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Preface 
If a mathematician were asked to name the great epoch-making 

works in his science, he might well hesitate in his decision concerning 
the product of the nineteenth century ; he might even hesitate with 
respect to the eighteenth century ; but as to the product of the sixteenth 
and seventeenth centuries, and particularly as to the works of the 
Greeks in classical times, he would probably have very definite views. 
He would certainly include the works of Euclid, Archimedes, and 
Apollonius among the products of the Greek civilization, while among 
those which contributed to the great renaissance of mathematics in the 
seventeenth century he would as certainly include La Geom(!frie of 
Descartes and the Principia of Newton. 

But i t  is one of the curious facts in the study of historical material 
that although we have long had the works of Euclid, Archimedes, 
Apollonius, and Newton in English, the epoch-making treatise of Des­
cartes has never been printed in our language , or, if so, only in some 
obscure and long-since-forgotten edition. Written originally in French, 
it was soon after translated into Latin by Van Schooten, and this was 
long held to be sufficient for any scholars who might care to follow 
the work of Descartes in the first printed treatise that ever appeared 
on analytic geometry. At present it is doubtful if many mathemati­
cians read the work in Latin ; indeed, it is doubtful if  many except the 
French scholars consult i t  very often in the original language in which 
it appeared. But certainly a work of this kind ought to be easily access­
ible to American and British students of the history of m:J.thematics, 
and in a language with which they are entirely familiar. 

On this account, The Open Court Publishing Company has agreed 
with the translators that the work should appear in English, and with 
such notes as may add to the ease with which it will be read. To this 
organization the translators are indebted for the publication of the 
book, a labor of love on its part as well as on theirs. 

As to the translation itself ,  an attempt has been made to give the 
meaning of the original in simple English rather than to add to the dif­
ficulty of the reader by making it a verbatim reproduction. It is 
believed that the student will welcome this policy, being content to go 
to the original in case a stricter translation is needed. One of the 
translators having used chiefly the Latin edition of Van Schooten, and 
the other the original French edition, i t  is believed that the meaning 
which Descartes had in mind has been adequately preserved. 
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The Geometry of Rene Descartes 
BOOK I 

PRoBLEMS TH E CoN STRUCTION oF WHICH REQUI RES ON LY STRAIGHT 

LINES AND CI RCLES 

;\ NY problem in geometry can easily be reduced to such terms that 
t-\_ a knowledge of the lengths of certain straight lines is sufficient 
for its construction. 111 Just as arithmetic consists of only four or five 
operations, namely, addition, subtraction, multiplication, division and the 
extraction of roots, which may be considered a kind of division, so in 
geometry, to find required lines it is merely necessary to add or subtract 
other lines ; or else, taking one line which I shall call unity in order to 
relate it as closely as possible to numbers, 1'1 and which can in  general be 
chosen arbitrarily, and having given two other lines, to find a fourth 
line which shall be to one of the given lines as the other is to unity 
(which is the same as multiplication ) ; or, again,  to find a fourth line 
which is to one of the given lines as unity is· to the other (which is 
equivalent t'o division ) ; or. finally, to find one, two, or several mean 
proportionals between unity and some other line ( which is the same 

Jll Large collections of  problems of  this nature are contained in the following 
works : Vincenzo Ri ccati and Girolamo Saladino, lnstitutiones At�al)>ticae, Bologna, 
1765 ; Maria Gaetana Agnesi, lstituzioni Analitiche, Milan, 1748; Claude Rabuel, 
Commentaires s11r Ia Geometrie de M. Descartes, Lyons, 1730 (hereafter referred 
to as Rabuel ) ; and other books of the same period or earl ier.  

1'1 Van Schooten, in his Latin edit ion of  1683, has this note : "Per un itatem 
intel l ige l ineam quandam determinatam, qua ad quamvis rel iquarum l inearum talem 
relationem habeat, qualem un itas ad certum al iquem numerum." Geometria a 
Renata Des Cartes, una cum notis Florimondi de Beaune, opera atque studio 
Francisci d Schnoten, Amsterdam, 1683, p. 165 ( hereafter re ferred to as Van 
Schooten) . 

In general , the translation runs page for page with the facing original. On 
account of figures and footnotes, however, this plan is occasionally varied, but not 
in such a way as to cause the reader any serious inconvenience. 
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L A  

G E 0 MET R I E. 
LIVRE PREMIER. 

'Des prob/efme.r qu'on peut conflruire fans 
y employer que de.r cercles & de.r 

ftgnes drottes. 
����� 0 u s les Problefmes de Geometrie fe 

peuuenr facilement reduire a tels termes, 
· qu'il n' eft befoin par a pres que de connoi­
ftre la longeur de CJUelques !ignes droites, 

Blll:�i!Ci1i�• pour les conftruire. 
Et comme toute 1' AnthmetiCJue n'eft compofee, que Commcc 

de quatre ou cinq operati ons, CJUi font 1' Addition, Ia � ;��ul 
Souftraction, la Multiplication, la Diuifion, & I' Extra- chmeci­
d:ion des racines, CJU' on peut prendre pour vne efipece que fc 

rapporce 
de Diuifion: Ainfi n'at'on autrechofe a faire en Geo- aux:ope-

. I I 1· • h h l rattans de metrte touc tant es Ignes qu on c ere e, pour es pre- Geome· 

parer a eftre connues, que leur en adioufter d' autres ' ou me. 

en ofter, Oubien en ayant vne, que te nommeray l'vmte· 
pour Ia rapporterd'aurant mieux aux oombres , & CJUi 
peut ordinairement eftre pnfe a difcretion,pms en ayant 
encore deux autres, eo trouuer vne CJUatriefme, qui foit 
al'vne de ces deux,comme I' autre eft a ['vnite, ce qui eft 
le mefine que Ia Multiplication; oubien eo trouoer vne 
quatriefme, qui foit a l'vne de ces deu:r, comme l'vnite 

P p eft 
3 



La Multi-
plication. 

LA G.EOMETRI£. 
eft a l'autre, ce qui eft le mefme que Ia Diuifion; ou enfin 
trouuervne,ou deux ,ou plufieurs moyennes proportion­
nelles entre l'vnite, & quelque autre ligne; ce qui eft le 
mefme que tirer Ia .racine quarree, on cubique,&c. Et ie 
ne craindray pas d'introdui1·e ces term'es d'Arithmeti· 
que en Ia Geometrie , affin de me rendre plus intel­
ligibile. 

Soit par exemple 
A B l'vnite, & qu'il fail­
le multiplier B D par 
B C, ien'ayqu'aioindre 
les pains A & C,puisti­
rer D E parallele a C A, 

----:!:--�----"';B &. BE eft le produit de 
D cere Multiplication. 

La Divi- Oubien s'il faut diuifer BE par B D, ayant ioint Ies 
lion. pains E & D , ie tire A C parallele a D E, & B C eft le 

l'E produit de cete diuifion. xtra-
cHondcb 
racine �uarree. 

Ou s'il faut tirer Ia racine 
quarree de G H , ie luy ad­
ioufte en ligne droite F G, 
qui eft l'vnite,& diuifant F H 

1....--'0'---K---.....J H en deux parties efgales au 
point K, du centre K ie .tire 

le cercle FI H, puis efleuant du point G vne ligne droite 
iufques a I, a angles droits fur F H, c'eft GI laracine 
cherchee. Je ne dis rien icy de Ia racine cubique, ny des 
autres, a caufe que i' en parleray plus commodement cy 
a pres. 

Comm�t Ma' fc • b fc . d 'nfi I' Qa. peut 1s ouuent on n a pas e om e tracer a1 1 ces t-
gne 

4 



FIRST BOOK 

as extracting the square root, cube root, etc. , of the given line.1'1 And 
I shall not hesitate to introduce these arithmetical terms into geometry, 
for the sake of greater clearness. 

For example, let AB be taken as unity, and let it be required 
to multiply BD by BC. I have only to join the points A and C, and 
draw DE parallel to CA; then BE is the product of  BD and BC. 

If it be required to divide BE by BD, I join E and D, and draw AC 
parallel to DE ; then BC is the result of the division. 

I f  the square root of GH is desirec, I add, along the same 
straight line, FG equal to unity; then, bisecting FH at K, I describe 
the circle FIH about K as a center, and draw from G a perpendicular 
and extend it to I , and GI is  the required root. I do not speak here of 
cube root, or other roots, since I shall speak more conveniently of them 
later. 

Often it is not necessary thus to draw the lines on paper, but it is 
sufficient to designate each by a single letter. Thus, to add the lines 
BD and GH, I call one a and the other b , and write a+ b.  Then a- b 
will indicate that b is subtracted from a; ab that a is multiplied by b; 
a 6 that a is divided by b; aa or a• that a is multiplied by itself ; a• that 

this result is multiplied by a, and so on, indefinitely. 1'1 Again, if I wish 

to extract the square root of a'+b•, I write y'a2+b'; i f  I wish to 

extract the cube root of a"-b"+ab", I write ""{Ya"-b"+ab': and sim­
ilarly for other roots. 1'1 Here it must be observed that by a•, b", and 
similar expressions, I ordinarily mean only simple lines, which ,  how­
ever, I name squares, cubes, etc., so that I may make use of the terms 
employed in algebra. 101 

l•J While in ar ithmetic the only exact roots obtainable are those of perfect 
powers, in geometry a length can be found which will represent exactly the square 
root of a given l ine, even though this l ine be not commensurable with un ity. Of 
other roots, Descartes speaks later. l•I Descartes uses a3, a•, a•, a•. and so on. to represent the respective powers 
of a, but he uses both aa and a2 without distinction. For example, he often has 

3a• 
aabb, but he also uses 

4b
•" 

::-::---:-::-:----:--:-(I] Descartes writes : .,JC.a3- ll"+aM. See original, page 299, l ine 9. 
1•1 At the time this was written, a• was commonly considered to mean the sur­

face of a square whose s ide is a, and b" to mean the volume of a cube whose side 
i s  b; while b•, b", . • .  were unintell igible as geometric forms. Descartes here says 
that a• does not have this meaning, but means the line obtained by constructing a 
third proportional to 1 and a, and so on. 
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It should also be noted that all parts of a single line should always 
be expressed by the same number of dimensions, provided unity is not 
determined by the conditions of the problem. Thus, a• contains as 
many dimensions as ab2 or b", these being the component parts of the 

line which I have called \}'a3-b'+ab·2• It is not, however, the same 
thing when unity is determined, because unity can always be under­
stood, even where there are too many or too few dimensions; thus ,  if  
it be required to extract the cube root of a2b2- b, we must consider the 
quantity a2b2 divided once by unity, and the quantity b multiplied twice 
by unity. 1'1 

Finally, so that we may be sure to remember the names of these lines, 
a separate list should always be made as often as names are assigned 
or changed. For example, we may write, AB= l, that is AB is equal 
to 1 ;1'1 GH=a, BD = b, and so on. 

I f ,  then, we wish to solve any problem, we first suppose the solution 
already effected,1'1 and give names to all the lines that seem needful for 
its construct ion,-to those that are unknown as well as to those that 
are known.�''1 Then, making no distinction between known and unknown 
lines, we must unravel the difficulty in any way that shows most natur-

171 Descartes seems to say that each term must be of  the third degree, and that 
therefore we must conceive of both a2b• and b as reduced to the proper dimension. 

1'1 Van Schooten adds "seu un itati ," p. 3. Descartes writes, AB ::XJ 1 .  He 
seems to have been the first to use this symbol. Among the few writers who fol­
lowed him, was Hudde ( 1 633- 1704 ) . It is very commonly supposed that :::0 i s  a 
l igature representing the first two letters (or d iphthong)  of ".equare." See, for 
example, M. Aubry's note in W. W. R. Bal l's  Recrcatious Mathhnatiques et Prob­
temes des Temps An c iens et JI.Jodernes, French edition, Paris, 1909, Part III ,  p. 164. 

1'1 This plan, as is well known, goes back to Plato. It appears in the work of 
Pappus as follows: "In analysis we suppose that which is required to be already 
obtained, and consider its connect ions and antecedents, going back until  we reach 
either something already known ( given in the hypothes i s ) , or else some fundamen­
tal principle (axiom or postulate) of mathematics." Pappi Ale.randrini Collectiones 
quae supersunt e libris Hl£!1111 scrif'lzs edidit Latina interpe/latione et commen tariis 
i>Zstru.nt Frederiws Hultsch, Berlin, 1876- 1878; vol. I I ,  p. 635 ( hereafter referred 
to as Pappus ) .  See also Command inus, Pappi Alexandrini Mathematicae Co/lec-
tiones, Bologna, 1588, with later editions. · 

Pappus of Alexandria was a Greek mathematician who l ived about 300 A.D. 
His most important work is a mathematical treatise in eight books, of which the 
first and part of the second are lost. This was made known to modern scholars 
by Commandinus. The work exerted a happy influence on the revival of  geometry 
in the seventeenth century. Pappus was not himsel f a mathematician of the first 
rank, but he preserved for the world many extracts or analyses of  lost works, and 
by his commentaries added to their interest. 

1«>1 R'abuel cal ls  attention to the use o f  a, b, c, . . . for known, and x, }', z, . . . 
for unknown quant ities ( p. 20 ) .  
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goes fur Ie papier, & ilfuffift de les defigner par quelques vier de 
lettres, chafcune par vne feule. Com me pour adioufter chiffresen 
Ia ligne B D a G H, ie nomme l'vne a & J'autre b,& efcris �i:�me· 
a+ b; Eta-- b,pourfoufiraire bd' a; Et ab,poudes mul­
tiplierl'vne par l'autre; Et ; , pourdiuifer a parb; Eta a. 

1 ; 
ou a, pour multiplier a par foy mefme ; Eta. pour Ie 
multiplier encore vne fois par a , & ainfi a l'infini i Et 

I l. 2. t %, 
r a+ b, poor tirer Ia racine quarrc'e d' a + b ; Et 
1'/. 3 I l ! C. a-- b +a b b, pour  tirer la racine cubique d' a -- b 
+a b b, & ainfi des autres. 

z I 
Ou il eft a remarquer que par a ou b ou femblables� 

ie ne con<;oy ordinairement que des lignes routes lim­
pies, encore que pour me feruir des noms vfites enl' Al­
gebre, ie Ies nomme des quarre's ou des cubes, &c. 

1l eft auify a remarquer que toutes les parties d'vne 
m efme li gne, fe doi uent ordinairement exprimer par au• 
tant de dimenfions l'vne que l'autre, lorfque l'vniten'eft 

l 
point determine'e en Ia queftion, com me icy a en con .. 

I 
tient autant qu' a b b ou h dont fe compofe la ligne que 
i'ay nommee r c. d -- b + a h b: mais que ce n'eft 
pas de mefine lorfque l'vnite eft determinee, a caufo­
qu 'elle peut e£l:re fouientendue par tout ou il y a trap 011 
trap peude dimenfions: com me s'il faut tirer Ia racine 
cubique de a a bb -- b , il faut penfer que Ia quantit6 
a a b b eft diuife'e vne fois par l'vnire, & que l'autre quan­
tite b eft multipliee deux fois par la mefme. 
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300 LA GEOMETRIE. 
Au refte affin de ne pas manquer a fe fouuenir des 

noms de ces !ignes, il e n  faut to ufiours faire vn regiftre 
fepare' a me fure qu'on l e s  p o fe o uqu'on les change, 
ef cri uant par exemple. 

A B :0 I, c'e ftadire ,ABefgal at. 
GH:n a 
B D :n b,  ·C..Cc. 

�emm.:c Ainfi voulant rcfoudre quelque problefrne, on doit d'a­�fra��;e- bord le confidei:rer co mme d e fia fait, & don n e r  d e s  noms 
Eq.uacios a ro utes les l ignes, qui femblent necelfaire s  p o ur le co n­
���c ���- ftruire � aulfy bie n a ce lles qui f o nt inconnues , q u'aux foudre les autr e s. Puis fans co nfiderer au cone differe nce e ntre ces ���s�lef.. lignes connues, & inconnues, on d o it par co unr Ja diffi-

c ulre, f e l o n  l'ordre qui monftre le plus nature lleme nt 
de to ns e n  qu'elle forte e lles dependen t mutuellement. 
les v nes des aorre s, iu fques  a ce qu'o n  air tro u ue mo yen 

'd'e xprimer vne m e fme quamitc en deux fa�ons: ce qui 
fe nom me vne Equat ion; car les termes de l'vne de ces 
de uxfa�onsf o nt e fgaux ace ux de l'aurre. Et o n  doic 
trou uer au rant de relie s  Equatio n s,qu' on a fuppofe de !i­
gnes, qui e ftoie nt inconnues. Oubien s'il ne s' en tro uue 
pas rant,& que no(10bftanco n  n'o metteriende ce qui eft 
d e  fire en Ia que�10n,cela tefrno igne qu'elle n'eft pas e n­
tieremenc determinee. Et Jors on p e ur prendre a difcre ­
tion des lignes connues, p o ur to ores les inconnues auf­
qu'elles ne correfpond aucune Equatio n. A pres ce la s'il 
enrefte e n core plufie urs , il.fe faur feruir par o rdre de 
chafcune d e s  Equations qui r e ft e nt aulfy, f o it en Ia con­
:fideran t route fe ul11 ,fo i t  en !a co mparanr auec les autre s, 
pour expliquer chafcune de c e s  lignes inconnues; & faire 

ainfi 
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ally the relations between these lines, until we find it possible to express 
a single quantity in two ways. l''1 This will constitute an equation , since 
the terms of  one of  these two expression:; ate together equal to the 
terms of  the other. 

We must find as many such equations as there are supposed to be 
unknown lines ; 1"1 but i f , after considering everything involved, so many 
cannot be found, it is evident that the question is not entirely deter­
mined. In such a case we may choose arbitrarily lines of known length 
for each unknown line to which there corresponds no equation.�''1 

I f  there are several equations, we must use each in order, either con­
sidering it alone or comparing it with the others, so as to obtain a value 
for each of the unknown lines ; and so we must combine them until 
there remains a single unknown line1"1 which is equal to some known 
line, or whose square, cube, fourth power, fi fth power, sixth power, 
etc. , is equal to the sum or difference of two or more quantities, 1"1 one 
of  which is known, while the others consist of mean proportionals 
between unity and this square, or cube, or fourth power, etc., multiplied 
by other known lines. I may express this as follows: 

:; �=b, 
or z"= -a::+b', 

or ::"=az'+b"z-c3, 

or .::•=az•-c•z+d<, etc. 

That is, z, which I take for the unknown quantity, is equal to b; or, 
the square of  z is equal to the square of  b diminished by a multiplied 
by z; or, the cub� of z is equal to a multiplied by the square of :;, plus 
the square of b multiplied by z, diminished by the cube of c; and sim­
ilarly for the others. 

JuJ That is, we must solve the resulting simultaneous equations. 
JuJ Van Schooten (p .  149) gives two problems to i l lustrate this statement. Of 

these, the first is as follows : Given a line segment AB containing any point C, 
required to produce AB to D so that the rectangle AD.DB shall be equal to the 
square on CD. He lets AC =a, CB = b, and BD = x. Then AD= a+ b + x, 

b• 
and CD=b+x, whence ax+bx+x2=b•+2bx+x• and x=a-b' 

J>aJ Rabuel adds this note : "We may say that every indeterminate problem is an 
infinity of determinate problems, or that every problem is determined either by 
itse lf  or by him who constructs it" ( p. 21 ) .  

JuJ That is, a line represented by x, x2, x3, x•, .... 
1"1 In the older French, "le quarre. ou le cube, ou le quarre de quarre, ou le sur­

sol ide, ou le quarre de cube &c.," as seen on page 11 (original page 302 ) .  
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Thus, all the unknown quantities can be expressed in terms of a sin­
gle quantity,1"1 whenever the problem can be constructed by means of 
circles and straight lines , or by conic sections, or even by some other 
curve of degree pot greater than the third or fourth.£'11 

But I shall not stop to explain this in more detail , because I should 
deprive you of the pleasure of mastering it yourself ,  as well as of the 
advantage of training your mind by working over it, which is in my 
opinion the principal benefit to be derived from this science. Because, 
I find nothing here so difficult that it cannot be worked out by any one 
at all familiar with ordinary geometry and with algebra, who will con­
sider carefully all that is set forth in this treatiseY'1 

1'"1 See I ine 20 on the opposite page. 
1'71 Literal ly, "Only one or two degrees greater." 
1"1 In the Introduction to the 1637 edition of La Geometrie, Descartes made 

the following remark : "In my previous writings I have tried to make my mean­
ing clear to everybody ; but I doubt if this treatise will be read by anyone not 
familiar with the books on geometry, and so I have thought it superfluous to repeat 
demonstrations contained in them." See Ocmwes de Descartes, edited by Cha�les 
Adam and Paul Tannery, Paris, 1897-1910, vol. VI,  p. 368. In a letter written 
to Mersenne in 1637 Descartes says: "I do not enjoy speaking in praise of mysel f ,  
but since few people can understand my geometry, and since you wish me to 
give you my opinion of it ,  I think it  well  to say that it  i s  all I could hope for, 
and that in La Dioptrique and Les Meteores, I have .only tried to persuade people 
that my method is better than the ordinary one. I have proved this in  my geom­
etry, for in the beginning I have solved a question which, according to Pappus, 
could not be solved by any of  the ancient geometers. 

"Moreover, what I have given in the second book on the nature and properties 
of curved l ines, and the method of  examining them, is, it seems to me, as far 
beyond the treatment in the ordinary geometry, as the rhetoric of Cicero is beyond 
the a, b, c of children . . . .  

"As to the suggestion that what I have written could easily have been gotten 
from Vieta, the very fact that my treatise is hard to understand is  due to my 
attempt to put nothing in it that I believed to be known either by him or by any 
one el se. . • . I begin the rules of my algebra with what Vieta wrote at the 
very end of his book, De eme11datio11e acquatiomtm. . . . Thus, I begin where 
he left off." O euvres de Descartes, pub/ires par Victor Cousin, Paris, 1824, Vol. 
VI, p. 294 (hereafter referred to as Cousin ) .  

I n  another letter to Mersenne, written April 20, 1646, Descartes writes as 
fol lows: "I have omitted a number of things that might have made it (the geom­
etry) clearer, but I did this intentionally, and would not have it otherwise. The 
only suggestions that have been made concerning changes in it are in regard to 
rendering it clearer to readers, but most of these are so malicious that I am com­
pletely disgusted with them." Cousin, Vol. IX, p. 553. 

In  a letter to the Princess Elizabeth, Descartes says : "In the solution of  a 
geometrical problem I take care, as far as possible, to use as lines of reference 
parallel lines or l ines at right angles; and I use no theorems except those which 
assert that the sides of  slmilar triangles are proportional , and that 111 a right 
triangle the square of the hypotenuse is  equal to the sum of the squares of the 
s ides. I do not hesitate to introduce several unknown quantities, so as to reduce the 
question to such terms that it shall depend only on these two theorems." Cousin, 
Vol. IX, p. 143. 
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ainfi en les demeflant, qu'il n'en demeure qu'vne feule� 
efgale a quelque autre, qui foit connue, oubien dont le 
quarre, ou le cube, ou le quarre' de quarre', ou le furfoli .. 
de, ou le quam:' de cube, &c. foit efgal a ce, qui fe pro­
duift par 1' addition, ou fouftrad:ion de deux ou plufieurs 
autres quantites , dont l'vne f oit connue , & les autres 
foient compofees de quelques moyennes proportion• 
nelles entre l'vnite', & ce quam�. ou cube , ou quam� de 
quarrC,&c. multipliees par d'autres connues. Ce que i'e­
fcris en cere forte. 

"':X> b. ou 
� 

-t :x> •• a -t + b b. ou . 
J � ' 

t :x> +a -t + b b -t -- c. ou 
4 ' 4 

� :x> a � -- q: + d. &c. 
C' eft a dire, � que ie prens pour Ia quantite inconnue, 
eft efgale a b, ou le quarre de -t eft efgal au quarrc� de b 
moins a multiplie par t· ou le cube de -t eft efgal ;\ a 
multiplie par le quarre de :(plus le quarre de b multiplic 
par tmoins le cube de c. & ainfi des autres. 

Et on peut toufiours reduire ainfi routes les quantites 
inconnues a vne fe ule, lorfque le Problefme fe peut con­
ftruire par des cerdes & des lignes droites, ou aulfy par 
des fed:ions coniques,ou mefme par quelque autreligne 
qui ne foit que d'vn ou deux degres plus compofee. Mais 
ie ne m'arefte point a e:xpliquer cecy plus en detail, a 
caufe que ie vous ofterois le plaifir de l'apprendre de 
vous mefme, & l'vtilite de cultiuer voftre efprit en vous 
y exerceant, qui eft a mon auis la principale,qu'on puiffe 
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3°l. LA GB OMET lliE. 
t1rer de cete fcience. Auffy que ie n y remarque rien de 
fi difficil e ,  que ceux qui feront vn peu verfe's en Ia Geo­
metric commune, & en l'Algebre, & qui prendront gar­
de a tout ce qui eft en c e  traite', ne puiffent trouuer. 

C'ell: pourquoy ie me contenteray icy de vous auer­
tir, que pourvu qu'en demcflanr ce s Equations on ne 
manque point a fe feruir de toutes les diuifions, qui fe­
ront pofiibles, on aura infalliblemcnt les plus fimples 
termes,aufquels la queftion puiffe eftre reduite. �re�:s Et que fi elle pent eftre refolue par Ia Geometrie ordi­

problef- naire., c'eft a dire ,  en ne fe fe ruant que de !ignes droites 
mes pl.tns & circulaires tracees fur vne fuperficie plate, lorfque Ia 

derniere Equation aura efte entiere me nt demefle'e,il n"y 
reftera tout au plus qu'vn quarrc! inco nnu, efgal a ce qui 
fe produift de 1' Addition , on fouftrad:ion de fa racine 
multiplie'e par quelque quantitc connue, & de quelque 
antte quantite' auffy connue 

Com- Et lors cere racine, ouligne inconnue fe trouue ayfe-menr ils 
re refol- ment. Car fi i•ay par exemple 
ueor. 1 

.-··-··

· 

� ::n a -t + b b 
0_... ....

.. ·• 

·
·

·
····

· 
..... .._ 

iefai� le triangle red:an-
. · gleN L M, dont le co-

{\:.. )P ft_eL M e� efi
d
ga

1
1 a bra­

one quarr�;; e e a quan-
'-.� tite connue h h, & I' au-............... 

LL--.:.:.:.:_------=-:M tre L N eft -f a , la moi-
tie' de l'autre quantite' 

connue, qui eftoit multiplie'e par-t que ie fuppofe eftre Ja 
ligne inconnue. puis prolongeant M N I a haze ae ce tri­

angle, 
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I shall therefore content myself  with the statement that if  the stu­
dent, in solving these equations, does not fail to make use of division 
wherever possible, he will surely reach the simplest terms to which 
the problem can be reduced. 

And i f  it can be solved by ordinary geometry, that is , by the use of 
stra ight lines and circles traced on a plane surface, 1"1 when the last 
equation shall have been entirely solved there will remain at most only 
the square of .an unknown quantity, equal to the product of  its root 
by some known quantity, increased or diminished by some other quan­
tity also known. 1201 Then this root or unknown line can easily be found. 
For example, if I have z2 = az + b2}"'1 I construct a right triangle NLM 
with one side LM, equal to b, the square root of the known quan­
tity b2 , and the other side, LN, equal to 1- a, that is, to half the 
other known quantity which was multiplied by z, which I supposed to 
be the unknown line. Then prolonging MN, the hypotenuse1221 of this 
triangle, to 0, so that NO is equal to NL, the whole line OM is the 
required line z.  This is expressed in the following way : 1201 

1 / 1  Z = -2 a + \/"4 a' + b'. 

But if I have _y• = - ay + b2 , where y is the quantity whose value 
is desired, I construct the same right triangle NLM , and on the hypote-

1'"1 For a discussion of the possibil ity of  constructions by the compasses and 
straight edge, see Jacob Steiner, Die geometrischm C o nstructionen ausgefuhrt 
mittelst der geraden Linie 1md eines festcn Kreises, Berl in, 1833. F or briefer 
treatments, consult Enriques, Fragen der Elementar-Geometrie, Leipzig, 1907 ; 
Klein, Problems in Elemen tar_v Geometry, trans. by Beman and Sm ith, Boston, 
1897 ; Weber und Wel l stein, En cyklopiidie der Elementaren Geometric, Leipzig, 
1907. The work by Mascheroni, La geometria del compasso, Pavia, 1797, is inter­
esting and wel l known. 

1"'1 That is, an expression o f  the form z2 = az ± b. "Esgal a ce qu i  se produit 
de I' Addition, ou soustraction de sa racine multiplee pa� quelque quantite connue, 
& de quelque autre quantite aussy connue," as it appears in l ine 14, opposite page. 

1"1 Descartes proposes to show how a quadratic may be solved geometrical ly. 
1"'1 Descartes says "prolongeant M N  Ia haze de ce triangle," because the hypote­

nuse was commonly taken as the base in earlier t imes. 
l"1 From the figure OM . PM = LM 2 . If OM = z, PM = z - a, and since 

LM = b, we have z (z - a) = b2 or z2 = az + b2• Again, MN = ��a• + b•, whence 

OM = z =  O N +  MN = ! a + � / � a• + b2 • Descartes ignores the second root, which 2 -\) 4 
is negative. 
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nuse MN lay off N P  equal to NL, and the remainder PM is y, the 
desired root. Thus I have 

Y = - � �� + ��a' + b'. 

In the same way, i f  I had 

x' = - ax' + b', 
PM wouid be x• and I should have 

and so for other cases. 
Finally, i f  I have z• = az- b2, I make NL equal to -! a  and LM equal 

to b as before ; .  then, instead of join ing the points M and N, I 
draw MQR parallel to LN, and with N as a center describe a circle 
through L cutting MQR in the points Q and R ;  then z, the line sought, 
is either MQ or MR, for in this case it can be expressed in two ways, 
namely : 1"1 

and 

1 / 1  z = Z a + '\J 4 a' _ b', 

1"1 S ince M R . MQ = LM 2 , then if R = ::, we have MQ = a - z, and so 

z ( a - z) = b2 or z2 = a:: - b2• 
I f, instead of  this, MQ = z, then MR = a - z, and again, z2 = a:: - b2• Further­
more, letting 0 be the mid-point of  QR, 

and 

MQ = OM - OQ =  � a - �� a• -- b', 

M R = MO + OR =  ���+ �� a•- b•. 
Descartes here gives both roots, s ince both are positive. If MR is tangent to the 

circle, that is, if b = � a, the roots wil l  be equal ; while if b > �a, the l ine MR 

w i l l  n o t  m e e t  t h e  circle a n d  both roots w i l l  be imaginary. Also , since RM . QM=LM2, 
::1s2 = b2, and RM + QM = z1 + z2 = a. 
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angle , iufques a 0 ,  en forte qu''N 0 foit efgale a N  L, 
Ia toute OM eft t la ligne cherchee. Et elle s'exprime 
en cete forte 

-t ::n i a -t- rt a (lo + b b. 
Q!!.e fi iay y y :n -- a y + b b, & qu·y foit Ia quantite 

qu'il faut trouuer , ie fais le mefme triangle rectangle 
N L M, & de fa baze M N i'ofte N P efgale a N L, & le 
refte P M eft y Ia racine cherchee. De fa�on que iay 
y � -· i a +  Y ia a  + b b. Et tout de mefme fi. i 'a· 

A- • :z. l. :z. 
uois x ::n -- a x + b. P M feroit x • & i "aurois 
X :X) 1/' - · � a +  Y.-t a a -i- b b: & ainfi des autres. 

N 

Enfin fi i'ay 
% 

-t :X> a -t -- b-b: 
ie  fais N L efgale a i a, &. L M  
efg.ale a b come deuat, puis, au lieu 
de ioindre les poins M N , ie tire 
M QR parallele a L N. & du cen­
tre N par L ayant defcrit vn cer­
cle qui Ia couppe aux poins Q & 
R, la ligne cherchee -t eft M � 
oubie M R, car en ce cas elle s 'ex-

prime en deux fa�ons, a f�auoir 't ::0 i a + r i a a -- b b, 

& -\: :x> i a -- r· i a a -- h b. 
Et fi le cercle, qui ayant fon centre au point N ,  pa1fe 

par l e point L, ne couppe ny ne touche Ia ligne droite 
M Q._R, il n'y a aucune racine en I' Equation , de fa_gon 
qu'on peut affurer que la confl:ruCtion dn problefme 
propofe eft impoffible . 

Au 
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Sxemple 
t1rc de 
Pappus. 

L A  G E O M E T R. U. 
Au refle ces mefmes racines fe peuuent trouuer par 

vne infinite d'aurres moyen s , & i 'ay feulement veulu 
metrre ceux cy, comm e fort fimples, affin de faire voir 
qu' on peut conftru ire tous les Problefmes de Ia Geome­
trie ordinaite, fans faire autre chofe que le peu qui eft 
compris dans les quaere figures que i' ay e�pliquees. Ce 
que ie ne croy pas que les anciens ayent remarque. car 
autrement ils n'eu1fent pas pri sla peine d'en efcrire tant 
de gros liures, ou Je feu I ordre de leurs propofitions nous 
fait connoiftre qu'ils n'ont poin t  eu Ia vraye methode 
pour les trouuer toutes,mais qu'ils ont feulement ramaf.. 
fec eJies qu 'ils ont rencontre'es. 

Et on le peut voir autry fort clairement de ce que Pap­
pus a mi5 au commencement de fon feptiefme liure , ou 
apres s'eftre arefte quelqne terns a denomb rer tout ce 
qui auoit efte' efcrit en Geometrie par ceux qui l'auoient 
precede, il parle enfin d vne queftion , qu'i l  dit que ny 
Euclide, ny A pollonius, ny aucun autre n'auoient fceu 
entierement refoudre . & voycy fes mots .. 

.Ie cite fil.!!,em aut em dicit ( Apo!!oniu.r) in tertia libra locum ad �;J,l}r/1a. tre.r, @ quatuorlineM ab Euc!ide perfeCl-um notz ejfe , neque 
tine que le ipfe perficere poterat , neqtte aliquiJ aliu.r • :  fed neque pau­:ff;�e 'l�:eec 

lulum quidaddere its , qwe Euclide.r fcripjit,per ea tantum 
chafcun conica , qute -urntte ad Eudidzs temoora prtemonflrata l'entende 1 'J. rv 'J• 
pl<U ayfe· funt, @c . 
• ->ncnr. Et vn peu a pres il ex plique ainfi qu'elle eft cere que-

ftion . 
.At locui adtre.r, f5 quatuor lineas , in quo ( Apollonius ) 

magnificefe iaEI:atJ f5 oftentat,nulla /;abita gratia ei , qui 
priM fcrip(erat , eft bujufmodi. Si pofitione datu tribus 

rech't 
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And if the circle described about N and passing through L neither 

cuts nor touches the line MQR, the equation has no root, so that we 

may say that the construction of  the problem is impossible. 

These same roots can be found by many other methods , 1"1 I have 

given these very simple ones to show that it is  possible to construct 

all the problems of ordinary geometry by doing no more than the little 

covered in the four figures that I have explained. 1'"1 This is one thing 

which I believe the ancient mathematicians did not observe, for other­

wise they would not have put so much labor into writing so many books 

in which the very sequence of the propositions ::;haws that they did not 

have a sure method of finding a!I , I"'1 but rather gathered together those 

propositions on which they had happened by accident. 
This is also evident from what Pappus has done in the beginning of 

his seventh book, 1'"1 where, after devoting considerable space to an 

enumeration of  the books on geometry written by his predecessors, 1'"1 

he finally refers to a question which he says that neither Euclid nor 
Apollonius nor any one else had been able to solve completely ;1301 and 

these are his words : 

"Quem autem dicit (Apollonius) in tertio libro locum ad tres, & 
quatuor lincas ab Euclide pcrfcctum non esse, neque ipse perficere 

poterat, ncque aliquis alius; sed neque paululum quid addere iis, quCI! 

I:!&J For interest ing contraction, see Rabuel, p. 23, et seq. 
1'"1 It wiii be seen that Descartes cons iders only three types of the guadratic 

equation in z, narrely, s2 + a� - b2 = 0, .::2 - a� - b2 = 0, and z2 - az + b2 = 0. 
It thus appears that lie has not been able to free himsel f from the old traditions 
to the extent of  general izing the mean ing of the coefficients, - as negat ive and 
fractional as well as positive. He does not consider the type z2 + az + b2 = 0, 
because it has no positive roots. 

1"'1 "Qu'ils n 'ont point eu Ia vraye methode pour les trouuer toutes." 
1'"1 See Note [9 ] . 
1"1 See Pappus, Vol. II ,  p. 637. Pappus here gives a l ist of books that treat 

of analysis, in the following words : "I llorum l ibrorum, quibus de loco, 'a•a>-vo!£•••s 
sive resoluto agitur, ordo hie est. Euclidis datorum l iber unus, Apollonii de pro­
portionis sectione l ibri duo, de spati i  sectione duo, de sectione determinata duo, de 
taction ibus duo, Eucl idis porismatum l ibri tres, Apolloni i  incl inationum l ibri duo, 
eiusdem locorum planorum duo, con icorum octo, Aristaci locorum sol idorum l ibri 
duo." See also the Commandinus edition of  Pappus, 1660 edition, pp. 240-252. 

[30J For the historv of this problem. see Zeuthen : Die Lehre von den Kegel­
schnitten im Alterthum, Copenhagen, 1886. Also, Adam and Tannery, O etwres de 
Descartes, val. 6, p. 723. 
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Euclides scripsit, per ea tantum conica, qua: u�que ad Euclidis tempora 
pra:monstrata sunt, &c." ("1 

A little farther on, he states the question as follows : 

"A t locus ad tres, & quatuor lineas, in quo (Apollonius) magnifice 
se jactat, & ostentat, nulla habita gratia ei, qui prius scripserat, est 
hujusmodi. 1"1 Si positione datis tribus rectis lineis ab uno & eodem 
puncto, ad tres lineas in datis angulis recta: linea: ducantur, & data sit 
pro portio rectanguli content£ duabus ductis ad quadratum reliqua: : 
punctum i:ontingit positione datum solidum locum, hoc est unam ex 
tribus conicis sectionibus. Et si ad quatuor rcctas lineas positione datas 
in datis angulis linea: ducantur; & rectanguli duabus ductis contenti ad 
contentum duabus reliquis pro portio data sit ; similiter punctum datum 
coni sectionem positione continget. Si quidem igitur ad duas tantum 
locus planus ostensus est. Quod si ad plures quam quatuor, punctum 
continget locos non adhuc cognitos, sed line as tantum dictas ; quales 
autcm sint, vel quam habcant proprietatem, non constat :  earum unam, 
neque primam, & qua: manifestissima videtur, composuerunt osten­
dentes utilem esse. Propositiones autem ipsarum ha: sunt. 

"Si ab aliquo puncto ad positione datas rectas lineas quinque ducantur 
recta: linea: in datis angulis, & data sit proportio solidi parallelepipedi 
rectanguli, quod tribus ductis lineis continetur ad solidum parallelepipe­
dum rectangulum, quod continctur reliquis duabus, & data quapiam 
linea, punctum positione datam lineam continget. Si autem ad sex, & 
data sit proportio solidi tribus lineis con tenti ad solidum, quod tribus 
reliquis continctur ; rursus punctum continget positione datam lineam. 
Quod si ad plures quam sex, non adhuc habent dicere, an data sit pro­
portio cujuspiam con tenti quatuor lineis ad id quod reliquis continetur, 

t••I Pappus, Vol. II ,  pp. 677, et seq., Commandinus edition of 1660, p. 251. 
Literally, "Moreover, he ( Apollonius )  says that the problem of the locus related 
to three or four l ines was not entirely solved by Euclid, and that neither he him­
sel f, nor any one else has been able to solve it completely, nor were they able to 
add anything at all to those things which Euclid had written, by m�ans of  the 
con ic sections only which had been demonstrated before Eucl id." Descartes arrived 
at the solution of this problem four years before the publ ication of his geometry, 
after spending five or six weeks on it. See his letters, Cousin, Vol. VI, p. 294, 
and Vol. VI, p. 224. 

' 

1"1 Given as follows in the edition of Pappus by Hultsch, previously quoted : 
"Sed hie ad tres et quatuor l ineas locus quo magnopere gloriatur simul addens ei 
qu i conscripserit gratiam habendam esse, s ic se habet." · 
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L I V  R E P R E M I E 1l. 30) 
reEM linet'r ab uno cs eodem·punfls, od treJ lin eM in dati! 'an· 
gttlir reEl((! linete ducantur , @ datfl. fit proportio retlanguli 
contenti duabru du£H.r ad quadratum reliquee : pun.Hum con• 
tingit pojitione datum.folidum locum , hpc eft unam ex tribza 
con"'l"ci.r feElionibuJ. Et fi ad qMtuor re£ftu lineM po}itione 
datan'n datir angulir linett ducantur; f$ reflanguli duabur 
duEli.r con&enti ad contentum duabru reliquiJ proportio data 
fit: jimiliter punflum datum coni [eftionem po/itione cqntin­
get. Si quid em igitur ad d�M tantum locu.r planur ojlenfus 
eft. !il.f:,odfi ad plurn quam quatuor, punctum continget IB­
cor non adhuc cognitot,Jed lineM.Jantum diftM ; quale.r au­
tern jint, vel quam habeant proprietatem, non conftat: earum 
rmam, neque prim am, fS quee ma!ziftfliffima videtur, compo­
juerunt oflendentes utilem ejle. propojitione.r autem ip.farum 
hee .(unt. 

Si ab ali quo pun flo ad pojitione datM re{11U lineM quin­
que ducantur reElte linete in datir anguli.r , fS data fit propor­
tio[Qlidi parallelepipedi re£/anguli, tj.uod tribu.r duflir lineir 
contine.tu.r ad folidum parallelepipcdum reflangulum > quod 
continetur reliqui.r duabru, fS data quapiam linea , punffum 
pojitz'one datam lineam continget . Si atttem ad fex ,  e5 data 
fit propo rtio folidi tribut !inez's cotltenti ad folidttm ,  quod 
tribu.r reliqui.t continetur; rurfus punllum continget poji.titme 
datam line am. !iJ.!!:,od ji ad plrtres quam fox, non adhrtc habent 
dicere,an data fit proportio cuiu.fpia contenti quatrtor liner's 
ad id quod reliqrtiuontinetur, qrtoniam non eft aliquid con• 
tentttm pluribus quam tribu.r dimenjionibus. 

Ou ie vous prie de remarquer en palfant , que le fern­
pule ,  que faifoient les anciens d'vfer . des termes de 1' A­
rithmetique en la G eometrie, qui ne pouuoit proceder, 

0 q que 
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L A  G E O M E  T R I E . 
que de ce qu•its ne voyoient pas alfe'i dairement leur 
rapport, caufoit beau coup d'obfcurite , & d'embaras, ea 
Ia fa�on dont ils s· expliquoient. car Pappus pourfuit en 
cete forte., 

.Acqui�(crtnt atdem his , q.ui pa.J&lo mzte tali a interpretati 
.fimt. nequ.e unum ali quo pa&lo comprehenfibile figmjica�ttcs 
'}Uodhis continetur.Licebit aute pet· coniunchu proportione.r 
!Jtec, CS dicere, (S demonflrare univer(e itz difli1 proportioni­
hul, at que hiJ in hunc motlum. Si ab ali quo pU1zilo ad pDji­
tione datarre8a1 lineal ducantur re&lte linete in datil angu­
li!, � data fit proportio Gotziunfla ex ea, quam habet utza dtt• 
Rarum ad unam, f5 altera adalteram, � alia ad ali am, fj re .. 
liqlHI ad dotam lineam, ft Jint (eptem; ji vero ofiB ·, (S reli'JUtS 
ad reliquam: pttnilum cotztinget pofitione dattf.r lineal. Et 
Jimiliter quotcumque fint impareJ vel pare1 multitudine; 
er1m htec, ut dixi, loco ad ']Uatuor lineal re_(po1zdeant, nrtllam 
·igitrtr pofoemnt ita ut linea ntJt a fit, �c. 

La queftion done qui auoit efte commencee a refou• 
dre par Euclide, &: pourfuiuie par A pollonius, fans auoir 
eft� achem!e par perfonne , eftoit telle. Ayant trois on. 
quatre ou plus grand nombre de lignes droites don nees 
par pofition; premierement on demande vn poi at , . du­
quel on puHfe tirerautant d'autre s  !ignes droites ,  v ne fu.t 
chafcune des donnees ,  qui fa�ent auec el les des angles 
donnes, & que Ie rectangle contenu en deux de celles, 
qui feront ainfi tirees d'vn mefme point , ait Ia pro por­
tio'-' donnee>auec le quarre de Ia troifiefme ,  s'il n·y en a 
que trois; oubien auec lerettangle des deux autres, s 'i l  y 
en a quatre;oubien,s'il y en a cinq,que Ie parallelepipede 
contpofe de trois ait la proportion donne'e auec Ie paral .. 

lelepipedc 
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quoniam non est aliquid contentum pluribus quam trib us dimensioni­
bus." 1"1 

Here I beg you to observe in passing that the considerations that 
forced ancient writers to use arithmetical terms in geometry, thus mak­
ing it  impossible for them to proceed beyond a point where they could 
see clearly the relation between the two subj ects, caused much obscur­
ity and embarrassment ,  in thei r attempts at explanation. 

Pappus proceeds as follows : 
"A cquiescunt aut em his, qui paulo ante talia interpr'etati sunt ; neque 

unum aliquo pacta comprehensibile significantcs quod his continetur. 
Licebit autem per conjunctas proportiones ha:c, & dicere & demonstrare 
universe in dictis proportionibus, atque his in hunc modum. Si ab 
aliquo puncta ad positione datas rectas lineas ducantur recfl1! linel1! in 
datis angulis, & data sit pro portio conjuncta ex ea, quam habet · una 
ductarum ad unam, & altera ad altcram, & alia ad aliam, & reliqua ad 
datam lineam, si sint septcm ; si vero octo, & rcliqua ad reliquam : 
punctum continget positione datas lineas. Et similiter quotcumque sint 

1"1 This may be somewhat freely translated as follows : "The problem of  the 
locus related to three or four l ines, about which he ( Apollonius) boasts so proudly, 
giving no credit to the writer who has preceded him, is of  this nature : If three 
straight l ines are g iven in position, and if straight l ines be drawn from one and 
the same point, making given angles with the three given l ines ; and if there be 
given the ratio of the rectangle contained by two of the l ines so drawn to the 
square of the other, the point lies on a solid locus given in position, namely, one 
of the three con ic sections. 

"Again, i f  l ines be drawn making given angles with four straight l ines given 
in position, and if the rectangle of two of the l ines so drawn bears a given ratio 
to the rectangle of the other two ; then, in l ike manner, the point l ies on a conic 
section given in position. It has been shown that to only two l ines there corre­
sponds a plane locus. But if there be given more than four l ines, the point gen­
erates loci not known up to the present t ime ( that is, impossible to determine by 
common methods )  , but 1\lerely called 'I ines'. It is  not clear what they are, or 
what their properties. One of  them, not the first but the most mani fest, has been 
examined, and this has proved to be helpful. ( Paul Tannery, in the Oeuvres de 
Descartes, differs with Descartes in his translat ion of Pappus. He translates as 
follows : Et on n 'a fait Ia synthese d' aucune de ces !ignes, ni montre qu'elle servit 
pour ces l ieux, pas meme pour celle qui semblerait Ia premiere et Ia plus indiquee. ) 
These, however, are the propos itions concern ing them. 

"I f from any point straight l ines be drawn making given angles with five 
straight l ines given in pos ition, and i f  the solid rectangular parallelepiped contained 
by three of  the lines so drawn bears a given ratio to the sol id rectangular paral­
lelepiped contained by the other two and any given l ine whatever, the point l ies 
on a 'l ine' given in  posit ion. Again, i f  there be six l ines, and i f  the solid con­
tained by three of  the l ines bears a g iven ratio to the solid contained by the other 
three l ines, the point also l ies on a 'l ine' given in position. But if there be more 
than six l ines, we cannot say whether a ratio of  something contained by four 
l ines is given to that which is contained by the rest, since there i s  no figure of 
more than three dimensions." 
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impares vel pm·es multitudine, cu m  h((!c, ut dixi, loco ad quatuor lincas 
respondeant, nullum igitur posuerunt ita ut linea nota sit, &c. 1"1 

The question, then , the solution of which was begun by Euclid and 
carried farther by Apollonius, but was completed by no one, is this : 

Having three, four or more lines given in position , it is first required 
to find a point from which as many other l ines may be drawn, each 
making a given angle with one of the given lines, so that the rectangle 
of two of the lines so drawn shall bear a given ratio to the square of 
the third ( i f there be only three ) ; or to the rectangle of the other two 
( i f there be four) , or again, that the parallelepiped 1"'1 constructed upon 
three shall bear a given ratio to that upon the other two and any given 
line ( i f there be five ) , or to the parallelepiped upon the other three ( if 
there be six ) ; or ( i f there be seven ) that the product obtained by mul­
tiplying four of them together shall bear a given ratio to the product 
of the other three, or ( i f  there be eight ) that the product of four of 
them shall bear a given ratio to the product of the other four. Thus 
the question admits of extension to any number of lines. 

Then, since there is always an infinite number of different points 
satisfying these requirements, it is also required to discover and trace 
the curve containing all such pointsY'1 Pappus says that when there 
are only three or four lines given , th is l ine is one of the three conic 
sections, but he does not undertake to determine, describe , or explain 
the nature of the line required1'n 1 when the question involves a greater 
number of lines. He only adds that the ancients recognized one of 
them which they had shown to be useful, and which seemed the sim-

· i'' l This rather obscure passage may be translated as fottows : "For in this are 
agreed those who formerly interpreted these things ( that the dimensions of  a 
figure cannot exceed three ) in that they maintain that a figure that is contained by 
these t ines is not comprehensible in any way. This is permissible, however, both 
to say and to demonstrate generatty by this kind of proportion, and in this man­
ner : If from any point straight tines be drawn making given angles with straight 
tines given in posit ion ; and if there be given a ratio compounded of them, that 
is the rat io that one of the t ines drawn has to one, the second has to a second, 
the third to a third, and so on to the given tine i f  there be seven t ines, or, i f there 
be e ight lines, of the last to a last, the point t ies on the t ines that are given in 
position. And similarly, whatever may be the odd or even number, since these, 
as I have said, correspond in position to the four l ines ; therefore they have not 
set forth any method so that a line may be known." The mean ing of the passage 
appears from that which fottows in the text. 

1"1 That is, continued product. i"l It is here that the essential feature of the work of Descartes may be said 
to begin. i"l See 1 ine 19 on the opposite page. 
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L I V R. E p R E M I E R. 307 
klepipede cmnpofe des deux qui reftent, & d'vne autre 
l ignc donne e .  Ou s'il y en a fix , que le paralle lepipede 
copofe de trois a i t la proportion donnee auec le paralle­
Iepi pcd e des trois autres . O u s ' i l  y en a fept, qu e ce qui fe 
produ i fl:  loriqu'on en multiplie quatre l'vne par l'autre, 
ait Ia raifon don nee auec ce qui fe prod uifl: par ta multi­
plicat ion des trois atl tres , & encore d'vne autre ligne 
donne'e; Ou s 'i l y e n  a huit , que Ie produit de la multi• 
plication de quatre ait Ia proportion donne'e auec le.pro­
dui t des quatre autres.  Et ainfi cete queftion fe peuc 
eftendre a rout autre nombre de lignes .  Puis a. caufe qu'il 
y •1 roufiours vne infinit e  de diuers pains qui peuuent fa­
tisfait·e a ce qui eft icy demande, i l eft aulfy requis de 
connoiftre, & de tracer Ia li gne ,dans Iaque lle ils doiuent 
tons fe trouuer. & Pappus di t que lorfq u 'il n'y a que 
trois ou quatre lignes droites donnees , c'eft en vne des 
trois fedions c oniques . mais il n' entreprend point de Ia 
determiner , ny de la defcrire. non plus que d'expli­
quer celles ou taus ces poins fc doiuent trouuer, lorfque 
Ia queftion eft propofe'e en vn plus grand nombre de li­
gnes. Seulement il aioufte que les anciens en auoient 
imagine' vne qu'ils monftroient y eftre vtile , mais qui 
fembloit Ia plus manifefte, & qui n' eftoit pas tou tefois Ia 
premiere. Ce qui m'a donne' occafion d'elfayer fi par la 
methode dont ie me l.ers on pent aUer auify loin qu'ils 
ont efte. 

Et premierement i' ay connu que cete queftion n' eft ant Refponfe 
propofe'e qu'en trois , ou �uatre,ou c�nq lignes , on peut t!�;u�: toufiours trouuer le s poms cherches par la Geometrie Pappus. 
fimple; c'eft a dire en ne fe feruant que de Ia reigle & du 

Q. q .2. compa�)  
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30� L A  G B O M E T RI E. 
compas, ny ne faifant aut�;echofe» que ce qui a defia efte: 
dit;  exceptefeulement lorfqu'il y a cinq lignes donnees, 
ft elles iOn t routes paralleles. Auquel cas ,. com me autry 
lorfque la queftion eft propofe'e en fix, ou 7, ou 8 ,  ou 9 
I ignes , o n  peut toufiours trouuer les poins cherches par 
Ia Geomei:rie des folides ;  c'eft a dire en y employa:-t 
que lqu•vue des trois fections coniques. Excepte feule­
ment lorfqu'i l y a neuflignes donnees, fi elles font routes 
paralleles. A uquel cas derechef, & encore en J o, r r , u, 
ou 13 lignes on peut trouuer les poins cherches par le 
moyen d'vne ligne courbe qui foit d'vn degre plus com­
pofee que les fections coniques. Excepte en treize fi el­
les font toutes paralleles ,  auquefcas , & en quatorze, r.r, 
1 6, & 17 il y faudra employer vne ligne courbe encore 
d'va degre plus compof.!e que Ia precedente & aiufi 
a l'infini. 

Puis iay trouue autry ,  que lorfqu'il ny a que trois ou 
quatre !ignes donnees, les poins cherches fe rencontrent 
tous , non feulement en l'vne des trois fections coni­
ques , mais quelquefois aulfy en la circonference d'vn 
cercle 1 ou en vne ligne droite. Et que lorfqu'il y en a 
cinq , ou fix, ou fept, ou huic ,  tons ces poins fe rencon­
trent en quelque vne des lignes, qui font d'vn degre plus 
compofc!es que les fections coniques , & il eft impoffible 
d'en imaginer aucune qui ne foit vtile a cete queftion; 
mais ils peuuent autry derecheffe.rencontrer en vne fe­
ction coni que, ou en vn cerde , ou en vne ligne droite. 
Et s ' i l  y en a neuf, ou l o, ou x I ,  ou I 2., ces poins fe ren­
wntrent en vne ligne, qui ne peut eftre que d'vn degri 
plus cowpofee que les precedentes .i mais routes celles 

qui 
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plest, and yet was not the most important. 1"1 This led me to try to find 
out whether, by my own method, I could go as far as they had gone.1391 

First, I discovered that i f  the question be proposed for only three, 
four, or five lines, the required points can be found by elementary 
geometry, that is, by the use of the ruler and compasses only, and the 
application of those principles that I have already explained, except 
in the case of five parallel lines. In this case, and in the cases where 
there ·are six, seven, eight, or nine given lines, the required points can 
always be found by means of the geometry of solid loci , 1'"1 that is, by 
using some one of the three conic sections. Here, again ,  there is an 
exception in the case of nine parallel lines. For this and the cases of 
ten , eleven , twelve, or thirteen given l ines ,  the required points may be 
found by means of  a curve of  degree next higher than that of  the conic 
sections. Again, the case of  thirteen parallel lines must be excluded, 
for which, as well as for the cases of  fourteen , fifteen , sixteen, and 
seventeen lines, a curve of  degree next higher than the preceding must 
be used ; and so on indefinitely. 

Next, I have found that when only three or four lines are given , the 
required points lie not only all on one of the conic sections but some­
times on the circumference of  a circle or even on a straight line. 1"1 

When there are five, six , seven,  or eight lines, the required points 
lie on a curve of degree next higher than the conic sections ,  and it is 

impossible to imagine such a curve that may not satisfy the conditions 

of the problem ; but the requi-red points may possibly lie on a conic 
section , a circle, or a straight line. If  there are nine, ten , eleven , or 

twelve lines, the required curve is only one degree higher than the pre­

ceding, but any such curve may meet the requirements, and so on to 
infinity. 

1381 See lines 5- 10  from the foot of  page 23 . 
. 1"1 Descartes gives here a brief summary of his solution, which he ampl ifies 

later. 
1"1 This term was commonly appl ied by mathematicians of the seventeenth cen­

tury to the three con ic sect ions, while the straight l ine and circle were cal led plane 
loci, and other curves l inear loci. See Fermat, lsagoge ad Locos Pla11os et Solidos, 
Toulouse, 1679. 

1"1 Degenerate or l imiting forms of  the conic sections. 
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Finally, the first and simplest curve after the conic sections is the 

one generated by the intersection of a parabola with a straight line m 
a way to be described presently. 

I believe that I have in this way completely accomplished what 
Pappus tells us the ancients sought to do, and I will try to give the 
demonstration m a few words, for I am already wearied by so much 
writing. 

Let AB, AD, EF, GH, . . . be any number of straight lines 

given in position/"1 and let it be required to find a point C, from which 
straight lines CB, CD, CF, CH, . . .  can be drawn, making given angles 

CBA, CDA, CFE, CHG, . . .  respectively, with the given lines, and 

1"1 It should he noted that these I ines are given in position but not in length. 
They thus become lines of  re ference or coordinate axes, and accordingly they 
play a very important part in the development of  analytic geometry. In this con­
nection we may quote as follows : "Among the predecessors of  Descartes we 
reckon, besides Apol lonius, especial ly Vieta, Oresme, Caval ieri, Roherval, and 
Fermat, the last the most distinguished in this field ; but nowhere, even bY. Fermat, 
had any attempt been made to refer several curves of rlifferent orders s imultane­
ously to one system of  coordinates, which at most possessed special s ign ificance 
for one of  the curves. It i s  exact ly this thing which Descartes systematically 
accompl ished." Karl Fink, A Brief H istor)' of Mathematics, trans. by Beman and 
Smith, Chicago, 1903, p. 229. 

Heath cal l s  attention to the fact that "the essential difference between the 
Greek and the modern method is that the Greeks did not direct thei r efforts to 
making the fixed l ines of a figure as few as possible, hut rather to expressing 
their equations between areas in as short and simple a form as possible." For fur­
ther discussion see D. E. Smith, History of Mathrmati,·s, Boston, 1923-25, Vol . II ,  
pp. 316-33 1 (hereafter re ferred to as Smith ) . 
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qui font d'vn degre plus compofees y peuuent feruir , & 
ainfi a l' infini. 

Au refte Ia premiere, & Ia plus fimple de routes apres 
les feCbons coniques , eft celle qu'on pcut defcrire par 
l'interfetl:ion d'vne Para bole, & d'vne ligne droite, en Ia 
fa�on qui fera tantoft explique'e. En forte que ie penfe 
auoir entierement fatisfait a ceque Pappus no us dit auoir 
efte'chetcheen cecy par les anciens. & ie tafcheray d'en 
mettre Ia demonftration en peu de mots.car il m' ennuie 
delia d' en taut efcrire. 
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Soient A B, A D, E F, G H, &c. plufieurs l ignes don­
nees par pofition, & qu'il faille trouuer vn point,  com me 
C, duquel ayanr tire d'autres lignes droites fur Ies don­
nees, comme C B, C D, C F, & C H ,  en forte que les 
angles C B A, C D  A, C F E, C H G, &c. foient donnes, 
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& que ce qui eft produit par Ia multiplication d'\,ne par· 
tic de ces l ignes,foit efgal a ce qui eft prod Li i t  par Ia m u l­
tiphcation d es autres, oubien qu'ils ayent  quelque autre 
proportion donm!c, car cela ne rend point Ia queftion 
plu s  diffici le. 

Con1�cc Premierement ie fl1ppofe Ia  chafe c6mme delia faite, 

��c;:;�s & pour  me demeiler de I a  cofufion d.e routes ces: ligncs, 
tl!rmcs ie confidere l'vne des donnees , & I 'vne de celles qu'i l 
pour  ve- c. I A B C B 1 . nir  a I 'E- 1aut trouuer, par exemp e , & , com me es pnn-
quac ion cipales , & aufquelles ie tafche de rapporter ainfi to utes �;c'��Ie. les  autres. Q!e le fegment de Ia ligne A B. qui eft entre 

les pains A & B, fait n"omme x. & que B C fait nomme 
y. & q u e  routes les aut res lignes donnees foient prolan­
gees, iufques a ce qu' elles couppent ces deux, auify pro­
lan gees s 'il eft befoin , & fi elles ne leur font point paral­
leles. comme vous voy es icy qu'elles couppent Ia ligne 
A B aux poins A, E, G, & B C  aux poins R,S ,T. Puis a 
caufe que taus les angles du triangle A R B font donne's, 
la proportion,qui eft entre les coftes A B, & B R, eft auf­
fy donnee, & ie Ia pofe comme de t a b, de fa 'ion qu' A B 

b x  b x  
eftant x, R B fen -: ' & la toute C R fera v + - • a caufe 

� • .t. 
que le point B tombe entre C & R; car fi R tomboit en-

tre e & B,C R feroit y -- �;& fi C tomboit entre B & R, 
C R feroit - -y + b:· Tout de mefme les trois angles 
du triangle D R  C font donn� , & par confequent auify 
Ia proportion :.JUi eft entre les coftes C R, & C D ,  que ie 

pofe com me de " a &: de fa 'ion qu.e c R eftant y -1- �, 
C D  
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such that the product of certain of them is equal to the product of the 

rest, or at least such that these two products shall have a given ratio, 

for this condition does not make the problem any more difficult. 

First, I suppose the thing done,  and since so many lines are confus­

ing, I may simplify matters by considering one of the given lines and 

one of those to be drawn ( as, for example, AB and BC) as the prin­

cipal lines, to which I shall try to refer all the others. Call the segment 

of the line AB between A and B, .r, and call BC, y. Produce all the 

other given lines to meet these two ( also produced if necessary) pro­

vided none is parallel to either of the principal lines. Thus, in the 

figure, the given lines cut AB in the points A, E, G, and cut BC in the 

points R, S, T. 
Now, since all the angles of the triangle ARB are known/"1 the ratio 

between the sides AB and BR is knownY'1 If we let AB : BR = z : b, 

since AB = x, we have RB = /Jx ; and since B lies between C and R 1"1 , z . 
l•x · C R .  I we have CR = v +  -. ( When R l i t' s  be t ween C a n d  B, 1s • qu a  . z 

� . . � 
to J' - -, and when C hes between B and R, CR 1s equal to - y  + - ) z z 
Again, the three angles of the triangle DRC are known,l"1 and there­

fore the ratio between the sides CR and CD is determined. Calling this 

/Jx C J ' /J. x 
ratio z :  c, since CR = y + --;-• we have CD = ; + ---,;;- · Then, since 

1"1 Since BC cuts AB and AD under given angles. 
1"1 Since the ratio of  the sines of the opposite angles is known. 
1"1 In this parti cular figure, of course. 
1"1 Since CB and CD cut AD under gi ven angles. 
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the lines AB, AD, and EF are given in position, the distance from A 
to E is known. I f  we call this distance k, then EB = k + x ;  although 

EB = k- x when B lies between E and A, and E = - k + x when E 

lies between A and B. Now the angles of the triangle ESE being 
given, the ratio of BE to BS is known. We may call this ratio z :  d. 

Then B S  = 
dk + dx and CS = 

zy_+ dk + dx
. 1"1 When S lies Letween B z z 

zy _ dk - dx 
d 

. 
and C we have CS = z , an when C hes between B and S 

h CS 
- zy + dk + dx 

Th I f h . I FSC we ave = z • e ang es o t .e tnang e � are 

known, and hence, also the ratio of CS to CF, or z :  e. Therefore, 

CF _ ezy + dek + tf,·x 
Likewise, AG or l is given, and BG = l - x. - z:l • 

Also, in triangle B GT, the ratio of DG to BT, or :; :  f, is known. There-

.f/ -.fx ZJ' + .fl-.fx . . 
fore, BT = --- and CT = . In tnangle TCH, the ratio z z 
of TC to CH, or :; : g, is known, 1"1 whence CH = KZJ' + (gl -.fgx

. z2 
1"1 We have 

CS = y + B S 

= y + 
dk+dx 

z 
zy j- dk_+ dx 

z 
and s imilarly for the other cases considered below. 

The translation covers the first eig-ht l ines on the orig-inal pag-e 312 (page 32 
of this edi t ion. 

1 · " 1  It should be noted that each rat io assumed has :; as antecedent. 
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·• 
··•· •.. 

p ··· · · · ·  . . . . . . -�· _ _ ::::::. : .. -���:�::::: : -��v·-
ey b c x  1 C D  fera � + �· Apres cela pourceque les !ignes A B, 

A D, & E F font donnees par pofition, Ia diftance qui eft 
entre les poins A & E eft auffy donnee , & li on Ia nom­
me K, on aura E B efgal a k +x; mais ce feroit k. -- x ,  fi 
lc point B tomboit entre E & A.;& ·- k. + x, fi E  tomboit 
entt·e A & B. Et pourceque les angles du triangle E S B 
fon t tous donues , Ia proportion de B E  a B S eft auffy 
donue'e ,  & i e  la pofe comme t a d  , libienque B S eft 
d k oJ< d x zy oJ< d k oJ< d x • • 

-- , & l:i touce C S eft ---- ; ma1s ce fer01 t  z � 
ZY • • d: . .  dx.fi le point S tomboit entre B & C;& ce feroit 
- - zy oJ< d k oJ< dx 

{. , li C tomboit entre B & S. Oe plus les 
trois angle s du triangle F S Cfont donne's, & en fuite la 

proq 
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proportion de C S a C  F, qui foit comme de t a e, & Ia 

e ::.y + d e k  + de x  
toute C F fera "' "'  · • E n  mefme fa�on A G 
que ie nom me l  eft donnee, & B G eft l -- x', & a caufe 
du triang Ie B G T Ia proportion de B G 'a B T eft autry 

fl--fx don nee , qui foit com me de t a (. & B T fera -t , & 
ty + fl- -fx C T � z. • Puis derechef la proportion de T C a 

C H eft donnce , a caufe du triangle T C H ,  & Ia pofant 
+g zy + fg l --fg x 

comme de tag, on aura C H :n z. z. • 

Et ainfi vous voyes, qu'en tel nombre de !ignes don­
nees pa-r pofition qu' on puitre auoir ,  routes Ies I ignes ti­
rees detrus du point c a angles donne's fuiuant la teneur 
de Ia queftion , fe peuuent toufiours exprimer chafcune 
par trois termes; dont l'vn eft compofe de Ia quantite in­
connue y, multiplie�.! , ou diuifee par quelque autre 
connue; & l'autre de Ia quantite inconnue x, autry mul­
tipliee ou diuifde par quelque autre connue ,  & le trofief­
me d'vne quantite toute connue. Excepte feulement fi 
elles font paralleles; oubien a Ia Hgne A B ,  auquel cas le 
terme compofe de la quantit� x fera nul ; oubien a Ia li­
gne C B, auquel cas celuy qui eft compofe de Ia quantite 
y fera nul; ainfi qu'il eft trop manifeftc pour que ie m'are­
fte a l'expliquer. Et pour les fignes +, & - - , qui fe ioi­
gnent a ces termes, ils.peuuent eftre changes en routes 
les fa�ons imaginabtes. 

Puis vous voyes autfy � que muittpliant plufieurs de 
ces !ignes l'vne par I' autre , les quantite> x & y , qui fe 
trouuent dans le produit, n'y peuuent auoir que chafcu­
ne autant de dimenfions, qu'il y  a eu de !ignes , a I' expli-

cation 
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And thus you see that, no matter how many lines are given in posi­

tion, the length of any such line through C making given angles with 

these lines can always be expressed by three terms, one of which con­
sists of the unknown quantity y multiplied or divided by some known 

quantity ; another consisting of  the unknown quantity x multiplied or 

divided by some other known quantity ; and the thi rd consisting of  a 

known quantity_ l'•l An exception must be made in the case where the 

given lines are parallel either to AB ( when the term containing x van­

ishes ) , or to CB ( when the term containing y vanishes ) .  This case is 

too simple to require further explanation. 100l The signs of the terms 

. may be either + or - in every conceivable combination.1"l 

You also see that in the product of any number of these lines the 

degree of any term containing x or y will not be greater than the num­

ber of  lines ( expressed by means of x and y) whose product is found. 

Thus, no term will be of  degree higher than the second i f  two lbes 

be multiplied together, nor of degree higher than the third, i f  there be 
three lines, and so on to infinity. 

1"l That is, an expression of the form ax + bv + c, where a, b, c, are any real 
positive or negative quantities, integral or fractional ( not zero, s ince this exception 
is considered later ) . 

IOOJ The following problem will serve as a very s imple i l lustration : Given three 
parallel l ines AB, CD, EF, so placed that AB is distant 4 units from CD, and CD 
is distant 3 units from EF ; requ ired to find a point P such that if PL, PM, PN .�:0 N F  

t ) M D 
• •  

be drawn through P,  making angles of  90°, 45°, 30° , respectively, with the 

parallels. Then PM2= P L . PN. 

Let PR = y, then PN = 2y, PM = v'}(y + 3 ) ,  PL = y + 7. I f  PM 2 =  PN . PL, 

we have [ ..J:i( y + 3) J 2 = 2y (y + 7 ) , whence y = 9. Therefore, the pomt P l ies on 

the l ine XY parallel to EF and at a distance of 9 units from it. Cf. Rabuel, p. 79. 
I••J Depending, of course, tlpon the relative pos itions of the given t ines. 
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Furthermore, to determine the point C, but one condition is needed, 
namely, that the product of  a certain number of  lines shall be equal to, 
or ( what is quite as simple ) ,  shall bear a given ratio to the product of 
certain other lines. Since this condition can be expressed by a single 
equation in two unknown quantities , ''"'· we may give any value we please 
to either x or y and find the value of  the other from this equation. It 
is obvious that when not more than five lines are given, the quantity x, 
which is not used to express the first of the lines can never be of degree 
higher than the second. 1111 

Assigning a value to y, we have �·2 = ± ax ± b2, and therefore x 
can be found with ruler and compasses, by a method already explained. 1.'1 
I f  then we should take successively an infinite number of different 
values for the line y, we should obtain an infinite number of  values for 
the line :r, and therefore an infinity of  different points, such as C, by 
means of  which the required curve could be drawn. 

This method can be used when the problem concerns six or more 
lines, i f  some of them are parallel to either AB or BC, in which cas� 

'"1 That is, an indeterminate equation. "De plus, a cause que pour determiner 
le  point C, i l  n'y a qu'une seule condit ion qui soit requise, a s�avoir que ce qui est 
produit par Ia multipl ication d'un certain nombre de ces ! ignes so it ega!, ou ( ce qu i 
n'est de rien plus mal-aise) ait Ia proportion donnee, a ce qui est produit par Ia 
multipl ication des autres ; on peut prendre a discretion l'une des deux quantitez 
inconnues x ou y, & chercher !'autre par cette Equation." Such variat ions in the 
texts of different edition s are of no moment, but are occasionally introduced as 
matters of inten.st. 

1"1 Since the product of three l ines bears a given ratio to the product of two 
others and a given l ine, no term can be of higher degree than the third, and there­
fore, than the second in x. 

1 .. 1 See pages 13, et seq. 
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cation defquelles elles feruent , qui ont elle' ainli multi� 
plie'es : en forte qu'elles n'auront iamais plus de deux di­
menfions, en ce qui ne fera prod nit que par la multipli­

cation de deux !ignes; ny plus de trois , en ce qui ne fera 
produit que par la multiplication de trois , & ainfi a I' in� 
fini . 

1 r. d · l · C · 1 Conunct De p us ,  a caute que pour etermmer e pomt , t on trouue 

n'y a qu'vne feule condition qui foit  requife ) a f�auoir que ce 
que ce qui eft produit par la multiplication d'vn certain �;��f­
nombre de ces lignes fait efgal , ou (cequi n'eft d e  rien pla.�, I�rf-

1 fc ') • I . d , , 
· 

ft qu 11 n eft 
plus rna ay e att a proport10n onnee , a ce qm e pro- point 
duit  par la multiplication des autres; on peut prendre a propofc 
d · r. . l' d d . 1 • en plus de 

ttcretlOn vne es eux quantttes mconnues x ou_y , & r !ignes. 
chercher 1' autre par cete Equation. en Iaquelle il eft cui-
dent que lorfque la queftion n' eft point propofee en plus 
de cinq lignes, Ia quantite x qui ne fert point a l'cxpref-
fion de Ia premiere pent toufiours n'y auoir que deux di­
menfions. de fa�on que prenant vne quantite connue 
poury, il ne reftera que x x :o + on ·- a x +  on -- b b. & 
ainfi on pourra trouuer Ia quantite x auec Ia reigle & le 
compas, en la facon tantoft expliquee. Mefme prenant 
fllcceffiuement infinies di_

uerfes grandeurs pour la ligne 
y, on en trounera auffy infinies pour la ligne x, &  ainfi on 
aura vne infinite de diners pains , tels que  celuy qui eft 
marque C ,  par le moyen defquels on d efcrira la ligne 
courbe demandec. 

II fe peut faire auffy, la queftion cftant propofee en fix,  
ou plus grand nombre de !ignes; s'il y en a entre les don­
nees, qui foient paralleles a B A, ou B C ,  que l 'v ne des 
deux quantites x ou y n'ait que deux dimenfions en 
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L A  G E O M E T R I E.  
l'Equation, & ainfi qti' o n  pui!fe trouuuer le point C auec 
Ia reigle & le com pas . M ais au contraire fi elles font rou ­
tes paralleles , encore que la queftion ne foit propofee 
qu'en cinq lignes, ce point C ne pourra ainfi e.ftre trou­
ue, a caufe que Ia quantite X ne fe trouuant point en tOll · 
te l>Equation,il  ne fera plus  permis de prendre vne qu an .. 

tite connue pour celle qui eft nommee y , mais ce fera 
elle qu'il faudra chercher. Et ponrce queUe aura trois di­
menfions , on ne Ia pourra trouuer qu' en tirant la racine 
d'vne Equation cubique. cequi ne fe peut  generalement 
faire fans qu'on y employe pour le moins vne fedion co­
nique. Et encore qu'il y air iufques a neuf lignes don­
nees,pourvC.qu'elles ne foient point routes paralleles,  on 

peut toufiours faire que !'Equation ne monte que iufques 
au quarrc! de quam�. au moyen dequoy on Ia peut au!fy 
toufiours refoudre par les fedions coniques , en I a fac;on 
que i'expliqueray cy a pres. Et encore qu'il y en  ait iuf­
ques a treize , on peut toufiours faire qu'elle ne nwnte 
que iufques au quarre de cube. en fuite de quoy on la 
peut refoudre par le moyen d'vne ligne , qui n'eft que 
d'vn degre plus compof�e que les fed:ions coniqnes , en 
la fac;on que i'expliquerayauffy cy apres. Et cecy eft la 
premiere partie de ceque i'auois icy a demohftrer ;  mais 
auant que ie pa!fe a Ia feconde il eft befoin que ie die 
quclqu e chofe en general de la nature des lignes cour­
bes . 

L A  
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either x or y will be of only the second degree in the equation, so that 
the point C can be found with ruler and compasses. 

On the other hand, if  the given lines are all parallel even though a 
question should be proposed involving only five lines, the point C can­
not be found in this way. For, since the quantity x does not occur at 
all in the equation, it is no longer allowable to give a known value to y. 

It is then necessary to find the value of y. 1"1 And since the term in y 

will now be of the third degree ,  its value can be found only by finding 
the root of a cubic equation, which cannot in general be done without 
the use of one of the conic sections. 1 .. 1 

And furthermore, if not more than nine lines are given, not all of 
them being parallel, the equation can always be so expressed as to be 
of degree not higher than the fourth. Such equations can always be 
solved by means of the conic sections in a way that I shall presently 
explain. 1"'� 

Again, if there are not more than thirteen lines, an equation of degree 
not higher than the sixth can be employed, which admits of solution by 
means of a curve j ust one degree higher than the conic sections by a 
method to be explained presently. 1"1 

This completes the first part of what I have to demonstrate here, but 
it is necessary, before passing to the second part , to make some general 
statements concerning the nature of curved lines. 

1"1 That is, to solve the equation for y. 
1 .. 1 See page 84. 
1"1 See page 107. 
1001 This l ine of  reasoning may be extended indefinitely. Briefly, it means that 

for every two l ines introduced the equation becomes one degree h igher and the 
curve becomes correspondingly more complex. 
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Geometry 
BOOK II  

ON THE NATURE o F  CuRVED LrNES 

THE ancients were familiar with the fact that the problems of geom­
etry may be divided into three classes, namely, plane,  solid, and l inear 

problems. 1.,1 This is equivalent to saying that some problems require 
only circles and straight lines for their construction, while others 
require a conic section and still others require more complex curves. 1"1 
I am surprised, however, that they did not go further, and distinguish 
between different degrees of these more complex curves, nor do I see 
why they called the latter mechanical, rather than geometrical. 1"1 
If we say that they are called mechanical because some sort of instru­
mene"1 has to be used to describe them, then we must, to be consistent, 

1'"1 Cf. Pappus, Vol. I ,  p. 55, Proposit ion 5,  Book III : "The ancients consid­
ered three classes of  geometric problems, which they called plane, solid, and linear. 
Those which can be solved by means of  straight l ines and circumferences of  circles 
are called plane problems, s ince the l ines or curves by which they are solved have 
their origin in a plane. But problems whose solutions are obtained by the use of  
one  or more of  the con ic sections are called sol id problems, for the surfaces of solid 
figures ( con ical sur faces)  have to be used. There remains a third class which is 
cal led l inear because other 'l ines' than those I have just described, having diverse 
and more involved origins, are required for their construct ion. Such lmes are the 
spirals, the quadratrix, the conchoid, and the cissoid, all of which have .nany impor­
tant properties." See also Pappus, Vol. I, p. 271 .  

1'01 Rabuel (p. 92 ) suggests dividing problems into classes, the first class to 
include all problems that can be constructed by means of straight I ines, that is ,  
curves whose equations are of  the first degree ; the second, those that require curves 
whose equat ions are of the second degree, namely, the circle and the con ic sec­
tions, and so on. 

1"1 C f. Encvclopedie ott Dictinnna ire Raison1u! des Sciences, des A rts et des 
Metiers, par ttne So_ciete de gens de lettres, mis e11 ordre et pttbliees par M. Diderot, 
et qttant d /a Partie Mathematiqtte par M. d'A lembert, Lausanne and Berne, 1780. 
In substance as follows : "Mechanical is  a mathematical term designat ing a con­
struction not geometric, that is, that cannot be accompl ished by geometric curves. 
Such are construct ions depending upon the quadrature of the circle. 

The term, mechan ical curve, was used by Descartes to des ignate a curve that 
cannot be expressed by an algebraic equation.'' Leibn iz and others call them 
transcendental . 

1621 "Machine., 
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CJJe Ia nature des hgneJ courbeJ. 

L E s anciens ont fort bien remarque � qu'entre les 
Problefmes de Geometrie� les vns font plans , les au- Q.!!cllcs 

tres folides,& les autres lineaires, c'eft a dire, que les vns �o;�;:s 
peuuent eftre conftruits , en ne tra�ant que des lignes co�rbes 
droites, & de s cercles; au lieu que les autres ne le peu- ��u:nre· 
uent eil re, qu'on n'y employe pour le moins quelque fe-· ccuoir en 
.n. · · • fi J • • Gcomc-'-'LlOn com que ; n1 en n es autres , qu on n y employe uic. 
quelque autre ligne plus compofee. Mais ie m'eftonne 
de ce qu'ils n'ont point outre cela diftingu6 diners de-
gres entre ces !ignes plus compofees , & ie ne f�aurois 
comprendre pourquoy ils les ont nommees mechani-
ques, plutoft que Geometriques. Car de dire que �'ait 
efte: a canfe qn'il eft befoin de fe feruir de quelque ma-
chine pour les defcrire , il faudroi t reietter par mefme 
raifon les cercles & les lignes droites;vt1 qu•on ne les de­
fcrit furle papier qu'auec vn compas, & vne rcigle, qu'on 
peut auffy nommer des machines. Ce n'efi: pas non plus, 
a caufe que les inftru mens, qui feruent a les tracer,eftant 
plus compofe's que Ia reigle & le com pas , ne peuuent 
eftre fi iuftes; car i lfaudroit pour cete raifon les reietter 
des Mechaniques, ou la iufteffe des ouurages qui fortent 
de la main eft defiree1 plutoft que de la Geometric , on 
c' eft feu lement Ia iufteife du raifonnemet qu· on recher-
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che, & qui peut fans douce eftre autry parfaite roue hant 
ces lignes , que ton chant les autres. Ie ne diray pas autry, 
que ce foit a caufe qu'ils n�ont pas voulu augmenter Ic 
nombre de leurs demandes . , & qu'ils fe font contentes 
qu'on leur accordaft , qu•ils puffent ioindre deux pains 
donnes par vne ligne droite � & defcrire vn cercle d'w1 
c en tre donne, qui paffaft par vn point donne. car ils n'ont 
point fait de fcrupule de fuppofer outre cela>pour trairer 
des feCl:ions coniques , qu· on puft coupper tout c6ne 
donnepar v n plan donne. & il n'eft befoin de rien fup­
pofer pour tra�er routes lcs lignes courbes , que ie pre­
tens icy d·int!roduire; finon que deux ou plufteurs lignes 
pniffent eftre meues l'vnc par 1 'autre ' & que leurs inter­
fed:ions en marquent d'autres ; ce qui ne me paroif1: en 
rien plus difficile. 11 eft vray qu•its n'ont pas autry entie­
rernent receu les fedions coniques en leur Geoinetrie:. 
& ie ne veux pa§ entreprendre de changer les noms qui 
ont efteappronues par l'vfage; mais il eft, ce me femble, 
tres clair , que prenant com me on fait pour Geometri­
que ce qui eft precis & exad: , & pour Mechanique 
cc qui ne l'eft pas ;  & confiderant Ia Geometrie comme 
vne fcience, qui enfeigne generalement a connoiftre Ies 
mefures de tous les cors, on n' en doit pas plutoft exclure 
les !ignes les plus compofe'es que les plus fimples , pourvu 
qu'on les puiffe imaginer eftre defcrites  par vn mouue· 
ment continu, ou par plufieurs qui s'entrefuiuent & dont 
les derniers foient entierement regie's par ceu:L qui les 
precedent. car par ce moyen on pent toufiours anoir 
vne connoHfance exad:e de leur mefure. Mais peuteftre 
que ce qui a empefche les anciens Geometres de re�e-

uoir 
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rej ect circles and straight lines, since these cannot be described on 
paper without the use of compasses and a ruler, which may also be 
termed i1.struments. It is not because the other instruments, being 
more complicated than the ruler and compasses, are therefore less 
accurate, for i f  this were so they would have to be excluded from 
mechanics, in which accuracy of construct ion is even more important 
than in geometry. In the latter, exactness of  reasoning alone1"1 is 
sought, and this can surely be as thorough with reference to such lines 
as to simpler ones. 1"1 I cannot believe, either, that it was because they 
di d not wish to make more than two postulates, namely, ( 1 )  a straight 
l ine can be drawn between any two points, and ( 2 )  about a given center 
a circle can be described passing through a given point. Irl their treat·· 
ment of the conic sections they did not hesitate to introduce the assump­
tion that any given cone can be cut by a given plane. Now to treat all 
the curves which I mean to introduce here, only one additional assump­
tion is necessary, namely, two or more lines can be moved, one upon 
the other, determining by their intersection other curves. This seems 
to me in no way more difficult. 1"1 

It is true that the conic sections were never freely received into 
ancient geometry/"1 and I do not care to undertake to change names 
confirmed by usage ; nevertheless , it seems very clear to me that if  we 
make the usual assumption that geometry is precise and exact, while 
mechanics is not ; 1"1 and if we think of geometry as the science which 
furnishes a general knowledge of the measurement of all bodies, then 
we have no more right to exclude the more complex curves than the 
simpler ones, provided they can be conceived of as described by a con­
tinuous motion or by several successive motions, each motion being 
completely determined by those which precede ; for in this way an exact 
knowledge of  the magnitude of each is always obtainable . 

1"1 An interesting question of modern education is here raised, namely, to what 
extent we should insist upon accuracy of construction even in elementary geometry. 

1"1 Not only ancient writers but later ones, up to the time of Descartes, made 
the same distinction ; for example, Viet a. Descartes's view has been universally 
accepted since his t ime. 1"1 That is, in no way less obvious than the other postulates. 

1"1 Because the ancients did not bel ieve that the so-cal led const ructions of  the 
con ic sections on a plane surface could he exact. 1"1 Since it is not possible to construct an ideal l ine, plane, and so on. 
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Probably the real explanation of the refusal of ancient geometers to 
accept curves more complex than the conic sections lies in the fact that 
the first curves to which their attention was attracted happened to be 
the spiral/'"1 the quadratrix/"1 and similar curves, which really do 
belong only to mechanics, and are not among those curves that I think 
should be included here, since they must be conceived of  as described 
by two separate movements whose relation does not admit of exact 
determination. Yet they afterwards examined the conchoid, 1701 the 
cissoid, 1"1 and a few others which should be accepted ; but not knowing 
much about their properties they took no more account of these than 
of the others. Again, it may have been that, knowing as they did only 
a little about the conic sections/721 and being still ignorant of many of 
the possibilities of the ruler and compasses, they dared not yet attack 
a matter of still greater difficulty. I hope that hereafter those who are 
clever enough to make use of the geometric methods herein suggested 
will find no great difficulty in applying them to plane or solid problems. 
I therefore think it proper to suggest to such a more extended line of 
investigation which wil l  furnish abundant opportunities for practice. 

Consider the lines AB,  AD, AF, and so forth ( page 46) ,  which we 
may suppose to be described by means of the instrument YZ. This 
instrument consists of several rulers hinged together in such a way that 
YZ being placed along the line AN the angle XYZ can be increased or 
decreased in size, and when its sides are together the points B, C, D, 
E, F, G, H, all coincide with A ;  but as the size of the angle is increased, 

1"'1 See Heath, His tory of Greek Mathematics (hereafter re ferred to as Heath) . 
Cambridge, 2 vol s . ,  1921 .  Also Cantor, Vorlesungen iiber Geschichle der Mathe­
matik, Leipzig, Vol. I (2) , o. 263, and Vol. II ( 1 ) ,  pp. 765 and 781 (hereafter 
re ferred to as Cantor ) . 

'1'"1 See Heath, I ,  225 ; Smith, Vol. II, pp. 300, 305. 
1701 See Heath, I, 235, 238 ; Smith, Vol. II, p. 298. 
1"1 See Heath, I,  264 ; Smith, Vol. II , p. 314. 
17'1 They really knew much more than would be in ferred from this statement. 

In this connection , see Taylor, A ncient and Modern Geometry of Conics, Cam­
bridge, 1881. 
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uoir celles qui eftoient plus compofees que les fedions 
coniques, c'eft que  Ies premieres qu'tls ont confiderees, 
ayant par hafard eft� la Spirale, Ia Quadratrice ,  & fem­
blables , qui  n'appartienent veritablement qu'aux Me­
chaniques, & ne font point du nombre de celles que ie 
penfe deuoir icy eftre receues, a caufe qu' on les imagine 
defcrite s par deux monuemens fepare's , & qui n'ont en. 
tre eux aucun raport qu'on puiffe mefuret exadement, 
bienqu'ils ayent apres examine Ia Conchoide , Ia Ciffoi­
de, &. quelque peu d'autres qui en font , toutefois a cau­
fe qu'ils n'ont peuteftre pas affes remarque leurs pro­
prietes , i ls  n'en ont pas fait plu s d'eftat que des premie­
res. Oubien c'eft que voyant , qu'ils ne connoiffoient 
encore , que peu de chofes touchant les fedions·cooi­
ques, & qu 'i l leur en reftoit mefme beaucoup, touchaot 

_ ce qui fe peut fai re auec la reigle & le com pas , qu'ils 
ignoroient, i ls ont creu ne deuoir point en tamer de ma­
tiere plus difficile. Mais pourceque i'efpere que d'orena­
uant ceux qui auront l'adreffe de fe feruirdu  calculGeo­
metrique icy propofe, ne trouueront pas affe's dequoy 
s 'arefter touchant les problefmes plans , ou folid es ; ie 
croy qu'i l eft a propos que ie les inuite a d'autres re­
cherches , oil i ls ne manquerant iamais d'exercice. 

Voyes les !ignes A B, A D ,  A F, & femblables que 1e 
fuppofe anoir efte defcrites par l'ayde de l'inll:rument 
Y Z, qui eft compofc de plufieurs reigles tellement ioin­
tes, que celle qui eft marquee Y Z eftant areftee fi1r Ia 
tigne A N,on peut ouurir & termer l'angle X Y Z; & que 
lorfqu'il eft tout ferme , les poins B, C, D, F, G, H font 
tous affembl6s au point A ; mais qu'a mefure qu'on 
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rouu re, Ia reigle B C, qui eft iointe a angles droits auec 
X Y au point B, pou!fe vers Z Ia reigle C D , qui coule 
fttr Y Z en  faifant toufiours des angles droits auec elle, & 
C 0 pou!fe D H, qui coulc tout de mefme fur Y X en de­
meurant parallele a B C, D E  pou!fe E F,E F pou!fe F G, 
cellecy pou !fe G H. & on en  peu t conceuoir v ne infinite 
d'autres·, qui fe pou!fent confequutiuement en mefme 
fa<;on ,  & dont les vnes facent toufiours les mefmes an­
gles auec Y X, & les autres auec Y z. Or pendant qu'on 
ouure ainfi I' angle X Y Z,le point B dcfcrit la ligne A B, 
qui eft v n  cercle, & les autres poins D, F, H ,  ou fe font 
Ies interfections des autres reigle� , defcriuent d'autres 
lignes courbes A D, A F, A H , dont  le s dernieres font 
par ordre plus copofces que la premiere, & ceUecy plus 
que le cerde. mais ic; ne voy pas ce qui peut empefcher, 
qu' on ne concoiue au!fy nettement , & au!fy diftincte� 
ment la defcription de cete premiere, que du cercle , ou 

dn 
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the ruler BC, fastened at right angles to XY at the point B, pushes 
toward Z the ruler CD which slides along YZ always at right angles. 
In like manner, CD pushes DE which slides along YX always parallel 
to BC ; DE pushes EF ; EF pushes FG ; FG pushes GH, and so on. 
Thus we may imagine an inflnity of rulers, each pushing another, half 
of them making equal angles with YX and the rest with YZ. 

Now as the angle XYZ is increased the point B describes the curve 
AB,  which is a circle ; while the intersections of  the other rulers, 
namely, the points D, F, H describe other curves, AD, A F, AH, of 
which the latter are more complex than the first and this more complex 
than the circle. Nevertheless I see no reason why the description of  
the first1"1 cannot be conceived as clearly and distinctly as that of  the 
circle, or at least as that of the conic sections ; or why that of the sec­
ond, third, 1"1 or any other that can be thus described,  cannot be as 
clearly conceived of as the first ; and therefore I see no reason why 
they should not be used in the same way in the solution of geometric 

problems. 1"'1 

1'"1 That is, AD. 
1"1 That is, AF and AH. 
1"1 The equations of  these curves may be obtained as follows : ( 1 )  Let 

x' 
YA = YB = a, YC = r, CD = y , YD = :: ; then :; ;  r = r : a, whence z =  a· 
Also z 2  = r '  + y' ; therefore the equation of  AD is r 4  = a2 ( x 2  + y2 ) . (2)  Let 

YA = YB = a, YE = r, EF = y, Y F = ::. Then z : r = x : YD, whence 

x' 
YD = - . Also z 

x' x• 
x : YD = YD : YC, whence YC = z:; + r = z:; .  

But YD : YC = YC : a,  and therefore 

ax' _ (� ) 2  _ _ . f;< 
z - z2 , or z - -" a · 

Also, z• = r2 + y2• Thus we get, as the equation of AF, 

-' 12, = r• + y', or r" = a2 (r2 + }•2 ) " .  '\/ a· 
(3) In the same way, it can be shown that the equation of AH is 

r ' 2 = a2 (x' + y2 ) 5• 
See Rabuel, p. 107. 
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I could give here several other ways of tracing and conceiving a 
series of curved lines, each curve more complex than any preceding 
one, 1"1 but I think the best way to group together all such curves and 
then classify them in order, is by recognizing the fact that all points of 
those curves which we may call "geometric," that is, those which admit 
of  precise and exact measurement , must bear a definite relation 1"1 to 
all points of  a straight line, and that this relation must be expressed by 
means of a single equation . l''1 If this equation contains no term of 
higher degree than the rectangle of two unknown quantities, or the 
square of one, the curve belongs to the first and simplest class/"1 which 
contains only the circle ,  the parabola, the hyperbola, and the ellipse ; 
but when the equation contains one or more terms of the third or fourth 
degree1001 in one or both of the two unknown quantities1811 ( for it 
requires two unknown quantities to express the relation between two 
points) the curve belongs to the second class ; and if the equation con­
tains a term of the fi fth or sixth degree in either or both of the unknown 
quantities the curve belongs to the third class, and so on indefinitely. 

1"1 "Qui  seroient de plus en plus composees par degrez a l ' infini." The French 
quotations in the footnotes show a few variants in style in different editions. 

1"1 That is, a relation exactly known, as, for example, that between two straight 
lines in distinction to that between a straight l ine and a curve, unless the length 
of the curve is known. 

1'"1 It wil l  be recogn ized at once that this statement contains the fundamental 
concept of analytic geometry. 

1"1 "Du premier & plus simple genre," an expression not now recogn ized. As 
now understood, the order or degree of  a plane curve i s  the greatest number of 
points in which it can be cut by any arbitrary l ine, while the class is the greatest 
number of tangents that can be drawn to it from any arbitrary point in the plane. 

1�'1 Grouped together because an equation of the fourth degree can always be 
trans formed into one of  the third degree. 

1"1 Thus Descartes includes such terms as x0y, x2y2, • •  as well as �:', y• . . . . .  
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du moins que des fed:ions coniques; ny ce qui peut em­
pefcher, qu' on ne coocoiue Ia feconde , & Ia troifiefm e, 
& toutes les autres, qu 'on peut defcrire , auffy bien que 
Ia premiere ; ny par  confequent qu'on ne les recoiue 
toutes en mefme fa�on ,  pour feruir aux [peculations de 
Geometrie. 

Je pou rroi s mettre icy plufieurs autres moyens pour L a  !aeon 
tracer & con reuoir des !ignes courbes , qui feroient  de de d!lbn-

:s • • • gucr rou-
plus en plus compofees par degres a 1 mfim. ma1s pour res les l i -
comprendre cnfemble routes celles, qui font en la natu- ��;s��u r­

re , & Ies diftiu guer par ordre en certains genres ; ie ne cmains 
f�che rien de mcil leur que de dire que to us les poins, de ��:r:��Ec 
celles qu'on p e u t  nommer G eometriques , c'dl: a dire noifl:re lc 

1: I fi , .1• _ .n. rJpport 
qui tombent IO US  que que me ure preCI e & ex� . .-�.e, ont.qu 'onr 
neceffairemen t quelque rapport a tous les poins d'vne_ro�s leurs po 1ns a ligne droite, qui peut eftre exprim e par quelque equa- -c.cux  de� 

tion, en to us par vne mefme,  Et que lorfque cete equa� �o��� . 
tion ne monte que iufques au  red:angle de deux quanti-
res indeterminees,  oubien au quarre. d'vne mefine , la li-
gne coUI·be eft du premier & plus fim ple geme , dans le­
quel il  ny a que le cercle , Ia parabole , !'hyperbole , & 
l'Ellipfe qui foient comprifes. mais que lorfque I '  equa-
tion monteiufques a la trois ou quatriefme d imenfion 
des deux, ou de l'vne d es deux quantites icdeterminees , 
car i l en faut deux pour e x pliquer icy le rapport d'vn 
point a vn autre , elle eft du fecond:& que lorfq ue !'equa-
tion monte i u fqu es  a Ia J ou frxiefme dimenfion , elle 
e8.: du troifiefme; & ainfi d e s autres a l'infioi .  

Comme fi ie  veux fc;auoir de quel genre eft la ligne 
E C7 que i'imagine eftre defcrite par finterfed:ion de Ja 

reigle: 
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reigle G L, & du plan reeliligne C N K L, dont Ie cofte 
K N eft indefiniement prolonge vers C • &: qui eftant 
meu fur Ie plan de deffons en ligne droite , c' eft a dire en 
telle forte que fon diametr� KL fe trouue toufiours ap­
plique fur quelque endroit de Ia ligne B A prolonge'e de 
part & d'aurre, fait mouuoir circulairement cere reigle 
G L autour du point G, a caufe queUe luy eft tellement 
iointe queUe paffe toofiours par le point L • Ie choi.lis 
vne ligne droite, commeA B, pour rapporter a fes diuers 
pains taus ceux de cere ligne courbe E C ,  & en cere li­
gne A B ie choifts vn point, comme A, pour commencer 
par luy ce calcul. le dis que ie choifis & l'vn & 1' autre , a 
caufe qu'il eft libre de les prendre tels qu' on veuh:. car 
encor-e qu'il y ait beaucoup de choix pour rendre !'equa­
tion plus courte, &: plus ayfee; toutefoi-s en quelle fa«;on 
qu' on les prene, on pent too fiours fa ire que la ligne pa­
roiffe de mefme genre, ainfi qu'il eft ayfe a demonftrer. 

A pres 
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Suppose the curve EC to be described by the intersection of  
the ruler GL and the  rectilinear plane figure CNKL, whose side 
KN is produced indefinitely in the direction of  C, and which, being 
moved in the same plane in such a way that its side1"1 KL always coin­
cides w ith some part of  the line BA ( produced 111 both directions ) ,  
imparts to the ruler GL a rotary motion about G ( the ruler being 
hinged to the figure CN KL at L) . 1"'1 If I wish to find out to what 
class this curve belongs, I choose a straight l ine,  as AB, to which to 
re fer all its points , and in AB I choose a point A at which to begin the 
investigation. 1"1 I say "choose this and that ,"  because we are free to 
choose what we will ,  for, while it is necessary to use care in the choice 
in order to make the equation as short and s imple as possible, yet no 
matter what l ine I should take instead of  AB the curve would always 
prove to be of the same class .. a fact easily demonstrated.1"1 

IA:!J "Diametre." 
1"1 The instrument thus consists of  three parts,  ( I )  a ruler AK o f  indefinite 

length, fixed in a plane ; (2) a ruler GL, also of  indefinite length, fastened to a 
pivot, G, in the same plane, but not on AK ;  and (3)  a recti l inear figure BKC, the 
side KC being indefin itely long, to which the ruler GL is hinged at L, and which 
is made to sl ide along the ruler GL. 

1"1 That is, Descartes uses the point A as origin, and the line AB as axis of 
abscissas. He uses parallel ordinates, but does not draw the axis of  ordinates. 

1"1 That is, the nature of  a curve is not affected by a trans formation of 
coordinates. 
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Then I take on the curve an arbitrary point, as C, at which we will 
suppose the instrument applied to describe the curve. Then I draw 
through C the line CB parallel to GA. Since CB and BA are unknown 
and indeterminate quantities, I shall call one of  them y and the other x. 
To the relation between these quantities I must consider also the known 
quantities which determine the description of  the curve, as GA, which 
I shall call a ;  KL, which I shall call b ;  and NL parallel to GA, which 
I shall call c. Then I say that as NL is to LK, or as c is to b , so CB, or 

y, is to DK, which is therefore equal to � y. Then BL is  equal to c 
� y - b, and AL is equal to x + � y - b. Moreover, as CD iJ to LB, c c 
that is, as y is to � y - b, so AG or a is to LA or x + � y - b.- Multi-c c 

. ab 1 plying the second by the tlurd, we get - y - ab equa to c 
xy + � y• - by, 

which is obtained by multiply ing the first by the last. Therefore, the 
required equation is 

fX 
y• = cy - T y + ay - ac. 
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A pres eel a prenant vn point a difcreti on dans Ia courbe) 
comme C, fur Iequel ie fuppofe que l'inftrument qui fert 
a la defcrire eft applique, ie tire de ce point C · la ligne 
C B parallele a G A, & pourceque C B & B A font deux 
quantites indeterminees & inconnues , ie Ies nomme 
rvney & l'autre x. mais affin de trouuer le rapport de 
l'vne a l'autre ; ie confidere auffy Ies quanti res connues 
qui determinent Ia defcription de cere ligne courbe, 
comme G A que ie nomme a, K L que ie nom me b ,  & 
N L parallele'a G A que ie nofume c. puis ie dis, comme 
N L eft a L K,. ou d . b, ainfi C B, ouy, eft a B K ,  qui eft 

par confequent � y :  & B L eft � y -- b ,  & Pi. L 'eft .x + 
: y -- b. de plus comme C B eft a L B, ou y a 7-y--h, ainfi 

b 
a� ou G A, eft a L A, ou x + -;y -- b. de fac;on que mul-

S f  tipliant 
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tip liant Ia feconde par Ia troifiefme on produ_it •: :r - all, 
qui eft efgale a gy ++_yy -- by qai fe produit en multi­
P.liant Ia premiere par Ia demiere. & ainfi !'equation qu'il 
falloit trouuer eft • 

e :Jt  yy ':D  ey·· -:;;y+·ay -- a-e. 
de laquelle on connoift que Ia ligne E C eft da premier 
genre • comme en effect elle n'eft autre qu'vne Hy­
perbole. 

Que fi en l'inft:rument q01 fert a Ia defcrire on fait 
qo•ao lieu de Ia ligoedroite C .N K, ce f<lit cere Hyper­
bole. oo quelque autre ligne courbe du premier genre. 
qui termine le plan C N K L; l'interfeetion de cete ligne 
& de Ia reigle G L defcrira, au lieu de t·Hyperbole .E C, 
vne autre lig.ne courbe, qui feradu fecoad genre. Com• 
me ft C  N K eft vn cercle, dont L f6it le centre • on de­
:fcrirala premiere Conthoide des anciens ; & fi c'"eit vne 
Parabole dont le diametre foit K B ,  on detcrira Ia ligne 
courbe . que i' ay tantoft dit eftre Ia premiere .. & la-p Ius 
fimple pour Ia queftion de Pappus,lorfqu'i1 n "y a que cinq 
lignes droites donnees par pofition. Mais fi au lieu d'vne 
de ces lignes courbes dll premier genre . e'en eft· vue du 
fecond, qui termine le plan C N K L, on ell defcrira par 
fon moyen vne du troifi"efme,. oo fi e'en eff vue du troifi­
cfme, on en defcrira vue du quatriefme, &'ainfi a rinfini . 
comme il eft fort ayfea connoiftrepar le calcul. Et e n  
quelque autre fa�on, qu'on imagine Ia defcription cfvne 
li'gne courbe , pourvt1q u 'elle fait du nombre de celles 
qucje nomme Geometriques , on pourra touf10ur.s trou .. 

uer 
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From this equation we see that the curve EC belongs to the first class, 
it being, in fact, .a hyperbola. 1 .. 1 

I f  in the instrument used to describe the curve we substitute for the 
rectilinear figure CNK this hyperbola or some other curve of  the first 
class lying in the plane CNKL, the intersection of  this curve with the 
ruler GL will describe, instead of the hyperbola EC, another curve, 
which will be of  the second class. 

Thus, if CNK be a circle having its center at L, we shall describe 
the first conchoid of the ancients , '"1 while if we use a parabola having 
KB as axis we shall describe the curve which , as I have already said, 
is the first and simplest of the curves required in the problem of Pappus, 
that is, the one which furnishes the solution when five lines are given 
in position . 11BJ 

1"'1 Cf. Briot and Bouquet, Elements of Analytical Geometry of Two Dimen­
sions, trans. by J. H. Boyd, New York, 1896, p. 143. 

The two branches of the curve are determined by the position of  the triangle 
CNKL with respect to the directrix AB. See Rabuel, p. 1 19. 

Van Schooten, p. 171 ,  gives the following construction and proof : Produce 
AG to D,  making DG = EA. S ince E is a point of the curve obtained when 
GL coincides with GA, L with A, and C with N, then EA = NL. Draw DF 
parallel to KC. Now let GCE be a hyperbola through E whose asymptotes 
are DF and FA. To prove that this hyperbola is the curve given by the instru­
ment described above, produce BC to cut DF in I ,  and draw DH paral lel to AF 

F 

·� A. . . 

D 0 1!: A 

meeting BC in H. Then KL : LN = DH : HI. But DH = AB = x, so we may 

" b 
ex ex ex wnte : c = x :  HI, whence HI = 7)• I B !:::: a + c - 7), I C  = a + c - 7) - y. 

But in any hyperbola I C . BC = DE. EA, whence we have ( a + c -
e: - y) y = ac, 

or 312 = cy - e-;" + ay - a c. But this is the equation obtained above, which is 

therefore the equation of a hyperbola whose asymptotes are AF and FD. 
Van Schooten, p. 1 72, describes another s imilar instrument : Given a ruler 

AB pivoted at A, and another B'D h inged to AB at B. Let AB rotate about A 
so that D moves along LK ; then the curve generated by any point E of BE will 
be an ell ipse whose semi-maj or axis is  AB + BE and whose semi-mmor axis is 
AB - BE. 

I81J See notes 59 and 70. 
1111 For a discussion of the ell ipt ic, parabol ic, and hyperbolic conchoids see 

Rabuel, pp. 123, 124. 5 5  
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I f ,  instead of one of these curves of the first class, there be used a 
curve of the second class lying in the plane CNKL, a cvrve uf the third 
class will be described ; while if one of  the third class be used, one of 
the fourth class will be obtained, and so on to infinity. 1'"1 These state­
ments are easily proved by actual calculation. 

Thus, no matter how we conceive a curve to be described, provided 
it be one of those which I have called geometric, it is always possible 
to find in this manner an equation determining all its points. Now I 
shall place curves whose equations are of the fourth degree in the same 
class with those whose equations are of the third degree ; and those 
whose equations are of the sixth degree1901 in the same class with those 
whose equations are of the fi fth degree1"1 and similarly for the rest. 
This classification is based upon the fact that there is a general rule for 
reducing to a cubic any equation of the fourth degree, and to an equa­
tion of the fi fth degree�<"l any equation of  the sixth degree,  so that the 
latter in each case need not be considered any more complex than the 
former. 

It should be observed, however, with regard to the curves of any 
one class, that while many of  them are equally complex so that they 
may be employed to determine the same points and construct the same 
problems, yet there are certain simpler ones whose usefulness is mort: 
limited. Thus, among the curves of the first class, besides the ellipse , 
the hyperbola, and the parabola, which are equally complex, there is 
also found the circle,  which is evidently a simpler curve ; while among 
those of the second class we find the common conchoid, which is 
described by means of the circle , and some others which, though less 

1'"1 Rabuel ( p. 125 ) ,  i l lustrates this, substituting for the curve CNKL the semi­
cubical parabola, and showing that the resulting equation · is of the fifth degree, 
and therefore, according to Descartes, of the th ird class. Rabuel also gives ( p. 1 19) , 
a general method for finding the curve, no matter what figure is used for CNKL. 
Let GA = a, KL = b, AB = x, CB = y and KB = z ; then LB = z - b, and 
AL = x + z - b. Now GA : AL = CB : BL, or a : x + z - b = y : :; - b, 

whence z =  
ry .� by + ab

. 
a - y  

This value of z is independent of the nature of the figure CNKL. But given 
any figure CNKL it is possible to obtain a second value for :: from the nature oi 
the curve. Equating these values of :; we get the equation of the curve. 

1901 "Celles dont !'equation monte au quarre de cube." 
1"'� "Celles dont elle ne monte qu'au sursol ide." 
1821 "Au sursol ide." 
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uervne equation peur decerminer tous fes pains en cere 
forte. 

Au refte ie mets les !ignes courbes qui font manter 
cete equation iufques au quarre'de quarre , au mefme 
genre que celles qui ne Ia font manter que iufques au 
cube. & celles dont l' equation monte au quart'C de cu­
be,au mefine genre que celles dont elle ne monte qu'au 
furfolide. & ainfi de<; autres. Dont Ia raifon eft, qu'il y a 
reigle generale pour reduire au cube routes les difficul­
te's qui vont au quarre de quam! , & au furfolide toutes 
celles qui vont au quam! de cube , de fa�on qu'on ne lcs 
do it point eftimer plus compofees. 

Mais i1 eft a rema1·quer qu'entre les lignes de chafque 
genre, encore que Ia plus part foient efgaleme nt campo­
fees , en forte qu'elles peuuent feruir a determiner les 
mefmes poins, & conftruire Ies mefmes problefmes ,il y 
en.a toutefoisaWfy quelques vnes , qui font plus fimples, 
& qui n' ont pas tant d'efrendue en leur puilfance. com­
meentre celles du premier genre outre l'Ellipfe !'Hyper­
bole & Ia Parabole qui font efgalement compofe'es , Ie 
cercle y eft auffy compris , qui manifeftement eft plus 
fimpler & entre celles du fecond genre i l  y a la Conchoi­
de vulgaire,  qui a fon origine du cercle; & il y en a en­
core quelques autres, qui bien qu'el les n'ay�nt pas rant 
d'efrendue que Ia plus part de celles du mefine genre, 
ne peuuent toutefois e.llre mifes dans Je pt•emier. . . 

Or apres auoir ainfi reduit toutes les !ignes courbes a 1�u rrc1 .dc 
• cxp t ea-certains genres ,  il m'eft ay1e de pourfuiure en Ja de- rion �e Ia 

monfrration de Ia refponfe, que i'ay tanroftfaite a la qu·e-
q u epfhon 

• 
de appus thon de Pappus. Car pre.mierement ayant fait voir cy �ibu 
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P4 L A  G E O M E T R I E. 
deffus , que lorfqu'il n'y a que trois ou 4 lignes droites 
donnees, l'equation qui fert a determiner l�s poins cher­
ches, ne monte quc iufques au qnarn!; il efr euidem,que 
Ia ligne courbe ou fe trouuent ces poins , eft neceffaire­

ment quelqu vne de cefies du premier genre: a caufe que 
cete mefme equation explique le rapport , qu 'ont tous 
les poins des !ignes du premier genre a ccux d'vne ligne 
droite. Et que lorfqu'il n'y a point plus de 8 l ignes droi­
tes donnees , cete e.quation ne monte que iufques au 
quarre de quarre tout au plus , & que par confequent Ia 
ligne cherchee ne peut eftre que do fecond genre , ou au 
deifous.Et que lorfqu'il n'y a point plus de 1 2 lignes don­
nees , I' equation ne monte que iufques au quarrede cu­
be, & que par confequent la ligne cherchee n'eft que du 
troifiefme genre, ou au deffous. & ainfi des autres . Et 
mefme a caufe que Ia pofition des lignes droites donnees 
peut varier en toutes fortes, & par confequent faire cha­
ger rant les quanti res connues, que les 1ignes + & -- de 
l' equation, en toutes le� fa�ons imaginables ; il eft eui­
dent qu•it n'y a ancune ligne courbe du premier genre, 
qui ne foit vti!ea cete queftion, quand elle eft propofee 
en 4 lignes droites; ny aucune du fecond qui n y foit vti­
le ,  quand elle eft propofe'e en huit ; ny du troifiefme, 
quand elle ell propofee en douze: & ainfi des autres • . En 
forte qu'ih i'y a pas vne ligne courbe quitombe fous le 

Solution calcul & puiffe eftre receiie en G eometric , qui n'y foit .ic;fi��n vtile pour quelque nombre de !ignes. fuandellc Mais il faut icy plus particulierement que ie dete rmi­;':fJro- ne, � donne Ia fa� on de trouuer Ia ligne cht:rche'e ; qui 
qu'cn.3 fert en chafque cas, lorfqu·il ny a que 3 ou 4 lignes droi· 
QU + 11- tes gncs_ 
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complicated1""1 than many curves of the same class, cannot be placed 
in the first class. 1"'1 

Having now made a general classification of curves, it is easy for me 
to demonstrate the solution which I have already given of the prob­
lem of Pappus. For, first , I have shown that when there are only three 
or four lines the equation which serves to determine the required 
points 1"1 is of  the second degree. It follows that the curve containing 
these points must belong to the first class, since such an equation 
expresses the relation between all points of  curves of  Class I and all 
points of  a fixed straight line . When there are not more than eight 
given lines the equation is at most a biquadratic, and therefore the 
resulting curve belongs to Class II or Class I. When there are not 
more than twelve given l ines , the equation is of the sixth degree or 
lower, and therefore the required curve belongs to Class III or a lower 
class, and so on for other cases. 

Now, since each of  the given lines may have any conceivable posi­
tion, and since any change in the position of  a line produces a corre­
sponding change in the values of  the known quantities as well as in 
the signs + and - of the equation, it is clear that there is no curve 
of  Class I that may not furnish a solution of  this problem when it 
relates to four lines, and that there is no curve of  Class II  that may not 
furnish a solution when the problem relates to eight lines, none of 
Class III when it relates to twelve lines, etc. It follows that there is 
no geometric curve whose equation can be obtained that may not be 
used for some number of lines. 1"1 

It is now necessary to determine more particularly and to give the 
method of  finding the curve required in each case, for only three or 

1"1 "Pas tant d'etendue." Cf. Rabuel ,  p. 1 13. "Pas tant d'etendue en leur 
pu issance.'' 

1"'1 Various methods of tracing curves were used by writers of the seventeenth 
century. Among these there were not only the usual method of plotting a curve 
from its equation and that of using strings, pegs, etc., as in the popular construc­
tion of the ell ipse, but also the method of using j ointed rulers and that of using 
one curve from which to derive another, as for example the usual method of 
describing the cissoid. Cf. Rabuel, p. 138. 

1"1 That is, the equation of the required locus. 
1.,1 "En sorte qu'il n'y a pas une l igne courbe qui tombe sous le  calcul & puisse 

etre receue en Geometrie, qui n'y soit utile pour quelque nombre de !ignes." 
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four given lines. This investigation will show that Class I contains 

only the circle and the three conic sections. 

Consider again the four lines AB, AD, EF, and GH, given before, 

and let it be required to fin.d the locus generated by a point 

C, such that, i f  four lines CB, CD, CF, and CH be drawn through it 

making given angles with the given lines, the product of CB and CF 

is equal to the product o f  CD and CH. This is equivalent to saying 

that if 

and 

then the equation is 

CB = y, 

CD = c�
y + bc.1: 

z• , 

CF = ezy + dek _:±- des 
z• ' 

CH = gzy + fgl - fgx 
z"l • 

y• ( cfglz - dckz2 ) y  - ( dez• + cfgz - bcgz) .t·y + bcfglx - bcfgx= 
ez• - cgz2 
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res donnees; & on verra par mefme moyen que le pre­
mier genre des !ignes courbes n' en contient aucunes au­
tres, que les trois fections coniques, & le cerc i e . 

... 
\ .. ·

··. T 

.. 
· · 

. .... 
· · ·· 

· · · · · · · · · · · · · · 
. .. 

· ·  . ... :\ 

Reprcnons les 4 lignes A B, A D, E F ,  & G H  don .. 
nees cy deffus, & qu'il faille-trouuer vne autre ligne ' en 
laquelle i l fe rencontre vne infinite de pains tels que C> 
duquel ayant tireles 4 lignes C B ,  C D ,  C F, & C H ,  a 
angles donnes, fur les donnees, C B multiplie'e par C F, 
produift une fomme efgale a C D ,  multiplie'e par C H. 

c � y + b ' x, 
c'eft a dire ayant fait C B ::x> y ,  C D :n z z 
C F e ty of< de lt + de x, 

C H  
g z.y +fg l - -fg x' ) ' - - ft :x> U. & :n � � · equatto e 

- - d e k � z:.  ""' -- d e :::. z:. x  J + b 'fg lx } 
yy :n + cfg lz. J:Y  - - cfg z:.x J - - b cfg x x  

+ b cg z:. x  
e t H . .  cg z. z.. 

S f � ilU 
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au moins.en fuppofant e �plus grand que e g.car s'il eftoit 
moindre, il faudroit changer tous les /ignes + & -· . Et 
fi la quantite y fe trouuoit nu lle, ou moindre que rien en 
cete equation, lorfqu'on a fuppofc! le point C en I' angle 
D A G, il faudroit le fuppofer autry en 1' angle D A E ,  on 
E A R, ou R A G, en changeant les lignes + & -- felon 
qu'il feroit requis a cet effect. Et fi en toutes ces 4 po­
fitions Ia valeur d' y fe trouuoit nulle , Ia queftion feroit 
impoffible au cas propofe. Mais fuppofons Ia icy eftre 
poffible, & pour en abreger les termes, au lieu des qllan-

• , cfg l ;:. -- d e l:r. ;:.  fc . I d Utes --,- - - - -- e crmons ..1 m , & au ien e 
e t. - - c g ;:. :r.  

de :r. :r. 'f:! cfg ;:. -- b cg z  • 2. n  
--- J efcrmons -;:- ; & ainfi nous au-

e ;:. -- cg :r. t 
roes 

2.tJ 'f:! b efg lx -- b efg x x  dont la raci-yy -:n z my -- -;:-- xy --- -� --- ' e ;:.  -- cg z :t.  
ne e£1:  

n x  y-· - , 1 m n x  n n x x •+ b efg T�lnfg x x, 
Y� m -· -+ m m  -- -:--+- - · -

:r. :1:. :r. � l 
e :r. - - e g :: t.  

& derechef pour abreger , au lieu de 
1 m 11  b efg l n n • •  b cfg 

-- - ;r_ + 1 efcriuons o_, & au lieu de;.;; 1 
e ::. - e g :�:. :r. e - - eg :: :r.  

fc • /> • , ft d ' e crmons ;. car ces quantttes e ant toutes onnees, 

nous Ies pouuons nommer comme il  nous plaift. & 
ainfi nous auons 

y � m --�X + r m m  + o x -- ,f.'l: x, qui doit ellre Ia 
longeur de Ia ligne B c) en laitfant A B � ou X indeter-

. ' mmee. 
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It is here assumed that ez is  greater than cg ; otherwise the signs + 
and - must all be changed.'"'' If y is zero or less than nothing in this 
equation, 1'"1 the point C being supposed to lie within the angle DAG, 
then C must be supposed to lie within one of the angles DAE, EAR, 
or RAG, and the signs must be changed to produce this result. If  for 
each of these four positi'ons y is equal to zero, then the problem admits 
of no solution in the case proposed. 

Let us suppose the solution possible, and to shorten the work let us 

. . cflgz - dekz'l 2n . dez• + cfgz - bcga wnte 2m mstead of z3 z'l , and - mstead of 3 2 • e - cg z ez - cgz 
Then we have 

2 _ Zm _ 
2 n x ,  bcfglx - bcfgx• 

Y 
- Y z J + ez3 - cgz2 ' 

of which the root1.,1 is 

nx � 2mnx n2 x• bcfglx - bcfgx" y = m - - + m• - -- + -- + --'-�:-----'-;;"'---z z z• ez' - cgz2 • 

A . f h k f b . 2mn bcfgl gam, or t e sa e o revtty, put - -- + -3---­z ez - cgz• 

n2 bcfg p 
-z 2 3 2 equal to -; for these quantities being ez - cgz m 
represent them in any way we please."""1 Then we have 

y = m- � x + J
m• + ox + l x•. z \J m 

equal to o, and 

given , we can 

This must give the length of the line BC, leaving AB or x undeter-

1"1 When ez is greater than c_q, then c:::' - cg::2 is positive and its square root 
is therefore real. 

(&BJ Descartes uses "moindre que rien" for "negative., 
1,.1 Descartes mentions here only one root ; of course the other root would fur­

n ish a second locus. 
'"'"1 In a letter to Mersenne ( Cousin, Vol. VII, p. 157 ) , Descartes says : "In 

regard to the problem of  Pappus, I have given only the construct ion and demon­
stration without putting in all the analysis ; . . . in other words, I have given the 
construction as architects build structures, giving the specificat ions and leaving 
the actual manual labor to carpenters and masons." 
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mined. Since the problem relates to only three or four lines, it is obvi­
ous that we shall always have such terms, although some of them may 
vanish and the signs may all vary.t'011 

After this, I make KI equal and parallel to BA, and cutting off on 
BC a segment BK equal to m ( since the expression for BC contains 
+ m ;  if this were - m, I should have drawn IK on the other side of 
AB,l'"1 while if m were zero, I would not have drawn IK at all ) . Then 
I draw IL so that IK : KL = z : n ;  that is, so that if IK is equal to �. 
KL is equal to � x. In the same way I know the ratio of KL to IL, z 
which I may call n : a, so that if KL is equal to � x, IL is equal tu z 
� x. I take the point K between L and C, since the equation contains z 
- � .r ; if this were + � x, I should take L between K and C ; t1081 while i f  z z 
, - x were equal to zero, I should not draw IL. z 

This being done, there remains the expression 

LC = fm• + ox + t x• '\} 111 ' 

from which to construct LC. It is clear that if this were zero the point 

t••1 J Having obtained the value of BC algebraically, Descartes now proceeds to 
construct the length BC geometrically, term by term. He considers BC equal to 
BK + KL +.LC, which is equal to BK - LK + LC which in turn is equal to 

m - ! x + /m• + ox + E x•. z '\J m 
t102J That is, take I on CB produced. 
l"'"l That is, on KB produced. C is not yet determined. 
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minee. Et il eft euident que la queftion n' eftant pro­
pofee qu:en trois ou quatre lignes , on peut toufiours 
auoir de tels termes. excepte que quelques vns d'eux 
peuuent eftre nuls, & que les figues -1- & -- peuuent di­
uerfement eftre·changes. 

A pres eel a ie fa is K I efgale & parallele a B A, en forte 
q�· elle couppe de B C Ja partie B K efgale a m , a caufe 
qt,fil y a icy + m ;  & ie l'auroi s adioufte'e en tirant cete 
lignc:; I K d e l'autre co fie. s'il y �uoit eu -· m ;  & i e ne l'au­
rois point du r out t ire'e , fi Ia quantire' m euft efte' nulfe .  
Fuis ie t ire auffy I L, en forte que Ia l igne I K efi a K L, 
com me Z eft a n. c'  ell: a di re que I K eftant x 1 K L eft 
��· Bt par mefme moyen ie connois autry la proportion 

qui 
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qui eft entre K L, & I L, que ie pofe commc entre n & a: 

fibienque K L eftant �x, I L eft � x; Et ie  fais que le 

point K foit entre L & C ,  a caufe qu'il y a icy • •  � x; 
au lieu que i'aurois mis Lentre.K & C,fi i'euffe eu + �-x; 

n & ie n'eutTe point tirecete ligne I L, fi �  x euft eftenulle. 
Or cela fait, il ne me refte plus pour la ligne L C , que 

ces termes, L C :x> r'
-
m m +  o x  · - !.x x. d'ou ie \•oy 

que s'ils eftoient nob, ce point C fe trouueroit en 1a li­
gne droite I L; & que s'ils eftoient tels que la racine s' en 

puft tirer, c'eft a dire que m m &!x x eftant marques 
d'vn mefme figne + ou -- , o o fuft efgaU . 4 p m, ou bien 

quc les termes ntm & o x, ou o x &:� x x  fuffent nuls , ce 
point C fe trouueroit en vne autre lig� droite qui ne fe. 
roit pas plus malayfe'e a trottuer qu' I L. Mais Iorfque 
cela n�eft pas, ce point C eft toufiours en l'une des trois 
feaions coniques , ou en vn cercle , dont l'vn des dia­
metres· eft en Ia ligne I L,& Ia ligne L C eft l'vne de cel­
les qui s 'appliquent par ordre a ce diametre ; ou au con­
traire L C eft parallele au diametre , auquel celle qui eft 
en Ia ligne I L eft  appliqut!e par ordre. A f�avoir fi le ter-

me � x x. eft nul cete feUion.conique eli: \'De Parabole.; 
& s'il eft marqu� dn figne + ,  c'eft vne Hyperbote 1  & 
enfin" s"'il eft m�rque du figne -- c' eft vne Ellipfe. Excepte 
feulement 6 la quantite aam eft efgale a Pn & que !'an­
gle I L C foit droit : auquel cas on a vn cercle au lieu 

d'vne 
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C would lie on the straight line IL ; 11"1 that if it were a perfect square, 

that is i f  m• and !... x-• were both +11"'1 and o• was equal to 4pm, or i f  m 
m2 and ox, or ox and t_ x-• , were zero, then the point C would lie on m 
another straight line, whose position could be determined as easily 
as that of IL. 11GOJ 

If none of these exceptional cases occur, 11071 the point C always lies 
on one of the three conic sections, or on a circle having its diameter 
in the line IL and having LC a line applied in order to this diameter, 11'"1 
or, on the other hand, having LC parallel to a diameter and IL applied 
in order. 

In particular, if the term t_ x-• is zero, the conic section is a parabola ; m 
if it is preceded by a plus sign ,  it is a hyperbola ; and, finally, if it is 
preceded by a minus sign, it is an ellipse. 11091 An exception occurs when 

11"1 The equation of IL is y = m - !.r. z 
11"1 There is considerable divers ity in the treatment of this sentence in differ-

ent editions. The Latin edition of 1683 has "Hoc est, ut, mm & L xr s igno + m 
notalis." The French edit ion, Paris, 1 705, has "C'est a dire que mm et l!...rr etant m 
marquez d'un mcme s igne + ou -." Rabuel gives "C'est a dire que mm and 

!!.. XX etant marquez d'un meme signe + ." He adds the following note : "II y a m 
dans les Editions Fran�oises de Leyde, 1637, et de Paris, 1 705, 'un meme s igne + 
ou -', ce qui est une faute d' impression." The French edition, Paris, 1886, has 
"Etant marques d'un meme signe + ou -." 

11"'1 Note the d ifficulty in generalization experienced even by Descartes. Cf.  
Briot and Bouquet, p. 72. 

11"'1 "Mais lorsque cela n'est pas." In each case the equation giving the value 
of y is l inear in r and y, and therefore represents a straight l ine.  If the quantity 

under the radical sign and !!_ x are both zero, the line is parallel to A B. If the z 
quantity under the radical s ign and m are both zero, C l ies in AL. 

11"'1 "An ord inate." The equtvalent nf  "ordin >tion a['pl ication" was llsed in the 
16th century translation of Apollonius. Hutton 's Mathematical Dict ionary, 1 796, 
gives "appl icate," "Ordinate appl icate," was also used. 

111101 Cf. Briot and Bouquet, p. 143. 
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a•m is equal to pz' and the angle ILC is a right angle/''"1 in which case 
we get a circle instead of an ellipse. 1"'1 

If the conic section is a parabola, its latus rectum is equal to � and a 
its axis always lies along the line IL.1"'1 To find its vertex, N, make 

am2 • IN equal to --;;z• so that the pomt I lies between L and N if m2 is posi-

tive and ox is posit ive ; and L lies between I and N i f  m' is posi­
tive and ox negative ; and N l ies between I and L i f  m' is negative and 
ox positive. It is impossible that m2 should be negative when the terms' 
are arranged as ab<;�ve. Finally, if m2 is equal to zero, the points N and 
I must coincide. It is thus easy to determine this parabola, according 
to the first problem of  the first book of Apollonius1"'1 . 

If ,  however, the required locus is a circle, an ellipse, or a hyper­
bola/"'1 the point M, the center of the figure, must first be found. Thi� 

1"01 Rabuel (p. 167) adds "If a 2m = pz2 or if m = p the hyperbola is equi­
lateral." 

[mJ In this case the triangle ILK is a right triangle, whence IK2 = LK2 + IC' ;  
but by hypothesis IL  : I K  : K L  = a  : z : n ;  then a2 + n 2  = z2• Now the equa­
tion of the curve is 

y = m - � + x - /m' + oz - f. x' z 'J m ' 
and therefore the term in x2 is (� +�)x• ; 

p a• a'+"' 
and if a•m = pz•, then m = Z'' and this term in x2 becomes � x'=x' . 

Therefore , the coefficients of x2 and :v' are un ity and the locus is a circle. 1"'1 This may be seen as follows : From the figure, and by the nature of tht 

parabola LC 2= LN . p  and LN = I L + IN. Let IN = ¢ ;  then since IL = � x, we z 
have LN = � r + ¢  and LC = y - m +� x ;  whence (y - m + � . .- ) 2 =  (� x + ¢) p. z z z z 
But (y - m + � x) 2 = m2 + or from the equation of the parabola ; there fore z 
; . .-p + ¢p = m' + ox. 

� � 
= m' ; ¢ = 

am' . 
a oz 

Equating coefficients, we have � fJ = o ;  fJ = �; ¢p = m2 ; z a 
1"'1 Apollonii Pergacii Quae Graece erstant edidit I. L. Heiberg, Leipzig, 1891 .  

Vol. I ,  p. 1 59, Liber I ,  Prop. LII .  Hereafter referred to as  Apollonius. This 
may be freely translated as follows : To describe in a plane a parabola, having 
g iven the parameter, the vertex, and the angle between an ordinate ami the corre­
sponding abscissa. 

1"'1 Central conics are thus grouped together by Descartes, the circle being 
t reated as a special form of the el l ipse, but be ing mentioned separately in  all cases. 
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d'vne Ellipfe. Que fi cete fection eft vne Para bole , fon 
cofte droit .eft efgal a�. & fon diametre eft toufiours en. 
la ligne I L. &: pour trouuer le point N, qui en eft le 
fommet, il faut faire IN  efgale a: ":�m , &  que le point I 
foit entre L & N ,fi les termesfont + m m + o X; oubien 
que le point L foit entre i & N, s'i ls font + m m -- o x; 
oubien il faudroit qu' N fufc entre I & L ,  s'jl y auoit 
-- m m + D x • Mai s i1 ne peut iamais y auoir 
-- m m, en Ia fa s-on que les termes ont icy efte' pofes. Et 
enfiu le point N feroit le mefme que le  point I fi Ia quan­
tite m m efroit null e. Au moyen dequoy il eft ayfe de 
trouuer cete Patabole par le I er, Prohlefme du I e r, liure 
a· A pollonius. 

T t  
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Q!e fi la ligne demadee eft vn cercle,ou vne ellipfe,ou 

\'De Hyperbole , il faut premierement chercher le point 
M, qui en eft le centre , & qui eft toufiours en Ia ligne 

a o m 
droite I L, ou on le trouue en prenant .z. P �:. pour I M. en 

forte que fi la quantit6 o eft nulle,ce centre eft iuftement 
a u  point I. Et fi Ia ligne cherchc!e eft vn cercle, ou vne 
Ellipfe; on doi t prendre h! point M du mefml cofte que 
Ie point L, au refpeCl: du point I, lorfqu' on a + o X; & 
lorfqu'on a -- 0 X '  on le doit prendre de l'autre. Mais 
tout au contraire en !'Hyperbole, fi on a -- o x, ce centre 
M doit eftre vers L) c fi on a + o x, il doit eftre de l'au­
tre cofte. A pres cela le cofte droit de Ia figure do it eftre 
.,ro o ::. .::; 4 m p :t z:., -;;- + ---;;-:;-- lorfqu'on a + m m ,  & que Ia l igne 
cherchee eft vn cercle, ou vne Ellipfe ; oubien lorfqu 'on 
a -- m m ,  & que c' eft vne Hyperbole. & il do it eftre 
r D o z:..z:, "r rJir.z:. z.,:fi l 1 "  h h ,  ---;;- - � 1 a 1gne c ere ee eftant vn cercle;, 
ou vne EUi

_p
f�� ori a -o� m m; oubien fi eftant vne Hyper­

bole & Ia quantite.o o eftant plus grande que 4 mp, on a 
+ m m. �e ft Ia quantite m m eft nulle, ce cofte droit 

eft !1, &dio xeft nulle,il eft 11" .+..:.e..:i. Puis pour le cofte 4 4 4  
traverfant , it faut trouuer vne Iigne ; qui  foit  a c e  cofte 
droit, Come II a m eft a P t t,a f�auoir fi Ce cofte droit eft 

_ ,  r 0 0 .1;. %.  4·mp z. :;., l  r. fi 11' a.a o O '»  m 4 JJ 4 m  
--+ --� e trauer1ant e t · ....1- -II 4 IHJ jl p.t.z. " p :;. .:::;. 

Et en to us ces cas Ie diametre de Ia fedion eft en Ia l igne 
I M, & L C eft l'vne de celles qui Iuy eft appliqu ee par 
ordre. Sibienque faifant M N efgale a Ia moitie du cofte 

trauer• 
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will always lie on the line IL and may be found by taking IM equal to 
a
z
om . 1"'1 If  o i s  equal to zero M coincides with I. If  the required locus pz 

is a circle or an ellipse , M and L must lie on the same side of I when 
the term o.t· is positive and on opposite sides when ox is negative. On 
the other hand, in the case of the hyperbola , M and L lie on the same 
side of I when ox is negative and on opposite sides when ox is positive. 

The latus rectum of the figure must be 

/o2z2 4mpz2 
'\f(T + ---a·-

if m2 is positive and the locus is a circle or an ellipse, or if m2 is nega­
tive and the locus is a hyperbola. It must be 

/o2z2 _ 4mp:!_ '\J a2 a• 
if the required locus is a circle or an ellipse and m2 is negative, or if it 
is an hyperbola and a2 is greater than 4mp, m• being positive. 

But if m2 is equal to zero, the latus rectum is � ; and i f  o::; i s  equal to 

zero(uuJ ,  it is 

For the corresponding diameter a line must be found which bears 
a 2m 

the ratio pz• to the latus rectum; that i s ,  i f the latus rectum is  

the diameter is 

/o2z2 4mpz• 
'\/7 + a2 -

Ja•o•m_o_ 4a2m" 
'\J p•z• + pz• · 

In every case, the diameter of the section lies along IM, and LC is one 
of its lines applied in orderY"1 It is thus evident that, by making MN 
equal to half the diameter and taking N and L on the same side of M, 

1"'1 Cf. Briot and Bouquet, p. 156. 
JnoJ Some editions give, incorrectly, ox for o::. 
ln<J See note 108. 
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the point N will be the vertex of this diameter. 1'"1 It is then a simple 
matter to determine the curve, according to the second and third prob­
lems of the first book of Apollonius. 1"'1 

When the locus is a hyperbola1"'1 and m2 is positive, if o2 is equal to 
zero or less than 4pm we must draw the line MOP from the center M 

parallel to LC, and draw CP parallel to LM, and take MO equal to 

while i f  ox is equal to zero, MO must be taken equal to m. Then con­
sidering 0 as the vertex of this hyperbola , the diameter being OP and 
the line applied in order being CP, its latus rectum is 

and its diamctcr1"'1 is 

1'"1 If the equation contains - "'2 and + 11x, then n2 must be o!!reater than 
4mp, otherwise the problem is impossible. 

11"1 Cf. Apollonius, Vol. I, p. 173, Lib. I ,  Prop. LV : To describe a hyperbola, 

given the axis, the vertex, the parameter, and the angle between the axes. Also 
see Prop. LVI : To describe an ell ipse, etc. 

1,..1 Cf. Letters of Descartes, Cousin, Vol . VIII, p. 1 42. 
11111 "Cute traversant." 
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trauerfant & le prenant du JDefme cofc' du point M� 
qu'eft le point L, on a le point N pour le fommet de cc 
diametre .en fuite dequoy il eft ayfe de trouuer Ia feClion 
par le fecond Be J prob. du ter. liu . d'Apollonius· 

. · - - - · - · · · - · ·
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Mais quand cete fection eftant vne Hyperbole , on a 
+ m m; & que Ia quantitt! o o eft nolle ou plus petite que 
4 p m, on do it tirer du centre M Ia  ligne M 0 P parallele a 
L C ,  & C P parallele a L M; & faire M 0 efgale a 

.y- m m  -- 1111:'; oubien Ia faire efgale a m fi  Ia quantite' o x  + r  . 
eft nulle. Puis confiderer le point 0, come le fommet 
de cete Hyperbole; dont le diametre eft 0 P ,  & C P la 
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\\gllequiluy eft appliqu�e par oJ:dre,.& fon cofredroirefi 
r ·�·d4m4 " """ o m l· 

, - r . il o m. · 
-;;-P 4 -· pl 4 & fon coftc trauersat eft 4 m m . -

,. z. z. • p 
Exceptequand o x  eft nulle.car alors le cofte droit e,fo 
:!. lf A WIJ1. 

P z.z , & le trauerfant eft 1 m. & ainli i l  eft ayfe de Ia 
trouuer par Je 3 prob.du ter. Iiu . d'Apollonius. R�;i�� Et les demonftrations de tout cecy font euidentes.car 

de �ou_t c c  compofant vn efpace des quanti res que iay affigne'es 
J��fi;�ent pour le coft e droit, & Je trauerfant , & pour le fcgment 
u pliqu�. du diametreNL,ou OP,filiuat lateneur de l'I  I , du u ., & 

du 1 3 theorefmes du t er, liure d'Apolloniu�, on trou uera 
tous les mefmes termes dont eft compofe le quam!. de 
laligne C P, ou C L,qui eft appliquee par ordre a ce dia­
metre. Comme c:n cet ex emple oftant I M , qui eft 
11 o m  • �tm f" . 

l l "- P { '  de N M, qm eft '-H o o + 4 mp, 1ay l N, a aque -
11 • R If o m  le aiouftant I L, qui eft ;.- X1 tay N L , qut eft t x • •  ;:-;-:;_ 

+ � r-o. 0- + 4 m b • &. cecy eftant multiplic par 
2- p z.  r 

.;ro o+ 4 m p, qui eft Je cofte droit de Ia figure� il vient 

o m  - · ,·o 11 x- Vo o + 4 mp ·· - t/ o o -t- 4 mp + -P -1- 2 m  m 
::. p ,_ • 

pour le rectangle . duquel il faut  after vn efpace qui foit 

au quarre' de N L comme le cofle' droit eft au trauerfant. 
" "  tUi o m 

& ce quarre de N L eft ;:;_ �x -- ---pu: x 

.<r. II m 4; ----- II A D D m r.l 11 11 m 1  + � X v o o + 4 mp + �;.-;:- + f·u· 
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An exception must be made when ox is equal to zero, in which case the 
. 2a2m2 • • latus rectum ts -p • and the dtameter ts 2m.  From these data the z· 

curve can be determined in accordance with the third problem of the 
first book of  Apollonius. £'221 • 

The demonstrations of the above statements are all very simple, for, 
forming the produce"'1 of the quantities given above as latus rectum, 
diameter, and segment of the diameter NL or OP, by the methods of 
Theorems 1 1 ,  12 , and 1 3  of the first book of Apollonius, the result will 
contain exactly the terms which express the square of  the line CP or 
CL, which is an ordinate of this diameter. 

. aonz In thts case take IM or 2pz from NM or from its equal 

2
am �o•+4mp. ;pz 

To the remainder IN add IL or �x, and we have z 

Multiplying this by 

a aom nm 
NL = z-x - 2pz + 2pz .Vo•+4mp. 

the latus rectum of the curve, w e  get 

for the rectangle, from which is to be subtracted a rectangle which is 
to the square of NL as the latus rectum is to the diameter. The square 
of NL is  

1 '"1 See  note 1 1 3. 
t l:rlJ "Composant un espace.', 
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Divide this by a•m and multiply the quotient by pz• , since these terms 
express the ratio between the diameter and the latus recturri. The result is 

• 
This quantity being subtracted from the rectangle previously obtained, 
we get 

C L1 = m2 +ox - !.. x2 . nl 

It follows that CL is an ordinate of an ellipse or circle applied to NL, 
the segment of the axis. 

Suppose all the given quantities expressed numerically, as EA=3, 

1 3 AG = S , AB = BR ,  BS = 2 BE,  GB = BT ,  CD = 2 CR,  C F = 2CS,  CH = 

2 3 cT, the angle ABR=60° ; and let CB . CF=CD . CH. All these quan-

ties must be known if  the problem is to be entirely determined. Now 
let AB=.'t", and CB=y. · By the method given above we shall obtain 

y"=2y-xy+5x-.-r• ; 

whence BK must be equal to 1 ,  and KL must be equal to one-hal f Kl ; 
and since the angle I KL = angle AllR = 60° and angle KIL ( which is 
one-half angle KIB or one-half angle I KL) is 30° , the angle ILK is a 

· h 1 s · 1 / 3  . ng t ang e. mce I K = AB = x. K L = 2 x. I L = x "\/ 4, and the quant1ty 

represented by z above is 1 ,  we have a =�1· m = 1 •  o = 4, P =� , whence 

IM =� 1
3
6, N M =�� ; and since a2m ( which is � ) i s  equal to Pz2 , and 
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11 11 o m m ,.,/ 

• •  ,.,a:{  v o o + �J. mp qu'il faut diuifer par a a m &  
multiplier par pu,a caufe que ces terrne5 expliquent Ia 
proportion qui eft entre le cofte trauerfant & le droit, & 
.1 . p + �/ o o m  1 Vlent - X X -- 0 X X I' 0 0 + 4 m p -f- -m 'J. f  

__ � -;/  o o + 4 m p + mm.cequ'il faut ofter do rectangle 'J.f . � precedent, & on rrouue m m + o x  - - ;;; xx pour le quar-
rede C L, qui par confequent eft vne ligne appliquee 
par ordre dans vne Ellipte,ou dans vn cercle,au fegment 
du diametre N L. 

Et .6 on vent expliquer toutes les quantites donnees 
parnombres, en faifant par exemple E A :n 3 ,  A G :n ;, 
A B :n B R , B S :n � B  E, G B :n B T, C D :n  i C R, C F  
ro 2. C S, C H :n -j- C T, & que l angle A B R  foit de 6o 
degres; &" enfin que le rectangle des deux C B ,  & C F,. 
foit efgal au rectangle des deux autres C D  &C H; �ar il 
faut auoir routes ces chofes affin que Ia qneftion foit en­
tierement determinee. & auec cela foppofant A B :n .:�:; 
& C B :n y, on trouue par la fa�on cy de1fus expliqutle 
y J :D 2 J · - X J + 5 X - •  X X & J :D I - ·  -f. X + 
V'" z + 4 X · - :l- x x : fi

.bienque B K doit eftre I , &  K L  
doit eftre l a  moitie de K I ,  & pourceqae rangle I K L 
ou A B R eft de 6o degres , & K I L qui eft la moitie'de 
K I B ou I K L, de 3o, I L K eft droit. Et pourceque I K 
!)u A B eft nomme x, K L eft i x ,  & I L eft x fl :i- , & la 
quannre qui eftoit tantoft nomrnc:!e t eft 1 , celle qui 
eftoit a eft 11' t• celle qui eftoit m eft I , cel le qui eftoit o 
eft 4, & celle qui eftoit p eft t ,  de fa�Oll qu' on a f/" l � 
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Q.!!ds 
font lcs lieux 
J>lans, & 
folidcs : & 
Ia facon 
de les 
trouuer. 
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pour I M, & .Y •t pour N M ,  & pourceque aa m qui 
eft i eft icy efgal a Pn. &. que I' angle I L C eft droit , on 
trouue que la ligne courbe N C eft vn cerde. Et on 
peut facilement examiner tous les autres cas en mefme 
forte . 

Au refte a caufe que le s equations , qUI ne montent 
que iufques au quam!, font tout.es comprifes en ce que ie 
viens d'expliquer ; non feulement le problefme des an­
ciens en 3 & 4 1ignes eft icy entierement acheue; mais 
autry tout ce qui appartient a ce qu'ils nommoient la 
compofition des lieux folides ; & par conlequent auffy a 
celle des lieux plans, a caufe qu'ils font compris dans les 
folides. Car ces lieux ne font autre chofe, finon que lors 
qu'il eft queftion de trouuer quelque point auquel il 

manque 
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the angle ILC is a right angle, it follows that the curve NC is a circle. 
A similar treatment of any of  the other cases offers no difficulty. 

Since all equations of  degree not higher than the second are included 
in the discussion just given , not only is the problem of  the ancients 
relating to three or four lines completely solved. but also the whole 
problem of  what they called the composition of  solid loci , and conse­
quently that of  plane loci, since they are included under solid loci. l'"1 
For the solution of any one of these problems of loci is nothing more 
than the finding of a point for whose complete determination one con-

i"'J Since plane loci are degenerate cases of  solid loci. The case in which 

neither x' nor y2 but only .ry occurs, and the case in which a constant term occurs, 

are omitted by Descartes. The various kinds of  sol id loci represented by the equa-

tion y = ± m ± !!. .r ± � ± · J ± m' ± ox ±  p_.r may be summarized as follows : z x 'J 1n 
n' 

( 1 )  If all the terms of the right member are zero except x ,  the equation repre-
"' 

sents an hyperbola referred to its asymptotes. (2) If x is not present, there are 

several cases, as follows : (a) If the quantity under the radical s ign is zero or a 

perfect square, the equation represents a straight l ine ; (b) I f  this quantity is not 

a perfect square and i f  _t .r2 = 0, the equation represents a parabola ; ( c )  If it is m 
not a perfect square and if t_ .r2 is negative, the equation represents a ,· ircle or an 1n 
el l ipse ; (d) I f  t_ .r2 is positive, the equation represents a hyperbola. Rabuel, p. 248. m 
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dition is wanting, the other conditions being such that ( as in this exam­
ple ) all the points of  a single line will satisfy them. If the line is 
straight or circular, it is said to be a plane locus ; but i f  it is a parabola. 
a hyperbola, or an ellipse, it is called a solid locus. In every such case 
an equation can be obtained containing two unknown quantities and 
entirely analogous to those found above. If the curve upon which the 
required point lies is of higher degree than the conic sections, it may 
be called in the same way a supersolid locus, � '"'1 and so on for other 
cases. If two conditions for the determination of  the point are lacking, 
the locus of the point is a surface, which may be plane, spherical, or 
more complex. The ancients attempted nothing beyond the composition 
of  solid loci , and it would appear that the sole aim of  Apollonius in his 
treatise on the conic sections was the solution of problems of solid loci. 

I have shown, further, that what I have termed the first class of 
curves contains no others besides the circle, the parabola, the hyperbola, 
and the ellipse. This is what I undertook to prove. 

1'"'1 "Un l ieu sursol ide." 

80 



L I V R E S .E C 0 N D. 33.f  
manque vne condition pour eftre entierem ent determi­
ne', ainfi qu'il arriue en cete exemple,toas les poins d:vne 
mefme ligne peuuent eftre pris pour celuy qui eft de­
mande. Et fi cete l igne eft droite, ou circulaire , on Ia 

nom me vn lieu plan.  Mais 6 c' eft vne para bole , ou vne 
hyperbole, ou vne cllipfe, on Ia nomme vn lieu folide. Et 
toutefois & quani:es  qu e  cela eft, on peut venir a vne E­
quation qui contient  deux quantites inconnues , & eft 
pareille a quelqu'vne de celles que ie vi ens de refoudre. 
<l.!!_e fi la I igne qui determine ainfi le point cherche , eft 
d'vn degre plus compofee que les fections coniques , on 
la peut nommer, en  mefme fa�on , v n  lieu furfolide , & 
ainfi des autres. Et s'il manque  deux conditions a Ia de­
termination de ce point, Ie heu ou i l  fe trouue eft vne fu­
perficie, laquelle peut efrre tout de  mefme ou plate , ou 
fpherique , ou plus compofee. Mais Ie plus haut but 
qu'ayent eu le-s anciens en cete matiere a efte de parue­
nir a la compofition des lieux folides : Et il femble que 
tout ce qu' Apollonius a efcrit  des fedions coniques n'a 
eft equ'a delfein de Ia chercher. Q!!elledl: 

De plus on voit icy que ceque iay pris pour Ie premier Ia prcm1 ie-
• , rc & a 

genre des hgnes courbes,n en peut  comprendre aucunes plus fim-
autres  que Ie  cercle, Ia para bole, ! 'hyperbole,& 1' ellipfe. pie de 1 

tOUtCS CS qui eft tout ce quei 'auois  entrepris de prouuer. ! ignes 
nne fi Ia queftion des anciens eft propofee en cinq li- cou�bes 
� qut ,er-

gnes, qui foient tou tes paralleles ; il eft euident que le u e nt en Ia · h l 'r  fi } "  d · . fi queibon pomt c ere 1e 1e ra tou tours en vne 1gne rotte . Mats 1 des an-
elle eft propofee en cinq l ignes , dont il y en a it quatre c1 ens 
qui foient paraUeles , & que la cinquiefme les couppe a ��aft�r:!: 
angles droits, & mefme que routes les lignes tirees d u  pofee etl 

• c10q h -
pomt gncs .  
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point cherche les rencontrent aufi'y a angles droits , &: 
enRn qne lc parallelepipede compofe de trois des !ignes 
ainfi tirees fur trois de celles quifont paralleles,foit efgal 
au parallelepipede compofe des deux lignes tirees l'vne 
fur la quatriefme de celles qui font paralleles & l'aurre 
fur celle qui les couppe a angles droits, & d'vne troifief­
me ligne donnee. ce qui eft ce femble Ie plus fun­
pie cas qu'on puitfe imaginer apres le precedent ; Je 
point cherche fera en Ja ligne courbe , qui eft defcrite 
par le mouuement d'vne parabole en Ia fa!JoD cy delfus 
expliqne'e. 

Soie nt 
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If the problem of the ancients be proposed concerning five lines, all 
parallel, the required point will evidently always lie on a straight line. 
Suppose it be proposed concerning five lines with the following condi­

tions : 
( 1 )  Four of these lines parallel and the fifth perpendicular to each 

of the others ; 
(2)  The lines drawn from the required point to meet the given lines 

at right angles ; 
( 3 )  The parallelepiped1'"1 composed of the three lines drawn to meet 

three of  the parallel lines must be equal to that composed of three lines, 
namely, the one drawn to meet the fourth parallel, the one drawn to 
meet the perpendicular, and a certain given line. 

This is, with the exception of  the preceding one, the simplest pos­
sible case. The point required will lie on a curve generated by the 
motion of  a parabola in the following way : 

11261 That is , the product of the numerical measures of these lines. 
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Let the teqnired lines be AB, IH, ED, GF, and GA, and 

let it be required to find the point C, such that if CB, CF, CD, CH, and 
CM be drawn perpendicular respectively to the · given lines, the paral­
lelepiped of  the three lines CF, CD, and CH shall be equal to that of 
the other two, CB and CM, and a third line AI. Let CB=y, CM=x, 

AI or AE or GE=a ; whence i f  C lies between AB and DE, we have 
CF=2a-y, CD=a-y, and CH=)'+a. Multiplying these three to­
gether we get y"-2ay• -a•y+2a3 equal to the product of the other 
three, namely to axy. 

I shall consider next the cur:ve CEG, which I imagine to be described 
by the intersection of  the parabola CKN ( which is made to move so 
that its axis KL always lies along the straight line AB ) with the ruler 
GL ( which rotates about the point G in such a way that it constantly 
lies in the plane of  the parabola and passes through the point L) . I 
take KL equal to a and let the principal parameter, that is , the par­
ameter corresponding to the axis of  the given parabola, be also equal to 
a, and let GA=2a, CB or MA=y, CM or AB=x. Since the triangles 
GMC and CBL are similar, GM ( or 2a-y) is to MC ( or x) as CB 

(or y) i s to B L ,  wh ich i s  therefore equal to 2 
xy . Since KL is  a , BK a -y 

· xy 2a2 - ay -xy F '  11 · h' BK · t IS a - -2 -- or 2 . ma y, smce t IS s a m e  IS a segmen a -y a -y 
of the axis of the parabola, BK is to BC ( its ordinate) as BC is to a 
( the latus rectum) , whence we get y' - 2ay• - a•y+ 2a"=a.ry, and there­
fore C is the required point. 
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Soient par exemple les l ignes cherchees A B,I H,E D� 

G F, & G A. & qn'on demande le point C, en forte que 
tirant C B, C F, C D, C H, & C M a angles droits fur les 
donnees, le paralle lepipede des trois C F. C D , & C H 
fait efgal a celuy des z autres C B, & C M ,  & d'vne troi­
liefme qui foit A I. Ie pofe C B  :ny. C M :x> x. A I, ou 
A E, ou G E :x> a,de fa�on que le point C eftant entre les 
!ignes A B, & D E, iay C F :n 2. a -- y, C D ::n a ·· y. & 
C H :x> y + a. & multipliant ces trois l'vne par !'autre, 

' ' 
1ay y -- 2. • y y - - a a y + i a e fgal au produit des trois 
autres qui eft a xy. Apre_s cela ie  confidere la ligne cour­
be C E G, que i 'imagine eftre defcrite par l'interfed:ion� 
de la Parabole C K N, qu'on fait mouuoir en tc l le forte 
que fon diametre K L eft toufiours fur Ia ligne droite 
A B, & de la reigle G L qui tourne cependant autou r du 
point G en telJe forte que lie patfe toufiours dans le plan 
de cere Para bole par le point L. Et ie fais K L ::n a , & .le 
co(lc! droit principal , c' eft a dire celuy qui fe rapporte a 
t'aiffieu de cete parabole . auffy efgal a a� & G A  :x> z a, & 
C B ou M A :x> y, & C M ou A B :n x. Puis a ca:ufc des 
triangles femblables G M C & C B L,G M qui eft 2. a -y, 
eft a M  C qui eft x, comme C B qui eft y, eft a B L qui eft 
par confequept :r.:�-j Et pourceque L K eft a, B K eft a 

•• XJ 1 4 A •• AJ -· XJ 
-;-;.-y . oubi.en u.- ·_Y • Et cnfin pourceque ce mef-
me B K eftant ''n fegment du diamerre de Ia Para bole, 
eft � B C qui luy eft appliquee par ordre , comme cel­
lecy eft au cofte droit qui eft a , le calcul morub;e que 

y -- :. ayy -- aay + 2..JJs eft etgal a a xy. & par confe .. 
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quent que le point C eft celuy qui eftoitdemande. Et il 
pent eftre pris en tel endroir de Ia ligne C E G qu'on ve­
nUle choi6r, ou aulfy en fon adiointe c E G c qui fe de. 
fcri t en mefme fa�on,except6 quele fommet de JaPara · 
bol e eft ton rne vers 1' autre cofr6 , ou enlin en leurs con­
trepofees N I o, n I O,qui font defcrites par l'interfettion 
que fait Ia ligne G L en l'autre coft6 de Ia Parabole 
K N . 

Or encore que les paralleles donne'es A B ,  1 H � E D� 
& G F ne fo1fent po�nt efgalement distantes, & que G A 
ne les couppaft point a anglcs droits, ny aulfy lcs lignes 

tiJ:ees 
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The point C can be taken on any part of the curve CEG or of its 
adjunct cEGc, which is described in the same• way as the former, except 
that the vertex of  the parabola is turned in the opposite direction ; or 
i t  may lie on their counterparts1'"1 Nlo and niO, which are generated 
by the intersection of  the line GL with the other branch of  the para­
bola KN. 

Again, suppose that the given parallel lines AB , IH, ED, and GF are 
not equally distant from one another and are not perpendicular to GA, 

and that the lines through C are oblique to the given lines. In this case 
the point C will not always lie on a curve of  just the same nature. This 
may even occur when no two of  the given lines are parallel. 

fl27J "En leurs contreposees." 
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Next, suppose that we have four parallel lines, and a fi fth line cutting 
them, such that the para�lelepiped of  three lines drawn through the 
point C ( one to the cutting line and two to two of  the parallel lines ) 
is equal to the parallelepiped of two lines drawn through C to meet the 
other two parallels respectively and another given line. In this case 
the required point lies on a curve of  different nature, 11281 namely, a 
curve such that , all the ordinates to its axis being equal to the ordinates 
of  a conic section, the segments of  the axis between the vertex and 
the ordinates 11"'1 bear the same ratio to a certain given line that this 
line bears to the segments of  the axis of  the conic section having equal 
ordinates. 1"'1 

I cannot say that this curve is less simple than the preceding ; indeed, 
I have always thought the former should be considered first, �ince its 
descript ion and the determination of  its equation are somewhat easier. 

I shall not stop to consider in detail the curves corresponding to the 
other cases, for I have not undertaken to give a complete discussion of 
the subj ect ; and having explained the method of  determining an infinite 
number of points lying o� any curve, I think I have furnished a way 
to describe them. 

It is worthy of note that there is a great difference between this 
method1"11 in which the curve is traced by finding several points upon 

11281 The general equation of this curve is axy - xy2 + 2a2x = a2y - ay2• 
Rabuel, p. 270. 

1=1 That is,  the abscissas of points on the curve. {uoJ The thought, expressed in modern phraseology, is as follows : The curve is 
of such nature that the abscissa of any point on it is a third proportional to the 
abscissa of a point on a conic  section whose ordinate is  the same as that of the 
given point, and a given l ine. Cf. Rabuel, pp. 270, et seq. 

1"'11 That is, the method of  analytic geometry. 
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tirtl'es du point C vers elles. ce point C ne lai.fferoir pas 
de fe trmmer toufiours en vne ligne courbe • qui feroit 
de cete mefme nature. Et il  s'y peut auffy trouuer quel­
quefois, encore qu 'aucune des !ignes donnees ue foient 
paralleles . Mais fi lorfqu'i ' y en a 4 ainfi parallele s , &  v ne 
ciuquiefme qui les trauerfe: & que Ie parallelepipede de 
trois des !ignes tirees du point cherche, l 'vne ful' cete 
cinquiefme, &: les z. autres fur 2 de celles qui font paral­
leles; foit efgala celuy , des deux tirees fur les deux au­
tres paralfeles , & d'vne autre ligne donnee. Ce point 
cherchc eft en vne ligne courbe d'vne autre nature , a 
f�auoir en vne qui eft telle, que toutes_les lignes droites 
appliquees par ordre a fon diametre eftant efgales a cel­
les d'vne {eCl:ion conique, les fegmens de ce diametre, 
qui font entre le fommet & ces lignes , ont mefme pro­
portion a vne certaioe ligne donne'e, que cete l i  gne don. 
ne� a a u x  fegmens du diametre de Ia fedion c.ouique, 
aufquels les pareilles ligoes font appliqures par ordre. Et 
ie ne f�aurois veritablement dire que cete Jigne foit 
moins fimple que Ia precedente, laquelle iay creu toute· 
fa is deuoir prendre pour la premiere , a caufe que la de­
fcription , & le calcul en font en quelque faion plus 
faciles. 

Pour les lignes qui feruent aux autres cas, ie nc m'are­
fieray point  a les  dHl inguer par efpeces. car ie n'ay pas 
entrepris de dire tout ; & ayant expliquc Ia fa�on de 
trouuer vne infinite' de pains par ou ellcs. paffeot ,ie penfe 
auoir affes donne le moyen de les defcrire. 

Mefme ileft a propos de remarquer, qu'il y a grande 
difference entre cere fa�on de trouuer plufieurs poi us 
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l!g�ebs la fipirale, & fes femblables. car par cete derniere on ne c:our es ton de- trouue pas indifferement tous les poins de Ia Iigne qu'on t�����nt cherche, maisfeulement ceux qui peuuent eftre deter­�lufieurs mine's par qu elque mefiue plus fimple , que celle qui eft 
ac leurs ·r. 1 r. · fi 1 poins,qui requ11e pour -a compo1er , & am 1 a proprement par er 
peuuenc on ne uouue pas vn de fes poins.  c' eft a dire pas vn de ���;/:1; ceux qui luy font tellement pro pres , qu 'its ne  pl1Hfent 
G c o me- eftre trouues que par elle: Au Iie u qu'il ny a aucun poin� uic. 

dans les lignes qui-feruent a. Ia queftion propofe'e , qui ne 
fe puiife rencontrer entre ceux q uife determinent par Ia 
fa�on tantoft exp�iqu ee.  Et pourceque cete fa�on de 
tracer une ligne courbe, en trouuant indifferement plu­
Jieurs de fes poins , ne s' eftend qu'a celles qui peuuenl! 
auffy eftre defcrites par vn mouuement regulier & con­
tinu , on ne Ia doit pa5 entierement: reietter de Ia Gco­
metrie. ·�;��fl-y Et on n' en doit pas reietter non pfus , celle ou on fe 

c:H,Ies fert d'vn £1, ou d'vne chorde rep lie'e , pour determiner �c�i�na::� l'egalitc ou Ia difference de deux ou plufieurs li.gnes 
vne ch?r- droites qui·peuuent eftre tire'es  de· chafque point de la de, qut b , h h . . r. pcuucnc cour e qu on c ere e, a certams aut res poms ..., ou IUr 
y cll:re certaines autres !ignes a certains angles. ainfi que nous Jcccu cs. 1 r. auons fait en Ia lJioptrique pour e.xpliquer l'E l ip1e & 

l'Hyperbole. car enco�e qu'on n'y puiffe reseuoir au­
cones lignes qui !emblent a des chordes , c'eft a dire qui 
deuieoent tan toft droites & tantoft courbes,  a caufe que 
la proportion , qui eft entre les droites & les courbes , 
n'eftant pas connue, & mefme ie croy ne le pouuant e fire 
par les hommes, on ne pourroit rien conclure de Ia qui 

fuft 
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it, and that used for the spiral and similar curvesY"1 In the latter not 
any point of the required curve may be found at pleasure, but only such 
points as can be determined by a process simpler than that required for 
the composition of the curve. Therefore, strictly speaking, we do not 
find any one of its points, that is, not any one of those which are so 
peculiarly points of  this curve that they cannot be found except by 
means of it. On the other hand, there is no point on these curves which 
supplies a solution for the proposed problem that cannot be determined 
by the method I have given. 

But the fact that this method of tracing a curve by determining a 
number of its points taken at random applies only to curves that can 
be generated by a regular and continuous motion does not justify its 
exclusion from geometry. Nor should we reject the method111B) in which 
a string or loop of thread is used to determine the equality or difference 
of two or more straight lines drawn from each point of the required 
curve to certain other points, 1"'1 or making fixed angles with certain 
other lines. We have used this method in "La Dioptrique" 1""1 in the 
discussion of the ellipse and the hyperbola. 

On the other hand, geometry should not include lines that are like 
strings,  in that they are sometimes straight and sometimes curved, since 
the ratios between straight and curved lines are not known, and I 
believe cannot be discovered by human minds, 1"'1 and therefore no con­
clusion based upon such ratios can be accepted as rigorous and exact. 

1"'1 That is, transcendental curves, called by Descartes "mechanical" curves. 
11831 C£. the familiar "mechanical descriptions" of  the conic sections. 
i l"l As for example, the foci, in the description of the el l ipse. 
1"'1 This work was publ ished at Leyden in 1637, together with Descartes's 

Discours de Ia Methode. 
1'"1 This is of course concerned with the problem of  the rectification of 

curves. See Cantor, Vol. II  ( 1 ) ,  pp. 794 and 807, and especially p. 778. This 
statement, "ne pouvant etre par les hommes" is a very noteworthy one, coming as 
it does from a philosopher like Descartes. On the philosophical question involved, 
consult such writers as Bertrand Russell. 
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Nevertheless, since strings can be used in these constructions only to 
determine lines whose lengths are known, they need not be wholly 
excluded. 

When the relation between all points of a curve and all points of a 
straight line is known, '"'1 in the way I have already explained, it is easy 
to find the relation between the points of the curve and all other given 
points and lines ; and from these relations to find its diameters, axes, 
center and other lines1'"1 or points which have especial significance for 
this curve, and thence to conceive various ways of  describing the curve, 
and to choose the easiest. 

By this method alone it is then possible to find out all that can be 
determined about the magnitude of their areas, 1"'1 and there is no need 
for further explanation from me. 

[mJ Expressed by means of the equat ion of the curve. 
I138J For example, the equations of tangents, normals, etc. 
P"l For the history of the quadrature of curves, consult Cantor, Vol. II  ( 1 ) ,  

pp. 758, et seq., Smith, History, Vol. II,  p. 302. 
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fu.ft exatl: & affur6. Toutefois a caufe qu'on ne fe ferr 

de chordcs en ces conftruttions , que pour determiner 
des lignes droites , dont on connoift parf�itement Ia Ion. 
geur, cela ne doit point fa ire qu' on les re1ette. 

Or de cela feul qu'on f�ait le rapport , qu'ont tous les � pour· 
. d 

. b d' r d . trou ue.l' 
poms 'vne hgne cour e a tous ceux vne 1gne r01te, rou�s Jes. 
en Ia fa \ton que iay expliqueei il eft ayf6 de trouuer auffy propric -. 

, . 1  I . & r d res des li· 
le rapport qu 1 s ont a taus es autres porns, tgnes on- g�'�es 
nees: & en fuite de connoiftre les diametres , les aiffieux, �ourbeb, 

1 .  . . h fc 1 .  i 1  fuffilt le;; centres, & autres 1gnes , ou poms 1 a qm c a que t- de li:au.oir. 
gne courbe aura quelque rapport plus particulier � ou lc r.apporc 

I fi I • . fi d'' . d .  qu Ollt p us tmp e , qu aux autres : & am t tmagmer men rouslcurs 
moyens pour Ies defcrire, & d'en choifir les plus faeiies. poin&} 

ceux ue$ 
Et mefme on peut auffy par eel a feul trouuer quali tout !ignes 
cequi peut eftre determin e  touchant la grandeur de r e- dro

l if:tes. & a aeon 
fpace queUes cornprenent, fans qu'i l fait befOin que i 'en de rirer 
donne plus d' ouuerture. Et enfin pour cequi eft de tou-t'

a��:es 
tes les autres proprietes qu'ou pent attribuer aux lignes q�1 les 
courbes, elles ne dependent que de Ia grandeur des an- ������nr 
gles qu'elles font auec quelques autres lignes . Mais lort! ces poins 

, . d 1. d . . 1 a angleF qu on peut ttrer es 1gne s rol[es qm es couppent a an- droits .  
gles droits, aux pains ou elles font rencontrees par cel­
lesauec qui elles font les angles qu'on veut mefurer, oo, 
ceque ie prens  icy pour le mefme , qui couppent leurs 
conti ngentes ; la grandeur de ceS' angles n'eft pas plus 
malayfee a trouuer, que s'i ls eftoient cornpris entre deux 
Hgnes di'Oites.  C'eft pourqnoy ie croyray auoir mis isy 
tout ce qui eft requis pour les clemens des  !ignes cour-
bes, lorfque i'auray generalement donne 1� fa�bn de ti-
r.er des lignes droites , qui tombenr a angles droits fi1r 

9.1 
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tels de leurs pains qu' on voudra choitir. Er 1' ofe dire 
qoe c' eft cecy le problefme le plus vrile , & le plus gene­
ral non feulement que ie fyache, mais mefme que i' aye 
iamais defir� de f�auoir en Geometric. 

Soit C E. 
pour Q )a ligne courbe, uouuer C N 

�:���ale � 
des ligncs j \\ 1 

& qu'il faille ti-
droircs,  E i • , .! rer vne ligne qui coup· pent lcs F A M P G droite par le 
co1ubcs · C ' E  donJJccs. -11 d "A ..J_ • ft 

pomt , qui a-
ou leurs ce auec ct e es angHOs urotts. Ie uppofc Ia chofe delia 
contia· faite, & que Ia Ugne cherchee eft C P , laquelle ie pro-genres, a J . r. . 
ang!cs ongcau1ques au pomt P, ou elle rencontre Ia. ligne droi-
drous. t-e G A, que ie fuppofe eftr-e cdre anx poins de laquelle 

on rapporte tous ceux de Ia ligne C E : en forte que fai­
fant M A ou C B »y, & C M, ou B A :x> x ,  iay quelque 
equation, qui explique le rapport I) qai eft entre x &:.y. 
Puis ie fais P C :n .r, & P A :n vt ou P M :x> v - ·  y ,  & a 
caufe du triang1e recbngle p M c iay II, qui eft I� quar­
re de Ia haze efgal a X X +  (f v - 2 (f y + yy '  qui font 
les quarres des deux cottes . c'eft a dire iay x :n 
t's s •-v v +  2.-vy·'"YY• oubien y 2J v +  r·u -- xx, &:  
par le moyen de cete equation , i '  ofte d e  l'aurre equa. 
tion qui m'explique le rapport qu'ont tous les poins de Ia 
conrbe C R a ceux de Ia droite G A,l'vne des deu x quan­
titt!s indetcrmin.e'es !J: ou y. ce qui eft ayfe a faire ea 
mettant partOUt rs S • •  V V + 2. V J ·- J J au lieu d' X ,  & 
1� qnarr� de cere fomme au lieu d'x x, & fon cube au lieu 

J d'�, &ainfi de.sautres,fi c'eft x que ie veuille ofter ; ou .. 
bien 
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Finally, all other properties of curves depend only on the angles 
which these curves make with other lines. But the angle formed by 

two intersecting curves can be as ea!lily measured as the angle between 
two straight lines, provided that a straight line can be drawn making 
right angles with one of these curves at its point of intersection with 
the other. £''"1 This is my reason for believing that I shall have given 
here a sufficient introduction to the study of curves when I have given 
a general method of drawing a straight line making right angles with 
a curve at an arbitrarily chosen point upon it. And I dare say that 
this is not only the most useful and most general problem in geometry 

that I know,  but even that I have ever desired to know. 
Let CE be the given curve, and let it be required to draw 

through C a straight line making right angles with CE. Suppose the 
!Jrablem solved, and let the required line be CP. Produce CP to meet 
the straight line GA, to whose points the points of CE are to be 
related. 1'"1 Then, let MA-CB-y ; and CM-BA-x. An equation 
must be found expressing the relation between x and yY"1 I let PC=s, 
PA-v, whence PM=v-y . Since PMC is a right triangle, we see that 
s2 , the square of the hypotenuse, is equal to x2+v"-2vy+y'. the sum 

of the squares of the two s ides.  That is to say, x =  �s2 -v2 + 2vy -y2 
or y = v + �s2 - x2 • By means of these last two equations ,  I can elimi­
nate one of the two quantities x and y from the equation expressing 
the relation between the points of the curve CE and those of the straight 
line GA. If x is to be eliminated, this may easily be done by replacing 

:r wherever it occurs by �s2 - �i1 + 2vy -y2 , x2 by the square of this ex­
pression , x' by its cube, etc. , while if y is to be eliminated, y must be 

replaced by v + �s2 - x2 , and y2 , y3 , • • •  by the square of this expres-

1"'1 That is ,  the angle between two curves is  defined as the angle Letween the 
normals to the curve at the point of intersect ion. 

1"'1 That is, the l ine GA is taken as one of  the coordinate axes. 
1"'1 This will be the equation of  the curve. See also the figure on page 97. 

95 



SECOND BOO K 

sion, its cube, and so on. The result will be an equation in only one 
unknown quantity, x- or y. 

- For example, i f  CE is an ellipse, MA the segment of its 

axis of  which CM is an ordinate, r its latus rectum, and q its trans­
verse axis, 1''"1 then by Theorem 13 ,  Book I, of  Apollonius, 1'"1 we have 

x'- = ry - !.y2. Eliminating  x'- the resulting equation is q 
s2- v2 + 2vy -y2 = ry - -

q
r y2 , or Y2 + qry - 2qvy + qv2 - qs2 0. 

q - r 

In this case it is better to consider the whole as constituting a single 
expression than as consisting of two equal parts. l'"1 

If CE be the curve generated by the motion of a parabola ( see pages 
47, et seq. ) already discussed, and if we represent GA by b, KL by c, 
and the parameter of  the axis KL of the parabola by d, the equation 

l1"1 uLe traversant�" 1"'1 Apollon ius, p. 49 : "Si conus per axem plano secatur autem al io quoque 
plano, quod cum utroque latere trianguli per axem posita concurrit, sed neque basi  
con i parallelum ducitur neque e contrario et s i  planum, in quo est basis coni, 
planumque secans concurrunt in recta perpendiculari aut ad basim triangul i  per 
axem positi aut ad earn productam qurelibet recta, qure a sectione con i  communi  
section i planorum parallela ducitur ad diametrum sectiones sumpta quadrata requalis 
erit spatio adpl icato recta: cuidam, ad quam diametrus sect ion is rationem habet, 
quam habet quadratum recta: a vertice coni diametro sect ionis parallelre ductre usque 
ad basim triangul i ad rectangulum comprehensum rectis ab ea ad latera trianguli 
abscissis, latitudinem rectam ab ea e diametro ad verticem section is abscissam et 
figura deficiens simili similiterque posita rectangulo a diametro parametroque com­
prehenso ; vocetur autem talis sectio ell ipsis." Cf. Apollonius of Perga, edited by 
Sir T. L. Heath, Cambridge, 1896, p. l l .  

1"'1 That is, to transpese a l l  the terms t o  the left member. 
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bien fi c' eft J, en mettaDt en fon lieu # -1- r I .I •• X X , & 
le quam!, ou le cube, &c. de cete fomme, au lieu dy y ,ou 

J y &c. De fa�on qu'il refte to�fiours apr�s cela vne equa· 

tion, en taquelle il ny a plus qu'vne feule quantite' inde­

terminee, x, ou y. 
Comme fi C E eft v·ne Etlipfe , & que M A foit le 

fegment de fon d iametre, auquel C M foit applique'e par 
ordre, & qui ait rpour fon cofte droit , &:: lj pour le tra-

uerfant,on a par le t 3 th. 

C ]fg<; . ... E···· ·P:.':::. du I liu. d' A7pol lonius. 
'I X X> ry -- -qy y ,  d'on 

'-::------.L.-J.____l oftant x x , il refte ,- s --
G P M A 

• vv+�vy-yy � ry-!:.yy. 
b. r ou ten, 

4 �j' - ·  1� 4 f'IJ'V • •  �� r. al" • 0 • 

y y 1 _ _ ,. e1g a rten. car tl eli: .lllleux eo 

cet endroit de confiderer ainfi enfemble toute la fom­
me , que d' en faire vne partie efgale ·a l' autre. 

p 

Tout de mefme 1i C 
E eft Ia ligne coor.be 
defcrite par le mou­
uement d'vne Parahole 
en Ja fa�on cy deifus 
expliqute ,  & qu· on ait 
.pofe b pour G A ,  tpolll' 
K L, & d pour le coliC 
droit du diametre K L 

A enJa parabole:l'equati6 
q_ui explique le rappott 

q�io 
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-J  

qui eil: �atr-cx  &y,efty • •  lJ y.y--- c d y + h c d +·d xy � o. 

d:ou oftant x , on a y - h y y -- -c d y + h c d + d y 
r JJ - - v v +  z. vy --yy. & remetrant en ordre c.es 
termes par Ie moyen de Ia multiplication, il vient 
1G-- 1. 6y·;� �t}yA.f44wl}y ;_; lic:d�; yy ..  d e & ddJ + hli c c d d ::o  0• + ild · 'l..d il 'IJ  - - d d s s 

>J;<d.d v 
Et ainu des autres. 

Mefme encore que les pains de Ia ligne courbe ne fe 
rapportaffentpas en Ia fa�oti que iay dirte a ceux d'vne 
ligne droite, mais en toute autre qu'on f�auroit irnagi· 
.ncr, on ne 4l.iffe pas de pouuoir touliours auoir vne telle 
equation. Com me fi G  E eft vme ligne , qui a it tel rap­
port aux trois pains F, G, & A, que les lignes droites ti­
.r6es de chafcun de fes poin� comme C,. iufques au point 
F, furpaifcnt Ia ligne F A  a·vne quantit6, qui a it certaine 

� �?��;��: �� GA furpaffe les 
F A M P a lignes tirees 

des mefrnes 
poins iufques a G. Faifons G A :o h, A F :n c, & prenant 
a difcretion le point C dans Ia courbe , que Ia quantite 
dont C F furpaffe F A. foit a celle dont G A furpaffe 
G C, comme d a e, en forte que fi cere quantite qui eft 

indetermine'e fe nommc t.FC eft c + t, & G C  eft h - - j z. 
Puis pofant M A :u y, G M d l h --y, & F M eft c+ y, & 
a caufe du triangle re(.bngle C M G, oft ant le quarre' 

de 
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expressing the relation between x and y is y" -by2 -cdy+bcd+dxy=0. 

Eliminating x, we have 

Arranging the terms according to the powers of y by squaring, I"•1 this 
becomes 

y" -2by"+ ( b'-2cd+d' ) y•+ ( 4bcd-2d2v) y• 

+ ( c•d• -d•s• +d•v -2b2cd) y2 -2bc2d'y+b2c'd'=0, 

and so for the other cases. If the points of the curve are not related 
to those of a straight line in the way explained, but are related in some 
other way, 1"'1 such an equation can always be found. 

Let CE be a curve which is so related to the points F, G, and A. 

that a straight line drawn from any point on it , as C, to F exceeds 
the line FA by a quantity which bears a given ratio to the excess of GA 

over the line drawn from the point C to G. £'"1 Let GA=b, AF=c, and 
taking an arbitrary point C on the curve let the quantity by which CF 

exceeds FA be to the quantity by which GA exceeds GC as d is to e. 
Then if we let z represent the undetermined quantity, FC=c+z and 

GC = b -�z. Let M A = y ,  GM = b -y, and FM = c +y. Since CMG is a 

right triangle, taking the square of GM from the square of GC we have 

1' .. 1 "En remettant en ordre ces termes par inoyen de Ia multipl icat ion." 
(u.7J "Mais en toute autre qu'on saurait imaginer." 
1"'1 That is the ratio of CF - FA to GA - CG is a constant. 
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t? 2 2be 
left the square of C M ,  or Jiz -dz+2by-y2• Again,  taking the 

square of FM from the square of FC we have the square of CM 
expressed in another way, namely : z2+2cz-2cy -y2• These two expres­

sions being equal they will yield the value of y or MA, which is 

d• z•+Zcd• z-e• z2+2bdez 
2bd2+2cd2 

Substituting this value for y in the expression for the square of CM, 

we have 
--. bd•z•+ce•z•+2bcd2z-2bcdez CM = bd•+cd• 

y•. 

If now we suppose the line PC to meet the curve at right angles at C, 

and let PC=s and P A=v as before, PM is equal to v-y ;  and since 
PCM is a right triangle, we have s'-v2+2vy-y2 for the square of 
CM. Substituting for y its value, and equating the values of  the square 
of CM, we have 

z' 2baPz- 2bcdez- 2cd2vz- 2bdevz- bd2s2 + bd2v2 -cd2s2 +cd2v2 
+ 

bd2+ce2+?v-d2v 

for the required equation. 

0 

Such an equation having been found1"'1 it is to be used, not to deter­
mine %, y, or z, which are known, since the point C is given, but to 
find v or s, which determine the required point P. With this in view, 
observe that if the point P fulfills the required conditions, the circle 
about P as center and passing through the point C will touch but not 

cut the curve CE ; but if this point P be ever so little nearer to or far­
ther from A than it should be, this circle must cut the curve not only 

1> .. 1 Three such equations have been found by Descartes, namely those for the 
ellipse, the parabolic conchoid, and the curve j ust described. 
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d e  G !vi clu quarrc:" d e  G C ,  on a le quarrc de C M ,  qui eft 
tt t he 

l. • ft I , d F M d:t-tt ··-;tt -l- 2. o_y - ·yy. pms o ant e quarre e 

du quarrede F C , on a  encore le ,quarrede C M en d'au­
t l"es t ermes > a  fsauoir tt + 2 c " -- 2 & y -- r y ,  & ces  ter­
mes eft ant efgaux aux precedens , i lS font connoiftre y, 

• ddz.z. + 1 cddz - - eez.z. + 2. bde'(. • ou M A ,  qm eft 1 bdd + 1 cdd - & fllhftltuant ce-

te femme au lieu dy dans le quarr"e de C  M ,  on.trouue 
qu'i l s'exprime en ces termes. 

hddz.z. + cnz.2: + 2. hcddz. - ·  2. bed•::. 
hdd + cdd ·-y  J• 

Puis f�ppofant que Ia l igne droit e P C  rencontre Ia 
courbe a angles droits au point C� & faifant P C  :n .r ,  & 
P A :x> v comme deuant , P M  eft v - -y ; & a caufe du 
trtangle rectangle P C  M,on j .r .r - - vv + 2. v y · -y y pour 
le quam! de C M, ou derechef ayant au lieu dy fubftitue 
Ia fomme qui luy eft efgale, il vicnt 

+ 2. hcddz. - ·  2. hcdtz. -- 2. cddvz. • •  2. hde11z. - - hddu + 6ddvv --
!\.\ bt/J "+ cee ee v - - t/t/ v 
-· cddss + cddvv. :D o  pour I' equation que nous cherchions . 

Or apres qu'on a trouue vne telle equation , au lieu 
de s'en ferui r pour connoiftre les quanti tes x1 ou y, ou {, 
qui  font delia donnees, puifque le poi nt C eft don n e, on 
Ia do i t e mployer a trouuer v , ou .r , qui deterrn inent le 
point P, qui eft de mand e. Et a cet effect il faut  confide­
rer,que fi ce point  P eft tel qu'on le de fire , le  cerde dont 
i l  fera le centre, & qui palfera par le  poi n t C, y touch era 
la l igne courbe C E, fans la coupper :  ma is que  fi ce point 
P, eil: taut foit  peu plus proche, ou plus efloigne d u  point .  

1 0 1  

X x  A , qu 'il 
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A, qu'il ne doit, ce cercle couppera Ia courbe , non feu­
lement au point C, mais aulfy ne£elfaifernent en quel­
que autre. Puis i l  faut aulfy conliderer , que lorfque ce 
cercle couppe la ligne courbe C E, I' equation par laquel· 
le on cherche Ia quantitex, ou,, ou quelque autre fem­
blable, en fuppofant P A & P C  eftre connues, contient 
necelfairement deux racines., qui font inefgales. Car par 
eremp�e fi ce cercle couppe Ia courbe aux poins C & E, 
ayant tireE Q_parallele a C M, les noms des quantites 
indeterminees x &-y, conuiendront aulfy bien aux lignes 
E �  & Q A, qu'a C M, & M A ;  puis P E  eft efgale a 
p c,_a caufe du cercle, fi bien que cherchant les lignes 

E Q & Q._A, par P E & 
P A  qu'on fuppofe com­
me donnees , on aura Ia 
mefrne equation � que li 
on cherchoit C M & 

M A par P C, P A .  d'ou 
i1 fuit euidemment,que Ia 

P M valeur d' x, ou d) , ou de 
telle autre quantite qu' on aura fuppofee , fera double en 
cete equation, c'eft a dire qu 'il y aura deux racines ineL 
gales entre elles; & dont l'vne fera CM , l' autre E Q , fi 
c'eft x qu'on cherche; oubien l'vne fera M A ,  & !'autre 
Q A,fi c'efry . & ainfi des autres. 11 eft vray que fi le 
point E ne fe trouue pas du mefme cofte de Ia courbe 
que le point C; il n'y aura que l'vne de ces deux racines 
qui foit vraye, & l'aurre fera renuerfee, ou moindre que 
rien: mais plus ces deux pains, C, & E, font proches l'vn 
de l'autre, moins il y a de difference entre ces deux raci .. 

nes; 
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at C but also in another point. Now if this circle cuts CE, the equation 
involving x and y as unknown quantities ( supposing PA and PC 
known ) must have two unequal roots. Suppose, for example, tha t 
the circle cuts the curve in the points C and E. Dniw EQ paral­
lel to CM. Then x and y may be used to represent EQ and QA respec­
tively in j ust the same way as they were used to represent CM 
and M A ; since PE is equal to PC ( being radii of the same circle ) ,  
i f  we seek EQ and QA ( supposing PE an.d PA given ) we shall get the 
same equation that we should obtain by seeking CM and MA ( suppos­
ing PC and PA given ) .  It follows that the value of x, or y ,  or any 
other such quantity, will be two-fold in this equation, that is, the equa­
tion will have two unequal roots . If the value of x be required, one of 
these roots will be CM and the other EQ ; while if y be required, one 
root will be MA and the other QA. I t  is true that if E is not on the 
same side of  the curve as C, only one of  these will be a true root, the 
other being drawn in the opposite direction, or less than nothing. 1"'1 The 
nearer together the points C and E are taken however, the less differ-

•"•1 "Et !'autre sera renversee ou moindre que rien." 
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ence there is between the roots ; and when the points coincide, the roots 
are exactly equal, that is to say, the circle through C will touch the 
curve CE at the point C without cutting it. 

Furthermore, it is to be observed that when an equation has two 
equal roots, its left-hand member must be similar in form to the expres­
sion . obtained by multiplying by itself the difference between the 
unknown quantity and a known quantity equal to it ;1"'1 and then, i f  the 
resulting expression is not of  as high a degree as the original equation, 
multiplying it by another expression which will make it of  the same 
degree. This last step makes the two expressions correspond term by 
term. 

For example, I say that the first equation found in the present dis­
cussion, 1'"1 namely 

� qry - 2qz•y+ qv2- qs2 
Y + ' q - r 

must be of the same form as the expression obtained by making e=y 

and multiplying y-e by itself, that is, as y2 -2ey+e2• We may then 
compare the two expressions term by term, thus : Since the first term, 

y•, is the same in each, the second term/""1 qry -Zqvy
, of the first is 

q -r 

equal to -2ey, the second term of the second ; whence, solving for v, 

or PA, we have v =e- � e+ � r; or,  since we have assumed e equal to y ,  
r 1 v =y --y +- r. In the same way , we can find s from the third term , q 2 

1 10'1 That is, the left-hand member will be the square of the binomial x - a 
when x = a. 

110'1 See page 96. The original has "first equation," not "first member of the 
equation." 

1"'1 That is, the second term in y. 
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nes; & enfin elles font entierement efgales, s'ils font to us 
deux ioins en vn; c'efl: a dire fi le cercle,qui paife par C, 
y touche Ia courbe C E fans Ia co upper. 

De plus il faut confide·rer, que lorfqu'il y a deux raci­
nes efgales en vnc equation , elle a neceffairement Ia 
mefme torme,que fi on multiplie par foy mefme la quan­
titequ'on y fuppofe eftre inconnue moins  Ia quantite 
connue qui luy eft efgate, & qu'apre's cela fi cete derniere 
fomme n'a pas tant de dimenfions que Ia precedente, 
on Ia multiplie par vne autre fomme qui en ait autant 
qu'il luy eo manque; affin qu'i l puiffe y auoir feparement 
equation entre chafcun des termes de l'vne , & chafcun 
des termes de l'autre. 

Comme par exemple ie dis que la premiere equation 
trouue'e cy delfus, a f�auoir 

+ q ry ·• 2. 'f 'IIJ + q v v -- q s s  fc JJ ·q - r  - doit auoir la mefme orme que 
celle qui fe produift enfaifant e efgal aJ , & multi pliant 
y - e par foy mefme,d' au il vient 1 y -- a ey + e e, en forte 
qu"on peut com parer feparement chafcun de leurs ter­
mes, & dire que puifque le premier qui eft J l  eft tout le 
mefme en l'voe qu'en l'autre , le fecond qui eft en l'vne 
q ry · - Z 'J V.J• {j 1 r d 

q -- ,. eft e ga au 1eco de l'autre qui eft -� uy A'ou 

cherchant Ia quantite' v qui eft Ia ligne P A , on a 

c �  
G F '1 A 
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,. 1 b ' -v :n e - - q t + 2: r, ou te 
a caufe que nous auons 
fuppofe e efgal a l , on a 

T 1 v :1J 1 ·- q y -1- 2: r .  Et 
X x 2. ainfi 
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ainfi on pourroit! trouuer .r par le troifiefm e  terme 

e e ::o q v v -- IJ s s• mais pourceque Ia quant i'e' v determine q -- r 
affes le point P ,qHi eft le feul que no us cherchions ,on n · a  
pas befoi·n de paffer outre. 

Tout de mefme Ia feconde equat10n trouuee cy de� 
fus, a f�auoir, 

y "·:2. hJ ' >ic bb . y•+ + b e d  y 1 +  e c dd yy ·- '!. J, e e ddy + b b e cdd .  
-� 'I. eil} • }  - - t H e§ 

oJ< tld • 'J. tl tl v -· d d s s 
+ d d v doit auoir mefme forme , que Ia femme qui fe produ ifto 

lorfqu' on multiplie J r -- � e 1 + e e par 
4 J I 4 y +[J +ggJ r + hy + k_,  qui eft 

1 .. + t  };�H1}/-?',_:;g}yi -� ,_�;� � }n - - uk 4} 1 + · · k •: 
• •  u >le u . + e ef + e e g g tlc e t hl 

de.fa�on que de ces deux equations i'en tire fix autres, 
qui ferucnt a connoiftre les fix quantite's f. g, h, k_, v, & s; 
D'ou il efr fort ayfe' a entendre , que de quelque genre. 
que puitfe eftre Ia ligne courbe propofee , i l  vient tou­
figurs par cete fa�on de  proceder au tant d'equations, 
qu'on.eft oblige de fuppofcr de quantitcs , qui font in .. 
conmJes. Mais pour de me fler p�r ordre ces equations, 
& tmuucr enfin Ia quantite v , qui eft Ia feule dont on a 
bcfoin, & a l'occafion de laquelle on cherche les autres: 
ll faut  premierement par lc fecond termc chercher f, Ia 
premiere des. quantite'� inconnues de Ia derniere fom­
me, & on trouuef:x> 2. e -- 1 b. 
Puis par le dernier il faut chercher .{,Ia derniere des 
quantites inconnues de Ia mefme fom.me , & on troLmc 

b b e c d tJ. ' 
L + :l) -� H 

Pui:s 
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e2 = 9v•-q�; but since v completely determines P, which is all that i s  
q-r 

required, it is not necessary to go further. 1"'1 

In the same way, the second equation found above, 1'"1 namely, 

y6 - 2by5+ ( b2 - 2cd+ d2 )y4 + ( 4bcd-2d2v )y3 
+ (cd2 - 2b2cd+d2v2 - d2 s2 )y2 - 2bc2d2y + b2c2d2 , 

must have the same form as the expression obtained by multiplying 

that is, as 
y"+ (f-2e ) y"+ (g2 -2ef+c•)y • +  ( h'-2eg•+e2f) y" 

+ ( k4 -2eh"+e•g• ) y2+ ( e2h" -2ek4 ) y+e2k4•  

From these two equations, six others may be obtained, which serve to 
determine the six quantities f, g, h, k, v, and s .  It is easily seen that 
to whatever class the given curve may belong, this method will always 
furnish just as many equations as we necessarily have unkn::Jwn quan­
tities. In order to solve these equations, and ultimately to find v, which 
is the only value really wanted ( the others being used only as means 
of finding v) , we first determine f, the first nnknown in the above 
expression, from the second term. Thus, f=2e- 2b. Then in the last 
terms we can find k, the last unknown in the same expression , from 

1"'1 That is, to construct PC we may lay off AP = v and join P and C. I f  
instead w e  use the value of  e ,  taking C a s  center and a radius CP = e ,  w e  con­
struct an arc cutt ing AG in  P,  and join P and C. Rabuel ,  p. 309. To apply 
Descartes's method to the circle, for example, it is only necessary to observe that 
all parameters and diameters are equal , that is, q = r ;  and therefore the equation 

·v = y - �Y+�r becomes v = � q =  � d iameter. That is, the normal passes 

through the center and is a radius of  the circle. Rabuel ,  p. 3 13. 1"'1 See page 99. As before, Descartes uses "second equat ion" for "first mem­
ber of the second equation." 
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b•c•d• 
which k·= �· From the third term we get the second quantity 

rf=3e2-4be-2cd+b•+d". 

From the next to the last term we get h, the next to the last quantity, 
which isl'"1 

In the same way we should proceed in this order, until the last quantity 
is found. 

Then from the corresponding term (here the fourth ) we may find 
v, and we have 

2e3 3be2 b2e 2ce 2bc bc2 b2c2 •  v= ----;p - 7 + d2 - d + e+ 7 + 7 - 7 ' 

or putting y for its equal e, we get 

2y3 3by2 b2y 2cy 2bc bc2 b2c2 
V = ? - ---;r + d'f - d +Y + d + 7 - 7 ' 

for the length of AP. 

l'"l Found from. 
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Puis par le troifiefme rerme il faut chercher /!, Ja feconde 
quantite, & on agg :x> 5 e e - - 4 b e  -- 2 c d. +  bb -1- dd. 
Puis par le penuitiefme il faut chercher h Ia penultiefme 

:z. b b e e d d  :z. budd . • quantite, qui eft h I :n e l  - -;;- Etamfi jl £·m-
droit continuer fuinant ce mefme ordre iufques a Ia der­
niere, s'il y en auoit d' auantage en cere femme ; car c' eft 
chafe qu'on peut toufiours faire en mefme fa�on. 

Puis par le terme qui fui t  en ce mefme ordre , qui eft 
icy le quatriefine, il faut chercher la quantite' v ,  & on a 

p 

t e l l b_t t b "b e  :z. e e :z. b e b e e  h h c � 
v :x> d d · - ii +·Td- - -., + e + -d + -e-; · - --;3:-
eu mettantJ au lieu d'e qui luy eft efgal on a 

�y , > byy b by z cy .  z b c  b e e b b c c  .. 
r.r :x>  -.l d -- - d41 + " r ·  -d + J + -J-+ --:;;- - y· 
pour la ligoe A P. 

Et .ainfila troifiefme equation, qui eft 
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+ z iletltl �:. ·· 2. il etlt�:. -- z c tltl '11 �:. - 2. & tlt '11 t:. •• & tiJ 1 1  + fl tltl -v 'fl· 

-\ � b tlt/  + U II +  U 'fl• 
• • , J tl s s + c d d 'fJ v , l l' -... ,u'IJ a a mefme rorme que 

tt·- 2.[�+ if, en fuppofant[efgal a t , fi bienque il 
y a derechef equation entre -- 2.[, ou -- 2. � ,  & 
+ 1. b c tl tl -· 1 b c tl e  -- 1. ctltlv - - 7-h d e 'IJ . d' , "ft: b d d + c e e t{< e e v -- d tfv  ou ou connot que 

• , & e d tl -- b c d e + !J tldz:.. + " ''" la quanttte 'II eft u l tl + h d e -- e e x. + Jd{ 
· 

C'eft pourquoy 

c Q.. compofant Ia 
i \. � Hgne A P , de E�� cete fomme ef­

F A M P G gale a 'II dont 
toutes les quan .. 

tites font connues,  & tirant dlt point P ain£i trouue, vne 
ligne droite ver� C, elle y couppe la courbe C E a an­
gles droits. qui eft ce qu'il falloit faire. Et ie ne voy rien 
qui empefche, qu'on n'eftende ce prob1efme en mefme 
fa�on a toutes les lignes courbes, qui tombendous quel­
que calcul Geometrique. 

Mefme il eft a remarquer couchant Ia derniere fom­
me, qu' on prent a difcretion , pour remplir le nombre 
des dimenfions de l'autre fomme , lorfqu'il y en man­
que , comme nous auons pris tantoft 
y " + {y ' +gg yy + h 1y + k." ; que les .6gnes + & ­
y peuuent eftre fuppofcs tels, qu'on veut, fans que Ia li­
goe v, ou A P, fe trouue diuerfe pour cela , com me vous 
pourrcs ayfement voir par experience. car s'il fal loit ql1e 
ie m'areftatfe a demonfirertous lcs theorefmes dont ie 

fotis 
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Again, the third["'1 equation, namely, 

is of the same form as ::'-2f::;+f" where f=::;, so that -2f or -2::; 
must be equal to 

whence 

2bcd2 - 2bcde- 2cd2v -2hdev 
bd2+ce2 +etv-d2v 

Therefore, if we take AP equal to the above value of v, all the 
terms of which are known , and j oin the point P thus determined 
to C, this line will cut the curve CE at right angles , which was required. 
I see no reason why this solution should not apply to every curve to 
which the methods of geometry are applicable. [""1 

It should be observed regarding the expression taken arbitrarily to 
raise the original product to the required degree, as we j ust now took 

y'+ty•+g2y'+h"y+k' ,  
that the signs + and - may be chosen at will, without producing dif­
ferent values of v or AP. ["'1 This is easily found to be the case, but if 
I should stop to demonstrate every theorem I use, it would require a 

["'1 First member of the third equation. 
["'1 Let us apply this method to the problem of  constructing a normal to a para­

bola at a given point. As before, s2 = x2 + v2 - 2vv + :v2• I f  we take as the 
equation of  the parabola ..-2 = ry, and substitute, we have 

s2 = ry + v• - 2vy + y2 or y2 + (r - 2v) y + v2 - s2 = 0. 

Comparing this with y2 - 2cy + e2 = 0, we have r - 2v = - 2e ; v2 - s2 = e• ; 
r 

v =:l + e. Since Let AM = y. 

AM - AP = M P  = one-half the parameter. Rabuel, p. 314. 

and v = AP ;  then 

1'"1 It wil l  be observed that Descartes did not consider a coefficient, as a, in the 
general sense of  a positive or a negative quantity, but that he always wrote the 
s ign intended. In this sentence, however, he suggests some generalization. 
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much larger volume than I wish to write. I desire rather to tell you 
in passing that this method, of which you have here an example, of sup­
posing two equations to be of the same form in order to compare them 
term by term and so to obtain several equations from one, will apply 
to an infinity of other problems and is not the least important feature 
of my general method. l'"1 

I shall not give the constructions for the required tangents and nor­
mals in connection with the method just explained, since it is always 
easy to find them, although it often requires some ingenuity to get short 
and simple methods of construction . 

1'"1 The method may be used to draw a normal to a curve from a given point, 
to draw a tangent to a curve from a point without, and to discover points of 
inflexion, maxima, and minima. Compare Descartes's Letters, Cousin, Vol. VI, 
p. 421 .  As an illustration, let it be required to find a point of  inflexion on the 
first cubical parabola. Its equation is y' = a2x. Assume that D is a point of  
inflexion, and let CD = y,  AC = x,  PA = s ,  and AE = r .  Since triangle PAE is 
. 'I . I PCD h 

y r h 
sy - rs 

S b · · · Simi ar to trtang e we ave 
X +  S =S ,  W ence .t" = r·-. U stttutmg tn 

the equation of the curve, we have y3 -
a•sy + a•s = 0. But if D is a point of r 

inflexion this equation must have three equal roots, since at a point of inflexion 
there are three coincident points of section. Compare the equation with 

y8 - 3ey2 + 3e2y - e' = 0. 

Then 3e2 = 0 and e = 0. But e = y, and therefore y = 0. Therefore the point of 
inflexion is (0, 0 ) . Rabuel, p. 321 .  

It wi l l  be  of  interest to  compare the method of drawing tangents given by 
Fermat in Methodus ad disquirendam maximam et minimam, Toulouse, 1679, 
which is as follows : It is required to draw a tangent to the parabola BD from a 

point 0 without. From the nature of the parabola C
D

D > BC:. since 0 is without the 
I U i  

curve. BC2 CE2 CD CE2 
But by similar triangles -- = --. Therefore - > --. Let CE = a, 

U l2 I E2 D I TE2 
d a2 CI = e, and CD = d ;  then DI = d - e, and 

d _ e
> 

(a __::e)" ; whence 

de2 - 2ade > - a2e. 

Dividing by e, we have de - 2ad > - a2• Now if the line BO becomes tangent to 
the curve, the point B and 0 coincide, de - 2ad = - a•, and e vanishes ; then 
2ad = a2 and a =  2d in length. That is CE = ·2CD. 
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fais quelque mention, ie ferois contraint d' efcrire vn vo­
lume beau coup plus gros que ie ne defire. Mais ie veur 
bien en paffant vous auerrir que l'inuentioo de fuppofer 
deux: equations de mefme forme , pour com parer fepa­
rement tous les termes de l' vue a ceux de l'autre , & ainfi 
en faire naiftre plufieurs d'vne feule ' dont vous ::me's va 
icy vn exemple, peut feruir a vne infinite d' aut res Pro­
blefmes, & n'eft pas l'vne des moindres de Ia methode 
dont ie me fers. 

Ie n'adioufte point les conftrud:ions, pa,; Iefquelles on 
peut defcrire les contingences ou les perpendiculaires 
cherchees, en fuite du calcul que ie viens d'expliquer , a 
caufe qu'il eft toufiours ayfe' de les trouuer: Bieoque fou­
uent on ait befoin d'vn peu d'adreffe ,- pour les rendre 
courtes & fimples"" 

Comme par cxemple, fi D C eft la premiere conchoi- Erempie' 
de des anciens, de Ia con-

G 

d A fc . l ftrutlion ont Olt e po- de ce pro· 
le, & B H Ia regie: blefme,en 

Ia con­en forte que tou- choidc •. 

tes les lignes droi· 
tes qui regardenc 
vers A , & font 
comprifes entre Ia 
courbe C D , &. Ia 
droite B H , com-

me D B  & C E, foient efgales : Et qu'on veuille trouuer 
� ligne C G qui la couppe au point C a a ngles droits. 
On pourroit eo cherchant, dans la ligoe B H � le point 
p� oil cete ligne C G doir palfer ,  felon Ia methode icy 

expJi .. 
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L A  G E 0 M E T  R I E. 
expliqul�, s'engager dan s vn calcul autant ou plus tong 
qu'aucun des precedens: Et toutefois Ia conftrudion,qui 
d euroit aprcs en efrre deduite , efr fort fimple. Car i l  ne 
faut que prendre C F en Ia Iigne droite C A ,  & la faire 
efgale a C H qui eft perpendiculaire fur H B :  puis du 
point F tirer F G, paralle le a B A ,  & e(�ale a E A :  au 
moyen de  quoy on a le point G , par lequel doit palfer 
C G Ia ligne cherchee. 

Au refte affin qu e vous fc;achie'es que Ia confideration 
des lignes conrbes icy propofee n' eft pas fans vfage , & 
qu'elles ont diuerfes propr�tes, qui ne cedent en rien a 
.celles des fections coniques ,ie veux encore adiouO:er icy 
l'ex plication de certaines Ouales , que vous verrcs eftre 
tres vtiles pour Ia Theorie de Ia Catoptrique , & de Ia 
Dioptrique. Voycy Ia fa con dont ie les defcris. 

Premierement ayant tire' les lignes droites F A  , & 
A R, qui s' entrecouppent au point A, fans qu'il importe 
a quels angles, ie prens en l'vne le point F a difcretion, 
c'eft a dire plus ou moins efloigne du point A felon que 

1e 
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Given, for example, CD, the first conchoid of the ancients ( see page 
1 1 3 ) .  Let A be its pole and BH the ruler, so that the segments of all 
straight lines, as CE and DB, converging toward A and included 
between the curve CD and the straight line BH are equal. Let it be 
required to find a line CG normal to the curve at the point C. In try­
ing to find the point on BH through which CG must pass ( according 
to the method just explained ) , we would involve ourselves in a calcula­
tion as long as, or longer than any of those j ust given, and yet the 
resulting construction would be very simple. For we need only take 
CF on CA equal to CH, the perpendicular to BH ; then through F 
draw FG parallel to BA and equal to EA, thus determining the point 
G, through which the required line CG must pass. 

To show that a consideration of these curves is not without its use, 
and that they have diverse properties of  no less importance than those 
of the conic sections I shall add a discussion of certain ovals which you 
will find very useful in the theory of catoptrics and dioptrics. They 
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may be describPd in the following way : Drawing the two straight lines 
FA and AR ( p. 1 14)  intersect ing at A under any angle, I choose arbi­
trarily a point F on one of  them ( more or less distant from A accord­
ing as the oval is to be large or small ) .  With F as center I describe a 
circle cutting FA at a point a l ittle beyond A, as at the point 5. I then 
draw the straight l ine 561"' 1 cutting AR at 6, so that A6 is less than A!J, 
and so that A6 is to AS in any given rat io ,  as .  for example, that which 
measures the re fraction, 1"'1 if the oval is  to be med for d ioptrics. This 
being done, I take an arbitrary point G in the" l ine FA on the same side 
as the point 5 ,  so that AF is  to GA in any given ratio. Next, along the 
line A6 I lay off RA equal to GA, and w ith G as center and a radius 
equal to R6 I describe a circle .  This circle will cut the first one in two 
points 1 ,  1 , 1"'1 through which the first of the required ovals must pass. 

Next, with F as center I describe a circle which cuts FA as little 
nearer to or farther from A than the point 5, as, for example, at the 
point 7. I then draw 78 parallel to 56 and Y ;th G as center and a radius 
equal to R8 I describe another circle. This circle will cut the one 
through 7 in the points 1, 1 1"'1 which are points of  the same oval. We 
can thus find as many points as may be desi red , by drawing lines paral­
lel to 78 and describing c ircles with F and G as centers. 

1"'1 The con fusion result ing from the use of Arabic figures to designate points 
i s here apparent. 

1 1"1 That is, the ratio corresponding to the index of refraction. pea] "Au point 1 ." 
1'"'1 "Au point 1." 
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ie veux faire ces Ouales plus oo moins gran des , & de c:;e 
point F comme centre ie defcris vn cerde , <]U i  patfe 
qu elque peu au dela du point A ,  comme par le poin t  r, 
puis de ce point s ie tire Ia l igne droite r 6 ,  qui couppe 
)'au tre an poi nt 6, en forte qu' A 6 fait moindre qu' A y, 
felon tel le proportion donnee qu'on veu t ,  a f�auoir fe­
lon cel le qui mefure les Refractions fi on s' en veut fer­
uir  pour Ia Oioptriq ue. A pres cela ie prens  autry le point 
G, en Ia l igne F A,du cofteou eft le point r, a difcrerion, 
c'efr a dire en faifant q ue les lignes A F & G A ant entre 
elles tel le proporti on donnee qu'on veut. Puis ie fais 
R A efgale a G A en Ia ligne A 6. & d u  centre G defcri­
u ant v n  cercle, dont le rayon fait  efgal a R 6 ,  i l  couppe 
l'autre cercle de part & d'autre au point I ,  qui eft l'v n  de 
ceux par ou doir patfer Ia premiere des Ouales cher­
chees. Puis derechef du centre F ie defcris v n  cercle, 
qui patfe vn peu au de�a, ou au dela du point r, com me 
par le point 7, & ayant tire Ia ligne droi te 7 8 paral lele a 
f 6, du centre G ie defcris vn autre cercle, donr le rayon 
eft efgal a la ligne R s . & ce cercle couppe celuy qui 
paffe par le point 7 au point I ,  qui eft encore l'vn de ceux 
de Ia mefme Oilale. Et ainfi on en pent trou uer au­
rant d'autres qu'on voudra , en tirant derechef d'au­
tres ligncs paralleles a 7 8,  & d'autres cerdes des centres 
F, & G. 

Pour la feconde Quale il n'y a point d e  difference , fi­
non qu'au lieu d' A R il faut de I' autre coftc du point A 
prendre A S  efgal a A G, & que le rayon d u  cerc le de· 
fcrit du centre G ,  po u r co upper celuy. qui eft defcrit du 
centre F & qui patfe par le point > , foit efgal a Ia 

Y y  ligne 
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/[ \., 
·. 

---....::.. 2° "·?i 
ligne S 6; ou qu'il foit cfgara S 8 , ft c'eft pour coupper 
eeluy qui palfe par le point 7· & ainft des autres.  au 
moyen dequoy ces cercles s'entrecouppent aux poins 
marques 2 , 2. , qui font ceux de cete feconde Ouale 
A 2 X. 

Pour Ia troiliefme, & la qu atriefme, au lieu de Ia l igne 
A G il faut prendre A H de l'autre cofte du point A, a 
f�auoir d u mefine qu'eft le point F. Et il y a  icy de plus 
a obferuer que cete ligne A H doit eltre plus grand\"! que­
A F:  laquelle peut mefme eftre nulle , en forte que le 
point F fe rencontre ou eft le point A , en la defcription 
de toutes ces ouales. Apres cela les lignes A R , & A S 
eftant efgales a. A H , pour defcrire Ia troiftefme ouale 
A 3 Y, ie fais vn cerde du centre H, dont le rayon eft 

efgal 
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In the construction of the second oval the only difference is 
that instead of AR we must take AS on the other side of A, equal 
to AG, and that the radius of  the circle about G cutting the circle about 
F and passing through 5 must be equal to the line S6 ; or if it is to cut 
the circle through 7 it must be equal to S8, and so on. In this way the 
circles intersect in the points 2, 2,  which are points of this second oval 
A2X. 

To construct the third and fourth ovals ( see page 121 ) ,  instead of 
AG I take AH on the other side of A, that is, on the same side as F. 

It should be observed that this line AH must be greater than AF, which 
in any of these ovals may even be zero, in which case F and A coincide. 
Then, taking AR and AS each equal to AH, to describe the third oval, 
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A3Y, I draw a circle about H as center with a radius equal to S6 and 
cutting in the point 3 the circle about F passing through 5, and another 
with a radius equal to S8 cutting the circle through 7 in the point also 
marked 3 ,  and so on. 

Finally, for the fourth oval, I draw circles about H as center with 
radii equal to R6, R8, and so on, and cutting the other circles in the 
points marked 4. 1'"1 

1'"1 In all four ovals AF and AR or AF and AS intersect at A under any 
angle. F may coinc ide with A,  and otherwise its distance from A determines the 
s ize of the oval . The ratio AS : A6 is determined by the index of  re fraction of 
the material used. In the first two ovals, if A does not coincide with F it l ies 
between F and G, and the ratio AF : AG is arbitrary. In the last two, i f  F does 
not coincide with A it l ies between A and H, and the ratio AF : AH is arbitrary. 
In the first oval AR = AG and the points R, 6, 8 are on the same side of A. In 
the second oval A S = AG and S is on the opposite s ide of A from 6, 8. In the 
third oval A S = AH and S is on the oppos ite side of A from 6, 8. In the fourth 
oval AR =AH and R, 6, 8 are on the same side of A. Rabuel, p. 342. 
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cfgal a S  6, qui couppe au point 3 cel uy du centre F, qu i 
pa!fe par le point r; & vn autre dont le rayon eft efgal a 
S 8 ,  qui co upp e cel u y qui p affe par le  point 7, au point 
auffy mar que 3; & runfi des aut res. En fin pour Ia derniere 

Y y  :. o uale 
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ouale ie fais des cercles du centre H • dont les rayons 
font efgaux aux !ignes R 6',R 8, & femblables , qui coup­
pent les autres cercles aux poins marques 4· 

On pourroit encore trouuer vne infinite d'autres 
moyens pour defcrire ces mefmes ouales. com me par 
exemple, on pent tracer Ia premiere A V, lorfqu'on fop­
pofe les lignes F A & A G eftre efgales , � on diuife Ia 
toute F G au point L, en forte que F L foit a L G ,  com-

/"' 
_ ... ·· 

. . . . . . . . . . . ....
.. ··· 

me A 1 a A  6. c'eft a dire qu'elles ayent la proportion, 
qui mefure les refraltions. Puis ayant diuife A L en deux 
parties efgales au point K, qu'on face touroer vne reigle, 
com me F E, au tour du point F, en preffant du doigt C, 
Ia chorde E C, qui eftant attache'e au bout de cete reigle 
vers E, fe rep lie de C vers K, puis de K derechef vers C, 
& de C v ers G, ou fon autre bout foit attache' , en forte 
que Ia longeur de cete chordc foit compofee de celle 
des lignes G A plus A L plus F E moins A F. & ce fera 
Ie mouuement du point C, qui defcrira cete ouale , a 
I' imitation de cequi a cfte dit en la Dioptriq; de l'Ellipfe,.. 
' & 
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There are many other ways of describing these same ovals. For 
example, the first one, AV ( provided we assume FA and AG 
equal ) might be traced as follows : Divide the line FG at L so that 
FL : LG=AS : A6, that is, in the ratio corresponding to the index 
of  refraction. Then bisecting AL at K, turn a ruler FE about the 
point F, pressing with the finger at C the cord EC, which, being 
attached at E to the end of the ruler, passes from C to K and then 
back to C and from C to G, where its other end is fastened. Thus the 
entire length of  the cord is composed of  GA+AL+FE-AF, and the 
point C will describe the first oval in a way similar to that in which the 
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ellipse and hyperbola are described in La Dioptriq ue. 1' .. 1 But I cannot 
give any further attention to this subject. 

Athough these ovals seem to be of almost the same nature, they 
nevertheless belong to four different classes, each containing an infinity 
of sub-classes, each of which · in  turn contains as many different kinds 
as does the class of  ellipses or of hyperbolas ; the sub-classes depend­
ing upon the value of  the ratio of  AS to A6. Then, as the ratio of AF 
to AG, or of  AF to AH changes, the ovals of  each sub-class change in 
kind, and the length of  AG or AH determines the size of the oval. 1"'1 

If AS is equal to A6, the ovals of the first and third classes become 
straight lines ; while among those of the second class we have all pos­
sible hyperbolas, and among those of  the fourth all possible ellipses. 1''"1 

In the case of each oval it is necessary further to consider two por­
tions having different properties. In the first oval the portion toward 
A ( see page 1 14) causes rays passing through the air from F to con­
verge towards G upon meeting the convex surface lAl of a lens 
whose index of  refraction, according to dioptrics, determines such 
ratios as that of AS to A6, by means of which the oval is described. 

l•coJ See the 1�otes on pages 10, 55, 1 12. 
l"'l Compare the changes in  the ell ipse and hyperbola as the ratio of the l ength 

of the transverse axis to the distance between the foci changes. 
1'081 These theorems may be proved as follows : ( 1 )  Given the first oval,  with 

M = M ; � AA = � : � = n : � = � = � - � = � - M = �  
Therefore FP + GP = FS + GS. That is, the point P l ies on the straight line FG. 
(2) Given the second oval, with AS = A6 ; then F2 = FS = FA + AS ; 
G2 = 56 = SA + A6 = SA + AS ;  G2 - F2 = SA - FA = GA - FA = C. There­
fore 2 l ies on a hyperbola whose foci are F and G, and whose transverse axis is 
GA - FA. The proof for the third oval i s  analogous to ( 1 )  and that for the 
fourth to (2) . 

It may be noted that the first oval is the same curve as that described on 
page 98. For FP = FS, whence FP - AF = AS, and AR = AG ; GP = R6 ; 
A G - GP = A6. I f  then AS : A6 = d : e we have, as before, 

FP - AF : AG - GP = d : e. 
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& de !'Hyperbole .  mais ie ne veux point m'arefter plus 
[ong tems fur ce fi1iec. 

Or encore que routes ces ouales femblent eftre quafi 
de mefme nacure,elles font neanmoins de 4 diners gen­
res, chafcun defquels contient fous foy vne infinite d'au­
rres genres, qui derechef contienent chafcun autant de 
diuerfesefpeces, que fait le genre des Ellipfes , ou celuy 
des Hyperboles .  Car felon que Ia proportion , qui eft en­
tre les lignes A r, A 6, ou femblables, eft differente ; le 
genre fubalrerae de ces ouales eft different. Puis felon 
que Ia proportion. qui eft entre les lignes A F, & A G ,ou 
A H, eft chan gee, les ouales de chafque genre fubalter­
ne changent d'efpece. Et felon qu' A G, ou A H eft plus 
ou mains grande, elles font diuerfes en grandeur. Ec fi 
les lignes A s & A 6 font efgales , an lieu des ouales du 
premier genre ou du troifiefme , ,on ne defcrit que des 
li.gues droi tes; mais au lieu de celles du fecond on a rou­
tes les Hyperboles poffibles; & au lieu de celles du der­
nier rou tes les Ellipfes. 

Outre cela en chafcnne de ces ouales il faut confiderer Lcs pro­
deux p:trties, qui ont dinerfes proprietes ,· a frauoir en Ia prier�s 1dc 

:J ces oua  es 
premiere, Ia partie qui eft vers A, fait que les rayons, qui rouchanr 

ft d 1' · · d · p r. les reflc-e ant ans a1r v 1enent u pomr , 1e retouruent to us xi ons, &: 
vcrs le point G , Jorfqu'i l s  rencontrent la fuperficie con- l cs refra­
uexe d'vn ''erre, dont Ia fuperficie eft 1 A r, & dans Ie .  Cl:IOns. 

quel les refrad-ion s fe font relies , que fuiuant ce qui a· 
efte dit en laDioptrique, elles peuuent routes eftre me-
fure'es par la prope>rtion , qui eft entre les ! i gnes A s  & 
A 6,ou femblables, par I'ayde defquelles on a defcrit cete 
ouale. 

Y y 3 Mais 
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Mais Ia partie, qui eft vers V, fait que les rayons qui 
\'ienent du point G fe reflefchiroient tons vers F ,  s'ils y 
rencontroient la fuperficie concaue d'vn miroir , dont la 
figure fufi: I V 1 , & qui full: de telle matiere qu'il di­
minuaft la force de ces rayons,felon Ia proportion qui eft 
entre les !ignes A 5 & A 6 :  Car de ce qui a efte demon­
fire en la Dioptrique, il eft euident que cela pofe, les an­
gles de la reflexion feroient inefgaus, aulfy bien que font 
ceux de la refradion , & pourroient eftre mefun!s en 
mefme forte .  

E n  laf.econde ouale la partie 2. A ifert encore pour les 
reflexions dont on fuppofe les angles eftre ine(�aux. car 
eftant en Ia fuperficie d'vn miroir cornpofe de mefme 
matiere que le precedent,e lie feroit tellement reflefchir 
tous les rayons, qui viendroient d n  point G, qu'ils fem­
bleroient a pres eftre refl:efchis venir du point F. Et il 
eft a remarquer , qn'ayant fait Ia ligne A G beaucoup 

plus 
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But the portion toward V causes all rays coming from G to converge 
toward F when they strike the concave surface of a mirror of the 
shape of 1 V1 and of such material that it diminishes the velocity of 
these rays in the rat io of AS to A6, for it is  proved in d ioptrics that in 
this case the angles of  reflection will be unequal as well as the angles 
of refraction, and can be measured in the same way. 

Now consider the second oval. Here, to0. the port ion 2A2 ( see 
page 1 18 )  serves for reflections of which the angles may be assumed 
unequal. For if the surface of a mirror of the same material as in the 
case of the first oval be of this form , it will reflect all rays from G, 
making them seem to come from F. Observe , too, that i f  the l ine AG 
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i s  considerably greater than AF, such a mirror will be convex in the 
center ( toward A) and concave at each end ; for such a curve would 
be heart-shaped rather than oval. The other part, X2, is useful for 
refracting lenses ; rays which pass through the air toward F are re­
fracted by a lens whose surface has this form. 

The third oval is of use only for refraction, and causes rays travel­
ing through the air toward F ( page 121 )  to move through the glass 
toward H, after they have passed through the surface whose form is 
A3Y3, which is convex throughout except toward A,  where it is slightly 
concave, so that this curve is also heart-shaped. The difference between 
the two parts of this oval is that the one part is nearer F and farther 
from H, while the other is nearer H and farther from F. 

Similarly, the last of these ovals is useful only in the case of reflec­
tion. Its effect is to make all rays coming from H ( see the second 
figure on page 121 ) and meeting the concave surface of a mirror of 
the same material as those previously discussed, and of the form 
A4Z4, converge towards F after reflection. 

The points F, G and H may be called the "burning points" 1' .. 1 of 
these ovals, to correspond to those of the ellipse and hyperbola, and 
they are so named in dioptrics. 

I have not mentioned several other kinds of reflection and refraction 
that are effected1"01 by these ovals ; for being merely reverse or opposite 
effects they are easily deduced. 

P"l That is, the foci, from the Lat in focus, "hearth." The word foetts was 

first used in the geometric sense by Kepler, Ad Vitellionem Paralipomena, Frank­

fort, 1604. Chap. 4, Sect. 4. 
r1701 "Regtees." 
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plus grande que A F, ce mii'Oir  feroit conuexe �m milieu, 
v crs A,  & concaue aux extremitez: car tel le eft la figure 
de cetc lign e , qui en cela reprefcnte p l u toft vn coeur 
qu'vne ouale. 

Mais fon autre partie X 2 fert pour les refrad:ions , & 
fait que les rayons, qui eftan t dans rair tendent vers F, fe 
detournent vers G, en trauerfant Ia fuperficie d'vn  ver­
re, qui  en ait Ia figure. 

La troifiefme ouale fert toure au.x refractions , & fait 
que les rayons , qui eftant dans l'air tendent vers F, fe 
vont rendre vers H dan s le verre, apres qu'ils one trauer­
fe fa fuperficie,  dont Ia figure eft A 3 Y 3 , qui eft conue­
:xe par tou t, excepte vers A ou elle eft vn peu concaue ,en  
force qu'elle a la figure d'vn coem· aulfy bien q u e  Ia pre­
cedence. Et Ia difference qui eft entre les deux parciei 
ac cete ouale, confifte e n  ce que lc point F eft plus pro­
che de l'vne , que n'eft le point H ;  & qu'il eft plus 
efloigne de I' aut re, que ce mefme point H. 

En mefme fa�on Ia derniere ouale fert tonte aux re­
flex ions, & fait que fi les rayons,qui  vienent d u  point H, 
rencontroient Ia fuperficie concaue d\•n miroir d e  mef­
me matiere que les precedens, & dont la figure fuft A +  
z 4, ils  fe reftefchiroicnt to us vers F. 

De fa�on qu 'on peut nom mer les poins F, & G ,  ou H 
Ies poins brufl:tns de ces ouales , a l 'exemple de ceux de� 
Ellipfes, & des Hyperboles , qui ont efte ainfi nommes 
en la Dioptrique. 

I'omets quantite d'autres refractions , & reftexions-, 
qui font reiglces par ces mefmes ouales : car n'cftant 
que les conuerfes, ou les conrraires de celles cy, dies en 

pelluent 
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De�oa- peuuent f'adlement eftre deduites. Mais il ne faut pas fir.auoll . ,  1 d n. • • d . d '  des· pro- q u e  1 omette a emonurat1on e ceque 1ay It, & a cet 
pric[es de effeCt, pre nons par exemple le point C a difcretion en Ia ccs oualcs • • d J • d I . . touchant premtere partie e a prem1ere e ces oua es ; pUis tlrons 
lc:.s rdlc:- � Ia ligne droite : n o n s  & · 

rc:fra- � C P, qut coup-
&o,. �� pe !" courbe au E.-�� pomt c a an­

F A M � 0 gtes droits, ce-
qui eft facile 

par le problefme precedent ; Car prenant b pour A G , c 
pour A F, c -t- � pour F C ;  & fuppofant que Ia propor­
tion qui eft entre d& t_, que ie prendray icy toufiours 
pour celle qui mefure les refraClions du verre propofc, 
defigne autry celle qui eft entre les lignes A 5 ,  & A 6, ou 
femblables, qui out ferui pour defcrire cere ouale,ce qui 
donne h -·�� pour G C: on trouue que la ligne A P efi: 
bctltl • bctle + btltk + cmr. . 

• {i il ft , ft , d IY":. btle + etitl + tid� :. 16{. am 1 qu• a e e mon rc cy euus. 

De plus do point P ayant tire'P Q. a angles droits fur Ia 
droite F C, & P N autry a angles droits fur G C�confidc­
rons que 1i P Q£ft a P N, com me d eft a � , c· eft a dire, 
com me les lignes qui mefurent les refraaions du verre 
conuexe A C, le rayon qui vient du point F au point C, 
doit tellement s'y courber en entrant dans ce verre, qu'il 
s'aille rendre aprt!., vers G: ainfi  qu'il eil: tres euident de 
cequi a eftt! die en la Dioptriqlle. Puis enfin voyons par 
le calcul, s'il eft vray, que P Q[oit a P N ; com me d eft 
a ,, Les triangles reCtangles P Q F, & C M F font fem-

blables; 
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I must not, however, fail to prove the statements already made. For 
this purpose, take any point C on the first part of the first oval, and 
draw the straight line CP normal to the curve at C. This can be done 
by the method given above,1'"1 as follows ; 

Let AG=b, AF=c, FC=c+z. Suppose the ratio of d to e, which 
I always take here to measure the refractive power of the lens under 
:onsideration, to represent the ratio of AS to A6 or similar lines used 
to describe the oval. Then 

whence 
GC = b - f!.. z d ' 

A P - bcd2 - bcde+ bd2z+ce2z 
- bde+cd2 + d2z-e2z · 

From P draw PQ perpendicular to FC, and PN perpendicular to GC. t'"1 

Now if PQ : PN=d : e, that is, if PQ : PN is equal to the same 
ratio as that between the lines which measure the refraction of the 
convex glass AC, then a ray passing from F to C must be refracted 
toward G upon entering the glass. This follows at once from dioptrics. 

(mJ See page 1 1 5. 
ll72J Here PQ is the sine of the angle of incidence and PN is the sine of the 

angle of refraction. The ray FC is reflected along CG. 
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Now let us determine by calculation if it be true that PQ : PN =d : e. 

The right triangles PQF and CMF are similar, whence it follows that 

CF : CM = FP : PQ , and 
FPC;M PQ. Again, the ri ght lriangles 

PNG and CMG are similar, and therefore G�-�M = P N. Now since 

the multiplication or division of  two terms of a ratio by the same num-

b d t It th f " f FP . CM GP . CM d h d" "d"  er oes no a er e ra 1 0 ,  1 ---
CF

-- : CG : e ,  t en, lVI  mg 

each term of the first rat io by CM and multiplying each by both CF 

and CG, we haye FP . CG : GP . CF=d : e. Now by construct ion, 

or FP 

and 

Then 

bcd• +c2d2+bd2 z+cd2:: 
cd2 +bde-e2z+d2:; ' 

CG = b - � z. d 

b2cd2 +bc2d2+b2d2z +bcd2z- bcdc:;- c2dez-bdez' -cdez2 FP · CG = cd2 +bde-e2z+d2z 
Then 

or 
b2de+bcde-be'::-ce2::; GP = - - - - - - · 

cd2+bde- e'z+d2z ' 

and CF =c+z. So that 

b2cde+bc'de+b2dez+bcdc::-bce• z-c•e•z - be" z' -ce• z• GP · CF = cd0+b-de-e•z+d2z 
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blables; d 'oo it fuit que C F eft a C M ,  comme F P eft a. 
P Q ; & par confequent que F P ,  eftant multiplie'e pat 
C M, & diuifee par C F, eft' efgale a P Q.. Tout de mef­
me les triangles  reCtangles P N G ,  & C M G font fem­
blables ;  d' oil il fuit que G P, multipliee par C M, & diui­
fee par C G, eft efgale a P N. Puis a cattfe que le� mul­
ti plications,  ou diuifions, qui fe font de deux quantires 
par vne mefme, ne chan gent point la proportion qui eft 
entre elle s ;  fi F P multipliee par C M; & di uifee par C F, 
eft a G P mulripliee aufi'y par C M &: diuifee par C G; 
comme d eft a e, en diuifant l'vne &rl'autre de ces deux 
fommes par C M , puis les multi pliant routes deux par 
C F, & derechefpar C G,il refte F P multipliee par C G, 
qui doit eftre a G P multipliee par C F, comme d efta e• 

• IJ! bcdrJ -- bcde i£< bdtit: ifl �t�I::.; Or par la conftrucbon F P eft c bde + cdd + dik • • eez:. --

oubien F p ::o bcdd + wid + bdd,. + cdd:;:.. 
C G eft bde.of< cdd + dd{ •• eet. & 

b -- � � .. fibienque muh:ipliant F P par C G  il vient 
bbcdd + bccdd + bbdrJ;:. + bcddz. -- bcde;c. • •  wle>:. - ·  bdti::.� · - 6tle::.z.. 

de ti< -Cild +llii { - · m. 1 
P . 

ft b -- bcdd + bcds. -- bd,.d:;:. •• cee{_, 
b" UlS G p e bii + crJd + dtl:;:. • • m:. . ou lCR 

P bbde oJ. bcde ·- bee:c. - • eet%.1, C F ft G :n -bae+�rJd +ridz.::;;;:- & e c + t; 
ftbienque multi pliant G P par C F , il vient b��de + bccde - · bue:c. - • ccee:c. + hbdt"{ + bcdt'{ -- bee:;:.:c. -· c�e:=. 

bde-+ cdd + dd::. •• ee>:. 

Et pourceque Ia premiere de ces femmes diuife'e par d, 
eft la mefme que Ia feconde diuifee par e, i l  eft mauifefte: 
que F P multiplie'e par C G eft a G P multiplie'e par C F; 

Z z  c'eft 
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c'eft a dire que P Qsft � P N, com me d eft a e ,  qui eft 
tout ce qu'i l falloit demonftrer. 

Et fc;ache's , que cete mefme demonftration s' eft end 
a tout cequi a efte dit des au cres refraCtions ou refle­
xions, qui  fe font dans les ouales propofees ;  fans qu•il y 
faille changer aucune chafe ,  que les fignes + & - du 
calcul. c'eft pourquoy chafcun les peut ayfement exa­
miner de foymefme . fans  qull foit be foin que ie m'y 
arefte .. 

Mais il faut maintenent, que ie fat is face a ce que iay 
omis en Ia Dioptrique,lorfqu'apres auoir remarque' .. qu'il 
peut y anoir des verres de plufieurs dirrerfes figures , qui 
facent autfy bien 1' vn que t•autre , que les rayons venans 
d'vn mcfme point de l'obiet, s'atfemblent tous en vn au. 
tre point aprcs les auoir trauerfes. & qu'entre ces verres. 
ceux qui font fort conuexes d'un cofte, & concaues de 
l'autre, ont plus de force pour brufler , que ceux qui font 
efgalement conuexes des deux cofte's. au lieu que tout 
au contraire ces derniers font lcs meiJleurs pour les lune­
tes. ie me fuis contente d'expliquer ceux ,  que i 'ay cru 
eftre Ies meilleurs pour Ia prattique, en fuppofant Ia diffi­
culte que les artifans peuuent auoir a les tailler. C'eft 
pourquoy , aflin qu 'i l ne refte rien a fouhaiter couchant la 
theorie de cete fcience, ie doy expliquer encore icy Ia fi­
gure des verres, qui ayant l'vne de leurs fuperfides au­
rant conuexe, au concaue, qu'on voudra, ne Jaitfent pas 
de faire que to us Ies rayons , qui vienent vers eux d'vn 
mefme point , ou paralleles , s'alfemblent a pres en vn 
mefme point ; & celle des verres qui font le femblable, 
efrant efgalement conuexcs des deux coftes , osbien Ia 

conue-
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The first of  these products divided by d is equal to the second divided 
by e, whence it follows that PQ : PN-FP . CG : GP . CF-d : e, 
which was to be proved. This proof may be made to hold for the 
reflecting and refracting properties of  any one of  these ovals, by proper 
changes of the signs plus and minus ; and as each can be investigated 
by the reader, there is no need for further discussion here. 1'"1 

It now becomes necessary for me to supplement the statements made 
in my Dioptrique1"'1 to the effect that lenses of various forms serve 
equally well to cause rays coming from the same point and passing 
through them to converge to another point ; and that among such lenses 
those which are convex on one side and concave on the other are more 
powerful burning-glasses than those which are convex on both sides ; 
while, on the other hand, the latter make the better telescopes. 1""1 I 
shall describe and explain only those which I believe to have the great­
est practical value, taking into consideration the difficulties of cutting. 
To complete the theory of the subj ect , I shall now have to describe 

1"'1 To obtain the equat ion of the first oval we may proceed as follows : Let 

AF = c ;  AG = b ;  FC = c + z ;  GC = b- -Jz. Let CM =x, AM =y. FM =c+y; 
GM = b - y. Draw PC normal to the curve at any point C. Let AP = v. Then 

CF2= CM2+ FW. Also, c' + 2cz + z2 = x' + c2 + 2cy + y2, whence 

z = - c +  1/ x2 + c2 + 2cy + y2• 

Also , CG2= CM2+ GM2 , whence 

be e' 
b2 - 2 dz + {fi z2 = x2 + b2 - 2by + y• .  

Subst ituting in th is equation the value of z obtained above, squaring, and simplify­
ing, we obtain : [ (d2 - e2 ) :r2 +  ( d2 - e2 ) y2 - 2 ( e2c + bd2 ) y - 2ec ( ec - bd ) r 

= 4e2 ( bd + ec) 2 (x2 + c2 + 2cy + y• ) .  Rabuel, p. 348. 
1"'1 Descartes : La D ioptriquc, published with D iscours de Ia Methode, Leyden, 

1637. See also Cousin,  vol .  III ,  p. 401 .  
1 '"1 "Lunetes." The laws of reflection were familiar to the geometers of  the 

Platonic school, and burn ing-glasses, in the form of spherical glass shells filled with 
water, or bal ls  of rock crystal are discussed bv Pl iny, Hist. Nat. xxxvi, 67 (25) 
and xxxvii, 10. Ptolemy, in his  treat ise on Optics, discussed reflection, refraction, 
and plane and concave mirrors. 
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again the form of  lens which has one side of  any desired degree of  con­
vexity or concavity, and which makes all the rays that are parallel or 
that come from a single point converge after passing through it ; and 
also the form of  lens having the same effect but being equally convex 
on both sides, or such that the convexity of  one of  its surfaces bears a 
given ratio to that of the other. 

In the first place, let G, Y, C, and F be given points, such 
that rays coming from G or parallel to GA converge at F after 
passing through a concave lens. Let Y be the center of  the inner sur­
face of  this lens and C its edge, and let the chord CMC be given, and 
also the altitude of  the arc CYC. First we must determine which of 
these ovals can be used for a lens that will cause rays passing through 
it in the direction of H ( a  point as yet undetermined ) to converge 
toward F after leaving it. 

There is no change in the direction of  rays by means of  reflection or 
refraction which cannot be effected by at least one of  these ovals ; and 
it is easily seen that this particular result can be obtained by using either 
part of  the third oval, marked 3A3 or 3Y3 ( see page 12 1 ) ,  or 
the part of the second oval marked 2X2 ( see page 1 18 ) . Since 
the same method applied to each of  these, we may in each case take Y 
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conuexite' de l'vne de leurs fuperficies ayant la propor· 
tion donne'e a celle de I' autre. 

c 

� G�···� ,  
c 

Pofons pour le premier cas, que Jes poins G, Y, C, & F  ;:;:�c 
e frant donne's, les rayons qtJi vienent du point G, oubien fairc vn 
qui font paralleles a G A fe d oiuent alfernbler au point ;a

c
�;e,::: 

F, a pres auoir trauerfe' vn verre fi concaue , qu' Y eftant ucxe ou 
Ie milieu de fa fuperficie interieure,  l' extremite en foit ��n�����· 
au point C, en forte que la chorde C M C ,  &Ia fleche de fcs[u· 
Y M de  1' arc C Y C, font donnees. La queftion va 11, ������es, 

que premierement i t  faut confiderer , de laquelle des vo�dra, 
l I. " l r. rfi . d Y C d . . qul raf-

oua es exp 1quecs, a 1upe cte u verre , Olt aumr fcmblc a 
Ia figure, pour faire que to us tes rayons 1 qui eftant de- vdn po!nt 

onnc, dans tendent vers vn meftne point, comme vers H ,  qui rous Ies 
n'eft pas encore connu, s'aillent rendre vers vn autre ,  a rayo� 

qur vle-
f�auoir vers F ,  apr�s en eftre fortis . Car il n'y a aucun ncnr d'vn 
effect touchant le rapport des rayons change par refle- ��ri�ec 
xion , ou refradion d'vn point a vn autre , qui ne pu ilfe donne. 
eftre caufe' par quelqu\rne de ces ouales. & on voit 
ayfement que cet'uycy le peut eftre par Ia partie de Ia 
troifiefme Quale, qui a tan toft efte mar<]ue'e 3 A 3 , ou 
par celle de Ia mefme, qui a efte marquee J Y 3 , ou en fin 
par la partie de Ia feconde qui a efte' marquee .2. X 2.. Et 
pourceque ces trois tombent icy fous mefme calcu l, on-
doit tant pour l 'vne , que pour 1' autre prendre Y pour 
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leur fommet, C pour l'vn des pains de leur circonferen­
ce, & F pour l'vn de leurs poins bru flans ; apres quoy il 
ne refte plus a chercher ')Ue le  point H, qui doit efrre 
l'autre point bruflant.  Et on Ie trouue en confiderant, 
que la difference, CJUi eft entre les lignes F Y & F C,doit 
eftre a ce lie, qui eft entre les lignes H Y & H C , comme 
deft a e,  c'efr a dire, comme Ia plu s  grande des lignes qui 
rnefurent les refractions du verre propofe eft a la moi n­
dre; ainfi qu'on peut voir manifef[em ent de Ja defcri­
ption de ces m1ales . Et pourceque les !ignes F Y & F C 
font donnees, leur difference I' eft aulfy , & en fuite celle 
qui eft entre H Y & H C ; pourceque la pror..ortion qui 
efi: e ntre ces deux differences eft donnee. Et de plus a 
caufe que Y M eft donnee , Ia difference qui eft entre 
M H,& H C, l'eft: aulfy;& enfin pourceque C M efr don­
nee, il ne refte plus qu' a trouucr M H le cofre du triangle 

c 

� GT� P 
c 

re&angle C M H, dont on a l'aurre cofte C M ,  & on a 
auffy Ia difference qui eft entre C H Ia haze , & M H le 
coftedemande. d'ou il eft .ayfede le trouuer. car fi on 
prent {pour l'exces de C H fur M H,& n pour la longeur 

n "  
de la ligne C M, o n  aura 1.-k -- � k, pour M H. E t  apre's 

auoir ainfi le point H�s'il fe troune plus loin du pointY� 
que 
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( see pages 1 37  and 1 38 ) . as the vertex, C as a point on the curve/''"1 
and F as one of the foci. It then remains to determine H. the other 
focus. This may be fom:Jd by considering that the difference between 
FY and FC is to the difference between HY and HC as d is  to e ;  that 
is, as the longer of  the lines measuring the refractive power of  the lens 
is to the shorter, as is evident from the manner of  describing the ovals. 

Since the lines FY and FC are given we know their difference ; and 
then, since the ratio of the two differences is known, we know the dif­
ference between HY and HC. 

Again, since YM is known, we know the d ifference between MH 
and HC, and therefore CM. It remains to find 'MH, the s ide of  the 
right triangle CMH. The other side of  this  triangle, CM, is known, 
and also the d ifference between the hypotenuse, CH and the requ ired 
side, MH. We can therefore easily determine MH as follo·ws : 

Let k = CH - MH and n = CM;  then ;: - � k = MH, which deter­

mines the position of the point H. 
(17111 "Circon ference." 
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If HY Is greater than HF, the curve CY must be the first part of  
the third class of  oval , which has already been designated by 3A3. 

But suppose that HY is less than FY. This includes two cases : 
In the first, HY exceeds HF by such an amount that the ratio 
of  their difference to the whole line FY is greater than the ratio of e, 
the smaller of the two lines that represent the refractive power, to d, 

the larger ; that is, if HF =C, and HY =c+h, then dh is greater than 
2ce+eh. In this case CY must be the second part 3Y3 of the same 
oval of  the third class. 

In the second case dh is less than or equal to 2ce+eh, and CY is the 
second part 2X2 of the oval of the second class. 

Finally, if the points H a:nd F coincide, FY = FC and the curve 
YC is a circle. 

It is also necessary to determine CAC, the other surface of the lens. 
If we suppose the rays falling on it to be parallel, this will be an ellipse 
having H as one of its foci, and the form is easily determined. If ,  
however, we suppose the rays to come from the point G, the lens must 
have the form of the first part of an oval of the first class, the two foci 
of which are G and H and which passes through the point C. The 
point A is seen to be its vertex from the fact that the excess of GC 

over GA is to the excess of  HA over HC as d is to e. For if  k repre­

sents the difference between CH and HM, and x represents AM, then 
.t·-k will ,represent the difference between AH and CH ; and if g repre­
sents the difference between GC and GM, which are given , g+x 
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que n'en eft le point F, la ligne C Y doit eftre la premie­
re partie d e  I'ouale d u  troiliefme genre , qui a tan toft eft� 
nommee 3 A 3 :  Mais 1i H Y eft moindre que F Y, oubien 
elle furpaffe H F d e tant , que leur difference eft plus 
grande a raifon de la toute F Y, que n'eft e Ia moindre 
aes !ignes qui mefurent res refraCl:ions comparee auec d 
Ia pl"us grande , c' eft a dire que faifant H F � c ,  &. 
H Y ::o c + h, d h eft plus grande que 2 e e + e h ,  &. lors 
C Y doit efire Ia fecoude partie de Ia mefme ouale du 
troiliefme genre, qui a tantoft eftenom e'e ; Y 3 ;Oubien 
d h eft efgale , ou moindre que 2 c e + e h :- & lors C Y 
doit efi:re la feconde partie de l'ouale du fecond genre 
qui a cy deffus efi: e'nomm e'e 2 X 2. Et enfin fi le point H 
eft le mefme que le point F, ce qui n'arriue que lorfque 
F Y & F C font efgales cete ligne Y C eft vn cerci e. 

A pres cela il faut  cherc'her C A C I' autre fuperficie de 
ce verre, qui doit efrre vne El lipfe , dont H foit le point 
brufianqfi on fi1ppofe que les -rayons qui tom bent deffus 
foiet paralleles; & lors ii efr ayfe de Ia trouuer. Mais fi on 
fuppofe qu'ils vienet d u  poin�G , ce do it efire I� premiere 
partie d'vne ouale du premier genre,dortt les deux poins. 
bruflans foiet G & H, & qui paffe. par le point C:d'ou oa 
trouue le ·point A pour  Ie fommet de cere ouale,en confi. 
derat,que G Cdoit eftre plus grade que GA ,d'vne quan­
titC, qui foit a celle dont H A furpaffe H C,comme d a e.  
car ayant pris k_pour I a  difference,qui eft entre C H,& H 
M,fi on fuppafe x pour A M,on aura� ·- k., pour Ia diffe­
rence qui eft entre A H, & C H; puis fr on prent g pour 
celle� qui eft entre G C, & G M , qui font donnees , on 
aurag + x pour celle , qui eft entre G C ,  &. G A ; & 

Z z  3 pour-
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c o m m t!t pourceque cere derniere g +  x dl:a. l'autre x • • �� com­
a u  pent . g e  + d ft 
fa i re vn . me d eft a e .  on a g e +  e X �  d X • ·  d k,, OUbien -;J::; 
ve rre,  qm . • aide mef- pour la hgoe x, ou A M  , par laquelle on derermme Ie �: ��ea: point A qui eftoit cherche. 
p recedc

1
<r, Pofons maintenent pour I' autre c as , qu'on ne donne & q u e  a . . . 

conuexi- que les poms G C, & F, auec Ia proportion qu1 eft entre �: dfe�vfu� les !ignes A M: & Y M, & qu'il faille trouuer Ia figure du 
perficies verre A C Y, qui face que tous les rayons , qui vienent 
atr Ia_ pro- du point G s' alfemblent au point F p orti on • 

d onnee On peut derechef icy fe feruir de deux ouales dont auec cdle 1' A C : G H fc · b fl & I' detautre. vne, , ait & pour es poms ru ans-; autre� 

G 

c 

C Y,ait F & H pour les liens.Et pour les trouuer ,premie· 
rement fuppofant le point H qui eft commun a routes 
deux eftre connu , ie cherche A M par Ies trois poins 
G,C,H,en Ia fason tout .maintenent explique'e;a fsauoir 
preuant k,pour Ia difference, qui eft entre C H , & H M; 
& g pour celle qui eft entre G C, & G M : & A C eftant 
l.a premiere partie de l 'Ouale du premier genre , iay 
g e  + d!t A M  . . h he rr.. Y I . � pour : pu1s 1e c ere auuy M par es trots 

poins F, C, H, en forte que C Y foit la premiere partie 
d'vne ouale du troi.tiefme genre; & prenant y pour M Y, 

& 
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will represent the difference between GC and GA ; and smce 

g+x : x-k=d : e ,  we have ge+ex=dx-dk,  or AM=x=ge + dk 
d- e ' 

which enables us to determine the required point A. 

Again, suppose that only the points G, C, and F are given, together 
with the rat io of  AM to YM ; and let it be required to determine the 
form of  the lens ACY which causes all the rays coming from the point 
G to converge to F. 

In this case, we can use two ovals, AC and CY, with foci G and H, 

and F and H respectively. To determine these let us suppose first 
that H, the focus common to both ,  is known. Then AM is determined 
by the three points G, C,  and H in the way j ust now explained ; that is 
i f  k represents the difference between CH and HM, and g the differ­
ence between GC and GM, and i f  AC be the first part of  the oval of the 

ge + dk 
first class ,  we have AM = -

d
-- . - e  

W e  may then fi n d  M Y  b y  means of the three points F, C ,  and H .  

I f  C Y  i s  the first part of  a n  oval of  the third class and w e  take y for 
MY and f for the difference between CF and FM, we have the dif-
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ference between CF and FY equal to f+Y ; then let the difference 
between CH and HM equal k, and the difference between CH and HY 
equal k+y . Now k+y : f+y=e : d, since the oval is of the third class, 

./e- dk ge+.fe . whence MY = -d--. Therefore, AM + MY = A Y = d , whence 1 t -e -e 
follows that on whichever side the point H may lie, the ratio of the 
line A Y to the excess of  GC+CF over GF is always equal to the ratio 
of  e, the smaller of  the two lines representing the refractive power of 
the glass, to d-e, the difference of these two lines, which gives a very 
interesting theorem. r•nt 

The line A Y being found, it must be divided in the proper ratio into 
AM and MY, and since M is known the points A and Y, and finally 
the point H, may be found by the preceding problem. We must first 
find whether the line AM thus found is greater than, equal to, or less 

than d
ge 

. If  i t  is  greater, AC must be the first part of  one of the -e 
third class, as they have been considered here. If it is smaller, CY 
must be the first part of an oval of the first class and AC the first part 

['"1 "Qui est un assez beau theoreme." 
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&[pour Ia difference, qui eft entre C P ,  & F M , i 'ay 
f +y, pour celle qui eft entre C F, & F Y: puis  ayant de­
fia k,pour celle qui eft entre C H, & H M,iay k. + y pour 
celle qui eft e n tre C H, & H Y, que ie fcay deu01r efire 
af + y com me e eft a d, a caufe de l'Ouale du trOifiefme 

fc · - d lt ,  
genre ,  d"ou ie  trouue q ue y o u  M Y  e ft  � puis iot-
gnant enfemble Ies deux quanti te's trouuees pour A M, & 
M y ·  J e + fe I A Y D' , " I ii .  , te trouue ---;r:-;pour a toute ; ou 1 utt que 
de quelque cofte' que fait fuppofe'Je point H ,  cete ligne 

A Y eft toufiours compofee d'vne quantite� qui  eft a cel ­
le dont les  deux enfemble G C ,  & C F furpalfent la tou­
te G F, Comme e, la  moindre des deu x lignes qui feruent 
a mefurer les refractions du verre propofe, eft a d-- e , Ia 
difference qui eft entre ces deux !ignes, cequi eft vn af­
fes beau theorefme. Or ayant ai nfi Ia toute A Y ,  il ia 
faut couper felon Ia proportion que doiuent auoir fes 
parties A M & M Y; au moyen d e  quay pource qn' on a 
delia le point M, on trouue auffy les pains A & Y ;  & en 
fuite Ie point H, par le problefme precedent. Mais au­
parauant il faut regarder ,fi Ia lignc A M ainli trouue'e eft 

plus grande que J_�·e ou plus petite, ou efgale . Car li elle 
eft plus grande , on appreut de Ia que la courbe A C doit 
eli:re Ia premiere partie d'vne ouale du premier genre; & 
C Y Ia premiere d'vne do troifiefme , ainfi qu'elles ant 
eft:e icy fuppofe'e s: au Hen que fi elle eft plus petite , cda 
monftre que c'eft C Y, qui  doit eft:re Ia prem iere partie 
d'vne ouale du premter genre ; & que A C do it eft:re Ia 
premtere d'vne du troifiefme : Enfin fi A M  eft efgale a 

g t, 
� 
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/� les deux courbcs A C & C Y dmuent efcre deux hy­
perboles. 

On pourroit efrendre ces deux problefmes a vne mfi­
nite' d'autres cas, que ie ne m'arefre pas a deduire,a caufe 
qu'ils n'ont eu  aucun vfage en Ia Diopm que. 

On pourroit auffy paffer outre, & dire , lbrfque I' vee 
des fuperfic1es du  verre eft dannee , pourut1 qu'  elle nc 
[oit  que toute plate, ou compofee de fecbons coniques, 
ou de cerc les ; comment on doit fa ire fon autre fuper'fi­
cie,  affin qu'i l tranfme tte tau s  les rayons d'vn point don­
ne, a v n autre point anffy donne. car ce n'eft rien de plus 
difficile que ceque ie viens d'expliquer ,; ou plutoft c'eft 
chofe beau coup plus facile, a caufe-que le chemin en efc 
ouuert. Mais i'ayme mieux , que d'autres le cherchent, 
affinque s'ils ont encore vn peu de peine a le trouuer, ce­
la leur face d'autant plus eftimer l'inuention des c hofes 
qui font icy demonfrrc'es. 

_ Au refi:e ie n'ayparle en tout cecy, que des !ignes cour-Commet b • d fc • r.. r.. fi . I 1 on peu r es, qu on peut e crue 1ur vne !Uper c1e p ate ; mais i appli9uer eft ayfe de rapporter ceque i' en ay die , a routes celles CC: �Ui a 
�fic:dir qu'on f�auroit  imaginer eftre forme'es , par le mouue-;�n;�s ment regulier des pains de quelque cors , dans vn efpace 
cour�c:s qui a trois dimenfions. A f�auoit en tirant deux perpen .. 
defcmes d' ) . d hafc d . d l ) ' b • 

fur vne 1cu atres, e c cun es poms e a •gne cour e qu on 
fuperfi.cic: veut confiderer ,fur  deux plans qui s'entrecouppent a an-
plare, a d . l' ft l' l' r.. 1' I cc:llc:s qii1 gles rmts, vue ur vn, & autre 1ur autre. car es ex-
fc: def�ri- eremites de ces perpendiculaires defaiuent deux autres 
uEr das vn • 

cfpac.e �f" lignes courbes, v.ne fur chafcun d� ces plans ,  d�fquelles 

a r ro1i15 , . on peut en Ia far..on cy deffu s exphquee,determmer tous men !ODS.  • ::J J 
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of one of the third class. Finally, i f  A M  is equal to ge , the curves 
d- e 

AC and CY must both be hyperbolas. 
These two problems can be extended to an infinity of other cases 

which I will not stop to deduce, since they have no practical value in 
dioptrics. 

I might go farther and show how, if one surface of  a lens is given 
and is neither entirely plane nor composed of conic sections or circles, 
the other surface can be so determined as to transmit all the rays from 
a given point to another point, also given. This is no more difficult 
than the problems I have just explained : indeed, i t  is much easier since 
the way is now open ; I prefer, however. to leave this for others to 
work out, to the end that they may appreciate the more highly the dis­
covery of  those things here demonstrated, through having themselves 
to meet some difficulties. 

In all this discussion I have considered only curves that can be 
described upon a plane surface, but my remarks can easily be made to 
apply to all those curves which can be conceived of  as generated by the 
regular movement of  the points of  a body in three-dimensional space. 1"81 
This can be done by dropping perpendiculars from each point of the 
curve under consideration upon two planes intersecting at right angles, 
for the ends of these perpendiculars will describe two other curves, one 
in each of  the two planes, all points of  which may be determined in the 
way already explained, and all of  which may be related to those of a 
straight line common to the two planes ; and by means of these the 
points of the three-dimensional curve will be enti rely determined. 

1"'1 This i s  the hint which Descartes gives of  the possibil ity of  the extension of  
his theory to sol id geometry. This  extension was effected largely by Parent ( 1666-
1716) , Clairaut ( 1713- 1765 ) , and Van Schooten ( d. 1661 ) .  
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We can even draw a straight line at right angles to this curve at a 
given point, simply by drawing a straight line in each plane normal to 
the curve lying in tha1! plane at "the foot of the perpendicular drawn 
from the given point of  the three-dimensional curve to that plane and 
then drawing two other planes, each passing through one of the straight 
lines and perpendicular to the plane containing it ; the intersection of  
these two planes will be the required normal. 

And so I think I have omitted nothing essential to an understanding 
of  curved lines. 
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les poins, & les rapporter a ceux de Ia ligne drotte , qut 
eft com mune a ces deux plans , au moyen dequoy ceux 
de Ia courbe ,  qui a trois dimcnfions , font entterement 
determines . Mefme fi on v ent tirer vne ligne droire, qm 
couppe cere courbe au pomt donne a angles droltS · i l  
taut feulement tirer deux autres ! ignes  drottes dans Ies 
deux plans, vne en chafcun, qui couppent a angles d roits 
les deux !ignes courbes , qui y font, aux deux poins , ou 
rombent les perpendicu laires qui vtenent de ce point 
donne. car ayanc efleue' deux autres plans , vn fur chaf­
e nne de ces !ignes droires, qui couppea angles droits le 
plan otl elle eft, on aura l'interfetl:ion de ces deux plans 
pour la ligne droite chcrchec. Et ainfi  ie penfe n'auoir 
rien omis des clemens, qui font necelfaires pour Ia con­
noilfance des !ignes courbes. 
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Geometry 
BOOK III 

ON THE CoN STRUCTION oF SoLID AND SuPERSOLID PROBLEMS 

WHILE it is true that every curve which can be described by a con­
tinuous motion should be recognized in geometry, this does not 

mean that we should me at random the first one that we meet in 
the construction of a given problem. We should always choose with 
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c:De Ill conftrullion des Proble(mes , qui 
font S olides, ou plufque So/ides. 

De qucl-

EN c o  ll E  que routes les lignes courbes ,  qm peuuent les !ignes 
ft d I' • 1 r· courbes 

e re e1crttes par que que mouuement regu ter, on peuc 
doiuent eftre receues en la Geometrie , ce n'eft pas a di- fe fl1eruir, 

l fc  . d r fc . • d "ffi d 1 en a con-
re qu'i oit perm1s e 1e ermr m 1 eremment e a pre- fl:ruCl:ion 
miere quife rencontre, pour Ia conftrud:ion de chafqtle ��obfe"f-q• 
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3 7 0 L A G E 0 M E T R I E. 
problefme:  mai � i lfaut auoir foin de choilir touliours Ia 
plus fimple , par laquelle il fait poffible de le refoudre. 
Et .mefme il efi: a remarq uer, que par ies plus  fimples on 
ne do i t  pas feulement  entendre celles , qui  pcu uent  Ie 
plus ayfemcm e{l:re defcrites ,  ny celles qui 1·endent Ia 
conftru dion, ou la demonftration du Problefme propo· 
fe plus facile , mais principalement celles , qu i fon t  du 
plus fimple genre, qui pui!fe feruir a determiner la quan­
tite' qui eft cherchce, 

z 

C omme par exemple ie ne croy pas , qu'il y ait aucu­
ne fa son plus facile, pour trouuer autant de moyennes 
proportioimelles, qu'on veut, ny dpnt la demonftrarion 
fait plus euidcnte, que d'y employer les lignes courbes, 
qui fe defcriuent par l'inftrument X Y Z cy detfus expli­
quC. Car voulant trouuer deux moyennes proportion­
nelles entre Y A & Y E, il ne faut que defcrire vn cerc le, 
dont le diametre foit Y E; & pource que ce cercle coup-

pe 
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care the simplest curve that can be used in the solution of a problem, 
but it should be noted that the simplest means not merely the one most 
easily described , nor the one that leads to the easiest demonstration or 
construction of the problem, but rather the one of the simplest class 
that can be used to determine the required quantity. 

For example, there is, I bel ieve, no easier method of finding any num­
ber of  mean proportionals, 11"'1 nor one whose demonstration is clearer, 
than the one which employs the curves described by the instrument 
XYZ, previously explained.""'1 Thus, i f two mean proportionals 
between YA and YE be required, it is only necessary to describe 

1""1 For the history of  this problem, see Heath, Histor.v, Vol. I ,  p. 244, et seq. 
1'"'1 See page 46. 
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a circle upon YE as diameter cutting the curve AD in D, and YD is 
then one of  the required mean proportionals. The demonstration 
becomes obvious as soon as the instrument is applied to YD, since Y A 

( or YB ) is to YC as YC is to YD as YD is to YE. 
Similarly ,  to find four mean proportionals between YA and YG, or 

six between YA and YN, it is only necessary to draw the circle YFG, 
which determines by its intersection with AF the line YF, one of  the 
four mean proportionals ; or the circle YHN, which determines by its 
intersection with AH the line YH, one of the six mean proportionals, 
and so on. 

But the curve AD is of the second class, while it is  possible to find 
two mean proportionals by the use of the conic sections, which are 
curves of  the first class. t '" 1 Again, four or s ix mean proportionals can 
be found by curves of lower classes than AF and AH respectively. It 
would therefore be a geometric error to use these curves. On the other 
hand, it would be a blunder to try vainly to construct a problem by 
means of a class of lines simpler than its nature allows. ["'"1 

Before giving the rules for the avoidance of both these errors, some 
general statements must be made concerning the nature of equations. 
An equation consists of  several terms, some known and some unknown, 
some of  which are together equal to the rest ; or rather, all of which 
taken together are equal to noth ing ; for this is often the best form to 
consider. ['"1 

£"' 1 If we let :r and y represent the two mean proport idnals between a and b we 
have a : x = x : y = y : b, whence :;2 = ay ; )'2 = bx, and X)' = ab. There fore 
x and y may he found by determining the intersections of two parabolas or of a 
parabola and a hyperbola. 

£'"1 Cf. Pappus, Book IV, Prop. 3 1 ,  Vol. I, p. 273. See also Guisnee, A pplica­
tion de l'A/gebre a Ia Geometric, Paris, 1 733, p. 28, and L'Hospital, Traite Analy·· 
tique des Sections Coniques, Paris, 1707, p. 400. 

['"I The advantage of this arrangement had been recogn ized by several wr iter� 
before Descartes. 
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pe Ia courbe A 0 au point D, Y D eft l'vne  des moyennes 
proportionnelles cherchc!.es .  Don t la demonfl:rat ion fe 
\' o it  a l'reil paa· la feule application de cet inftrument fut. 

l.t l igne Y D. caa· cornme Y A , o u  Y B , qui  luy efl: efgalc 
eft a Y C; ainfi Y C eft a Y D; & Y D a Y E.  

Toutde mefme pour trouuer quatre moyennes pro­
portionel les entre Y A & Y G ;  ou pour en.trouuer fix en• 
tre Y A & Y N,  i l  ne fatrt que tracer le cercle Y F G , q u i  
couppant A F au point F ,  determine I a  ligne d roite Y F, 
qui eft l'vne de ces quatre proportionnelles ; ou Y H N, 
qui couppant A  H au point H, detennine Y H l'vnc des 
fix, & ainfi des autres. 

Mais pourcequ e Ia l igne courbe A D  eft du fecond 
genre, & qu'on peu t  trouuer deux moyenes proportio­
nelles par ies fed ions coniques,qui  font du  premier ; & 
auify pourcequ' on peut trouuer quatt·e ou fix moyenes 
proportionellc:s, par d es lignes qui ne font pas de genres 
fi compofes, que font A F, & A H, ce feroit vne faute en 
Geometrie que de les y employer. Et c 'eft vne faute 
auify d'autre cofl:e de fe trauail lcr in utilement a vouloir 
conftruire quelque problefme par v n genre de !ignes 
plus fimple, que fa nature ne permet. 

Or affin que ie puilfe icy donner quelques reigles, De Ia 11" .  
pour euiter  l'vnc & l'autre. de ces deux fauces , i l faut  que tEurc d.e_s 

h fi 1 d 1 d quauus. 
ie die quelque c o e en genera e a nature es Equa-
tions;c'eft a d ire des fommes compofc:.les de plufieurs ter-
mes partie connus,  & partie inconnus , dont les v ns font 
efgaux aux aut res, ou plutofl: qui confideres to us enfem-
ble font efgaux a rien. car ce fer a fouuent le meille ur de 
les confiderer en cete forte. 

A a a 2. Scachc!s 
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C ombien I � d , l fc E . il peut y Scac lcS one qu en c 1a que quatton , autant q u e  
au�ir de Ia quantite inconnue a de dimenfions , autant peut il y racincs 

d d · fc · ' ft d · d I d co chafq; auoir e IUer es racmes, c e a tre e va eurs e cete 
EquatiO. quantite'. car par exemple 6 on fuppofe x efgale a 2; au-

bien x -- 2. efgal a rien ; & derechef x :n 3 ; oubien 
x -- 3 ::o o;en multipliant ces deux equations x - - ,. :n o . 
& x -- 3 :n o, l'vne par I' au tre , on aura x x - - r x + 6  :n o, 

oubien x x :x> 1 x -- 6, qui eft vne Equation en laquelle Ia 
quantite x vaut :z & tout enfemble vaut 3 · Qte fi dere­
chef on fait x · - 4 :x> o, & qu 'on multiplie cete fomme par 
X X -- f X + 6 :X> 0 ,  on aura X 1 •· 9 X X + 2.6 X ·- 24 :xJ o, 
qui eft vne autre Equation en laquelle x ayant trois di­
menfions a auffy trois valeurs,qui font 2, 3, &4. �e11les � ais fouuent il arriue, que quelques vnes de ces raci-.ont es r . 

fau!Tcs ra- nes font rautfes , ou momdres que rien. comme 6 on 
cines .  fuppofe que x defigne autry le defaut d'vne quantite, 

qui fait r , on a x + r :n o  , qui eftant multiplie'e par 
X I •• 9 X X +  2.6 X ·· 24 :D 0 fait 

x 4  • • 4 X  1 • • 1 .9 X X +  1 06 X -- 1 20 :xJ 0 
pour vne equation en Iaquelle il y a quatre racines , a 
f�auoir trois vrayes qui font z, 3 •  4, & vne faulfe qui 
eft y. Cement Et on voit euidemment de cecy, que Ia fomme d'vne oo peut 

• 
• . • 

diminuer equatiOn, qut conttent plufieurs racmes , pent tou6ours �;:o:;�re eftre diuifee par vn binome compofe' de Ia quantite' in­
rneofions connue , moins Ia valeur de l'vne des vrayes racines , la­

:::io:- queUe que ce fait; ou plu s Ia valeur de l'vne des fautfes. 
lorfqu'.on Au moyen de quoy on diminue d'autant fes dimeu-
coonoift qucl- fions. 
qu'vnc:_de Et reciproquement que 1i Ia fommc d'vne equation fes ra�i-nc:s. ne 
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Every equation can haveP"l as many distinct roots ( values of the 
unknown quantity ) as the number of  dimensions of  the unknown 
quantity in the equationY"1 Suppose , for example , x = 2 or x-2 = 0, 
and again, x = 3 ,  or x-3 = 0. Multiplying together the two equa­
tions x -2 = 0 and x-3 = 0, we have x2 - Sx+6 = 0, or x2 = Sx-6. 
This is an equation in which :r has the value 2 and at the same time11"1 
x has the value 3 .  I f  we next  make x-4 = 0 and multiply this by 
x2- Sx+6 = 0, we have x' -9x2+26.r-24 = 0 another equation, in  
which x, having three dimensions, has also three values, namely, 2,  3 , 
and 4. 

It often happens, however, that some of the roots are false � '811 or less 
than nothing. Thus, if we suppose x to represent the defect1""1 of a quan­
tity 5 ,  we have x+S = 0 which, multipl ied by x' -9x2+26x-24 = 0, 
yields x• -4x3 - l9x2+ 106x- 1 20 = 0, an equation having four roots, 
namely three true roots, 2, 3, and 4, and one false root , 5 . 1'801 

It is evident from the above that the sum11"1 of an equation having 
several roots is always divisible by a binomial consisting of the unknown 
quantity diminished by the value of  one of the true roots, or plus the 
value of one of the false roots. In this way , 11"1 the degree of  an equa­
tion can be lowered. 

On the other hand, if the sum of  the terms of  an equationP"1 i s  not 
divisible by a binomial consisting of the unknown quantity plus or 

11 .. 1 It is worthy of note that Descartes writes "can have" ( "peut- il y avoir" ) ,  
not "must have," s ince h e  i s  considering only real positive roots. 

11851 That is. as the number denoting the degree of the equation. 
1"'1 "Tout ensemble,"-not quite the modern idea. psrJ "Racines fausses," a term formerly used for "negative roots." Fibonacci, 

for example, does not admit negative quantities as roots of  an equation. Scritti de 
Le011ardo Pisau o, publ ished by Boncompagni ,  Rome, 1857. Cardan recognizes 
them, but cal ls them "restimationes falsre" or "fictre," and attaches no special s ig­
nificance to them. See Cardan, A rs Magna, Nurnberg, 1 545, p. 2. Sti fel called 
them "Numeri absurdi," as al so in Rudolff's Coss, 1 545. 

�'881 "Le dHaut." If ..- = -5, -5 is the "defect" of  5, that is, the remainder 
when 5 i s  subtracted from zero. 

� '801 That is, three pos itive roots, 2, J,  and 4, and one negat ive root, - 5. 
1"'"1 " Somme," the left member when the r ight member is zero ; that i s ,  what 

we represent by f (x)  in the equa,tion f (.r) =O. 
1"' 1 That is, by per forming the d idsion. J l U:!J " S i  l a  somme d'un equation.'' 
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minus some other quantity, then this latter quantity is not a root of the 
equation. Thus the1"81 above equation %' -4x3 - l9x2+ Hl6x- 120 = 0 
is divisible by x-2, x-3,  x-4 and x+5, 11 .. 1 but is not divisible by x 
plus or minus any other quantity. Therefore the equation can have 
only the four roots, 2, 3, 4, and SY"1 We can determine also the num­
ber of true and false roots that any equation can have, as follows : 1 1061 

An equation can have as many true roots as it contains changes of  sign, 
from + to - or from - to + ; and as many false roots as the num­
ber of times two + signs or two - signs are found in succession. 

Thus, in the last equation, since +x• is followed by -4x', giving a 
change of sign from + to - ,  and - 19x2 is followed by +Hl6x and 
+ Hl6x by - 1 20, giving two more changes, we know there are three 
true roots ; and since -4x3 is followed by - 19x2 there is one false root. 

It is also easy to transform an equation so that all the roots that 
were false shall become true roots, and all those that were true shall 
become false. This is done by changing the signs of the second, fourth ,  

P"l First member of  the equation. Descartes always speaks of dividing the 
equation. 

P"J Incorrectly given as x - 5 in some editions. 
1 1"1 Where 5 would now be written - 5. Descartes neither states nor expl icitly 

assumes the fundamental theorem of algebra, namely, that every equation has at 
least one root. 

11001 This is the well known "Descartes's Rule of Signs." It was known how­
ever, before his t ime, for Harr iot had given it in his Artis analyticae praxis, Lon­
don, 163 1 . . Cantor says Descartes may have learned it from Cardan's writings, 
but was the first to state it as a general rule. See Cantor, Vol. II ( I )  pp. 496 
and 725. 
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L t v R E  T R. o i S t E s M E. 3n 
ft d.  · r '  b'  6 r� d Ia Comen: 

ne peut e re muee par vn Ill me compOic e quau- on peur 
titeinconnue + ou -- quelque autre qaantitt! cela tef- e.ramin�t 

. , ' , fi quelquc 
moigne que cete autre quanme n eft Ia valeur d aucuue rantJt� 
de fes racines. Comme cete derniere enf:::. 

g 4  •· 4 X 1 -· 1 9  XX + 1 06 X - - I 10 ::X> 0 leu�d'voc 
b' ft d '  ' (cA: & J!, taClQC, peut 1en e re . lUI �e , par x -- 2. ,  par x -- 3 , � par 

x -- 4, & par x + 5 ;  mais non point par x + ou - - aucu­
ne autre quantite. cequi monftre qu'elle ne peut auoir 
que les quatre racincs 2. , 3 ,4,& f• 

On connoift auffy de cecy combien i l  pent y auoir de !=om bien 
vrayes racines, & com bien de faulfes en chafque Equa- ��u��:d� 
tion. A fc;auoir il y en peut auoir autant de v rayes , que vraycs 

, d t:. , ft h 
1 IaCI DCS Cll 

Ies fignes + & -- s y trouuent e 101 S  e re c anges ; & chafquc aut ant de fautfes qu'il s'y trouue de fois deux fignes + , Equatio. 
ou deux fignes -- qui s'entrefuiuent. Comme en Ia der-
niere ,a  caufe qu'aprt!s + x 4 il y a -- 4 x  ' ,qui eft v n  chan­
gement du figne + en --, &  apres -- 1 9 x x il y a +  1o6 x, 
& apres + t o 6  x i l y a -. uo qui  font encore deux autres 
changemens, on connoift qu'il y a trois vrayes racines; &: 
\'De fautfe , a  caufe que les deux fignes --�de 4 x 1 ,  & I 9 xx, 
s'entrefuiuent. 

pe plus il eft ayfe de faire en vne mefme Equation, Comenr 
que touces les racines qui eftoicnt fau1fes deuienent on fair 

& fi . ll . ft · - que lcs v rayes, par me me moyen que toutes ce es qu1 e met faulfcs 
vrayes deu ienent fautfes : a fc;auoir en changeant tous r�cincs 

1i . 
fc 

d V Q C  E-
Ies gnes + ou -- qlll font en Ia econde , en la uation 
quatriefme , en Ia fixiefme , ou autres places qui fe �euien�. 

v rayes, ... 
defignent par les nombres pairs , fans changer ceux lcs  v_raycs 
de Ia premiere , de Ia troitiefme, de Ia cinquiefme faLIRes. 
& femblables qui fe defignent par les nombres 
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impairs. Comme fi au l i eu  de 
+ x 4 -- 4 X l ·- l 9 "\ X + I o6 X -- U O  :'D t1  
on efcrit 
+ X :1- + 4 X l -� r 9 X·X -- I 06 X -- I 20 :x> 0 
on a vne Equation en laquelle il n'y a <]u'vne vraye r-a­
cine, qui eft r. & troi s faulfes qui font 2 ,  3 ,  &r 4· 

Comcnr Que fi fans connoiftre la valeur  des racmes d'vne E-on peur 
augmen- quation, on la veut augmenter, o u  diminuer de <]Uelque te� ou di- quantite connue . il ne fa.ut qu'au lieu du terme incon nu mmuer • 

lesracines en fuppofer vn autre, <]Ui foit plus ou mains grand de ce-!:a�f01�.- temefine quantite, & le fubftituer par tout en Ia place 
fans- lc� du premier. 
C O D EIOl• c fi d 1 • d Jhe. omme 1 on veut augmenter e 3 a racme e ce te 

Equation 
X 4 + 4 X J · - 1 9  X X • - ( 06 X -· I 1  0 :X> 0 

il faut prendre J au lieu d'x , & penfer que cete <]Uantitd 

y eft plus grande qu'x de 3 ,  en forte que y -- ; eft efgal 
a x, & au lieu d' x x, i l faut mettre le quarre d' y -- ·3 qui 
eft y y -- 6 y + 9 & au lieu d' x 1 il faut mettre fon cube 
qui efty � - - 9yy+ 27y - 2.7, & enfin au lie u  d'  x 4 il faut 
mettre fon quarre de qu arre qui eft y 4 · - 1 2.  y 1 + r 4 y y 
-· 1 oS y + 8 r .  Et ainfi defcriuant Ia fomme precedence 
en fubftitaant par tout y au lieu d' x on a 

y 4 :. uy r +s4yy-- 1 oSy + 8 1 
+ 41 � -- ;6yy + Io8 y -- r o8  

- - I.9JJ + I J 4  .. y ·- 17l 
-- 1o6y +3 I S  

-- uo 

y +·- 8.)' 1 - IJJ + Sy " 
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sixth, and all even terms , leaving unchanged the signs of  the first, third, 
fifth, and other odd terms. Thus, if instead of 

+x' -4x" - 19x'+ 106x - 1 20 = 0 
we write 

+x'+4x' -.- 19.r2- 106x- 120 = 0 

we get an equation having one true root, 5, and three false roots, 2, 3 ,  
and 4. 1"'1 

If the roots of an equation are unknown and it be desi red to increase 
or diminish each of  these roots by some known number, we must sub­
stitute for the unknown quantity throughout the equation, another 
quantity greater or less by the given number. Thus, if it be desired 
to increase by 3 the value of  each root of  the equation 

x'+4x'- 19x'- 106x- 120 = 0 

put y in the place of x, and let y exceed x by 3, so that y-3 = x. Then 
for x2 put the square of y-3 ,  or y' -6y+9 ; for x' put its cube, 
y'-9y2+27y-27 ; and for x• put its fourth power,l'""1 or 

y' - 1 2y' + 54y2 - 10By+Bl . 

Substituting these values in the above equation, and combin ing, we have 

or 

y• - 12y3 + 54y2 - 10By + B1 
+ 4y' - 36)12 + 10By - 10B 

- 19y2 + 1 14y - 1 7 1 
- 106y + 3 1 B  

- 1 20 
y' - By' - y' + By 

[wrJ In absolute value. 

y" -By'-y+B = 0, 

[lllh) u son quarn! de quarn�," that is ,  its fourth powet·. 

= 0, ( 10�) 

i'""l Descartes wrote th is  y' - 8y" - y2 + Sy * :JJ 0, indicating by a star the 
absence of  a term in a complete polynomial. 
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whose true root is now 8 instead of 5, since it has been increased by 3. 
If , on the other hand, it is desired to diminish by 3 the roots of the 
same equation, we must put y+3 = x andy"+6y+9 = x2 ,  and so on. 
so that instead of x• + 4x3 - 19x2 - 106x - 120 = 0, we have 

y• + 1 2y" + 54y2 + 108y + 8 1  
+ 4y' + 36y2 + 108y + 108 

- 19y2 - 1 14y - 1 7 1  
- 106y - 3 1 8  

- 120 
y• + 16y' + 71y2 - 4y - 420 = 0. 

It should be observed that increasing the true roots of an equation 
diminishes'""'' the false roots by the same amount ; and on the contrary 
diminishing the true roots increases the false roots ; while diminishing 
either a true or a false root by a quantity equal to it makes the root 
zero ; and diminishing it by a quantity greater than the root renders 
a true root false or a false root true. '""' Thus by increasing the true 
root 5 by 3,  we diminish each of  the false roots, so that the root pre­
viously 4 is now only 1, the rpot previously 3 is zero, and the root 
previously 2 is now a true root , equal to 1 ,  since -2+3 = + L  This 
explains why the equation y" -8:y• -y+8 = 0 has only three roots, 

,,.., In absolute value. 
1"'lJ For example, the false root 5 diminished by 7 means - ( 5 - 7 ) =  + 2. 
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oubien y ' • • 8 y y • •  I y + 8 ::x> o. 

ou Ia vraye racine qui eftoit I eft. maintenant 8 J a caufe 
du nombre trois qui luy eft aioufte. 

Ql!e fi on veut au contraire diminuer de trois Ia raci­
ne de cete mefme Equation , i l faut faire y + 3 :x> x 
& y y + 6, y + 9 :x> " x. & ainfi des aut res de fa�on 
qu'au lieu de 

X 4  -f- 4  X 3 • • 1 9  X X ·· I O�i ."C . .  1 20  :x> o  
on m et  

y 4 + u y  1 -1- 5' 4 )'y + I o 8y -1- 8 r  
+ 4y 1 + 3 6 yy + x o8 y + I o 8  

-· I 9 JY · • u 4 y · · 171  
I 06J • •  p S  

•• I Z. O  

y 4 + x6y s -f- 7I JJ •• 4Y - -42.0 1> 0. 
Et il eft a remarquer qu'en augmentant les vrayes ra- Q!!'cn 

augmcn­
cines d'vne Equation, on dim inue les fauffes de la mef- ra n r  Ics 
me quantite; ou au contraire en diminuant les vrayes, on ;t:!scso�­
augmente les fauffes. Et que fi on diminue foit les vnes diminue fc · J d' · · 1 • I fc • fi I II les fauf­Olt es autres, vne quanttte qm eur 01t e ga e ,  e es r�s. & a u  
deuienent nulles , & que fi c'eft d'vne quantite qui les fur- courraire. 
paffe ,  de vrayes elles deuienept fauffes ·, ou de fauffes 
vrayes. Comme icy en augmentant de 3 Ia vraye racine 
qui eftoit r, on a diminue de 3 chafcune des fauffes , en 
forte que celle qui eftoit 4 n'eft plus qu' I ,  & celle qui 
eftoit 3 eft nu lle, & ce lle qui eftoit 2. eft deuenue vraye 
& eft J , a caufe que -- 2 + 3  fait -1- I. c'eft pourquoy 
en cete Equation y 1 -· 8 y y -- :r. J + 8 :o o il ny a plus que 
3 racines, entre lefquellcs il y en a deux qui font vrayes� 

I . & 
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1, & 8 ,  &: vne faulfe qui eft aulfy 1. & en cete au.tre 

y 4 + r 6y ; + 7ryy -- 4 y -- 4Z.o :x> o . 
il n'y en a qu'vne vraye qui eft z, a caufe que +  r •• 5 fait 
+ z , & trois faulfes qui font f , 6, & 7. 

Or par cete fac;on de changer Ia valeur des racines 
fans les connoiftre, on peut fa i re deux chafes, qui auront 
cy apres quelque vfage: Ia premiere eft qu'on peut too. 
fiours ofter le fecond terme de I' Equation qu'on exami­
ne, a fc;auoir en dirninuant les vrayes racines, de Ia quan. 
tit<! connue de ce fecond terme diuifee par le nornbre 
des dimenfions du premier , fi l'vn de ces de ux termes 
eftam marqu edu figne +,l'autre efi marque du figne --; 
oubien en I' augmentant de Ia mefme quantite, s'ils ont 
tous deux le  figne ·+- , ou tons deux le figne · - ·  Comme 
pour after le fecond terme de Ia derniere Equatio qui eft 

y 4 + x6y 1 + 7 ryy -- 4 y -- 4 z.o :n o  
ayant diuife 1 6  par 4, a caufe des 4 dimenfiqns d u  terme 
y 4, il vient derechef 4, c'eft pourquoy ie fais -t • •  4 XJ Ya 
& i'efcris 

�4 -· J 6 � 1 + 96 � t -· 25 6 -t  + 2J6 
+ 1 6  � 1 -- 192. t t  + 768 t·· 1 024 

+ 7.I -\ t •• J68 t + IJ36 
· - - 4 -t+ 1 6  

' 'f! � L L { • • 2. .I t -\ • •  uO t · • 3 u XJ O, 
ou Ia vraye racine qui eftoit 2, eft 6, a caufe qu'elle eft 
augmentc!e de 4; & les fauffes qui eftoient r, 6, & 7, ne 
font plus que 1 ,2 ,  tSq, a caufe qu'elles font diminuees 
cbafcune de 4· 

Tout 
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two of them, 1 and 8, being tme roots, and the third, also 1 ,  being false ; 
whi le  the other equation y4 - 16y'+7 1y'-4y-420 = 0 has only one 

tmc root,  2, since +5-3 = +2, and three false roots, 5, 6, and 7. 
Now this method of transforming the roots of an equation without 

determining their values yields two results which will prove useful : 
l'i rst, we can always remove the second term of an equation by dimin­
ishing its true roots by the known quantity of the second term divided 
by the number of dimensions of the first term, i f  these two terms have 
opposite signs ; or, i f  they have like signs,  by increasing the roots by 
the same quantity . 1"''1 Thus, to remove the second term of the equation 
y• + 16y'+7 1:r" -4y-420 = 0 I divide 16 by 4 ( the exponent of y in 
y• ) ,  the quotient being 4. I then make z - 4 = y and write 

z• - 16z' + 96.::2 - 256z + 256 
+ 16.:-' - 192.::' + 768z - 1024 

+ 7 1z' - 568z + 1 1 36 
4.:- + 16 

420 
z• 25z2 - 60z - 36 = 0. 

The tme root of this equation which was 2 is now 6, since it has beeu 
increased by 4, and the false roots, 5, 6, and 7, are only 1 ,  2, and 3, 

1"'1 That is,  by dimin ishing the roots by a quantity equal to the coefficient of 
the second term div ided by the exponent of the highest power of x, with the oppo· 
site sign. 
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since each has been diminished by 4. Similarly, to remove the second 

terms of  x•-2a.'t""+ ( 2a• -c• ) x2-2a3x+a• = 0 ;  since 2a+4 =
_!
a we 

2 
1 

d . must put z+2a =x an wnte 

4 _l! 3 ., 2  1 3 1 4  
z + 2az + 2a-z + 2a z + 16

a 

- 2a� - 3 azz2 -
�
a3z - _! a4 

2
· 

4 

Having found the value of z, that of x is found by adding �a. Second, 

by increasing the roots by a quantity greater than any of  the false 
roots12031 we make all the roots true. When this is done, there will be 

no two consecutive + or - terms ; and further, the known quantity 
of the third term will be greater than the square of  half that of the 
second term. This can be done even when the false roots are unknown, 
since approximate values can always be obtained for them and the roots 
can then be increased by a quantity as large as or larger than is 
required. Thus, given , 

1,..1 In absolute value. 
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Tout de mefme ·fi on veut ofter le fecond terme de 

x -+ · - � � 0" '  + 11111 x x  • • z a I X'  + � -+ :n o  o . ce ' 
pourceque-diuifant .z. a pal' 4 il vient i a ;  il faut faire 
z + i a D x .& �fcrire 

t 4 + 2. a t '  + ! a a tt+ � a I t+ h· a • 
-- .z. a t ' -· 3 a a tt - � a l t · - ia 4 + 2. a a t t + .z.a 1 + ! a 4 

-· c c  - a c e  -- i a t� cc 
-- 2. a 1 -- a + 

+ a + 
+ \: aa t c· a l t + n. a 4 :x> ,  

0 ... -- c c  -- a-ce • •  4: a a c c  
& li on trouue a pres la valeur de t, en luy adiouibnt � � 
on aura celle de x. Climent 

La feconde chore, qui aura cy apre's quelque vfage, o� peur 
eft, qu'on peut toufiours en augmentant la valeur des �����uc 
vrayes racines, d'vne quantite qui foit plus grande que lcs faulfcs 
n•eft celle d'aucune des faulfes- faire qu'elles deuienent d���nees 
taute� vrayes, en forte qu'il n'yait point deux fignes +, Ed q�ari21\ 

d fi o , fi o CUICDCt 
OUo eux lgnes · - qm s c:ntre UlUCDt, & outre cela que Ia vrayes , 
quantite connue du troifietme terme foit plus grande, titans que 

es vraycs 
que Ie quarre' de Ia moitie' de cclle du fecond. Car en- deuienet 
core que cela fe face , iorfque ces faulfes racines font faulfeso 

inconnucs, il eft ayfe' neanmoins de iuger a peu pre'. de 
leur grandeur , & de prendre vne quantite', qui les fur-
patfe d'autant, ou de plus, qu'il n'eft requis a cet effect. 
Comme fi on a  

B b b  
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y • · - H 11 y 1 + s o +  n n y 4 • 3 7  8 o n I y • + q 1 1 o n 4 y • • - 17 u 6 n s y • :D o. 

Comcne 
on fait 
que cou­
tcs les 
places 
d'vnc E-
quation 
fo1enc 
Icmpli.c:s. 

Ou il .eft manifefte , que r o4 n n ,  qni eft la quantite 
connue du troifiefine terme eft plus grande, que le quar­
re de i' n. qui eft Ia moitie de celle du fecond. Et il n'y 
a point de c� pour lequeUa quantite', dont on augmen­
te les vrayes racines, ait befoin a cet effetl: , d'eftre plus 
grande, a proportion de celles qui font donnees , que 
pour cetuy cy. 

Mais a caufe que le dernier terme s'y trouue nul, fi on 
ne defire pas que cela foit, il faut en core augmenter tant 
fait peu Ia valeur des racines ; Et ce ne f�auroit ell:re de 
fi peu , que ce ne foit affes pour cet effect. Non plus que 
lorfqu'on veut accroiftre le nombre des dimenfions de 
quelque Equation, & fairc:: que toutes les places de fes 
termes k>ient remplies.  Comme fi au li eu de x 1 * '*"' * 
-- 6 � o , o n  veut auoir vne Equation , en laquelle Ia 
quantiteinconnue ait fix dimenfions, & dont aucun des 
termes ne foit nul, il faut  premierement pour 

x 1 ,.. lfl * lfl - - b :n o efcrire 
x·' '* * * "' - - b x :; :n o  
puis ayant fait y -- a :n .%", on aura 
y' - 6"J ' + ' 5 ""'J4 -- to a 1y s +  ' f " •JJ · · '" 'J + " '  

· · " r + • "
:J:J o 

Qu il eft manifefte quc tant petite que Ia quantite a {oir: 
fuppofee 
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x"+nx' -6n2 x'+36n"x" -216n'x2+ 1 296n" x- 7776n6 = 0, 

make :.•-6n = x and we have, 

y6-36n1 y•+S40n'} y'- 4320n'l y"+ 19440n'l y' -46656n'l Y+46656n• 
+ nS - 30n' + 360n' l - 2 1 60n' l + 6480n" l - 7776n" 

- 6n• + 144n' ( - 1 296n4 � + 5 1 84n5 [ - 7776n" 
+ 36n'J 648n' l  + 3888n5 ( 7776n" 

216n•J + 2592n' l 7776n" 
+ 1296n"J - 7776n" 

- 7776n" --�-----:c-=-c----:--c--=: -=--c---=-�:-.:-: ---- �-------: 
y" - 35ny• + 504n'y' - 3780n'y' + 1 5 1 20 n'y' -272 16n"y = 0. 

Now it is evident that 504n' , the known quantityr ... J of the third term, 

is  larger than (3: n) \ that i s ,  than the square of half that of the sec­

ond term ; and there is no case for which the true roots need be in­
creased by a quantity larger in proportion to those given than for this 
one. 

If it is undesirable to have the last term zero, as in this case, the 
roots must be increased just a little more, yet not too little, for the pur­
pose. Similarly if it is  desired to raise the degree of an equation, and 
also to have all its terms present, as i f  instead of x5 - b  = 0, we wish 
an equation of  the sixth degree with no term zero, first, for x" - b = 0 
write x• - bx = 0, and letting y - a =  x we have 

y• -6ay" + 1 5a'y' -20a"y" + 1 5a4y2 - ( 6a5+b ) y+a"+ab = 0. 

It is evident that, however small the quantity a, every term of this equa­
tion must be present. 

rmJ I .  e., the coefficient. 
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We can also multiply or divide all the roots of an equation by a 
given quantity, without first determining their values. To do this, sup­
pose the unknown quantity when multiplied or divided by the given 
number to be equal to a second unknown quantity. Then multiply or 
divide the known quantity of the second term by the given quantity, 
that in the third term by the square of the given quantity , that in the 
fourth term by its cube, and so on, to the end. 

This device is useful in changing fractional terms of an equation , to 
whole numbers, and often1""'1 in rationalizing the terms. Thus ,  given 

_il- ..f3 x2 + �� x -
27 
� = 0 , let there be required another equation 

in which all the terms are expressed in rational numbers . Let y = ..[3 

and multiply the second term by ..[3, the third by 3 , and the last by 

- �  Th I . . . 3 3 ., 
26 8 0 N 1 ' t  b 3 "' 3 . e resu tmg equatiOn IS y· - y- +g y - 9 = . ext et 1 e 

required to replace this equation by another in which the known quanti­

ties are expressed only by whole numbers. Let z=3y. Multiplying 
26 8 3 by 3 , 9 by 9 , and 9- by 27 , we have 

z3-9z2+26z-24 = 0. 

The roots of this equation are 2, 3, and 4 ;  and hence the roots of the 

1""'1 Bu\ not always. Compare the case mentioned on page 1 75. 

1 7 2  



L 1 v 1t E T a. o 1 s n s M E. 3 7 9 
fuppofee toutes les places de !'Equation ne lai1fent pas 
d'eftre remplies. 

De plus on p e ut fans connoHtre Ia valeur des vrayes C ommEt ' . . . . . oLl peut racines d'vne Equ:mon ' les mu ltlpher . ou d tmfer tOU• multi-
res ,  par relle quantite connue qu on veur. Cequi fe fait  �\�irr:ries 
e n  fuppofant que Ia quantite inco nn ue eftant multipliee,  mines 

d. · r ,  II . d . I . l' d '  'fc I fans les OU l U i l ee ,  par ce e qUI Olt m o  t ip 1er , O U  101 er es connoi-
racines, en: efgale a quelque autre. Puis multi pliant, ou llrc. 
diuifant Ia quantire connue do fecond terme , par cete 
mefme qui doit multiplier, ou diuifer les racines ; & par 
fon quarre , celle do troifiefme; & par fon cube : celle du • 

. 1i & . fi . r. d . C . fc Comcnt quatne me; am I IUtques au ermer. e qm peut er- on rcdulR: 
uir pour red uire a des nombres entiers & rationaux, les lcs nom-
fi .o.. r. ffi fc • fc brcs rom­ra�Ions , ou Jo uuent au y les nombres ours , qut e pus d'vne 
trout•ent dan s Ies termes des Equations. Comme fi on a Ej;arion 

4/" 2. 6  8 a. S CD• 
X I •• r 3 X X+ �X ·� 'i7Yj ;)) D, uers. 

& qn' on veuille en auoir vne autre en fa place .. done tons 
les rennes s' expriment par des nombres rationaux; il faut 
fuppofer y :n x r' 3 , & multiplier par .y·3 Ia q uant ite connue du fecond terme , qu i eft autry y 3 , & par fo11 
quarre qui eft 3 ceile du rroiiiefme qui eft � ,  & par fon 
cube qui eft 3 r J celle do dernier ' qui eft 'i�v1 , ce qui 
fait 

I + 2. � !l y -- 3Y y 9 .:v -- "§ ;n 0 
Puis fi on en v eut auoir encore vne autre en Ia place de 
celle cy, dont Jes quant i t es connucs ne s'exprimeut qr.e 
par des nombres entiers; il faut fuppofer t ;n 3 y , & mul­tipliant ; par 3, t6 par 9, & J par 2.7 on tro u ue 

t 1 • • 9t t + z.6 t· · 2.4 :n o , ou les racines eftant z. ,  3 ,  
& 4, on connoift de Ia que celles de  I '  autre d'auparaoant 

B b b 2. eftoient 
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eftoient Y' t ,  & �. & que celles de la premiere eftoient 
� t/'3 , i- V 3 , & j v·3 · 

C6medn'1 Cete operation peuc auffy feruir pour rendre la quan. on ren a . , . .  d I d d , quanrite· tt.te connue e que qu'un es termes e 1 Equati 6 efgale 
�on1?uc a quelque autre donnce, comme fi ayant ue v n  * des ter- X 3 - - b b :o: + c l  :D o.  
mE es d' yne On veot auoir en fa place vne autre Equation , en laqueL-'lU:ltlOll 
efgale a le la quantite connuc,  du terme qui occupe Ia troifiefine 
telle autre J fc . II · 11. • 1 b r · · 1 c r. qu'on p ace, a c;auotr ce e qm eu ICY u , 101[ 3 a a,t cant 1uppo. 
YCUt.  y-;;;a- . . ,. ; a  I C I �/." 

fery :n -'1: bb ; pms efcnrey 1 -- ; aay +bJ v · ; ::o o. 
Q!!e Ies A u  refte tant les vrayes racines que les fauffes ne font 
racines , c fc 1 rant vra- pas toufiours reelles; mais quelque10is eu ement imagi-
Y.cs q_uc naires ; c'eft a dire qu'on peut bien toufiours en imaginer taufics • d' h r 

E . . , l , 
pcuuenr autant que 1ay 1t en c at que quatton; mats qu 1 .n y a 
c!l:rc reel- quetquefois aucune quantite, qui correfponde a cell�s l cs ou , . • , ·Jr. • . 

i R1aginai- qu on 1magme. comme encore gu on en pmue HDagl-
rcs .  ner trois en celle cy , x •  -- 6 X ·" + I 3 ·" -- I o ;n o ,  i l  ny 

en a toutefois qu'vne reelle, q!li eft 2 , & pour Ies deux 
autres, quoy qu'on les augmente .ou diminue, ou multi­
plie en I a fa<;on que ie viens d'�xpliquer , on nc f!iauroit 
les rendre autres qu'imaginaires . 

L � r ·du- Or quand pour trouuer la conftrudion de quelque 
"E!bon :lc;_s problefme,on vicnt a vne Equation, en laquelle la quan-quauos cubiques tite inconnuc a trois dimenfions ; premierement fi les �����[.1c quantite's connues , qui y font , contienent quelques 
:nc e!l: nombres rom pus, il les faut reduire a d'autres enders, par 
plan. I a multiplication tan toft expliquee ; Et s'ils en comie-

nent de fours , il faut auffy les reduirc a d 'autres ratio­
naux, autant qu'il fera poffible,tant par cete mefme mul� 

tiplication, 
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preced in g equation are ; , 1 and � , and those of the first equation are 

2 ,- 1 � 4 � '-9 'I 3 , 3 'I 3, and 9 'I 3. 

This method can also be used to make the known quantity of any 
term equal to a given quantity. Thus, given the equation 

x3- b2x+c" = 0, 

l et it be required to write an equation in which the coefficient of  the 
third term. 1""'1 namely b2 , shall be replaced by 3a2• Let 

and we have 

Neither the true nor the false roots are always real ; sometimes 
they are imaginary ;12071 that is, while we can always conceive of as many 
roots for each equation as I have already assigned,1"''1 yet there is not 
always a definite quantity corresponding to each root so conceived of . 
Thus, while we may conceive of the equation x' -6x2 + 1 3x - 1 0 = 0  
as having three roots, yet there is only one real root, 2, while the other 
two, however we may increase, diminish, or multiply them in accord­
ance with the rules just laid down, remain always imaginary. 

When the construction of  a problem involves the solution of an 
equation in which the unknown quantity has three dimensions, 1""'1 the 
following steps must be taken : 

First, i f  the equation contains some fractional coefficients, 1'"1 change 
them to whole numbers by the method explained above ;1"'� if it con-

1'"'1 Descartes wrote this equation z * - bbz + c' :JO 0, the star showing, as 
expla ined on page 1 63,  that a term is missing. Hence, he speaks of - b2z as the 
third term. 

12071 "Mais quelquefois seulement imaginaires." This is  a rather interesting 
classificat ion, s ign i fy ing that we may have pC>sit ive and negat ive root s that are 
imaginary. The use of the word " imaginary" in this sense begins here. 

1"''1 This seems to indicate that Descartes real i zed the fact that an equation of 
the nth degree has exactly n roots. Cf. Cantor, Vol. II ( 1 ) ,  P� 724. 

'"''I That is, a cubic equat ion� 
1 ' '"1 "Nombres rompues," the "numeri fract i"  o f  the medieval Lat in writers and 

"numer i  rott i"  of  the Ital ians. The expression "broken numbers" was often used 
by early Engl ish wri ters. 

1 '" f That is, trans form the equation into one having integral coefficients. 
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tains surds, change them as far as possible into rational numbers, either 
by multiplication or by one of  several other methods easy enough to 
find. Second, by examining in order all the factors of  the last term, 
determine whether the left member of  the equation is divisible1"'� by a 
binomial consisting of the unknown quantity plus or minus any one of  
these factors. I f  it i s ,  the problem is plane, that i s ,  it can be constntcted 
by means of the ruler and compasses ; for either the known quantity 
of the binomial is  the required rootl"'1 or else, having divided the left 
member of the equation by the binomial, the quotient is of the second 
degree, and from this quotient the root can be found as explained in 
the first book. 1"'1 

Given, for example, y6 -By4 - 124.)• 2-64 = 0. 1'"1 The last term, 64, 

is divisible by 1 ,  2, 4, B, 16, 32, and 64 ; therefore we must find whether 
the left member is divisible by y"- 1 ,  y"+ 1 ,  y2 -2, y'+2. y• -4, and 
so on. We shall find that it is divisible by y• - 16 as follows : 

+ ye - By• - 124y2 - 64 = 0 
- y• - By• - 4y" 0 - l6y• - 12By2 - 16 

- 16 16 

Beginning with the last term, I divide -64 by - 16 which gives +4 ; 

write this in the quotient ; multiply +4 by +y• which gives +4y• and 

1"'1 "Qu i  divise toute Ia somme." 
1"'1 That is, the root that satisfies the conditions of the problem. 
1"'1 See page 13. 

. 
1'"1 Descartes considers this equat ion as a function of y2• 
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tiplication, que par diuers autres moyens . qui font afi"c!s 
faciles a trouuer. Puis examinant par ordre routes les 
quantites , qui peuuent diuifer fans fraction le dernier 
rerme, i1 faot voir, fi quelqu'vne d'elles , iointe auec Ia 
quantiteinconnue par le figne + ou -- , peuc compofer 
vn bi nome , qui diuife t-oute la fomme ; & fi cela eft Ie 
Problefme eft plan , c' eft a dire il pent eftre conftruit 
auec Ia reigle & de compas ; Car oubien la qu·antite 
conn ue de ce binofme eft Ia racine chercbee ; oubien 
!'Equation eftant diuife'e par luy , fe reduift .a deux di­
menfions, en forte qu' on en peut trouuer aprcsla racine, 
par ce qui a efte dit au premier liure. 

Par exemple fi on a 
y ' -· 8y 4 •• I %4-J ' -, 64 � 0'. 

le dernier terme , qui eft 64 , pcut eftre diuife' fans fra• 
Ction par I ,  2, 4, 8, I 6, p ., & 64; C'eft pourquoy il faut 
examiner par ordre fi cete Equation ne pent point 
eftre diuife'e par 'luelqu'vn des binomes , yy -· 1 on 
yy + r,yy -- z ouyy + z ,yy ·- 4 &c. & on trouue qu'el­
le peut l'efire par y y - I 6, en cete forte. 

+ y 6 - - 8y4 -- I2.4JJ •- 64 :x> o  
-- l y 6 · - S_y .. _ _  4YY 

o · - l 6 ,l 4 _ _ _ u8 yy 
I tS  16  

--�-·+- y .. + 8 y y + 4 ;n o. 

Je commence par le dernier terme, & diuife -· 64 parla fa�oa 
• t' • . ,  r . d de, d•u•iil; 

-- I 6, ce qm ra1t + 4, que 1 etcriS ans Ie quotient , pnis vocEqua-
ie multiplie + 4 par + y y,ce qui fait + 4yy,.c'eft pour··��bi�:_ 
quoyi' efcris -- 4 y y en la fomme. qu'il faut diuifer.car il y me q_�i 

B b b c eonncc fa · ) lolUt· racinc. 
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tauL tou.fiours efcrire le figne + ou -- tout conrraire a 
celuy que produifl: Ia multiplication. & ioignant -- 1 2. 4 ry 
auec - 4yy, iay -- x .z. Syy, que ie diuife derechefpar -- 1 6, 
& iay + Syy, pour mettre dans le quotient & en Ie mul­
tipliant par�ry ,iay - - 8 y +,pour ioindre auec le terrne qu 'i l 
faut diuifer, qui eft au�y -- 8y 4 ,  & ces deux enfemble 
font -- 1 6J •, que ie diuife par -- x 6 ,  ce qui fait + 1 y 4 
pour Te quotient, & · - l J  6 pour ioindre auec -t· r y '• ce­
qui fait o, & monftre que la diuifion eft acheuee. Mais 
s'il efioit refle' quelque quantite, oubien ql1' on n'euft pu 
diuifer fans fraCtion quelqu'vn des termes pre cedens, on 
euft par Ia reconnu, quelle ne pouuoit eftre fait e . 

... ... IJ ' 
Tout de mefrne fi on a y ' .': " "  y •:_ 4 ;yy -- � 4 4 c c  ::o o. � "  T c  -· A 4 c +  

le dernier terme fe peu.t diuifer fans fraCtion par 
a, aa, aa +· cc, a J + au, & femblables. Mais ii n'y en a 
que deux qu'on ait befoin de confiderer , a f�auoir aa & 
aa + cc; car les autres donnant plus ou rnoins de dimen­
.fions dans le quotient, qu'il n'y en a en Ia quantire con­
nue du penultiefme terme, cmpefcheroient que Ia diui­
fion ne s'y puft faire. Et note's , que ie ne conte i cy les 
dimenfious d'y ', que pour trois, a caufe qu'il ny a point 
d'y r, ny d'y 1, ny d'y en route Ia fomme. Or en exami­
nant Ie bin6me yy -- aa ... cc ::o o,on trouue que Ia diuifion 
fc peut faire par luy en cete forte. 

+ 4 4  - - i1 4  - " 6  +y 6 .. u cY • + c •yy ·· 'J. II + c c :O o, 
- - II A ' . 

' - · 2. 1111  -- il ·  - --.::.z oi< C t  ·- A II CC · · IIII · · CC 
. - ­•• aJI "  · · IIII · · C& 

+ • >i< ZIIIIY.'J >i- 11 4  -v. J - · " + "" " ..v o. 
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write in the dividend ( for the opposite sign from that obtained by the 
multipl ication must always be used ) .  Adding - 124y2 and -4y2 I 
have - 12By2•  Dividing this by -16 I have +By• in the quotient, and 
mult iplying by y2 I have -By• to be added to the corresponding term, 
-By<, in the dividend. This gives - 16y• which divided by - 16 yields 
+y• in the quotient and -y• to be added to +Y" which gives zero, and 
shows that the division is finished. 

If, however, there is a remainder, or i f  any modified term is not 
exactly divisible by 16, then it is clear that the binomial is not a 
divisor. 1'"1 

Similarly, given 
y• + a•lJ• - a•lJ• - a• } · 

- 2c2} + c'} - 2a'c2 = 0, 
- a•c• 

the last term is divisible by a, a2, a•+c•, a•+ac", and so on, but only 
two of these need be considered, namely a2 and a2+c2• The others give 
a term in the quotient of lower or higher degree than the known quan­
tity of  the next to the last term, and thus render the division impos­
sible. 1"'1 Note that I am here considering y• as of  the third degree, 
since there are no terms in y•, y•, or y. Trying the binomial 

y• - a2 - c2 = 0 

lll•J This is evidently a modified form of our modern "synthetic  division," the 
basis of our "Remainder Theorem," and of Horner's Method of solving numericai 
equations, a method known to the Chinese in the thirteenth century. See Cantor, 
Vol. II ( l ) ,  pp. 279 and 287. See also Smith and M ikami, History of Japanese 
Mathematics, Chicago, 191 4 ; Smith, I ,  273. 

1"'1 This is not a general rule. 
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This shows that a2+c2 is the required root, which can easily be proved 
by multiplication. 

But when no binomial divisor of the proposed equation can be found, 
it is certain that the problem depending upon it is sol id, 1'"1 and it is then 
as great a mistake to try to construct it by using only circles and straight 
lines as it is to us� the conic sections to construct a problem requiring 
only circles ; for any evidence of ignorance may be termed a mistake. 

Again, given an equation in which the unknown quantity has four 

dimensions. t'"1 After removing any surds or fractions, see i f  a binomial 
having one term a factor of the last term of the expression will divide 
the left member. If such a binomial can be found, either the known 
quantity of the binomial is the. required root, or,l'-... 1 after the division is 
performed, the resulting equation, which is of only three dimension�. 
must be treated in the same way. I f  no such binomial can be found, 
we must increase or diminish the roots so as to remove the second term, 
in the way already explained, and then reduce it to another of the third 
degree, in the following manner : Instead of 

x• ± px• ± qx ± r = 0 
write 

y" ± 2py• + (p2 ± 4r) y2 - q2 = OY"1 

L"•l That is, that it involves a conic or some higher curve. 
l'"l A biquadratic equation. 
L'"'l "Either, or," as in the original. It is l ike saying that the root of x2-a2=0 

is either x = a or x ·= -a. 
1'"1 Descartes wrote substantially "Instead of  

+ x4* . pxx . qx . r  X> 0 
write 

+ y6 . 2py4 + (pp . 4r)yy -- qq X> 0." 

The symbol ism is characteristic of Descartes. 
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Ce qui monftre que la racine c.herchee ell aa + cc . .  

Et Ia preuue e n  efi ayfee a faire par Ia multiplication. 
Mai� lorfqu·on ne trouue aucun bin6me , qui puilfe Q.!!dsf. 

· fi d' · r 1 r d 1' . r .1 preble · 
am 1 muer toute a 10m me e Equatton propo1ee , 1 ines font 
eft certain que le Problefme qui en depend eft folide. Et fi1ol�des, 

• 
. d c ' d fc l onque 

ce n eft pas \'ne mom re raute a pres ce la, e ta c 1er a le l ' Equa-
conftru ire fans y employer que des cercles & des l ignes �i:bi��e 
droites, que c e  feroit d employer des fettions coniques 
a conftru ire ceux aufqu els on n'a befoin que de cercles. 
car enfin tout ce qui tefmoigne quelque ignorance s'ap­
pele faute. 

�e fi on a vne Equation dont la quantit� inconnue La redu ­
ait  quatre dimenfions, il faut en mefme fac;on , apres en aioR des 

• n. '1 b r. ' ' l · fi Equa-aumr 01�e es nom res 1ours, & rom pus, s t y en a, voir 1 tions qui 
on pourra trouuer quelque bin6me , qui diuife route la ont  �ua-
{c I r. d 1' d 

· � · 

d' m: dl· 
om me, en e compo1ant e vne es quanut�� , qut 1· meflons, 

uifent fans fraction le dernier term e. Et fi on en trouue lorfque le b. . . � . • 

b' 6 ft I . problef-
v n, ou ten ia quanttte connue de ce m me e a racme me ell: 
cherchee; on du moins apres cete diuifion, i l ne refte en plan. !iE t . . . quels  onr 
!'Equation ,  que trOIS dtmenfions , en futte dequoy il ceux qui 
faut  derechef 1' �xaminer en la mefme forte. Mais lorf. �e

�� !oli­

qu'il ne fe trouue point de tel bin6me , i l  faut en au­
gmenrant, ou diminuant Ia valeur de Ia racine , ofter le 
fecond rerme de la fomme , en Ia fa�on tantoft expli. 
qu6e-. Et apr6s Ia reduire a me autre , qui ne contie-
ne qu� trois dimenfiom . Cequi fe fait en cere forte. 

Au lieu de -l- x 4 • .p �.:.-.: • '} X . r ::n o:� 
il faut efcrire + y 6. zpy 4_.if:'1fyy • • � q  ;n o. 

Et pour les fignes + ou • •  que iay omis , s'il y a 
en 
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eu +p en Ia precedente Equation, il faut mettre en cel­
lecy -1- 2 p, ou s'il y a eu - p, i l  faut mettre -- 2 p. & au 
contraire s'il y a e u  + r, il faut  mettre -- 4 r, ou s'il y a eu 
· - r, il faut mettre -1- 4 r. & foit qu'i l y ait eu + 'I ,  6-u 
· · q, il faut toufiours mettre -- qq, & + pp. au moins fi 
on fuppofe que x 4 , & y 6 font marqu es d u fignes +, 
car ce feroit tout le contraire ti on y fup.pofoit le fi­
gne • • •  

Par exemple fi on a + x 4 * - - 4 x x - ·  8 x + H :.n o 
il faut efcrire en fon lieu y 6 -- 8 y�  - - U .4.J y - - 64 :o o. car 
Ia quantite que iay, nommee p eft.ant - - 4 , il faut merrre 
-- 8y4 pour2p y 4 •  &: celle, que iay nommee r eftant 3 f, 
il faut mett1'e �11:0)1 , c'elt a dire -- 1 2.4-yy , au lieu de 
:= ��YY· & enfin q eftant 8, il faut mettre -- 64, pour -· q1. 
Toutdemefme au lieu.d.e + x 4 * -- 17 xx - - 1o x-- 6 :n o. 
il faut efcrire -+-y ' -- HY 4 + 3 I ;yy - ·  4-co :x> o. 
Car 2.4 eft double de 1 7, & 3 1 3 en eft le quarre ioint au 
quadruple de 6, & 4oo eft le quam! de 1 0 .  

Tout de mefme autry au l ieu de 
+ !.. aa -- a '  -l- � t11 4 

+ t• • Z. t_ t  :t -L u  � 0  -- cc -- a c e  -- i a a c e  • 
U faut efcrire 

- - a • 
Y 6 + a  .. '1 -- A, :  yy -- u • u :n o  . ....,· · 1 "  + . .  a a c+ 

Carp eft + !aa -- cc, &pp, eft ! a _. ·- aacc + c 4 ,  & 4 r 
eft -- fa  4 + aacc, & enfin -- qq eft -- a 6 -- 2 a4cc -- aac 4• 

A pres que !'Equation eft ainfi reduite a trois dimen­
ftons, il faut chercher Ia valeur dyy par la methode delia 
expliquee; E.c .fi celle ne peut eftre trouue'e , on n'a point 

befoin 
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For the ambiJ?;uous1""1 siJ?;n put +ZP in the second expression i f +P 
occurs in the first ; but i f  -p occurs in the first, write -2p in the sec­
ond ; and on the contrary, put -4r if +r, and +4r if -r occurs ; but 
whether the first expression contains + q or - q we always write -q2 
and +P2 in the second, provided that x• and y• have the sign + ;  other­
wise, we write +q• and -p2• For example, given 

x• - 4x2 - 8x + 35 = 0 
replace it by 

Y0 - By• - 124y2 - 64 = 0. 

For since p = -4, we replace Zpy• by -8v• ; and since r = 35 ,  we 
replace (p2 -4r) y2 by ( 16 - 1 40h" or - 1 24y2 ; and since q = 8, we 
replace -q2 by - 64. 

Similarly, instead of 
x• - 1 7  .x-2 - 20x - 6 = 0 

we must write 
y• - 34y4 + 313y2 - 400 = 0, 

for 34 is twice 1 7, and 3 1 3  is the square of  17 increased by four times 6, 
and 400 is the square of 20. 

In the same way, instead of 

+ z4 + (_!_ a2 - c2)z2 - (a3 + ac'l) z - _i_ a4 - _!_ a2c2 = 0 
2 16 4 ' 

we must write 

for 
y6 + ( a2 - 2c'l )y4 + (cl - a4 )y2 - a6 - 2a4c2 - a2c4 = 0; 

1 1 5 P = - a2-c2 p2 = - a4 - a2c2 + c4 4r = - - a4 + a2c2 
2 ' 4 ' 4 . 

And,  finally ,  
- q2 = - a• - 2a4c2 - a•c•. 

When the equation has been reduced to three dimensions, the value 
of y• i s  found by the method already explained. If this cannot be 

1'�'1 Descartes wrote "pour les signes + ou - que j 'ai  omis." 
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done it is useless to pursue the question further, for it follows inevit­
ably that the problem is solid. If, however, the value of y• can be 
found, we can by means of it separate the preceding equation into two 
others, each of the second degree, whose roots will be the same as 
those of the original equation . Instead of  + x• ± px• ± qx ± r = O, 
write the two equations 

and 

1 1 q + xl - yx + 2y2 ± 2p ± 2y = 0  
1 1 q + xl + yx + 2y2 ± 2 p ± 2y = 0. 

For the ambiguous signs write + � p in each new equation,  when P 

has a positive sign , and - � p when p has a negative sign , but write 

+ :y when we have -yx, and - :Y when we have + yx, provided q has 

a positive sign , and the opposite when q has a negative sign. It  is then 
easy to determine all the roots of  the proposed equation,  and conse­
quently to construct the problem of which it contains the solution, by 
the exclusive use of circles and straight lines. For example,  writing 
y• - 34y4 + 3 1 3y2 - 400 = 0 instead of  x• - 1 7%2 - 20x - 6 = 0 we 
find that y• = 16 ; then, instead of the original equation 

+ x• - 17x2 - 20x - 6 = 0 

write the two equations + x2 - 4�· - 3 = 0 and +x•+4x + 2 = 0. 
1 . 

For, y = 4, 2 y2 = 8, p = 17 , q = 20 , and therefore 

and 

1 1 q + 2y2- 2 p - 2y = 
- 3 

1 . 1 q + 2 yL 2 p + 2y = + 2 . 
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befoi n  de paffer outre ; car il fuit de lit infallihlement, 
que Ie problefme eft fol ide. Mais fi on Ia trouue , on 
peut diuifer par fon moyen !a precedente Equation en 
deux antres , en chafcune defquelles Ia quanti rc'  i ncon­
uue n aura que deu x  dimenfions ' & dont les raci nes fe­
ront le� mefmes que les Iic:nes.  A f�auoir, au lieu de 

+ x � · . p x x . q x .  r :x> o, 
il faut efcrire ces deux aut res 

+ x x - - ., x + i.rY · iP ·  �J :o o, & 

-l + ,  1 q -t- XX -y X -z,JJ . z.P . �! X) o. 
Et pour le) fignes + & -- que iay om is, s'il y a +  p en 

!'Equation precedenre, i l  faut mettre + i p en chafcune 
de celle� cy; & -- j;p, s'il y a en l'autre - - p. 1>. ai s il faut 

mettre + �;en celle ou i l  y a--y x; & - - �· en celle ou il 
y a +  y x, lorfqu 'il y a + lJ en la premiere. Et au con­
traire s'il y a -- q, il faut mettre -- � ,  en celle. oil il y a 

• • y X; & +�· en celle ou il y a + y x. En fuite dequoy 

il eft ayfe de connoifire toutes les racines de l'Equation 
propofee, & par confequent de conftruire le problefme. 
dont elle contient Ia fo\ution , fans y employer que des 
cercles ,  & des lignes droites.  

Par exemple a caufe que faifant 
y • - ·  3 4 y + + 3 r 3 yy - 400 :n o, pour 

x L * -- I  7 xx -- z o x -- 6 :n o, on trouue que yy eft 1 6, on­
doii au lieu de cere Equation 
+ X  4 • ·· I 7 XX.•• 20 X ·· 2.0 X • • 6 ::0 o, efcrire Ce$ deux 
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autres + xx-- 4 x-- ; :x> o. Et + xx + 4 x + 2 :x> o. 
cary eft 4, �yy eft. 8, p eft 1 7 , & q eft. zo , de fa�onque 

, , q r · tr .. + 1 • +q r · + E + 1yy -- 1 p -- �1ratt .- 3 , ""- 1yy -- 1p 2./a1t 2· t 
tirant les 1·acines de ces deux Equations , on trouue tou­
tes les mefmes , que fi on les tiroit de celle oil eft x 4 ,  a 
f�auoir on en trouue vne vraye·, qui eft 11' 7  + 1.�& trois 
fauifes,  qui font ;/ 7 -- 2, " + r 2., & 2 ·- -v·2.. 
Ainfi ayant x 4 -- 4 xx - ·  8 x+ H' ::o o, pourceque la racine 
dey 6 -- 8  y 4 .: r 2.4JY + 64 :o o, eft derechef r 6 , il faut 
efcri re 
xx · .. 4- .x  + J :o o, &xx ·-1- 4 x +  7 ::o o. 

Caricy +· iyy -· iP -- :,fait r , & + � yy ·- 1: p +� 
fait 7· Et pourcequ'on ne trouue aucune racine , ny 
vraye , ny faulfe , en ces deux dernier.es Equations , on 
connoifl de la que les quatre de !'Equation dont elles 
pr.oce�ent font imaginaites; & que le Problefme , pou r 
lequel on ra trou uee , eft plan de fa nature ; mais qu'i l 
ne f�auroit en aucune fa�on eftre conftruit, acaufe que 
les quantires donnees ne peuuent fe ioindre. 

Tout de mefme ayant 
* + !.. aa} - - a ' } ··l- 1�a 4 

-l:. 4  -- �c !\t '-- a cc t -- ;i aacc :n o , 
pourcequ'on trouue sa + cc pouryy, il faut efcrire 
tt -- -r·�c t+ iaa ... �a r d� + cc :n o, & 
-tt+ r aa + cc t+ � aa + ia v aa + c&.x> o. 
Car y eft V'" aa -t- cc ,  & + � yy + tp eft� aa , & � 

-.J.-
eft ka r aa + cc. D'ou on CODDQift que Ja valeur·de t 

eft. 
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Obtaining the roots of these two equations, we get the same results as 
if we had obtained the roots of the equation containing .r', namely, one 

true root, ..J7 + 2 , and three false ones, ..J7- 2 , 2 + fi, and 2 - -f2. 
Again, given x-• -4x-2 -8x+35 = 0, we have y" -8y'-124y"-64 = 0, 
and since the root of the latter equation is 16, we must write 
x-2-4x-+5 = 0 and x-2 +4x-+7 = 0. For in this case, 

and 

1 1 IJ + -2 -y2- 2 p - 2y = 5 

Now these two equations have no roots either true or false, 1""1 whence 
we know that the four roots of the original equation are imaginary ; 
and that the problem whose solution depends upon this equation is 
plane, but that its construction is impossible , because the given quanti­
ties cannot be united.t' .. 1 

Similarly, given 

z4 + (la2 - c2) z'l- (a3 + ac2) z + � a4 _ l_  a2c2 = 0 2 16 4 ' 
since we have found y• = a• + c• ,  we must write 

and 

z'l + ..Ja2 + c2z + } a2+ � a ..Ja2 + c2 = 0. 
1""1 That is, al l  its roots are imaginary. 1,..1 That is, the given quantit ies cannot be taken together in the same problem. 
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1 _ /� � 1 1 1 _ r--,-
Z = - "'I a + • - - - a2+ _: r+ -a "'l a2 + c2 2 2 4 2 . 

Now we already have z +  ; a = x, and therefore x, the quantity in 

the search for which we have performed all these operations, is 

To emphasize the value of this rule, I shall apply it to a problem. 
Given the square AD and the line BN, to prolong the side AC to E,  so 
that EF, laid off from E on EB, shall be equal to NB. 

Pappus showed that i f  BD is produced to G, �o that DG = DN, and 
a circle is described on BG as diameter, the required point E will be 
the intersection of the straight l ine AC ( produced ) with the circum­

ference of this circle.t''" 1 

Those not familiar with this construction would not be likely to dis­
cover it , and i f  they applied the method suggested here they would 
never think of  taking DG for the unknown quantity rather than CF 
or FD, since either of  these would much more easily lead to an equa-

l"'l Pappus Lib. VII, Prop. 72, Vol. II , p. 783. The following is in substance 
the proof given by Pappus. He first gives an elaborate proof of the fol lowing 
lemma : Given a square ABCD, and E a point in AC produced, EG perpendicular 
to BE at E, meeting BD produced in G, and F the point of intersection of  BE and 
CD. Then CD2 + FE2 = D G.� Then he proceeds as follows : By the construe 
tion given in the proble m ,  W=IIl:52 + BN2• By the lem m a ,  DG2= CD2+FE2• 
By construction, BD = CD and DG = DN. Therefore, FE = BN. 
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efi � .Yaa + cc -J- r·- - � aa + ! cc + � a r aa + m 

oubien i 'f/-aa + cc -- "f/ • .  i aa + i cc + �a r aa + cc: 
Et pourceque nous auions fait cy deffus  t + � a  :o x, 
no us apprenons que la quantite x, pour la connoiffancc 
de laquelle nous auons fait  tbutes ces operations , eft 

- 1- � a -!- Y iaa + � CC -· y i CC · ·  i aa + � a  1/-aa + CC. 

·
·
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· .. :>-.:··· ··· · · p 
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·
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·
·

· 
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B D G 

Mais affin qu' on puiffe mieux connoiftre l'vtilite de �ex�·�ta�ee 
cere reigle il faut que ie l'applique a quelq; Problefme . de c�s r�-

Si le quam� A D. & Ia ligne B N efrant donne's . il fant duchons. 

prolonger le cofte A C iufques a E, en forte qu' E F. tiree 
d'E vers B, foit efgale a N B. On apprent de Pappus, 
qu'ayaht premierement prolongc B D iufques a G , en 
forte que D G foit efgale a 0 N, & ayant defer it vn cer­
cle dont Ie diametre foit B G ,  fi on prolonge Ia l igne 
droire A C, elle renco ntrera la circonference de ce cer-
cle au point E, qu'on demandoit. Mais pour ceux q ui ne 
fsauroiet point cete coil: ruction elle feroit affes diilicile 
a rencotrer, & en Ia cherchat par Ia methode icy propo-
fee, ils ne s'auiferoiet iamais de predre D G pour Ia qua-
tire inconnue, mais plutoft C F ,  ou F D ,  a caufe que ce 
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font elles qt1i conduifent le plus ayfement a l'Equatio: & 
lors ils en trouueroiet vne qui ne feroit pas facile a deme­
fler, fans la reigle que ie viens d'expliquer. Carpofant a 
pour B D ou C 0, & e pour E F � & x pour D F, on a C F 
:x> a --x, & come C F ou a --x,eft aF E ou c, ainfi F D ou x, 

c� eft a B F', qui par confequent eft A�· l'uis acaufl! du tri-
angle reCtangle B D F, dont les cofl:es font l'vn x & l 'au­
cre a, leurs quarr'es,' qui fOnt x x -t· a a, font efgaux a ce-
luy de la baze; qui eft xx -- :c;:� 1111 , de fac;on que multi­
pliant le tout par xx - 2 a x +  a a ,  on trouue que l'E­
quation eft x. 4 ·· 2 ax  3 + 2 attxx -- 2  a 3  x + a 4-:n ec xx, 
oubien x + - 2 a x  3 �-&:C" x x ·- 1.  a 1 x·--1- a 4. � o. Et on 
connoift par les reigles precedentes,que fa racine , qui 
eft Ia Iongeur de Ja ligne D F, eft � a  ·i- r !. a a +  !.e c 4- 4 
·- r t ee -- � aa +'1 a  -v·k a +  e e. 

QEe fi on pofoit B F, ou C E ,.  ou B E pour Ia quanrite 
inconnue,. on viendroit derechefa vue Eqaatk>n, en Ja.. 
queUe il y auroit 4 dimenfions, mais qui feroit plus ayfee 
a demefler, & on y viendroit alfes ayfement ; au lieu que 
fi c'eftoit D G qu'on fuppofafr , on viendroit beatrcoup 
plus diffi.ci-lement a !'Equation, mais auffy elle feroit tres 
fimple. Ceque ie mets icy pour vous auertir , que Iorf­
que Ie Problefme prvpofen'eft point folide, fi en le cher­
chant par vn chemin on vient a vne Equation fort com_ 
pofee, on pe ut ordinaitement venir a vne plus fimple, en 
le cherchant par vn autre. 

Ie pourrois encore aioufrer diuerfes  reigles pour de­
mefler les Equations� qui vont au Cube , ou au Q!.arre 

de 
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tion. They would thus get an equation which could not easily be solved 
without the rule which I have just explained. 

For, putting a for BD or CD, c for EF and x for DF, we have 
CF = a-x, and, since CF is to FE as FD is to BF, we have 

a-x : c = x : BF, 

whence BF = ��. Now, in the right triangle BDF whose sides are 
a-x 

x and a, x'+a', the sum of their squares, i s  equal t o  the square of the 
c2x2 

hypotenuse,  which i s  x'-Zax+a' Multiplying both sides by 

we get the equation , 
x• -2ax"+2a2.x-2-2a'x+a• = c2x2 , 

or 
;r4-2ax'+ ( 2a2-c2 )  x2 -2a3 .x-+a• = 0, 

and by the preceding rule we know that its root, which is the length of 

the l ine DF, is 

1 � 1  1 � 1  1 1 -­=a + - a2 + = c2 - =c2- - a2+ -a �a2+ c2 2 4 4 4 2 2 . 
If , on the other hand, we consider BF, CE, or BE as the unknown 

quantity, we obtain an equation of the fourth degree, but much easier 
to solve, and quite simply obtainedY'"1 

Again, if DG were used, the equation would be much more difficult 
to obtain, but its solution would be very simple. I state this sirpply to 
warn you that, when the proposed problem is not solid, if  one method 
of attack yields a very complicated equation a much simpler one can 
usually be found by some other method. 

11201 Taking BF as the unknown quantity, the resulting equation is 

x• + 2cx3 + ( c2 - 2a2 ) x2 - 2a2cx - a'c2 = 0. 

Rabuel, p. 487. 
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I might add several different rules for the solution of cubic and 
biquadratic equations but they would be superfluous, since the con­
struction of any plane problem can be found by means of those already 
given. 

I could also add rules for equations of the fifth, sixth, and higher 
degrees, but I prefer to consider them all together and to state the 
following general rule : 

Fi rst, try to put the given equation into the form of an equation 
of the same degree obtained by multiplying together two others , each 
of  a lower degree. If, after all possible ways of doing this have been 
tried, none has been sucessful, then it is certain that the given equation 
cannot be reduced to a simpler one ; and, consequently, i f  it is of the 
third or fourth degree, the problem depending upon it is solid ; if of 
the fifth or sixth,  the problem is one degree more complex, and so 
on. I have also omitted here the demonstration of most of my state­
ments, because they seem to me so easy that if you take the trouble 
to examine them systematically the demonstrations will present them­
selves to you and it will be of much more value to you to learn them 
in that way than by reading them . 

• 
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de quarre, mais elles feroient fuperfiucs ; car lorfque les 
Problefmcs font plans , on en peut toufiours trouuer Ia 
con ftruCtion par ce l ies cy. 

Ie pourrois aulfy en adioufter d autres pour les Equa.- Regie 
. . . fc {i fi l "d  (") , .  , .(.  d generalc-tlOilS qm montent tu ques au ur o 1 e, ou au �arr� e pour re• 

cube, ou au deJa , mats i ·ayme mie ux les comprendre du ire le__s 
toutes en vne, & dire en general, que lorfqu'on a tafche !�iu;t 
de les redu ire a mefme forme,  que celles d'antant dc di - fcm 1�- d 
mentions ,  qu i vienent de Ia multiplication de denx au- ���:�6. c 
tres qui en ont moins , & qu'ayant d6nombrt! tous les 

moyens, par lefquels cete multiplication eft poffible , la 
chofe n'a ptl fucceder par aucun , on doit s'afi"urer qu'ef. 
les n e f�auroient efl:re reduites a de plus ftmples. En for-
te que fi Ia quantite inconnue a 3 on 4 dimenfions, Je Pro. 
blefme pour lequel  on I a cherche eft folide; & 1i elle en a 
5 ,on 6,il eft d'vn degre plus compofe; & ainfi des autres. 

Au refte i 'ay omis icy les demonftrations de Ia plus 
pat·t de ce que iay dit a caufe qu'el les m'ont femble fi  fa. 
ciles, que pourvtl que vous prenie's fa peine d'examiner 
methodiquement fi iay failly, elles fe prefenteront a vous 
d'elles mefme:  & il fera plus vtile de les apprendre en ce­
te fa�on, qu'en les lifant. 

Or qnand on eft affurl, que le Problefme propofe' eft !:;�: ge� 
folide , foit que !'Equation par lac::Juel le on le cherche pou r con-

, d t r. • ll 
!huue 

monte au quarre e quarre , •ott qu e e ne monte que taus les-
iufqu es au cube, on peut toufiours en trouuer Ia racine problcC.. 

1• d . fi .n . . I lJ fc . mcs Colt . 
par vne es trots e�Ltons comques ,  aque  e que ce Oit des. re-
ou mefme par quelc::Jue partie d e l\·ne d'elles ,  cant petite duits a-. 

qu'elle puilfe efl:re; en ne fe feruat au refte que de lignes ��:r�-de 
dr.oites , & de cercles. Mais ie me contenteray icy de trois oud 

quatre 1� 
C c c 3 donner mcnG.oas. 
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donner vne reigle generate pour1es trouuer ton res par Ie 
moyend'vne Parabole, a caufe qu'elle eft en quelque fa­
� on la plus fimple. 

Premierement il faut ofi:er le fecond terme de !'Equa­
tion propofee, s'il n' eft defia nul, & ainfi Ia reduire a tei­
Ie forme, :t 1 � ,.. . a  p :t •  a aq, fi I a  q uantite inconnue n'a 
que trois dimenfions; oubien a telle, "-4 � *. apn. aaqt_. 
a '  r,fi elie en a quatre;oubien en prenant a pour l'vnitt!, 
a telle, -t l � •• p -t· q, & a telle 
-t • � *· P�t· qt. 1• 

p 
�,__ _ __, 
r -----. 

A pres 
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Now, when it is clear that the proposed problem is solid ,  whether 
the equation upon which its solution depends is of  the fourth degree or 
only of the third. its roots can always be found by any one of the three 
conic sections, or even by some part of one of them, however small , 
together with only circles and straight lines. I shall content myself 
with giving here a general rule for finding them all by means of a para­
bola, since that is in some respects the simplest of these curves. 

First, remove the second term of the proposed equation .  i f  this is not 
already . zero, thus reducing it to the form z3 

= ± apz±a'q . i f  the given 
equation is of  the third degree, or z• 

= ± apz2 ±a'qz ±a"r, if it is of the 
fourth degree. By choosing a as the unit, the former may be written 
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z' = ±Pz±q and the latter z• 
= ±pz2±qz±r. Suppose that the para­

bola FAG ( pages 194- 198)  is already described ; let ACDKL be 
its axis, a, or 1 which equals ZAC, its latus rectum ( C  being within the 
parabola ) ,  and A its vertex. Lay off CD equal to !P so that the points 
D and A l ie on the same side of C if the equation contains +P and on 
opposite sides if it contains -p. Then at the point D ( or, if  p = 0, at 
C 1 ,  erect DE petpendicular to CD, so that DE is equal to 1 q, 
and about E as center with AE as radius describe the circle FG, i f  the 
given equation is a cubic, that is, if  r is zero. 
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Apres cela fuppofant qu e la Parabole F A G  eft delia 

defcrite, & que fon aiffieu eft A C D K L, & que fon co­
fte' droit eft a, ou 1 ,  door A C eft la moitie, & en fin que 
1e point C eft au de dans de cere Parabole, & que A en efi: 
le fommet;  I l  fauc faire C D :n iP. & la prendre du mef­
me cofte, tru 'eft lt? point A au regard du point C ,  s 'il  y a  
-j- p en l'Equation; mais s'ii y a ·- p il faut I a  prendre d e  
l'autre cofte .  Et d u  point D, oubien , fi I a  quantite 

p eftoit nulle, du point C i1 faut efieuer vne Iigne a all· 
gles droits iufques a E, en forte qu' elle foit efgale a 3i q. 
Et enfin du centre E il faut defcrire le cercle F G ) dont 

I.e 
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Je demid1ametre foit 
A E , fi I'  E quation 
n'eft que cubique, en 
forte que Ia quami­
te r foit nu lle. Mais 
quand i l  y a + r il 
faut dans cere l ign e  

G A E prolongee, pren­
dre d ' vn cofte A R 
efgale a r, & de I' au tre 
A S  efgale au cofce 
droit de la  Paraboie 
qui eft r ,  & ayant de-

fcrit vn cercle dont le diametre foit R S, il faut faire A H 

198 

perpediculaire fur 
A E ,  laque l le A H 
rencontre ce cer­
de R H S  au point 
H, qui eft celuy par 
oil l'aurre cercle 
F H G doit paffer. 
Et quand il y a -- r 
il faut apres a uoir 
ainfi trouue la ligne 
A H , infcrire A I, 
qui luy foit efgale, 
dans vn autre cer­
cle , dont A E foit 
le diametre , & lors 
c·eft par le point I, 

que 
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If the equation contains + r, on one side of  AE produced , lay off 
AR equal to r, and on the other side lay off AS equal to the latus 
rectum of the parabola, that is ,  to 1 ,  and describe a circle on RS as 
diameter. Then if AH is drawn perpendicular to AE it wi ll meet the 
circle RHS in the point H, through wh ich the other circle FHG must 
pass. 

If the equation contains - r, construct a ci rcle upon AE as 
diameter and in it inscribe AI, a line equal to AH ; 1''"1 then the first 
.:ircle must pass through the point I .  

1 ""1 That i s ,  draw a chord equal t o  AH. 
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Now the ci rcle FG can cut or touch the parabola m 1 ,  2, 3, or 4 
points ; and i f  perpendiculars are drawn from these points upon the 
axis they will represent all the roots of  the equation , both true and 
false. If  the quantity q is positive the true roots will be those perpen­
diculars, such as FL, on the same side of the parabola, as E,1"'-"1 the 
center of the circle ; while the others, as GK, will be the false roots. 
On the other hand, if q is negative, the true roots will be those on the 
opposite side, and the false or negative roots1'"'1 will be those on the 
same side as E, the center of  the circle. If  the circle neither cuts no1 
touches the parabola at any point, it is an indication that the equation 
has neither a true nor a false root , but that all the roots are imagi­
nary. 1"'1 

This rule is evidently as general and complete as could possibly be 
desired. Its demonstration is also very easy. If the line GK thus con­
structed be represented by z, then AK is z' , since by the nature of the 
parabola, GK is  the mean proportional between AK and the latus rec­
tum, which is  1. Then if AC or 1. and CD or tP, be subtracted from 
AK, the remainder is  DK or EM, which i s  equal to z' -1P-! of which 
the square is 

z•-pz2 -z'+ ! jl + -� p + . ! . 

And since DE = KM = � q, the whole line GM = z+{ q, and the square 

1 of GM equals z2 + qz+ 4 q2• Adding these two squares we have 

4 2 1 2 1 2 1 1 z -Pz- + qz+ 4 q + 4p + -2- P + -4 
1""1 That is, on the same side of the axis of the parabola. 
1""1 "Les fausses ou moindres que rien." This  i s  the first t ime Descartes has 

directly used this synonym. 
1"'1 It may be noted that Descartes considers the cubic as a quartic  having zero 

as one of its roots; Therefore, the circle always cuts the parabola at the vertex. 
It must then cut i t  in another point, s ince the cubic must ha,·e one real root. It 
may or may not cut it in two other points. It may cut it in two coincident points 
at the vertex, in which case the equation reduces to a quadratic. 
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que doit palfer F I G  le pre mier cercle cherch e. Or ce 
c e rcle F G peut  coupper, ou toucher Ia Parabole en I ,  
ou 1 ,  ou 3 ,  ou 4 pains, defquels t ira nt des perpendiculai­
res fu r laiffieu,  on a to u tes les racines de !'Equation taut 
vrayes, q u e  fau lfes .  A f�auoir ft Ia q uantitc' q eft marquee 
d u iigne + , les vrayes racine s feront celles d e ccs per­
pendicu laires , qui fe 'trouueront du mefme cofte de Ia 
parabole, que E le centre du  cercle, comm e F L ;  & les 
au tre s, comme G K, feront faulfe.s : Mais au contraire fi 
cere quantitc q eft marqu e-e du figne -- les vrayes feront 
celles de !'autre cofte ; & les faulfes , ou moindres que 
ri en feront du co ftc ou eft E le centre du cerci e. Et en­
fin ft ce cercle ne couppe,ny ne touche Ia Para bole en au­
cun point ,  c ela tefmoigne qu'il n'y a au cune racine ny 
vraye ny faulfe en I' Equation � & qu'elle s font routes 
jmaginaires. En forte qu e  cete reigle eft Ia plus genera­
Ie , & la plus accomplie qu'il foit poffible de fou­
haiter. 

Et Ia  demon firation en eft fort ayfee. Car fi Ia ligne 
G K, trouuee par cete conftruction , fe nom me t. A K 
fera t -t. a caufe de Ia Parabole , en laquelle G K doit 
e ftre moyene proportionelle, entre A K, & le cofre droit 
qu i  eft I .  pui s  fi d e A K i'oft:e A C, qui  eft � ,  & C D  qni 
efr � p, i l refte D K, ou E M, qu i efr n -· -i: P -- L donr le 
quarrc! eft 
t + - -P'{t·· '{{ + i PP + t_ p + t. & a caufe que D E, on 
K M eft i q, Ia t o ur e  G M eft '{ + � 1 ,  dont le quam! eft 
'{'{ + q '{ + 1 11• & affe mblant ces deux quam!s, on a 
t 4 -·p  t + q t + -;i qq + 4'PP + �p + ;;:, 
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p--------4 
�t r ,__ ___ -i 

pourle quarrede Ia ligne G E, acaufe qu'elle eft Ia haze 
du triangle reCtangle E M G. 

Maisa caufe que cete mefme ligne G E  eft le demi· 
diametre du cercle F G, elle fe peue encore expliquer en 
d�autres termes,a f«jauoi

_
I�l!- D efi:ant -i q � & A D  eftant 

iP + i,E A eft r -J: �q +-;ipp-1- i p + � a caufe de l•an­
gle droit A D E, puts H A eftant mc:>yene proportionelle 
entre A s qui eft I & A R qui eft r,dle eft r flo & a cau­
fe de l'angle drort E A H, le quarre deH E , on E G eft 
:i qq + �pp + lP + 1 + r :  fibienque il y a Equation 

entre 
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for the square of GE, since GE is the hypotenuse of  the right triangle 
EMG. 

But GE is the radius of the circle FG and can therefore be expressed 
in another way. For since ED = t q, and AD = t P+ !, and ADE is 
a right angle, we have 

EA / I  2 1 2 1 1 = \)4 q + 4P + 2 P+ 4· 
Then, since HA is the mean proportional between AS or 1 and AR or r, 
HA = ..J-;; and since EAH is a right angle , the square of HE or of EG is 

and we can form an equation from this expression and the one already 
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obtained. This equation will be of the form z4 = pz' - qz+r, and there· 

fore the line GK, or z, is  the root of  this equation, which was to be 

proved. I f  you will apply this method in all the other cases , with the 

proper changes of sign, you will be convinced of  its usefulness, without 

my writing anything further about it. 

Let us apply it to the problem of finding two mean proportionals 

between the lines a and q. It is evident that if we represent one of the 

. z2 z2 z 3  
mean proportwnals by z, then a :  z = Z : - = : - 2 . Thus we have an 

a a a 
z3 

equation between q and -2 . namely, z3 = a2q . 
a 

Describe the parabola FAG with its axis along AC, and with 

AC equal to t a, that is ,  to hal f the latus rcctam. Then erect CE 

equal to t q and perpendicular to AC at C, and describe the circle AF 
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entre cete fomme & Ia precedente. cequi eft le mefme 
que � • a> • p{� -- q � + r. & par confequent Ia ligne trou­
u ee GK qui  a efre nommce teft la racine de cete Equa­
tion. ainfi qu�il falloit demonftrer . Et fi vous appliques 
ce mefme calcul a taus les autres cas de cete reigle , en 
changeant les fignes + & -· felon l'occafion , vous y 
trouueres voftre conte en mefme forte,fans qu'il foit be-

tfoin que ie m'y arefi:e. 

Si on vent done fuiuant cete reigle trouuer deux mo• 
yennes proportionelles entre les lignes a & q; chafcun 
f�ait que pofant t pour l'vne , comme a eft a t , ainfi 
- {..to .t. .t. t: l  -t a --;, & --;; a � ; de fac;on qu'i l y a Equation entre 'I & �'inuen-

• tlOD d e  :;, c'eft a dire, { 3  :n =t ,. a a q. Et la Parabole F A G  eftant ����s;r:: 
205 
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defcrite, auec Ia partie de fon aiffieu A C, qui eft � a Ia 
moitie du coll:e droit ; il faut du point C efleuer la per­
pendiculaire C E efgale a j q, & du centre E ,  par A, de­
fcriuant le cercle A F, on trouue F L , & L A  , pour les 
deux moyennes cherche'es. 

' 

' D 
.E K 

'!'out de mefme ft on veut diuifer I' angle N 0 P ,  ou· 
La facoll b"  l' . d I N ("\ rT'p 0 

de diuifer ten arc, on port ton e cere e '"'-= , en trots par-
vn angle ties efgales . faifant N 0 :x> J ,  pour le rayon du cercle, & 
en trOJS, N p i>  q ,  p�ur la fubtendue de 1' arc donne , & N Q � .{t 

pour Ia fubtendue du tiers de cet arc ; l 'Equation 
vient, 

t 1 oo "' 3  t -- q. Car ayant t ire Ies !ignes N Q, 0 Q, 
0 T; & faifant Q.S par allele a T  0, on voit qu€ comme 
N 0 eft a N  Q.:._ ainfi N Q a Q R, & Q. R a R S ;  en forte 

que 
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about E as center, passing through A. Then FL and LA are the 
required mean proportionalsY''1 

Again, let it be required to divide the angle NOP, or rather, 
the circular arc NQTP, into three equal parts. Let NO = 1 be 
the radius of the circle, NP = q be the chord subtending the given arc, 
and NQ = z be the chord subtending one-third of  that arc ; then the 
equation is z" = 3z-q. For, drawing NQ, OQ and OT, and drawing 
QS parallel to TO, it is obvious that NO is to NQ as NQ is to QR as 
QR is to RS. Since NO = 1 and NQ = z, then QR = z' and RS = z" ; 
and since NP or q lacks only RS or z3 of being three times NQ or z, we 
have q = 3z-z" or z" = 3z-q. 1"'1 

Describe the parabola FAG so that CA, one-half its latus rectum, 
1 3 1 

shall be equal to 2; take C D = 2 and the perpendicular D E =  2 q; 
then describe the circle FAgG about E as center, passing through A. 
This circle cuts the parabola in three points, F, g,  and G, besides the 
vertex, A. This shows that the given equation has three roots , namely, 
the two true roots, GK and gk, and one false root, FLY''"1 The smaller 

1"'1 This may be shown as follows : Draw FM j_ to EC; let F L = z. From 
--2 z' = - -2 -2 -2 -2 the nature of the parabola, FL =a .  AL; AL= a ;  EC +CA =EA ; EM +FM 

=EF2 ; EA2= �  + a' ; EM2 = (EC - FL)2= (_!_ q-z) 2 ; FM2=Ci7= (AL-AC)2 4 4 2 ( z' a ) 2 ·  --- 2 q2 z" a2 
= a- - z  ' EF = 4 - qz+ z' + ;ti - z' + 4· But EF=EA. 

q2 a' q2 z' a2 :. 4 + 4 = 4 - qz+ z' + a; - .r' + 4 ' 

whence z' = a2q. 
1"''1 L NOQ is measured by arc NQ ; 

L Q N S  is measured by ! arc QP or arc NQ ; 
L SQR= L QOT is measured by arc QT or N Q ; 
. " . L OQN = L NQR = L QSR. 
. . . NO : NQ = NQ : QR = QR : RS. 
QR = z2 ; RS = z3 • Let OT cut NP at M. 
N P  = 2NR + M R  = 2NQ + MR 

= 2NQ + M S - RS 
= 2NQ + QT - R5 
= 3NQ - RS.  

Or q =  3z - z3• 
Rabuel, p. 534. 

1""1 G and g being on the opposite s ide of the axis from E, and F being on the 
same s ide. 
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of the two roots , gk, must be taken as the length of the required line 
NQ, for the other root , GK, is equal to NV, the chord subtended by 
one-third the arc VNP,1"'1 which , together with the arc NQP consti­
tutes the circle ; and the false root , FL, is equal to the sum of QN and 
NV, as may easily be shown. 1"'1 

It is unnecessary for me to give other examples here, for all prob­
lems that are only solid can be reduced to such forms as not to require 
this rule for their construction except when they involve the finding 
of  two mean proportionals or the trisection of an angle. This will be 
obvious if it is noted that the most difficult o f  these problems can be' 

l""l For proof, see Rabuel, page 535. 

l"'l Let AB = b ; EB = MR = mk = NL = c ;  AK = t ; Ak = s ; AL = r; 

KG=y ; kg=z, FL=v. Then GM=y + c, gm=z + c, FN=v--c, GK2=a . AK,  
y:! -2 , ,  z2 � v2 at =y2 , t = a , gk = a . Ak , as = z- , s = a •  FL =a . AL,  ar = v' . r = a • 

z• 
mE= b - ­a 

2ab = 
:1'3 + 2a2c + a2y 

y 

Similarly, 

ME = AB - AK=b - y' 

EN= v2 - b a 
E A2 = :i\W + B-E2 

a 

EG2= b'-
26Y• + !� +r + 2cy + c' 
a a• 

y3 + 2a•c + a2y z3 + 2a2 c+ a•z 
Y z --

2a2c = z2y + zy2 

lz3 + 2a2c + a2.s· 2ab = -- -­

z 

2a2c = v2y - v�·· 

z2y + zy2 = v2y - vy2 v• - z• = vy + zy 
FL = KG + kg v - z = y 

Rabuel, p. 540. 
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que N 0 eftant r ,  & N �ftant t •  QR eft tt. & R S eft 
t 1 :  Et a caufe qu'i l s'en faut feu lement R S, ou t 1 ,  que la 
l igne N P, qui eft q,  ne fait  triple de N �  qui eft t. on 
a q ;)) 3 t - - t l oubieu, 

t 1 ;n "' 3 t ·· q. 
Puis la Para bole F A  G eftant defcrite , & C A Ia moi­

tie de fon cofte dro it principal eft ant i ,  fi on prem C D  
:o �' & la perpendicu laire D E  ;:u � 1, & que du centre E, 
par A ,  on defcriue le cercle F A g G ,  il couppe cete Pa­
rabole aux trois pain s F, g, & G ,  fans canter le point A 
qui en eft le fommet. Ce qui monf[l'e qu'il y a trois raci­
nes en cere Equation, a fc;auoir les deux G K ,  &g k,, qui 
font vrayes; & la troifiefme qui eft fauffe , a f'1auoir F L. 
Et de ces deux vrayes c'eft g k. la' plu s petite qu'il faut 
prendre pour Ia l igne N Q qui efl:oit cherche'e .  Car !'au­
tre G K, eft efgale a N  V, Ia fu btendue de Ia troifiefme 
partie de I' arc N V  P, qui auec l'autre arc N Q'P acheue 
le cercle. Et Ia fauffe F L efi efgale a ces deux enfcmble 
� & N V, ainfi qu 'il eft ayfe a voir par le calcu] .  

I I  feroit fupcrfl.us que i e  m'areftaffe a donner icy d'au- Q.!!e rou ; 
tres exemples; car taus les Problefmes qui ne font que ���F��� 
folides fe peuuent reduire a tel point, qu'on n'a aucun be- foli�es fe 

. . . fi pcu uent 
fom de cere retgle pour Ies conftrutre,  moo entant qu'el. reduire a 
le fert a trouuer deux moyennes proportionelles,oubien ces �eux conuruc· 
� diuifer vn angle en trois  partiese(�ales.  A infi que vous tions. 
conooili:res eo conliderant, que leurs diffic ulres peuuent 
toufiours eftre comprifcs en des Equations , qui ne men -
tent que iufque au quam� de quarre, ou au cube : Er que 
rou tes celles qui monteot au quarrc;� de quam.! , fe redui-
fent au quarrC, par Ie moyen de quelques  autres , qui ne 

D d d 3 montent 
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montent que iufques au cube: Et en fin qu'ob peut -ofi:er 
le fecond terme de celles cy. En forte qu'i l  n'y en a point 
qui ne fe puilfe reduire a quelq; vne de ces trois formes. 

t !  ::0 ,.  -- p t + q. 
t ! � ,* -I-p t + q. 
t I ;x) >f. + p � • •  tj' 

Or fi on a t  1 :x> * · - p t -t- q, Ia reigle dont Card an ar­
tri bue l'inuention a vn nommeScipio Ferreus , nous ap­
prent que la rac:ine eft, 

11 c.+ iq -t- r t qq + �7 P '  -k" r·c.� ;; q  + r1 qq+hr 
Comme autfy lor{qu'on a t ' :x> * +  p :t + q , &· que le 

quarrc! de Ia moitie du dernier terme eft plus grand que 
le cube du tiers de la qoantite connue du penultiefme, 
vne pareille reigle nous apprent que Ia racine eft, 

C. + � q + fi'i qq -· i7 P '  + r C.+ ! q  - - 1" l qq -- 17P ' 
D' otl il paroift qu'on peut conftruire tous les Problef-

mes, dont les didicultes fe reduifent a l'vne de ces deux: 
formes, fans auoir befoin des fed:ions caniques pour a u ­
tre chafe, que pour tirer les  racines cubiques de quel­
ques quamite, donnees, c'efi: a dire, pour trouuer deux 
mayennes proporcianelles entre ces quantites & l'vnite. 

Puis fi an a '{. 1 ro * + p t+ q ,  & que le quarre de Ia 
maitie du dernier terme nefoit point plus grand que lo 
cube du tiers de Ia quantite connue du penulciefme , en 
:fi.1ppo!ant Ie cerde N Q P V,dont le demidiam etre N O  
foit y·I p, c'eft a dire l a  mayenne proportionelle entre 
le tiers de Ia quantite don nee p & l 'vnite; & fuppofant 

au!fy 1a ligne N P iufcrite dans ce cercle qui foit �f 
c'eft 
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expressed by equations of the third or fourth degree ; that all equa­
tions of the fourth degree can be reduced to quadratic equations by 
means of other equations not exceeding the third degree ; and finally, 
that the second terms of  these equations can be removed ; so that every 
such equation can be reduced to one of the following forms : 

z" = -Pz+ q z" = +Pz+q z• = +Pz- q 

Now, i f  we have z" = -pz+ q. the rule, attributed by Cardan1 ... 1 to one 
Scipio Ferreus,  gives us the root 

� � q + �! I+ 217 p3 - �- � q +� !  I +  217 p3. [237) 

Similarly, when we have z• = +Pz+ q where the square of half the 
last term is greater than the cube of one-third the coefficient of the 
next to the last term, the corresponding rule gives us the root 

. 11._ + 11._ 2 1._ 3 . 11._ - /1._ 2 1._ 3 iJ 2 q "\/ 4 q - 27 p + iJ 2 q "\/ 4 q - 27 p . 

It is now clear that all problems of which the equations can be 
reduced to either of these two forms can be constructed without the 
use of the conic sections except to extract the cube roots of certain 
known quantities, which process is equivalent to finding two mean pro­
portionals between such a quantity and unity. Again, if we have 
z" = +Pz+ q. where the square of half the last term is not greater 
than the cube of one-third the coefficient of the next to the last term, 

describe the circle NQPV with radius NO equal to � � p, that is to  

the mean proportional between unity and one-third the known quantity 

p. Then take NP = j ,  that is, such that NP is to q, the other known 

1"''1 Cardan ; Liber X, Cap. XI ,  fol . 29 : "Scipio Ferreus Bononiensis iam ann is 
ab hinc triginta ferme capitulum hoc inuenit, tradidit uero Anthonio Maria: Flor­
ida Veneto, qui cii in certamen cii N icolao Tartalea Brixellense al iquando uen isset, 
occasionem dedit, ut Nocolaus inuenerit & ipse, qui cum nobis rogantibus tradidis­
ser, suppressa demonstratione, freti hoc auxil io, demonstrat ionem qureliu imus, 
eamque in modos,  quod diffcill imum fuit, redactam sic subjecimus." 

See also Cantor, Vol. I I  ( 1 ) ,  p. 444 ; Smith, Vol. II, p. 462. 
1•71 Descartes wrote this : 

�c.+-} q+�{ qq + 217p• +�c. -} q+·li-qq+-bp• . 
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quantity, as 1 is to � p, and inscribe NP in the circle. Divide each of  

the two arcs NQP and NVP into three equal parts, and the required 
root is the sum of NQ, the chord subtending one-third the first arc, and 
NV, the chord subtending one-third of  the second arc. 1"''1 

Finally, suppose that we have z3 = ps- q. Construct the circle NQPV 

whose radius NO is equal to� � p, and let NP,  equal to 3:. be in­

scribed in th is c ircle ; then NQ, the chord of  on·e-third the arc NQP, 
will be the first of the requ ired roots, and NV, the chord of one-third 
the other arc, will be the second. 

An exception must be made in the case in which the square of  half 
the last term is greater than the cube of  one-third the coefficient of  the 
next to the last term ; 1"91 for then the line NP cannot be inscribed in 
the circle, since it is longer than the diameter. In this  case , the two 

1""1 I t  may be noted that the equation z3 = 3z - q may be obtained from the 
equation :::" = 3z + q  by trans forming the latter into an equation whose roots have 
the opposite s igns. Then the true roots of  .::3 = 3z - q are the false roots of 
:;3 = 3.:: + q and vice-versa. Therefore FL = NQ + NP is now the true root. 

1"'91 The so-cal led irreducible case. 
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c'efi a dire qui foit a l'autre quantite donnee q comme 
l'vnite' eft au tiers de p; il ne faut que diuifer chafcun des 
deux arcs N Q P & N V P en trois parties efgales , & on 
aura N Q, la fubtendue du tiers de l'vn , & N V  Ia fub­
tendoe du tiers de I' autre, qui iointes enfemble compo­
feront Ia racine cherche'e. 

Enfin 1i on a tl ZX> * p t -- q , en fuppofant derechef le 
cercle N Q!> V, dent le rayon N 0 foit Y:f p, & l'iufcri-

te NPfoit ¥, N Qla fubtenduc du tiers de I'a.rc NQr fe­
ra l'vne des racines cherchees , & N V  ]a fubtendue du 
tiers de l'autre arc fera l'autre . Au moins fi le quam: de 
la moitie du dcrnier terme, n'eft point plus grand, qu e le 
cube du tiers de la quanti t e connuc du penultiefme.  car 
s'Il eftoit plus grand,la ligne N P ne pourroit eftre infcri. 
te dans le cercle , a cau fe quelle feroit plus longue que 
fen diametre: Ce qui feroit caufe que les deux vrayes ra-

cines 
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cines d e c ete Equation ne feroient qu'imagi naires , & 
qu'il ny e n auroi t de reel les que Ia fau !fe , qui fuiuant Ia 
reigle de Cardan fe roir, 

· 

� c .• • .-/ , - 1- -, + ·.-/ -=c=--=--1- --4/--;;;:;;· ;;::==-�===-· ; IJ -r- Y 4 qq -- -i:7p Y · z. CJ -· Y ,i qq �- i7 1 '  
La facon 
d'expri- Au rcfte il eft a remarqucr que cere fa�on d'exprimer 
mer la va- Ia valeur des racines par lc rapport qu ' elle s ont nu x co-l eu r  de ft d 

. 
b d 'l ' I routes lcs es e certam s cu es ont 1 n y a:qu e  e contenu qu 'on 

�ae�i
n�� connoiffe, n'eft en rien plus  intelligible , ny plus fimple, 

qua�ions que de les expri mer par le rapport qu'elles ont aux fu b­���t��:� tendues de certains arcs , ou portions de cercles , dont 
de caine� le triple eft donne'. En forte que routes celles des Equa-
cellcs qu1  . b' . ft . uc moo- tmns cu t qu es qut ne peuuent e re expnmees par Ies 
�enr que reigles de Card an, le peuuent eftre autant ou plus claire-Jufquesau 1:. • fc'  quarrc: de: ment par Ia  ra�on 1cy propo ee. · 

quarra. Car fi par exemplc , on penfe connoiftre Ia racine de 
cere Equation , t 3 :;o * -- q t + p . . a caufe CJU'on f�ait 
qu'elle eft compofee de deux lignes. dont l'vne eft Ie 
cofl:e d'vn cube, duqnel le contenu eft ! q, adioufic1 au 
cofi e d'vn quam! • duquel derechef le conteno eft 
f qq-- -Jp ' ; Et l'autre eft le cofte' d'vn aur_:e cube, dont 
Je contenu eft Ia difference , ·qui ell: entre � q, & Ie co ftc! 
de ce quarre' dont Ie contenu eft 1 qq -- 2.� p- ', qui eft tout 
ce qu'on en·apprent par Ia reigle de Cardan. Il ny a point 
de doute qu'on ne connoiffe autant ou plus diftinde­
ment la racine de celle cy, t 1 ::o "'  + q · - p , en la confi­
derant infcrite dans v n  cercle, dont le demidiametre eft 

11 fp, & (�achant qu'elle y eft Ia fubtendue d'vn arc 

dont le triple a pour fafubtendue �· Mefme ces ter ... 

mes 
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roots that were true are merely imaginary, and the only real root is the 
one previously false. which according to Cardan's rule is 

Furthermore it should be remarked that this method of  expressing the 
roots by means of the relations which they bear to the sides of certain 
cubes whose contents only are known1'"1 is in no respect clearer or 
simpler than the method of  expressing them by means of  the relations 
which they bear to the chords of  certain arcs ( or portions of  ci rcles ) ,  
when arcs three times as long are known. And the roots o f  the cubic 
equations which cannot be solved by Cardan 's method can be expressed 
as clearly as any others. or more clearly than the others, by the method 
given here. 

For example . grant that we may consider a root of  the eq uation 
z" = -qz+P known, because we know that it is the sum of two lines 

of  which one is the side of a cube whose volume is � q increased by the 

side of a square whose area is _!_ l - }� p3, and the o ther i s  the side of 4 � � 
another cube whose volume is the difference between � q and the s ide 

of a square whose area is _!_ l - .}� p3• This is as much knowledge of 
4 � � 

the roots as is furnished by Cardan 's method. There is no doubt that 
the value of the root of the equation z• = +qz-p is quite as well 
known and as clearly conceived when it is considered as the length of a 

chord inscribed in a circle of radius W and subtending an arc that 

is one-third the arc subtended by a chord of length ; . 

1,..1 Descartes here makes use of the geometrical conception of finding the cube 
root of a given quant ity. 
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Indeed, these terms are much less complicated than the others, and 
they might be made even more concise by the use of  some particular 

symbol to express such chords, l'"1 j ust as the symbol {/ 1"'1 is used to 
represent the side of  a cube. 

By methods similar to those already explained, we can express the 
roots of any biquadratic equation , and there seems to me nothing fur­
ther to be desired in the matter ; for by their very nature these roots 
cannot be expressed in simpler terms, nor can they be determined by 
any constuction that is at the same time easier and more general. 

It is true that I have not yet stated my grounds for daring to declare 
a thing possible or impossible, but if i t  is remembered that in the method 
I use all problems which present themselves to geometers reduce to a 
s ingle type . namely, to the question of finding the values of the roots 
of an equation, it will be clear that a list can be made of all the ways of 
finding the roots ,  and that it will then be easy to prove our method the 
simplest and most general. Solid problems in particular cannot , as I 
have already said ,  be constructed without the use of a curve more com­
plex than the ci rcle. This follows at once from the fact that they all 
reduce to two constructions, namely, to one in  which two mean pro-

1"''1 This is another indication of the tendency of  Descartes' s  age toward sym­
bol ism. This suggestion was never adopted. 

1>"1 In Descartes's notation, 1 · · C. 
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mes font beaucoup moins embaralfes que Ies autres , & 
ils [e trouueront beau coup plus cours fi on veut vfer de 
quelque chiffre particulier pour exprimer ces fubten· 
dues, ainfi qu'on fait du chiffre rc . pour expri mer Ie 
cofie des cubes. 

Et on peut aulfy en fuite de cecy ex primer les racines 
de routes les Equations qui montent iufques au quarrc 
de quarre, par les reigles cy deffits expliquees. En forte 
queie ne fs-ache rien de plus a defirer en cere matiere. 
Car eofin la nature de ces r.1cines ne permet pas qu'on 
Ies ex prime en termes plm fimples , ny qu'on les deter­
mine par aucune conftruCtion qui foit enfemble plus ge­
nerate & plus facile.  

II eft vray que ie n'ay pas encore dit  fi.tr quelles raifons Pour-
fc . fi rr. fi fc quoy lc� 

ie me fonde, pour o er am t auurer, 1 vne cho e eft poili- problef-
ble ou ne l'eft pas. Mais fi on prent garde comment, par mcs Coli-' . fc • des ne la methode dont Ierne ers , tout ce qu 1 tom be �ous la pcuuent 
confideration des Geometres , fe reduift a vn mefme ��:�r�ou­
�ure de Probfefmes , qni eft de chercher Ia v aleur des r.,�s lcs fe­
racines de que1que Equation ; on i ugera bien qu'i l  n'eft a:w.o� 5 

coDiq .te , 
pas malayfc de faire vn deoombrement de toutes les vo- ny �eux 
yes par lefquelles on les peut trouuer ,  qui foit fi.tffifant ��\�0011�­
pour demooftrer qu' on a choili la plus generate, & la plus pores fans 
fimple. Et particuli�rernent pour cequi eft des Problef- �\�\crl�ulr. 
mes folides, que 1ay dit ne pouuoir efire confiruis , fans  gnes plus 

' I ' I r · I fc I 
compo-

qu on y emp oye que que 1gne p us compo ee que a fees .  
circu laire , c'eft chofe qu'on peut alfes trouuer , de ce 
qu'ils fe reduifent tous a deux conftrnd:ions ; en l'vne 
defqueiJes i l  faut auoir tout enfemble Ies deux poins,qui 
determinent deux moyenes proportionelles entre deux 
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hgnes donnees; & en l 'antre Ies deux pains , qui diuifent 
en trois pm·ties efgales v n arc donne; Car d 'autant q ue Ia 
courb ure d u  cercle ne depend , que d'v n fimple rapport: 
de toutes fes parries, au point qui en eft Je centre ; on ne 
peut aui'fy s'en feru ir  q u a determiner vn feu} point entre 
deux extreme�, comme a trouuer vne moyenne pmpor­
tione l le en tre deux !ignes droitcs donnees, ou diuifer en 
deux vn arc donne : Au l ieu que Ia courbure des fetl:ions 
coniques, dependant toufiours de deux diuerfes chafes, 
peut aulfy fernir a determiner deux pains differens. 

Mais  pour cete mefme raifon il eft impoffible , qu· au­
cun des Proble(mes qui font �·vn degre plus compofe's 
que les folides, & qui prefuppofent l'inuention de quatre 
moyennes proportionel les,ou Ia diuifion d·,,n angle en · 

cinq parties efgales , puiffent eftre conftmits paraucune 
des fetl:ions coniques .  C'eft pourquoy ie croyray faire en 
cecy tout le mieux qui fe pui1fe ,fi ie donne vue reigle ge­
nerale pour Ies conftru ire, en y employant Ia ligne cour. 
be qui fe defcrit par l'interfecl"io d'vne Parabole & d'vne 
ligne droi te en Ia fa�on cy delfus expliquee. car i'ofe af­
furer qu'il ny en a point de plus fimple en �a nature , qui 
puiffe feruir a ce mefme effect ; & vous au e. va com me 
elle fuit immediatement les fed:ions coniqnes , en cere 
q ueftion rant cherchee par les anciens , dont la fohftion 
cnfeigne par ordre routes les Hgnes cour.bes, qui doiuent 

Fac onb eftre receues en Geometrie. 
nerate 'Vous f<;aues defia commeut , Iorfqu'on cherche les 
h���r�on- quantites qui  font requifes pour Ia conftrutl:ion de ces tou�:e� Problefmes, on Jes peut toufiours reduire a quelque E­��s · ��- quation, qui ne monte que iufques au quarrc de cube, ou 
du tt5 a au 
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portionals are to be found between two given lines, and one in which 
two points are to be found which divide a given arc into three equal 
parts. Inasmuch as the curvature of a circle depends only upon a sim­

ple relation between the center and all points on the circumference, the 
c ircle can only be used to determine a single point between two 
extremes, as, for example, to find one mean proportional between two 
given lines or to bisect a given arc ; while, on the other hand, since 
the curvature of  the conic sections always depends upon two different 
things, 1"'1 it can be used to determine two different points. 

For a similar reason , it is  impossible that any problem of degree more 
complex than the solid, involving the finding of four mean proportion­
als or the division of an angle into five equal parts ,  can be constructed 
by the use of one of the conic sections. 

I therefore believe that I sliall have accompli shed all that is possible 
when I have given a general rule for constructing problems by means 
of  the curve described by the intersection of a parabola and a straight 
line, as previously explained ;1'"1 for I am convinced that there is noth­
ing of  a simpler nature that will serve this purpose. You have seen, 
too, that this curve directly follows the conic sections in that question 
to which the ancients devoted so much attention , and whose solution 
presents in order all the curves that should be received into geometry. 

1"'1 As, for example, the distance of any point from the two foci. Descartes 
does not say "all  points on the circum ference," but "toutes ses parties." 

1'"1 See page 84. 
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When quantities required for the construction of these problems are 
to be found, you already know how an equation can always be formed 
that is of no higher degree than the fifth or sixth. You also know how 
by increasing the roots of  this equation we can make them all true, and 
at the same time have the coefficient of the third term greater than the 
square of half that of  the second term. Also, if it is  not higher thau 
the fifth degree it can always be changed into an equation of the s ixth 
degree in which every term is present. 

Now to overcome all these difficulties by means of a single rule, I 
shall consider all these directions applied and the equation thereby 
reduced to the form : 

y" -PY"+qy• -ry•+s:v'-ty+u = 0 

in which q is greater than the square of f p. 
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au fhrfolide. Puis vous f�auc!s ao1fy comment , en aug- vaeEqaa . 
rnentant la valeu, des racines de cete Equation , on pent ti.oa ���i 

� . 11 d . D a pouu: 
tounours faare qu'e es eutenent toutes vrayes; & auec plus de 
cela que Ia quatitc! connue du troifiefme terme fait plus fix_fidi-

, 1 ' d  11 fc d me: 
tons. 

grande que le quarre de a moitic e ce e do econ : Et 
enfin comment , ft elle ne monte que iufques au furfoli-
de , on Ia peut haulfer iufques au quarre de cube ; & fai-
te qoc la place d'aucun de fes termes ne manque d'eftre 
rernplie. Or a1fm que routes les difficultes , dont il eft 
icy queftion , puilfent eftre refolues par vne mefme rei-
gle, ie defire qu'on face toutes ces chafes , & par ce 
moyen qu'on les reduife toufiours a vue Equation de 
telle forme, 
y 6  --p y 1 + 'i.Y 4 ·-.ry ' +  .ryy ·· ty -+- v a> o, 

& en laquelle Ia quantitt! nommee '1 foit plus grande 
qllele quarre de Ia moitit! de celle qui eft nommee p. 

E e  e 2. Puis 
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Puis ayant fait a 
ligne B K indefi­
niement longue 
des deux cofie's ; 
& du point B 
ayant tire Ja pe.r­
pczndiculaire A B� 
dontla longueur 
foir1 p;il faur dans 
vn plan fepare' de.-
fcrire vnc: Para­
bole , comme C 
D F doot Ie cofte 
droit principalfoit 

r'"'!.. + t f>.b Vv- 'J ·· i  rr ' 

que ie nommeray 
n pour abreger. 
Apres cda il faut 
pofer Je plan dans 

lcquel eft cete Parabole fur celuy ou font Ies lignes AB & 
B K, en forte que fon aiffieu D E  fe rencontre iuftement 
au deffus de Ia ligne droite B K :  Et ayant pris Ja par-

tie de cet aiffieu , qui e.ft entre les poins E & D ,  efgale a 
�1'�11, il faut appliquer fur ce point E vne longue reigle, 

en telle fa�on qu·eftantauffy appliquee fur le point A 
du plan de deifous , elle demeure toufiours iointe a ces 
deux poins, pendant qu'on hauifera ou baiffera Ia Para· 

bole 
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Produce BK indefinitely in both directions, and at B draw 
AB perpendicular to BK and equal to i p. In a separate plane1 ... 1 
describe the parabola CDF whose principal parameter is 

� t 1 2 
- �- + q - -P 
"'II 1t 4 

which we shall represent by n. 
Now place the plane containing the parabola on that containing the 

lines AB and BK, in such a way that the axis DE of the parabola falls 

along the line BK. Take a point E such that DE = !_�-;; and place a pn 
ruler so as to connect this point E and the point A of the lower plane. 
Hold the ruler so that it always connects these points, and slide the 
parabola up or down, keeping- its axis always along BK. Then the 

1"'1 This does not mean in a fixed plane intersecting the first, but, for exam­
ple, on another piece of paper. 
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point C, the intersection of the parabola and the ruler, will describe 
the curve ACN, which is to be used in the construction of the proposed 
problem. 

Having thus described the curve, take a point L in the line BK on the 

. 2 -{;; 
concave s1de of the parabola, and such that BL = DE= -- ; then lay jm 

t 
o ff  on BK, toward B ,  LH equal to �. and from H draw HI 

2n " u  
perpendicular to LH and on the same side as the curve ACN. Take 

HI equal to 

which we may. for the sake of brevity, set equal to 1� . Join L and I ,  and 1l 
describe the circle LPI on LI as diameter ; then inscribe in this circle 

the line LP equal to l s+P � u . Finally ,  describe the circle PCN about '\/ 1l2 
I as center and passing through P. This circle will cut or touch the 
curve ACN in as many points as the equation has roots ; and hence the 
perpendiculars CG, NR, QO, and so on, dropped from these points 
upon BK, will be the required roots .  This rule never fails nor does it 
admit of any exceptions. 

For if the quantity s were so large in proportion to the others, p, q ,  
r, t ,  tt,  that the line LP was greater than the diameter of the circle 
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bole tout Je long de la ligne B K , fur laquelle fon aiffieu 
eft applique au moyen dequoy l'interfection de cete Pa­
rabole, & de cete reigle, qui fe fera au point C , defc rira 
la ligne wurbe A C N, qui eft celle dont nons auons be­
foin de no us  feruir pour la conitruction du Problefme 
propofe. Car a pres qu'elle eft ainfi defcrite , fi on prent 
le point L en Ia Iigne B K, du eofte vers lequel eft tourne 
lefomrnet de la Parabole , & qu' on face  B L efgale a D 

ft d t 
Vv d ,. E, c'e a ire a P n : Puis u point L ,  vers B , qu on 

prene en la mefm e  ligne B K , Ia ligne L H , efgale a 
2..:Vv i & que du  point H ainfi trouue, on tire a angles 
droits , du cofte qu•eft la courbe A C N ,  la ligne H r, 

r Vv p t  
dont la longeur foit �+ ;;; + �· qui pour abreger 

m 
fer a nommee ;; : Et apres, ayant ioint les poins L & I, 
qu'on defcri u e le cercle L P I , dont I L  foit le diametre; 
& qu'on infcriue en ce cercle la ligne L P dont la lon-

geur foit 'f's>i<�:v : 
Puis enfin du  centre I, par le point P 

ainfi trouue, qu'on defcriue le cercle P C N. Ce cercle 
couppera o u  tOu chera la ligne courbe A C N ,  en autant 
de poins qa•il y aura de racines en 1' Equation : En forte 
que les perpendiculaires t i n�es de ces poins fur la ligne 
B K, com m e  C G, N R. Q 0 ,  & femblables , feront les 
racines cherche'es. San� qu'i ) y ait aucune exception ny 
au cun deff.:mt en cete reigle. Car fi la quantite .. s cftoit 
:fi grande, a proportion des autres p, q. r, t, & v, que Ia li­
gne L P fe trouuaft plus grande que le dtametre du cer-

E e e  3 de 
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de I L, en forte qu'e lle n'y puft eftre iufcrite, il ny a-uroit 
aucune racine en !'Equation propofce quLne fuft imagi· 
naire:  Non pJus que fi le cercle I P efioit fi petit, qu'il  n e  
coupafr Ja courbe A C N en aucun point. Et il Ia peut 
couper en fix differens , ainfi qu'il peut y auoir fix: 
diuerfes racines en !'Equation. Mais lorfqu 'il Ja coupe 
en moins , cela tefmoigne qu,il y a qu eloues vnes de 
ces racines qui  font efgales entre elles , oubien qui n e  
font qu'imaginaires. 

Que 
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LI, 124'1 so that LP could not be inscribed in it, every root of  the pro­
posed equation would be imaginary ; and the same would be true if the 
circle IP1"''1 were so small that it did not cut the curve ACN at any 
point. The circle IP will in general cut the curve ACN in six differ­
ent points, so that the equation can have six distinct roots. 1108J But i f  
it  cuts i t  in fewer points, this indicates that some of  the roots are equal 
or else imaginary. 

1108JThat is, the circle I PL, of  which the diameter is t, page 222. 

r .. TJ That is, the circle PCN. 
1 ... 1 The points determining these roots must be P<>ints of  intersection of the 

circle with the main branch of the curve obtained, that is, of the branch ACN. 

227 



GEOM ETRY 

I f ,  however, this method of tracing the curve ACN by the transla­
tion of a parabola seems to you awkward, there are many other ways 
of describing it. We might take AB and BL as before ( page 226) ,  and 
BK equal to the latus rectum of the parabola, and describe the semi­
circle KST with its center in BK and cutting AB in some point S. 
Then from the point T where it ends, take TV toward K equal to BL 
and join S and V. Draw AC through A parallel to SV, and draw SC 
through S parallel to B K ; then C, the intersection of  AC and SC will 
be one point of  the required curve. In this way we can find as many 
points of  the curve as may be desired. 
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QE e fi Ia' fa son de  rracer la l i  gne A C N par le mouue­

ment d'vne Para bole \'otrs femble incommode , i l  eft ay­
fe' de trouuer plufieurs aut res moyens pour la defcrire. 
Com me fi ayant les mefm es quantites que deuant pour 
A B & B L; & la mefme pour B K,qu' on auoit pofe'e pour 
le coftc' droit principal de Ia Parabole;on defer it le demi­
cercle K S T dont le centre foi t  pris a difcretion dans Ia 
ligne B K, en forte qu'il couppe quelq; part la ligne A B, 
comme au point S ,  & que du point T, ou il finift,on pre­
ne vers K Ia ligne T V, efgale a B L; puis ayant tire la li­
gne S V, qu'on en tire vne autre , qui luy foit parallele, 
par le point A ,  comme A C; & qu'on en tire auffy vne 
autre par S,qui foir parallele a B K, com me S C; le point 
C,ou ces deux paralleles fe rencontrent,fera l'vn de ceux 
de Ia ligne courbe c herchee. Et on en peut trouuer , en 
mefme forte,autant d'autres qu'on en detire. 

Or 
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Or la demonftration de tout cecy ell: alfes facile. car 

appliquant la.reigle A E auec la Parabole E D  fur le point 
C; comme il eft certain qu'elles peuuent y dlre appli­
quees enfe-mble , puifque ce point C eft en la courbe 
A C N, qui eft defcrite par leur interfedion ; fi C G fe 
nomme y ,_ G D fera � , a caufe que le cofte droit , qui 
eft n_, eft a C G,comme C G a G  D.& oftant D E., qui dl 
7.-Vv !J 7. V'u • p;;, de G D, on a ; -- pn , pour G E.  Pms a caufe que 

A B eft a B E, comme 
C G eft a G E ; A B 
efiant � p , B E eA: 
�:t_ Y._v 
:.n ·· ny ' 

· Et tout de mefme 
en fuppofant que lc 
point C de Ia courbe a 
elle'trouue par l' inter­
fediii des I ignes droi­
tes , S C parallele a B 
K ,  & A C paTallele a 
S V. S B qui eft efgale 
a C G ,  efi y : & B K 
eftant efgale au cofte" 
droit de Ia Parabole, 
que iay nomme n , B 
T efi �· car comme 

K B efi a B S , ainfi B S 
e fi  a B T. Et T V  

eflant 
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The demonstrat ion of all this is very simple. Place the ruler AE 

and the parabola FD so that both pass through the point C. This can 

always be done, since C lies on the curve ACN which is described by 

the intersection of  the parabola and the ruler. If  we let CG = y, GD 
2 

will equal L, since the latus rectum n is to CG as CG is to GD. Then n 
2 ..[;; . y2 2 ..[;; DE = -P , and subtractmg DE from GD we have GE = - - -

p
- · n n n 

Since AB is to BE as CG is to GE, and AB is equal to 1 p, therefore 

BE = py - -� u- Now let C be a point on the curve generated 
2n ny 

· 

by the intersection of the l ine SC, which is parallel to BK, and 

AC, which is parallel to SV. Let SB = CG = y,  and BK = n, the 
2 

latus rectum of the parabola. Then BT = Y_ , for KB is to BS as BS is 1l 
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. 2 -{;; y2 2 -{;; to BT, and smce TV = BL = -

p 
we have BV = - - -

p . Also SB n n n 

is to BV as AB is to BE, whence BE =P
2
� - � u as before . I t is evi-n ny 

dent, therefore, that one and the same curve is described by these two 
methods. 

Furthermore, BL = DE, and therefore DL = BE ; also LH -== ��-2n ..., u 

and 

therefore 

DL = py - {;; 2n ny 

py �-;; { 
DH = LH + D L = - - - + -r· 2 n  ny 2 n ..., 1t 

y2 
Also,  since GD = - ,  n 

py {;; t y2 
GH = DH - GD = - - - + _ , - - -2 n ny 2n ..., u n 

which may be written 

3 1 • ty _ , -
u

--y + 2PY + -- -= - ..., 
GH = 

2 � u  
ny 

and the square of  GH is equal to 

y6 -pys+ (tp2 - -f::)y4 + (2 �  + �)y3+ (£ -p .f;;)y2 - ty +u 
n•y• 

Whatever point of the curve is taken as C, whether toward N or 
toward Q, it will always be possible to express the square of the seg­
ment of BH between the point H and the foot of the perpendicular 
from C to BH in these same terms connected by these same signs. 
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eftant la mefme que B L  , c'ell a dire ,.Jn! , B V eft 
JJ 2. V v  • n -- p;;: & comme S B efi a B  V, amfi A B  efi a B E, qui 

r. fy Vv • , • eft par conJcquent 1;; -- ;y comme deuant,d ou on vott 
que c'efi vne mefme ligne courbe qui fe defcrit en ces 
deux fa�ons. 

A pres cela, pourceque B L & D E  font efgales, D L & 
B E  le font au.cfy: de fa�on qu'adioufiat L H, qui efi tn�v, 

'' Vv ; 
a D L, quiert ;; -- . ;;y ,  on a Ia toute D H , qui eft 
l.J -- Y::! + 'v· • & en ofiant G D qui eft JJ: 2.n ny :1. n v ' ' n 

' G H  · fi PJ 
Vv + t yy C ·• fc • 

on a , qm e t·- --
- -v- -- -. eque 1 e ens :1.11 "J ,. ,  v n 

par ordre en cete forte G H ::o --y1 + ipyy + .,.f,�-V 'C· 

ny 
Et lequarrc! de G H eft, · 

y '  • •  py t -. �.:�y'�+:z.� v?..y J ·-p :: fl�y -- t.Y, + v  
___ +_iPPS + ;:v;  5 --t-�-) 

nn yy 
Et en quelque autre endroit de cere ligne courbe qu'on 
veuille irnaginer Ie point C, com me vers N, ou vers Q, 
on trouuera toufiours que le quarr e de Ia ligne droite, 
qui efi entre le point H & celuy ou tom be Ia.perpendicu­
laire du point C fur B H, peut efire exprime' en ces mef.. 
mes termes, & auec les mefmes lignes + & - - . 

m t De plus I H cfiant ,� , & L H efiant ,.-;;v; , I L efi 

r;: + ,. :v"��'� caofe de l 'angle droit I H L; & LP ellat 
F ff .y· 
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r'" s pV'II 
;; + -;;;; , I P ou I C el�, 

ymm tt I pV 'II fc rr.. d ;-. + ;:;;"v -- ·;;; - - -;;; , a cau e a uuy e 1 angle 
droit I P L. Pais ayant fai t  C M perpendiculaire fur I H, 
I M e fi la ditference qui eft entre I H ,  & H M Oll C G, 

. m c"eft a due entr,e ,;;, , & y , en forte que fon quarre 
mm 2. my . d ell toulioors n' -- -;;;; + yy, qu1 ellant ofie n quarre" 

de 
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A 0 IH m t ga1n , = 2, LH = 2 _ 1 - , whence n n "' u  �m2 t2 I L = - + -- · 
n4 4n2u 

since the angle IHL is a right angle ; and since 

� s p ..J u  LP = --<.� + --2-n n 
and the angle IPL is a right angle, 

- - I� + _t - - s - P ..J u I C - I P - '\1 n4 4n2u n2 n2 
o 

Now draw CM perpendicular to IH, and 

IM = HI - HM = HI - CG = � -y; n 
m2 2my whence the square of IM is -4 - -2- +y20 n n 
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Taking this from the square of  IC there remains the square of  CM, or 

t2 s p �-; 2my 2 4 n2u - �2 - ----;;- + -:,;2 - - y '  

and this is equal to the square of  GH, previously found. This may be 

written 

Now, putting 
n'y• 

_t _ '+ . 1 2 4 _ /- y qy - -p y 't/ U  4 

for 2my3, and multiplying both members by n2y2• we have 

or 
y" -py"+qy• -ry"+sy•-ty+u = 0, 

whence it appears that the lines CG, NR, QO, etc. , are the roots of this 
equation. 

If then it be desired to find four mean proportionals between the 
lines a and b, if we let x be the first, the equation is x' -a'b = 0 or 
x" -a'bx = 0. Let y-a - x, and we get 

y" -6ay" + 1 5a'y' -20u•y•+ 1 Sa•y• - ( 6a"+a'b )  y+a"+a"b = 0. 

Therefore, we must take AB = 3a, and BK, the latus rectum of the 
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de  I C i l  refie !.!_ • •  !.. • •  P!::: + �!- -yy. 

1 4 nnv nn n n  nn 
}'Our Ie qua-rrede C M,qui efi efgal au q uarre'de G H dc­
fia trouue. Oubien en faifant que cete fomme foit diui­
fee com me l' autre par nn yy, on a 

-- nny 4 +  1. my ' - - p r·v yy ·-JJY + �YY· Puis 
nnyy 

t remettant vvY 4 + qy " - - i ppy " ,  pour nny " ; & 
.-r pt 1 . 1" ry 1 + 2 y v y 1 + tV'tY 1 ,  pour 2 my ' : & mu ttp 1ant 

l'vne & r autre fomme par nn yy' on a 
• t 1 + l 1i"v1 --p 'f/ VJ J li •• P j f ·- Vv .Y 4 pt .Y 1 II .JJ · - ty + 'fJ 
+ t -1- -- + --4PP tVv 4 v  - - ;-;�Y • ��ru � ·�y l �:P � v�JY 

•• lj pt It 
+lfp -r- �v;; -1- -;;-

C'eft a dire qu'o n a ,  
y ' :.- py r +_ q y -.  - - ry 1_+ q y -- t  y -!- v ::x> o. 
n·ou il par01lt que les hgnes C G, N R, QO, & fembla­
bles font les racines de cete Equation . qu1 eft ce qu'_il fal­
loit demonftrer. 

Ainfi done :fi on veut t rouuet quatre m oyennes pro­
portionelles CJ?tre les !ignes a & b, ayant pofe' x pou r la 
premiere , !'Equation eft x 1 * "  * * · - a • b ;n o oubien 
x 6  * ""' ,. � -�-a-+b x * ;n-o. Et taifanty "' - a :x> x il '' ient 

6 1+ 4 + · - 6 a ' } + a 4 y -- 6 ay 1. 1 aay - - 2 0 t't1J 1 l f a 4JJ . .  a + ' · J + "' '":n o. 
C'eft pourquoy il faut prendre 3 a pour la ligne A B., & 
'f/·6 11 1  + lldb 

v b + 6 a a pour B K, on Ie cofte droit de Ia Pa-
"" i' "  
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rabole que iay nom me tz.  & �: 'V a• + ab pour D E ou 
B L. Et a pres auoir defcrit Ia ligne courbe A C N fur 

. • 6 a l .fo AM Ia mefu re de ces  tro i s , 1 !  faut  faire L H , ::x> ---,== l» Vaa .fo d. 
I 0 n J 114 1 8  n 4 T f 4 I b & H I � - + - r/  aa -1- ab -i- --===- & L p ::n nn 1 r. n  n n  V a a  of< " b, 

------f'", j a 4 + & .; 1 Vo1a .fo a b ( . 
»,. C ar e cerc le qu1 ayant fon centre 

au poi nt !  paffera par lc point P ain ft  rrouue, couppera Ia 
courbe au x  deux pains  C & N ; defquels ayanr tire les 
perdeudicu laires N R &  C G, fi  Ia moindre , N R ,  eft 
ofi:Ce de Ia plus grande, C G, le refte fera , .'"(, la premiere 
des qmttre moyenne s proportionelles cherche'es . 

Il  en ayfe en mefme fa<;on de diuifer vn angle en cinq 
parties efgales, & d'infcrire vne figure d'vnze ou treze 
cofte's cfgaux dans v n  cerclc , & de trouucr vne infinite' 
d 'aurres exemples de cere reigJe. 

Toutefois  il eft a remarquer , qu'en plufieurs de ces 
exemples ,  il peut arriuer que le cercle couppe 1i obli­
quement Ia para bole du fecond genre ; C)UC le point de 
leur interfed:ion fait difficile a reconnoiftre: & ainfi que 
cete conftrud:ion ne foit pas commode pour la prat ique. 
A C)Uoy i l  feroit ayfed_e remedier en compofant d'autres 
regles, a l"imitation de celte cy , comme on en peut 
compofer de mille forces. 

Mais mon deffein n'eft pas de faire vn gros liure , & 
ie tafche plutoft de comprendre beaucoup en peu de 
mots: com me on iugera peuteftre que iay fait , fion con­
fidere, qu'ayant reduit a vne mefme conftrud:ion tous 

les 
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parabola must be 
�6a3+a2b """=='=::== +6a2 

�a2+ab 

which I shall call n, and DE or BL will be 

2a � ,-2--3- -va +ab. 1l 
Then having described the curve ACN, we must have 

6a3+a2b LH = ---"-"�==='= 
2 n  �a2+ab 

and 

and 

For the circle about I as center will pass through the point P thus 
found, and cut the curve in the two points C and N. If we draw the 
perpendiculars NR and CG, and subtract NR, the smaller, from CG, 
the greater, the remainder will be x, the first of  the four required mean 
proportionals. 1'"1 

This method applies as well to the division of an angle into five equal 
parts, the inscription of a regular polygon of eleven or thirteen sides 
in a circle , and an infinity of  other problems. It should be remarked, 
however, that in many of  these problems it may happen that the circle 
cuts the parabola of  the second class so obliquely1""1 that it is  hard to 
determine the exact point o f  intersection. In such cases this construc­
tion is not of  practical value. '"" The di fficulty could easily be overcome 
by forming other rules analogous to these, which might be done in  a 
thousand different ways. 

1 ... 1 The two roots of the above equation in  y are N R  and CG. But we know 
that a is one of  the roots of this equation, and therefore NR, the shorter length, 
must be a, and CG must be y. Then .T = y - a =  CG - NR, the first of the 
required mean proport ionals. Rabuel, p. 580. 

1""1 That is, makes so small an angle with it. 
1"'1 This is  especially noticeable when there are six real positive roots. 
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But it is not my purpose to write a large book. I am trying rather 
to include much in a few words, as will perhaps be inferred from what 
I have done, if it is  considered that, while reducing to a single constmc­
tion all the problems of  one class, I have at the same time given a 

method of transforming them into an infinity of others, and thus of 
solving each in an infinite number of  ways ; that, furthermore, having 
constructed all plane problems by the cutting of  a circle by a straight 
line, and all solid problems by the cutting of a circle by a parabola ; and, 
finally, all that are but one degree more complex by cutting a circle by 
a curve but one degree higher than the parabola, it is only necessary to 
follow the same general method to constmct all problems, more and 
more complex, ad infinitum ; for in the case of  a mathematical progres­
sion , whenever the first two or three terms are given, it is easy to find 
the rest. 

I hope that posterity will judge me kindly, not only as to the things 
which I have explained, but also as to those which I have intentionally 

omitted so as to leave to others the pleasure of discovery. 

[T H E  END] 
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les Problefmes d'vn mefme genro , iay tout enfemble 
donne! la fa�on de les reduire a vne infinit6 d' autres di­
uerfes; & ainft de refoudre chafcun deux en vne infinite 
de fa�ons. Puis outre cela qu' ayant conftruit to us ceux 
qui font plans , en coupant d'vn �ercle vne ligne droitei 
& tous cemc qui font folides , en coupant auify d'vn cer­
cle vne Para bole; & enfin to us ceux qui font d'vn degre 
plus compofes, en coupant tout de mefme d'vn cercle 
vne ligne qui n'eft que d'vn degrc! plus compofe'e que la 
Parabole; il ne faut que fuiure Ia mefme voye pour con­
ftruire tous ceux qui font plus compofes a l'infini. Car en 
matiere de progreffions Mathematiques ,'lorfqu' on a Ies 

deux ou trois premiers termes ,  il n'efi pas malayfe de 
trouuer les aut res. Et i'efpere que nos neueux me f<;au. 
ront gr6 , non feulement des chotes que iay icy expli-

. CJUees ; mais auify de celles que iay omifes volontaire­
rement , affin de leur laiifer le plaifir de les inuenter. 

F I N. 
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PAr grace & priuilege du Roy tres chre­
{l:ien i l  efl: permis a 1' Autheur du liure in .. 

titule Difcours deft� Methode f5c. pitt� Ia Dio­
ptriqt4e,/esMettores,& la Geometrie &c. de le 
fa ire imprimer en te1 Ie part que bon luy fern. 
blera dedans & dehors le royaun1e de France, 
& ce pendant le terme de dix annees confe­
quutiues, a cooter du iour qu'i l fera parache­
ue &impl'imer, fans qu aucun autre que le H ... 

braire q u'il aura choifi le puilfe imprimer , ou 
faire im primer ,en tout ny en partie, fous q uel­
que pretexte ou deguifement que ce puilfe 
eftre; ny en vendre ou de biter d'autre i mpref. 
fion que de celle qui aura efl:e faite par fa per .. 

miffion,a peine de mil liut·es d'amande , con ... 
fifcation de taus les exemplair.es &c. Ainu 
qu· i l  efl: plus amplement declare dans les let .. 

tres donnees a Paris le 4 iou r de May 16;7. fi­
gnees par le Roy en fan confeil C eberet &: 

_ ((:__ellees du grand fceau de cire iaune fi1r limple 
queue. 

1· A u  theur a perm is a I an Maire tuarchand 
libraire a Leyde, d'imprimer Je dit l iure & de 
iouir du dit priuilege pour le terns & aux con ­
ditions entre eux accordees • 

.A cheue d'imprimer le 8. iour-de I uin I 6J7. 
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BY T H E  GRACE AND PRIVILEGE of the very Christian King, it is per­
mitted to the author of the book entitled Discourse on Method, etc., 
together with Dioptrics, Meteorology, and Geometry, etc. , to have 
printed wherever he wishes, within or without the Kingdom of France, 
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