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Chapter 1
Introduction

1.1. Introduction

This book views many apparently disparate dynamic economic models as ex-
amples of a single class of models that can be adapted and specialized to study
diverse economic phenomena. The class of models was created by using recent
advances in (i) the theory of recursive dynamic competitive economies;! (ii)

methods for estimating and interpreting vector autoregression;?

(iii) linear op-
timal control theory;3 and (iv) computer languages for rapidly manipulating
linear optimal control systems.* We combine these elements to build a class of
models for which the competitive equilibria are vector autoregressions that can
be swiftly computed, represented, and simulated using the methods of linear
optimal control theory. We use the computer language MATLAB to implement
the computations. This language has a powerful vocabulary and a convenient
structure that liberate time and energy from programming, and thereby spur
creative application of linear control theory.

Our goal has been to create a class of models that merge recursive economic
theory and with dynamic econometrics.

Systems of autoregressions and of mixed autogregressive, moving average
processes are a dominant setting for dynamic econometrics. We constructed our
economic models by adopting a version of recursive competitive theory in which
an outcome of theorizing is a vector autoregression.

We formulated this class of models because practical difficulties of comput-
ing and estimating recursive equilibrium models still limit their use as a tool
for thinking about applied problems in economic dynamics. Recursive competi-
tive equilibria were themselves developed as a special case of the Arrow-Debreu
competitive equilibrium, both to restrict the range of outcomes possible in the

1 This work is summarized by Harris (1987) and Stokey, Lucas, and Prescott (1989).
2 See Sims (1980), Hansen and Sargent (1980, 1981, 1990).

3 For example, see Kwakernaak and Sivan (1972), and Anderson and Moore (1979).
4 See the MATLAB manual.
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Arrow-Debreu setting and to create a framework for studying applied problems
in dynamic economies of long duration. Relative to the general Arrow-Debreu
setting, the great advantage of the recursive competitive equilibrium formulation
is that equilibria can be computed by solving a discounted dynamic program-
ming problem. Further, under particular additional conditions, an equilibrium
can be represented as a Markov process in the state variables. When that
Markov process has an invariant distribution to which the process converges,
there exists a vector autoregressive representation. Thus, the theory of recur-
sive competitive equilibria holds out the promise of making closer contact with
econometric theory than did previous formulations of equilibrium theory.

Two computational difficulties have left much of this promise unrealized.
The first is Bellman’s “curse of dimensionality” which usually makes dynamic
programming a costly procedure for systems with even small numbers of state
variables. The second problem is that after a dynamic program has been solved
and the equilibrium Markov process computed, the vector autoregression implied
by the theory has to be computed by applying classic projection formulas to a
large number of second moments of the stationary distribution associated with
that Markov process. Typically, each of these computational problems can be
solved only approximately. Good research along a number of lines is now being
directed at evaluating alternative ways of making these approximations.®

The need to make these approximations originates in the fact that for gen-
eral functional forms for objective functions and constraints, even one iteration
on the functional equation of Richard Bellman cannot be performed analytically.
It so happens that the functional forms economists would most like to use have
been of this general class for which Bellman’s equation cannot be iterated upon
analytically.

Linear control theory studies the most important special class of prob-
lems for which iterations on Bellman’s equation can be performed analytically:
problems with a quadratic objective function and a linear transition function.
Application of dynamic programming leads to a system of well understood and
rapidly solvable equations known as the matrix Riccati equation.

The philosophy of this book is to swallow hard and to accept up front
as primitive descriptions of tastes, technology, and information specifications
that satisfy the assumptions of linear optimal control theory. This approach

5 See Marcet (1989) and Judd (1990). Also see Coleman (1990) and Tauchen (1990).
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purchases the ability rapidly to compute equilibria together with a form of equi-
librium that is automatically in the form of a vector autoregression. A cost
of the approach is that it does not accommodate many specifications that we
would like to be able to analyze.

The purpose of this book is to display the versatility and tractability of
our class of models. Versions of a wide range of models from modern capital
theory and asset pricing theory can be represented within our framework. The
equilibria of these models can be computed so easily that we hope that the
reader will soon be thinking of improvements to our specifications. We provide
formulas and software for the reader to experiment.

1.2. Computer Programs

In writing this book, we put ourselves under a restriction that we should supply
the reader with a computer program that implements every equilibrium concept
and mathematical representation that we describe. The programs are written in
MATLAB, and are described throughout the book. When a MATLAB program
is referred to in the text, we place it in typewriter font. Similarly, all computer
code is placed in typewriter font.® You will get much more out of this book
if you use and modify our programs as you read.

1.3. Organization

This book is organized as follows. Chapter 10 describes the first order lin-
ear vector stochastic difference equation, and shows how special cases of it are
formed by a variety of models of time series processes that have been studied by
economists. This difference equation will be used to represent the information
flowing to economic agents within our models. It will also be used to represent
the equilibrium of the model.

Chapter 3 defines an economic environment in terms of the preferences of
a representative agent, the technology for producing goods, stochastic processes

6 To run our programs, you will need MATLAB’s Control Toolkit in addition to the basic
MATLAB software.
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disturbing preferences and the technology, and the information structure of the
economy. The stochastic processes fit into the model introduced in chapter 10,
while the preferences, technology, and information structure are specified with
an eye toward making the competitive equilibrium one that can be computed
by the application of linear control theory.

Chapter 4 describes a social planning problem associated with the equilib-
rium of the model. The problem is formulated in two ways, first as a variational
problem using stochastic Lagrange multipliers, and then as a dynamic program-
ming problem. We describe how to compute the solution of the dynamic pro-
gramming problem using formulas from linear control theory. The solution of
the social planning problem is a first order vector stochastic difference equation
of the form studied in chapter 10. We also show how to use the value function
for the social planning problem to compute the Lagrange multipliers associated
with the planning problem. These multipliers are later used in chapter 6 to
compute the equilibrium price system.

Chapter 5 describes the price system and the commodity space that sup-
port a competitive equilibrium. We use a formulation that lets the values that
appear in agents’ budget constraints and objective functions be represented as
conditional expectations of geometric sums of streams of future “prices” times
quantities. Chapter 5 relates these prices to Arrow-Debreu state contingent
prices.

Chapter 6 describes a decentralized version of our economy, and defines and
computes a competitive equilibrium. Competitive equilibrium quantities solve a
social planning problem. The price system can be deduced from the stochastic
Lagrange multipliers associated with the social planning problem.

Chapter 7 describes versions of several dynamic models from the literature
that fit easily within our class of models.

Chapter 9 describes the links between our theoretical equilibrium and au-
toregressive representations of time series of observables. We show how to obtain
an autoregressive representation for a list of observable variables that are linear
functions of the state variables of the model. The autoregressive representation
is naturally affiliated with a recursive representation of the likelihood function
for the observable variables. In describing how to deduce the autoregressive
representation from the parameters determining the equilibrium of the model,
and possibly also from parameters of measurement error processes, we are com-

pleting a key step needed to permit econometric estimation of the model’s free
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parameters. Chapter 9 also treats two other topics intimately related to econo-
metric implementation of the models; aggregation over time, and the theory of
approximation of one model by another.

Chapter 8 describes fast methods to compute equilibria. We describe how
doubling algorithms can speed the computation of expectations of geometric
sums of quadratic forms, and help to solve dynamic programming problems.

Chapter 11 describes alternative ways to represent demand. It identifies
an equivalence class of preference specifications that imply the same demand
functions, and characterizes a special subset of them as canonical household
preferences. Canonical representations of preferences are useful for describing
economies with heterogeneity among household’s preferences.

Chapter 12 describes a version of our economy with the type of heterogene-
ity among households allowed when preferences aggregate in a sense introduced
by Terrance Gorman . In this setting, affine Engle curves of common slope pre-
vail and give rise to a representative consumer. This representative consumer is
‘easy to find,” and from the point of view of equilibrium computation of prices
and aggregate quantities, adequately stands in for the household of chapters 3-6.
The allocations to individual consumers require additional computations, which
this chapter describes.

Chapter 13 uses our model of preferences to represent multiple goods ver-
sions of permanent income models along the lines of Robert Hall’s (1978). We
retain Hall’s specification of the ‘storage’ technology for accumulating physical
assets, and also the restriction on the discount factor, depreciation rate, and
gross return on capital that delivered to Hall a martingale for the marginal
utility of consumption. Adopting Hall’s specification of the storage technology
imparts a martingale characterization to the model, but it is hidden away in an
‘index’ whose increments drive the behavior of consumption demands for various
goods, which themselves are not martingales. This model forms a convenient
laboratory for thinking about the sources in economic theory of ‘unit roots’ and
‘co-integrating vectors.’

Chapter 14 describes a setting in which there is more heterogeneity among
households’ preferences, causing the conditions for Gorman aggregation to fail.
Households’ Engle curves are still affine, but dispersion of their slopes arrests
Gorman aggregation. There is another sense, originating with Negishi, in which
there is a representative household whose preferences represent a complicated
kind of average over the preferences of different types of households. We show
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how to compute and interpret this preference ordering over economy-wide aggre-
gates. This average preference ordering cannot be computed before one knows
the distribution of wealth evaluated at equilibrium prices.

Chapter 15 describes economies with production and consumption exter-
nalities and also distortions due to a government’s imposing distorting flat rate
taxes. Equilibria of these economies has to be computed by a direct attack on
Euler equations and budget constraints, rather than via dynamic programming
for an artificial social planning problem.

Chapter 16 describes a recursive version of Jacobson’s and Whittle’s ‘risk
sensitive’ preferences. This preference specification has the features that, al-
though it violates certainty equivalence — so that the conditional covariance of
forecast error distributions impinge on equilibrium decision rules — it does so in
a way that preserves linear equilibrium laws of motion, and retains calculation
of equilibria and asset prices via simple modifications of our standard formulas.
These preferences are a version of those studied by Epstein and Zin () and
Weil ().

Chapter 17 describes how to adapt our setup to include features of the
periodic models of seasonality that have been studied by Osborne (1988), Todd
(1990), and Ghysels (1993).

Chapter 20 is a manual of the MATLAB programs that we have prepared
to implement the calculations described in this book. The design is consistent
with other MATLAB manuals.

The notion of duality and the ‘factorization identity’ from recursive lin-
ear optimal control theory are used repeatedly in Chapter 9 (on representing
equilibria econometrically), and chapters 11, 12, and 14 (on representing and
aggregating preferences). ‘Duality’ is the observation that recursive filtering
problems (Kalman filtering) have the same mathematical structure as recursive
formulations of linear optimal control problems (leading to Riccati equations via
dynamic programming). That duality applies so often in our settings in effect
‘halves’ the mathematical apparatus that we require.



Chapter 2
Stochastic Linear Difference Equations

2.1. Introduction

This chapter introduces the first-order vector linear stochastic difference equa-
tion, which we use in two important ways. We use it first to represent the
information flowing to economic agents, then again to represent equilibria of
our models. The first-order linear stochastic difference equation is associated
with a tidy theory of prediction and a host of procedures for econometric appli-
cation. Their ease of analysis has prompted us to adopt economic specifications
that cause our equilibria to have representations in terms of a first-order linear
stochastic difference equation.

The first order vector stochastic difference equation is recursive because
it expresses next period’s vector of state variables as a linear function of this
period’s state vector and a vector of new disturbances to the system. These
disturbances form a “martingale difference sequence,” and are the basic building
block out of which the time series are created. Martingale difference sequences
are easy to forecast, a fact that delivers convenient recursive formulas for optimal
predictions.

2.2. Notation and Basic Assumptions

Let {x::t=1,2,...} be a sequence of n-dimensional random vectors, i.e. an
n-dimensional stochastic process. The vector x; contains variables observed
by economic agents at time ¢. Let {w; : t = 1,2,...} be a sequence of N-
dimensional random vectors. The vectors {w,} will be treated as building blocks
for {xy : t =1,2,...}, in the sense that we shall be able to express x; as the sum
of two terms. The first is a moving average of past w;’s. The second describes
the effects of an initial condition. The {w:} process is used to generate a
sequence of information sets {J; : ¢ = 0,1,...}. Let Jy be generated by xg
and J; be generated by zg,ws,...,w;, which means that J; consists of the set
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of all measurable functions of {zg,ws,...,ws}.! The building block process
is assumed to be a martingale difference sequence adapted to this sequence of
information sets. We explain what this means by advancing the following

DEFINITION 1: The sequence {w; : t = 1,2,...} is said to be a martingale
difference sequence adapted to {J; : t = 0,1,...} if E(weq1]Jy) = 0 for t =
0,1,....

In addition, we assume that the building block process is conditionally ho-
moskedastic, a phrase whose meaning is conveyed by

DEFINITION 2: The sequence {w; : t = 1,2,...} is said to be conditionally
homoskedastic if E(wiwy | Jy) =1 for t=0,1,....

It is an implication of the law of iterated expectations that {w; : t = 1,2,...} isa
sequence of (unconditional) mean zero, serially uncorrelated random vectors. 2 In
addition, the entries of w; are assumed to be mutually uncorrelated.

The process {x; : t = 1,2,...} is constructed recursively using an initial

random vector xy and a time invariant law of motion:
Tey1 = Axy + Cwegq , for t=0,1,..., (2.2.1)

where A is an n by n matrix and C is an n by N matrix.

Representation (2.2.1) will be a workhorse in this book. First, we will
use (2.2.1) to model the information upon which economic agents base their
decisions. Information will consist of variables that drive shocks to preferences
and to technologies. Second, we shall specify the economic problems faced by the
agents in our models and the economic process through which agents’ decisions

)

1 The phrase “Jy is generated by xg” means that Jy can be expressed as a measurable
function of zg.
2 Where ¢1 and ¢9 are information sets with ¢1 C ¢o, and z is a random variable, the

law of iterated expectations states that

E(x|¢1)=E(E(z|¢2)]|41)-

Letting ¢1 be the information set corresponding to no observations on any random variables,
letting ¢o = J¢, and applying this law to the process {w¢}, we obtain

E(wig1) = E (E (wg1 | 1)) = E(0) =0.
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are coordinated (competitive equilibrium) so that the state of the economy has
a representation of the form (2.2.1).

2.3. Prediction Theory

A tractable theory of prediction is associated with (2.2.1). This theory is
used extensively both in computing the equilibrium of the model and in repre-
senting that equilibrium in the form of (2.2.1).

The optimal forecast of x;y1 given current information is

E (z¢41 | J) = Az, (2.3.1)
and the one-step-ahead forecast error is
ZTep1 — B (xpqq1 | Ji) = Cwiy. (2.3.2)
The covariance matrix of x;,1 conditioned on J; is just CC”:

E (411 — E (x| 1) (@eg1 — E (megr | J)) = CC. (2.3.3)

Sometimes we use a nonrecursive expression for x; as a function of xg, wy,ws, ...

wy. Using (2.2.1) repeatedly, we obtain

x = Az + Cuy

= A2.’L‘t_2 + ACwi—1 + Cwy
(2.34)

= [§ ATC’wt_T} + Aly.
=0

Representation (2.3.4) is one type of moving-average representation. It ex-

presses {z; : t = 1,2,...} as a linear function of current and past values of

the building block process {w; : t = 1,2,...} and an initial condition zo. 3

3 Slutsky (1937) argued that business cycle fluctuations could be well modelled by moving
average processes. Sims (1980) showed that a fruitful way to summarize correlations between
time series is to calculate an impulse response function. In chapter 8, we study the relationship
between the impulse response functions calculated by Sims (1980) and the impulse response
function associated with (2.3.4).



12 Stochastic Linear Difference Equations

The moving average piece of representation (2.3.4) is often called an impulse
response function. An impulse response function depicts the response of current
and future values of {z;} to an imposition of a random shock w;. In represen-
tation (2.3.4), the impulse response function is given by entries of the vector
sequence {A7C :7=0,1,...}.4

Shift (2.3.4) forward in time:

j—1
Typj = ZASCwH_j_S + Ay (2.3.5)
s=0
Projecting both sides of (2.3.5) on the information set {xg,ws, we—1,..., w1}
gives®
Etxt-i-j = A]J}t (236)
where Ei(-) = E[(*) | o, we, we—1,...,w1] = E(-) | J¢, and x; isin J;. Equation

(2.3.6) gives the optimal j step ahead prediction.
It is useful to obtain the covariance matrix of the j-step ahead prediction

error
j—1

Ti45 — Et.’l}t+j = ZAscwt75+j (237)

s=0
‘We have
E(xiyj — Buweyg) (w4 — Biweyg)
i1 , 2.3.8a
=Y AFCC' AV =, ( )
k=0

Note that v; defined in (2.3.8a) can be calculated recursively via

V1 = CC,

, , (2.3.8b)
v; = cC' + A’UjflA , J=>2

The matrix v; is the covariance matrix of the errors in forecasting z;4; on
the basis of time ¢ information z;. To decompose these covariances into parts
attributable to the individual components of w;, we let i, be an N -dimensional

4 Given matrices A and C', the impulse response function can be calculated using the
MATLAB program dimpulse.m.

5 For an elementary discussion of linear least squares projections, see Sargent (1987b,
chapter IX).
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column vector of zeroes except in position 7, where there is a one. Define a

matrix v; » by
j—1
v = Y ARCi LT AR, (2.3.8¢)
k=0

Note that Zivzl iri, =1, so that from (2.3.8a) and (2.3.8¢) we have

N
> Vi = ;.
T=1

Evidently, the matrices {v;,,7 =1,...,N} give an orthogonal decomposition
of the covariance matrix of j-step ahead prediction errors into the parts at-
tributable to each of the components 7 =1,..., N .6

The “innovation accounting” methods of Sims (1980) are based on (2.3.8).
Sims recommends computing the matrices v;, in (2.3.8) for a sequence j =
0,1,2,.... This sequence represents the effects of components of the shock
process w; on the covariance of j-step ahead prediction errors for each series in
Ty

2.4. Transforming Variables to Uncouple Dynamics

A convenient analytical device for the analysis of linear system (2.2.1) is to
uncouple the dynamics using the distinct eigenvalues of the matrix A. We use
the Jordan decomposition of the matrix A:

A=TDT™ !, (2.4.1)

where T is a nonsingular matrix and D is a matrix constructed as follows.
Recall that the eigenvalues of A are the zeroes of the polynomial det ((I — A).
This polynomial has n zeroes because A is n by n. Not all of these zeroes are
necessarily distinct, however.” Suppose that there are m < n distinct zeroes

6 For given matrices A and C', the matrices v; » and v; are calculated by the MATLAB
program evardec.m.

7 In the case in which the eigenvalues of A are distinct, D is taken to be the diagonal
matrix whose entries are the eigenvalues and 7' is the matrix of eigenvectors corresponding

to those eigenvalues.
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of this polynomial, denoted 41,02, ...,d,, . For each d;, we construct a matrix
D; that has the same dimension as the number of zeroes of det ((I — A) that
are equal to J;. The diagonal entries of D; are J; and the entries in the single
diagonal row above the main diagonal are all either zero or one. The remaining
entries of D; are zero. Then the matrix D is block diagonal with D; in the
4t diagonal block.

Transform the state vector z; as follows:

xvf =T tay. (2.4.2)
Substituting into (2.2.1), we have that
zy 1 = Dxy + T 'Cwypr. (2.4.3)

Since D is block diagonal, we can partition z; according to the diagonal blocks
of D or, equivalently, according to the distinct eigenvalues of A. In the law of
motion (2.4.3), partition j of x},, is linked only to partition j of x}. In this
sense, the dynamics of system (2.4.3) are uncoupled. To calculate multi-period
forecasts and dynamic multipliers, we must raise the matrix A to integer powers
(see (2.3.6)). It is straightforward to verify that

AT =T(D")T™. (2.4.4)

Since D is block diagonal, D7 is also block diagonal, where block j is just
(D;)7. The matrix (D)7 is upper triangular with 07 on the diagonal, with all
entries of the k'™ upper right diagonal given by

(8;)77F 71/[k\(r — k)1] for 0 <k <, (2.4.5)

and zeroes elsewhere. Consequently, raising D to an integer power involves
raising the eigenvalues to integer powers. Some of the eigenvalues of A may
be complex. In this case, it is convenient to use the polar decomposition of the
eigenvalues. Write eigenvalue J; in polar form as

d; = p;exp(if;) = p;lcos(0;) + isin(6;)] (2.4.6)
where p; =| d; |. Then

87 = (p;)" exp(iT0;) = (p;j)" [cos(70;) + isin(70;)]. (2.4.7)
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We shall often assume that p; is less than or equal to one, which rules out
instability in the dynamics. Whenever p; is strictly less than one, the term
(p;)™ decays to zero as T — oo. When 6, is different from zero, eigenvalue j
induces an oscillatory component with period (27/ |6, |).

2.5. Examples

Next we consider some examples of processes that can be accommodated by
(2.2.1).

2.5.1. Deterministic seasonals

We use (2.2.1) to represent the model y; = ys—4. Let n = 4,C =0, x4 =
(Y, Yt—1,Yt—2,Yt—3) , 2o = (00 0 1)’,

(2.5.1)

o o = O
o = O O
_ o O O
S O O
o O O O

In this case the A matrix has four distinct eigenvalues and the absolute
values of each of these eigenvalues is one. Two eigenvalues are real (1,—1) and
two eigenvalues are imaginary (i, —i), and so have period four. The resulting
sequence {z;:t =1,2,...} oscillates deterministically with period four. It can
be used to model deterministic seasonals in quarterly time series.
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2.5.2. Indeterministic seasonals

We want to use (2.2.1) to represent the model
Yt = Q4Yp—4 + Wi, (2.5.2)

where w; is a martingale difference sequence and | oy |< 1. We define x; =

[yt; Yt—1y Yt—2, yt73]/7 n :4;

0 0 0 oy 1
10 0 O 0
A: =
01 0 O ¢ 0
0 01 O 0

With these definitions, (2.2.1) represents (2.5.2). This model displays an “in-
deterministic” seasonal. Realizations of (2.5.2) display recurrent, but aperiodic,
seasonal fluctuations.

2.5.3. Unwvariate autoregressive processes

We can use (2.2.1) to represent the model
Yt = 1Yi—1 + QY2 + Q3Yi—3 + QaYp—4 + Wi, (2.5.3)

where w; is a martingale difference sequence. Weset n = 4, x4 = [ys 11 Yr—2 yi—3)’,

Qa1 Qg a3 Oy 1
1 0 0 0 0
A - y C =
0 1 0 0 0
0 0 1 0 0

The matrix A has the form of the companion matriz to the vector

[a1 ag as ay].
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2.5.4. Vector autoregressions

Reinterpret (2.5.3) as a vector process in which y; is a (k x 1) vector, a; a
(k x k) matrix, and w; a k x 1 martingale difference sequence. Then (2.5.3) is
termed a vector autoregression. To map this into (2.2.1), we set n =k - 4,

(65} (67) a3 Oy I
I 0 0 O 0
A - =
0o I 0 0]’ = 0
0 0 I 0 0
where I is the (k x k) identity matrix.
2.5.5. Polynomial time trends
Let n =2,29 = 1[0 1), and
1 1] 0
A= C= . 2.5.4
SN (25.4)

Notice that D = A in the Jordan decomposition of A. It follows from (2.4.5)
that

(1t
At = . 255
0 J (2.5.5)

Hence z; = (t,1)’, so that the first component of x; is a linear time trend and
the second component is a constant.

It is also possible to use (2.2.1) to represent polynomial trends of any order.
For instance, let n =3,C = 0,29 = (0,0,1)’, and

1 1 0
A=1]0 1 1]. (2.5.6)
0 0 1
Again, A = D in the Jordan decomposition of A. It follows from (2.4.5) that
1t tt—1)/2
At=0 1 t . (2.5.7)
00

Then z} = [t(t—1)/2,t,1], so that z; contains linear and quadratic time trends.



18 Stochastic Linear Difference Equations

2.5.6. Martingales with drift

We modify the linear time trend example by making C' nonzero. Suppose that

11 1 ¢
N is one and C" =[1 0]. Since A = {0 1] and A' = {0 1] , it follows that
1
ATC = [0] . (2.5.8)

Substituting into the moving-average representation (2.3.4), we obtain (2.25)

t—1
Ty = Zwt—T +[1 t]zo
7=0
where x1; is the first entry of x;. The first term on the right-hand side of the
preceding equation is a cumulated sum of martingale differences, and is called
a martingale, while the second term is a translated linear function of time.

2.5.7. Covariance stationary processes

Next we consider specifications of zg and A which imply that the first two
moments of {x;:t=1,2,...} are replicated over time. Let A satisfy

All A12
A= 2.5.
e (259)

where Aj; is an (n — 1) X (n — 1) matrix with eigenvalues that have moduli
strictly less than one and Ajs is an (n — 1) X 1 column vector. In addition, let
C’ = [Cf 0]. We partition x; = [z, =5, where x1; has n— 1 entries. It follows
from (2.2.1) that

T1r1 = A1121 + Aroxer + Crwgs (2.5.10)

Tot41 = T2t (2.5.11)

By construction, the second component, xo;, simply replicates itself over time.
For convenience, take x99 = 1 so that x9; =1 for t =1,2,....

We can use (2.5.10) to compute the first two moments of x1;. Let p; =
Exy;. Taking unconditional expectations on both sides of (2.5.10) gives

per1 = Arps + Aga. (2.5.12)
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We can solve the nonstochastic difference equation (2.5.12) for the stationary
value of p;. Define pu as the stationary value of p;, and substitute p for py
and pyq in (2.5.12). Solving for u gives u = (I — A1)~ ' Aso. Therefore, if

Exyo = (I — A1)~ Ag, (2.5.13)

then Ezq; will be constant over time and equal to the value on the right side of
(2.5.13). Further, if the eigenvalues of A;; are less than unity in modulus, then
starting from any initial value of pg, p: will converge to the stationary value
(I —App) A,

Next we use (2.5.10) to compute the unconditional covariances of x;. Sub-
tracting (2.5.12) from (2.5.10) gives

(1041 — peg1) = A (w1 — ) + Crwg (2.5.14)
From (2.5.14) it follows that

(1041 — preg1) (@11 — peg1) = Ann (@1 — ) (210 — o) Ay

+ Crwppi1w 1 C1 + Crwpp (w10 — pe) Ay + Avn (10 — p)wi1 O

The law of iterated expectations implies that w41 is orthogonal to (x1; — pt).
Therefore, taking expectations on both sides of the above equation gives

Vig1 = An VAL + GO,

where V; = E(z1; — pe)(x1¢ — p)’. Evidently, the stationary value V' of the

covariance matrix V; must satisfy
V= A11VA,11 + C’lC{ (2515)

It is straightforward to verify that V' is a solution of (2.5.15) if and only if
0 . .
V=) A},CiCi AT (2.5.16)
3=0

The infinite sum (2.5.16) converges under the condition that the eigenvalues of
Aqq are less in modulus than unity.® If the covariance matrix of z1 is V and

8 Equation (2.5.15) is known as the discrete Lyapunov equation. Given the matrices A1
and C7, this equation is solved by the MATLAB program dlyap.m.
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the mean of z1¢ is (I — A11) "1 Aja, then the covariance and mean of z1; remain
constant over time. In this case, the process is said to be covariance stationary.

If the eigenvalues of A;; are all less than unity in modulus, then V; — V as
t — o0, starting from any initial value V;.

From (2.3.8) and (2.5.16), notice that if all of the eigenvalues of A;; are
less than unity in modulus, then lim;_,. v; = V. That is, the covariance matrix
of j-step ahead forecast errors converges to the unconditional covariance matrix
of = as the horizon j goes to infinity.®

The matrix V' can be decomposed according to the contributions of each
entry of the process {w;}. Let ¢, be an N-dimensional column vector of zeroes
except in position 7, where there is a one. Then

N
I=> 1. (2.5.17)
=1
Define a matrix VT
V=3 (An)Y Cred, Ol (A (2.5.18)

J=o

We have, by analogy to (2.5.15) and (2.5.16), that V; satisfies V; = Ay V, A}, +
Chi,1,.C]. In light of (2.5.17), (2.5.18), and (2.5.16) we have that

N
V=> V. (2.5.19)
=1

The matrix V, has the interpretation of being the contribution to V of the
7' component of the process {w; : t = 1,2,...}. Hence, (2.5.19) gives a
decomposition of the covariance matrix V into the portions attributable to
each of the underlying economic shocks.

Next, consider the autocovariances of {x; : ¢t = 1,2,...}. From the law of

iterated expectations, it follows that
El(@1p4r — p) (w1 — )] = B{E[(®1047 — p) | Je (w10 — )"}
— BIA (210 — w)(@1s — )’ (2.5.20)
= AV

9 The doubling algorithm described in chapter 9 can be used to compute the solution of
(2.5.15) via iterations that approximate (2.5.16). The algorithm is implemented in the
MATLAB programs doublej.m and doublej2.m .
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Notice that this expected cross-product or autocovariance does not depend on

calendar time but only on the gap 7 between the time indices.®

Indepen-
dence of means, covariances, and autocovariances from calendar time defines
covariance stationary processes. For the particular class of processes we are
considering, if the covariance matrix does not depend on calendar time, then

none of the autocovariance matrices does.

2.5.8. Multivariate ARMA processes

Specification (2.2.1) assumes that z; contains all the information that is avail-

able at time ¢ to forecast x;y;. In many applications, vector time series are
modelled as multivariate autoregressive moving-average (ARMA) processes. Let
y+ be a vector stochastic process. An ARMA process {y; : t = 1,2,...} has a
representation of the form:

Yt = 01Y—1 + Q2Yi—2 + - + Yk
(2.5.21)
+ Yows + V1w + -+ YpWi—k.

where Elwy | Ye—1, Y12, Yt—k+1, We—1, Wi—2, -  Wi—g+1] = 0. The require-
ment that the same number of lags of y enter (2.5.21) as the number of lags of
w is not restrictive because some coeflicients can be set to zero. Hence we can
think of & as being the greater of the two lag lengths. A representation such as
(2.5.21) can be shown to satisfy (2.2.1). To see this, we define

Tt =
Yt
ayt—1 +o3yt—2 - F Y 1 TYIWE F VW1 F Ve 1 Wi 2 T VWi k11
Q3Yt—1 " T ORYp |42 T VWL V1 Wi f4+3 T VEWi— k42

QpYt—1 + V—1Wt + VpWe—1

VWt
(2.5.22)

10 Equation (2.5.20) shows that the matrix autocovariogram of x1; (i.e., I'r = E[(144r —
p)(z1¢ — p)’] taken as a function of 7) satisfies the nonrandom difference equation Ty =
A11T¢ with initial condition I'g = V.
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Y0
Al
C= . (2.5.23)
V&
and
a1 I 0
(65 0 0
A= : ST (2.5.24)
(677 0 1
0 0 0

It is straightforward to verify that the resulting process {x; : t = 1,2,...}
satisfies (2.2.1).

2.5.9. Prediction of a univariate first order ARMA
Consider the special case of (2.5.21)
Yt = q1Ye—1 + VoWt + Y1 Wi—1 (2.5.25)

where y; is a scalar stochastic process and w; is a scalar white noise. Assume
that | oy |< 1 and that | y1/7 |< 1. Applying (2.5.22), we define the state x;

as
]
Tt = .
Y1We
Applying (2.5.23) and (2.5.24), we have
1
C = Y0 A= aq .

71 0 0
We can apply (2.3.6) to obtain a formula for the optimal j-step ahead prediction
of y;. Using (2.3.6) in the present example gives

sl ] =4 T
V1Witj 0 0 YWy

Eyiy; = oy + o ywy. (2.5.26)

which implies that
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We can use (2.5.26) to derive a famous formula of John F. Muth (1960).
Assume that the system (2.5.25) has been operating forever, so that the initial
time is infinitely far in the past. Then using the lag operator L, express (2.5.25)

as
(1 —a1Ll)y: = (y0 +nL)ws.

Solving for w,; gives

1 1 — alL
Wt = Yo (HTlL) Yt,
Yo
which expresses w; as a geometric distributed lag of current and past ;’s.
Substituting this expression for w; into (2.5.26) and rearranging gives

. (651 + n
—1

By =[]

Yo

In the limiting case as a3 — 1 from below, this formula becomes
faes
1+ Yo

Etyt+j = [HTIL} Yt, (2.5.27)
Yo

which is independent of the forecast horizon j. In the limiting case of a3 =1,
it is optimal to forecast y; for any horizon as a geometric distributed lag of past
y’s. This is Muth’s finding that a univariate process whose first difference is a
first order moving average is optimally forecast via an “adaptive expectations”
scheme (i.e., a geometric distributed lag with the weights adding up to unity).

2.5.10. Growth

In much of our analysis, we assume that the eigenvalues of A have absolute
values less than or equal to one. We have seen that such a restriction still
allows for polynomial growth. Geometric growth can also be accommodated by
suitably scaling the state vector. For instance, suppose that {z : ¢ =1,2,...}
satisfies:

afy = ATzl + Cwl,y (2.5.28)

where E(w/,, | J;) =0 and Ew/, (w},,)" | J;] = (¢)'1. The positive number
¢ can be bigger than one. The eigenvalues of AT are assumed to have absolute
values that are less than or equal to £ , an assumption that we make to assure
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that the matrix A to be defined below has eigenvalues with modulus bounded
above by unity. We transform variables as follows:

zp = () 3z (2.5.29)

wy = ()" Twjt (2.5.30)

The transformed process {w; : t = 1,2,...} is now conditionally homoskedastic
as required because E[wit1(wit1)’ | J¢] = I. Furthermore, the transformed
process {z; : t = 1,2,...} satisfies (2.2.1) with A = e~ 2A%". The matrix
A now satisfies the restriction that its eigenvalues are bounded in modulus by
unity. The original process {z;" : ¢ = 1,2,...} is allowed to grow over time at a
rate of up to .5 log (¢).

2.5.11. A rational expectations model

Consider a model in which a variable p; is related to a variable m; via
P = AEtpH_l + ymy, 0<Aa<l1 (2531)

where

and z; is governed by (2.2.1). In (2.5.31), E:(-) denotes E(-) | J;. This is a
rational expectations version of Cagan’s model of hyperinflation (here p; is
the log of the price level and m; the log of the money supply) or a version of Le
Roy and Porter’s and Shiller’s model of stock prices (here p; is the stock price
and my is the dividend). Recursions on (2.5.31) establish that a solution to
(2.5.31) is pr = Eyy Z;io Nmyy;. Using (2.3.6) and (2.5.32) in this equation
gives p; = G Z;io N Az, or py = yG(I — AA)~a;. Collecting our results,
we have that (pg, m;) satisfies

pe ] [2GU —AA)T! .
Tt N G K
Tpp1 = Az + Cwyyr.

(2.5.33)

System (2.5.33) embodies the cross-equation restrictions associated with ratio-
nal expectations models: note that the same parameters in A, G that pin down
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the stochastic process for m; also enter the equation that determines p; as a
function of the state x;.

It is useful to show how to derive (2.5.33) using the method of undetermined
coefficients. Returning to (2.5.31), we guess that a solution for p; is of the form
py = Hzxy, where H is a matrix to be determined. Given this guess and (2.2.1),
it follows that Eyp;y1 = HExe 1 = HAx. Substituting this and (2.5.32) into
(2.5.31) gives Hxy = NH Axzy + yGx¢, which must hold for all realizations ;.
This implies that H = AHA +~G or H = vG(I — MA)~!, which agrees with
(2.5.33).

2.6. The Spectral Density Matrix

Let the mean vector of x; from the stationary distribution of an {z;} process
be denoted p. Define the autocovariance function of the {x;} process to be
Cy(7) = Elxy — p] [xe—r — p]’. The spectral density matriz of the {z;} process
is defined as

0o
Se(w) = Y Cu(r)e™. (2.6.1)
T=—00
Consider an {z:} process governed by (2.2.1), in which z; is partitioned as in
equations (2.5.10),(2.5.11), so that xo; is the constant term. Then the spectral
density can be represented as

Sp(w) = (I — Ape™ ™)~ 1oC) (I — Afje™™) =1, (2.6.2)
From S, (w),!! the autocovariances can be recovered via the inversion formula
1 T ;
— +iwT
Cy(1) = (27r) Sz(w)e dw. (2.6.3)

These formulas enable us to compute the spectral and cross-spectral statis-
tics for any of the large variety of models that are special cases of (2.2.1).

11 The MATLAB program spectral.m can be used to compute a spectral density matrix.
The program requires that the position of the constant term, denoted nnc, in z+ be specified.
The program then forms the appropriate matrices A11 and C7 in equations (2.5.10),(2.5.11),
and applies formula (2.6.2).
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2.7. Computer Examples

We now use some MATLAB programs to generate examples that fit into the
framework of this chapter.

2.7.1. Deterministic seasonal

We can use the program dlsim.m to simulate the model of the deterministic

seasonal described above. In using d1sim.m, we specify four matrices A, C, G, D
whose dimensions must be comparable. In particular, we require that A be
n X n, that C be n x k, that G be ¢ x n, and that D be ¢ x k. For the case
of an indeterministic seasonal, we want to create the following matrices:

000 1 0
1000 0
A= -
010 0|l 9o
0010 0
0
0
G=I,D=
0
0

To accomplish this, we use the following MATLAB code

a=[00 0 1]

A= compn (a)
(This sets A equal to the companion matrix of a.)
C= zeros(4,1)
(This sets C equal to a 4 x 1 matrix of zeros.)
G =eye (4)
(This sets G equal to the 4 x 4 identify matrix.)

D = zeros(4, 1)
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08
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Fig. 2.7.1.a. Deterministic Seasonal. Fig. 2.7.1.b. Indeterministic Seasonal
with unit root.

We want to simulate the system
Ti41 = A.’Et + th+1
Yt = Gry + Dwiy

with an “input” of wyy1 = 0. We form an input vector w of length 20 by the
statement:
w = zeros (20, 1)

We set the initial condition by
x0=1[1 00 0]
To generate the simulation, we set
y = dlsim(4,C, G,D,w, x0).

This generates the 20 x 4 matrix ¥, the i*" column of which is the time path
taken by the i*! state variable (remember that G = I and D = 0). We plot
the time path of the first component of the state vector in Fig. 2.7.1.a and
Fig. 2.7.1.b.
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2.7.2. Indeterministic seasonal, unit root

We implement a model of an indeterministic seasonal by altering the pre-
ceding example by replacing w with a sequence of i.i.d. normal random variates.
We specify that Fw;11 = 0, Ewt?Jrl = 1. We accomplish this by the MATLAB
phrase

w = randn(150,1)

We have generated a white noise of length 150. We create the simulation by

setting
C=[100 0

y =dlsim(4,C,G,D,w, x0).

We report the first component of y in figure 2. Note the tendency of the system
to display explosive oscillations. We invite the reader to calculate the variance

of z1; as a function of ¢.

2.7.3. Indeterministic seasonal, no unit root

‘We now set
a=[00 0 .7]

A = compn(a)

With all other matrices defined as in the preceding example, we form
y =dlsim(4,C,G,D,w,x0)

We plot the component z1; in figure 2.7.2. Notice that the explosive oscillations
that were present in Fig. 2.7.1.b are no longer present.
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Figure 2.7.2: Indeterministic seasonal with no unit root.

2.7.4. First order autoregression

We want to simulate the first order autoregression
Ti1 = 9T1¢ + Wi,

where w41 is a normally distributed white noise with unit variance. We accom-
plish this by modifying the MATLAB code of the previous example as follows:

x0=[0 0 0 O]
a=1[9 0 0 0]
A= compn(a)

y=dlsim(A,C,G,D,w,x0)

Fig. 2.7.3.a graphs the first component of y, which is the process {z1;}.
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Fig. 2.7.3.a. Simulation of first-order Fig. 2.7.3.b Simulation of second-order
autoregression. autoregression.

2.7.5. Second order autoregression
We simulate the system
Tipp1 = 1.2w14 — 3T14—1 + Wip1

by modifying the code of the preceding example as follows:

a=[1.2 —.3 0 0
A= compn (a)

y=dlsim(4,C,G,D,w,x0)

Fig. 2.7.3.b displays the output of {x;}.
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2.7.6. Growth with homoskedastic noise
We want to simulate the model
Tit41 = 1.025$1t + Wi41

where {w;;1} continues to be a normal white noise with unit variance. We set
the initial condition as z19 = 5. We modify the MATLAB code of the preceding
example as follows:
x0=1[5 0 0 0]

a=[1.025 0 0 0 |

A= compn(a)

y=dlsim(A,C,G,D,w,x0)
Figure 2.7.4.a displays {z1;}. Notice the tendency for the randomness to die
out, in the sense that the one-step ahead prediction error variance remains unity
while the mean level of the process is growing exponentially at rate 1.025 per
period.

200

150|

0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160

Fig. 2.7.4.a. Growth with homoskedas- Fig. 2.7.4.b. Growth with heteroskedas-
tic noise. tic noise.
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2.7.7. Growth with heteroskedastic noise

To arrest the tendency of the relative uncertainty to die out in the previous
example, we modify it by setting

T1t+1 = 1025131f + wL_l

where
w} = 1.025 2w,

and where {w;} continues to be a normal white noise with unit variance. This
specification makes the variance of w} equal to (2.025)".
To simulate this model, we modify the code of the previous example as

follows:
n= 150
t=[1:n]
t=1t./2

g= (1.025). At
WE=W.*g
y=dlsim (4,C,G,D,wug,x0)

Figure 2.7.4.b displays {x1:}. Notice that the randomness now fails to die out.

2.7.8. Second order vector autoregression
We want to simulate the second order vector autoregression

21t+1 = -921¢ + .0021.-1 + .0529¢ + .0129¢—1 + W11

22t+1 = —.04,2“ — .062’”71 + ~7522t — .].2,'2)571 + Wot+1

where wy = [w1¢, wet])" is a normally distributed vector white noise with identity
covariance matrix. To simulate this system, we define

21t
Z1t—1
Ty =
22t

22t—1
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We use the MATLAB code

A=1[9 .05 .05 .01; 1 00 0; —04 —.06 .75 —.1; 0 0 1 O]
C=[1000; 001 0]
G= zeros (2,4)
G(1,1)=1
6(2,3)=1
w= randn (150, 2)
D= zeros (2,2)
x0= zeros (4,1)
y= dlsim (4,C,G,D,w,x0)

In figure Fig. 2.7.5, we plot the first and third columns of y, which equal

{th,ZQt} .

Figure 2.7.5: Simulation of second-order vector autoregres-

sion.

We can use the MATLAB command dimpulse to compute the impulse
response of this system in response to each innovation (wis,wer). We employ
the following code:

il = dimpulse(A,C,G,D,1,20)
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This creates the response over twenty periods of the two variables zi; and zo;
to the first innovation wi;. We also use

i2 = dimpulse(4,C,G,D, 2,20)

This creates the response over twenty periods of the two variables zi; and zo;
to the second innovation wy;. We display these impulse response functions in
figure 2.7.6.

08
response of 21

06

0a response of 22
0.4) :
02
02 response of z1.
op- response of 22 -
-0.2| \1>"'>» ,,,,,,,,,,,,,,,,,,,,,, mmememm e
04 0.
] 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
Fig. 2.7.6.a. Response to first innova- Fig. 2.7.6.b. Response to second inno-
tion. vation.

We can use the MATLARB file evardec.m to compute the decomposition of
j-step ahead prediction error variances. If we want to compute this decomposi-
tion for horizons j extending from 1 to 20, we use the code:

[tabl, tab2] = evardec(A,C,G,—20,—1,eye(2))

The output in tabl is a 20 x (1 + 2) table. The first column records the
horizon j. For i = 1,2, the (i + 1) column records the diagonal element of
v; corresponding to the i'! variable z;;. An orthogonal decomposition of these
variances into the parts attributable to w; and ws is contained in tab2. The
first column of tab2 records the horizon j, followed by two columns giving the
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diagonal element of the matrix v;; defined by (2.3.8) as the 7 row element.
Then j is repeated in the fourth column, followed by two columns giving the
diagonal element of the matrix v; .

2.7.9. A rational expectations model

We now indicate how to simulate the model described by equations (2.5.33).
We let the variable m; be generated by

miy+1 = 12mt - .3mt_1 + Wi41-

To implement this we set

A= compn ([1.2 —.3])
c=[1 0]
G1=[1 0]

D= =zeros(2,1)
We set v =.5 and A =.9. To implement formula (2.5.33) we set
G2 =.5%xG1l/(eye (2) —.7x4)

Then we set

G = [61;62]
To simulate the system we set

x0=[1 0]
w= rand(150, 1)
y=dlsim(A,C,G,D,w,x0)

The first column of y is the simulation for m, while the second is the simulation
for p. We plot these in figure 2.7.7.a.
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response of p

Fig. 2.7.7.b. 1 1 in-
Fig. 2.7.7.a. Simulation of m and p. 8 X 7.7 b. Tmpulse Response to in
novation in m.

Figure 2.7.7.b gives the response of p; and m; to an innovation in money
wi . We compute this by using

y = dimpulse(4,C,G,D, 1,20)

To obtain a representation of the solution (2.5.33) in the vector arma form
Pt ni(L)
d(L = ,
@ )= L)

[n,d] = ss2tf(4,C,G,D, 1)

we use the command

For our example, we obtain the output
0 1 0
n—
0 3.0675 —.8282

d=[1 -1.2 .3]

This output implies that our system has the representation

(1—120+ 302 | ™| =] ! w;.
e 3.0675 —.8282L

Notice that the first row of this representation agrees with the process for my
that we assumed.



Conclusion 37

2.8. Conclusion

In the following chapter we describe a class of economic structures with prices
and quantities that can be represented in terms of a vector linear stochastic
difference equation. In particular, the state of the economy xz; will be repre-
sented by a version of (2.2.1), while a vector y; containing various prices and
quantities will simply be linear functions of the state, i.e., y» = Gxy. The rest
of this book studies how the parameters of the matrices A, C,G can be inter-
preted as functions of parameters that determine the preferences, technology,

and information flows in the economy.






Chapter 3
The Economic Environment

This chapter describes an economic environment with five key components: a
sequence of information sets, laws of motion for taste and technology shocks, a
technology for producing consumption goods, a technology for producing ser-
vices from consumer durables and consumption purchases, and a preference
ordering over consumption services. A particular economy is selected by spec-
ifying a set of matrices Aoy, Co, Uy, and Uy that characterize the motion of
information sets and of taste and technology shocks; matrices ®., ®4, ®;,I', Ay,
and O that determine the technology for producing consumption goods; and
matrices Ap,Op, A, and II and a scalar 8 that determine the preference order-
ing over consumption goods. This chapter describes and gives examples of each
component of the economic environment.

3.1. Information

Agents have a common information set at each date ¢t. We use a vector mar-
tingale difference sequence {w; : t = 1,2,...} to construct the sequence of
information sets {J; : t =0, 1,...}. The initial information set Jy is generated
by a vector xf, = (h’_1,k" 1,2{) of initial conditions, each component of which
will be described subsequently. The time ¢ information set J; is generated by
T, W1, W, ..., W.

‘We maintain:

AsSUMPTION 1: E(wy | Ji—1) =0 and E(waw; | Ji—1) =1 for t =1,2,....

-39 —
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3.2. Taste and Technology Shocks

We use an n,-dimensional process {z; : t =0, 1,...} to generate two underlying
shocks in our economy. The first shock, denoted b;, is an nj-dimensional vector
taste shock, and the second shock, denoted d;, is an ng-dimensional vector
technology or endowment shock. These vectors of shocks are each assumed to
be linear functions of the time t exogenous state vector zy:

bt = szt and dt = UdZt (321)

where U, and U, are matrices used to select entries of z;. The law of motion
for {z;:t=0,1,...} is

241 = Asozy + Cowyyq fort=0,1,... (322)

where zg is a given initial condition. We make the following technical assump-

tion:

ASSUMPTION 2: The eigenvalues of the matrix Ass have absolute values that
are less than or equal to one.

In chapter 2, we showed that (3.2.2) can accommodate a rich variety of time
series processes. The matrices U, and Uy can be chosen to pick off appropriate
components of z; in such a way as to make b; or d; follow any of those stochastic
processes.

3.3. Technologies

At date t the inputs into production include a scalar household input ¢,
an ni—dimensional vector k;_; of capital stocks available at time ¢, and the
vector d; of technology shocks. The vector k_; is taken as an initial condition
for the economy. The outputs at time t include the time t vector of capital
stocks k; and a composite vector o; that is partitioned into three subvectors,
an n.-dimensional vector of consumption goods c;, an n,—dimensional vector
of intermediate goods ¢;, and an n;-dimensional vector of investment goods ;.

The composite output vector o; is constrained by k;_; via the Leontief
technology

®oy =Tk + dy. (3.3.1)
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It is convenient to partition ® = [®. ®, ®;] conformably with 0; so that an
alternative representation of (3.3.1) is

Socy + Pygy + iy = Thyq + dy. (3.3.2)

Entries in the matrix ®, can be negative because intermediate goods are
used in producing consumption and investment goods. We make the following
assumption about ®:

ASSUMPTION 3: [®. ®,4] is nonsingular.

This assumption guarantees that the levels of consumption and intermedi-
ate goods are determined uniquely by the current period’s values of investment
and technology shocks and the previous period’s capital stock. This assumption
can readily be relaxed. Doing so would require that we alter the algorithm to be
described in chapter 4 for solving the social planning problem, to accommodate
a different definition of the ‘control.” In practice, a technology for which as-
sumption 3 is violated can usually be approximated arbitrarily well by another
technology for which it is satisfied. We illustrate this below in our descriptions
of example technologies 1 and 4.

An alternative specification, which we do not use, would replace the equality
in (3.3.1) with a weak inequality, which would allow for the presence of idle
capital. For some specifications of (®,I'), it could then turn out to be optimal
for there to be idle capital in some time periods. We will eventually describe
a Lagrange multiplier on capital that indicates whether idle capital would be
preferred to the outcome that we impose by insisting that (3.3.2) hold with

equality.
There is an additional constraint to the production of g;:
| gt |< &, (3.3.3)
where | - | denotes the norm of a vector. The intermediate goods vector g;

is introduced as a device for modelling symmetric adjustment costs, with the
household input ¢; being used to measure the magnitude of these costs. In
equilibrium, (3.3.3) always holds. For some interesting special cases, g; does
not enter (3.3.1) and hence ¢; is zero. In these cases, household inputs into
production, such as labor supply, can be modeled as components of ¢;.*

L 1tis straightforward to extend (3.3.3) to the case in which there are multiple household
inputs. Suppose there is a partition gg of g; corresponding to input @g. Then we would

assume: gz <J Zg | for all j.
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Finally, investment goods are used to augment the capital stock for the
subsequent time period, with capital possibly depreciating over time:

ki = Apki—1 + Opiy. (3.3.4)

‘We maintain:

ASSUMPTION 4: The absolute values of the eigenvalues of A are less than or
equal to one.

3.4. Examples of Technologies

We provide eight illustrations of the technology (3.3.1), (3.3.3), and (3.3.4).
TECHNOLOGY 1: PURE CONSUMPTION ENDOWMENT

There is a single consumption good that cannot be stored over time. In time
period t, there is an endowment d; of this single good. There is neither a capital
stock, nor an intermediate good, nor a rate of investment. Only constraint
(3.3.2) is operative, and in this case it simplifies to ¢; = d;.

To implement this specification we could set ®. =1,®;, =0,®; = 0,I' =
0,A;r = 0,0, = 0. We can choose Ass,Co, and Uy to make d; follow any of
the variety of stochastic processes described in chapter 1.

However this specification would violate assumption 3 because [1 0] is a
singular matrix. We can implement this technology by the following specification
that does satisfy assumption 3:

ct + i = dyg

gt = P11y

where ¢7 is a small positive number. To implement this version, we set Ay =
O, =0 and

oo (3] o [8): - - [4]

Evidently this specification satisfies assumption 3.
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We shall eventually use this specification to create a linear-quadratic version
of Lucas’s (1978) asset pricing model.

TECHNOLOGY 2: SINGLE-PERIOD ADJUSTMENT COSTS

There is a single consumption good, a single intermediate good, and a single
investment good. The technology obeys

cy = ’ka,—l + diy , ¥v>0
w=g+d , >0
o1 ; th 2 ®1 (3.4.1)
=g
kt:(Skktfl‘i‘it 5 0<(5k<1

where dy; is a random endowment of the consumption good at time ¢, and do;
is a random disturbance to adjustment costs at time ¢. Given dg;, investment
can be increased or decreased only by adjusting the amount of the intermediate
good employed. The larger is the parameter ¢, the higher are adjustment
costs. Employment of the intermediate good requires labor input on a one-for-
one-basis. Physical capital depreciates over time.

To capture this technology, we specify

ocli) o[t o [2)

r= B} Ay = 6, Op = 1.

We set Agg,Co and Uy to make (dig,doy) = dp follow one of the stochastic
processes described in chapter 2.

This technology embodies a linear quadratic, general equilibrium version
of the adjustment-cost technology used in Lucas and Prescott’s [1971] model of
investment under uncertainty.

TECHNOLOGY 3: MULTI-PERIOD ADJUSTMENT COSTS AND “TIME TO BUILD”

A single consumption good is produced by a single capital good. The capital
good can be produced in two ways: a fast and relatively resource-intensive way,
and a slow and less resource intensive way. Different amounts of intermediate
goods are absorbed in producing investment goods in the fast and the slow ways.
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We model this by positing that there are two capital stocks, two investment
goods, and four intermediate goods, and that adjustment costs are larger for
the faster investment technology.

This technology is represented as

¢ = Yki—1 +dug 7>0 (3.4.2a)
ke = Okkii—1 + kor—1 + 114 , 0<dr <1 (3.4.2b)
kay = i2¢ (3.4.2¢)
g1t = ¢1(i1e + i2t) ;91 >0 (3.4.2d)
g2t = P2(i1e + kai—1) P2 >0 (3.4.2¢)
gst = g3t 93>0 (3.4.2f)
Gar = Palay ;¢4 >0 (3.4.29)
G=g-9 (3.4.2h)

Equation (3.4.2a) describes how physical capital, k1;, and an endowment shock,
dyy , are transformed into the consumption good. Equations (3.4.2b) and (3.4.2¢)
tell how capital, k1;, can be augmented by “quick investment”, i1;, and by “slow
investment”, io;. Notice that (3.4.2b) and (3.4.2¢) imply that physical capital,
ki¢, is determined by

kit = Opkie—1 + t1¢ + 261,

an equation that exhibits the status of i1; and io; as ‘fast’ and ‘slow’ investment
processes, respectively.

Equations (3.4.2d) and (3.4.2¢) describe how the intermediate goods, g1+
and g9, are required to produce investment goods. According to (3.4.2d) and
(3.4.2¢), it is as though two stages of production are required to produce cap-
ital, the first stage using intermediate good g¢i;, and the second stage using
intermediate good goy. According to (3.4.2d) and (3.4.2¢), fast investment 44
undergoes both stages of production in the same period ¢, while slow investment
i9r undergoes the first stage described by (3.4.2d) in period ¢ and the second
stage described by (3.4.2e) in period (¢ +1).

Equations (3.4.2f) and (3.4.2¢) describe some additional inputs of inter-
mediate goods that are specific to the two types of investment processes. We
can set ¢3 > ¢4 to capture the notion that it is more resource intensive to invest
quickly. In equation (3.4.2h), ‘-’ denotes an inner product.
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To map this technology into our setup, we set

1 0 0 0 0] 0 0
0 -1 0 0 0 b1 b
o, =0 ,,=|0 -1 0 0| ,®=]|¢s O (3.4.3)
0 0 0 -1 0 b3 0O
0 0 0 0 -1 0 ¢4
vy 0]
0 0
=0 —¢
0 0
0 0 |

Recall that the matrices ®., ®,, ®; multiply the vectors ¢, [g1¢ g2t g3t gar)’, and
[i1¢ i2¢)’, respectively, while T' multiplies the vector [kiz—1,k2:—1]". Again, we
set Uy, Ags, Cy to make dy; obey one of the processes described in Chapter 2.

This technology captures aspects of those used by Park (1984) and Kydland
and Prescott (1982).

TECHNOLOGY 4: GROWTH

There are a single consumption good, a single investment good, a single
capital good, and no intermediate good. Output obeys

et + iy = yky1 +d;

where d; is a random endowment of output at time ¢. The motion of capital
obeys
kt == 5kkt71 + it.

To represent this technology, we could set &, =1, &; =1, &, =0, I' =
Y, Ak :5k, @k =1.

The reader can verify that this specification of the technology violates as-
sumption 3 ( [®. ®,] is singular). To analyze such an economy, we could modify
some of our calculations to dispense with assumption 3. An alternative way is
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to approximate the technology with another one that satisfies assumption 3. In
particular, assume that

e+ i = vhi—1 +duy

gt = P1iy

ki = Opke—1 + 14
where ¢; is a very small positive number and do; = 0. To implement this
technology, set

o[ a o o [2) 5= (]

Ak = 5k, ®k =1.2

This technology can be used to create a model of consumption along the
lines of Hall (1978) and Flavin (1981), and a linear quadratic version of a model
of capital accumulation along the lines of Cass (1965), Koopmans (1965), and
Brock and Mirman (1972) . We shall also use later it to represent aspects of a
model of economic growth authored by Jones and Manuelli (1988).

TECHNOLOGY 5: DEPLETABLE RESOURCE

There is a single consumption good, a single investment good, two inter-
mediate goods and one capital stock. The capital stock is the cumulative stock
of the resource that has been extracted. We let investment i; be the extraction
rate, so that

ky = ki—q1 + iy (3.4.4a)

All of the amount extracted is consumed, so that
Ct = it. (344b)

There are two sources of extraction costs. The first, which is coincident with
using the first intermediate good g¢i;, depends on the amount extracted in the

current time period

g1t = P1ig. (3.4.4c)

2 In effect, the modification induces investment to be associated with the use of a small (be-
cause ¢1 ~ 0) amount of intermediate goods, which require labor input. The matrix [®¢ ®g]
is now nonsingular, so that assumption 3 is satisfied. When ¢ > 0, technical conditions are
satisfied that are required for the solution of the social planning problem automatically to
lie in the space Lg (see Chapters 4 and 5). When ¢ is close to zero, the solution of the
social planning problem will closely approximate the solution of the social planning problem
for ¢1 = 0, augmented with the restriction that the solution lie in Lg.
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The second source of extraction costs, captured by the intermediate good g,
depends on the cumulative amount extracted at period ¢, which we approximate
as (ig/2 +ki_1):®

92t = b2(i1/2 + ki—1). (3.4.44d)

To represent this technology, we set

1 0 0 -1 0
d. =10 , Pg=1|-1 0 , &, = o1 I'= 0 ,

0 0 -1 $2/2 — 2
Ap,=1,0,=1.

In this technology, we have included no endowment shock process d;, so that we
can take Uy = 0, Ao = 0,C5 = 0. It would be possible to modify the technology
in various ways to provide a role for an endowment or technology shock.

Such a technology was used by Hansen, Epple and Roberds [1985] to study
alternative arrangements for an exhaustible resource market.

TECHNOLOGY 6: LEARNING BY DOING

There is a single consumption good, a single investment good, a single inter-
mediate good, and a single capital stock. The capital stock is interpreted as the
cumulative stock of knowledge, the accumulation of which requires expenditure
of current output and the intermediate good. Thus, we set

¢+ i = ki1 +d;

, (3.4.5)
kt = 5kkt71 + (1 — 5k)lt

Setting @y = (1 — d;) makes k; a weighted average of current and past rates of
investment. Possession of knowledge (capital) lowers the amount of intermediate
goods required to accumulate more knowledge:

gt = @iy — yoks_1,

where ¢ > v > 0.

3 We add half the current extraction rate it to k;_1 to approximate the average amount
over the period that has been extracted cumulatively.
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To represent this economy, we set

oot e 0] we )

(3.4.6)
r= [ﬂ, Ay =8, Op = (1 — 8).

Y2

TECHNOLOGY 7: FIXED PROPORTIONS

There is a single consumption good, a single capital good, and a single
“intermediate good” to be interpreted as labor. Labor and capital are required
in fixed proportions, apart from the effects of a random “labor-requirements”
shock ds;. The technology requires

e+ iy =1 ki1 +dig
gt = Y2 ki1 + doy
g9 =

kt = (Sk ktfl + it.

Here g; represents employment of labor input. The parameter v, determines
the nonstochastic part of the capital-labor ratio.

To map this technology into our setup, we set

o] o= lo]- = [1]

(71), Ap =0k, O =1
V2

.

r

TECHNOLOGY 8: INTERRELATED FACTOR DEMAND WITH COSTS OF ADJUST-
MENT

To produce output requires physical capital, ki;, and labor, ko;. It is
costly to adjust the stock of either factor of production. To adjust capital, the
intermediate good g1; must be employed, while to adjust labor, the intermediate
good go; must be employed. To implement this technology, we require kst = g4,
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which identifies ko; with the direct input of labor. The technology satisfies

. kqs—
cie + iy = [7172) {k;t j + dyy
t_

kit = Okkie—1 + i1¢
kot = Kog—1 + 12t

g1t = P2i1¢
g2t = @3l
g3t = koy.

When ¢3 < ¢2, it is more costly to adjust capital than labor. To capture this

5 0 10
Ak_[o 1] ’ @"'_{0 1}

technology, we set

1 1 0 0 0 0 M2
0 0 0 1 0 0 0 1

o, = P, = o, = =
‘ o> ¢s 0| ¢ 0o -1 o0 |’ 0 0
0 0 ¢ 0 0 -1 0 0

This technology is a version of one used by Mortensen [1973] and Hansen
and Sargent [1981].

3.4.1. Other technologies

Alternative technologies can be constructed that blend features of two or more
of those described here. For instance, multiple-period adjustment costs can
be incorporated into the growth technology, while learning by doing can be
introduced into one of the adjustment cost technologies. Also versions of these
single consumption good technologies can be combined to yield technologies for

the production of multiple consumption goods.
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3.5. Preferences and Household Technologies

We assume a representative household. We postpone until Chapter 12 dis-
cussing ways that heterogeneity among consumers can be accommodated within
this assumption. We describe preferences in terms of two elements. First we
describe a household technology for accumulating a vector of household capital
and for using it to produce a vector of consumption services. Then we specify
intertemporal preferences for consumption services in different dates and states
of the world.

We assume that there is an nj—dimensional vector of household capital
stocks h;_1 brought into time t. The vector h_; is taken as an initial condition.
The vectors of consumption goods c¢; and household capital stocks h;_; are
inputs into the household technology at time t. The outputs of this technology
are an ns—dimensional vector of household services s; and a new vector of stocks
of household capital h;. The relation between inputs and outputs is described
by

hy = Aphi—1 + Opey (3.5.1)

and
St = Ahtfl + HCt. (352)

We maintain the following technical assumption:4

ASSUMPTION 5: The absolute values of the eigenvalues of Ay are less than or
equal to one.

Preferences are defined over stochastic processes for household services and
household inputs into production. These preferences are separable across com-
ponents of services, across states of the world, and over time. In particular,
preferences are described by the quadratic utility functional:

o0

1
—(§)E2ﬁt [(s6 = be) - (se—be) + ()] | Jo ., 0<B<1. (3.5.3)
t=0
where 3 is a subjective discount factor.
The household services in this economy play the role of characteristics or
attributes in the analyses of Gorman (1980) and Lancaster (1966). We can think

4 The purpose of this assumption is to assure that under the equilibrium (optimal) decision
rule, the state vector for the economy has a transition matrix that is ‘stable’.
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of consumption ¢; at date t as generating a bundle of consumption services in
current and future time periods. Thus, the consumption vector ¢; generates a
vector Ile; of consumption services at time ¢t and a vector A(Ap) 1O of
consumption services at time t+j, for j > 1. In effect, the household technology
puts time and component nonseparabilities into the indirect preference ordering
for consumption goods induced by (3.5.3). We do not impose nonnegativity
constraints on consumption goods.

3.6. Examples of Household Technology Preference
Structures

We describe five examples of household technology-preference structures.
HouseHOLD TECHNOLOGY 1: TIME SEPARABILITY

There is a single consumption good which is identical with the single service.
There is no household capital. Preferences are described by

1

—§E2ﬂt [(ce—b)?>+ 6] | Jo ,0<B<1 (3.6.1)

t=0

where ¢, is labor supplied in period ¢ and b; is a stochastic “bliss point”. Notice
that when ¢; is less than b;, utility is increasing in consumption. Typically, we
would try to specify the parameters of the b; process and the household and
production technologies so that in equilibrium ¢; is usually less than b;.

HouseHOLD TECHNOLOGY 2: CONSUMER DURABLES

There are a single consumption good and a single service. A single durable
household good obeys

hy = ophi_1 4+, 0<d, < 1.
Services at t are related to the stock of durables at the beginning of the period:

S¢ = Ahg_1 , A > 0.
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Preferences are described by

1

—§E25t [(Ahe—y = b)* +47] | Jo, (3.6.2)

t=0
where b; is again a univariate stochastic process that represents a stochastic
bliss point. We intend to set parameters so that (Ah;—1 — b;) is ordinarily
negative, so that utility is rising in consumption services Ah;_1 .

To implement these preferences, we would set Ay, = 05,0, =1, A =\ 11 =
0.

HouseHOLD TECHNOLOGY 3: HABIT PERSISTENCE

There is a single consumption good, a single consumption service, and a
single household capital stock which is a weighted average of consumption in
previous time periods. We want preferences to be

1 o0 o0 .
—ZEY Bl =21 =61)Y 6 eij1 — b))+ 12,
2 ; ! h;’”“ R (3.6.3)

0<pB<l1,0<dp<1, A>0.

Here the bliss point is in effect by + A\(1 — 6,) Y272 6} ¢1—j—1, so that the bliss
point shifts in response to a moving average of past consumption. Preferences
in this form require an initial condition for the geometric sum Z;io 5ict_j_1,
which we specify as an initial condition for the ‘stock of household durables,’
h_1.

To implement these preferences, let the household capital stock be

hy = 0phy_1 + (1 — 5h)ct , 0< on < 1.

This implies that

t
hy=(1=0n)Y 6l cij+05 T hy
j=0

Let consumption services be
St = _)\ht—l + ¢t 5 A>0.

We can represent the desired preferences by setting A = —\, II = 1, Ay =
Op, Op =1—190p.
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The parameter A governs the strength of habit persistence. When A = 0,
we recover a version of household technology 1.

Household technology-preferences 3 is a version of the model of habit persis-
tence of Ryder and Heal [1973]. Later we shall use this specification to represent
aspects of some ideas of Jones and Manuelli [1988].

HouseHOLD TECHNOLOGY 4: ADJUSTMENT COSTS

There is a single consumption good, a single household capital stock equal to
consumption, and two consumption services. We want to represent preferences
of the form

1 oo
_EE;ﬂt[(Ct_blt)Q Fae e | (3.6.4)

0<pB<l ,A>0

where by; is a stochastic bliss process, intended ordinarily to exceed c¢;. A
consumer with these preferences prefers more ¢; to less, but dislikes variability
of consumption, as represented by the term A?(c; —¢;_1)2.

To capture such preferences, we set

h,t:Ct
0 1
St = {_/\} hi—1 + L\} Ct
so that
S1t = Ct

Sot = A(Ct - Ct—l)

We set the first component by; of b; to capture the stochastic bliss process, and
set the second component identically equal to zero. Thus, we set A, = 0,0), =

| SRERH!

This specification captures a linear-quadratic version of Houthakker and

)

Taylor’s (1970) model of adjustment costs or habit persistence.

HouseHoLD TECHNOLOGY 5: MULTIPLE CONSUMPTION GOODS
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There are two consumption goods and two consumption services. The first
consumption service is proportional to the first consumption good, and the
second consumption service is a linear combination of the two consumption
goods. As in household technology 1, preferences for consumption goods are
time separable. There are no durable household goods. We specify

A= {8} and II = Vl O] (3.6.5)

T2 T3

Although preferences for consumption goods are state and date-separable,
they are not separable across components. Following Frisch (1932), Heckman
and MaCurdy (1980), and Browning, Deaton, and Irish (1985), it is convenient
to exploit the separability across time and states and to analyze the implied
consumption demands in each state of the world and time period separately.
For a given state of the world and time period ¢, the contribution of ¢; to the
utility function is

—%ﬁt(ﬂct — bt)/(HCt — bt) (366)

The corresponding marginal utility vector mu; for consumption is then
muy = — (' e, — T by). (3.6.7)
Solving (3.6.7) for ¢; in terms of mu, and b; gives
¢y = —(I'I) ™ B~ muy + (TTVTT) 110, (3.6.8)

Relation (3.6.8) is referred to as the Frisch demand function for consumption.
We can think of the vector mu; as playing the role of prices, up to a common
factor, for all dates and states. The scale factor is determined by the choice of
numeraire.

Notions of substitutes and complements can be defined in terms of these
Frisch demand functions. Two goods can be said to be substitutes if the cross-
price effect is positive and to be complements if this effect is negative. Hence

this classification is determined by the off-diagonal element of —(II'IT)~!, which

5 Frisch demand functions are different from Marshallian and Hicks demand functions.
In Frisch demand functions, compensation is required to hold the marginal utility of the
numeraire good constant.
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is equal to moms/det(II'IT). If w5 and w3 have the same sign, the goods are
substitutes. If they have opposite signs, the goods are complements.

This household technology can be modified to incorporate features of the
first four household technologies for each of the consumption goods.

3.7. Constraints to Keep the Solutions “Square Summable”

To complete our description of the economic environment, we impose the
following additional constraints on the two endogenous state vectors h; and k;:

EY B'hy-hy|Jo<oo and EY Bk -k | Jy < oo. (3.7.1)
t=0 t=0

We define the space

L2 = [{y:} : y; is a random variable in J; and
EY py? | Jo < +od].
t=0

We can express (3.7.1) by saying that each component of h; and each component
of k: belongs to L3.

These restrictions substitute for terminal conditions on the capital stocks.
For many specifications of our model, constraints (3.7.1) are redundant because
it is optimal for a social planner to stabilize the economy. For such specifica-
tions a set of transversality conditions implying (3.7.1) are among the first-order
necessary conditions for the planner’s problem. For some other specifications,
however, the transversality conditions do not imply (3.7.1). For those specifica-
tions, we impose (3.7.1) as an additional constraint to give a sensible economic
interpretation to the problem.® For such specifications, imposing (3.7.1) can
be justified informally as a practical way of approximating solutions with non-
negativity constraints on capital stocks.

6 See the discussion of Hall’s model in chapter 4 for an illustration.
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3.8. Summary

Information flows in our economy are governed by an exogenous stochastic pro-
cess z; that follows

zi41 = Aoozy + Cowyyn,

where w11 is a martingale difference sequence. Preference shocks b; and tech-
nology shocks d; are linear functions of z;:

bt = UbZt
dy = Ugzs

The matrices Ass, Co, Uy, and U, characterize the laws of motion of b; and d;.
There is the following technology for producing consumption goods:

Socy + Pyg; + Riiy = Thy_1 + dy
ke = Agki—1 + Oty
g gt =107

Here ¢; is a vector of consumption goods, g; a vector of intermediate goods,
i a vector of investment goods, k; a vector of physical capital goods, and ¢;
an amount of labor supplied by the representative household. The matrices
O, Py, @5, I, Ay, and Oy determine a particular technology.

Preferences of a representative household are described by

~(G)ES H(se—b) (5o —b) + ), 0< p <1
t=0

St — Aht_l + HCt
hi = Aphy—1 + Opey

where s; is a vector of consumption services, and h; is a vector of household
capital stocks. A particular set of preferences is specified by naming the matrices
A1, Ay, Oy, and the scalar (3.

Having specified the structure of information, technology, and preferences,
we must tell how the economy allocates resources in light of what is technically
possible and what people want. We do this in the coming chapters.



Chapter 4
Optimal Resource Allocation

We eventually want to use our models to study aspects of competitive equilib-
ria, including time series properties of various spot market prices, asset prices,
and rates of return. The first welfare theorem makes competitive equilibrium
allocations solve a particular resource allocation problem, which in our setting
is a linear-quadratic optimal control problem.

In this chapter, we state the optimal resource allocation problem, and com-
pare two methods for solving it. The first method uses state and date-contingent
Lagrange multipliers; the second uses dynamic programming. The first method
exposes the direct connection between the Lagrange multipliers and the equilib-
rium prices in a competitive economy to be analyzed in chapter 6. The second
method provides good algorithms for calculating both the law of motion for the
optimal quantities and the Lagrange multipliers.

We also describe a set of MATLAB programs that solve the social planning
problem and that represent its solution in various ways. We use these programs
to solve the social planning problem for six sample economies that are formed by
choosing particular examples of the ingredients that were described in chapter
3.

4.1. Planning problem

The social planning problem is to maximize the representative household’s utility
subject to the resource constraints described in chapter 3. Constraint (3.5) can
be substituted directly into the objective function (3.16) to yield

_(1/2)E25t[(8t —bt) - (st = be) + gt - gt (4.1.1)
t=0

The remaining constraints are all linear:
Docy + Oy gt + ity = Tk + dy,
ky = Agki—1 + Ok,
hy = Aphi—1 + Opcey,
s¢ = Ahi—q + ey,

(4.1.2)

— 57 —
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and

Zt4+1 = AQQZt + ngt+1, bt = szt and dt = UdZt (413)

for t = 0,1,... where h_1,k_1, and 2y are given as initial conditions. The
process {z; :t =0,1,...) is uncontrollable in the sense that the social planner
cannot influence its evolution. The planner’s problem is to choose stochastic pro-
cesses {ct, St, G, it, ki, he 52 that maximize (4.1.1) subject to (4.1.2), (4.1.3),
and the given initial conditions. All components of the processes chosen by the
planner are required to be in the space L3 given by

L2={y:y; isin J; for t=0,1,..., and

0 4.1.4
EZﬁtyt2|Jo<oo}. ( )

t=0

Among other things, this requires that the time t¢ decisions depend only on
information available at time ¢.

4.2. Lagrange Multipliers

Our first approach to solving the constrained optimization problem uses La-
grange multipliers. We begin by focussing on the linear constraints given in
(4.1.2) and the constraints in (4.1.3) that determine the evolution of the pro-
cess governing taste and technology shocks. The constraints in (4.1.2) are in-
dexed explicitly by the calendar date ¢ and implicitly by the state of the world
(wh, x0), where w' = (w1, ws,...,w:). Associated with these constraints are
four vector multiplier processes {M%}, {MF}, {Mh}, and {M;}. Because the
constraints are required to hold in all states of the world, the multipliers are
stochastic processes, the time t values of which are functions of the state of the
world (w?,z9). The components of the multiplier processes are in L3.1

1 Chapter 6 discusses the space of stochastic processes in which there exist equilibrium
prices that can be used to decentralize the economy. The discussion in chapter 6 also per-
tains to the Lagrange multipliers of this chapter. The equilibrium prices and the Lagrange
multipliers both live in L%.
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To calculate the solution to the optimal resource allocation problem, we
find the saddle point of the Lagrangian:?

:_Ezﬁt{ [(st = bt) - (56— b¢) + gt - 9]
+ MY (Do + Pygp + Biiy — Thy—y — dy)
+ MY (ky — Apki_q — Oiy) (4.2.1)
+ M?/ “(hy = Aphy—1 — Opey)
+ Mfl . (St - Aht_l — Hct):l | Jo.
The social planner solves the saddle point problem by choosing contingency plans

(stochastic processes) for {ct, gs, he,is, ke, 8¢}, and for the multipliers { M},
{MEF}, {MP}, and {M;}. Each of these objects must be an element of L3.

2 In obtaining the first order conditions for the optimization of (4.5), it is useful to remem-
ber the integration operation represented by the conditional expectation operator E(- | Jg).
Let ft(w?, xzg) be the density of (wt,cco). Then the representation (4.5) for the Lagrangian
is equivalent with

Zﬁt/{u (st = be) - (st = be) + g - 1]

+ Mg (':I)cct —+ q)ggt + @i — Fkt—l — dt)
+ M (kg — A1 — Oig) + MY (hy — Aphy_1 — Opey)

(4.2.0"

+ M7 (s — Aphy_1 — HCt)}ft(wt7 zg)dw'.

In this expression, it is understood that each element of {s;, b, g¢, ct,it ke, dy, Mg, Mf,
./\/l?, Mf} is to be regarded as a function of (w',zg). The planner is to choose stochastic
processes that make each element of {c¢,s¢, g¢, ¢, kt, he, Mtd, Mf s M?, M{f} a function
of (w?,zq), taking as given the initial state vector x( and the stochastic processes for by
and dy. Expression (4.2.0') emphasizes the fact that each constraint in (4.1.2) applies for
each t and each (wt,:to)7 and that a distinct multiplier is attached to each constraint for
each (w?,zq). In obtaining the first order necessary conditions for an optimum, it is in effect
necessary to differentiate (4.2.0’) with respect to each choice variable of the planner for each
contingency (w?,xqg). Thus for (4.2.0) the first order condition with respect to k¢(w?,zq)
is ﬂt./\/lfft(wt,xo) gt+l f(A/ MtJrl + F/Md’ )ft""l(wt"'l,:I:O)dwt""1 =0 or ,C?’t./\/liC -
rgt+1 f(A;CMf 1+I"MH_1> P o) gttt = 0 or gt ME-5t BQALME T4 ) |
J¢ = 0. This is the first order condition for k; displayed in (4.8).
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First order necessary conditions can be deduced by computing Gateauz or di-
rectional derivatives around a putative optimum, and by setting them all to
zero.>

The method of directional derivatives can be illustrated as follows. Let ¢f
be the optimal plan for consumption. Consider a class of admissible perturba-
tions around ¢f of the form ¢} 4 ra;, where r is an arbitrary real number and
«; is an n.-dimensional random vector in J; with finite second moments. The
vector «y gives the direction of the derivative. For any direction oy, we want
the optimal setting of r to be zero. We replace ¢ by the perturbation cf + ray
in the objective function, differentiate with respect to r, evaluate the result at

r =0 and set it equal to zero. This results in
—BEla (DM — O, M) —TI' M) =0, (4.2.2)

where we have evaluated the derivative with respect to r at the optimal choice
of r, namely r = 0. Since a4 can be chosen to be any n.-dimensional random
vector in J;, (4.2.2) can be satisfied only if ®,M¢—0) MI—II' M is identically
zero in every state of nature.

It is useful to illustrate how this method applies to the determination of
first order conditions for the terms h; and k;, each of which makes two appear-
ances under the sum in (4.2.1), namely as h; and h;—1, and as k; and ki_q,
respectively. We shall indicate how things work for k;. Let a; now be of the
same dimension as k;. For each ¢ > 0, the terms involving k; in the sum (4.2.1)
o E{B* M} (k) + raw)

t ¢ t
= BTHMELLAR(RY +rar) + MET (R +raq)]},
where k7 is the optimal capital sequence. Differentiating this expression with
respect to r and setting the result to zero for r = 0 gives

B Bai{M§ — BIALME +T'M{ ]} = 0. (4.2.3)

3 An alternative approach is to compute Frechet derivatives of the Lagrangian (4.2.1)
with respect to the stochastic process {c¢,g¢, hy,it, ki, St , Mf, Mf, M?, MZ}. These
derivatives are taken with respect to entire stochastic processes. To use this approach, we
would have to define a sense of differentiation for criterion functions that depend on elements
in L(Q). Such a construction turns out to be straightforward in our context and exploits that
fact that the space L% is a Hilbert space.

4 See Chapter 6 for further discussion that is pertinent to understanding the use of stochas-
tic Lagrange multipliers.
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This equation must hold for all directions «; that can be chosen as functions of
time ¢ information (w?, xg). This implies that

ME = EB[ALMy +T' M | Ty = 0.
Applying the law of iterated expectations to the above equation gives
E{M} — BIAM + DM} =0,

which implies (4.2.3).

In this way, we can compute first-order necessary conditions for all of the
processes to be chosen by the social planner. The first-order necessary conditions
for maximization with respect to ¢, g¢, ht, i, ki, and sy, respectively, are:

M+ O, MP T M =0,
— g — LM =0,
— M} + BE(ALM]y + N M) | =0,

4.2.4
— DI ME + LM =0, (424)
— M+ BE(AME L +T ML) | =0,
—st+b—M;=0
for t =0,1,.... In addition, we have the transversality conditions
lim B'E[MY k] | Jo =0
e (4.2.5)

Jim BEIMMhy] | Jo = 0.

By way of enforcing (4.2.5), we impose the additional condition that each of
the processes {c, gt, ht, i, ki, s¢} belongs to the space LZ. This requirement is
stronger than the transversality conditions, and makes the transversality con-
ditions redundant. In an extended example in an appendix to this chapter, we
illustrate the connection between the transversality conditions and the require-
ment that elements of the solution lie in L3.®

The optimal plan can now be computed by solving the stochastic expec-
tational difference equation system formed by augmenting (4.1.2)—(4.1.3) with

5 In (4.2.4), we have abused notation a little bit. The Lagrangian is defined in terms of
general processes for {ct,gt,ht,it,kt,st,Mf,Mf,M?,Mf}. In (4.2.4) we have used the

same notation for the general processes and the optimal choices of these processes.
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(4.2.4). This system is to be solved jointly for the process {c, g¢, ht, it, kt, ¢, ME, ME M MS,
2t} subject to the initial conditions for (A’ ;,k’ {,2},)" and to the side condi-
tion that all individual component processes be in L3. It is feasible to solve this
system of difference equations using the invariant subspace methods described
in chapter 9. We shall rely on the dynamic programming here.
Before describing dynamic programming, we manipulate some of the first-
order conditions given in (4.2.4) to deduce economic interpretations for the
Lagrange multipliers. The multipliers have a direct connection to the price
system to be used in Chapter 6 to support the optimal resource allocation in a
competitive economy.

Solving the sixth equation in (4.2.4) for M?$ gives
Mf = bt — S¢. (426)

We can interpret M7 as the marginal utility vector or, equivalently, as the
shadow price vector (in terms of utility) for services at date ¢. Solving the third
equation in (4.2.4) forward yields

)
ME = B[S 87(AL)TIAM | . (4.2.7)
r=1
We interpret M/ as the indirect marginal utility vector for the household capital
stock at time ¢. The infinite discounted sum in (4.2.7) captures the notions that
household capital at date ¢t generates services in subsequent time periods, and
that the Lagrange multiplier M reflects this valuation. The indirect marginal
utility vector for consumption at date ¢ is just M§ = ©} M +1I'M; because a
vector ¢; of consumption goods at time ¢ yields Opc¢; units of household capital
and Ilc; units of consumption services at time .

It is also of interest to deduce marginal valuations or shadow prices (in
terms of utility) of investment and productive capital. These can be expressed
in terms of the shadow price of consumption and the indirect marginal disutility
of intermediate goods g;. Combining the first two equations in (4.2.4) gives

[q)/c] M — [@;M?+H’Mf }
‘I)g ! —9t .
Since Assumption 3 is satisfied, the matrix on the left side of (4.2.8) is nonsin-
gular. Solving (4.2.8) for M¢, we obtain
3! ] - [@;M? + H’Mf]
CI); —9t '

(4.2.8)

M = [ (4.2.9)
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The multiplier M¢ is used in representing the shadow price of capital in time
period ¢. Solving the fifth equation in (4.2.4) forward gives

ME = B[S 878 MY | ). (4.2.10)

T=1

We interpret M¥ as the shadow price vector for the capital stock.

Representation (4.2.10) can be interpreted as follows. Capital at time ¢ is
valued because it is useful for producing output in subsequent time periods. The
contribution to value from helping to produce output at time ¢+ 7 is manifested
in the term IVM{, . This term is discounted by 87(A})"~!, reflecting both
the discounting in the consumer’s utility function and the depreciation in the
capital stock. The vector I'M¢ can be used to ascertain whether there are
incentives to hold idle capital at time ¢. In particular, negative values of this
multiplier indicate that a better solution to the social planning problem could
be obtained if the equality in resource constraint (2.4) were relaxed to be an
inequality.

Finally, the shadow price for new investment is given by Mi = O, M}
because a vector i; of investment goods at time ¢ yields ©i; units of capital at
time . In light of the fourth equation in (4.2.4), M} is also given by ®,M¢,
which reflects the resource cost of producing new investment goods. Notice
that (4.2.6), (4.2.7), (4.2.9), and (4.2.10) can be used to obtain expressions
for the multiplier processes in terms of the endogenous process {g:, s:} and the
exogenous process {z:}. The fact that we obtain two equivalent representations
for the shadow price of investment is an implicit restriction on the optimal choice

of {g:, st}
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4.3. Dynamic programming

This section briefly describes how the method of dynamic programming can be
used to solve the social planning problem.®  The the nuts and bolts of linear
quadratic dynamic programming are described in Chapter 9.

Recall that the vector of initial conditions at time zero consists of xf, =
(h_1,k"1,2). The social planning problem can be solved in the following way.
First, temporarily assume that someone has handed us the solution of the time
shifted version of the problem that takes zi = (h(,k{,2]) as a given set of
initial conditions, and that shifts forward the constraints and objective function
one time period. Let V(z1) be the optimal value function that is equal to the
objective function of this altered problem evaluated at the initial condition z;
and the associated optimal plan. Then solve a two-period problem with the

objective to maximize:

[=-5[(so — bo) - (S0 — bo) + go - go] + BEV (z1)] (4.3.1)
subject to the linear constraints

D.co + Pygo + Piig = T'k_1 + do,
ko = Agk_1 + Oig,

(4.3.2)
ho = Aph_1 + Opco,
so = Ah_1 + Tleg,
and
21 = Aoozg + Cowr, by = Upzg and dy = Ugzg (433)

The problem is to be solved taking as given the value of the initial state vector
xg. If the function V' is concave, the problem can be solved for policy functions
denoted by the vector valued function F'(zq) that express ¢, go, ho, 0, ko, and
so as functions of the vector zg. Then dynamic programming tells us that the
optimal values of ¢, gy, hy, 14, k¢ and s; for the original problem are given by
F(x¢). So if we could somehow discover the function V(-), we would be able
to solve the social planning problem simply by solving the two period problem
(4.3.1) — (4.3.3).

6 See Stokey, Lucas, and Prescott [1989] and Sargent [1987b, chapter 1] for background on

dynamic programming and some of its uses in macroeconomics.
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We need a way to compute the value function V. Dynamic programming
calculates V' by exploiting the fact that the objective (4.3.1) evaluated at the
optimal policy functions is given by V(z(). This means that the value function
is the same at time zero as it is at time one, and that V solves a fixed-point
problem that is formulated as follows. First, solve the two-period optimization
problem (4.3.1) — (4.3.3) for a given value function V', then compute the time
zero value function T'(V'). The optimization problem thus induces an operator
mapping a value function V' into a new value function T'(V'). The optimal value
function V' solves the functional equation V = T(V'), known as the Bellman
equation.

One way to compute V is to iterate on the operator T'. Let 77 denote
the operator T applied j times. Then the sequence {T7(0) : j = 1,2,...} of
functions converges to V' (under some assumptions about our matrices to be
described in chapter 9), where 0 is interpreted as a function that is zero over

its entire domain. This method works under quite general circumstances.”

There is a special structure to the social planning problem. If we let V' be
a quadratic function of the form z'Pxz + p, then T(V) is a quadratic function
2'Ty(P)xz+Ts(P, p). The optimal decision rule depends on P but is independent
of the scalar p. The optimal value of the matrix P can be calculated by iterating
on the T; transformation. That is, P can be computed as the limit point of
the sequence {T7(0) : j = 1,2,...} where 0 now denotes a matrix with entries
that are all zero. However, iteration on the operator 77 is computationally
inefficient. There exists a doubling algorithm that speeds up convergence by
computing only members of the subsequence {Tfj (0):5=1,2,...}. This and
other algorithms are described in Chapter 9.

The time-invariant character of the social planning problem makes the op-
timal policy functions or decision rules time invariant. The time ¢ state vector
is «} = (h;_1,ki_1,2;). The time ¢ decision rules depend on z;. From P, it is
straightforward to deduce these rules by solving the two-period problem (4.3.1)

7 This method works whenever technical conditions on the social planning problem are
satisfied that make it redundant to impose the side conditions (2.24). However, for problems
in which those technical conditions aren’t satisfied, it is necessary to start the iterations on T'
from an initial value function of the form x/Wyx 4+ Wo where W7 is a negative semidefinite
matrix with particular eigenvalues less than zero. Pages (BLANK) describe a problem in
which it will not work to initiate the iterations on T from an identically zero value function.
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—(4.3.3). Since this problem has a quadratic objective function and linear con-
straints, the contingency plans are all linear in the state vector x;. We denote
these rules ¢; = Scxy, g = Sqxt, he = Shxe, @ = Sy, ke = Sk, 8¢ = sy .

Similarly, the law of motion for the state vector is linear:
xip1 = A% + Cwi

where

A9 A° 0
Ao = |7 T2 o= . 4.3.4
|: O A22 ’ CQ ( )

The partitioning of the A° and C' matrices is according to the endogenous state
vector (h,_1,k;_1)" and the ezogenous state vector z;. The zero restriction on
the (2,1) partition of A° reflects the fact that the exogenous state vector at
time t + 1 does not depend on the endogenous state vector at time ¢. The
zero restriction on the first rows in the partition of C reflects the fact that the
endogenous state vector at time ¢ 4 1 is predetermined (i.e., depends only on
time ¢ information). The contingency plans for h; and k; are embedded in
the part of (4.3.4) that determines the endogenous state vector [h; k;]' as a
function of x;. In particular,

[Z] =45 A, (4.3.5)
Notice that the decision rules are recursive in the sense that the time ¢ decision
depends on the state vector at time ¢, which in turn depends on the state vector
at time ¢t — 1. It would be possible to eliminate this dependence via recursive
substitutions and to deduce a time-varying representation of the state-contingent
decision at time ¢ on current and past values of the noise vector w; and the
initial condition z, as in equation (2.5).

Recall that the eigenvalues of A° determine the growth of the state vector
{z¢}. Since A° is block triangular, the set of eigenvalues of A° is the union
of the set of eigenvalues of A{; and the set of eigenvalues of Asy. We refer
to the first set of eigenvalues as the endogenous eigenvalues because A is
determined by the solution to the social planning problem. These eigenvalues
must have absolute values strictly less than 1/4/8 to satisfy the requirement that
the elements of {z:} be in L3. We refer to the second set of eigenvalues as the
set of exogenous eigenvalues because the matrix Ao is specified exogenously.
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By assumption, the eigenvalues of Ay have absolute values that are less than
or equal to one.

4.4. Lagrange multipliers as gradients of value function

Associated with the solution of the social planning problem is the quadratic
value function V(xg) = a(Pxo + p. The function V(xg) gives the maximal
value that the social planner can attain when he starts from initial state zq.

In this section, we show how the Lagrange multipliers are related to the
value function. We attach Lagrange multipliers to each of the constraints, and
formulate the Lagrangian associated with iterating once on Bellman’s equation.
The first-order conditions associated with the saddle point of this Lagrangian
restrict the multipliers in terms of the value function. The multipliers become
linear functions of the state x;. Consider the two-period optimization problem
that is the time ¢ counterpart to that described by (4.3.1) — (4.3.3).

Form the Lagrangian:

L=—(1/2)[(st = be) - (st = be) + gt - ] + BE[V (2441) | Ji]
- Mf’ (Pecy + Pygp + Piiy — Thyy — dy)
— MY (ky — Agky_1 — Opiy) (4.4.1)
— M (hy — Aphi—1 — Opey)
— M7 (8¢ — Ahy—q — Tcy).

To obtain the first order conditions for the Lagrangian (4.4.1), recall that
V(It+1) = I;+1PIt+1+p. Notice that diht E(Z;+1Pl't+1+p) | It = ag;;;l 6x?+1 E(I;+1pxt+l+
p) | Jt =[I 00]E(2Px¢11) | I; = 2[I 0 0]PA°z;. Here the matrix [ 0 0] satisfies
ht = [I 0 0]x¢41. Similarly %E(ﬂc;_Hth_H +p) | I; = 2[0 I 0]PA°x;, where

k: = [0 I 0]z¢4q . Differentiating (4.4.1) with respect to ¢, g¢, he, iz, ke, and s¢
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. . E) ) .
and using the above expressions for an; and zi- yields

— M+ QLM TV M =0,
— g — O M{ =0,
—MP 4281 0 0|PA%z, = 0,
— M 4 OLMEF =0,
~MPF 4260 T 0)PA%z; =0,
— st +b —M;=0.

(4.4.2)

Solving the third and fifth equations of (4.4.2) for M¥ and M} gives

/\/lf = Mx; and Mf = M x; where

My, = 23[0 I 0]PA° (4.4.3)

My, = 28[I 0 0]PA°.
In comparing (4.4.3) to (4.2.7) and (4.2.10), we see that the derivatives of
E[V(z¢41) | Ji] with respect to the endogenous state vectors h; and k; give
expressions in terms of z; for the conditional expectations of the infinite sums

that appear in (4.2.7) and (4.2.10). Solving the sixth equation (4.4.2) for M3
yields

M; = Mgzy where M, = (S, —Ss) and S, = [0 0 Up). (4.4.4)
Solving the first two equations of (4.4.2) for M¢ results in

o 17 1Ol M, 11 M,
] {@h ot ] (4.4.5)

./\/lf = M,x; where My = [@; _s,
Finally, the shadow price vectors for consumption and investment are given by
M¢§ = M.zy where M. = 0} M), + II' M, (4.4.6)

M. = Mz, where M; = 0} M. (4.4.7)

Formulas (4.4.3) — (4.4.7) express the Lagrange multipliers for the social plan-
ning problem in terms of the optimal value function associated with that prob-

lem.
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4.5. Planning problem as linear regulator

Our social planning problem can be cast as an optimal linear regulator problem.
A discounted linear regulator problem has the form:

max fEZﬁt[:céth +upQuy + 2uWay], 0< (<1,
v t=0

subject to
Ti41 = Al‘t + But + th+1, t> 0

where {wi41} is a martingale difference sequence adapted to its own history
and zg, x; is a vector of state variables, and u; is a vector of control variables;
the matrices R, (@, and W are conformable with the objects they multiply. The
maximization is subject to the requirement that u; be chosen to be a function
of information known at ¢, namely {z;, z¢—1,...,20,Ut—1,...,Uo}-

To show how our social planning problem maps into the optimal linear regu-
lator problem, we must tell how to choose the objects [z, us, wer1, R, Q, W, A, B, C]
in the optimal regulator problem. We choose these objects as follows:

hi—1
e = | ki1 |, Up = 1y

2t
and w; is the martingale difference sequence in (2.2);

Ay, G)hUc[(bc (I)g]—lr @hUc[(bc (I)g]_lUd

A= 0 Ay, 0
L 0 0 Ago
__@hUc[(I)c (I)g]_l(bi 0

B = O ,C=10
L 0 Cs

_J}t /S Tt o Tt ! R W/ Tt
| u we | | ue W Q Ut
where S = (G'G + H'H)/2 and

H=[A:TU[®. ®,)7'T: 10U [0, &, 'Us—Up: — MU [D, ®,]7 ;]
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G=U,)® ®,]7'0:T:U;: —®,).

Here, U, and U, are selector matrices to be defined in Appendix A. In Ap-
pendix A, we show show constructively that these choices work to map the
social planning problem into the linear regulator.

The Bellman equation for the linear regulator is

V(x) = max{—(z} Rry + u,Qui + 2usWxy) + BEV (x441)} (4.5.1)
where the maximization is subject to
Tip1 = Axy + Buy + th+1.

The value function V(z) is quadratic: V(x¢) = —x} Pz — p, where the matrix
P and the scalar p satisfy the equations

P=R+BAPA—(BAPB+W')(Q+BB'PB) " (BB'PA+W) (4.5.2)

p = B(1 — B) trace(PCC"). (4.5.3)

The solutions of (4.5.1) can be computed by iterating on the 7" mapping defined
above.® Chapter 9 describes faster methods of solving these equations.

The optimal control law is given by
Ut = —Fﬂit (454)

where
F=(Q+3B'PB)"YBB'PA+W). (4.5.5)

Substituting (4.5.4) into (4.5.1) gives the optimal closed loop system
Ti+1 = (A - BF)JCt + th+1 (456)

which we represent as
Ti41 = AOIt + th+1 (457)

where A° = A — BF'.

8 The MATLAB program double.m implements this algorithm.
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We can use the solution of the linear regulator problem to represent the

solution of the social planning problem in a useful way. In particular, where

hy = Spzy  dy = Saxy
ki = Skaxy et = Scxy

kt—l = Sklxt gt = Sg«It

iy = 5wy st = Ssy
bt = Sbl‘t
we have g
h o (0]
|:Sk] = [An AlQ]
Sk1 =101 0]
Si =—-F
Sq =100 Uy]
Sy =100 Uy
Se = U@ @4 {—®;S; +T'Sk1 + Sa}
Sy = Uy[®. @, {—®;S; + 'Sp1 + Sa}
AO AO
Here { 1 12}:A—BF.
0 A

We also have a convenient set of formulas for the Lagrange multipliers
associated with the social planning problem. Where
Mk = kat Mf = det
Mh = tht Mg = Mc],‘t
Mf = Msl‘t Mi = Mixt
we have
My =2p[0 I 0]PA°
My, =208[I 0 0]PA°

M, = (Sy — S,)
A .17 (6 My, + 11 M,
o -5,

M, = ©}, My, +II' M,
M; = O, M.
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Here the partitions [0 I 0] and [/ 0 0] are conformable with the partition

(W1, ki_q, 2] of zy.

4.6. Solutions for five economies

We now show by example how solutions of social planning problems for our
models can be computed by using MATLAB programs. Tables 1 and 2 describe
how we have translated the symbols in the model (many of them Greek) into
symbols to be manipulated by our programs. The translations are mnemonic, so
that it ought to be easy to keep in mind the connections between the expressions
in our MATLAB programs and the matrices in our models. We have prepared
a battery of programs, to be used in sequence, that compute the objects that
define and characterize the solution of the planning problem for a member of
our class of models. To use these programs, we first have to feed in the matrices
defined in Table 1, using the notation employed in Table 1. We have prepared a
number of .m files that input these parameters for various particular economies.
These files are called clex*.m,where the * is replaced by a particular integer
to denote a particular economy. The economies corresponding to particular
clex*.m files are listed in the MATLAB manual which we have included as
chapter 12 of this book. The clex*.m files are MATLAB script files (i.e., they
are not functions). To input the paramters of, say, of a version of Hall’s economy
that we have stored in clex11.m, the user just types clex11.
Table 1

Correspondence Between Symbols in Model
and Symbols in MATLAB programs
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Symbol in Symbol in
Model Computer Program
Aoy a22
02 c2
U, ub
Uy ud
P, phic
@ phig
P, phii
T gamma
Ay deltak
O thetak
Ap deltah
Oy thetah
A lambda
II pih
Jé] beta

Table 2

Correspondence Between Symbols in Solution of the
Planning Problem and Symbols in MATLAB programs
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Symbol in Symbol in
Model Computer Program
A° ao
C c
Se sc
S sg
S, ss
Sk sk
S; si
Sh sh
Sp sb
Sq sd

¢ mc
M, mg
M, ms
M;, mk
M; mi
My, mh

The MATLAB programs perform the following tasks:

a.

The program solvea.m accepts as inputs a collection of matrices that
specify a particular economy. It then computes the solution of the
planning problem, and for future use creates and stores the matrices
listed in table 2.

The program steadst.m computes the nonstochastic steady state, or
equivalently the unconditional mean for the asymptotic stationary dis-
tribution, of the state vector, provided that this object is well defined.

The program aarma.m computes an ARMA representation for the re-
sponse of a specified list of variables to one of the innovations in the
model.

The program aimpulse.m computes the impulse response function of
a specified list of variables to one of the innovations in the model.

The program asimul.m computes a random or nonrandom simulation

of a specified list of variables.
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f- The program asseta.m computes equilibrium prices for some particu-
lar assets to be specified. (The use of this program will be explained
in chapter 5.)

The program solvea.m makes use of the following two programs in order to
solve the social planning problem efficiently.

g. The program doubleo.m solves a matrix Riccati equation swiftly via a
“doubling algorithm.”

h. The program double2j.m uses a doubling algorithm to compute variance-
like terms that can be represented as particular infinite series of some
matrix products.

The user can find out how to use these and all other programs by using the
‘help’ facility in MATLAB. Thus, to learn how to run the program solvea.m,
the user just types help solvea. In addition, we have included as an appendix
to this book a MATLAB manual of all the programs associated with our models.

The purpose of this section is to illustrate how easy it is to use these pro-
grams to analyze our models, and how rapidly things can be learned about the
structures of our models by representing their solutions in the ways that our
programs facilitate. In the spirit of learning by doing, we analyze five related
models that can generate a range of behavior for time series of quantities (and
also of the equilibrium prices to be studied in chapter 5).

We study a class of models that we form by combining technologies 4
(growth) and 2 (costs of adjustment) with preference specification 3 (habit per-
sistence). By setting the parameters at different particular values, we are able
to generate versions of several models that have been studied in the literature.
Each of these models is specified by defining preference and technology matrices
of the same dimension. To create a new model of this class, we simply reset
some parameter values, while leaving the dimensions of the matrices that define
the economy unaltered.

Our models are generated by the following specification for preferences,
technology, and information.
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4.6.1. Preferences
—5E Y (st — be)® + 71| Jo
t=0
St = )\ht,1 + ey

he = 6p he—1 + Oncy
b = Upz

4.6.2. Technology
e+t = yrki—1 +dyy
ke = 0k ki1 + 4
gt = P1iy, ¢1>0

d
{St}ZUdZt
4.6.3. Information

1 0 O 0 O

Zt4+1 = 0 8 0 Zt + 1 0 W41
L0 0 .5 0 1

Uy=1[30 0 0]

(5 1 0

Uy =
0 0 0

zo=1[5 150 1 0 0]

Notice that the information process and the initial condition are specified
so that the constant is the third state variable. Notice that we have set the b;
process equal to a constant value of 30. There is no random component of the
preference shock process. Notice that there is a single nontrivial endowment
shock, the second component of d; having been set to zero via the specification
of the matrix Uy. The first component of d; has been specified to follow a first
order autoregressive process with positive mean. The autoregressive parameter
for the endowment process has been set at .8. Notice that the third component of
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the z; vector is a first order autoregressive process with coefficient .5. However,
this component of the z; vector impinges neither on b; nor on d;, given the way
that we have specified U, and U;. We include the third component of the z;
process in case the reader would like to edit one our files, say, to add a random
component to the preference shock b;.

These specifications of preferences and technology are rich enough to en-
compass versions of several models that have been popular in the recent macroe-
conomic literature. The preference specification can accommodate preferences
that are quadratic in consumption, as used by Hall [1978]; preferences incor-
porating habit persistence, as used recently by Becker and Murphy [1988]; and
preferences for a durable consumption good, as used by Mankiw [1982]. The
technology specification is a version of the one-good ‘growth’ technology of chap-
ter 2, modified to include costs of adjusting capital.® We shall initially set the
parameters of the technology to satisfy the necessary condition for consumption
to be a random walk in Hall’s model, namely, the condition B(y; + &) = 1.
This is also the condition for the ‘growth condition’ of Jones and Manuelli just
to be satisfied. For all of the specifications, we set U, so that b, = 30 for all ¢.

By setting the parameter values of this general model to particular values,
we can capture the following models.

4.6.4. Brock-Mirman model

Set the preference parameters as A = 0,7 = 1,9, and 6 arbitrarily. This
makes preferences take the form

—5E " B'(ct — be)® + £7]].Jo.
t=0

Set the technology parameters so that v > 0,¢1 > 0 but ¢4 ~ 0, (y1+)3 = 1.

9 The parameters for our first version of Hall’s economy are in clex1l.m; those for our
second version of Hall’s economy are in clex12.m; those for our third version of Hall’s economy
are in clex13.m; those for the Jones-Manuelli model are in clex10.m; those for the model with
durable consumption goods are in clex15.m; and those for Lucas’s economy are in clex14.m.
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4.6.5. A growth economy fueled by habit persistence

Set the technology parameters as in Hall’s model, but set the preference
parameters to capture preference specification 3 of chapter 2. In particular, set
1>6,>0,0, =(1—0p),mr =1, = —1. This makes preferences assume the

form

—5EY " B'(ce — by — M1 —=01) Y _ 6lci—j—1) + (]| Jo.

t=0 =0

4.6.6. Lucas’s pure exchange economy

Set preference parameters as in Hall’s model, but alter the technology to
render capital unproductive, i.e., set y; = 0.

4.6.7. An economy with a durable consumption good

Set the technology as in Hall’s model, but alter preferences to capture the idea
that the consumption good is durable. Set # =0,A > 0,0 < 0, < 1,0, =1.

We now illustrate how the solutions of the social planning problem associ-
ated with several of these models can be computed and analyzed. Generally, we
proceed as follows. First we read in the parameters that represent our economy
by way of the matrices listed in Table 1. We have prepared a set of ‘.m’ files that
read in these matrices for the several economies listed above. Thus, clex11.m,
clex12.m, and clex13.m are files that read in matrices corresponding to Hall’s
model for various different parameter settings. Next, we use solvea.m to com-
pute all of the matrices listed in Table 2, which characterize the solution of the
planning problem. To compute the vector ARMA representation of any subset
of quantities or Lagrange multipliers, we use aarma.m. To compute the impulse
response functions of any set of quantities and/or Lagrange multipliers to com-
ponents of w(t), we use the program aimpulse.m. Finally, we can use simul.m
or asimul.m to simulate the solution of the model.
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4.7. Hall’s model

We begin with the version of Hall’s model which we solved by hand earlier in this
chapter. We begin by setting the parameters in a way that is designed to make
consumption follow a random walk. In particular, we set ¢; = .00001,~; =
1,0, = 95,8 = 1/1.05. Notice that B(v1 + dx) = 1. We set the remaining
parameters to the values described above.

After reading in the matrices by typing clex11, we compute the solution
of the planning problem by typing solvea. Issuing this command causes the
computer to respond as follows:

Calculating, please wait

The matrix ao has been calculated for the law of
motion of the entire state vector. This matrix
satisfies

x(t+1) = aoxx(t) + cxw(t+1).

The endogenous eigenvalues are in the vector endo,
and the exogenous eigenvalues are in the vector exog.
The solution to the model is given by c(t) = sc*x(t),
g(t) = sg*x(t), h(t) = sh*x(t), i(t) = sixx(t)

k(t) = sk*x(t), and s(t) = ss*xx(t).

The matrices sc, sg, sh, si, sk, and ss have now been
computed and can be used in other matlab programs.
The matrices sb and sd are constructed so that b(t)

= sb*x(t) and d(t) = sd*x(t) and can be used in other
matlab programs.

The shadow price vectors satisfy Mc(t) = mc*x(t),
Mg(t) = mg*x(t), Mh(t) = mh*x(t), Mi(t) = mi*x(t),
Mk(t) = mk*x(t), Ms(t) = ms*x(t), and Md(t) = md*x(t).
The matrices of these linear combinations can

be used in other matlab programs.

Your equilibrium has been calculated.

You are now ready to experiment with the economy.

This is the end of the output that appears on the screen. The solution
of the planning problem is stored in the matrices listed in table 2. To inspect
these matrices, we just ask MATLAB to show them to us. Thus, issuing the
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MATLAB command ao results in the output

0.9000 0.0050 0.5000 0.0200 0.0000
0.0000 1.0000 0.0000 0.8000 0.0000
ao = [ 0.0000 0.0000 1.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.8000 0.0000
0.0000 0.0000 0.0000 0.0000 0.5000

To see the matrix ¢, we type c and elicit the response

0.0000 0.0000
0.0000 0.0000
c = | 0.0000 0.0000
1.0000 0.0000
0.0000 1.0000

Recall that various quantities in the model are determined by premulti-
plying the state z; by matrices S; which are stored by MATLAB in sj. For
various purposes, it is useful to create a matrix by stacking various sj’s on top of
one another. For example, we can stack the s matrices for consumption, house-
hold durables, services, physical investment, and physical capital by issuing the
MATLAB command G=[sc;sh;ss;si;sk], which evokes the response

0.0000 0.0500 5.0000 0.2000 0.0000
0.9000 0.0050 0.5000 0.0200 0.0000
G = | 0.0000 0.0500 5.0000 0.2000 0.0000
0.0000 0.0500 0.0000 0.8000 0.0000
0.0000 1.0000 0.0000 0.8000 0.0000

The first row of G is S., and so on. Similarly, various Lagrange multipliers in
the model are determined by premultiplying x; by the matrices M;, which are
stored by MATLAB in mj. We can create a matrix by stacking various mj’s by
issuing the command H=[mc ;ms;mh;mi;mk], which evokes

0.0000 —0.0500 25.0000 —0.2000 0.0000
0.0000 —0.0500 25.0000 —0.2000 0.0000
H=]0.0000 0.0000 0.0000 0.0000  0.0000
0.0000 —0.0500 25.0000 —0.2000 0.0000
0.0000 —0.0500 25.0000 —0.2000 0.0000
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The endogenous and exogenous eigenvalues of A° or ao are stored in endo
and exo, respectively. For the present model, they are given by

.90
endo =
o]
1.00
exo = | .80
.50

The exogenous eigenvalue of unity corresponds to the constant (unity) in the
state vector, while the other two exogenous eigenvalues are also directly inherited
from our specification of the Ags matrix. The endogenous eigenvalue of .9 is
inherited from the depreciation factor of .9 which we set for consumer durables,
which is irrelevant in Hall’s model because we set A = 0. This eigenvalue will
become relevant below in specifications in which A\ # 0. The eigenvalue of unity
reflects the random walk character of consumption in Hall’s model. Actually,
the second endogenous eigenvalue is not really unity, it is only close to unity. To
see this, we switch to a long format in MATLAB by typing format long and
then we type endo to receive the response

0.90000000000000
0.99999999999048

endo =

The eigenvalue is not exactly unity because of the very small costs of adjusting
capital that we have imposed.

The fact that the endogenous eigenvalues of this model are below unity
means that it possesses a nonstochastic steady state. To compute the steady
state, we set nnc=3, which tells the computer that the constant term is the third
component of the state vector. Then we type steadst, which causes the steady
state to be computed and stored in zs. To compute the steady state value of
consumption, just type sc*zs, and so on. For the present model, we obtain

5.0003
0.0061
zs = [ 1.0000
0.0000
0.0000

The steady state value of consumption is given by sc*zs, which is

sc * zs =[5.0003]



82 Optimal Resource Allocation

The steady state value of investment is given by si*zs, which is
si*zs =[0.0003]

For the present model, these stationary steady state values are of little practical
value because of the near unit endogenous eigenvalue. It will take very many
periods for the effect of the initial conditions to die out in this model, despite
the fact that a steady state for the nonstochastic version of the model does exist.

We can compute an ARMA representation for the impulse response of any
quantities or Lagrange multipliers to a given component of the white noise pro-
cess wy. We can learn how aarma.m works by typing help aarma, which delivers

the response

function[num,den]=aarma(ao,c,sy,ii)

Creates ARMA Representation for linear recursive
equilibrium models. The equilibrium is

x(t+1) = ao*x(t) + c*xw(t+1)

and is created by running SOLVEA. A vector of
observables is given by

y(t) = sy*x(t)

where sy picks off the desired variables.

For example, if we want y=[c’,i’], we set
sy=[sc;si]. AARMA creates the representation
den(L)y(t) = num(L)wi(t)

This is an arma representation for the response of
y(t) to the i-th component of w(t).

For example, to compute the ARMA representation for the impulse response
of ¢, i; to the first component of wy , we type sy=[sc;si] and [num,den]=aarma(ao,

c,sy,1) which gives the response

0.0000 0.2000 —0.6400 0.7540 —0.3860 0.0720
num =
0.0000 0.8000 —2.6800 3.3040 -—1.7660 0.3420

den =[1.0000 —4.2000 6.9700 —5.7000 2.2900 —0.3600]
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This output is to be interpreted as follows. For i = 0,...,5. Define «; as
the element in the (i + 1) column of den. For ¢ = 0,...5 define &; as the 3 x 1
matrix that is the i + 2%% column of num. Define two polynomials in the lag
operator L by

Oé(L) = Z?:O oziLi
§(L) =30 &L

Let wy; be the first innovation in the system, which drives the endowment
process. Then we have the representation

a(L) | i | =&(L)w,
mey
For example, the first row of this representation is
(1—42L+6.97L% —5.7L3 4+ 2.29L* — .36L°)c,
= (.2 — .64L + .754L? — 386 L3 + .0072L*) w14

We can also create the impulse response function for a list of variables in
response to a particular innovation. We shall compute the impulse response
function for the two variables, c,i. To accomplish this, we set sy by typing
sy = [sc;si]. We set ii at 1 (we want the response to the first innovation),
and specify the number of lags we want to perform the calculation for. We
want the impulse response out to forty lags, so we specify ni=40. To compute
the impulse response, we issue the MATLAB function aimpulse, which has the
syntax [z]=aimpulse(ao,c,sy,ii,ni), where sy,ii,ni have the settings just
described.'® The impulse response function is returned in z. In Fig. 4.7.1.a we
plot the impulse response functions for this model in response to the first inno-
vation, which is the innovation in the endowment shock. These impulse response
functions have shapes that are characteristic of a random walk for consumption
and a unit root in capital. For consumption, the impulse response is an open
“box” which attains its maximum height immediately. This impulse response
is characteristic of a random walk consumption process. For investment, the
impulse response has an asymptote. !

10 The MATLAB program aimpulse.m takes the inputs we have created from the solution
of the social planning problem and feeds them into the MATLAB program dimpulse.m, which
computes impulse response functions.

11 1y actuality, there is really no asymptote for the impulse response function for either
consumption or investment, because the largest eigenvalue is just a little bit less than unity.
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Fig. 4.7.1.a. Impulse response of consump- Fig. 4.7.1.b. Simulation of consumption
tion and investment to an endowment inno- and investment for Hall’s model.

vation in a version of Hall’s model.

We now generate a random simulation of the model for 150 periods. We
use the non-interactive program asimul.m to generate this simulation. To use
this program we must specify an observer matrix sy that links the called-for
variables to the state. Since we want to simulate the four series c,i,k, and
the shadow price of consumption, we set sy=[sc;si;sk;mc]. We also have
to specify the length of the simulation t1, whether we want a random (k=1) or
nonrandom (k=2) simulation, and the initial state vector x0. We want a random
simulation of length 150 with the initial condition specified above. After setting
these parameters, we execute the simulation by commanding asimul. We obtain
the response:

Your simulated vector is in the vector ‘‘y’’.

We display aspects of this simulation in Fig. 4.7.1.b.The sample paths of

¢, k, and the shadow price drift in the fashion that random walks do. For
paths that are long enough, a random simulation of this model will eventually

In fact, the impulse response functions for both consumption and investment are ‘square
summable’; but it would take a very long realization of them for this behavior to become
apparent.
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encounter negative values for capital and consumption. The key to rigging
samples so that capital and consumption for a long time remain positive with
high probability is to select the initial condition for capital large enough and
the elements of c¢2 small enough.

Figure 4.7.1.b indicates that investment is relatively more variable than
consumption, a pattern that is found in aggregate data for a variety of countries.
The fact that this version of Hall’s model, like the stochastic growth model of
Brock and Mirman [1972], so easily delivers this pattern is an important feature
that has attracted adherents to this and other versions of ‘real business cycle’
theories.

4.8. Higher Adjustment Costs

We now turn to a second model which is created by making one modification
to the economy we have just studied. The one change we make is to raise the
costs associated with adjusting capital. We raise the absolute value of the cost
parameter to ¢ = .2. All other parameters remain as in the previous economy.

We computed the solution of the social planning problem using solvea.m.
The endogenous eigenvalues were computed to be:

0.9000
endo =
{0.9966}

Notice that relative to the previous economy, one endogenous eigenvalue is left
unaltered at .9, while the other endogenous eigenvalue has fallen below unity.
The endogenous eigenvalue of .9 is inherited from the law of accumulation that
we posit for household capital (which in this model is again irrelevant). The
drop below unity of the second endogenous eigenvalue is the result of our having
increased the costs of adjusting capital. The analysis that we performed on pages
BLANK indicates that this is exactly what should occur when adjustment costs
increase.

Figure 4.8.1.a reports impulse response functions for the response of ¢; and
i¢ and to an innovation in the endowment process. Notice how these no longer
have the tell tale signs of the presence of an endogenous unit eigenvalue. The
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Fig. 4.8.1.a. Impulse response of consump- Fig. 4.8.1.b. Simulation of a version of
tion and investment to an endowment in- Hall’s model with higher costs of adjusting
novation in a version of Hall’s model with capital and no random walk in consump-
higher costs of adjusting capital and no ran- tion.

dom walk in consumption.

impulse response for consumption and investment now both appear to be con-
vergent and ‘square summable’. Figure 4.8.1.b shows a random simulation be-
ginning from the same value for xy used with the earlier version of Hall’s model.
Notice how consumption, while still smoother than income, has increased high
frequency volatility relative to that depicted in figure 4.7.1.a, while the high
frequency volatility of investment has decreased. This pattern is a response
to the higher costs for adjusting capital. Notice also that there seems to be a
downward ‘trend’ in both consumption and investment. This is a consequence
of the decrease in the largest endogenous eigenvalue from being very nearly one
in the earlier economy. The present economy has a nonstochastic steady state
value for capital of .0000, for consumption of 5.00 (which is the mean of the
endowment process), and for investment of .0000, each of which we computed
using steadst.m. These nonstochastic steady state values correspond to the un-
conditional means from the asymptotic stationary distribution of our variables.
Because the largest endogenous eigenvalue for this economy is .9966 rather than
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19999, the economy is headed toward these mean values much more rapidly than
for our previous economy.

4.9. Altered ‘growth condition’

We generate our next economy by making two alterations in the preceding econ-
omy. First, we raise the adjustment cost parameter from .2 to 1. This will have
the effect of further lowering the endogenous eigenvalue that is not .9, and of
causing the impulse response functions to dampen faster than they did in the
previous economy. Second, we raise the production function parameter from
.1 to .15. This will have the effect of raising the optimal stationary value of
capital to a positive value for the nonstochastic version of the model. Recall
that the optimal stationary value of capital was zero in the previous economy.
The nonstochastic steady state values of consumption, investment, and capital
are 17.5, 6.25, and 125, respectively, for this economy.
The endogenous eigenvalues are

{0.9000}
endo =

0.9524

We also created the impulse response function for ¢ and ¢, which is reported in
figure 4.9.1.a. Notice the much faster rate of damping relative to the impulse
responses displayed for the previous economies.

Figure 4.9.1.b displays a random simulation of this economy. Notice that
the “transient” behavior displayed by our simulation of the previous economy
is not present here. This is a consequence of our having altered the production
function parameter value to induce a positive optimal stationary value for the
capital stock of 125, and from our having started the simulation at an initial
condition of 125 for the capital stock.
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Fig. 4.9.1.a. Impulse response of consump- Fig. 4.9.1.a. Simulation of consumption
tion and investment to an endowment in- and investment in a version of Hall’s model
novation in a version of Hall’s model with with higher adjustment costs and the ‘growth
higher adjustment costs and the ‘growth condition’ altered.

condition’ altered.

4.10. A Jones-Manuelli economy

A notable feature of the models for the previous simulations is that consumption,
investment, and capital generally failed to grow. We now define the matrices and
set parameters with a view toward attaining a version of Jones and Manuelli’s
model of economic growth. We set the parameters of the technology so that
Jones and Manuelli’s “growth condition” is just satisfied.'?> Our version of Jones
and Manuelli’s model has the feature that their growth condition is a necessary
but not a sufficient condition for growth to occur. Their growth condition makes
sustained growth feasible in our model. In order for growth to occur, it is also
necessary that it be desirable, a condition that is determined by the preference
parameters A, dp, and 0, . We set these parameters in order to generate growth.

12 The Jones-Manuelli growth condition on the technology in our notation is B(y+d;) = 1.
This is also a condition that makes the marginal utility of consumption follow a martingale
in Hall’s model.
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In particular, setting A equal to minus one turns out to generate a preference
for growth.!3

As usual, we compute the equilibrium by using asolve.m. For this model,
the endogenous eigenvalues are

1.0000 + 0.00001
endo =
1.0000 — 0.00001

The exogenous eigenvalue of unity is inherited from the law of motion of the
unit vector, which is the third state variable. Notice that there are two unit
endogenous eigenvalues. With some experimentation, the reader can determine
how these two unit endogenous eigenvalues result from specifying the parameters
of technology to obey the growth condition, and the parameters of preferences
(especially \) to capture a longing for consumption growth. 4

Figure 4.10.1.a displays impulse responses of consumption and investment
to an innovation in the endowment process. For both consumption and invest-
ment, the effect of an innovation actually grows indefinitely over time. This is
a product of the second unit endogenous eigenvalue that is inherited from the
preference parameter \.

Figure 4.10.1.b displays a simulation of consumption and investment for
this economy. The economy grows. Notice that consumption is much smoother
than investment. Notice also that investment typically exceeds consumption. In
order to support the ‘habit’ that fuels growth, the economy has to accumulate
physical capital.

We invite the reader to experiment with this economy by altering the set-
tings of some parameter values one at a time relative to the parameter settings
that we have made. In particular, we recommend that the following experiments
be tried:

13 The parameter values for this economy are stored in clex10.m

14 One unit endogenous eigenvalue stems from setting 8,I", and Ay at the boundary of the
Jones-Manuelli growth condition. The other unit endogenous eigenvalue results from setting
A = —1. The presence of very small positive adjustment costs for capital is what prevents
these two endogenous eigenvalues from being exactly unity. The reader can check that they
are not exactly unity by using the format long command in MATLAB.

15 Tt is a feature of models of addiction based on the type of preference specification used
here, e.g., Becker and Murphy [1988], that ‘addicts’ grow wealthier and wealthier over time as
they follow a consumption plan that allows for enough accumulation to support their growing
addiction.
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Fig. 4.10.1.a. Impulse response of con-
sumption and investment to an endowment
innovation in a Jones-Manuelli economy.

Fig. 4.10.1.b. Simulation of consumption
and investment in a Jones-Manuelli econ-
omy.

1. Change the value of A to —.7, leaving the other parameters unaltered.

Obtain the solution of the planning problem, and inspect the endogenous

eigenvalues. Also compute the impulse response function and simulate the

model in response to the same initial condition that we used above. Does

the economy still grow? Explain.

2. Change the value of § to .94. Recompute the solution of the planning

problem. Does the economy grow? Link your explanation to the Jones-

Manuelli growth condition.

3. Change the value of I'(1) to .09. Does the economy still grow?
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4.11. Durable consumption goods

For our next example economy, we restore the productivity of capital to a value
of .1 and raise the level of the parameter measuring adjustment costs for capital
to a value of 1. We change the specification of preferences to make the consump-
tion good durable. In particular, we adopt a version of preference specification
2. We implement this by setting A equal to .1, m equal to zero, and 6} equal
to one. We leave 6;, at the value .9. 16

consumption

6 investment
7020 5 10 15 20 25 30 35 40 0 20 40 60 80 100 120 140 160
Fig. 4.11.1.a. Impulse response of con- Fig. 4.11.1.b. Simulation of consumption
sumption and investment to an endowment and investment in an economy with a durable
innovation in an economy with a durable consumption good.

consumption good.

Figure 4.11.1.a displays the impulse response functions to an innovation in
the endowment process. The impulse response function for consumption and for
investment are very different than for our first model. In particular, from the
impulse response function, we can see that in choosing consumption, the social
planner ‘smooths’ the endowment shock much less than he does in Hall’s original
model, in which the planner in effect makes consumption an equal-weight moving
average of current and lagged innovations to the endowment process. In the

16 These parameters settings are created by the file clex15.m.
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present model, the planner makes consumption a much shorter, more peaked
moving average of the endowment process. This shows up in the simulation of
consumption and investment, which is reported in figure 4.11.1.b. Notice that
now, in contrast to Hall’s model, it is investment that is much smoother than
consumption. This example thus illustrates how making consumption goods
durable tends to undo the strong consumption smoothing result which Hall
obtained.

4.12. Summary

In this chapter, we have formulated a planning problem, and described how to
compute its solution. We have also described computer programs that solve the
planning problem, and that characterize the solution in a variety of ways.

Associated with the solution of the planning problem are a set of Lagrange
multipliers, which we have shown how to compute in terms of the derivatives
of the value function for the planners dynamic programming problem. In the
next two chapters, we shall show how those Lagrange multipliers are related to
the price system for a competitive equilibrium. We begin by describing how to
represent values.

A. Synthesizing the linear regulator

The social planning problem is to maximize

0o
*~5EZﬂt [(st = be) - (st —be) + gt - gt (4.A41)
t=0

subject to
Decy + Cbggt + Qi =Thki1 +dy (4.A.2)
ki = Apki_1 + Ot (4.A.3)
hi = Aphi_1 + Opcy (4.A.4)
st = Ahy_1 + ey (4.A.5)

zt41 = Aozt + Cowggg (4.A.6)
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by = Upz
R (4.A.7)
dy =Ugzt
hi—1
We define the state of the system as z; = | ki1 | and the control as uz = 4. In
2t

defining the control to be i;, we exploit the assumption that [®c ®g] is nonsingular.
Solve (4.A.2) for (¢t , g¢):

ct _ ,
[gt} = [®c ®g] HThy_q + Ugzs — @iz}

Let Uc and Uy be selector matrices that pick off the first nc and the last ng rows, respectively,
of the right side of the above expression, so that the expression can be written

et = Ue[®c ®g) ™ HThy_q + Ugze — Dy}

(4.A.8)
gt = Ug[®c @g] ™ H{Thy_1 + Ugz — @yit}.
Substituting (4.A.8) into (4.4.4) and (4.A.5) gives
ht = Aphy—1 + ORUc[®c ®g) ™ {Thy 1 + Ugzy — Oy} (4.A4.9)
s¢ = Ahy_1 + TU[®c Bg] ™ H{Thy_1 + Uyzs — Byig} (4.A.10)

Combining (4.A4.3), (4.A.9), and (4.A.6) gives the law of motion for the linear regulator

hy Ay OpU[®e Byl 71T ©,U[®c Bg)~1U, he_1
kt = 0 Ak 0 kt—l
Zt4+1 0 0 Ago 2
(4.A.11)
—O,Uc[®c Dg] 1D, 0
+ @k it + 0 wt+1
0 Cy
or
@41 = Azg + Bug + Cwiy g (4.A4.12)

where the matrices A, B, and C in (4.A.12) equal the corresponding matrices in (4.A4.11).
Now use (4.4.10) to compute (s;—b) = Ahy_1+1Uc[®c @g] 1Tk _ 1 +(1U[®c Bg] U4~
Up)zt — MU [®c ®g] L ®;44. Express this in matrix notation as

ht—1

(st —bg) = [A: TU[®c Bg] T U@ Bg] ™ U4 — Uy : — U [®c gl ™1 &;] tZtl
it
(4.A713)

or

(st — by) = [Hs : H] [‘Z] (4.A.14)
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where the matrix [Hs H.] in (4.A.14) equals the corresponding matrix in (4.A4.13).
Next, use (4.A.8) to express g; as

hi—1
: —1p —1g7 - —15.0 | k-1
gt = [0 Ug[Pc @g]™ T 1 Ug[®e Pg]™ Uy : — Ug[Pe ] ™ 2y 2 (4.A.15)
it
or
. Tt
gt =[Gs 1 Gc] i (4.A.16)
t

where the matrix [Gs Gc] in (4.A.16) equals the corresponding matrix in (4.A.15).
Define the matrices

R= 5(H.Hs + G.Gs), Q = .5(HLHc + GLG:), W = .5(HLHs + GLGs). (4.A.17)
Then the current period return function for the social planning problem is
—(z} Rzt + ujQus + 2ujWay). (4.A.18)

In view of (4.A.14), (4.A.16), (4.A.17) and (4.A.18), we can represent the objective
function in the social planning problem as

o0
—-FE Z ﬁt(xéth + quut + 2u£Wa:t), (4.A.19)
t=0

which is to be maximized over {u}7°, subject to
2441 = Axzg + Bug + Cwypq, t2>0, (4.A.20)

zo given. Thus, we have mapped the social planning problem into a discounted optimal linear
regulator problem.
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B. A Brock-Mirman model

We shall usually use the recursive numerical methods described above to compute a solution of
a social planning problem. These computational methods are quick and easy to use. However,
to deepen our understanding of the structure of the social planning problem and the role
played by various technical assumptions, and also to heighten our appreciation of the ease and
power of those recursive numerical methods, it is useful to solve one problem by hand.

We solve a social planning problem for a model with one consumption good and one
capital good. We include costs of adjusting the capital stock, but permit them to be zero as
a special case. When these costs of adjustment are zero (i.e., when the parameter ¢ in the
model is set to zero), the model becomes a linear - quadratic, equilibrium version of Hall’s
consumption model. To recover Hall’s solution of the model when ¢ = 0, it is necessary to
impose a side condition in the form of a version of our restriction (2.24) that forces the capital
stock sequence {k¢} to belong to L(Q). The example is a useful laboratory for illustrating the
relationships among the presence of costs to control (¢ > 0), the transversality condition, and
the side condition that the solution lie in L(Q). After we work out the answer by hand, we can
solve the problem by using the MATLAB program solvea.m .

The social planning problem comes from combining versions of our preference specifi-
cation number 1 and our technology specification number 4: choose a contingency plan for
{et: k372 to maximize:

o0
—Fo Y Bl —b)?+3), 0< B <1 (4.B.1)

t=0

subject to

et +ip =vkt—1 +dig , v >0 (4.B.2)
it =gt, $>0 (4.B.3)
ke =0ki_1+4,0<d<1 (4.B.4)
g2 =12 (4.B.5)
k_1 given (4.B.6)

The stochastic processes b; and dy; are given by b; = Upz; and dyj; = Ugyzt, where z
obeys a version of (1.1). We assume that {d;;} and {b:} each belong to Lg, and do not
impose that {k:} belongs to L(Q),

We begin by forming the Lagrangian

o0
1 )
J=—Eoy B ler =) + ) = Melvki—1 + du — e ]
t=0
. (4.B.7)
— Aatlgt — ¢it]

i 1
— Ag¢[0k—1 + i — kt] — )‘4t[5(€% - g}

Here {A1¢, Aat, Ast, A}y is a 4-tuple of stochastic Lagrange multipliers. We obtain the
first order necessary conditions for a saddle point with respect to {ct, ¢, k¢, l¢, 9t s A1t> Ao,
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A3¢ ’\4t}toio , and display the transversality condition for capital. First order conditions with

respect to ¢, i+, ke, ly, and gy are:

ct:—(ct —=bt) = A1 =0,t>0

it —A1g — dGAap + Agp =0, £ >0

kit yBEtA1141 + BOEtA3t+1 — A3t =0, t >
O —lp +Agely =0, >0

gt iAot —Aqe9e =0, 1 >0
In addition, we have the transversality condition

lim EgB'kiAs; = 0.
t—o0

Equation (4.B.10) can be solved forward to yield

oo
Agt =78 (08)1 " Bidapy ;.
j=1

(4.B.13)

(4.B.14)

Our strategy is to substitute the above expressions for the multipliers into the first-order

condition with respect to k¢ to obtain an ‘Euler equation, and to study under what conditions,

if any, this equation implies that the marginal utility of consumption is a martingale. Solving

the first order conditions for the multipliers, we obtain
A =bg —ct

Aot = gt
A3t = ¢gt + (bt — ct)
A =1

Substituting (4.B.17) into (4.B.10) gives the “Euler equation”

YBE(byy1 — ct41) + BOE(Ppgr41 +bry1 —cei1)
= ¢gt + (bt —ct)

or
BoEtdgs1 + By + 0)Et(bgg1 — cp41)

= ¢gt + (bt — ct)-

Under the special condition that ¢ = 0, this equation becomes

By(be1 — cey1) = B0y + 0] 7 Hbg — cr),

(4.B.15)

(4.B.16)
(4.B.17)

(4.B.18)

(4.B.19)

(4.B.20)

(4.B.21)
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which states that the shadow price of consumption (A1; = by — ¢;) follows a first-order
autoregressive process. Under the further special condition that B(y + §) = 1, the shadow
price of consumption follows a martingale. 17 Finally, under the even further special condition
that by is a martingale, (4.B.21) asserts that consumption is a martingale.

The Euler equation (4.B.21) is satisfied by the consumption plan

ct = by for t>0. (4.B.22)
Solving (4.B.2) and (4.B.4) for iy under this plan gives
kt = (v +0)ki—1 +d1g — bz (4.B.23)

Note that in the special case that A1+ (and maybe also ¢;) is a martingale, (y 4+ J) = 1/8,
so that {k:} given by (4.B.23) is a “process of exponential order 1/3”. This implies that
ki does not belong to L%. Nevertheless, the transversality condition (4.B.13) is satisfied
because A3¢ = ¢g¢ + (by — ¢¢) = 0 along this solution, so that

lim BAsiks =0
t—o00

along this solution.
Thus, when ¢ = 0, it is optimal to consume bliss consumption always and to adjust the
capital stock to support this consumption plan. The difference equation (4.B.23) implies that

t—1
ke = Eko + ij(dltfj —bt—j)
=0

where £ = v+ 6. If by —dyy > a > 0 for some a for all ¢, then k; will eventually
become negative and, indeed, will eventually fall below any finite negative number. Such a
consumption path is eventually being supported by “borrowing” or by ‘negative capital.’

In the interests of attaining an ‘Euler equation’ for capital, we substitute the following
two implications of the constraints into the Euler equation:
et = (y+0)kt—1 +d1¢ — ki
gt = ok — $oks_y

After rearrangement, this gives the following Euler equation for capital:
nEi{kip1 — ke + B i1} = Byz (4.B.24)
where )
n = Bl6¢~ + (v + 9)]

B62¢2 + B(v +6)2 + 42 +1
B3¢ + (v + ) (4.B.25)

2t = bt — B(v + )by
—dyg + By + 6)d1e41

P =

17 The condition that B(y + 6) =1 plays the role of a “growth condition” in the model of
Jones and Manuelli [1988].
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We will solve the Euler equation (4.B.24) using the “certainty equivalence” methods de-
scribed in Sargent [1987, ch. XIV] and Hansen and Sargent [1980, 1981]. This involves first
solving the deterministic version of (4.B.25), and then replacing “feedforward” terms with
their expectations conditioned on time ¢ information.

We begin by solving the deterministic version of the Euler equation (4.B.24):

nikiy1 — Okt + B8 k1) = 2 (4.B.26)

Write this as
nL™ 1 — L + B L2 kg = . (4.B.27)

We seek a factorization of the polynomial in L:

(1 =L+ B L) = (1 — M L)(1—AgL) (4.B.28)
Evidently
Y =2A1+ A
A = 571.
Thus we have
1
Ay = —— 4.B.29
N ( )
and
1
A —— = 4.B.30
e ( )

Equations (4.B.29) and (4.B.30) imply that A1 and Ay = Tlﬂ are the intersections of the
line of zero slope and height ¢ with the curve A + % in figure 4.B.1. Since the function

f) =2+ % achieves a minimum of 2/\/,5 at the value A = 1/\/7, it follows that if a
solution of (4.B.30) exists, it satisfies, without loss of generality,

1
0< A < —=
NG

1
Ag > ——.

VB

Substituting (4.B.28) into (4.B.27) gives

a1 = ML) - M%L)]km e (4.B.31)
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Figure 4.B.1: The function b\ + 1/A and its intersections with ),
which determine the roots A of the characteristic polynomial (4.B.28).

We start analyzing the solution of (4.B.31) by returning to the special case in which
¢ = 0. In this case, (4.B.25) implies that

1
=+ —, =+,

V= B¢ £=7 (4.B.32)
n=p¢.

It then follows immediately from (4.B.30) that we can take
BE (4.B.33)

In the special case that the shadow price of consumption is a martingale, 3¢ = 1, so that
A1 =1 and Ao = % . The Euler equation thus becomes, in the special case that ¢ =0,

BE((1 - ﬁ%mu €LYy = 21

But from the constraints to our problem,

(1= €Lk 1 = d1gp1 —coq1
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Substituting this and the last line of (4.B.25) into the Euler equation gives

1
BE(L — B?L)(dltﬂ —cp1) = (B — L)(d1g+1 — by1)

or
(BE — L) {(d1t+1 — ct+1} = (BE — L)(d1g41 — by1)s

an equation that is satisfied by setting ¢; = b; for all ¢. Thus, our analysis of the Euler
equation for capital in the case that ¢ = 0 reconfirms our earlier derivation that the optimal
plan involves setting ¢t = by and choosing whatever capital path is required to support this.

We begin to study the case when ¢ > 0 by considering the special case in which ¢ is
positive but arbitrarily close to zero. In particular, ¢ can be chosen sufficiently close to zero
that in the Euler equation for capital,

{1 = A L)(1 = Ao L)} kgqq = 2,
n is arbitrarily close to 8§, A1 is arbitrarily close ,Big’ and Ao is arbitrarily close to . This
can be verified by using a version of figure 4.B.1.
It is tempting to suppose that since the Euler equation is arbitrarily close to that for the
¢ = 0 case, the optimal solution for k¢ will be close to the solution for k; found in the ¢ =0

case, namely,
t—1

ke = &'ko + Zéj(dlt—j —bi—j). (4.B.34)
j=0
‘We now show that this supposition is wrong.
Note that when k; obeys (4.B.34), iy = ky — 0ky_1, obeys

iy = &g = 8)kg
t—2
+dig — b + (£ —0) ZEJ (dig4j—1—bg—j—1)-
j=0

(4.B.35)

Also, ¢; = by Vt in this case. When i follows (4.B.35), is is a process of exponential order
£. It follows that ¢i; is also a process of exponential order £ when ¢ > 0.
Now since ¢y = ¢it along the optimal path, we have that

> st =9y sl (4.B.36)
=0 t=0

The process z% is of exponential order £2! along the solution (4.B.35). The infinite series

(4.B.36) will converge if and only if

ﬂ~£2<1, or §<L.

V8
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1

ﬁ )

In the case for which the shadow price of consumption is a martingale, £ = 1/8 > S0
that this condition is violated. In this case, (4.B.36) diverges to +oo.

This means that when investment follows the path (4.B.35), the objective function
for the social planning problem diverges to —oo when ¢ = 0. Since it is possible to find
investment paths that leave the value of the objective function finite, a plan in which the
objective function diverges to —oo cannot be optimal.

Notice the role that the assumption that ¢ > 0 plays in the above argument.

An alternative argument can be used to show that the path (4.B.35), or one close to

it, cannot be optimal when ¢ > 0 and & > ﬁ This argument involves checking the
transversality condition, which is

lim Bk A3 = 0.

t—oo

Computing, we have
lim Bk
t—oo
= lim k(g + A1e)
t—oo
= lim k(¢ (ke — 0kp—1) + (b — co)]-
t—oo
= Jim_ Y62 (k] — Okkr—1) + (b — cy)kr]
For a solution that involves setting by = c¢, this becomes
lim B![¢? (k% — Okik =0 4.B.37
Jm 5% (67 (ki thi—1)] = (4.B.37)

A necessary and sufficient condition for (4.B.37) to be satisfied is that {k¢} be of exponential
1

order less than vk Along a solution like (4.B.34), this requires that £ < ﬁ, which is
ruled out in the special case that the shadow price of consumption is a martingale. Arguments
along these lines can be used to establish generally that when ¢ > 0, the solutions for i; and
for k¢ are required to be of exponential order less than —=

To solve for the optimal plan when ¢ > 0, we return to the factored Euler equation
(4.B.31):

Al = A L)(1 - fg Dlkisr =2 (4.81)

where 0 < A\ < 1/\/,E Formally, express (1 — Tlﬁ L)= —ﬁ L(1 =X\ BL~1). Substitute
this into (4.B.31) to get

i’;[u ~MBLTH(1 = ML)k = % (4.B.38)

Operating on both sides of (4.B.38) with the stable (forward) inverse of (1 —A;8L~1) gives

__MB t
(1= ML)k = e T W (4.B.39)
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or
oo
A8 ;
kt =Xk—1 ——— g (A1) 245 (4.B.40)
n

Since A1 < 1/\/>, A8 < \/B It follows (in the deterministic case) that the infinite se-

ries on the right converges, {z¢} being a sequence of exponential order less then 1/ \/E (or
equivalently, residing in L% ).

When ¢ > 0, equation (4.B.40) gives the unique solution of the Euler equation that
satisfies the transversality condition. Because A1 < 1/\/5, k¢ belongs to L%.

4.B.1. Uncertainty

In the case that z; is a random sequence, the solution when ¢; > 0 is given by

o0

A .

kt = Aki—1 — 20 E (MB) Erzyy (4.B.41)
(et

That this is the solution can be verified by applying the methods of Sargent [1987, chapter
XIV].

Consider applying (4.B.41) in the special case that makes consumption a martingale:
B¢ =1,nm=p¢ =1,A1 = 1,by = b for all t. In this case (4.B.41) becomes,

o0

kt —ky = *ﬂZﬁjEt(dltﬂ‘ﬂ —dytyj) (4.B.42)
i=0

We can use a summation by parts argument to show that

oo
Ey Zﬁ” (d1t454+1 — dig45)

Jj=0
(4.B.43)

oo

=B VB Fldyy - By
§=0

In particular, note that

oo
Zﬁj(d1t+j+l —dygyj)
j=0

o0 o0
= Zﬁj_lduﬂ - Zﬁ]dltJrj
=1

=0

o0
=B - 1)Zﬂjd1t+g‘ — B Yy
=0
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Note that from the constraints
et = (v+0)ke—1 — ke +d1t

or
1
et = Ektfl —kt + dig (4.B.44)
in the special case that (v + §)3 = 1, which we are studying. Substituting (4.B.42) and
(4.B.43) into (4.B.44) and rearranging gives

e = (% ~1)k1+(1-p) ZﬂjEtdlt-s-j- (4.B.45)

Jj=0

With k;_1 interpreted as “assets” and {di;} interpreted as “labor income”, representation
(4.B.45) matches the representation of the permanent income theory of consumption that is
associated with a linear quadratic version of Hall’s model.

In this model, ¢ = 0, so that (4.B.42) and (4.B.45), which emerge from imposing
that {k¢} reside in L%, are not optimal for the original problem as stated. The solution
(4.B.45)results from imposing as a side condition on the problem a version of (4.A4.10). This
side condition is intended to capture the idea that it is not really feasible to drive capital to
negative infinity as quickly as the (unrestricted) ¢ = 0 solution would require.

The solution (4.B.45) is well approximated by the solution of the original problem with
¢ > 0 but ¢ very close to zero. Instead of imposing the requirement that {kt}eLg as a sort of
“feasibility” condition, setting ¢ > 0 rigs preferences so that the social planner always prefers
to make {ki} € L%.

4.B.2. Optimal Stationary States

Temporarily assume that by = b and di; = d for all t. To solve for the optimal stationary
values of ¢; and k; (if they exist), we can use equation (4.B.20) and the following constraints:

it = gt (4.52)
ip = ky — Sk (4.53)
et + iy = vkp—1 + dit (4.51)

Evaluating these at steady state levels ¢; = & and k; = k for all ¢ gives
c=(y+d-1k+d
Substituting the constraints into the Euler equation (4.B.20) and evaluating at ¢; = ¢ and

ky = k gives B B
2 (86 —1)(1 — Ok = [1 - B(y + 0)](b— &)
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Solving the two preceding equations for ¢ and k gives

k=[%(86 — 1)1 = 68) + (1 — By + ) (v +6 —1)] ¢

NS (4.B.46)
(1=B(y+9))-(b—d)
. (v +6 -1~ By +9))
[¢2(86 — 1)(1 = &) + (1 = By +8))(y + 6 —1)] (4.B.47)
(b—d)+d.

In the special case that ¢ = 0, these solutions imply that & = b, so that consumption is at
bliss consumption and the steady state value of the multiplier A1; is zero. When ¢ = 0, the
steady state value of k can be taken to be

1 o

sziﬁﬁﬁiw_m’ (4.B.48)

a solution that makes sense only when (y + 6) < 1. Note that the constraints imply that
capital evolves according to
ki = (v+0)ki—1 — ct +d1y.

Setting ¢; = € and dy; = d implies
kg =(y+0)ki_1—c+d

The solution of this equation is

t
ke =(+0)'ko+(d—2) Y (v+06).
J

|
—

Il
<3

This solution converges to the solution (4.8.48) for k when ¢=b and (y+4) < 1.



Chapter 5
The Commodity Space

5.1. Valuation

This chapter describes a concept of value that we shall later use to formulate a
decentralized version of our model in which the decisions of agents are reconciled
in a competitive equilibrium. We describe a commodity space in which both the
quantities and prices will reside. The stochastic Lagrange multipliers of chapter
4 are very closely related to the equilibrium prices that we shall compute, and
live in the same mathematical space with prices.

The social planning problem studied in chapter 4 produces an outcome in
which the process for consumption {¢;} is an n-dimensional stochastic process
that belongs to L3. To calculate the value 7(c) of a particular consumption
plan ¢ = {¢;} from the vantage of time zero, we shall use the representation

m(c) = EZﬁtp(t) e | Jo,

t=0

where p? belongs to L3. The text of this chapter presents a heuristic justifi-
cation for so representing the value of {¢;}. We proceed by reviewing several
examples of commodity spaces and valuation functions. The appendix contains
a more formal treatment.
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5.2. Price systems as linear functionals

We follow Debreu (1954) and express values by using a linear functional 7 that
maps elements of a linear space L into the real line. The space L is taken as
the commodity space, elements of which are the vectors of commodities to be
evaluated. The functional 7 assigns values to points in L. It is convenient when
the functional 7 has an inner-product representation, which is a representation
in which the value 7(c) of a commodity point ¢ equals the inner product of ¢
with a point p in another linear space L. When such a representation exists,
we can write

m(c)=<c|p> forall ¢ in L (5.2.1)

where pe L and < - |- > denotes an inner product. In all of the cases that we
consider, it turns out that L = L, so that ¢ and p reside in the same linear
space. Next we consider several examples of a commodity space L, a valuation
functional 7, and an inner product representation for .

5.3. A one period model under certainty

Suppose that there is one period and no uncertainty. Let there be n consump-
tion goods. Let ¢ be an n x 1 vector of consumption goods. Let the commodity
space L be R™, the n-dimensional Euclidean space. In this case, the value of
a vector c¢ is given by

n

m(c) =<c|p>= Zcipi

i=1
where < - | -+ > denotes the inner product, and p is an n-dimensional price
vector that belongs to L = R™. Note that both ¢ and p belong to the same
linear space L.
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5.4. One period under uncertainty

Suppose there is again one period, but now there is uncertainty about economic
outcomes. Prior to the resolution of uncertainty, the quantity of the i*" con-
sumption good is a random variable ¢;(w), where w is the state of the world
to be realized. Let ¢ = c(w) be an n-dimensional random vector whose i*"
component is ¢;(w). Let prob(w) be the probability density function of w.

We want to evaluate a bundle of consumption goods prior to the resolution
of uncertainty. Introducing uncertainty serves to increase the dimension of the
commodity space, there being a vector ¢(w) for each state of the world w € Q,
where 2 is the set of possible states of the world. When there is an infinite
number of states of the world Q, the commodity space L becomes infinite
dimensional. To evaluate a state-contingent bundle of consumption goods prior
to the resolution of uncertainty requires a well defined notion of “adding up” or
integrating across states of the world.

When the number of states of the world is finite (or countable), it is natural
to follow Arrow and Debreu and to define an n-dimensional vector of state-
contingent prices g(w), where = w1, wy, ..., wy]| is the set of possible states
of the world. The value of the random vector ¢ can then be represented as

N
m(c) = Zc(wj) gqlwj)=<clg>. (5.4.1)
j=1
Here both ¢ and ¢ are elements of L, the space of n-dimensional random vectors
indexed by the state of the world. The i*® component of g(w),q;(w), is to be
interpreted as price of one unit of the i** consumption good contingent on the
state of the world being w.
It is convenient to represent m(c) in the alternative form

m(e) =Y c(w;) - p(w;) prob (w;), (5.4.2)

N
Jj=1

where ¢(w;) = p(w;) prob (w;). Here ¢ and p are each vectors in L, the space
of n-dimensional random vectors. Notice that (5.4.2) implies

m(c)=Ec-p=<c|p>.

Representation (5.4.1) is often used in contexts in which there is a finite or
countable number of states of the world. We find it easier to use representations
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that build upon (5.4.2) because we shall be dealing with environments with an
uncountable number of states of the world.

5.5. An infinite number of periods and uncertainty

We now come to the main case studied in this book. The n-dimensional vector
of consumption goods ¢; is indexed both by states of the world and by time.
We define an information set J; as in chapters 2 and 3. Let L be the space of
all n-dimensional stochastic processes {c¢; : ¢ = 0,1,...} for which ¢; is in J;
for all ¢ and for which

i ﬁtE(Ct cp) < 00. (5.5.1)
t=0

The constraint that ¢; be in J; is imposed because we want to represent the
values only of contingent claims that depend on information available when the
contingency is realized. The inequality restriction in (5.5.1) identifies which
claims might have finite value.

In addition to integrating over states of the world, we also must sum over
points in time. We find it convenient to use the discount factor (3 in performing
this summation. Hence we use the following inner product:

<clp>=>_ B'E(ci-p). (5.5.2)
t=0

In this case, the price system used to represent the valuation functional is an
n-dimensional stochastic process {p; : t =0,1,...} in L.



An infinite number of periods and uncertainty 109

5.5.1. Conditioning information

So far we have considered valuation functions that map into the real numbers
IR. This approach suffices for representing competitive equilibrium prices for
markets that meet and clear prior to the realization of any information. How-
ever, we also want to reopen markets and to study valuations at later points in
time, conditioned on information available then.

Consider valuation from the vantage point of time 7. Let valuation be
conditioned on the time 7 information set J.. Let m, be a time 7 valuation
function. We take the domain of m, to be the space L, consisting of all n-
dimensional processes {ciyr :t =0, 1 ...} where ¢4, isin J; and

> B'E(ctir - crir) | Jr < o0 (5.5.3)
t=0

with probability one. The range of m, is J; because valuations reflect the
available conditioning information.

There is no longer an inner-product representation for 7 because the range
of 7, is not the real line. Rather, the range is the space of random variables
depending on J,. However, we can follow Harrison and Kreps (1979) and
Hansen and Richard (1987) by using a conditional inner-product representation:

mr(c)=<c|p>=Y_ B'E(ciyr prir|Jr) (5.5.4)
t=0

where {p;1.:t=0,1,...} is a price process in L. The value assigned by m, is
a random variable in L2.
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5.6. Lagrange multipliers

While we have focused on representing valuation in a competitive equilibrium,
much of our discussion applies to using the method of Lagrange multipliers for
solving constrained optimization problems. The vector of Lagrange multipliers
for a vector of constraints indexed by states of the world and calendar time can
be regarded as a stochastic processes {M; : ¢ = 0,1,...} in a space L. The
contribution to the Lagrangian is given by a corresponding linear functional pu
with an inner product representation

M((—:) =< ¢ | M >= i ﬂtE({ft . Mt) (561)

t=0

where e; is the deviation of the constraint at time ¢t.

5.7. Summary

Our purpose in this chapter has been to lay groundwork necessary to decentralize
the economy described in chapter 3 into one with a collection of price-taking
agents whose decisions are coordinated through markets. The Appendix to this
chapter describes the valuation functions that we use in more mathematical
detail.

A. Appendix

As was indicated above, we model 7 as a linear functional on a space L. The space
L is assumed to be a linear space, by which we mean that for any two members x| and zo
in L and any two real numbers ¢y and cg in R, cyz1 + coxg are in L. In addition, we
suppose that there is an inner product < - | - > defined on L. This inner product can be
used to define a norm || z ||=<z | z >1/2 and hence a metric. We take L to be complete.
This means that all Cauchy sequences in L converge to an element of L. The commodity
spaces in all of the examples described in the text are complete linear spaces. The restriction
that 7 be linear requires that w(cix] + coxzg) = cym(x1) + com(zg). According to the Riesz
Representation Theorem, 7 has an inner product representation whenever 7 is continuous at
Zero.

When conditioning information is introduced, it is convenient to work with a space

Ly that is linear conditioned on J. For the moment, consider Lj; to be a collection of
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random variables. Products and sums of random variables are also random variables. For
Lj to be linear conditioned on J, for any two elements z; and xz9 of L; and any w;p
and wg in J, we require that wix1 + woxg is in L. Similarly, 7  is conditionally linear if
7w y(wiz] +woxe) = wimy(x1)+wem(x2). The rationale for focusing on conditional linearity
is that information in J can be used to construct consumption plans or trading strategies.
Hansen and Richard (1987) obtained a conditional counterpart to the Riesz Representation
Theorem that establishes the existence of a representation 7 j(x) = E(x-p| J) for some p in
LJ .

The restriction that L j be a space of random variables is too limited for our purposes.
Instead, we are interested in spaces of n-dimensional stochastic processes. Given an initial
probability space (€2, F,Pr) and a sequence {Fy : t = 0,1,...} of subsigma algebras of F,
we construct a new probability space (Q+, FT, Pr+) where Q1 is the Cartesian product
of QT the nonnegative integers, and the set {1,2,..., n}, and where Prt is the product
measure of Pr, a measure that assigns ,Bt(l — ) to integer t, and 1/n to integer j. The
sigma algebra F't is generated by sets of the form:

{(w,t,j) Tw e ft,j} (5.A.1)

where {ft,j :t=0,1,...;,7 = 1,2,...,n} is a collection of sets in F' such that ftj isin
Fy for all t and j. An n-dimensional stochastic process defined on the original space can be
viewed as a random variable on the product space. Thus we can apply the preceding analysis

to obtain a conditional inner product representation for m+ described in the text.






Chapter 6
A Competitive Economy

6.1. Introduction

This chapter describes a decentralized version of our economy. We assign own-
ership and decision making to three distinct economic entities, a household and
two kinds of firms. We define a competitive equilibrium. Versions of the two
fundamental theorems of welfare economics are true. We establish these the-
orems by exhibiting the connection between a competitive equilibrium and a
social planning problem. A price system supports the competitive equilibrium,
and implies interest rates and prices for derivative assets.

The representative household can be interpreted as a single individual
drawn from a population that is homogeneous in all respects. Alternatively,
the representative household can be interpreted along lines to be described in
chapter 12, as an artificial or “average” household that emerges from aggregating
over the preferences and endowments of a collection of households. The repre-
sentative household owns the technology shock process d;, and each period sells
to firms the current period’s realization of the shock process. The household
owns the initial stocks h_; of household capital and k_; of productive capital,
the latter of which it sells to firms. It sells this initial capital for a value vg-k_1.
The household sells its input ¢; to firms. The household uses its resources to
purchase consumption goods, which add to its stocks of consumer durables and
thereby generate consumption services and utility.

Of the two types of firms, the first type rents capital from firms of type
II, rents labor from the household, and buys the current period’s realization of
the technology shock process d; from the household. A firm of type I produces
new consumption and investment goods, sells the consumption goods to the
household, and sells the investment goods to the firms of type II. A firm of
type II purchases the initial capital stock k_; and all of the investment goods
produced each period, then rents capital to firms of type I.

We use a formulation of a price system which is mathematically convenient,
as well as economically interpretable. We let the price system be [vg, {p?, w?, a?, ¢?,

- 113 —
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rP122 ], where vy is a vector that prices the initial capital stock k_1; p? is an
ne x 1 stochastic process that prices the consumption process c;; wy is a scalar
stochastic process that prices £;; a is a vector stochastic process that prices the
process {d;}; ¢ is an ng x 1 vector stochastic process that prices new investment
goods; and 7Y is an ny, x 1 vector stochastic process of capital rental rates. Each
component of [{p?, w, af, ¢, r¥}5°,] resides in the mathematical space L2

defined earlier, namely, L3 = |{y;}:2,: y¢ is a random variable in J; for ¢ >

0, and E Y 0 B vyl | Jo < +oo}. That ‘y; is in J;’ means that y; can be
expressed as a measurable function of J; = [w',zo], where Jy = [zo]. The
square summability requirement, EY ° Bty? | Jo < oo, imposes a stochastic
version of a requirement that y; not grow too fast in absolute value.

Stochastic processes for both prices and quantities in our economy must
reside in L3. By virtue of a Cauchy-Schwartz inequality, this makes the condi-
tional inner products to be used in the budget constraints and objective functions
below well defined and finite in equilibrium.

This chapter formulates and computes a competitive equilibrium. We pro-
ceed by first describing the problem for each of our three classes of agents in
terms of a Lagrangian. Next we obtain the first order conditions from these
Lagrangians. By “matching up” these first-order conditions to the first order
conditions found in chapter 3 for the social planning problem, we accomplish two
goals. First, we can verify the two fundamental theorems of welfare economics
for our economy. Second, we can describe an efficient algorithm for computing
the equilibrium price system in terms of the matrices My, My, M, My, M.,
and M; of chapter 3 associated with the multipliers for the social planning
problem.

We first describe the problems faced by each of our three types of agents.
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6.2. The Problems of Households and Firms

6.2.1. Households

The household chooses stochastic processes for {c:, s¢, he, €:}52,, each element
of which is in L3, to maximize

1 oo
-5 B ;5‘5 [(st — i) - (si—by) + Kf} (6.2.1)
subject to
EY B'pl-ci|Jo=EY B (witi+of -di) | Jo+uvo-k (6.2.2)
t=0 t=0
St = Ahtfl + HCt (623)
hy = Aphi—1 +Opey, h_1,k_1 given. (6.2.4)

The household and each firm acts as a price taker. The optimal contingency
plan for (e, s¢, he, ;) must be “realizable” in the sense that time ¢ decisions
must be contingent only on information available at time ¢, i.e., it must reside
in Lg.

6.2.2. Firms of type I

A firm of type I rents capital and labor, and buys the realization of the
endowment process d;. It uses these inputs to produce consumption goods and
investment goods, which it sells.

The firm of type I chooses stochastic processes for {c;, i, k¢, ls, g¢, di }, each
element of which is in L3, to maximize

Eq Zﬂt (P - co+a -ie— 1) ki1 —wil —af - dy) (6.2.5)
t=0

subject to
(I)c Ct + Qg gt + q)i it = Fk’t,1 + dt (626)
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— 0 +9:-9:=0 (6.2.7)

6.2.3. Firms of type 11

A firm of type II is in the business of purchasing investment goods and
renting capital to firms of type I. A firm of type II faces as a price taker the
vector vy and the stochastic processes {r?,¢?}. The firm chooses k_; and
stochastic processes for {k,i;}52, to maximize

EY B ki —qf i) | Jo—vo ko (6.2.8)
t=0

subject to
ki = Agks—1 + Opiy. (6.2.9)

6.3. Competitive Equilibrium

We define a competitive equilibrium for this economy.
DEFINITION: A competitive equilibrium is a price system [vg, {p?, w?, a?, ¢¥, r9}£2,]
and an allocation {ct, i, kt, he, g¢, di 152, that satisfy the following conditions:
a. Each component of the price system and the allocation resides in the
space L3.
b. Given the price system and given h_;, k_1, the stochastic process
{et, sty 4y,
h}$2, solves the consumer’s problem.
c. Given the price system, the stochastic process {cs, i, kt, £t, d¢, g+ } solves
the problem of the firm of type I.
d. Given the price system, the vector k_; and the stochastic process
{kt,11}52, solve the problem of the firm of type II.
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6.4. Lagrangians

We now formulate each agent’s problem as a Lagrangian, and obtain the
associated first order conditions.

6.4.1. Households

The household’s Lagrangian is
L=—%§Zﬁ{ﬁﬁ—mw&—m+@V2
t=0
+N6U[pg cCp — wtogt — Oéto - dy]
+ 115" [s¢ — Ahy—y — Ty
+ pf' [he — Aphy—1 — @hct}} +u vo - k_1.

Here pY is a scalar and {uf, ul'} are sequences of vectors of stochastic La-
grange multipliers. The first order conditions with respect to s¢, £, ¢;, and hy,
respectively, are:

st : (s —by)+ui=0, t>0
o Ly —wlopy =0, t>0
et py P! =T pg =0 up =0, t>0
he : = BEy N piyy — BBy Ajpfyy +pi =0, t=>0

Solving these equations, we obtain

,U,,f = bt — St, t Z 0 (641)

w? =4 /pl, t>0 (6.4.2)

pE=E Y (AT AN gy, L t>0 (6.4.3)
T=1

py ) =1 pf + Oy, 20 (6.4.4)
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6.4.2. Firms of type I

The Lagrangian of a type I firm is

L= EOZﬂt{[p? et g iy — 0kt — wl — - dy)
t=0
+ L?/[Fkt_l + dt — (I)cct - (I)ggt — @ﬂ,t]
LY g ~gt>/2]}.

Here {L£¢, £¢} is a vector stochastic process of Lagrange multipliers. The first
order conditions associated with interior solutions for c, iy, k¢, 4, dy, and g,

respectively, are

e p) — oLl =0, t>0 (6.4.5)
iv: g — ®LLY =0, t>0 (6.4.6)
ke: ri, -1/, =0, t>-1 (6.4.7)
bo: —wd+ LY =0, t>0 (6.4.8)
di: —ad+ L =0, t>0 (6.4.9)
gi: =LY — gLy =0, t>0 (6.4.10)
Solving (6.4.5) and (6.4.10) for £¢ gives
rq—1 0
£l = [;] [—Zﬁf] . (6.4.11)
From (6.4.8), the solution for L£! satisfies

L£H=wl/e,. (6.4.12)

Equations (6.4.6), (6.4.7) and (6.4.9) imply
g = @ Lf (6.4.13)
rd =1 £} (6.4.14)

= (6.4.15)
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6.4.3. Firms of type I1

The Lagrangian of a type II firm is

L= EoZﬂt{(T? k1 —q) i)
=0
+ 1y (Agki—1 + Opiy — kt)} —vo-k_1

where {n:} is a sequence of stochastic Lagrange multipliers. The first order
conditions for interior solutions with respect to k¢, i;, and k_1, respectively, are

kt : ﬁEt T‘?+1 — + ﬁEt A;C Nt+1 = O7 t Z 0 (6416)
N =0, t>0 (6.4.17)
k_y: rd+ Ano —vo =0 (6.4.18)

Solving (6.4.16) for n; gives

oo
m = E (Z gAY r?H), t>0 (6.4.19)
j=1
Equation (6.4.17) implies
@ =Opm, t>0 (6.4.20)

Equation (6.4.18) implies
vo = 10 + Al Mo (6.4.21)



120 A Competitive Economy

6.5. Equilibrium Price System

Our task now is to find stochastic processes of prices, quantities, and La-
grange multipliers that satisfy the first-order conditions for each of our three
classes of agents for all time and contingencies. We proceed constructively to
link equilibrium prices to the Lagrange multipliers for the planning problem.

Recall the following equations obeyed by the Lagrange multipliers associ-
ated with the social planning problem:

(4.8) M =by — s,

(1.9) ME = B[S 704 WA |4
=1

(411) M — {@} -1 {@;M? +H'Mf]
P, —9t

(4.19) Mg = E{i BT (AT T MY | Jt]
=1

In chapter 3, we gave formulas for these multipliers along the optimum of the
social planning problem, namely,

(4.21) M,’f = Mx; and M? = Mz,
(4.22) M = M,
(4.23) M = Myx,.

We also defined shadow prices for consumption and investment:

(4.24) M = Moz, M, = O} M, + II' M,

(4.25) Mi = Mi.’lﬁt, Mi = @;Mk
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We gave formulas for the matrices Mg, My, My and My in terms of the optimal
value function of the social planning problem. The formulas (4.21), (4.22),
(4.23), (4.24), (4.25) for the multipliers are evaluated along the solution z;y; =
A°xy 4+ Cwyyq of the social planning problem.

We can compute the equilibrium price system in terms of the multipliers
from the social planning problem. For the time being let pf’ be a free parameter.
Later we shall indicate how choosing the scalar marginal utility of wealth at time
zero, ug, amounts to specifying a numeraire for our price system. We propose
to set

pp = [M; + O,ME] /iy = M§ /g (
wy =| Sgxe | /g (
rd =T M¢/ (6.5.
g = OLM; ug = Mi/ug (
af = M{/uy (
vo =T MG/ ug + A MG/ - (6.5.6

We shall verify that with this price system, values can be assigned to the La-
grange multipliers for each of our three classes of agents that cause all of their
first-order necessary conditions to be satisfied at these prices and at the quan-
tities associated with the optimum of the social planning problem.
For the household, we set
g = M;j; (6.5.7)

= My (6.5.8)

With these choices of multipliers, equations (6.4.1), (6.4.2), (6.4.3) and (6.4.4)

are evidently satisfied at the proposed equilibrium prices (6.5.1) — (6.5.6) and

at the quantities associated with the optimum of the social planning problem.
For the firm of type I, we set

L = M{/ug (6.5.9)

Ll=1/uy. (6.5.10)

With the settings (6.5.9) for £¢, (6.5.10) for £¢, and the price process (6.5.1),
equation (6.4.11) becomes equivalent with (4.11) from the social planning prob-
lem. Equation (6.5.3) for r? implies that the firm’s marginal condition (6.4.14)
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is satisfied along the solution of the social planning problem. Similarly, (6.4.20)
implies that (6.4.15) is satisfied. Formula (6.5.4) for ¢¥ together with the fourth
equation of (4.8) (—®, M¢+0) MF = 0) implies that (6.4.13) is satisfied along
the solution of the social planning problem. Finally, (6.5.9)—(6.5.10) imply that
(6.4.10) is equivalent with the second equation of (4.8) (—g; — ®, M{ = 0).
Thus, with settings (6.5.8), (6.5.9), price system (6.5.1)-(6.5.6) implies that
firm DI’s first order necessary conditions are satisfied along the quantity path
implied by the social optimum.
For the firm of type II, we set

= ME/ub. (65.11)

With this setting, (6.5.6) and (3.19) imply that (6.4.19) (and thus (6.4.16)) is
satisfied. Also, (6.4.20) is evidently satisfied as is (6.4.21). Thus, the first order
conditions for firms of type II are all satisfied at price system (6.5.1)—(6.5.6)
along the solution of the social planning problem. We are finished.

In summary, the price system (6.5.1)—(6.5.6) supports the allocation asso-
ciated with the optimum of the social planning problem as a competitive equilib-
rium. The direction of argument can be reversed to establish that a competitive
equilibrium solves the social planning problem. This argument uses a competi-
tive equilibrium allocation and price system to define multiplier processes that
satisfy the first order conditions for the social planning problem.?

The scalar puf that appears as a free parameter in (6.5.1)-(6.5.6) is ev-
idently the marginal utility of wealth at time zero. In setting this parameter,
we select a numeraire for our price system. For example, the j*' consumption
good at time zero can be selected as the numeraire by setting

w > c >
po = e; Mi =e; M.z

where €; is a (1 xn.) vector consisting of zeros in each location except the jth,
where there is a one. For the jth consumption good at time zero to be a valid

numeraire, we require that €; M.xo not equal zero. This is imposed in:

ASSUMPTION 5.1: The random variable €; M.z selected as numeraire differs
from zero with probability one.

1" Since the solution of the social planning problem is unique, so is the competitive equilibrium.
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6.6. Asset Pricing

We can use the main idea behind “arbitrage pricing theory” to motivate
asset pricing formulas. Arbitrage pricing theory extracts solely from the weak
implication of equilibrium that assets must be priced so that budget sets offer
no opportunities for earning sure returns with a zero commitment of resources.

To illustrate this approach, imagine altering the representative household’s
problem (6.2.1) — (6.2.4) by supplying it with one additional opportunity. The
household can go into the securities business on the side by issuing securities that
promise to pay off a stream of the (n. x 1) vector of consumption goods {y:}.
We assume that {y;} € LZ. Suppose there is a market in such securities and that
the price at time 0 of one unit of such security is ag. If the household sells S of
these securities, its revenue at time 0 is Sag. To cover itself in all contingencies,
the household must purchase state contingent claims to consumption in the
amount {y;} for each unit of the security issued. The cost of purchasing these
claims to support the sale of S securities is

S-EY B8 p) yel o
t=0
With this opportunity opened up to the household, the following term must be
added to the right side of household’s budget constraint (6.2.2):

S(ag—E > B'pY -y | Jo).
t=0

If ag > EY ;2 B'pYy: | Jo, the household can make the present value of con-
sumption as large as it wants by setting S equal to a suitable positive number,
i.e., by selling the security whose price is ag. However, for our economy, it is
not feasible for the consumer to achieve any such desired present value of con-
sumption. Therefore, in equilibrium we cannot have ag > F Zfi o B Yy | Jo-
Similarly, we cannot have ag < EY o, 3'p) - y+ | Jo, because that would
confront the household with the opportunity to make the present value of con-
sumption as large as it wants by buying the security at prices ag, then selling
the returns y; in the market for state contingent claims. Therefore, we must
have

ap = EZﬁtp? -yt | Jo- (6.6.1)
t=0
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We can use (6.6.1) to derive formulas for various special {y;} processes,
and thereby recover versions of Lucas’s asset pricing model [1978], and theories
of the term structure of interest rates. We derive more explicit formulas for
assets with payoffs of the form

Yt = Ua Tt (662)

where U, is an n. X n matrix. Substituting (6.6.2) and the pricing formula
p) = M.z, /g into (6.6.1) gives

ay = EZ Bt Zaxs | Jo (6.6.3)
=0

where
Zoy=U'M./pg. (6.6.4)

We shall now show that ag can be represented as

ag = Tl To + g (6.6.5)
where -
fa =Y B (A”) Z, A (6.6.6)
7=0
_ ﬁ S T O\T / o\T
0a = 5 trace Zago BT (A°)T CC' (AT, (6.6.7)

According to (6.6.5), the asset price ag turns out to be the sum of a constant
04, which reflects a “risk premium,” and a quadratic form in the state vector
x;. To understand why o, reflects a risk premium, notice how the parameters
in C influence o, but do not influence p, .

To derive (6.6.5), first express (6.6.3) as?

ap=FE Z B trace [Zozixy] | Jo. (6.6.8)
=0
For ¢ > 1, (1.5) implies that
t—1
Eava) | Jo =Y (A°)7 CC'(A%)" + (A%)" zo )y (A”)". (6.6.9)
7=0

2 An alternative way to derive these formulas is described in chapter | ] (seasonality).
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Substituting (6.6.9) into (6.6.8) and rearranging gives

00 t—1
ag = Zﬁt trace [Za (AT CC" (A”)T
=t . 7=0 (6.6.10)
+ trace Z, Z B (A% 2o xp (A”)E.
t=0

Exchanging orders of summation in the first term on the right of (6.6.10) gives

00 t—1
Z Bt trace |:Za Z (Ao)'r cc’ (AO/)T}
t=1 7=0
— trace Za i i Bt (Ao)‘r CC/ (Ao/)‘r
7=0 t=7+1

= 1 EB trace Z, Tz:% BT (A% CC" (AY)T

Oq

which establishes (6.6.7).
The second term on the right side of (6.6.10) can be transformed (by re-
peatedly using the rule trace AB = trace BA) to

oo

2y 3 B (A Z, (A%) o = af g,
t=0

which defines the matrix p given in (6.6.6). This completes our verification of
the asset pricing formulas (6.6.5) — (6.6.7).

To implement (6.6.5) requires the application of numerical methods to cal-
culate the matrices p, and o, that satisfy (6.6.6) and (6.6.7). An efficient
‘doubling algorithm’ for calculating these matrices is described in chapter 8.

As an application of (6.6.3) — (6.6.5), let us compute the value of a title to
one unit of the stream of the jth endowment shock, {d;;}$2,. Let dj; = e; x4,
where e; is a selection vector that picks off the appropriate linear combination
of x;. From (6.5.5) we have that the time zero value of the time ¢ shock d;; is

djs M2/ =y el M/l
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The value of the entire stream is then given by
oo
E Z Bz} Zaxy | Jo
t=0

where Z, = €] M?/p¥ . This matches (6.6.3), so that formulas (6.6.5)-(6.6.7)
are applicable.

6.7. Term Structure of Interest Rates

The value at time zero of a sure claim to one unit of the first consumption
good at time zero is evidently given by

R} = BE[er - p] | Jo

or

R = Bé; - M. A° zo/py. (6.7.1)

Here RY is the reciprocal of the gross one-period sure interest rate at time zero.
For longer horizons, we have

R) =@ Ele1-p)] | Jo, j > 1

or

R) =@ & - M. A o/ iy - (6.7.2)

Here R? is the reciprocal of the gross interest factor for a sure claim on the first
consumption good j periods into the future at time zero.
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6.8. Re-opening Markets

The competitive equilibrium prices state— and date—contingent commodities that
are traded at time zero. After time zero, markets are “closed,” with traders
simply executing agreements entered into at time zero. As usual in Arrow-
Debreu models, markets can be opened in subsequent time periods, but are
redundant in the sense that zero trades occur. However, for the purpose of
extracting the time series implications of our model, it is useful to compute the
prices in such re-opened markets.

Suppose that markets re-open at some time ¢ > 1, and that the household
and firms re-evaluate their contingency plans at new prices. The household
now values consumption services from time ¢ forward. Only goods from time ¢
forward enter the valuations appearing in the budget sets and objective functions
of each of our agents. We use L? as the commodity space, defined as

L7 = [{ys}2, : ys is a random variable in J, for s>t

and E Z Bty | Ty < 4]

s=t

Expectations conditioned on .J; replace those conditioned on Jy in the intertem-
poral budget constraint of the household and the cash flow evaluations of the
firms. For convenience, we use the jth consumption good at time ¢ as the
numeraire. For this choice to deliver a valid numeraire, we invoke

ASSUMPTION 5.2: The random variable e; M€, differs from zero with proba-
bility one.

We set the household’s marginal utility of time ¢ wealth, u}”, equal to
€; M°x, in order to select the time ¢, 4" consumption good as numeraire.
With these specifications, we can simply replicate the time zero analysis to
obtain equilibrium prices from the vantage point of time ¢. This yields the
following price system:

pl = M.xs/[e; M.y, s>t (6.8.1)
wt =| Syxsl/[6;Meay], s>t (6.8.2)
rt =T"Mgxs/[e;M.ay), s>t (6.8.3)

¢t = Mxg/[e; M.ay), s>t (6.8.4)
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ol = Myzs/le; Mexy), s>t (6.8.5)
Ve = [PIMd + A%Mk}xt/ [é] Mcl't] (686)

Of particular interest are the spot market prices implied by (6.8.1) — (6.8.6),

t ot .t ot ot
namely, pg, wy, i, gy, Q-

6.8.1. Recursive price system

Prescott and Mehra [1980] and Lucas [1982, JME] extensively utilized recursive
formulas expressed in terms of one period forward state contingent claims prices.
Counterparts to their recursive pricing formulas are easy to express for our
framework. In particular, one-period forward claims on consumption are priced
by the function

pﬁﬂ =M. x11/€j Moy

At time t, claims on consumption j-period forward are priced by
p€+j = MC(Et+j/échfEt.
Evidently, p! +; can be built up recursively using the equality

t o t+1l ot
Pivj = Py € P41

Mc Tt4j _ Mc Ti41

— 7 — .
€; Mexiyq e; M, xy

This is a version of a recursive pricing formula often used in formulations of
recursive competitive equilibria.
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6.8.2. Non-Gaussian asset prices

The time ¢ value of a permanent claim to a stream y, = Ugxs,s > t is
given by
ar = (2} pra T4 + 04) /(€ M 1) (6.8.7)

where p, and o, satisfy (6.6.6) and (6.6.7) with Z, = U, M,.. Notice how
(6.8.7) makes the asset price a; a nonlinear function of the state vector z;.
Suppose, for example, that the w; process is Gaussian. This implies that the
equilibrium x; process given by is a multivariate normal process. Even so, the
asset prices determined by (6.8.7) are not normally distributed, being deter-
mined as the ratio of a quadratic form in the Gaussian state vector z; to a
linear form in x;. Thus, the asset prices generated by this “most Gaussian of
economies” are highly nonlinear stochastic processes.

The term structure of interest rates on perfectly safe claims on the first
consumption good j periods ahead is characterized by the gross interest factors

R =& - Mc A%z [[e;Mexy), j>1,t>0 (6.8.8)

which generalizes (6.7.2).

6.9. Summary of Pricing Formulas

For convenience, we now summarize our formulas for the competitive equilibrium
price system. They are:

(6.58) pl = Mxs/le; Mcxy], s>t
(6.59) wh =| Syzs | /[6; Meay], s>t
(6.60) rt =T Myzs/[e; Mo xy], s >t
(6.61) ¢, = Miay /e Mow), s> ¢

(6.62) ol = Myzs/le; Mexy), s>t
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(663) VUVt = [F/Md + A;Mk] xt/éj Mc Tt

The asset that entitles the owner to the stream of returns y;, = U,x; is priced

according to

(6.64) ar = (T} fta Tt + 0a) /[ Me 4]
where
(6.51) fa =Y BT (A”) Z, A7
7=0
ﬂ = T o\T oINT
(6.52) O = 5 trace Z, TZ:;) BT (A°)TCC (A”)
Z, = U, M,

The term structure of interest rates is determined by
(6.65) Rl = &1 M. A% z/[e; M. x4],

which gives the price at t of a sure claim on the first consumption good j periods
ahead.

6.10. Asset Pricing Example

We? use the simple pure exchange one good model that is contained in clex14.m
to illustrate our asset pricing formulas. The economy in clex14.m is a linear-
quadratic version of an economy that Lucas (1978) used to develop an equilib-
rium theory of asset prices.

The economy is a member of the special class of structures described in
chapter 3. The economy is described as follows:

3 Note to Sargent. This section was 0 in /mnt2/linquad on the SUN. This file is hsch5in.tex.
The figures are in hsch*.ps. The MATLAB program used to generate this is hschap5.m. A
diary of these runs is in hsch5 in the /linquad directory.
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6.10.1. Preferences

—5E Y f'(ce = be)* + ]| Jo
t=0

St = Ct

bt = UbZt
6.10.2. Technology

et = dit

ki = O ky_1 + iy
gt = P1iy, ¢1 >0

d
4]-re
6.10.3. Information
1T 0 O 0 0
Zt4+1 = 0 8 0 2t + 1 0 W41
LO 0 .5 0 1
Uy =[30 0 0]
(5 1 0
Ug =
0 0 0
zo=1[5 150 1 0 0]

To compute the asset prices in this economy we issue the following MAT-
LAB commands:

clex14

solvea

t1l = 100;

nt = ti;

sy=sc;

asimul

pay=sd(1,:)

asseta
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The program asseta constructs a simulation of length nt of the price and rate
of return of an asset that yields a stream of returns equal to pay * x;, where the
user specifies the matrix pay. Here we specified that pay = sd(1,:), so that we
are pricing a perpetual claim on the endowment process di;, which is the asset
that Lucas priced in his 1978 paper. If the user desires to price a vector of assets,
he should simply feed in the matrix pay such that pay * x; is the payout vector
of those assets. Let nn be the number of rows of pay, i.e., nn is the number
of assets being priced. The program asseta creates a vector y of length nt that
equals the vector [mrs, payoff, asset prices, returns], where mrs is the
one period intertemporal marginal rate of substitution; payoff is the payoff on
the asset(s), which equals pay * z;; asset prices is the series of asset prices;
and ret is the one period gross realized rate of return on the asset(s). For
7 =1,2,5, the program also creates the reciprocals of the j-period ahead gross
rates of return on safe assets, and stores them in the vectors R1, R2, R5.

We have computed asset prices for two versions of this economy. The first
has the parameter settings listed above, while the second alters the autoregres-
sive parameter in the endowment process to be .4 rather than .8. Figures 6.10.1
through 6.10.3 record the results of one hundred period simulations for each of
these two economies. Figure 6.10.1 displays the simulated value of the asset
price for the first economy. Figures 6.10.2 displays the gross rates of return on
the ‘Lucas tree’ and on a sure one-period bond. We computed the correlation
coefficient between these two returns to be -.49. For this economy, the ‘risk
premium’ term in the price of the Lucas tree, namely o, in formula (6.8.7), is
calculated to be -12.80. To give an idea of how the term structure of interest
rates moves in this economy, Figure 6.10.2.b displays the net rates of return on
one period and five period sure bonds. (We computed the net rate of return on
j-periods bonds by taking the log of the gross rate of return and dividing by
j.) Notice the tendency of the term structure to slope upward when rates are
low, and to slope downward when rates are high.

Figures 6.10.3.a and 6.10.3.b record rates of return for the ‘Lucas tree’
and for sure bonds in the economy with the autoregressive parameter for the
endowment process equaling .4. Figure 6.10.3.a shows the gross rates of return
on the ‘Lucas tree’ and on a sure one-period bond. The correlation between these
two was computed to be -.62. From Figure 6.10.3.b, we see that the tendency
for the yield curve to slope upward when rates are low and to slope downward
when rates are high has been accentuated relative to our first economy. For the
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125
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Figure 6.10.1: Price of a ‘stock’ entitling the owner to a
perpetual claim on the dividends of a ‘Lucas tree’ when the

autoregressive parameter for the endowment process is .8.

0 10 20 30 40 50 60 70 80 %0 100 0 10 20 30 40 50 60 70 80 90 100
Fig. 6.10.2.a. Realized one period gross Fig. 6.10.2.b. Net rates of return on
rates of return on a Lucas tree (solid a one-period (solid line) and a five pe-
line) and on a sure one period bond (dot- riod (dotted line) when the autoregres-
ted line) when the autoregressive param- sive parameter for the endowment pro-

eter for the endowment process is .8. cess is .8.
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second economy, the ‘risk premium’ term o, in the price of the Lucas tree is
calculated to be -5.90.

[ 10 20 30 40 50 60 70 80 90 100 [ 10 20 30 40 50 60 70 80 90 100
Fig. 6.10.3.a. Realized one period gross Fig. 6.10.2.b. Net rates of return on
rates of return on a Lucas tree (solid a one-period (solid line) and a five pe-
line) and on a sure one period bond (dot- riod (dotted line) when the autoregres-
ted line) when the autoregressive param- sive parameter for the endowment pro-
eter for the endowment process is .4. cess is .4.

The pure exchange economy in clex14.m is one of the simplest to which
our asset pricing formulas can be applied. Indeed, for this simple economy, the
pricing formulas can be worked out by hand, as the exercises at the end of this
chapter indicate. In chapter 4, we shall apply these formulas and our computer

programs in much richer contexts in which one can’t get very far ‘by hand’
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6.11. Exercises

1. Consider an economy that consists of technology specification 1 and prefer-
ence specification 1. The social planning problem is simply to maximize

o= Y 0 {5 e — b))
t=0

subject to
Ct = dt

Assume that b, = b > 0 for all ¢ and that d; = & + &1 dy—1 + €a¢, where g4y is
a white noise with mean zero and variance 02,&, > 0, and | & |< 1/y/B. The
endowment process {d;} is produced by “trees”, there being one tree for each
(representative) household. The household owns the “tree” at the beginning of
time (time t = 0).

a. Carefully define a competitive equilibrium for this economy. In your
definition, describe a particular decentralization scheme, being careful
to tell who owns what and who trades with whom.

b. Calculate the time-zero equilibrium price system.

c. Let vy be the time zero value in terms of the time zero consumption
good of a title to the entire stream of dividends {d;}{2,. Prove that
vg satisfies

vo=Bo Y Bbdy — By Y B 2] /(b do)
t=0 t=0

d. Compute the gross one period sure rate of interest.
e. Compute the gross two period sure rate of interest.

2. Consider an economy with preference specification 1. The technology is
specified as
Ct = dt — Gt

where G, is government purchases. We assume that G; = Ug z:, and d; =
Uy, 2. Assume that b, = b > 0 for all ¢.

Assume that the government levies state-contingent lump sum taxes 74 on
the household at time ¢, where

7 = (W', z0)
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where w® = (wq, wa, ..., w;). Lump sum taxes 7, are denominated in units of
the time ¢ consumption good.
a. Formulate the government’s time zero budget constraint.
b. Define a competitive equilibrium for this economy.
c. Compute a time zero equilibrium price system.
d. Define a formula like the one derived under (c¢) in problem 1 for the
time zero value of a title to the dividends from the tree.
e. Suppose that the lump sum taxes are on trees, not on the household.
Derive a formula for the value of a tree at time zero.
f. Compute the gross interest rate on sure one period loans.

3. Consider an economy defined by the social planning problem: maximize
the utility of the representative household

(1) —(1)E§:ﬁt [(ce =b)*+ 6] | Jo, 0<B<1,b>0

2 t=0

subject to the technology

(2) c=di+¢g, ¢>0

(3) gt = s

Here d; is an exogenous process describing the flow of dividends from a single
tree (per representative household). The dividend obeys the stochastic process

do given , b>dy >0

dt:d0+wt, t21

where w; is an independently and identically distributed random process with

Ewt:()

2

2 _
Ew; = oy,.

In (1), b is a constant, ¢; is consumption at ¢, and ¢; is labor supplied at ¢;
FE is the mathematical expectation operator, and Jy is information available at
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t = 0, namely, dy. Equation (2) describes how consumption is related to the
exogenous level of dividends at ¢ and the amount ¢g; = ¢¢; produced through
the application of labor.
a. Solve the social planning problem, finding the optimal strategy for
consumption and the labor supply.

Now decentralize the economy as follows. Let households own the stock
of one tree initially. Households sell the tree to a representative firm at time
zero (before dy has been realized). Households sell their labor to the firm each
period. The firm buys the tree at the beginning of time zero, hires labor, and
sells output to the household.

b. State the maximum problems of the representative household and the
representative firm for the decentralized economy.

c¢. Find a representation for the time zero Arrow-Debreu price system that
supports the solution of the social planning problem as a competitive
equilibrium. Give formulas for the price of consumption goods and for
the wage of labor.

d. Derive a formula for the time zero price of trees in terms of the param-
eters of preferences, technology, and stochastic process for dividends.
(Get as far you can in deriving a closed form).

e. Give a formula for the gross interest rate on sure one period loans.






Chapter 7
Applications

7.1. Introduction

7.2. Partial Equilibrium Interpretation

The models studied in this book can be reinterpreted as partial equilibrium
models which employ the notion of a representative firm, and which generalize
the preference and technology specifications of Lucas and Prescott (1971). The
idea is that there is a large number of identical firms that produce the same
goods and sell them in competitive markets. Because they are all identical, we
carry along only one of these firms, and let it produce the entire output in the
industry (which is harmless under constant returns to scale). But we have to
be careful in our analysis because this representative firm’s decisions play two
very different roles: as a stand—in for the ‘average’ competitive producer, and as
producer of the entire industry’s output. We make the firm act as a competitor
in solving its optimum problem.

Demand is governed by the system (11.3.14), with p{ simply being replaced
by p:, namely,

et =TT "Ahy  +TT 0, — T E{IT ! —TI' 71O,
[I— (A, — NP0, BL AT 8L Y py (7.2.1)
hy = Aphi—1 + Opey
Here ¢; is a vector of consumption goods. Through this demand system, the
representative firm’s output decisions influence the evolution of the market price.
However, we want the representative firm to ignore this influence in making its
output decisions.

A representative firm takes as given and beyond its control the stochastic
process {p:}2,. The firm sells its output ¢; in a competitive market each

-139 -
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period. Only spot markets convene at each date ¢ > 0. The firm also faces an
exogenous process of cost disturbances d; .
The firm chooses stochastic processes {ct, g, it, ki }52, to maximize

EOZBt{pt et — gt - 9t/2}

t=0

subject to
Docy+Piiy + Pygr = Thy—1 + dy

_ (7.2.2)
ke = Apki—1 + Opiy

given k_;. This problem is not well posed until we describe perceived laws of
motion for the processes {p;,d;}52, that the firm does not control, but which
influence its returns. Specifying the law for the exogenous process {d;} is easy,
because the representative firm’s decisions are assumed not to influence it. The
situation is different with the price process, because the price is influenced by
the output decisions of the representative firm. Despite this influence, we want
the firm to behave competitively, that is, to regard the price process as beyond its
control. We want to specify the firm’s beliefs about the evolution of the price so
that: (a) the firm has ‘rational expectations’, i.e., its beliefs about the evolution
of prices allow it to forecast future prices optimally, given the information that
it has at each moment; and (b) the firm acts competitively and treats the price
process as given and beyond its control.

We assume that the firm takes as given a law of motion for spot prices and
for the information variables that help to predict spot prices. We model this
forecasting problem as follows. The firm observes the state of the market X; at
t, and believes that the law of motion for the spot price is

pe=mpXe (7.2.3)

Xip1 = ap Xy + Cwegq

where X; = [h}_1, K|_1,2]", where K is the market-wide capital stock, which
the firm takes as given and beyond its control. The firm believes that the cost
shock process evolves according to d; = S;X;. The state for the firm at date ¢
is

Ty = [X{, ki)
The firm’s problem is a discounted linear regulator problem. Under our as-
sumptions about the technology, the firm’s control can be taken to be ;. The
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solution of the firm’s problem is a decision rule for investment of the form
iy = — fiy. (7.2.4)

This decision rule and equations (7.2.2) then determine [c;, s, k¢] as linear
functions of ;. The matrix f; in the above equation is a function of all of the
matrices describing the firm’s constraints, including a, and m,. The firm’s rule
for ¢;, implied by (7.2.2) and (7.2.4) can be represented as

Ct = fci‘t. (725)
Equation (7.2.2) implies that the firm’s capital evolves according to
kt == Akkt,1 - @kfi:it. (726)

At this point, but not earlier, impose that the ‘representative firm is represen-
tative’ by setting k; = K; in (7.2.6), use it to deduce the actual law of motion
for K;, and then use this to fill in the rows corresponding to K; of the actual
law of motion for X;:

Xip1 = g Xy + Cweqq. (7.2.7)

To get the rows corresonding to h;, use (7.2.5) together with the law of motion
hy = Aphi—1 + Opey.

To get a formula for the actual law of motion of the price, use (11.1.1) and
the actual law of motion (7.2.7) for x; = X; to solve for a consumption process.
Put the consumption process and preference shock into (11.3.1) and solve for
;. Then solve (11.3.3) forward for ul; substitute into (11.3.2) to solve for p.
Set p; = p¥, then express the motion of prices as

pr = maXy. (7.2.8)

The system (7.2.7), (7.2.8) describes the actual law of motion for spot prices
that is induced by the firm’s optimizing behavior and market clearing when the
firm’s perceived law of motion for the spot prices is (7.2.3). The firm’s opti-
mization problem and market clearing thus induce a mapping from a perceived
law of motion (ap,m,) for spot prices to an actual law (aq,mq).

DEFINITION: A rational expectations equilibrium (or a partial equilibrium) is a
fixed point of the mapping from the perceived law of motion for spot prices to
the actual law of motion for spot prices.
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An equivalent definition is:

DEFINITION: A partial equilibrium is a stochastic process {ps, ct, it, gt, kt, K¢, ht 152,
each element of which belongs to L3, such that:

i. Given {p:}$2,, in particular given the law of motion (7.2.3), {ct, iz,
gt, ki 152 solve the firm’s problem.

il. {ps,ct, he 52, satisfy the demand system (7.2.1).
i, {ke}i2 = {Ke}iZo-
This is a version of Lucas and Prescott’s (1971) rational expectations com-
petitive equilibrium, which they used to study investment under uncertainty
with adjustment costs. The following proposition states the relationship be-

tween a partial equilibrium and our earlier notion of competitive equilibrium:

PROPOSITION: Let {cy, 8¢, 14, g, ke, p?, wP, a2, 19, 9122, vg be a competitive equi-

librium. Then {p?, c;,it, gr, ke, ke, he 52, is a partial equilibrium.

This proposition can be proved directly by verifying that the proposed par-
tial equilibrium satisfies the first order necessary and sufficient conditions for the
firm’s problem in the partial equilibrium, and that the proposed {p:, ct, he 152,
process satisfies the demand system (11.3.14).

7.2.1. Partial equilibrium investment under uncertainty

Our partial equilibrium structure includes many examples of linear rational ex-
pectations models (e.g., Sargent (1987, chapter XVI), Eichenbaum (1983), and
Hansen and Sargent (1991, Two Difficulties). Here is how we can apply these
ideas to a version of Lucas and Prescott’s (1971) model of investment under
uncertainty. There is one good produced with one factor of production (capital)
via a linear technology. A representative firm maximizes

EY " BYpici — g7 /2},
t=0

subject to the technology
ct = vki—1

ke = dkki—1 + 4
gt = fiis + fady,
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where d; is a cost shifter, v > 0, and f; > 0 is a cost parameter and fo = 1.
Demand is governed by

Pt = Qg — Q1€ + Uy,

where u; is a demand shifter with mean zero and «g, a1 are positive parameters.
Assume that u;,d; are uncorrelated first-order autoregressive processes.

Lucas and Prescott computed rational expectations equilibrium quantities
by forming a social planning problem with criterion

oo

EZﬂt {/OCt(CYO —oqv +u)dv — ~59t2}»

t=0

where the integral under the demand curve is ‘consumer surplus.” Consumer
surplus equals
12

«
(a0 + ug)er — - -

To map this model into our framework, set A = 0,A; = 0,0, = 0,112 =
ai, by =+ %ut. Notice that with this specification,

(6
(¢ — by)%/2 = (g + wg)ey — 7%3 +b2/2.

The term in b7 can be ignored because it influences no decisions. With
this specification, our social planning problem is equivalent with Lucas and
Prescott’s. After we have computed the equilibrium quantities by solving the
social planning problem, we can compute the ‘marginal utility price’

bt = H(bt - St)

Qo + U — a1 ¢y,

where we are using o = II2.
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7.3. Introduction

The remainder of chapter provides more examples of models that conform to our
framework. Most of these examples were originally stated as partial equilibrium
models. The appendix of the chapter describes a scheme for pricing objects that
until now were unpriced because they were sheltered from the market by the
warmth of the household. We use this decentralization when we want to price
some of the household capital stocks.

7.4. A Housing Model

Rosen and Topel (1988) formulated a partial equilibrium model of a housing
market consisting of a linear demand curve relating a stock of housing inversely
to a rental rate; an equilibrium condition relating the price of houses to the
discounted present value of rentals, adjusted for depreciation; and a quadratic
cost curve for producing houses.

7.4.1. Demand

We can capture Rosen and Topel’s specification by sweeping house rentals into
the household sector. See the appendix of this chapter for an account of a
decentralization that supports this interpretation. Rosen and Topel expressed
the demand side of their model in terms of the two equations

Rt = bt + Oéht

o0

py = E; Z(ﬁéh)TRHT

=0
where h; is the stock of housing at time ¢, R; is the rental rate for housing,
p; is the price of new houses, and b; is a demand shifter; o < 0 is a demand
parameter, and ¢ is the depreciation factor for houses. We cast this demand
specification within our class of models by letting the stock of houses h; evolve
according to
ht = 6phi—1 + ¢, dp € (0,1),

where ¢; is the rate of production of new houses. Houses produce services s;
according to s; = My or s; = Ahy_1 +mey, where A = A, m = A. We can take
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MY = R; as the rental rate on housing at time ¢, measured in units of time ¢
consumption (housing).
Demand for housing services is

s = by — MOP%

where the price of new houses p; is related to p? by p9 = 77 1[p; — B6n Espyy1].
This equation, which is a special case of equation (11.3.7) from chapter 11,
imposes the feature of the present specification that 6, — Ar~ %0, = 0, is a
version of Rosen and Topel’s equation (12). It can be solved to yield p; =
AE: 77 1 (B61)7pY, a version of Rosen and Topel’s equation (14). The parame-
ter A governs the slope of the demand curve for housing, in terms of the rental
rate for housing.

7.4.2. House producers

Rosen and Topel’s representative firm maximizes
oo
Ey Z ﬁt [ptCt - Q(Ct; Ct — Ct—1, €t>],
t=0

where Q(ct, ¢t —ci—1,€t) is the cost of producing new houses, and {e;} is a cost
shifter. The function 2 incorporates costs of adjusting the rate of production
of new houses. The firm takes the stochastic process for p; as given. Costs are
given by
Qlct, e —ci—1,€t) = gt - gt
where
g1t = fier + faer
got = f3(ct — ci—1),
where e; is our cost-shifter. To map this into our specification, we use the
technology
fice — g1t = Oki—1 — faey
Ct — Z.t =0
fact — g2t = faki—1
kt = Okt,1 + ’it.
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7.5. Cattle Cycles

Rosen, Murphy, and Scheinkman (1994) used a partial equilibrium model
to interpret recurrent cycles in U.S. cattle prices. Their model has a static linear
demand curve interacting with a ‘time-to-grow’ structure for raising cattle. Let
p; be the price of freshly slaughtered beef, m; the feeding cost of preparing an
animal for slaughter, h; the one-period holding cost for a mature animal, 71/~1t
the one-period holding cost for a yearling, and 'yoﬁt the one period holding cost
for a calf. The costs {ﬁt, me}o2, are exogenous stochastic processes, while the
stochastic process {p:}72, is determined by a rational expectations equilibrium.
Let x; be the breeding stock, and g; be the total stock of animals. The law of
motion for stocks is

Ty = (1= 8)Ts—1 + gTt—3 — ¢4, (7.5.1)

where ¢; is a rate of slaughtering. The total head count of cattle is
ﬂt = .i’t + gjt—l + gi?t_g, (752)

which is the sum of adults, calves, and yearlings, respectively.

A representative farmer maximizes

Ey Z/Bt{ptct*i}tft — (Y0he)(9Fi—1) — (Mhe)(gFi_2) — mucy

o (7.5.3)
- \I]('%h '%tfla ';i:t727 Ct)},
where " " " "
U= a2 28, e (7.5.4)

2 2 2 2
The maximization is subject to the law of motion (7.5.1), taking as given the
stochastic laws of motion for the exogenous random processes and the equilib-
rium price process, and the initial state [T_1,Z_o,Z_3]. Here (¢;,j = 1,2,3)
are small positive parameters that represent quadratic costs of carrying stocks,
and 14 is a small positive parameter. The costs in (7.5.4) are implicitly taken
into account by Rosen, Murphy, and Scheinkman, and motivate their decision to
“solve stable roots backwards and unstable roots forwards.” To capture Rosen,
Murphy, and Scheinkman’s solution, we shall set each of the ¢;’s to a positive
but very small number.
Demand is governed by

(5) Ct = Qg — 1Pt + a?t;
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where a9 > 0, oy > 0, and {Jt}{‘io is a stochastic process with mean zero
representing a demand shifter.

7.5.1. Mapping cattle farms into our framework

We show how to map the model of Rosen, Murphy, and Scheinkman into our
general setup.

7.5.2. Preferences

Set A =0,A, =0,0, =0,II = ozl_l,bt = IId; + Hap. With these settings,
first-order condition (6.13) for the household’s problem becomes

e =171, — T 2py,

or

Ct = g —a1pg + (Zt-

7.5.3. Technology

The law of motion for capital is

Ty (1-46) 0 ¢ Ty_1 1

Te—1 | = 1 0 0 Ty—o | + | 0] i,

ft—Q 0 1 0 i’t_g 0
or

]ﬂt = Akkt,1 + Ghit.
Here @y = —¢;.
We use adjustment costs to capture the holding and slaughtering costs. We
set
g1t = f12 + foha,

or

g1t = fil(1 = 8)Fi—o + gis—3 — ] + fahy.
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We set ~
g2t = faZe—1 + frhy
g3t = fsdi—1 + fohu.
Notice that B ~
Q%t = 12555 + fzh? + 2f1faZihy
95 = [3%7_1 + foh} + 2f3 fadis_1hy
93 = f2%] 5+ f6i~lf + 25 foii—2hy.

Thus, we set

gt g g%

2fife=1 2fsfs=79 2fs5fc =g

To capture the feeding costs we set g4y = frci+ fsmy, and set f2 = % 2f7fs =
1. Thus, we set

1 1 0000
f 0 100 of [
0 |et|o]itlo 1 0 of |7
0 0 00 1 of %
s 0 000 1] 9
0 0 0 0
[ =08) 0 gfi| [T fohi
= f3 0 0 | |Fa |+ | fahy
0 fs 0 | L&-3 fehe
0 0 0 fom
We set d; = Uygz; where 0
f2Un
Us= | faUn |,
f6Un
f8Unm

where [Up, U,,] are selector vectors that pick off h; and m; from the exogenous
state vector z;. We specify the information matrices [Aaz, C2] to incorporate
Rosen, Murphy, and Scheinkman’s specification that [izt, my, cit} consists of three

uncorrelated first order autoregressive processes. !

1 This model is estimated by Anderson, Hansen, McGrattan, and Sargent (1996).
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7.6. Models of Occupational Choice and Pay

Aloyisius Siow (1984) and Sherwin Rosen (1995) and have used pure ‘time-
to-build’ structures to represent entry cycles into occupations, and also inter-
occupational wage movements. It is easiest to incorporate these models into
our framework by putting production into the household technology, using the
decentralization described in the appendix to generate prices.

7.6.1. A one-occupation model

Rosen [1995] studied a partial equilibrium model determining a stock of ‘en-
gineers’ N;; the number of new entrants into engineering school, n;; and the
wage level w; of engineers. It takes k£ periods of schooling to become an engi-
neer. The model consists of the following equations: first, a demand curve for
engineers

wy = —agNy + €14, ag > 0; (7.6.1)

second, a time-to-build structure of the education process
Nt+k = 5NNt+k71 +n, 0< on < 1; (7‘6.2)

third, a definition of the discounted present value of each new engineering stu-
dent

(oo}

Vt = ﬂkEf Z(/BéN)]wt+k+J7 (763)

=0

and fourth, a supply curve of new students driven by vy
ng = gV + €94 , ag > 0. (7.6.4)

Here {e14,€2:} are stochastic processes of labor demand and supply shocks. A
partial equilibrium is a stochastic process {w;, Ny, vt, ng 152, satisfying these four
equations, and initial conditions N_1,n_g,s=1,...,—k.

We can represent this model by sweeping the time-to-build structure and
the demand for engineers into the household technology, and putting the supply
of new engineers into the technology for producing goods. Here is how. We take
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the household technology to be

hii—1 7
hot—1
st:[)\l()O] . +0‘Ct
Pgg1,6—1 ]
hi oy 1 0 - 07 hit—1 0
hay o o 1 --- 0 hot—1 0
: =|: : + || @
Pt 0 -+ -« 0 1 Y 0
Rt 0 0 0 - 01 Lhgt141 1
by = €1t
This specification sets Rosen’s Ny = hit—1,n¢ = ¢t hsqp10-1 = Nis, S =
1,...,k, and uses the home-produced good to capture the demand for labor.

Here \; embodies Rosen’s demand parameter oy .2

To capture Rosen’s supply curve, we use the physical technology

Ct = it + dlt

P1it = Gt

where dy; is proportional to Rosen’s supply shock €s;, and where the adjustment
cost parameter ¢, varies directly with Rosen’s supply curve parameter «.
Rosen showed that the equilibrium decision role for new entrants (our ¢;)

must satisfy the condition
ny = [1E Nk + faere + faea

where f; < 0.

2 In the definition of A in the household technology, we would replace the zeros with € > 0
as a trick to acquire detectability; see chapter 9 and its appendix for the definition and role
of detectability.
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7.6.2. Skilled and unskilled workers

We can generalize the preceding model to two occupations, called skilled and
unskilled, to obtain alternative versions of a model estimated by A. Siow (1984).
The model consists of the following elements: first, a demand curve for labor

Wyt Nut:|
=Qq + €13
|:w8t :| [ Nst
where a4 is a (2 x 2) matrix of demand parameters and €14 is a vector of

demand shifters; second, time-to-train specifications for skilled and unskilled
labor, respectively:

Notrrk = ONNotrr—1 + Nt
Nut = 6NNut71 + Nyt

where Ny, N,; are stocks of the two types of labor, and ng:, n,; are entry rates
into the two occupations; third, definitions of discounted present values of new
entrants to the skilled and unskilled occupations, respectively:

oo

Vst = Etﬂk 2(55N)jwst+k+j
j=0
vyt = By Z(ﬂéN)jwqu,
j=0

where w,¢, ws are wage rates for the two occupations; and fourth, supply curves

{"“] = s {U“t} + e, (7.6.5)

Nyt Ust

for new entrants:

As an alternative to (7.6.5), Siow simply used the ‘equalizing differences’ con-
dition
Vut = VUst- (766)

We capture this model by pushing most of the ‘action’ into the household
sector. Households decide what kind of durable good to accumulate, namely, un-
skilled labor or skilled labor. Unskilled labor and skilled labor can be combined
to produce services, which we specify to generate the demands labor. We let
C1¢, Co¢ be rates of entry n,:,ns: into unskilled and skilled labor, and constrain
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them to satisfy c1; + cor = i + di¢, the rate of total new entrants. To generate
the upward sloping supply curves (7.6.5), we specify that ¢1i; + ¢acor = g:.
The technology is thus

1 1 . —1 0 ; 0 0 di¢
0 —¢o {”% —¢1 0 {.“% g=10ka+|o0],
0 1

0 -1 Lt* 0 0 0

Cot

where di; is a supply shifter. To get Siow’s model, we set ¢1 = ¢ = 0, in which
case di; becomes an exogenous supply of new entrants into the labor force.
We specify the law of motion for household capital

hi oy 0 0 0 -+ 07[ hua Tl 07
hay 0 65 1 0 --- 0 hat 1 0 0
hst o 0 o1 --- 0 hat—1 0 0 {Cu]
. = . . + . . .
: : : Co Cat
Pt 0 0 0 0 - 1) | A1 0 0
LAkg2e]  LO 0 0 0 - O [hpiny g | LO LI
where hii—1 = Nyt—1,hot—1 = Not, hjypoi—1 = ns—j,5 = 1,..., k. We generate

the demand for labor by specifying services as

_[h _ _
[S“} —A { “] — NeAphy_1 + Ae®)e,

St 2t

hig

where e is a selector vector that verifies [ ] = eh; We set the preference

2t
shock process by = b1y bar O O}/ to capture the shifters in the demands for

labor.
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7.7. A Cash-in-Advance Model

We want to use our framework to mimic a situation in which households are in a
cash-in-advance environment in which they face a sequence of budget constraints

_m My
G+ —+ B Sy +Ry—1Bi—1 + =l
Dt Y2
¢ < et
Pt

Here Rg;—1 is the gross rate of return on indexed bonds B;_; held from ¢ — 1
to t; p; is the price level at t; ¢; is time t consumption;

and my; is currency held from ¢ to ¢t + 1. The household’s preferences
are ordered by Eg Y .o, B'u(é¢;). (We use ¢ to denote consumption in order to
separate this notation from the ¢; of our framework, which is soon to be defined.)
Using the cash-in-advance constraint at equality in the budget constraint gives
Ct+1

B
t + R

=y + B 1Ry 1,

where R; = pfll is the gross rate of return on currency between ¢ and ¢+1. The
force of the cash-in-advance restriction is that decisions about time ¢ money-
holding influence time t + 1 consumption ¢4, but time ¢ consumption is
predetermined.

7.7.1. Reinterpreting the household technology

We can specify the household technology to capture key elements of the cash-in-
Pt
Pt+1
be a constant rate of return on currency. We shall set ¢; = s; and ¢; = m/ps,

advance specification. We can use a ‘back-solving’ approach, and let R =

and sweep the cash-in-advance specification into a one-period time delay between
a decision to consume (i.e., hold real balances) and when consumption goods
are actually enjoyed. Thus, we take the household technology to be

sy = Rey—q,

which we accomplish by taking A = R,II = 0,6, = 0,0, = 1. When there is
inflation, R < 1. When R > 1, there is deflation. Preferences are of the usual
kind

—.5E0 Zﬁt[(st — bt) . (St — bt) + E%]
t=0
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With these matchups, the time ¢ ‘seignorage’ component of government revenue
is

- my — M1
Ty = ——————
Dt
= Ct — S¢.

This means that given R, the present value of seignorage revenues can be com-
puted using the methods in chapter 8. With these specifications, an equilibrium
with present value government budget balance can be computed, possibly in-
cluding the inflation rate parameter R along with some of the 7’s over which
we search for an equilibrium.
Once an equilibrium is computed, the time series for real balances can be

found from

my

— = (g,

bt
and the price level and nominal level of currency can be computed using the

assumed R.

7.8. Taxation in a Vintage Capital Model

Owens (1994) has studied the effects of taxation on prices of new and old
commercial buildings. His analysis requires keeping track of the age distribution
of capital, which we can accomplish by specifying, for example,

kit 0 0 0 O kit—1 1

kot o, 0 0 O kor—1 0] .
= + ¢

kst 0 6 0 O ksi—1 0

kat 0 0 6p 1 kat—1 0

Here ki; is new capital, ko; is one year old capital, and so on. We could also
include a time-to-build aspect, but have not here. To differentiate among the
services produced by capital of different ages, we specify

ct =Tcki_q,

where we make ¢; a vector that is comparable in dimension with k;_; and T'.
is diagonal. ‘Office services’ are then produced according to

st=[m me ... wp]ect.
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We can set the 7 vector to make new office space more desirable than old office
space.

We let the government tax capital of different ages differently, which puts
terms like Eg Y. Bi7r) - ki or Eo Y. Bi7ekpl, - ki—1 in the budget constraints of
households and the government, as in the framework of chapter 14. The tax ma-
trices Tk, Tk can be chosen to model different kinds of policies for depreciating
capital

for tax purposes.

This framework can be used to model the effects on the prices of capital of
alternative policies for capital taxation.

A. Decentralizing the Household

It can be useful to decentralize the household sector in order to price household
services and stocks. Suppose that the household buys a vector of services from
firms of type III at the price of services pY. The household sells its initial stocks
of both physical and household capital and also its labor and endowment process
to firms. The price of the initial stock of household capital is 7. The household

maximizes
oo

Ey Zﬁt[(st - bt) : (St - bt) + é?}

t=0

subject to the budget constraint

Ey Zﬁtpg -5 = FEy Zﬁt(w?& + Oz? . dt) + (Uo “k_14+ 7 - h_l). (7A1)
t=0 t=0

Firms of type II1

Firms of type III purchase the consumption vector ¢;, rent household cap-
ital, and produce and sell household services and additions to the stocks of
household capital. Type III firms sell s; to households at price p? and new
household capital ©c; to firms of type IV at price pY,. Firms of type III rent
household capital from firms of type IV at a rental price r{,, and maximize

o0
Eo > B4pY - st 4 phiOnce — rhy - hey —pf - er}
t=0
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subject to
St = Ahtfl + HCt.
Firms of type IV

Firms of type IV purchase new household capital from firms of type II1, and
rent existing household capital to firms of type III at rental price r9,. Firms of
type IV maximize

o0
Eo Y BHrfy iy — phOnce} — o - hoa
t=0
subject to
he = Aphi—1 + Opey.
Computing Prices

If we formulate the optimum for a firm of type III, obtain the associated
first order necessary conditions and rearrange, we get the following restrictions

on prices:
Py = Ohpne + 1 p¢
0 ) o (7.A.2)
The = Npy.
From the first order conditions for a firm of type IV, obtain
0 = EuBlA s + 78] (7.A3)
Pht t hPht+1 T Thit1]- A

We can use (7.A.2) with (7.A4.3) to obtain

o0

P = LY AN I,

j=1

This is a generalization of Siow’s equilibrium condition (7.6.6). For us p? =
M.,z is the vector of shadow prices of new entrants into the two types of pro-
fession.

We have already shown how to compute the price p. Indeed, this decen-
tralization is a way to set up an explicit market in the ‘implicit’ services priced
by p9. The prices of stocks of household capital can be computed from the
multipliers on h;_1 and ¢; in the social planning problem.



Chapter 8
Efficient Computations

8.1. Introduction

This chapter describes fast algorithms for computing the value function and

L' The decision rule

the optimal decision rule of our social planning problem.
determines the allocation. The value function determines competitive equilib-
rium prices. The optimal value function and the optimal decision rules can be
computed by iterating to convergence on the T operator associated with Bell-
man’s functional equation. These iterations can be accelerated by using ideas
from linear optimal control theory. We avail ourselves of these faster methods
because we want to analyze high dimensional systems.

This chapter is organized as follows. First, we display a transformation
that removes both discounting and cross-products between states and controls.
This transformation simplifies the algebra without altering the substance. Next
we describe invariant subspace methods for solving an optimal linear regulator
problem, which are typically faster than iterating on the Bellman equation.
We then describe a closely related method called the doubling algorithm, which
‘skips steps’ in iterating on the Bellman equation. The calculations can be fur-
ther accelerated by partitioning the state vector to take advantage of the pattern
of zerosin A and B. Next we discuss fast methods for computing equilibria for
periodic economies. We describe the periodic optimal linear regulator problem,
and show how to solve it rapidly. We conclude the chapter by describing how
our calculations can be adapted to handle Hansen and Sargent’s (1995) recursive
formulation of Jacobsen’s and Whittle’s risk-sensitive preferences, which will be
used in Chapter Qrobust@.

This chapter focuses mostly on nonstochastic optimal linear regulator prob-
lems. As indicated in chapter 3, the optimal decision rule for a stochastic optimal

1 Parts of this chapter use results described in Anderson, Hansen, McGrattan, and Sargent
(1995). Also see Kwakernaak and Sivan [1972] for what is mostly a treatment of continuous
time systems.

- 157



158 Efficient Computations

linear regulator problem equals the optimal decision rule for the associated non-
stochastic optimal linear regulator problem. Furthermore, from chapter 3, the
matrices determining the Lagrange multipliers depend only on the piece of the
optimal value function associated with the nonstochastic part of our problem.

Throughout this chapter, we study solutions of our control problem that
satisfy the additional condition

EY B (|2]? + [u]?) < oo, (8.1.1)
t=0

where x; is the state and wu; is the control. In an appendix, we describe con-
ditions on the matrices determining returns and the transition law that are
sufficient by themselves to imply condition (8.1.1).2

8.2. The Optimal Linear Regulator Problem

Consider the following version of the optimal linear regulator problem: choose
a contingency plan for {u;}$2, to maximize

—EY " B'[w Ry + ujQue + 2uiWay], 0< <1 (8.2.1)
t=0
subject to
Ti41 = AfEt + But + C’U}t+17 t Z 07 (822)

where zg is given. In (8.2.1) — (8.2.2), z; is an n x 1 vector of state variables,
and u; is a k x 1 vector of control variables. In (8.2.2), we assume that wsi1
is a martingale difference sequence with Fw;w; = I, and that C' is a matrix
conformable as required to x and w. We also impose condition (8.1.1). We
temporarily assume that R and ) are positive definite matrices, although in
practice we use weaker assumptions about both matrices.

A standard way to solve this problem is the method of dynamic program-
ming. Let V(x) be the optimal value associated with the program starting from

initial state vector xg = x. Bellman’s functional equation is

V(zy) = n}f}x{—(xint + uiQuy + 2upWy) + ﬁEtV(xH_l)} (8.2.3)

2 For conditions sufficient to imply this condition, see Kwakernaak and Sivan [1972], An-
derson and Moore [1979], and Anderson, Hansen, McGrattan, and Sargent (1995).
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where the maximization is subject to (8.2.2). One way to solve this functional
equation is to iterate on a version of (8.2.3), thereby constructing a sequence
Vj(x¢) of successively better approximations to V' (z;). In particular, let

Vigi(xy) = rrbax{—(x;th + upQuy + 2u W) + ﬁEth(xtH)}, (8.2.4)

where again the maximization is subject to (8.2.2). Suppose that we initiate the
iterations from Vp(x) = 0 (which is the appropriate terminal value function for
a one-period problem). Then direct calculations show that successive iterates
on (8.2.4) take the quadratic form

Vi(ze) = —a Pjxy — pj, (8.2.5)
where P; and p; satisfy the equations

Pji1 = R+ SA'P;A— (BA'P;B+ W)

, L (8.2.6)
x (Q+ BB'P;B)”(BB'P;A+W')
pi+1 = Bpj + B trace P;CC". (8.2.7)
Equation (8.2.6) is the matriz Riccati difference equation. Notice that it

involves only {P;} and is independent of {p,;}. Notice also that C, which
multiplies the noises impinging on the system and so determines the variances
of innovations to information in the system, affects the {p,;} sequence but not
the {P;} sequence. We can say that {P;} is independent of the system’s noise
statistics.?

Let P and p be the limits of (8.2.6) and (8.2.7), respectively. Then the
value function V(z;) that satisfies the Bellman equation (8.2.3) is given by

V(w) = =z Px — p,
where P and p are the limit points of iterations on (8.2.6) and (8.2.7) starting
from Py =0,p=0.

The decision rule that attains the right side of (8.2.4) is given by

Uy = _ijt

3 This fact is what permits us to focus on nonstochastic problems in devising our algorithms.
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where
F; =(Q+ BB'P;B) ' (BB'P;,A+W'). (8.2.8)

The optimal decision rule for the original problem is given by u; = —Fx;, where
F = hmj_,oo Fj, or

F=(Q+pBB'PB)"YBB'PA+W'). (8.2.9)

According to (8.2.9), the optimum decision rule for w; is independent of the
parameters C', and so of the noise statistics.
The limit point P of iterations on (8.2.6) evidently satisfies

P=R+BAPA— (BAPB+W)

B (8.2.10)
x (Q+ BB'PB) " (BB’ PA+ W)

This equation in P is called the algebraic matriz Riccati equation.

One way to solve an optimal linear regulator problem is to iterate directly
on (8.2.6) and (8.2.7). Faster algorithms are available. First, we describe a
useful transformation that simplifies some of the formulas.

8.3. Transformations to eliminate discounting and cross-
products

The following transformation eliminates both discounting and cross-products
between states and controls. Define the transformed control v; and transformed
state z; by

Ve = ﬁt/Q(Ut + Q_lW’xt), .’i’t = ﬁt/Q.fL't. (831)
Notice that Wo-'w' W
Tt
dqu =pla] [M9T 0T
It follows that

R W/ Tt “ % A
sletul| gy o | |0 =atrrar e
where R* = R — WQ'W'. The transition law (8.2.2) can be represented as

. . a1
Tpp1 = A"+ By + 877 Cwgpy
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where A* = 3Y/2(A — BQ='W'), B* = Y/2B. Therefore, regulator problem
(8.2.1) — (8.2.2) is equivalent to the following regulator problem without cross-
products between states and controls and without discounting: choose {v;} to

maximize -
—EY [#R"&; + v}Qui (8.3.2)
t=0
subject to
Gia1 = A*Gy + Brvy 4+ B Cwyg, (8.3.3)
where
P =R*+ AYPA* — A" PB*(Q + BYPB*)"'B* PA* (8.3.4)
F*=(Q+ BYPB*)"'BYPA*, (8.3.5)

it being understood that P is the positive semi-definite solution of (8.3.4).
The optimal closed loop system in terms of transformed variables is

Gopr = (A — B*F")iy + B Cwipq (8.3.6)
Multiplying both sides of this equation by ﬂ’(%) gives
Tie1 = B3 (A" — B*F*)ay + Cwyyr. (8.3.7)

8.4. Stability Conditions

We shall typically restrict the undiscounted linear regulator (8.3.2), (8.3.3)
defined by the matrices (A4*, B*, R*, Q) to satisfy some conditions from control
theory designed to render the problem well behaved.

In particular, let DD’ = R*, so that D is said to be a factor of R*. Our
conditions are cast in terms of the concepts of stabilizability and detectability
defined in Appendix A. We make

AsSSUMPTION A1l: The pair (A*, B*) is stabilizable. The pair (A*, D) is de-
tectable.

Then there obtains:
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STABILITY THEOREM: Under assumption Al: (i.) starting from any negative
semi-definite matrix P,, iterations on the matrix Riccati difference equation
converge; and (ii.) The eigenvalues of (A* — B*F*) are stable.

In the next section, we describe a class of algorithms that exploit the sta-
bilizing property of the optimal (A* — B*F).*

8.5. Invariant Subspace Methods

Following Vaughan [1970], a literature has developed fast algorithms for com-
puting the limit point of the matrix Riccati equation (8.2.6), based on an eigen-
structure of a matrix associated with the Riccati equation. These methods work
with a Lagrangian formulation of the problem and with the linear restrictions
that stability condition (8.1.1) imposes on the multipliers and the state vector.
These conditions restrict the matrix P that solves the algebraic matrix Riccati
equation.

Without loss of generality, we work with the undiscounted deterministic
optimal linear regulator problem: choose {u:}$2, to maximize

= {@i Ry + ujQuy} (8.5.1)
t=0
subject to
Ti41 = A.Tt + But. (852)

4 Because the eigenvalues of (A* — B*F*) are less than unity in modulus, it follows that

the eigenvalues of A° = ﬁ_% (A* — B¥F*) are less than —= in modulus.

VB
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8.5.1. Px as Lagrange multiplier

It is convenient to write a Lagrangian for the Bellman equation:
V(z) = max{—(2'Rz + v'Qu + 2¢/[Az + Bu — ]) + V(2)},

where T is next period’s value of the state, u is a vector of multipliers, and
V(z) = —2’ Pz where the matrix P solves the matrix Riccati equation. The
first-order condition for the above Lagrangian with respect to & implies that
1 = Pz. Thus, as usual, the multipliers are linked to the gradient of the value
function.

8.5.2. Invariant subspace methods

Invariant subspace methods compute P indirectly by restricting the initial
vector of the multipliers p to stabilize the solution for x;,u;, as required by
(8.1.1). For now, we assume that A is invertible. We move to the space of
sequences, and let {u:}52, be a sequence of vectors of Lagrange multipliers.
Form the Lagrangian

J=- Z{xéth + wyQuy + 2y 4 [Aze + Buy — z41]} — 2p0(Zo — x0). (8.5.3)
=0

Here Z is the given initial level of x(. First order necessary conditions for the
maximization of J with respect to {u:}i2, and {z;}52, are

Uy Qui + By =0, t>0 (8.5.4)

Tt : Mt = Rl’t + A,Mt+1, t Z 0. (855)

Solve (8.5.4) for u; and substitute into (8.5.2) to obtain
Tiy1 = A.Tt - BQilBI‘LLthl. (856)

Represent (8.5.5) and (8.5.6) as

L [mt“} -N [wt} , (8.5.7)
M1 Mt
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where .
I BQ™'B [ A
L= @ ., N= 01
0o A |-R I
Represent (8.5.7) as
$t+1] - M [lvt (8.5.8)
L Ht+1 ! Mt |
or
‘ﬂ = M, {xt“ (8.5.9)
L Ht Hi41 |
where
- A+BQ 'BA'R —-BQB'A!
My=L"'N= [ g = 7 (8.5.10)
and 1 1 173/
A~ AT'BQ™'B
M,=N"'L= 8.5.11
b [RAl RAlBQlB’JrA’] ( )

Evidently M, = M N ! The matrices M ¢ and M each have the property that
their eigenvalues occur in reciprocal pairs: if A, is an eigenvalue, then so is
A, 1. We postpone a proof of the ‘reciprocal pairs’ property of the eigenvalues
to the subsequent section on the doubling algorithm, where it will follow simply
by verifying that M; and M, are examples of symplectic matrices.

Because its eigenvalues occur in reciprocal pairs, we can represent the ma-
trix My in (8.5.8) via a Schur decomposition

My=VWV~, (8.5.12)
where V' is a nonsingular matrix,

Wi W,
W:[ 11 12]’

0 Wao

where Wiy is a stable matrix, and Wy is an unstable matrix. In terms of

x
transformed variables y; =V ~ly, = V! [ t] , the system can be written
t

Yin = Wy (8.5.13)
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Vll V12
Let V—1 = [Vﬂ V22] , where the partitions conform in size to those of W.
The solution of (8.5.13) is

;= (8.5.14)

Wi ¢ VHzo + V120
0 Wztz V21$0 + V22/,L0 ’

where ¢0 = W12,¢j+1 = lelwlg + ¢jW22 for ] Z 0. Because W22 is an
unstable matrix, to guarantee that lim; .., y; = 0, we require that

V3 zg + V2 =0, (8.5.15)

which sets an initial condition that replicates itself over time in the sense that
recursions on (8.5.14) imply

VHar, + V2, =0, (8.5.16)
for all ¢ > 0. Equation (8.5.15) implies

po = —(V3) 71V,
Substituting (8.5.16) into (8.5.13) and using [mt] = Vy; gives
He

Tip1 = VllWll(Vll _ V12(V22)_1V21)xt

8.5.17

R V21W11(V11 _ V12(V22)_1V21)1‘t. ( )

However, as noted above, u; = Px;, where P solves the algebraic Riccati
equation (8.3.4). Therefore, (8.5.17) implies that PVj; = Va1 or

P =V V' = —(V#)~ly2l, (8.5.18)

Equation (8.5.18) is our formula for P.
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8.5.8. Distorted Economies

The invariant subspace method can also be applied to compute solutions of dis-
torted economies whose equilibrium conditions can be arranged into the form
(8.5.7). Examples of such economies are described in Chapter 15, where equi-
librium conditions of the form (8.5.7) cannot be interpreted as the first order
conditions of any linear quadratic control problem. For these economies, the
matrix My in general fails to have eigenvalues in reciprocal pairs. It may or
may not be possible to sort the eigenvalues into equal numbers of stable and un-
stable ones, which are to become the eigenvalues of Wi, and Wss, respectively.
Whether it is possible becomes a check for the existence and uniqueness of a
stable solution of the model. The condition that there exist a unique solution
of (8.5.8) with |z;|?> < oo is that there exists a Schur decomposition (8.5.12)
of My in which half the eigenvalues of My are stable, and the other half are
unstable. An excess of stable eigenvalues indicates nonuniqueness; an excess of
unstable eigenvalues indicates nonexistence of a stable solution. Where a unique
solution exists, it can be computed using formula (8.5.18).°

8.5.4. Transition Dynamics

Invariant subspace algorithms can be adapted to solve models in which elements
of the matrices determining preferences, technologies, information, and govern-
ment policies vary deterministically over time, before some date T3, after which
they are constant. The procedure is to use the algorithm (8.5.18) to solve the
model for ¢ > T7, then to work backwards for earlier dates.

We want to compute an equilibrium in which the L, N matrices are time-
varying in a simple deterministic way, say, due to once and for all changes in
tax rates at some date ¢t =77 > 0. Suppose that we want to solve

N[””f] :L[xt“], t>T (8.5.19)
et Ht+1
and
N[ﬂ :i[””t“], 0<t<T, (8.5.20)
Mt K41

where N, L are the ‘temporary’ versions of the matrices whose ‘permanent’
values are L, N.

5 See Blanchard and Kahn (1981) and Whiteman (1983).
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For ¢t > Ty, we use the solution of the ‘permanent’ system, with
V3z, + V2, = 0. (8.5.21)
In particular, (8.5.21) implies that
Gir,xp, + Gop i, =0, (8.5.22)

where G1T1 = V21, GQTl = V22.
‘We know that

|:le:| _ [Vn Vm] [Wll W12] [V11$T1_1+V12MT1_1]

8.5.23
Ty Vor Vaa 0 Wa | [VHar 1 +V2ur, 4 ( )

We want to impose restriction (8.5.22) on (8.5.23) and use it to solve for zp, _1
as a linear function of pp, —1. A couple of lines of algebra leads to the restriction

[Gi1, Vi1 + Gop, Var [[Wii VI + WiV + [Gig, Vig + Gary Voo Waa Viar, 4
+{[G1T1V11 + Gop, Var ][[W1i V2 + W1a V22| + (G, Vi + Gar V22]W22V22},MT1—1
=G 121 -1 +Gor —1pr,—1 = 0.
(8.5.24)

This equation can be written as
G1T1_1$CT1_1 + G2T1—1,UT1—1 =0, (8.5.25)

and it can be solved for pr, 1 as a linear function of zp, _1. Equations (8.5.24)
and (8.5.25) define (G14, Go¢) as a function of (G141, Gar1). We use (8.5.25)
to ‘backdate’ the Gy;,i = 1,2, matrices, and iterate back to ¢t = 0.

These calculations will produce time-varying versions of all of our equilib-
rium matrices A°,C,S., M., ... for t =0,1,...,T; described in chapters 4 and
6.
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8.6. The Doubling Algorithm

The algebraic matrix Riccati equation can be solved with a doubling algo-
rithm.® The algorithm shares with invariant subspace methods the prominent
role it assigns to the matrix M, of equation (8.5.9).

We start with a finite horizon version of our problem for horizon t =
0,...,7 — 1, which leads to a two point boundary problem. We continue to
assume that A is nonsingular, iterate on (8.5.8), and impose the boundary

a[3]-[z)

condition p, =0 to get

where

M =M;" =M. (8.6.2)
We want to solve (8.6.2) for p as a function of zg, and from this solution
deduce a finite-horizon approximation to P. Partitioning M conformably with
the state-co-state partition, we deduce MuxT = x9, M21$7— = po. Therefore,
we choose g = Mgl(Mll)_lxo, and set the matrix

P = Moy (M)~ (8.6.3)

The plan is efficiently to compute M for large horizon 7, then use (8.6.3) to
compute P. We can accelerate the computations by choosing 7 to be a power

of two and using

okt
M;

Thus, for 7 = 27, the matrix M = MJTT can be computed in j iterations

= (M2 )M (8.6.4)

instead of 27 iterations, inspiring the name doubling algorithm.

Because M;l has unstable eigenvalues, direct iterations on (8.6.4) can be
unreliable. Therefore, the doubling algorithm transforms iterations on (8.6.4)
into other iterations whose important objects converge. These iterations exploit
the fact that the matrix My is symplectic (see Appendix B). The eigenvalues
of symplectic matrices come in reciprocal pairs. The product of symplectic
matrices is symplectic; for any symplectic matrix S, the matrices Saq(S11)~!
and (S11)71S12 are both symmetric; and

Sao = (S11) 7" + S21(S11) ' S12
= (S1) 7t + S521(S11) 1511 (S11) " Sa.

6 This section is based on Anderson, Hansen, McGrattan, and Sargent (1995). For another
discussion of the doubling algorithm, see Anderson and Moore [1979, pp. 158-160].
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Therefore, a (2n x 2n) symplectic matrix can be represented in terms of three
(n x n) matrices a = (S11)7 %, 8 = (S11) 1 S12,7 = S21(S11) ", the latter two
matrices being symmetric.

These properties of symplectic matrices inspire the following parameteriza-
tion of M 7 2¥

-1 -1
M= e ﬁ’il , (8.6.5)
Ve, oy, + YOy, Br
where the n x n matrices ay, Ok, v satisfy the recursions
apr1 = (I + Brye) " o
B = B + (I + Buve) ™' Becs, (8.6.6)
Vo1 = T + k(I + Bryve) ~ ag.
To initialize, we use representation (8.5.11) for M, = Mjfl to induce the set-
tings: a9 = A, = R, 8y = BQ™'B’.
Anderson, Hansen, McGrattan, and Sargent (1996) describe a version of
the doubling algorithm modified to build in a positive definite terminal value
matrix P,. Their scheme initializes iterations on (8.6.6) as follows:
ap=(I+BQ 'B'P,) A
Bo=(I+BQ 'B'P)'BQ'B (8.6.7)
Y =R—P,+A'P,(I+ BQ 'B'P,) " A.

The modified algorithm then works as follows:

1. Initialize ag, Bo,v0 according to (8.6.7).

2. Tterate on (8.6.6).
3. Form P as the limit of v4 + P,.

We have assumed that A is nonsingular, but Anderson (1985) argues that
the doubling algorithm is applicable also in circumstances where A is singular.”
Anderson, Hansen, McGrattan, and Sargent (1996) report the results of compu-
tations in which the doubling algorithm is among the fastest and most reliable
available algorithms for solving several example economies.

7 See Anderson, Hansen, McGrattan, and Sargent (1996) for conditions under which the
matrix sequences {ay}, {8}, {71} converge.



170 Efficient Computations
8.7. Partitioning the State Vector

Undiscounted versions of the control problem solved by our social planner
assume a form for which it is natural to partition the state vector to take ad-
vantage of the pattern of zeros in A and B. This leads to a control problem of
the form: choose {u;}$2, to maximize

g{[m} [R” R”} {x”] +uyQuy} (8.7.1)

T2t Ry1 Ra Tt

subject to

T1¢41 A A12:| |:xlt] |:B1:|

= + , 8.7.2
[@HJ [ 0 A [z o)™ ( )
8

with [2]g, 250]" given.
For this problem, the operator associated with Bellman’s equation is

T(P)=R+ A'PA—A'PB(Q+ B'PB)"'B'PA. (8.7.3)

Partitioning P and T'(P) conformably with the partition {x“} makes the
T2t
(1,1) and (1,2) components of T(P) satisfy

T11(Pi1) = Ry + Ay PiiAyy — A PuBi(Q + BiPBy) "By P Ay (8.7.4)

T1o(P11,P12) = Rip + A} Pri Ao
— A PiBi(Q + B{ P11 By) ' B Pi1Ars (8.7.5)
+[A} — AL PuBi(Q + B{PuB1) ' Bj] P2 Ay,
Equation (8.7.4) shows that T7; depends on Pi;, but not on other elements

of the partition of P. From (8.7.5), T12 depends on P;; and Pjs, but not on
Pss. Because T maps symmetric matrices into symmetric matrices, the (2,1)

8 System (8.7.1) — (8.7.2) is called a controllability canonical form (see Kwakernaak and
Sivan [1972]).  Two things distinguish a controllability canonical form: (1) the pattern of
zeros in the pair (A, B,) and (2) a requirement that (A1, B1) be a controllable pair (see
Appendix A of this chapter). A controllability canonical form adopts a description of the state
vector that separates it into a part x9; that cannot be affected by the controls, and a part x4
that can be controlled in the sense that there exists a sequence of controls {us} that sends
x1 to any arbitrarily specified point within the space in which z1 lives.
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block of T is just the transpose of the (1,2) block. Finally, the (2,2) block of
T depends on Pi1, Pio, and Pss.

Partition the optimal feedback matrix F' = [F; F3], where the partition is
conformable with that of x;. Then the optimal control is

Uy = [Fl F2] [i;t] .
t

Let P/} be the fixed point of (8.7.4) and let PJ, be the fixed point of Tyo(P}}, P12).
Then F; and F5 are given by

Fy = (Q+ B{P!,B))"'B; Pf, Ay (8.7.6)

Fy, = (Q+ B, P!, B)) " (B, P}, P, + B, P, A3,) (8.7.7)

Equation (8.7.6) shows that F} depends only on P/, , while F depends on Py,
and Plf27 but not on PQf27 the fixed point of Ths.

We aim to compute [Fj, Fy] and the multipliers described in chapter 3,
which turn out only to depend on Plf1 and Plfz. We can compute these objects
rapidly by using the structure exposed by (8.7.4) and (8.7.5). First, note that
the T1; operator identified by (8.7.4) is formally equivalent with the T" operator
of (8.7.3), except that (1,1) subscripts appear on A and R, and a (1) subscript
appears on B. Thus, the T7; operator is simply the operator whose iterations
define the matrix Riccati difference equation for the small optimal regulator
problem determined by the matrixes (Aj1, B1,Q, Ri11). We can compute Plf1
by using any of the algorithms described above for this smaller problem. We
have chosen to use the doubling algorithm (8.6.6).

Second, given a fixed point Plf1 of T11, we apply another sort of doubling
algorithm to compute the fixed point of Tlg(Plfl, -). This mapping has the form

T12(P, Piz) = D+ G' P H (8.7.8)
where D = R12+A/11P{1A12—Alllpllel(Q—FBiPllel)ilBiplflAlg, G = [All —
B1(Q + B, P{,B))"'B, P/, A},], H = Agy. Notice that G = Ay, — B1Fy, where

F is computed from (8.7.6). When x5, is set to zero for all ¢, the law of motion
for x1; under the optimal control is thus given by

Tii41 = GTyy.
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For problems for which condition (8.1.1) is either automatically satisfied or else
imposed, the eigenvalues of G and H each have absolute values strictly less
than unity. That the eigenvalues of G and H are both less than unity assures
the existence of a limit point to iterations on (8.7.8). The limit point satisfies
the Sylvester equation

Py, =D+ G PyH, (8.7.9)

which is to be solved for P;5. The limit point of iterations on 775 initiated from
Py5(0) = 0 can be represented

oo
Pl,=> G'DH, (8.7.10)
j=0

whose status as a fixed point of T 12(P1fl, -) can be verified directly. However,
iterations on (8.7.9) would not be an efficient way to compute Pj5. Instead,
we recommend using this doubling algorithm. Compute the following objects

recursively:
Gj = Gj_ 1 Gj_ 1

H;=H; 1H;_, (8.7.11)
Piaj =P 1+G) 1 Paj 1Hj
where we set Piag = D,Go = G, Hy = H. By repeated substitution it can be
shown that

-1
Pip;= Y G'DH'. (8.7.12)
=0

Each iteration doubles the number of terms in the sum.? ' 10

9 This algorithm is implemented in the MATLAB program double2j.m.
10 The (1,2) partition of P is simply PIfQ/ . We could derive an algorithm similar to (8.7.11)

to compute Pf but we don’t need to compute P2f2 , which is used to compute neither [F} F5]

227
nor the Lagrange multipliers that determine the price system associated with our equilibrium.
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8.8. The Periodic Optimal Linear Regulator

In chapter 17, we study a class of models of seasonality whose social planning
problems form a periodic optimal linear regulator problem: choose {u:}$2, to

maximize .
Z{x;(t)RS(t)xt + u;Qs(t)ut} (8.8.1)
t=0
subject to
Trp1 = ATt + By ue (8.8.2)

Here s(t) is a periodic function that maps the integers into a subset of the
integers:

s:(---—1,0,1,---) = [1,2,---,p]

s(t+p) = s(¢) for all t¢.
In problem (8.8.1) - (8.8.2), the matrices As, Bs,Qs, and R, that define the
linear regulator problem are each periodic with common period p.

Associated with problem (8.8.1) — (8.8.2) is the following version of the
matrix Riccati difference equation:
Py =Ry + A;(t)Pt+1As(t)

— ALy P Bo) (Qsr) + By Pt Bs() ™' Blgyy Pera Ascy.-

Under conditions that generalize assumption A1, which were discussed by Richard

(8.8.3)

Todd [1983], iterations on (8.8.3) yield p convergent subsequences, whose limit

points we denote P, P, ..., P,. The optimal decision rule in period ¢ is
Uy = — s(t):ct, (884)
where
Fury = —(Qsty + Bl Pary1) Bs) ™ Bl Peges1)s Asy- (8.8.5)

Thus, the optimal decision rules themselves have period p.

One way to compute the optimal decision rules is to iterate on (8.8.3) to
convergence of the p subsequences, and then to use (8.8.5). Faster algorithms
can be obtained by adapting calculations described earlier in this chapter. In
the next section, we show how doubling algorithms apply to the periodic lin-
ear regulator problem, and also how the ‘controllability canonical form’ can be
exploited.
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8.9. A Periodic Doubling Algorithm

First-order conditions for the periodic linear regulator can be represented

X X
{ t“} = My [ut] , (8.9.1)

Hi+1 t

as

where My ;) is the periodic counterpart to the matrix My defined in (8.5.10).
Iterating this equation p times and using the periodic structure of s(t) gives

{xt“’} =T, [“] : (8.9.2)

Hit+p Ht

where
Lp=Mypp 1 Mppo--- Mg Mg, (8.9.3)

The matrix I', is the product of p symplectic matrices, and therefore is sym-
plectic. Equation (8.9.2) at ¢ = p can be represented

s =) 600

where
1 _ ay—las—1 -1
r, _Mﬁpr)1 ---Mﬁp_l. (8.9.5)

Iterating (8.9.4) 7 — 1 > 1 times and imposing the same boundary condition

(5] [z

used in (8.6.1) gives

where M = I, 7. An argument used earlier implies that the doubling algorithm
can be applied to our redefined M to compute

P, = Moy (M) L. (8.9.7)

It is straightforward to compute the remaining p—1 value functions. Notice

that (8.9.4) implies
~ | Tpr Tp—1
a5 v 1)

Hp—1
or
— ~ | Tpr Tp—1
i ] =[]
fp—1 0 fp—1
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The same argument used above now implies that
pi1 = My (Mao) 1 = Pray,

where M = Mp_l = Mf_’;ﬂM is symplectic because it is the product of two
symplectic matrices. The product of two symplectic matrices Z1, Z> has repre-

sentation -
~—1 ~—1
_ a a ‘g

DZy=2= 561 &'+ 56715
where
& =as(I+ Biye) 'y
J=m+ap+ i) o (8.9.8)
B =B+ az(I + P1y2) ' Prah.

We can use this feature to compute FP,_; from the v term produced by this
representation of multiplication.

Iterating this argument leads us to compute P,_»,...,P; as the corre-
sponding ~ matrices in the successive multiplications used to form ]\pr,g =
M) oMy y,..., My = M;{M,.

Thus, the algorithm works as follows.

1. Initialize «yg, 89,70 according to (8.6.7).

2. Use the algorithm (8.9.8) for multiplying symplectic matrices to form F;l
defined as in (8.9.5).

3. Tterate on (8.6.6).

4. Form P, as the limit of v + P,.

5. Successively form Mp,l,Mp,g,...,Ml using (8.9.8), and set the corre-
sponding vy terms to Pp_1, Pp—2,...,P1.

Having computed Pi,...,P,, we can use (8.8.5) to compute the optimal
decision rules. The optimal feedback laws are periodic, so that u; = —Fy;.
The matrices Fi,...F, are computed from

Fj = (Qj + Bj'Pj+1B;) "' Bj' P11 45,

where it is understood that P,11 = P;.
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8.9.1. Partitioning the state vector

‘We can also apply the partitioning technique to the periodic optimal linear regulator problem

T
in order to accelerate the computations. We partition the state vector into { 1t
T2t

above. With the appropriate specification of Rs,Qs, As, and Bs, we obtain a periodic version
of the T71(P11) mapping described in equation (8.7.4). Use our procedures to compute
Py, Py, ..., Pp as described above, then set Pll,j
The T79 mapping for the periodic model becomes

} exactly as

=P for j=1,...,p.

le,k(PlkaHv P1g j41) = Dy + G/ P 1 Hy, (8.9.9)
where

_ / f / f
Dy = Rigk + A1y 1 P11 gp1 12,6 — A1 6 Pi1 g1 Bik
! —1
X (Qg + BlkplkaHBm) B1p P11 k11412.k

(8.9.10)
—1
Gr = [A11 — Bii(Qp + ngP{LkHBlk) B P11 er1411

Hyp = Aoy

In (8.9.9) - (89.10), P/, |

Iterations on (8.9.9) will give rise to a sequence consisting of p convergent subsequences,

whose limit points we call Plf2 Ty Plj; P We desire to compute these limiting matrices.

We begin by creating an operator T12,1 whose fixed point is Plf2 1 - We define

is the fixed point for Pyq 41 corresponding to period k+ 1.

Ty21(P121) = D1+ G| Pio1 (8.9.11)

where Dy = D1+G| DoHi+-- ~+G/1G/2~~G;_1DPHP,1HP,2 - H1 G =GGhY - GpHy =
HpHp_1 -+ Hy. We can compute the fixed point of (8.9.11) by using the standard doubling
algorithm that is described in section blank and that is implemented in the MATLAB program

double2j.m. )
Once we have computed Plf2 1, We can compute Plf2 i for j=p,p—1,...,2 by using

foo_ ! pf
Py p = Dp +Gp Py 1 Hi

¢ 4 (8.9.12)
P127j—Dj+GjP12,j+1H ,j=p—1,p—2,---,2
The optimal feedback laws uy = —Fs(t),:r:t can be computed as follows. Let Fs(t)

[Fls(t) F25(t)] » where the partition of Fy ;) matches that of the state vector into z1(¢),z2(t).
Then we have

(0. 1 pf N—lgr pf )
F1j = (Qj + B1;Piy j11B15) " BiiPiy 114115

— (0. 1 pf N—lcg' pf ) = ,
Py =(Qj+ By Py j41B15) " (B Py jy1A12,5 + B1jPly i1 A25) (8.9.13)

forj=1,...,p.
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The optimal closed loop system is then

w41 = (A = Bs(t) Fs()) et (8.9.14)

8.10. Linear Exponential Quadratic Gaussian Control

In chapter 16, we shall reinterpret some of our economies in terms of risk-
sensitive control theory. In this section, we describe how to adapt the preceding
computational strategies to handle versions of the ‘risk-sensitivity corrections’ of
Jacobsen (1973, 1977) and Whittle (1990). We use Hansen and Sargent’s (1995)
method of implementing discounting. The resulting specification preserves the
computational ease of the original linear quadratic specification, while relaxing
‘certainty equivalence.” Let V; () = —f Pyxy, — 1, . Let § € (0,1) and
consider the sequence {Vt(xt)}?:to of value functions generated by the following

constrained optimization problems:
2 o
Vi(zy) = max{—(mint +uQuy) + 6; log E; exp §Vt+1(xt+1)} (8.10.1)
subject to
Tip1 = Ax; + Buy + th+1; (8.10.2)
where w;11 is an (N x 1) martingale difference sequence with Gaussian density

1 1 _
flwirr) = (CLEDRE exp{— 3 wiyy S wi (8.10.3)

Usually, we shall set the covariance matrix ¥ = Fw,w, = I. We momentarily
retain the more general notation in order to state a useful lemma in greater
generality.

In solving this discounted linear exponential quadratic Gaussian (LEQG)

control problem, we use the following lemma due to Jacobson (1973).

LEMMA (JACOBSON): Let w1 ~ N(0,%) and z411 = Azy + Buy + Cwygq .
Suppose that the matrix (X~ — 0C’P;;1C) is positive definite. Then

g
Ey exp{g Tipy Py} =
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/OC W exp{_iwbrlE 1wt+1} exp{§ :U;+1 P11} (8.10.4)

= kexp{% (Al‘t + But)'ﬁ’t_,_l (Al't + But)}
where

Pt+1 == Pt+1 + (TPt_i_lC(Zil - O'C,Pt+10)71 C/Pt+1 (8105)

-1 —0oC'Py1C)~1

ke L oC PO | (8.10.6)

| 2]

This concludes the statement of the lemma.
Let Viq1(xi41) = =251 Piy12441 — Me41, and apply the lemma to evaluate

the term inside the braces on the right side of (8.10.1):
! I 2 o !/
xyRxitu) Qui + 3 . log E; exp{§ (@) 1 Py + ntﬂ]}

(8.10.7)

= I;Rl‘t + u;Qut + B(A.Tt + But)/Pt+1(AIt + But)

+ constant

where P,y is given by equation (8.10.5). Maximizing the right hand side of
(8.10.7) with respect to u; gives the linear decision rule u; = —Fyxy, where Fy
is determined by the recursions:

Py =P +0P 1 C(X7 —0C' Py O)71C' Py (8.10.8)
F,={Q+ (B P, B} '8B'P, A (8.10.9)
P, =R+ BA' P, A (8.10.10)

— B2A'PB(Q+ 8B'P,y1B)"'B'P, A

Notice that in the special case that ¢ = 0, these equations are versions of the
Riccati difference equation and the associated decision rule. Notice also that
when o # 0, equations (8.10.8), (8.10.9), and (8.10.10) imply that the decision
rules F; depend on the innovation variances of the exogenous processes (note
the appearance of C' in (8.10.8)).
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We can obtain a more compact version of these recursions as follows. Apply
the matrix identity (a —bd~'e)™! =a~t +a"tb(d —ca=1b)"tea?! to (8.10.10)
using the settings a~! = /Bthrl ,b=—B,d=Q, c= B’ to obtain

BPii1 — 8Py 1 B(B' (BPit1) B+ Q)™ 'B'(BP:y1)

- (%ﬁt+1 +BQ'B).

Substituting into the right side of (8.10.10) gives
P, :R+A’(%ﬁt+1+BQ*13’)*1A. (8.10.11)
Now apply the same matrix identity to the right side of (8.10.8) to obtain
Py = (PR —oCxC) 7 (8.10.12)
Substituting (8.10.12) into (8.10.11) gives the version
P,=R+ A (B 'PL,+BQ'B —op'CEC") A (8.10.13)

Collecting results, we have that the solution of the problem can be rep-
resented via the recursions (8.10.13), (8.116), (8.10.9). We are interested in
problems for which recursions on these equations converge as ¢t — —oo. In
situations in which convergence prevails, we can avail ourselves of a doubling
algorithm to accelerate the computations.

8.10.1. Doubling algorithm

It suffices to consider the undiscounted (3 = 1) version of our problem, because
we can transform a discounted problem into an undiscounted one. Represent
the Riccati equation (8.10.13) in the form (see Appendix C)

P,=R+ AP +J) A (8.10.14)

where J = BQ7'B’ — cCXC’. The doubling algorithm applies with

At AT

M;'=M, =
PTIRAY AL RAVT|

f
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and with the settings ag = A, 79 = R, By = J. To compute the solution
with terminal value matrix P,, use the initializations ag = (I +JP,) 1A, 3y =
(I +JP,) 'y =—P,+ R+ A'P,(I + JP,)"'A. The algorithm then works
as follows.

1. Initialize ay, 8,0 according to the formulas just given.
2. Tterate on (8.6.6).
3. Form P as the limit of v + P,.

A. Concepts of Linear Control Theory

Assume in the deterministic linear regulator (8.5.1)—(8.5.2) that matrix R is
positive semi-definite and that @ is positive definite. Sufficient conditions for
existence and stability of a solution of the deterministic linear regulator are
typically stated in terms defined in the following four definitions.

DEFINITION: The pair (A, B) is stabilizable if y' B =0 and y’A = Ay’ for some
complex number A and some complex vector y implies that [A\| <1 or y = 0.

DEFINITION: The pair (A4, B) is controllable if y' B =0 and y’'A = Ay’ for some
complex number A and some complex vector y implies that y = 0.

DEFINITION: The pair (A, D) is detectable if D'y = 0 and Ay = Ay for some
complex number A and some complex vector y implies that |A| <1 or y =0.

DEFINITION: The pair (A, D) is observable if D'y =0 and Ay = Ay for some
complex number A and some complex vector y implies y = 0.

Stabilizability and controllability evidently form a pair of concepts, with
controllability implying stabilizability, but not vice versa (i.e., controllability is
a more restrictive assumption. Similarly, detectability and observability form a
pair of concepts, with observability implying detectability, but not vice versa.

Stabilizability is equivalent with existence of a time-invariant control law
that stabilizes the state vector. Controllability implies that there exists a se-
quence of controls that can attain an arbitrary value for the state vector starting
from any initial state vector, within n periods, where n is the dimension of the
state. When (A, B) is controllable, the entire state vector is ‘endogenous,’ in
the sense of being potentially ‘under control.’
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The concepts of detectability and observability are applied to the pair of
matrices (A, D), where DD’ = R (i.e., D is a factor of R).

Assume (a.) that the pair (A4, B) is stabilizable, which implies that it is
feasible to stabilize the state vector; and that (b.) the pair (A, D) is detectable,
which means that it is desirable to stabilize the state vector. Together, assump-
tions (a.) and (b.) imply that the optimal control stabilizes the state vector.

When R is nonsingular, the pair (A, D) is observable, and the value func-
tion is strictly concave.
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B. Symplectic Matrices

We now define symplectic matrices!! and state some of their properties.

DEFINITION: A (2n X 2n) matrix Z is said to be symplectic if Z'JZ = J,
where 0 I
J= e
I, 0

The following properties of symplectic matrices follow directly from the defini-
tion of a symplectic matrix:

PROPERTY 1: If the matrix Z is symplectic, then so is any positive integer
power of Z.

PrROPERTY 2: If Z; and Z, are both (2n x 2n) symplectic matrices, then their
product 7175 is also symplectic.

PROPERTY 3: If a symplectic matrix Z is written in partitioned form

7z 7z
7 [ 11 12] ,
Zo1 Lo

and if Z;;! exists, then

Zoo = (Z))) Y + Zn Z 1 Z1o

PRrROPERTY 4: The eigenvalues of any symplectic matrix Z occur in reciprocal
pairs, i.e., if \; is an eigenvalue of a symplectic matrix Z, then so is )\;1.

To establish property 4, that from the definition that any symplectic matrix
Z satisfies Z=t = J71Z'J. Since Z7! and Z’ are thus related by a similarity
transformation, they have common eigenvalues. This implies that the eigenval-
ues of Z must occur in reciprocal pairs.

Property 3 means that if Z1_11 exists, then a symplectic matrix Z can be
represented in the form

a~t a~ 1B

Z =
70[—1 O/+"YOZ_16

(8.B.1)

11 gee Anderson and Moore [1979, pp. 160-161] and also Anderson, Hansen, McGrattan,
and Sargent (1996).
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Let Z;, for j = 1,2, be two symplectic matrices, each represented in the
form (8.B.1):

1 “145
Zj:{ o A ] (8.B.2)
viag T o a5 B

It can be verified directly that the product Z;Z, = Z has the same form,

namely,

_ &—1 @—IB
212y =7 = [ ., } . (8.B.3)

where ~ )
o = QQ(I —+ /81’}/2)7 a1

Y =m+ il + i) o (8.B.4)
B =B+ (I + P172)” " Bra
This algorithm is implemented in our MATLAB program mult.m.

C. Alternative forms of Riccati equation

It is useful to display alternative forms of the Riccati equation
P=R+A'PA—-APB(Q+ B'PB)"'B'PA. (8.C.1)

We first apply the following matrix identity from Noble and Daniel [1977,
p. 29]. Assume that d~! and a~! exist. Then (a —bd~'c)"! =a ! +a 1bld -
ca='b|"tca=!. Apply this identity, setting a=! = P,y1,b = —B,d = Q,c = B’
to obtain

(P +BQ 'B) ' =Py — P B(B'PiB+ Q) 'B' Py
Substituting the above identity into (8.C.1) establishes
P, =R+ A(P}+BQ 'B) A (8.C.2)
Now write (8.C.2) as
P,=R+ AP PN (P, +BQ 'B) A
Po=R+ AP (P Py +BQ 'B'Pyy) A

t+1
Po=R+ AP (I+BQ 'B'Py) A



Assume that A~! exists, and write the preceding equation as

Po=R+ AP (A '+ A 'BQ'B'Pyy) !
Po=AP (A '+ A'BQ'B'Py) !

+RA '+ A'BQ'B' P ) (AT + AT BQTIB' Py )

This equation can be represented as

P,={RA ' +[A' + RAT'BQ 'B'|Pys1}
{A7' 4+ A'BQ'B'P,} .

Equation (8.C.3) takes the form
Pi={C+DP,} x {E+ FP1}7!

where

C=RA™!
D=A+RAT'BQ'B
E=A""

F=A"'BQ'B,

which can be represented as
Xi] _[E F X1
;] [C DJ| | Y]’
where P, = Y;X; . Notice that

[EF

— Al
c D} =My =M,

(8.C.3)

(8.C.4)

and that lim;_,_ o P = lim;_, _ YtXt_1 can be computed as the limit of the

«; term in the representation of the symplectic matrix M 7 2
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Chapter 9
Representation and Estimation

This chapter shows how our models restrict moments of observed prices and
quantities, and how observations can be used to make inferences about the
parameters of our models. Earlier chapters have prepared a state-space rep-
resentation that expresses states x; and observables y; as linear functions of
an initial zo and histories of martingale difference sequences wy. The w;’s
are shocks to endowments and preferences whose histories are observed by the
agents in the economy. The econometrician does not see those shocks, at least
directly. Therefore, to prepare a model for estimation we obtain another repre-
sentation of it that is cast in terms of shocks that can in principle be recovered
from an econometrician’s observations. By using the Kalman filter we shall ob-
tain what is known as an ‘innovations representation’. It is a workhorse. It can
be transformed to yield a Wold representation or a vector autoregression for
observables.! An important approach to estimation, approximation, and aggre-
gation over time is to deduce the restrictions that the models of the economy
and of data collection impose on the innovations representation. The Kalman
filter does this efficiently, and enables a recursive way of calculating a Gaussian
likelihood function.

We describe how to obtain maximum likelihood and generalized method of
moments estimates of a model’s parameters, using both time domain and fre-
quency domain methods. As by-products of time domain estimation, we deduce
autoregressive and Wold representations for observables. As a by-product of fre-
quency domain estimation, we recover a theory of specification error. We also
study the effects of aggregation over time, and how to estimate a model speci-
fied at a finer time interval than pertains to the available data. These methods
must be augmented to incorporate data on asset prices, which are non-linear
functions of the state of the economy. The last part of the chapter describes
how asset prices, returns, and other nonlinear functions of the state can be used
in estimation.

The Kalman filter is intimately connected to the optimal linear regulator
(i.e., the linear-quadratic dynamic programming problem). Remarkably, the key

1 See Sims (1972, 1980), Whittle (1983), and Sargent (1987) for definitions and discussions
of the Wold and autoregressive representations.
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mathematical formula associated with the Kalman filter is the same matrix Ric-
cati equation that solves the linear regulator. Furthermore, the same key ‘factor-
ization identity’ occurring with the Kalman filter plays a role in linear-quadratic
optimization theory. In chapters 11 and 14, we shall use a ‘factorization identity’
to provide information about alternative representations of preferences.

9.1. The Kalman Filter

We regard a vector of time t data y; as error-ridden measures of linear com-
binations of the state vector x;. We append a measurement equation to the
equilibrium law of motion of the state to attain the following state space sys-

tem:
_ g0
B = A+ O (9.1.1)
yr = Gxy + vy

where v, is a martingale difference sequence of measurement errors that satisfies
Evwv, = R,Fwi1v, = 0 for all t+1 > s. Here G is a matrix whose rows
are composed of entries of the S; and M; matrices, computed for example in
chapters 4, 6, and 7, that select those components of quantities and prices for
which data are available.? We assume that z, is a random vector with known
mean &y and covariance matrix E(xg — &¢)(zo — £0)’ = Xo. Using (9.1.1), we
have Fyy = Gg.

We adopt the notation y§ = [ys, yt—1,---,%0], ¥* =y’ . For any variable
zi,t >0, we let 2, = Elz|yt™", &), where E(-) is the linear least squares
projection operator. Also, we occasionally use the notation Fyz = E[z|yl, o).
We want recursive formulas for g;,Z;. We begin by constructing an innovation
process {a;} such that [af),Zo] forms an orthogonal basis for the information
set [y§, Zo]. We recursively calculate the projections ;11 and g, by regressing
on the orthogonal basis [af, Zo].

The orthogonal basis for [yf, #o]is constructed using a Gram-Schmidt pro-
cess. Begin with the regression equation yo = Fyg + a9 = Gy + ag or

ap = yo — GZo,

2 Later we shall permit serially correlated measurement errors. It is easy to modify the
calculations to permit Ewt+1v£ to be nonzero.
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where the residual ag satisfies the least squares normal equation Eaj = 0.
Evidently, [yo,%0] and [ag, 2] span the same linear space. Next, form a; as
the residual from a regression of y; on [yo, Zo], or equivalently, a regression of

y1 on [ag, Zo]: a1 = y1 — Ely1 | yo, @0 or
a1 =y — Ely | ag, #o);

ay is by construction orthogonal to ag and Zg; i.e., E(aiay) = 0, E(a1) = 0.
Continuing in this way, form a; = y; — E[yt | yi™t 2] = yi — E[yt | ab™t, 2],
where E(azal,) =0 for s =0,...,t—1 and E(a;) = 0. We call a; the innovation
in y.

It is useful to represent a; as follows. From the second equation of (9.1.1)
and from the fact that v; is orthogonal to y;_s and x;—s for s > 1, it follows
that

9t = Gy
and that
yr = Gy + G(zp — &) + vy

By subtracting the first equation from the second, we find that the innovation
a; in y, satisfies
ar =y — Ge = Gy — T¢) + vy (9.1.2)

Calculate the second moment matrix of a; to be
Eata; = GE((Et - flAﬁt)(.’L't - .’i't>/GI + Evtvg
= GEtG/ + R = Qt

where ¥y = E(zy — &4)(z¢ — &)’ . We shall soon give a recursive formula for ¥, .
From the first equation in (9.1.1), it follows that

Etzt+1 = AOEtxt = AoEt_1$t + AO(EtIt - Et—lxt)7 (913)

where again E, denotes projection on [y, o). Express the projection Eyxy =
Eil?H’ZE:O I'ja; where z; = E‘txt 4+, 1y is a least squares residual vector, and
the regression coefficients I'; are determined by the least squares orthogonality
conditions Etal, =0 for s =0,...,t. Because [a},Z¢] is an orthogonal basis
for [y, 2], these orthogonality conditions imply

(Bxpap) ()~ =Ty, (9.1.4)
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where Faia, = Q;. To compute Ex.a;, first notice that B, 12y = Ex; +
Zé;(l) I'ja;. Then z; = EA’t,lxt + I'ta; + ¢ can be interpreted in terms of the
regression equation
(.’Et — Et,1$t) = Ftat + ¢t7 (915)
where I';a; = E’[(xt - Et_lxt)|at]. Evidently, E(x; — Et_lxt)a; = Fz:a}. Use
(9.1.2) to compute E(z; — Ey_1x4)a, = .G’ . Tt follows that (9.1.4) becomes
Iy =%,G (GG +R)™, (9.1.6)
and from (9.1.5) that
Et.’Et = Et,lxt + ].—‘tat. (917)
Substituting (9.1.7) into (9.1.3) gives @411 = A% + A°Ty(y — Giy) or
Jﬁt+1 = Aojft + Ktat, (918)
where a; =y — G3¢, and where from (9.1.6) K; must satisfy
K; = A°%, G/ (GE:G) + R) ™. (9.1.9)
Equation (9.1.9) expresses the ‘Kalman gain’ K; in terms of the state covariance
matrix X; = E(xy — &) (ze — 34)'.
We need an equation for ;. Subtract @11 = A°%; + Ki(ys — Giy) from
the first equation of (9.1.1) to obtain ;41 — &rp1 = (A° — KiG)(zr — &) +
Cwgy1 — Kyvg. Multiply each side of this equation by its own transpose and
take expectations to obtain
Vi1 = (A% — KiG)X(A° — K.G)'

/ / (9.1.10)
+CC’ + K,RK].

Substituting (9.1.9) into (9.1.10) and rearranging gives a matrix Riccati differ-
ence equation for X;:
Yy = AT AY +CC’
— A°%, G (GG + R)TIGX A
The recursive (9.1.9) and (9.1.11) for ¥4, K; determine the Kalman filter. They

are to be initialized from a given Y. Later we discuss alternative ways to choose
0.

(9.1.11)
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9.2. Innovations Representation

The Kalman filter lets us associate with representation (9.1.1) an ‘innovations
representation’:
i’t.}rl = Aoii't + Kt(lt
. (9.2.1)

yr = Gy + ay,
where Faza; = Qy = GE:G’' + R. This time varying representation is obtained
starting from arbitrary initial conditions &g, Xg. We can rearrange (9.2.1) into
the form of a whitening filter

ar = yr — Gy

A ) (9.2.2)
T = A% + Kyay,

which can be used for recursively constructing a record of innovations {a;}7_,
from an Zo and a record of observations {y;}7_,. The filter defined by (9.2.2)
is called a “whitening filter” because it accepts as “input” the serially correlated
process {y:} and produces as “output” the serially uncorrelated (i.e., “white”)
vector stochastic process {a:}. The process {a:} is said to be a fundamental
white noise for the {y;} process, because it equals the one-step ahead prediction
error in a linear least squares projection of 3, on the history of y.3

Later, we shall use the whitening filter in several ways. We shall use it to
study how the innovations {a;} from a population vector autoregression for {y;}
are related to the {y;} process and to the underlying martingale process {w;}
of information flowing to agents. We shall also use it to construct a recursive
representation of a Gaussian likelihood function for a sample drawn from the

{yt} process.

3 See Sims (1972), Hansen and Sargent (1991, chapter 2), and Sargent (1987, chapter XI)
for the role such an error process plays in the construction of Wold’s representation theorem.
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9.3. Convergence results

For the purpose of obtaining a time-invariant counterpart to (9.2.1), we intro-
duce two assumptions.

AssUMPTION A1l: The pair (A%, G’) is stabilizable.

ASSUMPTION A2: The pair (A%, C) is detectable.

See the appendix to chapter 8 for definitions of stabilizability and detectabil-
ity. Assumptions Al and A2 are typically met for our applications. Under Al
and A2, two useful results occur. The first is that iterations on the matrix Ric-
cati difference equation (9.1.11) converge as t — oo, starting from any positive
semi-definite initial matrix Xy. The limiting matrix Yo, = lim; .o, 2; is the
unique positive semi-definite matrix 3 that satisfies the algebraic matrix Riccati
equation*

Y= A°%AY + o’

_ po ’ ’ -1 o/ (9'3'1)
A°YG(GSG + R) " GRA”.

If we initiate the Kalman filter by choosing ¥y = ¥, then from (9.1.11)
and (9.1.9), we obtain a time invariant K; matrix, call it K. Under this
circumstance, representation (9.2.1) becomes time invariant. The stationary
covariance matrix of the innovations is given by Q = Fa;a}, = GEG’ + R, where
Y=Y, =23.

The second useful result is that Assumptions Al and A2 imply that A° —
K is a stable matrix, i.e., its eigenvalues are strictly less than unity in modulus.
Later we shall see how the stability of the matrix A° — KG plays a key role in
a convenient formula for the autoregressive representation for the {y;} process.

4 The limiting form of (9.1.10) is evidently a discrete Lyapunov or Sylvester equation. See
chapter 8.
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9.3.1. Time-Invariant Innovations Representation

The infinite-horizon time invariant Kalman filter defines a matrix valued func-
tion, which we express as

[K, 2} = kfilter (A° G, Vi, Va, Vs) (9.3.2)

where V} = CC', Vo = Evwy, Vs = Bwiqv;, X = By q (21— %) (¢ —24) . For our
model, we can use (9.3.2) with the following settings for the matrices Vi, V3, V3:
Vi = CC', V5 = R, V3 = a matrix of zeros conformable to z and y.°

By using the function kfilter, we can evidently associate with represen-
tation (9.1.1) a time-invariant innovations representation (9.2.1) in which K
is constant.

9.4. Serially Correlated Measurement Errors

It is useful to adapt the preceding calculations to cover the case in which the
measurement errors v; in (9.1.1) are serially correlated.® Modify (9.1.1) to be

Ty = A% + Cwiq
yr = Gy + vy (9.4.1)
vy = Dvy_ 1 +n

where D is a matrix whose eigenvalues are strictly below unity in modulus and
1 is a martingale difference sequence that satisfies

Eney = R
Ewgn, =0 forall ¢t and s.

In (9.4.1), v; is a serially correlated measurement error process that is orthog-
onal to the x; process.
Define the quasi-differenced process

?t = Y41 — Dyt (942)

5 The function kfilter defined in (9.3.2) solves a version of (9.1.9) and (9.1.11) for Y
and Koo, a version that has been generalized to permit arbitrary covariance between w1

and vy, which is required for several of our applications.
6 The calculations in this section imitate those of Anderson and Moore [1979].
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From (9.4.1) and the definition (9.4.2) it follows that
?t = (GAO — DG)?Et + GCU)f,.A,.l + Nt+1
Thus, (z,7y,) is governed by the state space system

Ti41 = Aol’t + th+1

R (9.4.3)
U = Gay + GCwiy1 + M1

where G = GA° — DG. This state space system has nonzero covariance be-
tween the state noise Cw;y; and the “measurement noise” (GCwit1 + Ney1)-
Define the covariance matrices V7 = CC’, Vo, = GCC'G' + R, V3 = CC'G’. By
applying the Kalman filter to (9.4.3), we obtain a gain sequence K; with which
to construct the associated innovations representation

Tep1 = A2 + Kuy

. (9.4.4)
Yy = Gy + uy

N A o ~ _ A o ~ — —/
where ; = Elz, | 75 ', 0], ur = 5, — E[T, | Ty 1, 20, Q1 = Buguy = GEG +Va.
Using definition (9.4.2), it follows that [y5™, @] and [g},4o] span the same
space, so that & = Elx; | ¥4, Z0],us = yes1 — Elyesr | vb, &0]. Thus, g is the

innovation in Yy .

9.5. Combined System

It is useful to have a formula that gives a state space representation for y; driven
by the innovations to y,. We obtain this by combining the innovations system
(9.4.4) for 7, with the system

Yt+1 = Dyt + ?t' (951)

The system (9.5.1) accepts {7,} as an “input” and produces {y:} as an “out-
put”. The two systems (9.4.4) and (9.5.1) can be combined in a series to give
the state space system:

e EINENE
w=[0 1] m T [Ofur

(9.5.2)
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The MATLAB program evardec.m uses the time-invariant version of (9.5.2),
obtained using kfilter.m, to obtain a decomposition of the j-step ahead pre-
diction error variance associated with the Wold representation for v, .”

9.6. Recursive Formulation of Likelihood Function

The Kalman filter enables a recursive algorithm for computing a Gaussian like-
lihood function for a sample of observations {ys}_, on a (px 1) vector y;. We
assume that these data are governed by the innovations representation (9.2.1)
The likelihood function of {ys}Z_, is defined as the density f(yr,yr—1,---,¥0)-
It is convenient to factor the likelihood function

f(yTny—l, cee ,yo) = fT(yT|yT—17 cee 7y0)fT71(yT71|yT727 cee 7yo) T
J1(wilyo) fo(yo)-

The Gaussian likelihood function for an n x 1 random vector y with mean

(9.6.1)

u and covariance matrix V is
n _1 1 _
N V) = )PV d e (<5 V=) 062)

Evidently, from (9.1.1), the distribution fo(yo) is N(Gzg,Q0), where Q; =

GY:G'+R and X is the covariance matrix of x; around Z;. Further, f(y:|yi—1,...

N(Giy, Q). It is easy to verify that the distribution g¢(a;) of the innovation
ar is N(0,9;) Thus, fo(yo) equals go(ap), the distribution of the initial inno-
vation. More generally, from (9.2.1), the conditional density fi(ye|ye—1,--.,¥0)
equals the density gi(a:) of a;. Then the likelihood (9.6.1) can be represented
as

gr(ar)gr-1(ar-1). .. g1(a1)go(ao)- (9.6.3)
Expression (9.6.3) implies that the logarithm of the likelihood function for yg
is

T
-5 Z{p In(27) 4+ In |Q4] + aéQ;lat}. (9.6.4)
t=0

7 The MATLAB program series.m can be used to obtain the time-invariant system (9.5.2)
from the two systems (9.4.4) and (9.5.1).

7y0) =
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9.6.1. Initialization

Two alternative sets of assumptions are commonly used to initiate the Kalman
filter, corresponding to different information about yq.

(a.) The distribution of the initial yo is treated as if it were conditioned on an
infinite history of y’s. This idea is implemented by specifying that zy has mean
%o = Flzoly—1,y—2,...], and a covariance matrix ¥y = X, coming from the
steady state of the Kalman filter. In this case, the time-invariant Kalman filter
can be used to construct the Gaussian log likelihood:

T
-5 Z{p In(27) + In|Q| + a}Q tas}, (9.6.5)
t=0

where Q = GX G’ + R, and where the innovations a; are computed using the
steady state Kalman gain K. This procedure amounts to replacing fo(yo) in

(9.6.1) with f(yoly=L)-

(b.) The initial value yg is drawn from the stationary distribution of y, meaning
that it is associated with an xy governed by the stationary distribution of z;, an
assumption implemented by initiating the Kalman filter with Yo = X, , where
¥, is the asymptotic stationary covariance matrix of x.

Assumptions (a) and (b) pertain to how one selects the matrix Xg. Under
each of assumptions (a) and (b), it is common to set &, equal to the uncondi-
tional mean of z, provided that this exists.

9.6.2. Non-existence of a stationary distribution

Approach (b) assumes that the law of motion x;11 = A°x; + Cwiyq is such
that the {x:} process has an asymptotic stationary distribution, and cannot
be used without modification in models that violate this assumption. When an
asymptotic stationary distribution doesn’t exist, one procedure is to assume a
‘diffuse’ initial distribution over the piece of xy that has no stationary distribu-
tion. The models described in chapter 13, with their co-integrated equilibrium
consumption processes, necessitate such a procedure.

In the appendix, we describe a method for coping with this situation, in-
spired by ideas of Kohn and Ansley (19XXX). It is most useful for us to describe
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their idea in the context of models with serially correlated measurement errors,
which we treat in the next section.

9.6.3. Serially correlated measurement errors

When we use the state space model with serially correlated measurement errors
(9.4.1), some adjustments are called for in the above procedures for forming the
log likelihood. These adjustments are occasioned by

the timings in the definitions of #,u;. In particular, the notation now
denotes 7; = E[x;|y’] and ¥y = E(xy — &) (wy — 2¢)". These changes mean that
the distribution g¢—1(us—1) equals f(y¢|y¢—1,--.,%0). So corresponding to the
factorization (9.6.1) we have

gr—1(ur—1)9r—2(ur—2) ... go(u0)g—1(u_1). (9.6.6)

To deduce the appropriate distribution of yg, or equivalently, of u_;, notice
that the time 0 version of the ‘whitener’ is

u_y =yo— Dy_1 —Gi_,

.’20 = AO£,1 + Kou,l,

where K is the time 0 value for the Kalman gain. It is natural to start
the system with y_; = GEx and £_; = FEz, where Ex is the stationary
mean of z;,% and to initiate the Kalman filter from the mean of the stationary
distribution of x. So the Gaussian log likelihood function is

T-1

-5 Z {pIn(27) + In || + u}Q; uys ) (9.6.7)

t=—1

We now indicate how these procedures can be adapted to handle models
for which no stationary distribution for z; exists, following procedures of Kohn
and Ansley (BLANK). The idea is to factor the likelihood function as

f(yT,yT—h cee ,yo) = fT(yT|yT—17 cee 7y0)fT71(yT71|ny2a cee ,yo) T

(9.6.8)
S (Ymlym—1, -5 90) fF(YUm—15---,%0)-

8 Notice that G and not G appears in the equation for the unconditional mean.
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Kohn and Ansley assign a ‘diffuse prior’ to that subset of the state vector that
does not possess a stationary distribution, and let the remaining piece of xy be
distributed according to its stationary distribution. This specification embodies
an ‘improper prior’ distribution for (y,,—1,...,¥0). Under this specification, we
use the first m observations of y; to estimate x,,_1, then form Z,,_1,%,,_1
from which to initiate the Kalman filter for the system (9.4.3) with serially
correlated measurement errors. The Kalman filter is applied to compute the
likelihood for the sample {ys}Z_, . In addition, we can adjust (9.6.8) to account
for the first m observations. Details are given in the appendix.

9.7. Wold Representation

For the purpose of describing the relationship of the time-invariant innovations
representation to the Wold and autoregressive representations, we shall avail
ourselves when needed of:

AssUMPTION A3: The eigenvalues of A° are all less than unity in modulus,
except possibly for one associated with a constant.

A Wold representation for a stationary stochastic process y; is a moving
average of the form
oo
ye = By + erﬁtf]n
j=0
where ¢ = y; — E[y]y'!], and > =g tracel';TY < +oo. (Below, we shall
for the most part set the unconditional mean vector Ey to zero, to conserve on
notation.) We can attain a Wold representation by manipulating the innovations
system in a way that amounts to driving the date for the initial &, arbitrarily

far into the past. Thus, the first equation of (9.4.4) can be solved recursively

for
t

By =Y (A°) Kup_j + (A°) .
j=0

Now assume that &, was itself formed by having observed the history y~!, so

that
do=(T—AL) ' Ku_1 + pia,
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where p, is the unconditional mean of x. Under this specification for z),
Gry1 = (I — A°L) " Kug + fig. (9.7.1)

Below, we shall omit the unconditional mean term, by assuming that u, = 0.
To get a Wold representation for y; , substitute (9.4.2) into (9.4.4) to obtain

Ty = A%y + Ku
AR (9.7.2)
yt+1 — Dyt = Gl’t + Ut .

Then (9.7.2) and (9.7.1) can be used to get a Wold representation for y;:
Yir1 = [I — DL '[I +G(I — A°L) 'K L]uy, (9.7.3)

where again L is the lag operator. Also, from (9.7.2) a “whitening filter” for
obtaining {u;} from {y;} is given by

Uy = Y1 — Dyp — éit (9 7 4)
.’)Ai't+1 = AOQA?t + K’U,t. o

9.8. Vector Autoregression for {y,}

We can use the innovations representation and some results from linear algebra
to derive a convenient formula for the one-step-ahead linear least squares fore-
cast of y; based on the history of the {y;} process. We begin by deriving a
version of the factorization identity, which asserts equality between two repre-
sentations of the spectral density matrix of the observables. We will encounter a
mathematically equivalent form of this identity in Chapter 11 when we discuss
observationally equivalent representations of preferences.
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9.8.1. The factorization identity

For the model with serially uncorrelated measurement errors, we have two
alternative representations for an observed process {y;}, the original state space
representation (9.1.1) and the innovations representation (9.2.1). Because they
describe the same stochastic process {y;}, they give two alternative represen-
tations of the spectral density matrix of {y;}, an outcome that expresses the
factorization identity.

The original state space representation is

_ g0
Tep1 = A%z + Cwyyq (0.8.1)
yr = Gy + vy,
where wy;1 is a martingale difference sequence of innovations to agents’ infor-
mation sets, and v; is another martingale difference sequence of measurement
errors. We assumed that w;41,v; are mutually orthogonal stochastic processes.

The first line of representation (9.8.1) can be written L=z, = (I—A°L) " *Cw;yq
or x; = (L7' — A°)71Cw;1 1. Tt follows that the covariance generating function
of {x;} satisfies

S.(2) = (2I — A°)~1CC! (27T — (A°)) L.
Using this expression and the second line of (9.1.1), together with the observa-

tion that v; is orthogonal to the process z;, shows that the covariance generating
function of y; is given by

Sy(2) = G2l — A°)tCC' (27 — (A°))'G" + R. (9.8.2)
Representation (9.2.1) implies #; = (L~! — A°)"'Ka,, and
ye = [G(L™" — A°) 'K + I]ay. (9.8.3)

Because a; is a white noise with covariance matrix GXG’ + R, it follows that
the covariance generating function of {y:} equals

Sy(2) = [G(zI — A°) 'K + I)|[GEG' + R][K' (27 '] — A”)'G' +1].  (9.8.4)

Expressions (9.8.2) and (9.8.4) are alternative representations for the covariance
generating function Sy(z). Equating them leads to the factorization identity:
G2l — A°)7'CC (27— A)'G"+ R =

~ ~ ~ (9.8.5)
[G(z] — A°) 'K + I[GEG’ + R|[K'(z7'T — A”)7'G" + 1].
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The importance of the factorization identity hinges on the fact that, under
assumptions Al and A2, the zeros of the polynomial det[G(2I — A°)~'K +1I] all
lie inside the unit circle, which means that in the representation (9.8.3) for y;,
the polynomial in L on the right hand side has a one-sided inverse in nonnegative
powers of L, so that a; lies in the space spanned by y'. We establish this result
in the next section, then apply it in subsequent ones.

9.8.2. Location of zeros of characteristic polynomial

We utilize two theorems from the algebra of partitioned matrices. Let a,b, ¢, d be appropriately
conformable and invertible matrices. Then

(a—bd te) P =a"t+atb(d—ca b)) " Leat (9.8.6)

and
det(a) det(d + ca™'b) = det(d) det(a + bd~Lc). (9.8.7)

Apply equality (9.8.6) to [I + G(2I — A°)~1K]~1 with the settings a = I,b = —G,d =
(2I — A°),c= K, to get

[+ Gzl — A% 'K =T - G[z] — (A° - KQ)]7'K. (9.8.8)
Apply equality (9.8.7) with the settings a = I,b = G,d = (21 — A°),c = K to get
det(zI — (A° — KG)) = det(zI — A°) det(I + G(zI — A°) 1K),

or

det(zI — (A° — KG))
det(zI — A°)

det[l 4+ G(zI — A°)"1K] = (9.8.9)

It follows from (9.8.9) that the zeros of det[I + G(zI — A°)~1K] are the eigenvalues of
A° — KG, and the poles of det[I 4+ G(zI — A°)~1K] are the eigenvalues of A°. Assumptions
A1l and A2 guarantee that the eigenvalues of A° — KG are less than unity in modulus. We
have already made assumptions that assure that the eigenvalues of A° are less than unity
in modulus. These conditions on the eigenvalues together with equations (9.8.8) and (9.8.9)

permit us to obtain the Wold and autoregressive representations of {y+} in convenient forms.
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9.8.3. Wold and autoregressive representations (white measure-
ment errors)

From (9.8.8), we have that
[G(I — ALy *KL+1"'=1—-G[I - (A° - KG)L] 'KL. (9.8.10)

For the model with serially uncorrelated measurement errors, the Wold repre-
sentation for {y;} is

yr = [GI — A°L) 'K L + I]a,. (9.8.11)

Applying the inverse of the operator on the right of (9.8.11) and using (9.8.10)
gives
Y = G[I — (A° — KG)L] ' Ky;_1 + ay, (9.8.12)

which decomposes y; into an innovation a; and a one-step ahead linear least
squares predictor

Elyly'™ = GlI - (A° = KG)L] "' Ky1. (9.8.13)

Equation (9.8.12) is equivalent with
v =Y G(A°—KGY'Ky,_j +ay. (9.8.14)
j=1

Equation (9.8.14) is a vector autoregressive representation for y;. Thus, the
Kalman filter allows us to move from the original state space representation to
a vector autoregression.
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9.8.4. Serially correlated measurement errors

With few modifications, the preceding analysis can be adapted to calculate the
vector autoregressive representation and the one-step ahead prediction for y; for
the case in which the measurement errors are vector first-order autoregressive
processes. We have seen that the Wold representation in this case takes the

form
Yir1 = [[ — DL]7MI + G(I — A°L) ' K L]u;. (9.8.15)

Operating on both sides of (9.8.15) with the inverse of the operator in L on the
right side, and using (9.8.10), we obtain

[[ — DLJ{I — GII - (A° = KG)L] 'K L}yess = uy,

or

yori = {D+ (I - DL)GI — (A" = KG)L| 'K}y +u;,  (9.8.16)

where recall that u; = yi11 — E[yer1]yt]. The above equation can be expressed
in the alternative forms

Yi+1 = Dy +éZ(AO —KGY 'Ky j11
=1

oo

—~DGY (A° = KGY 'Ky j +w,
j=1

or

Yey1 =[D + GKly: + Y [G(A° — KG)'K
w1 =] I ;[ (9.8.17)

— DG(A° — KGY ' Klyi—j + us.

These equations express y;4+1 as the sum of the one-step ahead linear least

squares forecast and the one-step prediction error.?

9 The MATLAB program varrep.m uses (9.8.17) to obtain a vector autoregressive repre-
sentation for an equilibrium set of y;’s, given [A°,C,G, D, R].



204 Representation and Estimation

9.9. Innovations in y;,; as Functions of Innovations w;
and 711

By coupling the original state space system with the associated innovations
representation, it is possible to express the innovations in the {y:} process as
functions of the disturbances {w;} and the measurement errors {v;}. Having
a method for expressing this connection can be useful when we want to inter-
pret the innovations in {y;} as functions of the shocks impinging on agents’
information sets and the measurement errors.

The state space system is

Ti41 = ont + C’LUt+1

R (9.9.1)
Uy = Gry + GCwip1 + Ny,

which corresponds to an innovations representation, which can be expressed as

the “whitener” R , .
fen = (A7~ KO+ Ky, (9.9.2)
ur =y, — Gy
Substituting the second equation of (9.4.3) into the first equation of (9.9.2)
gives
#p1 = (A° — KQ)#y + KGry + KGCwiy 1 + Kngyy. (9.9.3)

Using (9.9.3), systems (9.4.3) and (9.9.2) can be combined to give the consoli-
dated system

Tet1 A° 0 Tt Cwiyq
= _ _ 9.9.4
L@tﬂ] [KG Ao — KG} [mj + [KG‘thH b K (9:94)
_ — [
Uy = [G - G] |::i’ :| + [GC’UJt+1 + T]t+1]
t

In system (9.9.4), the “inputs” are the innovations to agents’ information sets,
namely, w41, and the innovations to the measurement errors, namely, 7;41.
The “output” of the system is the innovation to y;41, namely u; = yt+1fEAyt+1 |
y*. By computing the impulse response function of system (9.9.4), we can study
how the innovations wu; depend on current and past values of wyy1 and 7441
Versions of formula (9.9.4) are useful for studying the range of issues considered
by Hansen and Sargent [1991, “Two Difficulties”].1®  In the next section, we
illustrate one such issue in the context of a permanent income example.

10 The MATLAB programs whitel.m and white2.m use formula (9.9.4) to compute impulse
response functions of u; with respect to wy and 7, respectively.
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9.10. Innovations in the y’s and the w,’s in a Permanent
Income Model

This section illustrates some of the preceding ideas in the context of an economic
model that implies that the econometrician’s information set spans a smaller
space than agents’ information. The context is a class of models which impose
a form of expected present value budget balance. As we shall see, expected
present value budget balance is characterized by a condition that implies that
the moving average representation associated with the model, which records the
response of the system to the w;’s, fails to be invertible. The outcome is that the
innovations in the autoregressive representation don’t coincide with the w;’s.
Representation (9.9.4) can be used to compute a distributed lag expressing the
innovations as functions of the lagged w;’s.

We consider the following version of Hall’s model in which the endowment
process is the sum of two orthogonal autoregressive processes. Preferences,
technology, and information are specified as follows:

9.10.1. Preferences

1

*§E25t[(ct — b)) + 421 | Jo

t=0

9.10.2. Technology
ct + iy = vki—1 + dt
P1it = gt
ki = Orhki—1 + it
9t - Gt = 5?
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9.10.3. Information

A22 = ) CZ

SO O O O = O
S O O k= O O

oo o o o
o oo o s O

© U oo~ o o O
©S - ok, o o oo
S = oo oo o
S w o0 o o oo

=
I

6 4
0 0
Uy=[30 0 0 0 0 0]

We specify that v = .05,6, = 1,8 = 1/1.05,¢; = .00001. Note that
B(0x +v) = 1, which is the condition for consumption to be a random walk
in Hall’s model. The preference shock is constant at 30, while the endowment
process is the sum of a constant (5) plus two orthogonal processes. In particular,
we have specified that d; = 5 + dy; + dar, where

dyy = .9dyp—1 + wyy
doy = Woy + .8Wor_1 + .6Wor_o + 4Wos_3

where (w1, War) = (w1e, 4wsye). Notice that we have set

Eliflt Ujlt,: 10 .
Wot Wat 0 16

Here di; is a first order autoregressive process, while ds; is a third order pure
moving average process.

We define the household’s net of interest deficit as ¢; —d;. Hall’s model im-
poses “expected present value budget balance,” in the sense that F Z;io B (Ctaj—
ditj) | Jo = B ki—q for all t,1' which implies that the present value of the
moving average coefficients in the response of the deficit to innovations in agents’
information sets must be zero. That is, let the moving average representation
of (ct,c; —dy) in terms of the w;’s bel?

[th—tdt:| - {Z;Eg] we, (9.10.1)

11 gee Sargent [1987] and Hansen, Roberds, and Sargent [1990].
12" Without loss of generality, the covariance matrix of wy can be chosen to be the identity

matrix.
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where 01(L) and o2(L) are each (1 x 2) matrix polynomials, and o(L) =
Z;io o;L7. Then Hall’s model imposes the restriction

o2(B) =[0 0]. (9.10.2)

The agents in this version of Hall’s model observe J; at t, which includes
the history of each component of w; up to ¢. This means that agents see histo-
ries of both components of the endowment process di; and ds;. Let us now put
ourselves in the shoes of an econometrician who has data on the history of the
pair [c;,d; ], but not directly on the history of w;. We imagine the econometri-
cian to form a record of consumption and the deficit [¢;, ¢; — d¢ ], and to obtain
a Wold representation for the process [c¢i,¢; — di]. Let this representation be

denoted 13
Ct UT(L)]
= u s 9.10.3
[Ct—dt} LE‘(L) ' ( )

where ¢*(L) is one-sided in nonnegative powers of L, and u; is a serially un-
correlated process with mean zero and Ewgu, = I; wu; is the innovation of
[ct, cr — dy ] relative to the history [¢!™1, ¢!=1 —d!~1]. In representation (9.10.3),
uy is the object that would appear in the Gaussian log likelihood function, as
in formula (9.6.4).

It is natural to ask whether the impulse response functions ¢*(L) in the
Wold representation (or vector autoregression) (9.10.3) estimated by the econo-
metrician “resemble” the impulse response functions o(L) that depict the re-
sponse of (¢, ¢; —dy) to the innovations to agents’ information. A way to
attack this question is to ask whether the history of the {u:} process of innova-
tions to the econometrician’s information set in (9.10.3) reveals the history of
the {w;} process impinging on agents’ information sets. In the present model,
the answer to this question is ‘no’ precisely because restriction (9.10.2) holds. In
particular, (9.10.2) implies that the history of u;’s in (9.10.3) spans a smaller
linear space than does the history of w;’s.

Here is the reason. The wu;’s in (9.10.3) are constructed to lie in the space
spanned by the history of the [c¢;,¢; — d;] process.'* Technically, this implies

13 Without loss of generality, the covariance matrix of u; can be chosen to be the identity
matrix.

14 Recall the construction underlying Wold’s representation theorem, e.g., see Sargent [1987,
chapter XIJ.
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that the operator ¢*(L) in (9.10.3) is invertible, so that (9.10.3) can be ex-
pressed as

w = 0" (L) [ ‘ } |

¢ —dy

where o*(L)~! is one-sided in nonnegative powers of L, and where the coeffi-
cients in its power series expansion are square summable. Given that o*(2)o*(z71)/
is of full rank, a necessary condition for o*(L)~! to exist (i.e., to have a repre-
sentation as a square-summable polynomial in nonnegative powers of L) is that
det 0*(z) have no zeros inside the unit circle.

Condition (9.10.2) then rules out the possibility that o*(L) is related to
o(L) by a relation of the form o*(L) = Uo(L) where U is a nonsingular 2 x 2
matrix. For (9.10.2) implies that det o(z) has a zero at 3, which is inside the
unit circle. In circumstances in which [c;, ¢, —d;] is a full rank process, ! the
history of [¢t, ¢; — di ] generates a smaller information set than does the history
of the w; process.

When u; spans a smaller space than w;, u; will typically be a distributed
lag of w; that is not concentrated at zero lag:

o
up = Zaj Wi—j. (9.10.4)
§=0

Thus the econometrician’s news u; potentially responds with a lag to the agents’
news wg. The calculations leading to representation (9.9.4) can be used to
compute the vector distributed lag «;.

To illustrate these ideas in the context of the present version of Hall’s
model, figures 9.10.1.a and 9.10.1.b display the impulse response functions of
[ct,et —di] to the two innovations in the endowment process. Consumption
displays the characteristic “random walk” response with respect to each inno-
vation. Fach endowment innovation leads to a temporary surplus followed by
a permanent net-of-interest deficit. The temporary surplus is used to accumu-
late a stock of capital sufficient to support the permanent net of interest deficit
that is to follow it. Restriction (9.10.2) states that the temporary surplus just
offsets the permanent deficit in terms of expected present value. For each inno-
vation, we computed the present value of the response of (¢; — d;) to be zero,
as predicted by (9.10.2).

15 By a full rank process we mean that o*(z)o*(z~1).
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Figures 9.10.2.a and 9.10.2.b report the impulse responses from the Wold
representation, which we obtained using the programs varma.m and varma2.m.
The innovation covariance matrix for the u;’s was

3662 —1.9874
—1.9874 12.8509 |

Notice that consumption responds only to the first innovation in the Wold repre-

* _x/

Eo—oo-o =

sentation, and that it responds with an impulse response symptomatic of a ran-
dom walk. That consumption responds only to the first innovation in the vector
autoregression is indicative of the Granger-causality imposed on the [ct, ¢; — dy ]
process by Hall’s model: consumption Granger causes ¢; — d;y, with no reverse
causality.

Unlike consumption, the response of the deficit (¢; — d;) to the innova-
tions in the vector autoregression depicted in figures 9.10.2.a and 9.10.2.b fail
to match up qualitatively with the patterns displayed in figures 9.10.1.a and
9.10.1.b. In particular, the present values (o3(3)) of the response of ¢; — d; to
us are (6.0963,6.6544). By construction, o5(3) cannot be zero because o3 (L)
is invertible.
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Fig. 9.10.2.a. Impulse response of con-
sumption and deficit to first innovation
in Wold representation. The dotted line
denotes the deficit, the dark line con-
sumption.

Fig. 9.10.2.b. Impulse response of con-
sumption and deficit to second innova-
tion in Wold representation. The dot-
ted line denotes the deficit, the dark line
consumption.

Figures 9.10.3.a and 9.10.3.b display the impulse responses of u; to wy, the

kind of representation depicted in equation (9.10.4). While the responses of the

innovations to consumption are concentrated at lag zero for both components of

wy, the responses of the innovations to (¢; —dy) are spread over time (especially

the response to wi;). Thus, the innovations to (c; — d;) as revealed by the

vector autoregression depend on what to economic agents is “old news”.

Hansen, Roberds, and Sargent [1991] describe how such issues impinge on

strategies for econometrically testing present value budget balance.

Hansen

and Sargent [1991] and Marcet [1991] more generally study the link between

innovations in a vector autoregression and the innovations in agents’ information

sets.
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9.11. Frequency Domain Estimation

We now describe how to estimate the free parameters of the model (9.4.1)
using the frequency domain approximation to the likelihood function of Hannan
[1970].We assume a model for which y; is asymptotically stationary. Let the
mean vector for the observable {y;} process be denoted p. The mean vector p
is a function of the parameters of the model. The spectral density matriz of the
{yt} process is defined as

Syw)= > Cylr)e ™7 (9.11.1)

T=—00

where Cy(7) = Ely; — p][y1—r — p)’. For the model (9.4.1), the spectral density
can be represented as

Sy(b(}) = G(I _ Aoe*iW)flcC/(Ii Aole+iw),1G/

) . 9.11.2a
+ ([ _ De—zw)—lR(I _ D/e+zw)—1 ( )
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and the unconditional means can be represented via a function
By = p=pu(A°%,G). (9.11.2b)

The autocovariances can be recovered from Sy, (w) via the inversion formula!®

Cy(r) = <27r> ! Sy(w)et™Tdw. (9.11.3)

—T

Let y; be a (p x 1) vector. Suppose that a sample of observations on {y;}7_;
is available. Define the Fourier transform of {y;}]_; as

T )
i 2ry
y(w)) =Y ey === =1,..T. (9.11.4)
=1
The periodogram of {y;}I_, is defined as
1 _
Ty(wp) = Fy(@)7(w;)', (9.11.5)

where the overbar denotes complex conjugation.
Following Hannan [1970], the Gaussian log likelihood of {y;}; as a func-
tion of the free parameters determining A°,C, D, and R can be approximated

as /241
. 1
A <2) (T + Tp)log 2w — ; log{det Sy (w;)}
T/241
_ Z trace [Sy(wj)ilJy(wj)] (9116)
j=1

T d = :
— Etrace{Sy(O)*1 [T Zyt —p) [T71 Zyt — u }
t=1 t=1

In (9.11.6), p is the dimension of the y; vector.

The free parameters determining A°,C, D, and R can be estimated by
maximizing the right side of (9.11.6) with respect to them. Notice that the
data {y;}}_; enter the right side of (9.11.6) only through the sample mean

16 The MATLAB programs spectral.m and spectrl.m can be used to compute a spectral
density matrix for one of our models. These programs implement formula (9.11.2).



Approximation Theory 213

71! Zle y; and the periodogram J,(w;), while the theory enters through re-
lation (9.11.2) which determines p and S,(w;) as functions of the free param-
eters. Parameter estimation uses any of a variety of hill-climbing algorithms on
(9.11.6).17

An advantage of frequency domain estimation is that it avoids the need,
associated with time domain estimation, to deduce a Wold representation for y; .
Notice that estimation proceeds without factoring the spectral density matrix
(9.11.2).

9.12. Approximation Theory

When an economist estimates a misspecified model, how are the probability
limits of the parameters that he estimates related to the parameters of a “true”
model? This question is not well posed until one states an alternative model
relative to which the model at hand is regarded as misspecified. If such an
alternative model is on the table, then the question can be answered by adapting
the analysis of approximation used by Christopher Sims [1972] and Halbert
White [1982]. A modification of (9.11.6) underlies the theory of approximation.

To state a complete theory of approximation, these elements are required:
(1) a model that in truth generates the data (to speak of approximation, it is
necessary to specify what is being approximated); (2) the model being estimated;
and (3) the method of parameter estimation. We make the following assumption
about these three elements. The true model is a member of the class of models
described earlier in this book, with parameters denoted by a vector §. The true
mean vector for the observables is v(d), and the true spectral density matrix is
Sy(w,d), where Sy(w,d) is determined by a version of (9.11.2a) with parameters
Zo,é, G, R, D, which depend on the parameter vector 6. The estimated model
is another version of (9.11.2), where the parameters determining the matrices
A°,C,G, R, D, are denoted «, the spectral density matrix is Sy(w, a), and the
mean vector is u(a). The method of estimation is maximum likelihood. It can
be shown (see Hansen and Sargent (1993)) that the probability limits of the free

17 For example, see Bard (1974 XXXX).
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parameters « satisfy

1 s
plim & = arg max{—Q— / logdet Sy (w, @) dw
o 7

—T

- QL trace[ Sy (w, a) ' Sy (w,8)] dw (9.12.1)
77

—T

~ v = (@) $,(0,0) v — (@] } .

The right side of (9.12.1) is obtained from (9.11.6) by appropriately taking
limits as T — oo. Roughly speaking, taking limits replaces the periodogram
Jy(w;) with the spectral density for the true model Sy(w;), and replaces the

sample mean with the true mean vector.

9.13. Aggregation Over Time

In this section, we describe how to use the Kalman filter to calculate the like-
lihood for data that are “aggregated over time.” We formulate a model that
generates observations in state space form and then use the Kalman filter to
derive an associated innovations representation from which the Gaussian log
likelihood function can be constructed.
Let the original equilibrium model have the state space form
Ti41 = AOZL't + th+1

(9.13.1)
yr = Gy

where w;41 is a martingale difference sequence with Ew,wi |J; = 1. We
assume that the model is formulated to apply at a finer time interval than that
for which data are available. For example, the model (9.13.1) may apply to
weekly or monthly data, while only quarterly or annual data may be available
to the economist. Furthermore, some of the observed data may be averages over
time of the {y;} data generated by (9.13.1), as when “flow” data are generated
by averaging over time. (Data on output, consumption, and investment flows
are usually generated in this way.) Others of the data may simply be point-in-
time “skip sampled” versions of the data. That is, “quarterly” data are formed
by sampling every thirteenth observation of the “weekly” data. We want to
catalogue the restrictions imposed on these time aggregated data by the model
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(9.13.1). We accomplish this by deducing the likelihood function of these data
as a function of the free parameters for (9.13.1).

We perform our analysis of aggregation over time in two steps. First, we
expand the state space by including enough lagged states to accommodate what-
ever averaging over time of data is occurring. Let m be the number of dates
over which data are potentially to be averaged. Then we form the augmented

system
T A° 0 0 0 Ty C
Tt I 0 0 0 Ti—1 0
g1 | =0 I 00 Te—2 | + | 0| wyeq
Lt—m+2 0 0 I o Tt—m+1 0
or
Tiy1 = AT + Cwiyq (9.13.2)
where
Ti41 A° 0 -+ 0 O c
Tt I 0 0 0 0
Ty = Ti—1 A= 0 T 0 0(,C=10 (9.13.3)

Tt mio 0o 0 -~ I 0 0

Once we have formed A and C, it is easy to form the appropriate model for
averaged data. For example, suppose that we are interested in forming the
model governing three period averages of consumption. We would set m equal
to 3 in (9.13.2) and (9.13.3), and could then model averaged consumption
via the observer equation y; = GZ; where G = [S. S. S.]. The MATLAB
program avg.m obtains the matrices A and C' of (9.13.3) for a given m , thereby
accomplishing the first step in our analysis of aggregation over time.

The second step is actually to perform the aggregation over time by skip-

ping observations on a representation of the form (9.13.1) or (9.13.2). Let an
equilibrium be represented in the state space form

Tey1 = Axy + Cwyyq, t=0,1,2,...
e e (9.13.4)
yr = Gy
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where the first line of (9.13.4) could correspond either to (9.13.2) or to its
special case, the first line of (9.13.1). Suppose that data on y; are available
only every r > 1 periods, where r is an integer. Then the data are generated

by the model
mt—‘r’!‘ :AT'/L‘t—i_w;‘-Q—T’ t:O’T’27"7...

(9.13.5)
Y = Gy
where
A= A"
- L (9.13.6)
w:+r =A"" th+1 + A" C’U}t+2 + -4 Acwt+7‘71 + C’U)t+r
Represent (9.13.5),(9.13.6) as the state space system
Ts11 = Arxs + Wi , s=0,1,2,...
i = (9.13.7)

ys = Gz,

where w{; is a martingale difference sequence with contemporaneous covari-

ance matrix
Ewgw;" =CC' + ACC'A' +---+ AT lcc' ATV

. (9.13.8)

Now suppose that only error-corrupted observations on the time aggregated
{ys} data are available, and that the measurement errors are first-order serially
correlated. To capture this assumption, augment (9.13.7) — (9.13.8) to become
the state space system
Teyr1 = Arxs + w;_l

Ys = Gs + vs (9.13.9)

vs = Dvg_1 + 1
where Engn, = R and Ewgi1n, =0 for all ¢ and s.

System (9.13.9) is a version of the state space system (9.4.1). Proceeding
as in our analysis of (9.4.1), define 7, = ys+1 — Dys and G, = (GA, — DG).
Then (9.13.9) implies the system

Top1 = Apzg + Wiy

(9.13.10)
@s = GTIS -+ Gw:+1 -+ MNs+1-

Define the covariance matrices Bw/w” =V = Vj, E(Guwlq + nss1)(Gulyy +
Ns+1) = GVG'+ R = Va, Ewl, 1 (Gw] +1s41) = VG’ = V3. Use the function
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kfilter to obtain [K,X] = kfilter(A,,G,, V1, V2, V3). Then an innovations
representation for system (9.13.10) is
Bou1 = At + Ka, (9.13.11)
Yy = Gris + as

where &y = Elzs | 75 '],0s = U, — E[7, | 75 '], = Fasd, = G.XG". +
V5. Once again, the innovations representation (9.13.11) can be used to form
the residuals a; recursively, and thereby to form the Gaussian log likelihood
function. '8

We illustrate the programs avg.m and aggreg.m by showing how they
can be used to analyze the effects of aggregation over time in the context of
our equilibrium version of Hall’s model. We want to deduce the univariate
Wold representation for consumption data that are constructed by taking a
three period moving average, and then “skip sampling” every third period. The
following MATLAB code performs these calculations:

clex11; reads in parameters of Hall’s economy
solvea; computes the equilibrium
[AA,CC]= avg(a0,C,3); forms state for three period averaging
G = [sc sc scl; forms observer for three-period moving average
of consumption

R = .0001; D = 0; sets parameters of measurement error process
[Ar,Cr,aa,bb,cc,dd,V1] =

aggreg (AA,CC,G,D,R,3)
y = dimpulse(aa,bb,cc,dd,1, 20); forms moving average representation

We have set the parameters of Hall’s model at the values that make unaver-
aged consumption follow a random walk. Notice that we set R and D so that
only a very small measurement error is present in consumption. The impulse
response function for skip-sampled three period moving average consumption
reveals the following representation for the skip-sampled moving average data
Ct:

Ct — Ci—1 = az + .2208a;_1

where a; = ¢ — E(¢ | ¢4—1,Ct—2,...). Thus, the first difference of ¢; is a first-
order moving average process. These calculations recover a version of Holbrook

18 The MATLAB program aggreg.m constructs the innovations representation (9.13.11)
from inputs in the form of the state space representation (9.13.4) and the parameters R and
D of the measurement error model (9.13.2).
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Working’s [1960] findings about the effects of skip sampling a moving average
of a random walk.

9.14. Simulation Estimators

We have described how to estimate the free parameters of a model using data
that are possibly error-ridden linear functions of the state vector x;. In our
models, quantities and (scaled Arrow-Debreu) prices are linear functions of the
state, but asset prices and rates of return are non-linear functions of the state.
In this section, we describe how observations of non-linear functions of the state
can be used in estimation.

The equilibrium transition law for the state vector z; is given by
Tip1 = A"(H)zt + C’(G)wtﬂ, Ewtwg =1 (9.14.1)

where the r x 1 vector 6 contains the free parameters of preferences, technolo-
gies, and information. We partition the data into two parts, (z1¢,t =0,...T)
and (z2:,t =0,...T), where the z1;’s are linear functions of the state x;, and
the zo:’s are nonlinear functions of the state. Assume that z1; is & x 1 and zo;
is m x 1. The data are related to the state z; and measurement errors v; as
follows:

21 = G(0)x, + V1,t

2ot = f(mtan,ta 0)7

r() () = (e w )

and where Q(6) = C(6)C(0)’.
The Gaussian log likelihood function of {zy;}7_, is

where

T T
1
L(0) = th =3 Z [plog(%r) +log || + a}Q; ay
t=0 t=0
where z; is px 1 and a; = 21, — E[#1,¢|#1,4-1, - - -, 21,0] is the innovation vector

from the ‘innovations representation’ and Q; = Faza} .
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Maximizing the log likelihood function with respect to 6 is equivalent with
a particular Generalized Method of Moments (GMM) procedure using obser-
vations on (zy4,t = 0,...7T). Note that the first-order order conditions for
maximizing the log likelihood function are

oL
— =0.
00
To see how this matches up with GMM, compute the score vector s; = %
which has elements,
ol 1 _109 _ Oaz\' . _
oo = —yurd (0 G (- o tauat) - (550 e
Using the notation of Hansen (1982), the GMM estimator of # minimizes
Jr(0) = g7(0)Wrgr(0) (9.14.2)

where

T
gr(0) = g > sil0)

t=0
and Wr is any positive definite 7 xr weighting matrix. Notice that gr(0) = %—g,
so that for any positive definite weighting matrix, (9.14.2) is minimized by the
minimizer of L(#). The irrelevance of the weighting matrix Wy reflects the
property that from the viewpoint of GMM, this is a ‘just-identified’ system,
with as many moment conditions as free parameters.

Suppose that we want to use the observations in zy; and in zo; to estimate

0. We can apply a method described by Ingram and Lee. Given the law of
motion in (9.14.1) and a realization from a pseudo-random number generator for
{wjt1,v15, 09 }évzo, we can generate a pseudo-random realization of the series
{z1, 212]'}?]:0. Let g(-) be a given function of the data. Use the data and the
simulation of the model, respectively, to compute the two moment vectors:

T
1
Hr(z) = mZQ(ﬁt,Zzt)
=0
| X

<
Il
o
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Define hr(0) as follows

1 T

T+1 prt

1

hr(0) [Q(Zm Zot) — o Z(J(le, 22530)
=0
= HT(Z) - HN<9),

where n+1=(N+1)/(T+1) and N + 1 is some integer multiple of T + 1.
Then the estimation strategy for obtaining 6 is to minimize

s ]

for some weighting matrix Wy . To estimate Wz, we can use the two-stage

Jr(0) = {

procedure in Hansen (1982), which is to start with Wz = I and then construct
the weighting matrix associated with the resulting estimate of 6.

A. Initialization of the Kalman Filter

This appendix describes how Kohn and Ansley’s idea for estimating the initial
state can be applied in the context of our class of models. Aside from numer-
ical issues, Kohn and Ansley’s procedure is equivalent to using all of the data
{ys}L_,, and initializing the Kalman filter from a partitioned covariance matrix
designed to approximate

where X 22 is the asymptotic covariance matrix of that piece of the state vector
that has an asymptotically stationary distribution, and 1 is a matrix of ones.
The +o0ol pertains to elements of the state that have no asymptotic stationary
distribution. In practice, 400 is approximated by a large positive scalar. This
procedure was used by Harvey and Pierse.'® This procedure ought to be close
to Kohn and Ansley’s, though the literature contains examples of cases in which
the numerical properties of the ‘+00 ~ a big number’ approach are poor. For
that reason, it is good to have in hand procedures like the one we shall describe.

19 Another approach has been to use an ‘inverse filter’ in which the recursions are cast in
terms of the inverse of X;.
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For convenience, we temporarily work with the state-space system2°

T+l = Al’t + er—&-l
Y = Gy + Quiy 4,

where wf,; is a martingale difference sequence with identity for its conditional

(9.4.1)

covariance matrix. In the interest of eventually imputing a diffuse prior to the
initial values of that part of the state vector that has no stationary distribution,
we represent the initial state as

170:¢77+¢+N74

where ¢ is an n x 1 vector with all zeros except possibly for one value of
one, which locates the constant in the state; and v is normally distributed
with mean zero and covariance I, and 7 is normally distributed with mean
zero and covariance kI, where the random vectors v and 7 are assumed to
be independent. We use ¢n to represent the piece of the initial state that has
no stationary distribution, and Nv to represent the piece with a stationary
distribution. We attain a diffuse prior on the stationary distribution by driving
k to 4o00. Our plan is to project x,, on y,,—1,...,Yo, while driving k — +o00,
and then to initialize the Kalman filter from the resulting estimators of the
distribution of z,, .
By iterating on the state equation (9.4.1), we can write:

T = A"on+ A" + Hyw™ (9.A.2)

where w™ = (v w* ... w}) and
H, = (Am_lN Am2C L c).
’

Now create a vector Y™™ 1" = (¢} v} .. y,,_,) that obeys:

Y™l = Myn+ a+ Gpu™ (9.A4.3)

20 14 is easy to map (9.4.3), which describes the state-space system wih serially correlated
measurement errors, into this form. Define w’, ; = Y1) and represent (9.4.3) as
*+1 Ni+1

1 = Az + (C O) w:Jrl
yt = Gxy + (GC 1) warl.
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where
Go G
GA¢p GA
m — . , Q= : ’¢
GA™ ¢ GA™!
and
GN Q 0 0 -+ 0 0
GAN GC Q 0 -~ 0 0
o GA%N GAC GC Q -0 0
GA™ 2N GA™3C GA™*C GA™SC --- Q 0
GA™ N GA™2C GA™3C GA™*C ... GC Q

Transform equation (9.A4.2) as follows. Regress H,,w™ onto G,,w™, and
denote the residual as R,,,w™, to obtain the representation

Hpw™ = H) Gruw™ + Ryw™, (9.A.4)

where H}, = (EH,w™w™ VG ) (EG,wm™w™ VG )71 is a matrix of least
squares regression coefficients and R,, = H,,—H},G.,. Thus H}, = H,,G" (G, G.,")~L.
Also, since Gpw™ =Y™" 1 — M,,n— a, (9.A.4) implies the representation

Hw™ = H:;L(Ymil - Mpn —a) + Ryw™.
Rewrite state equation (9.4.2) as:
T = (A™¢ — H My)n+ A™p — Hi oo+ HE Y™ P+ Rpw™.  (9.A.5)

Next we compute some conditional expectations and covariances. Initially,
we use (9.A4.5) and the facts that (i) by assumption, w™ is orthogonal to 7,
and (ii) by construction, R, w™ is orthogonal to G,,w™, to compute:

B(xm|Y™ Y n) = (A" ¢ — Hy M)y + A™ — Hyo + Hyp Y™

and
cov(z,|Y™ 1) = R, R,
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To compute the conditional expectation and covariance matrix conditioning only
Y™~ we first compute the projection of n on Y™ 1 — a:

n=p0 """ -a)+e,

where ¢ is a least squares residual. We compute En(Y™ ! —a) and the second
moment matrix of Y™~ ! — a and use them in the projection formula:

B* = (kM) (kM,, M., + G,,G..)" .

Premultiply by [M],(GnG",) " * M, Y [M] (G, GL,) " M,y,] to get 8* = [M], (G,
G' V" IM,, )M (GG kM, M (KM, M) +G,, G )71 I we drive b —
400, the last term in square brackets approaches the identity matrix, so that

we have
EMY™ ' —a) = M}, (GnGn') " M) M, (GG ) TH(Y ™ —a). (9.A4.6)

Notice that ¢ = B*(M,,n + Gpw™) —n = (8*M,, — I)n + B*G,w™, and that
(B*Mp, — I) = 0. It follows that

cov(n]Y™ ! —a) = [M] (GnG') M, L. (9.A.7)

Using these results and applying the Law of Iterated Expectations to (9.4.5)

gives: 2!

E(wn Y™ 1) = (A" ¢ — Hy My ) [My, (G Gl) ™ M ] ™
M (GnGL) P ™ —a)+ A" — HE o+ HE Y™ (9.A.8)

and

cov(T,|Y™ ) = R R, + (A™ Yo — H M,,)[M! (G, G )" M,,]~*
(A™te — HX M,,)". (9.A.9)

The Kalman filter is to be initialized by using these values of Z,,,%,,, then
applied to compute (9.6.8), using observations {y,}7_,..

21 Note that equations (9.A.6) and (9.A.7) result from applying generalized least squares
to the system of equations (9.A.3), where 7 is regarded as a matrix of constants and M, is

a matrix of regressors.
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When we apply this procedure with (9.A.1) corresponding to the system
(9.4.3), we should interpret Y~ in the preceding development as ¥ which
corresponds to Y™ in the real data. In this case, we should interpret Z,,,%,,
according to definitions of the (*) variables defined for the system with serially
correlated measurement errors. 22

We can also include a contribution to the likelihood function to account
for the initial observations used to form Z,,. Begin with (9.4.3) and let 2 =
GG, , which we take to be nonsingular. Suppose that M, is dimensioned r
by s where r > s so that 7 is ‘overidentified.” Construct two matrices labeled
M+ and M*, dimensioned (r — s) x r and s x r, respectively, to satisfy:

M*+Q ‘M, =0

M*Q MY =0,

and construct the nonsingular matrix:
M*Qfl
D= igr )
M+Q-1

2= M*Q Y™

Define:

20 = MTQ71Y™.

Notice that conditioned on 7, z; and 2o are uncorrelated. Moreover, by con-
struction z, does not depend on 7.
We deduce the initial likelihood contribution as follows. First note that

(zl> — DYy™.
22

Transforming the z’s introduces a Jacobian term:
logdet D,

which is the first contribution to the likelihood.

22 Notice that with serially correlated measurement errors, (9.A.8), (9.A.9) give the ap-
propriate initial conditions for the Kalman filter, because of the dating conventions that make
u¢ the innovation to yi41 .
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The second and third contributions are the likelihoods of the z’s. Condi-
tioned on 7, the likelihood can be factored. Only the first term in the factoriza-
tion depends on 7, and is present in the ‘exactly identified’ case. The quadratic
form term converges to zero for this contribution. We deduce the logdet term
by taking the limit as k goes to infinity of:

logdet(kM*Q ™M, M! Q *M* + M*G,,,G.,, M*') =

1
ny log k + log det(M*Q ™' M,,, M, Q"' M* + EM*GmG’mM*’)

where n; is the dimension of z;. Taking the limit and neglecting the term
n1 log k, which is the same for all settings of the parameter values and so can
be ignored, leaves the term:

log det(M*Q~ M, M, Q= M*').

The 2o contribution to the likelihood retains both a log det and a quadratic
form contribution. Notice that the zy term is absent in the ‘exactly identified’

case.






Chapter 10

Semiparametric Estimation with Limited Infor-
mation

10.1. Introduction

This chapter describes semiparametric estimation of transmission mechanisms

under limited information.

10.2. Underlying Economic Model

Consider the following economic model. The information available to economic
agents at time ¢ is denoted J;. There is an endogenous state vector k;_; which
we will think of as a vector of capital stocks. The capital stocks evolve according
to the evolution equation:

kt = Ak/’tfl + @Zt (1021)

where i; is a vector of flow variables which we refer to as investment goods. The
absolute values of eigenvalues of the matrix A are presumed to be strictly less
than one. There is also an exogenous state vector z; with dynamics given by:

2t41 = Aoz + Cowy gy (10.2.2)

where {w;} is a martingale difference sequence adapted to {J;} with a condi-
tional covariance matrix I. It is known that a first-order linear specification
of the dynamics is quite flexible because it can represent multivariate ARMA
models of arbitrary orders. The composite state vector at time ¢ is denoted

Ty = .
2t
The recursive solution to the model gives investment i; as a function of the

state vector x;:
’L't == SZL‘t = Skkﬁt,1 + SzZt.

- 227 —
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Substituting this solution into equations (10.2.1) and (10.2.2), we find that

Ti41 = Aa:t + thJrl (1023)

A—-0S5, 085, 0
A= = .
( 0 A22)’C <C2>

Thus, equation (10.2.3) gives the evolution of the state vector process when the

where

optimal or equilibrium investment rule is imposed.

The state vector z; may enter into the decision rule or equilibrium invest-
ment relation for one of two reasons. Some components of z; may enter directly
into the objective functions of economic agents; and other components may
simply be used in forecasting future values of these variables. Let z; denote a
vector of the former components, which we presume are related to z; via:

ztl = Hyz

where Hi is just a matrix that selects elements from z;. The solution for

investment can often be represented as:

ir = Skki1 + Soz} + Sp Y (A S1E(2ty,11) (10.2.4)
j=0

and hence
S, = SoH; + Sf([ — A)7151H1

(see Hansen and Sargent 1981 and Sargent 1987). One way to obtain a solution
of this form is to stack the first order conditions for the endogenous state vector
and its corresponding co-state vector into an expectational first-order difference
equation driven by the forcing process {2}, then to solve that difference equa-
tion. A similar structure can be obtained even when the endogenous state vector
is not the solution to an optimal resource allocation problem. The estimation
method we describe below exploits the feedforward structure of the solution for
investment whereby investment depends on current and expected future values
of the forcing process {z}}.
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10.3. Econometrician’s information and the implied orthog-
onality conditions

We presume that the econometrician observes a time series of investment
i, t = 1,2,...,T. With knowledge of the depreciation matrix A, he can con-
struct an approximate capital series, ‘approximate’ because the initial capital
stock kg may be unknown. Because the dominant eigenvalue of A is strictly
less than unity in modulus, the approximation error vanishes as the sample size
T gets large. The econometrician also observes some but not all of the vector
Zt -

Partition

where y; is observed by the econometrician by w; is not. To have any hope of
identifying the parameters in the underlying model, we assume that the exoge-
nous state vector process can be uncoupled in the following way:

zip1 = Ayzi + Cywi

and
u _ u u
zih1 = Auzi + Cuwilyy
where y y
[ R [ Wy
= w | Wt = ”
2 wy
and

vy = Hyz! and u; = H,z}'.

To guarantee asymptotic stationarity, we restrict the absolute values of the
eigenvalues of A, to be strictly less than one. The {u;} process gives us one
interpretation of why investment is not an exact function of variables observed
by an econometrician. Therefore, we rewrite the investment relation as:

oo

it = Skkt—l + So,yyt + Sf Z(A)jsl,yE(yt+j|Jt) + €t
7=0

where
o0

et = Souur + Sy Z(A)jsl,uE(utﬂ'Ut)
=0
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and

The process {e;} provides an error term that can be interpreted along the
lines of Hansen and Sargent (1980). By construction it is uncorrelated with
the process {y:} at all leads and lags. This uncorrelatedness can be directly
exploited in estimating the parameters of endogenous dynamics of the model,
e.g., the parameters governing the transmission mechanism. In fact, this can be
accomplished in ways that permit a robust specification of the dynamics associ-
ated with the underlying shock process {u;}. In other words, a semiparametric
estimation method is possible in this setting.

Another source of omitted information is in the forecasting of future values
of the process {y:}. For instance, let K; denote the information set used by the
econometrician, constructed in a way so that at least it is no larger than J;. This
gives rise to an additional model “specification” error, say f:;, as emphasized
by Shiller (1978) and Hansen and Sargent (1980, 1982). Thus, the investment
equation used by an econometrician is given by:

it = Skkt—l =+ SO,yyt + Sf Z(A)jsl,yE(yt+j|Kt) =+ € + ft (1031)
7=0
where -
fr =85 Y (MY S1y[E(yess|T) = E(yers | K2))-
7=0

By the Law of Iterated Expectations, the error term f; is uncorrelated with
current and past values of {y;}, but can be correlated with future values of
this process. As a consequence, the orthogonality conditions that are robust to
misspecifying the information set are:

E[(fi +e)y—;'] =0 for j=0,1,... (10.3.2)

The presence of the component f; in the disturbance term is what limits the
orthogonality conditions to be one-sided. Future values of y; may be correlated
with the disturbance term in the investment equation.

Since the information set K; is a misspecified version of J;, unless one
is willing to specify the omitted information precisely, it is most convenient to
envision an econometrician modeling the evolution equation for {y;} in a flexible
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manner. Although information is omitted, so long as {y:} has a state-space
representation, we know that it can be represented as a multivariate version of
an ARMA model, although the autoregressive and moving-average orders will
be unknown to the econometrician. For the sake of simplicity, we assumethat
the {y:} process is stationary and has a moving-average representation:

yr = B(L)v (10.3.3)

where the operator B has a one-sided inverse, and current and past values of
v also generate the information set K;. In what follows, it is not necessary
to limit B to be a ratio of polynomials, as in ARMA models. More general
dynamics can be accommodated. As we will see, this in effect introduces an
infinite dimensional nuisance parameter into the moment conditions (10.3.2).
Finally, note that by omitting information relative to that used by economic
agents, we cannot expect to deduce impulse response functions that are inter-
pretable in terms of the economic shocks impinging on the decision maker. In
other words, the response of investment or capital stock to an innovation in {y;}
(i.e., in economic agents’ information set) will be contaminated. Nevertheless,
we will still be in a position to identify parameters of the endogenous dynamics.

10.4. An Adjustment Cost Example

A linear-quadratic model of adjustment costs has a solution for investment that
is of the form given by (3) with a scalar investment and capital stock and a
scalar A that we will denote by A. For simplicity, we presume that the obervable
forcing process {y;} is also scalar. Write the econometric relation for investment
in feedforward form as:

(o9}

it = pki—1 + Yoy + 1y Z(A)jE(yt+j|Kt) +e+ fi
= (10.4.1)

k’t = 5I€t_1 + it.

The operator B enters into the model solution because of its role in the
solution to the prediction problem:

oo
v =B Ny Ke).
=0
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It is known from Hansen and Sargent (1980) that
yi = B*(L)vy

where
(B(¢) —AB(N)
C—A .

Substituting this formula into (10.4.1) and solving for the econometric distur-

B*(() = (10.4.2)

bance term, we obtain:
ft + ey = it — pktfl — woyt — I/JfB*(L)Ut (1043)

Prior to investigating the estimation of endogenous dynamics as captured by
the parameters p, o, %y, 9, A we will study the impact of estimating B in both
parametric and nonparametric settings.

10.5. A Slightly Simpler Estimation Problem

Let Y; denote a random vector, each entry of which is a linear combination
of current and past values of y;. Suppose the unconditional moment condition
used in estimation is:

E[(fi +e)Y:] =0.

A component of these moment conditions that depends on B is:
8, = E[Y,B*(L)u], (105.1)

and for the moment let us suppose that (3, is the parameter of interest.
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10.5.1. Scalar Parameterizations of B

As a preliminary step to studying nonparametric estimators of B, we ini-
tially consider very simple scalar parameterizations of B:

B, = B+ aF.

We suppose that for sufficiently small values of a we can invert the operator B, .
We must explore what happens to the moment condition for small perturbations
in «a.
Define:
d1(a) = Bo (L) 'y

Differentiating ¢; with respect to a and evaluating we find that

B(L)D¢¢(0) + F(L)v, =0,
D¢ (0) = —[B(L)] ' F(L)v;. (10.5.2)

Then differentiating the moment relation:

we find that
dB(0)/do = E{Y;[F"(L)ve]} + E{Y;[B" (L) D¢ (0)]}- (10.5.3)

The * notation is used to denote the transformation of an operator given by
(10.4.2).

Let ar denote the maximum likelihood estimator for o = 0 for sample size
T, and let

T
pr = (1/T) ZYTBZT (L)pe,r(ar)
t=1
denote the sample estimator of (3, where the notation ¢;r(ar) denotes the

time t approximation for v; using the estimator ar. Then the sampling error
in Br as an estimator of 3, can be decomposed into two components:

VT(Br — B,) =~ (1/VT) Y [ViB — Bo] + [dB(0) /da]VTar.  (10.5.4)
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The first term is the usual central limit approximation for sample moment esti-
mators while the second term accounts for the additional sampling error induced
by having to estimate B. It is the second term that we turn our attention to.

The limiting distribution of {ar} is determined by the score of the condi-
tional likelihood of y; conditioned on the past. This score is given by

The first term of the score comes from differentiating the quadratic form in the
one-step ahead forecast error of y;, and the second term from differentiating the
log variance term of the time ¢ contribution to the conditional log likelihood.
The score variable has mean zero conditioned on K; ; and the resulting score
process is a martingale difference sequence. Then

VT L) (10.5.6)
oap ~ ==L~ 5.
T VTE(s:2)

In light of the fundamental role played by the score variable in deteriming
the limiting distribution for the estimator sequence {ar}, it will prove to be
very useful to represent the derivative d3(0)/da as an expected cross product of

some random vector with the score s;. We now deduce what that random vector
is by obtaining an alternative expression for the right-hand side of (10.5.3). Note

o [ ([22] )
i ([229)] boro)

where the first equality follows because future values of v; are orthogonal to Y;
and the second equality follows from formula (10.5.2) for D¢:(0). Substituting
(10.5.7) into (10.5.3) and using formula (10.4.2) for B* results in:

aa00)jdo =~ v, (| 525 per))

— _ABO)E K[L_S_J yt> D¢t(o)} (10.5.8)

e [}

where the second equality follows from the joint stationarity of the composite
process {[Y:, D¢;(0)]}. Formula (10.5.8) is almost what we want, except that

E{Y[F"(L)v]}
(10.5.7)
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we need an expression in terms of s; instead of D¢:(0). This can be obtained
by noting that

o[ (a] oo ()] o

which can be verified as follows. Compute the expectation on the right-hand
side by conditioning first on K;_; and using the two facts that (i) D¢.(0) is
the sum of a term in vy and E[D¢;(0)|K;—_1], and (ii) the third moment of v,
is zero. Then apply the Law of Iterated Expecations again to obtain the left-
hand side of (10.5.9). Combining (10.5.8) and (10.5.9), we obtain the desired
formula:

d3(0)/do = AB(\)E [vt ([11AL} Ytl) st} . (10.5.10)

Armed with this formula, we can think of the time ¢ contribution of the
“correction term” for estimating B as the outcome from running a least squares
regression of AB(\)v, ([ﬁ} Yt,l) onto the score s;. This interpretation can
be seen by substituting (10.5.7) and (10.5.10) into (10.5.4) and interpreting

d%((qs )t/;;a as a population regression coefficient. Although we performed this

computation for an affine scalar parameterization of B, it can be mimicked for
any sufficiently smooth one dimensional parameterization. The correction term

will continue be interpretable as a regression score.

10.6. Multidimensional Parameterizations of B

As a further step in studying the impact on (3, of using a nonparametric estima-
tor of B, we now briefly consider what happens when we use parameterizations
that have more than one dimension but are still finite dimensional. This turns
out to be an easy extension of our previous analysis. Let s; be the score vector
associated with any such nondegenerate parameterization. (By “nondegener-
ate” we simply mean that the second moment of the score vector is nonsingular,
a local identification condition.) The entries of the score vector s; can be repre-
sented as in (14), and the derivative matrix 93(0)/9a’ is given by the expected
cross product:

98(0)/90’ = AB(\)E {vt (le] YH> s/} .
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Therefore,

MH

VT (Br — Bo) ~(1/VT) Y [ViB*(L)v, — Bo]

+AB\E [vt ([llAL} Yt1> St/:| [E(sps¢")] 7 (1/VT) zir:

Again the correction term for the first stage estimation of B has a regression

I
—

interpretation: regress AB(\)v; ([1 AL] Yi_ 1) onto the score vector s;.

10.7. Nonparametric Estimation of B

Since the derivative matrix has an expected cross product representation
for any finite dimensional parameterization, we can use an insight from Stein
(1956) and Levit (1975), developed more fully by Van der Vaart (1991) and
Newey (1993), to deduce the asymptotic distribution when B is estimated non-
parametrically We simply ask what happens to the population regression of
(B ([
parameterizations of B. Since the elements of the regressand can be viewed as

Y;_1 ) onto the linear space of time t scores for all possible

scores of hypothetical parameterizations, the resulting limiting distribution for

B, is

VT (Br — Bo) ~ Z[ ﬁo+vt([11/\L] Ytlﬂ (10.7.1)

This additive decomposition gives a time series counterpart to the “correction
terms” for semiparametric M-estimators derived by Newey (1993), (e.g., see
formula (3.10) in Newey).!

1 One diffference between Newey’s derivation and ours is that Newey works with score
vectors for the entire process of observables. Given the additive structure of our model we
can work with the simpler scores of maximum likelihood estimators of B using only data on

{y¢}-
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10.8. Back to the Adjustment Cost Model

Let us now revert to the estimation problem of interest posed using the ad-
justment cost model. We let (3, denote the parameter vector governing the
endogenous dynamics and view p,1,,%r,0 and p as functions of the unknown
parameter vector [3,. When the capital stock is not directly observable, the
generated stock sequence will also depend on (3, through its dependence on the
depreciation factor §. Suppose that we estimate [, using a GMM estimator
that exploits the unconditional moment restriction:

E[Yi(ft +e)] =0.

Then the usual GMM inference works with an additional correction term in
which the derivatives of the moment conditions are computed by differentiating
with respect to 8 and evaluating these derivatives at the true value of 3, and
B. Let this derivative be denoted d,, and let a, denote the limiting matrix
that selects the moment conditions to be used in estimation. Then

VI(Br-G0) = ~(aude) " ao(1/VT i il e + 3800 (| =5z Yior ) .






Chapter 11
Representation of Demand

11.1. Introduction

This chapter derives demand schedules from our preference specification

hi = Aphi—1 + Oney

(11.1.1)
St = Ahtfl + HCt

with preference shock b, = Upz;. An equivalence class of preferences (Ay, O, I1,
A, Uy) give rise to identical demand schedules. Among such preferences, partic-
ular ones that we call canonical are easiest to work with.

We apply the concept of canonical representation of preferences to a version
of Becker and Murphy’s model of rational addiction. The chapter also uses
demand curves to to construct partial equilibrium interpretations of our models.
This chapter sets the stage for the studies of aggregation in chapters BLANK
and BLANK.

11.2. Canonical Representations of Services

We begin with a definition.

DEFINITION: A representation of a household service technology
(Ap, ©p, 11, A, Up) is said to be canonical if it satisfies the following two require-

ments:

i. II is nonsingular.

ii. The absolute values of the eigenvalues of (A;, — ©,II71A) are strictly
less than 1/1/13.

A canonical household service technology maps any given service process {s;} in
L3 into a corresponding consumption process {c¢;} for which the implied house-
hold capital stock process {h;} is also in L3. To verify this, we use the canonical

- 239 -
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representation to obtain a recursive representation for the consumption process
in terms of the service process:

Ct = —HilAhtfl + Hilst

1 1 (11.2.1)
hy = (Ah — O,11" A)ht—l + O, s

The restriction on the eigenvalues of the matrix (A, — ©,I17'A) keeps the
household capital stock {h;} in L3.

11.3. Dynamic Demand Functions for Consumption
Goods

We postpone constructing a canonical representation, and proceed immediately
to use one to construct a dynamic demand schedule. In Chapter 6 we derived
the following first-order conditions for the household’s optimization problem:

i = —Ohpy + pg vy (11.3.2)
= BE (N iy + Afypity)- (11.3.3)

As a prelude to computing demand for consumption, we compute the demand for
services. Our strategy is to use (11.3.2) and (11.3.3) to solve for the multiplier
w5, and then to substitute this solution into (11.3.1). Shift (11.3.2) forward
one time period and solve (11.3.2) for p7,,. Substitute this expression into
(11.3.3):

p = BE(=ANTU VO ity + i AT VD + Ay (11.3.4)

Solve (11.3.4) forward to obtain:

pl = pi By BT(A, — NTTVeR)T ATV, (11.3.5)
T=1
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Because we are using a canonical household service technology, the infinite sum
on the right side of (11.3.5) converges (in L2). Therefore, the service demand
can be expressed as

st =0by — ﬂBUP? (11.3.6)

where

Q=Y [p? —O,E Y FT(A) — NTTVE,) ATV, | (11.3.7)

T=1

Equations (11.3.6) and (11.3.7) represent the service demands in terms of ex-
pected future prices of the consumption good. The random vector p? is the
implicit rental price for services expressed in terms of current and expected fu-
ture prices of consumption goods. Equation (11.2.1) transforms {s,} in L3 into
{e;} in L3.

11.3.1. The multiplier uy

The service demands given in (11.3.6) depend on the endogenous scalar mul-
tiplier pg . To compute pf, we partition the household capital and service
sequences into two components. One component is a service sequence obtained
from the initial endowment of household capital. The other component is the
service sequence obtained from market purchases of consumption goods. The
service sequence {s;;} obtained from the initial endowment of household capital
evolves according to:
sip = Nh; 1

(11.3.8)
hit=Aph; 1

where h; _1 = h_1. The service sequence {s,,:} obtained from purchases of
consumption satisfies:

Smyt = b — Sie — B Py (11.3.9)

We can compute the time zero cost of the sequence {s,,} in one of two equiv-
alent ways. One way is to compute the time zero cost of the consumption
sequence {c;} needed to support the service demands using the price sequence
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{p?}. Another way is to use the implicit rental sequence {p?} directly to com-
pute the time zero costs of {s,,:}. In the appendix to this chapter, we verify
that the two measures of costs agree:

EoY B0} smi=Eo»_ B'p-ct. (11.3.10)
t=0 t=0

It is reasonable that, starting from h_; = 0, the value of services equals the
value of the associated consumption stream.
It follows from (11.3.9) that

Ey Zﬁtpg “sm,t = Eo Zﬂtp? (bt — si,t) — g Eo Zﬂtpg -p. (11.3.11)
t=0 t=0 t=0

Substitute (11.3.10) and (11.3.11) into the consumer’s budget constraint (6.2),
and solve for the time zero marginal utility of wealth p :

w_ Bo3i2o 807 - (b — si4) — Wo

7 = , 11.3.12
0 Eo 320 Bipf - p? ( )
where Wy denotes initial period wealth given by
Wo =Eo Y B'(wity + af - dy) + v - k_1. (11.3.13)
t=0

Taken together, (11.3.6), (11.3.7), (11.3.12) and (11.3.13) give the demand
functions for consumption services. A recursive representation for the dynamic
demand function for consumption goods is obtained by substituting for s; in
(11.2.1).
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11.5.2. Dynamic Demand System

Substituting (11.3.6) and (11.3.7) into (11.2.1) gives

ey =~ "Ahy  + 1T =TTy BT 1 — 11 1O,
[I— (A}, — NTI'7'e))BL P A TV L1 ) p? (11.3.14)
he = Aphi—1 + Oy

Equation system (11.3.14) can be regarded as a system of dynamic demand
functions for consumption, which express consumption demand at date t as a
function of future scaled Arrow-Debreu prices p{ and, as mediated through the
state variable h;_1, past values of consumption.

11.3.3. Foreshadow of Gorman aggregation

In the chapter 12, we shall explore how the dynamic demand schedule for con-
sumption goods opens up the possibility of satisfying Gorman’s (1953) condi-
tions for aggregation in a heterogeneous consumer version of the model. The first
equation of (11.3.14) amounts to an Engle curve for consumption that is linear
in individual wealth with a coefficient on u* (which depends on wealth)! that
only depends on prices. In a model of consumers who have the same household
technologies (Ap, O, A, II) but possibly different preference shock processes,
the coefficient on wealth is the same for all consumers. Gorman showed that
when Engel curves satisfy this property, there exists a unique community or
aggregate preference ordering over aggregate consumption that is independent
of the distribution of wealth. This property will be exploited in chapter 12 when
we solve for the equilibrium of a multiple consumer version of our economy. The
community dynamic demand schedule for a heterogeneous agent economy will
be obtained by summing the individual Engel curves.

1 Through (11.3.12) the multiplier MB" depends on wealth in an affine relationship.
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11.4. Computing Canonical Representations

In deriving a dynamic demand function, we assumed that the representation of

the household service technology is canonical. Now we start with a preference
shock process {b;} and a specification of (Ap,Op, A, II) that is not necessarily
canonical and show how to find a canonical representation. In the appendix, we
establish that for any (Ay, O, A, II), there exists a canonical service technology
(Ah,Gh,[\,f{) and accompanying preference shock process {l;t} that induces
an identical preference ordering over consumption. In the text, we display the
mechanics of how to compute the canonical technology and associated preference
shock process, assigning the technical details to the appendix.? These mechanics
are closely related to mathematics of innovations representations.

11.4.1. Heuristics

We study two polynomials in the lag operator L:
o(L) =T+ AL[I — A,L]7tOy
6(L) =T+ AL[I — Ay L] 71Oy,
As explained in the appendix, when ¢; = 0Vt < 0, applying the operator (L) to
¢t gives s, so that s; = o(L)c;. For two household technologies [Ay, ©p, II, A]
and [Ah, @h,ﬁ,f\] to give rise to the same preference ordering over {c¢;} it is
necessary that
o(BL o (37L) = 6(3°L Y 5(57L)
If the [A,f[] technology is to be canonical, it is necessary that &(8-°L) be
invertible.
In the appendix, we verify the following version of the factorization identity:
[+ 8127 = Y207 AR 710y [T+ BY2LAL — BY/2LAR) 6y
= [+ 8207 A = Y207 Ay Tr e [T+ B2 LAU - 812 LAy) ey,

where [A, A] satisfy (10.16), (10.19), and (10.20) below. As part of the factor-
ization identity, it is proved that the [A, fI] representation satisfies both of the
requirements to achieve the status of a canonical representation. Thus, to attain
a canonical household technology, we have to implement this factorization. We
can do this by solving a control problem.

2 The MATLAB program canonpr.m computes a canonical representation.
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11.4.2. An auziliary problem that induces a canonical representa-
tion

An artificial optimization problem and the associated optimal linear regulator
facilitate computing a canonical representation. Thus, confront a household
with the optimization problem: choose {c;}72, to maximize

o0

—5> B (st —by) - (st — by)

t=0

subject to
hi = Aphy—1 + Oney

St = A]’Lt_l + HCt.

The recursive solution to this optimization problem contains all of the ingredi-
ents for a canonical service technology.

This optimization problem is a version of one a household confronts in a
competitive equilibrium, except that we have eliminated the budget constraint.
For a canonical technology, the solution to this optimization problem is trivial:
choose {¢;} so that the implied service sequence matches the preference shock
sequence, sy = by V t. However, when the service technology is not canonical, it
might not be feasible to construct a consumption process that attains that goal,
in which case the optimization problem is not trivial.

We simplify the household optimization problem further by initially setting
the preference shock process to zero for all ¢ > 0. In making this simplification,
we are exploiting the fact that for the optimal linear regulator problem, the
feedback part of the decision rule can be computed independently of the feed-
forward part, and that the {b;} process influences only the feedforward part. In
this optimization problem it is feasible to stabilize the state vector {h;} so that
it satisfies the square summability requirement. For instance, one can set the
consumption process to zero for all t > 0. So long as it is also optimal to stabi-
lize the household capital stock process, it is known that there will be a unique
positive semidefinite matrix P satisfying the algebraic Riccati equation:?

P = NA+ BA, PA, — (BA}, PO, + NTI)

, , RN , (11.4.1)
(I'TL + 36}, PO,) ' (8O}, PA, + IT'A).

3 We require that assumption Al and the stability theorem of chapter 9 apply to this
control problem.
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The optimal choice of consumption can be represented as
ey = —(I' + O}, PO;,) 1 (B0, PA, +TT'A)h; . (11.4.2)

When this optimal rule is implemented, the evolution equation for the household
capital stock is

he = [Ap = O, ('L + 6}, POL) (86}, PAy, + TI'A)]hy 1, (11.4.3)

where the eigenvalues of the matrix multiplying h; 1 are strictly less than
1/v/B.* With this in mind, we choose II and A so that

[I7'A = (I'TI + 86}, PO,) 1 (60}, PA), +IT'A). (11.4.4)

For this choice, condition (ii) for a canonical service technology is met.

We still have to construct II. In the appendix, it is shown as an implication
of the factorization identity that we should set I to be a factor of the symmetric
positive definite matrix (II'Il 4+ O}, POy):

(II'T1 + 3O}, PO;,) = II'TL (11.4.5)

Any factorization will work so long as II is a square matrix. Since (I'TT +
(O}, POy;,) is nonsingular, IT satisfies condition (i) for a canonical representation.

In summary, (11.4.1), (11.4.4), and (11.4.5) compute a (II,A) that cor-
responds to a canonical representation. The service process {§;} for this new
household technology satisfies:

8 = Ahy_q + ey (11.4.6)

We also need to construct a preference shock process to accompany the
canonical service technology. One way to do this is simply to reintroduce the
preference shock process {b;} into the auxiliary household optimization prob-
lem, and recompute the optimal decision rule for consumption. The decision
rule can be represented as:

e = —(M) ' Ay g + (1) Ty 2 (11.4.7)

4 This condition on the eigenvalues of the ‘closed loop system’ follows from the assumption
that it is optimal to stabilize the system (i.e., that the system is detectable).



Computing Canonical Representations 247

for some matrix U,. As discussed in chapter 4, the feedback portion of this
decision rule [(IT)"*A] is the same as for the problem in which the preference
shock process was set to zero. The feedforward part [(ﬂ)’lﬁb] can be computed
using the method described in chapter 4, which permits the optimal decision rule
to be calculated efficiently in two steps. Using those methods, the shock process
associated with the canonical service technology is

by = Upze. (11.4.8)

An alternative method for computing {l;t} is more useful and revealing. As
shown in the appendix to this chapter, two preference representations having
the same demand functions give rise to the same preference ordering over con-
sumption paths. Therefore, the marginal utilities are also the same across the
two preference representations, and in particular across the two specifications
of household technologies and preference shock processes. Equality between the
indirect marginal utility of consumption and the current and expected future
marginal utilities of consumption services and (11.3.1), (11.3.2), and (11.3.3)
implies that the two preference shock processes must satisfy:

II'b, + O, E, Z BT(AL) T A by = 11Dy + O} B, Z BT(AL) T N by
=1 T=1

(11.4.9)
Let the left side of (11.4.9) be denoted by for each t. Since the (A, II) technology
is canonical, it follows that we can solve (11.4.9) for b;:

by =T1""b, —II7VOLE, Y BT (A}, = NTIV0;) AT Vb, (11.4.10)

Relation (11.4.10) is derived by applying an operator identity to equation (11.4.9).
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11.5. Operator Identities

For canonical household technologies a matrix identity is
M+ A —ALL) lO,L 7! =
I - 1A[r— (A, —©,0 AL te, T L
The identity shows that for canonical representations of preferences (Ay,, 0y,
IT, A, Up), there are two equivalent ways of expressing the mapping between sequences {s¢}

and sequences {c;}. To establish the identity, assume that h_; = 0, or equivalently that
¢t =0V t<0. Note that the second equation of representation (11.2.1) implies

he =[I— (Ap, — 0,0 AL 7t0, T Lsy.
Lagging this one period and substituting into the first equation of (11.2.1) gives
e = {17 =TI AT — (A, —©,TT 1A L)~ Te, T LY sy
This equation shows how to obtain sequences {ct} € L(Q) that are associated with arbitrary
sequences {s;} € L%. Now recall that the household technology implies
st = [+ AT — ApL) 'Oy Lley,

which expresses {s¢} € L% as a function of {c¢;} € L%. The assumption that (A,II) is
canonical implies that the operator [II + A(I — A, L)~10} L] mapping sequences from L(2)
into Lg is invertible, which implies the identity.

Here is how to derive the ‘dual’ or transposed version of the identity, which is the one
used to get (11.4.10). Use (11.3.3) to deduce

pp = (1 —BAL LY TIBN L g
Then use (11.3.2) to deduce
(1) pipe = [ + ), (I — BAL LY 8L~ .
Alternatively, solve (11.3.2) for uf,

pi =1L (=0) uf + pg'pd).

Substitute this into (11.3.3) to get
(1) pg = {0~ ' Ttel (1 — (A} - AT el )L TN T T BT ).
When (Ay,,Op,1I,A) is canonical, the operator on the right side of (f) has an inverse equal
to the operator on the right side of (f):

[ + 0} (1 — A, L= H =171 =
{H/_l—H/_l@;L[I _ (A;z _ A/H'_1@'h)BL_1]_1A/H/_1ﬁL_1}.

In the appendix to this chapter, we use Fourier transforms to show that the
alternative service technology (A, f[) and preference shock process {Et} induce
the same preference ordering for consumption goods as did the original ones.
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11.6. Becker-Murphy Model of Rational Addiction

We illustrate our analysis with a discrete-time version of the habit-persistence
model advocated by Becker and Murphy (1988). The household technology is
a parametric version of induced preferences for consumption of the form sug-
gested by Pollak (1970), Ryder and Heal (1973), and Stigler and Becker
(1977).  The household technology has a single consumption good, two ser-
vices, and a single household capital stock. The household capital measures a
habit stock constructed to be a geometrically-weighted average of current and

past consumptions:

ht = 6hht—1 + (1 - 5h)Ct, (1161)

where 0 < d§, < 1. The first service is proportional to consumption, and the
second one is a linear combination of consumption and the habit stock:

s¢ = [2 :J [Z‘;] (11.6.2)

We normalize m; and 73 to be strictly positive. Imagine for a moment that
c¢; and h; are distinct consumptions goods and that there is no intertempo-
ral connection between them. Then recall from our discussion of preferences
for multiple consumption goods in Chapter 3, that the Frisch classification of
complements is equivalent to requiring 7 to be negative.

In light of the evolution equation (11.6.1) for the household capital stock,
this notion of complementarity is limiting because it ignores the fact that h; is a
weighted average of current and past consumptions. For this reason, we consider
a related notion of complementarity referred to by Ryder and Heal (1973) and
Becker and Murphy (1988) as adjacent complementarity. Substituting (11.6.1)
into (11.6.2) we obtain the following service technology:

St = Aht_l + HCt, (1163)

where

0 T
A= d II= .
|:7T35h:| a |:7T2+7T3(1—5h):|

Service technology (11.6.3) is clearly not canonical: simply note that two ser-
vices are constructed from one underlying consumption good, so we cannot con-
struct a consumption sequence to support any hypothetical admissible service
sequence.
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To capture the notion of adjacent complementarity, we consider a canonical
representation for household services. The canonical household service technol-
ogy has a single service and can be expressed as:

8 = Ahy_1 4TIy, (11.6.4)

where {3} is a scalar service process and (A,II) satisfies:

| 61 — (1= 8,)A/TT |< 1/:/5. (11.6.5)

We normalize the scalar II to be positive so that increases in time ¢ consumption
increase the time t canonical service §;. When specialized to this parametric
model, Ryder and Heal’s (1973) notion of adjacent complementarity becomes
the restriction that A must be negative. In this case, (11.6.5) implies that

0<d,—(1—6,)A/TT<1/y/. (11.6.6)

As shown by Becker and Murphy (1988), adjacent complementarity (A <0)
implies that m < 0. The converse is not true, however. To see the relation
between A and my, multiply both sides of (9.64) by (1—3Y2¢=16,)(1—BY2¢5))
to obtain:

(1 — BY2¢716,)(1 — BY2¢0n) + BA'A(L — 8,) %+
B2 ( —dp)(1 — ﬂ”%éh)A'H + BY2¢(1 = 8) (1 — B3¢0,
= T12(1 — BY2¢716,) (1 — BY/2¢on) + BAA(1 — 6,)%+

BYECTHL = 6) (1 = BY2¢0,) AT+ BY2¢(1 = 6) (1 — /27 6) ALL
(11.6.7)
This equality holds for all { except ¢ = 0. Evaluate both sides of (11.6.7) at

¢ = pBY2%6,:
BAA(L = 04)% + (1= 6,)(1 — B6;)A'TL/6),

Y , b (11.6.8)
= BA*(1 —6p)" + (1 — 6)(1 — B0, )ALL/6p.
The right side of (11.6.8) can be expressed as
A*(1-0 1—6,)(1 — Bo7)ATL/S
BA*(1 = 01)% 4 (1 = 6,) (1 — B67)ALL/5, (11.6.9)

= B(1 — 0,)ATI{[(1 — 6,)A/IT — 6] + (1/80x)}.
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Since AIl < 0 and inequality (11.6.6) is satisfied, it follows that

B(1 — 6,)ATI{[(1 — 6,)A/TT — 6] + (1/0)}
< B(1 = 6,)ATT[=1//B + (1/36,)] (11.6.10)

<0.
Combining (11.6.10) and (11.6.8), we have that if A < 0, then
BN AL —84)2 + (1 —6,)(1 — B63)NTL/S;, < 0. (11.6.11)

Inequality (11.6.11) is satisfied only when ATl < 0. This in turn requires that
79 < 0 because
ATl = 71'3(5}1[71'2 + 7T3(]. — (5h)],

(11.6.12)
0<dp, <1 and w3 > 0.

Inequality (11.6.6) permits 85 — (1—8;,)II/A to exceed one. In this case, growth
in consumption is required to support most constant service sequences, although
this growth will be dominated by {#%/? : t = 0,1,...}. This is a household
technology with an extreme form of addiction to the consumption good. Note
that

6n — (1 — 6,)A /T = 6,,(1 + A/TT) — A/TL. (11.6.13)

Therefore, instability is implied whenever —A exceeds II in the canonical house-
hold service technology.

A. Fourier transforms

This appendix applies Fourier transforms to establish some key equalities as-
serted in the text. We begin with some background on 0.
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11.A.1. Primer on transforms

o0

For a two-sided scalar sequence {c;}52_ ., the z—transform is defined as the

complex valued function

oo
c(z) = E c;?,
j=—00
where z is a scalar complex number.? The inversion formula asserts
1

Ck c(z)z7* ldz

o 211 T

where T' is any closed contour around zero in the complex plane, and the in-
tegration is complex integration counterclockwise along the path I'. If we take
I' to be the unit circle and set z = e~ we get the following version of the

inversion formula .
1

—iw\ ,iwk
= — dw.
5 cle™™)e w

Ck
We denote transform pairs with the notation
{er} < c(2).

The convolution of two sequences {yi},{zr}, is denoted {y * x} and is
defined as

fyx e}l o =1{ D wstn—s}il .

s=—00

Direct calculations establish the convolution property
{y*2}i oo < 2(2)y(2).
We have the linearity property that for any scalars (a, b)

af{zr} 4+ b{yr} < ax(z) + by(2).

5 For descriptions of Fourier and z-transforms, see Gabel and Roberts (1973), Liu and Liu
(19**). For some of their uses in time series economics see Nerlove, Grether and Carvalho
(1979) and Sargent (1979).
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11.A.2. Time reversal and Parseval’s formula
Let ¢_y = ¢ for all k. Then {¢,}7° __ has transform

oo oo

é(z) = Z Gp2t = Z ez B =c(z7h).

k=—00 k=—o0

Applying the convolution theorem to c(z)c(z7!) gives

c(2)e(z71) = { Z CsCs—k e —oo-

S=—00
Applying the inversion formula gives

™

> 1 . o
Z CsCs—k = 5 c(e”)e(e™) ek dw.

s=—00
If we set k = 0, we obtain Parseval’s equality:

™

Z 2= Py le(e™™)Pd w.

§=—00

11.A.3. One sided sequences

There are two types of one-sided sequences (also called ‘half-infinite’ sequences).
A sequence is called a causal sequence if ¢, = 0 Vk < 0, and is anti-causal if
it has zero elements V k > 1. A one-sided causal sequence can be obtained by
setting to zero all elements of a two-sided sequence with negative subscripts.
Let {ug}32 . be the step sequence, which is zero for k < 0, and 1 for k > 0.
Evidently {ugci} is always a one-sided sequence.
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11.A.4. Useful properties

1. zg is said to be a pole of order m > 1 of ¢(z) if lim,_,,,(z — z0)™c(2) # 0.

2. ¢(z) is the transform of a causal sequence if all of its poles lie outside
the unit circle.

3. ¢(z) is the transform of an anti-causal sequence if all of its poles lie
inside the unit circle.

4. If ¢(z) is either causal or anti-causal, the inversion formula can be
implemented by ‘long division.’

5. Initial value theorem:

lim ¢(z) = ¢p.

z—0

6. Final value theorem:

lim ¢, = lirr%(l — 2)c(z).
z—

k—o00

11.A.5. One sided transforms

A one-sided transform is defined as

o0
H(2) =3 et = [el2)]s,
k=0
where | ] is the ‘annihilation operator’ that sets to zero all coefficients on

negative powers of z. The same inversion formulas hold, with ¢*(2) replacing
¢(z). Notice that ¢t (z) = ¢(z) only if {cx} is causal. We shall adopt the

notation

Z(c)(z) = ct(2).

For one-sided transforms, we have the shift theorem

F{er-a})(z) = 2" F ({e})(2) + ) 2" Feop.
k=1
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11.A.6. Discounting

For the purpose of introducing discounting, we shall work with the alternative
transformation defined by

T ({e}i20)(2) = F (B} 20) (),

so that .7 (y) is the ordinary transform of {3%/?y;}. The inversion formula is

then
1

5t/2yt =3

o y(e—iw>eiwtdw7

—Tr

and the shift theorem is

T({e-n)(z) = (B°2)" F ({ee})(2) + (28

k=1

11.A.7. Fourier transforms

Below we shall work with vector versions of the transforms .7. Consider a

vector sequence y = {y;} satisfying

> By -y < o0, (11.A4.1)
t=0
define the transform: -
TW)(¢) =8yl (11.4.2)
t=0

This transform is at least well-defined for | ¢ |< 1 and can also be defined
through an appropriate limiting argument for | ¢ |= 1.9 For vector sequences
{y:} and {g,} satisfying (11.A.1), Parseval’s formula is

o0

a2n) [ Z()exp(i0)] - 7 (3)lexp(—i0)] g ILLURICRE

—r -0

6 The boundary of the unit circle can be parameterized by ¢ = exp(i0) for 0 € (—m, 7).
Using this parameterization, the infinite series on the right side of (11.4.6) converges in L2
where the L2 space is constructed using Lebesgue measure on (—, 7).
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We use Fourier 0 to represent our dynamic household technologies. It fol-
lows from (11.2.1) and the definitions of s,,; and s;; that

L7 ()(¢) = =B"CAT (hn)(Q) + T (sm) ()

(11.A.4)
T (hm)(€) =B"2C(An = ORI A) T (hn)(C) + ORTT' T (52)(C)

where h,, 1 = 0. The transforms of the consumption sequence and the market
service sequence are related by

T (e)(€) = C()T (5m)(C) (11.4.5)

where

“(¢) = H—l{f — BY2CALL - BY2C(A — @hn—lA)]—l@hH—l}. (11.A.6)

The matrix function % of a complex variable ¢ represents the mapping from
desired consumption services into the consumption goods required to support
those services.

11.A.8. Verifying Fquivalent Valuations

Our derivation of the dynamic demand functions for consumption goods
relied on two intermediate results: (a) equivalent 0 of market services and
consumption goods asserted in (11.3.10); and (b) for a given specification of
preferences and household technology, the existence of a canonical service tech-
nology that induces the same preference ordering over consumption streams. To
establish these intermediate results we use Fourier transforms.

We now show establish the valuation equivalence asserted in (11.3.10).
Applying Parseval’s formula (11.A4.3), we have that

> B e = (1/27) ) T (p")lexp(i0)] - 7 (c) [exp(—if)]d0
t=0

—T

—1/2m) [ 70 exp(i)] - {€lexp(~i0)] 7 (sm)lexp(—i) s (1LAT)

—T

= (1/2m) ) {€lexp(=i0))' 7 () [exp(i0)]} - T (sim)[exp(—if)]db.

—T
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Formula (11.A.7) gives us the following candidate for the transform of the rental
sequence for consumption services: € (¢~1)' .7 (p°)(¢). The rental sequence {59}
associated with this transform is given by:

P =TV {1 = BI04 — BL7H (A — ORI AY] AT

> (11.A.8)
— H—l/ [p? _ @;7, ZﬁT(Ah _ @hH_lA)/T_lAIH_Up?+T:| )
=1
Using this rental sequence, it follows from (11.A4.5) that
oo o0
S B => B s (11.A4.9)
t=0 t=0

Notice that the candidate rental sequence {59} violates the information con-
straints because 59 will not necessarily be in J;. From the vantage point of
valuation, all that we require is equality of the expectations of the infinite sums
in (11.A.9) conditioned on Jy. It follows from the Law of Iterated Expectations
that

Eopy} - 5¢ = Eop? - s (11.A.10)

where
Y = Ep?, (11.A.11)

since hypothetical service vectors s; are restricted to be in the information
set J;. Taking expectations of both sides of (11.A.11) conditioned on Jy and
substituting from (11.A4.11) establishes the value equivalence given in (11.3.10).
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11.A.9. Equivalent representations of preferences

We now turn to task (b), to show that the candidate canonical representation
of the service technology implies the same induced preference ordering for con-
sumption. There are two preference representations on the table (A, II), (A, II),
where the objects with hats are canonical. Again we partition the household
capital stock and the consumption service process into two components. Similar
to (11.A.4) we have that

T (sm)(¢) = BY2CAT (hin ) (¢) + LT (€)(C)

(11.A.12)
T (hm)(C) = B2CALT () (C) + ©1.T (¢)(C).
Hence
T (sm) () = Z(()7 (c)(C) (11.A.13)
where
F(Q) = [+ BY2CA(I — B/2CA) 7 O], (11.4.14)

The function . represents the mapping from consumption goods into market
supplied consumption services. An analogous argument leads to the formula:

T (5m)(C) = F ()T (c)(C) (11.A.15)

where

F(C) = [T+ BY2CA(T - BY2¢AL) 10y, (11.A.16)

where objects with hats, including §,,, correspond to the canonical representa-
tion. It is straightforward to show that

T (s:)(¢) = A — B2¢AR) " hy (11.A4.17)

and

T (8:)(¢) = MI = B/2¢An) " hoy, (11.A.18)

The time ¢ contribution to the consumers’ utility function can be expressed as:
—(1/2)5t {(bt — Sit — Sm,t) - (by — Sit — sm,t)]
=—(1/2)3 [sm,t “Smit + 28m,t - Siyt — 28m,t - bt (11.A.19)

(bt = si) - (bt — Sz‘,t)}
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Note that the fourth term is not affected by the consumption choice, and thus
can be ignored.
We now study the Fourier representations of the sums:

Zﬂtsm,t *Smyts Z Btsm,t © St and Z ﬂté’m,t - by. (11'A~20)
t=0 t=0 t=0

11.A.10. First term: factorization identity

The first infinite sum in (11.4.20) can be represented as:

0o
t —
ﬁ Sm,t * Sm,t =
t=0

(1/2n) / {7 lexp(@0)]} Flexp(i0)] # exp(~i0)]

—1T

(11.A.21)

T (c)[exp(—i6)]db.

To show that (II,A) and {b;} imply the same induced preferences for consump-
tion goods, we must first establish the factorization:

SN 7)) =LA (11.4.22)
To verify this result, note that

[0+ BY2CTHA( = B2 AR TH O] T+ B2CA(T = BY2CAR) 710y
— 'L + 5@2(1 . ﬁl/QC—lAh)—llA/A(I _ ﬁlchh)_l@h
+ BACTIOL(I = BT A TVAT
+ BYACUA(T - BY2CAL) 16y
(11.A.23)
Since P satisfies the algebraic Riccati equation(11.4.1), it follows that

ANA=P—BA,PA, + AN A
= (I = BY2¢T AR P(I = BY2¢AR) + B¢ AL P(I - BY2¢A,)  (11.A4.24)
+ Bl/QC(I _ 51/2C_1Ah)/PAh + AIA
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Therefore,

O (1 = B2 A TYNA(I = BY2CAL) T O,
= 0, PO, + (2¢O (I - B2 AL TV A PO,

(11.4.25)
+ 61200, PAK(T = BY2CAR) 1Oy,
+ @;L(I _ 61/2C71Ah)71/[\l]\(1 _ 51/2<Ah)71@h-
Furthermore, it follows from (11.4.4) and (11.4.5) that
A = FPEI(ET) 1A
(11.4.26)

= (8O}, PO, + A'TD).
Substituting (11.A4.25) and (11.A.26) into (11.A.23) results in

M+ 62T A = Y2 AR Tr o) T+ 8Y2CA — Y2¢A,) 1 ey,)
= I'IL + 36}, POy, + O}, (1 — B3¢ A, TVAA(L - 8'/%¢ay) Moy,
+BY2¢reL (I - B3¢ AL) Y (BAL PO, + AT
+ B2 + BOLPAL)I - B2¢AR) 1Oy,
= I+ 504, = 527 Ay TV RA( - 5'%¢can) ey,
+B1/2C_1@§L(I _ Bl/QC—lAh)—hA/ﬁ
+ BN - 82¢cay) ey

= [T+ BY2¢ AU - BY2¢7 Ap) Tl o) T+ BY2CAT — BY2¢an) ey
(11.A4.27)

which proves factorization (11.A4.22).
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11.A.11. Second term

The second infinite sum in (11.4.20) can be represented as

3 Bomacse=2m) [ (7@ Slowols

(I — 312 exp(—if) Ay~ h_1d6.
We will verify that

y(g_l)/AAh(I _ 51/2<Ah)_1 _
ST AARI = B2¢AL) T+ B2 OL(I = BY2¢T I AR) TV PA,,.
(11.A.29)
It then follows that

(1/27) | {T(c)[exp(i6)]} S[exp(i0)] AAL [T — B/ ? exp(—if)Ap] " h_1d0
=(1/2n) [ {T(c)[exp(i0)]} Slexp(i0)) AAL [T — B % exp(—if)Ap) " h_1d0

(11.A.30)

because

T . c)lexp(e '6Y/2 exp(i
(1/2m) | {7 (@)lexp(O)]} 5 exp(i6) (11.A.31)

O[T — Y2 exp(i8)An) Y PARh_1df = 0.

Relation (11.A.31) holds since 7 (c)(¢)'BY/2¢A} (I — BY/2¢A)™Y has a power
series expansion and is zero when ( = 0 and PAph_; can be viewed a constant
function with a trivial power series expansion. Relation (11.4.31) then follows
from Parseval’s formula (11.4.3) where 3%/2y,; is constructed from the #th co-
efficient of the power series expansion for the first function and 3'/2¢; from the
tth coefficient of the power series expansion for the second function.

It remains to establish (11.4.29). Note that the left side of (11.4.29) can

be expanded as follows:
[H + ﬁl/QC:_lA(I _ ﬁl/QC_lAh)_l(_)hyA(I _ ﬁl/chh)_lAh
=TUA(T — BY2CAL) T AL + BY2¢105 (I — BY2C1A,) VAN (11.A.32)
(I—BY2¢An) " A,
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It follows from the algebraic Riccati equation (11.4.1) that

NA = P(I - BY2CA) + BY2CPAy, — BA, PAL + A'A

- 11.4.33
= P(I — BY2CA) + BY2¢C(I — BY2C1AL) PAy, + NA, ( )

and hence

BYECTROG (I = B2 AR TN AT = BY2CAR) T A
= BY2(71OL(I — BY2¢CTIAL) TV PA, + BOL,PAL(T — BY2CAL) LA,

+ BYECTIOL(I = YT AN TYNAL - YR CAR) A,
(11.A.34)
Substituting (11.4.34) and (11.A.26) into (11.A.32) gives

M+ BY2¢ AT = BY2¢T AR T O AT = BY2¢A,) 1A,

= I'A(I — B/7¢AR) " A+
BYRCTROG (T = BYACTIAR) TYNA(T - BY2CAR) T A,
= (I'A + O, PAR)(I — B/2CAR) T Ayt
BTG = BYRCTIAL) TV PAL+
BUACTIOL(I = BY2CT AR TN AT - BY2CAR) T A
= TUA/(I = BY2¢CAR) T A+
BYECTIOL (I = BT AR TN AL = BYPCAR) T At
BYRCTIOL(T = BT AR) T PAY,

= [[T+ BY2¢ 1A — BY2C1AR) O A(L — BY2CAR) " A+

,61/24-_1@;1(] _ ﬁ1/2c_1Ah>_1/PAh
(11.A.35)
which establishes (11.A4.29).
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11.A.12. Third term

The third sum in (11.A4.20) can be represented as

o0

t
E B Sm,t by =
t=0

N (11.A.36)
(1/2m) [ {T(c)lexp(i0)]}' [exp(iB)]' T (b)[exp(—if)]de.
Note that
LY TOC) =LA TN T0)Q) (11.A.37)
With this in mind, we define
by = E{[L (LY (LYY b, | Ji}. (11.A.38)
Then by reasoning similar to that leading to result (a), we have that
Zﬁtsm’t . bt = Zﬁtgm,t . gt~ (11A39)
t=0 t=0

Taken together (11.4.22), (11.A4.29) and (11.A.37) show that the induced pref-
erence ordering for consumption is the same for (A,II) and {b;} as it is for the
original specification (A,IT) and {b;}. This establishes result (b).






Chapter 12

Gorman Heterogeneous Households

12.1. Introduction

This chapter and the next describe methods for computing equilibria of versions
of our economies in which consumers have heterogeneous preferences and endow-
ments. In each chapter, we adopt simplifications that make it possible for us to
cope with the complications introduced by heterogeneity. In the present chap-
ter, we adopt a version of Terrance Gorman’s (1953) specification. We describe
a class of heterogeneous consumer economies that satisfy Gorman’s conditions
for aggregation, which lets us compute equilibrium aggregate allocations and
prices before computing allocations to individuals. !

In the following chapter, we adopt a more general specification of hetero-
geneity that causes us to depart from the representative consumer framework
of Gorman. In particular, we adapt the idea of Negishi (1960), who described
a social welfare function that is maximized, subject to resource and techno-
logical constraints, by a competitive equilibrium allocation. For Negishi, that
social welfare function is a “linear combination of the individual utility func-
tions of consumers, with the weights in the combination in inverse proportion
to the marginal utilities of income.” Because Negishi’s weights depend on the
allocation through the marginal utilities of income, computing a competitive
equilibrium via constrained maximization of a Negishi-style welfare function re-
quires solving a fixed point problem in the weights. In the following chapter,
we apply such a fixed point approach. The beauty of Gorman’s aggregation
conditions is that, when they apply, time series aggregates and market prices
can be computed without resorting to Negishi’s fixed point approach.

In the present chapter, consumers are permitted to differ only with respect
to their endowments and the process {b;} that disturbs their preferences. We

1 The discussion in this chapter is patterned after the material in section 3 of Hansen
(1987).
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assume that all consumers have a common information set that includes observa-
tions on past values of the economy wide capital stocks h;_1, k;_1, and the com-
mon exogenous state variables in z; that drive each of the individual preference
shock processes and the technology shock process {d;}. Preferences of the indi-
vidual consumers can be aggregated simply by summing both preference shocks
and initial endowments across consumers, thereby forming a representative con-
sumer. We can compute all aggregate aspects of a competitive equilibrium of the
economy with heterogeneous consumers by forming the representative consumer
and proceeding as in chapters 3, 4, and 5. We show how to calculate individual
allocations by using the demand functions that were described in the previous
chapter.

In the next section, we briefly describe Gorman aggregation in a standard
static section before adapting it to our purposes.

12.2. A Digression on Gorman Aggregation

Suppose for the moment that there are n consumption goods, taking into
account indexation by dates and states, and that consumption of person j =
1,...,J is denoted ¢/. Let c® denote the aggregate amount of consumption to
be allocated among consumers. Associated with ¢® is an Edgeworth box and a
collection of Pareto optimal allocations. From the Pareto optimal allocations,
one can construct utility allocation surfaces describing the frontier of alternative
feasible utility assignments to individual consumers. Imagine moving from the
aggregate vector c* to some other vector ¢* and hence to a new Edgeworth
box. If neither the original box nor the new box contain one another, then it is
possible that the utility allocation surfaces for the two boxes may cross, in which
case there exists no ordering of aggregate consumption that is independent of
the utility weights assigned to individual consumers.

Before describing a special case in which an aggregate social preference
ordering does exist, we illustrate a situation in which there doesn’t exist a social
preference ordering that is independent of the aggregate allocation.

Figures 12.2.1 and Fgpareto2f describe efficient allocations in a two person,
two good, pure exchange economy with a structure of preferences that violate the
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Utility of Agent B

0 1 2 3 4 5 6
Utility of Agent A

Figure 12.2.1: Utility allocation for Agents A and B for
endowment vectors E = (8,3) and E = (3,8).

Gorman aggregation conditions. Agent A has utility function U4 = Xi/ 3YZ/ 3,
while consumer B has utility function given by UP = X2B/ BY]—;/ 3, where the
aggregate endowment pair is E = (X4 + Xp,Ya + Yg). Figure 12.2.1 shows
two utility possibility frontiers, one associated with E = (8,3), a second one
associated with E = (3,8).2 The fact that the utility possibility frontiers in fig-
ure 12.2.1 cross indicates that the two aggregate endowment vectors (8, 3), (3, 8)
cannot be ranked in a way that ignores how utility is distributed between con-
sumers A and B.

In the same economy, Figure 12.2.2 shows the Edgeworth boxes and contract
curves with the two allocations E = (8,3) and E = (3,38).

For a given endowment, the slope of the consumers’ indifference curves at
the tangencies between indifference curves that determines the contract curve
varies as one moves along the contract curve. This means that for a given aggre-
gate endowment, the competitive equilibrium price depends on the allocation
between consumers A and B. It follows that for this economy, one cannot expect
to determine equilibrium prices independently of the equilibrium allocation.

s s A . 1/3y,2/3
2 A utility possibility frontier is the locus of pairs (U4, Up) that solve Uy = maxx , Y XA/ YA/

. . 2/3+-1/3
subject to the constraints XB/ YB/ >UB, (Xq4+Xp,Ya+YR)=E.
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Gorman (1953) described restrictions on preferences under which it s possi-
ble to obtain a community preference ordering. Whenever Gorman’s conditions
are satisfied, there occur substantial simplifications in solving multiple-consumer
optimal resource allocation problems: in intertemporal contexts, it becomes pos-
sible first to determine the optimal allocation of aggregate resources over time.
Then the aggregate consumption can be allocated among consumers by allocat-
ing utility levels to each person.

To understand Gorman’s restrictions, imagine specifying the preferences of
consumer j in one of two equivalent ways: in terms either of a family of indiffer-
ence curves indexed by the utility level, or in terms of a family of compensated
demand functions. Following Gorman (1953), let t;(p) denote the baseline in-
difference curve for person j parameterized in terms of a price vector (or vector
of utility gradients) p. In addition, let %.(p) denote a common indifference
curve for all consumers used to measure deviations from the baseline curves.

This lets the compensated demand function for person j be represented as

Figure 12.2.2: Overlapping Edgeworth Boxes for endow-
ment vectors E = (8,3) and E = (3,8).

¢ =1j(p) +u' e (p) (12.2.1)
where u’ is a scalar utility index for person j. The baseline functions ;
and the common function . are the derivatives of concave functions that are
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positively homogeneous of degree 1. Hence these functions are homogeneous
of degree zero in prices, assuring that the slopes of indifference curves should
depend only on the ratio of prices. The baseline indifference curves are either
the highest or lowest indifference curves, corresponding respectively to cases in
which the utility indices are restricted to be nonpositive or nonnegative. As
noted by Gorman, when preferences are of this form, there is a well defined
compensated demand function for a fictitious representative consumer obtained
by aggregating (12.2.1):

¢ = Ya(p) + u" () (12.2.2)

where
u = wl and vy =Y ;. (12.2.3)

In this case, optimal resource allocation in a heterogeneous consumer economy
simplifies as follows. Preferences (12.2.2), define a community preference order-
ing for aggregate consumption. This preference—ordering can be combined with
a specification of the technology for producing consumption goods to determine
the optimal allocation of aggregate consumption.

Mapping (12.2.2) can be inverted to obtain a gradient vector p that is
independent of how utilities are allocated across consumers. Since v, and ),
are homogeneous of degree zero, gradients are only determined up to a scalar
multiple. Armed with p, we can then allocate utility among J consumers
while respecting the adding up constraint given in (12.2.3). The allocation of
aggregate

consumption across goods and the associated gradient are determined in-
dependently of how the aggregate utility is divided among the individual con-
sumers.

A decentralized version of this analysis proceeds as follows. Let W7 denote
the wealth of consumer j and W? denote aggregate wealth. Then W/ should
satisfy:

W7 =p-c =p-;(p) +up-ve(p). (12.2.4)

Solving (12.2.4) for u/ gives

w =W —p-;(p)l/p - e(p). (12.2.5)

Hence the Engel curve for consumer j is given by
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¢ =;(p) —p-v;i(p)/p - Ye(p) + WWibe(p) /p - the(p). (12.2.6)

Notice that the coefficient on W7 is the same for all j since 1.(p)/p - ¥c(p)
is only a function of the price vector p in a decentralized economy. The in-
dividual allocations can be determined from the Engel curves by substituting
for p the gradient vector obtained from the single consumer optimal allocation
problem. Individual consumption ¢/ as given by (12.2.6) depends directly on
prices through the functions 1; and . and indirectly through the evaluation
of wealth.

For the specifications of preferences adopted in this book, the baseline in-
difference curves are degenerate because they do not depend on p. A finite-
dimensional counterpart to this circumstance occurs when

bi(p) = X7, (12.2.7)

where %7 is a vector with the same dimension as ¢/ . With this specification, the
rules for allocating consumption across individuals become linear in aggregate
consumption. To see this, observe that an implication of (12.2.2) is

Ye(p) = (¢" = Xx*)/tha- (12.2.8)

Substituting (12.2.8) into (12.2.1) gives
¢ — i = (u fu)(e® — X, (12.2.9)

so that there is a common scale factor (u’/u®) across all goods for person j.
Hence the fraction of total utility assigned to consumer j determines his fraction
of the vector (¢® — x%).

Here is an example. Suppose that the preferences of consumer j are repre-
sented using the utility function:

U() = —[(¢8 — 2 V(e — x93 (12.2.10)

The compensated demand schedule is then obtained by solving the first-order

conditions:

V(dd —x)UI() = wp (12.2.11)
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Ul(d) =,
where p7 is a Lagrange multiplier. Substitute the second equation into the first
and solve for ¢/ — x7:
=X = V. (12.2.12)
Substitute the right side of (12.2.12) into the utility function and solve for the
multiplier g :
W =1/(p'Vip)t/? (12.2.13)

Hence the compensated demand function is given by

I =V +dV T p/(pV )2, (12.2.14)

In this example,

bi(p) =7 and v(p) =V 'p/(P'V 'p)'/2 (12.2.15)

Notice that to obtain a representation of preferences linear in the utility index
requires using a particular monotonic transformation of the utility function. In
our example, the quadratic form on the right side of (12.2.10) is raised to the
one-half power.

12.3. An Economy with Heterogeneous Consumers

We now specify a multi-consumer version of our dynamic linear economy
designed to satisfy counterparts to Gorman’s conditions for aggregation. There
is a collection of consumers, indexed by ¢ = 1,2, ..., I. Consumers differ
both in their preferences and in their endowments, but not in their information.

Consumer ¢ has preferences that are ordered by

-(3) BY 860 i)+ [y (128
t=0
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where {si} is linked to {h¢} and {ci} via
si=Ahi_, +1lc (12.3.2)
hi = Aphi_i +6ycl, (12.3.3)

and h', is given. In (12.3.1), (12.3.2), (12.3.3), the i superscript pertains to
consumer i. The preference disturbance b} is determined by

bi = Uiz (12.3.4)

where z; continues to be governed by (3.2). The i*® consumer maximizes
(12.3.1) subject to (12.3.2), (12.3.3) and the budget constraint

) oo
EY B'p) clJo=EY B (witi+al dj)|Jo+vo -k,  (12.35)
t=0 t=0

where k% | is given. The i*® consumer owns an endowment process d:, governed
by the stochastic process di = U} 2.

Each consumer observes the aggregate information J; at time ¢, as well as
the idiosyncratic capital stocks k!_; and h¢_;. The information set J; continues
to be defined as J; = [w', x¢].

This specification confines heterogeneity among consumers to differences
in the preference {bi} processes, represented by different selections of U}; dif-
ferences in the endowment {d!} processes, represented by different selections
of Uj; differences in h' | ; and differences in k. The matrices A, II, Ay, Oy,
do not depend on ¢. This makes everybody’s demand curve have the form of
(10.15), with different pf (reflecting different wealth levels) and different b,
processes.

Prices and the aggregate real variables can be computed by synthesizing
a representative consumer and solving a version of the social planning prob-
lem that was described in chapter 3. Use the settings h_; = >, h'{, k_1 =
> kL Up, =3, Ui, and Uy =Y, Uj. This gives us aggregate quantities and
prices. We let p%* denote the multiplier on wealth in the budget constraint
of the representative (or average) household. To compute individual individual

allocations requires more work, to which we now turn.
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12.4. Allocations

A direct way to compute individual allocations would be to solve the prob-
lem each household faces in the competitive equilibrium at the competitive equi-
librium prices. For a fized Lagrange multiplier on the household’s budget con-
straint, the household’s problem can be expressed as an optimal linear regulator,
with a state vector augmented to reflect the aggregate state variables determin-
ing the scaled Arrow-Debreu prices. It is possible to compute the allocation to
a particular household by using an iterative scheme to calculate the Lagrange
multiplier that assures that the household’s budget constraint is satisfied, but
this is not the procedure that we recommend. Instead note that the allocation
rule for labor is

b = (no” /g™ ) 1 (12.4.1)

If we substitute this expression for # into versions of (10.13) and (10.14) for the
jth consumer, we get the following version of the household’s budget constraint:

1 Eo Y BYp - pf 4 (wf 1§ )y = Eo Y B4pt - (0] — sl;) —af - di} —vok? .
t=0 t=0

Solve this equation for ug’j , using a doubling algorithm. With Mé“’ in hand,
we can use the first-order conditions for services and the canonical service tech-
nology to solve for the equilibrium allocation to household j. For a canonical
service technology, the first-order conditions for consumption services are:

s — bl = )" p. (12.4.2)

Given p?, which we know from the aggregate allocation and (10.8), we can solve
(12.4.2) for sg , then plug s{ into the ‘inverse canonical representation’ to solve
for CZ : ‘ . .

c] = AR} | +11"'s)

B = (Ap — O I A + 1170, s (1243)
t h h t—1 hot

h? | given.
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12.4.1. Consumption sharing rules

Our preference specification is an infinite-dimensional generalization of the
one described in our digression on Gorman aggregation, a version in which goods
are indexed by both dates and states of the world. The counterpart to the
matrix V is determined by the probability distribution over states of the world
conditioned on Jy and on the parameters of the household technology. The
counterpart to x? is determined by the preference shock process {b{} and the
initial endowment of household capital h 1 - The allocation rule for consumption
has the form:

A —xd = (W fu") (e = X0, (12.4.4)

where the ratio (u’/u®) is time invariant and depends only on information
available at time zero. We can express (12.4.4) as

& = (W fu)c + 7
& = Xi»
where ¥ = xI — (u//u®)x%. Our goal is to show how to compute ¥ and
(u? /u®). We shall show that the utility indexes can be set at the consumers’
marginal utilities of wealth 4", and that the ‘deviation’ baseline process for
consumption {x7} can be computed by initializing the inverse canonical repre-
sentation at a vector A’ ; and using a ‘deviation’ preference process {b]} as the
‘driving’ service process.
In terms of ‘deviation’ processes, the allocation rule for consumption ser-
vices is

s = bl = (g /1) (s — b)) (12.4.5)

or

where 7 =y — (uéw /ud™)ye. The beauty of this representation is that it does
not directly involve prices. The ~ version of (12.4.3) is

& =M AR} | + 11715

hl = (An — O, AR, +11710,5] (1246)
t h h t—1 hSts

h , given. Associated with §§ is a synthetic consumption process )Z{ such
that ¢ = )23 is the optimal sharing rule. To construct X7 we simply substitute
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5] = bl into the inverse canonical representation:

Xt = IR, + 1]

i = (A — ORI A, +117'0,b] (12.4.7)
7711 = ilil

Since 5 = b/ and 77, = h |, it follows from (12.4.6) and (12.4.7) that & =
)Z{ Equivalently, allocation rule (12.4.4) holds with {Xg } given by recursion
(12.4.7), {x%}by its aggregate counterpart, and (u’/u®) = (u?"/ud®). Since
the allocation rule for consumption can be expressed as

o = (" ug™)ed + X1, (12.4.8)

we can append the recursion in (10.27) for ¢; and x; from the aggregate, single-
consumer economy to obtain a recursion for generating c} .

12.5. Risk Sharing Implications

Because the coefficient (u/ /u®) is invariant over time and across goods,
allocation rule (12.4.4) implies a form of risk pooling in the deviation process
{¢] — xI}. Nonseparabilities (either over time or across goods) in the induced
preference ordering for consumption goods appear only in the construction of the
baseline process {x?} and in calculation of the risk-sharing coefficient (u’/u®)
implied by the distribution of wealth. In the special case in which the preference
shock processes {bg } are deterministic (in the sense that they reside in the
information set Jp), individual consumption goods will be perfectly correlated
with their aggregate counterparts (conditioned on Jy).?

3 Need to add references to literature on risk sharing: Altug-Miller, MaCurdy, Mace,
Cochrane, Townsend etc.
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12.6. Implementing the Allocation Rule with Limited
Markets

We have seen that one way to implement the allocation rule (12.4.4) is to
introduce a complete set of markets in state and date contingent consumption.
In some environments, a much smaller set of security markets suffices. An
example occurs where a single consumption good is produced according to the
linear technology:

et +if =~k | +df

‘ (12.6.1)
ki = 0pki_y +if, B=1/(y+ ).

Each consumer has a common household technology with a heterogeneous pref-
erence shock process {bg } and a heterogeneous initial endowment of household
capital h 1- The preference shock process is constrained to be in Jy. Each
consumer is endowed with a heterogeneous initial level of capital K’ ; and an
endowment process {d}} for consumption.

Instead of introducing a full array of contingent claims markets, there is
a stock market for J securities that pay dividends {dg }. In addition, one-
period riskless claims to consumption are traded. To devise a way to implement
allocation rule (12.4.4), note that

¢ =Xt + (uj/ua)X{ + (uj/ua)ki = (uj/ua) (8 +7)kiy + ] (12.6.2)

Let consumer j sell all its shares of stock j and purchase (u;/u,) shares of all
securities traded in the stock market. Once purchased at date zero, let consumer
j hold onto this portfolio for all time periods. The total dividends paid in period
t will be (u;/uq)df. Suppose that the consumer purchases fraction (uj/uq) of
the capital stock each period in the one period bond market. The time ¢ payoff
to the t — 1 purchase will be (u;/uq)(0k +v)kf_, and the time ¢ purchase will
be (uj/uq)ky. Taken together, these market transactions have a time ¢ receipt
of (u;/ua)[(0k +7)kf 1 +df] and a time ¢ payout of (u;/uq)ky for t =1,2,...

The difference between payouts and receipts in time t is not equal to cZ ,
but to ¢/ — Xi + (u;/uq)x§ . This deviation induces trading in the bond market.
Note that x7 — (uj/uq)x¢ is in the time zero information set Jy by assumption.
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Let I%i denote additional purchases in the bond market by person j at time ¢.
Construct k! so that

X) = (ujfua)Xd + k= (O +E_,, t=1,2,... (12.6.3)

Solve this equation forward to determine an initial value l%é:

k=" B — (uj/ua)xf)- (12.6.4)

Notice that lAcé is in Jy so that it is feasible to construct the sequence {k7}.
Modify the previous investment strategy so that the bond market purchases
of person j at time t equals (u;/uq)ky + kl for t = 1,2,.... The time ¢
receipts from the previous period purchases in the bond and stock markets equal
0k + ) [(uj/ua) ki1 + k). In light of (12.6.2) and (12.6.3), the difference
between time t payouts and receipts is cz for t = 1,2,.... The coefficient
(uj/uq) in the allocation rules is determined so that initial period consumption
) can be purchased from the difference between the time zero receipts and
payouts.

In this implementation, all consumers hold the same stock portfolio or mu-
tual fund, but make a sequence of person-specific trades in the market for one-
period bonds. We have allowed for nonseparabilities over time in the induced
preference ordering for consumption goods, which have important effects on
bond market transactions.

This construction displays a multiperiod counterpart to an aggregation re-
sult for security markets that was derived by Rubinstein (1974). In a two-period
model, Rubinstein  provided sufficient conditions on the preferences of con-
sumers and asset market payoffs for the implementation of an Arrow-Debreu
contingent claims economy in an environment with incomplete security mar-
kets. In Rubinstein’s implementation, all consumers hold the same portfolio of
risky assets. In our construction, consumers also hold the same portfolio of risky
assets, and portfolio weights do not vary over time. All of the changes over time
in portfolio composition take place through transactions in the bond market.
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12.7. A Computer Example

The MATLAB program computes the allocation to individual ¢ by executing the computa-
tions described above. The program heter.m requires that be run first, and that its output
reside in memory. The program heter.m computes individual allocations in the form

di = St Xy, hi = S Xy,

and so on. The matrices S% are returned. The program also computes the matrices SZ, Sg,

and so on, which determine the aggregate allocations c¢, he, ... as functions of the augmented
state variable X :

Ct = Sg Xt

ht = SZ Xt,

and so on. The MATLAB program can then be used to simulate the allocation to individual
i and the aggregate allocation. The programs and must both be run for each individual %
in a heterogeneous consumer economy.

We illustrate the workings of these programs with the following pure exchange economy.
There are two households, each with identical preferences

oo
1 tTod N2, 2 )
—(5)155 B (et =2+ 62 | Jo, i=1,2
t=0

We specify that b? = 15 for i = 1, 2. The aggregate preference shock is by = Zl bé = 30.
We specify the following endowment processes. For consumer 1,

di =4+ 2w},

where wtl is a Gaussian white noise with variance (.2) 2. For consumer 2, we specify

d? =3+d?

#=12d2_ | —.22d 45+ 250}
where w? is a Gaussian white noise with variance (.25)2. To capture the pure exchange
setup, we specify A =0, O, =0, Ay, =0, O, =0, A=0, I=1. Weset 8=1/1.05.
We have used and to simulate a realization of this economy. Figure 12.7.1 reports the individ-
ual allocations to consumers 12.2.1 and 12.2.2. Notice how they appear perfectly correlated.
Household one is wealthier than the other and so always consumes more (notice that the mean
of the first household’s endowment process is 4, while the mean of the second household’s is 3).
The perfect correlation between the two consumption services reflects the sharing present in
Arrow-Debreu models with time separable preferences. Figure 12.7.2.a graphs d% — c% while
figure 12.7.2.b graphs d% - c% . These figures indicate the “balance of payments” between the
two households.
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Figure 12.7.1: Consumption allocations of consumers one and two in
pure endowment economy.

08

06

0.4

02

02

04

-0.6|

Fig. 12.7.2.a. Saving of consumer one. Fig. 12.7.2.ab5. Saving of consumer
two.

12.8. Exercises
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EXERCISE 1: The first part of this exercise is to be answered using “pencil
and paper” as your tools. The second part is to be done on a computer using
MATLAB.

12.8.1. Part one

An economy consists of identical numbers of two types of infinitely lived con-
sumers. Type i consumers all have preferences that are ordered by

(1) —5EY [(ew—b)?]lJo ,i=12, 0<pB<1,
t=0

where ¢;; is consumption of a single good by an consumer of type i, E is the
mathematical expectation operator, and Jy is information known at time 0. In
(1), b; is a parameter that determines the satiation level of consumption for
consumers of type i.

This is a pure endowment (or pure exchange) economy. The only sources of
the single consumption good are two types of trees, the first initially being owned
by the first type of consumer, the second type of tree initially being owned by
the second type of consumer. Initially, there is one tree owned by each consumer
in the economy. The first type of tree yields a constant “dividend” of fruit at
the rate

(20,) dlt = d1 V t Z 0
The second type of tree yields dividends at time ¢ of

doy1 = do + gwita, t>0,

(2b)
d20 = d2

where dy is a constant and where {w;11}72, is a martingale difference sequence
with Ewt2+1|Jt =1, where J; = w® = (wy,w;_1,...,wy). Notice that at time
0, dot = da, where ds is the stationary mean of {da}.

The feasibility constraint is



FExercises 281

You are to consider the following decentralized version of this economy.

At time 0, there are open a complete array of Arrow-Debreu contingent claims

markets. We use the Harrison-Kreps commodity space and pricing system. At

time 0, households of type i face the problem of maximizing (1) subject to

(3)

E Z B p} citl Jo = Z B pf dit| Jo.
=0

t=0

. Define a competitive equilibrium for this economy.

. Construct an argument to show that this is a representative consumer

economy in the sense that the equilibrium price system can be deter-

mined without simultaneously determining individual allocations.

. Describe the preferences and constraints faced by the representative

consumer in this economy.

. Compute the equilibrium price system {p9}22,.

. At the equilibrium prices, compute the right hand side of (3), namely,

(4) al =B B'p) dul o,

t=0

for : =1, 2. Go as far as you can in getting an analytic, closed form

expression for a?.

. Use your answer to E to establish that the value of trees of type 2 is

smaller the larger is the absolute value of g. Interpret this result.

. Give an argument to establish that a? given by (4) would be the equi-

librium price of type i trees if a market in trees (or equivalently, per-
petual claims to the dividends from a tree) were opened at time 0.

. Suppose that di = ds < by = by. Suppose that g = 0, so that

the second tree has a perfectly sure yield. Compute the equilibrium

consumption allocation.

. Suppose that d; = dy = 8, that by = by = 15, and that ¢ = 1.

Compute the equilibrium consumption allocation (for both types of

consumer).

i. Verify that the equilibrium consumption allocations sat-
isfy a “sharing rule”.
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1. Which type of consumer consumes more in equilibrium?
Why?
J. For this economy, compute the price at time ¢ of a perfectly sure claim
to one unit of consumption at time ¢+ 1.

12.8.2. Part two
Now you are to use the computer. Use MATLAB to do the computations.

HINT: We have written some programs that should be a big help in doing this
problem. The main programs are and ; does the main calculations while
reads in the parameter values for the economy. A program called does the
asset pricing calculations. You can edit these files and run them to answer the
question.

A. For the economy described in Exercise 1 of Part One, compute the equi-
librium consumption allocation and simulate it. Write down the con-
sumption allocations and the endowment realizations for ¢t =0, ..., 10.

B. For the economy described in Exercise 1 of Part One, change the value
of g from 1 to 0. Recompute the equilibrium consumption alloca-
tion, and simulate it. Write down the consumption allocations and
endowment realizations for ¢t =0, ...,10.

C. How do the results of A and B conform to your answers in Part One?

D. Use the program to compute the value of trees at time 0 under the
specification of parameter values given in Exercise 1 of Part One (in

particular, set g = 1). Do the results conform with your reasoning in
Part One?
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12.9. Economic integration

A. The world consists of two virtually identical but separated economies, j =
1,2. The economies never trade with one another. Within each economy there
exist Arrow-Debreu markets at time 0.

Economy j has the following structure:

12.9.1. Preferences:

5 E0 > B llese — by)? + £

t=0

12.9.2. Technology
Cjt + it = Ykji—1 +dje, ¥ >0
bije = gji, ¢>0
kjt = Opkji—1 +ij, 0<d, <1
9]2‘t = g?t

kj,—1 given

12.9.3. Information
zp41 = Azozt + Cowp
djr = Ug;zt
zo given.

Here cj; is consumption at ¢, i;; is investment at ¢, k;; is the capital stock at
the end of period ¢, gjzt is the square of labor absorbed in adjusting the capital
stock, d;; is an endowment shock, and b; is a fixed (across time) preference
parameter; all of these objects are scalars. The vector z; is a set of information
variables common to the two economies, and {w;y1} is a martingale difference
sequence with Ew; wi,, = I. The parameters v, @, 3,0k, Az2, and Cy are
common across the two economies. The two economies differ in their values for

bj and Udj-
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a. Define a competitive equilibrium for economy j.

b. Describe how to compute a competitive equilibrium for economy j
using dynamic programming.

c. Let p?t be the (scaled) time zero Arrow-Debreu price for consump-
tion in economy j. Show that there exists a representation for the
equilibrium for economy j of the form

k; A%y A‘fzj} {kjt—l} [ 0 ]
= ’ + w
[ZH-J { 0 Az 2t Cy| !

o It

In particular, argue that A{; is the same across the two economies,
but that A7, ;,Sc;, and M; depend on j.

HiINT: Two approaches to this problem will bear fruit. First, one can obtain
an Euler equation for capital and solve it, as in our treatment of Hall’s model
in chapter 3. Second, one can use the method of “adding speed by partitioning
the state vector” described in chapter 9.

B. Consider a world consisting of two economies with preferences, technology,
information, and initial capital stocks identical to the previous one. Now, how-
ever, the two economies are integrated, there being world-wide time zero Arrow-
Debreu markets. Residents of country j own the initial capital stock k; _; and
the endowment process {d;+}.

a. Define a competitive equilibrium for the integrated economy.

b. Argue that the integrated economy is a representative consumer econ-
omy, being careful to define what you mean by a representative con-
sumer economy.

c. Describe how to compute the equilibrium of the representative con-
sumer economy.

d. Let pY be the (scaled) time zero Arrow-Debreu price for consumption in
the integrated economy, and let l%t = ]2:1t—|-f£2t, and & = ¢é14+¢9¢, where
(*) denotes equilibrium objects for the integrated economy. Show that
for the integrated economy, the equilibrium has a representation

=0 T L]
= + w
|:Zt+1 0 Az 2t Cs i
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il [l ]
]5? M. z |’

where A¢; and Ay and the same objects that appear in (1).
e. Show that l%t = kyt + koy and & = c1¢ + cot -

f. Find formulas for ¢é;; and éo¢. Show that ¢4 # ¢14 and éop # cop -

g. Show that p?, + pJ, = o p? for some positive «.






Chapter 13
Permanent Income Models

This chapter describes a class of permanent income models of consumption,
which stress a connection between consumption and income implied by present
value budget balance, and which generate interesting predictions about the re-
sponses of various components of consumption to identifiable shocks to the in-
formation sets of economic agents. The models allow us to characterize how
consumption of durables act as a form of savings and how habit persistence
alters consumption-savings profiles.

13.1. Technology

To focus on dynamics induced by the household technology, it serves our pur-
poses to adopt the following technology specification:

Qe cp + i = vhi—1 + e

‘ (13.1.1)
ke = ki1 + iy

where ¢. is a vector of positive real numbers with n. elements, e; is a scalar
exogenous endowment of consumption and k;_; is a scalar capital stock. We
set 0 = 1, thereby ignoring depreciation in capital so that ¢; is net investment.
Introducing depreciation in capital would add nothing to our analysis because
we shall eliminate any additional input requirement for making new capital
productive. With no intermediate inputs required for investment, even if there
were depreciation in the capital stock, a version of the first equation of (13.1.1)
would apply to net investment by suitably altering the marginal product of
capital parameter ~.

The empirical counterpart to the scalar endowment process {e;} is typ-
ically labor income (e.g., see Flavin 1981, and Deaton 1992). Labor is sup-
plied inelastically and produces e; units of output independently of the level
of capital. The absence of curvature in the technology has some troublesome
implications for equilibrium prices that we will discuss later. Nevertheless, this
technology provides a good laboratory for studying how the household technol-
ogy alters consumption-savings profiles. Moreover, this specification has played

— 287 —
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a prominent role in the empirical literature on the permanent income theory of
consumption.

To make the model behave well, we impose the restriction that (1+v)5 = 1.
Relaxing this restriction to make capital more or less productive has unpleasant
implications for the solution to the model. Thus, reducing the marginal product
of capital will produce a solution in which the capital stock must eventually
become negative.* Increasing the marginal product of capital typically produces
a solution with asymptotic satiation in a deterministic version of the model;
stochastic versions yield a marginal utility vector with mean zero in a stochastic
steady state. This razor’s edge linkage between the marginal product of capital
and subjective discount factor is the price we pay for eliminating the role of
intermediate goods in making new capital productive.

To put this technology within the general specification of Chapter 3, we
include an additional equation

biir — gr = 0, (13.1.2)

where ¢; is a small positive number. Strictly speaking, this introduces a form
of adjustment cost by requiring a household input be used to make capital
productive. This small penalty makes capital satisfy the square summability
constraint. When there are multiple consumption goods, to make the resulting
matrix [®. ®4] nonsingular, we introduce n. — 1 additional investment goods
equal to the last n. — 1 entries of ¢; Thus, combining these constraints, when

@c:<‘%c) @i:(;),ég:<_ol), (13.1.3)

r= (g),Ak:L@k:l;

and when n, is greater than one,

n. is one, we form

o 1 0 0
d, = 0 =g 0], ®,=1(-1], (13.1.4)
0 —1 0 I 0

4 A more interesting solution of the model imposes a period-by-period nonnegativity con-
straint on capital. Instead we limit the terminal behavior of the capital stock by imposing
square summability.
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v
I = 0 ,AkZI,@k:(l 0),
0
Thus, to embed this model into the general setup of Chapter 3, we have n,
investment goods (the original good and n. — 1 additional ones introduced for
technical purposes), and one intermediate good (used to enforce square summa-
bility in the capital stock).

13.2. Two Implications

We extract two sharp implications of this class of permanent income models of
consumption. We obtain the first by substituting k; — k;—; for i; in (13.1.1)
and solving the resulting difference equation for k;_;:

kt,1 = ﬂZﬂ](QSC *Ct4j — 6t+]‘). (1321)
j=0
From this formula, it follows that
> .
kt_1 = ﬁz BJE(d)C *Ctyj — €t+j)|Jt- (13.2.2)
j=0

Relation (13.2.2) will help us to find recursive solutions to the model.

Formula (13.2.1) also has important implications for how consumption and
(endowment) income respond to the underlying shocks, as displayed by a set
of dynamic multipliers - or impulse responses — {x;} and {e;} for {¢;} and
{e+}, respectively, where x;w; gives the response of c;1; to wy and ejw; the
response of e;y; to w;. Since the capital stock k;_; cannot depend on w; it
follows from (13.2.1) that the shock must be present-value neutral. In other
words, the impact of w; on current and future values of e; must be offset in a
present-value sense by its impact on current and future values of ¢;:

> B () xi =Y Fej. (13.2.3)
j=0 j=0

Equality (13.2.3) is precisely the present-value relation studied by Flavin (1981),
Hamilton and Flavin (1986), Sargent (1987), Hansen, Roberds and Sargent
(1991), and Gali (1991).
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The second implication pertains to the martingale behavior of the shadow
price vector for consumption and capital. To begin, note that the forward
evolution equation for the shadow price of capital is

My = E(BME | Je) + B(BYMi 4| ). (13.2.4)
The first-order conditions for the first component of investment imply that
MG + ¢ M] = MY, (13.2.5)

where the left side captures the cost of an additional unit of investment and right
side the benefit. The second term on the left side reflects the adjustment cost,
and is zero in the limiting ¢; = 0 case. By substituting (13.2.5) into (13.2.4)
and using the fact that G(1 + ) = 1, we obtain the martingale implication for
the shadow price of capital:

ME = B(MF4 | ), (13.2.6)

and likewise for the multiplier process {M¢$}.
Finally, the shadow price of consumption is given by:

M = (D) M = ¢ M, (13.2.7)

since the last n. — 1 components of M{ are zero because these are the mul-
tipliers on a set of bookkeeping identities. Hence the shadow price process for
consumption depends on a single scalar multiplier process {M¢}, a martingale
that we call the marginal utility process for income. We shall pursue the present-
value budget balance and martingale implications further, and use them to find
and represent the solution of the model.
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13.3. Solution

To solve the model, we begin by deriving allocation rules for consumption and
investment which can be represented in terms of the scalar martingale process
{M¢}. Then we use present-value relation (13.2.2) to compute M¢. Our focus
on the marginal utility of income imitates an aspect of the analysis in Bewley
(1977).

To accomplish the first step, we use the notion of a canonical household
technology. Recall that the household technology determines the sequence of
consumption services associated with a given sequence of consumption goods
and an initial condition for the household capital stock. When the household
technology is canonical, we can construct an inverse system which maps a given
sequence of consumption services and an initial condition on the household cap-
ital stock uniquely into a sequence of consumption goods required to support
that service sequence. For a household technology to be canonical, there must
be the same number of services as goods, the matrix II must be nonsingular,
and the absolute values of the eigenvalues of the matrix (Aj — ©,I171A) must
be strictly less than 37/2. Under these restrictions, the inverted system can
be represented recursively as:

Ct = A*ht71 + H*St (1331)

ht = Azht—l + @;St

where
A= —IIA, " =1L
and

A; = (A, —O,IT7'A), ©; =0,

In chapter @preferences@, we showed that there always exists a representa-
tion of the induced preferences for consumption goods in terms of a canonical
technology.

Governing the multipliers is an analogous dual system:
M= E[B(AR) M| J] + B[BN M, | T4] (13.3.2)

= (On) M+ IIM3;
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and an associated inverse system:
ME = BIB(A) ME 1] — EIBAT) MGy 1] (13.3.3)

M; = ~(©3)' M} + (T M;.

Since {M¢} is a martingale sequence, it follows from the inverse dual system
that {M?} and {M;} are both martingales. In fact they are linear combina-
tions of the scalar martingale sequence M$. For instance,

M = MM (13.3.4)

where

M, = {(I1) + (6})'[I = BAL) T BA" }o. (13.3.5)

Consequently, we can solve for the service sequence in terms of the scalar mar-
tingale {M¢} from the simple link between the vector of services and the cor-
responding marginal utility vector:

St = —Mng + bt. (1336)

From this relation and from the inverse household technology (13.3.1) it follows
that
Ct = A*ht—l - H*MSME + H*bt (1337)

he = Afhy_1 — O} MyM¢ + O by

To characterize the decision rule for investment, we solve (13.1.1) for i; and
substitute the right-hand side of (13.3.7) for ¢;:

it = ’}/ktfl + e — (bc - Ct (1338)

=vki_1 + et — (¢e) N hy—1 — (¢e)'TI* (by — Mo MS).

So far, we have derived a recursive representation for consumption, invest-
ment and household capital in terms of the scalar multiplier process {M¢}.
However, we have not shown how to initialize this sequence, and we do not yet
have a formula relating the time ¢ increment of this process to the underlying
martingale difference sequence {w;}. We now derive formulas for both of these
objects.
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To find an expression for the marginal utility of income process, we exploit
the present-value budget balance restriction (13.2.2). In light of the inverse sys-
tem (13.3.1) for the household technology, we are led to compute the expected
discounted sum of services and household capital:

> B E(sipi|0) = —[1/(1 = BIMM + Y B E (b1 01), (13.3.9)
j=0 =0
and
BY B E(hii| ) =B B E(Abhiy 1+ O syl Je). (13.3.10)
j=0 7=0

Rewriting (13.3.10), we see that

(I = BAG) Y B Elhepj-a|Te) = hio1 + 565, B/ E(se141 1),

=0 =0
or (o)
D B E(hijald) =
=0 . (13.3.11)
(I = BAL) hey + BT = BA) 105 B/ E(s1441 1)
=0

Since ¢ - ¢ = (¢e) (A*hi—1 + II*sy), it follows from equation (13.3.1) and
(13.3.9) that
(L+ ki1 — (¢e) A (I — BAR) hemy = (13.3.12)

— MMM /(1= B)+ > B E(Mbyj — eorj| ).
=0
Solving for {M¢} results in
M§ =1/ (MM)[(1 = B)> B EMby; — erjl ) — (13.3.13)
=0

Vi1 + (1= B)(¢e) A (I = BAL) ™ hya].

To interpret this solution, it is useful to decompose the right-hand side
of (13.3.13) into three components. First, we follow the permanent income
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literature by defining permanent income to be that amount of income to be
spent on consumption that can be expected to persist in the future and still
satisfy (13.2.2):

o0
W=k + (1= 8)Y | E(F el ). (13.3.14)
j=0
Formally, this is obtained by letting {y}} be a hypothetical expenditure process
for consumption, assuming it is a martingale, substituting vy i for ¢.-ciqj in
equation (13.2.2), and solving for y? .

Note that this measure of permanent income does not adjust for risk in
the endowment sequence and hence even when divided by (1 — ) is distinct
from equilibrium wealth. Nevertheless, it is an important component of the
solution to the model. In fact, ¢; = y¥ is the solution for consumption in the
in the special case of single good, no preference shocks (b; constant), and time
separable preferences (A zero), which is Hall’s (1978) permanent income model
of consumption. In this simple case, the marginal utility process for endowment
income is formed by translating the negative of permanent income: M¢ = b—y? .

More generally, when the preference shock process is not expected to be
constant, the term of interest is a ‘permanent’ measure of the preference shock
sequence:

oo
W= (1-p)> BB (M) by;| ). (13.3.15)
j=0

Finally, when preferences are not separable over time, the household capital
stock also enters the solution for the marginal utility of endowment income. To
interpret its coefficient, consider the sequence of consumption goods required
to support zero consumption services from now into the future. To compute
this sequence, simply feed a sequence of zeros into the inverse of the household
technology. Discounting the resulting consumption sequence and premultiplying
by (¢.)" results in:

yl = (L= B) () A" (I — BAL) i (13.3.16)

Hence y? adjusts the permanent income measure to account for implicit con-
sumption associated with a “baseline” zero service sequence.
To summarize, the marginal utility of endowment income can be represented
as:
= (1= B) (/MM (O] —y) +yp) (13.3.17)
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Relation (13.3.17) gives a decomposition of marginal utility of income into three
components: b}, y? and yl. Increases in b} result in an outward shift in prefer-
ence for consumption, which increases the marginal utility of income; increases
in ef correspond to an outward shift of permanent income, which reduces the
marginal utility of income; and alterations in 3/ reflect movements in the initial
household capital stock. The measurement of this third component is the dis-
counted endowment-equivalent consumption sequence associated with a baseline
(zero) sequence of services. Increasing it has an opposite impact on the marginal
of income from increasing permanent income.

The final task of this section is to deduce a formula for the increment of M§
of the form pw; for some . Note that yl* depends on time ¢t — 1 information.
Hence only the b} and yf terms enter into consideration. Let {¢;} denote
the sequence of matrices of dynamic multipliers for the preference shock process
{b+}. Tt follows from (13.3.13) that

oo

p=1(1=0)/(MM)] > F[(M)0; — €] (13.3.18)

Jj=0

The dynamic multipliers {x;} for consumption can then be computed recur-
sively from (13.3.7), and by construction satisfy the present-value budget bal-
ance restriction (13.2.3).

13.4. Deterministic Steady States

It is useful to study consumption in a deterministic steady state, partly to verify
that there exist configurations of the model for which consumption of all goods
is positive in this steady-state. Otherwise, the stochastic versions of the model
would likely have some perverse implications. We consider cases in which {b;}
and {e;} are constants set at the values b and e, respectively.

For a deterministic version of the model, the marginal utility of income
is constant over time. Of course, we are only interested in initial conditions
such that the initial marginal utility is positive and hence the entire sequence is
positive. Thus from equation (13.3.17), we are lead to require that:

MG = (1/MLM)(M!b — e —vk_1 +yl) > 0. (13.4.1)
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Since 1/(M]M,) is positive by construction, we only need to be concerned with
requiring that (M.b—e—~k_1+y!) be positive. Any changes in (b,e,h_1,k_1)
that alter the right side of (13.4.1) will clearly change the marginal utility of
income (in all time periods).

Since the preference shifter sequence is fixed at a constant level, the constant
marginal utility of income sequence implies a constant service sequence given
by:

s=b— M, M§. (13.4.2)

The corresponding sequences of consumption goods and household capital need
not be constant, and we now investigate the limiting behavior of these objects.
Armed with the consumption service sequence, the consumption and household
capital sequences can be computed from the inverse household technology.

1/2 but can be

The absolute values of the eigenvalues of A} are less than 5~
greater than or equal to one. Without further restricting the eigenvalues of Aj
to have absolute values that are strictly less than one, the consumption sequence
may not converge to a steady state.? With the additional restriction that the
absolute values of eigenvalues are strictly less than one, the consumption and

household capital sequences will converge with limits:
hoo = (I — A})'O5 s
> WOk (13.4.3)
Coo = N hoo +1I*s
where variables with subscript co denote limit points. By combining (13.4.2)
and (13.4.3), it can be checked whether the limiting consumption vector is
strictly positive.
As an illustration, consider a setting with a single consumption good, a

single physical capital stock, and the following household technology:
he = 0nhi—1 + (1 = dn)c (13.4.4)
st = A1 + ¢y,

where ¢ is a depreciation factor between zero and one. Notice that the house-
hold capital stock is constructed to be a weighted average of current and past
consumption. The inverse system is given by:

ht = [6h — /\(1 - 5h>]ht—1 + (1 - (Sh)St

(13.4.5)
Cy = *)\ht_l + S¢.

5 As emphasized by Becker and Murphy (1988), configurations with explosive eigenvalues
can arise in models of ‘rational addiction’.
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In this simple case, the eigenvalue of A} is simply the coeflicient on the lagged
capital stock in the evolution equation for household capital. This coefficient
has an absolute value less than one if:

1< A< (148)/(1-0). (13.4.6)

When these inequalities are satisfied consumption and the household capital
stock both converge to s/(1+ A).

Negative values of A that violate the inequalities in (13.4.6) display a form
of ‘rational addiction’ as analyzed by Becker and Murphy (1988). For instance,
when A is —1, the coefficient on lagged capital is unity, and the consumption
sequence required to support a constant service sequence must grow linearly
over time. Lower values of A (i.e., negative ones with larger absolute values)
imply geometric growth in consumption.

Simply requiring the limiting value of consumption to be positive guarantees
that consumption will be positive for initial levels of household capital close
to the steady state, but it would be nice to obtain a stronger result. One
strategy would require entries of the matrices of the inverse household technology
all to be positive. Unfortunately, this restriction that would eliminate some
important examples in which there is substitutability across goods or over time.
For instance, in (13.4.4), when A is positive as in the case of a durable good, the
inverse household technology has a negative coefficient. Nevertheless, starting
from an initial level of household capital below the steady state will result in a
positive consumption sequence.

13.5. Cointegration

A key feature of our solution is that the marginal utility of income process is a
martingale, which implies via (13.3.6) that the consumption service process is
nonstationary. If in addition the preference shock process {b;} is asymptotically
stationary, then the service process and consumption are each cointegrated.
Suppose that the preference shock process {b;} is asymptotically stationary,
but unobservable to the econometrician. This implies that there are ng — 1
linear combinations of consumption services that are asymptotically stationary.
To show this, take any vector v that is orthogonal to M. It follows from
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(13.3.6) that
wlst = ’(/J/bt. (1351)

Evidently there are ny — 1 linearly independent ’s. Each such v is referred
to as a cointegrating vector, in the terminology of Granger and Engle (1977).

An extensive literature treats the efficient estimation of cointegrating vec-
tors. However, what interest us are not the cointegrating vectors but rather the
vector M, that is orthogonal to all of the cointegrating vectors for consumption
services.

The cointegrating vectors for consumption services differ from the cointe-
grating vectors for consumption goods. To deduce the cointegrating vectors for
the consumption flows, we shall build upon the deterministic steady-state cal-
culations reported in (13.4.3). From (13.4.3), we know that for a deterministic
steady state

Coo = [A*(I — A*)T1O* + TT*]50c. (13.5.2)

The matrix on the right-hand side of (13.5.2) also gives the transformation
mapping a date ¢ shock to consumption services to the limiting response of
consumption. Any vector v satisfying

YA (T — A*)TIO* +TT* )M, = 0 (13.5.3)

is a cointegrating vector for consumption. Let ¥ denote an n.—1 by n. matrix
with rows that are linearly independent cointegrating vectors. Notice that the
implied model for W¥e¢; and ¢4 — ¢1.—1 contains only stationary endogenous
variables, so that it can be estimated using methods that require asymptotic
stationarity, like the frequency-domain methods of chapter 9. An estimation
strategy based on recursive formulations of the Gaussian conditional likelihood
function would not require such a transformation to a stationary set of endoge-
nous variables, but would require confronting the nonexistence of an asymptot-
ically stationary distribution of the state vector from which to draw an initial
estimator of the state. In chapter 9, we described a method based on ideas of
Kohn and Ansley (1985) designed to construct an initial estimator of the state
in such a circumstance.

If we were to assume that the preference shock process is itself nonstationary
and that there does not exist any nontrivial cointegrating vector for this process,
then it would follow that there exist no cointegrating vectors for either the service
process or the consumption process. In this case, to utilize estimation methods



Constant Marginal Utility of Income 299

requiring stationary, we would base parameter estimation on the implications
for the differenced processes for consumption and household capital.

13.6. Constant Marginal Utility of Income

In the absence of uncertainty, the marginal utility of income process will be con-
stant. In this section we introduce uncertainty in the endowment and preference
shock processes, and ask: when will the marginal utility of income process re-
main constant through time? Constancy of the marginal utility of income is an
extreme version of the prediction of permanent income theory that the ability
to transfer consumption over time results in “smoothness of consumption” over
time. In the absence of preference shocks, a constant marginal utility of income
process implies that consumption services will also be constant through time.

We address this question from two angles. Initially, we investigate the lim-
iting behavior as the subjective discount factor 3 approaches unity, and provide
conditions on the stochastic structure sufficient to imply constant marginal util-
ities of income in the limit. In taking this limit, we will not concern ourselves
with interpreting directly the limit economy. Instead we will study the limiting
behavior of the solutions to the optimal resource allocation problems along with
the associated marginal utility of income processes. The second attack on the
question is to characterize the specifications of uncertainty that imply a constant
marginal utility of income process for a given 3 that is strictly less than one.

The initial portion of our investigation will imitate and replicate features
of Bewley’s (1977) study of the permanent income model of consumption. Our
analysis is mechanically simpler than Bewley’s, but different. When we drive
0 to one, we maintain the link between the subjective discount factor and the
marginal product of capital. Hence as [ tends to one in our analysis, the
marginal product of capital as measured by ~ is simultaneously being driven
to zero. In contrast, Bewley considered setups in which the counterpart to the
marginal product of capital is always zero. Since capital is less productive,
nonnegativity constraints are a central feature of his analysis of the economies
with [ strictly less than one.

Suppose that {z:} is a stationary stochastic process and that z; has a finite
second moment. Then it is known that the time series average (1/N) Z;\:Ol Zitj
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converges.® Moreover, the limit vector is invariant to the starting date ¢ of the
average. Consistent with our setup in previous chapters, we assume that both
by and e; are linear functions of z;. Recall that the portion of the solution
for the marginal utility of income that is not predetermined (the portion that
can respond to a current-period shock) is a linear combination, say v, of a
conditional expectation of the geometric average (1 — () 37 3’ z14; where

v= [1/(M51M5)](M5Ub - Ue) (1361)

by = Upzr and ey = Uz [see (13.3.13)]. While the simple time-series average
and the geometric average will not typically agree, they can be made arbitrarily
close by driving N to infinity and 8 to one. Under both limits, tail terms in
the average become relatively more important as the limit point is approached.
Formally, it follows from the theory of Cesaro and Abel summability that

N-—1 e’
Jim (1/N) ZO 2evy = lim (1= ) _X%Mﬂv (13.6.2)
J= J=

(e.g. see Zygmond 1979, Theorem 1.33, page 80). Therefore, as the discount
factor tends to one, the right side of (13.6.2) converges to a vector independent
of t. Moreover, for the information structures we impose, the limit vector must
be in the initial period information set.” The constancy of the marginal utility
of income as 3 goes to unity follows immediately.

The argument just provided relies on stationarity but does not require lin-
earity in the evolution equation for {z;}. In fact, stationarity often can be
replaced by a weaker notion of “asymptotic stationarity” as we now illustrate
using the linear specification

Zer1 = Aoazy + Cowpyq (13.6.3)

imposed elsewhere in this book. This specification can be exploited to obtain
an alternative demonstration of the constancy of the marginal utility of income.

6 The convergence is both with probability one and in mean square, where mean-square
convergence is defined using the square root of the second moment as a norm. We use mean-
square convergence in our subsequent analysis.

is follows because the limiting random variable has a finite second moment. As lon,

7 This foll b the limit d ble h finit d t. As I
as the forecast error variance is independent of calendar time and information accumulates
over time, the forecast error variance must be zero.
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Recall that
(1=B) > B Bzl i) = (1= B)(I — BAzz) 2. (13.6.4)
=0

To investigate the limit as J tends to one, it is convenient to uncouple the
dynamics according to the eigenvalues. Let

Ay =TDT ! (13.6.5)

be the Jordan decomposition, and suppose that D can be partitioned as:

D= (é £2> (13.6.6)

where the absolute values of the diagonal entries of Dy are all strictly less than
one. Using the Jordan decomposition, it follows that

-1 _ I 0 -1
(1-08)({I - BAa) T<0 (15)([,6’D2)1)T . (13.6.7)
Taking limits, we see that
é:nll(l —B)I —BAxy) =T <é 8) T (13.6.8)

Therefore, (1-8)3°72, (7 E(2¢+|J¢) depends only on

zr=(1 0)T 'z, (13.6.9)
where z; has law of motion

21 = 2t + CTwyig, (13.6.10)
where

C*=(I 0)T'Cs. (13.6.11)

Sufficient conditions for the marginal utility of income to be constant are
that the Jordan decomposition of Ags satisfies (13.6.6) and C* be zero. When
these restrictions are satisfied, the process {z:} will be asymptotically stationary
because the process {z;} will be constant over time and because {(0 )71z}
will converge to a stationary process. This latter result follows since the diagonal
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entries of Do have absolute values that are strictly less than unity. Stationarity
is only implied when the {z:} is initialized appropriately.

The arguments just given cannot be extended to {z:} processes with more
fundamental forms of nonstationarity. For instance, time trends or unit roots
in the endowment process would suffice to overturn constancy of the marginal
utility of income in the limit. In the case of time trends, the averages may
diverge as the limits are taken. For unit root processes (without drifts) the
limits are well defined, but the uncertainty in the marginal utility of income
process does not vanish.

We now change experiments and hold fixed the subjective discount factor
and ask if it is still possible for the marginal utility of income to be constant. The
answer to this question turns out to be yes. Assume the Jordan decomposition
(13.6.5) and (13.6.6) along with restriction (13.6.11), except that Ds can now
have eigenvalues with absolute values that are equal or even greater than one
(but less than §=1/2). If

v(I — BAg) ™t = (v* 0) (13.6.12)

for some vector v*, then the marginal utility of income will be constant over
time. While this clearly imposes a restriction on the matrix Asgs, it is satis-
fied by some stationary and nonstationary specifications of the endowment and
preference shock processes.

13.7. Consumption Externalities

One of the prime motivations for intertemporal complementarities put forth by
Ryder and Heal (1973) is that individual consumers are concerned in part about
their consumption relative to the past community average. In other words, there
is an externality in consumption. This motivation is in contrast to that given
by Becker and Murphy (1988) in which the complementarities are purely pri-
vate. The solution described previously is applicable even if this consumption
externality is present as a solution to an optimal resource allocation problem.
However, the link between optimal resource allocation and competitive equilib-
rium may vanish when there is a consumption externality. We now investigate
this issue.
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To capture the externality, we endow the consumer with the household
technology:
H,=AL,H;_1+ ©6,C,

(13.7.1)
St = AHtfl + HCt

where H;, H;_1 and C} are interpreted as community-wide vectors that are
beyond the control of the private consumers but are equal to their lower case
counterparts in equilibrium.

The previous argument justifying the martingale properties of the marginal
utilities of income and consumption relied only on the technology specification
and still applies when the externality is present. In light of the externality
interpretation, the marginal utility of services now satisfies:

= () M;

e (13.7.2)

Recall that IT* is equal to II"!. Although the link between the marginal
utility of services and marginal utility of consumption goods is altered, the
marginal utility of service process remains a martingale. The previous solution
method can now be imitated by substituting the matrix (IT*)'¢. for M, given
by (13.3.4).

When there is a single consumption good and the household technology is
canonical, the two solutions coincide. This alteration can be verified by taking
the previous solution for the marginal utility of income and showing that all of
the equilibrium conditions and first-order conditions remain satisfied. While the
marginal utility of services is altered by a constant scale factor over time, this
clearly has no impact on the implied marginal rates of substitution for consump-
tion services and therefore the original quantity allocation remains intact with
the externality interpretation. When there are multiple consumption goods, the
quantity allocations can be altered. Also, when the original household technol-
ogy is not ‘canonical,” the quantity allocations can be altered even when there is
a single consumption good. While there generally exists a canonical household
technology that implies the same induced preferences for consumption goods,
the externality version of the specification can give rise to a fundamentally dif-
ferent canonical technology, breaking the simple link between solution to the
resource allocation problem and the decentralized economy.

To elaborate on this last point, suppose the original household technology is
not canonical. In Chapter ? we showed how to find the corresponding canonical
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technology to be used in solving the optimal resource allocation problem. In
the presence of consumption externalities, we can find the analog to a canonical
household technology by first noting that

bt — St = Bt - HCt, (1373)
where
Bt = bt — AHtfl.
Consequently,
(bt — St) . (bt — St) = Bt . Bt - Q(Bt)/HCt + (Ct)/H/HCt. (1374)

Suppose that II'II is nonsingular, and obtain a factorization:
'l = IT'IT (13.7.5)

where II is nonsingular. Also, define

b, = I~ "I, (13.7.6)
§t = ]\Ht—l + ﬂCt.

Then (b — s¢) - (by — s¢) and (by — 8;) - (b, — 8;) agree except for a term that is
not controllable by the individual consumer. Consequently, technology (13.7.6)
and the implied preferences for the original household technology are the same.

For this solution method to apply, we need this transformed version of
the household technology to be canonical. Since the matrix II is nonsingular
by construction, it suffices for the matrix Aj, — OLII 1A to have eigenvalues

1/2

with absolute values that are strictly less than §~"/<. If this restriction is not

satisfied then there fails to exist a competitive equilibrium.
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13.8. Tax Smoothing Models

By reinterpreting variables, our model can represent a class of linear models
of optimal taxation, versions of which were studied by Barro (1979) and Judd
(1990). Let 7+ be a vector of taxes collected from various sources (e.g., capital,
labor, imports, etc.); Gy a scalar stochastic process of government expenditures;
B;_1 the stock of risk-free one-period government debt bearing net one-period
interest rate of v = % — 1; and def; the gross-of-interest 0 deficit. Match up
variables as follows: ¢; ~ 74, e4 ~ Gy, ki1 ~ By_1,1; ~ def;. Set ¢. to a vector
of ones, so that ¢,7; measures total time ¢ government tax revenues. With
these associations, (13.1.1) become

def, =yBi_1 + Gy — g7
Bt = Bt—l + deft.

The preference ordering is interpreted as minus the loss function associated with
taxation, and measures the dynamics of tax distortions.

Consider three special cases of this model, each of which sets b; to a vector
of zeroes.

1. Random walk taxes. To capture Robert Barro’s specification, set ¢, = 1
(so there is only one kind of tax revenues), A = 0,11 =1,0, = A, = 0. This
version makes taxes follow a random walk. It is a relabelling of Hall’s model of

consumption.

2. White noise taxes. To capture a one-tax version of Judd’s specification,
again set ¢. = 1, but now set II = A, = 1,0, = A = —1. With these
settings, the government’s objective function is —.5Ep Y o, 6%23:0 )%
This specification is intended to capture the long-lived adverse effects of taxation
on capital. The optimal policy makes taxes a white noise process, a feature that
characterizes the asymptotic behavior of capital taxation in the model of Chari,
Christiano, and Kehoe (1994). To deduce the white noise property for this
model, use (13.3.7) and the relations defining A*,IT*, A}, ©; under (13.3.1).
In particular, we obtain 7 = —M;(M¢E — M¢§_,).

3. Two tazes. Set ¢. = [1 1], and specify two taxes whose ‘distortion
technology’ is obtained by stacking the two technologies described in examples
1 and 2. This is the kind of setup advocated by Judd (1990), and makes one
tax a random walk, the other a white noise.






Chapter 14
Non-Gorman Heterogeneity Among Households

14.1. Introduction

The previous chapter studied a setting in which households have heterogeneous
endowments and preference shock, but otherwise have identical preferences and
household technologies, implying that all Engle curves are linear with the same
slopes. The property of identically sloped linear Engle curves delivers a tidy and
tractable theory of aggregation assuring the existence of a representative house-
hold. This theory applies when different households share the same household
technology (A, II, Ay, Oy).

In this chapter, we maintain the linearity of households’ Engle curves, but
permit their slopes to vary across classes of households. In particular, we now al-
low households’ technology parameters (A;, II;, Ap;, Op;) to differ across classes
of households indexed by i. This alteration causes the existence of a representa-
tive household, in the sense of there being a preference ordering over stochastic
processes for aggregate consumption that is independent of the initial wealth
distribution, to vanish. Nevertheless, the structure still fits within a class that
readily yields to linear quadratic dynamic programming algorithms. Competi-
tive equilibria can be calculated using an algorithm based on Negishi’s idea of
finding a fixed point within a class of Pareto problems, where the fixed point
is a list of Pareto weights that deliver budget balance at candidate equilibrium
prices. In this chapter, we describe how the algorithms can be applied very effi-
ciently within our class of economies. We also describe how a more limited form
of aggregation than Gorman’s can be carried out for this economy. In particu-
lar, implementation of the Negishi algorithm enables us to uncover a ‘mongrel’
preference ordering over aggregate consumption streams, where the preference
ordering depends on the initial distribution of wealth, as do the parameters of
any ‘household technology’ for representing those preferences.

- 307 -
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14.2. Households’ Preferences

There are equal numbers of two types of households, indexed by i = 1,2. House-
holds of type ¢ have preferences ordered by

1 00
—§E tz:; ﬁt [(Sit — bit) . (Sit - bit) + e?t] I Jo. (14.2.1)

Here s;; is a consumption service vector for consumer i, b;; is a preference shock
process, and {;; is labor supplied by consumer i. Services s;; are produced via
the technology

sit = Nihig—1 + 11; cit (14.2.2)
hit = Ahi hitfl + @hiCit ) 1= 1) 2 (1423>

Here h;; is consumer i’s stock of household durables at the end of period t,
and c;; is consumer i’s rate of consumption. The preference shock process b
is governed by

bit = Uizt (14.2.4)

where z; continues to be governed by
2i41 = A2z + Cowpyy

Notice that this specification permits each class of households to have its
own list of matrices (A;, II;, Ap;, Op;) that determine a technology for converting

consumption goods into services.
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14.2.1. Technology

Consumption goods (ci¢, o) are produced via the technology

‘I)C(Clt + Cgt) + ‘I)ggt + P;iy = Tki_1 + die + doy (1425)
ki = Agki—1 + Oz (14.2.6)
ge- 9t =10, Ly ="l + Lo, (14.2.7)

As before, g; denotes the quantity of labor-using intermediate production ac-
tivities; d;; is the amount of the endowment vector of household i used in the
production process. We assume that

di =Ug,ze , 1=1,2. (14.2.8)

14.3. A Pareto Problem

The social welfare function is a weighted average of the utilities of the two
households, with weight on household 1’s utility being A, 0 < A < 1. For fixed
A, we want to find an allocation that maximizes

1 o0
2 Ao ; B1(s1e — bue) - (s1¢ — bue) + €3]

oo
_% (1—=AEo X;ﬂt[(szt —bae) - (520 — bar) + 03]

t=
subject to the constraints that describe the household and production technolo-
gies. By way of fitting it into an optimal linear regulator, it is convenient to
note a property of the solution to the problem that permits us to avoid carrying
along /¢1; and /¢y as variables, and to replace them by functions of ¢;. The
solution of the social planning problem implies a pair of simple ‘sharing rules’
for labor. We deduce these sharing rules before solving the full problem in order
to economize the number of control variables.
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Let .#! be the stochastic Lagrange multiplier associated with the con-
straint f1; + loy = £;. With respect to ¢1; and /o, the first order condi-
tions are .#f = My and #f = (1 — A)ly;. These conditions imply that
by = by + loy = MEJ(N1 = N), or Af = A1 — \)¢;. Substituting this last
equality for .#} into the marginal conditions for £;; and fy; gives the ‘sharing
rules’

Gy = (1= N, Loy =M,

Use these two equations to represent the terms in ¢y; and f5; in the social

planning criterion as
M2, (1= N2, = M1 = N2

Substituting in the constraint g; - g; = ¢?, we can represent the social planning
criterion as

_% E ;ﬁt[)\(su —b1e) - (s16 — b1e) + (1 — A)(s2c — bat) - (820 — bat) (14.3.1)

The objective function (14.3.1) is to be maximized subject to the following

constraints:
(12.2) sit = N hyp—1 + 1, i=1,2
(12.3) hit = Ap; hig—1 + Op,cip 1 =1,2
(12.5) D (c1p + car) + Pygr + iy = Thy—1 + diy + dos
(12.6) ki = Ap ki1 + Oty

dit =Ug, 2z, by =Up, 2z, 1=1,2
(12.4)

21 = Aoz + Cowip
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This problem can be set up as an optimal linear regulator problem by following
steps paralleling those for the single-household economy described in Chapter
4. Define the state and controls of the system as

hit—1
hat—1 it
Tt = s Uy = :
ki—1 it
2t

Notice that from (14.2.5), (cat,g:) can be expressed as functions of the state
and controls at t:

C: .
{gﬂ = (@ ) Dk + (Us, + Ui~ @ — i} (1432)
t

Substitution from the above equation into (14.2.3) for ¢ = 2 shows that the law
of motion for z;y; can be represented

hi¢
hat | _
Kt
2441
Apy 0 0 0 hii—1
0 Apy OpaUc[®c By 7T ©poUc[®c g] ™1 (Ugy + Ugo) hot—1
0 0 Ay 0 ki1
0 0 0 Ago 2zt
0 On1
" —OpoUc[®e g] 710, —Op ( it )
O 0 c1t
0 0
0
o
0 Wit
Cy
or
Tiy1 = Az + Bug + Cwiyq. (1433)

Here U, is a matrix that selects the first n. rows of the right hand side of
(14.3.2), the rows corresponding to cg;, and U, is a matrix that selects the
rows of (14.3.2) corresponding to g1;. Here and below, we use the equalities
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U@, @) 10, = I,U, [0, ;) 10, = I,U[®, D, 1D, =0, U,[D, B,] P, =
0. Now substitute from (14.3.2) into (14.2.2) for i = 2 to get

st = Aohar 1 + TLU[@, @) {Thyy + (Us, + Usy)2 = Becrs — @i }.

Use this equation and (14.2.2) for i =1 to deduce

A’ hit—1
0 hat—1
0 ki1
b)) =
(Su 1t) —Uy 2
0 ¢
T, c1y
0 " (b
Ao hat—1
Hch[q)cq)g]ilF ki_q
(52t - bzt) = 1
HQUC[QC (I)g} (Udl + Udz) - sz Zt
—ILU[P. D,]7'®; it
Iy C1t
or
(816 — bie) = Hy (mt> (14.3.4)
Ut
(82t — bat) = Ho (xt> : (14.3.5)
Ut
Similarly, we have
0 ' hig—1
0 hai—1
_ r ki1
=U,[®, d,]7"
90 = Usle 2] (Ua, + Ua,) zt
—®; iy
0 Cit

or

9 =G (mt) . (14.3.6)
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Now notice that the current return function in (14.3.1) can be represented as

>\(«91t - blt) : (slt - blt)
+ (1 = A)(s2¢ — bat) - (520 — bar) + A(1 = N)gr - g

()= ()

(14.3.7)

where

S =AH{H, + (1 - NH,Hy + X1 - NG'G. (14.3.8)

The analysis on pages 79-80 now applies to the present system. In partic-
ular, let z;Sz; = o} Rry + uwjQus + 22, Wug, and write the law of motion in the
form (14.3.3). This makes the Pareto problem with weight A into a discounted
optimal linear regulator problem. The solution of the Pareto problem is a law
of motion

Tip1 = AO(A)ZEt + OWt+1 (1439)

and a list of matrices S;(\) such that optimal allocations are given by

Cit — chy ()\)If , 1= 1, 2
th = Sz()\)(Et

(14.3.10)
h’it = Shi, ()\)th ) 1= la 2
Sit = SSl()‘)xt , 1=1,2
The value function for the Pareto problem has the form
V(ze) = 2iVi(N)ze + Va(N). (14.3.11)

Associated with the solution of the Pareto problem for a given A\ are a set
of Lagrange multiplier processes given by
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A (N) =261 00 0] Vi (A\)A°(\)y
A (N) =260 10 0]Vi(X)A° (V)
MEN) =260 0T 0)Vi(NAN)zy = Mp(N)z,
A (A) = A(Ser — s, (A)) 2
AP (N) = (1= A)(Sp, — S, (A)) (14.3.12)
M (N) = O A (N) + T ()
ME(N) = O, M2 (N) + Tyl (N)
MEN) = M;(Nxe . Mi(\) = 0, M ()
77 —1 / h; / ER
=[5 [FERE)

From the structure of the Pareto problem and the fact that cy;, co; appear
additively in the technology (14.2.5), it follows that . (\) = 4, 2(\).

14.4. Competitive Equilibrium

We will use the following
DEFINITION: A price system is a list of stochastic processes [{p%, w?; ¢¥, 2, a9}22, vo],

each element of which belongs to L3.

DEFINITION: An allocation is a list of stochastic processes {cit, Sit, hit, bit,© =
1,25k }5°, each element of which is in L3.
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14.4.1. Households

Households of type i face the problem of maximizing
1 o0
(12.1) - §E26t [(sie — bit) - (8i¢ — bi) + €3] | o
t=0
subject to the budget constraint

EZﬂtpg * Cit ‘ J() = EZﬁt[w? éit + CY? . dzt] | J() + Vo ki_l, (1441)
t=0 t=0

the household technology

sit = Njhyp—1 + 1 ¢ (12.2)

hit = Ap hig—1 + Op, cit, (12.3)

and the initial conditions h; 1 , k; —1.

14.4.2. Firms of type I and I

Firms of type I and II face the problems described in chapter 6, with ¢; = c1¢4cot
and dt = dlt + dgt .

14.4.3. Definition of competitive equilibrium
We use the following standard definition:
DEFINITION: A competitive equilibrium is an allocation and a price system

such that, given the price system, the allocation solves the optimum problem of
households of each type and firms of each type.



316 Non-Gorman Heterogeneity Among Households

14.5. Computation of Equilibrium

To compute an equilibrium, we use an iterative algorithm based on ideas of
Negishi (1960). For each given value of the Pareto weight A, we know that
there exists a competitive equilibrium, though it will typically be associated
with some distribution of wealth other than the one associated with the allo-
cation of ownership of capital and endowment processes that we have assigned.
An algorithm for computing an equilibrium with a pre-assigned distribution of
ownership is to search for a A € (0,1) that delivers budget balance for each
household.

14.5.1. Candidate equilibrium prices

For a given \, candidate equilibrium prices can be computed from the Lagrange
multipliers associated with the solution of the Pareto problem for that value of
A. By pursuing arguments paralleling those of Chapter 6, we find

P = AN

P = TN i

qg = G;c'///tk()‘)

ol = ML 1

vo = Tl (V) ) + Djtty (X))
wg =AN1—=N) | Sg(N)ze | /uly

(14.5.1)

These prices and the associated allocations are the ingredients used in the
Negishi algorithm.
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14.5.2. A Negishi algorithm

The algorithm consists of the following steps.
1. For a given A € (0,1), solve the Pareto problem. Compute the La-
grange multipliers from (14.3.12) and use them to compute the candi-
date competitive equilibrium prices and quantities via (14.5.1).
2. At the candidate equilibrium prices and quantities, compute the left
and right side of each household’s budget constraint (14.4.1). In par-
ticular, compute

G =EY B'wily+af du] | Jo+vo-ki1—EY B'p) el Jo
=0 =0

Use the method described in chapter 10 to compute this. For our two-
household economy, ¢; and %, will either be of opposite signs, or both
will equal zero.

3. If 4 > 0, increase \ and return to step 1. If 4 = % = 0, terminate
the search and accept the allocation and price system associated with
the current value of A as equilibrium objects.?

In practice, one can improve on this algorithm by using any of a number
of root finders to find the zero of the function G;(\) defined in step 2. We have
found it efficient to use a ‘secant method.’

1 The Negishi algorithm is implemented in the MATLAB program solvehet.m. Some trial
inputs are contained in the file clex11h.m, which inputs a two agent version of the economy
in clexll.m, the one good stochastic growth model. As a benchmark, clexlih.m has the
economy start out with identical endowments for the two households, and has them share
identical household technologies. With these inputs, solvehet.m should find Pareto weight
(which the program calls ‘alpha’) equal to .5, and should recover the same solution that
solvea.m does with inputs clex11l.m. Modify the inputs to get a non-Gorman aggregatable
example. The program simulhet.m simulates the equilibrium computed by solvehet.m.
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14.6. Mongrel Aggregation

Except in the special case that A1 = Ao, II1 = Iy, Ap1 = Apo, Op1 = Opo, the
specification of household technologies (14.2.2) — (14.2.3) violates the Gorman
conditions for aggregation, so that there does not exist a representative house-
hold in the sense described in Chapter 7. However, for each Pareto weight A,
there does exist a representative household in the sense of a mongrel preference
ordering over total consumption (c1; 4 ¢2¢). This mongrel preference ordering
depends on the distribution of wealth, i.e., the value of initial endowments and
capital stocks evaluated at equilibrium prices.

14.6.1. Static demand

Mongrel aggregation of preferences is easiest to analyze in the special case that
the demand curve is ‘static’ in the sense that time ¢ demand is a function
only of the current price pY. Let the household technology be determined by
a nonsingular square matrix II, where each of A, A, ©) are matrices of zeros
of the appropriate dimensions. For this specification, the (canonical) demand

curve is
ey = It — poll IV, (14.6.1)

where o is the Lagrange multiplier on the household’s budget constraint. The
inverse demand curve is

pr = pg by — pug T Tey. (14.6.2)

In equations (14.6.1) and (14.6.2), the price vector p; can be interpreted as the
marginal utility vector of the consumption vector p;. Integrating the marginal
utility vector shows that preferences can be taken to be

(—2p0) " (ITey — by) - (Mey — by). (14.6.3)

From (14.6.2) or (14.6.3) it is evident that the preference ordering is determined
only up to multiplication of II,b; by a common scalar. We are free to normalize
preferences by setting po = 1.

Now suppose that we have two consumers, i=1,2, with demand curves

cit = 0 "biy — puoi 11 I Vpy.

K2
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Adding these gives the total demand
C1¢ + Cot = (H;lblt + H;lbgt) — (ﬂ01H;1H;1/ + NO2H2H51/)pt~ (1464)
Setting ¢1t 4 2t = ¢; and solving (14.6.4) for p; gives

pr = (ot Ty T Y + puoo Ty T, V) ~H (T by + T M bay)

S ST (14.6.5)
BTN ol | I b el e P

We want to interpret (14.6.5) as an aggregate preference ordering associated
with an aggregate demand curve of the form (14.6.2). To do this, we shall
evidently have to choose the II associated with the aggregate ordering to satisfy

po "TUVTT = (por T T, Y + pugo T, MTI, ) L (14.6.6)

To find a matrix II determining an aggregate preference ordering, we have
to form and then factor the matrix on the right side of (14.6.6). This matrix
looks like the inverse of a weighted sum of two moment matrices. Even after
normalizing II by setting po = 1, a solution II will in general depend on
the ratio po1/po2, which functions like a Pareto weight on the two types of
consumers.

There is a special case for which the aggregate or mongrel preference matrix
IT is independent of po1/poz2, namely:

II; = kIl; for scalar k>0 (14.6.7)

Notice that when II; and II are scalars, condition (14.6.7) is automatically
satisfied. So for the one consumption good case with this special specification
(i.e., with A being zero), Gorman aggregation obtains.

In the more general case that demand curves are dynamic (quantities de-
manded at ¢ depending on future prices), attaining a mongrel preference or-
dering becomes more difficult. In place of the problem of factoring a moment
matrix as required in (14.6.6), we have to factor something that resembles a
spectral density matrix, frequency by frequency. For studying mongrel prefer-
ence orderings in the general case, it is convenient to work with a frequency
domain representation of preferences.
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14.6.2. Frequency domain representation of preferences

From chapter 9, recall the decomposition of services s; = Syt + Sit, Wwhere Sp,¢
are services resulting from market purchases of consumption and s;; are services
flowing from the initial household capital stock. Let (A, ©p, A, II) correspond
to a canonical household service technology, and recall that

Smt = O'(L)Ct
where
o(L) = [T+ AL[I — ALL]7'0y]
o(L) ' =1~ Al — (Ap —O,IT AL e, T L,

and
Sit = AAZ h_l.

We use the transform methods described in the appendix to chapter 9. For
any matrix sequence {y,;} satisfying > ,°) 8wy, < +oo, define T(y) (¢) =
S0 B2yt We define S(¢) = o(8°¢). Evidently, the transforms obey

T(sm) () = S(OT(e)(C)
T(si)(C) = AT = B2 A" b,

As in chapter 9, express the one-period return as

(St - bt) : (St - bt) = St - Smt + 28mt - Sit — 28me - by

14.6.8
+ (b — sit) - (b — sit) ( )

The term (by — sit) - (by — si¢) is beyond control and therefore influences no
decisions. So it can be ignored in describing a preference ordering. In terms of

Fourier transforms, we have

oo 1 T
> Bt S = o | T(c)'S'ST(c)df (14.6.9)

t=0 T

o0 1 i
Blsme s =5 | T(c)S'T(si)df (14.6.10)

t=0 T Jn

o0 1 T
Zﬁtsmt by = 2—/ T(c)'S'T(b) do, (14.6.11)

[ "
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where it is understood that S = S(¢),T(c) = T(¢)(¢),T(b) = T(b)(¢), and
¢ =e . Here (') denotes transposition and complex conjugation.

14.7. A Programming Problem for Mongrel Aggregation

To find a preference ordering over aggregate consumption, we can pose a non-
stochastic optimization problem.2? We rely on a certainty equivalence result to
assert that the preference ordering over random consumption streams is given by
the conditional expectation of the optimized value of this nonstochastic problem.
Thus, our strategy in deducing the mongrel preference ordering over ¢; = c1¢+cot
is to solve the programming problem: maximize over {ci¢,co¢} the criterion

Zﬁt[/\(slt — blt) . (Slt — blt) + (1 — )\)(52,5 — bgt) . (Sgt — bgt)] (14.7.1)
t=0

subject to

hjt = Apjhji—1+Opjcje j=1,2
sjt = Djhji1 + e, j=1,2

C1t + Cot = C¢

subject to (h1,_1, ha,—1) given, and {b1}, {b2t}, {c:} being known and fixed
sequences. Substituting the {cys, cor} sequences that solve this problem as
functions of {byy, bas, ¢} into the objective (14.7.1) will determine the mon-
grel preference ordering over {c;}. In solving this problem, it is convenient to
proceed by using Fourier transforms.

Using versions of (14.6.8), (14.6.9), (14.6.10), and (14.6.11) for households
1 and 2, in terms of transforms we can represent the Pareto-weighted average
of discounted utility from consumption as

2 These calculations are done by the MATLAB program .
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- iﬁt[)\(slt —bie) - (816 — b1e) + (1 — N)(s2e — bat) - (s2¢ — b2y)]
=0

L [T S 81T () + (1= VT () 58T (o)

—5- -

(14.7.2)
+ 2[)\T(01)/S£T(Sh) + (1 — )\)T(C2)/S£T(821)]
— 2\T (1) SiT(br) + (1= T (e2) SyT(b2)] } df
+ terms not involving T'(c1) or T(cg).
where it is understood that each transform on the right side is to be evaluated
at ( =e .

We want to maximize the right side of (14.7.2) over choice of {c14, cot 72 or
equivalently T'(c1), T (c2), subject to the constraint ¢y:+car = ¢, or equivalently
the restriction

T(C1) + T(Cz) =T(c).

To do this optimization, we form the Lagrangian

J = —% /_:{[AT(CQ“S{S&T(CQ + (]. — )\)T(Cg)/SéSQT(CQ)]

+ Q[AT(Cl)/SiT(Sh) + (]. - )\)T(CQ)/SQT(S%)}
= 2[AT(c1)'S1T(b1) + (1 = N)T(c2)" ST (b2)]

T ulT(e) — T(er) — T(cm} a0

(14.7.3)

where it is understood that there is a Lagrange multiplier p = u(e™*) for
each frequency 6 € [—m,7]. We can perform this maximization “frequency
by frequency” (i.e., pointwise for each 6§ € [—m,x]). The first-order necessary
conditions with respect to T'(¢;) and T'(cg), respectively, are

ASISIT (c1) + AS1T (s515) — AS1T(b1) = p/2
(1 — )\)SéSQT(CQ) + (1 — )\)SQT(SQZ) — (1 — )\)SéT(bg) = ,u/2
Using these two equations and the constraint T'(c1) + T'(c2) = T'(c) to solve for
W gives

(14.7.4)
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Let

1 L(s;sz)—l} (14.7.5)

A - A

where S is a matrix Fourier transform that satisfies the condition: det S(¢,) =0

S'S = [ (8,81 +

implies |(,| > 1. Equation (14.7.5) is the dynamic counterpart of (14.6.6), and
collapses to (14.6.6) in the special case in which S;(L) = II;. Recall that in the
static case, constructing the aggregate preference ordering required factoring
the inverse of a ‘moment’ matrix formed as a weighted sum of H;lﬂjfl’.

The matrix [§(5151)7" + 125(5%52) 717! can be regarded as a spectral
density matrix. Equation (14.7.5) expresses S’S as a spectral factorization
of [$(S1S1)7! + 125 (9592)711. Later, we shall show how to achieve the
factorization expressed in (14.7.5). For now, we just assume that we have an
S that satisfies (14.7.5) and the condition that the zeros of det S(¢) all exceed
unity in modulus.

Using (14.7.5) in (14.7.4) gives

=298 |T(c)+S;7 (T (s1:) — T(by))
+ 851 (T(52:) — T(b2)) |-

The fact that the Lagrange multiplier is the derivative of the return function with
respect to T'(¢) implies that the mongrel return function has the representation

Lo T(c) ' 5’ §'SSTt 51885
-— T(Sll‘) - T(bl) Sf”S'S - -
271— —T —17 v

T(Sgi) - T(bg) SQ S’S - -
T(c)

T(Sli) — T(bl) d9
T(Sgi — T(bg)

where the blank terms do not involve T'(¢), and do not affect the choice of T'(c).
Therefore, we can represent the mongrel preference ordering over T'(c) by

1 s

21 J .

{T(C)S/ST(C> + (2T(¢)'S")SSTH (T (s15) — T(by))
(14.7.6)
+2T(08)585" (T(s2) ~ T0) } ab.
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Compare this with the single agent case of chapter 9, in which the preference
ordering was shown to be
1 ™
2 J_,

{T(a)’S’ST(a) +2T(e) S (T(5:) — T(B))} o, (14.7.7)

where we have put bars (7) over the objects in (14.7.7) to represent the cor-
responding single agent-objects. Evidently, for the mongrel preference ordering
(14.7.6) to match up with a single agent ordering (14.7.7), we can match objects
up as

T(c) ~T(¢)
-~

[95)

SSTHT (s1) — T(b1))+
S8y (T(s2:) — T(b)) ~ T(5:) — T (D)

where the object on the right of the right of the ~ corresponds in each case to

(14.7.8)

the single-agent 4.

We have two major tasks to complete our work. First, we have to show how
to achieve the factorization (14.7.5). Second, we have to show how to interpret
and to implement the correspondence given in (14.7.8).

14.7.1. Factoring S'S

To achieve the spectral factorization (14.7.5), we notice that
[$(S151) 7" + 115 (595592) 71 can be regarded as the spectral density matrix of
a stochastic process ¢} that is generated by the state space system

hie = B2 (Ap1 — Op I "AL ) hyg—1 + Opa Ty sy

hot = B (Apz — Opally ' Ag)hor— 1 + Opolly tsyy

1 1 _ hit—1
R W N Sy { } (14.7.9)
o\ L NI 2 hat—1

1 -1 1 -1 S1t
+(\ﬁH1 ) ﬁn2 ) ( )

@ =5

S2t
where (Ap;, Oni, A, II;) are each associated with a canonical representation,

and where s; = ) is a white noise with covariance Es;sj; = I. Write this
s

3
1t
2t
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system compactly as ~
hy = Aphy_1 + Hsy

CZ\ = Grhi_1 + M)ys;.

The spectral density of ¢} can be directly computed to be [} (S57.51) '+ 155 (5552)71].2
We can factor the inverse of

1 1

Y TS I m— N

[)\(11) +17)\(22) ]
by obtaining an innovations representation for the system (14.7.9), then using
it to form a ‘whitener’. The innovations representation is

iLt = Ahilt—l + Kay

N (14.7.10)
Ci\ = Gyrhi—1 +as

where Easa} = Q = GAXG4+My\ M, and [K, Y] = kfilter (Ap, Gx, HH', M\ M},
HMy), where kfilter is the matrix valued function defined in chapter 7 .

To get the inverse of [$(S1S1)7' + 125(5%52)7Y], let r'r = Q be the
Cholesky decomposition of 2, and define §; by &; = r’ “'a,. Then use (14.7.10)
to get the ‘whitener’

he = (A — KG\)hy—y + K¢}
8= —r"1Gxhy1 + 71}

or . . R
hi = Aphi—1 + Opey

. R (14.7.11)
3y = Ahy_y + 1}

where

(14.7.12)

3 To see this, we make use of the fact that

o ()= n;l - n;lAj [I—(Apj — @hjnjflAj)q—l @hjnjflg.
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As a consequence of the factorization identity and associated matrix identities
described in chapter 7,% we have that S’S satisfies (14.7.5) where

S(0) = [+ AClT - An¢] 764
— [T+ ABSCI = 2B 0]
It follows that a (canonical) version of the mongrel household technology is

he = Aphe—1 + Op(c1e + c2t)

(14.7.13a)
s = Ahy—q1 + (e1e + car),

where

Ap=B"%A,, ©,=06, (14.7.130)
A=pB""A, TI=1IL o

Collecting results, we have that the canonical household technology is de-
termined by the matrices

Ap=p7AL - KG))

O,=K
A=—r""1G\BP
M=,"".
These equalities imply that
_ App — OpIIT A 0
Ap — O, A = ! :
S { 0 Apz — Opollz Ay

It follows that for the mongrel household technology, the counterpart to (BLANK.1)

is

1 1 _
C = [_\T)\Hl Ay, _7\/ﬁn2 YAo)hy—y 415y
Apy — OpII7A 0 ,
hy = hi_ Kr's;.
' { 0 Anz — OpolT; 1A, | M T AT

4 19 effect, we are using the factorization identity (7.33) and the matrix inversion identity
(7.36). We are expressing (5’S)~1 from (14.7.5) first in a form like (7.31a), then via the
factorization identity in a form like (7.31b). Then we apply the inversion formula (7.36) to
the two factors of (7.31b), replacing Q with its Cholesky factorization, to construct a factored
version of S’S.
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Notice how the weight A influences this representation: A\ appears in the ‘ob-
server’ matrix multiplying h; 1 in the first equation, and it appears indirectly
through its influence on the matrices [r’, K|. However, the state transition
matrix Ay — ©,II7'A is independent of .

14.8. Summary of Findings

We have found that the operator aj(L)_l is implemented by the state space
system defined by the four matrices® [Aj; — (9;13-1'I;1Aj7 @thjA’ H;lAj, H;l].
The operator o(L) associated with the mongrel household technology is realized
by the state space system [Ay,, ©p, A, II] determined by (14.7.12) and (14.7.6).
We can use these state space systems to derive a state space system for the
mongrel preference shock.

14.9. The Mongrel Preference Shock Process

Our next goal is to construct a mongrel preference shock process that achieves
the match up given in (14.7.8). Evidently, from (14.7.6), we have to operate
on T(s1;) — T(b1) with the “filter” SS; ', operate on T(so;) — T'(b2) with the
“filter” SSy ! then add the results to get a process that we can interpret as the
mongrel T'(s;) —T'(b). The following cascading of state space systems evidently
implements the required filtering and adding;:

Zip1 = Aoz + Cowpp
b1y = Up12¢
A b = U2z
hje = Apjhji—1 7=12
st = Njhji—1 , 7=1,2
B { je = (Ang — Ong I Ag)aje—r + Opg 1Ly (bje — s1)
yje = =15 Njajen + 1057 (bje — s50) 55 = 1,2

5 Defined as usual as the matrices in the state equation followed by the matrices in the
observation equation.
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gt = Apgi—1 + On(y1r + yor)
(be — 3¢) = Age—1 + (Y1t + yor)-

System A generates the “inputs” (bis,ba), (si;,s5,). System B operates on
(bje — %) with o;'. System C operates on Y. 0 ' (bj — s},) with o, as
required by (14.7.8). In C', we are free to set §; = 0, and to regard the resulting
by as our mongrel preference shock process. A recursive representation of b; — s;
is attained by linking the three systems in a series.®

It is evident how to use similar methods to break out the processes b; and

3¢ separately.

14.9.1. Interpretation of 5, component

The term SS;'T(s1;) has the following interpretation. T(sy;) is (the trans-
form of) the contribution of services flowing to the household from the initial
household capital stock h_;. Then S;'T(s1;) is the (transform of the) equiva-
lent amount of consumption that it would have taken to generate those services
had they been acquired through new market purchases. The term Sy T(s1;)
amounts to a consumption goods equivalent of the transient component of ser-
vices flowing to the first household.

14.10. Choice of Initial Conditions

Our calculations do not tell us how to choose the correct initial condition at time
0 for the mongrel household capital stock vector h;—;. Here is the reason. The
first-order necessary conditions leading to (14.7.4)—(14.7.5) imply the following
solution for the transform T'(¢y):

T(er) = 5 (S15) 7 (S'S)T(e) + 5 (5181) (885 (T(sai — T(0)

F(H(8180)71(5'8) — ST (T (br) — T(s10).
(14.10.1)

6 The MATLAB command series can be used to link the systems.
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A similar expression holds for T(cz). Our calculations assure that T(cp) +
T(cy) = T(c). We assume that T'(c) is the transform of a sequence that is one-
sided (i.e., ¢, = 0 Vt < 0), but this does not guarantee that T'(c;) and T'(c2)
are each transforms of one-sided sequences, only that their sum is. When S;»Sj
is not a constant times S’S for j = 1,2, as will generally be the case when the
two household technologies are not identical, then T'(c;) given by (14.10.1) will
be the transform of a sequence that is nonzero for ¢ < 0.7 Thus, our frequency
domain programming problem allows the ‘mongrel planner’ to reallocate past
consumptions between the two types of households, subject to the restriction
cit +coy = 0 for t < 0. These choices of c;s for s < 0 translate into choices
of initial conditions for h_;, the vector of mongrel household capital stocks at
date t = —1.

We will not pursue calculations of the initial conditions here, because they
are intricate and only effect the transient responses of services. Our main interest
is not in the selection of the initial conditions but in the ‘nontransient’ part of
the mapping from total consumption ¢; = c¢1¢+co¢ to the mongrel service vector
st, which is given by (14.7.6).

7 The operator (Si 51)~1(575) is two-sided except when it is proportional to the identity

operator.
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Chapter 15

Equilibria with Distortions

15.1. Introduction

In earlier chapters, we often used the fact that the competitive equilibrium allo-
cations solve a Pareto problem. This chapter describes classes of economies for
which the connection between Pareto optimality and equilibrium breaks down,
because distortions cause competitive equilibrium allocations not to be Pareto
optimal. The distortions occur in the form of externalities in preferences and
production technologies, and distorting tazes. These features can be accom-
modated using the invariant subspace methods described in chapter 8, which
provide an approach to studying the existence and uniqueness of an equilib-

rium, and if one exists, to computing it.

This chapter describes ways of adapting our earlier methods to compute,
represent, and manipulate equilibria.! We describe two classes of economies
with distortions. The first class is designed partly as a warmup for the second,
but is also interesting in its own right. In this first class of models, an equilib-
rium can be computed by one pass through the invariant subspace algorithm.
This is possible possible because of two sorts of simplifying assumptions: first,
that there is a representative agent (which permits Gorman-heterogeneity );and

1 The invariant subspace computational approach follows the tradition of Blanchard and
Khan (1980), Whiteman (1983), Anderson and Moore (1985), King, Plosser, and Rebelo
(1989), and McGrattan (1991) in expressing the equilibrium conditions as a system of linear
difference equations, then adapting the method of Vaughan to solve it. The principal caveat
to keep in mind in applying these methods is that in distorted economies, there is no guar-
antee that the eigenvalues of the matrix ‘characteristic equation’ of the system of equilibrium
conditions will ‘split’ half into those exceeding 1/\/5 in modulus, and half into those falling

short of 1/ \/,E in modulus. Failure of the eigenvalues to divide in that way signals either an

existence or a uniqueness problem.

-333 -
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second, that the government has the ability to levy lump sum taxes or trans-

2

fers. Thus, the first setup is a representative agent setting with consumption

and production externalities and distorting taxes.3

In the second setup, equilibria must be computed with multiple passes
through the invariant subspace algorithm. What necessitates this is that there
are (non-Gorman) heterogeneous agents with consumption externalities and dis-
torting taxes, but no lump sum taxes or transfers. In this setting, equilibrium
computation means finding a set of taxes and households’ marginal utilities of
wealth that assure present value budget balance for households and the gov-
ernment. We find the equilibrium taxes and marginal utilities of wealth by
repeatedly resorting to the invariant subspace algorithm, constructing candi-
date prices and quantities at each pass of the invariant subspace algorithm,
then checking every agent’s budget constraint at each pass.

It is convenient to describe these two classes of models sequentially, partly
because the first one is complicated enough, and because it reveals about half
of the difficulties involved in calculating models of the second class.

We shall use our machinery to compute equilibria of some simple models
embodying preference and technology specifications that have occurred in the

recent literature.

2 The MATLAB program solvdist.m computes equilibria for the first type of economy,
while disthet.m computes equilibria for the second type of economy. The MATLAB program
compare.m is useful for comparing the results of disthet.m with related undistorted economies
whose equilibria have been computed with solvea.m.

3 The first class of models are linear-quadratic relatives of the ones studied by Braun (1991)
and McGrattan (1991b). In particular, both Braun and McGrattan use lump sum transfers
to balance the government’s budget.
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15.2. A Representative Agent Economy with Distortions

We alter the model discussed in chapters 3 and 5 by adding two sorts of dis-
tortions: consumption and production externalities, and distorting taxes. We
add these distortions in a way that is designed to preserve the applicability of
the forms of equilibrium prices and quantities: we want the equilibrium law of
motion to be linear in the state, quantities and (scaled Arrow-Debreu) prices to
be linear functions of the state, and asset prices to be quadratic functions of the
state. We add the following distortions to the Chapter 3-5 model.

15.2.1. a. Consumption externalities

The technology for producing household services is now taken to be

sg=Aphy_1 + Ay Hi_y + ey + e Cy
hi = Aphy_ 1+ Ag Hi 1 +Op ¢t + 05 Cy,

where H;_; is the vector of aggregate household capital stocks, and C, is the
vector of aggregate consumption rates. In equilibrium, ¢; = C; and hy = Hy,
but the representative household is assumed to take {Hy, C;} as given and
beyond control when allocating its resources.

15.2.2. b. Production externalities

Firms produce subject to the linear technology
O.(ct + Gy) + Piiy + Pygr = Tihi1 + T K1 + dy

where K; 1 is the vector of aggregate capital stocks, and G; is government
purchases of consumption goods. In equilibrium, k;_1 = K;_1, but the repre-
sentative firm is assumed to regard {K;_1} as beyond its control when choosing
its inputs and outputs. The presence of K;_ ;1 on the right side of the technol-
ogy constraint is designed to accommodate externalities of the sort analyzed by
Paul Romer (1985). Below, we shall assign ownership of the ‘technology’ so that
households sell the joint process I'x K;—1 + d; to firms. This assignment will
confront the firm with a constant returns to scale technology. We assume that
the government purchase vector process is exogenous and satisfies Gy = Ug z; .
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15.2.53. c¢. Tazxes

We add to the model of chapters 3-5 a government that taxes consumption
goods, investment goods, capital goods, and the intermediate labor activity.
The government’s budget constraint is

oo
! / . i /
E E B {P? TeCt + (I? Tily + 7”? Trke—1 + w? 7'29t}|=]0
t=0

=EY p'p) - GilJo+ Ty
t=0

where Gy = Ugz;. Here 7. is a diagonal matrix of tax rates on consumption
goods, 7; is a diagonal matrix of tax rates on investment goods, 7 is a diagonal
matrix of tax rates on rentals of capital, and 7, is a diagonal matrix of tax
rates on the labor-using activity vector g;; Tp is lump sum transfers to the
household. The government sets the tax rates 7., 7;, 7k, 7¢ and the expenditure
process Ugzs = Gy.

For this economy, a price system is a collection of stochastic processes
s a7y,
w? af}22,, each element of which belongs to L3. A tax system is a list of diag-
onal matrices [7., 74, Tk, T¢]. An allocation is a collection of stochastic processes
{st, ct, hey ke, gty 14152 each element of which belongs to L3.

We now describe the choices faced by households and firms.

15.3. Households

Households own an ‘endowment stream’ {d; + I'x K;_1}$°, and the initial
capital stocks, all of which they take as given. Households take the price system,
the tax system, and {C}, Hy—1, K;—1}2, as given, and choose contingency plans
for {ct, it, Sty ey ki, 91152, to maximize

-3 B3 0o+ st =)+ g | o (15.3.1)

subject to the household technology,

sg = Aphi_1 + AgHi_q + ey + TIcCy (1532)
hy = Aphi—1 + AgHi 1+ Opce + O5Ch (1533)
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the law of accumulation for physical capital,
k‘t = Akkt—l + AKKt—l + G)kit; (1534)

and the budget constraint

EY "B (I + e + ¢ (I +7)id] | Jo
t=0
> 15.3.5
— B Bl (1 - g +0f - (dy+ T Ko 1) (15:3.5)

t=0
+’F?l(I — Tk)ktfl] | Jo +T0

15.4. Firms

There is one kind of firm, a production firm that takes the price system
and {K;_1}22, as fixed, and chooses an allocation and a process {(;} € L2

that maximize

EZﬂt{P? (e +G)+q) i —rf kg —al -G —w) gl Jo}  (15.4.1)
t=0

subject to the technology

(I’C(Ct + Gt) + (I)ggt + @iy = ki + Ce - Ct- (1542)



338 Equilibria with Distortions

15.5. Information

We assume that

Ziy1 = Aoz + Cowpgn,

where {w;} is a martingale difference sequence with identity covariance matrix.
The stochastic process {z;} drives the exogenous processes

bit = Upiz
dit = Ugiz
Gt = UGZt.

15.6. Equilibrium

An equilibrium is defined as an allocation, a price system, and a tax system
such that

(i) Given the price system, the tax system, and {Hi_1, Ci—1, K;—1}52,,
the allocation solves the household’s problem;

(i1) Given the price system and {K;_1}32,, the allocation solves the firm’s
problem with ¢, = T'x Ky 1 + d;;

(iii) The representative household is representative, Hy_1 = hy—_1,Cy = ¢¢;
and the representative firm is representative, K; 1 = k;_1 forall t > 0.

Given that conditions (i), (ii), (iii), are satisfied, the lump sum tax Tp,
which is a present value, can be chosen to make the government budget con-
straint hold.

We have set things up so that the equilibrium law of motion takes the form
Ti41 = Aol’t + th+1,

and equilibrium quantities and normalized Arrow-Debreu prices are linear func-
tions of the state xj = [h),_1hb,_1ki_12}].

Appendix A describes how to compute the equilibrium of this model by
manipulating agents’ first order conditions and the other equilibrium conditions
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into a system susceptible to the application of Vaughan’s algorithm. The MAT-
LAB program solvdist.m computes an equilibrium. Equilibrium calculation is
facilitated by the fact that there is a representative households (so that if there
is heterogeneity among households, the features of Gorman aggregation isolate
demand functions from effects of redistributions of wealth) and the permission
that we give the government to levy lump sum taxes. In the next class of models,
we give up both of these simplifying features.

15.7. Heterogeneous Households with Distortions

In this section, we describe how to extend the above setup to enable us to com-
pute the equilibrium of a model with externalities, government expenditures and
taxes, and two classes of agents with non-Gorman aggregable preferences. To
produce the model, we combine elements of the preference specification treated
in chapter 8 with the specification and methods described earlier in this chap-
ter. We do not let the government raise lump sum taxes or dispense lump sum
transfers, but require the government to balance its budget by levying only flat
rate taxes. These changes vis a vis the first class of models have the conse-
quence that equilibrium must now be computed by finding values of tax rates
and marginal utilities of wealth for each household that make households’ and

the government’s budgets balance.

4 Between these two classes of models, we have changed the way we price labor or ‘inter-
mediate goods’ g;. In the first class, the households own and sell to the firm the vector gy,
which is priced by the vector w?. In the second model, households sell ¢;; for w? to firms.
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15.7.1. Households

There are two classes of households, indexed by ¢ = 1,2. Preferences of a
household of type i are ordered by

—5E Y B'(sit = bir) - (sie — bir) + ]|, (15.7.1)
t=0
where the household has access to the household technology
sit = Nithie—1 + NioHyp 1 + NisHap 1

+ Iicie—1 + 2Chy + ILi3Co
hit = Apihge—1 + AginHiy—1 + ApioHop—1

(15.7.2)
+ Opnicit + Op1:C1e + Op2:Coy
diyt = Ugiz
bit = Up; 2.

Here Cy, H;; are the aggregate consumption and stock of durables, respectively,
of household type i, and c¢;, h;; are the individual consumption and durables,
respectively, of a household of type i. There are firms of two types, to be
described in detail below. A household of type i is assumed to own a a fraction
fi of the ‘technology’, which entitles it to sell f;(T'x + d;) of an ‘endowment’
to a type I (production) firm, and to rent f;AxK; 1 of capital to a type II
(capital renting) firm at time ¢. Thus, the intertemporal budget constraint of a
household of type i is

E BtpO/I+chi—ioz0~FK_ +d
;{t( Jeir — fiag - (D K1+ dy) (15.7.3)

— firf A K1 — w1+ 7o)} Jo — vok—1,, =0

No lump sum transfers occur in (15.7.3), because we shall require the govern-
ment to balance its budget using flat rate taxes only. Below, we will carry along
a Lagrange multiplier pg; on (15.7.3) for each type of household.
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15.7.2. Firms of type 1

Firms of type I are production firms. They maximize

o0
EZﬂt{pg . (Ct + Gt) + q? . it — T'? . kt—l — O{? . Ct — w?ft}uo (1574)
t=0
subject to
Po(cr + Gy) + @iy + Pygr = Tiki—1 + s

(15.7.5)
R

15.7.3. Firms of type 11

Firms of type II are capital renting firms. They maximize

E() Zﬁt{T?,(I — Tk)kt,1 — qgl<l + Ti)it — T - AKKt,1}|J() — ’Uokfl (1576)
t=0
subject to
ke = Apki—1 + Vi A K1 + Oy,

Here 1, is the amount of the ‘endowment’ Ay K;_; purchased from households.

15.7.4. Government

The government makes a flow of expenditures G; on consumption goods,
governed by
Gt = UGZt. (1577)
The government’s budget constraint is
o0
’ . ’
EY BHpY - Gr—pY'7e - (cre + car) — qf i — v Tk
t=0 (15.7.8)
— Tg’w?(glt + f€2t)}|J0 =0
A fiscal policy is a collection of diagonal matrices (7., 7;, Tk, 7¢) determining
taxes and a matrix Ug determining government expenditures.
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15.7.5. Definition of equilibrium

An equilibrium is a price system [{p?, q?, 79, a? wl}22,, vo], an individual
allocation {ci¢, car, hit, hat, ki, i, gt } , an aggregate allocation {C1y, Car, Hut, Hot, K+ },
and a fiscal policy (7,74, 7k, Te, Ug) that satisfy the following conditions:

i. Given the aggregate allocation, the price system, and the fiscal policy, the
individual allocation solves the optimum problems of households and the
firms, with ;¢ =1 and 1y, = 1.

ii. The allocations satisfy

cit =Cy, 1=1,2
hig=Hy, i=1,2
ky = Ky
(= TrKi_1+dy).
iii. The government budget constraint is satisfied.

As we have defined it, an equilibrium is typically not unique. In particular,
there will usually be a set of taxes that serve to assure equilibrium. Below, we
shall select one from among these equilibria partly by fixing enough of these
taxes and ‘solving’ for others.

15.7.6. Equilibrium computation

We compute an equilibrium by finding a fixed point in the parameters that index
the tax system 7., 7, 7k, 7¢ and a pair of marginal utilities of wealth (multipli-
ers) poi, poz for households. For fixed values of the tax system and multiplier
parameters, we can use the modified Vaughan algorithm described in the pre-
ceding section to compute a ‘candidate’ 0 allocation and price system. For that
allocation and price system, we evaluate all elements of the budget constraints
of the government and the two types of households. We use a nonlinear search

We use a secant algorithm. ¢, £, 4 tax system and pair of multi-

algorithm
pliers po1, o2 that assure that the budget constraints are all satisfied. Thus,
we compute an equilibrium by solving a fixed point problem in a space of tax

rates and marginal utilities of wealth for the different household types.

5 Even when we fix the ‘right number’ of the taxes there can still be multiple equilibria
for reason of ‘Laffer curves’.
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Appendix B describes how the first order conditions for households and
firms together with the other equilibrium conditions can be arranged to obtain
a system of equations of the form (9.25), which with the invariant subspace
methods of chapter 9 permits us to compute our candidate equilibrium. The
equilibrium is computed by disthet.m.

15.8. Government Deficits and Debt
The government deficit at time ¢, measured in time t ‘spot’ prices, is

D} =p} - (Gy — 7e(ere + c)) — qf - Tiiy — 7 - Toki—1 — wiTe(Cry + Cop).
Evidently, D! can be represented as

1 Qpry

Dt = LDt
¢ elMCI‘t ’

(15.8.1)
where
QD = Mé[SG - Tc(Scl + SCZ)] - MZ/TZS’L

T¢
— M} 7Sk, —
RTkR (1 — 7¢)(por + poz)

Let V; denote the present value of the government deficit, which satisfies the

S!S,

difference equation
Vi = =Di + BEAP] 111 Vi1 }s (15.8.2)

where p§7t+1 = ey M xy11/e1 M x; is the time ¢ price of a state contingent claim
to the first (numeraire) consumption good in time ¢ 4 1. Notice that 8p{
acts as a stochastic discount factor for evaluating government indebtedness next
period from the standpoint of this period. This equation is the counterpart of
the following version of a one period government budget constraint, which occurs
in various nonstochastic macroeconomic models: —D; + Vi11/R; = V;, where
here V; is interpreted as one-period debt falling due at time ¢.
Equations (15.8.1) and (15.8.2) imply that

y, = HQuitov. (15.8.3)

e1M.x;

where Qv ,oy are determined as follows. Define

17:

T ﬂdoublejQ(ﬁAo, C,A°,C).
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Then [Qy] = doublej2(BA%,Qp, A%, 1) and oy = trace(Qy®). The matrix
valued function doublej2 was used repeatedly in our asset pricing calculations.

The forms of (15.8.2) and (15.8.3) mean that the econometric methods
described in Hansen and Sargent (1993) for interpreting observations on asset
prices can be used to model government budgets and bond holdings. ¢

15.9. Examples

15.9.1. A production externality

The following technology is designed to capture features of a specification of
DeLong and Summers. There is one consumption good, but two capital goods
(‘machines’ and ‘structures’) and two rates of investment. Machines generate a
positive production externality, but not structures:

ct+Gr +ine + toe = V1kie—1 + y2k2t—1
+ T K1 + ToKo 1 +dy
Pri1e = gut
Gaior = got
k1t = Ok1k1e—1 + i1
kot = Okakor—1 + iot
To capture DeLong and Summers’s idea, we set I'y = 0,I'y > 0, so that we
interpret the first capital good as structures and the second as machines.
To complete this example, we incorporate a single-agent version of a simple
quadratic utility specification. We suppress heterogeneity among consumers and

instead make the two types of consumers be identical in their preferences and
endowment sequences. Preferences are ordered by

1 o0
5 Z ﬂt[(cit - bit)2 + @t]'
t=0

6 The restrictions embedded in (15.8.2) and (15.8.3) should be compared with those
studied in the literature on linear models of ‘present value budget balance.” See Hansen,
Roberds, and Sargent (1991) for a summary of this literature.
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The information process satisfies

1 0 0 0 0 0 0
0 95 0 0 _L_ 0 0

Agy = Co, = | 20v2
2710 0 8 0 2 0 5 0
0 0 0 .1 0 0 1

d1t=d2t=[3.5 0 .5 O]Zt,
Gi=[5 1 0 1]z.
blt:bgt:?)o.

These settings make endowments of the two types of households each the same
first order autoregressive processes with mean 3.5 and serial correlation param-
eter .8, while government expenditures follows the process

(20v/2)7* 5

+ W3t

Gi=b= T gt 111

where L is the lag operator. This process approximates a mixture of a ‘perma-
nent shock’ (the moving average in wi) and a ‘transitory shock’ (the moving
average in ws;. The mean of government expenditures is 5.

We set 1 = v =.12,T1 = 0,T's = .04, 1 = ¢po = 5,01 = 02 = .95,8 =
1/1.05. These parameter settings make the two types of capital symmetric with
respect to adjustment costs and ‘private productivity’ (+y; ), but inject a positive
production externality for the second capital good.

15.9.2. Consumption tax only

With these parameter settings, we computed an equilibrium where the only
tax is the scalar consumption tax 7, on the single consumption good. The equi-
librium tax 7. = .2497. Figures 15.9.1.a and 15.9.1.b show a simulation of
this equilibrium starting from the initial condition k_;; = k_12 = 100. Be-
cause we start from equal initial stocks of machines and structures, and because
their private productivities are the same, the equilibrium must retain equality of
structures and machines throughout time. Figures 15.9.1.a and 15.9.1.b embody
this property, the rates of investment in machines and structures being identi-
cal. Figures 3 display realizations of government indebtedness V; determined
by (15.8.2). Figure 4 shows the government flow deficit.
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Fig. 15.9.1.a. Total consumption, in- Fig. 15.9.1.b. Machines and structures
vestment, and government expenditures in Delong-Summers economy with 7 =
in Delong-Summers economy with 7 = .2497 and no investment subsidy.

.2497 and no investment subsidy.

15.9.3. Machinery investment subsidy

Figures 15.9.2 and 15.9.3 report the results of recomputing the equilibrium when
we impose an investment subsidy 7,5 = —.04. The only other tax that we permit
the consumption tax, which must be set at 7. = .2611 to induce equilibrium.
The simulations show how the investment rates for machines and structures now
diverge in the direction that we would expect: the economy moves to a path
with more machines and fewer structures than the first (no machine subsidy)

equilibrium. ”

7 Realizations of the exogenous stochastic processes are held constant across these simulations.
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] 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Fig. 15.9.2.a. Present value of govern- Fig. 15.9.2.b. Government deficit in
ment surplus in Delong-Summers econ- Delong-Summers economy with 7 = .2497
omy with 7¢ = .2497 and no investment and no investment subsidy.
subsidy.

15.9.4. ‘Personal’ habit persistence

We consider an economy with one consumption good that is allocated to
two types of households. The first type of household has preferences ordered by

Eo— 5% f'l(crr — 15)* + €3],
t=0

while the second has the habit-persistence indicated by the preferences
Ey— 5% B'(sar — 15)* + (3]
t=0

where
Sor = —Lhoy—1 + 2c9¢

hat = .8hat—1 + .2c2¢
We set 6 =1/1.05.
The production technology has

ct + it = .11](575_1 + .OOOth_l + dt
ki = .95k 1 + iy
g1t = Ol
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115
15 10| /' machines

w0sp

structures i
) M

machines

Fig. 15.9.3.a. Total consumption, in-
vestment, and government expenditures
in Delong-Summers economy with 7 =

Fig. 15.9.3.b. Machines and structures
in Delong-Summers economy with 7 =
.2611 and investment subsidy, 7,0 = —.04.

.2611 and investment subsidy, 7;0 = —.04.

which is a version of our one-good “growth, adjustment cost” technology with

a small production externality.

We set
. 0 07
Ay =10 8 0
L0 0 .5]
Us=1[4 .1 0]
(3.5 0 1]
Ugr =Ug = 0 0 0]

k11 =125 k_15=25.

Notice that we endow the first household with more capital and equal claim to
the endowment stream, so the first household is richer.

We do the following experiments with this economy. First, we set all taxes
except 7. equal to zero, and solve for the equilibrium values of (poz2,7.). They
are (2.0765,.2117). A simulation of this economy is in figure 7. Then we reset
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7; = .08, and solve again for (pg2,7.) = (2.0467,.27). A simulation of this
economy is in figure 8. The simulations start from identical initial conditions.

In this economy, the habit persistence of the second type of consumer is
something of an “engine of growth”. The second type of household accumulates
capital to support planned growth in its consumption. Taxing investment causes
the household to cut back on these investments.

9

e

7

o Vimex : T ; b T U I TV o1 W

. .

2|

4L govt™”

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Fig. 15.9.4.a. Simulation of two-agent Fig. 15.9.4.b. Simulation of two-agent
economy with 7. = .2117,7; = 0. Four economy with 7o = .1884, 7; = .08. Equi-
series are plotted: consumption of type librium marginal utilities of wealth are
1 consumer, consumption of type 2 con- (1,2.0467) .

sumer, investment, and government pur-
chases. Equilibrium marginal utilities of
wealth are pg; =1, g = 2.0765.
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15.9.5. ‘Social’ habit persistence

Our next example is identical to the previous one, except that we alter the

equation generating ‘habits’ of the second type of household to

hgt - .8h2t_1 + .202,5.

We computed equilibria of this economy with the same government expenditure
process and the same permissible tax instruments as for the previous economy.
Figures 15.9.4 and 15.9.5 report simulations of this economy starting from the
same initial conditions as for the previous economy. Notice that slightly lower
consumption tax rates provide equilibria in this economy, for the reason that
due to the ‘social’ rather than ‘personal’ nature of habit persistence, they have

slightly lower adverse demand effects on the second type of household.

invest

Fig. QFg.feb1c31@.a. Simulation of
two-agent economy with 7o = .2101, 7; =
0. The second type of agent has ‘keep-
ing up with the Jones’ habit persistence
with other agents of his type. Four series
are plotted: consumption of type 1 con-
sumer, consumption of type 2 consumer,
investment, and government purchases.

| P SRR U W 2 S GNP S Dt PO i AT

Fig. 15.9.5.b. Simulation of two-agent

economy with 7. = .1883,1; = .08.
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15.10. Conclusions

The models that we have described are rigged to make it practical to extend the
data matching exercises performed by Braun (1991) and McGrattan (1991b).
Our calculations make possible various extensions of Braun and McGrattan.
The ease of computing equilibrium quantities, prices, and present values means
that we can use data on quantities, interest rates, and asset prices to do method
of moment estimation along the lines described by Hansen and Sargent (1993,
chapter 11). In particular, we can use data on government indebtedness and
deficits as well as asset prices to help estimate parameters. By accepting our
linear-quadratic specifications, we purchase the ability to get our hands on the
Arrow-Debreu prices (which is harder with the approximations used by Braun,
McGrattan and others in the real business cycle literature), which makes it
feasible for us to do without lump sum taxes in our second class of models. It
is possible for us to have numbers of capital stocks and enough heterogeneity
among households to generate interesting tax incidence effects. Finally, the
machinery in this chapter is a useful one within which to revisit issues in the
literature on time series implications of ‘present value budget balance’ (e.g.,
Hansen, Roberds, and Sargent (1991)).

A. Invariant subspace equations for first specification

Our strategy is to use Lagrangian methods to obtain first order necessary
conditions for households and firms. After obtaining those first order conditions,
we substitute the equilibrium conditions (H;—1 = hi—1, Ki—1 = ki—1, Ct = ¢4,
and so on) into them. Then we rearrange the system into the form of (9.25) so
that it is susceptible to application of the modified Vaughan method. We can
exploit the certainty equivalence principle and solve a nonstochastic version of
the model first, and later adjust the solution to accommodate randomness.
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15.A.1. Household’s Lagrangian

A Lagrangian for a nonstochastic version of the household’s problem is

L= Zﬂt{—; [(st = Uvzt) - (st — Upzt) + ge - 1]
t=0

+ Ho[w?/(f —70) gt + o Ugze + T K1)
+ 10 (1= ke + T = p) (I + 7o) — af (1 + 72)id]
+ uf [Aphi—1 + Ag Hi—q 4 ey + HeCr — 54 (15.A4.1)
+ ! [Anhey + Ay Hy 1 + Ope + OpCh — he)
+ i [Agki—1 + A K1 + Oiy — Ky

+ ui'[Aszz — Zt+1]}
We can set the multiplier on the budget constraint pg = 1, which will amount

to selecting a numeraire.

The first-order conditions for the household’s problem are

i = (be — st) (15.A.2)

(I + 7e)p) =11 + O}t (15.A.3)
i = BNy + BAL g (15.4.4)
py = BALpE . + BT — T)rY (15.A.5)
gi = (I — mo)wy (15.A.6)
(I+7)q) = O (15.A.7)

pi = ﬁ[A122M§+1 + Ué(StJrl = Upziy1) + UZ{“?H] (15.A.8)
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The law of motion for the state variables chosen by the household and by nature
is

hy A, 0 0 he_1 O, 0 .
ky = 0 Ay, 0 ki1 + 0 Oy (;)
Zt+1 0 0 A22 Zt 0 0 ! ( 5A9)
Ay 0 ©Og Hi
+ 0 AK 0 thl
0 0 0 Cy
15.A.2. Firm’s first order conditions
The first-order conditions for the firm’s problem are
P = Lol (15.A4.10)
¢ = oy (15.A.11)
w) = —®}af (15.A.12)
r) =Ta) (15.A.13)

The feasibility condition is

(I)C(Ct + Gt) + O, + (I>ggt =Tk 1 + T K1+ dyg (15A14)
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15.A.3. Representativeness conditions

Additional equilibrium conditions are

hi—1 = Hy_4
ki1 =K1 (15.A.15)
e =Cy

We describe in detail how to compute the equilibrium of the first type of
model by arranging its equilibrium conditions into the form of equation (9.25).
Substituting the equilibrium conditions (15.4.15) into (15.A4.9) gives

hy A, 0 0 hi—1 6, 0
_ C
k=10 Ay 0 ki | + 0 64 ( ,t> (15.4.16)
1
Zt+1 0 0 A22 Zt 0 0 ¢

where Ay = A + Ag, A, = A + Ag, O, = 0, + Op. Equations (15.4.10)

and (15.A4.12) imply
P, -1 p?
al = LDZ] {_w?] . (15.A.17)

Substituting from (15.4.3) and (15.A4.6) into (15.A4.17) gives

@' ]t I+, )—1[1-[/”3 + 0 Nh]
0_ | ~e ¢ t hitt 15.4.18
=lor] [T (15419
Using k;—1 = K;—1 in (15.A.14) and solving for [c; g;]’
B} = [Bo D]t {Theos + Upzy — i} (15.4.19)
t

where Uy = Uy — ®.Ugand =Ty +Txk.
Substituting h;—1 = Hy;—1 and ¢; = C} into equation (15.3.2) s; gives

St = Ahtfl + f.[Ct

where A=A, + Ay and I =11 + .
Collecting our results to this point, we want to solve the following system
of difference equations
i = (Upzt — 5¢t) (15.A.20)
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s¢ = Ahy_y + 1ley (15.A.21)
p = BNy gy + BAL g (15.A.22)
g = B 1 + B = T)Thalyy (15.A.23)
wi = BlAnui 1 + Up(sie1 — Upzir) + Ugadyq] (15.A.24)
hy A, 0 0 hi_1 0, 0
_ C
ke |=0 A, o0 ko | + 0 6y ( f) (15.A.25)
(3
Zt4+1 0 0 Ay 2t 0 0 ¢
[Ct} = [®. @, {Thiq + Upzp — Byis} (15.A4.26)
gt
O(O _ (I)/c - (I + TC)_I [H/[Li + e;z:uwifl] (15 A 27)
tle) —(I—71)"tg o
Play = (I +7,) ' Ok, (15.A.28)

where the last equation comes from combining (15.A4.11) (among the firm’s first-
order necessary conditions) with (15.A4.7) (among the household’s first-order
necessary conditions).

Our goal is to manipulate this system into the form (9.25) that is susceptible
to the application of the invariant subspace algorithm of chapter 9. Our strategy
will be successively to eliminate i, ¢;, g¢, oY, s, and pf from the system, so
that we are left with a difference equation in the “state” (hi—1, ki—1, 2¢) and
the “co-state” variables pl, pk  u?.

We begin by substituting (15.4.27) and (15.4.26) into (15.4.28) to get

@/

%

{‘P’C} - [(I + 7o) IV g + O]
P —(I —70) 7 U, [®. @yt {Thi1 + Upzy — Py} (15.A.29)
= (I +7)" Oy
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where as usual U, is a selection matrix that picks off the components of the
right side of (15.A4.26) corresponding to g;. We adopt the partition

P = [Z] = [®) By (15.A.30)

where ®; is (ng x n.) and ®y is (ng x ny). Then equation (15.4.29) can be

written as

@) D1 (14 70) I + O 1]
— L Oy(I — 70) U [@, By~ {They + Uszi}
— (T4 1) Ol = —®, o (I — 7) 71U, [®, 4] By

Solving for i; gives
iy = Lips 4 Lop + Lap® + Lok 1 + Lsz (15.A.31)

where
Ly =G0, @ (1 + 7)1
=Gl o (T + 7))t e,
Ly=-G{'(I+1)71O}

- (15.4.32)
Ly = —G{'®, 0y(1 — )" 'U, [@. ©,]7'T
Ls = —G{10L &y(1 — 7))~ 'U, (@, @,] 71 Uy
Gy =~ 0y(I — 1)U, [®, D, @,
Substituting (15.4.31) into (15.4.26) and rearranging gives
¢t = Leki_1 + Lrzy + Laps + Lopl + Liguf (15.A.33)
gt = Litke—1 + Lioze + Lizps + Lyapl + Lyspy (15.A.34)

where



Substituting (15.4.34) into (15.4.27) and using our partition [®; &) = [

gives

where

Substituting (15.4.33) for ¢; into (15.4.20) and (15.4.21) gives

where
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Le = U[®. ;)" (T' — ®;L4)
Ly = U.[®, ®,]7 ' (Us — ®;Ls)
Ly = —U.[®, &, ;L4

Ly = ~U.[®, ®,] ' ®; L,

Lig = ~U[®. ®,]7'®; L,

Ly = U,[®, ®,] (T — ®;Ly)
Liy = U,[®, ®,] 7' (U; — ®;L5)
Liz = —U,[®, &, 10,14

Liy = —Uy[®, ®,] '®; Ly

Lis = —U,[®, &, @, L3

af = Lygp + Ligpf + Ligpf + Ligks—1 + Laoz

Lig = ®1(I +7.) ' + ®o(1 — 74) U, [@, @, 0,14
Liy = @ (1 +7.) 710} + Oo(I — 70) LU, (@, ®,] 7 D; Lo
ng = (I)Q(I Tz) [ ] 1(I)Z'L3

Lig = —®o(I — 74) " U, [®, &) YT — &, Ly}

Lag = —=®o(I — 74) 7 Uy[®c ]~ (U — ®;L5)

1 = Lothi_1 + Looky_1 + Logz + Logul + Losp®

Loy = —o/ 7'A
Loy = —a/ "L
Loy = o/~ (Up — L)
Loy = —af/ "Ly
Los = —o/ 'Ly
o = (I +11Lg)
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(15.A.35)

®,.17!
(I)g

(15.A.36)

(15.4.37)

(15.A.38)

(15.A.39)
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Because s; = Upzr — 15, (15.A4.38) implies

st = Loght_1 + Logki_1 + Lagzt + Logpu 4 Laou (15.A.40)
where
Log = — Loy
Lo7 = —Lao
Log = Uy — Lo (15.A.41)
Log = — Loy
L3g = —Los

We can use (15.4.38) to eliminate pf from the right sides of (15.4.31),
(15.4.33), (15.A.34), (15.4.36) to obtain

it = Nihe—1 + Noky—1 + N3z + Napy! + Nypf (15.4.42)
¢t = Nght—1 + Nrki_1 + Ngzi + Nopl' + Nyopk (15.A.43)
gt = Ni1hi—1 4+ Nioks—1 + Nizz;
+ N14uf + N15M£c (15.A.44)
ar = Night—1 + Nirki—1 + Nisz
+ Nigpf! + Nooptf (15.4.45)
where
Ny =L1Lx
Ny =LiLas + Ly
Ny = LyLos + Ls (15.4.46)

Ny = L1Lys+ Ly
N5 =L1Lss + L3

Ng = LgLo;
N7 = LgLyy + L¢
Ns = LgLos + L (15.4.47)

Ng = LgLys + Lg
Nig = LgLas + Lyp
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N1y = LizLy
Nio = LigLys + L1y
Ni3 = LizLas + L1 (15.A.48)

Nig = LizLos+ Ly
Nis = Li3Los + L5

Nig = LigLa:
N7 = LigLaz + Lig
Nig = LigLas + Lag (15.A.49)

Nig = LigLas + Li7
Nog = LigLas + Lig
We now substitute (15.4.42), (15.4.43), (15.4.44), (15.4.45) into (15.4.22),

(15.A.23), (15.A.24), (15.A.25) to obtain the following system of difference
equations:

/L? = ﬂAnglht + ﬂA;LLQth + BA/}LL23zt+1

+ (BA, Lo + BA, )t A}, Lospuf (15.4.50)
nl24 h)Mt+1+ﬁ nl2stbiy 1

pup = [BA, + B — )T Naolut'
+ B(I — )T, Night + B(I — 7)1, N17ks (15.A.51)
+ B(I — )T}, Nisze1 + B(I — 71)Tp Nigp'y 4
pi = BAY i + BlUyLas + UgNig]hy
+ B[UyLa7 + Uy N17]ks
+ B[UyLog + UjN1s — UpUp) 241 (15.A.52)
+ B[U; Lag + UsNioluf'y
+ BlU4L3o + UyNao) iy 4
hy = (Ap + ©5Ng)hy—1 + O Nrks 4

_ , . i (15.A.53)
+ @hNth + @hNth + @thO‘LLt

ki = (Ag + Ok No)ki—1 + OpNihy—q

§ . (15.A4.54)
+ O N3zy + O Nypy' + O N piy

Zt4+1 = A22Zt (15A55>
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We can arrange these equations in the form of (9.25) as follows:

|: xt :| |: xt+1 :|
ma =m )
Mt Ht41

where
mo =
i 0 0 0 1 0 07
0 0 0 0 I 0
0 0 0 0 0 I
(Ah + (:)hN(;) (:)hN7 (:)hNg éhNg (:)th 0
O, N Ak + O, Ny @kNg O, Ny @kNE, 0
L 0 0 Ago 0 0 0
and
mi =
i BA), Ly BA}, Lao BA}, Las

B — )T, Nig
B(U}Las + U} Nis)

6([ — Tk)F;ﬂN17
B(UyLa7 + U} N17)

B — )T, N1g
B(UtLag + U N1g — UUy)

I 0 0
0 I 0
L 0 0 I
BA}, Log + BA}, BA}, Las 0 17
B — ) Nig  BA}, + B(I — 1), Nog 0
B(UyLag + UyN1g)  B(UpLso + UyN2g) — BAs,
0 0 0
0 0 0
0 0 0 J

where we set @} = [h}_,, ki_,, z}] and p} = [P u¥" p?']. Then the equilibrium

law of motion for {x;} is given by

o
Ti41 = A°xy

where

(15.A.56)

A% =W (Y1 — ”712”72517/21)-

The shadow prices are determined via (12.5b), namely,

Ht

:M.'L‘t

(15.A.57)
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where M = #o1#;,". Using (15.4.42), (15.4.43), (15.A.44), and (15.A.45)
with (15.4.56) we can write

iy = {[N1 Ny N3] + [Ny N5 0] M} 2t (15.A.58)
- { N N7 Ng] + [No Ny 0] M } (15.4.59)
= { Nll N12 N13 + [N14 N15 O]M} Tt (15A60)
- { Nig Niz Nis] + [N1g Noo 0] M} @y (15.4.61)
or
it = Sixt
Ct = SC.’Et
(15.4.62)
= Sgl't
a? = S,

Substituting (15.A4.62) for o? into (15.4.10), (15.4.11), (15.4.12), (15.4.13)
gives

p? = Spt
0
q; = Syx
Lo (15.4.63)
wy = SwTt
T? = S,x
where
Sp = ®.S,, S, = DS,
(15.A.64)
Sw = —@;Sa, Sy =TS
We also have
ht = Shll?t 5 kt = Skxt (151465)
where
Sp,=[T00]A° , Sp=1[01I0]A°. (15.A.66)

These formulas express the law of motion for the state z; and all quantities
and prices in forms identical to those described in chapters 3—5. With these
formulas in hand, all subsequent features of our analysis proceed identically as
with that for an undistorted economy.
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B. Invariant subspace equations for heterogeneous agent

model

From the first-order conditions of the two types of households and firms the

market clearing conditions we can deduce the following set of equations:

s1¢ = Arhig—1 + A1zhap 1 + Iicyy + Higey
sat = Aghaor—1 + Agghir—1 + Hacar + Hageyy
hit = Apihie—1 + Apiohai—1 + Opiere + Opiaca
hat = Apohoi—1 + Agaihi—1 + Opacar + Opareny

241 = Az Zt
Ct

(CI)C(I)Q) < ) = Fkt-l + dt - q)zlt — (I)CUGZt

gt
ke = Apki—1 + Opiy
(I + 7o) poip} = Wiy (Upize — sit) + O M i =1,2

(15.B.1)
(15.B.2)
(15.B.3)
(15.B.4)
(15.B.5)
( )

15.B.6

(15.B.7)
(15.B.8)

M= BN ML+ BN (Uizepr — sit1) i = 1,2 (15.B.9)

i = BlAR MLy + Upi(sitr — Usizig)

+ Uéia?+1uoi] 1=1,2

—1
0 _ (I)lc pg
at - (b/ Wy
g R
lit = (l—Tl)MOiw? = 1,2

ME = BAME .+ BT — 7)Thal,
(I + 7))@y = QLMY

(15.B.10)

(15.B.11)

(15.B.12)
(15.B.13)
(15.B.14)
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where
A=A+ A
II; =111 + 1142
Ay = Agy + Aos

Iy = 2y + 1o
Apt = Ap1 + Ap
Apo = Apa + Apas
On1 = On1 + Opn
Ohz = Opa + Oprao

Ay = Ay + Ag

=Ty +Tk

Now, use (15.B.8) twice for ¢ = 1,2 and (15.B.1), (15.B.2), we get

ot (41 (Ui 2e — Avhig—1 — Aizhay—1 — Hycry — izear)

+ O M) =
—1/17 M) (15.B.15)
Ho2 (H21(Ub22t — Aohoi—1 — Aoohip—1 — Iacoy — H2201t)
+ 0, M)
From (15.B.6) we get
1t + car = Ue(®e @) [Thyo1 — sy + Uypzi] (15.B.16)
ge = Uy(®p @) Thy—y — @iy + Uyzi] (15.B.17)

Also, combining (15.B.14), (15.B.11), (15.8.12) and (15.B8.8) gives us

Uallq);:‘i)l(l + 7e) T Iy (Ui 2e — Avhae—y
— Aizhor 1 — Iycyy — Myzear) + O, MM (15.B.18)
— O ®ag: /(1 — 1) (po1 + po2) = (I +73) ' OLMY

Here él, <i>2, U. and U, are as defined in Chapter 10, Uy = Ugs + Uga —
®.Ugs. Equations (15.B.15) — (15.B.18) can be used to solve 4 variables ci¢,
cot, g+ and iy in terms of the state variables z;, h;;—1, M?i, ki—1 and Mf,
1=1,2, as:
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where

and
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2t

2t
hit—1
C1t hat 1
Cot ki1
gt Mfl
i M3?
Mt
Mh2
Mi

e
Il
=

[}
Il

01115, Tag — po2IT), 1Ty 01115, g — po2ll) 13
Ie Ic
0 0
I _ . _
foy PLy (T + 7o) T Ty gy ®L® (14 7¢) THTY T3

0 0

0 Uc(®Pc <I>g)

Ig Ug(®c @g)
(1= 7))~ Ypo1 + po2) 1 @Ldy 0

(15.B.19)
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N=

[—ro21T] 1 Upt ) [Ue(®c g) U]

(101115, Upa)’ 0

(o211 A1 — po1TTh; Aga) 0

(o211 A1z — po1 Tl Ag) 0
0 [Ue(®c ®g)~ 1)

0 0

0 0

[~ 10294, ) 0

[k01©),5] 0

0 0

_ S _
[Ug(Pc @g) 1Uf]/ [,“01 <I’§¢’1(1+Tc) 1H/11Ub1]/

0 0

0 [~ gy ®LB1 (T + 7¢) THIIG A

0 [—pgy @51 (1 + 7e) = M) Agg)!
[Ug(®c g) TV 0

0 0

0 0

0 gy @ &1 (1 + me)~te)

0 0

0 [~ +m)te)
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From equation (15.B.19) c14, cat, gt, i+ can be expressed as a linear combi-

nation of state vector z; and costate vector M;, as:

C1t
Cot Tt
=N
gt <Mt )
it
where
N=L"'N

_ / / / / /
ze= (2 2 1t—1 -1 ki_q)

and M; is the corresponding multipliers of each component of z;.

Divide N into blocks according to the dimensions of c¢;t, g¢, 4, v and My,

such that:
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c1 = Niixy + NioMy = Ny (2 My)
cot = No1y + Nog M, = Ny (l"; M;)/ (15.B.20)
gt = N312p + N3o My = N3 (2, My) o

it = Nyywy + NyoMy = Ny (z; M})'

As an intermediate step, we express si¢, so; and a? in terms of x; and M.
This is done by using (15.B.1), (15.B.2), (15.B.8), (15.B.11) and (15.B.12):

S1t — Nsl (33; M;)/
Sop = NSQ (SUQ M;)/ (15321)
o = Na (2} My)

such that

Ny =ILN; +1I33N2 4+ (0 0 Ay A13 00 0 0 0 0)

Ngo =TIpoN; +TI3No 4+ (0 0 Aga A0 00 0 0 0)

No = pgt®1 (I +7.) =TI}, Nay + (U1 000000 O, 00)]
— (1 + 7)Y (po1 + po2) " P2 N3

Now, it is possible to combine all equations (15.B.1)—(15.B.14) to write
down the Vaughan’s linear equations:

~ Tt41 ~ Tt
M = M- 15.B.22
! (Mt+1) 2 (Mt> ( )

where
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I 0 000 O 0 0 0 0
0 I 000 O 0 0 O 0
0 0 I 00 0 0 0 0 0
0 0 071 0 0 0 0 0 0
iy = 0 0 001 0 0 0 O U
—BU Ut 0 000 BAL, 0 0 0 0
0 —BUjUpz 0 0 0 0 BAS, 0 0 0
BN Up10 0 000 0 pBA,, 0 0
0 BAL Uy 0 0 0 0 0 0 BA}, 0
0 0 000 O 0 0 0 pAL
0
0
0
0
3 0
Uy  Ns1 + 101U Na
UpyNs2 + 102U/ Na
—Aj Na
*A,21N52
(I—Tk)F;CNa
and
Ags O 0 0 0 00000
0 A O 0 0 00O0O0O
0 0 Ay A2 0 0 0 0 0 O
0 0 Apgor Ay 0 0 0 0 0 0
Ny = 0 0 0 0 Ay 000 00
0 0 0 0 0 I 0000
0 0 0 0 0 07 000
0 0 0 0 0 001100
0 0 0 0 0 000TO
0 0 0 0 0 000 0 I
0
0
Op1N1 +OH12N2
©p21 N1 +Op2N2
" O Ny

o O o oo






Chapter 16

Recursive Risk Sensitive Control

16.1. Introduction

This chapter describes a class of preferences with a single additional parameter
that permits us to represent altered attitudes toward risk wvis a wvis our ear-
lier quadratic specification. We build on work by Jacobson (1973) and Whittle
(1990), who proposed an exponential type of risk adjustment that, in linear—
quadratic environments with Gaussian disturbances, preserves most of the com-
putational conveniences of the standard undiscounted linear quadratic dynamic
programming problem. But Whittle’s (1981, 1990) way of introducing discount-
ing into this problem had the unpleasant feature of introducing time dependence
into the optimal decision rules, with the time dependence causing the effects of
the risk parameter o to wear off as the planning horizon is extended. By using a
recursive specification of utility along the lines of Koopmans, Lucas and Stokey,
Epstein and Zin, and Weil, Hansen and Sargent (1992) altered Whittle’s spec-
ification to model discounting in a way that implies time invariance of optimal
decision rules.

In this chapter we describe this preference specification and how it can be
implemented with versions of our earlier formulas for computing equilibria and
asset prices. The principal features of our specification are that: (a.) the equa-
tions for solving the optimal linear regulator problem are modified by replacing
the operator associated with the usual matrix Riccati equation with the com-
position of that operator with another operator that is easily computed and
interpreted; (b.) optimal decision rules remain linear in the state; (c.) ‘cer-
tainty equivalence’ no longer holds, i.e., the decision rules, although linear in
the state, depend on the conditional covariance matrix of the innovations to the
state; (d.) asset pricing formulas have an additional layer of ‘risk adjustments,’
because the covariance conditional covariance matrix of the innovations to the
state now enter the quadratic form in the state in our asset pricing formulas.

- 369 —
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16.2. A Control Problem

This section describes a ‘discounted linear quadratic exponential Gaussian con-
trol problem that we shall eventually use for the social planning problem of our
standard economy. This is an infinite horizon control problem associated with
iterations to convergence on the following equation in the value functions V;(z):

2
Vi1(z) = max{u'Qu + =’ Rz + 75 log E(exp(aV;(x")/2)]J)}, (16.2.1)
where the maximization is subject to

' = Az + Bu + Cw,

where w is a Gaussian random vector with Eww’ = I', and where § € (0,1) is
a discount factor. Associated with the solution of this control problem are three
operators:

D(V)=V +oVC(I —oC'VC)'C'V
T(W) =R+ A'(BW — B*°WDB(Q + BB'WB) 'B'W)A

(16.2.2)
d(k,V) = Bk — (5

U) logdet(I — oC'VC).
The operator T is the usual one associated with the matrix Riccati difference
equation for the discounted optimal linear regulator problem. We shall give an
interpretation of the new operator D shortly.

The value function associated with the solution of the infinite horizon con-
trol problem is
Voo(x) = 2'Urx + Uy (16.2.3)

where

Uy = lim (T o D)?(0)

j—o0

Uy = lim d’(0,0)

j—o0
The optimal decision rule is time invariant u; = —Fx; where

F = 3[Q + B3B'D(U,)B]"'B'D(U,)A. (16.2.4)

These formulas can be derived by solving the maximization problem on
the right side of (16.2.1) and using a Lemma stated by Jacobson (1973) on
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a property of the Gaussian distribution. For details, see Hansen and Sargent
(1992).1

The optimal decision rule is linear in the state. When o = 0, we get the
standard linear—quadratic situation, because in that case D = I, so that the
operator T'o D =T. When o = 0, the feedback rule F' is independent of the
conditional covariance parameters in C', so that ‘certainty equivalence’ holds
when 0 = 0. When o # 0, the decision rule F' depends on the parameters in
C.

16.3. Pessimistic Interpretation

For some purposes, it is convenient to use an interpretation of the D operator
due to Jacobson (1973) and Whittle (1990).

Evaluate the following ‘aggregator function’ associated with the functional
equation (16.2.1):

A(—=Fz,z,y'Vy+k|J) =2'R'z + ? log E{exp(o(y'Vy +k)/2)|J} (16.3.1)
where A* = A— BF,R* = F'QF + R, and
y= A"z + Cw.
We obtain
A(=Fz,2,y'Vy+ k|J) = 2'[R* + A" D(V)A*]z + d(k).
The piece z'[R*+ SA* D(V)A*]x has an interpretation in terms of ‘pessimism,’

to be seen as follows.
Consider the following deterministic minimum problem

min{féw'w +2'R*x + By'Vy}
wy O

subject to
y =A%z + Cw.

1 This specification of discounting differs from the one used by Whittle (1990) in a way
designed to assure time-invariant decision rules.
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In this problem, w is treated as a control vector. As long as (I — oC'VC) is
positive definite, this problem has a unique solution. The minimized value of
the criterion is verified to be a'[R* + SA* D(V)A*]x, which is the quadratic in
x part of A(—Fz,z,y'Vy+ k|J). The ‘solution’ for w is

w=o(l —cC'VC)'C'VA* .

Thus, the optimum problem gives an interpretation of the operator D and
a piece o(I —oC'VC) IC'VA*z in terms of a ‘pessimistic’ (when o < 0) or
‘optimistic’ (when o > 0) adjustment to the random term w; in the law of
motion for the state.

16.4. Recursive Preferences

The preceding generalization of linear—quadratic control theory can readily be
applied in the context of representative agent versions of the class of economic
models that we have been studying. We use the usual household technology

sy = Ahy_1 + Icy
ht = Ahht,1 + @th.

We define the information process z; as usual by
zi41 = Aoz + Cozy,
and let the law of motion for the complete state x; be denoted
Typ1 = Axy + Cwyqq,
where now w; is a Gaussian white noise. We define a utility index recursively

by
U= —(5¢ = by) - (5t — b)) /2 + BRe(Ups1) (16.4.1)

where

Rt(Ut+1) = (i) IOgE[eXp(JUt+1/2)‘Jt].
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Hansen, Sargent, and Tallarini (1993) have shown how to construct the
prices induced by this preference specification. We describe these prices first in
the context of an endowment economy.?

16.4.1. Endowment economy

Consider a pure endowment economy in which ¢; = U.z; is exogenous. Infinite

recursions on (16.4.1) lead to the quadratic form
te = I;th +p,

where €, p are the limits as j — oo of recursions on

Qi1 =—(Ss — Sp)'(Ss — Sp)/2+ BA'D(Q;)A
pi+1 = d(pj, ;).

For endowment economies, we use {2 as one of the ingredients in constructing a
probability measure appropriate for the inner-product representation for asset
pricing.

16.5. Asset Pricing

We want to represent asset prices in the usual way as a conditional mathematical
expectation of an infinite discounted sum of an inner product of a ‘scaled Arrow-
Debreu price’ vector and the payout of the asset. Hansen, Sargent, and Tallarini
(1993) show that when o # 0, the required conditional expectations operator
for representing asset prices corresponds to a probability distribution that is
distorted relative to the ‘objective’ one. In particular, they show that to attain
the inner product representation of asset prices it is appropriate to construct a
conditional expectations operator F; defined by

FiUir1 = E(Vig1Uga| ) [ E(Vig1|Je),

2 The Matlab program solvex.m computes equilibrium quantities and prices in one of our
economies with this preference specification; solvex.m calls doublex.m, which implements a
doubling algorithm to solve the control problem.
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where
Vig1 = exp(oUf,,/2).

The operator F; behaves like a conditional expectation operator in that it is
linear, monotone, and maps bounded random variables that are measurable with
respect to Jy4+1 into bounded random variables that are measurable with respect
to J;.2 We can use SF; to value a contingent claim to time t 4 1 utility, and
M3 for the equilibrium valuation of services.

Recursively define the sequence of expectations operators

St,T = ftft+1ft+2 o 'ft—&-'r—h

where F; o = I. Then the valuation of a stream of consumption services {s;}
is just

oo

> St My, sipa

t=0
To compute equilibrium asset prices, we have to evaluate consumption rates
¢t. We compute a multiplier M§ from M in the usual way, except that
we substitute the conditional expectation operators S; . for the usual ones in
equation (6.%) (refer to asset pricing chapter):

F=TUM; 4003 BT (AR) N Sir (M),

=1

3 Vi+1/EViy1|Jt is used as a Radon-Nikodym derivative in this construction.
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16.6. Characterizing the Pricing Expectations Operator

Hansen, Sargent, and Tallarini show how to evaluate the conditional expecta-
tions operators S;, by constructing a distorted probability measure for the
state x,.* In particular, consider the phony law of motion for x;

Tir1 = Az + Cwipq

where

A=[I+0C(I-0cC"QC)"1C'O)A
CC' = (I - oC'Q0) 1.
Then we can compute M§ = M.x; where
M, =[II'+ 0}, ) " BTAYNAT|(S, — S,).
T=1

We can evaluate a claim on a stream dy = Sygx; by

Z BTSt,TMngT : dtJrT = Et Z ﬁT ng‘r : dt+'r
=0 7=0

=1} Z BT(A)TS M ATz,
=0

+ (&) trace[S; M, Z BTATCC (AN

=0

4 These calculations are implemented in the program assetxq.m.
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16.7. Production Economies

The preceding formulas also apply to asset pricing in production economies, with
the understanding that the matrix 2 now corresponds to the ‘quadratic-form’
matrix in the value function for the social planning problem.

16.8. Risk-Sensitive Investment under Uncertainty

For sake of illustration, we now consider a one consumption good, one capital
good production economy that is a version of a Brock-Mirman stochastic growth
model with adjustment costs. This delivers a linear-quadratic version of Lucas
and Prescott’s (1971) theory of investment under uncertainty. Consumption
and investment satisfy:

ct iy = Yki—1 + dy (16.8.1)

where the capital stock k; evolves according to:
ki = Opki—1 + it (1682)

and {d;} is an exogenous endowment process. Labor input is required to adjust
the capital stock, reflected in a quadratic adjustment cost in the preferences of
the fictitious social planner. Also, there is an exogenous ideal consumption level
process {b1:}. The time ¢ contribution to preferences is:

(et — b)) — ¢%iy® = —(vke—1 + dy — iy — bi)? — ¢%is?

which is quadratic in the control i;, the endogenous state variable k;_1 and the
exogenous states by; and dy.

We begin with a parameter specification that implies no investment in a
deterministic steady state, an unrealistic but useful starting point that we adopt
to compare two alternative ‘explanations’ for investment. One is that altering
the risk parameter ¢ induces a precautionary savings motive into the preference
ordering. The other is that capital is more productive than in the benchmark
economy, increasing the physical return to investment.

Benchmark Economy with No Steady-State Investment

We set 8 =1/1.05, v =.1,0; = .95,¢ = .5. With this parameter configu-
ration and constant values of d; and by, the model implies steady state values
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of zero for capital and investment. This follows from the fact that y+6, = 371,
which equates the physical rate of return to investment net of adjustment costs
to the subjective rate of time discount. Since adjustment costs are also present,
reflected by a positive value of ¢, physical investment in new capital becomes
‘unattractive.” As a consequence, asymptotically there are no savings in the
deterministic version of this model.

To see this, the Euler equation for capital is given by

E[(1 =L ™Y1 =87 L)k + ¢*(1 — B L) (1 — 6, L)k | Ji] =

(16.8.3)
E[(1 = L)(bitg1 — det1) | o]

where L is the lag operator. For future reference we have permitted there to
be uncertainty in the forcing processes for {b1;} and {d;}. The solution to this
stochastic difference equation has representation:

ke = Mooy + 0[(dy — b)) — (1= BA) D (BN E(disj — bueyj | Ji)]. (16.8.4)
7j=0

where 0 < A < 1, and 0 < . In contrast to the familiar permanent income
model in which A and ¢ are one, the presence of adjustment costs lowers \.
Notice that the term multiplying 1 is the difference between d; — by; and a
geometric average of current and future values of d; — by;. This simple link to
the forcing processes is a result of the v + 0, = B3~! restriction. For a model
with by and d; constant, the term multiplying ¢ will be zero and the capital
stock sequence will converge to zero.

An Economy with Risk Sensitivity

As a precursor to illustrating investment induced by risk sensitivity, we
now introduce a specific model of uncertainty in the endowment and preference
shock processes. Let an exogenous state vector process {z:} follow a first-order
vector autoregression:

Ziy1 = Aoz + Cowggq,

and suppose that by = Spz: and dy = Syz;, so that both the endowment and
the preference shock are linear functions of exogenous state vector. Construct

1 0 0 0 0
Ayy=10 8 0| Co=1|1 0], (16.8.5)
00 .5 0 .1
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and set S, =[30 0 1],Sq=[510]. We initialize the first component of z
to be one, which replicates itself over time. Consequently, the preference shock
process has mean 30 and the endowment shock process has mean 5.

For the o = 0 version of this economy, ordinary certainty equivalence ap-
plies. Since {d;} and {b;} are asymptotically stationary, so are the endoge-
nous processes for consumption, capital, and investment. It again follows from
(16.8.4) that investment and capital both have mean zero in the stochastic
steady state, and consumption has a mean equal to the mean of the endowment
shock d;. Because of certainty equivalence, no precautionary savings occur in
this model.

When o is less than zero, ordinary certainty equivalence no longer holds,
and mean investment is positive in a stochastic steady state. Table 2.1 re-
ports the means and standard deviations computed with respect to both the
objective probability distribution, and the appropriate distorted distribution
for o = —.005.

TABLE 2.1: Means and Standard Deviations for the Adjustment Cost
Economy with ¢ = —.005

True Process Pessimistic Process
standard standard
mean deviation mean deviation
C1t 9.83 1.37 2.07 1.57
n 4.83 1.22 0.00 1.32
bi;  30.00 12 30.01 12
dy 5.00 1.67 2.07 1.71

The mean of consumption is now notably higher than the mean endowment and
the mean of investment is positive. In effect, there is a precautionary savings
motive at work here.

A version of the pessimistic certainty equivalence principle derived by Ja-
cobson (1973) and Whittle (1981) applies here. Thus, an alternative way to
obtain the same solution is to endow the fictitious social planner with a pes-
simistic view of the world. The stochastic difference equation (16.8.3) and its
solution (16.8.4) still apply except that the distorted expectation operator, call
it £ , is used in place of E. As originally suggested by Jacobson (1973), we can
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imagine there being a second agent, say distinct from the social planner, that
picks future values of the shocks in a pessimistic fashion. The degree of pes-
simism is governed by the value of o, and the difference equations associated
with these pessimistic forecasts for b144; and d;; used for the time ¢ decisions
are given by:

(1 — B L)kyyj — disj + b1ty + (100/0)(1 — 58L™ 1) (1 — .5L)(b144; — 30)] = 0
(16.8.6)

—(1 =B D)kyyj + disj — brerj + (1/0)(1 — 88L7 1) (1 — 8L)(dyy; — 5)] = 0.

for j =1,2,..., where k;_1,b1; and d; are given initial conditions. In effect,
we can think of these as the Euler equations for the second agent. Notice that
the capital stock enters these difference equations, and hence the pessimistic
forecasts of future values of d; and by; depend on k;_1.

Certainty equivalence works here because the optimal choice for k; can be
obtained by (i) shifting (16.8.3) forward j — 1 periods for 7 = 1,2,... and
eliminating the conditional expectation operator; (ii) combining the resulting
difference equation with (16.8.6); and (iii) solving the composite system of dif-
ference equations for ki, bi¢41,di11 as a function of the state vector ki1, b1t
and d;, imposing the appropriate terminal conditions. The composite solution
gives the evolution equation for the pessimistic forecasts of b1; and d;, and the
solution for k; gives the optimal decision rule for k;. This latter equation, when
combined with the actual law of motion for b;; and d;, governs the evolution
of the optimal capital stock process.

While A is .9852 for this economy, once this forecasting dependence is
incorporated, the feedback of k; onto k;_; drops slightly to .9817. A more
dramatic implication is that there is now a positive constant term (1.766) in the
decision rule for capital, whereas in the ¢ = 0 economy the constant term is
zero. Table 2.1 also reports the pessimistic means and standard deviations for
forcing processes and for consumption and investment. Notice that the perceived
means for d; and cy4 are considerably less than their true means. The mean of
investment for the perceived process is again zero because of the applicability
of (16.8.4) with distorted expectations. Hence the perceived long run average
of the capital stock is not altered by changing expectations operators. Not
surprisingly, the perceived standard deviations are larger than the true ones.
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An Approzimating Economy with o = 0

Next we show that we can mimic the quantity implications of the preceding
model by setting o = 0 and modifying some of its parameters. The parameters
that we alter are the mean of by;, the mean of d; and the productivity parameter
for capital v. In light of our previous discussion, to make average investment
positive it is necessary to relax the restriction that d, +~v = 37! by making
capital more productive.

We used the Kullback-Leibler (1951) information criterion as a device for
picking the three parameters because of its well known link to maximum like-
lihood estimation (e.g., see Akaike (1973), Ljung (1978), and White (1982)).°
The information criterion was constructed in the same manner as in Hansen and
Sargent (1993) using the consumption and investment processes implied by the
original model and the approximating ¢ = 0 economy. The parameters that
make the approximate (o = 0) model as close as possible to the original model
are .1032 for the productivity parameter v and 47.0522 and 4.6812 for the means
of b1; and d;. In addition to increasing v to compensate for setting o = 0,
we were led to increase substantially the mean of b;; and decrease slightly the
mean of d;.

It turns out that these three parameter adjustments are sufficient to make
the quantity implications for the two models to be extremely close. This is
shown in Figure 16.8.1 which displays the ratios of the spectral densities of
consumption and investment, respectively, for the approximating economy to

the corresponding spectral densities for the original economy. Departures from

5 Let each model be a member of our class of models, with parameters of the first model
being denoted by a vector ¢ and those of the second model being denoted by «. For the first
model, let the mean vector for the observables be v(§), and the spectral density matrix be
Sy(w, ). For the second model let the spectral density matrix be Sy(w, ), and the mean
vector be p(a). The parameters a that make the second model as close as possible to the
first are those that minimize the criterion

1 ™
{ - — / logdet Sy (w, o) dw
27 ’

—T
s

_L trace [Sy(w, )™t Sy (w, 5)] dw
2 J_

— v — ()] Sy (0,0) L[y — u(a)]'} .
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unity are small, and confined to very low frequencies. Departures of this small
magnitude and frequency-location would be virtually impossible to detect, via
say a likelihood ratio test, without an extremely large time series sample. The
adjustments in the means of b;; and d; are sufficient to make the means for
consumption and investment the same for both economies. Hence, from the
standpoint of data on consumption and investment, the precautionary savings
version of the model is (almost) observationally equivalent to a specification in
which savings are induced by making capital more productive.

1.25F

12

11

1.05L
1k

0.95

Figure 16.8.1: Ratio of spectral density of consumption and
investment (dotted line) in the approximating economy to the
spectral density of consumption and investment in the true
economy.
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16.9. Equilibrium Prices in the Adjustment Cost
Economies

We now return to the two adjustment cost economies with their competing ex-
planations for investment. While the quantities for the o = 0 ‘approximating’
economy are, by design, close to those for the ‘true’ risk-sensitive economy, be-
haviors of asset prices and rates of return differ markedly. To illustrate this
phenomenon, we first consider the implications for the two components of equi-
librium wealth: the value of the endowment process from the current period
forward (a Lucas tree), and the value of the existing capital stock. Figures
16.9.1.a and 16.9.1.b depict realizations of these two components to wealth for
a common realization of the vector of Gaussian noises driving the composite
preference and endowment shock process.

The value of the endowment process is always lower and the value of the
capital stock higher for the original economy than for the approximating o = 0
economy. Hence a bigger fraction of wealth is held in the form of capital in
the original (risk-adjusted) economy. This is true even though the mean of the
endowment process is higher for the original economy. The mean gross returns
are (1.0444, 1.0786) for capital and the endowment process, respectively, in the
true economy; and (1.0500, 1.0504) in the approzimating economy.® These
phenomena trace to the fact that the capital stock is a less risky investment
than the endowment and that less risky investments are more highly valued in
the original (risk-adjusted) economy than in the approximating economy.

Figure 16.9.2 shows probability densities for risk-free gross returns for both
economies. Notice that the density for the approximating economy is centered
around 37!, and the modal value is higher than for the original economy with
a risk adjustment. The density for the original (risk-adjusted) economy displays
more dispersion than its counterpart for the approximating economy, reflecting
in part the smaller mean of by;.

Consider next the market prices of risk for the two economies. The prob-
ability densities for these prices are reported in Figures 16.9.3.a and 16.9.3.b.
The market price of risk is considerably higher in the risk-sensitive (o = —.005)
economy.

Finally, Figures 16.9.4.a and 16.9.4.b report spectral densities for the log-
arithmic one-period returns to holding a claim to the endowment process and

6 These means were computed from simulations of length 100,000.
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to holding capital, respectively. Both returns are more variable in the original
(risk-adjusted) economy than in the approximating one. Moreover, the low fre-
quency dip in the spectral density for the return to holding the endowment is
substantially more pronounced.

Returning to the decomposition of equilibrium wealth described earlier, it
is clear from Figures 16.9.4.a and 16.9.4.b that holding capital is much less risky
than holding the endowment for both economies. It is also evident from Figure
16.9.2 that a riskless security is more valued (commands a lower equilibrium
rate of return) in the original economy. This apparently underlies the fact that
the capital stock is more highly valued in the original (¢ = —.005) economy
as depicted in Figure 16.9.1a. Moreover, as illustrated in Figures 16.9.3.a and
16.9.3.b, the market prices of risk tend to be higher in the original economy,
so that the equilibrium risk adjustments are more pronounced. This helps to
explain why equilibrium values for claims to the endowment process are lower
for the original economy as depicted in Figure 16.9.1.a even though the mean
of the endowment process is higher.

120|

115|
110|

108}/

[ 10 20 30 40 50 60 70 80 20 100 0 10 20 30 40 50 60 70 80 90 100
Fig. 16.9.1.a. Realizations of price of Fig. 16.9.1.b. Realizations of value of
Lucas tree in true economy (o = —.005) capital stock in true economy (o = —.005)
and approximating (¢ = 0) economy and approximating (¢ = 0) economy

(dashed line). (dashed line).
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Figure 16.9.2: Figure 5.3 Densities of risk-free interest
rate for true and approximating economies.
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Fig. 16.9.4.a. Spectral densities of wind-
sorized logarithmic returns to endowment
streams for true and approximating ad-
justment costs economies.

true

. W
roximatin
s \W

Fig. 16.9.4.b. Spectral densities of log-
arithmic returns on capital in true and
approximating adjustment costs economies.






Chapter 17
Periodic Models of Seasonality

17.1. Introduction

Until now, each of the matrices defining the preferences, technology and in-
formation flows has been specified to be constant over time. In this chapter,
we relax this assumption, and let the matrices be strictly periodic functions of
time. Our interest is to apply and extend an idea of Denise Osborn (1988) and
Richard Todd (1983, 1990) to arrive at a particular model of “seasonality”.

Seasonality can be characterized in terms of the spectral density of a vari-
able. A variable is said to “have a seasonal” if its spectral density displays peaks
at or in the vicinity of the frequencies commonly associated with the seasons
of the year, e.g., every twelve months for monthly data, every four quarters for
quarterly data. Within one of our equilibria, it is possible to think of three
ways of modelling seasonality. The first two ways can be represented within
the time-invariant setup of our previous chapters, while the third way requires
following Todd and departing from the assumption that the matrices that define
our economies are time invariant.

The first model of seasonality is created by specifying the matrices [Aga, Cos, Up, Uy]
that determine the information structure in the economy. We can exogenously
inject a seasonal preference shock into the model by specifying [Aaz, Up] in such
a way that components of the shock process b; have seasonals. Similarly, we
can specify [Az22, Uy] so that components of the endowment shock process d;
have seasonals. The seasonality of these exogenous processes will be transmit-
ted to the prices and quantities determined in equilibrium. The way in which
this seasonality is transmitted can be subtle, determined as it is by the restric-
tions across the parameters of the {b;, d;} processes and the price and quantity

processes that are determined by the equilibrium.!

1 Sargent [1976, 1987,chap XI| described some of the ways in which the cross equation
restrictions of linear rational expectations models determine the kind of seasonality in endoge-
nous variables that is induced by imposing seasonality in the variables that agents within a
model are implicitly forecasting.

- 387 —
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The second model of seasonality is created by specifying the matrices [Ap, O, A, TI]
that determine preferences and the matrices [®., ®;, ®., I', A, O] that deter-
mine the technology so that they make prices and quantities display seasonality
even when the preference shocks b; and the endowment shocks d; do not dis-
play any seasonality. Seasonality can come either from the technology side or
from the preference side. Notice that in the first kind of model the source of
seasonality is imposed exogenously, while in this second kind of model the idea
is that preferences and technology are such that the equilibrium of the economy
creates a “propagation mechanism” that converts nonseasonal impulses into sea-
sonal responses in prices and quantities.

This chapter is devoted to studying a third model of seasonality, by follow-
ing Todd. We now specify an economy in terms of matrices that are periodic
functions of time. This specification captures the idea, for example, that the
technology is different in Winter than it is in Spring. You will get less corn if
you plant in Minnesota in January than if you plant in May. As we shall see,
this model of seasonality has properties that contrast in interesting ways to the
other two models of seasonality.

17.2. A Periodic Economy

The social planner now faces the problem of maximizing

o0

—5> " B [(se = be) - (s¢ — by) + 17] (17.2.1)

t=0
subject to
Doty et + Pi sy it + Py sr) 9t = D) kt—1 +dy

ki = A sy kt—1 + Op sy it

he = Ap sty he—1 + On sty

s¢= Aoy he—1 + gy (17.2.2)

Zt+1 = Ao s(t) 2t + Caz s(t) Wit1
by = Up 2z
di = Uy z



A Periodic Economy 389

In (17.2.2), s(t) is a periodic function that assigns integers to integers. In

particular,
s:(., =1,0,1, ...) =11, 2, ..., p|
s(t+p)=s(t) Vit (17.2.3)
s(t)y=t for t=1,2, ..., p.

A consequence of (17.2.3) is that the constraints in (17.2.2) can be represented
in the form

Py cptrj + Pijipttj + Py Gpt+s =Ly kptrjrr + dpatj
kpttj = Dij kptsjr1 + Ok,j iptyj
hpttj = Ang hpisje1 +Onj Cpryy
Spt+i = Nj hptvj1 + PEj Cpaj (17.2.4)
Zptj1 = A2 Zparj + Co2j Wyt
bp-t45 = Ub Zpt+j
dp-t+j = U 2p-t+;

where t =0, 1, 2, ...,and 7=1, 2, ..., p. Notice for ¢t =0, as j goes from
1 to p, that p-t+ j goes from 1 to p; for t = 1, as j goes from 1 to p, that
p-t+j goes from p+ 1 to 2p, and so on.

Thus, (17.2.4) describes a setting in which the matrices that represent
preferences and the technology are periodic with period p.

The social planning problem can be expressed in the form of a periodic
optimal linear regulator problem. The social planner chooses a sequence of
functions expressing wu; as functions of z;, for all ¢ > 0, to maximize

—-F Z ﬁt {3;‘; Rs(t) T + ’u,; Qs(t) U + 2u; Ws(t) Q?t} (17.2.5)
t=0

subject to the constraints
Tip1 = As(t) Ty + Bs(t) + Cs(t) W41 (17.2.6)

where xi = [ %_1, k;&—la Zt]. In (17.2.5), (17.2.6), the matrices [Rs(t)7 Qs(t); Ws(t) ,
Astys Bs(t), Cs(t)] are the same functions of the matrices [ o), ®i s(t), Pg,s(t) 5
Latt)s Ars(t) Ok,s(t)r Dh,s()s Onyst)s Moy, s(eys A22,5(t) » Ca2,5(), Up, Ug] that the
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matrices [R, Q, W, A, B, C] are of the matrices [®., ®;, P, ', Ay, Ok, Ap, On, A,
I1, Asg, Coo, Uy, Uy] in the constant coefficient case. These functions were de-
scribed in chapter 3.

The Bellman equations for this problem are

Vi(zy) = fﬁgx{xiRs(t)ﬂft + w Qs (ryue + 2up W)@y

(17.2.7)
+ BE Vit (ze)}
where the maximization is subject to
Tir1 = Ayt + Bog) + Co(t)Wit1- (13.6)

In (17.2.7), Vi(z) is defined as the optimal value of the problem starting from
state x; at time t.

For the periodic optimal linear regulator problem, the optimal value func-
tion is quadratic but time varying:

Vi(z¢) = z, Pyvy + py, (17.2.8)

where the n x n matrix P; satisfies the matrix Riccati difference equation

Py = Ry + ﬂAls(t)Pt+lAs(t) - (BA/S(t)Pt-s-lBs(t) + W;(t))

) . , (17.2.9)
X (Qs(r) + ﬁBs(t)Pt+1BS(t)) (5Bs(t)Pt+1As(t) + Wew))s
while the scalar p; satisfies
pr = Bpia1 + Btrace (PtHC’s(t)C;(t)). (17.2.10)

Now think of solving Bellman’s equation by iterating backwards on (17.2.9),
(17.2.10), starting from some terminal values for P and p. Because the matrices
[Rst), Qst)s We), Aswys Bs()] are all functions of time when p > 2, it is
too much to hope that {P;, pt} will converge in these iterations as t — —oo to
objects that are independent of time. What is reasonable to hope for, and what
will indeed obtain under the assumptions made in our setup, is that iterations
on (17.2.9) and (17.2.10) will each produce p convergent subsequences. In
particular, backwards iterations on (17.2.9) and (17.2.10) will converge to a
sequence that oscillates periodically among p value functions associated with
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the p seasons of the year. Thus, after many iterations, we will eventually have
Vi(zs) = Vi) (2¢),, where

Vs(t)(mt) = SU;Ps(t)CEt + Ps(t) (17.2.11)
We can also represent these value functions as
Vi(@pt4s) = ey i PjTptej + 05, (17.2.12)

where t =0,1,2,... and j = [1,2,...,p]. Equation (17.2.12) summarizes the
outcome that there are p value functions, one for each of the p seasons of the
year.

The optimal decision rules can be represented as

Ut = — s(t)mt (17213)
where

Fowy = _(Qs(t) + 5B;(t)Ps(t+1)Bs(t)>_1 5Bg(t)Ps(t+1)As(t). (17.2.14)

The optimal decision rules are thus periodic with period p. Substituting
(17.2.13) into the law of motion (17.2.6) gives the following “closed loop” rep-
resentation of the solution of the social planning problem:

Tip1 = (As(t) — Bs(t)Fs(t))xt + C’s(t)th (17.2.15)

or
Ti+1 = Ag(t)ift + Cs(t)thrl (17216)

where Ag(t) = As) — By Fis(r)- We can also represent (17.2.16) in the form
Tpttjr1 = AfTparj + Cjwpayjin (17.2.17)

for t = 0,1,2,... and j = [1,2,...,p]. Thus the laws of motion are peri-
odic with a periodicity p that is inherited from that of the matrices specifying
preferences, technology, and information flows.

The matrices [A?, P;] for j € [1,2,...,p] can be used to construct the
quantities and prices associated with the equilibrium of our model. Formulas
for the matrices determining our equilibrium, namely the M and S matrices,
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are given by the very same formulas described in chapters 3 and 5, with the
proviso that in the periodic case s(t) or j subscripts appear on all objects in
those formulas. Thus, we have that the quantities determined in our equilibrium

are given by

hy = Sh,s(t)xt dy = Sd,s(t)l"t
ky = Sk,s(t)xt Ct = Sc,s(t)fﬂt

ki—1 = Sk1,s(t) 2t gt = Sg.s(1)Tt (17.2.18)
it = Sis(t)Tt St = Ss,5(t)Tt

by = Sy s(t)T1
where
[Sh,s(t)} _ [A(fl,s(t)]
Slms(t) A(1)2,s(t)
Skl,s(t) = [0 I O]
Sisty = —Fs
Sa,s(ty = [0 0 Uq]
Sb.st) = (00 Up] (17.2.19)
Se,st) = Ues(t)[®e,s(t) Pa,s(e)] "
[=Ps,5(6)S,5(t) + Ls(t)Sk1,s(t) + Sa,s(t)]
Sg.s(t) = Ug,s(t)[@e,s(t) Pgsv)] ™
[=Ps,5(6)S,5(t) + Ls(t)Sk1,s(t) + Sa,s(t)]
Ss,s(t) = Nsy[L 0 0] + 1) Se,s(0)
The Lagrange multipliers associated with the social planning problem are

determined by the following counterparts of the formulas that we described in
chapters 3 and 5:

My, oy = 26[0 T 0] Py AYy
My, oty = 26[I 0 0] Py A

M sty = Sb,s(t) = Fs,s(1)

_ [‘I’;s(t)]_l [G’h,s(t)Mh,s(t) FIL M (17.2.20)

Mg i) =
;,s(t) _Sg,s(t)

M, o) = 9%75(t)Mh,s(t) + H/s(t)Ms,s(t)
M; sty = Ok, sty Mk, st
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Formulas for the equilibrium price system can be stated in terms of the
objects defined in (17.2.20):

Py = Me s(yer [[8 Mo (1) %)
wir = [Sg s e |/ 18 Me,s ()]
rir = Ty Mase)we /[65Me s(0)21] (17.2.21)
Gy = M; gy /18, Me s (1))
af = Mg s me /[ Me o) 24

v = [Fs(t’)Md,s(t’) + A;@s(t/)}xt’/[éch,s(t)mt]

These formulas give the time ¢ price system for pricing goods to be delivered at
all ¢/ > t.

17.3. Asset Pricing

With the above formulas in hand, we can derive formulas for pricing assets.
These formulas generalize those described in chapter 5 to the case in which the
economy is strictly periodic. We begin by pricing an asset that entitles its owner
to a stream of returns in the form of a vector of consumption goods described by
Yt = Uq,s(tyTe, where U, 41 is a periodic sequence of matrices. We let a; denote
the price of this asset at time ¢. By the same reasoning applied in chapter 5,
a; satisfies

oo

a = F, Z 5hx2+hZa,S(t+h)xt+h/[équS(t)xt], (17.3.1)
h=0

where Z,; = U ;M. ;. We shall show that (17.2.5) can be represented as

at = [x;:u’a,s(t)xt + O-a,s(t)]/[éch,s(t)xt]a (1732)

where p1, 51y and o, o) satisfy
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pay = Zay + BAY Za 2 AT + B2 AV AG Z0 sASAT + -+
+OPTIAYAS - AY DAY Zap Ay Ay ASAR
ALY e A A AT ASAS
pap = Zap + BAY a1 A (17.3.3)
Ha,p—1 = Za,p—l + 6Agl_1ﬂa,pAg_1

a2 = Za2 + BAS a3 A3 o

and )
0a,1 = (3 trace(pq,2C1CY) + Boa 2

0a,2 = [ trace(pq,3C2C5) + Bog 3
(17.3.4)

Oap = B trace(pa,1C,C,) + a1
The matrix 4,1 can be computed from the first equation of (17.3.3) by using a
doubling algorithm that is described in chapter 8. Then the remaining equations
of (17.3.3) can be used to compute the remaining p, ;’s. Given the p,;’s,
(17.3.4) is a system of p equations that can be solved for the p o, ;’s.

To verify (17.3.3), (17.3.4), we can proceed as follows. Let the numerator
of (17.3.1), (17.3.2) be denoted

o0
ar=E Y Bl 7 siiimTean
' ch:O trhSasr T (17.3.5)
= x;ua,s(t)xt + Ta,s(t)

Recall the equilibrium transition laws (17.2.16):

Ti4+1 = A:(t).’llt + Cs(t)wt+1. (1319)
Evidently, (17.3.5) and (17.2.16) imply that
at = T Zq ()Tt + B Erlyy

or
Tifla,s(1) Tt + Oa,s(t) = Tt La,s(t)Tt

+BE; (A;’(t)xt + Cs(t)wt+1)’ua,s(t+1)(AZ(t)wt + Cyywis1)
+ ﬂaa,s(tJrl)
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The above equation implies that
Pa,s(t) = Za,s(t) T ﬁAZEt)Ma,S(tH)AZ(t) (17.3.6)

Oa,s(t) = ﬂga,s(t-‘rl) + ﬂtrace (Ha,s(t+1)cs(t)C; t ) (17.3.7)
(t)

Equation (17.3.4) is equivalent with (17.3.7). The first equation of (17.3.3) is
the result of recursions on (17.3.6) starting from s(¢) = 1, while the remaining
equations of (17.3.3) are simply (17.3.6) for s(t) =2,3,...,p.

This completes the verification of (17.3.3), (17.3.4).

We shall give a formula for the term structure of interest rates after we
have described the prediction theory associated with (17.2.16).

17.4. Prediction Theory

For a model with period p > 2, there are two natural alternative ways of specify-
ing the information sets upon which means, covariances, and linear least squares
predictions are conditioned. First, we can calculate moments and forecasts by
conditioning on the season. This amounts to computing different moments and
different forecasting formulas for each of the p seasons. In the appendix to this
chapter, we formally describe a sigma algebra, which we denote ZP, that con-
tains the information that corresponds to conditioning on the season. Second,
we can calculate moments and forecasts by disregarding information about the
season, which amounts to averaging data across seasons in a particular way. In
the appendix, we formally describe a sigma algebra, denoted Z, which corre-
sponds to not conditioning on the season.

In this section, we describe parts of the prediction theory for our periodic
models that correspond to conditioning on the season. In this section,the no-
tation E; ( - ) denotes a mathematical expectation conditioned on x;, under
the assumption that we are also conditioning on the information in ZP. We are
assuming that the fictitious social planner uses this information to compute all
relevant prices.

Recursions on (17.2.16) can be used to deduce the linear least squares
predictions of the state vector x;. There are p different sets of formulas for the
j-step ahead predictions of x;y; conditioned on x;, one for each season of the
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year. Recursions on (17.2.16) lead directly to

Ttk = AZ(t+k—1)A§(t+k—2) o Ag(t)xt
A rr-n Asen-2) Ay CsWirn 0 (17.4.1)

+ Ag(t+k71)CS(t+k72)wt+k—l + Cs(t+k,1)’u)t+k
Equation (17.4.1) implies
Eyripr = Adpn-1)Alrn—2) Al (17.4.2)

and

E(xtJrk - Et$t+k)($t+k - EtfftJrk)/ = ZJk,s(t)

= Ag(t+k—1)AZ(t+k—2) T AZ(t+1)CS(t)O;(t)AZEt+1) T

o/

s(t+k—2)A§Et+k—1) (17.4.3)
+eeet AZ(tJrkfl)CS(tJrk*?)C;(t+k72)AZEt+kfl)
+ Cs(t+k—1)cfa(t+k—1)

Recursive versions of (17.4.2) and (17.4.3) are available. Equation (17.4.2)
implies
Etl’t+k = Ag(t+k_1)EtIt+k—1-

Equation (17.4.3) implies

Ykost) = ALurh-1) k1,5 A(tb-1) T Cottak—1)Cogrrn—1)-

The prediction formulas (17.4.2), (17.4.3) are evidently predicated on the
assumption that we know the matrices [A9,Cy] for j = [1,...,p]. They also
assume that z; is in the information set of the forecaster.

Later in this chapter, we shall briefly describe how the Kalman filter can
be used to compute the linear least squares forecast of y;, conditioned only on
the history of observed y's, and also on ZP. We shall also describe a different
theory of prediction, which assumes that we do not know the values of [Af, Cy],
and that we cannot condition on the season, so that all that we possess is a time
invariant representation for the {x;,y:} process.
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17.5. The Term Structure of Interest Rates

In light of formula (17.4.2), the same logic that led to formula (5.65) for the
reciprocal of the risk-free interest rate on j-period loans, R;, now leads to the
following formula:

b= e Me s A -1y Airj—z) - Al e/ 8 Me sz (17.5.1)

This formula gives the price at time ¢ of a sure claim on the first consumption
good j periods ahead.

17.6. Conditional Covariograms

In this section, we present formulas for the covariance function of = and vy,
conditioned on season, i.e., conditioned on ZP. The conditional covariogram of
{z+} can be expressed in terms of the conditional contemporaneous covariance
function ¢, ((0) = Exx}|ZP via the formulas

Ca:,t(_k) = Exta:;+k Vi

= ExtxHZpAZQt)AZEtH) o Agzt—&-k—Q)AZEt-i-k—l)’ k=1

. Cot(—k) = Cm,t(O)Agzt)A§Et+1) e (17.6.1)
strk-2Asph—1), kB> 1.
To solve for the matrices ¢, +(0), we can solve the equations
Exy1xyq|IP = Ay Bray | TP Ay + Cony Cypy
or
Cri+1(0) = AZ1)ca,t (0) ATy + Cury Cypy- (17.6.2)

By solving the system formed by (17.6.2) for t = 1,2,...,p, we can determine
the p contemporaneous covariance matrices ¢z 1(0), ¢,2(0),. .., ¢z p(0). Here is
a fast way of solving this system. Iterating on (17.6.2) p times yields

Ca,t4+p(0)

__ A0 o ) ol of ol

= Alrp-1) A rp—2) - Adw) Cot(0) Al -+ Al pm2) Ad(ep-1) (1763
+ Ag(t+p+1)Ag(t+p—2) e Ag(t+1)03(t)cfe(t)A§Et+1) e gzt+p—1)

A1) Cstrp-2 Coeap—2 Astttp—1) T Cstrp—1) Co(tgp—1)-
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We compute ¢;.(0) by setting ¢, 4+,(0) equal to ¢z ((0) in (17.6.3). Equa-
tion (17.6.3) is a discrete Lyapunov equation that can be solved by a doubling
algorithm that is described in chapter 8. Once (17.6.3) is solved for ¢t = 1
to compute ¢;1(0), (17.6.2) can be used to compute ¢, ((0) for ¢t = 2,...,p.
There is one covariance matrix ¢, +(0) for each of the p seasons of the year.

Given ¢, ¢(—k) for k > 0, we can compute ¢, +y1(—k) = Eyy; ,[ZP by
using (17.6.1). We obtain

Eyty1/f+k |Ip = Gs(t)cw,k<_k)Gg(t+k); k Z 0. (1764)

Although we are starting calendar time at t = 0, ¢, (k) and ¢, (k) are
both defined for positive k so long as ¢t > k. For any such ¢, ¢, (k) =
Coi—k(—k) and ¢, (k) = cy—x(—k)’, implying that {c,(k)} and {c,.(k)}
are both periodic starting from ¢t = k. For notational convenience, we ex-
tend this construction for 0 < ¢ < k by defining ¢, (k) = cgyep(k) and
cyt(k) = cyrep(k) for any ¢ such that ¢t 4+ ¢p > k. This guarantees that the
conditional covariograms are periodic for all values of k.

17.7. The Stacked and Skip-Sampled System

The equilibrium has the system of periodic transition laws described in
(17.2.16) or (17.2.17). The equilibrium stochastic process for z; is time-varying,
albeit in a highly structured way. We have seen that conditional on knowledge
of the season, there are p covariograms, and p sets of formulas for linear least
squares predictions that apply in the p seasons of the year. Using these for-
mulas requires knowledge of the set of matrices [A},C;] for j = [1,...,p] that
characterize the transition laws (17.2.16).

In this section, we describe a time invariant representation that also char-
acterizes the system. We shall use this representation for several purposes. We
shall use it to deduce two kinds of impulse response functions or moving average
representations that can be defined for periodic models.? We shall also use it to
compute a population version of a time-invariant vector autoregression for x;.

2 Each of these impulse response functions conditions on knowledge of the season. Later
we shall describe yet another moving average representation that does not condition on season.



The Stacked and Skip-Sampled System 399

The p distinct covariograms as described by equations (17.6.1) and (17.6.4)
are conditional covariograms, meaning that they are computed by conditioning
on the season of the year. Sample counterparts of these conditional covariograms
are computed by creating p distinct averages, averaging each over observations
p periods apart. Sample covariograms can also be computed ‘unconditionally’,
i.e., in a way that ignores the seasonal structure of the transition laws. This
amounts to computing sample moments in the standard way, simply by averag-
ing over adjacent observations, namely, as 7T ~* 23:1 Yt Yp_ ;- For a periodic
model, such averages will converge as T — oo, and they will converge to well
defined functions of the parameters of the model. In particular, as T — oo,
71! ZZ;I Y1y, _,, would converge to an average of the p covariograms, namely,
p ey (k) + cy2(k) + ... + ¢y p(k)]. The convergence of these sample auto-
covariances assures the existence of a time invariant vector autoregressive rep-
resentation for ;.

We begin by defining for ¢t = 0,1,... the vector
X = pi1s Tt pras - Tyl - (17.7.1)
Evidently, we have
Xi41 = [Tpg1s Tpagzs -+ s Tyl (17.7.2)

To verify this, substitute (¢4 1) for ¢ everywhere that ¢ appears on the right
side of (17.7.1). We also define

Wi = w1, W s w0 (17.7.3)

It follows from (17.2.17) that

DXyp1 = FXy +GWyyq, (17.7.4)
where
I 0 o --- 0 0
—A9 T 0 -~ 0 0
D=| 0 -A3 I .- 0 0 (17.7.5)
0 0 0 - —A9, T

F= [8 f(ﬂ (17.7.6)
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C, 0 0 0
0 C 0 - 0

g=1. . . . . (17.7.7)
0 0 0 - Cpy

Solving (17.7.4) for X4, gives
X1 = AX 4+ CWiyy (17.7.8)

where A= D~'F and C' = D~'G. We also define the vector Y} = [Ypt—pt1s Ypt—piar -+
Yp4)- Then we have that

Y, =HX, (17.7.9)
G, 0 -+ 0
0 Gy -~ 0
where H = | . . . | . Thus we have that {Y;} is governed by the
0 0 - G,
time invariant state space system
Xip1 = AXy 4+ CWipy (17.7.10)
Y,=HX, (17.7.11)

Notice that while {z;,y;} is governed by a time varying linear state space sys-
tem, the stacked and skip sampled process {X;,Y;} is governed by a time in-
variant system. 3

From representation (17.7.10) — (17.7.9), we can use standard formulas to
deduce the moving average representation of Y; in terms of W;

=> C;Wi_;. (17.7.12)

Jj=0

The moving average representation (17.7.12) implies the following representa-
tion for the components of Y; in terms of the components of W;:

o p
Ypt—pik = ZZ (ks AWy (t—j)—pins k=1, (17.7.13)
7=0 h=1

3 In terms of the language introduced in the appendix, because S is of period p, SP is of

period one.



The Stacked and Skip-Sampled System 401

where Cj(k,h) denotes the (k,h)™ (m x m) block of C;, where m is the
dimension of y;.

According to representation (17.7.13), there are two distinct concepts of a
moving average representation, and p embodiments of each of these concepts.
The first concept is a representation of yp;—p4r in terms of current and lagged

wy’s. The response of ypr—p+x to lagged w’s is evidently given by the sequence?

{dro}220 = {Colk. k), Co(k,k —1),...Co(k,1)C1(k,p), Cr(k,p — 1),...,
C1(k,1),Ca(k,p), Ca(k,p—1),...,C1(k,1),...}.
(17.7.14)
In particular, we have from (17.7.13) that

Upt—prk = D ko Wpt—pikv. (17.7.15)
v=0

Notice that there is a different moving average of type (17.7.15) for each season
k=1,...,p.

The second concept of a moving average is the response of the {y;} process
to an innovation wpi—p4+r in a particular season k. The response of {y;} to
Wpt—p+k 15 evidently given by the sequence

{gk,u}gio = {éo(kv k)v CO(k +1, k)v cee C’o(p, k)7

_ _ (17.7.16)
Cl(l, k), 01(2, k‘), ey Cl(p, k‘), .. }

In the special case in which the true periodicity is one, it is straightforward to
verify that for any p > 1, the impulse functions constructed from the stacked
system (17.7.10) — (17.7.9) satisfy the restrictions:

i(1L,1)=05(2,2)=...=Ci(p—1,p—1) = Ci(p,p)
75(2,1) = C5(3,2) = ... = Ci(p,p — 1) = Cj1(1,p)
25(3,1) = Cj(4,2) = ... = Cja(Lp — 1) = Cj11(2,p)
(4.14)
Cilp—-1,1)=Cj(p,2) = ... = Cja(p— 2,p — 1) = Cj(p — 2,p)
Ci(p,1) = Cj1(1,2) = ... = Cijalp—2,p— 1) = Cj1a(p — 1,p)

4 Notice that by construction Cq(k,7) =0 for k < j.
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Under these restrictions, it follows that

Jkw = gj,0 forall j,k, forallv
dr, =dj, forall j,k, forallv
dro = gr forall k, forallv

Thus, in the case in which the hidden periodicity is truly one, all of the impulse
response functions defined in (17.7.15) and (17.7.16) are equal, and are equal
to each other.

However, when the hidden periodicity is truly some p > 1, there are p
distinct impulse response functions {dk.} of Ypt—pt+r to lagged w’s, and p
distinct impulse responses {gx} of {y:} to wpi—p, , for k=1,...p. In general
the {dk .} are different from one another and from the {gy . }’sfor k=1,...,p.
These differences provide a useful way of describing how the operating charac-
teristics of a periodic model with p > 2 differ from a period one model.®

Later in this chapter, we compute the impulse response functions {d .}
and {gx} for investment for a period 4 version of Hall’s model described above.
These impulse response functions are depicted in figures 17.10.1.a and 17.10.1.b.
The impulse responses are with respect to the one shock in the model, which is
a white noise endowment process. Figure 17.10.2 depicts the impulse responses
{dk} for k=1,...,4. Notice that they are smooth, but that they vary across
quarters. Figure 17.10.3 shows the impulse response {gj .} for k = 1,...,4.
They vary across quarter k, and have shapes that are jagged, in contrast to the
smooth {dj ,}’s. Notice how the amplitude of the oscillations in {dj .} grows
as v increases from v =0 to v about 30.

5 A MATLAB program simpulse performs these calculations.
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17.8. Covariances of the Stacked, Skip Sampled Process

The stacked, skip-sampled process {Y,.} is constructed to have periodicity one.
We can compute for k£ > 1,

Cr(=k) = E(V»Y, | IP) =

cy,pr(—pk) cy,pr(—pk — 1) o eypr(—pk—p+1)
Cy,pr+1(_Pk +1) Cy,pr-‘rl(_pk) o Cyopr+1l (—pk —p+2)
Cyprap—1(—PE+P—1) cyprip-1(=Ph+P=2) ¢y prip1(—ph) (i7.8.1)

An implication of the period 1 nature of {Y;.} is that C,.(—k) is independent
of r. This follows immediately from (17.8.1). In particular, we have for k > 1,

C(k) = Cy(—k)
cy,0(—pk) cy,0(—pk—1) coo cyo(-pk—p+1)
cy,1(—pk +1) cy,1(—pk) ooeya(-pk—p+2) |  (17.82)
Cy,pfl(*pk +p—1) Cy,pfl(*pk +p—-2) ... Cy,pfl(*pk)

The k£ =0 term must be treated separately. It is given by

Co(0) = B(YV,Y, | 77)

cy,pr(0) cypr(—1) o eypr(-p+ 1)
o cyﬁDT(_l)/ cy,pT+1(O) U Cy7p7‘+1(_p + 2) (1783)
Cypr(=p+1)" cypri1(=p+2)" - cyprip-1(0)

which can also be shown to be independent of r.
The covariance generating function of the {Y,.} process is given by

oo
S(z)=C0)+ Y [C(=k)z7F + C(—k) 2. (17.8.4)
k=1
It is useful to calculate the covariance generating function S(z) of {Y,} by
substituting (17.8.2) — (17.8.3) into (17.8.4). We obtain

shi(z) sla(z) sy(z) oo s, (2)
shi(2) shy(z) shy(z) - sh(2)

S(z) = | sh(2) sh(z) shi(z) - sl(2) (17.8.5)
shi(2) shy() shp(2)
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where ;
Sj,j-‘,—é(z) =cj_1(-0)

+3 leyj1(—pk —£)z7" (17.8.6)
k=1

+ ey jre—1(—pk — £)' 2],

and where the lower triangular terms of S(z) are obtained from the upper by
setting S(z) = S(z71) for z = e,

The hypothesis that {y:} is of period one places restrictions on S(z). Pe-
riod one of {y;} implies that ¢, ;(k) = ¢, 1(k) for all j. By using this equality
in (17.8.6) it can be shown that

sT1(z) = shy(z) = --- = s, (2)

s12(2) = 553(2) = "'5;];—1,17(2) = 3_13;{,1(3)

sf3(2) = sh(2) = = sl () =27l () =200 (1787)
zs] y(2) = s31(2) = s{o(2) - =] ,_1(2)

The first line of equalities in (17.8.7) asserts that the block of matrices along
the diagonal of S(z) are equal to each other, and to a folded spectrum of the

original unsampled {y;} process.
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17.9. The Tiao-Grupe Formula

Define
Ty,t(_k) = E(yty;,+k | Z).

It follows that 7, (—k) = r,1(—k) = ry(—k) for all ¢. Furthermore, by the law
of iterated expectations

ry(—k) =1y+(—k) = E[cy)t(—k) | I}. (17.9.1)

It follows from (17.9.1) that r,(—k) can be computed either by computing
covariances without skip sampling, or by averaging across covariances that have
been computed by skip sampling. That is,

ry(—k) = p Z cy,i(—Fk),

and by a law of large numbers

It is useful to derive Tiao and Grupe’s (1980) formula for the covariance
generating function of {y;}, not conditioned on season, as a function of the
covariance generating function conditioned on season. Tiao and Grupe’s formula
expresses the generating function for the covariances not conditioned on season
in terms of the (conditional on season) covariance generating function of the
stacked and skip sampled process Y;.6 We define the generating function for
the covariances not conditioned on season to be:

sy(z)= > r(k)*
k=—oc0
or (17.9.2)
sy(z)=p7" D Y ek
k=—o0 Jj=1

6 Gladysev (1960) states a formula restricting the Cramer representations for Y; and yy
that has the same content as the Tiao-Grupe formula.
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To compute s,(z), define the operator
Q(z)=[I 2I... zP711], (17.9.3)

where each of the p identity matrices in (17.9.3) is (nxn). Note that for k > 1,

Q()C(k)Q(="1)
= [ey,0(—pk) + ¢y o(—pk + Dzt 4.+ cyo(—pk —p+ 1)z Pt
+ey1(—pk+ 1Dz +cy1(—pk)+ - +cy1(—pk—p+ 2)2_p+2

+cyp_1(—pk+p— 1)21’*1 +cyp_1(—pk+p— 2)zp*2 + ...+ ey p1(—pk)]
(17.9.4a)

Notice also that for k£ = 0, we have

Q()C0)Q(z"YY =[I 21 ... z7111C(0)

= Cy,O(O) + Cy71(0) + ...+ Cy,pfl(O)
+ Z[cy,O(_l)/ + Cy,l(_l)/ +...F Cy,p72(_1)/]
+ 27 eyo(—1) +eya (1) + .+ ey pa(—1)]+

(17.9.4b)

+ 27 ey o(—p+ 1) + 2P ey o(—p + 1).

Applying (13.67) to (17.9.2) gives

sy(z)=p7" Y QR)CMQET"Y

h=—o00

sy(2) =p~'Q(2)] Z PhO(R)Q(21) (17.9.5)

h=—o00

sy(2) = p1Q(:)S(")Q(=),

where S(z) is the generating function for the {Y,} process, which is defined in
(17.7.9) and (17.8.4). Equation (17.9.5) is the Tiao—Grupe formula.
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Equation (17.9.5) shows how the generating function of the {y:} process
can be obtained by transforming the generating function of the stacked, skip
sampled process {Y,.}. Equation (17.9.5) is helpful in displaying the types of
fluctuations that will occur in a periodic process {y:}. Suppose that we were to
take a realization {y;}7_, of the {y;} process, compute the sample covariances
as

A
7(k) T t:%;rl YtYt—k (17.9.6)

and the sample spectrum as

T
slem)y = > wk)i(k)e ™ wp =, h=1,...,T (17.9.7)
k=—T+1

where w(k) is one of the popular windows. Notice that in computing (17.9.6)
and (17.9.7) we are ignoring the hidden periodicity. In large samples, #(k) given

by (17.9.6) will converge to r(k) defined in (17.9.1), and §(e~"") will converge
to s, (e7™n).

17.9.1. A state space realization of the Tiao-Grupe formulation

We now return to representation (17.7.10) — (17.7.9). We will use this
representation in conjunction with formula (17.9.3) to get a representation for
the generating function s, (z) in terms of the parameters of our economic model.
Then we shall describe how to use state space methods to factor this covariance
generating function, thereby obtaining a Wold representation for y; .

If the eigenvalues of A are bounded in modulus by unity,” then {X;,Y;}
will be asymptotically covariance stationary, with covariance generating matri-
ces Sx(z) and Sy(z) given by

Sx(z) = i Rx(k)zF

h=ree (17.9.8)
or

SX(Z) = (I— AZ)_léC'/([ _ Az—l)—l/

7 This is the condition alluded to in section 1.
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and

SY(Z): i Ry(k)zk

k=—o0

Sy(z) = HSX(Z)H/

where Rx (k) = EX,X| ,,Ry(k) =EYY, ,.
By substituting Sx(z) or Sy (z) for S(z) in formula (17.9.2), we can com-

(17.9.9)

pute the covariance generating function for the process {y;} by averaging across
covariograms for different periods. For the y; process under study here, we
have®

sy(2) = Q(2)Sy (") Q(=~")
or (17.9.10)
5,(2) = Q(z)H(I — AzP)"2CC/(I — Az"P)"VH'Q(271).
We now show how to use (17.9.10) to deduce a state-space representation for
{yt}. The first step involves recognizing that (17.9.10) is realized by the system

Ziyp = AZ, + CA'Vt+p

= ODEZ (17.9.11)

where L is the lag operator and {V;} is a vector white noise with identity
contemporaneous covariance matrix.
It is convenient to stack (17.9.11) into the first order system

Ziyp 00 0 A Ziyp-1 C
Zitp—1 I 0 0 0 Zitp—2 0
Ziyp—2 | = |0 I 0 0 Zitp=3 | + | 0 | Vigy
7 0 0 I 0 7 0
t k (17.9.12)
Zt+p71
Zt+p72

Yirp1=H | Zr4p-3

Z

8 A MATLAB program spectrs implements (17.9.10) for the equilibrium of one of our
periodic general equilibrium models.
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where

H=p?[G100...0:0G20...0:...:000 ... G,
To see why H takes this form, recall that the operator Q(L) is defined as
pSQ(L) = (I IL ... ILP™!]
=[0...0]
+[0I ... 0L+...
+[00 ... 1jLP .

This structure for Q(L) and the form of H dictates that H take the form
that it does and that the state in (17.9.12) takes the form that it does in order
to map (17.9.11) into a first-order system. Notice that the structure of H
implies that ¥, is formed by averaging over linear combinations of the first n
rows of Ziy,_r, the second n rows of Zi,_o,..., and the p'" n rows of Z,.
Furthermore, notice that according to (17.9.12), the npXnp process Z; consists
of p completely uncoupled systems, each of which depends on its own past in
exactly the same was as do the others. That is, (17.9.12) has the property that
Zy is independent of Z;_1,Z;_o,...,Zs_pt1 for all t; and that Z; is correlated
with Z;_, in exactly the same way for all £. Thus, the “state equations” of
(17.9.12) in effect describe p “parallel realizations” of the process Z;4, defined
in (17.9.11). Running p parallel processes is a way of realizing in the time
domain the randomization over laws of motion that is involved in adopting a
description of {y:} in terms of a stationary probability distribution. As noted
above, y; is formed by averaging across these p uncoupled realizations.

We can use Kalman filtering methods to derive a Wold representation for
{y:}. Modify and represent system (17.9.12) as

Zt+1 =AZ + C"Z&ﬂ

R ) (17.9.13)
yt:HZt+€t
where Z] = [Zéer,l, Zt’ﬂ),g, -, Z{] and
0 0 0 A C
I 0 0 0 0
A_lo 1 00|, ¢=1o0],
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where {‘;}} is a white noise, and where ¢ is a (potentially very small) mea-
surement error which is a white noise process that is orthogonal to {f/t} and
satisfies Fé €, = R.

To obtain the Wold representation for y; which achieves the factorization
of the spectral density matrix (17.9.10) for y;, we use the Kalman filter to
obtain an innovations representation associated with system (17.9.13). The
innovations representation is

Zyor = AZ + Ky

e (17.9.14)
Yt = H)/t + Qt,

where a; =y — Ely, |Ayt71,yt72, ) 2= E[?t | Ye—1,Yr—2, - - -,

Y =FE(Zy—Zy)(Zy — Zgt)' and where ¥ and K are the state covariance matrix
and the Kalman gain computed via the Kalman filter for system (17.9.13). The
covariance matrix of the innovations is given by Fa;a, = HXH' + R.°

17.10. Some Calculations with a Periodic Hall Model

We use a periodic version of Hall’s model as an example. The model is
identical to the version of Hall’s model described in chapters 3 and 5, except
that the productivity parameter v now varies periodically. The social planner
chooses contingency plans {c;, k¢, 4t }52, to maximize the utility functional

1 o0
- (i)Egﬁt[(Ct —b)? + 4] | Jo
0<p<1

subject to the technology
e+ i = Ysyki—1 + di, Vs(ty = 0
ki = Oiky_1 + 1y, 0<dpr <1
b1 = g, ¢1 >0, ¢1>0
g9 =1,

s(t+p)=s(t), ¥t, s(t)=tfort=1,...,p

9 These calculations are performed by the MATLAB program .



Some Calculations with a Periodic Hall Model 411

and subject to the (exogenous) laws of motion

by =30
dt = .8dt_1 + wie + 5 * (1 — 8)

We set p =4, and v = 13,7 = 1,7 = 1,74 = .08. We set ¢1 = .3,0 =
.95, =1/1.05. The only source of disturbance in the model is the endowment
shock, which is a first order autoregression. The variance of the innovation wy;
is unity.

The following MATLAB programs can be used to analyze the model.

solves.m: computes the equilibrium of a periodic model,

simuls.m: simulates a periodic equilibrium;

steadsts.m: computes the means of variables from a peri-
odic equilibrium, conditional on the season;

assets.m: computes the objects in the formulas for equi-
librium assets prices and the term structure
of interest rates for a periodic model,;

assetss.m: simulates the asset prices in a periodic equilib-
rium;
seasla.m: computes the time invariant state-space rep-

resentation for the stacked, skip sampled ver-
sion of a periodic model;

simpulse.m: computes the two different concepts of period-
dependent impulse response functions;

spectrs.m: computes the spectral density of a periodic
model, using the Tiao-Grupe formula;

factors.m: factors a univariate spectral density computed
via the Tiao-Grupe formula in order to ob-
tain a univariate Wold representation for a
single variable of a periodic equilibrium model.

We computed the equilibrium of the periodic version of Hall’s model using
solves.m. Figures 17.10.1.a and 17.10.1.b report the spectral density of con-
sumption and investment, computed by using the Tiao-Grupe formula. Both
consumption and investment display seasonality, it being more pronounced in
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investment than in consumption. This is a reflection of the consumption-
smoothing property of the model. For the impulse response functions of invest-
ment with respect to the innovation in the endowment sequence, we used sim-
pulse.m to compute the {dy,} and {gr .} sequences corresponding to the mov-
ing average representations defined in (17.7.15) and (17.7.16). Figure 17.10.3
reports {di.} . The coefficients for each quarter are smooth functions of the
lag, but they vary across quarters. Figure 17.10.3 reports {dg,}, which are
each oscillatory functions of the lag. Recall that our periodic 1 of Hall’s model
is a one-shock model, with the only stochastic source of disturbances coming
from the white noise endowment process. It follows that if we were to shut
down the periodic time variation in the productivity of capital, all of the im-
pulse response functions displayed in figure 17.10.3 and 17.10.4 would be equal
to one another.!® The discrepancies across these impulse response functions is
a convenient “window” for examining the hidden periodic structure present in
investment in this model.

Figure 17.10.4 reports the moving average coefficients associated with the
univariate Wold representation for investment, which we have normalized by
setting the innovation variance equal to unity (so that it is comparable in units
with the impulse response functions in figures 17.10.2 and 17.10.3. The coeffi-
cient at zero lag in this moving average is .7528, while the coefficients at zero lag
for the moving average kernels in figures 17.10.2 and 17.10.3 are (by quarters)
7075, 7069, .7062, .7002.'! The squared values of each of these coefficients
are the one-step ahead forecast error variances in investment, by quarter, when
we condition on knowledge of the quarter. The squared value of the coefficient
.7528 from the (time-invariant) Wold representation formed by not conditioning
on quarter is larger, as we would expect.

10 For this statement to be true in general requires checking that the first of the “two
difficulties” discussed by Hansen and Sargent [1990] is not present.
1 The zero lag coefficients are equal for both the {dj,»} and the {gj, .} sequences.
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Fig. 17.10.1.a. Spectral density of con-
sumption for a periodic version of Hall’s
model, calculated by applying the Tiao-Grupe

formula.

35

Fig. 17.10.1.b2. Spectral density of in-
vestment for a periodic version of Hall’s
model, calculated by applying the Tiao-Grupe
formula.

0.8

Figure 17.10.2: The response of the investment component
of Yp.t—p+r to an innovation in the endowment shock in a

periodic verions of Hall’s model.
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Figure 17.10.3: The response of investment to wp.t—p4s in
a periodic version of Hall’s model.
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Figure 17.10.4: The moving average coefficients for a Wold
moving average representation of investment, calculated by
factoring the spectral density of investment given by the Tiao-
Grupe formula.
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17.11. Periodic Innovations Representations for the
Periodic Model

An equilibrium can be represented as

Ti+1 = Ag(t)l't + Cs(t)th (17111)

Y = Go()Tt + €yt (17.11.2)

where y; is a vector of objects that are linear combinations of the state xy,
plus a white noise measurement error e,;. The matrix G is built up from
components of the matrices S. ) and M. ;) described above. We assume
that the measurement error €,; is orthogonal to the w1 process, and that it
is serially uncorrelated with contemporaneous covariance matrices

E ey €, = Ryqy. (17.11.3)

yt =

Associated with system (17.11.1) — (17.11.2) is a periodic innovations rep-

resentation
Tir1 = A% Ty + Kopyag
LT PemTt T R (17.11.4)
Yt = Go)Ts + ay
where j:? - E[xt | ytflw"?yla'%o]aat = Ut _E[yt | ytfla"'aylwfi‘o]a and

Easa; = Yg4y. In (17.11.4), K4 is the periodic Kalman gain. The ma-
trices {Zs(t),Ks(t)} are the p limits of the p convergent subsequences of the
Kalman filtering equations:

Et+1 = Ag(t) EtAgzt) + Cg(t)C;(t)
- A.(S)(t) EtG;(t) (Gs(t) EtG;(t) + Rs(t))_ng(t) ZtA;(t) (17115)
Kt - Ag(t)EtG/s(t) (Gs(t)ZtG;(t) + Rs(t))il.

Because the matrices [Ag(t)7 Cs(t), Gs(1)s Rs(t)] are time-varying, system (17.11.5)
will not converge. But because the matrices [Ag( £y Cs(t)s
Gty Rs(t)] periodic, there is a prospect that {X;, K;}72; will consist of p con-
vergent subsequences. This prospect is realized under regularity conditions that
typically obtain for our problems.



416 Periodic Models of Seasonality

The innovation covariance matrix associated with (17.11.4) is

Eata; = Qs(t)

B (17.11.6)
= Gs(t)zs(t)G/s(t) + Rs(t)-

Given a sample of observations for {y;}7_;, the likelihood function conditioned
in &y can be expressed as

T
L'==Tin2r—5% In|Qq
t=1

) (17.11.7)
—.5 Z CL;QS_(%)CH.
t=1

A. A Model of Disguised Periodicity

This appendix characterizes a notion of hidden periodicity in a stationary time
series, and describes a strategy for detecting its presence in a given vector time
series.'> The notion of hidden periodicity permits realizations of a stochastic
process to be aperiodic, but requires that some particular functions of the tail
of the stochastic process be periodic. As we shall see, these particular functions
are time series averages of skip-sampled versions of the underlying process. It
is averaging and skip sampling that causes the hidden periodicity to drop its 0.

Because the apparatus introduced in this appendix is abstract, we begin in
section A1l with a heuristic account that is designed to indicate the motivation
behind the formal apparatus introduced in section A2.

12 Breiman [1968] is a useful background for the material presented in this section.
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17.13. A1l. Two Illustrations of Disguised Periodicity

Let {y:} be an n-dimensional stochastic process that is observed by an econo-
metrician. We can use the Kolmogorov Extension Theorem to construct such
a process on a sample space = (R™)*°, which is the infinite product space
formed by taking copies of n-dimensional Euclidean space. A sample point in §2
can be expressed as an infinite-dimensional vector (rg,r1,...) where r; is in R”
for each j. Probabilities are then defined over the product sigma algebra gener-
ated by taking products of the Borel sets of R™. Armed with this construction,
for any w = (ro,71,...), let

Yyr(w) =74

t*® component of the sample point w = (rg,71,...).

Thus, y;(w) is simply the
An alternative way to represent the process {y:} is in terms of a shift

operator S. First, define a random variable y : Q@ — R" as
y(w) = ro.
Define the shift transformation S via:
Sl(ro,r1,72,...)] = (r1,r2,73,...).

Then because y;(w) = r;, an alternative representation of y; is
yr(w) = y[S" (W),

where S* is interpreted as applying S ¢ times in succession.
In thinking about hidden periodicity, the following example is of pedagogical
interest.

ExXAMPLE 1: Suppose that n is one and that all of the probability on  is
concentrated onto two points, say a and b. Let a be a sequence of alternating
ones and minus ones, beginning with a one. Let b be a similar sequence except
that it begins with a minus one. Note that S(a) =b, and S(b) = a.

There are many probability structures that we can impose on {2 in Example 1.
We can assign any probability between zero and one to a and the remaining
probability to b. This assignment amounts to initializing the process. Unless
we assign probability one half to each point, the resulting process will not be
stationary.
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In one sense, the initial assignment of the probability is quite irrelevant.
The {y:} process is deterministic in the sense that given knowledge of the yq,
the entire future of process can be forecast perfectly. Since the initial condition
tells the whole story, one might just as well condition on it.

However, from the vantage point of interpreting time averages of the pro-
cess, the initial assignment of probability one half to each point is convenient.
Independently of how we initialize the stochastic process, it obeys a Law of
Large Numbers. Thus, take any Borel measurable function ¢ mapping 2 into
R and form the sequence {z,} where

2t = O(Yts Y415 -+ )- (17.13.1)

Then

N—o0

N-1
lim (1/N) Y z = (1/2)z(a) + (1/2)2(b) (17.13.2)
t=0

where zg = z. The equality holds when the left-side of equation (17.13.2)
is evaluated at either a or b. When probability one half is assigned to each
point, the right side of (17.13.2) can be expressed as Ez, so that we have the
usual characterization of the limit points of sample averages as mathematical
expectations. With this assignment of probabilities, the process {y;} is both
stationary and ergodic.

For this particular example, realizations of both the original process {y:}
and the constructed process {z;} are periodic sequences. While realizations
of {y:} have period two, realizations of the constructed process {z;} can have
period one for particular choices of z;. For instance, let

2t =Yt + Yt+1-

Then for either a or b,{z:} is a sequence of zeroes and hence has period
one. More generally, for this example the periodicity of {z;} can never exceed
two. This follows from the fact that S?(a) = a and S?(b) = b implying that
2ir2(w) = 2[S?(w)] = 2 (w). Since the maximum periodicity of any constructed
process {z:} 1is two, we will say that the periodicity of S is two.

There is something very special about Example 1. Since realizations of the
original {y:} process are periodic, every constructed process {z;} turns out to be
periodic. In this paper, we are interested in more general circumstances in which
the periodicity is disquised. We do not wish to confine attention to processes {y:}
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whose realizations have an ezact periodicity. The following example embodies
what we mean by a hidden periodicity.

EXAMPLE 2: Let {w;} be an n,,-dimensional Gaussian white noise with covari-
ance matrix I. Construct an n,-dimensional stochastic process {z;} recursively
via

Tir1 = Ay + Bywi

where {(A¢, B:)} is a periodic sequence with period two, where A; is an (n, x
n,) matrix, and {B:} is an (n; X n,) matrix. Let {y:} be an n-dimensional
process generated as a time-varying function of {x;}

Yt = ft(CUt)

where {f:} is a sequence of Borel measurable functions mapping n,-dimensional
Euclidean space into n-dimensional Euclidean space. Let f; be a sequence of
period two. Realizations of {y;} will not be periodic, but will inherit a sort of
disguised periodicity from {(A:, By, f¢)}.

There are two aspects of the process {y;} that we have left unspecified,
namely zo and the periodic sequence {(A:, By, ft)}. As in Example 1, there is
flexibility in the probabilistic specification of {(A, By, f¢)}. One possibility is,
in effect, to condition on {(A¢, By, f¢)}, in which case the resulting process {y:}
will not, in general, be stationary. Alternatively, we can view {(As, By, f:)} as
emerging from a random draw from two possible sequences indexed by, say, a
and b where [A4(b), Bi(b), f:(b)] = [Ais1(a), Biri(a), fiy1(a)] for all t. As in
Example 1, if we assign probability one half to each of these outcomes, under a

restriction!®

on a matrix that is a function of A;(a) and A.(b), we can find an
initial specification of zy under which {y;} is a stationary stochastic process.
In this case, we can apply the Law of Large Numbers for stationary processes
both to show that time series averages converge and to obtain a characterization
of the limit points.

Suppose that it is possible to complete the specification in Example 2 so that
{y:} is stationary. Consider how the hidden periodicity can be characterized and

detected. Let ¢ be a Borel measurable function mapping 2 — R and form a

13 The restriction is that the matrix A in equation (4.7) below have eigenvalues that are
bounded in modulus by unity.
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scalar stochastic process {z;} via

Z;: = ,(/)(yfn Yt41,5 - - )
or (17.13.3)

zp = 2" (5" (w))
We assume that
E| 2" (w) |< +oo,

where z*(w) = 2.

In contrast to Example 1, when the periodicity is hidden, there is no neces-
sity that {z;} form a periodic sequence. Hence we must have a weaker notion
of periodicity, if the S implied by Example 2 is to be classified as periodic with
period 2. A workable notion of hidden periodicity can be formulated in terms
of a reduced class of constructed processes. Given an integer j > 1 and given
¥, define ¢ : Q@ — R, via ¢(ys, Y41 -..) = 2¢ where

N-1
2= lim (1/N) >z (17.13.4)

=0
and where the right side of (17.13.4) is defined as an almost sure limit. Note that
the process {z:} is constructed by taking time series averages of skip samples of
the process {z;} with skip interval j. Notice that z; depends only on the tail
of the stochastic process {y:}. It follows by construction that z; is a periodic
process with a period not exceeding j. The time series averages of skip samples
will reveal the hidden periodicity. The idea is to compute (17.13.4) for j =
2,3,4,..., and then to determine the period p of this sequence for each j. Thus,
in example 2, it will turn out that for j = 1,3,5,... the number p is one. For
j=2,4,6,8,..., the number p will turn out to be 2. We shall define the hidden
periodicity p as the maximum of these numbers p over j = 1,2,3,..., where
the maximum is also understood to be taken over a class of “test functions” ).

Thus, the notion of hidden periodicity in a stochastic process that we shall
use is the periodicity to be found in time series averages of skip sampled versions
of the data. In the next subsection, we develop these ideas formally, and define
hidden periodicity precisely in terms of the properties of the shift operator S
and its iterates.
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17.14. A2. Mathematical Formulation of Disguised
Periodicity

We now use the familiar formalism for stationary stochastic processes.'* As in
the previous subsection, let (€2, F, Pr) denote the underlying probability space,
and let S be a measurable, measure-preserving transformation mapping 2 into
itself.

DEFINITION 1: A transformation S is measure preserving if Pr(f) = Pr(S=1f)
for all fe F.

Let Z be the collection of invariant sets of the transformation S.
DEFINITION 2: f € F is an invariant set of S if S71(f) = f.

The collection Z turns out to be a sigma algebra of events (see Breiman), so
expectations conditioned on Z are well defined. The invariant events of the
transformation S given in example 1 are the null set and any set containing

{a,b}.

DEFINITION 3: S is ergodic if all invariant events have probability zero or one.

Notice that S in example 1 is ergodic.

Let £ be the space of random variables with finite absolute first moments,
and let M be the subspace of £ consisting of the random variables that are
T measurable. The expectation operator E(- | Z) maps £ into M. Through-
out this section, we use the common convention that equality between random
variables is interpreted formally as equality with probability one. Hence the
equivalence class of random variables in £ that are equal almost surely are
treated as one element. Similarly, for a random variable to be in M, it suffices
for it to be in £ and to be equal almost surely to a random variable that is
measurable with respect to

Z. When S is ergodic, M contains only random variables that are constant
almost surely.

A transformation S that is measure-preserving can be used to construct
processes that are strictly stationary. Let z be a random variable in £, and
construct

z(w) = 2[S9t (w)]. (17.14.1)

14 See Breiman [1968, chapter 6].
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Then {z;} is strictly stationary and hence obeys a Law of Large Numbers. The
limit point of the time series averages is given by E(z|Z). A z € £ has two
interpretations. First, it indexes a stochastic process via (17.14.1); and second
it denotes the time zero component of that stochastic process.

Our purpose is to define a notion of periodicity for the transformation S.
Suppose there exists a random variable z such that the realizations of the re-
sulting process {z;} are periodic. That is, for some j the resulting process
satisfies:

zi4j =z forall t > 0. (17.14.2)

The fact that (17.14.2) holds for a particular stochastic process is informa-
tive about the periodicity of S but falls short of determining the periodicity of
S. Notice that one can always find a random variable z such that (17.14.2) is
satisfied for j = 1. In particular, let z be constant over states of the world.
Since S is measure-preserving, z; = z for all ¢t. Heuristically, we shall define the
periodicity of S by forming a large set of periodic stochastic processes defined
as in (17.14.1) and satisfying (17.14.2) for some j, and then calling the peri-
odicity S the maximum j over these processes. Notice that all transformations
S have periodicity of at least one.

To define formally the periodicity of S, we investigate the collection of
invariant events of integer powers of the transformation S. Evidently, if S is
measure-preserving, then S’ is measure-preserving for any positive integer j.
We can think of S7 as corresponding to skip-sampling every j time periods.
Let 77 denote the collection of invariant events of S7, and let M7 denote the
corresponding subspace of £ of random variables that are 77 measurable. Any
invariant event of S is also an invariant event of S7. Consequently M C MJ.
The converse is not true, however. Consider example 1. Note that S?(a) = a
and S?(b) = b. Consequently, {a} and {b} are invariant events of S? but not of
S. In this case 7?2 = F. When M consists only of random variables that have
the same values on a and b, M? = L. Processes that are generated (indexed)
by elements of M are constant over time and hence have period one. On the
other hand, processes generated by elements of M2 can oscillate with period
two.

It of interest to obtain a characterization of M7 that applies more generally.

LEMMA 1: For any z € M7, 2, ; = 2 for all t > 0. Conversely, for any z € £
such that z; = 24, forall t > 0,2 € M for all ¢ > 0.
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Proof: Suppose that z € M7 . Then S~/ ({z € b}) = {2 € b} for any Borel set
b of R. Note that S77({z € b}) = {z; € b}. Consequently for any Borel set
b, {z € b} = {z; € b}. Equivalently, z; = z. Repeating this same argument, it
follows that z = z,.; for any positive integer 7.
Recall that S is measure-preserving, as is S'. Consequently, for any Borel
set b,
Pr({z € b} N{z14-.; € b}) = Pr({z € b} N{z;.; € b}),

Pr({z € b}) = Pr({z € b}), and Pr({ziy,.; € b}) = Pr({z,;.; € b}). Since
z = z;.;, it follows that Pr{z; = z;4,.;} =1 for any positive integer 7.

Next consider the converse. Suppose that z € £ such that z; = z.,; for all
t > 0. It remains to show that z, € MJ. The sequence of time series averages

N-1

{(L/N) D zer}
7=0

converges almost surely to z; as well as to E(z | Z7). Therefore, Pr{z; =
BT} =1. I

In light of Lemma 1, processes generated by elements of M7 are periodic
with a period that is no greater than j. We wish to use this insight to construct
a formal definition of periodicity. Let M be the closed linear space generated

by {M7}52, where closure is defined using the standard norm on £, E(] - |).

DEFINITION 4: The transformation S is said to have periodicity p if p is the
smallest integer such that MP? = M. Under this definition, random variables
in M generate periodic processes with maximum period p. Applying this
definition to the transformation S given in example 1, we verify that S has
period 2.

Next we describe an alternative way to deduce the periodicity of S. Mim-
icking the previous logic, we can show that for any positive integer 7,

M Cc M™ forr=1,2,.... (17.14.3)

It turns out that if C in (17.14.3) can be replaced by =, the period of S is
no greater than j, and in fact j must be an integer multiple of the actual
periodicity p. In other words, once skip-sampling reaches a point where further
sampling fails to increase the collection of invariant events, this point is an
integer multiple of the periodicity of S'.
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LEMMA 2: Let j be any positive integer such that M7 = MJ7 for 7 =1,2,....
Then M = M7 and S has periodicity p where j = ¢ - p for some positive
integer £.

Proof: First we show that M = M. Suppose to the contrary that there
is some random variable in M¢¢ that is not in M7. Since M/ is closed and
random variables in M are limit points of sequences of random variables in
|JMT™, there exists a positive integer 7 and a random variable z such that z
is in M7 but not in MJ. However, M7J = MJ by assumption, which is a
contradiction. Therefore M = M7 and p < j.

It remains to show that j = p-¢ for some integer ¢. Note that MP = MJ =
Me . In light of Lemma 1, random variables in M7 generate processes with
period p and period j. Let £ be the smallest integer such that £-p < j and
suppose that £-p < j. Then p > k > 0 where k = j—{-p. For any z € MP with
probability one z = 2z, = zp.p, = Zpp4k. Since S is measure-preserving, {z;} is
periodic with period k. It follows from Lemma 1 that, z € M*. Consequently,
MPF = MP which is a contradiction. This in turn implies that the period of S
is at least j — ¢ - p, which is a contradiction. Therefore j =¢-p. |

An implication of Lemma 2 is that processes generated by random variables
in M° are periodic with a period equal to j, where j = £ - p for some integer
£. Note that if S has periodicity p, then SP has periodicity one.

Definition 4 of periodicity can be applied to any S transformation that is
measure-preserving. Our interest is in the case in which S is the shift transfor-
mation described in section la. This transformation is measure-preserving by
construction as long as the probability measure induced on 2 comes from a pro-
cess {y:} that is strictly stationary. When the shift transformation is periodic
with period p, we say that the process {y:} has hidden periodicity p.

Consider again constructions (17.13.3) and (17.13.4). The processes {z:}
constructed via (17.13.4) are periodic by construction and hence it follows from
Lemma 1 (or from the Law of Large Numbers for Stationary Processes) that
the corresponding random variable z is in M. The periodicity of {z;} can, in
fact, be less than j. By choosing a sufficiently rich collection of test functions,
we can span M7. Let p(j) be the maximum periodicity over such a class
of functions. The hidden periodicity p of {y;} is then the supremum of the
sequence {p(j) : j = 1,2,...}. Lemma 2 describes a particular feature of
subsequences of {p(j):j=1,2,...}. For instance, for any j = p- ¢ for some ¢,
the subsequence {p(7-j): 7 =1,2,...} is constant. Turning this observation
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around, if one finds a constant subsequence of the form {p(7-j):7=1,2,...},
then the hidden periodicity of {y;} must satisfy j =p-¢.
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Chapter 18
Introduction to Objects

This help manual is intended to help students use the MATLAB programs
referenced in this book. To that end, it is divided into two main chapters, orga-
nized by increasing level of difficulty. This first chapter explains a little about
object oriented programming (OOP), and why it’s so useful in this context. The
second chapter applies these ideas to the construction of an economy object, and
offers a more in-depth coverage of all the features of an economy and all the nifty
things one can do with it. This second chapter also provides the user with the
tools, via examples, to invent new economies to experiment with.

Throughout, actual code and MATLAB file names will be in typewriter
font, but references to an object will not be. For example, economy.m is in
typewriter font, but when an economy is referred to, it is not. Also note that
any actual MATLAB file has a short help section at the beginning, which can
be accessed by typing help file name at the MATLAB prompt.

18.1. Matlab Objects

For those users who have not encountered OOP before, this subsection goes
over some definitions and some examples of what one can and cannot do with
objects. Of course, all examples are in the context of MATLAB.

18.1.1. Definitions
We start with some definitions of basic concepts in OOP.

Class
The relevant analogy here is that of a type. A class is a new data type that
you define. It includes not only the actual structure of the type, but also
the functions that operate on it. So, for example, suppose we define a new
class called a slde (short for stochastic linear difference equation) which is
a collection of two matrices, and we need a function on it that displays it
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in a nice way. Then both the constructor slde.m and the display function
disp.m are in the class.

Objects
An object is a run-time value which belongs to some class. If a class is a
type, an object is a variable. A variable of a given class is called an instance
of that class. For example, suppose we define a class that is a matrix. Then
the identity matrix would be an object, or an instance of the matrix class.

Hierarchy

Classes in OOP are arranged in a tree-like hierarchy. A class’ superclass
is the class above it in the tree. The classes below it are subclasses. By
convention, the root of the tree is called the “Object” class. The semantics
of the hierarchy are that any class includes all the properties of its super-
classes. In this way the hierarchy is general towards the root and specific
towards its leaves. The hierarchy helps add logic to a collection of classes.
It also enables similar classes to share properties through inheritance. Su-
perclasses are often referred to as parent classes, and subclasses are often
referred to as children.

Inheritance

A subclass inherits all of the data and functionality of its parent classes.
In particular, a class inherits all of the methods. When an object receives
a message, it checks for a corresponding method. If one is found, it is exe-
cuted. Otherwise the search for a matching method travels up the tree to
its parent and so on recursively. This means that a class automatically re-
sponds to all the messages of its superclasses. Most OOP languages include
controls to limit how the data and methods are inherited. A subclass can
also extend beyond the inherited functionality by adding data and defining
new methods.

Overriding and Overloading
A class inherits all the methods of its superclasses, but a class can choose
to respond to a message in a different way by re-defining a method. When
an object receives a message, it checks its own methods before consulting
it superclass. If the object’s class and its superclass both contain a method
for a message, the object’s method is used. In other words, the first method
found in the hierarchy takes precedence. When a subclass responds to a
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message in a different way than its superclass does, the subclass is said to
have overriden its superclass’s method—the class overrides and intercepts
the message before it gets to the superclass. When a method has more than
one definition depending on the context (i.e., it’s defined for both a class
and its parent), it is said to be overloaded. In MATLAB, most functions,
including addition and subtraction, for example, can be overloaded to be
class specific. For example, the function disp.m is overloaded for each class,
so that it displays each class properly.

Fields

A field is a component of a class which is itself a class, or predefined type.
For example, if we define a class called foo that consists of an integer and a
matrix, then foo has two fields. If we defined a child class called foo_child
that additionally has a vector, then foo_child also has two fields. The first
is the foo field that is inherited, and the second is the vector field. There
are not three fields, as the first two are subsumed into the foo field that
foo_child inherits.

18.1.2. Matlab Specifics

There are two main ways in which MATLAB departs from the structure
laid out above: accessing fields, and overloading certain functions. Additionally,
there is a specified way in which MATLAB checks for methods, which we discuss
here, as it may sometimes cause confusion.

Accessing Fields
Generally, the most direct way to access a field of an object is to call
it via foo.fieldname. When defining new objects, this method works
immediately within the functions of a class. However, to be able to do so at
the command line, two extra functions are needed in each class directory:
subsref .m and subsasgn.m. The first allows you to reference the value in
the field, so if you type foo_object.fieldname on the command line, it
returns the value contained in the fieldname field of object foo_object.
The latter function, subsasgn.m, allows you to reassign a field of an object
to be a different value. These two functions should be overloaded for every
class. They work by taking an object both as an argument and as the
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output. This will turn out to be especially handy for reassigning values in
an object in the economy class, as we will see in the next chapter.

Overloading Functions

One must be wary about overloading certain functions in MATLAB. For
example, we defined our own method sigma.m to extract the sigma field
from an economy object. However, sometimes it seems to work, and some-
times it seems to not work. We suspect that this is because there is already
a sigma function defined by MATLAB, which it does not like to override.
In general, it may be wise to try and name a function a different name,
such as sig.m, rather than overloading. One can always check for taken
names by typing help function name; if MATLAB says it cannot find the
function, it hasn’t been taken.

Calling Functions

MATLAB has a specified protocol for where to seach when a new name is
called. In the following order it looks for a: variable, subfunction, private
function, or function on the search path. A subfunction is a function that
resides in the same file as the calling function; we almost never use these.
A private function is one that is in a private directory, and hence is only
accessible to files in the directory immediately above it. An example of this
is the solve.m function in the @economy/private directory. The search
path is the predefined path along which MATLAB searches, to which we
have added paths for examples/econ and clex. For more information on
paths in MATLAB, type help path.

18.1.8. How to Define a Matlab Class

Suppose one wants to define a MATLAB class called foo. Then in a folder
called @foo there must a constructor function called foo.m. If one defines a
child class called foo_child, then there must be another folder @foo_child with
a constructor function foo_child.m. Note that when constructing a foo object,
one must be in a directory such that @foo is a subdirectory. The folders @foo
and @foo_child may both be in the same directory.

The constructor function takes inputs and assigns them to fields. Once all
fields are assigned, there is a declaration of the class, and the new object is
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returned. A short example for @foo/foo.m follows, where foo has two fields, an

integer and a matrix.

Note that it is a good idea to include some comments about what a function

does in the function definition file. In Matlab, the first comments section is

displayed when help function name is typed. The character for commenting

out a line is the percent symbol: %. The help section should include definitions of

all variables used, the first line of the function definition, and a short description

of what the function does.

function f = foo(integerl, matrix2);
% function f = foo(integerl, matrix2);

% This function is the constructor called when a new

foo object % is defined. It takes two arguments, an

integer and a matrix % and assigns them to the two fields

of a foo object.
foo.integerfield = integerl;
foo.matrixfield = matrix2;

f = class(f, ‘foo’);

To create an object called fool using the integer 5 and the matrix eye (4),

one simply types at the command line: fool = foo(5, eye(4)).

Now suppose one wants to define a class called foo_child that is a child of foo.

In the same directory as @foo create a folder called @foo_child that contains the

constructor function foo_child.m. Suppose that in addition to the two fields in
foo, one wants foo_child to have a vector field. The file @foo_child/foo_child.m

is given for reference..

function fc = foo_child(fool, vector2);
% function fc = foo_child(fool, vector2);

% This function is the constructor called when a new

foo_child % object is defined. It takes two arguments,

a foo object % and a vector, and assigns them to the

two fields of a foo_child % object.
foo_child.vectorfield = vector2;
fc = class(fc, ‘foo_child’, fool);
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Notice that, since fool is an object of the foo class, foo_child automatically
inherits from foo, and the inherited fields are filled with the values from fool.

For a more thorough introduction to defining MATLAB objects, see Chap-
ter 14 of the MATLAB manual “Using MATLAB”.

18.2. Summary

In this chapter we have defined some of the basic concepts in object oriented
programming: classes, objects, hierarchy, inheritance, overriding and overload-
ing, and fields. We then went on to point out some pitfalls of MATLAB objects:
field access and overloading. Finally, very briefly, we went over how to define a
MATLAB class.

One can now see why object oriented programming would be a valuable
tool in defining and using economies. An economy is defined to be a collection
of matrices. These divide naturally into three categories, each of which define
the information, technology and preferences structures. Thus one can create
three classes representing these structures, and have an economy class inherit
from all three. Also, most interesting operations are executed on an economy,
and with an economy class, one can simply define functions that operate on an
economy object. The exact definitions and functionality of these four classes are
discussed in the next chapter.



Chapter 19
Economies as Matlab Objects

19.1. Introduction

We describe in the first few sections the structure of the economy class starting
with the structure of the parent classes: information, technology and preferences.
Notice that the field names correspond as much as possible with the names of
matrices and vectors in the main book. We also describe the functions available
to manipulate the various objects. To get more information on any of these
functions, type help function name in the MATLAB command window. Also,
recall that the information, technology and preference divisions are introduced
in Chapter 3 of Hansen and Sargent.

The last section deals with three different ways of working with objects of
this class: using the built-in economies, mixing and matching the built-in parent
objects (information, technology and preferences) and building a customized
economy.

19.2. Parent Classes: Information

19.2.1. Structure

The first parent of the economy class is the information class. An information
object contains matrices describing the laws of motion of taste and technology

shocks.
Zey1 = Agoze + Cowpg

bt = UbZt
dt = UdZt.
An information object has four fields:

a22: The matrix Ags
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c2: The matrix Co

ub: The selector matrix U, which transforms the process z; into taste
shocks.
ud:  The selector matrix Uy, which transforms the process z; into technology
shocks.

19.2.2. Functions

CONSTRUCTION: information, a constructor function that takes as argument
the matrices a22, c2, ub, ud

19.3. Parent Classes: Technology

19.53.1. Structure

The technology class contains matrices that describe the technology of the econ-
omy :
Socy + Dygy + Piiy = Thy1 + dy

ki = Apki_1 + Opiy.
Recall that c¢; is consumption, g; a vector of intermediate goods, i; investment,
k; capital, and d; the production shock.
A technology object has six fields :

phic:  The matrix ¢,
phig:  The matrix ®,
phii:  The matrix ®;
gamma:  The matrix I’
deltak: The matrix Ay

thetak: The matrix Oy
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19.3.2. Functions

CONSTRUCTION: technology, a constructor function which takes as arguments
the matrices phic, phig, phig, gamma, deltak, thetak

19.4. Parent Classes: Preferences

19.4.1. Structure

The preferences object contains scalars 3,0 and matrices Ay, Op, A, I that
describe the preferences of the representative agent. The household technology
is:

hi = Aphi—1 + Opey

st = Ahy_1 + e

and preferences are ordered by
EO Zﬂt [(St — bt)z + ﬂ?] .
t=0

Recall that h; is a household stock of durables, ¢; is a consumption, and s;
is services from the stock of durables. The vector b; is used in the household
objective function.

A preferences object has six fields :

deltah: The matrix Ap
thetah:  The matrix O,
lambda:  The matrix A
pihh:  The matrix IIj

beta:  The discount factor 3

sigma:  The risk sensitivity o
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19.4.2. Functions

CONSTRUCTION: preferences, a constructor function that takes as argument
deltah, thetah, lambda, phih, beta, sigma

19.5. Child Class: Economy

19.5.1. Structure

The elements of an economy are contained in the parent fields: informa-
tion, technology, and preferences. An economy as a child object inherits
these three fields from its three parents (technology, preferences, and informa-
tion). In addition, an economy object has several other fields that are not
inherited, namely a set of matrices that characterize a competitive equilibrium.
These are calculated automatically when an economy object is defined and be-
come fields in the economy object. Furthermore, the function subsasgn.m for
the economy class has been defined so that whenever one changes the value
of a field of an object, the equilibrium is automatically recalculated. We shall
illustrate this useful feature below.

Chapters 4 and 6 showed that an equilibrium has the representation

0
Ti41 =A Ty + Cﬂ)t+1

yr =Gwy.
hi-1’
A A 0
h P =k A° = C = .
where Zt 1] [ 0 Ayl C
t—1

The observables and the shadow prices are in the vector y;. They are all
linear combinations of the state variables in x;. The coefficients of these linear
combinations are in the matrix G, various rows of which were denoted M; in
Chapter 4 for a price of a quantity j.

The fields containing the solutions of the resource allocation problem are
the following :
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ao : The matrix A°

endo: The eigenvalues of the block A;; of A°

exo: The eigenvalues of the block Asy of A°

nnc: The coordinate of the row of x containing a constant, if any
c:  The matrix C

sj, mj: Quantities and shadow price are stored in sixteen different fields: sb,
sc, sd, sg, sh, si, sk, skl, ss, mc, md, mg, mh, mi, mk, ms. These
correspond with the matrices of analogous names.

For example, sc is the S, of Chapter 4, which multiplies x; to yield the
optimal decision for ¢;. And mc multiplies x; to yield the Lagrange multiplier
M (the shadow price of consumption).

s_space: An s_space (state space) object containing the state space represen-
tation of the economy (QEq.sspace@). To have more information about what
a state space object is, type help s_space at the MATLAB prompt. This field
is useful for computations involving the MATLAB control toolbox.

19.5.2. Fields containing the history of the economy

An economy object contains also the history of the economy, that is an initial
condition zg. and a sequence of shocks {w;}L_,. (The sequence of shocks can be
initialized at a null matrix, and has been in our sample economies. We include
it as a potential field because it can be useful for generating simulations.) This
information is stored in the following fields:

hinitial: The initial condition for the household capital goods
kinitial: The initial condition for the capital stock
zinitial: The initial condition for the information process

shocks : The sequence of shocks in the information process
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19.5.3. Functions

19.5.4. Constructing the object and changing parameters

This part will be detailed in section 3 where we will explain what sequence of
commands is needed to construct an economy object. For the time being, we
simply list the functions :

CONSTRUCTION: economy, a constructor function that takes as arguments an
information object, a technology object and a preferences object.

DISPLAY: A function disp which display the structure of the economy

19.5.5. Analyzing the economy

STEADY STATE: A function steadst to compute the steady state of the model.
This uses the resource allocation solution fields.
ASSET PRICING:

A function asset_price to compute and simulate the price of an asset with
payoffs that are linear combinations of the state variable of the economy

A function riskprem to compute the risk premium on an asset
A function sure4j to compute the prices of a j-period sure claim on con-

sumption

SIMULATION: A function simulate to compute and graph time path for the
observables and shadow prices.

REOPENING MARKETS: A function reopening to compute and graph the time
path of prices in markets that reopen every period

IMPULSE RESPONSE: A function impulse to compute and graph the impulse
response of the observables and shadow price to the shocks hitting the economy

ARMA REPRESENTATION: A function arma_rep to compute the arma represen-
tation of the
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SPECTRAL DENSITY: A function spect to compute and graph the spectral den-
sities of the observables and shadow prices.

19.6. Working with economies

19.6.1. The built-in economies

You will find in the directory examples/econ a series of script files which build
standard economies — most of them described in the book. A typical script file
is named economy_name.m. MATLAB will build the economy when you type
economy-name.m at the command line. The program will create the following
variable :

eeconomy_name: an economy object

19.6.2. Mixing and matching built-in parent objects

By using the built-in economies, your freedom is very restricted: you cannot
set any structural parameters, the only thing you can modify is the history of
the economy.

To give more freedom to your experiments, we have constructed some stan-
dard structures corresponding to the examples given in chapter 3. You can mix
and match them and set some of their parameters.

TECHNOLOGY You will find in the directory examples/tech functions which
create the technologies given as examples in chapter 3. A typical function is
named techj.m. By typing help techjyou will get a description of the param-
eters you are free to set. Note that all these parameters have default values.
You build a technology by typing name_of-tech = techj(parameters)

PREFERENCES You will find in the directory examples/pref functions which
create the preferences given as examples in chapter 3. A typical function is
named prefj.m. By typing help prefjyou will get a description of the param-
eters you are free to set. Note that all these parameters have default values.
You build a technology by typing name_of-pref = prefj(parameters)
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INFORMATION You will find in the directory examples/info functions which cre-
ate information processes, most of them following the examples given in chapter
2. A typical function is named infoj.m. You will have to specify parameters
of an underlying stochastic linear difference equation and extractor matrices ub
and ud. This is a delicate step: you have to make sure that those matrices are
comformable in columns with the process z; and in rows with the consumption
services vector (for ub) or with the technology shocks vector (for ud). Having a
look at the script files in examples/econ can be useful, although the information
constructor is designed to warn you when your matrices are not conformable.

Economy After you have built the three parents objects info, tech and pref
you are ready to create their child, the economy object. To do so you simply
type econ_-name = economy(i,t,p) and a new economy will be born.

You will probably immediately want to reset the initial conditions for the
h_1,k_1, 29, which the economy constructor sets at vectors of 1’s as their de-
fault values. The initial conditions can be assessed from the economy object by
typing econ name.hinitial, econ name.kinitial, and econ name.zinitial,
respectively. To reset zy, for example, type econ name.zinitial = [ 56 2 0
1’. You can also directly reset other objects of any of the three parent ob-
jects (preferences, technology, or information), which will then be automatically
inherited by the child economy object. We’ll describe how to do this soon.

19.6.3. Bwilding your own economy

In the directory examples/econ there is a script file blank.m which may be
useful in building your first economies. Just fill in the blanks (the null matrices)
with conformable matrices and run the script file; you’ll be ready to experiment
with your new economy.

% Creates an economy with null matrices everywhere.

% Required dimensions are given in comments.

%%t Technology %%k

deltak=[] ; % nk by nk

thetak=[]; % nk by n_i

phic=[]; % m by n_c

phig=[] ; % m by n_g

phii=[]; % m by n_i
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gamma=[] ; % m by nk

%%t Preferences %kl

deltah=[]; % nh by nh

lambda=[]; % n-s by n.h

thetah=[]; % nh by nc

pih=[]1 ; % n.s by nc

beta=; % scalar

sigma = 0; % scalar

%h’% Information %%%

a22=[]; % n.z by nz

c2=[1; % nz by nw

ud=[]; % nd by n_=z

ub=[]; % nb by n=z

%%t Construction %hk

iblank = information (a22, c2, ub, ud);

tblank = technology (phic, phig, phii, gamma, deltak,
thetak) ;

pblank = preferences (deltah, thetah, lambda, pih,
beta, sigma);

eblankl = economy (iblank, tblank, pblank);

eblankl.hinitial = [];
eblankl.kinitial = [];
eblankl.zinitial = [];

clear iblankl tblankl pblankil;
clear phi gam sigma beta;

clear a22 c2 u* phix;

clear gamma del* the* lambda pih;
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19.7. Tutorial

Our object oriented programs are contained in a directory called hansarl that
contains various subdirectories. Say that you keep the directory hansarl in
the location c:\projects\hansarl. After you start MATLAB type addpath
c:\projects\hansarl then type startup. To read one of our existing economies,
type for example clex11l. The object eclex11 is then created. Type eclex11
to display it. Then to conserve notation rename the economy object sim-
ply e by typing e=eclex11l. To access one of the fields of the economy e, a
child object, type e.j where j is one of the economy fields described above,
namely, ao, ¢, endo, exo, sv, mv, hinitial, kinitial, zinitial, where v denotes
one of the variables ¢, i, h, k. To assess one of the parent objects, type ei-
ther e.information or e.technology or e.preferences. To assess one of the
fields of one of the parent objects, type either e.information.j where j=a22,

c or e.preferences. j where j= lambda, deltah, pi, thetah,beta, sigma
or e.technology.j where j = deltak, thetak, gamma, phig, phii, phic.

To reset an element of a parent object, type for example e.information.a22(2,2)

= .4, a command that sets As3(2,2) = .4, and that then recomputes all of the
equilibrium objects in the child economy e.



Chapter 20
MATLAB Programs

This chapter consists of a manual of MATLAB programs that implement the
calculations described in earlier chapters. Many of the programs use programs in
MATLAB’s Control Toolkit. You should load our programs into a subdirectory
of MATLAB, and put this subdirectory on the matlabpath statement in your
matlab.bat file.

There is a demonstration facility for some of our programs, which supplies
a small course on how to use many of our programs. To use this program, just
get into MATLAB, type hsdemo, and choose one of the options that the menu
offers you.

20.1. Matlab programs

Our ordinary MATLAB programs are available via ftp at
< ftp://zia.stanford.edu/pub/~sargent/webdocs/matlab/hansar /hansarprograms.zip > .
Our object oriented programs are available at
< ftp://zia.stanford.edu/pub/~sargent/webdocs/matlab/hansarobjects.zip >
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aarma

Purpose:
Creates arma representation for a recursive linear equilibrium model.

Synopsis:

[num,den,p,z]=aarma(ao,c,sy;i)

Description:

The equilibrium is computed by first running solvea. The equilibrium is
Tip1 = A0 Ty + € Wigq

A vector of observables is given by

Yt = SY T,

where sy is formed to pick off the described variables. For example, if we want
yr = [c},1;], we set sy=[sc; si]. aarma creates num and den, which pertain to the
representation

den (F)y, = num (F)w;,

where F is the forward shift operator defined by Fy; = y¢4+1. This is an arma
representation for the response of y; to the i-th component of w;. num(F) and
den(F) are each stored with the coefficients being arranged in order of descending
powers of F'. The poles (zeros of den(F)) are returned in the vector p. The zeros
of num(F) for each variable are returned in a column vector z, where each column
corresponds to a variable.

References:
[1] Hansen, Lars Peter and T.J. Sargent, Recursive Linear Models of Dynamic
FEconomies, manuscript, Dec. 1988.
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aggreg

Purpose:
Computes state space representation of sampled (time aggregated) data.

Synopsis:
[ A4,, C,, aa, bb, cc, dd, V1] = aggreg (A,C,G,D,R).

Description:
The underlying model is

Ti41 = A(Et + thJrl

yr = Gy

where w41 is a martingale difference sequence. Error ridden observations on y
are available only every r periods. The state space model for the data is then

Tg+1 = Arxs + Orwrs—i-l
Ys = st + vs

Vi1 = Dvs + usq1

where s = t-r, Buyu; = R, A, = A", C, = I, Bww)., = V.V, = CC'+ACC' A+
-+ AT"1CC'A’ "1, The program uses innov to create an innovations represen-
tation for the sampled process {y;,t = 0,r,2r,3r,...} = {ys,s = 0,1,2,...}.
varma2 can be used to compute an arma representation for the sampled data.

References:
[1] Hansen, Lars Peter and T.J. Sargent, Recursive Linear Models of Dynamic
FEconomies, manuscript, Dec. 1988.
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aimpulse

Purpose:
Computes impulse response function for a recursive linear equilibrium model

Synopsis:
[z]=aimpulse(ao,c,syii,ni)

Description:
The equilibrium is computed by first running solvea. The equilibrium is

Ti41 = A0 Tt + € Wit

A vector of observables is given by

Ye = Y Ty

where sy is formed to pick off the desired variables. For example, if we want
yr = [c}, 5], we set sy=[sc;si]. aimpulse computes the impulse response of y; with
respect to component ii of y; for ni periods.

References:
[1] Hansen, Lars Peter and T.J. Sargent, Recursive Linear Models of Dynamic
FEconomies, manuscript, Dec. 1988.
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asimul

Purpose:
Simulate a recursive linear equilibrium model

Synopsis:
asimul, a script file. The outputs of solvea must be in memory, as must the matrix

sy and the integer ¢;.
Description:
The equilibrium is
Ty = A%z + Cwigq

A vector of observables y; obeys

Yt = Y * T,

where sy is to be specified by the user. If we want y; = (¢} i})", we would set sy
=[sc; si]. asimul computes a simulation of y of length ¢; and stores the output
in the matrix y.

References:
[1] Hansen, Lars Peter and T.J. Sargent, Recursive Linear Models of Dynamic
Economies, manuscript, Dec. 1988.
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asseta

Purpose:
Computes and simulates asset prices for a recursive equilibrium model.

Synopsis:
asseta is a script file which requires that pay and nt, as well as the output of solvea,

reside in memory.

Description:

Run solvea and asimul first. An asset pays out a stream of returns

Yt = pay * Ty

where pay is a vector and where x; is governed by the equilibrium law of motion
Tip1 = A%z + Cwipr

The asset is priced by

o0
asset price at t = E; Z B0y iyt
t=0

The program computes the intertemporal marginal rate of substitution, the pay-
off, the asset price, and the gross rate of return on the asset. A similation of
these of length nt is stored in y. The program also calculates the prices of claims
on sure j-period forward consumption for j =1,2,5. A simulation of length nt
of these for j =1,2,5 are stored in R1, R2, and R5, respectively.

References:
[1] Hansen, Lars Peter and T.J. Sargent, Recursive Linear Models of Dynamic
FEconomies, manuscript, Dec. 1988.
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assets

Purpose:
Creates matrices and scalars needed to price an asset in a strictly periodic
equilibrium model of period p.

Synopsis:
assets is a script file. solves must be run first and its output must be in memory.

Description:

An asset with payoff pay; = U, *x; is to be priced, where z; is the state vector
for a dynamic linear equilibrium model that is periodic with period p. The asset
price a; is given by

Tt = [x;/’ba,s(t)xt + Ua,s(t)]/[ij : Mc,s(t)l‘t}-

This program computes the matrices p, ;) and the scalars o, o) for
s(t) =1,2,...,p. These matrices and scalars are stored in memory. To simulate
the asset price, use the program assetss.

See also:

simuls, assetss.
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assetss

Purpose:
Simulates asset price and term structure of interest rates for a strictly periodic
equilibrium model with period p.

Synopsis:
assetss is a script file. The programs solves, simuls, and assets must be run
first and their outputs must reside in memory.

Description:
A simulation is constructed for the asset priced in assets. The term structure of
interest rates is also computed.

The output of the simulation is returned in the vector y, which equals [mrs,
pays, as, ret]. Here mrs is the marginal rate of substitution at time, pays is the
payoff of the asset, as is the price of the asset and ret is the return on the asset.
The prices of risk free claims on comsumption 1, 2, and 5 periods forward are
returned in R1, R2, R5, respectively.

See also:

simuls, solves, assets
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assetx

Purpose:
Computes and simulates asset prices for a recursive equilibrium model with
Gaussian Exponential Quadratic specification.

Synopsis:
assetx is a script file which requires that pay and nt, as well as the output of

solvex, reside in memory.

Description:

Run solvex and asimul first. An asset pays out a stream of returns
Yt = pay * Tt
where pay is a vector and where z; is governed by the equilibrium law of motion
i1 = A%z + Cwigq

The asset is priced by

o0
asset price at t = F, Z 5tp§+jyt+j .
t=0

The program computes the intertemporal marginal rate of substitution, the pay-
off, the asset price, and the gross rate of return on the asset. A similation of
these of length nt is stored in y. The program also calculates the prices of
claims on sure j-period forward consumption for 7 = 1,2,5. A simulation of
length nt of these for j = 1,2,5 are stored in R1, R2, and R5, respectively.

See also:

asseta, solvex

References:
[1] Hansen, Lars Peter and T.J. Sargent, Recursive Linear Models of Dynamic

Economies, manuscript, Dec. 1988.
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avg

Purpose:
Prepares linear system for analysis of aggregation over time with “integrated”
or “summed” data

Synopsis:
[AA,CC) = avg(A,C,m)

Description:
The state x; evolves according to

Ti41 = Az + Cwipy
Let z, =[x}, 2} _1,...,2}_,,41]"- Then z evolves according to

zt41 = AAx 2 + CC x wyyq

where 4 0 0
o
I 0 --- 0 0
AA: O I A 0 ’CC: :
: : .o 0
0o --- I 0

The program forms AA and CC.

See also:
aggreg
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canonpr

Purpose:
Computes canonical representation of preferences.

Synopsis:
[lamh, pihh] = canonpr (beta, lamba, pih, deltah, thetah)
Description:

The program computes a canonical representation of preferences by solving the
auxiliary consumer choice problem, maximize

1 o0
t
—iEo;ﬂ St * 5¢

subject to
ht = Aphy_1 4 Opey

sp = Ahi_q + e,
hi given. The solution is a feedback rule ¢; = —Fhy;_1 where F = (II'Il 4+
BO + h'POL)~1(5O}, PAy, + II'A), and where P is the nonnegative definite P

that solves the algebraic Riccati equation for the problem. A canonical (A, f[)
is chosen for the equations

>

M 'A=F
'l = (I + 5O}, POy,).



456

MATLAB Programs

clex 10, 11, 13, 14, 18, 35, 101c, 101f

Purpose:

Read in matrices defining an economy.

Synopsis:

clex*.m is always a script file.

Description:

Each clex~m file creates a list of matrices ®., ®4, ®;, I', Ay, @, Ay, @y, T,
I, Ass, Uy, Up, and Uy that define an economy. The economies are as follows:

clex 10
clex 11
clex 13
clex 14
clex 18
clex 35

The Jones-Manuelli examples of chapter 3.

Hall’s model of chapter 3.

Hall’s model with higher adjustment costs.
Lucas’s model of chapter 3.

The “seasonal preferences” model of chapter 7.
The “heterogeneous agent” example of chapter 6.

clex 101c The hog model of chapter 8.
clex 101f The corn-hog model of chapter 8.
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compn

Purpose:

compn creates companion matrix.
Synopsis:

[B] = compn]a]

Description:
The companion matrix B of the 1 x n row vector a is defined as

ap az Gp—1 an
1 0 0 0
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disthet

Purpose:
Compute equilibrium of general equilibrium with two types of households, ex-
ternalities, distorting taxes, and exogenous government expenditures.

Synopsis:
disthet is a script file. All matrices must be in memory.

Description:

disthet computes a competitive equilibrium of a distorted heterogeneous econ-
omy. Two types of agents live in an economy with a government. There are
externalities. Type i agent’s problem is to maximize:

Eo—0.5{3_ B'[(s4(t) — bilt)) - (si(t) — bs(t)) + L:(1)?]}

t=0
subject to:

si(t) = Aphi(t = 1) + Njox Hi(t — 1) + Az Ha(t — 1)
+IL1ci(t) + i Ch (t) + I3 Ca(2)
hi(t) = Apixhi(t — 1) + Agpn Hi(t — 1) + ApinHa(t — 1)
+ Onici(t) + Omi1Ci(t) + OminCa(t)
E{Y 208 +7e)p(t) - i(t) — (1= m)w(t)li(t) — alt) - di(t)
— fix (Pa(t) + Pa(t) = To(t)]}Io — vo * koi = 0
where s;, h;, 0, c;, T, P; are consumption services, household capital stock, la-
bor, consumption, government transfer of type i agent and firms of type i’s

profit at t, i=1,2. Capital letters denote aggregate variables. 7; is tax on j,
j=c,Lk,i. Firms of type 1’s problem is to maximize expected profit:

EY {B'p0)e(t) + E®] +a(t) - i(t) = r(t) - k(t = 1) — a(t) - d(t) — w(t)e(t)]}

subject to:

Be(c(t) + B(t)) + yi(t) + Pyg(t) = Tpk(t — 1) + T # K (t — 1) + d(t)
g(t) - g(t) = £(t)°
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where ¢(t) = ¢1(t)+c2(t), and similarly for d(t),4(t). E(t),g(t) are government
spending and intermediate goods, respectively. Firms of type 2’s problem is to
maximize expected profit:

EY B =m)r(t) - k(t —1) = (I +7)q(t) - i(t)] = vo * ko
t=0
subject to:
k(t) = Agk(t — 1) + AgK(t — 1) + Ogi(t),

where kg = ko1+ko2. The state vector in this program is defined as [z(t); z(t); h1(t—
1);h2(t —1); k(t — 1)].
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dog

Purpose:
Compute ‘mongrel’ (i.e., non-Gorman) preference ordering over aggregate con-
sumption for two households.

Synopsis:
function[Deltah, Thetah,Lambdah,Pih,Am3,Bm3,Cm3]=dog(alpha, beta,lambdal,
pihl, deltahl,thetahl,]Jambda2,pih2,deltah2,thetah2, a22,c2,ubl,ub2)

Description:
Computes the canonical mongrel service technology for two households with pa-
rameter alpha (the Pareto weight on the first consumer). The mongrel household
technology is
H(t)=ApH(t— 1)+ O c(t)
s(t)=AH(t — 1) + ()

The mongrel preference shock is given by the series connection of the three state
space systems (A1,B1,C1,D1), (AA,BB,GG,HH), (Ap, O, A, II). We calculate
a system representation (Am,Bm,Cm,Dm) for the mongrel shock. The mongrel
shock is thus described by

Z({t+1)=Am2Z(t) + Bm3w(t+1)
bb(t) = Cm3 Z(t).

In using this program, it is important to set the initial condition for the state
appropriately. The given initial conditions for h01 and h02 are loaded into the
SHOCK process, and the initial conditions for the MONGREL h01,h02 are set
to zero.

Type [Amm,Bmm,Cmm,Dmm]|=minreal(Am,Bm,Cm,Dm) to find minimal re-
alization for preference shock.
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doubleo

Purpose:

Computes time invariant Kalman filter or time invariant linear optimal control.
Synopsis:

[K,S] = double (A,C,Q, R)

Description:

The program creates the Kalman filter for the following system:

Ter1 = Axe + e
yr = Cwy + vy
where Eet“egﬂ = @, Evw; = R, and v, is orthogonal to e; for all ¢ and s.

Here Aisnxn, Ciskxn, Qisnxn,and R is k x k. The program creates

the observer system
Tpy1 = ATy + Kay

yp = Oy + ay,
where K is the Kalman gain, and S = F(x; — &4)(x; — &)’ where &y = Fay |

Ytr1Yi—2,---- Also, ap =yr — Bye | Y11, Y1-2, - - .-
By using duality, the program can be used to solve optimal linear control

problems. Let the control problem be to choose a feedback law u; = —Fx; to
maximize
o0
— > _{#iQus + uRui}
t=0
subject to

211 = A'zy + Bluy,
with ¢ given. The optimum control is then given by F = K’ where
[K,S] = double (A, B,Q, R)
and where the optimal value function is z;Sx;.
The doubling algorithm is used to compute the solution.

See also:
mult and double3.

References:
[1] Anderson, B.D.O., and J. Moore, Optimal Filtering, 1979, p. 160.
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doublex

Purpose:
Solves recursive undiscounted Gaussian Quadratic Exponential control problem.

Synopsis:
[K,S,ST] = doublex (A,C,Q, R,c, sig)

Description:

This program uses the “doubling algorithm” to solve the Riccati matrix dif-
ference equations associated with the undiscounted quadratic-Gauusian linear
optimal control problems. The control problem has the form

S(t) = fgg@@)'@ﬂﬂ +u(t) Ru(t) + (2/0)log By exp(0/2)S(x(t + 1))},
subject to
x(t+1)=A'z(t) + C'u(t) + cw(t + 1),

where w(t+1) is a Gaussian martingale difference sequence with unit covariance
matrix. The program returns the steady state value function in S. The optimal
control law is u(t) = —K’ * x(t) The program also returns ST, which

is the quadratic form in E; exp(sig/2)S(xz(t + 1)).

See also:

mult and double and solvex.

References:
[1] Anderson, B.D.O., and J. Moore, Optimal Filtering, 1979, p. 160.
[2] Jacobson, D.H. “Optimal stochastic linear systems with exponential perfor-
mance criteria and their relation to deterministic differential games.” IEEE
Transactions on Automatic Control, AC-18, 124-31.
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doublej

Purpose:
Computes infinite matrix sums of squares.

Synopsis:
V = double (a,b1)

Description:
The program computes the infinite sum V' in

(o]
V= E ajbra’’,
Jj=0

where a; and b; are each n X n matrices. The program iterates to convergence
on the following doubling algorithm, starting from Vy = 0:

15 = a1j—1 *aij—1

Vi=Vo1+ayj_1*Vj_1xa15-1.

The limiting value of Vj; is returned in V.

References:
[1] Hansen, Lars P. and Thomas J. Sargent Recursive Linear Models of Dy-
namic Economies, manuscript, Dec. 1988.
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doublej2

Purpose:
Computes infinite matrix sums of squares.

Synopsis:
[V] = doublej2 (ay,by,az,b2)

Description:
The program computes the infinite sum V' in

V =>"aj(bibo)a}
j=o

where a1 and ay are each n X n matrices, by is n x k and by is kK x n. The
program iterates to convergence on the following doubling algorithm, starting
from Vp =0:

a1j = A15—-1 * A15-1

a5 = Ag5—1 * A25—1

Vi =Vi_1+a—1Vj—1az;-1.

The limit point is returned in V.

References:
[1] Hansen, Lars P. and Thomas J. Sargent Recursive Linear Models of Dy-
namic Economies, manuscript, Dec. 1988.
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double3

Purpose:
Raw doubling algorithm for raising a symplectic matrix to higher and higher

powers.
Synopsis:
[aa,bb, gg] = double3 (a,b,g)

Description:
The algorithm iterates to convergence of g; in the following recursions:

ajr1 = a;(I+bjg;) " g
gi+1 = gj + ajg; (I +bjg5) " a;
bj+1 = bj + a;(I +bjg;) ™" bjaj
where a;,b;, g; are each n x n matrices. If we let E;, be the symplectic matrix
-1 -1
a; a;b;
1

- —1
gjaj a; + gjaj bj

then E; = (Ey)? .

References:
[1] Anderson, B.D.O., and J. Moore, Optimal Filtering, 1979, p. 160.
[2] Hansen, Lars Peter and T.J. Sargent, Recursive Linear Models of Dynamic
FEconomies, manuscript, Dec. 1988.
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heter

Purpose:
Computes allocation to an individual who lives within a recursive linear equi-

librium model.

Synopsis:

heter is a script file. The program solvea must be run first, and its inputs and
outputs must be in memory. The matrices US and U}, and the scalars k0i, h0i,
and tol > 0 must all be in memory.

Description:
The consumer maximizes

1 > , . ) )
—(g)Et;ﬁt[(si—bé)-(si—bi)H?], 0<p<1

subject to ‘ ‘ ‘
sy = Ah;_ +1lc;

h; = Ahhi_l + @hci

EY p'pic;| I, =EY B (wit; +afd}) | I,
t=0

t=0
+ Uokil
di = Uz

where k' | = k0i, h' | = h0i are parameters to be fed in. The matrices U} = udi
and U} = ubi must also be fed in. The

parameter tol > 0 must be fed in. The program computes the optimal
solution for consumer i in the form ¢} = Sizy, hi = Sixy,si = Sixy, bl =
Sizy,di = Sizy, where m; is the state variable of the economy augmented by
the state variables kj_;, h;_; ideosyncratic to the individual. The program also
computes the aggregate allocations ¢; = S¢x¢, hy = Sjiw,, and so on. The indi-
vidual allocations are determined by the matrices sci, shi, ..., which are placed
in memory. The aggregate allocation are placed in the matrices sca, sha, ...,
which are placed in memory.

Algorithm:
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See Hansen and Sargent, Chapter 6

See also:

simulh
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innov

Purpose:
Compute the innovations representation for a recursive linear model whose ob-
servations are corrupted by first-order serially correlated measurement errors.

Synopsis:
[aa,bb, cc,dd, V1] = innov (ao,c, sy, D, R)

Description:
The model is assumed to have the state space representation

__ o
Ti1 = A" Tg + CWyypq
Yr = SyTe + €141
where w; is a white noise with Fw,w;’ = I and e; is a measurement error

process governed by
et+1 = Dep +

where 7; is a white noise with contemporaneous covariance matrix R. The
matrices R and D must each be m x m where [m,n] = size(S,). The program
forms the innovations representation for y;,

2t+1 = aaét + bbut

Yy = cczy + dduy

where ut = yryr1 — Elyes1 | Ut Ye—1, - . -], and Eugup = V7.

Algorithm:

w=[go o] = [4]
cc=10 I],dd = [0],

where k1 is the Kalman gain associated with the Kalman filter for the original
system.

References:
[1] Sargent, Thomas, “Two Models of Measurements and the Investment Ac-
celerator,” Journal of Political Economy, April 1989.
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mult

469

Purpose:
Multiplies two symplectic matrices.

Synopsis:
[a7 b7 g] = mult (ala blv g1, a2, b27 92)

Description:
A symplectic matrix F; is represented in the form

-1 -1
a; a; b
(*) Ei = -1 ’ =1y

gia; a; + gia; b;
We desire to form E = E3FE;. We can compute
a=ax(I+big2) '
9=g1+ajg2(I+biga) 'ay
b= by + ax(I + bigs)~'bras,

and represent E as in representation (x).

References:

[1] Anderson, B.D.O., and J. Moore, Optimal Filtering, 1979, p. 160.
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seasla

Purpose:
Creates a time invariant representation for a strictly periodic, time varying linear
equilibrium model

Synopsis:
seasla is a script file, which requires that the output of simuls reside in memory.

Description:
Let z; be the state vector for a strictly periodic seasonal process of period p.
Let X{ = [T pi1>Tpt—pias- -+ Tp)- The law of motion for X; is

Xt+1 - AXt + éWt+1

where Wy is a vector white noise and A and C are defined as simuls. The
spectral density matrix of the X, process is given by S(z) = (I—AZ)"*CC'(I—
Az )~Y. Embedded in the spectral density matrix of the stacked process X;
are the spectral density matrices s1(z),s2(2),...,sp(2) for the periodic pro-
cess {x;}. The process x; whose spectral density is defined to be s(z) =
p '3 % _1 sk(z). It can be shown that

(+) 5(2) = p Q)T — A=) 1 EC (I — APy,

where Q(z) = [I zI--- 2P~1I]. A state space representation for a process x;
with spectral density matrix (*) is

Yipp = AY, + CVisy

(1 z =p "Q(L)Y,

where V; is a vector white noise with identity covariance matrix.

The program seasla creates the spectral density for a univariate process that
is a linear function of the state. Let the process be ¢; = scyy)z¢. We form the
time invariant, averaged process, as ¢; which is determined by the system

Yiep = AV, + OV,

) o =p 'Qc(L)Y;

where Q.(2) = [scy & scaz @ -+ iscp2PT Y.
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The program maps into a first-order system, then deduces the impulse
response of ¢; with respect to innovations V; corresponding to representation
(). This is stored in z;. The program also uses the Kalman filter to obtain
an innovations representation corresponding to (f), and returns the impulse
response of ¢; with respect to the innovation in ¢; in the vector zs.

See also:

simuls, assets, assetss
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seasl

Purpose:
To aid in creating the matrices that define a periodic recursive linear equilibrium
model.

Synopsis:
seasl.m is a script file.

Description:
seasl creates matrices @ g1y, Pys(r), Pis(r)s Lst)r Drs(t)s Dns(r), A22s(t)> Cs(t)s
Drst), Phs(r)s As(r), and I,y that are needed to define a periodic linear re-
cursive model. It creates time invariant versions of these matrices as follows. It
first reads in ®., ®;, @y, I,
Ak, Ap, Aos, C, Pp, Py, A1 and II for a time invariant economy. Omne of our
clex*.m files can be used to read in such matrices. Then seasl simply sets the
matrices ®.4;) = ¢, and so on.

To create a periodic model, the user may find it useful to run seasl first, and
then to modify the resulting time invariant setup, rather than building up all
of the matrices from scratch. In a typical periodic model, many of the matrices

may in fact be time invariant.

See also:

solves.m
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simpulse

Purpose:
Creates different impulse response functions for a periodic linear equilibrium
model.

Synopsis:
simpulse is a script file. solves must be run first, and its outputs must be in

memory.

Description:
A stacked version of a periodic model has state space form

X1 = AX; 4+ CWipy

Y, = HXq,
[ / / / (A / / [ /
where Xt - [‘Ttp—p+1a xtp—p+27 R 7xtp]v }/t - [ytp—p-l-la s 7ytp]7 Wt - [wtp—p-i—l?
..., wy,] and where A, C, are as defined in simuls.

This program first uses dimpulse to compute the impulse response function
of the stacked system (). From this impulse response function, it forms two
impulse response functions for the periodic process y;. First, it computes {dj_ ., }
in the representation

o0

Ypt—p+k = E dk,vat—p+lc—v-
v=0

This is the response of ypi—pt+r (i-e., y¢ in a particular season) to lagged w’s.
Second, the program computes the {hj,} that give the response of {y;} to
Wpt—p+k (6. an innovation in a particular season). The value of p must be in
memory. The program prompts the user for the index of the innovation whose
response functions are to be computed.

See also:

solves, simuls
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simulh

Purpose:
Simulates allocation of individual ¢ who lives within a recursive linear equilib-

rium model.

Synopsis:
simulh is a script file. heter must be run first and its output must be in memory.

Description:

The user is asked to specify which series he wants to simulate; e.g., to simulate
the consumption allocation to agent ¢ and the aggregate consumption allocation,
respond [sci; scal .

See also:

heter
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simulhet

Purpose:
Simulates heterogeneous agent economy.

Synopsis:

simulhet is a script file, not a function.

Description:

Simulates the prices and quantities for a recursive linear equilibrium model with
non-Gorman heterogeneity. solvehet must be run first and its output must be in
memory. To simulate the individual consumption allocations, set sy=[scl;sc2]
when asked what series you want to simulate. To simulate the individual con-
sumption service allocations, set sy= [ss1;ss2].

See also:

solvea and heter.



476 MATLAB Programs

simuls

Purpose:
To simulate a strictly periodic recursive linear model.

Synopsis:
simuls is a script file, which requires that all of the outputs of solves be in memory.
simuls prompts the user for the number of “years” to simulate.

Description:
simuls creates a simulation of the state vector x; for a strictly periodic model of
period p. The stacked state vector X, is formed, where X} = [z}, 11, Tp—piar- -+ Tp,]-

The law of motion for X; is
X1 = AX, + CWipy

where A= D1F,C = D1@, where

1 o 0 --- 0 0
-AY 1 0 .- 0 0
D= 0o -AY 1 - 0 0
0 0 0 —A271 1
0
e 0 A
0 0
C, 0 0 0
0 C;y 0 0
G = . ,
0 0 0 - Cpa
and where Wy = [wp,; 1, Why a5+ Wyl
The output of simuls is returned in the matrix X . The matrix X is arranged
as follows:
o g -
/ / /
Tp+1 Tpr2 T Tp

X =

! !/ !
pr+1 pr—&-Z T pr—i—p
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where T is the number of “years” specified by the user.
To simulate c;,4;, etc., the user can write a program to put the relevant
linear combinations off X . Alternatively, the user can edit the files simulc, simulk,

simuli, simulg, simulb, or simuld.
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solvea

Purpose:

Computes solution of recursive linear equilibrium model

Synopsis:
solvea is a script file. The matrices Aga, Ca, Ug, Up, P, @y, 4, I', Ay, Oy,
Ap,0Op, A, and II and the scalar S must be in memory.

Description:

The social planning problem is to maximize

o0

(G H(se—b) (5o —b) + ), 0<B<1

t=0
subject to
Sy + Pygs + Piiy =Thy_1 + dy
9 g0 =10
ki = Agki—1 + Oty
hi = Aphi—1 + Opcy
St = Aht—l + HCt
Zip1 = Aoz + Cowg gy
by = Upzy, di = Ugz
Here s; is consumption services, b; a stochastic bliss process, ¢; is labor services,
c; is consumption rates, g; is “intermediate goods”, i; is investment goods, d;
is an endowment shock process, k; is physical capital, h; is household capital,

z¢ is a vector of exogenous information variables, and w;y; is a martingale

difference sequence. Each of these is a vector, except for ¢;, which is scalar. Let

xy = [hy_q,ki_1, 2] . The program computes the solution of the social planning

problem in the form
i1 = A%z + Cwi

ke = Sy y gt = Sqmt
hy = Sy iy = Sixy
¢t = Sexy by = Spay

sy = Ssy ,dy = Sqxy
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The program also computes Lagrange multipliers ,u{ = Mz, for variable j =
k,c,h,s,i. The program computes and leaves in memory A°,C,S; (for j =
k,h,c,s,g,1,b, and d) and M; (for j =k,c,h,s, and ).

Algorithm:
The social planning problem is formulated and solved as an optimal linear reg-
ulator problem.

References:
[1] Hansen, Lars Peter and T.J. Sargent, Recursive Linear Models of Dynamic
FEconomies, manuscript, Dec. 1988.
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solvdist

Purpose:

Computes equilibrium of representative agent economy with distorting taxes,
exogenous govenment expenditures, and externalities.

Synopsis:

solvdist is a script file.

Description:

solvdist, a script file (not a function), finds a competitive equilibrium for a rep-
resentative agent economy with distortions. Households maximize:

Eo— .5 B'[(s(t) = b(t)) - (s() = b(t)) + £(1)*]

subject to
g(t) - g(t) = £(t)*
2(t+1)=a22x2(t) + c2*w(t + 1)

b(t) =ubx z(t), d(t)=udx*z(t), E(t)=uexz(t)
h(t) = Aph(t — 1) + AgH(t — 1) + One(t) + 05O (1)
s(t) = Aph(t — 1) + Ag H(t — 1) + Iec(t) + Lo C(t)
k(t) = Agk(t — 1) + Oi(t)

D BT +7e)p(t) - e(t) + (I +7)a(t) - i) — (1 = m)w(t) - g(t)

=0

—a(t) - (dt)+vyx Kt —1) — (I —71)r(t) - k(t—1)—=T()] =0

Firms maximize profits:
Eo Yy B'lp(t) - (c(t) + B() +q(t) -i(t) = r(t) - k(t — 1) — a(t) - d(t) — w(t) * g(1)]
t=0

subject to
g(t) - g(t) = £(t)?
D.(c(t)+ E(t)) + Pyg(t) + Psi(t) =Tpk(t —1) + T K(t — 1) +d(t)
Where x(t) = [h(t — 1), k(t — 1)’, 2(¢)']’, the solution of the problem is
z(t+1)=aoxz(t)+cxw(t+1)
J(t) = sj = a(t),
where 5 = k,h,c,e,s,9,i,b,d,p,q,w,r,«. The program also computes the
household’s Lagrange multipliers p; = mj x(t) for j = k,h,s,z. (po is set
to 1.)
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solvehet

Purpose:
Solves Pareto problem for two-agent, non-Gorman preferences.

Description:
solvehet solves the pareto problem for two agents with heterogeneous household
production functions, i.e. to maximize

o0

B8 — 5al((s1(t) = ba(t)) - (s1(8) = () + £2(8)?))

t=0
+ (1= a)([(s2(t) = ba(1))-(s2(t) — b2(t)) + L2(1)?])
subject to
Doc(t) + Pyg(t) + ii(t) =Tk(t — 1) +d(t)
gi(t) - gi(t) = Li(t)?, i=1,2
91(t) + 92(t) = 9(t)
k(t) = Apk(t — 1) + Oi(t)
hi(t) = Apihi(t — 1) + Opici(t)
$i(t) = Ay« hi(t — 1) + pci(t), i=1,2
en(t) + ea(t) = eft)
2(t+1) =a22x2(t) + c2*xw(t+ 1)
i(t) =ubix2(t), i=1,2;d(t) =udx* 2(t)

The state vector is x(t) = [h1(t-1)’,h2(t-1)’,k(t-1)’,z(t)]’. The control vector is
u(t) = [c1(t)’,i(t)’]. The solution of the problem is given by:
z(t+1)=aoxx(t)+cxw(t+1)
J(t) = sj x(t)

for j = k,c,g,i,d, and ci,bi,gi,hi,si, for i=1,2. The program also computes La-
grange multipliers.
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solvex

Purpose:

Computes solution of recursive linear equilibrium model with Gaussian Quadratic
Exponential preference specification.

Synopsis:

solvex is a script file. The matrices Agg, Co, Uq, Uy, ¢, @y, @5, I', Ay, Oy,
Ap,Opn, A, and II and the scalars ¢ and § must be in memory.

Description:
Let z; = [h}_q,ki_1,2;]), and let the law of motion for z; be x4 = Az +
Bug + Cwyy1. The social planning problem is to find a value function

V((t)) = max{—5[(s(t) — b(t)).(s(t) — b(t)) + I()*]
+8*(2/0) *log Eyexp(o/2+ (V(z(t+ 1))}
subject to
Doy + Pyg; + Pyt =Thy_1 + dy
gt - gt = 5?
ki = Apke 1 + Oy
he = Aphg—1 + Oney
s = Ahy_q + ey
Zip1 = Aoazy + Cowg gy
by = Upzt, di =Uqzt
Here s; is consumption services, b; a stochastic bliss process, ¢; is labor services,
c¢ is consumption rates, g; is “intermediate goods”, i; is investment goods, d;
is an endowment shock process, k; is physical capital, h; is household capital,
z¢ is a vector of exogenous information variables, and w1 is a martingale
difference sequence. Each of these is a vector, except for £;, which is scalar.
The program computes the solution of the social planning problem in the form
i1 = A%z + Cwi
ke = Sk, y gt = Sqmt
hy = Spxy iy = Siy
¢t = Sy by = Spae

sy = Ssy ,dy = Sqxy
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The program also computes Lagrange multipliers ,u{ = Mz, for variable j =
k,c,h,s,i. The program computes and leaves in memory A°,C,S; (for j =
k,h,c,s,g,1,b, and d) and M; (for j =k,c, h,s, and ).

Algorithm:
The social planning problem is formulated and solved using doublex.

References:
[1] Hansen, Lars Peter and T.J. Sargent, Recursive Linear Models of Dynamic
FEconomies, manuscript, Dec. 1988.
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solves

Purpose:

Computes the solution of recursive linear equilibrium model with periodic coef-
ficients.

Synopsis:
solves is a script file. The matrices Aggs(t), CQs(t)7 Uy, Uy, (pcs(t), (bgs(t)y (I)is(t)a
Fs(t), Aks(t); ®ks(t)7 Ahs(t)a @hs(t)7 As(t)7 and Hs(t) and the scalar ﬂ must be

in memory.

Description:

The social planning problem is to maximize
1 o0
~(5)EY_ B'l(st = bi) - (s —be) + £, 0< B <1
t=0

subject to
Destyet + Pys(t) gt + Pis(ryit = Lspyke—1 + dy
9t gt =17
kt = Dpsyki—1 + Prgryie
he = Apsyhi—1 + Prsyce
st = Ngpyhi—1 + e
Zt+1 = Agag(t)2t + Cos(t)Wet1
by = Upzg, dy = 2.

where s(t+p) = s(t), where p is the period of the model. Here s; is consumption
services, b; is a stochastic bliss process, ¢; is labor services, c¢; is a vector of
consumption rates, g¢; is “intermediate goods”, i; is investment goods, d; is
an endowment shock process, k; is physical capital, h; is household capital,
z¢ is a vector of exogenous information variables, and w¢4; is a martingale
difference sequence. Each of these is a vector, except for ¢;, which is a scalar.
Let x; = [h}_1,k;_1,2;]". The program computes the solution of the social
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planning problem in the form

T = A2 + CoyWigr
kt = Sks(t)®t, gt = Sgs(t)Tt
hi = ShstyTe, it = Sis(r)Tt
¢t = Ses(t)Tts by = Sps(r) Tt

St = Sss(t)xta dy = Sds(t)xt

The program also computes Lagrange multipliers u{ = M4, for variables
j=k,c,h,s,i. The program computes and leaves in memory Ag(t), Cs(tys Sjst)
for j =k,h,c,5,9,i,b and d, and M; for j =k,c,h,s, and ¢.

The user is advised to use the Matlab program seasl an an aid in creating
the matrices that must be fed into solves.

The user must edit solves to set the period p. Also, it will vastly accelerate
computations if the user will load either the file seas4.mat (in the case p =4) or
the file seas12.met (in the case p = 4). The lines to edit occur immediately after

the information provided by the help command, i.e. the first lines without %.

Algorithm:
The social planning problem is formulated as a periodic optimal linear regulator
problem and solved using doubling algorithms described by Hansen and Sargent.

References:
[1] Hansen, Lars Peter and T.J. Sargent, Recursive Linear Models of Dynamic
FEconomies, manuscript, Dec. 1988.
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spectrl

Purpose:
Computes spectral density of endogenous variables of a dynamic linear equilib-

rium model.

Synopsis:
spectrl is a script file. The matrices ao, ¢, sy, R, D, and the scalar nnc must be

in memory.

Description:
The equilibrium model is of the form

Tip1 = A0 Ty + CWiqq
Yt = SY Ty + vt

Vip1 = Dvg + ugq

where Fuwywy = I, E,usuy; = R. The constant corresponds to row number nnc
of the state vector x;. The eigenvalues of D and the eigenvalues of A (except
for the unit eigenvalue associated with the constant term) must be less than
unity in modulus. spectrl computes the spectral densities variables in y;.

Algorithm:

spectrl deletes the nnct®

row and/or column of ao,c, and sy, which correspond
to the constant term. Then spectral is used to compute the spectral density
matrix of y;.

See also:

spectral
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spectral

Purpose:
Computes spectral density matrix for a linear system.

Synopsis:
spectral, a script file. The inputs A,C, G, D, R and T must reside in memory.

Description:
Let the system be
Typ1 = Axy + Ceyqq
yr = Gy + vy
Vi1 = Dug + uy

where Eeie;, = I, Eugu; = R, and where e; and u, are orthogonal for all ¢
and s. The vector y; is rg x 1. The spectral density matrix for y is computed
for ordinates wj = 27j/T,j = o,1,...,T — 1. The spectral density matrix for
ordinate j is stored in Syj,j =0,1,...,T—1. The spectral densities (diagonals
of the spectral density matrices) are stored in the matrix S. The matrix S has
rg rows and T columns, and S(k, j) = Syj(k, k). The eigenvalues of A and D
must all be less than unity in modulus.

Algorithm:
Let Sy(w;) be the spectral density matrix at frequency wj. Then
Sy(w;) = G(I — Ae”=9)"1CC' (I — Ae™) 1@’
+ (I — De™™i)™ R(I — Det™i)~! '
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spectrs

Purpose:
Computes spectral density matrix for set of variables determined by a periodic

linear equilibrium model.

Synopsis:

spectrs is a script file. solves and simuls must be run first, and their outputs must
reside in memory. The integer nnc (the index of the constant in the state vector)
must be in memory.

Description:
The spectral density of a process y; with hidden periodicity p is given by the
Tiao-Grupe formula

Sy(2) = Q)H(I — AzP)1CCO(I — Az P)"VH'Q(271Y,
where z = e~™J; where A, C , and H are from the stacked state space system

Xip1 = AX; 4+ CWipy

Y, = HXq,
! __ !/ !/ / ! __ / /
and where Xj = 2, 1, T pios -+ Tpils YY = [Ypt—pi1s Ypt—pros
e Yptly W= [why i1, Wi iy, wy,] . The program returns the spectral

density matrices for frequencies w; = 27j/T, for j = 0,1,...,7 — 1 in the
matrices Sy0,Syl,...,SyT — 1. The spectral densities of the individual series
are returned in the matrix S.

The user can edit the file to specify T and the particular series whose

spectrum is computed.

See also:

solves, simuls
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steadst

Purpose:
steadst computes steady state values of observable variables determined by a

recursive linear equilibrium model.

Synopsis:
steadst is a script file which requires that the scalar nnc and matrices ao, sc, ss, si, sd, sb, sk, sh

reside in memory.

Description:
The equilibrium model is represented as

Tiy1 = QO * Ty + C* Wiy

Yy = Gy

where G = [sc; ss; si; sd; sb; sk; sh]. The integer nnc gives the row in the state
vector x; that corresponds to the constant term. steadst assumes that except
for the eigenvalue associated with the constant term, all eigenvalues of ao are
less than unity in modulus. The program calculates the steady state value of
T¢, putting its value in zs. Then the program successively calculates the steady
state values of ¢, s,4,d, b, k, and h, which are the components of y.

Algorithm:

The steady state value of x is obtained as a basis vector for the null space of
(I —ao), normalized so that the component corresponding to the constant equals
unity.

References:
[1] Hansen, Lars Peter and T.J. Sargent, Recursive Linear Models of Dynamic
FEconomies, manuscript, Dec. 1988.

See also:

null
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steadsts

Purpose:
Computes seasonal steady states and seasonal means for a periodic recursive

linear equilibrium model.

Synopsis:
steadsts is a script file. solves and simuls must be run first, and their outputs must
be in memory. So must nnc, the index of the constant term in the state vector.

Description:
The equilibrium for the stacked version of a periodic model can be represented
as

Xiy1 = AX; + C'Wt+1

where Xj = [z}, 11, %), Wi = [wpt—py1,.. wpe]. The program computes the
null space of (I — A), which gives the steady for X; = X . Then seasonal means
for individual variables are formed by pre-multiplying X by matrices formed
from appropriate seasonal decision rules. The user must edit the file to compute
seasonal means of the particular variables he is interested in.

See also:

steadst, solves, simuls.
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vardec

Purpose:

Calculates variance of k-step ahead prediction errors in z; for k =1,2,..., N
for an “innovations system”.

Synopsis:

[tab] = vardec (A,C,K,V,N)

Description:

Consider the innovations system

Ti41 = Al’t + K’U/t
Zt = C.Tt + Uy

Eugu, =V

vardec prepares a table of diagonal elements of the covariance matrices of k-step
ahead errors in predicting z;,k = 1,..., N. The output is returned in tab, which
has N rows and max(size(V')) columns. The (k,h) element of tab gives the
variance of the k-step ahead prediction errors for the ht" variable in z.

Algorithm:
Let the covariance matrix of k-step ahead prediction error in z be Vj,. Then

Vi=V
Vo =CKVK'C'+V
Vi =Vi1 + CAFIKVK ARIC.

References:
[1] Sims, Christopher “Macroeconomics and Reality,” Econometrica, 1980.
[2] Hansen, Lars Peter and Thomas Sargent, Recursive Linear Models of Dy-
namic Economies, (manuscript), Dec. 1988.
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vardeci

Purpose:
Compute decomposition of k-step ahead prediction error variances for an “in-

novations system”.

Synopsis:

[tab] = vardeci (A,C, K,V, N, j)
Description:

Consider an innovations system
Tip1 = Azy + Kuy
Zt = CCL‘t =+ uy

where Eutu; = V. Let #/r =V be a Cholesky decomposition of V. Form the
innovations system with orthogonalized innovations
Ti4+1 = Axt + th
Zt = C.’Et + DUt
where B = K -r/,D =1’ and Evw;, = I. The program prepares a table of
the part of the diagonal elements of the covariance matrix of the k-step ahead
prediction errors, k =1,..., N, that is attributable to the j* innovation. The
table is returned in tab, which has dimension N x maz(size(V)). The (k,h)

element of tab gives the variance in the k-step ahead variance in predicting the
ht" component of z due to the j** orthogonalized innovation in w;.

Algorithm:

Let S; be a selector matrix for j, equal to an m X m matrix of zeros except of a
one in the (j,j) element. Let Vi be the covariance of the k-step ahead predic-
tion error in z due the jth orthogonalized innovation. The Vj are calculated
using the ecursions

Vi = DS;S/D'
Vo =CBS;S;B'C" +V;
Vi = Vier + CAMIBS; S B A
References:
[1] Sims, Christopher “Macroeconomics and Reality,” Econometrica, 1980.

[2] Hansen, Lars Peter and Thomas Sargent, Recursive Linear Models of Dy-
namic Economies.
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varma

Purpose:
varma computes an innovations representation for a recursive linear model whose
observations are corrupted by first-order serially correlated measurement errors.

Synopsis:
varma is a script file, which requires that the matrices ao, ¢, sy, D, and R reside

in memory.

Description:
The model is assumed to have the state space representation

Tiy1 = QO * Ty + C* Wiyq

Yr = Sy * Ty + epy1

where w; is a white noise with Fw,w,” = I, and e; is a measurement error
process governed by
err1 = Dey + niqa,

where 7;41 is a vector white noise with contemporaneous covariance matrix R.
The matrices R and D must each be m X m, where [m,n] = size(sy). The
program uses the Kalman filter to form the innovations representation

jjt_l'_l = ao;i"t + kl * Ut

gt+1 = GG!L’t + Ut

where GG = [sya® — DS,), 9 = Y141 — Dy, and v, is the innovation in 11,
ut = Y1 — Elys+1 | Yt,Yt—1,-..]. The program uses evardec to compute a

decomposition of variance for the innovations system.

References:
[1] Hansen, Lars Peter and T.J. Sargent, Recursive Linear Models of Dynamic
FEconomies, manuscript, Dec. 1988.
[2] Sargent, Thomas, “Two Models of Measurements and the Investment Ac-
celerator,” Journal of Political Economy, April 1989.
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varma2

Purpose:
varma2 creates impulse response functions associated with an innovations repre-

sentation.

Synopsis:
varma2 is a script file which requires that the matrices aa, bb, cc, dd,
V1 be in memory.

Description:

varma2 takes the output of innov and creates impulse response functions of y
with respect to components of w. Impulse response functions with respect to
the orthogonalized innovations v; = r’ 71ut are also computed, where r'r = V1
is a Cholesky decomposition of V1.

Algorithm:
dimpulse is applied.

References:
[1] Sims, Christopher, “Macroeconomics and Reality,” Econometrica, 1980.
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varrep

Purpose:
Computes a vector autoregressive representation from a state space model with

serially correlated measurement errors.

Synopsis:

function [AA,V1]=varrep(ao,c,sy,D,R,nj,nnc)

Description:

Computes (an infinite order) vector autoregressive representation for a recursive

linear model whose observations are corrupted by first-order serially correlated
measurement errors. The model occurs in the state space form

z(t+1)=ao*xxz(t) + cxw(t+1)
y(t) = sy +a(t) + et +1)

where e(t) is a measurement error process
e(t+1)=D=xe(t)+ee(t+1)

and where ee(t+1) is a vector white noise with covariance matrix R. We assume
that ee(t+1) and w(t+1) are orthogonal at all leads and lags. The program
computes the autoregressive representation

y(t) = ZA(j)y(t —j) +a(t)

Jj=1

where a(t)=y(t) - E[y(t)— y(t-1),y(t-2),...], and the A(j) are square matrices.
The program creates the covariance matrix of a, which it stores in V1. The
program returns nj of the matrices A(j), stacked into the ((m times nj) by m)
matrix AA, where m is the number of rows of y. A(j) occurs in rows ((j-1)*m-+1)
to row j*m of AA. nnc is the location of the constant term in the state vector.
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whitel

Purpose:

Creates a state space system [AA,BB,CC,DD] that accepts the innovation to
the (information) state vector w;y; as in input and puts out the innovation wu
to y; as an output.

Synopsis:

function[AA,BB,CC,DD]=whitel(ao,c,sy,D,R)

Description:
The program couples the systems

z(t+1
t

)=aoxz(t) +exw(t+1)
) = sy xx(t) + v(t)

) =D xov(t—1) +n(t)

R.

y(
u(t

En(t)n(t)

and
zh(t+1) = (a0 — k1 %« GG) * xh(t) + k1 x y(t)

u(t) = —GG * zh(t) + u(t)
where w(t+1) is the innovation to agents’ information sets and where u(t) is the
fundamental (Wold) representation innovation. A (minimum-realization) state

space system [AA,BB,CC,DD] for the coupled system is returned. To compute

the impulse response function, use dimpulse.
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white2

Purpose:
Creates the state space system [AA,BB,CC,DD] that accepts the measurement
error v(t+1) as in input and puts out the innovation u(t) to y(¢t) as an output.

Synopsis:
function[AA,BB,CC,DD]=white2(ao,c,sy,D,R)

Description:
The program couples the systems

x(t+1)=aoxx(t)+cxw(t+1)
y(t) = sy x(t) + v(t)
v(t) =D xv(t—1)+n(t)
En(t)n(t) = R.
and
zh(t+ 1) = (a0 — k1 %« GG) % xh(t) + k1 x y(t)
u(t) = —GG * zh(t) + u(t)
where w(t+ 1) is the innovation to agents’ information sets, n(t) is the innova-
tion to measurement error, and where wu(¢) is the fundamental (Wold) represen-
tation innovation. The (minimum-realization) state space system [AA,BB,CC,DD]

for the coupled system is returned. To compute the impulse response function,

use dimpulse.
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