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Introduction

Some of my earliest grade-school memories include receiving brand-new workbooks at the
beginning of the school year. The pages of these workbooks were crisp, pristine, beautiful — and
intimidating at the same time. But it didn’t take long for those workbooks to become well-used and
worn. My goal with Algebra I Workbook For Dummies with Online Practice is to give you that
same workbook experience — without the intimidation, of course.

Remember, mathematics is a subject that has to be handled. You can read English literature and
understand it without having to actually write it. You can read about biological phenomena and
understand them, too, without taking part in an experiment. Mathematics is different. You really do
have to do it, practice it, play with it, and use it. Only then does the mathematics become a part of
your knowledge and skills. And what better way to get your fingers wet than by jumping into this
workbook? Remember only practice, practice, and some more practice can help you master
algebra! Have at it!

About This Book

This book is filled with algebra problems you can study, solve, and learn from. As you proceed
through this book, you’ll see plenty of road signs that clearly mark the way. You’ll find
explanations, examples, and other bits of info to make this journey as smooth an experience as
possible. You also get to do your own grading with the solutions I provide at the end of each
chapter. You can even go back and change your answers to the correct ones, if you made an error.
No, you’re not cheating. You’re figuring out how to correctly work algebra problems. (Actually,
changing answers to the correct ones is a great way to learn from your mistakes.)

I’ve organized this book very much like the way I organized Algebra I For Dummies (Wiley),
which you may already have: I introduce basic concepts and properties first and then move on to
the more complex ones. That way, if you’re pretty unsteady on your feet, algebra-wise, you can
begin at the beginning and build your skills and your confidence as you progress through the
different chapters.

But maybe you don’t need practice problems from beginning to end. Maybe you just need a bit of
extra practice with specific types of algebra problems. One nice thing about this workbook is that
you can start wherever you want. If your nemesis is graphing, for example, you can go straight to
the chapters that focus on graphing. Formulas your problem area? Then go to the chapters that deal
with formulas.

Bottom line: You do need to understand and know how to use the basic algebra concepts to start
anywhere in this workbook. But, after you have those down, you can pick and choose where you
want to work. You can jump in wherever you want and work from there.

I’ve also used the following conventions in this book to make things consistent and easy to
understand, regardless which practice problems you’re tackling;



New terms are italicized and are closely followed by a clear definition.

I bold the answers to the examples and the practice questions for easy identification. However, |
don’t bold the punctuation that follows the answer because I want to prevent any confusion with
periods and decimal points that could be considered part of the answer.

Algebra uses a lot of letters to represent numbers. In general, I use letters at the beginning of the
alphabet (a , b, ¢, k) to represent constants — numbers that don’t change all the time but may
be special to a particular situation. The letters at the end of the alphabet usually represent
variables — what you’re solving for. I use the most commonly used letters (x , y, and z ) for
variables. And all constants and variables are italicized. And if, for any reason, I don’t follow
this convention, I let you know so that you aren’t left guessing. (You may see breaks from the
convention in some old, traditional formulas, for example, or when you want a particular letter
to stand for someone’s age, which just may happen to start with the letter A.)

I use the corresponding symbols to represent the math operations of addition, subtraction,
multiplication, and division: +, —, %, and +. But keep the following special rules in mind when
using them 1n algebra and in this book:

o Subtraction (—) is an operation, but that symbol also represents opposite of, minus , and
negative . When you get to the different situations, you can figure out how to interpret the
wording, based on the context.

o Multiplication (%) is usually indicated with a dot (-) or parentheses ( ) in algebra. In this
book, I use parentheses most often, but you may occasionally see a x symbol. Don’t confuse
the < symbol with the italicized variable, x.

o Division (+) 1s sometimes indicated with a slash (/) or fraction line. I use these
interchangeably in the problems throughout this book.

Foolish Assumptions

When writing this book, I made the following assumptions about you, my dear reader:

You already have reasonable experience with basic algebra concepts and want an opportunity to
practice those skills.

You took or currently are taking Algebra I, but you need to brush up on certain areas.

Your son, daughter, grandson, granddaughter, niece, nephew, or special someone is taking
Algebra I. You haven’t looked at an equation for years, and you want to help him or her.

You love math, and your idea of a good time 1s solving equations on a rainy afternoon while
listening to your iPod.

Icons Used in This Book

In this book, I include icons that help you find key ideas and information. Of course, because this
entire workbook is chock-full of important nuggets of information, I highlight only the créme-de-
la-créme information with these icons:



€)

exameLe Y OU find this icon throughout the book, highlighting the examples that cover the techniques
needed to do the practice problems. Before you attempt the problems, look over an example
or two, which can help you get started.

©

ne  This icon highlights hints or suggestions that can save you time and energy, help you ease
your way through the problems, and cut down on any potential frustration.

@

rememeer This icon highlights the important algebraic rules or processes that you want to remember,
both for the algebra discussed in that particular location as well as for general reference
later.

®

warning Although this icon isn’t in red, it does call attention to particularly troublesome points.
When I use this icon, I identify the tricky elements and tell you how to avoid trouble — or
what to do to get out of it.

Beyond the Book

Be sure to check out the free Cheat Sheet for a handy guide of algebra fundamentals, such as the
order of operations, rules for exponents, and more. To get this Cheat Sheet, simply go to
www.dummies .com and search for “Algebra [ Workbook” in the Search box.

The online practice that comes free with this book contains extra practice questions that
correspond with each chapter in the book. To gain access to the online practice, all you have to do
is register. Just follow these simple steps:

1. Find your PIN access code located on the inside front cover of this book.

2. Go to Dummies.com and click Activate Now.

3. Find your product (4lgebra I Workbook For Dummies with Online Practice)
and then follow the on-screen prompts to activate your PIN.

Now you’re ready to go! You can go back to the programat http://testbanks.wiley.com as
often as you want — simply log on with the username and password you created during your
initial login. No need to enter the access code a second time.

Tip: If you have trouble with your PIN or can’t find it, contact Wiley Product Technical Support at


http://www.dummies.com
http://testbanks.wiley.com

877-762-2974 or go to http://support.wiley.com.

Where to Go from Here

Ready to start? All psyched and ready to go? Then it’s time to take this excursion in algebra. Yes,
this workbook i1s a grand adventure just waiting for you to take the first step. Before you begin
your journey, however, I have a couple of recommendations:

e That you have a guidebook handy to help you with the trouble spots. One such guide is my book,
Algebra I For Dummies (Wiley), which, as a companion to this book, mirrors most of the topics
presented here. You can use it — or any well-written introductory algebra book — to fill in the
gaps.

e That you pack a pencil with an eraser. It’s the teacher and mathematician in me who realizes that
mistakes can be made, and they erase easier when in pencil. That scratched-out blobby stuff is
just not pretty.

When you’re equipped with the preceding items, you need to decide where to start. No, you don’t
have to follow any particular path. You can venture out on your own, making your own decisions,
taking your time, moving from topic to topic. You can do what you want. Or you can always stay
with the security of the grand plan and start with the first chapter and carefully proceed through to
the end. It’s your decision, and any choice is correct.


http://support.wiley.com

Part 1

Getting Down to the Nitty-Gritty on Basic
Operations



IN THIS PART ...

Brush up on the basics of deciphering signs in numbers.
Get a handle on algebraic properties.

Work with decimals and fractions.

Understand how to use exponents.

Rein in radicals.

Practice simplifying algebraic expressions.



Chapter 1
Deciphering Signs in Numbers

IN THIS CHAPTER
» Using the number line
» Getting absolute value absolutely right
» Operating on signed numbers: Adding, subtracting, multiplying, and dividing

In this chapter, you practice the operations on signed numbers and figure out how to make these
numbers behave the way you want them to. The behaving part involves using some well-
established rules that are good for you . Heard that one before? But these rules (or properties, as
they’re called in math-speak) are very helpful in making math expressions easier to read and to
handle when you’re solving equations in algebra.

Assigning Numbers Their Place

You may think that identifying that 16 is bigger than 10 is an easy concept. But what about
and ? Which of these numbers 1s bigger?

rememser 1 he easiest way to compare numbers and to tell which is bigger or has a greater value is
to find each number’s position on the number line. The number line goes from negatives on
the left to positives on the right (see Figure 1-1 ). Whichever number is farther to the right has
the greater value, meaning it’s bigger.

40 35 30 25 20 <15 <10 -5 0 5 10 15 20 25 30 35 40
FIGURE 1-1: A number line.

exampLe Q. Using the number line in Figure 1-1 , determine which is larger, or

A. . The number is to the right of , 0 it’s the bigger of the two numbers.
You write that as (read this as “negative 10 1s greater than negative 16”). Or you can
write it as (negative 16 is less than negative 10).

Q. Which is larger, or ?



A. . The number 1s to the right of , SO 1t’s larger.

1 Which is larger, or ?
2 Which has the greater value, or 27
3 Which is bigger, or ?
4 Which is larger, or ?

Reading and Writing Absolute Value

The absolute value of a number, written as , 1s an operation that evaluates whatever is

between the vertical bars and then outputs a positive number. Another way of looking at this

operation is that it can tell you how far a number is from 0 on the number line — with no reference
to which side.

nememeer | he absolute value of a :

o , if @ 1s a positive number ( ) or if

. , if @ 1s a negative number ( ). Read this as “The absolute value of a
is equal to the opposite of a .”

exampLe Q.
A. 4
Q.
A.3
5

6
7
8

Adding Signed Numbers

Adding signed numbers involves two different rules, both depending on whether the two numbers
being added have the same sign or different signs. After you determine whether the signs are the



same or different, you use the absolute values of the numbers in the computation.

rememeer 10 add signed numbers (assuming that a and b are positive numbers):

o If the signs are the same: Add the absolute values of the two numbers together and let their
common sign be the sign of the answer.

o If the signs are different: Find the difference between the absolute values of the two numbers
(subtract the smaller absolute value from the larger) and let the answer have the sign of the
number with the larger absolute value. Assume that

EXAMPLE Q.
The signs are the same, so you find the sum and apply the common sign.
A.
Q.

The signs are different, so you find the difference and use the sign of the number with the larger
absolute value.

A.

9

10
11
12
13
14
15
16

Making a Difference with Signed Numbers

Youreally don’t need a new set of rules when subtracting signed numbers. You just change the
subtraction problem to an addition problem and use the rules for addition of signed numbers. To



ensure that the answer to this new addition problem is the answer to the original subtraction
problem, you change the operation from subtraction to addition, and you change the sign of the
second number — the one that’s being subtracted.

rememser 10 subtract two signed numbers:

EXAMPLE Q.

Change the problem to
A.
Q.

Change the problem to
A.

17
18
19
20
21
2474

Multiplying Signed Numbers

When you multiply two or more numbers, you just multiply them without worrying about the sign
of the answer until the end. Then to assign the sign, just count the number of negative signs in the
problem. If the number of negative signs is an even number, the answer is positive. If the number
of negative signs is odd, the answer is negative.

rememser 1 he product of two signed numbers:

The product of more than two signed numbers:



J has a positive answer because there are an even number of negative
factors.

J has a negative answer because there are an odd number of negative
factors.

EXAMPLE Qo
There are two negative signs in the problem.
A.

Q.
There are three negative signs in the problem.
A.

23
24
25
26
27
28

Dividing Signed Numbers

The rules for dividing signed numbers are exactly the same as those for multiplying signed

numbers — as far as the sign goes. (See “Multiplying Signed Numbers ” earlier in this chapter.)
The rules do differ, though, because you have to divide, of course.

rememser When you divide signed numbers, just count the number of negative signs in the problem
— 1n the numerator, in the denominator, and perhaps in front of the problem. If you have an

even number of negative signs, the answer is positive. If you have an odd number of negative
signs, the answer 1s negative.

EXAMPLE Q.




A. . There are two negative signs in the problem, which is even, so the answer 1s positive.
Q.
A. . There are three negative signs in the problem, which is odd, so the answer is negative.
29
30
31
32
33
34

Answers to Problems on Signed Numbers

This section provides the answers (in bold) to the practice problems in this chapter.

1. Which is larger, or ? The answer 1s is larger. The
following number line shows that the number is to the right of . So
1s bigger than (or ).
S : : | : : . : e
-8 -5 -2 0

2. Which has the greater value, or 2?7 2 is greater . The number 2 is to the
right of . So 2 has a greater value than (or ).

3. Which is bigger, or is bigger . The following number line shows
that the number is to the right of , which means is bigger
than (or ).
< : % e | >

-.03 -.02 -.01 =003 0

4. Which is larger, or ? is larger . The number= , and

is to the left of on the following number line. So is larger

than (or ).



O 03N

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

- » | i $ I >
-4 -2 -1 0
b b 6
because :
because and 6 is the opposite of
because as in the previous problem.
because

because 4 is the greater absolute value.
because —11 has the greater absolute value.

because both of the numbers have negative signs; when the signs are the
same, find the sum of their absolute values.
because 47 has the greater absolute value.

Or you may prefer to add the two numbers with the same sign first, like this:

You can do this because order and grouping (association) don’t matter in
addition.



20.

21.

22.

23,

24,

25.

26.
27,
28.
29.
30.
31.
32.
33.
34.

because the multiplication problem has one negative, and 1 is an odd

number.
because the multiplication problem has one negative, and 1 is an odd

number.
because the multiplication problem has two negatives, and 2 is an even

number.
because the multiplication problem has two negatives.

because the multiplication problem has five negatives.
because the multiplication problem has two negatives.
because the division problem has two negatives.
because the division problem has one negative.
because three negatives result in a negative.

because the division problem has two negatives.
because the division problem has five negatives.
because the division problem has one negative.



Chapter 2
Incorporating Algebraic Properties

IN THIS CHAPTER
» Embracing the different types of grouping symbols
» Distributing over addition and subtraction

» Utilizing the associative and commutative rules

Algebra has rules for everything, including a sort of shorthand notation to save time and space.
The notation that comes with particular properties cuts down on misinterpretation because it’s
very specific and universally known. (I give the guidelines for doing operations like addition,
subtraction, multiplication, and division in Chapter 1 .) In this chapter, you see the specific rules
that apply when you use grouping symbols and rearrange terms.

Getting a Grip on Grouping Symbols

The most commonly used grouping symbols in algebra are (in order from most to least common):

Parentheses ()
Brackets [ ]
Braces { }
Fraction lines /
Radicals

Absolute value symbols | |

Here’s what you need to know about grouping symbols: You must compute whatever is inside
them (or under or over, in the case of the fraction line) first, before you can use that result to solve
the rest of the problem. If what’s inside 1sn’t or can’t be simplified into one term, then anything
outside the grouping symbol that multiplies one of the terms has to multiply them all — that’s the
distributive property, which I cover in the very next section.

EXAMPLE Qo

A. 10 . Add the 4 and 2; then subtract the result from the



EXAMPLE Q.

A. 8 . Combine what’s in the absolute value and parentheses first, before combining the results:

When you get to the three terms with subtract and add, , you always perform the

operations in order, reading from left to right. See Chapter 6 for more on this process, called the
order of operations.

Q. Simplify

A. 20 . First subtract the 7 from the 3; then subtract the —4 from the 6 by changing it to an addition
problem. You can then multiply the 2 by the

Q.
A. 2 . You have to complete the work in the denominator first before dividing the 32 by that result:

SN i A W N -

Distributing the Wealth

The distributive property is used to perform an operation on each of the terms within a grouping
symbol. The following rules show distributing multiplication over addition and distributing
multiplication over subtraction:

EXAMPLE Q.

A. 6 . First, distribute the 3 over the . Another (simpler) way to get the correct answer is
just to subtract the 4 from the 6 and then multiply: . However, when you can’t or don’t
want to combine what’s in the grouping symbols, you use the distributive property.



>

7
8
9
10
11
12

Making Associations Work

The associative rule in math says that in addition and multiplication problems, you can change the
association, or groupings, of three or more numbers and not change the final result. The
associative rule looks like the following;

rememeer T his rule is special to addition and multiplication. It doesn’t work for subtraction or
division. You’re probably wondering why even use this rule? Because it can sometimes make
the computation easier.

e Instead of doing , change it to
e Instead of , do

EXAMPLE Q.

A. 23 . Reassociate the terms and then add the first two together:

Q.

A. 120 . You can either multiply the way the problem is written, , OT you can reassociate
and multiply the first two factors first:

13



14
15
16

Computing by Commuting

The commutative property of addition and multiplication says that the order that you add or
multiply numbers doesn’t matter. Be careful, though, because the order of subtraction and division
does matter. You get the same answer whether you . The rule looks like the following:

You can use this rule to your advantage when doing math computations. In the following two
examples, the associative rule finishes off the problems after changing the order.

EXAMPLE Q.

A. . You don’t really want to multiply fractions unless necessary. Notice that the first and
last factors are multiplicative inverses of one another: . The second and last
factors were reversed.

Q.

A. 316 . The second and last terms are reversed, and then the first two terms are grouped.

17
18
19
20

Answers to Problems on Algebraic Properties

This section provides the answers (in bold) to the practice problems in this chapter.



10.

11.

12.

13.

14.

15.

16.

17.

18.



19.

20.



Chapter 3
Making Fractions and Decimals Behave

IN THIS CHAPTER
» Simplifying and changing fractions
» Making proportions work for you

» Operating on fractions

You can try to run and hide, but you may as well face it. Fractions are here to stay. People don’t
usually eat a whole pizza, buy furniture that’s exactly 5 feet long, or grow to be an even number of
inches tall. Fractions are not only useful, but they’re also an essential part of everyday life.

Fractions are equally as important in algebra. Many times, to complete a problem, you have to
switch from one form of a fraction to another. This chapter provides you plenty of opportunities to
work out all your fractional frustration.

Converting Improper and Mixed Fractions

rememeer AN improper fraction is one where the numerator (the number on the top of the fraction)
has a value greater than or equal to the denominator (the number on the bottom of the
fraction) — the fraction is top heavy. Improper fractions can be written as mixed numbers or
whole numbers — and vice versa. For example, is an improper fraction, and
1s a mixed number.

e To change an improper fraction to a mixed number, divide the numerator by the denominator
and write the remainder in the numerator of the new fraction.

e To change a mixed number to an improper fraction, multiply the whole number times the
denominator and add the numerator. This result goes in the numerator of a fraction that has the
original denominator still in the denominator.

examere Q. Change to a mixed number.

A. . First, divide the 29 by 8:



Then write the mixed number with the guotient (the number of times the denominator divides
into the numerator) as the whole number and the remainder as the numerator of the fraction in the
mixed number:

Q. Change to an improper fraction:

A. . Multiply the 6 and 7 and then add the 5, which equals 47. Then write the fraction with
this result in the numerator and the 7 in the denominator:

1 Change the mixed number to an improper fraction.

2 Change the mixed number to an improper fraction.
3 Change the improper fraction to a mixed number.
4 Change the improper fraction to a mixed number.

Finding Fraction Equivalences

In algebra, all sorts of computations and manipulations use fractions. In many problems, you have
to change the fractions so that they have the same denominator or so that their form is compatible
with what you need to solve the problem. Two fractions are equivalent if they have the same
value, such as and . To create an equivalent fraction from a given fraction, you

multiply or divide the numerator and denominator by the same number. This technique is basically
the same one you use to reduce a fraction.

examere Q. Find a fraction equivalent to with a denominator of 40.

A. . Because 5 times 8 is 40, you multiply both the numerator and denominator by 5. In
reality, you’re just multiplying by 1, which doesn’t change the real value of anything,

Q. Reduce by multiplying the numerator and denominator by . The same thing is
accomplished if you divide both numerator and denominator by 3.
A.
or

S Find an equivalent fraction with a denominator of 28 for
6 Find an equivalent fraction with a denominator of 30 for
7 Reduce this fraction:
8 Reduce this fraction:



Making Proportional Statements

rememser A proportion is an equation with two fractions equal to one another. Proportions have
some wonderful properties that make them useful for solving problems — especially when
you’re comparing one quantity to another or one percentage to another.

Given the proportion , then the following are also true:

o (The cross products form an equation.)

o (The “flip” 1s an equation.)

o (You can reduce either fraction vertically.)

o (You can reduce the numerator or denominator horizontally.)

exameLe Q. Find the missing value in the following proportion:

A. 44 . The numerator and denominator in the fraction on the left have a common factor of 6.
Multiply each by . Flip the proportion to get the unknown in the numerator of the right-

hand fraction. Then you see that the two bottom numbers each have a common factor of 7. Divide
each by 7. Finally, cross-multiply to get your answer:

Q. If Agnes can type 60 words per minute, then how long will it take her to type a manuscript
containing 4,020 words (if she can keep typing at the same rate)?

A. 67 minutes (1 hour and 7 minutes) . Set up a proportion with words in the two numerators and
the corresponding number of minutes in the denominators:

Divide both numerators by 60 and then cross-multiply to solve for x .

9 Solve for x.

10 Solve for x:
11 Solve for x:
12 Solve for x:

13 A recipe calls for 2 teaspoons of cinnamon and 4 cups of flour. You need to increase the flour

to 6 cups. To keep the ingredients proportional, how many teaspoons of cinnamon should you
use?



14 A factory produces two faulty iPods for every 500 iPods it produces. How many faulty iPods
would you expect to find in a shipment of 1,250?

Finding Common Denominators

Before you can add or subtract fractions, you need to find a common denominator for them. Ideally
that common denominator is the least common multiple — the smallest number that each of the
denominators can divide into without a remainder. A method of last resort, though, is to multiply
the denominators together. Doing so gives you a number that the denominators divide evenly. You
may have to work with larger numbers using this method, but you can always reduce the fractions
at the end.

examere Q. How would you write the fractions and with the same denominator?

A. and . The fractions and have denominators with no factors in

common, so the least common denominator is 12, the product of the two numbers. Now you can
write them both as fractions with a denominator of 12:

and

Q. What is the least common denominator for the fractions and

A. 120 . The fractions and have denominators with a greatest common factor of 4.
So multiplying the two denominators together gives you 480, and then dividing 480 by that
common factor gives you . The least common denominator is 120.

15 Rewrite the fractions and with a common denominator.

16 Rewrite the fractions and with a common denominator.

17 Rewrite the fractions and with a common denominator.

18 Rewrite the fractions and with a common denominator.

19 Rewrite the fractions ) , and with a common denominator.

20 Rewrite the fractions ) , and with a common denominator.

Adding and Subtracting Fractions

You can add fractions together or subtract one from another if they have a common denominator.
After you find the common denominator and change the fractions to their equivalents, then you can
add the numerators together or subtract them (keeping the denominators the same).



EXAMPLE Q.

A. . First find the common denominator, 24, and then complete the addition:
Q.
A. . You need a common denominator of 30:

The whole number parts are separated from the fractional parts to keep the numbers in the
computations smaller.

EXAMPLE Q.

A. . In this problem, change both mixed numbers to improper fractions. The common
denominator is 56:

Q.

A. . Even though the 1 isn’t a fraction, you need to write it as a fraction with a denominator
of 13. The subtraction problem becomes

21
22
23
24

Multiplying and Dividing Fractions

Multiplying fractions is really a much easier process than adding or subtracting fractions, because
you don’t have to find a common denominator. Furthermore, you can take some creative steps and
reduce the fractions before you even multiply them.

ne When multiplying fractions, you can pair up the numerator of any fraction in the problem



with the denominator of any other fraction; then divide each by the same number (reduce).
Doing so saves your having large numbers to multiply and then to reduce later.

When you start with mixed numbers, you have to change them to improper fractions before starting
the reduction and multiplication process.

rememser Algebra really doesn’t have a way to divide fractions. If you want to divide fractions, you
just have to change them to multiplication problems. Sounds easy, right? Just change the
division to multiplication and use the reciprocal — where the numerator and denominator
switch places — of the second fraction in that new problem. The answer to this
multiplication problem is the same as the answer to the original division problem.

EXAMPLE Q.

A. . First, reduce: The 25 and 30 have a common factor of 5, the 14 and 49 have a common
factor of 7, the 6 and 27 have a common factor of 3, and the 5 and 10 have a common factor of 5.

Reduce the 5 and 10 by dividing by 5. And then, to multiply the fractions, multiply all the
numerators together and all the denominators together to make the new fraction:

Q.
A.

First, write the mixed numbers as improper fractions. Then reduce where possible and multiply.

EXAMPLE Q.

A. . First change the mixed numbers to improper fractions. Then change the divide to

multiply and the second (right) fraction to its reciprocal. Finally, do the multiplication problem
to get the answer:

Q.

A. . First change the 2 to a fraction: . Then change the divide to multiply and the
second (right) fraction to its reciprocal. Then do the multiplication problem to get the answer



, which can be changed to the mixed number.

25
26
27
28
29
30

Simplifying Complex Fractions

A complex fraction is a fraction within a fraction. If a fraction has another fraction in its
numerator or denominator (or both), then it’s called complex . Fractions with this structure are
awkward to deal with and need to be simplified. To simplify a complex fraction, you first work at
creating improper fractions or integers in the numerator and denominator, independently, and then
you divide the numerator by the denominator.

EXAMPLE Q.

A. . First, change the mixed number in the numerator to an improper fraction. Then divide
the two fractions by multiplying the numerator by the reciprocal of the denominator.

Q.

A. . First, find a common denominator for the fractions in the numerator separate from

those 1n the denominator. Then subtract the fractions in the numerator and add the fractions in the
denominator. Finally divide the two fractions by multiplying the numerator by the reciprocal of
the denominator.

31
32
33
34

Changing Fractions to Decimals and Vice Versa
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Every fraction with an integer in the numerator and denominator has a decimal equivalent.
Sometimes these decimals end (terminate); sometimes the decimals go on forever, repeating a
pattern of digits over and over.

To change a fraction to a decimal, divide the denominator into the numerator, adding zeros after
the decimal point until the division problem either ends or shows a repeating pattern. To indicate a
pattern repeating over and over, draw a line across the top of the digits that repeat (for example,

) or just write a few sets of repeating digits (such as, 0.2345345345...) and put dots at the

end.

To change a decimal to a fraction, place the digits of a terminating decimal over a power of 10
with as many zeros as there are decimal values. Then reduce the fraction. To change a repeating
decimal to a fraction (this tip works only for those repeating decimals where the same digits
repeat over and over from the beginning — with no other digits appearing), place the repeating
digits in the numerator of a fraction that has 9°s in the denominator. It should have as many 9’s as
digits that repeat. For instance, in the repeating decimal .123123123 ... you’d put 123 over 999
and then reduce the fraction.

exameLe Q. Change to a decimal.

A. 0.04 . Divide 25 into 1 by putting a decimal after the 1 and adding two zeros.
Q. Change to a decimal.

A. or 0.454545... Divide 11 into 5, adding zeros after the decimal, until you see the
pattern.

Q. Change 0.452 to a fraction.
A. . Put 452 over 1,000 and reduce.

Q. Change to a fraction.

A. . Put 285,714 over 999,999 and reduce. The divisors used to reduce the fractions are, in
order, 9, 3, 11, 13, and 37. Whew!

35 Change to a decimal.
36 Change to a decimal.
37 Change to a decimal.
38 Change 0.45 to a fraction.

39 Change to a fraction.

40 Change to a fraction.



Performing Operations with Decimals

Decimals are essentially fractions whose denominators are powers of 10. This property makes for
much easier work when adding, subtracting, multiplying, or dividing.

e When adding or subtracting decimal numbers, just line up the decimal points and fill in zeros, if
necessary.

e When multiplying decimals, just ignore the decimal points until you’re almost finished. Count the
number of digits to the right of the decimal point in each multiplier, and the total number of digits
1s how many decimal places you should have in your answer.

e Dividing has you place the decimal point firs¢ , not last. Make your divisor a whole number by
moving the decimal point to the right. Then adjust the number you’re dividing into by moving the
decimal point the same number of places. Put the decimal point in your answer directly above
the decimal point in the number you’re dividing into (the dividend).

EXAMPLE Q.

A. 12.236004 . Line up the decimal points in the first two numbers and add. Put in zeros to help
you line up the digits. Then subtract the last number from the result.

Q.

A. 0.191333... . Multiply the first two numbers together, creating an answer with four decimal
places to the right of the decimal point. Then divide the result by 36, after moving the decimal
point one place to the right in both divisor and dividend.

41
42

Answers to Problems on Fractions

This section provides the answers (in bold) to the practice problems in this chapter.

1. Change the mixed number to an improper fraction. The answer is
so the improper fraction is
2. Change the mixed number to an improper fraction. The answer is

, so the improper fraction is
3. Change the improper fraction to a mixed number. The answer is



10.

11.

12.

13.

14.

Think of breaking up the fraction into two pieces: One piece is the whole number
3, and the other is the remainder as a fraction,

Change the improper fraction to a mixed number. The answer is

The negative part of the fraction comes in at the beginning and at the end.
Do the division, using just the positive fraction:

Find an equivalent fraction with a denominator of 28 for . The answer is
. To get 28 in the denominator, multiply 7 by 4:

Find an equivalent fraction with a denominator of 30 for . The answer is

Reduce this fraction: . The answer is . 4 1s the greatest common

divisor of 16 and 60 because and . So multiply by

You get

Reduce this fraction: . The answer is . 21 1is the largest common

divisor of 63 and 84 because and . So

Solve for x : . The answer is

Solve for x : . The answer is

Solve for x : . The answer is

Solve for x : . The answer is

A recipe calls for 2 teaspoons of cinnamon and 4 cups of flour. You need to
increase the flour to 6 cups. To keep the ingredients proportional, how many
teaspoons of cinnamon should you use? Hint:

Fill in the proportion. and let x represent the new cinnamon. The answer
is

A factory produces two faulty iPods for every 500 iPods it produces. How many



15.

16.

17.

18.

19.

20.

21.

22.

faulty iPods would you expect to find in a shipment of 1,250? The answer is

Rewrite the fractions and with a common denominator. The
answers are and

The largest common factor of 7 and 8 is 1. So the least common denominator is
56: . Here are the details:

and
Rewrite the fractions and with a common denominator. The
answers are and . The largest common factor of 12 and 18 is 6.
The least common denominator is 36 . Here are the details:

and
Rewrite the fractions and with a common denominator. The
answers are and . The largest common factor of x and 6 is 1. The
least common denominator is their product: 6x. Break it down: and
Rewrite the fractions and with a common denominator. The
answers are and . The largest common factor of x and is 1.
Their least common denominator is their product: . Here’s the long of it:

and :
Rewrite the fractions , , and with a common denominator.
The answers are , , and . The least common denominator

of fractions with denominators of 2, 3, and 5 1s 30. Write it out:

Rewrite the fractions , , and with a common denominator.
The answers are , , and . The last two denominators,

and , have a common factor of x . And the product of all three

denominators is 6x 2

. Divide the product by x and you get 6x . In long hand:
because the least common denominator is 24.

because the least common denominator is 15.



23.

24,

25.

26.

27.

28.

29.

30.

31.
32.
33.
34.
35.

36.

37.

38.
39.

40.

Or, leaving the whole number parts separate:

Change to a decimal. The answer is 0.6 . Dividing, you have
Change to a decimal. The answer is
because
Change to a decimal. The answer is
because
Change 0.45 to a fraction. The answer is because

Change to a fraction. The answer is
because two digits repeat
Change to a fraction. The answer is



because three digits repeat:

41. . Simplify inside the parentheses first.

42. . By the order of operations, you multiply first and then subtract 3 from
the result.



Chapter 4
Exploring Exponents

IN THIS CHAPTER

» Working with positive and negative exponents
» Recognizing the power of powers
» Operating on exponents

» Investigating scientific notation

In the big picture of mathematics, exponents are a fairly new discovery. The principle behind
exponents has always been there, but mathematicians had to first agree to use algebraic symbols
such as x and y for values, before they could agree to the added shorthand of superscripts to
indicate how many times the value was to be used. As a result, instead of writing , you get

to write the x with an exponent of 5: x > . In any case, be grateful. Exponents make life a lot easier.

This chapter introduces to you how exponents can be used (and abused), how to recognize
scientific notation on a calculator, and how eeeeeasy it is to use e . What’s this “e ” business? The
letter e was named for the mathematician Leonhard Euler; the Euler number, e , is approximately
2.71828 and is used in business and scientific calculations.

Multiplying and Dividing Exponentials

The number 16 can be written as 24 , and the number 64 can be written as 2° . When multiplying
these two numbers together, you can either write or you can multiply their two exponential
forms together to get , which is equal to 1,024. The computation 1s easier — the numbers
are smaller — when you use the exponential forms. Exponential forms are also better for writing
very large or very small numbers.

rememeer 10 multiply numbers with the same base (b ), you add their exponents. The bases must be
the same, or this rule doesn’t work.

When numbers appear in exponential form, you can divide them simply by subtracting their
exponents. As with multiplication, the bases have to be the same in order to perform this
operation.



rememser When the bases are the same and two factors are divided, subtract their exponents:

EXAMPLE Q.

A. . The two factors with bases of 3 multiply as do the two with bases of 7, but they don’t

mix together. The negative exponents probably look intriguing. You can find an explanation of
what they’re all about in the “Using Negative Exponents ” section later in this chapter.

Q.

A. 1. In this case, the multiplier 5 is actually 5! because the exponent 1 usually isn’t shown. Also,
50, or any non-zero number raised to the zero power, is equal to 1.

So

Q.
A. 3.

Q.

A. 41,472 . The bases of 8 and 3 are different, so you have to simplify the separate bases before
multiplying the results together.

SN i A W N -

Raising Powers to Powers

Raising a power to a power means that you take a number in exponential form and raise it to some
power. For instance, raising 3° to the fourth power means to multiply the sixth power of 3 by itself



four times: . As a power of a power, it looks like this: . Raising something to a

power tells you how many times it’s multiplied by itself. The rule for performing this operation is
simple multiplication.

rememser When raising a power to a power, don’t forget these rules:

) . So to raise 3% to the fourth power, write
. and
o and

These rules say that if you multiply or divide two numbers and are raising the product or quotient
to a power, then each factor gets raised to that power. (Remember, a product is the result of
multiplying, and a quotient is the result of dividing,)

EXAMPLE Q.

A.

Q.
A.

7
8
9
10
11
12

Using Negative Exponents

Negative exponents are very useful in algebra because they allow you to do computations on
numbers with the same base without having to deal with pesky fractions.

When you use the negative exponent , you are saying and also

So if you did problems in the sections earlier in this chapter and didn’t like leaving all those



negative exponents in your answers, now you have the option of writing the answers using
fractions instead.

Another nice feature of negative exponents is how they affect fractions. Look at this rule:

rememser A quick, easy way of explaining the preceding rule is to just say that a negative exponent
flips the fraction and then applies a positive power to the factors.

EXAMPLE Q.

A. 2 . Move the factors with the negative exponents to the bottom, and their exponents then become
positive. Then you can reduce the fraction.

Q.

A. . First flip and then simplify the common bases before raising each factor to the second
power.

13 Rewrite , using a negative exponent.

14 Rewrite , getting rid of the negative exponent.

15 Simplify , leaving no negative exponent.

16 Simplify , leaving no negative exponent.

Writing Numbers with Scientific Notation

Scientific notation is a standard way of writing in a more compact and useful way numbers that
are very small or very large. When a scientist wants to talk about the distance to a star being
45,600,000,000,000,000,000,000,000 light years away, having it written as makes any

comparisons or computations easier.

rememser A nUmMber written in scientific notation is the product of a number between 1 and 10 and a
power of 10. The power tells how many decimal places the original decimal point was
moved in order to make that first number be between 1 and 10. The power is negative when
you’re writing a very small number (with four or more zeros after the decimal point) and



positive when writing a very large number with lots of zeros in front of the decimal point.

EXAMPLE Q.

A. . Many modern scientific calculators show numbers in scientific notation with the letter
E. So if yousee 3.2 E 10, it means or 32,000,000,000.

Q.
A. . (In a graphing calculator, this looks like )
17 Write without scientific notation.

18 Write without scientific notation.

19 Write 4,500,000,000,000,000,000 using scientific notation.
20 Write 0.0000000000000003267 using scientific notation.

Answers to Problems on Discovering Exponents

This section provides the answers (in bold) to the practice problems in this chapter.



10.

11.

12.

13.
14.
15.

16.

17.

18.

19.
20.

Rewrite , using a negative exponent. The answer i1s

Rewrite , getting rid of the negative exponent. The answer is

Simplify , leaving no negative exponent. The answer is

Simplify , leaving no negative exponent. The answer is

Write without scientific notation. The answer is 403,000,000,000,000 .
Move the decimal point 14 places to the right.

Write without scientific notation. The answer is 0.000000000000371 .

Move the decimal point 13 places to the left.
Write 4,500,000,000,000,000,000 using scientific notation. The answer is

Write 0.0000000000000003267 using scientific notation. The answer is



Chapter 5
Taming Rampaging Radicals

IN THIS CHAPTER

» Making radical expressions simpler
» Trimming down radical fractions
» Working in fractional exponents

» Performing operations using fractional exponents

The operation of taking a square root, cube root, or any other root is an important one in algebra
(as well as in science and other areas of mathematics). The radical symbol ( ) indicates that
you want to take a root (what multiplies itself to give you the number or value) of an expression. A
more convenient notation, though, is to use a superscript, or power. This superscript, or exponent,
is easily incorporated into algebraic work and makes computations easier to perform and results
easier to report.

Simplifying Radical Expressions

Simplifying a radical expression means rewriting it as something equivalent using the smallest
possible numbers under the radical symbol. If the number under the radical isn’t a perfect square
or cube or whichever power for the particular root, then you want to see whether that number has a
factor that’s a perfect square or cube (and so on) and factor it out.

rememeer T he root of a product is equal to the product of two roots containing the factors. The rule
is or, more generally,

In the following two examples, the numbers under the radicals aren’t perfect squares, so the
numbers are written as the product of two factors — one of them is a perfect square factor. Apply
the rule for roots of products and write the expression in simplified form.

EXAMPLE Q.

A. . The number 40 can be written as the product of 2 and 20 or 5 and 8, but none of those
numbers are perfect squares. Instead, you use 4 and 10 because 4 is a perfect square.



Q.
A. . In this example, you can’t add the two radicals together the way they are, but after you
simplify them, the two terms have the same radical factor, and you can add them together.

1 Simplify

2 Simplify

3 Simplify

4 Simplify

S Simplify the radicals in before adding.
6 Simplify before subtracting.

Rationalizing Fractions

You rationalize a fraction with a radical in its denominator (bottom) by changing the original
fraction to an equivalent fraction that has a multiple of that radical in the numerator (top). Usually,
you want to remove radicals from the denominator. The square root of a number that isn’t a perfect
square is irrational. Dividing with an irrational number is difficult because, when expressed as
decimals, those numbers never end and never have a repeating pattern.

ne  To rationalize a fraction with a square root in the denominator, multiply both the
numerator and denominator by that square root.

EXAMPLE Q.

A. . Recall the property that . It works both ways:

Multiplying the denominator by itself creates a perfect square (so there’ll be no radical).
Simplify and reduce the fraction.

Q.
A. . In this problem, you multiply both of the radicals by the radical in the denominator.
The products lead to results that can be simplified nicely.

7 Rationalize



8 Rationalize
9 Rationalize

10 Rationalize

Arranging Radicals as Exponential Terms

The radical symbol indicates that you’re to do the operation of taking a root — or figuring out
what number multiplied itself to give you the value under the radical. An alternate notation, a
fractional exponent, also indicates that you’re to take a root, but fractional exponents are much
more efficient when you perform operations involving powers of the same number.

rememser '1he equivalence between the square root of @ and the fractional power notation is

. The 2 in the bottom of the fractional exponent indicates a square root. The general
equivalence between all roots, powers, and fractional exponents is

EXAMPLE Q.

A. . The root 1s 3; you’re taking a cube root. The 3 goes in the fraction’s denominator. The
7 goes in the fraction’s numerator.

Q.

A. . The exponent becomes negative when you bring up the factor from the fraction’s

denominator. Also, when no root is showing on the radical, it’s assumed that a 2 goes there
because it’s a square root.

11 Write the radical form in exponential form:
12 Write the radical form in exponential form:
13 Write the radical form in exponential form:
14 Write the radical form in exponential form (assume that y is positive):
1S Write the radical form in exponential form (assume that x is positive):

16 Write the radical form in exponential form:

Using Fractional Exponents

Fractional exponents by themselves are fine and dandy. They’re a nice, compact way of writing an
operation to be performed on the power of a number. What’s even nicer is when you can simplify



or evaluate an expression, and its result is an integer. You want to take advantage of these
simplification situations.

ne  Ifavalue is written @ ™" , the easiest way to evaluate it is to take the root first and then
raise the result to the power. Doing so keeps the numbers relatively small — or at least
smaller than the power might become. The answer comes out the same either way. Being able
to compute these in your head saves time.

EXAMPLE Q. 84/3 =

A. 16 . Finding the cube root first is easier than raising 8 to the fourth power, which is 4,096, and
then taking the cube root of that big number. By finding the cube root first, you can do all the
math in your head. If you write out the solution, here’s what it would look like:

Q.

A. . Use the rule from Chapter 4 on raising a fraction to a power. When the number 1 is
raised to any power, the result is always 1. The rest involves the denominator.

17 Compute the value of 42 .
18 Compute the value of 2777 .
19 Compute the value of

20 Compute the value of

Simplifying Expressions with Exponents

Writing expressions using fractional exponents is better than writing them as radicals because
fractional exponents are easier to work with in situations where something complicated or messy
needs to be simplified into something neater. The simplifying is done when you multiply and/or
divide factors with the same base. When the bases are the same, you use the rules for multiplying
(add exponents), dividing (subtract exponents), and raising to powers (multiply exponents). Refer
to Chapter 4 if you need a reminder on these concepts. Here are some examples:

EXAMPLE Q.

A. 8 . Remember, when numbers with the same base are multiplied together, you add the



exponents.

Q.

A. 625 . Notice that the numbers don’t have the same base! But 25 is a power of 5, so you can
rewrite it and then apply the fourth root.

21 Simplify
22 Simplify
23 Simplify
24 Simplify

Estimating Answers

Radicals appear in many mathematical applications. You need to simplify radical expressions, but
it’s also important to have an approximate answer in mind before you start. Doing so lets you
evaluate whether the answer makes sense, based on your estimate. If you just keep in mind that

1s about 1.4, 1s about 1.7, and 1s about 2.2, you can estimate many radical

values. Here are some examples:

examere Q. Estimate the value of
A. About 14 . Simplifying the radical, you get f is about 1.4, then 10(1.4) is 14.
Q. Estimate the value of

A. About 9.5 . Simplifying the radicals, you get It 1s about 2.2, then 2(2.2)
is 4.4. Multiplying 3(1.7) for 3 times root three, you get 5.1. The sum of 4.4 and 5.1 is 9.5.

25 Estimate
26 Estimate
27 Estimate
28 Estimate

Answers to Problems on Radicals

This section provides the answers (in bold) to the practice problems in this chapter.



10.

11.
12.
13.
14.
15.
16.
17.

18.

19.

. Simplify . The answer is

Write the radical form in exponential form:
Write the radical form in exponential form:
Write the radical form in exponential form:
Write the radical form in exponential form:
Write the radical form in exponential form:
Write the radical form in exponential form:

Compute the value of . The answer is 32 .

Compute the value of . The answer 1s 9 .

Compute the value of . The answer is

Simplify . The answer is

Simplify . The answer is

Simplify . The answer is

. Simplify the radicals in before adding. The answer is

Simplify before subtracting. The answer i1s
Rationalize . The answer is

Rationalize . The answer is

Rationalize . The answer is

Rationalize . The answer is

. The answer is
. The answer 1s
. The answer is
. The answer is
. The answer is
. The answer 1s



20.

21.

22.

23.

24.

25.

26.

27,

28.

Compute the value of

Simplify

Simplify

Simplify

Simplify

Estimate

Estimate

Estimate

Estimate

. The answer is

. The answer 1s 2 .

. The answer 1s 36 .

. The answer is 8 .

. The answer i1s

. The answer 1s about 5.6 .

. The answer 1s about 11 .

. The answer 1s about 7.6 .

. The answer 1s about 12.32 .



Chapter 6
Simplifying Algebraic Expressions

IN THIS CHAPTER
» Making algebraic expressions more user-friendly
» Maintaining order with the order of operations

» Combining all the rules for simpler computing

The operations of addition, subtraction, multiplication, and division are familiar to every grade
school student. Fortunately, these operations work the same, no matter what level or what kind of
math you do. As I explain in this chapter, though, algebra and its properties introduce some new
twists to those elementary rules. The good news is that you can apply all these basic rules to the
letters, which stand for variables, in algebra. However, because you usually don’t know what
values the variables represent, you have to be careful when doing the operations and reporting the
results. This chapter offers you multitudes of problems to make sure you keep everything in order.

rememeer 1 he most commonly used variable in algebra is x . Because the variable x looks so much
like the times sign, X, other multiplication symbols are used in algebra problems. The
following are all equivalent multiplications:

In spreadsheets and on calculators, the * sign indicates multiplication.

Adding and Subtracting Like Terms

In algebra, the expression like terms refers to a common structure for the terms under
consideration. Like terms have exactly the same variables in them, and each variable is
“powered” the same (if x is squared and y cubed in one term, then x squared and y cubed occur in
a like term ). When adding and subtracting algebraic terms, the terms must be alike, with the same
variables raised to exactly the same power, but the numerical coefficients can be different. For
example, two terms that are alike are 2a 3 b and 5a 3 b . Two terms that aren’t alike are 3xyz and

4x % yz, where the power on the x term is different in the two terms.

EXAMPLE Q.



A. . First, change the order and group the like terms together; then compute:

The parentheses aren’t necessary, but they help to keep track of what you can combine.

Q.
A. . Again, combine like terms and compute:

1 Combine the like terms in
2 Combine the like terms in
3 Combine the like terms in

4 Combine the like terms in

Multiplying and Dividing Algebraically

Multiplying and dividing algebraic expressions is somewhat different from adding and subtracting
them. When multiplying and dividing, the terms don’t have to be exactly alike. You can multiply or
divide all variables with the same base — using the laws of exponents (check out Chapter 4 for
more information) — and you multiply or divide the number factors.

rememeer [f @ variable’s power is greater in the denominator, then the difference between the two
powers 1s preferably written as a positive power of the base — in the denominator —
instead of with a negative exponent in the numerator. For example:

EXAMPLE Q.

A.12x3 y© 26 The product of 4 and 3 is 12. Multiply the x ’s to get . Multiply the y ’s
and then the z ’s and you get and . Each variable has its own power determined
by the factors multiplied together to get it.

Q.

A. . The power of x in the numerator is greater than that in the denominator, and y has the
greater power in the denominator. The only factor of z is in the numerator, so it stays there.



S Multiply
6 Multiply
7 Multiply
8 Divide (write all exponents as positive numbers)
9 Divide (write all exponents as positive numbers)

10 Divide (write all exponents as positive numbers)

Incorporating Order of Operations

Because much of algebra involves symbols for numbers, operations, relationships, and groupings,
are you really surprised that order is something special, too? Order helps you solve problems by
making sure that everyone doing the problem follows the same procedure and gets the same
answer. Order is how mathematicians have been able to communicate — agreeing on these same
conventions. The order of operations is just one of many such agreements that have been adopted.

rememeer When you perform operations on algebraic expressions and you have a choice between
one or more operations to perform, use the following order:

1. Perform all powers and roots, moving left to right.
2. Perform all multiplication and division, moving left to right.
3. Perform all addition and subtraction, moving left to right.

warning These rules are interrupted if the problem has grouping symbols. You first need to
perform operations in grouping symbols, such as (), { }, [ ], above and below fraction lines,
and inside radicals.

EXAMPLE Q.

A. 6 . First do the multiplication and division and then subtract the results:

Q.

A. 4 . First find the values of the power and root ( and ). Then multiply in the
numerator. After you add the two terms in the numerator and subtract in the denominator, then



you can perform the final division. Here’s how it breaks down:

11
12
13
14

Evaluating Expressions

Evaluating an expression means that you want to change it from a bunch of letters and numbers to a
specific value — some number. After you solve an equation or inequality, you want to go back and
check to see whether your solution really works — so you evaluate the expression. For example, if
you let in the expression , youreplace all the x ’s with 2’s and apply the order of
operations when doing the calculations. In this case, you get . Can you see why knowing

that you square the 2 before multiplying by the 3 is so important? If you multiply by the 3 first, you
end up with that first term being worth 36 instead of 12. It makes a big difference.

exampe Q. Evaluate when and
A. 6
exampLe Q. Evaluate when and

A. 56 . What’s with this exclamation (the n !)? The exclamation indicates an operation called a
factorial. This operation has you multiply the number in front of the ! by every positive whole
number smaller than it. You see a lot of factorials in statistics and higher mathematics. The order
of operations is important here, too.

15 Evaluate if
16 Evaluate if
17 Evaluate if and
18 Evaluate if and

19 Evaluate if and



20 Evaluate if and
21 Evaluate if , , and
22 Evaluate if and

Answers to Problems on Algebraic Expressions

This section provides the answers (in bold) to the practice problems in this chapter.

1. Combine the like terms in . The answer is

2. Combine the like terms in . The answer is

3. Combine the like terms in . The answer is

4. Combine the like terms in . The answer is

5. Multiply . The answer is

6. Multiply . The answer is

7. Multiply . The answer is

8. Divide (write all exponents as positive numbers) . The answer is

9. Divide (write all exponents as positive numbers) . The answer is
10. Divide (write all exponents as positive numbers) . The answer is
11.

12.



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Evaluate

Evaluate

Evaluate

Evaluate

Evaluate

Evaluate

Evaluate

Evaluate

. The answer 1s 12 .

if

if

if

if

if

if

if

. The answer 1s

and

and

and

and

and

and

. The answer is

. The answer 1s 30 .

. The answer1s 3 .

. The answer is

. The answer is 1 .

. The answer 1s 70 .



Part 2
Changing the Format of Expressions



IN THIS PART ...

Further your skills in multiplying more than one term.
Use long division to simplify algebraic expressions.
Get a handle on factoring.

Practice factoring binomials.

Focus on factoring trinomials and special polynomials.



Chapter 7
Specializing in Multiplication Matters

IN THIS CHAPTER

» Distributing over algebraic expressions and incorporating FOIL
» Squaring and cubing binomials
» Calling on Pascal to raise binomials to many powers

» Incorporating special rules when multiplying

In Chapter 6, I cover the basics of multiplying algebraic expressions. In this chapter, I expand
those processes to multiplying by more than one term. When performing multiplications involving
many terms, it’s helpful to understand how to take advantage of special situations, like multiplying
the sum and difference of the same two values, such as , and raising a binomial to a power,
such as , which seem to pop up frequently. Fortunately, various procedures have been

developed to handle such situations with ease.

You also see the nitty-gritty of multiplying factor by factor and term by term (the long way)
compared to the neat little trick called FOIL. With this information, you’ll be able to efficiently
and correctly multiply expressions in many different types of situations. You’ll also be able to
expand expressions using multiplication so that you can later go backward and factor expressions
back into their original multiplication forms.

Distributing One Factor over Many

When you distribute Halloween candy, you give one piece to each costumed person. When you
distribute some factor over several terms, you take each factor (multiplier) on the outside of a
grouping symbol and multiply it by each term (all separated by + or —) inside the grouping symbol.

nememeer | he distributive rule is

In other words, if you multiply a value times a sum or difference within a grouping symbol such as
, you multiply every term inside by the factor outside. In this case, multiply the x and 3

each by 2 to get



exameLe Q. Distributing:

A. . Now for the details:
Q. Distributing;
A. . The details:

1 Distribute
2 Distribute
3 Distribute
4 Distribute

Curses, FOILed again — or not

A common process found in algebra is that of multiplying two binomials together. A binomial is
an expression with two terms such as . One possible way to multiply the binomials

together is to distribute the two terms in the first binomial over the two terms in the second.

ne  But some math whiz came up with a great acronym, FOIL, which translates to F for First,
O for Outer, I for Inner, and L for Last. This acronym helps you save time and makes
multiplying binomials easier. These letters refer to the terms’ positions in the product of two
binomials.

When you FOIL the product

The product of the F irst terms is ac.
The product of the O uter terms is ad.
The product of the I nner terms is bc.
The product of the L ast terms is bd.

The result is then . Usually ad and bc are like terms and can be combined.

exameLe Q. Use FOIL to multiply

A. . Using FOIL, multiply the First, the Outer, the Inner, and the Last and then combine the
like terms:



Q. Use FOIL to multiply

A. . Using FOIL, multiply the First, the Outer, the Inner, and the Last and then combine the
like terms:

S Use FOIL to multiply
6 Use FOIL to multiply
7 Use FOIL to multiply
8 Use FOIL to multiply

Squaring binomials
You can always use FOIL or the distributive law to square a binomial, but there’s a helpful pattern

that makes the work quicker and easier. You square the first and last terms, and then you put twice
the product of the terms between the two squares.

reMemeer 1 he squarces of binomials are

EXAMPLE Q.
A. . The 10x is twice the product of the x and
Q.

A. . The 42y 1s twice the product of 3y and 7. And because the 7 is negative, the Inner and
Outer products are, too:

9

10
11
12

Multiplying the sum and difference of the same two



terms

When you multiply two binomials together, you can always just FOIL them. You save yourself
some work, though, if you recognize when the terms in the two binomials are the same — except
for the sign between them. If they’re the sum and difference of the same two numbers, then their
product is just the difference between the squares of the two terms.

rememeer T he product of

This special product occurs because applying the FOIL method results in two opposite terms that
cancel one another out:

EXAMPLE Q.

A.

Q.
A.

13
14
15
16

Cubing binomials

To cube something in algebra 1s to multiply it by itself and then multiply the result by itself again.
When cubing a binomial, you have a couple of options. With the first option, you square the
binomial and then multiply the original binomial times the square. This process involves
distributing and then combining the like terms. Not a bad idea, but I have a better one.

When two binomials are cubed, two patterns occur.

e In the first pattern, the coefficients (numbers in front of and multiplying each term) in the answer
start out as 1-3-3-1. The first coefficient is 1, the second is 3, the third is 3, and the last is 1.

e The other pattern is that the powers on the variables decrease and increase by ones. The powers
of the first term in the binomial go down by one with each step, and the powers of the second
term go up by one each time.



rememeer 10 cube a binomial, follow this rule:

The cube of

When one or more of the variables has a coefficient, then the powers of the coefficient get
incorporated into the pattern, and the 1-3-3-1 seems to disappear.

EXAMPLE Q.

A. . The answer is built by incorporating the two patterns — the 1-3-3-1 of the coefficients
and powers of the two terms. . Notice how the powers of y go down one step

each term. Also, the powers of 4, starting with the second term, go up one step each time. The
last part of using this method is to simplify each term. The 1-3-3-1 pattern gets lost when you do
the simplification, but it’s still part of the answer — just hidden. Note: In binomials with a
subtraction in them, the terms in the answer will have alternating signs:

Q.
A. Starting with the 1-3-3-1 pattern and adding in the multipliers,
17
18
19
20

Creating the Sum and Difference of Cubes

A lot of what you do in algebra is to take advantage of patterns, rules, and quick tricks. Multiply
the sum and difference of two values together, for example, and you get the difference of squares.
Another pattern gives you the sum or difference of two cubes. These patterns are actually going to
mean a lot more to you when you do the factoring of binomials, but for now, just practice with
these patterns.

rememeer Here’s the rule: If you multiply a binomial times a particular trinomial — one that has the
squares of the two terms in the binomial as well as the opposite of the product of them, such
as — you get the sum or difference of two perfect cubes.



EXAMPLE Q.

A. . If you don’t believe me, multiply it out: Distribute the binomial over the trinomial and

combine like terms. You find all the midd/e terms pairing up with their opposites and becoming
0, leaving just the two cubes.

Q.

A. . The number 5 cubed is 125, and cubed is . The other terms in the
product drop out because of the opposites that appear there.

21
2574
23
24

Raising binomials to higher powers

The nice pattern for cubing binomials, 1-3-3-1, gives you a start on what the coefficients of the
different terms are — at least what they start out to be before simplifying the terms. Similar
patterns also exist for raising binomials to the fourth power, fifth power, and so on. They’re all
based on mathematical combinations and are easily pulled out with Pascal’s Triangle. Check out
Figure 7-1 to see a small piece of Pascal’s Triangle with the powers of the binomial identified.

1 (a + b)°

1 1 (a +b)’

1 2 1 (a + b)?

1 3 3 1 (a+b)?

] 4 6 4 1 (a + b)*

1 5 10 10 5 1 (a + b)°

FIGURE 7-1: Pascal’s Triangle can help you find powers of binomials.




exameLe Q. Refer to Figure 7-1 and use the coefficients from the row for the fourth power of the
binomial to raise to the fourth power,

A.

Insert the coefficients 1-4-6-4-1 from the row in Pascal’s Triangle. (Actually, the 1°s are
understood.)

Q. Raise to the sixth power,
A.

Insert the coefficients 1-6-15-20-15-6-1 from the row in Pascal’s Triangle. (Actually, the 1°s
are understood.)

Notice how, in the first step, the first term has decreasing powers of the exponent, and the
second term has increasing powers. The last step has alternating signs. This method may seem
rather complicated, but it still beats multiplying it out the long way.

25
26
27
28

Answers to Problems on Multiplying
Expressions

This section provides the answers (in bold) to the practice problems in this chapter.

1. Distribute . The answer is
2. Distribute . The answer is

3. Distribute . The answer i1s



10.

11.

12.

13.
14.
15.

16.

17.

18.

19.

20.

Distribute . The answer 1s

. Use FOIL to multiply . The answer i1s
Use FOIL to multiply . The answer is
Use FOIL to multiply . The answer is
Use FOIL to multiply . The answer is



21.
22.
23,

24,

25.

26.

27,

28.



Chapter 8
Dividing the Long Way to Simplify Algebraic
Expressions

IN THIS CHAPTER
» Dividing one or more terms by a single term
» Working with binomial and trinomial divisors

» Simplifying the process with synthetic division

Using long division to simplify algebraic expressions with variables and constants has many
similarities to performing long division with just numbers. The variables do add an interesting
twist (besides making everything look like alphabet soup) — with the exponents and different
letters to consider. But the division problem is still made up of a divisor, dividend, and quotient
(what divides in, what’s divided into, and the answer). And one difference between traditional
long division and algebraic division is that, in algebra, you usually write the remainders as
algebraic fractions.

Dividing by a Monomial
Dividing an expression by a monomial (one term) can go one of two ways.

e Every term in the expression is evenly divisible by the divisor.
e One or more terms in the expression don’t divide evenly.

If a fraction divides evenly — if every term can be divided by the divisor — the denominator and
numerator have a common factor. For instance, in the first example in this section, the
denominator, 6y, divides every term in the numerator. To emphasize the common factor business, I
first factor the numerator by dividing out the 6y , and then I reduce the fraction.

As nice as it would be if algebraic expressions always divided evenly, that isn’t always the case.
Often, you have one or more terms in the expression — in the fraction’s numerator — that don’t
contain all the factors in the divisor (denominator). When this happens, the best strategy is to break
up the problem into as many fractions as there are terms in the numerator. In the end, though, the
method you use is pretty much dictated by what you want to do with the expression when you’re
done.

EXAMPLE Q.



A.

The numerator contains a factor matching the denominator.

Q.
A.

The last term doesn’t have a factor of 4x, so you break up the numerator into separate fractions
for the division.

B W N -

Diwviding by a Binomial

Dividing by a binomial (two terms) in algebra means that those two terms, as a unit or grouping,
have to divide into another expression. After dividing, if you find that the division doesn’t have a
remainder, then you know that the divisor was actually a factor of the original expression. When
dividing a binomial into another expression, you always work toward getting rid of the lead term
(the first term — the one with the highest power) in the original polynomial and then the new terms
in the division process. See the following example for a clearer picture of this concept.

This example shows a dividend that starts with a third-degree term and 1s followed by terms in
decreasing powers (second degree, first degree, and zero degree, which is a constant — just a
number with no variable). If your dividend is missing any powers that are lower than the lead
term, you need to fill in the spaces with zeros to keep your division lined up.

Also, if you have a remainder, remember to write that remainder as the numerator of a fraction
with the divisor in the denominator.

EXAMPLE Q.

To divide by a binomial, follow these steps:

1. Eliminate the lead term.

To do this, you determine what value you must multiply the first term in the
divisor by to match the lead term. If the first term in the divisor is x and the lead



term is x > , as it 1s in this example, you must multiply by x 2 , SO Write x 2 over

the lead term in the quotient and then multiply each term in the divisor by that
value.

2. Subtract the two values by multiplying (in algebra, subtract means to change
the signs and add; see Chapter 2 for more information).

3. Bring down the rest of the terms in the dividend. Notice that, at this point,
you have a new lead term.

4. Eliminate the new lead term, as explained in Step 1.

Subtract again and bring down the other terms.

o W

. Repeat Steps 1 through 5 until you run out of terms.

If the problem divides evenly (that is, it doesn’t have a remainder), you know that
the divisor is a factor of the dividend.

A.

3 2

1. Because the lead term is x ~ , you multiply by x < to match lead term.

2. Subtract the two expressions.
3. Bring down the rest of the terms in the dividend.

Notice that your new lead term is

4. Multiply by to match the new lead term.
5. Subtract again and bring down the other terms.

6. Repeat Steps 1 through S until you run out of terms.

Because there’s no remainder, you know that was a factor of the dividend.

L I & W

Diwviding by Polynomials with More Terms



Even though dividing by monomials or binomials 1s the most commonly found division task in
algebra, you may run across the occasional opportunity to divide by a polynomial with three or
more terms.

The process 1sn’t really much different from that used to divide binomials. You just have to keep
everything lined up correctly and fill in the blanks if you find missing powers. Any remainder 1s
written as a fraction.

EXAMPLE Q.

The fourth, third, and first powers are missing, so you put in zeros. Don’t forget to distribute the
negative sign when subtracting each product.

A.

Here’s what the division looks like:

9
10

Simplifying Division Synthetically

Dividing polynomials by binomials is a very common procedure in algebra. The division process
allows you to determine factors of an expression and roots of an equation. A quick, easy way of

dividing a polynomial by a binomial of the form or is called synthetic division.
Notice that these two binomials each have a coefficient of 1, the variable to the first degree, and a
number being added or subtracted. Examples are or

rememser 10 perform synthetic division, you use just the coefficients (the numbers multiplying the
variables, x ’s) of the polynomial’s terms being divided and the opposite of the number in the
binomial.

EXAMPLE Q.

1. Place the opposite of the number in the divisor ( in this case) in front
of the problem, in a little offset that looks like . Then write the

coefficients in order, using zeros to hold the place(s) of any powers that are



missing.

2. Bring down the first coefficient (put it below the horizontal line) and then
multiply it times the number in front. Write the result under the second
coefficient and add the two numbers; put the result on the bottom.

3. Take this new result (the in this problem) and multiply it times the
number in front; then add the answer to the next coefficient.

4. Repeat this multiply-add process all the way down the line.

5. The result on the bottom of your work is the list of coefficients in the answer
— plus the remainder, if you have one.

1. The opposite of goes in front. The coefficients are written in order.

2. Bring down the first coefficient; multiply it times the number in front. Write
the result under the second coefficient, and add.

3. Take the and multiply it by number in front; add the answer to the
next coefficient.

4. Repeat until finished.

The answer uses the coefficients, in order, starting with one degree less than the polynomial that
was divided. The last number is the remainder, and it goes over the divisor in a fraction. So to

write the answer, the first 1 below the line corresponds to a 1 in front of x 3, then a n
front of x 2, and so on. The last 1s the remainder, which is written in the numerator over
the divisor,

11
12

Answers to Problems on Division

This section provides the answers (in bold) to the practice problems in this chapter.



10.

Don’t forget to use 0 as a placeholder when one of the powers is missing.
11.

12.

Use the following breakdown to solve the problem:

Write the remainder as a fraction with the divisor in the denominator of the
fraction.



Chapter 9
Figuring on Factoring

IN THIS CHAPTER
» Writing prime factorizations of numbers
» Determining the greatest common factor (GCF)

» Using factors to reduce algebraic fractions

Factoring an expression amounts to changing the form from a bunch of addition and subtraction to
a simpler expression that uses multiplication and division. The change from an unfactored form to
a factored form creates a single term — all tied together by the multiplication and division — that
you can use when performing other processes. Here are some of the other tasks in algebra that
require a factored form: reducing or simplifying fractions (see Chapter 3 ), solving equations (see
Chapters 12 —15 ), solving inequalities (see Chapter 16 ), and graphing functions (see Chapter 21

).

Pouring Over Prime Factorizations

A prime factorization of a number is a listing of all the prime numbers whose product is that
number. Of course, you first have to recognize which numbers are the prime numbers. The first 25
prime numbers are: 2, 3,5,7,11, 13,17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79,
83, 89, and 97. Don’t worry about memorizing them. Infinitely many more primes exist, but these
smaller numbers (and, actually, usually just the first ten) are the most commonly used ones when
doing prime factorizations.

ne  To write the prime factorization of a number, start by writing that number as the product of
two numbers and then writing each of those two numbers as products, and so on, until you
have only prime numbers in the product.

By convention, prime factorizations are written with the prime factors going from the smallest to
the largest. The specific order helps when you’re trying to find common factors in two or three (or
more) different numbers.

examere Q. Find the prime factorization of 360.

A.



Q. Find the prime factorization of 90.
A.

You can start the multiplication in different ways. For example, maybe you started writing 90 as
the product of 6 and 15. How you start doesn’t matter. You’ll always end up with the same
answer.

1 Write the prime factorization of 24.

2 Write the prime factorization of 100.

3 Write the prime factorization of 256.

4 Write the prime factorization of 3,872.

Factoring Out the Greatest Common Factor

The first line of attack (and the easiest to perform) when factoring an expression is to look for the
greatest common factor (GCF), or the largest factor that will divide all terms in the expression
evenly. You want a factor that divides each of the terms and, at the same time, doesn’t leave any
common factor in the resulting terms. The goal is to take out as many factors as possible. More
than one step may be required to completely accomplish this feat, but the end result is a GCF times
terms that are relatively prime (have no factor in common).

exameLe Q. Find the GCF and factor the expression.

A. . If you divide each term by the greatest common factor, which is 10x 4y, and put the
results of the divisions in parentheses, the factored formis . It’s like doing this
division, with each fraction reducing to become a term in the parentheses:

Q. Factor out the GCF:

A. . Dealing with fractional exponents can be tricky. Just remember that the same rules
apply to fractional exponents as with whole numbers. You subtract the exponents.

Now write the common factor, , outside the parentheses and the results of the division
inside.

5 Factor out the GCF:



6 Factor out the GCF:
7 Factor out the GCF:
8 Factor out the GCF:

Reducing Algebraic Fractions

The basic principles behind reducing fractions with numbers and reducing fractions with variables
and numbers remain the same. You want to find something that divides both the numerator (the top
of the fraction) and denominator (bottom of the fraction) evenly and then leave the results of the
division as the new numerator and new denominator.

When the fraction has two or more terms in the numerator, denominator, or both, you first have to
factor out the GCF before you can reduce. And when the algebraic fraction has just multiplication
and division in the numerator and denominator, the reducing part is pretty easy. Just divide out the
common factors as shown in the following example.

exampLe Q. Reduce the fraction:
A.
In this fraction, the GCF is 7xy :

Q. Reduce the fraction:
A.

First find the GCF of the numerator and denominator; it’s

9 Reduce the fraction:

10 Reduce the fraction:
11 Reduce the fraction:
12 Reduce the fraction:
13 Reduce the fraction:
14 Reduce the fraction:

Answers to Problems on Factoring Expressions

This section provides the answers (in bold) to the practice problems in this chapter.



. Write the prime factorization of 24. The answer is

Write the prime factorization of 100. The answer is

. Write the prime factorization of 256. The answer is 28

Write the prime factorization of 3,872. The answer is

5. Factor out the GCF: . The answer i1s

10.

11.

12.

Factor out the GCF: . The answer is

n»  When factoring negative exponents, you factor out the smallest power,
which is the most negative power, or the number farthest to the left on the

number line. In this case, is the smallest power. Notice that the powers in
the parentheses are all non-negative.

Factor out the GCF: . The answer is

Factor out the GCF: . The answer is . The greatest common factor
includes the negative exponent on the x factor. Remember that is smaller

than ; subtract the exponents when dividing.

Reduce the fraction: . The answer is . All three terms have the

common factor

Reduce the fraction: . The answer 1s 30a 7 b .

For a refresher on factorials, refer to Chapter 6 .
Reduce the fraction: . The answer is

Reduce the fraction: . The answer 1s



13.

14.

warnine Even though the answer appears to have a common factor in the
numerator and denominator, you can’t reduce it. The numerator has two terms,
and the first term, the 3, doesn’t have that common factor 1n it.

Reduce the fraction: . The answer is

warnine When factoring the terms in the numerator, be careful with the subtraction
of the fractions. These fractional exponents are found frequently in higher
mathematics and behave just as you see here. I put the exponent of 1 on the x in
the numerator just to emphasize the result of the subtraction of exponents.
Continuing,

Reduce the fraction: . The answer i1s

Factor the numerator and denominator separately and then reduce by dividing by
the common factors in each:



Chapter 10
Taking the Bite Out of Binomial Factoring

IN THIS CHAPTER
» Making quick work of the difference between two squares
» Dicing up the cubes — their sums and differences

» Using multiple factoring techniques

You have several different choices when factoring a binomial (an expression that is the sum or
difference of two terms):

e Factor out a greatest common factor (GCF).

e Write the expression as the product of two binomials — one the sum of the two roots and the
other the difference of those same two roots.

e Write the expression as the product of a binomial and trinomial (an expression with three terms)
— one with the sum or difference of the cube roots and the other with squares of the roots and a

product of the roots.
e Use two or more of the above.

In this chapter, you find how to recognize which type of factorization to use and how to change
from two terms to one by factoring the expression. I cover GCF in Chapter 9 , if you need a
refresher. The other procedures are new to this chapter.

Factoring the Difference of Squares

rememser When a binomial is the difference of two perfect squares, you can factor it into the product
of the sum and difference of the square roots of those two terms:

exampLe Q. Factor:
A. . The square root of 4x 2 is 2x , and the square root of 81 is 9.
Q. Factor:

A. . The square of 6x % yz 3is 36x 4y 2z © . Notice that each exponent is doubled in the



square.
1 Factor:
2 Factor:
3 Factor:
4 Factor:

Factoring Differences and Sums of Cubes

rememser When you have two perfect squares, you can use the special factoring rule if the operation
1s subtraction. With cubes, though, both sums and differences factor into the product of a
binomial and a trinomial.

Here’s the pattern: First, you write the sum or difference of the two cube roots corresponding to
the sum or difference of cubes; second, you multiply the binomial containing the roots by a
trinomial composed of the squares of those two cube roots and the opposite of the product of them.
If the binomial has a sign, the middle term of the trinomial is . If the binomial has a

sign, then the middle term in the trinomial is . The two squares in the trinomial are
always positive.

exampLe Q. Factor:

A.

Q. Factor:
A.

5 Factor:
6 Factor:
7 Factor:



8 Factor:

Making Factoring a Multiple Mission

Many factorization problems in mathematics involve more than one type of factoring process. You
may find a GCF in the terms, and then you may recognize that what’s left is the difference of two
cubes. You sometimes factor the difference of two squares just to find that one of those binomials
is the difference of two new squares.

ne  Solving these problems is really like figuring out a gigantic puzzle. You discover how to
conquer it by applying the factorization rules. In general, first look for a GCF. Life is much
easier when the numbers and powers are smaller because they’re easier to deal with and
work out in your head.

exameLe Q. Factor:

A. . First, take out the GCF, 4x 3 . Then factor the sum of the cubes in the parentheses:
Q. Factor:
A. . You can factor this problem as the difference of two squares. Then the second factor

factors again and again:

9 Completely factor:

10 Completely factor:
11 Completely factor:
12 Completely factor:

Answers to Problems on Factoring

This section provides the answers (in bold) to the practice problems in this chapter.

1. Factor: . The answer is
2. Factor: . The answer i1s
3. Factor: . The answer i1s



10.

11.

12.

Factor: . The answer is

When looking at the exponents, you see that is twice the fraction ,
and 1s twice the fraction

Factor: . The answer 1s

Factor: . The answer 1s

ne [t’s nice to have a list of the first ten cubes handy when factoring the sum
or difference of cubes: 1, 8, 27, 64, 125, 216, 343, 512, 729, 1000.

Factor: . The answer is

Factor: . The answer 1s

Did you remember that ?
Completely factor: . The answer is
Completely factor: . The answer is
Completely factor: . The answer is
Completely factor: . The answer is

rememser Y OU first take out the GCF, which involves the most negative exponent.
The resulting binomial in the parentheses is the sum of two perfect cubes.

You may have been tempted to go right into the difference of cubes because 125
is a perfect cube. It’s always more desirable, though, to factor out large numbers
when possible.



Chapter 11
Factoring Trinomials and Special Polynomials

IN THIS CHAPTER
» Zeroing in on the greatest common factor
» Reversing FOIL for a factorization
» Assigning terms to groups to factor them

» Making use of multiple methods to factor

In Chapter 10, you find the basic ways to factor a binomial (an expression with two terms).
Factoring means to change the expression from several terms to one expression connected by
multiplication and division. When dealing with a polynomial with four terms, such as , the

four terms become one when you write the factored form using multiplication: . The

factored form has many advantages, especially when you want to simplify fractions, solve
equations, or graph functions.

When working with an algebraic expression with three terms (a ¢rinomial ) or more terms, you
have a number of different methods available for factoring it. You generally start with the greatest
common factor (GCF) and then apply one or more of the other techniques if necessary. This
chapter covers the different methods and provides several sample questions for you to try.

Focusing First on the Greatest Common Factor
(GCF)

In any factoring problem, first you want to find a common factor — if one exists. If you find a GCF
for the terms in the expression, then you divide every term by that common factor and write the
expression as the product of the common factor and the results of each division.

exampLe Q. Factor out the GCF:
A.

You divide every term by the GCF, 7x 2 y .

Q. Factor out the binomial GCF:



A. The GCF is the square of the binomial, . This example has three terms with a
varying number of factors, or powers, of the binomial in each term.

1 Factor out the GCF:
2 Factor out the GCF:
3 Factor out the GCF:
4 Factor out the GCF:

“Un”wrapping the FOIL

The FOIL method helps you when you’re multiplying two binomials. (See Chapter 7 for some
problems that use this process.) When factoring, you unFOIL, which reverses the process to tell
you which two binomials were multiplied together in the first place. The task in this chapter is to
first recognize that a trinomial has been created by multiplying two binomials together and then
factor it — figure out what those binomials are and write the product of them.

ne  The general procedure for performing unFOIL includes these steps:

1. Write the trinomial in descending powers of a variable.

2. Find all the possible combinations of factors whose product gives you the
first term in the trinomial.

3. Find all the possible sets of factors whose product gives you the last term in
the trinomial.

4. Try different combinations of those choices of factors in the binomials so
that the middle term is the result of combining the outer and inner products.

exampLe Q. Factor

A.

The trinomial is already written with descending powers.

The only possible factors for 2x 2 are 2x and x .

The only possible factors for the last term are 3 and 1.

Work on creating the middle term. Because the last term is negative, you want
to find a way to arrange the factors so that the outer and inner products have a

=



difference of 5x . You do this by placing the 2x and 3 so they multiply one
another: . When deciding on the placement of the signs, use and

, and situate them so that the middle term is negative. Putting the
sign in front of the 3 results in a and . Combining them gives you
the

Q. Factor

A. . The factors of the first term are either y and 12y, 2y and 6y, or 3y and 4y . The factors

of the last term are either 1 and 6 or 2 and 3. The last term is positive, so the outer and inner
products have to have a sum of 17y . The signs between the terms are negative (two positives
multiplied together give you a positive) because the sign of the middle term in the original
problem is negative.

S Factor
6 Factor
77 Factor
8 Factor
9 Factor
10 Factor

Factoring Quadratic-Like Trinomials

A quadratic-like trinomial has a first term whose power on the variable is twice that in the second
term. The last term is a constant. In general, these trinomials are of the form . If these

trinomials factor, then the factorizations look like . Notice that the power on the variables
in the factored form matches the power of the middle term in the original trinomial.

To factor a quadratic-like trinomial, you treat it as if it were , with the same rules applying
to unFOILing and just using the higher powers on the variables.

exampLe Q. Factor

A. . Treat this problem as if it is the trinomial . You have to find factors for the first
term, involving the 6, and factors for the last term, involving the 28. The middle term, with the
13, has to be the difference between the outer and inner products. Using 3x 2 from the first term
and 7 from the last term, you get a product of 21x 2 . Then, using 2x ? from the first and 4 from

the last, you get 8x 2 . The difference between 21 and 8 is 13. Get the factors aligned correctly
and the signs inserted in the right places.



Q. Factor

A. . Don’t let the negative exponents throw you. The middle term has an exponent that’s
half the first term’s exponent. Think of the trinomial as being like . It works!

11 Factor

12 Factor

13 Factor

14 Factor

Factoring Trinomials Using More than One
Method

You can factor trinomials by taking out a GCF or by using the unFOIL method, and sometimes you
can use both of these methods in one expression. Even better, you often get to apply the rules for
factoring binomials on one or more of the factors you get after unFOILing. In general, first take out
the common factor to make the terms in the expression simpler and the numbers smaller. Then look
for patterns in the trinomial that results.

exampLe Q. Factor

A. . First take out the common factor, 9x % , and write the product with that common factor
outside the parentheses: . You can then factor the trinomial inside the parentheses.

Q. Factor

A. . First take out the common factor, 3x , and write the product with that common factor
outside the parentheses: . You can then factor the quadratic-like trinomial inside the
parentheses to get . The two binomials then each factor into the difference of squares.

exameLe Q. Factor

A. . Remember, the GCF can be a binomuial. First, factor out the binomial , which
gives you . Then you have two options. This example uses the first option (the next

example has the other option): You can square the first term in the brackets and then simplify the
expression that results by combining like terms: . Now you can factor the

trinomial in the brackets.

Q. Factor using a quadratic-like pattern.



A. . Yes, this is the same problem and same answer as shown in the preceding example.
This time, after factoring out the binomial, you use the quadratic-like pattern to factor the

expression inside the bracket. Beginning with , think of the expressions as being
vy’ s, and you see , which is a trinomial that factors into . Replace the y’ s with the
binomials, and you have , which simplifies into . You get the same answer.

15 Completely factor
16 Completely factor
17 Completely factor
18 Completely factor
19 Completely factor
20 Completely factor

Factoring by Grouping

The expression has four terms — terms that don’t share a single common factor. But you

notice that the first two terms have a common factor of 2x , and the last two terms have a common
factor of . What to do, what to do!

Don’t worry. This problem suggests that factoring by grouping may be an option. Expressions that
can be factored by grouping have two distinct characteristics:

e A common factor (or factorable expression) occurs in each pairing or grouping of terms.
e The factorization of each individual grouping results in a new GCF common to each group.

Demonstrating this process with some examples makes it easier to understand:

exameLe Q. Factor by grouping;

A. . Factor 2x out of the first two terms and out of the second two terms:

You can see how you now have two terms, instead of four, and the two new terms have a
common factor of . If you factor out a 3 instead of , the second term becomes

, which doesn’t have the same as the first. For factoring by grouping to work, the
two new common factors have to be exactly the same.

Q. Factor by grouping;

A. . This type of factoring by grouping can also work with six terms. First, find the common

factor in each pair of terms. Factor @ 3 out of the first two terms, out of the second two
terms, and ¢ out of the last two: . Notice that, with the middle pairing, if you



factor out 35 2 instead of , you don’t have the same common factor as the other two

pairings: The signs are wrong. The new trinomial doesn’t factor, but you should always check in
case another factorization possibility is lurking in the background.

21 Factor by grouping:
22 Factor by grouping:
23 Factor by grouping:
24 Factor by grouping:

Putting All the Factoring Together

Factoring an algebraic expression is somewhat like buying presents when the holidays roll around.
When you buy presents, you categorize (family, friend, or acquaintances?) and purchase items
based on those categories so that the end result — complete satisfaction — doesn’t break the bank.
In terms of factoring algebraic expressions, you categorize (is an expression two terms, three
terms, or more terms?) and then choose a procedure that works for that category. If you have two
terms, for example, you may get to factor them as the difference of squares or cubes or the sum of
cubes. If you have three terms, you may be able to factor the expression as the product of two
binomials. With four or more terms, grouping may work. In any case, you first want to look for the
GCF. Your goal? A completely satisfactory result that doesn’t use too much brain power.

exameLe Q. Completely factor

A. . The first thing you always look for is a common factor. In this case, it’s 8x that you can
factor out:

. Then you can use the unFOIL method on the trinomial in the parentheses. Finally, write
the answer as the factor 8x times the product of the two binomials from the trinomial.

Q. Completely factor
A.

1. Factor out the common factor of 3.

2. Factor by grouping.

Take x 3 out of the first two terms and 8 out of the last two terms. Then factor out
the common factor of the two terms, the binomial.



The first factor in the brackets is the difference of perfect squares. The second
factor is the sum of perfect cubes.

3. Factor each of the two binomials in the parentheses to find the answer.

Refer to Chapter 10 if you need a refresher on binomial factorizations.
25 Completely factor
26 Completely factor
27 Completely factor
28 Completely factor
29 Completely factor
30 Completely factor

Answers to Problems on Factoring Trinomials
and Other Expressions

This section provides the answers (in bold) to the practice problems in this chapter.

1. Factor out the GCF: . The answer i1s
2. Factor out the GCF: . The answer 1s
3. Factor out the GCF:

The answer 1s

The trinomial in the brackets doesn’t factor as a quadratic-like expression, so you
need to expand each term by multiplying and simplifying.

4. Factor out the GCF:

5. Factor . The answer is , considering 15 and 1, or 5 and 3 for the
factors of 15.

6. Factor . The answer is , which needs opposite signs with factors of
40 to be either 40 and 1, 20 and 2, 10 and 4, or 8 and 5.

7. Factor . The answer is

8. Factor . The answer i1s



10.
11.
12.
13.
14.
15.

16.

17.

18.

19.

20.

21.

22.

Factor . The answer is , which is a difference of squares.

Factor . The answer is

Factor . The answer is .

Factor . The answer i1s , which 1s a difference of squares.
Factor . The answer is

Factor . The answer is . Twice 1S

Completely factor . The answer is

The GCF is 5y . Factor that out first.

Completely factor . The answer i1s

Completely factor . The answer is

First, divide out the GCF, . Then you have a factorable trinomial in the
parentheses.

Completely factor . The answer is

The GCF is , which 1s the difference of squares.

Completely factor . The answer is

The quadratic-like trinomial has fractional exponents with the exponent
being twice the exponent . The factors of 40 are 1 and 40, 2 and 20, 4 and

10, 5 and 8. The factors of 15 are 1 and 15, 3 and 5. You have to find a
combination of factors that gives you a difference of 1 for the middle term. Using
the 8 and 5 with the 3 and 5 does the trick.

The product of the outer terms is 24, and the product of the inner terms is 25:
(8 35)(5 3).
Completely factor . The answer is

First divide by the GCF to get . You can factor the trinomial as it’s written
or rearrange the expression to read . Now the trinomial factors, and you
get

Factor by grouping: . The answer is

Factor by grouping: . The answer is



23.

24.

25.

26.

27,

28.

29.

30.

Factor by grouping:

. The answer 1s

The GCF of the first two terms is

So :

Factor by grouping: . The answer is
Completely factor . The answer is
same two terms.

Completely factor . The answer is
Completely factor . The answer i1s
Completely factor . The answer is
Completely factor . The answer i1s
Completely factor . The answer is

. The GCF of the last two terms is just 1.

. First factor 5x out of each
term: . Then you can factor the binomial as the sum and difference of the



Part 3
Seek and Ye Shall Find ... Solutions



IN THIS PART ...

Lock in your linear equation skills.

Work with quadratic equations.

Utilize techniques to make reasonable guesses at solutions when working with polynomials.
Rock at radical and absolute value equations.

Tackle problems dealing with inequalities.



Chapter 12
Lining Up Linear Equations

IN THIS CHAPTER
» Getting down to the basics when solving linear equations
» Making grouping symbols and fractions work

» Putting proportions in their place

Linear equations are algebraic equations that have no powers on the variables that are greater
than the first power. The most common (and easiest) way of solving linear equations is to perform
operations or other manipulations so that the variable you’re solving for is on one side of the
equation and the numbers or other letters and symbols are on the other side of the equation. You
want to get the variable alone so that you can finish with a statement, such as or

Because linear equations involve just the first degree (power one) of the variable, you look for
just one answer.

This chapter provides you with the different setups or situations where linear equations are usually
found — and what to do when you find them.

Using the Addition/Subtraction Property

One of the most basic properties of equations is that you can add or subtract the same amount from
each side of the equation and not change the balance or equality . The equation is still a true
statement (as long as it started out that way) after adding or subtracting the same from each side.
You use this property to get all the terms with the variable you want to solve for to one side and
all the other letters and numbers to the other side so that you can solve the equation for the value of
the variable.

ne  You can check the solution by putting the answer back in the original equation to see
whether it gives you a true statement.

EXAMPLE Q. Solve for

A. . Subtract 7 from each side (same as adding to each side), like this:



Q. Solve for

A. . First add to each side to get rid of the variable on the right (this moves the

variable to the left with the other variable term) and then add 2 to each side to get rid of the
(gets the numbers together on the right). This is what the process looks like:

1 Solve for
2 Solve for
3 Solve for
4 Solve for

Using the Multiplication/Division Property

Another property of equations is that when you multiply or divide both sides by the same number
(but not zero), then the equation is still an equality, 1t’s still a true statement. You can use this
multiplication/division property alone or with the addition/subtraction property to help solve
equations for the value of the variable.

EXAMPLE Q. Solve for

A. . Divide each side by to determine what x is:

Q. Solve for y:
A. . Multiply each side by 5 to solve the equation for y:

5 Solve for
6 Solve for
7 Solve for z:

8 Solve for w:

Putting Several Operations Together

The different properties of equations that allow you to add the same number to each side or
multiply each side by the same number (except zero) are the backbone of solving linear equations.
More often than not, you have to perform several different operations to solve a particular



equation. In the cases where the problem just has the operations of addition, subtraction,
multiplication, and division (and there aren’t any grouping symbols to change the rules), you first
do all the addition and subtraction to get the variables on one side and the numbers on the other
side. Then you can multiply or divide to get the variable by itself.

rememser 1he side you move the variable to really doesn’t matter. Many people like to have the
variable on the left, so you can read as “x equals 2.” Writing 1s just as correct.

You may prefer having the variable on one side in one equation and on the other side in
another equation — depending on which side makes for less awkward operations or keeps
the variable with a positive factor.

EXAMPLE Q. Solve for

A.

1. Simplify each side of the equation by combining like terms.
2. Add 3 to and subtract Sx from each side.

3. Divide each side by 3 to get

Q. Solve for y:
A.

1. By subtracting from each side and subtracting 5 from each side, you
get

2. Multiply each side by 3 and then divide each side by 2.

Another way to do the last two operations in just one is to multiply each side of the equation by
the reciprocal of , which is

9 Solve for
10 Solve for y:



11 Solve for
12 Solve for z:
13 Solve for
14 Solve for x:

Solving Linear Equations with Grouping
Symbols

The most general procedure to use when solving linear equations is to add and subtract first and
then multiply or divide. This general rule is interrupted when the problem contains grouping
symbols suchas (), [ ], { }. (See Chapter 2 for more on grouping symbols.) If the equation has
grouping symbols (and this includes fractions with many-termed numerators), you need to perform
whatever operation is indicated by the grouping symbol before carrying on with the other rules.

rememser [f you perform an operation on the grouping symbol, then every term in the grouping
symbol has to have that operation performed on it.

EXAMPLE Q. Solve

A.

1. Distribute the 8 over the two terms in the left parentheses and the 5 over the
two terms in the right parentheses.

You get the equation

2. Combine the two numbers on each side of the equation.
You get

3. Subtract Sx and 14 from each side; then divide each side by 11.

Q. Solve

A. . First multiply each term on both sides of the equation by 4:

Combine the like terms on the left. Then subtract 4x from each side and subtract 7 from each



side; finally, divide each side by

15 Solve for

16 Solve for

17 Solve for x:

18 Solve for

19 Simplify the quadratic equation to create a linear equation and then solve for

20 Simplify the quadratic equation to create a linear equation and then solve for

Working It Out with Fractions

Fractions aren’t everyone’s favorite thing, although it’s hard to avoid them in everyday life or in
algebra. Fractions in algebraic equations can complicate everything, so just getting rid of fractions
is often easier than trying to deal with finding common denominators several times in the same
problem.

Two general procedures work best when dealing with algebraic fractions.

e [f you can easily isolate a single term with the fraction on one side, do the necessary addition
and subtraction, and then multiply each side of the equation by the denominator of the fraction
(be sure to multiply each term in the equation by that denominator).

e [f the equation has more than one fraction, find a common denominator for a// the terms and then

multiply each side of the equation by this common denominator. Doing so, in effect, gets rid of
all the fractions.

examere Q. Solve by isolating the fractional term on the left.

A.

1. Subtract 4 from each side.
2. Multiply each side by 3.

Now the problem is in a form ready to solve.
3. Add 1 to each side and divide each side by 2.



Q. This time, use the second procedure from the bulleted list to solve

A.

I. Determine the common denominator for the fractions, which is 4.
2. Multiply each term in the equation by 4.

Doing so eliminates all the fractions after you reduce them.

3. Add 6x to each side and subtract 60 from each side. Then finish solving by
dividing by 7.

21 Solve for x:
22 Solve for x:
23 Solve for y:
24 Solve for x:

25 Simplify the rational equation by multiplying each term by y . Then solve the resulting linear
equation for y:

26 Simplify the rational equation by multiplying each term by z . Then solve the resulting linear
equation for z:

Solving Proportions

A proportion is actually an equation with two fractions set equal to one another. The proportion
has the following properties:

e The cross products are equal:
e [f the proportion is true, then the f/ip of the proportion is also true:
e You canreduce vertically or horizontally: or

You solve proportions that are algebraic equations by cross-multiplying, flipping, reducing, or
using a combination of two or more of the processes. The flipping part of solving proportions
usually occurs when you have the variable in the denominator and can do a quick solution by first
flipping the proportion and then multiplying by a number.

EXAMPLE Q. Solve for x:



A.

1. First, reduce horizontally through the denominators. Then cross-multiply.

2. Subtract 12x from each side. Then divide each side by 2.

Q. Solve for x:
A.

1. Flip the proportion to get

2. Reduce through the denominators and then multiply each side by 2. (You
could reduce vertically in the first fraction, too, but dividing by 6 in the
denominators is a better choice.)

27 Solve for x:
28 Solve for y:
29 Solve for z:
30 Solve for y:

Answers to Problems on Solving Linear
Equations

This section provides the answers (in bold) to the practice problems in this chapter.

1. Solve for x : . The answer 1s
2. Solve for y: . The answer is
3. Solve for x : . The answer 1s

4. Solve for y: . The answer is . By combining like terms, you get



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

. Solve for x :

Solve for y :

Solve for z :

Solve for w:

Solve for x :

Solve for y :

Solve for x :

Solve for z :

Note that

Solve for y :

Solve for x :

Solve for x :

Solve for y :

Solve for x :

Solve for y :

Solve for x :

. The answer is

. The answer 1s

. The answer 1s

. The answer i1s

. The answer 1s

. The answer is

. The answer 1s

. The answer 1s

. The answer 1s

. The answer is

. The answer 1s

. The answer i1s

. The answer 1s

. The answer 1s

. Combine like terms and then solve:



20. Solve for x : . The answer is

21. Solve for x : . The answer is

22. Solve for x: . The answer is . Twelve is a common denominator,
SO

23. Solve for y: . The answer is . Twenty is a common denominator,
SO

24. Solve for x : . The answer 1s . A common denominator is 6, so

25. Solve for y: . The answer is . The common denominator is y , so

26. Solve for z: . The answer 1s . A common denominator 1s 6z , SO

27. Solve for x : . The answer i1s . Reduce by dividing the

denominators by 4 and the right fractions by 3. Then cross-multiply.

28. Solve for y: . The answer is . Reduce through the numerators.
Then flip.
29. Solve for z : . The answer is . Reduce the fraction on the right by

dividing the numerator and denominator by 7. Then reduce through the
denominators before you cross-multiply:

30. Solve for y: . The answer is . Flip to get and solve by
reducing the fraction on the left and then cross-multiplying:

Yes, you could also have reduced through the denominators, but when the
numbers are small enough, it’s just as quick to skip that step.



Chapter 13
Muscling Up to Quadratic Equations

IN THIS CHAPTER

» Taking advantage of the square root rule
» Solving quadratic equations by factoring
» Enlisting the quadratic formula

» Completing the square to solve quadratics

» Dealing with the impossible

Agquadratic equation is an equation that is usually written as where b, ¢, or both b and ¢

may be equal to 0, but a is never equal to 0. The solutions of quadratic equations can be two real
numbers, one real number, or no real number at all. (Real numbers are all the whole numbers,
fractions, negatives and positives, radicals, and irrational decimals. Imaginary numbers are
something else again!)

When solving quadratic equations, the most useful form for the equation is one in which the
equation is equal to 0 and the terms are written in decreasing powers of the variable. When set
equal to zero, you can factor for a solution or use the quadratic formula. An exception to this rule,
though, is when you have just a squared term and a number, and you want to use the square root
rule . (Say that three times quickly.) I go into further detail about all these procedures in this
chapter.

For now, strap on your boots and get ready to answer quadratic equations. This chapter offers you
plenty of chances to get your feet wet.

Using the Square Root Rule

rememser Y OU can use the square root rule when a quadratic equation has just the squared term and
a number — no term with the variable to the first degree. This rule says that if , then

, as long as k i1sn’t a negative number. The tricky part here — what most people trip

on — 1s in remembering to use the “plus or minus™ symbol so that both solutions are
identified.



exameLe Q. Use the square root rule to solve:

A. (which is the same as or ) . First divide each side by 7 to get
Then find the square root of 4 to get the answer.

Q. Use the square root rule to solve:

A. (which is the same as or ) . Before using the square root rule, first add
75 to each side to get the number on the right. Then divide each side by 3 to get . Finally,
find the square root of 25 to get the answer.

1 Use the square root rule to solve:
2 Use the square root rule to solve:
3 Use the square root rule to solve:

4 Use the square root rule to solve:

Solving by Factoring

The quickest and most efficient way of solving a quadratic equation that has three terms is to factor
it (if it can be factored) and then use the multiplication property of zero (MPZ) to solve for the
solutions. The MPZ says that, if the product , then either a or b must be equal to 0. You use

this property on the factored form of a quadratic equation to set the two linear factors equal to 0
and solve those simple equations for the value of the variable.

rememser SOmetimes when you factor the quadratic, you get two identical factors. That’s because
the quadratic was a perfect square. You still get two answers, but they’re the same number,
which is called a double root .

exameLe Q. Solve for x by factoring;

A. . The factored form of the original equation is . When the product of three factors

is zero, then one or more of the factors must be equal to zero. The first factor here, the 3, is
certainly not equal to zero, so you move on to the next factor, , and set it equal to zero to

solve for the solution. You use the same process with the last factor, . Only the variables

can take on a value to make the factor equal to 0. That’s why, when you set the last two factors
equal to 0, you solve those equations and get the answers.



Q. Solve for x by factoring:

A. or . You don’t need a constant term (it’s technically O in this case) in order for
this process to work. Just factor out the GCF 4x from each term in the equation.

The two factors, set equal to 0 give you

S Solve for x by factoring:
6 Solve for x by factoring:
77 Solve for y by factoring:
8 Solve for z by factoring:
9 Solve for y by factoring;
10 Solve for x by factoring:
11 Solve for z by factoring:
12 Solve for y by factoring:

Using the Quadratic Formula

You can use the quadratic formula to solve a quadratic equation, regardless whether the terms can
be factored. Factoring and using the MPZ is almost always easier, but you’ll find the quadratic
formula most useful when the equation can’t be factored or the equation has numbers too large to
factor in your head.

rememeer [f @ quadratic equation appears in its standard form, , then the quadratic formula
gives you the solutions to that equation. You can find the solutions by using the following
formula:

If you use the quadratic formula on a quadratic that can be factored, then the number under the
radical (the square root symbol) always turns out to be a perfect square, and no radical appears in
the solution. If the equation isn’t factorable, then your answer — a perfectly good one, mind you
— has radicals in it. If the number under the radical turns out to be negative, then that equation
doesn’t have a real solution. If you want to know more about this real versus imaginary situation,
look at the “Dealing with Impossible Answers ” section later in this chapter.



exameLe Q. Use the quadratic formula to solve: with , and

A. . Fill in the formula and simplify to get

Because the 289 under the radical is a perfect square, you could have solved this problem by
factoring.

Q. Use the quadratic formula to solve:

A. . The quadratic equation is already in the standard form, with , and . Fill
in the formula with those values and simplify:

13 Use the quadratic formula to solve:
14 Use the quadratic formula to solve:
135 Use the quadratic formula to solve:
16 Use the quadratic formula to solve:
17 Use the quadratic formula to solve: . Hint: When there’s no constant term, let

18 Use the quadratic formula to solve: . Hint: Let

Completing the Square

An alternative to using factoring or the quadratic formula to solve a quadratic equation is a method
called completing the square . Admittedly, this 1s seldom the method of choice, but the technique
is used when dealing with conic sections in higher mathematics courses. I include it here to give
you some practice using it on some nice quadratic equations.

Here are the basic steps you follow to complete the square:

1. Rewrite the quadratic equation in the form
2. Divide every term by a (if a isn’t equal to 1).
3. Add to each side of the equation.
This is essentially just half the x term’s newest coefficient squared.

4. Factor on the left (it’s now a perfect square trinomial).
Take the square root of each side of the equation.
6. Solve for x .

d



exameLe Q. Use completing the square to solve

A. . Working through the steps:

Rewrite the equation as

No division is necessary.
Add to each side to get

Factor on the left,
Find the square root of each side:

ANE I A e

You only need use the in front of the radical on the right. Technically, it

belongs on both sides, but because you end up with two pairs of the same
answer, just one is enough.

6. Solve for x by adding 2 to each side of the equation: , giving you
or

Q. Use completing the square to solve
A. . Working through the steps:

Rewrite the equation as
Divide each term by 2:

Add to each side to get
Factor on the left,

Notice that the constant in the binomial is the number that got squared in Step 3.

=

5. Find the square root of each side:

6. Solve for x :

19 Use completing the square to solve for x in

20 Use completing the square to solve for x in

Dealing with Impossible Answers



rememser 1 he square root of a negative number doesn’t exist — as far as real numbers are
concerned. When you encounter the square root of a negative number as you’re solving
quadratic equations, it means that the equation doesn’t have a real solution.

You can report your answers when you end up with negatives under the radical by using
imaginary numbers (or numbers that are indicated with an i to show that they aren’t real). With
imaginary numbers, you let . Then you can simplify the radical using the imaginary number

as a factor. Don’t worry if you’re slightly confused about imaginary numbers. This concept is more
advanced than most of the algebra problems you’ll encounter in this book and during Algebra 1.
For now, just remember that using i allows you to make answers more complete; imaginary
numbers let you finish the problem.

exameLe Q. Rewrite , using imaginary numbers.

A. 3i . Split up the value under the radical into two factors:

Q. Rewrite , using imaginary numbers.

A. . You can write the value under the radical as the product of three factors:

The last two lines of the equation look almost identical. Putting the i after the 4 is just a
mathematical convention, a preferred format. It doesn’t change the value at all.

21 Rewrite as a product with a factor of i .

22 Rewrite as an expression with a factor of’i .

Answers to Problems on Solving Quadratic
Equations

This section provides the answers (in bold) to the practice problems in this chapter.

1. Use the square root rule to solve: . The answer is
2. Use the square root rule to solve: . The answer is

3. Use the square root rule to solve: . The answer is



10.

11.

12.

13.

14.

15.

16.

17.

Use the square root rule to solve: . The answer is

. Solve for x by factoring: . The answer is
Solve for x by factoring: . The answer is
Solve for y by factoring: . The answer is

You could also have used the square root rule on this problem.

Solve for z by factoring: . The answer is , which is a double root.
Solve for y by factoring: . The answer is
Solve for x by factoring: . The answer is
Solve for z by factoring: . The answer is
Solve for y by factoring: . The answer is

has 12 as a common denominator, so

Use the quadratic formula to solve: . The answer is

Use the quadratic formula to solve: . The answer is

First, rewrite in the standard form:

Use the quadratic formula to solve: . The answer is

Use the quadratic formula to solve . The answer i1s . First rewrite
the equation in standard form.

Use the quadratic formula to solve: . The answer is



18.

19.

20.

21.

22.

Note: You could have factored the quadratic:

Use the quadratic formula to solve: . The answer is

Use completing the square to solve for x in . The answer 1s x =

Use completing the square to solve for x in . The answer is

Rewrite as a product with a factor of i . The answer is 2i .

Rewrite as an expression with a factor of 7 . The answer 1s

or



Chapter 14
Yielding to Higher Powers

IN THIS CHAPTER

» Tallying up the possible number of roots
» Making educated guesses about solutions
» Finding solutions by factoring

» Recognizing patterns to make factoring and solutions easier

Polynomial equations are equations involving the sum (or difference) of terms where the
variables have exponents that are whole numbers. (Trinomials are special types of polynomials; I
thoroughly cover solving trinomial equations in Chapter 13 .) Solving polynomial equations
involves setting polynomials equal to zero and then figuring out which values create true
statements. You can use the solutions to polynomial equations to solve problems in calculus,
algebra, and other mathematical areas. When you’re graphing polynomials, the solutions show you
where the curve intersects with the x -axis — either crossing it or just touching it at that point.
Rather than just taking some wild guesses as to what the solutions might be, you can utilize some
of the available techniques that help you make more reasonable guesses as to what the solutions
are and then confirm your guess with good algebra.

This chapter provides several examples of these techniques and gives you ample opportunities to
try them out.

Determining How Many Possible Roots

Mathematician René Descartes came up with his rule of signs, which allows you to determine the
number of real roots that a polynomial equation may have. The real roots are the real numbers that
make the equation a true statement. This rule doesn’t tell you for sure how many roots there are; it
just tells you the maximum number there could be. (If this number is less than the maximum number
of roots, then it’s less than that by two or four or six, and so on.)

To use Descartes’s rule, first write the polynomial in decreasing powers of the variable; then do
the following:

e To determine the maximum possible positive roots , count how many times the signs of the terms
change from positive to negative or vice versa.

e To determine the possible number of negative roots, replace all the x ’s with negative x ’s.
Simplify the terms and count how many times the signs change.



exameLe Q. How many possible real roots are there in ?

A. At most four positive and one negative . The sign changes from positive to negative to
positive to negative to positive. That’s four changes in sign, so you have a maximum of four
positive real roots. If it doesn’t have four, then it could have two. If it doesn’t have two, then it
has none. You step down by twos. Now count the number of possible negative real roots in that
same polynomial by replacing all the x ’s with negative x ’s and counting the number of sign
changes:

This version only has one sign change — from negative to positive, which means that it has one
negative real root. You can’t go down by two from that, so one negative real root is the only
choice.

Q. How many possible real roots are there in ?

A. One positive and three or one negative .Count the number of sign changes in the original
equation. It has only one sign change, so there’s exactly one positive real root. Change the
function by replacing all the x ’s with negative x ’s and count the changes in sign:

It has three sign changes, which means that it has three or one negative real roots.
1 Count the number of possible positive and negative real roots in

2 Count the number of possible positive and negative real roots in

Applying the Rational Root Theorem

In the preceding section, you discover that Descartes’s rule of signs counts the possible number of
real roots. Now you see a rule that helps you figure out just what those real roots are, when
they’re rational numbers.

rememser Real numbers can be either rational or irrational. Rational numbers are numbers that have
fractional equivalents; that is, they can be written as fractions. [rrational numbers can’t be
written as fractions; they have decimal values that never repeat and never end.

The rational root theorem says that, if you have a polynomial equation written in the form

, then you can make a list of all the possible rational roots by looking at the first term and the last
term. Any rational roots must be able to be written as a fraction with a factor of the constant (the
last term or a y ) in the numerator of the fraction and a factor of the lead coefficient (a ,, ) in the

denominator.



For example, in the equation , the factors of the constant are and the factors of the
coefficient of the first term are . The following list includes all the ways that you can

create a fraction with a factor of the constant in the numerator and a factor of the lead coefficient in
the denominator:

Of course, the two fractions with 1 in the denominator are actually whole numbers, when you
simplify. This abbreviated listing represents all the possible ways to combine and

and and , and so on, to create all the possible fractions. It’s just quicker to use the
notation than to write out every single possibility.

Although this new list has 12 candidates for solutions to the equation, it’s really relatively short
when you’re trying to run through all the possibilities. Many of the polynomials start out with a 1
as the coefficient of the first term, which is great news when you’re writing your list because that
means the only rational numbers you’re considering are whole numbers — the denominators are 1.

exampLe Q. Determine all the possible rational solutions of this equation:
A.

The factors of the constant are and the factors of the lead coefficient are . You

create the list of all the numbers that could be considered for roots of the equation by dividing
each of the factors of the constant by the factors of the lead coefficient. The numbers shown in
the answer don’t include repeats or unfactored fractions.

Q. Determine all the possible rational solutions of the equation:
A.

Yes, even though Descartes tells you that there could be as many as three positive and one
negative real root, the only possible rational roots are or

3 List all the possible rational roots of

4 List all the possible rational roots of

Using the Factor/Root Theorem

Algebra has a theorem that says if the binomial is a factor of a polynomial (it divides the
polynomial evenly, with no remainder), then c is a root or solution of the polynomial. You may
say, “Okay, so what?”” Well, this property means that you can use the very efficient method of
synthetic division to solve for solutions of polynomial equations.

Use synthetic division to try out all those rational numbers that you listed as possibilities for roots
of'a polynomial. (See Chapter 8 for more on synthetic division.) If is a factor (and c is a



root), then you won’t have a remainder (the remainder is 0) when you perform synthetic division.

exampre Q. Check to see whether the number 2 is a root of the following polynomial:

A. Yes, it’s a root . Use the 2 and the coefficients of the polynomial in a synthetic division
problem:

The remainder is 0, so is a factor, and 2 is a root or solution. The quotient of this
division is , which you write using the coefficients along the bottom. When writing the

factorization, make sure you start with a variable that’s one degree lower than the one that was
divided into. This new polynomial ends in and has a lead coefficient of 1, so the only

possible solutions when setting the quotient equal to zero are 1 or
Q. Check to see whether 1 or is a solution of the new equation.

A. Neither is a solution . First, try 1:

That 1 didn’t work; the remainder isn’t 0. Now, try

It doesn’t work, either. The only rational solution of the original equation is 2.
S Check to see whether is a root of

6 Check to see whether is a root of

Solving by Factoring

When determining the solutions for polynomials, many techniques are available to help you
determine what those solutions are — if any solutions exist. One method that is usually the
quickest, though, 1s factoring and using the multiplication property of zero (MPZ). (Check out
Chapter 13 for more ways to use the MPZ.) Not all polynomials lend themselves to factoring, but
when they do, using this method is to your advantage. And don’t forget to try synthetic division and
the factor theorem if you think you have a potential solution.

exampLe Q. Find the real solutions of

A. or . Do you recognize that the two numbers are both perfect squares? Factoring
the binomial into the sum and difference of the roots, you get . The first factor of this



factored formis also the difference of perfect squares. Factoring again, you get . Now, to
use the MPZ, set the first factor equal to 0 to get . Set the second factor equal to
The last factor doesn’t cooperate: . A perfect square can’t be negative, so this factor has

no solution. If you go back to the original equation and use Descartes’s rule of signs (see
“Determining How Many Possible Roots ™ earlier in this chapter), you see that it has one real
positive root and one real negative root, which just confirms that prediction.

Q. Find the real solutions of

A. or . You can factor by grouping to get . The second factor is the
difference of perfect cubes, which factors into . The trinomial factor in this
factorization never factors any more, so only the first two factors yield solutions: and

But suppose that, instead of factoring, you make a guess (after determining with Descartes’s rule
of signs that only one positive real root and three or one negative real roots are possible). You

go with a negative guess (go with the odds). How about trying ?
The is a solution (no surprise there), and the factored formis . The difference of
cubes gives you that same solution of . You can use both synthetic division and factoring

in the same problem!
77 Solve by factoring:
8 Solve by factoring:
9 Solve by factoring:
10 Solve by factoring:

Solving Powers That Are Quadratic-Like

A special classification of equations, called quadratic-like, lends itself to solving by factoring
using unFOIL. These equations have three terms:

e A variable term with a particular power
e Another variable with a power half that of the first term
e A constant

A way to generalize these characteristics is with the equation . In Chapter 11 , you find

details on factoring these quadratic-like trinomials, which then allows you to solve the related
equations.



EXAMPLE Q. Solve for

A. or or or

1. Factor the expression:

2. Factor each of the binomials.
You can factor nto . You can factor Into

3. Factor the binomials that are still the difference of perfect squares.
4. Set the complete factorization equal to 0.

The four real solutions of the original equation are , and . The two
factors that are the sums of perfect squares don’t provide any real roots.

Q. Solve for

A. or . This example involves fractional exponents. Notice that the power on the
first variable 1s twice that of the second.

1. Factor the expression.
2. Take the first factor and set it equal to 0.

3. Add to each side and cube each side of the equation.

4. Follow the same steps with the other factor.

11 Solve the equation:
12 Solve the equation:
13 Solve the equation:
14 Solve the equation:



Answers to Problems on Solving Higher Power
Equations

This section provides the answers (in bold) to the practice problems in this chapter.

1. Count the number of possible positive and negative real roots in . The

answer: Three or one positive roots and two or no negative roots . The
original equation has three sign changes, so there are three or one possible

positive real roots. Then substituting for each x, you get , and you
have two sign changes, meaning there are two negative roots or none at all.
2. Count the number of possible positive and negative real roots in . The

answer: Two or no positive roots and one negative root . The original equation
has two sign changes (from positive to negative to positive), so there are two or

no positive roots. Substituting for each x, you get , which has one
sign change and one negative root.

3. List all the possible rational roots of . The answer: The possible rational
roots are . The constant term 1s 81. Its factors are . The lead
coefficient is 2 with factors

4. List all the possible rational roots of . The possible rational roots are

. The constant term is 25, having factors . The lead coefficient is 8

with factors
5. Check to see whether is a root of . The answer: Yes . Rewrite the
equation with the coefficients showing in front of the variables:

Because the remainder is 0, the equation has a root of and a factor of

6. Check to see whether is a root of . The answer: Yes . Writing in
the coefficients of the terms, you get . Note that 3 is a factor of 81 and 2 is
a factor of 2, so 1s a possible rational root:
The remainder is 0, so is a root (solution), and or is a
factor.

7. Solve by factoring;: . The answer is . First factor the binomial as

the difference and sum of the same two values; then factor the first of these



10.

11.

12.

13.

14.

factors the same way:

are the real solutions. So . Note: has no real solutions.
Solve by factoring: . The answer is . First factor out x from each
term to get . You may recognize that the expression in the parentheses is a

perfect cube. But just in case that hasn’t occurred to you, try using synthetic
division with the guess

The factored form now reads . The trinomial in the parentheses is a
perfect square, so the final factored form is . So ,and 1 is a triple
root .

Solve by factoring: . The answer is . Factor by grouping:

So . Therefore,

Solve by factoring: . The answer is . First you get by
grouping. Then . So give the real solutions. Therefore,

Solve the equation: . The answer is

You can continue factoring or use the square root rule.

. Therefore
Solve the equation: . The answer is
So . Therefore,
Solve the equation: . The answer is
, SO
or . Therefore, or
Solve the equation: . The answer is
or

Therefore,



Chapter 15
Reeling in Radical and Absolute Value
Equations

IN THIS CHAPTER
» Squaring radicals once or twice (and making them nice)
» Being absolutely sure of absolute value

» Checking for extraneous solutions

Radical equations and absolute values are just what their names suggest. Radical equations
contain one or more radicals (square root or other root symbols), and absolute value equations
have an absolute value operation (two vertical bars that say to give the distance from 0).
Although they’re two completely different types of equations, radical equations and absolute value
equations do have something in common: You change both into linear or quadratic equations (see
Chapters 12 and 13 ) and then solve them. After all, going back to something familiar makes more
sense than trying to develop (and then remember) a bunch of new rules and procedures.

What’s different is zow you change these two types of equations. I handle each type separately in
this chapter and offer practice problems for you.

Squaring Both Sides to Solve Radical Equations

If your radical equation has just one radical term, then you solve it by isolating that radical term on
one side of the equation and the other terms on the opposite side, and then squaring both sides.
After solving the resulting equation, be sure to check your answer or answers to be sure you
actually have a solution.

warning Watch out for extraneous roots . These false answers crop up in several mathematical
situations where you change from one type of equation to another in the course of solving the
original equation. In this case, it’s the squaring that can introduce extraneous or false roots.
Creating these false roots happens because the square of a positive number or its opposite
(negative) gives you the same positive number.

For example, if you start with the simple statement that and then square both sides, you get
. Now take the square root of both sides, and you get . All of a sudden you have an
extraneous root because the got included (it wasn’t part of the original statement).



Squaring both sides to get these false answers may sound like more trouble than it’s worth, but this
procedure is still much easier than anything else. You really can’t avoid the extraneous roots; just
be aware that they can occur so you don’t include them in your answer.

rememser When squaring both sides in radical equations, you can encounter one of three possible
outcomes: (1) both of the solutions work, (2) neither solution works, or (3) just one of the
two solutions works because the other solution turns out to be extraneous.

Check out the following examples to see how to handle an extraneous root in a radical equation.

EXAMPLE Q. Solve for x:

A.

1. Isolate the radical term by subtracting x from each side. Then square both
sides of the equation.

2. To solve this quadratic equation, subtract x and 10 from each side so that
the equation is set equal to zero. Then simplify and then factor it.

Two solutions appear, or

3. Check for an extraneous solution.

In this case, substituting the solutions, you see that the 6 works, but the 15
doesn’t.

Q. Solve for x:

A. or . It’s unusual to have both answers from the quadratic work in the original
radical equation.

1. Isolate the radical term by adding x to each side; then square both sides of
the equation.

2. Set the equation equal to 0, simplify, and then factor it.



Two solutions appear, or

3. Check for an extraneous solution.
Substituting the solutions, you see that both numbers work in this case.

1 Solve for x:
2 Solve for x:
3 Solve for x:
4 Solve for x:
S Solve for x:

6 Solve for x:

Doubling the Fun with Radical Equations

Some radical equations have two or more radical terms. When you have more than one radical
term, solving the equation takes more than one squaring process because, after you square both
sides, you still have a radical term. Therefore, to solve a radical equation with multiple radical
terms, you square the two sides first, then isolate the remaining radical term on one side, and then
square both sides again.

In general, squaring a binomial (the sum or difference of two terms) is easier if only one of the
two terms is a radical term, so a good technique is to rewrite the equations, putting a radical term
on each side before you perform the first squaring process.

EXAMPLE Q. Solve for x:

A.

1. Subtract from each side (doing so places a radical on each side of the
equation).

2. Square both sides, simplify the terms, and get the remaining radical term on
one side and all the other terms on the opposite side.

3. Each of the terms is divisible by 4. Divide every term by 4 and then square
both sides.



4. Set the quadratic equation equal to 0, factor it, and solve for the solutions to
that equation.

5. Check the two solutions.
When you test each solution in the original equation, you find that isa
solution but 1 1s an extraneous root.

Q. Solve for x:
A.

1. Square both sides. (Be sure to square the 2 in front of the radical before
distributing over the other terms.) Simplify and isolate the radical on one
side.

2. Square both sides.

3. Set the quadratic equation equal to 0, factor it, and solve for the solutions to
that equation.

4. Check the two solutions.

When you test each solution in the original equation, you find that 0 is a solution
but 1s an extraneous root.

7 Solve for x:

8 Solve for x:

Solving Absolute Value Equations

An absolute value equation contains the absolute value operation. Seems rather obvious, doesn’t
1t? When solving an absolute value equation, you have to change its form to solve it (just as you do
with radical equations; refer to the preceding sections). When solving an absolute value equation
in the form , take the following steps:

1. Rewrite the original equation as two separate equations and solve the two
equations separately for two different answers.



The two equations to solve are or

2. Check the results in the original equation to ensure the answers work.

Generally, both answers work, but you need to check the results to be sure the

original equation didn’t have a nonsense statement (like having a positive equal to
a negative) in it.

EXAMPLE Q. Solve for x:

A x= or . Rewrite the absolute value equation as two different equations:
or . Solve , which gives . Solve , which gives

Checking the solutions:

and

Q. Solve for x:

A. or . Before applying the rule to change the absolute value into linear equations,
add 5 to each side of the equation. This gets the absolute value by itself, on the left side:

Now the two equations are and . The solutions are and
respectively. Checking these answers in the original equation, and

2

9 Solve for x:

10 Solve for y:
11 Solve for w:
12 Solve for y:
13 Solve for x:
14 Solve for y:

Answers to Problems on Radical and Absolute
Value Equations

This section provides the answers (in bold) to the practice problems in this chapter.

1. Solve for x : . The answer is . First square both sides and then
solve for x by adding 3 to each side:



Then check:

. Solve for x : . The answer is . First square both sides and then

subtract 9 from each side. Find the square root of each side and check to see
whether the answers work:

Then check:

. Solve for x : . The answer is . First move x to the right side:
Check: . So 4 1sn’t a solution; it’s extraneous.
Check: . So is the only solution.

. Solve for x : . The answer 1s . First subtract 9 from each side and

then square both sides. Set the quadratic equal to 0 to factor and solve for x:

Using the multiplication property of zero (see Chapter 13 ), you have

Solve for x : . The answer 1s both

First add 7 to each side. Then square both sides, set the equation equal to 0, and
solve for x :

Using the multiplication property of zero (see Chapter 13 ), you have

. Solve for x : . The answer is both . First square both sides of the
equation; then set it equal to 0 and factor:

. Solve for x : . The answer is . First square both sides of the

equation. Then keep the radical term on the left and subtract x and 9 from each
side. Before squaring both sides again, divide by 6:

Square both sides of the new equation:
Check:



8.

10.

11.

12.

13.

Solve for x : . The answer is . First move a radical term to the

right, square both sides, simplify, and, finally, isolate the radical term on the right.
You can then divide each side by 5:

Square both sides again, set the equation equal to 0, and factor:

Using the multiplication property of zero (see Chapter 13 ), you have
Check:

Solve for . The answer is . First remove the absolute value symbol

by setting what’s inside equal to both positive and negative 6. Then solve the two
linear equations that can be formed:

Check:

Solve for . The answer is . First remove the absolute value symbol

by setting what’s inside equal to both positive and negative 4. Then solve the two
linear equations that can be formed:

Check:

Solve for w: . The answer 1s . First subtract 3 from each side.

Then remove the absolute value symbol by setting what’s inside equal to both
positive and negative 3:

The two linear equations that are formed give you two different answers:

Solve for y : . The answer is . First subtract 2 from each side. Then
divide each side by 3:

Then rewrite without the absolute value symbol by setting the expression inside
the absolute value equal to positive or negative 2: . Then simplify the

resulting linear equations:

Solve for x : . The answer is . First rewrite the equation without
the absolute value symbol:



14. Solve for y: . This equation doesn’t have an answer . Here’s why:

Check

warnine NOte that 1s impossible because can never equal a negative
number.



Chapter 16
Getting Even with Inequalities

IN THIS CHAPTER
» Playing by the rules when dealing with ine qualities

» Solving linear and quadratic inequalities
» Getting the most out of absolute value inequalities

» Working with compound ine qualities

An inequality is a mathematical statement that says that some expression is bigger or smaller than
another expression. Sometimes the inequality also includes an equal sign with the inequality sign
to show that you want something bigger than or equal to, or smaller than or equal to .

rememser 1 he good news about solving inequalities is that nearly all the rules are the same as
solving an equation — with one big difference. The difference in applying rules comes in
when you’re multiplying or dividing both sides of an inequality by negative numbers. If you
pay attention to what you’re doing, you shouldn’t have a problem.

This chapter covers everything from basic inequalities and linear equalities to the more
challenging quadratic, absolute value, and complex inequalities. Take a deep breath. I offer you
plenty of practice problems so you can work out any kinks.

Using the Rules to Work on Inequality
Statements

rememser Working with inequalities really isn’t that difficult if you just keep a few rules in mind.
The following rules deal with inequalities (assume that ¢ 1s some number):

o If , then adding ¢ to each side or subtracting ¢ from each side doesn’t change the sense
(direction of the inequality), and you get

o If , then multiplying or dividing each side by a positive ¢ doesn’t change the sense, and
you get or

o If , then multiplying or dividing each side by a negative ¢ does change the sense



(reverses the direction), and you get or
o If , then reversing the terms reverses the sense, and you get

exampre Q. Starting with , perform the following operations: Add 5 to each side, multiply
each side by , change the number order, and then divide each side by 6.

A.

Adding 5 didn’t change the sense.

Multiplying by reverses the sense.

Flip-flopping the terms to put the numbers in order from smaller to larger reverses the sense.

Dividing by a positive number does nothing to the direction of the sense.

1 Starting with , add 4 to each side and then divide each side by ; simplify the
result.

2 Starting with , multiply each side by ; then divide each side by and
simplify the result.

Rewriting Inequalities by Using Interval
Notation

Interval notation is an alternate form for writing inequality statements. Interval notation uses
brackets and parentheses instead of greater than or less than signs. Many books in higher
mathematics courses use interval notation; I show it here so you’ll be acquainted with the notation.
In general, you use parentheses to indicate that the number is not included in the statement and
brackets to show that it is included (with greater than or equal to and less than or equal to signs). I
show you several examples of interval notation versus inequality notation.

examee Q. Write and , using interval notation.

A. and



becomes . The numbers that x represents have no boundary as they get smaller, so
1s used. The 6 1s included, and a bracket indicates that.

becomes . The isn’t included, so a parenthesis is used. You always use a
parenthesis with infinity or negative infinity because there’s no end number.

Q. Write and , using interval notation.

A. and

becomes . The number isn’t included, so a parenthesis is used. The 3 is
included, so a bracket is used.

becomes (4,7). Neither 4 nor 7 is included, so parentheses are used. A caution here: The

interval (4,7) looks like the coordinates for the point (4,7) in graphing. You have to be clear (use
some actual words) to convey what you’re trying to write when you use the two parentheses for

intervals.
3 Write , using interval notation.
4 Write , using interval notation.

Solving Linear Inequalities

Solving linear inequalities involves pretty much the same process as solving linear equations:
Move all the variable terms to one side and the number to the other side. Then multiply or divide
to solve for the variable. The tricky part is when you multiply or divide by a negative number.
Because this special situation doesn’t happen frequently, people tend to forget it. Remember: If
you multiply both sides of by , the inequality becomes ; you have to reverse

the sense.

Another type of linear inequality has the linear expression sandwiched between two numbers, like
. The main rule here is that whatever you do to one section of the inequality, you do to all

the others. For more on this, go to “Solving Complex Inequalities ,” later in this chapter.

EXAMPLE Q. Solve for x:

A. or . Subtract 6x from each side and subtract 5 from each side; then divide by

Note that you can do this problem another way to avoid division by a negative number. See the
next example for the alternate method.

Q. Solve for x :



A. or . Add 3x to each side and subtract 14 from each side. Then divide by 9. This
is the same answer, if you reverse the inequality and the numbers.

S Solve for y:
6 Solve for
7 Solve for x :

8 Solve for x :

Solving Quadratic Inequalities

rememser When an inequality involves a quadratic expression, you have to resort to a completely
different type of process to solve it than that used for linear inequalities. The quickest and
most efficient method to find a solution is to use a number line.

After finding the critical numbers (where the expression changes from positive to negative or vice
versa), you use a number line and place some and signs to indicate what’s

happening to the factors. (See Chapter 1 for some background info on the number line and where
numbers fall on it.)

examere Q. Solve the inequality
A. or

1. Subtract 12 from each side to set it greater than 0.

2. Factor the quadratic and determine the zeros . (These are the critical
numbers. )

You want to find out what values of x make the different factors equal to 0 so that
you can separate intervals on the number line into positive and negative portions
for each factor.

The two critical numbers are 4 and ; they’re the numbers that make the
expression equal to 0.

3. Mark these two numbers on the number line.



- . . -
-3
4. Look to the left of the , between the and 4, and then to the

right of the 4 and indicate, on the number line, what the signs of the factors
are in those intervals.

(-)-) (-)(+) (+)(+)

- » - =

-3 4
When you replace the x with any number smaller than , the factor
is negative, and the factor is also negative. When you choose a number
between and 4 — say 0, for instance — the factor 1s negative, and
the factor is positive. When you replace the x with any number bigger than
4, the factor is positive, and the factor is also positive.

Recall that, when you multiply an even number of negative numbers, the product
is positive, and when the number of negative numbers 1s odd, the product is
negative. The inequality asks for when the product is positive; according to the

signs on the line, this is when (when a negative is multiplied by a
negative) or (when a positive is multiplied by a positive).
9 Solve for

10 Solve for x:
11 Solve for x:
12 Solve for x:

Dealing with Polynomial and Rational
Inequalities

The same process that gives you solutions to quadratic inequalities is used to solve some other
types of inequality problems (see “Solving Quadratic Inequalities ™ earlier in this chapter for more
info). You use the number line process for polynomials (higher degree expressions) and for
rational expressions (fractions where a variable ends up in the denominator).

EXAMPLE Q. Solve for x:



A. or . The polynomial is already factored (thank goodness). So set each factor

equal to 0 to determine where the factors might change from positive to negative or vice versa
(critical numbers). Place the zeros on a number line, test each factor in each interval on the
number line, and determine the sign of the expression in that interval. Use that information to
solve the problem.

RWR'E
NN | )

| (+)(+)(+)(-)
i * -

-3 | =2 1 8
(+)-)(+)(-)

The solution consists of all the numbers that make the expression either negative or equal to 0.
The product is negative when you have an odd number of negative factors. Notice that the sign of
the product didn’t change when x went from smaller than 1 to larger than 1. That’s because that
factor was squared, making that factor either positive or 0 all the time.

Q. Solve for x:

>

A. or . Solving an inequality with a fraction works pretty much the same way as
solving one with a polynomial. Find all the zeros of the factors, put them on a number line, and
check for the sign of the result. The only thing you need to be careful of is not including some
number that would result in a 0 factor in the denominator. The sign can change from one side to
the other of that number; you just can’t use it in your answer. See this number line for

clarification.

(-) (+) (+)

(-) (-) (+)

— & * o
-2 3

Remember the rule for dividing a signed number is the same as it 1s in multiplication. According
to the sign line, the fraction is positive for numbers smaller than or for numbers greater
than . Also, you get a 0 when

13 Solve for x:
14 Solve for x:
15 Solve for x:
16 Solve for x:

Solving Absolute Value Inequalities



Put the absolute value function together with an inequality, and you create an absolute value
inequality. When solving absolute value equations (refer to Chapter 15 , if you need a refresher),
you rewrite the equations without the absolute value function in them. To solve absolute value
inequalities, you also rewrite the form to create simpler inequality problems — types you already
know how to solve. Solve the new problem or problems for the solution to the original.

rememser Y OU need to keep two different situations in mind. (Always assume that the ¢ is a positive
number or 0.) In the following list, I show only the rules for > and <, but the same holds if

you’re working with or
e I[fyouhave , change the problem to or and solve the two inequalities.
e If you have , change the problem to and solve the one compound inequality.

EXAMPLE Q. Solve for x:

A.x< , or . Change the absolute value inequality to the two separate
inequalities or . Solving the two inequalities, you get the two solutions or
. So numbers bigger than 1 or smaller than satisfy the original statement.

Q. Solve for x:

A. or . This 1s like the first example, except that the sense has been turned
around. Rewrite the inequality as . Solving it, the solution is

9

The inequality statement says that all the numbers between and 1 work. Notice that the

interval in this answer is what was left out in writing the solution to the problem when the
inequality was reversed.

17 Solve for x:
18 Solve for x:

Solving Complex Inequalities

A complex inequality — one with more than two sections (intervals or expressions sandwiched
between inequalities) to it — could be just compound and have variables in the middle, or they
can have variables in more than one section where adding and subtracting can’t isolate the
variable in one place. When this happens, you have to break up the inequality into solvable
sections and write the answer in terms of what the different solutions share.



EXAMPLE Q. Solve for x:

A. or [1, 10) . Break it up into the two separate problems: and . Solve the
first inequality to get . Solve the second inequality to get . Putting

these two answers together, you get that x must be some number both bigger than or equal to 1
and smaller than 10.

Q. Solve for x:

A. or . Break the inequality up into two separate problems. The solution to
1s , and the solution to 1s . The two solutions overlap, with all the
common solutions lying to the right of and including

19 Solve for x:
20 Solve for x:

Answers to Problems on Working with
Inequalities

This section provides the answers (in bold) to the practice problems in this chapter.

1. Starting with , add 4 to each side and then divide by . The answer
1S

2. Starting with , multiply each side by and then divide each side by

. The answer i1s , because you reverse the sense twice.

3. Write , using interval notation. The answer is

4. Write , using interval notation. The answer is [2, 21] .

5. Solve for y: . The answer i1s or . Subtract 4 and then divide
by :

6. Solve for x: . The answer is or

7. Solve for x: . The answer i1s or



8.

10.

11.

Solve for x: . The answer 1s or . First subtract 7 and then
divide by to get the answer:

Solve for x: . The answer i1s or

when , and when , as shown on the following
number line.

(-)-) (+)(-) (+)(+)

- » - =
o |
If , then both factors are positive. If , then is positive, but
1s negative, making the product negative. If then both factors are

negative, and the product is positive. So

Solve for x: . The answer 1s or . First subtract 20 from both

sides; then factor the quadratic and set the factors equal to O to find the values
where the factors change signs:

when , and when , as shown on the following
number line.

(-)-) (-)(+) (+)(+)

- . . -
4 5
If , then and , making the product positive. If then
, and , resulting in a product that’s negative. If , then both
factors are negative, and the product is positive. So the product is negative only if
. But the solutions of are . Including these two values, the

solution is then

Solve for x: . The answer is or . First subtract 9x from each
side. Then factor the quadratic and set the factors equal to O:

, as shown on the following number line.



(-)-) (+)(-) (+)(+)

-€ * & :

0
If , both factors are positive, and CIf , then , making
the product negative. If , both factors are negative, and . When

. Include those in the solution to get

12. Solve for x: . The answer is or . First set the expression
equal to 0 to help find the factors:

The critical numbers are 5 and . Place them on the number line.
(-)(-) (-)(+) (+)(+)
- “ - >
=9
From the figure, . When
13. Solve for x: . The answer 1s or . First set the factored

expression equal to 0. Put these values on the number line:

(-)(-=)(-) (=)(=)(+) (+)(-)(+)  (+)(+)(+)
- @ = o -
~2 0 1

Assign signs to each of the four regions to get the answer

14. Solve for x: . The answer is or . First factor the expression
by grouping. Then set the factors equal to 0.

The factored form is equal to 0 only if . Put this number on the number
line.
(+)(-) (+)(+)
- s -
4

Assign signs to each interval to get the answer
15. Solve for x: . The answer is or

when the numerator . When the denominator , 1S



16.

17.

18.

19.

undefined, so place and on the number line.

(-) (+) (+)
(-) (-) (+)

i - * o
=3 0
Assign signs to each of the three intervals to get the answer: or
Solve for x: . The answer is or
The fraction equals 0 when , and 1t’s undefined when
(-)(-) (-)(-) (-)(+) (+)(+)
(-) (+) (+) (+)

— . . . >

-3 -1 ]
Assign signs to each of the four intervals. So when . But
only when or , not at . So the way to write these answers

all together with inequality symbols is

Solve for x: . The answer 1s or . First, rewrite the absolute

value as an inequality. Then use the rules for solving inequalities to isolate x in
the middle and determine the answer:

Adding 3 to each section gives you . Then divide each section by 4 to get
Solve for . The answer is or . Before rewriting the absolute
value, 1t has to be alone, on the left side. First, add to each side:

Then divide each side by 5 to get . Now you can rewrite the absolute value

as two inequality statements. Each statement is solved by performing operations
that end up as x greater than or less than some value. Add 4 to each side to get
. And finally divide by 7 to get

Solve for x: . The answer is or [1, 3) . First separate into
and

When , subtract 1 from each side to get and then divide each side

by 5 to get

When , subtract 1 from each side and subtract 2x from each side to get



20.

and then divide each side by 3 to get . So , which gives the
answer . This part of the answer includes the first part, also.

Solve for x: . The answer is or . First separate into
and . Solving the first inequality, add 3 to each side to get

Then divide each side by 4 to get . Solving the other inequality, you

subtract 1 from each side and subtract 4x from each side to get . This

second part of the answer is an overlap of the first — all the answers are already
covered in the first inequality. For x to satisfy both inequalities, the answer is only



Part 4
Solving Story Problems and Sketching Graphs



IN THIS PART ...

Work with various formulas.

Try your hand at basic story problems.

Get a stronger handle on relating values in story problems.
Tackle story problems dealing with quality and quantity.
Practice plotting graphs.



Chapter 17
Facing Up to Formulas

IN THIS CHAPTER
» Finding comfort in familiar formulas
» Introducing perimeter, area, and volume formulas

» Computing interest and percentages

Just as a cook refers to a recipe when preparing delectable concoctions, algebra uses formulas to
whip up solutions. In the kitchen, a cook relies on the recipe to turn equal amounts Of jalapefios,
cream cheese, and beans into a zippy dip. in algebra, a formula is an equation that expre sses some
relationship you can count on to help you concoct such items as the diagonal distance across a
rectangle or the amount of interest paid on a loan.

Formulas such as , , and are much more compact than all the words needed

to describe them. And as long as you know what the letters stand for, you can use these formulas to
solve problems.

Working with formulas is easy. You can apply them to so many situations in algebra and in real
life. Most formulas become old, familiar friends. Plus a certain comfort comes from working with
formulas, because you know they never change with time, temperature, or relative humidity.

This chapter provides you several chances to work through some of the more common formulas
and to tweak areas where you may need a little extra work. The problems are pretty
straightforward, and I tell you which formula to use. In Chapter 18 , you get to make decisions as
to when and if to use a formula, or whether you get to come up with an equation all on your own.

Working with Formulas

A formula 1s an equation that expresses some known relationship between given quantities. You
use formulas to determine how much a dollar is worth when you go to another country. You use a
formula to figure out how much paint to buy when redecorating your home.

Sometimes, solving for one of the variables in a formula is advantageous if you have to repeat the
same computation over and over again. In each of the examples and practice exercises, you use the
same rules from solving equations, so you see familiar processes in familiar formulas. The
examples in this section introduce you to various formulas and then show you how to use them to
solve problems.



exameLe Q. The formula for changing from degrees Celsius, , to degrees Fahrenheit,
, 18 . What is the temperature in degrees Fahrenheit when it’s 25 degrees Celsius?
A. . Replace C with 25, multiply by , and then add 32.

Q. Use the formula for changing Celsius to Fahrenheit to find the average body temperature in
degrees Celsius.

A. . First solve for C by subtracting 32 from each side of the formula and then multiplying
by

Now replace F with 98.6 (average normal body temperature) and compute C .

1 The simple interest formula is , Where [ is the interest earned, P is the principal or what
you start with, 7 is the interest rate written as a decimal, and ¢ is the amount of time in years.
Find 7 if the principal, P, is $10,000, the rate, » is 2%, and the time, ¢ , is 4 years.

2 The simple interest formula is . Solve for ¢ so you can find out how long it takes for
$10,000 to earn $1,000 interest when the rate is 2%.

3 The formula for the perimeter of a rectangle is . Find the perimeter, P , when the length
is 7 feet and the width 1s one yard.

4 The formula for the area of a trapezoid is . Solve for /& so you can determine how high a
trapezoid is if the area is 56 square centimeters and the two bases are 6 cmand 8 cm.

Deciphering Perimeter, Area, and Volume

When a problem involves perimeter, area, or volume, take the formula and fill in what you know.
Where do you find the formulas? One place is in this book, of course (they’re sprinkled throughout
the chapters). Geometry books and almanacs also have formulas. Or you can do like my neighbors
and call me. (Just not during dinnertime, please.)

In general, perimeter is a linear measure of the distance around a figure, area is a square measure
of how many squares tile the inside of a figure, and volume is a cubic measure of how many cubes
it takes to fill a three-dimensional figure.

Using perimeter formulas to get around

The perimeter of a figure is the distance around its outside. So how do you apply perimeter? You
can always just add up the measures of the sides, or you can use perimeter formulas when the
amount of fencing you need is for a rectangular yard, or the railing is around a circular track, or the



amount of molding is around an octagonal room.

You don’t need to memorize all the perimeter formulas; just realize that there are formulas for the
perimeters of standard-shaped objects. Perimeter formulas are helpful for doing the needed
computing, and you can alter them to solve for the desired value. Other formulas are available in
geometry books, almanacs, and books of math tables.

Here are the perimeter (P ) formulas for rectangles, squares, and triangles:

e Rectangle: , Where / 1s the length and w 1s the width.
e Square: , where s represents the length of a side.
e Triangle: , where a, b, and c are the sides.

examee Q. If you know that the perimeter of a particular rectangle is 20 yards and that the length is
8 yards, then what is the width?

A. 2 yards . You can find a rectangle’s perimeter by using the formula where / and w are

the length and width of the rectangle. Substitute what you know into the formula and solve for the
unknown. In this case, you know P and / . The formula now reads . Divide each side of

the equation by 2 to get . Subtract 8 from each side, and you get the width, w, of 2 yards.

Q. A.isosceles triangle has a perimeter of 40 yards and two equal sides, each 5 yards longer than
the base. How long is the base?

A. The base is 10 yards long . First, you can write the triangle’s perimeter as . The two

equal sides, s , are 5 yards longer than the base, b, which means you can write the lengths of the
sides as . Putting in for the s in the formula and putting the 40 in for P, the

problem now involves solving the equation . Distribute the 2 to get . Simplify on
the right to get . Subtracting 10 from each side gives you . Dividing by 3, you get

. So the base is 10 yards. The two equal sides are then 15 yards each. If you add the two
15-yard sides to the 10-yard base, you get (drum roll, please) , the perimeter.

S If a rectangle has a length that’s 3 inches greater than twice the width, and if the perimeter of the
rectangle 1s 36 inches, then what 1s its length?

6 You have 400 feet of fencing to fence in a rectangular yard. If the yard is 30 feet wide and
you’re going to use all 400 feet to fence in the yard, then how long is the yard?

7 A square and an equilateral triangle (all three sides equal in length) have sides that are the
same length. If the sum of their perimeters is 84 feet, then what is the perimeter of the square?

8 A triangle has one side that’s twice as long as the shortest side, and a third side that’s 8 inches
longer than the shortest side. Its perimeter is 60 inches. What are the lengths of the three sides?

Squaring off with area formulas



You measure the area of a figure in square inches, square feet, square yards, and so on. Some of
the more commonly found figures, such as rectangles, circles, and triangles, have standard area
formulas. Obscure figures even have formulas, but they aren’t used very often, especially in an
algebra class. Here are the area formulas for rectangles, squares, circles, and triangles:

e Rectangle: , Where / and w represent the length and width
e Square: , Where s represents the length of a side

e Circle: , Where 7 1s the radius

e Triangle: , Where b is the base and / is the height

exameLe Q. Find the area of a circle with a circumference of 1,256 feet.

A. 125,600 square feet . You’re told that the distance around the outside (circumference) of a
circular field is 1,256 feet. The formula for the circumference of a circle is , which says

that the circumference is (about 3.14) times the diameter or two times times the
radius. To find the area of a circle, you need the formula . So to find the area of this

circular field, you first find the radius by putting the 1,256 feet into the circumference formula:
. Replace the with 3.14 and solve for 7 :

The radius is 200 feet. Putting that into the area formula, you get that the area is 125,600 square
feet.

Q. A builder is designing a house with a square room. If she increases the sides of the room by 8
feet, the area increases by 224 square feet. What are the dimensions of the expanded room?

A. 18 by 18 feet . You can find the area of a square with , Where s 1s the length of the
sides. Start by letting the original room have sides measuring s feet. Its area is . The

larger room has sides that measure feet. Its area is . The difference between these

two areas is 224 feet, so subtract the smaller area from the larger and write the equation
showing the 224 as a difference: . Simplify the left side of the equation: . Subtract

64 from each side and then divide by 16:
The original room has walls measuring 10 feet. Eight feet more than that is 18 feet.

9 If a rectangle is 4 inches longer than it is wide and the area is 60 square inches, then what are
the dimensions of the rectangle?

10 You can find the area of a trapezoid with . Determine the length of the base b | if the
trapezoid has an area of 30 square yards, a height of 5 yards, and the base b , of 3 yards.



11 The perimeter of a square is 40 feet. What is its area? (Remember: and )

12 You can find the area of a triangle with , where the base and the height are

perpendicular to one another. If a right triangle has legs measuring 10 inches and 24 inches and a
hypotenuse of 26 inches, what is its area?

Working with volume formulas

The volume of an object is a three-dimensional measurement. In a way, you’re asking, “How many
little cubes can I fit into this object?” Cubes won’t fit into spheres, pyramids, or other structures
with slants and curves, so you have to accept that some of these little cubes are getting shaved off
or cut into pieces to fit. Having a formula is much easier than actually sitting and trying to fit all
those little cubes into an often large or unwieldy object. Here are the important volume formulas:

e Box (rectangular prism):
e Sphere:
e Cylinder:

exameLe Q. What are the possible dimensions of a refrigerator that has a capacity of 8 cubic feet?

A. It could be 1 foot deep, 1 foot wide, and 8 feet high, or it could be 2 feet deep, 2 feet wide,
and 2 feet high (there are lots of answers) . A refrigerator with these suggested dimensions
isn’t very efficient — or easy to find. Maybe 1 foot deep by 2 feet wide by 4 feet high would be
better. More likely than not, it’s something more like feet.

Q. Find the volume of an orange traffic cone that’s 30 inches tall and has a diameter of 18 inches.

A. A little more than 2,543 cubic inches . A right circular cone (that’s what those traffic cones
outlining a construction area look like) has a volume you can find if you know its radius and its
height. The formula is . As you can see, the multiplier is in this formula because

the base 1s a circle. Use 3.14 as an estimate of ; because the diameter 1s 18 inches, use 9

inches for the radius. To find this cone’s volume, put those dimensions into the formula to get
. The cone’s volume 1s over 2,500 cubic inches.

13 You can find the volume of a box (right rectangular prism) with . Find the height of the
box if the volume is 200 cubic feet and the square base is 5 feet on each side (length and width
are each 5).

14 The volume of a sphere (ball) is , where r is the radius of the sphere — the measure
from the center to the outside. What is the volume of a sphere with a radius of 6 inches?

15 You can find the volume of a right circular cylinder (soda pop can) with , Where r 1s

the radius, and 4 1s the height of the cylinder — the distance between the two circular bases (the
top and bottom of the can). Which has the greater volume: a cylinder with a radius of 6 cmand a



height of 9 cm or a cylinder with a radius of 9 cm and a height of 4 cm?

16 The volume of a cube is 216 cubic centimeters. What is the new volume if you double the
length of each side?

Getting Interested in Using Percent

Percentages are a form of leveling the playing field. They’re great for comparing ratios of numbers
that have different bases. For example, if you want to compare the fact that 45 men out of 80
bought a Kindle with the fact that 33 women out of 60 bought a Kindle, you can change both of
these to percentages to determine who 1s more likely to buy a Kindle. (In this case, it’s %

men and 55% women.)

To change a ratio or fraction to a percent, divide the part by the whole (numerator by denominator)
and multiply by 100. For instance, in the case of the Kindles, you divide 45 by 80 and get 0.5625.
Multiplying that by 100, you get 56.25 which you can write as %.

Percents also show up in interest formulas because you earn interest on an investment or pay
interest on a loan based on a percentage of the initial amount. The formula for simple interest is
, which is translated as “Interest earned is equal to the principal invested times the interest

rate (written as a decimal) times time (the number of years).”

Compare the total amount of money earning simple interest with the total you’d have if you
invested in an account that compounded interest. Compounding means that the interest is added to
the initial amount at certain intervals, and the interest is then figured on the new sum. The formula
for compound interest is . The A is the total amount — the principal plus the interest

earned. The P 1s the principal, the 7 is the interest rate written as a decimal, the » 1s the number of
times each year that compounding occurs, and the # is the number of years.

examere Q. How much money do you have after 5 years if you invest $1,000 at 4% simple interest?

A. $1,200 . Multiplying 1,000(0.04)(5), you get that you’ll earn $200 in simple interest. Add that
to the amount you started with for a total of $1,200.

Q. How much money will you have if you invest that same $1,000 at 4% for 5 years compounded
quarterly (4 times each year)?

A. $1,220.19 . Putting the numbers in the formula, you get . Using a calculator, the result

comes out to be $1,220.19. True, that’s not all that much more than using simple interest, but the
more money you invest, the bigger difference it makes.

17 If 60% of the class has the flu and that 60% is 21 people, then how many are in the class?

18 How much simple interest will you earn on $4,000 invested at 3% for 10 years? What is the
total amount of money at the end of the 10 years?



19 How much money will be in an account that started with $4,000 and earned 3% compounded
quarterly for 10 years?

20 If you earned $500 in simple interest on an investment that was deposited at 2% interest for 5
years, how much had you invested?

Answers to Problems on Using Formulas

The following are the answers (in bold) to the practice problems in this chapter.

1. The simple interest formula is . Find [ if the principal, P, is $10,000, the
rate, 7, 1s 2%, and the time, ¢, is 4 years. The answer is $800 .

Inserting the numbers into the formula (and changing 2% to the decimal
equivalent 0.02), you get

2. The simple interest formula is . Solve for ¢ so you can find out how long it
takes for $10,000 to earn $1,000 interest when the rate is 2%. The answer is 5
years .

Solving for ¢, you divide each side of the formula by Pr :
Plug the values into the new equation and solve:

3. The formula for the perimeter of a rectangle is . Find the perimeter, P,
when the length is 7 feet and the width is one yard. The answer is 20 feet .
The length and width are in different units. Changing one yard to 3 feet and
substituting into the formula, you get

4. The formula for the area of a trapezoid 1s . Solve for / so you can

determine how high a trapezoid is if the area is 56 square centimeters and the two
bases are 6 cm. and 8 cm. The answer is 8 cm .

To solve for 4 , multiply each side of the formula by 2 and the divide by the sum
in the parentheses:

Now use the new formula to solve for 4 :

5. If arectangle has a length that’s 3 inches greater than twice the width, and if the
perimeter of the rectangle is 36 inches, then what is its length? The length is 13
inches . Use this figure to help you solve this problem.



[=2wW + 3

Let the width of the rectangle, which makes the length, LA
rectangle’s perimeter is . Substituting in for the / in this formula
and replacing P with 36, you get . Simplifying, you get . Now
divide each side of the equation by 2 to get . Subtract 3 from each side:

. Divide each side by . The length is . The rectangle is 5
inches by 13 inches.

. You have 400 feet of fencing to fence in a rectangular yard. If the yard is 30 feet
wide and you’re going to use all 400 feet, then how long is the yard? 170 feet .

w = 30 ft.

You know that the total distance around the yard (its perimeter) is 400 and the

width of the yard is 30, so plug those values into the formula to get
. Divide by 2 to get and then subtract 30 from each side to get . So
feet.

. A square and an equilateral triangle (all three sides equal in length) have sides
that are the same length. If the sum of their perimeters is 84 feet, then what is the
perimeter of the square? 48 feet .
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11.

12.

The perimeter of the square is 4/, and the perimeter of the equilateral triangle is 3/
. Adding these together, you get . Dividing each side of by 7 gives

you feet. So the perimeter of the square is

A triangle has one side that’s twice as long as the shortest side and a third side
that’s 8 inches longer than the shortest side. Its perimeter is 60 inches. What are
the lengths of the three sides? 13 inches, 26 inches, 21 inches .

This problem doesn’t need a special perimeter formula. The perimeter of a
triangle is just the sum of the measures of the three sides. Letting the shortest side

be x, twice that is 2x, and 8 more than that is . Add the three measures
together to get , which works out to be , Or . Dividing by 4
to . Twice that is 26, and eight more than that is 21.

If a rectangle is 4 inches longer than it is wide and the area is 60 square inches,
what are the dimensions of the rectangle? 6 inches by 10 inches .

Using the area formula for a rectangle, , and letting , you get the
equation . Simplifying, setting the equation equal to 0, and then factoring
gives you . The two solutions of the equation are and 6. Only the

makes sense, so the width is 6, and the length is 4 more than that, or 10.

You can find the area of a trapezoid with . Determine the length of the
base b | if the trapezoid has an area of 30 square yards, a height of 5 yards, and

the base b 7 of 3 yards. 9 yards .

Plug in the values and then multiply each side by two: . Then
divide each side by 5 to get . Do the math to find that , SO
yards.

The perimeter of a square is 40 feet. What is its area? (Remember: and

.) 100 square feet .

Dividing each side of by 4, you get . Now find the area with
. Yes, 100 square feet is correct.

You can find the area of a triangle with where the base (b ) and the height

(h ) are perpendicular to one another. If a right triangle has legs of 10 inches and
24 inches and a hypotenuse of 26 inches, then what is its area? 120 square inches

In a right triangle, the hypotenuse is always the longest side, and the two legs are
perpendicular to one another. Use the measures of the two legs for your base and
height, so
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15.

16.

17.

18.

You can find the volume of a box with . Find the height if the volume is

200 cubic feet and the square base is 5 feet on each side (length and width are
each 5). 8 feet .

Replace the 7 with 200 and replace the / and w each with 5 to get
Dividing each side of by 25, you get . So the height is 8 feet.

The volume of a sphere (ball) 1s , where r 1s the radius of the sphere —

the measure from the center to the outside. What is the volume of a sphere with a
radius of 6 inches? 904.32 cubic inches .

Substituting in the 6 for  , you get

You can find the volume of a right circular cylinder (soda pop can) with ,

where r is the radius and # is the height of the cylinder — the distance between
the two circular bases (the top and bottom of the can). Which has the greater
volume: a cylinder with a radius of 6 cm and a height of 9 cm or a cylinder with a
radius of 9 cm and a height of 4 cm? Neither, the volumes are the same .

The first volume is

The second volume is

So they have the same volume, namely

The volume of a cube is 216 cubic centimeters. What is the new volume if you

double the length of each side? 1,728 emS .
First, find the lengths of the edges of the original cube. If the length of the
edge of the cube, then use the formula for the volume of a cube

Doubling the length of the edge for the new cube results in sides of . So
the volume of the new cube is

If 60% of the class has the flu and that 60% is 21 people, then how many are in
the class? 35 people .

Let the number of people in the class. Then 60% of x is 21, which is
written . Divide each side by 0.60, and you get that people.

How much simple interest will you earn on $4,000 invested at 3% for 10 years?
What is the total amount of money the end of the 10 years? $1,200 and $5,200 .
Use the formula , where the principal (P ) is 4,000, the rate (» ) 1s 0.03, and
the time (¢ ) is 10: . Add this amount to the original $4,000 to get a total of
$5,200.
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20.

How much money will be in an account that started with $4,000 and earned 3%
compounded quarterly for 10 years? $5,393.39 .

Use the formula for compound interest: . ( Note: Compare this total

amount with the total using simple interest, in problem 18. In that problem, the
total 1s .) In the compound interest formula,

So you do slightly better by letting the interest compound.

If you earned $500 in simple interest for an investment that was deposited at 2%
interest for 5 years, how much had you invested? $5,000 .

Use where . Putting the numbers into the formula, . Divide
each side of , and you get that , or the amount that was invested.



Chapter 18
Making Formulas Work in Basic Story
Problems

IN THIS CHAPTER
» Working with the Pythagorean Theorem
» Tackling geometric structures

» Moving along with distance problems

Algebra students often groan and moan when they see story problems. You “feel their pain,” you
say? It’s time to put the myth to bed that story problems are too challenging. You know you’re
facing a story problem when you see a bunch of words followed by a question. And the trick to
doing story problems is quite simple. Change the words into a solvable equation, solve that
equation (now a familiar friend), and then answer the question based on the equation’s solution.
Coming up with the equation is often the biggest challenge. However, some story problems have a
formula built into them to help. Look for those first.

One technique for being successful with story problems is to start writing. Take your pencil and
draw a picture of what’s going on. Next, read the last sentence. No, this isn’t a book where you
don’t want to go to the end and spoil the rest of the story. The last sentence has the biggest clue; it
tells you what you’re solving for. Take that pencil and start assigning letters (variables) to the
different values in the problem. Just remember that a letter has to represent a number, not a person
or thing.

Take a deep breath. Grab your pencil. Charge!

Applying the Pythagorean Theorem

Pythagoras, the Greek mathematician, is credited for discovering the wonderful relationship
between the lengths of the sides of a right triangle (a triangle with one 90 degree angle). The
Pythagorean theorem is . If you square the length of the two shorter sides of a right triangle

and add them, then that sum equals the square of the longest side (called the hypotenuse ), which is
always across from the right angle. Right triangles show up frequently in story problems, so when
you recognize them, you have an instant, built-in equation to work with on the problem.

exameLe Q. I have a helium-filled balloon attached to the end of a 500-foot string. My friend, Keith,
is standing directly under the balloon, 300 feet away from me. (And yes, the ground is perfectly



level, as it always is in these hypothetical situations — at least until you get into higher math.)
These dimensions form a right triangle, with the string as the hypotenuse. Here’s the question:
How high up 1s the balloon?

A. 400 feet up . Identify the parts of the right triangle in this situation and substitute the known
values into the Pythagorean theorem. Refer to the picture.

Balloon

500 X

Me Kelth
300

The 500-foot string forms the hypotenuse, so the equation reads . Solving for x ,

You only use the positive solution to this equation because a negative answer doesn’t make any
sense.

1 Jack’s recliner is in the corner of a rectangular room that measures 10 feet by 24 feet. His
television is in the opposite corner. How far is Jack (his head, when the recliner is wide open)
from the television? ( Hint : Assume that the distance across the room is the hypotenuse of a
right triangle.)



2 Sammy’s house is 1,300 meters from Tammy’s house — straight across the lake. The paths they
need to take to get to one another’s house (and not get wet) form a right angle. If the path from
Sammy’s house to the corner is 1,200 meters, then how long is the path from the corner to
Tammy’s house?

3 A ladder from the ground to a window that’s 24 feet above the ground is placed 7 feet from the
base of the building, forming a right triangle. How long is the ladder, if it just reaches the
window?

4 Calista flew 400 miles due north and then turned due east and flew another 90 miles. How far is
she from where she started?

Using Geometry to Solve Story Problems

Geometry is a subject that has something for everyone. It has pictures, formulas, proofs, and
practical applications for the homeowner. The perimeter, area, and volume formulas are
considered to be a part of geometry. But geometry also deals in angle measures, parallel lines,
congruent triangles, polygons and similar figures, and so forth. The different properties that you
find in the study of geometry are helpful in solving many story problems.

Story problems that use geometry are some of the more popular (if you can call any story problem
popular) because they come with ready-made equations from the formulas. Also, you can draw a
picture to illustrate the problem. I’'m a very visual person, and I find pictures and labels on the
pictures to be very helpful.

exameLe Q. The opposite angles in a parallelogram are equal, and the adjacent angles in the
parallelogram are supplementary (add up to 180 degrees). If one of the angles of a
parallelogram measures 20 degrees more than three times another angle, then how big is the
larger of the two angles?

A. 140 degrees . The two angles have different measures, so they must be adjacent to one another.
The sum of adjacent angles is 180. Let x represent the measure of the smaller angle. Then,
because the larger angle is 20 degrees more than three times the smaller, you can write its

measure as . Represent this in an equation in which the two angle measures are added
together and the sum is . Simplifying and subtracting 20 from each side, you get
Divide by 4 to get . Putting 40 in for x in the measure , you get

Q. An isosceles triangle has two sides that have the same measure. In a particular isosceles
triangle that has a perimeter of 27 inches, the base (the side with a different measure) is 1 foot
more than twice the measure of either of the other two sides. How long is the base?

A. 14 inches . The perimeter of the isosceles triangle is . The x represents the lengths of the
two congruent sides, and is the measure of the base. Simplifying and subtracting 1 from
each side of the equation, you get . Dividing by 4, you get inches. The base is



equal to

S The sum of the measures of the angles of a triangle is 180 degrees. In a certain triangle, one
angle is 10 degrees greater than the smallest angle, and the biggest angle is 15 times as large as
the smallest. What is the measure of that biggest angle?

6 A pentagon is a five-sided polygon. In a certain pentagon, one side is twice as long as the
smallest side, another side is 6 inches longer than the smallest side, the fourth side is 2 inches
longer than two times the smallest side, and the fifth side is half as long as the fourth side. If the
perimeter of the pentagon is 65 inches, what are the lengths of the five sides?

7 The sum of the measures of the angles in a quadrilateral (a polygon with 4 sides) adds up to
360 degrees. If one of the angles is twice as big as the smallest and the other two angles are both
three times as big as the smallest, then what is the measure of that smallest angle?

8 The sum of the measures of all the angles in any polygon can be found with the formula ,

where 7 1s the number of sides that the polygon has. How many sides are there on a polygon
where the sum of the measures is 1,080 degrees?

9 Two figures are similar when they’re exactly the same shape — their corresponding angles are
exactly the same measure, but the corresponding sides don’t have to be the same length. When
two figures are similar, their corresponding sides are proportional (all have the same ratio to
one another). In the figure, triangle ABC is similar to triangle DEF, with AB corresponding to
DE and BC corresponding to EF.

A

36
24

[wsnl

X C E X~ 22 F
If side EF 1is 22 units smaller than side BC, then what is the measure of side BC?

10 The exterior angle of a triangle lies along the same line as the interior angle it’s next to. See
the following figure.



a a+b

The measure of an exterior angle of a triangle is always equal to the sum of the other two interior
angles. If one of the nonadjacent angles in a triangle measures 30 degrees, and if the exterior
angle measures 70 degrees less than twice the measure of the other nonadjacent angle, then how
big is that exterior angle?

Putting Distance, Rate, and Time in a Formula

The distance-rate-time formula is probably the formula you’re most familiar with from daily life
— even though you may not think of it as using a formula all the time. The distance formula is
. The d 1s the distance traveled, the r is the speed at which you’re traveling, and the ¢ is the

amount of time spent traveling.

Examining the distance-rate-time formula

warnine The only real challenge in using this formula is to be sure that the units in the different
parts are the same. (For example, if the rate 1s in miles per hour, then you can’t use the time in
minutes or seconds.) If the units are different, you first have to convert them to an equivalent
value before you can use the formula.

examere Q. How long does it take for light from the sun to reach Earth? ( Hint: The sun is 93
million miles from Earth, and light travels at 186,000 miles per second.)

A. About . Using and substituting the distance (93 million miles) for d and 186,000
for r, you get . Dividing each side by 186,000, ¢ comes out to be 500 seconds. Divide
500 seconds by 60 seconds per minute, and you get minutes.



Q. How fast do you go to travel 200 miles in 300 minutes?

A. Average 40 mph . Assume you’re driving over the river and through the woods, you need to get
to Grandmother’s house by the time the turkey is done, which is in 300 minutes. It’s 200 miles to
Grandmother’s house. Because your speedometer is in miles per hour, change the 300 minutes to
hours by dividing by 60, which gives you 5 hours. Fill the values into the distance formula,

. Dividing by 5, it looks like you have to average 40 miles per hour.

11 How long will it take you to travel 600 miles if you’re averaging 50 mph?

12 What was your average speed (just using the actual driving time) if you left home at noon,
drove 200 miles, stopped for an hour to eat, drove another 130 miles, and arrived at your
destination at 7 p.m.?

Going the distance with story problems

Distance problems use, as you would expect, the distance formula, . There are two
traditional types of distance problems. Recognizing them for what they are makes life so much
easier.

One type of distance problem involves setting two distances equal to one another. The usual
situation is that one person is traveling at one speed and another person is traveling at another
speed, and they end up at the same place at the same time. The other traditional distance problem
involves adding two distances together, giving you a total distance apart. That’s it. All you have to
do is determine whether you’re equating or adding!

exampLe Q. Angelina left home traveling at an average of 40 mph. Brad left the same place an hour
later, traveling at an average of 60 mph. How long did it take for Brad to catch up to Angelina?

A. 2 hours . This type of problem is where you set the distances equal to one another. You don’t
know what the distance 1s, but you know that the rate times the time of each must equal the same
thing. So let ¢ represent the amount of time that Angelina traveled and set Angelina’s distance,

40¢, equal to Brad’s distance, . (Remember, he traveled one less hour than Angelina did.)
Then solve the equation . Distribute the 60 on the right, giving you . Subtract 60¢
from each side, resulting in . Divide by , and you get that . Angelina

traveled for 3 hours at 40 mph, which is 120 miles. Brad traveled for 2 hours at 60 mph, which
is also 120 miles.

Q. One train leaves Kansas City traveling due east at 45 mph. A second train leaves Kansas City
three hours later, traveling due west at 60 mph. When are they 870 miles apart?

A. 10 hours after the first train left . This type of problem is where you add two distances
together. Let 7 represent the time that the first train traveled and 45¢ represent the distance that
the first train traveled. This is rate times time, which equals the distance. The second train didn’t
travel as long; its time will be , so represent its distance as . Set the equation up



so that the two distances are added together and the sum is equal to . Distribute the 60 on
the left and simplify the terms to get . Add 180 to each side to get . Divide each
side by 105, and you have hours.

13 Kelly left school at 4 p.m. traveling at 25 mph. Ken left at 4:30 p.m., traveling at 30 mph,
following the same route as Kelly. At what time did Ken catch up with Kelly?

14 A Peoria Charter Coach bus left the bus terminal at 6 a.m. heading due north and traveling at
an average of 45 mph. A second bus left the terminal at 7 a.m., heading due south and traveling at
an average of 55 mph. When were the buses 645 miles apart?

15 Geoffrey and Grace left home at the same time. Geoffrey walked east at an average rate of 2.5
mph. Grace rode her bicycle due south at 6 mph until they were 65 miles apart. How long did it
take them to be 65 miles apart?

16 Melissa and Heather drove home for the holidays in separate cars, even though they live in the
same place. Melissa’s trip took two hours longer than Heather’s because Heather drove an
average of 20 mph faster than Melissa’s 40 mph. How far did they have to drive?

Answers to Making Formulas Work in Basic
Story Problems

The following are the answers (in bold) to the practice problems in this chapter.

1. Jack’s recliner is in the corner of a rectangular room that measures 10 feet by 24
feet. His television is in the opposite corner. How far is Jack (his head, when the
recliner is wide open) from the television? ( Hint: Assume that the distance across
the room is the hypotenuse of a right triangle.) 26 feet .

2. Sammy’s house 1s 1,300 meters from Tammy’s house — straight across the lake.
The paths they need to take to get to one another’s house (and not get wet) form a
right angle. If the path from Sammy’s house to the corner is 1,200 meters, then
how long is the path from the corner to Tammy’s house? 500 meters .

3. A ladder from the ground to a window that’s 24 feet above the ground is placed 7
feet from the base of the building. How long is the ladder, if it just reaches the
window? 25 feet. Check out the following figure.



:

4. Calista flew 400 miles due north and then turned due east and flew another 90
miles. How far is she from where she started? 410 miles . See the following
figure.
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5. The sum of the measures of the angles of a triangle is 180 degrees. In a certain
triangle, one angle is 10 degrees greater than the smallest angle, and the biggest
angle is 15 times as large as the smallest. What is the measure of that biggest
angle? 150 degrees . Look at the figure for help.
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Let x = the measure of the smallest angle in degrees. Then the other two angles
measure and 15x . Add them to get . Simplifying on the left, you
get . Subtract 10 from each side: . Then, dividing by 17, ,

and the largest angle, which is 15 times as great, is 150 degrees.
To check, find the measure of the other angle, . Adding up the three
angles, you get

. A pentagon 1s a five-sided polygon. In a certain pentagon, one side is twice as
long as the smallest side, another side is 6 inches longer than the smallest side, the
fourth side 1s 2 inches longer than two times the smallest side, and the fifth side is
half as long as the fourth side. If the perimeter of the pentagon is 65 inches, what
are the lengths of the five sides? 8 inches, 16 inches, 14 inches, 18 inches, 9
inches .

Let x represent the length of the smallest side. Then the second side is 2x long, the
third side 1s , the fourth is , and the fifth is . Add up all the
sides and set the sum equal to . Simplifying, you get . Subtract 9
from each side and divide by 7 to get

The sum of the measures of the angles in a quadrilateral (a polygon with four
sides) adds up to 360 degrees. If one of the angles is twice as big as the smallest
and the other two angles are both three times as big as the smallest, then what is
the measure of that smallest angle? 40 degrees . Look at this figure.
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Their sum 1s 360, so , which simplifies to . Dividing by 9,
degrees. To check, find the measures of all the angles: and
Adding them all up, you get degrees.

. The sum of the measures of all the angles in any polygon can be found with the
formula , where n is the number of sides that the polygon has. How many
sides are there on a polygon where the sum of the measures is 1,080 degrees? 8
sides .

Use the formula , where 7 is that number you’re trying to find. Replace the
A with 1,080 to get . Divide each side by 180 to get . Add 2 to each
side, and . So i1t’s an eight-sided polygon that has that sum for the angles.

. Two figures are similar when they’re exactly the same shape — their
corresponding angles are exactly the same measure, but the corresponding sides
don’t have to be the same length. When two figures are similar, their sides are
proportional (all have the same ratio to one another). In the figure, triangle ABC
is similar to triangle DEF, with AB corresponding to DE and BC corresponding to
EF. If side EF is 22 units smaller than side BC, then what is the measure of side
BC? 66 units .
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A proportion that represents the relationship between sides of the triangle is
. Replacing the names of the segments with the respective labels, you get

Cross-multiply (refer to Chapter 12 if you need more information on dealing with
proportions) to get . Distributing on the left, you get . Subtract 24x

from each side and add 782 to each side for . Dividing by 12, you find that
. ( Hint: The numbers would have been smaller if I had reduced the
fraction on the left to before cross-multiplying. The answer is the same, of

course.)

The measure of an exterior angle of a triangle is always equal to the sum of the
other two interior angles. If one of the nonadjacent angles in a triangle measures
30 degrees, and if the exterior angle measures 70 degrees less than twice the
measure of the other nonadjacent angle, then how big is that exterior angle? 130
degrees . Check out the following figure.

X

30 2x-10

Let the measure of a nonadjacent angle. The other nonadjacent interior

angle is 30. The exterior angle has measure . Because the measure of that

exterior angle is equal to the sum of the measures of the two nonadjacent interior
angles, you can write the equation . Solving for x , subtract x from each

side and add 70 to each side to get . The two nonadjacent interior angles
add up to . This amount is the same as the measure of the exterior angle.
Put 100 in for x in

How long will it take you to travel 600 miles if you’re averaging 50 mph? 12
hours .

Use the distance-rate-time formula and replace the d with 600 and the r
with 50 to get . Divide each side by 50 to get
What was your average rate of speed (just using the actual driving time) if you left

home at noon, drove 200 miles, stopped for an hour to eat, drove another 130
miles, and arrived at your destination at 7 p.m.? 55 mph .
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15.

Use the formula where total miles, and the time is hours.
Substituting into the formula, you get . Divide each side by 6 to get the
average rate of speed:

Kelly left school at 4 p.m. traveling at 25 mph. Ken left at 4:30 p.m., traveling at

30 mph, following the same route as Kelly. At what time did Ken catch up with
Kelly? 7 p.m.

Let time in hours after 4 p.m. Kelly’s distance is 25¢ , and Ken’s distance is
, using because he left a half hour after 4 p.m.
Ken will overtake Kelly when their distances are equal. So the equation to use is
. Distributing on the right gives you . Subtract 30z from each side
to get . Divide each side by , and . If ¢ 1s the time in hours
after 4 p.m., then , or Ken caught up with Kelly at 7 p.m.

A Peoria Charter Coach bus left the bus terminal at 6 a.m. heading due north and
traveling at an average of 45 mph. A second bus left the terminal at 7 a.m.,
heading due south and traveling at an average of 55 mph. When were the buses
645 miles apart? 1 p.m.
Let time in hours after 6 a.m. The distance the first bus traveled is 45¢, and
the distance the second bus traveled is , which represents 1 hour less of
travel time. The sum of their distances traveled gives you their distance apart. So

. Distribute the 55 to get . Combine the like terms on the left and
add 55 to each side: . Divide by 100, . The busses were 645 miles

apart 7 hours after the first bus left. Add 7 hours to 6 a.m., and you get 1 p.m.

Geoffrey and Grace left home at the same time. Geoffrey walked east at an
average rate of 2.5 mph. Grace rode her bicycle due south at 6 mph until they
were 65 miles apart. How long did it take them to be 65 miles apart? 10 hours .

Look at the following figure, showing the distances and directions that Geoffrey
and Grace traveled.
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Geoffrey walks , and Grace rides . Use the Pythagorean theorem:

Multiply each side by 4 to get rid of the decimal:

In 10 hours, Geoffrey will walk , and Grace will ride . Plug these
values into the Pythagorean theorem:

Melissa and Heather drove home for the holidays in separate cars, even though
they live in the same place. Melissa’s trip took two hours longer than Heather’s,
because Heather drove an average of 20 mph faster than Melissa’s 40 mph. How
far did they have to drive? 240 miles .



Because Heather’s time is shorter, let Heather’s time in hours. Heather’s
distance is 60¢ , using for her speed. Melissa’s distance is , because
she took 2 hours longer. Their distances are equal, so . Distribute the 40 to
get . Subtract 40t from each side: . Divide by 20 for

Heather’s distance is . Melissa’s distance is . It’s the same, of
course.



Chapter 19
Relating Values in Story Problems

IN THIS CHAPTER
» Dealing with age problems
» Counting up consecutive integers

» Working on sharing the workload

Yes, this is another chapter on story problems. Just in case you’re one of those people who are
less than excited about the prospect of problems made up of words, I’ve been breaking these
problems down into specific types to help deliver the material logically. Chapter 17 deals with
formulas, Chapter 18 gets into geometry and distances, and now this chapter focuses on age
problems, consecutive integers, and work problems.

Problems dealing with age and consecutive integers have something in common. You use one or
more base values or ages, assigning variables, and you keep adding the same number to each base
value. As you work through these problems, you find some recurring patterns, and the theme is to
use the same format — pick a variable for a number and add something on to it.

As for work problems, they’re a completely different bird. In work problems you need to divvy up
the work and add it all together to get the whole job done. The portions usually aren’t equal, and
the number of participants can vary.

This chapter offers plenty of opportunities for you to tackle these story problems and overcome
any trepidation.

Tackling Age Problems

Age problems in algebra don’t have anything to do with wrinkles or thinning hair. Algebra deals
with age problems very systematically and with an eye to the future. A story problem involving
ages usually includes something like “in four years™ or “ten years ago.” The trick is to have
everyone in the problem age the same amount (add four years to each person’s age, if needed for

example).

warnine When establishing your equation, make sure you keep track of how you name your
variables. The letter x can’t stand for Joe. The letter x can stand for Joe’s age . If you keep in
mind that the variables stand for numbers, the problem — and the process — will all make
more sense.



exameLe Q. Joe’s father is twice as old as Joe 1s. (He hasn’t always been and won’t be again —
think about it: When Joe was born, was his father twice as old as he was?) Twelve years ago,
Joe’s father was three years older than three times Joe’s age. How old is Joe’s father now?

A. Joe’s father is 42 years old .

1. Assign a variable to Joe’s age.
Let Joe’s age be x . Joe’s father is twice as old, so Joe’s father’s age is 2x .
2. Continue to read through the problem.
Twelve years ago ... . Both Joe’s age and his father’s age have to be backed up by
12 years. Their respective ages, 12 years ago, are and
3. Take the rest of the sentence where “Joe’s father was three years ... ” and
change it into an equation, putting an equal sign where the verb is.
“Twelve years ago, Joe’s father” becomes
“was” becomes =
“three years older than” becomes

“three times Joe’s age (12 years ago)” becomes

4. Put this information all together in an equation.

5. Solve for x .
, SO
That’s Joe’s age, so his father is twice that, or 42.

1 Jack is three times as old as Chloe. Ten years ago, Jack was five times as old as Chloe. How
old are Jack and Chloe now?

2 Linda is 10 years older than Luke. In ten years, Linda’s age will be 30 years less than twice
Luke’s age. How old is Linda now?

3 Avery is six years older than Patrick. In four years, the sum of their ages will be 26. How old is
Patrick now?

4 Jon is three years older than Jim, and Jim is two years older than Jane. Ten years ago, the sum of
their ages was 40. How old is Jim now?

Tackling Consecutive Integer Problems

When items are consecutive, they follow along one after another. An integer is a positive or



negative whole number, or 0. So put these two things together to get consecutive integers.
Consecutive integers have patterns — they’re evenly spaced. The following three lists are
examples of consecutive integers:

e Consecutive integers: 5,6, 7, 8, 9, ...
e Consecutive odd integers: 11, 13, 15, 17, 19, ...
e Consecutive multiples of 8: 48, 56, 64, 72, 80, ...

After you get one of the integers in a list and are given the rule, then you can pretty much get all the
rest of the integers. When doing consecutive integer problems, let x represent one of the integers
(usually the first in your list) and then add on 1, 2, or whatever the spacing is to the next number
and then add that amount on again to the new number, and so on until you have as many integers as
you need.

exampLe Q. The sum of six consecutive integers is 255. What are they?

A. The integers are 40, 41, 42, 43, 44, and 45 . The first integer in my list is x . The next is
, the one after that is , and so on. The equation for this situation reads A
Note: The parentheses aren’t necessary. I just include them so you can see the separate terms.)
Adding up all the x ’s and numbers, the equation becomes . Subtracting 15 from each side
and dividing each side by 6, you get . Fill the 40 into your original equations to get the
six consecutive integers. (If , then , and so on.)

Q. The sum of four consecutive odd integers is 8. What are they?

A. The integers are , 1,3, and 5 . The equation for this problem is . It becomes
. Subtracting 12 and then dividing by 4, you get . You may have questioned using
the when dealing with odd integers. The first number is . Replace the x with

in each case to get the rest of the answers. The problem designates x as an odd integer,
and the other integers are all two steps away from one another. It works!
S The sum of three consecutive integers is 57. What are they?
6 The sum of four consecutive even integers is 52. What is the largest of the four?
7 The sum of three consecutive odd integers is 75. What is the middle number?
8 The sum of five consecutive multiples of 4 is 20. What are they?

9 The sum of the smallest and largest of three consecutive integers is 126. What is the middle
number of those consecutive integers?

10 The product of two consecutive integers is 89 more than their sum. What are they?

Working Together on Work Problems



Work problems in algebra involve doing jobs alone and together. Together is usually better, unless
the person you’re working with distracts you. I take the positive route and assume that two heads
are better than one.

The general format for these problems is to let x represent how long it takes to do the job working
together. Follow these steps and you won’t even break a sweat when working work problems:

1. Write the amount that a person can do in one time period as a fraction.

2. Multiply that amount by the x .

(You’ve multiplied each fraction that each person can do by the time it takes to do
the whole job.)

3. Add the portions of the job that are completed in one time period together
and set the sum equal to 1.

(Setting the amount to 1 is 100% of the job.)

exameLe Q. Meg can clean out the garage in five hours. Mike can clean out the same garage in three
hours. How long will the job take if they work together?

A. Slightly less than two hours . Let x represent the amount of time it takes to do the cleaning
when Meg and Mike work together. Meg can do of the job in one hour, and Mike can do

of the job in one hour. The equation to use is . Multiply both sides of the equation
by the common denominator and add the two fractions together: , Or , glving you
. Divide by 8, and you have , just under two hours.

Q. Carlos can wash the bus in seven hours, and when Carlos and Carol work together, they can
wash the bus in three hours. How long would it take Carol to wash the bus by herself?

A. 5 hours and 15 minutes . Let x represent the amount of time it takes Carol to wash the bus by
herself. This time, you have the time that it takes working together, so your equation is

The common denominator of the two fractions on the left is 7x . Multiply both sides of the
equation by 7x , simplify, and solve for x .

11 Alissa can do the job in three days, and Alex can do the same job in four days. How long will
it take i1f they work together?

12 George can paint the garage in five days, Geanie can paint it in eight days, and Greg can do the
job in ten days. How long will painting the garage take if they all work together?

13 Working together, Sam and Helene wrote a company organizational plan in days.
Working alone, it would have taken Sam four days to write that plan. How long would it have



taken Helene if she had written it alone?

14 Rancher Biff needs his new fence put up in four days — before the herd arrives. Working
alone, it’ll take him six days to put up all the fencing. He can hire someone to help. How fast
does the hired hand have to work in order for the team to complete the job before the herd
arrives?

1S5 When hose A is running full-strength to fill the swimming pool, it takes 8 hours; when hose B
is running full-strength, filling the pool takes 12 hours. How long would it take to fill the pool if
both hoses were running at the same time?

16 Elliott set up hose A to fill the swimming pool, planning on it taking 8 hours. But he didn’t
notice that water was leaking out of the pool through a big crack in the bottom. With just the
water leaking, the pool would be empty in 12 hours. How long would filling the pool take with
Elliott adding water with hose A and the leak emptying the pool at the same time?

Answers to Relating Values in Story Problems

The following are the answers (in bold) to the practice problems in this chapter.

1. Jack is three times as old as Chloe. Ten years ago, Jack was five times as old as
Chloe. How old are Jack and Chloe now? Chloe is 20, and Jack is 60 .
Let Chloe’s present age and Jack’s present age. Ten years ago,
Chloe’s age was , and Jack’s was . Also ten years ago, Jack’s age
was 5 times Chloe’s age. You can write this equation as . Distribute the 5
to get . Subtract 3x from each side and add 50 to each side, and the
equation becomes . Divide by 2 to get

2. Linda is 10 years older than Luke. In ten years, Linda’s age will be 30 years less
than twice Luke’s age. How old is Linda now? Linda is 40 .
Let Luke’s age now. That makes Linda’s present age . In ten years,
Luke will be , and Linda will be . But at these new ages, Linda’s
age will be 30 years less than twice Luke’s age. This is written as :
Distribute the 2 to get . Simplifying, . Subtract x from each side
and add 10 to each side to get . Luke is 30, and Linda is 40. In ten years,
Luke will be 40, and Linda will be 50. Twice Luke’s age then, minus 30, is
. It checks.

3. Avery is six years older than Patrick. In four years, the sum of their ages will be
26. How old is Patrick? Patrick is 6 .
Let Patrick’s age now. Then Avery’s age = . In four years, Patrick
will be years old, and Avery will be years old. Write that the sum



of their ages in four years: . Simplify on the left to get . Subtract 14
from each side: . Divide by 2, and you get . Patrick 1s 6, and Avery
is 12. In four years, Patrick will be 10, and Avery will be 16. The sum of 10 and
16 1s 26.

. Jon is three years older than Jim, and Jim is two years older than Jane. Ten years
ago, the sum of their ages was 40. How old is Jim now? Jim is 23 .

Let x represent Jane’s age now. Jim is two years older, so Jim’s age is

Jon is three years older than Jim, so Jon’s age is . Ten years ago Jane’s age
was , Jim’s age was , and Jon’s age was . Add the ages ten
years ago together to get 40: . Simplifying on the left, . Add 23 to
each side to get . Divide by 3, . Jane’s age 1s 21, so Jim’s age is

. The sum of three consecutive integers is 57. What are they? The integers are 18,
19, and 20 .

Let the smallest of the three consecutive integers. Then the other two are
and . Adding the integers together to get 57, , which
simplifies to . Subtract 3 from each side to get Dividing by 3,

b

. The sum of four consecutive even integers is 52. What is the largest of the four?
16 . The four integers are 16, 14, 12, and 10.

Let that largest integer . The other integers will be 2, 4, and 6 smaller, so
they can be written with . Adding them, you get . Simplifying gives
you . Add 12 to each side to get . Divide each side by 4, and

. The sum of three consecutive odd integers is 75. What is the middle number? 25 .
You can add and subtract 2 from that middle integer. Let that integer

Then the other two are and . Add them together:

Simplifying, . Divide by 3 to get . That’s the middle number The
other two are 23 and 27:

. The sum of five consecutive multiples of 4 is 20. What are they? The numbers
are ,0,4,8,and 12 .
Let the first of the consecutive multiples of 4. Then the other four are

, , , and . Add them together: . Simplifying



10.

11.

12.

on the left, . Subtract 40 from each side to get . Dividing by 5,

The sum of the smallest and largest of three consecutive integers is 126. What is
the middle number of those consecutive integers? 63 .
Let x = the smallest of the consecutive integers. Then the other two are
and . Because the sum of the smallest and largest 1s 126, you can write it as
. Simplifying the equation, . Subtract 2 from each side to get
. Dividing by 2, , which is the smallest integer. The middle one is
one bigger, so it’s 63.
The product of two consecutive integers is 89 more than their sum. What are

they? The numbers are 10 and 11 or and
Let the smaller of the integers . The other one is then . Their
product is written and their sum is . Now, to write that their
product is 89 more than their sum, the equation is . Distributing the x on
the left and simplifying on the right, . Subtract 2x and 90 from each side to
set the quadratic equation equal to O: . The trinomial on the left side of the
equation factors to give you : or f , then
The product of 10 and 11 is 110. That’s 89 bigger than their sum, 21. What if

? The next bigger number is then . Their product is 72. The
difference between their product of 72 and sum of is . So this

problem has two possible solutions.

Alissa can do the job in three days, and Alex can do the same job in four days.
How long will it take if they work together? It will take a little less than 2 days
working together ( days) .

Let the number of days to do the job together. Alissa can do of the
job in one day and of the job in x days. In x days, as they work together,
they’re to do 100% of the job. , which is 100%. Multiply by 12:

Divide by 7: days to do the job.

Alissa’s share is , and Alex’s share is . Together

George can paint the garage in five days, Geanie can paint it in eight days, and
Greg can do the job in ten days. How long will painting the garage take if they all
work together? days .

Let the number of days to complete the job together. In x days, George
will paint of the garage, Geanie of the garage, and Greg of



13.

14.

15.

the garage. The equation for completing the job is . Multiplying through
by 40, which is the least common denominator of the fractions, you get

Simplifying, you get . Dividing by 17 gives you days to paint the
garage. Checking the answer, George’s share is , Geanie’s share 1s ,
and Greg’s share is . Together, , or 100%.

Working together, Sam and Helene wrote a company organizational plan in
days. Working alone, it would have taken Sam four days to write that

plan. How long would it have taken Helene, if she had written it alone? 2 days .

Let the number of days for Helene to write the plan alone. So Helene

writes of the plan each day. Sam writes of the plan per day. In
days, they complete the job together. The equation is . Multiplying

each side by 12x , the least common denominator, gives you . Subtract 4x

from each side to get

Dividing by 8, . Helene will complete the job in 2 days. To check this, in
days, Sam will do of the work, and Helene will do

Together, or 100%.

Rancher Biff needs his new fence put up in four days — before the herd arrives.
Working alone, it’ll take him six days to put up all the fencing. He can hire
someone to help. How fast does this person have to work in order for the team to
complete the job before the herd arrives? The hired hand must be able to do
the job alone in 12 days (or 1/12th of the job each day.)

Let the number of days the hired hand needs to complete the job alone.
The hired hand does of the fencing each day, and Biff puts up of

the fence each day. In four days, they can complete the project together, so
. Multiply by the common denominator 6x: . Simplifying,

Subtracting 4x from each side,

Dividing by 2, . The hired hand must be able to do the job alone in 12
days. Biff can do the job in 6 days, meaning he can do of the job each day.
The hired hand must be able to do of the job each day for their combined
efforts to complete the job in 4 days. To check this, in four days, Biff does

of the fencing, and the hired hand of the job.

When hose A is running full strength to fill the swimming pool, it takes 8 hours;

when hose B is running full strength, it takes 12 hours to fill the swimming pool.
How long would it take to fill the pool if both hoses were running at the same
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time? 4.8 hours .

Let x represent the amount of time to complete the job. Your equation is
Multiplying both sides of the equation by 24, you get . Simplifying and
then dividing by 5, you get

Elliott set up hose A to fill the swimming pool, planning on it taking 8 hours. But
he didn’t notice that water was leaking out of the pool through a big crack in the
bottom. With just the water leaking, the pool would be empty in 12 hours. How

long would filling the pool take with Elliott adding water with hose A and the leak
emptying the pool at the same time? 24 hours .

This time, one of the terms is negative. The leaking water takes away from the
completion of the job, making the time longer. Using the equation , Where
the negative sign represents the loss of water. This becomes , multiply
both sides of the equation by 24, giving you or



Chapter 20
Measuring Up with Quality and Quantity Story
Problems

IN THIS CHAPTER
» Making the most of mixtures
» Understanding the strength of a solution

» Keeping track of money in piggy banks and interest problems

The story problems in this chapter have a common theme to them; they deal with quality (the
strength or worth of an item) and quantity (the measure or count) and adding up to a total amount.
(Chapters 17, 18 , and 19 have other types of story problems.) You encounter quantity and quality
problems almost on a daily basis. For instance, if you have four dimes, you know that you have 40
cents. How do you know? You multiply the quantity, four dimes, times the quality, 10 cents each,
to get the total amount of money. And if you have a fruit drink that’s 50 percent real juice, then a
gallon contains one-half gallon of real juice (and the rest is who-knows-what) — again,
multiplying quality times quantity.

In this chapter, take time to practice with these story problems. Just multiply the amount of
something, the quantity, times the strength or worth of it, quality, in order to solve for the total
value.

Achieving the Right Blend with Mixtures
Problems

Mixtures include what goes in granola, blends of coffee, or the colors of sugarcoated candies in a
candy dish. In mixture problems, you often need to solve for some sort of relationship about the
mixture: its total value or the amount of each item being blended. Just be sure that the variable

represents some number — an amount or value. Bring along an appetite. Many of these problems
deal with food.

examere Q. A health store 1s mixing up some granola that has many ingredients, but three of the
basics are oatmeal, wheat germ, and raisins. Oatmeal costs $1 per pound, wheat germ costs $3
per pound, and raisins cost $2 per pound. The store wants to create a base granola mixture of
those three ingredients that will cost $1.50 per pound. (These items serve as the base of the
granola; the rest of the ingredients and additional cost will be added later.) The granola is to



have nine times as much oatmeal as wheat germ. How much of each ingredient is needed?

A. Every pound of mixed granola will need pound of wheat germ, pound of
oatmeal, and or pound of raisins .

To start this problem, let x represent the amount of wheat germ in pounds. Because you need nine
times as much oatmeal as wheat germ, you have 9x pounds of oatmeal. How much in raisins?
The raisins can have whatever’s left of the pound after the wheat germ and oatmeal are taken

out: or pounds. Now multiply each of these amounts by their respective price:

. Set this equal to the $1.50 price multiplied by its amount, as follows: . Simplify
and solve for . Subtracting 2 from each side and then dividing each side by 8§,
gives you ,

1 Kathy’s Kandies features a mixture of chocolate creams and chocolate-covered caramels that
sells for $9 per pound. If creams sell for $6.75 per pound and caramels sell for $10.50 per
pound, how much of each type of candy should be in a 1-pound mix?

2 Solardollars Coffee is trying new blends to attract more customers. The premium Colombian
costs $10 per pound, and the regular blend costs $4 per pound. How much of each should the
company use to make 100 pounds of a coffee blend that costs $5.50 per pound?

3 Peanuts cost $2 per pound, almonds cost $3.50 per pound, and cashews cost $6 per pound. How
much of each should you use to create a mixture that costs $3.40 per pound, if you have to use
twice as many peanuts as cashews?

4 A mixture of jellybeans is to contain twice as many red as yellow, three times as many green as
yellow, and twice as many pink as red. Red jelly beans cost $1.50 per pound, yellow cost $3.00
per pound, green cost $4.00, and pink only cost $1.00 per pound. How many pounds of each
color jellybean should be in a 10-pound canister that costs $2.20 per pound?

S A Very Berry Smoothie calls for raspberries, strawberries, and yogurt. Raspberries cost $3 per
cup, strawberries cost $1 per cup, and yogurt costs $0.50 per cup. The recipe calls for twice as
much strawberries as raspberries. How many cups of strawberries are needed to make a gallon
of this smoothie that costs $10.10? ( Hint: )

6 A supreme pizza contains five times as many ounces of cheese as mushrooms, twice as many
ounces of peppers as mushrooms, twice as many ounces of onions as peppers, and four more
ounces of sausage than mushrooms. Mushrooms and onions cost 10 cents per ounce, cheese costs
20 cents per ounce, peppers are 25 cents per ounce, and sausage is 30 cents per ounce. If the
toppings are to cost no more than a total of $5.80, then how many ounces of each ingredient can
be used?

Concocting the Correct Solution One Hundred
Percent of the Time

Solutions problems are sort of like mixtures problems (explained in the preceding section). The



main difference is that solutions usually deal in percents — 30%, , 0%, or even 100%.

These last two numbers indicate, respectively, that none of that ingredient is in the solution (0%)
or that it’s pure for that ingredient (100%). You’ve dealt with these solutions if you’ve had to add
antifreeze or water to your radiator. Or how about adding that frothing milk to your latte mixture?

The general format for these solutions problems is

exameLe Q. How many gallons of 60% apple juice mix need to be added to 20 gallons of mix that’s
currently 25% apple juice to bring the new mix up to 32% apple juice?

A. Five gallons . To solve this problem, let x represent the unknown amount of 60% apple juice.
Using the format of all the percents times the respective amounts, you get

Change the percents to decimals, and the equation becomes . (If you don’t care for

decimals, you could multiply each side by 100 to change everything to whole numbers.) Now
distribute the 0.32 on the right and simplify so you can solve for x :

If you’re adding pure alcohol or pure antifreeze or something like this, use 1 (which is 100%) in
the equation. If there’s no alcohol, chocolate syrup, salt, or whatever in the solution, use 0
(which 1s 0%) in the equation.

Q. How many quarts of water do you need to add to 4 quarts of lemonade concentrate in order to
make the drink 25% lemonade?

A. 12 quarts . To solve this problem, let x represent the unknown amount of water,which is 0%
lemonade. Using the format of all the percents times the respective amounts, you get

. Change the percents to decimals, and the equation becomes . When the
equation gets simplified, the first term disappears.

7 How many quarts of 25% solution do you need to add to 4 quarts of 40% solution to create a
31% solution?

8 How many gallons of a 5% fertilizer solution have to be added to 2 gallons of a 90% solution to
create a fertilizer solution that has 15% strength?

9 How many quarts of pure antifreeze need to be added to 8 quarts of 30% antifreeze to bring it up
to 50%?

10 How many cups of chocolate syrup need to be added to 1 quart of milk to get a mixture that’s
25% syrup?

11 What concentration should 4 quarts of salt water have so that, when it’s added to 5 quarts of



40% solution salt water, the concentration goes down to ?

12 What concentration and amount of solution have to be added to 7 gallons of 60% alcohol to
produce 16 gallons of alcohol solution?

Dealing with Money Problems

Story problems involving coins, money, or interest earned all are solved with a process like that

used in solutions problems: You multiply a quantity times a quality. In these cases, the qualities
are the values of the coins or bills, or they’re the interest rate at which money is growing.

exameLe Q. Gabriella is counting the bills in her cash drawer before the store opens for the day.
She has the same number of $10 bills as $20 bills. She has two more $5 bills than $10 bills, and
ten times as many $1 bills as $5 bills. She has a total of $300 in bills. How many of each does

she have?

A. Gabriella has 6 $10 bills, 6 $20 bills, 8 $5 bills, and 80 $1 bills for a total of $300 . You can
compare everything, directly or indirectly, to the $10 bills. Let x represent the number of $10
bills. The number of $20 bills is the same, so it’s x, also. The number of $5 bills is two more
than the number of $10 bills, so let the number of fives be represented by . Multiply

by 10 for the number of $1 bills, . Now take each number of bills and multiply by

the quality or value of that bill. Add them to get $300:

Using , the number of $10 bills and $20 bills, you get for the number of $5 bills,
and for the number of $1 bills.

Q. Jon won the state lottery and has $1 million to invest. He invests some of it in a highly
speculative venture that earns 18% interest. The rest is invested more wisely, at 5% interest. If
he earns $63,000 in simple interest in one year, how much did he invest at 18%?

A. He invested $100,000 at 18% interest . Let x represent the amount of money invested at 18%.

Then the remainder, , 1s invested at 5%. The equation to use is . Distributing the
0.05 on the left and combining terms, you get . Subtract 50,000 from each side, and you
get . Dividing each side by 0.13 gives you . It’s kind of mind boggling,

13 Carlos has twice as many quarters as nickels and has a total of $8.25. How many quarters does
he have?

14 Gregor has twice as many $10 bills as $20 bills, five times as many $1 bills as $10 bills, and
half as many $5 bills as $1 bills. He has a total of $750. How many of each bill does he have?

15 Stella has 100 coins in nickels, dimes, and quarters. She has 18 more nickels than dimes and a
total of $7.40. How many of each coin does she have?



16 Betty invested $10,000 in two different funds for one year. She invested part at 2% and the rest
at 3%. She earned $240 in simple interest. How much did she invest at each rate? ( Hint: Use
the simple interest formula: )

Answers to Problems on Measuring Up with
Quality and Quantity

The following are the answers (in bold) to the practice problems in this chapter.

1. Kathy’s Kandies features a mixture of chocolate creams and chocolate-covered
caramels that sells for $9 per pound. If creams sell for $6.75 per pound and
caramels sell for $10.50 per pound, how much of each type of candy should be in
a one-pound mix? 0.4 pounds of creams and 0.6 pounds of caramels .

Let x represent the amount of chocolate creams in pounds. Then is the

pounds of chocolate caramels. In a pound of the mixture, creams cost $6.75
and caramels . Together, the mixture costs $9. So

Subtract 10.5 from each side and then divide by

To get the amount of caramels, pounds of caramels. Checking this, the
cost of creams is . The cost of caramels is . Adding these together,
you get

2. Solardollars Coffee is trying new blends to attract more customers. The premium
Colombian costs $10 per pound, and the regular blend costs $4 per pound. How
much of each should the company use to make 100 pounds of a coffee blend that
costs $5.50 per pound? The company needs 25 pounds of Colombian and 75
pounds of regular blend .

Let x = the pounds of Colombian coffee at $10 per pound. Then pounds
of regular blend at $4 per pound. The cost of 100 pounds of the mixture blend is
. Use

Subtract 400 from each side and then divide each side by 6:

To check, multiply $10(25) and $4(75) to get

3. Peanuts cost $2 per pound, almonds cost $3.50 per pound, and cashews cost $6
per pound. How much of each should you use to create a mixture that costs $3.40



per pound, if you have to use twice as many peanuts as cashews? pounds

almonds, pounds peanuts, pounds cashews .
Let the pounds of cashews at $6 per pound. Then pounds of
peanuts at $2 per pound. The almonds are then pounds at $3.50 per

pound. Combine all this and solve:

Use this amount for x and substitute in to get the other weights. You get
pounds of peanuts and pounds of almonds.

. A mixture of jellybeans is to contain twice as many red as yellow, three times as
many green as yellow, and twice as many pink as red. Red jelly beans cost $1.50
per pound, yellow cost $3.00 per pound, green cost $4.00, and pink only cost
$1.00 per pound. How many pounds of each color jellybean should be in a 10-
pound canister that costs $2.20 per pound? 1 pound yellow, 2 pounds red, 3
pounds green, and 4 pounds pink jellybeans .

Let x represent the number of pounds of yellow jellybeans. Then 2x is the pounds
of red jellybeans, 3x is the pounds of green jellybeans, and 1s the pounds
of pink jellybeans. Multiplying each quantity times its price and solve:

With 1 pound yellow jellybeans, you then know that the mixture has

pounds red jellybeans, 3(1) pounds green jellybeans, and 4(1) pounds pink
jellybeans. The pounds adds up to 10 pounds jellybeans.

. A Very Berry Smoothie calls for raspberries, strawberries, and yogurt.
Raspberries cost $3 per cup, strawberries cost $1 per cup, and yogurt costs $0.50
per cup. The recipe calls for twice as much strawberries as raspberries. How
many cups of strawberries are needed to make a gallon of this smoothie that costs
$10.10? ( Hint: ) 1.2 cups .

Let the cups of raspberries at $3 per cup. Then the cups of

strawberries at $1 per cup. The remainder of the 16 cups of mixture are for
yogurt, which comes out to be cups of yogurt at $0.50 per cup. The

equation you need is

The mixture has 0.6 cups of raspberries and cups of strawberries.

. A supreme pizza contains five times as many ounces of cheese as mushrooms,
twice as many ounces of peppers as mushrooms, twice as many ounces of onions
as peppers, and four more ounces of sausage than mushrooms. Mushrooms and
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onions cost 10 cents per ounce, cheese costs 20 cents per ounce, peppers are 25
cents per ounce, and sausage is 30 cents per ounce. If the toppings are to cost no
more than a total of $5.80, then how many ounces of each ingredient can be used?
The mixture has 2 ounces of mushrooms, 10 ounces of cheese, 4 ounces of
peppers, 8 ounces of onions, and 6 ounces of sausage .

Let x represent the number of ounces of mushrooms. Then 5x is the ounces of

cheese, 2x is the ounces of peppers, is the ounces of onions, and is
the ounces of sausage. Multiplying each quantity times its cost (quality) and
setting that equal to 580 cents, you get . Simplifying, you get

Solving for x gives you , Of . Divide each side by 230 to get

. So you need 2 ounces of mushrooms, ounces of cheese, ounces
of peppers, ounces of onions, and ounces of sausage.

How many quarts of 25% solution do you need to add to 4 quarts of 40% solution
to create a 31% solution? 6 quarts .

Let the quarts of 25% solution needed. Add x quarts of 25% solution to 4
quarts of 40% solution to get quarts of 31% solution. Write this as

. Multiply through by 100 to get rid of the decimals: . Distribute the 31 and
simplify on the left: . Subtract 25x and 124 from each side to get

Divide by 6 to get . The answer 1s 6 quarts of 25% solution.

How many gallons of a 5% fertilizer solution have to be added to 2 gallons of a
90% solution to create a fertilizer solution that has 15% strength? 15 gallons .

Let the gallons of 5% solution. Then for the gallons.
Multiply through by 100: . Simplify each side: . Subtract 5x and 30
from each side: gallons of 5% solution.

How many quarts of pure antifreeze need to be added to 8 quarts of 30%
antifreeze to bring it up to 50%? 3.2 quarts .

Let x = the quarts of pure antifreeze to be added. Pure antifreeze is 100%
antifreeze . So . Simplify on the left and distribute on the right:

. Subtract 0.5x and 2.4 from each side: . Divide by 0.5 to get
quarts of pure antifreeze.

How many cups of chocolate syrup need to be added to 1 quart of milk to get a
mixture that’s 25% syrup? cups .

Let x = the cups of chocolate syrup needed. (I only use the best quality chocolate
syrup, of course, so you know that the syrup is pure chocolate.) , and the
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12.

13.

14.

15.

milk has no chocolate syrup in it. So

What concentration should the 4 quarts of salt water have so that, when it’s added
to 5 quarts of 40% solution salt water, the concentration goes down to ?

25% .
Let x % = the percent of the salt solution in the 4 quarts:

The 4 quarts must have a 25% salt solution.
What concentration and amount solution have to be added to 7 gallons of 60%

alcohol to produce 16 gallons of alcohol solution? 9 gallons of 20%
solution .
To get 16 gallons, 9 gallons must be added to the 7 gallons. Let the percent

of alcohol in the 9 gallons:

Carlos has twice as many quarters as nickels and has a total of $8.25. How many
quarters does he have? 30 quarters .

Let the number of nickels. Then the number of quarters. These
coins total $8.25 or 825 cents. So, in cents,

Because Carlos has 15 nickels, he must then have 30 quarters.

Gregor has twice as many $10 bills as $20 bills, five times as many $1 bills as $10
bills, and half as many $5 bills as $1 bills. He has a total of $750. How many of
cach bill does he have? 10 $20 bills, 20 $10 bills, 100 $1 bills, and 50 $5 bills .

Let the number of $20 bills. Then the number of $10 bills,
the number of $1 bills, and the number of $5 bills. The total in dollars is
750. So the equation should be . Simplify on the left to . Gregor

has 10 $20 bills, 20 $10 bills, 100 $1 bills, and 50 $5 bills.

Stella has 100 coins in nickels, dimes, and quarters. She has 18 more nickels than
dimes and a total of $7.40. How many of each coin does she have? 40 dimes, 58
nickels, and 2 quarters .

Let the number of dimes. Then the number of nickels, and the
number of quarters is . These coins total $7.40 or 740 cents:

So Stella has 40 dimes, 58 nickels, and 2 quarters.



16. Betty invested $10,000 in two different funds. She invested part at 2% and the rest
at 3%. She earned $240 in simple interest. How much did she invest at each rate? (
Hint: Use the simple interest formula: . ) Betty has $6,000 invested at

2% and the other $4,000 invested at 3%.

Let the amount invested at 2%. Then the amount invested at 3% is

. Betty earns interest of 2% on x dollars and 3% on dollars. The total
interest is $240, so



Chapter 21
Getting a Handle on Graphing

IN THIS CHAPTER

» Plotting points and lines

» Computing distances and slopes
» Intercepting and intersecting

» Writing equations of lines

» Graphing basic conics

Graphs are as important to algebra as pictures are to books and magazines. A graph can represent
data that you’ve collected, or it can represent a pattern or model of an occurrence. A graph
illustrates what you’re trying to demonstrate or understand.

The standard system for graphing in algebra is to use the Cartesian coordinate system, where
points are represented by ordered pairs of numbers; connected points can be lines, curves, or
disjointed pieces of graphs.

This chapter can help you sort out much of the graphing mystery and even perfect your graphing
skills; just watch out! The slope may be slippery.

Thickening the Plot with Points

Graphing on the Cartesian coordinate system begins by constructing two perpendicular axes, the x
-axis (horizontal) and the y -axis (vertical). The Cartesian coordinate system identifies a point by
an ordered pair, (x , y ). The order in which the coordinates are written matters. The first
coordinate, the x, represents how far to the left or right the point is from the origin, or where the
axes intersect. A positive x is to the right; a negative x is to the left. The second coordinate, the y,
represents how far up or down from the origin the point is.

Cartesian coordinates designate where a point is in reference to the two perpendicular axes. To
the right and up is positive, to the left and down is negative. Any point that lies on one of the axes
has a 0 for one of the coordinates, such as (0, 2) or . The coordinates for the origin, the

intersection of the axes, are (0, 0).

exameLe Q. Use the following figure to graph the points , and



Y

A. Notice that the points that lie on an axis have a 0 in their coordinate.



(-3,4) «

(-4,-1)

1 Graph the points

H g

, and

1 +(26)

(8,0)

* (5,-3)

(0.-7)
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I Graph the points
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‘ .
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Sectioning Off by Quadrants

Another description for a point is the quadrant that the point lies in. The quadrants are referred to
in many applications because of the common characteristics of points that lie in the same quadrant.
The quadrants are numbered one through four, usually with Roman numerals. Check out Figure 21-
1 to see how the quadrants are identified.



1l IV

Y

FIGURE 21-1: Categorizing points.

exameLe Q. Referring to Figure 21-1 , describe which coordinates are positive or negative in the
different quadrants.

A. In quadrant I, both the x and y coordinates are positive numbers. In quadrant II, the x
coordinate is negative, and the y coordinate is positive. In quadrant III, both the x and y

coordinates are negative. In quadrant IV, the x coordinate is positive, and the y coordinate
is negative .

3 Referring to Figure 21-1 , in which quadrant do the points and lie?
4 Referring to Figure 21-1 , in which quadrant do the points and lie?

Using Points to Lay Out Lines

One of the most basic graphs you can construct by using the coordinate system is the graph of a
straight line. You may remember from geometry that only two points are required to determine a



particular line. When graphing lines using points, though, plot three points to be sure that you’ve
graphed the points correctly and put them in the correct positions. You can think of the third point
as a sort of a check (like the check digit in a UPC Code). The third point can be anywhere, but try
to spread out the three points and not have them clumped together. If the three points aren’t in a
straight line, you know that at least one of them is wrong.

exampLe Q. Use the following to graph the line represented by the equation

P

L 1 1
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A. To graph the line, first find three sets of coordinates that satisfy the equation. Three points that
work for this line are (5, 0), (2, 2), and . Plot the three points and then draw a line

through them.



These aren’t the only three points you could have chosen. I’'m just demonstrating how to spread
the points out so that you can draw a better line.

S Find three points that lie on the line , plot them, and draw the line through them.
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I Find three points that lie on the line R plot them, and draw the line through them.
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I Find three points that lie on the line R plot them, and draw the line through them.
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I Find three points that lie on the line R plot them, and draw the line through them.
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Graphing Lines with Intercepts

An intercept 1s a point that a figure shares with one of the axes. Vertical lines (but not the y -axis)
have one intercept; it’s a point somewhere on the x -axis. Horizontal lines (but not the x -axis)
have one intercept; and that’s a point on the y -axis. And then there’s the group of lines such as

, and so on that have just one intercept — at the origin. Other lines, with a constant added

or subtracted in the equation, cross both of the axes and have two intercepts.

ne  Intercepts are easy to find when you have the equation of a line. To find the x -intercept,
you let y be equal to 0 in the equation and solve for x . To find the y -intercept, you let x be
equal to 0 and solve for y .

exameLe Q. Find the intercepts of the line

A. (2,0) and . First, to find the x intercept, let in the equation of the line to get



. Solving that, , and the intercept is (2, 0). Next, for the y intercept, let to
get . Solving for y , . Intercepts are especially helpful when graphing the line, too.

Use the two intercepts you found to graph the line, and then you can check with one more point.
For instance, in the following figure, you can check to see whether the point 1s on the

line.

9 Use the intercepts to graph the line



Y

. Use the intercepts to graph the line .
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Computing Slopes of Lines

The slope of a line is simply a number that describes the steepness of the line and whether it’s
rising or falling, as the line moves from left to right in a graph. When referring to how steep a line
is, when you’re given its slope, the general rule is that the farther the number is from 0, the steeper
the line. A line with a slope of 7 is much steeper than a line with a slope of 2. And a line whose
slope is is steeper than a line whose slope is

To find the slope of a line, you can use two points on the graph of the line and apply the formula
. The letter m 1s the traditional symbol for slope; the (x {,y ;) and (x ,,y 5 ) are the

coordinates of any two points on the line. The point you choose to go first in the formula doesn’t

really matter. Just be sure to keep the order the same — from the same point — because you can’t
mix and match.

rememser A horizontal line has a slope of 0, and a vertical line has no slope. To help you
remember, picture the sun coming up on the sorizon — that 0 is just peeking out at you.



exameLe Q. Find the slope of the line that goes through the two points and and use
the following figure to graph it.

P
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A A
-10 -5 i i 5 10
51
1184
Y
A. . To find the slope, use . The following figure shows a graph of that line. It’s
fairly steep — any slope greater than 1 or less than is steep. The negative part indicates

that the line’s falling as you go from left to right. Another description of slope 1s that the bottom
number is the change in x, and the top is the change in y. Here’s how you read a slope of

: For every I unit you move to the right parallel to the x-axis, you drop down 3 units parallel
to the y-axis.



11 Find the slope of the line through the points (3, 2) and and graph the line.
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. Find the slope of the line through the points [ ] and (1, 3) and graph the line.
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. Find the slope of the line through [ ] and [ ] and graph it.
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. Find the slope of the line through (2, 3) and [ ] and graph it.
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Graphing with the Slope-Intercept Form

Equations of lines can take many forms, but one of the most useful is called the slope-intercept
form . The numbers for the slope and y -intercept are part of the equation. When you use this form
to graph a line, you just plot the y -intercept and use the slope to find another point from there.

rememser '1he slope intercept form is . The m represents the slope of the line. The b 1s the y -
coordinate of the intercept where the line crosses the y -axis. A line with the equation
has a slope of and a y -intercept of (0, 2).

Having the equation of a line in the slope-intercept form makes graphing the line an easy chore.
Follow these steps:

1. Plot the y -intercept on the y -axis.
2. Write the slope as a fraction.
Using the equation , the fraction would be . (If the slope is



negative, you put the negative part in the numerator.) The slope has the change in
y in the numerator and the change in x in the denominator.

3. Starting with the y -intercept, count the amount of the change in x (the
number in the denominator) to the right of the intercept, and then count up
or down from that point (depending on whether the slope is positive or
negative), using the number in the numerator.

Wherever you end up is another point on the line.
4. Mark that point and draw a line through the new point and the y -intercept.

examere Q. Graph , using the method in the previous steps.
L}’
10
5__
-+ttt ++++++++ -+ttt
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. Graph the line T using the y -intercept and slope.
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. Graphthe line ~, usingthe y -intercept and slope.
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Changing to the Slope-Intercept Form

Graphing lines by using the slope-intercept formis a piece of cake. But what if the equation you’re
given isn’t in that form? Are you stuck with substituting in values and finding coordinates of points
that work? Not necessarily. Changing the form of the equation using algebraic manipulations —
and then graphing using the new form — is often easier.

rememeer 10 change the equation of a line to the slope-intercept form, , first isolate the term

with y in it on one side of the equation and then divide each side by any coefficient of y . You
can rearrange the terms so the x term, with the slope multiplier, comes first.

exameLe Q. Change the equation to the slope-intercept form.

A. . First, subtract 3x from each side: . Then divide each term by



This line has a slope of and a y -intercept at
Q. Change the equation to the slope-intercept form.

A. . There’s no x term, so the slope must be 0. If you want a complete slope-intercept form,
you could write the equation as to show a slope of 0 and an intercept of (0, 3).

17 Change the equation to the slope-intercept form.
18 Change the equation to the slope-intercept form.

Writing Equations of Lines

Up until now, you’ve been given the equation of a line and been told to graph that line using either
two points, the intercepts, or the slope and y -intercept. But how do you re-create the line’s
equation if you’re given either two points (which could be the two intercepts) or the slope and
some other point?

rememeer Use the point-slope form, to write the equation of a line. The letter m represents
the slope of the line, and 1s any point on the line. After filling in the information,
simplify the form.

exameLe Q. Find the equation of the line that has a slope of 3 and goes through the point

A. . Using the point-slope form, you write . Simplifying, you get
Q. Find the equation of the line that goes through the points and
A. . First, find the slope of the line. . Now use the point slope form with the slope
of and with the coordinates of one of the points. It doesn’t matter which one, so I chose
. Filling in the values, . Simplifying, you get or
19 Find the equation of the line with a slope of that goes through the point (0, 7).
20 Find the equation of the line that goes through the points and

Picking on Parallel and Perpendicular Lines

When two lines are parallel to one another, they never touch, and their slopes are exactly the same



number. When two lines are perpendicular to one another, they cross in exactly one place,
creating a 90 degree angle, and their slopes are related in a special way. If two perpendicular
lines aren’t vertical and horizontal (parallel to the two axes), then their slopes are opposite in sign
and the numerical parts are reciprocals. (The reciprocal of a number is its flip, what you get when
you reverse the numerator and denominator of a fraction.) In other words, if you multiply the
values of the two slopes of perpendicular lines together, you always get an answer of

exampLe Q. Determine how these lines are related: , , and

A. They’re parallel . They’re written in slope-intercept form, and all have the same slope. The y -
intercepts are the only differences between these three lines.

Q. Determine how these lines are related: and

A. They’re perpendicular to one another . Their slopes are negative reciprocals of one another.
It doesn’t matter what the y -intercepts are. They can be different or the same.

21 What is the slope of a line that’s parallel to the line ?
22 What is the slope of a line that’s perpendicular to the line ?

Finding Distances between Points

A segment can be drawn between two points that are plotted on the coordinate axes. You can
determine the distance between those two points by using a formula that actually incorporates the
Pythagorean theorem — it’s like finding the length of a hypotenuse of a right triangle. (Check
Chapter 18 for more practice with the Pythagorean theorem.) If you want to find the distance
between the two points (x ;,y ;) and (x ,, ), ), use the formula

exameLe Q. Find the distance between the points and (4, 7).

A. 13 units . Use the distance formula and plug in the coordinates of the points:

Of course, not all the distances come out nicely with a perfect square under the radical. When it
isn’t a perfect square, either simplify the expression or give a decimal approximation (refer to

Chapter 5 ).
Q. Find the distance between the points and (2, 11).

A. units . Using the distance formula, you get



If you want to estimate the distance, just replace the with 1.4 and multiply by 10. The
distance is about 14 units.

23 Find the distance between and

24 Find the distance between (4, 1) and . Round the decimal equivalent of the answer to
two decimal places.

Finding the Intersections of Lines

Two lines will intersect in exactly one point — unless they’re parallel to one another. You can
find the intersection of lines by careful graphing of the lines or by using simple algebra. Graphing
is quick and easy, but it’s hard to tell the exact answer if there’s a fraction in one or both of the
coordinates of the point of intersection.

To use algebra to solve for the intersection, you either add the two equations together (or some
multiples of the equations), or you use substitution . I show you the substitution method here,
because you can use the slope-intercept (see the earlier section “Changing to the Slope-Intercept
Form ) forms of the equations to accomplish the job.

rememser 10 find the intersection of two lines, use their slope-intercept forms and set their

portions equal to one another. Solve for x and then find y by putting the x value you found into
one of the equations.

exampLe Q. Find the intersection of the lines and
A. . Set and solve for x . Adding 2x to each side and adding 2 to each side, you get
. Dividing by 5 gives you . Now substitute for x in either of the original

equations. You get . It’s really a good idea to do that substitution back into both of the
equations as a check.

Q. Find the intersection of the lines and

A. (4, 2) . First, write each equation in the slope-intercept form. The line becomes ,
and the line becomes . Now, setting , you get or

Substituting 4 for x in either equation, you get

25 Find the intersection of the lines and

26 Find the intersection of the lines and

Grapvhing Parabolas and Circles
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A parabola is a sort of U-shaped curve. It’s one of the conic sections. A circle is the most easily
recognized conic (the other conics are hyperbolas and ellipses). The equations and graphs of
parabolas are used to describe all sorts of natural phenomena. For instance, headlight reflectors
are formed from parabolic shapes. Circles — well, circles are just circles: handy, easy to deal
with, and so symmetric.

An equation for parabolas that open upward or downward is , Where a 1sn’t0. Ifa is a
positive number, then the parabola opens upward; a negative a gives you a downward parabola.

rememser Here are the standard forms for parabolas and circles:

e Parabola:
e Circle:

Notice the 4 and k in both forms. For the parabola, the coordinates (% , k) tell you where the
vertex (bottom or top of U-shape) is. For the circle, (4, k) gives you the coordinates of the center
of the circle. The r part of the circle’s form gives you the radius of the circle.

exameLe Q. Find the vertex of the parabola and sketch its graph.



Y

A. Vertex: S ; opens downward .



To find the vertex, you need the opposite of 3. The general form has , which is the same
as to deal with the positive sums in the parentheses. Because a is negative, the parabola

opens downward; and a being —3 introduces a steepness, much like the slope of a line. You can
plot a few extra points to help with the shape.

exameLe Q. Find the center and radius of the circle and sketch its graph.



—
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A. Center: S .
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27 Find the vertex and sketch the graph of
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. Find the vertex and sketch the graph of R
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. Find the center and radius and sketch the graph of R
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. Find the center and radius and sketch the graph of R
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Graphing with Transformations

You can graph the curves and lines associated with different equations in many different ways.
Intercepts are helpful when graphing lines or parabolas; the vertex and center of a circle are
critical to the graphing. But many curves can be quickly sketched when they’re just a slight
variation on the basic form of the particular graph. Two transformations are translations (slides)
and reflections (flips). Neither of these transformations changes the basic shape of the graph; they
just change its position or orientation. Using these transformations can save you a lot of time when

graphing figures.

rememser When a curve s changed by a translation or slide, it slides to the left, to the right, or up
or down. For instance, you can take the basic parabola with the equation and slide it

around, using the following rules. The C represents some positive number:

o raises the parabola by C units.
. lowers the parabola by C units.



o slides the parabola left by C units.
o slides the parabola right by C units.

When a curve is changed by a reflection or flip, you have a symmetry vertically or horizontally:

o flips the parabola over a horizontal line.
. flips the parabola over a vertical line.

ne  You can change the steepness of a graph by multiplying it by a number. If you multiply the
basic function or operation by a positive number greater than 1, then the graph becomes
steeper. If you multiply it by a positive number smaller than 1, the graph becomes flatter.
Multiplying a basic function by a negative number results in a flip or reflection over a
horizontal line. Use these rules when using the parabola:

o : Parabola becomes steeper when & 1s positive and greater than 1.
o : Parabola becomes flatter when £ is positive and smaller than 1.
exameLe Q. Use the basic graph of to graph

A.



The multiplier flips the parabola over the x -axis and makes it steeper. The raises
the vertex up one unit.

examere Q. Use the basic graph of to graph
A.



The lowers the parabola by three units. The inside the parentheses slides the

parabola one unit to the left. Compare this graphing technique with the method of graphing using
the vertex, explained in the earlier section “Graphing Parabolas and Circles .”

31 Sketch the graph of
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. Sketch the graph of R
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Answers to Problems on Graphing

The following are the answers (in bold) to the practice problems presented in this chapter.

1. Graph the points , and
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(-3,4) o

2. Graph the points , and
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3. In which quadrant do the points
left quadrant.
4. In which quadrant do the points

left quadrant.
5. Find three points that lie on the line

them.

and

and

lie? Quadrant II , the upper

lie? Quadrant III , the lower

, plot them, and draw the line through
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6. Find three points that lie on the line , plot them, and draw the line through
them.

(-6,0

(-3




7. Find three points that lie on the line

, plot them, and draw the line through

them.
y
A A
i i * (413)
+ (4,0)
- { $ I : > X
i * (4r-2)
Y Y
8. Find three points that lie on the line , plot them, and draw the line through
them.
y
A




9. Use the intercepts to graph the line
Let to get . The intercept is (4, 0).
Let to get . The mtercept is (0, 3).

10. Use the intercepts to graph the line
Let to get . The intercept is (4, 0).
Let to get . The intercept is



11. Find the slope of the line through the points (3, 2) and and graph the line.

Using the slope formula,

y

12. Find the slope of the line through the points and (1, 3) and graph the line.



Using the slope formula,

13. Find the slope of the line through and

This fraction is equal to 0, meaning that the line through the points is a horizontal
line with the equation

14. Find the slope of the line through (2, 3) and . No slope .

This fraction has no value; it’s undefined. The line through these two points has
no slope. It’s a vertical line with the equation



15. Graph the line , using the y -intercept and slope.

The slope is and the y -intercept is 4 . Place a point at (0, 4). Then count

three units to the right of that intercept and two units down. Place a point there
and draw a line through the intercept and the new point.

16. Graph the line , using the y -intercept and slope.



17.

18.

19.

The y -intercept is , and the slope is 5 . Place a point at . Then

count one unit to the right and five units up from that intercept. Place a point
there and draw a line.

Change the equation to the slope-intercept form. The answer i1s

Subtract 8x from each side: . Then divide every term by 2: . The
slope is , and the y -intercept is

Change the equation to the slope-intercept form. The answer i1s

Add y to each side to get . Then use the symmetric property to turn the
equation around: . (This is easier than subtracting 4x from each side,
adding 3 to each side, and then dividing by )

Find the equation of the line with a slope of that goes through the point (0,

7). The answer is

You’re given the slope and the y -intercept, so you can just put in the 7 for the
value of b .



20.

21.

22.

23,

24,

25.

26.

27,

Find the equation of the line that goes through the points and . The
answer is

First find the slope by using the two points: . Using the point-slope form
and the coordinates of the point , you get or . Distributing
and subtracting 1 from each side gives you
What is the slope of a line that’s parallel to the line ? The slope is
You can find the slope of a line that’s parallel to the line by changing the
equation to the slope-intercept form and the subtracting 2x from each side and
dividing each term by . The equation is then . The slope is ,
and the y -intercept is
What is the slope of a line that’s perpendicular to the line ? The slope is

. Change this equation to the slope-intercept form to find the slope of the
line: , . The negative reciprocal of is , so that’s the
slope of a line perpendicular to this one.
Find the distance between and . 20 units . Using the distance
formula, :
Find the distance between (4, 1) and . Round the decimal equivalent of the

answer to two decimal places. The answer 1s 6.08 units .
. Use a calculator and round to two decimal places.

Find the intersection of the lines and . The answer 1s (1, 3) . Set

. Solving for x, you get or . Substituting back into either
equation, :
Find the intersection of the lines and . The answer is . First
write the equations in slope-intercept form. becomes and
becomes . Setting , you solve for x and get or

Substitute back into either equation to get
Find the vertex and sketch the graph of . Vertex:



The multiplier of in front of the parentheses makes the graph open wider
(more flat).

28. Find the vertex and sketch the graph of . Vertex:



A+

The vertex is on the x -axis. The multiplier of 2 makes the parabola steeper.

29. Find the center and radius and sketch the graph of . Center:
radius: S .
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30. Find the center and radius and sketch the graph of . Center: (5, 2);
radius: 3 .



31. Sketch the graph of
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The parabola has been translated 4 units to the right.
32. Sketch the graph of

The parabola has been lowered by 3 units and flipped over to face downward.
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IN THIS PART ...

Discover ten common pitfalls or errors to avoid.

Gain ten quick tips to make your algebra problem solving a little easier.



Chapter 22
Ten Common Errors That Get Noticed

Most of this book involves methods for correctly doing algebra procedures. When working in
algebra, you want to take the positive approach. But sometimes it helps to point out the common
errors or pitfalls that occur. Many of these slip-ups involve the negative sign, fractions, and/or
exponents. Mistakes happen in algebra because people often think what they’re doing works — or
that two wrongs make it right! This chapter gives you a chance to spot some of those errors and
sets you straight if you’re making them yourself.

Squaring a Negative or Negative of a Square

The two expressions and are not the same (except in that single case where
). For instance, let and indicate which two of the following are correct .

CIf , then

CIf , then

CIf , then

CIf , then

Are your choices B and C? Then good for you! You remember the rules for order of operations
(found in Chapter 6 ) where you perform all powers first, then multiplication or division, and then
addition or subtraction. The parentheses always interrupt the order and tell you to perform

whatever is inside first. So in the expression , 1f you let , you square the
first to get 9 and then find the opposite, making the final answer . In the expression ,
you would find the opposite of first, giving you in the parentheses, and then you’d

square the 3 to get 9.

Squaring a Binomial
A binomial is two terms separated by addition or subtraction. Squaring a binomial involves more
than just squaring each term; the terms also have to interact with one another.

Can you spot which expansion is correct below?

Of course, you chose A as the correct expansion. The most common error when doing these
expansions is squaring the first and last term of the binomial and forgetting about the middle term.

The pattern for squaring a binomial is . When you square a binomial, remember that you’re



multiplying it times itself: . You find the products of the first terms, the outer terms, the
inner terms, and the last terms, and then add them up. The right way to expand is or

You can find more on squaring binomials in Chapter 7 .

Operating on Radicals

The square root of a product is the product of the roots, and the square root of a quotient is the
quotient of the roots, but this “reversal” doesn’t apply when you have a sum or difference.

It’s very helpful when you can simplify radicals — using the correct rules, of course. Which two
of the following are correct?

=

Had you going there, didn’t I? But you spotted the fact that only A and B can be true. The rules that
apply are and . Finishing the simplifications of the four expressions:

b .

Refer to Chapter 5 for more on working with radicals.

Distributing a Negative Throughout

Distributing a number by multiplying it times every term within parentheses is a fairly
straightforward process. However, some people can’t seem to finish the job. Can you spot the
good algebra?

Of course, you chose B! The distributive property of multiplication over addition is . The
pitfall or problem comes in when distributing a negative (the same as multiplying by ) over
terms. Often, people distribute over the first term and not the rest. Remember to distribute

the negative over every term. Basically, all the signs change. Chapter 2 has even more on the
distribution rule.



Fracturing Fractions

A fraction line is like a grouping symbol. Everything in the denominator (bottom) divides into
everything in the numerator (top). You need to remember that . But this setup is too

obvious. Why do people mess up with the fractions? Let me show you. Which of the following is
correct?

Yes, I know that B looks much nicer, but it’s wrong, wrong, wrong. The error in B is that the
person broke up the fraction, putting the 4 under the only.

Chapter 3 covers fractions completely.

Raising a Power to a Power

The rule for raising a power to a power is that you multiply the exponents. Sounds simple enough,
but can you spot which of the following are correct?

b e

You were looking for something wrong, weren’t you? This time they’re all correct. Applying the
rule sounds easy, but putting variables or negative numbers in for the exponents can make things
more complicated. In the end, you just multiply the exponents together.

Refer to Chapter 4 if you want to see more on exponents.

Making Negative Exponents Flip
The general rule for negative exponents is . Negative exponents are very handy when

combining terms with the same base. A common pitfall is to forget about number multipliers when
applying this rule. Which of the following is correct?

Okay. I made it too easy for you. Choice A is just fine, but choice B isn’t correct. A common error
is to mishandle the constant multiplier in the denominator. The correct way to write choice B is

Chapter 4 has more information on negative exponents.



Making Sense of Reversing the Sense

Because reversing the sense in an inequality doesn’t come up as often as other maneuvers, people
frequently overlook the process. The inequality is a true statement. When do you reverse

the sense (switch the direction of the inequality sign)? When you multiply or divide each side by a
negative number. Which of the two following manipulations is correct for multiplying each side of
the inequality by ?

1. Multiplying by

2. Multiplying by
Choice A is correct. Remember that the smaller number is always to the left of a larger number on
a number line.

Chapter 16 describes how to deal with inequalities.

Using the Slope Formula Correctly

You use the slope formula to determine the number that describes how steep a line 1s and whether

it rises or falls. If you have two points, and , then you find the slope of the line by
using . In Chapter 21 , you find several cautions about using the formula correctly. See if

you can spot the correct uses of the formula from the following choices. You’re finding the slope
of the line that goes through (3, 4) and (5, 6).

D=

The line through those two points has a slope of 1, so the two correct uses are A and D. The error
in choice B is that the x values are on top — a common mistake is reversing the x’s and y’s. The
error in choice C is mixing and matching . You have to use the two coordinates of a single point
in the same position — either both first or both last.

Writing Several Fractions as One

Fractions always cause groans and moans. They’re one of the most unappreciated types of
numbers. But handling them correctly helps them behave. When adding fractions, you find a
common denominator and then add the numerators. See whether you can spot the correct additions.



This was probably too easy. You could see that A and B were terrible. In choice A, the common
denominator is 30, not 10. And when you add the new numerators, you get . Another hint

that A 1s wrong is the fact that the answer is smaller than either of the first two fractions in
the problem — not larger. Choice B is almost as bad. Just put in some numbers for x, y, and z if
you want to just demonstrate that this is wrong, wrong, wrong.



Chapter 23
Ten Quick Tips to Make Algebra a Breeze

Working in algebra is a lot like taking a driver’s test. No matter what else you do, you need to
know and follow all the rules. And just as you were given some hints about driving from your
instructor, you find lots of helps here with your algebra. Buried in those lists of algebra rules are
some maneuvers, procedures, and quick tricks that help ease the way. The helps may include
eliminating fractions or decimals, or simplifying the setup or changing the form of an equation to
make it ready to combine with other expressions.

This chapter offers you ten quick tips to make your experience with algebra a little easier and a
little more efficient, and to improve your opportunities for success.

Flipping Proportions
A proportion 1s a true statement in which one fraction is set equal to another fraction. One
property of a proportion is that flipping it doesn’t change its truth. The rule is if , then

. You find more on proportions in Chapter 12 .

rememeer F1ip the proportion to put the variable in the numerator. Here’s a situation where flipping
makes the statement easier to solve. is a proportion. Now flip it to get the variable in

the numerator: . Multiplying each side by 8, you get , Or . You’d get the

same result by just cross-multiplying, but it’s often handier to have the variable in the
numerator of the fraction.

Multiplying Through to Get Rid of Fractions

As much fun as fractions are — we couldn’t do without them — they’re sometimes a nuisance
when you’re trying to solve for the value of a variable. A quick trick to make things easier is to
multiply both sides of the equation by the same number. The choice of multiplier is the least
common multiple — all the denominators divide it evenly. In the following example where |
multiply each fraction by 12, see how easy it becomes.

rememser Multiply an equation by the least common factor to eliminate fractions.

Zeroing In on Fractions

When you’re solving an equation that involves a fraction set equal to 0, you only need to consider



the fraction’s numerator for a solution.

rememser When a fraction is equal to zero, only the numerator can be 0. For instance, has a
solution only when the numerator equals 0. Solving , you find that the equation is true
when or . These are the only two solutions. You can forget about the

denominator for this type problem (as long as you don’t choose a solution that makes the
denominator equal to 0). Chapter 12 has more on rational equations.

Finding a Common Denominator

When adding or subtracting fractions, you always write the fractions with the same common
denominator so you can add (or subtract) the numerators. (See Chapter 3 for more on fractions.)

rememser One way to find a common denominator is to divide the product of the denominators by
their greatest common factor.

In the earlier section “Multiplying Through to Get Rid of Fractions ,” I provide a quick tip for
multiplying through by a common denominator. Many times you can easily spot the common
multiple. For example, when the denominators are 2, 3, and 6, you can see that they all divide 6
evenly — 6 1s the common denominator. But what if you want to add ? You’d like a

common denominator that isn’t any bigger than necessary. Just multiply the to get 1,440,

which is pretty large. Both 24 and 60 are divisible by 12, so divide the 1,440 by 12 to get 120,
which is the least common denominator.

Dividing by 3 or 9
Reducing fractions makes them easier to work with. And the key to reducing fractions is
recognizing common divisors of the numerator and denominator. For instance, do you know the

common factor for the numerator and denominator in ?1t’s 9!
Now looking at , you can divide both numerator and denominator by 9 to reduce the
fraction and get . There aren’t any more common factors, so the fraction is reduced.

Dividing by 2, 4, or 8
The rules for determining whether a number 1s divisible by 2, 4, or 8 are quite different from the
rules for divisibility by 3 and 9.

If a number ends in 0, 2, 4, 6, or 8 (it’s an even number), the entire number is divisible by 2. The
number 113,579,714 1s divisible by 2, even though all the digits except the last are odd.

If the number formed by the last two digits of a number is divisible by 4, then the entire number is
divisible by 4. The number 5,783,916 is divisible by 4 because the number formed by the last two



digits, 16, is divisible by 4.

If the number formed by the last three digits of a number is divisible by 8, then the whole number
is divisible by 8. The number 43,512,619,848 is divisible by 8, because the number formed by the
last three digits, 848, is divisible by 8. You may run into some three-digit numbers that aren’t so
obviously divisible by 8. In that case, just do the long division on the last three digits. Dividing the
three-digit number is still quicker than dividing the entire number.

Commuting Back and Forth

The commutative law of addition and multiplication says that you can add or multiply numbers in
any order, and you’ll get the same answer. This rule is especially useful when you couple it with
the associative rule that allows you to regroup or reassociate numbers to make computations
easier.

For instance, look at how I can rearrange the numbers to my advantage for doing computations:

Factoring Quadratics
A quadratic expression has a general format of , and you frequently find it more useful to

change that format and factor the quadratic into the product of two binomials. For example, the
quadratic factors into . In the factored form, you can solve for what makes the

expression equal to zero or you can factor if the expression is in a fraction.

rememeer 10 factor a quadratic expression efficiently, list the possible factors and cross them out as
you eliminate the combinations that don’t work.

Make a list (and check it twice) of the multipliers of the lead coefficient (the @ ) and the constant
(the ¢ ); you combine the factors to produce the middle coefficient (the b ).

In the quadratic , you list the multipliers of 12, which are , and list the multipliers
of 15, which are . You then choose a pair from the multipliers of 12 and a pair from the
multipliers of 15 that give you a difference of 11 when you multiply them together.

Making Radicals Less Rad, Baby

Radicals are symbols that indicate an operation. Whatever is inside the radical has the root
operation performed on it. Many times, though, writing the radical expressions with exponents
instead of radicals is more convenient — especially when you want to combine several terms or
factors with the same variable under different radicals.

rememeer The general rule for changing from radical form to exponential form is



For instance, to multiply , you change it to . Now you can multiply the factors

together by adding the exponents. Of course, you need to change the fractions so they have a
common denominator, but the result is worth the trouble:

Applying Acronyms
Some of the easiest ways of remembering mathematical processes is to attach cutesy acronyms to
them to help ease the way. For example:

e FOIL (First, Outer, Inner, Last): FOIL is used to help you remember the different
combinations of products that are necessary when multiplying two binomials together.

e NOPE (Negative, Odd, Positive, Even): NOPE tells you that a product is negative when you
have an odd number of negative signs and it’s positive when the number of negative signs is
even.

e PEMDAS (Please Excuse My Dear Aunt Sally): When simplifying expressions that have
various operations and grouping symbols, you first simplify in Parentheses, then Exponents, then
Multiplication or Division, and then Addition or Subtraction.
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