)y+v>—s2=0.
Comparing this with y2—2¢y+e¢2 =0, we have r —2v=—2¢; 2?>— s* = ¢€%;
v:.,t-l-e. Since e—=1, v:§+y. Let AM=9y  and o =AP; then

AM — AP = MP — one-half the parameter. Rabuel, p. 314.

%9 Tt will be observed that Descartes did not consider a coefficient, as a, in the
genera] sense of a positive or a negative quantity, but that he a]wavs wrote the
sign intended. In this sentence, however, he suggests some generalization.
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much larger volume than I wish to write. I desire rather to tell you
in passing that this method, of which you have here an example, of sup-
posing two equations to be of the same form in order to compare them
term by term and so to obtain several equations from one, will apply
to an infinity of other problems and is not the least important feature
of my general method."

I shall not give the constructions for the required tangents and nor-
mals in connection with the method just explained, since it is always
easy to find them, although it often requires some ingenuity to get short
and simple methods of construction.

(%] The method may be used to draw a normal to a curve from a given point,
to draw a tangent to a curve from a point without, and to discover points of
inflexion, maxima, and minima. Compare Descartes's Letters, Cousin, Vol. VI,
p. 421. As an ll_lustratlon, let it be required to find a point of mﬂexnon on the
first cubical parabola. Its equation is Y3 —a2x. Assume that D is a point of
inflexion, and let CD =y, AC=x, PA =5, and AE =r. Since triangle PAE is

r 5y —rs
y -, whence ¥ = y—rs

similar to triangle PCD we have = . Substituting in
r+s s r

. a? . . .
the equation of the curve, we have y“—j+a25=0. But if D is a point of

inflexion this equation must have three equal roots, since at a point of inflexion
there are three coincident points of section. Compare the equation with

y8 — 3ey2+3c2y — e = 0.

Then 3¢2—=0 and e =0. But e =y, and therefore y = 0. Therefore the point of
inflexion is (0, 0). Rabuel, p. 321.

o

-

Do~

C £

B3 ¥

It w111 be of interest to compare the method of drawmg tangents given by
Fermat in  Methodus ad disquirendam maximam et minimam, Toulouse, 1679,
which is as follows: It is required to draw a tangent to the parabola BD from a

point O without. From the nature of the parabola %—f\—cl since O is without the
hevat 72
curve. But by similar triangles BC _CE  Therefore (B>-Ci Let CE=ag,
o T1E
2
Cl=¢, and CD=d; then DI =d—e¢, and L>*ai; whence
d—e” (a—e)?

de? — 2ade > — aZe.

Dividing by e, we have de —2ad > — a2 Now if the line BO becomes tangent to
the curve, the point B and O coincide, de —2ad = —a?, and e vanishes; then
2ad = a? and a = 2d in length. That is CE =.2CD.
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fais quelque mention, ie ferois contraint d’efcrire va vo-
lume beaucoup plus gros que ie ne defire. Mais ie veux
bien en paffant vous auertir que l'inuention de fuppofer
deux equations de mefme forme, pour comparer fepa-
rementtouslestermes del'vne a ceux de l'autre , & ainfi
en faire naiftre plufieurs d’vne feule, dont vous auesvit
icy voexemple, peut feruir a vne infinité d’autres Pro-
blefmes, & n’eft pas I'vne des moindres de la methode
dontie me fers.

Ien’adioufte point les conftructions, par lefquelles on
peut defcrire les contingentes ou les perpendiculaires
cherchées, enfuite du calcul queie viensd'expliquer, a
caufe qu’il eft toufiours ayf¢'de les tronuer: Bienque fou-
uent on ait befoin d’vn peu d'adrefle, pour les rendre
courtes & fimples. ,

Comune par exemple, fiD Ceft la premiere conchoi- gy empie
de des anciens, dclacon-
dont A foit le po- S:"c?;z
le, & BH la regle: blefme,en

a con-
en forte que tou- choide..
tes leslignes droi-
tes qui regardent
vers A, & font
comprifesentrela

‘A courbe CD, &la
droite BH, com-
me DB & CE, foient efgales: Et quon veuille trouner
ks ligne C G quila couppe au point C a angles droits.
Onpourroit en cherchant, dans la ligne B H, le point
parotceteligne C G doitpafler, felon la methode icy
expli-
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expliqueg, sengager dans vn calcul autant ou plus long
qu’aucun des precedens: Et toutefois la conftruction,qut
deuroit aprcés en eftre deduite ,eft fort fimple. Car ilne
faut queprendre C Fenlalignedroite CA, & la faire
efgale 2 CH qui eft perpendiculaire fur H B : puis du
pointFtirer F G, parallele 2 BA, & efgalea EA: an
moyen de quoy ona le point G, par lequel doit paffer
C Glaligne cherchée.

Aurefteaffin que vous fgachiées que la confideration
des lignes conrbes icy propofée n'eft pas fans vfage, &
qu’elles ont diuerfes proprietes, qui ne cedent en rien a
celles des fections coniques,ie veux encore adioufter icy
Lex plication de certaines Ouales, que vousverrcs eftre
tresvtiles pour la Theorie de la Catoptrique , & dela
Dioptrique. Voycy lafacondontieles defcris.

T /7 Giv —_—
ceed ;"

F AL
/ 7

Premierement ayant tiré les lignes droites FA , &
AR, quis’entrecouppentau point A, fans qu’il importe
aquelsangles, ie prensen I'voe le point F a difcretion,
c’eftadire plus oumoins efloign¢du point A felon que

1€

Sesensenest
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Given, for example, CD, the first conchoid of the ancients (see page
113). Let A be its pole and BH the ruler, so that the segments of all
straight lines, as CE and DB, converging toward A and included
between the curve CD and the straight line BH are equal. Let it be
required to find a line CG normal to the curve at the point C. In try-
ing to find the point on BH through which CG must pass (according
to the method just explained), we would involve ourselves in a calcula-
tion as long as, or longer than any of those just given, and yet the
resulting construction would be very simple. For we need only take
CF on CA equal to CH, the perpendicular to BH; then through F
draw FG parallel to BA and equal to EA, thus determining the point
G, through which the required line CG must pass.

To show that a consideration of these curves is not without its use,
and that they have diverse properties of no less importance than those
of the conic sections I shall add a discussion of certain ovals which you
will find very useful in the theory of catoptrics and dioptrics. They
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may be described in the following way: Drawing the two straight lines
TFA and AR (p. 114) intersecting at A under any angle, I choose arbi-
trarily a point F on one of them (more or less distant from A accord-
ing as the oval is to be large or small). With F as center I describe a
circle cutting FA at a point a little beyond A, as at the point 5 I then
draw the straight line 56" cutting AR at 6, so that A6 is less than Ab,
and so that A6 is to A5 in any given ratio, as, for example, that which

[162]

measures the refraction," if the oval is to be used for dioptrics. This
being done, I take an arbitrary point G in the'line FA on the same side
as the point 5, so that AF is to GA in any given ratio. Next, along the
line A6 I lay off RA equal to GA, and with G as center and a radius
equal to R6 I describe a circle. This circle will cut the first one in two
points 1, 1," through which the first of the required ovals must pass.

Next, with F as center I describe a circle which cuts FA as little
nearer to or farther from A than the point 5, as, for example, at the
point 7. I then draw 78 parallel to 56 and v ith G as center and a radius
equal to R8 I describe another circle. This circle will cut the one
through 7 in the points 1, 1" which are points of the same oval. We
can thus find as many points as may be desired, by drawing lines paral-
lel to 78 and describing circles with F and G as centers.

%1 The confusion resulting from the use of Arabic figures to designate points
is here apparent.

U9 That is, the ratio corresponding to the index of refraction.

sl “Ay point 1.”

e “Ay point 1.”
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ie veux faire ces Ouales plus ou moins grandes, &dece
point F comme centre ie defcris vncercle , qui paffe
quelquepeuau deladupoint A, comme par le point 5,
puis de ce point s ie tire laligne droite 56, qui couppe
l'autre au point 6, en forte qu’ A 6 foit moindre qu’ A ¥,
felon telle proportion donnée qu'onveut, a fganoir fe-
lon celle qui mefure les Refractions fi on s’en veut fer-
uir pour la Dioptrique. Aprés cela ie prens aufly le point
G, enlaligne F A,du coftcot eft le point 5, a difcretion,
c’eftadireenfaifant que leslignes AF & G A ont entre
elles telle proportion donn€e qu'on veut. Puis ie fais
R AefgaleaG A enlaligne A6. & ducentre G defcri-
vant vo cercle, dont lerayon foit efgal 2 R s, il couppe
l'autre cercle de part & d’autre au point 5, quieftI'vnde
ceux par ot doit paffer la premiere des Ouales cher-
chées. Puisderechef du centre F ie defcris vn cercle,
qui paffe vn peu au dega, ouau dela du point 5, comme
par le point 7, & ayant tire la ligne droite 7 8 parallele a
56, ducentre G ie defcris vnautre cercle, dont le rayon
eftefgalala ligne R8. & ce cercle couppe celuy quj
paffe par le point 7 au point 1, qui eft encore I'vn de ceux
delamefme Ouale. Et ainfi on en peut trouuer au-
tant d'autres qu'on voudra , en tirant derechef d’au-
tres lignes paralleles a 7 8, & d'autres cercles des centres
F, &G.

Pour lafeconde Ouale il n’y apoint de difference, fi-
nonqu’aulieud’ AR ilfautde l'autrecofté du point A
prendre A Sefgal2 A G, & que le rayon du cercle de-
fcrit du centre G, pour coupper celuy qui eft defcrit du
centre F & qui paffe par le point 5, foit efgal a la

Yy ligne
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ligne S 6; ou qu'il foit efgala S 8, fi c’eft pour coupper
eeluy qui paflfe par le point 7. & ainfi des autres. au
moyen dequoy ces cercles s’entrecouppent aux poins
marqués 2, 2, qui font ceux de cete feconde Ouale
Az2X.

Pour latroifiefme, & la quatriefme, au lieu de laligne
A Gil faut prendre A Hde l'autre cofté du point A,
fgauoir du mefine qu'eft le point F. Etilya icy de plus
aobferuer que cete ligne A H doiteftre plusgrande que
A F:laquelle peut mefme eftre nulle, cn forte que le
pointF ferencontreou eftle point A, en ladefcription
detoutescesouales. Aprdscela les lignes AR, & AS
eftant efgales 2 A H , pour defcrire la troifiefme ouale
A3Y,iefaisvncercle du centre H, dont le rayon eft

efgal
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In the construction of the second oval the only difference is
that instead of AR we must take AS on the other side of A, equal
1o AG, and that the radius of the circle about G cutting the circle about

F and passing through 5 must be equal to the line S6; or if it is to cut
the circle through 7 it must be equal to S8, and so on. In this way the

circles intersect in the points 2, 2, which are points of this second oval
A2X.

To construct the third and fourth ovals (see page 121), instead of
AG I take AH on the other side of A, that is, on the same side as F.
It should be observed that this line AH must be greater than AF, which
in any of these ovals may even be zero, in which case F and A coincide.
Then, taking AR and AS each equal to AH, to describe the third oval,
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A3Y, I draw a circle about H as center with a radius equal to S6 and
cutting in the point 3 the circle about F passing through 5, and another
with a radius equal to S8 cutting the circle through 7 in the point also
marked 3, and so on.

Finally, for the fourth oval, I draw circles about H as center with
radii equal to R6, R8, and so on, and cutting the other circles in the
points marked 4."*

85l In all four ovals AF and AR or AF and AS intersect at A under any
angle. F may coincide with A, and otherwise its distance from A determines the
size of the oval. The ratio A5 : A6 is determined by the index of refraction of
the material used. In the first two ovals, if A does not coincide with F it lies
between F and G, and the ratio AF : AG is arbitrary. In the last two, if F does
not coincide with A it lies between A and H, and the ratio AF : AH is arbitrary.
In the first oval AR = AG and the points R, 6, 8 are on the same side of A. In
the second oval AS = AG and S is on the opposite side of A from 6, 8. In the
third oval AS = AH and S is on the opposite side of A from 6, 8. In the fourth
oval AR =AH and R, 6, 8 are on the same side of A. Rabuel, p. 342.
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efgal 4§ 6, qui couppe au point 3 celuy ducentre I¥, qui
pafle par le point 5; & vn autre dont le rayon eft efgala
S 8, qui couppe celuy qui paffe par le point 7, au point
aufly marque 3; & ainfi des autres. Enfin pour la derniere

ouale
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ouale e fais des cercles du centre H , dont les rayons
font efgaux aux lignes R 6,R 8, & femblables, qui coup-
pent les autres cercles aux poins marqués 4.

On pourroit encore trouuer vae infinit¢ d'autres
moyens pour defcrire ces mefmes ouales. comme par
exemple, on peut tracer la premiere AV, lorfqu'on fup-
pofe leslignes FA & A G eltre efgales, fi on diuife la
toute F G au point L, en forte que F L foitaL G, com-

meA s2A 6. C'efta dire qu'clles ayent la proportion,
qui mefure les refractions. Puis ayant diuifé A L endeux
partiesefgalesau point K, qu'on face tourner vne reigle,
commeF E, autour du point F, enpreflant dudoigt C,
la chorde E C, qui eftant attachee au bout de ceterei gle
vers E, fereplie de C vers K, puis de K derechef versC,
& de C vers G, oufon autre bout foit attach€ , enforte
que lalongeur de cete chordc foit compofée de celle
deslignes G AplusA L plus FE moins AF. & ce fera
Ie mouuement du point C, qui defcrira cete ouale , a
imitation de cequiacftédit en la Dioptriq; de I'Ellipfe,
‘ &
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There are many other ways of describing these same ovals. For
example, the first one, AV (provided we assume FA and AG
equal) might be traced as follows: Divide the line FG at L so that
FL : LG=AS5 : A6, that is, in the ratio corresponding to the index
of refraction. Then bisecting AL at K, turn a ruler FE about the
point F, pressing with the finger at C the cord EC, which, being
attached at E to the end of the ruler, passes from C to K and then
back to C and from C to G, where its other end is fastened. Thus the
entire length of the cord is composed of GA+AL+FE—AF, and the
point C will describe the first oval in a way similar to that in which the
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[166]

ellipse and hyperbola are described in La Dioptrigue. But I cannot
give any further attention to this subject.

Athough these ovals seem to be of almost the same nature, they
nevertheless belong to four different classes, each containing an infinity
of sub-classes, each of which'in turn contains as many different kinds
as does the class of ellipses or of hyperbolas; the sub-classes depend-
ing upon the value of the ratio of A5 to A6. Then, as the ratio of AF
to AG, or of AF to AH changes, the ovals of each sub-class change in
kind, and the length of AG or AH determines the size of the oval."™

If AS is equal to A6, the ovals of the first and third classes become
straight lines; while among those of the second class we have all pos-
sible hyperbolas, and among those of the fourth all possible ellipses."*?

In the case of each oval it is necessary further to consider two por-
tions having different properties. In the first oval the portion toward
A (see page 114) causes rays passing through the air from F to con-
verge towards G upon meeting the convex surface 1Al of a lens
whose index of refraction, according to dioptrics, determines such
ratios as that of A5 to A6, by means of which the oval is described.

(101 See the 1:otes on pages 10, 55, 112.

%1 Compare the changes in the ellipse and hyperbola as the ratio of the length
of the transverse axis to the distance between the foci changes.

e8] These theorems may be proved as follows: (1) Given the first oval, with
A5=A6; then RA=GA; FP=F5; GP=R6=AR —R6=GA — A5=GS5.
Therefore FP+ GP = F5+ G5. That is, the point P lies on the straight line FG.
(2) Given the second oval, with A5=A6; then F2=F5=FA+AS5;
G2=S6=SA+A6=SA+A5; G2—F2=SA —FA=GA —FA =C. There-
fore 2 lies on a hyperbola whose foci are F and G, and whose transverse axis is
GA —FA. The proof for the third oval is analogous to (1) and that for the
fourth to (2).

It may be noted that the first oval is the same curve as that described on
page 98. For FP = F5 whence FP— AF = A5, and AR = AG; GP = R6;
AG— GP = A6. If then A5 : A6—=4d : e we have, as before,

FP—AF : AG—GP=d: e
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& de ’'Hyperbole. mais ie ne veux point m'arefter plus
long tems fur ce fuiet.

Or encore que toutes ces oualesfemblent eftre quafi
demefme nature,elles font neanmoins de 4 diuers gen-
res, chafcun defquels contient fous foy vne infinité d'au-
tres genres, qui derechef contienent chafcun autant de
diuerfesefpeces, que fait le genre des Ellipfes,, ou celuy
des Hyperboles.Carfelon que la proportion, qui eft en-
tre leslignes A 5, A 6, oufemblables, eft differente ; le
genre fubalterne de ces ouales cft different. Puis felon
quelaproportion, quieftentreleslignes A F, & A G,ou
A H, eftchangée, les ouales de chafque genre fubalter-
ne changentd’efpece. Etfelonqu’A G,ou A Heft plus
ou moins grande, elles font diuerfes en grandeur. Et fi
leslignes A 5 & A 6 fontefgales, au liendesouales du
premier genreoudutroifiefme, on ne defcrit que des
lignes droites; mais au lieu de celles dufecond on atou-
tes les Hyperboles poffibles; & aulieu de cellesduder-
nier toutes les Ellipfes.

Outre celaen chafcune de cesouales il faut confiderer Les pro-
deux parties, quiont dinerfes proprietés; a fgavoir en la Prictés de
premiere, la partie quieft vers A, fait que les rayons, qui touchant
eftant dans 'air vienent dupoint F, fe retouruent tous 15Fe
vers le point G, lorfqu'’ils rencontrent la fuperficie con- les refra-
vexe d'vn verre, dont la fuperficieeft 1 A 1, & dans le- rons.
quel lesrefractions fe font telles , que fuivant ce qui a
efté dit en la Dioptrique, elles peuuent toutes eftre me-
furées par lapropertion , qui eft entreles lignes A 5 &

A 6,0u femblables, par l'ayde defquelles on a defcrit cete
ouale,
Yy 3 Mais
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Mais la partie, quieft versV, fait que les rayons qui
vienent du point G fe reflefchiroient tous vers F, s'ilsy
rencontroient la fuperficie concaue d'vn mifoir,, dontla
figure fuft 1 V 1, & qui fuft de telle matiere qu’il di-
minuaft la forcede ces rayons,{elon la proportion qui eft
entreleslignes A5 & A 6: Cardecequiaefté demon-
ftrd enla Dioptrique, il eft enident que cela pof¢, les an-
glesde la reflexion feroient inefgaus, aufly bien que font

ceux de la refraction, & pourroient eftre mefurés en
mefme forte.

Enlafecondeoualelapartie 2 A 2 fert encore pour les
reflexions dont on fuppofe les angles eftre inefgaux. car
eftant enla fuperficie d’vn miroir compofé de mefme
martiere que le precedent,elle feroit tellement reflefchir
tous les rayons, quiviendroientdu point G, qu’ils fem-
bleroient aprés eftre reflefchis venir du point F. Et il
eft aremarquer, quayant fait la ligne A G beaucoup

plus
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But the portion toward V causes all rays coming from G to converge
toward F when they strike the concave surface of a mirror of the
shape of 1V1 and of such material that it diminishes the velocity of
these rays in the ratio of A5 to A6, for it is proved in dioptrics that in
this case the angles of reflection will be unequal as well as the angles
of refraction, and can be measured in the same way.

Now consider the second oval. Here, toe. the portion ZA2 (see
page 118) serves for reflections of which the angles may be assumed
unequal. For if the surface of a mirror of the same material as in the
case of the first oval be of this form, it will reflect all rays from G,
making them seem to come from F. Observe, too, that if the line AG
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is considerably greater than AF, such a mirror will be convex in the
center (toward A) and concave at each end; for such a curve would
be heart-shaped rather than oval. The other part, X2, is useful for
refracting lenses; rays which pass through the air toward F are re-
fracted by a lens whose surface has this form.

The third oval is of use only for refraction, and causes rays travel-
ing through the air toward F (page 121) to move through the glass
toward H, after they have passed through the surface whose form is
A3Y3, which is convex throughout except toward A, where it is sligh:dy
concave, so that this curve is also heart-shaped. The difference between
the two parts of this oval is that the one part is nearer F and farther
from H, while the other is nearer H and farther from F.

Similarly, the last of these ovals is useful only in the case of reflec-
tion. Its effect is to make all rays coming from H (see the second
figure on page 121) and meeting the concave surface of a mirror of
the same material as those previously discussed, and of the form
A4Z4, converge towards F after reflection.

The points F, G and H may be called the “burning points” " of
these ovals, to correspond to those of the ellipse and hyperbola, and
they are so named in dioptrics.

I have not mentioned several other kinds of reflection and refraction
that are effected"™ by these ovals; for being merely reverse or opposite

effects they are easily deduced.
1ol That is, the foci, from the Latin focus, “hearth.” The word focus was
first used in the geometric sense by Kepler, Ad Vitellionem Paralipomena, Frank-

fort, 1604. Chap. 4, Sect. 4.
b1l «“Reglées.”
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plus grande que A F, ce miroir feroit conuexe au milieu,
vers A, & concaue aux extrémitez: cartelleeft lafigure
decetc ligne, qui en cela reprefente plutoft vn coeur
qu’vne ouale.

Mais fon autre partie X 2 fert pour les refractions, &
fair que les rayons, qui eftant dans l'air tendent vers F fe
detournentvers G, en traverfant la {uperficie d’vn ver-
re, qui en ait la figure.

Latroifiefme oualefert toute aux refrattions, & fait
que les rayons, qui eftant dans l'air tendent vers F, fe
vont rendre vers H dansle verre, aprés qu’ils ont trauer-
f¢ fa fuperficie, dont lafigureeft A 3 Y 3, qui eft conue-
xe par tout,exceptévers A oll elleeft vn peu concaue,en
forte qu'elle ala figure d’vn coeur aufly bien que lapre-
cedente. Etladifference quieftentre les deux parties
deceteouale, confifte ence quele point T eft plus pra-
chede I'vne , que n'eft le point H; & qu'il eft plus
efloigné'de T'autre, que ce mefme point H.

En mefme fagonladerniere ouale fert tonte aux re-
flexions, & fait que files rayons,qui vienent du point H,
rencontroient la fuperficie concaue d'vn miroir de mef-
me matiere que les precedens, & dont lafigure fuft A 4
Z 4, ilsfe reflefchiroient tousvers F.

De fagon qu’on peut nommer les poins F, & G, ou I
lespoinsbruflans de ces ouales, al'exemple de ceux des
Ellipfes, & des Hyperboles, qui ont efté ainfi nommés
enla Dioptrique.

I'omets quantit€ d’autres refrations, & reflexions,
qui font reiglées par ces mefmes ouales : car n'eftant
que les conuerfes, ou les contraires de celles cy, cllesen

peuuent
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peuuent facilement eftre deduites. Mais il ne faut pas
quei'omette lademonftration de ceque iay dit. & acet

prictés de effect, prenonspar exemple le point C a difcretionenla

cesoualcs
touchant

les refle-
xions &
refra-

&gons,

premiere partie de la premiere de ces ouales ; puis tirons
la ligne droite

o / CP,g qui coup-
NN pela courbe au
E ; _':_'. \ point C 2 an-
F A M P S Blesdroits, ce-
qui eft facile

par le problefme precedent ; Car prenant 4 pour AG, ¢
pour AF, ¢ <3 pourF C; & fuppofant que la propor-
tionqui eft entre d& e, que ic prendray icy toufiours
pour celle qui mefure les refrations du verre propof¢,
defigneaufly celle qui eft entreles lignesA 5, & A 6, ou
femblables, quiont ferui pour defcrire cete ouale,ce qui

donned --i‘{ pour G C: on tronue que laligne A Peft

bedd - bede i bddz W ceez. | " ,
bae e A A ainfiquila eft¢ monftrécy deflus.

De plas du point P ayant tir¢ P Q_a angles droits fur [a
droite F C, & P N auffy a angles droits fur G C,confide-
ronsque iPQefta P N, commedeft ae, ceft 2 dire,
comme les lignes qui mefurent les refrations du verre
conuexe A C, le rayon qui vient du point F au point C,
doittellement s’y courber en entrant dans ce verre, qu'il
s'aille rendre aprés vers G: ainfi qu’il efttres euident de
cequiaefté diten la Dioptrique. Puis enfin voyons par
le calcul, s’il eft vray, que P Qfoit 2 PN ; comme 4 eft
ae. LestrianglesrectanglesP? QF, & C M F font fem-

blables;
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I must not, however, fail to prove the statements already made. For
this purpose, take any point C on the first part of the first oval, and
draw the straight line CP normal to the curve at C. This can be done
by the method given above,"™ as follows; .

Let AG=b, AF=c, FC=c+=z. Suppose the ratio of d to e, which
I always take here to measure the refractive power of the lens under
consideration, to represent the ratio of A5 to A6 or similar lines used
to describe the oval. Then '

GC=6— 3 2,
whence

AP— bed? — bede+ bd*z+ce'z
T bdetcd 4 dz—éz

From P draw PQ perpendicular to FC, and PN perpendicular to GC."™
Now if PQ : PN=d: e, that is, if PQ: PN is equal to the same
ratio as that between the lines which measure the refraction of the
convex glass AC, then a ray passing from F to C must be refracted
toward G upon entering the glass. This follows at once from dioptrics.

7] See page 115.
"1 Here PQ is the sine of the angle of incidence and PN is the sine of the
angle of refraction. The ray FC is reflected along CG.
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Now let us determine by calculation if it be true that PQ : PN=d : e.
The right triangles PQF and CMF are similar, whence it follows that

FP'CMzPQ. Again, the right triangles

CF
PNG and CMG are similar, and therefore G*%g—M:PN. Now since

CF : CM=FP : PQ, and

the multiplication or division of two terms of a ratio by the same num-
. ..FP.CM GP.CM
t alter th t f—_ ==
ber does not alter the ratio, i CF cG
each term of the first ratio by CM and multiplying each by both CF

and CG, we have FP.CG : GP.CF=d : e. Now by construction,

=d: ¢, then, dividing

bed?—bede-+bd*z+4-cc?z

FP=[+Td’¢b_de—ezz+dzz ’
or p bed*+c?d*+-bd?*z4-cd?z
FP= cd*+t+bde—e’z4d?z
and e
CG:b—dZ.
Then .
cG bcd?*4-bcd*+b2d*z+-bed?z2—bedes—c*dez—bdez* —cdez?
FP.CG= cd*Fbde—e*z-d*z '
Then
GP— bed*—bede+-bd*z+-ces.
=0T T d" Y bde—e’z 1 d’z
or
Gp=b-de+bcde—be-s—ce-:

cd*tbde—e*zdiz °
and CF=c+}=z. So that
b?cde+bc2de+-b*dez+bedez—bee*z—c?e*z — be?z®—ce?z?

GP.CF= cd*Lbde—ezf-d'z
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blables; d’od il fuit que CFeftaCM,commeFP efta
P Q; & parconfequent que FP, e(’tant raultiplice pat
CM, & divifée par CF, eft efgale aP Q. Tout de mef-
me les triangles rectanglesP NG, & CM G font fem-
blables; d’oi il fuit que G P, maltipli¢e par C M, & diui-
feepar C G, eftefgaleaP N. Puisa caufe que les mul-
tiplications, ou diuifions, qui fe font de deux quantites
par vie mefme, ne changent point la proportion qui eft
entre elles; fi F P multipli¢e par C M; & diuifee par CF,
eft 2 G P multipliée aufly par CM & dinifée par C G;
comme deft A e, en dinifant 'vne &l'autre de ces deux
fommes par CM , puis les multipliant toutes deux par
CF,&derechefpar C G,ilrefte F P multiplide par C G,
qui doit eftre 2 G P multipli¢e par CF, comme 4 eftae.
Or par laconftru@ion F Peft ¢ 'Pzz:":;d;&;::ﬁi‘.“_“_

oubien F P 20 bedd 3 ccdd g bddz i cdd . CG eft
bdes}cdd J ddg -- eex. et .

b -- - g-fibienque multipliant F P par CG il vient

bbedd ubeedd v bbddz g beddz -- bedex. -- codex -- bdexs -- sdez.(_

bde ¥ cdd Fdd -~ eex
- bedd b bede - bddz -- cu{_. .
PuisGPeft b =7 . i s diz. or, - OUIED

bbde 1 bede - beez - - ceez,s
GP 0 i gdiy Te XCFefte-2;

fibienque multipliant G P par CF , il vient
bbede 3 becde -- beeex. - - cceez v bbdeq s bedeq -- beexx -- ceoxx.
bdet cdd ¥ ddz —-eez |

Et pourcequela premicre de ces fommes diuifce par d,
eft la mefme que la feconde dinifée par e, il eft manifefte,
que F P multipliée par C G eft a G P multipli€e par CF;

Zz ceft
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c’eftadireque P Qeft A PN, commed eftd e, qui eft
tout ce qu'ilfalloit demonftrer.

Etfgachés, que cete mefme demonttration s'eftend
a tout cequi a efte dit des autres refractions ou refle-
xions, quifefont dans lesouales propofées; fans qu'il y
faille changer aucune chofe, que les fignes + & -- du
calcul. c’eft pourquoy chafcunles peut ayfement exa-
miner de foymefme, fans qu’il foit befoin que ie m’y
arefte.

Mais il faut maintenent, que ie fatisface a ce queiay
omis en la Dioptrique, lorfqu’apres auoir remarqué,qu’il
peuty anoir des verres de plufieurs dinerfes figares, qui
facent aufly bien I'vn que I'autre,, que les rayons venans
d’vn mefme point de l'obiet, s’aflemblent tous en vn au-
tre point aprés les anoir trauerfes. & qu’entre ces verres,
ceux qui font fort conuexesd’un cofté, & concaues de
I'autre, ont plus deforce pour brufler, que ceux quifont
efgalement conuexes des deus coftés. au lien que tout
au contraire ces derniers font les meilleurs pour leslune-
tes. ie me fuiscontented’expliquerceux, que i'ay cril
eftre les meilleurs pour la prattique, en fuppofant la diffi-
culté que les artifans peuuent auoir a les tailler. Ceft
pourquoy,affin qu’il ne refte rien afouhaiter touchant la
theorie de cete fcience, ie doy expliquer encoreicy lafi-
gure desverres, qui ayant I'vne de leurs fuperficies au-
tant conuexe, ou concaue, qu'onvoudra, ne laiffent pas
de faire que tous les rayons , qui vienent vers eux d’'vi
mefme point , ou paralleles, saffemblent aprés en vn
mefme point ; & celle des verres qui font le femblable,
eftant efgalement conuexesdes deux coftés , aabienla

conue-
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The first of these products divided by d is equal to the second divided
by e, whence it follows that PQ : PN—=FP.CG: GP.CF=d : e,
which was to be proved. This proof may be made to hold for the
reflecting and refracting properties of any one of these ovals, by proper
changes of the signs plus and minus; and as each can be investigated
by the reader, there is no need for further discussion here."™

It now becomes necessary for me to supplement the statements made
in my Dioptrique™™ to the effect that lenses of various forms serve
equally well to cause rays coming from the same point and passing
through them to converge to another point; and that among such lenses
those which are convex on one side and concave on the other are more
powerful burning-glasses than those which are convex on both sides;
while, on the other hand, the latter make the better telescopes."™ I
shall describe and explain only those which I believe to have the great-
est practical value, taking into consideration the difficulties of cutting.
To complete the theory of the subject, I shall now have to describe

U1 To obtain the equation of the first oval we may proceed as follows: Let

AF=¢; AG=b; FC=c+2z; GC=6— 32. Let CM=x, AM=y. FM=c+}y;

GM =b—y. Draw PC normal to the curve at any point C. Let AP —=%. Then
CF’=CM?+ FMZ Also, c2+2cz+ 22 = #2+ 2+ 2cy+ 2, whence

z=—ctV 22+ c2+2cy+y2
Also, CG’= CM’+ GM?, whence

be € ,_ .,
bz — 272 +‘7‘z- = 22+ b2 —2by+y2.
Substituting in this equation the value of z obtained above, squaring, and simplify-

ing, we obtain:
[(@—eaet (d2 = et)y—2(e%c+ ba?) y—2ec(ec—bd) ||
= 4e2(bd +ec)2(x2+c2+2cy+y2). Rabuel, p. 348.

U Descartes: La Dioptrique, published with Discours de la Methode, Leyden,
1637. See also Cousin, vol. III, p. 401.

07 «T unetes.” The laws of reflection were familiar to the geometers of the
Platonic school, and burning-glasses, in the form of spherical glass shells filled with
water, or balls of rock crystal are discussed by Pliny, Hist. Nat. xxxvi, 67 (25)
and xxxvii, 10. Ptolemy, in his treatise on Optics, discussed reflection, refraction,
and plane and concave mirrors.
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again the form of lens which has one side of any desired degree of con-
vexity or concavity, and which makes all the rays that are parallel or
that come from a single point converge after passing through it; and
also the form of lens having the same effect but being equally convex
on both sides, or such that the convexity of one of its surfaces bears a
given ratio to that of the other.

In the first place, let G, Y, C, and F be given points, such
that rays coming from G or parallel to GA converge at F after
passing through a concave lens. Let Y be the center of the inner sur-
face of this lens and C its edge, and let the chord CMC be given, and
also the altitude of the arc CYC. Tirst we must determine which of
these ovals can be used for a lens that will cause rays passing through
it in the direction of H (a point as yet undetermined) to converge
toward F after leaving it.

There is no change in the direction of rays by means of reflection or
refraction which cannot be effected by at least one of these ovals; and
it is easily seen that this particular result can be obtained by using either
part of the third oval, marked 3A3 or 3Y3 (see page 121), or
the part of the second oval marked 2X2 (see page 118). Since
the same method applied to each of these, we may in each case take Y
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conuexitéde I'vne de leurs fuperficies ayant la propor-
tion donnéea celle de l'autre.

: . Commér
Pofons pour le premier cas, que lespoins G,Y, C, & F on peut

eftant donnés, les rayons qui vienent du point G, oubien faite va
quifont parallelesa G A fe doivent affembler au point ;- coa.
F, aprésauoir trauerfé vnverre ficoncaue, qu’Y eftant uexe ou
le milien de fafuperficie interieure, Pextremite en foit o
au point C,enforte que la chorde CM C, &lafleche de fgsfu-
Y M del'arcCY C, font donnees. La queftion vala, f;f,fo;ws’
que premierement il faut confiderer , de laquelle desvoudra,
ouales expliquees, lafuperficie du verre Y C, doit auoir Pcl;b}:;
la figure, pour faire que tous les rayons, qui eftant de- ;2,‘,’:"“
danstendentvers vn mefme point, comme vers H, qui rous les
n'eft pas encore conny, s'aillent rendre vers vn autre,, a JJ0E
fgauoir versF, aprésen eftrefortis. Cariln’y a aucun nent d'v
effect touchant le rapport des rayons changé par refle- 5o:i:
xion, ou refraction d’vnpointa vn autre , qui ne puiffe donné.
eftre caufé par quelqu’vne de ces ounales. & on voit
ayfement que cetuycy le peut eftre par la partie de la
troifiefme Ouale, qui a tantoft efté marquee 3 A 3, ou
parcelle de lamefme, quiaefté marquée 3Y 3, ou enfin
parlapartie delafeconde qui aeft¢ marquée 2X 2. Et
pourceque ces trois tombent icy fous mefme calcul, on-
doittant pour I'vne, que pour 'autre prendre Y pour

Zz 2 leur
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leur fommet, C pourI'vndes poins de leur circonferen-
ce, & F pour'vn de leurs poins bruflans ; apres quoy il
nerefte plusa chercher que le point H, qui doit eftre
Vautre point bruflant.  Et onle troune en confiderant,
que ladifference, qui eft entre les lignes F Y & F C,doit
eftreacelle, qui eft entre les lignes HY & H C,comme
deftae,c’eft adire,comme la plus grande des lignes qui
mefurent les refractions du verre propof¢ eft ala moin-
dre; ainfi qu'on peut voir manifeftement de la defcri-
ption de ces ouales. Et pourceque leslignes FY& F C
font données, leur difference l'eftaufly , & en fuite celle
quieftentre HY & H C; pourceque la proportion qui
eftentre ces deux differences eft donnee. Et de plus a
caufe que Y Meft donnée, la difference qui eft entre
M H,& H C, l'eft auffy; & enfin pourceque C M eft don-
née, il nerefte plus qu'a trouuner M Hle cofté dutriangle

rectangle C M H, donton a Fautre cofté CM, & on a
auffy la difference quieft entre CH labaze , & MHle
coftédemand¢. d’ou il eft ayfédele trouuer. carfion
prent £ pour I'excés de C H fur M H,& = pour la longeur

delaligneCM,onaura:—’,:--‘g k pour MH. Et apres

auoir ainfi le point H,s’il fe troune plusloin du point Y,
que
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(see pages 137 and 138), as the vertex, C as a point on the curve,"™
and F as one of the foci. It then remains to determine H, the other
focus. This may be found by considering that the difference between
FY and FC is to the difference between HY and HC as d is to e; that
is, as the longer of the lines measuring the refractive power of the lens
is to the shorter, as is evident from the manner of describing the ovals.

Since the lines FY and FC are given we know their difference; and
then, since the ratio of the two differences is known, we know the dif-
ference between HY and HC.

Again, since YM is known, we know the difference between MH
and HC, and therefore CM. It remains to find MH, the side of the
right triangle CMH. The other side of this triangle, CM, is known,
and also the difference between the hypotenuse, CH and the required
side, MH. We can therefore easily determine MH as follows:

2
Let 2=CH—MH and »=CM; then %—%k:MH, which deter-

mines the position of the point H.

0l «Circonference.”
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If HY is greater than HF, the curve CY must be the first part of
the third class of oval, which has already been designated by 3A3.

But suppose that HY is less than FY. This includes two cases:
In the first, HY exceeds HF by such an amount that the ratio
of their difference to the whole line FY is greater than the ratio of e,
the smaller of the two lines that represent the refractive power, to d,
the larger; that is, if HF=c, and HY=c-A, then dh is greater than
2ce+eh. In this case CY must be the second part 3Y3 of the same
oval of the third class.

In the second case dh is less than or equal to 2ce+eh, and CY is the
second part 2X2 of the oval of the second class.

Finally, if the points H and F coincide, FY = FC and the curve
YC is a circle.

It is also necessary to determine CAC, the other surface of the lens.
If we suppose the rays falling on it to be paralle], this will be an ellipse
having H as one of its foci, and the form is easily determined. If,
however, we suppose the rays to come from the point G, the lens must
have the form of the first part of an oval of the first class, the two foci
of which are G and H and which passes through the point C. The
point A is seen to be its vertex from the fact that the excess of GC
over GA is to the excess of HA over HC as d is to e. For if &k repre-
sents the difference between CH and HM, and # represents AM, then
x—UFk will represent the difference between AH and CH ; and if g repre-
sents the difference between GC and GM, which are given, g+#

140



LivreE SECOND. 36§
que n'eneft le point F, laligne C Y doiteftre la premie-
re partie del’'onale du troifiefme genre,qui a tantoft eft¢
nommeée 3 A 3: MaisiH'Y eft moindre que F Y, oubien
elle furpaffe HF de tant, que leur difference eft plus
grande araifondelatoute F Y, que n’eft ¢ la moindre
des lignes qui mefurent les refractions comparée auec d
la plus grande, c’eft a dire que faifant HF 2 ¢, &
HY o¢+ h,dheftplus grande que 2ce—+¢5, & lors
C Y doit eftre la feconde partie de la mefme ouale du
troifiefme genre, qui a tantoft et¢nomee 3 Y 3;0ubien
d heftefgale, ou moindre que 2 ce—+¢h> & lors CY
doit eftre la feconde partie de I'ouale du fecond genre
quia cy deflusefténommee 2 X 2. Et enfin file point H
eftle mefme que le point F, ce qui n'arrive que lorfque
FY &F Cfontefgalescete ligne Y Ceftvn cercle.

Aprés celail faut chercher C A Cl'autre fuperficiede
ce verre, qui doit eftre vne Ellipfe, dont H foit le point
bruflantfi on fuppofe que lesrayons qui tombent deflus
foiét paralleles; & lorsil eft ay(¢ de la trouuer.Mais fion
fuppofe qu'ils vienét du pointG, ce doit eftrela premiere
partie d'vne ouale du premier genre,dont les deux poins
bruflans foi€t G & H, & qui paffe par le point C:d’otion
trouue le point A pour le fommet de cete ouale,en confi-
derat,que G Cdoit eftre plus grade que GA,d’vre quan-
tite,qui foit a celle dont H A furpaffe H C,comme dae.
carayant pris & pour ladifference,qui eft entre CH,& H
M. fi on fuppofe x pour A M,on auray -- &, pour la diffe-
rencequi eftentre A H, & C H; puis ft on prent g pour
celle, quieft entre G C, & GM, qui font données, on
aura g+ x pour celle, qui eft entre GC, & GA; &

Zz 3 pour-
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Commé& pourceque cete derniere g+ x eft al'autre x -- k, com-
on peut , e kdk
farevn medeft 2 e, ond ge—+ex0dx --dk, oubien £ -

verre, qui . .
aitle mef- pour la ligne x, ou A M , par laquelle on determine le

me effe® . A .
que I point A quieftoitcherché,

g:;‘:j]‘:’ Pofons maintenent pour l'autre cas , qu'on ne donne
conuexi- que les poins G C, & F, auec la proportion qui eft entre

tédelvnc Jes lignes AM,& Y M, & qu'il faille trouuerla figure du

pesficies verre A CY, qui face quetousles rayons, qui vienent
;l;:l?i P dupoint G s"aflemblent au point F.
donnée  On peut derechef icy fe fervir de deux ouales dont

11 3 M 1 ’
delauire. 'voe, A C, ait G & H pour fes poins bruflans; & I'autre,

C

CY,ait F& H pour les fiens.Et pour les trouuer,premic-
rement fuppofant le point H qui eft commun atoutes
deux eftre connu, ie cherche A M par les trois poins
G,C,H,enla fagon tout maintenent expliquce;a fgauoir
preuant £ pourladifference, qui eftentreC H, & HM;
& gpour cellequieftentre GC, &G M: & ACeftant

la premiere partie de I'Ouale du premier genre , iay

gi::_—d: pour A M: puisie cherche aufly MY par les trois

poinsF,C,H,enforte que CY foit la premiere partie
d'vne ouale du troifiefme genre; & prenant y pourM Y,
&
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will represent the difference between GC and GA; and since

’

g+x: x+—k=d: e, we have getev=dr—dk, or AM=.::=g':;,—*_—d/é
—e
which enables us to determine the required point A.

Again, suppose that only the points G, C, and I are given, together
with the ratio of AM to YM; and let it be required to determine the
form of the lens ACY which causes all the rays coming from the point
G to converge to F.

In this case, we can use two ovals, AC and CY, with foci G and H,
and F and H respectively. To determine these let us suppose first
that H, the focus common to both, is known. Then AM is determined
by the three points G, C, and H in the way just now explained; that is
if k represents the difference between CH and HM, and g the differ-
ence between GC and GM, and if AC be the first part of the oval of the
e+

d—e '

We may then find MY by means of the three points F, C, and H.
If CY is the first part of an oval of the third class and we take y for
MY and f for the difference between CF and FM, we have the dif-

first class, we have AM=
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ference between CF and FY equal to f4¥; then let the difference
between CH and HM equal &, and the difference between CH and HY
equal k+7y. Now k+y : f4+y=¢ : d, since the oval is of the third class,

whence MY = fe

. Therefore, AM+MY=AY= g;-t/:, whence it

follows that on whlchever side the point H may lie, the ratio of the
line AY to the excess of GC+CF over GF is always equal to the ratio
of e, the smaller of the two lines representing the refractive power of
the glass, to d—e, the difference of these two lines, which gives a very
interesting theorem."™

The line AY being found, it must be divided in the proper ratio into
AM and MY, and since M is known the points A and Y, and finally
the point H, may be found by the preceding problem. We must first
find whether the line AM thus found is greater than, equal to, or less

than f—ee. If it is greater, AC must be the first part of one of the

third class, as they have been considered here. If it is smaller, CY
must be the first part of an oval of the first class and AC the first part

BT “0)yi est un assez beau théoréme.”
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& fpourladifference, qui eft entre CF, & FM , i‘ay
f—+y, pour celle qui eft encre CF, & F Y: puis ayant de-
fiak pour celle qui eft entre CH, & H M,iay £ + y pour
cellequieft entre C H, & H'Y, que ie fcay deuoir eftre
Af-+ycommee eftad, acaufe del'Ouale du troifiefme
fe--dk,
d

--e

genre, d'oltietrouue que y ou MY eft puis iot-

gnant enfemble les deux quantites trouuées pour A M, &

8 gerkfe s .
MY, ietrouue d_ipour latoute A Y; D’on il fuit que

de quelque cofte que foit fuppof€le point H, cete ligne
AYefttoufiours compofée d'vne quantit€, quieft a cel-
le dontlesdeux enfemble G C, & CF furpaflent la tou-
te G F,Commee,la moindre des deux lignes qui feruent
amefurerles refractions du verre propofe, eftad--¢, la
difference qui eftentre ces deux lignes: cequieft vnaf-
fésbeautheorefme. Or ayant ainfi la toute A Y, illa
faut couper felon la proportion que doiuent auoir fes
parties A M & MY; au moyende quoy pource qu'on a
defiale point M, on trouue aufly les poins A &Y ; &en
fuitele point H, par le problefme precedent. Mais au-
parauvant il faut regarder,filalignc A M ainfi trouuce eft

plus grande que #=ou plus petite, ou efgale. Carfielle
eft plus grande,on apprent de [a que Ia courbe A C doit
eftrelapremiere partie d’vne ouale du premier genre; &
CY lapremiere d’vne du troifiefme, ainfi qu’elles ont
eft€ icy fuppofées: au lieu que fielleeft plus petite, cela
monftre que c’eft C Y, quidoiteftrela premiere partie
d’'vne ouale-dupremier genre; & que AC doit eftre la
premiered’vne du troifiefme : Enfinfi AM eft efgale 2

g6
=2

d-e
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dg:—: les deux courbes A C & C Y dowent eftre deux hy-

perboles.

On pourroit eftendre ces deux problefmesa vne infi-
nite d'autres cas, que ie ne m’arefte pas adeduire,a caufe
quilsn’ont ea aucunvfage en la Dioptrique.

On pourroit auffy paffer outre, & dire, lorfque I'vne
desfuperficies duverre eft donnee, pouruti quelle ne
foit quetoute plate, ou compofee de fections coniques,
oude cercles; commenton doit faire fon autre fuperfi-
cie, affin qu’il tranfmette tous lesrayons d'vn point don-
né, avnautre pointaufly donné. car ce n’eft rien de plus
difficile que cequeie viens d’expliquer ; ou plutoft c’eft
chofe beaucoup plus facile, A canfeque le chemin en eft
ouuert. Maisi'ayme mieux, que d’autres le cherchent,
affinques'ilsont encore vn peu de peine a le trouuer, ce-
laleur face d’autant plus eftimer I'inuention des chofes
qui fonticy demonftrces.

Commz: | Aurefteie n'aypa.rl.é entout cccy,que.dCs lignes cour-
onpeur bes, qu’on peut defcrire fur vne fuperficie plate ; mais il
25%‘;?:“ eft ayf¢ de rapporter ceque i'en ay dit, 2 toutes celles
eft¢dic  qu'on fgauroit imaginer eftre formees , par le mouue-
ifgyn‘::s ment regulier des poins de quelque cors, dans vn efpace
courbes - qui a trois dimenfions. A fgauoiren tirant deux perpen-
feferees diculaires,de chafcundes poinsde la ligne courbe qu’on

fur vne

foperficie yeut confiderer,fur deux plans quis’entrecouppent aan-
ate, - > > > »
P lles qin glesdroits, I'vne fur'vn, & l'autre fur l'antre. carlesex-

&ed;ff'i' tremitds de ces perpendiculaires defcrivent deux autres
utcaasvn 5
cfpace qw lignes courbes, vnefur chafcunde cesplans, defquelles

atol < on pent,en lafagon cy deflusexpliquee,determiner tous
. les
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of one of the third class. Finally, if AM is equal to %, the curves

AC and CY must both be hyperbolas.

These two problems can be extended to an infinity of other cases
which I will not stop to deduce, since they have no practical value in
dioptrics.

I might go farther and show how, if one surface of a lens is given
and is neither entirely plane nor composed of conic sections or circles,
the other surface can be so determined as to transmit all the rays from
a given point to another point, also given. This is no more difficult
than the problems I have just explained : indeed, it is much easier since
the way is now open; I prefer, however, to leave this for others to
work out, to the end that they may appreciate the more highly the dis-
covery of those things here demonstrated, through having themselves
to meet some difficulties.

In all this discussion I have considered only curves that can be
described upon a plane surface, but my remarks can easily be made to
apply to all those curves which can be conceived of as generated by the
regular movement of the points of a body in three-dimensional space."™
This can be done by dropping perpendiculars from each point of the
curve under consideration upon two planes intersecting at right angles,
for the ends of these perpendiculars will describe two other curves, one
in each of the two planes, all points of which may be determined in the
way already explained, and all of which may be related to those of a
straight line common to the two planes; and by means of these the
points of the three-dimensional curve will be entirely determined.

178 This is the hint which Descartes gives of the possibility of the extension of

his theory to solid geometry. This extension was effected largely by Parent (1666-
1716), Clairaut (1713-1765), and Van Schooten (d. 1661).
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We can even draw a straight line at right angles to this curve at a
given point, simply by drawing a straight line in each plane normal to
the curve lying in that plane at the foot of the perpendicular drawn
from the given point of the three-dimensional curve to that plane and
then drawing two other planes, each passing through one of the straight
lines and perpendicular to the plane containing it; the intersection of
these two planes will be the required normal.

And so I think I have omitted nothing essential to an understanding
of curved lines.
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les poins, & les rapporter a ceux delaligne dreite , qus
eft commune a ces deux plans, au moyen dequoy ceux
delacourbe, qui a trois dimenfions, font entierement
determines. Mefme fion veut tirer vne ligne droite,qu
couppe cete courbe an point donne a angles drouts - il
taut feulement tirer deux autres lignes droites dans les
deux plans, vne en chafcun, qui couppent aangles droits
les deux lignes courbes, qui y font, aux deux poins, ou
tombent les perpendiculaires qui vienent de ce point
donné. car ayant efleuédeux autres plans, vn fur chaf-
cune de ces lignes droites, quicouppea angles droits le
plan otelleeft, on aura I'interfetion de ces deux plans
pourlaligne droite cherchée. Et ainfi ie penfe n’auoir
rien omis des elemens, qui font neceflaires pour la con-
noiffance des lignes courbes.
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Geometry
BOOK III

ON THE CONSTRUCTION OF SOLID AND SUPERSOLID PROBLEMS

HILE it is true that every curve which can be described by a con-
tinuous motion should be recognized in geometry, this does not
mean that we should use at random the first one that we meet in
the construction of a given problem. We should always choose with
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GEOMETRIE.
LIVRE TROISIESME.

De la confrrultion des Problefmes , qui
font Solides, on plufque Solides.

De quel-

EN coRE quetoutes les lignes courbes, qui peuuent les lignes
courbes

eftre defcrites par quelque mouuement regulier, onpeuc
doiuent eftre receués enla Geometrie , ce n'eft pas a di- E‘n fl‘:‘c‘:‘;

re qu'il foit permis de {eferuirindifferemment de la pre- ftruction
. . : ) de chalg;
miere quife rencontre, pour la conftrution de chafque roble:

Aaa pro- me.
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problefme: mais ilfaut auoir foin de choifir toufiours la
plus fimple , parlaquelle il foit poffible de le refoudre.
Et mefme il eft aremarquer, que par les plus fimples on
nedoit pas feulement entendre celles, qui pcuuent le
plusayfement eftre defcrites, ny celles qui rendent la
conftrucion, ou la demonftration du Problefine propo-
f¢plusfacile, mais principalement celles, qui font du
plus fimple genre,qui puiffe feruir 2 determiner la quan-
tit€qui eft cherchée.

N
xcn;lple Comme par exemple ie ne croy pas, qu’il y ait aucu-
e ne fagon plus facile, pour trouuer autant de moyennes
: plus proportionnelles, qu'on veut, ny dpnt lademonftration
u . . 2 .

0;:»,,“ foit plus enidente, que d’y employer les lignes courbes,
opre- quife defcrivent par 'inftrument X Y Z cy deffus expli-
cllcs,

qué. Carvoulant trouuer deux moyennes proportion-
nelles entre Y A & Y E, il ne faut que defcrire vn cercle,
dontle diametre foit Y E; & pource que ce cercle coup-

pe
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care the simplest curve that can be used in the solution of a problem,
but it should be noted that the simplest means not merely the one most
easily described, nor the one that leads to the easiest demonstration or
construction of the problem, but rather the one of the simplest class
that can be used to determine the required quantity.

For example, there is, I believe, no easier method of finding any num-

U™ nor one whose demonstration is clearer,

ber of mean proportionals,
than the one which employs the curves described by the instrument
XYZ, previously explained."™ Thus, if two mean proportionals
between YA and YE be required, it is only necessary to describe

™ For the history of this problem, see Heath, History, Vol. I, p. 244, et seq.
%] See page 46.
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a circle upon YE as diameter cutting the curve AD in D, and YD is
then one of the required mean proportionals. The demonstration
becomes obvious as soon as the instrument is applied to YD, since YA
(orYB) isto YCas YCisto YDas YD is to YE.

Similarly, to find four mean proportionals between YA and YG, or
six between YA and YN, it is only necessary to draw the circle YFG,
which determines by its intersection with AF the line YF, one of the
four mean proportionals; or the circle YHN, which determines by its
intersection with AH the line YH, one of the six mean proportionals,
and so on.

But the curve AD is of the second class, while it is possible to find
two mean proportionals by the use of the conic sections, which are

(s

curves of the first class. Again, four or six mean proportionals can

be found by curves of lower classes than AF and AH respectively. It
would therefore be a geometric error to use these curves. On the other

hand, it would be a blunder to try vainly to construct a problem by

means of a class of lines simpler than its nature allows."™

Before giving the rules for the avoidance of both these errors, some
general statements must be made concerning the nature of equations.
An equation consists of several terms, some known and some unknown,
some of which are together equal to the rest; or rather, all of which

taken together are equal to nothing; for this is often the best form to
consider."™

U®) Tf we let .+ and y represent the two mean proportionals between a and b we
have a : x+=x: y =y : b, whence 2 =ay; 32 =Dbx, and 2y = ab. Therefore
x and y may be found by determining the intersections of two parabolas or of a
parabola and a hyperbola.

82 Cf, Pappus, Book IV, Prop. 31, Vol I, p. 273. See also Guisnée, Applica-
tion de I’Algébre a la Géométrie, Paris, 1733, p. 28, and L’'Hospital, Traité Analy-
tique des Sections Coniques, Paris, 1707, p. 400.

['%) The advantage of this arrangement had been recognized by several writers
before Descartes.
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pe la courbe A D av point D, Y D eft 'vne des moyennes
propertionnelles cherchées. Dontla demonftration fe
voital’ceil par lafeule application de cet inftrument fur
laligneY D. carcomme Y A,ou Y B, quiluy eftefgale
¢taY C;ainiYCeltaYD;&YDa YE.

Toutdemefme pour trouuer quatre moyennes pro-
portionellesentre Y A & Y G; ou pour en.trouuer fix en-
tre YA & YN, il ne faut que tracer le cercle Y F G,qui
couppant A Faupoint F, determinelaligne droite Y F,
qui eftI'vne de ces quatre proportionnelles; ou Y H N,
qui couppant A Hau point H, determine Y H l'vne des
fix, & ainfi des autres.

Mais pourceque la ligne courbe AD eft du fecond
genre, & qu'on peut trouuer deux moyenes proportio-
nelles par les feGtions coniques,qui font du premier ; &
aufly pourcequ’on peut trouuer quatre ou fix moyenes
proportionelles, par deslignes qui nefont pas de genres
fi compofés, que font A F, & A H, ce feroit vne fauteen
Geometrie que de les y employer. Et c’eft vne faute
aufly d’autre cofté de fe trauailler inutilement a vouloir
conftruire quelque problefme par vn genre de lignes
plus fimple, que fa nature ne permet.

Or affin que ie puiffe icy donner quelques reigles, pe 14 na.
pour euiterI'vne & l'autre. de ces deux fautes, il faut que E"zafi‘;"‘s
ie die quelque chofe en general de la nature des Equa- sos
tions;c’eft a dire des fommes compofées de plufieurs ter-
mes partie connus, & partie inconnus, dont les vnsfont
efgaux aux autres, ouplutoft qui confideréstous enfem-
ble font efgaux arien, car ce ferafouuent le meilleur de
les confiderer encete forte.

Aaa 2 Scachds
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Combicn

iipesr y  Scachés donc qu'en chafque Equation, autant que
::c"i:c;*c la quantité inconnue ade dimenfions, autant peutily
en chaly; auoir de diuerfes racines, c’eft adire de valeurs de cete
Equati& quantité. carparexemple fion fuppofe x efgale a 2; ou-
bien x-- 2 efgal a rien ; & derechef x 2 3; oubien
x -- 3 20 o;en multipliant cesdeux equations x -- 2 0 o,
& x -- 3 200, 'vnepar l'autre, onaura xx-- yx -6 20,
oubien xx 20 §x-- 6, quieft vne Equation en laquelle la
quantité x vaut 2 & tout enfemble vaut 3. Que fi dere-
chefon fait x+- 4 20 0,8 qu’on multipliccete fomme par
Xx--§%-+ 6200, Oonavra x’-- gxx +26x --24 00,
qui eft voe autre Equarion en laquelle x ayant trois di-
menfions a aufly trois valeurs,qui font 2, 3, 8 4.
Quelles M aisfounent il arrive, que quelques vaes de cesraci-
faufles ra- Des font faufles , ou moindres que rien. comme fion
cines.  fuppofe que x defigne aufly le defaut d’'vne quantit¢,
quifoit 5 ,onax + 500 , qui eftant multiplice par
X3 9% X+ 26 x-- 24 0 ofait
X4--4%'--19Xx+ 106X--120 00
pour vne equation en laquelle il y aquatre racines , a
{gauoir trois vrayes qui font 2, 3, 4, & vne faufle qui
ett 5.
f:;“efl‘:‘ Et on voit euidemment de cecy, que lafomme d'vne
diminuer equation, qui contient plufieurs racines, peut toufiours
lenombre o fre diuifee par vn binéme compof€ de la quantité in-
menfions connué,moins lavaleurdel’vne des vrayes racines, la-
:J,':fof " quelle que ce foit; ou plus la valeur de I'vne des fanflés.
lofgu'on Au moyen de quoy on diminue d’autant fes dimen-

connoift fions

qu'cl- 1 . ]

& vaede  Et reciproquement que fi la fomme d’vne equation
¢S [aci-

nes. ne
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Every equation can have"™ as many distinct roots (values of the

unknown quantity) as the number of dimensions of the unknown
quantity in the equation."™ Suppose, for example, + =2 or +—2 =0,
and again, ¥ =3, or #/—3 =0. Multiplying together the two equa-
tions ¥ —2 =0 and ¥—3 =0, we have 42—5x+6=0, or ¥ = 5r—6.
This is an equation in which & has the value 2 and at the same time"™
x has the value 3. If we next make x—4 =0 and multiply this by
22—5r+4+6=0, we have 2*—94?4262+—24 = 0 another equation, in
which x, having three dimensions, has also three values, namely, 2, 3,
and 4.

It often happens, however, that some of the roots are false"™ or less
than nothing. Thus, if we suppose 2 to represent the defect™ of a quan-
tity 5, we have x+5 = 0 which, multiplied by #*—922+426x—24 =0,
yields 2#*—44°—1922+41064—120 =0, an equation having four roots,
namely three true roots, 2, 3, and 4, and one false root, 5."*"

It is evident from the above that the sum™” of an equation having
several roots is always divisible by a binomial consisting of the unknown
quantity diminished by the value of one of the true roots, or plus the
value of one of the false roots. In this way,"” the degree of an equa-
tion can be lowered.

On the other hand, if the sum of the terms of an equation"™ is not
divisible by a binomial consisting of the unknown quantity plus or

(181

U®1 Tt is worthy of note that Descartes writes ‘“can have” (“peut-il y avoir”),
not “must have,” since he is considering only real positive roots.

%1 That is. as the number denoting the degree of the equation.

(1% “Tout ensemble,”—not quite the modern idea.

U871 “Racines fausses,” a term formerly used for “negative roots.” Fibonacci,
for example, does not admit negative quantities as roots of an equation. Scritti de
Leonardo Pisano, published by Boncompagni, Rome, 1857. Cardan recognizes
them, but calls them “astimationes falsz” or “fictz,” and attaches no special sig-
nificance to them. See Cardan, Ars Magna, Nurnberg, 1545, p. 2. Stifel called
them “Numeri absurdi,” as also in Rudolff’s Coss, 1545.

vl “Le défaut.” If » = —5, —5 is the “defect” of 5, that is, the remainder
when 5 is subtracted from zero.

U®] That is, three positive roots, 2, 3, and 4, and one negative root, — 5.

9 “Somme,” the left member when the right member is zero; that is, what
we represent by f(x) in the equation f(x)=0.

U1 That is, by performing the division.

"2 4G la somme d’un équation.”
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minus some other quantity, then this latter quantity is not a root of the
equation. Thus the™ above equation x*—4+?—1922+4106x—120=0
is divisible by #+—2, ¥—3, x—4 and x+45,"" but is not divisible by x
plus or minus any other quantity. Therefore the equation can have
only the four roots, 2, 3, 4, and 5. We can determine also the num-
ber of true and false roots that any equation can have, as follows:"*
An equation can have as many true roots as it contains changes of sign,
from 4 to — or from — to + ; and as many false roots as the num-
ber of times two -+ signs or two — signs are found in succession.
Thus, in the last equation, since +x* is followed by —4x+?, giving a
change of sign from 4 to —, and —194* is followed by +106x and
+106x by —120, giving two more changes, we know there are three
true roots ; and since —4x? is followed by —19* there is one false root.
It is also easy to transform an equation so that all the roots that
were false shall become true roots, and all those that were true shall
become false. This is done by changing the signs of the second, fourth,

U First member of the equation. Descartes always speaks of dividing the
equation.

" Incorrectly given as » — 5 in some editions.

%] Where 5 would now be written — 5. Descartes neither states nor explicitly
assumes the fundamental theorem of algebra, namely, that every equation has at
least one root.

% This is the well known “Descartes’s Rule of Signs.” It was known how-
ever, before his time, for Harriot had given it in his Artis analyticae praxis, Lon-
don, 1631., Cantor says Descartes may have learned it from Cardan’s writings,
but was the first to state it as a general rule. See Cantor, Vol. II(1) pp. 496
and 725.
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MY pd . C-
ne peut eftre divifée par vn binéme compofé de laquan- on peue

tit€inconnue == ou -- quelqug autre quantité, cela tef- Ex;l:‘;i::;
moigne que cete autre quantité n’eft la valeur d’aucune zuantjté
defesracines. Comme cete derniere privens

X4 g x3--19X%—+ 106%--120200 leurd'voe
peut bien eftre diuifée, par x -- 2, & par x-- 3, &par "

X -- 4, & par x -+ §; mais non point par x -~ ou-- aucu-
neautre quantite. cequi monftre qu'elle ne peut auoir
que les quatre racines 2,3,4,& g.

On connoift auffy de cecy combien il peut y auoirde Sombicn

vrayesracines, & combien de faufles en chafque Equa- P
tion. A fganoirily enpeutauoirautant de vrayes, que v:ayes
les fignes -+ & -- s’y trouuent de fois eftre changds ; & rcf;fq.;::n
autant de fauffes qu'il s’y trouue de fois deux fignes -+, Equatis.
oudeux fignes -- qui s’entrefuiuent. Comme en la der-
niere,a caufe qu'aprés =+ x*il y a -- 4 x*,qui eft vn chan-
gement du figne + en--, & apres-- 19 x xilya=106 x,
& apres + 106 xil y a-- 120 qui font encore deux autres
changemens, on connoift qu'il y a trois vrayes racines; &
vue faufle,a caufe que les deux fignes -- de 4. x *, & 19 xx,
s’entrefuiuent.

Deplusileftayf¢de faire en vne mefme Equation, csment
que toutes les racines qui eftoient fauffes deuienent on faic
vrayes,& par mefme moyen que toittes celles qui eftoict 1>
vrayes deuienent fauffes : a fgauoir en changeant tous fcines
les fignes + ou -- qui font en la feconde , en la quation
quatriefme , en la fixiefme , ou autres places qui fe g::;:‘:&&
defignent par les nombres pairs , fans changer ceux les vrayes
de la premiere , de la troifiefme, de la cinquiefme >
& femblables qui fe defignent par les nombres

Aaa impairs.
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impairs, Comme fi au lieu de

+-x4--4x'--19g XX+ 106X -- 120 D0

on efcrit

+ x4t 450 - 198-%--106X--120D00

onavne Equationen laquelle il n'y a qu’vne vraye ra-

cine, qui eft g, &troisfanfles quifont 2,3, & 4.
5.?;’21‘2' Que fifans connoiftre la valeur des racines d'vne E-
augmen- quation,on la veut augmenter, oudiminuer de quelque
:;f:l;‘cf" quantité connug, il ne fant qu'au lieu du terme inconnu
lesracines en fuppofer vn autre, quifoit plus ou moins grand de ce-
::;icof,- temefine quantit¢, & le fubftituer par tout en la place
fansles  dupremier.

foomel* Comme fi on veut augmenter de 3 la racine de cete
Equation
X4—1-4x3-=-19XX--T106 X-- 12000
il faut prendre ; anlieud’s, & penfer que cete quantite
yeft plus grande qu'x de 3, enforte que y -- 5 eft efgal
ax,&aulieud’ x x, ilfaut mettrele quarré d’'y --.3 qui
eftyy-- 6y + g &aulieud'x » il faut mettre fon cube
quieftys--9yy+27y--27,8enfinauliend’ x + il faut
mettre fon quarréde quarr€quiefty 4-- 12y 2+ 54 yy
--108 y -+ 81. Erainfi defcrivant la fomme precedente
enfubftituant par tout y au lien d’x ona
yt<-12yi-j54yy-- 108y + 81
+4)3--36yy -t 108y--108
--19yy -+ 114y --171
--106y 318
--120

yre-8yl-1yy 8y 00 :
oubien
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sixth, and all even terms, leaving unchanged the signs of the first, third,
fifth, and other odd terms. Thus, if instead of

Fat 447 —194241060—120 = 0
we write
+ 244427+ 1922—106+—120 = 0

we get an equation having one true root, 5 and three false roots, 2, 3,
and 4.""

If the roots of an equation are unknown and it be desired to increase
or diminish each of these roots by some known number, we must sub-
stitute for the unknown quantity throughout the equation, another
quantity greater or less by the given number. Thus, if it be desired
to increase by 3 the value of each root of the equation

244442 — 19221060 —120 =0

put y in the place of x, and let y exceed & by 3, so that y—3 = #. Then

for 2* put the square of y—3, or y*—6y+49; for x3 put its cube,

¥3—9y*+27y—27; and for 2* put its fourth power," or
y*—12y*+54y*—108y4-81.

Substituting these values in the above equation, and combining, we have
y* — 12y* 4 5442 — 108y + 81

+ 4y® — 36y* 4 108y — 108
— 19y + 114y — 171

— 106y + 318
— 120
y— 8 — ¥+ 8y =0,
or y*—8y*—y+8 =0,

"7 In absolute value.
U1 “Son quarré de quarré,” that is, its fourth power.

1%l Descartes wrote this y* — 8y* — 32 +8y * 20 0, indicating by a star the
absence of a term in a complete polynomial.
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whose true root is now 8 instead of 5, since it has been increased by 3.
If, on the other hand, it is desired to diminish by 3 the roots of the
same equation, we must put y43 = x andy*4-6y+9 = 22, and so on.
so that instead of x* 4 4% — 19242 — 106x — 120 =0, we have

y* + 129° 4 5492 4 108y 4+ 81
+ 4y* 4 36y* + 108y 4 108
— 19y — 114y — 171
— 106y — 318
— 120

yt 4 16y* + 7192 — 4y —420=0.

It should be observed that increasing the true roots of an equation
diminishes™ the false roots by the same amount; and on the contrary
diminishing the true roots increases the false roots; while diminishing
either a true or a false root by a quantity equal to it makes the root
zero; and diminishing it by a quantity greater than the root renders

[201]

a true root false or a false root true. Thus by increasing the true
root 5 by 3, we diminish each of the false roots, so that the root pre-
viously 4 is now only 1, the rpot previously 3 is zero, and the root
previously 2 is now a true root, equal to 1, since —2+4-3 = +1. This

explains why the equation y*—8y?—y+48 =0 has only three roots,

121 In absolute value.
=1 For example, the false root 5 diminished by 7 means —(5 —7)= +2.
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LivRe TROISIESME. 375
oubienyi--8yy.-1y-+ 800,
ot la vrayeracine qui eftoit 5 eft maintenant 8, a caufe
dunombre trois qui luy eft aioufté.

Que fionveut au contraire diminuer de trois laraci-
ne de cete mefme Equation, il faut faire y + 3 0%
&yy+ 6y -+ 90 »x. & ainfi des autres de fagon
qu’au lieu de

xte-g i 1gxx--106%2-12000
on met
yotr12yi-Fsayy+108y 4 81

+4y’—+36 yy—+ 108 y+ 108

=l9yy:-- 114y =171
-- 106y -- 318

-~ 120

ytt16ys+-71yy-- 4y --420D0.
Etil eft aremarquer qu'en augmentant les vrayes ra- Quen
. ’ . . . augmen-
cines d'vne Equation, on diminue les faufles de la mef: cacs les
me quantité; ouau contraire en diminuant les vrayes,on ;27

augmente les faufles. Et que fi on diminue foit les vnes diminue
foit les autres, d'vne quantité qui leur foit efgale , elles (& 25
deuienent nulles, & que fi c’eft d’vne quantite' quiles fur- coatraire.
pafle, devrayes elles deuienent fauffes;, ou de fauffes
vrayes. Comme icyenaugmentantde 3 lavrayeracine
quieftoit §, onadiminu€de 3 chafcune des faufles , en
forte que celle qui eftoit 4 t'eft plus qu' 1, & celle qui
eftoit 3 eft nulle, & celle quieftoit 2 eft deuenue vraye
& eft 1,a caufe que -- 2 -+ 3 fait + 1. c’eft pourquoy
encete Equationy’ - 8yy--1y-+ 8 00ilny a plusque
3 racines, entre lefquellesil y en a deux qui font vrayes,

1. &

165



Cément
on peut
ofter le
fecond
terme
1vneE-
quation.

376 La GEoOMETRIE.
1, & 8, & vne faufle qui eft aufly 1. & en cete autre

y*+ 16y +71yy --4 y -~ 42000
iln'y en aqu’vne vraye qui eft 2, a caufe que - 5 -- 3 fait
-+ 2, & trois faufles quifont 5,6, & 7.

Or par cete fagon de changer la valeur desracines
fans les connoiftre,on peut faire deux chofes, qui auront
cy apres quelque vfage: la premiere eft qu'on peut tou-
fiours ofter le fecond terme del’Equation qu’on exami-
ne, a fgauoir en diminuant tes vrayes racines, de la quan-
tité connué de ce fecond terme diuifée par le nombre
des dimenfions du premier, fil'vn de ces deux termes
eftant marquédu figne +,l'autre eft narqué du figne --;
oubien enl’augmentant de la mefme quantite, s'ilsont
tousdeux le figne -+, ou tous deux le figne--. Comme
pour ofter le fecond terme de la derniere Equatic quieft

yt+i16y+1yy--4y--42000
ayantdiuif¢ 16 par 4, a caufe des 4 dimenfions du terme
y o ilvient derechef 4, c’eft pourquoy icfais z -- 40y,
& i'efcris _

Zt--163 9623 - 2568 + 256

+163'--19233+ 768 g--1024

+ 7133 -- 5§63 3 +1136

‘ee 4 2+ 16

-- 420

g' * --a5z%z--60 z--36 o
oulavraye racine qui eftoit 2, eft 6, a caufe qu'elle eft
augmentée de4; & lesfaufles qui eftoient §, 6, & 7,ne
font plus que 1,2, 83, a caufe qu’elles font diminuees

chafcune de4.
Tout
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two of them, 1 and 8, being true roots, and the third, also 1, being false;
while the other equation 3*—16y*+71y>—4y—420 =0 has only one
true root, 2, since +5—3 = 42, and three false roots, 5, 6, and 7.

Now this method of transforming the roots of an equation without
determining their values yields two results which will prove useful:
TFirst, we can always remove the second term of an equation by dimin-
ishing its true roots by the known quantity of the second term divided
by the number of dimensions of the first term, if these two terms have
opposite signs; or, if they have like signs, by increasing the roots by
the same quantity.™ Thus, to remove the second term of the equation
vi416y*+71y*—4y—420 =0 I divide 16 by 4 (the exponent of y in
¥*), the quotient being 4. I then make z—4 = y and write

2t — 162" + 9622 — 256z 4+ 256
+ 162* — 1922 4 768z — 1024
+ 7122 — 568z + 1136

— 44 16
o — 420
2 — 25z2 — 60z — 36=0.

The true root of this equation which was 2 is now 6, since it has beeu
increased by 4, and the false roots, 5, 6, and 7, are only 1, 2, and 3,
=2 That is, by diminishing the roots by a quantity equal to the coefficient of

the second term divided by the exponent of the highest power of #x, with the oppo-
site sign.
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since each has been diminished by 4. Similarly, to remove the second

terms of x*—2ax*+ (2a*—c?)2?—2a%r+a* —=0; since 2a+4 = % awe

1
must put z+§a =x and write

3,, 1 1
4 3 ] - 3 4
2" 4 2az +2az +2az+16a

— 2a2° —Sa"z"—gq;’z— ia‘
+2a'2+ 242 + %a‘

— 7 — alz— %tlyfz
—2d%2— 4

+ 4

4 _1_ 2 ?> 2 _ 3 2 § 4_1 22
z +<2u — )2 — (P +ac )z+16a 2% =0.

Having found the value of z, that of 4 is found by adding %a. Second,

by increasing the roots by a quantity greater than any of the false

roots®™

we make all the roots true. When this is done, there will be
no two consecutive 4+ or — terms; and further, the known quantity
of the third term will be greater than the square of half that of the
second term. This can be done even when the false roots are unknown,
since approximate values can always be obtained for them and the roots
can then be increased by a quantity as large as or larger than is

required. Thus, given,

231 In absolute value.
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Tout de mefme fi on veut ofter le fecond terme de

A4
Xx4-=28X3 '?_’“ XX-=24%X%-1+g4+00,

pourcequedivifant 2 g par 4il vient 3 a; il faut faire
g+ a0 x&elcrire
{"—l-za{’-l-}iaa{{-l—,!ia‘{-f-'na‘
—243’ -3aa3% -34'% --gat
+2aa33+2a' +3iat
~CC =-acc =--gaacc
=24} —a¢

+a¢

%4

* +%aa{{-'a; {"—_‘_‘6&‘ 0

- €C --att = gaacc

& fion tromue apres lavaleurde z, enluyadiouftant £ 4
on aura cellede ., Cément

Lafeconde chofe, qui aura cy apres quelque vfage, oo peuc
eft, qu'on peut toufiours en augmentant la valeur des ;e
vrayes racines, d’vne quantité quifoit plus grande que les faufles
weft celle d'aucune des fanfles, faire qu'elles deuienent grype
toutes vrayes, en forte qu'il n'y ait point deux fignes —+, Equion
oudeux fignes -- quis’entrefuiuent, & outre celaquela vrayes,

quantit€ connué du troifiefme terme foit plas grande, f::svg‘;‘; .
que le quarréde lamoiti¢de celle du fecond. Car en- devienét
core que cela fe face , lorfque ces faufles racines fong fufles
inconnugs, ileft ayf¢ neanmoins deiuger a peu pre. de

leur grandeur, & de prendre vne quantite, quiles fur-

paffe d’'antant, ou de plus,qu'il n’eftrequis a cet effect.

Commefiona

Bbb x¢
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RS g nx’ . 6nnxv ik j6nSxt.. 2160t xt H129685X -~ T776 85 Do,
enfaifant y -- 6 2 20 ¥, on trouvera
y8- 360\ 7Sk saonn Y- ai2o 3 Yy ki 194400 4) yy-- 466965y F 4661606
on .- ;onn} 360 B3 -+ 1160 n4 ’*‘5480”" - 7776n8
s 620 144 03 -- 11296 ,,o) W f18q BTy .. 7776 1S
- 777671
-— 7776’;‘
-- 77762 €

e 36 n3 -- 648 n* e 328857
-~ 316 n*l s s’
J 1296 B

ye-- 358 ySso4nn y* - 3780 n3 y¥id 15120 2% yre- 27216 Sy * Do

Ouil.eft manifefte, que so4 nx, qui eft la quantit¢
c?nnu'e' dutroifiefmeterme eft plus gtande, que le quar-
réde ;¥ », quieft lamoiti¢de celle dufecond. Et il n’y
apointde cas, pour lequella quantite, dont on augmen-
telesvrayesracines, aitbefoina cet effe¢t, d'eftre plus
grande, a proportion decelles qui font donndes , que
pour cetuy cy.

Coment  Mais acaufe que le dernier terme sy trouue nul, fion
quecou- ne defire pas que cela foit, il faut encore augmenter tant
;‘ljcl‘; foit peu la valeur desracines ; Et cene fgauroit eftre de
d'vacE- fi peu, que ce ne foit affés pour cet effect. Non plus que
52498 | orfqu’on veutaccroiftre le nombre des dimenfions de
remplies. quelque Equation, & faire que toutes les places de fes
termes foient remplies. Comme fiauliende x 5 ****
--6 20 o0, on veut auoir vne Equation, en laquelle la
quantitéinconnue ait fix dimenfions, & dont aucun des

termes ne {oit nul, il faut premierement pour

x.* * * *__bxoo efcrire

S F ¥ o A __ b Ry,
puisayant fait y --2 30 ¥, onaura
¥ -6aySHisaayt--10a3ys15a4yy--6ay par
-byab
Quil eft manifefte que tant petite que la quaatite a foit
{uppofée

200
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A0t —6nPat4-36n*at —216mt 2 1296m° 4 —7776m° = O,

make y—6n = x and we have,

y8-~36n] y°4-540n2) y*—4320n) y°+19440n*) y* —46656n") y+466561°
+ nf{ — 30n? —|— 36007 | — 716011‘L + 6480n°| — 7776n°
— 6n?) 4+ 144w — 1296m*} + 5184nl — 7776n°

+ 36n"J —  648n¢| -+ 3888n*( — 7776m°

— 216w + 2592m%| — 7776w

+ 1296n°%) — 7776m°

— 7776n°

y*—35ny° +504n°y* —3780m3y® +15120my* —27216n%y = O.

Now it is evident that 504x?, the known quantity™ of the third term,

2
is larger than (325n> ; that is, than the square of half that of the sec-

ond term; and there is no case for which the true roots need be in-
creased by a quantity larger in proportion to those given than for this
one.

If it is undesirable to have the last term zero, as in this case, the
roots must be increased just a little more, yet not too little, for the pur-
pose. Similarly if it is desired to raise the degree of an equation, and
also to have all its terms present, as if instead of #°—b =0, we wish
an equation of the sixth degree with no term zero, first, for 2% — b =0
write 4°— bxr =0, and letting y — a = 1 we have

y8—6ay*>+15a2y*—20ay*+15a*y*— (6a°+b) y+a*+ab = 0.
It is evident that, however small the quantity a, every term of this equa-
tion must be present.

7171, e, the coefficient.
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We can also multiply or divide all the roots of an equation by a
given quantity, without first determining their values. To do this, sup-
pose the unknown quantity when multiplied or divided by the given
number to be equal to a second unknown quantity. Then multiply or
divide the known quantity of the second term by the given quantity,
that in the third term by the square of the given quantity, that in the
fourth term by its cube, and so on, to the end.

This device is useful in changing fractional terms of an equation,to

[206)

whole numbers, and often”™ in rationalizing the terms. Thus, given

26 8
P— N3 o =0, let there be required another equation
2777 2743 4 4

in which all the terms are expressed in rational numbers. Lety= 3
and multiply the second term by +/3, the third by 3, and the last by
343, The resulting equation is y3—3y2+?y— g =0. Next let it be
required to replace this equation by another in which the known quanti-

ties are expressed only by whole numbers. Let z=3y. Multiplying
8

SbyS,@by 9, and 9

by 27, we have
28—0z24262z—24 =0.

The roots of this equation are 2, 3, and 4; and hence the roots of the

1 But not always. Compare the case mentioned on page 175.
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fuppofee toutes les places de 'Equation ne laiffent pas
d’eftre remplies.

De plus on peut, fans connoiltre la valeur des vrayes ;710':‘35‘
racinesd’vne Equation, les multiplier, ou diuifer tou- m}ﬁti-
tes, partelle quantité connué qu on veut. Cequi fe fait 52;};‘;“
enfuppofant que la quantité inconnu€ eftant multiplice, racines
ou diuvifce, par celle qui doit multiplier, ou divifer les f‘o":n’;f_
racines, eft efgale a quelque autre. Puis multipliant, ou ftze.
diuifant la quantité connu€ du fecond terme, par cete
mefme qui doit multiplier, ou diviferles racines; & par
fon quarré,celle dutroifiefme; & par fon cube, celledus
quatriefme; &ainfi iufques au dernier. Ce qui peut fer- Som52
uir pour reduire a des nombres entiers & rationaux, lesles som-
fractions, on fouuent aufly les nombres fours , qui fe ;’;?5‘:,’:,
trouuent dansles termesdes Equations. Comme fi on a Fquation

x1==¥'3 xx+ 355 38,2000, fiers.
& qu’onveuille enauoir voe autre en fa place, dont tous
lestermes s’expriment par des nombresrationaux; il faut
fuppofer({y ox ¥ 3, & multiplier par #3 la quantité
connué dufecond terme, quieft aufly #73, & par fon
quarré qui eft 3 celle du troifiefme qui eft 2§, & par fon
cube qui eft 3775 celle du dernier, quieft 33,7 ,cequi
fait

y = 3yy+3t y-50
Puis fi on en veut auoir encore vne autre en la placede
cellecy, dont lesquantites connués ne s’expriment que
par des nombres entiers; il faut fuppofer 20 3 y , & mul-
tipliant ; par3, 36 parg, & 3 par27 on trouue

3} --933+ 26%:-240 0, ol les racines eftant 2,3, .
& 4,0n connoift de 12 que cellesdel’autre d’auparauvant

Bbb 2 eftoient
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380 LA GEOMETRIEBE,
eftoient 3,1, & %, & que celles de la premiere eftoient
573,17V 3.&5/3.
Cémene  Cete operation peut aufly feruir pour rendre la quan-
quanticé tité connu€ de quelqu’undes termes de'Equatid efgale

connut 3 quelque autre donnée, comme fi ayant

de I'vn

des ter- 23 * bbxa-c3200

’;:“‘d »¢ Onveut auoiren faplacevneautre Equation, en laquel-
qullﬂOll

ef; lale a lela quantité connué, du terme qui occupe la troifiefine
quon  place,afGauoir celle quieft icy 4 4,foit 32 a,il faut fuppo
veut. 1/34[ . . * 343ct

feryox ¥ Z7;puisefcrirey ™ -- 3aay+—— 730

Que s Aurefte tant les vrayesracines quelesfaufles ne font
racines, . . . X
aantvia.  Pas toufiours reelles; mais quelquefois feulement imagi-

yesque  naires; c’eft a dire qu'on peut bien toufiours en imaginer

;ac‘:]%e:n: autant que iay dit en chafque Equation; mais quil.n’y a
ehtrerecl- quelquefoisancune quantite, qui correfponde a celles
imaginai- qu'on imagine. comme encore qu'on en puiffe imagi-
Tes. nertroisencellecy, +* --6¥*¥~+13x--1000, ilnYy
en atoutefois qu'vne reelle, qui eft 2, & pour les deux
autres, quoy qu’onlesaugmente,ou diminue, ou multi-
plie enlafagan que ie viensd’expliquer, on ne fgauroit
Ies rendre autres qu'imaginaires.
Lards-  Or quand pour trouuer la conftrution de quelque
‘g“:;:‘;s problefme,on vient avne Equation, en faquelle la quan-
cubiques tit€ inconnué a trois dimenfions ; premierement fi les
;ﬁ‘)‘,"cc{_]c quantites connués , quiyfont , contienent quelques
meet  nombres rompus, illes faut reduire ad'antres entiers, par

Plan 12 multiplicationtantoft expliquée ; Ets'ils en contie-
. nentdefours , il faut aufly lesreduire a d’autres ratio-
naux, autant qu'il fera pofible,tant par cete mefme mul-
tiplication,
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2 4 .
preceding equation are 30 1 and 3 and those of the first equation are

2 —1 4
9\/3,3\/?,and9\/3.

This method can also be used to make the known quantity of any
term equal to a given quantity. Thus, given the equation
x:—blr+4ct =0,
let it be required to write an equation in which the coefficient of the
third term.”™ namely b?, shall be replaced by 3a® Let

y=A\,E

3a%°
bﬂ

and we have

=3y + V3 =0.

Neither the true nor the false roots are always real; sometimes
they are imaginary ;" that is, while we can always conceive of as many
roots for each equation as I have already assigned,”™ yet there is not
always a definite quantity corresponding to each root so conceived of.
Thus, while we may conceive of the equation 2#*—642+13x—10=0
as having three roots, yet there is only one real root, 2, while the other
two, however we may increase, diminish, or multiply them in accord-
ance with the rules just laid down, remain always imaginary.

When the construction of a problem involves the solution of an
equation in which the unknown quantity has three dimensions,”™ the
following steps must be taken:

First, if the equation contains some fractional coefficients,”™ change
them to whole numbers by the method explained above ;" if it con-

18] Descartes wrote this equation # * — bbxr—+¢3 20 0, the star showing, as
explained on page 163, that a term is missing. Hence, he speaks of — b2r as the
third term.

7 “Mais quelquefois seulement imaginaires.” This is a rather interesting
classification, signifying that we may have positive and negative roots that are
imaginary. The use of the word “imaginary” in this sense begins here.

251 This seems to indicate that Descartes realized the fact that an equation of
the nth degree has exactly »n roots. Cf. Cantor, Vol. 11(1), p. 724.

2] That is, a cubic equation.

2101 “Nombres rompues,” the “numeri fracti” of the medieval Latin writers and
“numeri rotti” of the Italians. The expression “broken numbers” was often used
by early English writers.

"1 That is, transform the equation into one having integral coefficients.
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tains surds, change them as far as possible into rational numbers, either
by multiplication or by one of several other methods easy enough to
find. Second, by examining in order all the factors of the last term,
determine whether the left member of the equation is divisible" by a
binomial consisting of the unknown quantity plus or minus any one of
these factors. If it is,the problem is plane, that is, it can be constructed
by means of the ruler and compasses; for either the known quantity
of the binomial is the required root™ or else, having divided the left
member of the equation by the binomial, the quotient is of the second
degree, and from this quotient the root can be found as explained in
the first book."™

Given, for example, y*—8v*—124y2—64 — 0."® The last term, 64,
is divisible by 1, 2, 4, 8, 16, 32, and 64 ; therefore we must find whether
the left member is divisible by y2—1, y2+1, »*—2, y*+42, y*—4, and
so on. We shall find that it is divisible by y*—16 as follows:

+9° — 8yt — 124y — 64 =0
—yt— Sy‘— 4yz

0 —16y* — 128y*
—16 — 16

+ ¥+ 8+ 4=0

16

Beginning with the last term, I divide —64 by —16 which gives 44;
write this in the quotient; multiply +4 by -+3* which gives 444* and
221 “Qyi divise toute la somme.”
179 That is, the root that satisfies the conditions of the problem.

2141 See page 13.
118l Descartes considers this equation as a function of y2.
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tiplication, que par diuers autres moyens, quifont affés
facilesatrouuer. Puis examinant par ordre toutes les
quantités , qui peuuent divifer fans fra&ion le dernier
terme, il fant voir, fi quelqu’vne d’elles, iointe auec la
quantit¢inconnuépar le figne + ou --, peut compofer
vn binome , qui diuife toute lafomme; & fi celaeftle
Problefmeeft plan , c’eft adireil peut eftre conftruit
auec la reigle & de compas ; Car oubien la quantité
connué de ce binofme eft la racine cherchee ; oubien
PEquation eftant diuifée par luy, fe reduift a devx di-
menfions, en forte qu'on en peut trouuer aprésla racine,
par ce qui a efté dit au premierliure.
Parexemplefiona
y--8y4--124y*-~ 6400
le dernierterme, qui eft 64, peut eftre diuif¢ fans fra-
CGtionpar 1, 2, 4, 8,16, 32, & 64; C'eft pourquoy il faut
cxaminer par ordre {i cete Equation ne peut point
eftre divifde par quelqu’vn des binomes , yy -~ 1ou
yy+r1,yy--20uyy—+z2,yy--4 &c.&ontrouue quel-
le peutl'eftre pary y — 16, en cete forte,
+ y€--8y4--124yy--64 Do
1yt Byte 4y -
o - tsyt-iByy
16 16
oyt t8yy 44 o
Ie commence par le dcrq'iér terme, & diuife -- 64 parﬁoa f;f:fe:
- 16, ce qui fait +- 4, que i’elcris dans le quotient , pris vacEqua-
ie multiplie +- 4 par—+y y,ce qui fait + 4 y y;C’eft pour—e bl
quoyi‘elcris--4 y y en lafomme, qu'il faut divifer.car ily me qui
Bbb 3 faut eontiéc fa

‘Tacine.
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tauw toufiours cfcrire le figne == ou -- tout contraire a
celuy que produift la multiplication. & ioignant.- 124 yy
auec -- 4 yy, iay -- 128 yy, que ie divife derechefpar -- 16,
& iay -+ $ yy, pour mettre dans le quotient & enle mul-
tipliant paryy,iay -- 8 y +,pour ioindre avec le terme qu'il
faut dinifer, quieftaufly -- 8y+, & ces deux enfemble
font--16y ¢, queie divife par --16, ce qui fait +y+
pour le quotient, & -- 1y ;pour ioindre auec —+1y¢, ce-
qui fait 0, & monftre que la divifion eft acheuee. Mais
s'il eftoit reft¢ quelque quantité, oubien qa'on n’euft pit
diuifer fans fraction quelqu’vn destermes precedens, on
euft parla reconnu,quelle ne pouuoit eftre faite.

e aS
Toutde mefmefionay € * 2%y - “2yy .24 scc 200,
--aact

le dernier terme fe peut diuifer fans fraction par
a,aa, aa—t- cc,a’ + ace, & femblables. Mais il n’y ena
que deux qu'onaitbefoinde confiderer, a fgauoir aa &
aa -+ cc;car les autres donnant plus ou moins de dimen-
fions dans le quotient, qu'iln’yen aen la quantité con-
nu€ du penultiefme terme, empefcheroient que la diui-
fionnes’y pift faire. Etnotés, queieneconteicy les
dimenfionsd’y¢, que pour trois, a caufe qu’il ny a point
d’ys,nyd’y’, nyd’yentoutela fomme. Or en exami-
nant le binéme yy -- 2@ =¢c 20 0,0n trouue que la divifion
fe peut faire par luy encete forte.

--at -4
‘*ud
+y ey tEctyy-ratec Do,
--AacH
we g 6--288 -84 __
_-Y. dce --RABCC --Aa--CC

--aacC --AA--(C

24a At
+y“1:.. u]-y Juaace 2 0- CC-
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write in the dividend (for the opposite sign from that obtained by the
multiplication must always be used). Adding —124y* and —44* 1
have —128y%. Dividing this by —16 I have 48y? in the quotient, and
multiplying by 3? I have —8y* to be added to the corresponding term,
—3844, in the dividend. This gives —16y* which divided by —16 yields
~+3* in the quotient and —9° to be added to +9° which gives zero, and
shows that the division is finished.

If, however, there is a remainder, or if any modified term is not
exactly divisible by 16, then it is clear that the binomial is not a
divisor.™

Similarly, given

yu+ az}yi_ai}yz_ a® }
— 24 4 ¢ty —2a'?} =0,
— a**
the last term is divisible by @, a? a*-c?, a®*+ac®, and so on, but only
two of these need be considered, namely a? and a*+¢*. The others give
a term in the quotient of lower or higher degree than the known quan-
tity of the next to the last term, and thus render the division impos-
sible.™ Note that I am here considering y°® as of the third degree,
since there are no terms in y°, 9%, or y. Trying the binomial

yz —ar—c2=0
we find that the division can be performed as follows:

+5+ aZ}f—a‘ }yz— :

a® )
—yf—2.2 + — 2a%2 -0
O_Z‘Z;}y‘_a;z}yz_ alct
+ —a — 2_‘2
—a?2—2 —a2— 2 ¢
+ 4 +2a%| 5+ a }_
— cz}y + a%2 =0,

3¢l This is evidently a modified form of our modern “synthetic division,” the
basis of our “Remainder Theorem,” and of Horner’s Method of solving numericai
equations, a method known to the Chinese in the thirteenth century. See Cantor,
Vol. II(1), pp. 279 and 287. See also Smith and Mikami, History of Japanese
Mathematics, Chicago, 1914; Smith, I, 273.

") This is not a general rule.
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This shows that a?4-c? is the required root, which can easily be proved
by multiplication.

But when no binomial divisor of the proposed equation can be found,
and it is then

[218)

it is certain that the problem depending upon it is solid,
as great a mistake to try to construct it by using only circles and straight
lines as it is to use the conic sections to construct a problem requiring
only circles; for any evidence of ignorance may be termed a mistake.

Again, given an equation in which the unknown quantity has four
dimensions.”™ After removing any surds or fractions, see if a binomial
having one term a factor of the last term of the expression will divide
the left member. If such a binomial_ can be found, either the known

B after the division is

quantity of the binomial is the. required root, or,
performed, the resulting equation, which is of only three dimensions,
must be treated in the same way. If no such binomial can be found,
we must increase or diminish the roots so as to remove the second term,
in the way already explained, and then reduce it to another of the third

degree, in the following manner: Instead of

HEprirgr+r=0
write

¥ 2pyt (7 = 4r)yF — g = O

18] That is, that it involves a conic or some higher curve.

91 A biquadratic equation.

2] “Either, or,” as in the original. It is like saying that the root of #2—a%=0
is either x = a or ¥y = —a.

221 Descartes wrote substantially “Instead of

+ 2. prxr.gr.r 00
+38.2py* + (pp.4r)yy—aq % 0"

The symbolism is characteristic of Descartes.

write
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Ce qui monltre que la racine cherchee eft aa+cc. .
Et lapreuue eneft ayféea faire parla multiplication.

Mais lorfqu’on ne trouue aucun binéme, qui puiffe Q.b_le‘:_
ainfi diuifer toute lafomme de I'Equation propofee il Fes fone
eft certain que le Problefme qui en depend eft folide. Et f°“r‘;ffé
ce n'eft pas vne moindre faute aprés cela, de tafcher ale requa-

conftruire fans y employer que des ccrclcs & des lignes ©%% cf

droites, que ceferoit d employer des fections coniques cubique
a conftruire ceux aufquels on n’a befoin que de cercles.
carenfin tout ce qui tefmoigne quelque ignorance s’ap-
pele faute.

Que fion avne Equationdont la quantité inconnug |, . -
aitquatre dimenfions, il faut en mefme fagon, aplcs en &mn des

qua
auoir ofte’les nombresfouts, & rompus, s'tly ena, voir fi ;3 qui

on pourra trouuer quelque bindme, qui diuife toute la ont gua-

fomme, en le compofantdel’'vne des quantités, qui di- megons,

uifent fans fraction ledernier terme. Et fi onen trouue lorfque le

vn, oubien ia quantite’connuc’ de ce binémeeft laracine fo é;{

cherchée; on du moins apréscete dinifion, il ne refte en Pl::ls fE;r

I'Equation, que troisdimenfions , enfuitedequoy il deux qui

faut derechef I'examiner en lamefme forte. Mais lorf- f"“‘ foli-

quilnefetrouue point de tel binéme , il faur en au-

gmentant, ou diminuant la valeur de la racine, ofter le

fecond terme delafomme , en lafagon tantoft expli-

quée. Etapréslareduire a vneautre , qui ne contie-

ne que trois dimenfions. Cequi fe fait en cete forte.
Aulieude4-x+ '.j)xx gx .7 o,

il faut efcrire+y‘-2py4*PPyy - 49 wo.

-~ 47

Et pour les fignes -+ ou -- que jay omis, sl y a
en
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eu -+ p en laprecedente Equation, il faut mettre en cel-
lecy+4-2p,ous’ilyaeu -p, ilfaut mettre-- 2 p. & aa
contraire s'ilyaen + 7, ilfaut mettre--4 7, ou s'ilyaeu
--7, il faut meetre +-47. & foit qu'il y ait eu +- 4, ou
-- g, il faut toufiours mettre -- 44,& —+ pp. au moins fi
onfuppofe que x4, & y ¢ font marques du fignes +,
car ce feroit tout le contraire fi on y fuppofoit le fi-
gne --.

Parexemplefiona+ x**--g4xx-- 8 x + g5 200
ilfautefcrireenfonlieuy®--8y* - 1247y--64 ©0. car
la quantit¢ que iay, nommée p eftant -- 4, il faut mertre
--8 _y“ pourzpy*. &celle, queiay nommee reftant 3y,

il faut mettre f,’fo yy, Ceft adire - 124yy, au lien de

*ﬁ’,’ yy. & enfin g eftant 8, il faut mettre -- 64, pour -- q4.

Toutdemefmeauliende + x4*-- 17 xx-- 20 x--6 0.

il faut efcrire “+yS-34y*+ 3159y 4cOD0,

Car z4eftdoublede 17, & 313 en eft le quarr€ ioint an
quadrupledes, & 4o0eftle quarré de 2o.

Tout de mefme auffyaunlieude

o+ Ltaa —~a' A-gat

Sk AR | --acc{--f;aace

I faut efcrire

o,

--at

6 taa --A4 .
Y i Y et Xy ra4cc00.

--aact
Carpcﬂ:—i—%aa: cc, &pp,eftfate-aacc + ¢4, &4r
eft-- Sa*+aacc,&enfin-- gq elt--a* - 2 a%cc --dac *.
Aprés que I'Equation eft ainfi reduite a trois dimen-
fions, il faut chercherla valeur d’yy parla methode defia
expliquet; Er fi celle ne peut eftre trouuée , on n’a point
befoin
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For the ambiguous™ sign put +2p in the second expression if +p

occurs in the first; but if —p occurs in the first, write —2p in the sec-
ond; and on the contrary, put —4r if 4+, and +4» if —7 occurs; but
whether the first expression contains +q or —g we always write —q*
and -2 in the second, provided that »* and y°® have the sign 4 ; other-
wise, we write 4-¢* and —p2 For example, given
2t — 422 —8xr 4-35=0

replace it by

Yo — 8y* — 124y — 64 =0.

For since p — —4, we replace 2py* by —8v*; and since r — 35, we
replace (p?—4r)y* by (16—140)y® or —12442; and since ¢ =8, we
replace —g? by —64.
Similarly, instead of
vt — 172> — 20y —6=0
we must write

¢ — 34y* 4 31392 — 400 =0,

for 34 is twice 17, and 313 is the square of 17 increased by four times 6,
and 400 is the square of 20.
In the same way, instead of

+z‘+(%a2—cz> —(a® +ad)z—
we must write
¥+ (a2 —22)y' + (A — at)y?2 — a® — 242 — ot = 0;

4

a —%azc =0,

16

for

ﬁ=la2_£z = % 4 — a2 4 A, 4r——ia 4+ a2l

And, finally,
— g* = — a® — 2a*c¢*> — a%c*.

When the equation has been reduced to three dimensions, the value
of y? is found by the method already explained. If this cannot be

2 Descartes wrote “pour les signes + ou — que j’ai omis.”
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done it is useless to pursue the question further, for it follows inevit-
ably that the problem is solid. If, however, the value of y? can be
found, we can by means of it separate the preceding equation into two
others, each of the second degree, whose roots will be the same as
those of the original equation. Instead of + #* & px? + gx = r =0,

write the two equations

1 1 q
2 el + —H+ L
+x yx+2 _zp_gy—o
and 1,,.1 q
Pl — 4 A
+ 22 +yx+2 zp_zy—O.

. . . 1. .
For the ambiguous signs write 4+ ~p in each new equation, when »
has a positive sign, and — ~;) when p has a negative sign, but write

+ % when we have —yx, and —% when we have + yx, provided ¢ has

a positive sign, and the opposite when ¢ has a negative sign. It is then
easy to determine all the roots of the proposed equation, and conse-
quently to construct the problem of which it contains the solution, by
the exclusive use of circles and straight lines. For example, writing
y® — 34y* 4 313y — 400 =0 instead of x* — 1724 — 20x — 6 =0 we
find that y2 = 16; then, instead of the original equation
+ 2t — 172 — 20 —6=0
write the two equations + #? — 42— 3 =0 and +2°44x +2=0.
1

For,y =4, ?le =8 p= 1‘7, ¢ = 20, and therefore
1., 1, _92_ _
PP A Vi
and 1 1 q

= 2 = [
+ 5 21>+2y—+2-
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befoin de paflerontre; caril fuit de R infalliblement,
que le problefmeeft folide. Mais fi on la trouve , on
peut diuifer par fon moyen la precedente Equarionen
deuxantres , enchafcune defquelles la quantit€ incon-
nuén auraque deuxdimenfions, & dontles racines fe-
ront les mefmes que les ficnes. A fgauoir, au lieu de
+x+ pxx.qx. r 00,
il fautefcrire ces deux autres
q
xy
—l—xx—l-_yx—l—‘;yy.'ip.f}- 0 0.

+xx--yx+zyy.3p.,, 00, &

Et pour les fignes + &-- queiay omis, s’'ilya - pen
I'Equation precedente, il faut mettre + § p en chafcune
decellescy; &-- 3 p,s’ilyaen l'autre -. p. M ais il faut

7 . q .
mettre + -;en celleonilya--yx;& -- .y €0 celle on il
ya-+yx,lorfquily a + genlapremiere. Et au con-

.y . q ..
traire 'l y a-- g, il faut mettre -- .y» en celle. ot il y a

-y x; & + z—y,en celleonilya -+ yx. Enfuite dequoy
il eft ayf¢ de connoiftretoutes les racines de I’'Equation
propofée, & par confequent de conftruire le problefme,
dontelle contient lafolution, fans y employer que des
cercles, & deslignes droites.

Par exemple a caufe que faifant

¥y -3ay* —+313yy- 400 30 0, pour

2, *--17xx--20x--6 0, ontrouue queyy eft 16,0n-
doii aulieu de cete Equation

+x**--17%% 20%-- 20x -- 6 200, efcrire ces deux

Ccc autres
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antres -+ xx--4 x--300. Ett+xx--4x-+220.
caryeft4,zyyelt 8, peft 17, & ¢ elt 20, de fagonque
+5yy - 1p--*ﬁut--g, &—+Lyy--3p+i Jfait +2. Et
tirant lesracines de ces deux Equations, on trouue tou-
tesles mefmes , que fionles tiroit de celle ol eft x+, a
fcauoir on en trouue voe vraye, quieft ¥/ 7 -+ 2,& trois
fanffes, quifont / 7--2, 2+ 7 2, &2-- ¥/ 2.
Ainfiayantx #-- 4 ¥x -- 8 x~+ 35 20 o,pourceque laracine

dey¢--8y*-- 124y + 6400, elt derechef 16, il faut
efcrire

xx-=4%+ 500,&xx- 1—-4x—l—7*oa.

Caricy -+3yy--3p --' fant s &+ Tyt p —i-\
fait7. Et pourcequ ‘ont ne trouue aucune racine, ny
vraye,ny faufle ,en ces deux dernieres Equations , on
connoiftde la que les quatre de I'Equation dont elles
procedent font imaginaires; & que le Problefme, pour
lequelonla trouuée, eft plan de fanature ; mais qu’il
ne fgauroit en aucune fagon efre conﬁrmt acaufe que
les quantités donndes ne peuuent fe foindre.

Tout de mefme ayant

+ zaa --a’
%
LA }{{--an}{-——aau 00,

pourcequ’on trouue &4 -+ ¢¢ pouryy, il faut efcrire
g3 - Vaa+cc x+2an - a vV aa~cc 20, &
23—+ vV aa+ec3+3aa+3a v aa+ce0.

CaryeRVaa—I- cc, &+ %y + 1peftiaa, &*

eftia V aa- aa-i—cc. D’oitonconnoift que la valeurde 3
cft.

186



THIRD BOOK

Obtaining the roots of these two equations, we get the same results as
if we had obtained the roots of the equation containing #*, namely, one
true root, \/7+ 2,and three false ones, V7 - 2,2+ \/?, and2 — V2.
Again, given x*—4x2—8x435=0, we have y°—8y*—124942—64 =0,
and since the root of the latter equation is 16, we must write
#2—4x45=0 and +?*44x47 = 0. For in this case,

1 . 1, 9 _
+ 5,52 =35

2y
and 1, 1 9 _
YT gty =T

(223]

Now these two equations have no roots either true or false,"™ whence
we know that the four roots of the original equation are imaginary;
and that the problem whose solution depends upon this equation is
plane, but that its construction is impossible, because the given quanti-
ties cannot be united.”™?

Similarly, given

A+ <%a2— £Z>z2— (a3+a£2)z+%a4—%a2£2=0,

since we have found y2 = a® 4 ¢?, we must write

22— \/a2+c22+%a2—%a\/a2+c2=0,
and

2+ VNat+ 2z + i—a2+ %ava?+¢2=0.

(21 That is, all its roots are imaginary.
1 That is, the given quantities cannot be taken together in the same problem.

187



GEOMETRY

For y = Va?+4 & and + y+ p—~a and;:—a\lu +c2, then

we have

1
—pvere 1y la 1 vara

or

1
=7\/a + _\/ —at4 = zz+~a\/>2+c2

1 e s
Now we already have z + S a= x, and therefore x, the quantity in
the search for which we have performed all these operations, is

1
tyatytarte (Lo Loyl Gy

To emphasize the value of this rule, I shall apply it to a problem.
Given the square AD and the line BN, to prolong the side AC to E, so
that EF, laid off from E on EB, shall be equal to NB.

Pappus showed that if BD is produced to G, so that DG = DN, and
a circle is described on BG as diameter, the required point E will be
the intersection of the straight line AC (produced) with the circum-
ference of this circle™’

Those not familiar with this construction would not be likely to dis-
cover it, and if they applied the method suggested here they would
never think of taking DG for the unknown quantity rather than CF
or FD, since either of these would much more easily lead to an equa-

28 Pappus Lib. VII, Prop. 72, Vol. II, p. 783. The following is in substance
the proof given by Pappus. He first gives an elaborate proof of the following
lemma: Given a square ABCD, and E a point in AC produced, EG perpendicular
to BE at E, meeting BD produced in G, and F the point of intersection of BE and
CD. Then CD?4 FE?>=DG.? Then he proceeds as follows: By the construc
tion given in the problem, DN’=BD?+ BN”. By the lemma, DG’=CD’+FEZ
By construction, BD = CD and DG = DN. Therefore, FE = BN.
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eﬂ}_‘ifaa—l-cc’l' V~.-‘iaa+fzcc +3ev an + o

oubien 3 ¥ aa + cc~ 1/"?.' ag + g ¢¢c + Sav aa—+cc.
Et pourceque nous auions fait cy deflus 3 +3%a2x,
nous apprenons que laquantit€'x, pour la connoiffance
delaquelle nous auons fait toutes ces operations, eft

=1 [l 1 1/! H T -
FYa+ vV saatgoc-V Loc-baa+-YS a1 o i

B

Mais affin qu'on puiffe mieux connoiftre I'vtilité de g:ng;c

cere reigle il faut que ielappliquea quelq; Problefme. de cesre-

Sile quarré A D, &la ligne B N eftant donnés, il fant o
prolongerle coft€ A CiulquesaE,enforte qu'EF,tirée
d’E vers B, foit efgale a NB. On apprent de Pappus,
qu'ayant premierement prolong¢BD iufquesaG , en
forteque D G [oit efgale 2 D N, & ayant defcrit vn cer-
cledont le diametre foit BG, fi on prolonge la ligne
droite A C, elle rencontreralacirconference de ce cer-
cle aupoint E, qu'ondemandoit. Maispour ceux qui ne
fcauroiet point cete céftructionelle feroit aflésdifficile
a rencGtrer, & en la cherchat par la methode icy propo-
{ée, ilsne s'auiferoiet iamais de prédre D G pour la qua-
titéinconnué, maisplutoft CF, ou F D, a caufe que ce
Ccc 2 font
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font elles qui conduifént le plus ayfement a 'Equatid: &
lors ils en trouneroi€t vne qui ne feroit pas facile a deme-
fler, fansla reigle que ie viens d’expliquer. Carpofant &
pourBDouCD,&cpour EF ,& xpourDF,onaCF
0a--x,&come CF oug--*,elt ATEouc¢,ainfiFDou x,

efta BF,quiparconfequent eft :—”x Puis acaufe du tri-

anglerectangleBDF, dont les coftés font I'vn x & I'au-

tre a, leurs quarrds,'qui font x x +- 2 2, font efgaux ace-
(xx

luy de labaze; quieft Z————,de fagon que multi-
pliantle teut par xx--2ax-taa, on trouue que I'E-

quationeft x*--24%’ +24axx--2a3 x+a*0cc xx,

oubien x*--24%3 %'  xx.c2458-a*0. Eton

connoift par les reigles precedentes,que fa racine, qui
eftlalongeurdelaligne DF, et 4 -1~ 7/ ta a—i—"Lc ¢

- T/i-n:--'?_ aat+5av aa+t ce.

Que fion pofoit BF, ou CE, ouBE pour la quantitd
inconnué, on viendroit derechef2 voe Equation, en la-
quelleil y auroit 4 dimenfions, mais qui feroit plas ayfée
a démefler, & ony viendroit aflés ayfement ; au lieu que
fic’eftoit D G qu'on fuppofaft, on viendroit beducoup
plus difficilement a PEquation, mais auffy elle feroit tres
fimple. Cequeiemetsicy pour vous auertir, que lorfz
que le Problefme propof¢n’eft point folide: fi en le cher-
chant parvn chemin on vient avne Equation fort com.
pofee,on peut ordinairement venir a vneplus fimple, en
le cherchant par vn autre.

Ie pourrois encore aioufter diverfes reigles pour dé-
meller les Equations, qui vont an Cube, on au Quarre

de
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tion. They would thus get an equation which could not easily be solved
without the rule which I have just explained.

For, putting @ for BD or CD, ¢ for EF and x for DF, we have
CF = a—u, and, since CF is to FE as FD is to BF, we have

a—x:c=ux:BF,

whence BF ——*_  Now, in the right triangle BDF whose sides are

x and a, #24-a?, the sum of their squares, is equal to the square of the
2 02

N c . .
hypotenuse, which is ——x’—Zsz—l—az Multiplying both sides by

x*—2axr+a®
we get the equation,
xt—2ax34 20252 — 20 x40 = c24?,
or
2t —2ax°4 (202 —c?) 4*—2a%xr+a* =0,

and by the preceding rule we know that its root, which is the length of
the line DF, is

1 1 1 \/1 1 1 o . 9
a+\/~ 2 2 2 2 24 2
2 4a+4£ 45—2a+2a\/a+£

If, on the other hand, we consider BF, CE, or BE as the unknown
quantity, we obtain an equation of the fourth degree, but much easier

to solve, and quite simply obtained.”™

Again, if DG were used, the equation would be much more difficult
to obtain, but its solution would be very simple. I state this simply to
warn you that, when the proposed problem is not solid, if one method
of attack yields a very complicated equation a much simpler one can
usually be found by some other method.

] Taking BF as the unknown quantity, the resulting equation is
2t + 2cx% + (¢2 — 2a2) 42 — 2a2cx — a2c2 = 0.

Rabuel, p. 487.
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I might add several different rules for the solution of cubic and
biquadratic equations but they would be superfluous, since the con-
struction of any plane problem can be found by means of those already
given.

I could also add rules for equations of the fifth, sixth, and higher
degrees, but I prefer to consider them all together and to state thc
following general rule:

First, try to put the given equation into the form of an equation
of the same degrec obtained by multiplying together two others, each
of a lower degree. If, after all possible ways of doing this have been
tried, none has been sucessful, then it is certain that the given equation
cannot be reduced to a simpler one; and, consequently, if it is of the
third or fourth degree, the problem depending upon it is solid; if of
the fifth or sixth, the problem is one degree more complex, and so
on. I have also omitted here the demonstration of most of my state-
ments, because they seem to me so easy that if you take the trouble
to examine them systematically the demonstrations will present them-
selves to you and it will be of much more value to you to learn them
in that way than by reading them.
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de quarré, maiselles feroient faperflucs; car lorfque les
Problefmes font plans ,onen peut toufiours trouuer la
conftruction parcelles cy.

Ie pourrois aufly en adioufter d autres pour les Equa~ Regle
tions qui montent infques an furfolide, ou au Quarré de %Zﬁ’:ﬁ
cube, ou au dela, mais i'ayme mieux les comprendre g:uirc les
toutes en vne, & dire en general, que lorfqu’on atafche l?iu;:f? :
de les reduire a mefme forme, que celles d’antant de di- fenc le i
menfions, qui vienent de la multiplication de deux au- 3.
tresquien ont moins, & qu'ayant dénombr€ tous les
moyens, par lefquels cete multiplication eft poflible, la
chofe n'apti fucceder paraucun, on doit saffurer qu’el-
les nefgauroient eftre reduites a de plus fimples. En f{or-
te que fila quantit€ inconnug a 3 on 4 dimenfions, le Pro-
blefme pourlequelonlacherche eft folide; & fielleena
5,00 6,il eft d'vn degré plus compofé; & ainfi des autres.

Au refte i'ay omis icy les demonftrations de la plus
part de ce queiay dit 2 caufe qu’elles m’ont fembléfi fa-
ciles,que pourviique vous prenies la peine d’examiner
methodiquement fiiay failly,elles fe prefenteront a vous
d'elles mefme: 8 il feraplus vtile de lesapprendre en ce-
te fagon, quenles lifant.

Or quand on eft affuré, que le Problefine propof€ eft ﬁ:,‘;ﬁg"
folide, foit que I'Equation par laquelle on le cherche pourcon-
monte au quarré de quarré,, foit qu elle ne monte que gy Jes
iufques au cube, onpeut toufiours en trouuer la racine Problcﬁl,
par 'vne des trois fetions coniques, laquelle que ce foit e
ou mefme par quelque partie del'viie d’elles, tant petite duits &
qu’elle puiffe eftre; en ne fe fervat aurefte que de lignes ;E:L’iﬁ-de
droites,8& decercles. Mais ie me contenteray icy de troisou

uatredi-
Ccc 3 donner menfos.
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donner vne reigle generale pourles trouuer tontes par le
moyend’vne Parabole,a caufe qu’elle eft en quelque fa-
gon la plus fimple.

Premierementil faut ofter lefecond terme de 'Equa-
tion propof¢e, s'il n’eft defia nul, & ainfi la reduire a tel-
leforme, 32 20™. ap 3. aaq, filaquantité inconnué n'a
que trois dimenfions; oubiena telle, 3* 0 *. apzz. aagz,
a1 fielieenaquatre;oubien en prenant e pour I'vnité,
atelle,3 " pz. 4, &atelle

310* PR3- 4% 1

Aprés
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Now, when it is clear that the proposed problem is solid, whether
the equation upon which its solution depends is of the fourth degree or
only of the third. its roots can always be found by any one of the three
conic sections, or even by some part of one of them, however small,
together with only circles and straight lines. I shall content myself
with giving here a general rule for finding them all'by means of a para-
bola, since that is in some respects the simplest of these curves.

First, remove the second term of the proposed equation. if this is not
already zero, thus reducing it to the form 2 = +apz=+a*q, if the given
equation is of the third degree, or z* — *apz*+a’qz+a'r, if it is of the
fourth degree. By choosing a as the unit, the former may be written
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28 = *+pz=+q and the latter 2*= *pz®+gz-+r. Suppose that the para-
bola FAG (pages 194-198) is already described; let ACDKL be
its axis, @, or 1 which equals 2AC, its latus rectum (C being within the
parabola), and A its vertex. Lay off CD equal to p so that the points
D and A lie on the same side of C if the equation contains +p and on
opposite sides if it contains —p. Then at the point D (or, if p =0, at
C), erect DE perpendicular to CD, so that DE is equal to 3g¢,
and about E as center with AE as radius describe the circle FG, if the
given equation is a cubic, that is, if » is zero.
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Apreés cela fuppofant que la Parabole FAG eft defia
defcrite, & que fonaiffien eft AC DKL, & que fon co-
{tédroiteft 2, ou 1, dont A Ceftlamoiti¢, &enfin que
te point Ceft au dedans de cete Parabole, & que A eneft
le fommet; 11 faut faire C D20 1 p, & laprendre du mef-
me cofté, yu'eftle point A auregard du point C, s’ilya
-+ p enl’Equation; mais s’il y a -- pil faut la prendre de
'autre cofte. Et du point D, oubien, fila quantité

pefroirnulle, du point Cil faut eflener vne ligne 2 an-
gles droitsinfques aE, en forte qu'elle foit efgale a%q.

Erenfin du centre E il faut defcrire le cercle FG, dont
le
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le demidiametre foit
AE, fi I'Equation
n'eft que cubique, en
forte que la quanti-
ter foit nulle. Mais
quand il ya + ril
faut dans cete ligne
A E prolongee, pren-
dre d’vn cofté A R
efgalear, & del'autre
AS efgale au cofté
droit de la Parabole
quieft 1, 8 ayantde-

fcrit vo cercle dont le diametre foit R S, il faut faire AH

198

perpédiculaire fur
A E,laquelleA H
rencontre ce cer-
cleRHS au point
H,qui eft celuy par
ou [laurre cercle
F H G doit paffer.
Et quandily a -7
il faut aprés auoir
ainfi trouué laligne
AH, infcrire AT
qui luy foit efgale,
dans vn autre cer-
cle, dont A E foit
le diametre, & lors
c'eft par le pointI,

que
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If the equation contains + 7, on one side of AE produced, lay off
AR equal to 7, and on the other side lay off AS equal to the latus
rectum of the parabola, that is, to 1, and describe a circle on RS as
diameter. Then if AH is drawn perpendicular to AE it will meet the
circle RHS in the point H, through which the other circle FFG must
pass.

If the equation contains — 7, construct a circle upon AE as
diameter and in it inscribe Al a line equal to AH ;™" then the first
circle must pass through the point I.

1291 That is, draw a chord equal to AH.
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Now the circle FG can cut or touch the parabola in 1, 2, 3, or 4
points; and if perpendiculars are drawn from these points upon the
axis they will represent all the roots of the equation, both true and
false. If the quantity g is positive the true roots will be those perpen-
diculars, such as FL, on the same side of the parabola, as E,"* the
center of the circle; while the others, as GK, will be the false roots.
On the other hand, if ¢ is negative, the true roots will be those on the
opposite side, and the false or negative roots™ will be those on the
same side as E, the center of the circle. If the circle neither cuts nos
touches the parabola at any point, it is an indication that the equation
has neither a true nor a false root, but that all the roots are imagi-
nary."™

This rule is evidently as general and complete as could possibly be
desired. Its demonstration is also very easy. If the line GK thus con-
structed be represented by z, then AK is 2?, since by the nature of the
parabola, GK is the mean proportional between AK and the latus rec-
tum, which is 1. Then if AC or §, and CD or p, be subtracted from
AK, the remainder is DK or EM, which is equal to z°—}p—3 of which
the square is

S —pF o B g p e
4 & .4
And since DE=KM =% g, the whole line GM :z+% ¢, and the square
of GM equals 2+ ¢gz+ %qz. Adding these two squares we have
1 1 1 1
4_ 2 oo 2o K
d—pPtezt g I+ P+ gty

28] That is, on the same side of the axis of the parabola.

9] «Les fausses ou moindres que rien.” This is the first time Descartes has
directly used this synonym.

= Tt may be noted that Descartes considers the cubic as a quartic having zero
as one of its roots. Therefore, the circle always cuts the parabola at the vertex.
It must then cut it in another point, since the cubic must have one real root. It
may or may not cut it in two other points. It may cut it in two coincident points
at the vertex, in which case the equation reduces to a quadratic.
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quedoit paffer F1G le premier cercle cherché. Orce
cercle F G peut coupper, ou toucher la Paraboleen1,
ou2,0u3, ou 4 poins, defquels tirant des perpendiculai-
res fur laiffieu, on atoutes les racines de I'Equation tant
vrayes, que fanfles. A fgauoir fi la quantitc’q eft marquee
dufigne +, les vrayes racines feront celles de ces per-
pendiculaires, qui fe trouueront du mefmecoft¢ dela
parabole, que E le centre ducercle,comme FL; &les
autres, comme G K, feront faufles : Mais au contraire fi
cete quantit¢ ¢ eft marquee du figne -- les vrayes feront
cellesdel'antre cofté; & les fauffes, ou moindres que
rien ferontdu coft¢ dueft E le centre du cercle. Eten-
fin fice cercle ne couppe,ny ne touchela Parabole en au-
cun point, cela tefmoigne qu’il n’y a aucuneracineny
vraye ny faufle en I'Equation , & qu’elles fonttoutes
jmaginaires. Enforte quecetereigleeftlaplus genera-
le, & la plus accomplie qu'il foit poffible de fou-
haiter.,

Etlademonftration eneft fort ayfce. Cat fi la ligne
G K, trouude par cete conftruction , fenomme 3, AK
fera g z, acaufede la Parabole , en laquelle GK doit
eftre moyene proportionelle,entre A K, & le coft¢ droit
quieft 1. puisfide A Ki’ofte A C, quieft , & CD qui
eft ;p,ilrefte DK,ouEM, quieft 33--3p - %, dont le
quarré eft
R*--prR-3XHipp+ip+1. &acaufequeDE, ou
KMeft ; ¢, latoute G Meft 3+ 3 ¢, dont le quarré eft
3+ 9% 99, & aflemblant ces deux quarrés, ona
AR A Kbt { U Rl VI At ) et

Ddd pour
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pourle quarréde laligne G E, acaufequelleeft 1a baze
dutrianglere&tangle EM G.

Maisa caufe que cete mefme ligne GE eft le demi-
diametre ducercle F G, ellefe pene encore expliquer en
d’autres termes,a fgauoir E D eftant ; ¢, & AD eftant

2p+3EAeht vV Aqq-f- pp-l- zp+ facaufedel’an-
gledroit ADE, pus HA e&ant moyene proportionelle
entre A Squieft 1 &ARquieft r,elle eft 7/r. &2cau-
fede l’angle drotEA H le quarréde HE , ou E G eft
299+ §pp+ip -+ § 1 fibienque il y a Equation
entre
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for the square of GE, since GE is the hypotenuse of the right triangle
EMG.
But GE is the radius of the circle FG and can therefore be expressed

in another way. For since ED =13} ¢, and AD=1} p+ 3, and ADE is
a right angle, we have

EA—_ |1 . 1 1,1
\/4q+4ﬁ2+2p+4.

Then, since HA is the mean proportional between AS or 1 and AR or 7,

HA= \/;, and since EAH is aright angle, the square of HE or of EG is
1, 1, 1 1
49+ 4P+ 5 b+ 2 + 7,

and we can form an equation from this expression and the one already
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obtained. This equation will be of the form 2* = pz*—gz+r, and there-
fore the line GK, or z, is the root of this equation, which was to be
proved. If you will apply this method in all the other cases, with the
proper changes of sign, you will be convinced of its usefulness, without
my writing anything further about it.

Let us apply it to the problem of finding two mean proportionals
between the lines a and g. It is evident that if we represent one of the

22 23

2
mean proportionals by z, then a:z=2z: 2 2 Thus we have an
3
. z
equation between ¢ and pa namely, 23=a’q.

Describe the parabola FAG with its axis along AC, and with
AC equal to 3} a, that is, to half the latus rectum. Then erect CE
equal to } ¢ and perpendicular to AC at C, and describe the circle AF
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entre cete fomme & la precedente. cequieft le mefme
que 3 *30"pz3--q 3+ r.8& par confequent la ligne trou-
vee GK qui a efté nommde z eft la racine de cete Equa-
tion. ainfi qu’il falloit demonftrer. Et fivousappliqués
ce mefme calcul a tous les autres cas de cete reigle, en
changeant les fignes + & -- felon I'occafion , vous y
trouuerés voftre conte en mefme forte,fans qu'il foit be-
toin que ie m’y arefte.

Sionveutdonc fuiuant cetereigle trouuer denxmo-
yennes proportionelles entre les lignes a & ¢; chafcun
fGait que pofant z pourl'vne, comme aeft 2 3 , ainfi
~ Iz zz 23 . . i
za {7, & — A —;defagonqu’ily a Equation entre ¢ & L'inuca-
. tionde
deuxmo-
yenesprge

:;;, c'eftadire,z* 0* *2a4.EtlaParabole F A G eftant
Ddd 2 de-helles.
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defcrite, auec la partie de fon aiflien A C, quieft;czla
moitié¢du cofté droit ; il faut du point C efleuer la per-
pendiculaire C E efgalea £ ¢,&ducentre E, parA, de-
fcrinant lecercle AF, ontrouue FL, & LA, pour les
deux moyennes cherchees.

T'out de mefme fi on veut diuifer I'angle NOP, ou-
bienl'arc, ou portion decercle N QT P, en trois par-

wangle ties efgales; faifant N O 2 1, pour le rayondu cercle, &

€ntrois,

N P 20 ¢, pour la fubtendue de I'arc donné, & N Q0 z,
pour la fubtendue du tiers de cet arc ; I'Equation

vient,
z#737--¢. Car ayant tiré les lignes NQ, OQ,
O T; & faifant QS parallelea T O, on voit que comme
NOeftaN QainfiNQaQR,&QRaRS; enforte
que
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about E as center, passing through A. Then FL and LA are the
required mean proportionals.”™
Again, let it be required to divide the angle NOP, or rather,
the circular arc NQTP, into three equal parts. Let NO=1 be
the radius of the circle, NP = ¢ be the chord subtending the given arc,
and NQ =z be the chord subtending one-third of that arc; then the
equation is 2 = 3z—¢q. For, drawing NQ, OQ and OT, and drawing
QS parallel to TO, it is obvious that NO is to NQ as NQ is to QR as
QR is to RS. Since NO =1 and NQ = z, then QR = 2% and RS = 2°;
and since NP or ¢ lacks only RS or 22 of being three times NQ or z, we
have g = 32—2% or 2* =32—q."™
Describe the parabola FAG so that CA, one-half its latus rectum,
shall be equal to %; take CD= % and the perpendicular DE= %q;
then describe the circle FAgG about E as center, passing through A.
This circle cuts the parabola in three points, F, g, and G, besides the
vertex, A. This shows that the given equation has three roots, namely,
the two true roots, GK and gk, and one false root, FL.”™ The smaller
™1 This may be shown as follows: Draw FM L to EC; let FL=2z. From
the nature of the parabola, FL’=a . AL; AL=§; EC?4CA’=EA?; EM*FM?

. 2 2 2
EF; EA'=% 4% EM'=(EC — FL)’= (é q—z) . FM*=CL’= (AL—AC)?

A O U
- .a._7>,EF_I_qz+z+a,_z+ . But EF=EA.
g e _g sy 2 @
C =L _getet—pt L,

whence 23 = a?q.
=21 / NOQ is measured by arc NQ;
/ QNS is measured by 3 arc QP or arc NQ;
LSQR /QOT is measureg by arc QT or NQ;

=2NQ+QT—R
=3NQ —RS.
Org=23z— z.
Rabuel, p. 534

= G and g being on the opposite side of the axis from E, and F being on the
same side.
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of the two roots, gk, must be taken as the length of the required line
NQ, for the other root, GK, is equal to NV, the chord subtended by
one-third the arc VNP, which, together with the arc NQP consti-
tutes the circle; and the false root, FL, is equal to the sum of QN and
NV, as may easily be shown.™

It is unnecessary for me to give other examples here, for all prob-
lems that are only solid can be reduced to such forms as not to require
this rule for their construction except when they involve the finding
of two mean proportionals or the trisection of an angle. This will be
obvious if it is noted that the most difficult of these problems can be’

241 For proof, see Rabuel, page 535.

21 Tet AB=0b; EB=_-MR=mk=NL=¢; AK=t; Ak=s; AL=vr;
KG=y; kg=z, FL=v.Then GM=y+¢, gm=z+¢, FN=0v—¢, GK’=q.AK,
2 2 2
at=y2, t=%,gk2=a.Alz, as =12z, :=~Za—, W:a.AL, ar =12, r=z—;—,
»?
ME=AB—-AK=6— 2
2? ??

mE=6— = EN=" —6 EG? = EM*+ MG*

EA’=AB’+ BE?
— 2 4
BG' =22 4 Ly ton 4o

13 2 2 .
2ab =7 +2ayc+a Y 2ab :|z3+2a;c+azz
y3+2a%c+a’y _ £2+2a2c+a2z
= z

2a%c — ,2y+zy2

Similarly,
2a% = v*y — 1y
2y + zy® = v°y — vy? 2 — 22 =uvy+zy
v—z=y v=y+z FL = KG+4¢
Rabuel, p. 540.
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que N Oeftant 1,& N Qeltant 3,QReft 33, &R Seft
z’: Etacaufe qu'ils’en faut feulement R S, ou 3+, quela
ligneN P, qui eft 4, nefoit triple de N Q_, quieft g, on
44203 z--3*oubien,

0735~ g.

Duis la Parabole F A G eftant defcrite , & C A la moi-
ti¢de fon cofté droit principaleftant 3, fion prent CD
20 %, & laperpendiculaire DE 20 § 4, & que du centre E,
par A, ondefcrinelecercle FA g G, il couppe cete Pa-
raboleaux troispoins F, g,& G, fans conter le point A
qui en eftle fommet. Ce qui monftre qu'ily atrois raci-
nesen cete Equation, a fgauoirlesdeux G K, & g &, qui
font vrayes; & latroifiefme qui eft faufle, 4 fgauoir F L.
Etdeces deuxvrayes c’eft g £ la'plus petite qu’il faur
prendre pourlaligne N Q qui eftoit cherchee. Carlau-
treGK, eftefgalea NV, lafubtendue de la troifiefme
partiedel'arc N V P, quiauec l'autre arc N Q_P acheue
lecercle. Etlafaufle F L eft efgale aces deuxenfemble
QN & NV, ainfi qu’il et ayfé a voir parlecalcul.

Ilferoit fuperflus que iem’areftaffe a donner icy d'au- Que tous
tres exemples; car tous les Problefmes qm ne font que b,cf,,’,‘;;
folides fe peuuvent reduirea tel point,qu’on n'a aucun be- flides fe
foinde cetereigle pour les conftruire finon entant qu’el- Feduirea
le fert atrouuer deux moyennes proportionelles,oubien C;‘ngf“:’c‘
adiuifer vnangle en trois partiesefgales. Ainfi que vous tions.
connoiftres en confiderant, que leurs difficulte’s peunent
toufiours eftre comprifes en des Equations, quine mon-
tent que iufque au quarré de quarré, ou au cube : Erque
toutes celles qui montent au quarré de quarré , fe redui-
fent au quarrc, par le moyen de quelques autres , qui ne

Ddd 3 montent
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montent que infques au cube: Bt enfin qu'oh peut-ofter
le fecond terme de celles cy. En forte qu'iln’y ena point
qui ne fe puiffereduire a quelq; vne de cestrois formes.
210 - pzt g
Po¥+pz+gq.
RI0¥+pg-- g
Orfionaz®o™*.-pz-+ ¢, lareigle dont Cardan at-
tribue l'inuention a vin nommé Scipio Ferreus , nous ap-
prent que laracine eft,

VCrAy+ 7509+ 50 KV Cxig+ 7 qq+p
Commeauflylorfquonaz*0*+pz+4, & quele
quarrédelamoiti€du dernier terme eft plus grand que
le cube du tiers de 1a quantite¢ connu€ du penultiefme,
vne pareille reigle nousapprent que la racineeft,
Cobg+ V5995 + V Cbig-- Vig-5p
D’ou il paroift qu'on peut conftruire tous les Problef-
mes, dontlesdidicultes {e reduifent al’'vne de ces deux
formes, fans auoir befoin des fections coniques pour au-
tre chofe, que pour tirer les racines cubiques de quel-
ques quantité, donnees, c’eft a dire, pour trouner deux
moyennes proportionelles entre ces quantites & I'vnité.
Puisfionazy 20 *+pz+4, & que le quarré de la
moiti€ du dernier terme nefoit point plus grand que lo
cube du tiersde la quantité connué du penultiefmze, en
fuppofant le cercle N Q P V,dont le demidiametre NO
foit 775 p, c'eftadirela moyenne proportionelle entre
le tiers de la quantité donnée p & l'vnité; & fuppofant

aufly Ia ligne NP iufcrite dans ce cercle qui foit 3—}‘:«'
ceft
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expressed by equations of the third or fourth degree; that all equa-
tions of the fourth degree can be reduced to quadratic equations by
means of other equations not exceeding the third degree; and finally,
that the second terms of these equations can be removed ; so that every
such equation can be reduced to one of the following forms:

2= —pztq 2= +pztq 2= +pz—¢
Now, if we have 22 = —pz+gq, the rule, attributed by Cardan™” to one
Scipio Ferreus, gives us the root

\/29+J4q+2‘ \/_ q+\/49 +271§3[m,

Similarly, when we have 2* = +4pz+qg where the square of half the
last term is greater than the cube of one-third the coefficient of the
next to the last term, the corresponding rule gives us the root

1 1
\/794'\/49_07? + 29_\’zq2—2_7?3-

It is now clear that all problems of which the equations can be
reduced to either of these two forms can be constructed without the
use of the conic sections except to extract the cube roots of certain
known quantities, which process is equivalent to finding two mean pro-
portionals between such a quantity and unity. Again, if we have
28 = 4 pz+q, where the square of half the last term is not greater
than the cube of one-third the coefficient of the next to the last term,

describe the circle NQPV with radius NO equal to \/%p, that is to
the mean proportional between unity and one-third the known quantity
p. Then take NP = p that is, such that NP is to ¢, the other known

28 Cardan; Liber X, Cap. X1I, fol. 29: “Scipio Ferreus Bononiensis iam annis
ab hinc triginta fermé capitulum hoc inuenit, tradidit uero Anthonio Mariz Flor-
ido Veneto, qui cii in certamen cii Nicolao Tartalea Brixellense aliquando uenisset,
occasionem dedit, ut Nocolaus inuenerit & ipse, qui cum nobis rogantibus tradidis-
ser, suppressa demonstratione, freti hoc auxilio, demonstratlonem quzliuimus,
eamque in modos, quod diffcillimum fuit, redactam sic subjecimus.”

See also Cantor, Vol. IT (1), p. 444; Smith, Vol. II, p. 462.

=7 Descartes wrote this:

\/C +5 q+\/4 qq+271>3 +\/C ——q+\/%qq+%f‘-
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quantity, as 1 is to %p, and inscribe NP in the circle. Divide each of

the two arcs NQP and NVP into three equal parts, and the required
root is the sum of NQ, the chord subtending one-third the first arc, and
NV, the chord subtending one-third of the second arc."™

Finally, suppose that we have 2* = pz—gq. Construct the circle NQPV

whose radius NO is equal to\/%p, and let NP, equal to 3—;, be in-

scribed in this circle; then NQ, the chord of one-third the arc NQP,
will be the first of the required roots, and NV, the chord of one-third
the other arc, will be the second.

An exception must be made in the case in which the square of half
the last term is greater than the cube of one-third the coefficient of the
next to the last term;*” for then the line NP cannot be inscribed in
the circle, since it is longer than the diameter. In this case, the two

=8 Tt may be noted that the equation z3= 3z — q may be obtained from the
cquation 53 = 35+ ¢ by transforming the latter into an equation whose roots have
the opposite signs. Then the true roots of 53 =3z — g are the false roots of
23 =35+ q and vice-versa. Therefore FL = NQ+ NP is now the true root.

29 The so-called irreducible case.
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c’efta dire quifoit i I'autre quantité donnee 4 comme
I'vnitceft antiersdep; il ne faut que dinifer chafcun des
deuxarcs N Q P & NV P entrois parties efgales, &on
aura N Q, la fubtendue dutiers de I'vn, & N V la fub-
tendue du tiers de autre, quiiointes enfemble compo-
feront laracine cherchee.

Enfinfiona 33 0*p 3--¢4, en fuppofant derechef le

cercle N Q P V, dont le rayon N O foit 7~ _;}7, & I'infcri-

te NPfoit i;, NQlafubtendué dutiers de I'arc NQP fe-

ral'vnedesracinescherchées, & NV la fubtendue du
tiersde l'autre arc feral'autre. Aumoinsfi le quarré de
la moiti¢ du dernier terme, n’eft point plus grand, que le
cubedutiers de la quantite connu€ du penultiefme. car
s1leftoit plus grand,laligne N P ne pourroiteftre infcri-
tedanslecercle , acaufequelleferoit pluslongue que

fondiamertre: Ce quiferoit caufe que lesdeux vrayes ra-
cines
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cines decete Equation ne feroient qu'imaginaires , &
qu’il ny enauroit de reelles que la faufle, qui foivant a
reigle de Cardan feroit, '

v 1 1 1 - 1 e

L Cig+Viqq- 50+ YV Chg- Vg5
a raco .

d.expri_“ Aurefte il eft a remarquer que cete fagon d’exprimer
merlava- |3 yaleur des racines par lerapport qu’elles ont aux co-
leur de . . P
toures les {tés de certains cubes dont il n'y alquele contenu qu'on
racines  connoifle, n’eft en rien plusintelligible , ny plus fi
des E- ’ P 8 > oy p mple,
quations que de les exprimer parle rapport qu elles ont aux fub-
& el tendués de certains arcs, ouportionsde cercles , dont
dc"toim:§ le triple eft donné. Enforte que toutescelles des Equa-
celles . . . .
nemon. tions cubiques qui ne peuuent eftre exprimées par les

fencdue reigles de Cardan, le peuuent eftre autant ou plus claire-
quarré de ment parla fagonicy propofce. :

R Carfipar exemple, on penfe connoiftre la racine de
cete Equation, 3320 *-- 43 -+p. .a caufe qu'on fgait
quelleet compofee de deux lignes. dont I'vne eft le
cofté¢d’vn cube, duquel le contenu eft % ¢, adioufte au
coft¢ d'vn quarr¢ , duquel derechef le contenn eft
X4q-- 33p % Etlautre eftle coft¢d'vn autre cube, dont
fe contenu eft ladifference ,"qui eft entre % 9, & le cofté
de ce quarrédont lecontenueft 3 99-- 3 p3, quieft rout
ce qu'on enapprent par la reigle de Cardan.Il ny apoint
de doute qu'on ne connoifle autant ou plus diftincte-

ment laracine de celle cy, 3’ 0*+¢.- p, enla confi-
derantinfcrite dans vn cercle, dont le demidiametre eft

¥ £p,& fgachant qu'elle y eft la fubtendué d'vn arc
dontle triple a pour fafubtendue 1;. Mefme ces ter-
mes
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roots that were true are merely imaginary, and the only real root is the

one previously false, which according to Cardan’s rule is

1 1, 1. dl, T, 1,
\/2 7+\/19 gt t 29_\/49—271’3-

Furthermore it should be remarked that this method of expressing the

roots by means of the relations which they bear to the sides of certain

cubes whose contents only are known"”

is in no respect clearer or
simpler than the method of expressing them by means of the relations
which they bear to the chords of certain arcs (or portions of circles),
when arcs three times as long are known. And the roots of the cubic
equations which cannot be solved by Cardan’s method can be expressed
as clearly as any others, or more clearly than the others, by the method
given here.

For example. grant that we may consider a root of the equation

2 = —qz+p known, because we know that it is the sum of two lines

of which one is the side of a cube whose volume is i} q increased by the

side of a square whose area is % 7 — ,% 2%, and the other is the side of

another cube whose volume is the difference between % q and the side

of a square whose area is %q’— )1—7p3 This is as much knowledge of

the roots as is furnished by Cardan’s method. There is no doubt that
the value of the root of the equation 2°® = 4-gz—p is quite as well
known and as clearly conceived when it is considered as the length of a

chord inscribed in a circle of radius 4 ’%p and subtending an arc that

is one-third the arc subtended by a chord of length :;Tq

13 Descartes here makes use of the geometrical conception of finding the cube
root of a given quantity.
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Indeed, these terms are much less complicated than the others, and
they might be made even more concise by the use of some particular

[261)

symbol to express such chords,™ just as the symbol ¥ % is used to
represent the side of a cube.

By methods similar to those already explained, we can express the
roots of any biquadratic equation, and there seems to me nothing fur-
ther to be desired in the matter; for by their very nature these roots
cannot be expressed in simpler terms, nor can they be determined by
any constuction that is at the same time easier and more general.

It is true that I have not yet stated my grounds for daring to declare
a thing possible or impossible, but if it is remembered that in the method
I use all problems which present themselves to geometers reduce to a
single type, namely, to the question of finding the values of the roots
of an equation, it will be clear that a list can be made of all the ways of
finding the roots, and that it will then be easy to prove our method the
simplest and most general. Solid problems in particular cannot, as I
have already said, be constructed without the use of a curve more com-
plex than the circle. This follows at once from the fact that they all
reduce to two constructions, namely, to one in which two mean pro-

1211 This is another indication of the tendency of Descartes’s age toward sym-
bolism. This suggestion was never adopted.

2] Tn Descartes’s notation, |- C.
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mes font beaucoup moins embaraflés que les autres , &
ils {fe trouueront beaucoup plus cours fi on veut vier de
quelque chiffre particulier pour exprimer ces fubten-
dués, ainfiqu'on fait du chiffre #”C. pour exprimer le
cofté des cubes.

Eton peutauffy enfuite de cecy exprimer les racines
de toutes les Equations qui montent iufques au quarré
de quarré, par les rcqglcs cy deflus expliquces. En forte
queie ne fgache rien de plus a defirer en cete matiere.
Careafin lanature de ces racines ne permet pas quon
les exprime entermes plus fimples, ny quon les deter-
mioe par aucune conftruction qui foit enfemble plus ge-
nerale & plus facile.

1l eft vray que ie n’ay pas encore dit fur quelles raifons Pour-

quoy lcs

ie me fonde, pour ofer ainfi aflurer, fi vne chofe eft poﬂ' - problef-
ble, ounel’eft pas. Mais fi on prent garde comment, par mes foli-
lamethode dont ieme fers, tout ce qui tombe fous la pif,ui’f“
confideration des Gcometres fe reduift a vn mefme f{};f:f“'
geare de Problefmes, qui eft de chercher Ia valeur des funsles -
racines de quelque Equation ; on iugera bien qu'iln’eft fc:sl:flcs,
pasmalayf¢de faire vo dénombrement de toutes les vo- ny ceux
yespar lefquelles on les peut trouuer, qui foit fuffifant qﬂfsi;?,;_
pour demonttrerqu’on a choifila plus generale & laplus Pofcs fans
{imple. Et particulicrement pour cequi eft des Problef- quelques

autres li-
mes folides, que 1ay dit ne pouvoir eftre conftruis, fans gnes plas

qu'on y employe’ quclque ligne plus compofée que la fees.
circulaire, c’eft chofe qu'on peut affés trouuer, de ce
quilsfe redmfent tous adeux conftructions ; en I'vne
defquelles il faut auoir tout enfembleles deux poins,qui
determinent deux moyenes proportionellesentre deux
Eee ligues
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lignes donneks; & en I'auntre les deux poins, qui dinifent
en trois parties efgales vn arc donné: Car d’autant que la
courbure du cercle ne depend, que d’vn fimple rapport
de toutes fes parties, au point qui en eft lecentre ; on ne
peut aufly s’enferuir qu a determiner vn {eul point entre
deux extremes,comme atrouuer vne moyenne propor-
tionelle entre deux lignes droites données, oudiuifer en
deux vn arc donné : Aulien que la courbure des feGtions
coniques, dependant toufioursde deux diuerfes chofes,
peut aufly feruir a determiner deux poins differens.

Mais pour cete mefme raifonil eft impoflible , qu‘au-
cundes Problefmes qui font d’va degré plus compofes
que lesfolides, & qui prefuppofent I'inuention de quatre
moyennes proportionelles,oula divifion d'vn angle en -
cing parties efgales, puiffent eftre conftruits paraucune
desfections coniques. C'eft pourquoy ie croyray faire en
cecy tout le mieux qui fe puiffe,fi ie donne vne reigle ge-
nerale pour les conftruire, enyemployantla ligne cour-
be qui fe defcrit par I'interfectiod’vne Parabole & d’vne
ligne droite en lafagon cy deffus expliquée. car i'ofe af-
furer quilny en a point de plus fimple en la nature, qui
puifle fernira ce mefme effect ; & vous auce vii comme
elle fuitimmediatement les feCtions coniques, en cete
queftion tant cherchée par lesanciens, dontla foldtion
enfeigne par ordre toutes les lignes courbes, qui doivent

Facony, €fltrereceués en Geometrie.

nerale Vousfcaues defiacomment, lorfqu’on cherche les
Rouire . quantités qui font requifes pour la conftruction de ces
;‘:g;}:? Problefmes, on les peut toufiours reduire a quelque E-

mes re- quation,qui ne monte que iufques au quarréde cube, ou
duits 2 )
au
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portionals are to be found between two given lines, and one in which
two points are to be found which divide a given arc into three equal
parts. Inasmuch as the curvature of a circle depends only upon a sim-
ple relation between the center and all points on the circumference, the
circle can only be used to determine a single point between two
extremes, as, for example, to find one mean proportional between two
given lines or to bisect a given arc; while, on the other hand, since
the curvature of the conic sections always depends upon two different

[243]

things,”™" it can be used to determine two different points.

For a similar reason, it is impossible that any problem of degree more
complex than the solid, involving the finding of four mean proportion-
als or the division of an angle into five equal parts, can be constructed
by the use of one of the conic sections.

I therefore believe that I sliall have accomplished all that is possible
when I have given a general rule for constructing problems by means
of the curve described by the intersection of a parabola and a straight
line, as previously explained ;**? for I am convinced that there is noth-
ing of a simpler nature that will serve this purpose. You have seen,
too, that this curve directly follows the conic sections in that question
to which the ancients devoted so much attention, and whose solution
presents in order all the curves that should be received into geometry.

241 As, for example, the distance of any point from the two foci. Descartes
does not say “all points on the circumference,” but “toutes ses parties.”
124 See page 84.
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When quantities required for the construction of these problems are
to be found, you already know how an equation can always be formed
that is of no higher degree than the fifth or sixth. You also know how
by increasing the roots of this equation we can make them all true, and
at the same time have the coefficient of the third term greater than the
square of half that of the second term. Also, if it is not higher thau
the fifth degree it can always be changed into an equation of the sixth
degree in which every term is present.

Now to overcome all these difficulties by means of a single rule, I
shall consider all these directions applied and the equation thereby
reduced to the form:

Y —p¥y+qy* —ry*+sy*—ty+u =0

in which g is greater than the square of ¥ p.
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aufurfolide. Puisvous{gauéaunfly comment, enaug- vneEqua.
mentant la valeur desracines de cete Equation , on peut fon Jui
toufiours faire qu'elles deuienent toutes vrayes; & auec lus de
cela que la quatité connug dutroifiefme terme foit plus :Erf;;s'
grande que le quarré de la moiti¢ de celle du fecond:Et

enfin comment, i elle ne monte que infquesau furfoli-

de, onlapeut hanfler iufques au quarre de cube ; & fai-

te quela placed’aucun de fes termes ne manque d’cftre
remplie.  Or affin que toutes les difficultés, dontil eft

icy queftion, puiffent eftre refolués par vne mefme rei-

gle, ie defire qu'onface toutes ces chofes, & par ce
moyen qu’on les reduife toufiours a vne Equation de

telle forme,

yG.-P_y’-i—-qy*--_r_y dtsyy--ty-tv0o0,

8¢ en laquelle la quantité nommde ¢ foit plus grande

quele quarré de la moiti€ de celle qui eft nommee p.

Eeec 2 Puis
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Puis ayant fait a
ligne B K indefi-
niement longue
des deux coftés;
& du point B
ayant tird la per-
o pendiculaire A B,
dontla longueur
foiry p;il faucdans
vn plan feparé¢ de-
Icrite vne Para-
bole, eomme C
D F dont Ie cofté
droit principalfoit

PFT

i
-V-'u—-'-q"l

r ¥
queie nommera;r
z pour abreger.
1o Aprés cela il faut
pofer le plan dans
lequel eft cete Parabole fur celuy ou font les lignes AB &
BK, enforte que fonaiffieu D E fe rencontre juftement
au deflus de la ligne droite BK: Et ayant pris lapar-
tie de cet aiffien, qui eft entre les poinsE & D, efgalea

Vo . . .
‘7;, il faut appliquer fur ce point E vne longue reigle,

en telle fagon qu'eftantaufly appliquee for le point A
du plan de deffous , elle demeure toufiours iointe a ces
deux poins, pendant qu'on hauffera ou baiffera la Para-

bole
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THIRD BOOK

Produce BK indefinitely in both directions, and at B draw
AB perpendicular to BK and equal to 3p. In a separate plane™”
describe the parabola CDF whose principal parameter is

2
- z”
which we shall represent by #.

Now place the plane containing the parabola on that containing the
lines AB and BK, in such a way that the axis DE of the parabola falls

2
along the line BK. Take a point E such that DE = —p){-u and place a

ruler so as to connect this point E and the point A of the lower plane.
Hold the ruler so that it always connects these points, and slide the
parabola up or down, keeping its axis always along BK. Then the

125] This does not mean in a fixed plane intersecting the first, but, for exam-
ple, on another piece of paper.
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point C, the intersection of the parabola and the ruler, will describe
the curve ACN, which is to be used in the construction of the proposed

problem.
Having thus described the curve, take a point L in the line BK on the
o
concave side of the parabola, and such that BL = DE= }:/u; then lay
7

!
off on BK, toward B, LH equal to mi—:, and from H draw HI

perpendicular to LH and on the same side as the curve ACN. Take
HI equal to

7 Nu P
2n? + P + 4V

which we may, for the sake of brevity, set equal to Z—; Join L andI, and

describe the circle LPI on LI as diameter; then inscribe in this circle

the line LP equal to \/i"'_p#. Finally, describe the circle PCN about
n

I as center and passing through P. This circle will cut or touch the
curve ACN in as many points as the equation has roots; and hence the
perpendiculars CG, NR, QO, and so on, dropped from these points
upon BK, will be the required roots. This rule never fails nor does it
admit of any exceptions.

For if the quantity s were so large in proportion to the others, p, g,
7, ¢, u, that the line LP was greater than the diameter of the circle
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LivrRe TROISIESME. 405
bole tout Ie long de laligne BK , furlaquelle fon aiffieu
eft appliqué aumoyendequoy!'interfection de cete Pa-
rabole, & de cete reigle, qui fe fera au point C , defcrira
laligneeourbe A C N, quieft celle dont nous auons be-
foinde nous feruir pour la conftruction da Problefme
propofé. Caraprés qu'élleeftainfi defcrite, fi on prent
le point L en laligne B K, du eofté vers lequel eft tourné
lefommet de la Parabole & qu’on face BL efgalea D

E, ceft hdlreé : Puis du point L , vers B , qu'on
prene en la mefme ligne BK , la llgne LH, efgale

o &quedu point H ainfi trouu€, on tire 2 angles
droits, du coft¢ queft la courbc A CN,laligneHI,

dontla longeur foit ‘—i- —|-

V. Quipour abreger

fera nommee ”7‘: Et aprés, ayant ioint les poins L & I,

qu'ondefcrivelecercle L PI, dont I L foitle diametre;
& qu’on infcriue en ce cercle la ligne L P dont la lon-

vV sxp Vo

geur foit ¥ ——: Puis enfindu centre I, par le point P

ainfitrouué, qu'ondéfcriuelecercle PCN. Ce cercle
couppera ou touchera laligne courbe A CN, en autant
depoins quil y aurade racines en I'Equation : Enforte
que les perpendiculaires tirées de cespoins furlaligne
BK,commeC G, N R, QO, & femblables, ferontles
racinescherchees. Sans quily ait aucune exceptionny
aucun deffaut en cetereigle. Car fi la quantité s cftoit
figrande, a proportion des autres p, 4,7, ¢, & v, que lali-
goe L P fe tronuaft plus grande quele diametre du cer-

Eee 3 cle
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clel L,en forte qu'elle n'y puft eftre infcrite, il ny auroit
aucune racine en 'Equation propofee qui.ne fuft imagi-
naire: Non plus que file cercle I P eftoit fi petit, qu'ilne
coupaft la courbe A C N enaucunpoint. Etillapeut
couper en fix differens , ainfi qu'il peut y auoir fix
diuerfes racines en 'Equation. Mais lorfqu'il la coupe
enmoins , cela tefmoigne qu’il y a quelaues vnes de
ces racines qui font efgales entre elles , oubien quine
font qu'imaginaires.

T

- 3v
oE T

2V

A 3 bs \s/”

A< H

/O
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THIRD BOOK

LL™ so that LP could not be inscribed in it, every root of the pro-
posed equation would be imaginary ; and the same would be true if the
circle IP*™ were so small that it did not cut the curve ACN at any
point. The circle IP will in general cut the curve ACN in six differ-
ent points, so that the equation can have six distinct roots.™ But if
it cuts it in fewer points, this indicates that some of the roots are equal
or else imaginary.

1 That is, the circle IPL, of which the diameter is ¢, page 222.

21 That is, the circle PCN.

1251 The points determining these roots must be points of intersection of the
circle with the main branch of the curve obtained, that is, of the branch ACN,
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If, however, this method of tracing the curve ACN by the transla-
tion of a parabola seems to you awkward, there are many other ways
of describing it. We might take AB and BL as before (page 226), and
BK equal to the latus rectum of the parabola, and describe the semi-
circle KST with its center in BK and cutting AB in some point S.
Then from the point T where it ends, take TV toward K equal to BL
and join S and V. Draw AC through A parallel to SV, and draw SC
through S parallel to BK; then C, the intersection of AC and SC will
be one point of the required curve. In this way we can find as many
points of the curve as may be desired.
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LivkRe TROISIESME. 407

Quefila'fagon de tracerlaligne A C N par le mouue-
ment d'vne Parabole vous femble incommode, il eft ay-
fede trouuer plufieurs autres moyens pour la defcrire.
Comme fiayant les mefmes quantités que deuant pour
AB &B L;& lamefme pour B K,qu’onanoit pofée pour
le coft¢droit principal de la Parabole;on defcrit le demi-
cercle KS T dont le centre foitpris a difcretion dansla
ligne BK, enforte qu'il couppe quelg; partlaligne A B,
comme aupoint S, & que du point T, ou il finift,on pre-
nevers Kla ligne T V, efgalea BL; puis ayant tiré€ la li-
gne SV, qu'on en tire vne autre , qui luy foit parallele,
par le point A, comme A C; & qu'on en tire aufly vne
autre par S,qui foit parallelea B K, comme S C; le point
C,ou ces deux paralleles ferencontrent,feral’'vn de ceux
delaligne courbe cherchée. Et onenpeuttrouuer, en
mefme forte,autant d’autres qu'onen defire.
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4a8 Lr GEOMETRIE
Or la demonttration de tout cecy eft affés facile. car
appliquant lareigle A E auec la Parabole E D fur le point
C; comnmeil eft certain qu'elles peuuent y eftre appli-
quéesenfemble , puifque ce point C eften lacourbe
A C N, qui eft defcrite par leur interfe¢tion ; fi CG fe

nomme y,GD fera’l,'r » a caufe que le cofté droit, qui
cftn,eft2 CG,comme CGaGD.&oftant DE, quieft

Vv
pn 2

3T

e v

/7'C 2T

/ 2V

A 3 S<2s s/-r
B

v

N K

230

—.>de GD,on :‘1’;]-- f;:—i’, pour G E. Puis 2 caufe que

A BeftaBE, comme
CGeftaGE; AB
cftant £ p , BE eft
fy Yo
- myt

Et tout de mefme
en fuppofant que le
point Cdelacourbe 2
eft¢’trouué par I'inter-
fetio des lignes droi-
tes, SC parallele 2 B

K, & AC parallele a
SV. SBquieftefgale

ACG,efty: & BK
eftant efgale an cofté
droit de la Parabole,
que iay nomm¢ z, B

T eft ’g— car comme

KBeftaBS, ainfiBS
et aBT. Et TV
eftant
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The demonstration of all this is very simple. Place the ruler AE
and the parabola FD so that both pass through the point C. This can
always be done, since C lies on the curve ACN which is described by

the intersection of the parabola and the ruler. If we let CG =1y, GD

will equal %, since the latus rectum # is to CG as CG is to GD. Then

2
2 ‘[;, and subtracting DE from GD we have GE = r _ Z—E
pn n pn

Since AB is to BE as CG is to GE, and AB is equal to } p, therefore

DE=

BE=2Y._ N,
2n ny

by the intersection of the line SC, which is parallel to BK, and
AC, which is parallel to SV. Let SB= CG =1, and BK =, the

Now let C be a point on the curve generated

2
latus rectum of the parabola. Then BT = J:;, for KB is to BS as BS is

231



GEOMETRY

2
we have BV=2 _ 2 ‘I;

n pn
is to BV as AB is to BE, whence BE=§y7—l - i—;‘ as before. It is evi-

to BT, and since TV=BL = 2;/7?

dent, therefore, that one and the same curve is described by these two
methods.

Furthermore, BL — DE, and therefore DL = BE ;also LH=

2nVu
and DL=?Y _ \/_u
2n ny
% 4
therefore DH=LH+DL= by _ Vu —.
2n ny 2nNu
yﬂ
Also, since GD= g
] 2
GH=DH-GD=2* _ Nu =X
2n ny 22V u n

which may be written

-+ ‘by+5;/;¢ - Vu

GH=
ny

and the square of GH is equal to

—ﬁy+<-—ﬁ—‘/ )y +<2‘/;+—‘/—>y+<4t——ﬁ‘f—) —ty+u
ny*

Whatever point of the curve is taken as C, whether toward N or
toward Q, it will always be possible to express the square of the seg-
ment of BH between the point H and the foot of the perpendicular
from C to BH in these same terms connected by these same signs.
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‘L ” » BY eft
]—]--1‘ &commeSBeﬂaBV ainfiAB eita BE, qui

n

eftant la mefme que BL , c'elt a dire 2.

eft par confequent %, P ,5, comme deuant,d’oi on voit
que c’eft vne mefme ligne courbe qui fe defcrit en ces
deux fagons.

Apréscela,pourceque B L & D E font efgales, D L &
BE le font aufly: de fagon qu'adiouftit L H, quieft
ADL, quxeﬂ: & :;
& en oﬁant G D, qui eft 7 =

onaGH,qm eft*1 -- +

1V,

son 2 la toute DH , qui oft

b+

23 znV-u H

-7 Ceque i'efcris

2 an

par ordre en cete forte G H 20 -- 3 pyy + % o

aVo

ny
Etlequarrdde GHeft,

y 6 pyiee __§ 4+z1;v s va}yy--ty-l‘v
+3pp

2 Vo e’

Et en quelque autre end)x"ymt de cete ligne courbe qu'on
veuille imaginer le point C, comme vers N, ou vers Q,
ontrouuera toufiours que lc quarré de la ligne droite,
qui eft entre le point H & celuy o tombe la perpendicu-
laire du point C fur BH, peut eftreexprimcen ces mef-
mestermes, & anec les mefmes fignes -~ & -- .

DeplusIHcﬁant,?, & L H eftant ;,:V—,J. IL eft

1/::” e ~— a canfe de l'angle droit T H L; & LP eftit
Fff v
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1/:” -V; 1P ouICeft,
me +47‘,,,, --',:—,, --%v, a caufe aufly de langle

drou:I P L. Paisayant fait C M perpendiculaire furI H,
I Meftladifference quieft entreIH, & HMou CG,

. m
Cefta dire entre -, & y , en forte que fon quarre

eft toufiours -m;”: - 3”1”’ -+ yy, qui eftant oft¢ du quarre
de
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. m 14
Again, IH=;2: LH=2“n“\!‘;, whence
I N
IL= \/”‘_ _r
nt + 4n'u
since the angle ITHL is a right angle; and since

LP=\/—59+”—‘/,"—
n n

and the angle IPL is a right angle,

m’ £

IC=1P= oy +

5 __52_;)\/u
dn'u n 2

Now draw CM perpendicular to IH, and

IM=HI-HM=HI-CG="—y,

n

2
whence the square of IM is in; - 2_;;12_3/ +32
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Taking this from the square of IC there remains the square of CM, or

£ K p\/; 2my 2
a7’ n? n 7

and this is equal to the square of GH, previously found. This may be

written
2

— 14
—n 4 2my—pVu y2—5y2+4u P

n2y2
Now, putting
£ 1
—— a4 4__ — 42,4
Vo Vtayt— 4ty
for n*y*, and

— ¢
e Nuy ey
Y uy 2 uJ/

for 2my?, and multiplying both members by n?y* we have

2 _
yG_ﬁyS+<%ﬁ2_7%>y“+<2‘/’T+ 2! >y3+<4[—u—/>\/u>y’—ty+u

2vu
equals
1 . 2t 1_2_ _ > 2
<4ﬁ 7 ﬁ>y4+<r+2~/?+2ﬁ>y3+<4u s—pVu )3,
or

¥ —py°+qy* —ry’+sy*—ty+u =0,
whence it appears that the lines CG, NR, QO, etc., are the roots of this
equation. .

If then it be desired to find four mean proportionals between the
lines @ and b, if we let x be the first, the equation is #*—a‘b=0 or
x*—a*bxr =0. Let y—a=x, and we get

y*—6ay®+15a°y*—200%y*+15a*y* — (6a°+-a*b) y+a®+a®b =0.
Therefore, we must take AB = 3a, and BK, the latus rectum of the
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. v
delC, il refte — .. = .2~ +L’"!.-yy,

4nnv nn nn nn

pourle quarré de CM, qui eft efgal au quarrede G H de-
fiatrouu€. Oubien en faifant que cete fomme foit diui-
{¢e commel’autre par nnyy,ona

§ 1 .
—-any4t-+amy? --pi/v_y_y--.ryy-f-*—vyy. Puis

nnyy
remettant {’i'uy t-gyt-- Tppyt, pourmmyt ; &

b i . 1
ry’+2v v yi—+ oy, pour2my’ : & multipliant
I'vne & l'autre fomme par zn yy, on a

Y-yt - vﬁ}y o ;/:'”}y s =? ’./,”}v-- ty+v

+3pp el T
¢ efgala
L3 A —-p?v
VelyrAa ¥y s Ky

+py toavwy T
C'eft adire quona,
Si-pySAqy*--ry’+syy--ty4-voo.
D’oi il paroift queleslignes C G, N R, QO, & fembla-
bles font lesracines de cete Equation, qui eft ce qu’il fal-
loit demontftrer.

Ainfidoncfion veut trouuef quatre moyennes pro-
portionellesentre les lignes # & ¥, ayant pofe x pour la
premiere , 'Equation eft xs**** .- 2+) 200 oubien
xSFAXI_g4hx* 00, Et taifanty --a 0 xil vient
y--6ay-tisaayt--2z0a it 15atyy f:; }]I;‘;ao 0.
C’eft pourquoyil faut prendre 3 & pour la ligne AB, &

1V 6as Jasb h ]
=—=- ¢ za pour BK, ou le cofte droit de laPa-

Vaajab
Fff 2 rabole
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rabole que iay nommé 2. &, ¥ a4+ ab pour D E on
BL. Et aprésauoir defcrit la ligne courbe ACN fur

y . . . 643 v aab
la mefure de ces trois, il faut faire LH, © ——
wVYaz ab.
0as 18a%43a3b
& HI © ‘——'— Vaa—l—-ab &LP >
1

nnVaag ab,

Visatgea Vargab
au point I paflera par le point P ainfi tronue, couppera la
courbeauxdeuxpoins C& N ; defquels ayant tire les
perdendiculaires NR & CG, fi la moindre, N R, eft
oftée delaplus grande, C G, lerefte fera, x, lapremicre
des quatre moyeanes proportionelles cherchees.

1l eft ayf€ en mefme fagon de diuifer vn angle en cinq
parties efgales, & d'infcrire vne figure d'vnze ou treze
coftés efgaux dans vn cercle, & de trouuer vne infinite
d’autres exemples de cete reigle.

Toutefoisileft a remarquer, qu’en plufieurs de ces
exemples, il peut arriuer que le cercle couppe fi obli-
quement la parabole du fecond genre; que le point de
leur interfe@ionfoit difficile a reconnoiftre: & ainfi que
cete conftruction ne foit pascommode pour la pratique.
A quoyilferoit ayf¢de remedier en compofant d'autres
regles, Al'imitation de cellecy , comme on en peut
compofer de millefortes,

Mais mondeflein n'eft pas de faire vn gros liure, &
ie tafche plutoft de comprendre beaucoup en peu de
mots: comme oniugera peuteftre que iay fait , fion con-
fidere, qu'ayant reduit 2 voe mefme conftruion t(;us

es

Car le cercle qui ayant fon centre
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parabola must be

Ba3+a’h 2
———— +4-6a
\/a2+ab
which I shall call #, and DE or BL will be
2a \/a2+ab.
3n
Then having described the curve ACN, we must have
_ 6a3+a%
2n \’a2+ab
and
10a 18a4+4 3a%
HI= ~/ +abt
222 a’+ab
and

LP= : \/15a’+6a o' +ab.

For the circle about I as center will pass through the point P thus
found, and cut the curve in the two points C and N. If we draw the
perpendiculars NR and CG, and subtract NR, the smaller, from CG,
the greater, the remainder will be ., the first of the four required mean
proportionals.”™”

This method applies as well to the division of an angle into five equal
parts, the inscription of a regular polygon of eleven or thirteen sides
in a circle, and an infinity of other problems. It should be remarked,
however, that in many of these problems it may happen that the circle
cuts the parabola of the second class so obliquely'™ that it is hard to
determine the exact point of intersection. In such cases this construc-
tion is not of practical value.”™ The difficulty could easily be overcome
by forming other rules analogous to these, which might be done in a
thousand different ways.

129 The two roots of the above equation in y are NR and CG. But we know
that a is one of the roots of this equation, and therefore NR, the shorter length,
must be a, and CG must be y. Then x =y —a = CG — NR, the first of the
reqmred mean proportionals. Rabuel, p. 580.

20 That i Is, makes so small an angle with it.
[”” This is especially noticeable when there are six real positive roots.

239



GEOMETRY

But it is not my purpose to write a large book. I am trying rather
to include much in a few words, as will perhaps be inferred from what
I have done, if it is considered that, while reducing to a single construc-
tion all the problems of one class, I have at the same time given a
method of transforming them into an infinity of others, and thus of
solving each in an infinite number of ways; that, furthermore, having
constructed all plane problems by the cutting of a circle by a straight
line, and all solid problems by the cutting of a circle by a parabola; and,
finally, all that are but one degree more complex by cutting a circle by
a curve but one degree higher than the parabola, it is only necessary to
follow the same general method to construct all problems, more and
more complex, ad infinitum ; for in the case of a mathematical progres-
sion, whenever the first two or three terms are given, it is easy to find
the rest.

I hope that posterity will judge me kindly, not only as to the things
which I have explained, but also as to those which I have intentionally
omitted so as to leave to others the pleasure of discovery.

[THEEND]
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les Problefmes d’vn mefme genre, iay tout enfemble
donné la fagon de lesreduire 2 vne infinit¢ d’autres di-
uerfes; & ainfi de refoudre chafcun deux en vne infinit
de fagons. Puisoutre cela qu'ayant conftruit tous ceux
qui font plans, en coupant d’vn cercle vne ligne droite;
& tous ceux qui font folides, en coupant aufly d'vn cer-
cle voe Parabole; & enfintous ceux qui font d’vn degré
plus compofes, encoupant tout de mefme d'vn cercle
vneligne quin’eft que d'vn degré plus compofce que la
Parabole; il ne faut que fuiure lamefme voye pour con-
ftruire tous ceux qui font plus compofesalinfini. Caren
matiere de progreflions Mathematiques,lorfqu’on ales
deux outrois premiers termes, il n’eft pas malayf€ de
trouuer les autres. Eti’efpere que nos neueux me fgau-
ront gré , non feulement des chofés que iay icy expli-
. quces ; mais auffy de celles que iay omiles volontaire-
rement , affin de leur Laiffer le plaifir de les inuenter.
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P Ar grace & priuilege du Roy tres chre-
ftien il eft permis al Autheur duliure in+
titule Difcours dela Methode €s'c. p/w (s Dio-
ptrique, /csM eteores,e’s la Geometrie ¢c. dele
faire imprimer en telle part que bon luy fem.
blera dedans & dehorsle royaumede France,
& ce pcndant le terme de dix annees confe-
quutiues, a conter du iour qu’il fera parache-
uc d'imprimer, fansqu aucun autre que le li-
braire quil aura choifi le puiffe imprimer, ou
faireimprimer,en tout ny en partie, fous quel-
que pretexte ou deguifement que ce puille
eftre; ny en vendre ou debiter d'autre impref-
fion quedecellequiauraeftefaite par fa per-
miflion,a peine de milliures d’'amande, con-
fifcation de tous les exemplaites &c. Ainfi
quil eft plus amplement declaré dans les let-
tresdonnees a Parisle 4 iour de May 1637. fi-
gnees par le Roy en fon confeil Ceberes &
_feelleesdu grand fceau de cireiaune fur fimple
queut.

I Autheur a permis a2 Tan Maire marchand
libraire a Leyde, dimprimer le dit liure & de
iouir du dit priuilege pour letems & aux con-
ditionsentre eux accordeds.

Achené d'imprimer le 8. iour de Tuin 1637.
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By THE GRACE AND PRIVILEGE of the very Christian King, it is per-
mitted to the author of the book entitled Discourse on Method, etc.,
together with Dioptrics, Meteorology, and Geometry, etc., to have
printed wherever he wishes, within or without the Kingdom of France,
and during the period of ten consecutive years, beginning on the day
when the printing is completed, without any publisher (except the one
whom he selects) printing it, or causing it to be printed, under any pre-
text or disguise, or selling or delivering any other impression except
that which has been allowed, under penalty of a fine of a thousand
livres, the confiscation of all the copies, etc. This is more fully set forth
in the letters given at Paris, on the fourth day of May, 1637, signed
by the King and his counsel, Ceberet, and sealed with the great seal of
yellow wax on a simple ribbon. i

The author has given permission to Jan Maire, bookseller at Leyden,
to print the said book and enjoy the said privilege for the time and
under the conditions agreed upon between them.

The printing is completed the eighth day of June, 1637.
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