Chapter 2 - Particle Properties of Waves

2-1: Planck’s constant gives a measure of the energy at which quantum effects
are observed. If Planck’s constant had a smaller value, while all other physical
quantities, such as the speed of light, remained the same, quantum effects would be
seen for phenomena that occur at higher frequncies or shorter wavelengths. That

is, quantum phenomena would be less conspicuous than they are now.

2-3: No; the relation is given in Equation (2.8) and Equation (2.9),
KEmaX:hV_¢:h (V_V0)7

so that while KE,,.x is a linear function of the frequency v of the incident light,

KEax is not proportional to the frequency.

2-5:  From Equation (2.11),

1240 x107% eV m

E— ~ 1. .
700 x 10-° m Trev

Or, in terms of joules,

(6.626 x 10734 J-s) (2.998 x 10% m/s) 1o
E = =2.84x10"" J.
700 x 109 m

2-7: The number of photons per unit time is the total energy per unit time

(the power) divided by the energy per photon, or

p_ P 1.00 x 10% J/s
E  hv  (6.626 x 10734 J-s) (880 x 103 Hz) X photons/s

2-9: (a) The number of photons per unit time per unit area will be the energy
per unit time per unit area (the power per unit area, P/A), divided by the energy

per photon, or

(P/A) 1.4 x 103 W/m? . 2
- = 4.2 x 10*' phot m2).
hv (6.626 x 1034 J-s) (5.0 x 1014 Hz) X photons/ (s-m?)

(b) With the reasonable assumption that the sun radiates uniformly in all
directions, all points at the same distance from the sun should have the same flux

of energy, even if there is no surface to absorb the energy. The total power is then
(P/A)4r R% g = (1.4 x 10° W/m?) 47 (1.5 x 10" m)” = 4.0 x 10?0 W,

14
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where Rp_g is the mean Earth-Sun distance, commonly abbreviated as “1 AU,”
for “astronomical unit.” The number of photons emitted per second is this power

divided by the energy per photon, or

4.0 x 10%¢ J/s

= 1.2 x 10*° phot ,
(6.626 x 1034 J-s) (5.0 x 1014 Hz) x 10* photons/s

(¢) The photons are all moving at the same speed ¢, and in the same direction
(spreading is not significant on the scale of the earth), and so the number of photons
per unit time per unit area is the product of the number per unit volume and the

speed. Using the result from part (a),

4.2 x 102! photons/(s-m?)

= 1.4 x 10" phot 3,
2.998 x 108 m/s photons/m

2-11: Expressing Equation (2.9) in terms of A = ¢/v and A\g = ¢/vp, and

performing the needed algebraic manipulations,

hc
(he/ro) + KBmaw 0 [ +

KEBmax Mo ] "
he

(1.5e¢V)(230 x 10~ m
(1.240 x 106 €V -m)

—1
= 230 nm [1 + )] = 180 nm.

Note that in the above calcuation, Ay was used twice, once expressed in terms of
nanometers and once in terms of meters, as convenient. Of course, whether or not

the extra algebra used to save one calculational step is an advantage is subjective.

2-13: The maximum wavelength would correspond to the least energy that
would allow an electron to be emitted, so the incident energy wold be equal to the
work function, and

he  1.240 x 107%eV-m

Amax = = =539 )
P 230V i

where the value of ¢ for sodium is taken from Table 2.1.
From Equation (2.8),
hc 1.240 x 107% eV-m

KEpox =hv—0¢p=——0¢= — 2. = 3. )
v—¢ \ 500 < 109 m 3eV=39eV
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2-15: Because only 0.10% of the light creates photoelectrons, the available
power is (1.0 x 1073) (1.5 x 1073 W) = 1.5 x 1075 W. The current will be the

product of the number of photoelectrons per unit time and the electron charge, or

P P PXx_ a )(1.5 x 107% J/s) (400 x 107 m)
E “he/x” “he VF (1.240 x 10-6 eV -m)

= 0.48 pA.

In this calculation, note that the units of the result are J/(V-s), and that because
one volt is one joule per coulomb, the answer has units of coulombs per second, or

amperes.
2-17: Denoting the two energies and frequencies with subscripts 1 and 2,
KEmax,l - th - ¢7 KEmax,2 - hV2 - ¢

Subtracting to eliminate the work function ¢ and dividing by 1 — vs,

KEmax2 — KBmax1 19.7 eV — 0.52 eV

= —=4.1x10"% eV
Vo — 11 12.0 x 10" Hz — 8.5 x 1014 Hz ev:s

h =

to the allowed two significant figures. Keeping an extra figure gives
h=414x 107" eV-s =6.64 x 107 J-s.

The work function ¢ may be obtained by substituting the above result into
either of the above expressions relating the frequencies and the energies, yielding
¢ = 3.0 eV to the same two significant figures, or the equations may be solved by

rewriting them as
KEmax,l vy = hvivy — Qua, KEmax,2 vy = hvyvy — @y,

subtracting to eliminate the product h vy 15 and dividing by v1 — 15 to obtain

KEmax,Q vy — KEmaX,l V3
Vo — 17
(19.7 eV)(8.5 x 10* Hz) — (0.52 V) (12.0 x 10'* Hz)

(12.0 x 10 Hz — 8.5 x 1014 Hz) ¢

o=

(This last calculation, while possibly more cumbersome than direct substi-
tution, reflects the result of solving the system of equations using a symbolic-
manipulation program; using such a program for this problem is, of course, a case

of “swatting a fly with a sledgehammer”.)
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2-19: Consider the proposed interaction in the frame of the electron initially
at rest. The photon’s initial momentum is pg = Fy/c¢, and if the electron were to
attain all of the photon’s momentum and energy, the final momentum of the electron
must be p. = pg = p, the final electron kinetic energy must be KE = Ey = pc, and
so the final electron energy is E, = pc + m. c?>. However, for any electron we must
have E2 = (pc)? + (m. 02)2. Equating the two expressions for E2,

E? = (pc)2 + (me 02)2 = (pc—I— Me 02)2 = (pc)2 +2(pe) (me cz) + (me 02)2 ,

or 0=2 (pc) (mec?).

This is only possible if p = 0, in which case the photon had no initial momentum
and no initial energy, and hence could not have existed.

To see the same result without using as much algebra, the electron’s final kinetic

Vp? e +m2ct —mec® #pe

energy is

for nonzero p.

An easier alternative is to consider the interaction in the frame where the
electron is at rest after absorbing the photon. In this frame, the final energy is
the rest energy of the electron, m.c?, but before the interaction, the electron would
have been moving (to conserve momentum), and hence would have had more energy
than after the interaction, and the photon would have had positive energy, so energy

could not be conserved.

2-21: For the highest frequency, the electrons will acquire all of their kinetic
energy from the accelerating voltage, and this energy will appear as the electro-
magnetic radiation emitted when these electrons strike the screen. The frequency
of this radiation will be

E eV (Le) (10 x 10° V)

=== =2.4x10"V,
YT T Th T (4136 x 10-15 oV -5) 8

which corresponds to x-rays.

2-23:  Solving Equation (2.13) for § with n =1,

6 = arcsin i = arcsin M = 2.9°.
2d 2(0.300 nm)
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Extra Expressions for Compton Effect Problems
Many of the problems from this section of the text involve the recoil direction
of the electron in the Compton effect. A commonly-occurring relation is obtained

from the two displayed equations preceding Equation (2.18);

pc cos@ = hv — hv' cos ¢

pe sinf = hy' sin ¢.
Dividing the second by the first yields

tand — Vsing sin ¢ B sin ¢
T cos¢ (v/v')—cos¢p (N/X)—cos¢’

Rewriting X' /A = (A + AX) /A =1+ (AX/A) gives

sin ¢

tant = AN+ (1= cos )’

Further algebraic and trigonometric manipulations are possible, and will be demon-

strated as appropriate for the specific situations.

2-25: From Equation (2.15),

2.998 x 10° 1.1 x 102 kg.
yocr | m/s) ( BI/8) 50 101 o,
h (6.626 x 1031 J-s)

2-27: Following the steps that led to Equation (2.22), but with a sodium
atom instead of an electron,
h (6.626 x 10734 J-s)

)\ a = = - 5.8 10717 9
CNa = Mwa | (2.998 x 10° m/s) (3.82 x 1026 kg) 8 o

or 5.8 x 1078 nm, which is much less than 0.1 nm. (Here, the rest mass Mya =
3.82 x 10726 kg was taken from Problem 2-24.)

2-29: Solving Equation (2.23) for A, the wavelength of the x-rays in the direct

beam,
A=X —Ac(1—cos¢) =2.2 pm — (2.426 pm)(1 — cos45°) = 1.5 pm

to the given two significant figures.
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2-31: Rewriting Equation (2.23) in terms of frequencies, with A = ¢/v and
N =¢/v', and with cos90° = 0,

Cc C
=5 1tAc
v v

and solving for v/ gives

Lo -t 1 | 2426 1072 m
UV = — e =
v ¢ 3.0x 1019 Hz = 2.998 x 108 m/s

—1
} = 2.4 x 10" Hz.

The above method avoids the intermediate calculation of wavelengths.

2-33:  Solving Equation (2.23) for cos ¢,

E £’

A N +(mc2 mcz)_ (511keV 511 keV

1+ =2 _
cos¢ =1+ 100 keV 90 keV

=0.432
Ac  Ac ) ’

from which ¢ = 64° to two significant figures.

2-35: For the electron to have the maximum recoil energy, the scattering
angle must be 180°, and Equation (2.20) becomes m ¢? KE . = 2(hv)(hv'), where

KEnax = (hv — hv') has been used. To simplify the algebra somewhat, conisder

, A v v v

CTUN T IR @A) T 1@/ Lt 2oae/e

where A\ = 2 \¢ for ¢ = 180°. With this expression,

_ 2w (W) _ 20w/ (m )
KEnax = m 2 1+ (2vAc/o)’

Using A\¢ = h/(mc) (which is Equation (2.22)) gives the desired result.

2-37: As presented in the text, the energy of the scattered photon is known in
terms of the scattered angle, not the recoil angle of the scattering electron. Consider

the expression for the recoil angle as given preceding the solution to Problem 2-25:

tanf — sin ¢ B sin ¢
YT AN+ (1 —cosd)  (Aa/N) (1 —cosg) + (1 — cos)
sin ¢

(1+ATC) (1—cosg)
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For the given problem, with E = mc?, A = h¢/E = h/(mc) = Ac, so the above

expression reduces to _
tanf = %
2 (1 — cos o)

At this point, there are many ways to proceed; a numerical solution with
0 = 40° gives ¢ = 61.6° to three significant figures. For an analytic solution
which avoids the intermediate calculation of the scattering angle ¢, one method
is to square both sides of the above relation and use the trigonometric identity

sin ¢ =1 — cos? ¢ = (1 + cos ¢)(1 — cos ¢) to obtain

1+ cos¢

4tan®f = ———
an 1 —cos¢

(the factor 1 — cos ¢ may be divided, as cos¢ = 1, ¢ = 0, represents an undeflected

photon, and hence no interaction). This may be re-expressed as

(1 —cos¢) (4tan?0) =1+ cos¢p =2 — (1 — cos @), or

2 2—cos¢—3+4tan29
1+ 4 tan26’ 14+ 4tan26’

Then, with X' = A 4+ A¢(1 — cos @) = Ac(2 — cos ¢),

1—cos¢p=

A 1+ 4tan®6
o _ _
B =B =By = (511 keV)

1 + 4 tan? (40°)

= 335 V.
3 1 4tan’ (40°) ¢

An equivalent but slightly more cumbersome method is to use the trigonometric

identities
singszsingcosg, 1—cos¢:2sin2§
in the expression for tanf to obtain
1
tanf = — cot é, ¢ = 2 arctan
2 2 2 tan6

yielding the result ¢ = 61.6° more readily.

The above expression for ¢ in terms of 6 is that obtained from MAPLE, using
the single command

>solve(tan(theta)=sin(phi)/2/(1-cos(phi)) ,phi);

It’s worth noting that the above analytic method may be extended to any
value of the ratio A¢/A, with a corresponding increase in the complexity of the

expressions.
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2-39: The energy of each photon will be the sum of one particle’s rest and
kinetic energies, 1.511 MeV (keeping an extra significant figure). The wavelength
of each photon will be

h 1.240 x 1076 eV-
_he 1240107 eVom oo 10713 1 = 0.821 pm.

A E 1.511 x 106 eV

2-41: Following the hint,

N h B 2hc _2hc
C_mc_2mc2_Emin’

where Fpnin = 2mc? is the minimum photon energy needed for pair production.
The scattered wavelength (a mazimum) corresponding to this minimum energy is
A oox = (B Ewmin), 50 A\g =2\, ...

At this point, it is possible to say that for the most energetic incoming photons,
A ~0,and so 1—cos¢ = % for ' = A¢/2, from which cos¢ = £ and ¢ = 60°. As an
alternative, the angle at which the scattered photons will have wavelength A/ .. can
be found as a function of the incoming photon energy F; solving Equation (2.23)
with X' =\

max’

Ao — A AL (he/E) 1 mc?
— 1 _ max — 1 _ max — .
cos ¢ Ao e T ae 2TTE

This expression shows that for £ > mc?, cos¢ = % and so ¢ = 60°, but it also
shows that, because cos ¢ must always be less than 1, for pair production at any

angle, ' must be greater than 2m c?, which we know to be the case.

2-43: (a) The most direct way to get this result is to use Equation (2.26)
with Iy/I = 2, so that

In(2)  0.603
Tipp=——=—"—".
,u
(b) Similarly, with I/I = 10,
In(10)  2.30
T1/10 = [ =

2-45: From either Equation (2.26) or Problem 2-43 above,

In(2)  0.693 s

$1/2 1 78 mfl m min
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2-47: Rather than calculating the actual intensity ratios, Equation (2.26)
indicates that the ratios will be the same when the distances in water and lead are
related by

(pum,0) (TH,0) = (HPD) (TPD) S or
HUPb _3 (52 m71>
PH0 = AP o (10~ m) (4.9m~1) m’

or 11 cm to two significant figures.

2-49: Either a direct application of Equation (2.26) or use of the result of
Problem 2-43 gives

In(2)

Tl = 1.47 x 107° m,
. m

L1/2 =
which is 0.015 mm to two significant figures.

2-51: In Equation (2.29), the ratio

GM  (6.67x 107! N-m?/kg?) (2.0 x 10°° kg)

— = 5 =212x107°
‘R (2.998 x 108 m/s)” (7.0 x 108 m)

(keeping an extra significant figure) is so small that for an “approximate” red shift,
the ratio AXA/\ will be the same as Av/v, and

GM

AN =)
2R

= (500 x 107% m) (2.12 x 107°%) = 1.06 x 10~'* m = 1.06 pm.

2-53: (a) The most convenient way to do this problem, for computational
purposes, is to realize that the nucleus will be moving nonrelativistically after the
emission of the photon, and that the energy of the photon will be very close to
FE. = 14.4 keV, the energy that the photon would have if the nucleus had been

infinitely massive. So, if the photon has an energy FE, the recoil momentum of the

2 2
. . .p E .
nucleus is F /¢, and its kinetic energy is = where M is the rest mass
/e YIS oM T oM
of the nucleus. Then, conservation of energy implies
E2
—— +E=F_.
2 Mc? + >

This is a quadratic in E, and solution might be attempted by standard methods, but

to find the change in energy due to the finite mass of the nucleus, and recognizing
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that E will be very close to F,, the above relation may be expressed as
E? E?
T 29 Me2 ~ 2 M2
_ (14.4keV)? (1.602 x 1071 Jk/eV)
~2(9.5 x 10-26 kg) (2.998 x 108 m/s)’
=1.9%x10"%keV =1.9 x 1073 eV.

Ex—-F

If the approximation F ~ E, is not made, the resulting quadratic is

E?24+2MEE—-2MEE, =0,

()]

However, the dimensionless quantity F./ (M 02) is so small that standard calcu-

which is solved for

E = Mc?

lators are not able to determine the difference between E and E.,. The square
root must be expanded, using (1 + z)*/2 ~ 1+ (x/2) — (22/8), and two terms must
be kept to find the difference between E and E.,. This approximation gives the
previous result.

It so happens that a relativistic treatment of the recoiling nucleus gives the
same numerical result, but without intermediate approximations or solution of a
quadratic equation. The relativistic form expressing conservation of energy is, with

pc = E and before,

VE2+ (Me2)?+E=M?+Ey,  or E2+ (M) = M + Ey — E.

Squaring both sides, canceling £? and (M 02)2, and then solving for F,

E

_BL4+2MEE. (14 (Bx/(2Me)
 2(M+Ex) T\ 14 (Bx/(Mc?))

From this form,

E. E-— ( E2% ) 1 ’
2Mc? ) 14 (Ex/(Mc?))
giving the same result.
(b) For this situation, the above result applies, but the nonrelativistic approx-
imation is by far the easiest for calculation;
E?2 (144 x10%eV)? (1.602 x 10712 J/eV)

Eo—E= = =1.8x10"% eV,
2Mc? 2 (1.0 x 10-3 kg) (2.998 x 108 m/s)”
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(c) The original frequency is

Eo 14.4 x 103 eV

= = 3.48 x 10'® Hz.
h T 4136 x 1015 eV -5 x z

vV =
From Equation (2.28), the change in frequency is

H 9.8 m/s?) (20
Ay:y’—y:(g—2) ,— (98m/5) ( m)2 (3.48 x 108 Hz) = 7.6 Hz.
c (2.998 x 108 m/s)

2-55: (a) To leave the body of mass M permanently, the body of mass m
must have enough kinetic energy so that there is no radius at which its energy is
positive. That is, its total energy must be non-negative. The escape velocity v,
is the speed (for a given radius, and assuming M > m) that the body of mass m

would have for a total energy of zero;

—muv., — =0, or Ve =\ ——.

(b) Solving the above expression for R in terms of v.,

_2GM

2 Y
U@

R

and if v, = ¢, Equation (2.30) is obtained.



