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Answers to
Odd-Numbered
Exercises

CHAPTER 1 equation of the form 0 = b, where b is nonzero. Thus
d#3c.
Section 1.1, page 11 29. Swap Row1 and Row2; swap Row1 and Row2.
L. The solution is (x1, x2) = (=8, 3), or simply (=8, 3). 31. Replace Row3 by Row3 + (—4)Row1; replace Row3 by
3. (4/7,9/7) Row3 + (4)Rowl.
33. 4T, — T, — T, =130

5. Replace Row?2 by its sum with 3 times Row3, and then

replace Row1 by its sum with —5 times Row3. ~h +4L - T = 60
-1, + 4T3 - T, = 70
7. The solution set is empty. —T — T3 + 4T, = 40
9. 4,8,5,2) 11. Inconsistent
13. (5,3,-1) 15. Consistent Section 1.2, page 25
17. The three lines have one point in common. 1. Reduced echelon form: a and b. Echelon form: d. Not
19. h#2 21. Allh echelon: c.
23. Mark a statement True only if the statement is always true. 1 0 -1 -2 )
Giving you the answers here would defeat the purpose of 3.0 1 2 3] Pivotcols I and 2:
the true—false questions, which is to help you learn to read 00 0 0
the text carefully. The Study Guide will tell you where to M1 2 3 4
look for the answers, but you should not consult it until you 4 5 6 7
have made an honest attempt to find the answers yourself. 6 7 8 9
25.k+2g+h=0 [m * ] * 0 ]
. 1 3 f 5 0 l]’ {O O]’ {O 0]
27. The row reduction of d to -
¢ 8 x1=-5-3x, X1=4+5X3
! 3 Y } shows that d — 3¢ must be 7. q X2 is free 9. {x2=5+6x;
0 d—3c g—cf x;=3 x3 1is free

nonzero, since f and g are arbitrary. Otherwise, for some
choices of f and g the second row could correspond to an
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A20 Answers to Odd-Numbered Exercises
4 2
X = §X2 — §X3
11. .
X, is free
x3 1is free
x1=5+3x5
xo=1+4x;s
13. < x3is free
X4 = 4 — 9X5
X5 is free

15.

17.
19.

21.

23.

25.

27.

29.

31.

33.

Note: The Study Guide discusses
the common mistake x3 = 0.

a. Consistent, with a unique solution
b. Inconsistent

h=17/2
a. Inconsistent when 7 =2 and k # 8

b. A unique solution when & # 2
¢. Many solutions when 27 =2 and k =8

Read the text carefully, and write your answers before you
consult the Study Guide. Remember, a statement is true only
if it is true in all cases.

Yes. The system is consistent because with three pivots,
there must be a pivot in the third (bottom) row of the
coefficient matrix. The reduced echelon form cannot
contain a row of the form [0 0 O O 0 1].

If the coefficient matrix has a pivot position in every row,
then there is a pivot position in the bottom row, and there is
no room for a pivot in the augmented column. So, the
system is consistent, by Theorem 2.

If a linear system is consistent, then the solution is unique if
and only if every column in the coefficient matrix is a pivot
column; otherwise, there are infinitely many solutions.

An underdetermined system always has more variables than
equations. There cannot be more basic variables than there
are equations, so there must be at least one free variable.
Such a variable may be assigned infinitely many different
values. If the system is consistent, each different value of a
free variable will produce a different solution.

Yes, a system of linear equations with more equations than
unknowns can be consistent. The following system has a
solution (x; = x, = 1):

X1+ xo=2

xXx1— x =0

3x1+2x, =5

M] p(t) =7+6t —t?

Sheet number 2 Page number 20

cyan magenta

Section 1.3, page 37

1.

3.

11.
13.
15.

17.
19.

]

X.
’ u-2v
°
u-v
°
Uy o -2v
u+yv
°
-V
X
°
v
6 -3 1
. X —1 + X3 4| =|-7 .
5 0 =5
6)61 —3)62 1 6.)C1 — 3)62 1
—X1 + 4XQ = | -7 5 —X1 + 4x2 = | -7
5)61 0 -5 5X1 -5
6X1 — 3)(2 = 1
—X; + 4X2 = -7
5)61 = -5

Usually the intermediate steps are not displayed.

.a=u—2v,b=2u—2v,c=2u—3.5v,d =3u—4v

0 1 5 0
. X 4| +x; 6 +x3|—-1] =10
-1 3 -8 0

Yes, b is a linear combination of a;, a,, and as.
No, b is not a linear combination of the columns of A.

Noninteger weights are acceptable, of course, but some
simple choices are 0-v; + 0-v, = 0, and

7 -5

1'vi+0v, = 1{,0vi+1-v,= 3
—6 0

2 12

1'V1+1'V2: 4 ,1'V1—1'V2= -2
—6 -6

h=-17

Span {vy, v,} is the set of points on the line through v, and 0.

black
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21. Hint: Show that _f ? }]z is consistent for all 4 and

k. Explain what this calculation shows about Span {u, v}.

23. Before you consult your Study Guide, read the entire section
carefully. Pay special attention to definitions and theorem
statements, and note any remarks that precede or follow
them.

25. a. No, three b. Yes, infinitely many
c.aj=1a;,+0-a,+0-a3

27. a. Sv is the output of 5 day’s operation of mine #1.

b. The total output is x; V| + x5, so x; and x, should
150
2825 ] '
c. [M] 1.5 days for mine #1 and 4 days for mine #2

29. (1.3,.9,0)
10/3
2

b. Add3.5gat(0,1),add.5gat(8,1),and add 2 g at
2,4).

satisty x; vy + x,v, = {

31. a

33. Review Practice Problem 1 and then write a solution. The
Study Guide has a solution.

Section 1.4, page 47

1. The product is not defined because the number of columns
(2) in the 3 x 2 matrix does not match the number of entries
(3) in the vector.

6 5 ’ 6 5
3. Ax=| -4 -3 {_3}:2 —41-31-3
7 6 7 6
12 —15 -3
=|-8]+ 9| = 1]|,and
14 —18 —4
6 5 ) 6:2+5-(=3)
Ax=| -4 -3 {_3} = (=424 (=3)(-3)
7 6 7-2+6-(=3)
-3
= 1 | . Show your work here and for Exercises 46, but
—4

thereafter perform the calculations mentally.

I R I P P I R
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11.

13.

15.

17.

19.

21.

23.

25.

Section 1.4 A21

4 -5 7 6
-1 3 ||| |-8

7 =5 o™ 0

4 1 2|LM -7

+ ! + = _ d

X1 0 X2 1 X3 417 o an
N

0 1 4[] 7 o

X3

1 2 4 =2 X 0

0 1 5 21, x=|x|=|-3
2 4 -3 9 X 1

Yes. (Justify your answer.)

u are here!

The equation Ax = b is not consistent when 3b; + b, is
nonzero. (Show your work.) The set of b for which the
equation is consistent is a line through the origin—the set of
all points (b, by) satisfying b, = —3b;.

Only three rows contain a pivot position. The equation
Ax = b does not have a solution for each b in R*, by
Theorem 4.

The work in Exercise 17 shows that statement (d) in
Theorem 4 is false. So all four statements in Theorem 4 are
false. Thus, not all vectors in R* can be written as a linear
combination of the columns of A. Also, the columns of A
do not span R*.

The matrix [v; Vv, v3] does not have a pivot in each row,
so the columns of the matrix do not span R*, by Theorem 4.
That is, {v,, v, v3} does not span R*.

Read the text carefully and try to mark each exercise
statement True or False before you consult the Study Guide.
Several parts of Exercises 29 and 30 are implications of the
form

“If (statement 1), then (statement 2)”

or equivalently,

“(statement 2), if (statement 1)”

Mark such an implication as True if (statement 2) is true in
all cases when (statement 1) is true.

C|=—3,Cz=—],C3=2
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A22 Answers to Odd-Numbered Exercises
X1

27. Ox=v,where 0 =[q, q q]andx= | x,
X3

29.

31.
33.
35.

37.
39.
41.

Note: If your answer is the equation AX = b, you must
specify what A and b are.

Hint: Start with any 3 x 3 matrix B in echelon form that has
three pivot positions.

Write your solution before you check the Study Guide.
Hint: How many pivot columns does A have? Why?

Given Ax; =y, and AX, =Y, you are asked to show that
the equation AX = w has a solution, where w = y; + .
Observe that w = Ax; + AXx, and use Theorem 5(a) with x;
and x; in place of u and v, respectively. That is,

w = AX| + AX; = A(X| + X,). So the vector X = X; + X, is a
solution of w = Ax.

[M] The columns do not span R*.
[M] The columns span R*.

[M] Delete column 4 of the matrix in Exercise 39. It is also
possible to delete column 3 instead of column 4.

Section 1.5, page 55

1.

11.

The system has a nontrivial solution because there is a free
variable, x3.

. The system has a nontrivial solution because there is a free

variable, x3.

X1 5
X=X | =X3 -2
L %3] L 1]
[x; ] [—9] 8
X = X2 _ 4 4 -5
o X3 =0 1 e 0
_)C4 L 0 i 1
3 -2
L X=x | 1| +x3 0
0 1
Hint: The system derived from the reduced echelon form is
X, — 4X2 + 5.X6 =0
X3 — X = 0
X5 — 4X6 =0
0=0

The basic variables are x;, x3, and xs. The remaining
variables are free. The Study Guide discusses two mistakes
that are often made on this type of problem.

Sheet number 4 Page number 22

15.

17.

19.

21.

23.

25.

27.

29.

31.

cyan magenta

5 4
x=|—-2]| +x3 | —7 | =p+ x3q. Geometrically, the
0 1
5 4
solution set is the line through | —2 | parallel to | —7
0 1
X1 -2 5
X=|x | = 1| +x3 | —2 |. The solution set is the
X3 0 1
-2
line through 1 |, parallel to the line that is the solution
0
set of the homogeneous system in Exercise 5.
-9 4 -2
Letu= 1]1,v=10{,p= 0 | . The solution of
0 1 0

the homogeneous equation is X = x,u + x3V, the plane
through the origin spanned by u and v. The solution set of
the nonhomogeneous system is X = p + x,u + x3V, the plane
through p parallel to the solution set of the homogeneous
equation.

X = a + tb, where 7 represents a parameter, or

N -2 wr -5 ord 1= -2 — 5t
o X2 B 0 30 X, =3¢

X=p+i(q—p) = 21|

It is important to read the text carefully and write your
answers. After that, check the Study Guide, if necessary.

a. AW=A(p+v,) =Ap+Av,=b+0=>b
b. Av,=A(w—-—p)=Aw—Ap=b—-b=0

When A is the 3 x 3 zero matrix, every x in R? satisfies
Ax = 0. So the solution set is all vectors in R>.

a. When A is a 3 x 3 matrix with three pivot positions, the
equation Ax = 0 has no free variables and hence has no
nontrivial solution.

b. With three pivot positions, A has a pivot position in each
of its three rows. By Theorem 4 in Section 1.4, the
equation Ax = b has a solution for every possible b. The
word “possible” in the exercise means that the only
vectors considered in this case are those in R?, because
A has three rows.

a. When A is a 3 x 2 matrix with two pivot positions, each
column is a pivot column. So the equation Ax = 0 has
no free variables and hence no nontrivial solution.

b. With two pivot positions and three rows, A cannot have
a pivot in every row. So the equation Ax = b cannot

black



33.

35.

37.

39.
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have a solution for every possible b (in R?), by Theorem
4 in Section 1.4.

One answer: X = { _i’ ]

Your example should have the property that the sum of the
entries in each row is zero. Why?

. 1 —4
One answer is A = 1 —a
to analyze the problem in order to construct A. If b is any
vector not a multiple of the first column of A, then the
solution set of Ax = b is empty and thus cannot be formed
by translating the solution set of Ax = b. This does not
contradict Theorem 6, because that theorem applies when
the equation Ax = b has a nonempty solution set.

] . The Study Guide shows how

If ¢ is a scalar, then A(cu) = cAu, by Theorem 5(b) in
Section 1.4. If u satisfies Ax = 0, then Au=0,
cAu=c-0=0, and so A(cu) =0.

Section 1.6, page 63

1.

5.
7.
9.

The general solution is pGoods = -875 Pservicess With Pservices
free. One equilibrium solution is Psevices = 1000 and

Déoods = 875. Using fractions, the general solution could be
Written Pgoods = (7/8) Pservices> and a natural choice of prices
might be pservices = 80 and pgooss = 70. Only the ratio of the
prices is important. The economic equilibrium is unaffected
by a proportional change in prices.

a. Distribution of
Output From:
C&M F&P Mach.
Output N N 3 Input  Purchased By:
2 8 4 — C&M
3 .1 4 — F&P
5 1 2 — Mach.
8 -8 —4 0
b. |-3 9 -4 0
-5 -1 8 0
c. [M] PChemicals = 141.7, PFuels = 91.7, PMachinery = 100.
To two significant figures, pchemicas = 140, Prueis = 92,
PMachinery = 100.
B,S; + 6H,O — 2H3BOs + 3H,S

3NaHCO; + H;C¢HsO; — Naz;CgHsO7 + 3H,O + 3CO,

[M] 15PbNg + 44CrMn,05 —
5Pb;04 + 22Cr,03 + 88MnO, + 90NO

Sheet number 5 Page number 23 ~ cyan magenta
Section 1.7 A23
X = 20 — X3
x, =60+ X3 .
11. . The largest value of x3 is 20.
x3 is free
X4 = 60
X = X3 — 40
)C2=X3+10 X2=50
x3 is free x3 =40
Ba 0 450 B\ x =50
)C5=)C6+60 X5=6O

Xg 1s free

Section 1.7, page 71

Justify your answers to Exercises 1-22.

1. Lin. indep. 3. Lin. depen.
5. Lin. indep. 7. Lin. depen.
9. a. Noh b. Allh
1. h=6 13. Allh
15. Lin. depen. 17. Lin. depen. 19. Lin. indep.
21. If you consult your Study Guide before you make a good

27.

29.

31.

33.

35.
37.

effort to answer the true-false questions, you will destroy
most of their value.

. [ ] * 0 [ ]
* *

0 L] 0 0

8 ; i 25 0 0 and 0 0

0 0 0 0

All five columns of the 7 x 5 matrix A must be pivot
columns. Otherwise, the equation Ax = 0 would have a free
variable, in which case the columns of A would be linearly
dependent.

A: Any 3 x 2 matrix with two nonzero columns such that
neither column is a multiple of the other. In this case, the
columns are linearly independent, and so the equation Ax =
0 has only the trivial solution.

B: Any 3 x 2 matrix with one column a multiple of the other.

1
X = 1
-1
True, by Theorem 7. (The Study Guide adds another
justification.)
False. The vector v, could be the zero vector.

True. A linear dependence relation among vy, v, vz may be
extended to a linear dependence relation among vy, vz, V3,
v4 by placing a zero weight on v;.
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A24 Answers to Odd-Numbered Exercises

39. You should be able to work this important problem without
help. Write your solution before you consult the Study

Guide.
8 -3 2
-9 4 -7 . .
41. [M] B = 6 2 4l Other choices are possible.
5 —1 10

43. [M] Each column of A that is not a column of B is in the

set spanned by the columns of B.

Section 1.8, page 79

3
1. {_2} ) {211] 3. x= | 1 |, unique solution
2

6 2b
3
5. x= | 1 |, not unique 7. a=5b=6
0
9 -7
4 -3
9. x= X3 1 + X4 0
0 1
11. Yes, because the system represented by [A b ]is
consistent.
13. X
ve -
1 ou
——t—t—=—t—t+—1—tx
T(w 1
T °T()

A reflection through the origin

Sheet number 6 Page number 24  cyan magenta

15. Ro)

A projection onto the x,-axis.

o L2 e 2] 2]

21. Read the text carefully and write your answers before you
check the Study Guide. Notice that Exercise 21(e) is a
sentence of the form

“(statement 1) if and only if (statement 2)”

Mark such a sentence as True if (statement 1) is true
whenever (statement 2) is true and also (statement 2) is true
whenever (statement 1) is true.

2. 5 u+v x,
u cu
i “
l X, l X,
T(v) T(u) l
T(u) T(cu)
T(u+v)

25. Hint: Show that the image of a line (that is, the set of
images of all points on a line) can be represented by the
parametric equation of a line.

27. a. The line through p and q is parallel to q — p. (See Fig. 7
in Section 1.5.) Since p is on the line, the equation of the
lineis x =p + t(q — p). Rewrite thisasx=p — rp + tq
andx= (1 —1)p+1q.

b. Considerx = (1 —f)p+tqfortsuchthat0 <z < 1.
Then, by linearity of 7, for0 <z < 1

T)=T(A-Dp+tqQ)=10-0DT(E) +:T@ (%)
If T(p) and T (q) are distinct, then (*) is the equation for

the line segment between 7'(p) and 7'(q), as shown in
part (a). Otherwise, the set of images is just the single

black
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point T (p), because

(I=0TP) +tT(@Q=10-0)T () +tT({P)=T({p)

When b =0, f(x) =mx. In this case, for all x, y in R
and all scalars ¢ and d,

29. a.

f(ex +dy) = m(cx +dy) =mcex + mdy
=c(mx)+d(my)=c-f(x)+d - f(y)

This shows that f is linear.

b. When f(x) = mx + b, with b nonzero,
fO)=m@0)+b=0>b#0.

c. In calculus, f is called a “linear function” because the
graph of f is a line.

31. Hint: Since {v, v, v3} is linearly dependent, you can write
a certain equation and work with it.

33. One possibility is to show that 7' does not map the zero
vector into the zero vector, something that every linear
transformation does do: T (0, 0) = (0, 4, 0).

35. Take u and v in R? and let ¢ and d be scalars. Then
cu+dv = (cuy +dvy, cuy +dv,, cuz +dv;)

The transformation 7 is linear because

T(cua+dv) = (cuy +dvy, cuy + dv,, —(cuz + dvs))
= (cuy +dvy, cuy +dv,, —cuz — dvs)
= (cuy, cuy, —cuz) + (dvy, dvs, —dvs3)
= c(uy, up, —uz) +d(vy, va, —vs)
=cT(u)+dT(v)

37. [M] All multiples of (7,9, 0, 2)

39. [M] Yes. One choice for xis (4,7, 1, 0).

Section 1.9, page 90

3 -5
12 0 1 1 0
T B [_1 0} 5. {_2 1]
1 0
—-1/v2  1/V2 o [ O -1
1/V2  1/42 Tl -1 2

11. The described transformation 7" maps e, into —e; and maps
e, into —e,. A rotation through 7 radians also maps e, into
—e; and maps e, into —e,. Since a linear transformation is
completely determined by what it does to the columns of the
identity matrix, the rotation transformation has the same
effect as T on every vector in R,

Sheet number 7 Page number 25  cyan magenta

Section 1.10 A25

13.

R
15.4;_(])(]) L
0 0 1 1

1 =5 4 7
T TN

23. Answer the questions before checking the Study Guide.
Justify your answers to Exercises 25-28.

25. Not one-to-one and does not map R* onto R*

27. Not one-to-one but maps R* onto R?

o *
0 L] *
29. 0 0 =
0 0 0

31. n. (Explain why, and then check the Study Guide).

33. Hint: If e; is the jth column of I,, then Be; is the jth
column of B.

35. Hint: Is it possible that m > n? What about m < n?
37. [M] No. (Explain why.)
39. [M] No. (Explain why.)

Section 1.10, page 99

110 130 295
1. a. x; 23 + Xo 12 = 42 , where x; is the
2 5 8

number of servings of Cheerios and x; is the number of
servings of 100% Natural Cereal.

110 130 295
4 3| x| _ 9 . )
b. 20 18 {xz} = 48 |- Mix 1.5 servings of
2

Cheerios together with 1 serving of 100% Natural
Cereal.
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A26 Answers to Odd-Numbered Exercises
36 51 13 80 X 33
52 3 74 0 ||x| |45
3. 0 7 11 34||x| = |3 [ Ve
1.26 .19 8 18 X4 8

11.

13.

X1, ..., X4 represent the numbers of units (100 g) of
nonfat milk, soy flour, whey, and isolated soy protein,
respectively, to be used in the mixture

b. [M] The “solution” is x; = .64, x, = .54, x3 = —.09,
x4 = —.21. This solution is not feasible, because the
mixture cannot include negative amounts of whey and
isolated soy protein.

5 =2 0 ol[n 40
. -2 11 -3 O(|L| _|-30
SRi=vol o 3 7 s T 20
0 0 -4 25 n —10
I, 7.56
L. | L _|-110
M= d=1,1=1 o3
N -.25
12 -7 0 -4 I 40
=7 15 -6 of|ln|_| 30
Ri=vil o 6 14 =s||n|~| 20
—4 0 -5 13| L4 —10
I 11.43
. | L _]1055
IMI=i=1 0= 504
n 5.84
. X1 = Mx, fork=0,1,2,..., where
95 .04 600,000
M= [.05 .96} and Xo = [400,000]
.. . 573,260
The population in 2002 (when k =2) is X, = {426,740} .
a Mo 198285  .00258
: ~1.01715 99742
30,223,000 o .
b. [M] x;0 = |:218,487,000] To the nearest thousand

[M] a. The population of the city decreases. After 7 years,
the populations are about equal, but the city population
continues to decline. After 20 years, there are only
417,000 persons in the city. (Note: 417,456 rounded
off.) However, the changes in population each year seem
to grow smaller.

b. The city population is increasing slowly, and the
suburban population is decreasing. After 20 years, the
city population has grown from 350,000 to about
370,000.
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Chapter 1 Supplementary Exercises, page 102

1. a. F b. F c. T d. F e. T
f. T g. F h. F i T j- F
k. T I. F m. T n T o. T
p- T q. F r. T s. F t. F
u. F v. T w. T x. F y. T z. F
3. a. Any consistent linear system whose echelon form is
" x [ *
0 n 0 *
0 o0 0 0
0 [ ]
or |0 0 u *
o 0 0 O
b. Any consistent linear system whose reduced echelon
form is I3.

c. Any inconsistent linear system of three equations in
three variables.

. The solution set: (i) is empty if # = 12 and k # 2; (ii)
contains a unique soltution if & # 12; (iii) contains
infinitely many solutions if # = 12 and k = 2.

b. The solution set is empty if k + 3h = 0; otherwise, the

solution set contains a unique solution.

2 —4 -2
7. a. Setvi=| —=5|,v, = 1|,vz= 1{,and
7 -5 -3
by
b= | b, |. “Determine if vy, v,, v3 span R3.” Solution:
bs
No.
2 —4 =2
b. Set A= | -5 1 1 |. “Determine if the columns
7 -5 -3
of A span R3.”

¢. Define T(x) =

SB35

10. Hint: Construct a “grid” on the x;x,-plane determined by a;
and a,.

Ax. “Determine if T maps R? onto R3.”

11. A solution set is a line when the system has one free
variable. If the coefficient matrix is 2 x 3, then two of the
columns should be pivot columns. For instance, take

1 2
0 3

matrix will be in echelon form. Make one row replacement
operation on the second row to create a matrix not in

12 1 2 1
echelon form, such as {O 3 1} ~ L 5 2}'

: } . Put anything in column 3. The resulting

black



12.

13.

15.

16.
17.
19.
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Hint: How many free variables are in the equation Ax = 0?

1 0 -3
E=1|0 1 2
o 0 O

a. If the three vectors are linearly independent, then a, c,
and f must all be nonzero.
b. The numbers a, ..., f can have any values.

Hint: List the columns from right to left as vy, ..., vg4.

Hint: Use Theorem 7.

Let M be the line through the origin that is parallel to the
line through vy, v, and v3. Then v, — v; and v3 — v, are
both on M. So one of these two vectors is a multiple of the
other, say v, — v; = k(v3 — v;). This equation produces a
linear dependence relation: (k — 1)v; + v, — kv3; =0.

A second solution: A parametric equation of the line is
X = V; +1(v, — vy). Since v3 is on the line, there is some 7,
such that v = v| +15(v, — v{) = (1 — £y) V| + fyV,. So v3 is
a linear combination of v, and v,, and {vy, v;, v3} is linearly
dependent.

1 0 0
21. (0 -1 0 23. a=4/5and b=-3/5
0 0 1
25. a. The vector lists the number of three-, two-, and
one-bedroom apartments provided when x; floors of
plan A are constructed.
3 4 5
b. xi |7 +x |4 +x3|3
8 8 9
c. [M] Use 2 floors of plan A and 15 floors of plan B. Or,
use 6 floors of plan A, 2 floors of plan B, and 8 floors of
plan C. These are the only feasible solutions. There are
other mathematical solutions, but they require a negative
number of floors of one or two of the plans, which makes
no physical sense.
CHAPTER 2

Section 2.1, page 116

-7

-4 0 2 3 -5 3
. = 10 _4},{_7 6 },notdeﬁned,

1 13
-7 -6

-1 1] [12
-5 5] (15

=]
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—7 4 -7 4
5.a. Abj=| 7|,Ab,=|—-6|,4B=| 7 -6
12 -7 12 =7
—1-3+2(-2) —-1(=2)+2-1
b. AB=| 5-3+4(=2) 5(-2)+4-1
2.3-3(=2) 2(=2)—3-1
-7 4
=| 7 -6
12 =7
7. 3x7 9. k-5
2 3 5 2 2 2
11. AD= |2 6 15|,DA= |3 6 9
2 12 25 5 20 25

13.
15.

17.

19.

21.
23.
25.

27.

29.

31.

Right-multiplication (that is, multiplication on the right) by
D multiplies each column of A by the corresponding
diagonal entry of D. Left-multiplication by D multiplies
each row of A by the corresponding diagonal entry of D.
The Study Guide tells how to make AB = BA, but you
should try this yourself before looking there.

Hint: One of the two matrices is Q.

Answer the questions before looking in the Study Guide.

SINE

The third column of A B is the sum of the first two columns
of AB. Here’s why. Write B = [ b, b, b; ]. By
definition, the third column of AB is Abs;. If b; =b; + b,,
then Ab; = A(b; +by) = Ab, + Ab,, by a property of
matrix-vector multiplication.

The columns of A are linearly dependent. Why?
Hint: Suppose x satisfies Ax = 0, and show that x must be 0.

Hint: Use the results of Exercises 23 and 24, and apply the
associative law of multiplication to the product CAD.

u’v=vlu=—2a+3b—4c,
—2a —2b —2c
uv! = 3a 3 3c|,
—4a —4b —4c
—2a 3a —4a
val' = | —2b 3b —4b
—2c 3¢ —4c
Hint: For Theorem 2(b), show that the (i, j)-entry of

A(B + C) equals the (i, j)-entry of AB + AC.

Hint: Use the definition of the product /,, A and the fact that
I,x =x for x in R™.

black
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33.

35.

37.
39.

Hint: First write the (i, j)-entry of (AB)7, which is the
(j, i)-entry of AB. Then, to compute the (i, j)-entry in
BTAT, use the facts that the entries in row i of BT are

by, ..., by, because they come from column i of B, and the

entries in column j of AT are aji, ..., aj,, because they
come from row j of A.

[M] The answer here depends on the choice of matrix
program. For MATLAB, use the help command to read
about zeros, ones, eye, and diag. For the TI-86,
study the dim, £i11, and iden instructions. The TI-86
does not have a “diagonal” command.

[M] Display your results and report your conclusions.

[M] The matrix S “shifts” the entries in a vector
(a,b,c,d,e)toyield (b, c,d, e, 0). 3 is the 5x 5 zero
matrix. So is S°.

Section 2.2, page 126

p—

15.
17.
19.
21.
23.

25.

27.

2 3] 5 1[-5 =5 1 1
sz 4| 75| 07 8| =75 =85

. x1=7andxzz—9

-9 11 6 13
. aandb: { 4}, {_5}, [_2},and {_5}
. Write out your answers before checking the Study Guide.

11.
13.

The proof can be modeled after the proof of Theorem 5.

AB=AC=A"AB=A""AC=1IB=IC= B=C.
No, in general, B and C can be different when A is not
invertible. See Exercise 10 in Section 2.1.

D =C'B~'A~!. Show that D works.

A=BCB™!

After you find X = CB — A, show that X is a solution.
Hint: Consider the equation Ax = 0.

Hint: If Ax = 0 has only the trivial solution, then there are
no free variables in the equation Ax = 0, and each column
of A is a pivot column.

Hint: Consider the case @ = b = 0. Then consider the vector

4 } , and use the fact that ad — bc = 0.

Hint: For part (a), interchange A and B in the box following
Example 6 in Section 2.1, and then replace B by the identity

matrix. For parts (b) and (c), begin by writing
row;(A)

A= | rowy(A)
rows(A)

Sheet number 10 Page number 28  cyan magenta

29.

33.

35.

37.

39.
41.

0 0 0
11 0 0
Al=p=| 0 -1 1 . Hint: For
0 0 - -1 1

j=1,...,nleta;, b;, and e; denote the jth columns of
A, B, and I, respectively. Use the facts thata; —a;, =e;
i=e;—ej, forj=1,...,n—1,anda, =b, =e,.

b;
3
—6 | . Find this by row reducing [ A es .
4
1 1 -1
€= [—1 1 o}
.27, .30, and .23 inch, respectively
[M] 12, 1.5,21.5, and 12 newtons, respectively

Section 2.3, page 132

The abbreviation IMT (here and in the Study Guide) denotes the
Invertible Matrix Theorem (Theorem 8).

1.

Invertible, by the IMT. Neither column of the matrix is a
multiple of the other column, so they are linearly
independent. Also, the matrix is invertible by Theorem 4 in
Section 2.2 because the determinant is nonzero.

. Invertible, by the IMT. The matrix row reduces to

5 0 0
0 =7 0 | and has 3 pivot positions.
10 0 —1]

Not invertible, by the IMT. The matrix row reduces to

(1 0 2]
0 3 —5 | andis not row equivalent to /5.
10 0 0]

Invertible, by the IMT. The matrix row reduces to

(-1 -3 0 1
8 B g 2 8 and has four pivot positions.
L 0 0 0 1
. [M] The 4 x4 matrix has four pivot positions, so it is
invertible by the IMT.

. The Study Guide will help, but first try to answer the

questions based on your careful reading of the text.
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A square upper triangular matrix is invertible if and only if
all the entries on the diagonal are nonzero. Why?

Note: The answers below for Exercises 15-29 mention the IMT.
In many cases, part or all of an acceptable answer could also be
based on results that were used to establish the IMT.

15.

17.

19.

21.

23.

25.
27.

29.

31.

33.

35.

If A has two identical columns then its columns are linearly
dependent. Part (e) of the IMT shows that A cannot be
invertible.

If A is invertible, so is A~!, by Theorem 6 in Section 2.2.
By (e) of the IMT applied to A~!, the columns of A~! are
linearly independent.

By (e) of the IMT, D is invertible. Thus the equation
Dx = b has a solution for each b in R’, by (g) of the IMT.
Can you say more?

The matrix G cannot be invertible, by Theorem 5 in Section
2.2 or by the paragraph following the IMT. So (g) of the
IMT is false and so is (h). The columns of G do not span R".

Statement (b) of the IMT is false for K, so statements (e)
and (h) are also false. That is, the columns of K are linearly
dependent and the columns do not span R”.

Hint: Use the IMT first.

Let W be the inverse of AB. Then ABW = [ and

A(BW) = I. Unfortunately, this equation by itself does not
prove that A is invertible. Why not? Finish the proof before
you check the Study Guide.

Since the transformation X — AX is not one-to-one,
statement (f) of the IMT is false. Then (i) is also false and
the transformation x > Ax does not map R" onto R". Also,
A is not invertible, which implies that the transformation

X > Ax is not invertible, by Theorem 9.

Hint: If the equation AX = b has a solution for each b, then
A has a pivot in each row (Theorem 4 in Section 1.4). Could
there be free variables in an equation Ax = b?

Hint: First show that the standard matrix of T is invertible.
Then use a theorem or theorems to show that 7' (x) = Bx,

7 9
whereB:{4 5}.

Hint: To show that T is one-to-one, suppose that

T (u) = T (v) for some vectors u and v in R”. Deduce that
u =v. To show that T is onto, suppose y represents an
arbitrary vector in R” and use the inverse S to produce an x
such that 7'(x) = y. A second proof can be given using
Theorem 9 together with a theorem from Section 1.9.

Sheet number 11 Page number 29

37.
39.

41.

43.

45.

cyan magenta

Section 2.4 A29

Hint: Consider the standard matrices of T and U.

Given any v in R", we may write v = T (x) for some x,
because T is an onto mapping. Then, the assumed
properties of S and U show that S(v) = S(7T'(x)) = x and
U(v) =U(T(x)) =x. So S(v) and U (v) are equal for each
v. That is, S and U are the same function from R” into R".

[M] a. The exact solution of (3) is x; = 3.94 and x, = .49.
The exact solution of (4) is x; =2.90 and x, = 2.00.

b. When the solution of (4) is used as an approximation for
the solution in (3), the error in using the value of 2.90 for
x1 is about 26%, and the error in using 2.0 for x, is about
308%.

¢. The condition number of the coefficient matrix is 3363.
The percentage change in the solution from (3) to (4) is
about 7700 times the percentage change in the right side
of the equation. This is the same order of magnitude as
the condition number. The condition number gives a
rough measure of how sensitive the solution of Ax =b
can be to changes in b. Further information about the
condition number is given at the end of Chapter 6 and in
Chapter 7.

[M] cond(A) ~ 69,000, which is between 10* and 10°. So
about 4 or 5 digits of accuracy may be lost. Several
experiments with MATLAB should verify that x and x;
agree to 11 or 12 digits.

[M] Some versions of MATLAB issue a warning when
asked to invert a Hilbert matrix of order about 12 or larger
using floating-point arithmetic. The product AA~! should
have several off-diagonal entries that are far from being
zero. If not, try a larger matrix.

Section 2.4, page 139

=

13.

A B ]

3 Y z
EA+C EB+D W X

. Y =B (explain why), X =—-B~'A,Z=C
. X=A""(why?),Y =—BA~', Z =0 (why?)
. X =—AnAy Y =—A3A7, By = Apn — Ay Aj A
11.

You can check your answers in the Study Guide.

D E

F G }
Show that BD = I and CG = [. This implies that B and C
are invertible. (Explain why!) Conversely, suppose B and
C are invertible. To prove that A is invertible, guess what
A~! must be and check that it works.

Hint: Suppose A is invertible, and let A~! =
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All A 12

15. =
{ Ay An }

I ol[An O1[1 Aj'An
AyAy IO S0 I

with § = Ay — Ay Ay Ap.

T
17. G = [ X Xpa1 ] {er ] = Xi X] + Xp1X]
Xi+1
= G + Xk+leT+1
Only the outer product matrix Xy leT+1 needs to be
computed (and then added to Gy).

19. W(s) =1, — C(A — sI,)"'B. This is the Schur
complement of A — s/, in the system matrix.

1 01 0
2
SIS
1+0 0+0 |1 _[1 o0
3-3 0+(=D*| |0 1

=[5 0

040 | _[1 0
0+(—A2| "0 1

23. If A| and B, are (k + 1) x (k + 1) and lower triangular, then
a 07 b o7

{V A}andBlz{w B]’

where A and B are k x k and lower triangular, v and w are in

R, and a and b are suitable scalars. Assume that the product

of k x k lower triangular matrices is lower triangular, and

compute the product A, B;. What do you conclude?

A’+0
A—A

we can write A =

25. Use Exercise 13 to find the inverse of a matrix of the form
0 By
invertible. Partition the matrix A, and apply your result

twice to find that
-5 2 0 0 0

, where By; is px p, By is ¢ Xq and B is

3 -1 0 0 0
A= 0 0 12 0 0
0 0 0 3 —4
0 0 0 —5/2 )2

27. a,b. [M] The commands to be used in these exercises
will depend on the matrix program.
c. The algebra needed comes from the block matrix
equation
e MY
Ay An| x| | b2
where x; and b; are in R? and x, and b, are in R¥.
Then Aj;1x; = by, which can be solved to produce x;.

Sheet number 12 Page number 30  cyan magenta

The equation A, 1X; + AnX, = b, yields
ApXx; =b, — Azxy, which can be solved for x, by row
reducing the matrix [A, ¢], where ¢ = b, — AjX;.

Section 2.5, page 149

- 3
1. Ly=b=y=|-2|,Ux=y=>x= 4
6 -6
1 [ s| |5
J.y=|(3]|,x= 3 5.y= ,X =
3 3 ! 2
-3 -3
1 02 5
7. LU= {—3/2 IHO 7/2}
M1 0 013 -1 2
9. | —1 1 0110 -3 12
| 3 2/3 1]0 0 -8
M1 0 0|13 -6 3
11. 2 1 0110 5 —4
—-1/3 1 1110 0 5
1 0 0 01 3 -5 -3
3 -1 1 0 0110 -2 3 1
: 4 5 1 010 0 0 0
|2 -1 0 1110 0 0 0
1 0 0][2 —4 4 =2
15. 3 1 0110 3 -5 3
| —-1/2 =2 1/]0 0 0 5
1/4 3/8 1/4
17.0'=| 0 —1/2 1/2 1,
0 0 1/2
1 0 0
L= 1 1 0],
-2 0 1
1/8 3/8 1/4
A'=|-3/2 —-1/2 1/2

-1 0 1/2
19. Hint: Think about row reducing [A [I].

21. Hint: Represent the row operations by a sequence of
elementary matrices.

23. a. Denote the rows of D as transposes of column vectors.
Then partitioned matrix multiplication yields
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A=CD =|[¢ cal| -
vi
= vl +- - +egv]
b. A has 40,000 entries. Since C has 1600 entries and D
has 400 entries, together they occupy only 5% of the
memory needed to store A.

25. Explain why U, D, and VT are invertible. Then use a
theorem on the inverse of a product of invertible matrices.

|: 1+R2/R1 —R; :|
—1/R, — Ry/(Ri1R3) — 1/R; 1+ Ry/R3

1 o)1 —-12 10
b'Az{—l/6 1“0 1“—1/36 1}

29. a.

157-ans-odd

31. [M]

M1 0 0 0 0 0 0 0]

-25 1 0 0 0 0 0 0

—25 —.0667 1 0 0 0 0 0

a L | 0 —2667 —.2857 1 0 0 0 0

0 0 —.2679 —.0833 1 0 0 0

0 0 0 —.2917 —.2921 1 0 0

0 0 0 0 —.2697 —.0861 1 0

0 0 0 0 0 —.2948 —2931 1|
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Section 2.6 A31
4 -1 -1 0 0 0 0 0
0 375 -.25 -1 0 0 0 0
0 0 3.7333  —1.0667 -1 0 0 0
U 0 0 0 3.4286 —.2857 -1 0 0
0 0 0 0 3.7083 —1.0833 -1 0
0 0 0 0 0 33919 —.2921 -1
0 0 0 0 0 0 37052 —10861
0 0 0 0 0 0 0 3.3868
b. x=(3.9569, 6.5885, 4.2392, 7.3971, 5.6029, 8.7608, 9.4115, 12.0431)
2953 0866 0945 0509 0318 0227 0100 0082
.0866 .2953 .0509 .0945 0227 .0318  .0082 .0100
0045 0500 3271 1093 1045 0591 0318 0227
c. A-l— .0509 .0945 .1093 3271 0591 1045 0227 .0318
0318 .0227 .1045 .0591 3271 1093 .0945 .0509
0227 .0318 .0591 1045 1093 3271 .0509 .0945
.0100 .0082 .0318 .0227 0945 .0509 2953 .0866
0082 0100 0227 0318 0509 0945 0866 .2953

Obtain A~ directly and then compute A~' — U~'L~" to
compare the two methods for inverting a matrix.

Section 2.6, page 156

15.

10°.60.60 intermediate 60
.C=1[.30 .20 0 ,{ demand }: 20
30 .10 .10 10
b
15 120
1.6 111.6
s {1.2} - {121.2}
82.8
. x= | 131.0
110.3
. Hint: Use properties of transposes to obtain p? = p’C + v7,

so that p’x = (p’C + v7)x = p’Cx + v’x. Now compute p'x
from the production equation.

. [M] x = (99576,97703, 51231, 131570, 49488, 329554,

13835). The entries in x suggest more precision in the
answer than is warranted by the entries in d, which appear to
be accurate only to perhaps the nearest thousand. So a more
realistic answer for X might be

x = 1000 % (100, 98, 51, 132, 49, 330, 14).

[M] xU? is the first vector whose entries are accurate to the
nearest thousand. The calculation of x'? takes about

1260 flops, while row reduction of [ (/ — C) d] takes only
about 550 flops. If C is larger than 20 x 20, then fewer flops
are needed to compute x!? by iteration than to compute the
equilibrium vector x by row reduction. As the size of C
grows, the advantage of the iterative method increases.
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Also, because C becomes more sparse for larger models of
the economy, fewer iterations are needed for reasonable
accuracy.

Section 2.7, page 165

11.

13.

15.

19.

21.

(1 25 0 V272 =272 2
0 1 0 301 V22 V22 22
0 0 1 0 0 1
[V3/2 12 0

172 =32 0

0 0 1
[ 172 =V3/2  3+43

V32 12 4-3Y3

0 0 1

See the Practice Problem.

. A(BD) requires 1600 multiplications. (AB)D requires 808

multiplications. The first method uses about twice as many
multiplications. If D had 20,000 columns, the counts would
be 160,000 and 80,008, respectively.

Use the fact that
1 sin® @

secy —tangsing = -
cos ¢

{131 [1)} = {(I)T ll)} {?}T (” First apply the linear

transformation A, and then translate by p.

1 0 0 0
0 12 =V3/2 0
12, -6,3 17.
(12, -6.3) 0 32 12 0
0 0 0 1
The triangle with vertices at (7, 2, 0), (7.5, 5, 0), (5,5, 0)
22586 —1.0395 —34737[x R
[M] | —1.3495  2.3441 0696 || Y |=]|G
0910 —.3046 12777 || Z B

Section 2.8, page 173

1.

3.

. No. The system corresponding to [ v; \Z)

The set is closed under sums but not under multiplication by
a negative scalar. (Sketch an example.)

The set is not closed under sums or scalar multiples. The
subset consisting of the points on the line x, = x; is a
subspace, so any “counterexample” must use at least one
point not on this line.

w]is
inconsistent.

Sheet number 14 Page number 32

7.

13.

15.

17.

19.

21.

23.

25.

27.

cyan magenta

a. The three vectors vy, v,, and v3
b. Infinitely many vectors
c. Yes, because Ax = p has a solution.

. No, because Ap #0.
11.

p=4and g =3.Nul A is a subspace of R* because
solutions of Ax = 0 must have four entries, to match the
columns of A. Col A is a subspace of R* because each
column vector has three entries.

For Nul A, choose (1, —2,1,0) or (—1,4,0, 1), for
example. For Col A, select any column of A.

Yes. Let A be the matrix whose columns are the vectors
given. Then A is invertible because its determinant is
nonzero, and so its columns form a basis for R?, by the IMT
(or by Example 5). (Other reasons for the invertibility of A
could be given.)

Yes. Let A be the matrix whose columns are the vectors
given. Row reduction shows three pivots, so A is invertible.
By the IMT, the columns of A form a basis for R3.

No. Let A be the 3 x 2 matrix whose columns are the
vectors given. The columns of A cannot possibly span R?
because A cannot have a pivot in every row. So the columns
are not a basis for R?. (They are a basis for a plane in R3.)

Read the section carefully, and write your answers before
checking the Study Guide. This section has terms and key
concepts that you must learn now before going on.

[4 5
Basis for Col A: [ 6], | 5
|3 4

Basis for Nul A: s

Basis for Col A: s

Basis for Nul A: 1 .1 0

Construct a nonzero 3 x 3 matrix A, and construct b to be
almost any convenient linear combination of the columns of
A.

black
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33.
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Hint: You need a nonzero matrix whose columns are
linearly dependent.

If Col F # R?, then the columns of F do not span R>. Since
F is square, the IMT shows that F is not invertible and the
equation F'x = 0 has a nontrivial solution. That is, Nul F

contains a nonzero vector. Another way to describe this is to

write Nul F # {0}.

If Col Q = R*, then the columns of Q span R*. Since Q is
square, the IMT shows that Q is invertible and the equation
Ox = b has a solution for each b in R*. Also, each solution
is unique, by Theorem 5 in Section 2.2.

Sheet number 15 Page number 33

9. Basis for Col A: s

Basis for Nul A:

1 27

2 5

11. Basis for Col A: N

cyan magenta
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Section 2.9

—4

5 .

3 ;dimCol A =3
7

;dimNulA =1

0

H _‘7‘ ;dimColA =3

35.

Nul B = {0}.
37.

If the columns of B are linearly independent, then the
equation Bx = 0 has only the trivial (zero) solution. That is,

[M] Display the reduced echelon form of A, and select the

pivot columns of A as a basis for Col A. For Nul A, write
the solution of Ax = 0 in parametric vector form.

3 -5
. -7 9
Basis forCol A : s> 7
3 -7
-2.5 4.5 -3.5
—-1.5 2.5 -1.5
Basis for Nul A : 1 .| 0 |,
0 1
0 0

Section 2.9, page 180

1. x=3b1+2b2=3[” +2{

2

2
-1

||

7
1

|

13.

15.

17.
19.

21.

23.

3 | 10 | 11
F o7 Tos]

-2 3
Basis for Nul A: 11, 0
0 -2
0 1

;dimNul A =2

Columns 1, 3, and 4 of the original matrix form a basis for
H,sodim H = 3.

Col A =R?, because A has a pivot in each row, and so the
columns of A span R>. Nul A cannot equal R?, because
Nul A is a subspace of R>. It is true, however, that Nul A is
two-dimensional. Reason: The equation Ax = 0 has two
free variables, because A has five columns and only three of
them are pivot columns.

See the Study Guide after you write your justifications.

The fact that the solution space of Ax = 0 has a basis of
three vectors means that dim Nul A = 3. Since a 5x7
matrix A has seven columns, the Rank Theorem shows that
rank A =7 — dim Nul A = 4. See the Study Guide for a
justification that does not explicitly mention the Rank
Theorem.

A 7 x 6 matrix has six columns. By the Rank Theorem,

dim Nul A = 6 — rank A. Since the rank is four,

dim Nul A = 2. That is, the dimension of the solution space
of Ax =0 is two.

A 3 x4 matrix A with a two-dimensional column space has
two pivot columns. The remaining two columns will
correspond to free variables in the equation Ax = 0. So the
desired construction is possible. There are six possible
locations for the two pivot columns, one of which is

ok % %

0 =m * *

o 0 0 O
vectors in R? that are obviously not linearly dependent and
place them in a matrix along with a copy of each vector, in
any order. The resulting matrix will obviously have a

. A simple construction is to take two
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two-dimensional column space. There is no need to worry
about whether Nul A has the correct dimension, since this is
guaranteed by the Rank Theorem: dim Nul A =4 — rank A.

25. The p columns of A span Col A by definition. If
dim Col A = p, then the spanning set of p columns is
automatically a basis for Col A, by the Basis Theorem. In
particular, the columns are linearly independent.

27. a. Hint: The columns of B span W, and each vector a; is in

W. The vector ¢; is in R? because B has p columns.

b. Hint: What is the size of C?
c. Hint: How are B and C related to A?

29. [M] Your calculations should show that the matrix
[vi v, x]corresponds to a consistent system. The
B-coordinate vector of x is (—5/3, 8/3).

Chapter 2 Supplementary Exercises, page 183

1. a. T b. F c. T d. F
e. F f. F g T h. T
i T j- F k. T I.L F
m. F n. T o. F p- T

3.1

5. A2=2A — I. Multiply by A: A® =242 — A.
Substitute A2=2A —I: A3=2Q2A—1)— A=3A-2I.
Multiply by A again: A*= A(3A —2I) =3A? — 2A.
Substitute the identity A2 =2A — I again:
A*=3QA — 1) —2A =44 —31.

10 -1 r
7.1 9 10 9. :g ;
-5 -3 -
11. a. p(x;)) =co+cix;+---+ Cnfle_l
C e
= row; (V)" =row;(Ve) =y
L Cn—1
b. Suppose x, ..., x, are distinct, and suppose V¢ = 0 for

some vector ¢. Then the entries in ¢ are the coefficients
of a polynomial whose value is zero at the distinct points
X1, ..., X,. However, a nonzero polynomial of degree
n — 1 cannot have n zeros, so the polynomial must be
identically zero. That is, the entries in ¢ must all be zero.
This shows that the columns of V are linearly
independent.

¢. Hint: When xy, ..., x, are distinct, there is a vector ¢
such that Ve =y. Why?

13. a. P2 =(@uD)(mu’) =u@ wu’ =u(Hu’ =P
b. Pl =) =uTu" =w’ =P
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c. 0>°=(U-2P)(I-2P)
=I1—-I1IQ2P)—-2PI+2P(2P)
=] —4P +4P? =1, because of part (a).

15. Left-multiplication by an elementary matrix produces an
elementary row operation:
B~ EIB ~ EzElB ~ E3E2EIB =C
So B is row equivalent to C. Since row operations are
reversible, C is row equivalent to B. (Alternatively, show C
being changed into B by row operations using the inverses
of the E;.)

17. Since B is 4 x 6 (with more columns than rows), its six
columns are linearly dependent and there is a nonzero x
such that Bx = 0. Thus ABx = A0 = 0, which shows that
the matrix A B is not invertible, by the Invertible Matrix
Theorem.

19. [M] To four decimal places, as k increases,

[.2857 .2857  .2857
AF — | 4286 4286  .4286 and
| .2857 2857  .2857
2022 2022 2022
B — | 3708 .3708 .3708
| 4270 4270 4270
or, in rat_ional format,
2/7 2/7 2/7
AY — | 377 3/7 3/7 and
1 2/7 2/7 2/7
[18/89 18/89 18/89
B¥ — | 33/89 33/89 33/89
| 38/89 38/89 38/89
CHAPTER 3
Section 3.1, page 190
1. 1 3. -5 5. =23 7. 4

9. 10. Start with row 3.
11. —12. Start with column 1 or row 4.
13. 6. Start with row 2 or column 2.
15. 1 17. =5

19. ad — bc, cb — da. Interchanging two rows changes the sign
of the determinant.

21. -2, (18 + 12k) — (20 + 12k) = —2. A row replacement
does not change the value of a determinant.
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23.

25.
31.

33.

35.

37.

39.
41.

43.
45.
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—5,k(4) — k(2) + k(=7) = —5k. Scaling a row by a
constant k multiplies the determinant by k.

1 27. k 29. —1

1. The matrix is upper or lower triangular, with only 1’s on
the diagonal. The determinant is 1, the product of the
diagonal entries.

det EA = det {Z ‘” =cb —ad = (—1)(ad — bc)
= (det E)(det A)
det EA = det {a+kc b-;kd}
= (a +kc)d — (b+kd)c
= ad +kcd — bc — kdc = (+1)(ad — bc)
= (det E)(det A)
15 5
A= [20 10}’IlO
Hints are in the Study Guide.

The area of the parallelogram and the determinant of
X
2
6. In each case the base of the parallelogram is unchanged,
and the altitude remains 2 because the second coordinate of
v is always 2.

[u v]bothequal 6. If v= [ for any x, the area is still

[M] In general, det(A + B) is not equal to det A + det B.

[M] You can check your conjectures when you get to
Section 3.2.

Section 3.2, page 199

1.
3.

13.
21.
25.
29.
31.
33.
35.

Interchanging two rows reverses the sign of the determinant.

A row replacement operation does not change the
determinant.

.3 7. 0 9.3 11. 120
6 15. 35 17. -7 19. 14
Invertible 23. Not invertible
Linearly independent 27. See the Study Guide.

=32
Hint: Show that (det A)(det A1) = 1.
Hint: Use Theorem 6.

Hint: Use Theorem 6 and another theorem.

Sheet number 17 Page number 35

37.

39.
41.

43.

45.

cyan magenta

Section 3.3 A35
6 0
det AB = det 17 4 =24; (det A)(det B) = 3-8 =24
a. —12  b.500 ¢ -3 d 1 e o4
detA = (a+e)d — (b+ f)c=ad+ed —bc— fc

= (ad — bc) + (ed — fc) = det B + det C

Hint: Compute det A by a cofactor expansion down column
3.

[M] See the Study Guide after you have made a conjecture
about A’7A and AAT.

Section 3.3, page 209

1.

11.

13.

15.

17.

19.
25.

{ 5/6] , {4 s |
-1/6 5/2 ~72
5s +4 —4s — 15
. ++/3; = L Xy =
s#£v/3 x 6(>—3)" 27T 42 —3)
£0, -1 1 4s +3
. , —1 1= , X2 =
: A1) P T s+ 1)
0 1 0] 1_ 0 1 0]
adjA=|-3 -1 -3 ’A_]_§ -3 -1 -3
| 3 2 6] | 3 2 6]
(-1 -1 5] 1_—1 -1 5]
adjA = 1 =5 1 ,A“_g 1 =5 1
|1 7 =5] | 1 7 =5
2 0 0] I 2 0 0
adjA = 2 6 0 ,A‘I:g 2 6 0
-1 -9 3] | -1 =9 3]
a b
IfA:{C d}’thencnZd,Cu:—C,Cm:—bv
Cy, = a. The adjugate matrix is the transpose of cofactors:
ade:{ d _b}
—c a

Following Theorem 8, we divide by det A; this produces the
formula from Section 2.2.

8 21. 14 23. 22

A 3 x3 matrix A is not invertible if and only if its columns
are linearly dependent (by the Invertible Matrix Theorem).
This happens if and only if one of the columns is in the
plane spanned by the other two columns, which is
equivalent to the condition that the parallelepiped
determined by these columns has zero volume, which in
turn is equivalent to the condition that det A = 0.
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24 29. %|det[v1 va ]|
a. See Example 5. b. 4mabc/3

[M] In MATLAB, the entries in B — inv(A) are
approximately 10~'° or smaller. See the Study Guide for
suggestions that may save you keystrokes as you work.

[M] MATLAB Student Version 4.0 uses 57,771 flops for
inv(A), and 14,269,045 flops for the inverse formula. The
inv (A) command requires only about 0.4% of the
operations for the inverse formula. The Study Guide shows
how to use the £1ops command.

Chapter 3 Supplementary Exercises, page 211

1.

a. T b. T c. F d. F
e. F f. F g T h. T
i. F j- F k. T I. F
m. F n T o. F p- T

The solution for Exercise 3 is based on the fact that if a matrix
contains two rows (or two columns) that are multiples of each
other, then the determinant of the matrix is zero, by Theorem 4,
because the matrix cannot be invertible.

3.

5.
7.

9.

Make two row replacement operations, and then factor out a
common multiple in row 2 and a common multiple in row 3.

1 a b+c 1 a b+c
1 b a+c| =10 b—a a—>b
1 c a+b 0 c—a a—c
1 a b+c
=0b-a)(c—a)|0 1 -1
0 1 -1
=0
—-12

When the determinant is expanded by cofactors of the first
row, the equation has the form ax + by + ¢ =0, where at
least one of @ and b is not zero. This is the equation of a
line. It is clear that (x|, y;) and (x,, y,) are on the line,
because when the coordinates of one of the points are
substituted for x and y, two rows of the matrix are equal and
so the determinant is zero.

1 a a’

T~ |0 b—a b> —a?
0 c—a At —a?

. Thus, by Theorem 3,

Sheet number 18 Page number 36

11.

13.

15.

17.

19.

cyan magenta

1 a a*
detT = (b —a)(c —a)det| 0 1 b+a
0 1 c+a
1 a a?
= (b —a)(c—a)det| 0 1 b+a
0 0 c—b

= (b —a)(c—a)(c—Db)

Area = 12. If one vertex is subtracted from all four vertices,
and if the new vertices are 0, v, v,, and v3, then the
translated figure (and hence the original figure) will be a
parallelogram if and only if one of vy, v,, v3 is the sum of
the other two vectors.

1
By the Inverse Formula, (adj A)- mA =A"T"A=1.By
e
the Invertible Matrix Theorem, adj A is invertible and
adjA)'=——A
(adj A) det A
a. X=CA™',Y =D — CA~'B. Now use Exercise 14(c).
b. From part (a), and the multiplicative property of
determinants,

det{A B] = det[A(D — CA™'B)]

cC D
= det[AD — ACA™'B]
= det[AD — CAA~'B]
= det[AD — CB]

where the equality AC = CA was used in the third step.

First consider the case n = 2, and prove that the result holds
by directly computing the determinants of B and C. Now
assume that the formula holds for all (k — 1) x (k — 1)
matrices, and let A, B, and C be k x k matrices. Use a
cofactor expansion along the first column and the inductive
hypothesis to find det B. Use row replacement operations
on C to create zeros below the first pivot and produce a
triangular matrix. Find the determinant of this matrix and
add to det B to get the result.

[M] Compute:

1 1 1 1
1 1
1 2 2|=1, ! 22 2:1,
2 3 1 2 3 3
1 2 3 4
1 1 1 1 1
1 2 2 2 2
1 2 3 3 3|=1
1 2 3 4 4
1 2 3 4 5
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Conjecture:
1 1 1 e 1
1 2 2 2
1 2 3 312
1 2 3 et n

To confirm the conjecture, use row replacement operations
to create zeros below the first pivot, then the second pivot,
and so on. The resulting matrix is

1 1 1 1
0 1 1 1
0 0 1 1
o o0 0 ... 1

which is an upper triangular matrix with determinant 1.

CHAPTER 4

Section 4.1, page 223

1. a. u+visin V because its entries will both be nonnegative.

b. Example: If u= {2

2} and ¢ = —1, thenuisin V, but cu

isnotin V.

3. Example: Ifu= {'5

5} and ¢ =4, then uis in H, but cu is

notin H.
5. Yes, by Theorem 1, because the set is Span {¢2}.

7. No, the set is not closed under multiplication by scalars that
are not integers.

1
9. H = Span {v}, where v= | 3 | . By Theorem 1, H is a
2

subspace of R?.
5 2
11. W =Span {u, v}, whereu= | 1 |,v= | 0 |[.By
0 1
Theorem 1, W is a subspace of R3.

13. a. There are only three vectors in {v;, V5, v3}, and w is not
one of them.
b. There are infinitely many vectors in Span {v;, v, v3}.

c. wisin Span {vy, v, v3}.

15. Not a vector space because the zero vector is not in W

Sheet number 19 Page number 37  cyan magenta

Section 4.2 A37
1 -1 0
0 1 —1
ms=| Vol
0 1

19. Hint: Use Theorem 1.

Warning: Although the Study Guide has complete solutions for
every odd-numbered exercise whose answer here is only a “Hint,”
you must really try to work the solution yourself. Otherwise, you
will not benefit from the exercise.

21. Yes. The conditions for a subspace are obviously satisfied:
The zero matrix is in H, the sum of two upper triangular
matrices is upper triangular, and any scalar multiple of an
upper triangular matrix is again upper triangular.

23.
25. 4
29.

See the Study Guide after you have written your answers.
27. a. 8 b. 3 c5 d. 4
Axiom 10

lu+ (—1)u
[1+(—=D]u Axiom 8

= O0u=0 Exercise 27
From Exercise 26, it follows that (—1)u = —u.

u+(—hu

. Any subspace H that contains u and v must also contain all
scalar multiples of u and v and hence must contain all sums
of scalar multiples of u and v. Thus A must contain

Span {u, v}.

33. Hint: For part of the solution, consider w; and w; in
H + K, and write w; and w; in the form w; = u; + v; and
W, = W, + V,, where u; and u, are in H, and v, and v, are in
K.

35. [M] The reduced echelon form of [v; v, v3 W] shows
that w = 7.5v; + 3v, + 5.5v3.

37. [M] The functions are cos 4t and cos 6¢. See Exercise 34 in

Section 4.5.

Section 4.2, page 234

3 -5 -3 1 0
1 6 -2 0 31 =10],sowisinNul A.
| -8 4 1 —4 0
[ 7 -6 2 —4
4 N 1 0
3. , 5. 101, 9
1 0
0 | 0 1
o 0 0

7. W is not a subspace of R? because the zero vector (0, 0, 0)
is notin W.
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17.
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23.
25.

27.

29.

31.
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W is a subspace of R* because W is the set of solutions of
the system

a—2b—4c =0
2a — ¢c—3d=0

W is not a subspace because 0 is not in W. Justification: If
a typical element (b — 2d, 5+ d, b + 3d, d) were zero, then
5+d =0and d =0, which is impossible.

1 -6
W=ColAforA= |0 1
1 0

, so W is a vector space by

Theorem 3.

I 2 3
1 1 -2
4 1 0

3 -1 -1
a.2 b4 19.a5 b2

2

in Nul A, in Col A. Other answers possible.

-1
—4

3
w is in both Nul A and Col A.

3
1

See the Study Guide. By now you should know how to use it
properly.

3 1 -3 -3

Letx = 2|landA=|-2 4 2

—1 -1 5 7

Nul A. Since Nul A is a subspace of R?, 10x is in Nul A.

a. A0 =0, so the zero vector is in Col A.

b. By a property of matrix multiplication,
AX + Aw = A(x + w), which shows that Ax + Aw is a
linear combination of the columns of A and hence is in
Col A.

c. ¢(Ax) = A(cx), which shows that ¢(Ax) is in Col A for
all scalars c.

. Then x is in

a. For arbitrary polynomials p, q in PP, and any scalar c,

[(p+ q)(O)} {p(O) + q(O)}
L (p+q@(D) p(D) +q(1)

[ p(0 0
(28] [29]-rwe e

o _[ep@] _ [pO] _
e = | o] =¢ [ by =eT®
So T is a linear transformation from PP, into IP,.

b. Any quadratic polynomial that vanishes at O and 1 must
be a multiple of p(t) = ¢(t — 1). The range of T is R2.

Tp+q) =

Sheet number 20 Page number 38

33.

35.

37.
39.

cyan magenta

a. For A, B in M, and any scalar c,
T(A+B)=(A+B)+(A+B)T
=A+B+AT +BT Transpose property
=(A+A")+(B+BT)=T(A)+T(B)
T(cA) = (cA) + (cA)T =cA + cAT
=c(A+AT)=cT(A)
So T is a linear transformation from M, into M.

b. If B is any element in M,,, with the property that
BT =B, and if A= 1B, then

T(A)=1B+(!B) =!B+1B=8
c. Part (b) showed that the range of T contains all B such
that BT = B. So it suffices to show that any B in the

range of T has this property. If B = T (A), then by
properties of transposes,

Bl =(A+ AT = AT+ ATT = AT+ A=B

b

Hint: Check the three conditions for a subspace. Typical
elements of 7 (U) have the form 7 (u;) and T (u;), where
u;, warein U.

[M] w is in Col A but not in Nul A. (Explain why.)

d. The kernel of T is { {_0 g} :b real}.

[M] The reduced echelon form of A is

1 0 1/3 0 10/3
0 1 1/3 0 —26/3
0o 0 0 1 -4
0 0 0 0 0

Section 4.3, page 243

1.

1 1 1
Yes, the 3x3 matrix A= | 0 1 1

0o o0 1
positions. By the Invertible Matrix Theorem, A is invertible
and its columns form a basis for R?. (See Example 3.)

has 3 pivot

. No, the vectors are linearly dependent and do not span R3.

. No, the set is linearly dependent because the zero vector is

in the set. However,

1 -2 0 O 1 -2 0 0
-3 9 0 -3|~|0 3 0 -3
0o 0 0 5 0o 0 0 5
The matrix has pivots in each row and hence its columns
span R,
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37.
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No, the vectors are linearly independent because they are
not multiples. (More precisely, neither vector is a multiple
of the other.) However, the vectors do not span R®. The

-2 6
matrix 3 —1 | can have at most two pivots since it has
0 5
only two columns. So there will not be a pivot in each row.
S| | -2] [-1
) 11. 1, 0
! 0 0 1
0 1
[ —6 -5
Basis for Nul A: —3/2 s —3/2
1 0
| 0 1
[—2 4
Basis for Col A: 21,1 -6
| -3 8

{vi, V2, v4} 17. [M] {vi, v, v3}

The three simplest answers are {vy, v,} or {v;, v3} or
{v2, v3}. Other answers are possible.

See the Study Guide for hints.

Hint: Use the Invertible Matrix Theorem.
No. (Why is the set not a basis for H?)
{cos wt, sin wt}

Let A be the n x k matrix [ v, v, ]. Since A has fewer
columns than rows, there cannot be a pivot position in each
row of A. By Theorem 4 in Section 1.4, the columns of A
do not span R”" and hence are not a basis for R".

Hint: If {vy, ..., v,} is linearly dependent, then there exist
Ci, ..., Cp, not all zero, such that ¢;v; +--- +¢,v, =0. Use
this equation.

Neither polynomial is a multiple of the other polynomial, so
{p1, p2} is a linearly independent set in 5.

Let {v;, v3} be any linearly independent set in the vector
space V, and let v, and v4 be linear combinations of v; and
v3. Then {vy, v3} is a basis for Span{vy, v,, v3, v4}.

[M] You could be clever and find special values of 7 that
produce several zeros in (5), and thereby create a system of
equations that can be solved easily by hand. Or, you could
use values of  such as r =0, .1, .2, ... to create a system of
equations that you can solve with a matrix program.
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Section 4.4 A39
Section 4.4, page 253
- -1 —1
R T I e
9 3
- 2
2 1 6
9. _9 8} 11. { 4} 13. 6
- -1
15. The Study Guide has hints.
17. i } =5v; — 2v, = 10v; — 3v; + v; (infinitely many
a-nswers)
19. Hint: By hypothesis, the zero vector has a unique

21.

23.

25.

27.
29.

31.

[t

33.

representation as a linear combination of elements of S.

4

Hint: Suppose that [u]; = [w]p for some u and w in V, and
denote the entries in [u]g by ¢y, ..., ¢,. Use the definition
of [u]z.

One possible approach: First, show thatifu,, ..., u, are
linearly dependent, then [u,]3, ..., [u,]3 are linearly
dependent. Second, show that if [u;]z, ..., [u,]s are
linearly dependent, then u,, ..., u, are linearly dependent.
Use the two equations displayed in the exercise. A slightly
different proof is given in the Study Guide.

Linearly independent. (Justify answers to Exercises 27-34.)

Linearly dependent

1 -3 —4 1
a. The coordinate vectors | —3 |, 51, 51, 0
5 -7 —6 -1

do not span R*. Because of the isomorphism between R?
and IP,, the corresponding polynomials do not span [P;.

0 1 -3 2
b. The coordinate vectors | 5|, | =8 |, 41,1 -3
1 -2 2 0

span R, Because of the isomorphism between R* and
P, the corresponding polynomials span P,.

3 5 0
[M] The coordinate vectors 7 ! !
o0’ of’|-21|
0 -2 0
1
16 . 4
_g | area linearly dependent subset of R*. Because of

2
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the isomorphism between R* and IP3, the corresponding
polynomials form a linearly dependent subset of 5, and
thus cannot be a basis for P5.

1.3
3. M [xls=| 3 37. M1 |0
8/3
0.8
Section 4.5, page 260
11 =2
1. | 1], 1 |;dimis2
L 0 - L 3 .
[0 [ 0] 2
1 -1 .
3. ol = ;dimis 3
L] [ 2] 0
1 —4
2 I
5. L NE dim is 2
| —3 7
7. No basis; dim is 0 9. 2 11. 2 13. 2,3
15. 2,2 17. 0,3 19. See the Study Guide.
21. Hint: You need only show that the first four Hermite
polynomials are linearly independent. Why?
23. [pls=(3.3.-2.3)
25. Hint: Suppose S does span V, and use the Spanning Set

27.
29.

31.

33.

Theorem. This leads to a contradiction, which shows that
the spanning hypothesis is false.

Hint: Use the fact that each P, is a subspace of P.

Justify each answer.

a. True b. True c. True

Hint: Since H is a nonzero subspace of a finite-dimensional
space, H is finite-dimensional and has a basis, say,
Vi,...,V,. Firstshow that {T'(v;), ..., T(v,)} spans T (H).

[M] a. One basis is {vy, vz, V3, €3, e3}. In fact, any two of
the vectors e,, ..., es will extend {vy, v,, v3} to a basis of
Ro.

Section 4.6, page 269

1.

rank A =2; dim Nul A = 2;

1 —4
Basis for Col A: | —1 |, 2
5 -6

Basis for Row A: (1,0, -1, 5), (0, 2,5, —6)
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15.
19.

21.
23.
25.
27.

29.

31.

33.
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M1 -5
Basis for Nul A: >/2 , -3
1 0
L O 1
. rank A =3;dimNul A =2;
[ 2 6 [ 2
. -2 -3 -3
Basis for Col A: 4l Sk 5
| —2 3 | —4
Row A: (2,-3,6,2,5),(0,0,3,—1,1),(0,0,0, 1, 3)
[3/2 9/27
1 0
Basis for Nul A: 0o [,]|—4/3
0 -3
L O 1 .
. 53,3

. Yes; no. Since Col A is a four-dimensional subspace of R4,

it coincides with R*. The null space cannot be R?, because
the vectors in Nul A have 7 entries. Nul A is a
three-dimensional subspace of R, by the Rank Theorem.

. 2 11. 3
13.

5, 5. In both cases, the number of pivots cannot exceed the
number of columns or the number of rows.

2 17. See the Study Guide.

Yes. Try to write an explanation before you consult the
Study Guide.

No. Explain why.
Yes. Only six homogeneous linear equations are necessary.
No. Explain why.

Row A and Nul A are in R”; Col A and Nul AT are in R”.
There are only four distinct subspaces because
Row A" = Col A and Col AT = Row A.

Recall that dim Col A = m precisely when Col A =R™, or
equivalently, when the equation Ax = b is consistent for all
b. By Exercise 28(b), dim Col A = m precisely when

dim Nul AT = 0, or equivalently, when the equation

ATx = 0 has only the trivial solution.

2a 2b 2c
uv’ = | =3¢ —3b —3c |. The columns are all multiples
Sa 5b 5S¢

of u, so Coluv’ is one-dimensional, unless a = b = ¢ = 0.

Hint: Let A=[u u,
Col A. Why?

u; . [f u#0, then u is a basis for
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[M] Hint: See Exercise 28 and the remarks before Example
4.

Section 4.7, page 276

1.

5.

11.

13.

15.

17.

19.

6 9 0 "
a. [_2 _4] b. {_2} 3. (i)
4 -1 0 8
a. | —1 1 1 b. |2
0 1 -2 |2
p _[-3 1} p _[—2 1}
C<B— | _5 217 B<CT | _5 3
p_[ 9 —2} p _ ! 2}
* C<B —4 10’ B<C 4 9
See the Study Guide.
[ 1 30 5
Po=1-2 -5 2|, [~1+25=]| 2
|1 4 3 1
a. Bis abasis for V.
b. The coordinate mapping is a linear transformation.
c. The product of a matrix and a vector
d. The coordinate vector of v relative to B
a. [M]
[32 0 16 0 12 0 10]
32 0 24 0 20 0
1 16 0 16 0 15
Pl = > 8 0 10 0
4 0 6
2 0
1 =

b. P is the change-of-coordinates matrix from C to B. So
P~!is the change-of-coordinates matrix from B to C, by
equation (5), and the columns of this matrix are the
C-coordinate vectors of the basis vectors in B3, by
Theorem 15.

[M] Hint: Let C be the basis {v;, v», v3}. Then the columns
of P are [u;]c, [uz]c, and [u3]¢. Use the definition of
C-coordinate vectors and matrix algebra to compute uy, u,,
u3. The solution method is discussed in the Study Guide.
Here are the numerical answers:

—6 —6 -5
auy=|-5|, m=|-9|, = 0

21 32 3

28 38 21
b. W = -9 , Wy = —13 , W3 = -7

-3 2 3
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Section 4.8, page 285

1. If y; = 2%, then y,, = 2! and Ves2 = k42 Substituting

13.
17.
19.
21.

. Yes
11.

these formulas into the left side of the equation gives
Ves2 + 2V — 8y = 282 4 2.2k1 8.0k
=2K22+2:2-38)
=250)=0 forallk
Since the difference equation holds for all k, 2 is a solution.
A similar calculation works for y, = (—4)*.

. The signals 2* and (—4) are linearly independent because

neither is a multiple of the other. For instance, there is no
scalar ¢ such that 2% = ¢(—4)* for all k. By Theorem 17, the
solution set H of the difference equation in Exercise 1 is
two-dimensional. By the Basis Theorem in Section 4.5, the
two linearly independent signals 2% and (—4)* form a basis
for H.

. If yy = (=3)*, then

Yiez + 61 + 9y = (=3)2 +6(=3)F! + 9(=3)F
= (=3)![(=3)* + 6(=3) + 9]
= (=3)¥0)=0 forallk
Similarly, if y; = k(—3)*, then

Yes2 + OYia1 + 9k

= (k+2)(=3)2 + 6(k + 1)(=3)"! + 9k (=3)*

= (=3)*[(k +2)(=3)> + 6(k + 1)(—3) + 9]

= (=3)*[9% + 18 — 18k — 18 + 9k]

= (=3)¥0) forallk
Thus both (—3)* and k(—3)* are in the solution space H of
the difference equation. Also, there is no scalar ¢ such that
k(=3)% = c(=3)* for all k, because c must be chosen
independently of k. Likewise, there is no scalar ¢ such that
(—=3)% = ck(—3)* for all k. So the two signals are linearly
independent. Since dim H = 2, the signals form a basis for
H, by the Basis Theorem.

9. Yes

No, two signals cannot span the three-dimensional solution
space.

MG 155 =5)

Y =c1(8)F +c2(5)F+10 - 10 ask — oo

Y= (=24 V3t (=2 - V3
7,5,4,3,4,5,6,6,7,8,9, 8, 7; see figure (on next page).

black



April 22,2005 10:59

A42 Answers to Odd-Numbered Exercises
10 o—e = original data »
g 1 o—o= smoothed data -\
6 .o <G ‘ °
o »
4 o,,,,w’"
2 v
f f f f f f —k
0 2 4 6 8 10 12 14
23. a. yi — 1.0ly, = —450, y, = 10,000

25.

157-ans-odd

E+ci- (=4 + o,

27. 2 — 2k +c; 4 42

29. x;,1 = AX;, where

0 1 0 0 Vi
10 0 1 0 | Yk
A=lo 0 0 1|7 e
9 -6 -8 6 Yi+3

31. The equation holds for all &, so it holds with k replaced by
k — 1, which transforms the equation into
Vi + Vi1 + 6y, =0 forall k
The equation is of order 2.

33. For all k, the Casorati matrix C (k) is not invertible. In this
case, the Casorati matrix gives no information about the
linear independence/dependence of the set of signals. In
fact, neither signal is a multiple of the other, so they are
linearly independent.

35. Hint: Verify the two properties that define a linear

transformation. For {y;} and {z;} in S, study T ({y+} + {z«})-

Note that if 7 is any scalar, then the kth term of r{y;} is ryi;
so T (r{yt}) is the sequence {w;} given by

W = IYra +a(ryrer) + b(rye)

Section 4.9, page 296

1. a. From: b. {(l)} c. 33%
N M To:
7 .6 News
{ 3 .4} Music
3. a. From: b. 15%, 12.5%
H I To:

95 45 Healthy
05 55 1

c. .925; use xg = {(1)} .

1/4

4
5. { ] 7. 112
6 1/4
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9. Yes, because P2 has all positive entries.

2/3
11. a. {1/3} b. 2/3
9
1

15. [M] About 13.9% of the United States population

17. a. The entries in a column of P sum to 1. A column in the
matrix P — [ has the same entries as in P except that
one of the entries is decreased by 1. Hence each column
sum is 0.

b. By (a), the bottom row of P — [ is the negative of the
sum of the other rows.

c. By (b) and the Spanning Set Theorem, the bottom row of
P — I can be removed and the remaining (n — 1) rows
will still span the row space. Alternatively, use (a) and
the fact that row operations do not change the row space.
Let A be the matrix obtained from P — I by adding to
the bottom row all the other rows. By (a), the row space
is spanned by the first (n — 1) rows of A.

d. By the Rank Theorem and (c), the dimension of the
column space of P — [ is less than n, and hence the null
space is nontrivial. Instead of the Rank Theorem, you
may use the Invertible Matrix Theorem, since P — [ is a
square martrix.

13. a. [ ] b. .10, no

. The product Sx equals the sum of the entries in X. For a
probability vector, this sum must be 1.

b. P=[p: p2 P ], where the p; are probability

vectors. By matrix multiplication and part (a),

SP=[Sp1 Sp2 Sp.1=[1 1 1]1=3S
c. By part (b), S(Px) = (SP)x = Sx = 1. Also, the entries
in Px are nonnegative (because P and x have

nonnegative entries). Hence, by (a), PX is a probability
vector.

Chapter 4 Supplementary Exercises, page 299

1. a. T b. T c. F d. F e. T . T
g. F h. F i T j- F k. F I. F
m. T n. F o. T p- T q. F r. T
s. T t. F

3. The set of all (by, b, b3) satistying by + 2b, + b3 = 0.

5. The vector p; is not zero and p, is not a multiple of py, so
keep both of these vectors. Since p; = 2p; + 2p,, discard
ps. Since py has a ? term, it cannot be a linear combination
of p; and p», so keep ps. Finally, ps = p; + pa, so discard
ps- The resulting basis is {p;, p2, P4}-
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7. You would have to know that the solution set of the
homogeneous system is spanned by two solutions. In this
case, the null space of the 18 x 20 coefficient matrix A is at
most two-dimensional. By the Rank Theorem,

dim Col A > 20 — 2 = 18, which means that Col A = R'8,
because A has 18 rows, and every equation Ax = b is
consistent.

9. Let A be the standard m x n matrix of the transformation 7.

a. If T is one-to-one, then the columns of A are linearly
independent (Theorem 12 in Section 1.9), so
dim Nul A = 0. By the Rank Theorem,

dim Col A =rank A = n. Since the range of T is Col A,
the dimension of the range of T is n.

b. If T is onto, then the columns of A span R™ (Theorem
12 in Section 1.9), so dim Col A = m. By the Rank
Theorem, dim Nul A =»n — dim Col A = n — m. Since
the kernel of T is Nul A, the dimension of the kernel of
Tisn—m.

11. If S is a finite spanning set for V, then a subset of S—say
S’—is a basis for V. Since S’ must span V, §” cannot be a
proper subset of S because of the minimality of S. Thus
S’ = §, which proves that S is a basis for V.

12. a. Hint: Anyy in Col AB has the form y = ABx for some x.

13. By Exercise 9, rank PA < rank A, and
rank A =rank P~!' PA < rank PA. Thus
rank PA =rank A.

15. The equation AB = 0 shows that each column of B is in
Nul A. Since Nul A is a subspace, all linear combinations of
the columns of B are in Nul A, so Col B is a subspace of
Nul A. By Theorem 11 in Section 4.5,

dim Col B < dim Nul A. Applying the Rank Theorem, we
find that

n =rank A + dimNul A > rank A + rank B

17. a. Let A, consist of the r pivot columns in A. The columns
of A, are linearly independent. So A is an m x r with
rank r.

b. By the Rank Theorem applied to A;, the dimension of
Row A is r, so A; has r linearly independent rows. Use
them to form A,. Then A, is r x r with linearly
independent rows. By the Invertible Matrix Theorem,
Aj is invertible.

Sheet number 25 Page number 43  cyan magenta

Section 5.1 A43
0 1 0
19. [B AB A?B]=|1 -9 81
1 S5 .25
1 -9 81
~ 10 1 0
0 0 —.56

This matrix has rank 3, so the pair (A, B) is controllable.

21. [M] rank[B AB A?B A3B]=23.The pair (4, B) is
not controllable.

CHAPTER 5

Section 5.1, page 308

1. Yes 3. No 5. Yes, =0 7. Yes, 1

0
13. A=1: [ 1|; A=2: 21; A=3:
0

2
—27 [-3

15| 1].] o 17. 0,2, -1
0 1

19. 0. Justify your answer.
21. See the Study Guide, after you have written your answers.
23. Hint: Use Theorem 2.

25. Hint: Use the equation Ax = AX to find an equation
involving A~".

27. Hint: For any A, (A — AI)T = AT — AI. By a theorem
(which one?), AT — AT is invertible if and only if A — AT is
invertible.

29. Let v be the vector in R” whose entries are all 1’s. Then

AV =sV.

31. Hint: If A is the standard matrix of T, look for a nonzero
vector v (a point in the plane) such that Av =v.

)Lk+l

33. a. x4, =¢ ll+(,‘2/uLk+1V
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b. Ax, = A(Cl)\.kll + Cz/,LkV)
= M Au+ e ufAv Linearity
= oM au+ et u and v are eigenvectors.
= X+l
35. x, T(w)
T(v)
W
v
T(u)
X
1
5 -2 -1
37. [M] A=3: | =2 |;A=13: 1], 0 [. You can
9 0 1

39.

April 22,2005 10:59
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Sheet number 26 Page number 44

27.

. X1 =V

cyan magenta

— 5 (3)Va, X =v; — $;(.3)?v,, and

X =V — 5 (3)*va. Ask — 00, (3)F > Oandx; — v.

. Av; =v;, Av, = .5v,, Avy = .2v;. (This also shows that

speed up your calculations with the program nulbasis
discussed in the Study Guide.

-2 3
7 7
M] A=-2: | =51, |-5];
5 0
0 5
2 -1 2
-1 1 0
A=5: 1], 01,10
0 1 0
0 0 1

Section 5.2, page 317

1.
5.
9.
13.
17.
19.
21.
23.

25.

3 -2 - 1142
7. 22 — 91 + 32; no real eigenvalues
11, =23+ 922 — 261 + 24

15. 4,3,3,1

A2 — 40 —45;9, -5
A2 —61+9;3
—2+4r2—91—6
—23 + 1802 — 951 + 150
3,3,1,1,0

Hint: The equation given holds for all A.
The Study Guide has hints.

Hint: Find an invertible matrix P so that RQ = P~ 'AP.

a. {vy, vp}, where v, = { _i } is an eigenvector for A = .3

]V2

b. Xo=Vi— 14

the eigenvalues of A are 1, .5, and .2.)

b. {vi, v, v3} is linearly independent because the eigen-
vectors correspond to distinct eigenvalues (Theorem 2).
Since there are 3 vectors in the set, the set is a basis for
R3. So there exist (unique) constants such that
Xp =C1V] +C2Vy +C3V3
Then

wixy = c;wivy + WV, + c3wlvs (%)
Since X and v, are probability vectors and since the
entries in v, and in v; each sum to 0, (%) shows that
1= Ci.
c. By (b),
Xo = V] + V) +C3V3
Using (a),
Xy = AkXO = AkVI + CzAsz + C3AkV3
= VvV + Cz(.s)kVZ + C3(.2)kV3
— vy ask — oo
29. [M] Report your results and conclusions. You can avoid

tedious calculations if you use the program gauss
discussed in the Study Guide.

Section 5.3, page 325

L [226 =525 3 ak 0
90 —209 “ 3@k —bfy b
1 1
5..=5 coa=1:1 of,| -1
-1

When an answer involves a diagonalization, A = P D P!, the fac-
tors P and D are not unique, so your answer may differ from that
given here.

(10 1 0 . .
7. P= 3 1}, D= { 0 1} 9. Not diagonalizable
(1 2 1 3 0 0
ump=|3 3 1|,D=|0 2 0
|4 3 1 0 0 1
-1 2 1 5 0 0
13. P=| -1 -1 0|,D=10 1 0
. 1 0 1 0 0 1
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15.

17.

19.

21.

25.

27.

29.

31.

33.

35.

April 22, 2005 10:59
(-1 —4 -2 3 0 0
P = 1 0 —-1(,Db=]0 3 0
0 1 1 0o 0 1
Not diagonalizable
1 3 -1 -1 5 0 0 O
0o 2 -1 2 o 3 0 O
P= 0o 0 1 0l b= o 0 2 0
10 0 0 1 o 0 0 2
See the Study Guide. 23. Yes. (Explain why.)
No, A must be diagonalizable. (Explain why.)

Hint: Write A= PDP~". Since A is invertible, 0 is not an
eigenvalue of A, so D has nonzero entries on its diagonal.

. 1 1
One answer is P} = , whose columns are

-2 -1
eigenvectors corresponding to the eigenvalues in D.

Hint: Construct a suitable 2 x 2 triangular matrix.

2 2 1 6
1 -1 1 -3
Ml P=\_ 7 1 ol
2 2 0 4
5.0 0 0
0 1 0 0
D=1y 0 2 o
0 0 0 -2
6 3 2 4 3
1 -1 -1 -3 —1
M] P=|-3 -3 —4 -2 —4],
3 0 -1 5 0
0 3 4 0 5
5.0 0 0 0
0 5 0 0 0
D=0 0 3 0 0
0 0 0 1 0
0 0 0 0 1

Section 5.4, page 333

1.

3 —1 0
5 6 4
3. a. T(e;) =—by +bs, T(e;) =—b; — b3, T(e3) =b; — b,
0 -1
b. [T(e)ls=|—1|,[T(e)ls=]| O],

1 -1

157-ans-odd

Sheet number 27 Page number 45

5

11.

1

[9/]

17.

19.

21.

cyan magenta

Section 5.4 A45
1
[T(e3)]ls=| -1
0
0 —1 1
c. |—1 0 -1
1 -1 0

ca 10 =3t +42 + 13
b. For any p, q in P, and any scalar c,
Tlp() +q(®)] = (& +5)[p@) + q(?)]
(t+5)p@) + (r +5)q(t)
Tp®M]+Tlq)]
Tle-p()] = (@ +5)c-p(®)]=c-(t+5)p)

=c-Tp®)]
5 0 0
c 1 5 0
10 1 5
0o o0 1
30 O
5 -2 0
0 4 1
[2
a 5
8

b. Hint: Compute T (p + q) and T (c-p) for arbitrary p, q in
P, and an arbitrary scalar c.

(1 -1 1

c. |1 0 0

L1 1 1

1] el
e[

a. Ab; = 2b,, so b, is an eigenvector of A. However, A
has only one eigenvalue, A = 2, and the eigenspace is
only one-dimensional, so A is not diagonalizable.

2 -1
b [0
By definition, if A is similar to B, there exists an invertible
matrix P such that P~'AP = B. (See Section 5.2.) Then B
is invertible because it is the product of invertible matrices.

To show that A~! is similar to B!, use the equation
P~'AP = B. See the Study Guide.

Hint: Review Practice Problem 2.
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A46

Answers to Odd-Numbered Exercises

23. Hint: Compute B(P~'x).

25. Hint: Write A= PBP~' = (PB)P~!, and use the trace
property.

27. Foreach j, I(b;) =b;. Since the standard coordinate vector
of any vector in R" is just the vector itself, [/ (b;)]e =b;.
Thus the matrix for I relative to B and the standard basis £
is simply [b; b, b, ]. This matrix is precisely the
change-of-coordinates matrix Pg defined in Section 4.4.

29. The B-matrix for the identity transformation is 7,,, because
the B-coordinate vector of the jth basis vector b is the jth

column of 7,.
-7 -2 -6
31. [M] 0 —4 -6
0 0 -1

Section 5.5, page 341

—1+i | =1—=i
1 ] x:z-;,{ 1 }

3. A=24+3i, {1_23’}; A=2—3i, [”3’}

—

. )\=2+i,{

5. A=2+2i, {2:21.}; A=2-2i, {2_121.}
7. h=~/3%i,¢=m/6radian, r =2

9. A=—+/3/2+(1/2)i, p = —57/6 radians, r = 1
1. A=.1%.1i, p = —7/4 radian, r = +/2/10

In Exercises 13-20, other answers are possible. Any P that makes
P~'AP equaltothe given C orto CT is a satisfactory answer. First
find P; then compute P~'AP.

13.P=:_i _H,czﬁ _ﬂ
15.P=:; 8C=§ _3]
mr=[5 )= |78 )
w.r=[3 oe= % 5]
21‘y={—12+2i}=¥[_25_4i]

23. (a) Properties of conjugates and the fact that X =xT;
(b) Ax = AX and A is real; (c) because x” AX is a scalar and

Sheet number 28 Page number 46  cyan magenta

hence may be viewed as a 1 x 1 matrix; (d) properties of
transposes; (¢) AT = A, definition of g

25. Hint: First write X = Rex + i (Im x).

1 -1 =2 0
4 0 0 2
.M P=| 0 o |
2 0 4 0
2-5 0 0
5 2 0 0
C=lo o 3 -1
0o 0 .1 3

Other choices are possible, but C must equal P~'AP.

Section 5.6, page 352

1. a. Hint: Find ¢, ¢, such that xg = ¢1v; + ¢,V,. Use this
representation and the fact that v; and v, are
49/3
41/3 } '
b. In general, x; = 5(3)v; — 4(%)"v2 for k > 0.

eigenvectors of A to compute x; = [

3. When p = .2, the eigenvalues of A are .9 and .7, and
xe = c1(.9)* “} + o (D {ﬂ -0 ask — 00

The higher predation rate cuts down the owls’ food supply,
and eventually both predator and prey populations perish.

5. If p = .325, the eigenvalues are 1.05 and .55. Since
1.05 > 1, both populations will grow at 5% per year. An
eigenvector for 1.05 is (6, 13), so eventually there will be
approximately 6 spotted owls to every 13 (thousand) flying
squirrels.

7. a. The origin is a saddle point because A has one eigenvalue

larger than 1 and one smaller than 1 (in absolute value).

b. The direction of greatest attraction is given by the
eigenvector corresponding to the eigenvalue 1/3,
namely, v,. All vectors that are multiples of v, are
attracted to the origin. The direction of greatest
repulsion is given by the eigenvector v;. All multiples of
v, are repelled.

c. See the Study Guide.

9. Saddle point; eigenvalues: 2, .5; direction of greatest
repulsion: the line through (0, 0) and (—1, 1); direction of
greatest attraction: the line through (0, 0) and (1, 4)

11. Attractor; eigenvalues: .9, .8; greatest attraction: line
through (0, 0) and (5, 4)

13. Repellor; eigenvalues: 1.2, 1.1; greatest repulsion: line
through (0, 0) and (3, 4)

black



15.

17.
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2 -1
X, =vi +.1(5F | =3 | +.3(2)F 0| > viask - o0
1 1
0 1.6
4=, .8}

b. The population is growing because the largest
eigenvalue of A is 1.2, which is larger than 1 in
magnitude. The eventual growth rate is 1.2, which is
20% per year. The eigenvector (4, 3) for A, = 1.2 shows
that there will be 4 juveniles for every 3 adults.

c. [M] The juvenile—adult ratio seems to stabilize after
about 5 or 6 years. The Study Guide describes how to
construct a matrix program to generate a data matrix
whose columns list the numbers of juveniles and adults
each year. Graphing the data is also discussed.

Section 5.7, page 361

1.

3.

X(l)=%|:_’i’]€4t—%|:_}:|€2t

50-31,. 9]-1] _, o .
_5{ l}e +§{ 1]6 . The origin is a saddle point.

The direction of greatest attraction is the line through
(—1, 1) and the origin. The direction of greatest repulsion is
the line through (-3, 1) and the origin.

1 7
T [ ; }64’ + { | }ew. The origin is a repellor. The

213 2|1
direction of greatest repulsion is the line through (1, 1) and
the origin.

3 1 0 6
Substituting x = Py into X' = Ax, we have

.SetP:{1 l}andD:{4 0}.ThenA:PDP*I.

d
E(PY) = A(Py)
Py = PDP~!(Py) = PDy
Left-multiplying by P~! gives

f o _ |14 0ffn®
y="Dy. o {y;m}‘{o J[M}

. (complex solution):

el I—i T 4o I+ P20
1 1
(real solution):

cost +sint | _,, sint —cost | _,,
1 e+ . e
cost sin ¢

The trajectories spiral in toward the origin.

Sheet number 29 Page number 47
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Section 5.8 A47
11. (complex): ¢, {_3;— 3 ]e” +c; { _32_ 3 } e 3
(real):
—3cos3t — 3sin 3¢ —3sin 3¢ + 3 cos 3t
“ 2 cos 3t 2 2 sin 3¢
The trajectories are ellipses about the origin.
13. (complex): ¢; {1 ;l }e“”")’ +0 {] ; ! ]6“*3")’
(real): ¢ cos3t —sin3t | , sin 3¢ + cos 3¢ o
s 2 cos 3t 2 2 sin 3¢
The trajectories spiral out, away from the origin.
-1 —6 —4
15. [M] x(t)=c;| Ole ¥ +cy| 1le"+c3| 1]e
1 5 4
The origin is a saddle point. A solution with ¢; =0 is
attracted to the origin. A solution with ¢; = ¢, =01is
repelled.
17. [M] (complex):
-3 23 — 344 23 + 34
ci| 1|e+cr| =9+14i |eC gy | =9 — 14i | O~21
1 3 3
-3 23 cos 2t + 34 sin 2t
(real): ¢;| 1|e' +c¢2| —9cos2t — 14sin2t | e +
1 3cos 2t

23 sin 2t — 34 cos 2t
c3| —9sin2t + 14cos2t | e

3sin 2t

5t

The origin is a repellor. The trajectories spiral outward,
away from the origin.

[—2 3

9. M A=| "]

(-1 -8

2L M1 A=| o g

| ve ()
Section 5.8, page 368

1. Eigenvector: x4 = {

A~ 4.9978

[vi(2) 5]
no ] T202)°

/4
R

St

J

1
3326

B0) _ —20 sin 6¢ 3
| 15c0s6t — Ssin6r | €

,orAx4={

4.9978
1.6652

|

>
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A48 Answers to Odd-Numbered Exercises
. 5188 4594

3. Eigenvector: x4 = 1 }, or Ax; = {.9075 ] R

A~ 9075

—.7999 4.0015

S x= [ 1 }’AX: {—5.0020}’

estimated A = —5.0020

75 1 .9932 1 9998

7 M1 x: { 1 } : {.9565} ’ { 1 ] : [.9990} ’ { 1

w115, 12.78, 12.96,  12.9948,

9. [M] s =8.4233, ue = 8.4246; actual value: 8.42443
(accurate to 5 places)

Mi: 5.8000, 5.9655, 5.9942, 5.9990 (k=1,2,3,4);
R(x¢): 5.9655, 5.9990, 5.99997, 5.9999993

11.

13. Yes, but the sequences may converge very slowly.

15. Hint: Write AX — ax = (A — al)x, and use the fact that
(A — al) is invertible when « is not an eigenvalue of A.

17. [M] vy =3.3384, v; = 3.32119 (accurate to 4 places with
rounding), v, = 3.3212209. Actual value: 3.3212201
(accurate to 7 places)

19. a. e =30.2887 = w7 to four decimal places. To six
places, the largest eigenvalue is 30.288685, with
eigenvector (.957629, .688937, 1, .943782).

b. The inverse power method (with & = 0) produces
wu;'=.010141, u; ' = .010150. To seven places, the
smallest eigenvalue is .0101500, with eigenvector
(—.603972, 1, —.251135, .148953). The reason for the
rapid convergence is that the next-to-smallest eigenvalue
is near .85.

21. a. If the eigenvalues of A are all less than 1 in magnitude,
and if x # 0, then A*x is approximately an eigenvector
for large k.

b. If the strictly dominant eigenvalue is 1, and if x has a
component in the direction of the corresponding
eigenvector, then {A*x} will converge to a multiple of
that eigenvector.

c. If the eigenvalues of A are all greater than 1 in
magnitude, and if X is not an eigenvector, then the
distance from A*x to the nearest eigenvector will
increase as k — oo.

Chapter 5 Supplementary Exercises, page 370

1. a. T b. F c. T d. F e. T
f. T g. F h. T i. F j- T
k. F . F m. F n. T o. F
p- T q. F r. T s. F t. T

|

12.9990

Sheet number 30 Page number 48

11.

13.
15.

17.

cyan magenta

u T v. T x. T

a. Suppose AX = Ax, with x# 0. Then
(51 —A)x=5x — Ax=5x — Ax = (5 — A)x. The
eigenvalue is 5 — A.

b. (51 —3A + A®)x =5x — 34X + A(AX) = 5x — 3Ax +
A%x = (5 — 31 + A?)x. The eigenvalue is 5 — 3A + A2,

w. F

. Suppose Ax = Ax, with x7# 0. Then

p(AX = (col + 1A+ A% + -+, A")X
= X + C1AX + L A’X + - - - + c, A'X
= CoX + CIAX + CoAXX + - - + c, M'X = p(M)X

So p(A) is an eigenvalue of the matrix p(A).

. IfA=PDP7!, then p(A) = Pp(D)P~', as shown in

Exercise 6. If the (j, j) entry in D is A, then the (j, j) entry
in D* is A, and so the (j, j) entry in p(D) is p(A). If p is
the characteristic polynomial of A, then p(1) = 0O for each
diagonal entry of D, because these entries in D are the
eigenvalues of A. Thus p(D) is the zero matrix. Thus
p(A)=P-0-P7' =0.

. If I — A were not invertible, then the equation (/ — A)x =0

would have a nontrivial solution x. Then x — Ax = 0 and
Ax = 1-x, which shows that A would have 1 as an
eigenvalue. This cannot happen if all the eigenvalues are
less than 1 in magnitude. So / — A must be invertible.

a. Take x in H. Then x = cu for some scalar ¢. So
Ax = A(cu) = c(Au) = c(Au) = (cA)u, which shows
that Ax isin H.

b. Let x be a nonzero vector in K. Since K is
one-dimensional, K must be the set of all scalar
multiples of x. If K is invariant under A, then Ax isin K
and hence Ax is a multiple of x. Thus X is an eigenvector
of A.

1,3,7

Replace a by a — A in the determinant formula from
Exercise 16 in Chapter 3 Supplementary Exercises:
det(A—rAD=@—b—1""a—xr+xn—1)b]

This determinant is zero only ifa —b — A =0 or

a— A+ (n—1)b=0.Thus X is an eigenvalue of A if and
onlyif A=a —borA=a+ (n—1). From the formula for
det(A — A1) above, the algebraic multiplicity is n — 1 for
a—band 1 fora+ (n—1)b.

det(A — A1) = (a1 — A)(axn — A) — apay =

}»2 — (a11 + azz)}» + (a1|a22 — 6112021) = )\.2 — (tI' A))x +det A.

Use the quadratic formula to solve the characteristic
equation:

. trA++/(tr A)2 —4det A

2
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The eigenvalues are both real if and only if the discriminant
is nonnegative, that is, (tr A)> — 4det A > 0. This inequality

trA\’
simplifies to (tr A)> > 4 det A and <r7) > det A.

0
o -] 0

If p is a polynomial of order 2, then a calculation such as in
Exercise 19 shows that the characteristic polynomial of C),
is p(A) = (=1)?>p(X), so the result is true for n = 2.
Suppose the result is true for n = k for some k > 2, and
consider a polynomial p of degree k + 1. Then expanding
det(C, — AI) by cofactors down the first column, the
determinant of C,, — A1 equals

;};det(Cp—AI):6—5A+A2:p(A)

—A 1 . 0
(—x)det| + (=D
0
—a; —ap —ayp — A

The k x k matrix shown is C, — A1, where
q(t) =a; +ast + - + ait*~! + t*. By the induction
assumption, the determinant of C, — Al is (—=1)*q(A). Thus
det(C, — A1) = (=1)*"'ag + (—A)(—1)*q(1)

= (=D*ag + Aa; + - - + @A + A0

= (=D*'pn)
So the formula holds for n = k + 1 when it holds for n = k.

By the principle of induction, the formula for det(C, — AI)
is true for all n > 2.

From Exercise 22, the columns of the Vandermonde matrix
V are eigenvectors of C), corresponding to the eigenvalues
A1, A2, A3 (the roots of the polynomial p). Since these
eigenvalues are distinct, the eigenvectors form a linearly
independent set, by Theorem 2 in Section 5.1. Thus V has
linearly independent columns and hence is invertible, by the
Invertible Matrix Theorem. Finally, since the columns of V
are eigenvectors of C),, the Diagonalization Theorem
(Theorem 5 in Section 5.3) shows that V~'C,V is diagonal.

[M] If your matrix program computes eigenvalues and
eigenvectors by iterative methods rather than symbolic
calculations, you may have some difficulties. You should
find that AP — P D has extremely small entries and PDP~!
is close to A. (This was true just a few years ago, but the
situation could change as matrix programs continue to
improve.) If you constructed P from the program’s
eigenvectors, check the condition number of P. This may
indicate that you do not really have three linearly
independent eigenvectors.

Sheet number 31 Page number 49
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Section 6.2 A49
CHAPTER 6
Section 6.1, page 382
3/35
8/13
1. 58,8 3. | —1/35 5. { }
> 95
e 12/13
—6 7/v69
7. V35 9. { ‘ } 11. | 2/4/69
8
4//69
13. 55 15. Not orthogonal 17. Orthogonal
19. Refer to the Study Guide after you have written your

21.
23.

25.

27.
29.
31.

33.

answers.
Hint: Use Theorems 3 and 2 from Section 2.1.
u-v =0, [ul|* =30, |v||* = 101,

lu+v[? = (=5 +(=9)> + 5> =131 =30 + 101
The set of all multiples of [ _s } (when v#0)

Hint: Use the definition of orthogonality.
Hint: Consider a typical vector w = ¢ v +---+c,v, in W.

Hint: If x is in W+, then x is orthogonal to every vector in
w.

[M] State your conjecture and verify it algebraically.

Section 6.2, page 392

1.
7.

11.

15.

17.

Not orthogonal 3. Not orthogonal 5. Orthogonal

Show u, *u, = 0, mention Theorem 4, and observe that two
linearly independent vectors in R? form a basis. Then obtain

x=1| 3] 8[4] =3[ ) (4]

. Show u;*u; =0, u;*u3 =0, and u, -u; = 0. Mention

Theorem 4, and observe that three linearly independent
vectors in R? form a basis. Then obtain

X= %ul - %u2+ '9—8u3 = %ul - %u2+2u3
-2 | —4/5 14/5
)]

y—-y= {_'g}, distance is 1

V3] [—1/v2
1/V3 ], 0
1/V/3 1/v2

black
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Answers to Odd-Numbered Exercises

Orthonormal 21. Orthonormal
See the Study Guide.

Hint: |Ux||> = (Ux)T (Ux). Also, parts (a) and (c) follow
from (b).

Hint: You need two theorems, one of which applies only to
square matrices.

Hint: If you have a candidate for an inverse, you can check
to see whether the candidate works.

Suppose § = Eu. Replace u by cu with ¢ # 0; then
u-u
y-(cu) c(y-u) N
() =">—(u=§
(cu)+(cu) c’u-u

Let L = Span{u}, where u is nonzero, and let
T (x) = proj, x. By definition,

X-u 1
T(x)= —uu =((x-uw)(u-u) u

For x and y in R”" and any scalars ¢ and d, properties of the

inner product (Theorem 1) show that

T(cx +dy) = [(cx +dy)-ul(u-u)~'u
= [c(x*w) +d(y-w)]u-u)'u
=cx-uw)(uuw) lu+d(y-u)(u-u)'u
=cT(x)+dT(y)

Thus T is linear.

Section 6.3, page 400

11.

0 10
cx==du - Fw dwr 2w x=| [+ D)
) 2
—1 [—1
5.1 2=y
0 | 6
10/3 [—7/3 421 _f
Ly=1| 253 |+| 73 2¥=|ol*] 3
8/3 7/3 0 -1
3 -1
—1 -3
X LN S 15. V40
-1 3
. 8/9 —2/9 2/9
2/9  4/9  5/9

Sheet number 32 Page number 50

19.

21.
23.

cyan magenta

2 2
b. proj, y=6u; +3u, = | 4 |,and (UUT)y = | 4
5 5

0 0
Any multiple of | 2/5 |, suchas | 2
1/5 1

Write your answers before checking the Study Guide.

Hint: Use Theorem 3 and the Orthogonal Decomposition
Theorem. For the uniqueness, suppose Ap = b and

Ap; = Db, and consider the equations p = p; + (p — p;) and
p=p+0.

Section 6.4, page 407

13.

15.

17.
19.

21.

37 [—1T 2 3
0l,| 5 3. | =51, |32
|-1] [-3] ! 3/2
C T s
. | 2/+/30 2/4/6
ol | _4 7. | =5/v301, | 1/4/6
1 1 1/4/30 1/v/6
[ 31 [ 1] [-3 ! 3 2
| 3 | -1 0 0
) , m | -1, 3(,] 2
-1 3 1
3 . 3 1 -3 2
L o4 L 1 3 -2
6 12
e[
15 12 172
—1//5 0 0
O=|-1/¥/5 12 1/2],
1/V/5 =172 172
/5 12 =172
V5 V5 4S5
R=1|0 6 -2
0 0 4
See the Study Guide.
Suppose x satisfies Rx = 0; then QRx = Q0 =0, and

Ax = 0. Since the columns of A are linearly independent, x
must be zero. This fact, in turn, shows that the columns of R
are linearly independent. Since R is square, it is invertible,
by the Invertible Matrix Theorem.

Denote the columns of Q by qy, ..., q,. Note thatn < m,
because A is m x n and has linearly independent columns.
Use the fact that the columns of Q can be extended to an

black
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orthonormal basis for R™, say, {qi, ..., q.}. (The Study
Guide describes one method.) Let Qg = [ (41 Q]
and Q1 =[Q Q] Then, using partitioned matrix

multiplication, O, R} =QR=A.

0
Hint: Partition R as a 2 x 2 block matrix.

[M] The diagonal entries of R are 20, 6, 10.3923, and
7.0711, to four decimal places.

Section 6.5, page 416

1.

11.

13.

15.

19.

21.
23.

25.

a 6 —111[x |4 b. % — 3
Tl =11 22 || x2 11 R )
6 61| xi| 6 o 4/3
v o aln]=[8] e[ )
5 [—1
K= | -3 +x 7. 24/5
0
~ " 2/7
a. b= |1 b x:{ ]
_O] 1/7
? 2/3
a. b= 4 b. x=1| 0
= 1/3
11 7
Au= | —11|, Av=|-12],
11 7
0 4
b— Au= 21, b—Av= 3 |. No, u could not
-6 -2

possibly be a least-squares solution of Ax =b. Why?

=[]

a. If Ax =0, then A’7Ax = A70 = 0. This shows that
Nul A is contained in Nul A7A.

b. If A7Ax = 0, then x"A"Ax = x70 = 0. So (Ax)"(Ax) =0
(which means that || Ax||?> = 0), and hence Ax = 0. This
shows that Nul A’A is contained in Nul A.

17. See the Study Guide.

Hint: For (a), use an important theorem from Chapter 2.

By Theorem 14, b = A% = A(A’A)"'ATb. The matrix
A(ATA)~' AT occurs frequently in statistics, where it is
sometimes called the hat-matrix.

= {6] , whose

6

. 2 21| x
The normal equations are { ) 2} { y }

Sheet number 33 Page number 51

cyan magenta

AS51

Section 6.6

solution is the set of (x, y) such that x + y = 3. The
solutions correspond to points on the line midway between
thelinesx + y=2andx + y =4.

Section 6.6, page 425

1.
5.

11.

13.

15.

17.

19.

y=.9+ .4x 3. y=11+13x

If two data points have different x-coordinates, then the
two columns of the design matrix X cannot be multiples of
each other and hence are linearly independent. By
Theorem 14 in Section 6.5, the normal equations have a
unique solution.

1.8 1 1
2.7 2 4
.a y=XB+e,wherey=[34|,X=1|3 91,
3.8 4 16
3.9 5 25
El-
€
ﬂ=[gl},e= &
2 €
65_
b. [M] y = 1.76x — .20x2
[ 7.9 cosl  sinl
.y=XB+e€,wherey=| 54|, X=|[cos2 sin2|,
| —9 cos 3 sin 3
€]
A
ﬂ={3},e= €
€3

[M] B =1.45 and e = .811; the orbit is an ellipse. The
equation » = /(1 — e - cos ¥) produces r = 1.33 when
¥ =4.6.

[M] a.y= —.8558 +4.7025¢ + 5.55541> — .0274¢°

b. The velocity function is
v(t) = 4.7025 + 11.1108¢ — .0822¢2, and
v(4.5) = 53.0 ft/sec.

Hint: Write X and y as in equation (1), and compute XX

and XTy.

a. The mean of the x-data is x = 5.5. The data in
mean-deviation form are (—3.5, 1), (—.5, 2), (1.5, 3),
(2.5, 3). The columns of X are orthogonal because the
entries in the second column sum to 0.

b 4 Of{Bo| _ | 9
10 21| BT |75 )
y:%+%x*:%+%x—5.5)

Hint: The equation has a nice geometric interpretation.
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Answers to Odd-Numbered Exercises

Section 6.7, page 435

1.

3.
9.

11.
13.

15.

17.
19.

21.
27.

a. 3,4/105,225 b. All multiples of L”

28 5. 52,33 1.

a. Constant polynomial, p(t) =5
b. 1> — 5 is orthogonal to p, and p;; values:
(4, —4, —4, 4); answer: g (1) = (1> = 5)

56 14
25 + 25 !

17
5[

Verify each of the four axioms. For instance:

1. (u,v) = (Au):(Av) Definition
= (Av)-(Au) Property of the dot product
= (v,u) Definition
(u, cv) = {(cv,u) Axiom 1
= c(v,u) Axiom 3
= c(u,v) Axiom 1

Hint: Compute 4 times the right-hand side.

(u,v) = av/b +v/b\/a =2+/ab,

lu])?> = f)2+(f)2—a+b Since a and b are
nonnegative, ||u|| = +/a + b. Similarly, ||v|]| =+/b +a.
By Cauchy-Schwarz, 2+/ab < va + by/b+a=a +b.

b
Hence, v/ab < ar
0 23. 2//5 25. 1,1,32 — 1

[M] The new orthogonal polynomials are multiples of
—17¢ + 5¢3 and 72 — 155¢% + 35¢*. Scale these
polynomials so their values at —2, —1, 0, 1, and 2 are small
integers.

Section 6.8, page 443

1.
3.

11.

. Use the identity cos? kt =

_ 3
y—2+§t

p() = 4po— .1p;1 — .5pr+ .2ps3
=4—- 11— 50 -2+2((30 - Y1)
(This polynomial happens to fit the data exactly.)

. Use the identity

sin mt sin nt = %[cos(mt — nt) — cos(mt + nt)]

1 + cos 2kt
2

. +2sint +sin 2 + 2 5 sin 3¢ [Hint: Save time by using

results from Example 4 ]

1 — 1 cos2t (Why?)

Sheet number 34 Page number 52
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15.

cyan magenta

Hint: Take functions f and g in C[0, 2], and fix an
integer m > 0. Write the Fourier coefficient of f + g that
involves cos mt, and write the Fourier coefficient that
involves sin mt (m > 0).

[M] The cubic curve is the graph of

g(t) = —.2685 + 3.6095¢ + 5.8576t> — .0477t3. The
velocity at r = 4.5 seconds is g'(4.5) = 53.4 ft/sec. This is
about 0.7% faster than the estimate obtained in Exercise 13
of Section 6.6.

Chapter 6 Supplementary Exercises, page 444

1.

2.

. Given x and an orthonormal set {v, ...,

a. F b. T c. T d. F e. F
f. T e T h. T i. F jo T
k. T I. F m. T n. F o. F
p- T q- T r. F s. F

Hint: If {v{, v,} is an orthonormal set and X = ¢V + ¢, V>,
then the vectors ¢, v; and ¢, v, are orthogonal, and
Ix} = lleivi + e2vall> = lleyvi |1 + lleava i

= (lerlllvilD* + (ealllv2lD? = lei|* + lea
(Explain why.) So the stated equality holds for p = 2.
Suppose that the equality holds for p = k, with k > 2, let

{v1, ..., Vis1} be an orthonormal set, and consider
X =CV] 4+ + C Vi + Cri1Vie1 = Ug + Cy1 Vi1, Where
W =cC1vVy + -+ Cp g

v,}in R", let X be
the orthogonal projection of x onto the subspace spanned by
Vi, ..., V,. By Theorem 10 in Section 6.3,

X=XV)Vi+--+(XV,)V,

By Exercise 2, [|X]|> = [x-v{|* + - - - + [x*V,|?. Bessel’s
inequality follows from the fact that ||%||> < ||x]|?, noted
before the proof of the Cauchy—Schwarz inequality, in

Section 6.7.

. Suppose (Ux)-(Uy) =x-y for all x, y in R", and let

ey, ..., e, be the standard basis for R". For
j=1,...,n,Ue;isthe jth column of U. Since

[Ue;||*> = (Ue;)-(Ue;) =e;-e; = 1, the columns of U are
unit vectors; since (Ue;)+(Ue) =e; ¢, =0 for j #k, the
columns are pairwise orthogonal.

. Hint: Compute Q7 Q, using the fact that

")’ =u""u” =uu”

. Let W = Span {u, v}. Given z in R", let Z = proj,, z. Then z

isin Col A, where A =[u V], say, Z= AX for some X in
R2. So X is a least-squares solution of Ax = z. The normal
equations can be solved to produce X, and then z is found by
computing AX.

black
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X a 1
Hint: Letx= |y |,b=|b|,v=| -2, and
z c 5
\d 1 -2 5
A= |vI|=|1 =2 5 | . The given set of equations
\d 1 -2 5

is Ax = b, and the set of all least-squares solutions coincides

with the set of solutions of A”Ax = A”b (Theorem 13 in

Section 6.5). Study this equation, and use the fact that

(vwhHx = v(v'x) = (v'x)v, because v’ x is a scalar.

a. The row—column calculation of Au shows that each row
of A is orthogonal to every u in Nul A. So each row of A
isin (Nul A)*. Since (Nul A)* is a subspace, it must
contain all linear combinations of the rows of A; hence
(Nul A)* contains Row A.

b. If rank A =r, then dim Nul A = n — r, by the Rank
Theorem. By Exercise 24(c) in Section 6.3,

dim Nul A + dim(Nul A)* =n

So dim(Nul A)* must be r. But Row A is an
r-dimensional subspace of (Nul A)*, by the Rank
Theorem and part (a). Therefore, Row A must coincide
with (Nul A)*.

c. Replace A by AT in part (b) and conclude that Row AT
coincides with (Nul AT)*. Since Row AT = Col A, this
proves (c).

If A=URUT with U orthogonal, then A is similar to R
(because U is invertible and UT = U~") and so A has the
same eigenvalues as R (by Theorem 4 in Section 5.2),
namely, the n real numbers on the diagonal of R.

IS
[M] =.4618,
lIxI]
N e
cond(A) x —— =3363 x (1.548 x 107%) = .5206.

Ib]]
Observe that || Ax||/|x]| almost equals cond(A) times

| Ab]l/]b].
| Ab|

lax] s _ 4
=7.178x107%, ———— =2.832x 107"
Il IIb]]

Observe that the relative change in X is much smaller than
the relative change in b. In fact, since

N L
cond(A) x W =23683 x(2.832x107") =6.707

the theoretical bound on the relative change in x is 6.707 (to
four significant figures). This exercise shows that even
when a condition number is large, the relative error in a
solution need not be as large as you might expect.

M]
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Section 7.1 AS53

CHAPTER 7

Section 7.1, page 454

1. Symmetric 3. Not symmetric 5. Not symmetric

7. Orthogonal, {g _E} 9. Not orthogonal
2/3 0 5//45

11. Orthogonal, | 2/3  1/4/5 —4//45
1/3 =2/5 =2/445

C[yv2 —1V2] L[4 0
Bl l/ﬁ}’D_[ 2]
=417 yv17) 170
IS'P__ 1/v/17 4/\@}’0_{ 0 0}
[1/4/3  1/V6 —1/4/2 5 0 0
17. P= | 1//3 —2/4/6 0 |,D=]0 2 0
L1/V3 1V6 12 0 0 -2
[—1/3/5  4/4/45  =2/3
19. P=| 2//5 2//45  —1/3],
0 5/4/45 2/3
[7 0 0
D=0 7 0
[0 0 —2
(5 -5 —1/42 0
s 5 0 —1/42
2A-P=5 _5 1//2 o |
.5 5 0 1/3/2
(9 0 0 0
0 5 0 0
b=1o 0o 1 o
0 0 0 1
[1/v/3 —1/v/2 —1//6 5 0 0
2. P=|1/V/3 1/¥2 —1//6|,D=|0 2 0
L 1//3 0 2/3/6 0 0 2

25. See the Study Guide.
27. (BTAB)T = BTATBTT Product of transposes in
reverse order
= B'AB Because A is symmetric

The result about BB is a special case when A = 1.
(BB™)" = B""B" = BB”, so BB is symmetric.

29. Hint: Use an orthogonal diagonalization of A, or appeal to
Theorem 2.
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Answers to Odd-Numbered Exercises

31. The Diagonalization Theorem in Section 5.3 says that the
columns of P are (linearly independent) eigenvectors
corresponding to the eigenvalues of A listed on the diagonal
of D. So P has exactly k columns of eigenvectors
corresponding to A. These k columns form a basis for the
eigenspace.

33. A=38uju! +6wul +3uzul

12 —1/2 0
=8| —-1/2 1/2 0
0 0 0

1/6 1/6 —2/6

+6| 1/6 1/6 —2/6

—2/6 —2/6  4/6

13 13 173
+301/3 13 173
13 13 173

35. Hint: (nu”)x = u(u’x) = (u’x)u, because u’x is a scalar.

Section 7.2, page 462

L a. 5x7+ 2x0 +x3 b. 185 c. 16
10 -3 5 3/2
s [0 W[ P
8 -3 2 0 2 3
5.a. | -3 7 -1 b. |2 0 —4
2 -1 -3 3 -4 0
7.x=P hereP—L -l TDy = 6y? — 4y?
« X=r1Yy,w —ﬁ 1 1 , Y DYy =0)y; A%

In Exercises 9-14, other answers (change of variables and new
quadratic form) are possible.
-1 2
2 1

1 _
Change of variable: x = Py, with P = — { ! 1 }

2

9. Positive definite; eigenvalues are 7 and 2

Change of variable: x = Py, with P =

Sl -

New quadratic form: 7y? +2y32

11. Indefinite; eigenvalues are 7 and —3

New quadratic form: 7y? — 3y3
13. Positive semidefinite; eigenvalues are 10 and 0
1 1 3
Change of variable: x = Py, with P = ——
: y = 1]

New quadratic form: 10y?

15. [M] Negative semidefinite; eigenvalues are 0, —6, —8, —12
Change of variable: x = Py;

Sheet number 36 Page number 54  cyan magenta

3/4/12 0 —1,2 0
P 1/V/12 =2//6 12 0

1412 146 172 —=1/42

112 146 172 142

New quadratic form: —6y3 — 8y? — 12y?
17. [M] Indefinite; eigenvalues are 8.5 and —6.5
Change of variable: x = Py;
3 4 3 4
1 5 0 =5 0

T/ |4 3 4 -3
0 5 0 5

New quadratic form: 8.5y? + 8.5y — 6.5y — 6.5y?
19. 8 21. See the Study Guide.

23. Write the characteristic polynomial in two ways:
—A b

b d—A\

=AM —(a+d)X+ad —b?

det(A — A1) = det| ¢

and

A= ADA = A2) =27 — (A1 + ADA + Aihs
Equate coefficients to obtain A; + A, = a + d and
)\.|)\.2 =ad — b2 =det A.

25. Exercise 27 in Section 7.1 showed that B”B is symmetric.
Also, x"B"Bx = (Bx)"Bx = || Bx||> > 0, so the quadratic
form is positive semidefinite, and we say that the matrix
BTB is positive semidefinite. Hint: To show that B'B is

positive definite when B is square and invertible, suppose
that x’"B"Bx = 0 and deduce that x = 0.

27. Hint: Show that A + B is symmetric and the quadratic form
xT(A + B)x is positive definite.

Section 7.3, page 470

/3 2/3 =2/3
1. x = Py, where P = 2/3 1/3 2/3
-2/3 2/3 1/3
1/3
3.a 9 b. +| 2/3 c. 6
-2/3
_1/ﬁ
5.a. 7 b. i{ o } .3
1/3
7. +|2/3 9. 5+4/5 11. 3
2/3
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13. Hint: If m = M, take o = 0 in the formula for x. That is, let

X =u,, and verify that x’Ax =m.If m < M andiftisa
number between m and M, then0 <t —m < M — m and

0<(@t—m)/(M—m)<1.Soleta =(t —m)/(M —m).
Solve the expression for « to see that t = (1 — a)m + oM.
As « goes from O to 1, t goes from m to M. Construct X as

in the statement of the exercise, and verify its properties.

5
15. [M] a. 7.5 b.

i

[—3/V12
1/V12
1/3/12
1/V/12

17. [M] a. —4 b.

Section 7.4, page 481
1. 3,1 3. 3,2

The answers in Exercises 5—13 are not the only possibilities.

5 (=3 0] _[-1 o0][3 o]ft o
Lo o/ | o 1]lo o]0 1
. [1//5 =2//51[3 0] 2/vV/53 1/4/5
B VAR VVAH | KRS | S VAV YA
[1/v/2 —1/¥/2  0][3/10 0
9. 0 0 1 0 V10
L1/v/2 142 0] 0 0
N 2/5 1745
—1/v5  2/V5
[—1/3  2/3 2/37[3/10 0
1. | 2/3 —-1/3  2/3 0 0
| 2/3 2/3 —1/3]| © 0
X{3/\/ﬁ —1/@}
1/4/10  3/4/10
3 2 2
13. P _2}
C[1v2 —1V2][5 00 0
T2 121100 30
1/v2 1/v2 0
x| —1/4/18  1//18 —4/V18
—2/3 2/3 1/3

15. a. rank A =2

157-ans-odd

Sheet number 37 Page number 55

17.

19.

21.

23.
25.

27.

29.

cyan magenta

Section 7.4 AS55S
.40 —-.78
b. Basis for Col A: 371, -.33
—.84 —-.52
.58
Basis for Nul A: | —.58
.58

(Remember that V7 appears in the SVD.)

Let A=UXVT =UXV~!. Since A is square and
invertible, rank A = n, and all the entries on the diagonal of
> must be nonzero. So A~ = (UZV - H ' =VE-lUy-l=
ve-lyT,

Hint: Since U and V are orthogonal,
ATA=WwzvhHluzvr =vsTuTuzv?

vETz)v-!

Thus V diagonalizes A’A. What does this tell you about V?

Let A= UXVT. The matrix PU is orthogonal, because P
and U are both orthogonal. (See Exercise 29 in Section 6.2.)
So the equation PA = (PU)Z VT has the form required for
a singular value decomposition. By Exercise 19, the
diagonal entries in X are the singular values of P A.

Hint: Use a column—row expansion of (UZ)VT.

Hint: Consider the SVD for the standard matrix of 7—say,
A=UZVT =UZV-'. Let B={v,,...,v,} and
C={uy,...,u,} be bases constructed from the columns of
V and U, respectively. Compute the matrix for T relative to
B and C, as in Section 5.4. To do this, you must show that
V~lv; =e,, the jth column of 1,.

—-.57 —65 —.42 27

.63 —24 —.68 —.29
M]

07 —63 .53 —.56
—51 34 —29 —73
(1646 0 0 0 0
Lo 1216 0 0 0
0 0 48 0 0
K 0 0 431 0
[—10 .61 —21 —52 .55
—39 29 .84 —.14 —.19
x| =74 =27 —07 38 .49
41 —50 45 —23 58
| —36 —48 —19 —.72 —.29
[M] 25.9343, 16.7554, 11.2917, 1.0785, .0037793;

(o5} /0'5 = 68,622
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A56

Answers to Odd-Numbered Exercises

Section 7.5, page 489

-10 8

10 2 4 -1 5 3 -5

86 —27
SZ{—27 16}

3. { '95} for A =95.2, {'32} for A =6.8

1.M=[12];B={7 10 -6 -9

-.32 .95
5. [M] (.130, .874, .468), 75.9% of the variance
7. y1 = .95x; — .32x;; y; explains 93.3% of the variance.
9. ¢, =1/3, ¢, =2/3, ¢c; =2/3; the variance of y is 9.

11. a. If wis the vector in RY with a 1 in each position, then

[Xl XN]W:X]+"'+XN:0
because the X, are in mean-deviation form. Then
[Y, -~ Yylw

=[PTX, PTXy 1w By definition

=PT[X1 XN]WZPTOZO

Thatis, Y, +---+ Yy =0, so the Yy are in
mean-deviation form.

b. Hint: Because the X are in mean-deviation form, the
covariance matrix of the X is

L/(N-DI[X4 Xy 11X Xy 1"
Compute the covariance matrix of the Y, using part (a).
13. If B=[X, Xy 1, then
X7
s= 1 ppr—_! [X X, ]

TN TN-1 L

Xy
1

Chapter 7 Supplementary Exercises, page 491

1. a. T b. F c. T d. F e. F
f. F g F h. T i. F jo F
k. F I. F m. T n. F o. T
p. T q. F

3. If rank A =r, then dim Nul A =n — r, by the Rank
Theorem. So 0 is an eigenvalue of multiplicity n — r.

157-ans-odd

Sheet number 38 Page number 56

11.

13.

15.

cyan magenta black

Hence, of the n terms in the spectral decomposition of A,
exactly n — r are zero. The remaining r terms
(corresponding to the nonzero eigenvalues) are all rank 1
matrices, as mentioned in the discussion of the spectral
decomposition.

. If Av = Av for some nonzero A, thenv=A"'Av=AA"lv),

which shows that v is a linear combination of the columns
of A.

. Hint: If A= R"R, where R is invertible, then A is positive

definite, by Exercise 25 in Section 7.2. Conversely, suppose
that A is positive definite. Then by Exercise 26 in Section
7.2, A = BTB for some positive definite matrix B. Explain
why B admits a QR factorization, and use it to create the
Cholesky factorization of A.

. If Ais m xn and x is in R”, then x’ATAx = (Ax)T(Ax)=

| Ax||? > 0. Thus A’A is positive semidefinite. By
Exercise 22 in Section 6.5, rank A”A =rank A.

Hint: Write an SVD of A inthe fom A=UXVT =PQ,
where P=UXU" and Q = U V. Show that P is
symmetric and has the same eigenvalues as X. Explain why
Q is an orthogonal matrix.

a. If b= Ax, then x* = A*b = A* Ax. By Exercise 12(a),
x* is the orthogonal projection of x onto Row A.

b. From (a) and then Exercise 12(c),
AX* = A(ATAX) = (AATA)x = Ax=b.

c. Since x* is the orthogonal projection onto Row A, the
Pythagorean Theorem shows that
lufl> = |Ix*||?> + |lu — x*|2. Part (c) follows immediately.

0 14 1313 7
R R R E 7

IM] A*=—-|—2 6 -7 —7|. %=|-238
W1 6 7 7 3

4 —12 -6 -6 6

A .
The reduced echelon form of |:XT } is the same as the

reduced echelon form of A, except for an extra row of zeros.
So adding scalar multiples of the rows of A to x” can
produce the zero vector, which shows that x” is in Row A.

-1 0

1 0

Basis for Nul A: of, (1
0 1

0 0



